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WELCOME

Welcome 
On behalf of the European Community on Computational Methods in Applied 
Sciences (ECCOMAS) we are pleased to welcome you to Madrid for the 8th 
ECCOMAS Thematic Conference on Smart Structures and Materials (SMART2017), 
held at the Department of Aeronautics, Polytechnic University of Madrid, Spain. 
Previous editions have been the very successful conferences in Poland ( Jadwisin 
2003, and Gdansk 2007), Portugal (Lisboa 2005, Porto 2009, Azores 2015), 
Germany (Saarbrücken 2011) and Italy (Torino 2013).   
The meeting is held together with the 6th International Conference on Smart 
Materials and Nanotechnology in Engineering. Past Conference venues for this 
meeting were Weihai (China), Shenzhen (China), Gold Coast (Australia) and 
Vancouver (Canada). By merging both meetings a synergistic effect has been 
achieved, receiving over 250 contributions from all over the world; delegates are 
coming from 36 different countries, five continents are represented at the 
Conference. 
The aim of this Conference has been to gather the smart technologies community, 
providing a forum for the discussion of the current state of the art in the field and 
generating inspiration for future ideas on a multidisciplinary level. Smart 
structures and materials encompass sensing, actuation and control capabilities to 
be combined from a systems approach, on a macro, meso, micro or even nano 
scale, and have triggered a variety of new research areas with impacts in the 
wider field of engineering and science. We hope that the different works presented 
at this conference provide an insight to the state of the art for smart technologies 
today and that the discussions might point directions for future research and 
collaboration among this community. 
Altogether, more than 220 original contributions are presented, including 7 
plenary lectures and 4 keynote lectures, reflecting the current state of the art in 
research and advances in the field of smart structures and materials. The 
proceedings of SMART2017, which include the full papers, will be made available 
to all participants, and also they will be included at the conference website 
http://congress.cimne.com/smart2017 /. 
We would like to take this opportunity to express our sincere appreciation to the 
authors and participants for their contributions, to the mini- symposia organizers 
and to all members of the organizing and scientific committees involved in the 
preparation of this conference. Also a special note of appreciation to Ms. Laia 
Aranda, for her valuable contribution in all aspects related to the secretariat and 
preparation of the conference. The organizing committee is also grateful to the 
Polytechnic University of Madrid for hosting the conference and for all the logistic 
support provided. We acknowledge the sponsorship of the following Institutions 
and companies: AERNNOVA (Spain), CNRS, UTC-Sorbonne Universities, 
ROBERVAL and SUPMECA (France), CRC/TR39 PT-PIESA Project (Germany), 
Carinthian Tech Research AG (Austria), FIDAMC (Spain).  
Wishing you a fruitful Conference and a pleasant stay in Madrid,  
 
A. Güemes (Spain), A. Benjeddou (France), J. Rodellar (Spain), J. Leng (China) 
Conference Chairmen 
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Abstract. The paper presents multidisciplinary methods and techniques oriented towards 
damage identification and assessment in composite structures reinforced by carbon and glass 
fibres. A simulated damage in the form of teflon insert as well as real damage in the form of 
delamination were investigated. The paper reports applications of electromechanical 
impedance EMI and guided wave propagation methods. Presented methods are also suitable 
for performance of bonded joints assessment. Particularly the investigations concern 

contaminated bonds caused by both manufacturing (e.g. release agent) and in–service 
contaminations (e.g. de–icer). Techniques for detection of weak bonds are presented together 

with signal processing approaches.  
 

1 INTRODUCTION 

Nowadays aerospace structures are made more and more often out of various composite 
materials like glass/carbon fiber reinforced polymers (GFRPs, CFRPs) or glass laminate 
aluminum reinforced epoxy (GLARE). Due to this fact the up-to-date NDT techniques should 
handle with the wide range of these materials and potential defect types that could initiate and 

grow in such materials. Beside of typical damage like matrix cracking and delamination cause 
by impact [1],[2] attention should be focused on such a problems like for example the surface 

quality, the performance of structural bonds or moisture content. The process of adhesive 
bonding for aerospace structures nowadays is present at the manufacturing process as well as 

in service in the form of composite repair patches.   
Nowadays composite structures need to be assessed using conventional NDT, extended NDT 

(ENDT) or SHM techniques in order to maximize the safety of exploitation of such structures 
what is very important in the case of aerospace structures. Still very popular methods are 

ultrasound testing (UT) method, Eddy current method or X-ray based methods. However, 
many other structural assessment methods have been developed. The examples are the 
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methods based on electromechanical impedance (EMI) or guided wave propagation (GW). 
Both techniques can be used in SHM when piezoelectric transducers are utilized for 

generation and sensing purposes. In the case of guided wave propagation this method could be 
used also utilized as NDT technique when non-contact measurements are conducted using 
laser scanning vibrometer whereas the guided wave excitation is realized using piezoelectric 
transducer.  
Moreover external factors need to be considered is real SHM solutions. External factors have 
influence on measurement results for such methods like electromechanical impedance or 
guided wave propagation. Sensitivity of both method to temperature changes are reported in 
literature [3],[4]. Changing temperature causes changes in the measurements characteristics 
for the electromechanical impedance method. Temperature change is manifested as horizontal 
shift of frequency peaks [5],[6]. EMI method is also influenced by changing the load of 
investigated structure [6],[7]. In the case of guided wave based method, the velocity of guided 
wave propagation depends on material properties that on the other hand depends on 

temperature. As consequence velocity of guided wave propagation changes according to the 
temperature change. These features need to be taken into account in the SHM. Signal 

processing algorithm for compensation of temperature influence need to be utilized.  
This paper is divided into two major sections. Firstly, the electromechanical impedance 

method and results are presented. Secondly, the guided wave propagation method based on 
laser vibrometry together with results are presented.  

2  EMI METHOD 

EMI method is based on measurements of electrical parameters of a piezoelectric transducer 
coupled with the investigated structure. Due to electromechanical coupling of piezoelectric 
transducer and the host structure, mechanical resonances of structure can be observed in 

electrical characteristics of piezoelectric transducer. Probably the first published record about 
the method was made by Liang et al. who proposed an one-dimensional equation [8]. 

In the EMI method electrical parameters like impedance, admittance, their real parts 
(respectively resistance and conductance) and their imaginary parts (reactance and 

susceptance) can be registered and analyzed. According to literature, imaginary part of 
electrical parameters is used for monitoring of bonding layer between transducer and structure 

or diagnosis of the transducer itself [9], while the real part of electrical parameters is utilized 
for monitoring of the structure. Reactance was utilized as a parameter that allows to detect 

transducer debonding, while the resistance was used for assessment of the structure [10]. 
However, also both the resistance and susceptance were used to detect sensor faults in other 
research [11]. 

2.1 Assessment of adhesive bonding by EMI 

Samples that comprise of two adhesively bonded subsamples were investigated. The material 
used for subsamples manufacturing was Hexcel M21E with [0, 0, 45, -45]s layup. Each 

subsample had a planar size of 100 mm x 100 mm. These subsamples were bonded together 
with FM 300-2 adhesive film. Two cases of pre-bond modifications were investigated. The 

modified samples were compared against reference samples. The investigations  included: 3 
reference samples, 9 samples with pre-bond thermal treatment, 9 samples with pre-bond 
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contamination with de-icing fluid. The thermal treatment was performed by exposure of the 
samples to elevated temperatures before bonding. Three samples were prepared for each 

temperature: 220, 260, 280˚C. TD1, TD2 and TD3 sample symbols were assigned, 
respectively. The pre-bond contamination was prepared by dip coating of the plates in a water 
solution of the de-icer with three concentrations. After drying the potassium formiate, which 
is present in the de-icing fluid, forms a thin layer on the CFRP. The potassium (K) content 
measured with XPS was taken as a measure of contamination. The contamination resulted in 
three samples contaminated at 6.4 at.% of K (DI1 samples) and six samples contaminated at 
10.9-12.0 at.% of K (DI2 samples). 
The conductance spectra were measured for the samples in 3-5 MHz ran and the RMS index 
was calculated. The results are presented as a mean value for each level of modification. In 
order to make the comparison  the mean RMS values were presented as a percent change in 
relation to the mean RMS value calculated for the reference samples. Figure 1 depicts the 
result for all the cases. An increasing value of RMS is observed. The samples treated at  

220˚C differ for the reference by less than 20%, while samples treated at 280˚C have the 
largest value, exceeding 50 %. In the results for contamination with the de-icing fluid (DI) 

one can notice similar behaviour. The lover level of delamination (DI1 - 6.4 at.% of K)  differ 
by lee than 20% from the reference case. The higher amount of contamination (DI2) results in 

an RMS value increase by more than 20%.  

 

Figure 1. Relative RMS results for the samples with pre-bond thermal treatment (TD)  
and the samples with pre-bond de-icer contamination (DI) 

2.2 Delamination detection by EMI 

The EMI was also investigated for damage detection purposes. The investigated object was a 
500 mm x 500 mm x 3 mm plate made of glass fibre reinforced polymer (GFRP sample) . The 
sample was made of 8 plies of biaxial fabric. In order to simulate damage a square (10 mm x 
10 mm) teflon tape was inserted between the second and the third layer. The teflon was 

located in the right lower corner 120 mm away from the closest two edges. A network of four 
sensors were bonded to the sample surface. One sensor (P1) was bonded at the location of the 
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teflon insert The three remaining sensors (P1, P2, P3) were located symmetrically at the 
remaining three corners of the plate. We investigated the change of RMS value and the 

location of conductance maximum. The change was caused by bonding of the sensors and the 
state of the sample in the vicinity of the sensors. One can notice  that after bonding the RMS 
value (energy) dropped for all cases (Figure 2). The drop is virtually uniform for the sensors 
P2-P4 bonded to the healthy part of the sample. However, there is a significant difference for 
P1 sensor that was bonded at the location of simulated delamination. In terms of frequency 
change one can notice that the frequency increases for P2 and P4 and decreases for P1 and P3 
(Figure 3). However in terms of absolute values the change for P1 is the lowest, slightly lower 
than for the P4 sensor. The sensors located at the location of artificially made damage was 
clearly distinguish form the remaining cases. Teflon detection was successful. 

 

Figure 2. Relative conductance RMS change after bonding sensors (P1-P4)  
to the investigated GFRP sample 

 
Figure 3. Relative change of conductance maximum peak frequency after bonding sensors (P1-P4)  

to the investigated GFRP sample 
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3  GUIDED WAVE PROPAGATION METHOD 

This section is related to guided wave propagation method which can be utilized in the 
purpose of damage detection and localization. This method is based on the fact that any kind 
of discontinuities in structural element are the source of change in guided wave propagation. 
In the approach presented in this paper full wavefield method was utilized. The guided waves 
were excited using piezoelectric transducer (Noliac NCE51 piezoelectric disc with diameter 
10 mm and thickness 0.5 mm) while the guided wave sensing process was conducted using 
Polytec Scanning Laser Doppler Vibrometer SLDV. 

3.1 Simulated delaminations in GFRP samples 

In the first step measurements were conducted for Glass Plastic Reinforced Polymer (GFRP) 

panel with dimensions 500 mm x 500 mm and thickness ~1.5 mm. Panel consists of twelve 
layers of VV192T/202 IMP503 prepregs with orientations: [0/90/0/90/0/90]S. In this panel 

four circular teflon inserts, each with diameter 20 mm, were embedded between layers of 
lamina in order to simulate delaminations (Figure 4). Teflon inserts were located at different 
depth what can be noticed in the  Figure 5. 
 

  
Figure 4. View of GFRP sample no. 1 Figure 5. Teflon insert locations  

in the GFRP sample no. 1 

In the Figure 6 results of full wavefield measurements in the form of frames chosen from 

animation of guided wave propagation were presented. Measurements were taken for 
excitation frequency 200 kHz. Analyzing results in Figure 6a) propagation of symmetric and 

antisymmetric fundamental modes S0 and A0 could be noticed. In the Figure 6b) interactions 
of S0 mode with teflon inserts could be noticed – mode S0 is converted to A0’ mode. The 

amplitude of A0’ mode (as result of mode conversion) depends on the depth at which teflon 
insert was inserted. Amplitude of A0’ mode is largest in the case of teflon insert denoted as 

D1 that is located below second layer counting from top of the panel where the measurements 
were performed. 
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a)  b)  

c)  d)  

Figure 6. Selected frames from animation of guided wave propagation in GFRP sample no.1:   
a-d) subsequent frames

Amplitude of A0’mode is smallest amplitude for the teflon insert denoted as D4 which is 

located eight layers from the top (deepest). What is interesting, mode conversion phenomenon 
is clearly visible for the case of teflon insert denoted as D3, which is placed symmetrically in 
respect to the panel thickness. According to the literature mode conversion phenomenon 
occurs only for the discontinuities placed non-symmetrically in respect to the thickness of 
composite laminate. This fact was proved by the numerical simulations which results were 
published in [12]. Numerical result for carbon fibre reinforced polymer CFRP showed that 
there is no mode conversion in the case of symmetrically placed delamination (simulated by 
node separation in the spectral elements). In the case of experimental results for CFRP panel 
presented in the paper [12] mode conversion occurred for symmetrically as well non-
symmetrically placed delamination (simulated by teflon insert).  These experimental result for 
CFRP panel agree with results for GFRP panel presented here. According to the paper [13] 
the existence of discontinuity destroys the symmetry of the wave, resulting in mode 

conversion. It means that location of delamination never is perfectly symmetrical in the 
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relation to the panel thickness. This is obvious for real structures where it is hard to achieve 
ideal symmetry.  

In the Figure 6c) S0 to A0 mode conversion phenomenon could be noticed as a consequence 
of S0 interaction with panel boundaries. In the Figure 6d) reflections of A0 mode from teflon 
inserts could be noticed. After carefully analysis of results presented in Figure 6c)  and Figure 
6d) additional local S0/A0’ mode conversion could be noticed in the point located at the 
bottom panel edge. There was very small notch at panel surface just on the edge which caused 
mode conversion phenomenon.  
In the next step signal processing algorithm was utilized in order to visualize the simulated 
delamination locations. The simply and widely used full wavefield signal processing is 
calculation of Weighted Root Mean Square (WRMS) for the time domain signals at discrete 
time interval. As consequence energy distribution related to propagation of wave and its 
interaction with discontinuities in the structure is obtained. In the WRMS algorithm weight 
factor is utilized which decreases the importance of the time samples at the beginning when 

excitation is applied (large wave amplitudes) and increases the importance of the samples 
closer to the end of signal where waves amplitudes are small due to damping. The Weighted 

Root Mean Square (WRMS) can be calculated using formula: 

 2

1

1 N

k

k

WRMS w s
N

=

=   (1) 

 where the weighting factor 
k

w  is defined as follows: 

 , 0m

kw k m= ≥  (2) 

In the Figure 7 WRMS energy maps for guided wave propagation in the GFRP panel with 
four circular teflon inserts (Figure 4 and Figure 5) were presented. Both WRMS energy maps 
were constructed for the excitation frequency 200 kHz.  

a)  b)  

Figure 7. WRMS guided wave energy maps for: a) m=0.1, b) m=0.65; GFRP sample no. 1 
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Energy map in the Figure 7a) was constructed for parameter m equal to 0.1. Locations of four 
circular teflon inserts can be easily noticed analyzing of guided wave energy concentrations 

near the defects. Moreover, strong energy concentration along angles 0
o
 and 90

o
 could be 

noticed. This is caused by orientation of glass fabric reinforcement in the panel.   
Energy map presented in the Figure 7b) was constructed for parameter m equalto  0.65. In this 
case change of energy distribution due to teflon inserts as well as orientation of glass fabric 
reinforcement is much more visible. 
Analogus measurements and signal processing were performed for second GFRP sample. 
This sample was manufactures using the same material like sample no. 1 and using the same 
number of layers and its orientations. In this sample planar locations of teflon inserts were 
changed (Figure 9). Now the inserts are not located at directions 0o and 90o along which 
strong energy concetration occurs. In the Figure 9 selected frame presenting propagation of 
S0 and A0 modes in this sample was showed. Measurements were taken for excitation 
frequency 200 kHz. In this case S0/A0’ mode conversion phenomenon in the regions were 

teflon inserts were located can be also noticed. However, amplitudes of A0’ mode generated 
in the consequence of S0 mode conversion are lower than in the case of previous sample. In 

this case amplitudes of A0’ mode also depends on the deept were the insert was located. 

  

Figure 8. Teflon insert locations  

in the GFRP sample no. 2 

Figure 9. Selected frame from animation of guided 

wave propagation in GFRP sample no. 2 

In the next step WRMS energy maps for coeeficient m equal to 0.1 and 0.65 were constructed 
– see Figure 10a) and Figure 10b) respectively. In the case of m=0.1 changes of energy 
distribution caused by teflon inserts are amost invisible (Figure 10a)). Locations of teflon 
inserts denoted D1-D3 could be noticed in the case of WRMS energy map constructed for 
m=0.65. Location of insert D4 is almost invisible – it is the deepest insert in the panel.  
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a)  b)  

Figure 10. WRMS guided wave energy maps for: a) m=0.1, b) m=0.65; GFRP sample no. 2 

In the further research third GFRP sample was utilized (Figure 11). This sample was 
manufactures using the same material like sample no. 1 and no. 2 using the same number of 
layers and the same orientations. In this case influence of different shapes of teflon on the 
guided wave propagation was investigated. All teflon inserts were located at the same depth 
(Figure 12).  

  

Figure 11.View of GFRP sample no.3 Figure 12. Teflon insert locations  
in the GFRP sample no. 3 

In the Figure 13 selected frame presenting propagation of S0 and A0 modes for excitation 
frequency 200 kHz in the GFRP sample no. 3 was showed. This frame was selected because it 
clearly shows interactions of S0 mode with teflon inserts with different shapes. Due to 
interaction of S0 mode with teflon inserts, phenomenon of S0/A0’ mode conversions is 
observed. In the Figure 14 magnifications of wavefield around teflon inserts were presented.  
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Figure 13. Selected frame from animation of guided 
wave propagation in GFRP sample no. 3 

Figure 14. Wavefield around the teflon inserts 
capturing – S0/A0’ mode conversion  

-  GFRP sample no. 3 

Analyzing wavefield around each teflon insert it can be observed that wavefront of new A0’ 

mode depends on the shape of teflon insert. In the case of circular and elliptical insert 
wavefront has circular and elliptical shape. In the case of square and rectangular we could 

notice that wavefront is formed on the edges of teflon insert. Moreover, entrapment of A0’ 
mode in the region of teflon insert is also observed. Similar effects were observed in [12], 

[14]. 

a)  b)  

Figure 15. WRMS guided wave energy maps for: a) m=0.1, b) m=0.65; GFRP sample no. 3 

In the next step WRMS energy maps for GFRP sample no. 3 and coefficient m equal 0.1 and 
0.65 were constructed – see Figure 15a) and Figure 15b) respectively. Energy map presented 
in Figure 15a) indicates clearly the shapes of all embedded in panel teflon inserts.  
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Utilization of higher values of m coefficient (0.65) allows to improve slightly the contrast 
between referential regions of sample and regions with teflon inserts. It should be underlined 

that in this case teflon inserts were located out of the directions of glass fabric reinforcements  
oriented at angles 0

o
 and 90

o
.     

3.2 Delamination in CFRP L-shape sample 

In previous section authors investigated GFRP samples with teflon inserts simulating 

delaminations. The aim of research was to investigate the interactions of guided wave modes 
with discontinuities with different shapes and locations (planar as well as in the thickness).  

In this sections results of investigation of guided wave interaction with true delamination in 
CFRP panel were presented. Panel were made out of 16 layers of CFRP pre–pregs GG204P 

IMP503 42 with following orientations [0/90/0/90/0/90/0/90]S. Total thickness of panel was 
~3.5 mm. From rectangular panel, smaller rectangular section was cut-off using water jet, 

creating L-shape panel. During water jet cutting process large delamination was created in the 
corner. In this delamination two layers of prepreg, counting from the top of panel were 
separated from the rest part of the panel. Total thickness of two layer was ~0.4 mm.  
In the Figure 16 selected frames taken from animation of guided wave propagation in L-shape 
CFRP panel with delamination were presented. Guided waves were excited using 
piezoelectric transducer located at the middle of the bottom edge of panel. In this case 
excitation frequency was equal 200 kHz. Measurement were taken at the top surface using 
laser vibrometer. 

 

a)  b)  c)  
Figure 16. Selected frames from animation of guided wave propagation in L-shape  

CFRP sample with delamination

Analyzing frame presented in Figure 16a) propagation of S0 and A0 modes can be observed. 
Both modes could be simple distinguished. Mode S0 propagate with higher velocity than A0 
mode and has larger wavelength. In the frame presented Figure 16b) interaction of S0 mode 
with delamination could be observed. Approximated shape of delamination located in the 
corner is marked by white curve. In the delaminated region propagation of two wave modes 
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can be observed: mode with length comparable to S0 and mode with much smaller 
wavelength than S0 and also slightly smaller than A0 – called here A0’. The second mode 

results from mode conversion phenomenon. In the Figure 16c) propagation of mode with 
smaller wavelength than A0 could be observed. Moreover, phenomenon of entrapment of A0’ 
mode in the delaminated region of panel is clearly visible. 
 

a)  b)  

Figure 17. WRMS guided wave energy maps for: a) m=0.1, b) m=0.65; L-shape CFRP sample  
with delamination (measurements at top surface) 

a)  b)  

Figure 18. WRMS guided wave energy maps for: a) m=0.1, b) m=0.65; L-shape CFRP sample  
with delamination (measurements at bottom surface) 
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Next step was related to construction of WRMS energy map for propagating elastic waves. 
In the Figure 17a) and  Figure 17b) WRMS energy maps constructed respectively for the 

coefficient values 0.1 and 0.65 were presented. In both cases analyzing WRMS energy maps, 
delaminated region could be easily distinguished. 
In next step measurements were taken at the bottom surface of panel. At this side of the panel 
thickness of material in the delaminated zone is equal ~3.1 (14 layers of prepregs). In the  
Figure 18a) and Figure 18b) WRMS energy maps for guided wave propagation were 
constructed for the m coefficient equal respectively to 0.1 and 0.65.  Delaminated region 
could be distinguished in both presented cases in Figure 18. However, the contrast of energy 
distribution in delaminated and referential region is not so high like in previous case 
(measurements on the top surface).  
Results presented in this section shows that proposed damage localization approach based on 
WRMS energy maps works properly not only in the case of artificially simulated defect using 
teflon insert but also in the case of real delamination. 

4 CONCLUSIONS 

It was shown that the EMI method indicates some sensitivity to the modification of adhesive 
bonds of CFRP samples. There is an increase in RMS index as the modification severity is 
higher so the bond quality level determination could be possible. This was observed both for 
thermally treated samples and contaminated with de-icing fluid. 
It was shown that the EMI method is sensitive to a delamination simulated by a teflon insert. 
The change of RMS value clearly indicates which of the sensors is located on ‘damaged’ 
material. The change of the RMS is the lowest for this case. This suggest that delamination 
causes that only two layers of GFRP interacts with the sensor allowing it to vibrate more 
freely than in the remaining cases where the sensors is bonded to a 8-layer thick part  

of the plate. 
Moreover, damage localisation algorithm based on WRMS energy maps was verified for the 

case of simulated delaminations (using teflon inserts) as well as in the case of true 
delamination. Utilization of teflon insert allowed to investigate influence of simulated damage 

location (planar and in the thickness) and its shape on guided wave mode interactions with it. 
Attention was focused on the phenomenon of S0/A0’ mode conversion due to interaction of 

elastic wave with teflon inserts. Results showed that amplitude of A0’ mode created as result 
of S0 mode conversion depends on the depth where the teflon insert is located. Mode 

conversion phenomenon occurs even for the case of teflon layer placed symmetrically in the 
respect to panel thickness. Radiated wave field for A0’ mode is strictly related to the shape of 
teflon inserts.  Moreover, entrapment effect for A0’ mode was noticed. This effect was 
observed in the regions where teflon inserts were located. Utilisation of interactions of A0 and 
S0 mode with teflon inserts allow to localise the planar location of insert and to identify its 
shape. In this case WRMS energy maps were utilized.  
In the next step sample with true delamination was investigated. In this case mode conversion 
phenomenon was also observed. Application of WRMS energy map based damage 
localisation algorithm allow to localise the location of delamination and identify its 
approximated shape. 
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Abstract. The history of aviation is linked to the research and development of different 
physical and mathematical scientific fields. In our historic aviation records good examples can 
be found of studies and implementations. These cover not only new unconventional and 
disruptive aircraft configurations, but also the research and introduction of new materials and 
processes to make the airframe lighter and stronger. Also there have been continuous 
developments are available in the prediction of the aerodynamic loads that size an airplane to 
be safe, stable, controllable, and with adequate flying qualities. 

Today there is a growing social demand to minimize environmental impact in all industrial 
sectors. Our aviation industry is also under this scrutiny. This is the reason why new 
requirements are emerging as eco- sustainability, in addition to compliance with the safety 
and certification requirements together with the challenges of being global economical 
competitive in an increasingly demanding world. In this line, it is remarkable to state that 
aircraft fuel consumption, and thus emissions of carbon dioxide, is directly linked by three 
key aircraft parameters, Breguet formula related: weight, drag and specific consumption of 
the power plant. The development of technology innovations in these three drivers must 
continue and this has to be approached from a multidisciplinary perspective. 

This keynote focuses on summarizing the influence of the improvements in different 
aeronautics disciplines enabled by novel materials and additive manufacturing process, based 
on the introduction of a non conventional morphing curved rudder in a transport aircraft 
configured with under the wing podded engines. In particular, the morphed structure 
manufacturing and assembly aspects are detailed. 
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1 INTRODUCTION 
 
The opportunity to consider an unconventional rudder arises from the observation of 

nature: birds can fly and manoeuvre modifying the curve of the trailing edge of the wings. 
Our commercial aircraft control surfaces are flat and rotate around its hinge line with a 
deflection angle in a simpler manner. There is an opportunity to improve, imitating nature, 
and make these control surfaces to be controlled by acting on their mean curve. The research 
on additive manufactured materials together with new actuators, enable new airfoils 
controlled deformation. The nature provides inspirational designs that are currently 
challenging conventional design principles as is the case of the configuration included in 
figure 1. 

 
Figure 1: Biomimicry inspired airfoil structure [1]   

 
The morphing research of a non conventional lifting or control surface requires a 

multidisciplinary approach. The search for airworthy and efficient morphing systems requires 
the concurrency of different disciplines. In consequence, the morphing system configuration 
is the result of the best compromise solution of different optimizations among the different 
perspectives: aerodynamics, materials, manufacturing processes and structures, power 
requirements, weight and flight mechanics, handling qualities and control. The figure 2 is 
representative of this compromise solution process.  

 
Figure 2: Disciplines involved in airframe morphing [2] 
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As an example of this highly multidisciplinary environment, to develop a morphing 
system, the figure 3 sketches an aerodynamic load alleviation system based on airfoil 
morphing controlled deformations. 

 
Figure 3: Load alleviation system based in morphing [3] 

 
The adaptive trailing edge morphing design targets to be innovative, providing multi-

disciplinary solution in order to create a structure able to withstand aeroelastic and 
aerodynamic loads. The design pretends to optimize aerodynamic efficiency by increasing the 
rolling moment, whilst reducing the drag and mass to the safe minimum, figure 4, [4].  

 

 
Figure 4: Morphing airfoil aerodynamic optimization [4] 

The tendency of morphing technology will be essential to increase aircraft versatility and 
could be applied for commercial aircrafts. The flow control literature includes good advances 
in the adaptive lifting surfaces morphing domain. This is another good source of examples of 
the benefit on the multidisciplinary research with the purpose for flow control [5].  

The modern transport aircraft fin is mainly sized by static loading stiffness and strength 
requirements. There are two static load cases that size most of the vertical empennage, fix 
and movable control rudder surface, the lateral gust during approach and landing, and the 
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engine out during take-off. The later load case is even more critical than the lateral gust 
due to the trend to increase engine thrust for higher capacities on twin engines under the 
wing configurations. This platform is the preferred choice for big transport commercial 
aircraft due to its higher fuel efficiency and the reduction of maintenance costs in relation 
to four engined one. The focus of this study aims to increase rudder aerodynamic 
efficiency based on a morphing solution and, in consequence, enable its size reduction, 
not only because of the potential weight and drag reductions, but also because there are 
operational benefits on static and dynamic stability which can be achieved,  which is the 
main goal of this research. 

 
The airfoil morphing has been analysed to delay the boundary layer transition from 

laminar to turbulent has been previously analysed with SMA actuators, [6]. The 
aerodynamic improvement assessment of non-conventional curved rudder has proved to 
bring potential increment of 15% on lateral force when deflected [7]. The aerodynamic 
pressure distribution for morphed rudder is smoother than the resulting for a conventional 
one.  

 
The new unconventional rudder can curve chord-wise, while maintaining straight lines 

span-wise. The new rudder deflection angle is measured as the one that forms the line 
connecting the hinge line with the aft trailing edge point. Therefore the only difference 
between the new and the conventional rudder for a given deflection angle, is that the 
unconventional one presents a curvature that is the base of the aerodynamic improvement. 
The development of an airworthy structural solution for such a rudder is the objective of 
previous works [7], [8], see figure 5 below. 

 

 
Figure 5: Morphing rudder structural architecture 
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There are expected difficulties in manufacturing and assembling a morphing rudder 
fully compliant with airworthiness requirements. The selection of the actuators is critical. 
They have to provide enough force and displacement at low weight and within space 
allocation constraints in the torsion box trailing edge volume. The selection of the actuator 
is coupled with the orthotropic stiffness of the morphing panels also weight constrained. 
The actuator power has to be selected to curve the rudder and so deform adequately he 
panel chord-wise. The manufacturing of these highly orthotropic panels by a certifiable 
aerospace, either standard or innovative, method is a challenge. The final integration of 
the solution must comply with functional, weight and performance requirements, therefore 
the assembly of the complex resultant mechanism must be very accurate and easy 
maintenance serviceable. 

 
Studies that partially cover the airworthiness requirements of a morphing rudder, from 

static stability point of view, are required prior to flight clearance of the flight 
demonstrators. There is a need to study the lateral directional static stability of a transport 
aircraft in which the rudder has been reconfigured to provide a constant 15% more lateral 
load during deployment. The aircraft is under 1g stationary load cruise condition. The 
study of shape-morphing adaptive control surface of an airfoil has provided a significant 
number of research in compliant mechanisms for aircraft [9]–[11], wind energy [12], [13] 
and other UAVs, Unmanned Aerial Vehicles [14], [15]. 

The literature include recent developments on morphing tailless configuration aircraft 
flight control from different perspectives, as aeroelastic improvements  [16]–[18]; the use of 
distributed shape-change effectors arrays in a flight control system [19]. Again, the study 
of new UAV configurations, has resulted on a relevant number of publications on lateral 
stability analysis and control [20]. 

The Aerodynamic studies based on CFD Open Foam, the flight Mechanics and control 
studies are performed on Static stability engine-out condition, at critical take off speed, 
aircraft velocity 85 m/s, air density at sea level, dry air 1.237 kg/m3. The lateral- directional 
aerodynamic coefficients were derived based on aircraft data and Matlab code. The Dynamic 
Stability was studied on lateral directional equations on the frequency domain, cruise 
condition. Power studies are based on the actuation selection which is driven by the morphing 
mechanism and also on the overall system weight, in comparison with the conventional 
rudder. These studies have been reported in previous author papers, [7]-[8]. 

2 STRUCTURAL DESIGN APPROACH 
The Morphed Rudder design relies on a riblets. These riblets are articulated, figure 6. The 

number of riblets is a compromised solution between the achievement of smooth air contour, 
smoother as more discrete number of riblets, and the weight associated to a bigger number of 
them. The data and parameters considered in the conceptual design are selected in the initial 
stages of the design process. 
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Figure 6 Morphing Rudder internal riblets geometry 

 
The Morphed Rudder Structural analysis based on riblets geometries and rotation laws. 

Different approached can be considered. The mathematical models of such a geometries 
enable the computation in search of an optimum design. 

 

 
 

The mathematical links between the parameters, have to be considered in order to further 
advance on the optimum solution. 

 

 
 
It has been studied morphable skin structures and many alternatives to the classic concept 

of rigid skin panel. The development of these structures is an important knowledge based on 
suitable deformable systems. For example, the “Double-C” shape-skeleton panels, figure 7. 
These skin panels consists of a substructure called skeleton formed by a series of stringers and 
additional geometry features in between which acts as a spring. As result of that the skin 
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acquires flexible superficial properties in the morphing direction and rigid properties in the 
perpendicular one. 

 

 
Figure 7: Double C shape skeleton panels 

 
Structural integrity analysis is also implemented by means of Abaqus FEM, figure 8, to 

show a very preliminary test applying the concept of morphing mechanism. 
 

 
Figure 8: Abaqus static mechanical testing for internal structure design 

The design of morphing skin structures has been carried out further with emphasis in the 
design of the various skin lattice structures, figure 9. Numerical characterisation of the 
geometric unit-cell and optimisation is developed focusing on the mechanical behaviour of 
these morphing skins. Numerical simulations using Finite Element Method through Abaqus 
commercial program were performed for the best selection of the unit-cell configuration. 
Behind the development of the design concept, a lot of work has been realized regarding 
optimization and characterization of the structures, through FEM analysis figure 10. 
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Straight configuration Curved configuration 

  
   Mix configuration Double C Configuration 

 
Figure 9: Unit cell of studied skin lattice structures 

 

 
 

Figure 10: Double C shape skeleton panel Abaqus FEM analysis. 

3   MATERIALS AND PROCESSES 
 
Aernnova has carried out extensive research to select a suitable material candidate for the 

deformable skin skeleton design. The research leads to SLS (Selective Laser Sintering) 
technique; a technique which is very suited for morphing geometries such as the unit-cells 
presented as skeleton skin. The PA12 polyamide material is selected for this process due to its 
good ductile and toughness properties. In addition, the material is light weight and cheap, 
which favors the decrease of weight penalties, a crucial part in the implementation of a 
morphing device. However, the material is damaged due to its hygroscopic nature and 
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humidity impoverishes its material properties, making it brittle. Tests have been performed by 
saturating the manufactured pieces of PA12 in water particles and then performing static tests 
to analyze it’s tensile and fracture effects. Variations of PA12 materials with incorporated 
hard particles are also looked into for property enhancements and compensation for the 
moisture drawback. Materials investigated included GFN containing glass beads, HST 
containing ceramic fibers and PA12 base material. For humidity study, specimens are created 
for each component and these are submerged in water at a constant temperature of 90ºC in 
order to accelerate the water saturation process. Specimens are also kept at a dry constant 
temperature of 90ºC for dry condition testing, figure 11Figure 11. The process is carried out 
for the different types of PA12 materials specimen which are later used for the mechanical 
testing. 

 

 
 

Figure 11: Drying and Water saturation process 
Various mechanical tests are performed to investigate the behaviour of these types of PA12 

materials after the water saturation and drying process. The experimental testing and 
characterisation are carried out following standard norms of test justification involving static 
tensile, compression, fracture and fatigue testing. Mechanical properties from the 
experimental testing showed interesting results. The yield strength Improves under dry 
conditions and no toughness alteration for altered PA12 with spheres and fibre compounds. 
Materials presented impoverished toughness and tensile properties. This is especially affected 
the toughness properties of the base PA12 material, figure 12. 

 

 
 

Figure 12: Fatigue testing and cyclic loading application 
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4  FLUID- STRUCTURES INTERATION 
The structural implementation of the solution has to be checked from local deformations at 

deflection of the surface exposed to the air flow. The airfoil pressure distributions and skins 
internal loading can create local deformations that are translated into deviations of the actual 
airfoil in relation to the theoretical one, figure 13.  

 

 
Figure 13 Local deformations study of the morphing structural concept 

 
The aeroelastics analysis is pending and it is relevant given the change in the vortex- 
frequency due to the rudder morphing [7], and the weight and stiffness effect of the new 
design in relation to the conventional one. 

5   MANUFACTURING AND ASSEMBLY 
The EU FP7 SARISTU project has given essential experience on morphing structures from 

the manufacturing and assembly point of view. Starting by preliminary dummy demonstrator, 
then the ATED 2-bay demonstrator, figure 14, experience is obtained from these phases 
which achieved an important milestone. This leads to the improved manufacturing and 
assembly process of the final 5-bay demonstrator of ATED. 

 
Figure 14  Internal Structure display 

 
The manufacturing process was performed successfully by selecting the optimal materials 

for the further machining and bending processes. The internal structure of the ATED is a 
skeletal structure which is crucial for the correct transmission of movement from the actuator 
and structural integrity as load support. Holes are also included in the design phase in the 
components of the internal structure for the accommodation of cable routing, sensor 
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installation and furthermore reducing the overall weight of the structure. The manufactured 
components included the following features: 

  Segmented ribs, carrying rotational movement for the structural morphing. 
  Spar-x that supports the metallic skin sections of the morphing skin.  
  Rear spar which carries the actuators and also structurally supports de whole ATED. 

 
The actuator chain and bars were manufactured to control the morphing movement in the 

ATED by transforming the produced rotations into displacement of the actuation bar. The 
actuator chain was mounted at the base of the ATED rear spar and the actuation bar was fitted 
through the spar-x and connected to the actuation chain, figure 15. 

 

 
 

Figure 15: Actuator chain DMU 

 
The Dead Box (DB) skin is an interface between the Wing Box and the Trailing Edge 

structure. It is made of an upper and lower skin panel as shown in figure 16. The union 
position at the ATED is located at the rear spar flange, 1st spar-x flange and the rib flange (1st 
section only). 

 

 
Figure 16: Skins connecting ATED and torsion box  
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The morphing skins are located in the upper and lower surfaces of the trailing edge. The 2-
bay demonstrator offered important acquired experience to be implemented for the 
manufacture and assembly of the ATED 5-Bay Demonstrator, figure 17. 

 

    
 

Figure 17: Internal structure of 5 Bay Demonstrator 

 
A proof of concept of the morphing skin was manufactured by the already mentioned SLS 

additive manufacturing process, as a physical demonstrator, it can be observed in figure 18. 
 

 
Figure 18: SLS manufactured Double C configuration PA12 material. 

6 CONCLUSIONS AND CHALLENGES FOR FUTURE STUDIES  
From previous author studies, the new morphed rudder presents the following 

enhancements: 
 15% potential improvement in aerodynamic lift, [7] 
 Higher frequency of the vortices detachment, [7] 
 It is enabled by new highly orthotropic panels produced by additive 

manufacturing, [8] 
 The new panels show secondary module from a certain level of deflection, [21]  
 Static stability, increased yawing moment available 8% at engine out, in 

consequence decrease in the minimum speed lateral control 4%, [22] 
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 Studies on dynamic stability free control commands result in a decrease of the 
yaw amplitudes on Dutch Roll frequencies [23] 

 For fixed controls, the yaw divergence is predicted to appear sooner, [23]. 
 
This paper presents additional manufacturing and assembly experience on similar 
morphing structures on EU FP7 SARISTU project. These developments have brought to a 
current technological maturity close to TRL 3 for a morphing rudder at an aircraft system 
level. 

 
The most relevant remaining challenges for future studies are listed below: 

 Selection of actuators, structural sizing and complete weight impact assessment.  
 Wind tunnel tests to verify aerodynamics morphing effects without and with 

NLF, HLFC  system 
 Stability analysis of more load cases to complete studies of flying qualities.  
 Keep on investigating methods to optimizing the highly orthotropic panels 

geometric configuration. 
 Miniaturization of geometric cells and step into three dimensions features 
 New additive manufacturing features and use of different raw materials. 
 Complete test campaign of the highly orthotropic 3D printed panels 
 Complete rudder static,  fatigue and Damage tolerance tests. 
 Ground vibration test , FEM correlation and Aeroelastic studies and assessment.  
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Abstract. Epoxy adhesives films were doped by spraying an aqueous dispersion of carbon 
nanotubes. Sensing capability of carbon fiber reinforced composite coupons with bonded patch 
repairs was evaluated; several single lap shear and Mode-I fracture energy tests were conducted 
and their electrical responses were characterized. It was observed that electrical resistance 
increases with mechanical strain due to tunnelling effect on CNT percolating networks and 
increases of electrical resistance associated to crack propagations could be also detected.  

Once the smart behaviour if the adhesive joints was identified by means of mechanical tests in 
normalized adhesive joined specimens, panels (400 x 400mm) with square co-bonded patches, 
made using the same curing cycle based on the repaired material one, were prepared using CNT 
doped adhesive films. These panels were mechanical tested to determine the effect of the doping 
treatment on the mechanical behaviour of the repairs, at the same time that electric 
measurements were carried out to identified local failures during testing. Obtained results 
showed that structural film adhesives could be surface doped with CNT providing sensing 
capabilities to be used in structural health monitoring of adhesive repairs in composite 
structures.  
 
 
1 INTRODUCTION 

Composite primary structures repairing is a priority issue in the aerospace industry. When a 
composite structure suffers an in-service damage, if it is weakened due to fibers breakage or 
delaminations, it is necessary to make a structural repairing. This kind of repairs, unlike 
cosmetic or temporary ones, consist on a substitution of damaged fibers and plies in order to 
restore the original mechanical performance. One of the possible solutions is to apply composite 
patches by using adhesives [1-2]. However, in order to ensure the quality of these repairs, it is 
necessary to develop novel inspection techniques, especially non-destructive tests (NDT), such 
as ultrasounds (C-Scan), vibrothermography or shearograpgy. They are able to detect damage 
onset in this type of repairs in composite structures [3-4]. 
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An alternative to NDT is providing to the adhesive joint a multifunctional behaviour. The 
present work aims to analyze the monitoring capability of bonded joints by using adhesive films 
previously doped with carbon nanotubes (CNT). In previous works, it has been proved that 
CNT networks are able to properly detect strain and discontinuities (failures) by means of 
electrical resistance change measurements [5-6].  

 
There are many research in which this CNT network was created by dispersing CNT on a 

paste adhesive (generally an epoxy based one) using the conventional dispersing techniques 
(such as three roll mill calendering or toroidal stirring). However, in this work, CNTs were 
applied directly over the adhesive surface by spraying an aqueous CNT solution [7]. Previously 
to sensing characterization, a study of the mechanical properties on standardized Mode-I and 
Single Lap Shear (SLS) specimens has been carried out. Once the multifunctional behaviour of 
these joints was identified, panels with a composite repair patch were manufactured, using the 
proposed adhesive. Mechanical testing of these panels has showed the Structural Health 
Monitoring (SHM) capabilities of CNT doped adhesive joints. 

2. EXPERIMENTAL PROCEDURE 
2.1 Materials 

Adhesive was a FM300, supplied by Cytec. It is an epoxy based adhesive film with a wide-
open knit tricot carrier. For the present study, the FM300K was used, with a surface weight of 
244 g/m2, nominal thickness of 0.2 mm, being considered the one with the highest performance 
within FM300 series. More specifically, it has a shear strength allowable of 36.8 MPa at 24 ºC 
and 20.4 MPa at 150 ºC. 

 
CNT doping was carried out by spraying an aqueous CNT dispersion over the adhesive 

surface, using an airbrush. Pressure was set to 0.1 MPa at 40 cm distance. Multiwall CNTs were 
supplied by Nanocyl, with the commercial name of NC3152, with an average diameter of 9.5 
nm and a length up to 1 μm. They have a 90 % C purity and are amino-functionalized. To 
stabilize the CNT dispersion, a surfactant called sodium dodecyl sulphate (SDS) was used at 
1.0 wt. % content. 0.1 wt. % CNT dispersion was achieved by means of ultrasonication, using 
a horn sonicator of 400 W power and 24 Hz frequency. Sonication was done during 20 min at 
an irradiation acoustic time of 0.5 s and horn amplitude of 80 %. After sonication process, a 
centrifugation stage was done at 5000 rpm during 10 min.  

 
CFRP substrates were manufactured by intermediated modulus unidirectional tape prepegs 

(IMA/M21E). Carbon fiber and prepeg surface weight are 194 ± 5 g/m2 and 294 ± 9 g/m2. Resin 
weight fraction is 34 % and laminate density is 1.58 g/cm3. Several 500 x 500 mm panels were 
manufactured at a [0]n layer sequence with different thickness depending on tests requirements 
in order to manufacture the normalized coupons for Mode-I and SLS tests. Curing was done in 
autoclave with a vacuum bag using a double ramp temperature curing cycle. Maximum curing 
temperature and pressure were 180 ºC and 0.9 MPa respectively, during 8 h. 
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2.2 Mechanical tests 
 
SLS joints were tested using the AITM 1-0019 standard. Adhesive joints were manufactured 

by co-bonding. Total thickness of each substrate was 2.024 mm, corresponding to a [0]11 layer 
sequence. Mechanical testing was done at room temperature at a test rate of 0.5 mm/min. 

 
Electrical monitoring of SLS specimens was carried out as shown in Figure 1a. Two 

electrodes made of copper wire with silver ink were attached to the center of the overlapping 
area, at 7.5 mm and 12.5 mm distance from the edge in the main load and the transversal 
direction, respectively. Monitoring was carried out, thus, in the transversal direction of the 
adhesive joints. Electrical acquisition was carried out by using a digital multimeter Agilent 
34410A. 
 

Moreover, Mode-I energy fracture (GIC) tests were conducted in order to determine the 
strength of the adhesive joints as a function of crack length. These tests were carried out 
according to AITM 1-0053 standard. The electrical response of the adhesive joints were 
measure during the mechanical testing. In this case, the total thickness of each substrate was 
1.472 mm, corresponding to a [0]8 layer sequence. 

 
Electrical monitoring of Mode-I specimens was done as shown in Figure 1b. Two electrodes 

made of copper wire with silver ink were attached at 60 mm distance of the load application 
point. Thus, monitoring was carried out in the transversal direction, like in the SLS specimens. 
 

 

 
 

Figure 1: Configurations of electrical contact for sensorization during: a) SLS test; and b) GIC test. 
 
2.3 Panel repair tests 

A 400 x 400 mm composite panel was defined with an applied repair. This repair was a 
composite patch scarf (repair path with a constant slope). The material of the pristine panel was 
the same as used previously, IMA/M21E. Layer sequence was (45/-45/90/0/90/-45/45/90/0/90/-
45/45/90/0/45/-45)s with a total thickness of 5.888 mm. 
 

The patch repair was manufactured by using the same prepeg. This repair was done over 16 
plies with a total thickness of 2.944 mm, being the ply of the base of the cone repair oriented at 
-45º. The rest of the plies were oriented following a similar stacking sequence than the original 
laminate. An outer 45º ply was placed over the entire repair. Figure 2 shows a schematic of the 

a) b) 
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patch repair. Adhesive film was the FM300K with the same cure cycle than previously 
described. 

  
 

 
 

Figure 2: Schematics of the patch repair in a 400 x 400 mm composite panel  
 
Once manufactured, the panel was subjected to mechanical testing in order to prove sensing 

capabilities of CNT doped adhesive film. The aim was to compare the electrical response of the 
adhesive with the measurements obtained with conventional strain gauges. This would allow 
comparing the different technologies (strain gauges, electrical sensing and acoustics), giving a 
more detailed understanding of the mechanical performance of the panel. 

 
A shear test was carried out in the panel. Six rectangular rosettes RY81-6-350 with 350 Ω 

and eight strain gauges LY41-6-350 with linear geometry and 350 Ω were placed in the panel. 
The disposition is shown in Figure 4, where the outer and the inner (Side A and B, respectively) 
surface of the panel is represented. The outer corresponds to the composite patch repair side. In 
addition, the corners were cut according to the required tooling for the mechanical tests.  
 

In combination with rosettes and strain gauges, an electrical sensing scheme was defined. 
This electrical network (blue circles) was composed by five channels (E1 to E5) and it is shown 
in Figure 3. E1 and E3 were placed in the load axis at 10 mm from the corner of the patch. E2 
was placed at 20 mm from the center of the repair. E4 and E5 channels were placed near the 
right and left corners of the patch at 10 mm. 

 
Figure 4 shows an image of the mechanical test in a tensile testing machine with a 500 kN 

load cell at a test rate of 0.5 mm/min. Test would end by collapsing of composite panel or by 
reaching the maximum allowable of the testing machine.  
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a)                                                                                     b) 

Figure 3. Schemes of the extensometry and electric sensorization of a repaired composite panel: 
 a) front face; b) back face.  

 

 
Figure 4. Experimental arrangement of the shear test of the repaired composite panel  
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2.4 Non-destructive testing 
Previously to mechanical testing, composite repaired panel was inspected by ultrasounds. 

The results did not show neither discontinuities higher than 36 mm2 nor volumetric porosity. 
Therefore, from the inspection point of view, the repair was considered valid. After mechanical 
testing, ultrasonic inspection was carried out again and the discontinuities and defects were 
characterized, allowing correlating the electrical response with the NDT results.  

 

3 RESULTS AND DISCUSSION 
The electrical monitoring of SLS joints could lead to different behaviours on the electrical 

response, defined as Type I and II, which are shown in Figure 5. Both of them presents an initial 
constant trend, associated to a minimum strain threshold from which the system is able to detect 
electrical changes. After that, an increase of the electrical resistance is observed, corresponding 
to higher strain levels. This tendency could be linear or exponential depending on the 
prevalence of contact and tunnelling effect between adjacent CNTs, respectively. Instabilities 
may be due to crack initiation as well as local failures (i.e. microcavities, local disbonds). 
Finally, a sudden increase of the electrical resistance is observed, corresponding to the final 
failure of the joint.  

 

 
 
Figure 5. Single lap shear test curves. Mechanical response (blue curve). Electrical response (red curve).   
 
On the other hand, electromechanical curves of Mode-I test specimens allow correlating the 

electrical response of the joint with the crack propagation. Figure 6 shows an example of these 
curves. An initial stage with a slight increase of the electrical resistance is observed just before 
crack initiation and due to adhesive deformation. When crack initiation took place, a sharp rise 
of the electrical resistance is noticed due to breakage of conductive pathways. From this point, 
a steady increase of the electrical resistance as well as sudden rises are observed. This is due to 
the combination of two effects, the adhesive deformation and the breakage of electrical 
pathways along the joint. Sudden drops can be also associated to the presence of microcavities 
as commented before on SLS tests. The test was ended once crack length was 60 mm from the 
initial pre-crack, correlated to a piano hinge displacement of 26 mm. For that reasons, a sudden 
change of the electrical resistance is not observed at the end of the test because Mode-I 
specimen was not totally broken.  
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Figure 6. GIC test curves. Mechanical response (blue curve). Electrical response (red curve).  Correlation with 

failure mode. 
 

The analysis of the fractured surfaces of Mode-I specimens, once they were totally open, 
shows a clear correlation between changes on failure modes and the sudden changes observed 
in the electrical resistance during crack propagation. Although the mechanical curve does not 
present the typical behaviour of an unstable crack growing (called stick-slip behaviour), the 
fractured surface and the electrical response clearly show this unstable behaviour. Figure 6 
correlates the sudden changes of the electrical resistance (a, b, c and d points) with the different 
failure modes. Thus, at points a and c, a change from type D, that is, interface failure between 
the uncured substrate and the adhesive film, to type E failure, that is, interface failure between 
the cured substrate and the adhesive film, is observed whereas at points b and d the change in 
the failure mode is the opposite.  
 

Regarding to the repaired panel, the NDT inspection after the test showed the presence of 
two disbond areas (Figure 7): 
 

‐ Disbond area A: it was detected in the upper region of the patch repair. It was not 
possible to determine if the bottom echo came from the interface between the substrate 
and the adhesive film (adhesive failure) or inside the adhesive (cohesive failure). 
Damage extent was similar to an equilateral triangle of 10 mm.  
 

72



A. Ureña 

 8

‐ Disbond area B: it was detected in the lower region of the patch repair with dimensions 
of 61 x 10 mm2, approximately. Similarly to disbond area A, it was not possible to 
determine if the failure was located in the interface between substrate and adhesive film 
or inside the adhesive 

 

 
Figure 7. Ultrasonic inspection of repaired panel after shear testing. 

 
The results obtained by the sound level meter during the mechanical test are shown in Figure 

8. The environmental sound was between 69 and 71 dB. By taking into account this reference, 
several sounds at different magnitude were detected. The first one of them was detected at 283 
kN with a magnitude of 79 dB. Then, the second one was detected at 297 kN, reaching a value 
of 80 dB. After 330 kN, several sounds were recorded with higher intensities: at 332 kN, a 
sound with a magnitude of 87 dB was detected; at 337 kN, the acoustic emission reached a 
value of 90 dB; and at 344 kN, the highest acoustic emission was detected, with a value of 111 
dB. From this point until the end of the test (430 kN), no more anomalous sounds were recorded. 

 

 
Figure 8. Detected sounds during mechanical testing of repaired panel 
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Finally, a correlation between inspection, acoustic emission and strain gauges and electrical 

sensing was established. The results of sensing and strain gauges for loads of 332 kN and 367 
kN do not show variations that could be correlated to disbonds. 

 
The analysis at 337 kN showed that the most significant variation on the strain gauge and 

sensing curves took place at the E1 channel. Figure 9 shows the electrical response of the E1 
channel and the strain gauge response of the nearest rosette, R1 from 0 to 430 kN. At 337 kN, 
a sudden change on the electrical curve, R1_c was observed. In addition, a disbond were also 
observed in the area A. Therefore, it can be concluded that the disbond took place at 337 kN. 
 
 

 
Figure 9. Correlation between extensometric measurements and electrical 

sensorization for emitted sound at 337 kN  
 

On the other hand, the most significant changes on the sensing and strain gauge curve at 
344 kN took place in the E3 and E5 channels. Figure 10 shows the strain gauge response of the 
nearest rosettes, G35A and G35B in combination with the electrical response. At 344 kN, a 
noticeable change on G35A and G35B curves was observed. As a disbond was detected during 
the inspection phase, it can be concluded that it took place at 344 kN. 

 
A complete analysis of electromechanical curves of E1 and E3 channels allows to 

distinguish two regions: 
 
a) The region (I) under 220 kN in which the normalized resistance presents a slight 

decrease up to minimum values of 0.25 and 1 %, respectively. This decrease of the 
electrical resistance has been already explained in previous studies [8-9], being 
associated to local compressions through thickness during the test leading to the 
formation of new electrical pathways. By taking into account the panel geometry in the 
upper region of the patch repair, the compression effect takes place in the initial stage 
of the mechanical test, until a strain threshold is reached.  
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b) The second region (II) takes place from 220 kN until the end of the test. It is 

characterized by a progressive increase of the electrical resistance with strain. The 
results are similar to those observed for the normalized SLS coupons. As commented 
before, higher deformations leads to lower conductivities as the distance between 
adjacent particles is increased.  

 

 
Figure 10. Correlation between extensometric measurements and 

electrical sensorization for emitted sound at 344 kN  
 
 
Moreover, the detected disturbances on E1 and E3 channels could be explained by assuming 

that, once disbond takes place suddenly, the contact surfaces can be touching again. This would 
explain the rises and drops of the electrical resistance.  

 
 
4.  CONCLUSIONS 
 

‐ Surface doped adhesive films with 0.1 wt. % CNT are able to evaluate the mechanical 
integrity of CFRP co-bonded joints. 

‐ SLS tests prove the potential of the proposed adhesives to monitor properly the 
deformation with applied force. Moreover, the final failure is clearly detected by 
electrical sensing. 

‐ Mode-I tests prove the ability of CNT doped adhesive to monitor crack propagation. It 
allows to distinguish between different failure modes and mechanical behaviors. 

‐ A composite structural repair done with this adhesive film can be monitored during 
deformation. The sensitivity of CNT networks allows to detect disbonds that are 
efficiently detected with other inspection techniques  
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Abstract. Bolted connection is the most common way to assemble mechanism. It is widely 
used in transport domains, such as aerospace, rail, aircrafts… Ensuring that the minimum torque 
value is always present in the assembly is one of the main maintenance tasks for those 
components. A possible way to carry out those actions is to implement active component in the 
bolted assembly. A solution is proposed in this document. Construction, potentialities, 
performances (based on lap-joint demonstrator) and limitations are identified and confronted to 
other techniques. 
 
1 INTRODUCTION 

Control of the tightening tension in critical bolted connections (rotor - blade or undercarriage 
- hub - wheel links, gearbox, motor group ...) is a niche market but is a real need for 
maintenance, which essentially consists in ensuring that the minimum torque value is always 
present in the assembly. Without this maintenance, carried out at regular intervals, the risks are 
significant for structures (fatigue, corrosion and crack occurrence). For example, maintenance 
operations for torque verification on a helicopter requires up to sixty hours every 1000 flight 
hours (400 concerned linkages). Moreover, several theoretical works have been performed in 
order to improve the vibration damping by semi-active control of the tightening load [1][2][3]. 

Uncertainties and dynamic problems of bolted joints are widely treated in the literature [4]. 
Farther than detecting and monitoring the screw tension [5], the present paper proposes to 
counteract the preload loose using active components placed either under screw head or nut. 
This active washer component allows targeting several techniques, such as: 

- Keeping constant preload within bolted assembly and make it stable through time, 
- Act on linkage damping of mechanical linkage due to dry friction and/or as a 

complement to damping elastomer, 
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- Low frequencies protocol for structural decoupling. 
The paper is composed of four parts. Firstly, for helping the reader to identify awaited benefits, 
the interest of actively controlled bolted assembly tension is shown. Secondly, a configurations 
trade-off is detailed, allowing catching advantages and intrinsic limitations of several concepts. 
Thirdly, experimental results are given on a single active washer and also on a lab user case, in 
order to compare with uncontrolled behaviour. Different techniques as described previously are 
considered in this experimental part. Finally, application fields and potentialities are pointed 
out introducing real user cases. 

2 ABOUT THE INTEREST TO CONTROL BOLT TENSION 

From Festjens H. [7] work, it has been shown that both the natural frequency and the damping 
ratio depends on the clamping torque and the vibration amplitude, see Figure 1. According to 
vibration amplitudes, the natural frequency is decreasing whereas the damping increases up to 
a maximum reached near the total sliding threshold and decreases after this limit. The clamping 
torque allows to tune these evolutions making the threshold shifting. 

 
Figure 1: Natural frequency and Damping ratio according to several clamping torque and vibration 

amplitudes [7] 
 
This result brings out the opportunity to adapt the value of the natural frequencies and the 
amplitude of the damping. In order to get interesting vibration control performances, our goal 
is to tune the natural frequency in order to prevent resonances. This idea is inspired from the 
work of Guyomar et al. [8] on the continuous switching of a piezoelectric device. Here the 
switching can occur between two extreme tightening torques in order to modify the resonance 
frequency continuously, see [3] for more explanations. 

3 CONFIGURATIONS OF ACTIVE WASHER 
The proposed technique is to integrate piezo active material in the bolted assembly. This 
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leads to a few control strategies. Firstly, as long as the tension in the bolt is able to be monitored, 
compensation can be performed using the actuator. In that case, correct correlation in stiffness 
and stroke of the active component has to be found. Secondly, a strategy consisting in creating 
discontinuity in boundary condition can be implemented, using the actuator close to its border 
between free and hard stop conditions. Thirdly, impact on displacement transfer function can 
be established in order to get experimental determination of behaviour. 

Stiffness adaptation 
The stiffness adaptation consists in making efficient adaptation between stiffness of the bolt 

assembly and the stiffness and stroke of the active component. Figure 2 is presenting the link 
between the behaviour coming from bolt stiffness (two cases: soft and stiff bolts) and the 
behaviour coming from the actuator (two cases: strong and long stroke actuators). 

 
Figure 2: Force/displacement relation between bolt and actuator 

 
Main limitation is coming from bolt, which is typically long, so elastic (see Figure 3). A M4 

screw, admitting 20mm free length admits a 130N/µm stiffness. As a comparison, 10mm piezo 
stack made from rings (diam 8mm) admits typically a 130N/µm stiffness for 12µm free stroke. 
Therefore, useful stroke and force is intrinsically halved. Additionally, part of displacement is 
lost in contact stiffness’s. Therefore, true contribution of actuator is limited. It can be also 
noticed that, increasing stroke using longer piezo stack requires also to increase length of bolt. 
So benefits is not linear. 

 

 
Figure 3: Bolted assembly and force path 
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Another contributor to small stiffness is potential soft material (visco-elastic) between the 
two layers of lap-joint. This additional layer can allow target damping characteristics. The axial 
stiffness is strongly lowered, making necessary to be able to perform longer stroke. 

Actuator selection 
Possibility to reach longer stroke, able to adapt to mechanism uncertainties and local 

parasitic stiffness’s appears to be interesting. In that case, because of limits in volume, 
especially length) and costs, it is necessary to consider amplification. Proposed solution consists 
in mechanical amplification is the frame of APA® (Amplified Piezo Actuators). 

Amplified Piezo Actuators APA® have already been considered in damping strategies [6]. 
Those kind of actuators offer larger strokes than direct actuators by amplifying displacement 
due to its shape. The flattest the actuator is, the more amplified the displacement is. In return, 
stiffness of the actuator is reduced. Typically, mechanical amplification being ruled by a factor 
α, stiffness is divided by 2α². 

  
Figure 4: APA95-PTW-MD actuator, from [6] 

The actuator (Figure 4) can generate up to 8.5kN of blocked force for 100µm free stroke. 
The support with additional viscoelastic material is able to improve the mechanical parameters 
of actuator, with changes the stiffness and damping characteristics. Application targeted by this 
application is machining and cancellation of chatter. Its relatively large size (approx. 
100x100x100mm3) makes it not relevant for targeted application. 

Available volume is roughly a few centimetre square. This size makes eligible use of 
standard 5x5x20mm3 piezoelectric stack within elliptical shape. Standard APA40SM actuator, 
creating 200N blocked force and 50µm free stroke is chosen. In lap-joint configuration, 
structural strength is performed using standard bolt linkage. Parallel active bolt are then used 
to adapt overall damping behaviour. The proposed design is integrating a central stiffener, non-
linear, which is creating possible discontinuity in contact of internal surfaces of actuator 
(see Figure 5). Typically, when force going through actuator is rather low, actuator stiffness is 
taken in consideration. As a contrary, when force applied is high, either by external preload or 
by actuator self-force, the actuator stiffness is short-circuited, leading to a standard nut 
behaviour. Discontinuity between both states is considered as possibly beneficial for damping 
issues. In further part of the document, this component is called active washer. 
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Figure 5: CAD view of active washer/nut. 

4 ACTIVE WASHER PROTOTYPE AND APPLICATION IN LAP-JOINT 

4.1 Active washer performance  
Experimental trials of the proposed prototypes (see Figure 6) has been carried out. Aim of 

the characterization is to determine the possibility to place actuators is such a position that its 
own stiffness changes with input voltage.  

 

  
Figure 6 : Two active washer prototypes 

Comparison between standard actuator and central ring configuration is presented in 
Figure 7. Actuator is powered using National Instruments board, driven by Signal Express 
software and associated with linear amplifier LA75 from Cedrat Technologies. Polytec laser 
is used, with 8µm/V gain in measurement. Generation and Acquisition are done 
simultaneously, with 10Hz sine 8.5Vpp signal. This corresponds to 170Vpp piezo actuator 
voltage. Applied voltage is within the range [-20:+150V]. Overall pattern is showing a 
hysteresis loop, classical in piezoelectric actuator response. Discontinuity coming from 
central ring is visible on the slope. 

81



Christian Belly, Adrien Guignabert, Aurélien Riquer, 
Gaël Chevalier, Pauline Butaud, Gaël Matten and Nicolas Peyret 

 6 

 
Figure 7 : Behaviour difference in standard condition or with internal stiffener 

On the previous figure, displacement remains almost unchanged for input voltage from -20V 
to 20V, above this voltage, slope of the displacement curves changes. This is result of change 
in stiffness placed in parallel to the piezo actuator. This stiffness is a combination of contact 
stiffness and ring part stiffness. Numerical values are visible on Figure 8. 

  
Figure 8 : Slope change in displacement 

Standard stiffness of actuator is 3.7N/µm. This corresponds to blocked force (i.e. 194N is 
APA40SM) divided by free displacement 52µm. The slope in free displacement is 0.30µm/V. 
On active washer, initial slope is close to standard one, with 0.26µm/V. High voltage slope is 
smaller (0.08µm/V). This value allows to estimate equivalent stiffness of the actuator to be 
close to 14.1N/µm, revealing a 3 or 4 times increase in stiffness. Such kind of stiffness evolution 
will create a 1.7 to 2 factor in normal mode frequency, giving potential adaptation of modal 
landscape of structure. Integration onto standard user case lap-joint is presented in further part. 

4.2 Integration on Lap-joint and experimental benefits. 

The prototypes have been integrated in a lap-joint constituted with two plates linked by three 
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screws, see Figure 9. The central screw is a passive one strongly tightened in order to ensure 
the reliability of the structure. The external screws are less tightened in order to provide 
damping. The smart washers are integrated in these joints. In order to evaluate their efficiency, 
the lap joint has been tested in a vibration set-up constituted with a clamp, a shaker and a 3D 
laser vibrometer.  

 
Figure 9: Vibration setup 

 
The lap-joint is excited in the [0-2000] Hz frequency range with the shaker driven by a 

random signal. The signal is measured all over the surface of the setup in three directions thanks 
to the Polytec 3D Vibrometer. Then, we integrate the velocity over the surface in order to get a 
single scalar measure according to the frequency. This measured is weighted by the excitation 
level to build the Frequency Response Function, see Figure 10. This FRF exhibits several 
resonance frequencies. To evaluate the effect of the active washer, we build the FRF for three 
different voltages applied to the piezo actuators from -20V to + 145V. -20V corresponds to a 
16cNm tightening torque whereas +145V corresponds to a 11cNm. From a vibration point of 
view, this means that the resonance frequencies are lower when the voltage is high and greater 
when the voltage is low. Obviously, the frequency shift depends on the Eigen mode we observe. 
The second Eigen mode is the most energetically coupled and the frequency shift is equal to 
5%. These first results allow to expect an interesting vibration mitigation. Further investigations 
will focus on the control law that allows to maximize the efficiency. 
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Figure 10: Frequency Response Functions according to several voltages. 

 

5 IDENTIFIED LIMITS AND FUTURE WORK 
To achieve the goal of this work, several technical developments are still in progress. The 

most important technical limit to overcome is to get the highest tightening load variation as 
possible. To improve the prototype, one has to manage the kinematic amplification thanks to 
an optimized design of the actuator. Secondly, we have to find the optimal placement for the 
active bolted connections. To get it, the setup has to be simulated numerically in order to 
compute the placement that allows to get the best energy coupling.  
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Abstract. Pneumatic dampers are still an attractive subject of research in both modelling and 
experimental testing. Progress in the field of sensors and actuators allows to construct more and 
more efficient absorbers and dampers based on active or semi-active control algorithms. 
However, passive and semi-passive solutions are also developed because of their lower costs 
and simplicity. This paper presents adaptable pneumatic shock-absorber that allows to obtain 
optimal impact absorption and energy dissipation by a single reconfiguration performed at the 
beginning of the process. The absorber is composed of two cylinders including at least one 
narrow rectangular slot and adequate number of outflow vents precisely shaped for certain 
impact scenarios. During operation of the device the air is released through overlapping slots 
and selected vents, which provides constant value of the generated force. As a result, the shock-
absorber works as a passive device but provides minimal value of the reaction force in similar 
manner as semi-active system equipped with fully controllable mechanical valve. The paper 
presents the results of numerical simulations of adaptable shock-absorber operation and 
attempts of demonstrator construction aimed at conducting experimental verification of the 
concept. 
 
 
1 INTRODUCTION 

In the last decade a rapid growth of various technical solutions aimed at protecting of 
structures against external vibrations or impacts is observed. High technology solutions are 
composed of physical, cybernetic layers and physical interfaces between these layers. All 
system components must cooperate with each other in order to effectively protect the structure. 
The physical layer is responsible for processing signals from physical environment through the 
cybernetic layer to some sort of intelligence in the form of a computer program [1]. The 
computer program is usually a numerical model of physical layer of the system and is used to 
calculate controlling signals able to interfere the physical layer through interfaces. All system 
components including sensors, numerical model of physical processes and actuator based 
interfaces are crucial for system operation. In the case of the cyber physical systems (CPS) 

Adaptable Pneumatic Shock-Absorber
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dedicated to protect structures against vibrations and impact, so-called semi-active or active 
dampers as energy absorbers are used. Those absorbers can change their properties adequately 
to control signals from cybernetic layer. There are many papers which describe recent 
investigations of such absorbers with the use of standard or smart materials both from 
theoretical point of view [2-3] and experimental validation [4-5]. Although most mechanical 
systems are becoming increasingly dependent on these devices, all of them require at least small 
amount of additional energy to work or to process controlling signals [6]. Undoubted advantage 
of such systems is possibility of changing their characteristics [7-8] which allows to adapt 
shock-absorbers to identified load conditions [9]. On the other hand, for specific applications, 
such as flying high altitude objects, some disadvantages of these systems can be noticed e.g. 
additional mass of electronic components, actuators and sources of energy, sensitivity to 
external signals disturbing control system. For such applications purely mechanical and 
lightweight absorbers are still more attractive alternative, for instance aluminium honeycomb 
sandwich structures [10] which were used in Apollo 11 space mission. Similar passive solutions 
are used for impact absorption in helicopter seats [11], where dissipation of energy by plastic 
deformations can be obtained at different load levels ensuring relatively effective shock 
absorption in case of different occupant weight and excitation [12]. 

In the paper we present the results of numerical investigations of the SOFT-DROP 
pneumatic absorber which in semi-passive version has minimal number of electronic 
components and no smart materials inside. Atmospheric air is used as working medium. Such 
a device is a semi-passive absorber and its simple design allows for easy adjustment of its 
properties just before the impact that has to be identified. Moreover, a simple purely passive 
version of the shock-absorber can be designed. In this case, selection of optimal valve shape 
and air compression distance is an optimal design activity instead of single system 
reconfiguration. 
 

2 SEMI-PASSIVE IMPACT ABSORPTION 
In the Institute of Fundamental Technological Research Polish Academy of Sciences 

diverse shock-absorbers for reliable mitigation of the impact during touchdown of light weight 
objects were investigated. Main requirement in such systems design is simple construction and 
small self-weight. One of most prospective solution meeting these requirements is the SOFT-
DROP device – pneumatic semi-passive shock-absorber [13] which allows to adapt its 
characteristic to identified impact conditions. 

General concept 
The SOFT-DROP device is a single chamber pneumatic shock absorber composed of  

two cylinders, the outer cylinder with the slot and inner cylinder with the vent of variable shape. 
Operation of the device includes phase of air compression and phase of gas deflation. During 
the first phase, air is compressed to the pressure determined by the relative position of outer 
cylinder’s slot and inner cylinder’s vent. In the second phase air is released through overlapping 
slot and vent. Optimal air compression and deflation for identified impact conditions are 
obtained by selection of initial cylinder’s relative position and shape of the vent, which are 
determined by solution of the inverse problem of the shock-absorber dynamics. It means that 
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control actions are required only at the very beginning of the shock-absorption process. After 
reconfiguration, the SOFT-DROP works as an passive device but the result is the same as in 
case of real-time control ensuring minimal value of the absorber’s reaction force. 

Significant advantage of presented device is the fact of using air under the atmospheric 
pressure as an operational gas inside the shock-absorber. This eliminates the problem of gas 
leakages and the requirement of precise sealing of the device. On the other hand, the use of non-
pressurized gas causes that solution is dedicated for absorption of low energy impacts, which 
slightly limits its applicability. 

 In Fig. 1. scheme of the SOFT-DROP system and photos of its first demonstrator are 
presented. Depicted preliminary version of the shock-absorber does not allow for adaptation of 
the system to the actual loading by the change of the vent shape since it serves for initial 
laboratory tests aimed at basic verification of device operation and the feature of maintaining 
constant value of generated force under specific load conditions. In further stage of research, 
the construction of the demonstrator will be altered in order to achieve semi-passive system 
adaptable to actual load conditions. 

 
Figure 1: Construction of the SOFT-DROP system : (a) 2D scheme of the shock-absorber construction, (b) top 

cylinder made in 3D printing technology, (c) assembled demonstrator od SOFT-DROP device 

From the concept to the practice 
Quantitative analyses of the system operation, which will be thoroughly discussed in the 

next section, resulted in simplification of general concept of described above concept of the 
SOFT-DROP device. The preliminary tests indicated that initial relative position of cylinders, 
which determines pressure after compression phase and strongly influences system operation 
for various loading conditions. In contrast, the lack of vent shape change only slightly changes 
assumed optimal efficiency of the system. As a result, a satisfactory operation of the device for 
various impact conditions can be provided exclusively by changing the relative distance 
between cylinders of the shock-absorber. Therefore, the final concept of the SOFT-DROP 
assumes initial design of the shock-absorber for the highest predicted values of the impacting 
object’s mass and initial velocity, and then adjustment of the relative position of cylinders 
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(further called compression distance) for various load conditions. Such design concept seems 
to be relatively simple, thus feasible to be realized in practical engineering application. 
  
 
3 NUMERICAL ANALYSES 

3.1 Optimal operation of the device 
In the reference to the proposed approach to the SOFT-DROP shock-absorber design 

and operation, the corresponding numerical analysis based on the selected case study was 
performed. The assumed values of the most important design parameters for exemplary shock-
absorber amortizing the mass under the impact conditions are shown in Table 1. 

Table 1: Design parameters of the SOFT-DROP shock-absrober 

Operating 
pressure 

[atm] 

Operating gas Diameter [m] Stroke [m] Suspended 
mass [kg] 

Initial 
velocity of the 

mass [m/s] 
1 air 0.15 0.0725 5 2.5 

 
The numerical model of the SOFT-DROP system was developed according to previous  
literature studies [14]. The following assumptions were applied during simulation of the 
touchdown process: 

 Cylinders non-deformable; 
 No uncontrollable leaks of the operational gas; 
 No friction in the system; 
 Idealized condition of the contact with the ground (one degree of freedom model) 

The inverse problem of the shock-absorber dynamics was solved in order to determine the 
required release of gas from the absorber and next the corresponding required effective outflow 
area. The computation reveled that initial relative position of cylinders has to be equal 0.0256 
[m] and the outflow area  resulting from overlapping of the slot and the outflow vent has to 
decrease gradually in terms of relative cylinders’ displacement (Fig. 2). 

The reaction forces generated by the SOFT-DROP device as a function of time and in 
function of top cylinder displacement are presented in Fig. 3. In the first phase of the SOFT-
DROP system operation the response is the same as pneumatic spring but then the release of 
gas through properly shaped outflow vent enables maintaining constant value of the generated 
force until 95% of the stroke is achieved. At the end of the stroke the overpressure has to be 
reduced by instant release of the remaining volume of gas. In numerical simulation it was 
assumed that final release of gas occurs during last 5% of the total stroke and that area of the 
outflow vent is exactly the same as at the beginning of the deflation phase. 
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Figure 2: Effective area of the absorber vent as the function of top cylinder displacement 

 
Figure 3: Reaction force in function of time and displacement for pneumatic spring, passive pneumatic absorber 

and SOFT-DROP device 

compression distance 

beginning 
of gas release 

gradual decrease 
of the outflow area 

final 
exhaust 
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3.2 Adaptation capabilities of the proposed solution 
Fig. 4. presents the influence of changes in amortized mass and its initial velocity for 

the operation of the proposed semi-passive SOFT-DROP device and the conventional fully 
passive absorber with a vent of a constant area. In case of semi-passive SOFT-DROP device 
the initial adaptation procedure involves small changes of initial relative position of cylinders 
(compression distance), while the shape of the vent remains the same for all impact conditions. 
The effect of such simplification of the general concept of SOFT-DROP device causes that 
operation of the shock-absorber is not optimal since generated force is not maintained constant 
and entire stroke of the absorber is not utilized. Nevertheless, the obtained mechanical 
characteristics of the shock absorber clearly resembles the optimal response and it is still 
satisfactory since it is much better than for conventional passive device. 

 

Figure 2: Reaction force as a function of displacement for SOFT-DROP device and passive absorber with 
constant vent area subjected to various load conditions 

 

4 CONCLUSIONS 
In this paper SOFT-DROP device – a semi-passive, adaptable solution for shock-

absorption was proposed and its operation for different impact conditions was discussed. 
Implementation of general concept of the SOFT-DROP which includes control of gas 
compression distance and proper shaping of the outflow vent ensures optimal impact absorption 
and energy dissipation. Nevertheless, more practical approach based exclusively on changing 
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the compression distance was proved to provide suboptimal shock absorption. The most 
important advantages of the shock-absorber were highlighted by the comparison with typical 
pneumatic shock-absorber. 
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Abstract. Extensive research efforts have been recently devoted to semi-active structural con-
trol [1, 2] with its paradigms of smart self-adaptivity and low consumption of energy, which is
used for local adaptation rather than to generate external control forces. Considered applica-
tion areas include adaptive landing gears, seismic isolation systems, vehicle-track/span systems,
power train electro-mechanical systems, damping of flexible space structures, vehicle crashwor-
thiness, arctic engineering, wind turbines, etc. A part of the research concerns semi-active
management of strain energy for damping of structural vibrations. Early works considered truss
structures with stiffness-switched bars [3]. They later evolved into either standalone one degree
of freedom stiffness-switched dampers and isolators [4] or investigations in triggering modal en-
ergy transfer to highly-damped high-order modes, see, e.g., [5, 6]. The latter researches seem
all to study the fundamental vibration mode of a cantilever beam with two detachable layers
and differ mainly in the actuator technologies; the main idea is to employ actuators for a quick
release of the vibration-related strain energy. This research extends the problem to general 2D
frames. Controllable truss-frame nodes are incorporated into the structure. Thanks to their
controllable ability to transmit moments, they allow for a quick transition between truss and
frame modes. We propose a new, decentralized, closed-loop control strategy based on local
energy measures. Vibration damping is more effective than in the previously studied control
scheme based on a global energy measure, especially for higher vibration modes. Mitigation of
vibrations will be presented in representative numerical examples, including a comparison to
the global energy-based control strategy. Finally, results of experimental study, conducted on a
structure analogous to the one from numerical simulations, will be demonstrated.
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1 INTRODUCTION

Semi-active control techniques, utilized in damping of structural vibrations, proved to be
very effective in numerous applications. Research areas of semi active systems are extensive
and contain such fields as earthquakes protection [7], mitigation of vehicles suspension vibra-
tions [8], adaptive landing gears [9], widely understood shock and vibration protection [10] or
space structures vibrations damping [5]. The advantages of semi-active systems, compared to
passive or active methodologies, can be treated as an explanation for the growing number of
scientists conducting research in this area.

Passive vibration damping systems are used in engineering for many years because of their
simplicity of operation. They passively produce reaction forces, in response to excited movement
of the structure, which cause vibrations to decay. Their advantage is the passivity, which
determines the aforementioned plainness of design and application. Passive damping systems
can be optimized for a specific structure in a relatively easy way. They do not require any
sensors, controllers or external power supply. The basic flaw of passive systems arises from their
inability of adjustment to different excitation conditions. This is often the reason why these
methods of vibrations damping cannot be effectively applied in demanding applications.

Active control systems are the subject of research in not much less extent than passive
systems. Their popularity is associated with the great efficiency of vibrations damping, with
which they are identified. Most often they consist of large hydraulic actuators attached to
crucial structural elements, system of sensors and a controller, which, thanks to appropriate
control algorithm, can cause satisfactory energy absorption [11]. They are very effective, but a
significant shortcoming, which is the possible instability of the structure associated with high
control forces, or in case of power failure, can make them dangerous in applications where
high reliability is required. Another drawback is high energy demand resulting from the use of
servomotors.

Semi-active vibration damping systems can be located between passive and active ones. They
can achieve comparable efficacy to active systems while avoiding their disadvantages. Their
energy consumption is very low because of negligible control forces introduced to the system.
This also eliminates the susceptibility to instabilities related with high control loads. Well-
designed semi-active system has a comparable trustworthiness to passive solutions, which is
frequently essential. Combination of the advantages of both, passive and active damping systems
results in very good performance in terms of reliability as well as damping effectiveness.

The fundamental idea, which is the genesis of semi-active control, is the structural adap-
tivity [12]. These control systems do not introduce external forces to the structure. They are
modifying its structural properties, such as local stiffness, moment of inertia or local structural
topology. Thanks to these techniques, controlled structure is adapting to existing conditions in a
way such that its vibrations damping capabilities are significantly enhanced. Nevertheless theo-
retical difficulty in derivation of optimal control laws is a disadvantage. Topology reconfiguration
makes it very difficult to apply the theory of optimal control for these systems.

Semi-active control algorithms can be implemented as continuous control techniques, i.e.
making use of pneumatic systems [13] for smooth adjustments of the structure, or as a bang-
bang type of control [3, 14]. On/off strategies are based on structural reconfiguration, which
involve reformulation of selected structural constraints. One of the concepts for vibrations
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suppression in frame or truss structures is to excite high-frequency local vibrations by short-
term reduction of local stiffness. A part of the strain energy of the structure, accumulated
in the low-frequency vibration modes, is transmitted into high-frequency modes. Energy of
these vibrations is generally dissipated very effectively by means of standard material damping
mechanism. This leads to quick attenuation of vibration amplitudes. The described damping
technique is called prestress-accumulation release (PAR) strategy [15].

Almost all preceding researches investigate the same basic example of the first, fundamental
vibration mode of a cantilevered beam [5, 6, 15, 16]. This contribution focuses on 2D frame
structure, which is a much more complex system. Selected beam is equipped with blockable
hinges at its end nodes. These semi-active nodes can change their state between frame-like
mode and truss-like mode (coupled/uncoupled rotational degrees of freedom between neighboring
beams). Exemplary frame with described nodes is presented in Figure 1.

500
1500

10
0

Q PSemi-active nodes

Figure 1: Considered 2D frame structure equipped with semi-active nodes (dimensions in [mm])

Technique of vibrations mitigation presented here, utilizes the PAR concept. Strain energy
accumulated in the beam equipped with semi-active nodes is released into its high-frequency
local vibrations in the moment of uncoupling rotational degrees of freedom. In this contri-
bution we propose a closed-loop decentralized control strategy, which is based on local strain
energy measures. The advantage of this approach over global energy measures, presented in
recent paper [17], can be noticed both in vibrations mitigation efficiency and in implementation
complexity in real structures.

2 MODEL OF THE SEMI-ACTIVE NODE

There are two main approaches to formulation of the mathematical model of controllable
nodes considered herein:

1. Dry friction modeling. This model is the most consistent with reality among any others
and has been successfully used in earlier researches [14, 18]. Physical realization of nodes
with the ability to switch from truss to frame mode of operation is done by varying the
normal force between frictional surfaces of the node, which is clamping them together.
The actual moment transfer mechanism in this case is based on dry friction, so this model
is best suited to reality. However, the resulting mathematical model is nonlinear, which
makes it difficult to use with optimal control theory.

2. Switching between different models. In this approach mathematical model of the structure
is switched between different implementations during the simulation. The system remains
linear in-between the switchings and models the ideal truss-frame nodes with zero or
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infinite moment-bearing ability. This technique involves changes in the effective number
of DOFs of the structure, which, as in case of the dry friction model, provoke theoretical
difficulties in view of optimal control theory.

Theoretical difficulties associated with both described solutions, led to the emergence of the
third concept proposed in [17]. Finite element model of semi-active node is build as a hinge
with two unaggregated rotational DOFs with rotational damper, which can couple them at any
time and block relative rotations. In truss-like mode of the node, damping coefficient of the
damper is set to zero, so these DOFs remain uncoupled and moment is not transmitted between
neighboring beams. Switching to frame-like mode is performed by changing damping coefficient
to a large value, which effectively couples DOFs and blocks the reciprocal movement. In this
state the semi-active node imitates the behavior of frame node. Damping coefficient of the
semi-active nodes needs to be properly chosen in order to ensure good agreement with purely
frame model. Such definition of the model determines its application only to transient analyses.

Equation of motion of the system without any external excitation forces reads:

Mẍ(t) +

(
C +

N∑
i=1

γi(t)Ci

)
ẋ(t) +Kx(t) = 0, x(t0) = x0, ẋ(t0) = 0 (1)

where M is the mass matrix, K stands for the stiffness matrix, C is the damping matrix of the
structure in the truss-like state with all hinges unblocked. Control function γi ∈ [0, γmax] can be
interpreted as damping coefficient in the ith semi-active node. Ci represents rotational DOFs
coupling matrix, which for two and three coupled DOFs are:

LT
i

[
1 −1
−1 1

]
Li, LT

i




1 −0.5 −0.5
−0.5 1 −0.5
−0.5 −0.5 1


Li (2)

where Li is the transformation matrix from global coordinate system to local coordinate system
of the element.

3 CONTROL ALGORITHM

The objective function F to be minimized in the global optimum control problem, can be
defined as the integral of the total energy of the construction:

F =

∫ tf

t0

(
1

2
ẋT (t)Mẋ(t) +

1

2
xT (t)Kx(t)

)
dt (3)

for the system defined by the differential equation of motion (1), with constraint defined by
boundary values of control functions γi.

Reformulation of the problem, utilizing state-space approach, allows for the employment of
the Pontryagin minimum principle [19]. It leads to the conclusion that globally optimal control
functions γopti (t) are of the bang-bang type:

γopti (t) =

{
0 if w(t) < 0

γmax if w(t) > 0
(4)
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where w(t) is called the switching function. It depends on the displacement vector x(t) and a
co-state vector u(t) which satisfies the co-state equation that is the original equation of motion
of the system with negative structural damping and a pseudo load vector. Negative structural
damping in the co-state equation excludes the possibility of its integration forward in time.
This is the reason why it cannot be used for the computation of optimal control (4) in real time.
Nevertheless, control strategy (4) is of great relevance, as it shows that optimal control strategy
has a bang-bang nature.

Structural energy dissipation occurs by excitation of high-frequency local oscillations in beams
equipped with semi-active nodes. Strain energy of the beam, which is related to bending, is
transmitted into its quickly damped, higher modes of vibrations when controllable nodes are
simultaneously switched to truss-like state. After sufficient part of the energy is dissipated, nodes
can be switched to frame-like state, thereby allowing once again for strain energy accumulation.
This approach allows to consider such beam as an independent dissipative device. Control loop
needs to be fed back with strain energy of the controlled beam signal, which can be easily
measured locally using strain gauges. Most of this energy could be released into high-frequency
local vibrations.

Theoretical difficulties associated with derivation of the formal optimal control strategy, re-
sulted in creation of heuristic control algorithm described by the following steps:

1. Beam stays in the frame-like state until its strain energy reaches maximum.

2. At the moment of maximum energy semi-active nodes switch to the truss-like state.

3. After time t0 or when elastic energy falls below the threshold, semi-active nodes switch
back to the initial, frame-like state.

4. Repeat from step 1.

Above control algorithm is presented clearly in Figure 2.

Frame-like state Truss-like state

Strain energy attains maximum

Time or Energy constraint exceeded

Figure 2: Heuristic control algorithm

Time t0 should be established as some very small value, so the global stiffness of the structure
would be not compromised. It could be set to one period of the bending vibrations (S-type) of
the controlled beam.

4 NUMERICAL EXAMPLE

Structure considered in this contribution is presented in Figure 1. It is a 2D frame built
of steel beams with 5x5 [mm] cross-section. The left end nodes are fixed and the middlemost
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vertical beam is equipped with the semi-active nodes which makes it a dissipative device. This
model was presented earlier with global energy measure control algorithm [17]. Herein results
obtained with this algorithm are compared to local energy measure control strategy. Three
different cases are considered, where each of the first three vibration modes of the structure is
set as the initial displacement condition.

The time course of vertical displacement of point P (marked in Figure 1) for the first vibration
mode is presented in Figure 3. Frame model, without any semi-active nodes, is used as a reference
case, where only material damping is included. Two semi-active control strategies: with global
energy measure (SAGEM) and with local energy measure (SALEM), are compared to optimal
passive damping. Optimal passive damping was found by inserting rotational dampers in place
of semi-active nodes and adjusting their damping coefficient to provide the best oscillations
mitigation performance. Vertical black line indicates the moment of the first control action
described in previous paragraph and shown in Figure 2.
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Figure 3: Vertical displacement of point P for the first mode shape

Local energy measure control strategy (solid line) is characterized by excellent vibrations
mitigation capabilities. Despite the delay in the start of the control action, in comparison to the
passive strategy, oscillations are damped after just 0.2 [s] and a quarter of a vibrations cycle.
After that time only residual displacements remain. It is certainly the best result of all three
considered options. This demonstrates the effectiveness of the semi-active control strategy based
on local energy measure.

For the case of second mode shape, global energy measure control strategy does not perform
satisfactorily. It does not mitigate vibrations, but introduced disorder causes a change in struc-
ture’s dynamic response resulting in fading of the 2nd mode and the 1st mode appearing after a
couple of vibration cycles. This procedure can bring oscillations suppression, because 1st mode
is efficiently damped using this control scheme, however the duration of the control action may
be unacceptable. Control strategy based on local energy measurement is much more efficient.
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Figure 4: Vertical displacement of point P for the second mode shape

Oscillations damping rate is comparable with the passive optimal case. This is a significant
qualitative change over the SAGEM control.
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Figure 5: Vertical displacement of point Q for the third mode shape

Superiority of the SALEM control strategy over SAGEM and optimally adjusted passive
dampers is seen for the third mode shape. Time courses of vertical displacement for this mode
shape are presented in Figure 5. Performance of the SAGEM control is poor, this algorithm
should not be used in this case. SALEM control, in opposition to SAGEM, performs very well.
Oscillations are damped even quicker than in optimal passive case. This result is achieved by
changing the way of energy dissipation, which was described in paragraph 3.
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5 PRELIMINARY EXPERIMENTAL RESULTS

A laboratory stand was build in order to verify the results obtained in numerical analyses.
Tested frame structure is visualized in Figure 6. It is geometrically similar to the one considered
in the numerical example. The frame is build in a modular manner, which allows for its simple
expansion with additional segments.

Figure 6: Frame structure used in experiment

Initial displacement conditions were set as a small in-plane displacement of the tip which
excited mainly the first two global vibration modes. Comparison of the tip displacement between
uncontrolled and controlled structure is presented in Figure 7. The displacements were not
obtained by direct measurements, but on the way of double integration of the accelerations by
the data acquisition system.
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Figure 7: Comparison of tip displacements
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It is easily noticeable that utilization of the control system results in significant attenuation
of oscillations. Excited oscillations are damped after a couple of vibration cycles.

6 CONCLUSIONS

A semi-active decentralized control technique based on structural reconfiguration was pro-
posed in this contribution. Numerical results obtained for exemplary frame structure are very
promising and a preliminary experiment confirms the effectiveness of the developed control
strategy.
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Abstract. Recently, shunted piezoelectric (PE) patches have been heavily investigated as pas-
sive dynamic vibration absorbers (DVAs) to reduce vibrations in mechanical structures. These
piezoelectric patches serve as an alternative to mechanical DVAs, which require physical space
both for the DVA itself and its stroke, while a piezoelectric DVA only requires space for an elec-
tronic circuit. Typically, the patch is shunted with a resistor and an inductor. As attaching the
patch and the shunt on a mechanical structure is equivalent to mechanically attaching a spring,
mass and damper, mechanical DVA tuning rules are applied to dimensionalize the circuit. This
equivalence between mechanical and piezoelectric DVAs is utilized in the paper to apply the
advances of the more mature mechanical DVA research field. The effect of nonlinear stiffness in
mechanical DVAs has been thoroughly investigated. A typical nonlinear phenomenon is called
targeted energy transfer (TET), where the vibration energy is suddenly transferred from the
structure to the DVA. In this paper, a nonlinear shunt is proposed, equivalent to a nonlinear
mechanical DVA. Then, by applying the nonlinear mechanical DVAs tuning rules, the TET
phenomenon is also found in PE patch with a nonlinear shunt.

1 INTRODUCTION

Excessive vibration in mechanical structures can lead to material fatigue or even structural
failure. These vibrations can also have an effect on humans, they can experience discomfort, noise
pollutions or develop health problems. In passive vibration absorption, excessive vibrations in a
main system are mitigated by adding several passive absorbing elements. As opposed to active
absorption, passive absorption requires no power source and no sensor, making it an elegant
and robust solution to vibration reduction in engineering structures. The elastic structure of
fig.1a represents the main structure to be protected such as a building, a metal structure, a
turbine vane, an airplane wing, car bodywork, . . . . A passive element is a correctly dimensioned
structure, locally added to the main system, that absorbs and/or counter-acts vibrations of
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the main system. It is often called a dynamic vibration absorber (DVA). The most commonly
used DVA is the mechanical type, where a correctly tuned mass-spring-damper system is added
to the main structure, see fig.1b. More recently, the DVA of the piezoelectric (PE) type has
been given a lot of attention in research. It was first proposed by Hagood and Von Flotow
in 1991 [1], where a piezoelectric patch, attached on a beam, was shunted with a resistance
and an inductance, as shown in fig.1c. The deformation of this patch induces a voltage in the
shunt, caused by the direct piezoelectric effect, causing a charge flow in the shunt. The electric
energy is then dissipated in the shunt. While the mechanical DVA both needs space for the
mass-spring-damper and its stroke, the PE DVA only needs space for its shunt and does not
vibrate itself. In this sense the PE DVA is a solid state vibration absorber. Many different type
of shunt circuits have been proposed, an overview can be found in [2]. This paper focusses on
the piezoelectric DVA, more specifically, on nonlinear shunts, as an analogy for the nonlinear
mechanical DVA’s.

The main structure is assumed to be linear, and can be decomposed into linear normal modes
(LNM). Information of the LNM is then used to tune a linear vibration absorber. One of the first,
and still very popular tuning method was proposed by Den Hartog [3], where a single vibration
mode is damped with an analytic frequency response function optimization. These linear, single
mode absorbing DVAs are still used intensively today in both research and industry. Adding
a PE DVA with a resistor-inductor (RL) circuit is equivalent to adding a spring-mass-damper,
with the inductor being the mass, the resistor being the damper and the an material capacitance
being the spring. This was first shown in [4], where the Den Hartog tuning was applied to obtain
RL values.

However, these linear DVAs have a few downsides. When properties of the main structure
or DVA change (eigenfrequencies, modeshape, ..), for example by age, heavy or sustained loads
or by structural modifications, the performance of the DVA might deteriorate seriously. This
deterioration is called detuning of the absorber. Another downside is the inability to absorb more
than one mode with a single DVA. To tackle these downsides, nonlinear vibration absorbers have
been proposed, having a nonlinearizable stiffness. In [5] it was shown that DVA with cubic or
non-smooth stiffness is more robust against detuning and that a single DVA can absorb multiple
eigenmodes.

When the DVA is nonlinear, the main system is still assumed to be linear, while the compound
system (main structure + DVA) is now nonlinear. The dynamics of the nonlinear compound
system are analysed with so called nonlinear normal modes (NNM), a nonlinear extension of
LNM. A NNM can be defined as a (nonnecessarily synchronous) periodic motion of the conserva-
tive system [7]. The most important differences between LNM and NNM for this paper, is that
NNM can differ both in frequency and modeshape, depending on the energy in the structure,
and that NNMs can suddenly appear or disappear above a certain energy level, so-called mode
bifurcations. A LNM will always have the same frequency and mode shape for every energy
level of the compound system and they do not appear or disappear depending on this energy
level. NNMs have been around since the 1960s as a theoretical curiosity but recently got more
attention in nonlinear vibration absorption [6] and nonlinear structural dynamics [7]. Many
numerical and analytic methods [5, 8] have been developed to obtain NNM. As every class of
nonlinear systems requires a different analysis method, the numeric toolbox NI2D [9] is used to
investigate the system and generate the NNM.
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(a) (b)

(c)

Figure 1: (a) A mechanical elastic structure can experience excessive vibration under forcing or
initial conditions. (b) A mechanical DVA, consisting of a mass-spring-damper system can be
tuned to mitigate the vibration. (c) A piezoelectric DVA, shunted by an R, RL or the proposed
nonlinear circuit. The reduction of vibrations in (b) and (c) is shown here as smaller ’movement’
lines. Figures are adapted from [12]

The mechanism of vibration absorption for the considered nonlinear DVAs is called targeted
energy transfer (TET). It is defined as a sudden, irreversible transfer of vibration energy from
the main structure to the DVA [5]. An important property of TET is that this mechanism only
occurs when the initial or forcing energy in the main structure is above a certain threshold. This
threshold was analytically expressed in [10] where it was shown that a NNM mode bifurcation
is responsible for this threshold.

In electric circuits, nonlinearities are often undesirable and avoided, but deliberate nonlinear-
ities have been introduced in for instance variable capacitors (called varicaps) in AM/FM radio
tuners, while more recently, in the context of piezoelectric shunts, so-called synthetic impedances
have been developed, allowing to generate any desired electrical impedance [11]. For now these
synthetic impedances have been used to synthesize linear impedances, but can be extended to
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nonlinear ones, as the voltage/current relation is programmed in a DSP.
The main contribution of this paper is that TET is possible in a shunted piezoelectric patch if
special nonlinear electrical components are added. As an RL shunt is equivalent to adding a
linear mechanical DVA, this equivalence is to allow for TET. In section 2, the dynamic model
of the effect of the PE patch and shunt (with a nonlinear component) on the main system
is constructed. By adding a nonlinear capacitor in series with the inductance and resistor the
mechanical-electrical equivalence is extended so that this capacitor is a nonlinear spring connect-
ing the inductance mass with the ground. This nonlinear capacitor is designed to ensure TET
in the shunt. In the past, this type of nonlinear, grounded mechanical vibration absorber has
been given some attention [6] but most research on TET was investigated ungrounded nonlinear
absorbers[5, 10, 13]. In the 3rd section, the NNMs of the compound system are derived, and it
is shown that when the shunt contains a ’cubic capacitor’, TET indeed does occur if energy in
the main system is high enough. In the 4th section, simulations are performed and show the
typical properties of TET; as the energy threshold and increased robustness against detuning.

2 SYSTEM ANALYSIS

A continuous mechanical main system is considered with a displacement Y(x, t), at point x
of the structure at time t. The piezoelectric patch has a charge Q flowing through the shunt
and has a voltage V over its electrodes. The main system is assumed to be linear, and either
by a mode reduction of the analytic expression [14] , or with a FEM formulation [12], can be
decomposed in a discrete number of modes:

Y(x, t) =

N∑
i=1

Φi(x)qi(t) (1)

with Φi(x) the i-th mode shape and qi(t) the i-th modal coordinate. The main structure,
subjected to both the external forces and piezoelectric force, fig.1c, can be formulated as:

q̈i + 2ζiωiq̇i + ω2
i qi − χiV︸︷︷︸

PE force

= Fi,ext︸ ︷︷ ︸
External force

, i ∈ [1, N ] (2)

with ωi the eigenfrequency of the mode, ζi the modal damping and χi the modal electromechan-
ical coupling factor (MEMCF)[14].

CpV −Q+
N∑
i=1

χiqi = 0 (3)

with Cp the equivalent electrical capacitance of the piezoelectric patch. To simplify the anal-
ysis, no external forcing is assumed and motion of the mechanical structure is assumed to be
dominated by a single mode j, simplifying (2) and (3) to:

q̈j + 2ζjωj q̇j + ω2
j qj − χjV = 0

CpV −Q+ χjqj = 0 (4)

4
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The proposed shunt contains a resistor R, inductor L and in series, a general electrical
component that produced a voltage VZ = f(Q):

V = −LQ̈−RQ̇− f(Q) (5)

This allows (4) and (5) to be rewritten as:

q̈j + 2ζjωj q̇j + ω2
j qj +

χ2
j

Cp
(qj −

Q
χj

) = 0

χ2
jL

Q̈
χj

+ χ2
jR

Q̇
χj

+ χjf(Q) +
χ2
j

Cp
(
Q
χj

− qj) = 0 (6)

or by introducing the variable Q = Q
χj
, a charge with unit m:

q̈j + 2ζjωj q̇j + ω2
j qj +

χ2
j

Cp
(qj −Q) = 0

χ2
jLQ̈+ χ2

jRQ̇+ χjf(Q) +
χ2
j

Cp
(Q− qj) = 0 (7)

which can be interpreted as a two degree of freedom mechanical system, see fig.2. It is as

if the modal system is connected with the ’inductance’ mass χ2
jL through the linear spring

χ2
j

Cp
.

The ’inductance’ mass itself is also grounded, like the modal system, through a damper, χ2
jR.

The general impedance f(Q) can be seen as some kind of stiffness connecting the inductance
mass to the ground. For instance, if f(Q) = Q

Clin
, actually a linear capacitor, then it is as if a

linear spring connects the inductance mass to the ground.
The impedance f(Q) will be designed in order to ensure targeted energy transfer. If Vz =

f(Q) = Q3

Ccub
, TET occurs when the system energy is above a threshold coinciding with a NNM

mode bifurcation.

3 NONLINEAR NORMAL MODES

Nonlinear normal modes are possibly synchronous periodic solutions of the conservative sys-
tem. System (7) still has damping, so by setting R = 0 and ζj = 0 the underlying conservative
system reads:

q̈j + ω2
j qj +

χ2
j

Cp
(qj −Q) = 0

χ2
jLQ̈+

χ4
jQ3

Ccub
+

χ2
j

Cp
(Q− qj) = 0 (8)

To construct these nonlinear normal modes, it is assumed that steady state motion of (8) is
a synchronous, single frequency vibration:

5
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1

χ2
jL

ω2
j 2ωjζj

χ2
j/Cp

χ2
jRχjf(Q)

qj

Q

Figure 2: The mechanical equivalent of the structure/patch system

qj = Acos(ωt)

Q = Bcos(ωt) (9)

of which both, A,B and ω are unknown. When replacing (9) in a linear system with n-degree
of freedom, n solutions for ω will be found, the eigenfrequencies, and for each ω, eigenvectors
or mode shape, which fixes the ratio between A and B. Both the frequencies and eigenvectors
will not change depending on the magnitude A or B. In nonlinear system, the ’eigenfrequencies’
and the mode shapes depend on the magnitude of A and B.

Replacing (9) in (8) yields the following solutions for A and B:

B = ±

√√√√√4Ccub

3χ4
j

χ2
jL(ω

2
j − ω2 +

χ2
j

Cp
)−

χ2
j

Cp
(ω2

j − ω2)

ω2
j − ω2 +

χ2
j

Cp

(10)

A =

χ2
j

Cp
B

ω2
j − ω2 +

χ2
j

Cp

(11)

The potential energy in the conservative system is:

E =
1

2
ω2
jA

2 +
χ2
j

2Cp
(A−B)2 +

χ4
j

4Ccub
B4 (12)

which is the total energy as when the assumed motion (9) is maximal, the speed is zero. In
NNMs, it is custom to graphically plot the so-called frequency-energy plot (FEP), which reveals
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the relation (12) and the frequency. Using the numerical values for the nonlinear shunt on tab.1,
the FEP is plotted on fig.3 using the toolbox NI2D.

The FEP clearly shows a change of eigenfrequency as the energy increases. In linear systems,
the FEP would just consist of horizontal lines. There are 2 main curves, called branches. The
first, the S11+ branch, is the in-phase nonlinear mode of the system while the second, S11−, is
the out of phase motion. Both of these branches start horizontally at the linearised frequencies,
that is the eigenfrequencies of (8) if it is linearised. As the energy increases, the upper branch
S11− bifurcates for log(E) = −0.817 into 3 solutions. The branch S11− bifurcates again for
log(E) = −0.174. It is this last bifurcation and the associated energy that are linked with TET
[5, 10, 15]. If the initial energy is just above this log(E) = −0.174, the energy in the main system
will be transferred to the absorber, where it will be dissipated if there is damping present. Just
below this energy level, the energy stays in the main system, and is only slowly mitigated. It is
assumed that initially, only the main system has an initial speed. This is called the impulsive
excitation. The initial (kinetic) energy in the system is then:

E =
1

2
q̇2j =

1

2
ω2
jA

2 > 10−0.174 ⇒ q̇j > 1.15m/s (13)

which yields the required initial speed to trigger TET. In the next section, simulations are
performed to show this sudden change in behaviour as the initial speed changes and a nonlinear
shunt is compared to a linear one.

52.6

33.4

100

-4 0.5-2 log10(E)

Frequency [Hz]

-0.817 -0.174

S11-

S11+

Figure 3: The nonlinear normal modes of system (8), visualised with the frequency-energy plot

4 Simulations

In [14] a cantilever beam was fitted with a piezoelectric patch. The mechanical and piezo-
electric parameters from this setup are used to simulate both a nonlinear and linear shunt. The
tuning of the linear shunt was performed in [14] see tab.1 for numerical values, with only a
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Table 1: Numerical values of mechanical system and shunt. The values for the linear shunt are
taken from a mechanical setup from [14]

Quantity Linear Nonlinear

ωj [ rads ] 324.5 324.5
χj [Cm ] 0.0045 0.0045
Cp [F ] 9.16 · 10−9 9.16 · 10−9

R [Ω] 58.62 · 103 58.62 · 103
L [H] 1060 2400

Ccub [
C3

V ] — 9.16 · 10−18

resistor and inductor in the shunt circuit. For the nonlinear shunt, the values used to draw the
NMM are used.
First, the designed nonlinear shunt is simulated for several initial q̇j(0), see fig.4. In the previous
section, is was determined that q̇j(0) should be above 1.15 m/s for TET to happen. When the
initial speed is below the critical value (here q̇j(0) = 0.8 m/s), the main system vibrations,
fig.4a, mitigate very slowly, and the absorber charge, fig.4b, is low compared to the other initial
speeds. If the main system is excited with q̇j(0) = 1.15 m/s, the vibrations are reduced very
fast, and the absorber charge is persistently larger than before. If the initial speed is then further
increased (here q̇j(0) = 1.5 m/s, the vibration reduction is slower, yet still significantly faster
than when the initial speed was below 1.15 m/s.

The fact that this vibration absorber don’t work below, optimally on, and suboptimally above
the energy threshold was already discussed in [5].

Next, the main system’s vibration reduction is compared when using the nonlinear shunt
and a tuned linear shunt, tuned in [14], on fig.5. First, the main system is excited with the
optimal initial speed for the nonlinear shunt, fig.5a. Here, the linear absorber is better than
the nonlinear one in the beginning. After 0.29 s however, the linear and nonlinear shunts
have reduced the main system vibration to somewhat the same level. A correctly tuned linear
absorber is always faster than a correctly tuned absorber of the kind on fig.2 [5, 16]. One of the
advantages of the nonlinear shunt is that it is more robust. If the main system is detuned, by
reducing eigenfrequency ωj three times by 0.9, so ωj = 290, 260 and 232 rad/s, it is observed
that linear shunt’s performance deteriorates a lot faster than the nonlinear shunt, fig.5a, fig.5b
and fig.5c.

5 Conclusion

In this paper, it is shown that the targeted energy transfer (TET) phenomenon, normally
associated with mechanical dynamic vibration absorbers (DVA), also occurs in piezoelectric
DVAs for a carefully designed shunt. By assuming a single vibration mode in the main system,
the electrical charge in the shunt is equivalent to a mechanical displacement. In this mechanical-
electrical equivalence, an RL shunt is then seen as a mass spring damper system, attached on the
main structure. If a nonlinear electrical element is added in the shunt, the shunt is equivalent
to a nonlinear mechanical DVA so the tuning rules to achieve TET in mechanical DVA can be
applied to the nonlinear shunt. Some simulations were performed to show the initial energy
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Figure 4: The main systems displacement qj (a) and charge in the nonlinear shuntQ (b) for
initial main system’s speed q̇j = 0.8 m/s (grey), q̇j = 1.15 m/s (dark blue) and q̇j = 1.5 m/s
(light blue)
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Figure 5: The main systems displacement qj for initial speed q̇j = 1.15 both when using a linear
shunt (blue) and nonlinear shunt (grey) (a), for a detuned eigenfrequency ωj = 290 rad/s (b),
ωj = 260 rad/s (c) and ωj = 232 rad/s (d)
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dependence on the performance of TET. The nonlinear shunt was also compared to a linearly
tuned shunt. While a perfectly tuned linear shunt mitigate vibrations faster than the nonlinear
shunt, the nonlinear shunt is a lot more robust if there is detuning.
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Abstract 

In engineering application， the sensor or actuator fault will lead to seriously damage to mechanical 

systems. The research of sensor or actuator fault diagnosis and fault-tolerant control is very important 

to improve the safety and reliability of the system. The paper investigates the fault diagnosis and fault-

tolerant methods of vehicle suspension system with Magnetorheological (MR) damper (actuator). 

First of all, the quarter-vehicle suspension system model is established.  Then, an unknown input 

observer (UIO) is employed to detect the actuator fault in the vehicle MR suspension system. Next, the 

correlation coefficient method is used to isolate the fault of actuator fault in the system. Lastly, the 

skyhook fault-tolerant  controller is designed for control compensation. The simulation results under 

sine excitation, random excitation and pump excitation show that the perfomance of the proposed 

fault-tolerent controller always outweight that of without fault-tolerant when actuator occurs fault.   

Key words: Vehicle semi-active suspension, Unknown input observer (UIO), Fault tolerant control, 
Magnetorheological (MR) dampers 
 
1 INTRODUCTION 

Due to the fast response speed, low energy consumption and simple structure, the magneto-
rheological (MR) semi-active suspension has attracted more attention in engineering fields. 
The control algorithm of the semi-active suspension is the key to guarantee the reliable and 
stable system. The skyhook control [1, 2], the fuzzy control [3,4], optimal control [5], H-
infinite control [6] have been proved to be effectiveness to improve suspension performance. 
These above-mentioned algorithms are assumed the actuators or sensors to be fault-free  
operation. However, when actuator or sensor occurs fault, the system performance will be 
reduced or failed because of  no corresponding detection and fault-tolerence methods. 

To solve the problem, researchers studied fault-tolerant control. Fault-tolerant control is 
mainly divided into three aspects, fault diagnosis、isolation and fault-tolerant control. For the 
the fault diagnosis of vehicle MR semi-active suspension system, there are whole order 
Luenberger observer [7], the Kalman filter[8], the unknown input observer  (UIO) group [9] 
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in the existing literature. Luenberger observer has the simple structure but poor robustness to 
disturbance. Kalman filter is generally used in state estimation under white noise disturbance. 
when the road input pulse disturbance is met, it will influence the reliability of state 
estimation. Due to good robustness and the decoupling ability between the state estimation 
error and disturbance, the UIO has been used widely [10]. The road excitation such as impulse, 
random is time-varing and also very difficult to be measured for the operating vehicle system. 
Therefore, UIO is suitable for vehicle MR vehicle suspension  fault diagnosis.  

For the problem of fault isolation, it is usually used mathematical method to solve the 
malfunction coefficient, but the method is too complex to achieve [8, 11]. Ref. [12] put 
forward a way to calculate the correlation coefficient between the residual and the fault 
characteristic signal, then according to the correlation coefficient to isolate fault. The mehtod 
can isolate sensor or actuator failures effectively, and also has the characteristic of  simply 
structure and easy to be implemented. 

In respect of fault-tolerant control, the study of the vehicle suspension system is relatively 
poor, it mainly include H-infinite control, sliding mode control and LQG control, etc. Ref. [13] 
designed H-infinity fault-tolerenc controller to reduce the impact of actuator fault in vehicle 
semi-active suspension. LQG controller was used to deal with the actuator gain failure in 
semi-active suspension system [14]. The sliding mode control was employed to compensate 
the actuator fault in the magneto-rheological suspension system [8]. 

 Based on the above analysis, this paper employs UIO to identify the actator fault detection 
of MR vehicle suspension system. Then, by calculating the correlation coefficient between the 
residual and the fault characteristic signal, the fault is isolated, the fault is isolated. Finally, 
skyhook fault-tolerant control strategy with little complexity is desinged to compensate fault, 
and maintain a certain control performance.  

2 MAGNETO-RHEOLOGICAL SUSPENSION’S FAULT MODELING 

2.1 The Model of Quarter Suspension System 

sz

uz

rz
tk

mrF
sk

um

sm

sC

 
Figure 1: The quarter vehicle semi-active suspension model 

The quarter vehicle dynamic model is shown in Figure 1. Based on Newton’s motion law, the 
dynamic equation is shown as： 
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                               (1) 

where sm  is sprung mass, um   is unsprung mass, , ,s s szz z  are sprung acceleration, velocity, 
displacement, respectively, , ,u u uzz z  are unsprung acceleration, velocity, displacement, respectively,

rz  is the displacement of road input , sk is uspension stiffness, sc   is damping coefficient, tk  is tire 
stiffness, mrF  is the output force of MR damper. 

The state equation can be formulated as: 
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                                         (2)                                                                                                  

where   x t = , , ,s u s s uz z z z z  are the state variables,    rd t z  is the road input,    mru t F  is 

the control input,  
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Due to the unknown  u t , output euqation can be rewritten as: 

                                                               y t y t Du t Cx t                                            (3) 
Then the state equation can be reformulated as:  

       
   

x t Ax t Bu t Ed t

y t Cx t

   



                                         (4) 

2.2   Actuator Fault Model 
There are gain change, stuck and constant deviation fault in MR suspension system. The 

actuator gain fault occurs easily, so it is considered only in this paper. When the actuator has 
gain fault, the output  fu t  can be written as： 

                                                                       fu t u t u t                                                       (5) 

where    is fault gain coefficient,  0,1  ,  u t  is actuator control output force under 

normal condition. 

It can be seen from the features of gain change fault： 
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When 1  ，the actuator has completely gain damage 

When 0  ，the actuator is trouble-free 
When 0 1  ，the actuator has part gain damage 

  

3 FAULT DIAGNOSE AND ISOLATION 
The paper uses the UIO to dectect the actuator fault and correlation coefficient method to 

isolate the fault.The block diagram of fault diagnose and isolation system can be seen in 
Figure 2. 
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Figure 2: Block diagram of fault diagnose and isolation system. 

3.1 UIO  
UIO equation is  

                                             
       
     ˆ

z t Fz t TBu t Ky t

x t z t Hy t

   


 
                                                  (6)                                                                                                     

Where ˆ nx R  is the estimate state vector，  nz R  is the state of UIO, , , ,F T K H  are the 

design matrixes in order to get the unknown input decoupling and meet other design requirem 

ents. 
Remark1: By the linear transformation of the equation of state, the state vector is divided 
into two parts in UIO, one is measured directly, the other is estimated by disturbance 
decoupling observer. So it can be decoupled from the UIO’s state estimation error. 

Sutracts Equation (4) from Equation (6), the estimation error  e t  and output error  r t  
can be obtained as follows: 

                                                                ˆ e t x t x t                                                        (7) 

                                                            ˆ  r t y t y t Ce t                                                 (8) 
For  e t  meets the following equation： 
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Then,the state estimation error is 

                                                                   e t Fe t                                                                       (12) 

If all the eigenvalues of F are stability,  e t  will gradually close to zero, namely ˆ x x . The 
system residual  r t  is 0. So  r t  can be assumed to be the judgment of system state. 

Before given the necessary and sufficient condition of UIO, there are two lemmas： 
Lemma 1 Equation (11) can be solved and only if 

                                                            rank CE rank E                                                              (13) 

And its special solution for： 

                                                
     

1
*


   

T TH E CE CE CE
                                                    (14)

 

Lemma 2  Make the  1 ;C C CA ,the matrix of  1,C A  detection can be equivalent to the 

 ,C A  can be detected. 

Theorem 1 The necessary and sufficient condition that Equation (6) is the observer of system 

(4) is： 
   rank CE rank E  

 1,C A  can be detected 
where 

                                     
     

1

1


    

T TA A E CE CE CE CA
                                        (15)

 

                                                         

3.2 Actuator Fault Detection and Isolation 

By combining state residual error Equation (6) and (7), the steady state solution in the 

system residual error can be obtained: 
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In order to detect actuators fault, the following equation is required: 
                                                                              0CTB                                                            (17) 

    When actuator has fault, the steady-state solution sar of residual  r t  and fault actuator 

corresponding eigenvector v CTB  in Equation (16) is in the same direction, which means 

that their angle is 0. Then, the correlation coefficient  CORR t between sar of residual  r t and 

fault actuator eigenvector v CTB  satisfies 

                                                        
 

 
 

22

CORR t
Tr t v

r t v


                                               (18) 

 CORR t  reflects the angle between steady-state solution sar of residual  r t  and fault actuator 
eigenvector v CTB . It can be seen that the greater the correlation coefficient value, the 
smaller the angle.  CORR t 1  means that fault vector v  is fault position, and then the fault 
can be isolated. 

3.3 Simulation Results and Analysis 
  Simulation is carried out in this section to verify performance of diagnose and isolation of 

designed UIO and correlation coefficient method for actuator fault in MR suspension system. 
The suspension parameters are shown in Table 1. 

Table 1: The quarter vehicle MR suspension parameters 

Parameters Values 
Suspension stiffness sk  42 10  /N m  

Tire stiffness tk  51.81 10  /N m  

Damping coefficient sc  500 /N s m  

Sprung mass sm  350 kg  

Unsprung mass um  50 kg  
 
The pole assignment method is used to design UIO. That all the eigenvalues of the matrix 

1A HCA K C   have negative real parts can guarantee that state error equation (9) is 
asymptotically stable. Then the UIO’s feedback gain matrix 1K  can be solved： 
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1

-0.63515 -23.71257 0.09263
1 0 52

-0.24742 14.00035 0.64654
17.79471 -959.93327 63.99244

K

 
 
 
 
 
   

It is assumed that the actuator gain faults occur, and the fault coefficient is δ 0.8 and 
δ 0.3 , respectively. Based on UIO and correlation coefficient method, the diagnose results 
are shown in Table 2 and Figure 2-5.  

Table 2: Actuator fault mode and isolation result 

Fault Fault parts Fault situation  CORR t  

Fault 1 Actuator  Gain coefficient δ 0.8  in 15 seconds 0.9415 

Fault 2 Actuator Gain coefficient δ 0.3  in 12 seconds 0.9441 

It can be seen from Table 2, Figure 3 and 4: 
(1)The actuator is non-fault in 15 s, so the residual value is always zero.  
(2)The actuator occur gain fault at 15s, the residual value is no longer zero. Meanwhile, the 

 CORR t  is close to 1, which means the actuator occurs fault. 
For the case of δ 0.3  in Figure 5 and 6, same conclusions can be drawn, which are not 

reanalysed for readability and repeatability.  

Therefore, UIO and correlation coefficient method can diagnose and isolate fault of 
actuator effectively. 

 
(a)                                                                  (b) 
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          (c) 

Figure 3: The system residual of Fault 1: (a) The residual of sz ; (b) The residual of uz ;(c) The 
residual of sz  

 
Figure 4: The correlation coefficient of Fault 1 

 
(a)                                                               (b) 

 
  (c) 

Figure 5: The system residual of Fault 2: (a) The residual of sz ;(b) The residual of uz ;(c) The residual 

of sz  
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Figure 6: The correlation coefficient of Fault 2 

4   SKYHOOK FAULT-TOLERANT CONTROLLER DESIGN 
The performance of MR damper is relevent to the mechanical structure and magnetic fields 

generated by coil. When piston channel is partial of blockage or coil is aging in MR damper, 
the output force will be abnormal.The block diagram of skyhook fault-tolerant system is shown in 
Figure 7. 
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Figure 7: Block diagram of skyhook fault-tolerant system. 

Consider actuator fault 
   aF t u t                                                             (19) 

( ) ( ) ( ) (1 ) ( )d aF t u t F t u t                                                        (20) 

where    is gain coefficient, ( )dF t is the actual output force under fault,  aF t  is fault,   u t  is 

expected output force, and    aF t u t .  

And 
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where satF  is the maximum output force of MR damper, skyC is the coeficent of skyhook 
controller.  

For the actuator gain fault, the fault-tolerant control strategy is designed as follows: 

123



First A. Author, Second B. Author and Third C. Coauthor. 

 10 

                                         
max max

max

( ),        
1( )

( ) ( ),     
1 1

d

FT
d d

F tF F
u t

F t F t F



 

   
 
  

                                               (21) 

where ( )FTu t  is the output of fault-tolerance controller. 

5   SIMULATION AND ANALYSIS OF FAULT-TOLERENCE CONTROL 
  The vibration suppresion performance of MR suspension with desinged skyhook fault 

tolerence control algorith is simulated under  0.8   and sine excitation, random excitation 
and impulse excitation, respectivley.  

5.1  Sine Excitation 
The sine excitation is set as amplitude of 0.01m and 1Hz frequency. Based on the designed 

skyhook fault tolerenc controller, spring mass acceleration responses with passive controller, 
non-fault tolerence and fault-tolerence controller under sine excitation are given in Figure 6. 
The decreacement is listed in Table 3.  

It can be seen from Figure 8 and Table 3, the spring mass acceleration decreacement with 
fault tolerant control algorithm is more than non-fault tolerence, and the attenuation rate is 
36.33% and 21.3%, respectively. 

 
Figure 8: Spring mass acceleration response under sine excitation 

Table 3：Sprung acceleration amplitude 

Control mode Passive Fault mode Fault-tolerant mode 
The acceleration amplitude 1.734 1.364 1.104 

Attenuation rate - 21.3% 36.33% 

5.2 Random Excitation 
Random road is common appearance in vehicle operation, which is considered to verify the 

performance of the designed fault tolerance controller in this section. The random excitation 
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is generated by B level road with white noise which is shown in Figure 9. The speed is 40   
Km/h. 

The accerleration response of MR suspension system under random input is shown in 
Figure 10. Comparison of sprung acceleration root mean square (RMS) under fault-tolerance 
controller and non-fault controller is shown in Table 4. The RMS value of sprung acceleration 
under the fault tolerance controller is smaller than that under the non-fault tolerance controller 
and passive controller, and the value is reduced by41.84% while the non-fault tolerance 
controller controller only achieves 25.16%. 

     
Figure 9: Random input in time domain 

 

 
Figure 10: Spring mass acceleration response under random excitation 

 

Table 4: Comparison of Sprung acceleration RMS under different controllers 

Control mode Passive Fault mode Fault-tolerant mode 
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The acceleration amplitude 0.3585 0.2683 0.2085 

Attenuation rate - 25.16% 41.84% 

5.3 Pulse Excitation 
When the velicle with acutator gain fault operates on the impulse road, which is shown in 

Figure 11, the acceleration response with faul tolerance controller is shown in Figure 12. And 
the Comparison of sprung acceleration maximum peak is shown in Table 5. Compared with 
the values of non-fault tolerance controller and passive, the maximu peak acceleration is 
reduced by 70.59%. So the fault tolerant control algorithm improves the performance of the 
system fault case. 

 
Figure 11: Pulse input in time domain 

 
Figure 12: Spring mass acceleration response under pulse excitation 

 Table 5：Comparison of sprung acceleration maximum peak 

Control mode Passive Fault mode Fault-tolerant mode 
The acceleration amplitude 3.927 2.82 1.155 
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Attenuation rate - 28.19% 70.59% 

In a word,  it is also more effective for actuator fault with fault tolerance controller than 

non-fault tolerance controller and passive controller. 

 

6   CONCLUSIONS  
The paper employs UIO and correlation coefficient mothed to diagnose and isolate fault, 

and skyhook fault tolerence controller to suppress the vibration of vehilcle MR suspension 
system with actuator gain fault. According to the relationship between the residual signal and 
fault vector produced by UIO, the correlation coefficient is obtained to diagnose and isolate 
the actuator fault. Then, the skyhook fault-tolerant controller is designed to compensate the 
gain fault. The simulation results show that the designed fault diagnosis scheme can 
effectively detect and isolate actuator gain fault, and the proposed skyhook fault-tolerent 
controller can attenuate the maximum peak of the sprung mass acceleration by 59.04% in 
comparison with non-fault tolerance.   
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Abstract. The goal of this paper is to simultaneously improve the safety (anti-roll performance) 
and ride comfort of vehicles during fast cornering or over road irregularities via our previously 
proposed magnetorheological (MR) semi-active stabilizer bar. The MR stabilizer bar featuring 
a rotary MR damper provides small torsional torque at low speed to improve ride comfort, while 
large torsional torque to enhance the safety at high speed cornering. To further verify the 
feasibility and effectiveness of the proposed MR stabilizer bar, the mathematical model of the 
dynamic system is established, and the passive-on control performance of a specific full vehicle 
is studied via a commercial dynamics simulation software ADAMS. In addition, the piece-wise 
control algorithm using lateral acceleration information for the MR stabilizer bar is carried out. 

 

1 INTRODUCTION 

Traffic accidents due to vehicle rollover lead to huge losses to the society and economy [1-3]. 
Passive stabilizer bars can effectively improve the vehicle roll safety, but cannot provide decent 
ride comfort, as compared to active and semi-active stabilizer bar systems [2-7]. Sampson et al 
from University of Cambridge [2-4] investigated a semi-active anti-roll system equipped with 
two actuators with high-roll-stiffness and low-roll-stiffness properties for heavy vehicles. 
During high speed cornering, a high-roll-stiffness is provided for the vehicle, while low-roll-
stiffness when at low speed cornering. Such damping settings would improve stability of heavy 
vehicles and require low power supply, and it is shown that this system will increase the limit 
of the lateral acceleration up to 12.5%. Ohta et al from Aisin Seiki and Toyota [5-6] used a DC 
motor to realize an active stabilizer bar. The semi-active stabilizer bar systems have a 
comparable controllable performance of the active systems but simpler structures and control 
systems, as compared to the active ones. However, both the existing active and semi-active anti-
roll systems still need further investigation and optimization, because of too big installation 
space and too much high cost.  

Magnetorheological (MR) fluids are a smart material that changes rheological properties 
under applied magnetic fields [8-11]. MR fluids exhibit Newtonian-like behavior when no 
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magnetic field applied. The rheological properties expressed as yield stress increases 
monotonously with the increase of the magnetic field intensity. Because of the rapid response 
and large controllable damping of MR fluids, MR actuators and their semi-active control 
systems attracted a lot of attentions [12-18]. The MR technology is widely investigated in 
vehicular suspensions [13,14], seat suspensions [15], mounting systems [16,17], and military 
equipment field [18]. In this paper, the vehicle roll model equipped with a MR stabilizer bar is 
established. In order to discuss certain types of vehicle roll motions in different driving 
scenarios and in different torques of the MR stabilizer bar, passive-on control and piece-wise 
control are carried out based on the semi-active stabilizer bar proposed in previous work [19] and 
compared with conventional stabilizer bar. 

 

Bush MR damper
Flange nut Bar

 
Figure 1: The configuration of the MR stabilizer bar. 

 

 
Figure 2: The controllable torque range of the MR rotary damper.  
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Figure 3: Vehicle roll model equipped with the MR stabilizer bar. 

 

2 ROLL MODEL EQUIPPED WITH A MR STABILIZER BAR 

2.1 MR stabilizer bar 

Figure 1 shows the configuration of the MR stabilizer bar [19]. Its overall appearance is U-
shaped, and the bar is mainly composed of a MR rotary damper, right and left bars, flange nuts 
and bushes. The MR rotary damper is installed between the right and left bars of stabilizer bar. 
The body case of the MR damper and the rotor axle are installed with the right and left bars 
using the flange nuts. The bars are installed with vehicle body or frame through the bushes. The 
longitudinal section ends of the U shape in stabilizer bar are connected to suspension guide 
arms (not shown in the figure). 

The output torque range of the employed MR rotary damper in Figure 1 is presented in Figure 
2. Before the magnetic saturation, the torque increases with the magnetic field intensity induced 
by the excitation coils with applied current. As shown in Figure 2, the controllable torque 
increases with rotating speed, and the maximal torque 𝑇𝑇MR is around 1800 Nm. 

2.2 Roll model 

Based on the roll model equipped with conventional stabilizer bar [20,21], the roll model 
equipped with MR semi-active stabilizer bar is shown in Figure 3. Assuming that the vehicle 
itself and driving road conditions are ideal, so the roll angle only depends on the speed and 
turning radius. Based on the roll center, the vehicle’s sprung mass roll torque equilibrium is 

{
(𝑘𝑘f + 𝑘𝑘r)𝜑𝜑0 + 𝑇𝑇MRf + 𝑇𝑇MRr = 𝑎𝑎y𝑚𝑚sℎs + 𝑚𝑚s𝑔𝑔ℎs𝜑𝜑0π/180 

𝑘𝑘f𝜑𝜑0 = 2(𝑘𝑘cf + 𝑘𝑘tf)𝜑𝜑0

𝑇𝑇MRr = 1−𝛼𝛼
𝛼𝛼 𝑇𝑇MRf

                  (1) 

where 𝜑𝜑0 is the roll angle between the installation of stabilizer bar and vehicle body or frame; 
𝑘𝑘f and 𝑘𝑘r are the roll angle stiffnesses of front and rear suspensions; 𝑎𝑎y is lateral acceleration 
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of vehicle body; ℎs is the distance of roll center and center of mass; 𝑘𝑘cf and 𝑘𝑘tf are the roll 
angle stiffnesses of spring and stabilizer bar; 𝑇𝑇MRf and 𝑇𝑇MRr are the torques of the front and 
rear MR stabilizer bars; and 𝛼𝛼 is the ratio of the front roll angle stiffness to full vehicle roll 
angle stiffness. 

According to Equation (1), the lateral acceleration of vehicle body can be expressed as 

𝑎𝑎y = 𝑇𝑇MRf+𝛼𝛼𝜑𝜑0(𝑘𝑘f+𝑘𝑘r−𝑚𝑚sℎs𝑔𝑔π/180)
𝛼𝛼𝑚𝑚sℎs

                                  (2) 

Based on the center of mass, vehicle’s unsprung mass equilibrium equation is  

{
𝑘𝑘f𝜑𝜑0 + 𝑇𝑇MRf = ∆𝑚𝑚f𝑑𝑑f − 𝑎𝑎y𝑚𝑚s𝑙𝑙rℎf/𝑙𝑙
𝑘𝑘r𝜑𝜑0 + 𝑇𝑇MRr = ∆𝑚𝑚r𝑑𝑑r − 𝑎𝑎y𝑚𝑚s𝑙𝑙fℎr/𝑙𝑙                               (3) 

where 𝑙𝑙f and 𝑙𝑙r are the distance of full load mass center to front and rear axles respectively; 
𝑙𝑙 is wheelbase; ℎf and ℎr are the height of the front and rear roll center respectively; ∆𝑚𝑚f 
and ∆𝑚𝑚r are the vertical force difference of the front and rear axles between the left and right 
wheels; 𝑑𝑑f and 𝑑𝑑r are the front and rear wheel tracks respectively. ∆𝑚𝑚f in Equation (3) is  

∆𝑚𝑚f = (𝑘𝑘f𝜑𝜑0 + 𝑇𝑇MRf + 𝑎𝑎y𝑚𝑚s𝑙𝑙rℎf/𝑙𝑙)/𝑑𝑑f                              (4) 

Under a vertical force, pneumatic tires will vertically deform. The stiffness characteristics 
of tires usually use the applied load and deformation to express, and it is approximately a linear 
relationship between load applied and deformation. Therefore, in the most basic driving 
dynamics model, tires will often be simplified as a linear spring with constant stiffness. The 
wheels under the vertical force component induced the body roll angle is 

∆𝜑𝜑 = arctan 2∆𝑚𝑚f
𝐾𝐾z𝑑𝑑f

                                        (5) 

where 𝐾𝐾z is the vertical stiffness of wheels. 
According to Equations (2) and (5), and within the working range of the stabilizer bar, the 

relationship between roll angle 𝜑𝜑 and lateral acceleration 𝑎𝑎y can be expressed as 

𝜑𝜑 = 𝑎𝑎y𝛼𝛼𝑚𝑚sℎs−𝑇𝑇MRf
𝛼𝛼(𝑘𝑘f+𝑘𝑘r−𝑚𝑚sℎs𝑔𝑔π/180) + arctan 2∆𝑚𝑚f

𝐾𝐾z𝑑𝑑f
                             (6) 

 

Table 1: Piece-wise control algorithm. 

ay (m s-2) f (mm) TMR (M) 
< 0.5 < 4 0.7 

0.5 – 1.5 4 – 12 1 
1.5 – 3 12 – 24 1.5 
≥ 3 ≥ 24 2 
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Figure 4: Relationship between roll angle and lateral acceleration with different 𝑇𝑇MR. 

2.4 Control algorithm of the MR stabilizer bar 

As shown in the Table 1 and Figure 4, the passive-on control of MR stabilizer bar sets 
maximal 𝑇𝑇MR equals to 0.7M, 1M, 1.5M, and 2M. M is the torque of conventional stabilizer 
bar and is proportional to vertical movement relative displacement f of the longitudinal section 
ends of the U shape in stabilizer bar [19]. The piece-wise control algorithm is proposed based on 
lateral acceleration 𝑎𝑎y and/or relative displacement f. The relationship between roll angle and 
lateral acceleration under different maximal MR rotary damper torque 𝑇𝑇MR and under piece-
wise control is shown in Figure 4. In passive-on control mode, the bearable lateral acceleration 
of the vehicle equipped with the MR stabilizer bar increasing significantly up to 2.80 m s−2 
as compared to the conventional one, and the body roll angle increased by 0.02° slightly because 
of the influence of tire deformation. It indicates that large 𝑇𝑇MR can improve the vehicle’s roll 
safety.  

 

3 ADAMS/CAR MODELLING AND SIMULATION 

3.1 Comparison of ADAMS model and mathematical model 

In order to verify the consistency of the established full vehicle model and the mathematical 
model, full vehicle simulation analysis is conducted to investigate the relationship between the 
roll angle and lateral acceleration. As shown in Figure 5, in the scope of the stabilizer bar of 
vehicles are in steady state, the ADAMS model and mathematical model agree well with each 
other. Exceed the scope of the stabilizer bar, vehicle will have a tendency to instability and the 
roll angle will increase rapidly with the increase of lateral acceleration. 

3.2 Full vehicle simulation 

3.2.1 Single lane change 
Steering wheel angle and lateral acceleration, and roll angle of the single lane change 
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simulation are shown in Figures 6(a) and 6(b), respectively. In the simulation, at speed of 56 
km/h and the steering wheel first turns left with 270°, then turns right with 540° and turns left 
with 270° later within 2 s. The maximal roll angles decrease with the increase of 𝑇𝑇MR, as shown 
in Figure 7(b). According to the rollover test requirement to input steering wheel angle, the 
maximal roll angles are all beyond the working scope of the stabilizer bar, when 𝑇𝑇MR is 0.7M, 
1M, 1.5M, and 2M, the roll angles are 14.5°, 10.28°, 7.93°, and 7.17°, respectively. The 
stabilizer bar under piece-wise control can generate smaller 𝑎𝑎y and 𝜑𝜑 than the 𝑇𝑇MR equals to 
1M and 0.7M in the first half process. Moreover, when 𝑇𝑇MR is 0.7M, lateral acceleration and 
its fluctuation are much larger than others, the vehicle is in a critical state of risk of rollover.  

 

 
Figure 5: Comparison of ADAMS model and mathematical model. 

 

 
(a) 
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(b) 

Figure 6: Simulation results in the single lane change scenario: (a) steering wheel angle and lateral acceleration 
and (b) roll angle. 

3.2.2 Road pulse input 
In the simulation, a road pulse input block (i.e., a triangular convex block) is set on one side 

of the ground vehicle. Lateral acceleration and roll angle of road pulse input simulation are 
shown in Figures 7(a) and 7(b), respectively. Two peaks of lateral acceleration and roll angle 
are caused by the front and rear wheels when running through the road pulse input block. When 
𝑇𝑇MR is 0.7M, the peak of lateral acceleration is the minimal, 2.61 m s-2, and when 𝑇𝑇MR is 2M, 
it reaches to a maximal value of 3.15 m s-2. When 𝑇𝑇MR is 0.7M, 1M, 1.5M, and 2M, the roll 
angles generated by front wheels are 0.63°, 0.65°, 0.67°, and 0.69° respectively. The roll angle 
decreases with the decrease of 𝑇𝑇MR. The stabilizer bar under piece-wise control performs better 
than the 𝑇𝑇MR equals to 1M in 𝑎𝑎y, and similar to the 𝑇𝑇MR equals to 1M (i.e., better than 1.5M 
and 2M) in 𝜑𝜑.

 

 
(a) 
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(b) 

Figure 7: Simulation results in the road pulse input scenario: (a) lateral acceleration and (b) roll angle. 

 

4 CONCLUSIONS 

Simulations for scenarios of single lane change and road pulse input based on ADAMS/Car 
full vehicle model were carried out to investigate the vehicle dynamics performance when 
applying controllable torques of the MR stabilizer bar. In detail, with the increase of the torque 
of the MR stabilizer bar, the roll angle of the vehicle decreases and the bearable lateral 
acceleration increases, i.e., better safety. When at road pulse, the vehicle equipped with MR 
stabilizer bar with smaller torsional torque generates smaller lateral acceleration, i.e., better ride 
comfort. When using piece-wise control, the MR stabilizer bar performs better than the 
conventional stabilizer bar. 
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Abstract. This paper discusses passive and semi-active techniques of structural control by 
means of smart joints, and then it proposes a specific smart joints system for frame structures 
and tests its capability in mitigation of free vibrations. Basically, the proposed solution modifies 
frame beams by addition of truss-type hinges, and its effectiveness relies on the softening effect 
that occurs in compression due to geometric nonlinearities and which triggers the highly-
damped high-frequency response modes of the structure. First, the finite element (FE) model 
of the specific frame structure with geometrical nonlinearities is derived, and the proposed 
passive joints are described and incorporated into the model. Then, their principle of operation 
and effectiveness is examined numerically for the first two natural modes of vibrations with 
various initial displacement amplitudes. An objective function is proposed to assess joints 
placement, based on the efficiency in mitigation of the excited vibrations. 

 

1. INTRODUCTION 

Mitigation of structure response is still an important and current research topic. Most 
papers are focused on vibration damping problems, both free [1-5] and forced [6, 15]. 
Nevertheless, absorption of impact loads is also the subject of an ongoing research [1,7]. 
Vibration damping techniques are generally divided into three groups: passive, active and semi-
active. Passive solutions, which are the simplest and the most reliable, usually incorporate 
frictional, viscous or pneumatic dampers. For some applications, mainly in civil engineering, 
systems of tuned-mass-dampers (TMD) [16] and tuned-inerter-dampers (TID) [8] are applied. 
Also combination of both systems, TMD and inerters, are analyzed [9]. Another passive 
technique for suppression of structural vibrations relies on the introduction of initial stresses in 
the structure [10], which influence its natural frequencies and amplitudes. Active vibration 
suppression is often considered in the context of counteracting the effects of earthquakes or 
strong winds, which can be very dangerous for high-rise buildings [11]. Common practice in 
such cases is to use large hydraulic actuators for which the application of an appropriate control 
algorithm can lead to satisfactory results of energy absorption [12]. The best possible solution 
is often associated with active control and significant control forces, despite potential dangers 
appearing in case of the control system failure. In recent years a growing interest in semi-active 
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vibration damping techniques can be noticed. Semi-active approach combines the advantages 
of passive and active systems. Well designed, they can be very reliable, even in case of power 
failure, and as efficient as active systems. They have been used in seismic tremors protection 
for many years [13] as a more trustworthy alternative to active strategies. They can also be 
applied to mitigate vibrations of vehicles suspension [14], frames and trusses [1-4] and other 
engineering structures. 

The solution proposed here is based on the use of specific joints, selectively activated 
for identified excitation conditions in order to improve vibration damping effect. An important 
advantage of the proposed joints is that the mechanism of free vibration damping is purely 
passive. After activation of the joints, energy is dissipated passively but as soon as vibrations 
are suppressed, joints are deactivated and the structure turns again into its basic frame 
configuration. 
 

2. DAMPING OF FRAME FREE VIBRATIONS WITH SMART JOINTS 

The discussed novel technique of free vibration damping was developed in the Institute 
of Fundamental Technological Research, Polish Academy of Sciences, and it is discussed here 
using an exemplary case study. The main advantage of such solution is its passive operation 
and the ability of adaptation to the excitation conditions. Moreover, dissipation in the excited 
structure, both in case of activated and blocked joints, is realized by the mechanism of structural 
material damping without additional dampers. The proposed smart joints in the activated mode 
do not transfer any moment between the neighboring elements. In the inactive mode, they do 
not modify the typical frame connection between the frame elements. 

The subject of analysis is the frame structure presented in Fig. 1. The structure is 
equipped with proposed joints that enable modification of the effective global stiffness of the 
structure. In case of free vibrations, joints are activated and additional rotational degrees of 
freedom are added to the nodes, which turn in this way into hinges (no transmission of 
moments). The effect is the nonlinearly decreasing effective bending stiffness in the involved 
part of the frame and excitation of higher modes which are efficiently mitigated by structural 
material damping. An important issue to be considered during the placement of the smart joints 
is not to change the structure into a mechanism. Moreover, the temporary effect of weakening 
of the structure should be taken into account, too.  

 
Figure 1. Scheme of the analyzed structure (dimensions in [mm]) 

The effectiveness of free vibration damping in frame structures is assessed by means of 
the assumed goal function, which in the present case study was defined as the time integral of 
the global potential structural energy: 
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𝐼𝐼 = ∫ (12𝒙𝒙
T𝑲𝑲𝒙𝒙)𝑑𝑑𝑑𝑑

𝑡𝑡=1𝑠𝑠

𝑡𝑡=0
 (1) 

Additionally, other quality indices or constraints can also be considered. For instance, 
an important factor is the amplitude of displacements of the point in the structure with the 
highest vibration amplitude. Optimal values of the selected goal function (1) not always go 
together with the mentioned criterion. 
 

3. NUMERICAL ANALYSES 

The free vibration dynamics of the frame structure presented in the previous section is 
described by the typical equation of motion: 

𝑴𝑴�̈�𝒙 + 𝑪𝑪�̇�𝒙 + 𝑲𝑲𝒙𝒙 = 𝟎𝟎 (2) 

The structure was divided into 128 beam finite elements of the same length. The smart joints 
were modeled by uncoupling the rotational degrees of freedom between the neighboring 
elements. The damping matrix 𝑪𝑪 was composed of the coefficients described by the Rayleigh 
model of damping. Because of the geometric nonlinearity introduced by the smart joints, 
nonlinear analyses were performed for all simulations. The differential equations of motion 
were integrated using the Newmark method combined with the iterative Newton scheme for 
update of the stiffness matrix. 

A number of numerical analyses was performed to examine the effectiveness of the 
proposed solution (in terms of the assumed goal function) and to find the optimal placement of 
the smart joints in the structure. Placement of the joints was considered only in the left section 
of the frame because of the longitudinal deformations that occur in this area and which are 
needed to achieve a better vibration damping by implementation of proposed joints system. 
Simulations included initial displacements corresponding to the first and the second mode of 
structural vibrations, each of three different amplitudes (small, medium and large). Tab. 1 
compares the values of the goal function for the structure without the smart joints and the 
structure with selectively placed joints. 

Table1. Goal function values [∙10-3] for the original frame structure and the structure enhanced with the 
proposed smart joints: (1) original frame structure, (2) best joints placement, (3) worst joints placement 

No of 
mode 

Small initial 
displacement 

Medium initial 
displacement 

Large initial 
displacement 

 1 2 3 1 2 1 1 2 3 

1 1.3 0.35 1.2 8.2 2.6 7.8 49.6 30.8 48.2 

2 1.5 0.71 1.2 11.4 8.4 10.4 428.8 412.3 512.4 

Optimization of joints placement in the structure in relation to the goal function was 
defined as a search for the optimal position of the first joint and the distance to the second joint 
(length l of the truss element). In Fig. 2. and Fig. 3., the values of the goal function normalized 
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with respect to the value obtained for the original structure without any joints are presented. 
The graphs shown in Fig. 2. present maps of the normalized goal function for different 
amplitudes of the initial displacement conditions in the case of the first vibration mode. The 
optimal position and length of the truss rod can be specified based on these maps. The 
advantageous effect of the smart joints related to the introduced geometrical nonlinearity in the 
structure is easily seen. Effectiveness of the solution decreases with the increase of the initial 
displacements amplitude but even then the values of the goal function are considerably lower 
than the values obtained for the original structure.  
 

 

Figure 2. Values of the goal function depending on the position of the first joint and on the length of the truss 
element for different initial displacements of the entire structure (mode 1) 

For small and moderate initial displacement of the structure, the smart joints should be 
placed in short distance to the fixed end or in the proximity of the vertical beam. For a large 
initial displacement, the first joint should be placed near the middle of the left section of the 
structure and the second joint in the proximity of the vertical beam. 

Analogous graphs for the case of second mode excitation (initial displacement) were 
shown in Fig. 3. The effectiveness of the smart joints for the second mode of structural vibration 
is lower than for the first mode. However, for small and moderate initial amplitudes of the free 
vibrations, the proposed solution is definitely advantageous. The values of the goal function 
suggest that the beginning of the truss rod (the first joint) should be placed near the fixed end 
of the structure for all analyzed initial conditions. 
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Figure 3. Values of the goal function depending on the position of the first joint and on the length of the truss 

element for different initial displacements of the entire structure (mode 2) 

In Fig. 4, the time history of the vertical displacement of point P is shown (small initial 
displacement, mode 1). Despite the fact that the use of the smart joints is efficient in terms of 
the goal function (integral of the global potential energy) also for the worst placement of the 
smart joints, for the worst placement the vibration of point P is less damped than in original 
construction. 

 
Figure 4. Vertical displacement of point P for small initial displacement of the structure (mode 1) 
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According to the numerical analyses, an adaptable scheme of smart joints usage can be 
proposed by activation of selected joints according to the identified load conditions. It allows 
to achieve an adaptable, passively operating system with enhanced damping capabilities. After 
suppression of vibrations, the smart joints should be deactivated so that the structure retrieves 
its original stiffness. 
 

4. CONCLUSIONS 

  In this contribution, smart joints were proposed as a passive-like solution for free 
vibration damping. Nonlinear FEM analyses were conducted in a selected case study to present 
the potential of the proposed technical solution. Search of optimal placement of joints was 
performed based on the assumed goal function and an additional quality index was evaluated. 
Proposed solution ensures improvement of global damping capabilities of frame structure for 
variety of the initial structure displacement conditions. The advantageous effect is more 
significant for modes of structural vibration in which large longitudinal displacements appear. 
System of smart joints presented in the paper can be used in structures which are not subjected 
to the static lateral loads.  
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Abstract. This paper presents results of experimental tests of a demonstrator structure
equipped with variable stiffness nodes for suppression of free vibrations. So called Prestress
Accumulation-Release (PAR) strategy for on-off control of these nodes is utilized. The obtained
system is semi-active. The core of the controllable nodes are linear piezo-actuators.

1 INTRODUCTION

So called Prestress Accumulation-Release strategy, which allows for conversion of portions of
strain energy of a vibrating structure into kinetic energy of local, well damped, higher frequency
vibrations, has been discussed in preceding publications. In particular in [1] and [2] this approach
has been numerically applied to layered and frame structures respectively. The effectiveness of
this semi-active technique appears to be extremely high, typically suppressing over 90% of the
fundamental mode of vibrations after only few free oscillation periods. Therefore an attempt
has been made to build a demonstrator and verify the theoretical effectiveness in a series of
lab tests. First a concept of an active structural joint has been elaborated and presented in
[3]. A chosen literature overview is also given in [3] pointing at other concepts for semi-active
suppression of structural vibrations. In addition the attention is drawn to [4], in which a linear
active element is presented capable of controlling the axial force transferred via a truss member.
The goal of present work, which is a continuation of [3], is to present in detail the manufactured
active joint as well as to present results of tests, in which two active joints were built into a
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Figure 1: Adaptive node cross-section with its internal components.

demonstrator frame structure and utilized in accordance with PAR strategy to mitigate free
vibrations.

2 PAR NODE CONCEPT AND REALIZATION

The active device suitable for demonstration of the PAR strategy should allow to transfer
possibly big moment in its ”stiff” or ”frame” state and reduce its stiffness as close to zero as
possible in its ”truss” state. Furthermore the active device should sustain its maximum stiffness
in passive operation which makes it fail safe.
Major features of the adaptive node are shown on the cross-section depicted in Figure 1. The
core of the adaptive node is Cedrat prestressed piezo-actuator PPA 40L which allows for high
force generation (order of 3000N at small weight and dimensions, and at very small stroke (order
of 40µm). The inner conical surface is in contact with the outer conical surface, thus producing
the frictional resistance to applied moment depending on the contact normal force between the
adjacent surfaces. The conical fit assembly is described in detail in [5]. The normal force in
turn depends on the net force produced by the actuator and the prestressed disc spring. Thus
the maximum moment transferred by the connection may take any value between the rated
maximum, corresponding to 150V applied to piezo stacks and the minimum corresponding to
no voltage applied. In practice the minimum value is never zero because of imperfectly matched
spring force, imprecision in actuator nest manufacturing and bearing imperfections. More details
about the PAR node concept can be found in [3].

3 STATIC MODEL

A simplified mathematical model of the adaptive node has been elaborated allowing for
analysis of static forces acting within a node in both passive and active operation. The main
goal for this model was adequate choice of the node body stiffness, pre-stressed spring stiffness
and the estimation of the spring initial displacement. Moreover the model allows for verification
of the effective actuator force and the maximum moment transferred without slip.
A simple physical model, which has been elaborated is based on the adaptive node layout shown
in Figure 1 and comprises all meaningful elements in terms of static response, i.e.:

2
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a) b) c)

Figure 2: Physical model of the adaptive node: a) main components, b) passive state, c) active state.

- two springs in series, one modelling the cover deflection (kDD) and one modelling the
non-linear Belleville spring (kS(x)),

- a force representing interaction between the inner part of the node and the casing,

- an actuator force as a function of applied voltage,

- a linear spring connected in parallel with the actuator and modelling stiffness of the upper
part of casing (kDG),

- all springs are connected on one side with rigid base, modelling the stiff part of the casing.

Assumed physical model of the adaptive node is shown in Figure 2a).

3.1 Passive operation

In passive operation no voltage is applied to the piezoelectric stacks. It was assumed that
the compressive force generated with the pre-stressed spring is entirely transferred to the casing
through the conical surfaces and hence the force in the actuator is practically zero (cf. Fig. 2
b)). This is possible provided precise machining of the actuator nest. Pre-stressing of the spring
is obtained with applying to it displacement xw by means of a fine threaded cover. The force
FN normal to the conical fit is given with equation:

FN =
FA

sin(α/2) + µ cos(α/2)
, (1)

where µ is the friction coefficient and α is the cone angle. FA is the axial compressive force in
the node obtained by equating spring forces in serial connection:

FA =
kS kDD

kS + kDD
· xw, (2)

3
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Figure 3: Characteristic of Cedrat Technologies actuator type PPA40L.

where kS is the Belleville spring stiffness linearised in vicinity of the pre-stress deflection. In
fact, the Belleville springs have strong non-linear characteristic, therefore the axial compression
force is obtained iteratively from the equation:

Fs(x1) = kDD · (xw − x1), (3)

where x1 is the deflection of the disc spring. The maximum moment Mf which may be trans-
ferred via the connection is obtained from the slip condition for frictional conical surfaces with
middle diameter dm:

|Mf | − µ 0, 5 dmFN ≤ 0. (4)

3.2 Active operation

In active state voltage is applied to the piezoelectric stacks and the resulting effective force
in the actuator is equal to:

Fact = − u

umax
· FB +

V

Vmax
· FB. (5)

Characteristic calculated according to equation (5) for a chosen actuator is shown in Fig. 3.
It can be seen that the maximum blocking force FB is actually obtained at maximum applied
voltage Vmax only if the actuator is fully blocked, i.e. stroke u equals zero. Otherwise the
actuator force is decreased by amount proportional to the stroke. We assume that the adaptive
node design is optimal if the actuator at its nominal voltage is able to cancel out the axial force
generated by the pre-stressed spring thus reducing the friction force between the conical surfaces
to zero. Such situation is shown in Fig. 2 c). The design objective is therefore to maximize the
moment bearing capability of the adaptive node in passive mode on one hand while providing
enough actuation force to reduce, preferably to zero, the transferred moment in active mode –
on the other hand. The effective force (and stroke) in the actuator depends on the stiffness of
the casing top. The effective force and stroke corresponding to the steel casing top φ55mm and
thickness between 2mm and 5mm is shown in Figure 4. For example at casing thickness equal
to 5mm the maximum effective force equals 3643N which is 88% of the nominal blocking force.

4
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Figure 4: Values of maximum effective force in a chosen actuator at various stiffness of the casing top.

The pre-stressed disc spring dimensions and its initial displacement should allow sufficient pres-
sure in the frictional surfaces, while not exceeding the actuator effective force. Various con-
figurations have been analysed, finally converging to commercially available disc spring of the
characteristic shown in Figure 5. Shown operating point corresponds to 0, 8mm initial displace-
ment and the maximum moment in static operation equal to ca 47Nm.

4 DEMONSTRATOR STAND

A simple demonstrator has been built to verify the effectiveness of adaptive nodes in mitiga-
tion of free vibrations. The demonstrator structure comprises a cantilever steel frame equipped
with two adaptive nodes as shown in Fig. 6. The main elements of the assembled experimental
stand are (numbers in accordance with Fig. 7):

1. frame structure,

2. semi-active PAR nodes equipped with Cedrat Technologies PPA40L actuators,

3. two channel, controllable voltage amplifier for piezo stacks actuation Cedrat LA75B-2,

4. control and data acquisition measurement card National Instruments USB-6211,

5. laser vibrometer OFV-505 (5a) with controller (5b),

6. work station with LabView software for data acquisition and control.

During the tests the vibration velocity of the top end of the structure is recorded with laser
vibrometer. The same control signal is applied to the piezoelectric stacks of both actuators in
accordance with the PAR control strategy. In addition longitudinal vibrations were measured
with two accelerometers placed in vicinity of adaptive nodes. Three types of tests have been
carried out:
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Figure 5: Characteristic of the used spring with the operating point at 0, 8mm.

Figure 6: Cantilever beam with two adaptive nodes.

• free vibrations with adaptive nodes in passive state (max. stiffness),

• free vibrations with adaptive nodes in active state (min. stiffness),

• free vibrations with adaptive nodes controlled in accordance with PAR strategy.

The goal of first two tests was to compare the frequency response of acceleration in order
to estimate shift in the eigen frequency between the passive and active state of operation. A
considerable shift in in-plane bending eigen frequency would be a good indicator that the change
of operation mode of adaptive nodes indeed contributes to the overall stiffness of the structure
and thus some mitigation effect might be expected.

6
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a) b)

Figure 7: Experimental stand: a) Schematic representation, b) General view.

5 RESULTS OF EXPERIMENTS

5.1 Node characteristic

Both adaptive nodes have been tested for their individual characteristic. For this purpose
the outer conical surface have been fixed, while a known, increasing force have been applied
on a known geometric eccentricity to the inner conical surface until the slip. The maximum
moment in the connection corresponding to the beginning of slip is calculated for various actuator
control voltage, giving the individual characteristic shown in Fig. 8. The actually obtained
maximum moments between 55 and 59Nm are underestimated by the static model, which may
be attributed to the difficulty in accurate regulation of the initial displacement of disc springs.
Satisfactory compliance is obtained if the value of 0, 95mm is used instead of 0, 80mm. Further
it can be observed that the actual moment transferred is not zero at maximum actuation voltage.
Some friction still exists on the frictional surfaces even at maximum applied actuator effective
force probably because insufficient precision in machining of the actuator nest. Nevertheless
obtained variation in moment bearing capability between ca. 6 and 56Nm provides fairly
large range for modification of local stiffness if the adaptive node is used as a structural element.
Relative to its mass and dimensions the adaptive node prototype seems to be an efficient variable
stiffness device, compared for example to magneto-rheologic fluid based devices.

5.2 Eigen frequency shift

In the first two series of tests of the demonstrator structure adaptive nodes worked either
in passive (frame) mode and active (truss) mode. In both cases an initial displacement has
been applied to the cantilever end initiating the free in-plane vibrations. The first out-of-plane
eigen mode have been sufficiently separated, so that the vertical initial displacement initiates

7
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Figure 8: Moment characteristic of two adaptive nodes.

mostly the in-plane vibrations. The frequency response based on the cantilever tip acceleration
(differentiated vibrometer velocity signal) is compared in Fig. 9. It can be seen that the first
in-plane eigen mode in the truss operation is shifted left by 26% and accompanied by generally
higher damping while the second in-plane eigen mode stays practically unchanged (cf. Table 1).
The higher damping is due to some friction corresponding to the remaining moment in truss
mode operation.

Table 1: Eigen frequencies of the demonstrator structure in frame (ωf ) and truss(ωt) modes.

Mode shape No Description ωf [Hz] ωt [Hz] Difference [%]

1 1st in-plane bending 14.1 10.4 26.2
2 2nd in-plane bending 38.5 38.1 0.9

5.3 Vibration mitigation

In the third series of tests adaptive nodes have been controlled in accordance with the PAR
strategy. Upon detection of maximum cantilever deflection adaptive nodes have been switched
to the active state for a short period of time, after which the passive state has been restored. As
result the structural stiffness have been reduced locally for a very short period of time, sufficient
to introduce high frequency, well damped longitudinal vibrations. Each time such operation is
repeated, a part of the mechanical energy is transferred to the higher frequency vibrations and
effectively damped with material damping.
As can be seen in the typical time series shown in Fig. 10 the vibration amplitude of the fun-
damental mode is almost completely damped out. The remaining vibrations correspond to the
second in-plane bending eigen mode and could possibly by reduced if more adaptive nodes were
used and placed in positions optimal for the second eigen mode mitigation. The reference tests

8
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Figure 9: Difference in free vibration frequency response between structure with adaptive nodes in
passive operation (frame mode) and in active operation (truss mode).

correspond to the passive operation where no control signal is applied and the adaptive nodes
work at their maximum stiffness.
The control procedure has been activated upon first detection of threshold displacement

(+0, 1mm in this case) and deactivated half a second later. During this time period the on-off
PAR control algorithm produced the control signal as shown in Fig. 11. In fact, no further
advantage is taken of a longer time duration of the control activation. This is due to the fact
that after initial half a second the remaining vibration amplitudes do not generate moments
in adaptive nodes which exceed the minimum moment transferred through the connection. As
result there is no difference between the active and passive mode and no further mitigation
occurs, except the ”normal” damping in the passive operation.
For each recorded displacement time series the successive amplitude values were compared with
the initial amplitude value (equal ca. 1, 0mm). In particular, the ratio of the amplitude after
3rd, 6th and 10th oscillation periods to the initial amplitude are listed in Table 2 both for the
reference case and for six controlled tests. Over 97% of the amplitude have been mitigated after
10 oscillation periods with adaptive nodes as compared to ca. 35% for the reference case.
As shown in Fig. 11 the time duration ti of a single rectangle impulse signal is very short, equal

Table 2: Comparison of vertical displacement amplitudes after 3, 6 and 10 oscillation periods.

No of oscillation Relative amplitude %
cycles w/o control with control, Test No

REF 1 2 3 4 5 6

3 88, 6 84, 1 33, 8 49, 9 33, 5 78, 6 34, 5
6 76, 0 7, 4 8, 2 5, 5 8, 9 15, 0 11, 7
10 64, 4 2, 1 3, 8 1, 3 2, 3 2, 1 2, 9

to 5ms in this case. Different values of ti were tested to investigate its influence on the overall
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Figure 10: Typical vertical displacements of the cantilever tip: a) full time history, b) zoomed time
window.

response. In general time ti should be long enough to fully switch the adaptive node to the truss
mode, taking into account the dynamics of the actuator and accompanying electronics, but on
the other hand it should be short so as to not weaken the structure for excessive amount of time.
Furthermore too long duration of a single truss mode results in general in frictional dissipation
instead of releasing of prestress resulting in longitudinal vibrations which is the main feature of
the PAR strategy. In an extreme case the overall damping of the structure permanently oper-
ating in truss mode should be much smaller than overall damping of the structure subjected to
the actuation in accordance with PAR strategy. This is confirmed with the tests performed for
varying duration of a single truss mode ti between 2ms and 30ms, as shown in Table 3. The
optimum time duration used in subsequent tests was 5ms.
In the optimal situation the truss mode is actually initiated in the adaptive node at the time
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Figure 11: Typical control signal applied to the piezostack controller.
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Table 3: Comparison of vertical displacement amplitudes after 5 oscillation periods relative to the initial
amplitude, for different ti.

Truss mode duration ti [ms]
2 3 4 5 6 8 10 20 30

Relative amplitude % 89 88 40 17 22 18 17 36 78

Figure 12: Step response of Cedrat LA-75B voltage amplifier according to the manufacturer.

instant of zero velocity, which corresponds to maximum deflection and maximum strain in the
adjacent members. In practice two factors were identified which introduce the offset to the
optimum time:

1. the voltage amplifier which drive the piezo-actuators introduces the time constant so that
rectangular signal set is actually applied as trapezoid signal to the piezo stacks (cf. Figs.
12 and 13),

2. in order to filter out false triggers on the velocity signal, a short moving averaging has
been done before detection of the zero velocity.

Due to above reasons some effort is needed before a good truss mode initiation time is obtained
based on the filtered velocity signal. In this proof-of-concept work simple trial-and-error method
was sufficient to tune the system performance and the further work requires better tools to
properly find the switching time and also a better, impulse voltage amplifier could be used for
this on-off control algorithm.

6 CONCLUSIONS AND POSSIBLE APPLICATIONS

- A piezo-based active structural joint with variable moment bearing capability has been
designed, built and used as active element in a demonstrator frame structure as a core of
semi-active free vibration suppression system.
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Arkadiusz Mróz, Jan Holnicki-Szulc and Krzysztof Seku�la

-1

 0

 1

 2

 3

 4

 5

 6

 7

 8

 160  180  200  220  240  260  280  300

V
o

lt
a

g
e

 [
V

]

Time [ms]

V
setpoint

0,05*V
applied

Figure 13: Set control signal versus voltage actually applied to piezo stacks.

- It was demonstrated in a series of experimental tests that utilizing PAR control strategy
in such a system allows for very efficient mitigation of fundamental mode of vibrations,
typically suppressing 95% of the displacement amplitude after 10 oscillation cycles.

- The system may be redesigned, given a specific application, in particular it may be down-
scaled to mitigate microvibrations of a light-weight structures. Among possible applica-
tions are mitigation of vibrations of satellites, stabilisation of sensitive equipment and
other situations where excessive vibration affects the performance of equipment or gener-
ates undesired noise.
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[2] A. Mróz, J. Holnicki-Szulc, and J. Biczyk. Prestress accumulation-release for damping of
impact borne vibrations. numerical analysis of simple frame fructures. In Proc. of the 6th
World Conference on Structural Control and Monitoring. Barcelona, Spain, 15-17 July 2014.
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Abstract. This article presents the results of computational simulation and experimental 
research performed on gas foil bearings, with the special attention paid to the properties of a 
flexible set of foils, as one of the decisive factors contributing to a proper functioning of the 
bearings. The issues such as the nonlinear nature of the foil bearing's supporting structure and 
significant changes in its stiffness depending on the load and deformation were discussed in 
detail. The article also fully explains the mechanism of dissipation of energy that can come 
from the vibration of the rotating system and from external loads as well. It was demonstrated 
that thanks to the phenomena occurring in its flexible components, the foil bearing can and 
does adapts itself to varying operational conditions over a large range of speeds and loads. 
The conclusions that were drawn on the basis of theoretical analyses were successfully 
verified with the results from the experimental research. It was shown that vibrations of the 
rotor supported by well-designed foil bearings can remain at very low levels, even at very 
high speeds. 
 
 
1 INTRODUCTION 

As scientists and engineers continue to make improvements to modern machinery, many of 
the new microturbines and turbocompressors are now smaller, more compact, and are 
equipped with more advanced bearing systems. They are designed to withstand extreme 
conditions covering very high rotational speeds (over 100,000 rpm) and high temperatures 
(above 200 °C) as well. Rolling bearings are extensively used under such conditions where 
fluid-film slide bearings simply would not work. Therefore, it is necessary to develop new, 
unconventional bearing systems [1-3]. One of such solutions is a gas foil bearing in which 
additional components (made of very thin sheet metals) are mounted between the journal and 
the bush (Fig. 1) so as to improve stiffness and damping properties [4]. A set of thin foils 
demonstrates superior vibration damping properties which vastly improves dynamic 
properties of a rotating system with such bearings, especially at high rotational speeds [5]. 
Depending on configuration and materials used, foil bearings can be divided into several 
generations, which can offer different load capacities [6]. 
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Figure 1: Isometric view of a foil bearing and its basic parts 

Because a set of foils comprises the components of a relatively high flexibility, its 
geometry varies according to the rotational speed, temperature and load [7]. In other words, 
the bearing tailors itself to the actual operating conditions of a rotating system. In addition to 
the excellent damping of rotor vibration and high resistance to external loads, a flexible 
support makes it possible to obtain an optimal thickness of the lubricating gap along the entire 
perimeter of the bearing. It may, therefore, be concluded that the foil bearing's capacity for 
adjustment is unique among bearings, making it a great candidate for operation under very 
harsh conditions, like high temperature, speed, etc. Thanks to the use of properly profiled 
bump and top foils, foil bearings are characterised by very high durability and long service 
life [4,8]. Because foil bearings do not require an external lubrication, it is possible to reduce 
the weight of a machine, which is particularly attractive in aviation [9]. As all gas bearings, 
foil bearings also have certain drawbacks, chief among them being their low load capacity and 
unstable operation at low speeds [4]. Therefore, further research is underway to improve 
characteristics of foil bearings, so as to fully develop their potential and innovative abilities 
and thus contribute to a wider application to different types of machinery. 

Foil bearings studies described in literature concern both experimental and numerical 
analyses as well as modelling issues. Given that at lower rotational speeds of foil bearings the 
friction is present between the journal and the top foil, much attention is paid to tribological 
issues. A foil bearing with an improperly selected pair of friction materials can become 
damaged after a short time of usage. Therefore, research on the friction torque and the load 
capacity of a foil bearing, under different conditions as well as taking into account materials 
selection, is very important [10]. For most effective results, advanced plastics or ceramic-
metal composites are used, depending on temperature levels [4,10-13]. The wear of the top 
foil and journal surfaces leads to a local increase of temperature, which disturbs the stable 
operation of a bearing, even at high rotational speeds. This phenomenon is known in the 
literature as the thermal instability of foil bearings [14]. A rapid rise in journal temperature 
causes an increase in bearing preload which usually leads to a higher moment of friction and, 
consequently, the rotor needs to be stopped.  

As a foil bearing is considered very difficult to model, numerical models are often used 
only at the initial design stage. Sometimes they may be also applied to analyse the phenomena 
that are extremely difficult or even impossible to measure at a real bearing. Such models need 
to take account of several complex phenomena, such as nonlinear mechanical deformations of 
thin foils, contact phenomena, heat transfer, thermal deformations, flow phenomena occurring 
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in the lubricating gap, and last but not least, fluid-structure interaction. Due to the difficulties 
in developing reliable numerical models, it can be observed that in some cases the differences 
between the experiment and simulation results can be as high as 500% [9].  

Despite these difficulties, attempts are being taken to create models capable of reflecting 
mechanical and thermal phenomena occurring in foil bearings. Currently, works on the 
numerical models of foil bearings are being carried out in many research centres all over the 
world [5,7,14-17]. Such works have also been undertaken at the IMP PAN in Gdańsk. The 
following part of this article discusses the selected foil bearings properties, which are very 
important for their researching and modelling. These properties result from the nonlinear 
nature of such bearings and they provide the capability of adjusting the geometry to the actual 
operating conditions. 

2 NONLINEAR MODEL OF THE  FOIL BEARING STRUCTURE 
The analysis of foil bearings requires taking into account the nonlinear properties of the 

structural supporting layer, which arise from its geometry and the supporting conditions. This 
part of the article discusses the modelling process of the foil bearing structure using the finite 
element method. There has been developed a three-dimensional numerical model striving to 
represent the actual system as faithfully as possible. The model takes into consideration the 
geometry of the system and the contact phenomena between all mating surfaces. Since in a 
first generation foil bearing the structural supporting layer consists of elastic damping 
elements that are evenly spaced along the perimeter (on which the top foil rests), only a part 
of the set of foils was implemented in the model for the purposes of preliminary analyses. The 
rationale behind this approach is the fact that in a large majority of modern foil bearings, this 
layer comprises several sets of short bump foils properly spaced along the circumference, 
supporting the top foil. So the properties of the entire set of foils are affected by the 
characteristics of individual bump foils. Figure 2 shows the zoomed-in fragment of the 
structural supporting layer and its location on the bush. 

 
Figure 2: The analysed fragment of the foil bearing (a – location on the bush, b – zoomed-in fragment of the top 

and bump foils 

Computational simulations were carried out using the model in which the bush curvature 
was neglected. This approach is quite common in the literature [18,19]. The dimensions of the 
top and bump foils, adopted for the analysis, are demonstrated in Fig. 3. It was assumed that 
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both foils are made of steel with the following characteristics: ρ = 7800 kg/m3, E = 2.1·1011 
Pa, ν = 0.3.  

 
Figure 3: Dimensions of the analysed fragment of the foil bearing 

In order to conduct the analysis in question the following boundary conditions were 
incorporated into the model: (1) constraints corresponding to all outer edge nodes of the top 
foil are symmetric; (2) the bush surface on which the bump foil rests is infinitely rigid; (3) the 
displacements of one of the ends of the bump foil were made impossible by taking away all 
degrees of freedom (i.e. a rigid connection with the bush); (4) contact was modelled between 
the upper surface of the bump foil and the lower surface of the top foil as well as between the 
lower surface of the top foil and the bush; (5) the coefficient of friction was set to 0.1. 

 
Figure 4: FEM model of the foil set 

Figure 4 presents the discrete representation of the foil set geometry (i.e. a FEM model), 
obtained as a result of the optimisation of a finite element mesh. The three-dimensional 
hexahedral elements of the type C3D8R were employed for the creation of the model [20]. 
This model was also subjected to an experimental verification, the results of which confirmed 
its high usefulness in predicting the properties of the structural supporting layer of a foil 
bearing [21]. It was used for the simulation analysis that investigates the impact of various 
parameters on the properties of the structural supporting layer of a foil bearing, including such 
parameters as the foil thickness, the number of bumps and their geometry, the coefficient of 
friction and properties of the construction material. Such analysis, done at the design stage of 
a new foil bearing, allows for its optimisation to be carried out in order to direct that design 
toward having desired features without performing many experimental tests.  

160



Grzegorz Żywica, Paweł Bagiński 

 5 

Let us now take a closer look at the foil bearing structure and its geometric nonlinearity 
that has a very large impact on both static and dynamic properties of a rotating system 
equipped with such a bearing. It turns out that the stiffness of the tested bearing structure can 
vary greatly depending on the applied load level (Fig. 5). In the case at hand, the foil set was 
subjected to a gradually increasing pressure (from 0 Mpa to 1.0 Mpa) acting on the top foil. 
The displacement curve of the foil set is almost linear at low loads, but above the value of 
0.35 MPa, its character changes. A similar tendency can be observed after the load increased 
to 0.65 MPa. 

 
Figure 5: Displacement of the top foil vs. load 

 
Figure 6: The occurrence of additional contact points between the top and the bump foils, according to the load  

A thorough analysis of the displacements of the foil set helped to clarify this anomaly. It 
turned out that the displacements depend not only on the load level but also on the way the 
top foil is supported (Fig. 6). As the load increases, the top foil gets more support points—the 
more the higher the load. This highly progressive nature of the structural supporting layer of 
the foil bearing is very beneficial because the displacements of the journal decrease along 
with the increase in the bearing load. This has a good effect on the accuracy of the shaft 
alignment and helps in reducing the rotor vibration level even at high operating loads. It can 
be even said that, owing to the geometry of the bump foil, the support is able to adapt itself to 

161



Grzegorz Żywica, Paweł Bagiński 

 6 

the load it is subjected to. An adaptation of the bearing itself to the actual operating conditions 
of the rotor was also observed during experimental studies, as discussed in the next part of 
this article.  

3 CHARACTERISTICS OF FOIL BEARINGS DURING OPERATION 
Experimental investigations were conducted using a test rig that is well-suited for testing 

foil bearings (Fig. 7). The rotor equipped with two foil bearings was driven by an 
electrospindle that offers the maximum speed of 24,000 rpm, which can be easily regulated. 
Bearing supports that can be split into parts facilitate the assembly of bearings. All the 
components of the test rig are attached to a steel plate that rests on vibroisolators. The mass of 
the entire test rig is approximately 130 kg. The measurement system allows for the 
measurement of the rotational speed, relative vibrations of the rotor, absolute vibrations of the 
bearing supports and temperature distributions inside bearings. 

 

Figure 7: Scheme of the test rig for testing the dynamic performance of the rotor with foil bearings 

The research was conducted for the foil bearing with a bump foil consisting of several 
segments. Three separately mounted bump foils were placed along the circumference of the 
bearing sleeve, each of them consisted of 4 segments, obtained by a transversal cut of the foil. 
The geometry of the tested foil bearing was described in previous publications [4]. The final 
shape of a bump foil is achieved by a two-step process. During the first stage, bumps are 
formed on a flat foil (Fig. 3). Next, the final curvature of a bump foil is obtained, having a 
radius almost equal to a radius of the hole in the bearing sleeve (Fig. 2b). The nominal 
diameter of the tested foil bearing is 34 mm. In order to assemble a bearing system, a journal 
must be pushed into pre-assembled bearing, and such an arrangement demonstrates no radial 
clearance. After a gradual wearing-in of a bearing, when the mated foils fit smoothly, a 
certain radial clearance is obtained – a pre-requisite for a smooth operation of a bearing. It 
depends on many factors such as ambient temperature, way the wearing-in of a bearing 
proceeds, load, thickness of the top foil coating, etc. 

The investigations show that both dynamical and thermal characteristics of the tested foil 
bearings changed during their operation. It was most noticeable during the run-up and run-
down of the rotor. Very interesting results were obtained for new bearings in which the 
wearing-in of the top foil coating took place within the initial several dozens of seconds of 
their operation. The graph presenting the temperatures measured in one of the new bearings at 
four measuring points located inside this bearing is shown in Fig. 8. The bearing journal was 
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gradually accelerated to a speed of 15,000 rpm and reached it after 50 seconds. The speed was 
maintained for 180 seconds—up to the 230th second of the measurement—and then was 
decreased to a speed of 12,000 rpm. In the initial period of the experiment, the temperature of 
the top foil increased sharply to 65 °C, reaching it at the maximum speed. Subsequently, the 
foil temperature decreased just as fast as it had increased before, and after the 150th second, it 
did not exceed a value of 35 °C until the very end of the measurement. The highest and the 
lowest temperatures were measured respectively at the lower and upper part of the bearing 
(i.e. at the angle positions of 200° and 20°, respectively—see Fig. 8b). The lowest measured 
temperature was close to the ambient temperature. 

  

Figure 8: Temperature of the top foil measured during the wearing-in process vs. time (a) and the placement of 
the measuring points inside a foil bearing (b) 

The registered temperature distribution resulted from the type of the bearing load. The 
biggest load - gravitational forces, were acting at the bottom of the bearing. It has been noted 
that the increase of temperature was accompanied with a high friction torque, which made 
rotor start-up more difficult. Subsequently, after wearing-in of the bearing, friction decreased 
significantly so that speed control of the electrospindle by frequency converter did not pose a 
problem.  

During the experimental study, vibration measurements were also carried out. The results 
of these measurements reveal that in the mixed friction area, before the creation of a gaseous 
lubricating film, the relative vibrations of the bearing journals had high amplitudes (up to 0.4 
mm). After reaching a speed of 20,000 rpm, the vibration amplitude of the two bearings 
decreased sharply and then remained at a very low level, i.e. around 0.04 mm. Such a low 
vibration level means that the system has a very good dynamic performance after the creation 
of a lubricating film. 

It can be noticed that when increasing the speed of the rotor, the foil bearing constantly 
adjusts itself to the actual operating conditions. When a bearing operates at low rotational 
speeds, a gaseous supporting layer does not yet exist and the occurring vibrations are very 
low, as a result of excellent damping properties of thin foils. When increasing the speed the 
vibrations of the system also increase, until a stable lubricating film forms itself. The highest 
vibration levels occur within a narrow speed range when the process of forming a lubricating 
film is interrupted and there is a surface contact between the top foil and the journal. This is 
the most dangerous speed range, during which a very rapid wear of the bearing components 
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may take place. Therefore, this range of speeds should be exceeded as quickly as possible. At 
higher speeds, a gaseous lubricating film stabilises itself and the flexible foil set adapts its 
geometry to the new conditions. Under this operating conditions, the gaseous supporting layer 
usually has a thickness from several to over a dozen micrometers, which means that it is very 
rigid and has poor damping properties. A set of properly profiled foils fulfils the role of a 
damper, so that the rotor can rotate with extremely high speeds and the vibration level is very 
low. 

  

Figure 9: The relative vibration of the bearing journals during the rotor run-up up to a speed of 20,000 rpm vs. 
time (B1 – bearing no. 1, B2 – bearing no. 2, X and Y – the horizontal and vertical direction, respectively) 

4 CONCLUSIONS 
The article discusses selected issues related to the modelling and experimental 

investigation of gas foil bearings. Bearings of this type exhibit unusual properties that are 
unheard of in other bearing types. The structural supporting layer of the bearing has a 
progressive stiffness, which means that its deformations decrease progressively as the load 
increases. The main advantage of a foil bearing, as regards the operational reliability, lies in 
the ability to adapt its geometry to the load conditions. This ability has been verified 
experimentally, as the vibrations of bearing journals are very low at high rotational speeds. 
Although there was a sharp increase in the bearing temperature and the vibration amplitude 
during the run-up, it was only observed within a very narrow speed range and the system 
exhibited very good dynamic performance. For this reason, foil bearings are increasingly 
being used as components of innovative fluid-flow machinery with high-speed and lightly 
loaded rotors. 
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Abstract.Adaptive structures, equipped with so-called structural fuses (based on fast 
responding piezo-devices), able to connect/disconnect instantly selected structural interface, 
allows effective protection against resonance induction via externally forced vibrations. The 
presented case study demonstrates haw forced vibrations with modifiable frequencies can be 
smoothly received, if structural fuses are properly activated/deactivated when the external 
excitation approaches the structural eigen frequencies. 
 
1 INTRODUCTION 
During last two decades a rapid growth of various solutions aimed at absorbing impact energy 
or protecting structures against external sources of vibrations is observed. Those systems 
usually constitute an entire spectrum between the extremes of passive and active systems.  
 
In passive solutions, optimum design for crashworthiness is equivalent to maximization of 
absorption capacity in predetermined impact scenarios only [1], while for other load 
conditions (different mass, velocity or direction, etc.) structural response can be suboptimal 
[2]. The most often scenario considered in optimization corresponds usually to the most 
dangerous load, which is infrequent in practice. As a result, a passively optimized structure 
responds suboptimally for most of its operational lifetime. This is especially clear in the case 
of landing gears, which are designed for the most demanding touchdown, but whose everyday 
usage involves much smaller vertical velocities and loads [3].  
 
The opposite extreme are active absorption systems, which comprise actuators to generate 
external forces. Active strategies are theoretically very effective and (at least for linear 
systems) well-researched [4]. But those solutions have important disadvantages, especially in 
impact absorption, which include application of large external control forces, the 
correspondingly high energy consumption, as well as their susceptibility to instabilities in 
case of power loss, control delays or actuator failure.  
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Adaptive systems, located in-between the extremes of passive and active systems, are based 
on semi-active control strategies [5].The same as active systems, adaptive systems areoften 
designed to cope with various types of loading but they act in different way. The absorbers, or 
the actuators, are not used to generate external forces but are generally used to change 
properties of the structure in predetermined relation to identified loading scenario. In this way 
adaptive systems only need energy for recognizing type of external loadand supplying 
adapters with controlling signals. The ability to quickly identify and determine type of 
external load as well as the absorber design and properties are very important for the 
efficiency of adaptive systems.There are many papers which describe recent investigations of 
impact identification methods and various types of absorbers, which are usually based on the 
use of so-called smart materials. For example, the group of pneumatic/hydraulic flow control 
shock-absorbers with actively controlled piezo-valves determines the first class of AIA 
(Adaptive Impact Absorption)requiring real time feed-back control of piezo-actuators[6], [7]. 
The other class of absorbers [8] requires precise in time switching between two active 
interfaces of adaptive inerter (so-called SPINMAN), causing switching of the spin of rotating 
inertial cylinders for conversion of linear impact energy into rotation of the inerter.  
 
Other problem related to performance of adaptive structures and stabilization of their  
dynamic response is identification (usually in real time) of dynamic excitation. It is especially 
a challenging issue for the impact loads, when in few milliseconds not only the kinetic energy 
of the impact, but also the impact velocity has to be determined [9]. 

 
As it is mentioned above, the strategy of controlling absorbers is also crucial one and have 
direct impact on efficacy of adaptive systems. In this paper we discuss the problems related to 
algorithm, methods and techniques which can be used for supressing forced vibrations of the 
adaptive structure shown in Fig. 1. For example, concentrating on satellite aerospace 
engineering, the following requirements are crucial: a) necessity of artificial vibration 
damping system due to flexibility of the structure and its low natural damping, b) necessity of 
low weight of the proposed damping system, c) necessity of high reliability (simplicity) of the 
proposed  system, d) preference of fluid-less techniques because of leakage danger. Therefore, 
semi-active (or even smart-passive) AIA damping systems will be preferable for aero-
applications, where phyro-activated deployment on the orbit (typically applicable technique) 
causes problems for sensitive instrumentation.  
 
Our previous investigations [10], [11] have shown that many problems with suppression of 
forced vibrations can be resolved by introducing the concept of pre-designed pre-stressing 
techniques. Feasibility study for control of eigen vibrations in flexible truss structures of 
parabolic mirrors on the orbit, by means of inducing self-stresses has been already performed 
[12]. It has been demonstrated that ca 15% reduction of local vibration amplitude is available 
via proper pre-stressing of the structure. This techniques, so-called PAR (Prestress 
Accumulation-Release), used in adaptive system for damping of impact born vibrations is 
extremely effective. 
 
Finally, in this paper we discuss and analyze the case study of the flexible structure shown in 
Fig. 1, exposed to excited vibrations and equipped with PAR absorbers in the form of 
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switchable joints [11]. We introduce the new concept of suppressing local vibrations via 
proper in-time control of these absorbers. Also the results of numerical simulations, as well as 
the results of experimental investigations, are presented and discussed. 

2 BASIC FORMULAS 
The general form of equations of motion can be expressed as follows: 

��� + ��� + �� = � (1) 

where �, �and�are symmetric � × �mass, damping and stiffness matrices, respectively, 
�� , �� , �denote n-dimensional column vectors of space variables (accelerations, velocities and 
displacements, respectively), while the vector  Fdenotes external forces acting on the system. 
Neglecting damping effect and external forces, the above equation takes the following form: 

��� + �� = 0 (2) 

which describes free vibration of an undamped system. The general solution of equation (2) 
can be expressed as follows: 

� = �����  (3) 

where�is an n-dimensional vector called a mode shape,� denotes the frequency of vibration 
and � denotes time. Substitution of  the above relation to the equation (2) leads to: 

�� − ����� = 0. (4) 

We are interested in non-trivial solutions satisfying the following formula: 
����� − ���� = 0 (5) 

which is known as the characteristic equation. The roots of equation (5) are known as the 
eigenvalues while their square roots are referred to as the natural frequencies of the system. 
Each distinct eigenvalue ��

�, � = 1,2, … , � has a corresponding mode shape��, which satisfies 
equation: 

������ = ��
���. (6) 

The mode shapes are often used to pair corresponding natural frequencies, obtained from 
numerical and experimental modal analysis. In this paper the MAC (Modal Assurance  
Criterion) coefficient has been used as a measure of correlation between two eigenmodes of 
vibration: 

��� =
|���

� ���|�

����
� ��������

� ���� 
(7) 

where ���,���-are mode shapes of vibration obtained from numerical and experimental 
modal analysis, respectively.  

3 NUMERICAL MODEL OF FLEXIBLE STRUCTURE 
A numerical model (Fig. 1) of flexible structure mockup has been elaborated taking advantage 
of Abaqus program. The finite element model has been assembled from 350 beam elements, 
two connector elements (revolute joint) and six point masses, added in nodes corresponding to 
the structural joint locations.The housing of semi-active joints has been modeled in a 
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simplified manner using beam elements, whereas a connector element has been used to model 
bending stiffness of the active end of the joints, i.e. the ends connected by a transverse 
element. Those ends can operate in two states, referred to in this paper as a framemode 
(transferring the bending moment), anda truss mode (not moment-bearing).The boundary 
conditions have been defined by fixing two supporting points on the left hand side of the 
structure.  

 
Figure 1: Numerical model of the experimental setup. 

In order to identify the properties of the semi-active joints, the model updating procedure has 
been conducted in two steps. In the first step, the housing stiffness of the joint has been 
identified, whereas in the second stage, thebendingstiffness of the active endhas been 
investigated.The updating procedure has been based on the results obtained from the 
experimental modal analysis, however, only those natural frequencies for which the mode 
shapes remained in the XY plane of the structure have been taken into account (neither the 
torsional forms nor the flexure forms in the ZY plane have been included in the process of 
identification).Moreover, it has been assumed that the semi-active jointsare identicalandhave 
the same stiffness parameters. For the purpose of the first step, thesemi-active nodesduring the 
experiment have been switched to truss modeto minimizethe influence of the bendingstiffness 
of the active end on the natural frequencies. Then, the optimization problem has been 
formulated in which equivalent stiffness of the housing joint is found by minimizing the 
differences between the appropriate natural frequencies.Good agreement between the 
numerical and experimental results has been achieved as shown in Table1. Figure 2 shows the 
first four natural frequencies and mode shapes determined from the updated model. 

Table 1: Comparison of experimental and numerical natural frequencies obtained in the first step. 

Mode Measured 
frequency [Hz] 

Computed 
frequency [Hz] MAC value 

1 11.3 11.30 0.98 
2 39.4 39.44 0.99 
3 121.7 119.30 0.90 
4 152.8 162.40 0.80 
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of nodes increases the rigidity of the structure, which is reflected in the natural frequencies
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Mode 

1  
2 
3 
4 

 

4 EXPERIMENTAL INVESTI
The experimental verification of the investigated concept was 
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depicted in Fig. 3. The frame was structured as two segments of the dimensions of 300 mm x 
600 mm, which gave the total span of the structure equal to 1200 mm. The individual 
elements were designed as steel pro
connections have been made by passive joints positioned in points P8 and P16 and semi
active joints positioned in points P4 and P12 (see in Fig. 3). The complete structure was 
mounted on a stiff support in points P1 and P9.
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Figure 2: First four mode shapes of numerical model.  

-active nodes have been switched to frame mode in order to 
perform identification of bending stiffness of the active end. The change of the 
of nodes increases the rigidity of the structure, which is reflected in the natural frequencies

been observed that the all first fournatural frequency 
respectively, but the forms of vibrations have remained

Comparison of experimental and numerical natural frequencies obtained in the

Measured 
frequency [Hz] 

Computed 
frequency [Hz] MAC value

 14.5 14.47 0.99
40.1 40.7 0.99
125.3 126.67 0.91
166.3 177.98 0.89

EXPERIMENTAL INVESTIGATION 
The experimental verification of the investigated concept was conducted in a laboratory 
environment. The objective was to propose for tests a slender structure with a low level of 
natural material damping in order to increase its susceptibility to mechanical excitations. The 
chosen mechanical structure was a steel frame mounted in a cantilever configuration, as 
depicted in Fig. 3. The frame was structured as two segments of the dimensions of 300 mm x 
600 mm, which gave the total span of the structure equal to 1200 mm. The individual 
elements were designed as steel profiles 15 mm x 30 mm in a cross-section. The frame 
connections have been made by passive joints positioned in points P8 and P16 and semi
active joints positioned in points P4 and P12 (see in Fig. 3). The complete structure was 

points P1 and P9. 

 

switched to frame mode in order to 
The change of the operating state 

of nodes increases the rigidity of the structure, which is reflected in the natural frequencies as 
natural frequency have increased 

of vibrations have remained similar in its 

in the second step. 

MAC value 

0.99 
0.99 
0.91 
0.89 

conducted in a laboratory 
environment. The objective was to propose for tests a slender structure with a low level of 
natural material damping in order to increase its susceptibility to mechanical excitations. The 

ame mounted in a cantilever configuration, as 
depicted in Fig. 3. The frame was structured as two segments of the dimensions of 300 mm x 
600 mm, which gave the total span of the structure equal to 1200 mm. The individual 

section. The frame 
connections have been made by passive joints positioned in points P8 and P16 and semi-
active joints positioned in points P4 and P12 (see in Fig. 3). The complete structure was 
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 6

 
Figure 3: Experimental setup.  

The semi-active joints were designed with three connecting ends, two of which were passive, 
elastic and the third one was semi-active, allowed to obtain an elasto-ideally plastic 
characteristic in angular movement in OXY plane (Figure 4). The semi-active joints were 
designed as dry friction devices with operating surfaces controlled with a piezoelectric 
actuator.  The general mechanical response of the frame was modified in the domain of 
structural stiffness in the OXY plane. The semi-active joints were operated in two modes: 
frame and truss. In the case of the frame mode, the semi-active ending behaved in accordance 
with an elastic constitutive law. When the semi-active joints were operated in the truss mode, 
the joints did transmit 20 times lower torque in comparison to the another mode. 

 
Figure 4: Experimental setup.  

The frame was instrumented with a set of vibration type accelerometers positioned in points 
depicted as P1 – P22 (Fig. 3). The excitation of the frame was carried out by a modal shaker 
and a modal hammer.  
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The objectives of the experimental tests conducted on the frame were: a) to characterize the 
object in the domain of the frequency response and b) to reveal the controllability of the 
system.  The frame was tested in accordance with two routines: operational modal analysis 
and frequency response function. The operational modal analysis was conducted in order to 
characterize the dynamical response of the structure and the FRF analysis was conducted in 
order to define the control space of the object and to characterize the semi-active control 
strategy. 
 
Assuming danger of externally forced critical harmonic excitation (eg. close to the first eigen-
frequency 14.5 Hz), reduction of the vibration amplitude for the monitored frame by 
deactivation of   the semi-active joints and transition between frame and truss modes has been 
analyzed. The moment of deactivation of the joints were chosen on the basis of online FFT 
analysis, and the increasing of the amplitude. The control strategy adopted for the 
demonstration task was based on on-line monitoring of the dominant frequency of the excited 
vibration. Figure 3 depicts a comparison between the frequencyresponses of the frame in 
frame and truss modes. The transition in values of the eigen frequencies in dependence on the 
mode of operation are reflected in the position of the peaks on the plot. 
 
The result of the control program execution for the 1st eigen mode is depicted in Fig. 6 and 
for the 2nd eigen mode in Fig. 7. The control strategy was to switch the semi-active joints 
operation from the truss to the frame mode at the moment dependent on the frequency 
response of the structure. 

 
Figure 5: Frequency response of the frame for the 1st and 2ndeigen mode (measurement point P16). 
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The presented results reveal that the proposed semi-active control approach allows to reduce 
the amplitudes of the structure vibration of the resonance transition phase effectively. The 
gain attenuation magnitudes are presented in Table 3. 

Table 3: Gain attenuations as a result of the control implementation. 

 1steigen frequency 2ndeigen frequency 
Gain attenuation 23.76 4.02 

 

 

 
Figure 6: Frequency response of the controlled frame for the 1st eigen mode (measurement point P16). 

 
Figure 7: Frequency response of the controlled frame for 2ndeigen mode (measurement point P16). 
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5 CONCLUSIONS 

 The case study demonstrated in this paper is motivated by the following, practical 
situation. Externally forced harmonic excitation (with frequency over 45 Hz) transmitted to 
the flexible frame structure (eg. satellite on the orbit) can be dangerous if slowing down and 
passing with decreasing frequencies through the second structural eigen frequency (40,1 Hz) 
and the first one  (14,5 Hz). Our proposed switching off the adaptive joint allows us to pass 
safely the critical frequencies. The analyzed case study shows that the corresponding small 
shifting of the structural eigen-frequencies (between the frame-like and the truss-like 
structures) gives us as the result dramatic improvement in gain attenuations (4 times in the 
case of second mode and over 23-times in the case of the second mode. 

 It can be also demonstrated, that properly tuned initial stresses induced in the structure via 
initial distortions (incompatibilities) forced in one location can  effectively reduce vibration 
amplitudes in other, selected location. However, the side effect of such operation can be 
increase of vibration amplitudes in other location on the structure. One can say, that 
prestressing technique can be effective in local isolation of structural vibration amplitudes, 
caused by some critical, external excitation. Important advantage of the proposed technique, 
especially for aeronautic and aerospace applications, is a new option for reducing unwanted 
vibrations, without increasing the structural mass. 

 The magnitude of modification of the dynamic, structural response depends on overall 
structural stiffness and sensitivity of defined objective function for admissible structural 
modifications in selected localizations. The above results motivate authors for further, more 
methodological studies on control of structural dynamic response, based on modifiable 
prestressing technique, what will be published in a separate paper. The challenges to be 
overcome require including material damping effect, what will make the computational task 
more heavy, but also will lead to more realistic results. Also, the problem of prestress 
optimization (location for generation of prestress distortions and their magnitude) 
and technologies for prestress inducing (preferable in a modifiable manner) are open 
questions. 
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Abstract. The present work deals with the static analysis of multilayered plates embedding
piezoelectric layers as actuators and sensors. Finite Elements (FE) with equivalent-single-layer
and layer-wise capabilities are employed to ensure an accurate description of the mechanical
and electric fields in the layers. A new class of finite elements for the analysis of composite and
piezoelectric multilayered plates is proposed. By making use of node-dependent plate theory
assumptions, the new finite element allows for the simultaneous analysis of different subregions
of the problem domain with different kinematics and accuracy, in a global/local sense. The
structural theory of the plate element is a property of the FE node in this present approach, and
the continuity between two adjacent elements is ensured by adopting the same kinematics at
the interface nodes. The main advantage of the present variable-kinematics element and related
global/local approach is that no ad-hoc techniques and mathematical artifices are required to
mix the fields coming from two different and kinematically incompatible adjacent elements,
because the plate structural theory varies within the finite element itself. It is possible to reduce
the computational costs by assuming refined theories only in those zones/nodes of the structural
domain where the resulting strain and stress states present a complex distribution. At the same
time, computationally cheaper, low-order models can be used in the remaining parts of the
plate where a localized detailed analysis is not necessary. With node-dependent kinematics it
is possible to keep the order of the expansion of the state variables and models along the main
reference plane of the plate structure as a parameter of the model. The electrical potential
assumption for the layered actuators and sensors has been extended, from a layer-wise (LW)
modeling, to an equivalent-single-layer (ESL) description, in the same way the displacements
assumptions on the composite layers are described by a ESL and LW models. Some results from
the static analysis of plates under electro-mechanical loads will be provided, in order to show
the efficiency of models presented.
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1 INTRODUCTION

Plate structures have a predominant role in a variety of engineering applications. Neverthe-
less, the use of new materials, such as composites layered materials and/or piezoelectric layers,
leads to increasingly complex structural designs that require careful and detailed analysis. The
analysis of layered composite structures is complicated in practice. In some cases, structures may
contain regions where three-dimensional (3D) stress fields occur. To accurately capture these
localized 3D stress states, solid models or higher-order theories are necessary. However, the high
computational costs represent the drawback of refined plate theories or three-dimensional anal-
yses. Analytical solution for general smart structural problems is a very tough task, and they
exist, only, for very few specialized and idealized cases. Meanwhile, the finite element method
has become the most widely used technique to model various physical processes, including piezo-
electricity. The introduction of piezoelectric material into a passive structure naturally leads to
a multilayered component, and it has been recognized that classical models are not suitable for
an accurate design of such structures, see for example the review article of Noor and Burton [1].
The fundamentals of the modeling of piezoelectric materials have been given in many contribu-
tions, in particular in the pioneering works of Mindlin [2], EerNisse [3], Tiersten and Mindlin
[4], and in the monograph of Tiersten [5]. The embedding of piezoelectric layers into plates and
shells sharpens the requirements of an accurate modeling of the resulting adaptive structure due
to the localized electro-mechanical coupling, see e.g. the review of Saravanos and Heyliger [6].
Some of the latest contributions to the Finite Elements (FEs) analysis of piezoelectric shells
that are based on exact geometry solid-shell element was developed by Kulikov et al. [7, 8],
and a piezoelectric solid-shell element with a mixed variational formulation and a geometrically
nonlinear theory was developed by Klinkel et al. [9]. Although the enormous improvements
and formulations of higher-order plate structural theories, considerable work has been recently
directed towards the implementation of innovative solutions for improving the analysis efficiency
for complex geometries and assemblies, possibly in a global/local scenario. In this manner, the
limited computational resources can be distributed in an optimal manner to study in detail only
those parts of the structure that require an accurate analysis. In general, two main approaches
are available to deal with a global/local analysis: (1) refining the mesh or the FE shape func-
tions in correspondence with the critical domain; (2) formulating multi-model methods, in which
different subregions of the structure are analysed with different mathematical models. The first
mentioned approaches can be addressed as single-theory or single-model methods. Differently,
in the case of multi-theory methods, in which different subregions of the structure are analysed
with different structural theories with kinematically incompatible elements, the compatibility of
displacements and equilibrium of stresses at the interface between dissimilar elements have to
be achieved. A wide variety of multiple model methods have been reported in the literature. In
general, multi-theory methods can be divided into sequential or multistep methods, and simul-
taneous methods. In a sequential multi-model, the global region is analysed with an adequate
model with a cheap computational cost to determine the displacement or force boundary condi-
tions for a subsequent analysis at the local level. The local region can be modeled with a more
refined theory, or it can be modeled with 3-D finite elements, see [10, 11]. The simultaneous
multi-model methods are characterized by the analysis of the entire structural domain, where
different subregions are modeled with different mathematical models and/or distinctly different
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levels of domain discretization, in a unique step. A well-known method to couple incompatible
kinematics in multi-model methods, is the use of Lagrange multipliers, which serve as additional
equations to enforce compatibility between adjacent subregions. In the three-field formulation
by Brezzi and Marini [12], an additional grid at the interface is introduced. The unknowns are
represented independently in each sub-domain and at the interface, where the matching is pro-
vided by suitable Lagrange multipliers. Ben Dhia et al. [13, 14] proposed the Arlequin method
to couple different numerical models by means of a minimization procedure. This method was
adopted by Biscani et al. [15] for the mechanical analysis of plates and by Biscani et al. [16] for
the electro-mechanical analysis of plates.
In the present work, the hierarchical characteristics of Unified Formulation (UF) by Carrera
are used to develop a new simultaneous multiple-model method for 2D elements with node-
dependent kinematics. This node-variable capability given by UF enables one to vary the kine-
matic assumptions within the same finite plate element. The expansion order of the plate
element is, in fact, a property of the FE node in the present approach. Therefore, between finite
elements, the continuity is ensured by adopting the same expansion order in the nodes at the
element interface. This method has shown its potentiality in the mechanical analysis of plate
structure, see [17]. Here the node-dependent variable kinematics is extended to the electro-
mechanical analysis of multilayered plate structure. In this manner, global/local models can
be formulated without the use of any mathematical artifice. As a consequence, computational
costs can be reduced assuming refined models only in those zones with a quasi-three-dimensional
stress field, whereas computationally cheap, low-order kinematic assumptions are used in the
remaining parts of the plate structure.

2 REFINED AND HIERARCHICAL THEORIES FOR PLATES

This work proposes a class of new finite elements which allows employing different kinematic
assumptions in different subregions of the problem domain. To highlight the capabilities of the
novel formulation, a four-node plate elements with node-dependent kinematics is shown in Fig-
ure 1. The element proposed in this example makes use of a second-order ESL refined theory
at node 1 and 8. On the other hand, a fourth-order ESL refined theory are employed at node 6
and 7, respectively. Therefore, a first-order layer-wise theory is used at node 3 and 4. Finally, a
second-order layer-wise plate theory is assumed at node 2 and 5. As it will be clear later in this
paper, thanks to the hierarchical capabilities of UF by Carrera, the choice of the nodal plate
theory is arbitrary and variable-kinematics plate elements will be used to implement multi-model
methods for global-local analysis. Before discussing the present formulation, a brief overview of
classical and higher-order plate theories is given below or the sake of completeness. Plates are
bi-dimensional structures in which one dimension (in general the thickness in the z direction) is
negligible with respect to the other two dimensions.

Higher Order Theories written in Unified Formulation framework. According to Unified For-
mulation by Carrera [18], refined models can be formulated in a straightforward manner by
assuming an expansion of each of the primary variables by arbitrary functions in the thickness
direction. Thus, each variable can be treated independently from the others, according to the
required accuracy. This procedure becomes extremely useful when multifield problems are in-
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Figure 1: Node-dependent kinematic finite element example for a piezoelectric plate.

vestigated such as thermoelastic and piezoelectric applications [19, 20]. In a displacement-based
formulation, UF states, in fact, that the three-dimensional displacement field and the electric
potential are the combination of through-the-thickness functions weighted by the generalized
unknown variables:

u(x, y, z) = F0(z)u0(x, y) + F1(z)u1(x, y) + ...+ FN (z)uN (x, y)

v(x, y, z) = F0(z) v0(x, y) + F1(z) v1(x, y) + ...+ FN (z) vN (x, y)

w(x, y, z) = F0(z)w0(x, y) + F1(z)w1(x, y) + ...+ FN (z)wN (x, y)

Φ(x, y, z) = F0(z) Φ0(x, y) + F1(z) Φ1(x, y) + ...+ FN (z) ΦN (x, y)

(1)

Similarly, in a compact form one has:

u(x, y, z) = Fs(z)us(x, y) s = 0, 1, ..., N

Φ(x, y, z) = Fs(z)Φs(x, y) s = 0, 1, ..., N
(2)

where u(x, y, z) is the three-dimensional displacement vector, and Φ(x, y, z) is the electric po-
tential; Fs are the thickness functions depending only on z; us is the generalized displacement
vector of the variables; s is a sum index; and N is the number of terms of the theory expansion.
Depending on the choice of the thickness functions, Fs, and the number of terms in the plate
kinematics, N , various theories can be implemented.
For example, higher-order theories can be expressed by making use of Taylor-like expansions of
the generalized unknowns along the thickness. In the case of generic expansions of N terms,
HOT displacement field and the electric potential can be expressed as in equation 3.
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u(x, y, z) = u0(x, y) + z u1(x, y) + ...+ zN uN (x, y)

v(x, y, z) = v0(x, y) + z v1(x, y) + ...+ zN vN (x, y)

w(x, y, z) = w0(x, y) + z w1(x, y) + ...+ zN wN (x, y)

Φ(x, y, z) = Φ0(x, y) + zΦ1(x, y) + ...+ zN ΦN (x, y)

(3)

The classical models, CLT and FSDT kinematics, are particular cases of the full linear expansion,
obtained from equation 3 imposing N = 1. For more details see [18].
The limitations, due to expressing the unknown variables in function of the midplane position
of the plate, can be overcome in several ways. A possible solution can be found employing the
Legendre polynomials. They permit to express the unknown variables in function of the top
and bottom position of a part of the plate thickness. In the case of Legendre-like polynomial
expansion models, the displacements and the electric potential are defined as follows:

u = F0 u0 + F1 u1 + Fr ur = Fs us, s = 0, 1, r , r = 2, ..., N

Φ = F0 Φ0 + F1 Φ1 + Fr Φr = Fs Φs, s = 0, 1, r , r = 2, ..., N
(4)

F0 =
P0 + P1

2
, F1 =

P0 − P1

2
, Fr = Pr − Pr−2. (5)

in which Pj = Pj(ζ) is the Legendre polynomial of j-order defined in the ζ-domain: −1 ≤ ζ ≤ 1.
P0 = 1, P1 = ζ, P2 = (3ζ2 − 1)/2, P3 = (5ζ3 − 3ζ)/2, P4 = (35ζ4 − 30ζ2 + 3)/8 .
For the Layer-Wise (LW) models, the Legendre polynomials and the relative top and bottom
position are defined for each layer k. For the Equivalent Single Layer model, the Legendre poly-
nomials and the relative top and bottom position are defined for the whole multilayer.

3 FINITE ELEMENTS WITH NODE-DEPENDENT KINEMATICS

Thanks to UF by Carrera, FEM arrays of classical to higher-order plate theories can be
formulated in a straightforward and unified manner by employing a recursive index notation.
By utilizing an FEM approximation, the generalized displacements of equation2 can be expressed
as a linear combination of the shape functions to have

us(x, y) = Nj(x, y)usj j = 1, ..., (nodes per element)

Φs(x, y) = Nj(x, y)Φsj j = 1, ..., (nodes per element)
(6)

where usj is the vector of the generalized displacements nodal unknowns, Φsj is the vector of the
generalized electric potential nodal unknowns and Nj can be the usual Lagrange shape functions.
j denotes a summation on the element nodes. Since the principle of virtual displacements in
used in this paper to obtain the elemental FE matrices, it is useful to introduce the finite
element approximation of the virtual variation of the generalized displacement vector δuτ , and
the virtual variation of the generalized electric potential δΦτ ,

δuτ (x, y) = Ni(x, y)δuτi i = 1, ..., (nodes per element)

δΦτ (x, y) = Ni(x, y)δΦτi i = 1, ..., (nodes per element)
(7)
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In equation 7, δ denotes the virtual variation, whereas indexes τ and i are used instead of s and
j, respectively, for the sake of convenience.
In this work, and according to equations 2, 6 and 7, the thickness functions Fs and Fτ , which
determine the plate theory order, are independent variables and may change for each node within
the plate element. Namely, the three-dimensional displacement field, the electric potential and
their related virtual variations can be expressed to address FE node-dependent plate kinematics
as follows:

u(x, y, z) = F j
s (z)Nj(x, y)usj s = 0, 1, ..., N j j = 1, ..., (nodes per element)

Φ(x, y, z) = F j
s (z)Nj(x, y)Φsj s = 0, 1, ..., N j j = 1, ..., (nodes per element)

δu(x, y, z) = F i
τ (z)Ni(x, y)δuτi τ = 0, 1, ..., N i i = 1, ..., (nodes per element)

δΦ(x, y, z) = F i
τ (z)Ni(x, y)δΦτi τ = 0, 1, ..., N i i = 1, ..., (nodes per element)

(8)

where the subscripts τ , s, i, and j denote summation. Superscripts i and j denote node depen-
dency, such that for example F i

τ is the thickness expanding function and N i is the number of
expansion terms at node i, respectively.

For the sake of clarity, the displacement field of a variable kinematic plate element as discussed
in Figure 1 is described in detail hereafter. For example, taking into account the description
of the displacement field of the darkest element, the global displacement field of the element is
approximated as follows:

• Node 1 Plate Theory = HOT with N 1 = 2 Eq. (3)

• Node 2 Plate Theory = LW with N 2 = 2 Eq. (4)

• Node 7 Plate Theory = HOT with N 7 = 4 Eq. (3)

• Node 8 Plate Theory = HOT with N 8 = 2 Eq. (3)

In a CUF-based FE framework and according to equation 8, it is easy to verify that the displace-
ments at a generic point belonging to the plate element can be expressed as given in equation 9.
In this equation, only the displacement component along x-axis is given for simplicity reasons:

u(x, y, z) =
(
u01 + z u11 + z2 u21

)
N1(x, y) +

[(
1 + ζk

2

)
u02 +

(
1− ζk

2

)
u12 +

+

(
3ζ2k − 1

2
− 1

)
u22

]
N2(x, y) +

(
u07 + z u17 + z2 u27 + z3 u37 + z4 u47

)
N7(x, y)+

+
(
u08 + z u18 + z2 u28

)
N8(x, y)

(9)

It is intended that, due to node-variable expansion theory order, the assembling procedure of
each finite element increases in complexity with respect to classical mono-theory finite elements.
In the present FE approach, in fact, it is clear that both rectangular and square arrays are
handled and opportunely assembled for obtaining the final elemental matrices.
Therefore, to overcome the numerical problems related to the shear locking, it is possible to use
many computational procedures, such as reduced integration, selective integration [21], and the
mixed interpolation of tensorial components (MITC) [22]. In this paper, a MITC technique is
used to overcome the shear locking phenomenon, for more details see [20].
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3.1 FUNDAMENTAL NUCLEUS OF THE STIFFNESS MATRIX

Given UF and FE approximation, the governing equations for the static response analysis of
the multi-layer plate structure can be obtained by using the principle of virtual displacements,
which states: ∫

Ωk

∫

Ak

{
δϵTkσk − δET

kDk

}
dΩkdzk = δLe (10)

where the term on the left-hand side represents the virtual variation of the strain energy; Ω and
A are the integration domains in the plane and the thickness direction, respectively; ϵ and σ are
the vector of the strain and stress components; E and D are the vector of the electric field and
electric displacements components; and δLe is the virtual variation of the external loadings; k
represents the nth layer, and T means the vector transposition. The constitutive equations are
the following:

σk = Ckϵk − ekEk

Dk = ekϵk + εkEk

(11)

where C is the vector of the material stiffness coefficients, e is the vector of the piezoelectric
stiffness coefficients, and ε is the vector of the permittivity coefficients. The mechanical strains
ϵ and the electric field E are related to the mechanical displacements u and the electric potential
Φ via the geometrical relations as follows:

ϵ = Dgu

E = −DegΦ
(12)

where Dg and Deg are the vectors containing the differential operators defined as follows:

Dg =




∂

∂x
0 0

0
∂

∂y
0

∂

∂y

∂

∂x
0

∂

∂z
0

∂

∂x

0
∂

∂z

∂

∂y

0 0
∂

∂z




Deg =




∂

∂x
∂

∂y

∂

∂z




(13)

By substituting the constitutive equations 11 for composite elastic materials, the linear geomet-
rical relations 12 as well as equation 8 into equation 10, the linear algebraic system in the form
of governing equations is obtained in the following matrix expression:

δuk
τi : K

kτsij
uu uk

sj +Kkτsij
uΦ Φk

sj = P k
uτi

δΦk
τi : K

kτsij
Φu uk

sj +Kkτsij
ΦΦ Φk

sj = P k
Φτi

(14)

7
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In compact form:
δuk

τi : Kkτsij uk
sj = P k

τi (15)

where

Kkτsij =

[
Kuu KuΦ

KΦu KΦΦ

]kτsij
(16)

where Kkτsij is a 4 × 4 matrix, called fundamental nucleus of the electro-mechanical stiffness
matrix, and its explicit expression is given in [23]. The mechanical part Kkτsij

uu is a 3 × 3

matrix, the coupling matrices Kkτsij
uΦ , Kkτsij

Φu have dimension 3× 1 and 1× 3 respectively, and

the electrical part Kkτsij
ΦΦ is a 1 × 1 matrix. The nucleus is the basic element from which the

stiffness matrix of the whole structure is computed. The fundamental nucleus is expanded on
the indexes τ and s to obtain the stiffness matrix of each layer k. Then, the matrixes of each
layer are assembled at the multi-layer level depending on the approach considered. P k

τi is a 3×1
matrix, called fundamental nucleus of the external load.

4 NUMERICAL RESULTS

To assess this new finite element, a four-layer cross-ply square plate with a cross-ply Gr/Ep
composite core [0◦/90◦] and PZT-4 piezoelectric external skins, simply-supported boundary
condition is considered. The static analysis of the plate structure is evaluated in sensor config-
uration. For the sensor case, a bi-sinusoidal transverse normal pressure is applied to the top
surface of the plate:

p (x, y, ztop) = poz sin(mπx/a)sin(nπy/b) (17)

with amplitude poz = 1 and wave numbers m = 1, n = 1. The potential at top and bottom
position is imposed Φt = Φb = 0. The square plate has the following geometrical data: a =
b = 4.0, and htot = 1.0. In respect to the total thickness, a single piezoelectric skin is thick
hp = 0.1htot, while the single core layer is thick hc = 0.4htot. The material properties of the
plate are given in Table 1. The results are evaluated in the plate center.
In order to compare the results with other solutions present in literature [16], the mid-plane

domain of the plane structure was subdivided into two zones along the axes x and y, as shown
in figure 2, and multi-theory models CaseA and CaseB are depicted on the FE discretization
of a quarter of the plate. Some results of the transverse mechanical displacement w, transverse
normal stress σzz, electric potential Φ, and tranvserse electric displacement Dz evaluated along
the plate thickness in the center plate, are given in figure 3, Results are compared with the
exact 3D solutions provided by Heyliger [24]. Figures 4(a) and 4(b) show the three-dimensional
distributions of the transverse shear stress σxz of the variable kinematic multi-model CaseA and
CaseB configuration. The results show the enhanced global/local capabilities of the CaseA
model, which is able to predict correctly the stress state in the center zone where the loading is
bigger.

5 CONCLUSIONS

A new methodology for global/local analysis of composite plate structure under electro-
mechanical loadings has been introduced in this work. This approach makes use of advanced
finite plate elements with node-dependent kinematics. The finite element arrays of the generic

8
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Table 1: Material data for multilayered plate.

Mechanical Properties

E11 [GPa] E22 [GPa] E33 [GPa] ν12 [−] ν13 [−] ν23 [−] G12 [GPa] G13 [GPa] G23 [GPa]

Gr/EP 132.38 10.756 10.756 0.24 0.24 0.49 5.6537 5.6537 3.606
PZT − 4 81.3 81.3 64.5 0.329 0.432 0.432 30.6 25.6 25.6

Electrical Properties

e15 [C/m2] e24 [C/m2] e31 [C/m2] e32 [C/m2] e33 [C/m2] ε̃11/ε0 [−] ε̃22/ε0 [−] ε̃33/ε0 [−] ε0 [C/V m]

Gr/EP 0 0 0 0 0 3.5 3.0 3.0 8.85 ∗ 10−12

PZT − 4 12.72 12.72 -5.20 -5.20 15.08 1475 1475 1300 8.85 ∗ 10−12

Figure 2: Mesh zones of the composite plate with piezoelectric skins and graphical representation of the
multi-theory models, based on layer-wise models.

plate element are formulated in terms of fundamental nuclei, which are invariants of the theory
approximation order. In this manner, the plate theory can vary within the same finite elements

9
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Figure 3: Transverse mechanical displacement w, transverse normal stress σzz, electric potential Φ, and
tranvserse electric displacement Dz evaluated in the center plate.

with no difficulties. Thus, given a finite element model, the theory approximation accuracy can
be enriched locally in a very straightforward manner by enforcing the same kinematics at the
interface nodes between kinematically incompatible plate elements. The resulting global/local
approach is very efficient because it does not employ any mathematical artifice to enforce the
displacement/stress continuity, such as those methods based on Lagrange multipliers or over-
lapping regions. The proposed methodology has shown good potentiality in the analysis of
composite plate embedding piezoelectric skins.
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Abstract. This paper presents an assessment of the performances of new piezoelectric 
solid−shell finite elements. Compared to conventional solid and shell elements, the solid–shell 
concept reveals to be very attractive, due to a number of well-established advantages and 
computational capabilities. This paper focuses on two element formulations, denoted SHB15E 
and SHB20E, which represent a quadratic prismatic solid−shell element and its hexahedral
counterpart, respectively. The current analysis consists in an evaluation of primal and dual 
variables during the process of shape control of structures. The interest in this solid–shell 
approach is shown through a set of selective and representative plate and shell benchmark 
problems. The results obtained by the proposed formulations are compared with those given 
by state-of-the-art piezoelectric elements available in ABAQUS.

1 INTRODUCTION

Smart materials and structures are nowadays increasingly used in several areas of 
engineering. They can be found in automotive, aeronautics, aerospace, etc., where they are 
used for shape and vibration control [1-3], or in auscultation of civil infrastructures. They also 
have medical applications, such as pacemakers, civil engineering usage, where they serve to 
monitor the state of health of civil infrastructures [4-6], among many other fields.
Piezoelectric materials, which represent a particular class of smart materials, have the ability 
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to generate an electrical potential when subjected to mechanical loading. They also have the 
ability to deform under application of electrical potential. These properties provide them 
interest in several engineering domains, where they are generally used as very thin 
transducers, or as sensors and actuators.

The prediction of the behavior of such materials therefore becomes important for their 
proper implementation. One of the least costly ways to do this is via numerical modeling, and 
most commonly through the finite element method. Since the early works of Allik and 
Hughes [7], several tools have been proposed in the literature to model piezoelectric 
structures. A large variety of 2D and 3D piezoelectric finite elements have actually been 
developed [8-10]. Examples of these are the Classical Laminate Plate Theory (CLPT) models, 
the Carrera Unified Formulation (CUF) models [11], among many others. Despite the 
availability of all of these models in the literature, worth noting is the lack of finite elements 
capable of low-cost modeling of structures combining thin and thick layers. Although,
recently, authors such as Kulikov and Plotnikova [12, 13], as well as Nestorović et al. [14,
15], are stepping up to the proposal of solid−shell FE, the only alternative in commercial 
software packages like ABAQUS still remains the use of solid elements with refined meshes.
To overcome these limitations, we have developed a family of piezoelectric finite elements 
using the solid−shell technology based on the works of Abed-Meraim et al. [16, 17]. These 
recently developed FE consist of hexahedral and prismatic solid−shell elements, using an in-
plane reduced-integration scheme and a special direction designated as the “thickness”.

The main objective of this work is to assess the performance of the proposed elements 
through the calculation of primal and dual variables. To this end, the paper is organized as 
follows. Section 2 presents the coupled electromechanical constitutive equations as well as the 
discretized problem to be solved by the finite element method. Section 3 briefly outlines the 
formulation of the piezoelectric solid−shell elements. A set of selective and representative 
benchmark tests are conducted in Section 4, in order to assess the performance of the 
proposed piezoelectric solid–shell elements, for validation purposes. This paper is closed by 
Section 5, which summarizes the main contributions along with some concluding remarks.

2 CONSTITUTIVE EQUATIONS AND DISCRETIZATION OF THE PROBLEM

2.1 Electromechanical constitutive equations
Piezoelectric materials have the capability of generating electricity when subjected to 

mechanical loading (sensors). Conversely, they also have the ability to deform under 
electrical charging (actuators). These properties are described by the following coupled 
electromechanical equations:

T = ⋅ − ⋅


= ⋅ + ⋅

C e
e

σ ε
ε

E
D Eκ

(1)

where σ and ε represent, respectively, the vector form of the stress and strain tensors; D
and E denote the electric displacement and electric field vector, respectively; while C , e
and κ stand for the elastic, piezoelectric and dielectric permittivity matrix, respectively.
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The discretized forms { }ε and { }E for the strain tensor and the electric field vector are 
related, respectively, to the discretized displacement { }u and to the discretized electric 

potential { }φ , using the discrete gradient operators u  B and φ  B , as follows:

{ } { }
{ } { }

u

φ

  =  


 = −  

B

B

ε u

E φ
(2)

In the current contribution, the discrete gradient operators u  B and φ  B are obtained by 
finite element discretization for each of the proposed piezoelectric solid–shell formulations 
SHB15E and SHB20E, as will be shown in Section 3 (see [18, 19] for more details).

2.2 Discretized problem
The variational principle pertaining to piezoelectric materials, which provides the 

governing equations for the associated boundary value problem, is described by the Hamilton 
principle [7]. In this weak form of equations of motion, the Lagrangian and the virtual work 
are appropriately adapted to include the electrical contributions, in addition to the more 
classical mechanical fields

  v s pV V V S

v s pV V S

dv dv dv ds

dv dv ds

ρ δ δ δ δ δ

δ δ δ δ

− ⋅ − ⋅ + ⋅ + ⋅ + ⋅

= − ⋅ + ⋅ + ⋅ + ⋅

∫ ∫ ∫ ∫
∫ ∫ ∫

 σ ε

φ φ φ

u u f u f u f u

D E q q q
(3)

where ρ is the material density; vq , sq and pq denote volume, surface and point charge, 

respectively; while vf , sf and pf represent volume, surface and point force, respectively.

The finite element discretization of the boundary value problem governed by Eq. (3)
generally leads to the following system of discretized equations:

{ } { } { } { }
{ } { } { }

uu uu u

u

φ

φ φφ

     + + =     


   + =    

M K K

K K

 φ

φ

U U F

U Q
(4)

where all matrices and vectors involved in Eq. (4) are explicitly defined in Table 1.
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Table 1: Explicit forms for the vectors and matrices resulting from electromechanical coupling

Tuu u u

V
dvρ=          ∫M N N Mass matrix

[ ]Tuu u u

V
dv=          ∫K B C B Stiffness matrix

[ ]T

V
dvφφ φ φ= −          ∫K B Bκ Dielectric matrix

[ ] ;
T Tu u u u T

V
dvφ φ φ φ= =                  ∫K B e B K K Piezoelectric coupling matrix

{ } { } { }T Tu u

v s pV S
dv ds= + +      ∫ ∫F N f N f f Force vector

{ } { } { }T T

v s pV S
dv dsφ φ= − − −      ∫ ∫Q N q N q q Electrical charge vector

3 PIEZOELECTRIC SOLID–SHELL FINITE ELEMENT FORMULATIONS

The proposed quadratic piezoelectric solid–shell finite elements SHB15E and SHB20E are 
extensions of the quadratic prismatic and hexahedral solid–shell elements SHB15 and SHB20, 
which were developed in [16], based on purely mechanical modeling. The starting point for 
these piezoelectric extensions is the addition of one piezoelectric degree of freedom to each 
node of their mechanical finite element counterparts. The outline of these formulations is 
given in the following sections.

3.1 Kinematics and interpolation
The piezoelectric solid–shell elements SHB15E and SHB20E denote a fifteen-node 

prismatic element and a twenty-node one, respectively. These elements have at each of their 
nodes three displacement degrees of freedom as well as one electric degree of freedom. 
Similar to their mechanical counterparts SHB15 and SHB20, a special direction is chosen, 
designated as the “thickness”, normal to the mean plane of these elements. Also, an in-plane 
reduced-integration rule is adopted, with int3 n× integration points for the SHB15E element 
and int4 n× for the SHB20E (see, e.g., Fig. 1, in the particular case of int 5n = ).
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Figure 1: Schematic representation for the reference geometry of the SHB15E and SHB20E elements as well as 
for the location of their integration points in the case when the number of through-thickness integration points is 

int 5n =

For the SHB15E and SHB20E elements, the spatial coordinates ix are related to the nodal 
coordinates iIx using quadratic shape functions, as follows:

( ), ,i iI Ix x N ξ η ζ= (5)

where i represents the spatial directions and ranges from 1 to 3; while I stands for the node 
number, which ranges from 1 to 15, for the SHB15E element, and from 1 to 20 for the 
SHB20E. Likewise, the displacement field iu and potential field φ are related to the nodal 
displacements iIu and nodal potentials Iφ , respectively, using the shape functions

( )
( )

, ,

, ,

u
i iI I

I I

u u N

N φ

ξ η ζ

φ φ ξ η ζ

 =


=
(6)

Note that in Eqs. (5) and (6) above, the convention of implied summation over the repeated 
index I has been adopted.

3.2 Discrete gradient operators
For both elements SHB15E and SHB20E, the corresponding discrete gradient operators 
u  B and φ  B can be derived in the following compact form:

1 ,1

2 ,2
1 ,1

3 ,3
2 ,2

2 ,2 1 ,1
3 ,3

1 ,13 ,3

3 ,3 2 ,2

      ;

T T

T T
T T

T T
u T T

T T T T
T T

T TT T

T T T T

h
h

h
h

h
h h

h
hh

h h

α α

α α
α α

φα α
α α

α α α α
α α

α αα α

α α α α

 +
 +   + +   = = + + +   +   ++ 
 + + 

0 0
00

0 0
B B

0
0

0

b γ
b γ

b γ
b γ

b γ
b γ b γ

b γ
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b γ b γ
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where the expressions of T
jb , , jhα and T

αγ can be found in reference [16], along with
additional details on their derivation. Note again that, in Eq. (7) and in what follows, the 
convention of implied summation over the repeated index α is adopted, with α ranging 
from 1 to 11, for the SHB15E element, and from 1 to 16 for the SHB20E.

Similar to the purely mechanics-based solid–shell elements SHB15 and SHB20 (see, e.g.,
[16]), the benchmark tests performed with the piezoelectric solid–shell counterparts SHB15E 
and SHB20E did not reveal any particular locking and, accordingly, no specific enhanced 
assumed strain techniques have been applied to these quadratic solid–shell elements.

4 NUMERICAL TESTS AND DISCUSSIONS

In this Section, a set of representative plate and shell benchmark tests is conducted to 
evaluate the performance of the proposed piezoelectric solid–shell finite elements.

4.1 Shape control of square plate with piezoelectric patch models
One important advantage taken from the piezoelectric behavior is in the application to the 

shape control of structures. In order to show the interest of solid–shell finite elements in this 
type of modeling, we consider a square aluminum plate of 200×200 mm2 with a thickness of 8 
mm. This plate is covered on both sides with a pair of localized PZT-5H patches, as shown in
Fig. 2. Each patch has dimensions of 80×80 mm2 with a thickness of 1 mm. The material 
parameters are reported in Table 2. With regard to loading conditions, the plate is subjected to 
a uniformly distributed load of 100 N.m−2 over its entire surface. A constant voltage is then 
supplied incrementally to the PZT-5H actuators, which are polarized in opposite directions, 
until the plate is flattened. Fig. 3 shows the magnitude of deflection of the composite plate 
under different applied input voltages. The results provided by the solid–shell elements 
SHB15E and SHB20E are reported in Tables 3 and 4, where they are compared with the 
results given by the ABAQUS solid elements C3D15E and C3D20E. On the whole, it appears 
that fewer overall degrees of freedom (dof) are required for the proposed piezoelectric solid–
shell elements to achieve convergence, as compared to ABAQUS elements.

Figure 2: Schematic representation of the square plate with piezoelectric patches meshed with SHB15E and 
SHB20E elements

80 mm100 mm

80 mm

100 mm
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Table 2: Material properties used for all simulations

PZT-5H

11 22 33

12 13 23

44 55 66
2

15 24
2 2

31 32 33
8

11 22 33

C = C =  127.2 GPa  ;  C =117.4 GPa
C = 80.21 GPa  ;  C = C = 84.67 GPa
C = C = C = 22.99 GPa

e = e = 17.03 C/m

e = e = 6.62 C/m   ;  e = 23.24 C/m
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Figure 3: Shape of the plate for two different applied voltages
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Table 3: Primal and dual variables for the plate shape control test (P=100N.m2; ϕ=0V)

C3D15E
(20×20×3)×2

SHB15E
(10×10×3)×2

C3D20E
(20×20×3)

SHB20E
(10×10×3)

Primal variables
max (m)zU 8.111×10-8 8.047×10-8 8.078×10-8 8.183×10-8

Dual variables
min

zzε -9.965×10-8 -1.100×10-7 -9.920×10-8 -1.001×10-7

max

zzε 1.556×10-7 1.780×10-7 1.546×10-7 1.832×10-7

mn (Pa)xxσ -6.554×103 -6.133×103 -6.233×103 -6.752×103

max (Pa)xxσ 8.100×103 7.780×103 7.892×103 7.653×103

min -1(V.m )zE -9.229×101 -9.323×101 -9.240×101 -9.297×101

max -1(V.m )zE 9.229×101 9.323×101 9.240×101 9.292×102

min -2
( )C.mzD -2.961×10-6 -3.094×10-6 -2.950×10-6 -3.026×10-6

max -2
( )C.mzD 4.782×10-6 4.713×10-6 4.757×10-6 4.782×10-6

Table 4: Primal and dual variables for the plate shape control test (P=100N.m2; ϕ=2V)

C3D15E
(20×20×3)×2

SHB15E
(10×10×3)×2

C3D20E
(20×20×3)

SHB20E
(10×10×3)

Primal variables
max (m)zU 2.182×10-8 2.220×10-8 2.130×10-8 2.177×10-8

Dual variables
min

zzε -8.962×10-7 -8.987×10-7 -8.749×10-7 -8.954×10-7

max

zzε 9.076×10-7 9.292×10-7 8.971×10-7 8.889×10-7

mn (Pa)xxσ -7.381×104 -7.488×104 -6.905×104 -7.325×10-4

max (Pa)xxσ 7.039×104 6.838×104 6.827×104 7.005×10-4

min -1(V.m )zE -2.315×103 -2.259×103 -2.289×103 -2.122×103

max -1(V.m )zE 2.284×103 2.274×103 2.277×103 2.181×103

min -2
( )C.mzD -4.656×10-5 -4.576×10-5 -4.220×10-5 -4.397×10-5

max -2
( )C.mzD 4.712×10-5 4.677×10-5 4.206×10-5 4.242×10-5
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Figure 4: Schematic representation of the curved shell with piezoelectric patch meshed with C3D20E

4.2 Curved shell with piezoelectric patches
This benchmark test is inspired by the tests performed by Koconis et al. [20, 21], who 

proposed models for the shape control of shell structures. Here, we consider a simply 
supported curved shell, on top of which is bonded a localized PZT-5H patch with a thickness 
of 1 mm, as shown in Fig. 4. All other geometric parameters are also indicated in this figure.
A constant voltage 10 Vφ = is then applied to the PZT-5H actuator, which is polarized in the 
thickness. Similar to the preview test, the results provided by the solid–shell elements 
SHB15E and SHB20E are compared with those given by the ABAQUS solid elements 
C3D15E and C3D20E. A convergence study is conducted on different variable fields in order 
to identify the minimum number of degrees of freedom required to achieve convergence for
all variables. In Figs. 5–7, are presented the convergence curves and field maps for the tip 
displacement, the strain, and the electric flux, respectively. From this convergence analysis, it
appears that fewer degrees of freedom are required for the proposed solid–shell finite 
elements to achieve convergence, as compared to ABAQUS elements. More specifically, less
dof are required for the computation of primal variables, as compared to the computation of
dual variables. Indeed, about 10,000 dof reveal sufficient to evaluate the displacement with an
error margin smaller than 5%, whereas 10 times more dof are needed to obtain deformations 
and electric flux within the same margin of error.

This test also allows us to emphasize some additional advantages of the solid–shell 
concept, compared to standard finite elements, especially in situations where the geometry is 
curved.

R=0.9925m

he=0.015m

ap=0.20m

ae=0.50mbp=0.15m

α=45°
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Figure 5: (a) Convergence curves and (b) Field map of displacement 2U for the actuated curved shell

Figure 6: (a) Convergence curves and (b) Field map of strain 22ε for the actuated curved shell

Figure 7: (a) Convergence curves and (b) Field map of electric flux 2D for the actuated curved shell
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5 CONCLUSIONS

In this paper, a performance assessment of recently proposed piezoelectric solid–shell 
finite elements has been presented. The analysis consists in an evaluation of primal and dual 
variables under electromechanical loading conditions. These investigations are conducted in 
the context of shape control of structures. A set of selective and representative benchmark 
tests has been performed on plate and shell structures, on which piezoelectric patches are 
bonded. The obtained simulation results have been compared to their counterparts given by 
state-of-the-art finite elements available in ABAQUS. In all of the benchmark tests 
investigated, the proposed quadratic solid–shell elements have shown better performance, as
compared to their ABAQUS counterparts, while systematically necessitating much less
degrees of freedom for similar accuracy. It has also been revealed that particular attention 
should be paid to the modeling of electromechanical coupling in order to improve the efficient 
computation of dual variables.
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Abstract. A hybrid-mixed ANS four-node piezoelectric shell element by using the sampling 
surfaces (SaS) technique is developed. The SaS formulation is based on choosing inside the 
nth layer  SaS located at Chebyshev polynomial nodes in order to introduce the 
displacements and electric potentials of these surfaces as basic shell unknowns. The interfaces 
and outer surfaces are also included into a set of SaS. Such choice of unknowns with the 
consequent use of Lagrange polynomials of degree 

n

nI  in the thickness direction for 
displacements, strains, electric potential and electric field allows the presentation of the 
laminated piezoelectric shell formulation in a very compact form. To implement the efficient 
analytical integration throughout the element, the enhanced ANS method is employed. The 
proposed hybrid-mixed four-node piezoelectric shell element is based on the Hu-Washizu 
variational equation and exhibits a superior performance in the case of coarse meshes. It could 
be useful for the 3D stress analysis of thick and thin doubly-curved layered piezoelectric 
shells since the SaS formulation gives the possibility to obtain numerical solutions with a 
prescribed accuracy, which asymptotically approach the exact solutions of elasticity as the 
number of SaS tends to infinity.  
 

1 HU-WASHIZU VARIATIONAL SAS FORMULATION 
Consider a laminated shell of the thickness h. Let the middle surface  be described by 

orthogonal curvilinear coordinates  and , which are referred to the lines of principal 
curvatures of its surface. The coordinate θ  is oriented along the unit vector normal to the 
middle surface. According to the SaS concept, we choose inside the nth layer  SaS 

 located at Chebyshev polynomial nodes and interfaces  and  

Ω
1θ 2θ

3

nI
nInnn )(2)(1)( ,...,, ΩΩΩ ]1[ nΩ ][nΩ
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(see Figure 1), where the index  identifies the belonging of any quantity to the nth 
layer; N is the number of layers. 

Nn ,...,2,1

 
Figure 1: Geometry of the layered piezoelectric shell 

 
The through- thickness SaS approximations [1] can be written as 
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where  are the displacements, strains, stresses, electric potential and 

electric field of the nth layer;  are the displacements, strains, 

stresses, electric potential and electric field of SaS of the nth layer ;  are the 
Lagrange basis polynomials of degree 
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where the indices  identify the belonging of any quantity to the SaS of the nth layer. nn

The proposed hybrid-mixed piezoelectric solid-shell element is based on the Hu-Washizu 
variational equation of electroelasticity in which displacements, strains and stresses are 
utilized as independent variables [2]: 
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where  is the infinitesimal volume element;  and 
 are the coefficients of the first fundamental form and principal curvatures of the middle 

surface;  and ]  are the transverse coordinates of interfaces;  and  are the 

displacement-dependent and displacement-independent strains; ,  and  are the 
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elastic, piezoelectric and dielectric constants; W is the work done by external 
electromechanical loads. Here, the summation on repeated Latin indices is implied. 

Following the SaS technique (1), we introduce the next assumption of the hybrid-mixed 
solid-shell element formulation. Assume that the displacement-independent strains are 
distributed through the thickness of the nth layer as follows: 


n

nn

i

in
ij

inn
ij L ,)()()( ηη                                                         (4) 

where  are the displacement-independent strains of SaS of the nth layer. nin
ij

)(η
 

2 FINITE ELEMENT FORMULATION 
The finite element formulation is based on a simple interpolation of the shell via exact 

geometry four-node piezoelectric solid-shell elements 
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where  are the bilinear shape functions of the element;  and  are the 
displacements and electric potentials of SaS  at element nodes;  are the normalized 
curvilinear coordinates 21 ; the nodal index r runs from 1 to 4. The term "exact geometry" 
reflects the fact that the parametrization of the middle surface is known a priori and, therefore, 
the coefficients of the first and second fundamental forms are taken exactly at element nodes. 
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To implement the efficient analytical integration throughout the element, the enhanced 
ANS method is employed: 
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where  and  are the displacement-dependent strains and electric field of SaS of the 
nth layer at element nodes. The main idea of such approach can be traced back to the ANS 
method developed by many scientists for the isoparametric finite element formulation. In 
contrast with above formulation, we treat the term "ANS" in a broader sense. In the proposed 
exact geometry four-node solid-shell element formulation, all components of the 
displacement-dependent strain tensor and electric field vector are assumed to vary bilinearly 
throughout the biunit square in -space. 
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To overcome shear and membrane locking and have no spurious zero energy modes, the 

robust strain and stress interpolations [3] are utilized: 
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that provides a correct rank of the element stiffness matrix.  
Substituting first the through-thickness SaS approximations (1), (4) and then the finite 

element interpolations (5)-(8) into the Hu-Washizu variational equation (3), we arrive at the 
element equilibrium equations. Eliminating the column matrices  and   on the 
element level, the following system of linear equations are obtained: 
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where  are the element stiffness matrices;  and Φ   are  the 
element displacement and electric potential vectors of order  and ;  and  are 

the element-wise mechanical and electric surface vectors; 
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1
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 NInN
n

 is the total 

number of SaS. 
It is worth noting that the element stiffness matrices are evaluated without the expensive 

numerical matrix inversion that is impossible in available isoparametric hybrid-mixed finite 
element formulations. 
 

3 NUMERICAL EXAMPLE 
Consider a simply supported symmetric three-layer cylindrical shell with equal ply 

thicknesses under the imposed transverse deformation on the top surface 

,2cossin 2
1

03 θπθ
L

uu                                                     (10) 

where L is the length of the shell and . The both outer layers are composed of the 
PZT-4 with the material properties given in [1, 4]. The middle layer is made of the fictitious 
material with the elastic constants exactly half of the PZT-4 and the piezoelectric and 
dielectric constants exactly double those of the PZT-4. The bottom and top surfaces are 
assumed to be electrically grounded. To compare the results with the exact solution of 
Heyliger [4], we take , where 

m10 8
0

u

m01.0 RL R  is the radius of the top cylindrical surface. 
Due to symmetry of the problem, only one octant of the shell ( LL  12/ θ , ) is 

modeled by a fine uniform mesh 
2/0 2 πθ 

9648 . To analyze the results, we introduce the following 
scaled variables: 
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Figure 2 displays the distributions of displacements, transverse shear stresses, electric 
potential and electric displacement in the thickness direction for different values of the 
slenderness ratio  taking five SaS for each layer. A comparison with the exact SaS 
solution [1] and Heyliger's exact 3D solution [4] is also presented. These results demonstrate 
convincingly the high potential of the proposed hybrid-mixed SaS solid-shell element 
formulation. This is due to the fact that the boundary conditions on the bottom and top 
surfaces for transverse shear stresses and the continuity conditions at interfaces for transverse 
shear stresses and electric displacement are satisfied with a high accuracy. 

hRS /

Consider next the same symmetric three-layer cylindrical shell subjected to electric loading 
on the top surface whereas the bottom surface is electrically grounded: 

,2cossin,0 2
1

0 θπθφφφ
L

                                              (12) 

where . The bottom and top surfaces of the plate are assumed to be traction free. The 
obtained results are compared with the exact SaS solution [1]. Figure 3 shows the through-
thickness distributions of displacements, transverse shear stresses, electric potential and 
electric displacement (11) in the thickness direction for different slenderness ratios S by 
choosing five SaS for each layer. It is seen that the boundary conditions on the bottom and top 
surfaces and continuity conditions at interfaces for transverse shear stresses and electric 
displacement are satisfied again correctly. 

V100 φ
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Figure 2: Through-thickness distributions of displacements, transverse shear stresses, electric 
potential and electric displacement for a three-layer cylindrical shell subjected to mechanical 

loading for 5321  III : exact geometry SaS solid-shell element (─),  
exact SaS solution [1] (○) and Heyliger's exact 3D solution [4] (□) 
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Figure 3: Through-thickness distributions of displacements, transverse shear stresses, electric potential and 

electric displacement for a three-layer cylindrical shell subjected to electric loading for : exact 
geometry SaS solid-shell element (─) and exact SaS solution [1] (○) 
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Abstract. This paper presents a new class of advanced FEM beam models with node-
dependent kinematics for the analysis of beam structures with piezo-patches. ESL (Equivalent
Single-layer) models and LW (Layer-wise) models each have both advantages and disadvantages
considering accuracy and computational resources consumed. Refined beam elements with dif-
ferent kinematic descriptions from node to node are proposed to integrate ESL and LW models
to reach an optimal balance between accuracy and numerical solution costs. Taking advantage
of the LW kinematics defined on the cross-sections of the beam elements, local piezo-patches
can be modeled without special coupling methods. The models proposed are obtained by adopt-
ing Carrera Unified Formulation (CUF), which separates the displacement field into functions
defined on the cross-section of a beam and nodal shape functions depending on the axial coordi-
nates in the context of FEM. This feature permits the definition of different kinematics on each
node and the interpolation of them over the element axial domain, leading to advanced beam
models with a kinematic transition. Governing equations for beam models with node-dependent
kinematics accounting for electromechanical effects are derived from the Principle of Virtual
Displacement (PVD). LW kinematics are used to approximate the local area with piezo-patches,
and ESL models are adopted in the region with low stress gradient. The effectiveness of the
proposed approach is validated by comparing the obtained results with solutions taken from
literature and 3D FEM modeling.

1 INTRODUCTION

Piezoelectric materials feature a reversible process that an electrical field causes straining
(direct effect) while stresses cause an electric potential (reverse effect). Such an effect has
prompted the development of various “smart structures”. Piezoelectric components are usually
bonded to the surface or embedded into the structures to act as actuators or sensors. The
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segmented distribution of piezoelectric patches will lead to local effects that need to be specially
considered which raises the requirement for effective modeling approaches.

Crawley and De Luis (1987), Crawley and Anderson (1990) developed analytical models
for both surface-bonded and embedded piezoelectric actuators in one-dimensional structures.
Researchers also proposed various 2D models such as models based on the Classical Lamination
Theory (CLT) by Lee (1990) and Wang and Rogers (1991), First-Order Shear Deformation
Theory (FSDT) models by Huang and Wu (1996) and Jonnalagadda et al. (1994), as well as
Higher-Order Theory (HOT) solutions by Mitchell and Reddy (1995). Vidoli and Batra (2000)
used a generalization of the Hellinger-Prange-Reissner principle to derive constitutive relations
and equilibrium equations for anisotropic 1D and 2D models for piezoelectric bodies.

Carrera (Carrera, 2002) proposed Unified Formulation (CUF) as a new methodology to con-
struct refined 1D and 2D models. CUF introduces thickness functions Fτ (z) to 2D theories
and Fτ (x, z) to 1D models. These functions enrich the displacement field in the through-the-
thickness domain of 2D models and over the cross-section of 1D models, which can employ either
series expansion or interpolation polynomials. In the framework of CUF, various theories based
on both Equivalent Single Layer (ESL) and Layer-wise (LW) models can be depicted(Cinefra
et al., 2015b; Cinefra and Valvano, 2016). The introduction of fundamental nuclei (FNs) al-
lows the governing equations to be derived in a compact manner (Carrera et al., 2016, 2017).
Based on CUF, Carrera and Fagiano (2007), Carrera et al. (2010), and Carrera and Robaldo
(2010) proposed advanced plate elements with a priori continuous transverse electromechani-
cal variables by applying Reissner Mixed Variational Theorem (RMVT). Cinefra et al. (2015a)
adopted an axiomatic/asymptotic technique to detect the “best” plate model to capture the
static response of piezoelectric plates, in which the models are constructed by employing the
Principle of Virtual Displacements (PVD). Miglioretti et al. (2014) and Zappino et al. (2016)
adopted refined electromechanical beam FEM models with variable kinematics in the analysis
of structures with piezoelectric components, which are based on PVD.

In this work, as an innovative methodology to construct advanced FEM models, node-
dependent kinematics based on CUF, is proposed, and refined one-dimensional elements for
the analysis of structures with piezo-patches are presented. Variable LW/ESL kinematics from
node to node are implemented in the proposed method. The capabilities of such an approach
are demonstrated with a cantilever beam structure with a surface bonded piezo-patch.

2 ONE-DIMENSIONAL ELECTROMECHANICAL MODEL

2.1 Preliminaries

Considering the coupling between electronic and mechanical field, by treating the electronic
potential φ as a primary variable, a generalized displacement vector q can be adopted:

q = {ux, uy, uz, φ}
T (1)

The electric field vector E is:

E = {Ex, Ey, Ez} = {∂x, ∂y, ∂z}φ (2)

Accordingly, the generalized strain vector, ε̄, can be written as:

ε̄ = {εxx, εyy , εzz, εyz , εxz, εxy, Ex, Ey, Ez}
T = Dq (3)
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where the matrix of differential operator D is:

D =




∂
∂x

0 0 0

0 ∂
∂y

0 0

0 0 ∂
∂z

0

0 ∂
∂z

∂
∂y

0
∂
∂z

0 ∂
∂x

0
∂
∂y

∂
∂x

0 0

0 0 0 ∂
∂x

0 0 0 ∂
∂y

0 0 0 ∂
∂z




(4)

The electromechanical constitutive equations (e-form) in the case of the principle of virtual
displacement (PVD) can be expressed as follows:

σ = Cε− eTE

De = eε+ χTE
(5)

in which De is the electric displacement vector {Dx,Dy,Dz}
T , and σ is the mechanical stress

vector, C the matrix of mechanical material coefficients. In this paper, the piezoelectric compo-
nents used are polarized in the z direction, thus the explicit form of the dielectric permittivity
matrix χ becomes:

χ =



χ̃11 χ̃12 0
χ̃21 χ̃22 0
0 0 χ̃33


 (6)

and the piezoelectric stiffness coefficients e will be as follows:

e =




0 0 0 ẽ14 ẽ15 0
0 0 0 ẽ24 ẽ25 0
ẽ31 ẽ32 ẽ33 0 0 ẽ36


 (7)

The generalized stress vector can be arranged as:

σ̄ = {σxx, σyy, σzz, σyz , σxz, σxy,Dx,Dy,Dz}
T (8)

Thus the constitutive equation can be written as:



σxx
σyy
σzz
σxz
σyz
σxy
Dx

Dy

Dz





=




C̃11 C̃12 C̃13 0 0 C̃16 0 0 −ẽ31
C̃21 C̃22 C̃23 0 0 C̃26 0 0 −ẽ32
C̃31 C̃32 C̃33 0 0 C̃36 0 0 −ẽ33
0 0 0 C̃44 C̃45 0 −ẽ14 −ẽ24 0

0 0 0 C̃54 C̃55 0 −ẽ15 −ẽ25 0

C̃61 C̃62 C̃63 0 0 C̃66 0 0 −ẽ36
0 0 0 ẽ14 ẽ15 0 χ̃11 χ̃12 0
0 0 0 ẽ24 ẽ25 0 χ̃21 χ̃22 0
ẽ31 ẽ32 ẽ33 0 0 ẽ36 0 0 χ̃33








εxx
εyy
εzz
εxz
εyz
εxy
Ex

Ey

Ez





(9)

which can be expressed in a more compact form:

σ̄ = H̃ε̄ (10)
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2.2 CUF-based beam elements with node-dependent kinematics

Figure 1: Geometry and reference system of a laminated beam model.

This section presents the refined one-dimensional models for electromechanical analysis. For
a slender layered structure, the reference coordinate system is as shown in fig. 1. According to
CUF, beam models can be refined by further expanding a generic function Fτ (x, z) defined on
the cross-section, leading to the following expression:

q = Fτ (x, z)qτ (y) τ = 1, · · · ,M. (11)

in which M represents the number of expansion terms, and qτ (y) is a vector defined along
the axis of the beam. To define the cross-section functions Fτ (x, z), various theories can be
employed. Two-parameter Lagrange interpolation polynomials over nine points will lead to
expansions denoted as “LE9”, and the explicit form of the expansions is:

Fτ =
1

4
(r2 + rrτ )(s

2 + ssτ ) τ = 1, 3, 5, 7

Fτ =
1

2
s2τ (s

2 + ssτ )(1 − r2) +
1

2
r2τ (r

2 + rrτ )(1− s2) τ = 2, 4, 6, 8

Fτ =(1− r2)(1 − s2) τ = 9

(12)

Taylor series expansions can also be incorporated, and the corresponding advanced models
can be denoted as “TEn”, where n indicates the highest order of the polynomials adopted. For
more details, the reader is referred to Carrera et al. (2014). The Taylor-like expansions apply
to ESL models, and Lagrange-type expansions suit LW framework.

When such models are applied to construct beam models, Lagrangian shape functions Ni(y)
will be used to approximate the vector of axial unknowns qτ (y):

q = Ni(y)Fτ (x, z)qiτ (y) τ = 1, · · · ,M ; i = 1, · · · , Nn. (13)

If Fτ depends on node i, a beam element with node-dependent kinematics can be constructed,
whose displacement functions can be described as:

q = Ni(y)F
i
τ (x, z)qiτ (y) τ = 1, · · · ,M ; i = 1, · · · , Nn. (14)
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In fig. 2 a beam element with four nodes formulated with node-dependent kinematics is
shown. With the help of the Lagrangian shape functions, individually defined nodal kinematics
can be interpolated over the axial domain of a beam element, obtaining elements with variable
LW/ESL cross-section kinematics from node to node.

Figure 2: A B4 element with node-dependent kinematics.

2.3 Electromechanical governing equations for refined beam elements

The stiffness of the beam elements, as well as the external load vector, can be derived by ap-
plying the Principle of Virtual Displacement (PVD). By substituting the constitutive equations,
the following expression can be attained:

δLint =

∫

V

δε̄T σ̄dV = δLext (15)

If the geometrical relations and shape functions are substituted into the above expression,
one can obtain:

δLint = δqiτ

∫

V

NiIF
i
τD

T H̃DF j
s INjdV qsj = δLext (16)

in which I is a 4× 4 identity matrix. In a more compact form, the above expression can be
written as:

δLint = δqTτiKijτsqsj (17)

where Kijτs is the stiffness matrix, which as also known as fundamental nucleus, whose
explicit expression is:

Kijτs =

∫

V

NiIF
i
τD

T H̃DF j
s INjdV (18)

The external work due to the concentrated load P can be expressed as:

δLext = P δqT (19)

By substituting the FEM displacement functions, the external work can be written as:

5

211



E. Zappino, G. Li and E. Carrera

δLext = F i
τNiP δqTτi (20)

2.4 Modeling of piezo-patches with node-dependent kinematics

The modeling of the piezo-patches with CUF-based node-dependent kinematics has been
illustrated in fig. 3. Taking advantage of the framework of LW models and Lagrange expansions,
different integration domains can be separately defined then connected by the expansions defined
at the domain interfaces.

In this example, the cross-sectional nodes belong to the piezoelectric zone have an extra
degree of freedom for electric potential except for the mechanical ones. Thus the FNs of elec-
tromechanical stiffness are 4 × 4, while for those nodes only lie in the mechanical zone the
mechanical FNs of the stiffness have the shape of 3 × 3. At the same time, the nodes located
at the interface (between the piezoelectric patch and the mechanical structure) possesses four
degrees of freedom, but only the mechanical ones will be considered for the integration to obtain
the stiffness. On the other hand, in the region without the piezoelectric patch, variable nodal
ESL(TE)/LW(LE) kinematics can be adopted to reduce the total computational expenses.

  

Figure 3: FEM modeling of piezoelectric patches with node-dependent kinematics.

3 NUMERICAL RESULTS

A slender aluminum beam actuated by a PZT piezoelectric patch is considered in this section
as a numerical assessment case, of which the reference solution is provided by Biscani et al.
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(2012). The geometry feature of the structure is shown in fig. 4, which has width a = 0.01m
and length b = 0.1m. The thickness of the aluminum beam and the piezo-patch are 0.002m and
0.001m, respectively. The square piezo-patch made of PZT-4 (refer to table 1 for the material
properties) is bonded to the top surface of the aluminum beam on the clamped end, which takes
up the whole width range. In this assessment case, the piezo-patch acts as an actuator, and an
electric potential of 1 V is defined on its top surface and 0 V on the bottom.

The FEM discretization scheme of the structure has been illustrated in fig. 4. The slender
structure is divided into three zones along the axial direction y, and in the zones contain and
neighboring the piezo-patch, 2×m uniformly distributed B4 elements are assigned, while in the
rest 80% of the structure another m B4 elements are employed. Thus 3×m refined B4 elements
will be adopted to capture the response of the structure. Except for mono-models with only
LE expansions, TE kinematics will also be used in the less-critical region, which will lead to a
reduction of the computational costs.










 









 





  

  





 



Figure 4: Geometrical feature and FEM discretization of a slender beam with piezo-patch.

Table 1: Material properties of PZT-4

E1,E2 E3 G12 G13,G23 ν12 ν13, ν23
e31,e32 e33 e15,e24 χ11,χ22 χ33[GPa] [GPa] [GPa] [GPa] [C/m2] [C/m2] [C/m2]

81.3 64.5 30.6 25.6 0.329 0.432 -5.2 15.8 12.72 1475χ0 1300χ0

Vacuum permittivity: χ0 = 8.85 × 10−12 F/m
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The refined beam models adopted in this work and their results have been summarized in
table 2. The convergence process with the refinement of beam mesh and the cross-sectional
kinematics can be observed from the results in the table. Note that the nodal kinematics
denoted in table 2 refers to the expansion functions defined on the cross-section that contains
the piezo-patch, in which the piezoelectric and mechanical domain employ the same kinematics.
For example, 4LE9 refers to a model uses 2LE9 in the piezoelectric cross section and another
2LE9 in the mechanical one, 2× 1 (x× z) sub-domains for each. Accordingly, 16LE9 represents
4× 2 (x× z) sub-domains for each cross-section. A FEM model with 24 B4 elements (73 nodes)
employing uniform cross-sectional kinematics 16LE9 can guarantee the numerical convergence.
Results provided by a 3D ABAQUS model are also listed for comparison, which consists of
piezoelectric brick elements (C3D20RE) with the mesh of 20 × 20 × 10 (x × y × z) for the
piezo-patch, and 20 × 200 × 10 3D quadratic elements with reduced integration (C3D20R) for
the substrate beam. CUF-based refined models lead to results in high agreement with the
ABAQUS solution as well as those by Biscani et al. (2012).

TE kinematics is applied to the region on the free end of the beam, leading to models
16LE9×25-TE2×48 and 16LE9×49-TE2×24, where the superscripts indicate the number of n-
odes on which the corresponding nodal kinematics are adopted. Such models with variable
LW(LE)/ESL(TE) kinematics can reduce the total degrees of freedom.

From table 2 it can be observed that the refined beam models have comparable accuracy with
the 3D model consists of much more refined mesh. Node-dependent kinematic beam model with
variable LW(LE)/ESL(TE) capabilities 16LE9×49-TE2×24 can lead to results with the same
accuracy level but few computational costs comparatively. Meanwhile, 16LE9×49-TE2×24 is
more computationally economic but gives less accurate results.

Table 2: Displacement and stress evaluation on the cantilever beam with a piezo-patch.

Mesh Kinematics −u♯z[10−8m] −u♦z [10
−8m] −σ†

yy[KPa] −σ�

yz[KPa] DOFs

12×B4 4LE9 2.482 5.192 5.878 0.5149 2250
12×B4 16LE9 2.444 5.109 5.131 0.6692 12852
24×B4 16LE9 2.452 5.125 5.009 0.6612 25164
24×B4 16LE9×25-TE2×48 2.656 5.592 5.028 0.2979 14346
24×B4 16LE9×49-TE2×24 2.452 5.125 5.009 0.6612 19908

ABAQUS-3D 2.451 5.125 5.087 0.6381 196281
Biscani-2D(LD3) 2.309 4.871 – – –

♯ At (x = 0, y = b/2, z = 0 ); ♦ at (x = 0, y = b, z = 0);

† at (x = 0, y = c/2, z = −h/2); � at (x = a/2, y = c/2, z = 0).

The variation of deflection w and σyy along the axial direction is as plotted in fig. 5. For
the deflection w, both 16LE9×25-TE2×48 and 16LE9×49-TE2×24 show continuous and smooth
variation, but when y goes beyond the range of the refined zone, the solution provided by
16LE9×25-TE2×48 is comparatively inaccurate. For σyy distribution along the axis, it can be
observed that when the number of nodes employing LE kinematics on the clamped end increases
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from 25 to 49, a more smooth variation can be achieved and comparable accuracy with the
uniform LE model can be reached.

















     




 










(a) w, (0, y, 0)















     

 













(b) σyy, (0, y,−
h

2
)

Figure 5: Variation of w and σyy along the axis of the beam with a piezo-patch.

The contour plot of σyz on cross-section y = c/2 obtained with the mono-model 16LE9 is as
shown in fig. 6, and its change over the thickness on the edge (a/2, c/2, z) as well as (x, c/2, 0) is
as illustrated in fig. 7. The comparison with ABAQUS solution demonstrates that the adopted
refined beam model constructed with node-dependent kinematics 16LE9×49-TE2×24 can provide
results with satisfactory accuracy. For 16LE9×25-TE2×48, even if refined models are adopted in
the patched range, a poor stress estimation in this region is still found because of the unfavorable
transition between the peripheral zone and the refined area.
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Figure 6: Contour plot of σyz on cross-section y = c/2 of the beam with a piezo-patch.
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Figure 7: Variation of σyz on cross-section y = c/2 of the beam with a piezo-patch.

4 CONCLUSIONS

Based on Carrera Unified Formulation (CUF), node-dependent kinematic one-dimensional
models are proposed, with which advanced beam elements accounting for piezo-patches with
variable LW/ESL nodal description can be formulated. The proposed beam elements are assessed
through the static analysis of a structure with a surface-bonded piezo-patch. The following
conclusions can be drawn:

- Taking advantage of the individually defined cross-sectional kinematics on each node,
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patches attached to the substrate structure can be considered in the framework of one-
dimensional modeling while keeping the compactness of the formulation in a unified man-
ner.

- In the proposed models, the coupled electromechanical model is only used in the domain
of the piezoelectric patch, while pure mechanical constitutive relations are applied to the
substrate structure, which is realized with the help of LW models adopting Lagrange
expansions.

- Node-dependent kinematic beam models with variable LW/ESL capabilities can reduce the
computational costs without loosing numerical accuracy for the studied structure imposed
to extension actuation.

As a versatile approach, CUF-based node-dependent kinematics can be adopted in building
numerically efficient FEM models for the analysis of structures with segmented piezoelectric
components.
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Carrera, E., Büttner, A., and Nali, P. (2010). Mixed elements for the analysis of anisotropic
multilayered piezoelectric plates. Journal of Intelligent Material Systems and Structures,
21(7):701–717.

Carrera, E., Cinefra, M., and Li, G. (2017). Refined finite element solutions for anisotropic
laminated plates. Composite Structures, pages –.

Carrera, E., Cinefra, M., Li, G., and Kulikov, G. (2016). MITC9 shell finite elements with mis-
cellaneous through-the-thickness functions for the analysis of laminated structures. Composite

Structures, 154:360–373.

Carrera, E., Cinefra, M., Petrolo, M., and Zappino, E. (2014). Finite element analysis of

structures through Unified Formulation. John Wiley & Sons.

Carrera, E. and Fagiano, C. (2007). Mixed piezoelectric plate elements with continuous trans-
verse electric displacements. Journal of Mechanics of Materials and Structures, 2(3):421–438.

Carrera, E. and Robaldo, A. (2010). Hierarchic finite elements based on a unified formulation for
the static analysis of shear actuated multilayered piezoelectric plates. Multidiscipline Modeling

in Materials and Structures, 6(1):45–77.

11

217



E. Zappino, G. Li and E. Carrera

Cinefra, M., Lamberti, A., Zenkour, A. M., and Carrera, E. (2015a). Axiomatic/asymptotic
technique applied to refined theories for piezoelectric plates. Mechanics of advanced materials

and structures, 22(1-2):107–124.

Cinefra, M. and Valvano, S. (2016). A variable kinematic doubly-curved MITC9 shell element
for the analysis of laminated composites. Mechanics of Advanced Materials and Structures,
23(11):1312–1325.

Cinefra, M., Valvano, S., and Carrera, E. (2015b). Heat conduction and thermal stress analysis
of laminated composites by a variable kinematic MITC9 shell element. Curved and Layered

Structures, 2(1).

Crawley, E. F. and Anderson, E. H. (1990). Detailed models of piezoceramic actuation of beams.
Journal of Intelligent Material Systems and Structures, 1(1):4–25.

Crawley, E. F. and De Luis, J. (1987). Use of piezoelectric actuators as elements of intelligent
structures. AIAA journal, 25(10):1373–1385.

Huang, J. H. and Wu, T.-L. (1996). Analysis of hybrid multilayered piezoelectric plates. Inter-
national Journal of Engineering Science, 34(2):171–181.

Jonnalagadda, K., Blandford, G., and Tauchert, T. (1994). Piezothermoelastic composite plate
analysis using first-order shear deformation theory. Computers & structures, 51(1):79–89.

Lee, C. (1990). Theory of laminated piezoelectric plates for the design of distributed sen-
sors/actuators. part i: Governing equations and reciprocal relationships. The Journal of the

Acoustical Society of America, 87(3):1144–1158.

Miglioretti, F., Carrera, E., and Petrolo, M. (2014). Variable kinematic beam elements for
electro-mechanical analysis. Smart Structures and Systems, 13(4):517–546.

Mitchell, J. and Reddy, J. (1995). A refined hybrid plate theory for composite laminates with
piezoelectric laminae. International Journal of Solids and Structures, 32(16):2345–2367.

Vidoli, S. and Batra, R. (2000). Derivation of plate and rod equations for a piezoelectric body
from a mixed three-dimensional variational principle. In Advances in Continuum Mechanics

and Thermodynamics of Material Behavior, pages 23–50. Springer.

Wang, B.-T. and Rogers, C. A. (1991). Laminate plate theory for spatially distributed induced
strain actuators. Journal of Composite Materials, 25(4):433–452.

Zappino, E., Carrera, E., Rowe, S., Mangeot, C., and Marques, H. (2016). Numerical analyses of
piezoceramic actuators for high temperature applications. Composite Structures, 151:36–46.

12

218



Prescription of Voltage versus Intensity in Thermoelectric Cells for different Pulse Shapes and Thermoelement 
Geometries

VIII ECCOMAS Thematic Conference on Smart Structures and Materials
SMART 2017
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Abstract. Peltier cells working as heat pumps can be fed with electric intensity or with volt-
age, provoking the application of one of them (prescribed magnitude) irregular distributions of
the other (induced magnitude). The duality of prescriptions is found both in practical appli-
cations and in analytical and numerical simulations. During steady state both prescriptions
are equivalent, but under a transient situation the differences can be substantial. These dif-
ferences are more complicated if realistic material properties which depend on temperature are
considered, instead of the simplifying constant-temperature properties. In this work, analytical,
semi-analytical and numerical studies of a Bi2Te3 thermocouple are performed, identifying the
electric and thermal dynamic terms which are differently activated during the pulse. The ther-
mally induced stresses in some of the situations can be above the admissible, then a complete
understanding of the real outcomes is a must.

1 INTRODUCTION

The electric feeding of Peltier cells working as heat pumps in the laboratory or the industry
is most often carried out with a voltage drop (voltage sources), although in some cases current
(intensity) sources are also connected. The prescription of voltage V to maximize overcooling
during steady state, Vop, s should be the most straightforward in numerical models (for instance
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with the Finite Elements Method, FE), [1], [2] since this potential is the electric degree-of-
freedom. But most often electric intensity is prescribed as a boundary condition in the analytical
ones [3], [4] or even with the FE itself—with mixed methods or special techniques. The situation
is even more complicated in simulations for pulsed (dynamic) Peltier cells, when the electric input
is increased for a short period of time to briefly boost the cooling: overcooling followed by an
overheating.

Since it is difficult to find closed-form solutions in the analytical developments of coupled
problems, often the simplified assumption of constant material properties (CP) is considered.
This implies that these properties are not function of the basic variables (most often the tem-
perature T ), which is not true in thermoelectric materials (TM) even in the normal functioning
range. The same simplification is sometimes assumed when commercial FE codes, which are not
easy to modify, are applied even to complicated geometries, under dynamics, non-linearities etc.

As will be shown in this work, if CP is considered the differences between both prescriptions
can be significant during the transient produced by the pulse although not during steady state,
for any TE geometry. If the more physical and realistic variation of properties (VP) with T is
included in the model, the differences in transient are not negligible, and in some cases significant.

For a Peltier working as a heat pump, the optimal voltage to maximize cooling during steady
state is quite independent of the TE geometry and only depends on the Seebeck coefficient and
the temperature of the hot face Th, prescribed in this work to 50 ◦C. However, the optimal
intensity requires more complicated expressions, especially when the thermoelement (TE) is not
a parallelepiped of constant cross-section. The temperature will be operated in the absolute
Kelvin scale although in the results it will be expressed in ◦C.

Extensive comparisons of V , T and electric flux jx evolutions are obtained with a special FE
element developed in previous publications, see [5]; this FE is based on the research code FEAP [6]
and the comparisons are for three different pulse shapes: step, ramp and sinusoidal. The results
are explained identifying terms of fast and slow dynamics from semi-analytical and simplified
formulae. Finally, and taking advantage of the full coupling of the numerical model, the induced
thermal stresses are given, highlighting the differences obtained with the two prescriptions.

2 OPTIMAL VOLTAGE AND INTENSITY IN STEADY-STATE

Analytical and semi-analytical expressions to explain trends in electrical, thermal and me-
chanical transient distributions are developed in this section.

The optimal intensity Iop to maximize overcooling (to reach the minimum T in the cold
face, Tcss) under CP and for the standard parallelepiped TE geometry, is given in the classical
reference [7]; for a linear TE variation, appears in [8] among other references:

Iop = α γ Tcss φ





φ =
A

l
Constant cross-section

φ =

�
1

d1
ln

A(l)

A(0)

�−1

Linear cross-section

(1)

where in the top equation A is the constant cross-sectional area of the TE in a plane perpen-
dicular to the electric flux, l the TE length, α the coupling Seebeck coefficient and γ the electric
conductivity; in the bottom equation d1 is the TE slope and A(0), A(l) the areas of the TE ends.
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Note that Iop is a function of only material properties and the prescribed Th (see Eq. (10) for
the expression of Tcss), and also of the TE geometry, represented by the form factor φ. Other
closed-form and semi-analytical expressions can be found in [8] for more general geometries.

From these results, the voltage drop (between the TE ends, ∆V ) produced by a prescribed Iop
during steady state is first studied; in turn this voltage drop is also the voltage difference ∆Vop

which if prescribed would maximize overcooling, and the equivalence holds for any geometry. In
reality, the electric field is gauged to zero on the hot face: Vh = 0; therefore the voltage drops
can be substituted by their corresponding value.

Again from [7], the simplified one-dimensional (1D) balance of heat power under CP is:

Q = α I Tc − κ φ (Th − Tc)∓
1

2 γ φ
I2 (2)

where κ is the thermal conductivity and Tc the variable cold face temperature. The minus sign
in the fraction corresponds to the TE end close to the cold face, Qc, and the plus sign to the
hot face, Qh.

Establishing the balance of electric and thermal energies IopVop = Qh −Qc and from the two
equations, it is immediate to find the optimal potential between faces during steady state:

Vop = α Th (3)

which only depends on the coupling property and Th, that is, it is independent of the TE
geometry—that was not the case for Iop in Eq. (1). This equation shows the well known fact
that the sign of the voltage drop V is equal to that of α.

While these solutions are more or less straightforward under CP, it is impossible or very
difficult to find closed-form solutions under VP: it is then necessary in the latter to use approx-
imations and specific information from the FE numerical method.

3 ANALYTICAL STUDIES

Although the FE model can produce all results which are needed in this work with high
accuracy, to understand the outcome of Section 4 it is necessary to gain some insight into the
analytical formulation. The electric flux transport equation for thermoelectricity is from basic
works, for instance [7]:

j = −γ ∇V − αγ ∇T (4)

where j is the electric flux. The first term of the right hand side represents electric conduction
(Ohm’s law) and the second the coupling Seebeck. From Eq. (4), it can be understood that for
an uncoupled material the prescription of j is completely equivalent to that of V . For a coupled
TM during steady state, ∇V and ∇T do not change and the equivalence holds, but during the
transient state the two gradients do change with time. Then, the prescription of j or V is not
equivalent due to the coupled and different nature of electric and thermal dynamics. If the
material properties depend on T (as usually is the case for TM), this equivalence does not hold
anymore since even Ohm’s law will be influenced by the thermal field trough γ(T ).
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3.1 Voltage under CP with prescribed intensity

The first objective is to calculate the voltage drop along the TE under CP prescribing I—the
calculation prescribing V is trivial. Integrating the one-dimensional (1D) version of Eq. (4) for
a TE with constant A:

V = −
x jx
γ

− α T + C (5)

where C is an integration constant and jx = I/A(x); x is the 1D coordinate along the TE length,
with x = 0 defining the cold face and x = l the hot face. Since the dynamics of electricity are
very fast, this equation is assumed valid for both steady and transient state. The much slower
thermal dynamics include the temporal variation of T and for VP also of α, γ and κ.

In standard Peltier cells the TE’s are connected electrically in series and thermally in parallel
with an alumina encasement and copper electric connectors both with a high κ; therefore, the
T of the two TE ends can be consider very similar to those of the cold and hot faces. Then,
Eq. (5) can be particularized for both TE ends and the voltage drop in the TE is:

V ≡ Vc − Vh = −α Tc +
l jx
γ

+ α Th (6)

When the TE is driven by prescription of electric flux or equivalently of electric intensity, at
any instant of a pulse with gain P (t) the increment between V (t) and the Vss at steady state is:

V (t) = α
�
Th − Tc(t)

�
+ P (t)

Iop
γ φ

Vss = α [Th − Tcss] +
Iop
γ φ




⇒ V (t)− Vss = α
�
Tcss − Tc(t)

�
� �� �

S

+
�
P (t)− 1

� Iop
γ φ� �� �

F

(7)

It is interesting to note that inserting Eq. (1) into the left bottom expression Vss ≡ Vop = α Th

is obtained as in Eq. (3), proving that there is no difference in prescribing voltage or intensity
during steady state if the 1D model holds. Also, P can be function of time for a general pulse;
only for the particular case of a step pulse this gain P is a piece-wise constant. Finally, in Eq. (7)
the form factor φ has been recovered; even if the integration of Eq. (6) is more complicated when
the area is not constant, the resulting Eq. (7) is exactly the same. In the right hand side of the
this resulting expression, the two terms have a clear meaning:

• S “Slow” dynamics which depend on thermal field, in particular that of the cold face.
During overcooling, Tc(t) < Tcss and V increases through the pulse (vice-versa during
overheating).

• F “Fast” dynamics which depend on the electric field, in particular the pulse gain P (t).

The differences between both dynamics are of one or two orders of magnitude if the pulse
application is sudden, for instance for the step pulse in Figure 2 left. If the pulse is “smooth”,
for instance the one in Figure 1 right, the differences are smaller although they still exist.

If now Eq. (1) is substituted but into the resulting Eq. (7) right, an alternative expression is:

V (t)− Vop = α
�
P (t) Tcss − Tc(t)

�
(8)
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where it can be observed that for steady state, P = 1 and Tc(t) = Tcss automatically gives
V (t) = Vop. In Eq. (8) F and S are also represented by the two right terms.

Only for comparison purposes in this subsection, when the TM is driven by prescription of
voltage drop Eq. (3), directly V (t) = P (t) Vop and therefore from Eq. (3):

V (t)− Vop = α
�
P (t)− 1

�
Th (9)

which only contains F, proportional to the pulse. The expression of Tcss was given in [9] as:

Tcss =
−1 +

√
1 + 2 Th Z

Z
(10)

where the figure of merit is Z = α2γ/κ. From this equation, it can be demonstrated that always
Th > Tcss: if the contrary occurs an implication is (α2γ Tcss)

2 < 0, an impossible inequality. It
can also be demonstrated that most often Th > Tc(t), then comparing Eqs. (8) and (9) it can
be established that V prescribing Iop will always be lower than prescribing Vop, as can be seen
in the top first and third of Figures 3 and 4 at the pulse maximum. Another difference between
both prescriptions is the S term of Eq. (7) which modifies the voltage during the pulse, see the
small variation of the third top plot of Figures 3.

3.2 Intensity under CP with prescribed voltage

In this subsection the electric intensity which crosses the TE during pulse is studied, under
CP and prescribing Vop. If jx from Eq. (6) is solved:

jx =
γ

l

�
α (Tc − Th) + Vc − Vh

�
(11)

The next step is to calculate the difference between intensities during steady state and at a
generic instant of the transient when the voltage is pulsed with P (t):

Iop = φ
�
αγ

�
Tcss − Th

�
+ γ Vop

�

I(t) = φ
�
αγ

�
Tc(t)− Th

�
+ γ P (t) Vop

�





⇒

I(t)− Iop = φ

�
αγ

�
Tc(t)− Tcss

�
� �� �

S

+
�
P (t)− 1

�
γ Vop� �� �

F

�
(12)

Again if Eq. (3) is inserted in the first equation, Eq. (1) is recovered, proving that both prescrip-
tions give the same results under steady state if the 1D model holds. Both types of dynamics
appear in the right hand side of the last equation. If now Eq. (3) is inserted into this last
equation an equivalent expression can be written:

I(t)− Iop = αγ φ
�
Tc(t)− Tcss +

�
P (t)− 1

�
Th

�
(13)

Only for comparison purposes in this subsection, when the TE is driven by prescription of
Iop, directly from Eq. (1):

I(t)− Iop = αγ φ
�
P (t)− 1

�
Tcss (14)
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Since the form factor φ is generic, this equation is valid for any TE geometry. Again considering
Th > Tcss, Th > Tc(t) and that Tc(t) is of the same order as Tcss, comparing the last two equations
it can be established that the I(t) prescribing voltage is higher than prescribing intensity, as can
be appreciated in the first Figures 3, 4, top row.

By conservation of electric charge I is always constant, but jx will be constant only for a
uniform cross-section; for an area variation along x this jx is inversely proportional to A(x), and
a small transversal component appears in the lateral sides.

The analytical results developed in the previous two subsections perfectly agree with those
of FE under CP (FECP) for voltage and electric flux. A parametric study has been performed
for constant or variable section, several l and pulses of several shapes.

As an example, in Figure 1 left the particular case of a ramp pulse prescribing voltage under
the CP hypothesis is plotted; the ordinate electric flux is the increment from the steady state
Iop/A to the temporal value. The right figure for a sinusoidal voltage-driven pulse of the same
maximum gain and duration, is also generated with FE but under the VP hypothesis (FEVP)
and the agreement is also very good except when the gain is maximum. The reason for this
discrepancy is that for this short TE the voltage distribution is more complicated at these
instants than the quadratic assumed in the next subsection.
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Figure 1: Increment of electric flux for constant cross-section thermoelement of length 3 × 10−3 m,
voltage-prescribed pulse gain 2.5, duration 5.5 s. Ramp pulse and constant properties (left), sinusoidal
pulse and variable properties (right). Analytical results from Eqs. (12), (15); Finite Element results from
[9].

3.3 Electric magnitudes under VP

This subsection follows the same steps as the two previous ones, but the direct integration of
the basic transport equation is not possible anymore due to the T -dependency of the material
properties in the kernel. V cannot be isolated, but the Eq. (5) under prescribed voltage becomes:

l jx = −

∫ l

0
γ(T )

dV

dx
dx−

∫ l

0
α(T ) γ(T )

dT

dx
dx (15)
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While the second integral depends only on the thermal field with S, the first couples both
the electric and thermal fields and therefore influences the two dynamics: the separation is not
possible anymore. This coupling did not appear under CP, Eqs. (7) and (12).

The second integral can be a function of only T changing the integration limits to T (0) ≈ Tc

and T (l) ≈ Th. The VP can with good precision be expressed as quadratic polynomials, [10]:

α(T ) = α0 + α1 T + α2 T 2 ; γ(T ) = γ0 + γ1 T + γ2 T 2 (16)

and by direct integration:

∫ Th

Tc

α(T ) γ(T ) dT =
2∑

i=0

2∑
j=0

αi γj
1 + i+ j

(
T 1+i+j
h − T 1+i+j

c

)
(17)

The first integral cannot be expressed in terms of only V , since γ depends on T and it is not
possible to -a priori- calculate V (x) or a relationship between it and T (x). For an approximated
solution, the numerical Simpson (exact for polynomials up to the quadratic order) rule is applied:

∫ l

0
γ(T )

dV

dx
dx ≈

l

6

[
γ(T )

dV

dx

∣∣∣∣
x=0

+ 4γ(T )
dV

dx

∣∣∣∣
x=l/2

+ γ(T )
dV

dx

∣∣∣∣
x=l

]
(18)

where an approximation of some values must be found with a FE run: Tc (at x = 0, also used
for Eq. (17)) and Tm, Vm at x = l/2. A quadratic polynomial V (x) = V0 + V1 x + V2 x2 is
adjusted from the known Vc, Vh and the obtained Vm with coefficients:

V0 = Vc ; V1 =
−Vh + 4Vm − 3Vc

l
; V2 =

2Vh − 4Vm + 2Vc

l2
(19)

With this polynomial, the derivatives of V (x) are easily evaluated at the three integration
points of Eq. (18). The electric conductivities at these points can also be calculated with Eq. (16)
with the known Th and the obtained Tc, Tm.

To give an idea of the voltage variations during the pulse, Figure 2 left shows the FE-
calculated V (t) for a TE under a step pulse of voltage prescription. At the start of the pulse
Vm suddenly jumps due to F from Eq. (18), and its value is the average between Vc and Vh as a
result of the linearity of V (x) during steady state. But when the pulse progresses, the T -increase
forces an approximately quadratic V -decrease. At the pulse removal, again due to F the voltage
reduces the same amount which was increased at the start and Vm slowly returns again to the
average value. Eq. (18) can now be rewritten as:

∫ l

0
γ(T )

dV

dx
dx ≈

l

6

[
γ(Tc) V1 + 4 γ(Tm) (V1 + V2 l) + γ(Th) (V1 + 2 V2 l)

]
(20)

Unlike the formulae of the previous two sections, these semi-analytical results are not di-
rectly useful since they need data from the numerical FE method, but the expressions will help
differentiating slow and fast dynamics, a difficult task only with the numerical results.

To make the interpretation of Eq. (20) more difficult, Tc decreases fast during the first part
of the pulse (due to Peltier) and increases slowly after, while Tm growths exponentially from

7
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Figure 2: Voltage at bottom Vc, middle Vm and top Vh of a thermoelement (left). Electric flux increment
from steady state (right, analytical Eq. (15)). For both, Finite Element results under variable properties;
thermoelement length 3×10−3 m, pulse gain 2.5, duration 5.5 s under prescribed voltage pulse.

the beginning (both increments due to Joule); Vm in Figure 2 left follows a contrary tendency
to that of Tm.

The previous tendencies influence the temporal evolution of the electric flux increment, right
figure. Comparisons of the semi-analytical flux from Eqs. (17), (20) with those of FEVP (con-
sidered “exact”) are very good for a high l = 7×10−3 m and reasonable for short one l = 3×10−3

m during the transient (Figures 1, 2 right). The reason is that the quadratic approximation of
dV/dx is accurate enough for the long TE’s but not for short ones, since the non-linearity of jx
during the pulse is much more pronounced in the latter. During steady state, the comparisons
for all l are almost perfect.

The following equations relate the induced magnitude, right before the pulse application
(steady state, 0−) and right after the pulse application (beginning of transient state, 0+) to
study F. It is assumed that the T distribution does not change much in this very short time
period. Although the results are valid for any pulse shape, the conclusions that will be described
are more conclusive for a pulse with a sudden introduction of the gain (e.g. the constant-P step)
to separate both dynamics.

From the two expressions inside the brace of Eqs. (7) and (12), assuming T (0+) ≈ Tcss:

V (0+)

V (0−)
= 1 + (P − 1)

Tcss

Th
;

jx(0
+)

jx(0−)
= 1 + (P − 1)

Th

Tcss
(21)

If the ratios of the two left sides are calculated with FECP and FEVP, they exactly coincide,
demonstrating that F is the same for both material hypothesis at the pulse start. Consequently,
it is S which causes the distribution differences between both prescriptions, fact which will be
discussed in the following section. In turn, the equality between numerical (left hand side) and
semi-analytical (right hand side) of both equations is almost perfect, meaning: i) the previous
statement on dynamics is reinforced, ii) the analytical models are accurate within the assumed
hypothesis.
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Figure 3: Temporal variations for a thermoelement of length 3×10−3 m and step pulse of gain 2.5,
duration 5.5 s. Finite element results, left column of each vertical pair with constant, right column with
variable properties. Continuous lines for prescribed intensity, dashed for prescribed voltage.

4 TRANSIENT DISTRIBUTIONS

In the following figures, transient distributions of several electric intensity and voltage, tem-
perature and the thermally induced Tresca stresses for the shortest TE length (the most chal-
lenging one) are presented. The studied pulses are the common step (Figure 3) and the not so
common sinusoidal (Figure 4). Both pulses are prescribed starting with the steady-state value
defined by either Vop (dashed line) or Iop (solid line), then applying a gain P = 2.5. The first
and third columns are for FECP, the other two for FEVP.

The V and I distributions abruptly change at the pulse application due to F, and due to the
coupling, the T distribution also changes. The T evolution during the transient state causes
variations in the material properties of Eq. (16) when VP is considered, directly provoking
additional and variable S from Eq. (20). Although this S under CP is very small compared with
the F, under VP reaches the same order of magnitude sometime during the pulse.

It can be appreciated that under CP, the induced magnitude is always strictly above or below
the prescribed: as was demonstrated in Sections 3.1, 3.2 under CP the electric energy is much
higher when V is prescribed than when I is. This increase is evident in the higher intensity of
the top first plot. For this reason, in the bottom first plot T during overheating is much higher
with the first prescription.
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Under VP the induced distribution can cross the prescribed one, and due to the additional
S—responsible for the non-linearities of the induced distributions—the energy is very similar for
both prescriptions. Consequently, in the bottom second figure the two T are also very similar.
In spite of the strong difference in the T evolutions of the bottom first plot, the maximum Tc

achieved is very similar; this is due to the limit in overcooling which a pulsed TE can achieve,
no matter the amount of extra electric energy introduced, see [9].
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Figure 4: Temporal variations for a thermoelement of length 3×10−3 m and sinusoidal pulse of maximum
gain 2.5, duration 5.5 s. Finite element results, left column of each pair with constant, right column with
variable properties. Continuous lines for prescribed intensity, dashed for prescribed voltage.

As in Figure 2, the induced increment of magnitudes at the pulse introduction is equal to
the decrement at pulse removal; this equality explains why I or V can be above or below each
other at the removal.

For the non-constant, sinusoidal pulse of Figure 4, F is of the same order as S since the gain
increases slowly; in this situation, it is not possible to clearly differentiate both dynamics.

Starting from the uniform initial temperature T0 = 20 ◦C, the variation of T is a consequence
of the coupling with the electric flow crossing the TE: up to a limit, the higher P the lower Tc

(usually negative) but the maximum T also is higher, located near the TE middle and shifted
towards to the hot face. In turn, the induced thermal stresses will be proportional to T (x)− T0

and from Eq. (20) their maximums approximately to Tm − T0 since the central point has a
higher numerical weight than the others. In reality the thermal difference tends to produce free
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strains, but in locations close to mechanical restrictions, stresses will appear. These restrictions
can be due to boundary or repetition conditions or to the joint between two materials with
different expansion coefficients (viz. [9]). Since the problem is completely 3D, all stress tensor
components, including the shears, will be relevant.

Applying the classical failure criterion of Tresca and its equivalent stress T tr = |T
I
− T

III
|

(roman number subindices mean principal directions), the maximum Ttr occurs at the end of the
pulse due the largest T increase from the Joule effect. The maximum stresses are located in the
intersection of solder and thermocouple, near the heat sink and also in the hot spot by the TE
middle. In the third and fourth bottom plots of Figure 3 it is evident that the T tr distributions
follow those of the temperature; for CP, the maximum equivalent stress (at any point of the
TE) reaches a very dangerous 135 Mpa under CP and a worrying 98 Mpa under VP.

5 CONCLUSIONS

A complete study on differences between prescribing voltage or intensity in thermoelectrics
has been developed. Several pulse shapes (with the same gains and durations) and thermoele-
ment geometries have been considered, as well as material properties depending or not depending
on temperature. The main conclusions are:

- In thermoelectric materials, prescribing one electric variable implies that the complemen-
tary electric variable depends not only on the prescribed magnitude as usual, but also on
temperature.

- This dependency between electric and temperature creates two separated behaviors on the
transient pulsed regime: fast (for electric field) and slow dynamics (for thermal field).

- Under constant material properties, it is possible to obtain closed-form expressions to
describe the differences between both prescriptions. However, under variable properties
further knowledge on voltage and temperature distributions is required.

- Fast dynamics are not influenced by temperature dependent properties; thus, in the case
of a step pulse both dynamics can easily be discriminated at a glance in contrast to other
smoother time-dependent pulse shapes. The maximum pulse gain is the critical factor in
fast dynamics.

- Slow dynamics under constant material properties are not as important as under variable
properties, since in the latter additional slow dynamics appear. The pulse duration is the
critical factor in this type of dynamics.

- Under variable properties, dynamics are strongly influenced by the properties’ depen-
dency on temperature; for the present thermoelectric material, the particular properties
help keeping the results of both prescriptions very close. Nevertheless, in other materials
noticeable differences which would require specific studies could appear.
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[8] Pérez-Aparicio, J.L. and Moreno-Navarro, P. and Gómez-Hernández, J.J. Combined pulse
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Abstract. This paper focuses on implementation of the sampling surfaces (SaS) method [1] 
for the three-dimensional (3D) stress analysis of layered piezoelectric plates. The SaS 
formulation is based on choosing inside the layers the arbitrary number of not equally spaced 
SaS parallel to the middle surface in order to introduce the displacements and electric 
potentials of these surfaces as basic plate unknowns. Such choice of unknowns permits the 
presentation of the proposed piezoelectric plate formulation in a very compact form. The SaS 
are located inside each layer at Chebyshev polynomial nodes that improves the convergence 
of the SaS method significantly. Therefore, the SaS formulation can be applied efficiently to 
analytical solutions for layered piezoelectric plates, which asymptotically approach the 3D 
exact solutions of electroelasticity as the number of SaS tends to infinity. The strong SaS 
formulation is based on integrating the equilibrium equations of piezoelectricity, whereas the 
weak SaS formulation is based on a variational approach proposed earlier by the author [2]. 
 

1 VARIATIONAL SAS FORMULATION 
Consider a layered piezoelectric plate of the thickness h. Let the middle surface   be 

described by Cartesian coordinates  and . The coordinate  is oriented in the thickness 
direction. According to the SaS concept, we choose inside the nth layer  SaS 

 parallel to the middle surface. The transverse coordinates of SaS of the 
nth layer located at Chebyshev polynomial nodes are written as 
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Figure 1: Geometry of the layered piezoelectric plate 

The through-the-thickness SaS approximations can be expressed as 
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where  are the displacements, strains, stresses, electric potential, 

electric field and electric displacements of the nth layer;   
are the displacements, strains, stresses, electric potential, electric field and electric 
displacements of SaS of the nth layer ;  are the Lagrange basis polynomials of 
degree  corresponding to the nth layer: 
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The variational SaS formulation for the laminated piezoelectric plate is based on a 
variational equation 
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where W is the work done by external electromechanical loads. Here, the summation on 
repeated Latin indices is implied. 
 

2 STRONG SAS FORMULATION  
For simplicity, we consider the case of linear piezoelectric materials given by 
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where ,  and )(n
ijklC )(n

kije  n
ik  are the elastic, piezoelectric and dielectric constants of the nth layer. 

The equilibrium equations and charge equation of electrostatics in the absence of body 
forces and free charges can be written as 
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where the symbol   stands for the partial derivatives with respect to coordinates .  i, ix
The boundary conditions on bottom and top surfaces are defined as 

,)2/(or)2/(,)2/(or)2/( )1(
3

)1()1(
3

)1(   QhDhphwhu iiii Φφσ              (8) 
,)2/(or)2/(,)2/(or)2/( )(

3
)()(

3
)(   QhDhphwhu NN

i
N

ii
N

i Φφσ               (9) 

where  and  are the prescribed displacements, surface tractions, 
electric potentials and electric charges at the bottom and top surfaces. 
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The continuity conditions at interfaces are 
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where the index  identifies the belonging of any quantity to the interface . 1,...,2,1  Nm ][mΩ
Satisfying the equilibrium equations and charge equation (6) and (7) at inner points  

inside the layers, the following differential equations are obtained: 
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where  are the derivatives of the Lagrange basis polynomials whose values at 
SaS  are evaluated in papers [1, 2] and 

nn inin LM )(
3,

)( 
nmn)(Ω 1,...,3,2  nn Im . 

Next, we satisfy the boundary conditions 

,)2/(or)2/(
1

11

1

11 )1(
3

)1()1()1(   
i

i
i

i
i

i
i

i
i

i phLwuhL σ  

,)2/(or)2/(
1

11

1

11 )1(
3

)1()1()1(   
i

ii

i

ii QDhLhL Φφ                            (13) 

,)2/(or)2/( )(
3

)()()(   
N

NN

N

NN

i
i

iN
i

iN

i
i

iN
i

iN phLwuhL σ  

  
N

NN

N

NN

i

iNiN

i

iiN QDhLhL )(
3

)()1()( )2/(or)2/( Φφ                           (14) 

and the continuity conditions that result in 
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Thus, the proposed strong SaS formulation deals with )...(4 21 NIII   governing 
equations (11)-(15) for finding the same number of SaS displacements  and SaS electric 
potentials . These differential and algebraic equations have to be solved to describe the 
response of the layered piezoelectric plate. 
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3 NUMERICAL EXAMPLE 
Consider a symmetric three-layer piezoelectric square plate with the stacking sequence 

[0/90/0] and thicknesses  composed of PVDF whose material properties are 
given in [2, 3]. The plate is subjected to the sinusoidally distributed transverse load defined as 

3/321 hhhh 

.sinsin,0 21
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x
a
xppp ππ

   

The bottom and top surfaces are assumed to be electrically grounded. To compare the results 
derived with the exact solution of Heyliger [3], we accept m01.0h  and . Pa30 p

Figure 2 shows the through-thickness distributions of transverse shear stresses, electric 
potential and electric displacement for different values of the slenderness ratio  taking 
seven SaS for each layer. These results demonstrate convincingly the high potential of the 
strong SaS formulation because the boundary conditions on bottom and top surfaces for the 
transverse stresses and the continuity conditions at interfaces for the transverse stresses and 
electric displacement are satisfied exactly. Note that in a variational SaS formulation [2] the 
boundary conditions on outer surfaces and the continuity conditions at interfaces are satisfied 
approximately. 

ha /

Consider next the same symmetric three-layer square plate subjected to electric loading 

.sinsin,0 21
0 b

x
a
x ππΦΦΦ    

The bottom and top surfaces of the plate are assumed to be traction free. The obtained results 
are compared with Heyliger's exact solution [3] in the case of choosing  and 

. Figure 3 displays the distributions of transverse shear stresses, electric potential 
and electric displacement in the thickness direction for different slenderness ratios employing 
again seven SaS for each layer. 
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V2000 Φ
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Figure 2: Through-thickness distributions of transverse shear stresses, electric potential and 

electric displacement for a three-layer plate subjected to mechanical loading for : 
strong SaS formulation (─), variational SaS formulation [2] (○) and Heyliger's solution [3] (□), 

where 

7321  III

hxz /3  
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Figure 3: Through-thickness distributions of transverse shear stresses, electric potential and 
electric displacement for a three-layer plate subjected to electric loading for : 

strong SaS formulation (─), variational SaS formulation [2] (○) and Heyliger's solution [3] (□), 
where 
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hxz /3  
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Abstract. The dynamic characteristics including natural frequencies and rotor excitation 
frequencies are evaluated for a 10 kW vertical axis wind turbine for investigating the root 
cause of excessive vibration of a structure near 30RPM of rotor speed. Acceleration responses 
are measured at 12 distributed locations from ambient vibration tests during non-operational 
and operational conditions. The natural frequencies for the lowest two vibration modes, i.e. f1 
and f2, are estimated from both conditions and excitation frequencies such as 1P, 2P, 4P 
frequencies, are also identified according to the rotor rotational speed using the responses 
under operational conditions (i.e. power generation condition). It is verified that the excessive 
vibration is due to the resonance between the 4P excitation and the 1st vibration modes. To 
mitigate the resonance issue, dynamic design modification is carried out to increase the 
stiffness and the 1st natural frequency by filling concrete inside the steel tower. It is found 
that the 1st natural frequency could be maximally increased up to about 20.4% by filling 
inside the steel tower with concrete to 7 m by numerical simulation. After the concrete filling, 
the acceleration responses are measured again and it is observed that the 1st natural frequency 
is increased as amount of 21.3% by concrete filling and the increasing rate of 21.3% is very 
close to the one obtained from the numerical simulation, i.e. 20.4% 

 
1 INTRODUCTION 

Although interests on renewable energy development such as wind power and photovoltaic 
have not greatly increased due to the relatively low oil price and stable domestic power supply 
environment over the past few years, research activities and investment in renewable energy 
is still necessary for the reduction of carbon emissions that have been strengthened since the 
COP21[1]. 

Among many renewable energy resources, wind power is more economically and 
technically feasible than other ones. In the case of onshore wind power, it is well known that 
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the cost of energy (COE) has already reached a level of grid parity [2], which means that the 
COE of onshore wind power is similar to the cost of generating electricity by the conventional 
fossil fuel. Many wind farms have already been built and are being operated in Korea, and as 
of 2015, the total installed capacity is reported as 804 MW. In recent years, attention has been 
paid to the construction of offshore wind farms to solve the difficulty of securing sites for 
onshore wind farms and to use better wind resources. A commercial wind turbine of several 
MW class is being widely used for the construction of such a large wind farm, and the small- 
and medium-sized wind turbines that are targeted in this study are turbines of a scale 
necessary for energy-independent island projects and urban wind power systems [3]. 

Small- and medium-sized wind turbines ranging from several kW to tens of kW have been 
developed for various types of turbines such as lifting or drag type, horizontal-axis or vertical-
axis type, 2-bladed, 3-bladed or 4-bladed type. Researches on the overall structural dynamic 
characteristics evaluation and monitoring of individual turbines are very limited [4]. In this 
study, dynamic characteristics such as natural frequencies and modal damping ratios of a 10 
kW two-bladed lifting-type vertical-axis wind turbine are analyzed. Through this 
experimental study, the root cause of excessive vibration occurring when the rotor rotational 
speed is close to 30RPM is investigated. Through field measurement of the wind turbine 
structure, it is confirmed that the root cause of excessive vibration is the resonance between 
the 4P excitation mode, which is equivalent to 4 times of the rotor rotation speed, and the first 
vibration mode. In order to widen the admissible rotor rotational speed without resonance, the 
concrete filling inside the steel tower is applied. The effect of concrete filling on the natural 
frequency is investigated by additional field measurement. This study can be helpful for the 
design of small and medium size wind turbine towers considering the future operating 
conditions or to examine the resonance of the whole system. 

2 STOCHASTIC SUBSPACE IDENTIFICATION 
In this study, the stochastic subspace identification (SSI) is applied to estimate the dynamic 

characteristics of a structure. SSI is formulated based on a block Hankel matrix with a 
correlation matrix of response data and it can be classified as SSI-BR (Balanced Realization) 
and SSI-CVA (Canonical Variate Analysis) according to the method of constructing the 
Hankel matrix [5-8]. In this study, the SSI-CVA method is applied to obtain more stable results 
[8]. Since many literatures about SSI method are available, the fundamental ideas are briefly 
summarized in this paper. First, the SSI-CVA method constructs a block-Hankel matrix by 
using the cross-correlation matrix from the stochastic discrete state equation (see equation (1)) 
considering the external load as a Gaussian random normal distribution load. 

 
( 1) ( ) ( )

( ) ( ) ( )
k k k

k k k
  

 
z Az w

y Cz v
 (1) 

 1 1( ) ( ) ( ) ( 1) ( )T k T kk E k m m E m m           R y y CA z y CA G  (2) 

where A  and C  are the system matrix and the observation matrix, respectively, and ( )kz  and 
( )ky  are a state vector and an observation vector, respectively. ( )kw  and ( )kv  are a random 

normal distribution load vector and a noise vector for the observation vector, respectively, and 
they have no correlation with each other. A block-Hankel matrix with the cross-correlation 
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matrix can be constructed as follows and it can be decomposed into a observability matrix, 

1nO , and an extended controllability matrix, 
2

ext
nC , as in the last in Eq. (3) . 
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SSI-CVA can be formulated by multiplying the weighting matrices ( 1W  and 2W ) before 
and after the block Hankel matrix as in Eq. (4a) and then singular value decomposition (SVD) 
is performed. Then a unitary matrix ( 1U ) and a singular value matrix (Σ ) are obtained as 
shown in Eq. (4a). Finally, the controllability matrix can be obtained using the weighting 
matrix, unitary matrix and singular value matrix as in (4d) [7]. 
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The system matrix ( A ) can be calculated from the matrices 
1 1n

O  and 1 1n O obtained by 

subtracting one block below and one block from the observability matrix, as shown in 
equation (5). 
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The eigenvalue ( k ), the natural frequency ( k ), the mode damping ratio ( k ) and the 
actual mode vector ( k ) for the k-th mode of the continuous state equation can be obtained as 
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shown in the following equations (6) and (7) using the system matrix. 

  1 1( ( , , ), , ,N Ndiag    AΨ MΨ M Ψ ψ ψ  (6) 

       21 ln , Re / | |, Im / 1 ,k k k k k k k k k kt
             


φ Cψ  (7) 

3 EVALUATION OF DYNAMIC CHARACTERISTICS OF A WIND TURBINE 
STRUCTURE BEFORE DYNAMIC MODIFICATION 

3.1 Overview of Wind Turbine and Field Measurement 
The 10-kW vertical axis wind turbine used in this study is a two-bladed lifting-type turbine 

as shown in Fig. 1, and the tower height from the foundation to the rotor is 10 m. The distance 
between the center axes of the two blades is 6.0 m, and the height of the blades is 7.0 m. The 
diameter and thickness of the steel towers are 800 mm and 25 mm, respectively. 

For the field measurements, three accelerometers are installed at 4 m, 7 m, 10 m, and 12 m 
from the foundation, respectively, to measure the acceleration response under two different 
conditions, i.e. (1) the condition that the rotor is not rotating because the wind speed is low 
and (2) the condition that the rotor rotates close to 30RPM due to the good wind speed 
condition. 

 

 

Figure 1: Target wind turbine 

 

 

 

(a) Definition of Axis (b) Sensor No. 

Figure 2: Installed Sensors 

3.2 Dynamic Characteristics Analysis of a Wind Turbine Structure in the Frequency 
Domain 

In order to analyze the root cause of excessive vibration near 30RPM, first, the main 
dynamic characteristics of the wind turbine structure are evaluated by using the power 
spectrum in the frequency domain. Fig. 3 shows the time history data and spectrum of 
acceleration during non-operational (Fig. 3a) and operational (Fig. 3b). The excitation 
frequencies and natural frequencies can be analyzed from the power spectral density functions. 
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Fig. 3(a) shows the measurement result when the rotor is not rotated. From these results, it 
can be seen that the natural frequencies of the structure can be analyzed, and the natural 
frequencies of the first and second modes are 2.1 Hz and 5.2 Hz, respectively. Meanwhile, the 
excitation frequencies can also be analyzed from Fig. 3(b) from the measurement data during 
power generation, that is, while the turbine is rotating. It is found that periodic excitation 
components such as 1P, 2P, and 4P occur in this case of a two-bladed turbine, compared with 
the case where a periodic component of 1P, 3P, and 6P occurs in a three-bladed horizontal 
axis wind turbine [9]. In particular, when the rotational speed of rotor is 27-29RPM, in other 
words, the 4P excitation frequency is 1.80 ~ 1.93Hz, its frequency is very close to the first 
natural frequency of the structure, i.e. 2.1Hz. Hence, it can be concluded that the resonance 
can occur and excessive vibration can be observed due to the resonance. 

  

(a) Ambient vibration tests during non-operational condition 
 

 

(b) Ambient vibration tests during operational condition 

Figure 3: Acceleration time histories and their power spectral density functions 

3.3 Analysis of Dynamic Characteristics of Wind Turbine Structures by SSI-CVA 
In the previous research, the LS-FDD method [10] based on LSM (least square method) and 

frequency domain decomposition (FDD) method [11] have been used to analyze the modal 
characteristics of this wind turbine [12][13]. In this study, SSI-CVA method, which can estimate 
the natural frequencies more accurately, is used to analyze the dynamic characteristics of the 
structure, although the computation time is relatively long. Fig. 4 shows the stabilization chart 
obtained from the SSI-CVA method based on the acceleration response during non-operating 
condition, and it is found that two stable modes can be identified near 2.1Hz and 5.3Hz. The 
solid line indicates the first singular values in FDD method. 
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Figure 4: Stabilization chart with singular values from frequency domain decomposition 

Table 1 shows the comparison between the natural frequencies obtained from the LS-FDD 
method and SSI-CVA. The mean of the first natural frequency is 2.101Hz, which is very close 
to the 2.099Hz from LS-FDD method. On the other hand, the dispersion coefficient is 0.360%, 
which is 0.045% smaller than 0.405% of the LS-FDD method.  

 

 LS-FDD(Yi et al. 2017) SSI-CVA (present) 

 f1 f2 f1 f2 
1st Test 2.086  5.290  2.092 5.274 
2nd Test 2.096  5.294  2.095 5.280 
3rd Test 2.108  5.302  2.111 5.287 
4th Test 2.105  5.296  2.103 5.282 
5th Test 2.101  5.300  2.103 5.283 
Average 2.099  5.296  2.101 5.281 
COV(%) 0.405  0.090  0.360 0.090 

* COV denotes the coefficient of variation. 

4. EVALUATION OF DYNAMIC CHARACTERISTICS OF WIND TURBINE 
STRUCTURES AFTER DYNAMIC DESIGN MODIFICATION 

4.1 Dynamic Design Modification of Wind Turbine Structure 
From the first field measurement, it has been concluded that the excessive vibration is 

caused by the resonance between the 4P excitation and the 1st natural vibration modes. 
Therefore, it is necessary to increase the admissible maximum rotor rotational speed in order 
to raise the power output and to reduce the vibration. Various methods can be applied for this 
purpose. In this study, the concrete is filled inside the existing steel tower to increase the 
stiffness and natural frequency as well. However, when the filling height is too high, the 
effect of increasing the mass is greater than the effect of increasing the stiffness. Therefore, 
the optimal filling height needs to be determined first through numerical analysis. 

The numerical modal analysis of the wind turbine structure is performed using a 
commercial structural analysis program, i.e. LUSAS. For the modeling, tower, flange, 
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stiffener and upper disk are modeled as 4 node shell elements, and the turbine support 
member on the tower is modeled using 2 node beam element. In this study, the blades and 
generators are considered as concentrated mass at the mass center of the rotor-nacelle-
assembly in the upper part of the tower, and the bottom part of the tower is considered as a 
complete fixed support condition without detailed modeling of the foundation. The actual 
stiffness can be taken into account by using modal updating, but this study does not include it 
because the previous studies reveal that the rate of increase or decrease of the natural 
frequency due to the stiffness change is not significantly affected by the initial model [14]. 

Fig. 5 shows the increase rate of the first natural frequency according to concrete filling 
height. It can be found that the natural frequency is increased up to 20.4% when the concrete 
filling height is 7 m, and the natural frequency decreases when the filling height is higher than 
this. Therefore, it is planned to fill up the concrete in the actual wind turbine tower up to 7 m 
height based on the numerical analysis results. 

 

Figure 5: Frequency increasing ratio with concrete filling inside the steel tower 

4.2 Evaluation of Dynamic Characteristics after Dynamic Design Modification of Wind 
Turbine Structure 

Based on the results of the numerical analysis, the concrete is filled up to 7 m height inside 
the steel tower of the wind turbine, and the field measurement is carried out again about two 
months later considering the curing time. The accelerometers are installed at the same 
position as in the field measurement. The experiment is conducted under only non-operating 
condition due to the low wind speed. Fig. 6 shows that two stable modes are extracted around 
2.5 Hz and 5.3 Hz in the stabilization chart obtained by SSI-CVA with measurement data. 
Table 2 shows the comparison of natural frequencies before and after concrete filling. In the 
first mode, it can be seen that the natural frequency has increased by more than 20% from the 
existing 2.1 Hz to 2.5 Hz while there is not significant increase in the second mode. It is 
because that the sensitivity of the tower stiffness on the 2nd natural frequency is much lower 
than that for the 1st mode. In addition, the increase rate of the first mode (i.e.  21.3%) is very 
close to the numerical result, i.e. 20.4%. Although the numerical analysis model is not 
updated using the experimentally obtained natural frequency, it can be indirectly understood 
that it is a sufficient level of numerical analysis model to see the change rate according to the 
change of stiffness. 
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Figure 6: Stabilization chart and singular values from frequency domain decomposition 

Table 2: Natural frequencies before and after filling 

 
Natural frequencies (Hz) 

Increasing ratio (%) 
Before concrete filling After concrete filling 

1st mode 2.101 2.550 21.3 
2nd mode 5.281 5.293 0.2 

 

5. CONCLUSION 

The purpose of this study is to investigate the root cause of excessive vibration and to 
mitigate the cause of excessive vibration for the 10kW small vertical wind turbine structure 
with excessive vibration near 30RPM. In order to estimate the dynamic characteristics of the 
structure, field measurements are carried out and the following conclusions are derived. 

(1) Unlike a typical horizontal axis three-bladed wind turbine, it is confirmed that the 
periodic components such as 1P, 2P, and 4P occur in the case of the two- bladed vertical axis 
wind turbine. Especially, when the rotor speed is about 27-29RPM at the time of field 
measurement, the corresponding 4P excitation frequency is 1.80-1.93Hz which is slightly 
smaller than the first natural frequency of the structure, i.e. 2.1Hz. Hence, it is confirmed that 
excessive vibration occurs due to resonance between 4P excitation and the 1st vibration modes. 

(2) By analyzing the natural frequency of the structure by applying the SSI-CVA method, 
it is possible to obtain a more consistent natural frequency than that of the LS-FDD method. 
But the differences are very small and negligible. 

(3) In order to increase the power output and mitigate the excessive vibration, concrete is 
filled in the steel tower to increase the first natural frequency of the existing wind turbine 
structure. Numerical result shows that natural frequency can be increased by 20.4% when 
concrete is filled up to 7 m height. 

(4) It is confirmed that the natural frequency of the first mode increased from 2.1Hz to 
2.54Hz by conducting the field measurement after filling the concrete. Based on this result, 
the admissible maximum rotational speed for avoiding resonance can be increased from 
30RPM to 36RPM, about up to 20 % in this case. 

 
In the case of the target small-sized two-bladed vertical-axis wind turbine, excessive 
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vibration occurred due to the resonance with the first vibration mode where the rotational 
speed of the rotor is near 30RPM. In order to mitigate this vibration, the dynamic design is 
modified by concrete filling. And its effect is confirmed by field measurements. In this case, 
when resonance occurs in the rotor rotation speed range smaller than the design RPM, 
dynamic design modification through design change of the stiffness or mass of the structure is 
effective, but additional introduction of the enhanced control algorithm such as control widh 
speed exclusion zone algorithm [15] for avoiding resonance is necessary in the future. 
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Abstract. Among various renewable energies, wind power has more commercially 
competitiveness and has been developed very fast for several decades. Further, recently to 
efficiently utilize ocean resources, there is rising interest on the integrated exploitations of an 
offshore wind and tidal current energy. Such the hybrid offshore wind and tidal current 
turbine (HOWTCT) plays an important role in supporting the energy-generating components 
(blades, hub and nacelle) and resisting wind and wave loads. The purpose of present study is 
to develop a SHM system and damage detection for the supporting structure of HOWTCT 
through indoor experiments. Accelerometers at four height levels were installed from the 
ground to the top. The coherence function between two sets of the measured acceleration 
responses was employed, and then the averaged integrations of coherence (AIC) function with 
the frequency were used to identify the damage detection. As a result, it was found that the 
damage detection for the foundation damage with the operations of wind turbine, tidal turbine 
and wind and tidal turbines was accurately predicted by the AIC function. 
 
1 INTRODUCTION 

Since the Kyoto Protocol took effect in 1997, there is lots of interest in the world on global 
warming and climate change resulting from the excessive use of fossil fuel. Subsequently, in 
2015 COP21, known as the 2015 Paris Climate Conference, announces to reduce greenhouse 
gas emissions to limit the global temperature. Renewable energies have been emerged from 
the perspectives of securing energy supply and addressing the challenges of climate change, 
greenhouse gas emission reduction. Among those renewable energies, wind power has more 
commercially competitiveness and has been developed very fast for several decades [1-2]. 
Many countries have been started to accelerate deploying not only onshore wind power, but 
also offshore wind power. As a result, the contribution of wind power to the world total 
generation capacity is expected to reach 8% by 2018 [3-5]. Wind turbines of the same 

247



W. Kim, J.H. Yi and J.S. Park 

 2

capacity have been developed to be bigger and bigger to obtain a large amount of power at 
low wind speed. To support a bigger wind turbine, a new tower design which is a hybrid-
tower design featuring of a concrete and a steel part has been also developed. Further, recently 
to efficiently utilize ocean resources, the integrated exploitations of offshore wind and ocean 
energy such as tidal current energy have been carried out by a couple of researches [6-7]. 
Such the hybrid offshore wind and tidal current turbine (HOWTCT) plays an important role in 
supporting the energy-generating components (blades, hub and nacelle) and resisting wind 
and wave loads. In addition, recently the structural health monitoring (SHM) technology has 
been receiving considerable interest in the field of wind power generation. Implementation of 
such an SHM system not only provides an efficient health indicator for early damage 
detection, but also assists in understanding the dynamic behaviors of a wind turbine system or 
tidal current turbine system under normal operational conditions. However, with the 
increasing size of the wind turbine for harvesting more energy, the studies about SHM system 
for the tower structure supporting HOWTCT are still not sufficient. Therefore, it is necessary 
to develop the SHM system for the supporting structure to secure the structural safety, as well 
as, to obtain sustainably the electronic power from the HOWTCT tower structure.  

The purpose of present study is to develop SHM system and damage detection technology 
for the supporting structure of the HOWTCT using conceptual HOWTCT model. Coherence 
function was employed to propose an appropriate damage detection technique for the tower 
structure supporting HOWTCT. The averaged integration of the correlation function along the 
frequency points over the measuring range was used as damage indicator for damage 
identification. 

2 INDOOR EXPERIMENTS AND DAMAGE DETECTION 

2.1 Experimental model 
Figure 1 shows the schematic design of HOWTCT model used in the indoor experiment 

and sensor arrangements. Measuring sensors which are accelerometers, strain gauges and tilt 
meters were installed on the HOWTCT model as shown in Figure 1.  

Particularly, the accelerometers were distributed from the ground to the top of the 
HOWTCT model in X- and Y-direction. To simulate the ideal damage, the HOWTCT model 
was divided into two sections connected by bolts. The vibration was generated by the rotors 
with two blades for the tidal current turbine and with four blades for the wind turbine. Table 1 
lists the damage scenarios of the HOWTCT model. Four different damage states were 
considered as shown in Table 1. Healthy state (HS) represents the original state of the 
HOWTCT model. Foundation damage state (FDS) represents the damage of the base. Tower 
damage state (TDS) represents the damage of the tower flange. Multi damage state (MDS) 
represents the damage of the base and tower flange simultaneously. The damage was 
simulated at the base and the tower flange by loosening three bolts for the base and two bolts 
for the tower flange. In each damage case, it was considered for three types of operations 
which one is case of the operation of the wind turbine only, second is case of the operation of 
the tidal turbine, and last is the case of operation of the wind and tidal turbines simultaneously 
as shown in Table 1. Furthermore, the rotor speeds for the wind and tidal current turbines 
were fixed to 300 rpm for the wind turbine and 600 rpm for the tidal turbine, respectively. The 
sampling frequency was 300 Hz. The measuring time was 60 minute. 
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Figure 1: Schematic design of HOWTCT model for damage detection and measuring sensor arrangements 

Table 1: Damage scenario and operating condition 

Damage Scenario Operating condition 

Healthy state 
(HS) 

Only wind turbine  
Only tidal turbine 

Wind + tidal turbine 

Foundation damage state 
(FDS) 

Only wind turbine 
Only tidal turbine 

Wind + tidal turbine 

Tower damage state 
(TDS) 

Only wind turbine 
Only tidal turbine 

Wind + tidal turbine 

Multi (Foundation & tower) 
damage state (MDS) 

Only wind turbine 
Only tidal turbine 

Wind + tidal turbine 

2.1 A correlation criterion for damage detection 
In this study, correlation criterion for correlating measured frequency responses from 

multiple sensors which is one of a response-based method was employed for structural 
damage detection for the tower structure supporting HOWTCT. The coherence at a specific 
frequency is modal assurance criterion. The coherence function is a scalar quantity indicating 
the causal relationship between measured frequency responses at different locations as 
follows [8]: 
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where, Gi(f) and Gj(f) are the power spectral density at height levels i and j, respectively. 
Gij(f) is cross power spectral density between height levels i and j. Cohij(f) is a real-valued 
function of frequency between zero and unity. In this study, the acceleration data was divided 
into six segments corresponding to 10 minute, and then six coherence functions can be 
obtained. In calculating the coherence function, the reference point for the acceleration 
response was set at height level 3 where the largest value of acceleration response was 
occurred. Figure 2 shows an example of the coherence function at height levels 3 and 1 for 
different damage states with the operation of the wind turbine. Furthermore, it is likewise 
calculated in a manner corresponding to the modal assurance criterion. The averaged 
integration of coherence (AIC) function over the actual response values at each frequency can 
be defined as: 

( )n

N

n
ij fCohå

=

=
1

ij N
1  AIC  (2) 

The AIC12 is a real constant between zero and unity to indicate the change of structural 
responses at height levels i and j. Hence, this can be used as damage indicators for damage 
identification. 

 
Figure 2: Example of correlation fucntion at levels 3 and 1 for different damage states with operation of wind 

turbine 

3 RESULTS AND REMARKS 
The damage identification (AIC) results for different damage states and operation 

conditions are presented in Figures 3~5. In Figures 3~5, the dashed lines represent upper and 
lower limits of the AIC for the healthy state, and these can be obtained by three standard 
deviations of coherence which lies within 99.7% probability by assuming normal distribution. 
From Figure 3, AIC results for different damage states with the operation of the wind turbine 

250



W. Kim, J.H. Yi and J.S. Park 

 5

showed similar distribution, but AIC values were depended on the damage states and height 
levels. The AIC31 and AIC32 for damage states seems to have lower correlation with damage 
states, expect the FDS for height levels 3 and 1 and the TDS for height levels 3 and 2, 
respectively. On the other hand, the AIC34 for the damage states entirely exhibited high 
correlation compared with that of the HS. It implies that the damage detection is accurately 
predicted by the correlation criterion. Another notable observation was that if the excitation 
response on the hybrid offshore wind and tidal current turbine structure is small, the AIC is 
sensitive to damage states.  

From Figure 4, AIC results for the HS with the operation of the tidal turbine depended on 
height levels. AIC31, AIC32 and AIC34 for the FDS and MDS were slightly smaller than those 
of the HS. It implies that the damage detection is accurately predicted for the FDS and MDS. 

 

 

(a) Levels 3 and 1 

 

(b) Levels 3 and 2 

 

(c) Levels 3 and 4 

Figure 3: Damage identification (AIC) results for different damage states with operation of wind turbine  
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(a) Levels 3 and 1 

 

(b) Levels 3 and 2 

 

(c) Levels 3 and 4 

Figure 4: Damage identification (AIC) results for different damage states with operation of tidal turbine  

On the other hand, it should be noted that AIC31, AIC32 and AIC34 for the TDS were almost 
same with those of the HS, i.e., the damage detection for the TDS could not be predicted in 
the operation of the tidal turbine. 

From Figure 5, AIC results for the HS with the operation of the wind and tidal turbine also 
depended on height levels as shown in Figure 4. Notable observation was that the damage 
detection (AIC31, AIC32 and AIC34) for the FDS were predicted accurately. On the other hand, 
the damage detection (AIC31, AIC32 and AIC34) for the TDS and MDS could not be clearly 
predicted. Therefore, it is required to examine the effect of damage state and operating 
condition on the AIC by using coherence function. 
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(a) Levels 3 and 1 

 

(b) Levels 3 and 2 

 

(c) Levels 3 and 4 

Figure 5: Damage identification (AIC) results for different damage states with operation of wind and tidal 
turbine  

4 CONCLUSIONS 
The purpose of the present study is to investigate the damage detection for the supporting 

structure of a hybrid offshore wind and tidal current turbine through the indoor experiments. 
In this study, correlation technique between two sets of the acceleration responses was 
employed to propose an appropriate damage detection technique with various damage 
locations. The averaged integration of the coherence function with frequency was used as 
damage indicator for damage identification. This study shows the possibility of devising 
health monitoring and damage assessments using the correlation criteria. More detailed study 
is required to develop the approaches that can accurately recognize and assess the structural 
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damage states of the hybrid offshore wind and tidal current turbine structure. 
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A. Güemes, A. Benjeddou, J. Rodellar and J. Leng (Eds)

STRUCTURAL DESIGN AND EXPERIMENTAL
INVESTIGATIONS OF A SHAPE-ADAPTIVE SLAT FOR

WIND ENERGY ROTOR BLADES

OLIVER HUXDORF∗, JOHANNES RIEMENSCHNEIDER†,
PAUL LORSCH‡ AND MARTIN RADESTOCK§

German Aerospace Center (DLR)
Institute of Composite Structures and Adaptive Systems

Lilienthalplatz 7, 38108 Braunschweig, Germany
e-mail: ∗oliver.huxdorf@dlr.de, †johannes.riemenschneider@dlr.de, ‡paul.lorsch@dlr.de,

§martin.radestock@dlr.de

Key words: Wind Energy, Morphing, Adaptive Systems, Slat, Rotor Blade

Abstract. The trend towards larger rotor blades is still continuing, since the generated electrical
power is proportional to the square of the blade length. However increasing rotor blade length
will also increase the blades weight by the radius cube. Consequently mass induced loads such
as centrifugal loads also increase. In addition larger blades lead to increased dynamic blade
loads induced by vertical wind gradients and turbulent inflow conditions. A morphing slat
that allows a dynamic gap variation between the slat’s trailing edge and the main profile offers
a great opportunity to reduce such fatigue loads. In order to show the proof of concept of
such a shape-adaptive slat, a wind tunnel experiment was designed and executed. This paper
presents the development of the shape-adaptive slat in wind tunnel scale. In order to ensure
the fatigue behaviour a parameter study for the slat’s design is done. The objective is to avoid
a concentrated local strain maximum in the case of the deformed slat. As a next step, six
slat segments are manufactured to investigate the deformation behaviour and to validate the
simulations in a static experiment. The same segments are used to perform long-term fatigue
investigations with dynamic slat deformations. Based on the experimental results a heat treated
steel is selected to manufacture the final wind tunnel slat.

1 INTRODUCTION

The trend towards larger wind energy rotor blades is still continuing, since the generated
electrical power is proportional to the square of the blade length. On the negative side larger
wind energy rotor blades lead to increasingly and therefore critical dynamic blade loads at
the blade root. These loads are induced by turbulent inflow conditions, vertical flow speed
gradients due to the surface boundary layer and increased blade weights by radial length cubed
in combination with changing blade orientations relative to the gravity. Consequently further
blade up-scaling is limited by increased dynamic blade loads.

1
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Recently investigations to the reduction of blade root loads by passive technologies such as
bend twist coupling are done in [1, 2]. Another approach with more potential than passive
methods and the possibility of direct lift control are active technologies. An overview of such
technologies, their potentials and issues is given in [3]. Several investigations to camber variation
with flexible trailing edges and conventional trailing edge flaps are done by the Danish Technical
University (DTU) [4, 5, 6], Sandia National Laboratories (SNL) [7], Technical University Berlin
[8] and Sandia National Laboratories together with FlexSys Inc. [9].

An alternative approach to camber variation is the use of shape-adaptive slats for wind energy
rotor blades. This technology also offers the opportunity of direct lift control. The use of non-
deformable rigid movable slats’ is a well-known technology in aircraft applications. Existing
patents for non-deformable wind energy rotor blade slats are proposed in [10, 11, 12]. Recent
investigations with a fixed non-deformable auxiliary leading edge slat at a zero twist quasi-two-
dimensional profile of type DU 97-W-300, which is described in [13], are done in [14]. Further
investigations of [15] with a rigid retrofitted leading edge slat at the inner part of the 10MW
reference turbine RWT10, from the Danish LightRotor project, show the potential of leading
edge slats’ at wind energy turbines, especially the effect of an increased energy yield. The general
effects of a non-deformable slat can be summarized with a delay in stall and an increased range
of angles of attack in which the airfoil is working efficient. In contrast to a non-deformable slat
a shape-adaptive slat also offers the opportunity of direct lift control.

In order to show the proof of concept this paper presents the development of a shape-adaptive
slat with the possibility of a camber angle variation for wind tunnel investigations. Such a slat
enables a changing gap size between the slat’s trailing edge and the main profile. In case of a
known incoming short-term inflow fluctuation as well as different flow speeds at various azimuth
blade positions the slat’s shape can be switched with the objective to control the aerodynamic
forces and therefore to reduce dynamic blade root loads. This leads to an improved fatigue
behaviour of the blade root and allows the design of larger and lighter blades. A short overview
of the development procedure of this shape-adaptive slat is presented in [16]. A more detailed
description of the development procedure is presented now in this paper.

2 GEOMETRY

As a first step to develop the shape-adaptive slat for wind tunnel investigations the non-
deformed aerodynamic profile is defined in [17] in an optimization process. The starting point
is the DU 91-W2-250 profile, which is shown in figure 1. Detailed information to this profile is
given in [13]. The outcome of this study are two different aerodynamic profiles which are also
shown in figure 1. The first one is characterized by a superimposed large cambering slat in front
of the unmodified DU 91-W2-250 profile. The second profile is described by a modified main
profile with a low cambering slat in front of them. The low cambering slat and the corresponding
main profile are completely integrated in the original DU 91-W2-250 profile. Hence the second
slat version is called ”the integrated slat”. Furthermore [17] compares the superimposed as well
as the integrated profile in terms of lift and efficiency. Due to the better efficiency, the integrated
slat is selected to develop the shape-adaptive slat for wind tunnel investigations.

The given geometry of the slat and the main profile is presented in figure 1. As shown the
slat’s suction side and the whole rear part of the main profile are identical with the original
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Figure 1: Integrated slat in red with the corresponding main profile in blue compared with the original
DU 91-W2-250 profile in black. The geometry is presented in wind tunnel scale. The figure is based on
data of [17].

DU 91-W2-250 profile. The main profile has a chord cmain of 250mm and a maximum thickness
tmain of 75mm. The slat has a chord cslat of 69mm and a maximum thickness tslat of 13.4mm. In
case of a non-deformed slat the shortest distance between the main profile and the trailing edge
of the slat denoted as g is 6.4mm. The experimental aerodynamic investigations were executed
in a wind tunnel from the University of Oldenburg. The measuring section of this wind tunnel
has a width of 805mm. Hence the main profile of the wind tunnel model has a span smain of
805mm. In order to prevent friction between the side surfaces of the slat and the wind tunnel
walls the slat has a span sslat of 803mm.

3 REQUIREMENTS

As a next step the essential slat deformation requirements are defined. As a main requirement
it has to be possible to close the gap completely. In order to be able to reduce dynamic blade loads
the second essential requirement is a shape variation frequency f of 5Hz for the full amplitude.
As a secondary requirement an additional gap enlargement beyond the non-deformed gap size
should be possible.

4 CONCEPT DESCRIPTION

In order to design the shape-adaptive slat in wind tunnel scale, different structural concepts
are investigated. Among others a concept with slat integrated pressurized cells as in [18] and
[19], shape integrated piezoceramic actuators as used in [20] and the use of a kinematic chain
as described in [21] are investigated and discussed. Each of these concepts has a significant
disadvantage for the given requirements. The most promising and therefore the finally selected
concept uses a kinematic mechanism as shown in figure 2. In order to ensure a continuous
slat deformation as well as to minimize flow disturbances induced by the kinematics itself four
span-wise positions are defined to deform the slat’s compliant middle section as well as to fix
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the slat’s leading edge at the main profile (compare figure 2(a)). As shown in figure 2(b) the
intermediate regions of these four positions allow an air flow between the pressure side of the slat
and the main profile. The kinematics consists of a connecting rod (blue) and a shaft (brown).
A stepping motor (not shown) is used to drive the shaft and therefore to deform the middle
section of the slat. As a result the gap will be closed or opened.

In order to improve the fatigue behaviour, to reduce the necessary deformation forces and
to reduce the resultant strain in case of a deformation the slat is designed as a hollow profile.
Further fatigue improvements are realized with a slotted pressure side of the slat.

(a) (b)

Figure 2: Working principle of the shape-adaptive slat with sketched deformed slat shapes. (a) Structural
concept in the span-wise plane of the actuation stations. (b) Structural concept at the span-wise planes
away from the actuation stations.

The presented concept of a shape-adaptive slat is developed for use on a scaled wind tunnel
model. Future investigation deals with the up-scaling of the selected concept.

5 DESIGN PROCESS

This section presents the detailed design process of the slat. In a first step the slat’s inner
contour is optimized in a parameter study to minimize the resultant strains in case of a deformed
slat and therefore to improve the fatigue behaviour. As a next step six identical slat segments are
manufactured to investigate the deformation behaviour of the slat and to validate the generated
FE models. Afterwards these segments are used for fatigue investigations. This section will be
closed with a short description of the final wind tunnel model.

5.1 Parameter study for fatigue improvements

The objective of this study is to minimize the resultant maximum strain in case of a deformed
slat and therefore to improve the fatigue behaviour as well as to ensure the fatigue strength
during the whole wind tunnel measurements. This is achieved with a parameter study of the
inner contour of the slats’ suction side. The general objective is to spread a resultant possibly
concentrated local strain maximum to the whole compliant middle section of the slat. In contrast
to the soft requirement of an additional gap enlargement the possibility of a completely closed
gap is a hard requirement. Consequently this load case is used for the following numerical
investigations.
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(a) (b)

Figure 3: Sketch of two different approaches to describe the inner contour of the slat’s pressure side.
(a) Two tangential radii as contour description. (b) Polynomial function as contour description.

In order to describe the slats inner contour two different approaches are used. The first
approach uses two tangential radii to describe the inner contour and is shown in figure 3(a). In
order to get a definite contour description the following boundary conditions are defined. Both
radius r1 and radius r2 merge tangentially to each other and to the slats’ front as well as rear
part. The starting point of radius r1 is defined with parameter a. The end point of radius
r2 is defined with parameter b. The contour variation is achieved with various values for the
parameters a, b and r2. Parameter r1 is defined as a result of the remaining three parameters
and the associated boundary conditions.

As a second approach the inner contour is described with different polynomial functions of
orders 5 to 12 and various corresponding coefficients ci. A sketch of the approach is shown in
figure 3(b). A definite polynomial contour is achieved with the following boundary conditions.
First, the polynomial function is only considered between the x coordinates of point P1 and
point P3. The polynomial function is tangential to the slat’s front part in point P3 as well as
to the rear part in point P1. In order to achieve a contour variation the coordinates x and y
of Point P2 and the slope β in the same point are used as parameters. In order to generate
full definite polynomials only six functional coefficients with ci �= 0 are used. For functions with
orders higher or equal than 6 the four even leading coefficients as well as the linear and the
absolute coefficients are used. In case of order 5 each coefficient is used to define the function.
The polynomial functions of order 10 are identified as best contour description. This function
type is used for the detailed parameter study.

Figure 4: Resultant numerical strain distribution in
case of a completely closed gap.

In order to perform the parameter study
a combination of different tools is used. The
base is built with a parametric CAD - model
in Catia. The parameter variations are real-
ized with Matlab. For each parameter combi-
nation the CAD - model is updated by Mat-
lab. The resultant slat’s inner contour of
each combination is exported to a paramet-
ric FE - model in Ansys. The numerical cal-
culations are done with a two-dimensional
FE - model of the slats’ structure in plane of one actuation station (compare sketched plane
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in figure 2(a)). The used FE - model is shown in figure 4. In order to simulate the expected
loads the slats’ leading edge is defined as fixed. The middle section deforms in consequence of
the attached displacement ∆u.

The best performing configuration in terms of minimized strains is achieved with a polynomial
function of order 10. The resultant strain distribution is shown in figure 4. The maximum
strain ε is approximately 0.3%. Based on this result and to ensure the fatigue strength of the
wind tunnel model during the whole wind tunnel measurements a heat treated steel of type
30CrNiMo8 is used as the material for the wind tunnel model of the slat. This results in a
mechanical stress σ of 630N/mm2. Of course there is the potential for further strain reductions,
for example with other contour descriptions, but due to the limited time this has to be explored
outside of this project. Additional strain reductions could be reached with thinner slat skins,
but the combination of the slats dimensions with milling as the manufacturing process leads to a
minimum skin thickness tskin of 1mm. Otherwise the risk of vibrations during the manufacturing
process and therefore increased manufacturing inaccuracies is to high.

As shown in figure 4, the pressure side of the slat’s skin is slotted. In case of a closed gap the
pressure side’s skin raises from the front part of the slat. This effect is also shown in figure 4.
In case of an additional gap enlargement the pressure side’s skin shores at the slat’s front part.

5.2 Manufacturing

Figure 5: Manufactured slat segment.

Based on the results above a pre version of
the slat is designed. In a next step this design
is used to manufacture six identical slat seg-
ments with a span s of 40mm. One slat seg-
ment is shown as an example in figure 5. As
can be seen the force application point (con-
nection with kinematics) is located in an ex-
tension of the slats’ trailing edge. The slats’
bearing is realized with two bolts putted in an
extension at the slats’ leading edge. The bolts
are not shown.

In order to manufacture the slat segments
the slats’ suction and pressure sides are manufactured separately in a CNC milling process.
Afterwards both sides are glued together. The same manufacturing process is used for the final
wind tunnel model of the slat.

5.3 Static investigations

As next step one slat segment is used for static investigations. The objective is to determine
the real slat’s deformation behaviour, the resultant strain distribution, the necessary deformation
forces to close the gap completely and to validate the generated numerical tools. The used
experimental setup is shown in figure 6(a).

Two bolts are used to fix the slat’s leading edge at a massive block. Another bolt is used to
fix different gravity forces at the force application point. An optical measuring system called
GOM ARAMISTM[22] is used to detect the deformation behaviour and the strain distribution
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(a) (b)

Figure 6: Experimental setup to validate the resultant simulated strain distribution (left) with the
resultant experimental strain distribution in the case of a fully closed gap (right).

for different load steps. As shown in figure 6(b) only the compliant middle section and the
rear slat shortly before the trailing edge are measured, because of light reflections and system
restrictions.

Figure 7: Smith diagram for different heat
treated steels (diagram TB 3-1 in [23])

.

The determined shifting curve of the slat’s trail-
ing edge is sketched in figure 8. As can be seen the
resultant shifting curve is not identical to the direc-
tion of the shortest gap between the slat’s trailing
edge and the surface of the main profile. In or-
der to close the gap completely a displacement at
the force application point uclose of approximately
9mm is required. The corresponding force Fclose

is 120N. The resultant maximum strain εclose is
0.34%. It follows a deviation of 12% compared
to the numerical results of figure 4, which is in an
acceptable range. The resultant mechanical stress
σclose is 714N/mm2. The permitted maximum fa-
tigue strength without a stress offset is figured
out from the Smith diagram (diagram TB 3-1 in
[23]) in figure 7 and is approximately 610N/mm2.
Therefore the existing maximum mechanical stress
is higher than the permitted fatigue strength with-
out a stress offset. This means the fatigue strength
for a dynamic shape variation with an amplitude
of uclose ≈ 9mm is not allowed. The resultant
maximum permitted stress for an additional gap
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Shifting curve

Gap

Figure 8: Resultant shifting curve of the slat’s trailing edge due to different weight forces at the slats’
force application point.

enlargement σopen is −450N/mm2 and is also ac-
quired from figure 7. The corresponding permitted gap enlargement uopen to the full closed gap
is calculated approximately with a proportion equation of uopen = (σopen/σclose) · uclose. Using
this equation an additional gap enlargement uopen of approximately 5.7mm directly at the force
application point results.

5.4 Fatigue investigations

As described above the next step are fatigue investigations to ensure the fatigue strength
during the wind tunnel measurements. Therefore a classic fatigue test up to 1 · 106 cycles is
performed for the slat segments. The opening and closing of the gap, as sketched in figure 2,
is one load cycle. The closing force Fclose of 120N is applied to simulate the complete closing
of the gap. The used test rig simulates a continuous opening and closing of the gap. This is
done by an eccentric shaft with a variable stroke that drives a connection rod, which is directly
linked to the trailing edge of the slat. An electric motor drives the shaft at approximately
300 rpm, which leads to a loading frequency of 5Hz. As the eccentric shaft induces a constant
stroke within the fatigue test, the test is deflection controlled. The opening and closing force
that must be reached have to be calibrated with a few cycles before the fatigue test starts. As
the stroke is then locked, the resultant force is monitored during the fatigue test. Any change
in the mechanical behaviour of the slat can then be seen in a change of the resultant force.
Additionally several strain gauges were applied to the slats to monitor any changes in the strain
distribution on the slats.

In total five slats were tested. Because of the limited amplitude of the used test rig each slat
segment is investigated with different closing and opening forces to cover all expected fatigue
loads. This paper presents the results of slat segment 4. This segment is tested with a maximum
force Fmax of 123N (blue curve) which is close to the closing force Fclose with 120N and a
minimum force Fmin of −11N (red curve). Figure 9 shows the resultant forces over the entire
fatigue test up to 1 · 106 cycles.

It can easily be seen that the resulting force barely changes over the course of the test.
Within the first hundred load cycles the resultant force changes the most. This is a result of the
mechanical settling of the test rig. After that settling any barely change of the resultant force
are visible. This behaviour was proven by examining the measurements of the strain gauges,
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Figure 9: Envelope curve of the maximum and minimum forces that resulted from the fatigue loading
of slat segment 4.

that were applied to the upper surface of the slat. Thereby and in combination with the results
of the remaining four slat segments it can be stated, that no measurable damage occurred in
the slat and the operational stability is given.

After the successful test, the strain gauges are removed from the slat to examine the surface
in detail. A photograph of the slat is given in figure 10. The remnants on the surface are the
soldering points from the strain gauges that could not be removed without damaging the slats’
surface. No cracking or roughening is found on the slat. Severe mechanical damage due to
fatigue could not be found. After the optical examination several bores are applied to the slat
for installation tests of pressure taps. These bores can also be seen in figure 10.

In total, all slats showed this type of behaviour. No noticeable change in the resulting force
was observed. In order to simulate an additional gap enlargement one slat segment is tested
with a maximum force Fmax of 77N and a minimum force Fmin of −75N. The resultant stress
ratio is R = σmin�σmax ≈ −1, which is known to be a severe load case in fatigue. This proves,
beyond the already shown operational stability, structural reserves against fatigue.

Figure 10: Slat segment 4 after the fatigue test with approximately 1 · 106 cycles. The bores visible in
the picture were applied after the fatigue test.
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6 WIND TUNNEL MODEL

Figure 11: Manufactured wind tunnel model with
the non-deformed shape-adaptive slat in front of the
main profile.

Based on the results above the final wind
tunnel model with the slat and the corre-
sponding kinematics as well as additional
parts are designed. Also the stepping mo-
tor to drive the shaft is selected. Afterwards
the final wind tunnel model with a span smain

of 805mm and the corresponding slat with a
span sslat of 803mm are manufactured. The
finally manufactured wind tunnel model with
the shape-adaptive slat in front of the main
profile is shown in figure 11.

Compared to the slat segments the slat’s
bearing is redesigned with the objective of re-
duced flow disturbances generated by the slat
mounting itself. Hence two screws in chord di-
rection instead of two bolts in span wise direc-
tion are used. An additional bolt in chord di-
rection is used for deformation induced shear
loads and to ensure identical slat position after
possible reassemblies. The thickness at each
slat mounting is 15mm. The distance between
the middle planes of the actuation stations is
200.75mm.

7 CONCLUSION

This paper gives an overview of the design of a shape-adaptive slat for scaled wind tunnel
investigations at a wind energy profile. Based on the given geometry and requirements the
structural concept of the slat is developed and described. In order to improve the fatigue
behaviour of the slat’s wind tunnel model the suction side’s skin of the slat is designed in a
parameter study with the objective to reduce the resultant strains in case of a deformed slat.
In the case of a completely closed gap a maximum strain εclose of 0.34% results. The fatigue
strength of the wind tunnel model is proven with experimental fatigue investigations with up to
1 ·106 cycles. Finally the wind tunnel model with the shape-adaptive slat and the corresponding
kinematics is manufactured and presented.

As a next step the hardware to drive the stepping motors will be modified for controlled shape
actuations. After that a wind tunnel campaign with controlled shape actuations as reaction of
turbulent inflow conditions which are generated by an active grid will be done.

Furthermore, investigations to transfer the developed concept of the scaled slat to a full-scale
slat are planned. Based on the changed dimension the main objective is to check the full-scale
suitability of the selected concept and actuators. Another objective of interest is to use GFRP
instead of metal as the slat’s material.
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Smart structures for wind energy turbines, 25th AIAA/AHS Adaptive Structures Confer-
ence, AIAA SciTech Forum, AIAA 2017-0295, Grapevine, Texas, USA, 2017.

[17] Manso Jaume, A. and Wild, J., Aerodynamic Design and Optimization of a High-Lift Device
for a Wind Turbine Airfoil , Springer Verlag. Pages 859-869, ISBN 978-3-319-27278-8.

[18] Gramüller, B., Pressure-actuated Cellular Structures, Dissertation, German Aerospace Cen-
ter, Institute of Composite Structures and Adaptive Systems, Braunschweig, 2016.

[19] Vasista, S. and Tong, L., Topology-Optimized Design and Testing of a Pressure-Driven
Morphing-Aerofoil Trailing Edge Structure, AIAA Journal, Vol. 51, No. 8 (2013), Pages
1898-1907.

[20] Krone, J.H., Huxdorf, O., Riemenschneider, J., Monner, H.P., Schur, F., Friedrichs, J.
and Wiedemann, M., Experimental investigation and design of a shape-variable compressor
cascade, CEAS Aeronautical Journal, doi:10.1007/s13272-016-0224-1, 2016.

[21] Monner, H. P., Realization of an optimized wing camber by using formvariable flap struc-
tures, Aerospace Science and Technology, Volume 5, Issue 7, Pages 445-455, 2001.

[22] GOM GmbH ARAMIS - 3D Motion and Deformation Sensor, http://www.gom.com/

metrology-systems/aramis.html.

[23] Wittel, H. and Muhs, D. and Jannasch, D. and Voßiek, J., Roloff/Matek Maschinenele-
mente, 19th. edition, Vieweg + Teubner, Wiesbaden, 2009.

12

266



Structural Design Optimization of a Morphing Trailing Edge Flap for Wind Turbine Blades

VIII ECCOMAS Thematic Conference on Smart Structures and Materials
SMART 2017

A. Güemes, A. Benjeddou , J. Rodellar and Jinsong Leng (Eds)

STRUCTURAL DESIGN OPTIMIZATION OF A MORPHING 
TRAILING EDGE FLAP FOR WIND TURBINE BLADES

THANASIS K. BARLAS*, YU-HUAN LIN* AND HELGE A. MADSEN*

* DTU Wind Energy
Technical University of Denmark (DTU)
Fredriksborgvej 399, Roskilde, Denmark 

e-mail: tkba@dtu.dk, web page: http://www.vindenergi.dtu.dk

Key words: Morphing, flap, optimization, wind turbine

Abstract. A flap actuation system, the Controllable Rubber Trailing Edge Flap (CRTEF), for 
distributed load control on a wind turbine blade had been developed in the period from 2006 
to 2013 at DTU (http://www.induflap.dk/). The purpose of the presented work is to optimize 
the structural design of the flexible part of the CRTEF based on a realistic blade section 
geometry in order to meet the required objectives and constraints. The objectives include the 
deflection requirements and the energy efficiency, while the constraints include the bending 
stiffness of the structure, the local shape deformations, critical material strength, and 
manufacturing limitations. A model with arches forming concave on the flap surface and 
enclosing the voids to be pressurized results in the bending movement of the flap when 
pressure is applied on the voids to straighten the arches. The model is designed using 
SolidWorks for the parameterization of the design and ANSYS Workbench for the static 
structural Finite Element Analysis (FEA) simulations. The built-in parametric optimizer of 
ANSYS Workbench, Direct Optimization of Design Exploration is used to optimize the 
design with the parameters of the geometry. The surface pressure loads during operation of 
the turbine with the flap installed are evaluated with XFOIL and included in the simulations. 
The model is developed first by qualitative analyses to obtain a reasonable preliminary 
design, and then by parametric optimization to have the final design. The parameterization of 
the design is improved on the way of optimizations, in order to expand the design space to 
solve the problem of stress concentration, so that it covers the design with an acceptable 
material safety factor. With the consideration of surface pressure loads during operation of the 
turbine, the optimum design fulfils the requirements for flap angle of 15deg and -15deg with 
the actuation pressure of 0.428 MPa and 0.386 MPa, and the material safety factor margins,
respectively. The design also meets the objective for energy efficiency by the lower actuation 
pressure than in earlier designs and by the small volume of the voids. Besides, the constraint 
of the bending stiffness is fulfilled with the deflection of less than the flap angle of ±5deg
when the turbine is operating without the actuation pressure, and the constraints of the local 
shape deformations and manufacturing limitations are also fulfilled.
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1 INTRODUCTION
The size of wind turbines has increased steadily in the past decade. With a bigger rotor, the 

loads carried by all the components of a wind turbine have become an issue and consequently 
cost. Since the lower cost of energy per kWh is desired, reducing the loads on the blades is 
certainly one of the main focus of the research on wind turbines. One of the possible ways to 
reduce the loads without increasing the cost too much is to build blades with distributed local 
control surfaces and this concept is usually called ’smart rotor control’. Flaps, as one kind of 
the trailing edge aerodynamic devices, can serve as the control surface to reduce the loads on 
the blades [1]. A controllable flap can be actuated by different mechanisms. However, the 
strongest specifications for a robust control mechanism required by the wind turbine industry 
indicate no mechanical, metal and electrical parts in the blades. Therefore, the Controllable 
Rubber Trailing Edge Flap (CRTEF) has been designed, manufactured, and tested at Risø 
DTU in order to meet the requirements and realize the application in the industry of wind 
turbines [2, 3]. The CRTEF controls the flap by applying fluid or air pressure on the voids
(chambers) in the rubber flap, and the geometry change of the voids results in the effect of the 
flap. Therefore, the geometry and distribution of the voids play important roles in the effect 
and efficiency of the flap mechanism. The presented work is focused on the optimization of 
the geometry and the distribution of the voids so that the desired flap angle can be met under 
several constraints, with the main design innovation being the use of only two actuation voids
[4].

A conceptual prototype of the CRTEF has built and tested in the INDUFLAP project 
(Figure 1), the design of the geometry has to be further optimized. Instead of basing on a 
symmetrical airfoil, the present work is aimed at designing for the DTU 10MW reference 
turbine [5], and therefore FFA-W3-241 is the airfoil evaluated. Due to the feature of the 
extrusion process which is expected to be used in manufacturing, the project is focused on 
analyzing the 2D geometry of the flap with a span-wise constant cross section. The size of the 
chord to be analyzed is defined by the chord length of the DTU 10MW reference turbine at 
80% rotor radius from the rotor center, which is the span-wise location that gives the optimum 
reduction in the blade root moment fatigue load. The ratio of the chord to be replaced with the 
rubber flap is determined to be 10% so that the flap is able to change the lift sufficiently to 
attenuate a big portion of the expected load fluctuation with insignificant drag penalty. There
is a lot of literature covering different concepts of actuators for morphing or flap control. The 
biggest common challenge of the material and the structure in this application is the conflict 
between the requirement for low bending stiffness of the flap which leads to low actuation 
force and the requirement for high bending stiffness of the flap which is relevant to resisting 
the surface pressure loads during operation. The conflict is resolved by trying to balance the 
two requirements.
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Figure 1: CRTEF design developed in the INDUFLAP project.

The presented work is structured as follows: In section 2, the objectives and constraints of 
the project are illustrated, followed by the methods, models and software used in the project. 
The load cases are determined and estimated in section 3. In section 4, the development of the 
preliminary design and its optimization is presented, and the design is then evaluated in 
section 5. Based on the evaluated results, the achievements and the disadvantages are
concluded in section 6, followed by recommendations for future work.

2 OPTIMIZATION PROBLEM AND NUMERICAL TOOLS
Initially, the objectives of the design optimization include: 
1. maximizing the effect of the flap angle
2. Maximizing the energy efficiency of the flap control system by minimizing the 

actuation pressure and the volume of the voids
3. maximizing the bending stiffness of the structure
The constraints include: 
1. local shape deformations
2. the strength of the material
3. the manufacturing limitations

Although the overall objectives and the constraints are provided, the different objectives 
are actually contradicting. As a result, based on the priority and the extents to which the 
objectives are desired, some of the objectives and the constraints are quantified. The ideal 
goal of the flap angle is determined to be ±15deg, and ±10deg in a limited operation scenario.
In order to evaluate the effect of flap angle more directly in the analyses, the equivalent tip 
deflection in the vertical direction of the flap angle is used as the measurement of the flap 
angle. In order to have a safe design which does not deflect too much when the actuator is not 
working, a flap angle within ±5deg during normal operation of the wind turbine without void 
pressure is set as the objective. The material used in the design is determined to be the 
thermoplastic Santoprene 101-73, due to the resistance of the material to the environment 
conditions which include UV radiation, fatigue, and lightening, and the fact that the material 

3

269



First A. Author, Second B. Author and Third C. Coauthor.

is elastic with high strength and suitable for extrusion process. For strength analysis, the 
tensile stress at break σU = 8.8 MPa is used when evaluating the equivalent von Mises stress 
in the simulations. Due to the manufacturing efficiency in terms of time and cost, the flap is
determined to be manufactured by extrusion which indicates a constant cross section, and this
process limits the minimum wall or void thickness of the flap geometry to be 2 mm and the 
tolerance being no less than 0.1 mm.

In the work, several analysis tools were used. XFOIL [6] was used to estimate the static 
pressure on the surface of the flap, so that the loads during operation of the turbine can also be 
considered in the design process. SolidWorks [7] was used to design the geometry of the flap 
with the the built-in feature of parametric design. Static Structural analysis system in ANSYS 
16.0 workbench [8] was then used to perform the simulations using the finite element method. 
With the results of the simulations, the performance of the designs was qualitatively analyzed, 
in order to have a better preliminary design. Finally, the Direct Optimization system, a built-
in Design Exploration system in ANSYS 16.0, was used in combination with the parametric 
design in SolidWorks to conduct parametric optimizations.

The airfoil profile of FFA-W3-241 with 79 coordinate points and a unit chord was used in 
the analysis. After the profile was loaded, the desired flap angle was then added by modifying
the geometry of the airfoil. The hinge point of the flap was added at 10% chord from the 
trailing edge and 50% thickness at the position. With the airfoil with desired flap, the viscous 
analysis with Reynold’s number, Re = 5e6, was performed. The Reynold’s number was
calculated based on a kinematic viscosity of 1.456e−5 m2/s and a flow velocity of V = 72.6 
m/s based on the 80% blade span section on the reference wind turbine at rated power 
operation. The pressure coefficient, Cp, distributed on the surface of the airfoil was calculated 
with the input angle of attack (AOA) in the analysis. The pressure coefficients were then used 
to calculate the static pressure loads on the surface of the flap.

SolidWorks is a 3-dimension (3D) computer-aided design (CAD) software. However, in 
the project, since the flap was determined to be designed with a constant cross section along 
the span due to the limitations of manufacturing, a 2-dimension (2D) analysis with the plane
strain behavior should be as valid as a 3D analysis, and a 2D analysis is computationally 
cheaper. Therefore, the work is based on 2D analyses and the designed component in 
SolidWorks will be a 2D surface. SolidWorks was chosen as the CAD software to be used 
because of its friendly user interface, handy sketch tools, and most importantly, its feature of 
parametric design which can easily be coupled with the parametric analysis in ANSYS 16.0.

The finite element analysis (FEA) software to be used is ANSYS 16.0, which is powerful 
in parametric analysis. Static Structural analysis system in ANSYS 16.0 workbench is the 
system used. The non-linearity of the material is implemented with Mooney-Rivlin model 
with the coefficients provided by the material test data, and the material is assumed to be 
incompressible. The Mooney-Rivlin model with two parameters is used with different sets of 
parameters for different strain ranges, varying from 10-50%, depending on the simulated load 
case. The mesh settings of the simulations have been changed for different designs. The 
general idea is to have finer mesh at the edges with high curvature and large deformation, and 
coarser mesh for the rest of the model. Although a finer mesh gives more accurate solutions 
especially for stress values, it is more computationally expensive. Therefore, during the 
design process, the model is meshed fine enough to have valid results with acceptable 
computational cost. In order to make sure the mesh is fine enough, convergence tests are 
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carried out from time to time and most importantly, for the optimum model. The element 
types used in the simulations are 8-node quadrilateral (Quad8) and 6-node triangle (Tri6). The 
meshing tool first generate the mesh with all triangles and then converts most of the triangles 
to quadrilaterals, creating a quadrilateral dominant mesh. Due to the non-linear behavior of 
the design, large deflection calculations are enabled in Ansys, which includes stiffness 
changed resulting from changes in element shape and orientation due to large deflection, large 
rotation, and large strain. In terms of boundary conditions, the edge on the leading edge side 
of the flap is set to be fixed to simulate the connection to the main part of the blade, and the 
pressure is applied on the edge of the void, as well as a tip force at the trailing edge, 
equivalent to the aerodynamic pressure on the flap surface (Figure 2).

Figure 2: Boundary conditions on the flap geometry.

In order to perform parametric optimization, the built-in optimizer in ANSYS 16.0 is chosen, 
which is coupled with SolidWorks to change the parameters of the geometry and perform
simulations automatically. In order to get the global optimum instead of local optimum, the 
direct optimization method ’Multiple-Objective Genetic Algorithm (MOGA)’ is utilized. In 
the MOGA method, crossover and mutation are performed to generate a new population in 
every iteration, making it a more refined method than Screening. With the global optimum 
from MOGA as the starting point, the gradient-based approach ’Nonlinear Programming by
Quadratic Lagrangian (NLPQL)’, which is based on quasi-Newton methods is used to find the 
even more refined local optimum.

3 LOAD CASES
During the normal operation of the wind turbine installed with the flap, two load scenarios 

should be considered: 
1. When the flap is not actuated, i.e. no void pressure. 
2. When the flap is actuated with the desired effects. 
Four load cases were designed using XFOIL and the equivalent tip forces were estimated 

for these two load scenarios. The equivalent tip force was obtained by applying the tip force 
which could result in approximately the same tip deflection (Figure 3).
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Figure 3: Surface pressure and equivalent tip force calculations.

In the first scenario, the flap is still carrying the surface loads during operation, and the 
stiffness of the flap without void pressure should be designed based on this scenario. In order 
to cover the operational range of the turbine, the two most extreme cases of the scenario 
should be considered.

1. The stiffness up load case: In this load case, the flap is deflected to -5deg under the 
maximum surface pressure load which corresponds to the AOA with the maximum Cl.

2. The stiffness down load case. In this load case, the flap is deflected to 5deg under the 
maximum surface pressure load which corresponds to the AOA with the minimum Cl.

The values of the AOA for these two load cases were then found with XFOIL to be 16deg
for the first case and -20.4deg for the second case. These two cases were then defined as the 
first and second design load cases. In the second scenario, the desired flap angles are ±15deg.
When the flap is actuated to such effects, it should reach the desired flap angles while 
carrying the surface loads. Therefore, two more extreme load cases were then defined.

1. The upper void effect load case: In this load case, the flap angle is actuated to 15deg,
and the actuated structure is carrying the surface pressure load which corresponds to 
the AOA with the maximum Cl.

2. The lower void effect load case: In this load case, the flap angle is actuated to -15deg,
and the actuated structure is carrying the surface pressure load which corresponds to 
the AOA with the minimum Cl within the operational range (AOA within ±15deg).

The values of the AOA for these two load cases were then found with XFOIL to be 
14.9deg for the first case and -15deg for the second case.

For these four design load cases, the Cp values distributed on the airfoil were then output 
from XFOIL.

The pressure values to be applied on the surface of the flap were then calculated using the 
equations:

𝐶𝐶𝐶𝐶𝑝𝑝𝑝𝑝 =  𝑝𝑝𝑝𝑝−𝑝𝑝𝑝𝑝∞
𝑞𝑞𝑞𝑞∞

(Equation 1)
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𝑞𝑞𝑞𝑞∞ =  1
2
𝜌𝜌𝜌𝜌∞𝑉𝑉𝑉𝑉∞2 (Equation 2)

where V∞ = 73 m/s is the freestream velocity approximated from the freestream velocity, 
ρ∞ = 1.225 kg/m3 is the freestream air density; q∞ is the freestream dynamic pressure and can 
be calculated to be 3.267e3 Pa, p∞ is the freestream static pressure; and p is the static pressure 
at the point where Cp is evaluated. The summary of load cases and equivalent tip force 
estimation are shown in Table 1.

Table 1: Summary of load cases and equivalent tip force estimation.

4 DEVELOPMENT OF THE DESIGN
Based on literature and previous work, an arch model with arches forming concave on the 

flap surface and enclosing the voids to be pressurized is expected to result in the bending 
movement of the flap when pressure is applied on the voids to straighten the arches. First, a 
qualitative investigation was performed with sweeping the main design parameters in order to 
have a preliminary design for the shape and location of the voids. The design is parameterized 
and the upper void of the design is analyzed qualitatively in order to have the preliminary 
design. With this preliminary design, the stiffness and the material safety factor of the upper 
void are parametrically optimized. Then, the design space is expanded with more parameters 
to deal with the problem of stress concentration. After the parametric optimizations within the 
expanded design space covering the design with acceptable safety factor, the lower void is 
then parametrically optimized followed by the determination of the locations of the voids. 
Another iteration of the estimation of the surface loads is then carried out, followed by the 
iterated optimization of the lower void. This gives the optimum design of the project. The 
geometry of the preliminary design is shown in Figure 4.

7

273



First A. Author, Second B. Author and Third C. Coauthor.

Figure 4: Geometry of the preliminary design.

The arch geometry of the voids is then parametrized using 10 geometrical variables, as shown 
in Figure 5 and Table 2.

Figure 5: Parameterization of the design.

Table 2: Design parameters for the preliminary design.

In order to solve the stress concentration issues found in the preliminary design, the parts with 
stress concentration were trimmed with higher curvature. First, the diameter of the half-circle 
caps at the slot ends was increased. Second, the upper side of the arch was trimmed with a 
spline with lower curvature. Besides, the spline which constructs the arch was made 
perpendicular to the surface in order to have a symmetric stress distribution (Figure 6).
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Figure 6: Parametrization of detailed design of slot ends.

The purpose of the optimization was to increase the safety factor to an acceptable value. In 
order to have a global optimum, a global optimization was first carried out, followed by the 
local optimization to refine the optimum. With the design with an acceptable safety factor, the 
optimizations for the lower void pressure were then performed, and finally the position of the 
voids. The optimization methods, objectives, constraints, input variables and results for the 
upper void can be found in Table 3.

Table 3: Global and local optimization parameters and results.

The optimum design gives a minimum safety factor of 1.31, effect tip deflection of -80.06 
mm, stiffness tip deflection of 20 mm and arch location of 60.64 mm. The lower void 
optimization gives similar results with an arch location of 19.77mm. The convex shape and 
the non-linearity of the design point were both considered to be acceptable.
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4 EVALUATION OF THE DESIGN
The details of the final optimum design which fulfills the objectives of the project of 

having a flap effect of ±15deg with voids of small volume and achieving the stiffness 
requirement were examined. The mesh of the final design, consisting of 5000 elements is 
shown in Figure 7.

Figure 7: Mesh of the final design.

The deformed shape with the upper void activation, as well as the equivalent stress 
distribution is shown in Figure 8, showing an acceptable convex shape and stress distribution.

Figure 8: Deformed shape and equivalent stress of final design.

5 CONCLUSIONS
The flap design has been developed by using the qualitative analysis and parametric 

optimization, with the strategy of utilizing the allowable stiffness of the structure, while the 
desired deflection is fulfilled, to optimize for the material safety factor and the energy 
efficiency. The optimum design point fulfills the main objective of the project, which is 
having ±15deg flap angle under surface loads during operation of the turbine. It also meets the 
bending stiffness constraint of deflecting within ±5deg during operation of the turbine without 
actuation pressure, the local deformation constraint of having acceptable deformed shape 
locally and the material strength constraints by having a minimum safety factor, while 
respecting all manufacturing constraints. Further work includes developing the design 
solution for having a smooth aerodynamic surface on the deformed arch shape, and 
aerodynamically testing the developed design in the wind tunnel and rotating rig.
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Abstract. Small wind turbines are running in quite different conditions as compared to the 
big ones. Consequently, they need also a different approach concerning the structural health 
monitoring (SHM) issues. There are four main differences between the above mentioned 
categories: much smaller dimensions, considerably higher rotation speed, small distance, in 
most cases, between the turbine and the energy consumer, and SHM assumed generally by the 
owner. In such conditions, nondestructive inspections (NDI) have to be made as much as 
possible with affordable, yet effective techniques, requiring portable and accessible 
equipment. Additionally, the turbines and accessories should be easy to mount, dispose and 
repair. As the materials used for such unit can be metals, composites and combined, the 
technologies should be adapted accordingly. An example in which the two materials co-exist 
is the situation in which the damaged metallic skin of a blade is repaired with a composite 
patch. The paper presents the inspection of the bonding state/ quality of the patch, using 
portable ultrasonic equipment, able to put in place the Lamb wave method, which shows good 
efficiency for global and local inspections as well. The equipment is relatively easy to handle 
and can be borrowed from specialized laboratories or bought and used by a community of 
small wind turbine users, upon the case.  

 
 
1 INTRODUCTION 

The renewable or green energy sector is extensively using wind power, mainly produced 
by large units, grouped by many dozens in land or offshore wind farms. Such an approach 
created a distinct class of high technology producers, able to tackle the ever increasing 
challenges appearing on the structural side, concerning the huge blades, and the sensitive 
mounting, gear and automatic management aspects. These difficulties do not stop the 
continuous expansion in this sector, but, on another hand, encourage the development of the 
small wind turbine sector, more flexible and still facing its own challenges. 

The small wind turbines have to be versatile in terms of energy output and storage, 
integration in local grids or in hybrid power units, but also in terms of easy assembling, repair 
and serviceability. The fact that such devices are running in most of the cases quite near 
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inhabited places and are in property of people not expert in technical issues is posing special 
problems with regard to in service reliability and unsophisticated maintenance In both issues, 
efficiency must meet non-prohibitive costs, even for powers above the quite modest figure of 
2 kW, usually linked with small holiday chalets. Solution for these aspects resides in a sound 
SHM approach that means ensuring field effective NDI methods and damage tolerant 
materials for the critical structural components, mixed with adequate repair technology.  

The small wind turbine blade consists generally of solid layered fibre reinforced plastics 
(FRP) or thin walled structures, both supported by a strong spar. The latter, using thin Al 
alloy or FRP skins, stiffened with foam core or ribs that keep the right shape of the airfoil all 
over the running envelope, decisive for ensuring the design power conversion factor [1], 
offers reduced weight and can be seen in Figure 1. 

 
Figure 1: Thin walled structure for wind turbine blades 

The use of Al skin is favouring the simple repair technology consisting in bonding 
composite patches over small damaged areas in order to restore the mechanical performance, 
technology applied on large scale in metallic aeronautical structures, as described in many 
reference works [2,3]. For this reason, the thin walled Al solution for blade manufacturing 
was considered by the authors for equipping a family of small wind turbines, with powers 
ranging from 2 to 10 kW, manufactured in enterprises with experience in such technologies. 

The NDI technique considered for evaluating the structural integrity was the Lamb wave 
method, taking into consideration its capability of propagating on long distances in shells and 
plate thickness dependent propagation properties, leading to good results obtained in former 
research work in the same topic [4,5].  

The present research work had two components:  
a. A numerical simulation of the Lamb wave transmission in repaired panels; 
b. Experiments aiming to assess the wave generation, transmission and reception, using 

PZT wafers or classical ultrasonic transducers. 
The first component aimed to produce a robust numerical model, able to simulate different 

cases which might appear in the field: aluminium skins with various thicknesses, composite 
patches made of different composites, with different geometries and having also various 
thicknesses, with reference to previous research work [6,7]. 
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The second component was intended to assess the various experimental techniques in view 
for performing NDI of repaired skin panels. The PZT wafers, solidly and permanently bonded 
in the composite patch neighbourhood, have the advantage to make possible both field 
inspections and on line inspections, with adequate links to adequate equipment. The classical 
ultrasonic transducers are better suited for wave generation and receiving [8], because the 
guided waves generated with such devices are better transmitted and easier to analyze than the 
non-guided and weaker waves generated by the PZT wafers. The possibility of having 
distortions in the wave transmission due to high stresses in the damaged area is also 
evaluated. 

2 NUMERICAL SIMULATIONS 
In order to perform the numerical simulation, FE models were created following the 

repaired panels used for experiments, with the composite patches covering cracks with 
extension-stop end holes. The repaired panels have been also tested in monotonic or fatigue 
tensile loading. The artificial cracks have been produced normal to the load direction, parallel 
with that (Figure 2), and on intermediate 450 direction, for assessing the behavior of the panel 
in each situation. 

 
Figure 2: Physical model of a typical repaired panel 

The composite patch was assimilated with an isotropic material characterized by E = 18 
GPa; ν = 0.3 and ρ = 1800 kg/m3. In order to include the strong damping in the composite 
patch [9], it was considered a Rayleigh type damping model (C = αM + βK, where M is the 
composite mass matrix, K is the composite stiffness matrix, and C is the generated damping 
matrix of the composite), with α = 0 and β = 5·10-5. The models were run by the ANSYS/LS 
Dyna code. 

The frequency of the generated wave was chosen having as reference the dispersion curves 
for aluminum (Figure 3), obtained with the code lamb_izo.m, developed on a Matlab platform 
in our laboratory, and showing that under 1.5 MHz only S0 and A0 modes can be obtained. 

Several 2D FE models in plane strain state (Figure 4), with meshing details shown in 
Figure 5, were created for simulating the transmission of a Lamb wave mode. The average 
element size was 0.15 mm, appropriate for a wave length higher than 1.5 mm. It was the case 
for the 1 MHz generated wave used in the 70 µs analysis. The burst signal is generated 25 mm 
rightwards point A and is received in point B (see Figure 4). 
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Figure 3: Dispersion curves for a 1 mm thick aluminum plate: a) wave length; b) group velocity 

 
Figure 4: 2D FE models considered for the numerical analysis 

 
Figure 5: Meshing details of the 2D FE models 
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The generated and received signal is presented in Figure 6 for three different paths, 
considered for the FE models in Figure 4. It is to mention that by neglecting the damping 
effect of the composite patch in the second model, the generated signal will reach B point in a 
much stronger form than in Figure 6,b, but equally delayed.  

 
Figure 6: Signals got in point A and B: (a) transmission through the Al skin only; (b) transmission through the 
un-cracked Al skin and the composite patch; (c) transmission through the cracked Al skin and the composite 

patch 

3 EXPERIMENTAL RESULTS 
The experiments focusing the Lamb waves transmission through the patched panels have 

been carried out by using two types of transducers, with dedicated measuring chains.  

3.1 Results obtained with surface bonded PZTs 
Simple buzzers, solidly bonded on the Al skin, were used as wave generators and 

receivers, and the measurement chain is shown in Figure 7. The work frequency was 200 kHz. 
In Figure 8,a and Figure 9,a is presented the positioning of identical PZTs on an Al 

repaired panel having a cross crack (normal to the long side), which was not loaded at all 
previously. The path of the transmitted signal, tangent to the composite patch or crossing it, is 
shown in each figure. In such a situation, only the composite patch bonding quality could 
have been assessed. 
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Figure 7: Measurement chain using PZT transducers 

 

 
Figure 8: Signal transmission through a path tangent to the composite patch 
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Figure 9: Signal transmission through a path crossing the composite patch 

The signals obtained in the two cases (Figure 8,b and Figure 9,b have put in evidence only 
the quite more “noisy” signal transmitted through the composite patch. This fact can be 
explained by the more irregular path followed by the wave in this case, concerning both the 
material and the geometry, with step changes in the thickness. 

The signal reception, made with a medium performance NI DAQ, could not be further 
filtered in this stage by hardware or software based methods, as it was reported in [10]. 

3.2 Results obtained with angle beam transducers 
The classical ultrasonic transducers used in the next series of experiments were angle beam 

Krautkremer/GE transducers, accessories of a Phasor XS equipment. A similar repaired patch 
was inspected, with the only difference that the crack was made parallel with the long side. 

The transducers were tuned at 1 MHz and oriented at slightly different angles (350 and 450). 
The shape of the transmitted signal, in three different situations, is shown in Figures 10, 11 
and 12. The much better signal accuracy is clearly due to the much higher quality of the 
guided signal, but also to the fact that the transducers were placed, this time, on the reverse of 
the panel, the signal propagation being considerably improved. This solution, which is not 
possible to consider for field inspections, was imposed by the quite important dimensions of 
the transducers, which made almost impossible to place them on the averse. Anyway, the 
comparison between results, considering also the conditions in which they were obtained, 
emphasizes the damping effect of the composite patch (see Figure 10,b versus Figure 11,b) 
and the disruption got in the signal transmission when the crack is crossed (see Figure 12,b).  
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Figure 10: Signal transmission through a path tangent to the composite patch 

 

 
Figure 11: Signal transmission through a path crossing the composite patch, along the crack 

4 EVALUATION OF THE STRESS STATE IN THE DAMAGED AREA 
Having in view opinions expressed in the literature concerning the influence of the stress 

state upon the Lamb wave transmission in plates [11,12], a complementary study was 
performed on panel models, identical to those considered in the previous study (see Figure 1), 
stretched with a 14 kN tensile force along the big side of the panel. This force, uniformly 
distributed on the consolidated short sides, closely simulated the loading existing in the 
universal testing machines and on the real blade. 
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Figure 12: Signal transmission through a path crossing the composite patch and the crack 

In this distinct simulation, different, adequate FE modelling was used. Having in view the 
symmetry, the model was halved and meshed with a graded mesh, with very fine grids around 
the crack (Figure 13), on the patched area, and coarser grids for the rest (Figure 14). 

 
Figure 13: FE grid around the cracked area 
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The model used SOLID186 type elements, with material properties identical to those 
considered in the model dedicated to the Lamb wave transmission study, with adequate 
interface conditions simulating the bonding between the composite patch and the cracked Al 
panel. The same ANSYS platform was used. 

 
Figure 14: FE grid on the whole model 

The results, in terms of stress distribution, are presented in Figure 15 and Figure 16, for the 
two orientations of the crack, respectively. Naturally, the highest stresses are reached in the 
case when the crack is normal to the long side, i.e. normal to the stretching force. Even in this 
case, stresses above 100 MPa are present on a small area around the crack tip ending in the 
small hole made in order to prevent its extension.   

 
Figure 15: Stress distribution around the crack normal to the long side 

A solution for keeping the stresses at lower levels and thus completely prevent undesirable 
effects on the wave transmission is proposed in [13]. Removal of the cracked area, eventually 
presenting some out-of-plane deformations, will prevent also possible, even probable crack 
extension, and will ease the patch bonding. 
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Figure 16: Stress distribution around the crack parallel with the long side 

5 DISCUSSIONS AND CONCLUSIONS  
The research made to date on the proposed subject outlines the various difficulties linked 

with Lamb wave inspections: the existence of at least two modes at any given frequency, the 
presence of more than one mode in the received signal, the modified shape of different modes 
due to mode conversion at imperfections, the highly dispersive nature of modes in anisotropic 
shells and the important damping effect produced by the presence of FRP patches on the 
signal path. Signal-to-noise problems are adding to signal treatment and, finally, to flaw 
detection. In the inspection made with PZTs, this last problem made impossible the mode 
identification. Efforts in filtering the signal will, most likely, significantly improve the 
situation. In the case of using classic ultrasonic transducers, the S0 wave, deducted by 
evaluating the group velocity, was clear for the first two inspections. In the third, a reflection 
and an additional damped delayed wave transmitted through the composite patch makes more 
difficult to interpret the transmission picture. In the first two inspections, good agreement was 
found with numerical approach. 

The results obtained so far prove the potential of the Lamb wave method as a versatile and 
efficient NDI technique, provided a good understanding of the propagation characteristics of 
the wave over the repaired region is achieved. Due to the limited space, encouraging results 
proving the detection of a disbond suffered by a composite patch when the repaired panel was 
fatigue loaded were not reproduced. The detection was made with PZT wafers and, in spite of 
the ever present noise, the combination of the smaller amplitude signal, characterizing the 
transmission in the Al skin (see Figure 8.b), with the higher amplitude signal, characterizing 
the presence of the still bonded composite patch (see Figure 9.b), made rather clear the 
disbond extension. The stress distribution obtained in the damaged area under a load close to 
the one existing in usual in service conditions does not raise concerns about possible 
distortions of the Lamb wave transmission in the damaged and patched area. 

Lamb wave global blade monitoring with smart positioned PZTs substantiates the 
perspective of achieving early warning through on-line SHM. The angle beam transducers, 
associated with versatile devices like the Phasor XS equipment, ensure rather quick field local 
inspections, able to more precisely localize the in service produced damage. When ambiguous 
results require cross-checking for higher reliability, a tandem with active infrared 
thermography (IRT) may be a wise decision to take in maintenance technology. 
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ABSTRACT 

Wind power is one of the fastest growing power sources in the renewable energy field [1]. However, 
the future of wind energy industry passes through the use of larger and more flexible wind turbines 
(WT) in remote locations, which are increasingly offshore to benefit stronger and more uniform wind 
conditions. Onshore wind turbines technologies are not economically feasible in deeper water. 
Instead, space-frame substructures (as jacket-type) will be required to maintain the strength and 
stiffness requirements at the lowest possible cost [2]. However, floating support platforms will be the 
most economical at depths greater than 50m, approximately. In this work, new torque and pitch 
controllers for a barge-type floating wind turbine are proposed when operating in the full load region. 

One of the main challenges is to reduce the platform pitch motions in a floating offshore wind turbine 
to guarantee its proper functioning under the constraints imposed by the floating support platforms, 
which are subjected to a greater range of motion than that of the conventional fixed platforms [3]. 
The main contribution of this work is to propose torque and pitch controllers whose main objective is 
to stabilize the WT tower against both the wind (WT tower top perturbation) and the platform 
movement (WT tower bottom perturbation due to the ocean waves). Additional objectives are to 
control the quality of the power energy generation and to keep the fore-aft and side-to-side 
accelerations inside acceptable levels. Because of the large dimensions of a commercial offshore 
WT, the above control objectives have to be correctly coordinated between appropriate torque and 
pitch control commands, which is an important control design challenge. 

The proposed torque controller is based on the super-twisting algorithm with feedback of the fore-aft 
acceleration signals of the wind turbine tower [4]. The proposed pitch control is a PI-class controller 
that uses feedback of the generator shaft speed, feedback of the side-to-side acceleration signals of 
the wind turbine tower, and uses as reference generator speed a function of the platform pitch motion. 
The barge platform motions during normal operation with the proposed controllers are compared 
with respect to a well-known baseline controller [5] using a coupled non-linear aero-hydro-servo-
elastic simulator of a barge-type offshore wind turbine [6]. 

Numerical experiments show that the proposed controllers improve the overall performance of the 
WT and also reduce fore-aft and side-to-side accelerations as well as reduce the platform pitch 
motions with respect to the baseline control, which is a significant problem for floating structures.  
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Abstract. Offshore structures for tidal current energy converters and offshore wind turbines 
are always exposed to the much harsher environment with strong tidal current and wind 
loadings. While monitoring structural soundness and integrity is considered to be crucial to 
prevent catastrophic collapses and prolong lifetime, it is intrinsically challenging due to the 
difficulties in accessing to the critical structural members located under water for installing 
and repairing monitoring sensors and data acquisition systems. Virtual sensing technologies 
have the potential to alleviate such difficulties by estimating unmeasured structural responses 
at desired locations with other measured responses. This approach is particularly 
advantageous when (1) some sensors are malfunctioning and (2) sensor installation at critical 
members is difficult. Despite the usefulness of the virtual sensing, its performance and 
applicability for structural health monitoring of the offshore structures under non-stationary 
excitations has not been fully studied to date. This paper investigates the use of the virtual 
sensing for structural health monitoring of offshore structures for marine energy facilities 
rather for oil and gas exploitation. The Kalman filter is introduced for data fusion of different 
types of measured responses to produce estimated responses at structural members of interest. 
This study discusses how the non-stationary tidal current loading in the real-time response 
estimation is appropriately handled. Numerical analysis and laboratory experiment are 
conducted to verify the performance of the virtual sensing strategy using a bottom-fixed 
offshore structure model, showing that the unmeasured responses can be reasonably recovered 
from the measured responses. 

 
 
1 INTRODUCTION 

Bottom-fixed offshore structures such as monopiles, tripods, jackets, and gravity-based 
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structures have been widely utilized for the purpose of extracting oil and gas and supporting 
metrological towers and multipurpose ocean science platforms, and their applications are 
expanded for supporting ocean energy facilities (OEFs) including offshore wind turbines and 
tidal stream turbines. Indeed, in recent years, the number of bottom-fixed offshore structures 
has been increasing rapidly with the increase in the large-scale offshore wind farms [1]. 
Because these offshore structures are generally built in harsh environments, strong winds and 
tidal currents can cause structural degradation and critical damages. In addition, the quasi-
periodic excitation forces due to the rotating devices including rotors, main shafts, and 
generators can be a source of fatigue. Being prone to the structural failures due to various 
external excitations, these offshore structures for OEFs are carefully maintained to prevent 
catastrophic collapses and to prolong their lifetime. 

Structural health monitoring (SHM) provides an effective means of maintaining the 
offshore structures appropriately to assess the present status as well as the remaining lifetime. 
SHM is typically performed by collecting the response data measured from a limited number 
of accessible locations using sensors such as accelerometers and strain gauges. In the 
monitoring of the offshore structures of OEFs, most of the fatigue-sensitive spots and critical 
members are located in regions that are inaccessible for direct measurements (e.g., at the 
mudline several ten meters below the water level). Thus, the sensor installation at important 
regions deep inside the water can be quite challenging.  

Recently, virtual sensing approaches are being actively developed for offshore wind 
turbines to indirectly obtain the responses at the unmeasured locations by using the measured 
responses such as acceleration and strain [2-4]. The model-based virtual sensing technology has 
been intensively studied for estimating the unmeasured responses from a limited set of 
response data based on the Kalman filter [5-11] and modal decomposition and expansion [12].  

This study investigates a quasi-real time virtual sensing strategy based on Kalman filtering 
associated with an FE model tailored to the offshore structures under non-zero mean 
stochastic external loads. A multimetric data fusion technique is incorporated to overcome the 
difficulties related to the non-zero mean static response estimation. This technique is 
implemented by the fusion of different sensor data such as strain and acceleration for low and 
high-frequency regions. 

The proposed method includes a buffering technique, which reduces the computation time 
significantly in contrast to any other real-time estimation techniques. Thus, this estimation 
technique can be easily implemented in wireless and mobile sensing technologies [13]. The 
proposed method is verified numerically using a four-legged portal frame under a certain level 
of nonstationary tidal current force and also dynamic force. 

2 FORMULATION 
Monitoring the offshore structures under water is unique in that the sensor installation and 

maintenance associated with the data acquisition systems are quite challenging because 
critical structural members are often inaccessible. Estimating structural responses at the 
important unmeasured locations can be a powerful alternative to the direct measurement when 
the direct measurement is impossible. Despite the usefulness of the response estimation 
technique, it has not been fully explored in the literature yet. This study investigates the 
Kalman filter-based data fusion technique to estimate the unmeasured non-stationary strain 
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data from an offshore structure, which can be subsequently used to assess structural 
conditions such as the fatigue remaining life of steel members in the offshore structure. As 
this study focuses on monitoring the offshore structures, we consider two major aspects that 
need to be addressed appropriately, i.e. 1) offshore structures for ocean energy facilities and 
offshore winds are continuously subjected to non-zero mean input excitations because of 
thrust force and tidal current and wind loadings, and 2) sensors are prone to damage because 
of the harsh environments or are difficult to install and manage in some hot spots. 

The input forces, as well as the structural responses, have a large amplitude trend that 
varies slowly according to the changing speed and direction of the tidal current. Thus, the 
response estimation algorithm should be capable of handling non-zero mean inputs. Further, 
sensor malfunction and inaccessibility of some hot spots in offshore structures demand the 
algorithm to estimate complete responses with limited measurements [14]. 

The quasi-real time Kalman filter-based state estimator used to capture structural responses 
that are subjected to a non-stationary random input is outlined here. The Kalman filter 
provides an efficient computational means to estimate the state of a process in a way that 
minimizes the mean of the squared error [15]. This study uses the state estimation property of 
the Kalman filter to predict the unmeasured response of a structure.  

The general Kalman filter-based state estimator requires a known input. Further, it assumes 
that the state disturbances and the sensor noise are stationary. In reality, offshore structures 
for OEFs and offshore winds are subjected to unknown non-stationary random inputs. Thus, 
the general Kalman filter is modified to perform the response estimation under unknown non-
stationary random inputs using buffer method. Hence, the state estimator has three major parts 
including a plant, a buffer, and an observer. In this study, the plant is the actual structure, 
which is intractable, and the observer can be designed depending on the output of interest. 
The buffer is an addition to the typical Kalman estimator. This technique enables the 
estimator to handle non-stationary inputs in real time with a buffer delay. 

The equation of motion of the considered linear system or plant is given as follows: 

 ( ) ( ) ( ) ( )t t t t  Mx Cx Kx u  (1) 

where ( )tx  is the displacement, and M , C , and K   are the mass, damping, and stiffness 
matrices of the dynamic system, respectively. ( )tu  is the input force vector applied to the 
system. Eqs. 2 and 3 express the state-space model of the system.  

 ( ) ( ) ( )t t t x Ax Bu    (2) 

 ( ) ( ) ( ) ( )m t t t t  y Cx Du v    (3) 

where matrices  C  and D  in Eq. (3) are selected depending on the output of interest ( )m ty ; 
input ( )tu  and measurement noises ( )tv  possess a covariance ( ) [ ( ) ( ) ]Tt E t tQ u u  and 

( ) [ ( ) ( ) ]Tt E t tR v v , respectively. Matrices  A  and B  are the system matrices.  
As the input force vector, ( )tu , is unknown in this problem, the conventional Kalman 

estimator is slightly modified for quasi-real time application without the input, ( )tu . Eqs. 4 
and 5 indicate the observer design. 

 ( ) ( ) ( ( ) ( ))m estt t L t t         x Ax y y    (4) 
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 ˆ( ) ( )est t t   y Cx    (5) 

where   is the buffer time,  x̂  is the estimated state, and L   is the Kalman gain, which is 
selected to minimize the steady-state error covariance. 

The followings explain how the buffer prepares the data and the Kalman gain for the 
observer to handle a non-stationary random input. The error dynamics of the complete system 
(plant + observer) without the buffer in real time is derived as 

 ( ) ( ) ( ) ( ) ( ( ) ( ))t L t t L t t    e A C e Bu Du v  (6) 

where ( )te  is the difference between the actual state and the estimated state, ˆ e x x . The 
objective of the Kalman filter is to minimize the covariance of e .  

 ( ) [ ( ) ( ) ]Tt E t tP e e    (7) 

The rate of change of error covariance is given as 

 1( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )T Tt L t t L t t t t     P A C P P A C BQ B P C R CP  (8) 

To minimize error covariance ( )tP , ( )tP  is equated to zero and solved using an algebraic 
Riccati equation. It is necessary that ( )tQ , ( )tR , and  ( )tP  in Eq. 8 should be time invariant to 
equate ( )tP  to zero. However, in the considered case, input covariance ( )tQ  is non-stationary, 
i.e., the statistical properties of the input changes over time. In order to solve this issue, a 
buffering technique is introduced where the measured data are preloaded and processed to 
estimate an input covariance Q  during the complete time segment,  . The equation of input 
covariance after introducing the buffering technique is given as 

 [( )( ) ]S S S TEQ u u  (9) 

where,  SQ  is the input covariance between time t  and t  . Su  is the input between time  t  
and t  . As we have the complete knowledge of Q  for the time segment  , we can safely 
assume that the input covariance is bounded and time invariant within the selected time 
segment  . Thus, ( )tP  in Eq. 8 can be equated to zero, and it takes the form of a continuous-
time algebraic Riccati equation (CARE). 

   10 ( ) ( )T TL L      A C P P A C BQB PC R CP  (10) 

where   R DQD R  and the solution, P , from CARE is used to build the Kalman gain,  L .  

 1( )T TL  PC R DQD    (11) 

The value of L  behaves optimally within the time segment  . This enables the observer to 
handle the non-stationary input. It is important to note that Eqs. 10 and 11 should be 
recalculated for every time segment  . Further, while the observer is working on the offline 
data from the buffer, the buffer will load the data corresponding to the next time segment and 
estimate SQ . Thus, the overall system estimates the response in real time with a buffering 
time delay of  . These modifications in the Kalman filter are verified numerically as 
described in the following section. 
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3 NUMERICAL VALIDATION 

3.1 Simulation setup 
The model is composed of 24 frame elements, each of which has a length of 0.2 m as 

shown in Figure 1. The columns (C1, C2, C3, and C4) have the same circular cross section of 
radius 3 cm. The Young’s modulus and the mass density of the columns presented here are 
1,000 MPa and 953 kg/m3, respectively. The Young’s modulus and density of the four frame 
members on the top of the columns are 210 GPa and 7850 kg/m3, respectively. The developed 
numerical model is used to simulate the acceleration and strain responses under the non-zero 
mean inputs that are applied to the first two nodes of each column as shown in Figure 1. 
Although all four columns are forced under a single stream, they may not have a similar 
stream velocity. The turbulence, stream direction, and structure complexity will change the 
stream velocity in each column, which in turn will change the input force at each column. 
However, the input forces are dependent on the speed and direction of the mainstream. Thus, 
for simulation, columns 1 and 2 in the downstream are assumed to experience a force 50% 
less than columns 3 and 4 in the upstream velocity. Responses are sampled at 150 Hz and the 
sampled acceleration data is artificially contaminated by 2% noise in the root mean square 
(RMS), whereas the strain is contaminated by 10% noise in the RMS based on the experience 
of higher noise on the actual strain measurement. These limited responses are used to predict 
the input covariance and the unmeasured responses. 

 

 

Figure 1: Numerical model 

The input covariance estimation explained here is not a generic method; this is developed 
for the model and the loading conditions considered in this study. From the simulation setup, 
it can be understood that the input forces on each column are different but they are not 
independent. Using this idea, we calculated a strain relationship matrix as shown in Eq.12. 
This matrix is calculated when all the sensors are active. The Kalman state estimator estimates 
the input covariance SQ  in its buffer part using the available measurement S

my . There are two 

( Accelerometer x - dir )

(Strain Gauge x - dir)

(Input force x - dir)
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C4
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y
z
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steps involved in estimating the input covariance. In Step 1, the missing strain data is 
estimated using the available strain data and strain relationship matrix εε (see Eq. 13). The 
estimated strain may not be accurate; the only purpose of this estimation is to estimate the 
input covariance in the next step. In Step 2, with the help of the numerical model, a flexibility 
matrix spK  is constructed using strain Sε  and input force Su  as shown in Eq. 14. With this 
relation, the measured strain responses can be transformed to the input forces. The estimation 
may have a large error when the input forces are independent. Under such cases, the input 
estimation may not be reliable.  

 

( ) ( )
( ) ( )

( ) ( )
( ) ( )

i i

j j

i i

j j

std std
std std

std std
std std

 
 

 
 

       
    
       
         
           
  

εε  (12) 

 S s
mε εε y  (13) 

 
SP

S Su K ε  (14) 

The accuracy of the estimated input, Su , depends on the accuracy of the FE model used. 
However, the observer gain, L , depends only on the covariance of input SQ  as shown in Eq. 
11, which does not require an accurate FE model. 

Further, to improve the accuracy of estimation, the multimetric data fusion technique is 
adopted. The acceleration and strain responses are chosen for data fusion. Unlike the 
accelerometer, strain gauges are sensitive to the electrical noise and local defects in a structure. 
Acceleration being a poor low-frequency observer, the quasi-static trend of non-zero mean 
responses is generally difficult to capture in comparison to the strain gauges. Thus, the fusion 
of the multimetric data (strain and acceleration) will enhance the accuracy of the response 
estimation [5-11].  

Four different simulation cases are considered here. In each case, one of the strain 
responses is estimated with the help of other strain and acceleration responses (see Table 1). 
For example, in case 1, the strain measurements near the root of columns 2, 3, and 4 and the 
acceleration at the top of the columns (see Figure 1) are used to estimate the strain response of 
column 1. 

Table 1: Measured and estimated response for each case 

Case Measured strain location Measured acceleration location Estimated strain location 
1 8, 14, and 20 6 2 
2 2, 14, and 20 6 8 
3 2, 8, and 20 6 14 
4 2, 8, and 14 6 20 
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3.2 Estimation result 
Figure 2 shows the estimated strain in each case. As mentioned in Section 2, each case is 

processed in two steps including Step 1 for estimating the input covariance, Q , and calculate 
the Kalman gain, L  and Step 2 for estimating the unmeasured responses using the Kalman 
gain, L , and the limited measurements in the Kalman filter-based state estimator. 

In case 1, the strain response at nodes 8, 14, and 20 with the acceleration response at node 
6 are used to estimate the strain at node 2. During the input covariance estimation, the strain 
response at unmeasured node 2 is replaced with that at node 8 because they experience a 
similar force. A similar procedure is followed to estimate the strain response at the other 
columns as shown in Table 1. From Figure 2, the estimated non-zero mean strain at each 
column is in good agreement with the reference strain. Because of the large upstream force, 
columns 3 and 4 experience a higher strain compared to columns 1 and 2. Figure 3 shows the 
capability of the algorithm to estimate the dynamic component of the response.  

  
(a) Case 1 (b) Case 2 

  
(c) Case 3 (d) Case 4 

Figure 2: Estimated and reference strain responses in time domain 
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Figure 3: Estimated and reference strain response in column 1 (between 5 s and 9 s) 

In addition to the comparison in the time domain, the estimated and measured strain 
responses are compared in the frequency domain by plotting their power spectra as shown in 
Figure 4. Note that only case 1 is shown as all the cases exhibit similar power spectra. From 
Figure 4, it can be observed that the estimated strain is in good agreement with the reference 
strain. Their strong agreement near 0 Hz shows the capability of the algorithm to handle non-
stationary responses.  

 

Figure 4: Estimated and reference strain response in frequency domain 

To investigate the consistency of the response estimation, root mean square errors (RMSEs) 
between the reference and estimated strains were calculated as:  

 
 
 

2

2

est ref

ref

Error
 








  (15) 

where ref  is the reference strain and est  is the estimated strain. Figure 5 shows the RMSEs 
calculated for each column. The error in the response estimation for each column is less than 
2%. The estimation errors in columns 3 and 4 are relatively higher when compared to 
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columns 1 and 2. Because columns 3 and 4 experience a larger upstream force, the estimation 
error is also higher. 

 

  

Figure 5: Estimation errors 

Further, the estimation error corresponding to a different level of observation noise in the 
strain and acceleration data is tested. Figure 6 indicates that the estimation error increases 
with an increase in the measurement noise. A similar trend is observed in all the columns; 
thus, only the results corresponding to column 1 are shown. From Figure 6, it can be observed 
that the measurement noise in the strain has a larger influence on the estimation error when 
compared to the acceleration noise.   

 
Figure 6: Estimation error in column 1 for different observation noise 

4 CONCLUDING REMARKS 
The virtual sensing strategy that is tailored to the SHM of offshore structures was 

investigated in this study. As the important structural members of offshore structures are 
located under water, the virtual sensing strategy can be a powerful alternative to the direct 
measurement, particularly when the structural responses are desired due to unavailable 
sensors. The problem formulation for the quasi-real time virtual sensing based on Kalman 
filtering was provided with how the non-stationary random excitation can be properly handled 

Er
ro
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%

)
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for accurate response estimation. Two different types of data, acceleration and strain, were 
input to the state estimator. The strain response contributes to the low frequency, large 
amplitude trend in the estimation, whereas the acceleration with a high-frequency information 
is capable of reducing the random noise. The numerical simulation was conducted with the FE 
model of a small-scale offshore structure. The non-stationary input excitation that varies with 
time and height is introduced to simulate the tidal current. The simulation result indicated that 
the estimation was accurate with errors less than 2% and the following conclusions were 
obtained:   

• The virtual sensing strategy has the potential to capture structural responses of the 
bottom-fixed offshore structures under the non-stationary tidal current loadings.  

• The combined use of the different types of measurements (i.e., strain and acceleration) 
can help improve the estimation of the unmeasured strain response in lower and higher 
frequency regions.  

The virtual sensing strategy is observed to be quite useful for monitoring offshore 
structures for OEFs and offshore winds with harsh environments. Based on the findings in 
this paper, further studies may use the estimated response for the SHM purposes such as 
fatigue estimation and damage detection. 
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Abstract. A two-dimensional grain boundary formulation is presented for the 
micromechanical analysis of multilayer barium titanate ceramics. The boundary element 
formulation of the elastic problem is generated for the single grains of the polycrystalline as 
well as heterogeneous aggregation and the assumption of tractions equilibrium and 
displacements compatibility are considered in this paper for expression of the intergranular 
variable which play an important role in elastic analysis of polycrystalline and heterogeneous 
micro-structures. However, these assumptions are valid only in undamaged areas. To model 
intergranular damage initiations and evaluations, a mixed mode effective traction as well as 
cohesive law is considered. The single crystals of homogenous BaTiO3 are represented as 
anisotropic elastic regions and they are considered to be in contact with each other. So, the 
integrity of the collection must be guaranteed by applying equations on the interface of 
contiguous grains in different regions. The numerical modelling of the 2D polycrystaline has 
been done by developed technique and obtained results feats well with available data which 
confirm the reliability of the technique. Some numerical studies are provided to highlight the 
influence of piezoelectricity, metallic layers and predefined damages on the results. 
 

1 INTRODUCTION 

Micromechanical analysis has been converted to the most useful method in solid 
mechanics. Take stress –strain curve as an example, micromechanical analysis provide this 
opportunity for researchers to do some computational procedures and create this kind of curve 
and compare their results with experimental ones in order to make their numerical results 
valid. So, via these computational procedures, they are able to understand for example which 
kind of alleys have more effect on strange of materials or how much grains size and 
orientations can influence crack initiation or fracture criteria in composites. 

In addition, the grain size and orientations as well as the structure of Representative 
Volume Elements (RVE) can have considerable effects on behaviour of materials. Some 
researchers showed that the specimen with different micro structure may experience different 
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crack initiation zone [1]. In the case of size of the grain it can be generally mentioned that the 
yield stress and the ultimate tensile strength decrease when the grain sizes increase. Off 
course the results depends on other factors such as back stress and strain rate [2]. 

Another advantage of micromechanical analysis is predicting the fracture behaviour of 
materials. In order to predict fracture behaviour of a composite, different cohesive law models 
or friction phenomena can be used [4-9]. Via cohesive low model, it possible to predict both 
intergranular or transgranular crack initiation. In other words, cohesive law is suitable tool in 
order to model interface where materials with different mechanical property are in contact 
together. However, it has this shortage that it is not possible to model singular crack field 
close to crack tip. There are two different kind of cohesive law based on which one is able to 
predict fracture and crack initiation, the potential-based law [5, 6], and the linear law [7, 8]. 

Precisely speaking, Most of the researchers have used cohesive law model and cohesive 
zone approach for crack nucleation and propagation in the polycrystalline materials. To 
achieve this important, they used different numerical model such as boundary element method 
or finite element method [9, 10]. Despite to this fact that some of the cohesive laws consider 
fracture criteria for first and second mode separately, some researcher proposed mixed mode 
relation to predict the location of cohesive zone in polycrystalline [11]. 

Alongside traditional cohesive approach, some researchers proposed modified rules to 
simulate fracture and fragmentation processes in various materials [12]. Snozzi et al. [13] 
presented a traction based law for modelling of deboning and frictional contact. This model 
combines interface separation and frictional contact. The nucleation of crack is modelled 
using this cohesive approach. While the separation process is controlled by a mix mode 
traction separation law which gives two separate values for energy dissipation in mode I and 
mode II loading. 

The application of boundary element method in micromechanics and multistate modelling 
was studied by some researchers [14, 15]. In some of these works, researcher only modelled 
materials in micro scale and neither cohesive law nor averaging thorium was used. Off course 
these works were done many years ago and they could be a big step in micromechanical 
analysis in that time. However, several researchers utilized some basic concept of micro 
mechanical analysis such as representative volume element and grain boundaries in their 
studies. In these works, which are one of the earliest works in the area of polycrystalline 
analysis, a periodic arrangement of hexagonal grains was used to model micromechanical 
behaviour of polycrystalline. Then, through utilizing symmetry condition, they restricted the 
models to representative unit cell with special boundary conditions. However, Fotiu et al. [15] 
they used homogeneous materials property not composite for their investigation. Benedetti 
and Aliabadi [16] and Sfantos and Aliabadi [4] have done a comprehensive research in using 
boundary element method in micro-mechanical analysis. Their works contain modelling of 
grain boundaries as well as generating a numerical algorithm. However, the considering of 
piezoelectric effects is one of the important facts which they ignored in their studies, while 
piezoelectric materials have been studied by some researcher due to their alternative 
applications [17-22]. 
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2 MICRO-MECHANICAL MODEL 

2.1 Application of boundary element method in micro scale 

In this work, the model of brittle materials is considered for representation of RVE and the 
basic assumption is that the every RVE consists of polycrystalline brittle materials. Generally, 
there are some researches which considered grain boundaries along with grain in their 
modelling and they assigned different properties in comparison with property of main grain 
for the boundaries [9]. However, due to small area of grain boundaries compared with grain, 
the modelling of them is ignored in current research and only the intergranular fracture is 
subject of current study. To investigate crack nucleation, propagation and branching in brittle 
polycrystalline, the boundary element method which was suggested in [4, 16] is being used 
here. Let us write the constitutive relation for piezoelectric ceramics in two dimensions 
namely 1-3 plane. 



































































































































2

1

33

11

1,22,1

2,2

1,1

3331

15

2

1

2

1

33

31

151,22,1

2,2

1,1

44

3313

1311

12

22

11

,

,

0

0

0

00

,

,

0

0

0

00

0

0



















uu

u

u

ee

e

D

D

e

e

euu

u

u

c

cc

cc

 (1)

As it is known, there is an extra field in piezoelectric materials, namely electric 
displacement iD  and electrical potential   which need to be considered. The displacement 

vector for piezoelectric materials can be written as 
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In a similar way, the traction vector is shown like 
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In Figure 1, the RVE is presented which is subject of current study. The procedure for 
obtaining this RVE via SEM photo. In this RVE, the basic assumptions are that for interface 
of two grains which are next to each other and are in undamaged regions, namely grain 
number 9 and 10, and are shown in Figure 1, the value of traction is equal and these two 
grains are completely attached to each other as follow, 
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where the value of 
It  and 

Iu  are interface traction and relative displacement jump in 
global coordinates. The value of traction and displacement can be represented in two values, 

x  direction ( I
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Fundamental boundary element equation the for each grain can be written as 
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In Eq. (5), ),( zzT k
ij

  and ),( zzU k
ij

  are fundamental solution for traction and displacement 

which can be obtained via Stroh formulation for each grain. k
ijC  refers to free term. The Eq. 

(5) is discretize in unique global coordinates, however, in order to simplify applying the 
boundary condition along with interface equations, it is better to convert the Eq. (5) into local 
coordinates. In next chapters examples of both local and global coordinates are provided. 

It is worth mentioning that the transformation from global coordinate to local coordinate 
for boundary condition or free boundary can be done by; 
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where R  denotes the local rotation matrix from global coordinates to local coordinates. 
The same procedure can be done for displacement and traction of internal grains. Now, the 
Eq. (5) can be rewritten as; 
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Where matrices in local coordinates can be defined in continuum form 
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2.2 The cohesive law model and grain boundary formulation 

In the condition that node pairs are in undamaged zone, the following compatibility and 
equilibrium equations in local coordinates are governed 
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   (b) 

Figure 1: (a) The micro-mechanical model barium titante and (b) output of image processing algorithm. 

baba

b
i

a
i

ab
i

b
i

a
i

DD  

tt

n and tior    1,2i                                            

uuu

~~
,~~

0~~

0~~~













 (9)

In this equation, 1i   represents tangential components and 2i   demonstrates normal 
components in local coordinates. Through components of normal and tangential traction, the 
effective traction can be defined as; 
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In this equation, the .  denotes Mc-Cauley brackets which defined by max(0,x)x  . In a 

glimpse to the Eq. (10) it can be understood that only tensile value of normal traction 
contributes in effective value of traction.   and   are suitable coefficient which determine 

the contribution of opening and sliding modes in damage process. As long as maxeff Tt   the 

interface has undamaged status while maxT  demonstrates the maximum value for traction. 

Once effective traction exceed the maximum value, maxeff Tt  , the node pairs enter to the 

damaged zone and crack initiation starts at those node pairs. In this status, the node pairs 
experience displacement jump and one variable is needed to calculate the displacement jump 
in the cohesive zone and traction as well. In different works, some relations can be found in 
order to be applied for finding variables. The non-dimensional effective opening displacement 
can be introduced as; 
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In this relation, cr
nu~  and cr

su~  stand for critical values of displacement in normal and 

sliding modes in which interface failure or micro-crack can be happened.   is a weight which 

determines that which mode has more influence in effective displacement in mixed-mode 
condition. It is worth mentioning that the value of effective opening displacement varied 
between 0 and 1, 10  d , which means that 0d , there is no displacement jump and the 
interface is completely intact and, 1d , stands for complete failure or cohesion in which 
micro-crack can be define. 

The status of interface equation between two grain next to each other namely, a and b, can 
be shown in as 
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In this equation, i
ab  depends on status of interface, while i

ab  stands for equilibrium 

equation in all regions. In the undamaged region, these two equations can be demonstrates as 
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And when a node pairs enter to the cohesive region, these two equations can be represented 
by using cohesive law. 
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It is valuable to emphasize that all of the variables and equations are defined in local 
coordinates. In this paper uniform displacements boundary condition is applied to RVE which 
is represented as 

m
j

Mm
i xu
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  (15)
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The linear relation for one single grain, namely grain number 10 in Figure 1, can be shown 
as follow, 
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Via applying the interface and boundary condition and generating the Eq. (16) for all of the 
grains in polycrystalline aggregate, the adaptive system of equation which contains boundary 
element method and grain interface equations can be written as 
































































































































gg

g

gg

n

nc

nc

nc

n

c

n

nc

c

nc

nn

y

y

y

x

x

x

x

    equation   Interface              

equation   Interface
0

0        

0     

D00

0D0

00D

B  A00

0B  A0

00B  A

2

2

1

22

11



















2

1

1

1

 (17) 

in this linear relation, the uniform displacement boundary condition is applied gn  represents 

for number of grains. D  contains the value of matrix ncH  in Eq. (16) and A  the value of 

matrix ncG  in Eq. (16), however, contrarily with Eq.(16), all of these matrices here are define 

in local coordinates. B  is a matrix which has the form  cc HG  . The vector, ncx  contains 

the unknown value of t~  in non-contact or boundary condition area and cx  contains  Tut ~~  

which are traction and displacement in the contact area. ncy  contains the prescribed values of 

boundary condition in non-contact area. The   and   represented the interface status in Eq. 
(12) which contains a lot of zeros, some 1 and -1 in the undamaged areas, however, they can 
described through Eq. (12) in cohesive region. As it is clear, the total matrix of Eq. (17) are 
linear and it contains the nonlinear equations of cohesive law which can be solved in every 
iteration. 

3 NUMERICAL SIMULATION OF MICRO-DAMAGE AND COHESIVE LAW 

The specified value for parameters was introduced during last sections and subsections can 
be seen in Table 1. In this work the rest of the numerical examples are provided based on 
mechanical and electrical properties of barium titanate which are presented in Table 2. 

 

Table 1: The property of PZT-4 piezoelectric ceramic 
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Table 2: The property of PZT-4 piezoelectric ceramic 
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Figure 2 demonstrates the stress-strain curve for polycrystalline aggregate of Figure 1 with 

and without piezoelectric effects. It can be concluded that the piezoelectric coupling has 
significant influence on fracture criteria of aggregates which means that through considering 
the piezoelectricity and for a specified amount of strain, the polycrystalline aggregate without 
piezoelectric effect can experience more stress. It could be deduced that for a specific strain 
energy which is entered to the system, the piezoelectric aggregate, it should be divided 
between mechanical and electric effects, while in polycrystalline without piezoelectricity this 
energy can only have influence on mechanical properties. The fracture pattern of this example 
is shown in Figure 3. The difference between two patterns can be seen here with considering 
piezoelectric effects and without it. It can be concluded in this figure that by increasing the 
strain, the crack grows faster and faster. 

 

Figure 2: Normal strain and normal stress of polycrystalline aggregate of (Figure 1) in horizontal direction by 
considering piezoelectric effects and without piezoelectric effects. 
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Figure 3: The fracture pattern for of polycrystalline aggregate of (Figure 1) without piezoelectric effects and (b) 
with piezoelectric effects. 

 

Figure 4: Normal stress versus normal strain in multilayer piezoelectric actuator. 
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Figure 5: The fracture pattern of multilayer piezoelectric ceramics representative valume element. 

One of the interesting results which can be visited in Figure 3 is that in the grain aggregate 
with piezoelectric effect, the fracture grows up faster. The reason that can justify this event is 
that after the crack is nucleated, the distant between two grains behaves like a capacitor and it 
injects opposite traction to the grains boundary. This traction can create the situation that the 
crack crow up faster than the time when there is no piezoelectric effects. 

In order to increase the efficiency of piezoelectric ceramics, metallic layer can be applied 
inside of the homogeneous ceramics at different positions. This kind of technology can be 
used as actuator in fuel injector part of diesel engines. The mechanical behaviour of 
multilayer piezoelectric actuator is shown in Figure 4 and their fracture patterns are shown in 
Figure 5 for different values of strains. As can be noticed in this figure, the metallic interface 
has significant influence on micro-crack patterns of RVE of multilayer actuator and the 
fracture can happened near metallic interface. So, it can be deduced that near metallic 
interface is the most sensitive part of multilayer actuator. It is worth stressing that the ultimate 
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stress Tmax between ceramic grains and metallic layer is lower than ceramic node pairs. 
However, in Figure 4 and Figure 5 it is assumed Tmax = 80 MPa. 

The influence of metallic interface on electrical behaviour of actuator is demonstrated in 
Figure 6. In the lower strain in the part that still there is no micro-crack, the multilayer 
actuator shows much more output than homogenous one which indicates the influence of 
metallic interface on output of piezoelectric ceramics. 

 

Figure 6: The electric displacement in (a) horizontal and (b) vertical direction versus horizontal strain. 

4 CONCLUSIONS 

The micro-mechanical analysis of multilayer and homogeneous actuator was done in this 
work. The grain boundaries were divided into two zones, namely undamaged zone and 
cohesive zone and suitable formulation for every zone were developed in order to study what 
is happening in the grain boundary. 

The investigations indicate that the piezoelectricity can influence mechanical behaviour of 
materials. Moreover, adding metallic interface to the actuators can change their behaviour 
significantly. 
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ABSTRACT 

Exhibiting interactions between magnetical and electrical fields at room temperature makes 
magnetoelectric (ME) composites interesting for various applications in technical devices. The 
ferroelectric matrix as well as the magnetostrictive inclusions of those composites are mostly 
ceramics or other brittle materials, thus being prone to cracking. Due to this brittleness, the 
consideration of damage is crucial in numerical analyses of ferroelectric and ferromagnetic devices, 
too. Especially the delamination behaviour of boundary layers in ME composites is of a great interest 
due to its influence on coupling factors. In order to investigate delamination processes in ME 
composites, cohesive elements are being developed and applied in combination with nonlinear ME 
finite elements described in [1] and [2]. The mechanical behaviour of the cohesive zone is prescribed 
by a bilinear traction-separation-law. Magnetical and electrical fields are based on an approach of the 
potential gradient between the two phases. Electrical and magnetical properties change during 
damaging processes and are controlled by damage variables which themselves are determined by the 
separation between the boundaries. Some numerically calculated results with these cohesive elements 
are presented. 
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A. Güemes, A. Benjeddou, J. Rodellar and J. Leng (Eds)

FORMULATION AND IMPLEMENTATION OF
THERMO-ELECTRO-MAGNETO-ELASTOPLASTIC
COUPLING FOR DIELECTRIC AND CONDUCTOR

MATERIALS

ADNAN IBRAHIMBEGOVIC∗, PABLO MORENO-NAVARRO∗ AND
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Abstract. A consistent thermodynamic-based theoretical framework and three-dimensional
finite element formulation is presented, capable of coupling thermal, electric, magnetic and me-
chanic fields. The complete set of governing equations are obtained from conservation principles.
The constitutive relations are derived consistently from the Helmholtz free-energy potential for
each corresponding dual variable in terms of the defined set of state variables. In the case of con-
ductor formulation, the second principle of thermodynamics is taken into account to introduce
the irreversible phenomena, such as plastic dissipation or Joule heating. The implementation is
carried out in a research version of the well-known computer code FEAP. A numerical simulation
is presented in order to illustrate the proposed model and formulation capabilities for providing
an enhanced formulation of an important practical application in terms of Peltier cells.

1 INTRODUCTION

This work seeks to provide a consistent thermodynamic development for fully-coupled di-
electric and conductor materials [1]. First a set of state variables and their corresponding dual
ones are defined for each field in establishing the governing equations based on conservation
principles. Second, by settling a full quadratic form of the free-energy potential, the linear con-
stitutive equations can be derived from it in a consistent way, providing a hyperelastic response
instead of a hypoelastic [2]. For the conductors formulation, the coupling is taken into inelastic
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domain defined in terms of plasticity theory that accounts for mechanical, thermal and electric
fields in defining the corresponding plasticity criterion. The latter is set in terms of intensive
variables, dual to the chosen state (extensive) variables. The corresponding evolution equations
for plastic part of state variables are obtained from maximum dissipation principle. Then, the
theoretical formulation is accompanied by the discrete approximation, based upon 3D Finite
Elements with thermo-electro-magneto-mechanic degrees of freedom, along with simultaneous
solution procedures of the weak form for all governing equations. Finally, a numerical example
with Peltier cells for the conductor formulation is shown.

2 FORMULATION

2.1 Kinematic equations

Four fields are considered in formulating the thermomechanics and electromagnetics coupling:
displacement u, temperature T , electric potential V and magnetic scalar potential ϕ. The
state variables are obtained as the corresponding gradients of these fields. The set of resulting
kinematic equations for both kind of materials can be written as:

ε =
1

2

�
∇⊗ u+ (∇⊗ u)T

�

E = −∇V

H = −∇ϕ

(1)

where ε is the strain tensor, E is the electric field, H is the magnetic field, while ∇ =
[∂/∂x ∂/∂y ∂/∂z]T is a convenient notation for nabla operator of partial derivatives. With
the hypothesis of small displacement gradient theory, we are limited here to strains defined in
terms of the symmetric part of displacement gradient, hence the symmetric operator ∇s can be
used to define the strain tensor in Voigt notation:

ε = ∇su ; ∇s =




∂

∂x
0 0

0
∂

∂y
0

0 0
∂

∂z
∂

∂y

∂

∂x
0

0
∂

∂z

∂

∂y
∂

∂z
0

∂

∂x




(2)

2.2 Constitutive equations

The constitutive equations relate the dual variables to the material properties. First, the
equations for fully-coupled dielectric materials is presented in agreement with the chosen free
energy potential; in this case, a simple quadratic form is chosen. Therefore, the constitutive
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equations are obtained by deriving this potential as follows:





σ ··=
∂ψ

∂ε
= Cε− β (T − T0)− eeE − ehH

s ··= −
∂ψ

∂T
= β · ε+ ρm cv ln

�
T

T0

�
+ πe ·E + πh ·H

D ··= −
∂ψ

∂E
= eeε+ πe (T − T0) + ǫE + υH

B ··= −
∂ψ

∂H
= ehε+ πh (T − T0) + υE + µH

(3)

where σ is the mechanical stress, s the entropy per unit volume, D the electric displacement
and B the magnetic induction. Also C is the elasticity tensor, cv the specific heat, β = Cα

T
I

the thermal isotropic stress tensor (with α
T
as the expansion coefficient), ee the piezoelectric

tensor, eh the piezomagnetic tensor, πe the pyroelectric vector, πh the piezomagnetic vector
and υ the magnetoelectric tensor. The final ingredient left is to provide the definition of the
heat flux through Fourier’s law:

q = −κ ∇T (4)

with κ as the thermal conductivity.
In the case of conductor materials, a step further on the mechanical model is taken to intro-

duce plasticity. First, in the framework of linear kinematics (1), it is generally accepted to use
the additive decomposition of the state variables into elastic and plastic parts:

ε = εe + εp ;

s = se + sp ;

D = De +Dp ;

B = Be +Bp

(5)

The elastic part of these variables is obtained, as the previous material, from the free energy
potential. For conductors, the constitutive equations derived are:





σ ··=
∂ψ

∂εe
= C (ε− εp)− β (T − T0) + ǫE ⊗E + µH ⊗H −

I

2
(ǫ E ·E + µ H ·H)

De ··= −
∂ψ

∂E
= ǫ {[1 + tr (εe)]E − εeE}

Be ··= −
∂ψ

∂H
= µ {[1 + tr (εe)]H − εeH}

q ··= −
∂ψ

∂ζ
= −Kζ

se ··= −
∂ψ

∂T
= ρm cp ln

�
T

T0

�
+ β · (ε− εp)

(6)
where q is stress-like variable thermodynamically conjugate to ζ the isotropic hardening variable
which controls the evolution of plasticity threshold. The coupling is introduced also in the
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constitutive relations for fluxes through the generalized form of Ohm’s and Fourier’s laws, as
suggested in [3] and [4]:

j = γ E − γ α ∇T ;

q = −κ ∇T +Π j
(7)

with γ as the electric conductivity, α the Seebeck coefficient and Π = T α the Peltier coefficient.

2.3 Equilibrium equations

These set of equations are the ones that the finite element program must ensure in the whole
domain Ω and bounded by the surface Γ. Each kind of material has a different set of equilibrium
equations. For the dielectric formulation, the set of equilibrium equations is:





ρmü = σ∇+ beh + b

∇ ·D = 0
∇ ·B = 0

ρmcvṪ = r −∇ · q − T
�
β · ε̇+ πe · Ė + πh · Ḣ

� (8)

The previous equations have been obtained from conservation principles of linear momentum,
electric flux, magnetic flux and energy respectively. In the first one, the electromagnetic force
beh is introduced, which accounts for the distributed electric and magnetic force that can arise
due to the possible presence of a non-uniform electrical or magnetic field in the material [5].

Regarding the energy conservation, the entropy definition has been used to replace the time
derivative of this variable; hence, this equation is in terms of temperature for the thermal field.

For the conductor materials the following set is taken into account:





ρmü = σ∇+ b

∇ · j = 0
∇ ·B = 0

ρmcvṪ = r −∇ · q − T β · (ε̇− ε̇p) + D

(9)

The previous equations have been obtained from conservation principles of linear momentum,
free electric charge, magnetic flux and energy respectively. In this case, σ is the sum of the
Cauchy and the Maxwell parts of the stress tensor. D is the dissipation, obtained from the
second principle of thermodynamics:

D = q ζ̇ + σ · ε̇p +E · Ḋ
p
+H · Ḃ

p

� �� �
Dp

+ j ·E
(10)

where the thermal part of the of the plastic dissipation Dp is canceled when the entropy is
eliminated from the energy conservation equation. The last term of (10) is the Joule heating.

2.4 Evolution equations for internal variables (conductor formulation)

We here use generalized form of von Mises criterion that builds upon the proposal in [6] for
perfect plasticity, which allows to determine if the material is in elastic or plastic regime based
upon its stress state and electric field values. This criterion can be recast in a more standard
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format (e.g. [2]) by making the yield stress dependent upon thermal and electric field variations
(not magnetic), which also allows to account for potential hardening effect in terms of isotropic
hardening. Such a generalized von Mises criterion can be written as:

φ (σ, q, T,E) = �dev(σ)� −

�
2

3
[σy (T,E)− q (T,E)] = 0 ; q = −K (T,E) ζ (11)

where dev(A) = A− 1
3 [tr(A)] is the deviatoric part of the tensor A, �A� =

�
tr
�
AT A

�
is the

Euclidean norm of A, σy(T ) is the temperature dependent yield stress and E0 a reference value.
The yield stress and the isotropic hardening modulus are now assumed linearly dependent upon
thermal and electric fields.

By using the principle of maximum dissipation [2], we will pick among all plastically admis-
sible values of dual variables (which satisfy φ(σ, q, T,E) = 0) the one which will maximize the
plastic dissipation. We can further recast such a constrained optimization problem in terms of
min-max problem of unconstrained minimization where the plastic admissibility constraint is
enforced by using the method of Lagrange multipliers leading to plastic Lagrangian:

max
φ(σ,q,T,E)=0

D
p (σ, q, T,E) ⇔ min

∀(σ,q,T,E)
max
γ̇p>0

L
p (σ, q, T,E, γ̇p) (12)

where the Lagrange multiplier is equal to the plastic multiplier γ̇p. The plastic Lagrangian will
incorporate the yield criterion constraint φ = 0, which can be written as:

L
p (σ, q, T,E, γ̇p) ··= −D

p (σ, q, T,E) + γ̇p φ (σ, q, T,E) (13)

The solution to such constrained minimization problem can be obtained by using the Kuhn-
Tucker optimality conditions, which allows to write:

0 ··=
∂L p

∂σ
= γ̇p

∂φ

∂σ
− ε̇p ;

0 ··=
∂L p

∂q
= γ̇p

∂φ

∂q
− ζ̇ ;

0 ··=
∂L p

∂T
= γ̇p

∂φ

∂T
− ṡp ;

0 ··=
∂L p

∂E
= γ̇p

∂φ

∂E
− Ḋ

p
;

γ̇p ≥ 0 ; φ ≤ 0 ; γ̇p φ = 0

(14)

Using the first two previous equations, D
p
m can further be simplified:

D
p
m = γ̇p

φ=0� �� �
 σ · ν� �� �
�dev(σ)�

−

�
2

3
(σy − q)


+γ̇p

�
2

3
σy = γ̇p

�
2

3
σy (15)

where ν ··= ∂φ/∂σ = dev(σ)/�dev(σ)�.
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3 FINITE ELEMENT IMPLEMENTATION

In this section we present the details of the discrete approximation constructed by the the
finite element method, as a particular case of the Galerkin method. The starting point is
provided by the weak form of the conservation equations for dielectric materials (??):





−

�

Ω
∇sδu · σ + δu · (ρmü− beh − b) dΩ +

�

Γ
δu · t̄c dΓ = 0 ;

�

Ω
∇δV ·D dΩ−

�

Γ
δV D̄ dΓ = 0 ;

�

Ω
∇δϕ ·B dΩ−

�

Γ
δϕ B̄ dΓ = 0 ;

�

Ω
∇δT · q − δT

�
ρm cv Ṫ − r + T

�
β · ε̇+ πe · Ė + πh · Ḣ

��
dΩ

−

�

Γ
δT q̄ dΓ = 0

(16)

and for conductors (9):





−

�

Ω
∇sδu · σ + δu · (ρmü− b) dΩ +

�

Γ
δu · t̄c dΓ = 0 ;

�

Ω
∇δV · j dΩ−

�

Γ
δV j̄ dΓ = 0 ;

�

Ω
∇δϕ ·B dΩ−

�

Γ
δϕ B̄ dΓ = 0 ;

�

Ω
∇δT · q − δT

�
ρm cv Ṫ − r + T β · (ε̇− ε̇p)− j ·E − γ̇p

�
2

3
σy

−E · Ḋ
p
−H · Ḃ

p
�
dΩ−

�

Γ
δT q̄ dΓ = 0

(17)

where δ• denotes a virtual field or variation and the overbar, prescribed magnitudes. We can
readily obtain the discrete approximations for all the fields, along with their space and time
derivative by appealing to separation of variables in Einstein’s notation:

• ≈ Na a
•
a ; δ• ≈ Na w

•
a ; ∇• ≈ Ba a

•
a ; (18)

where a represent the nodal values of different fields (yet called degrees of freedom), whereas
w represent the nodal values of their variations. In last expression, Na denotes the standard
isoparametric shape function for node a (e.g., [2]), with their gradients gathered in matrix form
as:

Ba = ∇Na ;
B

s
a = ∇sNa

(19)

The final form of the residuals is obtained by introducing the approximations of all field
variables and by considering that the nodal values of virtual field ∀w can be picked up arbitrarily
and the common factor of the weak form can be nullified.
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4 TIME DISCRETIZATION

For the finite element computation, two different computation phases have to be performed
for the conductor formulation and only the global phase for the dielectric formulation.

4.1 Global solution step by Newmark scheme

The Newmark scheme is used for the time discretization of the global solution step. This
scheme requires two parameters γ and β that will determine the numerical damping and order
of the scheme (e.g. [2]).

Thus, the time stepping scheme of this kind will render the set of nonlinear algebraic equa-
tions. To solve such a nonlinear problem, we use Newton’s iterative method where at each
iteration (i+ 1) we perform the consistent linearization of residual leading to:

R
(i+1)
a,n+1 = 0 ⇒ R

(i)
a,n+1 +

∂Ra,n+1

∂ab,n+1

∣∣∣∣
(i)

∆a
(i)
b,n+1 = 0 ; R

(i)
a,n+1 =

[
R

U ,RV ,Rϕ,RT
]T,(i)
a,n+1

(20)
where ∆ab are iterative contributions to nodal values of temperature, electric field, along with
displacements, velocities and accelerations. At each iterative sweep, we can then perform the
corresponding state variable updates according to:

a
(i+1)
b,n+1 = a

(i)
b,n+1 +∆a

(i)
b,n+1 (21)

In the first iteration within each time step we will take the starting guess equal to the converged
value at the previous step:

a
(0)
b,n+1 = ab,n (22)

The residual derivative in (20) can be reduced to so-called effective tangent stiffness for
mechanical part, which is directly used to compute the iterative contributions to displacement
increments:

S
U,(i)
ab = K

(i)
ab +

γ

β ∆t
D

(i)
ab +

1

β ∆t2
M

(i)
ab (23)

where Kab = −
∂Ra

∂ab
is the elastoplastic tangent stiffness matrix, Dab = −

∂Ra

∂ȧb
is the damping

matrix and Mab = −
∂Ra

∂äb
is the mass matrix.

Given the solution for displacement increment at iteration (i), we proceed to compute the

displacement updates a
(i+1)
n+1 by using the result in (21).

4.2 Local iterative solution for plasticity with isotropic hardening

This local computation has to be performed for every Gauss point in agreement with the

corresponding result a
(i)
n+1 obtained in the global phase. For proposed generalization of von

Mises plasticity, we first define the yield function for coupled problem of this kind:

φn+1

∣∣∣∣
a
(i)

n+1

= �dev(σn+1)� −

√
2

3
(σy (Tn+1,En+1)− qn+1) (24)
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The elastic trial step is computed first, with the zero value of plastic multiplier γp,trn+1 = 0.
This result with:

ε
p,tr
n+1 = εpn ; ζtrn+1 = ζn ; sp,trn+1 = spn ; D

p,tr
n+1 = Dp

n (25)

These results are exploited in computation of the corresponding trial values of stress and
hardening stress-like variable:

σtr
n+1 = C (εn+1 − ε

p
n)− β (Tn+1 − T0) + ǫE⊗

n+1 −
1

2
En+1 ·En+1 ;

qtrn+1 = qn = −K ζn
(26)

To ensure that the elastic step is acceptable, the trial value of yield function must remain
negative or zero

0 ≥ φtr
n+1 =

∥∥dev (σtr
n+1

)∥∥−

√
2

3

(
σy(Tn+1,En+1)− qtrn+1

)
(27)

If such a condition is not verified, the step is plastic. The latter implies that all the internal
variables must be recomputed by integrating the evolution equations in (14):

ε
p
n+1 = ε

p
n + γpn+1 νn+1 ;

ζn+1 = ζn +

√
2

3
γpn+1 ;

spn+1 = spn + γpn+1

√
2

3
ωt (σy0 +K0 ζn+1) ;

D
p
n+1 = Dp

n + γpn+1

E

�E�

√
2

3
ωe (σy0 +K0 ζn+1) ;

(28)

The plastically admissible value of stresses can be computed as:

σn+1 = σtr
n+1 − γpn+1 C νn+1

qn+1 = −K ζn+1
(29)

We note that the final value of plastic multiplier γpn+1 can be obtained from φn+1 = 0, by taking
into account that:

νn+1 = νtr
n+1 ;

�dev (σn+1)� =
∥∥dev (σtr

n+1

)∥∥− 2µ γpn+1

(30)

where µ is the shear modulus. We finally obtain:

γpn+1 =
φtr
n+1

2µ + 2K
3

(31)
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5 NUMERICAL EXAMPLE

5.1 Peltier cells with stress evolution under plasticity constraint

In this numerical example, we simulate the behavior of half a thermocouple of a pulsed Peltier
cell, representing a cooler based on the Peltier effect under the action of an electric flux. This
cell consists of four different materials: thermoelectric material (here chosen Bi2Te3), copper,
alumina and a tin-lead solder.

A complete simulation for elastic regime can be found in [7]. The material properties for this
problem are presented in Table 1. Moreover, some of these properties for the Bi2Te3 are chosen
as temperature dependent:

α(T ) = 1.988 × 10−4 + 3.353 × 10−7 T + 7.52 × 10−10 T 2

κ(T ) = 1.663 − 3.58 × 10−3 T + 3.195 × 10−5 T 2

γ(T ) = 1.096 × 105 − 5.59 × 102 T + 2.498 T 2

(32)

Finally, the alumina is considered to remain elastic material (setting very high value for yield
stress) because the plasticity begins well after the ultimate stress is reached. The same values
for the Newmark parameters are chosen as in the last example.

Property Units Alumina Copper Tin-Lead Bi2Te3
Hardening modulus K GPa 5 5 5 1

Yield stress σy MPa 15,400 100 180 55

Mass density ρ kg/m3 3,570 8,960 7,310 7,530

Specific heat cv J/kg K 837 385 226 544

Expansion coefficient α
T

1/ ◦C 5.00 × 10−6 1.70 × 10−5 2.70 × 10−5 1.68 × 10−5

First Lam parameter λ N/m2 1.63 × 1011 7.16 × 1010 3.25 × 1010 6.71 × 1010

Shear stress µ N/m2 1.51 × 1011 4.39 × 1010 1.68 × 1010 1.68 × 1010

Thermal conductivity κ W/K m 35.3 386 48 κ(T )

Electric conductivity γ A/V m 0 5.81 × 107 4.72 × 106 γ(T )

Seebeck coefficient α V/K 0 0 0 α(T )

Table 1: Material properties for every material used in the Peltier Cell

The finite element mesh constructed with the hexaedral 8-node finite elements used for com-
puting the solution to this problem is shown in Figure 1. Different materials are presented in
different colors. The boundary conditions are shown in Figure 1 right. We fix the displacements
in direction x and z at the respective end faces, along with the symmetry condition in the plane
y = 0. The temperature is prescribed at the top face T̄t = 50 ◦C (called hot side) along with
a zero heat flux imposed at the bottom (cold side) where the temperature Tb is left free. The
electric flux is introduced at the bottom left end of the copper while ground voltage is assumed
at the top right end copper.

The applied loading is presented in Figure 2 top. First, an electric flux |jss| = Iop/A is
introduced, where Iop is an optimal electric current that maximizes the temperature difference
T̄t − Tb in steady-state (more details in [7]) with A as the transversal area of the copper. This
electric flux value is kept fixed until evolution for all the degrees of freedom have been stabilized,
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x

lz

j̄

lx V = 0

Tb

T̄t

z

Figure 1: Left, mesh used in this numerical example, each material represented in a different color:
Bi2Te3 in red, copper in blue, solder in green and alumina in yellow. Right, boundary conditions imposed
in this problem.

and a steady-state has been reached. After this moment, the flux is incremented P times,
where P = |j| / |jss| is the pulse gain, which implies automatically that Tb decreases until a
minimum is reached, but with an overheating penalty reached right afterwards. The steady-
state temperature is reached eventually after reimposing P = 1 if no other pulse is introduced.

Figure 2 provides the representation of the maximum von Mises stress values calculated in
Gauss points for each material in both elastic and plastic regime. In the steady-state, the
maximum stresses are similar since the yield stress has not been reached yet. However, with the
increase of electric flux, the stress increments seen in [7] due to accumulation of Joule heating,
are no longer the same.

When the pulse is introduced reaching the yield stress σy, the subsequent stress-rate increase
is reduced, due to the corresponding increase in plastic strains. These changes result in a noted
decrease of the maximum stresses computed with activated plasticity constraint compared to the
elastic case, specially in the copper and in the thermoelectric material. Once the steady-state
gain is restated, the asymptotic stresses are reduced as a result of the plastic deformation in
the copper and the solder. Moreover, due to the stresses redistribution, enforced by plasticity
constraint, the stresses are increased in the Bi2Te3.

In Figure 3 the nodal von Mises projection distribution is shown at the end of the pulse
t = 130 s, when the maximum stresses take place, along with a detailed zoom of the cold side,
the most stressed part of the structure. The alumina has been omitted in order to show more
clearly the differences with respect to the plastic materials.

In both cases the maximum is located at the bottom since this side has a bigger difference
with respect to the reference temperature than the hot side. The maximum values are rather
similar in both regimes. This is due to the influence of alumina that remains elastic, which
stabilizes the corresponding stress distribution inside with no marked changes.

The first noticeable difference is that the stress distribution of the lower values is quite dif-
ferent. This can be appreciated specially for the copper, where the part on the bottom left

10
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Figure 2: Maximum von Mises stress for solder (red), copper (black) and Bi2Te3 (blue) when an electric
square pulse of gain P = 3.5 and duration ∆tp = 5 s is applied at t = 125 s. Full line, computed result
with elastoplastic response; dashed line, computed results for elastic response.
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Figure 3: Von Mises stress [MPa] contour in deformed configuration for elastic (left) and plastic regime
(right). All materials but the alumina. Detailed zoom at the bottom side of the Peltier cell.

has quite reduced values of stress, and in the Bi2Te3 where they have increased in average in
a homogenization process. This further explains what was already observed in Figure 2, as in
general in the copper the stresses in steady-state will be reduced and the opposite for the ther-
moelectric material. In this particular example, the temperature evolution is not very affected
by the presence of plasticity unlike the stress distribution due to rather small contribution of
the plastic dissipation towards total power sources, especially compared against the Joule dis-
sipative term or Peltier cooling. Thus, it would appear that if the main goal in this problem
concerned the temperature evolution, the plasticity would not have decisive role for computing
the sufficiently good results.

6 CONCLUSIONS

A number of novelties for solving the coupled thermo-electro-magneto-mechanic problems
for dielectric and conductor materials are presented in this work. In particular, two complete
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formulations for thermo-electro-magneto-elastic and plastic behavior has been developed in a
consistent manner by using conservation principles along with the definition of a free-energy po-
tential leading to corresponding constitutive relations. This formulation has been implemented
in the most general 3D framework, by using 8-node hexahedral finite element for constructing
semi-discretization, along with the global phase of time discretization by the Newmark scheme
and local computation of the internal variables for plasticity.

This development provides the sound basis to analyze practical examples for dielectric and
conductor materials. For the former, the formulation goes beyond the classical applications
such as piezoelectric, thermoelastic or magnetostrictive towards more complex combinations of
the coupled fields; for the latter, allows to analyze application which either did not include
an electric coupling to the thermomechanical formulation or have not implemented a plastic
model in a thermo-electro-elastic framework. Moreover, the proposed formulation provides the
starting point for further developments in plasticity that would include non-negligible magnetic
field contribution.
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Modeling Performance of Particulate Magnetoelectric Composites and Devices

Modeling Performance of Particulate Magnetoelectric Composites and Devices 
Ever J. Barbero and T.I. Muchenik 
West Virginia University, USA 
 
Magnetoelectric composites generate electricity when exposed to a magnetic field. The composite is 
made of two phases: piezoelectric (PE) and piezomagnetic (PM). When the PM is exposed to a magnetic 
field it expands/contracts. The deformation is passed onto the PE, which when it is subjected to such 
deformation produces a current/voltage. In this work, magnetoelectric (ME) properties of particulate 
composites are calculated using a combination of Eshelby and Mori-Tanaka mean field theory. Limiting 
cases for low/high volume fractions of PM phase are corroborated using dilute approximation. All relevant 
ME properties (voltage, current, and power conversion) can be calculated by this method and for any 
boundary conditions (free standing, thin film on a rigid substrate, etc.). Predictions are compared with 
calculations reported by Harshe et al. and Nan et al. and good correlation is obtained with those previous 
results. Prior models neglected the conductivity of the PM phase and thus are unable to obtain good 
correlation with experimental data. Since conductivity is an essential component, the present model takes 
it into account, good comparison is obtained with available experimental data. The proposed model is 
further validated by considering two extreme scenarios. First, some researchers performed calculations 
assuming the PM phase is used as matrix, which in reality would give no ME output because the current 
generated in the PE inclusions will be shunted by the conductive PM matrix. However, prior calculations 
did not account conductivity. By temporarily shutting down the conductivity in our model, we are able to 
reproduce prior results. Then, enabling conductivity, the proposed model shows that no 
current/voltage/power is generated. Once the model is validated, we are able to evaluate the effect of PE 
and PM properties, volume fraction, particle size and topology. To account for device geometry, we 
calculate demagnetization. In this way, we are able to evaluate actual device performance as a function 
of geometric aspect ratio, direction of polarization, as well as direction of magnetic (H) and electric (E)  
fields, and device boundary conditions such as thin film clamped to a substrate, etc.  
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Abstract. In this paper, the theoretical background and a Finite Element (FE) approach based
on a micromechanically and physically motivated constitutive model are presented. The model
considers the mutual nonlinear coupling of thermal and electromechanical fields. Numerical
calculations show the effects of temperature on the electromechanical field quantities and vice
versa. They also reveal switching processes in ferroelectrics and associated heating, taking into
account phase transitions and their dependence on tempeature changes.

1 INTRODUCTION

Due to their special electromechanical properties, nowadays ferroelectric materials are widely
used in many technical applications, mostly as actuators or sensors. Advantages compared to
other smart devices are their extremely fast reaction times in a range of µs - ms and large
actuation forces. In the past, temperature changes inside the material were rather disturbing
during the investigation and usage of these materials and were mostly neglected in numerical
models, although they may have a non-negligible impact on issues like phase transitions, domain
wall motion or reliability and lifetime.
Experiments have shown, that transient electromechanical fields in ferroelectric materials lead
to two types of temperature changes [1, 2]. Technically, there is a reversible temperature change,
which can heat up or cool down the material and much stronger irreversible temperature change
caused by domain switching. The primary goal of this paper is to set up the thermodynamical
framework of domain switching and related changes of entropy and temperature, in order to
clarify opposing observations of heating and cooling.
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2 THEORETICAL FRAMEWORK

2.1 Nonlinear thermo-electro-mechanical constitutive law

The electromechanical constitutive equations, which have been presented e.g. in [3], must be
extended to include the temperature T as third independent variable. The thermodynamic
potential Ω̄(ε, E, T ) is obtained applying a Legendre transformation to the internal energy
Ū(ε,D, S̄), ths Gibb’s fundamental equation reads:

˙̄Ω(ε̇, Ė, Ṫ ) = σij ε̇ij −DiĖi − S̄Ṫ , (1)

where σij and εij are stresses and strains, Di and Ei the electric displacement and electric field,
respectively and S̄ is the specific entropy. With Θ = T - T0, the thermo-ferroelectric bahavior
is governed by the potential:

Ω̄ =
1

2
Cijklε

rev
ij εrevij − 1

2
κilEiEl −

1

2
γΘ2 − elijElε

rev
ij − βijΘεrevij − klΘEl − P irr

i Ei − S̄irrΘ, (2)

where the superscript ”rev” referes to reversible quantities and ”irr” indicates irreversible changes
of state. The material tensors Cijkl, κil, γ, elij , βij and kl denote the elasticity tensor, the
dielectric tensor, the thermal coefficient, the piezoelectric tensor, the thermal stress and the
pyroelectric coefficients. Together with εrevij = εtotij − εirrij , Eqs. (1) and (2) lead to the rate
dependent constitutive equations of a nonlinear ferroelectric material with thermal properties:

σ̇ij = Cijkl(ε̇
tot
kl − ε̇irrkl )− elijĖl − βijΘ̇, (3a)

Ḋtot
i = eikl(ε̇

tot
kl − ε̇irrkl ) + κilĖl + kiΘ̇ + Ṗ irr

i , (3b)

˙̄Stot
i = βkl(ε̇

tot
kl − ε̇irrkl ) + klĖl + γΘ̇ +

˙̄̃
Sirr. (3c)

The superscript ”tot” referes to total and is equal to the sum of the reversible parts ”rev” and
the irreverible parts ”irr”.

2.2 Balance of momentum, charge and energy

In addition to the static mechanical and electrostatic balance equations, stemming from the
momentum balance and the Maxwell equations:

σij,j = 0,

Di,i = 0,
(4)

where volume forces and charges have been neglected, a third field equation balancing the energy
is needed to describe the thermoelectromechanical three-field problem.
The equation is obtained considering the 1st law of thermodynamics, reading

˙̄U + ˙̄K = ˙̄W rev + ˙̄Q+ ˙̄χ, (5)

postulating for a quasistatic case, where the kinetic energy is equal to zero (K̄ = 0), that the
change of internal energy is equal to the sum of the specific reversible electromechanical work
rate

˙̄W rev = σij ε̇
rev
ij + EiḊ

rev
i , (6)
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the specific heat flow rate

˙̄Q = q̇v − q̇Aj,j , (7)

where q̇v is an internal heat source and q̇Aj,j a heat flux across the boundary, and the dissipative
work rate ˙̄χ describing the non-conservative processes within the ferroelectric material such as
domain switching. The latter requires some considerations on its interpretation.

Figure 1: a) Tetragonal unit cell of BaTiO3 [4]; b) Stable positions of the Ti4+-ion in a tetragonal unit
cell of BaTiO3 [5].

Fig. 1 shows in a) a tetragonal unit cell of bariumtitanate and in b) the energy depending
on the Ti4+-ion-position with two stable positions in a tetragonal unit cell of BaTiO3. The
Ti4+-ion is in the upper stable position, thus the polarization of the cell is upwards (Fig. 1 b)).
If there is an electric field applied antiparallel to the polarization of the cell, the ion needs much
more energy to fill the current gap. In the energy-diagramm, the ion is climbing up the local
maximum between the two stable positions. At a certain point, the ion can not provide more
energy to fill the current gap and jumps into the other stable lower energy position. A similar
switching procedure is observed with the oxygen octahedron, moving to the opposite side. A
simple approach to quantify the switching energy is given in [6]:

˙̄χ = σij ε̇
irr
ij + EiṖ

irr
i . (8)

The ion jumps into a lower energy gap, where it does not need the high energy level anymore
to fill the gap in the new stable position. Due to this energy loss, the entropy of the medium
increases to exactly that amount:

˙̄Sirr =
˙̄χ

T
=

σij ε̇
irr
ij + EiṖ

irr
i

T
= − ˙̄̃

Sirr. (9)

The material is heating up due to irreversible switching events.
With Eqs. (5), (6), (7), the Gibbs fundamental equation for the internal energy

˙̄U tot(ε̇totij , Ḋtot
i , ˙̄Stot) = σij(ε̇

rev
ij + ε̇irrij ) + Ei(Ḋ

rev
i + Ṗ irr

i ) + T0
˙̄Stot, (10)

Eq. (3c) and Fourier’s isotropic law q̇Aj = −λΘ,j , the energy balance for a nonlinear thermo-
electro-mechanical field problem is obtained as
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λΘ,jj = βijT0ε̇
rev
ij + kiT0Ėi + γT0Θ̇− σij ε̇

irr
ij − EiṖ

irr
i . (11)

The same equation is derived assuming reversible behavior in connection with a heat source
q̇v = σij ε̇

irr
ij + EiṖ

irr
i .

2.3 Finite element formulation

The matrix representation of a nonlinear thermo-electro-mechanical field problem reads



0 0 0
0 0 0

[DΘu] [DΘφ] [DΘΘ]





{u̇}
{φ̇}
{Θ̇}


+



[Kuu] [Kuφ] [KuΘ]
[Kφu] [Kφφ] [KφΘ]
0 0 [KΘΘ]





{u}
{φ}
{Θ}


 =



{fu}+ {f e

u}
{fφ}+ {f e

φ}
{fΘ}+ {f e

Θ}


 (12)

with the abbreviations

[Kuu] =

∫

V

[Bu]
T [C][Bu]dV, [Kφu] =

∫

V

[Bφ]
T [e][Bu]dV,

[Kuφ] =

∫

V

[Bu]
T [e]T [Bφ]dV, [Kφφ] = −

∫

V

[Bφ]
T [κ][Bφ]dV,

[KuΘ] = −
∫

V

[Bu]
T {β}[NΘ]dV, [KφΘ] = −

∫

V

[Bφ]
T {k}[NΘ]dV,

[KΘΘ] =

∫

V

[BΘ]
T [λ][BΘ]dV, [DΘΘ] =

∫

V

[NΘ]
TT0[γ][NΘ]dV,

[DΘu] =

∫

V

[NΘ]
T [NΘ]T0[β]

T [Bu]dV, [DΘφ] = −
∫

V

[NΘ]
T [NΘ]T0{k}T [Bφ]dV,

{fe
u} =

∫

V

[Bu]
T [C]εirrdV, {f e

φ} =

∫

V

[Bφ]
T ([e]εirr − {P irr})dV,

{fe
Θ} =

∫

V

[NΘ]
T ([σ]

∆{εirr}
∆t

+ {E}∆{P irr}
∆t

dV.

(13)

Neglecting nonlinear ferroelectric terms, Eq. (12) is also found in [7]. For the quasistatic calcu-
lation of {f e

Θ} a parameter ∆t for the switching time is introduced.
The mass matrix [Muu] is neglected.
For numerical calculations, the introduction of parameters λ1 and λ2 for the reduction of irre-
versible values is inevitable [3]. The nonlinear parts in Eq. (12) are thus modified as:
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{f e
u} =

∫

V

[Bu]
T [C]λ1ε

irrdV,

{f e
φ} =

∫

V

[Bφ]
T ([e]λ1ε

irr − λ2{P irr})dV,

{fe
Θ} =

∫

V

[NΘ]
T
(
λ1[σ]

∆{εirr}
∆t

+ λ2{E}∆{P irr}
∆t

)
dV.

(14)

The microphysical model of domain wall motion and its algorithmic implementation is outlined
in [3] and [8].

3 Numerical examples

The two-dimensional boundary value problem of a plate is considered according to Fig. 2.
The model consists of 200 finite elements with 4 integration points each, thus representing a
system of 800 grains. In this example, the plate is poled upwards at the beginning of the
calculation, so that residual stresses due to the poling process have only a little influence on
the temperature change. An alternating electric field is applied. In this calculation, the time
dependent term in Eq. (12), representing the linear transient elasto- and electrocaloric effects is
neglected ([Dθu] = 0, [Dθφ] = 0, [Dθθ] = 0), so the switching process is assuemed to be dominant
for temperature changes of the material under electric loading.

Θ = 0
φ = 0

φ = φ
Θ′ = 0

Θ′ = 0Θ′ = 0

Figure 2: Boundary value problem for numerical calculation. The arrowed crosses schematically indicate
the orientations of domains in each grain.

For the results presented in Fig. 3, the material data of Cijkl, elij and κil for barium titanate
have been used [3]. For a poling in x1- and x2-direction, the other material tensors are introduced
as:

5

332



Marius Wingen, Andreas Ricoeur

{β}x1 =




β33
β11
β11
0
0
0



, {β}x2 =




β11
β33
β11
0
0
0



,

{k}x1 =



k3
0
0


 , {k}x2 =



0
k3
0


 ,

[λ]x1 =



λ33 0 0
0 λ11 0
0 0 λ11


 ,[λ]x2 =



λ11 0 0
0 λ33 0
0 0 λ11


 ,

(15)

with β11 = 3.53 · 106 J
m3K

, β33 = 3.16 · 106 J
m3K

, k3 = −5.48 · 10−6 J
V m2K

and λ11 = λ33 = 14 W
mK .

The numerical parameters λ1, λ2 and ∆t have been chosen λ1=0.1, λ2=0.3 and ∆t=0.6s.
Fig. 3a) shows a comparison of experimental [1] and simulated results of the temperature
depending on loading cycles. For the chosen parameters, the plots are very similar. In the cal-
culation, the heat flux across the surface is suppressed. Therefore, the intermediate temperature
reductions observed experimentally are not present in the simulations.

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  1  2  3  4  5

θ
 [K

]

cycles [-]

simulated result
experimental result

 0.065

 0.07

 0.075

 0.08

 0.085

 0.09

 0.095

 0.1

 0.105

-1.5 -1 -0.5  0  0.5  1  1.5

ε
 [1

0-3
]

E/Ec [-]

1st cycle

Figure 3: a) Comparison of the temperature between experimental [1] and simulated results. b) Butterfly
hysteresis depending on temperature changes.

Fig. 3 b) shows the butterfly hysteresis depending on the temperature changes. The userele-
ment does not consider the temperature dependency of the material parameters and the other
material poperties so far. The effect, one can see in Fig. 3 b), is the thermal expansion. If the
temperature rises, the strain undergoes a positive shift.

Fig. 4 shows, that the numerical parameter ∆t has a non-negligible influence on the temper-
ature. With ∆t=0.6s for realistic results according to Fig. 3 a), the parameter is too large to be
interpreted as switching time, which would be a physical parameter. However, the calculation is
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Figure 4: Influence of the numerical parameter ∆t on the the temperature.

still static at the moment. The temperature jumps from one to the next value instantaneously
due to the lack of a finite heat capacity. If the heat capacity is taken into account in the future,
the parameter has to be reset again. ∆t is expected to be much smaller then, which would be
similar to a realistic switching or domain wall motion time.

4 CONCLUSIONS

- This paper extended a ferroelectric model to a nonlinear thermo-ferroelectric model.

- The temperature increases due to switching processes and is in good agreement with
experimental findings.

- It shows the influence of the temperature change on the butterfly loop due to thermal
expansion.

- It gives an idea for the determination of a switching or domain wall motion time.
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Abstract: Magnetoelectric composites are investigated by numerical simulation. Nonlinear 
material models describing the magneto-ferroelectric or electro-ferromagnetic behaviors of 
the two constituents are presented. The ferroelectric model additionally accounts for damage 
evolution due to micro crack growth. The constitutive equations and weak forms of balance 
equations have been implemented within a finite element framework. Numerical simulations 
focus on the prediction of local domain orientation, the calculation of magnetoelectric cou-
pling coefficients, and the investigation of damage processes predominantly during magneto-
electric poling as well as mutual interactions of these aspects. A particle and a laminated 
composite are compared as examples. 

1 INTRODUCTION 
The coupling of magnetic and electric fields due to the constitutive behavior of a material 

is commonly denoted as magnetoelectric (ME) effect. The latter is only observed in a few 
crystal classes exhibiting a very weak coupling, mostly at low temperatures, which can hard-
ly be exploited for technical applications [12,15,18]. Much larger coupling coefficients are 
obtained at room temperature in composite materials with ferroelectric and ferromagnetic 
constituents. The ME effect is then induced by the strain of matrix and inclusions or of dif-
ferent constituents, respectively, converting electrical and magnetic energies based on the 
piezoelectric and magnetostrictive effects. From the engineering point of view, this kind of 
quasistatic conversion of magnetic to electric energy and vice versa is extremely interesting, 
giving rise to various technical applications. Promising examples are the monitoring of brain 
activity from weak magnetic fields generated by neuronal activity (magnetoencephalography, 
MEG) or the storage of digital data based on the principle of electric writing – magnetic read-
ing [23]. 

Some ferromagnetic materials exhibit a pronounced hysteresis behavior, others show an 
almost reversible nonlinear characteristic. Even two specimens with an identical chemical 
composition can exhibit qualitatively different features [5-7], depending e.g. on the milling of 
the powder, the sintering conditions or particle diameters. The reason for the different behav-
iors is found on the micro scale of domain or Bloch walls [4,8]. In this paper, two approaches 
are presented for the constitutive modelling of ferromagnetic materials. The one is akin to a 
model for ferroelectrics and is based on microphysical considerations [1,17]. It takes ad-
vantage of the fact that some aspects of ferromagnetic and ferroelectric behaviors, although 
originating from completely different processes on the atomic scale, show comparable fea-
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tures on the meso and macro levels. The other approach is purely phenomenological starting 
from a thermodynamical potential and providing a reversible nonlinear behavior. 

The finite element (FE) method is adopted to solve complex boundary value problems 
based on weak formulations of multiphysical balance laws in connection with the constitutive 
laws outlined above. So-called User Elements have been developed, which are integrated into 
the commercial FE code ABAQUS providing the solver tool. Additionally, an own pre-and 
postprocessor has been developed for the sake of conveniently displaying the results of simu-
lations. Due to the brittleness of the investigated materials, large deformations do not appear, 
thus the FE framework is restricted to linear kinematics. 

Among various possible configurations of multiferroic composites, two compositions have 
been chosen in this paper, to demonstrate the potential of numerical simulation in the design 
process. One consists of a ferroelectric matrix with embedded soft ferromagnetic particles, 
the other is a laminated structure with ferroelectric and hard ferromagnetic layers. The pre-
diction and comparison of ME coupling coefficients is in the focus of the investigations, 
providing the possibility of functional optimization. These coefficients turn out to be subject 
to a variety of influencing factors, e.g. the way of magnetoelectric poling, geometrical fea-
tures or volume fractions of constituents. 

One important and inevitable aspect is the cracking of the structure in terms of micro 
crack initiation in the ferroelectric and ferromagnetic materials, as well as delamination of the 
constituents. The related stress relief reduces the piezoelectric and magnetostrictive coupling, 
the domain activities and thus the ME coupling efficiency. A second aspect, of course, is the 
reduction of strength and lifetime of the smart devices. In order to include cracking into the 
simulations, damage evolution has been incorporated into the ferroelectric constitutive mod-
el, accounting for micro crack growth, predominantly driven by residual stresses due to fer-
roelectric domain switching. Cracking of the ferromagnetic constituent and delamination are 
not considered so far. 

An overview on the state of the art in ferroic constitutive modelling and FE simulation of 
ME composites is given in [1,6,3]. 

2 CONSTITUTIVE BEHAVIOR: COMPILATION OF MODELS 
The constitutive frameworks of ferroelectric and reversible and irreversible ferromagnetic 

behaviors are summarized and compared to each other. Ferroelectric materials exposed to 
electromagnetic fields are described by the following constitutive equations [1]: 

𝜎𝜎𝑖𝑖𝑖𝑖 = 𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝜀𝜀𝑖𝑖𝑖𝑖 − 𝜀𝜀𝑖𝑖𝑖𝑖
𝑖𝑖𝑖𝑖𝑖𝑖) − 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝐸𝐸𝑖𝑖 , 

𝐷𝐷𝑖𝑖 = 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖(𝜀𝜀𝑖𝑖𝑖𝑖 − 𝜀𝜀𝑖𝑖𝑖𝑖
𝑖𝑖𝑖𝑖𝑖𝑖) + 𝜅𝜅𝑖𝑖𝑙𝑙𝐸𝐸𝑙𝑙 + 𝑃𝑃𝑖𝑖

𝑖𝑖𝑖𝑖𝑖𝑖, 
𝐵𝐵𝑖𝑖 = 𝜇𝜇𝑖𝑖𝑘𝑘𝐻𝐻𝑘𝑘 . 

(1) 

Within a microphysical framework, the irreversible strain 𝜀𝜀𝑖𝑖𝑖𝑖
𝑖𝑖𝑖𝑖𝑖𝑖 and polarization 𝑃𝑃𝑖𝑖

𝑖𝑖𝑖𝑖𝑖𝑖 are due 
to domain wall motion. Considering plane problems, a grain consists of four domain species 
separated by 90° - and 180° - domain walls, see Fig. 1. The formulation of a nonlinear con-
stitutive law thus requires four internal variables 𝜈𝜈(𝑖𝑖), 𝑖𝑖 = 1, … ,4 and associated evolution 
equations describing the switching of unit cells on the micro level [14,17]. Due to intended 
applications within a multiferroic framework, the ferroelectric material is allocated a magnet-
ic permeability expressed by the third equation relating the magnetic field 𝐻𝐻𝑘𝑘 and the induc-
tion 𝐵𝐵𝑖𝑖. The elastic, piezoelectric, dielectric and magnetic permeability tensors 𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖, 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖, 𝜅𝜅𝑖𝑖𝑙𝑙 
and 𝜇𝜇𝑖𝑖𝑘𝑘 also depend on the internal variables 𝜈𝜈(𝑖𝑖), giving rise to an additional source of non-
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linearity, even in the magnetic properties. The other quantities in Eq. (1) are stress 𝜎𝜎𝑖𝑖𝑖𝑖, elec-
tric field 𝐸𝐸𝑙𝑙 = −𝜙𝜙,𝑙𝑙 and electric displacement 𝐷𝐷𝑙𝑙. 

 
Fig. 1: Grain with tetragonal domain species in the plane represented by four internal variables 𝜈𝜈(𝑖𝑖) and a single 
domain with poling direction ψ in the global 𝑥𝑥1 − 𝑥𝑥2 – plane; (b) possible switching variants of a tetragonal 
crystal unit cell [14] 
 

Based on the same ideas as Eq. (1), the ferromagnetic constitutive equations read [2] 
𝜎𝜎𝑖𝑖𝑖𝑖 = 𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖𝑙𝑙(𝜀𝜀𝑖𝑖𝑙𝑙 − 𝜀𝜀𝑖𝑖𝑙𝑙

𝑖𝑖𝑖𝑖𝑖𝑖) , 
𝐷𝐷𝑙𝑙 = 𝜅𝜅𝑙𝑙𝑙𝑙𝐸𝐸𝑙𝑙 , 

𝐵𝐵𝑖𝑖 = 𝜇𝜇𝑖𝑖𝑘𝑘𝐻𝐻𝑘𝑘 + 𝑀𝑀𝑖𝑖
𝑖𝑖𝑖𝑖𝑖𝑖. 

(2) 

Here, irreversible strain and irreversible magnetization 𝑀𝑀𝑖𝑖
𝑖𝑖𝑖𝑖𝑖𝑖 or magnetic polarization, respec-

tively, are likewise governed by four internal variables describing Bloch wall motion due to 
magnetomechanical driving forces. The affinity to ferroelectricity on the macro- and 
mesoscales allows for a similar modeling of ferromagnetism covering the essential phenome-
na. Anyway, in the constitutive framework both physical processes merge into an evolution 
law for the internal variables, which is based on the magnetoelastic or electroelastic energies, 
respectively, going along with the changes of the directions of magnetic or electric dipoles. 

In contrast to ferroelectricity, piezomagnetic coefficients relating magnetic field and stress 
or strain and magnetic induction are not involved, accounting for the saturation at larger 
fields. As a second consequence, the irreversible strain does not directly induce a magnetic 
induction 𝐵𝐵𝑖𝑖. Magnetostriction is rather induced by the irreversible part of the strain, which 
in turn is controlled by the magnetic field but also by mechanical loads. The same way, a 
strain field has an impact on the magnetic induction via 𝑀𝑀𝑖𝑖

𝑖𝑖𝑖𝑖𝑖𝑖. Dielectric properties are allo-
cated by the second equation in (2) which is linear only at the first glance, since the dielectric 
constants 𝜅𝜅𝑙𝑙𝑙𝑙 are controlled by the internal variables in a nonlinear manner. Ferromagnetic 
materials exhibiting a significant electric conductivity are excluded by the model. 

Whereas Eq. (2) generates hysteresis loops, the constitutive equations of nonlinear re-
versible soft ferromagnetic behavior are given by 

�̇�𝜎𝑝𝑝(𝜀𝜀�̇�𝑞, �̇�𝐻𝑖𝑖) = 𝑐𝑐𝑝𝑝𝑞𝑞𝜀𝜀�̇�𝑞 − 𝑞𝑞𝑖𝑖𝑝𝑝(𝜀𝜀𝑞𝑞, 𝐻𝐻𝑖𝑖)�̇�𝐻𝑖𝑖 , 

�̇�𝐷𝑙𝑙(�̇�𝐸𝑙𝑙) = 𝜅𝜅𝑙𝑙𝑙𝑙�̇�𝐸𝑙𝑙 , 

�̇�𝐵𝑖𝑖(𝜀𝜀�̇�𝑝, �̇�𝐻𝑘𝑘) = 𝑞𝑞𝑖𝑖𝑝𝑝(𝜀𝜀𝑝𝑝, 𝐻𝐻𝑘𝑘)𝜀𝜀�̇�𝑝 + µ𝑖𝑖𝑘𝑘(𝜀𝜀𝑝𝑝, 𝐻𝐻𝑘𝑘)�̇�𝐻𝑘𝑘 , 

(3) 

where a rate dependent depiction has been chosen. The nonlinearity is completely included in 
the material coefficients depending on the independent variables strain and magnetic field. 
Due to the reversibility of the constitutive behavior, these functions are unique, not involving 
any internal variables. The coefficient functions including the magnetostrictive tensor 
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𝑞𝑞𝑘𝑘𝑘𝑘(𝜀𝜀𝑞𝑞, 𝐻𝐻𝑘𝑘), have to be chosen in a way to reflect experimental observations. A thermody-
namical potential 

𝜓𝜓(𝜎𝜎𝑘𝑘, 𝐸𝐸𝑙𝑙, 𝐻𝐻𝑘𝑘) = − 1
2 𝑠𝑠11𝜎𝜎1𝜎𝜎1 − 𝑠𝑠12𝜎𝜎1𝜎𝜎2 − 1

2 𝑠𝑠22𝜎𝜎2𝜎𝜎2 − 𝑠𝑠66𝜎𝜎6𝜎𝜎6 − 1
2 𝜅𝜅11𝐸𝐸1𝐸𝐸1 − 1

2 𝜅𝜅22𝐸𝐸2𝐸𝐸2 − 1
2 �̅�𝜇11

0 𝐻𝐻1𝐻𝐻1

− 𝜂𝜂1
1 + 𝜁𝜁1𝐻𝐻1

−3 𝜎𝜎1 − 𝜂𝜂2
1 + 𝜁𝜁2𝐻𝐻1

−3 𝜎𝜎2 − 𝜌𝜌{𝐻𝐻1 − 𝜉𝜉 𝑙𝑙𝑙𝑙(𝜉𝜉 + 𝐻𝐻1)}  (4) 

has been identified in that context, yielding all the coefficient functions by differentiation 
[2,3]. This purely phenomenological approach involves several parameters, which are adjust-
ed to specific material behaviors. 

3 CONTINUUM DAMAGE MODEL FOR THE FERROELECTRIC PHASE 
Two fundamental damage mechanisms are observed in a ME composite: cracking of the 

two constituents and delamination. The latter will not be considered at this point and cracking 
will be only allowed in the ferroelectric material. In Fig. 2 the micromechanical motivation of 
the model is depicted using the example of a particle composite with a ferroelectric matrix. 
The representative volume element (RVE) of the composite shows a few particles and the 
multiphysical boundary conditions. In the third sketch, the RVE of the ferroelectric matrix 
with statistically distributed cracks is shown, where the principal stresses 𝜎𝜎𝐼𝐼 and 𝜎𝜎𝐼𝐼𝐼𝐼 are the 
relevant loading quantities, being controlled by magnetic and electric fields as well. Those 
are part of the driving force being responsible for ferroelectric domain wall motion, giving 
rise to residual stress. In the model, only cracks being perpendicular to the maximum princi-
pal stress are allowed to grow following a classical K-factor-based fracture criterion. Assum-
ing a dilute crack distribution, crack interactions can be neglected, thus leaving a single Grif-
fith crack to be considered, as depicted in the last sketch of Fig. 2. 

 
Fig. 2: Damaging of a ME particle composite: micro crack initiation perpendicular to the maximum principal 
stress 𝜎𝜎𝐼𝐼, magnetic field penetrating the crack, electric field circumventing it 

One essential issue in the fracture mechanics of multifunctional materials is the choice of 
boundary conditions at the crack faces. A comprehensive model is complex, including in-
duced Maxwell tractions and finite electrical permeabilities [21,26-28]. A simple model is 
implemented here, where the crack is assumed traction-free and electrically impermeable, in 
Fig. 2 indicated by the solid yellow lines circumventing the crack. Concerning the magnetic 
field, the crack is assumed to be fully permeable, indicated by the dashed blue lines penetrat-
ing the crack. This is justified since, in contrast to the dielectric properties, the magnetic per-
meabilities of air and of a ferroelectric material are similar by order of magnitude. 

In the following, some basic equations of the model are introduced, while the extended 
theory can be looked up in [14,29]. Introducing the compressed notations 𝜫𝜫 = (𝜎𝜎𝑘𝑘𝑙𝑙, 𝐷𝐷𝑛𝑛)𝑇𝑇 and 
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𝒁𝒁 = (𝜀𝜀𝑖𝑖𝑖𝑖, −𝐸𝐸𝑙𝑙)
𝑇𝑇
 for generalized stresses and electric displacements, the constitutive equa-

tions, linearized with respect to an operating point, are given as 

 

〈𝜎𝜎𝑖𝑖𝑖𝑖〉 = 𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖𝑙𝑙
∗ 〈𝜀𝜀𝑖𝑖𝑙𝑙〉 − 𝑒𝑒𝑙𝑙𝑖𝑖𝑖𝑖

∗ 〈𝐸𝐸𝑙𝑙〉  
〈𝐷𝐷𝑙𝑙〉 = 𝑒𝑒𝑙𝑙𝑖𝑖𝑖𝑖

∗ 〈𝜀𝜀𝑖𝑖𝑖𝑖〉 + 𝜅𝜅𝑙𝑙𝑙𝑙
∗ 〈𝐸𝐸𝑙𝑙〉  } → 〈𝜫𝜫〉 = 𝑪𝑪∗〈𝒁𝒁〉 , 

〈𝐵𝐵𝑖𝑖〉 = 𝜇𝜇𝑖𝑖𝑘𝑘
∗ 〈𝐻𝐻𝑘𝑘〉  } → 𝐵𝐵𝑖𝑖 = 𝜇𝜇𝑖𝑖𝑘𝑘𝐻𝐻𝑘𝑘 , 

(5) 

where angled brackets denote average fields and superscript asterisks represent effective ma-
terial coefficients. The effective quantities have to be determined from homogenization of the 
crack RVE, thus the magnetic quantities remain unaffected due to the permeability of the 
crack. 𝑪𝑪∗ is the effective generalized stiffness matrix, comprising homogenized elastic, die-
lectric and piezoelectric tangent modules. The inverse formulation of the effective constitu-
tive law introduces the generalized stiffness 𝑺𝑺∗ = [𝑪𝑪∗]−1: 

 〈𝒁𝒁〉 = 𝑺𝑺∗〈𝜫𝜫〉 . (6) 

The generalized strain is decomposed as 

 〈𝒁𝒁〉 = 𝒁𝒁𝑀𝑀 + 𝒁𝒁𝐶𝐶  (7) 

with 𝒁𝒁𝑀𝑀 = 𝑺𝑺𝑀𝑀𝜫𝜫𝟎𝟎 for the matrix and 𝒁𝒁𝐶𝐶 = 𝑺𝑺𝐶𝐶𝜫𝜫𝟎𝟎 for the defect phase. Assuming a general-
ized Reuss approximation, the average stress is introduced as a constant field, i.e. 〈𝜫𝜫〉 = 𝜫𝜫𝟎𝟎. 
Stresses and electric displacements at the boundary of the crack RVE 𝜕𝜕𝑉𝑉𝐶𝐶 are thus coincident 
with the average quantities 𝜎𝜎𝑖𝑖𝑙𝑙

0  und 𝐷𝐷𝑙𝑙
0 in the domain 𝑉𝑉𝐶𝐶. 

The generalized compliance is likewise decomposed in matrix and defect phase: 

 𝑺𝑺∗ = 𝑺𝑺𝑀𝑀 + 𝑺𝑺𝐶𝐶 . (8) 

The contribution of micro cracks to the averaged strain and electric field is comprised in 
𝒁𝒁𝐶𝐶 and reads 

 𝜀𝜀𝑖𝑖𝑖𝑖
𝐶𝐶 = 1

2𝐴𝐴 ∫ (∆𝑢𝑢𝑖𝑖 𝑛𝑛𝑖𝑖 + ∆𝑢𝑢𝑖𝑖 𝑛𝑛𝑖𝑖) 𝑑𝑑𝑥𝑥1
𝐶𝐶

+𝑎𝑎

−𝑎𝑎
 , (9) 

 𝐸𝐸𝑖𝑖
𝐶𝐶 = − 1

𝐴𝐴 ∫ (∆𝜙𝜙 𝑛𝑛𝑖𝑖) 𝑑𝑑𝑥𝑥1
𝐶𝐶

+𝑎𝑎

−𝑎𝑎
 (10) 

where Δ𝑢𝑢𝑖𝑖 and Δ𝜙𝜙 are jumps of displacement and electric potential accross the crack faces 
and 𝑛𝑛𝑖𝑖  is the unit normal. The area of the plane RVE is denoted as 𝐴𝐴 and 𝑎𝑎 is half the crack 
length. The Griffith crack RVE and related quantities are depicted in Fig. 3, where 𝑥𝑥𝑖𝑖

𝐶𝐶  is the 
crack coordinate system. 

The jumps in Eqs. (9) and (10) are determined from the closed-form solutions of the pie-
zoelectric Griffith crack problem (see e.g. [21]), accounting for impermeable electric crack 
boundary conditions. The generalized effective compliance 𝑺𝑺∗ according to Eq. (8) is then 
obtained as 
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𝑺𝑺𝑀𝑀 = (
𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖
𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 −𝜅𝜅𝑖𝑖𝑙𝑙)

−1
, 𝑺𝑺𝐶𝐶 =

𝑓𝑓𝑓𝑓
4

(

 
 
 
 
 
 
0 0 0 0 0 0 0 0 0
0 𝑌𝑌22 0 𝑌𝑌12 0 𝑌𝑌23 0 𝑌𝑌24 0
0 0 0 0 0 0 0 0 0
0 𝑌𝑌12 0 𝑌𝑌11 0 𝑌𝑌13 0 𝑌𝑌14 0
0 0 0 0 0 0 0 0 0
0 𝑌𝑌23 0 𝑌𝑌13 0 𝑌𝑌33 0 𝑌𝑌34 0
0 0 0 0 0 0 0 0 0
0 𝑌𝑌24 0 𝑌𝑌14 0 𝑌𝑌34 0 𝑌𝑌44 0
0 0 0 0 0 0 0 0 0)

 
 
 
 
 
 

 . (11) 

The matrix is valid for the crack coordinate system (𝑥𝑥1c, 𝑥𝑥2c) defined by the local principal 
stress axes see Fig. 3 a). The local polarization, being subject to continuous ferroelectric do-
main evolution, is associated with the local coordinate system (𝑥𝑥1, 𝑥𝑥2), see Fig. 3 b). The 
Irwin matrix 𝑌𝑌𝑀𝑀𝑀𝑀 in Eq. (11) is a material property, depending on the direction of polariza-
tion. 

 
Fig. 3: a) Dilute crack RVE loaded by principal stress 𝜎𝜎𝐼𝐼, initial crack length 2𝑎𝑎0 and damage parameter 𝑓𝑓0; b) 
crack with global (𝑥𝑥1macro, 𝑥𝑥2macro), local material related (𝑥𝑥1, 𝑥𝑥2) and crack (𝑥𝑥1c, 𝑥𝑥2c) coordinate systems 

The local degree of damage is described by the crack density or damage parameter 𝑓𝑓. 
Being defined as 

 𝑓𝑓 = 4𝑎𝑎
2

𝐴𝐴   
(12) 

it takes the value 𝑓𝑓 = 1 if the crack tips reach the boundary of the RVE, the extension of the 
latter √𝐴𝐴 being a model parameter. The mode-I stress intensity factor K𝐼𝐼

(𝑙𝑙) is applied to quan-
tify the loading, and the related fracture criterion is 

 𝜎𝜎𝐼𝐼√𝑓𝑓𝑎𝑎𝑙𝑙 = K𝐼𝐼
(𝑙𝑙) = K𝐼𝐼𝐶𝐶 . (13) 

The fracture toughness K𝐼𝐼𝐶𝐶 can be chosen constant or account for an R-curve behavior, where 
the crack resistance is controlled by the electric field due to small scale switching at the crack 
tip [13]. The index 𝑛𝑛 indicates an incremental crack growth in such a way that 

 𝑎𝑎𝑙𝑙 = 𝑎𝑎0 + 𝑛𝑛 ∙ ∆𝑎𝑎, 𝑓𝑓𝑙𝑙 = 𝑓𝑓0 + 𝑛𝑛 ∙ ∆𝑓𝑓. (14) 

Eq. (14) is repeated at one external load step as long as the criterion Eq. (13) claims for crack 
growth, finally initiating the next load step. If 𝑓𝑓 = 1 the elastic stiffness is locally reduced to 
5% of the undamaged material, the dielectric properties of air are adopted and the piezoelec-
tric coefficients are set to zero. 
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4 RESULTS 
Based on the material models, in particular nonlinear simulations have been done in order 

to predict magnetoelectric (ME) coupling coefficients. First of all, however, linear calcula-
tions provide lower limiting values to demonstrate the essential role of nonlinear effects 
stemming from domain switching or damage. Two kinds of composites will be considered: 
one with a matrix of barium titanate (BT, BaTiO3) with embedded elliptic soft ferromagnetic 
particles of cobalt ferrite (CF, CoFe2O4) and a laminated one consisting of three layers of BT 
and the hard ferromagnetic 0,2AlNiCo 35/5. The particle composite accounts for statistical 
distributions of particle sizes, shapes and positions. Fig. 4 shows a representative volume 
element (RVE) with a magnified excerpt on the right hand side including the finite element 
(FE) mesh. Periodic boundary conditions are generally imposed in the FE analyses prior to 
calculating the coupling coefficients. 

Coefficients Linear FEM Experiment 
[10,11] 

𝑔𝑔11
(𝑅𝑅)∗

= ∆〈𝐷𝐷𝑙𝑙〉
∆𝐻𝐻𝑘𝑘

0 |
𝜎𝜎𝑖𝑖𝑖𝑖,𝐸𝐸𝑛𝑛

= ∆〈𝐵𝐵𝑘𝑘〉
∆𝐸𝐸𝑙𝑙

0 |
𝜎𝜎𝑖𝑖𝑖𝑖,𝐻𝐻𝑚𝑚

 [Ns VC⁄ ] 148𝐸𝐸 − 12 4,4𝐸𝐸 − 12 

Table 1: Effective magnetoelectric coupling coefficients of a 0,2CoFe2O4 − 0,8BaTiO3 particle composite, 
where the simulation accounts for linear constitutive relations for both constituents 

For the particle composite experimental values [10,11] are taken for comparison, where the 
composition is 80% BT and 20% CF. Table 1 shows a comparison with calculations based on 
linear piezoelectric and –magnetic constitutive laws. The values differ by two orders of mag-
nitude, the larger coefficient belonging to the calculation. 

 
Fig. 4: Damage pattern of a ME particle composite (0,2CoFe2O4 − 0,8BaTiO3, matrix: BT) right after electric 
poling with 𝐸𝐸1 = 5𝐸𝐸𝐶𝐶  and magnetic loading with 𝐻𝐻1 = 1000 kA/m, see Fig. 6. The local damage parameter 
𝑓𝑓 = 1 indicates full damage and thus macro crack formation. 

Several aspects are responsible for this overestimation. First of all, the constitutive laws 
for both constituents imply perfect poling along the transversal axes, which is far from reali-
ty. Fig. 5 shows the real state of polarization and magnetization in an example representing a 
periodic particle composite with hard ferromagnetic inclusions. It is obvious, that right after 
the poling, according to the magnetoelectric loading scheme in the left sketch, the vectors of 
magnetization and polarization are far from being perfectly aligned. Second, the residual 
stresses induced during the poling process will lead to substantial cracking and delamination 

  

𝒇𝒇 
      1,0 

      0,5 

      0,0 
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between matrix and particles, thus further reducing the ME coupling. A possible crack pat-
tern in the matrix after the magnetoelectric poling is indicated in Fig. 4 by the red regions. 

 
Fig. 5: RVE of an electrically and magnetically poled ME compound with periodically distributed ferromagnet-
ic particles in a ferroelectric matrix (0,2AlNiCo 35/5 − 0,8BaTiO3): a) poling load history and b) vectors of 
polarization and magnetization 

Nonlinear simulations are shown next, where the ferroelectric matrix is modelled by the 
microphysically motivated constitutive law and the particle behavior is described by the phe-
nomenological magnetostrictive law. Calculations are presented, accounting for damage evo-
lution in the matrix on the one hand side and neglecting it on the other. Cracking of the parti-
cles and delamination are not considered in any case. The poling process of the initially un-
poled materials has to be considered first, in order to induce a piezoelectric effect in the ma-
trix. The magnetostrictive phase, following a nonlinear reversible material law, does not re-
quire a magnetic pre-poling. The loading scheme for calculating the ME coupling coeffi-
cients is depicted in a small sketch in Fig. 6, whereupon an electric half-cycle with a maxi-
mum load of 5Ec is followed by a linearly increasing magnetic field up to 𝐻𝐻1 = 1000 kA/m.  

The coupling coefficient 𝑔𝑔11
(𝑅𝑅)∗ in Fig. 6 is determined in the interval of magnetic loading 

and plotted vs. the magnetic field 𝐻𝐻1. The right plot is an excerpt of the left one, where the 
scaling of 𝑔𝑔11

(𝑅𝑅)∗  along the ordinate is different. The red crosses illustrate the scope of experi-
mental results for coupling coefficients. The solid lines represent average electric displace-
ments 〈𝐷𝐷1〉. Green symbols and lines generally indicate results neglecting damage, blue ones 
emanate from simulations with damage. The electric displacement is non-zero at 𝐻𝐻1 = 0 due 
to the electric poling, in the absence of free charges, leading to a remanent polarization. A 
depolarization along the 𝑥𝑥1-axis is observed already at low magnetic fields. The reason is the 
magnetostriction, leading to a compression in the 𝑥𝑥1-direction and an extension in 𝑥𝑥2. The 
stress release due to damage on the one hand reduces the slope of reduction in 〈𝐷𝐷1〉 for very 
small magnetic loads, on the other fosters the drop to a stationary value.   

The coupling coefficients are calculated from the local derivatives of the 〈𝐷𝐷1〉(𝐻𝐻1)-
function. Averaging within intervals is necessary to smoothen the results which are depicted 
by the squared dots. Still there is a considerable scattering, in particular when damage is ne-
glected, whereas the simulation with damage exhibits comparable variance just in the range 
of small magnetic fields. A general observation is that the ME coupling is obviously reduced 
by the damage, whose patterns are shown in Fig. 4, where the red regions with 𝑓𝑓 = 1 indicate 
the formation of macro cracks. These are widely dispersed in the ferroelectric matrix, howev-
er most of them not being located at the interfaces of matrix and inclusions. Looking at the 
experimental values of coupling coefficients, they are within the range of those predicted 
from the model accounting for damage evolution. 
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Fig. 6: Average electric displacement 〈𝐷𝐷1〉 and ME coupling coefficient 𝑔𝑔11

(𝑅𝑅)∗ for a 0,2CoFe2O4 − 0,8BaTiO3 
particle composite, see Fig. 4, from numerical simulation; experimental values from [10,11] 

Results for the layered composite are considered next. Fig. 7 c) shows the three layers and 
the mechanical boundary conditions. The middle layer consisting of AlNiCo 35/5 is ferro-
magnetic, while the outer layers are made of BT. In contrast to the previous simulations of 
the particle composite, the microphysically motivated constitutive approaches are employed 
for both ferroelectric and ferromagnetic constituents. In d) an excerpt illustrates the damage 
pattern, the red dots again being interpreted as macroscopic crack formation. On the left hand 
side of Fig. 7 the ME loading scheme is depicted, starting with an electric poling by a field of 
strength 5𝐸𝐸𝑐𝑐, followed by a magnetic poling with 5𝐻𝐻𝑐𝑐. The ME coupling coefficients are 
calculated after the poling increasing an electric field linearly. The reason for imposing the 
fields along the longer edges is due to the fact that the simulation of the poling process is 
easier that way than for a perpendicular loading. In reality the middle layer will be poled be-
fore assembling the composite. The simulation, however, is based on the whole composite, so 
the magnetic poling field would have to penetrate the non-ferromagnetic layers, thus being 
too weak. The ME coupling coefficients might be even larger for fields along the shorter 
edges. 

 
Fig. 7: a) laminated ME composite (0,2AlNiCo 35/5 − 0,8BaTiO3) and boundary conditions, b) load history, c) 
FE analysis of displacement (× 10) and damage pattern (𝑓𝑓 = 1: macro crack) right after poling 

In Fig. 8 the average magnetic induction (solid lines) and the ME coupling coefficient 
(symbols) are plotted vs. the electric field. Both magnetic and electric fields are those along 
the longer edges denoted as 𝑥𝑥1-direction. The blue color represents the results including dam-
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age, again just in the ferroelectric layers, the green color stands for simulations neglecting 
damage. The right graph in Fig. 8 magnifies the scaling of the coupling coefficient. 

         
Fig. 8: Laminated composite according to Fig. 7: average magnetic induction 〈𝐵𝐵1〉 and effective ME coupling 
coefficient 𝑔𝑔11

(𝑅𝑅)∗
with different scalings 

Compared to the particle composite, a first observation is that the range of the induced 
field, i.e. the magnetic induction, is relatively small, barely exceeding one percent of its total 
magnitude. The regression caused by electric loading, however, is monotonous, reducing the 
initial magnetic poling. Comparing the ME coupling efficiency, the coefficients of the lami-
nated composite exceed those of the one with embedded particles by several orders of magni-
tude, which is the most important outcome at this point. The cracking of the ferroelectric lay-
ers, on the other hand, doesn’t have a significant impact, neither on the magnetic flux nor on 
the coupling coefficient. In the plots, the magnetic induction from poling seems to be slightly 
larger due to damage, the magnitudes, however, indicating a negligible effect. 

5 CONCLUSIONS 
Nonlinear constitutive models for ferroelectric and ferromagnetic materials have been pre-
sented within a magneto-electro-mechanical multifield context. The associated finite element 
implementation enables the simulation of multiferroic composites, in order to determine e.g. 
the magnetoelectric coupling coefficients or residual stresses due to domain switching. A 
simple micromechanically motivated damage model has been developed and included, since 
cracking turns out to have an essential impact, not only on life time but also on the function-
ality in terms of coupling efficiency. The present damage model thus has to be extended to-
wards cracking in the ferromagnetic phase and delamination of the constituents. The latter 
aspect will be crucial for laminated composites, where cracking of the material itself turns 
out to have minor influence on the coupling coefficient. The numerical investigations con-
firm the common experience that the coupling efficiency of laminated composites is much 
larger compared to embedded particle composites. Nevertheless, more configurations will 
have to be investigated numerically, including variations of magnetoelectric poling proce-
dures playing a crucial role. An important aspect, not yet considered in the constitutive and 
balance equations, is the flux of electric charge. In particular for ferromagnetic materials, the 
assumption of a dielectric medium often is not quite appropriate. 
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6 APPENDIX 
The coefficients of cobalt ferrite and barium titanate are listed in Table 2. 

 BaTiO3 CoFe2O4 

𝑐𝑐11 (GPa) 162∗ 269,5∗∗∗ 
𝑐𝑐12 (GPa) 77,5∗ 170∗∗∗ 
𝑐𝑐22 (GPa) 166∗ 286∗∗∗ 
𝑐𝑐23 (GPa) 76,6∗ 173∗∗∗ 
𝑐𝑐44 (GPa) 42,9∗ 45,3∗∗∗ 
𝜅𝜅11 (C/Vm) 12,57E − 9∗ 0,093E − 9∗∗∗ 
𝜅𝜅22 (C/Vm) 11,16E − 9∗ 0,08E − 9∗∗∗ 
𝜇𝜇11 (Ns2/C2) 1,26E − 6∗∗ 2,71E − 6 
𝜇𝜇22 (Ns2/C2) 1,12E − 6 2,33E − 6 
𝑒𝑒11 (C/m2) 18,6∗ 0 
𝑒𝑒12 (C/m2) −4,4∗ 0 
𝑒𝑒24 (C/m2) 11,6∗ 0 

Table 2: Material properties of BaTiO3 *[16,25], **[24] and CoFe2O4 ***[19,25]  

Moreover, the quantities in Table 3 have been applied for the physically motivated model. 

Parameter Unit BaTiO3 AlNiCo 35/5 

𝐸𝐸𝑐𝑐 MV/m 0,2∗ − 
𝐻𝐻𝑐𝑐 = 𝐻𝐻𝑐𝑐𝑐𝑐 kA/m − 47∗∗ 
𝑃𝑃0 C/m2 0,26∗ − 
𝑀𝑀0 𝑇𝑇 − 1,90 
𝜇𝜇𝑟𝑟 − − 5∗∗ 
𝜀𝜀𝐷𝐷 − 0,01∗ 0,04 
𝑎𝑎0 µm 5 − 
𝑓𝑓0 − 0,005 − 
K𝐼𝐼𝐼𝐼 MPa√m 1,4 − 

Table 3: Parameters of the physically based model adapted to the constitutive behavior of BaTiO3 *[9,16,22] 
and AlNiCo 35/5 [20] (𝜇𝜇𝑟𝑟 is denoted in [20] as 𝜇𝜇𝑟𝑟𝑟𝑟𝑐𝑐) 

Due to the lack of elastic and dielectric constants in literature, the values of Table 2 have 
been taken for AlNiCo 35/5 as well, assuming the same orders of magnitude. 
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ABSTRACT 

This study deals with the process to integrate piezoelectric modules into high pressure die castings. 

The module functionality is demonstrated by active vibration damping of a structural aluminum part. 

Due to weight-optimized design strong vibrations may occur. Hereby, the integration of smart materials 

can be used to avoid noise exposure. Additionally the piezoelectric module is protected against external 

influences by completely embed it within the component with the help of a hybrid fixing technology 

developed in prior works. The Al support structure has to be firmly bonded to the cast alloy 

Al-9Si-3Cu(Fe). A pre-processing before the actual casting process has to be applied. Active vibration 

damping is characterized by 3D laser scanning vibrometry (LSV). 

The pre-processing of the support structure consists out of sandblasting and a subsequent active Zn-

coating of the surface. Scanning electron microscope shows the influence of different process steps 

during sandblasting and coating. Microprobe analysis shows the diffusion of Zn atoms during casting 

in both directions (Pure Al and Al-9Si-3Cu) to create a firmly bonded compound. 

X-ray analysis is used to check the casting quality and to investigate the damage free integration of the 

modules despite of severe thermal and mechanical loads during the casting process. Several 

information about the mode shapes of the casted part are offered by finite element simulations which 

could also be verified by measurements using LSV. 

The present work shows the possibility to integrate a piezoelectric module in a die casted part. Finally, 

it is demonstrated that an actively induced vibration signal in the casting can be reduced by creating a 

phase-shifted counteracting vibration which is produced by the integrated module. 
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 In lightweight construction, integrated piezoelectric sensors and actuators find 
application for structural healthmonitoring, vibration control, reduction of noise emission and 
condition monitoring. In order to create such smart components, we embedded piezofiber 
composites into thermoplastic structures. Thermal and mechanical loads during the integration 
process can lead to partial depolarization and thus degradation of the piezoelectric properties. 
In the present work, we investigate the effect of the integration on the poling condition and 
polarizability of piezofiber composites.  

 
 
 

Smart components are gaining high interest in the fields of lightweight construction, 
automotive, and aerospace design. Piezoelectric sensors and actuators are combined with 
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passive structures to utilize multifunctional applications like structural health monitoring, 
vibration control, noise emission reduction or condition monitoring in structures. Recently, a 
process chain for the direct integration of functional components into thermoplastic sheet 
structures has been developed, which allows for series production of active light weight 
structures at low costs [1]. 

Electromechanical properties of piezoelectric sensors and actuators are affected by 
temperature as well as applied electrical and mechanical loads which may occur during 
integration [25]. Therefore, we investigated the effect of fabrication processes on poling state 
and polarizability of integrated piezoceramic composites. Thereby, the natural aging without 
the influence of fabrication processes and repoling was deduced from the capacitance of the 
samples by means of impedance measurement (IM). The poling state was evaluated by the 
Laser Intensity Modulation Method (LIMM). The pyroelectric current was analyzed by 
heating with an intensitymodulated laser beam [6]. Bipolar large signal polarization 
hysteresis measurements (HM) were performed to determine the effect of the integration on 
the polarizability. 

13 piezofiber composites (PFC) consisting of a monolayer of PZT fibers embedded in 
epoxy resin were used as starting material [7]. In the first integration step, they were 
positioned between two transparent thermoplastic carrier films and consolidated by hot
pressing, forming the thermoplasticcompatible piezoceramic module (TPM). In the second 
integration step, these TPMs were integrated into a fiber reinforced plastic (FRP) structure 
[8]. Furthermore, the investigated samples were divided into three groups: 

I. reference samples, which were poled but not integrated, 
II. prepoled samples, which were poled and integrated, 

III. repoled samples, which were additionally poled after each processing step. 
Integration and investigation of the different sample groups was performed according to 

the experimental procedure depicted in Figure 1. 

 

 
Piezoceramic fibers were fabricated from PZT powder (SONOX® P505 CeramTec GmbH, 

Germany) by means of the polysulfone spinning process [9]. The fibers with approximately 
300 µm diameter were then arranged in parallel as a monolayer and embedded into epoxy 
resin (Araldite 2020). After curing the resulting piezofiber composite (PFC) with lateral 
dimensions of 35 mm × 22 mm was grinded to 250 µm thickness. Subsequently, continuous 
gold electrodes were deposited on top and bottom sides of the PFC by sputtering to enable 
poling and measuring. According to the fiber direction and the electrode design the PFC 
utilizes a lateral d31 functionality. 

 
In the thermoplasticcompatible piezoceramicmodule (TPM) manufacturing process two 

thermoplastic films were functionalized with silver conductor by a screen printing process 
(see Figure 2). Both films have to be precisely positioned if congruent alignment between the 
upper and lower electrode is to be achieved. The aligned components were then fixed with the 
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aid of a thermal pressing step and trimmed as converted TPM: First, two functionalized foils 
were positioned and fixed by a local thermal welding process. As foil material a 100 µm thick 
PA6 material was used. After fixation of the foils two selfadhesive copper strips were 
positioned and fixed as contact element on the upper and lower layer. The assembly was 
finalized by inserting the PFC between the functionalized foils. Finally the prepared structure 
was positioned between the sliders of an interval hot pressing system and consolidated at 
270°C with a pressure of 3 bar over 15 s. 

 
: Experimental procedure 

 
: Structure of the thermoplasticcompatible piezoceramicmodule (TPM) 
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The FRP samples were manufactured using an adapted thermoforming technology (see 

Figure 3). Preconsolidated textile reinforced composites, so called organic sheets, were 
clamped in a tentering frame. This frame allows for proper handling through the entire 
process. The organic sheet was heated in an infrared preheating station over melting 
temperature of the thermoplastic component. Afterwards it was transferred into the pressing 
die. There, a thermoplastic film assembled with a TPM was fixed in the upper die and heated 
to the temperature of the constantly tempered pressing die. The surface of the pressing die 
was coated with a silicone layer (thickness 2 mm) in order to reduce stresses in the 
piezoceramic during the pressing process. After the insertion of the organic sheet into the 
press, the tool was closed immediately and a predefined pressure was applied to the 
components. Thus, the thermoplastic components of the organic sheet, the thermoplastic foil 
and the carrier films of the TPM melt together. After cooling to tool temperature, the press 
was opened and the FRP with integrated TPM was removed.  

In the here presented studies organic sheets with a matrix made of polyamide 6 (PA6) and 
a glass fiberreinforcement (TEPEX ®102RG600(x)/47%, Bond Laminates GmbH) with a 
thickness of 2 mm were used. Preheating temperatures of 290°C were chosen and the pressing 
tool was tempered to 110°C. The transfer from the preheating station to the pressing die takes 
6 s. Thus, the organic sheet has a temperature of approx. 270°C at the beginning of the 
pressing process, which is significantly higher than the melting temperature of the PA 6 
matrix (TM = 223°C). For the consolidation a predefined pressure of 0.01 MPa was used. The 
dwell time in the press was 130 s. The consolidated composite cools down to the tool 
temperature in about 80 s and remains there while the pressing pressure is still applied. 

 
: Schematic thermoforming process for the integration of TPM in FRP with thermoplastic matrices 
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Initial poling was performed by exposing each PFC to an electrical field of 2 kV/mm for 5 

minutes at 80°C temperature. For group III samples additional repoling procedures with 
identical parameters were executed after the two integration steps (see Figure 1). 

 

 
The electrical capacity of the samples was determined with an impedance analyzer (HP 

4194A with test fixture 16034E) at room temperature. A sinusoidal voltage signal with a 
frequency of 1 kHz and a voltage amplitude of 0.5 V is applied. 

 
The polarization state of the samples was evaluated nondestructively by Laser Intensity 

Modulation Method (LIMM) [1016]. 
The value of the absorbed laser radiation within LIMM measurements can only be 

estimated so that an absolute value of the pyroelectric current cannot be calculated. The laser 
radiation is absorbed by the gold electrode of the PFC. This fact applies also to the integrated 
samples because the top PA 6 film is almost translucent. Consequently, the same amount of 
laser radiation is absorbed by the samples in the three states PFC, TPM and FRP, enabling a 
direct comparison of the pyroelectric current. 

The thermal relaxation time of PZT fibers embedded in epoxy resin exceeds a few seconds. 
Thus, the thermal losses occur in a frequency range below 0.1 Hz. The pyroelectric current 
yields in the frequency region from 0.1 Hz to 100 Hz: 

0
0)( p

dc
AI
⋅

Φ
≈

ρ
ω . 

(1) 

At higher frequencies, the piezoelectric material causes also piezoelectric resonances. 
The ratio of the pyroelectric currents of two samples is equal to the ratio of their average 

pyroelectric coefficients when neglecting heat transfer into the changing cover layers. The 
pyroelectric coefficient p is proportional to the remanent polarization Pr [17]: 
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where εr is the dielectric constant and CC the Curie constant. This leads to the following 
relation: 
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LIMM measurements were performed by heating the samples periodically by a single laser 
diode (LCU98A041A, Laser Components GmbH, Olching, Germany) squarewave
modulated in the frequency range from 100 mHz up to 1 kHz with a power of 12 mW at a 
wavelength of 980 nm. The complex pyroelectric current was determined by an 
impedance/gainphase analyzer (Solartron 1260, Solartron Analytical, Farnborough, UK) with 
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DC coupling. In order to reduce noise, 30 measurement repetitions were used for averaging. 
Furthermore, the relative dielectric constants εr were derived from the electrical capacity 
measurements. 

 
Polarization hysteresis measurement was conducted on the different samples at room 

temperature. For the measurement, a SawyerTower circuit was used. The material was cycled 
10 times with 1 Hz and ±2 kV/mm maximum electric field amplitude. Always the 10th loop 
was evaluated. PZT classified as 200 in accordance with EN 5032341, such as the PZT 
ceramic used in this investigation, show a more complex behavior: the hysteresis is shifted 
horizontally against the direction of the initial poling field (see Figure 4). This leads to a non
symmetric hysteresis loop for symmetric bipolar loading. Therefore, when evaluating a pre
poled sample, it is not possible to determine the absolute polarization. Hence, only the 
changes in remanent polarization can be evaluated. 

For the evaluation of the remanent polarizability of the piezoceramic we propose the use of 
the change in remanent polarization due to repoling Pr at zero electric field. It is calculated 
as follows: 

Pr = Pr+  Pr (4) 

 

 
: Schematic polarization hysteresis loop of a PZT ceramic classified as 200 that shows a hysteresis shift 

(initial poling in negative electric field direction). 

 
Electrical capacity was determined by means of impedance measurements (IM) for the 

different sample groups before as well as after the integration steps. The results are depicted 
in Table 1. Time distance (in days) to initial poling (first) and repoling (second) are 
mentioned in parenthesis. 

Reference samples, which were not integrated, show a slight decrease of capacity values 
over time (< 4% in 122 d). This is assumed as natural degradation of the used PFC or piezo 
material respectively. Capacity of prepoled samples remains stable for the first integration 
step (PFC→TPM) and undergoes a slight decrease (< 4%) for the second one (TPM→FRP), 
which is in the range of natural degradation. Repoled samples exhibit decrease of capacity 

E

P

Pr-

Pr+
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values of < 4% for the first integration as well as approximately 6% in sum after the second 
integration, which is also in the natural degradation range. Thus, no negative influence of 
integration on sample capacity could be stated. Further, results of impedance measurements 
indicate that the utilized piezofiber composites work properly while being integrated. 

Figures 5 and 6 show the pyroelectric current spectra of a prepoled and a repoled sample 
in the three states PFC, TPM and FRP, respectively as result of LIMM measurements. In the 
frequency range from 1 Hz to 100 Hz, the real part is almost constant and the imaginary part 
can be neglected. 

 

: Change in capacity for sample groups I, II, III at different process steps 

C  / nF (mean value ± standard deviation) 
Sample group Initial IM IM after Integration 

PFC→TPM 
Final IM / IM after 

Integration 
TPM→FRP 

I  reference 
samples 

17.6 ± 1.9 (1 d)  17.0 ± 1.6 (122 d) 

II – prepoled 
samples 

18.7 ± 0.8 (1 d) 18.6 ± 0.9 (34 d) 18.0 ± 0.7 (78 d) 

III – repoled 
samples 

18.2 ± 1.0 (1 d) 17.6 ± 0.9 (43 d, 1 d) 17.1 ± 0.9 (78 d, 1 d) 

 

 

(a)         (b) 

: (a) Real and (b) imaginary parts of the pyroelectric current spectra for a prepoled sample in the three 
states PFC, TPM and FRP. 

Table 2 presents the ratios of the remanent polarization after a process step to that before 
for the prepoled and the repoled samples as well as the polarization ratio over time for the 
reference samples according to Equation (3). The values (of one group) were not averaged 
due to the observed sample variation. The remanent polarization of the reference samples (I) 
remained stable over time. One sample exhibited an increase of 11%. All prepoled samples 
(II) showed a degradation of the remanent polarization after each integration step. The range 
of degradation varied widely between 1% and 23% for one integration step. The measurement 
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uncertainty of Pr,1/Pr,2 amounted to ± 4% for a confidence interval of 95%. However, the 
observed depolarization of the prepoled samples was within the variation of the polarization 
state of the PFC and thus, negligible. Furthermore, the polarization of the repoled samples 
(III) was increased after the first integration and slightly decreased after the second one. 
Overall polarization ratios of repoled samples were observed to be higher (97%  111%) than 
those of prepoled samples (64%83%). 

 

(a)         (b) 

: (a) Real and (b) imaginary parts of the pyroelectric current spectra for a repoled sample in the three 
states PFC, TPM and FRP. 

 

: Ratios of the remanent polarization after integration (group II, III) as well as over time (group I). 

Pr,1 / Pr,2 (%) 
Sample group No. After 

Integration 
PFC→TPM 

After 
Integration 
TPM→FRP 

Overall 
PFC→TPM 
TPM→FRP 

Final PFC/ 
Initial PFC 

I – reference 
samples 

3    101 
4    100 
5    111 

II – prepoled 
samples 

6 99 82 81  
7 83 77 64  
8 97 86 83  

10 81 94 75  

III – repoled 
samples 

14 113 99 111  
17 125 78 97  
18 113 91 103  
19 113 97 110  

 
Table 3 shows the change in remanent polarization Pr for the sample groups derived from 

hysteresis measurements. The reference samples (I) show an increase in polarization to 108% 
from the initial hysteresis measurement compared to the final hysteresis measurement, while 
the prepoled (II) and repoled (III) samples both show a decrease to 95%. This can be 
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attributed to the mechanical constraints due to the integration state [2, 3, 4]. The repoled 
samples (III) show an increase of Pr after the first integration step. For sample group III, the 
integration state not only affects the poled state of the PZT but also the poling process. 

 

: Change in remanent polarization for sample groups I, II, III at different process steps 

Pr  / µC/cm2 (mean value ± standard deviation) 
Sample group Initial HM HM after 

Integration 
PFC→TPM 

HM after 
Integration 
TPM→FRP 

Final HM 

I  reference 
samples 

22.0 ± 3.8   23.7 ± 2.8 

II – prepoled 
samples 

22.4 ± 1.6   21.2 ± 1.3 

III – repoled 
samples 

21.5 ± 1.4 22.1 ± 1.4 20.7 ± 1.4 20.3 ± 1.4 

 

 
 Changes in electrical capacity of integrated samples were observed to be in the range 

of natural degradation. 
 LIMM experiments showed a degradation of the remanent polarization after 

integration. The range of degradation of prepoled samples varied widely between 
1% and 23% for each integration step. In contrast, the polarization of the repoled 
samples was increased or only slightly decreased. The results indicate that the first 
integration step (PFC→TPM) has less impact on the remanent polarization than the 
second one (TPM→FRP).  

 The attainable remanent polarization charge was decreased after integration. The 
remanent polarizability of the integrated composites reached 95% of the initial value. 

 During integration the polarization state was preserved for the most part. However, 
repoling promises an increase of remanent polarization and thus piezoelectric 
performance. 
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Abstract.  
A new approach for producing intelligent lightweight materials is the integration of 

prefabricated batches of piezoceramic micro parts in locally microstructured metal sheets by a 
joining by forming operation. In this way, semi-finished metal sheets with sensor and actuator 
functions can be manufactured in high-volume production cycles. Ensuring the component 
function of the piezoceramic parts in the form of parallel interconnected lead zirconate 
titanate (PZT) fibres is a key aspect during the forming process. Previous investigations at 
single PZT fibres have shown that the inherent sensor characteristics can be used for in-
process monitoring by impedance spectroscopy during the forming process. 

This paper deals with the electromechanical characterisation of the complete batch of 
interconnected PZT fibres before, during and after the joining process. For this purpose, 
experimental tests are carried out using fabricated test samples. Based on the gained findings 
from the experiments the preload state of the interconnected PZT fibres during the joining 
process can be specifically controlled and a fibre overload can be avoided. In addition, a 
numerical sensitivity analysis about the geometric scattering confirms the need for a 
controlled joining by forming process. 
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1 INTRODUCTION 
The intelligent lightweight construction, which combines sensors and actuators with 

passive structural components, becomes increasingly important. This provides components 
with additional features, which are mainly concerned to vibration control [1], energy 
harvesting [2] and structural health monitoring [3]. Besides, material can be saved, thus 
reducing weight and costs as well as increasing the safety and running performance of 
products. In general, piezoelectric transducers are applied with adhesive layers onto the 
surface of metallic structural components. As a result, a polymer interlayer is located between 
the active element and the passive component. This layer influences the performance by 
damping. Moreover, adhesive layers exhibit signs of aging and are sensitive to weathering 
during outdoor use. This influences the properties of the complete system of transducer and 
structural component. A developed process chain enables the direct integration of 
piezoceramic elements in metal sheets by a forming operation. Consequently, polymer 
interlayers can be avoided. In addition, this technique allows to manufacture piezoelectric 
semi-finished products, with which further processing steps (e.g. shaping) can be performed. 
Subsequent bonding of sensors or actuators with the finished products is no longer necessary. 
The feasibility of the technology has already been demonstrated in previous investigations [4].  

A compatible process chain for high-volume production was developed in order to transfer 
the technology in industrial sectors [5]. The schematic sequence of the process chain is shown 
in Figure 1. First step (ⓐ) is the generation of micro channels in an aluminium sheet by micro 
impact extrusion. The next step (ⓑ) involves the micro assembly of prefabricated PZT-fibre-
array transducers in form of interconnected lead zirconate titanate (PZT) fibres. In the third 
step (ⓒ), the PZT fibres are connected form-fit and interference-fit with the aluminium sheet 
by forming. Finally, the piezo-metal substructure or also called piezo-metal module can be 
shaped by another forming operation (ⓓ). The process chain is to be further expanded for 
achieving the high-volume production. 

Therefore, the research is particularly focused on the process step (ⓒ) joining by forming 
of the PZT fibres in the aluminium sheet. An implemented monitoring method is intended to 
ensure the component function and adjust a uniform preload of the PZT fibres. Initial 
preliminary studies with single fibres have already been carried out. It could be shown that the 
inherent sensory characteristics can be used to infer the preload situation [6]. According to 
single PZT fibre, the complex electromechanical behaviour of electrical interconnected fibres 
is subject of current investigations. Hereinafter, the structure of piezo-metal module will be 
presented as well as the theoretical approaches for use the impedance spectrum.  
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Figure 1: Process chain for manufacturing of shaped structures with integrated PZT fibres [5] 
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2 STRUCTURE OF PIEZO-METAL MODULES 
A schematic structure of a single PZT fibre (dimensions: 0.58 x 0.46 x 10 mm³) and a 

single micro channel (dimensions: 0.6 x 0.6 x 10 mm³) in the aluminium sheet is shown in 
Figure 2 a). The widths of PZT fibres and the micro channels results in an assembly clearance 
of about 0.02 mm. The aluminium material is deformed by the joining tool until the assembly 
clearance is closed, which is shown in Figure 2 b). The fibres are subsequently integrated in 
form-fit and interference-fit with the metal sheet. The surfaces of the PZT fibres with contact 
to the channel walls are metallised. Furthermore, the fibre has a centre interface electrode 
(CIE). The CIE is necessary for the realisation of the electrical connection and polarisation for 
the d33 effect according to the Figure 2 b). In order to avoid an electrical short circuit between 
the PZT fibre and the aluminium sheet, the bottoms of the channels are coated with an 
insulating layer. The complete piezoceramic transducer is an array of parallel interconnected 
PZT fibres each with CIE. For the experiments five PZT fibres are used.  

 
a) b) 

  
Figure 2: Principle for the integration of PZT fibres in aluminium sheets, a) schematic design of PZT fibre with 

CIE and micro channel in aluminium sheet, b) joining by forming operation 

3 ELECTRICAL IMPEDANCE OF ELECTRICALLY IN PARALLEL 
CONNECTED PZT FIBRES WITH CHANGING MECHANICAL LOADS 

The approximation of the electrical impedance of a single fibre in the vicinity of a 
resonance mode can be performed by the simplified equivalent circuit model with lumped 
parameters. Hence, the over-all impedance of the piezoelectric transducer can be descripted 
by a parallelisation of single fibres, which is illustrated in Figure 3. The capacitance C1,i 
represents the true electrical capacity and R1,i the true electrical contact resistance to the PZT 
fibre, whereas i is the index of the fibre. The parallel RLC-branch embodies the mechanical 
impedance of the first mechanical resonance mode of the fibre. Thereby the resistance R2,i, 
capacitance C2,i and inductance L2,i are equivalent to the mechanical damping, mechanical 
stiffness and inertial mass. The higher resonance modes can be represented by additional 
parallel RLC-branches. In [7] proportionalities between the lumped parameters of the 
equivalent circuit and mechanical coupling factor αi were found. Thereby the coupling factor 
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αi indicates the effectiveness of the piezoelectric conversion between electrical energy Wel,i 
and mechanical energy Wmech,i of the fibre: 

2
,2 ~ iiC  , 2,2

1~
i

iL


, 2,2
1~
i

iR


 and 
iel

imech
i W

W

,

,2  .  (1) 

As shown in Equation 2 the electrical impedance of the piezoelectric transducer can be 
changed by a variation of the coupling factor αi. In [8] the authors showed that the coupling 
factor αi can be changed by axial forces which cause destabilization or stiffening of a piezo 
patch. By applying of these proportionalities to the lumped parameters in Equation 1 the 
complex impedance Zi of a fibre i can be calculated as function of the frequency f and the 
coupling factor αi:  
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The over-all impedance of the transducer can be descripted by a parallelization of the 
single fibre models as shown in Figure 3 a) and b). Hence, the impedance of a transducer with 
n=5 PZT fibres can be descripted with Equation 3. 

   



n

i iiiArray fZfZ 1 ,
1

,
1


     (3) 

a) b) 

  
Figure 3: a) Electrical connection of piezo-metal modules, b) equivalent electrical circuit of parallel PZT fibres 

in vicinity of the first resonance mode as schematic 

In a simulative study, the coupling factor α*
i is normalised to the load-free state of the 

fibres and stepwise varied between 60 % and 100 %. The lumped parameters of the simulated 
equivalent circuit where estimated at load-free conditions in the d33-direction of a single fibre 
from characteristic points of the impedance spectrum based on the experimental method 
introduced by DeAngelis and Schulze [9]. The simulation yields an impedance change driven 
by the electrical coupling factor as depicted in Figure 4 and demonstrates the feasibility of 
mechanical load estimation by impedance spectroscopy. 
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Figure 4: Simulated shift of impedance spectrum of PZT-fibre-array in dependency of mechanic coupling where 
α* is the normalised coupling factor 

4 EXPERIMENTAL 

4.1 Sample preparation 
For preparing the PZT fibres, two PZT plates (type M1100 from Johnson Matthey Piezo 

Products) are bonded together with an epoxy resin adhesive (J-B Weld) and with a wire mesh 
between them. The thickness of the PZT plates is 0.26 mm and the surfaces are metallised 
with electrode layers. A schematic structure of the compound is represented in Figure 5 a). 
The electrode layers and the wire mesh ensure the electrical connection. The thickness of the 
CIE results in 60 µm. The bonded plates are separated in equally sized fibres by precision cut-
off grinding, which is also illustrated in Figure 5 a). Wires get attached to each CIE and 
interconnected together and a PZT fibre array transducer is produced.  

Micro channels in the aluminium sheets are generated by a micro-milling process. 
Afterwards, the bottom sides of the channels are coated with an insulating layer. A wire is 
connected to the aluminium sheet. The dimensions of all produced samples are measured 
using a digital microscope (Keyence VHX-600) for the numerical study on geometrical 
process sensitivity. Finally, the prepared PZT fibre array transducers are assembled in the 
microstructure, which is shown in Figure 5 b) and subsequently placed in the joining tool. 

 
a) 

 

b) 

 
Figure 5: a) Manufacturing process of PZT fibres with CIE, b)assembled in the micro channels of an aluminium 
sheet 
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4.2 Experimental setup 
All experiments are done with the d33-effect of the PZT fibres. The wires at the test 

samples are electrically connected to a vector network analyser (OmicronLab Bode 100). The 
flat upper joining tool is insulated with polyimide tape (Kapton KL-KAPT) to prevent short-
circuiting of the CIE against the aluminium sheet and ground potential of the machine 
equipment. Experiments are performed on a material testing machine (Hegewald & Peschke 
Inspekt 150 kN). During the joining operation the upper tool moves downwards and applies 
stepwise a rising pressing force FPress to the webs of the microstructure. Hence, the fibres are 
continuously clamped through narrowing the channels as illustrated in Figure 2 b). 

In order to locate the expected frequency range for the resonance mode, the series resonant 
frequency fs for the longitudinal mode is calculated according to Equation 4. Using the 
frequency constant N3 of 1870 m/s (manufacturer data) and the active length l in the 
d33-direction of 0.52 mm, a series resonant frequency fS of 3.6 MHz is obtained. 

l
Nfs

3       (4) 

Whilst the joining operation the impedance spectra are measured at different levels of the 
uprising pressing force FPress and after the joining with lifted upper joining tool. During the 
rising of the pressing force FPress a decreasing of the impedance spectra over the measured 
frequency range, an increased damping and a frequency shifting of resonance-modes are 
observed. The resonance mode around 3.5 MHz shows a good sensitivity of the frequency 
shift and damping to the applied pressing force FPress. The value is close to the calculated 
frequency for fs. Based on this observation, this resonance mode can be utilised as monitoring 
indicator for the joining process. A series of joining with eight specimens reveals that a good 
clamping of the fibres is achieved when the resonance peak at around 3.5 MHz disappears. 
Figure 6 and Figure 7 exemplarily shows impedance spectra of two different transducers 
during the joining by forming operation at different pressing forces FPress.  

In the first case a good joining result is obtained by applying a maximum pressing force of 
8 kN. The decreasing of the impedance (see Figure 6) during the joining indicates a good 
clamping of the fibres with the aluminium microstructure. The resonance-peak at around 
3.5 MHz shifts from 3.47 MHz at 500 N pressing force FPress to 3.55 MHz at 8 kN. At 8 kN 
the resonance peak disappears. A microscopic inspection (see Figure 8 a)) after the joining 
shows a completely closed assembly gap and good fit between the fibres and the webs of the 
microstructure. Even no visible fibre-cracks or damages are found.  

In the second case the pressing force is increased up to 16 kN. Until 8 kN the impedance 
behaviour is similar to the previous example. The resonance peak at around 3.5 MHz shifts 
from 3.53 MHz at 500 N pressing force FPress to 3.62 MHz at 8 kN. At 8 kN the resonance-
peak disappears again. Beyond 10 kN a drastic drop-down of the impedance is observed in the 
range of 0.1 MHz and 0.8 MHz. This indicates for example a damaging of the insulation film 
of the CIE. After joining, a microscopic inspection shows a number of visible fibre cracks in 
the range of the channels as illustrated in Figure 8 b). Nevertheless, the proposed impedance 
analysis proves its feasibility for failure mode detection during the joining process in this 
case. The Figure 8 c) shows a micrograph for integrated PZT fibres. The fibres are well 
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clamped, only the form-fit has not yet been fully achieved. To this end, the process 
parameters must be adjusted, whereby the load limits of the fibres have to be considered. 

 

  
Figure 6: Measured impedance spectra of PZT-fibre-arrays during joining by forming at different pressing 

forces FPress up to 8 kN and after joining 

  
Figure 7: Measured impedance spectra of PZT fibre arrays during joining by forming at different pressing forces 

FPress and after joining with failure mode due to excessive pressing forces up to 16 kN 

a) 

 

b) 

 

c) 

 

Figure 8: Microscopic inspection results after joining, a) forming up to 8 kN (top view), b) failure mode due to 
excessive pressing forces up to 16 kN (top view), c) micrograph of integrated PZT fibres (sectional view) 
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5 NUMERICAL STUDY ON GEOMETRICAL PROCESS SENSITIVITY 
Typically, a critical fibre overload can be avoided by using a conservative upper joining 

force limit that is never reached. Maybe this limit has to be elevated to ensure a secure fibre 
clamping. Thus an efficient process monitoring is necessary. Furthermore, in cases where a 
force controlled process leads to high complexity or a displacement controlled process is 
advantageous for geometrical accuracy, a fibre overload may also occur due to inconvenient 
combinations of scattering of fibre dimensions and micro channel dimensions.. With 
numerical simulations the resulting maximum fibre stresses are investigated to evaluate the 
influence of geometric scattering. Figure 9 shows the two-dimensional plain strain model of 
the forming zone. LS-Dyna Implicit with release SMP R9.1.0 (double precision) is used as 
solver. The forming load is applied with a control of the displacement until a maximum value. 
In a final step the geometry is unloaded to investigate the remaining clamping stresses in the 
fibres. Maximum and final stresses are monitored in the middle of each fibre (Figure 9). The 
geometric scattering is determined by the optical scan of fibres as well as micro channels 
geometry before joining. Table 1 gives the mean values with scattering range. In the model 
the mean value for channels width is shifted to 0.609 mm to avoid an overlapping of fibre and 
channel. The centre interface electrode, described above, is not considered in the geometry 
model. In a first step only the influence of the dimensions of fibres and channels is included. 
The scattering of CIE thickness as well as irreversible deformation of CIE during joining is 
not part of the present study. 

 

 
Figure 9: Geometry model for the sensitivity study 

Table 1: Mean values and scattering range of fibre dimensions and channel dimensions 

 Mean value (mm) Scattering range (mm) 
Channel width 0.607 ±0.009 
Channel height 0.600 - 
Fibre width 0.580 ±0.020 
Fibre height 0.477 ±0.024 
Web width 0.396 ±0.014 

 
With a parameterised model an automatic geometry generation is realised to investigate the 

sensitivity of the chosen parameters channel width, fibre width and web width. Channel 
height and fibre height are excluded in the present study because of the reproducible results of 
the micro-milling process for the channels. The parameter space is covered with a reference 
state and two additional simulations for upper and lower scattering limit. For the web width 
only the extremal values are considered. Hence a total amount of 17 simulations are computed 
(Figure 10). Especially the outer parameter-space border where fibre width equals channel 
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width is only of theoretical interest. Due to the fitting difficulties during micro-assembly, the 
fibre width has to be smaller than the channel width. 

For the isotropic hardening aluminium material model a true stress / true strain curve is 
determined in compression tests with cylindrical specimens. The parameters for the 
anisotropic elastic material model of the piezoceramic material are taken from [10]. 

In each calculation the stresses in the middle of all fibres are monitored. In the following 
only the third principle stress in the middle of the centre fibre is discussed. The stress is 
always lower zero due to clamping of the fibre (the channel walls act as punch) and its 
orientation is always perpendicular to the side walls. Two points of the stress curves over 
process time are evaluated. First point: the stress minimum occurs when the maximum 
pressure is applied by the side walls. Second point: the residual stress in the fibre after joining 
and unloading gives the remaining pressure that clamps the fibre. In the study the absolute 
value of the third principle stress is used to account for the pressure load nature of the 
resulting stress component. 

 
Figure 10: Distribution of geometric parameters in parameter-space 

Figure 11 a) shows the stress maxima reached in the process dependent on the geometric 
parameters micro channel width and fibre width. Figure 11 b) gives the according residual 
stresses after unloading. The occurring clamping forces rise with lower gaps between fibre 
and channel. This is also valid for the residual stresses. While this correlation conforms to the 
expectations, the stress ranges (fibre pressure between channel walls) are unexpected high. A 
gap reduction from nearly 60 µm to zero results in an increase of 200 % in stress. The channel 
walls pressure dependency on channel width and fibre width is significant. 

Figure 12 shows the same relation between fibre pressure and web width. There exists no 
dependency neither for the stresses at pressure maximum (Figure 12 a)) nor for the residual 
stresses (Figure 12 b)). 

As a result, unfavourable combinations of channel and fibre width may cause high 
clamping stresses in some fibres. This leads to higher final clamping situations on the one 
hand. On the other hand, it is possible that a critical fibre loading is reached, which has to be 
avoided to maintain the part functionality. Hence, a fibre status monitoring as mentioned 
above supports the process reliability. The scattering ranges considered in the present study 
base on measurements of channels and fibres produced in the current investigations. It is 
expected that the variances can be reduced within a further process optimisation. 
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a) b) 

                

  

Figure 11: Distribution of absolute value of 3rd principle fibre stress in GPa dependent on channel width and 
fibre width, a) at pressure maxima, b) residual stresses after unloading 

 
           a) b) 

 
 

Figure 12: Absolute values of 3rd principle fibre stress in GPa dependent on web width, a) at pressure maxima, 
b) residual stresses after unloading 

6 CONCLUSION 
A new concept enables the structural integration of PZT fibres into aluminium sheets and 

thus the production of so-called piezo-metal modules. After the presentation of the production 
steps for piezo-metal modules, the main focus of the paper is on ensuring the functional 
reliability of the PZT fibre array transducers during the joining process as well as the 
adjustment of a defined preload via impedance spectroscopy. For this purpose, parallel 
interconnected PZT fibres and microstructured aluminium were prepared as test samples. 
Electrical impedance spectra are recorded during the joining process via the inherent sensor 
characteristics of the piezoceramic and finally evaluated. The impedance spectra of the 
interconnected fibres show a shift of the resonance point into higher frequencies as well as an 
attenuation of the signal. These findings enable the development of a novel monitoring 
method for the adjustment of a defined pretension and avoiding an overload. 
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The necessity of this new method is shown by a numerical study of the geometric process 
sensitivity. Already differing tolerances with a span of 60 μm result in a 200% increase in 
pressure with the same joining force. Further work is intended to secure statistically the 
results of the monitoring method. Additional, efforts are being done to minimize the 
manufacturing tolerances of the joining partners. 
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ABSTRACT 

Smart structures are using integrated sensors and actuators in combination with modified drive and 
control electronics for the active influence of dynamic structural characteristics, like noise control, 
vibration damping or structural health monitoring [1]. The direct integration of sensors and actuators 
into structural body parts possess some benefits concerning process efficiency and margin but demand 
in return resilient sensor-actuator modules, which can withstand the forming process. For integration 
into metal structures, electrical isolation against the matrix has to be solved. We developed a fully 
inorganic module consisting of piezoceramic plates (PZT) embedded in an LTCC (low temperature 
co-fired ceramic) multilayer [2] which could be successfully integrated into aluminium die casting 
parts for the first time. The LTCC/PZT modules are connected internally by screen-printed silver 
electrodes and pathways, and externally by a laser-based droplet joining method (LDJ) [3]. A hybrid 
support structure is used for the die casting process [4], in order to protect the braze joints and prevent 
drifting of the LTCC/PZT modules during melt immersion. The functionality of the embedded 
LTCC/PZT modules was determined by electro-mechanical methods like impedance analysis, 
ferroelectric hysteresis and deflection measurements. Permittivity and remnant polarization decreased 
slightly during the integrations steps: 1) laminating and 2) die casting. Measurement of deflection of a 
cantilever with integrated LTCC/PZT modules proved the actuator performance after die casting. 
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Abstract. Active noise reduction, health monitoring and energy harvesting are some 
applications of piezo actuators, particularly in automotive and aeronautic industry [1]. 

Since piezoceramic modules are commonly soldered manually, a low reproducibility and 
high cycle times are the result, which is restricting a widespread application of such modules. 
Further, soldered joints do not withstand the temperatures occurring during the integration of 
actuators into e.g. polyphenylene sulfide (PPS) structures, which require processing 
temperatures of about 320 °C. Thus, a demand in developing a novel joining method arises, 
which has potential of automation and large scale production and further providing joints with 
high thermal stability.  

In the presented work, a joining method is discussed, which is based on melting a spherical 
CuSn12 braze preform and is referred to as laser drop on demand brazing (LDB) for the 
application of joining novel thermoplastic compatible piezoceramic modules for integration in 
fibre-reinforced thermoplastic composites for high volume applications [2,3]. The paper is 
focusing on the diffusion processes introduced by the interaction between CuSn melt droplets 
and the Ag-electrode structure of the piezoceramic module. Furthermore different 
piezoceramic module layouts, with focus on the fusion zone, are investigated by means of 
digital image correlation due to the qualitative characterization of module performance.  
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1 INTRODUCTION 
The integration of sensors or actuators into laminate lightweight structures offers high 

potential regarding lightweight design, by integrating several functionalities into one 
structure. Those so called adaptronic devices can be manufactured by integrating e.g. piezo 
actuators into the laminate lay-up of fibre reinforced plastics (FRP). This enables to provide 
functionalities like structural health monitoring, active vibration damping or sensor 
applications in one single structure. State of the art assembling process is the downstream 
attachment of such modules after the manufacturing process of the structural parts e.g. by 
gluing. Restrictions are process time, costs, and limitations in positioning accuracies as well 
as design restrictions preventing the placement of the actuator at the position of highest yield 
for the desired functionality. As a result, a direct integration of piezoelectric sensors and 
actuators during manufacturing of composite structures proposes significant advantages in 
comparison with the current state of the art and will be addressed in this work. Thus, this 
paper focuses on the process chain from manufacturing of thermoplastic piezo modules 
(TPMs) over electrical contacting of the TPM to its electromechanical characterisation. For 
electrical contacting, a laser droplet based joining method is applied, which is described in 
[4,5,6,7] The joining process is capable of joining Cu conductors with Ag-foils or solder pads 
with thicknesses below 20 µm, being able to prevent damaging foil, respectively electrode 
structure and substrate. Yet the joints can withstand significant temperatures, due to the 
solidus temperature of 830 °C and liquidus temperature of 1000 °C of the used CuSn12 filler 
material [8], which is exceeding the liquidus temperature of standard SAC-solders used in the 
electronics industry by a factor of 3. 

 

2 MATERIALS AND METHODS 

2.1 TPM DESIGN AND MANUFACTURING 
In regard to fiber-reinforced thermoplastic composites, new piezoceramic module designs 

are required, since the processing temperatures of the used polymer matrix is increasing in 
recent years due to the widespread application of high performance polymers. Using for 
instance polyamide 6 as matrix material, processing temperatures above 240 °C are necessary 
for the production of composite components. Due to the allowed max. processing temperature 
of 130 °C for Macro Fiber Composites (MFC), commercially available modules will not 
withstand the processing temperatures for the manufacturing of fiber-reinforced thermoplastic 
composites [9]. As a consequence, novel thermoplastic compatible piezoceramic modules 
(TPMs) have been developed, which consist of two thermoplastic carrier films metalized with 
an electrode structure and a piezoelectric layer in the middle (see Fig. 1). Additionally, 
metallic foils are implemented, serving as electrode structures to be joined with Cu-wires in 
order to realize the electrical contact between the electrode structures and signal generators 
respectively sensors. Within this paper d31-TPM are used to investigate different electrical 
contact layouts. This kind of module consists of a PZT-wafer as piezoelectric layer (see 
Fig. 1 a). In regard to a high volume production, a tailored manufacturing process for TPMs is 
developed. It bases on a roll-to-roll process (see Fig. 1 b). 
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of 6.9 mm is used. The raw beam is being focused by a lens of focal length f = 50 mm to form 
a laser spot of 2w0 = 10.9 µm. 

3.3 Long-term thermal cycle test 
Temperature changes can result in mechanical stress on the electrical joints due to a 

mismatch of thermal expansion (CTE mismatch) of the used braze material, the conductor and 
the conducting foils of the TPM. This CTE mismatch may cause cracks in the contact points 
and thus a failure of the joint. By using a climate simulation chamber, thermal cycle tests 
were performed to investigate the resistance of the brazing joints during the application of 
thermal loads. The joints were exposed to periodic temperature fluctuations in accordance 
with the standard ISO 16750-4. The individual joints consisting of the TPMs conducting foil, 
Cu-conductor and the connecting filler material were exposed to temperatures ranging from -
40 to 150 °C in accordance to industrial standard DIN EN 60749-6 for a period of 10 days 
[12]. Table 2 shows the time temperature interval applied on the specimens: 

Table 2: Time temperature profile applied according to DIN EN 60749-6 

time [min] 0 60 150 210 300 410 480 
temp [°C] 20 -40 -40 20 150 150 20 

 
This method enables the evaluation of material failure caused by CTE mismatch and to 

quantify the influence of temperature cycles on the diffusion between Ag-foil and the braze 
filler material. The magnitude of occurring diffusion can be evaluated by EDX element 
analysis (see chapter 4.1). 

3.4 Diffusion 
Diffusion is defined as mass transport by atom movement and can be described by the 

diffusion equation, which is given here for the two dimensional case: 

²
²
x
CD

t
C







 (1)

One solution of the diffusion equation (eq. 1) is Fick’s second law, which will be used in 
the scope of this paper to evaluate the magnitude of occurring diffusion between Ag filler 
material and the Cu based braze during the laser drop on demand joining process. The 
formula used for describing unidimensional concentration gradients in the scope of this paper 
is proposed by [13]and [14] in slightly modified form: 























tD

xerfCCCtxC
2

1
2

),( 21
2 (2)

Whereas C1 is the concentration in wt% of element 1, which is in the described case Ag of 
the electrode structure. C2 is the concentration of Cu in wt%, x is the coordinate where the 
measurement is carried out along the x-axis, respectively perpendicular to the interface 
between braze material and Ag-electrode structure of the TPM. Further, D is the diffusion 
coefficient and t the residence time.  

Whereas the error function is a mathematic standard function defined as: 

376



First A. Author, Second B. Author and Third C. Coauthor. 

 7

  
z

dzerf
0

²exp2)( 
 (3)

Eq. 2 is used for fitting the element distribution in the joining area in order to acquire the 
diffusion length which is describing the magnitude of occurring diffusion during joining and 
calculated according to Eq. 2 as supposed by [15] 

tDld  2 (4)

In order to evaluate the concentration distribution in the joining area, the element 
distribution has been measured using EDX analysis. In the scope of the measurements the 
elements Ar and Au have not been taken into consideration for evaluation during EDX 
analysis, since the presence of Ar is unlikely, yet large amounts of Ar would be detected and 
result in errors due to its electron shell configuration which leads to a superposition of Ar and 
Ag spectra during measurement. Since sputtered gold layers have been applied on each 
specimen in order to increase the electrical conductivity the element Au has been neglected in 
the measurements since the sputtered Au layers can be considered uniform in the area of 
interest of 50 x 50 µm. It can be assumed, that the diffusion length is a function of the Ag-foil 
thickness, since the foil thickness determines the time temperature evolution of the joining 
process, respectively the heat dissipation during cooling. A higher foil thickness would result 
in in faster droplet solidification, which would reduce the magnitude of occurring diffusion. In 
order to be able to quantify the influence of the foil thickness on the diffusion length, joints on 
15 µm Ag-foil and 35 µm Ag-foil have been analysed. 

3.5 Functional tests of laser joined TPM 
In order to evaluate functionality of the manufactured TPMs, said were polarized for 

5 minutes applying an electric field of 2 kV/mm. After 24 hours, the specimens were 
investigated regarding the strain hysteresis by a saw tooth excitation signal. Therefore, an 
input voltage of 0 V to 360 V and a frequency of 0.01 Hz was used, which is generated by a 
function generator (Agilent 33220A) and amplified by a high voltage power amplifier (Model 
2205, TREK, INC.; amplification factor 50 V/V). Due to the changing electric field, the 
deformation of the piezoceramic layer of the TPM can be detected using high resolution 
optical metrology. In the presented paper contactless stereoscopic 3-D deformation 
measurements using a ARAMIS system (GOM GmbH) are used to observe the deformation 
of the TPM induced by the piezoelectric effect. . The specimens were coated by a stochastic 
pattern of black and white pixels to enable an evaluation of deformation via image processing 
algorithms. By the use of two cameras, the position and deformation of characteristic patterns 
(facets) are detected. Due to the fragmentation of the points of interest (POIs) of the facets, 
the deformation behaviour of the specimen according to applied loads (voltage) is measured 
by stereoscopic reconstruction of the images. Thus a 3-D deformation of the specimen can be 
calculated by the ARAMIS Software, which allows characterizing the TPM by a voltage-
strain curve. Figure 6 a) shows the test set-up for the voltage-strain analysis of the TPM. 
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embedding in the thermoplastic carrier films of the TPM. The differences between the 
configurations “free” or “cutout” are not significant. In regard to the relatively high deviations 
between the investigated specimens, statistical investigations are planned for future work to 
determine the influences of material deviations and the joining method. Furthermore a 
dynamic stimulation is necessary to characterize the bonding quality under realistic 
operational scenarios. 

5 CONCLUSION 
In the scope of this paper, a manufacturing process of TPMs has been introduced, which is 

capable of material homogeneous integration of piezoelectric actuators into CFRP structural 
parts and thus enabling functionalities like structural health monitoring, energy harvesting and 
sensor-/ actuator operations of lightweight structures. Further, an extension of the material 
range towards high performance polymers e.g. polyphenylene sulfide (PPS) was achieved, 
which requires significantly higher processing temperatures of about 320 °C. Thus a novel 
contacting method was developed to substitute standard soldering, which is restricted to 
process temperatures below 230 °C. The laser drop on demand joining process was proven to 
be suitable to withstand the occurring temperatures and pressures during manufacturing of 
PPS TPMs. Further, it was shown, that the electrode structure constellation of the TPM is 
crucial for metallurgic bonding between electrode and Cu-wire. In order to do a statement 
regarding resistance of the generated joints to cyclic thermal loads, the joints have been 
exposed to thermal loads according to industrial standard ISO 16750-4 for 20 days 
(corresponding to 60 cycles) in a climate simulation chamber. Except for a slight growth of 
the diffusion zone between filler material and Ag-electrode structure, no degenerations of the 
joint such as cracks or delamination could be detected which can be attributed to the ductile 
behaviour of the foil, which prevents stresses induced by CTE mismatch.  

Due to the results of the functional test no relevant quality difference between the bonding 
configurations could be measured. Thus there is a need of extended investigations with help 
of dynamic stimulation to characterize the bonding configurations under realistic operational 
scenarios.  
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Abstract. The contribution presents a manufacturing technology for the integration of piezo-
ceramic modules into fiber-reinforced thermoplastic parts ready for series production. In regard
to the assessment of the integration quality and the damage of the piezoceramic modules non-
destructive testing methods like computed tomography and ultrasonic microscopy were used.
In the case of acoustic microscopy, a novel 3D-scanning measuring system is introduced, which
enables the scanning of curved surface structures. Commercial acoustic microscopes are only
designed for investigations of plane surfaces. In order to achieve sufficient results in the image,
the ultrasonic transducer axis has to be orientated orthogonally to the specimen surface for every
scan position [12]. For this purpose, a 6DoF hexapod robot system is used to perform a matched
angle adjustment. Acoustic microscopy is suitable for high-density materials and provides 3D
data of the investigated area. The results show that a precise detection of cracks in the piezoce-
ramic layers, trapped air between the fiber-reinforced composite and the piezoceramic modules
as well as the localization of conductive paths and electrodes are possible and the ultrasound
imaging data show a good accordance to those of the computed tomography.

1 INTRODUCTION

Fiber-reinforced polymers (FRP) show a high potential for innovative function-integrating
lightweight constructions. In the case of textile-reinforced composites the textile structure, the
layered build-up, and the associated specific production processes offer the possibility for the
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integration of functional elements, like sensors, actuators or even electronic circuit boards [1, 2, 3].
Such components can be used for example for ultrasonic based radiation or measuring tasks,
condition monitoring or structural health monitoring [4, 5].

The integration of the functional elements, e. g. piezoceramic modules, strain gauges, tem-
perature sensors, can be realized already in the manufacturing process of the composite struc-
tures. Thus, time consuming additional processing steps can be avoided and the elements can
be embedded inside the structure. Additionally, the influence of environmental conditions and
manipulation from outside to the functional elements will be reduced. Process conditions for
the manufacturing of thermoset composite structures are usually suitable for the integration of a
large number of functional elements [5, 14]. By the utilization of thermoplastic matrices in com-
posite structures, the integration of additional elements becomes more difficult. The processing
temperatures and pressures are even higher than those for thermoset composites [8, 4]. Thus,
adapted functional elements and an adjustment of the manufacturing processes is necessary for a
non-destructive embedding of functional elements into composite structures with thermoplastic
matrices.

In this context, the characterization of such function integrative structures is necessary for
the evaluation of the integration quality, the determination of damages and the derivation of the
elements performance. Besides destructive methods like microscopic analysis, non-destructive
characterization methods like computed tomography and ultrasonic scanning methods are com-
mon. Due to the use of piezoceramic material (lead zirconium titanate – PZT), which shows a
very high attenuation of X-rays, the computed tomography leads often to unsufficient resolved
images. For a spatially resolved representation of the embedded functional elements and the sur-
rounding FRP suitable testing methods have to be evaluated. Therefore, three non-destructive
testing methods, two dimensional radiography, computed tomography, and acoustic microscopy
were investigated and evaluated in regard to damage detection and spatial resolution at selected
specimen.

2 FIBER-REINFORCED THERMOPLASTIC COMPOSITES WITH EMBED-
DED PIEZOCERAMIC-MODULES

A major precondition for a series capable integration of piezoceramic modules into fiber-
reinforced composites with thermoplastic matrices is a new generation of modules. These mod-
ules will not be damaged by the relatively high processing temperatures, which are necessary to
melt the thermoplastic matrix of the composites. So-called thermoplastic compatible piezoce-
ramic modules (TPM) enable a material homogeneous integration of piezoceramic transducers
into fiber-reinforced composites [6, 7]. They consist of a piezoceramic functional layer in the
middle and two carrier layers made of thermoplastic films, which are metallized with a surfacial
or interdigitated electrode (see figure 1 a).

In regard to a precise and simple positioning of the TPM in the composite lay-up, the
use of pre-assembled thermoplastic carrier foils, which contain the TPM and conductive paths
(so-called ePreforms) are advantageous (see figure 1 b) [15]. For the realization of a material
homogeneous embedding the thermoplastic materials of the TPM carrier films, the ePreform,
and the matrix of the FRP have to be identical. This enables a melting of these components
by an adapted hot pressing or autoclave process to one fiber-reinforced composite structure (see

2
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Figure 1: Schematic of a thermoplastic compatible piezoceramic module (TPM), ePreform and FRP
with embedded TPM

figure 1 c). In regard to a manufacturing capable for series production an adapted thermoforming
process is developed.

3 MANUFACTURING TECHNOLOGY

Thermoplastic composites reinforced with textile or endless fibers are often processed by
thermoforming processes of semi-finished parts, so-called organic sheets. In regard to the inte-
gration of functional elements, these process variations offer several advantages. Pressing tools
for thermoforming are often open, so that conductors can be lead outside of the mold. Fur-
thermore, the organic sheets – preconsolidated fiber-reinforced thermoplastic composite plates
– are melted in a separated preheating station. Thus, the functional elements can be inserted
even in the pressing mold into the composite build-up. Due to that, long dwell times at higher
temperatures for the functional elements are not necessary, which leads to less failures of the
elements. The pressing pressures are also relatively low compared to injection molding or film-
stacking processes. Figure 2 shows a conceptual schema of the developed thermoforming process
for thermoplastic FRP with integrated TPM. The ePreform, consisting of a thermoplastic foil
made of a matrix-identical thermoplastic material which is assembled with TPM and conduc-
tors, is fixed in a stentering frame and transferred into the mold. Simultaneously the composite
build-up is stacked in the organic sheet stentering frame (OSF) and transferred into the pre-
heating station. After the thermoplastic matrix is melt, the OSF is also put in the mold and the
press will close and melt the composite build-up and the ePreform with applied TPM together.
During this step an online polarisation of the piezoceramic elements takes place. Thereby, a
high-voltage electrical field – in general field strengths of 2 kV/mm are used – up to a dwell
time of 30 s is applied to the TPM, so that an active FRP component is produced.

For the investigations curved active FRP specimen made of a polyamide 6 matrix and glass
fiber-reinforcement (TEPEX®102-RG600(x)/47 %, Bond Laminates GmbH) with surfacially
embedded TPM are chosen (see figure 3). The curvature of the samples is 250 mm. They show
different damages in accordance to different pressures in the thermoforming process.

3
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Figure 2: Schematic of an adapted thermoforming process for the integration of TPM into FRP with
thermoplastic matrices

Table 1: example of the construction of one table

Specimen number 74 76 91

Pressure in MPa 4.55 0.57 4.55

Mold temperature in ◦C 100 100 60

Preheating temperature of the organic sheet in ◦C 270

ra
d
iu

s
2
5
0

m
m

thickness
2 mm

TPM

FRP

a) b)

Figure 3: Exemplary shape of test specimen: a) photo of specimen number 74, b) schematic specimen
geometry

4 NON-DESTRUCTIVE TESTING

The selected samples show typical failures of the piezoceramic (TPM) and in the connection
of the TPM to the composite, like trapped air, cracks in the ceramic layer, and inhomogenities
in the embedding. For the non-destructive testing conventional radiography (2D), computed
tomography and an adapted device for 3D scanning acoustic microscopy were used.
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4.1 Conventional radiography and computed tomography

Radiography and computed tomography (CT) are non-destructive test methods, which can be
utilized for the examination of inner structures and defects. Due to the fact that fiber-reinforced
composites show a very complex build-up and difficult failure behavior, these two methods are
outstanding for the determination of the material or parts condition. X-ray imaging is based
on the absorption properties of the investigated material. High-density materials show high
absorptions in the resulting image. After the irradiation of the sample the X-radiation shows
the energy J1, which can be determined by the input energy J0, the sample thickness h and
the attenuation coefficient μ which depends on the order number and the density of the sample
material [13]:

J1 = J0e
−μh (1)

In the case of conventional radiography a X-ray image is generated, which enables only a 2D
illustration of the sample in general in thickness direction. The computed tomography does not
provide a flat image, but a spatial image of the examined sample. For this purpose, a series
of two-dimensional images is produced, whilst the sample is incrementally rotated by 360◦ in
several hundred steps using a positioning unit. Figure 4 shows schematically the experimental
setup for the investigation of samples by cone-beam CT. The radiation emitted by the X-ray
tube is partially transmitted through the sample and the residual intensity is measured with
a detector. After that, the resulting signal values can be used for a gray scale coded image.
Subsequently, the three-dimensional sample geometry can be reconstructed out of the imaging
data. For the investigation of the failure pattern of the selected samples the CT system phoenix
V|tome|x-L 450 (General Electric) is used.

X-ray tube
Sample

Detector

Computer

Figure 4: Schematic of computed tomography
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4.2 3D scanning acoustic microscopy

Acoustic microscopy is often exploited for NDT in chip technology. Common acoustic micro-
scopes utilize the so-called pulse-echo mode for data acquistion, i. e., the system collects reflec-
tions from boundaries between different materials [9]. The received echo data can be converted
into a 3D image dataset. Acoustic microscopes normally consist of an ultrasonic transducer with
a focusing lens and two linear stages, which move the transducer in a meandering pattern in
the lateral plane [10]. The main disadvantage of conventional microscopes is, however, that they
can not be applied to investigate curved surfaces. In case of curved surfaces, the incident sound
wave should be orientated orthogonally to the surface in each scan position [11]. Otherwise,
inner reflections may not be detected by the transducer. That was the reason why we developed
a special 3D scanning acoustic microscope (see fig. 5) [12]. We realized a meandering scan with
the linear stages while the specimen is rotated synchronously by a 6DoF hexapod robot system.

Figure 5: 3D scanning acoustic microscope at the Chair of Sensor Technology at the University of

Erlangen ( �1 linear stages, �2 ultrasonic transducer, �3 exemplary specimen, �4 hexapod robot system)

In order to execute the rotational moves of the specimen precisely, the microscope’s kinematic
unit has to be calibrated. Our calibration method is based on a previous pure lateral scan without
rotating the specimen to acquire the specimen’s contour [12]. Thereby, the scan step size is about
ten times greater than the step size of the imaging scan (fig. 6 (a)). After that, the contour shape
has to be smoothed by a decimation filter to avoid large steps (fig. 6 (b)), which would lead to
high rotation angles. The hexapod system’s angle limits are ±15◦ in vertical direction and ±30◦

in horizontal direction. Basically, the contour measurement provides a shape of the surface, but
the location in space is unknown first. In a second step, we determine the absolute coordinates of
one point of the surface area and calculate the absolute coordinates for the whole contour shape.
For this purpose, we execute an iterative algorithm. It performs a rotatory motion around a
center point. The center point gets closer to the point of intersection of the transducer’s mid-
axis and the specimen’s surface successively. If the center point is equivalent to the intersection
point, a rotatory motion will not lead to a displacement of the reflected echo. By means of
this calibration method, we obtain the surfaces coordinates with respect to the coordinates of
the linear stages. The calibration method’s accuracy is roughly equivalent to the ultrasonic
transducer’s axial resolution. Resulting images feature a uniform spatial resolution all over the
measured area. The maximum achievable lateral resolution in the images for the investigated
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specimen in this contribute is far below the scan step size of 0.1mm. A lateral resolution of
50 μm is a typical value for the utilized transducer type.

Figure 6: Exemplary contour scan of a metal strip surface with grooves (a) and the filtered and inter-
polated calculation of the positions of the imaging scan (b)

5 RESULTS

A comparison of the mentioned test methods provide a good correlation. Figure 7 shows the
results of the evaluated specimen number 74. There, different materials (piezoceramic, printed
silver electrodes, copper contacts) are very well detectable with all methods. Cracks are reliably
determinable by acoustic microscopy. In regard to the conventional radiography and the CT
method, the detection of cracks is more difficult. They will only be surely detected if they are
opened, which can be realized by a prestress (tension load) of the specimen in the mounting.
Otherwise, especially small cracks will not be detected (see figure 7 d). In regard to trapped air
between the composite and the ceramic layer, the CT shows artifacts due to the high density
of the piezoceramic material. Thus, these artifacts reduce the spatial resolution, so that regions
with trapped air are not properly detectable by CT .

By the use of the ultrasonic microscopy regions of trapped air are detectable as a veiling glare
(see figure 8).
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Figure 7: Comparison of the test methods for selected specimen (specimen number 74): a) photo with
obvious horizontal crack, b) acoustic microscopy, c) conventional radiography (prestressed specimen), d)
CT
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Figure 8: Detection of trapped air: a) photo with obvious regions of trapped air (specimen number 91),
b) acoustic microscopy illustration

6 SUMMARY

Fiber-reinforced composites show a high potential for the integration of additional functional
elements, like piezoceramic modules. By the use of thermoplastic matrices, a material homo-
geneous embedding of thermoplastic compatible piezoceramic modules (TPM) is possible. The
introduced technology enables a manufacturing capable for series production of such composites.
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Unfortunately, piezoceramics show a very low fracture strain, which often causes cracks during
the forming of the function-integrative parts. Due to an incomplete melting of the TPM and
the thermoplastic matrix trapped air occurs in the melting zone. The cracks and trapped air
are often not obvious detectable. Therefore, non-destructive testing methods like conventional
radiography, CT and acoustic microscopy are absolutely necessary. The presented contribution
shows that all methods are suitable for the detection of cracks, whereby the ultrasonic mi-
croscopy showed the best results and additionally enable the detection of regions with trapped
air. One disadvantage of the acoustic microscopy is the investigation of the specimen in water
or in another coupling medium to get sufficient acoustic power into the specimen and receive
enough echo power. This is not necessary for the X-ray methods.
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Abstract. Icing detection and de-icing techniques play an important role to assure a safe 
operation of airplanes and wind turbines [1, 2]. Integration of piezoceramics in structural parts 
allow for additional functionalities like health monitoring, impact detection and even to solve 
icing problems. The paper deals with innovative sheet-metal compounds, consisting of a 
piezomodule in a layer of adhesive embedded between two aluminum sheets. An airfoil 
demonstrator structure with integrated piezomodules is used for icing detection. A special 
production and forming technology was presented in earlier studies, where forming takes 
place in a viscous condition of adhesive. This concept allows for a forming of brittle 
piezoceramic fibers inside the compound. This demonstrator structure was built with this 
production technology. The integrated sensor is used for a detection of additional local 
masses. Aim is the implementation for aerodynamic icing detection and a vibration assisted 
de-icing. Within the paper preliminary tests for an icing detection are described. Therefore 
impedance and loss angle of an integrated piezomodule are measured for a broad frequency 
range under variation of additional masses and temperature. Icing was performed inside a cold 
chamber at -40 °C. It is shown that the impedance is significantly influenced by additional 
masses at room temperature, by a reduction of temperature without additional masses and by 
additional masses (ice) at reduced temperatures. The results imply that the assumptions are 
correct and the continuative investigations are worthwhile to potentially develop an icing 
detection technology. 

1 INTRODUCTION 
Icing during a flight can change shape of airfoil leading to a decrease of aerodynamic 

performance of aircrafts. In worst case an accident can occur. Ice adhesion is also a major 
challenge of wind turbines, especially in icy Nordic environments [3]. The detection of icing 
is important, hence typically one or more ice detectors are used in aircrafts. These detectors 
are often coupled with de-icing systems [4]. De-icing systems remove the ice-layer from the 
subject whereas anti-icing strategies are used to prevent ice to accrete on the airfoil [5]. In 
aircrafts today typical means for a prevention or a control of ice formations are: heating 
surfaces with hot air, heating by electrical elements, breaking up ice formations (e.g. by 
inflatable boots) or chemical applications [4]. Often high amounts of energy are needed. 
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2

Aiming on a reduction of energy consumption for de-icing a vibration assisted de-icing is 
under investigation [6]. Electrical impulses achieved by a spiral coil placed near the surface 
allow an expulsion of the ice [2]. Disadvantage of this method is the weight of the impulse 
generating device [7]. Because of that the ability of piezoelectric actuators for a de-icing is 
investigated. Several studies deal with piezoelectric actuators and show the potential for de-
icing [7, 8]. 

2 INNOVATIVE PRODUCTION TECHNOLOGY FOR PIEZO-METAL-
COMPOUNDS 

The authors propose the use of aluminum sheets with a local sandwich buildup and 
integrated piezomodules for a detection of icing and a support of the de-icing process. The 
process chain for the manufacturing of these piezo-metal-compounds was developed and 
described in earlier studies [9, 10]. Piezo-metal-compounds consist of two aluminum sheets 
joint with an adhesive. A piezomodule is positioned in the adhesive layer. Forming is 
performed with a viscous adhesive. This allows for a relative movement between the brittle 
piezomodule and the surrounding sheet metal layers and prevents critical elongations of the 
piezomodule. After forming the adhesive completely cures. An airfoil demonstrator structure 
was designed and manufactured, including a Macro-Fibre-Composite (MFC) integrated in a 
local sandwich buildup. Figure 1 (a, b) shows the manufacturing and the finished part (Figure 
1 c). 

Figure 1: (a) MFC in adhesive layer before cover layer application ; (b) front sheet with integrated MFC after 
forming ; (c) assembly of demonstrator airfoil with integrated MFC 
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3 ICING-DETECTION EXPERIMENTS 
The experimental approach includes the definition and determination of natural frequencies 

and natural modes with shifts of local maxima, which are appropriate for a detection of icing 
and de-icing processes. The targeted positioning of piezo elements allows stimulating selected 
frequencies, while shifts of resonance frequencies are induced by mass increase of local icing. 
The resonance frequencies are detected by the integrated piezo modules. 

3.1 Experimental setup 
In order to verify the icing detection capability of material integrated MFCs experiments 

were conducted using the above described demonstrator. Therefore the airfoil demonstrator 
structure with integrated MFC (Figure 1) was subjected to different surrounding conditions. 
An experimental series with the variation of temperature and using additional masses was 
carried out. Four principle set-ups and conditions were tested: 1st naked wing panel at room 
temperature, 2nd wing panel at room temperature with additional mass installed, 3rd wing 
panel at -40°C without an additional mass and 4th wing panel at -40°C covered with locally 
grown ice (Figure 2 left to right). 

The room temperature experiments were carried out under regular laboratory conditions. A 
steel plate (about 50 g) was used as additional mass. This plate was fixed using reinforced 
adhesive tape. The low temperature experiments were realised in a Binder MKF 240 climate 
chamber. The wing panel was placed inside the chamber and cooled down to
-40°C. Water was dropwisely injected through an insulated tube so as to create an ice cover 
on the wing panel. This tube was led through an opening in the wall of the climate chamber. 
Due to the low temperature of the wing panel in the chamber, the water drops froze almost 
instantaneously.

Figure 2: Experimental set-ups of wing panel test series with temperature and mass variation to verify the icing 
detection capability of integrated MFCs. 

3.2 Measurement of Impedance and Phase Angle 
The local magnitudes of the impedance and the phase angle between voltage and current 

over the excitation frequency both of the integrated MFC are a measure for resonance of the 
structure. The resonance frequency of the structure should shift, when additional mass is fixed 
to the structure. The impedance and the phase angle are therefore eligible parameters for icing 
detection.

In order to measure both parameters in the test series a LCR meter (Sourcetronic ST2826) 
was used. An excitation voltage of 5 V was implemented to stimulate the structure. The MFC 
was connected with a 4-wire fixture. The frequency response characteristic and monitoring of 
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the test parameters were realised within the frequency range between 18 kHz and 50 kHz with 
frequency steps of 10 Hz. The frequency response characteristic was recorded for all of the 
above mentioned set-ups. Characteristic frequency spectra were used for the further 
evaluation and the comparison of the set-ups with mass and temperature variation. 

4 RESULTS 
The results of the frequency response measurements of impedance and phase angle are 

shown below. The fixation of an additional mass to the wing panel structure at room 
temperature clearly shifts the resonance frequency of the structure. Certainly in the frequency 
range between 20 kHz and 25 kHz the frequency change of the local maximum can be seen 
for the impedance and the phase angle (Figure 3). The additional mass lowers the resonance 
frequency, as expected. Especially between 20 kHz and 21 kHz a distinct shift of about 
140 Hz of the resonance frequency can be found. The magnitude of this change is stronger for 
the phase angle than for the impedance signal. The frequency shift can also be seen for higher 
vibration modes, but is comparibly smaller (Figure 3). The general idea of measuring mass 
increase by means of mechanical-electrical parameters of MFCs could be verified by the tests 
at room temperature. Further experiments are necessary to identify the best frequency 
spectrum. The scanning of the whole frequency band between 18 kHz and 50 kHz would take 
too long for practical monitoring applications. 

Figure 3: Comparison of the frequency response characteristic of impedance and phase angle of an integrated 
MFC in a wing panel structure at room temperature with and without an additional mass fixed to the structure. 
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Figure 4: Comparison of the frequency response characteristic of impedance and phase angle of an integrated 
MFC in a wing panel structure at -40°C with and without additional ice cover. 

A similar frequency shift can be found for the addition of an ice cover to the surface of the 
wing panel at -40 °C compared to the panel without ice on the surface (Figure 4). In the 
frequency range between 39 kHz and 41 kHz several local maxima of the phase angle and the 
impedance are shifted to lower frequencies due to the additional ice mass. Three distinct 
resonance frequencies can be found in the specified range. They represent a pattern. This 
whole pattern is shifted to a lower frequency by the ice. This frequency shift has a value of 
about 120 Hz and is similar to the shift at room temperature. In comparison to the impedance 
the frequency response pattern for the phase angle is also stronger, like it was for the test at 
room temperature. In the frequency range of about 20 kHz to 21 kHz, no distinct pattern or 
frequency shift could be found in the low temperature set-up. This means, that the monitored 
frequency range strongly depends on the temperature. An additional temperature monitoring 
is probably necessary to control the excitation frequency range for the MFCs. 

The addition of ice to the surface also reduced the average phase angle in the frequency 
response characteristic (Figure 4). This reduction needs to be distinguished from the 
frequency shift. It is necessary to find mathematical methods to identify the resonance 
frequency pattern and the influence of additional masses to it. Out of these first results an 
icing detection method by means of integrated MFCs seems to be feasible. 

The comparison of the frequency response characteristic of impedance and phase angle 
singly depending on the surrounding temperature shows a strong influence of the temperature 
to both parameters (Figure 5). The wing panel was tested at room temperature and at -40 °C 
both without additional mass. With lowering of the temperature, the average impedance 
reduces. The average phase angle increases with decreasing temperature (Figure 5). 

397



W.-G. Drossel, M. Nestler, T. Mäder and J. Schönherr. 

6

Figure 5: Comparison of the frequency response characteristic of impedance and phase angle of an integrated 
MFC in a wing panel structure at room temperature (RT) and at -40 °C. 

The resonance frequencies also shift due to the singly temperature change (Figure 5). This 
effect challenges the icing detection monitoring method in specific applications. A calibration 
technology needs to be found in order to distinguish temperature change and icing. An 
additional monitoring of the temperature therefore seems to be important to successfully 
realise an MFC based icing detection system. The observed frequency range should be as 
narrow as possible to accelerate the identification of resonance frequencies. The excitation 
frequency range has to be adjusted to the actual temperature of the structure. 

5 SUMMARY AND OUTLOOK 
The possibility of icing detection using integrated MFCs and monitoring the frequency 

response of phase angle and impedance could be verified. The results show that mass increase 
at room temperature and down to temperatures of -40 °C can be detected by means of 
integrated piezo elements. The challenge for further development to a practical icing detection 
technology is the strong temperature dependence of the frequency response. It is therefore 
necessary to find a calibrating method to distinguish the effects of temperature and additional 
masses. 

Another challenge for the further development is the use of MFCs for de-icing. De-icing 
could potentially be realised by vibration assistance by means of vibrational excitation of the 
MFCs with higher voltages. The further development concept comprises the structural 
integration of multiple piezo modules into the demonstrator structure and their sensor and 
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actuator usage. The necessary tasks to further develop the sensor and actuator function 
contains FE simulations to find suitable positions for sensors and actuators, manufacturing of 
demonstrator structures with optimum positions for the MFCs by forming technologies, the 
functional characterization of demonstrator, i. e. detection of natural frequencies and vibration 
forms by vibrometer measurements. This will be followed by functional tests of icing 
detection, i. e. targeted stimulation of resonance frequencies and detection of response signal 
by local icing. The conceptual development and functional test of the de-icing process 
enhanced by vibration as well as the avoidance of icing will then finish the investigations. 
Vibrations will be initiated for a mechanical de-icing process or to sustain the de-icing 
process with thermal heating elements. 
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Abstract. The amazing world of drones supposes a field of aerospace research really exciting 
for universities and centers of excellence, and practically without technological limitations. 
Perhaps the reality is that the use of these drones is less glamorous than the media suggest. 
And, on the other hand, its operations are still limited by pending aspects of aeronautical 
regulation. But in the field of aerospace research the previous arguments are weak compared 
to the potential of new aerospace designs and developments.  

The authors have been carrying out several research projects in the field of micro air 
vehicles. In addition, last researches have been outstanding in the analysis of bioinspired 
micro air vehicles (MAVs). Experimental and theoretical studies have been developed and 
aircraft prototypes based on morphing wings and wing-grids have been designed. For the 
design of this type of non-conventional geometry it is essential to select the appropriate 
materials that will meet the initial design specifications. And when the geometry and 
materials are finally defined, the next essential step is the design of the wing geometry control 
system. This system will allow to fulfilling the flight requirements. This paper shows the 
methodology of design for the flight control system carried out on these vehicles. The initial 
basis begins from our development in traditional flight control for guidance, navigation and 
control systems in conventional geometry airplanes. Subsequently, the foundations of 
adaptive and optimal control will be shown. Finally, the results of flight control over micro air 
vehicles’ prototypes will be analyzed in the current design phase. 
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1 INTRODUCTION 

 A good interpretation of the term morphing may be understood referred as to both small 
and large aircraft scales. At least two approximation of wing morphing may be identified such 
as morphing for flight mission and morphing for control. In the context of this paper 
morphing is applied to control any aircraft aerodynamic surface to fulfill flight envelop and 
applied it to micro air vehicles, MAV [1]. 

 In the context of this paper, morphing aircraft is understood as changes in the camber of 
the aircraft wings or the installation of special devices used to reduce induced drag as wing-
grids. Both of them underlie in the use of new materials suitable to change the main 
dimension of any aircraft wings and improve the flight qualities [2], [3]. 

 In the case of wing morphing, the modifications are related to changes in the external 
aspect of wing by electromechanical actuation. The focus of this technique is to modify the 
external aspects of wings to improve the flight performance. 

 The second device is the wing-grid. One of the problems limiting the aircraft 
performance is the drag produced. The aircraft´s wings may produce some vortices and at 
same time increase the aircraft drag. In this sense, it is interesting explore new concepts to 
reduce the drag and make flight more efficient and less costly [4]. 

 The wing-grid device mainly is set up of surfaces make up of polymer to reduce the 
induced drag on wings. The performance of the wing-grids relative to installation, their shape 
and the control must be investigated. 

 The onboard system that controls the flight of any aircraft is the flight control computer. 
This computer is in charge of control the movement of aerodynamic and aircraft control 
surfaces. Additionally to that, and depending of the size of the aircraft, this computer may 
have the responsibility of manage the flight.  

 As new functions are appearing in the context of flight control, these must be given to 
any on board computer to be successfully executed. The case is focused on give morphing and 
wing-grid movements to the flight control computer. The surfaces movement control is based 
on some control laws calculated in the flight control computer. The complexity of the calculus 
of the control law will depend on the control surfaces installed on board, on their actuators 
and sensors, and also on the precision required. 

 The focus of this paper is analyzing the possibilities of exploring and applying the control 
laws by means of different engineering techniques. The paper also will include some 
experiences carried out in wing-grid design and test [5].   

2 THEORETICAL ASPECTS OF WING MORPHING 

 Morphing research to date addressed the control aspects of shape changing or morphing 
like any other system. In this context may be found several control functionalities in 
performance values like range and speed at specific flight conditions related to wind speed, 
altitude, angle of attack and sideslip angle [6]. 
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 If the aerodynamic performance is taken as primary consideration, and flight successfully 
can be attributed to wing shape, a wing control system reveals a main activity in flight 
control. The flight may be considered in several phases introducing different control strategies 
depending on the flight phase flown.  In this case, the flight problem becomes a flight 
reconfiguration taking sensing, actuation and control law as flight control activity. 

3 THE COMMAND AND CONTROL CONCEPT 

 In terms of the controller, must be sufficiently robust to manage wide flight variations, 
such as time-varying moments and products of inertia of the aircraft that produce new 
configuration parameters of aircraft system. So, may be said that morphing wing control must 
know how to learn to reconfigure in multiple flight scenarios.  

 The control concept applied to these systems may be any of those applied to any other 
systems. In the case of wing morphing control several technics and practical control issues 
may be applied to obtain the optimal configuration of morphing commanded. 

 The level of actuation, the energy and the control technique used in any morphing aircraft 
will be suitable to the level of sensors, wing actuators and computing capacity of the main 
onboard computer. 

 The traditional control of aircraft attitude is performance by flaps, ailerons, elevators and 
rudders and control surfaces in general attached to the wing on a fixed-wing aircraft. All of 
the aircraft maneuvers are managed by such as control surfaces, managed as same time by a 
flight control computer on board aircraft. 

 In the morphing concept the aircraft is controlled by varying mechanical aspects of the 
wings, such us leading and trailing edge´s configuration and position related to their initial 
positions or simply varying wing camber. Therefore, the morphing airfoil technique may be 
suitable to replace some of the traditional aircraft control surfaces and control aircraft attitude 
and speed. 

 In terms of the controller, several controls techniques for automatic systems can be taken 
into account to design a flight control computer and move the morphing areas set up in 
aircraft. From the point of view of the controller the design method should allow to flexibility 
in internal adjustment of aircraft surface as a complex and nonlinear dynamics. To achieve 
satisfactory aircraft control and a fine wing morphing, some aspects will be faced, such as 
nonlinear and linear systems, their errors, the operating point, the aircraft performances and 
flight uncertainties. Added to that are the natural strong non-linear character of the smart 
materials and actuator used to obtain the required wing morphing. 

3.1 Control Methods 

 The first approximation to calculate the control law is based on PID estimation. The 
tuning of PID controller is the process of finding the constants for proportional, integral and 
derivative gains to meet design requirements and desired performance. To find out the gains 
of this controller is not an easy task. Usually the tuning requires time consuming and may 
cause problems to the system. Tuning methods based on Ziegler-Nichols method is a good 
approximation to obtain the final controller. Figure 1 shows the feedback system in which 
controller is PID. 
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Figure 1: Feedback Control. 

 The second one suggested method to control wing shape is the adaptive control. This 
method is a good control technique to deal with uncertainties. Adaptive control has the ability 
to adjust itself to manage unknown model and environment uncertainties and to adapt to the 
flight requirements. In this sense, adaptive control direct methods allows to estimate 
parameters that will be used in the adaptive controller, and indirect methods are ones wherein 
the estimated model data are used to tuning the controller. 

3.2 Morphing Control Law 

 A six degree of freedom dynamical system may represent the equations of motion for the 
morphing wing of any aircraft. The dynamics of most systems may be represented as a set of 
second order differential equations if the system is expressed in body axes.  

 To calculate the morphing control law the system states which will be the feedback 
information from sensors installed on the aircraft. It should be suitable to get information 
from velocities, acceleration level, and position of the aircraft surfaces. 

 All the information provided by sensors will be used to calculate system error according 
to the requirement of the system. 

 In the case of morphing wing several control techniques candidates will be assess to 
design the control law. 

 Adaptive control, Figure 2, has as objective to adjust to changing system parameters to 
minimize system error, or estimate to change the control law signal. Several approaches of 
adaptive control may be considered, such as, least square estimation adaptive control, model 
reference o dynamic inversion. 

 

Figure 2: Adaptive Control. 
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3.3 The Feedback System 

 The feedback system is a set of different sensors adapted to the wing system, either wing 
morphing or wing-grid.  

 In the case of wing morphing, the wing shape control of the aircraft is obtained by means 
of piezoelectric actuators. The use of piezoelectric actuators for wing shape control and 
correction of static deformations is considered in this aircraft as the main option to achieve the 
desired wing shape. The most common methods to control the shape of a structure are based 
on using embedded piezoelectric materials. A straightforward method based on a feedback 
controller has been used to obtain the optimal wing position and the optimal actuation 
voltages of the piezoceramics elements. The voltages applied to the piezoceramic elements 
are induced in a defined way to avoid saturation voltages, which are one of the main 
constraints in controlling them. 

 The voltages applied to the piezoelectric are considered as an open loop system, where no 
sensor is set to check them. An optimization algorithm has been implemented to calculate the 
optimal voltages and control the saturation voltages. 

 The purpose of the actuator and sensor set in the wing is to bend it and to maintain the 
preferred shape. This sensor together with the wing shape control must be considered as a 
closed loop system. The main function of this system is to maintain the wing shape in 
presence of unknown aerodynamic loads. Thus position sensors at many wing locations are 
not required in this design for closed loop shape control. 

  In the case of wing-grid several surfaces will be added to the original wing to generate 
the aircraft attitude, so the actuator will be based on a mechanical screw rotation to move 
them. Comparing wing camber by means of piezoelectrical actuators and wing-grid and their 
surfaces, the actuator and the sensors will be different. But the technique to design the control 
may be based on same control theory adapted to the specific flight requirements. 

5 PRACTICAL ASPECTS 
 
The prototype built try to demonstrate the benefits of wing-grids to reduce the induce 

drag. To reduce induced drag on wings several techniques may be applied [1]: 
- Wing with fanned partial wing. 
- Wings with slotted edges. 
- Simple wings with wingtip and endplates. 
- Contouring plane wings. 
- Planar straight wings. 

The technique used in this prototype is the planar straight wings. The prototype is a set of a 
computer, some actuators, some motion sensors and the modified wings. The physical aspects 
of the prototype are described as follows. 
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5.1 Configuration and Dimensions 
In this case the geometrical aspects are the main criteria lead to several wing-grid 

configurations. The possible configurations investigated in the wing prototype are presented 
next: 

- Non-cruise configuration: Both wing-grids are completely retracted. This is the Base 
configuration (non-cruise). In this configuration there is neither effect on induced drag 
nor on lift. The MAV performs as if it were a planar geometry. It is important to 
notice the lack of roll control on this configuration. 

- Cruise configuration: Both wing-grids completely unfolded. David Bennett in 2001 
[4] proved testing on wind tunnel that “at high angles, the wing was half as efficient as 
at low angles, implying that this wing-grids may be better suited to cruise conditions”. 
An increase on span and therefore aspect ratio and lift is obtained as well as a 
reduction on induced drag. 

- Roll configuration: One of the wing-grids partially or completely unfolded, the other 
completely retracted: The wing which wing-grids is unfolded generates more lift than 
the other, producing roll. It provides the MAV with the control that would be normally 
provided by aerofoils. 

- Yaw and pitch configuration: A V tail was chosen to control yaw and pitch instead of 
using horizontal and vertical stabilizers and a propeller was the preferred option for 
the generation of traction. The dimensions and main characteristics of the MAV are 
shown in the table below [1]: 

Table 1: Characteristics of the original MAV model.  

 
Magnitude Wing Winggrid (1 winglet) Wing+Winggrid V tail 
Span (mm) 540 180 720 250 
SMC (mm) 90 20 90 60 
Area (mm2) 48600 3600 64800 15000 
AR 6 9 8 3 
Λ1/4 (°) 0 0 0 6 

 
The approximated dimensions and main characteristics of the test model are shown in the 

table below, based on [5]: 
Table 2: Characteristics of the modified MAV model  

 
Magnitude Wing 1A Wing 1B Wing 1C Wing-grid  

(1 winglet) 
Winglets’ 

base 
Span (mm) 63 66.3 63 149.7 9.75 
SMC (mm) 191.73 191.73 191.73 51.78 157.41 
Maximum 

thickness (mm) 30.87 30.87 30.87 15.37 25.13 

Weight (g) 45.55 48.38 45.55 16.94 8.64 
Material cost (€) 2.28 2.42 2.28 0.85 0.43 
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There are 3 winglets and 1 base per wing-grid. The fraction of wing is divided in 3 parts: 
1A, 1B and 1C. 

 

5.2 Hardware Configuration 
 

The control system was designed to provide the MAV with the capacity of modifying its 
configuration as detailed above. Next, a brief description of the elements of hardware and 
software used is given. 
 

The project is mainly underlying on Arduino technology. “Arduino is an open-source 
electronics platform based on easy-to-use hardware and software. Arduino boards are able to 
reading an input (e.g. finger on a button) and turn it into an output (e.g. activating a motor)”. 
The software used to write and implement the code was the Arduino programming language, 
and the Arduino Software (IDE). 

  
The model chosen was Arduino Uno due to its reduced dimensions, but Arduino Mega 

may be a better option regarding future progress owing to its higher number of pins. 
Technical specifications of Arduino Uno are shown in the table below, based on [6]: 
 

Table 3: Technical specifications of Arduino Uno 

 
Length/ Width 68.6 mm / 53.4 mm 

Weight 25 g 
Operating voltage 5 V 

Input voltage (recommended) 7-12 V 
Input voltage (limit) 6-20 V 

Digital I/O pins 14 (of which 6 provide PWM output) 
Analog input pins 6 

DC current per I/O pin 40 mA 
DC current for 3.3V pin 50 mA 

Flash memory 32 KB (ATmega328P) of which 0.5 KB used by bootloader. 
SRAM 2 KB (ATmega328P) 

EEPROM 1 KB (ATmega328P) 
Clock speed 16 MHz 

Cost 24 € per unit (1 unit in total) 
 
 

Various alternatives were considered to choose the motor for winggrid control. The one 
selected is a bipolar stepper motor NEMA 14 of Pololu®. The test model is bigger than the 
original design to avoid problems caused by the dimensions of the motor. This type of electric 
motor has two main features: the precision to stop its movement at any given angle (like a 
servomotor); and the capability of changing the direction of the rotation (like a DC motor).  

 
The motor was chosen bipolar instead of unipolar due to its greater torque. The technical 

specifications of the NEMA 14 are shown in the table below, based on [9]: 
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Table 4: Technical specifications of the NEMA 14 of Pololu® 

 
Size 35 mm x 35 mm x 36 mm 

Weight 180 g 
Shaft diameter 5 mm 

Shaft type 5 mm “D” 
Steps per revolution 200 

Current rating 1000 mA (not including the shaft) 
Voltage rating 2.7 V 
Holding torque 1.4 Kg-cm 

Resistance 2.7 Ω (per coil) 
Inductance per phase 4.3 mH 

Number of leads 4 (2 per coil) 
Cost 13.10 € per unit (2 units in total) 

 
 

However, the bipolar stepper motor has an issue that has to be mentioned here. The current 
flow on these motors needs to change its direction through the coils in a certain sequence. To 
solve this difficulty both coils could be connected in a configuration called H-bridge which 
would distribute the pulses appropriately. The coding of the H-bridge is very complex but it is 
solve by means of the driver. A driver is a controller that not only covers the problem but also 
has some crucial advantages incorporates a current regulator (chopper), it allows supplying 
the motors with higher nominal voltages than that admissible because of its resistance and 
maximum current (otherwise the motors could not start moving); it also allows working with 
steps smaller than the nominal of the stepper motor. This technique is called microstepping. 
Smaller steps favour quieter and smoother rotations, but on the other hand the torque is 
weaker. The driver set up was selected following manufacturer recommendation. Technical 
specifications are shown in the table below, based on: 
 

Table 5: Technical specifications of driver A4988 of Pololu® 

 
Length/ Width 20.32mm/15.24mm 

Weight 1.3 g 
Minimum and maximum operating voltage 8-35 V (supply for the motors) 

Continuous current per phase 1 A (without a heat sink or forced air flow) 
Maximum current per phase 2 A (with sufficient additional cooling) 

Minimum and maximum logic voltage 3-5.5 V (supply for the driver) 
Microstep resolutions Full, 1/2, 1/4, 1/8 and 1/16 

 
With regard to future progress a DC motor is proposed for the propeller and servomotors for 
the rudders on the V tail. 
 

5.3 Hardware Supply 
 

The supply of the elements requires a detailed analysis. The power source may adopt 
different forms depending on the development stage. A computer, a DC/DC converter was the 
source chosen in the tests, because of suitability to be tested at laboratory. 
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The A4988 works at 8-35 V while the stepper NEMA 14 works at 2.7 V. This presumed 

incompatibility can be overcome thanks to the current regulator integrated in the driver. It is 
needed to limit the maximum current allowed by the driver. To set this limit the first step is to 
determine the current that will be used in the motor and the best starting point for it is to know 
the motor’s current per phase, which is 1A. To get full torque from the stepper the driver has 
to fulfil the following condition: driver continuous current must greater than motor current 
rating. The A4988 has a maximum current per phase of 2A with sufficient additional cooling, 
so the condition is fulfilled. After setting the current limit at 1A the following step is using the 
current limiting equation of the A4988. Current limit = Vref / (8·Rcs). For this driver Rcs = 
50mΩ so Vref has to be set at 400mV. In order to do so, the potentiometer integrated in the 
driver has to be rotated while measuring the voltage with a multimeter. This technique allows 
supplying the driver with 12V for instance, which implies supplying the motors with 12V 
also, without exceeding the current limit of 1A. 
 

One last consideration, if the driver is set to operate in full step mode, the coils are 
energized at 70% of the current limit (in this case, 700mA). If the only mode used is full step, 
it is convenient to set the current limit at 1A/0.7 = 1.43A, so the current flowing through the 
coils is 1A. Now, Vref = 570mV (using the current limiting equation).  
 

In a real flight situation the recommendation is an external LiPo battery with 3 cells (11.1V 
of voltage in total considering that every cell has 3.7V) because Arduino Uno needs a voltage 
of 7-12V while the A4988 needs 8-35V. As advantages is worth noting that they are light, 
variable in shape and size, and have high capacity which implies high endurance.  
 

5.4 Transmission Mechanism 
 

To transform the rotation into a translation, a mechanism of nut and threaded spindle was 
proposed, bases on a threaded rod. The rod is joined to the stepper’s shaft with an aluminium 
coupler. It is a standard M6 and its length is   ̴ 20 cm. However, there is a problem with the 
rod, its thread pitch (p) is 1mm and it has only 1 entrance (e), so the wing-grids will unfold 
slowly. Given the length of the wing-grids (L≈150mm) the time needed to change the 
configuration from entirely retracted to entirely unfold is calculated as following:  
 

Table 6: Configuration data. 

 
Variable Data 

n (rotational speed of the motor) 150rev/20s = 450 rpm 
A (feed) = p·e  1mm 

Va (feed rate) = A·n  7.5mm/s 
t (time)= L/Va 20s 

 
 

This time 20 seconds is unacceptable in a real flight, a spindle with 2mm of pitch and 2 
entrances could reduce the time to 3 seconds (following the same calculations). The nut is 
also a standard M6 and it is fixed to the wing-grid to transmit the movement of the motors. 
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Figure 3: Wiring diagramme. 

Figure 3 is an electric schematic representation of the wiring diagram designed to control 
the wing-grids. On one hand, the power source supplies Arduino Uno connecting the positive 
electrode with Vin pin and the negative with GND pin. To supply the motors the source is 
connected to the drivers in Vm and GND pins (positive and negative electrodes respectively) 
and they in turn are connected from pins 1a, 1b, 2a and 2b to the stepper terminals. The 
operating voltage of the motors should be within the interval 8-35V and that of the Arduino 
Uno within the interval 7-12V. 12V is the supply voltage used in the tests (the motors work at 
2.7V, but there is compatibility due to the current limiting feature of the drivers, as explained 
above. 
  

On the other hand Arduino Uno works as power source for some elements. The logical 
supply for the drivers (3-5.5V) is provided by the 5V pin of Arduino Uno, connected to Vdd 
pin of the drivers. It also supplies the joystick and the switch. A breadboard is used to make 
the majority of the connections.  
 

There is a group of connections between Arduino Uno and the driver needed to configure 
the steppers: Rotation direction, microstepping and pulse control essentially. 
 

Finally, it is important to note the 100μF capacitor connected between VMOT and GND. It 
protects the driver from LC voltage spikes that could exceed 35V, damaging the A4988. 
 

5.5 Software 
 

In the tests, a joystick was proposed to transmit the commands to Arduino Uno. The idea 
was to correspond linearly the position of the joystick with the position of the wing-grids, 
which is the number of steps of the motors. To avoid precision problems a margin of error 
(±50 steps) was set, so small variations of the joystick’s position may not produce variations 
in the wing-grids’ position. Furthermore, by means of a switch the configuration can be 
changed from cruise to non-cruise or vice versa. 
 

A brief explanation of the program is needed.  The code is divided for two base 
configurations: wing-grids completely retracted and completely unfolded. From each base 
configuration, every possible combination of the wing-grids’ position is covered by means of 
conditional loops. To change the two base configurations, the value of the switch changes 

409



J. Crespo-Moreno, M. A. Barcala-Montejano, A. A. Rodríguez-Sevillano, et al 

 11 

from 0 to 1 or vice versa when it is pressed, giving Arduino Uno information of the current 
configuration. 
 

5.6 Model Assembly 
 

The design of the wings and wing-grids was based in a previous project [1]. Additive 
technology (3D printing) was used to make the model. Due to the limits in size of the printing 
machine, few modifications in the original design were needed (see configuration and 
dimensions section). Polymeric adhesive was used to join the structural elements together. 
 

In addition, to integrate the structure of wing and wing-grids and the hardware elements 
and facilitate its use, a wood base was designed and built. The final result is shown in Figure 
4. 
 

 
 

Figure 4: Prototype and control system. 

7 CONCLUSIONS 
Basically in this paper has been presented the main features related to modify the external 

aspects of wings and how to adapt them to the flight requirements by means of specific 
controllers. The vehicles considered in this paper are those named biometics aircraft, although 
small aircrafts are also included in this study. 

 
The materials used to include modifications on wings are polymers well adapted to change 

their external configuration and strong to fly the required flight conditions. In the sense of 
move the wing devices to acquire the flight qualities, several control techniques were 
introduce to design a suitable control laws. Both PID techniques and adaptive techniques were 
included as candidates to design the controller. 

 
Future work will focus on increase the size of the model, on carry out the aerodynamic test 

in wind tunnel, on calculating the mathematical model of the system and a deep formulation 
of the control law. 
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Ballistic Impact Response of a New Smart Structure Material Designed by Fibre Metal Laminates

Ballistic impact response of a new smart structure material designed 
by fibre metal laminates 
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ABSTRACT 

  Traditionally, monolithic metal materials are widely used as military armor for its relative 

high mechanical strength, however, the disadvantages of reduced maneuverability due to heavy 

weight and the phenomenon of adiabatic shear which may result catastrophic accidents, make 

it hard to meet the requirement of modern military materials. The transformation induced 

plasticity (TRIP) steel has good ballistic impact performance resulting from high strength and 

plasticity, absorbing more impact kinetic energy induced by high strain rate and temperature. 

In this paper, we designed a new smart structure material consisting of a series of TRIP steel 

sheets and glass fibre reinforced composite layers based on fibre metal laminates(FMLs), the 

embedded lightweight composite sharply decreases areal density and hinders metal petalling. 

The mechanical behavior of TRIP steel under the circumstance of high strain and high strain 

rate is investigated by Hopkinson test, then ABAQUS/Explicit is used to simulate ballistic 

impact performance of a new structure material by simplifying the mechanical properties of 

TRIP steel. Moreover, the contribution of both TRIP steel and composite under ballistic impact 

is also discussed by damage mechanisms.  

 

Key Words: TRIP steel, FMLs, Hopkinson test, ballistic impact 
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Abstract. Over the last years, the experience of the authors has focused on the design of 
micro unmanned aerial vehicles (RPAS or drones), but whose most important and 
distinguishing feature of this research has been the concept of bioinspiration. This paper 
shows the analysis and feasibility of wing-grids that emulate the wingtip feathers of birds. In 
aerospace design, these wing-grids are applied to modify the lift distribution over the wing; 
beside this, it is possible to reduce induced drag. These wing-grids will be deployed in loiter
and cruise phases of the profile mission; with this deployment, the total drag of the airplane 
will be reduced, and the endurance or the range will be increased. Asymmetrically
deployment of the wing-grids will be developed in order to turn the drone along the roll axis, 
such an aileron actuator. Based on this proposal, a conceptual prototype was designed and 
built. This prototype has been manufactured in a 3D printer, and a testbed for the wing-grids 
performance have been also carried out. As a result, this work focuses on the development of 
a versatile and low cost control system for a micro unmanned aircraft. In the present paper, 
force measurements and particle image velocimetry wing tunnel tests have been developed to 
study the aerodynamic effect of wing-grid technology.

1 INTRODUCTION
Unmanned Aerial Vehicles present interesting advantages to deal with dull activities, dirty 

environment, dangerous missions or deep profiles (long endurance or range) [1]. Furthermore, 
UAVs are an encouraging solution to prevent human from risky situations. A high demand of 
smaller vehicles to satisfy these missions have led designers to focus on micro air vehicles. 
Hence, engineers must find solutions to compensate the limits generated by low-aspect-ratio 
wings at low Reynolds number [2].

Drag is one of the primary drawbacks which limits aircraft performances [3]. Along years, 
induced drag reduction without wing-span increment has been investigated by several authors 
[4]. Solutions to several problems have resulted from nature observation [5]. Biologist found 
that birds such as eagles, hawks, condors, vultures and ospreys have high lift wings with 
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slotted feathers at the ends which allow drag reduction during gliding performances [4].
Notice that, the induced drag results from the vortices shed by the wing and it is 

proportional to the spacing and radii of them. One promising biomimetic design is the wing 
grid based on La Roche investigations in 1993 [6]. Wing grid solution forces the vortices 
farther apart and creates larger core radii [3]. Hence, while the wing span is increased by 
winglets deployment, the induced drag is reduced [7, 8]. In other words, wing-grid technology
has a lower induced drag than a rectangular wing with the same wingspan [9].

Although few aircraft present this kind of design, several experimental studies have been 
developed to demonstrate the effectiveness of these devices [10]. Bennett tests [3] showed 
that wing-grids improve aerodynamic performances at low angle of attack (AoA) and at 
condition above the critical Reynolds number up to a certain value of velocity (27 m/s). 
Hence, it is a good approach for cruise and loiter phase, as well as gliding performances [11].

Regarding attitude control, modern designs with in-flight configuration variation have been 
developed recently [12, 13]. Wing-grid configuration also presents rolling performances 
capability by performing an antisymmetric deployment of the winglets [14]. These second 
skill allow to control the UAV with no need of aileron devices.

The preliminary aerodynamic study [14] of the wing-grid analysed in this paper was based 
on computational method. Vortex lattice method, lift line theory and panels’ method (by 
means of XFLR5 software) were used to determine the aerodynamic performances of the 
wing-grid retracted case. In the present study, experimental aerodynamic results are presented 
to study the effectiveness of wing-grid technology at different configurations (wing-grid 
retracted and deployed) by incrementing the AoA. In addition, a rectangular wing with the 
same wing-span as the wing-grid extended case has been analysed. Six-axis force/torque 
transducer was used to show the lift and drag improvements obtained with wing-grid 
extended state. Particle image velocimetry tests were also developed to determine the flow 
structure at 2/3 of the half-wing which is known as the point where the lift is maximum.

2 WING GRID DESIGN
The wing-grid model studied in this paper is the result of a preliminary design developed 

recently at Universidad Politécnica de Madrid (Spain). Regarding drag reduction [6-11] which 
can be obtained with this configuration, a wing-grid with three-winglet were constructed. As 
stated, the possibility to develop flight performances without lift surface control add another 
advantage to carry out investigations in this field. In this preliminary design, winglets are
expected to perform rolling control as well as improve UAV efficiency by increasing the total 
wing-span of the wing (see Table 1) and reducing the induced drag. 

Table 1: Wing-grid dimensions

Configuration Wing-grid 
retracted

Wing-grid 
extended

Aspect Ratio 6 8
Wing span (m) 0.54 0.72

Chord (m) 0.09 0.09
Wing area (m2) 0.0486 0.0648

Regarding the small size of micro-UAVs, an electrical engine with a tractor propeller have 
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been installed as Figure 1.a shows.  Notice that the V-tail is also based in birds’ constitution. 
The winglets of the wing-grid are three small semi-wings (see Figure 1.b) with zero sweep 
and taper ratio and with the same angle of attack as the wing.

Figure 1. (a) Wing-grid preliminary design; (b) wing-grid winglets detail.

The winglets, which have a gap of 5 mm between them, are manufactured with a mounting 
and moved linearly with an engine located inside the fuselage. The wing inner design has
been developed taking into account the room required to accommodate the winglets when 
they are retracted.

3 EXPERIMENTAL SETUP
3.1 Force measurements
Wind tunnel and wing-grid model

Force measurements were carried out in the wind tunnel A112 of Universidad Politécnica 
de Madrid (Spain) which is an Eiffel-type. The open return wind tunnel has a rectangular 
closed test section of 1 × 1.2 m2. Four axial power units with 15 CV provide a maximum 
speed of 50 m/s and the stabilization section allows to reduce the maximum turbulence 
intensity up to 0.5 % of the freestream. The wind tunnel design was based on the criterion to 
allow an easy access to locate the model in the testbed. In addition, a positioning system 
integrated by a strut and an engine to select the yaw and pitch angle is installed in the floor of 
the test section.

Three different configurations were tested: retracted wing-grid, extended wing-grid and a 
rectangular wing with the same wing span as the extended wing-grid case. Regarding the 
wind tunnel limitations (0.8 m maximum span), it is possible to test a full scaled model. The 
1:1 models tested was made of acrylonitrile butadiene styrene (ABSplus) which is a 
thermoplastic commonly used in additive manufacturing. This technique presents encouraging 
advantages such as time-saving, cost-effective and accuracy for preliminary aerodynamic 
investigation [16, 17]. 

Tests were conducted at 16 m/s (Reynolds number of 9.2 × 104, based on the chord of the 
wing). Figure 3 shows the rectangular wing model installed in the wind tunnel test section. 
The model is located in the strut which includes a fairing structure to reduce the interference 
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with the flow and avoid force error measurements.

Figure 2. Rectangular wing at α = 5° installed in the fairing pod.

Six-axis force/torque transducer
A Six-Axis Force/Torque Transducer is a load cell made of sensitive silicon strain gauges 

which measure force and torque loads. The high accuracy, sensitivity and the capability to 
provide force and torque measurements make it an instrument widely used throughout 
industry [17].

An ATI Mini40 was used to obtain lift (L) and drag (D) of the wing-grid model. The
transducer is connected to a signal amplifier, so the output values are in voltage. A Labview 
software was developed to record the data acquisition which includes a post-processing 
algorithm to transform the electrical signal into force/torque taking into account a calibration 
matrix provided by the manufacturer. The recording time was 4 minutes with a sampling time 
of 1993 Hz, so an average value of the forces is calculated.

Notice that, the transducer was linked to the gravity centre of the model, so the reference 
frame of the force resulted is body axis. Hence, the forces 𝐿𝐿𝐿𝐿 and 𝐷𝐷𝐷𝐷 are computed by projecting 
in wind axis the recorded values. Furthermore, the weight load was removed at the initial state 
when the speed of the tunnel is zero.

The results have been presented in non-dimensional parameters by using the classical 
procedure to determine the aerodynamic coefficients,

𝐶𝐶𝐶𝐶𝐿𝐿𝐿𝐿 =
𝐿𝐿𝐿𝐿

1
2𝜌𝜌𝜌𝜌𝑉𝑉𝑉𝑉

2𝑆𝑆𝑆𝑆𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
(1)

𝐶𝐶𝐶𝐶𝐷𝐷𝐷𝐷 =
𝐷𝐷𝐷𝐷

1
2𝜌𝜌𝜌𝜌𝑉𝑉𝑉𝑉

2𝑆𝑆𝑆𝑆𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
(2)
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Where 𝐶𝐶𝐶𝐶𝐿𝐿𝐿𝐿 and 𝐶𝐶𝐶𝐶𝐷𝐷𝐷𝐷 are the lift and drag coefficients, 𝐿𝐿𝐿𝐿 and 𝐷𝐷𝐷𝐷 are the lift and drag forces, 𝜌𝜌𝜌𝜌 is 
the density of the flow, 𝑉𝑉𝑉𝑉 is the velocity of the tunnel and 𝑆𝑆𝑆𝑆𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 is the reference surface (wing 
area).

3.1 Flow field velocity measurements
Wind tunnel and wing-grid model

The experiments to study the flow field velocity at 2/3 of the wing were carried out in a 
low-speed wind tunnel at the facilities of Instituto Nacional de Técnica Aeroespacial (INTA), 
located in Madrid (Spain). The wind tunnel INTA-T1 has a closed-circuit and an open test 
section with an elliptical nozzle of 2 × 3 m2. The maximum freestream velocity is 60 m/s and 
the turbulence intensity is lower than 0.5 %.

The 1:1 half-model was also made of ABSplus which was installed over a vertical wall 
based on the aerodynamics images method as a mirror image. The tests were conducted at 10 
m/s which implies that the Reynolds number of the experiments is 6.2 × 104 based on the 
chord of the wing (0.09 m), so the results obtained in both wind tunnels can be compared.
Figure 2 shows the wing grid aircraft half-model located in the vertical wall in test section. 
Experimental tests imply that the wall generates a shear layer which perturbs the results. 
However, the wing section investigated is far from the wall so it can be assumed that it is not 
affected by that region.

Figure 3. Extracted wing-grid model located in the vertical wall at α = 15°.

Particle image velocimetry
Particle Image Velocimetry (PIV) is a technique which uses instantaneous flow field 

information to obtain flow characteristics. The flow information was obtained by using 
Laskin nozzle atomizers [18] which generate olive oil tracer particles with a diameter of the 
order of 1µm [19]. These particles were illuminated with two Neodymium: Yttrium 
Aluminium Garnet (Nd:YAG) lasers with a maximum energy of 190 mJ per pulse and a pulse 
separation time (Δt) of 25 µs.

A total of 200 pair of images were recorded by a high-resolution CCD camera (2048 × 
2048 pixels) which captured the scattered light by the tracers. These images were subsampled 
into small interrogation windows of 32 × 32 pixels in size [20] and an overlapping of 50 % in 
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both directions following the Nyquist sampling criteria [21-23]. The camera Field of View 
(FOV) was 250 × 250 mm2. The spurious vectors were eliminated by using a post-processing 
analysis with a local mean filter of 3 × 3 pixels in size.

The velocity vectors in each interrogation window were computed based on the particle 
displacement and the pulse separation time. The particle displacement was computed 
implementing a cross-correlation analysis between each pair of images using a 2D fast Fourier 
transform (FFT) to simplify and speed up the computational process [20]. The stronger peak 
obtained with this algorithm corresponds to the averaged motion of the particles within the 
interrogation window. This correlation peak is located with sub-pixel accuracy by fitting a 
Gaussian curve [20].

The results will be represented in non-dimensional variables as Eq. 3 and 4 shows.

𝑉𝑉𝑉𝑉∗ =
√𝑢𝑢𝑢𝑢2 + 𝑣𝑣𝑣𝑣2

𝑈𝑈𝑈𝑈∞
(3)

𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 =
�𝜎𝜎𝜎𝜎𝑢𝑢𝑢𝑢2 + 𝜎𝜎𝜎𝜎𝑣𝑣𝑣𝑣2

𝑈𝑈𝑈𝑈∞
(4)

Where V* is the non-dimensional velocity, u and v are the horizontal and vertical velocity 
components, U∞ is the freestream velocity (wind tunnel for this case), TI is the turbulence 
intensity and σu and σv are the standard deviation of the horizontal and vertical velocity 
components.

4 RESULTS
Figure 4 shows the lift coefficient versus angle of attack (AoA) for three tested 

configurations. Two regimes can be differentiated: above and below zero degrees of angle of 
attack. Positive angle of attack provides higher lift for the rectangular wing case as expected, 
but slightly difference is found with wing grid case. The lower lift coefficient is generated for 
the retracted wing-grid configuration. Opposite trend is observed for negative angles of 
attack.

Figure 4. Lift coefficient at different AoA for each wing-grid configuration.
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In addition, it is interesting to say that the critical angle of attack (stall condition) is lower 
than 15° for the extended wing-grid. The critical angle of attack (stall condition) of the 
retracted wing-grid and rectangular wing is higher than 15°.

Figure 5 shows polar curve plotted as the drag coefficient versus lift coefficient. As it can 
be expected, the drag coefficient increases for rectangular wing with the maximum wing span
and extended wing-grid configuration. However, the extended wing-grid shows lower 
increment than rectangular wing.

Figure 5. Polar curve for each wing-grid configuration.

Variables resulted from velocity measurements obtained with the PIV technique are 
presented in Figure 6. The non-dimensional velocity (V*) indicates that the increment of the 
angle of attack (AoA) has worse adverse effect for extended wing-grid case. However, at low 
angle of attacks (α = 0 - 10°), it is observed a velocity increment that can be associated to the 
lift increment obtained during force measurements.

Regarding massive flow detachment, extended wing-grid case presents earlier stall 
generation (α = 15°) as indicated with lift coefficient curves.

Figure 6 also provides turbulence intensity maps which show the velocity variation
regions. The high turbulence values allow to figure out the area with separation flow known 
as stall. The high turbulence intensity values can be associated with the drag increment 
observed during force measurements.
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Figure 6. Non-dimensional velocity and turbulence intensity maps for retracted and extended wing-grid 
configurations at different AoA.
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6. CONCLUSIONS
Unmanned Aerial Vehicles present interesting advantages to deal with dull activities, dirty 

environment, dangerous missions or deep profiles (endurance or range) [1]. Drag is one of the 
primary drawbacks which limits aircraft performances [3]. Wing-grid technology appeared 
from nature observation as a solution to reduce induced drag without increasing the wing-
span.

The wing-grid model studied in this paper is the result of a preliminary design developed 
recently [14] at Universidad Politécnica de Madrid (Spain). Regarding birds’ complexion, the 
wing-grid model studied in this paper is characterized by a three-winglets and a V-tail. 
Furthermore, the low weight implies that an electrical engine with a tractor propeller can be 
used for thrust generation.

In the present paper, three different wing configurations have been analysed: retracted 
wing-grid, extended wing-grid and rectangular wing. Although the later has the same top view
as the retracted wing-grid, they differ in the aspect ratio for the same chord length. Hence, the 
rectangular wing configuration means that it has the same wing span as the retracted wing-
grid case.

Force measurements were carried out by means a six force/torque transducer. Lift and drag 
coefficient were obtained with the aim to study the effect of changing the wing span and the 
winglets presence. The results showed that for a higher the wing span the lift and the drag are 
increased as it can be expected. However, the lift generated at the winglets case is close to the 
value obtained for the extended wing-grid case but a drag reduction is also obtained as other 
authors indicated [6-11].

Finally, particle image velocimetry technique was used to obtain flow field information at 
2/3 of the half-wing span known as the point where the maximum lift is obtained. The results 
showed that, at high angle of attacks, extended wing-grid case has a higher massive 
detachment flow than at the retracted case as expected [3]. However, at low angles of attack 
(0° - 10°) it is observed a velocity increment which can be associated to the lift increment. In 
addition, turbulence intensity maps show the stall region which can be associated with drag 
increments for the extended wing-grid configuration.
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Abstract. Guided wave testing as an advanced non-destructive method is a fast-growing field 
in structural health monitoring of engineering structures. Oil and gas pipelines are one of the 
major applications where the technology is particularly attractive. This is mainly due to the 
ability of guided waves to propagate over long distances (up to tens of meters) with a high 
sensitivity to changes in the structure on the propagation path. Guided wave testing enables 
the identification of defects and its location on the pipe circumference. Commonly a 
circumferential array of piezoelectric transducers clamped around the surface of the pipe is 
used to transmit and receive guided waves. The sensitivity of the operation is of 3 - 9 % of 
cross–sectional area reduction, depending on the signal-to-noise ratio. Optimisation of the 
transducer array design to increase performance in pipe inspection without significant 
increase in manufacturing and testing costs, is an area of interest for the industry. In this paper 
is presented part of the on-going research been carried out focusing on ultrasonic guided wave 
inspection of steel pipe structures. Here is described the propagation characteristics of an 
individual transducer and the propagation and defect sensitivity of a circumferential array 
design using finite element analysis (FEA) models with excitation of the axisymmetric 
torsional wave mode T(0,1).  

 
1 INTRODUCTION 

Pipeline transportation is a useful method to transport goods or materials through a pipe in 
an industrial setting. There are over 3 million kilometres of pipeline in the world. Many of 
these pipelines carry explosive and flammable material such as oil or natural gas. Serious 
incidents of structural failure have occurred owing to loss of pipe wall thickness by corrosion, 
fatigue cracks or manufacture anomalies. To reduce these, non-destructive testing (NDT) and 
structural health monitoring (SHM) systems have been used in engineering applications. NDT 
techniques are used to evaluate the properties of a specimen without causing damage. 
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Commonly used technologies include X-ray inspection, ultrasonic testing (UT), and guided 
wave (GW) testing, among others. GW testing has however a significant advantage over other 
techniques for pipeline inspection. GW testing makes use of lower frequency elastic waves 
when compared with UT, typically from 20 kHz to 100 kHz [1], which allows for propagation 
of guided waves for many tens of metres with minimal attenuation (depending of the structure 
condition and surrounding environment), making it ideal for pipeline screening. The main 
advantage of guided waves is that they can in principle propagate over a long distance with a 
high susceptibility to interference on a propagation path [2].  

Sharan et al [3] described that some main features of GW pipe inspection systems are high 
sensitivity (3 - 9 % of cross – sectional area) depending on the signal-to-noise ratio (SNR)) 
and the operating frequency (10 to 100 kHz). Piezoelectric transducers are commonly used in 
GW pipe inspection system as the devices that convert electrical signals into vibrations and 
vice-versa. These are attached to pipes in groups (transducer arrays) working together to 
manipulate the transmission and reception of ultrasonic guided waves.  

In this paper, is presented the first steps towards optimisation of transducer arrays for pipe 
inspection with the study of GW propagation on a 3 m long, 6-inch (168.3 mm outer 
diameter), schedule 120 (14.27 mm wall thickness) steel pipe modelled using FEA. A 
simulated pipe inspection setup with 1 transducer operating as transmitter exciting the T(0,1) 
mode (0 is the zeroth circumferential order, 1 is the first torsional wave mode) and an array of 
24 transducers operating as receivers was modelled and then verified through empirical 
validation. Also evaluated was the defect detection sensitivity of an array of 24 transducers 
operating as transmitters and as receivers on a pipe model with a notch. 

2 FREQUENCY RANGE AND WAVE MODE CHARACTERISTICS 
Ultrasonic GWs have been widely-used to measure at frequencies ranging approximately 

between 20 kHz and 100 kHz. Løvstada & Cawley [4] described that a selection of excitation 
GW mode and frequency range is essential for an effective function of ultrasonic guided 
waves in defect sizing. The relation between GW modes and frequency is commonly 
presented in so-called dispersion curves. Wilcox et al. [5] discussed the effects of dispersion 
on a long-range inspection system using ultrasonic GWs. With a high number of GW modes 
with variable displacement characteristics in existence, Silk and Bainton [6] established a 
nomenclature of X (n, m) to describe these. The X represents a letter (L, T, or F, for 
longitudinal, torsional or flexural, respectively) that relates to characteristics of the individual 
GW modes. The n is a positive integer giving an identification of harmonic variation of 
displacement around the circumference of the pipe or pipeline (the circumferential order), and 
m is an index which indicates the mode order of occurrence. 

Figure 1 presents the phase and group velocity dispersion curves for a 6-inch (168.3 mm 
outer diameter) and schedule 120 (14.27 mm wall thickness) steel pipes. These dispersion 
curves were generated by DISPERSE [7] version 2.0.20a. Figure 2 shows displacement 
shapes of some guided wave modes (axisymmetric and non- axisymmetric modes) at 60 kHz. 
The T(0,1) mode is the first torsional axisymmetric mode with zeroth circumferential order. 
Longitudinal axisymmetric modes of L(0,1) and L(0,2) are also a zeroth circumferential order 
with first and second mode shapes, respectively. Non-axisymmetric flexural modes (up to n = 
1) of F(1,1), F(1,2) and F(1,3) are a first circumferential order with a first, a second and a 
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third mode shapes, respectively. The effective characteristics of displacement shapes are 
generated using DISPERSE [7] software. 

 
Figure 1: (a) Phase & (b) Group velocity dispersion curves for a 6-inch (168.3 mm outer diameter), schedule 120 

(14.27 mm wall thickness) steel pipe  

 
Figure 2: Selection of displacement shapes of guided wave modes in a 6-inch (168.3 mm outer diameter), 

schedule 120 (14.27 mm wall thickness) steel pipe at 60 kHz 
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3    THEORY 
The wave mode selected for excitation by the system is the axisymmetric T(0,1) mode at 

60 kHz. This mode is attractive for testing because it is non-dispersive, that is, with a velocity 
independent of frequency. However, a relatively narrow bandwidth signal was used to limit 
the dispersion of the other modes present within the frequency bandwidth over the 
propagation distance. The transmission signal is an n-cycle Hanning windowed tone burst 
given by Equation (1)  

F(t) = �0.25A �1 - cos �2πft
n
�� sin�2πft� 0 < t< t'

0,  t > t'
 

(1)

where A is the amplitude, f is the centre frequency of the wave mode, and n is the number of 
the signal cycles. t' = n/f is the signal impulse time. 

 
Figure 3: Ultrasonic guided wave signal: excitation (a) time record; (b) frequency spectrum  

Shown in Figure 3 is the 60 kHz, 10-cycle Hann windowed signal in the time and 
frequency domain. The wave mode T(0,1) was excited by circumferential motion. The issue 
of circumferential wave propagation was researched by Viktorov [8]. The boundary values of 
a hollow cylinder structure were first described by Gazis [9]. The assumed particle 
displacement components (ur,	uθ and	uz) are expressed [10]  

ur= Ur (r) cos nθ cos�ωt + kz�, 
u�= U�(r) sin nθ cos�ωt + kz�,   

             uz= Uz (r) cos nθ sin�ωt + kz�, 

(2)

where the terms  ur,	uθ,	uz are the components of displacement in the radial, circumferential 
and axial directions, respectively. The terms of Ur(r) , U�(r)  and Uz(r) , which are the 
corresponding displacement amplitudes composed of Bessel functions in the out-of-plane. n 
(0, 1, 2, 3, …) is the circumferential order, kz is named the angular wavenumber in the axial 
(z) direction. 
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4 FINITE ELEMENT NUMERICAL MODELLING  

4.1 Numerical modelling (1 transmitter - 24 receivers) 
Finite element analysis has been widely used to simulate propagation of GW mode shapes 

[11] and their interaction with defects in pipes [12]. ABAQUS as a full 3D model software is 
used to build all FEA modelling in this paper. All FEA have been undertaken on a 3 m long 6 
inches (168.3 mm outer diameter), schedule 120 (14.27 mm wall thickness) steel pipe model. 
The material properties of the steel pipe model include a mass density (ρ) of 7850 kg/m3, a 
Young’s modulus (E) of 210 GPa and a Poisson’s ratio (υ) of 0.3. The single transducer was 
excited by a 10-cycle Hanning windowed sinusoidal tone burse with the centre frequency of 
60 kHz, giving a ±12 kHz bandwidth. Specific mesh size and time step were selected. The 
technique aims to simulate pitch-catch setup of ultrasonic GW signals on the steel pipe. 

 
Figure 4: Pitch-catch setup of FEA model for a 6-inch (168.3 mm outer diameter), schedule 120 (14.27 mm wall 
thickness) steel pipe (a) placement of single transmitter and of 24 receivers (b) GW modes propagation on steel 

pipe   

The transmitter is placed at the top part of the pipe end while the 24 receivers are placed 2 
m away from the transmitter, as shown in Figure 3(a). All transducers are modelled as points. 
The 24 receivers are uniformly distributed around the circumference at the surface of steel 
pipe. A concentrated force of 10000 kN in the circumferential direction is loaded on the 
transmitter point. A total number of 1382400 elements were generated with a mesh size of 2.5 
mm.  A step time of 380 ns was used. Figure 4(b) shows the GW modes generated with 
relevant amplitude propagating on the pipe. Using the dispersion curves, a time window was 
determined were the T(0,1) would be received by the transducer array.  From the FEA results 
at the determined time window, the data was collected with the default cartesian coordinate 
system X (horizontal), Y (vertical), Z (out-of-plane). These were then transformed to 
cylindrical coordinate system R (radial), T (circumferential), Z (axial) and analysed using 
MATLAB software. The FEA results can be provided to verify finite element model with a 
related experiment. The empirical work will be described in the next section. 

4.2 Transducer array modelling (24 transmitters - 24 receivers) 
Aimed at suppressing undesired GW modes a model was completed using an array of 24 
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transducers as transmitters. This is a common an effective technique used to reduce the 
number of undesired GW modes and simultaneously increase the amplitude of desired GWs.  

 
Figure 5: Pitch-catch setup of FEA model for a 6-inch (168.3 mm outer diameter), schedule 120 (14.27 mm wall 

thickness) steel pipe (a) placement of array of 24 transmitters and of array of 24 receivers (b) GW modes 
propagation on steel pipe   

Figure 5(a) shows a pitch-catch setup of FEA model for a 6-inch (168.3 mm outer 
diameter), schedule 120 (14.27 mm wall thickness) steel pipe. The 24 transmitters (each 
excited by a tone burst under as a concentrated force of 10000 kN) are located uniformly on 
the pipe end and 24 receivers are placed 2 m away from the transmitters. A total number of 
172800 mesh elements were generated. A mesh size of 5 mm and a step time of 762 ns were 
used. Figure 5(b) shows the GW mode T(0,1) propagating along the steel pipe model, with a 
significantly high amplitude relatively to other GW modes . 

 
Figure 6: FEA output results for array of 24 transmitters - 24 receivers (a) displacement/time plot (b) polar plot 

of all maximum displacements in the circumferential direction measured at each of the 24 receivers  

The results shown in Figure 6(a). indicate that a high purity torsional wave mode of T(0,1) 
was generated by the array of 24 transducers when excited by a 10-cycle Hanning windowed 
sinusoidal tone burse with the centre frequency of 60 kHz. Figure 6(b) presents a polar plot of 

429



Xudong Niu, Hua-Peng Chen and Hugo R. Marques. 

 7

the maximum values for displacement in the circumferential direction at each of the 
transducer in the array of receivers. Is noted that completed circle as a plot shape was 
generated, when no defect in present in the structure. 

4.3 Numerical simulation with notch  
A FEA of a pipe with a circumferential notch has been set up. The FEA model is a 6-inch 

(168.3 mm outer diameter), schedule 120 (14.27 mm wall thickness) steel pipe with a notch 
66×10 mm in circumferential direction. The notch is located 1.5 m away from the array of 24 
transmitters. A total number of 830720 elements were generated with a mesh size 2.854 mm. 
A step time of 165 ns was used.  

 
Figure 7: FEA model of steel pipe with a notch in the circumferential direction 

The FEA model with the notch location and the T(0,1) wave mode interaction with a notch 
is presented in Figure 7. The upper-left corner part of Figure 7 shows detail of the T(0,1) 
propagation and its interaction with notch. A total of four notch sizes were simulated and their 
details are described in Table 1.  

Table 1: Simulated 3D defects for different notch sizes  
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Figure 8: Displacement/time plot (a) and polar plot of angular displacement amplitude (b) when in pitch-catch 

operation

Evaluating the amplitude of angular displacements in the pitch-catch operation, shown in 
Figure 8(b) is noted that the pattern of maximum amplitudes of T(0,1) wave mode have 
different angular distributions with respect to the notch size. In the pitch-catch operation, the 
results indicate that the angular displacement amplitude at approximately 30 degrees and 150 
degrees reduces as function of the notch growth in the circumferential direction. At 270 
degrees, an amplitude reduction is noted for when the notch is present, but this is independent 
of notch growth. It is of note that in both modes of operation, notch growth in the longitudinal 
direction from 1 to 10 mm produces non-significant T(0,1) amplitude changes.  

 
5    EXPERIMENTAL STUDY 

An experiment was carried out on one 6 m long 6-inch schedule 120 steel pipe (outer 
diameter 168.3 mm, wall thickness 14.27 mm). Some defects are located on around 4.5 m 
from pipe end. The experiment had been performed by TWI Ltd as shown in Figure 9.  

 
Figure 9: Set up of vibrometer pipe experiment [13]  
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Guided wave mode of T(0,1) was excited by a transmitter on the pipe end. It was set up 
118 receivers located on 2 m away from the transmitter. The experimental result was collected 
from 3 m long distance of this steel pipe without any defect and picked up data of 24 receivers 
using MATLAB software. 

 
Figure 10 Velocity/time plot and its FFT frequency spectrum (a) FEA result, (b) Experimental result  

The Fast Fourier Transform (FFT) was used to verify frequency function for the FEA 
modelling and experiment. Figure 10 shows that velocity/time plot of No.1 receiver and the 
corresponding FFT frequency spectrum. Figure 10(a) presents FFT analysis for finite element 
analysis and the FFT analysis of experimental result as shown in Figure 10(b). The frequency 
spectrum of these two results has a high similarity. Furthermore, it also was found that 24 
receivers captured random synthesised 60 kHz signal and their frequency spectrums contain 
some random/coherent noise. Next, there are two groups of values have been described and 
compared between FEA results and experimental results. One is a group of velocity 
amplitudes/time output on 24 receivers through cylindrical coordinate system. Another is 
polar plot of their results for angular maximum displacement amplitude in time window. Its 
purpose is to further verify the validation of FEA modelling. 

Figure 11: Velocity/time plot on 24 receivers (a) FEA results & (b) Experimental results (1 transmitter and 24 
receivers) output in the circumferential direction  
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It is more distinct dispersed for FEA results after 1.2 ms as shown in Figure11(a). Because 
the experimental model is a 6 m long pipe, so the wave propagation did not reflect in 3 m 
distance. However, the FEA model is a 3 m long pipe and there had a reflection on the pipe 
end. Before 1.2 ms, there has a good agreement between FEA results and experiment results 
without considering amplitude values. 

  
Figure 12: Polar plot of angular displacement amplitude (a) FEA output result (b) Experimental output result  

Figure 12 presents a comparison between FEA results and experimental results in polar 
plots for maximum amplitude values of velocity on the 24 receivers. The output results were 
performed by MATLAB software. The predicted way has been done to excite the T(0,1) for 
ultrasonic GW testing and other wave modes are suppressed in Section 4.2.  

 Because values of each excited load were not considered. Therefore, there is a good 
agreement with the simulated FE results and experimental results for velocity/time plots and 
distribution trend of polar plots. Based on these results, further research of FEA modelling 
can be performed to use this FE model with T(0,1) excitation. The amplitude of T(0,1) has a 
more effective behaviour in circumferential direction.  

 
6   CONCLUSIONS 

This paper presents the characterisation of individual transducer’s performance (1 
transmitters - 24 receivers) and of a circumferential array design (24 transmitters - 24 
receivers) using finite element analysis models with wave mode T(0,1) at the centre frequency 
of 60 kHz. The models are based on one 3 m long 6-inch schedule 120 (outer diameter 168.3 
mm, wall thickness 14.27 mm) steel pipe.  

From the preliminary numerical and experimental studies, following conclusion are noted: 
(1) The proposed transducer array of 24 transducers is a feasible method to excite the T(0,1) 
wave mode with significant purity for ultrasonic GW testing. (2) FEA has an effective 
function to simulate guided wave testing with defects, such as the represented notch. (3) The 
guided wave mode T(0,1) has shown high sensitivity to notch growth in the circumferential 
direction, but poor sensitivity to notch growth on the longitudinal direction. (4) Distinct 
angular displacement amplitude patterns at produced upon notch detection in pitch-catch 
operation. 

Further work is considered to simulate more models with different kinds of defects and 
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undertake experiments for empirical validation. Numerical linear superposition analysis 
method will also be used through using MATLAB software.   
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Abstract: Stiffened composite structures are very appealing in aeronautic applications due to their 
unique stiffness to mass ratio. However, they are also prone to various and complex damage 
scenario (stiffener debonding, impact damage...) and to complex wave propagation phenomena 
due to the presence of the stiffener. Consequently, autonomous monitoring of such structure is still 
a real issue. The process of monitoring in real-time a structure is referred to structural health 
monitoring (SHM) and consists of several steps: damage detection, localization, classification, and 
quantification. The focus is put here on the damage detection step of SHM. To detect damages, 
stiffened composite structures are equipped with piezoelectric elements that act both as sensors 
and actuators. A database at the unknown (and possibly damaged state) is then compared to a 
healthy reference database. Several damage indexes (DIs) designed for detection are extracted 
from this comparison. The SHM process classically relies on four sequential steps: damage 
detection, localization, classification, and quantification. The most critical step of such process is 
the damage detection step since it is the first one and because performances of the following steps 
depend on it. A common method to design such a detector consists in relying on a statistical 
characterization of the damage indexes available in the healthy behavior of the structure. On the 
basis of this information, a decision threshold can then be computed in order to achieve a desired 
probability of false alarm (PFA). In this paper, the performances of these DIs with respect to 
damage detection in a stiffened composite plate are studied. Results show that DIs based on 
energy consideration perform better than the ones based on cross-correlation. Furthermore 
Fourier-transform based DIs appear to be insensitive to the presence of damage in such structure. 

1. INTRODUCTION 
In aeronautic industry, composite materials are increasingly used due to their high strength 

properties. Because of their multilayer structure, they are inherently suitable to host smart 
materials. Indeed, embedded sensors and actuators (like piezoelectric transducers) can be 
permanently incorporated during the manufacturing process into the composite [1]. They can then 
be used to collect information about the structure through the analysis of guided waves signals in 
order provide a diagnosis of its current health and a prognosis of its remaining life [2]. This 
approach is called Structural Health Monitoring (SHM) and offers a new approach to interrogate 
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the integrity of structures in real-time, unlike traditional techniques such as Non-Destructive 
Testing (NDT) which require operators to perform the inspection [3, 4]. 

However, fiber reinforced materials are more complex than traditional materials such as 
metals. Their structural anisotropy and the fact that they contain different phases of material 
(fibers and matrix) generally results in various types of damage with different evolution 
characteristics. Damage detection and determination of the remaining strength and life of the 
structure remains a challenging task in that context. This is particularly the case when dealing with 
composite structures with complex geometry and co-bonded stiffeners as frequently applied in 
aircraft components. In this case, attenuation and dispersion of Lamb waves induced by reinforced 
stiffeners must be evaluated [5] in order to enhance the probability of detection (PoD) and to 
ensure a given probability of false alarm (PFA) in the context of the detection step of a SHM 
process [6, 7, 8].  

To detect damages, smart-structures are equipped with piezoelectric elements that act both as 
sensors and actuators. A database at the unknown (and possibly damaged state) is then compared 
to a healthy reference database. Several damage indexes (DIs) designed for detection are extracted 
from this comparison. To date, most service life predictions are based on measurements of DIs 
and their growth towards criticality or failure, e.g. fatigue crack length, material loss due to 
corrosion or wear, etc… However, the dissemination of instrumentation technologies, complex 
structures, harsh environments, and operational variability has led to the development of a large 
variety of DIs [6].  

The aim of the present paper is to compare the performances of several families of classical DIs 
for the challenging task of damage detection in a stiffened composite plate. The paper is organized 
as follows: the experimental setup is first presented in Section 2, before in traducing the proposed 
damage detection methodology in Section Erreur ! Source du renvoi introuvable.. Results are 
then presented in Section 0 and discussed in Section Erreur ! Source du renvoi introuvable.. 

 
2. EXPERIMENTAL SETUP 

The composite structure we are interested in is a composite stiffened plate (see Figure 1). This 
structure is geometrically complex and is made of composite monolithic carbon epoxy. It is a 
multilayered structure consisting of 4-plies oriented along [0°/ 45°/ −45°/ 0°]. This structure is 
400 mm in width for a height of 300 𝑚𝑚𝑚𝑚.  

 
Figure 1: Stiffened composite plate under study 
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A network of 6 piezoelectric elements used as actuators and sensors has been bonded to the 
surface of the stiffened plate and is used to emit and collect signals. The PZT elements used are 
numbered from 1 to 6 and mounted at specific positions on the composite plate’s surface as shown 
in Figure 1. The PZT elements have a diameter of 20 mm, a thickness of 0.1 𝑚𝑚𝑚𝑚 and have been 
manufactured by Noliac. 

Three types of damage are considered in the present study. The first two damages are made 
using Neodymium magnets placed on both sides of the composite: one is located on the 
monolithic part of the composite plate (A1M40) and the other one is located on the stiffener 
(A1M40P2). Finally, damage 3 corresponds to a real debonding on the center of the bottom part of 
the stiffener (A2). 

 
3. DAMAGE DETECTION METHODOLOGY 

The methodology proposed for the detection of the damage appearing on the stiffened 
composite structure is summarized in Figure 2. 

 

 
Figure 2: Damage detection methodology. 
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a. Data preprocessing 
Structural health monitoring is achieved here by means of Lamb waves [9, 10]. This method 

is based on the principle that Lamb waves can propagate in the structure and will thus necessarily 
interact with damage. Information is then extracted from the waves diffracted by the damage for 
detection purposes. The excitation signal sent to the PZT element is a 5 cycles "burst" with a 
central frequency of 200 𝑘𝑘𝑘𝑘𝑘𝑘 and with an amplitude of 10 𝑉𝑉. In each phase of the experimental 
procedure, one PZT is selected as the actuator and the other act as sensors. All the PZTs act 
sequentially as actuators. Resulting signals are then simultaneously recorded by the others 
piezoelectric element and consist of 1000 data points sampled at 1 𝑀𝑀𝑘𝑘𝑘𝑘. For all configurations 
100 repetitions are performed to have enough data for a statistical approach. 

As pre-processing steps, the measured signals are first denoised by means of a discrete 
wavelet transform up to the order 4 using the “db40” wavelet. Those signals are then filtered 
around their center frequency using a continuous wavelet transformation based on “morlet” 
wavelets and with a scale resolution equals to 20. The diaphonic part present in the measured 
signals (i.e. the copy of the input signals that appears on the measured signal due to 
electromagnetic coupling in wires) has been previously eliminated on the basis of the knowledge 
of the geometrical positions of the PZT and of the waves propagation speed in the material. 

 
b. Damage Index (DI) computation 

The damage index represents a crucial step for the design of the detector as this feature must 
correctly reflect the effect of the damage on the structure. The DIs chosen for this study are 
obtained as follows given a reference healthy signal 𝑥𝑥𝑖𝑖𝑖𝑖(𝑡𝑡) and a signal 𝑦𝑦𝑖𝑖𝑖𝑖(𝑡𝑡) corresponding to an 
unknown state for the path from actuator 𝑖𝑖 to sensor 𝑗𝑗 are given in Figure 3. 

 
DI name Comments Definition 

CCA MATLAB based implementation of 
the maximum of the correlation 1 − max(𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥[𝑥𝑥𝑖𝑖𝑖𝑖(𝑡𝑡), 𝑦𝑦𝑖𝑖𝑖𝑖(𝑡𝑡)]) 

CC0 MATLAB based implementation of 
the zero-lag correlation 1 − 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥[𝑥𝑥𝑖𝑖𝑖𝑖(𝑡𝑡), 𝑦𝑦𝑖𝑖𝑖𝑖(𝑡𝑡)](0) 

CRC MATLAB-based implementation of 
the correlation coefficient 1 − 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑐𝑐𝑐𝑐𝑐𝑐[𝑥𝑥𝑖𝑖𝑖𝑖(𝑡𝑡), 𝑦𝑦𝑖𝑖𝑖𝑖(𝑡𝑡)] 

NRE Normalized residual energy ∫(𝑥𝑥𝑖𝑖𝑖𝑖(𝑡𝑡) − 𝑦𝑦𝑖𝑖𝑖𝑖(𝑡𝑡))
2
𝑑𝑑𝑡𝑡

𝑇𝑇

0

 

MA Maximum amplitude of the 
difference max[𝑥𝑥𝑖𝑖𝑖𝑖(𝑡𝑡) − 𝑦𝑦𝑖𝑖𝑖𝑖(𝑡𝑡)] 

FFT FFT of the difference signal at 𝑐𝑐0 max[𝑥𝑥𝑖𝑖𝑖𝑖(𝑡𝑡) − 𝑦𝑦𝑖𝑖𝑖𝑖(𝑡𝑡)] 
ENV Maximum envelope of the difference max[𝐸𝐸𝐸𝐸𝑉𝑉(𝑥𝑥𝑖𝑖𝑖𝑖(𝑡𝑡) − 𝑦𝑦𝑖𝑖𝑖𝑖(𝑡𝑡))] 

Figure 3: Implemented damage indexes 
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These DIs belong to three families. DIs CC, CCA, CC0 and CR are all based on the notion of 
correlation. DIs NRE, MA and ENV are all based on an energy based processing of the difference 
signal. The last one, FFT, is based on a frequency analysis of the signals around the center 
frequency. 

The damage indexes 𝐷𝐷𝐼𝐼𝑖𝑖𝑖𝑖 computed for each path “actuator 𝑖𝑖 to sensor 𝑗𝑗” are then integrated 
together. This leads to a global damage index 𝐷𝐷𝐼𝐼𝐺𝐺  defined as follows: 

 

𝐷𝐷𝐼𝐼𝐺𝐺 = ∑ ∑ 𝐷𝐷𝐼𝐼𝑖𝑖𝑖𝑖
𝑁𝑁𝑠𝑠𝑠𝑠𝑠𝑠=6

𝑖𝑖=1

𝑁𝑁𝑎𝑎𝑎𝑎𝑎𝑎=6

𝑖𝑖=1
 

By rotating the reference healthy signal and the signal corresponding to an unknown state 
(healthy or damaged), important DI-databases are obtained. Among these different databases, the 
one obtained by comparing the healthy set to itself is very interesting as it allows characterizing 
the healthy behavior of the structure and to compute the decision thresholds. This database will be 
the input of the detector design methodologies presented in the next section. 

 
c. Damage detector design using Parzen window estimator 

We considered the decision thresholds estimated based on a nonparametric Parzen window 
estimator [10] as reference. The Parzen window adjustment is a nonparametric mean to estimate 
the probability density function of a random variable 𝑥𝑥 known on 𝑁𝑁 samples. It is commonly 
referred to as “kernel density estimator” because kernel functions are used to estimate the 
probability density function [11]. The analytical expression of the nonparametric Parzen window 
probability density function is [12]: 

 

𝑓𝑓𝑁𝑁,ℎ(𝑥𝑥) =
1
𝑁𝑁ℎ∑𝐾𝐾 (𝑥𝑥 − 𝑥𝑥𝑖𝑖

ℎ )
𝑁𝑁

𝑖𝑖=1
 (1) 

where 𝐾𝐾(. ) and ℎ are the kernel function and the window width respectively. The idea behind the 
Parzen window is to estimate the density probability function on 𝑁𝑁 sample values thanks to a 
kernel function 𝐾𝐾(. ) which is most of the time a probability density function. The closer the 
observation 𝑥𝑥 is to training samples 𝑥𝑥𝑖𝑖 the larger is the contribution to 𝑓𝑓𝑁𝑁,ℎ of the kernel function 
centered on 𝑥𝑥𝑖𝑖. Conversely, training observations 𝑥𝑥 that are far from 𝑥𝑥𝑖𝑖 have a negligible 
contribution to 𝑓𝑓𝑁𝑁,ℎ. This estimator of the probability density function is formed by averaging of 
the kernel function values (see Figure 4).  

 

Figure 4: Probability density function of a random variable and some Gaussian kernels 
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This estimator is governed by the smoothing parameter ℎ called window width. Under some 
non-binding restrictions on  ℎ, the Parzen window estimator is consistent. It exists several kernel 
functions (Gaussian, box, triangle…) but the Parzen window performances depend mainly on the 
choice of the window width ℎ. It exists several methods to choose ℎ. In this study, a Gaussian 
kernel has been used according to Eq. (2). Silverman [13] has determined an optimal window 
width value used a so-called “rule of thumb” when the distribution is Gaussian. This window 
width depends on an estimation of the variance �̂�𝜎 and the learning data set size 𝑁𝑁 according to 
Eq. (3). 

𝐾𝐾(𝑥𝑥) = 1
√2𝜋𝜋

×𝑒𝑒(𝑥𝑥2
2 ) (2) 

ℎ = �̂�𝜎 ( 4
3×𝑁𝑁)

1
3
 

(3) 

According to the nonparametric Parzen window probability density function, 𝑓𝑓𝑁𝑁,ℎ, presented above 
in Eq. (1), and after the choice of the window width ℎ using Eq. (3), the decision threshold, 𝑆𝑆, may be 
determined according to a requested probability of false alarm (PFA) and given a learning sample size 
𝑁𝑁 using Eq.(4).  

 

𝑆𝑆 = {𝑆𝑆 such that ∫ 𝑓𝑓𝑁𝑁,ℎ(𝑥𝑥)𝑑𝑑𝑥𝑥 = 1
𝑁𝑁ℎ ∑ ∫ 𝐾𝐾 (𝑥𝑥 − 𝑥𝑥𝑖𝑖

𝑥𝑥 )
+∞

𝑆𝑆

𝑁𝑁

𝑖𝑖=1
𝑑𝑑𝑥𝑥 =

+∞

𝑆𝑆

PFA} (4) 

 
4. RESULTS 

This section presents the results obtained when computing the DIs defined in Figure 3 for the 
different damage cases depicted in Section 2. Their performances are assessed with respect to a 
decision threshold determined accordingly with the procedure described in Section Erreur ! 
Source du renvoi introuvable.. 

 
a. Normalized probability density functions 

The normalized probability functions (PDF) for the different DIs described in Figure 3 for different 
damage scenario are presented in  

Figure 5. From this figure, the behavior of the three DIs families previously mentioned can be clearly 
identified. The correlation based DIs all provide PDF that are above the decision threshold for the 
case A2 but that are very close or below it for the two other cases. The energy based ones all 
perform very well for each case. Finally, the frequency based one do not perform well at all as the 
PDFs corresponding to the different damage cases are not separated at all. 

 
a. Receiver Operating Characteristic 

The Receiving Operator Characteristic (ROC) for the different DIs described in Figure 3 for 
different damage scenario are presented in Figure 6. From this figure, the performances of the 
three DIs families previously mentioned can again clearly be stated. The correlation based DIs all 
provide ROC curves that highlight good performances for the case A2 but poor ones for the two 
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other cases. The energy based ones all perform very well for each case. Finally, the frequency 
based one do not perform well at all as the ROC corresponding to the different damage cases are 
close to the diagonal. 

 

 
Figure 5: Normalized probability density functions for the different DIs and for the different damage cases. 
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Figure 6: Receiving Operator Characteristic for the different DIs and for the different damage cases. 

 
5. CONCLUSION 

 
The aim of the present paper is to compare the performances of several families of classical 

DIs for the challenging task of damage detection in a stiffened composite plate. It appears that the 
correlation based DIs all provide good performances for the case A2 which corresponds to a real 
debonding of the stiffener but poor ones for the two other cases which correspond to a simulated 
damage case using magnets as damages. The energy based ones all perform very well for each 
case, real as well as simulated ones. Finally, the frequency based one do not perform well at all. 
Results provided here can thus help in designing an efficient SHM process for stiffened composite 
structures. 
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Abstract. Glass fibre reinforced composites are recently very popular in marine or wind energy
industries. One of problems that can occur during manufacturing process is introducing of
a contamination e.g. in a shape of a water drop. In such case the moisture is captured and
cannot evaporate from the composite element during its exploitation. This discontinuity can be
a damage origin (e.g. delamination, matrix cracking or fibre-matrix debonding) that significantly
decreasing mechanical properties of composite element. It is important to have a method to
inspect an internal structure of an element just after manufacturing process and also during its
exploitation.

One of the non-destructive methods allow to observe and evaluate the internal structure
of glass fibres reinforced composite is terahertz time-domain spectroscopy (THz-TDS). In the
technique the properties of a material are probed with short pulses of THz radiation. The
technique can be used for defects identifications like voids, delaminations, mechanical damage
or burning [1] in non-conductive materials. The THz method allows to determine material
structural disintegration that results in changes of absorption and refraction index of examined
material. The limitations of THz propagation through water (absorption) allowed to detect
water layer between two thin elements made out of glass fibre reinforced composite [2].

The paper presents an application of THz spectroscopy for observation and evaluation of
the internal structure of glass fibres reinforced composite sample with a water intrusion. The
relatively high permittivity of water compared to other materials enables a contrast mechanism
for the detection and imaging of moisture even in a form of a water drop. The experimen-
tal investigation is performed on four-layered rectangular sample manufactured using infusion
method.
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1 INTRODUCTION

In recent years, composite elements have been widely used in many industrial branches: avi-
ation [3], marine [4] or civil engineering [5]. Composite structures are exploited in different en-
vironmental and loading conditions. Monitoring of its influence using different Non-Destructive
Techniques (NDT) or Structural Health Monitoring (SHM) methods is very important to in-
crease the safety.

Among many environmental factors (moisture, temperature, ultra violet (UV) radiation, etc.)
that can affect the durability of composite structures moisture is one of the most important [6].
Moisture absorption reduces the glass transition temperature Tg and tensile strength. It also
lowers the ultimate elongation of the adhesive and increases the formation of cracks [6]. Due
to this the composite elements are protected against post manufacturing sources of moisture by
appropriate covers or painting layers. On the other hand a small amount of moisture/ water can
be also introduced into composite element during its manufacturing process due to malfunction
of the production line or human fault. Such water cannot be removed from the composite
material and is trapped by surrounded epoxy resin. This produces discontinuity in the material
and can be an origin of different damage types like delamination or crack. Due to this a NDT
that allows to determine the location and size of water drop embedded into material during
manufacturing process is an area of high interest in the field of composite material applications.

Figure 1: Electromagnetic waves range

The internal structure of a composite element can be inspected using different techniques
based on electromagnetic radiation. Due to interaction between wave and inspected material
structure the spectral range of electromagnetic radiation is divided into several ranges (Fig 1).
One of them, that can be used for inspection of non-conductive materials, are THz waves with
typically frequency range 0.1 – 10 THz (3 mm – 30 µm). The power generated by THz beam is
very low and typically the mean power is below 1 µW [1] so risk of destroying sensitive materials
is strongly limited [7]. THz radiation can be used in analysis of materials that affects minimum
one of three THz wave parameters: refractive index, absorption coefficient or wave scattering
referred to roughness of the material surface. The THz technique working both in transmission
and reflection mode has unique capacity for examining composite materials and identification
of mechanical defects like voids [8], delaminations [9] or burning on the material surface [8].

The relatively high permittivity of liquid water compared to other materials in the THz
range enables a contrast mechanism for the detection and imaging of moisture. Water is highly
absorptive in the THz range, while most materials which absorb moisture are either very trans-
parent (e.g. paper, epoxy) or reasonably transparent to THz wave [3]. The first demonstration
of THz imaging of moisture distribution is a moisture map of a drying leaf [3, 10]. The THz
spectroscopy based method was also used for a determination of water layer (with a thickness

2

446



Magdalena Mieloszyk, Katarzyna Majewska and Wieslaw Ostachowicz

of 100 – 200 µm) on the surface of glass fibre reinforced polymer (GFRP) composite element.
Additionally two water layers (with a thickness of 50 – 100 µm and 100 – 300 µm) in joint
between two GFRP elements were investigated. The experimental analysis was performed in
both transmission and reflection mode [2].

The paper presents an application of THz spectroscopy for observation and evaluation of the
internal structure of GFRP sample with a water intrusion. The relatively high permittivity of
water compared to other materials enables a contrast mechanism for the detection and imaging
of moisture even in a form of a water drop. The experimental investigation was performed on
four-layered rectangular sample manufactured using infusion method.

The paper is organised as follow. Firstly GFRP sample with water drop intrusion are de-
scribed. Then the THz spectroscopy analysis results are presented and discussed. Finally some
conclusions are drawn.

2 EXPERIMENTAL INVESTIGATION

The measurements were performed on four-layered rectangular GFRP sample with a dimen-
sion of 70 mm x 200 mm x 1.6 mm. The laminate was manufactured using infusion method
for bidirectional material (glass SGlass) and epoxy resin. Between 1st and 2nd layer counting
form the bottom of the sample two fibre optic with FBG sensors were embedded. Between them
a water drop was introduced that was surrounded by epoxy resin during the manufacturing
process and permanently trapped when the curing process was finished – Fig. 2(a)-(b). The
sample was previously examined using active infrared thermography method. Both vibro- and
pulse thermography allow to determine the location and size of the water drop intrusion [11].
Although the limitation of the thermography method do not allow to determine the thickness
of the intrusion and its exact location between layers.

Figure 2: Sample with water drop intrusion: (a) schema, (b) photograph during manufacturing process;
(c) THz equipment: (1) - emitting head, (2) - receiving head, (3) - GFRP sample, (4) - metal table

The internal structure of the sample was examined using THz spectrometer (TPS Spectra
300 THz Pulsed Imaging and Spectroscopy from TerraView R©) in reflection mode (Fig. 2(c)).
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The measuring heads were arranged in a angle of 22◦ between them. The system contains scan-
ning unit (Gantry Imaging System) with moving platform that allows to scanning chosen area of
samples. During scanning process of the investigated sample the measurement step was equal to
0.2 mm and THz signals were registered with 10 averaging. As the THz waves are sensitive on
moisture in the ambient all measurements were performed with air dryer that removes moisture
from the working heads area and air condition that stabilise laboratory temperature on assumed
level equal to 20◦C.

3 EXPERIMENTAL RESULTS

First of all the material part of the sample was examined in transmission mode to determine
its absorption coefficient (κS) and refractive index (nS). The complex refractive index (NS) of
the sample for 0.5 THz is equal to

NS = nS + iκS

nS = 1.69 (1)

κS = 0.055

Due to determine sensitivity of THz spectrometry on water intrusion water absorption co-
efficient (κW ) and refractive index (nW ) were also presented according to results achieved by
Bertie and Lan [12]. The values, also for 0.5 THz, are equal to

NW = nW + iκW

nW = 2.4 (2)

κW = 0.81

The differences between refractive indexes of those two materials (GFRP composite and
water) are high enough to allow the THz spectrometry to detect and localize the water drop. The
higher value of absorption coefficient for water indicated that the THz wave is more attenuated
propagating throughout water than composite material. The main problem in the research
presented in the paper is that the water is not in a form of a layer with equal thickness but
because it was embedded in composite material its thickness vary.

In the reflection mode the majority of the signal energy is contained by signal for frequency
values smaller than 3 THz. 90% of energy is achieved for frequencies up to 2 THz, while 80%
– in a range up to 1.2 THz. This information was used to filter the waveforms and to remove
noise.

A comparison of filtered and normalised waveforms for GFRP material with and without
water intrusion is presented in Fig. 3. The disturbances in waveform due to water occurrence
are denoted by ’W’ and blue ellipse. The water intrusion method results in its not equal
distribution and do not forming a layer with equal thickness. It results in propagating of
THz wave throughout mix of glass fibres, epoxy resin and water. Due to this it is harder to
determine the water drop location and size. During constructing of the sample the water drop
was introduced as in Fig. 2 (b), but due to evaporation process and influence of epoxy resin
flow its shape was changed. Due to thinness of the water drop and its character its influence is
mostly local and it is visible as attenuation of the reflection from the 2nd layer. This effect for
the next layers of the sample is neglected.
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Figure 3: A comparison of waveforms for intact (M1) material and with the water inclusion (M2);
MU , MB - reflections of upper and bottom surfaces of the sample, A - reflection from the metal table

Figure 4: B-scan and C-scan presenting localisation of the water drop intrusion (W) and two fibre optics
with FBG sensors (S1, S2): (a)-(d) – composite layers

B-scan and C-scan of the sample part are presented in Fig. 4. The B-scan, that was made for
y = 20.03 mm, allows to count the sample layers as well as determine the location of the water
drop and two fibre optics between 1st and 2nd layer. It also allows to determine the thickness
of all presented elements. It can be observe that the water drop disturbance thickness is about
two times smaller than the fibre optics which thickness is equal to 250 µm. Roughly it can be
written that the drop thickness is similar to the distance between 1st and 2nd layer, because
during the manufacturing process the glass material behave like limitation.
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Figure 5: Sequence of C-scans on the water drop intrusion location for time step equal to 0.05 ps

C-scan, that was made for t = 15.39 ps, allows to determine the water drop shape and size.
Comparing those two sizes of the same intrusion it is well visible that it differ – Fig. 4. The
main reason could be that the water drop shape changes in the sample thickness direction. Due
to this a sequence of C-scans in a range from 15.12 ps to 15.48 ps on the water drop intrusion
location was made, as presented in Fig. 5.

The water intrusion is visible on C-scans in Fig. 5(b)-(h) as a local minimum with different
shape. The maximum size of the intrusion is 2.5 mm x 5 mm. It confirms that the water drop
intrusion was not in a form of a layer with stable thickness. Due this its influence is very local
and is not noticed on C-scans made for time before and after the moment when THz wave

6
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Figure 6: 3-D image of the water drop intrusion

propagates throughout the water area.
This characteristic interaction between THz wave and water embedded in composite material

allows to propose a filtering method. It was mostly based on differences observed on the THz
wave reflection from the 2nd layer that is denoted by the blue ellipse in Fig. 3. The filtering
method allows to remove the material influence and present the 3D shape of the water drop
intrusion – Fig. 6. It is observed that the shape of the intrusion vary in all directions.

4 CONCLUSIONS

The paper presents an application of THz spectrometry method for determination of location
and size of the water drop intrusion that was introduced into composite sample during its
manufacturing process. It is possible due to differences between GFRP and water parameters
for electromagnetic waves in a THz range allows. Those differences in THz wave propagation in
GFRP material with or without water allows to determine the water drop location between the
1st and the 2nd layer. The proposed filtering method allows to remove the surrounding material
influence and determine the intrusion shape shape in all directions in space.
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Abstract. The use of smart structures provides more efficient solutions to most of the active 
vibration control problems in flexible systems due to the significant advances in sensor and 
actuator technologies. This paper presents a novel design approach of a gain scheduling H∞ 
controller for a parameter varying smart beam having surface bonded piezoelectric sensors and 
actuators. The robust approach intends to suppress the vibrations of the first flexural resonance 
of the smart beam which has a servo actuated end mass. The smart beam studied is a cantilever 
aluminum beam with four surface bonded Lead-Zirconate-Titanate (PZT) patches in bimorph 
configuration. In the design procedure, first, the parameter uncertain modeling of the flexible 
cantilever aluminum beam with a piezoelectric sensor and actuator is created by means of an 
analogical approach. Hence, the uncertain model was achieved from the simulation of the 
experimentally obtained beam model with a mass-spring-damper system having the equivalent 
smart beam characteristics. Then, the generalized plant model of the uncertain model is 
constituted, and a Linear Time Invariant (LTI) H∞ controller is computed. Finally, a gain 
scheduling H∞ controller was obtained by adapting a variable parameter filter to the LTI H∞ 
controller. The developed gain scheduling H∞ controller and its corresponding conventional H∞ 
controller are applied on the smart system with parameter varying. The obtained experimental 
results in time and frequency domain reveal that the proposed controller is able to suppress the 
vibrations of the smart beam at the first flexural mode. In addition to this, the experimental 
results show that proposed gain scheduling H∞ controller’s performance is superior then 
conventional LTI H∞ controller. 
 
 
1 INTRODUCTION 

The recent developments in sensor and actuator technologies allows the usage of Smart 
structures in the active vibration control of light and flexible structures; especially 
inaeronautical structures. The piezoelectric materials can serve both as sensor and actuator. The 
PZT (Lead-Zirconate-Titanate) piezo ceramic smart materials are widely used both as 
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embedded within the passive composites and/ or being surface bonded to the passive metals 
and/ or composites in order to form a smart structure.  

The research for the active vibration control of smart beams can be broadly classified into 
three main categories as classical, adaptive and robust [1] among those the relatively 
straightforward PD and PID classical controller designs are the most widely encountered studies 
[2-8]. Fractional derivative effects in the controller designs of a smart beam are also 
investigated [9]. High performance requirements, uncertainties in the system model and 
different operating conditions require more effective control algorithms such as adaptive ones 
[10-16]. The adaptive control architecture on the other hand has its own requirements such as 
the application of an adaptation scheme which makes the controller a complicated one to design. 
If one would like to avoid the performance losses due to the system and the modeling 
uncertainties, then he inevitably resort to use robust control methodologies. Robust control can 
appropriately handle the parameter uncertainties and nonlinearities in the system model as well. 
Nestorovicand Oveisibyare proposing a combined H2/H∞ approach, experimentally proved the 
efficacy of their design [17]. They obtained the system model through Finite Element Method 
(FEM) and successfully suppressed the vibration level at the first resonance frequency of the 
beam by 20 dB. The used a laser displacement sensor in the experiments. Sridevi and 
Madhavasarma designed an H∞ controller and compared with an LQG (Linear Quadratic 
Gussian) controller [18]. In their experiment they used PZT patches. They showed that the 
developed controller was efficient at high frequencies when the closed loop responses were 
considered. They also showed that an H∞ controller gave better performance as compared to an 
LQG controller. Omidi and Mahmoodi designed and applied controller for the active vibration 
control of smart structures [19]. In the study, H∞ MPPF (H∞ Modified Positive Position 
Feedback) and H∞MPVF (H∞ Modified Positive Velocity Feedback) designs were 
implemented. In that study where PZT patches were used as actuators H∞ MPVF controller 
performer superior to H∞ MPPF controller. In all the aforementioned smart beam studies, the 
beam had almost constant mass and stiffness properties; hence fall short of providing variable 
system parameters. If one considers an aircraft wing, the problem becomes more self- 
explanatory. Due to the fuel consumed during the flight,  both mass and stiffness properties of 
the wing continuously change and this will reflect itself in changing values of resonance 
frequencies and respective mode shapes of the wing. Akın attempted to model such a problem 
by adding a mass-servo mechanism towards the tip of a cantilever smart beam [20]. The servo-
mechanism changes the position of the mass for five different position and hence modifies the 
mass characteristics of the smart beam. The study conducted by developing an LQR controller 
together with neural network for robustness.  

Gain scheduling controllers are especially suitable for systems in which the system 
parameters can vary [21-23]. This study presents a gain scheduling H∞ controller which was 
designed to suppress the flexural vibrations of a system with varying parameters. The controller 
was designed and implemented to a smart cantilever beam. In order to design a reduced order 
H∞ controller a, the lowest possible order, second order analytical model was obtained from the 
experiments. Therefore for each five position of the servo mechanism second order system 
model were obtained. Then the numerator polynomial equations, which actually represent the 
antiresonance frequencies, were omitted and the system was simulated as if it was a mass-
spring-damper system. The analogical model corresponding to the mean value of servo bar 
position is perturbed and, crude H∞ controller K(s) is computed by using that model. In the final 
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stages of the design, the anti-resonance polynomial which was previously neglected is suitably 
included into K(s). If only the polynomial having the highest antiresonance frequency is used 
then the LTI H∞ controller is synthesized. If a parameter varying polynomial including all the 
antiresonance frequencies is used the gain scheduling H∞ controller is synthesized. 

It is believed that the developed controller is superior to other H∞ controller designs in 
literature and advantageous in terms of the following criteria: 
 The anti-resonance frequency which complicates the controller design had been 

successfully omitted. 
 The synthesis of gain scheduling H∞ controller follows the same methodology of 

conventional H∞ controller. 
 A lowest possible order of second order can successfully be used in the design. 
 No reduction has been attempted for the implication of the developed controller.  
 No additional compensator has been utilized for performance increase.  
 

2 BEAM MODEL WITH PARAMETER UNCERTAINTY  
Figure 1 gives the smart beam used in the study. It is an aluminum, cantilever beam with 
dimensions of 350x30x2 mm. Four BM500 PZT patches having dimensions of 25.4x25.4x0.50 
mm stuck in bimorph condition.  The details of the experimental set-up is given in [20]. 
 

 
Figure 1:The smart beam used in the study [20] 

The variations in system physical parameters were represented by different angles at which the 
servo mechanism arm assumed. Hence the cases of +64o, +32o, 0o, -32o and -64owere considered 
in order. For each case the actuator PZT patches  were given a chirp sine wave with a range of 
5 Hz to 30 Hz and the system response were measured by using  from sensor PZT patches. 
These input-output data have been converted to frequency response function through a FFT by 
using MATLAB. Then second order transfer functions were fitted to these frequency response 
functions in the form of Gn(s)=An(s)/Bn(s). Equations 1 to 5 represent the transfer functions of 
these five cases where the equation number gives the case considered.  
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3 GAIN SCHEDULING H∞CONTROLLER DESIGN 
The proposed gain scheduling H∞ controller design methodology is composed of 6 steps. 
 
Step 1. First the second order transfer functions which correspond to the five different 

positions of the servo actuator arm were obtained. (��(�) = ��(�)
��(�)
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The reason stems from the well-known fact that the lowest order transfer function which 
represents a resonance and an anti-resonance condition is a transfer function of second order 
polynomials of both numerator and the denominator. 

Step 2. The numerator polynomial which is related to the anti-resonance value is omitted 
and the analogical transfer functions of��
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��(�)

, ��
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It can be seen that the resultant transfer functions are in the form of �

�� ���������
. 

Step 3. By considering the range and values of the analogical model parameters 
corresponding to the mean value of servo bar position the perturbed analogical model is 
obtained. In this study, the servo arm has five different positions and the system model which 
corresponds to the mean value of 0o is��
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��(�)

= �
����.����������.�

= �
�� ���������

 . 
The physical mass, damper and spring terms in the denominator polynomial can be taken 

into the consideration as:   
� = ��(1 + ����), � = �̅(1 + ����), � = ��(1 + ����)                                       (6) 

where, �� = 1 , �̅ = 1.6754 ��� �� = 8175.1 represent the nominal values of  m, c and k. 
��, ��, �� ��� ��, ��, �� if represent the probable  perturbations of the physical parameters. In 
this study,�� = 0.1, �� = 0.3, �� = 0.3 �� − 1 ≤ ��, ��, �� ≤ 1values were assigned. These 
values correspond to a change of ±%10in m, ±%30in c and, ±%30 in k. The uncertainties in 
the parameters are taken into account by the use of linear fractional transformations (LFTs) and 
the perturbed analogical model is obtained [24]. 

 
Step 4. The designed controller should provide the required closed loop performance and 

should make the system stable. The performance criterion for the closed loop system is the so-
called S over KS design and is described by 
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where S(Gs)=(I+GsK)-1 is the output sensitivity function of the nominal system, and Wp, Wu are 
the weighting functions chosen to represent the frequency characteristics of the external 
disturbance d and performance requirement level.  

 
H∞ controller K(s) is crudely computed by means of the perturbed analogical model. The 

required condition given in Equation 7 is satisfied and thus the closed loop system achieves 
nominal performance requirements.  

 
The block diagram of the closed loop system showing the feedback structure and including 

the elements reflecting model uncertainty and performance requirements (ep, eu), is given in 
Figure 2. The rectangle with dashed lines in Figure 2 represents the transfer function matrix G. 
Inside the rectangle is the nominal model Gs of the analogical system and the uncertainty matrix 
Δ that includes the model uncertainties.  

 
 
 
 
 
 
 
 
 
 
 

Figure 2:Generalized system architecture    

The weight functions Wp and Wu used in this study are given in Equation 8 and Equation 9 
respectively 

�� =
������������∙���
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dbeing the disturbance, the generalized system transfer function can be represented in a form 
which is given in Equation 10. 
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Hence, the crude H∞ controller K(s) providing the performance criterion is that the transfer 
functions from d to ep and eu should be small in terms of the infinity norm, for all the possible 
values of the uncertainty transfer matrix Δ. 

 
Step 5. The numerator polynomials which were omitted in Step 2,A1(s),A2(s),…,A5(s),were 

taken into the consideration in the controller dynamics as K(s)/A5(s) and then the classical H∞ 
controller was synthesized. This controller is called the Linear Time Invariant (LTI) H∞ 
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controller. Note that A5(s) is the polynomial among the experimentally obtained models with 
the highest anti resonance frequency. 

 
Step 6. The numerator polynomials which were omitted in Step 2, A1(s), A2(s),…, A5(s),can 

be curve-fitted and can be represented as a function of servo arm angular position ɵ like A(s,ɵ). 
These polynomials were taken into the consideration in the controller dynamics as K(s)/A(s,θ) 
and then the gain scheduling  H∞ controller was synthesized. It can be easily understood that 
since A5(s) is close to A5(s,ɵ); then for fifth case,  the resonance suppression performances of 
LTI H∞ and gain scheduling H∞ controllers will be very close. 

 

4 EXPERIMENTAL STUDY 
Experiments were conducted in order to evaluate the effectiveness of the developed gain 

scheduling H∞ controller. The experiments considered five different cases which corresponded 
to five different assigned angular positions of the servo actuator arm. The cases were +64o, 
+32o, 0o, -32o and -64o positions. The comparison of time domain responses of free vibrations 
of open and closed loop cases of gain scheduling H∞ and LTI H∞  controllers are shown in Figure 
3. Table 1 details the suppression times for the free vibration responses of closed loop cases. 
Figure 4 represents the time domain responses of forced vibrations of closed open/ loop cases 
of gain scheduling H∞ and LTI H∞ controllers. After an initial 2 seconds, the controller was 
switched on. The comparison of frequency domain responses of closed loop cases of gain 
scheduling H∞ and LTI H∞ controllers together with the open loop response are shown in Figure 
5. It can be seen from Figure 5 that except case five, in all the other cases the developed gain 
scheduling H∞ controller outperform the  LTI H∞ controller. In the fifth case, as expected, both 
controllers perform nearly equally. 

 
 

 

Table 1: Free vibrations suppression times of the controllers  

 Case 1 Case 2 Case 3 Case 4 Case 5 
LTI H∞ 0.51 s 0.50 s 0.41 s 0.38 s 0.35 s 

Gain scheduling H∞ 0.49 s 0.41 s 0.35 s 0.25 s 0.35 s 
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Figure 3: Time domain free vibration responses of the smart beam 
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Figure 4: Time domain forced vibration responses of the smart beam 
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Figure 5: Frequency domain forced vibration responses of the smart beam 
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5 CONCLUSIONS 
This study presented a new gain scheduling H∞  controller design. The first flexural 

vibrations of a smart beam with varying physical parameters were tried to be suppressed. The 
design procedure is composed of six steps. At the fifth step a LTI H∞ controller and at the sixth 
and last step a gain scheduling H∞ controller was synthesized. The time domain and frequency 
domain experiments conducted for five different cases had revealed that the designed gain 
scheduling H∞ controller performed satisfactorily for all the cases and controlled the effects of 
changes of system physical parameters.  

It is believed that the systems where their physical parameter changes can be measured and/ 
or can be observed and/or can be estimated by an artificial network are suitable candidates for 
the efficient application of gain scheduling H∞ controllers. 
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Abstract.  
   In many metallic materials hydrogen present in the material is well known to have a 
negative impact on the mechanical properties of the material. It is reported that the deposition 
of ceramic coatings such as Al2O3, TiN, and BN with a thickness of several micrometers can 
decrease hydrogen attack by a few orders of magnitudes.     
   In this study, the hydrogen barrier properties of the coatings of diamond-like amorphous 
carbon (DLC) were evaluated. The hydrogen permeation test was implemented under a 
differential hydrogen pressure of 400 k Pa and temperatures of 573 K to 773 K, and the 
amount of hydrogen that permeated a sample was measured. It was confirmed that DLC 
coatings have an impact on decreasing the hydrogen permeation rate. The hydrogen 
permeation rate was reduced to 1/1000 or lower. DLC coatings with high hydrogen content 
had high hydrogen barrier function. 

   For hydrogen diffusion in coatings, the movement of atoms through hydrogen trap sites 
such as pores in coatings, and crystal defects such as dislocations, are important. DLC coating 
is amorphous, and there are both sp3 and sp2 bonds, and excess hydrogen may be found in the 
interstitial space and the above-mentioned hydrogen trap sites. In a DLC coating with high 
hydrogen content, these hydrogen trap sites are likely already filled with hydrogen atoms, and 
the movement of new hydrogen atoms could be limited. 

 
 
1 INTRODUCTION 

Studies on hydrogen barrier coatings that prevent hydrogen attack have been conducted by 
researchers in various fields. Ceramic coatings such as Al2O3, TiC, TiN, and BN have been 
reported to be suitable as a hydrogen barrier [1-3]. There are various methods of generating 
these coatings such as chemical vapor deposition (CVD), physical vapor deposition (PVD), 
and plasma-spray, and the deposition of ceramic coatings with a thickness of several 
micrometers can decrease hydrogen attack by several orders of magnitudes. 

Diamond-like carbon (DLC) coatings have superior properties such as high hardness, high 
resistance to abrasion, low friction, low aggressiveness against mating materials, seize 
resistance, high insulation, infrared transparency, high gas barrier properties, and 
biocompatibility [4-5]. Utilizing its low friction and low aggressiveness against mating 
materials, its application to sliding parts, such as in automobiles, is dominant. For protecting 
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the global environment and reducing CO2 emission, methods for improving fuel efficiency, 
preventing abnormal noise, reducing oil usage, and improving the durability of automobiles 
are being investigated. 

DLC is an amorphous coating that is a mixture of a diamond structure (sp3 bond) and a 
graphite structure (sp2 bond). The fraction of sp3 bonds in DLC varies from 10–70%, and it 
also contains 0–60 at% hydrogen; therefore, its density varies from 1.1–3.0 g/cm3, leading to 
a variety of characteristics. If the amount of hydrogen is less than 25 at%, the density, 
hardness, and abrasion resistance are high; therefore, these materials are used as cutting tools, 
molds, machinery parts, hard-disk heads, and magnetic tapes. DLC, with high hydrogen 
content have a lower density and polymer-like characteristics [4-5]. 

There is an example of DLC coating the insides of a polyethylene terephthalate (PET) 
bottle, acting as a gas barrier, through which permeation of oxygen and moisture is 
suppressed. This helps long-term maintenance of the quality of the products in the bottle.  

As such, a DLC coating has a wide range of applications, but clinical trials on hydrogen 
barrier functions are quite limited and the hydrogen gas barrier function has still not been 
studied. In this study, the relationship among each structure of a DLC coating, the hydrogen 
content, and the hydrogen gas barrier function was investigated. 

 

2 EXPERIMENTAL DETAILS  

2.1 Deposition process 

Coatings were prepared using plasma CVD and a sputtering method. DLC coatings, and 
ZrN, TiAlN, and AlCrN coatings with a thickness of about 3 µm were deposited on Type 
316L stainless steel. About 0.6 µm thick Cr-N coating (Cr+CrN) was used as a buffer layer 
under DLC coatings. This buffer layer is necessary to increase the adhesiveness of the DLC 
coating to the stainless steel substrate. A Cr layer (0.1 µm) was deposited immediately above 
the stainless steel, and a CrN (0.5 µm) coating was deposited on top of this buffer-layer. We 
prepared three DLC coatings with different hydrogen content (20%, 10%, and 8%). DLC 
coatings with a hydrogen content of 20% and 10% were prepared using plasma CVD, and the 
coating with a hydrogen content of 8% was prepared using sputtering. 

The composition of TiAlN (atomic molar ratio) was Ti:Al = 1:1. The AlCrN composition 
was Al:Cr = 7:3.  

2.2 Hydrogen-permeation tests 

Hydrogen-permeation tests were performed on the coated stainless steel samples [3]. The 
sample had a diameter of 35 mm and thickness of 0.1 mm. The coated samples were set on a 
susceptor made of silicon fiberglass and it could be held in place without bending at 
temperatures up to 773 K. The apparatus was evacuated to ~10-6 Pa. After the test temperature 
had become stable, hydrogen (purity of 99.995%) was introduced into one side (susceptor 
side) in a sequence of increasing filling pressures (400 kPa). The other side of the apparatus 
(stainless-steel-sample side) was continuously evacuated. The samples were affixed with a 
metallic seal made of gold and could be heated by an electric furnace to 773 K without 
oxidation. The permeation area was 6.6 cm2.  
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3 RESULTS AND DISCUSSION 

3.1 Hydrogen permeation characteristics of each type of coating  

Hydrogen permeation test results for each type of coating are shown in Figure 1. ZrN, 
TiAlN, AlCrN, and DLC films that contains 20% hydrogen (DLC(20%H2) in the Figure) 
lower the hydrogen permeation rate by two orders of magnitude (1/100 or lower) compared to 
the base material (SUS316L in the Figure). Specifically, DLC (20%H2) lowered the hydrogen 
permeation rate by three orders of magnitudes (1/1000 or lower) at measurement temperatures 
of 573 K, 673 K, and 773 K.  

 

 
 

Figure 1: Arrhenius plot of hydrogen permeability of each type of coating 
 

3.2 Characteristics and hydrogen barrier function of DLC coating 

Hydrogen permeation test results for the DLC coating are shown in Figure 2. DLC 
coatings with varying hydrogen content (20, 10, and 8 at%), pre-coat only, and a DLC coating 
without buffer layer with 20% hydrogen content (DLC (20% H2) in the Figure) were 
compared. 

Compared to the base material, all coatings reduced the hydrogen permeation rate by two 
or more orders of magnitude, showing a superior hydrogen barrier function. The DLC coating 
with higher hydrogen content has lower hydrogen permeation rate. 
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Figure 2: Arrhenius plot of hydrogen permeability of DLC coatings 
 

 
Figure 3: TEM image of cross section of DLC coated stainless steel 
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The TEM cross-sectional observation results of the DLC coating with a hydrogen content 
of 20% (DLC(20%H2)) are shown in Figure 3. The observed thickness of the DLC film was 
2.5 µm, and there was no diffraction pattern that indicates crystallinity; thus, the coating was 
confirmed to be amorphous. The pre-coat consists of two layers, and there is a 0.1 µm thick 
metallic Cr coating immediately above the substrate, and above this coating, there is a 0.5-µm 
thick CrN coating. 

Figure 2 shows that even with only a buffer layer, it was effective in decreasing the 
hydrogen permeation rate. The CrN film is dense and consists of fine crystals. Crystals grow 
perpendicular to the substrate, and the diameter of the crystals in the cross-sectional direction 
parallel to the substrate is 20–30 µm. The buffer layer with a thickness of 0.6 µm also shows a 
hydrogen barrier function. When there is no pre-coat, the hydrogen permeation rate differs by 
an order of magnitude, and the combination of the buffer layer and the DLC film 
(DLC(20%H2) in the Figure) had the lowest hydrogen permeation rate. 

When considering the hydrogen diffusion in DLC coatings, the structure of the DLC 
coating, the conditions of the hydrogen atoms, and the mechanism of hydrogen diffusion need 
to be considered. When considering the structure of a DLC coating based on the local 
structure at the atomic level of the coating, it was determined that carbon atoms with a sp3 

hybrid orbit corresponding to the diamond structure, and carbon atoms with a sp2 hybrid orbit 
corresponding to the graphite structure are mixed together.It is known that the ratio of these 
sp2 and sp3 hybrid atoms strongly affects the various properties of the DLC coatings. The 
bond ratio of sp2 and sp3 atoms in DLC coatings is a strong indicator of the structure of DLC 
coatings.  

Because of the heating up to 773 K in the hydrogen permeation test, the graphite structure 
increased in all the coatings. The obtained Raman spectral waveforms are separated into the 
G-band peak near 1350 cm-1, derived from the graphite structure and a D-band peak near 
1550 cm-1, derived from disordered graphite, and the I(D)/I(G) intensity ratio was compared. 
Visible light Raman spectroscopy has low sensitivity to the sp3 bond, and can be considered 
as an evaluation of the sp2 bond. However, in a sample after the hydrogen permeation rate test, 
with heating up to 773 K, the G-band peak increased notably, and fraction of graphite 
structure increased. Even when the hydrogen content is different, by heating to 773 K, it 
stabilizes into similar structures (i.e., the same I(D)/I(G) ratio). 

As described above, when the DLC coating is heated at 773 K, the fraction of graphite 
structure increases. This is consistent with existing reports [6-7]. However, even when the 
structure changes, the hydrogen content does not change significantly. As hydrogen is 
assumed to be widely distributed in hydrogen trap sites such as interstitial spaces, pores, and 
dislocations in addition to bonding with carbon in the DLC coatings, even if part of the 
carbon structure changes, it likely does not have a strong impact on the overall hydrogen 
content.  

Generally, similar to elemental diffusion in metals [8-9], the rate of hydrogen diffusion in 
coatings is limited by the movement of atoms through hydrogen trap sites such as crystal 
defects (pores, dislocations, and crystal grain boundaries). 

Studies on hydrogen diffusion in the material, associated with the state of hydrogen in iron 
steel and hydrogen embrittlement mechanism are common, and there have been active studies 
since 1970s. The pathway for elemental diffusion in materials may include surface diffusion, 
lattice diffusion, grain boundary diffusion, and dislocation diffusion. Surface diffusion and 
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grain boundary diffusion often have higher diffusion coefficients than lattice diffusion and 
dislocation diffusion. Studies on the state of hydrogen in metallic materials and the diffusion 
mechanism [8-9] indicate that hydrogen diffusion progresses through hydrogen trap sites in 
materials. Surface diffusion and grain boundary diffusion often have higher diffusion 
coefficients than lattice diffusion and dislocation diffusion. Lattice defects (atomic pores, 
dislocations, and crystal grain boundaries), impurity atoms, precipitates, and interfaces with 
inclusions are proposed as hydrogen trap sites.  

In ionic and shared bonds such as ceramic coatings, hydrogen diffusion in iron steel is 
several orders of magnitudes lower, and it contains more lattice defects and impurity atoms 
than metallic materials. Hydrogen trap sites may function in ceramic films as well.  

A DLC coating is an amorphous material with mixed sp3 and sp2 bonds, but there also are 
pores and dislocations, which can be considered as a type of crystal defect [5, 10]. In a DLC 
coating with high hydrogen content, hydrogen atoms have likely already filled these crystal 
defects, and the movement of new hydrogen atoms through the hydrogen trap sites in the 
coating could be limited.  

Studies focused on crystal defects will be important for hydrogen diffusion in DLC 
coatings in the future. 

 

4 CONCLUSIONS 
With austenitic stainless steel Type 316 L, which is used as materials for hydrogen, as the 

base material, we evaluated the hydrogen barrier properties of samples coated with a nitride 
coating and a DLC coating. 

Using plasma CVD and sputtering, we prepared ZrN, TiAlN, AlCrN, and DLC coatings 
with a thickness of about 3 µm. For the DLC coating and samples with varying hydrogen 
content, we examined the effect of the presence of a buffer layer (CrN), used for improving 
the adhesiveness, on the hydrogen barrier properties. The results showed that all films 
lowered the hydrogen permeation rate significantly. By applying a buffer layer of a CrN layer, 
the hydrogen barrier properties were improved. In particular, by depositing a DLC coating, 
the hydrogen permeation rate was reduced to 1/1000 or lower. A DLC coating with high 
hydrogen content was shown to have especially high hydrogen barrier properties. 

Hydrogen in the DLC coating has an impact on the bonding state of carbon, and as a result, 
it changes its density and hardness. When the hydrogen content is low, the density and 
hardness increases. Since its resistance to abrasion is also high, it is widely used in cutting 
tools, molds, machinery parts, hard-disk heads, magnetic tapes, etc. The industrial application 
of DLC coatings with high hydrogen content was previously limited, but new applications as 
a coating with hydrogen barrier properties is expected to be developed in the future. 
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Abstract. This paper focuses on the cantilever beam tests of pultruded fiber-reinforced polymer 
(PFRP) angle sections. The structural performance and buckling behaviors of PFRP angle 
section beams under tip concentrated loads are studied. A total of fifteen beams considering the 
following primary parameters are tested: three dimensions and five span-to-width ratios ( / )L b  
per cross-section. The dimensions of the angle sections are 506.4 mm, 766.4 mm and 102
6.4 mm. The span-to-width ratios of the specimens are in the range of approximately 10 to 
50. The E-glass/polyester angle specimens are evaluated to investigate the effect of unbraced 
length of the beams on the critical buckling loads and buckling responses. The experimental 
segment of this study begins with an evaluation of the pultruded FRP angle cross-section 
geometry and its elastic and shear modulus. The cantilever beam tests setup and the 
instrumentation for recording load and deformation are described. The load-deformation 
relationships and failure modes of beams are presented. Then, the experimental buckling loads 
are compared to critical buckling loads calculated by using AISC-LRFD design equation in 
order to check the adequacy of the equation. From the load-deformation curves show that the 
specimens have linear elastic responses up to 90-95% of their buckling loads. The mode of 
failure of the specimens is in the form of lateral-torsional buckling. Tests also showed that the 
buckling load decreases as the span-to-width ratio increases, and with the span-to-width ratio 
increasing, the lateral-torsional buckling is more outstanding. Based on the results of this study, 
the AISC-LRFD approach unsatisfactorily predicts the critical buckling loads of pultruded FRP 
cantilever angle beams. Finally, a modification factor is appropriately proposed to calculate the 
buckling loads. 
 
 

1 INTRODUCTION 

Fiber-reinforced polymer (FRP) composite materials have been widely used for over the past 
few decades in marine applications, military, aerospace industry, but they have only seen 
limited application in the construction of buildings, bridges and other civil structures [1]. Civil 
structures made of the FRP composites have been shown to provide efficient and economical 
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applications in new structural construction, and in the rehabilitation and strengthening of 
imperfect structures [2]. FRP structural members are a smart choice because they have many 
advantageous engineering properties over the conventional civil engineering materials such as 
light-weight of the material allows for easier transport and installation, high strength-to-weight 
ratio, outstanding durability and high corrosion resistance in the harshest environments and 
chemical exposures, excellent fatigue resistance, reduce or eliminate the need for heavy 
maintenance, and being strongly directional in nature allowing them to be custom-tailored to 
specific engineering applications [3-8]. One of the most basic of FRP manufacturing processes, 
the pultrusion process is a very efficient way to manufacture fiber-reinforced composite 
products. The FRP manufactured by this process is called pultruded fiber-reinforced polymer 
(PFRP). It allows pultrusion manufacturers to produce continuous lengths and excellent 
dimensional tolerance of FRP profile shapes. Generally, the standard PFRP structural profiles 
are usually produced in a variety of cross-sectional shapes, including wide-flange sections, I-
sections, angles, channels and etc. 

However, since they are typically orthotropic materials, their analysis and design are much 
more complex [9]. Due to relatively low stiffness of the material and thin-walled sectional 
geometry, the strength is not usually the governing design parameter of the PFRP structural 
profiles. Mostly, their design is governed by the serviceability parameters such as large 
deflection or buckling instability, depending on the material properties, the geometry of the 
cross-section, and the loading conditions [10]. In addition, the critical obstacles to their 
widespread applications in construction are still limited due to the lack of information on the 
material properties, structural behaviors and reliable design criteria. Over the last 50 years, the 
research and development of PFRP profiles in civil engineering have progressed considerably 
in several countries, especially in United States and Europe [11]. Several theoretical and 
experimental studies have been conducted on the PFRP structural members subjected to flexure. 
In particular, most of them have emphasized on the lateral buckling performance of the 
members for doubly symmetric cross-sections such as wide-flange, I-shapes, and box profiles 
[12-16]. Only few research works have explored the experimental and theoretical evaluations 
of lateral-torsional buckling for mono-symmetric angle profiles. In general, angle profiles have 
been used as braces, purlins, trusses and struts. Angles also have been used retrofitting for 
distortion-induced fatigue problems in steel bridge girders [17]. Therefore, in order to create 
further confidence in the application of the angle profile, it is necessary to enhance knowledge 
of its structural performance, particularly the lateral-torsional buckling behaviors. This paper is 
intended to satisfy a portion of that need. The aims of this paper are to present the experimental 
results on the buckling behaviors and failure mode of the PFRP angle beams subjected to tip 
end load under the cantilevered configuration, and to compare the obtained critical buckling 
load with those obtained from the AISC-LRFD steel design equation of single-angle members 
[18] in order to check the adequacy of the equation. 

2 TEST DESCRIPTION 

The PFRP angle section specimens used in this investigation were made of E-glass fiber-
reinforced with polyester resin, and manufactured by pultrusion process. The nominal 
dimensions, including the nominal leg width ( )b  and leg thickness ( )t  are shown in Table 1. 
Single angles have three nominal sizes of 506.4 mm, 766.4 mm and 1026.4 mm with span-
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to-width ratio ( / )L b  ranging approximately from 10 to 50. Unlike doubly symmetric wide-
flanges and box profiles, single angles have principal axis that do not coincide with their 
geometric axis, as shown in Figure 1. Measurements of b  and t  differed from nominal values 
by no more than 3.2%. The coupon specimens of angle profiles with the same nominal thickness 
were cut from the same 6 m stock sections in order to determine the mechanical properties of 
the materials used in the test programme. To correlate the analytical results with the obtained 
test results, the values of the averaged longitudinal tensile strength ( )LF  and averaged 
longitudinal modulus ( )LE  were determined from the tension test in accordance with ASTM 
D3039. From the coupon tests, it was found that the average values of LF  and LE  were 218 MPa 
and 17.5 GPa, respectively. 
 

Table 1: Geometry characteristics of the pultruded FRP angle specimens 

Specimens b t  L  /L b  wy  zy  x yI I  zI  wI  

 (mmmm) (m)  (mm) (mm) (mm4) (mm4) (mm4) 
L50-C-0.5 
L50-C-1.0 
L50-C-1.5 
L50-C-2.0 
L50-C-2.5 

50.8 6.35 
50.8 6.35 
50.8 6.35 
50.8 6.35 
50.8 6.35 

0.5 
1.0 
1.5 
2.0 
2.5 

9.8 
19.7 
29.5 
39.4 
49.2 

35.4 
35.4 
35.4 
35.4 
35.4 

21.2 
21.2 
21.2 
21.2 
21.2 

144,680 
144,680 
144,680 
144,680 
144,680 

59,416 
59,416 
59,416 
59,416 
59,416 

229,944 
229,944 
229,944 
229,944 
229,944 

L76-C-1.0 
L76-C-1.5 
L76-C-2.0 
L76-C-2.5 
L76-C-3.0 

76.2 6.35 
76.2 6.35 
76.2 6.35 
76.2 6.35 
76.2 6.35 

1.0 
1.5 
2.0 
2.5 
3.0 

13.1 
19.7 
26.2 
32.8 
39.4 

53.7 
53.7 
53.7 
53.7 
53.7 

30.3 
30.3 
30.3 
30.3 
30.3 

517,890 
517,890 
517,890 
517,890 
517,890 

200,315 
200,315 
200,315 
200,315 
200,315 

835,465 
835,465 
835,465 
835,465 
835,465 

L102-C-1.0 
L102-C-1.5 
L102-C-2.0 
L102-C-2.5 
L102-C-3.0 

101.6 6.35 
101.6 6.35 
101.6 6.35 
101.6 6.35 
101.6 6.35 

1.0 
1.5 
2.0 
2.5 
3.0 

9.8 
14.8 
19.7 
24.6 
29.5 

72.1 
72.1 
72.1 
72.1 
72.1 

39.3 
39.3 
39.3 
39.3 
39.3 

1,265,060 
1,265,060 
1,265,060 
1,265,060 
1,265,060 

505,013 
505,013 
505,013 
505,013 
505,013 

2,025,107 
2,025,107 
2,025,107 
2,025,107 
2,025,107 

 

Figure 1: Geometric axis bending and principal axis bending of equal-leg angle 

A total of 15 equal-leg angle specimens were tested under cantilevered configuration. Details 
of the test profiles are presented in Table 1. The specimen numbers were denominated in the 
form of “Lb-C-L”. For example, the specimen number L76-C-3.0 is the PFRP angle beams, 
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having the leg width ( )b  of 76 mm and the unbraced length ( )L  of 3.0 m, respectively. The 
typical test set-up in the form of cantilever beam is shown in Figure 2. The fixed end was set-
up by using wood clamp. At the free end, a part of steel angle with notched groove was firmly 
installed so that the tip vertical load can be applied directly through the shear center of the cross-
section in order to provide the flexural and transverse shear stress to the beams. The loads were 
applied by successive adding of steel plates on a loading platform. The incremental loads were 
added until reaching the failure of the beams. After each load increment, the vertical end 
displacement was measured with linear variable differential transducers (LVDTs) and was 
automatically recorded by a MW100 YOKOGAWA data acquisition unit. For each span the 
test was carried out two times in order to determine the average obtained buckling load. 

 

Figure 2: Schematic overview of test setup 

3 EXPERIMENTAL RESULTS AND DISCUSSIONS 

3.1 Structural Behaviors and Modes of Failure 

The experimental results in terms of load versus vertical tip displacement curves of the PFRP 
cantilever angle beams are given in Figure 3. It can be seen that the specimens have a linear 
elastic response up to 90-95% of the obtained buckling load. After that, the load and 
displacement responses are gradually becoming nonlinear, leading to the lateral-torsional 
buckling failure in the form of twisting and large lateral displacement occurred simultaneously. 
Also, it is noticed that the buckling loads are very susceptible to the large span-to-width ratio
( / )L b . With the increasing span-to-width ratio, the failure mode is more outstanding and no 

L

(a) Schematic view of PFRP angle beams with tip point load : Cantilever beam support 

Specimen

Fixed
Support

Loading 
Frame

A

A

Vertical arm

Pendulum
Loading platform

(b) Load application system (section A-A)

C
S

LVDT

Angle profile

Vertical arm

Pendulum
Loading platform
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external material damage is observed. Figure 4(a)-4(c) show the failure modes of the specimens 
with the nominal sizes of 506.4 mm, 766.4 mm and 1026.4 mm, respectively. 
 

 
Figure 3: Typical loads versus vertical tip displacement curves of PFRP angle beam 

 

           

                 (a) L50 6.4 mm                                (b) L76 6.4 mm                                 (c) L102 6.4 mm 

Figure 4: Typical modes of failure 
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3.2 Buckling Load and Comparison with LRFD approach 

The experimentally obtained critical buckling load (PEXP) are summarized in Table 2. It can 
be seen that the critical load increases as the span-to-width ratio decreases. Thus, the degree of 
lateral-torsional buckling depends on the unbraced length of the beam specimens. The general 
practice for designing members against biaxial bending is to consider the separate failure modes 
of either in-plane bending or lateral buckling under bending about the major principal axis and 
bending about the minor principal axis [18]. Also, fiber-reinforced plastic (FRP) structural 
angle sections are often subjected to biaxial bending in real structural engineering applications. 
For single-angle members without lateral-torsional restraints, the LRFD specification [19] have 
proposed an equation used to calculate the elastic buckling with load applied to shear center of 
the cross-section. For the comprehensive design approach for single-angle members subjected 
to biaxial bending failing in elastic buckling, the buckling load for cantilevered configuration 
can be calculated from interaction equation to combine the two principal axis strengths: 
 

LRFD

2 1

1/ 1/nz nw

P
L M M

  
  

 
 (1) 

where 
  = resistance factor for flexure = 0.90 

nwM  = nominal flexural strength about major principal axis (LRFD [19], Section 5.3.1a) 

nzM   = nominal flexural strength about minor principal axis (LRFD [19], Section 5.3.1b) 

 

Table 2: Experimental critical buckling loads and comparison with LRFD approach 

Specimens L  /L b  EXPP  LRFDP  EXP

LRFD

P

P
 ,LRFDmoP  EXP

,LRFDmo

P

P
 

 (m)  (N) (N) (N) 

L50-C-0.5 
L50-C-1.0 
L50-C-1.5 
L50-C-2.0 
L50-C-2.5 

0.5 
1.0 
1.5 
2.0 
2.5 

9.8 
19.7 
29.5 
39.4 
49.2 

546.7 
207.3 
106.8 
68.8 
48.1 

1186.3 
460.1 
248.9 
157.0 
108.3 

0.46 
0.45 
0.43 
0.44 
0.44 

474.5 
184.0 
99.6 
62.8 
43.3 

1.15 
1.13 
1.07 
1.10 
1.11 

L76-C-1.0 
L76-C-1.5 
L76-C-2.0 
L76-C-2.5 
L76-C-3.0 

1.0 
1.5 
2.0 
2.5 
3.0 

13.1 
19.7 
26.2 
32.8 
39.4 

502.6 
259.0 
164.2 
119.5 
90.4 

1062.6 
571.9 
359.4 
247.3 
180.8 

0.47 
0.45 
0.46 
0.48 
0.50 

425.0 
228.8 
143.7 
98.9 
72.3 

1.18 
1.13 
1.14 
1.21 
1.25 

L102-C-1.0 
L102-C-1.5 
L102-C-2.0 
L102-C-2.5 
L102-C-3.0 

1.0 
1.5 
2.0 
2.5 
3.0 

9.8 
14.8 
19.7 
24.6 
29.5 

902.9 
502.2 
308.4 
210.2 
162.2 

1968.8 
1051.0 
656.8 
450.2 
328.2 

0.46 
0.48 
0.47 
0.47 
0.49 

787.5 
420.4 
262.7 
180.1 
131.3 

1.15 
1.19 
1.17 
1.17 
1.24 
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Table 2 also presents the obtained critical buckling load (PEXP) compared with those 
predicted load (PLRFD) with LRFD design equation. The PEXP/PLRFD ratios are presented to show 
the correlation between the experimental results and the predicted results by Eq. (1). Based on 
the analytical results, the PEXP/PLRFD ratios are in the range of 0.43 to 0.46 for the 506.4 mm 
specimens. Similarly, for the specimens with 766.4 mm and 1026.4 mm, the PEXP/PLRFD 
ratios are in the range of 0.45 to 0.50 and 0.46 to 0.49, respectively, indicating that the LRFD 
design equation overestimates the critical buckling load of the PFRP angle section beams by 
approximately 50-57%. Therefore, a further modification on the proposed equation is needed. 

Based on the scope of this study, it is proposed that the LRFD design equation should be 
modified by adjusting on buckling load. To study the relationship between PEXP/PLRFD ratios 
and L/b ratios, the values of PEXP/PLRFD ratios are numerically calculated and plotted for L/b 
ratios in the range of 10 to 50, as shown in Figure 5. Thus, to make the design equation 
conservative due to a limit in the number of tested beams, the modification factor () is 
proposed of 0.40 in the present study, and Eq. 1 can be rewritten in the form of Eq. 2. 
 

,LRFD LRFDmoP P  (2) 

Based on the analytical results in Table 2, the PEXP/Pmo,LRFD ratios are also presented to show 
the correlation between the test results and the predicted results. The average PEXP/Pmo,LRFD 
value is 1.16 with coefficient of variation (COV) equal to 0.043. In addition, all values of the 
PEXP/Pmo,LRFD ratios show the values more than 1.0. This indicates that the proposed design 
equation is conservative and underestimate the critical buckling load of the PFRP angle beams 
by 7% to 25%. 

 

Figure 5: Normalized critical buckling load and /L b  ratio 

0.00

0.20

0.40

0.60

0.80

1.00

0 10 20 30 40 50 60

L/b  Ratio

P
ex
p

 /
 P
L
R
F
D

L50 x 6.4

L76 x 6.4

L102 x 6.4

 = 0.40

477



Jaksada Thumrongvut 

 8

4 CONCLUSIONS 

Based upon the results, the following conclusions derived from this research are listed as 
follows: 

- The structural responses of the PFRP angle beams subjected to tip end load under the 
cantilevered configuration are linear elastic up to 90-95% of the buckling loads. 
Subsequently, the responses are gradually becoming nonlinear, leading to the buckling 
failure of the beam specimens.  

- All of the specimens were failed in the form of twisting and large lateral displacement 
occurred simultaneously in the form of the lateral-torsional buckling mode of failure. 

- Based on the test results, the critical buckling load increases as the span-to-width ratio 
of beam decreases. 

- By comparing the test results with analytical results, the modified design equation 
based on the LRFD design equation of single-angle members is proposed by 
introducing the modification factor of 0.40. Finally, the proposed design equation is 
conservative and underestimate the critical buckling load of the PFRP angle beams. 
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1 INTRODUCTION 

Dielectric elastomers are a popular class of electroactive polymers, which are capable of 
large deformation under voltage, fast speed, and high energy density [1]. Such characteristics 
have led these materials to be used as smart transducers for wide-ranging applications, such as 
artificial muscles [2], soft sensors [3], and power harvesters [4].  

Despite their popularity, dielectric elastomers are imperfect; dissipative processes such as 
viscoelasticity and current leakage are known to affect the electromechanical performance of 
these dielectric elastomers. An elastomer consists of a network of polymer chains, connected 
by crosslinks. A polymer chain that is sufficiently flexible may twist, coil, and entangle with 
other chains. Subject to a force, entangled polymer chains may undergo sliding and localized 
slipping. Consequently, viscoelastic relaxation occurs when the elastomer relaxes to a new 
state of deformation over time. In actuators, viscoelasticity reduce actuation stresses [5-8] and 
strains [9]. In generators, viscous losses increase the mechanical input work, which result in 
lower conversion efficiencies and specific electrical energy output [10,11].  

Current leakage, a phenomenon well-known in several insulator and semi-conductors 
systems [12,13], occurs when charges comprising of electrons, ions, or both flow through the 
dielectric under the electric field. This phenomenon is often linked to the presence of 
impurities and imperfections in the elastomer [14,15]. In experiments on dielectric elastomers, 
surges of leakage current and increasing volume conductivities have been observed to precede 
imminent electrical breakdown [15,16]. Current leakage affects the ability of the dielectric 
elastomer generators to store charges in an open-circuit condition, resulting in a lower voltage 
boost and energy density [4]. In extreme cases, the DEG may even operate at negative 
efficiency in very slow cycles under large strains; in other words, the DEG is wasting energy 
instead of generating it [17].  

Beyond the analytical methods developed for viscoelastic dielectrics used in simpler 
configurations [5,17,18], simulation capabilities based on the finite element method have 
extended the design capability for dissipative dielectric elastomers. Till date, these 
simulations largely focus on the effect of viscoelasticity on actuation [19,20] and instabilities 
[21,22]. In this paper, we report a finite element simulation capability for dissipative dielectric 
elastomers accounting for viscoelasticity and current leakage. Based on a nonequilibrium 
thermodynamics framework, we construct a continuum theory that accounts for 
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electromechanical coupling, large deformation, viscoelasticity, and current leakage. To 
illustrate our approach, we use simple descriptions of viscoelasticity and current leakage, 
previously calibrated with widely-used dielectric elastomers. This model is implemented in a 
commercial finite element solver ABAQUS by developing new user-defined elements. Our 
simulations are used to highlight the significance and effects of these dissipative process for 
dielectric elastomers. 

2 SUMMARY OF THEORY FOR DISSIPATIVE DIELECTRIC ELASTOMERS 
In this section, we summarize the nonlinear field theory of dissipative dielectric elastomers 

specified within a framework of nonequilibrium thermodynamics, which follows closely our 
earlier work in [5,19]. We consider a body of a dielectric elastomer in three dimensions. 
When the dielectric is in the reference state, we denote an element of volume by 𝑑𝑑𝑑𝑑(𝐗𝐗). In 
the reference state, denote an element area of the surface of the dielectric by 𝑑𝑑𝑑𝑑(𝐗𝐗), and 
denote the unit vector normal to the element surface pointing outward by n. 

Kinematics. In the reference state, the elastomer is undeformed, with each material 
particle labeled by its coordinates 𝐗𝐗. In the deformed state at time t, the particle 𝐗𝐗 moves to a 
place with coordinates 𝐱𝐱(𝐗𝐗, 𝑡𝑡). The deformation gradient is defined by: 

𝐅𝐅 = ∇𝐱𝐱 (1) 
Imagine that every material particle with coordinates 𝐗𝐗 is attached with a battery of electric 

potential Φ(𝐗𝐗, 𝑡𝑡).  Define the nominal electric field by: 
�̃�𝐄 = −∇Φ (2) 

 Governing partial differential equations. Local force balance for the first Piola-Kirchoff 
stress 𝐏𝐏 requires that:  

Div𝐏𝐏 + 𝐁𝐁 = 𝟎𝟎 (3) 
in the volume where 𝐁𝐁 is a body force, and that 

(𝐏𝐏− − 𝐏𝐏+)𝐧𝐧 = 𝐓𝐓(𝐧𝐧) (4) 
on the part of the surface of the elastomer where 𝐓𝐓 is a surface traction force applied, which is 
the difference between the stress exerted on the side of 𝑑𝑑𝑑𝑑(𝐗𝐗) out of which 𝐧𝐧 points (𝐏𝐏−) and 
the stress exerted across the side of 𝑑𝑑𝑑𝑑(𝐗𝐗) into which 𝐧𝐧 points (𝐏𝐏+).  

Similarly, the nominal electric displacement obeys that: 
Div�̃�𝐃 = �̃�𝑞 (5) 

in the volume of the body, where �̃�𝑞 is the volumetric charge density in the reference 
configuration, and:  

(�̃�𝐃+ − �̃�𝐃−)𝐧𝐧 = �̃�𝜔(𝐧𝐧) (6) 
on the surface of the body, where �̃�𝜔 is the surface charge density in the reference 
configuration. These equations express Gauss’s law in every current state in terms of nominal 
quantities. 

In the deformed state, let the charge per unit time pumped into a volume element be  
𝐫𝐫(𝐗𝐗, 𝑡𝑡)𝑑𝑑𝑑𝑑(𝐗𝐗) and the charge into an interface element be 𝐢𝐢(𝐗𝐗, 𝑡𝑡)𝑑𝑑𝑑𝑑(𝐗𝐗). Let 𝐉𝐉(𝐗𝐗, 𝑡𝑡)𝑑𝑑𝑑𝑑(𝐗𝐗) be 
the charge per unit time crossing an area element. The conservation of charge then requires, 

𝜕𝜕�̃�𝑞
𝜕𝜕𝑡𝑡 + ∇𝐉𝐉 = 𝐫𝐫 (7) 

in the volume and, 
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𝜕𝜕�̃�𝜔
𝜕𝜕𝜕𝜕 + (𝐉𝐉+ − 𝐉𝐉−)𝐧𝐧 = 𝐢𝐢 (8) 

on the part of the surface of the elastomer where the battery injects charges. In (8), the current 
in the conducting wire should equal the sum of the rate of change of the polarizing charge on 
the electrodes and the current leaking through the membrane. 

3 A MODEL OF DISSIPATIVE DIELECTRIC ELASTOMER 
We specify a set of constitutive equations for the dissipative DE, which is assumed to be 

isotropic and nearly-incompressible. We consider a model of viscoelastic dielectric elastomer 
[5,19], where we adopt a rheological model of two parallel units: one unit consists of a spring, 
α, and the other unit consists of another spring, β, and a dashpot (Fig. 1a).  

 
 

Figure 1. (a) A model of viscoelastic DE considers two parallel units of springs and dashpot, which comprise 
spring 𝛼𝛼 in the top unit, and spring 𝛽𝛽 and a dashpot of viscosity 𝜂𝜂 in the bottom unit. (b) Current leakage is 

modeled using a resistor in parallel to a capacitor to represent the dielectric elastomer. Due to charge 
conservation, the current consumed by the battery 𝑖𝑖 is the sum of the charge flow rate �̇�𝑄𝑝𝑝 and the current 

leakage through the resistor 𝑖𝑖𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 [5].  

Multiplicative decomposition. In this model, the deformation gradient 𝐅𝐅 is decomposed 
into the elastic and viscous components with the multiplication rule: 𝐅𝐅 = 𝐅𝐅𝑙𝑙𝐅𝐅𝑣𝑣. Here, 𝐅𝐅𝑙𝑙 is 
the elastic component which corresponds to the deformation in the bottom spring. Conversely, 
𝐅𝐅𝑣𝑣 is the deformation gradient associated with the dashpot; 𝐅𝐅𝑣𝑣 forms the viscous component 
and represents the internal variable.   

Free-energy function. We adopt the model of ideal dielectric elastomers, which assumes 
the permittivity of the elastomer is independent of deformation [23]. To account for this 
stress-stiffening effect in the dielectric elastomer, we represent both springs (Fig. 1a) using 
the Gent hyperelasticity model [24], and write the Helmholtz free energy density as: 

𝑊𝑊(𝐂𝐂, 𝐄𝐄, 𝐂𝐂e) = − 𝜇𝜇𝛼𝛼𝐽𝐽𝑚𝑚
𝛼𝛼

2 ln (1 − 𝐼𝐼1̅ − 3
𝐽𝐽𝑚𝑚

𝛼𝛼 ) + 𝐾𝐾𝛼𝛼

2 (𝐽𝐽2 − 1
2 − ln 𝐽𝐽) − 𝜀𝜀

2 𝐽𝐽𝐂𝐂−1 ∶ (�̃�𝐄 ⊗ �̃�𝐄)  

− 𝜇𝜇𝛽𝛽𝐽𝐽𝑚𝑚
𝛽𝛽

2 ln (1 − 𝐼𝐼1̅
𝑙𝑙 − 3
𝐽𝐽𝑚𝑚

𝛽𝛽 ) + 𝐾𝐾𝛽𝛽

2 (𝐽𝐽𝑙𝑙2 − 1
2 − ln 𝐽𝐽𝑙𝑙). 

(9) 

Following usual computational practice, we use the right Cauchy-green deformation tensor to 
ensure that 𝑊𝑊 is invariant under a rigid-body rotation, where 𝐂𝐂 = 𝐅𝐅T𝐅𝐅 and 𝐂𝐂𝑙𝑙 = 𝐅𝐅𝑣𝑣−T𝐂𝐂𝐅𝐅𝑣𝑣−1. 
In Eq. (12), 𝐽𝐽 = det (𝐅𝐅), 𝐽𝐽𝑙𝑙 = det (𝐅𝐅𝑙𝑙), 𝐼𝐼1̅ = 𝐽𝐽−2/3tr(𝐂𝐂), �̅�𝐼1

𝑙𝑙 = 𝐽𝐽𝑙𝑙−2/3tr(𝐂𝐂𝑙𝑙), and 𝐂𝐂−1 is the 
inverse of 𝐂𝐂. We use superscripts 𝛼𝛼 and 𝛽𝛽 to differentiate between the material parameters of 
the top and bottom springs, respectively, where 𝜇𝜇 is the shear modulus, 𝐽𝐽𝑚𝑚 is the parameter in 
the Gent model associated with the limiting stretch [24], 𝐾𝐾 is the bulk modulus, 𝜀𝜀 is the 

(a) (b) 
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dielectric permittivity. The elastomer is nearly incompressible with its bulk modulus much 
greater than the shear modulus (𝐾𝐾 𝜇𝜇⁄ ~105).  

Constitutive equations for Cauchy stress. With the free-energy function 𝑊𝑊, the Cauchy 
stress is given as,  

𝛔𝛔 = 𝜇𝜇
𝛼𝛼

𝐽𝐽
�̅�𝐁 − (𝐼𝐼1̅ 3⁄ )𝐈𝐈

1 − (𝐼𝐼1̅ − 3)/𝐽𝐽𝑚𝑚𝛼𝛼
+ 𝐾𝐾

𝛼𝛼

2 (𝐽𝐽 −
1
𝐽𝐽) 𝐈𝐈

⏞                      
𝛔𝛔𝛼𝛼

+ 𝜀𝜀 (𝐄𝐄⊗ 𝐄𝐄 − 12 (𝐄𝐄 ∙ 𝐄𝐄)𝐈𝐈)

+ 𝜇𝜇
𝛽𝛽

𝐽𝐽
�̅�𝐁𝑒𝑒 − (𝐼𝐼1̅𝑒𝑒 3⁄ )𝐈𝐈
1 − (𝐼𝐼1̅𝑒𝑒 − 3)/𝐽𝐽𝑚𝑚

𝛽𝛽 +
𝐾𝐾𝛽𝛽𝐽𝐽𝑒𝑒
2𝐽𝐽 (𝐽𝐽𝑒𝑒 − 1

𝐽𝐽𝑒𝑒) 𝐈𝐈⏟                        
𝛔𝛔𝛽𝛽

. 
(10) 

where on the RHS of (10), the first two terms 𝛔𝛔𝛼𝛼 and last two terms 𝛔𝛔𝛽𝛽 are the stresses carried 
by the springs 𝛼𝛼 and 𝛽𝛽, respectively, and the remaining components are the Maxwell stress 
produced by the electric field. Here �̅�𝐁 = 𝐽𝐽−2 3⁄ 𝐅𝐅𝐅𝐅T, �̅�𝐁𝑒𝑒 = 𝐽𝐽𝑒𝑒−2 3⁄ 𝐅𝐅𝑒𝑒𝐅𝐅𝑒𝑒T, and 𝐈𝐈 is the 
Kronecker delta.  

Evolution law for the internal variable. We specify the evolution law for the viscous 
deformation vF . Following [19], we model the dashpot as Newtonian fluid and write 
specifically the kinetic model as: 

𝑑𝑑𝐅𝐅𝑣𝑣
𝑑𝑑𝑑𝑑 =

1
2𝜂𝜂 dev(𝛔𝛔

𝛽𝛽) ⋅ 𝐅𝐅𝑣𝑣 (11) 

where 𝜂𝜂 = 𝜏𝜏𝑉𝑉𝜇𝜇𝛽𝛽 is the viscosity of the dashpot and 𝛔𝛔𝛽𝛽 is the state of stress acting across the 
spring 𝛽𝛽 and the dashpot in (10).  

Current leakage model. We represent the current leakage model as a capacitor in parallel 
with a resistor (Fig. 1b). Define the leakage current flux [5] as: 

𝐉𝐉 = σ𝒄𝒄(𝐄𝐄)𝐄𝐄 (12) 
where the conductivity σ𝑐𝑐(E) depends on the electric field. We assume an exponential 
relationship: 

σ𝒄𝒄(𝐄𝐄) = 𝜎𝜎0exp(|𝐄𝐄| 𝐸𝐸𝐵𝐵⁄ ) (13) 
where 𝜎𝜎0 is the conductivity at low field, and 𝐸𝐸𝐵𝐵 is an empirical constant. When |𝑬𝑬| << 𝐸𝐸𝐵𝐵, 
the elastomer behaves like an Ohmic conductor; as |𝑬𝑬| → 𝐸𝐸𝐵𝐵, the conductivity increases 
exponentially [15,16].  

4 NUMERICAL SOLUTION PROCEDURE 
Given the strong form of the boundary-value problem in (3-6), we ignore the body forces and 
volumetric charges, and write the corresponding weak form as: 

∫(𝐏𝐏 ∶ 𝜕𝜕𝐰𝐰1𝜕𝜕𝐗𝐗 )𝑑𝑑𝑑𝑑 = ∫(𝐓𝐓 ⋅ 𝐰𝐰1)𝑑𝑑𝑑𝑑 (14a) 

−∫(�̃�𝐃 ⋅ 𝜕𝜕𝐰𝐰2𝜕𝜕𝐗𝐗 )𝑑𝑑𝑑𝑑 = ∫(�̃�𝜔𝐰𝐰2)𝑑𝑑𝑑𝑑 . (14b) 

where 𝐰𝐰1 and 𝐰𝐰2 are arbitrary test functions.   
We approximate the body with finite elements, where the displacement and electrical 

potential are discretized using standard FE shape functions: 
𝐮𝐮 = ∑𝐮𝐮𝐴𝐴 𝑁𝑁𝐴𝐴    ;  Φ = ∑Φ𝐴𝐴 𝑁𝑁𝐴𝐴 (15) 
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with A denoting the nodes of the element,  𝐮𝐮𝑨𝑨 and 𝚽𝚽𝑨𝑨 are the nodal displacements and 
electric potentials, and 𝑵𝑵𝑨𝑨 are the shape functions corresponding to node A. Applying 
discretization to (14) with a standard Galerkin approach, we obtain the residuals for the 
element: 

(𝐑𝐑𝑢𝑢)𝐴𝐴 = − ∫ (𝐏𝐏 ∶ 𝜕𝜕𝑁𝑁𝐴𝐴

𝜕𝜕𝐗𝐗
) 𝑑𝑑𝑑𝑑 + ∫(𝐓𝐓𝑁𝑁𝐴𝐴)𝑑𝑑𝑑𝑑 . (16a) 

(𝐑𝐑Φ)𝐴𝐴 = ∫ (�̃�𝐃 ⋅ 𝜕𝜕𝑁𝑁𝐴𝐴

𝜕𝜕𝐗𝐗
) 𝑑𝑑𝑑𝑑 + ∫(�̃�𝜔𝑁𝑁𝐴𝐴)𝑑𝑑𝑑𝑑. (16b) 

with corresponding tangents:  

(𝐊𝐊𝐮𝐮𝐮𝐮)𝐴𝐴𝐴𝐴 = − 𝜕𝜕(𝐑𝐑𝐮𝐮)𝐴𝐴

𝜕𝜕𝐮𝐮𝐴𝐴 , (𝐊𝐊𝐮𝐮Φ)𝐴𝐴𝐴𝐴 = − 𝜕𝜕(𝐑𝐑𝐮𝐮)𝐴𝐴

𝜕𝜕Φ𝐴𝐴 (17a) 

(𝐊𝐊Φ𝐮𝐮)𝐴𝐴𝐴𝐴 = − 𝜕𝜕(𝐑𝐑Φ)𝐴𝐴

𝜕𝜕𝐮𝐮𝐴𝐴 , (𝐊𝐊ΦΦ)𝐴𝐴𝐴𝐴 = − 𝜕𝜕(𝐑𝐑Φ)𝐴𝐴

𝜕𝜕Φ𝐴𝐴  (17b) 

The finite element procedure is implemented in ABAQUS/Standard using a user-defined 
subroutine (UEL). During the analysis, the user subroutine UEL is called for each iteration in 
an increment. The residuals (16) and tangents (17) are required to be provided. To avert issues 
related to volumetric locking, we adopt the F-bar method [25] for fully integrated elements, 
following the approaches in [26].  

5 NUMERICAL SIMULATIONS 
We demonstrate the effect of dissipation on dielectric elastomers in various examples. In our 
previous work [5], we have calibrated material parameters for the commonly-used VHB (Fig. 
1): 𝜇𝜇𝛼𝛼 = 18 kPa, 𝐽𝐽𝑚𝑚

𝛼𝛼 = 110, 𝜇𝜇𝛽𝛽 = 42 kPa, 𝐽𝐽𝑚𝑚
𝛽𝛽 = 55, 𝜂𝜂 = 16.8 MPa. s, 𝜎𝜎𝑐𝑐0 = 3.23 ×

10−14 S/m, 𝐸𝐸𝐴𝐴 = 40 MV/m, 𝜀𝜀 = 3.98 × 10−11 F/m. To verify the numerical 
implementation of our user elements, we first compare single-element simulations of 
homogeneous actuation (Fig. 2) of a viscoelastic dielectric elastomer with analytical 
predictions [5].  

We first consider equal-biaxial deformation (Fig. 2b) to verify our four-noded 
axisymmetric element and eight-noded brick element. In the reference state, consider an 
elastomer cube with dimensions dimensions 𝐿𝐿1, 𝐿𝐿2 and 𝐻𝐻 (where 𝐿𝐿1 = 𝐿𝐿2 = 𝐻𝐻) as shown in 
Fig. 2a. In our simulations (Figs 3a and 3c), we consider the electromechanical response 
under various prestretches. Each prestretch 𝜆𝜆𝑝𝑝 is the stretch due to a preload P and at which 
Φ = 0. The prestretched membrane is then left to relax for a long time. Subsequently the 
electric potential is then ramped up at a rate  Φ̇ = 106 V/s. It is well-known that the 
electromechanical instability can occur for low 𝜆𝜆𝑝𝑝 [5,8,23]. The FE simulations compare well 
with the analytical solutions [5], which demonstrate the validity of the axisymmetric and brick 
elements.  
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Figure 2. (a) An undeformed elastomer of dimensions 𝐿𝐿1, 𝐿𝐿2 and 𝐻𝐻. (b) The elastomer undergoes equal-
biaxial deformation under forces 𝑃𝑃 and voltage Φ. (c) The elastomer is prestretched and fixed in the 2-dir, while 

also subject to a constant load 𝑃𝑃 in the 1-dir. In the actuated state, the elastomer undergoes plane-strain 
deformation under both force 𝑃𝑃 and voltage Φ, with its dimensions 𝜆𝜆1𝐿𝐿1, 𝜆𝜆2𝐿𝐿2, and 𝜆𝜆3𝐻𝐻. 

  

  

  
Figure 3. Simulated voltage-stretch response using user elements (UEL) for (a) 2D 4-noded axisymmetric 

element, (b) 2D 4-noded plane strain element, (c) 3D 8-noded hexagonal element, compared with theoretical 
predictions. Crosses denote electromechanical instability; filled circles denote loss of tension. FE simulations in 

symbols; analytical predictions in lines.  
Next we consider a clamped elastomer under plane-strain deformation (Fig. 2c) to verify 

our four-noded plane-strain element. We prescribe the mechanical and electrical boundary 
conditions as described earlier, and set 𝜆𝜆2 = 1 with various prestretches 𝜆𝜆1𝑝𝑝 which are 
attained with specific preloads 𝑃𝑃. As voltage is applied, the actuation stretch 𝜆𝜆1 increases and 
the tensile stress 𝜎𝜎2 decreases and eventually becomes compressive at a specific voltage 
marked by a bold circle. After the loss of tension, the elastomer essentially becomes 
unclamped [18,27], such that the plane-strain element is no longer physically appropriate for 

(b) 

(c) 

(a) 

(b) (a) (c) 
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the simulations. For this reason, we ignore the case for 𝜆𝜆1𝑝𝑝 = 1, where any voltage 
application drives it to LT. In Fig. 3c, we plot the FE simulation for the four-noded plane-
strain element and compare it with analytical predictions [18].  
 In the next example, we consider a loading case to verify the implementation of our current 
leakage model. The elastomer is first prestretched and then held until equilibrium is reached. 
Subsequently, the prestretched elastomer is held fixed such that it is unable to deform, which 
prevents creep from occuring. Charge is then ramped up on the top surface and held for a 
short time, before being switched to an open-circuit condition. In the open-circuit condition, 
the current 𝑖𝑖 drops to zero over a time scale on the order of 𝜏𝜏𝑐𝑐 = 𝜀𝜀 𝜎𝜎𝑐𝑐0⁄  [5], as shown in Fig. 4 
for the axisymmetric and plane-strain elements.  

  
Figure 4. Validation of current leakage model. (a) axisymmetric, and (b) plane strain elements. FE simulations 

in symbols; analytical predictions in lines. 
 

Next, with the verified elements, we consider a few cases to analyze the performance of 
dissipative dielectric elastomer actuators. We first study current leakage in an prestretched 
actuator (𝜆𝜆𝑝𝑝 = 3) undergoing equal-biaxial deformation subject to various voltage ramping 
rates. We simulate this loading case with axisymmetric elements (Fig. 5). Under actuation, the 
leakage current increases with the electric field. At slower ramping rates, the leakage current 
is higher due to viscoelasticity; the longer the loading takes, the longer viscoelastic relaxation 
is allowed to occur. Consequently, the leakage current accumulates due to a higher electric 
field.  

 

(a) (b) 
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Figure 5. Current leakage in actuator subject to various voltage ramping rates  (�̇�𝛷 𝐻𝐻⁄ )/√𝜀𝜀 𝜇𝜇𝛼𝛼⁄  under equal-
biaxial loading. 

Current leakage under actuation increases the amount of charge delivered from the battery 
during actuation. On the other hand, when the actuator is put in an open-circuit condition, 
charge leakage leads to a different consequence. In this example, we consider a constrained 
actuator (𝜆𝜆1𝑝𝑝 = 2, 𝜆𝜆2𝑝𝑝 = 1 ), which is subject to a constant voltage Φ for a long time, before 
being switched to an open-ciruit condition. As charges leak through the membrane, we 
observe a contraction in the stretch of the actuator over time. This contraction occurs on the 
scale of the conduction time for various Φ, with a faster charge leakage rate at elevated 
electric fields.  

  
Figure 6. Current leakage results in stretch contraction of a DE actuator with various prestretches 𝜆𝜆1𝑝𝑝. 

6 CONCLUSIONS 
In this paper, we describe a method to construct a model of dissipative dielectric elastomers 
on the basis of nonequilibrium thermodynamics. We implement the theory into a widely-used 
commercial FE software ABAQUS by implementing new user elements. The method is 
illustrated with examples to discuss the effect of viscoelasticity and current leakage on the 
performance of dielectric elastomers. Current leakage is significant under large actuation 
strains and at slow loading rates. Current leakage can also result in stretch contraction for 
precharged dielectric elastomers. We anticipate this method to be used for the design of 
practical dielectric elastomer transducers.  
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Abstract. An application of macro-fibre composite (MFC) actuators for the active twist 
control of helicopter rotor blades leads to significant vibration and noise reduction without the 
need for complex mechanisms in the rotating systems. To optimise an active twist of rotor 
blades with C and D-spar, new 3D finite element models and corresponding piezoelectric, 
static torsional and modal analyses are developed for two variants of application of active 
materials. Due to a large dimension of the numerical problem to be solved, an optimisation 
methodology is developed employing the method of experimental design and response surface 
technique. The comparative analysis is carried out to choose an appropriate optimal solution 
from rotor blades with C and D-spar and two variants of application of MFC actuators in the 
examined design space. The results of quasi-static tests made on demonstration blade confirm 
high accuracy of the developed 3D finite element models and corresponding analyses. 
 
 
1 INTRODUCTION 

During flight, helicopter rotor blades produce significant vibration and noise as a result of 
variations in rotor blade aerodynamic loads with blade azimuth angle. Likely, significant 
vibration and noise reduction can be achieved without the need for complex mechanisms in 
the rotating system using active twist control of helicopter rotor blades by an application of 
MFC actuators. In this case MFC actuators are implemented in the form of active plies within 
the composite skin of the rotor blade with orientation at 450 to the blade axis to maximize 
shear deformations in the laminated skin producing a distributed twisting moment along the 
blade. 

A number of theoretical and experimental studies were performed to estimate an active 
twist of helicopter rotor blades required for the reduction of noise and vibration, and 
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improvement of the overall performance of helicopters. The early studies were mostly 
experimental in nature and were undertaken to prove the concept of an active twist control 
using piezoceramic materials [1, 2]. Most present numerical investigations are based on 
simple box–beam blade models or combination of 2D cross–section analysis and 1D beam 
analysis along the blade span [3, 4]. Recently, using these approaches, optimisation 
methodologies were developed to maximise an active twist response for some rotor blade 
models [5, 6]. 

The present investigations demonstrate the optimal design of an active twist of helicopter 
rotor blades with C and D-spar developed by using new 3D finite element models and verified 
by the testing of demonstrator blade. Two design solutions for an application of active 
materials were studied to estimate their effectiveness. 

2 CONSTRUCTION OF HELICOPTER ROTOR BLADES 
The investigated helicopter rotor blades (model scale) presented in Fig. 1 are not pre-

twisted, equipped with NACA23012 airfoil and have the radius of 2 m and chord length of 
0.121 m. They consist of C or D-spar made of unidirectional GFRP, skin made of +450/-450 
GFRP with the thickness of separate layer of 0.125 mm, foam core, balance weight and MFC 
actuators located on the skin. It is necessary to note that rib in the D-spar design presents 
continuation of C-spar ”moustaches” and, for this reason, has the same thickness with them. 

MFC actuators used consist of rectangular piezoceramic fibres embedded into the epoxy 
matrix and sandwiched between polyamide films that have attached interdigitated electrode 
patterns as shown in Fig. 2. The direction of piezoceramic fibres in MFC coincides with the 
direction of outside GFRP skin layers to maximise the twist actuation capabilities. The 
thickness of MFC actuators is 0.3 mm, their operational voltage is from -500 till +1500 V and 
the spacing between electrodes is 0.5 mm. MFC actuators are applied as an active rectangular 
shape layer with the length of 1.56 m. Two design solutions for a best application of active 
materials (Fig. 3) were chosen from the previous study [7] for the present investigations. The 
material properties of the rotor blade components are given in Table 1. 

 

 
Figure 1: Helicopter rotor blades with C and D-spars 
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Figure 2: MFC actuator 

 
Figure 3: Application of active material 

3 FINITE ELEMENT ANALYSIS 
The finite element method is used for the modelling and piezoelectric, static torsional and 

modal analyses to determine active twist angle, strains arising in the rotor blades, location of 
centre of gravity and elastic axis, blade mass per unit span length and first torsional 
frequency. 

Table 1: Material properties of rotor blade components 

 MFC GFRP Rohacell 51FX Lead Wolfram 

xE , GPa 30.0 45.166 0.035 13.79 400 

zEEy  , GPa 15.5 11.981 0.035 13.79 400 

yzG , GPa 5.7 1.289 0.014 2.00 160 

xzxy GG  , GPa 10.7 4.583 0.014 2.00 160 

yz  0.35 0.325 0.25 0.44 0.28 

zxy x   0.4 0.238 0.25 0.44 0.28 
 , kg/m3 4700 2008 52 11300 19400 

33d , m/V 4.18·10–10 – – – – 

3231 dd  , m/V -1.98·10–10 – – – – 
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Figure 4: Finite element models of helicopter rotor blades 

New 3D finite element models of the rotor blades with C and D-spar (Fig 4) are built using 
ANSYS code [8], where the rotor blade skin with MFC active layer, spar “moustaches” and 
rib in D-spar design are modelled by the linear layered structural shell elements SHELL99, 
but the spar, foam and balance weight by 3D 20 node structural solid elements SOLID186. 
Some model simplification was done, namely foam material was removed from the rotor 
blade tile. This gives the possibility to decrease the dimension of the finite element model and 
to preserve a proportional mesh for the blade skin without an accuracy loss for the obtained 
results. The node offset option is applied for the joint MFC-skin-spar “moustaches” structure 
to preserve the rotor blade profile. In this case the finite element nodes are located at the top 
surface of laminate. The adhesive layer between MFC actuators and skin is ignored and 
clamped boundary conditions are applied from one side of the rotor blade. 

4 EXPERIMENTAL CHARACTERISATION 
To validate the developed 3D finite element models, the demonstration rotor blade with 

MFC actuators was designed, produced and tested. The main characteristics of the 
demonstrator are taken from the well-known BO 105 model rotor blade consisting of 
unidirectional GFRP C-spar, laminated composite skin and foam core. The chord length of 
121 mm and the radius of 2 m are in agreement with the original whereas, due to 
manufacturing reasons, the profile was slightly modified into a symmetrical NACA 0012 
which does not really change the blade from a structural point of view. The demonstrator is 
not pre-twisted and its dimensions are presented in Fig. 5. The material properties of the rotor 
blade components are given in Table 1 where the wolfram material should be chosen for a 
balance weight in the demonstration blade. 

MFC actuators used for an active twist of the rotor blade have the angle of piezoelectric 
fibres equal to +40° and the inner surface of skin is made of two GFRP layers with fibres 
angle of –30° (Fig. 5). In the areas outside actuators, two GFRP layers with the angle of +40° 
are added to the outer surface of skin in order to carry loads of actuators and to decrease the 
change of stiffness in this transition region between skin and actuator. Finally, 12 MFC 
actuators with operating voltage of -500 … +1500 V are implemented from both sides of the 
blade, resulting approximately in a total active area of 3200 cm2. All MFC actuators are  
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Figure 5: Cross-section and plan-form of the demonstration rotor blade 

placed into the mould and then cured together with GFRP. The details of manufacturing 
process could be found in [9]. 

The quasi-static tests for the demonstrator blade were carried out to measure an active twist 
angle. For such measurements rotor blades are usually clamped at the root standing upright. 
This is done to avoid any influence of flap bending, which would occur just by the weight of 
the blade itself, if tested horizontally. The developed special test rig (Fig. 6) allows location of 
sensors and actuators close to the rotor blade and simple installation of the rotor blade shape 
clamp for a twist measurements in a certain area of the blade. It is necessary to note that the 
test rig is also useful for the blade stiffness measurements. 

In order to measure the tip deflection, two different techniques were tested. The first 
assumes an application of laser beam on the blade tip. When the blade is twisted, this beam is 
also twisted and the beam’s projection on a wall located several meters away from the test rig 
gives the possibility to determine the blade twist. The second technique utilizes a set of laser 
displacement sensors to measure the tip deflection at leading and trailing edge of the blade tip 
which results in the tip twist angle. MFC actuators were used with the voltage range of –500 
… +1300V for a quasi-static excitation with the frequency of 0.15 Hz. Small voltage’s 
reduction was applied to avoid any electrical overloads. The tip twist measured 
experimentally is given in Table 2 together with the results of the finite element analysis. It is  

Table 2: Verification of numerical model 

Active twist angle  , ° 
Δ, % 

Experiment FEM 

3.93 4.06 3.3 
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Figure 6: An experimental set-up  Figure 7: Optimisation procedure 

seen that the difference between active twist angles obtained experimentally and numerically 
is 3.3% that confirms high accuracy of the developed 3D finite element model and 
corresponding analysis. 

5 OPTIMAL DESIGN 
Due to the large dimension of numerical problem to be solved, an optimisation 

methodology is developed employing the method of experimental design and response surface 
technique (Fig. 7). It is necessary to note, that in each of these stages, it is possible to solve 
the problem by different methods. The basic idea of this approach is that simple mathematical 
models (response surfaces) are determined only using the finite element solutions in reference 
points of experimental design. The significant reduction in calculations is achieved in this 
case in comparison with conventional optimisation methods. 

An active twist optimisation problem for helicopter rotor blades with C and D-spar is 
formulated based on the results of parametric study. In this case the objective function is the 
torsion angle maximisation 

  max)( X  (1) 

where    LtttlX skinribspar ,,,   is the vector of design parameters (Fig. 8) with the following 
boarders in mm: 

16≤ l ≤24,   0.50≤ ribspar tt  ≤2.50 
(2) 

0.25≤ skint ≤1.25,   0≤ L ≤100  

It is necessary to note that the skin thickness skint  is a discrete value design parameter with the 
step of 25.0)45/45(  t  mm. Taking into account the producers requirements, the following 
constraints are defined for the present optimisation problem: 
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2510   ,3022  eacg yy  (3) 

kfm T /4000   ,15.59   ,35.1 max1
   (4) 

where 4.1k  is the safety coefficient. 
The plan of experiments, where the points of experiments in the domain of factors are 

distributed as regularly as possible, was developed for 4n  design parameters and 30k  
experiments. The piezoelectric, static torsional and modal analyses determining active twist 
angle, strains arising in the rotor blades, location of centre of gravity and elastic axis, blade 
mass per unit span length and first torsional frequency were applied in separate points of the 
developed plan of experiments. By using approximations of the numerical results, 
corresponding response surfaces were built for the active torsion angle with correlation 
coefficient of 94 % and for other behaviour functions with the correlation coefficients higher 
than 90 % for both rotor blades. They were verified successfully by the finite element 
solutions using the design parameters not presented by the points of the plan of experiments. 
The formulated optimisation problem is solved by the random search method [10] using 
EDAOpt optimisation software [11] and the response surfaces obtained. 

The optimisation results for two rotor blades and two different MFC applications are given 
in Table 3. Since these results were obtained using approximations instead of original 
functions, they are verified by the corresponding finite element analysis in the optimal points. 
Table 3 shows that all the residuals   for objective and other behaviour functions determined 
as the relative errors between the response surfaces (RS) and original finite element solutions 
(FEM) are lower than 2 % in most cases that talks about high accuracy of the present optimal 
design. The optimisation results (Table 3) were obtained with 1000 V and linear piezoelectric 
analysis. Using linearity, the maximal torsion angle could be easily interpolated in the bounds 
of -500 … +1500 V. Strains arising in the rotor blades in the present diapason are lower than 
admissible and for this reason they are absent in Table 3. It is necessary to note that the 
maximal torsion angle desirable for the vibration and noise control applications is ±2º. 

Clearly one can say from Table 3 that, due to the very close maximal torsion angles 
obtained for both spar optimal designs (difference around 2.5%), D-spar design could be 
examined like more preferable since it gives smaller distance between location of the centre 
of gravity and elastic axis, and at the same time does not considerably contribute to an 
increasing of the rotor blade mass (around 3.2% from C-spar design). Obviously also that 
approach 2, due to its ability of higher actuation energy application, is more effective than 
approach 1 concerning the maximal torsion angle. However, this approach gives the rotor 
blade design with biggest mass and larger distance between location of the centre of gravity 
and elastic axis that does not contribute to an improvement of the rotor-dynamic behaviour. 

 
Figure 8: Design parameters 
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Table 3: Optimisation results 

Optimal design 

C-spar D-spar 

Approach 1 Approach 2 Approach 1 Approach 2 

RS FEM Δ, 
% RS FEM Δ, 

% RS FEM Δ, 
% RS FEM Δ, 

% 

D
es

ig
n 

pa
ra

m
et

er
s l , mm 24.0 24.0  16.0 16.0  16.0 16.0  22.0 22.0  

skint , mm 0.25 0.25  0.25 0.25  0.25 0.25  0.25 0.25  

spart , mm 0.50 0.50  1.50 1.50  1.00 1.00  0.50 0.50  

L , mm 91.0 90.0  77.0 76.0  89.0 88.0  82.0 82.0  

C
on

st
ra

in
ts

 cgy , % 26.5 26.7 0.7 28.9 29.2 1.0 29.7 29.4 1.0 29.4 29.0 1.4 

eay , % 16.3 16.6 1.8 15.7 16.0 1.8 22.1 21.9 0.9 18.1 17.7 2.3 

m , kg/m 0.99 0.99 0 1.16 1.14 1.7 0.96 0.95 1.0 1.20 1.23 2.5 

1Tf , Hz 59.2 57.9 2.2 59.3 59.8 0.8 59.2 58.1 1.8 59.8 58.9 1.5 

O
bj

ec
tiv

e 
fu

nc
tio

n 

 ,° 3.91 3.88 0.7 5.52 5.56 0.7 4.01 4.04 0.7 5.39 5.39 0.0 

 
Additionally, it is necessary to note that very strong constraint narrowing borders of the 
optimal solution search is the fundamental torsion eigenfrequency since all optimisation 
results come on its boarder or very close to it. 

To find a compromise between minimal distance of the centre of gravity and elastic axis, 
and maximal torsion angle and minimal rotor blade mass, multiple optimisation problems 
were solved with the same objective function maximising the torsion angle (Eq. (1)) under 
constraints described by Eq. (4) and presented below 

constyy eacg   (5) 

In this case optimal solutions were obtained for the constant minimal distances of the centre 
of gravity and elastic axis taken with the step of 0.5%. The value of step was reduced till 0.1% 
only approaching the minimal and maximal possible boarders where the optimal solution still 
exists. The optimal results for all steps are presented in Figs 9-10 for two spar designs and 
two approaches presenting different MFC applications. It is seen from Figs 9-10 that D-spar 
design is more effective in most cases since gives the possibility to obtain higher values of 
torsion angle and to build rotor blades with the smaller distance between location of the centre 
of gravity and elastic axis. It is interesting to note that optimal solutions for the rotor blades 
with C-spar design do not exist already for the minimal distances of the centre of gravity and 
elastic axis lower than 6.7% for approach 1 and 12.1 % for approach 2. At the same time, D-
spar design allows obtaining considerably lower values especially for approach  
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Figure 9: Optimal solutions for Approach 1 
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Figure 10: Optimal solutions for Approach 2 
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2. As expected, approach 2 is more effective than approach 1 concerning the maximal torsion 
angle but it considerably narrows application boarders of C-spar design and increases the 
weight of rotor blades. It is necessary to note also that approach 1 allows finding the optimal 
solutions in wider boarders for both spar designs. 

6 CONCLUSIONS 
Optimal design of helicopter rotor blades for an active twist application was developed by 

using simple plan of experiments with a regular distribution of sample points and accurate 
response surfaces obtained with high correlation coefficients. New 3D finite element models 
and corresponding piezoelectric, static torsional and modal analyses carried out in the points 
of experiments were successfully validated by the quasi-static tests made on demonstration 
blade. Optimisation problems were solved for two spar designs and two variants of 
application of MFC actuators to maximise an active twist angle. The comparative analysis 
was carried out to find a compromise between minimal distance of the centre of gravity and 
elastic axis, and maximal torsion angle and minimal rotor blade mass. 

For an improvement of the rotor blade active control, D-spar design could be examined as 
more effective since allows smaller distance between location of the centre of gravity and 
elastic axis. At the same time it preserves high value of the active twist angle and does not 
considerably contribute to an increasing of the rotor blade mass. Moreover, D-spar design 
allows the obtaining of optimal solutions in such regions of the examined design space where 
C-spar optimal design is completely impossible. 

As expected, approach 2 is more effective than approach 1 concerning the maximal torsion 
angle since it allows an application of higher actuation energy. However, at the same time this 
approach gives the rotor blade design with the biggest mass. 
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Abstract. Auxetic materials and structures have attracted significant interest because of their 
uncommon behaviour, i.e. they will shrink (expand) laterally under compression (tension). 
Auxetic tubular structures have been used as oesophageal stents. Inspired by the recent 
kirigami method and the pattern scale factor (PSF) adjustment method, we generated several 
tubular structures. The tensile auxetic performance of these tubes was investigated using 
validated finite element analysis (FEA) to explore their properties. The results demonstrated 
that the random cut method was unsuitable for generating auxetic tubular structures. Vertical 
and horizontal (VH) cut approach was suitable, but the change of the tubular diameter was 
lower than the tubular structures generated by the PSF adjustment method. 

Highlights: 

1) The auxetic performance of tubular structure generated by using random cut method is 
studied for the first time. 

2) It is found that the random cut method is unsuitable for generating auxetic tubular 
structures. 

3) It is found that the auxetic tubular structure generated by the pattern scale factor (PSF) 
adjustment method have a larger expansion ratio of diameter than that generated by 
cutting method. 

4) The auxetic performance of tubular structure generated using PSF adjustment method 
is more stable than that of tubular structure generated using the Vertical and horizontal 
(VH) cut method. 
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1. INTRODUCTION 
The term of “auxetic” is firstly proposed by Evans [1] to represent a cumbersome phrase of 

“negative Poisson’s ratio”, which is used to describe materials and structures with a counter-
intuitive behaviour, i.e. under uniaxially vertical compression (tension), these materials and 
structures contract (expand) transversely. 

Because of the uncommon behaviour, auxetics have been widely explored ever since Lakes 
[2] reported the first re-entrant foam with negative Poisson’s ratio (NPR) in 1987. Compared 
with traditional materials and structures, the superior properties of auxetics include shear 
resistance [3], indentation and fatigue resistance [4-9], energy absorption [1, 10, 11], 
synclastic behaviour [2], improved resilience [2], fracture toughness [12], acoustic absorption 
[13], vibration control [14] and smart filters [15].   

As foldable and expandable devices, auxetic tubular structures or auxetic stents have 
attracted significant interest because of their important role in the medical field, e.g. 
aunnuloplasty rings [16], angioplasty stents [17-19] and oesophageal stents [20, 21]. However, 
for the patterns of the most existing auxetic tubular structures, the cellular configuration is 
predesigned. Recently, Grima et al. [22] reported an interesting work. Using a random cut 
method, they successfully converted a non-auxetic conventional sheet of rubber-like material 
to an auxetic metamaterial with a large negative Poisson’s ratio. In our previous paper[23], we 
also suggested that random cut method could be used to generate auxetic tubular structures. 

In this paper, two kinds of tubular structural models utilizing random cut method [22] and 
vertical-horizontal (VH) cut method were firstly generated, respectively. Then validated FEA 
was carried out to explore the mechanical properties of the designed tubular structures under 
quasi-static tension. Lastly, the auxetic performance of the VH cut tubular structure was 
compared with an auxetic tubular structure [23] generated using PSF adjustment method [23-
26]. 

2. DESIGNING AUXETIC TUBULAR STRUCTURES 
2.1 Designing auxetic planar sheet using cutting method  

Similar to the work of Grima et al. [22], two slit perforated planar sheets were generated, 
one with a highly ordered pattern of alternating vertical and horizontal slits, the other one with 
a disordered pattern of randomly oriented slits.  

The geometries of the slit perforated sheets are shown in Fig. 1, where L is the length of 
the unit cell equals 20 mm; l is the length of the cutting slit equals 18 mm; t is the thickness of 
the cutting slit equals 0.2 mm; s0 is separation between the slits in the ordered system equals 
0.9 mm. For the disordered planar sheet, same as [22], the disorder is introduced to the sheet 
by a random change in the angular orientation of the cutting slit. The rotational angle is 
defined by d where -30°≤ d ≤ 30°, with 5° as an increment. That means d is set to 0°, ±5°, 
±10°, ±15°, ±20°, ±25°, ±30°. It should be noted that s0 is always larger than 0, i.e., none of 
slits are overlapped with each other. 

2.2 Converting sheets to auxetic tubular structures 
According to the work from Grima et al. [22], the planar sheets shown in Fig. 1 have 

auxetic behaviour under quasi-static tension. But how these planar sheets would behave under 
tension when they were transformed to tubular structures was still unknown. Same as our 
previous work [23], a coordinate transformation method was used so that the planar sheets 
could be transferred into tubular structures as shown in Fig. 2. 
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Figure 1. Planar sheets with perforated slits: (a) the representative unit cell of an auxetic perforated sheet 
consisting of perpendicularly arranged alternating slits; (b) the ordered perforated sheet made up of 8×6 
representative unit cell using VH cut method; (c) the disordered perforated sheet with dmax = 30° using random 
cut method. 

 

Figure 2. Cutting patterns of the tubular structures from different views: (a) the front view of the tubular 
structure generated using VH cut method; (b) the front view of the tubular structure generated using random cut 
method; (c) the perspective view of the tubular structure generated using random cut method. 

3. FINITE ELEMENT ANALYSIS 

3.1 FE model for tubular structures 

ABAQUS/Explicit solver was employed for the large deformation. Shell elements 
(ABAQUS element type S4) with the thickness of 2 mm were adopted for large deformation 
analysis. In order to minimize the inertia effect of the models, a gradually increased velocity 
on the top layer of the models was applied to guarantee its zero acceleration at the beginning 
of the loading process. Similar to the rubber material setup in our previous work [27], the 
linear elastic material was used with an isotropic Young’s modulus of 1 MPa and Poisson’s 
ratio of 0.47. All freedoms of nodes on the bottom and top layer were constrained except for 
the loading direction on the top layer which was set as z = 1. The loading rate and mesh 
density were determined by a convergence check. 

3.2 Comparisons of auxetic performance of tubular structures in tension 
According to the work of Grima et al. [22], planar sheets with ordered or disordered 

random cuts have an auxetic behaviour under axially quasi-static tension. To extend their 
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work from planar sheets to tubular structures, the FEA method was implemented and the FE 
results of deformation processes both for VH cut and randomly cut tubular structures were 
shown in Fig. 3. The normalized strain was defined by the vertical displacement of the top 
layer of tubular structure divided by the initial height of the tubular structure.  

As can be seen from Figs. 3(a) and 3(b), both of the two tubular structures seemed to 
exhibit auxetic behaviour because the overall diameters of these two tubular structures 
increased when compared with the initial diameters. It should be noted that the diameters at 
the different height of the tubular structure with ordered slits increased identically, as shown 
in Fig. 3(a). However, the diameters at different height of the tubular structure with random 
slits increased non-uniformly, as shown in Fig. 3(b). 

 

Figure 3. Deformation processes for two tubular structures under quasi-static tension from two views: (a) the 
front view of tubular structure generated using VH cut method; (b) the front view of tubular structure generated 
using randomly cut method; (c) the top view of tubular structure generated using VH cut method; (d) the top 
view of tubular structure generated using random cut method. 

When observed from the top view, the differences of the deformation processes for the two 
tubular structures became more obvious, which can be seen in Figs. 3(c) and 3(d). The tubular 
structure with ordered slits was auxetic, which was confirmed by its deformation process from 
two different views, as shown in Figs. 3(a) and 3(c). Interestingly, we found that the diameter 
of the tubular structure with disordered slits was not increased with the tensile deformation 
which could be clearly seen from the top view, as shown in Fig. 3(d). This FE result indicated 
that the tubular structure generated from the randomly cut method was non-auxetic, or at least, 
not the strictly auxetic. 
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For the planar sheet with perpendicular ordered slits, as shown in Fig. 1(b), the planar 
system itself made up a rotating square system. For the planar sheet with disordered slits, as 
shown in Fig. 1(c), the system was no longer a uniformly shaped rotating square system under 
tensile deformation, and it could be regarded as a system consisting of irregular quadrilaterals 
rotating units. The irregularity of the rotating unit was not an important factor for the 2D 
planar sheet with disordered slits, because the auxetic performance for the two planar sheets 
was very close, which was concluded in Ref [22]. 

For a 3D tubular structure, although it could be generated by rolling a planar sheet, one 
more constraint was implemented, e.g., the previous two unconnected vertical edges of a 
planar sheet were merged when the planar sheet was transferred to form a tubular structure. 
Attributed to this extra constraint, the mechanical effect of irregularity of the rotating units 
was enlarged for a 3D tubular structure resulted in a out-of-plane deformation. It is beyond 
the scope of this work to fully understand the enlarging effect of irregularity of rotating units 
on 3D tubular structure, but we could still conclude that the random cut method is unsuitable 
for generating auxetic tubular structures. 

3.3 Comparisons of auxetic performance for the tubular structures generated by VH cut 
method and PSF adjustment method 

To evaluate the performance of VH cut auxetic tubes, deformation of the tubular structures 
generated by VH cut method was compared with that by PSF adjustment method. Followed 
by our previous work [23], an auxetic tubular structure with PSF of 100% was generated as 
shown in Fig. 4. And the same Abaqus configrations as the previous two tubular structures 
were used for exploring its auxetic performance under tension. The mesh density was 
determined by an independent convergence analysis for this FE model. The deformation 
process for the tubular structure generated by PSF adjustment method under quasi-static 
tension, with a PSF=100% is shown in Fig. 5. 

The auxetic performance of two kinds of tubular structures, which were generated by VH 
cut method and PSF adjustment method, with a PSF=100%, is demonstrated in Fig. 6.  

As can be seen in Fig. 6(a), the Poisson’s ratio for the tubular structure with a PSF=100% 
was nearly constant over the  normalized strain range of -0.9 to -0.6. The Poisson’s ratio value 
for the VH cut tubular structure decreased dramatically at the beginning of the tensile 
deformation, with a maximal negative Poisson’s ratio of -3.8. Then this value increased 
rapidly to -1.2, then the Poisson’s ratio value increased moderately at the following 
normalized strain. At the normalized strain of 0.339, this value exceeded that of the tubular 
structure with a PSF=100%. 

For the auxetic tubular structure, the uniformed expansion ratio of diameter was a 
significant factor to estimate its auxetic performance. As can be seen in Fig. 6(b), the 
expansion ratio of diameter for tubular structure with VH cut was larger than that of a tubular 
structure with a PSF=100% before the normalized strain reached 0.355. After this normalized 
strain point, the expansion ratio of diameter for the tubular structure with a PSF=100% 
exceeded the value of tubular structure with VH cut until the end of the given normalized 
strain. The maximal expansion ratio of diameter for the tubular structure with a PSF=100% 
was around 1.35 which was higher than the value of VH cut tubular structure around 1.30. It 
should be noted that the right part of the curve for VH cut tubular structure was unsmooth, but 
the overall curve for a tubular structure with a PSH=100% was very smooth. 
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Figure 4. Geometries of the tubular structure generated by PSF adjustment method, with a PSF=100%: (a) the 
front view; (b) the perspective view. 

 

Figure 5. Deformation process for the tubular structure generated by PSF adjustment method under quasi-static 
tension, with a PSF=100%. 

 

Figure 6. Curves of auxetic performance as a function of normalized strain for two kinds of tubular structures: (a) 
curves of Poisson’s ratio as a function of normalized strain; (b) curves of expansion ratio as a function of 
normalized strain. 
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Figure 7. Configurations of rotating unit cells generated using two methods: (a) PSF adjustment method; (b) VH 
cut method. 

We attributed the considerable turbulence of the curve for the VH cut tubular structure in 
Fig. 6(a) and the unsmooth curve for the VH cut tubular structure in Fig. 6(b) to the unsmooth 
transition of the geometry of the unit cell, as can be seen in Fig. 7(a). Compared with the 
geometry of unit cell for VH cut tubular structure, the unit cell for the tubular structure with a 
PSF=100% has a smooth transition at the joint rotating parts, as can be seen in Fig. 7(b). 
Therefore, the overall tensile deformation of the tubular structure with PSF=100% is more 
moderate and result in the smooth curves as shown in Fig. 6. 

4. CONCLUDING REMARKS 
Inspired by the latest work of Grima et al. [22], where they reported that a conventional 

non-auxetic sheet could be transformed into an auxetic metamaterial through a random cut 
method. As an extension work, we investigated the auxetic performance of the tubular 
structures generated by cutting technique through FEA method. Also, we compared the 
auxetic performance of the vertical and horizontal (VH) cut tubular structure with our 
designed auxetic tubular structure [23] using the pattern scale factor (PSF) adjustment method 
[24], with a PSF=100%. From the obtained FEA results, the following conclusions could be 
drawn: 

a) The tubular structure generated using the random cut method has been investigated for 
the first time. It is found that the random cut method is unsuitable for generating 
auxetic tubular structures. 

b) The tubular structure with PSF=100% has a larger maximal expansion ratio of 
diameter than the tubular structure generated using the VH cut method. 

c) The unit cell of the tubular structure generated using PSF adjustment method has 
smoother transition curves than that of the tubular structure generated using the VH 
cut and the random cut methods.  

d) The auxetic performance of tubular structures generated using the PSF adjustment 
method is more stable than that of tubular structures generated using the VH cut 
method. 
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Abstract. In nature, versatility and functionality is a consequence of controlled placement of 
‘building blocks’ at nano and micro-scale and the resulting multifunctional hierarchical 
structures. This approach to manufacturing and philosophy is gaining interest among researches 
as it offers many advantages over traditional top down manufacturing. Latest developments in 
3D printing (3DP) technology allows one to have control over the placement of building 
materials in 3D space. This paper focus on the development of a cellulose hydrogel composite 
that can be adapted for 3D printing. This system preserves the functionality of cellulose while 
enabling printing through a syringe extrusion system.  Unlike conventional 3DP materials, this 
bespoke bio-inspired composite is sentient and can morph along the design rules we observe in 
nature such as pinecones in response to the stimuli of water. This paper presents the 
development and characterisation of the cellulose hydrogel composite.  

1. INTRODUCTION 
Sentient structures which incorporate sensory functions and proportionate mechanical 

responses within itself are touted to be the systems for the future. There have been a multitude 
of approaches in order to realise the goal of developing such smart structures. Whether it be the 
miniaturisation of existing sensory, electrical and mechanical systems by virtue of the 
advancements in robotics and nanotechnology or through development of novel material 
chemistries, the research community has been actively looking for solutions to tackle this 
particular challenge. Fortunately nature has already solved this challenge as evidenced by a 
myriad of examples [1]. The hygroscopic response of pinecones, Sun tracking of Cornish 
Mallow (Lavatera cretica) and the tactile response of ‘touch-me-not’ plant (Mimosa pudica) 
are some examples of sentient structures that respond to an array of stimuli. Nature has devised 
these sentient systems by controlled arrangement of materials and simple responsive processes 
such as swelling. Consequently there are significant research efforts and large body of scientific 
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literature [2–9] pertaining towards realising sentient systems akin to systems found in nature as 
opposed to just ‘smart’ materials or structures.  

 
Figure 1: Examples of actuation in plant kingdom (a) Pinecone (b) Touch-me-not plant (Mimosa pudica) 

Following nature’s design principles, two main parameters can be identified in order to 
realise smart systems, (a) a compliant stimuli responsive material and (b) a process emulating 
growth which enable controlled placement of the compliant stimuli responsive material so as 
to achieve the desired response from the system. This paper presents our efforts in developing 
a compliant stimuli responsive material that can enable 3D printing of responsive forms. The 
responsiveness of the material to the stimuli of water would enable the time dependant 
transformation of the printed 3D shape. The fabrication of such sentient forms that can 
transform in the time domain is termed as 4D printing.  

2. CELLULOSE AS SMART MATERIAL  
The potential of paper as a precursor for cost effective, renewable, bio-degradable and 

programmable smart material have been previously demonstrated by the authors [10]. Cellulose 
is the most abundant bio-macromolecule in nature with desirable properties such as 
renewability, environmental friendliness and biodegradability [11–13]. Therefore using 
cellulose and its derivatives in the manufacturing of engineering polymers have been rigorously 
investigated and implemented due to aforementioned benefits over traditional materials. 
Cellulose molecules consist of β -1,4-linked anhydro-D-glucose units in which every unit is 
corkscrewed 180° with respect to its adjacent unit [14,15]. The presence of hydroxyl groups 
(OH) in the molecule results in hydrogen bonding between molecules leading to the formation 
of fibrils which further associate to form fibres in a true hierarchical fashion. The nature of 
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hydrogen bonding results in crystalline and amorphous phases within cellulose structure [15]. 
Water can plasticise the amorphous regions by weakening or relaxing hydrogen bonding by 
forming competitive hydrogen bonds. These intercalating water molecules result in swelling 
throughout the material, which can be used to drive actuations of specific architectures created 
with them.  

 
Figure 2: Structure of cellulose (Produced in Chem Draw) 

Enabling functional Cellulose 3D printing 
Cellulose cannot be used with current additive layer manufacturing systems in its native 

form because it cannot be melted and extruded like typical plastics. There are examples of 
commercially available 3D printing filaments with cellulosic materials such as saw dust and 
recycled wood forming fillers (≈40%) within a polymer matrix such as PLA (Poly lactic acid) 
[16–18]. This method however limits the exposure of cellulosic components to the 
environment/ stimuli and such approaches are not suitable for sentient-morphing applications. 
Markstedt et.al 3D printed cellulose by dissolution in ionic liquids followed by coagulation in 
non-solvents such as water resulting in 2D and multilayer 3D gel structures on a coagulating 
bed [19]. Håkansson et.al from Chalmers University of technology created composite printing 
inks by mixing cellulose nanofibrils in a hydrogel consisting of 95-99 % water. The 3D shape 
in dry state was achieved by means of freeze drying the water from the final print [20]. Similar 
approaches in cellulose printing were also reported from Aalto University (Finland) and VTT 
research (Finland) as part of their joint DWOC (Design Driven Value Chains in the World of 
Cellulose) program [21]. Even though these approaches enabled 3D printing of cellulose, the 
final shapes which could be achieved were fixed and their applications limited. Recent work 
from Gladman et.al from Lewis lab at Harvard University demonstrated the fabrication of plant-
inspired architectures using cellulose microfibrils within a thermo-responsive acrylamide ink. 
The final 3D shape was not fixed in this case, but capable of transforming in the time domain 
as envisaged in 4D printing. These architectures actuated as a result of  preferential swelling in 
an acrylamide gel when restricted by the alignment of cellulose microfibrils [22]. As such, 
research shows that adapting cellulosic materials to the 3D printing domain can be achieved but 
there is scope for discovery especially with regard to enabling 3D printing of cellulosic smart 
materials. 
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The design of cellulosic fibrils to preferentially control the swelling of an embedding matrix 
is inspired by nature’s design of pinecones [23,24]. The significance of porosity and the 
resulting network structure of pulp fibres in controlling the opening and closing of folds in 
paper architectures has been previously established [10]. Such a network structure would not 
only enhance the mechanical properties of hydrogel substrate but also provide additional 
parameters such as porosity and anisotropic stiffness which can be programmed to tailor the 
response to stimuli. Combining a cellulose derived hydrogel with pulp fibres will permit the 
development a cost effective, cellulosic smart material. This approach will also aid in bypassing 
the undesirable shear thickening behaviour observed in pulp suspensions. Some examples of 
cellulose derived polymers forming hydrogels are hydroxypropyl cellulose (HPC), 
hydroxypropyl methylcellulose or hypomellose (HPMC), carboxymethyl cellulose (CMC), 
hydroxyethyl cellulose (HEC), methyl cellulose (MC) and ethyl cellulose (EC) [13,25].  

Sodium Carboxymethyl cellulose (CMC-Na/ CMC) is a hydrophilic cellulose derivative 
with carboxymethyl groups bound to the hydroxyl groups of glucose unit and was chosen for 
this study.  The functional properties of this biocompatible carbohydrate depends on its degree 
of substitution. The polar nature of carboxylic group makes CMC soluble in water resulting in 
the formation of gel. This polymer is widely used in food, skin care and drug industry as a 
thickening agent/ rheological modifier and is bio-compatible. In this work we have developed 
a stimuli (water) responsive cellulosic pulp-hydrogel composite which enables programmable 
transformation. This smart composite is formulated to be adapted for 3D printing, facilitating 
functional microstructures and increasingly complex shapes and forms. Furthermore the smart 
composite is also cost effective and bio-degradable.  

3. DEVELOPMENT OF HYDROGEL COMPOSITE 

3.1. Materials and Formulation 
Reagent grade water from Fisher Scientific was used as received. CMC-Na with degree of 

substitution (DS) of 0.9 in molecular weight (Mw) of 700k and 250k were obtained from Arcos 
Organics. HEC was obtained from Merck Millipore. Montmorillonite (naturally occurring 
powder) and Citric acid (99%) were purchased from Alfa Aesar and Sigma Aldrich 
respectively. Poly acrylic acid (PAA) was purchased from Sigma Aldrich. All materials were 
used as supplied.  

Nomenclature shown in Figure 3 was used to indicate the respective ingredients (in grams) 
in each formulations. 

 
Figure 3: Formulation key 

For example a sample [1]/[2]/[3]/[4]/[5] = 30 / 1.5 / 0 / 0 / 0.15 indicates that the formulation 
contains 30 g of water, 1.5 g of gel polymer, 0 g of dried pulp, 0 g of clay and 0.15 g of 
crosslinking agent. For samples crosslinked with citric acid, [2] the total amount of polymers, 
CMC and HEC were in 3:1 ratio.   
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3.2. Processing 
Pressed pulp linters for papermaking was obtain from www.georgeweil.com and was 

saturated in water for ≈24 hrs. This was followed by breaking up of linters into smaller pieces 
using a spatula and drying at room temperature. The uniform dispersion of pulp in water is 
crucial for smooth extrusion through syringe heads without clogging - dispersion of pulp for 
paper making processes also requires large amount of water followed by mechanical agitation 
to separate the fibres from each other. The caveat here is that such amount of water would 
prevent the formation of hydrogels when CMC-Na is added. The gel nature is crucial to enable 
extrusion as suspensions tend to exhibit shear-thickening which hinders the flow under stress 
[26]. As such a balance is required so as to maximise the fibre Vf (volume fraction) without 
compromising the gel nature of the composite. Based on preliminary dispersion trials it was 
deemed that within a laboratory environment only minimal amount of pulp fibres could be 
evenly dispersed in a beaker before starting to compromise the gel nature of the composite. A 
50% fibre Vf of final composite (i.e. half fibre - half CMC polymer) was desired based on the 
assumption that this would give a balance between benefits of fibrous network without 
compromising the gel.  

A number of mixing strategies were trialled ranging from sonication and shear mixing but 
yielded less than ideal results. However adding a hydrocolloid such as CMC before and during 
the mixing of pulp in water showed promising results (Figure 4 (c)). This strategy was further 
refined to yield improved extrusion results. The recipe for the hydrogel composite is as follows; 
0.025 g each of pulp and CMC polymer per 1 ml of water. The best dispersion results (Figure 
4 (d)) for this formulation was obtained with a planetary mixer1 (Thinky Mixer, USA). This 
was due to the efficient shear transfer of centrifugal forces facilitated by the addition of gel 
forming polymer in separating and dispersing the pulp fibres. The mixing procedures with 
Thinky mixer is as follows: The pulp, water and CMC were added in small quantities and mixed 
for 30 seconds at 1600 rpm before adding further up to the required amount as per the recipe. 
Once all the ingredients are in, the mixture is further mixed for 3-4 minutes (depending on the 
total volume) till a uniform paste was formed. The cellulose-hydrogel composite would then be 
manually extruded through a syringe (as in a 3D printer print head) and dried to form films. 
Figure 4 shows the improvements in pulp dispersion in hydrogel composite and clog free 
extrusion as a result of optimised mixing strategies.  

 
Figure 4: Improvements in pulp dispersion in CMC polymer as a result of optimised mixing strategies (Scale 

bar: 10 mm) 

                                                 
1 Planetary mixer – A centrifugal mixer that mixes materials employing "rotation" and "revolution". 
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3.3. Stability of hydrogel composites 
 Stability of the gel formed is also important with regard to the ability to extrude through the 

syringe. A significant reduction in prepared composites gelling properties and viscosity was 
observed after a week. Clay (montmorillonite) was added (0.5% of water) as a filler in order to 
stabilise the hydrogel. An inversion test on one week old samples proved the effectiveness of 
clay in stabilising hydrogel. An off-white colour was imparted to hydrogel composite when 
clay was added. The molecular weight (Mw) of CMC used was also increased from 250,000 to 
700,000 to improve viscosity and stability. 

The stability in aqueous medium is paramount for hydrogel based actuators.  Standard films 
(dry) of CMC polymer disintegrated (soluble) in water when left overnight. Whereas films of 
cellulose-hydrogel composite retained ‘shape’ in aqueous medium overnight but disintegrated 
when handled validating that just the pulp network is insufficient in holding shape. In order to 
provide aqueous stability it was decided to crosslink the hydrogels. Crosslinking reactions 
involving self-crosslinking [27], with PAA (poly acrylic acid) [28,29] and citric acid [30–32] 
as crosslinking agents were carried out and evaluated. The reaction involving citric acid (CA) 
was chosen as the way forward as it was more environmentally friendly and benign. The 
crosslinking reactions were successfully carried out at 120 °C for 10 minutes as opposed to 180 
°C for 30 min for self-crosslinking and 140 °C for 30 minutes when PAA was used. Reaction 
parameters were obtained from [30] and adapted for the synthesis of hydrogel composites. A 
mixture of CMC-Na and HEC (Hydroxyethyl cellulose), with weight ratio equal to 3:1 was 
used to form Hydrogel. The presence of HEC is necessary to promote intermolecular rather 
than intramolecular crosslinking [30]. The formulations containing 10% (of total polymer 
content) CA was chosen in this study.   

4. HYDROGEL COMPOSITE CHARACTERISATION 
The formulations with citric acid as crosslinking agents were considered for full 

characterisation.  

4.1 Rheology 
The protocol used to characterise the rheological behaviour and consequently mechanical 

properties of the hydrogel and composites are outlined as follows.  (i) Amplitude sweep (ii) 
Frequency sweep and (iii) Steady-state shear tests were carried out. This protocol was adapted 
from [33,34] and the gelation times were not determined using rheological parameters as the 
gel formation with CMC was observed as a function of loading capacity and constantly resulted 
in the formation of gels during the synthesis step for the formulations (Table 1) investigated. 
A rheometer (Kinexus Pro) from Malvern Instruments with a parallel plate geometry (PU20) 
of diameter 20 mm was used and all the samples were tested at 25 °C. Each sample was used 
only once and the tests were performed in triplicate and error bars represents the corresponding 
standard deviation. A standard loading sequence was used to guarantee reliable and precise 
loading protocol.  

Table 1: Sample nomenclature and respective formulations 

Gel+CA (low) Gel+CA Gel+Clay+CA Composite+CA Composite+Clay+CA 
30/0.75/0/0/0.15 30/1.5/0/0/0.15 30/1.5/0/0.15/0.15 30/0.75/0.75/0/0.15 30/0.75/0.75/0.15/0.15 
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Gel+CA (low) has the same gel content (gel Vf) as the composite samples and the polymer 
content in other two gel samples equals the solid content (polymers and pulp) of the composite 
samples. This spectrum of samples would demonstrate the effect of pulp, clay and polymers 
forming the gel in governing the rheological characteristics of these samples. The effect of 
amplitude, frequency and shear rate on Elastic (storage) modulus G’ and Viscous (loss) modulus 
G’’ will give a good indication of the nature and flow characteristics of the samples. The elastic 
modulus represents the solid-like characteristics whereas the viscous modulus represent the 
liquid-like characteristics of the samples tested. 

The relative importance of G’ and G’’ is represented by phase angle (δ) as follows: 

tan(δ)= G''

G'  (1) 

When δ > 45° (i.e. G’’/G’ >1), it can be said that liquid like behaviour dominates within the 
sample.  

Strain-Sweeps 
A strain sweep from 0.01%-100% at a frequency of 1Hz was performed on gelled samples. 

Figure 5 shows the elastic modulus (G’) as a function of shear strain for the samples tested. 
The loss modulus (G’’) values were not presented for clarity but is embodied in the phase angle 
(δ) data presented. The solid line (―) and dotted line (…) represents data on primary axis and 
secondary axis respectively. The phase angle (δ) data also demonstrates that G’>G’’ for most of 
the applied strain regime indicating that the samples are highly structured (gel). Elastic modulus 
values measured within the LVER (linear visco-elastic regime) shows highest value for 
Gel+Clay+CA (1.15 KPa) samples as expected. The presence of clay results in a higher elastic 
modulus and viscosity when compared to Gel+CA (0.9 KPa) samples. Contrary to what was 
observed in gel samples, the addition of clay in composites does not increase the elastic modulus 
(≈0.7 KPa) but resulted in gradual decay of modulus and viscosity at lower strains followed by 
a rapid decay of modulus which signified the critical strain %. It is assumed that the structural 
interactions of intercalated of clay and dispersed pulp fibres resulted in this flow behaviour. As 
the sampled gels were not chemically crosslinked, the gel nature was by virtue of physical 
crosslinks such as hydrogen bonds. Montmorillonite is of layered structure and could reduce 
the effective hydrogen bonding between cellulosic pulp, polymers and water by intercalating 
between them. This is reflected in the δ data as a rapid rate of increase in phase angle indicate 
more fluid like behaviour under increasing applied strain.  Although further investigations as to 
why this behaviour arises are necessary, these characteristics are ideal for the proposed 
composite extrusion system as it not only provides long term stability to the material system 
but also flows easier when compared to other formulations in this study. It is also noted that the 
modulus and thus the δ data for Gel+CA (low) are particularly noisy at strain (0.01%-0.1%) as 
expected due to weaker signal at this strain range from the sample.  
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Figure 5: Amplitude sweep data showing Elastic modulus (G’) and phase angle (δ) as the function of shear strain 

Frequency sweeps 
Frequency sweeps from 0.1 Hz-10Hz were conducted on formed gel samples at 0.5 % strain 

and the results are presented in Figure 6. Loss Modulus (G’’) values were omitted for clarity. 
It can be seen that the elastic modulus values at 1Hz matches the G’ values in LVER regime in 
amplitude sweep results presented in Figure 5. Figure 6 represents the G’ variation and phase 
angle (δ) across the frequency range where solid line (―) and dotted line (…) represents data 
on primary axis and secondary axis respectively . The slope in G’ suggests that the modulus is 
dependent on the frequencies probed and implies some structural relaxation where stored elastic 
energy is dissipated with time (i.e. higher frequencies). This implies a more fluid like nature of 
the samples when subjected to the frequency sweep.  
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Figure 6: Frequency sweep data showing Elastic modulus (G’) and phase angle (δ) as a function of frequency  

Shear rate 
The results of the steady state shear measurement are presented in Figure 7 with solid line 

(―) and dotted line (…) representing data on primary axis and secondary axis respectively.  It 
can be seen that the samples are highly shear thinning from the shear viscosity–shear rate plot. 
The relationship between shear stress developed and the applied shear rate is also presented. It 
can be seen that viscosity and stresses of Composite+Clay+CA samples are closer to the 
Gel+CA (low) samples especially at higher shear rates even though the solid content in them is 
twice as much. The comparison of viscosity and shear stress developed in 
Composite+Clay+CA, Gel+CA and Gel+Clay+CA confirms the observation made in amplitude 
sweep analysis regarding the combined effect of pulp and clay in facilitating better extrusion. 
These results shows the effectiveness of pulp-gel composite system in having ideal extrusion 
characteristics as a homogenous phase of either of the two would not have yielded necessary 
high viscosity (solid-like) at rest and decreasing at higher shear rates (i.e. when deformed). 
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Figure 7: Steady state shear viscosity (η) and shear stress (τ) as a function of shear rates 

4.2 Swelling Ratio 
The equilibrium swelling ratio (SR) of the hydrogels and composites containing CA were 

investigated in de-ionised water. The samples (minimum of 3) were weighed and immersed in 
de-ionised water for 24 hrs to reach equilibrium swelling at room temperature (21 °C). The 
samples were recovered from water and weighed after removing excess water from the surface.  

The SR was calculated as follows: 

SR= (Ws-Wd

Wd
) (2) 

where Ws is the weight of the swollen hydrogel/ composite, and Wd is the weight of the dried 
sample. Table 2 summarises the results of swelling ratio investigation. The standard deviation 
is presented as error. The swelling ratios of comparable self-crosslinked samples (without CA) 
are also presented to better understand the effect of crosslinking agent. The effectiveness of CA 
in crosslinking at relatively lower temperature is clear when compared to self-crosslinked 
samples. The effect of pulp fibres on the swelling ratio is also evident. This confirms the 
presence of pulp network that restricts the swelling of hydrogel matrix resulting in a lower 
swelling ratio. The addition of montmorillonite clay was found to have no impact on swelling 
ratio.  In swelling induced shape transformations, the SR results presented can be viewed as a 
concern. The versatility of this approach is that the amount of crosslinking agent or the ratio of 
cellulosic polymers (CMC-Na:HEC) can be varied so as to achieve desirable swelling specific 
for a structure.  
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Table 2: Equillibrium swelling ratio of formulations with CA after crosslinking 

Crosslinked with CA 10 min @ 120 °C Self-crosslinked 30 min @ 180 °C 
30/1.5/0/0/0.15 2.62±0.20 30/1.5/0/0/0 38.30±1.4 
30/1.5/0/0.15/0.15 2.79±0.14   
30/0.75/0/0/0.15 1.39±0.32   
30/0.75/0.75/0/0.15 0.85±0.02 30/0.75/0.75/0/0 4.10±0.15 
30/0.75/0.75/0.15/0.15 0.82±0.03 30/0.75/0.75/0.15/0 6.20±0.25 
 

5. DISCUSSION AND CONCLUSIONS 
The main hurdle in the development of the 3D printable cellulosic fibres was the dissociation 

of pulp fibres. The strong hydrogen bonding between them could only be relaxed with large 
quantity of water as in a traditional paper making process which resulted in a shear thickening 
suspension that frequently clogged when attempted to extrude with precision. The addition of 
cellulosic hydrogels not only imparts necessary shear thinning properties but also aids in the 
dissociation and distribution of pulp fibres through optimised mixing strategies. This directly 
results in higher loading capacity of pulp fibres without clogging. Granting the crosslinking of 
these composites does not affect the extrusion characteristics, it is imperative that the shapes 
produced are stable in an aqueous environment and do not disintegrate over the duration of 
experiments. The choice of citric acid as cross-linker enables lower crosslinking temperatures 
(after printing of the shape) and a more eco-friendly direction for further material development.  

The rheological characterisation of the formulations containing citric acid confirmed that the 
samples are shear thinning which is essential for smooth and controlled extrusion in any syringe 
based 3D printing extrusion set up. The low critical strains for composite samples indicate that 
they flow readily when deformed which is ideal. Even though montmorillonite clay was added 
to stabilise the formulations for long term storage, the complimentary effect it had on composite 
formulation is advantageous. The addition of filler materials usually results in increased solid 
like characteristics and viscosity hindering the flow but as demonstrated in the amplitude sweep 
and shear rate results, the combination of pulp and clay resulted in a more liquid like behaviour 
when deformed. It is believed that the intercalating clay platelets inhibits or even cleaves 
hydrogen bonding between pulp, CMC and water when deformed. Further understanding of the 
pulp-clay interaction and micro-structure in Composite+Clay+CA samples are required.  

The swelling ratio of samples were determined after crosslinking as it would not only 
determine the swelling potential of the samples but also a measure of aqueous stability. As 
expected the citric acid formulations have considerably lower swelling ratio when compared to 
self-crosslinked samples. However it is paramount to generate controllable swelling without 
degrading the material. The role of pulp network in restricting the swelling of gel matrix was 
also noted.  

It is envisaged that in conjunction with the versatility of additive layer manufacturing/ 3DP 
methods varying microstructure within an overall shape can be achieved. Whereas the sentient 
nature of material along with its tuneable parameters would result in hierarchical structures 
within a global form that can actuate in complex forms. The natural progression of the work 
presented here would be attempting to control the microstructure and final form through 3D 
printing where specific 3D printed actuation pathways within a global architecture or form 
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could lead to more complex actuating forms capable of sequential multi-stage deployment. 
Some preliminary results demonstrating the actuation of a manually fabricated flower 
architecture is presented in Figure 8. This architecture has a programmed actuation pathway 
(Figure 8 (a) highlighted in yellow) around the base of petals where an additional layer of 
hydrogel-composite and gel are deposited. The drying of samples at room temperature (RT-21 
°C) initiate the transformation (Figure 8 (b)) which was maximised by drying at elevated 
temperature (140 °C for 5 minutes) fixing the new configuration (Figure 8 (c)). This 
transformed shape is deployed back to the flat configuration by placing on a water bath at RT 
(Figure 8 (d)). Asymmetric folding and waviness in dried petals are attributed to uneven 
amount of composite and hydrogel deposited during hand-held syringe extrusion. 

 
Figure 8: Actuation of flower architecture. (a) During drying at RT (21 °C) (b) dried at RT –initiation (c) after 
drying at elevated temperature– fixing shape (d) deployed back to flat configuration in water at RT. (Scale bar: 

10 mm) 

The development of pulp-hydrogel composite will further the prospective of cellulose as a 
smart material. As the previous work [10] from authors demonstrated the potential cellulose 
within an already an already existing fibrous architecture (i.e. paper), this work aims to enable 
designers to create bespoke architectures with varying microstructure. The adoption of pulp and 
cellulosic hydrogel in a composite form enabled integration of the cellulosic material into the 
domain of 3DP materials without compromising its functionality whilst retaining the tuneable 
parameters such as varying micro-structure porosity, temperature and fibre volume fraction.  
Implementation of 3D printing will not only ensure greater precision in the placement of 
materials but also facilitate the realisation of more complex architectures and actuation 
pathways for 4D printing. 
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Abstract. Truss-Z (TZ) is an Extremely Modular System (EMS). Such systems allow for
creation of structurally sound free-form structures, are comprised of as few types of modules as
possible, and are not constrained by a regular tessellation of space. Their objective is to create
spatial structures in given environments connecting given terminals without self-intersections
and obstacle-intersections. In an EMS, the assembly, reconfiguration and deployment difficulty
is moved towards the module, which is relatively complex and whose assembly is not intuitive. As
a result, an EMS requires intensive computation for assembling its desired free-form geometrical
configuration, while its advantage is the economization of construction and reconfiguration by
extreme modularization and mass prefabrication. TZ is a skeletal modular system for creating
free-form pedestrian ramps and ramp networks among any number of terminals in space. TZ
structures are composed of four variations of a single basic module (Truss-Z module, TZM)
subjected to affine transformations (mirror reflection and rotation). The previous research on TZ
focused on global discrete optimization of the spatial configuration of modules. This contribution
reports on the first attempts at structural optimization of the TZM for a single-branch TZ.
Namely, the internal topology of a TZM and sizing of its elements are subject to optimization.
An important challenge is due the fact that TZM is to be universal, i.e., it must be designed
for the worst case scenario. There are four variations of each module, and due to symmetries
there are thus 44 = 256 unique 5-unit configurations. The structural performance of all of them
needs to be evaluated in terms of a typical structural criterion (the maximum von Mises effective
stress), and used for structural optimization at the level of a single TZM .

1 INTRODUCTION

A stairway is the most common means of pedestrian vertical transportation used in the built
environment. Elevators and escalators are relatively expensive to install and maintain, and
their traffic flow capacity is much lower than that of stairs. Moreover, it is not always possible
to install an elevator or escalator due to limited space. However, most people occasionally or
temporarily cannot use stairs, as when riding a bicycle, pushing a baby stroller or carrying heavy
luggage. For elders and people in wheelchairs, stairs form a permanent and impassable barrier.

1
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This is an important social issue, especially since the proportion of elderly people in society is
higher than in the past, and some predict that this tendency will continue [1]. A comprehensive
literature review for elderly pedestrians is carried out in [2].

Truss-Z (TZ) is a modular skeletal system for creating free-form ramps and ramp networks
among any number of terminals in space. The concept has been introduced in [3]. The motivation
for TZ in the context of human mobility, and in particular the mobility problems of elders is
discussed in [4]. The underlying idea of this system is to create structurally sound provisional
or permanent structures using the minimal number of types of modular elements. Further
discussion on modularity vs. free-form can be found in [4].

TZ is comprised of Truss-Z modules, TZMs for short. In principle, TZ connects two points in
space, called terminals. Constructing an efficient TZ can be formally expressed as a constrained
discrete multicriterial optimization problem. In the previous research only the geometrical prop-
erties, such as the total number of modules (n), “geometrical simplicity” (GS) and “number
of turns” (NT ), have been minimized. The criteria GS and NT measure how many units do
not follow a straight line, and how many continuous turns there are in the path, respectively.
Common constraints have been the locations of terminals, positions and shapes of obstacles in
the environment, etc. This paper reports on the first attempts at the structural optimization
of TZM for a single-branch TZ, which focuses on structural performance of the resulting TZs.
The following assumptions have been made:

1. The maximal span of TZ is five modules;

2. The TZM mass is constant;

3. The outer shape of TZM is fixed.

Subject to optimization is the internal topology of a TZM and sizing of its elements.

2 THE CONCEPT OF TRUSS-Z

In geometrical terms, all TZ structures are composed of only four variations of a single
basic unit or module (R). Figure 1 shows the geometrical properties of R which have been
set arbitrarily and used in theretofore research. Unit L is a mirror reflection of the unit R.
By rotation, they can be assembled in two additional ways (R2 is the rotated R, and L2 is the
rotated L), effectively giving four types of units. Some examples are shown in Figure 2. Figure 3
shows an example of a TZ underpass installation.

The structural rigidity of the TZ module has been demonstrated in [5], along with other
topological properties such as nullity, degree of static indeterminacy (DSI = 0), etc. Due to
the modularity of this system, it is natural to apply discrete optimization methods for creat-
ing TZ connectors and networks. Such structures can be optimized for various criteria: the
minimal number of modules, the minimal number of changes in direction, and in a case of
multiple branches, the minimal network distance, etc. Various deterministic and meta-heuristic
methods have been successfully implemented for single TZ paths, including backtracking [6],
evolution strategy [3], and evolutionary algorithms [7]. These methods produced usually good,
but not ideal, solutions. A graph-theoretical exhaustive search method, which produces the best
allowable, that is ideal solutions, has been described in [8].

2
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Figure 1: The original TZ basic unit (R). From the left: section A-A showing the slope, and three
orthographic views.

Figure 2: Four basic examples of various sequences of TZMs. From the left: flat and pitched ramps,
circle and spiral. The color convention is: R, R2, L and L2 are shown in: green, cyan, red and magenta,
respectively.

3
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Figure 3: Visualization of retrofitting of a cycling/pedestrian path which continuity has been interrupted
by a railway. The lightweight TZ could be partially suspended from the existing bridge. Without the
necessity of heavy equipment, TZ is a feasible solution for countless situations.

3 TZ MODULE GEOMETRY

The geometry of the module is determined by the parameters: planar angle θ, width r,
“slenderness” s, vertical displacement δZ, and height h, as shown in Figure 4. The slenderness
s is the ratio between the offset from the apex d to the width r. For the three cases of s = 0,
0 < s < ∞ and s = inf, the corresponding projections of TZM form a triangle, a trapezoid,
and a rectangle, respectively.

In this paper, the outer shape of TZM is based on functional considerations, and it the
same as presented in theretofore investigations. It is defined by the following parameter values:
θ0 = 30◦, r = 2.4 m, s = 0.5, δZ = 0.1 m, and h = 2.4 m.

4 STRUCTURAL OPTIMIZATION OF A TRUSS-Z MODULE

4.1 Optimization variables

The outer geometry of a Truss-Z module has been proven in earlier research to be flexible
enough to create free-form shaped ramps in complex environments. Thus, the geometry of a
module is treated as fixed, and the structural optimization process is limited to two factors:

• Placement of the diagonals of a module (d). Since there are four module faces with a
diagonal (floor, ceiling and two side walls), and since each diagonal can be placed in two
configurations, there are a total of 16 different possible configurations of the diagonals.

4
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Figure 4: The topological and geometrical parameters of the original TZM . The main frame and the
diagonal members are shown in cyan and red, respectively. Black arrows indicate the distribution of the
static load (5000 N/m2) used in the optimization process. The total load is distributed in proportion 4:1
between the ceiling and floor levels, and allocated to the end- and midpoints of the respective horizontal
beams in proportion to the area of the neighboring floor/ceiling triangles.

They are denoted by a sequence d of four binary digits (or alternatively, the corresponding
decimal number) that denote the configuration of the diagonal within the floor, the right-
hand side wall (the longer wall), the left-hand side wall (the shorter wall), and the ceiling,
respectively. For example, the specific configuration shown in Figure 4 is denoted by the
binary sequence d = 0101, that is the decimal number 5.

• Cross-sections of the module beams (x). Each TZM is modeled as a 3D frame and con-
sists of 16 beams. The material parameters are assumed to correspond to steel with the
density of 7850 kg/m3, Young’s modulus 210 GPa, and the shear modulus of 81 GPa. For
optimization purposes, it is assumed here that each beam is a circular hollow section with
the width of the wall equal to 5 mm, and that only the outer diameters of the sections are
subject to optimization. The corresponding 16-element vector is denoted by x,

x = (φ1, φ2, . . . , φ16) . (1)

There is an obvious non-negativity constraint, as well as a single linear constraint that

5
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fixes the total mass m of the module at the level of 150 kg. The successive parameters in
the vector x describe respectively the sections that join the following pairs of nodes of the
module, as numbered in Figure 1: (1, 2), (5, 6), (1, 3), (2, 4), (5, 7), (6, 8), (3, 4), (7, 8),
(1, 5), (2, 6), (3, 7), (4, 8), (1, 6) or (2, 5), (4, 6) or (2, 8), (3, 5) or (1, 7), and (3, 8) or
(4, 7), where the last four pairs depend on the specific configuration d of the diagonals.

4.2 Static load scheme

The optimization is performed in the static case, in which the entire Truss-Z structure is
subjected to a certain static load F(d). The load is assumed to correspond to the static vertical
load of 5000 N/m2, which is distributed in proportion 4:1 between the ceiling and floor levels,
and then allocated to the end- and midpoints of the respective horizontal beams proportionally
to the area of the neighboring triangles, as shown in Figure 4. Given a TZ structure, each its
module is subjected separately to such a load, which are then all assembled into the global load
of the entire structure.

4.3 Assessment criterion

The structural quality of a TZ structure constructed using modules of given cross-sections x
and with diagonal configuration d is quantified here in terms of the maximum von Mises effective
stress σmax

s (x, d) of the TZM sections that occurs in the entire TZ structure under the assumed
load vector F(d). The subscript s denotes a specific configuration of modules that uniquely
determines the entire Truss-Z, for example configurations see Figure 2.

The TZ system has a modular character, so that the ultimate configuration s used in specific
conditions is not known in advance. As a result, one needs to assess structurally not a single
specific configuration s of the modules, but rather the worst case scenario of a certain set S of
configurations that are expected to be used in real environments [9]. In practice, a TZ ramp can
be assumed to be supported not sparser than every five modules, thus the set S considered here
contains all possible configurations of five TZMs with fixed supports in all degrees of freedom of
the entrance and exit square plane frames. In general, the total number of such configurations
is 54 = 1024, but the left–right and entrance–exit structural symmetries yield 256 essentially
different 5-module configurations. The assessment criterion for a TZ module is thus defined
based on the worst case among all 256 possible scenarios: it is the maximum effective stress of
the beams in all modules in all possible configurations s ∈ S subjected to the assumed static
load F(d),

σmax
S (x, d) = max

s∈S
σs(x, d). (2)

4.4 Optimization process

During the optimization, the maximum effective stress σmax
S (x, d) is minimized with respect

to the variables x and d, of which only x has a continuous character. Due to the discrete nature
of the variable d, the optimization process with respect to the vector x is repeated 16 times,

6
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that is separately for each possible configuration d of diagonals, to yield 16 optimized values:

x̄d = argmaxx σmax
S (x, d), (3)

σmax
S (d) = max

x
σmax
S (x, d) = σmax

S (x̄d), (4)

which are then used to find the best configuration of diagonals and the ultimate minimum,

d̄ = arg maxd σmax
S (d), (5)

σmax
S = max

d
σmax
S (d) = σmax

S (d̄). (6)

Additionally, each of the 16 diagonal configurations d is assessed in terms of the maximum
vertical displacement h(d) of the TZ structure composed of the stress-optimized modules (as
defined by xd) under the considered load F(d).

5 OPTIMIZATION RESULTS

5.1 Configuration of diagonals

The results of the optimization with respect to x, see Eqs. (3) and (4), are shown Figure 5.
The horizontal axis represents the maximum effective stress σmax

S (x̄d) under the test load, while
the vertical axis represent the maximum vertical displacement under the same load, which
might possibly occur in a TZ of another configuration s. Each point corresponds to a specific
configuration d of the diagonals, which is printed in the point label. It should be emphasized
that the objective function is multimodal and has several local minima, and consequently some
of the points shown in Figure 5 might represent only local and not global minima.

With respect to the criterion of the maximum effective stress, the best diagonal configuration
is found for d = 15 (the left-most point in Figure 5). It corresponds to a specific configuration
of the diagonals used in the TZs shown in Figure 7. The diagonals join the nodes (2, 5), (4, 6),
(1, 7) and (3, 8), as numbered in Figure 1. Notice that each node joins the same number of four
beams.

5.2 Diameters of the beams

Figure 6 shows the optimized diameters of the beams x̄15, as computed for the optimum
configuration of the diagonals d = 15. The starting point of the optimization was the design
with all diameters approximately equal to 40 mm, which resulted in the maximum effective
stress at the critical level of 519 MPa. In the course of optimization, the maximum effective
stress has been reduced to approximately 104 MPa, which is safely below the yield strength of
steel and which indicates that the total mass of the module can be significantly decreased. The
optimized values of the diameters x̄15 of the beams are shown in Figure 6.

For each beam, the maximum effective stress occurs under the same load F(d), but it might
occur in a different 5-module configuration s of the TZ structure. Figure 7 shows these 16 worst-
case configurations for the successive beams. Each beam is drawn using its scaled optimized
diameter.

7
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Figure 5: The 16 optimized modules that correspond to the 16 possible configurations of the diago-
nals, shown in the space of maximum effective stress vs. maximum vertical displacement. The specific
configuration of the diagonals is shown in the label of each point.
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Figure 6: The optimized values x̄15 of the beam diameters obtained in the optimum configuration of
diagonals d = 15. The corresponding maximum effective stress has been reduced to 104 MPa from the
initial critical level of 519 MPa (for the design with all diameters equal).
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Figure 7: The 16 worst-case TZ configurations s that correspond to the optimum diagonal configura-
tion d = 0. Each beam is drawn using its optimized diameter. The vertices defining beams are displayed
at the first TZM in a sequence. The vertices identifying the most stressed beam are displayed for each
case.
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6 CONCLUSIONS

This contribution presents a preliminary study on structural optimization of the Truss-Z
module. The outer geometry of the module is assumed fixed, and it is subjected to a static
vertical load of 5 kN/m2. The optimization variables are the diameters of the beams, as well
as the internal topology of the module (configuration of its diagonals), as constrained by the
assumption of the constant mass of the module. The optimization goal is to minimize the
maximum effective von Mises stress that occurs in all 16 beams in all 5 modules in all 256
possible 5-module configurations. For the resulting optimized module, the maximum effective
stress in each of the beams equals approximately 104 MPa, which is well below the yield strength
of steel and which indicates that the mass of the module can be safely decreased. In future
work, multicriterial optimization will be performed with respect to geometric parameters of the
module, and the buckling effects will be taken into account.
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ABSTRACT 

Pneumatic artificial muscles (PAMs) are used to convert pneumatic power to pulling force. They 
have been widely used in industrial, medical and rehabilitation robots owing to their high power-to-
weight ratio, natural compliance and flexible structure. However, PAMs exhibit highly non-linear 
characteristics due to compressibility of air and use of viscoelastic material as the inner tube[1]. The 
inner tube usually is made of elastomeric materials which undergo large deformation under relatively 
small stresses. Due to non-linear behavior of elastomers at large deformations, stiffness of these 
actuators would depend on the applied pressure. Therefore, it is important to obtain a precise 
mechanical model for these actuators. In this paper, based on the Exp-Ln hyperelastic strain energy 
function [2], a new mechanical model is developed for elastomeric pneumatic artificial muscles to 
predict stiffness and output parameters along actuation course. Two silicone PAMs are designed and 
tested at 0-100 psi pressure under the action of different axial forces. Results of the model are 
compared with those of experiments for actuation pressure threshold, muscle stiffness, produced 
pulling force and contraction ratio of the muscle. 
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Vibration Control of Smart composite beam  

Kouider. Bendine, Zouaoui. Satla  Farouk Benallel Boukhoulda, and Nouari mohammed   
 

ABSTRACT:  In the present paper, the active vibration control of a composite beam using   

piezoelectric actuator. The space state equation is determined using system identification 

technique Based on the structure responses developed in Ansys finite element analysis 

package. Using ANSYS parametric design language (APDL) The Linear Quadratic (LQR) 

control law is designed and integrated into the ANSYS to perform closed loop simulations. 

Numerical examples have proved the efficiency of the proposed model.  
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Abstract. In the present paper, the realisation of smart components by means of an Additive 
Manufacturing process is analysed. In particular, the possibility to build sensorised components 
with embedded electronics using the Fused Filament Fabrication additive technique without the 
intervention of any other manufacturing machine is studied. The feasibility of production by 
Additive Manufacturing of a smart component is demonstrated through a series of experiments 
where different filament types and design strategies are considered and compared. Finally, a 
methodology for the inclusion of electronic components in the manufacturing process is 
presented and discussed.  
 
1 INTRODUCTION 

Smart components are of great interest for advanced industrial applications. In fact, they 
offer the possibility to integrate additional functionalities into structural components such as 
actuation, sensing and energy harvesting. An important application of smart components is 
structural monitoring where, thanks to the presence of integrated sensors, they allow an 
evaluation of the status of the structure during its actual operative conditions and at the same 
time, due to the presence of actuators, they are able to control the dynamic response [1, 2]. 

Additive Manufacturing (AM) is a set of manufacturing technologies based on the sequential 
deposition of  layers of material. Thus, it differs from the traditional manufacturing process, 
which is, usually, subtractive. In fact, the progressive addition of material in layers allows the 
production of components with complex geometry without compromising time and costs in the 
production stage.  

AM with polymeric filament was initially used as a method for rapid prototyping, although 
recent advances in fabrication techniques have provided much more promising material 
properties, enabling the technology to include a wide range of materials, such as metals and 
ceramics. Currently, different techniques are used to create parts layer by layer with an additive 
principle, including material extrusion, stereolithography, selective laser sintering (SLS), and 
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direct laser metal sintering (DLMS) [3]. Fused Filament Fabrication (FFF), is an additive 
manufacturing technology, which consists of the extrusion of a fused thermoplastic filament. 
By depositing the molten material following a particular toolpath, the parts of the component 
are built up layer by layer from a digital Computer Aided Design (CAD) model. The inclusion 
of components inside FFF printed parts and the possibilities to create electronic circuits inside 
polymeric elements, have been actively studied by researchers, demonstrating the capabilities 
of the AM in the fabrication of sensorised elements [4]. The implementation of AM for the 
production of elements with embedded components (mechanical or electronic) has gained wide 
terrain in the research field, demonstrating applications from electronics and mechatronics to 
aerospace [5]. The feasibility of the fabrication of components with embedded micro-
electronics has been demonstrated through the implementation of a multifunctional 3D system 
[6]. In this case, the manufacturing process has been enhanced by implementing different 
technologies such as micro-machining, CNC routing, and direct print. In the present paper a 
modification of the typical workflow procedure used for FFF technology is performed that 
allows the production of sensorised components without the intervention of any other 
manufacturing process and thanks to the use of conductive materials. The proposed 
methodology is first illustrated in comparison with the traditional one. Then, a case study is 
performed for two applications that demonstrate the suitability of the process in real cases. 

2 FUSED FILAMENT FABRICATION 
Since early 2000 when the RepRap© project came to life a proliferation of low cost desktop 

machines took place. To avoid legal issues with the trademark Fused Deposition Modeling 
(FDM) owned by Stratasys©, the name of the technology, which these desktop machines uses, 
is changed to Fused Filament Fabrication (FFF), although both FDM and FFF are essentially 
the same. The characteristics of this technology, such as the range of working temperature, the 
accessibility of materials and the simplicity of the hardware, as well as the characteristics 
resulting from the mentioned proliferation, such as open source system, hardware low cost, and 
available bibliography, makes FFF the optimal candidate for the objectives of this work.   

2.1 Production line and materials 

FFF is an additive manufacturing process based on the deposition of thermoplastic filaments. 
The polymeric material considered for the production of the required parts to fulfil the 
objectives of this work, is polylactic acid (PLA). This material is a biodegradable and 
bioactive thermoplastic aliphatic polyester derived from renewable resources, such as corn 
starch, tapioca roots, or sugarcane. The polymeric filament works on a temperature of 230 °C 
when deposited by the nozzle. The adherence of the material to the building plate in the machine 
is managed through the heating of the printing plate.  
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2.2 Standard FFF manufacturing process 
The standard methodology of the FFF manufacturing process is structured in three main 

tasks, which take place after the identification of the part or product to be manufactured. These 
are pre-processing, manufacturing and post-processing. Each of these tasks is subdivided into 
different steps and each step represents a group of operations to be carried out before proceeding 
to the next one. In Figure 1, a schematic image of the FFF standard manufacturing process is 
shown.  

In the pre-processing task, there are two main steps to carry out: 1) the design of a digital 
model using a Computer Aided Design (CAD) software and the subdivision of this model in 
printable parts. After the final form is defined, the model is analysed in order to check the shape-
regularity (the so-called manifold object condition). The file is then exported in 
stereolithography (STL) format to proceed to the next step: 2) the intervention with a Computer 
Aided Manufacturing (CAM) software. In this step, the model is prepared for production 
through a process of  “slicing” into printable layers. Moreover, the position and orientations of 
the component in the printer plate are defined together with the support structures. Once the 
printing parameters are established the file G-code is exported. 

 
Figure 1: Standard workflow implemented for the creation of a 3D printed part 

 
The G-code is a text file containing instructions for the numerical control of the AM 

machine, which is the most widely used Numerical Control (NC) programming language. For 
the manufacturing task, the machine is prepared and the file G-code must be loaded. The plate 
calibration is done by determining the distance between the extruder and the plate in several 

540



4 

G. Graterol Nisi, M. Eugeni, S. Atek, and P. Gaudenzi 

positions on the X-Y axes. The intervention of the operator may be required on the plate to 
ensure that the first layer of molten material will adhere properly to it and also to load the 
filament on the machine. Consecutively the file G-code file is loaded and the manufacturing 
process begins. In the current methodology of manufacturing, no human intervention is required 
during the printing process apart from filament change. 

The post-processing task starts when the part fabrication is complete. The part is carefully 
removed from the plate and the support structures are detached. The process is done by using 
appropriate tools. Once residual material is cleaned from the part, the finishing treatment begins 
if any particular superficial texture is desired. 

The standard manufacturing process methodology does not take into account a pause in the 
manufacturing process or the inclusion of external elements during the production session. 
Thus, it is necessary to define a suitable procedure, which will be studied and presented in this 
paper. 

3 A NEW WORKFLOW PROCESS FOR THE PRODUCTION OF SMART 
COMPONENTS BY FFF TECHNOLOGY 

In the present work, a smart sensorised component with embedded electronics is created by 
using a stand-alone commercial FFF desktop machine. In order to do that, in this work a new 
workflow methodology is proposed by studying the FFF work logic and by identifying the key 
elements of the process: CAD design, CAM procedures and manufacturing equipment. In order 
to make the most of the FFF technology for the production of a smart component, different 
studies are performed. The analysis of conductive materials -with particular emphasis on 
conductive filaments- allows the exploration of different designs strategies for connections and 
circuitry traces. By experimenting the inclusion of components in the manufacturing process, 
thermal issues and material compatibility issues are identified. The experimental campaign 
allows the proposal of a new logic for the manufacturing process. Different tests are designed 
in order to demonstrate the feasibility of the production of a sensorised component 
implementing the proposed new workflow methodology by this work. 

4 EXPERIMENTAL CAMPAIGN 
A series of experiments are established in order to confirm the feasibility of the idea, and to 

propose a methodology for the use of a stand-alone commercial FFF machine for the production 
of smart components. In particular, conductive materials and embedded electronics in the 
printing process are studied thoroughly to acquire the expertise necessary for the fulfillment of 
the scope of the research.  

4.1 Experimental Setup 

In order to perform the series of experiments a specific experimental approach is followed. 
First, three different conductive materials are studied through a series of tests performed on 
produced specimens to identify conductivity characteristics and determine the choice of the 
material that will be implemented in the successive tests. After the material selection, a test 
board, with circuitry made of conductive filament is realized to demonstrate the possibility 
using such material for conductive tracks. The same material is also tested as a capacitive 
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sensor. Then, the inclusion of electronic components is studied through the realization of a 
specimen with an embedded button battery.  

The machine used for the realization of specimens and prototypes is a Sharebot42©, a fourth 
generation professional desktop AM machine with single extruder and erectable heated bed, 
see Table 1 for the machine specifications. 

Table 1: Sharebot42 technical data 

Parameter Description 
Printing volume 250 mm x 220 mm x 200 mm 
Maximum printing speed 24 mm3/sec 
Heated printing plate max temperature 90°C 
Minimum layer thickness 0.05 mm 
Nozzle 0.4 mm (interchangeable) 
Compatible filaments (1.75 mm diameter) PLA-S, Nylon-Carbon, Thermoplastic Polyurethane  

4.2 Conductive materials 
Two types of materials are selected and studied. Commercial conductive paint and 

commercial conductive graphene filament. The two materials were selected due to the 
accessibility, simplicity to work with and the possibilities to include them in the parts during 
the manufacturing process. In Table 2, the main characteristics of the materials from the 
manufacturers datasheets are enlisted together with their possible applications. 

 
Table 2: Conductive materials characteristics 

Material Characteristic Aprox. 
Volume 

resistivity 

Working 
temperature 

°C 

Applications 

PMNK_P00
02879 

Nontoxic, water based, 
water soluble 

0.1 ohm-cm 20°C -25°C Painted resistor, capacitive electrode, 
conductor in low DC voltages circuits 

AlfaOhm Modified PLA conductive 
filament. With electrical 
non-ohmic behaviour 

10 ohm-cm 210°C -225°C Transfer of small currents, signals and 
information, worked by any 3D printer 

Black Magic PLA based material 
enhanced with Graphene 
traces 

0.6 ohm-cm  Capacitive (touch) sensors, used to measure 
proximity, position, humidity, fluid levels, 
and acceleration, conductive traces, 
electromagnetic interference (EMI) and 
radio frequency (RF) shielding, high 
strength mechanical and functional parts, 
worked by any 3D printer. 

 
The materials are analysed separately through a series of tests to understand their behaviour 

and conductive characteristics. The observations are compared among each other. Important 
manufacturing aspects such as simplicity of manipulation and deposition in the printing process 
are included in a final evaluation to select one subject to be implemented for the case study. 
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4.3 Specimens production for conductivity experiments 
The specimens were produced following the phases described below. 
1. Specimens for conductive filament test 

a. A printed volume of un-conductive material is deposited by the machine 
b. A filament change is required to charge the conductive filament 
c. The conductive samples are deposited by the machine following the specific 

toolpath. 
2. Specimens for conductive paint tests 

a. A printed volume of un-conductive material with specific grooves is deposited 
by the machine 

b. The grooves are filled manually with the conductive paint. 
Once the production of the specimens is completed, conductivity tests are performed.  

4.4 Electrical conductivity tests on specimens 
To measure the resistance of the samples a Metex M-3850D© multimeter is used. To avoid 

human factor influence on tests Schutzinger© clamps, connected to the multimeter, were used 
to hold onto the samples while measuring resistance. 

These tests allows the analysis of the electric behaviour of the conductive materials as well 
as the deposition process in:  

1) Samples with different sections so that the resistance of the material according to the 
dimensions can be identified,  

2) Samples with same geometry in order to proceed to a comparison between them can 
be done to understand the range of repeatability, and   

3) Samples deposited on layers of 0.25mm thickness to study the behaviour of the 
material in minimal layer thickness. 

The tests are done for each type of material and they are named with letters a) for the 
conductive paint, b) for the Black Magic© conductive filament developed by Graphene 3D 
Lab©, and c) for the AlfaOhm© conductive filament developed by FiloAlfa© in partnership with 
LATI©.  
In Figure 3 a comparison among the test results is done in order to apprehend the behaviour of 
the materials when implemented. 

For the conductive paint samples, the material is spread on the grooved models. This also 
allows evaluate the compatibility between the PLA and the paint and the difficulty related to 
the deposition process.  

The conductive filament instead, can be extruded from a common extruder of a FFF 
machine, by changing the filament reel. The conductive filament is a PLA based polymeric 
material with traces of Graphene. This material has been revolutionary due to the mechanical 
and electric properties. The two selected filaments shown in Table 2 are tested for this 
experiment. 
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Figure 3: Samples resistance characteristics. Up test 1) Center test 2) Down test 3) 

The results from the conductive materials are correlated in order to compare them in Table 
3. In the material selection criteria, some parameters are included, such as design freedom and 
effort level of inclusion in the production process. For each material a score from 1 to 3 is 
assigned, 1 being the lowest rank and 3 the highest. The scores are assigned in the following 
way: 

 For the conductivity parameter the score is assigned as 3 for the one with the less 
resistance, 2 the medium and 1 the one which presents high resistance, considering the 
average conductivity in the samples ranging from 1 to 10.  

 For the repeatability parameter, the score is assigned by the variance of the resistance 
in each type of material. For this case, 1 is for the material with a high variance and 3 
for the one with the minor variance.  

 Design freedom and deposition effort are scored as 3 for “easy to deposit” and 1 for 
“difficult to deposit”. 

Table 3: Conductive materials comparison 

Material Conductivity Repeatability / 
Conductive 

stability 

Reduced qty. 
conductivity 

Design 
freedom 

Deposition 
effort 

Total 

a 1 1 3 1 1 7 
b 1 1 2 3 3 10 
c 3 3 1 3 3 13 

544



8 

G. Graterol Nisi, M. Eugeni, S. Atek, and P. Gaudenzi 

In the previous tests, the paint shows better conductivity performances than the filament, 
when applied at a thickness of 0.25mm. Although, during the experimentation, some 
observations were made; the paint takes time to be deposited. The more complicated the circuit, 
the harder it was to include the paint during the printing process, risking unfeasibility. Another 
observation regards the current flow, which resulted as very unstable due to cracks formed in 
the samples when the deposited material dried. The conductive filaments of “AlphaOhm©” 
show better performances in repeatability, stability and geometrical-conductive relation. It was 
found during the experiments that the minimum thickness of the  “AlphaOhm©” conductive 
layer must be at least 4 mm to ensure a good conductivity. Moreover, the filament is easy to be 
deposited in their respective places during the manufacturing process no matter how complex 
the geometry is. The filament has shown optimal malleability allowing design freedom when 
modelling with the CAD software. Even if the studied conductive materials have shown the 
capability to be implemented as current carriers in specific simple circuits as the one in Figure 
4 (left), the performances are still too poor (when compared to traditional copper wires) for 
complex circuit designs. For this reason, the conductive material implemented in this work is 
“AlphaOhm©”. 

The implementation of the conductive filament for the present work has the following 
advantages:  

a. The deposition process is made directly by the desktop printer in the same temperature 
range as the already implemented regular PLA,  

b. The amount of operator efforts required for the inclusion of the material during the 
printing process is reduced,  

c. The conductive molten filament adherence to the PLA base is optimal due to the 
compatibility between the two materials,  

d. The freedom of design is enhanced, even more, when using a dual extruder machine.  
In order to explore the applications of the PLA based Graphene filament for the scope of 
manufacturing smart components where the circuitry and eventual sensors are also realized by 
the same machine, two simple experiments are established. 1) a basic photoresistor circuit is 
designed and printed with conductive traces and 2) a printed plate is connected to an 
“Arduino©” to test the conductive filament as a capacitive sensor. Figure 4 shows the 
conductive-capacitive experiment carried out. 
 

  

Figure 4: Left 1) conductive test. Right 2) capacitive test 
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4.5 Tests on embedded electronics 
The embedding of electronics in the material requires the study of the optimal phasing of the 

process, mainly a specific study on how to stop the material deposition, place the electronic 
components and then start again the deposition. 

The pre-processing and manufacturing tasks and can be subdivided into a series of phases: 
1) Design of the placement of the components (CAD) 

a) Creation of cavities and tracks 
b) Distribution and interconnections design 
c) Individuation and design of thermal protection 

2) Pausing the printer (CAM and Manufacturing) 
a) Precise layer individuation 
b) Components placement 
c) Temperature control 
d) Change of filament if single extruder 

Figure 5 shows two tests carried out in order to implement the proposed strategy. The first 
test regards the adaptation of the basic photoresistor circuit described above to a particular 
geometry. The second test deals with the insertion of a button battery and copper wires. The 
component chambers and traces are designed in the CAM model and the precise layers are 
individuated in the CAM software. 

 

Figure 5: Inclusion experiment steps. Left CAD. Centre component inclusion. Right finished printed parts 

When the printer is paused, a manual operation is performed to place the components in the 
respective positions. The temperature of the surroundings is usually near 50°C -60°C in the 
lower layers. When the polymer is deposited, it is over 200 °C, which can represent a problem 
for some components. In those cases it is necessary to apply thermal prevention strategies such 
as covering the chip or the battery with appositely printed protection covers.  

4.6 Feasibility and functionality tests 

Through the production of the parts with embedded electronics shown in Figure 5, the 
feasibility of the inclusion of electronic components during the manufacturing process has been 
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demonstrated and the functionality of the component once included has been proved. Through 
the experience of the tests shown in Figure 4 and Figure 5 a new fabrication process may be 
proposed. In Figure 6 a diagram demonstrates the proposed fabrication process timeline is 
presented. Specifically, in Figure 6 the model is divided into the different sections, which 
correspond to each manufacturing interruption. The fabrication timeline lists the different 
pauses of the process and in the section details the respective description. Moreover the diagram 
shows two strategies for the conductive traces, one in which the PLA grapheme filament is 
implemented and another where the interconnections are established by the inclusion of 
common copper wires during the manufacturing process.  

 
Figure 6: Fabrication procedure diagram 

5 PROPOSED NEW WORKFLOW 
The proposed process allows the production of components with functional embedded 

systems using a commercial desktop AM machine. In Figure 7, a schematic image shows the 
resulting workflow. 

The methodology assumes some changes compared to the one used for typical components 
which does not consider either electronics nor circuitry. New steps which are the results of the 
experimental experiences done during this work are included. In the pre-processing task, two 
steps are included. While the model is being designed using a CAD software, the part design is 
merged with the circuit design considering interconnections and component cavities. The 
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circuitry design is made by implementing an electronic prototyping software. The modelling of 
the conductive layers takes into account the conductive characteristics of the material obtained 
by using the experimentation campaign presented in Sec. 3.1. 

After the design of the embedded system takes place, the part subdivision and assembly 
strategy is done and the STL geometric representation file is exported to feed the CAM 
software, see Sec. 2.1. The second step of this task is the CAM intervention. In this step, the 
orientation and positioning of the parts on the building bed are studied. A critical point of this 
manufacturing step is the correct orientation of the model in the machine plate, as shown in the 
fabrication process diagram in Figure 6. 

Moreover, the support structure parameter is turned off to avoid the deposition of material 
inside the components cavities, and the layers where an intervention occurs are individuated. 
When the file G-code is exported, it must be edited to include the code for the printing pause 
on the layers noted earlier. By following the numerical instruction in the G-code the machine 
pauses the manufacturing process according to the decided design strategy illustrated in the 
fabrication timeline shown in Figure 6. When the printing process is paused, the operator adds 
the components in their respective places, see section details in Figure 6.  

After the printing is complete, the post-processing task remains the same as in the standard 
methodology. It is worth to note that the post-processing must take into account the presence 
of electronic components, which can be jeopardized. 

 
Figure 7: The proposed new methodology 
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6 CONCLUSIONS 
In the present paper, the realisation of smart components in the framework of additive 
manufacturing has been analysed. In particular, the possibility to build smart sensorised 
components with embedded electronics using the Fused Filament Fabrication additive 
technique without the intervention of any other manufacturing machine has been studied. A 
methodology for the inclusion of electronic components in the manufacturing process has been 
presented and discussed. Moreover, experiments have been conducted in order to choose the 
conductive material to be used in the printing process: different materials have been evaluated 
in terms of conductivity, repeatability, deposition effort and design freedom. It is important to 
point out that, the presented new methodology of design and manufacturing allows the 
production of a smart component without the need of any hardware modification to the 
manufacturing machine or the implementation of additional manufacturing technologies. 
Moreover, the new methodology enables the FFF technology to embedded circuits and sensors 
which can adapt to the structures geometry.   

The obtained results pave the way for further developments in the production of smart 
components with low cost commercial technology. A possible application may regard the 
manufacturing of smart printed tools; where conductive filament may be used as capacitive 
sensors to allow interaction with the tool holder. 
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Summary. The paper describes an innovation project aiming to embed sensors into cast 
metal during the casting process. Important measurands are e.g. elongation, shear, 
temperature and vibration. In practice this means to turn metal components into also being 
digital components. This will respond to some of metal industry´s challenges; resource 
efficient design, increased value added for the casting sector, and general access to different 
possibilities of digitalization. Technical challenges lie in choices of sensor material to
integrate during the casting process that maintains its sensor functionality after casting 
processing without degrading the mechanical strength of the metal component. Other 
challenges relate to signal interaction and interference between sensor and metal. To handle
the technical challenges the innovation project gathers competence about metal casting and 
sensor technology. One goal of this innovation project is to develop an innovation platform
that elevates the material based casting industry into a wholly or partially value and service 
based industry. Integration of sensors into cast components makes sensing functionality a
natural property of metal, which in turn may turn metal into key components for the industrial 
digitalization.

1 INTRODUCTION
1.1 What the research develops

This paper presents the current development of a new technology that can reduce costs for 
a wider integration of robust sensors into machine parts that has the potential to revolutionize 
the digitalization of all sorts of machinery. Figure 1 presents the generic approach; a wire of 
deviating material is embedded in the cast metal. Changes in the cast metal will also affect the 
wire. Changes in the signal through the wire will reflect changes in the cast metal. The wire
may be a metal or any other material that can carry a signal.  
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Figure 1: Initial simple approach; an embedded wire (sensor material) that changes it dimensions and/or 
properties when the cast metal is subjected to external stimuli such as mechanical and/or thermal changes.

Digitalization is the new market potential and consequently impregnates all aspects of 
industrial production, products, business and markets. The evolution of Internet into Internet 
of Things (IoT) takes the next step towards Internet of Materials (IoM) (Figure 2). This paper 
presents current research and findings towards evolving cast metal in that direction.

Figure 2: The strategic advance of Internet of Materials. The strategic and evolutional path from Internet of 
Things to Internet of Materials.

Transforming these electronically passive cast metal elements into sensors have a huge 
potential to significantly accelerate all the digitalization of all applications where cast metals 
today are used as construction or otherwise mechanically active elements. As a direct 
consequence, it may also have a huge potential to revolutionize the cast metal industry. Our 
research is practical and pragmatic and starts with the clear task of transforming a
construction material into a digitally able sensor.

1.2 What are the market drivers
The goal is to achieve effective and robustly cast metal components that can work as 

electronically active sensor components, with low total weight and high total cost efficiency.
If designed correctly this technology has the potential to reduce environmental impact over 
their product life cycle, as well as provide effective contributions to several of the 
sustainability goals. By achieving this there will be many benefits for metal based industries, 
ranging from metal producers and suppliers, recycling business, machinery, equipment and 
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construction, infrastructure and many more sectors. It is probably not an exaggeration to label 
it a revolution for metal based industry.

Today, the cast metal industry produces mechanically active but electronically passive 
metal components, with high mechanical, dynamic, chemical and thermal quality 
requirements for different advanced applications in constructions, electronics, vehicles, 
medical equipment, etc. Electronically active cast components will open for entirely new and 
widespread applications for embedded robust and cost-efficient sensor systems in machinery, 
equipment and constructions.

The potential for digitalization can efficiently and effectively control and monitor 
machines in rough and/or remote environments to reduce energy losses from friction and non-
optimal operations of a wide range of machines that transforms motion into electric energy, or 
that transforms static, electric or chemical energy into motion. It can also support reducing 
extra material marginals included by design in buildings and machine constructions by instead 
enabling feedback from the metal to avoid stress forces, as well as to save resource needed for 
redundant equipment due to service stops and break downs. 

Examples are sensors in bearings inside windmills at remotely placed sea based wind 
farms. By robustly and continuously monitoring the health of the bearings, breakdowns can 
be avoided and service interval can be reduced. Other examples are in widely distributed 
products, such as machinery and tools used globally in remote locations in harsh and widely 
different situations. Knowing that the moving parts inside the machine are in good order and 
that the machine can even avoid breaking down if temperature, vibrations or tensions may 
indicate any risks is an extra added value for an exposed user. In addition, by cost-efficiently 
providing sensor functionality throughout the use phase, many sorts of valuable information 
may be provided back to the drawing board to be used during design of the next version of the 
product

Beyond the immediate technical benefits, it also intends to meet some of metal industry´s 
challenges; increased value added for the casting sector, resource efficient cast component 
design and general access for cast components in any application to all possibilities of 
digitalization. Castings are used in a wide range of applications in the society and the concept 
will therefore add value far outside of the casting industry. It is anticipated that the greatest 
value of cast metal integrated sensors will come to the end users. Most likely they will never 
know about it, but most of their cast metal products will provide valuable services to them.

Embedded sensors may enable a wide introduction of digitally controlled and monitored
machinery, hence opening for a much larger impact enabled by digitalization on resource and 
energy efficiency and on improvement of external and work environments.

Today some cast metal components are supplied with after mounted sensors, glued, drilled 
or screwed onto the metal. The extra cost associated with these manufacturing steps is a major 
threshold for digitalizing the metal industry. After-mounting also introduces weaknesses 
during the product life. For example, tensions, vibrations and temperature changes may lead 
to corrosions, cracks and wear, which together decreases the robustness and increase the 
product life cycle cost.

In addition to robustness and cost-efficiency, the potentials of embedding sensors into cast 
metal components may also lower weight, result in smaller component size, enable new 
design alternatives, open for many more sensors inside each component, allow for entirely 
new physical locations to sense at, present new properties to sense, and provide entirely new 
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and innovative product concepts based on defined or standardized digitalization component 
interfaces, services etc.

It is believed that this new technology may revolutionize the business path for the cast
metal component supplying industries, today sometimes struggling with competing with 
price, into a business based on value added innovation, digitalization and services.

1.3 How we develop the technology 
Our research develops the cast metal components into also being electronically active 

components by integrating sensor functionality into the metal during the casting process. This 
will enable cast metal components to provide data about e.g. the component’s elongation, 
shear, temperature and vibrations, with purpose to monitor and control systems based on one 
or several of these components. The initial simple approach is to embed a wire as signal 
conductor and sensor, as was shown in figure 1.

Table 1: Research challenges and general approach.

CHALLENGES TYPE OF CHALLENGES PRINCIPLES OF APPROACH
Metallurgical Sensor material choice, 

production, material 
properties

Systematic knowledge build-up, 
interdisciplinary research and development

Mechanical Material properties, sensor 
connectors, impact on 
design 

Systematic knowledge build-up, 
interdisciplinary research and development, 
invite technology providers early, new 
design alternatives

Sensor methods Sensor signal interpretation 
and isolation, 
electromagnetic 
interference, short circuits 

Systematic knowledge build-up, 
interdisciplinary research and development, 
invite technology providers early, new 
design alternatives

Signal analysis Choice of signal, signal 
filtering and parameter 
interpretation

Systematic knowledge build-up, 
interdisciplinary research and development, 
invite technology providers early

Data science Signal analysis, relevant 
feedback 

Systematic knowledge build-up, 
interdisciplinary research and development, 
invite technology providers early

Commercial Component supply-chain, 
commercial eco-system, 
standardization, product 
added value 

Establish innovation platform of interested 
component and competence suppliers, 
initiate standardization, establish user-driven 
research routines to quickly reach market 

By focusing practically and starting with simple shapes and materials of the cast 
component, we introduce controlled variations of different variables, such as material choices 
and signals. The general approach is to create internal solidified structures for both sensing 
and traversing sensor signals. Such structures may be introduced as wires of gradually 
deviating material integrated during the casting process, or as identifiable boundaries between 
differently solidified areas that are either induced or that naturally arise during the casting
process within the cast metal structure.

Anticipated challenges identified are metallurgical, mechanical, sensor choices/sensing 
methods, signal analysis and data science as well as commercial exploitation due to lack of 
supply chains and standardization. In Table 1 the challenges and its related approaches are 
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listed.

2 THE KNOWN RESEARCH FRONT
Some ongoing research activities and development in the field of integrating sensors with 

materials were presented at the bi-yearly International Conference on System-Integrated 
Intelligence [1], and by some of the core activities of The European Technology Platform on 
Smart Systems Integration – EpoSS [3]. In particular a compiled state of the art and visionary 
outlook has been presented by Lehmus at the EpoSS in 2013 [2]. But there is very limited 
work on merging sensors with metal. Nothing can be found where this is done with ferro 
metal casting, but one related, and well-developed technique is marketed by Fraunhofer 
IFAM, in which they encapsulate piezo-electric sensors and RFID antennas into aluminum
[4]. This is the most similar approach we can find. There is also research aiming at integrating 
sensor materials into metals during additive manufacturing [5,6], which to some respect is 
related. There is also a patent describing a technique to mount optical fibers into metal [7],
which may be of relevance. However, the clear distinction between the identified existing
published research and technologies and the research project presented in this paper, is that 
our research takes its starting point in the potentials, properties and challenges of the cast 
metal material itself, and the production methods of casting metal. The integration is not 
limited to integrating sensors, but to transform cast metal into also being active sensors, not 
by adding strange material and technology to the cast components, but by developing the cast 
material and the casting production processes. 

3 CHOICE OF RESEARCH QUESTIONS
The research started with two core questions, the metallurgical challenges associated with 

integrating a sensor media into molten metal, and the sensor challenges of identifying 
appropriate sensor signals for different types of metals and potential sensor materials. The 
next level of research questions addresses the challenges of the surface between cast metal 
and sensor material. 

Each of these metallurgical and sensor related challenges are associated with casting 
technology related challenges, such as positioning of sensors inside the casting molds, before 
and during casting, handling and preparation of any isolation material between sensor material 
and cast metal, shrinking phenomena during cooling and other practical matters. Once the 
new cast component with sensor functionality is produced, there are still the core challenges 
of ensuring that the mechanical and corrosive properties of the cast component are not 
adversely affected. And increasingly important is to ensure that this new technology does not 
also introduce new threats to the environment and to global sustainability. 
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4 THE RESEARCH APPROACH
4.1 General research capacity 

Figure 3: The CAD drawing of the mold, with sensor inserts and special mold closing to maintain a good metal 
flow and easy mounting of sensor wires.

The research is based on a serial production of sensor based cast metal prototypes. The 
design, production, resulting properties and functionlity are throroughly tested at each 
iteration, and all learnings from the previous iteration is being fed back as new requirements 
for the next version of prototypes. The ability to quickly serial produce and test cast metal 
prototypes is based on the casting research institute’s modern full scale 3-D sand mould 
printer directly from a CAD-drawing like the one presented in figure 3. In addition, the sensor 
research institute has equipment and competence for advanced testing of different sensor 
functionality. This combined laboratory and production equipment enables production of 
entirely new prototypes every second day if necessary. 

4.2. Early research approach 
The different design parameters are chosen and tested in different ways, interdisciplinary 

and interorganisational. Fundamentally the cast metals to use for integration of sensors are 
chosen based on the cast metals used by the industries participating in the research. Currently 
this means that ductile cast iron and different forms of machinery type alumnium prototypes 
are being developed. Choices for sensor materials are based on the combined requirements of 
potential sensor signals and of other relevant physical properties.

Much of the early research focuses on practical aspects, such as how to design the sand 
molds to allow for precise positioning of sensors, and on early analysis of signal identification 
and materials defects.

4.3 Serial prototype testing and development
The large scale serial prototyping include a number of testing and development iterations,

based on the core results of the early research. This empirical research intends to fine tune a 
number of foreseen aspects and challenges of the research work. 
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4.4 Metallurgy challenges
In addition to the metallurgical challenges presented already, there are detailed aspects 

regarding:
• Volume changes during solidification, which may adversely impact the sensor
• Material defects impacting mechanical strength and metal properties at micro level
• Defects in the surface between cast material and sensor or isolator, such as gas bubbles 
• Intermetallic phases, carbides, brittle structures
• Diffusion and/or reactions between cast material and sensor or isolator 
• Unwanted solidification structures, such as degenerated graphite

Metals inevitably shrink during solidification and the cooling down to room temperature. 
One challenge is how the surface between cast material and sensor system will withstand 
differences in thermal expansion coefficients. A sensor without or in combination with
insulation will create a discontinuity in the cast metal, and as such it might be considered a
defect in the structure. Another source for the defects is the interaction between cast material 
and sensor/insulator system. Casting defects is already a problem, with issues such as 
porosities and gases formed due to chemical reactions in combination with reduced solubility 
as temperature decreases.

By the introduction of sensors this complexity will increase. Other challenges are related to 
the formation of unwanted solidification structures such as intermetallic phases and carbides, 
constituents in the microstructure that are known to adversely decrease and deteriorate the 
expected properties. A sensor inside a mold will in practice represent a surface which will 
impact the solidification structure in the bulk of the cast metal. These challenges are related to 
traditional casting metallurgy competence and challenges, typically dealt with by prototype, 
metallurgical analysis, detailed simulations and thorough theory build-up. Having these main 
challenges identified and listed is already a great leap towards solving them, though the 
research needed shall of course not be underestimated or ignored.

4.5 Sensor signal challenges
Due to different electromagnetic properties of different cast metals, there is also a need for 

different sensing techniques:
• Electric sensing is possible if interference can be avoided with for example isolation of 

the integrated wire.
• Magnetic sensing is possible if electromagnetic disturbances can be ignored and an

appropriate integrated magnetic wire material is used.
• Electromagnetic, up until optical sensing (optical fibers) may be possible if sensor 

material withstands production temperatures.  
• Ultrasound sensing methods may be an option for specific applications. 

Dependig on sensing methos and porperties of the cast metal the isolation kayer between 
signal conductor (wire) nd construction metal may can either be an isolator with a defined 
minimum resistance, or no isolation layer at all or be mediated in the form of diffraction index
for electromagnetic waves or sound waves.  
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4.6 Casting technology

Figure 4: The sand mold during preparation before casting.

To prepare for industrial scale serial production, research will include:
• Prepared sensor inserts, which can easily be added into serial production sand molds, 

as well as protects the sensor during the production step.
• Simple production step that takes no time. 

Introducing sensors during serial production based on sand molds would not introduce 
problems. Current sand mold casting is made by introducing several different production 
related components into the mold cavity before closing it before pouring the molten metal into 
it. For example, filters, in-mold inoculation and the application of mold wash are done in that 
way. Adding also a sensor to position in the mold before closing it will be integrate well with 
current production technique. Figure 4 shows one of the prototype molds, which is still not 
ready for serial production. Much manual detailed labor is still needed. Other factors that 
must be considered as challenges during mold filling are the high temperatures and forces 
acting by the melt. Also, when moving the research forward, towards high pressure die 
casting, new challenges will rise, related to forces and related to very high pressure and liquid 
metal turbulence to fill the mold. 

4.7 Cost 
Three major components are intended as cost reduction drivers for integrated sensors: 
• By integrating sensor functionality during the casting additional mounting and 

manufacturing costs will be kept at a minimum.   
• By developing sensor material with properties similar to the cast metal, rather than 

with advanced electronic components, material costs will be kept at a minimum
• The production and material costs will be only marginally higher for each additional 

integrated sensor into a component, enabling either redundancy or higher 
measurement precision, or both.
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4.8 Recyclability of sensor and isolator material
The technology is general and is expected to spread globally. It is therefore important to 

consider the environmental consequences from a high scale production, and to design a
technology with lowest possible environmental impact.

• Seek technologies with environmentally neutral sensor conductor material, preferably 
with alloys similar to the cast metal itself. 

• When deviating materials are added, seek ways to simplify recycling of the digitalized 
metal cast component.

5 FINDINGS

5.1 Practical potential
The research is developed in close cooperation with large industrial companies with

products based largely on cast components. This ensures the relevance and the progressive 
focus of the project. 

Efforts have been spent to secure a clear view on end-user needs and on rough market 
analyses. Suitable products and applications have been identified as targets for prototype 
specifications, and for first pilot testing. 

5.2 Early findings
Metallurgic research findings are not yet conclusive in any direction. Current prototypes 

indicate positive mechanical properties. Micro defects, such as gas bubbles around metal 
surfaces, intermetallic phases and unwanted solidification structures have not been thoroughly 
assessed at moment of writing. 

Several valuable findings have already been made about the sensors and sensor 
integrations, though also those cannot be considered conclusive. There are several different 
sensor materials and combined sensor signals appropriate for the development. 

All initial assessments of the potential sensor technologies include not only the technical 
potentials, but also cost estimates of the included parts for each type of sensor technology. 
These figures are yet rough, and will be continuously monitored and updated during as the 
research progresses towards more and more specific choices of technologies.

The research have a long term target how the intregrated sensors will lead to improved 
environmental benefits, in particular to low or no metal recycling contamination of the sensor 
to be included in the cast metal. The general approach is that the sensor material should be 
very small amounts of integratred materal, and that they should preferrably be based on the 
same metals already occuring the cast metal alloy. However, the first prototypes and product 
versions will likely be based on clearly deviating material, and further combined metallurgical 
and sensor research will be needed to achieve the full capability of environmentally 
sustainable integrated sensors.

6 DISCUSSIONS AND CONCLUSIONS
Cast metal components with integrated sensors will contribute with an innovative approach 

to solve some of metal industry´s challenges, by increasing the value added for the casting 
sector, possibilities for resource efficient design, and general access to the digital revolution 
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for cast metal components. Integrated sensors will significantly accelerate digitalization of all 
applications where cast metals today are used. As a direct consequence, it may also 
revolutionize the casting industry and its web of customers.

The combination of materials, signal and prototype still need to be balanced further for the 
correct sensing signal is stable in the chosen application prototypes. The interdisciplinary 
collaboration between Swerea SWECAST and RISE Acreo, combining casting technology 
and sensor technology, is necessary for the innovation area. The research is done in close 
cooperation with industrial partners that both produce products based on cast components and 
who see a high commercial potential in sensors in cast metal components. Their active role is 
to focus each research step onto specific customer added values of each technological 
advance.

7 NEXT STEP
Next steps are three paths on different levels, technical development, development of 

research and innovation platforms and ecosystems, and a long term strategic choice of a 
research agenda. 

7.1 Technology 
The current research project will be followed by a cascade of research projects focusing on 

different aspects of the integration of sensors into cast metal. This research strategy will both 
allow for in depth research in specific technological questions, as well as give opportunities to 
multiply the number of interdisciplinary and inter-organisational combinations that work on 
each different subject. There are several different examples. One example is the development 
of both wire based and wireless connections between sensing cast metal and the signal 
processing computing units. Another example is the specific development of high pressure die
casting technology solutions, where speed and very high pressure are key technological 
challenges. Yet other examples are the different challenges related to sensor signals in ferrous 
metals in applications with electromagnetic surroundings, such as in electric engines or power 
transformers. 

7.2 Ecosystems and platforms
It is expected that research projects will identify new knowledge and technology. In many 

situations there are other competences and organizations than the ones who identified the need 
for these, that are better suited to develop some of these results. By acknowledging this fact, 
the research intends to gradually establish a research and innovation eco-system, where 
several highly skilled competence organizations, such as academia, institutes and companies, 
work together to quickly and effectively producing solutions. This is a deliberate idea of the 
design of the research projects and of the dissemination of the results. 

As the research projects are cascading into different specific research aspects and 
applications, well-established platforms intend to contribute to catalyze the development.
As technologies and solutions become market ready, it is important also to ensure that 
suppliers of competence, components and services are established at industrial scales. This 
will partly be handled in the research strategies by to greatest possible extent build the 
different parts of the new technology on available technologies. If that is not possible, a 
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combination of educational strategies and licensing to specific commercial actors will be 
prioritized.

To reach full technological breakthrough it is also important to initiate standardization of 
both signals and of connectors. Such standards will be needed to make different components 
work together in systems such as building constructions, vehicles and medical equipment.
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A. Güemes, A. Benjeddou, J. Rodellar and J. Leng (Eds)

DETECTION AND LOCALISATION OF FIBRE OPTICS
EMBEDDED INTO GLASS FIBRE REINFORCED

COMPOSITE SAMPLES USING
INFRARED THERMOGRAPHY

KATARZYNA MAJEWSKA∗,1, MAGDALENA MIELOSZYK1

AND WIESLAW OSTACHOWICZ1,2

1Institute of Fluid Flow Machinery, Polish Academy of Sciences,
Fiszera 14, 80-231 Gdansk, Poland
∗ e-mail: k.majewska@imp.gda.pl

2 Warsaw University of Technology,
Narbutta 84, 02-524 Warsaw, Poland

Key words: thermography, glass fibre composite, Structural Health Monitoring, optical fibre

Abstract. Composite materials are used extensively in many industry area e.g. marine,
aerospace, automotive, railway, wind energy. Due to their wide applicability the high need of
safety is required. Any failure occurrence can result in costs of the damaged structures repairs
as well as in environmental contamination (ecological catastrophe). To overcome the problem of
safeness is to install permanently so called structural health monitoring (SHM) systems on/ into
a structure. The SHM systems can contain various types of sensors and their configurations.
Recently the SHM systems are based on fibre optics embedded into the structures for continu-
ously monitor its behaviour. Due to fibre optics diameter slightly thicker than a human hair the
development of optical time domain reflectometry, Brillouin scattering or fibre Bragg grating
methods is observed [1]. The composite internal discontinuity caused by embedding fibre optics
can be a damage origin (e.g. delamination, matrix cracking or fibre-matrix debonding) that
significantly decreasing mechanical properties of composite. On the other hand it is important
to know the fibre optics arrangement in the elements to not destroy them during structures
maintenance.

It is important to have a non-destructive method to inspect an internal structure of an element
just after manufacturing process and also during its exploitation. Infrared thermography (IRT)
is a non-destructive testing technique that monitors heat distribution using vibration and/or
ultrasonic excitation and/or light impulse in order to evaluate the structural health of analysed
element [2]. IRT can be divided into two approaches: passive and active thermography. Passive
thermography measures thermal variations of a material using an infrared vision device without
external thermal sources. Contrary to passive thermography, active thermography requires an
external heat sources to stimulate the materials under tests [2]. The common type of active
thermography which can be particularly used for fragile, brittle and thin structures is pulsed
thermography (PT) in both transmission and reflection modes.

1
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The paper presenting an application of IRT (especially PT) for observation and evaluation of
the internal structure of glass fibres reinforced composite samples with embedded fibre optics.
The experimental investigation is performed on four-layered rectangular samples manufactured
using infusion method with different arrangement of fibre optics. The goal of this paper is to
study if it is possible applying PT to distinguish optical fibres to matrix fibre bundles as well as
to track the arrangement of the optical fibres. Additionally the time and power of light signal
for PT will be established.

1 INTRODUCTION

Composite materials are used extensively in many industry areas, so there is an increasing
need of studying their mechanical behaviour in a case of damage occurrence as well as for
the non-destructive testing methods for detection of damage initiation and subsequent tracking
of its evolution. Composites reliability guarantee safety of mankind and nature. Nonetheless,
structure damage in composite can appear in two ways: by external impacts or by internal failure
(delamination, water ingress, dust, finger print, sensors etc.) originated from manufacturing. To
overcome the problem is to installed permanently so called structural health monitoring (SHM)
systems on/into structure. Due to optical fibre (with fibre Bragg grating sensors, FBG) diameter
slightly thicker than a human hair it is possible to embed an optical fibre (OF) into a composite
matrix. And it is extremely important to avoid failure while embedding an OF into composite.

IRT is very useful method used for diagnosis of structures. Infrared thermograpy methods can
be divided into passive and active ones [3]. Passive thermography measures thermal variations
of a material using an infrared vision device without external thermal sources. Contrary to
passive thermography, active thermography requires an external heat sources to stimulate the
materials under tests. The common types of active thermography are pulsed thermography (PT),
stepped thermography (ST), lock-in thermography (LT), modulated thermography (MT), pulsed
phase thermography (PPT) and frequency modulated thermography (FMT) [4]. Optical based
excitation method have such advantages that allow to avoid modifications of temperature field
of structures due to the contact of exciting transducer (ultrasound based methods). In the case
of PT choice of the proper pulse parameters is a key issue. The two types of excitation pulse
shapes are investigated: rectangular and exponential [5, 6] as well as very interesting approach
based on frequency modulated thermal excitation was used [7].

In PT two approach can be distinguished. First is based on heat reflection (thermal excitation
source and IR camera on the same side of sample) and second on heat transmission (thermal
excitation source and IR camera on opposite side of sample) [3].The PT method is widely utilized
for damage detection in metallic structural elements especially in aerial structures [3] as well as
parts made out of carbon fibre reinforced polymer (CFRP) [8] and glass fibre reinforced polymer
GFRP composites [9]. In composite materials IRT allows to detect delamination [10, 11], water
ingress [12], matrix cracking [13] or thermal degradation [14].

The state of art shows that problem of composite material inspection is very important. It
is caused by fact that composite elements are more and more used in our everyday life. The
motivation of the research was a lack of literature related to the PT method applying for for
observation and evaluation of the internal structure of glass fibres reinforced composite samples

2
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with embedded fibre optics.
In the paper authors applied pulse thermography for observation and evaluation of the inter-

nal structure of GFRP samples with embedded OF. The paper is organised as follow: firstly the
GFRP sample with embedded FBG sensors as well as manufacturing process is described. Then
the thermography imaging results for the samples are presented. At the end some conclusions
and methods limitation is discussed.

2 EXPERIMENTAL INVESTIGATION

2.1 Samples preparation

The laminates were manufactured using infusion method (Fig. 1) for bidirectional material
(glass SGlass) and epoxy resin. During preparation process the material was laying on a metal
plate covered by PTFE (polytetrafluoroethylene) layer allowing easy removing sample. The
material plies were covered by additional material layer in a purpose of an equal distribution of
the resin during the manufacturing process. Due to this the bottom surface of every sample is
smooth while the top one is rough.

Figure 1: Schema of sample manufacturing.
Special thank you to CreeYach for helping with manufacturing the samples.

2.2 Sample & set-up

The measurements were performed on selected square GFRP (Glass Fiber Reinforced Poly-

mer) sample. The dimensions of a sample were as follow 60 mm x 60 mm x 1 mm. The sample
was made out of four layers of GFRP with four OF (Fibre Optic). Two of OF between 1st

3
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and 2nd layer and two other between 3rd and 4th leyer counting form the bottom of the sample
(Fig. 2 (a)). The physical parameters of a glass material and bare OF are similar. The main
difference is that the glass fibres are intertwined making one textile while OF is separated. The
dimension of OF is about 0.25 mm and is smaller than the thickness of textile (0.4 mm) used
for making one layer of the composite sample.

The internal structure of prepared composite sample was examined using pulse thermography
method (reflection mode). The experimental set up is presented in Fig 2 (b). Measurements were
conducted using two halogen lamps (marked as L, R) 150 W each, infrared camera Flir SC-5600,
dedicated support frame and PC computer for infrared camera software operation. Light from
lamps changed the temperature field of the sample in the places where any discontinuities like
OF were introduced. Temperature changes were registered using infrared camera (measurement
frequency 100 Hz) and PC computer.

Figure 2: Sample and set-up.

2.3 Experiment details

The main purpose of this experimental investigations was to study if it is possible applying
PT technique to distinguish OF to matrix fibre bundles, to track the arrangement of the OF
into the sample as well as to establish the power of light signal. For this the following scenario of
measurement was proposed. During the experiment the smooth face of the sample was excited
using optical source (two halogen lamps, 150 W each) and also the infrared response was observed
on the same face of the sample using infrared camera. The results recording was begun before
the light excitation started and finished when the sample was cooled down. The light heating
least 5 s. The light delivered to the sample changed local temperature field which was observed
due to IR camera and registered in 1250 frame movie due to camera software installed on PC.

To achieve the challenges, the authors decided to propose 3 measurement cases (Fig. 2 (b)):

• B - using both lamps,

• L - using left lamp,

• R - using right lamp.

4
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3 RESULTS

Timing graphs for selected point (x) in the middle of the sample (Fig. 2 (a)) for three exciting
cases (B, L, R – meaning like above) with marked analysed frames are presented in Fig. 3. The
frames were chosen for every 1 s where the I was for heating start moment and V - for heating
end moment. It is clearly visible that for both (B) lamps the registered values of termogram /
timimg graph DL (called digital level) is almost 2 times higher then for one lamp (L or R). Also
the process of heating / cooling sample is easy to observe.

Figure 3: Timing graph with marked I-V analysed frames.

In Fig. 4, Fig. 5 and Fig. 6 the thermograms (a) of selected frames I-V and corresponding maps
(b) achieved using own filtering algorithm are presented for three cases B, L, R, respectively.
The termograms presents the sample together with fixing elements (see Fig. 2 (b)) and the
background. On all of thermograms the sample surface pattern (due to used glass fibre textile)
is well visible and the OF locations are only gentle marked. The filtering method was focused
on the sample part of frame only (grey rectangular on sample in Fig. 2 (a)). It allows to
distinguish all OF and they arrangement, although the effect of the textile pattern was not
removed completely. Also it is impossible to distinguish between which layers OF is located.
Comparing three presented excitation cases (B, L, R) it is possible to observe that the OF are
the best visible in the B case. It is due to amount of energy achieved by the sample and the
uniformity of thermal excitation distribution on the sample surface. On the other hand in the B
case the textile pattern is highly visible and it is a problem to remove it completely and to see
anything more (FO or any other discontinuities in the sample material). Due to this the cases
R and L can be treated as a optimal choice for such purpose because it allows to distinguish OF
without such strong excitation of sample roughness.

The differences in energy achieved by the sample during excitation using one (R, L) halogen
lamp in comparison to two halogen lamps is presented in the following formulas. The differences
are due to not symmetric position of lamps to the main axis of the sample.

case B − case L

case B
∗ 100 = 51% (1)

case B − case R

case B
∗ 100 = 48.5% (2)

5
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Figure 4: Analysed frames without (a) and with (b) applied own filter for case B.
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Figure 5: Analysed frames without (a) and with (b) applied own filter for case L.

7
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Figure 6: Analysed frames without (a) and with (b) applied own filter for case R.

8
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Table 1: The optical fibre influence in comparison to averaged value of composite material for PT.

B L R
S1 S2 S3 S4 S1 S2 S3 S4 S1 S2 S3 S4

I 137 155 140 156 144 165 123 152 150 173 160 171

II 123 131 116 129 138 148 113 138 132 140 139 144

III 120 129 115 129 136 148 110 137 129 137 134 139

IV 120 130 114 126 135 148 107 134 130 137 136 139

V 120 127 113 127 132 143 111 132 128 134 135 136

The Tab. 1 presents differences between thermal energy emitted/reflected by the optical fibre
in comparison to averaged thermal energy for whole sample. The differences decreasing with
heating time. The best chose is III – IV frame where time of the excitation is about 3-4 s. It
means the sample is not cold and not overheated.

4 CONCLUSIONS

The paper investigates practical aspects of pulse thermography technique for observation
and evaluation of an internal structure of glass fibre reinforced polymer sample with embedded
optical fibre. The main conclusion is that it is possible to find and localise an optical fibres into
the sample. It is possible to distinguish OF in all analysed excitation cases, although due to
excitation of the sample roughness (glass fibre textile pattern) the best choice seems to be one
halogen lamp instead of two. Also the distance between light source and sample as well as angle
at which light is delivered to the sample can be an issue in PT (compare case L and case R). It
is possible that such an effect (pattern sample) is not observed for painted samples. It will be
analysed in future investigations.
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Abstract. This work presents the results of the experimental studies of strain distribution in the 
composite specimens using optical sensors based on fiber Bragg gratings (FBG) embedded into the 
material. Both flat bar and V-notch specimens were taken for tensile tests which were carried out on 
Instron 5982 machine. Also the optical system Vic-3D was used for independent registration of strain 
fields on the specimen surface. The results of tensile testing of flat specimens showed the general 
possibility of uniform strain measurement and were used for calculation of calibration factor for the
next following tests. A series of repeated uniaxial tension and compression tests was performed on flat 
bar samples to determine the material modulus of elasticity using FBG sensors. The tension of V-notch 
specimen leads to occurrence of non-uniform fields of strain. The results of the strain gradient 
registration in the V-notch composite specimen using FBG sensors were compared with the digital 
images received from the optical system Vic-3D. The difference between the results of strain 
measurement obtained with the different approaches did not exceed 5%.

1 INTRODUCTION
One of the main issues in the development of advanced aviation and aerospace composite is a

providing of design reliability during long-term operation especially for civil aviation. The composite 
material is a more complex object for studying mechanical properties because of anisotropy, an 
essential dependence of properties on temperature and manufacturing technology. In some cases, the 
material properties within the construction can not be determined on standard specimens, and the 
influence of technological factors, such as the characteristics of raw materials and the parameters of 
manufacturing processes, can hardly be predicted.

However, the solution of the problem of providing of design reliability can be found in the creating 
principle of composite material and construction [1, 2]. This is the creation of materials with the ability 
to diagnose and monitor its state during the short-term tests or continuous service using the fiber-optic 
sensors [3, 4]. Optical fibers can be used as sensors to measure strain, temperature, pressure and other 
physical quantities and capable of withstand strains comparable to strains of the composite structure. 
One of the main problems when using fiber optic sensors in composite materials is related to the strain 
measurement.

World experience of using fiber optic sensors viewed in a sufficiently large number of papers. In [5,
6] the possible problems in measuring the strain of structures made of composite materials are 
considered. The issues of the influence of optical fiber on the properties of polymer composite 
material, embedding technologies of fiber-optic sensors in composites and the problem of calibration 
are also touched upon. There are some publications devoted to the methods and measuring devices [7-
9]. The multi-functional capability of the fiber optic sensors is analyzed in [10]. The capability of 
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interlaminar defects determination by the embedded fiber Bragg grating (FBG) sensors is viewed in 
[11]. An example of the effective use of FBG sensors in practical applications is [12], which describes 
the use of FBG sensors for monitoring composite road bridge.

2 EXPERIMENTAL STUDY 
To carry out the experimental studies to assess the ability of fiber-optic sensors to register a non-

uniform strain field, the composite flat bar and V-notched specimens made of fiberglass with 
embedded FBG sensors were manufactured using pre-preg technology (Figure 1,а). Schemes of optical 
fibers mounted in the specimens are shown on the Figure 1,b. The signals from FBG sensors are 
registered by ASTRO X 327 interrogator. 

The flat bar samples were used for calibration of optical fiber sensors embedded in the composite 
material. The V-notched specimens were used for measuring of non-uniform fields of strain. The strain 
measurements were performed taking into account the results of calibration experiments. Furthermore, 
a series of uniaxial tension and compression tests was performed on flat bar samples to determine the 
material modulus of elasticity using FBG sensors.

a b
Figure 1: (a) Fiberglass specimens with embedded FBG sensors, (b) scheme of optical fibers mounted in the specimen

The mechanical tests were carried out on the universal Instron 5982 machine. The optical system 
Vic-3D was used for independent registration of strain fields on the specimen surface. It was especially 
necessary for calibration tests. Figure 2 shows the scheme for uniaxial strain measuring in a flat 
specimen using embedded FBG sensors.

572



A.N. Anoshkin, V.P. Matveenko, I.N. Shardakov, N.A. Kosheleva, E.M. Spaskova, A.A. Voronkov, G.S. Shipunov, 
V.Yu. Zuiko and D.S. Lobanov

  

Figure 2: Scheme for uniaxial strain measuring in a flat specimen using embedded FBG sensors.
1 – specimen, 2 – FBG sensor, 3 – interrogator, 4 – PC, 5 – the input broadband spectrum, 6 – the spectrum reflected by an 

FBG, 7 – FBG sensor data recording.

3 TEST RESULTS ANALYSIS
At the first stage, a series of tests for uniaxial tension of specimens with a V-shaped notch was 

carried out. This shape of the sample provides non-uniform fields of strain along the center line, which 
was determined by the results of preliminary numerical simulation. The experiment was carried out at 
a speed of 2 mm/min, under a load of 10 kN.

In addition, the strains at the location of FBG sensors were measured using a three-dimensional 
digital optical system Vic-3D, with a frequency of 15 frames per second.

Figure 3: The results for the longitudinal strain distribution along the centerline of the specimen on the loading time t = 
18.9 sec
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Figure 3 shows the results for the longitudinal strain distribution along the centerline of the 

specimen on the loading time t = 18.9 sec., obtained by using the optical system and FBG sensors. The 
results of the measurements are presented taking into account the calibration factors. Also the results 
obtained by numerical simulation are shown on Figure3. The experimental data for all times of loading 
is compared to data obtained with the mathematical modeling - the difference between the results does 
not exceed 5%.

At the second stage of experimental research, the evaluation of Young's modulus by uniaxial 
tension and compression tests was performed on flat bar samples with embedded FBG sensors. Also, 
the modulus of elasticity was controlled using a standard test machine and a Vic-3D system.

The experiment was carried out according to the following scheme: preload up to 20% of Fmax (20
kN) with subsequent unloading up to 5% (5 kN), then thrice-repeated loading / unloading (5..30 kN). 
Then change to the compression: preload up to -11 kN with unloading up to -7 kN, then thrice-
repeated loading / unloading (-7..-14 kN).

The results obtained by using the optical system and FBG sensors are shown on Figure 4.

Figure 4: Strain of the specimen under uniaxial tension and compression

Experimental studies show that fiber-optic sensors describe the process of a repeated load in the 
tension region quite correctly. In the case of compression loading the difference between optical 
system data and signals from FBG sensors is about 10%. Figure 5 shows the load-strain curves where 
the strain was obtained with the help of the Vic-3D optical system and time synchronized signals from 
FBG sensors. The force was recorded from the Instron force transducer. The difference between Vic-
3D data and signals from FBG sensors is about 10%.

The results of Young's modulus evaluation are given in table 1. It can be seen that the difference 
between the modulus of elasticity determined by the optical system and FBG sensors under the tensile 
loads does not exceed 6%.

Peak 1 Peak 2 Peak 3

Peak 1

Peak 2

Peak 3
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Figure 5: Load-strain curves obtained by Vic-3D data and signals from FBG sensors

Table 1: Experimental modulus of elasticity

Modulus of elasticity, GPa
Vic3D FBG №1 FBG №2 FBG №3 FBG №4 FBG №5 Vic3D vs. FBG,%

Tension
Peak 1 25.98 25.35 25.65 25.48 25.45 25.35 1.80%
Peak 2 26.50 24.94 24.93 25.13 24.72 24.94 5.97%
Peak 3 26.68 25.95 25.94 26.25 25.71 25.95 2.77%

Compression
Peak 1 34.47 28.20 26.67 26.83 28.49 28.20 20.40%
Peak 2 31.13 26.63 26.63 26.91 24.59 26.63 15.34%
Peak 3 36.62 26.27 25.62 25.92 27.28 26.27 28.46%

In the case of compression loading the difference between Young's modulus exceeds 25%. This 
may be due to the fact of occurring flexural strain caused by the non-standard geometrical dimensions.
For more accurate evaluation of the modulus of elasticity, it is necessary to carry out the compression 
tests on standardized test specimens. Then, it is possible to refine the material modulus of elasticity 
using fiber-optic sensors.

4 CONCLUSIONS
This work presents the experimental results demonstrating the efficiency of the FBG sensors for 

registration of non-uniform fields of strain. The validity of these results is confirmed by the numerical 
calculations and measurements of the strain fields by the digital optical system Vic-3D. The results of 
the strain gradient registration in the V-notch composite specimen using FBG sensors were compared 
with the digital images received from the optical system. The difference between the results of strain 
measurement obtained with the different approaches did not exceed 5%.

The possibility of determining the material modulus of elasticity with the use of embedded fiber-
optic sensors was evaluated. The difference between the modulus of elasticity determined by the 
optical system and FBG sensors under the tensile loads does not exceed 6% and in the case of 
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compression loading this difference exceeds 25%. To refine these results, it is necessary to carry out an 
additional set of experimental studies.

The results of this work will be used for fundamental investigation devoted to the development of 
experimental and theoretical principles of the mechanical analysis of smart materials with embedded 
fiber Bragg grating (FBG) sensors for structural health monitoring (SHM)
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Abstract: Smart metallic specimens (ST-52 steel coated with Tin alloy), with embedded optical 
fiber sensors are manufactured using two techniques: Tungsten Inert Gas welding and Laser 
Brazing. Two specimens, each manufactured with one of the previous techniques for 
embedding a Fiber Bragg Grating, are studied, by tensile tests and metalographic imaging. In 
both cases the smart materials are sensible to axial strain, and the bond between the sensor and 
the embedding metal is very good. 

 
 

1 INTRODUCTION 
Fiber optic sensors present benefits when compared to other kind of sensors, as 

electromagnetic immunity, small size, possibility of multiplexing many sensors, monitoring 
several parameters in different positions in one single fiber, etc. These properties make this kind 
of sensors ideal for creating smart materials just by embedding them. In this work, Fiber Bragg 
Grating (FBG) sensors are the fiber optic sensors chosen to be embedded. An FBG sensor is a 
filter inside a small section of fiber optic which reflects certain wavelengths and transmit the 
others. The reflected wavelength depends of the period of the grating written in the fiber and is 
named Bragg grating. FBG sensors have a length around 5 mm and are the most used fiber optic 
sensors for different applications, because many parameters such as temperature, strain, 
pressure, erosion, detection of cracks, etc., can be monitored.  

There is a large tradition embedding fiber optic sensors and, in particular, FBG sensors in 
different materials to monitor them. That kind of sensors are specially used in concrete to 
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monitoring the structural health of civil constructions [1]. Moreover, fiber optic sensors are 
embedded into composite materials too, for monitoring and control their manufacturing process 
and operation work [2]. In the case of metallic structures, the embedding process is more 
troubling than the previously explained, because of high temperatures achieved during 
manufacturing and the fragility of the fiber. In this case, melting the metallic material is needed 
to bond the fiber optic sensor to the metallic structure. Smart metallic parts with embedded 
optical fiber sensors are very riveting. they open the possibility to build smart materials and 
tools having overall control during their manufacturing and operation life. Moreover, it presents 
higher advantages when working with additive manufacturing techniques or repairing process 
where metallic material is added. Also, because of the embedded sensors in these structures, it 
is possible to know the interlayer and union condition and the temperature contribution during 
the manufacturing process, mainly when different materials are involved which potentially 
would allow rectifying and correcting any fail or inaccuracy [3]. Another great advantage of 
embedding fiber optic sensors into metallic materials, is the possibility of installing fiber optic 
sensors in structures which withstand harsh environments usually high temperature. In that 
environments the fiber optic or the coating of the fiber suffers a progressive deterioration 
process which weaken its mechanical properties or even sometimes an adhesive that supports 
these adverse conditions is hard to achieve. For these cases, the best option is embedding or 
welding the fiber to the metallic structure. Although, embedding fiber optic sensors into 
metallic structures is a research line which is still in development, there are works in which 
different embedding techniques are studied based on deposition techniques, ultrasonic welding, 
brazing techniques or Selective Laser Melting (SLM) [3-4]. Note that for metallic embedding 
the fiber must always have a metallic coating to protect it during the embedding process.  

In this work two techniques for embedding fiber optic sensors into metallic structures are 
compared: Tungsten Inert Gas welding (TIG) [5] and Laser Brazing welding [6]. Although both 
techniques are capable of embedding fiber optic sensors to metallic structures, they present 
many differences. TIG welding is a cheap technique, easily accessible and being a manual 
process is easy to adapt and correct as required. In contrast, Laser brazing, though is an 
expensive process, is very repeatable, offers a high control over the process and allows 
embedding in selected areas. Previous both embedding process, the FBG sensors were metallic 
coated by sputtering and electroplating techniques as in previous works is described [7] to 
protect the fiber sensor. Two Ni coated FBG sensors with around 650µm of total fiber diameter, 
were embedded, each by one of mentioned technique, using the same metal; a tin alloy with a 
low melting point. The advantages from one to other, embedding technique, are in the 
advantages of the manufacturing process itself. The sensors were embedded in similar 
specimens constructed ad hoc to be tested in tensile tests for characterization. 

2 FIBER OPTIC SENSOR EMBEDDING WITH TIG WELDING 
TIG welding is a well-known and widely-adopted welding technique, where the weld is 

produced by a non-consumable tungsten electrode. Therefore, TIG welding is one of the 
simplest and cheapest techniques to embed optical fibers into metallic structures as we showed 
in [2]. While embedding optical fibers with TIG, the optical fiber is placed on top of the material 
to be welded on, and the wire is welded on top of the fiber. This process is carefully performed 
by an operator. Being a man-made process, the operator hast the possibility to make small 
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manual adjustments during the embedding process. Therefore, the experience and know-how 
of the operator is key for successfully embedding the optical fibers and optical fiber sensors to 
the metallic parts. The optical fiber or sensor to be embedded needs to be protected with a 
metallic coating, and a coating thickness of near 500µm (total diameter of the coated fiber) has 
been found to be necessary for successful embedding of optical fibers and sensors when Tin 
alloy wires are used in TIG [2]. 

A smart metallic specimen is manufactured with TIG welding. The FBG sensor embedded, 
shown in figure 1 (a) has been coated for a total diameter of 619µm with a 1µm Au layer and a 
246.5µm Nickel layer by sputtering and electroplating deposition techniques respectively. The 
specimen with the embedded optical fiber is shown in figure 1 (b). 

  
(a) (b) 

Figure 1: (a) Nickel-coated FBG and (b) smart metallic specimen with embedded FBG manufactured with TIG. 

3 FIBER OPTIC SENSOR EMBEDDING WITH LASER BRAZING 
For the smart metallic specimen manufactured with laser Brazing, our previously developed 

technique and experimental setup, presented in [3], was used. The technique consists on placing 
the fiber well attached and slightly pre-strained on the top of a ST-52 specimen with a tin-alloy 
coating. The laser performs longitudinal wires, at least two at each side of the fiber and one on 
the center to embed de fiber. Our previous results show that Nickel coated fibers for a total 
diameter of 237µm can be embedded, although more research is conducted in this matter to 
embed less invasive (thinner coating) optical fibers. The total diameter of the Nickel coated 
optical fiber was 653µm, with a 1µm thick Gold layer and a 263.5µm thick Nickel layer. Figure 
2 (b) shows the manufactured specimen. 

  
(a) (b) 

Figure 2: (a) Nickel-coated FBG and (b) smart metallic specimen with embedded FBG manufactured with Laser 
Vrazing. 
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4 RESULTS AND DISCUSSION 

 
Figure 3: Tensile tests performed in both specimens and the response of the FBG to the load. 

Tensile tests were performed with both smart specimens, where an axial force of up to 20kN 
was applied in 5kN steps, shown in figure 3. We can see that the response of the TIG welded 
specimen is greater to load, which is attributed to small differences in the geometry of the 
specimens, since for example, the Tin-alloy coatings where of different thickness and both 
specimen’s steel was cut manually. Each specimen was provided with an electrical strain gauge, 
placed and attached on its side. The strain response of each specimen, comparing the output of 
the FBG to the strain gauge, is shown in figure 4. Both embedded FBGs show a similar response 
to the sensibility before coating or embedding, but still, very different one from another. This 
is attributed to misalignment of FBGs and strain gauges and errors of the measurements, 
although further studies are being conducted. 
After the tensile tests, destructive metallographic imaging was performed, which is shown in 
figure 4 (a) for the TIG embedded FBG and in figure 4 (b) for the Laser Brazing embedded 
FBG. The inner black circle, is the optical fiber, the clear concentric bigger circle corresponds 
to the Nickel coating, and the rest is the embedding Tin-alloy. The darker section in the lower 
left side of the TIG embedded fiber coating, is just a defect created during cutting the specimen. 
So, it is clear there is very good bond between all layers. 

5kN

10kN

15kN

20kN
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Figure 4: Strain characterization of the embedded FBGs. 

  
(a) (b) 

Figure 5: (a) Metalography of the transversal cut of the FBG embedded with TIG and (b) Laser Brazing 
embedded FBG. 

5 CONCLUSIONS 
Smart metallic specimens manufactured with TIG and Laser Brazing have been compared. 

The quantitative parameters used for this comparison were the sensitivity of embedded fibre 
Bragg gratings (FBG) to strain characterised in tensile tests. Also, metallographic tests were 
performed to estimate the quality of the bond of the fibre and fibre coating to the embedding 
metal. The performance of the manufactured sensors is good in both cases, and strain sensibility 
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15kN
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is close to the given by the original FBG sensibility. The difference in sensibility of both 
techniques is attributed to measurement error and uncertainties of the employed strain gauge, 
although further details are being currently investigated in this matter. The bond is also very 
good, as there are no pores. Note that the placing of the optical fibre prior to the embedding is 
crucial for this point, since the fibre must be pre-strained and placed in contact with the 
specimen. Regarding the manufacturing process, specimens manufactured with TIG welding 
need optical fibres with thicker protective Ni-coatings, of the order of 500m, but the low cost 
of the manufacturing technique opens the possibility for the widespread manufacturing of smart 
metallic materials and structures. In the case of Laser Brazing, the precision of the technique 
allows a more controlled and successful embedding in critical SMART metallic materials or 
structures.  

6 ACKNOWLEDGEMENTS 
This paper was supported by the project Unidad mixta de investigación NEXT-BEARINGS 

with reference IN853A 2015/2, funded by the Spanish general government administration and 
the Xunta de Galicia through GAIN and the Ministry of Industry, Energy and Tourism of Spain. 
As requested by the sponsors, the logos are depicted in Figure 6. The authors would also like 
to acknowledge the help from Miguel Angel Suarez during the TIG welding tests, Santiago Pais 
for his help in the tensile tests and Patricia Vazquez for her help in metallographic imaging. 

   
Figure 6: logos of supporting sponsors. 

REFERENCES 
[1] Leung CKY, Wan KT, Inaudi D, . Review: optical fiber sensors for civil engineering 

applications. Mater Struct 2013; 48(4): 871–906.  
[2] Chiesura, G.; Lamberti, A.; Yang, Y.; Luyckx, G.; Van Paepegem, W.; Vanlanduit, S.; 

Vanfleteren, J.; Degrieck, J. RTM Production Monitoring of the A380 Hinge Arm Droop 
Nose Mechanism: A Multi-Sensor Approach. Sensors 2016, 16, 866. 

[3] Dirk Havermann, Jinesh Mathew, William N. MacPherson, Duncan P. Hand, Robert R. J. 
Maier; Measuring residual stresses in metallic components manufactured with fibre Bragg 
gratings embedded by selective laser melting. Proc. SPIE 9634, 24th International 
Conference on Optical Fibre Sensors, 96340T (September 28, 2015);  

[4] Saheb, N., Mekid, S. “Fiber-Embedded Metallic Materials: From Sensing towards Nervous 
Behavior”. Materials 2015, 8: 7938-7961.  

[5] Grandal, T., Fraga, S., Vazquez, J.A., Zornoza, A., “Technique for embedding fiber optics 
in metallic structures for smart material applications”; 8th European Workshop On 
Structural Health Monitoring (EWSHM 2016), 5-8 July 2016, Spain, Bilbao 

[6] Grandal, T., Fraga, S., Castro, G., Vazquez, E., Zornoza, A., “Laser Brazing metallic 
embedding technique for fiber optic sensors”; Optical fiber sensors conference, April 24-
28, 2017, Jeju (Korea).  Accepted for publication.  

[7] E. Piñeiro, T. Grandal, A. Asensio, F. Rodriguez; Coating process of Fiber Bragg Grating 
sensors for SHM applications in metallic structures Proc. SPIE 9157, 23rd International 
Conference on Optical Fibre Sensors, 9157A7 (June 2, 2014);  

582



Implementation of FBG Optical Sensors within a Laser-Assisted Fiber Placement Process for On-Line Monitor-
ing of High Temperature Thermoplastic Materials Consolidation

VIII ECCOMAS Thematic Conference on Smart Structures and Materials 
SMART 2017 

A. Güemes, A. Benjeddou , J. Rodellar and Jinsong Leng (Eds) 
 

 
 

IMPLEMENTATION OF FBG OPTICAL SENSORS WITHIN A LASER-
ASSISTED FIBER PLACEMENT PROCESS FOR ON-LINE 

MONITORING OF HIGH TEMPERATURE THERMOPLASTIC 
MATERIALS CONSOLIDATION 

D. SAENZ-CASTILLO*, F. RODRIGUEZ-LENCE* A.GÜEMES† 

*Fundación para la Investigación y Aplicación en Materiales Compuestos (FIDAMC) Avda. 
Rita Levi Montalcini, 29 

Getafe 28906 SPAIN  
www.fidamc.es 

e-mail: Diego.Saenz@fidamc.es 

† Universidad politécnica de Madrid (UPM) 
Escuela Técnica Superior Ingeniería Aeronáutica y el Espacio (ETSIAE) 

Departamento Materiales. Plaza Cardenal Cisneros, 3 
Madrid 28040 SPAIN  

e-mail: Alfredo.guemes@upm.es 
 

Key words: Thermoplastic, Automatic Fiber Placement, Process monitoring, FBG, 
optical sensors. 

Abstract. Smart processes and thermoplastics materials are two of the most active research 
lines nowadays in order to be incorporated into the aeronautical industry. Process monitoring 
is a key aspect for the next industrial revolution. Having real-time data of the process 
parameters is a target pursued by the industry. 
Within this framework, Automatic Tape Placement (ATP) with a laser-assisted heating 
technology emerged as an alternative technique to the typical autoclave processes. This 
technology unifies the process automation and the use of high-performance thermoplastic 
polymers which do not require curing step. Heat transfer is the key parameter that rules the 
process together with other parameters such as pressure or roller compaction. 
The present work attempts to show the successful implementation of the Fiber Bragg Grating 
sensors (FBG) into the AFP In-Situ consolidation manufacturing process. FBG sensors appear 
as the strongest display to monitor the process parameters. This is due to their low 
intrusiveness level into the material and their high sensitivity to temperature and strains. 
 

1 INTRODUCTION 

Weight reduction of aeronautical structures is a claimed target for every aircraft 
manufacturer. Carbon Fiber Reinforced Plastics (CFRP) emerged as a powerful alternative to 
the traditional metallic structures more than two decades ago. Composite materials have been 
intensively researched worldwide since then. A high rate of productivity has been achieved, 
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especially regarding thermoset matrix composites. Within this context thermoplastic matrices 
also appeared promising noteworthy advantages such as recyclability, high mechanical 
performance, high impact resistance and the lack of chemical reaction. 

 
Besides the material science progress, the aeronautical industry has experienced an 

evolution during the last decades in terms of manufacturing processes. Composite parts need 
to be produced following an additive manufacturing philosophy to select every ply 
orientation. The lamination technology has evolved from manual hand-lay up to sophisticated 
automated processes with CNC systems such as Automatic Tape Lay-up (ATL) or Automatic 
Fibre Placement (AFP).  

 
The automation of the laying processes lead to several advantages as material and labour 

time reductions, accuracy of the final shape and the angle position of the tape. Thermoplastic 
materials also open a wide range of opportunities for out of autoclave (OoA) technologies and 
reduced cycle times since a curing step is not required. 

 
Due to the combination of promising materials and automatic lamination, the 

Thermoplastic Automatic Fiber Placement technology arose as a powerful combination in the 
90’s. Many technological centres have been investing in this technology for its optimization 
and industrialization [1]. The process is based in the automatic fibre placement of 
thermoplastic material whilst a heat source melts the resin. A compaction elastomeric roller 
presses the incoming tow against the tolling once the resin is melted.  

Laser-assisted AFP with thermoplastic matrix has been under research in FIDAMC during 
the last decade with the support of AIRBUS Group and different European projects, besides 
internal investment. The main challenge in FIDAMC regarding the thermoplastic AFP is to 
create a robust process which allows the industry to create large-scale structures such as wing 
and fuselages; stringer reinforced structures or curved parts [2]. For the optimization of the 
process is mandatory to model the phenomena which take place in the process [3-4] and to 
monitoring and control of the key parameters of the process [5].  

 

Figure 1 Machine head and compaction roller of the AFP thermoplastic system 

Within the framework of process automation, process monitoring is also in the spotlight of 
the aerospace industry. The so-called 4th industrial revolution trends to both automation and 
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monitoring of all the manufacturing processes. Composite manufacturing is affected by 
several parameters that may lead to defects in the final part. Process monitoring allows to 
have knowledge about the critical parameters and to be able to prevent possible defects that 
may lead to a structural fail. 

 
Optical based sensors as Fiber Bragg Grating (FBG) are a potential tool for monitoring due 

to their small size and low intrusiveness within the final specimen. The reason is that FBG 
sensors are highly sensitive to temperature, elongation, vibration, strain. Other institutions 
have used optical based sensors for process monitoring of thermoplastic AFP with different 
polymers with lower melting temperatures as made by Oromiehie et al. [6]. 

 
FBG sensors have been also used in other processes such as Resin Transfer Moulding 

(RTM) [7-9] with the aim of monitoring the resin flow and the degree of cure (DOC) and 
have also been used in adhesive bonding to know the quality of the bonding itself. 

 
The aim of this document is to show the works performed related to the incorporation of 

FBG optical sensors inside thermoplastic structures while being manufactured by Laser-
assisted AFP. Single and double FBG sensors have been used in different cases to monitor 
temperature and strain. Temperature compensation has been performed by using a double 
FBG sensor and an extra thermocouple to monitor the thermal history. An extra experiment 
has been carried out with a Hot-Plates Press to correlate both scenarios. 

2 OPTICAL FBG SENSORS.  

A FBG sensor is created inside a single-mode silica optical fiber. It is created by imprinting 
periodical patterns within the optical fiber core with a laser-beam striking the core through a 
grating. The ultraviolet light from the source causes a periodic perturbation in the refractive 
index in the fiber core along several millimeters of the length.  
 

A broadband light source is connected to the optical fiber. The light is strongly reflected back 
when the light meets the grating (Figure 2). The light is reflected with Bragg wavelength B 
according to the eq. 1, where  is the grating period and neff is the effective index of 
refraction.  
 𝐵𝐵 = 2𝑛𝑛𝑒𝑒𝑒𝑒𝑒𝑒 (1) 

The basic principle of the interrogator system is to monitor the shifts of the reflected Bragg 
wavelength. Any future environmental perturbation that interacts with the optical fibre will 
cause a change in the received wavelength (Figure 2) because the periodic spacing between 
the grating planes is modified by the alteration. FBG optical sensors are developed to monitor 
phenomena such as strains, temperature, vibration or pressure. 
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Figure 2 FBG sensors principle (left). Wavelength shift due to strains (right) 

A wavelength shift occurs when an external distortion corresponding to a mechanical or 
thermal distortion interacts with the FBG sensor. 

 ∆𝐵𝐵 = 0[(∝ +)∆𝑇𝑇 + (1 − 𝑝𝑝𝑒𝑒)∆𝜀𝜀] = 𝑘𝑘𝜀𝜀∆𝜀𝜀 + 𝑘𝑘𝑇𝑇∆𝑇𝑇 (2) 

As it can be seen in Eq.2 the wavelength shift is directly proportional to changes in the strain 
or the temperature. In the equation; B corresponds to the wavelength shift;  is the 
coefficient of thermal expansion of FBG;  is the Bragg grating’s thermos-optical coefficient, 
pe is the photoelastic constant of the fiber; T is the change of the temperature and  is the 
strain change. In the second part of the equation, the expression is simplified by grouping the 
different parameters into K and KT: which are the sensitive coefficients of the strain and 
temperature, respectively. 
 
Temperature and strain should be discriminated when both phenomena are taken place 
simultaneously. They could be compensated by means of knowing the temperature of the 
process at real time. Eq.3 is used to discriminate strain and temperature which are monitored 
by the same FBG sensor. 

 
 = 𝐵𝐵 − 𝐾𝐾𝑇𝑇𝑇𝑇

𝐾𝐾
 

(3) 

In the experimental method, the experimental expressions that can be found in throughout 
bibliography [10-11] are used and inserted into the software.  

3 ON-LINE MONITORING OF THERMOPLASTIC LASER-ASSISTED AFP WITH 
SELF-HEATED TOOLING 

3.1 Thermoplastic Automatic Fiber Placement. 
Thermoplastic AFP is a manufacturing technology under research with the aim of being 
implemented in composite production lines. It may provide thermoplastic aerospace 
components avoiding extra autoclave cycles being replaced by In-situ Consolidation while the 
tapes is being laid-up. 
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Due to the nature of the process, every tow is melted and consolidated individually one after 
another. The head machine delivers an incoming tow which is melted by the heat source and 
then pressed by the compaction roller against the previously consolidated substrate. 
 The thermoplastic part under fabrication is experimenting critical events as melting, 
crystallization, intimate contact and internal stresses as it is shown in Figure 3. 
Self-heated tooling is used with a base temperature of 200°C to favor a minimum temperature 
impact when the material cools-down; thereby reducing the residual stresses appearing inside 
the structure. 

 
Figure 3 Laser-assisted thermoplastic Automatic Fiber placement scheme (left). Real machine 

set-up (right). 

Heat transfer is the most relevant physical phenomenon which takes place in the process as is 
explained in Figure 4. It leads the temperature to be the key parameter ruling the entire 
process. Laser irradiation is the heat transfer method used in the performed experiments. 
 

 
Figure 4 Physico-chemical phenomena related to thermoplastic AFP 

To be able to optimize and industrialize the process, the physico-chemical phenomena need to 
be understood and the key parameters need to be monitored and controlled. That is the reason 
why important efforts need to be carried out regarding modelling and process monitoring. 
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3.2 Process monitoring. Experimental set-up 
The experiments are performed using APC2-AS4 composites supplied by Cytec®. It is an 
unidirectional preimpregnated with Polyether ether ketone (PEEK) matrix. The processing 
temperature is based in 400°C.  
 
The monitored process consists of a laminate of 10 plies taped by the ATP machine on a self-
heated tool. The lamination tooling is pre-heated up to 200°C, thereby improving the 
consolidation between plies and ensuring a homogenous temperature in the part during 
fabrication. Tows are 6.35mm wide. The optical sensor is installed between the substrate and 
the 1st ply to monitor the the lamination of all the plies. Two Fiber Bragg Grating sensors 
have been engraved in the optical fiber. To avoid direct laser irradiation on the optical fiber 
which can lead to erroneous temperature interpretations, the first CFRP tow has been located 
manually with the help of a welder. It has been then consolidated with the laser and the 
compaction roller sensors. Final geometries of the specimens are 300x6.35x1.35mm. 
Experimental set-up is shown in Figure 5. 

 
Figure 5 Thermoplastic AFP process monitoring and sensor installation diagram 

(left).Experimental set-up (right) 

The FBG sensors are 10mm long centered at B of 1549.4 and 1558.2 nm respectively. One of 
the sensors is located at the end of the optical fiber. It has been encapsulated within a brass 
cylinder to make that sensor being isolated to the strains effects Figure 6. 

 
Figure 6 Dual grated sensors in an optical fiber. Covered sensor with a metallic cylinder 

The optical interrogator system is a Micron Optics® SM 130 dynamic which uses a Gaussian 
algorithm system for the peak tracking. The final complete experimental monitoring set-up is 
shown in Figure 7. 
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Figure 7 Monitoring experimental set-up 

3.3 Results 
The data obtained from the two FBG’s implemented inside the thermoplastic AFP in-situ 
consolidation process have been processed and studied in order to obtain information of both 
manufacturing process and process monitoring. The data collected by the software is 
wavelength tracking (nm) which can be then transferred to other parameters such as 
temperature or strain through analytical equations. The equations are obtained from the 
literature. Figure 8 shows the data obtained from the FBG1 (left) and the FBG2 (right) during 
the experiment consisting of the automatic fiber placement and consolidation of the 10 plies 
of APC-2 AS4 PEEK material. A horizontal line has been drawn to represent the initial 
baseline wavelength for both sensors. 

 
Figure 8 Wavelength profile by FBG1 (left) and by FBG2(right) 

Temperature compensation is performed by knowing the temperature profile from the FBG2 
which is only affected by thermal changes. The temperature profile is shown in Figure 9. A 
horizontal line has been drawn at 400°C to represent the optimal temperature of the process. 
The maximum temperature observed by the FBG is decreasing with time as the plies are 
consolidated increasing the material between the heat radiation and the sensor. It is important 
to note that the inner plies are still being heated beyond their melting temperature when 
external plies are taped and consolidated. This results correlates with the results published by 
Martin, I. et al [3]  
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Figure 9 Temperature profile monitored by FBG2 

After the temperature profile is obtained, the temperature compensation can be performed 
with the data obtained by FBG1 which is affected by both combined effects of strain and 
temperature. The strain profile of the test is shown in Figure 10. The study of the strain profile 
reveal that the sensor is subjected to tensile and compression stresses with the lamination of 
every incoming ply. It can be deducted that this effect is induced by the compaction rolling 
passing through the FBG. This effect is also attenuated with the numbers of plies as it 
occurred with the temperature. It is due as well to the increasingly distance from the sensor to 
the surface with the time. It is important also to observe that the strain level does not come 
back to the baseline level with the progression of the test. The baseline has been indicated 
with a red dotted line. 

 
Figure 10 Strain profile obtained after temperature compensation 

4 MONITORING OF THERMOPLASTIC PROCESSING IN HOT-PLATES PRESS 

4.1 Experimental set-up. 
The aim of this test is to monitor the strain and temperature profiles along a consolidation 
cycle of a thermoplastic flat panel manufactured via hot-plates press. The specimen 
configuration is [0]10 (a ten plies stacking with 0º direction) to simulate the conditions of the 
previous AFP process. The material used is APC-2 AS4 PEEK in UD (unidirectional) format. 
The panel dimensions are 300x300mm. The test conditions correspond to the supplier 
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instructions. The processing temperature is 400°C with 15 min of consolidation time. 
Consolidation pressure is applied during the whole process. 
The test has been carried out in the UPM laboratory. The experimental set-up can be seen in 
Figure 11. 

 
Figure 11 Hot-press plates monitoring experimental set-up 

An optical fiber with dual FBG sensors has been located in the middle plane of the structure; 
between the 5th and 6th ply and it has been centered. The sensors are called FBG1 and FBG2. 
The latest sensor has been located in the edge of the optical fiber and a brass metallic cylinder 
has been located surrounding the sensor as in the AFP monitoring process. FBG2 is isolated 
from external strains being only affected by temperature changes. FBG sensors are centered at 
1547.90nm and 1556.67nm respectively. A thermocouple has been embedded in the structure 
in the proximities of the optical sensors to monitor the temperature as a second thermal 
control apparatus. A top view of the embedding of the instrumentation in the laminate can be 
seen in Figure 12. 

 
Figure 12 Top view of the location of FBG1, FBG2 and thermocouple in the structure 

4.3 Results 

The data obtained from the two FBG’s implemented inside the thermoplastic hot-plates press 
process has been processed. The temperature compensation is performed with the temperature 
collected by the thermocouple due to the fact that it is a temperature control robust system. 
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Temperature has been also monitored by FBG2. Strain profile along the hot press cycle is 
obtained from the compensation to obtain the strain changes.  
Temperature and strain profiles can be observed in Figure 13 

 
Figure 13 Hot-press process monitoring. Temperature (thermocouple) and strain (FBG) 

profiles 

A red-dotted line has been placed to point out when the system has reached the melting point 
of the PEEK polymer. According to the strain profile obtained by the sensors, there is a 
considerable variation in the strain field corresponding to the melting point.  

5 CONCLUSIONS 
This paper describes that FBG sensors have been successfully incorporated in different 
thermoplastic manufacturing processes corresponding to laser-assisted Automatic Fiber 
Placement and hot-plates press consolidation systems. APC-2 AS4 coupons have been 
manufactured to monitor the consolidation process. Temperature and strain profiles from both 
processes have been monitored and discriminated with promising results. FBG sensors have 
proven to be a powerful instrument for thermoplastic process monitoring purposes.  
 
The method of temperature monitoring was validated with the support of external temperature 
control methods such as thermographic camera and thermocouples.  Specific events such as 
melting point of the resin or tensile-compression strains due to the compaction roller have 
been successfully observed. 
 
Further experiments are required to be carried out in order to determine the scope of FBG 
sensors as instrument for on-line process monitoring and defectology detection.  
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Abstract. The composite structures embedding piezoelectric implants are able to modify their 
mechanical properties with respect to their environment (e.g. active vibration control), to 
interact with other structures (e.g. mechatronic) or with human beings (e.g. Human-Machine 
Interaction). Conventionally, to functionalize a mechanical device, the piezoelectric transducers 
are glued on the top surface of the structure and the power and control electronics are away. To 
protect the transducers and their electric connections and develop some industrial products in 
"plug and play" mode, it is necessary to be able to embed a wide distributed network of 
piezoelectric implants into the heart of the composite material during the manufacturing process 
of the products. 

However, if these adaptive structures are widely studied in the literature in a numerical point of 
view, there is no experimental research about the influence of the embedding parameters on the 
overall performance of the final structures. The idea of this study is to create a benchmark. In 
this paper, a set of beams (around 50 mm wide and 715 mm long) made of glass fiber composite 
with six plies (around 2.5 mm thick) are manufactured, with three piezoelectric elements 
embedded at a specific depth. This parameter is modified for each beam. At first, the material 
parameters of each beam are characterized, then a modal analysis is used to extract the key 
parameters of the final products. At the end, the different parameters and test results of each 
beam are compared and discussed. 
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1 INTRODUCTION 
Currently, in different industrial fields as transport or aerospace, a research effort is 

conducted to reduce the structural weight [1, 2]. One of the most promising solutions is the use 
of composite structures [3], especially the fibres-based composite structures [4], due to their 
high stiffness and low mass density. At the same time, there is an intensification of the 
operational dynamic environment and an increase of durability requirements [5]. These 
different expectations seem to be contradictory. One solution to manage these points is to design 
and manufacture smart composite structures with a fully distributed set of integrated 
piezoelectric transducers [6]. These structures are able to modify their mechanical properties 
with respect to their environment (e.g. active vibration control), to interact with other structures 
(e.g. mechatronic) or with human beings (e.g. Human-Machine Interaction). 

Conventionally, to functionalize a mechanical part made of composite, the piezoelectric 
transducers are glued on the surface of the structure and the power and control electronics are 
away. Our approach is significantly different. We want to develop a wide distributed network 
of piezo-ceramics and embed them into the heart of the composite material. The idea is to 
protect the transducer elements and their connections and develop some industrial products in 
"plug and play" mode.  

To place these new elements at the heart of the composite material, it is necessary to embed 
the transducers during the manufacturing process of composite structures. To meet this 
requirement, specific manufacturing methods have been developed at the Belfort-Montbéliard 
University de Technology (UTBM), France. 

The ability of embedding the transducers is however not sufficient to guarantee the 
effectiveness of the approach. A specific preliminary design strategy has then been developed. 
The idea is to be able to predict the final behaviour of the structure. The determination of the 
useful design parameters is based on an experimental approach [7]. It is necessary to develop: 

 A characterization of piezoelectric ceramics. It corresponds to the input control of 
piezo-ceramics [8]. 

 A characterization of the fabricated composite. Once the manufacturing process is 
stabilized, the composite must be fully characterized by a set of tests, which get 
access to the nominal material parameters and the uncertainty of manufacturing 
process [9]. 

 A characterization of "integrated" piezo-ceramics. The idea is to develop a behaviour 
model, which can evaluate the drift of the electro-mechanical coupling coefficients 
from the input control data. 

 A characterization of the electrical interfaces. The method of electrical connection, 
particularly between the transducers and the electrical grid, needs to assess the 
influence of process parameters on the quality of the contacts. Indeed, the electrical 
connection by welding technology is not used in our manufacturing process [10]. 

 A characterization of the inter-element coupling. It is necessary to evaluate the 
mechanical and electrical couplings between the transducers, according to the 
distance and connection technology, to establish dedicated design rules, an 
evaluation of the influence of the different manufacturing parameters with respect to 
the final performance of the smart material structures that we have produced. 

This paper is focused on a part of the last point: the influence of the location of piezoelectric 
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elements along the thickness axis on the final performance of the structure. This point is widely 
studied in the literature in a numerical point of view. However, there is few experimental 
researches to validate the theoretical results. The idea of this study is to create a benchmark. 

The paper is organised as follows. The process of the composite manufacturing is introduced 
in Section 2. Section 3 shows the experimental activities applied to the samples. Two different 
identification methods are used to extract the composite material parameters (Resonalyser 
Method and Time-of-flight Method). Then, the approach by modal analysis is investigated to 
characterize the final performance of these samples. In Section 4, the results are presented, 
compared and discussed. Finally, concluding remarks are given. 

2 SMART COMPOSITE BEAMS 

 
Figure 1: Smart composite beam specifications  

The beams, manufactured for the tests, are around 50 mm wide, 715 mm long and 2.5 mm 
thick. As presented in Figure 1, the composite material consists of fiberglass-reinforced-
polyester laminate. It was prepared from 6 plies of chopped strand mat. The matrix is a 
thermosetting plastic (polyester resin). The used composite manufacturing process is a Vacuum 
Assisted Resin Transfer Molding (VARTM). To avoid the variability due to the electric 
connections, an intermediate structure, called “soft layer” is used to embed the electrical 
conductors and the transducers. This layer is 0.5mm thick and mainly made of polyester resin. 
A ply is 0.33mm thick. The transducers are 135 µm thick. The piezoelectric transducers have 
been completely characterized in [8]. The fiber volume ratio is about 35%. For each beam, three 
piezoelectric elements are embedded inside the beams at a specific depth. This last parameter 
is modified for each beam. 
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Figure 2: Manufacturing of the beams to be tested 

As shown in Figure 2, the 6 beams are manufactured all at once in order to guarantee the 
repeatability of the beam parameters (like thickness, density, etc.). The only difference is that 
the piezo-ceramics for each beam are located at different depth. The information in detail are 
shown in Table 1. The beam a, because it has no soft layer inside, so it has a thickness of 2mm. 
 

Table 1: Location of the piezoelectric transducteurs for each beam reference. (The reference surface for the 
specfic depth is the bottom electrode of the transducers) 

Beam ref. Specific depth (mm) Comments 
a 0 Piezo glued on the top surface of the beam 
b 0.32 Piezo embedded between the top surface and Ply1 
c 0.65 Piezo embedded between Ply 1 and Ply 2 
d 0.98 Piezo embedded between Ply 2 and Ply 3 
e 1.32 Piezo embedded between Ply 3 and Ply 4 
f 1.98 Piezo embedded between Ply 5 and Ply 6 

3 EXPERIMENTAL STUDIES 
In this paper, two different identification methods are used to extract the composite material 

parameters (Resonalyser Method [11, 12] and Time-of-flight Method [9, 13]). Then, the 
approach by modal analysis is investigated to characterize the final performance of these 
samples. 

3.1 Composite material characterization 
First of all, the mass density is measured at 1660kg.m-3 +/-2.4%. The Young’s modulus is 

14.6 GPa +/- 6.2 % and the shear modulus 5.9 GPa +/- 6.6% with the Resonalyser method. As 
the composite material can be considered as a transversely isotropy material along the thickness 
axis, the Poisson ratio is 0.24 +/- 17.5%. The Resonalyser technique is a good method to extract 
overall material parameters at relative low frequencies. The Time-of-Flight technique is based 
on the duration measurements of wave propagation with a simple and low cost experimental 
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setup. The results obtained are more local and related to the wave path. For the moment, the 
Poisson’s ratio is evaluated at 0.32 with the classical rule of mixtures. We have assumed that 
the Poisson’s ratio of the fibreglass is around 0.23 and those of the thermosetting plastic around 
0.37. By measuring the 𝑆𝑆0 group velocity and using the formulas of extraction of the materials 
parameters developed for the phase velocity [9, 13], it is possible to extract the Young’s 
Modulus.  

 
Figure 3: Experimental setup for Time-of-Flight method 

Figure 3 shows the experimental setup to measure the wave trains. A function generator 
(Keithley, 3390) is used to generate excitation signals via a miniature power amplifier 
(PiezoDrive, PDM200B). The signals are then captured via a pico-scope (PicoScope, 4424), 
the signals are analyzed by Pico-Scope software. 

One of the piezo electric transducers is used as an actuator, after a set of optimization tests, 
a short number of sinusoidal bursts (1 to 3 cycles) are chosen as the excitation signals [14]. 
Another piezo electric transducer is used as a sensor, the time-of-flight from the actuator to the 
sensor has been recorded for each beam. Finally, we have obtained a Young’s modulus of 15 
GPa+/-1.5%. 

3.2 Modal Analysis 
In Figure 4, the experimental setup for characterization is presented. The test beams are 

hanged by two wires in order to guarantee the free boundary conditions. The deflection shapes 
of the beams are determined with a scanning vibrometer. (Polytec, PSV-500-3D). The 
frequency range is from 1Hz to 1200Hz. 105 scan points (21 by 5 points) are measured. 

The piezo-ceramics are used both as actuator and sensor. The measurement process is as 
follows: 

1. One of the piezo-ceramics (i.e. Piezo 1) is used as an actuator and the two others are used 
as transducers (i.e. Piezo 2 and Piezo 3), the transducers are open-circuited (OC 
situation).  

2. The same piezo-ceramics is used as an actuator, the other two piezo-ceramics are short-
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cut (SC situation). 
3. Piezo 2 is then selected and Step 1 and Step 2 are repeated. 
4. Piezo 3 is finally selected and, once again, Step 1 and Step 2 are repeated. 

 
Figure 4: Experimental setup for Modal Analysis 

4 RESULTS & DISCUSSION 
Only the first five natural bending modes are investigated in this section. The mode shapes 

of these modes are presented in Figure 5. All the results from the modal analysis and the ToF 
method measurement are shown and discussed. To extract the relevant data from the 
measurements, a modal analysis software package called MODAN is used [15]. 

 
Figure 5: First five natural bending mode shapes of the beams 

Mode 1 Mode 2 

Mode 4 

Mode 3 

Mode 5 
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4.1 Data correction 
To ensure the accuracy of the results and keep the possibility to compare them, it is necessary 

to correct the deviation due to the geometric uncertainty. For this, two measures are adopted: 
1. Repeat the experiments 3~5 times in the same situation, the same beam, the same piezo-

ceramic as actuator or sensor, the same excitation signals, etc. Then the Repeatability 
Standard Deviation (RSD) of the results is calculated, as shown in Table 2. The 
phenomenon observed must be much high than this value in order to be relevant and 
representative. 

2. A finite element model is built with the modeling software COMSOL Multiphysics, 
which is used to correct the data from each beam, ensure that all the beams have the same 
length, width and thickness. 

4.2 Natural bending frequencies 
At first, the Eigen-frequency and the standard deviation of each selected mode are 

concerned, after data correction the results are shown in Table 2. 
 

Table 2: Eigenfrequency and standard deviation of each mode 

 Beam reference 
 
Eigen-frequency (Hz) 

a b c d e f RSD(%) 

Mode 1 13,8 14,4 14,1 14,7 15,2 14,0 0,12 
Mode 2 39,5 40,5 39,4 41,2 42,9 39,5 0,05 
Mode 3 78,2 78,9 78,0 81,5 85,7 78,0 0,08 
Mode 4 128,3 130,1 128,7 135,6 140,5 130,1 0,04 
Mode 5 189,4 195,0 200,5 202,9 211,1 196,0 0,08 

 
The tendency of each Eigen-frequency is equivalent. In Figure 6, the tendency of the fifth 

natural mode is presented as an example. The numerical evolution with respect to the location 
of the “soft layer” is obtained by simulation with Comsol Multiphysics. For the modeling, the 
material parameters are from the resonalyser method for the composite material. Concerning 
the “soft layer”, the isotropy of the layer is assumed and the material parameters are 0.24 for 
the Poisson’s coefficient, 7 GPa for the Young’s modulus and 1200 kg.m-3 for the mass density. 
The tendency is strong, especially the Beam-e, while the piezo-ceramics are embedded in the 
middle of the composite, the eigen-frequencies are higher than other situations. This fact is 
clearly explained by the modification of the theoretical middle plane due to the variation of the 
material parameters. This tendency is confirmed by the theoretical data. The gap between Beam 
a and Beam b is huge, the reason is the soft layer, there is no soft layer in Beam a, the piezo-
ceramics are just glued on the surface of the beam. 

Furthermore, only Beam d and Beam e can get the torsion mode, the frequency of this mode 
is respectively 124.3 Hz and l32.4 Hz. 
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Figure 6: Tendency of the fifth natural frequency 

4.3 Damping ratio and vibration amplitude 
Then, for each beam, the maximum amplitudes of each Eigen-mode are captured, the data is 

shown in Table 3. At the same time, the damping ratios of each beam are measured also, the 
results are shown in Table 4. 

The tendency of the first natural mode is presented as an example, in this mode, the damping 
ratios of each beam are not quite different. The tendency is shown in Figure 7. 
 

Table 3: Maximum amplitude of each mode (Piezo 1 as actuator, the others piezo open-circuited) 

 Beam reference 
 
Maxi amplitude 
 (µm/V) 

a b c d e f RSD(%) 

Mode 1 32.7 14.6 6.5 7.06 0.49 3.27 3.42 
Mode 2 11.9 6.03 4.83 2.21 0.16 5.46 3.44 
Mode 3 4.37 5.47 2.76 0.7 0.08 1.24 3.84 
Mode 4 2.69 1.81 0.91 0.95 0.09 1.61 0.91 
Mode 5 1.95 1.36 0.67 0.5 0.04 1.11 0.43 
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Table 4: Damping ratio of each beam (Piezo 1 as actuator, the others piezo open-circuited) 

 Beam reference 
 
Damping ratio 

a b c d e f 
 

RSD(%) 

Mode 1 0.58 0.47 0.55 0.51 0.53 0.32 4.93  

Mode 2 0.51 0.51 0.5 0.65 0.41 0.5 2.02  

Mode 3 0.53 0.38 0.41 0.84 0.42 0.88 4.39  

Mode 4 0.25 0.44 0.44 0.43 0.39 0.48 ≈0.00  
Mode 5 0.47 0.61 1.2 0.4 0.37 0.44 1.21  

 
As shows in Figure 7, the tendency of each mode for the beams is quite clear. The amplitutde 

of each Eigen-mode is much smaller when the piezo-ceramics locate at the middle of the 
luminate, like Beam-e. The deeper piezo-ceramics locate, the smaller the amplitutde will be.  

Especially, from Beam-a and Beam-b, it shows that when the piezo-ceramics are just glued 
on the surface of the beam, the vibration is much larger than that when the piezo-ceramics 
located inside of the beam. This fact shows clearly that the influence of the location of the soft 
layer is quite significant. However, the impact of the soft layer on the damping ratio is limited. 

 

 

Figure 7: Tendency of each Eigen-mode 

4.4 Modal effective electromechanical coupling coefficient 
Probably the most interesting method to evaluate the effective electromechanical coupling 

coefficients (EMCC) is based on the effective energy conversion from mechanical to electrical 
and vice-versa for the whole system. [16] For this part, the Eigen-frequency of SC or OC state 
is captured. Beam d is chosen as an example, Piezo 1 is used as an actuator,  the results are 
shown in Table 5, as well as the deviation of the repetition experiments. 

 

0,00E+00

5,00E-06

1,00E-05

1,50E-05

2,00E-05

2,50E-05

3,00E-05

3,50E-05

0 0,5 1 1,5 2

Am
pl

itu
de

 (m
/v

)

Embedding depth (mm)

602



XIANLONG CHEN, YANN MEYER, REMY LACHAT and MORVAN OUISSE 

 10 

Table 5: Eigen-frequency of OC/SC mode 

  
 
Eigen-frequency (Hz) 

OC SC Error(%) RSD(%) 

Mode 1 14.18  14.16  2  2  
Mode 2 39.88  39.83  5  2  
Mode 3 78.93  78.86  7  6  
Mode 4 131.24  131.16  8  5  
Mode 5 196.41  196.24  17  17  

 
When short-cuting the circuit of the piezo-ceramics, the Eigen-frequency of the beam can 

change a bit, but when compare the error with the Repeatability Standard Deviation, the 
difference of the amplitude is not significant enough, so it is impossible to evaluate the EMCC 
in this situation. 

4.5 Time-of-Flight measurements 
Lamb wave techniques provide more information about damage presence and severity than 

previously tested methods (frequency response techniques), and provide the possibility of 
determining damage location due to their local response nature [17], hence the Time-of-Flight 
method is widely used in Structural Health Monitoring (SHM). Thus, it is quite necessary to 
well know if the location of piezoelectric elements along the thickness axis has an influence on 
the time-of-flight. For this part, two piezo-ceramics are used, one as an actuator and the other 
as sensor, the time-of-flight of the signal from actuator to sensor is captured. 

In addition, in order to investigate the influence of the location of piezoelectric elements 
along the thickness axis, the Young’s modulus (E) is a quite interesting parameter. So the 
Young’s modulus of each beam is calculated with the T-o-F method, which is more convenient 
than Resonalyser method to calculate the Young’s modulus. [9] The data is shown in Table 6. 
The Repeatability Standard Deviations of both the Time-of-Flight and the Young’s modulus 
are quite good, both RSD≈0 with a measurement accuracy of 0.1 µs. 

 

Table 6: Results of T-o-F method 

 
Beam reference Time-of-Flight (µs) Young’s modulus (GPa) 

a 126 14.6 

b 125 14.8 

c 126 14.5 

d 126 14.5 

e 128 14.2 

f 127 14.3 

 
The tendency of Time-of-Flight and Young’s modulus for each beam is shown in Figure 8. 

The tendency is quite clear. The location of piezoelectric elements along the thickness axis has 
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an influence on the time-of-flight and Young’s modulus, especially for Beam-e, while the 
piezo-ceramics are embedded in the middle of the composite, the time-of-flight is the longest, 
and the Young’s modulus of the beam is the smallest. The deeper the piezo-ceramics locate, the 
smallest the measured Young’s modulus of the beam obtained by the T-o-F method will be, so 
the location of piezoelectric elements along the thickness axis can influence the accuracy of the 
T-o-F method. 

 

 

Figure 8: Impact of embedding depth of the piezo in the composite layers on time-of-flight and estimated 
Young's modulus 

5 CONCLUSIONS 
- The deeper the piezo-ceramics locate in the composite, the higher the Eigen-frequency 

of the beam will be. Only when the piezo-ceramics locate in the middle of the 
composite, the beam can get the torsion mode. 

- The deeper the piezo-ceramics locate in the composite, the weaker the amplitude of 
vibration will be. But the open circuit & short circuit states are not adapted to this kind 
of situation. 

- The deeper the piezo-ceramics locate, the smaller the measured Young’s modulus of 
the beam will be. 
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Abstract. The presence of technological strains induced by various manufacturing and 
operational factors is one of the characteristics of polymer composite materials (PCM). 
Conventional methods of registration and evaluation of residual strain are laborious, time-
consuming and require a large amount of measurement procedures with special equipment. 
The idea of employing embedded fiber-optic strain sensors (FOSS) offers a real prospect for 
measuring residual strain. 
The possibility of using embedded FOSS was demonstrated and implemented by the example 
of PCM samples obtained with the prepreg technology and compression molding method. In 
this method, the prepared reinforcing package is placed inside mold, heated and exposed to 
compaction pressure. Pressing process parameters (pressure, temperature and time) depend on 
material grade. The examined technology can be used for positioning fiber-optic strain 
sensors between the corresponding layers of the composite material.  
In the process of PCM production, FOSS data were recorded with interrogator 
ASTRO X 327. Fiber optic sensors, interacting with the material of the examined object, 
allow registering the history of the strain process during all stages of polymer composite 
formation.  

 

1 INTRODUCTION 

Polymer composite materials (PCM) have a number of advantages over traditional 
materials: the ability to create different shapes of details with desired properties, high 
resistance to fatigue and corrosion, low specific gravity. However, during exploitation multi-
layer composites have high probability of defects and damages development, which, among 
the other factors, determined by technological process of PCM creation and the presence of 
technological strains in the material. Traditional methods of assessing technological strain are 
laborious, time-consuming and require a large amount of measuring work using special 
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equipment. 
Fiber-optic strain sensors (FOSS) have a special place among the various sensors for 

measuring mechanical damages of the material. The advantages of FOSS based on Bragg 
grating include a particular sensitivity, in comparison with other sensors, immunity to 
electrical noise, availability, easy integration with other equipment, remote control, as well as 
the ability to measure various physical and mechanical values. Additionally, for composite 
materials there is possibility of FOSS embedding into material during their manufacturing. 
Such material with embedded sensors is one of the sorts of SMART-materials. The FOSS 
embedding during PCM manufacture allows registering technological strains and offers 
control capabilities. 

The ability of the technological strains measurement during manufacturing process of the 
mast of a sail boat in the autoclave molding is shown in work [1]. Research [2] provides 
experimental comparison between FOSS measurements and conventional resistive strain 
gages. During static tensile tests, the possibility of strain monitoring using FOSS, their 
sensitivity and accuracy were demonstrated. The emphasis of [3] is placed on the fact that the 
fiber-optic strain sensors with Bragg gratings are an excellent non-destructive tool to measure 
internal strains in the composite material. In the work [4] as one of the causes of FOSS 
spectrum distortion indicated the presence of residual stresses which appeared during the 
manufacturing process. The presence of residual stresses which appeared during the 
manufacturing process was indicated as one of the causes of FOSS spectrum distortion in the 
work [4]. The ability to use information about the internal and surface strains, obtained by 
FOSS with the aim to quantify damage and residual performance designs, are given in [5]. 

The small size and shape of the FOSS allows to embed them directly between the 
composite layers. This makes the possibility to monitor the composite structure from the 
beginning of the composite production to its operating conditions [6], [7]. FOSS embedding 
into the composite system potentially may let to eliminate the defects directly during 
production process [8]. Methods for efficient and reliable FOSS embedding into composite 
structure were studied. It was shown that the same sensors can be used for verifying the 
compliance with the specifications of elements or recognition of the quality assessment as 
well as for monitoring of structural integrity for its service life with the help of structural 
monitoring systems which operate in real time. 

The possibility of usage fiber-optic strain sensors embedded between the layers of the 
formed composite material for strain registration was demonstrated at this work. The process 
of FOSS embedding into PCM was described. The history of the strain process of the polymer 
composite material formation at all stages of its manufacturing process was shown. 

 

2 PREPREG TECHNOLOGIES AND METHODS FOR COMPRESSION MOLDING 

This section contains a description of the technological process of FOSS embedding into 
PCM. One of the important conditions of this process is to ensure the entirety of the fiber 
material during manufacturing process. 

A distinctive feature of the designs which is made from polymer composite materials is 
that materials and products are created simultaneously. The predefined geometrical 
dimensions and shape are given to this design. As a result, the physical and mechanical 
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characteristics of the product depend on the design features and technological features of the 
manufacturing process. Taking into account these features of PCM designs, the issue of 
control of the stress-strain state in the process of manufacturing products as well as in the 
subsequent operation of the structure become relevant. 

The polymer composite material consists of high-impact (medium or high modulus) fibers 
(filler) and the polymer matrix (the cured binder). Prepreg is prepared for processing product 
that based on prepregged reinforcing material with woven and nonwoven structures. The 
process of creating products from polymer composite materials consist of several basic steps: 
laying out a reinforcing material into the specialized form, technology package assembly, the 
polymerization process, details removal. These technological steps are present in each 
technology of detail design from PCM with some additional items depending on the particular 
type. The most common technique is called: "Prepreg technology and autoclave molding". 

Technology of details manufacturing occurs as semi-finished products, made from prepreg 
that was laying out, give a good account of the products that was made from PCM. This 
method consists of laying out the prepregged reinforcing material on special form-building 
equipment followed by curing in autoclave with overpressure. This provides a high level of 
physical and mechanical properties and low porosity of derived plastics. 

In this paper, the possibility of measuring the technological strains with the help of FOSS, 
considered on an example of manufacturing process of standard samples for testing and 
demonstrated using contact pressing method. 

Pressing technology is similar to the method of stamping, when prepared reinforcement 
package is placed into a mold, heated and exposed to compression pressure. The parameters 
of pressing process includes pressure, temperature and time that depend on the material grade. 
Pressing technology has high performance and possibility of full process mechanization, the 
ability to manufacture complex details with high precision implementation and with surface 
that does not require a mechanical treatment [9]. This technology can be applied with prepreg 
made from composite material based on thermosetting and thermoplastic matrices. During the 
manufacturing process of samples there is the possibility of control the product status in real 
time using embedded FOSS. 

However, due to the fact that every process of manufacturing products from PCM arise 
with temperature and overpressure, the problems connecting with protection entirety of 
optical fibers in the material as well as protection fiber exits from the product are occurred. In 
the pressing process a number of adjustments that take into account technological features of 
FOSS based on the Bragg grating were done. Let’s consider the PCM manufacturing process 
with embedded FOSS. 

The technological process of FOSS embedding into composite material includes a number 
of basic steps. First, the reinforcing material cutting on the plotter Zund G3 L-2500 is done. 
Further 20 layers of reinforcing material are laying out on special form-building equipment. 
In this paper stack of layers as an object forming is used. Stack of layers consists of 20 layers 
of fiberglass prepreg named as VPS-48. The characteristics of this material are presented in 
Table 1.  

Predefined scheme of cutting samples is used while two optical fibers with five FOSS on 
each were embedded between 10 and 11 layers of reinforcing material. The assembly of 
technology package is held for material premolding. After performing all the operations above 
polymerization process is carried out. The process of polymerization of the samples with 
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embedded FOSS was carried out in the Langzauner press that was connected with interrogator 
ASTRO X327. During polymerization process control of pressure and temperature was 
derived by control computer as well as by FOSS. After the polymerization process was 
carried out the removal of technological package was done. 

 

Table 1: Material characteristics 

Name VPS-48 

Material Fiberglass 

Test temperature, °C 20 

Tensile strength, MPa 710 

Compressive strength, MPa 870 

Bending strength, MPa 1100 

Shear strength, MPa 75 

Tensile modulus, GPa 33 

 

For the curing process the recommended regime according to the specifications of the 
material has been selected: 

• Temperature rise till 120° with speed 3°/min; 

• Delay 0,4 hours with temperature 120°; 

• Molding pressure rise till 0,3 MPa;  

• Temperature rise till 180° with speed 3°/min; 

• Delay 1,5 hours with temperature 180°; 

• Cooling with speed 3°/min till temperature 55°; 

• Decompression. 
After the main polymerization process was carried out the temperature stabilizing of the 

workpiec during 4 hours at the temperature of 120° was done. 

3 ACTION PRINCIPLE OF FIBER-OPTIC STRAIN SENSOR BASED ON BRAGG 

GRATING 

Fiber-optic Bragg gratings (FBG) are created by periodically changing in the core 
refractive index of the fiber (Figure 1). Such diffraction gratings are fully adapted to the 
conditions of waveguide propagation of emission and are capable to perform various 
operations on light signals. 

Although fiber-optic communication is the most significant area of application for FBG, 
nevertheless they are widely used for creation concentrated and distributed fiber-optic 
sensors [10]. 

As a rule, for sensing element FBG formed in the photosensitive core of a single-mode 
lightguide at a small (~ 1-10 mm) section with a help of an interference pattern of coherent 
UV radiation are used. The main characteristic of FBG is the presence of a resonance 
reflection peak at the wavelength, determined by the relation [11]: 

BG = 2n (1) 

where BG – resonant (Bragg) wavelength, n – effective refractive index of lightguide at a given 
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wavelength,  – period of FBG
The fiber deformation effect

wavelength, which is used in fiber
From the relation (1) follows the expression for changing 

variation or deformation effect
be obtained [11]: 

where T – temperature FBG; α
glass. This CLTE can be neglected cause of its 

temperature sensitivity is made by 

it’s assumed that the grating embedding into 
which is different from α leads to a longitudinal 

Similarly, for strain sensitivity
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where ε - longitudinal strain of a 
p11 and p12 - Pockels coefficients in the optical stress tensor.
of FBG is usually equal to [11]:

The shift of the spectral position of the resonant wavelength of a fiber Bragg grating,

linearly depends on the ambient temperature change
the process when mechanical action is applied to fibe

Br
∆λ  from these parameters can be described
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period of FBG. 
effect or temperature variation causes change

wavelength, which is used in fiber-optic sensor systems based on FBG. 
From the relation (1) follows the expression for changing BG with help of 

effect. Thus, for the intrinsic temperature sensitivity of the FBG 
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d d dn dn

dT dT n dT n dT
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Λ

λ
α

λ

 

α - coefficient of linear temperature expansion
This CLTE can be neglected cause of its smallness. The main contribution to the 

temperature sensitivity is made by 
dn dT

n
, which is called as thermo-optic coefficient

grating embedding into ambient with thermal expansion 
leads to a longitudinal strain of the FBG when temperature change

Figure 1: Fiber Optic Bragg Grating  

strain sensitivity [11]: 
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position of the resonant wavelength of a fiber Bragg grating,

linearly depends on the ambient temperature changes, T, and strains, ε, which is occurred in 
the process when mechanical action is applied to fiber lightguide. Dependence of the shift 

from these parameters can be described [11]: 
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where n – effective refractive index of mane mode of fiber lightguide; Λ ≤ 1 µm refractive 
index modulation period; p11 and p12 - Pockels coefficients of the elastic-optical tensor;  
ν - Poisson's ratio; α - CLTE of quartz glass. 

When temperature is constant (T = const), the expression (5) will take the following form: 

( )

2

12 11 122 1
2

Br

n
n p p p

    ∆λ = Λ − − ν + ε       
 (6) 

Taking into account that when temperature is constant the ε equal: 

( )

2

12 11 12 0 22
2

.
n

p p p
 

 − ν + =   
 

 (7) 

The following expression can be obtained: 

2 1 0 22( . )
Br

n∆λ = Λ ⋅ − ε  (8) 

and 

0 78.

Br

Br

∆λ
ε =

λ ⋅

 (9) 

According to the relation (9), the coefficient 
1

0 78.
Br

λ ⋅

 is unique for each FBG. 

4 PROCESSING DATA OBTAINED FROM FOSS 

The process of recording data during the manufacturing process, which includes 
compression molding process and was described in section 2 of this paper, was done. In order 
to ensure the completeness and objectivity of the recorded data from two lines with embedded 
FOSS, a single FBG was also used. This single FBG was located outside the material. This 
FBG is used for compensation of the resonant wavelength displacement that caused by a 
changes in temperature during the forming process. To assess the correctness of the data from 
single FBG, as independent and autonomous temperature record in the molding process 
record EClerk-USB-2Pt was used. The accuracy of this independent temperature record of 
temperature measuring is ± 0.04°. Also as a sensitive element the thermal resistance device 
r-2-Pt1000-B2 was used. 

During the measurement, the interrogator determines the strongest peak of the reflected 
signal in the measuring zone that was tuned before test began, and calculates the deviation of 
the Bragg wavelength. Due to the distinctive features of realization the technological process 
of PCM production, in the process of sensor loading there is a redistribution of the intensity in 
the spectrum of the reflected signal. Cause of this reason interrogator begins to estimate the 
deviation along the neighboring peak, which leads to appearance of sharp "jumps" in the 
signal. Changes in the spectrum of reflected signals from the FBG caused by the effect of 
transverse pressure during the forming process are shown in Figure 2 and Figure 3. 

These spectrum changes of the reflected signal occurred during the cooling of the material 
into which the line with FBG was embedded. And this spectrum changes reflected in the data 
that was taken from the FBG as a constant displacement. In order to compensate these 
changes, during data analysis a correction algorithm is used. The example of the algorithm is 
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shown in Figure 4. 

Figure 2: Changes in the total spectrum of the reflected signal of the FBG line  

 
Figure 3: Changes in the reflected spectrum of second FBG line 

612



Valerii P. Matveenko, Natalia A. Kosheleva, Igor N. Shardakov and Andrey A. Voronkov 

 8

 
Figure 4: The example of the correction algorithm  

The correction algorithm works as:  
1. The value of the deviation (sensitivity to displacement) is introduced to the algorithm; 
2. The number of measurements (window) on the basis of which the estimate will be done 

is entered; 
3. The array of data is checked and the time when the displacement occurs is determined; 
4. Based on the window, the value is interpolated to the displacement point; 
5. The deviation is estimated; 
6. All subsequent data are corrected by the value of this deviation. 

5 DATA REGISTRATION IN REAL TIME 

Figure 5 shows the registration scheme of technological strains in PCM in real time that 
was received from FOSS, where 1 – sample, 2 – segment of optical fiber with FOSS,  
3 – interrogator, 4 – computer, 5 – broadband spectrum, 6 – reflected spectrum, 7 – output to 
computer, 8 – single FBG, acting as a temperature sensor. 

To calculate the temperature according to the FBG data, the following dependence was 
used: 

2

2 1
K T K T∆λ = ∆ + ∆  (10) 

where  – changes in the Bragg resonant wavelength; T – temperature changes. 
From the relation (10), the following expression is obtained for calculating the temperature 

changes according to the FOSS data with respect to T: 

2

1 1 2

2

4

2

K K K
T

K

− + + ∆λ

∆ =  (11) 

or 
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2

1 1 2

0

2

4

2

K K K
T T

K

− + + ∆λ

= +  (12) 

where T0 - initial temperature value. 
The missing coefficients are found from FOSS data at the time of the molding process at 

temperatures of 120°C and 180°C, starting from the system of equations obtained from 
expression (10). 

  

Figure 5: Scheme of data registration in real time  

Figure 6 shows the graphical dependencies that were obtained with the help of a single 
FBG, acting as a temperature sensor, and also with the help of an independent temperature 
recorder EClerk-USB-2Pt. It should be noted that the data from single FBG (that was located 
near to the PCM) are correlated well with the data from independent temperature recorder 
EClerk-USB-2Pt. The fiber-optic sensor, interacting together with the material, allows to 
record the changes in the wavelength of the reflected spectrum using interrogator. 

The history of the strain process in the polymer composite material formation at all 
technological stages of its production is presented in Figure 7. The red line marks the 
temperature sensor. Here: 1 - dotted blue curve is the averaged results for the five sensors on 
the first fiber; 2 - dash-dotted crimson curve – on the second fiber.  

From relation (5) it follows that the detected change in the wavelength of the reflected 
spectrum is determined not only by technological strains, but also by temperature 

deformations due to temperature ( ) 0
T T t T∆ = − . Here ( )T t , T0  - system temperature "fiber optic 

sensor - the material in the vicinity of the sensor" respectively, at time t and at the time when 
sensor is mounted on the object of study. 
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Figure 6: Temperature data from single FBG and independent recorder EClerk-USB-2Pt.  

Applying to the relation (9) recorded data during the whole process of PCM forming, and 
subtracting the temperature component, the technological strains was obtained. 

 
Figure 7: FOSS data during the whole process of molding PCM 
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Figure 8 shows the strain dependencies in the form of the average values obtained from 
FOSS that was located on the first (dashed blue curve) and second (dash-dotted crimson 
curve) optical fiber. 

 
Figure 8: FOSS data in the strain 

These dependences indicate the presence of technological strains in the PCM after 
molding. In addition, the obtained results allow to trace the evolution during all technological 
process of PCM manufacturing. Residual strain accounting allows to raise the operational 
properties at the complex objects designing. In addition, thanks to these relationships, there is 
an opportunity to assess the stress-strain state of structures during manufacturing process.  

6 CONCLUSIONS 

- In the paper the technology of FOSS embedding into PCM is described. 
Technological regimes of forming a material that includes 20 layers of prepreg  
(VPS-48) are given. The physical and mechanical characteristics for this material are 
provided. 

- The principle of the FOSS action based on Bragg gratings is described. The features 
of real-time data recording with the help of FOSS are given. A data correlation 
algorithm for compensating of displacements in the FOSS data is presented. 

- Dependences for the temperature calculation obtained from FOSS data are given. The 
reliability of these results was confirmed with the help of an independent temperature 
recorder EClerk-USB-2Pt. 

- The history of technological strains in the PCM during the process of its 
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manufacturing and the presence of residual (technological) strains are shown. 
The research was performed at Perm National Research Polytechnic University with 

support of the Russian Science Foundation (project 15-19-00243). 
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ABSTRACT 

There has been an increasing demand for wireless electronic devices which led to substantial research 
efforts in major fields like energy storage and energy harvesting. Among all other materials mostly 
piezoelectrics has grabbed attention for energy harvesting application because of its high 
electromechanical coupling property. The present study talks  about developing an asymptotically 
correct electromechanical model of a vibration based piezoelectric energy harvester model and validate 
it with experimental studies published in past literature. The present study is based on a well renowned 
theory Variational Asymptotic Method (VAM). This theory is a rigorous mathematical technique 
which asymptotically split the original three dimensional electromechanical problem into two 
dimensional electromechanical cross sectional analysis and one dimensional beam analysis. As an 
example problem a bimorph configured energy harvester under a harmonic base excitation has been 
studied. Coupled voltage, power and current response under a harmonic base acceleration has been 
mathematically derived and obtained. The model is also capable of analysing the system response with 
varying load resistance. Close circuit and open circuit voltage are obtained and validated. Thus the 
present study is all about developing an efficient and reliable mathematical technique which can 
capture all the important multiphysics involved in any kind of a generalized piezoelectric energy 
harvester model. 

Keywords: Piezoelectric energy harvester, Variational asymptotic method, Bimorph. 
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Abstract. This paper introduces a method of producing power composites which can store 
(and deliver) electrical energy whilst bearing mechanical loads simultaneously.  The 
composite system in the present work based on all-solid-state supercapacitors by using 
Li1.4Al0.4Ti1.6(PO4)3 solid electrolyte which is synthesized by conducting a sol-gel method. 
The as-prepared samples are embedded into commercial available glass fibre reinforced 
plastics (GRFP). Cyclic voltammetry tests characterize the double layer behaviour combined
with galvanostatic charge-discharge measurements for capacitance calculation. The 
capacitance is still unchanged after 1500 charge-discharge cycles showing a promising 
potential for future applications, such as power supplier for electrical vehicles, airplanes and 
satellites. The mechanical properties of composite materials with and without solid 
electrolytes are characterized by four-point-bending tests. The influence of loads on electrical 
properties is also investigated by coupling tests which combine the electrical measurements
during stepwise bending loads. The conducted tests reveal slightly reduced bending strength, 
ductility and Young’s modulus for the specimens with embedded solid electrolytes compared 
to the pure composite specimen. Besides, the capacitance values remain constantly under 
different bending loads.

1 INTRODUCTION
The service time of space applications such as satellites depends exclusively on the 

lifetime of their electrical power source. Long active shelf life up to years and diver of planet 
probes are 30,000 life cycles. Batteries usually applied as the electrical energy storage device, 
however, are limited by their recharge cycle lifetimes. Besides, in space the batteries have to 
withstand hot and cold conditions radiation of the sun and work in a vacuum without leaking 
or exploding.

Furthermore the battery is designed for power peaks of very shortly used applications such 
as lidar, radar, repulsion or robotic systems. In these cases an alternative system such as a 
supercapacitor can handle these power peaks. As result the battery as main energy system can 
be downsized therefore weight and volume can be reduced whereas the lifetime of the battery 
and the whole operation time of a satellite can be extended.
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A further challenge is the integration of the supercapacitors within the bearing structure of 
the satellite. Asp et al. [1] already presented how to use structural materials such as carbon 
fibers and ionic conductive resins as energy devices and structure at the same time. 
Unfortunately neither the mechanical nor the electrical performance was on a comparable 
level to the results of the individual systems. However this kind of combination has the 
potential to save volume (smaller size may open space for other devices) and weight (less 
propulsive power needed or more possible payload). 

In previous research [2,3], we already reported a new approach of multifunction material 
integration. The investigation based on an all-solid-state structural supercapacitor of the 
NASICON-type Li1.4Al0.4Ti1.6(PO4)3 ceramic electrolyte embedded in composite materials by 
means of Differential Pressure Resin Transfer Moulding (DP-RTM). The electrolyte was 
embedded in laminates made of fleece and metalized fleeces used as collectors, afterwards 
injected by using the resin RTM-6 (Hexcel® PRODUCTS INC., US). Using non liquid 
components, this energy storage device reduces the leakage problem induced by particle 
impacts. In this paper, Hexply® 913 GFRP-prepregs (Hexply® 913, Hexcel® Corporation, 
US) are used as semi-finished products processed by autoclave in vacuum bag. The glass fibre 
reinforced plastic (GFRP) composites are used because which improves the mechanical 
properties comparing with composites only with polyester fleece. In addition Hexply® 913 is 
a proven modified epoxy matrix which exhibits outstanding environmental resistance, whilst 
retaining good mechanical performance. Comparing with injection process, the manufacture 
with prepregs is more convenient. The electrical properties of this structural supercapacitor 
are characterised by cyclic voltammetry test and galvanostatic charge-discharge measurement, 
meanwhile the mechanical characterisation is demonstrated by four-point-bending tests in the 
present work.

2 EXPERIMENTAL PART

2.1 Synthesis process of Li1.4Al0.4Ti1.6(PO4)3 (LATP) solid electrolyte
The Li1.4Al0.4Ti1.6(PO4)3 (LATP) solid electrolyte was synthesised by a sol-gel method 

with citric acid. Stoichiometric amounts of 0.8 mol/L Titanium (IV) t-butoxide (≥99.9%,  Alfa 
Aesar) were dissolved in 0.2 mol/L citric acid (>99%, Merck KGaA), heated and stirred at 
95°C for 20h.  Then stoichiometric amounts of LiNO3 (>99%, ReagentPlus®), NH4H2PO4
(>98.5%, ReagentPlus®) and Al(NO3)3·9H2O (99.2%, VWR chemicals) were added, 
dissolved and stirred at the same temperature for 30 min until a homogeneous solution was 
obtained. After that, ethylene glycol (≥99.9%, Merck Schuchardt OHG) with a molar ration of 
citric acid at 1:1 was added. Then the solution was heated up to 120°C with stirring for 30 
min and heated up to 170°C for 2h to evaporate the water and obtain the polymer precursor.
The dried gel was milled by hand to a powders and transferred to a ceramic crucible, heated 
up to 600°C for 5 h with 5 °C/min to complete pyrolysis process and calcined in open air at 
800°C for 5h. The acquired powder was milled by a mechanical milling method with ethanol 
for 2 h and pressed into pellets (thickness 1 mm) under the pressure of 180MPa. The pellets 
were sintered at 950°C for 8h (heating rate from ambient temperature to 600°C is 2°C/min, 
from 600°C to 950°C is 5°C/min).
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2.2 Manufacturing of Li1.4Al0.4Ti1.6(PO4)3 solid electrolyte-based multifunctional power 
composites

The solid electrolyte pellets were polished and sputtered with gold in thickness of about 90 
nm. Hexply® 913 GFRP-prepreg (Hexply® 913, Hexcel® Corporation, US) was used as 
insulation materials and metalized polyester layers were used as electronic conductive 
materials.

c) 

Figure 1 a) Layer configuration of LATP composite; b) Four point bending test sample with bond points for 
electrical measurements; c) configuration’s sketch
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The middle layer is made of eight layers GFRP-prepreg with a ply thickness of 0.125mm. 
The lay-up is designed in symmetrical manner with the two outer most layers oriented in 0◦-
direction while the internal four layers are alternately 0° and 90° oriented. The two cover 
layers are four layers with 0° and 90° oriented separately. All specimens are manufactured by 
hand using a one-step curing process under pressure (3 h 120 °C at 3 bars). The whole 
composite is consolidated within one process step. After curing, the plate was cut into 
samples of 100×15×2 mm for four-point-bending tests according to standard DIN EN ISO 
14125:1988, class IV. Bonding points for cables were inserted for the electrical tests.

2.3 Characterization of microstructure, electrical and mechanical properties
A computerized tomography scan (CT, GE phoenix v|tome|x s) was used to exhibit the 

morphology condition of LATP composite samples before the mechanical tests. 
The cyclic voltammetry (CV) test and galvanostatic charge-discharge measurements were 

conducted at room temperature by an electrochemical workstation (Vertex, IVIUM 
TECHNOLOGIES) for the LATP composite samples without and under mechanical load. The 
measurements were carried out at a voltage range of 0-0.5V by CV with different scan rates of 
5 mV/s, 10 mV/s, 20 mV/s, 50 mV/s and 100 mV/s and galvanostatic charge-discharge 
measurement with different current density of 0.1 µA/g, 0.2 µA/g, 0.5 µA/g, 0.8 µA/g, 1 
µA/g, 2 µA/g, 3 µA/g, 4 µA/g and 5 µA/g. To calculate the capacitances 1500 charge-
discharge cycles are measured with a current density of 2 µA/g.

Mechanical properties were investigated by four-points-bending test and tensile test with a 
universal testing machine (Zwick 1484, Zwick GmbH & Co. KG). Both of the tests were 
conducted at a rate of 1 mm/min with a pre-load of 5N to ensure that the sample was under 
flat condition. A 20 kN load cell (Z4, Hottinger Baldwin Messtechnik GmbH, Germany) was 
used as well as a transducer. The bending force and deformation were recorded by the 
software Test-Expert II V3.31 (Zwick GmbH & Co. KG). 

a) b)

Figure 2 (a) Universal testing machine for four-point-bending tests; (b) sample is connected to 
electrochemical workstation.

Coupling tests were realized by combining mechanical test samples with the 
electrochemical workstation. A schematic picture of test set-up is showed in Fig. 2 b). A step 

622



G. Liao, S. Geier, T. Mahrholz, P. Wierach and M. Wiedemann

5

bending load was used with an interval of 120MPa, therefore the static electrical properties 
were tested under the bending loads of 120MPa, 240MPa, 360MPa, 480MPa and 600MPa.

2.4 MATHEMATICAL FORMULARS
2.4.1 Equations for capacitance calculation

Galvanostatic charge-discharge tests are executed by charging and discharging the device 
in between a set-up potential window with a constant current and the time of the 
corresponding process is recorded. Specific capacitance is calculated [4] by: 
Specific capacitance:                      

𝐶𝐶𝐶𝐶𝑚𝑚𝑚𝑚 = 𝑄𝑄𝑄𝑄
𝑈𝑈𝑈𝑈

= 𝐼𝐼𝐼𝐼𝑚𝑚𝑚𝑚∆𝑡𝑡𝑡𝑡
∆𝑈𝑈𝑈𝑈

(1)
Cm- Specific capacitance, µF/g;
U-Potential window, V;
ΔU - the potential window in discharge process excluded voltage drop, V; 
Q - The capacitor’s charge, C;
� t- Time of a measurement cycle, total time of discharge;
Im– charge-discharge current density, µA/g
m – Weight of LATP electrolyte, g.

2.4.3 Equation for bending strength and Young’s modulus
The bending strength and Young’s modulus are calculated by force and deformation 

recorded by test machine during four-points-bending test. According to DIN EN ISO 14125 
the equation is given by [5]:

 = 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹
𝑏𝑏𝑏𝑏ℎ2

(2)

𝐸𝐸𝐸𝐸𝑓𝑓𝑓𝑓 = 0.21𝐹𝐹𝐹𝐹3

𝑏𝑏𝑏𝑏ℎ3
(Δ𝐹𝐹𝐹𝐹
Δ𝑠𝑠𝑠𝑠

) (3)
 - Bending stress, MPa; 
Ef – Bending modulus, MPa;
� s – Deviation difference of s" and s' in the middle of sample, mm;
�F – Force difference of F" and F' according to s" and s', N;
b – Width of samples; h – Thickness of samples.

3. RESULT AND DISCUSSIONS
3.1 Electrochemical Tests

The LATP composite is firstly used as electrical energy storage device. Hence, the 
electrical properties are demonstrated.

Cyclic voltammetry curves for the LATP electrical energy storage system are shown in 
Fig. 3 obtained at room temperature (24 °C) between a potential of 0 to 0.5 V and at a scan 
rate of 5-100 mV/s. No visible peaks in the 0-0.5 V potential range are observed from the CV 
curves indicating an absence of Faradic current over this potential region. This reveals that 
charge and discharge occur reversibly at the Au/LATP interface. The curves are more close to 
a rectangular shape at low scan rate (5-20 mV/s), and tent to tilt toward vertical axis as the 
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scan rate increased above 20 mV/s. This result indicates that the influence of system 
resistance is stronger at high scan rate. 

Figure 3 Cyclic voltammetry curves of LATP sample measured with different scan rates.

To investigate the storage ability of the LATP electrical energy storage device, the 
galvanostatic charge-discharge measurements are executed with different charge-discharge 
current density from 0.1 to 5 µA/g (seen in Fig. 4 a)). Only slight voltage drop caused by 
internal resistance could be observed at charge-discharge current density of 0.1 µA/g during 
discharge. The specific capacitances are calculated from discharge lines shown in Fig. 4 b). At 
values lower than 1µA/g the specific capacitance decreases very strongly with an increasing 
current density. At values higher than 2 µA/g the specific capacitance approaches 
asymptotically a constant value of 10-14 µA/g. The highest specific capacitance is achieved 
with 35.98 µF/g at a current density of 0.1 µA/g.

a)
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b) 

c) 
Figure 4 a) Galvanostatic charge-discharge curves of LATP composite with different current densities; b) the 
specific capacitances of LATP composite calculated from galvanostatic charge-discharge measurements; c) 

change of capacitance during 1500 cycles of charge-discharge in 0-0.5 V potential window with current density 
of 2 µA/g.

Furthermore the LATP electrical energy storage system is characterized with respect to 
cycle life stability using galvanostatic charge-discharge cycling at a constant current density 
of 2 µA/g during 1500 cycles. The results are shown in Fig 4 c) revealing excellent cyclic 
properties because the pristine specific capacitance of 12.99 µF/g did not change during
cyclicing. 

3.2 Morphological Investigations
The solid electrolyte Li1.4Al0.4Ti1.6(PO4)3 belongs to the class of ceramic materials, which 

have different mechanical properties compared with GFRP. The LATP as embedded element 
interrupts the continuity of fibres and matrix. Thus, it is worth being investigated, how the 
mechanical behaviour is affected by the combination of the two different components.
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Before mechanical testing, the embedding quality of the LATP pellet inside laminates is 
characterized by CT scanning. In Fig. 5, cross section photos from three directions are 
displayed. The images are taken form the middle position of the layers indicating the absence 
of any macro-fractures in the LATP pellets.

Figure 5 CT photos of LATP pellet after embedding, pictures from the middle position of each axis are 
displayed.

3.3 Mechanical tests

Figure 6 Curves of four-point-bending tests between LATP composite and GFRP sample without LATP.
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Table 1 Mechanical properties of the reference specimens and LATP composites

Sample σb
[MPa]

Standard 
deviation of σb

[%]

E
[GPa]

Standard 
deviation of E 

[%]

ɛf
[%]

Reference 735.113 2.4% 29.772 7.40% 26.17%
LATP-C 664.093 6.9% 28.722 16.70% 23.14%

To investigate the mechanical properties of the LATP electrical energy storage system, 
four-point-bending tests are conducted with samples of the embedded LATP pellets and ones 
without pellets as reference. Representative Strength-displacement curves of one sample per 
type are shown in Fig. 6. The flexural strength, elastic modulus as well as flexural 
deformation are shown in Table 1, in which the standard deviation is calculated by 4 
specimens.

Usually, the presence of the embedded devices causes material and geometrical 
discontinuities of the fibre reinforced composites, which are responsible for unwanted peak 
values of stress/strain concentration with consequences on the stiffness reduction and the 
overall material performance. However, in the present work the elastic modulus of LATP 
composites decreases around 3.5% comparing with reference specimens.  Flexural strength 
decreases slightly of 9.7% in the electrical energy storage system due to the decrease of 
ductility. 

The two surfaces of a specimen with embedded LAPT-pellets after conducted bending test 
is shown in Fig.7. The photos are taken from the lower and upper side of the specimen where 
tensile and compressive stresses occur (see Fig. 2 b)). As result of a symmetrical lay-up it can 
be presumed that the bending-line is positioned in the middle of the specimen. Therefore the 
upper side is compressed which can be seen by cracks of the matrix and delamination between 
the layers transversely to the specimen-geometry. In contrast on the underside tensile-stress 
occurs on the outer most layers of the specimen. Here the glass-fibres are extremely stretched 
that way that the matrix failed between the fibres longitudinal to the specimen geometry. 
Figure 7 b) shows the failed fibres which were first stressed plastically failed after relieving 
the load as result of sharp bending.

a) b) 
Figure 7: Photos of LATP composite sample after four-point-bending tests: a) compressive side; b) tensile side.
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Figure 8: The retention ratios of capacitance (Cunder loads/Cpristine) at different bending strength from 120 MPa to 
600 MPa, which are calculated from CV measured at a voltage range of 0-0.5 V at 10 mV/s scan rate.

The investigation on the influence of mechanical loads on the capacitance of the LATP 
electrical energy storage system is tested by step loading measurements. The samples are 
bended at the first strength step of 120 MPa. Keeping this load, the capacitances of the 
specimen are measured by CV at scan rate of 10 mV/s. In a further step the bending strength 
is increased to 240 MPa and kept constant until the CV measurements have been finished. 
Capacitances are calculated and compared with the original capacitance before loading. The 
retention ratios of capacitance (Cunder loads/Cpristine) at different bending strengths are shown in 
Fig. 8. The result shows no obvious decrease as value of 6.1% reduce of capacitance until 600 
MPa. The demonstrated capacitance stability is important because the LATP electrical energy 
storage system should usually work under loading conditions. 

4 CONCLUSIONS
A new method of producing structural supercapacitors is introduced, which uses 

NASICON-type Li1.4Al0.4Ti1.6(PO4)3 as solid electrolyte embedded into glass fibre reinforced 
plastics. The curves of cyclic voltammetry show a nearly rectangular shape indicating a 
double layer behavior. The electrical storage ability is measured by galvanostatic charge-
discharge tests showing specific capacitance values of 35.98 µF/g at 0.1 µA/g. The 
capacitance is still constant after 1500 cycles of charge and discharge. The mechanical 
properties are characterized by four-point-bending tests. The results show that the embedding 
of a capacitor only slightly decrease the mechanical properties of continuous composite 
materials compared with reference samples. The influence of bending loads on capacitance 
has also been studied indicating no obviously change of capacitance under bending loads. The 
present work demonstrates the multifunctional properties of this power composite which 
could store electrical energy and bear mechanical loads simultaneously. Meanwhile it exhibits 
a stability of capacitance during charge-discharge cycles and under mechanical loads. Beside 
the benefit of using solid state electrolyte for structural supercapacitors also the leakage 
problem caused by liquid electrolytes is avoided.
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A. Güemes, A. Benjeddou, J. Rodellar and J. Leng (Eds)

EXPERIMENTAL VALIDATION OF A POROUS
PIEZOELECTRIC ENERGY HARVESTER
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Abstract. In this paper, a homogenised finite element model is developed to predict the energy
harvesting capabilities of a porous piezoelectric energy harvester. The harvester consists of a
porous piezoelectric patch bonded to a cantilever beam. The material properties of the porous
piezoelectric material are estimated by the Mori-Tanaka homogenisation method, which is an
analytical method that provides the material properties as a function of the porosity of the
piezoelectric composite. These material properties are then used in a finite element model of
the harvester that predicts the deformation and voltage output for a given base excitation of the
cantilever beam, onto which the piezoelectric element is bonded. Experiments are performed
to validate the numerical model, based on the fabrication and testing of several demonstrators
composed of porous piezoelectric patches with different percentages of porosity bonded to an
aluminium cantilever beam. The electrical load is simulated using a resistor and the voltage
is measured to estimate the energy generated. The beam is excited in a range of frequencies
close to the first and second modes using base excitation. The effects of the porosity and the
assumptions made for homogenisation are discussed.

1 INTRODUCTION

Piezo-electric materials can act as sensors or actuators in engineering structures. Embedded
sensors in structures are an important application of piezo-electric materials and are used to track
strain and damage in structures such as buildings, aircraft and bridges. Wireless sensor networks

1
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are increasingly being used in areas such as the aerospace industry, where control and monitoring
of slender and light-weight structures is becoming more important. Furthermore, these sensors
can also harvest energy, in addition to measuring the deformation. The energy harvesting
capability of these sensors must be optimised by carefully selecting their configuration and
appropriate materials selection. Porous piezoelectric materials have shown promise as sensors
and energy harvesters due to their beneficial figures of merit when the porosity is increased.

Traditionally, porosity has been considered a defect in the fabrication process or a non valu-
able property in many applications, such as concrete fabrication, steelworks industry, etc. Recent
scientific advances in last decades are changing the perception of porosity by both scientists and
engineers [10]. Different authors have points regarding the possible applications of porosity in
different fields, from construction using porous metals [14] to bioengineering using porous ti-
tanium in bones implants [2]. The aerospace industry is interested in such materials for their
good thermal isolation properties and reduced weight [8]. Porous silicon has been proposed for
important electronic applications [4]. Some authors [20, 23, 19, 22] have studied porous ceramics
from different points of view such as thermal shock isolation, catalyst supports, etc. However,
less attention has been given to porous ceramics for energy harvesting. Energy harvesting is the
capability of devices to scavenge energy from the surrounding environment from energy sources
such as vibrations, light, thermal gradients, etc. Piezoelectric ceramics have been studied in
last decades not only for its energy harvesting capabilities but also for their sensor and actuator
capability. These materials have important applications such as ink-jet printers, sonar transduc-
ers, heart rate monitors, hydrophones, air bag sensors, etc. When acting as a sensor they can
be used for structural health monitoring (SHM) or to power small devices. Sodano et al. [21]
presented an extensive review of the applications of piezoelectric materials to energy harvesting.
Friswell and Adhikari have explored the possibilities of piezoelectric devices to harvest energy
from non-linear vibration [7] and from broadband excitation [1]. Bowen et al. [3] studied how
the porosity affect the piezoelectric and dielectric coefficients. Roscow [17] has reviewed the
manufacturing process of porous piezoelectric materials.

In this paper the capability of the porous piezoelectric material for energy harvesting is
assessed by comparing the predictions from a homogenised numerical model with those ob-
tained experimentally. The composite material is homogenized using analytical theories such
as Mori-Tanaka and included in a numerical model based on the finite element method which
includes the geometry of the energy harvester. The porous piezo patches used for experimental
demonstrators, are fabricated using two different methods, Burnt polymer spheres (Bur-PS) and
freeze-casting. These patches are bonded to an aluminium beam and tested with a shaker which
provides harmonic base excitation in a wide range of frequencies to the beam. The spectrum
of the voltage outputs are measured and compared with those obtained by numerical model
predictions.

The structure of this paper is summarised as follows. The porous material manufacture pro-
cess is detailed in section 2. Given the composite nature of the porous material, a homogenization
process has to be performed to obtain the material properties. An analytical homogenization
method known as Mori-Tanaka method is presented in Section 4. The obtained properties are
used in the next section to create a finite element model of the cantilever beam demonstrator.
The demonstrator fabrication, as well as the testing parameters, are presented in the next sec-
tion. Finally, the results and discussion are presented followed by the conclusions of the present

2
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study.

2 MANUFACTURE OF POROUS MATERIAL

In this study, commercial available barium titanate powders (BaTiO3, d33=147 pC/N, rel-
ative permittivity ϵT

33/ϵ0 =1470 [18, 17] , deionized water and poly(acrylic acid) (PAA, Mv
100,000, Sigma Aldrich) and polyethylene glycol (PEG, Mv 8,000, Sigma Aldrich) are used as
starting materials, freezing vehicle, dispersant and binder/pore forming agent (PFA), respec-
tively.

For the burned out polymer spheres (BURPS) method, barium titanate powders mixed with
PEG in different proportions by weight are uniaxially pressed at 300MPa to form the disks. For
freeze casting, suspensions with barium titanate powders, 3 wt.% dispersant and 3 wt.% binder
are ball-milled for 24 h in zirconia media and de-aired by stirring in a vacuum desiccator until
complete removal of air bubbles. Freezing of the suspension and aqueous solution are carried
out as described previously in [26, 25] by pouring them into a transparent aligned cylindrical
polydimethylsiloxane (PDMS) mould, which is then transported to a copper cold finger and
placed in a liquid nitrogen container. The frozen barium titanate pillars are then freeze-dried
to remove the ice dendrites. The disks and freeze-dried barium titanate pillars are heat-treated
at 500 ◦C for 2h to remove the organic additives, followed by heat-treatment at 1200 ◦C for 2h
and then finally allowed to cool down naturally in the closed furnace. The sintered ceramics are
then cut to a diameter of 10 mm and thickness of 1 mm by a cutting machine.

After the manufacture of the porous disks, the piezoelectric strain coefficient, d31, was mea-
sured using a Berlincourt Piezometer (PM25, Take Control, UK), which applies an alternating
force of 0.1 N at a frequency of 97 Hz. Measurements of the relative permittivity of the sintered
porous barium titanate were carried out at room temperature using an impedance analyzer
(Solartron 1260, Hampshire, UK). However, not all the material properties required to model
the composite using FE method can be obtained without more advanced test. For example, the
elastic modulus cannot be measured using widely used resonance technique because of the air in
the porous attenuate the resonance making the reading not reliable. Other methods to measure
these elastic properties might destroy the disk tests. Therefore, to avoid these problems, an
homogenization process is proposed in the next section to predict the complete set of material
properties.

3 THEORETICAL HOMOGENIZATION

The porous piezoelectric material is composed of two phases; air and piezoelectric material.
For each phase the material constants are well known, but the set of homogenized material
constants must be calculated for the resultant composite. As it is stated in Section 2, not
all the material properties can be obtained with accuracy or without compromising the health
of the porous ceramic disk. Hence, some material properties have to be predicted using a
homogenization approach.

One of the most commonly used approaches is to homogenize the material using analytical
methods. Analytical methods have been used extensively to homogenize composites because of
their accuracy and speed with respect to other approaches such as computational homogenization
using finite element methods (FEM). One of the most well-known and validated approach is the
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Mori-Tanaka method [15]. This method improves the Eshelby solution [6] given for ellipsoidal
inclusions in elastic mediums. The approach may be used in multi-field physics analysis, for
example for general composite materials [16, 24] and for porous piezoelectric materials [5, 12].
To perform a Mori-Tanaka homogenization, the calculation of the Eshelby tensor, S∗, is required
and depends on the shape of the inclusion which is spherical in this case. The procedure to obtain
this tensor is comprehensively detailed in [13] and hence is not explained here. In the Mori-
Tanaka method, each inclusion with properties EI where EI is composed of the elastic stiffness
matrix (C), the piezoelectric matrix (e) and the permittivity matrix at constant strain (ks).
This tensor behaves as an isolated inclusion, embedded in an infinite matrix with properties
EM, that is loaded remotely by an applied strain, therefore, each inclusion is subjected to the
averaged stress fields acting on it from all of the other inclusions, through the superposition of
stresses. The application of this method in porous piezoelectric material is demonstrated in [11]
and is compared with other homogenization methods such as self-consistent and computational
homogenization method using FEM. In this paper, the Mori-Tanaka homogenization is presented
as an accurate method to predict the material properties. The homogenization procedure of this
method is summarized as follows: First, an influence tensor AI,r

0 has to be calculated for every
phase r (AI,r

0 ) and percentage. This concentration tensor is written in terms of the Eshelby
tensor as shown in equation 1a. These concentration tensors are then averaged to obtain the
general influence tensor, AI,r

(MT) and finally, the effective electro-elastic material tensor (E∗)
using equation 1c.

AI,r
0 =

[
I + S∗

(
EM

)−1 (
EI,r − EM

)]−1
(1a)

AI,r
(MT) =


cI,rI + cM(AI,r

0 )−1 +
N∑

j=1
cI,rAI,j

0 (AI,r
0 )−1




−1

(1b)

E∗
(MT) = EM +

N∑
r=1

cI,r
(
EI,r − EM

)
AI,r

(MT) (1c)

This method is self-consistent, since the inverse of the electromechanical matrix E∗ is equal to
the compliance electromechanical matrix F ∗, which is composed by the elastic compliance (S),
the piezoelectric matrix (d) and the permittivity matrix at constant stress (kT ).

4 NUMERICAL MODEL

In order to design efficient porous material energy harvesters, a reliable and accurate mod-
elling technique is needed. Today, one of the most powerful tools to represent complex multi-
physics is the Finite Element Method. This method is based on discretization of partial differ-
ential equations that govern the problem. It can model complex geometries as well as complex
material properties. The porosity in piezoelectric material allows a smart distribution of the
piezoelectric mass in the energy harvester, removing piezoelectric material from the places where
the strain is lower and reallocating it where higher strains are located. The graded distribution
of porosity generates functionally graded material which can maximize the power output for a
given quantity of piezoelectric ceramic. This distribution can be accurately modelled using fi-
nite element methods. Therefore FE technique is used here although this study does not include
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(a) (b)

Main Resistor

Quattro System

Parallel Resistor
(c)

Figure 1: Finite element model. (a) General view of the cantilever beam energy harvester with the left
side clamped. (b) Detailed view of the clamped side and the porous piezoelectric patch as well as the
the resistor which connects the top surface with the bottom surface of the porous piezoelectric disk. (c)
Schematic view of the external circuit connected to the harvester.

Sample Porosity Thickness Diameter Fabrication Piezoelectric coeff. Relative Permittivity
number (%) (mm) (mm) method d31 (pC/N) ϵ33/ϵ0

1 66.0 2.073 11.137 BURPS -10 290
2 55.0 2 11.24 BURPS -60 445
3 50.0 1.86 11.273 BURPS -120 526
4 32.0 1.5 11.247 BURPS -190 808
5 20.0 1.27 11.26 BURPS -250 1199
6 45.0 1.78 9.94 Freeze cast -340 563
7 35.0 2.06 10.23 Freeze cast -390 702
8 31.0 1.7 10.64 Freeze cast -300 788

Table 1: Demonstrator patches properties using barium titanate.

functionally graded materials. In future studies, the porosity distribution will be optimised in
order to maximize the power output.

In this study, the finite element package called ANSYS R⃝ is used in order to model the
harvester. The material properties are modelled in the linear elastic range and using 3D elements.
The element type used for the whole model is SOLID 227. The external resistors are modelled
using the element CIRCU94, connecting the top surface of the disk and the bottom surface.

The FE model is coupled with Matlab R⃝ which performs the homogenization process and
provides the material properties and geometrical parameters to ANSYS R⃝. An in-house Matlab R⃝

code has been developed to link ANSYS to MATLAB and can be used for optimisation/model
updating purposes. The porous material is modelled using the homogenized parameters obtained
in Section 3.

5 EXPERIMENTAL VALIDATION

In order to validate the finite element model, a set of experiments are designed. Several
piezoelectric patches with different percentages of porosity are prepared at the University of
Bath. The percentages of the test disk range between 20% and 66% with different values of
thickness and radius, as shown in table 1.

In addition, some non-porous piezoelectric patches are used in order to compare the accuracy
of the model with traditional lead zirconate titanate (PZT). These non-porous square patches
are PZT-5A1 and supplied by Morgan Advanced Ceramics. Their properties and dimensions
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Figure 2: (a) Material coefficients d31 (red) and ϵ33 (blue) predicted by homogenization theory “Mori-
Tanaka” (solid line) compared with the values measured experimentally (dots). (b) View of the lab setup.
(c) Detailed view of a porous patch attached to the aluminium beam.

are shown in table 2.
The patches are attached to aluminium beams using conductive glue which acts also as

electrode. These aluminium beams have the properties specified in table 2. These piezoelectric
demonstrators are tested using an APS Dynamics Model 113-HF electrodynamic shaker (APS
Dynamic Juan Capistrano, CA) as an excitation source, powered by an APS amplifier Model
125-230. The type of testing is a sin-step analysis for a range of frequencies between 5 Hz
and 42Hz which includes the first two modes and anti-resonance mode. Two measurements are
obtained, the base acceleration through an accelerometer located in shaker, and the voltage
difference between the top and bottom electrode of the piezoelectric patch using Data Physics
Quattro analyser, which is a usb powered data acquisition.

6 RESULTS AND DISCUSSION

As it is stated in Section 2, an homogenization method for the porous piezoelectric ceramic
is used to obtain the complete set of material properties of the porous PZT. In Figure 2 the
results obtained in the homogenization process for the piezoelectric coefficient d31 and the dielec-
tric coefficient ϵ33 are compared with the values measured on the patches after its fabrication.
The homogenized values of these coefficients indicate an overestimation of the measured val-
ues. Further examinations of the disk reveal some cracks which potentially could decrease the
piezoelectric values.Also it has been observed that not all the inclusions are spherical as it is
assumed in Section 3. In the case of the disk manufactured using free-casting method, the shape

PZT-5A Aluminium

Density (kg/m3) 7750 Density (kg/m3) 2700
SE

33 (10−12m2/N) 17.2 Young Modulus (GPa) 70
SE

11 (10−12m2/N) 16.7 Poisson Ratio 0.3
d33 (pC/N) 409
d31 (pC/N) 176 Beam Dimensions
ϵT

33/ϵ0 1800 Length x Width x Thickness (mm) 375 x 16 x 1

Table 2: Material properties of the non-porous piezoelectric patch supplied by Morgan Advance Ceramics
PLC and the aluminium used for the beams.
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Figure 3: Dynamic test results performed on the non-porous patches.

of the inclusions tends to be more cylindrical than spherical. The cylindrical inclusions reduce
in-plane properties whilst maintaining the benefits through thickness properties and this causes
the differences between the values of the material coefficients in different directions. In other
words, in-plane properties of the porous piezo with spherical inclusion shapes deemed to be
larger than their corresponding values for the ones with cylindrical inclusion shapes [9]. Using
the assumption of spherical inclusions could lead to overestimate some parameters especially in
direction perpendicular to the cylinders as shown in Figure 2 presented. It is observed that the
main piezoelectric coefficient for the voltage output in a cantilever energy harvesting device is
the d31 which could be potentially greatly affected by the shape inclusions.

Once the material coefficients are obtained and validated, the dynamic tests are performed
as stated in Section 5. In table 3 the experiment setup is shown for each test. The dynamic
test are designed to account for the different fabrication methods (Free-Casting or BURPS)
and percentages of porosity (it is tested disk from 20% to 66% porosity). In any harvester the
external circuit has a strong impact on the power output. Therefore, the resistance has to be
optimized for each level of porosity to obtain the maximum power. In [12] it was probed that
the porosity does not have too much impact on the optimal resistance, being almost the same
as the non-porous optimal resistance, defined by ωnRC = 1. This value for a natural frequency
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of 5.84 Hz (obtained from FE model) is approximately 10 MΩ. The resistors configurations are
detailed in table 3 for all the dynamic test performed.

Test Sample Method Porosity Main Resistor Resistor
number number fabrication in series in parallel

1 #Ref – 0.0% 10.042 MΩ 0.9951 kΩ
2 #Ref – 0.0% 14.677 MΩ 0.9951 kΩ
3 #Ref – 0.0% 14.677 MΩ 9.987 kΩ
4 #Ref – 0.0% 10.042 MΩ 9.987 kΩ
5 #Ref – 0.0% 10.042 MΩ 9.987 kΩ
6 7 Free-casting 35.0% 10.042 MΩ 9.987 kΩ
7 8 Free-casting 31.0% 10.042 MΩ 9.987 kΩ
8 3 BURPS 50.0% 10.042 MΩ 9.987 kΩ
9 1 BURPS 66.0% 10.042 MΩ 9.987 kΩ
10 2 BURPS 55.0% 10.042 MΩ 9.987 kΩ
11 7 Free-Casting 35.0% 10.042 MΩ 9.987 kΩ
12 2 BURPS 55.0% 10.042 MΩ 0.9951 kΩ
13 6 Free-Casting 45.0% 10.042 MΩ 9.987 kΩ
14 5 BURPS 20.0% 10.042 MΩ 9.987 kΩ

Table 3: Dynamic tests performed for the different values
of porosity, fabrication method and resistance configura-
tion.

Figure 4: Test no. 9 which
got detached during dynamic
experiment.

In order to validate the FE model, non-porous patches are tested and compared with nu-
merical predictions. This comparison is presented in Figure 3. Good agreement is obtained
between the numerical model and the voltage output obtained in the lab for different values
of resistance connected to the harvester (see Table 3). The FE model accurately predicts the
values of the resonance frequencies for all the tests performed. For example, in test no. 1 the
difference in frequencies of the first mode is lower than 0.5 Hz. The antiresonance frequencies
slightly decreased with respect to the experimental values but the impact of this difference is
negligible for energy harvesting. The amplitudes of the voltage output are predicted with a
good accuracy especially around the first mode as Figure 3f presents. The difference between
test no. 4 and 5, observed in Figures 3d and 3e, is due to differnet leveels of the amplitude of
base excitation. This was achieved by increasing the acceleration from 0.0885 g (test no.5) to
0.1824 g for test no. 4 in order to identify possible sources of non-linearities. Nevertheless no
sources of non-linearities were identified, confirming that the energy harvester behaviour will
remain linear in the ranges of base excitation amplitude tested. The damping ratio is obtained
experimentally from half power point test and its values oscillate between 0.06 and 0.085.

To assess the reliability of the numerical model for non-porous patches, the analysis of the
dynamic results are presented. In Figure 5, a comparison between the numerical model pre-
diction (solid line) and the experimental values (dashed line) is presented. The experimental
voltage output of porous demonstrator is, in general, lower than the non-porous ones because
the matrix material is different for non-porous (PZT-5A1) and porous ones (BaTiO3). Test
no. 9 is not presented in this figure because the disk detached during the dynamic test due
to crack propagation and the formation of cracks are an issue when manufacturing or testing
porous material. The fabrication of the porous disk presents important stability problems when
fabricating thin patches (less than 2 mm) or high porosities (over 55%). The collapsing of the
disk is ensured for percentages over 70%. In test no. 9, the porosity is 66% which is the highest

8

637



Germán Mart́ınez-Ayuso, Hamed Haddad Khodaparast, Yan Zhang, Christopher R. Bowen, Michael I.
Friswell, Alexander D. Shaw, Haid Madinei and James I. Roscow

10 20 30 40

10−6

10−4

10−2

Frequency (Hz)

V
ol

ta
ge

ou
tp

ut
(V

)

Test no. 6 - Por: 35 % (FC)

(a)

10 20 30 40

10−6

10−4

10−2

Frequency (Hz)

V
ol

ta
ge

ou
tp

ut
(V

)

Test no. 7 - Por: 31 % (FC)

(b)

10 20 30 40

10−6

10−4

10−2

Frequency (Hz)

V
ol

ta
ge

ou
tp

ut
(V

)

Test no. 8 - Por: 50 % (BS)

(c)

10 20 30 4010−8

10−5

10−2

Frequency (Hz)
V

ol
ta

ge
ou

tp
ut

(V
)

Test no. 10 - Por: 55 % (BS)

(d)

10 20 30 40

10−7

10−5

10−3

Frequency (Hz)

V
ol

ta
ge

ou
tp

ut
(V

)

Test no. 11 - Por: 35 % (FC)

(e)

10 20 30 40

10−6

10−4

10−2

Frequency (Hz)

V
ol

ta
ge

ou
tp

ut
(V

)

Test no. 12 - Por: 55 % (BS)

(f)

10 20 30 40

10−6

10−4

10−2

Frequency (Hz)

V
ol

ta
ge

ou
tp

ut
(V

)

Test no. 13 - Por: 45 % (FC)

(g)

10 20 30 40

10−6

10−4

10−2

Frequency (Hz)

V
ol

ta
ge

ou
tp

ut
(V

)

Test no. 14 - Por: 20 % (BS)

(h)
Figure 5: Dinamic test results performed on the porous piezoelectric disks. FC= Free-casting,
BS=BURPS.

porosity achieved in the lab.
In general, the results show good agreement between FE model predictions and measure-

ments. This is an indicator that the stiffness and mass matrix reflect the physics of the problem
and hence the geometry and material properties of the porous material. The amplitude of the
voltage output varies according to the porosity and manufacturing process. For example tests
no. 6 and 12 show an acceptable degree of agreement between the predicted voltage output in
the numerical model and the experimentally measured voltage. In particular, the predicted and
measured voltages have similar values around the first resonance frequency. In general there is
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a shift in the voltage output between the predictions and the experimental results. Test nos.
10, 7 and 8 present the greatest shifts. A general shift in the voltage output can be possibly
related to wrong values of the piezoelectric coefficients. As it is mentioned in Sections 2 and 3,
the values used in the FE model are obtained with Mori-Tanaka method which assumes spher-
ical inclusions and no cracks inside the matrix. These cracks could decrease the piezoelectric
coefficients and the dielectric coefficients, generating the shift presented in the graphs. This also
might be seen as an indicator of the health of the disks. It is already pointed out the fragility
of the disks and the tendency to cracks growth, hence measuring the coefficients before and
after the dynamic tests could be an approximate way to quantify damage in piezoelectric porous
material. It is important to notice that the experimental values of the voltage output are quite
similar for both modes. In other words, the second mode voltage level is almost the same as the
first mode voltage level (see Figure 5d). This is clearly different than the non-porous ones where
the second mode harvest less power than the first mode (see Figure 3a). The lower mass per
unit of length seems to benefit the power output in the second mode. This effect is interesting
for designing wide range energy harvester which their frequency range spans through multiple
modes.

Some experimental data present important changes in the voltage output close to the anti-
resonance frequency, for example test nos. 7, 8 and 11. This variability is attributed to the noise
due the voltage reading resolution of the Quattro data acquisition system which does not read
accurately voltage outputs which round the microvolts (µV ). This indicates the importance of
the fabrication method. The BURPS manufacture processing is a more developed technique for
porous piezoelectric material than free-casting. Therefore higher percentages of porosity could
be achieved using this method.

7 CONCLUSIONS

A validation scheme for porous piezoelectric energy harvesters is presented. A numerical
model based on finite element method which account for porous using analytical “Mori-Tanaka”
homogenization theory is developed and validated by comparison of voltage output with dy-
namic tests performed on porous piezoelectric energy harvesters. This scheme shows promising
results for predicting power output of energy harvester. Nevertheless more research is needed
to optimise the piezoelectric material in terms of the electrical and mechanical requirement for
energy harvesting applications. Future work will involve modelling cylindrical inclusion shapes
in the numerical model of porous piezo-material and stochastic modelling to take account of
manufacturing variabilities of porous piezo-materials.
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Abstract. This paper introduces a new flywheel coil–magnet proof mass transducer for 
vibration energy harvesting. The seismic transducer presented in this paper includes an 
additional flywheel element that produces three effects on the elastically suspended proof mass: 
firstly, it lowers the fundamental resonance frequency, secondly it lowers the static 
displacement and thirdly it lowers the mechanical damping effect. The combination of all three 
effects is beneficial for vibration energy harvesting applications. In fact, having a low resonance 
frequency transducer facilitates the tuning of the harvester to a low frequency band where 
ambient vibration energy is normally higher. Also, having a low static displacement of the proof 
mass element allows the construction of a device robust to shocks and fast movements despite 
it has a low fundamental resonance frequency. Finally, having a low internal mechanical 
damping leaves more energy for the conversion to electrical energy. The paper presents both 
simulations and experimental results that contrast the principal electro-mechanical properties 
and the energy harvesting effects of classical and proposed flywheel coil–magnet proof mass 
transducers connected to a purely resistive load.  
 
1 INTRODUCTION 

During the past two decades, coil–magnet proof mass transducers have been extensively 
studied for vibration energy harvesting applications [1-6]. This paper presents simulation and 
experimental results for the characterisation of the energy harvesting properties of a new coil–
magnet proof mass transducer, which is equipped with a flywheel element and is connected to 
a resistive load. This new proof mass transducer was first introduced in Refs. [7-9] for the 
implementation of feedback vibration control systems. As discussed in details in Ref. [9], the 
flywheel element produces an apparent mass effect without increasing the suspended mass. 
This results into three important effects on the elastically suspended proof mass: firstly, it 
lowers the fundamental resonance frequency, secondly it lowers the static displacement and 
thirdly it lowers the mechanical damping effect. All three effects concur to enhancing the 
efficiency and robustness of the energy harvesting since the transducer can be: a) tuned to low 
frequencies where the energy of ambient vibration is normally concentrated; b) made resistant 
to shocks and c) made more efficient in converting mechanical to electrical energy. 

The paper is structured into two parts. The first part derives from simplified lumped 
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parameter models the mechanical and electric impedance functions and the electrical to 
mechanical and mechanical to electrical transduction functions that characterise the electro-
dynamic response of a classical and of the proposed flywheel proof mass transducer. Simulated 
frequency response functions (FRFs) are contrasted with measured FRFs taken on a classical 
coil-magnet proof mass transducer and on a prototype coil-magnet proof mass transducer 
equipped with a flywheel element. The second part, uses the lumped parameter model to derive 
simple expressions of the energy harvested with the classical and with the proposed transducers 
connected to a purely resistive load. Simulated and measured spectra of the energy harvested 
by the classical and by the prototype transducers are then presented and analysed.   

The paper is structured in 6 sections. Section 2 describes the proposed flywheel proof mass 
transducer. Section 3 presents a concise summary of the mathematical formulations used to 
derive the FRFs that characterise the response of a classical and of the proposed proof mass 
transducer and to derive power harvested per unit base excitation of a classical and of the 
proposed proof mass transducer connected to a purely resistive load. Section 4 contrasts the 
simulated and measured mechanical and electric impedance FRFs and electrical to mechanical 
and mechanical to electrical FRFs of the classical and of the proposed proof mass transducers. 
Section 5 presents simulation and experimental measurements of the energy harvested per unit 
base vibration produced by the classical and of the proposed proof mass transducers. Finally, 
section 6 presents the concluding remarks of the work presented in this paper.  
 

2 FLYWHEEL PROOF MASS ACTUATOR 
Classical proof mass transducers used for energy harvesting applications are often made with 

a coil–magnet linear transducer. This study considers the reference coil–magnet proof mass 
transducer shown in Fig. 1a, which has been studied with the lumped elements model shown in 
Fig. 1c. The transducer is formed by an inner cylindrical magnet and an outer cylinder that hosts 
the coil, which are connected to each other by two springs, which are characterised by soft axial 
stiffness and comparatively much higher transverse stiffness. The system is therefore modelled 
with a base mass 𝑚𝑚𝑏𝑏, for the inner cylinder magnet, and a proof mass 𝑀𝑀𝑎𝑎, for the outer cylinder, 
which are connected by an equivalent spring, of stiffness 𝑘𝑘, and equivalent damper, of damping 
𝑐𝑐, connected in parallel. The electro-magnetic effect of the actuator is modelled in terms of 
transduction coefficient 𝜓𝜓𝑎𝑎, which produces either a pair of reactive forces 𝐹𝐹𝑎𝑎 between the base 
mass (magnet) and proof mass (coil) proportional to the current 𝑖𝑖𝑎𝑎 flowing in the coil, that has 
its resistance 𝑅𝑅 and inductance 𝐿𝐿, or a back electromotive force 𝑢𝑢𝑒𝑒𝑒𝑒 at the terminals of the coil 
proportional to the relative velocity �̇�𝑤𝑒𝑒 − �̇�𝑤𝑏𝑏 between the proof mass (coil) and the base mass 
(magnet) of the actuator.  

The new proof mass transducer considered in this study is based on the reference coil–
magnet proof mass transducer, which has been equipped with the additional flywheel element 
shown in Fig. 1b, which has mass 𝑚𝑚𝑤𝑤 and polar moment of inertia 𝐼𝐼𝑤𝑤. As depicted in the lumped 
elements model shown in Fig. 1d, the flywheel is connected by two frictionless pivot bearings 
of torsional stiffness 𝑘𝑘𝑤𝑤 to the proof mass (coil). Also, it is connected to the case of the actuator 
(magnet) with a pushing pin and third frictionless pivot bearings that was mounted on one of 
the flywheel arms. The pushing pin was mounted to the base mass (magnet) with an offset 𝑟𝑟𝑤𝑤 
from the flywheel horizontal axis of rotation, which was set to intersect the vertical axis of the 
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transducer to keep the whole system in balance. This pushing pin linkage was used to convert 
the relative oscillations between the two masses �̇�𝑤𝑚𝑚 − �̇�𝑤𝑏𝑏 into angular oscillations of the 
flywheel.  

 

  

 

 

 

Figure 1: Pictures (a,b) and schemes (c,d) of the tested classical (a,c) and the flywheel proof mass actuator (b,d). 

Table 1: Mechanical parameters of the proof mass actuators. 

Parameter Value 
Proof mass / Coil mass 𝑀𝑀𝑎𝑎 = 0.203 kg 

Case mass / Magnet mass 𝑚𝑚𝑏𝑏 = 0.117kg 
Flywheel mass 𝑚𝑚𝑤𝑤 = 0.027kg 
Axial stiffness 𝑘𝑘 = 2950Nm−1 
Damping ratio 𝜁𝜁 = 0.2 

Flywheel moment of inertia 𝐼𝐼𝑤𝑤 = 6.81 ∙ 10−6𝑘𝑘𝑘𝑘𝑚𝑚2 
Pushing pin radius 𝑟𝑟𝑤𝑤 = 6.4mm 

Axial mass effect of the flywheel 𝐼𝐼𝑤𝑤 𝑟𝑟𝑤𝑤
2⁄  = 0.166kg  

Torsional stiffness  𝑘𝑘𝑤𝑤 = 0.003Nmrad−1 
Coil resistance 𝑅𝑅 = 23.5Ω 
Coil inductance 𝐿𝐿 = 4.35 ∙ 10−3𝐻𝐻 

Transduction coefficient  𝜓𝜓𝑎𝑎 = 22.5 NA−1 
 

The dimensions of the flywheel and the offset of the pushing pin used to convert axial to 
rotational motion were chosen based on results of parametric studies presented in Refs. [7-9]. 

(a) 

(b) 

(c) 

(d) 

644



Aleksander Kras, Paolo Gardonio 

 4 

More specifically, as shown in Fig. 1b, the dimensions of the flywheel element were optimised 
in such a way as to minimise weight and to maximise the polar moment of inertia. Compared 
to classical hinges the pivot bearings adopted in this prototype minimise stick-slip effects and 
reduce the backlash effects that could be generated by the linkage system used to convert the 
axial oscillations into angular oscillations.  

The physical properties of the reference and of the new proof mass transducer with the 
flywheel element are summarised in Table 1. The flywheel element makes the proposed 
transducer 27g heavier compared to the reference proof mass transducer. 

3 MATHEMATICAL MODEL 
This section presents the mathematical formulations, which has been derived starting from 

Ref. [10], used to derive the FRFs that characterise the response of the classical (Figs 1a,c) and 
of the proposed (Figs 1b,d) proof mass transducer and to derive power harvested per unit base 
excitation with the classical and the proposed proof mass transducer. The frequency domain 
formulations presented in this section consider the complex amplitudes 𝑔𝑔(𝜔𝜔) of time–harmonic 
functions given in the form 𝑔𝑔(𝑡𝑡) = 𝑅𝑅𝑅𝑅{𝑔𝑔(𝜔𝜔) exp(𝑗𝑗𝜔𝜔𝑡𝑡)}, where ω is the circular frequency and 
𝑗𝑗2 = −1.  

3.1 Constitutive equations 
The constitutive equations that characterise the electro – mechanical response of the classical 

and proposed proof mass transducers have been expressed with the following two equations: 
𝐹𝐹𝑏𝑏 = 𝑍𝑍𝑓𝑓�̇�𝑤�̇�𝑤𝑏𝑏 + 𝑇𝑇𝑓𝑓𝑓𝑓𝑖𝑖𝑎𝑎 (1) 

𝑢𝑢𝑎𝑎 = 𝑇𝑇𝑢𝑢�̇�𝑤�̇�𝑤𝑏𝑏 + 𝑍𝑍𝑢𝑢𝑓𝑓𝑖𝑖𝑎𝑎 (2) 

where, according to Eqs. (A.10) and (A13) given in appendix A,  

𝑍𝑍𝑓𝑓�̇�𝑤 = −𝐹𝐹𝑏𝑏
�̇�𝑤𝑏𝑏

|
𝑓𝑓𝑎𝑎=0

=  𝑍𝑍𝑏𝑏 +  𝑍𝑍𝑏𝑏𝑌𝑌𝑚𝑚𝑍𝑍𝑎𝑎 + 𝑍𝑍𝑎𝑎
1 + 𝑌𝑌𝑚𝑚𝑍𝑍𝑎𝑎

 (3) 

is the mechanical impedance of the open circuit transducer, 

𝑇𝑇𝑓𝑓𝑓𝑓 = 𝐹𝐹𝑏𝑏
𝑖𝑖𝑎𝑎

|
�̇�𝑤𝑏𝑏=0

= 𝜓𝜓𝑎𝑎
1 + 𝑌𝑌𝑚𝑚𝑍𝑍𝑎𝑎

 (4) 

is the electromechanical coupling coefficient, which gives the force produced by the blocked 
transducer per unit current, 

𝑇𝑇𝑢𝑢�̇�𝑤 = 𝑢𝑢𝑎𝑎
�̇�𝑤𝑏𝑏

|
𝑓𝑓𝑎𝑎=0

= 𝜓𝜓𝑎𝑎
1 + 𝑌𝑌𝑚𝑚𝑍𝑍𝑎𝑎

 (5) 

is the electromechanical coupling coefficient, which gives the electric voltage at the terminals 
per unit velocity,  

𝑍𝑍𝑢𝑢𝑓𝑓 = 𝑢𝑢𝑎𝑎
𝑖𝑖𝑎𝑎

|
�̇�𝑤𝑏𝑏=0

=  𝑍𝑍𝑒𝑒 + 𝑍𝑍𝑒𝑒𝑌𝑌𝑚𝑚𝑍𝑍𝑎𝑎 +  𝑌𝑌𝑚𝑚𝜓𝜓𝑎𝑎
2

1 + 𝑌𝑌𝑚𝑚𝑍𝑍𝑎𝑎
 (6) 

is the electrical impedance of the blocked transducer. 
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3.2 Energy harvesting 
To harvest vibration energy, the electromagnetic transducer presented in figure 1 is 

connected to an electrical impedance 𝑍𝑍ℎ. Considering the lumped parameter model shown in 
figure 1 the voltage across two terminals 𝑢𝑢𝑎𝑎 is equal to: 

𝑢𝑢𝑎𝑎 = −𝑍𝑍ℎ𝑖𝑖𝑎𝑎 (7) 

since 𝑖𝑖𝑎𝑎 is defined to flow onto the transducer. Substituting equation (7) into equation (2), the 
current flowing in the coil and impedance load is given by: 

𝑖𝑖𝑎𝑎 =
−𝑇𝑇𝑢𝑢�̇�𝑤
𝑍𝑍ℎ+𝑍𝑍𝑢𝑢𝑢𝑢

�̇�𝑤𝑐𝑐  (8) 

When the electromagnetic transducer is exposed to harmonic vibrations the time averaged 
harvested power is given by: 

�̅�𝑃ℎ =
1
2 𝑅𝑅𝑅𝑅{𝑖𝑖𝑎𝑎

∗𝑢𝑢𝑎𝑎}. (9) 

Using Eqs. (7) and (8) the harvested power results: 

�̅�𝑃ℎ =
1
2Re(𝑍𝑍ℎ) |

𝑇𝑇𝑢𝑢�̇�𝑤
𝑍𝑍ℎ + 𝑍𝑍𝑢𝑢𝑢𝑢

�̇�𝑤𝑐𝑐|
2
 (10) 

Now, assuming a purely resistive electrical load, i.e. 𝑍𝑍ℎ = 𝑅𝑅ℎ, and recalling the expressions 
given in Eqs. (5) and (6) the harvested power can be rewritten in the following form: 

�̅�𝑃ℎ =
1
2𝑅𝑅ℎ |

𝜓𝜓𝑎𝑎
𝑅𝑅ℎ + 𝑍𝑍𝑒𝑒 + (𝑅𝑅ℎ + 𝑍𝑍𝑒𝑒)𝑌𝑌𝑚𝑚𝑍𝑍𝑎𝑎 + 𝑌𝑌𝑚𝑚𝜓𝜓𝑎𝑎2

|
2
|�̇�𝑤𝑐𝑐|2 (11) 

This equation indicates how both the electrical and mechanical parameters of the harvester 
influence the energy harvesting with either the classical or the proposed flywheel proof mass 
transducer. This study is indeed focused on the use of the additional flywheel element in the 
proof mass transducer to increase the energy harvesting of classical proof mass actuators. 

4 ELECTROMECHANICAL PROPERTIES 
This section presents simulation and experimental results for the mechanical and electrical 

impedance functions and transduction functions for the classical and the proposed flywheel 
proof mass actuators.  

4.1 Base impedance 
The Bode plots in Fig. 2 show the experimental (solid lines) and the simulation (dash-dotted 

lines) base impedance 𝑍𝑍𝑓𝑓�̇�𝑤 FRFs for the classical (plot a) and for the flywheel (plot b) proof 
mass transducers. The simulated (dash-dotted line) base impedance of the classical proof mass 
transducer (plot a) is characterised by a marked resonance peak, at about 19 Hz and an 
antiresonance low, at about 34 Hz. The phase of the base impedance shifts from +90° to around 
-5° at the resonance frequency and form -5° to +90° at the antiresonance frequency. The base 
impedance is also characterised by low and high frequency mass-laws represented by two 
parallel asymptotes. The asymptote below resonance frequency is proportional to the total mass 
of the transducer (𝑀𝑀𝑎𝑎 +𝑚𝑚𝑏𝑏), while the asymptote above antiresonance low is proportional to 
the case mass of the transducer (𝑚𝑚𝑏𝑏). These results agree with similar studies carried out on 
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coil – magnet proof mass transducers used for the implementation of feedback vibration control 
systems [11]. 

The simulated (dash-dotted line) base impedance of the proposed flywheel proof mass 
transducer (plot b) presents similar features to those of the classical configuration. However, 
thanks to the flywheel element, the fundamental resonance peak is at about 14 Hz while the 
antiresonance low, is at about 20 Hz. Moreover, the phase shifts between +90° to around +15°. 
Compared to the classical configuration, the asymptotes below resonance frequency and above 
antiresonance low are slightly higher. This is due to the fact that, below the fundamental 
resonance frequency the flywheel element increments the total mass of the transducer from 
𝑀𝑀𝑎𝑎 +𝑚𝑚𝑏𝑏 to 𝑀𝑀𝑎𝑎 +𝑚𝑚𝑏𝑏 +𝑚𝑚𝑤𝑤, while above the antiresonance frequency the flywheel increase 
the seismic mass effect from 𝑚𝑚𝑏𝑏 to 𝑚𝑚𝑏𝑏 + 𝐼𝐼𝑤𝑤/𝑟𝑟𝑤𝑤2.  

  
Figure 2: Base impedance for the reference transducer (a) and for the flywheel proof mass transducer (b). 

Experimental results (solid blue lines). Simulations (dashed-dotted red lines). 

The measured base impedances (solid lines) for the classical configuration (plot a) and for 
the proposed flywheel configuration (plot b) agree quite well with the simulated values. The 
impedance measured on the classical transducer is characterised by a sharp peak at about 39Hz 
which is not predicted in the simulation. This feature is likely to be due to the measurement 
setup, which has introduced additional dynamic effects, such as for example a rocking mode of 
the transducer mounted on the shaker, which is not taken into consideration in the model. This 
sharp peak is however not visible in the measured impedance of the proposed proof mass 
transducer. 

4.3 Transduction coefficient  
The Bode plots in Fig. 3 show the experimental (solid lines) and the simulation (dash-dotted 

lines) of the transduction function 𝑇𝑇𝑢𝑢�̇�𝑤 for the classical (plot a) and the flywheel (plot b) proof 

(a) (b) 
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mass transducers, which according to Eqs. (4) and (5) should be equal to the transduction 
function 𝑇𝑇𝑓𝑓𝑓𝑓. Considering first plot for the classical transducer, at flow frequencies the 
transduction effect rises proportionally with frequency and has phase +180°. At the fundamental 
resonance frequency, the transduction effect peaks and undergoes a -180° lag. At frequencies 
above the resonance frequency, the transduction approximates to a constant value with phase 
equal to 0°. The transduction coefficient of the proposed flywheel proof mass transducer is 
characterised by a similar FRF except that the fundamental resonance peak occurs at lower 
frequency and that the amplitude of the FRF is about 4 dB lower.   

The measured FRFs of the transduction function agree rather well with the simulated ones 
both in the cases of the classical and proposed proof mass transducers. There is a glance at 
about 40 Hz, which, as discussed above, may be due to the test setup used for the measurement. 
Also the transduction function for the proposed flywheel transducer shows a low at about 100 
Hz, which instead is due to the design of the setup considered in this study. 

It is important to note that the plotted transduction FRF 𝑇𝑇𝑢𝑢�̇�𝑤, is bound to be equal to the 
transduction FRF 𝑇𝑇𝑓𝑓𝑓𝑓, which gives the base force produced per unit current fed to the coil.  
Indeed the bode plots shown in Figure 3 resemble the so called “blocked force” FRFs, which 
are normally used to describe the actuation properties of coil – magnet proof mass transducers 
[11-14]. 

  
Figure 3: Electromechanical transduction coefficient for the reference transducer (a) and for the flywheel proof 

mass transducer (b). Experimental results (solid blue lines). Simulations (dashed-dotted red lines). 

4.3 Electrical impedance  
The Bode plots in Fig. 4 show the experimental (solid lines) and the simulation (dash-dotted 

lines) of the electrical impedance 𝑍𝑍𝑢𝑢𝑓𝑓 of the classical (plot a) and the flywheel (plot b) proof 
mass transducer. The FRFs of the electrical impedance are characterised by low and high 

(b) (a) 

648



Aleksander Kras, Paolo Gardonio 

 8 

frequency horizontal asymptotes with phase 0° separated by a wide peak at the resonance 
frequency of the transducer where the phase rises to +30°, then falls to -30° and finally return 
to 0°. Both asymptotes have amplitude equal to the transducer coil resistance (27.5 dB). At the 
resonance frequency of the transducer, the electrical impedance has phase 0°, that is the driving 
voltage is in phase with the current. In this case, the electrical impedances of the classical and 
proposed proof mass transducers are very similar, since the two transducers are made with 
identical coil – magnet components. The principal difference remains the lower resonance 
frequency due to the additional mass effect produced by the flywheel element. 

Comparing experimental results for both configurations it can be observed that there is an 
additional peak that appears at about 40Hz. In results for the flywheel configuration, this peak 
appears at the same frequency but is much smaller. The measured FRFs of the electrical 
impedance also agree well with the simulated ones both in the cases of the classical and 
proposed proof mass transducers.  

 
Figure 4: Electrical impedance for the reference transducer (a) and for the flywheel proof mass transducer 

(b). Experimental results (solid blue lines). Simulations (dashed-dotted red lines). 

5 ENERGY HARVESTING 
As discussed in Ref. [10], a key factor that determines the harvested power from a coil–

magnet proof mass transducer connected to a purely resistive load is the internal losses in the 
transducer, that is mechanical damping and electrical dissipation. The mechanical damping is 
primarily due to the viscous losses in the air gap between the coil and the magnet. The electrical 
losses are instead generated by the resistive effect of the coil. While the electrical losses can be 
easily modelled considering the resistance of the coil, the mechanical dissipation is somewhat 
more complex to handle. This is particularly the case with the proposed proof mass transducer 
comprising the flywheel element, which is both hinged to the case and connected to the moving 

(a) (b) 
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coil-armature component via pivot bearings. Thus a preliminary experimental study was put in 
place to identify the most appropriate expression for the critical damping to be used in a 
classical viscous damping model. The power harvested per unit base acceleration was therefore 
measured with the flywheel proof mass transducer shown in Figure 1b connected to a purely 
resistive load 𝑍𝑍ℎ = 68𝛺𝛺. The solid blue line in plots a-c of Fig. 6 shows the spectrum of the 
measured power harvested. The dash-dotted red line in the same plots a-c of Fig. 6 shows the 
power harvested simulated using Eq. (11), where the damping term 𝑐𝑐 in the mechanical 
impedance 𝑍𝑍𝑎𝑎 given in Eq. (A3) has been taken equal to 

𝑐𝑐 = 𝜁𝜁𝑐𝑐𝑐𝑐  (12) 

considering a damping ratio equal to 𝜁𝜁 = 0.2. Plot a shows the simulated power harvested 
assuming the critical damping is derived from the classical definition given in literature for the 
inerter transducers [15,16]:  

𝑐𝑐𝑐𝑐 = 2√(𝑘𝑘 + 𝑘𝑘𝑤𝑤
𝑟𝑟𝑤𝑤2
) (𝑀𝑀𝑎𝑎 +

𝐼𝐼𝑤𝑤
𝑟𝑟𝑤𝑤2
+ 𝑚𝑚𝑤𝑤)  (13) 

Alternatively, plot b shows the simulated power harvested assuming the critical damping is 
equal to that for the proof mass transducer without flywheel: 

𝑐𝑐𝑐𝑐 = 2√𝑘𝑘𝑀𝑀𝑎𝑎  (14) 

Finally, plot c shows simulated power harvested assuming the critical damping is given by: 

𝑐𝑐𝑐𝑐 = 2√(𝑘𝑘 + 𝑘𝑘𝑤𝑤
𝑟𝑟𝑤𝑤2
) (𝑀𝑀𝑎𝑎 +𝑚𝑚𝑤𝑤)  (15) 

Contrasting the results plotted in Fig 6a-c it is noted that the expression for the critical damping 
given in Eq. (15) is the most appropriate to derive the damping factor to be used in the calculus 
of the mechanical impedance 𝑍𝑍𝑎𝑎 in order to derive correctly the energy harvested with Eq. (11). 
This result indicates that, although the axial mass effect produced by the flywheel element 
𝐼𝐼𝑤𝑤 𝑟𝑟𝑤𝑤2⁄  reduce the fundamental resonance frequency of the transducer, it does not influence the 
mechanical damping, which, as discussed above, plays a key role in the disposal of the absorbed 
mechanical vibration energy to electrical energy, which is then harvested. 

 
Figure 5: Frequency response function of the harvested power to a resistive load 𝑍𝑍ℎ = 68Ω for the flywheel 

proof mass transducer with the constant damping ratio (a), with the constant damping coefficient (b), with the 
optimal damping (c). Experimental results (solid blue lines). Simulations (dashed-dotted red lines). 

(a) (b) (c) 
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Figure 6: Maximum harvested power at the resonance frequency with varying resistive load 𝑍𝑍ℎ for the classical 

transducer (a) and flywheel proof mass transducer (b). Experimental results (solid blue lines). Simulations 
(dashed-dotted red lines). 

Having established the correct model for the mechanical damping, the measured (solid blue 
lines) and simulated (dash-dotted red lines) energy harvested with the classical proof mass 
transducer (Fig. 1a) and with the proposed flywheel proof transducer (Fig. 1b) are shown 
respectively in plot a and plot b of Fig. 6. Since the two transducers are characterised by 
different mechanical damping factors, the maximum energy harvesting at the resonance 
frequency is obtained with different resistive loads. The result in plot a shows that maximum 
power can be harvested by applying to the classical proof mass transducer a resistive load of 
𝑅𝑅ℎ = 75𝛺𝛺. Alternatively, the result in plot b shows that maximum power can be harvested by 
applying to the proposed flywheel proof mass transducer a resistive load of 𝑅𝑅ℎ = 68𝛺𝛺.   

The two plots clearly show that the simulation results agree well with the experimental tests 
carried out either with the classical (plot a) or with the flywheel (plot b) proof mass transducers.  

6 CONCLUSIONS 
This paper has presented simulation and experimental results on the electro-mechanical 

characteristics and the energy harvesting properties of a new coil-magnet proof mass transducer 
with a flywheel element. The experimental testes were successfully matched with numerical 
results obtained from a lumped parameter scheme, which included a specific model for the 
damping coefficient of the new transducer. Also, the results for the new configuration were 
compared with those obtained with a classical coil-magnet proof mass transducer.  

The results presented in this paper have shown that the flywheel element reduces the 
fundamental resonance frequency of the actuator without significantly increasing the total mass 
of the transducer, without increasing the damping coefficient of the transducer and without 
increasing the static displacement. Moreover, the simulation and experimental results have 
shown that the proposed transducer increases the harvested energy by about 30%. The study 
considered an existing coil-magnet proof mass transducer equipped with the flywheel element. 
Thus, it may be possible that a proper design of the new transducer may lead to a device with 
even higher energy harvesting capabilities.  

(a) (b) 
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APPENDIX A 

A.1 Derivation of the first constitutive equation 
The first constitutive equation given in Eq. (1) is derived here considering the lumped parameter 
models shown in Figs. 1c, 1d, which indicates that the complex force at the base of the 
transducer is given by: 

𝐹𝐹𝑏𝑏 = −(𝑍𝑍𝑏𝑏 + 𝑍𝑍𝑎𝑎)�̇�𝑤𝑏𝑏 + 𝑍𝑍𝑎𝑎�̇�𝑤𝑚𝑚 − 𝐹𝐹𝑎𝑎 (A1) 

where 𝑍𝑍𝑎𝑎 for the classical and proposed flywheel proof mass transducer is respectively given 
by: 

𝑍𝑍𝑎𝑎 = 𝑐𝑐 + 𝑘𝑘
𝑗𝑗𝑗𝑗    and    𝑍𝑍a = 𝑐𝑐 + 𝑘𝑘

𝑗𝑗𝑗𝑗 + 𝑗𝑗𝑗𝑗 𝐼𝐼𝑤𝑤
𝑟𝑟𝑤𝑤2

+ 𝑘𝑘𝑤𝑤
𝑗𝑗𝑗𝑗𝑟𝑟𝑤𝑤2

 . (A2,A3) 

Also, the impedance of the base mass is given by: 
𝑍𝑍𝑏𝑏 = 𝑗𝑗𝑗𝑗𝑚𝑚𝑏𝑏 (A4) 

Finally, the reactive force generated by the coil–magnet is given by: 
𝐹𝐹𝑎𝑎 = −𝜓𝜓𝑎𝑎𝑖𝑖𝑎𝑎 (A5) 

The complex velocity of the proof mass is given by the following mobility relation: 
�̇�𝑤𝑚𝑚 = 𝑌𝑌𝑚𝑚𝐹𝐹𝑚𝑚 (A6) 

Where, considering the classical and proposed flywheel proof mass actuator: 

𝑌𝑌𝑚𝑚 = 1
𝑗𝑗𝑗𝑗𝑀𝑀𝑎𝑎

    or   𝑌𝑌𝑚𝑚 = 1
𝑗𝑗𝑗𝑗(𝑀𝑀𝑎𝑎+𝑚𝑚𝑤𝑤).  (A7) 

The complex force acting on the proof mass can be expressed with the following impedance 
relation: 

𝐹𝐹𝑚𝑚 = 𝑍𝑍𝑎𝑎�̇�𝑤𝑏𝑏 − 𝑍𝑍𝑎𝑎�̇�𝑤𝑚𝑚 + 𝐹𝐹𝑎𝑎. (A8) 

Substitution of Eq. (A8) into Eq. (A6) gives: 

�̇�𝑤𝑚𝑚 = 𝑌𝑌𝑚𝑚𝑍𝑍𝑎𝑎
1+𝑌𝑌𝑚𝑚𝑍𝑍𝑎𝑎

�̇�𝑤𝑏𝑏 − 𝑌𝑌𝑚𝑚𝜓𝜓𝑎𝑎
1+𝑌𝑌𝑚𝑚𝑍𝑍𝑎𝑎

𝑖𝑖𝑎𝑎  (A9) 

At this point, Eqs. (A5) and (A9) can be substituted into Eq. (A1) to give: 

𝐹𝐹𝑏𝑏 = − ( 𝑍𝑍𝑏𝑏 +  𝑍𝑍𝑏𝑏𝑌𝑌𝑚𝑚𝑍𝑍𝑎𝑎 + 𝑍𝑍𝑎𝑎
1 + 𝑌𝑌𝑚𝑚𝑍𝑍𝑎𝑎

) �̇�𝑤𝑏𝑏 + 𝜓𝜓𝑎𝑎
1 + 𝑌𝑌𝑚𝑚𝑍𝑍𝑎𝑎

𝑖𝑖�̇�𝑎 (A10) 

A.2 Derivation of the second constitutive equation 
The second constitutive equation given in Eq. (2) is also derived here considering the lumped 
parameter models shown in Figs. 1c, 1d, which indicates that the complex voltage at the 
terminals of the coil is given by: 

𝑢𝑢𝑎𝑎 = 𝑍𝑍𝑒𝑒𝑖𝑖𝑎𝑎 + 𝜓𝜓𝑎𝑎�̇�𝑤𝑏𝑏 − 𝜓𝜓𝑎𝑎�̇�𝑤𝑚𝑚 (A11) 

where 𝑍𝑍𝑒𝑒 is the coil electrical impedance: 
𝑍𝑍𝑒𝑒 = 𝑗𝑗𝑗𝑗𝑗𝑗 + 𝑅𝑅 (A12) 

 

652



Aleksander Kras, Paolo Gardonio 

 12 

Substitution of Eq. (A9) into Eq. (A11), gives: 

𝑢𝑢𝑎𝑎 = 𝜓𝜓𝑎𝑎
1 + 𝑌𝑌𝑚𝑚𝑍𝑍𝑎𝑎

�̇�𝑤𝑏𝑏 +  𝑍𝑍𝑒𝑒 +  𝑍𝑍𝑒𝑒𝑌𝑌𝑚𝑚𝑍𝑍𝑎𝑎 +  𝑌𝑌𝑚𝑚𝜓𝜓𝑎𝑎
2

1 + 𝑌𝑌𝑚𝑚𝑍𝑍𝑎𝑎
𝑖𝑖𝑎𝑎 (A13) 
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Abstract. In the present research, a multifunctional composite is manufactured which is based 
on the mechanism of supercapacitor by using Li1.4Al0.4Ti1.6(PO4)3 (LATP) ionic conductor as 
solid electrolyte. This device could store electrical energy, meanwhile bearing the mechanical 
loads. The LATP solid electrolyte is sintered and both round surfaces of the pellet are 
sputtered with gold in 90nm of thickness. Then, samples are embedded into composite 
systems by using RTM-6 as resin matrix. The capacitances of the sample before and after 
embedding are measured by cyclic voltammetry method. The results show a significant 
decrease of capacitance after embedding process. The reasons for this are systematically 
investigated by different methods, for example, electrochemical impedance spectroscopy, 
scanning electron microscopy and energy-dispersive X-ray spectroscopy. Different sputter 
methods are used for preparing the electrodes. Using various resins the impact of different 
thermal expansion coefficients and curing temperatures on the capacity is also investigated. 
The results indicate that the decrease should mainly come from the degradation of interfaces 
between LATP, sputtered gold layer and electrical collector. Finally, magnetron sputtering
shows an obvious advantage in comparison to common deposition sputter methods, because 
the former one results in a stronger adhesion between sputtered metal layer and LATP pellet 
surface.

1 INTRODUCTION
Multifunctional power composites that have the ability to store or generate energy have 

recently been developed and have attracted a great deal of attention, because the increased 
demanding for lightweight, green and safe productions in transportation modes. One type of 
these multifunctional composites is a structural supercapacitor which combines the function 
as supercapacitor and can bear mechanical load simultaneously [1]. Supercapacitors are also 
called double layer capacitors, which possess high capacity, high power efficiency and long 
cycle life [2], usually consisted of two electrodes with high surface area, a separator avoiding 
short-cutting between two electrodes and electrolyte providing ions to build up the ‘double 
layer’. With respect to safety issues, solid state electrolytes are preferred.  

The common approaches for the development of structural supercapacitors use carbon fibre 
weaves as electrodes with glass fibre in between as separators and injected by polymer solid 
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electrolytes, which are used as electrolytes and matrixes at the same time [3]. The 
multifunctional electrolyte may be even more challenging since it needs to combine high ionic 
conductivity with excellent rigidity and strength. However, ionic conductivity and mechanical 
performance usually have an inverse relationship. For example, Ji et al. [4] developed a 
ternary polymer electrolyte as poly(ethylene oxide)-block-polyethylene (PEO-b-PE) which 
enhances the ionic conductivity of pure PEO from 4.05×10-10 S/cm to 5.51×10-8 S/cm. 
However, the ultimate strength decreased from around 8.5 MPa to 7.29 MPa after addition of 
the copolymer. N. Shirshova [5] proposed a multifunctional polymer matrix which was 
manufactured by mixing a solid polymer electrolyte (poly (ethylene glycol) diglycidylether 
and diglycidylether of bisphenol-A) with a more rigid matrix formulation (epoxy resins with 
trademarks MVR444, MTM57 and VTM266). It was observed when increasing the  content 
of the rigid matrix polymer from 30 wt. % to approx. 50 wt. %, the conductivity of the 
mixture dramatically decreases from 8×10-4 S/cm to 7×10-6 S/cm. The conflict between 
electrical and mechanical properties restricts the application of this kind of polymer solid 
electrolyte for structural supercapacitors.

Another type of solid electrolyte is based on ceramic materials. Ceramic electrolytes are 
also called fast ion conductors and possess relatively high ionic conductivity (>10-5 S/cm) 
compared to regular crystalline solids (~10-12 S/cm, NaCl [6]). In particular, lithium ion 
conductors are widely used for Li+ ion batteries because of their relative high energy density 
and high ion conductivity at room temperature. Great attention is focused on the Li2S-based 
solid electrolytes because of their extremely high ionic conductivity of 10-3-10-2 S/cm. 
However, because of its hygroscopic character this kind of ceramic electrolyte is unstable 
under normal environmental conditions. Li1.4Al0.4Ti1.6(PO4)3 (LATP) is a type of lithium ion 
conductor with a Na3Zr2PSiO12 (NASICON) structure and relative high conductivity of 
7×10−4 S/cm at room temperature. Both easy processability and high stability in different 
environmental conditions make this solid electrolyte interesting for application in structural 
supercapacitors [7–9].

With respect to the manufacturing process, the preparation of the fibre reinforced 
composite combined with the simultaneous embedding step of supercapacitors is favoured. In 
particular, liquid composite moulding (LCM) techniques such as RTM, VARI and DP-RTM 
are well established as manufacturing processes for fibre composites. Low manufacturing 
costs achieved through a combination of inexpensive resins and semi-finished fibre materials 
are decisive advantages compared with prepreg technology. Future composite lightweight 
structures are targeted for cost savings of 40% and weight reductions of 30%. These 
challenges can be met best by employing LCM techniques. 

The present paper describes the manufacturing process of multifunctional power 
composites embedding LATP ceramic pellets into a polyester fibre laminate, using RTM-6
resin as a matrix and injected by means of the Differential Pressure Resin Transfer Moulding 
technique (DP-RTM). The DP-RTM is used, ensuring high quality and reproducibility of 
composites [10]. The process of embedding ceramic into a composite has already been 
successfully demonstrated using piezo-ceramic foils [11]. The embedded capacitors are 
analyzed by electrochemical impedance spectroscopy, scanning electron microscopy and 
energy-dispersive X-ray spectroscopy. Furthermore computerised tomography scan has been 
used to observe the condition of LATP pellet after embedding.   
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2 MATERIALS AND METHODS
2.1 Synthesis of Li1.4Al0.4Ti1.6(PO4)3 solid electrolyte

The LATP solid electrolyte was synthesised (with nominal stoichiometric amount as 
Li1.4Al0.4Ti1.6(PO4)3) by means of a sol-gel method [12]. Firstly, 0.8 mol/L Titanium (IV) t-
butoxide (≥99.9%, Alfa Aesar, UK) was dissolved in 0.2 mol/L citric acid (>99%, Merck 
KGaA, Germany), heated and stirred at 95°C for 20h. Then, stoichiometric amounts of LiNO3
(>99%, Sigma-Aldrich, US), NH4H2PO4 (>98.5%, Sigma-Aldrich, US) and Al(NO3)3·9H2O
(99.2%, VWR International, Germany) were added, dissolved and stirred at the same 
temperature for 30 min until a homogeneous solution was obtained. After that, ethylene 
glycol (≥99.9%, Merck KGaA, Germany) was added to the solution with a molar ration of 
citric acid at 1:1. The solution was then heated to 120 °C in an oil bath and stirred with a 
magnetic stirrer for 30 min, and afterwards heated to 170 °C for 2h to evaporate the water and 
to obtain the polymer precursor. The dried gel was milled by hand in a porcelain mortar for 15 
min and sieved through a porcelain sieve (holes in range of 1 mm) to obtain a powder, and 
then transferred to a ceramic crucible and heated to 500 °C for 5 h at a heating rate of 5
°C/min to complete the pyrolysis process. The calcination process was finished in the open air 
at 800 °C for 5 h. Afterwards the powders were milled in the presence of ethanol in an 80 mL 
steel jar with ZrO2 balls (5 mm) by a planetary ball mill (PULVERSETTE 7, FRITSCH 
GmbH, Germany). The weight ration of mill balls and powders was 6:1. The powders with 
ethanol were milled for 2 h at a rotation speed of 400 rpm, and the powders were then dried in 
an oven at 80 °C for 5 h. At a final step the powders were milled in a glass mortar for 5 min 
and pressed into pellets (thickness 1 mm) under a pressure of 180 MPa. The pellets were 
sintered at 950 °C for 8 h at 5 °C/min.

2.2 Manufacture of Li1.4Al0.4Ti1.6(PO4)3 (LATP) solid electrolyte- power composites
The solid electrolyte pellets were sputtered with gold in a thickness of approx. 90 nm using 

sputtering devices (POLARON E5100, LOT Quantum Design, Germany). Polyester fibre 
layers (Type Viledon T 1702, Freudenberg & Co. KG, Germany) were hot pressed in one 
layer of 1 mm and two layers of 0.7 mm thickness, used as an insulation layer in the middle 
and cover layers outwards (to reach the required thickness according to the standard). The 
metalised polyester fleece layers (0.2 mm in thickness) were used as an electronic conductor. 
In the middle, isolation layer holes of 12 mm in diameter were punched out for placing the 
LATP pellets. Holes of 3 mm in diameter were also punched out at both edges of the samples 
and Cu slips were placed into the holes to be used as bolt points for electrical measurement. 
The lay-up procedure is shown in Figure 1.

The composite samples were produced by DP-RTM injection technology using RTM-6
(Hexcel® Composites). After curing at 180 °C, the plate was cut into samples of 10.0×1.5×0.2 
cm (according to four-point-bending test standard DIN EN ISO 14125:1988, class IV). It was 
important to ensure that the LATP-Ps were placed in the centre of each sample. Electric wires 
were then bolted onto the Cu slips.

2.3 Microstructure characterisation and measurement of electrical properties 
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A computerised tomography scan (GE phoenix v|tome|x s, GE Measurement & Control, 
USA) was used to investigate the inner morphology of the LATP composite samples. The 
interface between the LATP electrolyte and the metalised polyester collector was observed 
using a scanning electron microscope (LEO 1550, Zeiss Jena AG, operating voltage of 5 kV, 
8 mm). The linear thermal expansion coefficient of LATP was measured by thermal 
mechanical analysis.

Gold was sputtered on both sides of the polished surfaces of the LATP pellets to work as 
the electrode. The electrical measurements of LATP pellets were carried out in a Swagelok@

PTFE cell, which ensured that the pressure upon samples was nearly the same at each 
measurement. Cyclic voltammetry (CV) test and electrochemical impedance spectroscopy 
(EIS) were performed at room temperature by an electrochemical workstation (Vertex, 
IVIUM TECHNOLOGIES, France) for the electrolyte samples. The voltage range of the CV 
was 0–0.5V with a scan rate of 10 mV/s and the capacitance of every sample was calculated 
from the CV curves. The EIS was carried out in the frequency range of 1 MHz to 1 Hz with 
voltage amplitude of 10 mV to calculate the ionic conductivity. An equivalent circuit, 
describing electrochemical processes in the solid supercapacitor, was simulated by EC-lab®

software. 
Two kinds of samples are analysed: 
a. LATP pellet after sinter process, abbreviated as LATP-P; 
b. LATP-P embedded into a composite using a DP-RTM process, abbreviated as LATP-C.

Figure 1: Configuration of LATP-C

The capacitances of LATP-P and LATP-C have been measured by means of cyclic 
voltammetry (CV). The specific capacitances have been measured and calculated at different 
scan rates of 10 mV/s, 20 mV/s, 50 mV/s and 100 mV/s to certify a portable scan rate which
ensures a sufficient ion transfer for building up double layers. The capacitance is calculated 
from the CV curve, in which the current is detected responding to voltage change [13].
Capacitance: 

𝐶𝐶𝐶𝐶 = 𝑄𝑄𝑄𝑄
𝑈𝑈𝑈𝑈

= 1
𝜏𝜏𝜏𝜏(𝛥𝛥𝛥𝛥𝑈𝑈𝑈𝑈)∫ 𝑖𝑖𝑖𝑖𝑈𝑈𝑈𝑈𝑑𝑑𝑑𝑑𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈

𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 (1)
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Specific capacitance:  Cm=C/m
here, C – Capacitance, [F]; Cm – Specific capacitance per unit weight, [F/g]; ΔU – The 
applied potential window (from minimum voltage Ua to maximum voltage Uc), [V]; τ – Scan 
rate, [mV/s]; Q – The capacitor’s charge, [C]; m – Weight of LATP electrolyte, [g].

The conductivity is calculated by adding together the values of bulk resistance and grain 
boundary resistance, which are calculated from the equivalent circuit [14]. Ionic conductivity:

𝜎𝜎𝜎𝜎 = 𝑙𝑙𝑙𝑙
�𝑅𝑅𝑅𝑅𝑏𝑏𝑏𝑏+𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝑏𝑏𝑏𝑏�𝐴𝐴𝐴𝐴

(2)

Here, σ – Ionic conductivity, [S/cm]; l – Sample thickness, [cm]; A – Electrode area, [cm2];
Rb – Grain resistance, [Ω]; Rgb – Grain boundary resistance, [Ω].

3 RESULTS
The highest specific capacitance value of about 33.7 µF/g is achieved at the lowest scan 

rate of 10 mV/s. The near rectangular shape of CV curves obtained from each sample at the 
scan rate of 10 mV/s represents the formation of double layers; see Figure 2 a). However, 
more than 90% of the capacitance is lost after embedding the pellet into composite materials; 
see Figure 2 b).

a) b) 
Figure 2: Capacitance measurement results: a. CV curve of LATP-P and LATP-C from same sample at scan rate 

10mV/s; b. capacitances comparison under different scan rates

In Figure 3 a), Nyquist plots of the complex impedance Z*(�) = Z'(�) + jZ�(�) of LATP 
samples before and after embedding at room temperature are presented. According to 
previous publications about LATP [15], the EIS is usually divided into two semicircles due to 
bulk and grain boundary resistances. However, the grain semicircle shifts out of the frequency 
window, and only the total resistance of the sample can be determined. In order to calculate 
the values for the total resistances, an equivalent circuit is extracted from the EIS plots by EC-
lab® software, shown in Figure 3 b).

The total conductivity of the LATP sample is measured to be 4.99×10-4 S/cm and is 
reduced after embedding to a value of 1.57×10-4 S/cm. In the low frequency range (10 kHz-1
Hz), the impedance of LATP-C obviously increases in comparison to LATP-P. This indicates 
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an increased resistance at interfaces between electrolytes, sputtered Au layer and metalised 
fleece layer. 

a) b)
Figure 3: a) Nyquist plot of LATP-P and LATP-C from the same sample; b) equivalent circuit

CT measurements are utilised to analyse the LATP samples non-destructively after the 
embedding process. Sectional images exhibit two layers of the sample as shown in the Figure
4 indicating the appearance of fractures at the edge areas of the LATP-P. Ceramics contain 
unavoidable microscopic flaws (micro-cracks, internal pores and atmospheric contaminants) 
resulting from the manufacturing process (hand press, sintering). These defects could increase 
to form large cracks under inhomogeneous pressure resulting from the evacuation process 
and/or various stress concentration at the edges of the pellets because of slight differences in 
thickness. Another possible reason for flaw growth could be the thermal treatment. The 
LATP-C is heated to 180°C with a relative high heating rate during DP-RTM. This high 
heating rate could result in non-uniform thermal expansion inside the ceramic, which usually 
induces crack propagation. However, the cracks are not observed in all samples of LATP-C. 
The reason for the capacitance decrease will be discussed subsequently. 

Figure 4: CT images of a LATP sample after embedding: a) Drawing of LATP sample with the selected cross 
sections 1 and 2; b) CT image of cross section 1 with fracture; c) CT image of cross section 2 with fracture.
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4 DISCUSSIONS
The observed decrease of capacitance after embedding the LATP in the composite is 

analysed by taking some assumptions into consideration: Beside cracks in the pellets induced 
during or after embedding, also the influence of electrical conductive material, the 
temperature cycling during injection, the adhesion between sputtered metal layer and ceramic 
as well as the resin infiltration into surface or bulk of pellets itself are investigated.

4.1 Influence of fracture on electrical properties 
The electrical properties of samples are measured in dependency of the fracture degree. 

Therefore the capacitance of pristine sample and the corresponding broken sample are 
analysed. After cutting the sample, the pieces are put together and the electrical properties are
measured again illustrated in in Figure 5 a). The capacitance of pellets after breaking remains 
at a value of 93.39±6.4 % in comparison with the starting reference capacitance. In Figure 5
b), the radius of semi-circle shifts to higher resistance value at real impedance axis indicating 
a decrease of total conductivity, which is attributed to the fractures blocking the ion transport 
at grain boundaries. This could explain the impedance increase in high frequency range 
corresponding to Figure 3 a), however it doesn´t exhibit the drastic increase of impedance in 
low frequency range in Figure 3 a), meanwhile the fractures are also not the reason for 
capacitance reduce.

a) b)

Figure 5: a) sketch of electrical measurements for pristine and broken sample; b) comparison of Nyquist plots of 
pristine and broken sample.

4.2 Influence of different electrical conductive materials
For connecting the metalized polyester fleece and the ceramic LATP sample different 

materials are used as electrical conductive materials like copper mesh, steel band (0.05 mm) 
and silver glue. The result in Figure 6 a) shows that all the pellets’ capacitance remains 
around 10 % and no obvious difference between those conductive materials is observed.

4.3 Influence of sputtered metal layers
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4.3.1 Thermal cycling effect
The manufacturing of the composite sample by DP-RTM technique based on a curing 

process at temperatures of 120 °C to 180 °C,. Thus temperature cycling could be one of the 
influence factors controlling the value of capacity. To verify this influence, the LATP-P is 
sputtered with Au following with measurements of electrical properties. As the second step, 
the LATP-P is placed into a glass tube which is connected with a vacuum pump to exclude 
any side reaction induced by atmosphere. Then the whole glass tube is subjected to a thermal 
treatment at 120 °C for 5 min. After cooling down to room temperature, the electrical 
properties are measured again. This procedure is repeated 3 times in 30 min steps. The trend 
of line (in Figure 6 b)) shows a great reduce of capacitance. Then the Au layers are polished 
off from ceramic surface with 5000# polish paper and, dried in desiccator for 12 h. 
Interestingly, after sputtering a new Au layer of 90nm thickness on both round surface the 
capacitance is comparable with the pristine sample. Starting the same thermal cycling again 
with 30 min intervals, the capacitance reduces dramatically. The impedances in low frequency 
range increase obviously (Figure 6 c)), even after 5 min thermal treatment. This could explain 
as the temperature cycling result in a release of sputtered Au layer which is one of the reasons 
resulting in capacitance decrease.

a) b)

c) d)  
Figure 6: the capacitance ratio CLATP-C/CLATP-P is measured from the same LATP pellets before and after 

treatment (embedding or thermal treatment) a) capacitance ratio between LATP-C with different conductive 
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materials; b) the capacitance ratio after different thermal treatment times of two sputtering processes and 
materials; c) Nyquist plots of LATP-P with Au electrodes after different thermal treatment times; d) the 

capacitance ratio of LATP-P sputtered with Au and Pt before and after embedding.

4.3.2 Interface strength resulted from resin during curing
The assumption (described in Figure 7 a)) of this phenomenon resulted from two processes

could be described as follow: 
1. During chemical reaction of resin in curing temperature (here in 180 °C), the resin has a 
volume shrinkage associated to shrinkage of the polymer chains [16]. This results in an 
adhesion force between resin and metal. Consequently, the residual stresses would transfer to 
the metal surface which causes the dissolve of the gold layer from the LATP. 
2. During the cooling process (from curing temperature to ambient temperature) after curing, 
the materials contract with different volumetric shrinkage because of different coefficient of 
thermal expansion (resin > 70×10-6 K-1, Au~14.5×10-6 K-1, Pt~9×10-6 K-1 [17] and LATP ~ 4 
×10-6 K-1 ). This different volumetric shrinkage could result in a friction at the interface which 
results in a peel-off of Au layer on LATP surface.

To improve this, magnetic sputtering technique (Magnetron sputtering system LEYBOLD 
LH Z400S) combined with Pt as sputtering material is used. The metal layers of 100 nm 
platinum (Pt) are sputtered on the both round surfaces of LATP. Usually this sputtering 
technique results in higher adhesion between coating and substrate. It can be expected that Pt 
bonds more strongly to ceramic substrate than Au layers as underlined by literature [18]. The 
samples with Pt are also treated with different temperature (in Figure 6 b)). The capacitance 
remains constantly, which means an improvement of adhesion between ceramic and sputtered 
metal layer at the surface.

a) b)
Figure 7: a) Sketch of interface between LATP, sputtered metals and resin; b) CV curves of the same sample 

before and after resin dropping at scan rate 20 mV/s.

To exclude the temperature factor, we choose Airstone 880/886H (Olintm EPOXY) as resin 
matrix because the resin could be cured at ambient temperature. As seen in Figure 6 d), the
capacitance of LATP-P with Au decreases around 70 %. However, the capacitance of LATP-
P with magnetron sputtered Pt (are shown in Figure 6 d)) only have around 30 % reduction. 
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This implies that the release of metal layer caused by volumetric shrinkage is one of the 
causes of capacitance decrease.

4.5 The influence of resin infiltration into pellets during embedding
The improved sputtering method and material have partially solved the degradation of 

electrical properties after embedding; however, there still exists a 30% reduction in 
capacitance. An explanation is given by the assumption of resin infiltration into the LATP-
pellets. Therefore, samples of LATP-P and LATP-C are broken in the middle separately and 
EDX measurements are executed at different areas (for example, shown as the circle in Fig.8 
a) and b)). The weight proportion of carbon in the pellet before embedding is 4.37±0.79 wt. %
and 28.43±0.31 wt. % in LATP-C, respectively. A reasonable deduction could be drawn as 
the resin immerses into the pellets during injection process because of the pellet itself 
containing many pores. To confirm this assumption, the Airstone 880/886H is dropped 
directly on both surfaces of LATP-P magnetron sputtered with Pt. It is observed that 0.03 g
resin immerses into the samples, and after 24 h curing in ambient temperature, the 
capacitances are measured again. In comparison with the untreated sample, the capacitance 
reduces by 16.9±1 % (seen in Figure 7 b)).

a)           
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b) 
Figure 8: Cross section of the samples broken in the middle measured by SEM: a) LATP-P; b) the LATP after 

embedding.

5 CONCLUSIONS
In the present research, a method of manufacturing multifunctional power composites has 

been developed, which uses the NASICON-type Li1.4Al0.4Ti1.6(PO4)3 as solid electrolytes 
embedded in a fibre composite by a DP-RTM process. The capacitance of samples before 
embedding is measured by CV tests. The capacitance is about 33.7 µF/g calculated at a scan 
rate of 10 mV/s and a voltage range of 0–0.5 V. Experimental results exhibit losses in 
capacitance for the prepared LATP composites of about 80 % compared to the LATP pellets 
before being embedded. There are three main causes identified and discussed:

Temperature cycling induces interface stresses between the gold layer and LATP surface 
because of different coefficient of thermal expansion resulting in a detaching of gold 
electrode. Moreover, the volume shrinkage of resin, after reaching the gel point, might also 
induce interface stress to the gold layer. In addition, porous pallet surfaces are infiltrated by 
the resin resulting in a reduced capacity.    

By using improved sputtering techniques as magnetic sputtering of Pt could partially avoid 
this decrease. However, it is necessary to manufacture LATP pellets with high density smooth 
surfaces and without pin holes in future work.
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Abstract. Recently, a novel method for vibration energy harvesting has been proposed, which 
is based on stress-induced polarization switching. A huge improvement in the energy output 
associated with this new method has been theoretically demonstrated. In the current paper, the 
influence of different materials on the energy harvesting performance is studied. Firstly, a 
phenomenological thermodynamic analysis based on a Landau-type elastic Gibbs energy is 
carried out, which gives a guidance for further investigations. Then, the state-of-the-art phase 
field model is implemented to study the hysteretic nonlinear phenomena involved in the 
energy harvesting process. The influence of different materials is carefully compared and 
discussed. Furthermore, the combined effects of the bias electric potential and bias resistance 
in different materials are presented and discussed in the context of future real 
implementations. 

1 INTRODUCTION 
In the past two decades, vibration energy harvesting has emerged as a promising method to 

power wireless sensor networks and implantable biomedical devices, generating great interest 
from researchers around the world [1-3]. Generally, there are three principal ways to convert 
the ambient vibrational energy into useful electricity---through electromagnetic, electrostatic 
and piezoelectric effects [4-6]. However, the energy density harvested via these three 
traditional approaches is still not sufficient, especially for applications in low-frequency 
vibrational environments. Different methods have been proposed in the literature to improve 
the energy harvesting performance, including but not limited to designing different 
mechanical structures to lower the natural frequency of the systems to meet the frequency 
range of the vibration sources , introducing nonlinear effects into the energy harvesting 
structures to broaden the resonate frequency range, and employing materials with better 
properties, e.g., using single-crystal ferroelectric materials in piezoelectric vibration energy 
harvesting, which has a supreme piezoelectric coefficient over commonly-used ceramics[7-9]. 
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In addition, several innovative physics-based methods have also been proposed, such as those 
based on triboelectric nanogenerators [10, 11]. 

Recently, a new method has been proposed, which is based on stress-induced polarization 
switching phenomena in ferroelectric materials [12, 13]. Different from the traditional 
piezoelectric vibration energy harvesting, which is confined to the linear piezoelectric region, 
a non-180° ferroelastic polarization switching is induced in this new method to seek more 
polarization variations. The huge polarization changes associated with stress-induced 
polarization switching process result in a great improvement of the energy output. The energy 
density, which is several orders of magnitude higher than its counterpart harvested by 
traditional linear piezoelectric effect, has been theoretically demonstrated. In Ref. [13], by 
introducing a bias electric field, the robustness deficiency problem associated with the 
original prototype has been successfully tackled. Due to its great potential in real applications 
and the complicated nonlinear hysteretic phenomena involved, this new method requires a 
more detailed analysis. 

In the current paper, the influence of different materials on the energy harvesting 
performance is under investigation. The differences between single crystal BaTiO3 and 
PbTiO3 ferroelectrics are carefully studied and discussed. Firstly, a phenomenological 
thermodynamic analysis based on a Landau-type elastic Gibbs energy is carried out, which 
gives a basic understanding of the differences between these two single crystals and their 
effects on the energy harvesting performance. Secondly, the energy harvesting process is 
studied via the state-of-the-art phase field model. The phase field simulations confirm the 
predictions from the thermodynamic analysis. Furthermore, the combined effects of the bias 
resistance and bias electric potential on the energy harvesting performance in these two cases 
are presented and discussed. 

2 PHENOMENOLOGICAL THERMODYNAMIC ANALYSIS 
To analyze the influence of different materials on the energy harvesting performance, 

BaTiO3 and PbTiO3 ferroelectric single crystals are considered. Firstly, a phenomenological 
thermodynamic analysis is carried out, which is based on a Landau-type elastic Gibbs energy 
that can be given as follows: 

𝐺𝐺(𝑷𝑷, 𝝈𝝈) = 𝑎𝑎1(𝑃𝑃1
2 + 𝑃𝑃2

2 + 𝑃𝑃3
2) + 𝑎𝑎11(𝑃𝑃1

4 + 𝑃𝑃2
4 + 𝑃𝑃3

4) + 𝑎𝑎12(𝑃𝑃1
2𝑃𝑃2

2 + 𝑃𝑃1
2𝑃𝑃3

2 + 𝑃𝑃2
2𝑃𝑃3

2) +
𝑎𝑎111(𝑃𝑃1

6 + 𝑃𝑃2
6 + 𝑃𝑃3

6) +  𝑎𝑎112[𝑃𝑃1
4(𝑃𝑃2

2 + 𝑃𝑃3
2) + 𝑃𝑃2

4(𝑃𝑃1
2 + 𝑃𝑃3

2) + 𝑃𝑃3
4(𝑃𝑃1

2 + 𝑃𝑃2
2)] + 𝑎𝑎123𝑃𝑃1

2𝑃𝑃2
2𝑃𝑃3

2 −
1
2𝑠𝑠11(𝜎𝜎11

2 + 𝜎𝜎22
2 + 𝜎𝜎33

2 ) − 𝑠𝑠12(𝜎𝜎11𝜎𝜎22 + 𝜎𝜎11𝜎𝜎33 + 𝜎𝜎22𝜎𝜎33) − 1
2𝑠𝑠44(𝜎𝜎12

2 + 𝜎𝜎13
2 + 𝜎𝜎23

2 ) −
𝑄𝑄11(𝜎𝜎11𝑃𝑃1

2 + 𝜎𝜎22𝑃𝑃2
2 + 𝜎𝜎33𝑃𝑃3

2) − 𝑄𝑄12[𝜎𝜎11(𝑃𝑃2
2 + 𝑃𝑃3

2) + 𝜎𝜎22(𝑃𝑃1
2 + 𝑃𝑃3

2) + 𝜎𝜎33(𝑃𝑃1
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𝑄𝑄44(𝜎𝜎12𝑃𝑃1𝑃𝑃2 + 𝜎𝜎13𝑃𝑃1𝑃𝑃3 + 𝜎𝜎23𝑃𝑃2𝑃𝑃3).                                                                                       (1) 

The associated material parameters, taken from Ref. [14] (for temperature 25℃), are listed in 
Table 1. The contour plots of the two-dimensional free energy without external stress are 
presented in Figure 1. The spontaneous polarizations of the materials can be deduced by 
minimizing the elastic Gibbs energy with zero stress. The corresponding values for BaTiO3 
and PbTiO3 are 0.27C/m2 and 0.757C/m2, respectively. Therefore, it is reasonable to expect 
that the output electric current of PbTiO3 is approximately 3 times larger than that of BaTiO3, 
as long as complete stress-induced polarization switching is induced at the same rate in both 
materials (𝐼𝐼 = 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑 , 𝑄𝑄 ∝ 𝑃𝑃). With the same external resistance, the energy output will be about 
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9 times larger (𝑊𝑊 = 𝐼𝐼2𝑅𝑅𝑅𝑅). On the other side, the critical input stress, which is required to 
complete a ferroelastic polarization switching, is also very important in real applications. To 
give an approximation, a strategy based on the energy barrier theory is adopted: 

σ𝑐𝑐 = 𝐺𝐺𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝜀𝜀𝑑𝑑𝑏𝑏𝑑𝑑𝑑𝑑0⁄ ,                                                                                                                (2) 

where 𝐺𝐺𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏  is the energy barrier between states before and after the stress-induced 
polarization switching process. It can be approximated by the energy difference between the 
saddle point and the minimum point (as shown in Figure 1); 𝜀𝜀𝑑𝑑𝑏𝑏𝑑𝑑𝑑𝑑0  is the associated 
spontaneous strain change during the polarization switching process, which equals to the 
longitudinal spontaneous strain 𝜀𝜀110  minus the transvers spontaneous strain 𝜀𝜀220 . 

With simple calculations, the critical values required to induce polarization switching for 
BaTiO3 and PbTiO3 are 35.4MPa and 625.6 MPa respectively, which means, approximately, a 
20 times larger stress is required for PbTiO3. In addition to the critical stress, several other 
important material-specific results are also provided, as listed in Table 2. It is noticed that the 
energy barrier for PbTiO3 is more than 100 times larger than that for BaTiO3, which can be 
used to estimate the inherent energy dissipation during the polarization switching process. 
Considering the fact that the energy output is only about 9 times larger, the energy efficiency 
of PbTiO3 suffers. In conclusion, PbTiO3 can give a larger energy output but requires a 
significantly larger critical stress. The choice of the material depends on application 
condition. For example, when a strong enough stress can be assessed and the energy density is 
the prime target, PbTiO3 is always the first choice. It needs to be pointed out that the exact 
value obtained here is served only as an estimation. No bias electric field is taken into 
consideration, and the influence of domain walls or material defects are not considered either. 
Furthermore, the polarization switching phenomenon involved in this method is intrinsically 
nonlinear and hysteretic. Instead of a simple homogeneous switching, very complicated stress 
and electric field states can be present. Thus a more robust and detailed investigation is 
needed. 

Table 1: Material parameters for the elastic Gibbs energy 

Material parameters a1 a11 a12 a111 a112 a123 

BaTiO3 
PbTiO3 

-2.8e7 
-1.7e8 

-5.4e8 
-7.3e7 

4.9e8 
7.5e8 

6.6e9 
2.6e8 

2.9e9 
6.1e8 

3.7e10 
-3.7e9 

Material parameters Q11 Q12 Q44 s11 s12 s44 

BaTiO3 
PbTiO3 

0.11 
0.089 

-0.043 
-0.026 

0.059 
0.0675 

8.3e-12 
8e-12 

-2.7e-12 
-2.5e-12 

9.24e-12 
9e-12 
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Table 2: Some important material-specific calculated results 

 Spontaneous 
polarization P0 

Spontaneous strain 
(longitudinal) 𝜺𝜺𝟏𝟏𝟏𝟏𝟎𝟎  

Spontaneous strain 
(transverse) 𝜺𝜺𝟐𝟐𝟐𝟐𝟎𝟎  

Spontaneous strain 
change 𝜺𝜺𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝟎𝟎  

BaTiO3 
PbTiO3 

0.27 
0.757 

0.0074 
0.051 

-0.0029 
-0.015 

0.0103 
0.066 

 Energy barrier I 
𝑮𝑮𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒅𝒅𝒃𝒃𝒃𝒃 

Critical stress 
𝝈𝝈𝒄𝒄 

Energy barrier II 
𝑮𝑮𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒅𝒅𝒃𝒃𝒃𝒃
′ * 

Critical electric field 
𝑬𝑬𝒄𝒄** 

BaTiO3 
PbTiO3 

3.65e5 
4.12e7 

3.54e7 
6.256e8 

2.36e6 
7.39e7 

4.53e6 
4.88e7 

 
*Energy barrier II is the energy barrier involved in 180° ferroelectric polarization switching, which can be 
approximated by the energy difference between the local maximum and minimum points. 
**Critical electric field is an important constant in capturing 180° ferroelectric polarization switching 
phenomenon, which can be approximated by using the energy barrier II through the relation: 
𝐸𝐸𝑐𝑐 = 𝐺𝐺𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏′ (2 ∙ 𝑃𝑃0)⁄  

 
Figure 1: Contour plots of the two-dimensional free energy without external stress: (a) for BaTiO3; (b) for 

PbTiO3. 

3 PHASE FIELD STUDY AND DISCUSSION 
To further analyze the influence of materials, the state-of-the-art phase field model is 

implemented to study the energy harvesting process. The governing equation can be obtained 
as the gradient flow associated with the potential energy based on the Landau theory: 

𝜇𝜇�̇�𝑃𝑏𝑏 = ( 𝜕𝜕𝜕𝜕
𝜕𝜕𝑃𝑃𝑖𝑖,𝑗𝑗

)
,𝑗𝑗
− 𝜕𝜕𝜕𝜕

𝜕𝜕𝑃𝑃𝑖𝑖
− 𝜑𝜑,𝑏𝑏.                                                                                                       (3) 

Here, 1 𝜇𝜇 > 0⁄  is the mobility; φ denotes the electric potential and Ψ is the potential energy in 
the following form: 

𝛹𝛹(𝛁𝛁𝑷𝑷, 𝑷𝑷, 𝜺𝜺) = 𝛼𝛼0(𝑃𝑃1,12 + 𝑃𝑃1,22 + 𝑃𝑃1,32 + 𝑃𝑃2,12 + 𝑃𝑃2,22 + 𝑃𝑃2,32 + 𝑃𝑃3,12 + 𝑃𝑃3,22 + 𝑃𝑃3,32 ) + �̃�𝐺(𝑷𝑷, 𝜺𝜺),   (4) 

where 
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�̃�𝐺(𝑷𝑷, 𝜺𝜺) = 𝛼𝛼1(𝑃𝑃1
2 + 𝑃𝑃2

2 + 𝑃𝑃3
2) + 𝛼𝛼11(𝑃𝑃1

4 + 𝑃𝑃2
4 + 𝑃𝑃3

4) + 𝛼𝛼12(𝑃𝑃1
2𝑃𝑃2

2 + 𝑃𝑃1
2𝑃𝑃3

2 + 𝑃𝑃2
2𝑃𝑃3

2) +
𝛼𝛼111(𝑃𝑃1

6 + 𝑃𝑃2
6 + 𝑃𝑃3

6) +  𝛼𝛼112[𝑃𝑃1
4(𝑃𝑃2

2 + 𝑃𝑃3
2) + 𝑃𝑃2

4(𝑃𝑃1
2 + 𝑃𝑃3

2) + 𝑃𝑃3
4(𝑃𝑃1

2 + 𝑃𝑃2
2)] +

𝛼𝛼123𝑃𝑃1
2𝑃𝑃2

2𝑃𝑃3
2 + 1

2𝐶𝐶11(𝜀𝜀11
2 + 𝜀𝜀22

2 + 𝜀𝜀33
2 ) + 𝐶𝐶12(𝜀𝜀11𝜀𝜀22 + 𝜀𝜀11𝜀𝜀33 + 𝜀𝜀22𝜀𝜀33) + 2𝐶𝐶44(𝜀𝜀12

2 + 𝜀𝜀13
2 +

𝜀𝜀23
2 ) − 𝑞𝑞11(𝜀𝜀11𝑃𝑃1

2 + 𝜀𝜀22𝑃𝑃2
2 + 𝜀𝜀33𝑃𝑃3

2) − 𝑞𝑞12[𝜀𝜀11(𝑃𝑃2
2 + 𝑃𝑃3

2) + 𝜀𝜀22(𝑃𝑃1
2 + 𝑃𝑃3

2) + 𝜀𝜀33(𝑃𝑃1
2 + 𝑃𝑃2

2)] −
2𝑞𝑞44(𝜀𝜀12𝑃𝑃1𝑃𝑃2 + 𝜀𝜀13𝑃𝑃1𝑃𝑃3 + 𝜀𝜀23𝑃𝑃2𝑃𝑃3).                                                                                      (5) 

The expression for �̃�𝐺(𝑷𝑷, 𝜺𝜺) is derived following the Legendre transformation of the elastic 
Gibbs energy 𝐺𝐺(𝑷𝑷, 𝝈𝝈). It needs to be pointed out that in the literature some misconceptions 
exist about the coefficients in the free energy. In Ref. [15, 16], the authors stated that the 
Landau coefficients were taken directly from Ref. [14]. However, it is noticed that the 
coefficients in Ref. [14] are for the elastic Gibbs free energy, rather than for the free energy 
used in the phase field model. Thus, a Legendre transformation is necessary. That is why the 
simulated normalized spontaneous polarization shown in Ref. [15] is around 1.5. The material 
parameters after the Legendre transformation are listed in Table 3. The gradient energy 
coefficient 𝛼𝛼0, taken in the current simulations for BaTiO3 and PbTiO3, is 2.8×10-10 Vm3/C 
and 1×10-10 Vm3/C respectively. The corresponding characteristic length scales ( 𝑙𝑙0 =
√𝛼𝛼0𝑃𝑃0

2 𝐸𝐸𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵⁄ , which can be used as an approximation for the domain wall thickness) are 
4.3nm and 2.0nm. In the simulation, the governing equation (3) is solved together with the 
elasticity and Maxwell equations. For simplicity, the simulations have been carried out for a 
two dimensional case. The computational domain is 160nm×20nm for both cases. The 
boundary conditions taken in the current simulations are the same as those used in Ref. [13]. 
The resulting model has been numerically implemented and solved in Comsol Multiphysics 
[17].  

Firstly, simulations without external bias electric potential and resistance have been carried 
out to determine the critical stress value that is required to complete the stress-induced 
polarization switching process. The results for BaTiO3 and PbTiO3 are 32Mpa and 514Mpa 
respectively, which are consistent with the predictions from the energy barrier theory, as listed 
in Table 2. Further, some additional simulations have been carried out to determine the 
critical bias electric potential values for 180° ferroelectric switching. The results are 0.029V 
and 0.21V, respectively, for BaTiO3 and PbTiO3. The corresponding electric field values are 
1.45MV/m and 10.5MV/m, which are approximately one fourth of the predicted values listed 
in Table 2. 

Next, a series of simulations with different bias electric fields and different bias resistances 
have been carried out to investigate their combined effects. The external stress amplitudes for 
BaTiO3 and PbTiO3 in the simulations are 48Mpa and 740Mpa respectively, which are 1.25 
times of the critical values for ferroelastic switching. The bias electric potential values are 
around one half of the critical values for 180° ferroelectric switching. To present combined 
effects, the bias resistance range has been determined based on numerical experiments. 

The simulated results are shown in Figure 2 and Figure 3. With a constant bias electric 
potential, the energy output increases first, reaches its peak and then decreases, as the bias 
resistance increases. This behavior is observed in both cases. Further, we note that the energy 
peak will be improved when the bias electric potential increases, so will the associated bias 
resistance values. However, it does not mean that we can increase the bias electric potential 
without limit to improve the energy output. The material will break down with extreme 
electric fields and excessive stress. The peak energy output in the current simulations for 
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PbTiO3 is approximately 100 times bigger than that for BaTiO3, which is different from the 
thermodynamic prediction. This can be explained by the fact that the optimized bias 
resistance values are used here. Instead, in the above thermodynamic analysis, the same 
resistance value is assumed. It needs to be pointed out the unit for the bias resistance in the 
results is the parameter μ instead of a real value. Moreover, for different materials, the 
parameter μ will be different. Indeed, the parameter μ is related to the relaxation phenomena 
and frequency-dependent properties in ferroelectric materials. We will address this issue in a 
separate publication. In addition, it is also noticed that, there is no big difference between the 
energy efficiency for both materials, which is around 30%. As pointed out, the internal energy 
dissipation is about 100 times bigger for PbTiO3. With a similar relationship in the energy 
output, it is reasonable to produce similar energy efficiency. 

4 CONCLUSIONSS 
In the current paper, the influence of different materials on the energy harvesting 

performance of a new method based on stress-induced polarization switching, has been 
carefully investigated. Firstly, a phenomenological thermodynamic analysis has been carried 
out, which has provided a primary guidance for further investigations. Then, the state-of-the-
art phase field model has been implemented to analyze the energy harvesting processes and 
the involved hysteretic nonlinear phenomena. Finally, the combined effects of bias electric 
potential and bias resistance in both materials have been demonstrated and discussed in detail 
in the context of potential applications. 
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Table 3: Updated parameters for the phase field model 

Updated 
parameters α1 α 11 α 12 α 111 α 112 α 123 

BaTiO3 
PbTiO3 

-2.8e7 
-1.7e8 

1.9e8 
4.2e8 

1.5e7 
7.3e8 

6.6e9 
2.6e8 

2.9e9 
6.1e8 

3.7e10 
-3.7e9 

Updated 
parameters q11 q12 q44 c11 c12 c44 

BaTiO3 
PbTiO3 

1.3e10 
1.1e10 

--9.7e8 
2.5e8 

3.2e9 
3.8e9 

1.3e11 
1.4e11 

4.4e10 
4.3e10 

2.7e10 
2.8e10 
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Figure 2: Energy output with respect to bias electric potential and bias resistance for BaTiO3. 

 
Figure 3: Energy output with respect to bias electric potential and bias resistance for PbTiO3. 
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Abstract. The article presents the preliminary results of the experimental research carried out 
on a cascade energy harvesting system that utilizes low-temperature (below 200 °C) waste 
heat. The system consists of thermoelectric generators (TEGs) mounted on the casing of a 
radial microturbine operating in the organic Rankine cycle (ORC) with a low-boiling working 
medium (HFE7100). Waste heat is passed to the evaporator in the ORC system where it heats 
up the working medium until it is vaporous. The generated vapour is used to drive the 
microturbine. The radial microturbine has the electric power of about 3 kWe at a rated speed 
of 24000 rpm. The working fluid vapour (operating in the closed cycle) after expansion 
travels to the regenerator, then flows into the condenser and into the evaporator again. It has 
been shown that a suitably configured thermoelectric system generates electricity by taking in 
waste heat from the microturbine casing. The thermoelectric system consisted of Peltier 
modules connected in series, water cooling blocks and an aluminium block acting as a heat 
spreader and providing flat mounting surfaces for the modules. The idea of designing and 
constructing a thermoelectric system resulted from the need of a power supply for a self-
sufficient remote control system. The microturbine wheel is connected to the shaft of a 
synchronous 3-phase generator. The generator's stator is situated in the casing. The generator 
operates effectively up to the temperature of 120 °C and the working medium temperature is 
approximately 170 °C at the microturbine inlet. This explains why the generator has to be 
externally cooled. The water jacket cooling system was mounted on the microturbine casing. 
The cooling system draws heat away from the inside of the generator and it can be partially 
recovered using a thermoelectric system that enables conversion of thermal energy into 
electrical energy. In this way, we were able to improve the thermal efficiency of the cycle by 
limiting heat losses. Electrical energy produced by a thermoelectric system can be used to 
power the sensors or other subassemblies of the control and measurement system, improving 
efficiency and operational safety of the entire ORC system. 
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1 INTRODUCTION 
The past few years have witnessed an increased interest in developing new technologies 

based on renewable energy sources, in particular thermoelectric (TE) materials that enable a 
direct conversion of the thermal energy into the electrical energy and can be employed as 
alternative energy sources [1]. TE technology is applied for generation of electrical energy 
(TEGs – thermoelectric generators) using waste heat, e.g. from machinery and is used in 
submarines, satellites, medical transportation (for cooling purposes), smartphones and heart 
pacemakers [2,3]. TE systems are applied in energy efficient buildings, e.g. in Active 
Building Envelope (ABE) systems that convert the solar energy into the electrical energy to 
power heat pumps. Peltier modules are applied in both heating and cooling systems in a single 
installation. Such modules are characterised by a long-lasting (approx. 30 years) life cycle 
with a high reliability, low maintenance costs and a carbon-free operation. Peltier modules 
have the following disadvantages: a relatively narrow range of the temperature for effective 
operation, a low productivity and a high price [2]. TE modules are applied in energy 
harvesting (EH) systems used in micro-/nanosystems (MNSs), which are popular on the 
wireless sensor networks (WSNs) market. Micro-/Nano-devices are characterised by lower 
electrical/thermal time constants, a better sensitivity, a faster response time and higher energy 
density than their larger counterparts. The projections show that the electric efficiency of a 
solar cell based on an array of InP nanopillars will be approximately 8.1% and another based 
on an array of Si NWs will be around 17.4%. Nanoparticles are used to produce nanofluids, 
which improve heat transfer conditions [4,5] and can increase the overall thermal efficiency 
of systems that are equipped with heat recovery systems. Solar thermoelectric generators 
(STEGs) based on bulk nanostructured Bi2Te3 alloys have the efficiency in the conversion of 
the solar/thermal energy into the electrical energy of around 4.6% [6]. Piezoelectric systems 
AC NGs enable to generate a voltage of 50 mV at the deformation within the range of 0.05% 
– 0.1% with the efficiency of energy conversion of about 6.8%. The hybrid cell (HC) was 
created by the integration of a DSSC (dye-sensitized solar cell) and a piezoelectric NG using a 
serial connection, which causes the efficiency increase by approximately 13%. However, the 
systems based on photovoltaics, thermoelements and piezoelectrics are characterised by the 
following power density ranges: 10-100 mW/m2, 10-100 μW/m2 and 1-10 m/Wm2, 
respectively. Triboelectric nanogenerators (TENGs) have output voltages of around 18 V and 
current densities of approximately 0.13 μA/m2 [6]. Such generators are used for constructing 
energy harvesting (EH) systems intended for use in wireless electronic devices [7] and they 
utilise energy from human and machine motion [8,9]. For instance, the electromagnetic 
generators at the frequencies within the range from 50 Hz to 4.4 kHz produce the electric 
power within the range from 0.33 μWe to 7.4 We, as the result of vibrations of the generator 
parts of the mass within the range from 2.4 mg to 38 kg [10-13]. The electrostatic generators, 
at the frequencies within the range from 4.67 Hz to 743 Hz, can produce the power within the 
range from 5 nWe to 58 μWe [10,14-16]. In the case of piezoelectric generators, the electric 
power outputs are within the range from 1.5 μWe to 5 mWe, and such generators use energy 
from the vibrations of their elements or from wind. Generators that utilise the vibrations of 
machinery may be applied, for instance, to CHP systems with scroll expanders, the RMS 
vibration velocity of which is within the range of 3.4 ÷ 6.4 mm/s [17] and may be used to 
produce electrical energy and power sensors. The literature gives a lot of examples of the 
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usage of TE systems for the production of electrical energy. For example, Jamal et al. [18] 
presented a system for the production of electrical energy using waste heat from a commercial 
gas stove. The system consisted of an aluminium ring on which 400 thermocouples of the K-
type were mounted and their outputs were connected to an adder IC LM324-N. Two types of 
the load were tested on the TE system. The first one comprised six LED bulbs with a total 
power of 3 We. And the second load was a 6 V battery of 300 mAh rating. The output 
terminal of the TE system was used to charge this battery, with a charging current of 30 mA. 
The investigation shows that the maximal voltage generated by a single thermocouple was 20 
mV, and the whole set of thermocouples provided around 8 V of voltage. Yang et al. [19] 
presented a TREC (thermally regenerative electrochemical cycle) system consisting of a 
Fe(CN)6

3-/4- redox pair and solid Prussian blue particles as active materials for the two 
electrodes. The system can achieve the heat-to-electricity conversion efficiency of around 
2.0% (i.e. the thermoelectric figure of merit is approximately 0.9) for its operational 
temperature range of 20 °C – 60 °C. For the same temperature range and at the heat recovery 
of 50%, the heat-to-electricity conversion efficiency is approx. 1.2%. The authors of the 
article found that the maximal voltage generated by the TREC system was about 55 mV.  

Martin-Gómez et al. [2] presented the prototypical cooling unit with Peltier modules, 
which has the potential to be applied to air-conditioning systems in residential buildings and 
computer server rooms. The TE HVAC (thermoelectric, heating, ventilation and air-
conditioning) system removes the heat from its surroundings, and by means of Peltier 
modules, converts it into electricity that is used to power the fans of the air conditioner. The 
system comprise 84 Peltier modules of the type RC12-8, with a maximal power of 78 We. The 
system consists of 21 sets, with 4 modules connected in series in each set. At the thermal 
power of 3 kWt and the supply voltage of 50 V, the temperature of the hot side was 50 °C. 
The radiators and the heat pipe technology were used for cooling purposes. The investigation 
shows that in a room with dimensions of 4m x 2.4m x 2.6m, the coefficient of performance 
(COP) of the system was approximately 0.6. Maharaj and Govender [1] presented a system 
for the production of electricity from heat, which they used to power low voltage receivers 
such as cell phone battery chargers, LED lighting and small devices that are powered from the 
USB port. The system was constructed using a module of the type TEG 127-50D, which was 
cooled by a heatsink and an axial-flow fan. At the temperature of the warm side of 165 °C and 
the temperature difference of 99.7 °C, the researchers obtained the maximal current of 3.07 A. 
However, at the temperature of the warm side of 202.6 °C and the temperature difference of 
119.3 °C, they obtained the maximal voltage of 3.45 V. After the replacement of the blower 
fan with the extractor in the cooling system, the maximal voltage of 2.69 V was obtained at 
the temperature of the warm and the cold side of respectively 202.1 °C and 89.1 °C. The 
maximal current of 2.981 A was obtained at the temperature of the warm and the cold side of 
207.1 °C and 90.8 °C, respectively. In the cooling system with the heatsink and the blower fan 
the maximal average temperature difference between the warm and cold sides of the device 
was approximately 92 °C, and after the replacement of the blower fan with the extractor this 
difference was 80 °C. Kamelia et al. [20] presented the results of the investigation on a system 
for the recovery of heat generated from a motorcycle (exhaust gas) and the production of 
electrical energy. The system comprised a Peltier module of the type TEC1-12706, a voltage 
regulator of the type LM2952 and a battery of the type MF 12 V (3.5Ah). After being tested 
for 60 minutes, the system generated the maximum voltage of 2.89 V at the maximum 
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temperature of the warm and cold sides of the module of respectively 579.8 °C and 18.9 °C. 
The maximum charging current of the battery was 0.22 A. The authors found that the system 
enables to charge the battery up to 12.8 V of voltage. In and Lee [21] constructed a system 
with a thermoelectric module of the type ZC-20 for the recovery of heat from the exhaust gas 
generated by Diesel engines and for the production of electrical energy. The module had the 
parameters: power 19 We, load voltage 2.38 V, current 8 A and efficiency 4.5%. For the 
cooling purposes of the module, the researchers applied a water system (CPT Inc., CDRC-8) 
with the nominal flow rate of 720 kg/h. They measured the power produced by the TEG by 
means of a charger of the type PLZ334W (manufactured by Kikush). The flow of air which 
heats the module, the temperatures and the voltage were measured using a system of the type 
cDAQ-9178 (produced by National Instruments). The combustion engine had the volume of 
2.2 litres, the maximum power of 200 hp (at 3800 rpm) and the compression ratio of 16. The 
heat from the warm side of the module was transferred using a radiator. The exhaust gas 
temperature was within the range from 200 °C to 560 °C, and at the warm side of the module, 
the temperature was within the range from 130 °C to 450 °C. The module was tested at the 
value of the load/external resistance within the range from 0.25 Ω to 22 Ω. The researchers 
found that the maximum voltage measured at the module terminals was approximately 2.8 V. 
They observed that along with the increase in the load resistance, there was an increase in the 
generated voltage, and that was accompanied by a drop in the current and electric power 
produced by the module. The maximum produced current and power were respectively 5 A 
and 8.3 We. Nesarajah et al. [22,23] carried out the analysis of a cooling system for the EHS 
with TEGs heated by exhaust gas from a domestic oil boiler operating at the temperature 
within the range from 120 °C to 200 °C. Eight TEG modules (of the type 199-200-5 from 
Thermalforce) were applied to the system. Four modules were liquid cooled and the other 
ones were air cooled (using a fan), and in order to feed a single cooling component the powers 
of respectively 12.2 We and 2.04 We were needed. The researchers determined that the type of 
the cooling system and the way of its controlling have a significant impact on the electric 
power consumption of these systems. In the air-cooled system, the total produced power, with 
a controlled cooling rate, is approximately 34.1 We – and around 30.7 We without a control. 
However, using a liquid cooling, the maximal power was 34.7 We, regardless the system was 
controlled or not. Miller et al. [24] presented the results of the analysis of a system used for 
the recovery of heat from an exhaust gas, which consisted of an ORC system and a system 
with TEGs. The analysis was carried out using EES software. It resulted from the simulation 
that when the exhaust gas temperature at the outlet of the heat exchanger was remaining 
within the range of 480–600 °C, the power generated by the ORC system was stable at around 
19.3 kWe. However, the maximum electric power of approximately 3.6 kWe, produced by the 
system with TEGs, was noted at the temperature of 540 °C. It was found that at the exhaust 
gas temperature of 400 °C at the inlet of the heat exchanger, 90% of the total production of 
electrical energy was produced by the ORC system, and the remaining 10% by the system 
with TEGs. However, along with the increase in the exhaust gas temperature, the share of the 
ORC system in the total energy production decreased and at the temperature of 800 °C was 
around 80%, and the share of the system with TEGs was 20%. It was determined that along 
the increase in the overheating degree of the R245fa working medium up to the temperature 
of 40 °C, the electric power produced by the ORC system increased from 19.3 kWe to 27 
kWe, i.e. by approximately 40%. However, the electric power produced by the system with 
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TEGs decreased by approximately 27% (i.e. from 3.4 kWe to 2.5 kWe). Along with the 
increase in the pressure ratio (PR) from 4.0 to 5.75, the electric power produced by the ORC 
system increased from 21.0 kWe to 22.8 kWe, and with a further increase in the pressure ratio 
it started to decrease and dropped to 17.5 kWe at the PR of 7.75. In the case of the system 
with TEGs, the electric power was stable at around 3.6 kWe, irrespective of the value of the 
PR. It was found that along with the increase in the thermoelectric figure of merit (ZT) from 
0.25 to 2.0, the power generated by the system with TEGs increased from 1.1 kWe to 4.3 kWe 
and the power of the ORC system was stable at around 19.3 kWe. 

The paper presents the preliminary results of the experimental research carried out on a 
cascade energy harvesting system that utilizes low-temperature (below 200 °C) waste heat. 
The system consists of thermoelectric generators (TEGs) mounted on the casing of a radial 
microturbine operating in the organic Rankine cycle (ORC) with a low-boiling working 
medium. Waste heat is passed to the evaporator in the ORC system where it heats up the 
working medium until it is vaporous. The generated vapour is used to drive the microturbine. 
The radial microturbine has the electric power of about 3 kWe at a rated speed of 24000 rpm. 
The thermoelectric system consisted of Peltier modules connected in series, water cooling 
blocks and an aluminium block acting as a heat spreader and providing flat mounting surfaces 
for the modules. Electrical energy produced by a thermoelectric system can be used to power 
the sensors or other subassemblies of the control and measurement system, improving 
efficiency and operational safety of the entire ORC system. 

2 TEST RIG 
The ORC installation consists of three basic cycles: heating cycle, cooling cycle and 

working fluid cycle. The measurement scheme of the ORC system cooperating with a 
microturbine is shown in Fig. 1. 

 
Figure 1: Scheme of the ORC with a radial microturbine 
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The test rig is equipped with a droplet separator that is used for the removal of liquid droplets 
from HFE7100 vapour streams, and its task is to protect the microturbine from erosion. The 
heating cycle comprises a set of oil pumps and two independent heat sources: a multi-fuel 
boiler and a set of two electric heaters—being capable of operating independently or in 
series/in parallel— that are used to heat the thermal oil as it flows through them. The structure 
of the multi-fuel boiler (with a thermal power of 30 kWt) allows different types of fuel such as 
natural gas, syngas or biomass in the form of wood pellets. The electric heater consists of two 
modules, each of which has an electric power of 24 kWe. The ORC installation can be run 
both with passive (e.g. expansion valves, throttle valves) and active expansion devices, i.e. the 
so-called expanders (e.g. turbines, scroll expanders, etc.). A fan cooler with a thermal power 
of 50 kWt was used to dissipate heat energy. In the system, a 35% propylene glycol solution 
was employed as a cooling agent, which performs well even in winter conditions. 

2.1 Radial-flow microturbine 
The four-stage radial-flow microturbine is fed with the working medium (HFE7100) in the 

form of vapour. It was designed and constructed for the purposes of operating in the micro-
CHP ORC power plant. At full load, rotating at the nominal rotational speed of 24000 rpm, 
the microturbine has an electric power of 2.5 kWe. The turbine shaft is integrated with a high-
speed electric energy generator and embedded in a hermetically sealed casing. The machine 
uses gas bearings that are lubricated by the HFE7100 vapour and no additional lubrication 
system is required. The nominal flow rate of the working medium is 0.17 kg/s, and the 
pressures at the microturbine inlet and outlet are 10 bar and 1.2 bar, respectively. 

2.2 Thermoelectric system with Peltier modules 
Six Peltier modules of the type TEC1-12710 (manufactured by Hebei I.T. Co., Ltd) [25] 

were employed for the construction of the thermoelectric (TE) system. They were connected 
to water cooling blocks, i.e. heat exchangers of the type WBA-1.62-0.55-CU-01 (produced by 
Custom Thermoelectric) [26]. The thermoelectric modules are connected in series. The 
scheme of the TE system with TEC modules and water cooling blocks is shown in Fig. 2.  

 
Figure 2: Wiring diagram of the thermoelectric system with TEC modules 
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Selected technical parameters of a Peltier module of the type TEC1-12710 are demonstrated 
in Table 1. 

Table 1: Basic technical parameters of a Peltier module of the type TEC1-12710 [25] 

Hot side temperature – Th [°C] 25 50 
Maximal power – Qmax [W] 85 96 
Maximal temperature difference – ΔTmax [°C] 66 75 
Maximal current – Imax [A] 10.5 10.5 
Maximal voltage – Umax [V] 15.2 17.4 
Module resistance – R [Ω] 1.08 1.24 

 
The cooling blocks were supplied with cold water from the municipal water supply and 
connected in parallel to ensure a uniform temperature at the cold sides of all Peltier modules. 
The temperature difference between the warm and the cold side of a module was regulated by 
changing the flow rate of cooling water. It was being done through the use of a ball valve 
installed at the water inlet to the cooling blocks. The warm sides of the modules absorb heat 
from the microturbine casing. The connection between the TE system and the microturbine 
was implemented by means of a specially designed block (adapter) made of aluminium alloy. 
The photo of the TE system mounted on the microturbine casing is shown in Fig. 3. 

 
Figure 3: Photo of the thermoelectric system mounted on the microturbine casing 

In order to ensure a proper contact between the adapter and the microturbine casing (at the 
warm side) and to decrease the thermal resistance, a heat conducting paste was applied. The 
heat conducting paste was also used at the cold side, in order to ensure that there is adequate 
contact between the surfaces of the Peltier module and the water cooling block. 

The selection of the initial load resistance of the TE system was done, after the 
microturbine reached a steady state. This value was determined by searching for the maximal 
power within an assumed resistance range around the equivalent resisntace of the in series 
connection of the modules with known nominal ACR value given by the producer. The tested 
modules were chosen so that their ACR resistance and the characteristics number ZT match 
closely. The mesurement were taken with Z-Meter DX4090 (manufactured by RMT Ltd.). 
The Chroma 63201 device operating in the CR (constant resistance) mode was used as a load 
for the TE system. A compensation and a correction of the load resistance were carried out 
after each change in the operational conditions of the TE system applying the abobementioned 
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procedure. The changes in the operational conditions of the TE system were caused by the 
regulation of the flow rate of water flowing through the cooling system of the microturbine 
and the cooling blocks for Peltier modules, which resulted from the change in temperature of 
the working medium (HFE7100) that feeds the micro turbogenerator. Temperatures of the 
surfaces at the warm and the cold side were measured using a contact sensor of the type EMT-
08 with a K-type thermocouple (from Czaki Thermo-Product) and a thermal imaging camera 
of the type T650sn (manufactured by FLIR) [27]. 

3 EXPERIMENTAL RESULTS 
The idea of the construction of a thermoelectric system resulted from the need of cooling 

some components of the radial micro turbogenerator. The rotor of a three-phase synchro 
transmitter is mounted on the micro turbogenerator shaft and the stator is enclosed in the 
casing. The generator can operate up to a temperature of 120 °C, and the temperature of the 
working medium (HFE7100) at the microturbine inlet is approximately 170 °C (Fig. 4a). 
Therefore, the cooling system in the form of a water jacket was mounted on the microturbine 
casing. As a result of cooling the generator, heat is removed and it is partly recovered by the 
thermoelectric system and then the thermal energy is converted into electrical energy 
increasing the thermal efficiency of the ORC. The temperature of the working medium at the 
microturbine inlet has to be higher than 120 °C to ensure the adequate pressure of HFE7100 
vapour and the operational safety of the fluid-flow machine. At the average HFE7100 
temperature of approx. 170 °C, the average pressures of the working medium at the 
microturbine inlet and outlet of, respectively, approx. 650 kPa and 190 kPa (Fig. 4b) as well 
as the HFE7100 flow rate of approx. 0.13 kg/s (Fig. 5a), the microturbine reached the average 
electric power of approx. 900 We (Fig. 5b). The average flow rate of the glycol solution in the 
cooling system was approx. 0.175 kg/s (Fig. 5a). 

 
Figure 4: Graphs showing a) temperatures of the working mediums at the evaporator inlet and outlet vs. time,  b) 

HFE7100 medium pressure at the microturbine inlet and outlet vs. time 

It should be noted that the study presented herein does not show the maximal operational 
performance of the ORC. What the study shows is how additional electric energy can be 
produced by harvesting the thermal energy from the cooling system for the microturbine 
generator. It also examines the validity of using the thermoelectric system at a set power level. 
The additional energy can be used e.g. for supporting cooling system of high-speed bearings 
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or feeding some components of the automatic system, the control system or the measurement 
system (e.g. sensors). 

 
Figure 5: Graphs presenting a) flow rates of the working mediums vs. time, b) power produced by the 

microturbine vs. time 

Within the framework of the research, the microturbine-on which the thermoelectric 
system with Peltier modules was mounted-was subjected to thermal imaging measurements 
and their exemplary results are demonstrated in Fig. 6 – 8. 

 
Figure 6: The thermal image and the photo (taken during tests) of the microturbine with the TE system  

 
Figure 7: The thermal image and the photo (taken during tests) of the microturbine with the TE system 
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Figure 8: The thermal image and the photo (taken during tests) of the microturbine with the TE system 

On the basis of the analysis of measurement results, it has been found that in the state of a 
steady load of the TE system and at the maximal flow rate of water flowing through the 
cooling blocks the electric power of this system was approximately 5 We. It should be noted 
that there was no measurement of the flow rate of water travelling through the cooling blocks. 
Moreover, the lowest electric power produced by the thermoelectric system was approx.  
4.15 We and was obtained after the flow rate of water that cools the thermoelectric system 
was dramatically decreased. The voltage of a single loaded module was around 2.1 V, i.e. 
about half of the voltage value of the open circuit. As mentioned before, the Peltier modules 
(six pieces of the type TEC1-12710) were connected thermally in parallel. The average 
temperature of the surface of the water block was 20.5 °C - from the module side, and from 
the outside it was 17.5 °C. Furthermore, the mean temperature of the warm side of the module 
was approx. 65 °C. The temperature of the casing was approximately 100 °C on average, 
resulting in very large heat losses due to poor surface contact of the aluminium adapter (on 
which the modules were mounted) with the casing of the radial microturbine. It was observed 
that the highest impact on the obtained results is by the flow of the cooling water, but not by 
variable operational parameters of the microturbine. Therefore, the correlation of the power 
produced by the TEG modules and the operational state of the microturbine over time was not 
necessary. It was stated that the temperature difference between the warm and the cold side of 
the Peltier module is the deciding factor of the value of electric power generated at the 
module terminals. 

4 CONCLUSION 
Reassuming, it can be stated that, when the system was running in the steady state at the 

average flow rate of 0.134 kg/s and the average temperature of the working medium of  
170 °C, the microturbine was generating about 900 We of electric power. However, at the 
mean temperatures at the warm and the cold side of the modules of respectively 65 °C and 
20.5 °C, the maximal average power produced by the TE system was approximately 5 We. It 
should be noted that the Peltier modules were mounted on roughly 1/6 of the available surface 
of the microturbine casing, excluding the surface of the ports. Mounting the modules on all 
the available surface of the casing would allow to generate around 30 We of electric power 
(under the same operating conditions).The power obtained from the thermoelectric system 
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was below 1% of the average power generated by the microturbine. It should be noted that it 
was the first attempt to investigate the operation of a thermoelectric system. During the 
investigation, a lot of problems of a technical nature have been encountered, including the 
high contact resistance causing large heat losses, the lack of a proper thermal insulation of the 
thermoelectric system and also the lack of a suitable measurement system (lack of a 
measurement of the flow rate of the cooling water) which would enable to determine the 
operational characteristics of the thermoelectric system. Nevertheless, the application of a 
system that performs a direct conversion of the thermal energy into the electrical energy is an 
interesting topic to which more attention needs to be paid. Further attempts will be necessary 
in order to better adapt the system to its operating conditions, which in turn will make it 
possible to achieve a higher energy level. 

REFERENCES 
[1] Maharaj, S. and Govender, P. Waste energy harvesting with a thermoelectric generator. 

Energize, August (2013): 50-53. 
[2] Martin-Gómez, C. Ibáñez-Puy, M. Bermejo-Busto, J. Fernández, J.A.S. Ramos, J.C. and 

Rivas, J. Thermoelectric cooling heating unit prototype. Building Services Engineering 
Research & Technology (2016), Vol. 37(4) 431–449, DOI: 10.1177/0143624415615533 

[3] Nimbalkar, R.R. and Kshirsagar, S.S. Thermoelectric Power Generation as an Alternative 
Green Technology of Energy Harvesting. International Journal of Advanced Computer 
Research, Vol. 3, No.3 Issue-11, September-2013: 368-373. 

[4] Cieslinski, J.T. and Kaczmarczyk, T.Z. The effect of pressure on heat transfer during pool 
boiling of water-Al2O3 and water-Cu nanofluids on stainless steel smooth tube. Chemical 
and Process Engineering - Inżynieria Chemiczna i Procesowa 2011, Vol. 32, Issue 4: 321-
332, DOI: 10.2478/v10176-011-0026-2 

[5] Cieslinski, J.T. and Kaczmarczyk, T.Z. Pool Boiling of Water-Al2O3 and Water-Cu 
Nanofluids Outside Porous Coated Tubes. Heat Transfer Engineering 2015, Vol. 36, Issue 
6: 553-563, DOI: 10.1080/01457632.2014.939046  

[6] Wang, Z.L. and Wu, W. Nanotechnology-Enabled Energy Harvesting for Self-Powered 
Micro-/Nanosystems. Angew. Chem. Int. Ed. 2012, 51: 2–24. 

[7] Mitcheson, P.D. Yeatman, E.M. Rao, G.K. Holmes, A.S. and Green, T.C. Energy 
Harvesting From Human and Machine Motion for Wireless Electronic Devices. 
Proceedings of the IEEE 2008, Vol. 96, No. 9: 1457-1486. 

[8] Rome, L.C. Flynn, L. Goldman, E.M. and Yoo, T.D. Generating electricity while walking 
with loads. Science 2005, vol. 309, p. 1725–1728. 

[9] Roundy, S. Wright, P.K. and Rabaey, J.M. Energy Scavenging for Wireless Sensor 
Networks. 1st ed. Boston, MA: Kluwer Academic, 2003. 

[10] Williams, C.B. and Yates, R.B. Analysis of a micro-electric generator for 
microsystems. Proc. 8th Int. Conf. Solid-State Sensors Actuators 1996, 52, p. 8-11. 

[11] Shearwood, S. and Yates, R.B. Development of an electromagnetic micro-generator. 
Electron. Lett., vol. 33, p. 1883–1884, Oct. 1997. 

[12] James, E.P. Tudor, M.J. Beeby, S.P. Harris, N.R. Glynne-Jones, P. Ross, J.N. and 
White, N.M. An investigation of self-powered systems for condition monitoring 
applications. Sensors Actuators A, Phys., vol. 110, p. 171–176, Feb. 2004. 

684



Tomasz Z. Kaczmarczyk, Grzegorz Żywica, Eugeniusz Ihnatowicz, Michał Lubieniecki and Jakub Roemer. 

 12 

[13] Torah, R.N. Beeby, S.P. O’Donnell, T.J.T. and Roy,, S. Development of a cantilever 
beam generator employing vibration energy harvesting. in Proc. 6th Int. Workshop Micro 
Nanotechnol. Power Generation Energy Conversion Applicat., Berkeley, CA, 2006, p. 
181–184. 

[14] Tashiro, R. Kabei, N. Katayama, K. Ishizuka, Y. Tsuboi, F. and Tsuchiya, K. 
Development of an electrostatic generator that harnesses the motion of a living body. 
JSME Int. J., ser. C, vol. 43, no. 4, pp. 916–922, 2000. 

[15] Sterken, T. Fiorini, P. Baert, K. Puers, K. and Borghs, G. An electret-based 
electrostatic μ-generator. Proc. 12th Int. Conf. Solid State Sensors, Actuators Microsyst. 
(Transducers), Boston, MA, Jun. 2003, p. 1291–1294. 

[16] Mizuno, M. and Chetwynd, D.G. Investigation of a resonance microgenerator. J. 
Micromech. Microeng., vol. 13, p. 209–216, 2003. 

[17] Kaczmarczyk, T.Z. Żywica, G. and Ihnatowicz, E. Vibroacoustic diagnostics of a 
radial microturbine and a scroll expander operating in the organic Rankine cycle 
installation. Journal of Vibroengineering, Vol. 18, Issue 6, 2016, p. 4130-4147. 

[18] Jamal, G.R.A. Masumuzzaman, A.N.M. Hossain, M.A. Kaysher, A.R. and Rashid, H. 
Production of Low Scale Electric Power from Waste Heat of Conventional Kitchen 
Stoves. American Journal of Renewable and Sustainable Energy 2015, Vol. 1, No. 2: 21-
25. 

[19] Yang, Y. Lee, S.W. Ghasemi, H. Loomis, J. Lia X. Kraemer, D. Zheng, G. Cui, Y. and 
Chen, G. Charging-free electrochemical system for harvesting low-grade thermal energy. 
Proceedings of the National Academy of Sciences of the United States of America 
(PNAS) 2014, December 2, Vol. 111, no. 48: 17011–17016. 

[20] Kamelia, L. Faroqi, A. Muajianisan, A.A. The Conversion of Waste Heat From 
Motorcycle Into Small Power Plant. OIDA International Journal of Sustainable 
Development (2016), Vol. 09, No. 01: 79-84. 

[21] In, B.D. and Lee, K.H. A study of a thermoelectric generator applied to a diesel 
engine. Proceedings of the Institution of Mechanical Engineers, Part D: Journal of 
Automobile Engineering 2016, Vol. 230(1): 133–143, DOI: 10.1177/0954407015576440 

[22] Nesarajah, M. Felgner, F. and Frey, G. Model-based System Assessment of 
Thermoelectric Energy Harvesting from the Exhaust Gas Pipe of Oil-fired Heatings. 
Modern Machinery Science Journal, ISSN 1803-1269, p. 570-575, Mar. 2015. 

[23] Nesarajah, M. Felgner, F. and Frey, G. Modeling and simulation of a thermoelectric 
Energy Harvesting System for control design purposes. Proceedings of the 16th 
International Conference on Mechatronics - Mechatronika 2014, Brno, 2014, p. 170-177. 
doi: 10.1109/MECHATRONIKA.2014.7018254 

[24] Miller, E.W. Hendricks, T.J. Wang, H. and Peterson, R.B. Integrated dual-cycle 
energy recovery using thermoelectric conversion and an organic Rankine bottoming 
cycle. Proceedings of the institution of mechanical engineers, part A Journal of Power and 
Energy 2011, 225 (1), p. 33–43. 

[25] http://www.hebeiltd.com.cn/peltier.datasheet/TEC1-12710.pdf 
[26] http://www.customthermoelectric.com/Water_blocks.html 
[27] http://www.flirmedia.com/MMC/THG/Brochures/RND_015/RND_015_US.pdf 
 

685



Vibration Energy Harvesting with Electromagnetic and Piezoelectric Seismic Transducers: Experimental Results

VIII ECCOMAS Thematic Conference on Smart Structures and Materials 
SMART 2017 

A. Güemes, A. Benjeddou , J. Rodellar and Jinsong Leng (Eds) 
 

 
 

VIBRATION ENERGY HARVESTING WITH ELECTROMAGNETIC 
AND PIEZOELECTRIC SEISMIC TRANSDUCERS: SIMULATION 

AND EXPERIMENTAL RESULTS 

L. DAL BO*, P. GARDONIO 

Università degli Studi di Udine, DPIA, 
Via delle Scienze,208-33100 Udine, Italy 

e-mail: dalbo.loris@spes.uniud.it 
 

Key Words: energy harvesting, harmonic ambient vibrations, electromagnetic, piezoelectric, 
transducers 

Abstract. This paper presents both simulation and experimental results on the principal 
characteristics of vibration energy harvesting with electromagnetic and piezoelectric seismic 
transducers. The electromagnetic seismic transducer is formed by coil-magnet components 
connected via soft springs. The piezoelectric seismic transducer is made by a thin cantilever 
beam with piezoelectric patches bonded on the top and bottom sides and a block mass fixed at 
the free end. The two transducers are design and built in such a way as they have the same 
weights of the base and suspended masses and the same fundamental natural frequency. A 
unified lumped parameter model based on the frequency response functions of the electro-
mechanical transduction coefficients and mechanical and electrical impedances is derived and 
validated experimentally. A formulation is thus introduced for the energy harvested with the 
two transducers. The spectra of the power harvested per unit base vibration of the two harvesters 
are simulated and validated experimentally.  

1 INTRODUCTION 
In recent years, there has been a global trend towards the use of large amount of information 

collected from vehicles, machineries, buildings, the environment, etc., which has resulted into 
an exponential increment for the use of sensors that often require autonomous energy supply. 
As a result, there has been an intensive research activity on energy harvesting systems. Many 
technologies have been investigated, which cover a vast range of energy densities, dimensions 
and weights. Of particular interest are ambient vibration energy harvesting systems, which can 
be used in many applications and can provide enough energy to power low consumption sensors 
and wireless communication systems. In this respect, researchers have put a lot of effort into 
studying a variety of designs (inertial, strain, etc.) [1-14] and energy conversion mechanisms 
[15-18] for new vibration energy harvesters. For example, as shown in refs. [11,19,20] 
innovative vibration energy harvesting systems have been developed to collect energy from 
shocks produced by human motion, which can be worn by people in the form of clothes, 
footwear or watches and can be used to power portable electronic devices or medical aids. Also, 
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vibration energy harvesting applications have been developed to power condition monitoring 
sensors to be used in industrial machinery [11]. Finally, ambient vibration energy harvesting 
systems have been conceived, which, for example, extract energy from air and fluid flows 
[19,20,21]. According to literature, the most common methods to convert vibration energy into 
electrical energy use either electromagnetic [2, 14, 22-24] or piezoelectric [3,5,6,24,25] 
transducers. Most of current research has been focussed on tonal and broad-band energy 
harvesting using either strain or seismic transducers. Hoverer, recently, new harvesting systems 
exhibiting nonlinear properties have been investigated to amplify the stroke and the operation 
frequency band of the harvesting transducer [26-29].  

This paper aims to validate experimentally the theoretical study presented in in ref. [30], 
which contrasted the constitutive equations and the energy harvesting properties of two seismic 
energy harvesting systems using either a coil-magnet proof mass transducer or a piezoelectric 
patch transducer bonded on a cantilever beam equipped with a tip mass. Therefore, this paper 
is characterised by two contributions. First, the validation with measured data of the constitutive 
mechanical, electrical and transduction functions that characterise the two seismic harvesters. 
Second, the experimental measurement of the energy harvested by the two seismic harvesters. 
The experimental measurements are taken on a coil-magnet proof mass and on a piezoelectric 
cantilever beam with tip mass prototype seismic harvesters, which have been designed in such 
a way as they have the same weighs of the case and moving masses and have the same 
fundamental resonance frequency. The measured results have been contrasted with simulation 
results obtained from the unified mathematical formulation developed for these two seismic 
transducers in ref. [30].  

The paper is structured in 4 Sections. Section 2 briefly recalls the unified formulation used 
to model the electromagnetic and piezoelectric seismic harvesters considered in this study. In 
addition, it contrasts the simulated and measured frequency response functions (FRFs) that 
characterise the constitutive equations of the two seismic transducers. Section 3 introduces the 
energy formulation, which is then used to study the conditions to maximise the vibration energy 
absorption for tonal vibrations of the base structure and then presents simulated and measured 
spectra of the energy harvested per unit base vibration of the two seismic transducers. Finally, 
Section 4 summarises the main results of this study.  

2 SEISMIC TRANSDUCERS  
Figure 1 shows a) the pictures, b) the schematics and c) the lumped parameter models of I) the 
coil-magnet and II) the piezoelectric patch seismic transducers for vibration energy harvesting 
considered in this study. As shown by the drawing Ib, the electromagnetic seismic transducer 
is composed by a coil–magnet transducer, with the magnet mounted via soft spiral springs and 
the coil rigidly fixed to the case. The relative motion between the magnet and coil elements 
produces a back electromotive force, i.e. a voltage, at the terminals of the coil; vice versa, the 
current flow in the coil generates a pair of reactive forces on the magnetic and on the coil-
armature elements. As shown by the drawing IIb, the piezoelectric seismic harvester is 
composed by a thin beam with one end fixed to the case and the other end connected to a tip 
block mass: The beam is equipped on the top and bottom side with two rectangular piezoelectric 
patches connected in parallel. In this case, the relative motion between the case and the block 
mass produces a bending strain of the cantilever beam, which, in turn, produces a separation of 
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electric charge in the electrodes of the piezoelectric patches. Alternatively, a bending strain 
effect is produced on the cantilever beam when a voltage is applied at the terminals of the 
piezoelectric patches. 

 

 
Figure 1: Electro-magnetic (I) and piezoelectric (II) proof mass vibration energy harvesters. (a) Pictures, (b) 

schematics, (c) lumped paramenter models 

2.1 Lumped parameter models 
The dynamic response of the two inertial transducers derived in ref. [30] is briefly revised here 
considering the two equivalent lumped parameter models shown in the schemes Ic and IIc. 
These models are characterised by equivalent mechanical and by equivalent electrical parts. 
The mechanical part is composed by a base mass and a proof mass connected via spring and 
damper elements, with in parallel an idealised actuator that produces a reactive force per unit 
current flowing into the coil proportionally to a force-current transduction transfer function. 
The electrical part is composed by an idealised generator that produces a voltage per unit 
relative velocity between the coil and the magnet proportionally to a voltage-velocity 
transduction transfer function. The voltage source is connected in series with resistor and 
inductor components for the coil-magnet transducer and with a capacitor component for the 
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piezoelectric transducer. For the piezoelectric transducer, the masses-spring-damper lumped 
elements and the transduction transfer function are derived considering only the first flexural 
mode that characterise the flexural response of the beam-piezoelectric patches laminate. As 
discussed in ref. [30], this requires the introduction of a virtual displacement w� for the modal 
proof mass, which does not correspond to the effective displacement of the tip mass w� but it 
refers to a particular coordinate x� with respect to the clamped end of the beam (See Table 2). 
Tables 1 and 2 summarise the principal lumped parameters of the electro-magnetic and 
piezoelectric seismic harvesters considered in this study.  

Table 1: Lumped parameters for the electro-magnetic 
seismic harvester 

Parameter Value 
Base mass m� � ��� � ����	�� 
Proof mass m� � ��� � ����	�� 

Spring stiffness 					k� � ����	��� 
Damping coefficient 								c� � ���	���m 

Natural frequency f� � ��	�� 
Damping ratio � � ���� 

Transduction coefficient �� � ����	��� 
Resistance R� � ��	� 
Inductance L� � ����	m� 

 

Table 2: Lumped parameters for the piezo-electric 
seismic harvester 

Parameter Value 
Base mass m� � ��� � ����	�� 
Proof mass m� � ��� � ����	�� 

Spring stiffness k� � ����	��� 
Damping coefficient c� � ����	���m 

Natural frequency f� � ����	�� 
Damping ratio � � ����� 

Transduction coefficient � � �������	��� 
Capacitance C� � ���� � ����	F 

Equivalent coordinate x� � ��� � ����	m 
 

2.2 Constitutive equations  
The constitutive equations for the two transducers are here recalled using the unified 
formulation derived in ref. [30]. Considering time-harmonic vibrations described with phasors 
given in the form ���� � �����x�	�����, where ���� is the complex amplitude, � is the circular 
frequency and � � √��, the electromechanical response of the two lumped parameter models 
can be expressed in the frequency domain with the following two equations [21] 
 �� � ����� � � ����� , (1) 
 �� � ����� � � ����� , (2)  
where ��, �� � are respectively the complex amplitudes of the force and velocity at the base of 
the transducer and ��, �� are the complex amplitudes of the voltage and current across the 
terminals of the transducer. The mechanical and electrical impedance FRFs and the two-
electromechanical transduction FRFs are given by: 

 ��� � ��
�� ������ � �� � �����

�� 	,         ��� � ��
�� ��� ��� � ��� ���

�� 	, (3,4) 

 ��� � ��
����� ��� � �� � ������

�� 	,           ��� � ��
�� ������ � ���� ���

�� 	, (5,6) 

The terms ��� and ��� are respectively the mechanical impedance of the open circuit seismic 
transducer and the electrical impedance of the blocked seismic transducer. The two terms ��� 
and ��� represent the electromechanical coupling coefficients for both seismic transducers, 
which give the base force effect produced by the transducer per unit current of the blocked 
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seismic transducer and the electric voltage at the terminals of the transducer per unit velocity 
at the base of the open circuit seismic transducer. As shown in ref. [30], for the coil magnet  
 Ψ�� � ���,   Ψ�� � �� , (7,8) 

where � is the magnetic field in the gap where the coil is housed and � is the length of the wire. 
Also, for the piezoelectric transducer 
 Ψ�� � ��� ,   Ψ�� � ���� , (9,10) 

where � is the piezoelectric transduction coefficient and �� is the capacitive electric 
impedance. All the other coefficients in Eqs. (3-6) can be found in ref. [30].  

2.3 Mechanical-electrical-transduction FRFs 
Figures 2 and 3 show the simulated and measured 8 Hz – 1 kHz spectra of the mechanical 

impedance and electrical impedance FRFs and of the two-electromechanical transduction FRFs 
that form the constitutive Eqs. (1) and (2) for the electromagnetic and the piezoelectric seismic 
transducers shown in Figure 1.  

Considering first the simulated FRFs for the electro-magnetic seismic transducer shown 
with the solid black lines in Figure 2, the mechanical impedance ��� given in Eq. (3) is 
characterised by low- and high-frequency asymptotic mass behaviours, which are proportional 
respectively to the total mass of the transducer �� ��� and to the mass of the host element 
��. These two asymptotic behaviours converge to a peak at the fundamental resonance 
frequency of the transducer (at about 20 Hz) and to a trough at the close by antiresonance (at 
about 35 Hz). The electrical impedance ���, given by Eq. (5) is characterised by two 
components: first the electrical impedance of the coil �� and second the electro-mechanical 
impedance Ψ��Ψ�����. The electrical impedance of the coil �� is characterized by a resistive 
effect at low frequencies and by an inductive effect at frequencies above the cut off frequency 
at about 800 Hz. The electro-mechanical impedance Ψ��Ψ����� becomes relevant in 
correspondence to the transducer fundamental resonance frequency, where it produces a smooth 
resonance peak. The electromechanical transduction coefficients ��� and ��� in Eqs. (4) and (6) 
have the same modulus and opposite phase. At low frequencies, the modulus rises 
proportionally to �� towards a resonance peak at the fundamental resonance frequency of the 
seismic transducer. At frequencies above 50 Hz, the modulus levels to a constant value, such 
that the seismic transducer both generates a constant force per unit current and produces a 
constant voltage source per unit relative velocity of the proof mass with respect to the case. The 
phase spectra of ��� and ��� start respectively at ��180° and 0°, and in correspondence to the 
resonance frequency undergo through a �180° phase lag. Thus, at frequencies higher than the 
fundamental resonance frequency, the constant force-current transduction and voltage-relative 
velocity transduction effects are characterized respectively by a positive and negative sign with 
respect to the notation indicated in the lumped parameter model Ic of Figure 1. 
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Figure 2: mechanical impedance (a), electrical impedance (d) and electromechanical transduction (b), (c) FRFs 
for the electromagnetic seismic transducer. Simulated (solid black line) and measured (solid cyan line) FRFs.  
 
The validity of these simulation results was verified against measured FRFs taken on the 
prototype transducer shown in Figure 1a. The mechanical and electrical impedances,  and 

, and the two transduction coefficients,  and , were measured in the frequency range 
8 Hz – 1 kHz. As can be noticed by contrasting the solid cyan lines (measurements) and the 
solid black lines (simulations) in Fig. 2, the measured FRFs agree quite closely with the 
simulated FRFs. The measured FRFs show an additional glance at about 30 Hz, which is 
probably caused by the dynamics of the mechanical setup used for the measurements. Another 
difference can be noticed at high frequencies, where the phase of ,  and  tends to drop 
at a slightly higher rate than in the simulations. This is probably due to the measurement chain 
that introduces a small time delay, which turns into the additional phase lag.  

(a) (b) 

(c) (d) 
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Figure 3: mechanical impedance (a), electrical impedance (d) and electromechanical transduction (b), (c) FRFs 
for the piezoelectric seismic transducer. Simulated (solid black line) and measured (solid cyan line) FRFs. 

Considering now the simulated FRFs for the piezoelectric seismic transducer, the 
mechanical impedance ��� given in Eq. (3) is very similar to that of the electromagnetic 
transducer. Thus, it characterised by low- and high-frequency asymptotic mass behaviours, 
proportional respectively to �� ��� and to the ��, which are linked via a close by resonance 
peak and antiresonance low, respectively at about 20 Hz and 35 Hz. As found for the 
electromagnetic transducer, the electric impedance is characterized by the superposition of the 
piezoelectric patch electrical impedance �� and the electromechanical impedance Ψ��Ψ�����. 
The former is a capacitive impedance, which, as can be noted in Figure 3, dominates the whole 
spectrum apart from a small resonance peak at about 20 Hz due to the latter electromechanical 
component. The electrical capacitive component is characterised by a modulus that drops 
proportionally to ��� and phase ���°. At first sight the spectra of the two-transduction 
coefficients ��� and ��� seem quite different from those found for the electromagnetic 
transducer. However, after a closer view, it can be noticed that the principal difference is given 
by a factor ��. In fact, piezoelectric transducers convert strain into electricity and vice versa. 
Thus, for the unified formulation considered in this paper, the moduli of the two transduction 

(a) (b) 

(c) (d) 
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coefficients ��� and ��� are characterised by a low frequency rising behaviour proportional to 
�� and a higher frequency falling behaviour proportional to ���, which are joined by a 
resonance peak at about the fundamental natural frequency of the transducer at 20 Hz. The 
phase starts at ���° and undergoes a ����° phase lag in correspondence to the resonance 
frequency so that, at higher frequencies, the phase drops to ����°.  

As done for the coil-magnet transducer, the validity of these simulation results was verified 
against measured FRFs taken on the prototype transducer shown in Figure 1b. Thus, the 
mechanical and electrical impedances, ��� and ���, and the two transduction coefficients, ��� 
and ���, were measured in the frequency range 8 Hz – 1 kHz. In this case, contrasting the solid 
cyan lines (measurements) and the solid black lines (simulations) in Fig. 1, it is noted that the 
simulated FRFs reproduce quite closely the measured FRFs up to about 30 Hz, that is up to the 
fundamental resonance frequency of the transducer. At higher frequencies the measured FRFs 
reproduce the asymptotic behaviour of the simulated FRFs, although new resonance peaks 
appear, particularly in the ���, ���, ��� FRFs, which are due to the dynamics of higher order 
flexural modes as well as to the dynamics of the mechanical setup used for the measurements. 
Nevertheless, these initial measurement results indicate that the proposed model accurately 
reproduce the mechanical and electrical impedances, ��� and ���, and the two transduction 
coefficients, ��� and ��� of the piezoelectric transducer up to about the fundamental resonance 
frequency of the transducer. Thus, the model accurately reproduce the electro-mechanical 
response of the transducer up to the working frequency of an seismic energy harvester. Indeed 
as discussed in ref. [16] for example, and as shown in Section 3 below, the maximum energy 
harvesting occurs at the fundamental resonance frequency of seismic transducers.  The FRFs 
shown in this paper were measured using a small shaker with relatively soft rotational stiffness. 
Thus it is likely, that measurements taken with a moving table device may be more accurate. 

3 ENERGY ANALYSIS 
The energy harvested is now derived with a common formulation for the two transducers using 
the unified constitutive equations (1), (2). As shown in the two schemes c of Fig. 1, the two 
seismic transducers are connected to a purely resistive load, which could represent the effect of 
a battery or a low power consumption electronic circuit.  Assuming harmonic vibrations, the 
time averaged harvested power can be expressed as follows 

 ����� � ������
�
� � ��������

� . (11) 

Here, the instantaneous harvested power is given by  
 ����� � ����������	, (12) 
where �����, ����� are the voltage across and current through the harvesting load. Considering 
the sign convention shown in the two schemes c of Fig. 1, the two electrical signals are linked 
by the electrical impedance of the harvesting circuit �� as follows: 
 �� � ����� . (13) 
According to the constitutive Eqs. (1), (2), the transducers yield a voltage 
 �� � ����� �. (14) 
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Thus, the harvesting current can be derived straightforwardly by analysing the electric meshes 
of the harvesters shown in Figure 1c with Kirchhoff’s voltage law, which gives 

 �� � � ���
������ �� �. (15) 

In conclusion, for harmonic vibrations, the time average harvested power can be derived from 
Eqs. (11) to (15) as follows:  

 ����� � �
�������|��|� �

�
� ������ �

����
�������

� |�� �|�. (16) 

As derived in ref. [31] for example, the optimal resistive impedance of the harvesting circuit 
that maximizes the harvested power at each frequency is given by: 
 ���� � |���|, (17) 

Thus, after substitution of Eq. (17) into Eq. (16), the maximum harvested power is derived as 
follows:  
 ����� � �

�
|���|�

|���|�������� |�� �|
�. (18) 

This expression can be equally used to calculate the maximum harvested power by the 
electromagnetic and by the piezoelectric seismic harvesters provided the pertinet expression of 
Ψ�� is used in the electromechanical FRF T��, i.e. Eq. (8) for the electromagnetic seismic 
transducer and Eq. (10) for the piezoelectric seismic transducer. The two plots in Figure 4 show 
the simulated (solid black lines) and simulated from measured FRFs (solid cyan lines) spectra 
of the optimal resistive (i.e. real) impedances for the electromagnetic (Plot a) and piezoelectric 
(Plot b) seismic harvesters. The solid black line in Plot (a) shows that the optimal resistive 
impedance for the electromagnetic seismic harvester is characterised by a marked peak at about 
20 Hz that matches the electromechanical resonating effect of the electrical impedance. Also, 
above about 500 Hz, the optimal impedance tends to rise proportionally to ω� to match the the 
coil inductive effect that controls the electrical impedance at higher frequencies. The solid 
black line in Plot b shows the optimal resistive impedance for the piezoelectric seismic 
harvester, which, apart from a small glance in correspondence to the fundamental resonance 
frequency at about 20 Hz, is characterised by a constant drop roportional to ω�� to match the 
capacitive effect of the piezoelectric patch. In general, the solid black and cyan lines in Plots a 
and b show a rather good matching between the simulated and simulated from measured FRFs 
optimal resistive impedances for the electromagnetic and piezoelectric seismic harvesters. 
There is a mismatch for the amplitude of the resonance peak of the optimal impedance for the 
electromagnetic seismic harvester, which is overestimated by about 25% in the simulation. The 
amplitude of this peak depends on the damping effect produced by the relative motion between 
the coil and the magnet, whose magnitude is rather difficult to estimate. Also the rising effect 
above 500 is slightly under estimated in the simulation. In this case this is due to the difficulty 
to correctly estimate the inductive effect of the coil. 
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Figure 4: Optimal real impedance for (a) the electromagnetic and (b) the piezoelectric seismic harvesters. 
Simulated, solid black line; simulated from measured FRFs, solid cyan line 

 
Figure 5: Power harvested with reference to a 1 g base acceleration for (a) the electromagnetic and (b) the 
piezoelectric seismic harvesters with optimal harvesting impedances. Simulated, solid black line; simulated from 
measured FRFs, solid cyan line; measured, dots. 

Figure 5 shows the simulated (solid black lines) and the simulated from measured FRFs (solid 
cyan lines) spectra of the power harvested by the electromagnetic seismic harvester (Plot a) 
and by the piezoelectric seismic harvester (Plot b), with reference to a 1 g base acceleration, 
when the harvesting circuits are characterised by the optimal complex impedance Z��� � |���|. 
The two plots show that the spectra of the harvested power are characterised by a distinct peak 
at the fundamental resonance frequency of the two transducers. The peak for the piezoelectric 
seismic harvester is rather sharp and it is about four times higher than that of the 
electromagnetic seismic harvester. Considering the peak values, the electromagnetic seismic 
harvester produces about  W04.0  while the piezoelectric seismic harvester produces about 

 W16.0 . The simulated spectra derived from measured FRFs agree quite well with the 
simulated spectra. There is just a visible mismatch for the peak value of the energy harvested 
by the piezoelectric seismic harvester.  

To substantiate the results presented above, single frequency experiments were carried out 
by connecting to the seismic transducers shown in Figure 1a the resistances indicated by the 
yan lines in Fig. 5. The dots in Plots a and b of Figure 5 indicate that the simulated spectra 
agree rather well with the measured spectra of the harvested power. It is interesting to note how 
the peak value of the simulated power harvested by the piezoelectric seismic harvester 
precisely corresponds to the measured one. Thus, it is likely that the mismatch found between 
the spectra simulated and simulated using measured FRFs is due to a rounding off effect due 
to the method used to measure the FRFs used to simulate the spectrum of the harvested power.  

(a) (b) 
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4 CONCLUSIONS 
This paper has presented a comparative simulation and experimental study on the energy 
harvested by electromagnetic and piezoelectric equivalent seismic harvesters.  The two systems 
were modelled with consistent electro-mechanical lumped parameter models to enable the 
derivation of a unified formulation for the energy harvesting and thus to allow the direct 
comparison of the electro-mechanical response and energy harvesting properties of the two 
harvesters. The study was limited to energy harvesting from tonal ambient vibrations.  

The study has shown that the proposed models accurately reproduce the principal 
characteristics of electro-mechanical constitutive relations of the two seismic transducers. The 
piezoelectric transducer is characterised by higher order dynamic effects, which however occur 
at higher frequencies than the fundamental resonance frequency where the peak power 
harvesting occurs. The electromagnetic harvester produces a peak energy value of  W04.0 . In 
contrast the piezoelectric harvester generates a four time higher peak energy value of  W16.0 . 
This is due to the lower inherent damping of the piezoelectric seismic transducer.  
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Abstract. One of the goals of structural health monitoring (SHM) applications is to determine the
presence and the severity of a damage. In some cases, this is an element to forecast the behaviour and
take decisions to allocate maintenance or replace the structure or the piece. An appropriate decision
can reduce the risk of an accident, making more efficient the management of maintenance tasks and
reducing the costs while improving the performance of a system. In this way, the development of a good
SHM system is a need. Through the use of: (i) advanced methodologies of digital signal processing;
(ii) the acquisition of information from a set of piezoelectric sensors appropriately placed in the surface
of a structure; and (iii) the use of techniques such as principal component analysis (PCA) [1, 2, 3] and
machine learning, it is possible to generate a solution that meets the necessity about the knowledge of
the structural state.
This work presents a methodology which allow to determine the presence of a structural damage and
its classification in spite of temperature changes. The methodology is tested with a composite plate
instrumented with a PZT sensor network and some added masses as damages. The whole system is
validated to different temperatures.
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1 INTRODUCTION

Damage detection and classification are some of the tasks to consider in the damage identification
process [4]. These task can be tackled from different points of view, however pattern recognition is one
of the most used because it allows to work directly whit the acquired data from the structure [5]. Com-
pared with the use of model-based methodologies, the use of data driven algorithms adds advantages
such as the use of data directly from the structure by avoiding the development of a complex mathemat-
ical model to analyze the information. Among the disadvantages with the use of data are the variations
in environmental and operational conditions to the structures and sensors are subjected what can result
in errors in the damage identification process [6, 7].

There are many magnitudes to consider in the design of a structural health monitoring system (SHM).
For instance, temperature, temperature gradients, humidity, wind or traffic [8]. When these factors are
not considered, the results may mask or conceal the changes of the structure. Therefore, the diagnosis
provided by the structural health monitoring system will not be accurate and can produce some false
alarms. In this sense, the development of any SHM system requires the consideration of these variables
to provide a robust analysis and confident results. As contribution to solve the stated problem, this work
introduces a damage detection and classification methodology based on the use of data from a piezoelec-
tric sensor network permanently installed over the structure under test, principal component analysis and
machine learning approaches for detecting and classifying damages. The methodology considers two
steps: training and testing. During the first, data from different temperatures under different structural
states are considered to produce a robust training and testing process is after used to evaluate the results
in the detection and classification. The experimental validation is performed with data from a composite
plate subjected to temperature variations. Results show a good performance in the development of both
processes.
This work is organized in five sections starting with this introduction and following with a theoretical
background, a damage detection and classification methodology description, the experimental setup and
results and closing with the conclusions.

2 THEORETICAL BACKGROUND

This section exposes some basic concepts about the methods and techniques included in the method-
ology such as principal component analysis and machine learning.

2.1 Principal Component Analysis (PCA)

PCA was described by Pearson in the year 1901, as a Mechanism of Multivariate analysis. It is mainly
used to pre-process very large data from multiple sources with no apparent relationship between them.
Principal component analysis allows to reduces the size of a dataset by finding relevant information
that identify the reason for the variation between them and qualify through indices [5, 9]. In many
applications, PCA is used as a tool to reduce the dimensionality of the data to be applied in a subsequent
process to work with a reduced number of data. Currently,There are many useful toolbox to apply PCA
and analyze the reduced data provided by the technique [10], this is one of the reasons about PCA still
being used. Most information about PCA and the normalization process can be consulted in [9] and [11].

In a general case, typical data from a batch process may consist of N variables measured at L time
instants for n batches or experimental trials. This data can be easily arranged in a three-way matrix
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Z ∈ Mn×N×L(R) as represented in Figure 1 (top, left). However, to apply multivariate statistical
techniques, such as principal component analysis (PCA), this three-way matrix Z must be unfolded to a
two-way array. Westerhuis et al. [12] discussed profoundly how to unfold this three-way matrix and what
were the effects of data normalization on the multivariate statistical techniques. One of the possibilities
that are presented in [12] is depicted in Figure 1 (right), where the three-way matrix Z ∈ Mn×N×L(R)
is unfolded to a two-way matrix with n · L rows and N columns. This way, each of the N columns in
the unfolded matrix still represent the N variables that are measured in the process.

However, in our application, we propose a quite different approach to unfold the original three-way
matrix Z. As it can be observed in Figure 1 (bottom, left), the three-way matrix Z ∈ Mn×N×L(R) is
unfolded to a two-way matrix with n rows and N · L columns. This way, the columns of the unfolded
matrix no longer represent the variables but the measures of the variables at the different time instants.
More precisely, the submatrix defined by taking the n rows and the first L columns represent the dis-
cretized measures of the first variable for the n batches or experimental trials; similarly, the submatrix
defined by taking the n rows and columns L+ 1 to 2L represent the discretized measures of the second
variable for the n batches or experimental trials. In general, then, the submatrix defined by taking the n
rows and columns (l − 1) · L+ 1 to l · L represent the discretized measures of the l−th variable for the
n batches or experimental trials.

N

L

n

N·L N

n

n·L

Figure 1: The three-way matrix Z can be unfolded to a two-way array in several ways.

2.2 Machine learning

The solution of complex problems can be tackled form different approaches in computer science,
however machine learning has demonstrated to be a very useful tool to analyse data by providing a quite
remarkable set of strategies for pattern recognition. More precisely, when a deterministic mathematical
model is difficult to define and data has, at first glance, no correlation, these pattern recognition tech-
niques are generally able to find some kind of relationship. Machine learning strategies allow to avoid
this difficulty through mechanisms designed to find the answer by themselves. Some examples of its
use in SHM includes problem detection such as breaks, corrosion, cracks, impact damage, delamination,
disunity, breaking fibers (some pertinent to metals and the others to composite materials) [13] and the
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evaluation of structure under extreme events such as earthquakes [14].
Machine learning approaches can be classified in two main groups: unsupervised and supervised

learning depending on the training process. In the first case, the information is grouped and interpreted
using uniquely the input data. However, to perform the learning task in the second case, information
about the output data is required. Figure 2 shows this classification and includes information about the
kind of tasks that can be performed –clustering, classification, regression–.
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Figure 2: Classification of the Machine learning approaches according to the learning.

Some of the machines available for classification and regression processes are nearest neighbor, de-
cision trees and support vector machines. More information about these approaches can be found in
[15].

3 DAMAGE CLASSIFICATION METHODOLOGY

The structural health monitoring system described on this work, is composed by two elements, the
first corresponds to the data acquisition system, this allows collecting data with information about the
state of the structure under test. Second element corresponds to the pre-procesing, feature extraction
and data analysis and it is a procedure that includes the use of digital signal processing techniques and
statistical pattern recognition approaches to determine the health of the structure. This is aimed to the
system should decide autonomously whether the host structure is damaged or not [4].

3.1 Data acquisition system

This subsystem let obtain information about the element under inspection by means of the data from
the sensors attached to the structure. It is composed by two processes (transmission an reception), one
of that generates stimulus signal by using aTie Pie HS5 - arbitrary generator. This signal is applied to
one piezoelectric sensor in the sensor network which acts as actuator. The applied signal is transfered to
the structure and the propagated signal is collected by an osciloscope Tie Pie HS4 from the rest of the
sensors in the network as is shown in Figure 3.
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Figure 3: Data acquisition system

3.2 Pre-processing, feature extraction and data analysis

This subsystem is the core of the methodology, because allows to create a pattern and define the state
of a structure based on the analysis of data. The developed methodology is shown in figure 4. After,
data acquisition, the digitized signals are organized and pre-processed using the golay filter to reduce
the noise, afterward, PCA is applied for data reduction and feature extraction. Here, three scores per
experiment and per structural state and temperature are obtained and used to train the machine. In this
case, training is performed with 80 experiments in each temperature in each damage and without damage,
this is 1920 experiments in total (without damage and three structural states by 6 temperatures and 80
experiments) and the test is made with 480 experiments, 120 per damage.
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Figure 4: Methodology

The machines are trained using twenty one different algorithm provided by the toolbox of classifica-
tion learner of Matlab with the main objective of finding best results in the classification.
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4 EXPERIMENTAL SETUP AND RESULTS

The validation of the methodology is performed by means of a carbon fiber plate instrumented with
six piezoelectric sensors. To change the temperature, this plate was introduced in a climatic chamber
with reference Faithful HWS-250BX , this is shown in the figure 5, in this case six different values of
temperature (0, 10, 20, 30, 40, 50 ◦ C) were evaluated.

Figure 5: Composite plate in the climatic chamber

4.1 Composite Plate

As structure, a carbon fiber composite plate is used. Figure 6 shows the dimensions and distributions
of the six piezoelectric sensors attached to its surface, also shows the position of three damages (adding
mass in different positions) used for this purpose.
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Figure 6: Experimental setup for the composite plate

Figure 7, shows some photos of the experiments for the three damages, as it is possible to observe,
structure was isolated by means of rubber tapes, to reduce the external vibrations.

Figure 8(a) shows the changes over the collected signals with temperature variations viewed from a
sensor. In this case three different values of temperature (0, 30 and 50 ◦ C) are considered for the same
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(a) Without damage (b) Damage one

(c) Damage two (d) Damage three

Figure 7: Experiment photographs

experiment. Figure 8(b), shows three captures of the same experiment under 20 ◦ C, as it is expected the
signal varies slightly. These figures demonstrate the effect of the temperature in the captured data.
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Figure 8: Received signal by the sensor number 2, sensor 1 work as actuator, under and without temperature
variations

As it was previously explained, after pre-processing step, PCA is applied to the data. Figure 9 shows
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simple 2D plots by considering just two components. Figure 9a shows the result by using the first two
scores, Figure 9b shows fourth vs fifth score. The use of these plots could be taken advantage for damage
detection when the cumulative variance contained into the components is higher to 80 or 90%, in other
case, datasets cannot be identified as in this case.
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Figure 9: Principal Component Analysis

To define the number of principal components, a cumulative variance analysis is performed, in this
case, three PCA scores per actuation phase were considered (this means eighteen scores for all the ac-
tuation phases) these values have an accumulated variance closed to 80 percent, this is shown in Figure
10, nevertheless, it is necessary to bear in mind that the use of the 100 percent of accumulated variance
allows more sensitivity to small changes in the input signals.
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Figure 10: Cumulative variance for scores of PCA
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Finally, to perform the classification, different machines are trained as it was explained in previous
sections, as result, the confusion matrices for Subspace KNN, Weighted KNN, are presented in Figure 11.
Only these machines are presented because are the machines with the best behavior in the classification
process.
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Figure 11: Confusion matrix machines with good behavior

In the case of Cosine KNN, and Weighted KNN an intermediate behavior is obtained. Confusion
matrices are shown in Figure 12.
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Figure 12: Confusion matrix machines with intermediate behavior

Worst results were obtained with Rusboosted tree and Boosted trees which are presented in Figures
13.

5 CONCLUSIONS

Machine learning offers an interesting and sophisticated way to solve complicated problems, in this
case, the detection of four structural states (three different damages and healthy state) under different
temperatures was performed with excellent results. Among them, subspace KNN and Weighted KNN
presented best results while rusboosted and boosted trees have worst results.
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Figure 13: Confusion matrix machines with bad behavior
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Abstract. In this paper, the design and performance of partial-state controllers with incomplete
multi-actuation systems for the seismic protection of tall buildings is investigated. The proposed
approach considers a partially instrumented multi-story building with an incomplete system of
interstory force-actuation devices implemented at selected levels of the building, and an associ-
ated set of collocated sensors that measure the interstory drifts and velocities corresponding to
the instrumented stories. The main elements of the proposed controller design methodology are
presented by means of a twenty-story building with two different actuation schemes. For these
control configurations, partial-state controllers are designed following a static output-feedback
H∞ controller design approach, and the corresponding frequency and time responses are in-
vestigated. The obtained results clearly indicate that the proposed partial-state controllers
are effective in mitigating the building seismic response. They also show up that a suitable
distribution of the instrumented stories is a relevant factor in the control system design.

1 INTRODUCTION

Protection of large buildings and civil structures against the damaging effects of seismic exci-
tations is an important issue that has attracted increasing research attention over the last years.
In some advanced approaches, complex and sophisticated vibration control systems are consid-
ered. These control configurations involve a large set of sensors and actuation devices, which are
widely distributed throughout the structure, and work coordinately to mitigate the structure
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vibrational response [1, 2]. Overall, the controlled structure can be seen as a huge mechatronic
system, which is able to produce an intelligent reaction to mitigate the negative effects of external
disturbances. In this work, we present a controller design methodology for the seismic protection
of tall buildings equipped with a distributed set of actuators and sensors. More specifically, we
assume that some of the building stories are equipped with an interstory force-actuation device
and a sensing unit that can measure the corresponding interstory drift and velocity [3]. We also
assume that the building is only partially instrumented and, consequently, the available state
information is incomplete. Using a distributed set of small actuation devices instead of a single
large actuator allows reducing the structural loads produced by the control system, and helps
to provide a more balanced control action. A distributed set of collocated sensors is a natural
and technically convenient choice. Additionally, considering a partially instrumented scheme is
a realistic approach for tall buildings with a large number of stories. It should be noted that,
in this context, the control system design comprises two different problems: (1) computing an
effective controller for a given distribution of the instrumented stories (controller design), and
(2) determining an optimal distribution of the instrumented stories (optimal control configura-
tion). Obviously, a computationally efficient solution to the first problem can help to explore
the effectiveness of different control configurations and, consequently, can contribute to obtain
an optimal solution to the second problem. Due to the high dimensionality and information
constraints, the considered controller design problem leads to serious issues, both theoretical
and computational. The solution proposed in this work is based on an output-feedback H∞
approach, and allows obtaining effective controllers with incomplete state information by solv-
ing a two-step Linear Matrix Inequality (LMI) optimization problem [4]. The main results are
presented by means of a twenty-story building with two different actuation schemes. The ob-
tained results confirm the effectiveness of structural vibration control strategies with incomplete
multi-actuator systems and partial state information. They also point out that an enhanced
performance can be achieved by a suitable distribution of the instrumented stories.

The rest of the paper is organized as follows: In Section 2, a state-space model for the
twenty-story building with incomplete actuation schemes is presented. In Section 3, full-state
and partial-state controllers are designed for the different control configurations and the corre-
sponding frequency characteristics are investigated. In Section 4, numerical simulations of the
time responses are conducted and illustrative peak-value plots of the interstory drifts, story ab-
solute accelerations and control efforts are presented and compared. Finally, in Section 5, some
conclusions and future research directions are briefly discussed.

2 BUILDING MODEL

Let us consider an n-story building whose lateral displacement can be described by the
second-order differential equation

M q̈(t) + Cd q̇(t) +Ks q(t) = Tuu(t) + Tww(t), (1)

where q(t) =
[
q1(t), . . . , qn(t)

]T
is the vector of story displacements with respect to the ground,

w(t) is the seismic ground acceleration and u(t) is the vector of control actions. M , Cd andKs are
the mass, damping and stiffness matrix, respectively, which model the mechanical characteristics
of the building, Tu is the control location matrix and Tw is the disturbance input matrix. The

2
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Figure 1: Interstory actuation schemes. (a) Complete actuation scheme. (b) Partial actuation scheme
AS1, with m = 10 actuators located at positions P1 = [1, 2, . . . , 10]. (c) Partial actuation scheme AS2,
with m = 10 actuators located at positions P2 = [1, 2, 3, 4, 5, 7, 10, 13, 16, 19].

mass matrix is a diagonal matrix M = diag(m1,m2, . . . ,mn), and the stiffness matrix has the
following tridiagonal structure:

Ks =




k1 + k2 −k2
−k2 k2 + k3 −k3

· · · · · · · · ·
· · · · · · · · ·

−kn−1 kn−1 + kn −kn
−kn kn



, (2)

where mi and ki, i = 1, . . . , n, denote the mass and stiffness coefficient of the i-th story, respec-
tively. The damping matrix Cd can be computed from M and K by setting a proper damping
ratio on the building modes [5]. The disturbance input matrix has the form Tw = −M [1]n×1,
where [1]n×1 denotes a vector of dimension n with all its entries equal to 1. The structure of the
control location matrix depends on the considered actuation scheme. In this work, we assume
that the control forces are exerted by a system of m devices d1, . . . , dm, where di is an interstory

3

711
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actuator implemented at position pi, which produces a force of magnitude ui(t) on the story
number pi (upper story), and an opposite force of magnitude −ui(t) on the story number pi − 1
(lower story). An actuation scheme is determined by a list of positions P = [p1, . . . , pm]. If
the actuation scheme is complete, as the one schematically depicted in Fig. 1(a), then the list of
positions is Pc = [1, 2, . . . , n] and the corresponding control location matrix is a square matrix
of size n with the following upper-diagonal band form:

TPc
u =




1 −1
1 −1

· · · · · ·
· · · · · ·

1 −1
1



. (3)

For an incomplete actuation scheme with a list of positions P = [p1, . . . , pm], m < n, the
corresponding control location matrix TP

u is a rectangular matrix of size n × m that can be
obtained by extracting the corresponding columns from TPc

u , that is:

TP
u = TPc

u (1, 2, ..., n; p1, . . . , pm). (4)

Thus, for the actuation scheme AS1 in Fig. 1(b), the list of positions is P1 = [1, 2, . . . , 10] and
the control location matrix

TP1
u = TPc

u (1, 2, . . . , 20; 1, 2, . . . , 10) (5)

can be obtained by selecting the first 10 columns of TPc
u , which in this case is a square matrix

of size 20. For the actuation scheme AS2 in Fig. 1(c), the list of actuator positions is P2 =
[1, 2, 3, 4, 5, 7, 10, 13, 16, 19] and the corresponding control location matrix has the following form:

TP2
u = TPc

u (1, 2, ..., 20;P2) =




1 −1 0 0 0 0 0 0 0 0
0 1 −1 0 0 0 0 0 0 0
0 0 1 −1 0 0 0 0 0 0
0 0 0 1 −1 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 −1 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −1 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0




. (6)

The interstory drift ri(t) is the relative displacement between the consecutive stories located at
the building levels i and i− 1 (denoted as si and si−1 in Fig. 1). The vector of interstory drifts
r(t) = [r1(t), r2(t), . . . , rn(t)]

T can be computed as follows:
{
r1(t) = q1(t),

ri(t) = qi(t)− qi−1(t), for i = 2, . . . , n.
(7)

4
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Table 1: Twenty-story building model. Mass, stiffness and damping characteristics.

story 1–5 6–11 12–14 15–17 18–19 20

mass (×106 Kg) 1.10 1.10 1.10 1.10 1.10 1.10

stiffness (×108 N/m) 8.62 5.54 4.54 2.91 2.56 1.72

relative damping 2%

By considering the state vector x(t) = [r1(t), ṙ1(t), r2(t), ṙ2(t), . . . , rn(t), ṙn(t)]
T , we obtain a

first-order state-space model

ẋ(t) = Ax(t) +B u(t) + E w(t), (8)

with
A = C Â C−1, B = C B̂, E = C Ê, (9)

Â =

[
[0]n×n In

−M−1Ks −M−1Cd

]
, B̂ =

[
[0]n×m

M−1Tu

]
, Ê =

[
[0]n×1

−[1]n×1

]
, (10)

where In is the identity matrix of dimension n, [0]n×m represents a zero-matrix of the indicated
dimensions, and C is the change-of-basis matrix corresponding to the state transformation

x(t) = C
[
q(t)
q̇(t)

]
. (11)

In the controller designs and numerical simulations presented in this paper, we consider a twenty-
story building model with the mass, stiffness and damping parameters collected in Table 1 [3].

3 CONTROLLERS DESIGN

3.1 Controllers with full state information

Assuming that the control objective is to reduce the building vibrational response by means
of moderate control actions, we consider the controlled-output vector

z(t) = Cz x(t) +Dz u(t), (12)

defined by the matrices

Cz =

[
I2n

[0]m×2n

]
, Dz = α

[
[0]2n×m

Im

]
, (13)

where α is a scaling factor that can be used to adjust the intensity of the control action. If
the full state information is available, we can consider a state-feedback controller u(t) = Gx(t),
defined by the state gain matrix G ∈ R

m×2n, which produces the closed-loop system
{
ẋ(t) = AG x(t) + Ew(t),

z(t) = CG x(t),
(14)

5
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Figure 2: Frequency response of the controllers with full state information. Maximum singular values of
the closed-loop transfer function TG̃1

(ω) (thick blue solid line), the closed-loop transfer function TG̃2
(ω)

(red dotted line) and the open-loop transfer function T (ω) = C(2πωjI2n −A)−1E (thin black solid line).

with AG = A + BG and CG = C +DG. The H∞ controller design methodology considers the
system norm

γG = sup
‖w‖2 �=0

‖z‖2
‖w‖2

, (15)

where ‖f‖2 =
[∫∞

0 fT(t) f(t) dt
]1/2

is the usual continuous 2-norm. The value γG represents the
worst-case gain from the disturbance-input to the closed-loop controlled-output defined by the
control gain matrix G. The value γG can be computed by solving the optimization problem

γG = sup
ω

σmax

[
TG(ω)

]
, (16)

with
TG(ω) = CG(2πωjI2n −AG)

−1E, (17)

where j =
√
−1, ω is the frequency in hertz, and σmax[ · ] denotes the maximum singular value.

The controller design objective is obtaining an optimal state-feedback controller u(t) = G̃x(t)
that produces an asymptotically stable matrix A

G̃
and attains a minimum H∞-norm value γ

G̃
.

Using an LMI formulation, the optimal state-feedback H∞ controller can be obtained by solving
the following optimization problem [6]:

P :




maximize η

subject to X > 0, η > 0,[
AX +XAT +BY + Y TBT + ηEET ∗

CzX +DzY −I2n+m

]
< 0,

(18)

where ∗ denotes the transpose of the symmetric entry and X = XT ∈ R
2n×2n, Y ∈ R

m×2n are
the optimization variables. If an optimal value η̃ is attained in P for the pair

(
X̃, Ỹ

)
, then the

6
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Figure 3: Frequency response of the controllers with full and partial state information. (a) Maximum
singular values of the closed-loop transfer function TG̃1

(ω) (blue solid line) and the closed-loop transfer
function TK̃1

(ω) (red dotted line). (b) Maximum singular values of the closed-loop transfer function
TG̃2

(ω) (blue solid line) and the closed-loop transfer function TK̃2
(ω) (red dotted line).

state-feedback gain matrix G̃ = Ỹ X̃−1 is an optimal solution to the H∞ controller synthesis

problem and the corresponding γ-value can be computed as γ
G̃
=

(
η̃
)−1/2

.

To obtain a state-feedback control gain matrix G̃1 for the actuation scheme AS1, we solve
the LMI optimization problem P with the values n = 20, m = 10; the matrices A, B, E in
Eq. (9) corresponding to the values in Table 1 and the control location matrix TP1

u in Eq. (5);
and the controlled-output matrices Cz, Dz in Eq. (13) with the scaling factor α=10−7.4. We
also compute a state-feedback control gain matrix G̃2 for the actuation scheme AS2, using this
time the control location matrix TP2

u in Eq. (6). The γ-values of the obtained controllers are

γ
G̃1

= 2.9153, γ
G̃2

= 3.0850, (19)

and the corresponding frequency responses are displayed in Fig. 2. Looking at the overall view
presented in Fig. 2(a), it can be appreciated that both controllers produce a significant reduction
of the building resonant peaks. In accordance with the obtained γ-values, the plots in Fig. 2(b)
show that a slightly higher performance is attained by the actuation scheme AS1 with the
controller G̃1 in the main resonant peak. However, a better behavior is exhibited by the actuation
scheme AS2 with the controller G̃2 in the second resonant peak.

3.2 Controllers with partial state information

In this section, we assume that the available feedback information is reduced to a vector
of measured outputs y(t) = [y1(t), y2(t), . . . , y2m−1(t), y2m(t)]T , where y2i−1(t) = rpi(t) and
y2i(t) = ṙpi(t) are, respectively, the interstory drift and velocity associated to the interstory
actuation device di implemented at the building position pi (between the stories spi−1 and spi).
Using a measured-output matrix Cy ∈ R

2m×2n, the vector y(t) can be written in the form
y(t) = Cy x(t). For a complete actuation scheme, Cy is an identity matrix of dimension 2n. For
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Figure 4: Ground acceleration disturbances. (a) North-South El Centro 1940 seismic record scaled to
an acceleration peak-value of 1m/s2. (b) North-South Kobe 1995 seismic record scaled to an acceleration
peak-value of 1m/s2.

an incomplete actuation scheme defined by a list of positions P = [p1, . . . , pm], the corresponding
measured-output matrix CP

y can be obtained by selecting the rows in positions 2pi−1, 2pi from
the identity matrix I2n, that is:

CP
y = I2n(2p1 − 1, 2p1, . . . , 2pm − 1, 2pm; 1, 2, . . . , 2n). (20)

Thus, for example, the measured-output matrix corresponding to the actuation scheme AS1 is
CP1
y =

[
I20, [0]20×20

]
. Considering the imposed constraints on the feedback information, we are

interested in designing a static output-feedback controller u(t) = Ky(t), defined by a constant
output-feedback gain matrix K ∈ R

m×2m, that allows computing the vector of control actions
from the vector of measured-outputs by means of a simple matrix multiplication. Now, the
closed-loop system has the following form:{

ẋ(t) = AK x(t) + Ew(t),

z(t) = CK x(t),
(21)

with AK = A + BKCy and CK = Cz +DzKCy, and the associated H∞-norm takes the value
γK = supω σmax

[
TK(ω)

]
, with TK(ω) = CK(2πωjI2n − AK)−1E. In this new context, the H∞

controller design aims at obtaining an optimal static output-feedback controller u(t) = K̃y(t)
that produces an asymptotically stable closed-loop matrix A

K̃
and, simultaneously, attains a

minimum H∞-norm value γ
K̃
. The effective computation of this kind of optimal controllers for

large-scale systems is a very difficult problem that still remains unsolved. However, according
to the results presented in [7, 8], a suboptimal static output-feedback H∞ controller can be
designed by solving the following LMI optimization problem:

Po :

{
maximize η

subject to XQ > 0, XR > 0, η > 0 and the LMI in (23),
(22)

[
AQXQQ

T+QXQQ
TAT+ARXRR

T+RXRR
TAT+BYRR

T+RY T
R BT+ ηEET ∗

CzQXQQ
T+ CzRXRR

T+DzYRR
T −I2n+m

]
< 0,

(23)

8
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where ∗ denotes the transpose of the symmetric entry, XQ, XR and YR are the optimization
variables, Q is a matrix whose columns contain a basis of Ker(Cy), and the matrix R has the

form R = C†
y + QQ†X̃CT

y

(
CyX̃CT

y

)−1
, where C†

y = CT
y

(
Cy C

T
y

)−1
and Q† =

(
QTQ

)−1
QT are

the Moore-Penrose pseudoinverses of Cy and Q, respectively, and X̃ is the optimal X-matrix
obtained in the LMI optimization problem P corresponding to the state-feedback design. If an
optimal value η̃o is attained in Po for the triplet

(
X̃Q, X̃R ,ỸR

)
, then the matrix K̃ = ỸR

(
X̃R

)−1

defines a static output-feedback controller u(t) = K̃y(t) with asymptotically stable closed-loop

matrix A
K̃
, and the value γ̃

K̃
=

(
η̃o
)−1/2

provides an upper bound of the associated H∞-norm
value γ

K̃
.

To design a partial-state controller for the proposed twenty-story building model with the
actuation scheme AS1, we consider the measured-output vector

y(1)(t) = [r1(t), ṙ1(t), r2(t), ṙ2(t), . . . , r10(t), ṙ10(t)]
T , (24)

and solve the LMI optimization problem Po in Eq. (22) with the same matrices A, B, E, Cz and
Dz used in the design of the state-feedback gain matrix G̃1, and the matrices Q, R defined by
the measured-output matrix CP1

y =
[
I20, [0]20×20

]
and the optimal X-matrix computed in the

associated full-state controller design. As a result, we obtain an output-feedback gain matrix
K̃1 with a γ-value upper bound γ̃

K̃1
= 3.3846. The frequency response of the partial-state

controller u(t) = K̃1 y
(1)(t) and the associated full-state controller u(t) = G̃1 x(t) are displayed

in Fig. 3(a). The plots in the figure show a small (but clearly appreciable) loss of performance of
the partial-state controller (red dash-dotted line) with respect to the full-state controller (blue
solid line). Using the closed-loop transfer function T

K̃1
(ω), we obtain that the actual γ-value of

the partial-state controller is γ
K̃1

= 3.1072, which represents an increment of 6.58% with respect
to the optimal value γ

G̃1
= 2.9153.

For the distributed actuation scheme AS2, the vector of measured outputs y(2)(t) contains the
interstory drifts and velocities indicated in the list of positions P2 = [1, 2, 3, 4, 5, 7, 10, 13, 16, 19].
In this case, we obtain an output-feedback gain matrix K̃2 with a γ-value upper bound γ̃

K̃2
=

3.0857 by solving the LMI optimization problem Po with the same matrices A, B, E, Cz and
Dz used in the design of the state-feedback gain matrix G̃2, and the matrices Q and R defined
by the measured-output matrix CP2

y and the corresponding auxiliary X-matrix. Comparing
the value of the upper bound γ̃

K̃2
with the optimal value γ

G̃2
= 3.0850, it can be seen that

the static output-feedback controller u(t) = K̃2 y
(2)(t) is practically optimal. In fact, the plots

presented in Fig. 3(b) show that the frequency response of the partial-state controller defined by
the output-feedback gain matrix K̃2 (red dash-dotted line) is practically equal to the frequency
response of the optimal full-state controller defined by the state-feedback gain matrix G̃2 (blue
solid line).

4 NUMERICAL RESULTS

To further illustrate the behavior of the proposed partial-state controllers, a suitable set of
numerical simulations has been carried out using the scaled North-South components of El Cen-
tro 1940 and Kobe 1995 seismic records as ground acceleration inputs (see Fig. 4). For the El
Centro seismic disturbance, the absolute peak-values of the interstory-drifts, the story absolute
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Figure 5: Response of the twenty-story building model corresponding to the scaled North-South El
Centro 1940 seismic record for the uncontrolled configuration (black line with squares), the actuation

scheme AS1 with the full-state controller defined by the state-feedback gain matrix G̃1 (blue solid line
with triangles), the actuation scheme AS1 with the partial-state controller defined by the output-feedback

gain matrix K̃1 (blue dashed line with asterisks), the actuation scheme AS2 with the full-state controller

defined by the state-feedback gain matrix G̃2 (red solid line with hexagrams), and the actuation scheme

AS2 with the partial-state controller defined by the output-feedback gain matrix K̃2 (red dash-dotted
line with circles). (a) Interstory drift peak-values. (b) Absolute acceleration peak-values. (c) Control
effort peak-values.

accelerations and the actuation control efforts corresponding to the different control configu-
rations are presented in Fig. 5, where the black lines present the response of the uncontrolled
building, the blue lines correspond to the controllers of the actuation scheme AS1, and the red
lines represent the controllers of the distributed actuation scheme AS2. Also, solid lines are used
for the full-state controllers and discontinuous lines for the partial-state controllers. Looking at
the plots in the figure, the following facts can be appreciated: (i) All the proposed controllers
provide a good level of reduction in the interstory drift and absolute acceleration peak-values
with respect to the uncontrolled response. (ii) For the distributed actuation control scheme AS2,
the behavior of the full-state controller and the partial-state controller (red lines) are very sim-
ilar. (iii) For the concentrated actuation scheme AS1, the interstory drift peak-values produced
by the partial-partial state controller (blue dashed line with asterisks) are slightly smaller that
those attained by the full-state controller controller (blue solid line with triangles). However,
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Figure 6: Response of the twenty-story building model corresponding to the scaled North-South Kobe
1995 seismic record for the uncontrolled configuration (black line with squares), the actuation scheme AS1

with the full-state controller defined by the state-feedback gain matrix G̃1 (blue solid line with triangles),

the actuation scheme AS1 with the partial-state controller defined by the output-feedback gain matrix K̃1

(blue dashed line with asterisks), the actuation scheme AS2 with the full-state controller defined by the

state-feedback gain matrix G̃2 (red solid line with hexagrams), and the actuation scheme AS2 with the

partial-state controller defined by the output-feedback gain matrix K̃2 (red dash-dotted line with circles).
(a) Interstory drift peak-values. (b) Absolute acceleration peak-values. (c) Control effort peak-values.

significantly larger control-effort peak-values are also required by the partial-state controller.
Looking at the graphics in Fig. 6, the same facts can be appreciated in the peak-value plots
obtained for the Kobe seismic disturbance. These time-response results are entirely consistent
with the frequency-response characteristics observed in Section 3, and indicate that a similar
performance level is attained by the full-state controllers in both actuation schemes. For the
partial-state controllers, the situation is clearly different. In the distributed actuation scheme
AS2, the partial-state controller is not affected by the reduced feedback information, and it
attains practically the same level of performance as the full-state controller. In contrast, an
evident loss of effectiveness can be observed in the partial-state controller corresponding to the
concentrated actuation scheme AS1.

Remark. All the computations in this paper have been carried out using Matlab c© R2015b on a
regular laptop with an Intel c© CoreTM i7-2640M processor at 2.80GHz. The LMI optimization
problems have been solved with the function mincx() included in the Robust Control ToolboxTM.
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5 CONCLUSIONS AND FUTURE DIRECTIONS

In this paper, the design of partial-state controllers with incomplete multi-actuation systems
for the seismic protection of large buildings has been investigated. The proposed approach
considers a partially instrumented building with a system of interstory force-actuation devices
implemented at selected levels of the building, and an associated set of collocated sensors that
provide the interstory drifts and velocities corresponding to the instrumented stories. Using
a static output-feedback H∞ controller design methodology, partial-state controllers have been
designed for a twenty-story building with two different actuation schemes, and the corresponding
frequency and time responses have been investigated. The obtained results confirm the effec-
tiveness of the proposed partial-state controllers and indicate that a suitable distribution of the
instrumented stories is a relevant factor in the control system design. After these positive out-
comes, further research effort should be invested in finding a suitable methodology to determine
the optimal configuration of distributed multi-actuation systems with partial state information.
This is certainly an important and challenging problem, specially for large-scale structures.
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Abstract. Concrete dams are constructed for a wide range of water storage functions such as 
hydropower. The internal temperature of concrete dams is commonly measured both during 
and after construction. Temperature measurements are important both to determine causes of 
movement due to expansion or contraction and to compute actual movement. Temperature 
may be measured using any of several different kinds of embedded thermometers, embedded 
fibre optic sensors or by simultaneous temperature readings on devices such as stress and 
strain meters. This paper investigates an integrated application of Radio Frequency 
Identification (RFID) and sensor technology connected to GSM technology for accurate and 
timely temperature measuring and monitoring of concrete dams both during and after 
construction. The RFID tags can log, and wirelessly transmit, the concrete temperature. In this 
approach, the combination of RFID, sensor, and GSM technologies as a powerful data 
collection tool enables collection, storage, sharing, and reuse of temperature data accurately, 
completely, and almost instantaneously. Thus, the proposed system secures rapid notification 
of potentially hazardous condition and alarm. The proposed system provides an opportunity to 
measure and transmits real time concrete temperature using minimal or no worker inputs 
which leads to conduct quality assessment and management in dams’ structures.  

1 INTRODUCTION 

Dams are constructed for a specific purpose such as water supply, flood control, irrigation, 
navigation, sedimentation control, and hydroelectricity generation. Concrete dams are used 
for a wide range of water storage functions including water supply, and hydropower. The 
performance of these structures under operational and environmental loads may decrease over 
time due to age related deterioration, floods and other factors. If concrete dams are not well 
managed and maintained, failure may occur leading to economic and life losses1. The 
construction process and the change of surrounding temperature outside of dams, especially 
for a high RCC dam, have an important influence on the temperature and stress fields2.   

The internal temperature of concrete dams is commonly measured both during and after 
construction. During construction, the heat of hydration of freshly placed concrete can create 
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high stresses which can result in cracking later. Therefore well controlling of difference in 
temperature and temperature strain are important measures on concrete cracking control.   

In fact, what is called cement hydration reaction for cementitious materials (cement + 
water  --->  hydrates + calcium hydroxide + heat) is the combination of hydration reactions 
that takes place when concrete is becoming mature3,4. For Portland cement hydration, the 
main reactions are based on the mineral compounds of the clinker3.  

After construction is completed and a dam is in operation, very significant temperature 
differentials are not uncommon, depending on the season. By the other words, extreme 
external actions in the surrounding geological system involving the dam are causes of 
possible structural damage5. Temperature measurements are important both to determine 
causes of movement due to expansion or contraction and to compute actual movement.   

Structural Health Monitoring (SHM) is the science and technology of monitoring and 
assessing the condition of civil and mechanical infrastructures which controls, verifies and 
informs about the condition or changes in the condition of a structure using a sensing system 
integrated into the structure6. The monitoring can be continuous or periodic, short-term or 
long term, local or global and the monitoring system can consist of a few sensors up to 
hundreds or even thousands of them depending on the demands of the monitoring object. 
Health monitoring of dams plays an essential role in securing their structural integrity and 
maintaining their longevity. This is divided into static and dynamic monitoring. Static 
monitoring involves measurement of static factors such as ambient temperatures, reservoir 
level, opening and closing of joints, crack opening, displacements and strains which are 
measured accurately by instruments, and dynamic monitoring is used to determinate resonant 
frequencies, damping ratio and mode shapes by running forced vibration testing and ambient 
vibration testing1.  

The parameters that are to be monitored is the most important task in SHM and the whole 
concept may fail if it is not performed appropriately. Although the development of structural 
health monitoring technology such as fibre optic sensors7 for surveillance, evaluation and 
assessment of existing or newly built structures has now attained some degree of maturity, the 
development and implementation of a structural health monitoring system capable of fully 
achieving the objectives and benefits is still a challenge at present8. The network of wires may 
easily loose connections. Therefore, maintaining the wire network on construction sites while 
concrete is being cured is a challenge9.  

Radio Frequencies (RF) based information and communication technologies, such as 
Radio Frequency Identification (RFID) tags have matured and become commercially 
available to potentially support automated data collection in construction. A RIFD system 
consists of tags (transponder) with an antenna, a reader (transceiver) with an antenna, and a 
host terminal. The RFID reader acts as a transmitter and receiver and transmits an 
electromagnetic field that ‘‘wakes-up’’ the tag and provides the power required for the tag to 
operate10. RFID technology provides a solution for the wiring issue because of its ability of 
sending data wirelessly11. One of the recent developments is the use of the RFID tags 
integrated with the temperature sensor. An RFID tag integrated with a temperature sensor and 
placed within fresh concrete may be able to read temperatures of concrete and transmit them 
to an RFID reader wirelessly in real-time12.  

This research investigates an integrated application of Radio Frequency Identification 
technology and sensor technology for accurate and timely temperature measuring and 
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monitoring of concrete dams both during and after construction. In other words, RFID-
facilitated automated data collection system will provide an opportunity to measure and 
transmits real time concrete temperature using minimal or no worker input which leads to 
conduct Structural Health Monitoring (SHM) in dams’ structures. Although the proposed 
system can be used to cover all aspect of structural health monitoring by using appropriate 
sensor embedded to RFID system, this paper explained just cracks control of concrete 
structure by temperature monitoring of concrete. 

2 LITERATURE REVIEW 

Monitoring of civil infrastructure and operational systems can be divided to time schedule, 
sampling, object, phenomenon, instruments and response. For this research, monitoring 
system is continuous in its time schedule, low speed sampling, for structural, materials and 
other components of dam with environmental parameters for phenomenon which uses 
electrical instruments and responses static13.  

The determination of bulk material properties, e.g., compressive stress in concrete 
structures, across a large material volume remains a necessary job in the concrete evaluation 
industry or Non-Destructive Testing (NDT) applications. However, for a long time, it has 
been disturbing that piezoelectric transducers are sensitive not only to mechanical settings but 
also to a lot of surrounding factors such as temperature and humidity14.  
Structural health especially temperature may be measured using any of several different kinds 
of embedded thermometers15, embedded fibre optic sensors16,17 or by simultaneous 
temperature readings on devices such as stress and strain meters. Management workload, 
involving such activities as measurement and collecting and classifying data, can be reduced 
by information technology because of automatic sensing technology18.  

In Concrete structure such as dams, Cracks can adversely affect structural performance in 
various ways such as durability and serviceability19. If the initial cracks are not carefully 
handled, they will grow till one of them reaches the critical dimension, which makes extreme 
structural damage and may directly result in the entire collapse. Therefore, crack monitoring 
is one of the most important steps to prevent the collapse of concrete structures20. 
Temperature gradients and differential thermal expansions can have damaging effects on 
structures. Globally, temperature variations may generate stresses that facilitate mechanical 
cracking in statically indeterminate structures. Locally, they can change the mechanical 
properties of the material and lead to its deterioration21.  

Distributed and quasi-distributed fibre optic systems for large-scale monitoring have been 
developed and commercialised in recent years. Large-scale structures like dams, pipelines, 
concrete columns, tunnels, dykes, piles and roadbeds have been instrumented and monitored 
for temperature and strain changes22.  
Some studies have found that changes in structural vibration properties because of 
temperature variations could be more significant than those caused by a medium degree of 
structural damage23. A sensor that monitors the hydration process would provide information 
on instantaneous condition of the concrete and when critical actions can be taken, for 
example, formwork removal24.  

In order to conduct effective structural health monitoring system, the system should 
support continuous monitoring, early alarm of any incipient damage, and data acquisition 
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even in harsh environmental conditions. This system can be called remote structural 
monitoring. Remote structural monitoring methodology requires an interdisciplinary approach 
integrating areas such as structural engineering, sensor technology, communication 
technology, statistical mechanics, information technology for online data transmission (over 
larger distances) and damage detection/health assessment of the structure25. Many researchers 
over the past decade have proposed passive wireless strain sensors, also known as radio 
frequency identification (RFID) - based sensors, to eliminate the need for cables and 
collocated power sources, thereby opening the possibility of densely instrumented embedded 
monitoring systems26.  

Smart sensors with embedded microprocessors and wireless communication links have the 
potential to change fundamentally the way civil infrastructure systems are monitored, 
controlled, and maintained27. RFID technology has recently matured due to industrial 
development, costing as little as $0.50 per tag, allowing for many such devices to be placed 
on a large structure at numerous critical junctures28. 

3 AIMS AND OBJECTIVES 

The goal of the research is to assess RFID application for effective structural health 
monitoring of concrete dams by measurement of concrete temperature both during and after 
construction. This suggested way for monitoring and measuring temperature with RFID-
enabled system is an actual solution for structural health monitoring with minimum staff and 
financial outlay and maximum accuracy. It means that by using RFID technology and with a 
high degree of accuracy we are able to assess structure’s condition in terms of cracks. 
Automated data collection for cracks control, furthermore, enables structural health of 
concrete dams to be controlled and managed in a real-time base. This research will focus 
mainly on evaluating the potential for utilising RFID-based techniques to monitor and capture 
data for all cracks related to temperature. Figure 1 shows an RFID-based SHM typical system. 

4 ARCHITECTURE OF THE PROPOSED INTEGRATED RFID-BASED SYSTEM 

 Although measurement of concrete temperature could eventually be achieved with other 
systems, this paper introduces the pioneering combination of RFID and sensor technologies 
for this purpose. Even though each of them can be used as a stand-alone system in dam 
construction, the combination of them will significantly raises the consistency and reliability 
of the system as a whole, thus greatly alleviate the data collection process.  

In this research, RFID-based sensor system was developed to measure concrete 
temperature in its lifecycle. This system was divided into two main parts, namely hardware 
and a server. The hardware of the system mainly consists of two types of hardware 
components; namely: 

- RFID technology (RFID readers, antenna), RFID was selected as the technology in 
Identification segment and RFID active tag (containing a data logger) connected to 
temperature sensor was used for identifying and monitoring the concrete temperature 
by using RFID reader which is connected to the system; and 

- GSM technology, the system is then synchronised over GSM network via SIM card, 
and the information (ID, date, and temperature) retrieved from RFID readers is 
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transferred to the server in the form of GPRS. Therefore, data collection and 
transmission are done continuously and autonomously. 

The server can consist of two parts: application server and database server (information 
database). The application server could use different software for collecting, storing, updating, 
modifying, filtering, and sharing this data to act as a structural health monitoring system. 
Figure 2 is a schematic representation of the RFID-based temperature monitoring tool’s 
architecture. 

 
Figure 1: RFID-based SHM typical system 

In this system, RFID tags which are connected to temperature sensors can be placed in any 
element of structure.  In other words, the RFID tag is embedded in concrete at the time of 
placement, and the system provides wireless communication between the tag and reader. Tags 
are equipped with unique ID number. The sensors may need to be placed in different depths at 
the same location. The reader system can be mounted on any specific place and people. RFID 
tags are scanned 24 hours a day, 7 days a week by each reader’s and information gathered 
from RFID-based system is then transmit to the server using GPRS. If temperature of 
concrete is changed, this system can effectively monitor its value. These advantages are due 
to the flexibility of the proposed integrated RFID-based system. 

5 IMPLEMENTATION PROCESS AND GUIDELINES 

In order to achieve success with the proposed temperature monitoring system using the 
RFID-based automated data collection system: first, a management team must be created at 
early phase of the project and the team is to be responsible for purchasing and implementing 
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the system. The team may be from the owner side, from the main contractor, or both of them. 
Second, necessary training is required for construction workers and managers to ensure 
successful implementing and running the system. Third, a pilot test should be run before the 
actual implementation of the system to identify any malfunction issue.  

 
Figure 2: A schematic representation of the RFID-based temperature monitoring architecture 

This system could be programmed to generate reports and alerts. The report of measuring 
temperature for a specific location is usually based on the tag identity code which is unique. 
The reports include history of temperature for any specific tag. The alerts include a list of tags 
with high temperature that should be checked. The proposed system has the flexibility of 
monitoring temperature just placing a tag without investing in additional fixed infrastructure. 
Figure 3 represents temperature monitoring of concrete dams during and after construction. 

Automated structural health monitoring which relies on real-time and accurate information 
necessitates collection of data automatically, continuously and almost instantaneously. Hence, 
the main benefit from the use of the proposed integrated system is to guarantees the 
availability of the accurate information related to the concrete temperature. Collective 
information is sent automatically to the database. This means that all the information is 
available in one place so that construction players (including contractors and clients) can 
access in a cost‐effective way and almost instantly. Thus, an electronic exchange of 
information is created in this research, which provides real-time information and wireless 
communication among all players. An adequate data structure needed to be identified in order 
to store, share, and manage large amounts of collected data and to integrate the collected 
information with other project management tools. 

5.1 Tagging any element of structure 

Tagging recognised as one of the multi-phase process and requires co-operation of various 
parties to guarantee its functionality during the project life-cycle. Although, tagging any 
element of structure would occur at the construction phase, the process has to be taken into 
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consideration already during design and modelling. As discussed earlier in this paper, they are 
many factors which affect the performance of the tags, for example: RF transmission power 
on readable distance and failure of readings. The RFID active tags which are used in this 
research have longer reading ranges and can act as self-signalling tags working on their own 
batteries. These tags also are space tags which attached to any element of space to represent 
the three-dimensional positions of the point which tag is attached. 

 
Figure 3: Temperature monitoring 

Tag needs to be attached to clearly defined location into any element of structure. 
Considering the various types and sizes of concrete members, it would not be possible to 
produce a generalized outcome unless a significant amount of cases were tested. Instructions 
and the position of the tags need to be saved in the server. Some common rules and best 
practices about the location should be agreed to guarantee the readability of tags and ease the 
later reading process. 

As stated earlier, considering the limited memory of the tags, in addition to collected 
temperature data, the subset of information stored on the RFID tags has to be chosen based on 
the requirements. Types of information that need to be stored on the tags or remote databases 
could be divided into following groups: 

- Identification-related information which is a serial number or unique ID.  
- Place-related information which are longitude, latitude, and height.  

5.2 System installation management 

A management team must be created at early phase of the project and the team is to be 
responsible for purchasing and implementing the system. The size of the installation team 
depends on the size of the project. In order to be sure that the outcome will be adequate for all 
partners, implementation team could be from the owner side, from the construction contractor, 
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from the design consultant and instrumentation consultant (Table 1). The temperature data 
should be collected until the dam has been in satisfactory service for several years. Thus, the 
choice of system and sensors should be done in cooperation by different kind of experts as 
several fields of engineering are involved. 

Table 1: System installation and implementation team 

Activity Owner 
Design 
Consultant 

Instrumentation 
Consultant 

Construction 
Contractor 

Monitoring design and planning     
Instrument procurement     
Instrument installation     
Instrument calibration and 
maintenance 

    

Preparation of the plan to collect data     
Data collection     
Data analysis and offering     
Data interpretation and report     
Decision making about using data     

6 BENEFITS AND CHALLENGES OF USING TEMPERATURE MONITORING 
SYSTEM 

In general, the following benefits can be achieved by using temperature monitoring 
systems, depending on the applications:  

- Data is available real time with alarms increase the safety for the end-uses. 
- Constantly monitoring the in-situ temperature which leads to identify a change and to 

verify, control, assess and understand the actual behaviour of the structure. 
- Temperature monitoring can continue for years.  
- Data can be transferred, analysed and archived. 
- Documents proof of quality assurance. 
- Eliminates concerns of weather and construction problems.  
- Decreased maintenance costs. 
In order to face any problems or challenges, adapting the technology in the most suitable 

way and to prove the system practicality a pilot application is necessary. It is also necessary to 
provide guidelines to run inspection and monitoring processes for the RFID technology itself 
during the implementation phase. Thus, extra efforts and training are needed. Hence, it is 
important to provide strong incentives for enterprises for adoption of new technologies. 

Even though power efficient technique, such as sleep mode, can provide possible solution 
to better performance of battery’s life cycle, limitation of battery operation time is exist. Thus, 
power can be identified as another challenge. Although, in active RFID system the reader can 
be set to be triggered wake-up on a set time interval if desired, for low power RFID systems, 
the tag goes to sleep in between transmissions, so the reader needs to be on at all time 
listening for tags to wake up and transmit. Other key challenges could be the following issues: 

- Selection of monitoring location. Number of sensors and importance of sensor 
locations can be studied to optimize number of sensors used per cubic meter of 
concrete. 
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- Need to operate during power outages. 
- Sensor installation. 

7 CONCLUSIONS 

This research presented a new approach for integrating RFID technology with sensor 
technology that address a clear path to automate measuring and monitoring of temperature in 
concrete dams using minimal or no human effort. The selected technologies involve the use of 
combined RFID and GSM technologies to obtain real-time and accurate information about 
thermal condition of concrete dams. The RFID tags can log, and wirelessly transmit, the 
concrete temperature.  In this approach, the combination of RFID, sensor, and GSM 
technologies as a powerful data collection tool enables collection, storage, sharing, and reuse 
of temperature data accurately, completely, and almost instantaneously. Thus, the proposed 
system secures rapid notification of potentially hazardous condition and alarm. 
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ABSTRACT 

The full-scale experiences recently carried out on two Italian masonry towers [1]-[2] provided the 
evidence that the use of simple monitoring systems, consisting of a few accelerometers installed in 
the upper part of the building, combined to state-of-art processing tools may detect the onset of 
damage. However, the damage detection represents the first level (Level 1) of damage assessment in 
the classification originally proposed by Rytter [3] and does not answer important questions on the 
damage localization (Level 2) and the evaluation of its severity (Level 3). 

Within the framework of historic towers, the paper aims at extending the capability of the SHM 
based on the use of few accelerometers, moving a step towards damage localization. To this purpose, 
it is proposed to extend, after a training period, the automated identification of natural frequencies to 
the “updating” of a baseline FE model. The automatically tuned model, in turn, might provide 
information on possible location of damage and its severity. Of course, removing the effects of 
unmeasured (environmental/operational) factors from natural frequencies is necessary to avoid the 
propagation of the frequencies variability associated with changing environment through the 
structural identification process. In case damage occurs, it should be localized  in principle  if 
some of the updated structural parameters exhibit clear variation with respect to the values identified 
during the training period. 

The proposed methodology is exemplified on a historic bell-tower placed in the town of Arcisate 
(Northern Italy), which has been extensively studied by Politecnico di Milano between 2007 and 
2012.

REFERENCES 

[1] A. Saisi, C. Gentile and M. Guidobaldi, “Post-earthquake continuous dynamic monitoring of the 
Gabbia Tower in Mantua, Italy”, Meccanica., Vol. 81, pp. 101-112, (2015). 

[2] F. Ubertini, G. Comanducci and N. Cavalagli, “Vibration-based structural health monitoring of 
a historic bell-tower using output-only measurements and multivariate statistical analysis”, 
Structural Health Monitoring, Vol. 15(4), pp. 438-457, (2016). 

[3] T. Rytter, Vibration based inspection of civil engineering structure, Ph.D. Thesis, Aalborg 
University, Denmark, 1993. 

731



Continuous Dynamic Monitoring of large Civil structures:Different Perspectives of Application

VIII ECCOMAS Thematic Conference on Smart Structures and Materials 
SMART 2017 

A. Güemes, A. Benjeddou , J. Rodellar and Jinsong Leng (Eds) 

CONTINUOUS DYNAMIC MONITORING OF LARGE CIVIL 
STRUCTURES: DIFFERENT PERSPECTIVES OF APPLICATION 

Á. CUNHA*, E. CAETANO*, C. MOUTINHO* AND F. MAGALHÃES*

* CONSTRUCT-ViBest, Faculty of Engineering (FEUP), University of Porto 
R. Dr. Roberto Frias, 4200-465 Porto, Portugal 

e-mail: acunha@fe.up.pt, web page: http://www.fe.up.pt/vibest 

Key words: Dynamic Monitoring, Bridges, Stadia, Wind Turbines, Dams. 

Abstract. The Laboratory of Vibrations and Structural Monitoring (ViBest) of FEUP has been 
implementing, since 2007, a significant set of long-term dynamic monitoring systems in large 
Civil structures with different typologies (e.g. roadway, railway and pedestrian bridges, stadia 
suspension roofs, wind turbines, concrete dams or high voltage transmission lines). This paper 
briefly describes some of these applications, clearly illustrating the interest and potential of the 
developed technology, as well as of the huge high quality database created, which can now be 
used for joint collaborative research at European level. 

1 INTRODUCTION 
Continuous dynamic monitoring of large Civil Engineering structures has gained an 

increasing interest and potential in recent years, enabling the assessment of different problems, 
such as:  

• The accurate characterization of human induced vibrations, supporting the verification 
of safety with regard to vibration serviceability limit states in lively structures and of the 
efficiency of vibration control devices; 

• The accurate evaluation of dynamic effects induced by traffic loads on roadway and 
railway bridges; 

• The fatigue assessment of old metallic railway bridges, as well as of onshore and 
offshore wind turbine towers; 

 • The accurate evaluation of the influence of environmental (e.g. temperature, wind) and 
operational factors (e.g. traffic intensity, water level) on the modal variability of bridges and 
concrete dams; 

• The vibration based early detection of structural changes (e.g. damage); 
• The dynamic characterization of wind effects in slender structures based on in-situ 

measurements. 
In this context, the Laboratory of Vibrations and Structural Monitoring (ViBest) of FEUP 

has been implementing, since 2007, a significant set of long-term dynamic monitoring systems 
in large Civil structures with different typologies (e.g. roadway, railway and pedestrian bridges, 

732



First A. Author, Second B. Author and Third C. Coauthor. 

2

stadia suspension roofs, wind turbines, concrete dams or high voltage transmission lines). 
This paper briefly describes some of these applications, clearly illustrating the interest and 

potential of the developed technology, as well as of the huge high quality database created, 
which can now be used for joint collaborative research at European level. 

2 CONTINUOUS DYNAMIC MONITORING OF CIVIL STRUCTURES

2.1 Monitoring of human induced vibrations for vibration serviceability safety checking 
The continuous dynamic monitoring of human induced vibrations can be useful to support 

the verification of safety with regard to vibration serviceability limit states in lively structures 
and of the efficiency of vibration control devices.

         
                                                                              (a) 

                                          
                                       (b)                                                            (c) 

Figure 1. (a) Lateral view of Pedro e Inês footbridge; (b) TMD units for control of lateral vibrations; (c) 
Histogram of maximum daily lateral accelerations (June 2007 – May 2010). 

This is the case, for instance, of Pedro e Inês footbridge (Fig. 1(a)), where ViBest/ FEUP 
implemented a long-term continuous dynamic monitoring to check the real efficiency of a set 
of tuned mass dampers (TMDs, Fig. 1(b)) installed at different points of the deck to control 
excessive lateral and vertical accelerations. 

This bridge is a slender structure 275m in length and 4m wide, except in the central square 
with dimensions of 8mx8m. The metallic arch spans 110m and rises 9m and has a rectangular 
box cross-section with 1.35m x 1.80m. The deck has a L-shaped box cross-section, the top 
flange being formed by a composite steel-concrete slab 0.11m thick. In the central part of the 
bridge, each L shaped box cross-section and corresponding arch “meet” to form a rectangular 
box cross-section 8m x 0.90m. In the lateral spans, arch and deck generate a rectangular box 
cross-section 4m x 0.90m. The significant slenderness of the bridge and the geometric 
characteristics lead to a complex structural behavior. A key factor for the bridge global stiffness 
is the structural behavior of its foundations, which are formed by vertical piles deep about 30m. 

Dynamic studies developed at the design stage could anticipate that this bridge would be 
prone to high levels of vibration induced by pedestrians, owing to the existence of a 
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fundamental lateral bending mode with a frequency close to one half of the mean pacing rate, 
easily inducing a lateral synchronization phenomenon (lock-in), as well as several natural 
frequencies associated to vertical bending modes susceptible to be excited by pedestrians 
walking, running or under rhythmic jumping. Therefore, ViBest/ FEUP, under contract with 
the designer (AFAssociados), and subsequently with the construction company (Soares da 
Costa/ Socometal), developed during the design phase a preliminary design of a set of TMDs 
to control the critical modes of vibration. After the end of construction, it was made a final 
design, which required the performance of a series of dynamic tests (ambient and free vibration 
tests and tests with pedestrians), which enabled an accurate updating and experimental 
validation of a sophisticated finite element model, that was used for an accurate evaluation of 
the modal masses in correspondence with the modes of vibration to be controlled. All this 
extensive work is described in detail in [1][2]. After installation of TMDs, forced vibration tests 
were also performed to accurately measure the levels of damping achieved. In the meanwhile, 
the owner also required a continuous dynamic monitoring of the footbridge during a period of 
5 years to confirm the good performance of the vibration control devices used. 

The monitoring system, described in detail in [2], is composed by 6 piezoelectric 
accelerometers, a signal conditioning system and an industrial PC, with an ADSL connection 
to the Internet. Every 20 minutes, all the collected time series are transmitted to FEUP, 
becoming available to the constructer, designer and owner through a website supported by a 
LabVIEW application, and allowing to issue alert messages in case any lateral or vertical 
vibration comfort level is exceeded. 

Fig. 1(c) shows, for instance, a histogram associated to maximum daily lateral accelerations 
at midspan during a period of 3 years, which clearly shows that, after implementation of the 
lateral TMD, no situation of excessive lateral vibrations was recorded in that period. 

2.2 Monitoring of dynamic effects of traffic loads in roadway and railway bridges 
The dynamic monitoring of bridges also enables an accurate evaluation of dynamic effects 

induced by traffic loads on roadway or railway bridges. 
This kind of study was for instance developed by ViBest/ FEUP on Salgueiro Maia bridge 

(Fig. 2a)), a single-plane cable-stayed bridge over Tagus river, upstream the Vasco da Gama 
bridge. The main objective of this study, described with more detail in [3][4][5], was the 
experimental evaluation of dynamic effects induced by the passage of heavy trucks using a 
monitoring system based on strain gages embedded in the concrete and load cells in the stay-
cables. 

This system was used during the static load tests involving 20 heavy trucks with total mass 
of 38-40t each in different loading configurations. Afterwards, dynamic tests were performed 
in which some of those trucks crossed the bridge at different velocities (15, 30, 45, 60, 75 and 
90km/h), and along different lanes, alone or in groups. As an example, Figure 2b) shows a 
dynamic response recorded during the passage of a heavy truck crossing the bridge at 90km/h 
along a lateral lane, as well as the quasi-static response obtained by digital filtering. The 
dynamic amplification factors obtained (DAFs) reached, in this case, about 1.20. It’s worth 
noting however that the induced dynamic effects are significantly dependent upon the pavement 
roughness conditions, which were characterized in this case by a spatial laser scanning. 

734



First A. Author, Second B. Author and Third C. Coauthor. 

4

        
                                            (a)                                                                                    (b) 

Figure 2. (a) Salgueiro Maia bridge during the static load tests; (b) Record from embedded strain gage 
(vehicle speed of 90 km/h). 

Another interesting example regards the experimental evaluation of the dynamic effects 
induced by traffic loads on the Trezói railway bridge (Fig. 3). This bridge is a single track 
metallic riveted structure with three spans of 39m, 48m and 39m, supported by two intermediate 
trapezoidal metallic piers and two masonry abutments at the extremities.  

       
                                     (a)                                                                               (b) 

Figure 3. Trezói bridge: (a) lateral view; (b) view inside the deck. 

A temporary monitoring campaign (Fig. 4) [6] was also developed at this bridge by ViBest/ 
FEUP so as to characterize the global and local structural behavior, enabling the calibration and 
validation of numerical models used in numerical simulations. 

2.3 Monitoring for fatigue assessment of railway bridges and wind turbine towers 
The temporary monitoring campaign of Trezói railway bridge was also used for the analysis 

of stress distributions in critical elements and connections, the construction of histograms of 
stress cycles suitable for fatigue assessment, and collecting reliable information regarding the 
characteristics of real traffic crossing the bridge in terms of velocity, axle loads, number of 
axles and axles distances [6][7]. 
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In a first instance, measurements were performed during two days of higher level of traffic. 
During that period, the bridge was crossed by 8 freight trains and 16 passenger trains. Fig. 4b) 
shows the very good agreement between measured and calculated stresses at an inferior chord 
of the truss at midspan, which is the element subjected to higher traction stresses. These results 
provided a higher confidence on the developed numerical simulations, as well as on the trains 
characteristics obtained. The fatigue damage was then evaluated for the 14 instrumented 
sections and for each train. 

(a)                                                                                        (b) 
Figure 4. (a) Instrumentation with strain gages; (b) Measured vs calculated stresses. 

    
                                      (a)                                                                                    (b) 

Figure 5. (a) Evaluation of fatigue damage for real traffic; (b) Shell finite element modelling. 

This investigation was subsequently extended to all structural elements of the bridge, which 
led to the conclusion that the most susceptible elements to fatigue damage are the transversal 
stringers (Fig. 5), which are affected by local vibrations. This aspect motivated a new research 
component specifically focused on these local effects, which involved also the development of 
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more sophisticated numerical models (Fig. 5b)) and the continuous dynamic monitoring of two 
transversal stringers [6][7]. 

A different approach has been also developed for the fatigue assessment of wind turbine 
towers essentially based on the use of accelerometers [8]. This methodology, illustrated and 
validated with the help of a numerical example developed with the HAWC2 code, is based on 
the decomposition of the acceleration data records in modal acceleration responses. After this 
step, the fatigue stress due to each vibration mode or stationary responses to harmonic 
exciations is computed.  

2.4 Dynamic monitoring for modal variability analysis of bridges, stadia suspension 
roofs, wind turbines and concrete dams 

Continuous dynamic monitoring can also be used to evaluate the modal variability induced 
by environmental and operational factors, such as temperature, traffic intensity, wind speed or 
water level in reservoirs. 

For instance, a 12-channel continuous monitoring system installed at Infante D. Henrique 
bridge (Figure 6) [9], in Porto, Portugal, in 2007,  has been used to track since then the time 
evolution of the corresponding modal estimates, by automated processing of the acceleration 
time series collected every half an hour using very robust home-made software (DYNAMO) 
for output-only modal identification based on the most advanced methods (SSI and p-LSCFD) 
[10][11]. 

    

Figure 6. Position of accelerometers and temperature sensors at Infante D. Henrique bridge. 
    
Figure 7 shows the time evolution of the estimates of the first 12 natural frequencies along 

one year, by application of the p-LSCF method. Though these estimates look rather stable at a 
first glance, an appropriate zoom of this plot for each natural frequency clearly shows the 
existence of daily and seasonal variations (Figure 8), which are mainly motivated by oscillations 
of temperature and intensity of traffic. Figure 9 (left) shows, for instance, the good correlation 
between the estimates of the first natural frequency and measured temperature at the top of 
section T3. On the other hand, Figure 9 (right) illustrates the influence of the increase of traffic 
intensity at the beginning of each morning on the estimates of the second natural frequency. 
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Figure 7. Time evolution of the estimates of the first 12 natural frequencies along one year, by application of 
the p-LSCF method. 

Figure 8. Time evolution of the estimates of the first 4 natural frequencies along three years, by application of 
the p-LSCF method. 

Figura 9. (Left) Variation of the estimates of the first natural frequency (blue dots) vs measured temperature at 
the top of section T3 (red line); (Right) Time evolution of the second natural frequency vs RMS values of 

vertical acceleration time series collected at section S3 during one week (03/03/2008 - 09/03/2008). 

     In structures with clear linear behaviour under ambient excitation, as is the case of Infante 
D. Henrique bridge, the increase of temperature usually induces a decrease of natural 
frequencies according to some linear relation. However, in some structures some form of non-
linear behaviour can cause a non-linear relation. This fact can stem either from some type of 
material non-linearity (e.g. sudden variation of the stiffness of the asphalt layer for negative 
temperatures) or from different forms of geometrical non-linearity (e.g. induced by temperature 
joints or long suspension cables). As an example, we can mention the case of the Braga Stadium 
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suspension roof (Figure 10), where a 6-channel continuous dynamic monitoring system has 
been installed in 2009, enabling the tracking of a large number of modal frequencies in the 
range 0-1 Hz (Figure 11) [12]. However, careful inspection of the zoom shown in Figure 11 
shows the occurrence of some non-linear correlation between frequencies and temperature 
induced by the non-linear geometrical characteristics of the suspension roof, and in some cases 
the increase of temperature leads even to an increase of modal frequency [13][14]. 

Figure 10. Braga stadium suspension roof: View from the west side; Cross-section. 

Figure 11. (Left) Temporal evolution of identified natural frequencies: (top) from 25/03/2009 to 27/09/2012 in 
the range 0-1.1 Hz; (bottom) from 1/07/2009 to 10/07/2009 for modes 3, 4 and 5; (Right) Correlation between 

modal frequencies and measured temperatures in the period 1/07/2009 to 31/12/2009. 

    Wind can also play an important role in terms of inducing significant variations in the modal 
parameters. This has been noticed for instance processing data from one year of continuous 
monitoring at Torrão wind turbine [8] and observing the Campbel diagram achieved relating 
frequency estimates with the rotor speed (Figure 12). It is however particularly interesting to 
show the significant increase of modal damping of the 1st FA mode induced by the increase of 
wind speed along the different operating regimes of the wind turbine (Figure 13). 
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Figure 12. (Left) Torrão wind turbine; (Right) Campbel diagram after one year of continuous monitoring and 

removal of the estimates corresponding to excitation harmonics. 

    
Figure 13. Evolution of damping with the wind speed: (Left) 1st FA tower mode;  

(Right) 1st SS tower mode. 

Figure 14. Variation of identified natural frequencies of Baixo Sabor dam with the water level in the reservoir. 

     At last, it’s still worth mentioning the influence of the water level in the reservoir on the 
natural frequencies of Baixo Sabor dam recently detected by processing the data from a 20-
channel continuous dynamic monitoring system installed after construction to follow the first 
filling of the reservoir (Figure 14) [15]. 
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2.5 Monitoring for vibration based early detection of structural changes 
Although the variations of modal frequency estimates induced by environmental and 

operational factors are in general relatively small, they can clearly disturb any attempt of 
detecting structural damages on the basis of the analysis of natural frequency shifts. 

Therefore, it is of utmost importance to remove or mitigate the effect of such factors on the 
modal variability by applying appropriate statistical methods (e.g. multiple linear regression or 
PCA methods) and building suitable control charts that may flag the occurrence of slight 
damage [16][17].  

Figure 15(a) shows, for instance, the temporal evolution of the estimates of the first natural 
frequency of Infante D.Henrique bridge before and after the removal of the environmental/ 
operational effects. Inspection of this figure shows the high efficiency of such correction, most 
of the estimates being then located in a very narrow frequency range with an amplitude of about 
0.005 Hz. This means that relatively small damage can be detected in the future provided that 
the variations of modal frequencies induced are higher than that order of magnitude. This 
conclusion has been better confirmed analysing different damage scenarios idealized 
numerically and building appropriate control charts, as illustrated in Figure 15(b) [16][8], both 
in bridges and in wind turbines. 

      (a)       (b) 
Figure 15. (a) Temporal evolution of the first natural frequency estimates before and after the removal of 

environmental/ operatioanl effects; (b) Control chart used for damage detection. 

2.6 Dynamic monitoring of wind effects on large bridges and suspension roofs  
Continuous dynamic monitoring can also play an interesting role in Wind Engineering 

studies developed on prototypes, specially in the case bridges located in zones with high 
susceptibility to the occurrence of extreme events, such as cyclones or typhoons, demanding an 
adequate characterization of loads and an accurate assessment of the corresponding response. 

Such type of research has been carried out by ViBest/ FEUP on the Grande Ravine viaduct 
(Fig.16), which is a slender girder bridge crossing a volcanic breach of 320m width and 170m 
depth, at the Reunion Island. This viaduct is located in an area frequently affected by tropical 
cyclones and has a particular structural configuration that, although stiff when compared to 
cable-stayed and suspended bridges, is slender in comparison to ordinary girder bridges. 

These aspects led the Designer SETEC tpi [18] to idealise a continuous monitoring system 
with aerodynamic character, grouping a set of anemometers, pressure cells, temperature sensors 
and accelerometers (Fig.16). Collaboration between the Designer, ViBest/FEUP and CSTB was 
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established for the processing and analysis of recorded data, in order to validate the wind studies 
carried out during the design stage. Several other experimental tests were also conducted. In 
particular, ambient vibration tests were performed to characterise the bridge structure after 
construction, and detailed wind tunnel tests were developed, using simultaneous measurement 
of aerodynamic forces with balance and through pressures on the surface of cross section of the 
deck model, in order to characterise the aerodynamic forces acting on the viaduct model [19]. 

Figure 16. Monitoring of Grande Ravine viaduct: Location of (a) anemometers and accelerometers;  
(b) pressure cells. 

3 CONCLUSIONS 
This paper briefly refers a set of long-term dynamic monitoring systems implemented by the 

Laboratory of Vibrations and Structural Monitoring (ViBest) of FEUP in large Civil structures 
with different typologies (e.g. roadway, railway and pedestrian bridges, stadia suspension roofs, 
wind turbines or concrete dams). These applications clearly illustrate the interest and potential 
of the developed technology in different perspectives, as well as the huge high quality database 
created, which can now be used for joint collaborative research at European level.  
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Abstract. During the last decades, researchers have developed several methodologies to locate 
and identify damage in structures due to the continuous action of the service load, and to the 
combined action of the service and accidental loads, as well. The damage detection techniques 
are attractive due to the fact that they allow to study the continuous behavior of structures such 
as bridges, hospitals, schools, and historic buildings, among others. These tools are very helpful 
to evaluate the actual capacity of the structure and to determine if it can sustain current loads 
when extreme events as earthquakes, hurricanes or tornados occur. These techniques belong to 
the group of nondestructive tests, and play an important role in the engineering area. Among 
the methodologies proposed in the literature, one of them is the flexibility difference method. 
This theory is based on the study of eigenvectors, looking for a vector that shows changes in 
flexibility that reflects damage. The objective of this work is to assess the damage location 
using the flexibility matrix. For the study, ambient vibration campaigns were led on two existing 
bridges, one pedestrian and other for vehicles, in order to measure the structures’ dynamic 
properties under different loading scenarios that will allow to detect the presence of possible 
damage through the identification of changes in the flexibility matrixes. The results show the 
location where there are changes in the flexibility matrix along the bridges, showing the zones 
where structural elements can have been damaged along their cycle of life. 
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1 INTRODUCTION 
Around the world, road bridges play an important role for the economic development of any 

country since they are the instrument that permit the communication among cities; furthermore, 
they allow the rural communities to have access to hospitals, schools, and other vital services 
that would be unavailable if they would not exist. Pedestrian bridges are a fundamental part of 
the infrastructure of a city, allowing that people have access to different places where the rods 
or highways are wide or have to cross rivers or street with heavy traffic. For any town or village, 
pedestrian bridges allow an easy and faster way for communicating places. The system 
identification technique is an excellent tool for continuously monitoring the health state of a 
bridge in a short period of time, which is important in maintenance and rehabilitation projects 
to prevent excessive damage of the structure due to accidental loads and, at the same time, 
allows the protection of people that daily make use of the infrastructure. 

  Based on the important tool that system identification is, it was determined the dynamic 
characteristics of two bridges, one highway bridge located on the Morelia´s loop and a 
pedestrian bridge located close to the Morelia’s University city, both in Mexico, by using the 
frequency domain decomposition technique (FDD) [1]. The structures’ system identification 
was obtained with data measured from ambient vibration studies. The data acquisition were 
recorded using digital accelerometers with twelve channels, locating the sensors at different 
points along the structures.  

The present work describes the methodology used to detect damage on the bridges’ structure 
by implementing the flexibility difference method for locating damage in structures [2] 

2 FLEXIBILITY DIFFERENCE METHOD FOR LOCATING DAMAGE IN 
STRUCTURES [2] 

The methodology proposed by Pandey and Biswas [2] to detect and to locate damage on 
structures only requires to know modal shapes and their frequencies that are associated to 
different scenarios along the service life of the structures. The dynamic properties are measured 
at different periods of time or under different load condition of the structures where it is desired 
a health monitoring. So by using the ambient vibration technique, it is possible to determine the 
information needed to implement the Pandey and Biswas’ method to identify damage with a 
very less computational effort. In the present work, for implementing the methodology, first the 
modal shapes and frequencies were measured through an ambient vibration tests, the following 
steps to estimate the flexibility changes and to locate damage are numbered in the next lines: 

1. Normalization of the modal shapes with respect to the mass. 
 

𝑀𝑀𝑛𝑛𝑛𝑛 = ∫Φ𝑛𝑛(𝑥𝑥)2𝑚𝑚(𝑥𝑥)𝑑𝑑𝑥𝑥
𝐿𝐿

0

 

 

(1) 

where 𝑀𝑀𝑛𝑛𝑛𝑛 is the generalized mass at mode 𝑖𝑖, Φ𝑛𝑛 is the ith mode shape, and 𝑚𝑚 is the mass of 
the structure. For a structure with continuous mass, the normalized mode shapes correspond to 
the estimated ones divided by the squared root of the generalized mass. 

2. Evaluation of the undamaged flexibility matrix 
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[𝐹𝐹] = Φ�̅�𝐾−1Φ𝑇𝑇 = ∑ (1
𝜔𝜔𝑖𝑖

2⁄ )
𝑛𝑛

𝑖𝑖=1
𝜙𝜙𝑖𝑖𝜙𝜙𝑖𝑖

𝑇𝑇 

 

(2) 

3. Evaluation of the flexibility matrix at a damage condition 

[𝐹𝐹∗] = Φ∗𝐾𝐾∗̅̅̅̅ −1Φ∗𝑇𝑇 = ∑ (1
𝜔𝜔∗𝑖𝑖

2⁄ )
𝑛𝑛

𝑖𝑖=1
𝜙𝜙∗

𝑖𝑖𝜙𝜙∗
𝑖𝑖
𝑇𝑇  

(3) 

4. Estimation of the change in flexibility 
[Δ𝐹𝐹] = [F] − [F∗]𝑇𝑇 

 
(4) 

5. Detection of the flexibility changes at each measurement location 
𝛿𝛿𝑗𝑗 = 𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖|𝛿𝛿𝛿𝛿𝑖𝑖𝑗𝑗|         

 

(5) 

where 𝐹𝐹, 𝐾𝐾, Φ, 𝜔𝜔 are respectively the flexibility matrix, the stiffness matrix, the mode 
shapes, and the frequencies for the undamaged structure; 𝐹𝐹∗, 𝐾𝐾∗, 𝜙𝜙∗ and 𝜔𝜔∗, are the 
same parameters but for the damaged condition, Δ𝐹𝐹 is the change in the flexibility 
matrix, and 𝛿𝛿𝛿𝛿𝑖𝑖𝑗𝑗 are the elements of  Δ𝐹𝐹. To locate damage the quantity 𝛿𝛿𝑗𝑗 is used as 
the measure of change in flexibility for each measurement location. 

 

3 CASES OF STUDY 
Two bridges built in Morelia city, Mexico, designed to fulfill two different load demands 

were selected to conduct the present work, the first one is a highway bridge and the second one 
is a pedestrian bridge. The main idea for studying different classes of structures is to explore 
the accuracy of the flexibility difference method to locate damage in structures excited by 
different dynamic loading since the first structure is subjected to heavy transit loads whereas 
the second is under small dynamic loads due to walking people crossing a river, so they have 
different frequency content. 

For the damage identification first of all it is needed to know the modal properties of the 
structures at different times along their service life time. In this work, modal shapes where 
measured trough an ambient vibration campaign by using sets of uniaxial and triaxial 
Kinemetrics accelerometers that measured the ambient vibrations in two orthogonal and a 
vertical directions. The recording console is a Kinemetricks K2 with 12 channels with nine 
force balanced unidirectional sensors and one Episensor triaxial force balanced instrument. The 
data acquisition consisted in recording 200 samples per second in windows of 10 minutes for 
each measurement. Figure 1 shows the equipment used with full-scale range of ±0.20 to ±4 g 
and extended bandwidth –DC to 200 Hz. The signals were processed using the ARTEMIS 
software [3], selecting the frequency domain decomposition technique for the system 
identification. The description and results obtained for each of the bridges are described in the 
following sections.  

 

747



Bertha A. Olmos, José M. Jara and Guillermo Martínez. 

 4 

 
  

                        
Figure 1: Unidirectional and triaxial force balance sensors. 

 

3.1 Highway Bridge 
La Central Bridge is composed by five-span simply supported, two of 30.3 m and three of 

30.6 m long. It is conformed by two-parallel structures with a bridge deck of 12.3 m wide and 
0.20 m thick, supported on nine AASHTO type IV girders resting on elastomeric bearings. The 
substructure is a RC three-column bent designed for a concrete strength of 24.5 MPa (Figure 
2). The same concrete strength was used in the bent caps, diaphragms and slabs. AASHTO 
prestressed girders were designed for a concrete strength of 39.2 MPa. Figure 2 shows that the 
deck slab is continuous over piers 2 and 5, and it has an expansion joints at abutments and piers 
3 and 4. 

 

 
Figure 2: Plan view of La Central Bridge 

Figure 3 shows a picture of the bridge during the construction process in 2014. RC 
rectangular columns composed the piers and the arch shape displayed in Figure 3 was built with 
light non-structural elements and it only has decorative purposes. 
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Figure 3: Longitudinal view of La Central Bridge 

 
Until now, the ambient vibration campaigns on the Central Bridge were led in a period of 

two years under different load scenarios. Two measurements were made on 2014, one when the 
bridge construction was finished but not the asphalt overlay, the following at the beginning of 
the traffic circulation along the bridge, and the third one a year after the structure started to be 
on full operation. For the ambient vibration campaign, the sensors were located at several 
positions covering the length and wide of the bridge, with the aim to cover several modal shapes 
for their identification. The data recorded were processed with the ARTEMIS software where 
it was possible to identify the mode shapes in 3D, thanks to wide range of points cover with the 
ambient vibration work. The signal process allowed to define several mode shapes of the bridge, 
from them only two were selected to implement the flexibility difference method to detect 
damage in the structure since these were the best correlated among all the measurements 
achieved and the real behavior expected in the bridge. Figure 4 shows the modes shapes used 
to achieve the objective of this work. 

 

 
Figure 4: (a) First and (b) second mode shapes for La Central bridge identified with ARTEMIS [3]. 

When implementing the flexibility difference method to locate damage on the Central 
Bridge, the structure was discretized in 160 elements along its length where it was estimated 
the changes in flexibility reported in Figure 5; this figure presents in the horizontal and vertical 
axes, respectively, the position along the bridge length and the change in flexibility at each 
element represented by bars defining the elements’ start and end. The results show the presence 
of damage in locations where there are expected the maximum deformations for a continuous 
deck, at this point the changes in flexibility are small, representing small cracking present on 

(b) f1=3.398 Hz 
(a) f2=3.223 Hz 
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deck and beams located at the distances identify on the ordinate axes along the bridge. These 
results indicate that a continuous health monitoring must be carefully led over the segments 
presenting the higher picks along the bridge’s length. Following the same idea and given the 
fact that the bridge can be considered still as a new structure, there will be a continuous study 
of the health monitoring of the bridge, conducting new ambient vibration campaigns; it is 
expected to make at least one ambient vibration campaign per year, in order to opportunely 
prevent damage on the Central Bridge. 

 

Figure 5: La Central bridge damage location. 

 

3.2 Pedestrian bridge 
The pedestrian bridge is composed by a reinforced concrete deck supported on a metallic 

truss (Figure 6). The bridge crosses a small river in Morelia, México (Figure 7). The webs and 
bottom chord have a box cross section composed by two channel cold-formed steel elements. 
Over the deck slab, along both longitudinal edges, there are metallic handrails for protecting 
pedestrians from possible falls. 

 

 
Figure 6: Pedestrian Bridge 
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Figure 7: Longitudinal view of the pedestrian Bridge and damage on the top chord. 
 
The bridge presents several pathologies in structural and non-structural elements (handrails). 

The most important damage in structural elements is observed in the top chord and bottom of 
the truss where the visual inspection showed, in some parts, loss of the cross section and at 
others loss of welding, as well as corrosion in several structural elements (Figures 7 and 10). 
The handrail presents some unwelded joints and some elements with evident corrosion. The 
bridge is of easy accessibility to lead at any time ambient vibration tests, and it is also a small 
structure that is easy to move under forced vibration where there are people walking all days 
and almost most of the time; further, because the structure exhibit damage, it was selected to 
study the accuracy of the change in flexibility method to locate damage. 

 
As explained before, to implement the methodology selected for damage detection, it is 

needed to know the modal shapes of the structure. Since the interest for this bridge came after 
known its actual condition, first a topographic study was led in order to correctly identify the 
geometry, structural and nonstructural elements that conform the bridge; based on this study, a 
numerical model was developed in the software SAP2000 [4] developed in order to determine 
the analytical mode shapes of the original bridge. The ambient vibration campaign was led on 
the damaged structure where the sensors were located along the bridge with two different 
positions, one locating the sensors at the fourths of the length, and another at the span center 
with sensors at 0.60 m from the end supports. The data recorded were processed with the 
ARTEMIS software and the mode shapes were identified in 2D since the sensors cover only 
the length and not the wide of bridge, mainly because the intensive pedestrian circulation. 
Figure 8 shows two of the mode shapes identified and correlated with the analytical model, the 
first and five modes were used in the flexibility difference method to detect damage in the 
pedestrian bridge. 

The damage located on the pedestrian bridge is reported in Figure 9 where the horizontal 
and vertical axes, respectively, correspond to the position along the bridge length and to the 
change in flexibility at each element represented by bars that define the elements’ start and end. 
The results show the presence of damage in locations where physically can be distinguished the 
damage,  for example Figure 10 shows some damaged elements, as well the longitudinal view 
of the truss show the presence of corrosion along the bridge. The changes in flexibility are larger 
in locations where it is expected the larger vertical deflections and visually detected damage in 
structural elements. Following the same idea and having easy accessibility to the bridge, it is 
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planned to make a continuous study on the health monitoring of this bridge by conducting new 
ambient vibration campaigns, in order to measure continuously the progress of damage, and 
also to study other methodologies to detect damage with the aim to determine their accuracy. 

 

   
Figure 8: (a) First and (b) five mode shapes for the pedestrian bridge identified with ARTEMIS. 

 

 
Figure 9: Pedestrian bridge damage location. 

 

Figure 10: Visual identification of damage on the Pedestrian bridge. 
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11 CONCLUSIONS 
The present work reports the results of a study focused in determining the accuracy of the 

difference flexibility method for locating damage on structures. The methodology was applied 
for two bridges working under completely different loads scenarios: a highway bridge and a 
pedestrian bridge. In both cases, ambient vibration campaigns that allow to determine the mode 
shapes of the structures and their respective frequencies were developed. The results presented 
and discussed let us to conclude the following: 

- The change in flexibility method for detecting damage in structures is effective and 
accurate to detect damage using few mode shapes. 

- The methodology is easy to implement allowing an easy interpretation of results; 
changes in flexibility, which are easy to present in graphs, correlate the position along 
the structure where it is expected the presence of damage. 

- The efficacy of the method depends on the quality of the data used to identify modal 
shapes and frequencies, as well as the different load and damage scenarios used. 

- The methodology demands small computational efforts, what is desired particularly 
for big structures. 
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Abstract. We consider the identification of a single open crack in a uniform elastic cantilever
with elastic support of unknown stiffness by minimal resonant frequency data. The damage
is modelled by inserting a localized flexibility at the cracked cross-section. The flexibility of
the end constraint and the additional flexibility induced by the crack are assumed to be small
and of the same order of smallness. We establish conditions for the unique identification of the
position and severity of the crack and of the stiffness of the elastic support in terms of the first
three resonant frequencies of either the axial or the bending vibrations. Numerical simulations
support the theory.

1 INTRODUCTION

The inverse problem of determining a crack in a beam from natural frequency measurements
has attracted a lot of attention in the last decades [1, 4]. The prototype of these inverse problems
is the determination of a single open crack in a straight thin elastic beam from measurement
of natural frequencies of the longitudinal vibration. The crack can be modelled by means
of a massless translational elastic spring located at the damaged cross-section, with stiffness
depending on the geometry of the cross-section and on the mechanical properties of the material.
Assuming that the undamaged configuration of the defected rod is completely known, that is
the rod profile, material properties and end conditions are given, the diagnostic problem consists
in determining the position of the crack and the stiffness of the elastic spring simulating the
crack by minimal (two) natural frequency measurements. A well-established theory has been
developed since the middle of 90’s for uniform rods with small crack [5, 7]. More recently, the
Lambda-Curves Method has been proposed to deal with the general case in which the crack is
not necessarily small and the rod has variable profile [8].

With the exception of the paper [9], which, however, deals with a cantilever beam under
bending vibration, all the results available in literature hold under the assumption that the
boundary conditions at the ends of the beam are ideal, that is either the end is perfectly clamped

1
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or the end is free. Supported end conditions can be considered as a simplified model of real
end conditions, since, for example, the perfect clamp may soften due to loosening or local
weakening during the service of the structure. These structural changes result in not negligible
frequency variations, which could erroneously be considered induced by damage when the system
is monitored over a long period of time.

Main goal of this paper is to reconsider the method presented in [6] and present a theory
for the identification of a single small crack in a longitudinally vibrating cantilever in presence
of unknown elastically restrained end condition. On assuming that end condition involves low
flexibility and causes frequency variations of the same order as those induced by the damage,
we prove in Section 2.1 that the measurement of the first three natural frequencies in a uniform
rod allows for unique identification of the position and severity of the crack, and for unique
determination of flexibility of the elastic support. Closed-form expressions are deduced for
the unknowns in terms of the natural frequency shifts. The analogous problem for a cracked
cantilever with elastically restrained clamped support and under bending vibration is analyzed
in Section 2.2. Numerical applications and a study of the stability of the method to errors on
the data are presented in Section 3.

2 IDENTIFICATION: THEORY

2.1 Cracked cantilever under axial vibration

Consider a thin, straight uniform rod of length �, cross-section area A, mass per unit length
ρ, and Young’s modulus of the material E. Assume that the right end of the rod, at x = �, is
free, whereas the left end, at x = 0, is clamped. The infinitesimal, free, undamped longitudinal
vibration of the cantilever, with radial frequency ωn and amplitude un = un(x), is governed by
the eigenvalue problem 



EAu′′n + λnρun = 0, x ∈ (0, �),

un(0) = 0,

u′n(0) = 0,

(1)

where λn = ω2
n is the eigenvalue associated to the nth eigenfunction un = un(x), n ≥ 0. Problem

(1) can be considered as the reference eigenvalue problem of the rod. Hereinafter, f ′(x) denotes
the first derivative of the function f = f(x).

We assume that, during its service, the rod is simultaneously affected by the degradation of
the ideal constraint at x = 0, and by the occurrence of a localized damage - a crack - at the
cross section x = s, s ∈ (0, �). The end condition at x = 0 is modelled by means of an elastic
spring of stiffness K0 > 0 connecting the end of the rod and the support. Moreover, following an
approach commonly adopted in damage identification, the crack at s is assumed to remain open
during vibration and it is modelled by inserting a translational spring, of stiffness K > 0, at the
damage cross-section. The value of K can be expressed in terms of the geometry of the cracked
cross-section and the properties of the material, as explained, for example in [10]. Therefore, the
free longitudinal vibration of the elastically restrained cracked rod is governed by the eigenvalue

2
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problem 


EAũ′′n + λ̃nρũn = 0, x ∈ (0, s) ∪ (s, �)

K0ũn(0) = EAũ′n(0),

K�ũn(s)� = EAũ′n(s),

�ũ′n(s)� = 0,

ũ′n(�) = 0,

(2)

where (λ̃n, ũn) is the nth eigenpair, n ≥ 0. The eigenvalue problem (2) will coincide with the
reference problem (1) as, simultaneously,K andK0 tend to∞. Here, �ũn(s)� = (limx→s+ ũn(x)−
limx→s− ũn(x)).

In real situations, the deviation of the end condition at x = 0 from the ideal case (with
K0 = ∞) is generally small, namely the deviation from the ideal support condition involves
low flexibility K−1

0 . Moreover, the identification of small cracks is the main issue in structural
diagnostics. Therefore, it is reasonable to assume that both K−1

0 and K−1 are small and of
the same order of smallness. Under the above assumption, our inverse problem consists in
determining the flexibility of the support K−1

0 , and the damage location s and severity K−1 by
measuring the variations in the first three natural frequencies of the cantilever from the reference
to the perturbed state.

By adapting the approach proposed in [11], the first order change in the nth eigenvalue

δλn ≡ λ̃n − λn is given by

δλn = −N2
n(0)

K0
− N2

n(s)

K
, (3)

where Nn(x) = EAu′n(x) is the axial force associated with the nth eigenfunction of the unper-

turbed system, normalized as
∫ �
0 ρu2n(x) dx = 1. A direct calculation shows that

λn =
EA

ρ�2

(
π

2
(1 + 2n)

)2

, un(x) =

√
2

ρ�
sin

(
π

2
(1 + 2n)

x

�

)
, n ≥ 0. (4)

By writing (3) for n = 1, 2, 3, we obtain the following system of three nonlinear equations in the
three unknowns K0,K, s: 




C1 = ξ cos2(π2
s
� ) + F ,

C2 = ξ cos2(3π2
s
� ) + F ,

C3 = ξ cos2(5π2
s
� ) + F ,

(5)

where

Cn = − δλn

2EA
� λn

, ξ =
1

K
, F =

1

K0
. (6)

Let us introduce the position variable x = cos(πs� ), x ∈ (−1, 1) and let C1 = 2(C2 − C1),
C2 = 2(C3 − C1). One can prove the following result:

i) if C1 = 0, then x = 0, that is s = �
2 ;

3
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ii) if C1 �= 0, then x solves the second degree polynomial equation x2 = 1
4 + C2

C1
, that is

x1 = −

√
1

4
+

C2

C1
, x2 =

√
1

4
+

C2

C1
. (7)

One of the two solutions (7) can always be excluded. To show this, it is enough to recall the
following identity deduced from (5):

C1 = ξ(1 + x)((2x− 1)2 − 1). (8)

The third factor in the right end side of (8) takes positive or negative value when it is evaluated
either for x = x1 or for x = x2, respectively. Therefore, since ξ must be positive quantity, if
C1 > 0 then the solution x2 is discarded and, vice versa, if C1 < 0 then the solution x1 is
excluded. In conclusion, since the function x = x(s) is one-to-one in (0, �), the crack is uniquely
localized. Once s and ξ have been uniquely determined, also K0 can be uniquely identified, and
the problem is solved. It should be noticed that, quite remarkably, closed-form solutions for the
three unknowns are provided.

2.2 Cracked cantilever under bending vibration

In this section we shall consider the inverse problem discussed in Section 2.1 for a cantilever
under bending vibration. We will see that closed form solutions are not longer available in this
case.

The model is a uniform cantilever under non-perfect clamped end condition at the left end
x = 0 and with an open crack at x = s. The infinitesimal, undamped, free bending vibration, of

radian frequency

√
λ̃n and amplitude ṽn = ṽn(x), of the elastically restrained cracked cantilever

is governed by the eigenvalue problem




EIṽ′′′′n − λ̃nρṽn = 0, x ∈ (0, s) ∪ (s, �),

ṽn(0) = 0,

K0ṽ
′
n(0) = EIṽ′′n(0),

�ṽn(s)� = 0,

K�ṽ′n(s)� = EIṽ′′n(s),

�ṽ′′n(s)� = 0,

�ṽ′′′n (s)� = 0,

ṽ′′n(�) = 0,

ṽ′′′n (�) = 0,

(9)

where I is the moment of inertia of the cross-section, K0 is the stiffness of the elastic rotational
spring modelling the elastic constraint, and K is the stiffness of the rotational spring modelling
the open crack at x = s (see [10]). The eigenpairs {(λn, vn)}∞n=1 of the reference system, e.g., the
cantilever without damage and with ideal clamped end, can be obtained as limit of the problem
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(9) as, simultaneously, K0 and K tend to ∞. The eigenvalues λn are the roots of the reference
frequency equation

1 + cos( 4
√
λn�) cosh(

4
√
λn�) = 0, (10)

and the eigenfunction vn(x), normalized such that
∫ �
0 ρv2n(x) dx = 1, has the expression

1√
ρ�

(
cos( 4

√
λnx)− cosh( 4

√
λnx) +

sin( 4
√
λn�)− sinh( 4

√
λn�)

cos( 4
√
λn�)− cosh( 4

√
λn�)

· (sin( 4
√

λnx)− sinh( 4
√

λnx))

)
(11)

As before, we assume that the elastically restrained cracked cantilever is obtained as perturbation
of the reference cantilever, that is we assume that K−1

0 and K−1 are small and of the same order
of smallness. Following [11], and using the above notation, we have

δλn = −M2
n(0)

K0
− M2

n(s)

K
, (12)

where Mn(x) = −EI v′′n(x) is the bending moment associated to the normalized eigenfunction
vn(x). The diagnostic problem consists in determining the position s and the flexibility ξ = K−1

of the crack, and the flexibility F = K−1
0 of the elastic support at x = 0 from the knowledge of

the shifts in the first three eigenvalues of the cantilever. By writing equation (12) for n = 1, 2, 3
we obtain the following system of nonlinear equations




C1 = ξλ1
−1M2

1 (s) + 4F ,

C2 = ξλ2
−1M2

2 (s) + 4F ,

C3 = ξλ3
−1M2

3 (s) + 4F ,

(13)

where Cn = δ λn
λn

, n = 1, 2, 3. After some algebraic transformations, one can prove that the
possible positions of the crack are the solution of the following equation

C3 − C1

C2 − C1
=

M2
3 (s)λ

−1
3 −M2

1 (s)λ
−1
1

M2
2 (s)λ

−1
2 −M2

1 (s)λ
−1
1

≡ f(s), (14)

where s ∈ (0, �) and the difference C2 − C1 is supposed to be different from zero. Equation
(14) may be used to solve the damage identification problem for given (measured) value of
the ratio (C3 − C1)(C2 − C1)

−1. More precisely, the only possible locations of the crack are
the abscissas of the intersection points between the function y = f(s) and the straight line
y = (C3 − C1)(C2 − C1)

−1, see Figure 1. It should be noticed that in practical applications the
function f(s) is known from the solution of the free vibration problem of the undamaged ideal
cantilever. Once the admissible crack locations are determined numerically, the stiffnesses K0

and K can be identified via (13).

3 APPLICATIONS

In this section, some numerical applications for the cantilever either under axial or bending
vibration are presented. For the sake of simplicity, we shall consider a uniform cantilever with
unitary values of the physical parameters, i.e. E = A = I = � = ρ = 1. The identification prob-
lem is formulated by using pseudo-experimental frequency data, that is, the resonant frequencies
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Figure 1: Plot of the function y = f(s) defined in (14) for cracked cantilever in bending vibration.

are obtained by solving the direct eigenvalue problem in referential and perturbed configuration
for different flexibilities of the support and different positions and severity of the crack. In a first
stage, simulations have been performed with error-free data. Then, to test the robustness of the
proposed method to errors on the data, the eigenvalue shifts have been perturbed as follows

δλerr
n = δλn(1 + τ), (15)

where τ is a Gaussian variable with vanishing mean and standard deviation σ given by σ = Π/3.
Here, Π is the maximum error on the eigenvalue shift, and simulations have been performed for
Π = 0.05, 0.10, 0.20.

3.1 Axial vibration

Among an extensive series of simulations, Table 1 collects the results of identification in
absence of errors for three positions of the crack, namely, s = 0.30, s = 0.60 and s = 0.90, and
for a selected set of flexibilities F , ξ of the elastic support and of the crack, respectively. The
flexibilities F , ξ have the same order of magnitude, and have been chosen so that the shifts in
the first three radian frequencies of the cantilever are of the order 1 − 5% of the unperturbed
initial value.

Identification errors are generally small and of order of few per cent of the target values.
The accuracy of identification decreases as the flexibility of the support and the severity of the
damage increase, and maximum errors, up to 15 per cent of the actual values, are attained
for the damage severity when the crack is close to the free end of the cantilever. Finally, the
estimate of the crack position turns out to be generally more accurate than the corresponding
estimates of the two flexibilities.

In presence of errors, 500 simulations have been performed for each level of error Π. Table 2
shows a typical result obtained for the target values s = 0.3, ξ = 0.004 and F = 0.004. It can
be seen that the errors on the input data are not amplified by the identification algorithm, and
the average of each unknown parameter differs from the target values by few points per cent. As
before, the estimate of the crack position seems to be less sensitive to errors than the estimates
of the two flexibilities.
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Table 1: Axial vibrations: percentage errors in the determination of the position s and flexibility ξ of
the crack, and of the flexibility F of the elastic support by using free-of-error data. es = 100× (sexact −
sident)/sexact, eF = 100× (Fexact − Fident)/Fexact and eξ = 100× (ξexact − ξident)/ξexact.

Actual values s = 0.30 s = 0.60 s = 0.90

F ξ es eF eξ es eF eξ es eF eξ

0.004 0.004 −1.1 0.5 1.8 −0.1 0.6 1.6 −0.2 0.6 −2.3
0.010 −1.3 0.2 2.6 0.0 0.6 2.3 −0.5 0.6 −8.1
0.020 −1.7 −1.1 4.0 0.3 0.7 3.4 −0.9 0.8 −18.3

0.010 0.004 −2.3 1.6 3.3 −0.3 1.7 2.8 −0.3 1.5 1.0
0.010 −2.7 1.4 4.2 −0.3 1.6 3.9 −0.6 1.5 −5.7
0.020 −3.1 1.0 5.6 −0.1 1.5 5.1 −1.0 1.5 −16.3

0.020 0.004 −3.5 3.3 4.9 0.5 3.6 1.0 0.0 2.9 14.5
0.010 −4.5 3.2 6.5 −0.4 3.5 5.1 −0.6 2.9 1.4
0.020 −5.1 3.1 7.9 −0.5 3.4 7.3 −1.1 3.0 −11.6

Table 2: Axial vibrations: determination of the position s and flexibility ξ of the crack, and of the
flexibility F of the elastic support by using frequency data with errors. Actual values of the identification
parameters: s = 0.3, ξ = 0.004 and F = 0.004.

Π = 0.05 Π = 0.10 Π = 0.20

Stat. Property s ξ F s ξ F s ξ F

Max 0.315 0.0045 0.0042 0.325 0.0050 0.0044 0.364 0.0057 0.0049
Min 0.295 0.0034 0.0038 0.287 0.0029 0.0034 0.267 0.0018 0.0033

Average value 0.303 0.0039 0.0040 0.304 0.0039 0.0040 0.305 0.0039 0.0040
% error average −1.0 2.5 0.0 −1.3 2.5 0.0 −1.7 2.5 0.0

Std. dev. 0.004 0.0002 0.0001 0.007 0.0004 0.0001 0.015 0.0007 0.0003

Ident. without errors 0.303 0.0039 0.0040 0.303 0.0039 0.0040 0.303 0.0039 0.0040
Actual value 0.300 0.0040 0.0040 0.300 0.0040 0.0040 0.300 0.0040 0.0040

3.2 Bending vibration

Numerical simulations without errors analogous to those described in previous section have
been carried out for the bending problem. However, it should be noticed that, in the present
case, the inverse problem is more complicated due to the intrinsic non-uniqueness of the solutions
of equation (14) governing the crack location problem. Two cases are considered in detail in
Table 3. They refer to crack position either at s = 0.33 (Case 1) or at s = 0.60 (Case 2), and
flexibilities are chosen such that typical radian frequency shift ranges between 0.5 and 2.0 per
cent of the reference value. In Case 1, equation (14) has exactly one solution, whereas in Case
2 three distinct solutions {si}3i=1 of the equation (14) do exist, namely, s1 � 0.20, s2 � 0.40
and s3 = 0.60. The latter value is the actual position of the crack, whereas the former two are
spurious solutions due to the mathematical nature of the inverse problem. It is interesting to
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notice that, in spite of the non uniqueness of the crack location problem, only one solution of
the identification problem is attained in Case 2. In fact, the two spurious solutions s1 � 0.20
and s2 � 0.40 are excluded because they lead to negative value of the flexibility either of the
crack or of the rotational spring modelling the elastic support at x = 0. This peculiarity of
the inverse problem has been checked on the basis of numerical simulations only, and needs
further theoretical investigation. Table 3 shows that the determination of the crack position is
rather accurate, with percentage errors up to 6%, whereas deviations from the actual value are
significantly larger for the two flexibilities.

Finally, the sensitivity of the method to the presence of errors on the data has been investi-
gated in Table 4 for the case with s = 0.33, ξ = 0.005 and F = 0.001. As in the axial vibration
case, 500 numerical simulations have been performed for each level of error Π = 0.05, 0.10, 0.20.
It is confirmed that the errors on the input data are not strongly amplified by the identification
method, and the determination of the crack position is more stable than the estimates of the
two flexibilities.

Table 3: Bending vibrations: percentage errors in the determination of the position s and flexibility ξ of
the crack, and of the flexibility F of the elastic support by using free-of-error data. es = 100× (sexact −
sident)/sexact, eF = 100× (Fexact − Fident)/Fexact and eξ = 100× (ξexact − ξident)/ξexact.

Actual values s = 0.33 s = 0.60

F ξ es eF eξ es eF eξ

0.001 0.004 −0.4 3.7 −5.6 0.0 −0.3 −1.7
0.008 −0.6 11.1 −8.6 0.0 0.1 −2.4
0.020 −1.7 40.6 −19.9 −0.2 2.6 −5.1

0.002 0.004 −0.8 3.0 −10.5 −0.1 −0.7 −2.9
0.008 −0.7 6.9 −11.4 0.0 −0.5 −3.3
0.020 −1.6 26.1 −21.6 −0.1 0.7 −5.8

0.005 0.004 −5.6 3.2 −46.2 −0.7 −1.9 −10.2
0.008 −2.6 5.3 −30.3 −0.2 −1.8 −7.7
0.020 −1.9 14.3 −31.2 −0.1 −1.3 −8.4

4 CONCLUSIONS

We have considered the inverse problem of determining the position and severity of an open
crack in a longitudinally vibrating uniform cantilever with elastic support of unknown stiffness
by minimal eigenfrequency data. Under the assumption that the flexibility introduced by the
crack and the flexibility of the support are small and are of the same order of smallness, it is
possible to show that the knowledge of the first three eigenfrequencies guarantees for the unique
solution of the identification problem by means of closed form expressions. The stability of
the method to errors on the frequency data has been investigated within an extensive series of
numerical simulations. The analysis of the corresponding problem for an elastically restrained
cracked cantilever has been also discussed.

The details of the proofs and extension of the results to different set of boundary conditions
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Table 4: Bending vibrations: determination of the position s and flexibility ξ of the crack, and of the
flexibility F of the elastic support by using frequency data with errors. Actual values of the identification
parameters: s = 0.33, ξ = 0.005 and F = 0.001.

Π = 0.05 Π = 0.10 Π = 0.20

Stat. Property s ξ F s ξ F s ξ F

Max 0.343 0.0065 0.00149 0.353 0.0082 0.0018 0.361 0.0153 0.0019
Min 0.304 0.0032 0.00055 0.291 0.0022 0.0000 0.243 0.0016 −0.0020

Average value 0.328 0.0047 0.00105 0.327 0.0049 0.0010 0.325 0.0053 0.0009
% error average 0.6 6.0 −5.0 0.9 2.0 0.0 1.5 −6.0 10.0

Std. dev. 0.006 0.0005 0.00016 0.011 0.0011 0.0003 0.023 0.0021 0.0006

Ident. without errors 0.329 0.0047 0.00105 0.329 0.0047 0.0011 0.329 0.0047 0.0011
Actual value 0.330 0.0050 0.00100 0.330 0.0050 0.0010 0.330 0.0050 0.0010

will be presented in a forthcoming paper.
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Abstract. This paper explores different vibration control strategies for the cancellation of
human-induced vibration on a slender structure. More concretely, the performance of semi-
active control is compared with passive control for a time-varying modal parameters structure
numerically, as a previous step to the experimental implementation. The structure is a composite
steel-concrete slender slab with its first vibration mode at 5.51 Hz which may change up to 25%.
In order to find a solution for this case, this paper takes the modal parameter estimates from
the Frequency Response Function and designs three control strategies: a) a tuned mass damper
(TMD) tuned to the aforementioned mode, b) two semi-active TMD strategies, one with an on-off
control law for the TMD damping, and other with frequency and damping tuned by updating the
damper force. All strategies have been carefully compared considering two structure models: a)
the nominal case of the aforementioned mode and b) the same mode but with different frequency.
The results have been compared using predictors for human-induced vibrations.

1 INTRODUCTION

The continuous development of structural materials and construction techniques is leading
to lighter and slender structures, which may be susceptible of experiencing excessive vibrations
due to human-induced loading. These results show that this kind of structures might not fulfill
vibration serviceability requirements. Then, the inclusion of a device to reduce vibration levels
may be a recommendable action [1]. Within then, it can be found passive, semi-active and active
devices. When structures show modal properties changing over time, and/or several vibration
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modes must be canceled by the same device [2], passive devices may detune and experience a
significant loss of efficacy. Under these circumstances, the use of semi-active devices is a solution
to be explored [3].

Lightweight floors and only footbridges can suffer excessive vibration compromising Vibra-
tion Serviceability Limit State (VSLS). The research group has recently built a composite steel-
concrete slender slab of a span-to-depth ratio of only 1/40 (1/20 is the commom value) and
weights 3000 kg. The presence of users onto the structure changes drastically the modal parame-
ters (up to 30%, from bare structure to 10 spectators). Thus, the objective of this paper is to test
two different laws of semi-active TMD (STMD) that should be easy to implement practically.
The following steps are carried out:

1. The structure modal properties are studied for different configurations.

2. A TMD is designed for a nominal model of the structure. The CAD model is carried
out including magneto-rheological (MR) dampers. The TMD is proved for different
structure models.

3. The TMD is upgraded to a STMD. For these purpose, the laws proposed by Moutinho [4]
(STMD 1) and Weber [5] (STMD 2) are explained and used due to their simplicity
and ease of implementability in practice.

The STMDs are tested for different configurations. No more modes have been studied because
their vibration frequencies are far away from the range of interest (tipically modes ≤ 10 Hz).
The loading case used to excite the first mode simulates the magnitude of a person bouncing
that excite the structure with the second harmonic. The paper continues with the structure
description and its model, describing the different configurations. In section 3, the load case and
the three control strategies are described. Finally, the results are presented in section 4. The
paper ends with a conclusion section.

2 STRUCTURE DESCRIPTION AND THE MODELS FOR DIFFERENT CON-

FIGURATIONS

The lab structure is a composite steel-concrete slender slab (see Figure 1) resulting in a very
light structure that does not fulfill the VSLS, as expected when it was designed. The structure
has 5.5 m span, 14 cm depth and weights only 3000 kg.

The nominal case is the first configuration with the structure with two electrodynamic shakers
onto it weighting approximately 210 kg. Apart from this configuration, other two configurations
are studied. The second configuration consists of adding masses (4 blocks of 150 kg, a total mass
of 600 kg). The latter configuration is obtained changing the support conditions (reducing 30 cm
the span of the slab). Figure 2 shows a picture of each one illustrating the structure modification.

The modal parameters are obtained with the estimator Hv of the Frequency Response Func-
tion (FRF) at the point of maximum amplitude of the mode. The modal properties estimated
for each configuration are shown in Table 1 and Figure 3.
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(a) Before casting. (b) After casting.

Figure 1: Composite steel-concrete slender slab.

(a) Second configuration. (b) Third configuration.

Figure 2: Details of modified configurations.

As usual, the Transfer Function between the structure acceleration and the applied force in
the Laplace domain is as follows:

G(s) =
s2/m

s2 + 2 ζ ω s+ ω2
, (1)

in which s = jω, ω = 2πf being the circular frequency (rad/s) and f the natural frequency (Hz),
ζ is the damping ratio and m is the modal mass.
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Table 1: Modal parameters of each configuration.

Conf. 2 Nominal Conf. 3

f1 (Hz) 4.81 5.51 6.90
ζ1 (%) 0.98 0.76 1.08
M1 (kg) 2343 1714 1559
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Figure 3: Amplitude of Frequency Response Functions of each configuration.

3 VIBRATION CONTROL STRATEGIES

3.1 Loading case

The force used to evaluate the vibration control strategies has been a chirp waveform whose
frequency increases at a linear range with time, f(t), as follows

F (t) = F0 · sin(2π f(t)),

with f(t) ∈ (3, 7)Hz, and t ∈ [0, Tf ] s.
(2)

The frequency range has been chosen in order to excite first vibration mode. The final time, Tf ,
has been 500 s. This value was chosen to ensure that sweeping at each frequency is sufficiently
slow so that the results do not depend on the final time. The force amplitude, F0, of 400 N is
representative of bouncing force.

3.2 Passive control: Tuned Mass Damper

A TMD consists of a secondary mass (also called moving or inertial mass) attached to the
structure by means of springs and dampers. The TMD mass is fixed as a fraction of the modal
mass of the targeted vibration mode; the stiffness of the springs is selected to obtain the opti-
mum TMD frequency, and the viscous dampers ensure the operation of the TMD in a range of
frequencies around the tuning frequency.
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Figure 4: Model of the devices installed on a primary structure. Red symbol ( −→) means changing over
time.

Figure 4a shows the model of a classical TMD composed of an inertial mass m
T

attached to
a primary system by means of a spring of constant k

T
and a viscous damper of constant c

T
. The

primary system is the structure modeled as a SDOF system, which is composed of a mass m1, a
spring of constant k1 and a viscous damper of constant c1.

The TMD has been designed using the [6] formulas and only the first mode is considered for
TMD design and tuned according to the frequency value of the nominal case. The second mode
is considered that its frequency is far enough and furthermore it is not so representative in the
response of the structure. It is well known and widely used in real structures for the mitigation
of resonance vibration problems and it is chosen in this study as a benchmark damper, as it is
also done in [5], for instance.

The TMD properties are

m
T

= µm1 (3)

η =
1

1 + µ
(4)

ζ
T

=

√
3µ

8(1 + µ)3
, (5)

in which µ = m
T
/m1 is the mass ratio, which is estimated to be 2.85% (m

T
= 49 kg), η = ω

T
/ω1

is the frequency ratio and the stiffness and damping ratio for the TMD are obtained from

k
T

= ω2

T
m

T
(6)

c
T

= 2ζ
T
m

T
ω

T
, (7)

respectively.
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3.3 Semi-active control 1

Figure 4b shows a STMD (hereafter denoted as STMD 1) in which the TMD damper is
suposed to be a MR-damper (c

MR
(t)), whose damping can be changed continously. A phase

control strategy for the TMD damping is considered here. More concretely, the adapted version
from [7] proposed by [4] has been adopted since this is clearly geared to practical implementation
due to the quantities employed: the structure acceleration instead of displacement and the TMD
mass velocity instead of the relative velocity, as usual [8]. The control law achieves a phase lag
between the control force (the force coming from the TMD) and structure displacement close to
90o even in situation of significant detuning. The control law adopted is of ON/OFF type due
to its simplicity. Thus, the adopted control law is defined as follows [4]:




ẍ1 · ẋT
≤ 0 ⇒ c

MR
= cmin (normal functioning)

ẍ1 · ẋT
> 0 ⇒ c

MR
= cmax (blocking functioning),

(8)

in which cmax = 50 · cmin, cmin is the optimal damping obtained from equation (7), ẍ1 is the
structure acceleration (obtain by an accelerometer) and ẋ

T
is the absolute velocity of the TMD

mass (which might be obtained from the integration of an accelerometer signal installed on the
TMD mass).

3.4 Semi-active control 2

Figure 4c depicts the STMD strategy proposed by [5] and denoted as STMD 2 hereafter.
The key feature of this control law is that the energy dissipation and natural frequency of the
STMD, respectively, are adjusted according to Den Hartog’s formula in real time to fw instead of
f1, fw being the actual instantaneous frequency of the vibration response, independently if this
frequency corresponds to the resonant frequency of the targeted vibration mode or represents an
excitation frequency due to forced excitation out of resonance. The MR damper works in parallel
with a passive spring designed according to Den Hartog’s formula (see Figure 4c), denoted by
k
T
.

The MR damper emulates the sum of a controllable stiffness force (positive or negative), Fk,
and a controllable dissipative force, Fc, as follows

F = Fk + Fc. (9)

These forces are clipped to zero, which yields to the semi-active force, F
MR

, as follow

F
MR

=

�
F, sgn(ẋ1 − ẋ

T
)F ≥ 0

0, sgn(ẋ1 − ẋ
T
)F < 0

, (10)

in which sgn(ẋ1 − ẋ
T
) is the sign of the relative velocity between the structure and TMD mass.

The actual frequency, fw, is estimated from the zero-crossings of the relative displacement,
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x
S
− x

T
, through the half period time, Thalf. The actual frequency is then estimated as follows:

fw =
1

2Thalf
. (11)

Thus, the stiffness and energy dissipation of the STMD2 are tuned to the actual frequency of
vibration fw by the modified mass ratio

∼

µ that depends on the frequency shift between fw and
f1 as follows

∼

µ = µ

(
fw
f1

)
, (12)

and then, the damper properties are derived as

k
MR

= k1

∼

µ

(1 +
∼

µ)2
− k

T
, (13)

ζ
MR

=

√
3

∼

µ

8 (
∼

µ+ 1)3
, (14)

c
MR

= 2 ζ
MR

m
T
(2πfw). (15)

Finally, the control forces to compute (9) and apply the semi-active control law (10) are,

Fk = k
MR

(x1 − x
T
), (16)

Fc = sgn(ẋ1 − ẋ
T
)
{π

4
c
MR

(2πfw) (x1 − x
T
)
}
. (17)

The reader can consult the article of [5] to go deeper into the algorithm. It should be mentioned
that this algorithm requires measuring the relative displacement as well as knowing the sign
of relative velocity. This might be undertaken using a displacement transducer between the
structure and TMD mass. It is worth mentioning that the implementation of the control law of
STMD 2 is is more complicated than the implementation of the one of STMD 1.

3.5 Mechanical design of Tuned Mass Damper

It has been designed a physical model that consists of four springs with a stiffness of 16.5 kN/m
each one, two sponge-type magneto-rheological dampers from Lord Corporation company, vibrat-
ing box with adjustable height and modular weights. The final CAD solution of TMD is shown
in Figure 5 and it has a vibrating mass of 49 kg to be tuned with the frequency of the nominal
case. It intends to study this solution numerically, functioning as passive control and also with
two laws of semi-active control. In this way, conclusions can be drawn before being constructed
and tested in practice.

7
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(a) View 1. (b) View 2.

Figure 5: Different views of TMD.

Table 2: MTVV accelerations in (m/s2) for the nominal case and the other two configurations.

Uncontr. TMD STMD 1 STMD 2

Nominal case 1.99 0.25 (87.41%) 0.23 (88.40%) 0.22 (88.71%)
Conf. 2 1.17 0.51 (55.98%) 0.27 (76.59%) 0.25 (78.70%)
Conf. 3 1.66 0.76 (53.99%) 0.34 (79.58%) 0.36 (78.47%)

4 RESULTS

Figure 6 shows the frequency response spectra under loading described in 3.2 for the nominal
configuration. The control performance of these three strategies are compared in time with the
Maximum Transient Vibration Value (MTVV). The MTVV is calculated from the 1s running
root-mean square acceleration and it is adopted for current standards [9] as vibration predictor
for the serviceability assessment. In this case, the performance of the three devices (TMD,
STMD 1 and STMD 2) and the vibration reduction are quite similar (87.41%, 88.40% and
88.71%, respectively) although STMDs show a broader band performance. Figure 7a and b
show also the spectra of configuration 1 and 2, respectively. Although in these other two cases
none of the control devices works as in the nominal case, the semi-active control devices show
less performance degradation than the passive solution (55.98%, 76.59% and 78.70% for the
configuration 2 and 53.99%, 79.58% and 78.47% for the configuration 2, respectively). Table 2
summarizes the results.

4.1 Degrading by MR-damper behavior

Bingham model is used to illustrate the different behavior obtained when a real MR-damper
is used and the results are compared between the passive solution. The stress-strain behavior
of the Bingham vistoplastic model is often used to describe the behavior of MR fluids. In this

8
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Figure 6: Frequency response spectra for nominal configuration.

model, the plastic viscosity is defined as the slope of the measured shear stress versus shear strain
rate data. Thus, for positive values of the shear rate, γ̇, the total stress is given by

τ = τγ sgn(γ̇) + η γ̇ (18)

where τγ is the yield induced by magnetic field and η is the viscosity of fluid. Based on
this model, the Bingham model consists of a Coulomb friction element placed in parallel with a
viscous damper. In this model, for nonzero piston velocities, ẋ, the force generated by the device
is given by

F = fc sgn(ẋ) + c0 ẋ+ f0 (19)

where c0 is the damping coefficient, fc is the frictional force, which is related to fluid yield
stress. An offset in the force f0 is included to account for the nonzero mean observed in the
measured force due to the presence of the accumulator. Values according to the size of a possible
MR-damper for the TMD of this structure have been used in the modeling carried out.

Although this model is not advisable to use for control, its simplicity allows to highlight, in a
simple way, the degradation that is obtained when TMD does not have a damping model perfectly
linear and viscous. Figure 8 shows the frequency responses of the different cases: uncontrolled
structure, structure with TMD and structure with MR-TMD, MR modeled by Bingham model.

5 CONCLUSIONS

A complete study has been carried out in order to study a feasible-to-be-implementable semi-
active control strategies to reduce vibrations in a frequency varying structure taking into account
only one mode and different configurations.

9
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(a) Configuration 2.
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(b) Configuration 3.

Figure 7: Frequency response spectra for other configurations different from nominal case.

10

773



J.M. Soria, I.M. Díaz, J.H. García-Palacios, G. Marinas-Sanz and E. Pereira

4 4.5 5 5.5 6 6.5 7
Frequency (Hz)

-150

-140

-130

-120

-110

-100

-90

-80

-70

-60

-50

M
ag

ni
tu

de
 (d

B
)

Structure uncontrolled
Structure+TMD
Structure+ MR-TMD

Figure 8: Frequency spectra of nominal configuration of TMD and MR-TMD modeled by Bingham
model.

From the preceding discussions, the following conclusions can be drawn:

• The TMD, even though it behaves quite well, its performance degrades significantly
when model frequencies of tuned vibration mode move away from the nominal case.

• STMDs have been shown to be less sensitive to its initial tuning and able to cancel
effectively the vibration independently of the modal properties of the tuned vibration
mode. It is able to cope with changing model parameters with less degrading of its
behavior.

• For the passive case, it has shown the comparison between having modeling the MR-
damper and not having it, affecting slightly to the response. Obviously, for semi-active
cases, the worsening will be much greater.

Future work should be to test the real TMD (see Figure 9) on the slender slab and compare the
practical results with the numerical one. It will also be necessary to study how the semi-active
control laws should be modified to take into account the non-linear behavior of MR-damper.
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(a) MR-TMD. (b) Movie of a first test without MR-damper.

Figure 9: Tuned Mass Damper built.
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Abstract. Many countries of the world have an important family of medium-length RC 
bridges. In Mexico, it is very common to find in highways and urban areas simply-supported 
RC bridges. This study evaluates the evolution of dynamic properties of a group of existing 
typical RC bridges in Mexico based on ambient vibration tests. The measurements campaign 
started during the construction process and continued after the bridges were finished. The 
bridges are 30-m span simply supported structures with superstructure composed by 
reinforced concrete slab resting on prestressed concrete AASTHO girders. In the transverse 
direction, the AASHTO beams are connected with diaphragms to provide lateral stiffness to 
the superstructure. The bridges have two lanes of circulation and the substructure consists of 
frame type piers with three rectangular columns of constant cross section. The girders are 
supported on the piers and abutments through elastomeric bearings. The dynamic properties 
were assessed by using the Frequency Domain Decomposition (FDD) and they were used to 
calibrate several numerical models. The results show that in a period of one year, the change 
in dynamic properties of the bridges is around 10% of the initial measurements. The 
implication of these results are also discussed.  

 
 
1 INTRODUCTION 

A very common technique to assess dynamic properties of a structure is by conducting 
ambient vibration measurements. The source of the ambient vibration is the wind and traffic 
among other sources [1-2]. Since several decades ago, diverse structures, as bridges, have 
been studied by determining their dynamic properties through ambient vibration 
measurements [3-4]. Ambient vibration tests are also the basis to calibrate numerical models 
that allow to evaluate the vulnerability of structures and, when is required, to select a retrofit 
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technique to improve the structural capacity. Bridges are usually exposed to increments of 
dead and live loads during their useful life and sometimes are also located in sites of 
aggressive environment. Load increments induce cracking, not always easily exposed, in 
girders, deck and sometimes in piers. Changes in dynamic properties, can be the evidence of 
damage. Health monitoring [5] is a technique used to assess variations of the dynamic 
characteristics of bridges and based on that locate damage of structural elements. Starting in 
2014 several ambient vibration measurements were conducted in three RC bridges since the 
construction stage. This study analyses the results of ambient vibration measurements in two 
of these bridges located in Mexico. The vibration records are used to evaluate dynamic 
properties of the bridges before the opening to traffic and after that, during a year period. 

 

2 AMBIENT VIBRATION MEASUREMENTS 

2.1 Measurement campaign 
The equipment used for the ambient vibration measurements is a Kinemetrics K2 recording 

console with 12 channels, nine force balanced unidirectional sensors and one Episensor 
triaxial force balanced instrument. Figure 1 shows the unidirectional and triaxial sensors, both 
with a full-scale range of ±0.20 to ± 4 g and extended bandwidth  DC to 200 Hz. 

  

                        
Figure 1: Unidirectional and triaxial force balance sensors. 

The ambient vibration measurements started in 2014 during the stage of construction and 
finished at the end of 2015 when the bridges were finished. 

2.2 La Central Bridge 
This bridge is located in Morelia, a city in the central zone of Mexico. It is a five-span 

simply supported bridge with span lengths of 30.6 m. The 0.20 m thick deck slab rests on nine 
AASHTO type IV girders supported on elastomeric bearings. The deck width is of 12.3 m. 
The substructure is a RC three-column bent (Figure 2). The design concrete strength was of 
24.5 MPa in bent caps, diaphragms, slabs and piers. In AASHTO prestressed girders, the 
design concrete strength was of 39.2 MPa. Even though the girders are simply supported on 
bent caps, the deck slab is continuous between spans 1-2 and 4-5. Conversely, an expansion 
joint exists at approaches and between spans 2-3. 

Figure 3 shows a bridge elevation along the central axis. All piers and abutments have 
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similar length and rest on continuous RC footing.  

 
Figure 2: La Central Bridge 

 
Figure 3: La Central Bridge elevation. 

Figure 4 displays an elevation view of Pier 2. The concrete elements on cap beam give a 
cross slope to the right of the figure. 

 
Figure 4: Elevation view of Pier 2 of La Central Bridge. 

During a year period, ambient vibration measurements were recorded. The first one in 
November 2014 without asphalt overlay and the last one in operation. Figure 5 shows the 
sensor arrangement along the bridge in the 2014 campaign. The sensors were located in the 
first and second spans between the expansion joint of the approach slab and the expansion 
joint of pier 3. These two spans have a continuous deck slab. Each empty circle represents 
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unidirectional sensors in three directions of analysis and the black circle is a triaxial sensor. 
The latter was the reference sensor that kept a fixed position for all positions of the 
unidirectional sensors. The sensor separation was always less than 4 m. 

 

 
Figure 5: Sensor location for the ambient vibration measurements of La Central Bridge in November 2014. 

Figure 6 displays pictures of the process of vibration measurements during the November 
2014 campaign. In this stage, the bridge had the deck slab without asphalt overlay. 

 

         
Figure 6: Ambient vibration measurements of La Central Bridge in November 2014. 

The last vibration measurement was completed in December 2015. As observed in Figure 
7, the bridge had already asphalt overlay and it was in operation. The intense vehicle 
circulation prevented the sensor locations transversely. Consequently, the sensors were placed 
in only one lane. 

 

 
Figure 7: Ambient vibration measurements of La Central Bridge in December 2015. 
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2.2 Pedregal Bridge 
This skewed bridge is also located in Morelia, about 1.5 km away from La Central Bridge. 

It is also a five-span simply supported bridge with span lengths in the range of 30.4-30.8 m. 
The 0.20 m thick deck slab rests on nine AASHTO type IV girders supported on elastomeric 
bearings. The deck width is of 12.3 m. The substructure is a RC four-column bent skewed 
39.6° (Figure 8). The design concrete strength was of 24.5 MPa in bent caps, diaphragms, 
slabs and piers. In AASHTO prestressed girders, the design concrete strength was of 39.2 
MPa. Even though the girders are simply supported on bent caps, the deck slab is continuous 
between spans 1-2 and 4-5. Conversely, an expansion joint exists at approaches and between 
spans 2-3. 

 
Figure 8: Pedregal Bridge 

Figure 9 shows a bridge elevation along the longitudinal central axis. All piers and 
abutments have similar length and because of the soil characteristics, the bridge is over a pile 
foundation system. 

 

 
Figure 9: Pedregal Bridge 

Figure 10 displays an elevation view of Pier 2 of the Pedregal Bridge. The bridge has a 
cross slope to the right of the figure draining the rainwater to that side of the superstructure. 
The first ambient vibration measurement was accomplished in January 2015 without asphalt 
overlay and the last one in operation. Figure 11 shows the sensor arrangement along the 
bridge spans 1-3, in the January 2015 measurement. The sensors were located in the first and 
second spans between the expansion joint of the approach slab and the expansion joint of pier 
3. These two spans have a continuous deck slab. Each empty circle represents unidirectional 
sensors in three directions of analysis and the black circle is a triaxial sensor. The triaxial 
sensor was the reference sensor with a fixed position for all positions of the unidirectional 
sensors. In this case, the reference sensor is located 5.1 m from the Pier 3 axis and 
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unidirectional sensors separate each other around 7 m. The sensor placement follows the 
skewness angle of the bridge. 

 

 
Figure 10: Elevation view of Pier 2 of Pedregal Bridge. 

 
Figure 11: Sensor location for the ambient vibration measurements of Pedregal Bridge in January 2015. 

Figure 12 displays two pictures of the measurement campaign in January 2015. The bridge 
was at that period in a construction phase that allow placing sensors in the longitudinal and 
the transverse directions of the deck slab. 

3 SYSTEM IDENTIFICATION 
To identify the dynamic properties of the bridges this study employs the frequency domain 

decomposition technique (FDD) with the use of singular value decomposition [6]. The 
vibration measurements of the Central Bridge allowed identifying six modal shapes in the 
first measurement campaign; five in the vertical and one in the longitudinal directions (Figure 
12).  

Figure 13 shows in green color the undeformed shape and in yellow and red colors the 
deformed shape of the two first spans of the bridge. It is important to mention again that the 
deck slab is continuous in these two spans. 

The identified frequencies are in the range of 3.2 Hz (T=0.31 s) to 13.9 Hz (0.07 s).  The 
first three modes are in the vertical direction, the four mode in the longitudinal direction and 
the last two modes in the vertical direction as well.  
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Figure 12: Ambient vibration measurements of Pedregal Bridge in January 2015. 

    

    

    

Figure 13: Modal shapes of La Central Bridge identified with the ambient vibration measurements. 

Table 1 presents the first six frequencies of La Central Bridge assessed after three ambient 
vibration measurements conducted in November 2014, December 2104 and November 2015. 
The first instrumental measure corresponds to the bridge state without asphalt overlay; in the 
second one the bridge had partially asphalt overlay and during the third one the bridge was in 
operation. 

The differences in frequency values among the November and December 2014 campaigns 

1) 2) 

3) 4) 

5) 6) 
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are in the range of 4%-13%. The highest frequency reduction between a year period 
measurements was 16%.  

 
Table 1: Frequencies of the first six modes in La Central Bridge. 

Mode Nov-14 Dec-14 Nov-15 
  (Hz) (Hz) (Hz) 
1 3.398 3.238 3.223 
2 4.648 4.375 4.004 
3 5.117 4.922  
4 7.305 6.484  
5 12.541 12.031 11.816 
6 13.906 12.891 12.500 

 
Table 2 displays the results of processing two ambient vibration measurements of the 

Pedregal Bridge conducted in January 2015 and November 2015.  
 

Table 2: Frequencies of the first three modes in Pedregal Bridge. 

Mode Jan-15 Nov-15 
  (Hz) (Hz) 
1 3.345 3.174 
2 3.906 3.809 
3 12.012 12.158 

 
All the identified frequencies are in the vertical direction and the frequency of the first 

mode decrease 5% between both measurements. The second and third mode remain 
practically the same. The time interval between both measurements was of eight months. 

4 CONCLUSIONS 
- The study presents the results of ambient vibration measurements conducted in two 

typical RC bridges in Mexico. The measurements campaign was one year period in 
one bridge and eight months in the other. 

- Both bridges reduce slightly the initial modal frequency after some months and 
particularly after the vehicle circulation. 

- The reduction in the frequency values was in the range of 3% to 13% that suggests 
load-induced cracking in structural elements because of the truck loads circulation on 
the bridges. 

- The vibration measurements will continue and these results will be also valuable to 
calibrate numerical models to assess the seismic vulnerability of the structures. 
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Summary: This paper investigates the relationship between modal parameters and energy 
capacity of PC box girders by means of laboratory experiments. The girders were tested under 
different loading-unloading scenarios and tendon cuts. Along the whole process, vibration tests 
were performed before and after each loading and damage event such as tendon cuts and static-
loading steps. Static and dynamic responses of the girders were measured and collected by 
several instruments consisting of accelerometers, displacement transducers and temperature 
gauges. Moreover, cracks were also measured and details of crack growth are presented. The 
performance of the PC box girders was investigated utilizing the energy absorbed and the 
energy dissipated as well as the modal parameters obtained from vibration responses. Finally, 
the change in modal parameters is explained by a correlation with the energy capacity of the 
PC box girders.  
 
1 INTRODUCTION 

Extensive works have been done recently to describe precisely the structural performance of 
major civil infrastructures, such as concrete bridges. However the huge amount of bridges in a 
highway system makes it difficult to apply conventional inspections to all the bridges. The use 
of structural health monitoring (SHM) to describe the current performance of a structure will 
improve efficiency in bridge maintenance. The purpose of finding the link between SHM and 
structural performance is to have tools for decision making in maintenance and judgment of the 
bridge condition. Data collected from bridges with 50 years of service life showed that the 
natural frequency is a good strength parameters for deteriorated concrete beams. Thus, it might 
be possible to use modal parameters as indicators in bridge health monitoring [1]. Moreover, in 
different field experiments, damping ratio was identified as a damage feature for concrete 
structures. The rate increase of modal damping ratio could be a sign of structural deterioration 
[2]. All the previous outcomes sometimes disagrees with expected concepts. Some 
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discrepancies between assumed models and results from experimental testing come about due 
to different reasons that needs to be faced [3]. 

This paper investigates the relationship between modal parameters and energy capacity of 
PC box girders by means laboratory experiments. The performance of the PC box girders is 
investigated utilizing the energy absorbed and energy dissipated as well as modal parameters. 

2 EXPERIMENTAL SET-UP AND PLAN 
The experiments were carried out in the Center for Advanced Engineering Structural 

Assessment and Research (CAESAR), one of the four research institutes and centers of Japan’s 
Public Works Research Institute. The 30-MN Universal Structural Testing Machine, largest of 
its kind in Japan, was used for bending tests in prestressed concrete (PC) box girders to evaluate 
the ultimate strength and the behavior until failure. The control accuracy of this machine is ±1% 
of loading range (3MN-30MN) for the loading control and ±0.1mm for the displacement 
control. The span length of two PC box girders (G1 and G2) have a total length of 7.5 meters 
and all their geometric details with the post-tensioned tendons are described in Figure 1. Ten 
accelerometers were allocated evenly under the two webs of the box section (5 accelerometers 
under the front side web and another 5 under the back side web). The accelerometers are 
piezoelectric type ONOSOKKI NP-2120 with a maximum acceleration of 8000 m/s2 and a 
sensitivity of 5pC/ (m/s2) +/-2dB. Similarly, 4 displacement transducers were deployed on the 
supports vertically, other 8 transducers under the two webs and 4 more in the upper surface. In 
total, 16 transducers were used to measure the change in displacements of the PC box girder 
along the whole experiment tests. In addition, each PC box girder has 14 post-tensioned tendons 
(seven each side: from C1 to C7 in “cross-section” from Figure 1). In specimen G1, the tendons 
in the back side web are not completely grouted for experiment purposes, except tendon C7. In 
girder G2, all tendons within the webs, except both C7, have been partially grouted so as to cut 
the tendons. Similar tendon configurations were placed in earlier research for PC beams to study 
the evaluation of grout failure process by means of acoustic emission [4]. 

 
Figure 1: Concrete box girders description (distance in millimeters) 

 2 
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Figure 2: Experiment plan 

     
Figure 3: Plan for the tendon severing 

All the experiment events are summarized using a timeline in Figure 2. Along all the 
procedures for each PC box girder, nine vibration tests were performed. Besides, the static 
loading plan consists of six load tests, from which the first three are the same load level (840kN 
for G1 and 800kN for G2). The reason that the first three load levels are the same, is in order 
to study the effect of tendon breakage in between these static tests. The following load 
increment is to provoke the growth of cracks and test the specimens’ ultimate strength.  

Figure 3 shows the severing plan for both PC box girders. An unbalanced damage is planned 
for PC box girder G1, reason why only 6 tendons from the back side web were cut in two steps: 
three tendon cuts after the first static test and another three after the second loading-unloading 
step. For the PC box girder G2 a similar plan that of the G1 girder was carried out, but the 
difference is that this time the tendons in the two side webs were cut simultaneously (see “order 
of tendon cuts” in Figure 3). 

3 STATIC LOAD TESTING AND DAMAGE MONITORING 
The purpose of the static load testing is to change the stiffness of the PC box girders due to 

crack growth by increasing load levels. It is expected that monitoring the growth of cracks can 
explain changes in structural performance of the PC box girders. It is also expected that 
influence of tendon cuts on the growth of cracks in each side of the PC box girders might be 
observed. The damage monitoring will consist primarily on the crack growth and decrease of 
the structural performance. The structural performance is examined utilizing a specific damping 
capacity and energy capacity which will be explained in 3.2. 
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Tendon cut
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Tendon cut

840 KN (G1)
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3.1 Cracks monitoring 
The growth of cracks is clearly affected by the location of the tendon cut. In the G1 girder, 

the back side of the girder shows larger amount of cracks since the tendon cut was made only 
in that side web. The growth of cracks in the back side is considerable larger than those of the 
front side (see Table 1). Besides, there is also a higher concentration of cracks in the left flank, 
adjacent to the severing location (see Figure 4). In girder G2, the cracks occurrence is more 
equally distributed along both sides, compared to girder G1, since the severing was made to 
both sides. At this time, the right flank showed to be more affected by cracks occurrence. In 
addition, the cracks’ length when loading until failure converges to similar values in both sides 
of the two concrete box girders. 

Table 1: Total length of cracks after load stages 

Stage G1 total cracks length (mm) G2 total cracks length (mm) 
Front Back Top Bottom Front Back Top Bottom 

840/800 KN (1) 160 794 0 2633 347 296 0 1339 
840/800 KN (2) 452 1086 0 2956 1034 1152 0 3763 
840/800 KN (3) 772 1086 0 2980 1446 1422 0 3763 

980 KN 5202 7881 0 14378 6285 6747 0 15478 
1000 KN 6741 10934 0 15385 10126 11557 0 18811 
Ultimate 29859 30836 730 29825 34704 32455 6795 31970 

 
The ratio between the cracks' length in both sides of G1 girder under the first time loading 

is almost five times. The value drops to 2.4 times after the second loading and 1.4 times when 
loading for the third time. Then, when increasing the load level to 980 kN, the ratio increase to 
1.5 times and to 1.6 times after 1000 kN loading. This verifies the damage produced by the 
unbalanced tendon cuts. 

For the G2 girder, the length ratio from the cracks in both sides varies from 1.2 times to 1.0 
times in all loading stages. This is a corroborating evidence of difference with the G1 girder, 
and shows a balanced damage in both sides, cause of the tendon cut in the two webs. 

 
Figure 4: Cracks after ultimate load stage (left: G1 girder – right: G2 girder) 

 4 

788



Oscar S. Luna Vera, Chul-Woo Kim and Yoshinobu Oshima. 

3.2 Energy calculation 
In order to describe the change in performance, two energy concepts are used for this aim 

(see Figure 5). The energy dissipated ΔW is the enclosed area in the load-displacement graph 
when the specimen is tested in a specific loading-unloading step. On the other hand, the energy 
absorbed, or work applied W, is the area below the curve in the same graph, but this time 
considering only the loading process. The summary of the energy concepts, introduced before, 
are shown in Table 2 where the calculations were made for each web (front side and back side). 

Once the dissipated and absorbed energy are calculated, the specific damping capacity ψ and 
the energy capacity Z can be defined as:  

W
W∆

=ψ  (1) 

( ) %1001 ⋅−=Ζ ψ  (2) 
where the specific damping capacity ψ is the ratio between the amount of energy dissipation 
ΔW in each loading stage and the work W applied to it. The energy capacity Z (ψ) is in function 
of the damping described before. When the girder behaves elastically and no damage is 
occurred, the energy dissipation is zero and the energy capacity will remain 100 % theoretically. 
Conversely, if damage is introduced or the girder reaches its plastic range, the energy 
dissipation should be different from zero and the energy capacity value should be changed. The 
energy capacity will be used to assess the change in natural frequencies and also the damping 
capacity for the damping ratio variation. 

  
Figure 5: Energy calculation from one displacement transducer in a specific load event 

Table 2: Energy dissipated and absorbed from all loading stages 

G1 
Stage 

Energy dissipated 
(Joule) 

Energy absorbed 
(Joule) G2 

Stage 

Energy dissipated 
(Joule) 

Energy absorbed 
(Joule) 

Front Back Front Back Front Back Front Back 
840 KN (1) 179 184 729 759 800 KN (1) 111 110 598 622 
840 KN (2) 99 92 693 723 800 KN (2) 160 166 554 571 
840 KN (3) 51 98 667 747 800 KN (3) 158 158 759 785 

980 KN 819 864 2147 2233 980 KN 1702 1759 3470 3730 
1000 KN 798 831 2880 2999 1000 KN 3340 3348 6074 6183 
Ultimate 70669 71737 74175 75981 Ultimate 46071 47059 48348 49314 
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4 DYNAMIC TESTING AND VIBRATION MONITORING 
By using a Modal sledge hammer with a 3-pound head, the impact test was performed to 

obtain the modal parameters. Ten impact points were located in the opposite face (upper) of the 
accelerometers location. Then, the single-input multiple-output (SIMO) was used to estimate 
the frequency response functions (FRF) since hammer and accelerometers were synchronized. 

4.1 Frequency monitoring 
Structural damage is defined as a decrease of mechanical properties of the structure such as 

stiffness reduction. Thus, decrease of the natural frequencies is expected due to structural 
damage. However sometimes in experiments, the trend of frequencies according to the growth 
of damage shows an anomalous increase from one damage configuration to the next one [5]. 
Figure 6 shows changes in frequencies of two PC box girders, G1 and G2 girders. Those 
identified frequencies up to the 4th mode are summarized in Table 3. On one hand, it can be 
observed in the same table that there is a decrease whenever cracks started or growth. On the 
other hand, an increase took place some days after the tendon’s severing (before loading and 
after the tendons cut). 

 
Figure 6: Progress of the natural frequency (2nd bending mode) 

Table 3: Frequency development of the two girders (first 4 bending modes) 

   
Before 
840/800 
KN (1) 

Before 
tendon 

cut 

After 
tendon 

cut 

Before 
840/800 
KN (2) 

Before 
tendon 

cut 

After 
tendon 

cut 

Before 
840/800 
KN (3) 

Before 
980 KN 

Before 
1000 
KN 

1st 
freq. 
(Hz) 

G1 mean 31.00 30.00 30.00 30.50 30.00 30.00 30.05 30.00 29.01 
std 0.00 0.00 0.00 0.00 0.00 0.00 0.15 0.00 0.07 

G2 mean 29.55 30.00 30.16 30.50 30.00 30.00 30.50 29.96 28.98 
std 0.57 0.00 0.23 0.00 0.00 0.00 0.00 0.21 0.10 

2nd 
freq. 
(Hz) 

G1 mean 64.26 63.08 62.53 62.80 62.37 62.00 62.74 61.56 61.17 
std 4.40 2.71 3.11 3.67 3.07 3.12 3.37 2.99 2.81 

G2 mean 65.82 63.48 63.56 64.82 64.00 63.54 64.51 63.10 62.41 
std 2.00 1.50 1.26 1.08 1.36 1.37 1.01 1.20 1.27 

3rd 
freq. 
(Hz) 

G1 mean 233.79 235.18 234.32 234.32 234.35 234.27 235.10 234.88 234.29 
std 2.65 3.73 3.56 2.52 2.48 2.49 3.10 2.88 2.50 

G2 mean 233.49 233.05 233.71 234.27 233.97 233.88 234.60 234.25 233.39 
std 2.11 2.12 2.12 2.99 2.30 2.24 2.73 2.55 2.30 

4th 
freq. 
(Hz) 

G1 mean 282.82 282.23 280.82 282.07 282.62 282.71 282.58 282.54 283.43 
std 4.98 6.62 6.25 5.86 5.66 5.38 5.74 5.77 4.89 

G2 mean 283.80 282.35 282.82 283.80 282.92 283.44 283.06 282.54 282.82 
std 3.78 3.74 3.81 3.67 3.80 5.08 5.06 4.61 4.16 
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4.2 Damping ratio monitoring 
The damping ratio was estimated by identifying the half power points of the magnitude of 

the frequency response function, so called -3dB points. Once having the approximate frequency 
bandwidth between the two half power points, the damping ratio is the bandwidth value divided 
by two times the frequency resonance. Figure 7 shows the progress of the damping ratio of the 
second natural frequency with respect to the experiment plan. Table 4 shows the summary of 
the damping ratio up to the 4th mode. An inconsistent increment was observed when damage 
is introduced. Even if considering only occurrence of cracks or tendons’ cut, there is no clear 
pattern like the frequencies. 

 
Figure 7: Progress of the damping ratio (second bending mode) 

Table 4: Damping ratio development of the two girders (first 4 bending modes) 

   
Before 
840/800 
KN (1) 

Before 
tendon 

cut 

After 
tendon 

cut 

Before 
840/800 
KN (2) 

Before 
tendon 

cut 

After 
tendon 

cut 

Before 
840/800 
KN (3) 

Before 
980 KN 

Before 
1000 
KN 

1st 
damp. 
ratio 

G1 mean 2.16% 1.75% 1.82% 1.88% 1.73% 1.64% 2.02% 2.55% 3.07% 
std 0.03% 0.06% 0.04% 0.10% 0.05% 0.03% 0.03% 0.06% 0.06% 

G2 mean 5.11% 4.20% 4.22% 3.67% 3.69% 3.12% 2.89% 3.92% 3.50% 
std 0.07% 0.16% 0.17% 0.28% 0.15% 0.19% 0.08% 0.18% 0.13% 

2nd 
damp. 
ratio 

G1 mean 2.13% 2.59% 2.53% 2.39% 2.69% 2.54% 2.43% 2.64% 2.74% 
std 0.12% 0.26% 0.13% 0.10% 0.12% 0.13% 0.25% 0.13% 0.41% 

G2 mean 2.22% 2.71% 2.84% 2.76% 2.68% 2.90% 2.82% 3.18% 3.01% 
std 0.28% 0.54% 0.58% 0.79% 0.72% 1.01% 0.87% 0.81% 0.90% 

3rd 
damp. 
ratio 

G1 mean 0.64% 0.64% 0.66% 0.80% 0.68% 0.70% 0.69% 0.64% 0.73% 
std 0.03% 0.02% 0.02% 0.04% 0.04% 0.04% 0.07% 0.03% 0.03% 

G2 mean 0.65% 0.69% 0.59% 0.60% 0.59% 0.61% 0.60% 0.63% 0.73% 
std 0.03% 0.05% 0.02% 0.02% 0.03% 0.02% 0.02% 0.05% 0.02% 

4th 
damp. 
ratio 

G1 mean 0.66% 0.81% 0.83% 0.62% 0.66% 0.69% 0.68% 0.69% 0.70% 
std 0.03% 0.08% 0.11% 0.06% 0.11% 0.13% 0.14% 0.07% 0.07% 

G2 mean 0.66% 0.66% 0.69% 0.73% 0.73% 0.77% 0.79% 0.82% 0.78% 
std 0.15% 0.13% 0.07% 0.06% 0.10% 0.06% 0.06% 0.09% 0.05% 

4.3 Mode shapes monitoring 
The changes in mode shapes from stage to stage are shown in Figure 8, which shows small 

changes even under cracks. Only 4th mode shape started to show more changes between stages, 
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but considered not reliable when checking its other normalized modal parameters in chapter 5. 

 

 

 

 
Figure 8: Evolution of all mode shapes (1st to 4th bending mode) 
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5 DISCUSSIONS ON EXPERIMENTAL RESULTS 
Figure 9 and Figure 10 shows similar outcomes than in previous researches carried out in 

concrete bridges, where an increase of the damping ratio indicates deterioration [2]. This study 
normalized all modal parameters in order to determine a correlation between frequency and 
damping ratio. An interesting observation from the normalization was that parameters of the 
second mode have a better fit compared to the rest. It is also evident that the higher the mode 
is, the more unreliable the values of modal parameters become. Thus, the modal parameters of 
the second mode of the box girders are investigated in more detail as shown in Figure 11. The 
trend of the frequency shows decrease under tendon breakage or occurrence of cracks. However 
it increases in case of an elastic recover as shown in green arrows in Figure 11. 

 
Figure 9: Correlation between frequency and damping ratio – G1 

 
Figure 10: Correlation between frequency and damping ratio – G2 

 
Figure 11: Comparison of 2nd mode correlations 
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The trend of the damping ratio is opposite to the ones of frequency. It is noteworthy that the 
damping ratios under balanced damage (G2 girder) and unbalanced damage (G1 girder) show 
contrary trends as shown in red arrows in Figure 11. Figure 12 shows the relation between the 
cracks length and the energy capacity. The more increase the cracks length, the more it decrease 
the energy capacity or performance. 

 
Figure 12: Ratio between cracks length and energy capacity 

The effect of the tendon damage did not have a relevance on the modal parameters as 
happened in previous studies where the tension of tendons of a post-tensioned concrete beam 
and a concrete bridge were altered to check alterations in modal parameters [6], [7] and it also 
verifies that prestressing measurement force is not possible through frequencies only, because 
changes in modal parameters are minor [8]. Lastly, the correlation from static test data could 
be corroborated with the ones obtained from dynamic tests (see Figure 13). Figure 13 a) shows 
clear trends about frequency and energy capacity, as well as the effect of balance damage (G2 
girder: red triangular) and unbalanced damage (G1 girder: blue diamond). In Figure 13 b) 
unclear correlations between the damping ratio and damping capacity were observed. 

 
Figure 13: Energy capacity and specific damping capacity influence on modal parameters (2nd mode only) 
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- Balanced and unbalanced damage, when severing the tendons, gave inconsistent trends 
between damping capacity and damping ratio. 

- A clear relationship between normalized frequency and energy capacity was observed. 
- The decrease of the performance (energy capacity) was mainly due to the growth of 

cracks. 
- The tendon breakage clearly affected the growth of cracks. 
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ABSTRACT 

The Milan Cathedral, constructed over a period of more than 400 years, is one of the few Gothic 
cathedrals where permanent metallic tie-rods are installed under all naves to support a portion of the 
lateral thrust exerted by vaults and arches. 

During the maintenance interventions preceding EXPO 2015, all tie-rods of the Milan Cathedral 
underwent visual inspection, geometric characterization and hammer tests to evaluate their dynamic 
characteristics. Since about 30 tension elements supported heavy lamps at the time of the first survey 
and the recorded signals clearly indicated anomalous behaviour conceivably associated to the 
presence of additional masses, more recently the experimental survey was completed after the 
removal of the lamps from the metallic elements and both hammer and ambient vibration tests were 
performed.

A first vibration-based assessment of the tensile forces in the tie-rods [1] was performed using the 
methodology described in [2]. According to this procedure: (a) an analytical model is established for 
each tie-rod with the geometric characteristics, the Young’s modulus and the mass density being 
assumed as known; (b) the tensile force and the boundary conditions (represented by unknown 
rotational springs) of the model were identified using the dynamic parameters (i.e. natural frequency 
and mode shape) of the first mode. Since the correlation between the experimentally observed natural 
frequencies and the corresponding parameters of the identified analytical model tends to worsen with 
increased mode order, an enhanced version of the basic procedure [1] was developed. 

After a brief summary of the experimental procedures adopted for testing the tie-rods of the Milan 
Cathedral, the paper mainly focuses on presenting and exemplifying the enhanced procedure, which 
differs from the original one as: (1) the Young’s modulus of the metallic material is assumed to be 
unknown as well and (b) the natural frequencies of upper modes are used to solve the inverse 
problems. 
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Abstract. This document deals the experimental dynamic characterization of the Morelia 
Cathedral in Mexico using ambient vibration records and Operational Modal Analysis. 
Measurements of ambient vibration were performed over 172 points on the main and 
processional naves, the dome, transept, the two bell towers and the Mithra building for this 
emblematic structure of the XVII-XVIII centuries. 

 
 
1 INTRODUCTION 

The Morelia cathedral (Figure 1) is one of the most emblematic historic buildings in 
Mexico. The construction of this magnificent structure started in 1660 and was concluded in 
1744 by the Italian architect Vicenzo Barrochio. Since 1991 Morelia city has been 
distinguished by UNESCO as one of the World Heritage Sites and the cathedral can be 
considered as one the main listed buildings. Such architectural beauty unfortunately was built 
in a high seismic zone and since then it has been striked by several earthquakes, so 
degradation in strength and stiffness can be supposed without no fear to get wrong. In the 
middle of such scenario it is crucial to preserve this building to the following generations, so 
the knowledge of the future structural behavior implies a deep research. Is at this moment 
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when the experimental non-destructive techniques are a well-known path to success in that 
complex and demanding task, so the present paper presents a part of an ongoing research 
focused in the correct preservation of this magnificent building. 

 

2 BUILDING GEOMETRICAL CHARACTERISTICS 
The Morelia cathedral was built using pink quarry stone jointed with lime and sand mortar. 
The building plan is a three nave configuration connected with lateral chapels, the chapter 
room and the Mithra building (Figure 2). The in-plan dimensions are 77,1m long and 30,5m 
wide in the transept zone (Figure 2), the height of the main nave are 20,60m and the 
corresponding lateral naves height reaches the 14,35m (Figure 3). The cimborrio height 
reaches 40,3m at the top of the dome cross (Figure 3) and the bell towers are 64m height. 

 

 
 

Figure 1: Morelia cathedral main façade. 

 

Figure 2: Plan view including the cloister limits. 
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Figure 3: Transept transversal section. 

3 EXPERIMENTAL DYNAMIC CHARACTERIZATION 
In the conservation practice and research a proper insight to the mechanical and dynamic 

properties of ancient buildings has starting to become a widespread practice thanks to the new 
non-destructive techniques available, which are the commonly allowed for these structures. 
The International Council on Monuments and Sites (ICOMOS) trough It´s Scientific 
Committees has been the main reference to deal with this complex task. In the structural field 
the ISCARSAH Committee Recommendations [1] stablished the necessity of deep 
experimental campaigns focused on the correct estimation of structural mechanical and 
dynamic properties for the calibration of numerical models. The updated numerical models 
together with a deep qualitative historical and architectural analysis has become one of the 
best procedures to the best understanding of these complex buildings.  

3.1 Accelerometric equipment 
The used equipment in the whole experimental campaigns were two Basalt Accelerographs 

(Figure 4) of the Kinemetrics company. The key features of this accelerograph are a 3+1 
sensor channels digital recorder w/internal Episensor triaxial deck, a 24-bit Delta Sigma 
converter per channel together with a built-in GPS [2]. Additionally, it can record ad 
communicate multiple sample rates in multiple data formats and telemetry protocols. The 
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compact physical dimensions were a key factor in some positions with a reduced space 
introducing a good stability during the measurements. 

 
 

Figure 4: Basalt Accelerograph of Kinemetrics. 

3.2 Sensor setups 
Because the used two accelerometric sensors for the ambient vibration tests were much 

less than the set of measured points along the whole building, several setups were considered. 
A master accelerograph was fixed on the extrados main vault near by the cimborrio and the 
slave accelerograph was changed of position along the highest levels of the building (Figure 
5).  
 

 
 

Figure 5: Sensor setup 1. Master acceleroghap (red circle) and slave accelerograph (blue circle). 

Each simultaneous measurement was triggered using the internal GPS of the two 
accelerographs and each record of ambient vibrations was 3-minute-long at 200 samples per 
second, so the complete campaign included 172 points on the main and processional naves, 
the dome, transept, the two bell towers and the Mithra building (Figure 6).  

3.3 Operational Modal Analysis 
Because modal information is derived from structural responses (outputs) while the 
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structure is in operation this process is usually called Operational Modal Analysis (OMA) or 
Output-only Modal Analysis in opposition to input-output modal analysis [3]. Therefore, for 
large heavy masonry structures where it is quite complex to introduce an input signal (e.g. 
shakers) the OMA seems to be one of the most adequate techniques for dynamic 
characterization of these type of structures using ambient vibration records, condition which 
will be analyzed in the present article.  
 
 

 
 

Figure 6: Measured points (pink dots) along the cathedral. 

3.4 Modal Parameters Identification 
In the present work to obtain the modal parameters based on the response to ambient 

vibration the non-parametric Frequency Domain Decomposition method (FDD) [4] was 
applied using the ARTeMIS Modal software [5]. This method is a simple technique that 
allows the separation of closely spaced modes and the identification of modal damping ratios, 
interpreting output spectrum matrices previously calculated with the Welch method [6]. The 
average of normalized singular values spectra covering all setups in the X (transversal) and Y 
(longitudinal) directions are presented in Figures 7 and 8. 
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Figure 7: Average normalizaed singular values in the X (transversal) direction. 

 

Figure 8: Average normalized singular values in the Y (longitudinal) direction. 

Table 1 show the frequencies and periods associated to each analysis direction and it can 
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be noted a major number of identified frequencies in the X direction mainly attributed to the 
absence of buttresses usually stiffening the longitudinal walls of the cathedrals. 

 

Table 1: Obtained frequencies and periods of all setups 

Transversal direction Longitudinal direction 
Frequency (Hz) Period (Sec) Frequency (Hz) Period (sec) 

1,367 0,7315 1,367 0,7315 
2,734 0,3658 - - 
3,418 0,2926 3,223 0,3103 
3,906 0,2560 3,906 0,2560 
4,492 0,2226 - - 
6,738 0,1484 5,273 0,1896 
7,715 0,1296 7,617 0,1313 

11,133 0,0898 11,133 0,0898 
 

3.5 Identified modes of vibration 
The complete sensor location setup in both directions is shown in Figure 9. Modal shapes 

obtained with the ARTeMIS Modal software are shown in Figures 10 to 13. 
 

  
 

Figure 9: Sensor location setup. X acceleration (left) and Y acceleration (right). 

  

Figure 10: Plan view vibration mode 1 in X direction. 
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(a) 

 
 

(b) 

  
 

 
 

(c) 
 

Figure 11: Plan view vibration modes 2 (a), 3 (b) and 4 (c) in X direction. 
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(a) 

  
 

 
 

(b) 
 

Figure 12: Plan view and isometric view vibration mode 1 in Y direction (a). Plan view of mode 2 in Y direction 
(b). 
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(a) 

  
 

  
 

 
 

(b) 
 

Figure 13: Isometric view for vibration mode 2 in Y direction (a). Plan and isometric view for mode 3 in Y 
direction (b). 
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4 CONCLUSIONS 
 Regarding to the most relevant modal shapes in both analysis directions the following 

conclusions can be done: 
 
- Mode 1 (1,367Hz) X direction: The larger modal amplitudes can be observed on the 

main and lateral naves, this behavior is associated to the lower stiffness in this 
direction of the cathedral. Regarding to the east bell tower it presents a larger modal 
amplitude than the west one, this can be associated to the internal changes of the 
vaults stiffness located on each one of the five vaulted levels. The north is located to 
the front façade of the cathedral. 

- Mode 2 (2,734Hz) X direction: The largest modal amplitude can be observed on the 
transept zone including the top of the cimborrio. In this case, the modal displacement 
was smaller than the observed in the first modal shape. 

- Mode 3 (3,418Hz) X direction: A large modal amplitude can be noticed on the north-
west zone of the lateral nave. The transept presents a lower amplitude than the 
observed in the mode 2 but it’s very significate for the cimborrio and the triumphal 
arches. Regarding to the west tower the vault on the clock level shows a larger 
amplitude than the observed for the second mode at the same location. 

- Mode 4 (3,906Hz) X direction: In this case, the naves again exhibit a larger 
amplitude in the transept zone but an overall more uniform amplitude. On the other 
hand, both bell towers show large modal amplitudes. 

- Mode 1 (1,367Hz) Y direction: The main nave exhibits a larger amplitude than the 
lateral naves and the cimborrio presents the largest amplitudes of all the building, 
even this amplitude exceed the observed in the same zone for the X direction. 

- Mode 2 (3,223Hz) Y direction: Again, the cimborrio shows larger amplitudes and the 
façade denote amplitudes out of plane. The west bell tower shows larger amplitudes 
than the east tower in its whole height. 

- Mode 3 (3,906Hz) Y direction: The naves and the towers exhibits small and uniform 
amplitudes. The Mithra building on the contrary shows the largest modal amplitudes. 

- Operational Modal Analysis together with three minutes’ ambient vibration 
measurements were enough to get a reasonable insight to the dynamic behavior of 
this building. 

- According to the obtained modal shapes a quite complex dynamic behavior can be 
noticed where de combined flexural and torsional modes are the most predominant. 
This behavior can be associated to the high geometrical irregularities in plan and 
elevation typical of the religious architecture, increased in this specific case for the 
high interaction with posterior structures with a smaller height (e.g. lateral chapels 
and the Mithra building). It can be noted than the cimborrio is the most flexible 
macroelement in the building and this must be taken into account for the future 
vulnerability and risk studies. 

- Such complex modal shapes on the other hand could be produced as well by inner 
hidden cracks, strength and stiffness variations, age effects, accumulated damage and 
temperature influence. All these and other possible effects increase the uncertainty 
towards updating numerical models, so, it’s necessary to increase these kinds of 
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studies to stablish better methodologies for the correct conservation of these amazing 
architectural beauties for the joy and identity preservation of the next generations. 
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Abstract. Lively structures subjected to excitations such as wind, earthquake or human-induced 
forces can undergo relevant stresses and accelerations that can compromise some limit state 
criteria. Passive, semi-active and active vibration control devices have been proposed as 
possible solutions to reduce the level of vibration in civil structures such as bridges, multi-
storey buildings or thin floor structures, among others [1]. Tuned Mass Dampers (TMD) are 
usually installed in order to mitigate structural vibrations by increasing its damping through the 
application of inertial forces generated in response to the movement of the structure [2]. It is 
known that different algorithms can be used to improve their tuning. When more than one TMD 
is advisable, in the case of structures with spatially distributed and closely spaced natural 
frequencies, the TMDs design may not be obvious because simplified tuning concepts [3] 
cannot consider the coupling effects that appear [4]. In such cases, different criteria lead to 
different tuning parameters. 

In this work, different scalar values (called "indicators", evaluated according to different 
response considerations) are proposed to find the optimum tuning of two TMDs installed in a 
two-storey building model. Some of these indicators are based on the frequency response of the 
structure but others are evaluated according to the time response under a reference excitation. 
In all cases the tuning parameters are obtained by minimizing the selected indicator. The 
obtained solutions are compared in order to show the importance of making a good choice of 
the indicator when designing vibration control devices. Some practical limitations are also 
discussed through an experimental setup (two-storey building model) that provides the means 
to test some of the solutions obtained.   
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1 INTRODUCTION 
During the past decades, enormous improvements have taken place in the structural and 

construction industries, resulting in lighter and more slender structures. Consequently, higher 
displacements and accelerations appear when they are subjected to a dynamic load such as 
wind, earthquake or human-induced forces. Many devices have been already designed to cope 
with this problem including passive, semi-active and active ones. In this work, only the passive 
control device known as Tuned Mass Damper (TMD) is considered for mitigating the vibrations 
induced by a quake-like acceleration applied on the basement of a two-storey building model.  

The concept of TMD is already a century old, presented for the first time by the naval 
engineer Hermann Frahm in 1911 [5]. Since then, much effort has been made to understand the 
coupling effects between TMDs and structures leading to more efficient designs. One of the 
most important works in this area is the one conducted by J.P. Den Hartog in 1928 which ended 
by establishing the basics to understanding the behavior of TMDs [3]. His research was entirely 
based on the Frequency Response Function of a SDOF undamped model subjected to multiple 
kinds of loads. With the approach of Den Hartog [3], some decades later G.B. Warburton [6] 
developed a set of closed-form formulae to calculate the optimum properties of a single TMD.  

Since then, and following the path opened by Den Hartog and Warburton, FRFs of more 
complex structural models have been developed to carry out different types of optimizations of 
one or multiple TMDs properties [7][8][9]. However, the time domain behaviour has had very 
little impact on the further development of the state of the art. In this work, two simple time 
domain indicators are proposed and compared with the traditional optimization approach: the 
maximum of the acceleration responses �̈�𝑥(𝑡𝑡) and the area under �̈�𝑥(𝑡𝑡) curve. Both indicators are 
obtained by simulating the response of the two-storey building model subjected to the El Centro 
(1940) earthquake accelerogram (Figure 1). Another two timed-based indicators are evaluated 
in order to compare the solutions: the total amount of energy dissipated by the TMDs and the 
Maximum Transient Vibration Value of the acceleration response of the model. Some 
conclusions will be obtained concerning the benefits of using one approach or the other.  

 

 
Figure 1: El Centro accelerogram. 
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2 MODEL DESCRIPTION AND IDENTIFICATION 
A two-storey building model has been manufactured (Figure 2, right) in the laboratory to 

perform some experimental tests. It comprises of two units joint together, one of 0.5 m and the 
other 0.75 m height. The assembly is placed in a moving table to perform the modal analysis 
and to obtain its physical and modal properties. The test is carried out by applying an impact to 
the base and measuring both input and output accelerations. The correlation between basement 
and 1st floor accelerations and basement and 2nd floor accelerations gives the two FRFs of the 
model used to update the computational model.  

To obtain the physical properties of the model a curve fitting procedure to the experimental 
FRFs must be done. The analytical FRFs are obtained through the state-space model of the 
system, which is schematically represented in Figure 1, left. Its mass and stiffness matrices are 
shown in Equation 1 and, with them, the eigenproblem (−𝜔𝜔𝑖𝑖

2𝑀𝑀 + 𝐾𝐾)𝜙𝜙𝑖𝑖 = 0 can be solved to 
obtain the natural modes and frequencies, 𝜙𝜙𝑖𝑖 and 𝜔𝜔𝑖𝑖 respectively. The damping matrix 𝐶𝐶 is 
defined in this work (without loss of generality) upon the modal damping ratios 𝜉𝜉𝑖𝑖 as stated in 
Equation 2, where �̃�𝐶 modal damping matrix containing the products 2𝜉𝜉𝑖𝑖𝜔𝜔𝑖𝑖 in its diagonal and 
𝑉𝑉 is the modal matrix whose columns are the natural modes.  

          
Figure 2: Scale structure: left, the 2-floor schematic model; right, actual 2-floor building. 

𝑀𝑀 = [𝑚𝑚1 0
0 𝑚𝑚2

]           𝐾𝐾 = [𝑘𝑘1 + 𝑘𝑘2 −𝑘𝑘2
−𝑘𝑘2 𝑘𝑘2

] (1) 

𝐶𝐶 = 𝑉𝑉−𝑇𝑇 �̃�𝐶 𝑉𝑉−1 (2) 

The four matrices of the state-space model can be obtained by rewriting the equations of 
motion system (Equation 3) properly. In this equation, 𝑟𝑟 is a vector of ones which distribute the 
base excitation through the structure and 𝑎𝑎𝑏𝑏 is the basement acceleration. Considering the 
accelerations of both floors of the model as the output and being 𝑞𝑞𝑖𝑖 the displacement of the i-th 
floor relative to the ground, the four matrices A to D of the state-space equations can be written 
as shown in Equation 4, where 𝑥𝑥 is the state vector containing displacements and accelerations 
of the model (𝑥𝑥 = [𝑞𝑞 �̇�𝑞]𝑇𝑇), 𝑢𝑢 is the input vector (𝑢𝑢 = 𝑎𝑎𝑏𝑏), 𝑦𝑦 is the output vector (𝑦𝑦 = [�̈�𝑞1 �̈�𝑞2]𝑇𝑇), 
𝐼𝐼𝑛𝑛𝑛𝑛𝑛𝑛 is the n by n identity matrix and Ø𝑛𝑛𝑛𝑛𝑛𝑛 is the n by n zeros matrix.  
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𝑀𝑀�̈�𝑞 + 𝐶𝐶�̇�𝑞 + 𝐾𝐾𝑞𝑞 = −𝑀𝑀𝑀𝑀 𝑎𝑎𝑏𝑏 (3) 

{�̇�𝑥 = 𝐴𝐴𝑥𝑥 + 𝐵𝐵𝐵𝐵
𝑦𝑦 = 𝐶𝐶𝑥𝑥 + 𝐷𝐷𝐵𝐵 

𝐴𝐴 = [ Ø2𝑥𝑥2 𝐼𝐼2𝑥𝑥2
−𝑀𝑀−1𝐾𝐾 −𝑀𝑀−1𝐶𝐶]                𝐵𝐵 = [Ø2𝑥𝑥1

𝑀𝑀 ]               𝐶𝐶 = [−𝑀𝑀−1𝐾𝐾 −𝑀𝑀−1𝐶𝐶]            𝐷𝐷 = Ø2𝑥𝑥1 

(4) 

Programming this approach in Matlab and making use of its state-space functions tf() and 
lsim(), both frequency and time responses can be calculated. The six properties of the model 
(𝑚𝑚1,𝑚𝑚2,𝑘𝑘1, 𝑘𝑘2, 𝜉𝜉1, 𝜉𝜉2) can be obtained by minimizing the error between the analytical state-
space model and the experimental FRFs. The result is shown in Figure 3, leading to the set of 
properties in Table 1  

Table 1: Properties of the identified model 

𝑀𝑀1 = 2.17 𝑘𝑘𝑘𝑘 𝐾𝐾1 = 1210 𝑁𝑁/𝑚𝑚 𝜉𝜉1 = 0.41 % 
𝑀𝑀2 = 1.76 𝑘𝑘𝑘𝑘 𝐾𝐾2 = 341.4 𝑁𝑁/𝑚𝑚 𝜉𝜉2 = 0.11 % 

 

   
Figure 3: Result of the curve-fitting of the experimental FRF 

These properties lead to the natural frequencies 𝑓𝑓1 = 1.89 𝐻𝐻𝐻𝐻 and 𝑓𝑓2 = 4.41 𝐻𝐻𝐻𝐻 and the 
natural modes shown in Figure 4.  

2.1. Model of the TMD 
A TMD is modelled as shown in Figure 5 and is included directly in the mathematical model 

presented above. When adding a single TMD, the three matrices M, C and K grow by a row 
and a column. The mass 𝑚𝑚𝑗𝑗  of the TMD is put in the new diagonal position of the mass matrix. 
The stiffness 𝑘𝑘𝑗𝑗 is put in the new diagonal position of the stiffness matrix, summed up to the 
corresponding diagonal position of the floor to which the TMD is attached and two more 
negative terms (−𝑘𝑘𝑗𝑗) are placed in the intersections of the rows and columns affected. Finally, 
the TMD damper constant 𝑐𝑐𝑗𝑗 is added in a similar way. In order to add a second TMD, the same 
procedure must be followed. 
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Figure 4: Natural modes of the model 

  
Figure 5: TMD number j attached to the floor number i 

The model presented here is used through the entire paper to perform the corresponding 
optimizations and it is programmed in all the cost functions to obtain the value of the indicator 
for a set of properties of the TMDs.  

3 FREQUENCY DOMAIN INDICATORS 
In this section, only the standard frequency domain indicator in is considered, that is, the 

maximum peak value of a FRF. Regarding only the accelerances of the system, different 
combinations can be considered: maximum of a single FRF in a limited range of frequency, 
maximum of every FRF in a limited range, maximum of a single FRF in the whole range and 
maximum of all the FRFs in the whole range of frequencies. In addition, when multiple FRFs 
are taken into consideration the sum of all maxima may be also minimized. That makes a lot of 
different scenarios as the optimizations can be carried out for one or two TMDs. To simplify 
the task, the cases to discuss will be named after the number of FRFs taken into account (‘Si’ 
for a single, i-th floor, and ‘A’ for both floors) and the range of frequency considered (‘Lj’ for 
limited range around the j-th natural frequency and ‘W’ for the whole range), preceded by an 
‘F’ (from Frequency domain).  

The limited ranges are established around the original natural frequencies of the model and 

0.1975 

0.7212 

-0.6495 

0.2193 
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including the possible double peaks after splitting by the addition of the TMDs. As there are 
only two natural frequencies, only two limited ranges will be considered: L1 will cover from 
0.5 to 3 Hz and L2 will cover from 3 to 6 Hz.  

The case in which one TMD is tuned to reduce the FRF peak in a limited range of frequencies 
is the problem solved by Den Hartog and Warburton [3][6]. For this, the next terminology will 
be used: DHij, where i means where the TMD is placed and j which mode is to be reduced.  

 

4 TIME DOMAIN INDICATORS 
Regarding the time domain indicators, two different sets will be proposed: the maximum of 

the response acceleration of some floor (TM) and the area under its curve (TA).  

4.1. Peak acceleration response 
The first indicator follows the same philosophy than the frequency indicators: minimizing 

the peak of the response but, this time, in the time domain. An appreciable reduction of the 
response is expected, especially in the regions of higher accelerations, but, globally, the 
response may not be minimal. This indicator is named here TM and can be computed for a 
single response (‘S1’,’S2’) or for all of them (‘A’).  In the latter situation, the indicator may 
contain the maximum of all the maximum values of each floor (‘AM’) or, alternatively, the sum 
of them all (‘AS’). Equation 5 provides the definitions for these concepts: 

𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 = max(�̈�𝑥𝑗𝑗)       ;       𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 = max (max
j
(�̈�𝑥𝑗𝑗))       ;        𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 = max(∑max(�̈�𝑥𝑗𝑗)

𝑗𝑗
) (5) 

4.2. Area under the acceleration response 
To ensure a global reduction of the response, the areas under the time histories are also 

calculated and minimized. With this procedure, the maximum values of the responses may not 
be minimal but rather the total amount of movement during the whole simulation. The indicator 
is named TA and, once again, it can be computed for a single floor (‘S1’,’S2’) or the sum of 
them all (‘AS’).  

𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 = ∫ �̈�𝑥𝑗𝑗(𝑡𝑡)𝑑𝑑𝑡𝑡
𝑇𝑇

0
        ;        𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 = ∑∫ �̈�𝑥𝑗𝑗(𝑡𝑡)𝑑𝑑𝑡𝑡

𝑇𝑇

0𝑗𝑗
 (6) 

Once these four criteria (F, DH, TM, TA) are used to tune the TMDs, their performance is 
compared by evaluating two standard quality indicators: the dissipated energy and the 
maximum transient vibration value.  

4.3. Dissipated energy 
It is well known that one of the aims of a TMD is to absorb part of the energy of the structure 

where it is attached. It also helps to redistribute the energy flow in the system, increasing the 
quantity of energy transmitted through the spring (𝑘𝑘𝑗𝑗) up to the mass (𝑚𝑚𝑗𝑗). As a way for 
evaluating the performance of each optimization the total amount or energy dissipated by the 
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damper (𝑐𝑐𝑗𝑗) of the TMD can be computed with Equation 7, where �̇�𝑥𝑗𝑗 is its velocity relative to 
the ground, �̇�𝑥𝑖𝑖 is the velocity of the floor where the TMD is attached to (also relative to the 
ground) and 𝑇𝑇 is the total simulation time.  

𝑊𝑊𝐶𝐶𝑗𝑗 = ∫ 𝑐𝑐𝑗𝑗 (�̇�𝑥𝑗𝑗(𝑡𝑡) − �̇�𝑥𝑖𝑖(𝑡𝑡))
2
𝑑𝑑𝑡𝑡

𝑇𝑇

0
 (7) 

The equation shows that the energy dissipated by the TMD increases with its damping 
constant. However, it depends also on the relative velocity between the TMD and its floor. If 
the damper constant is too high it is expectable to obtain little relative velocities and, thus, small 
values for the dissipated energy.  

This indicator will be named WC and followed by a number indicating the number of the 
TMD to which it refers in the considered scenario.  

4.4. Maximum Transient Vibration Value 
Finally, the Maximum Transient Vibration Value (MTVV) will also be used to compare 

performances. This indicator is defined in the ISO 2631 in the context of human perception of 
structural vibrations. It is evaluated as the maximum of the RMS trend curve of the response in 
terms of accelerations. RMS trend curve is obtained, point by point, as the root mean square 
(RMS) of a one second window of the acceleration response with an overlapping of 50% (0,5 
s) between each pair of points (Equation 8). As an example, Figure 6 shows the acceleration 
(grey) and its RMS trend curve (black), being its maximum the MTVV value sought.  

 
Figure 6: Example of RMS trend and MTVV calculation 

𝑀𝑀𝑇𝑇𝑀𝑀𝑀𝑀 = max
j √

1
𝑁𝑁  ∑�̈�𝑥(𝛥𝛥𝑡𝑡𝑗𝑗)

2

𝑖𝑖
           𝑤𝑤𝑤𝑤𝑡𝑡ℎ  𝛥𝛥𝑡𝑡𝑗𝑗 = [𝑡𝑡1 … 𝑡𝑡𝑖𝑖 … 𝑡𝑡𝑁𝑁] (8) 

This indicator represents in some way the amplitude of the maximum of the response and so 
it is closely related to the TM indicator. Low values of MTVV are expected when the TM 
criteria will be used.  
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5 RESULTS 
The whole optimizations are carried out using the genetic algorithm included in Matlab (ga() 

function) with each cost function programmed separately. Two types of situations are 
considered: the installation of one TMD (denoted by ‘_1T’) or two TMDs (denoted by ‘_2T’). 
In all cases, the algorithm itself puts the TMDs in the best locations. Thus, the optimization 
contains, apart from the 6 properties of both TMDs, 2 more integer values indicating the floor 
𝑝𝑝𝑗𝑗 to which they are attached to.  

In the case of frequency domain, one TMD is first tuned to minimize the FRF of the 2nd floor 
(S2) around first mode (L1) (FS2L1_1T) and another TMD for the second mode (L2) in the 1st 
floor (S1) (FS1L2_1T). Both solutions can be compared with those obtained via Den Hartog 
formula (DH12 and DH21). Then, two TMDs are considered to minimize at the same time the 
first mode in the 2nd floor and the second mode in the 1st floor (FS2L1_S1L2_2T). Then, two 
TMDs are designed for minimizing the whole 2nd floor FRF (FS2W_2T) and another two TMDs 
for reduce the first mode in all FRFs as much as possible (FAL1_2T). Finally, two TMDs are 
obtained to minimize the maximum of all the FRFs in the whole range (FAWM_2T) and 
another two to minimize the sum of all those maxima (FAWS_2T). Solutions are shown in 
Table 2.  

 Table 2: Solutions from optimizations in the frequency domain 

Case 𝒎𝒎𝒋𝒋 (𝒌𝒌𝒌𝒌) 𝒇𝒇𝒋𝒋 (𝑯𝑯𝑯𝑯) 𝝃𝝃𝒋𝒋 (%) 𝒑𝒑𝒋𝒋 𝑾𝑾𝑪𝑪𝒋𝒋 (𝑱𝑱) 𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝒋𝒋 (𝒎𝒎 𝒔𝒔𝟐𝟐⁄ ) 
FS2L1_1T 0.119 1.79 14.63 2 2.51 8.08 ; 6.07 
FS1L2_1T 0.119 4.21 13.04 1 0.31 3.97 ; 12.64 

DH12 0.119 4.15 13.55 1 0.87 5.39 ; 13.44 
DH21 0.119 1.75 15.01 2 2.50 8.10 ; 6.10 

FS2L1_ 
S1L2_2T 

0.064 
0.055 

1.83 
4.31 

10.79 
9.26 

2 
1 

2.50 
0.22 3.66 ; 6.80 

FS2W_2T 0.115 
0.004 

1.79 
4.40 

14.7 
2.66 

2 
1 

2.45 
0.22 4.10 ; 6.13 

FAL1_2T 0.038 
0.081 

1.98 
1.71 

9.83 
10.93 

2 
2 

0.82 
1.70 8.25 ; 5.94 

FAWM_2T 0.087 
0.032 

1.81 
4.36 

12.66 
7.18 

2 
1 

2.46 
0.21 3.72 ; 6.47 

FAWS_2T 0.069 
0.050 

1.83 
4.32 

11.66 
8.67 

2 
1 

2.50 
0.22 3.68 ; 6.73 
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Table 3: Solutions from optimizations in the time domain 

Case 𝒎𝒎𝒋𝒋 (𝒌𝒌𝒌𝒌) 𝒇𝒇𝒋𝒋 (𝑯𝑯𝑯𝑯) 𝝃𝝃𝒋𝒋 (%) 𝒑𝒑𝒋𝒋 𝑾𝑾𝑪𝑪𝒋𝒋 (𝑱𝑱) 𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝒋𝒋 (𝒎𝒎 𝒔𝒔𝟐𝟐⁄ ) 
TMS2_1T 0.119 1.85 2.87 2 1.94 8.59 ; 5.42 

TMS2_2T 0.011 
0.108 

4.39 
1.81 

0.0 
11.99 

1 
2 

0.0 
1.53 7.04 ; 5.91 

TMAM_1T 0.119 1.86 29.45 2 2.75 7.54 ; 6.53 

TMAM_2T 0.107 
0.012 

1.81 
4.40 

1.34 
0.07 

2 
1 

1.51 
0.07 5.92 ; 5.97 

TMAS_2T 0.105 
0.014 

1.80 
4.24 

2.02 
4.82 

2 
1 

0.19 
1.65 3.46 ; 5.54 

TAS2_1T 0.119 1.81 23.87 2 2.69 7.75 ; 6.38 

TAS2_2T 0.112 
0.007 

1.83 
4.36 

12.22 
2.56 

2 
1 

2.41 
0.20 3.77 ; 6.05 

TAAS_1T 0.119 2.08 47.42 2 2.78 7.01 ; 8.61 

TAAS_2T 0.091 
0.028 

1.83 
4.36 

11.04 
5.37 

2 
1 

2.42 
0.21 3.71 ; 6.33 

Concerning the solutions in the time domain, one and two TMDs have been sought to reduce 
the maximum of the 2nd floor’s response (TMS2_1T and TMS2_2T). In the case of two TMDs, 
also the stroke of the TMDs has been minimized because the optimization led to zero damping 
and, consequently, very high strokes. After that, one and two TMDs are designed to reduce the 
maximum of both responses (1st and 2nd floors simultaneously, TMAM_1T and TMAM_2T). 
The sum of all of them is also minimized but only with two TMDs (TMAS_2T). Then, one and 
two TMDs are considered to reduce the area under the curve response of the top floor 
(TAS2_1T and TAS2_2T) and finally one and two TMDs have been put on the structure to 
reduce the total area of all responses (TAAS_1T and TAAS_2T). 

 
Figure 7: FRFs of the FAL1_2T case. (a) floor 1; (b) floor 2 

(a) (b) 
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Figure 8: FRFs of the TAAS_1T case. (a) floor 1; (b) floor 2 

As it can be stated by observing the whole set of results is that all TMDs frequencies are 
focused to one of the two natural frequencies of the structure, no matter what the objective to 
minimize was. In fact, TMDs placed on the top floor have their natural frequency a little below 
1.89 Hz and the others, placed on the 1st floor have their frequency close to 4.41 Hz. There is 
only two exceptions. The first one is FAL1_2T case, that has two TMDs placed on the 2nd floor 
and tuned to the first mode, one of them over 1.89 Hz. This is because of the Multi TMD effect: 
instead of resulting in a couple of peaks, this optimization leads to three perfectly levelled 
maxima in the proximity of the first natural frequency (Figure 7). The other exception is 
TAAS_1T, with the only TMD tuned at 2.08 Hz. (Figure 8) and with a very high damping ratio 
(0.4742).  

6 CONCLUSIONS 
To show the time responses, TAAS_2T case has been taking as reference (Figure 9). Figure 

9a and 9b show (black line) the accelerations in the 1st and 2nd floor (respectively), compared 
with the response of the building without TMDs. Figure 9c shows the energy dissipated by both 
TMDs. 

According to frequency domain indicators, the solution for the FS2L1_S1L2_2T case is the 
one that dissipates more (2.72 J), together with FAWS_2T case, being both cases very similar 
in tuning parameters. FS2W_2T case is the design with less maximum MTVV (6.13 m/s2). Note 
that in this case, although two TMDs are found, most of the mass is placed in the one tuned to 
the first mode. 

FS1L2_1T and DH12 cases (TMD tuned to mode 2) are the worst, according not only to 
their low dissipation of energy (less than 0.88 J) but also to the high values for the MTVV (more 
than 12.6 m/s2). From this point of view, both indicators seem to be correlated. Also, almost the 
rest of the “F” cases dissipate the same amount of energy (around 2.6 J) and the maximum 
MTVV value is around 6 m/s2. 

Regarding time domain indicators, TMAS_2T case is the one with less maximum MTVV 
(5.54 m/s2) and, unexpectedly, TAAS_1T is the design that dissipates the most (2.78 J). 
However, TMAS_2T dissipates only 1.89 J and maximum MTVV value is the corresponding 

(a) (b) 
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to TAAS_1T case (8.61 m/s2), which is contradictory and shows that both indicators are not 
correlated. 

For both types of indicators, table 2 and 3 show that several designs dissipate the same 
amount of energy (around 2.7 J). According to Figure 9c, where 𝑊𝑊𝐶𝐶𝐶𝐶 curves became asymptotic, 
that seem to be the total energy available in the structure after the earthquake. This result reveal 
that 𝑊𝑊𝐶𝐶𝐶𝐶 indicator should be replaced by another one accounting not for the dissipation in the 
whole time (60 s) but for the dissipation ratio, being preferable to dissipate energy the more 
quickly the better. 

Finally, TMAS_2T case is the one with less maximum MTVV (5.54 m/s2) so, for the El 
Centro loading, it is the best design, but it remains to be check if it is also the best solution for 
other types of earthquakes. There are 9 cases (FS2L1_S1L2_2T, FS2W_2T, FAWM_2T, 
FAWS_2T, TMS2_2T, TMAM_2T, TMAS_2T, TAS2_2T and TAAS_2T) where the 
maximum MTVV values are under 7.1 m/s2 and all of them resolve to 2 TMDs, being the one 
with more mass tuned to mode 1 and placed in the 2nd floor and the other tuned at mode 2 and 
placed in the 1st floor. This is a reasonable strategy, having in mind that the 2nd floor has the 
maximum modal coordinate for mode 1, 0.7212 and the 1st floor the maximum for mode 2, 
0.6495.  

 
Figure 9: Example for time responses in terms of acceleration (m/s2) and dissipation of energy (J) 

(a) (b) 

(c) 
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Abstract. This paper aims to present static and dynamic analysis of 102-year-old masonry 
tower (28.5 m high and 6.7m square base) of Senate Hall, Allahabad University, which was 
constructed during British era. The tower walls are modeled in ANSYS-14 using ten-degree 
tetrahedral SOLID 187 Element. The top dome of tower is modeled using SURF (3 noded 
with 6 degrees of freedom at each) element. The static analysis shows that, in general, the 
structural arrangement of the masonry tower is adequate to take care of gravity loads 
comprises of self-weight and live load. Most stress region is at base of the structure with 
maximum value of compressive stress of about 1.295 MPa. The displacement distribution 
shows that a maximum displacement of 0.55 mm occurs at top dome. Further, the results of  
modal analysis of the tower are also shown.  

 
1 INTRODUCTION 
The Allahabad city is one of the oldest Holi city of India, also known as Prayag (place of 
offering). This city is known for Kumbha Mela, one of the largest gathering of people during 
the month of Magh (January and February of every year), is having the buildings of different 
era viz., Allahabad Fort (1583), Khusro Bagh (1622), Ulta Qila (1855), The Allahabad high 
court (1869), Allahabad Public Library (1878), Allahabad University (1887), all Saints 
Cathedral Church (1887), Allahabad Museum (1931) etc. These buildings were constructed of 
thick brick masonry and stone masonry and they are not in good condition due lack of proper 
maintenance work. The senate hall building of Allahabad university was constructed in 1887 
is fourth the oldest university after Bombay, Madras and Calcutta in India. Senate hall was 
established in 1905 is a load bearing masonry structure. Stones were used in ground floor 
verandah and balcony of structure. Minor damage was observed in upper portion and in 
decorating materials during 2015 Nepal earthquake. Further minor cracks were generated in 
floorings, stone piers, masonry walls, and connections on the roof of masonry bricks. The 
towers are important vertical structures in old buildings. They were built either isolated or 
commonly included in with respect to the urban content, such as built as a part of churches, 
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castles, municipal buildings and city walls. In this case the masonry tower was constructed, 
isolated from the other building part of the University. The proper assessment of these 
structures against various forces (Gravity, load and dynamic load) is a relevant importance for 
historical, social and artistic reasons.The present study is limited to Gravity and modal 
analysis of Masonry tower. 

Literature are available on historical structures for in-situ surveys [1, 2], geometric survey 
and architectural features of masonry structure [3] were widely discussed by many 
researchers. The static and seismic analysis of masonry towers [5–9], experimental works 
[10–17], dynamic identification [4, 16], study on structure damaged due to past earthquakes 
[18-20], and its post-earthquake investigation (including direct survey, historic and 
documentary research, testing of materials and ambient vibration tests) [21], were investigated 
to know the critical location in the structure and to improved them. Complex non-linear static 
(pushover) and dynamic analyses [8, 22] were also perform to asses the behaviour of 
structure.  Researcher has also reported about the collapsed and damage of historical masonry 
structure [5-8]. Structural retrofitting and retrofitting of traditional materials (mortar and 
bricks) on the collasped and damaged old buildings along with its structural upgrading 
mechanisum was discussed by Salvatori [23]. The modal pushover analysis was performed on 
historical masonry tower [24]. In view of above, an important university building is taken for 
detailed analysis. In this reconnisance survey, modelling and analysis (static and dynamic) has 
been performed on masonry tower of Allahabad university. 

2 MASONRY TOWER 

The masonry tower is 28.5m high with base width of 7.0m, located in front right side of 
senate hall building which was constructed in 1915 by British engineer Sir Swinton Jacob. It 
is three-floor masonry structure having dome at top, that is rested on stone arch panel 
supported by twelve columns as shown in Figure 1. The tower is basically used for stair. 

  
(a) Senate hall with view of masonry tower (b) Masonry tower of 28.5m high 

Figure 1: Masonry tower of Senate Hall of Allahabad university, India 
In detailed geometric study of Senate hall building is performed and discussion with 
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engineer in-charge (Civil works), it is reported that the masonry wall thickness is varying 
from 1.5m to 0.6m in ground floor and first floor respectively. The sandstone is used in the 
front of the ground floor, backside of the verandah, stairs and in the canopies of the masonry 
tower. Figure 2 shows some of the snapshots which state the condition of the tower. 

   
(a) Dome supported on 12 Column (b) Detoriation of material on stair case 

  
(c) Visible Crack in the middle of arch. (d) Patch work in wall and column 

Figure 2: Geometric survey for masonry tower 
 
The load bearing masonry tower is constructed of brick masonry and stone, with a regular 

texture, is 1.07m above ground level. The wall of the tower is up to the height of 28.5m. The 
opening at the entrance to the stairs and windows are made up of stone arches.  The ratio 
between the overall height of the structure and the smallest dimension of the base cross 
section is equal to 4.07. The tower is internally subdivided into three storeys, which is 
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connected vertically by a stone staircase. Each level of the story is square plan and consists of 
a unique space, which is partly occupied by the staircase. The first and second floor has same 
floor height of 6.10m and thickness of the wall varying from 0.76m and 0.61m respectively. 
The third-floor height is 7.62m of wall thickness 0.46m. The stone arch Gumbaj (Dome 
shape, structure) above third floor is supported on twelve numbers of stone arch column 
having height of 4.57m. The column is octagonal in shape with each side of 0.305m and 
height 2.13m, they are supported on rectangular stone base cross section of 0.31m x 0.31m 
and height 0.46m. The radius of the dome is 4.88m having crown height of 3.04m, that is a 
beautiful example of Mughal architecture. The arch is made up of stone column, which is 
resting on brick masonry. Figure 3(a) show the elevation of masonry tower with all the 
dimensions. Figure 3(b) shows the plan of each floor level along with stone staircase of 
masonry tower. First and second floor stair width is the same 1.83m, rise 0.305m and trade 
0.23m. Third floor stair is designed open well shape with outside edge is support on 
continuous stone beam, stair width 1.22m and rise and trade is same as first storey stair. Most 
openings are located on the internal side of the tower. A general view along with relevant 
geometrical features of the masonry tower are presented in Figure 3. 

 

 

 

(a) Front and Back elevation view (b) Floor plan of tower 

Figure 3: Geometric view of masonry tower senate hall 

3 FINITE ELEMENT MODELLING 
A numerical 3D finite element model of the masonry tower modelled in commercial finite 

element ANSYS workbench 14.0 [27]. The geometry is based on the geometric survey. The 
macro modelling approach was used, and the masonry was modelled as an isotropic 
continuum. Masonry tower is modelled by using, Solid 186, Solid 187 elements (10-Noded 
3D solid elements) in the masonry walls and stairs and Surf-154 used in the dome. TARGE 
170, and CONTA 174 used contact and connections of tower components. The main region to 
choose 3D 10-noded solid element, it exhibits the quadratic displacement behavior, the 
element supports plasticity, hyper-elasticity, creep, stress stiffening, large deflection and large 
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strain capabilities. The major openings of the masonry tower were reproduced together with 
the vaults at first floor level. The specific attention was paid in the modelling of the multi leaf 
masonry walls for each floor level. The numerical analysis aims to investigate the stress 
distribution due to static load and to identify the dynamic behavior of the masonry tower. The 
model is developed assuming a linear behavior of masonry material. 

   
(a) Geometric model (b) Meshing model of front and back side 

Figure 4: Finite element modelling of masonry tower 

4 ANALYSIS OF TOWER 
The static and dynamic analysis of the monumental masonry tower has been performed by 

applying gravity load as per IS: 875 (Part 1) 1987. The elastic material behavior Young’s 
modulus, E equal to 3000 MPa and 11000 MPa, mass density, ρ equal to 1800 kg/m3 and 
2400 kg/m3 of masonry and stone respectively, the poisons modulus, ν equal to 0.2 [11]. The 
mechanical properties are used in the present study is based on a literature survey of historical 
monument structures. The results of static and dynamic analyses on the masonry tower in 
term of Von-Mises stress distribution and model behavior are shown Figure 5 to 7. 

4.1 Standard gravity analysis 
The static analysis of the masonry tower under standard gravity loads has been performed 

with fixed base. The high stress of 1.295MPs is localized at the ground level closed to first 
floor level. The bottom of the tower where stresses are localized agrees well with the 
observation of cracks shown in Figure 5. This was predictable considering that the masonry 
tower has several openings at first floor and second floor, the maximum stresses in generated 
in the first-floor masonry wall, middle portion of arch and the corner or near the openings on 
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stairs at high concentration is developed. Firstly, stress is developed at the first-floor vault at 
shown Figure 2(b) and Figure 2(c). The maximum stress is generated at a masonry wall of 
the first floor and bottom slab of stairs to second floor and third floor. The minor cracks are 
visible on the bottom side of third floor stairs, and joints between stairs and wall are closely 
spaced. The dome has performed well in gravity load condition. The maximum deformation 
0.54mm is produced at the top of dome shown Figure 6. The deformation at the first-floor is 
0.2mm. The small crack is observed in the masonry tower wall and buttress wall, which 
shows good agreement with the results obtained. The total deformation distributed is shown in 
masonry tower Figure 6. Table 1 shows the deformation and stress at different level of 
masonry tower. 

Table 1: Floor wise deformation and Stress of Masonry under gravity loading 

Floor Deformation (mm) Stress (MPa) 
1st  0.0692 1.2953 

2nd  0.2254 0.8723 
3rd  0.38068 0.5326 
Dome 0.5469 0.0864 

 

 

 
 

(a) Maximum stress at first floor (b) Stress show in internal side of tower 

Figure 5: Maximum stress shown in masonry tower 
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(a) Dead load deformation (b) Maximum deformation observed in floor  

Figure 6: Total deformation of masonty tower 

4.2 Dynamic model analysis 
The dynamic modal analysis of masonry tower has been performed by 3D finite element 

model for linear elastic behavior materials. The dynamic analysis has been considered to 
evaluate the response of masonry tower. The free vibration analysis of the tower shows of 
first six natural modes, shown in Figure 7. The fundamental frequency is 2.27Hz. Table 2: 
shown the frequencies (f) and periods (T) of the first six vibration modes evidencing that the 
period increases when configuration is more deformable. The deformation in first and second 
modes is 4.41mm and 4.72mm respectively. In discussion with engineer in-charge it is 
confirmed that the tower was originally built separately from the other buildings particularly 
from senate hall structure. It is therefore interesting to understand if the strength increase is 
sufficient to secure an increase of safety with the higher stresses state induced. 

Table 2: Mode shape and frequency of masonry tower 

Mode Frequency (Hz) 
1 2.27 
2 2.37 
3 4.34 
4 4.79 
5 4.95 
6 7.56 
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Mode 1 Mode 2 Mode 3 

   
Mode 4 Mode 5 Mode 6 

Figure 7: Dynamic modal analysis of masonry tower 

5 CONCLUSIONS 
A numerical study performed by means of FE simulations on masonry towers located in 

the Allahabad university, India. The aims of this work are to discuss some general 
geometrical characteristics, such as openings, wall thickness, top domes and staircase and 
modelled them in Ansys. Further to perform gravity and model analysis of the masonry tower. 
The survey of a masonry tower, reveals that the structure is stable and only some of the minor 
cracks were observed at the openings of doors, windows and near the staircase. The bricks 
and stone are well intact with the structure. In general tower is in good conditions, but some 
part of the tower is closed for access due to some structural deformations. The masonry tower 

828



Ambareesh Kumar and Kumar Pallav. 

 9 

performs well under gravity load and the maximum stress is 1.295MPa. The fundamental 
frequency of the tower is 2.27Hz. 
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Abstract. Tuned mass dampers (TMDs) are control devices widely used to reduce the 
pedestrian induced vibrations on footbridges. The TMD parameters are designed according to 
the requirements demanded for the structure. One of the main factors to be overcome for the 
TMD design is the change of the modal parameters of the structure associated with the 
modification of its operational and environmental conditions. The main purpose of this study 
is to analyze the effect of this uncertainty in the TMD design for the vibration serviceability 
of footbridges. The sensitivity of three well-known constraints under these uncertainty 
conditions is analyzed. The variability of the modal parameters is simulated by a probabilistic 
approach based on previous results reported in literature. A robust method is implemented in
order to ensure an adequate behavior of the structure under these stochastic conditions. As an 
example, a benchmark footbridge is considered to assess numerically the performance and 
accuracy of the different methods. The pedestrian action is simulated according to the 
recommendations of the Synpex guidelines. The results show which the most adequate
constraint is (among the three studied cases) to control the pedestrian induced vibrations on 
footbridge under stochastic conditions.

1 INTRODUCTION
Nowadays the use of the tuned mass dampers (TMDs) has become a usual tool to reduce 

the vibrations of civil engineering structures induced by dynamic loads [1]. Several design 
methods [2] have been proposed in order to constrain the frequency response function of the 
structure, 𝐻𝐻𝑎𝑎, under the different type of dynamic actions. One of the main limitations of 
these damping devices (passive damping) is that these only can be tuned to a fixed frequency 
(normally around the affected natural frequency of the structure) and thus a reduction of their
performance is experienced if for any reason the natural frequency of the structure varies [3].
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As it is reported in the literature [4] the change of the operational and environmental 
conditions are the main cause of the modification of the modal frequencies of footbridges. It 
is therefore interesting to find out: (i) if it is possible to determine a set of TMD parameters 
that ensures the mitigation of the vibration under these stochastics conditions and (ii) to check 
which the best constraint is to deal with the uncertainty among the existing mentioned 
requirements. For this purpose, a robust design method is proposed in this manuscript. This 
method is based on a probabilistic approach where the uncertainty associated with the 
modification of the modal parameters of the structure is simulated by a probabilistic
distribution function [5]. The proposal is implemented in a numerical example, reported in
literature [6], in order to reflect as the uncertainty influences the TMD design. Three different 
constraints have been considered to define the resultant frequency response function of the 
structure [2]: (i) 𝐻𝐻∞ optimization, (ii) 𝐻𝐻2 optimization and (iii) 𝐻𝐻𝑚𝑚𝑎𝑎𝑚𝑚 optimization.

The pedestrian action is simulated according to the recommendations of the Synpex 
guidelines [7]. The study is restricted to walking pedestrian induced vibration on footbridges 
in vertical direction. As result of the study the constrained optimization method under the 
robust approach that better adjusts the uncertainty conditions is determined. Further, the need 
to consider the uncertainty associated with the modification of the modal parameters of the 
structure is revealed.

2 TMD-STRUCTURE INTERACTION MODEL
The TMD-structure interaction model may be formulated from the application of the 

dynamic equilibrium equation [8] to the different masses of a model with two degrees of 
freedom. As an assumption for this study, only one vibration mode is considered to be 
affected by the pedestrian-structure interaction and it is assumed that the damping device is 
located at the position with the maximum modal deflection. Figure 1 illustrates the TMD-
structure interaction model and the definition of its main parameters.

Figure 1: TMD-structure interaction model.
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The following coupled equations govern the TMD-structure interaction:

( ) ( ) )(tpuukukuucucum T
idfdffdfdffff ⋅=−⋅+⋅+−⋅+⋅+⋅ f (1)

( ) ( ) 0=−⋅+−⋅+⋅ fddfdddd uukuucum  (2)

where ̇ and ̈reflects respectively the first and second derivatives respect to time and 
∅𝑖𝑖𝑇𝑇 P the transpose of the affected numerical vibration mode.

The proposed equations may be reorganized in matrix form and subsequently, this system 
may be integrated using a β–Newmark method (with parameters β=1/4 and γ=1/2 in order to 
ensure an unconditionally stable system). The equivalent pedestrian load, 𝑝𝑝(𝑡𝑡), and the 
required comfort level, 𝑎𝑎𝑙𝑙𝑖𝑖𝑖𝑖, are simulated following the model proposed by the Synpex 
guidelines [7].

3 ROBUST TMD DESIGN
The modal parameters of the structure may vary due to the modification of its operational 

and environmental conditions. A robust design of the TMD parameters is need in order to 
ensure an adequate behavior of the structure under these conditions [3]. In order to simulate 
these stochastic conditions the Monte Carlo method is considered in this study [5]. Thus, the 
modal parameters of the structure are assumed to be random variables that follow normal 
probabilistic distributions according to previous results reported in literature [4]. Several 
‘states’ are generated (sets of natural frequencies and damping ratios), simulating the response 
of the structure under each ‘state’. The robust TMD parameters may be selected in terms of 
the number of cases that after the TMD installation does not meet the required comfort criteria 
[3].

The robust TMD design may be formulated as a constrained single-objective optimization 
problem as follows:

find µ , optimize µ=f , subject to 

𝐴𝐴(𝑎𝑎𝑖𝑖𝑎𝑎𝑚𝑚) = 𝑎𝑎∝
𝑎𝑎𝑙𝑙𝑙𝑙𝑙𝑙

− 1 ≤ 0

𝐴𝐴(𝑢𝑢𝑟𝑟.𝑖𝑖𝑎𝑎𝑚𝑚) = 𝑢𝑢∝
𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙

− 1 ≤ 0

𝐻𝐻(𝛿𝛿𝑜𝑜𝑜𝑜𝑜𝑜 optζ )

(3)

where
fd mm=µ is the mass ratio.

f is the objective function.
()A are the inequality constraints.

𝐻𝐻(𝛿𝛿𝑜𝑜𝑜𝑜𝑜𝑜 optζ ) is an additional constraint considered for the adjustment of the frequency 
response function of the structure (Table 1).
𝑎𝑎𝑖𝑖𝑎𝑎𝑚𝑚 is a vector that contains the maximum vertical acceleration of the structure under 

each simulated ‘state’.
𝑢𝑢𝑟𝑟,𝑖𝑖𝑎𝑎𝑚𝑚 is a vector that contains the maximum vertical relative displacement of the structure 
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under each simulated ‘state’.
𝑎𝑎∝ is the percentile αth of the probability distribution of the maximum vertical 

accelerations of the structure.
𝑢𝑢∝ is the percentile αth of the probability distribution of the maximum vertical relative 

displacements of the structure.
𝑎𝑎𝑙𝑙𝑖𝑖𝑖𝑖 is the limit vertical acceleration according to the required comfort level.
𝑢𝑢𝑙𝑙𝑖𝑖𝑖𝑖 is the limit vertical relative displacement provided by the manufactured.

Table 1: Optimum TMD frequency and damping ratios according to different criteria [2]

∞H 2H maxH

optδ
µ+1

1
2

1
1

1 µ
µ

+
+ µ+1

1

optζ
( )µ
µ
+18

3
( )( )µµ

µµ
++

+
218

)34(
µ

µ
+1

The method provides the TMD parameters that reduce the acceleration response of the 
structure minimizing the TMD mass. This procedure may be summarized as follows [7]:

(i) Choice of TMD mass, dm , based on the mass ratio.

(ii) Calculation of the optimum TMD ratios: frequency ratio, optδ , and damping ratio, optζ

(Table 1).
(iii) Calculation of the TMD constants: spring and damping constant.

2)2( foptdd fmk ⋅⋅⋅⋅= δp (4)
optfoptdd fmc ζδp ⋅⋅⋅⋅⋅⋅= 22 (5)

(iv) Checking of the comfort requirements.
(v) Repeating the process if the comfort requirements are not met.

As global optimization method, genetic algorithms have been used. In order to take into 
account the effect of the uncertainty the search domain of the mass ratio is increased, µ ∈
[0.01 − 0.15]. Both the population size and the maximum number of iterations were set to 
100. Each individual modified through the operation of reproduction, crossover and mutation 
its value in order to minimize the value of the objective function.
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4 NUMERICAL EXAMPLE
As numerical example, the study of effect of the uncertainty on the dynamic response of a 

numerical footbridge, provided in the French standard [6] has been considered. Figure 2 
shows the main geometrical and mechanical characteristics of the footbridge.

Figure 2: Finite element model of the numerical example [6]

The numerical natural frequencies of the structure have been obtained from a numerical 
model analysis [9]. It has been verified that the first vertical natural frequency of the structure,
ff, is affected by the pedestrian-structure interaction (Table 2). The method proposed by the 
Synpex guidelines [7] has been used to check the comfort requirements of the structure. Five 
different load cases have been considered in terms of the pedestrian density on the footbridge 
(Table 2). The maximum accelerations on the structure exceed the medium comfort degree for 
all the load case.

Table 2: Comfort level of the numerical example

Load 
Cases

d
[P/m2]

n
[P]

fm
[kg]

ff
[Hz]

maxa
[m/s2]

Comfort 
degree

Comfort 
level

I <0.20 15 34706 2.14 1.05 Minimum CL3
II 0.20 19 34706 2.14 1.16 Minimum CL3
III 0.50 48 37710 2.05 1.74 Minimum CL3
IV 0.80 76 39500 2.00 2.08 Minimum CL3
V 1.00 96 40750 1.97 4.96 Discomfort CL4

In order to improve the behavior of the structure a TMD is installed. Two design scenarios 
(D.S.) are considered to design the TMD parameters: (i) alim = 0.50 m/s2 for load cases I-IV 
and alim = 1.00 m/s2 for load case V; and (ii) alim = 0.50 m/s2 for all the load cases. 
Additionally, the relative displacement between the TMD and the deck of the structure is 
limited to ulim = 20 mm.

For our purpose, it is assumed that the first natural frequency and associated damping ratio 
may vary randomly considering a variation range of ±10 % [4]. 10000 possible ‘states’ are 
generated considering uncorrelated normal distribution functions and the Latin Hypercube 

38.85 m

1.215 m

Section A-A

A

A

400x200x12 mm 120x120x8 mm

R=450 m
2.90 m

120x120x8 mm

Es=210 GPa; νs=0.3; ρs=7850 kg/m3

Ec=31 GPa; νc=0.2; ρc=2500 kg/m3
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Sampling method [5]. The robust design method is implemented considering that the 
maximum vertical acceleration of the Monte Carlo simulation may be considered a random 
variable and modifying the constraint equations for each design scenario. The three mentioned
constraints (𝐻𝐻∞, 𝐻𝐻2 and 𝐻𝐻𝑚𝑚𝑎𝑎𝑚𝑚) have been considered. The design process has been performed 
using the software Matlab [10]. Four uncertainty levels have been taken into account during 
the design process (50th, 67th, 95th and 99th percentile). The TMD parameters designed 
according to the three mentioned criteria under stochastic conditions are shown in Table 3.

Table 3: TMD parameters versus the uncertainty level for each desing method and design scenario
µ [%]

optδ optζ [%]
D.S. α

[%] ∞H 2H maxH ∞H 2H maxH ∞H 2H maxH

1

50 1.00 1.19 1.54 0.990 0.991 0.985 6.09 5.43 12.32
67 1.28 1.56 2.04 0.987 0.988 0.980 6.88 6.21 14.14
95 2.19 2.69 2.38 0.978 0.980 0.977 8.96 8.12 15.25
99 2.79 3.45 2.41 0.973 0.975 0.976 10.09 9.17 15.34

2

50 3.50 4.43 7.21 0.966 0.968 0.933 11.26 10.35 25.93
67 4.04 5.14 9.09 0.961 0.963 0.917 12.07 11.12 28.87
95 5.62 7.21 10.50 0.947 0.949 0.905 14.13 13.08 30.83
99 6.63 8.54 10.57 0.938 0.941 0.933 15.27 14.17 30.92

Additionally, the frequency response function in terms of accelerations ratio, Ha, of the 
TMD-footbridge system is shown in Figure 3 for the three considered design criteria and the 
two design scenarios. The effect of the different uncertainty levels in the frequency response 
function is also shown in Figure 3.
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Figure 3: Frequency Response Function, 𝐻𝐻𝑎𝑎, for the different design methods, uncertainty levels and design 
scenarios.

As Figure 3 shows, the Hmaxcriterion present a worse adjustment to the stochastics 
conditions than the other two criteria. It is clear as the uncertainty influences the parameters 
design especially when the comfort requirements are lower.

Finally, Figure 4 shows the TMD mass designed according to the three mentioned 
constraints, the two design scenarios and the different uncertainty levels. A clear tendency, an 
increase of the TMD mass in terms of the uncertainty levels, is shown in Figure 4. The 
constrained criterion that shows the best performance is the H∞ criterion, except in the design 
scenario 1 under high uncertainty where the Hmax criterion reduces the TMD mass.

Figure 4: TMD mass versus de uncertainty level for each design criterion and design scenario.

5 CONCLUSIONS
The main purpose of this manuscript is to determine the robust parameters of a TMD under 

uncertainty conditions in order to control the dynamic response of footbridges under 
pedestrian flows. The uncertainty associated with the change of the modal parameters of the 
structure due to the modification of its operational and environmental conditions is taken into 
account. A constrained single-objective optimization method is used to obtain the parameters 
of a TMD. The different design criteria, 𝐻𝐻∞, 𝐻𝐻2 and 𝐻𝐻𝑚𝑚𝑎𝑎𝑚𝑚, have been considered for the 
TMD design in terms of inequality constraints. The response of a numerical footbridge under 
a pedestrian flow is checked during the design process considering only the walking 
pedestrian action in vertical direction. This action is simulated via an equivalent harmonic 
load according to the Synpex guidelines. The study was performed under a stochastic
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approach. In this way, the natural frequencies and the damping ratios of the footbridge are 
supposed to vary randomly due to the change of the operational and environmental 
conditions. A variation range is established by previous results reported in literature. In order 
to guarantee the robustness of the TMD parameters, under the stochastic approach, a robust 
design procedure is implemented. The performance of the method and the effect of the 
uncertainty in the TMD design are assessed comparing the results between the three 
mentioned design criteria (𝐻𝐻∞, 𝐻𝐻2 and 𝐻𝐻𝑚𝑚𝑎𝑎𝑚𝑚) under the two design scenarios. The 𝐻𝐻∞
constraint shows the better adjustment under the stochastics conditions. The effect of the 
uncertainty in the TMD parameters is clear, showing an increasing trend to the uncertainty 
level. Nevertheless, further studies are recommended to find a design constraint that optimizes 
the TMD parameters under stochastics conditions.
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Abstract. Active vibration control (AVC) via inertial-mass actuators is a viable technique
to mitigate human-induced vibrations in civil structures. A multi-input multi-output (MIMO)
AVC has been previously proposed in the literature to simultaneously find the sensor/actuator
pairs’ optimal placements and tune the control gains. However, the application examples are
simple and/or they do not correspond with real structures. This work considers the previously
proposed methodology to design an AVC for a typical floor structure with multiple vibration
modes locally spatially distributed and with similar natural frequencies, which is where MIMO
strategies are really of interest.

1 INTRODUCTION

Every day it is more common to find light and slender structures with vibration serviceability
problems. These structures satisfy ultimate limit state criteria but they have the potential
of attracting complaints coming from excessive human-induced vibrations [1]. Examples and
solutions to these problems can be found in pedestrian bridges or long-span office floors (see
for example [2]). Passive dampers, such as tuned mass dampers (TMDs) are commonly used to
reduce the vibration level of these structures. These solutions can only cope with one vibration
mode and with modal properties which do not change over time. When several vibration modes
have to be cancelled and modal properties may change, an active solution may be a competitive
alternative. Moreover, if the structure is only used during a short period of time (like concert
hall, dining hall, etc.), the solution of active vibration control (AVC) via inertial mass actuators
is quite attractive (since no significant structure modifications are needed, i.e., reduction costs).
In addition, AVC has been shown to significantly reduce the level of response, allowing structures
to satisfy vibration serviceability limits [3].

1
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The authors have been recently proposed AVC solutions ([4], [5]) where multi-input multi-
output (MIMO) control strategies have been used. In addition, sensor/actuator placement and
gain matrix are designed considering how humans perceive the vibration [6]. However, these
applications examples are quite simple [4] and/or they do not correspond with real structures
[5].

A finite element model (FEM) of a steel-concrete composite dining room floor sited in Spain
is considered in this work. This structure is a good example of floor with vibration modes with
closely-spaced natural frequencies, where MIMO strategies are of special interest.

The structure of this work is as follows: next section describes the generalized framework
used to obtain the optimal design of MIMO AVC and location of sensors and actuators. This
section also describes the structural model of the application example used in Section 3. Section
3 presents a comparison between two SISO and one MIMO in order to evaluate the application of
MIMO control for real complex structures. Section 4 closes the paper by giving some conclusions
and remarks on this research.

2 Problem definition

The problem tackled in this paper consists of designing two SISO and one MIMO strategies
by considering the methodology presented in [4]. This section also briefly explains the gen-
eral scheme shown in Figure 1. In addition, the FEM, the AVC design methodology and the
optimization problem are also described in this section.



  





  



Figure 1: General control scheme.

2.1 Floor structure

The structure considered in this paper is a dining room floor of a primary-secondary school
sited in Madrid (Spain). The general arrangement of beams and columns is shown in Figure
2. The FEM was created in ANSYS [7] using shell elements with 449 nodes. It is an irregular
rectangular composite floor with dimension of 25.5 m×20 m. The material properties considered
are: modulus of elasticity E = 20 × 109 N/m2, Poisson’s ratio ν = 0.15 and density ρ = 3000
kg/m3. The density has been increased from 2500 kg/m3 to 3000 kg/m3 in order to include

2
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a portion of the imposed load (approximately 30%) and the total dead load [8]. The effective
depth has been taken as 0.3 m. The modal shapes, natural frequencies, damping ratios and
modal masses of the first ten vibration modes can be seen in Figure 3. Natural frequencies and
damping ratios were experimentally validated through an operational modal analysis. As it can
be observed, the structure shows several vibration modes under 10 Hz, which are likely to be
excited by users.


Figure 2: Floor structure considered.

For the sake of simplicity, the flexible structure and the integrators are grouped, so that the
output of the resulting system is ys , which is the velocity at q locations. Thus, the standard
state-space representation of the model for this flexible structure (with n vibration modes, p
actuators, q sensors and r perturbations) is represented as follows (see Figure 1):

ẋs =Asxs +Bs1us +Bs2ws,

ys =Csxs,
(1)

If Equation (1) is defined in modal coordinates, the state-space matrices are as follows [9]:

As =

[
0 I

−Ω2 −2ZΩ

]
,Bs1 =

[
0
Φu

]
,

Bs2 =

[
0
Φw

]
,C =

[
Φy 0

]
,

(2)

in which Ω and Z are, respectively, the diagonal matrices formed by the natural frequencies
([ω1, · · · , ωn]) and the damping ratios ([ξ1, · · · , ξn]); and the matrices Φu, Φy and Φw are ma-
trices with dimensions n× p, q× n and n× r. It is important to highlight that each k th column
of Φu and Φw and each row of Φy is formed by the k th vibration mode values at the positions
of the actuators (Φu), perturbations (Φw) and sensors (Φy), respectively. The state vector is
defined as: xs = [xs1 , · · · , xsn , ẋs1 , · · · , ẋsn ] , where [xs1 , · · · , xsn ] are the modal coordinates of
the structure, and [ẋs1 , · · · , ẋsn ] are their derivatives.

3
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Modal mass: 45.4 tons 

ω1 = 35.2 rad/s (5.6 Hz) 

ξ1 = 1.00% 

Modal mass: 47.3 tons 

ω2 = 47.1 rad/s (7.5 Hz) 

ξ2 = 0.97% 

Modal mass: 44.6 tons 

ω3 = 57.2 rad/s (9.1 Hz) 

ξ3 = 1.00% 

Modal mass: 44.6 tons 

ω4 = 64.1 rad/s (10.2 Hz) 

ξ4 = 1.04% 

Modal mass: 47.5 tons 

ω5 = 67.2 rad/s (10.7 Hz) 

ξ5 = 1.05% 

Modal mass: 46.9 tons 

ω6 = 76.7 rad/s (12.2 Hz) 

ξ6 = 1.12% 

Modal mass: 30.3 tons 

ω7 = 92.4 rad/s (14.7 Hz) 

ξ7 = 1.24% 

Modal mass: 46.9 tons 

ω8 = 93.6 rad/s (14.9 Hz) 

ξ8 = 1.25% 

Modal mass: 45.5 tons 

ω9 = 105.6 rad/s (16.8 Hz) 

ξ9 = 1.35 % 

Modal mass: 40.2 tons 

ω10 = 111.8 rad/s (17.8 Hz) 

ξ10 = 1.41 % 

Figure 3: Floor mode shapes, natural frequencies, damping ratios and modal masses.
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2.2 AVC methodology

The AVC is implemented by using (see Figure 1): i) inertial actuators to generate the forces
through the acceleration of inertial masses to the structure on which they are placed, ii) second-
order Butterworth high-pass filters to reduce the gain of the loop at low-frequencies, which can
saturate the actuator, iii) second-order Butterworth high-pass filters to reduce the gain of the
loop at high-frequencies, reducing thus the risk of spillover problems [10], and iv) force saturation
blocks to simulate the maximum voltage inputs of the inertial actuators. Note that if the cut-off
frequencies of the filters are separated from the vibration modes, the AVC can be approximated
by a direct velocity feedback (DVF).

The AVC methodology consists of these main steps: i) defining the cut-off frequencies of the
filters according to the vibration modes of the structure and to the bandwidth of the actuators
and ii) deciding the locations of p inertial actuators and q sensors (i.e., the values of Φu and Φy

in Equation (2)) and iii) tuning the gain matrix in order to minimize a cost function.
The state-space equation of the closed-loop system is obtained from Figure 1 and is as follows

(see references [4] and [5] for more details):

ẋCL = ACLxCL +B
CL

ws, (3)

ys = CCLxCL +DCLws,

where the state vector is xCL = [xs,xI ,xLP ,xA] and the state matrices are:

ACL =




As 0 0 −BS1
CAT

BITCs AIT 0 0
BLPT

DITCs BLPT
CIT ALPT

0
0 0 BAT

KCs AAT


 , (4)

BCL =




Bs1

0
0
0


 ,CCL = [CsAs,0,0,−Bs1CAT

] and DCL = Bs1 ,

and the gain matrix, defined in a general form, is as follows:

K =




K11 K12 · · · K1q

K21 K22 · · · K2q
...

...
. . .

...
Kp1 Kp2 · · · Kpq


 , (5)

in which Kij is the control gain applied at control input i due to control output j. Sen-
sor/actuator locations and gain matrix are tuned considering the human vibration perception.
This perception depends on the direction of incidence to the human body, the frequency content
of the vibration (for given amplitude) and the duration of sustained vibration, among other
factors.

5
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The human vibration perception is considered in the controller design by weighting the state
vector of the structure xs (see Equation (4)) as follows

xsWl
=

�
eαtxsl(t)

�
∗ gFW (t), l ∈ [1, · · · , 2n], (6)

where (*) denotes the convolution process and gFW (t) is the impulse response function corre-
sponding a frequency domain filter that account for the different human perception of different
frequencies of excitation (see references [4] and [6]). Note that the weighted vector xsW is only
used to calculate the PI used to derive the optimal sensor/actuator locations and the gain ma-
trix. In other words, the weighting functions are neither included into the closed-loop system of
Figure 1 nor into the Equations (3) and (4).

Finally, the optimal control design proposed in [4] is based on minimizing the following cost
function:

g(z) = max

�
1

2

� tf

0
xT
sw(z)Qxsw(z)dt

�
, (7)

by finding the optimal parameters of z = [K,Λ], where the matrix Q is a 2n × 2n positive
definite matrix, which is taken as [11]

Q =




ω2
1φ

2
1,max · · · 0 0 · · · 0
...

. . .
...

...
. . .

...
0 · · · ω2

nφ
2
n,max 0 · · · 0

0 · · · 0 φ2
1,max · · · 0

...
. . .

...
...

. . .
...

0 · · · 0 0 · · · φ2
n,max



, (8)

in which φk,max is the maximum value of the kth eigenvector φk. Note that the displacement
states are weighted by the natural frequencies, thus making the displacement states comparable
to velocity states. The variable Λ contains the locations of a set of p actuators and q sensors
(i.e., Λ is a vector of p = q components, whose values indicate the node number where each pair
sensor/actuator is placed). Finally, the value of tf is the simulation time to obtain the PI, which
must be large enough to achieve the steady state of g(z) (i.e., the weighted vector xsW

∼= 0).

3 Simulation results

Note that the problem of finding z = [K,Λ], which minimizes g(z) is a hard optimization
problem, in which the traditional optimization method (gradient-based approaches or similar)
used in [4] presents these main problems: ii) solution may be local, advising the optimization of
each possible sensor-actuator configuration and with a set of initial condition for gain matrix,
ii) unlike reference [11], where the cost function can be obtain analytically for a set of initial
condition (i.e., the computation time for each iteration is negligible), the control scheme of Figure
1 must simulate since it considers the stroke and force saturation of actuator together with high
and low pass filters and iii) computation time may be unaffordable for complex applications,
like the presented herein.

Therefore, in order to limit the computation time and to guarantee a good enough solution,
the nodes to place the actuator/sensors pairs have been previously selected based in our experi-
ence. Thus, the two chosen nodes are 369 and 82. Note that the node 369 is good to cancel 1st,

6
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2nd, 5th, 7th and 9th mode whereas node 82 is good to cancel 3rd, 4th, 6th, 8th and 10th mode
(see Figure 3).

The common design parameters are: i) the cut-off frequencies are 2 Hz and 20 Hz for the low
and high pass filters, respectively, ii) the actuator used is the APS Dynamics Model 400 Shaker,
where the stroke and voltage saturation are 7.9 mm and 2 V, respectively, and iii) α = 0.3547
(see Equation (6)).

The MATLAB function fminsearch is used to find the optimal value of K for: i) a SISO AVC
with the pair sensor/actuator located at node 369, ii) a SISO AVC with the pair sensor/actuator
located at node 82 and iii) a MIMO AVC with the two pairs of sensor/actuator located at nodes
369 and 82. The results are

SISO at node 369: K = 2214.9, g(z) = 2.2210−5 (9)

SISO at node 82: K = 2423.4, g(z) = 9.0610−5 (10)

MIMO at nodes 369 and 82: K =

[
1992.9 0
∼= 0 1234.2

]
, g(z) = 1.6710−5 (11)

Note that the functional g(z) is minimum when MIMO AVC is used. In addition, the 1st,
2nd, 5th, 7th and 9th mode are more important in the system response since that the SISO at
node 369 can obtain a value of g(z) = 2.2210−5. However, the reduction of MIMO respect to
SISO at node 369 is of 24.77 %, which shows that a MIMO is necessary to reduce the vibration
of all floor (i.e., the vibration level due to 3rd, 4th, 6th, 8th and 10th mode).

This issue can be also illustrated by checking time responses. Five nodes (82, 88, 327, 355
and 360) are chosen to excite (with a normalized heel-drop) the first five vibration modes in
order to show the performance of the controllers (SISO at nodes 369 and 82 and MIMO). The
nodes 333 and 90 are monitored to show the vibration level (peak acceleration and settling
time). The settling time is defined as the time taken for the response to fall and remain within
some specified percentage of the maximum peak value of the acceleration response. For the sake
of simplicity, here it is calculated as the time taken for the acceleration response to fall and
remain within the range of 0.005 m/s2. Note that nodes 333 and 90 show the vibration level
corresponding to the 1st, 2nd, 5th, 7th and 9th mode and to the 3rd, 4th, 6th, 8th and 10th mode,
respectively.

Figure 4 shows the simulated time response of node 333 for a normalized heel-drop excitation
at nodes 82, 88, 327, 355 and 360 for: no controlled case, the SISO AVC at node 369, the SISO
AVC at node 82 and the MIMO AVC at nodes 369 and 82. Note that the vibration reduction
level is only significant when SISO at node 369 and MIMO AVC is used. In addition, the SISO
at node 82 has a small effect at vibration reduction since this SISO AVC can only reduce the
vibration of 3rd, 4th, 6th, 8th and 10th mode, which cannot be cancelled from node 82.

Figure 5 shows the simulated time response of node 90 for a normalized heel-drop excitation
at nodes 82, 88, 327, 355 and 360 for: no controlled case, the SISO AVC at node 369, the SISO
AVC at node 82 and the MIMO AVC at nodes 369 and 82. Note that the vibration reduction
level is only significant when SISO at node 82 and MIMO AVC is used. In addition, the SISO
at node 369 has a small effect at vibration reduction since this SISO AVC can only reduce the
vibration of 1st, 2nd, 5th, 7th and 9th mode, which cannot be cancelled from node 369.
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Time (s)
0 5 10 15

A
cc

el
er

at
io

n 
(m

/s
2 )

-0.15

-0.1

-0.05

0

0.05

0.1

0.15
Peak acceleration  =  0.145  m/s

2
    Settling time  =  8.512  s

(a) Without AVC

Time (s)
0 5 10 15

A
cc

el
er

at
io

n 
(m

/s
2 )

-0.15

-0.1

-0.05

0

0.05

0.1

0.15
Peak acceleration  =  0.136  m/s

2
    Settling time  =  3.048  s

(b) SISO at node 369

Time (s)
0 5 10 15

A
cc

el
er

at
io

n 
(m

/s
2 )

-0.15

-0.1

-0.05

0

0.05

0.1

0.15
Peak acceleration  =  0.145  m/s

2
    Settling time  =  8.333  s

(c) SISO at node 82
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Figure 4: Simulated time response of node 333 for a normalized heeldrop excitation at nodes
82, 88, 327, 355 and 360.
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(b) SISO at node 90
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Figure 5: Simulated time response of node 90 for a normalized heeldrop excitation at nodes 82,
88, 327, 355 and 360.
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4 Conclusions

This work has shown an example of a multi-input multi-output (MIMO) active vibration
control (AVC) applied to a dining room floor of a primary-secondary school sited in Madrid
(Spain), where the use of MIMO AVC shows a significant advantage as compared to single-
input single-output AVCs. The floor structure model has been obtained with ANSYs, where the
finite element model has been validated experimentally. The structure controlled by SISO and
MIMO has been simulated with MATLAB-SIMULINK.

Finally, this work has shown the limitation of using traditional optimization method (gradient-
based approaches or similar) since that it was practically impossible to analyze all the structures
nodes. Therefore, the location of the pairs of actuator/sensor was decided by the authors’ ex-
perience.

Therefore, two future works should be done. The first one must consider modern global
optimization method, which can solve this optimization problem in affordable computation
time. The second one must be the real implementation of this MIMO AVC in this dining room
floor.
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ABSTRACT 

The dining hall studied through this paper is consider to be a lively structure, In an attempt of 
designing vibration control strategies, the research group have been testing experimentally the 
structure in order to update a finite element model (FEM) to be used for control design. The control 
strategies will include passive and active mass dampers [1] considering multi-input and multi-output 
based-design [2]. 

The following steps are carried out: first, architectural drawings have been used to sketch up a finite 
element model of the structure (FEM). However, some uncertainties remain unsolved due to the 
difficulties to determine the joint between the different structural components as well as some 
structural dimensions that were hiding to visual inspection.  

Second, an experimental campaign is undertaken with two different tests. The Operational Modal 
Analysis (OMA) with high sensitivity PCB accelerometers is carried out to extract the fundamental 
frequencies, damping ratios and modal shapes of the structure. Special care is taken with modal 
frequencies smaller than 10 Hz within the range of human perception. With these results, a first 
calibration of the FEM is carried out and the second experimental test is planned. To overcome the 
limitation introduced by the OMA to obtain the associated mass of each identified frequency a 
frequency-response-function test analysis is conducted. AnAPS400 shaker is placed at maximum 
modal identified displacements and a chirp signal in the range if interest is used as the excitation 
input. Measurements were carried out using a NI CompactRIO platform. These data is necessary for 
the design of the control system, and adds important information to the calibration process 

Thirdly, the FEM is finally calibrated according to the results of both tests. This process requires 
identifying the variables associated to possible uncertainties, geometrical, materials and boundary 
conditions, as well as their allowed range of variation. For each one of this set a sensitivity analysis is 
performed to discard some of the variables according to its influence in the calibration. The most 
sensible ones are used in a Montecarlo simulation on the parameter set to identify the best calibrated 
model according to a predefined objective function that takes into account the modal frequencies and 
modal shapes. The structural model is defined in ANSYS where the modal estimators are for each 
defined set of variables. The set of variables for the different models and the evaluation of the 
objective function are programmed into Matlab. An interface between both programs is also 
developed. 

The obtained model accurately represents the dynamic behaviour of the floor under study. 
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ABSTRACT 

This study addresses the design and testing of a novel soft robotic gripper actuated by an 
electromagnet with which to handle of unpackaged delicate fruits in the food industry. Traditional 
rigid mechanical grippers are not applicable to manipulate delicate food products because their 
gripping action can easily bruise or damage fragile food products during handling due to hard 
contacts. In addition, the size, shape and weight of individual food items can vary widely. Because of 
this statistical variation and the need for delicate handling, the system integration and control 
requirements for a soft gripper are sufficiently complex that conventional rigid mechanical grippers 
are not a practical solution when handling delicate food products. To overcome the disadvantages of  
rigid mechanical grippers, a  soft robotic gripper, which can softly and gently hold fragile objects by 
inflating flexible compliant elastomeric fingers, have been recently developed. The compliance of the 
soft grippers can be controlled by adjusting a pressure level of air and safe grasping of sensitive 
objects can be achieved because excessive gripping force is intrinsically avoided. In addition, when 
using pressurized air as an actuating source, hygienic risks during handling of food products is 
minimized. But, soft pneumatic grippers require a bulky and noisy compressor to supply pressurized 
air to the soft elastomeric fingers. In this study, the design of a soft robotic gripper, operated by an 
electromagnet, is proposed and its feasibility for soft gripping action were validated experimentally. 
A soft gripper configured as two opposing fingers, was designed in this study to achieve 
compactness, lightness, simple design, and to reduce system complexity. The flexible two-finger 
appendages were 3D printed via fused filament fabrication (FFF) method using soft elastic 
thermoplastic polyurethane (TPU) filament material. Thus, the manufacturing process was simple 
and quick, and production cost was low. The soft electromagnetic gripper was constructed by 
mounting the flexible two-finger appendage atop an electromagnet. A permanent magnet was 
attached to the bottom center of the two-finger part. When the electromagnet is activated by applied 
current input, the attractive electromagnetic force pulls the magnet attached to the two-finger part 
toward the electromagnet. As a result, the two opposing fingers are closer against each other and a 
pinch grasp occurs when an object is placed between these two fingers. In the absence of current 
input, these two fingers act like passive flexible elastomeric fingers, thus releasing the object. If the 
polarity of the electromagnet is reversed by changing the direction of current input, the repulsive 
force pushes the magnet against the electromagnet, thereby letting the two fingers opened wider so as 
to accommodate larger object. In this study, the gripping displacement and the holding force of the 
soft gripper will be experimentally evaluated by different initial gaps between the magnet and the 
electromagnet. In addition, feasibility of the soft electromagnetic gripper will be demonstrated by 
grasping a population of different sizes, shapes and weights of delicate fruit items.  
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Abstract. Magnetorheological (MR) fluids are smart colloids that exhibit a dramatic 
rheological change upon the application of a magnetic field as a result of the field-promoted 
interparticle aggregation. In this presentation we show our most recent work on the 
aggregation kinetics of carbonyl iron particles of use in the formulation of MR fluids of 
commercial interest. First, we demonstrate the importance of experimental conditions in the 
aggregation kinetics. In particular, we demonstrate the effect of the carrier fluid viscosity and 
surfactant addition. Second, we demonstrate the importance of magnetic field strength. In 
particular, we demonstrate that mean cluster size versus time curves can be re-scaled 
following a purely deterministic aggregation process. Finally, we show that the confinement 
of the field-induced structures results in a long-time plateau in the mean cluster size 
presumably as a result of the predominant lateral repulsive interactions between the chain like 
structures. 

INTRODUCTION 
Materials whose properties (mechanical, optical, etc…) vary considerably in the 

presence of an external stimulus are known as smart materials. Magnetic suspensions are a 
subclass of smart materials whose rheological characteristics remarkably change in the 
presence of a magnetic field. In particular, magnetorheological fluids (MRFs) are (magnetic) 
suspensions of magnetizable micron-sized particles dispersed in a carrier fluid. Typically, 
these micronsized particles are made of iron coming from the thermal decomposition of iron 
pentacarbonyl (so called carbonyl iron). This is so because of their large purity and therefore 
large saturation magnetization. MRFs can exhibit changes in apparent viscosity of several 
orders of magnitude for fields of the order of a few kA/m. Recently, MRFs have received 
considerable attention in the field of mechanical engineering for actuation and motion control. 
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Some examples are shock absorbers, dampers, clutches and rotary brakes. However, interest 
from other research areas such as thermal energy transfer, precision polishing, chemical 
sensing and biomedical applications shows the potential of these materials to be employed in 
many other different disciplines [1, 2]. 

 
In the linear magnetization regime, under a magnetic field   , an isolated 

magnetizable sphere of diameter   and relative permeability    , suspended in a media of 
relative permeability    , acquires a magnetic moment: 

 

           
   

   (1) 

 
Here,   (       ) (        )⁄  is the contrast factor. In the case of carbonyl iron 
suspensions      . 

 
Once the particles become magnetized, they interact forming elongated structures in 

the field direction. The total interaction energy between two linear magnetic moments reads 
as follows: 

 

     
 

  (      
  )  (2) 

 
Where    

       
,   is the center-to-center distance and   is the angle between the dipole 

moment vector.  
 

The magnitude of the magnetic interaction energy between two parallel magnetic 
moments (         ) relative to the thermal energy (   ) is the so-called   ratio or 
coupling coefficient: 
 

      

     
  (3) 

 
When    , magnetostatic particle interactions overcome thermal motion, resulting 

in the formation of field induced structures. However, for very small   values, Brownian 
motion dominates and field-induced aggregates are absent. In this work, we are specifically 
interested in carbonyl iron suspensions where    , because they serve as a basis for 
commercial MRFs formulations. 

BACKGROUND AND MOTIVATION 
The aggregation kinetics of carbonyl iron particles in suspension has not been reported 

in the literature yet. Instead, there are plenty of experimental and simulation data available in 
the literature on magnetic latex suspensions and inverse ferrofluids (i.e. magnetic holes) for a 
wide range of magnetic field strengths (typically in the range        ). Available reports 
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describe the aggregation process in terms of the evolution of the probability density of 
clusters of size   at time  ,   ( ). The most frequently used statistical variable, derived from 
the cluster size distribution, is the so-called mean cluster size (i.e. weight average cluster 
size): 

 

  ( )  ∑    ( )
 

∑   ( )
 

⁄   (4) 

 
Experiments, theoretical developments and simulation data demonstrate that, once the 

tip-to-tip aggregation process begins, the mean cluster size follows a power-law behavior as a 
function of time,  ( )   . Theories and simulations predict           [3-5]. However, 
experimental   values are typically lower and the scatter observed in the different publications 
available is generally unacceptably large [5, 6]. It seems that the particular   value is strongly 
sensitive to the experimental conditions. In this work we will carefully tune the suspension 
formulation in order to elucidate its impact in the aggregation kinetics. In particular, we will 
explore the influence of the carrier fluid viscosity and surfactant concentration. 

 
Additionally, most of the previous works demonstrate that the aggregation process 

involved in the case of magnetic latexes and inverse ferrofluids is reasonably well described 
by Scaling Theories where Brownian motion plays a crucial role in the diffusion of the 
particles [7]. However, in the case of interest in the work, carbonyl iron particles are too big 
in size and Scaling Theory is not expected to be applicable. Instead, a deterministic 
aggregation theory should be capable to explain the experimental observations [8, 9]. In this 
work, we will demonstrate that carbonyl iron suspensions are very well described using a 
deterministic aggregation theory and particle-level simulations. 

 
Finally, most of the previous works reported in the literature focus on the aggregation 

kinetics of magnetic particles in open domains. However, in any commercial application, 
suspensions are confined in narrow gaps. Therefore, in this work, we will study the 
aggregation process in rectangular PDMS microchannels of different widths. 
 

MATERIALS AND METHODS 
Carbonyl iron particles used in this work where obtained from BASF SE Germany 

(Grade EW). These particles are 3.0 microns diameter and contain 96.8 % iron in the bulk. A 
thin silica layer exists surrounding the particles to facilitate their dispersion in solution. The 
suspensions were prepared by mechanical dispersion of the carbonyl iron powder in glycerol 
(Sigma Aldrich). In some cases, sodium dodecyl sulfate SDS (1 wt%) was also added to the 
suspensions. We worked at a low particle concentration (volume fraction         , 
surface fraction         ). 

 
The carbonyl iron suspensions were confined in polydimethylsiloxane (PDMS) 

microchannels prepared using conventional Soft Lithography techniques. The microchannels 
used had a constant depth of 25 microns and their width changed between 75 and 1000 
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microns. Once the suspensions were introduced in the microchannels, they were allowed to 
settle to get a 2D monolayer. The aggregation process was monitored in an inverted optical 
microscope (Leica DMI 3000B) and the magnetic field was superimposed in the transversal 
direction to the microchannel. Finally, image analysis was carried out using a Matlab 
subroutine.  

 
Particle level simulations were also carried out assuming non-Brownian buoyant Hard 

Spheres interacting through dipolar magnetostatic forces under Stokes’ drag approximation. 
In more detail, forces acting on the particles were: 

 

          
 

     (         )  ̂  
(5) 

         
 

  [(        ) ̂      (  ) ̂ ] (6) 

                 
(7) 

 
Here   represents the carrier fluid viscosity. The equation of motion was solved in the 
dimensionless form using the following characteristic length, force and time scales:    
 ,    

    
  , and    

    
    [10, 11]. The dimensionless variables are denoted with an asterisk 

(e.g.       ⁄ ). 

 Simulations were carried out in rectangular domains in 2D using Non-slip Boundary 
Conditions on the confining walls and Periodic Boundary Conditions in the direction 
perpendicular to the magnetic field. The equations of motion for each particle are integrated 
numerically using an explicit Euler method with a dimensionless time step              

 

RESULTS AND DISCUSSION 
Figure 1a shows the mean cluster size as a function of time,  ( ), for carbonyl iron 

suspensions in glycerol:water mixtures. It is clear that the initial aggregation state is strongly 
affected depending on the glycerol concentration in the formulation. Bigger aggregates are 
observed at the beginning of the aggregation process the smaller the amount of glycerol in the 
suspension. This is something expected because increasing the glycerol concentration results 
in a more viscous carrier and therefore a slower diffusion of the particles. 

 
Figure 1b shows the influence of SDS concentration in the aggregation kinetics. In the 

absence of SDS the mean cluster size remains essentially constant suggesting that carbonyl 
iron particles are stuck on the bottom wall. Interestingly, upon increasing the SDS 
concentration, the mean cluster size increases suggesting that the particles are capable to 
slide/roll along the wall forming the chain-like structures. The saturation for SDS 
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concentrations above 0.7 wt% suggest that particles are free to move for so high 
concentrations. 
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a)
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 0.7 wt%
 1 wt%

b)

 
Figure 1. Evolution of mean cluster size. a) Different glycerol/water mixtures (no SDS). b) Glycerol:water 100:0 

and different SDS concentrations. 
 

Simulations were carried out for a wide range of microchannel widths     [   
   ] and surface fractions       [         ]  Results demonstrate that the mean cluster 
size can be simply scaled as follows: 

 
  ( )    (   ⁄ )   (8) 

 
with                               and       .  

 
Simulation results are shown in Figure 2 together with experimental data in 

dimensionless form. As observed a very good agreement is found whatever the glycerol:water 
concentration for the larger SDS concentrations studied. 
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Figure 2. Mean cluster size as a function of scaling time obtained from molecular dynamic simulation. a) 

Glycerol/water mixture. b) Different SDS concentrations. 
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The influence of the microchannel width is demonstrated in Figure 3a. When the 

width is small enough, the mean cluster size is observed to reach a long-time plateau. This is 
expected because the chain-like aggregates do not have sufficient space to grow up. 
Interestingly, a similar observation comes from particle level simulations (see Figure 3b). 
Obviously, in this case, Equation (8) is not capable to predict the long-time plateau. In an 
attempt to capture the full aggregation curve we propose a semiempirical expression: 

 
  ( )    (      )(  (   ⁄ ) )   (9) 
 

Here,    is a deviation time corresponding the point where the mean cluster size  ( ) 
levels off to saturation. The parameter   represents the width of the transition region (    ): 
the slope decreases when | | decreases. Finally, the slope of power-law region is described 
by  . Equation (9) was fitted to the simulation data for a range of particle concentrations and 
microchannel widths. The resulting best fitting parameters -    ,   ,  , and  - as obtained 
from simulations are included in Table 1. As expected, in view of Table 1, the critical time    
is strongly dependent on area fraction and dimensionless microchannel width. On the other 
hand, the slope of  ( ) in log-log scale corresponds to the dynamic exponent  . In this case, 
                  .  
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Figure 3. Influence of microchannel width. a) Experimental results. b) Molecular dynamic simulations. In 

experiments and simulation long-time plateau is observed. 
 

Table 1. Best fitting parameters to the simulation curves using Equation 9. 

 ( )    (      )(  (   ⁄ ) )  
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In Figure 4 we plot the experimental data for a wide range of microchannel 
thicknesses together with predictions from Equation (9). Interestingly, it is observed a 
reasonably good collapse between experiments and simulations without any free fitting 
parameters. 
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Figure 4. Mean cluster size of carbonyl iron as a function of reduced time for experiments (symbols) and 

theoretical prediction (lines) for different channel widths. 

CONCLUSIONS 
We study the aggregation kinetics of dilute carbonyl iron suspensions in rectangular 

microchannels at     using video-microscopy, image analysis and particle-level dynamic 
simulations. We show that the carrier fluid viscosity determines the time scale for 
aggregation. On the other hand, friction strongly determines the aggregation rate. Moreover, 
we also studied the influence of microchannel width (75-1000 μm) in the aggregation process. 
The effect of channel width is found to be crucial in the dynamic exponent and in the 
saturation (long time) mean cluster size. On the contrary, it has no effect in the onset of the 
tip-to-tip aggregation process. 
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Abstract. This study presents a mechanical characterization of carbon black-filled natural 
rubber and silicone magnetorheological elastomers (MREs). ASTM standard MRE samples 
with silicone matrix and carbon black fillers are fabricated and their properties are compared 
with those of carbon black-filled natural rubber-based isotropic MREs.  The mechanical 
properties of the MREs are investigated with a double-lap shear experimental setup.  The effect 
of loading parameters such as shear strain, loading frequency, and magnetic field on the shear 
moduli of MRE are presented.  Experimental results show that adding carbon black improves 
not only the passive modulus of MRE, but also the MR effect.  

1.  INTRODUCTION 
Magnetorheological elastomers are a class of materials whose properties can be regulated 

with an applied external magnetic field.  MREs are fabricated by adding micron-sized iron 
particles to a polymeric matrix.  If a magnetic field is not used during the curing process, MRE 
material maintains an isotropic structure.  Isotropic MREs with large and irregular shaped iron 
particles are known to show a higher MR effect (percentage change in moduli due to magnetic 
field) due to smaller distance between particles compared to isotropic MREs with regular 
carbonyl iron [1]. Pre-compressed isotropic MREs show higher elastic modulus when compared 
to isotropic MREs without pre-compression [2].  The MR effect of an isotropic MRE increases 
due to an increased magnetic field and loading frequency [3].  Gong et al. [4] showed that shear 
modulus of isotropic MREs can be increased up to 60% when subjected to 1.0 T magnetic field 
intensity.  Furthermore, MREs with carbon black show higher tensile strength (56.8% increase) 
compared to MREs with no carbon black [5].  It was also demonstrated by [5] that MREs with 
carbon black can operate at higher temperatures due to their higher thermal stability.  Isotropic 
MREs show a linear shear stress-strain behavior when the applied strain is less than 10% [6]. 

When a MRE is cured under a magnetic field, particles form chain-like structures that will 
result in an anisotropic MRE.  Shear modulus and hysteresis damping of an anisotropic silicone 
MRE increases with an increased magnetic field [7-9]. Anisotropic MREs made of polyurethane 
shows 20% higher MR effect than anisotropic natural rubber MRE under a varying magnetic 
field of 0 to 0.395T [8].  Non-magnetic fillers in MRE mixtures can be used to modify the 
properties to achieve desired passive stiffness and damping levels. Chen et al. [10] concluded 
that adding carbon black to MRE improves the microstructure bonding, MR effect, and tensile 
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strength.  Thickness and length of iron particle chains increase with an increased magnetic field; 
therefore, anisotropic MREs fabricated in a higher magnetic field show higher MR effect [11].  
MRE has a short response time, in the order of milliseconds, with a reversible behavior under 
a magnetic field.  Therefore, static and dynamic properties of MRE can be controlled in real 
time. Both isotropic and anisotropic MREs were studied experimentally as well as analytically 
and used in different vibration absorption applications such as adaptive tunable energy 
absorbers, isolators, and tunable stiffness engine mounts.  MRE layers have been proposed in 
vibration absorbers for structural applications that can reduce the vibration transmissibility [12].  
Also, using MRE isolators with an appropriate control strategy results in a reduction of 
acceleration and displacement in a scaled model of a building structure [13].  Lateral stiffness of 
a MRE base isolator can be increased up to 1,630% from quasi-static tests with increased 
electric current from 0 to 3 amp [14].  An isolator made with anisotropic MRE performs better 
under combined shear-compression than shear or compression only [15].  The natural frequency, 
stiffness, and damping of an anisotropic MRE isolator can be controlled by an applied current 
to electromagnets that supply magnetic field through MRE material.  When the current 
increases from 0 amp to 1.5 amp, the natural frequency increases 103%, stiffness increases 
330%, and damping increases 180%, respectively [15].  In the present study, two different MREs 
with different curing conditions, additives, and matrices are fabricated.  The mechanical 
properties of MREs are experimentally evaluated under quasi-static monotonic and cyclic 
loadings.  Experimental results demonstrate that adding carbon black improves the MR effect 
and the shear modulus of MREs.   

2.  FABRICATION OF NATURAL RUBBER AND SILICONE MREs 
Elastomeric matrix was created by mixing TAP platinum silicone side A base and side B 

catalyst with a weight ratio of 1:1. Carbonyl iron particles (Grade-R-2410; High purity micro 
powder iron) of average sizes ranging from 5 to 8 microns were used for magnetic permeability, 
SR303 carbon black (provided by Sid Richardson) was used as an additive.  Silicone-based 
anisotropic MREs are fabricated by mixing 80.5g of iron particles, 0.5g of carbon black and 
18g of platinum silicone side A and side B in a beaker. After thoroughly mixing, the mixture 
was placed into a mold designed to produce ASTM standard size [16] MRE samples with the 
geometrical dimensions presented in Table 1. To remove air bubbles, the mold with mixture 
went through a two-step vacuum process.  First, the mold was placed into a vacuum chamber 
without the top until the pressure reaches -70 kPA, and then with top the vacuum process was 
repeated.  Finally, the mold was placed into the electromagnet and cured under 1.2 T magnetic 
field.  Figure 1 (a) shows a sample of the aligned silicone MRE sample.  

Isotropic MREs slabs with natural rubber (254 mm x 254 mm x 12.7 mm) were fabricated 
using milling technique with different carbon black percentages (0, 1, 2, 3, 4 and 5) at Akron 
Rubber Development Laboratory (Akron, OH, USA). The samples were cut to the ASTM 
standard size by Scougal Rubber Corp. (McCarran, NV, USA).  Figure 1 (b) shows an isotropic 
rubber MRE sample.  Recipe of different MRE samples is summarized in Table 2. 

 

 
Figure 1.  MRE samples using different polymeric material with: (a) silicone rubber and (b) Natural rubber.  
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Table 1:  ASTM Standard Size of Specimens’ Dimensions  [16] 

 
Units 

 
Length Width Thickness 

mm 40 16 5 
Inches 1.6 0.625 0.2 

 

Table 2:  Chemical  Composition of MRE Samples 

 
Test ID 

 

IP% 
(w/w) 

CB% 
(w/w) 

A% 
(w/w) 

B% 
(w/w) 

NR-
TSR20 

(w/w) 
MRE-S-1 80.5 0.5 9.5 9.5 

 
N/A 

NR-S-2 76.0 5.0 N/A N/A 19 
 

3.  MRE MICROSTRUCTURE ANALYSIS 
Scanning Electron Microscope was used to observe the microstructure of silicone and rubber 

MREs.  The samples were dipped in liquid nitrogen to achieve smooth sectional surface for 
imaging purposes. Then, the surface was coated with a thin layer of platinum and finally placed 
in the SEM machine.  Accelerating voltage of 20 kV was used while taking pictures.  Figure 
2(a) demonstrates the iron particle chains in a 40%wt. iron particles and 15%wt. carbon black.  
SEM picture of isotropic rubber MRE sample with 80%wt. natural rubber and 5% carbon black 
is shown in Figure 2 (b).  The anisotropic silicone MRE has the particle chains while in the 
rubber MRE particles are randomly dispersed that results in an isotropic MRE. 

 

 
Figure 2.  SEM image of the MREs fabricated at different curing conditions: 

 (a) with a magnetic field; (b) without a magnetic field. 
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4.  EXPERIMENTAL SETUP 
To characterize the mechanical properties of MREs with different matrices, a special test 

setup was designed and fabricated as shown in Figure 2.  This test setup was used for the 
application and control of shear strains with different loading frequencies and magnetic field 
intensities.  As shown in Figure 2, electromagnets were used to apply the magnetic field.  

 

 
Figure 3.  Double-lap shear test setup. 

Experiments are performed with monotonic and cyclic tests under pure shear loading, 
different magnetic field intensities, and loading frequencies. Results are used to compute shear 
moduli of ASTM standard size samples. Table 3 shows test protocol of experiments. 

Table 3:  Test Protocol for Monotonic and Cyclic Tests 

Strain 
(%) 

Frequency 
(Hz) 

Magnetic field intensities 
(Tesla) (Amp) 

10, 20, 30,  
40 and 50 

0.1 0.0 (0) 
0.5 0.3 (1) 
1.0 0.5 (2) 
3.0 0.6 (3) 
5.0 0.7 (4) 
10.0 0.8 (5) 

 
Magnetorheological effect (MR effect) was calculated as the ratio of absolute relative 

magnetic field to the modulus measured with zero magnetic field.  The absolute relative 
magnetic field was calculated as difference between modulus measured at certain magnetic 
field and the modulus measured under no magnetic field. 

 

𝑀𝑀𝑀𝑀 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 =  𝐺𝐺𝑚𝑚 − 𝐺𝐺0
𝐺𝐺0

 (1) 
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4.1.  Monotonic experiments 
Monotonic tests were conducted to characterize mechanical properties such as shear 

modulus of both isotropic and anisotropic MRE’s.  The effect of magnetic field on shear 
modulus of MRE-S-1 and NR-S-2 is shown in Figure 4.   As can be seen, the anisotropic silicone 
MRE (MRE-S-1) sample shows 11%, 11%, and 6% MR effect at 10%, 30%, and 50% strain 
amplitudes, respectively. The isotropic natural rubber MRE (NR-S-2) sample achieved 11%, 
51%, and 38% MR effect at 10%, 30%, and 50% strain amplitudes, respectively. The effective 
shear modulus values are summarized in Table 4. 

 
Figure 4.  Experimentally determined MR effect. 

Table 4: Effective Shear Modulus Values 

Effective shear 
modulus (psi) 

MRE-S-1 NR-S-2 
10% 
Shear 
strain 

30% 
Shear 
strain 

50% 
Shear 
strain 

10% 
Shear 
strain 

30% 
Shear 
strain 

50% 
Shear 
strain 

G0 160.0 137.0 129.0 78.0 33.3 29.0 
G4 178.0 152.0 137.0 86.5 50.2 40.0 

% Change in 
effective shear 

modulus 
11 11 6 11 51 38 

G0 - Shear modulus under no magnetic field, and G4 - Shear modulus under 0.7 Tesla magnetic field 
 

4.2 Cyclic experiments 

MRE samples were subjected to six cycles of strain-controlled sinusoidal motions to study 
viscoelastic properties under varying shear loading frequencies and magnetic field intensities. 
The storage and loss moduli were calculated by using Eqs. (2) and (3), respectively, as follows:  
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𝐺𝐺′ = 𝜏𝜏 𝛾𝛾⁄ cos 𝛿𝛿 (2) 

𝐺𝐺" = 𝜏𝜏 𝛾𝛾⁄ sin 𝛿𝛿 (3) 

where δ is the phase lag measured from the reordered the shear stress and shear strain responses.  
The effect of frequency on storage and loss moduli of MRE-S-1 is shown in Figure 5.  Both 

moduli increase with increasing test frequency.  As can be seen in the Figure 6, the MRE-S-1 
sample show various levels of MR effect due to the applied magnetic field. In general, an 
increase in magnetic field results in larger storage and loss moduli for any given strain 
amplitude.  However, while the MR effect associated with the storage modulus decreases with 
increasing strain amplitudes, MR effect for loss modulus increases with increasing strain 
amplitudes.  Table 5 summarizes the measured MRE effects.  Accordingly, the storage modulus 
of MRE-S-1 sample achieved approximately 68%, 42% and 24% MR effect at 10%, 30% and 
50% strain amplitudes, respectively. The loss modulus of MRE-S-1 show 40%, 111%, and 
119% MR effect at 10%, 30%, and 50% strain amplitudes, respectively, which implies a higher 
damping capacity at larger strain amplitudes. Figure 7 shows a sample of cyclic force-
displacement response of silicone MRE under different strains and magnetic field intensities. 

 
 

  
(a) (b) 

Figure 5.  Effect of frequency on the rheological properties of MRE-S-1 at zero magnetic field: 
(a) Storage modulus (b) Loss modulus. 
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(a) (b) 

Figure 6.  Effect of magnetic field on the rheological properties of MRE-S-1 at frequency of 10Hz: 
(a) Storage modulus (b) Loss modulus. 

Table 5: Storage and loss modulus values of MRE-S-1 

Magnetic 
field 

(Tesla) 

Shear strain 
10% 30% 50% 10% 30% 50% 

Storage modulus Loss modulus 
G' G' G' G" G" G" 

0 63.9 45.8 55.3 20.2 8.8 13.5 

0.3 75.9 52.1 61.6 28.6 12.6 19.7 

0.5 93.8 58.6 68.2 27.1 14.7 23.9 

0.7 107.4 65.3 68.6 28.3 18.6 29.6 

MR effect 68% 42% 24% 40% 111% 119% 

  
(a) (b) 

Figure 7. Platinum silicone MRE force-displacement results under varying: 
(a) Strains and (b) Magnetic field. 
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As shown in Figure 8, storage loss moduli of the isotropic natural rubber-based MRE (NR-

S-2) show an increasing trend with increasing frequency for any given strain amplitude. Also, 
from Figure 8, it can be seen that both storage modulus and loss modulus show a decreasing 
trend with increasing strain amplitudes.  Figure 9 shows magnetic field effect on storage and 
loss modulus of NR-S-2. As can be seen in the Figure, both storage modulus and loss modulus 
increase with increasing magnetic field. The storage modulus of NR-S-2 exhibits 35%, 24%, 
and 24% MR effect at 10%, 30%, and 50% strain amplitudes, respectively. The loss modulus 
of NR-S-2 show 45%, 19%, and 26% MR effect at 10%, 30%, and 50% strain amplitudes. Table 
6 summarizes the measured storage and loss modulus values and corresponding MR effects.  
Figure 10 shows the shear force–displacements hysteresis of natural rubber-based isotropic 
MRE under different loading conditions. 

  

(a) (b) 
Figure 8.  Effect of frequency on the rheological properties of NR-S-2 at zero magnetic field: 

(a) Storage modulus (b) Loss modulus. 

  
(a) (b) 

Figure 9.  Effect of magnetic field on the rheological properties of NR-S-2 at frequency of 10Hz: 
(a) Storage modulus (b) Loss modulus  
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Table 6:  Storage and loss modulus values of NR-S-2 

Magnetic 
field 

(Tesla) 

Shear strain 
10% 30% 50% 10% 30% 50% 

Storage modulus Loss modulus 
G' G' G' G" G" G" 

0 834.3 519.2 355.5 237.6 202.1 162.8 

0.3 969.7 576.3 392.3 293.5 222.1 186.0 

0.5 1076.0 623.0 423.7 324.8 234.9 201.3 

0.7 1124.9 642.0 441.7 344.2 239.9 204.5 

MR effect 35% 24% 24% 45% 19% 26% 

 

  
(a) (b) 

Figure 10. Natural rubber MRE force-displacement results under varying: (a) Strains and (b) Magnetic field. 
 
 

5.  CONCLUSIONS 
In this study, different MRE samples are characterized using a double-lap shear test setup 

that is designed for combined shear and compression experiments.  Experiments were carried 
out for anisotropic and isotropic MRE samples.  The silicone MRE (MRE-S-1) sample were 
characterized as anisotropic (cured under magnetic field) and Natural rubber-based MRE (NR-
S-2) samples were characterized as isotropic (cured without magnetic field).  Both samples 
demonstrated varying levels of MR effect ranging between 11%-6% for MRE-S-1 and 11%-
38% for NR-S-2 at 0.7 Tesla (4amp). It is important to note that NR-S-2 sample achieved a 
higher MR effect which tends to increase with larger strains. Additional material tests are 
planned for further investigation under various loading conditions and larger strain amplitudes. 
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ABSTRACT 

Flexible elastomeric foams have been widely used as packaging and cushioning materials in many 
engineering fields and sports areas because of lightweight, simple configuration, and freedom of 
geometric design. They can provide good vibration damping, sound and thermal insulation, and also 
protect delicate instruments from impact and prevent human from a danger of severe injury in critical 
areas through collision and fall. The crashworthiness protection performance of flexible elastomeric 
foams strongly depends on their energy absorption and dissipation capabilities. But, because of 
relatively lower generated force levels and limited energy absorption and dissipation capabilities, 
flexible elastomeric foams are mainly effective in the protection for low-velocity impacts. To 
improve crashworthiness performance for higher-velocity impacts, the flexible elastomeric foams 
need to be designed in fashion of much thicker and denser forms, thereby being less flexible, stiffer, 
heavier, and eventually impairing the protection performance at low-velocity impacts. This 
disadvantage is possible to be surmounted by adaptive cushioning materials that are soft and flexible 
for light compressive loads and low strain, but stiffen for higher impact loads and high strains.1,2 
Thus, in this study, the magnetorheological elastomeric foam (MREF) was developed as an adaptive 
cushioning material. The isotropic MREF which has no oriented particle structure was synthesized by 
randomly dispersing micron-sized carbonyl iron particles in an uncured silicone elastomeric foam in 
the absence of magnetic field. To evaluate the effect of the particle concentrations, five different iron 
particle volume fractions (hereinafter vol%) of 0, 2.5, 5, 7.5, and 10% were chosen. The MREF 
samples were placed between two flexible multipole strip magnets, and their quasi-static and 
dynamic compressive properties were conducted by using an Instron servo-hydraulic testing 
machine. From these tests, magnetic field-sensitive compressive properties such as compression 
stress, energy absorption capability, complex modulus, and equivalent viscous damping, were 
measured. In addition, the variation of the compressive properties of the MREFs due to the magnet 
placement directions (0 and 90) was also experimentally investigated. 
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Abstract. The magnetorheological brake (MRB) is an electromechanical brake containing 
smart magnetorheological (MR) fluid which provides adaptive braking torque by varying the 
applied magnetic field. This is due to the inherent characteristics of MR fluids which their 
apparent viscosity changes rapidly and reversibly from free-flowing fluid to semi-solid through 
application of an external magnetic field. The main purpose of this study is to propose and 
develop a novel real-size vehicle model of the MRB design with absolutely no energy loss in 
terms of viscous torque generation in the absence of applied magnetic field. The Herschel-
Bulkley constitutive model is utilized to develop the mathematical equations governing the 
system’s braking torque as a function of the rotational speed, geometrical and material 
properties, and the applied magnetic field (electrical current). Magnetic circuit analysis of the 
MRB design allowed the derivation of the relation between the applied magnetic field intensity 
and the electric current as a function of number of coil turns and the brake’s geometrical 
variables. Subsequently, a multidisciplinary design optimization problem has been formulated 
to identify the optimal brake geometrical parameters to maximize the dynamic range while 
minimizing the response time and weight of the MRB under different constraints. The 
optimization problem has been solved using Genetic Algorithm (GA) followed by Sequential 
Quadratic Programming (SQP) in the MATLAB environment to achieve the true global optimal 
design. The optimal MRB design proved to be suitable for application in real commercial 
vehicles by having a maximum braking torque of 1802 Nm, a response time of 150 ms and an 
overall weight just under 37 kg.  

1 INTRODUCTION 
Research on implementing electromechanical systems in the automotive industry has been 

given specific attention by researchers around the world. Such systems allow better vehicle 
control through fast and direct electric actuation. Smart devices with MR fluids offer a 
remarkable potential in the electro-mechanical interface. Some applications of these devices are 
dampers, valves, clutches and brakes [1]. The focus of this research is advancing the vehicle 
braking system through the modelling and design optimization of an innovative MRB design. 
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The MRB actuator was proposed in 1998 by J. David Carlson of LORD Corporation [2]. 
Later, a double-disk MRB design was introduced to further enhance the performance of the 
MRB [3]. Several other design concepts have been projected for the MRB, like the drum type, 
inverted drum type and T-shape MRB designs [4]. Park et al. in [5] proposed the application of 
the MRB in the automotive industry. They utilized a sliding mode controller to evaluate the 
performance of the designed MRB. Later in 2008 [6, 7], the design was improved through 
multidisciplinary considerations with a major focus on the geometry of the MRB in which 
optimal design parameters were obtained using the Simulated Annealing algorithm.  

 The Bingham mathematical model was adopted in the MRB models proposed by Park et al. 
[5, 6]. The Bingham model may not accurately estimate the braking torque in high shear rates 
due to shear thickening/thinning effect. Also, the formulate optimization strategy did not 
involve the zero-current viscous torque. Nguyen and Choi [8] addressed some of these issues 
and considered the Herschel-Bulkley mathematical model in their study.  

The major limitation of the conventional MRB design is the viscous torque generation due 
to the contact between the MR fluid and its interacting surfaces. In addition to the loss of energy, 
the continuous fluid-surface shearing in the idle condition can negatively affect the fluid’s 
lifetime [9]. Several innovative ideas have been proposed to limit this contact and to reduce the 
viscous torque generation. The general concept of the designs is to control the location of the 
MR fluid and allow it to alternate to different positions between the idle and the braking states.  

One such design to separate the MR fluid in the idle state of the MRB employ earth’s 
gravitational force [10] and another utilizes the centrifugal forces [11]. In addition, the use of 
permanent magnets was introduced to control the location of the MR fluid at different states 
[12]. Figure 1 shows the concept in which a permanent magnet (PM) in the rotor ensures that 
the fluid is locked with the rotor and not touching the stator. When braking is required, the 
electromagnet (EM) that is mounted with the casing is supplied with electric current. By 
modelling and simulation, it was concluded that the design with one PM and one EM has 
significantly reduced the torque losses in the off-state and maintained a smooth control of the 
generated torque in the on state. 

 
Figure 1: MRB design with PM in (a) off and (b) on states. 

The objective of this research is to design and optimize an innovative automotive MRB 
design with no viscous torque in the off state considering multiple disciplines. The design is 
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achieved using permanent magnets to allow the MR fluid volume to shift locations between the 
brake’s operating modes – ‘on’ and ‘off’ – to allow complete de-coupling. In this study, a two 
disk MRB design is considered. It is also assumed that proposed MRB generates a retarding 
torque through employing MRF-132DG from Lord Corporation. First, braking torque equations 
based on the Herschel-Bulkley model for the MR fluid have been presented for the 2-disk-type 
MRB. A magneto-static analysis of the magnetic circuit of the MRB brake has been conducted 
to derive an approximate analytical relation to evaluate the magnetic field intensity in MR fluid 
gaps with respect to the applied current. The inductive time constant of the magnetic circuit has 
been analyzed and an arrangement to decrease the time response has been suggested.  A 
multidisciplinary design optimization problem has been formulated to identify the optimal 
brake geometrical parameters to simultaneously maximize the dynamic range while minimizing 
the inductive time constant and of the magnetic circuit and the MRB’s weight subject to weight, 
size and magnetic flux density constraints. The optimization problem has been solved using 
combined Genetic Algorithm and Sequential Quadratic Programming techniques. 

2 NOVEL DECOUPLED DESIGN 
Here, an MRB design that may be practical for use in the automotive industry has been 

proposed. The main purpose of this design is to completely eliminate the MR fluid–rotor surface 
contact in the off state. The decoupling of MR fluids with rotor surface in the off-state can be 
achieved by integrating permanent magnets (PM) on parts of the casing as shown in Figure 2.  

 
Figure 2: Proposed Decoupled Design. 

The PM can practically attract the specified volume of the MR fluid into a neighboring gap 
to lock them with the stator and prevent their contact with the rotor. O-ring seals are placed at 
the edges of the active region to insure the fluid remains in the active shear gap region.  

The design parameters presented in Figure 2 for this proposed design are equivalent to those 
of the conventional MRB design proposed in [13] with the addition of three new parameters: 
Lm, Dm and R2. The parameters Lm and Dm are length and thickness, respectively, of the 
permanent magnets. The variable R2 is introduced to define the lower radius of the shear gap 
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region, where the MR fluid are situated in the ‘on’ state. Re is the effective radius of the 
permanent magnets; calculated as: Re = R2 - df - Lm/2. Figure 2 demonstrates the on-state 
configuration of the proposed novel MRB design. The configuration of the MRB in the off-
state is presented in Figure 3. 

  
Figure 3: Novel de-coupling design in the off-state. 

As it can be seen in Figures 2 and 3, four permanent magnets are embedded in the side walls 
and core section of the stator casing. The role of the magnets is to attract the MR fluids to fill 
the neighboring gaps in the off-state. In this case, the MR fluid will be merged with the casing 
and completely separated from the brake’s rotor. However, in the on-state configuration, the 
main large electromagnet embedded in the outer radial surface of the casing is supplied with 
the current creating a strong magnetic field that will pull the MR fluid out of the gaps and into 
the shear gap region. In this research study, the transition phase between the on and off state is 
assumed to be perfect. The complete separation in this design leads to near elimination of 
viscous torque through preventing any friction in the shear gap region in the idle state. The 
torque equations for this designs are estimated using a similar approach to that of the 
conventional MRB in [13] and the total braking torque using Herschel-Bulkley model can be 
given as:  
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According to the Herschel-Bulkley model, the shear stress developed in the MR fluid can be 
represented as: 

)sgn()(   n
y K  (2)  

where y is the field dependent yield strength which is the function of the applied magnetic 
field intensity, H, and  is the shear strain rate of the MR fluid, which can be approximated as:  

MRd
r


   (3)  

where    is the angular velocity of the shaft and the dMR is the MR fluid gap; d and dc.  
The parameters K and n are the consistency and flow behavior indices. They are properties 

of the MR fluid and may vary as a function of the surrounding magnetic flux density. In the 
Herschel-Bulkley model, the variation of the field-dependent rheological properties, K, n and 
y for different magnetic flux densities, B, may be expressed as [14]:  
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where K0, n0 and y0 are the properties at zero magnetic field and K∞, n∞ and y∞, are the 
saturation values of the properties and αSK, αSn and αSTy are related to the torque.  

For Lord`s MRF-132DG these parameters are reported by [8] to be 0.22 Pa.sn and 0.917 for 
K0 and n0, 3900Pa.sn and 0.25 for K∞ and n∞, and 5 T-1 and 32 for αSK and αSn, respectively. For 
MR fluid MRF-132DG, yield stress in the absence of magnetic field, y0, is10.821Pa, as 
obtained in [13] and yield saturation limit,y∞, and αSTy are also reported to be 50kPa and 2T-1, 
respectively [8]. Equations (4), (5) and (6) can be utilized to obtain the shear stress as a function 
of shear rate at different magnetic flux densities.  

3 MAGNETIC CIRCUIT ANALYSIS 
For the proposed novel MRB design, a similar magnetic circuit formulation conducted in 

Ref. [13] can be derived under the assumption of perfect decoupling between MR fluids and 
the rotor in off-state configuration.  
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The effective lengths of the twelve links considered in the magnetic circuit with respect to 
geometrical parameters can be described as:  

hbLl 1 ;        
22122
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(8)  

where ga is the length of the shear gap region as shown in Figure 4.  

 
Figure 4: Section sketch of the shear gap region the proposed MRB design in (a) OFF and (b) ON modes. 

The links’ corresponding cross-sectional areas for the proposed design are: 
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(9)  

Furthermore, to examine the ability of the permanent magnets in the current MRB design to 
completely pull the volume of the MRF into its adjacent gap, the Maxwell equation is adopted 
to define the permanent magnet’s pull force as: 

sp

PMPM
PM

ABF
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  (10)  
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where BPM is the magnetic flux density (Tesla) exerted by the permanent magnet, APM is the 
cross-section area (m2) of the of the pole and sp is the permeability of free space. The magnetic 
flux density for a block type magnet is defined as [15]: 
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where Br is the remanence field of the permanent magnet – a property of the magnet that is 
independent of its geometrical dimensions. The permanent magnet chosen for this design is the 
Neodymium magnet N30EH. They are composed of neodymium, iron and boron (NdFeB). For 
N30EH, Br is between 1.08 to 1.13 Tesla [16]. The average value, 1.1 Tesla, is assumed for the 
current analysis. Lm, Dm and W are the length and thickness and width of the block magnet, 
respectively. The width, W, of the PM in the current brake design is estimated as W=2Re. The 
parameter z is the distance of the attracted object from the pole face on the symmetry axis, as 
seen in the section drawing of Figure 4. The PM is desired to sufficiently pull the whole MR 
fluid volume. The maximum distance for z would be the distance from the face of the PM pole 
to the center of gravity, O2, of the MR fluid volume (on-state mode). It is expressed as: 

2
a

fm
g

dz   (12)  

In Figure 4, the cavity next to the permanent magnet is expected to hold the volume of the 
MR fluid. This geometric constraint allows the estimation of the required size of the 
corresponding cavity, df, as: 

m

ca
f D

dgd   (13)  

The forces acting on the MR fluid inside the MRB are the gravitational force, Fgf, due to 
the weight of the MR fluid, and the centrifugal force, Fcf, due to its rotation inside the MRB. A 
free body diagram (FBD) of the forces acting on an MR fluid particle is presented in Figure 5.  

 
Figure 5: FBD of MR fluid situated on (a) top end and (b) bottom end of the MRB. 

In case (a), the MRF on the top of the brake are subject to a centrifugal force pushing it 
upwards while the forces from the PM and gravity are exerted downwards. In case (b) where 
the MRF is on the lower end of the brake, the centrifugal force would be pushing the fluid in 
the same direction as the gravitational force. The pull force of the PM must be sufficient enough 
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to attract the full amount of MRF into the cavity despite the two opposing forces. Hence, the 
condition for the pull force of the permanent magnet is represented as: 

cfgfPM FFF   (14)  

0
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where mf and   are the MR fluid’s mass and shaft’s angular velocity, respectively. Thus, the 
minimum magnetic field density required by the permanent magnet to attract and fully pull the 
MR fluid can be calculated by: 

 0
2
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PM

fsp 
   (16)  

Using the above formula, the proper permanent magnet with the required properties is 
selected and employed in the design. After this condition is met, to simplify the finite element 
analysis problem, it can be assumed that the transition between the “on” and the “off” state is 
instantaneous and the two cases are examined independently.  

4 RESPONSE TIME ANALYSIS 
For an electric circuit with a resister and an inductor, a property called the inductive time 

constant is defined as the time required for the applied current passing through the circuit wires 
to reach 63.2% of its maximum value. After five time constants, the electric current applied in 
the circuit reaches nearly 99.5% of its final value. A similar behavior also takes place when the 
current source is switched off. The lower is the inductive time constant, the faster is the response 
of the system. The inductive TC of the magnetic circuit of the MRB can be written as: 
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where Lin is the inductance of the coil, described as: 
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and RAWG is the electric resistance of the AWG21 wire, which can be calculated [17] as: 
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(19)  

The term rAWG is the resistivity of the AWG wire. Here, the copper alloy AWG21 with 
resistivity of 1.724x10-8 Ohms-m is chosen. Sw is the cross-sectional area of the AWG wires. 
The inductive time constant for the MRB design is expected to be higher than 500 ms. due to 
the size of the coil of the electromagnet. This value is exceedingly high compared with that of 
conventional hydraulic braking systems, which demonstrate a total response time (equivalence 
of 5TC) of around 300 ms. The inductive time constant is inversely proportional to the resistance 
of its electric circuit. A suggestion to decrease the response time of the brake is to increase the 
equivalent resistance of the circuit by adding a resistor in series to the car battery – MRB electric 
circuit, as shown in the Figure 6. Knowing that after 3TC, the applied current is at around 95% 
of its final value, a constraint is formed to equate the required response time, 3TC, to 300 ms 
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(TC=100 ms). Thus, the required resistance, Res, may be calculated by: 
ms

RR
L

TC
esAWG

in 100


 ;      AWG
in

es R
ms

L
R 

100
 (20)  

An increase in the added resistance would contribute to an increase in the MRB design’s 
power consumption (PC = i2RAWG). The response time of the MRB, RT, is estimated as: 

The additional term, te, considers the time required by the MR fluid to activate and 
completely decouples. The response time of the MR fluid to the applied magnetic field is less 
than 1 ms [18]. The time required for the MR fluid to be transmitted to the shear gap region is 
adopted from [12] to be around 25 ms; thus, the total response time is estimated as te = 26 ms. 

 
Figure 6: MRB electric circuit with added Res. 

5 MULTI-OBJECTIVE DESIGN OPTIMIZATION 
 For the proposed MRB design shown in Figure 2, the geometrical parameters related to the 

permanent magnets and their gaps are also considered as design variables. The design variable 
vector, X, for the optimization is: 

It is noted that the variables re and dm are used to calculate the effective radius of the 
permanent magnet, Re, and the depth of the magnet, Dm, using the following relations: 

dee RrRR  1  (23)  

hmm bdD   (24)  

The optimization problem can be formally formulated as to find design variable vector to: 

Minimize: 
ref

MRB
w

ref
t

b

refb
d W

W
RT
RT

T
T

xf  )( ; (25)  

  Subject to the following constraints:  
Generated Torque:  NmTb   1300 ;  Weight: kgWMRB   60 ; 
Magnetic Field: mkAH /  300 ;  PMBB  4min    
Geometric:   mL   1.0 ;  mR   2.0 ; )(2 1RRL em  ;  hc bb 2  
Side Constraints: maxmin XXX  ;  

The variables αd, αt and αw are weighting factors chosen for each of the three specifications 
and are selected to be 0.4, 0.5 and 0.1, respectively. The highest weighting is given to the 
response time of the brake because the faster the vehicle brakes, the safer the ride is. Tb,ref, RTref 

etTCRT  3  (21)  

 Tmmecdhcicd L,d,r,b,b,bt,,h,d,d,dd,c,,R,RX=                01  (22)  
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and Wref are reference values of each performance measure, equated to their values in an ideal 
case: 1300, 300 ms and 30 kg, respectively.  

With respect to the constraints, the limiting braking torque that would allow the MRB to be 
applied in vehicles is 1010 Nm. In this paper, the torque constraint is set at 1300 Nm to give the 
brake a 30% advantage in braking power for safety and performance purposes. The weight 
constraint is set at 60 kg since it is almost equivalent to the weight of the conventional hydraulic 
brake system. WMRB is calculated as a function of the brake’s geometric dimensions and its 
materials’ densities. With respect to H, as the magnetic field increases, the magnetic material 
gets closer to its magnetic saturation limit and the ability to polarize it weakens. The saturation 
limit of MRF-132DG is obtained from its non-linear B-H curve and is found to be 300kA/m. L 
and R are the total width and radius of the MRB, respectively. Their constraints are based on 
the available space inside the vehicle wheel. They are chosen in comparison with the 
conventional hydraulic brake dimensions. It is noted that the second magnetic constraint (for 
Bmin) is to ensure that the magnetic flux densities of the four permanent magnets satisfy the 
condition of being over the limiting value Bmin of Eq. (16) that they would completely draw the 
full MRF volume to the gap region. Additionally, geometric constraints are added to restrict the 
MRB geometry from overlapping. Finally, the side constraints are provided in Table 1. 

Table 1: Design variables and their ranges for the conventional MRB design. 

X 
(unit) 

R1 
(cm) 

Rd 
(cm) 

c 
(cm) 

d, dc, d0, di 
(cm) 

hc 
(cm) 

t 
(cm) 

bh 
(cm) 

bd 
(cm) 

bc 
(cm) 

re, dm 
(%) 

Lm 
(cm) 

Xmin 3.00 2.00 0.25 0.10 0.25 0.50 0.25 1.00 1.00 10.00 0.50 
Xmax 12.00 12.00 1.00 0.50 2.50 3.00 3.00 5.00 5.00 90.00 2.50 

6 MULTI-OBJECTIVE OPTIMIZATION RESULTS 
The optimization algorithm used to solve the defined optimization problem is based on 

combined global (Genetic Algorithm) and local (Sequential Quadratic Programming) 
optimizers in order to catch the “True Global” minimum of the objective function [13]. The 
Genetic Algorithm (GA) is a stochastic based optimization algorithm that is capable of catching 
the near global optimum solution. On the other hand, the Sequential Quadratic (SQP) Algorithm 
is a powerful gradient based optimization algorithm capable of catching local optimum 
solutions. The SQP algorithm requires an initial point from which it starts its first iteration and 
stops when the objective function reaches the closest minimum. 

The multi-objective optimization algorithm, carried out in the MATLAB environment, starts 
by implementing the Genetic Algorithm to solve the optimization problem stated in Eq. (25). 
After only five generations, GA reached to the minimum value for the cost function f(x) = 
0.76088. To complete the optimization, optimal design point obtained from GA was fed into 
the SQP algorithm as the starting point to accurately catch the true global solution. Eight 
additional iterations performed by the SQP local optimizer decreased the objective function to 
f(x) = 0.66805. The resulting True Global vector along with the major specifications of the 
optimal MRB are presented in Table 3. 

It should be noted that the values for re and dm, the components of X used to calculate Re and 
Dm, were obtained to be 28.18% and 90%, respectively. At a driving speed of 70 km/hr, the 
maximum braking torque of the proposed MRB design is 1802 Nm, which is significantly larger 

880



Hadi Shamieh and Ramin Sedaghati. 

10 
 

than the initial referenced value. The addition of a 200 Ohm resistor reduced the inductive time 
constant by nearly 93% while maintaining reasonable power consumption. The full response 
time of the MRB is around 150 ms; making it nearly twice as fast in response as the conventional 
hydraulic system. The overall weight of the MRB is much less than the referenced value. 
Finally, the geometric (R and L) and magnetic specifications (BPM) of the optimal MRB meet 
their corresponding constraints.  

Table 2: Geometric variables and specifications for the optimal MRB design. 

MRB Geometry MRB Specs 
R1 (cm) 7.86 Tb (Nm) 1,802 
Rd (cm) 11.04 Tvis (Nm) 0 
c (cm) 0.25 TC0 (ms) 606.3 
d (cm) 0.10 Res (Ohms) 200 
dc (cm) 0.10 TC (ms) 41.5 
d0 (cm) 0.10 RT (ms) 150.4 
di (cm) 0.50 PC0 (watts) 58.74 
hc (cm) 0.25 PC (watts) 858.74 
t (cm) 0.50 WMRB  (kg) 36.61 

bh (cm) 1.35 R2 (cm) 14.15 
bd (cm) 1.00 R (cm) 20.00 
bc (cm) 2.70 L (cm) 7.79 
Re  (cm) 10.97 Bmin (Tesla) 0.3587 
Dm (cm) 1.21 4BPM (Tesla) 0.4005 
Lm (cm) 5.56 Nc (turns) 288 

7 CONCLUSIONS 
The aim of this paper is to fundamentally study and enhance the automotive 

Magnetorheological Brake design. An innovative design was proposed that employs permanent 
magnets to allow full separation of the operating modes. The braking torque equations were 
derived based on the Herschel-Buckley mathematical model. Magnetostatic analysis has been 
conducted to find the approximate relation between the induced magnetic field in the MR gap 
and the applied current and electromagnet geometrical parameters. This is followed by the 
formulation of a formal multi-objective design optimization problems to identify the optimal 
parameters of the MRB. A combined Genetic Algorithm and Sequential Quadratic 
Programming technique have been utilized to solve the optimization problem. The final optimal 
MRB design demonstrated a decent braking torque capacity with no residual viscous torque 
generation. In addition, the quick response time contributes to the braking performance through 
enhanced safety, enriched ride stability and reduced braking time and distance while providing 
a smooth and comfortable controlled deceleration. In short, the proposed MRB design 
demonstrated improved specifications for automotive applications. 
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Abstract. Finite Element Methods have been thoroughly used in the past to simulate the yield 
stress and storage modulus in model magnetorheological fluids. There are essentially two 
approaches, involving the calculation of the magnetostatic force between two isolated 
particles or within a cubic array of single particle-width chains. Eventually, the yield stress 
(storage modulus) is calculated from the maximum (initial slope) of the simulated shear stress 
versus shear strain curves. Current simulation methodologies have two important limitations: 
i) a pure shearing flow is not actually imposed; instead the particle chains are stretched and 
forces/fields are projected along the flow direction, ii) the field boundary conditions are not 
correctly applied; instead the magnetic field is fixed as a constant (i.e. the external field) at the 
boundaries of the computational domain. These two limitations make the current models 
invalid for medium-to-large concentrations that are of interest in commercial applications. In 
this communication we propose a novel and very simple Finite Element Method that grounds 
on a reduced field formulation with periodic boundary conditions. On the one hand, the 
reduced field formulation allows us to set the applied magnetic field as a domain property so 
it is not necessary to impose it at the boundaries. On the other hand periodic boundary 
conditions allow us to reproduce a truly three dimensional network of particles. As a result, 
the kinematics is simply created by shearing the unit cell and simulations are not restricted 
anymore to dilute suspensions involving single particle-width chains. 

INTRODUCTION 
Magnetorheological (MR) fluids are field-responsive suspensions that exhibit a liquid-

to-solid transition upon the application of an external magnetic field. In the absence of a 
magnetic field they behave as nearly Newtonian liquids. Contrarily, in the presence of a 
magnetic field, the particles become magnetized and interact forming chain-like structures. As 
a consequence of the formation of these elongated structures, the suspensions exhibit a yield 
stress (i.e. a minimum stress is needed to make the suspensions flow under field)[1,2]. 
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For simplicity, magnetostatic interactions between particles are typically considered 
under the dipolar approximation. However, a dipolar approximation is only valid under two 
particular scenarios: (1) very dilute suspensions and/or (2) saturating fields. However, as 
stated above, particles get into close contact under structuration and typically the magnetic 
fields applied are not large enough to ensure the full saturation of the particles. As a result, a 
dipolar approximation is a rude one and multipoles are definitely needed if we aim for a 
precise determination of the properties of the suspensions (e.g. yield stress). 

Among the techniques available to incorporate multipolar interactions we are 
particularly interested in Finite Element Method (FEM) simulations. This numerical method 
provides the magnetic field distribution in a space domain by directly solving Maxwell’s 
equations. For this, the simulation box is divided in subdomains having different magnetic 
properties (specified by the constitutive equation of each material) and properly delimited by 
a set of boundary conditions. 

Previous studies on MR fluids using FEM simulations can be classified in two groups: 
i) those papers focused on the calculation of two-body interparticle interactions with emphasis 
in the influence of magnetic field strength[3], morphology and particle surface 
characteristics[4,5], and ii) those papers interested in the (multibody) calculation of the yield 
stress and storage modulus of prescribed arrays of particles in single-width particle chains[6-9]. 
In this manuscript we are interested in precisely simulating the yield stress and storage 
modulus of preassembled structures. 

Currently, MR fluids of interest in the vast majority of commercial applications are 
necessarily concentrated. However, FEM simulations reported to date on the yield stress of 
MR structures are not accurate enough and definitely fail for large particle concentrations. On 
the one hand, the magnetic field strength on the boundaries of the simulation box is assumed 
to be the external one and this is not an acceptable assumption for large packing fractions 
(narrow simulation boxes)[6-9]. On the other hand, the affine deformation of the structure is not 
appropriately implemented in the simulation by simply decomposing in elongation + rotation 
movements[8,9]. In this communication we propose a novel approach that grounds on a 
reduced field formulation with periodic boundary conditions. This novel approach allows us 
to overcome these two limitations. 

SIMULATION METHODOLOGY 
The magnetic field was obtained by numerically solving Maxwell’s equations for 

magnetostatics (COMSOL Multiphysics). In the steady state without free currents -from 
Ampere law equation- it can be deduced that the magnetic field is derivable from a scalar 
potential: 

 = −∇ (1)
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At this point, a reduced field formulation is introduced that allows us to split total 
magnetic field in two contributions: (i) a homogenous background field that is set as the 
external magnetic field and (ii) a perturbation due to the presence of the magnetizable 
particles. Therefore, equation (1) is rewritten as 

 =  − ∇ (2)

where  = ̂ is the external applied field and  is the perturbation scalar 
potential. The main advantage of this formulation is that the external magnetic field can be set 
in the model as a domain property (not a boundary property).  

Next, equation (2) is solved together with Gauss law for magnetic field flux density: 

∇ ∙  = ∇ ∙  = 0 (3)

Here  is the relative magnetic permeability of each simulated subdomain. In the case 
of the carrier fluid  = 1. On the other hand, the non-linear magnetization of particles is 
modeled using the Frölich-Kennelly equation for the permeability: 

 = 1 +  − 1
 +  − 1

(4)

In the evaluation of equation (4) we take  = 1000 as the initial permeability and 
 = 1600 / as the saturation magnetization. 

We further assume that in the quiescent state particles aggregate forming single-width 
chains along the field direction in an infinite tetragonal lattice (Figure 1a). Next, when the MR 
fluid is strained in the perpendicular direction to the external field (for example, in the 
direction, see Figure 1b), particles are supposed to deform affinely with the commanded strain 
. As a consequence, the initial tetragonal lattice becomes a monoclinic one whose inclination 
angle  verifies  = tan . 
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Figure 1: (a) Under the presence of an external field particles are supposed to be arranged in a tetragonal lattice. 
(b) A monoclinic lattice is generated under affine deformation with a shear strain  = tan . (c) Unit cell in 

tetragonal and monoclinic lattices (dashed lines). (d) Strained computational domain in 3D. Symmetric boundary 
conditions are imposed in faces perpendicular to  direction while periodic boundary conditions are set in the 

rest of the faces.  
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The size of the unit cell is given by the particle diameter  and the volume fraction . 
Theoretically, its height (dimension in the direction of the applied field) should be , however 
this would imply a tangential point between top/bottom faces of the unit cell and the particle. 
As tangential points are not allowed in FEM due to meshing requirements, necessarily an 
interparticle gap Δ had to be added, therefore the cell height is given by ℎ =  + Δ. The 
lateral distance between chains in the lattice (or equivalently the width of the unit cell ) was 
selected in order that the particle volume fraction is . In the case of a tetragonal lattice  =
 6ℎ⁄ . 

Once the magnetic field distribution is solved for different strains, the shear stress is 
determined from the magnetic force acting on the particles. The force in the strain direction, 
acting on the particles placed in the upper half of the lattice due to the bottom ones, is 
calculated by integrating the corresponding Maxwell’s stress tensor components over the top 
boundary of the unit cell for our simple tetragonal lattice (see the red striped surface in Figure 
1d). Next, the shear stress is obtained by dividing the magnetic force by the area of the top 
face: 

 =  2⁄ = 2
  

(5)

Finally, yield stress is identified as the maximum in shear stress versus shear strain 
curves. 

RESULTS AND DISCUSSION 
A key publication on FEM applied to MR fluids is undoubtedly the classical paper by 

Ginder and Davis[8]. Therefore, we start our discussion with a direct comparison of the results 
obtained using the proposed method with the one by Ginder and Davis[8]. The curves 
corresponding to the normalized shear stress versus shear strain are shown in Figure 2 
together with the original results obtained by Ginder and Davis[8] for the same tetragonal 
lattice. We follow their normalizations using our parameters (in our case  is imposed instead 
of .  
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Figure 2: Shear stress as a function of the applied shear strain for different external magnetic fields and a fixed 
volume fraction of  = 0.2. The yield stress is identified as the maximum of each curve. The shear stress is 

normalized by the external field squared (a and b, note different y-axis scales are used) and by saturation 
magnetization squared (c and d). Graphs a and c come from Ginder and Davis[8] whereas graphs b and d are 

results from the proposed method. The equivalence between Tesla in the manuscript by Ginder and Davis[8] and 
our work is as follows: 0.005 T = 4 kA/m, 0.01 T = 8 kA/m, 0.05 T = 40 kA/m, 0.1 T = 80 kA/m, 0.5 T = 400 

kA/m, 1 T = 800 kA/m, 2 T = 1600 kA/m, 5 T = 4000 kA/m.  

As it was expected, for the smaller magnetic fields the normalization by  works 
well due to the fact that there are not saturated poles within the particle and they behave in the 
linear magnetization regime. On the other hand, for large magnetic fields the yield stress is 
appropriately normalized by . Although the obtained yield stress values are similar to those 
published by Ginder and Davis[8], it can be observed that the shape of the stress () vs. strain 
() curves are clearly different. The reason for this resides in the method used in Ginder and 
Davis[8] to implement the applied strain. In their work, the strain is approximated by an 
elongation -of the chains- followed by a rotation -of the elongated chains- an angle  =
tan . The axial force is calculated during the chain elongation and corrected by a factor 
that is dependent on the strain, sin  cos  =  1 + ⁄ , to take into account the rotation. 
The approach followed by Ginder and Davis[8] retains symmetry and therefore permits a 2D 
calculation but does not produce the true strain experimented by the chains. In order to see 
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this, in Figure 3 we schematically depict together the real and simulated strains acting on the 
chain.  

Figure 3: Under a real strain  (a), mean magnetization vector forms an angle  = tan  with the position 
vector of the neighboring particle. However under the approximation of Ginder and Davis[8], the mean 

magnetization vector is aligned with the axis of the chain (b) to keep the cylindrical symmetry of their model. 

A major difference between our simulations and those performed by Ginder and 
Davis[8] is that in their simulations the magnetization vector within the particles is always 
aligned with the vector position under straining. As a result, the magnetostatic force between 
the particles is always attractive and when it is corrected by the rotation force keeps its sign 
because of sin  cos  is positive in the range 0º to 90º. In contrast, in our simulations 
magnetostatic forces between the particles can be negative depending on their arrangement. 

The major achievement of our model is that, due to the imposed periodic boundary 
conditions, it is not needed to rotate nor elongate the system since the true real strain is simply 
modeled by straining the computation domain (see Figure 1c and 1d). Going back to Figure 2 
it can also be seen that the critical strain  (associated to the yield stress) increases with the 
applied field. Even more interesting is the fact that  exhibits a lower threshold limit ~0.15 at small  in clear contrast to Ginder and Davis[8] where  asymptotically 
reaches zero with smaller . In addition, our simulations predict a negative stress for 
sufficiently large strain levels. This is expected not only due to the anisotropic behavior of the 
magnetic force but also because of the proximity of neighboring particles. The calculated 
critical strain for sign reversal is    24⁄  in good agreement with simulations data. 
This result is again in clear contrast with the data obtained by Ginder and Davis[8] where the 
shear stress tends to zero for large strains. 

Finally, in Figure 4 we show the yield stress dependence on the external magnetic 
field for two volume fractions. Together with these simulation data we also include 
experiments from Ruiz-López et al.[10]. As observed, a reasonably good qualitative agreement 
is obtained. Experimental and simulation results show the same tendency although the 
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simulations overestimate the experimental data. At this point it is worth to remark that 
conventional MR fluids used for comparison were based on carbonyl iron microparticles with 
an initial permeability of 8.9 ± 0.7 and a saturation magnetization of 1820 ± 40 kA/m (both 
parameters were obtained by fitting equation 4 to the magnetization curve of iron powders). 
Clearly, the initial permeability is different from that taken in simulations (1000) and this 
could explain the overestimation of simulations for small fields. Nevertheless, saturation 
magnetization levels are similar in both cases and we would expect a similar yield stress for 
experiments and simulations. The discrepancy at large fields suggests that, in the real systems, 
more complex and less energetically favorable structures form under fields in contrast to the 
proposed model lattice. 
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Figure 4: Yield stress as a function of the external field for volume fractions of 0.2 and 0.5. Together with 
simulation data we also plot experiments from Ruiz-López et al.[10] corresponding to static and dynamic yield 

stresses. 

CONCLUSIONS 
We propose a novel Finite Element Method simulation approach for the precise 

computation of interparticle (multipolar and multibody) magnetostatic forces on preassembled 
structures. The referred approach grounds on a reduced field formulation with periodic 
boundary conditions. It satisfactorily captures the real strain experienced by the particle array 
and is capable to simulate large packing fractions. The yield stress results obtained using the 
proposed model are thoroughly compared to previous FEM results by Ginder and Davis[8] and 
experimental data by Ruiz-López et al.[10]. The methodology can be easily extended to other 
lattices such as body centered BCT and the results are expected to be of interest for the design 
of novel MR elastomers. 
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ABSTRACT 

Magnetorheological (MR) fluids are a kind of smart material with a reversible rheological property in 
milliseconds and large range of controllability. The controllable actuators-energy absorbers (EAs) 
based on MR fluids have prospect to be applied to the control systems to mitigate the high-speed impact. 
To verify the feasibility of MREAs for high-speed impact, a MREA utilizing an internal bypass that 
we proposed earlier is further investigated in this paper. The MREA is a linear configuration with 
double cylinders. The piston connected with a piston rod divides the inner cylinder into two chambers. 
Inlets/Outlets set at the upper/lower of inner cylinder are used to connect the inner cylinder chambers 
and the MR fluid flow channel sandwiched between the inner and outer cylinders into a whole. Based 
on the flow properties between parallel plates, the mathematical model of mechanical properties of 
MREA under impact loads is established, and the flow model of MREA is constructed in software 
ANSYS/Fluent. The damping force characteristics of the MREA prototype are tested under different 
impact loads based on our test bench in Hefei University of Technology. The research results, including 
controllable damping force range, constant stroking load velocity range (which is defined by the 
controllable velocity range that can be adapted by tuning the applied current to the MREA to have the 
damping force achieve a specific damping force level), and response time, are analysed and compared 
with the mathematical model.  

Figure 1 presents the comparison of constant stroking load velocity ranges of MREA with an internal 
bypass and conventional MREA. As shown in figure 1, for various damping forces, 1 kN, 2 kN, and 3 
kN, the constant stroking load velocity ranges of the MREA with an internal bypass are much wider 
than those of the conventional MREA. For the conventional MREA case, the smaller the specified 
damping force level is, the wider the constant stroking load velocity range is.  

Figure 2 presents the mechanical response of MREA with an internal bypass under different exciting 
current levels and different impact excitations. 

 
Figure 1. Constant stroking load velocity ranges 
of the MREA with an internal bypass and 
conventional MREA for specific damping 
forces. 

 
(a) 

 
(b) 

Figure 2. Impact response of the MREA with an 
internal bypass at initial impact velocity of 4 m/s: 
(a) I = 0 A and (b) I = 4 A. 
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Abstract. Due to the controllability of stiffness and damping under the applied external 
magnetic field, magnetorheological elastomer (MRE) isolator has been proved effectively in 
the field of vibration control. For the realization of vibration control system, an accurate 
inverse model of MRE isolator is particularly important. However, the existing researches 
mainly focus on forward model for MRE isolators, including parametric and non-parametric 
models. But to date, there are few papers published on the inverse modelling of a MRE 
isolator. Feedforward neural networks have been applied to emulate the inverse dynamic 
behaviours of magneto-rheological dampers due to their good learning capability. But the data 
used for the training and validating of neural network is generated from numerical simulation 
of the parametric models proposed for an MR damper, which may be great differences from 
the practical application. In addition, the feedforward neural network is a static network, and 
has lower accuracy and poorer capacity of resisting disturbance. In this paper, a recurrent 
neural network (RNN) named Jordan network is proposed to approximate the inverse 
dynamic behaviours of a MRE isolator in shear-compression mixed mode by combining the 
genetic algorithms to search for the optimal network configuration. The dynamic 
characterization test system of the MRE mixed mode isolator is established, and the output 
forces of the isolator are obtained under different loading conditions (variable displacement 
with amplitudes and frequencies). Different from the direct current in forward mode of MRE 
isolator, the current used for training and validating of the network model is sinusoidal signal, 
which is also approximate to the real-time control application well. Experimental results show 
that the proposed Jordan network with genetic algorithms can represent inverse dynamic 
behaviours of the MRE isolator satisfactorily. 

 
 
1 INTRODUCTION 

As  a kind of semi-active isolator, MRE isolators have the advantages of  reversibility, fast 
response, and wide variation range of operation frequency [1], so they have been paid more 
and more attention in the engineering fields of civil structure [2-4], vehicle seat suspension [5], 
precision fabrication vibration isolation [6, 7]. 

The inverse model of MRE isolator is critical element in real time control application. If the 
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inverse model is not described accurately, it will lead to unsatisfied control result. However, 
in published paper there are few papers to establish the inverse model of MRE isolator. In 
general, there are two approaches to obtain the inverse models of systems. One is inverting 
the derived forward model. Some papers on the forward MRE isolator modelling are reported 
in [8-13] which are all focused on parametric models. Due to the highly nonlinearity of MRE 
isolator, their parametric models are complex and there are too many parameters to be 
identified. Moreover, if the inverse models are to be derived from these forward parametric 
models, the invertibility and zero dynamics of these models must be investigated first. 
Therefore, it is difficult to obtain the corresponding inverse dynamic model by inverting the 
derived forward model. The other is directly identifying the inverse model from the input and 
output data set without relying on a precise mathematical model.  

Neural network (NN) is an effective non-parametric modelling method to approximate any 
nonlinear mapping relationship between input and output, which is not able to be solved by a 
mathematical model. Yu et al. [14] proposed a feedforward NN with ant colony algorithm to 
model the laminated MRE base isolator. Fu et al. [15] employed NARX network to identify 
the model of MRE mixed mode isolator. The results show that NARX network has higher 
accuracy and stronger robustness than BP network. This identification method by using neural 
network model provides possibility for the establishment of inverse MRE isolator models. 
However, the current used in above papers is constant current, it does not approximate the 
time-vary continuous current well in real time control system.  In addition, the repetitive test 
condition is also a challenge. Moreover, the NARX network structure in [15] is determined by 
trial and error method, which cannot guarantee the optimal network structure found. The 
genetic algorithm (GA) [16-19] is a kind of optimization algorithm based on the mechanism 
of natural selection and evolution. It encodes the parameters to be solved and do some basic 
genetic operations on these codes, such as reproduction, crossover and mutation. Since the 
ability of GA to make a robust search for a global optimum in complex space, it has been 
applied in many applications. It has been shown that GA is quite well in identifying the 
NARX network model for a wide class of non-linear systems [20, 21]. Therefore, GA is 
employed in this paper to optimize the structure of Jordan network model for MRE isolation 
system.  

In this paper, the inverse model of MRE isolator is established by employing Jordan RNN 
and GA. Different from the training data produced by parametric model, such as a Bouc-Wen 
model [22], the data is obtained by experimental tests under different sinusoidal excitation 
displacement with variable amplitudes and frequencies in this paper. In addition, exciting 
current in the test is a sinusoidal wave signal, not constant current, which are more 
approximate accurately to the real application. Based on the experimental data, the Jordan 
RNN is employed to identify the inverse model of MRE isolator. Meanwhile, the GA is used 
to optimize the structure of the Jordan network. The training and generalization of network 
show that the proposed Jordan RNN with GA can approximate the MRE isolation inverse 
model accurately.  
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2 DYNAMIC CHARACTERISTIC EXPERIMENT OF MRE ISOLATOR 

2.1 Experimental setup 
The structure of mixed mode MRE isolator in this paper is shown in Figure 1. The material 
used in this testing is silicone rubber MRE, in which the mass fraction of carbonyl iron 
particles, silicon rubber and silicone oil is 70%, 15% and 15%, respectively. The MRE 
material is cut into two pieces, one of which operates on shear mode with the size of 
40×4×4mm, and the other works on compression mode with the size of φ20×4mm.  

Considering the practical application of control system, the output of controller is usually 
an alternating current for MRE isolator. Therefore, in order to characterize the performance of 
the MRE isolator under the alternating current, a series of experimental tests are conducted. 
The experimental system is shown in Figure 2. The MRE isolator is installed on the 
electromagnetic vibration table (model MPA406/M232A; ETS Solutions (Beijing) Led, China) 
which supplies an excitation signal for the isolator. A load cell (BISE5110，No.0748) is 
connected to the top of the MRE isolator and the other end is fixed to the three-jaw chuck to 
measure the output force generated by the isolator. A laser displacement sensor (model LK-
H025; KEYENCE, Japan) used to measure the excitation displacement signal of the base is 
mounted on the vibration table. The desired voltage signal waveform output by dSPACE 
AutoBox (Model DS1005, dSPACE, Germany) is applied to the current driver to generate 
corresponding exciting current signal for MRE isolator. The voltage and current signals are 
converted by current driver in the ratio of 1:1. A current probe is used to measure the current 
signal output from the current driver. The excitation displacement signal, exciting current 
signal and output force signal are collected simultaneously by a data acquisition instrument 
(model MDR-05, Beijing Aerostandard New Technology Company, China) and transferred to 
the computer for processing and analyzing. 

Shear MRE

Compression 
MRE

Mounting
shell

Movable plate

Limit device 

Electromagnetic coil

Iron core

 
Figure 1. Structure of MRE isolator with shear-compression mixed mode 

By applying various harmonic inputs of excitation displacement and exciting currents, the 
response forces of the isolator can be recorded. To make the identified model fully represent 
the MRE isolation system, the test condition should cover the work frequency and amplitude 
ranges of input variables. As a result, three displacement amplitudes of 0.045 mm, 0.09 mm 
and 0.13 mm (corresponding to 2.3%, 4.5% and 6.5% shear strain) are selected for the tests 
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under different loading frequencies (40, 60 and 80 Hz). The corresponding harmonic current 
signals with three frequencies (40Hz, 60Hz and 80Hz) and four levels (0A, 0-0.6A, 0-1.0A 
and 0-1.5A) are applied to the isolator to characterize the dynamic performance.  In each test, 
the sampling frequency is set to 2048Hz. The velocity responses are obtained by deriving the 
measured displacements. 
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3. Electromagnetic Vibration Table
4. Charge Amplifier
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(a) 

 
(b) 

Figure 2: Experimental equipment: (a) sketch (b) picture 

2.2   Experimental results and analysis 
The exciting currents and the corresponding force responses of the MRE isolator under the 

different applied sinusoidal currents (0A, 0-0.6A, 0-1.0A and 0-1.5A, respectively) with 
sinusoidal excitation displacement (0.09mm amplitude and 40Hz frequency) are shown in 
Figure 3. The frequency of applied current is corresponding to the excitation displacement. 
From the figure, it can be seen that the measured force has a significant increase with 
increasing of applied currents. The force-displacement curves of the isolator under different 
loading conditions are shown in Figure 4. As the applied current increases, the slope and area 
of the force-displacement loop grow. Based on the identification theory in [15] and measured 
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force-displacement curves of the isolator, the identified parameters including maximum force, 
effective stiffness and equivalent damping are listed in table 1. The maximum force is directly 
proportional to the excitation displacement amplitude, while the effective stiffness and 
equivalent damping are inversely proportional to that one. 

  
(a)                                                                     (b) 

Figure 3: The measured signal of the isolator under different currents with sinusoidal excitation 
(0.09mm-40Hz): (a) Exciting currents; (b) corresponding forces 

 
Figure 4: Force-displacement loops of the isolator under different currents with sinusoidal excitation 

(0.09mm-40Hz) 

Table 1: Indentified parameters of the MRE isolator under different loading conditions with the excitation 
frequency of 40Hz 

  0A 0-0.6A 0-1.0A 0-1.5A 
 

Maximum Force 
(N) 

0.045mm 13.57 18.34 19.12 19.13 
0.09mm 23.16 30.37 37.90 43.16 

0.135mm 32.14 40.48 45.00 60.00 
 

Effective 
Stiffness(kN/m) 

0.045mm 142.85 192.53 200.49 200.72 
0.09mm 121.58 159.38 199.73 227.99 

0.135mm 112.32 141.91 158.01 211.70 
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Equivalent 

Damping(N*s/m) 

0.045mm 291.62 550.23 651.76 653.40 
0.09mm 286.04 443.46 556.13 676.25 

0.135mm 268.44 414.19 543.74 534.02 

3 INVERSE MODELING AND VALIDATION FOR MRE ISOLATOR 
In the practical vibration control application, the inverse model of isolator is more practical 

than the forward model. The Jordan network based on GA is employed to describe the 
relationship between applied current and displacement, velocity and force in this paper.  

3.1 Optimization network structure by real-coded genetic algorithm  

The structure and learning algorithm of Jordan network have been described in detail in the 
literature [15]. Before training the Jordan network, the structure of the network needs to be 
determined which has a great influence on the training results. While, there is no clear 
functional relationship between the structure of network and the training results so far. The 
structure of RNN is usually determined by trial and error. This approach leads to 
tremendous amount of work and not smart enough. Hence, the real-coded GA is adopted to 
optimize the configuration of Jordan network to obtain an optimal network structure. 

In the proposed method, for reducing the amount of computation, the network is assumed 
that contains two hidden layers and the number of hidden neurons is the same. The external 
input delay value ed (  0,3ed  ), feedback input delay value fd  (  0,3fd  ) and hidden 

neuron number n are in sequential order. The range of hidden neuron number is set  1,25 . 
Each parameter to be optimized is an integer. The performance index (fitness value) defined 
for Jordan network is 

 1/ MSEinF e                                                            (1) 

In equation (1), inF is the fitness value in real-coded GA, and e is the error value between 
experimental value and predicted value. The initiation and update of GA parameters which is 
based on the literature work are listed in table 2. The flowchart of GA optimization process is 
shown in Figure 5. 
   At subroutine GA program, the parameters of Jordan network involving delay value and 
hidden neuron number have been optimized sequentially. The obtained design parameters of 
Jordan network using real-coded GA are given in table 2. Consequently, a four-layer network 
structure with two hidden layers is determined, which contains 7 input neurons, 20 hidden 
neurons in each hidden layer, 1 output neuron and 1 delay of external and feedback input. 

Table 2: Initiation and update of GA parameters 

maximum generation number 30 
population number 20 

mutation probability 0.01 
crossover probability 0.8 

Table 3: Optimized values of Jordan network 

external input delay 1 
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feedback input delay 1 
hidden neuron number 20 

 
Start

Initialize  parameters

Encode 

Determine the fitness function

Generate the initial population 1

Calculate the value of fitness function

Satisfy termination condition?

Selection, crossing and mutation

Population 2

Population 1           Population 2

Decode 

Output the optimal solution

End

N

Y

 
Figure 5: Flowchart of GA optimization process 

3.2 Inverse modeling of MRE isolator  
The inverse model identification scheme of MRE isolator with Jordan network is shown in 

Figure 6. The inputs of the network are displacement, velocity and force together with their 
delay values and previous force, while the output variable is applied current. The training 
sample data which comes from the experimental results in section 2 is used to train the 
determined network. The training results under the alternating current amplitude of 0A-0.6A 
are shown in Figure 7. The comparison between predicted current and measured current is 
shown in Figure 7(a). It can be observed that the predicted current and measured current can 
be well consistent. The mean squared error (MSE) between the predicted and measured 
currents is calculated as 7.6152e-06, which is small enough. Figure 7(b) shows the error 
distribution of training results with the range of [-0.00841, 0.007571]. It is apparent that the 
error is small and most of them are mainly distributed near the value of zero. 
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Figure 6: Inverse model identification scheme of the MRE isolator with Jordan network 

  
 (a)                                                                               (b) 

Figure 7: Training results: (a) comparison between predicted values and experimental values; (b) error 
distribution 

3.3 Model validation 
Although the approximation capability of the Jordan network for training data is proved 

well, the generalization capacity of network is more emphasis in practice. In order to 
demostrate the generalization ability of the trained network, a new data set which is different 
from the training data is used to test the perfomance of the network. The test results are shown 
in Figure 8. In the comparison between predicted current and measured current as shown in 
Figure 8(a), it can be seen that the predicted value can be good match for the measured value. 
The MSE of test result is 2.8384e-04 which is also very small. But there are some small errors 
at some peak points. The error range of the network lies in [-0.08071, 0.06559] as shown in 
Figure 8(b). The regression value R is 0.99264 which is closer to 1. It demonstrates that the 
network has a better approximation capability to generalize. 
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(a)                                                                              (b) 

 
(c) 

Figure 8: Generalization results: (a) comparison between predicted current and measured current; (b) 
error distribution; (c) regression 

4   CONCLUSIONS 
In this paper, the Jordan network is proposed to identify the inverse model of MRE mixed 

mode isolator. Considering the exciting current continuously varies with time in real time 
control system, the dynamic characteristic experiments of the isolator under different 
alternating currents are conducted to obtain the training and testing sample data. The real-
coded GA is adopted to optimize delay value and hidden neuron number to obtain the optimal 
configuration of the Jordan network for the isolator. The training and generalization results of 
the network show that the proposed network with 7-20-20-1 neurons and 1 input delay can 
approximate the isolator’s inverse model well according to MSE, error distribution and 
regression value. It provides the possibility for the application of the MRE isolator inverse 
model in vibration control applications. 
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ABSTRACT 

Adaptive energy absorbers (EAs) utilizing magnetorheological fluids (MRFs) to adjust stroking load 
to account for severity of impact, and payload mass, are currently being investigated for a number of 
severe impact or shock mitigation problems. Utilizing MRFs 
in such EAs requires a highly stable suspension that 
maintains a uniform concentration. Such suspension stability 
can be studied using a MRF column and a vertical axis 
inductance monitoring system (VAIMS), as shown in Figure 
1, where an inductance sensor is translated along a vertical 
MRF column to track the mudline, which is defined as the 
boundary between the clarified fluid above, and the 
concentrated MRF below, the mudline. The rate of descent 
of the mudline is typically referred to as the sedimentation 
rate of the MRF. Prior work used a high aspect ration (tall) 
sensor coil [1-2], so that mudline location had to estimated. 
Therefore, key goals of this inductance sensor design were 
to: reduce magnetic flux leakage, apply lower magnetic flux, 
achieve higher spatial resolution to better locate mudline. A 
low aspect ratio inductance sensor was designed, fabricated 
and used to measure particle concentration in an MRF 
column. Using the low aspect ratio sensor coil, the magnetic 
flux applied to the MRF in the sensing volume was 
decreased by 20%. Using the VAIMS with the low aspect ratio coil, the inductance was measured as 
a function of MRF column height, and its spatial derivative was then calculated. The spatial 
derivative of inductance was used to more accurately determine the mudline in the MRF column. 
Discrimination of the mudline facilitated using the low aspect ratio sensor coil, resulting in more 
accurate tracking of mudline location, and shorter transition zones due to the increased spatial 
resolution. 
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Figure 1:Measuring sedimentation 
in MRFs 
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ABSTRACT 

Magnetorheological fluids (MRFs) have proven to be advantageous for adaptive energy absorption 
systems, for such applications as occupant protection and antivibration, for both vehicles and seismic 
mitigation. However, a remaining key challenge is to develop MRF formulations that minimize or 
even eliminate sedimentation of MRFs. In our prior work, we investigated several methods with 
which to minimize sedimentation of MRFs, while retaining high yield stress.  In this study, we 
investigate the effect of  surface molecular structure on the stability of MRFs. At first, a  chelating 
organic chain molecule (N-nonyl acyl ethylenediamine triacetate, NED3A) was synthesized and the 
molecular structure of the synthesis products was characterized using FTIR. Secondly, NED3A was 
grafted onto the surface of carbonyl iron particles  to modify the surface molecular structrure of the 
particles. Then MR fluids were prepared by silicone oil and the as-synthesized  particles with 
different surface molecular structure. Finally, sedimentation behavior of the MRF samples were 
quantitatively evaluated using a thermal conductivity method. Measurements show that 
sedimentation rate of these MRF samples are reduced using this surface coating. Sedimentation rates 
of the MRFs were decreased by 70.3% as the organic molecular chains grafted onto the surface of the 
carbonyl iron particles increased from 0% to 3.0%. In addition, the organic molecular chain induces 
apparent thixotropy. The off-state viscosity of the MRFs decreased steadily with shear rate, that is, 
the MRFs are shear thinning, and the MRFs exhibit the magnetorheological yield stress effects. In 
summary, the organic molecular chain grafted onto the surface of the carbonyl iron particles 
significantly reduces sedimentation rates in MRFs.  In particular, modifying the surface molecular 
structure of the particles can greatly improve the sedimentation stability of MRFs.  
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(No. 51372189).  
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Abstract. This study aims to investigate the acoustical behavior of a sandwich panel partially 
treated with Magnetorheological (MR) fluid core layer. MR fluids are smart materials with 
promising controllable rheological characteristics in which the application of an external 
magnetic field instantly changes their rheological properties. Finite element (FE) method is 
utilized to obtain the equation of motion of a clamped circular sandwich panel radially treated 
with MR fluid and viscoelastic rubber core layer. Solving the equations of motion, the 
transverse velocity of the panel is converted to the radiated sound and utilized to calculate the 
Sound Transmission Loss (STL). Three cases are selected to investigate the behavior of radial 
treatment of the core with MR fluid and the STL, first natural frequency and mode shapes of 
the panel are calculated and compared for those cases.  

Key words: Magnetorheological fluid, Finite element method, Sound transmission loss, 
Clamped circular sandwich panel, Partial treatment. 

 
 
1 INTRODUCTION 

Light weight and high flexural to weight ratio are encouraging properties of sandwich panels 
when vibration of the structure is the issue. Contrariwise, the acoustical characteristics of the 
structures is directly correlated with its areal density and as the areal density increases, the sound 
transmission loss (STL) of the structure enhances. The STL of sandwich panels passively 
treated with viscoelastic and honeycomb core layer has been widely studied during last decades. 
Utilizing smart materials as the core layer is a new methodology to control the acoustical 
properties of sandwich structures by changing the characteristics of the core layer. The 
possibility of controlling the transmitted noise in wide frequency range and also low required 
power are the advantages of the proposed approach. Magnetorheological (MR) and 
Electrorheological (ER) fluids are smart materials that their rheological properties can be 
controlled by controlling the external magnetic/electric fields. Using MR fluid as the core layer, 
the stiffness and damping and consequently the vibration and noise characteristics of the 
sandwich panel can be controlled. Limited studies have been investigated the noise control 

906



Masoud Hemmatian, Ramin Sedaghati. 

 2 

behavior of sandwich structures treated with smart materials [1-8]. Hasheminejad and 
Shabanimotlagh [1] studied the sound transmission properties of an infinite sandwich panel 
treated with magnetorheological elastomer core layer. They investigated the effect of applied 
magnetic field on the STL of the panel for all angles of incident in the audible frequency range. 
Choi et al [2] fabricated an experimental setup to investigate the STL of a sandwich panel 
treated with ER fluid core layer. The ER sandwich panel was fabricated as one of the sides of a 
rectangular closed cabin and a microphone was used to measure the transmitted sound into the 
cabin. They studied the performance of a fuzzy controller in enhancing the STL of the panel. 
Tang et al. [3, 4] studied the STL of the sandwich panels treated with ER fluid as the core layer. 
They mentioned that the tunable characteristics of the flexible, thin ER fluid layer at low 
frequencies including the possibility of adjusting the sound pressure level and the phase angle 
by varying the electrical field provides an opportunity to utilize the thin ER layer in 
manufacturing low frequency tunable phononic crystals and other acoustic devices. The effect 
of magnetic field on the STL of MR sandwich panels was studied by Mahjoob et al [8]. The 
MR layer was modeled as a linear viscoelastic material and a model was developed for the STL 
of an infinite sandwich panel. Moreover, they fabricated an experimental setup including an 
impedance tube equipped with a magnetic chamber and measured the STL of MR sandwich 
panels to validate the theoretical model. Previous studies mostly focused on the infinite MR/ER 
sandwich panels and some of them just experimentally investigated the effect of 
electric/magnetic field on the acoustical behavior of MR/ER structures. The authors recently 
studied the STL of clamped circular sandwich panel fully treated with MR fluid core layer. 
They investigated the influence of magnetic field on the natural frequency and the STL of the 
panel using Ritz method and compared the results with the experimental measurements [9].  

This study aims to investigate the STL of sandwich panels partially treated with MR fluid. 
The equation of motion of a clamped circular sandwich panel with elastic face sheets is modeled 
using finite element (FE) method. The core layer is radially divided into viscoelastic rubber and 
MR fluid segments with complex frequency dependent shear moduli. The STL of the panel is 
calculated utilizing the transverse velocity of the structure. Three different cases are considered 
for the distribution of the MR fluid and the viscoelastic rubber in the core layer and the STL of 
the panel is investigated for these cases. Moreover, the changes in the first natural frequency of 
the panel as function of applied magnetic field is studied for the three cases.  

  

2 FINITE ELEMENT FORMULATION 
Figure 1 shows a circular sandwich panel comprising two elastic face sheets and the core 

layer which has been partially treated with MR fluid. The FE model is developed considering 
following assumptions: (1) the ratio of the thickness to radius of the face sheets is considered 
to be small and the classical plate theory is used to obtain the displacements of the face sheets, 
(2) The transverse displacements are the same for the face sheets and the core layer, (3) There 
is no slippage between the face sheets and core layer and the compatibility conditions is used 
to obtain the displacements of the core layer in terms of those of the face sheets, (4) The stress 
components of the face sheets and the core layer are obtained utilizing the Hooke’s law. The 
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schematic of the finite element model and the degrees of freedom of each element is shown in 
Figure 2. The circular panel is divided into a circular element at the center and 4 node elements 
circumferentially and radially connected to each other. The circular element comprising a node 

at the edge and four degrees of freedom, [𝑤𝑤 𝜕𝜕w
𝜕𝜕𝜕𝜕 u10 u30]

𝑇𝑇
, as it was presented in [10]. The 

4-node element is defined by two 𝑖𝑖1 and 𝑖𝑖2 nodes at the inner radious and two 𝑗𝑗1 and 𝑗𝑗2 nodes 
at the outer radius.  Seven degrees of freedom have been considered for each of the nodes as 
follows: 

 

 
Figure 1. Schematic of sandwich panel partially treated with MR fluid core layer. 

 

 
Figure 2. Schematic of the finite element model.  
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𝛿𝛿𝑛𝑛 = [𝑤𝑤𝑛𝑛
𝜕𝜕𝑤𝑤𝑛𝑛
𝜕𝜕𝜕𝜕

𝜕𝜕𝑤𝑤𝑛𝑛
𝜕𝜕𝜕𝜕 𝑢𝑢1𝑛𝑛0 𝑢𝑢3𝑛𝑛0 𝑣𝑣1𝑛𝑛0 𝑣𝑣3𝑛𝑛0 ]

𝑇𝑇
       𝑛𝑛 = 𝑖𝑖1, 𝑖𝑖2, 𝑗𝑗1, 𝑗𝑗2 (1) 

where 𝑤𝑤𝑛𝑛, 𝜕𝜕𝑤𝑤𝑛𝑛𝜕𝜕𝜕𝜕  and 𝜕𝜕𝑤𝑤𝑛𝑛𝜕𝜕𝜕𝜕  are the transverse displacement, radial and circumferential rotations, 
respectively. 𝑢𝑢1𝑛𝑛0 , 𝑢𝑢3𝑛𝑛0  and 𝑣𝑣1𝑛𝑛0 , 𝑣𝑣3𝑛𝑛0  are the in-plane radial and circumferential displacements of 
the mid-plane of the face sheets in r and θ directions, respectively. Now considering Figure 2, 
the nodal displacement vector is expressed as:  

𝛿𝛿𝑒𝑒 =

{ 
 
  
𝛿𝛿𝑖𝑖1
𝛿𝛿𝑖𝑖2
𝛿𝛿𝑗𝑗1
𝛿𝛿𝑗𝑗2} 
 
  
  (2) 

The nodal displacement vector can then be utilized to express the transverse and in-plane 
displacements of the face sheets’ mid-plane as a function of shape functions:  

{
𝑤𝑤
𝑢𝑢i0

𝑣𝑣𝑖𝑖0
} = [

𝐿𝐿𝑤𝑤
𝐿𝐿𝑢𝑢𝑖𝑖0
𝐿𝐿𝑣𝑣𝑖𝑖0
]
3×28

{�̇�𝛿𝑒𝑒}28×1    &    𝑖𝑖 = 1,3 (3) 

where 𝐿𝐿𝑤𝑤, 𝐿𝐿𝑢𝑢𝑖𝑖0  and 𝐿𝐿𝑣𝑣𝑖𝑖0  are the shape functions. The strain-displacement relations are then written 
using Eq. (3) to obtain the strain and subsequently kinetic and strain energies of the 4-node 
element:  

𝑇𝑇𝑒𝑒 = 𝑇𝑇𝑒𝑒1 + 𝑇𝑇𝑒𝑒2 + 𝑇𝑇𝑒𝑒3 (4) 

𝑉𝑉𝑒𝑒 = 𝑉𝑉𝑒𝑒1 + 𝑉𝑉𝑒𝑒2 + 𝑉𝑉𝑒𝑒3 (5) 

where subscripts 1, 2 and 3 refer to the front face sheet, the core layer and back face sheets, 
respectively. 𝑇𝑇𝑒𝑒1 , 𝑇𝑇𝑒𝑒2, 𝑇𝑇𝑒𝑒3 and 𝑉𝑉𝑒𝑒1 , 𝑉𝑉𝑒𝑒2, 𝑉𝑉𝑒𝑒3 are defined as:  

𝑇𝑇𝑒𝑒𝑖𝑖 =
1
2 ∫ ∬𝜌𝜌𝑖𝑖{�̇�𝛿𝑒𝑒}

𝑇𝑇[𝐿𝐿𝑖𝑖]𝑇𝑇[𝐿𝐿𝑖𝑖]{�̇�𝛿𝑒𝑒}𝑑𝑑𝑑𝑑
𝐴𝐴𝑒𝑒

𝑑𝑑𝑑𝑑

ℎ𝑖𝑖
2

−ℎ𝑖𝑖2

    &    𝑖𝑖 = 1,3 (6) 

𝑇𝑇𝑒𝑒2 =
1
2∬𝐼𝐼2{�̇�𝛿𝑒𝑒}

𝑇𝑇[𝐵𝐵2]𝑇𝑇[𝐵𝐵2]{�̇�𝛿𝑒𝑒}𝑑𝑑𝑑𝑑
𝐴𝐴𝑒𝑒

+ 12∬𝜌𝜌2ℎ2{�̇�𝛿𝑒𝑒}
𝑇𝑇[𝐿𝐿𝑤𝑤]𝑇𝑇[𝐿𝐿𝑤𝑤]{�̇�𝛿𝑒𝑒}𝑑𝑑𝑑𝑑

𝐴𝐴𝑒𝑒

(7) 
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𝑉𝑉𝑒𝑒𝑖𝑖 = 1
2 ∫ ∬{�̇�𝛿𝑒𝑒}

𝑇𝑇[𝐵𝐵𝑖𝑖]𝑇𝑇[𝐷𝐷𝑖𝑖][𝐵𝐵𝑖𝑖]{�̇�𝛿𝑒𝑒}𝑑𝑑𝑑𝑑
𝐴𝐴𝑒𝑒

𝑑𝑑𝑑𝑑

ℎ𝑖𝑖
2

−ℎ𝑖𝑖
2

    &    𝑖𝑖 = 1,3 (8) 

𝑉𝑉𝑒𝑒2 = 1
2 ∫ ∬{�̇�𝛿𝑒𝑒}

𝑇𝑇[𝐵𝐵2]𝑇𝑇[𝐺𝐺2][𝐵𝐵2]{�̇�𝛿𝑒𝑒}𝑑𝑑𝑑𝑑
𝐴𝐴𝑒𝑒

𝑑𝑑𝑑𝑑

ℎ2
2

−ℎ2
2

(9) 

where 𝜌𝜌𝑖𝑖 and ℎ𝑖𝑖 are the mass density and the thickness of the face sheets, respectively, and  𝜌𝜌2, 
ℎ2 and 𝐼𝐼2 = 𝜌𝜌2ℎ2

3

12  are the mass density, the thickness and the moment of inertia of the core layer, 
respectively. [𝐿𝐿𝑖𝑖], [𝐵𝐵𝑖𝑖], [𝐷𝐷𝑖𝑖] and [𝐺𝐺2] are defined as:  

[𝐿𝐿𝑖𝑖] =

[
 
 
 
 𝐿𝐿𝑤𝑤

𝐿𝐿𝑢𝑢𝑖𝑖
0 − 𝑑𝑑𝑖𝑖

𝜕𝜕𝐿𝐿𝑤𝑤
𝜕𝜕𝜕𝜕

𝐿𝐿𝑣𝑣𝑖𝑖
0 − 𝑑𝑑𝑖𝑖

𝜕𝜕𝐿𝐿𝑤𝑤
𝜕𝜕𝜕𝜕𝑟𝑟]

 
 
 
 
    &    𝑖𝑖 = 1,3 (10) 

[𝐵𝐵𝑖𝑖] =

[
 
 
 
 
 
 −𝑑𝑑𝑖𝑖

𝜕𝜕2

𝜕𝜕𝜕𝜕2
𝜕𝜕
𝜕𝜕𝜕𝜕 0

− 𝑑𝑑𝑖𝑖
𝜕𝜕2

𝜕𝜕2

𝜕𝜕𝑟𝑟2 − 𝑑𝑑𝑖𝑖
𝜕𝜕  𝜕𝜕

𝜕𝜕𝜕𝜕
1
𝜕𝜕

1
𝜕𝜕

𝜕𝜕
𝜕𝜕𝑟𝑟

−2𝑑𝑑𝑖𝑖
𝜕𝜕

𝜕𝜕2

𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 + 2𝑑𝑑𝑖𝑖
𝜕𝜕2

𝜕𝜕
𝜕𝜕𝑟𝑟

1
𝜕𝜕

𝜕𝜕
𝜕𝜕𝑟𝑟

𝜕𝜕
𝜕𝜕𝜕𝜕 − 1

𝜕𝜕]
 
 
 
 
 
 

[
𝐿𝐿𝑤𝑤
𝐿𝐿𝑢𝑢𝑖𝑖
0

𝐿𝐿𝑣𝑣𝑖𝑖
0

]   &    𝑖𝑖 = 1,3 (11) 

[𝐵𝐵2] =

[
 
 
 
 𝑑𝑑
2ℎ2

 𝜕𝜕
𝜕𝜕𝜕𝜕 1 0

𝑑𝑑
2ℎ2

 𝜕𝜕
𝜕𝜕𝜕𝜕𝑟𝑟 0 1]

 
 
 
 
[
𝐿𝐿𝑤𝑤
𝐿𝐿𝑢𝑢1
0

𝐿𝐿𝑣𝑣1
0

] +

[
 
 
 
 𝑑𝑑
2ℎ2

 𝜕𝜕
𝜕𝜕𝜕𝜕 −1 0

𝑑𝑑
2ℎ2

 𝜕𝜕
𝜕𝜕𝜕𝜕𝑟𝑟 0 −1]

 
 
 
 
[
𝐿𝐿𝑤𝑤
𝐿𝐿𝑢𝑢3
0

𝐿𝐿𝑣𝑣3
0

]   (12) 

[𝐷𝐷𝑖𝑖] = 𝐸𝐸𝑖𝑖
1 − 𝜐𝜐𝑖𝑖

2 [
1 𝜐𝜐𝑖𝑖 0
𝜐𝜐𝑖𝑖 1 0

0 0 1 − 𝜐𝜐𝑖𝑖
2

]     &    𝑖𝑖 = 1,3 (13) 

[𝐺𝐺2] = [𝐺𝐺 0
0 𝐺𝐺] (14) 

where 𝑑𝑑 = ℎ1
2 + ℎ2 + ℎ3

2  and 𝐸𝐸𝑖𝑖 and 𝜐𝜐𝑖𝑖 are the Young’s modulus and the Poisson’s ratio of the 
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face sheets, respectively and 𝑧𝑧𝑖𝑖 denotes the transverse coordinate in the local coordinate system 
of each layer considering the origin at the mid-plane of each layer. 𝐺𝐺 is the shear modulus of 
the core layer comprising the silicone rubber and MR fluid in the present study. Considering 
the MR fluid to operate in pre-yield region, both MR fluid and the silicone rubber can be 
described as a linear viscoelastic material with complex shear modulus.  

The work done by the acoustic pressure on the MR sandwich panel might then be described 
as:  

𝜋𝜋𝑒𝑒𝑒𝑒𝑒𝑒 = {�̇�𝛿𝑒𝑒} ∬ 𝑃𝑃𝑏𝑏[𝐿𝐿𝑤𝑤]𝑇𝑇𝑑𝑑𝑑𝑑
𝐴𝐴𝑒𝑒

(15) 

where 𝑃𝑃𝑏𝑏 is the blocked pressure obtained as twice of the incident pressure. Considering the 
strain and kinetic energies and the work done by the acoustic pressure and using Lagrange’s 
equations, the mass and stiffness matrices and the vector of nodal forces for the 4-node element 
are obtained. Assembling the mass, stiffness and the nodal force matrices of the circular and the 
4-node elements, the governing equation of motion of the panel can be expressed as:  

[𝑀𝑀]{�̈�𝛿} + [𝐾𝐾]{𝛿𝛿} = {𝑓𝑓} (16) 

where [𝑀𝑀], [𝐾𝐾] and {𝑓𝑓} are the mass, stiffness and force vector of the system, respectively, and 
{𝛿𝛿} is the global nodal displacement vector.  

The transverse velocity of the panel can then be used to calculate the sound radiated from 
the panel using the Rayleigh integral approach as [11]:  

𝑃𝑃𝑟𝑟𝑟𝑟𝑟𝑟 = ∬ 𝑗𝑗𝑗𝑗𝜌𝜌𝑓𝑓𝑣𝑣 𝐺𝐺 𝑑𝑑𝑑𝑑
𝐴𝐴

 (17) 

where 𝜌𝜌𝑓𝑓, 𝑗𝑗 and 𝐺𝐺 are the density of the medium, the incident sound frequency and the half-
space free field Green’s function, respectively. 𝑣𝑣 is the velocity of the structure which is 
substituted by 𝑗𝑗𝑗𝑗𝑗𝑗 for harmonic excitation.   

Finally, the STL can be written as:  

𝑆𝑆𝑆𝑆𝐿𝐿 = 10 log10
Πinc
Πrad

 (18) 

where the incident power, Πinc, and the radiated power, Πrad, are described as a function of the 
amplitude of the incident and radiated pressures.  

 

3 RESULTS 
In order to examine the accuracy of the developed finite element model, the STL and first 

axisymmetric natural frequency of the clamped circular sandwich panel fully treated with MR 
fluid core layer was compared with the experimental results presented in [9] by authors and the 
results matched with the experimental measurements. Figure 3 shows the three cases that is 
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considered in the present study. The core layer of the panel is comprised of silicone rubber and 
MR fluid that radially distributed among the surface. Considering that the surface area of the 
MR fluid and the silicone rubber are equal in the three cases, the mass per unit area is the same 
for all the cases and only the damping and the stiffness of the panel are affected by different 
distributions.  

   
Case #1 Case #2 Case #3 

Figure 3. Schematic of circular sandwich panel partially treated with MR fluid;  

MR Fluid: ▓; Silicone Rubber: ▒. 

The STL of the partially treated MR sandwich panels is presented in Figure 4. It can be seen 
in this figure that matching the frequency of the incident sound with the natural frequency of 
the panel causes the panel to resonate and reduces the STL. Comparing the STL of the three 
cases shows that changing the position of the MR fluid affects the stiffness of the panel and 
consequently the natural frequency of the case #1 is less than the natural frequency of the cases 
#2 and #3. The first natural frequency of the cases #2 and #3 are almost equal to each other. 
This is due to the fact of symmetric distribution of the MR fluid in the core layer for these two 
cases. Figure 5 shows the first mode shape of the panel for three cases. As it can be seen in this 
figure, the asymmetric distribution of the MR fluid and silicone rubber for case #1 causes the 
half of the panel that is treated with MR fluid to oscillate with larger magnitude compare to the 
other half and the mode shape to be asymmetric. On the other hand, the symmetric treatment of 
the cases #2 and #3 provides their first mode shapes to be almost the same and this may interpret 
the equality of their STL near to the first natural frequency.  

The first natural frequency of the three cases for different current inputs is presented in Table 
1. It is clear that the stiffness and consequently the natural frequency of the panel increases as 
the applied magnetic field enhances. The increase rate of natural frequency with respect to the 
current input is 21.0 𝐻𝐻𝐻𝐻/𝐴𝐴 for case #1 and this rate decreases to 19.4 𝐻𝐻𝐻𝐻/𝐴𝐴 and 19.2 𝐻𝐻𝐻𝐻/𝐴𝐴 for 
cases #2 and #3, respectively. This shows that concentrating MR fluid in larger segments 
enhances its effectiveness to further change the stiffness and natural frequency of the panel 
utilizing current input.  
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Figure 4. STL of partially treated MR sandwich panels with  0.4 𝑚𝑚𝑚𝑚 thickness aluminum face sheets and 

1.35 𝑚𝑚𝑚𝑚 thickness core layer in absence of magnetic field (𝐼𝐼 = 0 𝐴𝐴).  

 

   
Case #1 Case #2 Case #3 

Figure 5. First mode shape of a clamped sandwich panel partially treated with MR fluid and silicone rubber core 
layer. 

 
 

Table 1. The first natural frequency of the panel with  0.4 𝑚𝑚𝑚𝑚 thickness aluminum face sheets and 
1.35 𝑚𝑚𝑚𝑚 thickness core layer.  

Input Current (𝐴𝐴) Case #1 - 𝑁𝑁𝑁𝑁 (𝐻𝐻𝐻𝐻) Case #2 - 𝑁𝑁𝑁𝑁 (𝐻𝐻𝐻𝐻) Case #3 - 𝑁𝑁𝑁𝑁 (𝐻𝐻𝐻𝐻) 

0 293.5 297.7 298.5 

0.6 304.0 307.3 307.9 

1.2 316.5 318.8 319.3 

1.8 331.5 332.7 333.0 
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4 CONCLUSIONS 
Sound transmission of a circular sandwich panel partially treated with MR fluid and 

viscoelastic core layer was studied. The FE model of the panel has been developed using 4-
node elements and solved using clamped boundary condition. Then, the Rayleigh integral 
approach has been used to calculate the STL as a function of the transverse velocity of the panel 
and the incident sound. Three cases have been selected to investigate the influence of radial 
distribution of MR fluid and viscoelastic rubber on the behavior of the circular sandwich panel. 
The STL, first natural frequency and mode shapes of the three cases have been presented. 
Asymmetric distribution of the MR fluid causes the stiffness of the panel and consequently its 
natural frequency to reduce. In addition, the first mode shape of the panels symmetrically treated 
with MR fluid are almost the same and this is a reason for the equality of their first natural 
frequency and STL.  
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ABSTRACT 

This paper reports an investigation on the viscoelastic properties of a new magnetorheological  (MR) 
material, i.e. magnetorheological cement paste. The MR cement paste is mainly composed of cement 
based carrier and carbon iron particles (CIP). During the solidifying process of the cement carrier, the 
viscoelastic properties of the MR cement paste under various harmonic loading were examined under 
different solidifying periods, i.e. 0 minute, 5 minutes, 30 minutes and 60 minutes, and applied 
magnetic field, i.e. 0 mT, 0.1 mT, 0.2 mT, 0.3mT, 0.4 mT and 0.5 mT. The rheological properties 
were explained by chemical process of cement and water, as well as magnetorheological effect. A 
viscoelastic model was developed to portray the rheological behavior of the MR cement paste.  
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Abstract. The 3D structural design of a morphing droop-nose device for a new high-lift 
system is presented in this paper. This new type of high-lift system is anticipated to reduce 
airframe noise, takeoff and landing speeds and thus runway length, and be capable of actively 
producing a range of lift coefficients as per demand. A structural design process using 
optimization tools was further developed and applied to the case of large target deflections 
required for this high-lift system. The results of the 3D optimization of thickness distribution, 
stringer position, and force introduction points on a hybrid fiberglass-elastomeric composite 
skin showed close agreement to the target shapes under different aerodynamic load cases. The 
design of a kinematic system of linkages was also performed and upon input actuation the 
outer surface conformed to the target aerodynamic shapes. Required actuator torque in this 
design was shown to be high in the order of 3600 Nm thought actuators are available which 
meet the internal space requirements. Reported strains were within design limits in the order 
of 1.5%. The design is set to be refined in the near future with manufacturing and ground tests 
to follow.  

 
 
1 INTRODUCTION 

A large-displacement morphing wing droop-nose device with smooth shape variation is a 
mandatory component of the novel high-lift system for the future aircraft design investigated 
in the German Collaborative Research Center 880 (SFB880 for “Sonderforschungsbereich 
880” in German). [1] The motivation for the research in this project stems from the need to 
improve aircraft flying efficiency, generate large lift coefficients with low noise thereby 
enabling operations from smaller less congested airports closer to neighborhoods and thus 
reducing door-to-door travel times, and to allow flexibility to changes in the design over the 
aircraft lifetime. With such enhancements to aircraft, growth of the industry can be ensured in 
a sustainable manner. A number of technologies, including the droop-nose device, are being 
investigated in the project and for more information the reader is referred to Refs. [1–3]. The 
droop-nose device under research is gapless and therefore quieter than current slats, and 
smoothly varying thereby ensuring a good pressure gradient delaying stall and reducing the 
demand on the internal compressor system. With such qualities the droop-nose device is a 

917



Srinivas Vasista and Hans Peter Monner 

 2 

mandatory component of this new high-lift system. Further advantages could include 
increased laminarity due to the droop-nose being stepless. 

The design of the droop-nose device is largely driven through structural optimization tools 
given the large number of design variables and whose optima are non-intuitive. The 
development of the tools and the design itself follows on from previous works. Kintscher et 
al. [4] developed a fiberglass droop-nose device in the SADE project which was 
manufactured at 1:1 scale and wind tunnel tested, and Kintscher et al. [5] in a separate project 
(SARISTU) considered aspects of anti/de-icing, lightning protection, erosion, and bird-strikes 
in the droop-nose design. Rudenko et al. [6] developed a 2D section of a droop-nose 
demonstrator composed of a hybrid fiberglass-elastomer material to enable large deflections 
also as part of the SFB880 project [7]. Vasista et al. manufactured and wind tunnel tested a 
3D droop-nose for a wingtip featuring a flexible skin and superelastic compliant mechanism 
as part of the NOVEMOR project [8–10]. Radestock et al. [11] manufactured a droop-nose 
for a UAV which was flight tested as part of the CHANGE project. Other works on morphing 
droop-nose devices can be found in Refs. [12–14].  

This paper presents the design of the droop-nose device as it nears completion and the 
manufacturing stage. The aircraft geometry, and aerodynamic and spar bending loads is first 
presented, followed by intermediate results of the design. A discussion on the design and 
roadmap to manufacture are subsequently presented.  

 

 
 

Figure 1 One of the reference aircraft configurations investigated in the SFB880 project. 

2 DESIGN CHAIN, GEOMETRY, AND LOADS 
A high-wing turboprop aircraft considered as one of multiple reference configurations in 

the project is shown in Fig. 1 and is designed for a range of 2,100 km for a payload of 12,000 
kg. The 2D geometry of the droop-nose in clean (cruise) and droop (approach) configurations 
is shown in Fig. 2a-c. The droop-nose requires a camber variation of 90° at the leading edge 
point and the magnitude of curvature change is shown in Fig. 2d, with a maximum value of 

Droop-
nose 

Aeroacoustic 
porous surface 
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0.017 mm-1. The overall process chain of the droop-nose design is presented in Fig. 3. 
Geometry and loading calculated by project partners is transferred to the skin optimization 
tool in which the skin thickness distribution and locations and magnitudes of forces acting on 
the stringer load introduction points are determined. The design of the internal kinematic 
mechanisms is subsequently performed and reintegrated with the skin finite element model. 
Upon a successful design, the droop-nose is then manufactured. 

 

 
 

Figure 2. a) DLR F15 aerofoil. b) CFD result presented in Ref. [2]. c) Droop target deflections. d) Shape change 
and loading requirements along the 2D leading edge profile. The grey dashed lines and area where Δκ is zero or 

low and pressure is high show potential locations for stringers. 
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The starboard wing 3D geometry of the leading edge is shown in Fig. 4 and is segmented 
along the span. The droop-nose segments have been taken perpendicular to the front spar and 
normal to the dihedral angle to minimize stresses. A number of aerodynamic load cases at 
various angles of attack (AoA) and inertial load cases (calculated by project partners) have 
been considered in the design as shown in Table 1. A radial basis function (RBF) tool was 
used to transfer the pressures and bending on to the mesh for the droop-nose finite element 
analysis as shown in Fig. 5 as an example. 

 

 

 
 

Figure 3 Design chain of the droop-nose device with supporting kinematic mechanisms. 
 

Table 1. Summary of load cases considered. 
 

Aerodynamic Pressures 
cruise (clean shape) 3 deg. AoA 

approach (droop shape) 0 deg. AoA 
approach (droop shape) cLmax 

Spar Bending 
cruise (clean shape) 1 g 

approach (droop shape) 1 g 
landing (droop shape) 4 g 

maneuver (clean shape) 2.5 g 
 

Geometry & Loads (from project partners) 
• 3D droop nose cruise and approach 

target geometries 
• Aerodynamic pressures and spar 

bending 

3DSkinOpt 
• 3D skin thickness distribution 
• Stringer positions 
• Stringer forces/displacements 

KinematicOpt 
• Rotary actuator position and rotation 

magnitude 
• Positions of pin joints / overall 

connection layout 

Manufacture 

Stringer 
trajectories 

• Generate FE model 
• Solve 3 load cases: droop without 

aero loads, droop with aero loads, 
clean with aero loads 

• Output displacements, strains, etc.  

• Read DVs, geometry, loads 
• Generate node coordinates, element 

connectivity table, layer stacking 
sequences, pressures on nodes 

• Calculate displacement and curvature 
errors 

• Update design variables 

• Read stringer trajectories, skin 
boundary 

• Generate coordinates of pin joints 
and linkages, actuator position and 
rotation 

• Integrate kinematic assemblies into 
skin optimisation FEA model and 
verify  deformation 
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Figure 4 3D geometry of the droop-nose segments on the starboard wing. 
 

 
Figure 5 Example of mapping approach cLmax pressure loads from CFD to FEA meshes through a radial basis 

function tool. 

3 SKIN DESIGN 
The selected droop-nose segment is shown in Fig. 6 with clean and droop surfaces and is 

intended to be produced with a composite skin attached to kinematic mechanisms at three 
spanwise stations through stringers at various locations along the profile perimeter. The 
composite skin is composed of HexPly® 913 fiberglass prepreg layers in combination with 
ethylene propylene diene monomer (EPDM) elastomer as shown in Fig. 7 and was previously 
designed in this project. Stiffness can be tailored by determining the best thickness 
distribution of the material over the full surface and physically captured by dropping-off plies 
with corresponding geometries. More details on this hybrid material combination are provided 

3D view 

selected for initial investigations 

sweep 

dihedral 

FWD 

FWD 

a) surface contour 
display of CFD results 

b) point cloud display of 
CFD results 

c) c
p
 values at FEA nodes 
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in Ref. [7] and such a hybrid lay-up was used to ensure sufficient stiffness in the spanwise 
direction and sufficient flexibility in the chordwise morphing direction. Material 
characterization was performed and orthotropic properties were generated from 
homogenization procedures. This material information was used in the finite element analysis 
subroutines where layered shell elements with multiple plies in orientations as specified by a 
plybook were used. The optimization procedure and the ensuing results are presented in this 
section. 

3.1 3D Skin Optimization Method 
The optimization method is based on that of Refs. [4,8] with modifications necessary for 

the large displacements and 3D analysis made in this work. The optimization solver is the 
Nelder - Mead Simplex local method [15] and is suited given the non-differentiable nature of 
this optimization problem. In total 24 design variables were used which included 14 skin 
thickness points (7 at the inboard and outboard aerofoil profiles and bilinearly interpolated 
between to map the thickness over the entire droop-nose surface), 5 stringer position points, 
and 5 force values (scaled along the span and applied at the 15 force application points i.e. 5 
stringers × 3 ribs). It should be noted that modifications to the optimization tool included the 
ability to easily change mesh fidelity as the computation time is high, and easily change the 
number of stringers. The overall process is shown in Fig. 3. The objective function was to 
minimize the combined displacement and curvature error over the droop-nose surface over 
three different load cases, namely droop under actuation load without aerodynamic load, 
droop under actuation load with aerodynamic load, and clean under blocked actuator with 
aerodynamic load. Spar bending was omitted at this stage and is checked at the end of the 
optimization procedure. 

 

 
 

Figure 6 Concept of a single droop-nose segment showing kinematic rib stations. 
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Figure 7 Cross-section view of the hybrid GFRP-EPDM composite skin 

3.2 3D Skin Optimization Results 
Displacement, curvature, strain and reaction forces output by the skin optimization tool are 

presented in this section. Fig. 8 shows the resultant profile shapes under the different load 
cases at the root and tip locations of the droop-nose segment. It is clear that the target shape is 
appropriately met under all load cases thus verifying the suitability of the optimization tool to 
find optimum values of the design variables. The mean curvature errors presented in Fig. 9a 
further confirms this with the errors being in the range of 1.5 × 10-3 mm-1. The thickness 
distribution shown in Fig. 9b depicts higher thickness towards to the spar and root and lower 
thickness towards the leading edge and tip section. This is expected given the target curvature 
difference function shown in Fig. 2d and the taper in chord and profile height along the span. 
The strain results in Fig. 9c show that maximum strain occurs due to the straightening of the 
leading edge line from the clean configuration to droop configuration. The contours are 
shown for the outer EPDM layers and for the outermost GFRP layers the strain was in the 
order of 1.5%. The strains for the cruise configuration in Fig. 9d show low holding strains 
even in the outermost EPDM layers at 0.3%. 

4 KINEMATIC MECHANISM DESIGN 
It is envisaged that the skin is supported by a set of metallic mechanical linkages and pin 

joints connected to rotational actuators. The kinematic linkages need to move in the paths the 
stringers would assume as calculated in the skin optimization stage. An additional 
optimization tool has been used to determine the kinematic mechanism design.  
 

HexPly
®

 913 GFRP prepreg layers 

HexPly
®

 913 GFRP bundle (high stiffness in the spanwise direction) 

EPDM elastomer 
1.2 mm 
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Figure 8 Root (IB) and tip (OB) profile shape results under different load cases. 
 

 
 

Figure 9 Results of the 3D skin optimization stage. 

a) Mean curvature error. b) 3D thickness distribution of GFRP/EPDM composite. 

b) Outer layer strain results at cruise, 3 deg. AoA. b) Outer layer strain results at approach cLmax. 

Thickness in mm Curvature in mm-1 

Strain Strain 
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4.1 Kinematic Optimization Method 
The kinematic optimization tool uses a local optimization solver to determine the locations 

of pin joints and linkage lengths. The tool cycles over the number of stringers and for each 
stringer a single joint in the connection between actuator and stringer is used. In this way, the 
path to each stringer is independently calculated though using the same actuator position and 
magnitude of rotation for all actuator-stringer paths. The design variables are the positions of 
the pin joints P(x, z), the actuator position (xd, zd) and the actuator rotation angle ϕ as shown 
in Fig. 10. The objective function is to minimize the length error between the moving pin 
joint-target trajectory point (Li – L1) over all m target trajectory points.  

 

 
 

Figure 10 Kinematic mechanism optimization tool design variables. 

4.2 Kinematic Optimization Results 

The resultant inboard kinematic design is shown in Fig. 11a as an example. The mid span 
and outboard kinematic stations featured similar results. An example search history of the pin 
joint for stringer 2 is shown in Fig. 11b with dark red being the worst location and dark blue 
and the overlaid green cross being the best location of the pin joint. In this case the maximum 
length error over the trajectory points was 0.62 mm. One drawback of the method is that 
given the skin is flexible, the actual assumed point by the stringer may fall anywhere on the 
circle prescribed by the linkage from the pin joint to the stringer. This needs to be addressed 
in future work. 

4.3 Integration into the Skin Model 
The resulting kinematic linkages were input into the existing skin finite element model as 

multipoint constraint rigid link and spherical joint elements. The strain results in Fig. 12 and 
show that the deformation under actuation load and transmission through the kinematic 
linkages results in appropriate droop deformation. The strain values remain in the order of 
1.5% for the outermost GFRP layers and the actuator torque for the different load cases are 
shown in Table 2.  It can be seen that actuator torque requirements are relatively high with 
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maximum values of 1765, 3587 and 527 Nm for the cases of droop without aerodynamic 
loads, droop with maximum approach loads, and clean with cruise aerodynamic loads 
respectively. From the difference with and without approach loads, it can be seen that the 
external pressure loading itself requires approximately 2000 Nm of torque. Whilst these 
values are high, they are producible through actuators such as harmonic drives or traditional 
torque tube and reduction gearbox transmission systems as used in conventional aircraft. 
Reduction in actuator torque could be possible by positioning the actuator closer to the 
foremost stringers thereby reducing the moment arm and thus torque. 
 

 
 

Figure 11 Results of the kinematic optimization stage. 
 

 
 

Figure 12 Finite element strain results at outer EPDM layers with kinematic linkages and actuator rotation. 

a) Kinematic design of the inboard station. b) Sampled search points with length error for stringer 
2. Red points have large errors and blue points have 
low. The green cross is the best found location. 

30 deg. 
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Table 2 Actuator rotation and torque results. 
 

Station Rotation, deg. Torque, N·m 
Droop, no aeroload 

IB 30 910 
MID 30 1765 
OB 30 1323 

Droop, cLmax approach 
IB 30 2782 

MID 30 3587 
OB 30 2535 

Clean, 3 deg. AoA cruise 
IB 0 527 

MID 0 431 
OB 0 164 

 

5 CONCLUSIONS AND FUTURE WORK 
The procedure of the structural design of a large displacement morphing wing leading edge 

was presented in this work and intermediary results show the validity of the methods used. A 
number of tasks are required to refine the design before the manufacture stage, namely the 
post-optimization validation with bending loads applied, the inclusion of draping effects along 
the 3D surface and orientation of the stackings of individual elements, the improvement of the 
kinematic optimization procedure to ensure kinematic trajectories match the targets, and the 
inclusion of strap material for the connection of the linkages to the stringers as this will be 
necessary in the manufactured part. Parallel to this design, the design of compliant 
substructures is also being investigated for comparison purposes. 
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A Multistable Helical Structure Enabled by Automated Fibre Placement

A multistable helical structure enabled by Automated Fibre Placement 

R. Telford, P.M. Weaver 

Varicomp, Bernal Institute, University of Limerick, Ireland 

Significant opportunity exists to exploit composite materials for enabling morphing structures. Morphing structures 
are capable of undergoing large, controlled and seamless shape changes to adapt to changing requirements [1, 2].  
Potential beneficiaries of such technology include the aerospace and wind-energy industries, where there is a 
premium on lightweight and efficient structures. Morphing airfoils increase aerodynamic efficiency by changing shape 
without creating aerodynamic gaps, as currently occurs with hinged surfaces. This leads to a reduction in drag, fuel 
usage, emissions and noise. In addition, reductions in system weight are possible through active load alleviation and 
reduced actuator requirements. Likewise, spacecraft frequently employ deployable structures to minimise payload 
volume during transport. Increasing the shape changing configurations possible while minimising the weight of 
deployable structures results in valuable additional capabilities for such applications. 

Maximising the potential of morphing structures is currently hindered by the opposing requirements of a flexible 
surface capable of large strains (enabling morphing), structural rigidity (reducing deformation under in-service loads) 
and low weight (to achieve efficiency goals)[3-5]. The properties of composite materials provide solutions to these 
challenges. Firstly, by exploiting the anisotropic material properties and pre-stress of fibre-matrix composites, novel 
morphing structures with large deformations and tailored energy landscapes become possible. Secondly, the high 
strength-to-weight ratio of composite materials allows for strong, yet lightweight structures. Combined, these 
properties enable lightweight yet stiff structures that can morph through careful control of their flexural stiffness.  

This work aims to enable new highly adaptable and lightweight morphing structures through the use of Automated 
Fibre Placement (AFP). By utilising fibre steering, highly complex geometries with local variations in stiffness become 
possible, allowing for new morphing concepts to be developed. The accurate fibre placement possible also allows for 
precise control of the energy landscapes, resulting in highly-optimised morphing structures.  

A multistable helical structure (as in Figure 1) was manufactured. The composite flanges were manufactured through 
winding on a cylindrical tool before being assembled into the helical structure using rigid spokes. By controlling the 

critical length L,  (as described by √𝜀𝜀𝜀𝜀 ≫ 1, where ε is a material parameter) a previously analytically 
predicted shape configuration (see [6]) was experimentally verified.  

 

Figure 1 Multistable twisting structure in (a) the straight, (b) the twisted, (c) the coiled configuration (reproduced from [7])  and (d) example of a 
stable perversion of a long ladder (eproduced without permission from [9]) 
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Abstract. A novel span-wise twist morphing flap device is presented in this paper which
provides smooth trailing edge deflection variation along the wing span. The span-wise morphing
trailing edge proposed consists of carbon fibre reinforced plastic laminate spars and ribs which are
assembled in a grid pattern. The composite laminate spar strips are manufactured in a stress
free state with an initial curvature and are prestressed by flattening before assembly, which
provides a heightened strain energy state of the structure. The prestress effects in the spar
strips lead to structural stiffness tailorability and multistability. Design parameters including
laminate layups of the spar and rib and the initial curvature in the spar strips are investigated
in a preliminary optimization study using an analytical model. Results show that by tailoring
the structural design, the stable equilibria configuration of the span-wise morphing trailing edge
can be set over a wide range of torsion angles and a zero torsional stiffness span-wise morphing
trailing edge design can be achieved as well. Results are verified against finite element analysis
and good correlation is found.

1 Introduction

Morphing structures have been considered as promising high-lift devices of the next generation
aircraft and have received significantly growing attention. Due to the intrinsic conformality
of morphing structures, they are believed to be more efficient and quieter compared to the
mechanical control surfaces used on aircraft and wind turbine blades[1].

Airfoil morphing concepts are primarily classified into two main categories: in-plane morph-
ing and out-of-plane morphing with the latter predominantly studied in research. Chord-wise,
span-wise profile change and twist are the three different ways of enabling out-of-plane morphing
structures[3]. Chord-wise morphing structures have received growing interest in recent decades.

1
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Campanile et al.[5] developed a chord-wise morphing airfoil concept, the Belt-Rib, consisting of
a closed belt and spokes. Experimental studies have successfully confirmed the feasibility of the
concept for airfoil flow control purposes and was shown that careful tailoring of the structural
stiffness of the Belt-Rib can lead to significant aerodynamic and aeroelastic amplification effects
minimising the external actuation requirement. However even though a continuous chord wise
structural surface is achieved with the morphing trailing edge concepts, span-wise end gaps
remain between the discrete morphing trailing edges that could lead to increased noise emis-
sion and drags. To address the issue, different flap transitions span-wisely linking flaps have
been proposed recently[7, 8, 9, 10]. Woods et al. [10] proposed an elastically lofted transition
control surface for wings which covers the gaps between span-wise ends of adjacent control sur-
faces. The proposed morphing transition control surface constitutes a series of stacked ribs with
skewed corrugations along the wing span which combines material and geometric compliance
with bend-twist coupling. Desired span-wise deformation can be obtained with carefully selected
corrugation skewing angles in the ribs.

In this paper, a novel span-wise twist morphing trailing edge (SMTE) concept is proposed
which features prestressed composite laminate spar strips. Prestress effects in structures have
been widely used to adaptively change the structural stiffness[13] and the proposed SMTE
concept draws on previous research work by Daynes and Weaver[12] and Lachenal et al.[11]. The
paper is organised as follows: firstly, the spanwise morphing flap design is introduced followed
by an analytical model to describe the mechanical behaviours of the flap; then, a preliminary
optimization study is carried out in terms of the spar laminate ply angle and the initial curvature
of the strips and verification studies are done using a commercial software, ABAQUS; the paper
is finished by presenting conclusions and future work.

.

2 The span-wise morphing flap design

A SMTE provides smooth span-wise change of wing shape and can also be used as a smooth
transition between span-wise ends of flaps and morphing trailing edges, as shown in Figure 1.
Drag and wing noise emission then can be reduced by removing flow vortices around the flap ends
from the pressure side to the suction side. In this section, a SMTE consisting of CFRP laminate
spars and ribs is introduced and an analytical model is developed to describe the mechanical
behaviours of the structure.

The proposed SMTE concept consists of two main types of components: ribs along chord
and spars in the span direction, which are assembled in a grid pattern. A NACA 0012 airfoil
is chosen in this study. The wing has a chord c, of 500 mm and the trailing edge length b is
100 mm (20% of the chord of the airfoil, c). The span length, L, is 600 mm and five ribs are
evenly arranged. Three rows of spar strips are used: the rear, middle and tip spars, as shown in
Figure. 2 and the spar strip length, l is 150 mm. Distances from rear spar to middle spar, R1

and from middle spar to tip spar, R2, are 30 mm and 40 mm respectively. The paper focuses on
describing a generic concept of a twist morphing trailing edge instead of developing a product
for any specific application and as such, the geometric parameters used are for general purposes
and not optimized. All the rib and spar strips are made of composite laminates using Hexcel
8552/IM7 CFRP prepreg[15] with mechanical properties given in Table 1. All ribs have the
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Figure 1: Wing with a chord-wise and span-wise morphing trailing edge

Table 1: Material properties of prepreg material [15]

Material E11 (GPa) E22(GPa) G12(GPa) ν12(−−) ν21(−−) Thickness (mm)

8552/IM7 135 9.5 5 0.3 0.021 0.125

same laminate layup of [04] with 0◦ along chord and the spar ribs ply angle β is considered as
a design parameter for a layup of [β8] with 0◦ along span. It is worth noting that prestress
effects are only introduced in to the middle and tip spar strips with an initially manufactured
curvature before assembly (see Figure 2). Morphing skins are not included in this section and
are discussed briefly in a later section.

The twist axis is positioned at the centroid of the rear spar and does not coincide with the
shear centre of the structure. The offset between the selected twist axis and the structural shear
centre leads to span-wise bending deformation and such effects can be minimised by optimizing
the positions of the middle and tip spar, i.e. R1 and R2, which is not considered in detail
in this paper. The rear spar strips are manufactured flat without an initial curvature while
the middle and tip spar laminate strips are manufactured in a stress free state with an initial
curvature κx,initial along its local x axis (see the coordinate system in dashed line Figure 2). The
grid structure is then constructed in a heightened energy state and the pre-stored energy in the
flattened spar strips can be released during the twist deformation to reduce the work done by
the actuation force.

3 Mechanics

3.0.1 Strain energy Π

The internal grid structure of the SMTE is similar to the morphing airfoil device by Daynes
et al.[12]: two prestressed spars are kept at a distance Ri from the twist axis at the centroid of
the rear spar and are subject to twist deformation about the twist axis under twist moment. In
this paper, the inextensible model developed in Ref. [12] is adopted and assumptions are: the

3
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Figure 2: Schematic of the span-wise morphing trailing edge design

laminate strip deformation is inextensible and the curvature is uniform across the mid-surface
of the strips. When the SMTE is subject to a twist angle ϕ at the span-wise end as shown
in Figure 2, the curvature change △κ of a spar strip with respect to its local coordinate (see
coordinate system in dashed line in Figure 2) is expressed as follows[12]:

△κ =




△κx

△κy

△κxy



=




Ri · ϕ2

2L2
− κx,initial

0

2
ϕ

L




(1)

where Ri refers to R1 and R2 for middle and tip spars respectively and is zero for rear spar
and L is the SMTE span length; κx,initial is the initial bend curvature in the middle and tip
spar strips, defined as κx,initial = 1/ρ with ρ denoting the initial radius of curvature in the pre-
bend strips. An assumption is made that the transverse curvature is negligible in the model,
which is valid for slender strips where strain energy from longitudinal curvature and twist are
dominant. However, a thorough study has been carried out by Lachenal et al.[14] to investigate
the effects of the transverse curvature on the stability of helix structures and it was found that
membrane stretching occurs when the transverse curvature is considered and a two-dimensional,
extensional model can provide explicit insight into the mechanical behaviours. In the following
sections, investigations are carried out with the analytical formulations in Ref. [12] owing to its
simplicity.

The structural strain energy Π is expressed as:[16]
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Figure 3: Surface and contour plot of strain energy Π, twisting moment M and torsional stiffness GJ
as a function of ply angle β and twist angle ϕ for α = 0

Π =
1

2

N∑
i=1

liHi△κTi D
∗
i κi (2)

where N is the total number of spar strips in the structure while li and Hi denote the length and
width of the ith strip respectively; △κTi refers to the transpose of the curvature change tensor
△κi; D

∗
i represents the reduced flexural stiffness matrix of the composite laminate spar strips

and is defined as: D∗ = D −BA−1B where A, B and D are the in-plane, coupling and flexural
stiffness matrices in classic laminate theory[17].

Combining Eq. 1 and 2, the strain energy is calculated as:
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Π =
1

2

∑N
i=1 liHi△κTi D

∗
i κi

=
1

2

∑N
i=1 liHi{D∗

11,i(△κx,i)
2 + 2D∗

16,i(△κx,i△κxy,i) +D∗
66,i(△κxy,i)

2}

=
1

2

∑N
i=1 liHi{D∗

11,i(
Ri · ϕ2

2L2
− κx,initial)

2 + 2D∗
16,i(

Ri · ϕ2

2L2
− κx,initial)(2

ϕ

L
) +D∗

66,i(2
ϕ

L
)2}
(3)

where D∗
11,i D

∗
16,i and D∗

66,i are the stiffness components of the reduced flexural stiffness matrix
of the ith laminate spar strip. As the spar laminate strips are constrained from warping at
both ends, the torsional stiffness has been effectively increased and the new stiffness is expressed
as:[12]

D∗
66,new =

D∗
66

1− Hi

12li

√
10E11

G12

(4)

where E11 and G12 are the longitudinal Young’s modulus and in-plane shear modulus and given
in Table 1.

3.0.2 Structural stability

The stable equilibria of the SMTE can be found by seeking the minimum strain energy state
in terms of the design parameters i.e. the laminate ply angle β for all the spar strips, the initial
pre-bend curvature κinitial in the middle and tip spars and the twist angle ϕ[12, 18]. Stable
equilibrium configurations are determined when the first derivative of the strain energy Π is
zero and the second derivative of Π is greater than zero. The first derivative of the strain energy
with respect to the twist angle ϕ is the twisting moment M and the second derivative of Π to ϕ
is the torsional stiffness GJ . Expressions of M and GJ and the structural stability criteria are
expressed as:

M =
∂Π

∂ϕ
= 0

GJ =
∂M

∂ϕ
=

∂2Π

∂ϕ2
> 0

(5)

4 Preliminary optimization studies

With the developed formulations of the strain energy and the stable equilibria conditions
in Eq.3 and 5, a preliminary optimization study is carried out to investigate the stability of
the SMTE. The design parameters considered in this study are the initial pre-bend radius of
curvature ρ of the middle and tip spar strips, the spar laminate strip stiffness matrix D∗ and the
twist angle ϕ applied to the SMTE. In order to simplify the analysis, only symmetric laminates
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Figure 4: Plots of twisting moment M and torsional stiffness GJ as a function of ply angle β and twist
angle ϕ for α = 0.2

with the same orientation angle β (defined in the local coordinate system shown in dashed lines
in Figure. 2) with constant thickness of 1 mm are considered for all the spar strips, i.e. a layup
of [β8]. Ply angle varies from −90◦ to 90◦ to cover the whole ply angle range. The twist angle
ϕ is selected to change from −30◦ to 30◦, which provides a large deformation capability for the
SMTE. A parameter α, is defined as the ratio of the spar length l to the initial pre-bend radius
of curvature ρ, i.e. α = l/ρ. After a parametric sensitivity study, a range of [0,1.5] is selected
for α. Effects of the ply angle β and α on the stability of SMTE are studied and discussed in
detail in the following sections.

4.1 Ply angles

Figure 3 presents the surface representation and contour plot of strain energy Π, twisting
moment M and torsional stiffness GJ of the SMTE as a function of ply angle β of the laminate
spar strips for a zero initial curvature in the middle and tip spars (see Figure 2). Without
the prestress effects in the spars, the strain energy Π increases with the twist angle ϕ for all
ply angles and peaks are found at ply angles β = ±45◦ and twist angle ϕ = ±30◦. A unique
stable equilibrium is found at ϕ = 0◦ where the condition M(0) = ∂Π/∂ϕ = 0 (Figure 3(c)) and
GJ(0) = ∂2Π/∂ϕ2 > 0 (Figure. 3(d)) are satisfied. As expected, a ply angle of β = ±45◦ provides
the highest torsional stiffness and hence requires greatest twist moment. Without any pre-stored
strain energy, the neutral position of the SMTE is only possible with ϕ = 0◦, which corresponds
to a minimum strain energy state for the SMTE.

Twist moments and torsional stiffness of the SMTE for non-zero initial curvature κx,initial
(α = 0.2, 0.6 and 1.3) are shown in Figures 4 to 5. As the SMTE begins being assembled
in a heightened energy state, the stable equilibria configurations become dependent on the ply
angle β and α. The lines where the twisting moment is zero (M = 0) in Figure 4(a) indicate
that the stable equilibria configurations of the SMTE, corresponding to positive stiffness GJ
in Figure 4(b). In Figure 4(a), for α = 0.2, the stable configuration varies from ϕ = −0.4
rad with a ply angle of β ≈ −10◦ to ϕ = 0.4 rad with a ply angle of β ≈ 10◦. Interestingly,
one stable configuration corresponds to two different ply angles. As the initially stored energy
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further increases to α = 0.6 and more energy can be released in the twisting deformation, the
stable twist angle of the SMTE further increases to ±0.524 rad (±30◦). Similarly, every stable
equilibrium corresponds to two ply angles, one of which is in a narrow range about β = 0◦. It
is worth noting that the stable neutral position of the SMTE proposed can be predefined in a
wide range of twist angles ϕ (in this case, ϕstable = ±0.524 is achievable) by selectively designing
the ply angle and the initial curvature in the middle and tip spar laminates.
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Figure 5: Plots of twisting moment M and torsional stiffness GJ as a function of ply angle β and twist
angle ϕ for α = 1.3

Particular attention is paid to a design case of α = 1.3 where a zero torsional stiffness (ZTS)
SMTE is observed. As shown in Figure 5(a) and 5(b), the dotted line at a ply of angle β = 0◦

shows that for all the twist angle from ϕ = −0.524 to ϕ = 0.524, the twisting moment M and
torsional stiffness GJ remain unchanged at zero and the required actuation twist moment hence
becomes zero. The ZTS SMTE observed is discussed in detail in a later section with finite
element method (FEM).

4.2 Initial curvatures

In this section, three ply angles β of 0◦, 45◦ and 90◦ are selected to investigate effects of
initial curvature in the middle and tip spar strips on the twist moment, torsional stiffness and
stability of the SMTE. It has been noticed that effects of α on twist moment and torsional
stiffness change significantly as the ply angle increases from 0◦ to 90◦. As shown in Figure 6,
for a ply angle β = 0◦, the twist moment for a certain twist angle ϕ decreases to zero while α
increases from 0 to 1.3. The torsional stiffness also reduces from 180 Nmm for α = 0 to zero
for α = 1.3 and increases again to 20 Nmm for α = 1.5. The ZTS SMTE case is also observed
in Figure 6 and marked by the dotted line in the plots. For ply angles of β of 45◦ and β = 90◦,
however, no ZTS SMTE design is found.

It is shown that changes to material stiffness and initial curvature in the prestressed spar
strips significantly affects the structural elastic strain energy, torsional stiffness as well as the
stable equilibria configuration. The neutral stable position of the SMTE can be pre-defined
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Figure 6: Plots of twisting moment M and torsional stiffness GJ as a function of α and twist angle ϕ
for ply angle β = 0◦

by carefully selecting the spar strip ply angle β and the initial curvature in the prestrssed
strips. This functionality provides a new design freedom of control over the SMTE concept and
particularly, a ZTS SMTE is also obtained minimising the actuation force.

5 Results validation

5.1 Finite element method

Commercial software package ABAQUS/CAE (ABAQUS 6.12, Dassault Systems Inc., VV,
France) was used to verify the analytical model. All the spars and ribs were modelled with S4R
shell elements and after a mesh convergence analysis, a mesh seed size of approximate 4 mm was
chosen for the model. The 8552/IM7 CFRP mechanical properties in Table 1 were used and the
laminates were modelled with ’Composite Layups’ in Abaqus. One span-wise end of the rear
spar was clamped as boundary conditions while twist deformation was applied as displacement
boundary conditions at the centroid of the other end where the reaction twist moment was
measured.

The ZTS SMTE design found in Section 4 was modelled, which has a layup of [08] for all
the spar strips with 0◦ along span-wise direction and ribs are CFRP laminates of layup [04]
with with 0◦ along chord-wise direction. With the analytical model, it is found that an initial
manufactured radius of curvature ρ = 115.1 mm (corresponding to α = 1.3) in the prestressed
middle and tip spar strips (see Figure. 2) leads to the ZTS of the SMTE. In this study, an
equivalent gradient temperature field across the laminate thickness is modified to model the
prestress strain caused by flattening the initial pre-bend laminates[19].

Figure 7 shows that the developed analytical model provides accurate predictions of twist
moment for the SMTE compared to FEM. It is noticed that for the ZTS design, discrepancy
between the analytical model results and FEM increases for larger twist angles. However,
significant reduction in torsional stiffness and twist moment is still observed for α = 1.3 for both
the analytical model and FEM. A parametric study with FEM shows that a further increased
α = 1.62 shows a ZTS performance in FEM, as presented by the dashed black line in the
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plot. The difference is believed to be due to the simplicity of the analytical model and also the
models used to capture the restrained warping, as the airfoil thickness varies along the chord
and in the analytical model only an averaged spar strip thickness is used to model the warping
restraint effects[12]. Furthermore, the stress concentration and redistribution caused by the
prestress at the corners between spar strips and ribs are not modelled in the analytical model,
which contributes to the discrepancies too. Furthermore, it is noticed that the proposed SMTE
trailing edge deflection features a typical shear/torsion deformation shape along the span with
a constant slope of ϕ/L.

6 Conclusions

A novel span-wise twist morphing trailing edge device consisting of CFRP ribs and spars are
proposed in this paper and preliminary optimization studies are carried out. In the developed
SMTE concept, the middle and tip spar strips are prestressed by flattening a manufactured initial
curvature before the structure is assembled. This way, the SMTE grid structure is built to a
heightened strain energy state and yields different stable equilibrium configurations depending
on the laminate layups, prestress and geometric parameters. Investigations using an analytical
model are carried out and thorough parametric studies show that by selectively changing the
spar laminate layups and the initial curvature in the prestressed spar strips, stable neutral
position of the SMTE can be pre-defined over a wide range of twist angles (±30◦ has been
achieved in the current design). In particular, a zero torsional stiffness design is found for spar
strips with layup of [08] and α = 1.3 corresponding to an initial radius of curvature of 115.5
mm in the pre-stressed spars. Our analytical model is verified using commercial FEM and good
correlation was found. With the ZTS SMTE, the torsional stiffness is significantly reduced and
hence the required actuation force are decreased greatly, even to zero. Though some relative
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minor discrepancy is observed between the proposed analytical model and FEM yet, the current
model can be used for preliminary optimization studies. Future work may include:

• integrity design between the SMTE and leading edge body of wing;

• studies on actuation method using smart materials including piezoelectric and shape mem-
ory alloy material;

• morphing skin selections.
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Abstract. Fabrics using a knitted architecture can provide interesting structural characteristics 
like stiffness, bi-stability and textured surfaces, but using only traditional fibers renders these 
textiles passive and unresponsive. Shape memory alloy (SMA) is an accessible and bendable 
smart material with the advantage of its reversible thermally induced change of state between 
austenite and martensite, which can be used in a knitted structure to create shape changing 
surfaces. Active SMA knits offer the potential of designing flexible actuators and interactive 
surfaces in products to provide adaptive textures and haptic feedback to fully engage customers 
with the product, which will revolutionize user experience. Recent research has demonstrated 
that fabrics hand knitted from SMA wires can produce interesting shapes and motions when 
heated, but the samples have loose and inconsistent knitting patterns. This project aims to 
quantify and characterize the mechanical behaviors of knitted SMA samples fabricated by an 
industrial flat bed knitting machine, which provides a more consistent and reliable structure 
with denser knitting patterns than can be achieved by hand knitting. When heated, a knitted 
SMA sample using single-jersey stitch forcefully deforms out of plane into a curved shape with 
a height which varies with an applied compressive load. Unlike previous hand knitted samples, 
these dense, machine-knitted samples exhibit bi-stability, where the knits deform in either 
course-wise axial curling or wale-wiselongitudinal rolling depending on the boundary 
conditions. This bi-stable actuation is often biased towards one of the two directions depending 
on the overall geometry of the sample, but the two actuation modes are generally 
interchangeable by setting boundary conditions. Force-deflection properties of the samples 
were experimentally characterized on a specifically designed test rig, by measuring the 
compressive force as a function of displacement at both low (~25 °C) and high (~100 °C) 
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temperatures, below and above the SMA transition temperature. A parameter study is done to 
quantify the scaling effect of geometry on actuation force and displacement, demonstrating that 
the displacement scales linearly with sample width. The quantified actuation curves of curling 
and rolling actuation modes can allow designers to distinguish between the two different 
behaviors of the bi-stable samples based on measurement data. The ranges of the achievable 
actuation force (up to 1600 gram-force) and displacement (up to 5mm) are of levels useful for 
interactive surfaces, the motions and shapes of which can be experienced by customers. This 
quantitative study of actuation performance and bi-stability of SMA wire knitted structures will 
be a foundation of designing future interactive surfaces in products.  

1 INTRODUCTION 
Automotive manufacturers have been continually developing advanced technology for 

vehicles, especially focusing on functionality, safety, and performance.  Recently this focus has 
increasingly been emphasizing the customer-vehicle interaction.  Customers interact with many 
components within their vehicle including the steering wheel, seats, entertainment controls, etc.  
Some features within the vehicle, however, remain completely passive, particularly the many 
smooth, featureless surfaces visible to and accessible by the customer.  Unexplored 
opportunities exist in this area of future vehicle design to creating interactive surfaces in 
vehicles to revolutionize the user experience. From the steering wheel, the inner surfaces of car 
doors, to any surface that the users touch by the hands and the body, if those otherwise passive 
surfaces can be controlled to change shape, texture, and appearance to provide visual and haptic 
feedback, they will fully engage both drivers and passengers, providing exciting new 
experiences with such new design features. 

Most vehicle interior surfaces are relatively smooth and featureless.  Knitted fabrics, 
however, provide the potential for creating a huge variety of different textures and appearances.  
A knitted structure is constructed by repeated single basic loops (Figure 1) of either knit loops 
(loop legs in front of ridges) or purl loops (loop legs behind ridges).  The length of each loop is 
referred to as the stitch length.  This unique structure is used extensively in the fashion industry 
and more recently in the area of architecture [1] where knitted surfaces provide interesting 
mechanical characteristics such as corrugated surfaces, bi-stability and extra stiffness (Figure 
2).  

However, knitted surfaces made from traditional fabrics like wool, cotton, and synthetic 
yarns are still unchanging and unresponsive.  Recent research has explored the use of active 
material fibers in a knitted structure to create interactive surfaces by leveraging the base 

 
Figure 1.  Knitted structures consist of interlocked knit and/or purl loops.  A single-jersey (stockinette) 

stitch pattern is shown [3]. 
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material’s own behaviors. Smart textiles have been developed using shape memory alloy 
(SMA) [2], [3], piezoelectric fibers [4], and electroluminescent yarns [5]. Prior research of 
SMA knitted fabrics [3] has shown hand-knitted SMA samples, which demonstrated 
outstanding mechanical behaviors and motions that produced a wide variety of bumpy and 
shape-changing surfaces.  Of these three materials, the texture and shape changing capabilities 
demonstrated by knitted SMA combined with its commercial availability and off-the-spool 
functionality make it particularly promising for interactive surface technologies 

Shape memory alloy, transforms between soft, deformable martensite to stiff austenite in 
response to heating above its transition temperature.  In a knit structure, the stiffening of the 
wire upon heating causes the knit loops to attempt to straighten to their memorized straight 
shape, pushing against the neighboring loops into which they are interlocked.  The result is a 
bulk deformation of the entire fabric depending on the structure of the knitting pattern, 
boundary conditions, and hierarchical textile structure [3].  For example, samples with a 
Stockinette pattern roll into a tube after heated (Figure 3(a)), and samples with a Rib knit 
patterns deform into a W-shaped bumpy surface (Figure 3(b)). The deformation of these active 
knitted structures shows the potential to create interactive surfaces and adaptive textures.  

   
Figure 2. Knitted fabrics can create corrugated surfaces, surfaces with extra stiffness and elasticity, and bi-

stable surfaces [1]. 

 
a) Stockinette pattern 

 
b) Rib knit pattern 

Figure 3. . Hand knitted samples move and change shape when heated [3]. 

Course 

Course 
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In these earlier studies, however, these samples were knitted by hand and therefore loose 
and inconsistent with uneven stitch lengths, loop diameters and loop shapes (Figure 4), making 
it somewhat difficult to quantify their behavior.  In addition, the looseness of the knit limits the 
mechanical interaction between adjacent loops since there is significant freedom of motion 
within each loop.  These hand-knit samples are not representative of future knitted products in 
mass production which can be knit much more densely with extreme consistency. 

This paper examines machine-knit SMA samples, characterizing and quantifying their 
mechanical behaviors. Densely knit single-jersey (equivalent to Stockinette stich in hand-
knitting) samples are produced from commercial SMA wire on an industrial knitting machine.  
Their course-wise curling and wale-wise rolling behaviors upon heating are examined, and a 
geometry-dependent bistable actuation behavior is identified.  The ability of the samples to 
actuate against a load is measured and a parameter study quantifies the scaling effect of 
geometry and sheds light on the ranges of geometries under which the two modes of the bistable 
behavior are exhibited.  By characterizing the actuation behavior of machine-knit SMA 
samples, this study provides an initial basis for the identification of potential applications for 
the use of such smart textiles for interactive surfaces in future vehicle interior design. 

2 QUALITATIVE SMA MACHINE-KNIT BEHAVIOR 
Since the behavior of an SMA knitted sample depends on the mechanical interactions 

between adjacent loops, it is expected that the density of knitting has a significant impact on 
the behavior of an SMA knit sample.  To understand the types of behaviors produced by the 
extremely dense machine knit SMA samples, and to guide the quantitative measurement of 
actuation behaviors, a qualitative examination of the SMA knit behaviors is necessary.  SMA 
knit samples were produced on an industrial knitting machine and heated under a variety of 
initial and boundary conditions to expose the variety of accessible behaviors. 

2.1 Machine-Knit Fabrication 
Machine knit samples were fabricated on a Stoll CMS 822 HP knitting machine [6] (Figure 

5).  SMA wires (0.010’’ Dynalloy FLEXINOL® Actuator Wire) are used for the main body of 
the sample with traditional yarn used at the two ends of the sample to aid in fixturing when 
characterizing the samples.  The desired single-jersey knitting program is loaded into the 
machine controller and the machine proceeds with the automatic knitting process.  When the 
machine is running, the knitting carriage moves forward and backward repeatedly to create 

 
Figure 4. A hand knitted sample of rib knit pattern exhibits a loose knitting desnity [3]. 
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loops in the knitted structure. Each pass of the knitting carriage creates a course: a horizontal 
row of kitted loops or stitches.  The number of courses (rows) and wales (columns) along with 
the stitch length correspond to the relative length and width of the sample, which are important 
geometric parameters of the SMA active knit. A completed rectangular knit sample is shown in 
Figure 6 with black SMA wire knit in the body, and brown traditional yarn fixturing patches at 
each end.  

2.2 Qualitative Observations of Mechanical Behavior 
Initially, all samples, as knitted, tended to naturally roll into a coiled shape with the axis 

perpendicular to the knitting direction, a nature typical of all single-jersey knits.  The behavior 
of samples was observed when heated with a heat gun above their transition temperature (~90 
to 100°C).  When heated from the initial state, all samples rolled more tightly into a smaller 
diameter tube under free loading.  However, by manually flattening the sample and then 
forcefully bending it in the perpendicular direction the sample can be switched from the rolling 
mode to a curling mode. All samples exhibited this bistable behavior with two different 
actuation modes – longitudinal rolling and axial curling (Figure 7).  Rolling actuation occurs 
around an axis perpendicular to the knitting direction starting with the edge course (Figure 8 
(left)), while curling actuation occurs around an axis parallel to the knitting direction starting 

 
Figure 5. All the samples are fabricated on a Stoll CMS 822 HP knitting machine, providing a consistent 

and dense knitting pattern [6]. 

 
Figure 6. Completed single jersey knit simple with 

SMA (middle) and yarn fixturing attachments (ends). 
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with the edge wale (Figure 8 (right)). All samples can be forced to actuate in either the rolling 
mode or curling mode by setting initial boundary conditions (for example, placing it between 
two rigid blocks to hold it in a partially curled shape before heating induces the curling mode).  
Generally, wider samples have stronger tendencies towards rolling, while longer samples have 
stronger tendencies towards curling. In either case, samples demonstrated forceful deformation 
when heated.  

In the rolling mode, the samples roll from a two-dimensional flat surface to a three-
dimensional coil; In the curling mode, the samples form a hump up to a higher and stiffer 
surface.  Therefore, the curling mode is more interesting for interactive surface design and 
testing because it retains the shape of a deformed two-dimensional surface when heated, which 
can be directly used to design shape-changing surfaces. 

3 QUANTITATIVE BEHAVIOR STUDY 
The primary action of the curling mode is to forcefully deform out of plane.  Quantitative 

measurement of this actuation behavior focuses on measuring the out-of-plane force-deflection 
properties of a sample when cold and when heated.  A set of four single-jersey knit samples 
spanning a range of widths and lengths were characterized on a planar compression 
experimental setup which measures the force required to compress the sample between two 
plates (Figure 9).  All samples used the same stitch length of 12.5 (units are specific to the 
STOLL software and knitting machines).  The resulting force-deflection behavior provides an 
understanding of the geometric scaling of force and deflection and of the dependence of the 
bistable behavior on sample geometry. 

3.1 Experimental Design 
Because the difference between rolling and curling mode is that either the edge course or the 

edge wale has a stronger tendency of moving, the width and the length of the sample has a 
strong effect to determine the preferred tendency of motion.  Therefore, in determining the set 
of sample geometries to characterize, the control parameters of the experimental design of 

 
Figure 7. Both course-wise curling and wale-wise rolling actuation modes can occur on the same knitted 

sample. The thick blue curves dwarn on the photo show the sectional arcs for rolling and curling. The arrows 
show the motion direction of the edges. 

     
Figure 8. Rolling Actuation (left) and Curling Actuation (right) are two co-existing mechanical behaviors on 

the active SMA knitted structure depending on boundary conditions. 
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experiments are the number of courses and number of wales. Starting with a particular shape, 
by doubling the number of courses (length) and/or doubling the number of wales (width), this 
experimental design explores the geometric and scaling effects of the actuation force and 
displacement. A baseline sample was knitted from 0.010’’ diameter SMA wire with a geometry 
of 8 columns and 26 rows.  A sample with double the rows (longer aspect ratio), a sample with 
double the columns (wider aspect ratio), and a sample with both double the rows and double 
the columns (same aspect ratio, double the size) were knitted (Figure 10). 

3.2 Experimental Testing Method 
An experimental setup was fabricated (Figure 11) to measure a sample’s compressive force 

as a function of sample height in the vertical direction.  A load cell is mounted onto a height 
gauge with a 3d printed fixture screwed on the gauge.  A flat metal plate is used to compress 
the sample and is mounted to a wood block directly attached to the bottom of the load cell.  
Since a heat gun is used to heat the sample, the wood block, combined with a cardboard heat 
deflecting shroud attached to the block, insulates and deflects the hot air from the temperature-
sensitive load cell to provide consistent force measurement.  The sample is compressed between 
the upper metal plate and a stationary lower plate, and is loosely taped down to the bottom plate 
at one end to prevent the hot air from dislodging the sample while ensuring free sideways 
deformation of the sample while it is compressed. 

Before measuring the force-deflection properties of a sample, the load cell and the height 
gauge are zeroed by measuring the load reading with only the wood block and cardboard shroud 

 
Figure 9. A flat plate on the top of the sample is used to measure the total compression force on the sample 

as a function of the sample height which is the gap between the top plate and the bottom plate. 

 
Figure 10. Parametric study DOE explores aspect ratio and scale relative to a baseline 8x26 sample. 
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hanging from the load cell, and by lowering the height gauge until the upper and lower plates 
touch.  The upper plate is then raised and a sample placed between the plates set into an initial 
arched condition conducive to either curling or rolling, depending on the state being tested.  The 
sample is held in its initial shape by slight compression between the upper and lower plates at 
the largest height possible before the sample curls or rolls back on itself.  

To measure the martensitic force-deflection behavior, at room temperature, the height gauge 
is incrementally lowered and the reading from the load cell and the height gauge is recorded at 
each increment as the sample is compressed. This is continued until the force level increases 
dramatically with a small additional displacement, indicating that the sample is compressed 
completely flat.  The measurement process is reversed, decompressing the sample until the 
measured load reaches zero.  Both the compression and decompression force-deflection data 
are plotted. 

A similar procedure is followed to measure the austenite force-deflection behavior where 
hot air is blown from a heat gun onto the sample as the data is recorded.  Since blowing hot air 
heats the sample inconsistently, and overheating the sample can damage the SMA material’s 
shape memory effect, the load cell reading is carefully monitored while heat is applied.  As the 
sample heats, the force measurement increases until the SMA fully transforms into austenite.  
At this point the force measurement remains constant with additional applied heat.  Heating is 

 
Figure 11. The experimental fixture contains the height gauge, load cell, 3D printed mounting fixture, wood 

block with the heat reflection cardboard shroud, sheet metal compression plate. 
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then reduced and this maximum force level is recorded.  To avoid hysteresis effects due to the 
austenite to martensite transformation, between compression and decompression displacement 
increments, the heat is not completely removed so that the sample does not begin to transform 
into martensite.  Like the martensite measurements, this process produces two curves when 
plotted, one during compression and one during decompression which differ due to both the 
hysteretic nature of SMA and due to the internal friction between the knit loops as the sample 
deforms.  Figure 12 shows the expected resulting load paths for the two curves generated for 
each of the two material states, austenite and martensite.  While all four curves are useful for 
characterizing behavior, when characterizing the actuation capabilities of a sample, the cold 
compression (down) curve and the hot decompression (up) curve are most relevant.  This is 
because when acting as an actuator, the sample expands upward when heated and is compressed 
downward when cooled. 

Typical force-deflection curves obtained from this process are shown in Figure 13.  Each of 
the four curves exhibits a characteristic “J” shape with a lower initial stiffness at high heights 
(small amount of compression) and an increasingly higher stiffness at larger compression.  The 
austenite force is generally larger than the martensite force.  For example, at 7mm of sample 
height, when the sample is only lightly compressed, there is a gain of 160 gram-force after 
heating the SMA knit. At 4mm of height when the sample is in the stiffer region, there is a gain 
of 1000 gram-force gain at the high temperature. This substantial force difference is available 
as useful out-of-plane actuation and is large enough to provide strong pushing tactile 
interactions with a user. 

The stiffness of the surface also increases from low temperature to high temperature in the 
slightly compressed region.  Above 6 mm height, the surface stiffness is 106 gram-force/mm at 
high temperature, which is much larger than the 19 gram-force/mm above 5mm height at low 
temperature.  In the highly compressed region, however, the stiffnesses are nearly equal, with 
492 gram-force/mm when hot below 5 mm height and 494 gram-force/mm when cold below 4 
mm height.  Thus, the sample stiffness when lightly compressed comes mainly from the bending 
stiffness of the wires themselves which changes between austenite and martensite, whereas the 
sample stiffness when highly compressed comes mainly from the compressive interactions 
between the overlapping wires and the knit geometry and is largely independent of the material 
stiffness. 

 
Figure 12. The testing cycles under low and high temperatures for the characterization of actuation 

performances of the SMA knitted samples. 
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The samples show good cycle repeatability under both low temperature and high temperature 
(Figure 14) with no visible trend after several cycles.  Thus, the SMA knitted surface appear to 
be able to actuate repeatedly without losing its stiffness and actuation force (although more 
cyclic testing is required), aiding characterization and enhancing the reliability of operation of 
interactive surfaces which will not lose its features and stiffness over time. 

3.3 Effect of Geometric Scaling in Curling 
The scaling effect for the curling actuation mode is investigated by testing three different 

knit samples (width × length): 8×52, 8×26, 16×52. The up actuation curves (most relevant to 
characterizing actuation performance) under high temperatures of different samples are 
compared in Figure 15.  Comparing 8×52 and 16×52 curves, when the width is doubled, 

 
Figure 14. Cycle repeatability test results show that the surface actuation performance is reliable and 

consistent after two to three cycles under low temperature (left) and high temperature (right). 

 
Figure 13. Typical testing results under low and high temperatures for the characterization of curling 
actuation performances of an 8-column by 52 row sample knitted from 0.010” diameter SMA wire. 
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doubles, the sample height approximately doubles throughout the entire actuation curve.  This 
scaling effect with length is expected since for a given shape, the height of an arch formed by 
curling actuation scales with the width of the sample (i.e. arch perimeter).  However, comparing 
the actuation performances of 8×26 the 8×52 samples, the displacements and forces are 
approximately the same when the length of the sample doubles.  This is not expected since a 
longer sample should act like two shorter samples acting in parallel, producing twice the force 
at the same displacement.  One possible explanation for this lack of linear relationship is that 
the edge effects overweighs the linear tendency, where rolling observed at the ends of the 
sample adds to the displacement, bending the ends upward.  This occurs more relative to its 
curling actuation in the shorter sample than it does to the longer sample where the overall length 
softens these edge effects. Thus, the shorter sample has a slightly larger deflection at a given 
load than does the longer sample rather than a larger force at a given displacement as expected. 

3.4 Rolling Mode Actuation 
Although the rolling actuation mode, which turns the sheet into a coil, doesn’t directly 

produce out-of-plane actuation, the potential exists to add boundary constraints to use this 
actuation mode for interactive surfaces.  The actuation force deflection data for rolling of a 
16x26 sample is recorded to produce behavior curves which distinguish the two different 
actuation modes directly from the measurement data.  Figure 16 shows that for this rolling 
actuation, there is 310 gram-force increase when heated in the slightly compressed region and 
a 1125 gram-force increase in the fully compressed region.  This actuation force gain is slightly 
larger than that in the curling mode actuation because the tube shape it forms can withstand a 
heavier load.  

The 16x26 sample used to test the rolling actuation mode has a much larger width then 
length, leading to a natural rolling motion.  Although the sample can be forced to actuate in the 

 
Figure 15. Up actuation force-deflection curves in curling for three different samples with either doubling 
the width or doubling the length. The displacement approximately doubles when the width of the sample is 

doubled, but there is no linear relationship found when the length of the sample doubles.. 
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curling mode, the sample naturally transitions to rolling mode under free loading (Figure 17).  
Depending on which actuation mode the sample is started in, the actuation curves behave 
differently depending on the original state. Figure 18 shows both the rolling and curling 
actuation heated up actuation curves of the same 16x26 sample which were induced by forcing 
the original state.  In the highly compressed region, the rolling mode produces a significantly 
larger force at the same displacement: 500 gram-force larger at 6mm height representing an 
80% increase.  This larger force makes sense because in rolling, the actuator has a longer 
support surface with shorter moment arms to leverage the bending in the sample to an upward 
force.  However, as the sample is decompressed in the up-direction, the rolling and curling 
forces become identical above 7 mm.  In this case, it was observed that as the sample was 
decompressed, the curling mode transitioned to rolling as the vertical constraint was relaxed. 

 
Figure 16. Rolling actuation performance for the 16x26 SMA sample. 

 
Figure 17. The 16x26 SMA simple naturally transitions from curling to Rolling under free loading. 

 
Figure 18. Rolling and curling heated up actuation performance curves for the 16x26 SMA sample.  Rolling 

produces a significantly larger force at the same displacement. 
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3.5 Bistable Performance 
The 16x52 sample is unusual among the four samples in that it has a square aspect ratio.  

When heated, this sample can easily be set into either the rolling mode or the curling mode 
without a strong preference in either direction (Figure 19).  This, this square sample has a bi-
stable operation and will actuate stably in whichever of the two modes it is started.  This bistable 
operation gives the sample interesting properties, particularly at low loads.  Most of the samples 
exhibit a forceful deformation and an actuation force increase when heated.  However force 
measurement of the 16x52 sample (Figure 20) shows a unique trend that the heated compressive 
forces at lower compression are lower than the forces at low temperature.  This unusual 
phenomenon is likely due to the rolling actuation and curling actuation interfering with each 
other, holding the sample flat, and reducing the compressive load.  The 16x52 sample with a 
square aspect ratio is unbiased toward either curling or rolling making the rolling actuation 
significant even in the curling mode, rather than simply just an edge effect. 

 

 
Figure 19. The 16 x 52 sample has a square shape that it can be easily set to either curling and rolling state 

without a strong bias.  

 
Figure 20. The blue and orange heated up-actuation curves of the bistable  16 x 52 sample. The yellow 

actuation curve is under low temperatura which crosses the heated curves.  
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4 CONCLUSIONS 
Machine-knit SMA fabrics are a promising technology for interactive surface design.  The 

dense and regular structure of single-jersey machine knit with SMA wire makes it capable of 
producing large out-of-plane forces and displacements with a variety of behaviors.  Actuation 
forces were observed to be as large as 1600 gram-force with net actuation displacements of 5 
mm, which are useful levels of magnitude for customers to feel the shape changes and interact 
with the surfaces.  Two different modes of actuation were observed, wale-wise rolling and 
course-wise curling, depending on the sample geometry and the initial conditions.   

The samples can be scaled in width and length by increasing the number of columns or rows, 
changing the performance properties both quantitatively and qualitatively.  The displacement 
increases approximately linearly with the width of the samples in the curling mode, while the 
length of the sample shows no significant scaling effect in the experiments due to edge effects. 
The geometric parameters play a significant role in actuator performance and are important 
parameters when designing interactive surfaces to produce appropriate actuation forces.  

A new bi-stable characteristic is observed in these machine-knit single jersey SMA samples 
which provides the potential of designing shape-changing surfaces and actuators with two 
different motions. However, the boundary conditions, the original state, and the geometry of 
the sample are all important factors to take into consideration when designing different 
actuation motions.   

Further exploration is necessary to explore the quantitative dependencies of these factors on 
the resulting actuation mode and performance.  In addition, controlled parameters such as wire 
diameter, stitch length and knitting patterns can be altered to further explore the important 
design factors as many other behaviors and ranges of performance are possible.  The unique 
and powerful shape changing actuation performance of these knitted structures is highly 
promising as the basis for interactive surface technologies to add new and exciting functionality 
to the many otherwise plain, passive surfaces existing in automobiles and in many other fields. 
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Abstract. The analytical modeling of the Smart Spring actuator for vibration reduction of 
periodically excited systems is performed. The mathematical model is developed in the 
frequency domain using the harmonic balance method, assuming that the solution is harmonic 
on the exciting frequency. Both the fixed-base and base-excited configurations are studied. It 
is shown that the Smart Spring transmissibility at the target frequency depends on only three 
dimensionless parameters associated with the stiffness modulation characteristics of the 
device for the fixed-base configuration and five dimensionless parameters for the base-excited 
configuration. The fundamental values for the Smart Spring closed-loop control are discussed.  

 
1 INTRODUCTION 

Reduction of vibration is one of the most challenging requirements in many engineering 
applications, especially for periodically excited systems. Rotating shafts, propellers and 
helicopter rotors are examples of such systems. In steady-state forward flight, the cyclic 
variation of the aerodynamic loads acting on the helicopter blades generate harmonic loads 
that are transmitted to the fuselage. The vibratory hub loads are transmitted especially at their 
nNb/rev harmonics, where n is an arbitrary integer, Nb is the number of blades and 1/rev is the 
fundamental frequency of the rotor. [1] This reduces the comfort of passengers, causes crew 
long-term health problems, and leads to the decrease in the fatigue life of airframe structural 
components. 

Different approaches for vibration control, either passive or active, have been proposed 
over the past years. [2,3] Specifically, passive control systems alter the structure by adding 
vibration absorbers or isolators, with the advantage to not require an external power source to 
operate. However, they are effective only at a specific frequency. On the other hand, closed-
loop control systems can act over a broadband of frequencies by using actuators powered by 
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an external source that apply forces to the structure adaptively, based on the response 
measured by sensors. The development of active materials and morphing techniques allowed 
the advance of active control techniques as these materials can directly convert electrical 
energy into mechanical deformation that can be used for structural actuation. Active control 
systems are usually classified into direct active and indirect active, or semi-active. In direct-
active schemes vibration is controlled by acting directly against the excitation force, thus 
requiring high actuation forces to counteract the vibratory forces. This issue is overcome by 
the other indirect active or semi-active concepts such as the Smart Spring that reduces 
vibrations by modulating the stiffness properties of the system. [4] This results in lower 
actuation forces and displacements with respect to the direct-active schemes. This device 
allows leveraging the micro displacements produced internally by a typical piezoelectric 
actuator to generate actuation that can mitigate large external vibratory loads. The Smart 
Spring has been extensively studied both theoretically and experimentally over the past years.  
[5,6] The objective of this paper, however, is to develop the mathematical model of the device 
both in its fixed-base and the base-excited configurations. The model, developed in the 
frequency domain considering the excitation force and the displacement solution as a 
combination of harmonics of the fundamental frequency, enables an insight into the 
capabilities of the device and, more importantly, the development of closed-loop control 
algorithms.  

2 THE SMART SPRING CONCEPT 

For the sake of completeness, the Smart Spring concept is introduced. More detailed 
information can be found in the referred previous publications. [5,6] The conceptual drawing of 
the Smart Spring is shown in Fig. 1, where it is modeled as two mass-spring systems denoted 
with subscripts 1 and 2. Specifically, k1 and m1 represent the primary load path system 
stiffness and mass, respectively, whereas the secondary load path system is characterized by 
k2 and m2. The primary load path is attached to the main structure subjected to the external 
vibratory force, F(t) and the base, at which low vibration transmissibility is sought. There is a 
built-in sleeve in the main structure that is simply a conceptual representation for the Smart 
Spring stiffness-switching element. Following this schematic, a piezoceramic stack actuator is 
attached to the secondary load path system, which is inserted into the sleeve.  

 
Figure 1: Fixed-base Smart Spring concept. 

When the actuator is off, the sleeve can move freely and only the primary load path 
determines the transmissibility of the loads from the main structure to the Smart Spring base; 
the two load paths are totally decoupled. Instead, when the actuator is powered on, the normal 
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force, N(t) that engages the two systems is generated; the two load path systems are fully 
coupled if the resultant friction force µ(t)N(t), µ(t) being the kinematic friction coefficient, is 
sufficiently large. Therefore, activating the piezoelectric actuator, the resulting stiffness of the 
system increases from k1 to k1 + k2. It is worthwhile to stress that the present is a cartoonish 
representation for the Smart Spring stiffness-switching element. The basic elements of any 
Smart Spring are the multiple load paths and the corresponding switching devices for 
engaging and disengaging these load paths.  

3 MATHEMATICAL MODELS OF THE SMART SPRING CONFIGURATIONS 
The conceptual model presented in the previous section will be next used to derive the 

equations of the motion in the Smart Spring both in its fixed-base and based-excited 
configurations. The common objective of the two configurations is to reduce the 
transmissibility of the dynamic loads throughout the primary load path. In the case of the 
fixed-base configuration, the loads are applied to mass m1 and low transmissibility is sought 
at the base of the Smart Spring. In the case of the base-excited configuration, the excitation is 
applied to the base of the Smart Spring and the objective is to reduce the transmissibility of 
the vibrations to mass m1. In the latter case, the system represented by k3 and mb are identified 
to the modal characteristics of a natural mode of the rotating structure for which the 
minimization of its transmissibility to a supporting structure is sought. Therefore, these two 
parameters can be associated with the targeted mode generalized stiffness and mass, 
respectively, whose ratio produces the square of the natural frequency of the targeted mode.  

3.1 Fixed-base Smart Spring 

The equations of motion for the system shown in Fig. 1 are: 

 
(1) 

When the Smart Spring is unlocked, its two mass-spring systems are decoupled, and (1) 
becomes: 

 
(2) 

Therefore, the dynamic response is determined by the primary load path system. When the 
Smart Spring is completely locked, the two mass-spring systems move in unison and, thus, 
their displacement and acceleration are identical. In this case, the summation of the two 
equations in (1) reduces to:  

 
(3) 

However, in the general case, even if the two mass-spring systems are never completely 
locked, the summation of the two equations in (1) yields:  

 
(4) 

or, simply: 
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 (5) 
where: 

    
(6) 

Taking into consideration that the effective mass of the secondary path in the Smart Spring, 
m2 is negligible with respect to the mass of the main structure, 𝑚𝑚!𝑥𝑥! 𝑡𝑡 ≪ 𝑚𝑚!𝑥𝑥! 𝑡𝑡 , and the 
device turns out to be a stiffness modulation device: 

 (7) 

3.2 Base-excited Smart Spring 

The equations of motion of the base-excited Smart Spring are here derived by an energy 
approach. Hence, the generalized coordinates, i.e. the degrees of freedom of the system, are 
introduced. Referring to Fig. 2, they correspond to the displacements x1, x2, and xb.  

 
Figure 2: Base-excited Smart Spring concept. 

The kinetic and potential energies of the system are obtained as follows: 

 

(8) 

whereas the generalized forces that are associated with the corresponding degrees of freedom 
non-conservative forces are written as:  

 

(9) 

Applying Lagrange’s equations,i the equations of motion of the system are derived: 

                                                             

i The general form of Lagrange’s equation on the generalized coordinate qi is  
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(10) 

Summing the first two equations, this system can be rearranged as follows: 

 

(11) 

Considering again that 𝑚𝑚!𝑥𝑥! 𝑡𝑡 ≪ 𝑚𝑚!𝑥𝑥! 𝑡𝑡  and the former definition of k(t) in (6), (11) 
reduces to: 

 

(12) 

 

4 FREQUENCY DOMAIN MATHEMATICAL MODELS 
In this work mathematical model of the Smart Spring operation in the frequency domain 

will be derived for both the fixed-base and the base-excited configurations. The device control 
function in both configurations will be the same, as discussed in Section 4.1. 

4.1 The Smart Spring control function 
It has been determined that only the stiffness of the Smart Spring system is a function of 

time (through the ratio between the displacement of the secondary and primary path systems). 
The control function that modulates this ratio from the value of the main spring k1 to the value 
of the coupled systems, k = k1+k2, is now introduced. The control function model depends 
fundamentally on the design of the switching mechanism of the Smart Spring. In the 
cartoonish scheme presented in this paper, a friction-based mechanism is represented. In 
previous works this system was numerically simulated by a typical representation of the dry 
(Coulomb) friction effect where the dynamic friction coefficient, µ(t) is a function of the 
material and the absolute value of the relative speed between the two elements of the sleeve, 
𝑥𝑥! − 𝑥𝑥! . [7] In these time-domain simulations that were supported by experimental 

verifications, [8] it was determined that if the normal force (controlled by the piezoelectric 
stack) is sufficient large to guarantee perfect locking between the primary and the secondary 
load paths during the operation of the Smart Spring, a square wave is a good approximation 
for this type of switching mechanism following an on-off control law. Hence, the square-wave 
control function shown in Fig. 3 is considered to perform such a modulation of the stiffness 
by the Smart Spring in this work. When the control function, 𝑓𝑓 𝛼𝛼 = 𝑥𝑥! 𝑥𝑥! is equal to 0 (or 1), 
the stiffness of the system assumes the value of k1 (or k = k1+k2), as it can be verified from (6). 
In this case, a perfect unlocking of the secondary path is also assumed in the present model. 
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This has been verified in experiments to be a concern in the design of the switching element, 
thereof requiring the necessary attention in the selection of the piezoelectric material and 
stacking procedure. [8] 

The time dependence of the control function is introduced by the angular parameter, 
𝛼𝛼 = 𝜔𝜔𝜔𝜔 in the frequency domain:  

 (13) 

and the system stiffness in the frequency domain is modulated as 𝑘𝑘 𝛼𝛼 = 𝑘𝑘! + 𝑘𝑘!𝑓𝑓(𝛼𝛼), where 
ψ = Ωt is the non-dimensional time (azimuth angle), Ω the reference frequency (fundamental 
rotor frequency, for example) and φ the control phase angle (angular delay from a reference 
azimuth value). In (13) the parameter r represents the harmonic of the fundamental frequency, 
Ω targeted for the Smart Spring control action (i.e. the transmissibility reduction). However, 
not necessarily the Smart Spring control is frequency-tuned (synchronized) to the periodic 
excitation produced by F(t). In the case of asynchronous control, the harmonic control 
number, r either must be allowed to assume values different from integers or, alternatively, Ω 
must be regarded as the Smart Spring control frequency and, thus, 𝛼𝛼 = Ω𝑡𝑡 + 𝜙𝜙 (r = 1). Also, in 
the latter case, the harmonics n in the subsequent frequency-domain analyses must be likewise 
regarded as the multiples of the Smart Spring control frequency, Ω. 
 

 
Figure 3: Smart Spring control function. 

4.2 Fixed-base Smart Spring 

The harmonic balance method is the basis for the mathematical model of the Smart Spring 
in the frequency domain derived in this work, allowing the study of the response of the 
system in terms of its harmonic components. Assuming the following complex Fourier series 
representations for the exciting force and for the response of the primary load path system, 
respectively: 

 

(14) 

The square-wave control function can be likewise represented as: 

 
(15) 

From which, 

  f 
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 (16) 

where 𝑘𝑘! = 2𝑘𝑘! + 𝑘𝑘! 2. Using (14) and (15), the equation of motion for the fixed-base 
Smart Spring, (7) can be converted into the frequency domain: 

 

(17) 

where 𝑥𝑥!,! represents the new static equilibrium of the primary load path due to the operation 
of the Smart Spring, that is slightly changed from its former value, 𝐹𝐹! 𝑘𝑘!. Using (13) and the 
identity 1 𝑖𝑖 = 𝑒𝑒!!"/!, (17) is rewritten as: 

 

(18) 

Noting that 𝑝𝑝𝑝𝑝 + 𝑛𝑛 → ±∞ as 𝑛𝑛 → ±∞ and 𝑝𝑝 → ±∞, and that both p and n are dummy 
indices: 

 
(19) 

(18) is rearranged as: 

 

(20) 

which corresponds to an infinite set of complex frequency response relationships, as follows: 

 

(21) 
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It is convenient to obtain the non-dimensional form of (21) by dividing the expressions by 
k1, the primary path stiffness and recalling that the natural frequency of the primary path is 
given by 𝜔𝜔! = 𝑘𝑘! 𝑚𝑚!. Introducing the dimensionless parameter 𝜅𝜅 = 𝑘𝑘! 𝑘𝑘!: 

 

(22) 

The summation in the second term of (22) is related to the spillover harmonics excited by 
the operation of the Smart Spring control function (in this case the square wave). Because the 
harmonics amplitude decrease as p− 1, this summation is explicitly shown below for the first 
𝑁𝑁 = 𝑛𝑛 + 5𝑟𝑟 harmonics (𝑝𝑝!"# = 5): 

 

(23) 

Introducing Euler’s formula, 𝑒𝑒!" = cos 𝜃𝜃 + 𝑖𝑖 sin 𝜃𝜃 in (23), and considering the real and 
imaginary parts of each harmonic in (22), the complex-value relationship between the nth 
harmonic of the dynamic response associated with the primary path transmissibility, 𝑥𝑥!,! and 
the corresponding exciting force, 𝐹𝐹! is obtained: 

 

(24) 

Equation (24) can be expressed in the matrix form: 

[A(n)] {z} = {b} (25) 

If 𝑁𝑁 = 𝑛𝑛 + 𝑟𝑟𝑝𝑝!"#, the 2N×1 vectors {z} and {b} in (25) collect the real and the imaginary 
parts of the harmonics of x1 and F, in their upper and lower halves, respectively:  
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𝑧𝑧 ! = ⋯ ,ℛ𝑒𝑒 𝑥𝑥!,!!! ,ℛ𝑒𝑒 𝑥𝑥!,! , ℐ𝑚𝑚 𝑥𝑥!,! , ℐ𝑚𝑚 𝑥𝑥!,!!! ,⋯ !×!! 

𝑏𝑏 ! =
1
𝑘𝑘!

⋯ ,ℛ𝑒𝑒 𝐹𝐹!!! ,ℛ𝑒𝑒 𝐹𝐹! , ℐ𝑚𝑚 𝐹𝐹! , ℐ𝑚𝑚 𝐹𝐹!!! ,⋯ !×!! 
(26) 

[A(n)], for 𝑛𝑛 = 0,±1,±2,…, are the following square matrices of dimension 2N: 

𝐴𝐴(𝑛𝑛) = 1 +
𝜅𝜅
2

𝐼𝐼 −
Ω
𝜔𝜔!

!
𝑛𝑛 ! +

2𝜅𝜅
𝜋𝜋

𝐴𝐴!! 𝐴𝐴!"
0 0  (27) 

where [n] is the diagonal matrix:  

𝑛𝑛 =

⋱ 0 ⋮
0 𝑛𝑛 + 1 0 ⋮
⋯ 0 𝑛𝑛 0 ⋯

⋮ 0 𝑛𝑛 0 ⋯
⋮ 0 𝑛𝑛 + 1 0

⋮ 0 ⋱

 (28) 

and [A11] and [A12] are square of dimension N, following the multiple diagonal structure seen 
in (29) and (30), respectively, [I] being the identity matrix and 𝑠𝑠! = sin 𝜃𝜃 and 𝑐𝑐! = cos 𝜃𝜃: 

𝐴𝐴!! = 

⋯ ⋱ ⋯ ⋱ ⋯ ⋱ ⋯ ⋱ ⋯ ⋱ ⋯ ⋱ ⋯
⋱ ⋯ !

!
𝑠𝑠!! ⋯ 𝑠𝑠! ⋯ 0 ⋯ 𝑠𝑠! ⋯ !

!
𝑠𝑠!! ⋯ !

!
𝑠𝑠!! ⋯

⋯ !
!
𝑠𝑠!! ⋯ !

!
𝑠𝑠!! ⋯ 𝑠𝑠! ⋯ 0 ⋯ 𝑠𝑠! ⋯ !

!
𝑠𝑠!! ⋯ !

!
𝑠𝑠!! ⋯

⋯ !
!𝑠𝑠!! ⋯ !

!𝑠𝑠!! ⋯ 𝑠𝑠! ⋯ 0 ⋯ 𝑠𝑠! ⋯ !
!𝑠𝑠!! ⋯ ⋱

⋯ ⋱ ⋯ ⋱ ⋯ ⋱ ⋯ ⋱ ⋯ ⋱ ⋯ ⋱ ⋯

 
(29) 

 
𝐴𝐴!" = 

⋯ ⋰ ⋯ ⋰ ⋯ ⋰ ⋯ ⋰ ⋯ ⋰ ⋯ ⋰ ⋯
⋯ !

!
𝑐𝑐!! ⋯ !

!
𝑐𝑐!! ⋯ 𝑐𝑐! ⋯ 0 ⋯ 𝑐𝑐! ⋯ !

!
𝑐𝑐!! ⋯ ⋰

⋯ !
!
𝑐𝑐!! ⋯ !

!
𝑐𝑐!! ⋯ 𝑐𝑐! ⋯ 0 ⋯ 𝑐𝑐! ⋯ !

!
𝑐𝑐!! ⋯ !

!
𝑐𝑐!! ⋯

⋰ ⋯ !
!𝑐𝑐!! ⋯ 𝑐𝑐! ⋯ 0 ⋯ 𝑐𝑐! ⋯ !

!𝑐𝑐!! ⋯ !
!𝑐𝑐!! ⋯

⋯ ⋰ ⋯ ⋰ ⋯ ⋰ ⋯ ⋰ ⋯ ⋰ ⋯ ⋰ ⋯

 
(30) 

It should be noted that when the Smart Spring is operating in its asynchronous mode 
(where Ω is the control frequency and r = 1) the dimension of the matrix system in (25) is 
considerably smaller (𝑁𝑁 = 𝑝𝑝!"# + 𝑛𝑛), and the matrices become very condensed as well (with a 
much lesser number of interpolation zeros).  

4.3 Base-excited Smart Spring 
In the case of the base-excited Smart Spring, a similar procedure as in the previous section 

is followed with (12), observing that the base displacement is also expanded in Fourier series:  
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(31) 

This results in the following expressions in the frequency domain: 

 

(32) 

where the dimensionless parameters, 𝜔𝜔! = 𝑘𝑘! 𝑚𝑚! and 𝜅𝜅! = 𝑘𝑘! 𝑘𝑘! were introduced. Solving 
the first equation for 𝑥𝑥!,! and substituting it into the second, a similar relationship as (24) is 
obtained for the nth harmonics of 𝑥𝑥!,! and 𝐹𝐹! of the based-excited Smart Spring: 

 

(33) 

It can be seen that structure of the current system of equations, (33) is similar to the one 
obtained in Section 4.2. However, in the present case, [A(n)] in (27) become quartic functions 
of the harmonic numbers; for 𝑛𝑛 = 0,±1,±2,… :  

𝐴𝐴(𝑛𝑛) = 1 +
𝜅𝜅
2

𝐼𝐼 +
Ω
𝜔𝜔!

! Ω
𝜔𝜔!

!
𝑛𝑛 ! −

Ω
𝜔𝜔!

!
1 +

𝜅𝜅
2
+

Ω
𝜔𝜔!

!
1 +

𝜅𝜅 + 𝜅𝜅!
𝜅𝜅!

𝑛𝑛 ! 

+
2𝜅𝜅
𝜋𝜋

𝐼𝐼 −
Ω
𝜔𝜔!

!
𝑛𝑛 ! 𝐴𝐴!! 𝐴𝐴!"

0 0  

(34) 

 
5 OPEN-LOOP NUMERICAL SIMULATIONS – NEED FOR CLOSING THE LOOP 

The mathematical models derived in the previous section were implemented to analyze the 
harmonic response of the fixed-base and the based-excited Smart Spring.  For the fixed-base 
case, the harmonic response was calculated for certain values of Ω 𝜔𝜔! as a function of κ and 
φ. For the base-excited configuration, it was obtained as a function of κb and φ for selected 
values of κ, Ω 𝜔𝜔! and Ω 𝜔𝜔!. In both cases, a flat unitary spectrum for the excitation force 
was considered, {b} ={1}, and (25) was solved for {z}. In Figs. 4 and 5, results of a 
parametric study for the two Smart Spring configurations are presented: magnitude plots of 
the harmonics 𝑥𝑥!,! , 𝑥𝑥!,! , 𝑥𝑥!,!  (for the fixed-base) and 𝑥𝑥!,! , 𝑥𝑥!,!  (for the base-excited) 
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are exhibited as a function of the control parameters.  

  

  

  
Figure 4: Parametric studies: fixed-base configuration – 3rd to 5th harmonics magnitudes. 

  
Figure 5: Parametric studies: base-excited configuration – 3rd and 4th harmonics magnitudes. 

In all cases, synchronous operation of the Smart Spring was considered. The 4th harmonic was 
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targeted for control (r = 4). It is verified that substantial reductions in the harmonic response, 
notably at the harmonic targeted for control occur if the right combination of the Smart Spring 
control parameters is chosen. However, it is also seen that ample spillover happens at 
harmonics not targeted by the control action. High sensitivity of the response to the control 
parameters is also noticeable. This was verified in supporting experimental work conducted 
with a helicopter blade model as well. [8] All results stress the fact that a closed-loop action 
that searches for a combination of the control parameters that provides continuous reduction 
in the transmissibility of the target harmonic without producing important spillover at other 
harmonics needs to be developed.  

6 CONCLUSIONS 

The present work developed the actuator model for the Smart Spring device in the 
frequency domain using the harmonic balance method. The closed mathematical forms of this 
model for the fixed-based and base-excited device configurations were established. Numerical 
simulations with the model support previous experimental results and indicate that the Smart 
Spring accomplishes substantial transmissibility reduction of the periodic excitations at the 
harmonic targeted for control. Large spillover to non-targeted harmonics and high sensitivity 
of the Smart Spring to its control parameters are detected from the simulations as well, 
indicating that a closed-loop control approach is necessary to enhance the concept. 
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Abstract. Morphing structures continue to attract significant attention as a potential 
technology for increasing efficiency, multi-functionality and performance for aeronautical 
systems. In this respect, contemporary morphing systems have departed from a mechanistic 
approach [1] to embrace compliant based systems achieving the desired deformations with 
actively controlled actuators [2, 3, 4]. Compliant structures allow for maintaining a smooth 
aerodynamic profile eliminating gaps and discontinuities, reducing part count and limiting 
maintenance due to the robustness of monolithic designs [5, 6]. These advantages currently 
come at the cost of increased actuation needs due to the energy spent deforming the structure 
[6, 7], which typically results in added actuator-related weight. The aforementioned 
advantages and costs broadly exemplify the main problem at the heart of morphing structures 
design: namely, the intimate trade-off between the load-carrying (stiffness) and shape 
adaptation (compliance) functions. Therefore, to fully exploit the superior performance and 
augmented functionality promised by morphing, a new class of systems is required in which 
the load-carrying, deformation and actuation functions are more intimately coupled. The 
possibility to alter on-demand the stiffness of the structure to enable deformation when 
needed can offer a very interesting solution to the mentioned trade-off. A particularly 
interesting methodology to achieve selective stiffness adaptation is to utilise structural 
nonlinearity and instability carefully design to augment the morphing capabilities [8], while 
maintaining the load-carrying function of the structures.  

This paper presents a review of the efforts in utilising structural nonlinearity and instability in 
the design of morphing structures conducted by the researchers in the past 5 years [9, 10, 11, 
11, 12, 13, 14, 15, 16]. First, a general introduction to the specific challenges regarding 
compliant-based morphing is presented. Two different avenues describing alternative 
methodologies for realising selective stiffness adaptation in morphing systems are presented, 
namely, via aeroelastically driven morphing and by profiting from geometrically multi-stable 
local elements within compliant structures. The presented results highlight the challenges to 
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find solutions to the trade-off between load-carrying capacity high shape adaptability, while 
maintaining light weight at the heart of morphing structures.  
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Abstract. Aircraft wings utilizing continuous morphing controls surfaces and bio-inspired ge-
ometries can increase aircraft performance for certain flight conditions. This potential increase
in aerodynamic performance motivates the use of shape memory alloy-based (SMA) actuators,
which mimic bird muscles and generate new outer mold lines (OML) while requiring a minimal
interior volume for actuator installation. To experimentally demonstrate ex situ the capabilities
of morphing technology, the design problem of morphing a bio-inspired wing for lower Reynolds
numbers (e.g., landing flight) is considered. The geometric properties of avian-inspired air-
foils harshly differ from more traditional airfoils in the sense that, for example, the maximum
thickness of avian airfoils is far forward. Therefore, different aerodynamic analysis methods are
necessary to evaluate aerodynamic properties of the wing. Potential flow and Reynolds-averaged
Navier–Stokes (RANS) equations are utilized to evaluate the geometry and a wind tunnel pro-
totype is fabricated. A novel fabrication method is proposed and demonstrated for elastomeric
SMA composite actuators, which are then utilized in a morphing wing concept. Preliminary
results for the morphing wing prototype using an SMA composite actuator generates trailing
edge deflections equivalent to 3.5% of the chord.

1 INTRODUCTION

Most bird wings are the result of natural selection where the evolutionary objectives include
reduced energy consumption via aerodynamic efficiency, especially for low Reynolds numbers [1].
Such wing sections may not be appropriate for high Reynolds numbers typical for modern
aircraft. However, it may be advantageous to morph from an OML more suited to high Reynolds
numbers when flying at cruise to a more avian-inspired profile for take-off and landing conditions.
This work builds upon previous numerical studies [2] where a suitable low-camber OML and
elastomeric composites including shape memory alloy (SMA) wires were designed. The objective
in that initial work was to morph the baseline OML into a hawk-inspired wing via localized
temperature induced actuation. This work focuses in fabricating prototypes for validating the
performance of avian-inspired wings, composite actuators, and morphing wings in support of
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this overall concept.
Previous studies evaluated the aerodynamic performance of bird wings in a wind tunnel

environment [1, 3, 4, 5] and have highlighted the advantages and drawbacks of such designs. Lees
et al. [3] and Withers [4] evaluated the aerodynamic performance of wings from different bird
species, including common snipes, wood ducks, American woodcocks, red-shouldered hawks,
black vultures, and many others. The main metrics for both studies were the platform lift
and drag coefficients (CL and CD). Although all species differ in regards to aspect ratios,
wingspan, and other geometric properties, all studies indicate that bird and insect wings have
low efficiency factors at high Reynolds numbers compared to conventional airfoils [4]. Therefore,
the use of such wing geometries with high camber and maximum thickness so close to the
leading edge is unsuitable for the typical cruise velocity of modern aircraft. Moreover, results
indicate that general wing-morphological measures based upon platform cannot predict the
gliding performance of avian wings as fixed surfaces [3].

The work of Bansmer et al. [1] and Liu et al. [5] developed avian-inspired airfoils based on
the wing section geometry of ducks, seagulls, mergansers, teals, owls, and hawks. Typically
avian airfoils have the maximum thickness located close to the leading edge. Because of this,
the aerodynamic performance of the OMLs calculated via a potential flow solver [6] indicate
that avian inspired airfoils may offer extended laminar flow regions. This also allows for a delay
of boundary layer separation at higher angles of attack. However, the numerical solver utilized
is based upon inviscid flow theory and semi-empirical correlations developed for low camber
airfoils [6]. Since avian-inspired airfoils tend to have high camber, there is a critical need to verify
the low-fidelity results with high-fidelity and experimental results. To verify the advantages and
disadvantages of an avian-inspired airfoil, this work provides a novel comparison between the
results from potential flow analysis and CFD simulations, and develops new hardware for wind
tunnel experiments.

As stated by Withes [4], avian wings are only suitable for low-Reynolds flight conditions.
Therefore for a large aircraft designed for high speed flight conditions, a method to change
the OML is necessary to enable the use of avian wings. Geometrically continuous morphing
provides a higher lift-to-drag ratio than the use of discrete surface actuators [7]. Because of
these advantages, morphing capabilities are herein explored. Previous experimental work from
Strelec et al. [8] indicates that SMA wires can be utilized for morphing the OML, though in that
example, substantial structural compliance of the airfoil section was required to enable morphing,
and a large portion of the wing volume was occupied by the actuator mechanism. To minimize
the loss of internal volume when using SMA actuators while also maintaining wing rigidity, a
novel concept using monolithic SMA actuators embedded at the wing skin was proposed by Leal
et al. [9]. The use of elastomers embedded with SMA wires proposed by Peraza Hernandez et

al [10] enables tailoring of generated force and power consumption to the local actuation needs.
As a consequence of the inherent advantages of these composite actuators and of morphing, the
fabrication and implementation of the actuators is also assessed herein.

The work is organized as follows: the concepts for the bio-inspired wing, composite actuators,
and morphing wing are introduced in section 2; the numerical results for a potential flow and
CFD are provided in section 3; the fabrication and assembly of all components are depicted in
section 4; the preliminary results for a morphing wing prototype are described in section 5; and
finally the conclusions are summarized at section 6.

2
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2 BIO-INSPIRED DESIGN

By taking into consideration the morphological properties of bird wings, bio-inspired wing
geometries and actuators are herein explored. The characterization of the aerodynamic proper-
ties of the fixed and morphing avian wings is planned for the closed-loop 3x4 ft (0.9144x1.219m)
wind tunnel located at Texas A&M University, with a maximum velocity of approximately
50m/s. Wind tunnel testing expertise is also leveraged from previous work [11], where 3D
printed structure with an SMA-driven mechanism was built and tested in the same facility.

2.1 Avian-inspired wing

The avian-inspired wing considered herein utilizes the F0808 airfoil developed by Bansmer et
al. [1] as depicted in figure 1. Compared to other airfoils such as the seagull-inspired SG04 [1]
and SD7003 [12] airfoils, there is a larger range of angles of attack for which the hawk airfoil
performs well, even up to 15◦. Thus, the F0808 has the advantage of a more extensive range
of lift. As a drawback, the hawk-inspired wing has higher drag coefficient. A prototype with a
4 ft (1.219m) span and 1.18 ft (0.36 m) chord is designed for experiments in the wind tunnel of
figure ??. The assembly of the model is depicted in figure 2. The model consists primarily of a
steel spar supporting 3D printed components with no external fasteners. This will be described
in section 4.1.

y/c
0

0.1

x/c0.2 0.4 0.6 0.8 1.00

Figure 1: Hawk-inspired airfoil (F0808) [1].

Figure 2: Assembly of 3D printed avian wing model.
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2.2 SMA composite actuator

To produce the desired morphing effect on the wing, a robust actuator is required. This
actuator must generate a force capable of inducing necessary displacements to achieve a desired
OML. Other requirements for the actuators are that they must be easily attached to the wing
itself, present a continuous and smooth OML, be easy to manufacture, and allow local tailoring
of actuator thermomechanical properties. An actuator solution that satisfies all requirements
consists of SMA wires embedded in an elastomeric matrix. The SMA wires were provided by
SAES [13], have a 0.5mm diameter and can generate up to 33N when fully actuated. To
increase the amount of force generated, the periodic design depicted in figure 3 is implemented,
allowing the required local force for actuation to be achieved based on the number of tines the
SMA wire traverses the actuator for a given actuator width. For the elastomeric matrix, the
polymer polydimethylsiloxane (PDMS) [14] is utilized for its rheological properties as well as
its heat resistivity. Ease of manufacturing is achieved through a molding technique whereby
PDMS is poured over pre-tensioned wires secured with metal dowels as depicted in figure 3.
The pre-tensioning of the wires is necessary so that the individual segments are straightend but
the SMA is not detwinned. This design also allows for ease of assembly, in that the wing has
matching metal dowels to allow the actuator to be installed on the final morphing wing.

Figure 3: SMA embedded elastomeric actuator [2].

2.3 Morphing wing

This effort expands upon initial studies [2, 9] that numerically explored the feasibility of
utilizing SMA actuators to produce an active wing skin. Leal et al. [2] demonstrated that
with only three SMA embedded actuators on the bottom surface, sufficient OML morphing was
obtained. An optimization algorithm was implemented to obtain a low-camber, high Reynolds
airfoil that could approximately but repeatably morph to an avian wing. Without yielding or
buckling, one of the optimal solutions is provided in figure 4. Because of these promising results,
a morphing wing prototype similar to figure 5 with a 4 in (.1016m) span has been fabricated for
preliminary analysis, as will be discussed at section 4.3.

4
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Figure 4: Optimization results that depict a low camber wing morphing into an avian wing [2].

Figure 5: Avian wing with actuators [2].

3 NUMERICAL FLUID ANALYSIS

To develop a greater understanding of the advantages and disadvantages of avian wings,
two analysis techniques varying fidelity were utilized for the numerical fluid analysis. The
implemented low-fidelity potential fluid solver Xfoil [6] considers inviscid flow coupled with a
built-in semi-empirical correction for viscous effects. Although the model is of lower fidelity
and limited to conditions prior to stall, it has low computational cost and is a robust tool
for preliminary design. For high fidelity results, a Reynolds-averaged Navier−Stokes (RANS)
simulation utilizing CRADLE [15] is employed. In each case, the boundary conditions utilized
are: inlet fluid velocity is 30 m/s at a 2◦ angle of attack, static pressure at the outlet is zero,
and no-slip conditions on airfoil walls for the RANS analysis. A k-ω turbulence model is used
with a time step of .02 miliseconds, air density of 0.9398 kg/m3, and dynamic viscosity 1.6922
Pa-a. The fluid dimensions are 11x8 chords. The mesh consists of three mesh regions in order
to refine the mesh near the airfoil while enabling a coarse mesh far from the airfoil. In total,
665,052 elements were utilized.

The results for both methods are depicted in figure 6, and a summary of the aerodynamic
metrics is provided in table 1. Both methods agree in regards to the lift coefficient calculations
as the calculated aerodynamic pressures are qualitatively similar. However, the drag coefficient
predictions strongly disagree, with the high-fidelity method giving a value 115% higher than the
low-fidelity method. This result supports the notion that the use of potential flow solvers for the
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calculation of drag effects on high camber airfoils may not be advisable, even at low Reynolds and
angles of attack. However, Xfoil predicts lift with an accuracy approaching a RANS simulation
while having a much smaller computational time (Xfoil: 10 seconds; CRADLE: 35 hours with
four cores until pressure and viscous forces fluctuation where of the order of 0.1 mN). This
study and the need to verify drag results for high cambered airfoils motivates the experimental
aerodynamic characterization of the avian wing to verify the results obtained.

Xfoil RANS Relative difference (Xfoil/RANS)

cl 1.088 1.018 7%
cd 0.01035 0.02229 115%

Table 1: Summary of numerical results at 30 m/s and α = 2◦.

Figure 6: Numerical fluid analysis utilizing low and high fidelity solvers.

4 FABRICATION OF AVIAN-INSPIRED PROTOTYPES

In the previous section, the two flow solvers utilized in the numerical analysis disagree in
regards to the drag coefficient of the avian wing. Experimental evaluation is necessary to fully
assess the aerodynamic performance of the hawk-inspired airfoil. The fabrication method for
the avian wing is described in section 4.1. Furthermore, the results from previous studies [2]
for SMA composite actuators and an associated morphing wing also motivate the production of
prototypes to validate this concept.

4.1 Avian wing

The avian wing for wind tunnel testing consists primarily of additively manufactured ther-
moplastic components. Due to build volume restrictions, the four foot wing is sectioned into

6
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eight parts, the largest of which measures 9 in (.229m). The layout for all components and
their labels are depicted at figure 7. Sections 3 and 6 are modified internally to accommodate a
network of tubes connected to a pressure transducer; section 3 directs the tubing to the upper
surface for low pressure measurements while section 6 is designed to allow similar assessment of
the lower surface. These two sections along with sections 2, 4, 5 and 7 are slid onto a solid steel
spar and connected to each other using steel dowels fore and aft of the steel spar; an extrusion
along the trailing edge matches a female cavity on the neighboring part such that all sections
are nested together and cannot move relative to each other under lifting loads. The end sections
are designed to allow easy installation into the tunnel without the need for external fasteners of
any kind, accomplished through a carefully designed series of part slide and snap operations.

1 2 3 4 5 6 7 8

9 in 
22.9 cm
Figure 7: Assembled 3D printed avian wing prototype.

Bottom 
part of 
end 
section

Top part of 
end section

Extrusion to 
nest under 
lifiting loads

Modified 
section for 
pressure 
transducers

Steel 
dowel 
pins

Figure 8: Sections 1, 2, and 3 for the avian wing in further detail.

Because the method of manufacturing used is fused filament fabrication (FFF), some amount
of post-processing was required in fabricating the wing. FFF characteristically results in ”ridg-
ing” along the build axis of the part, resulting in non-negligible surface roughness. The surface
is therefore sanded with the appropriate grit until a satisfactory finish was achieved. Figure 8
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depicts the inner structure and steel dowel pins for sections 1, 2, and 3. The final assembly
depicted in figure 7 has good surface quality, is stiff, and is easy to assemble without the need
for fasteners. The prototype was assembled inside the wind tunnel (figure 9a), and preliminary
lift results were obtained (figure 9b). The comparison between potential fluid results, RANS,
and experimental demonstrate that a similar lift curve is obtained for all method. However,
further work is necessary for a quantitative comparison of drag.

(a) Avian wing prototype assembled in wind
tunnel.

(b) Lift coefficient v. angle of attack.

Figure 9: Avian wing prototype and obtained results in wind tunnel

4.2 SMA composite actuator

The SMA composite actuator is manufactured using a mold casting method. The cast part
is designed such that its outer surface is flush with the wing surface when installed and also
features a method of attachment to the wing via dowel pins. The pins are inserted into the mold
through a clearance fit hole, allowing them to be to be easily removed for cured part removal
from the mold. SMA wire is cooled to ensure a complete martensite state before it is then
wrapped around the dowels, manually tensioned, and secured. Once secure, liquid PDMS is
poured into the mold and set to cure as depicted in figure 10a, forming a compliant matrix that
surrounds the wire tensile actuators. The curing process is accelerated by heating the casting
in an oven at 60◦C, a temperature which increases curing speed but is insufficient to actuate
the SMA wires. The cured part is then released from the mold by depressing the dowels fully
through the aluminum mold and separating the cured composite actuator from the mold. The
final result is depicted in figure 10b. The manufactured actuator is stiff along the intended
actuation direction and compliant in the transverse direction.

8
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(a) Fabricated actuator inside mold.

Intended direction of actuation

Holes for 
attaching 
to dowel 
pins in 
morphing 
wing.

(b) Fabricated actuator outside mold.

Figure 10: Fabricated SMA composite actuator

4.3 Morphing wing

The theory of operation of the morphing wing concept is first verified using one actuator
before considering the three actuator design from figure 5. This preliminary test serves to
evaluate the ability of the actuators to morph the wing. To accommodate the actuator, the
following modifications are made to the avian airfoil as can be seen in figure 11: part of the
wing skin is removed to fit the actuator without creating a discontinuity at OML, two cavities
are placed to allow the passage of SMA wires to the voltage source, and two extra inner surfaces
extend from the lower surface to attach the actuator to the wing structure. Dowel pins are
driven into the inner surfaces, allowing the actuator to be mounted easily by pressing each of
the molded holes over the dowel pins. The morphing wing section prototype, like the avian
airfoil, is also additively manufactured using FFF.

3D printed
structure

Flush
surface

Dowel pins

SMA/PDMS
composite
actuator

SMA wire

to vo
ltage

source

Figure 11: Prototype of avian wing with an SMA embedded actuator.
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5 PRELIMINARY RESULTS FOR MORPHING WING

To demonstrate the capabilities of the SMA composite actuator and the morphing wing
concept in a preliminary manner, experiments were undertaken to evaluate the actuation of the
fabricated prototype (c.f. section 4.3). The prototype was fixed to the optic table via a grip near
the leading area in such a way that the deflection of the trailing edge and the actuation were
not hindered. The free SMA wire ends were connected to a voltage source, a laser displacement
sensor and a ruler were also placed on the optic table to measure the trailing edge displacement.
The setup and results obtained are depicted in figure 12 and 13. After four seconds with voltage
applied, the original configuration in figure 13a morphs into the configuration in figure 13b.
The obtained trailing edge displacement is .5 in (12.7mm) which is 3.5% of the chord. After 40
seconds cooling down, the prototype recovers the initial configuration (c.f. figure 13).

Figure 12: Displacement of trailing edge as a function of temperature for a full actuation cycle.

Compared to an equivalent monolithic actuator, the heat necessary for full actuation is con-
siderably smaller because the SMA wires are a small fraction of the total actuator volume, and
PDMS is a poor thermal conductor. As a result most of the power utilized is used to heat the
SMA wires. The cooling process was also considerably fast because SMA wires have a high area
to volume ration, and the wires are directly exposed to air at room temperature (the wires are lo-
cated at the surface). Results demonstrate in a preliminary way the advantages and possibilities
of the novel SMA composite actuators.
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(a) Morphing wing and amplified view of trailing edge position before actuation.

(b) Morphing wing and amplified view of trailing edge position after actuation.

Figure 13: Results of morphing wing utilizing SMA composite actuators.
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6 CONCLUSIONS

In this work a bio-inspired morphing wing design is proposed, numerically evaluated in its low
Reynolds configuration, and associated prototypes fabricated. The bio-inspired wing consists
of an hawk-inspired airfoil (F0808) and SMA/PDMS composite actuators. As the SMA wires
are heated, the contraction of the actuators modifies the outer mold line of the wing; the
new geometry will improve aerodynamic performance in other flight conditions. The numerical
analysis undertaken uses a low fidelity (potential flow) and high fidelity (RANS) solvers to assess
the aerodynamic performance of the avian wing. Results show that both methods converge to
similar lift coefficients, but the drag coefficient for the high fidelity is 115% higher. Therefore
experimental results are necessary to truly qualify the advantages and disadvantages of an
avian wing. An easily fabricated and deconstructable, constant section avian wing prototype is
designed and fabricated via 3-D printing. New SMA actuators are also designed to be easily
manufactured. Finally, an example prototype of the avian wing section with the composite
actuators attached is manufactured. An experiment was undertaken to evaluate ex situ the
capabilities of the morphing wing utilizing SMA composite actuators. Results demonstrate in a
preliminary way that considerable trailing edge deflections are obtained through the use of the
novel SMA composite actuators. It also also demonstrates that it is feasible to fabricate shape
memory-based morphing wings.

The next steps in this research are the wind tunnel experiments for the avian wing and
further improvements of the manufacturing process to guarantee repeatability. An in situ mul-
tidiciplinary characterization of the morphing wing is planned, whereby a 3D-DIC system with
an infrared camera will be used to obtain displacements and temperature measurements of the
morphing wing inside a wind tunnel environment during morphing operation.
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Abstract. With the advent of smart materials technologies, there has come a multitude of ideas 
and concepts for morphing structures. Some of the simpler geometries can be obtained with one 
mode of actuation, such as shape memory alloys, or piezoelectric materials. However, more 
complex geometries typically rely on more complex approaches, requiring combining multiple 
actuation modes. The ability to 3D print a piezoelectric polymer in a desired configuration 
allows for the generation of more complex geometries and designs that could solely rely on 
piezoelectric actuation. In this work, we attempt to utilize the direct write and fused deposition 
approaches to print polyvinylidene fluoride (PVDF) into a section of the wing trailing edge. 
The section would take on a morphed cambered shape when subjected to an electric field, and 
some nominal shape when the electrical input is taken away. The topological design and the 
fabrication process are discussed herein, followed by the presentation of some preliminary 
results. 
 
 
1 INTRODUCTION 

Morphing aircraft technologies have recently moved to the forefront of modern aerospace 
innovation due to the simultaneous advancements in smart materials and investigations into 
avian flight. Inspired by birds, bats, and insects, a benefit of morphing aircraft is their ability to 
adapt to a variety of flight conditions by changing the underlying geometry, unlike their 
traditional counterparts, which remain designed and optimized for a single flight condition. In 
nature, particularly in birds, this is predominantly achieved through changes in the wing 
geometry achieved using the underlying wing structure and the feathers, decreasing drag and 
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allowing for high speed maneuvers. One particular shape change which is of great interest to 
the morphing field is the change in the camber of the airfoils, making up the cross sections of 
the wing. One such change in camber is known as reflexed camber. Reflexed airfoils have been 
shown to have substantial benefits at stall due to their ability to generate comparable lift with 
substantially less drag compared to conventionally cambered airfoils [1]. It is believed that high 
angles of attack passively induce reflex in the trailing edge feathers of bird wings.  

In a previous work, a hybrid concept that utilizes shape memory alloys (SMAs) and macro 
fiber composites (MFCs), which are piezoelectrically actuated, was proposed and demonstrated 
to achieve the reflexed shape [2]. The capabilities of the proposed design, called the synergistic 
smart morphing aileron (SSMA) were demonstrated in [1]. Furthermore, this concept was used 
as the basis for investigating the effect of combining the changes in the airfoil shape and wing 
sweep [3], as well as studying the impact of variations in speed on the effectiveness of the 
changes in the airfoil shape and the sweep [4].  

Figure 1 illustrates the SSMA concept and the components that allow shape morphing in the 
wing structure. Figure 2 shows two of the airfoil shapes achieved using the SSMA: the 
unmorphed shape, which is simply a NACA 0012 airfoil and the reflexed shape. Due to the 
relatively complex geometry of the reflexed shape, the shape memory actuation as well as 
piezoelectric actuation are required to achieve the desired profile. The piezoelectric actuation 
is enabled by the use of MFCs, that are commercially available in patches of varying areas 
manufactured by Smart Material Corp1. Figure 3 illustrates a typical MFC patch. Although 
MFCs function robustly, they can be hard to integrate into complex geometries and used to 
achieve more complex morphing shapes. Thus, they need to be combined with other means of 
actuation, such as SMAs, to obtain more complex shapes. 

In the current work, we use an approach to obtain more complex geometries, such as the 
reflexed shape solely using piezoelectric actuation. This is done via 3D printing a piezoelectric 
polymer laid out in a particular geometric configuration. More specifically, we attempt to utilize 
the direct write and fused deposition modeling approaches to print polyvinylidene fluoride 
(PVDF) into a section of the wing trailing edge. The section would take on a reflexed shape 
when subjected to an electric field, and some nominal shape when the electrical input is taken 
away. 

 

 
Figure 1: Synergistic smart morphing aileron [2]. 

                                                 
1 http://www.smart-material.com 
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Figure 2: SSMA shown in the unmorphed and reflexed positions. 
 
For the purpose of this study, a NACA 0012 airfoil is used as the unmorphed geometry. With 

the two shapes, that is, unactuated and actuated, known a priori, and the mechanical properties 
of the printed material established, the placement of the material can be set up as a topology 
optimization problem, and solved using the finite element method, using a two-dimensional 
mesh, as schematically presented in Fig. 4.  This will be discussed in more detail in Sec. 2. 
Furthermore, Sec. 3 will cover the fabrication process, while Sec. 4 will present the findings to 
date. 

 
 

 
Figure 3: Macro fiber composite (MFC) patch from Smart Material Corp. 

Unmorphed Reflexed 
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Figure 4: The design problem can be defined as a material placement problem with geometric constraints imposed 
to control the morphed shape.  

2 DESIGN 

The problem of placing the appropriate piezoelectric material, whose strain can be controlled 
using a voltage input, can be set up as a material placement problem, which could be solved 
using topology optimization. The basis of most topology optimization problems revolves 
around minimizing the potential energy of the system, more specifically, its internal strain 
energy, limited to the elastic range. Broken down into finite elements, the total strain energy of 
the system can be expressed as  

 

𝑈𝑈 =∑1
2 ∫ 𝛆𝛆𝑖𝑖𝑇𝑇𝐄𝐄𝑖𝑖(𝑥𝑥𝑖𝑖)𝛆𝛆𝑖𝑖𝑑𝑑𝑉𝑉𝑖𝑖
𝑉𝑉𝑖𝑖

𝑁𝑁

𝑖𝑖=1
 

(1) 

 
where 𝐄𝐄𝑖𝑖(𝑥𝑥𝑖𝑖) represents the constitutive matrix of the ith element; 𝛆𝛆𝑖𝑖 is the strain tensor for the 
ith element; 𝑉𝑉𝑖𝑖 is the volume of the ith element; 𝑁𝑁 is the total number of elements in the problem; 
and 𝑥𝑥𝑖𝑖, the design variable, is the element density of the ith element. The element density can 
take one of two forms: 1 or 0, with 1 representing the existence of a finite element and 0 
representing a void. Although, an optimization problem with large number of discretized design 
variables is generally ill-posed and difficult to solve by mathematical programming, there are 
ways of dealing with this problem by means of relaxing the problem or introducing continuum-
type design variables via penalization. One of the most widely used methods of penalization is 
the solid isotropic material with penalization (SIMP) interpolation scheme [5,6]. In this method, 
the density of the material is manipulated using a design variable, with the design variable 
taking a value between 0 and 1. To avoid the formation of an ill-conditioned stiffness matrix, a 
minimum density is typically specified. The elements that are contributing to the minimum 
strain energy design will take higher densities and as a result a higher modulus of elasticity will 
be assigned to them. Equation (2) describes the relationship between the element density and 
the modulus of elasticity, which makes up 𝐄𝐄𝑖𝑖(𝑥𝑥𝑖𝑖), along with the Poisson’s ratio, ν: 
 

𝐸𝐸𝑖𝑖(𝑥𝑥𝑖𝑖) = 𝐸𝐸𝑚𝑚𝑖𝑖𝑚𝑚 + 𝑥𝑥𝑖𝑖
𝑝𝑝(𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚 − 𝐸𝐸𝑚𝑚𝑖𝑖𝑚𝑚) (2) 

 

Voltage = 0 V 

Voltage = 1000 V 
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where 𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚 represents the material modulus of elasticity at 100% density, while 𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚 is added 
to the equation for numerical stability and typically takes a relatively low vlaue of 𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚/1000 
[7]; 𝑝𝑝 is the penalization factor. The penalization is used to encourage the algorithm to form 
more discrete load paths, by having a design variable be closer to 0 or 1, as opposed to 
intermediate values, which would be hard to interpret using typical fabrication processes. To 
learn more about penalization methods, see [8].  

The topology optimization problem here was set up with the objective to minimize the total 
strain energy of the system. Given the goal for this design is to morph from one geometric shape 
to another, displacement vectors were used to define the constraints imposed on the shape of 
the trailing edge. The electrically-induced strains were simulated using thermal loading applied 
at the grids of the entire design space. The variation in the density of the material was then used 
to figure out where to place the piezoelectric materials. Figure 5 illustrates the results, where 
the two colors represent materials with similar stiffness properties, but with different 
sensitivities to the electrical input.  
 

 
Figure 5: The proposed topology can be used to obtain the reflexed shape using solely the piezoelectric actuation. 
The grey lines show the unactuated shape, while the colored geometry shows the actuated configuration under 
1000 V. The green and the purple areas are identical in stiffness; however, only the purple portion is sensitive to 
a voltage input.  

3 FABRICATION  
Piezoelectric ceramics are the most common piezoelectric materials used in actuators due to 

their high electromechanical coupling.  However, piezoelectric polymers are becoming more 
popular for actuation applications because of their toughness, mechanical flexibility, 
lightweight, and chemical resistance.  Among other piezoelectric polymers, PVDF is the most 
renowned polymer that exhibits promising potential in applications such as sensing, actuation, 
and energy harvesting.  PVDF is a transparent semi-crystalline polymer that shows a good 
combination of structural properties, feasible processing, and cost-effective manufacturing.  
Although there are different crystalline phases in PVDF, the amount of the polar  phase in 
PVDF correlates to the piezoelectric response of this polymer.  Conventionally, the crystalline 
phase transformation of PVDF is engineered during the manufacturing process. Annealing, 
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drawing, and electric poling are common processes that have been commonly used to increase 
the polar  phase in PVDF and consequently produce piezoelectric polymers [9-11]. 

In this study, piezoelectric PVDF powders have been transformed to printable forms to be 
used in additive manufacturing processes. Two different approaches were taken to print the 
desired wing trailing edge structure presented in Sec. 2. In fused deposition modeling (FDM) 
approach, the PVDF powder was transformed to PVDF filament using a small twin screw 
extruder (Filabot EX2) and printed on a custom-built 3D printer. As an alternative approach, 
the PVDF powder was dissolved in dimethylformamide (DMF) solvent to be utilized by an air-
powered solution dispenser (Ultimus™ V High Precision Dispenser, Nordson EFD) assembled 
on the customized 3D printer. Figure 6 shows the controlled moving stage (Aerotech Gantry 
system) equipped with the extruder head and the solution dispenser for 3D printing of the PVDF 
filament and direct-writing (DW) of the PVDF solution. 

The additive manufacturing of the morphing trailing edge began by converting the digital 
models of the designed structure into G-code for the 3D printer. Here, Slic3r, which is an open 
source software, was used to convert the CAD model presented in Fig. 5 to horizontal layered 
structures and generate the toolpath for the 3D printer. Initially, a set of printing parameters and 
settings should be determined in a way to accomplish the fabrication of the designed trailing 
edge continuously without defects. Depending on the resolution of the printed components, the 
feasibility of the design is evaluated and modifications will be applied to the morphing 
structure. 
 

 
Figure 6: Custom-built 3D printer for fused deposition modeling (FDM) and direct-writing (DW) of piezoelectric 
polyvinylidene fluoride (PVDF). 
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3.1 Fused deposition modeling of PVDF  
The popular fused filament modeling technique was used to fabricate three-dimensional 

trailing edge structures.  The PVDF filament with a diameter of 1.75 mm made by the Filabot 
EX2 single screw extruder was fed into the FDM extruder.  The temperature of the nozzle was 
adjusted to be in the range of 270 – 285 C to accomplish a heat-assisted fabrication process of 
PVDF structures.  A glass substrate was used as the printing bed which was placed on a hot 
plate at a temperature of 150 – 170 C to facilitate building a flat layer of the trailing edge 
structure.  In this case, the resolution of the printed object was controlled by tailoring the height 
of layers as well as the infill percentage of the structure in the slicing software, Slic3r.  By 
adjusting the thermal and rheological properties of the PVDF, trailing edges composed of 1 to 
2 layers were fabricated.  Due to the large thickness of the printed layers, a high voltage was 
required to actuate the structure. Alternatively, the same geometry was fabricated using the DW 
technique which can produce structures with smaller thicknesses. 

3.2 Solution-based direct-writing of PVDF 
Alternatively, PVDF films with the desired geometry were fabricated using a solution-based 

direct-write technique.  In this approach, a PVDF solution with a concentration of 20 wt% in 
MDF solvent was used to print PVDF films with a thickness of 30 to 100 microns.  The 
thickness of the films was controlled by tuning the speed of the moving dispenser and the level 
of air pressure required to deposit the PVDF solution.  Additionally, the size of the nozzle can 
be utilized to fabricate a layer-by-layer structure or even complex, self-supported, three 
dimensional geometries.  In all different scenarios, during the direct-write process, the solvent 
evaporates at elevated temperatures to form a solid film or three-dimensional structures. Here, 
gauge 22 blunt stainless steel dispensing needles were used to write the PVDF solution on a 
glass substrate.  The speed of the moving nozzle was adjusted to remain between 10 - 20 mm/s 
and the solution was delivered with an air pressure of 4 - 8 psi. 

Upon the fabrication of the trailing edge structures with PVDF, the samples were annealed 
and electrically poled to be prepared for actuation.  In order to allow the polymer chain to align 
and reorganize in the PVDF, corona poling at 14 kV was applied to the specimens at an elevated 
temperature.  The poling was continued in this condition for at least 30 minutes.  Subsequently, 
the active sections of the structure, that is, the purple colored parts of the structure as shown in 
Fig. 5, were electroded by sputtering a thin layer of gold on both sides of the printed object.  
After completing this process, the samples were ready to be tested in order to evaluate the 
performance of the structure and feasibility of the designed morphing trailing edge. 

4 RESULTS AND DISCUSSION 
Figure 7 demonstrates the 3D printed trailing edge structures made from PVDF. The parts 

fabricated using the FDM technique are shown in Fig. 7a. The small defects between extruded 
filaments in these structures can cause current leakage and make a short circuit when subjected 
to an electric field. Therefore, the size of the parts can be increased in order to avoid this 
resolution limitation. Another challenge in exciting 3D printed wing trailing edges was the 
relatively large electric field required to generate visible morphing shapes in the structure. The 
large thickness of the fabricated PVDF parts also added extra rigidity to the structure and 
limited the flexibility of the printed objects. Due to the resolution of the printer, the compliant 
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linkages connecting the upper and the lower surfaces of the trailing edge had to be increased in 
size, increasing their stiffness drastically. It was observed that the stiff linkages of the designed 
trailing edge effectively eliminated the deformability of the entire structure.  In order to modify 
the current design and overcome the high stiffness of the printed PVDF parts, structural joints 
should be integrated into the design to allow on-demand movement of the part without having 
to overcome the structural rigidity. 

As mentioned earlier, PVDF films with similar geometries of the designed trailing edge were 
fabricated as an alternative approach to determine the feasibility of the design and PVDF 
materials to be used in morphing wing structures. Figure 7b shows four specimens fabricated 
through direct writing of the PVDF solution. After evaporation of the solvent, the films were 
annealed, poled and electroded. The biggest challenge in actuating these PVDF specimens was 
the abrupt electric discharge between the top and bottom electrodes of the specimens.  Because 
of the high electric field and small thickness of the specimens, the air was ionized at the edge 
of the electrodes and electric sparks were observed during the actuation testing. This design can 
be improved by adding inactive borders around the electrodes or packaging the electrodes with 
a thin layer of a nonconductive polymer. However, altering the current design requires 
conducing simulations to ensure that the reflexed shape of the trailing edge will be favorable.  
It can be concluded that these preliminary results provided better insight to this design problem 
and suggested possible solutions to overcome current limitations in the fabrication of morphing 
structures composed of piezoelectric polymers. 
 

 
Figure 7: Photos of 3D printed designed trailing edge structures with piezoelectric polyvinylidene fluoride 
(PVDF) to produce desired morphing shape (a) PVDF films fabricated by solution-based direct-write technique 
(b) PVDF parts fabricated by fused deposition modeling (FDM). 

5 CONCLUSION  
The freedom to 3D print piezoelectric polymers allows for the generation of complex 

morphing structures that rely solely on piezoelectric actuation. In this work, we generated and 
presented a design for a wing morphing application designed for additive manufacturing. This 
design would allow for the generation of reflexed camber, which could enhance the 
aerodynamic characteristics of the wing at near-stall conditions. The details of the fabrication 
process, as well as the current limitations were then discussed. As future work, minor 
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modifications to the design are planned to enhance its printability without adversely affecting 
the desired morphed shape. 
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Abstract. The paper presents a research in the field of morphing wings (adaptive wing 
geometry) developed over a prototype of micro unmanned air vehicle. This morphing wing 
will optimize the aircraft performance features. Modifying the curvature of the wing, the 
micro-UAVs will adjust its performance in an optimum mode to cruise flight condition as 
well as in the phases of takeoff and landing. The installation of mechanical elements for 
control surfaces in small size aircraft means, on some occasions, an additional complexity. In 
addition, it takes into account an increase in aircraft weight. In this research, the adaptive 
wing geometry is based on MFC (macro fiber composites), so that its position on the inner 
surfaces of the wing allows the appropriate modification of the curvature, adapting them to 
the flight profile. This research will present the conceptual design of the vehicle, 
computational calculations, experimental results of the wind tunnel testing and validations 
using non-intrusive techniques (PIV). The control parameters of the MFC deformation are 
performed by an Arduino board. With these analytical, computational, and experimental 
results, the most relevant performances are estimated. From all these set of results obtained, it 
will be a good start to prepare the maiden flight of the micro air vehicle for carrying out the 
flight tests campaign. 
 

1 INTRODUCTION 
In the last decade, a new variety of unmanned vehicles has been developed to perform 

different missions. These types of vehicles are used in missions that do not require human 
performance for their success. Furthermore, they allow the automation of processes that have 
a high level of development. 

A high demand for smaller vehicles to satisfy these missions has led designers to focus on 
a specific type of unmanned vehicle, namely, the micro air vehicle. The design of this kind of 
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vehicles is restricted by the not well known aerodynamics phenomena of low-aspect-ratio 
wings operating at low Reynolds numbers [1]. Moreover, their reduced development cost has 
allowed universities and research centres to explore a wide variety of designs. This is the case 
of morphing, which has enhanced innovation in MAVs. These wings help to develop multi-
role MAVs by optimizing their overall performance [2]. 

A particular case of morphing is based on an in-flight camber profile change. In this way, 
the increased lift coefficient reached with an increment in camber would allow the aircraft to 
perform at lower speeds. Consequently, it would be possible to obtain better conditions for a 
real-time video recording, decreased values of camber would provide higher lift to drag ratios 
and therefore higher values for range and endurance. It is widely known that one of the main 
effects of modifying an airfoil’s camber is to vary the zero-lift angle of attack, airfoil 
efficiency and also stall pattern. Furthermore, maximum lift increases with camber [3]. The 
scope of this research is to study the effects of performing in-flight camber variations by 
means of smart structures, such as Macro Fiber Composites (MFCs) [4]. 

2  INTRODUCTION TO SMART MATERIALS 
Materials which are able to vary one or several of their properties as a result of external 

stimulus, such as voltage and temperature, are called intelligent materials. 
The development of these materials has increased significantly in recent years, as they 

show new capabilities within industries such as aeronautics, aerospace and biomedical. 
The classification of these kinds of materials is very wide. For this reason, the following 

report shall focus on only one of them: the piezoelectric materials. One of the main properties 
of this material is the ability to modify its shape when it is exposed to an electric field. 
Therefore, piezoelectricity can be considered as a bridge between electrical and mechanical 
components. 

Within the great variance of piezoelectric devices, the focus of this research is the MFC 
(Macro-Fiber Composite). 

2.1 Macro–Fiber Composites actuators 
The MFC is an innovative low-cost piezoelectric device designed by NASA to control 

vibrations, noise and deflections in composite structures. The figure 1 shows the MFC profile 
that has been considered in this research. 

 

Figure 1: MFC device 
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It consists of rods of piezoceramic material interspersed between layers of an adhesive film 
which contains a number of minute electrodes. These electrodes transfer the voltage to 
actuators, which will be deformed when an electric field works in them [4]. These embedded 
layers of different materials which provide a uniaxial performance along its length. Extensive 
information of these can be found in [5]. 

 

 
Figure 2: Schematic view of a Macro Fiber Composite device 

The assembly of MFCs enables in-plane poling. They use the d33 piezoelectric effect, 
which is an elongating effect [6]. The strain generation is anisotropic so that the transversal 
strain could be assumed to be zero. Normally, there should be slight contraction, but due to 
the matrix effects, negative strain becomes negligible. These devices can be attached to 
different types of materials such as aluminum or composites. However, it is believed that 
MFCs tend to perform better when attached to materials with higher elastic modulus [7]. 

One of their main advantages is the capability to achieve a continuous deformation, instead 
a flapped deformation, which means an increase in the mechanical complexity. Parameters 
such as the lift to drag ratio, lift to weight ratio, and power to weight ratio could be reduced by 
conventional servo-linkage actuators. Furthermore, due to the volume occupied by these 
servos, less volume is left in the fuselage for allocating electronic systems.  Moreover, MFCs 
allow controlled morphing to be performed, something that cannot be achieved with self-
deformable systems [6].  

3 CONCEPTUAL DESIGN OF MAV 
 This study is focused on the aerodynamic characterization of a morphing micro air vehicle 

(MAV). Unmanned aircraft are being developed to perform different types of missions. 
Morphing wings can help to improve mission efficiency and perform a wider variety of tasks. 
The MAV normally performs at low Reynolds numbers and generally with low aspect ratio 
(LAR) wings and there is actually scarce knowledge about this flight regime. Thus, a detailed 
aerodynamic investigation has to be performed for each new design. 

This particular MAV was designed in Technical University of Madrid (UPM) (Figure 3).  
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Figure 3: Morphing MAV prototype. 

It can perform in-flight camber profile changes without varying any other geometric 
parameters (Figure 4) in order to improve the lift to drag ratio or increase the maximum lift 
coefficient. This improvement in aerodynamic efficiency increases the aircraft range and 
endurance while a higher maximum lift coefficient helps the aircraft to perform at lower 
speeds. Morphing is performed by Macro Fiber Composite (MFC) piezoelectric actuators 
attached inside the wing.  

 

 
Figure 4: Geometrical airfoil characteristics: maximum camber and maximum thickness 

The Eppler 61 airfoil is an airfoil which at low Re (which extends to 5Re 1 10  ) performs 
mostly with a turbulent boundary layer. In spite of the drawback of producing a high skin-
friction drag, it has been observed that a turbulent boundary layer is more predictable than a 
laminar boundary layer for low Reynolds numbers [8]. Moreover, and in order to achieve 
continuous camber variations, a concave-low surface airfoil is required. 

This preliminary aerodynamic research has focused on wind tunnel tests of our first 
prototype. In this first set of tests, experimental data about lift and profile stall behavior have 
been obtained. Using the results of the experimental study carried out in this research, a 
relationship between airfoil geometrical parameters which have an optimum response in the 
maximization of the lift has been obtained. 

The researches carried out in [1] demonstrated how this planform provided one of the 
highest lift to drag ratio for an Aspect Ratio of two, only overtaken by an elliptical planform 
with the same Aspect Ratio. This increase supposes an overall optimization in performance 
which is considered to be a major aspect in MAV’s development. 

Moreover, in the range of Low Aspect Ratios (LAR), a value for this parameter higher than 
1.5 has shown to make aerodynamic behave more linearly. As a consequence, it becomes 
more predictable, enabling designers to draw further conclusions about its performance than 
for a lower Aspect Ratio wing. 
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Zimmerman Wing (Figure 5) has been selected over elliptical wing since the latter has 
been researched for decades and no further information can be drawn from it. However, 
Zimmerman Wings reached its summit in the 50’s but they were rapidly abandoned. Projects 
being currently developed are trying to recover this configuration and it is inside this project 
to research their performance at low Reynolds numbers. 

The aerodynamic benefits of an elliptical wing planform are well known. The Zimmerman 
and inverse Zimmerman wing planforms consists of two half-ellipses joined at either the c/4 
location or at the 3c/4 location. 

 

 
Figure 5: Typical Zimmerman wing configuration 

The wing is designed with Eppler E61 airfoils and a Zimmerman wing planform with an 
AR of 2.3 which has high aerodynamic efficiency only surpassed by the elliptic form. 

4 VOLTAGE DEFORMATION TESTBED 

In this section, we will present the voltage-deformation test of the Zimmerman half-wing, 
in which the entire aerodynamic study has been carried out, in order to observe the MFC 
deformation capacity of the wing intrados. In order to achieve this, two power supplies were 
used, as shown in the figure 6. 
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Figure 6: Voltage – Deformation test facility 

As it can be observed in Figure 6, the MFC was connected to a main power source, so that 
different variants of voltage could be emitted within the actuator. 

According to experimental data measured in previous tests, the maximum voltage which 
causes a significant deformation in the half-wing is 5 V. Thus, for this test, voltage margins 
between 0 and 5 V were supplied, so that it could be possible to obtain the 
voltage/deformation curves along the main airfoil (which corresponds to the socket) of the 
intrados as well as the extrados. It is important to remember that the wing’s original 
aerodynamic profile is the Eppler E61 airfoil. 

For the purpose of this report, only the results obtained for the 0 and 5 V tests will be 
shown, since these are the aircraft configurations analyzed in wind tunnel aerodynamic tests. 
Despite this, it is important to emphasize that there are two different curvature variations: a 
softer distribution (less variation of curvature) for voltages between 0 and 2.5 V, and another 
one which is more pronounced (greater variation of curvature) for higher voltages than 2.5 V. 

Figure 7 shows two images corresponding to the main airfoil indicated above, for a voltage 
of 0V (left) and for a voltage of 5V (right). 
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Figure 7: Stages of airfoil deformation from 0 V to 5 V 

In order to make the control process more intuitive, the wing geometry is supposed to be 
modified by means of a control device. This control device consists of two potentiometers 
which transform the x and y axes movement in an electric signal proportional to its position. 
This signal will be in a range of 0 to 5 V range of the output signal. In order to obtain a 
relationship between voltage and maximum camber, the wing will be tested for different 
values of the input voltage and the changes in the geometry will be measured. In particular, 
the maximum profile camber for each value of the voltage has been determined. The results 
obtained are presented in the following graph: 
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Figure 8: Airfoil camber variation as a function of voltage control 

From the experimental data, several fitting curves have been obtained in order to get the 
better fitting which relates the input voltage with the wing’s maximum curvature. Two 
functions for each range have been finally chosen, a linear and an exponential one. 

Exponential fitting curves: 

 
f c

e1
= 0.8589×e(0.0664×V )

f c
e2
= 0.6348×e(0.2215×V)

 (1) 

Where ‘ 𝑓𝑓/𝑐𝑐|1’ indicates that it is referred to the first range (from 0 to 2.5 V) and  ‘ 𝑓𝑓/𝑐𝑐|2’ to 
the second one (from 2.5 to 5 V).  

Linear fitting curves: 

 1

2

0.0629 0.8500

0.3240 0.2631

  

  
l

l

f c V

f c V
  (2) 

We concluded that the exponential fitting curve adjusts more precisely to the experimental 
data. Nevertheless, although the exponential function provides a slightly better approach, the 
average error obtained for each one of them is quite acceptable for a first model of the control 
system. As a result, the ease of programming this curve has been the main criterion taken into 
account for the final decision to implement the linear function. 

A graph showing the comparison between the upper and lower profile coordinates for 0 
and 5 V is presented in Figure 9. When results are analyzed, significant differences between 
the curvatures of the original and modified airfoils become apparent. 

 
As observed, during the tests carried out, the airfoil chord at wing root in the testbed does 

not change. This is so important, because it will allow its application in a complete aircraft 
which, if the airfoil chord at wing root varied, it would be more complicated to establish a 
reliable joint between the wing and the fuselage of an aircraft. Furthermore, a great variation 
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of the airfoil curvature is noteworthy as it will give the aircraft greater lift allowing 
distribution of the lift coefficient across the linear zone, which is of great relevance in the case 
of aircraft flight. 

5 WIND TUNNEL TESTS 
The test campaign was developed by means of experimental wind tunnel testing at 

National Institute of Aerospace Technology (INTA) in Spain. Velocity measurements were 
taken using the Particle Image Velocimetry (PIV) in five sections along the wingspan in order 
to understand the three-dimensional behavior of the airflow. 

The tests were carried out using a 1:2 scaled half-model of the MAV attached to a wall to 
simulate the symmetric half of the model. Two different models were used, one corresponding 
to the unmodified configuration of the wing (Eppler E61 airfoil) and other which corresponds 
with the modified configuration with highest camber increase (up to 10% of maximum airfoil 
camber) (Figure 9).  

 

 
Figure 9: Two different airfoil configurations tested 

The wind tunnel has an open test section of 2×3 m2 with a platform to place the experiment 
aligned with the flow (zero yaw angle). The model was tested with a freestream velocity of 10 
m/s (Re ≈ 6.5·104) and a turbulence intensity less than 0.5%. The flow was seeded with olive 
oil tracer particles and illuminated with two Nd:YAG (Neodymium: Yttrium Aluminum 
Garnet) lasers with a pulse separation of 25 μs. The mean flow velocity field was calculated 
over a total of 200 instantaneous maps. 

The non-dimensional mean velocity flow for the unmodified configuration is shown in 
Figure 10 for different angles of attack (AoA) for the section corresponding to 75% of the 
wingspan. Streamlines are superimposed on to the velocity maps. The values of CL where 
measured from the unmodified vehicle for a Reynolds number of 6.5·104 for previous 
researches [9]. Detachment of the flow appears for an AoA of 25°. This is shown by a 
massive low wind speed region in the trailing edge of the airfoil. 
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Figure 10: Non-dimensional mean velocity flow field at 75% of the wingspan for the unmodified MAV over 

the CL vs 𝛂𝛂 curve for Re≈6.5·104. 

Figure 11 shows the five measurement sections along the wingspan for the unmodified 
MAV for an angle of attack of 25°. A wide detachment region appears throughout the 
wingspan which confirms that the wing is fully stalling. The structure of this low velocity area 
suggests a strong three-dimensional behavior of the flow, typical of LAR wings performing at 
low Reynolds numbers. 

 
Figure 11: Non-dimensional velocity flow around the unmodified MAV along the wingspan. 
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Very significant differences appeared for the Mod4 configuration of the wing, mostly at 
higher angles of attack closer to the stall of the vehicle. In Figure 12 it is shown the non-
dimensional mean velocity flow field for both aircraft configurations for an AoA of 25° at 
75% of the wingspan. The Mod4 configuration shows no detachment region. The higher 
camber value for the Mod4 configuration allows the aircraft to increase the stall angle of 
attack and improve the maximum lift coefficient of the wing. This can be deduced because of 
the higher acceleration of the flow in the upper side of the wing shown in Mod4 
configuration. 

 

 
Figure 12: Non-dimensional mean velocity flow field for both MAV configurations and AoA of 25° at 75% 

of the wingspan. 

Turbulence intensity distribution can be derived from the velocity measurements. Figure 
13 is showing the turbulence intensity distribution for both MAV configurations at 75% of the 
wingspan for 25° of AoA. The Mod4 configuration reduces the high turbulent region in the air 
wake of the wing. This is very important for the stability of the vehicle. This unsteady 
turbulent flow might produce vibrations in the wing and result in dynamic instability and 
fatigue problems in the structure. 

 

 
 

Figure 13: Turbulence intensity distribution for both MAV configurations and AoA of 25° at 75% of the 
wingspan. 

6 CONCLUSIONS 

The objective of this research was to develop a conceptual model and, as a result, a 
prototype of an unmanned aerial vehicle of reduced dimensions (micro air vehicle, MAV) 

1003



M. A. Barcala, A. A. Rodríguez, R. Bardera, J. García, M. León and J. De Nova 

 12 

based on adaptive wing geometry (morphing concept). This innovative proposal will optimize 
the performances on the aircraft mission profile. Morphing wings can provide a wide range of 
configurations that rigid ones are not able to.  

Throughout this paper, the highlights of the project are presented: the main conceptual 
design features, the effect of the voltage variation over the curvature, and experimental wind 
tunnel tests.  

The flow around the morphing micro air vehicle was measured by means of PIV technique 
and wind tunnel testing. Two different configurations of the MAV were studied: the 
unmodified configuration and the Mod4 configuration, which consists of a higher cambered 
Eppler E61 airfoil with the same chord and thickness. The Mod4 wing showed better 
performance at high angles of attack delaying stall up to higher AoA and therefore obtaining 
higher maximum lift coefficient (CL max). This design will help the aircraft to have a wider 
range of maneuver during the mission. Further investigations should be focused in the other 
configurations of the vehicle and the study of the transient states during the change of 
configurations of the wing. 

REFERENCES 
[1] Torres GE, Mueller TJ. Low aspect ratio aerodynamics at low Reynolds numbers. AIAA J 

2004;42(5):865-873. 
[2] Weisshaar TA. Morphing aircraft technology-new shapes for aircraft design 2006. 
[3] Jones RT. The minimum drag of thin wings in frictionless flow. Journal of the 

Aeronautical Sciences (Institute of the Aeronautical Sciences) 2012;18(2). 
[4] Williams RB, Park G, Inman DJ, Wilkie WK. An overview of composite actuators with 

piezoceramic fibers. Proceeding of IMAC XX 2002:4-7. 
[5] Smart Material Corporation<br />. Available at: www.smart-material.com. 
[6] Ohanian III O, Hickling C, Stiltner B, Karni ED, Kochersberger KB, Probst T, et al. 

Piezoelectric morphing versus servo-actuated MAV control surfaces. AIAA Paper 
2012;1512:23-26. 

[7] Design, manufacturing, and verification of piezoceramics embedded in fiber-reinforced 
thermoplastics. Smart Structures & Materials' 95: International Society for Optics and 
Photonics; 1995. 

[8] Anderson Jr JD. Fundamentals of aerodynamics. : Tata McGraw-Hill Education; 1985. 
[9] Barcala-Montejano, M. A., Rodríguez-Sevillano, A. A., Crespo-Moreno, J., Bardera-

Mora, R., & Silva-González, A. J. (2015, June). Optimized performance of a morphing 
micro air vehicle. In Unmanned Aircraft Systems (ICUAS), 2015 International 
Conference on (pp. 794-800). IEEE. 

1004



Effect of Shape Memory Alloy Actuator Partial Transformation on the Performance of Morphing Wind Turbine 
Airfoils

VIII ECCOMAS Thematic Conference on Smart Structures and Materials 
SMART 2017 

A. Güemes, A. Benjeddou , J. Rodellar and Jinsong Leng (Eds) 
 

 

1 
 

A ROBUST FLUID STRUCTURE INTERACTION NUMERICAL TOOL 
FOR THE ANALYSIS OF AIRFOIL MORPHING STRUCTURES WITH 

SHAPE MEMORY ALLOY ACTUATORS 

ANARGYROS KARAKALAS*, THEODOROS MACHAIRAS*, ALEXANDROS 
KONTOGIANNIS*, ALEXANDROS SOLOMOU‡, VASILIS RIZIOTIS† and 

DIMITRIS SARAVANOS* 

* Dept. of Mechanical Engineering and Aeronautics 
University of Patras 

University of Patras Campus, 26500, Rion, Greece 
e-mail: saravanos@mech.upatras.gr 

 
‡ Dept. of Aerospace Engineering 

Texas A&M University 
 

† Dept. of Mechanical Engineering 
National Technical University of Athens 

Key words: Fluid Structure Interaction, Shape Memory Alloys, Morphing, Wind Turbines 

Abstract. In the present paper, a Fluid Structure Interaction (FSI) numerical tool is presented 
for the rapid simulation of morphing structures with implemented Shape Memory Alloy (SMA) 
actuators if form of wires. The tool consists of two main components: (1) the fluid simulation 
tool and (2) the structural analysis tool. The former consists of an inviscid model as a 
preliminary step for the development of a Viscous-Inviscid Interaction (VII). Firstly, the panel 
method for the purely inviscid flow is described as well as the viscous displacement model for 
the Equivalent Inviscid Flow (EIF). Due to the low computational cost and required solution 
time of VII methods, the present method is promising for fluid-structure interaction 
computations where multibody assemblies are considered and the numerical model involves 
thousands of Degrees of Freedom (DoFs). The structural model is developed using the 
commercial finite element software ABAQUS which offers the ability to develop and 
implement user subroutines for the numerical simulation of the shape memory alloys adopting 
well established material models. An articulated, finger-like, morphing mechanism for load 
alleviation in horizontal axis wind turbine (HAWT) blades, consisting of three pairs of 
antagonistic actuators to control bilateral morphing shapes is presented and investigated. The 
FSI numerical model is used to quantify the effect of the aerodynamic pressure on the SMA 
actuator wires in terms of developed stresses as well as to prove the variations in the 
aerodynamic characteristics of the airfoil in terms of changes on the coefficient of pressure. A 
number of different possible activation cases are selected and assessed to compare between flap 
and morphing operation of the mechanism. 
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1 INTRODUCTION 

Development of high fidelity numerical tools with low computational time and improved 
accuracy is the most essential prerequisite for the design and realization of new engineering 
applications with enhanced capabilities. Morphing applications’ potential is constantly growing 
as new materials and techniques are emerging. While these structures augur more efficient 
operation than conventional solutions in the fields of aerospace industry [1] and wind turbines 
[2] the prediction of the accurate response of the whole system remains an open and quite 
challenging field because of the number of the different scientific areas and problems that have 
to be addressed and solved. Thus, multidisciplinary approaches that combine the individual 
scientific problems into a single model offer more realistic solutions. FSI is such a technique 
that considers the effect that a fluid domain has on a structure immersed inside the domain. FSI 
techniques can be used for both determining the response of a structure under the influence of 
a flow but also in the efficient design of structures that will interact or affect a flow. 

An example of design of adaptive structures oriented in the field of aerospace applications 
is the work of Bilgen et. al. [3] who proposed a variable-camber and variable twist morphing 
wing using piezocomposites to induce surface deformations. Their design was based on a 
coupled static FSI problem. Moreover, Willis and his coworkers [4] developed a multi-fidelity 
computational framework capable of analyzing and designing flapping wing. A different 
aerospace application is the use of chevrons activated by SMA actuators on the circumference 
of jet engine outlets for aircraft noise reduction [5]. 

In the field of renewable energy and more specifically in the design of new generation wind 
turbines, morphing is considered as a possible solution to reduce aerodynamic loads or improve 
the efficiency of the machine. The effect of adaptive airfoil geometries has been demonstrated 
in several studies implementing FSI techniques for both HAWT [6], [7] and Vertical Axis Wind 
Turbines (VAWT) [8]. Srinivas Vasista and Liyong Tong [9] have used a FSI analysis to create 
a topology-optimized design of a morphing trailing edge structure capable for providing the 
flexibility for variations in airfoil shape and the stiffness to carry the aerodynamic loads.  

University of Patras (UPAT) and National Technical University of Athens (NTUA) have 
already developed a morphing airfoil section [10], [11] to reduce the loads acting on the root of 
a 10 MW HAWT blade. The morphing of the airfoil section changes the flow field around it, 
thus it affects significantly its aerodynamic performance in terms of variations of the 
coefficients of lift, drag and pressure. In this paper, a fluid structure interaction scheme is 
developed for the numerical investigation of the aerodynamic response of an airfoil with an 
adaptive trailing edge actuated by shape memory alloy wires designed for a 20MW HAWT 
blade. 

2 MODELING BACKGROUND 
In this section, the main theoretical background and methods used for the numerical 

simulation of the complex thermomechanical response of shape memory alloys and the 
simulation of viscous-inviscid fluid flow around an airfoil are described concisely.  
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2.1 Thermomechanical Behavior of Shape Memory Alloys 
Shape memory alloys belong to the category of smart materials and present a very particular 

type of diffusionless displacive phase transformation. When transformation occurs the parent 
phase called Austenite (high temperature phase) is transformed to the product phase called 
Martensite (low temperature phase) under applied stress or variations of temperature. The 
martensitic transformation is the key to the Shape Memory Effect (SME) [12] a unique 
phenomenon that is depicted schematically in the diagram of Figure 1 A. 

 
 

A. B. 
Figure 1: Shape Memory Effect shown in a A. Stress – Strain – Temperature Space Diagram and a B. 

Ribbon Representation 

Figure 1 A denotes the starting state where the material is considered in the phase of Austenite 
thus the martensitic volume fraction (represented with letter ξ) equals 0. While under cooling 
the material’s atoms undergo a displacive reorganization until a preferred arrangement, or 
ordered lattice structure is obtained. This microstructure is highly twinned and completely 
martensitic self-accommodated groups are formed (point B). After application of a mechanical 
load beyond a particular limit the martensite will be detwinned a process that is described as a 
stress induced transformation (point C). Upon unloading an inelastic strain denoted as εt, 
remains (point D) and can be recovered by heating the detwinned martensite. Applied heat 
generates a reverse phase transformation to the parent phase (point A). The described 
thermomechanical loading cycle is known as shape memory effect due to the inherent ability 
of the material to “remember” a crystal structure which can be recovered after a 
thermomechanical loading process. This behavior can be deployed in applications where solid 
state actuators with low volume characteristics are required such as satellite solar panel hinges, 
safety valves, chevrons etc. 

Many mathematical models have been proposed in order to describe the complex nonlinear 
thermomechanical behavior of SMAs and they can be categorized in three main categories: (i) 
macro-mechanical phenomenological models, (ii) micromechanical models and (iii) macro-
mechanical based on micromechanics and thermodynamics [13]. The models of category (i) 
appear to address adequately the outline of the response of SMAs but their capabilities are 
limited and case oriented as they are based on experimental observations. Thus, the 
micromechanical models were considered to predict the response of these polycrystalline 
materials by accounting for their granular microstructure. Although these models are accurate 
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they are not optimal for engineering applications due to the requirement of modeling of the 
entire microstructure which concludes to extreme computational cost when feasible. 
Consequently, the macro-mechanical models emerged because of the need for low 
computational cost constitutive equations that are based on micromechanics and 
thermodynamics. The model adopted in the present study is the 1D version of the model 
developed by Lagoudas et.al. [14] considering the extension proposed by Darren et. al. [15]. 

2.2 Aerodynamic Analysis Method 
For the prediction of the aerodynamic loads acting on the morphing airfoil, a viscous-

inviscid interaction (VII) method was adopted since it requires incredibly lower computational 
time than alternative Reynolds-Averaged Navier-Stokes (RANS) methods for comparative 
accuracy. Using a panel method for the inviscid flow field the problem involves 1/100 fewer 
unknowns for obtaining results within the same accuracy level, as space-filling grid generation 
can be avoided [16]. 

In the present formulation, a Hess-Smith panel method describes the inviscid flow field 
while a wall-transpiration method is used to model the displacement thickness due to the 
viscous effects. The wall-transpiration boundary condition is dictated by the boundary layer 
properties which are calculated by integrating a simplified form of Navier-Stokes equations 
along the thickness of the boundary layer at the surface of the airfoil and the upper/lower wakes. 
The two-equation integral boundary layer method is comprised of the integral momentum and 
kinetic energy equations whilst semi-empirical velocity profiles are used for the turbulence 
closure. One supplementary equation is solved, which depends on the state of the flow and can 
be either (i) an equation for the transition criterion (en) for the laminar regime or (ii) a simplified 
stress-transport equation (lag-entrainment method) to account for rapidly changing flows. The 
set of equations for the inviscid and viscous flow is solved fully simultaneously using a Newton-
Raphson (N-R) method, and because of that strong interaction local regions of separated flow 
such as laminar separation bubbles can be well predicted. The previously described method 
hinges on the work of Drela [17] and Drela and Giles [18] which has been implemented in the 
XFOIL code. An extension of this work has been performed by Riziotis and Voutsinas [19] to 
model dynamic stall behavior (double wake concept) in FOIL2W numerical tool and by 
Kontogiannis for the analysis of two element airfoils in FOIL2E numerical tool. In the present 
context, the FOIL2E numerical tool was loosely coupled with a commercial finite element 
software and to develop a fluid-structure interaction analysis scheme. 

3 IMPLEMENTATION OF THE FSI ANALYSIS 
Having described the dominant phenomena that take place and will be numerically 

investigated during the FSI analysis the developed subroutines and numerical tools are 
presented in the following paragraphs. The FSI scheme consists of a commercial finite element 
software for the 2.5D FE modeling of the airfoil and the morphing mechanism with the 
implemented actuators, a user material subroutine for the description of the thermomechanical 
response of shape memory alloys, a user load subroutine for the extraction of the airfoil’s 
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geometry during each increment and the application of pressure distribution and an in-house 
viscous-inviscid code for the solution of the flow problem around the airfoil and the extraction 
of the pressure distribution. The selected airfoil is located at the 77% of a 20MW blade’s length. 

 
 

A. B. 
Figure 2: 20MW wind turbine blade; A) Basic Dimensions and B) Morphing Concept 

3.1 Material Subroutine for SMAs 
The constitutive equations describing the complex thermomechanical response of SMA 

actuator wires were implemented into a commercial finite element (FE) software [20] via a User 
MATerial subroutine (UMAT). At the beginning of each time step the values of total strain 
(εt+Δt) and temperature (Tt+Δt) are known based on the guesses of N-R process of the global 
solver of FE software. The aforementioned quantities are provided to the UMAT as input. In 
the same manner, the chosen state variables, which include (i) the martensitic volume fraction 
(ξ) and the transformations stain (εt) that describe changes in the microstructure of the material, 
are considered equal to their values on the last converged time step. At this time, the thermo-
elastic prediction step begins, which as a trial step, verifies whether the trial values of the 
internal state variables comply with a set of time discrete conditions. To this end the stress (σ) 
and the transformation function (Φ) are calculated. If transformation function Φ is greater than 
zero then the transformation takes place and the corrected values of εt and ξ are calculated 
according to an approach usually referred in computational plasticity as closest projection return 
mapping algorithm [21]. 

3.2 FOIL2E Tool for Fluid Flow Simulation 
The aerodynamic analysis method described in section 2.2 was based on the well-established 

and validated numerical tool FOIL2W that has been developed by the researchers of Laboratory 
of Aerodynamics of NTUA. The FOIL2E tool has been developed for cases of two-element 
high-lift airfoil analysis for aeronautical applications but it is also suitable for one-element 
airfoils commonly used in the wind energy sector as well as more advanced blade designs 
involving biplane configurations [22]. The numerical tool provides rapid results for 2D steady 
flows and angles of attack up to stall whilst the results are dubious for post-stall conditions. 
Lastly, the present method is promising for quasi-3D (2.5D) aerodynamic analysis of blades 
since it is computationally efficient and thus attractive to wind turbine applications. 
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3.3 Middleware Subroutine DLOAD 
DLOAD subroutine was considered as a middleware which was responsible for the 

communication between the structural and the aerodynamic analysis tools. This subroutine 
writes in an appropriate file the coordinates of the nodes on the outer aerodynamic surfaces, the 
number of each element and the number of the load integration point that is called for and the 
respective increment. These data are stored during every iteration of the global N-R solver of 
ABAQUS. It also identifies when a convergence has been reached and targets the last iteration 
of the converged increment to extract the coordinates of only one point from each element. The 
file containing the coordinates of each point is passed to the aerodynamic code at the first 
iteration of the next increment only. Once the new pressure data are calculated, at each iteration 
for every point DLOAD is called and another subroutine is used to locate the current point and 
find the respective pressure supplied by the aerodynamic code. 

3.4 Fluid Structure Interaction 
The numerical tools described in the previous subsections were combined to compose the 

FSI analysis scheme. In the flow chart of Figure 3 the interaction between the subroutines the 
numerical tools is briefly outlined. The ABAQUS structural model contains the geometry of 
the airfoil with the implemented morphing mechanism and the shape memory alloy actuators. 
In the model the initial thermomechanical conditions describing actuators’ initial state and the 
boundary conditions representing supports are defined. During the initialization of the FSI 
analysis the aerodynamic pressure acting on the airfoil is considered equal to zero. Temperature 
variation is considered as the input for the activation of the proper actuator. When temperature 
input is passed into the model, UMAT subroutine is called to determine the changes in actuators 
state in terms of stress, temperature and transformation strain. If transformation takes place the 
airfoil is morphed and the coordinates describing the current geometry are extracted through 
the DLOAD subroutine. The coordinates of the morphed airfoil are then passed into FOIL2E 
code to determine the pressure distribution acting on the whole structure. Before the calculation 
of the new pressure field, FOIL2E checks if the maximum displacement variation in order to 
ensure that convergence between the structural and fluid model has been achieved. If the 
solution has not converged to a predefined tolerance value, the output of FOIL2E is the same 
pressure distribution provided in the previous increment. If the solution has converged then the 
pressure field is read by DLOAD subroutine and then it is applied to the airfoil’s aerodynamic 
surfaces. During the next increment a new temperature variation is considered and the process 
is repeated until the end of the analysis. 
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Figure 3: Brief Operational Flow Diagram of FSI Procedure 

4 CASE STUDY DESCRIPTION & RESULTS 
The presented case study is a 2.5D model of a morphing airfoil section of a 20 MW HAWT 

blade designed for load alleviation purposes. Load alleviation is performed by adoption of two 
different concepts: (i) the morphing mechanism acts like a flap representing 30% of the chord’s 
length and (ii) two equivalent flaps of the morphing mechanism are entailed in a combined 
rotation to achieve a smoother camber line adaptation. For each one of the morphing cases the 
SMA wire actuators are modelled as thin wires of circular cross section (D = 3 mm) and three 
different analyses are considered: a. absence of aerodynamic pressure effects on the airfoil, b. 
constant aerodynamic pressure field acting on the airfoil and c. fluid structure interaction 
defines the aerodynamic loading. In b. and c. the pressure field is calculated by considering a 
wind velocity of 10 m/s and a.o.a. 4º. Furthermore, the activation of the actuators has for each 
analysis subcase has been considered the same and it is presented in FIGURE in terms of 
temperature variation. 
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Figure 4: Temperature Variation of the Actuators 

4.1 Flap Activation 
In this section, the simulation results of the morphing concept entailing a single flap with 

30% chordal length are presented for the three different subcases of aerodynamic loading. As 
it can be seen in Figure 5 the pressure application on the flap rotation cannot be neglected as it 
affects significantly its response. However small difference is observed between the constant 
pressure field and the varying aerodynamic pressure field predicted during the FSI analysis. 
This can be attributed to the small extent of flap movement that is confined between -1º and 
+1.52º rotation. 
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Figure 5: Angular Rotation of the 30% Chordal Length Flap for the Three Load Cases 

In Figure 6 the developed stresses on the SMA actuators are presented. As it can be seen the 
application of pressure cannot be omitted as it changes significantly the predicted results. 
However there is no significant difference between the constant and the time varying time 
distribution fields. The same, holds true for the martensitic volume fraction evolution as 
presented in Figure 7. 
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Figure 6: Stress of Actuators for the 30% Chordal Length Flap A. Upper Actuator and B. Lower Actuator 
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Figure 7: Martensitic Volume Fraction of Actuators for the 30% Chordal Length Flap A. Upper Actuator and 

B. Lower Actuator 

The aerodynamic performance of the morphing concept with the flap with 30% chordal length 
is assessed during the FSI analysis. In Figure 8 the distribution of pressure coefficient along the 
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chord of the airfoil is presented along with the values of lift and drag coefficients at the baseline 
state and the two extreme positions. 
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Figure 8: Pressure Coefficient Distribution during FSI Analysis and Aerodynamic Characteristics 

4.2 Morphing Operation 
In order to extend the morphing of the airfoil and to achieve a smoother deformed profile, a 
combined movement of the 10% and 30% chord length flap is attempted. Both actuators 
responsible for either the clockwise or the counter clockwise rotation are activated 
simultaneously to deflect the 30% and the 10% chord length flaps. The temperature of each set 
of actuators follows the profile depicted Figure 4. As it can be seen in Figure 9 the pressure 
application on the flap rotation cannot be neglected as it affects significantly its response. 
Additionally, there exists a non-negligible difference between the response predicted for the 
constant and the time varying pressure field predicted via the FSI analysis. 
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A. B. 
Figure 9: Flap rotations of morphing airfoil. A. Rotation of 30% Chordal Length Flap and B. Rotation of 10% 

Chordal Length Flap. 

In Figure 10 A the developed stress of the upper actuator responsible for the movement of 
the 30% chordal length flap is depicted while in Figure 10 B the stress for the upper actuator for 
the movement of the 10% chordal length flap is shown. Additionally, Figure 11 A presents the 
developed stresses on the lower SMA actuator responsible for the movement of the 30% chordal 
length flap while Figure 11 B depicts the stress of the lower actuator responsible for the 
clockwise movement of the 10% chordal length flap. As it can be seen the application of 
pressure cannot be omitted as it changes significantly the predicted results. The difference 
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between the constant and the time varying pressure field on the developed actuator stresses is 
considerable. 
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Figure 10: Stress of Upper Actuators responsible for the Rotation of A. 30% Chordal Length Flap and B. 
10% Chordal Length Flap 
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A. B. 
Figure 11: Stress of Lower Actuators responsible for the Rotation of A. 30% Chordal Length Flap and B. 10% 
Chordal Length Flap 

In Figure 12 and Figure 13 the evolution of the martensitic volume fraction for the upper and 
lower actuator sets respectively are presented. The effect of time varying aerodynamic pressure 
field is occasionally significant especially for the actuator responsible for the clockwise rotation 
of the 10% chordal length flap. 
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Figure 12: Martensitic Volume Fraction of Upper Actuators responsible for the Rotation of A. 30% Chordal 
Length Flap and B. 10% Chordal Length Flap.   
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Figure 13: Martensitic Volume Fraction of Lower Actuators responsible for the Rotation of A. 30% Chordal 
Length Flap and B. 10% Chordal Length Flap.   
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Figure 14: Pressure Coefficient Distribution calculated during FSI Analysis for the Combined Movement of 
10% and 30% Chordal Length Flaps 

5 CONCLUSIONS 
In the work presented in this paper, a method to implement loosely coupled fluid structure 

interaction has been described and performed on a 20MW WTB morphing section to evaluate 
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its performance. During the study two cases and three subcases have been numerically tested. 
The two cases involved the operation of the morphing mechanism and the subcases the 
consideration of aerodynamic pressure through fluid structure interaction between a structural 
and a fluid flow numerical tool. 

The produced results show that the FSI method has been successfully developed and allows 
for more reliable predictions and accurate estimation of the structural response of the morphing 
concept and the evaluation of its aerodynamic performance. The estimation of the change of lift 
coefficient due to morphing can be successfully predicted for the actual achieved morphed 
shape. Also the varying aerodynamic pressure field due to shape morphing can be taken into 
account to assess its effect on the structural performance of the morphing concept. Numerical 
predictions indicate that the aerodynamic pressure acting on the airfoil can affect significantly 
the developed stress on the actuators and consequently their performance and effectiveness. 

A comparison performed between the consideration of flap and morphing operation proved 
that morphing can produce greater effects on the aerodynamic performance of an airfoil while 
keeping the developed actuator stresses on the vicinity of 200MPa and without overstressing 
the rest of the structural components. The percentage of the variations on the coefficient of lift 
and the coefficient of drag are more than doubled when the flap at 30% and the flap at 10% are 
activated in a combined operation. Morphing entails a smoother change of the camber line of 
the airfoil by adapting its shape which leads to a more effective way to controlling its 
performance and therefore the produced loads on the whole blade structure. 
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Abstract. Compliant structures, such as flexible corrugated panels and honeycomb structures, 
are promising structural solutions for morphing aircraft. The compliant structure can be 
tailored to carry aerodynamic loads and achieve the geometry change simultaneously, while 
the reliability of the morphing aircraft can be guaranteed if conventional components and 
materials are used. 

In this paper, a compliant structure is proposed to change the dihedral angle of a morphing 
winglet. Unsymmetrical stiffness is introduced in the compliant structure to induce the 
rotation of the structure when it is actuated. Trapezoidal corrugated panels are used in the 
compliant structure, whose geometry parameters can be tailored to provide the stiffness 
asymmetry. An equivalent model of the corrugated panel is employed to calculate the 
deformation of the compliant structure, which improves the efficiency of the optimization. 
The optimization is performed to determine the optimum geometry variables, while also 
considering the actuator requirements and the available space to install the compliant 
structure.  

To provide the airfoil shape a flexible honeycomb structure is integrated into the morphing 
skin panel. The stiffness of the honeycomb structure can be designed to be much smaller than 
the stiffness of the corrugated panel, which ensures the deformation of the corrugated panel 
will not be influenced significantly by the honeycomb structure, and the deflections of the 
morphing winglet can still be calculated preliminarily by the simplified model. An 
experimental prototype has been manufactured to demonstrate the deformation of the 
morphing winglet, and a detailed finite element analysis has further verified the morphing 
winglet model.  

1. INTRODUCTION 
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The development of morphing aircraft is the subject of intensive research activity in recent 
years. The morphing winglet is one of the most promising concepts because small winglets give 
a relatively important aerodynamic influence.  

The research into the morphing winglets (wing tip devices) has different motivations, such 
as the increase in the flight range [1, 2], the reduction of air pollution [3], the enhancement of 
the takeoff capability [4], and alleviating loads [5]. Despite the different motivations, reliable 
structural solutions will be required to achieve the shape change of the morphing winglet while 
simultaneously carrying the aerodynamic loads.  

The conflicting relationship between the three requirements of the structure, i.e., ‘light’, 
‘load-carrying’ and ‘shape-adaptable’, has been discussed in a requirement triangle [6]. From 
the pespective of the system level study, the philosophy dillema remaining in the design of the 
morphing structure is to satisfy the requirements of carrying aerodynamic load and being able 
to change its shape with the constraints of its additional weight, system complexity, stability 
and cost. Smart materials, e.g. shape memory alloys [7] or piezoeletric material [8], have been 
applied in morphing aircraft. The success of these designs relies on the novel active 
characteristics of the materials. Another apporach is using conventional materials, but 
adopting unconventional structural concepts to design the morphing structutrue.  

Corrugated panels and honeycombs are two kinds of structures that have been in long-term 
use. However, they have been applied to new applications in the field of morphing aircraft. 
Flexible corrugated panels, and honeycomb structures have been used as morphing skins 
[9-12]. One common feature in these applications is the anistropic mechnical proterties of the 
entire structure, although the structure can be made of isotropic materials. With the equivalent 
anisotropic properties, stiffness tailoring can optimize design requirement of the morphing 
aircraft.  

The authors have proposed a compliant structure, which uses an unsymmetrical stiffness 
allocation in the structure [13]. The unsymmetrical stiffness in the structure is able to induce a 
rotation of the structure when a linear actuation is applied. The induced rotation of the 
compliant structure enables the dihedral angle of the winglet to change if the compliant 
structure is installed spanwise as a winglet or as a transion section between the main wing and 
the winglet.  

In this paper, a functional model based on the compliant structure is designed, 
manufactured and tested to validate the previous conceptual study. The trapezoidal corrugated 
panel is investigated for the compliant structure, which is optimized to minimize the required 
actuation force reducing the weight of the actuation system. The equivalent model of the 
trapzoidal corrugated panel is applied in the optimnization to reduce the calculation time.  

To provide the aerodynamic shape, flexible honeycomb structures are employed in the 
leading and trailing edges of the winglet. There has been extensive research on honeycomb 
structures, including the use of flexible honeycomb structures as the skin to provide the airfoil 
shape in wing span morphing [14]. It is less common to combine the honeycomb structure and 
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a corrugated panel into one morphing aircraft design. The morphing winglet was 
manufactured using a 3D printer, and a static test was performed to demonstrate the deflection 
of the morphing winglet. 

2. COMPLIANT STRUCTURES BASED ON UNSYMMETRICAL STIFFNESS 

Corrugated panels may have different profiles, such as round, sinusoidal and trapezoidal. 
The current study selects the trapezoidal corrugated panel. In the 2-dimensional case, the 
profile of a trapezoidal corrugated panel has the peridoic unit as shown in Figure 1.  
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Figure 1. Internal loads of a trapezoidal corrugated panel 
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The corrugation unit consists of the rigid-connected beams, labelled by the points A, B, …, 
G. In the trapezoidal unit, the geometry variables l1, l2, t, θ are used to describe the length of 
beam AB, the length of beam BC, the thickness of the panel and the internal angle of the 
trapezoid (0<θ≤90 degrees). The half height, and the half length of the corrugated panel are 
also represented by f and c respectively. The width along the z direction is denoted as w.  

The internal loads in one trapezoidal unit are shown in Figure 1. Using the classical beam 
theory, the deflections of point G can be obtained by accumulating the deflections of the other 
points (A, B, …, F), including the rigid translations caused by the rotation angle of the beam 
cross section. The entire corrugated panel is then considered as an equivalent straight beam, 
which is fixed at one end and has the same deflections at the other end to the deflections of 
point G. The method to has been applied to find the deflections under the force in the x 
direction [15]. Using the same method, the deflections in response to the force in the y 
direction and the moment along the z direction have also been obtained. The deflection in the 
x direction u, the deflection in the y deflection v, and the rotation angle of the beam section 
along the z direction α, can then be expressed by the equivalent properties of the model as  
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The number of the corrugation units in the corrugated panel is represented by n, and the 
length of the entire corrugated panel is represented by Ln. The Young’s modulus, area and 
second moment of area are denoted as E, A and I respectively. It should be noted that the axial 
extension is taken into account when calculating the deflection in x direction.  

The equivalent beam element has two nodes i and j as shown in Figure 2. According to 
Equations (1) and (2), the deflections of the two nodes can be obtained in response to the 
external loads. Thus, the stiffness matrix of the beam can be built by considering the 
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equilibrium of the beam. For example, when node j is constrained, the deflections of node i 
can be written as 
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Inverting this equation will give the external loads on node i as 
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                                    (4) 

Taking the equilibrium relationship of the beam element into consideration, we can obtain 
the loads at node j as 
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                                    (5) 

Repeating the step when node i is constrained, and combining the results from the two 
cases will finally give the stiffness matrix of the beam element as 
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                                 (6) 

where K12, K12, K21, K22 are sub-blocks (three-by-three) of the stiffness matrix of the 
equivalent beam element. 

As illustrated in Figure 2, the compliant structure is composed of three parts: two 
corrugated panels with different extension stiffnesses, which are modelled by two equivalent 
elements, and a connection part between them, which can be modelled by normal beam 
elements. The stiffness matrix of the compliant structure is then assembled to calculate its 
deformation. For the compliant structure, two sets of geometry parameters are needed, in 
which the superscripts ‘1’ or ‘2’ before the variables represent the two corrugated panels. The 
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length and the height of the structure are represented by a and b. The actuation force and the 
concentrated aerodynamic force are represented by F and P respectively. 
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Figure 2. Compliant structures based on trapezoidal corrugated panels 

3. DEVELOPMENT OF A DEMONSTRATION MODEL  

3.1 General description 

The structure of the morphing winglet consists of three main components: the leading edge, 
the compliant structure and the trailing edge as shown in Figure 3.  

In this paper, the model is mainly for structural demonstration, thus the NACA 0024 airfoil 
is used and the chord is 0.25m, considering the manufacturing cost and convenience. The 
spanwise length of the structure, a, is 0.12m. 

The compliant structure based on the unsymmetrical stiffness is supposed to carry the 
aerodynamic loads on the winglet, while the airfoil shape needs to be maintained especially in 
the leading and trailing edges. In the current study, flexible honeycomb structures are used to 
provide and maintain the aerodynamic profile in the leading and trailing edges. The zero 
Poisson’s ratio honeycomb design is employed, which has been applied in wing span 
morphing [14]. The honeycomb structures are connected to the corrugated panels evenly in 
the spanwise direction. In this demosntration model, an eletrical linear actuator is used. The 
actuator is pinned at both ends, so that it can rotate with the structure. Part of the upper panel 
in the middle is removed to install the actuator and avoid interference. An elastomer skin, 
such as silicone rubber, will be used, which will be supported by the stringers. A fairing will 
also be added to provide an aerodynamic surface at the tip of the compliant structure.  
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Figure 3. The morphing winglet demonstrator (stringers and fairing are not included) 

3.2 Optimization of the compliant structure 

By employing the equivalent model, the calculation time for the compliant structure is 
reduced significantly, which leads to a faster optimization. The compliant structure based on 
the unsymmetrical stiffness is optimized to reduce the actuation force, while the entire height 
of the compliant structure, B (B=b+1l1sin1θ+2l2sin2θ), should be constrained to fit within the 
thickness of the airfoil. A sequence of optimization is performed to find the fittest geometry 
variables. The ranges of the variables for the optimization are 
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The variables need to satisfy the geometry constraints, which are 
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Here, the parameters hact, Coeffsafety and LAb
 correspond to the height of actuator, the safety 

coefficient preventing the interference and the non-dimensional location of the actuator 
respectively. These parameters are fixed in the optimization with values of 0.02m, 1.5 and 0.3.  

The maximum Von Mises stress σv in the compliant structure should not exceed the yield 
stress of the material σy. Thus another constraint is employed in the optimization as 

 v y                                          (9) 

Here, the yield stress is 30 MPa is the current study.  
The Matlab® GA optimization toolbox [16] is applied to find the minimum actuation force 

required for a specific rotation angle. The entire height of the compliant structure will be 
influenced by the optimal variables, and thus a series of optimization cases are performed to 
find the relationship between the height between the two corrugated panels b and entire height 
B. Before the height is determined, the width of the corrugated panels has been found 
irrelevant to the optimal variables since the equivalent model of the corrugated panel is 
inherently a 2-dimensional model. A sequence of optimization cases with the same Matlab GA 
setting and state is performed to verify the assumption. While the required actuation force 
changes with the width of the corrugated panels, the optimized variables have almost no 
differences. With this assumption, the relationship between the entire height of the compliant 
structure B and the distance between two corrugated panels b is shown in Figure 4(a), which 
gives a quite linear trend between them. Then, the compliant structure is accommodated 
within the airfoil, as shown in Figure 4(b). The parameter b can be interpolated according to 
the entire height B, and then the width of the corrugated panels can be determined according 
to the airfoil thickness. The width of the compliant structure is 0.0875m in these optimization 
cases. 

1025



Chen Wang, Hamed Haddad Khodaparast, Michael I Friswell and Alexander D Shaw 

9 
 

 

Figure 4. (a) Optimal height and actuation force, (b) Compliant structure in the airfoil. 

In the current study, the entire height of the compliant structure is 0.054m, and the width of 
the compliant structure accounts for around 35% chord, which starts at 15%. Minor 
modifications are made considering the installation and the other details, which will not 
influence the focus of this paper. The optimized variables of the corrugated panels are listed in 
Table 1 and the geometry is plotted in Figure 5(a). The optimal results show that the 
optimization provides a much more flexible upper corrugated panel compared to the lower 
panel, which introduces a significant stiffness asymmetry in the compliant structure. The 
thicknesses of both panels are at their lower bounds, indicating the requirement of the 
smallest actuation force. Also, it can be seen the entire height of the structure will be 
increased by 1l1 since the angle 1θ is around 90 degrees but 2l1 has almost no influence on the 
entire height due to the small 2θ.  

Table 1: Optimal variables of the compliant structure 

Upper corrugated panel Lower corrugated panel 
1l1 0.0213 m 2l1 0.0115 m 
1  89.98 degree 2  5.60 degree 
1n  4 2n  1 
1t  0.0015 m 2t  0.0015 m 

 

The leading and trailing edges of the airfoil are provided by the flexible honeycomb 
structure, as shown in Figure 5(b). The equivalent modulus of the honeycomb in the 
transverse direction, Ex, has been derived in [14] as 
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A sequence of optimizations is performed to minimize the modulus. Except for the 
geometry constraints, the constraint of the connection to the corrugated panels is also included: 
the number of honeycomb units should be an integer multiple of the number of corrugation 
units to ensure the honeycombs are evenly connected to the corrugated panels at both leading 
and trailing edges, and the loads can be transferred evenly through the structure. 

c
h

l

θ

t
y

x ...

...  

Figure 5. (a) Compliant structure based on corrugated panels, (b) Flexible honeycomb structure 

3.3 Functional model test 

A function model is fabricated using a 3D printer. Due to the limitation of the maximum 
size the printer can build, two parts of the morphing winglet are printed seperately and then 
assembled and glued together.  

The linear actuator is controlled by a control board and powerd by a 6V DC battery. A 9% 
intial stroke is given to the actuator to reach its installation position. In the static test, the 
position of the actuator stroke varies from 9% to 29% and then back to 9%, which is recorded 
by a digital camera. As shown in Figure 6, the stiffness asymmetry leads to a rotation angle of 
the compliant structure, β, as well as a change of the dihedral angle, θ, if the compliant 
structure works as a transition section connected to an endboard fixed-geometry winglet. 
According to the geometry relationship in Figure 6, the introduced dihedral angle change θ is 
larger than the rotation angle β. The angles θ and β are measured from the pictures, which are 
equal to 23 degrees and 49 degrees respectively. 

4. CONCLUSIONS 

In this paper, the development of a compliant structure of a morphing winglet is introduced. 
Rotation deformation of the compliant structure can be induced by a linear actuator, and the 
current study integrates the compliant structure into an airfoil.  
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Figure 6. Static test demonstration when the actuator stroke position varies from 9% to 29% 

Trapezoidal corrugated panels are used in the compliant structrues. An equivalent model of 
the corrugated panel is built, which is expressed by its stiffness matrix. The equivalent model 
is applied in the optimization to find the optimal stiffness allocation in the structure. To fit 
within the thickness of the airfoil, a sequence of optimization cases is performed to find the 
proper height of the compliant structure. To provide the airfoil shape, flexible honeycomb 
structures are used in the leading and trailing edges, which are evenly connected to the 
corrugated panels after the optimization of the honeycomb structures is performed.  

A functional model is manufactured using 3D printing, and the static tests validate the 
deformation of the model, which is driven by a linear actuator. The rotation angle is recorded 
while a larger dihedral angle is found if the proposed model works as a transition section 
connected to an endboard of a fixed-geometry winglet, which shows a promising structural 
solution for a morphing winglet.  
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Abstract. Damping of torsional beam vibrations of slender beam–structures with thin–walled
cross–sections is investigated. Analytical results from solving the differential equation gover–
ning torsion with viscous bimoments imposed at the boundary, are compared with a numerical
approach with three–dimensional, isoparametric elements. The viscous bimoments act on the
axial warping displacements associated with inhomogeneous torsion, and are in a numerical for-
mat realized by suitable configurations of concentrated, axial forces describing discrete dampers.
It is illustrated by an example that significant damping ratios may be obtained for a beam with
an open cross–section.

1 INTRODUCTION

Torsional vibrations may be induced in slender, thin–walled beam–structures by e.g. wind,
if the loads on the beam act with a certain eccentricity relative to the shear center of the cross-
section. For beams with asymmetric cross-sections the elastic and shear centers do not coincide,
whereby the flexural and torsional vibrations couple. In both cases the total dynamic response
may be damped by damping the torsional motion of the beam. Slender structures like long
bridge decks, aircraft wings or wind turbine blades may be prone to aerodynamic instabilities
like flutter, where flexural and torsional vibrations couple. Flutter is associated with apparent
negative damping that cannot be sufficiently compensated by the inherent structural damping.
To avoid flutter and e.g. to reduce fatigue stresses by aerodynamic forces, supplemental damping
is therefore required.
Torsional vibrations of thin–walled beams are associated with inhomogeneous torsion which
generates out-of-plane, axial warping displacements that are often significant at the boundaries
of beams with open cross-sections. The free, torsional vibration characteristics including warping
were originally investigated by Gere [1] who solved for the natural frequencies and mode shapes of
beams with various boundary conditions, and by Carr [2] where an energy apporach was applied
to obtain approximate frequency equations for a few combinations of boundary conditions.

1
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Subsequently Gere and Lin [3] studied the coupling between flexural and torsional vibrations,
and the coupling with restrained thin–walled beams by Lin [4]. Numerical results using a finite
element approach were compared with analytical results by Mei [5], and Friberg [6] derived
an exact dynamic element stiffness matrix, though without the effect of warping. Analytical
solutions of frequencies and mode shapes for prismatic beams excited by harmonic, torsional
loads have been derived by Augustyn and Kozién [7].

Damping of torsional vibrations has only briefly been addressed in the literature. Narayanan
and Malik [8] attached viscoelastic layers to the flanges of a beam with an open cross–section;
Jansen and van der Steen [9] considered damping of torsional vibrations in oil well drillstrings;
and recently Augustyn and Kozién [10, 11] glued piezoelectric actuators to a beam to reduce the
torsional vibrations. Christiano and Salmela [12] showed that the restraining of warping results
in an often considerable increase in natural frequency and change in vibration characteristics.
This localized effect of restrained warping was utilized to introduce a substantial amount of
supplemental damping by Høgsberg et. al. [13], where viscous boundary conditions were applied
through pure bimoments at the supports. They solved the eigenvalue problem associated with
free vibrations with respect to the complex-valued natural frequency and corresponding damping
ratio. They demonstrated that significant damping ratios could be realized by these viscous
bimoments at the beam supports.
The present paper performs a numerical investigation of the changed dynamic behaviour of
thin-walled beams with applied viscous bimoments at the boundaries. The results in terms of
natural frequencies and damping ratios are compared with [13]. The numerical procedure is
based on a linear finite element approach with three-dimensional, isoparametric elements. In
a simple numerical code, the bimoments are easily represented by concentrated, axial forces
distributed over the cross-section. These viscous forces are proportional to the velocity of the
given node and are added to the equations of motion by an influence vector describing the
points of application. As they are proportional with velocity, they constitute a damping term
and result in a modified damping matrix. Setting up the equations of motion in a state-space
format yields an eigenvalue problem, from which the corresponding complex natural frequencies
and damping ratios are extracted.

2 UNCOUPLED TORSIONAL VIBRATIONS

Consider a beam element of length ℓ, axial coordinate x and transverse axes {y, z}. The axial
displacement is u(x, y, z, t) and the angle of twist is θ(x, t) as seen in Fig. 1a. In the present
analysis it is assumed that flexural and torsional vibrations uncouple because of coinciding elastic
centers.
The differential equation governing the torsional vibration problem is set up by energy relations
which require the elastic and kinetic energy. The elastic strain energy contains contribution
from homogeneous and inhomogeneous torsion, respectively given as

U =

∫

ℓ

1
2 GK(θ′)2 dx+

∫

ℓ

1
2 EIψ(θ

′′)2 dx (1)

where G is the shear modulus, K is the torsion stiffness parameter, E is Young’s modulus and Iψ
is the warping moment of inertia with ψ indicating the sector–coordinate or warping function.

2
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Figure 1: Degrees of freedom and coordinates a) and sector–coordinate ψ for an I–profile with
a positive angle of twist b).

For an I–profile the distribution of the sector–coordinate is shown in Fig. 1b. The kinetic energy
o the torsional motion is

T =

∫

ℓ

1
2 ρJθ̇

2 dx (2)

where ρ is the mass density and J is the polar moment of inertia taking the distribution of the
mass into account. Energy dissipation may be defined through a viscous damping coefficient
either distributed along the beam by c0(x) or acting at discrete points via c described by Dirac’s
delta function δ. As dampers may be applied at discrete points the latter is relevant whereby
the dissipated energy D then takes the form:

D =

∫

ℓ

c0(x) θ̇
2 dx =

∫

ℓ

c δ(x − x0) θ̇
2 dx (3)

where x0 indicates the point of application of the discrete damper. In the case of damped
vibrations the change in mechanical energy is balanced by the dissipated energy, U̇ + Ṫ = −D.
Performing the differentiation of the energy balance and using integration by parts yields the
governing differential equation as

EIψθ
′′′′ −GKθ′′ + ρJθ̈ = 0 (4)

As no continuous form of damping is intended, the last expression in (3) is instead applied as a
boundary condition. Thus, (4) is valid between the points of application of external dampers.
A time harmonic solution of the form θ = ϕ eiωt may be assumed with ω being the natural
frequency and ϕ the spatial solution. Inserting the frequency solution into (4) and following the
approach by Gere [1], the spatial solution may be expressed as

ϕ = D1 cosh(αx) +D2 sinh(αx) +D3 cos(βx) +D4 sin(βx) (5)

introducing the four integrations constants D1 to D4 – determined by the boundary conditions
– and the two apparent and real–valued wave numbers defined as

α2 =
√

1
4k

4 + λ4 + 1
2k

2 , β2 =
√

1
4k

4 + λ4 − 1
2k

2 (6)

3
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This formulation of the solution introduces the warping length scale k, wave speed v and scaled
wave number λ respectively as

k2 =
GK

EIψ
, v2 =

GK

ρJ
, λ4 =

(
kω

v

)2

(7)

It is noted that v represents the wave speed for the homogeneous torsion problem. The spatial
solution to the torsion problem in terms of the vibration form is obtained from (5) by use of
relevant boundary conditions. Applying the boundary conditions yields transcendental equations
which must be solved iteratively for the combined set of α and β. One wave number is then given
by the other through (6), and the use of the third expression in (7) determines the frequency ω.
For more details see e.g. [1, 13].

2.1 Viscous Bimoment at the Boundary

A viscous condition on the boundary may be imposed in several ways. In [13] a viscous normal
stress distribution was applied at the beam supports acting through the axial displacement
producing a bimoment. This normal stress was distributed across the cross-section of the beam in
a continuous manner. In the case of active control a discrete device would produce a concentrated
force proportional to the velocity at specific points at the cross-section. A viscous, concentrated
force Fd(y, z, t) at the boundary is

Fd = ± c u̇d (8)

where c is a viscous damping coefficient and u̇d(y, z, t) is the axial velocity, positive in the x–
direction. The force is defined as positive in tension, whereby the ”+” in (8) refers to the left
end of the beam at x = 0 and the ”−” refers to the right end at x = ℓ. The axial displacement
due to torsion is given through the sector–coordinate, and the corresponding velocity is

u̇d = −ψ θ̇′d (9)

see e.g. Vlasov [14]. A series of discrete dampers may be applied at the boundary each dissipating
energy. Thus the second expression in (3) indicates a sum of the viscous damping coefficients
associated with the given damper and the velocity at that particular point. In combination
with (8) the rate of external work D produced by the dampers is formulated as the sum of the
contributions of the viscous forces multiplied with the energy conjugate velocity by

D = ±
∑
j

Fd,j u̇d,j = ±
∑
j

c u̇2d,j = ±
(
θ̇′d
)2 ∑

j

cψ2
j (10)

where ψj is the sector–coordinate at the location of the j’th damper and c is here assumed to be
constant for all dampers. A bimoment as shown in Fig. 2a is usually noted with a double arrow
due to the classical example shown in Fig. 2b. Here two opposite bending moments are applied
at the flanges. Vectorially they add up to zero, and a pure bimoment is thus a kinematic and not
a static condition. It does not generate a resulting force (or moment) but acts as a concentrated
change in rotation curvature. The bending moments, however, may be decomposed into force
couples as seen in Fig. 2c. A given configuration of concentrated, axial forces therefore generates

4
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Figure 2: I–profile beam with a bimoment a), bending moments at the flanges generating the
bimoment b) and equivalent configuration of concentrated, axial forces c).

a bimoment through the sector–coordinate. By definition the bimoment produces work through
the negative gradient of the angle of twist, see e.g. Vlasov [14]. Thus, the rate of work produced
by a bimoment is D = −θ̇′dBd. Equating this rate of work with (10) yields

Bd = ∓ θ̇′d
∑
j

cψ2
j (11)

The bimoment produced by the dampers Bd(t) must be balanced by the section bimoment at
the boundary B(x, t) = −EIψθ

′′(x, t). The dynamic boundary condition then takes the form

θ′′d ∓ η θ̇′d = 0 (12)

with the effective viscous damping parameter η =
∑

j cψ2
j /EIψ. The form of (12) is identical

to [13] with exception of the effective parameter η. Here the viscous damping coefficient c is
scaled relative to the amount of dampers, the corresponding sector–coordinates at the points of
application and the warping stiffness EIψ. Inserting the frequency solution θ = ϕ eiωt yields the
harmonic boundary condition

ϕ′′ ∓ iωηϕ′ = 0 (13)

which is directly applicable in connection with the transcendental equations governing the tor-
sional vibration problem.

3 DAMPING OF TORSIONAL VIBRATIONS

When not considering a beam element but modelling the entire structure by a finite element
procedure, a discretized, multi–degree–of–freedom system with n degrees of freedom may be
assumed. The equations of motion are set up by the elastic, kinetic and dissipated energy. The
elastic energy gives the stiffness contribution through the stiffness matrix K, the kinetic energy
gives the inertia contribution through the mass matrix M and the dissipated energy gives the
applied, discrete viscous forces as described in (8) and in the second term in (10). The energy
balance Ṫ + U̇ = −D then gives

5
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Mq̈(t) +Kq(t) = −fd(t) (14)

where q(t) is a column vector containing the degrees of freedom and fd(t) are the externally
applied viscous forces. In this case the inherent structural damping is neglected. Damping
may be constituted as a series of dampers modelled as equivalent concentrated, viscous forces
acting through a viscous damping coefficient c and the velocity of the corresponding nodes in
the discretized system:

fd(t) =

( nd∑
j

cjwjw
T
j

)
q̇(t) = C̃q̇(t) (15)

Here cj is the viscous damping coefficient associated with the j’th damper and wj is an influence
vector describing the points in the structure connected to the damper. The column vector wj

thus contains 1 at the location of the damper and otherwise 0’s. In this case, however, a constant
viscous damping coefficient is used for all dampers. Inserting (15) into (14) yields the equations
of motion with a modified damping matrix

Mq̈+ C̃q̇+Kq = 0 (16)

These modified equations of motion with damping included yields a quadratic eigenvalue prob-
lem. However, they may be formulated in a state–space format

d

dt

[
q

q̇

]
=

[
0 I

−M−1K −M−1 C̃

] [
q

q̇

]
(17)

where I is a n × n identity matrix. Assuming a time–dependent, partial solution the state–
space format constitutes an ordinary eigenvalue problem, from which the eigenvalue iω and
corresponding eigenvector may be extracted. For damped vibrations the natural frequency ω is
generally complex–valued and usually expressed as

ω = |ω|
(√

1− ζ2 + iζ
)

(18)

with ζ being the damping ratio defined by the imaginary part of the natural frequency

ζ =
Im[ω]

|ω|
(19)

In the complex plane the natural frequency ω constitutes a semicircle between the undamped
frequency ω0 and the corresponding upper limit frequency ω∞. In the former case the damper(s)
have no effect and the viscous damping coefficient therefore is c = 0. In the corresponding
extreme case where c → ∞ the damper locks and the node, at which the damper is attached,
simply becomes restrained against axial movement.

4 EXAMPLE

In the following an example is used to illustrate the theory from Section 2, the numerical
procedure established in Section 3 and to illustrate the use of concentrated, axial forces as a
measure of damping.

6
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a) b)

x

ℓ

Bd

a

a
a/20

Figure 3: Fixed–free beam with viscous bimoment Bd at x = ℓ a) and I–profile cross–section b).

4.1 Damping of a fixed–free beam.

Consider the fixed–free beam in Fig. 3a. The beam has the length ℓ, is fixed at x = 0 with
restrained rotation and warping and is free at x = ℓ. The beam cross–section is an open I–profile
with height and width a and thickness t = a/20, see Fig. 3b. With the chosen cross-section,
material and length of the beam the warping length scale normalized with the length of the
beam is kℓ = 3 and thus represents a slender structure. For a particular viscous bimoment at
the boundary at x = ℓ, the complex natural frequency ω and corresponding damping ratio ζ
are obtained by determining the integration constants in (5) by use of the boundary conditions.
For the fixed–free beam with damping at x = ℓ the boundary conditions are

ϕ(0) = 0 , ϕ′(0) = 0 , ϕ′′(ℓ) + iωηϕ′(ℓ) = 0 , k2ϕ′(ℓ)− ϕ′′′(ℓ) = 0 (20)

With these homogeneous boundary conditions and the homogeneous differential equation (4)
the torsion problem constitutes an eigenvalue problem where the spatial solution (5) leads to a
transcendental equation. In [13] it is derived as

(αℓ)4 + (βℓ)4

(αℓ)2(βℓ)2
cosh(αℓ) cos(βℓ) +

(αℓ)2 + (βℓ)2

(αℓ)(βℓ)
sinh(αℓ) sin(βℓ) + 2

+ iωηℓ
(αℓ)2 + (βℓ)2

(αℓ)2(βℓ)2
cosh(αℓ) cos(βℓ)

[
αℓ tanh(αℓ) + βℓ tan(βℓ)

]
= 0

(21)

This equation is solved iteratively for αℓ and βℓ, while the third expression in (7) determines
the frequency and by (19) the damping ratio is found. In obtaining a semi–circle in the complex
plane, illustrating the variation of the frequency, the viscous damping coefficient c – contained
within the effective damping parameter η – is varied in the interval c ∈ [0 ; ∞[. In this example
a series of configurations for the distribution of discrete dampers is applied, see. Fig. 4. The
first configuration seen in Fig. 4a consists of a single damper applied at one corner of the I–
profile, and the resulting warping of the cross–section is thus only partly restrained. The second
configuration is a more effective measure of restraining warping as two dampers are located
at opposite corners where the largest warping displacements occur, see Fig. 1b. The profile
may though still warp, and thus the third configuration is applied which effectively prevents
the cross–section from warping almost completely. The two configurations in Figs. 4a and 4b
do not constitute pure bimoments as they generate a normal force – and in the first case also

7
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a) b) c)

Fd Fd

Fd

Fd

Fd

Fd
Fd

Figure 4: Three configurations of dampers; opposite corners a), all corners b) and distributed
along flanges c).

bending moments – which must be accounted for. However, together with the third configuration
they serve to illustrate the amount of damping that might by obtained by restraining at the
right locations and with a proper number of dampers. The two configurations with non–pure
bimoments may even serve to illustrate the possibility of damping coupled flexural vibrations,
if the right structural set–up could be established.
The frequency loci and damping ratios for the three different configurations obtained by solving
(21) are seen as the solid curves in Figs. 6a and 6b, respectively. By all three configurations of
dampers the analytical model yields the same results in terms of undamped frequency ω0 and the
frequency with the dampers being locked ω∞, corresponding to infinite damping. The dynamic
boundary condition (12) restrains warping of the entire cross–section in a unified manner, and
does not take the possible modes of warping with the dampers applied into account. The optimal
value of the viscous damping parameter copt is therefore different in the three cases, but plotted
as the effective damping parameter η the three sets of curves coincide as seen in Fig. 6b.

Frequencies and damping ratios

In the numerical comparison a standard finite element approach is used with solid, isopara-
metric elements. A special bi–cubic–linear element is exploited to model thin flanges and a
cubic–bi–linear element for connections and corner – these are illustrated in Fig. 5.

a) b)

Figure 5: Isoparametric 24–node bi–cubic–linear a) and 16–node cubic–bi–linear b) element.

8
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Figure 6: Frequency loci a) and damping ratios b) showing the results from (–) the analytical
procedure and numerical procedure with (· · · ), (– · –) and (– –) representing the three bimoment
configurations shown in Figs. 4a, 4b and 4c respectively.

The elements are intended for modelling of thin-walled beams where a linear interpolation across
the thickness is sufficient and a cubic interpolation in the flange–wise direction to capture the
parabolic stress variations associated with shear. The I–profile is thus sufficiently modelled with
seven elements in the cross–section in the case of a simple static analysis. See e.g. Høgsberg &
Krenk [15] for the use of a two–dimensional version of these elements for general cross–sectional
analyses of thin–walled beams. In the present case, however, a further discretization of the
cross–section is necessary in order to capture the warping effect. As two nodes across the thick-
ness of the flanges are present, a damper at each node of the corners are applied in order to
avoid any unnecessary distortion of the cross–section as the damping effect increases. Thus, the
damping forces Fd in Fig. 4 constitute a set of two dampers.
Solving the eigenvalue problem in the state–space format for the complex frequency and cor-
responding damping ratio for the three configurations of dampers yield the frequency loci and
distribution of the damping ratio illustrated with the non–solid curves in Fig. 6. As seen the
undamped frequency ωFEM

0 is 0.9 % lower than the analytical solution. This may be due to
the torsional mode in the numerical example not representing ’pure torsion’ – as the analytical
method requires – but contains some minor distortion, e.g. local deformations of the flanges.
The analytical approach is independent of the shape of the cross–section and only works through
the cross-sectional parameters, but a three–dimensional numerical model takes this into account.
In the case of c → ∞ the boundary condition (12) completely restrains the warping at the free
end, and the increment, (ω∞ − ω0)/ω0, in the frequency is 0.217 in the analytical case. The
numerical model, however, only requires an axial restraining of the nodes at the corners of the
I–profile where the dampers are attached. As the largest warping displacements occur at the
corners, restraining these will have an essential influence on the warping of the rest of the cross–
section. As the cross–sections in the three cases in Fig. 4 still are able to warp locally when
c → ∞, the corresponding frequencies ωFEM

∞ will be lower compared to the analytical model,
which is also seen in Fig 6a. For the configurations shown in Figs. 4a, 4b and 4c the increments
in frequencies, (ωFEM

∞ − ω0)/ω0, are 0.043, 0.115 and 0.199 relative to the analytical ω0, corre-

9
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Figure 7: Damping ratio given as a function of damper force, for the three damper configurations.

sponding to an increase in stiffness from increased restraining of the warping. The increase in
locked frequency has a direct consequence on the damping ratio; the bigger the frequency locus
the more damping it is possible to obtain. This is also evident in Fig. 6b where the damping
ratio ζ increases from 0.029 through 0.063 to 0.106 for the three configurations, compared to
0.109 in the analytical case. This should correspond to approximately half of the frequency
increment, but due to ωFEM

0 not completely coinciding with ω0 the values are just slightly off.
By this it is noted that the numerical and analytical models match quite well, as the damping
ratios are almost identical in the case 4c when restraining the entire cross–section.

In this example identical viscous damping coefficients c are used for all dampers. And larger
damping ratios may be reached by application of different damping coefficients optimised for
each damper. Different cross–sections where warping is more pronounced may equivalently result
in even large damping ratios. However, for closed cross–sections associated with larger kℓ–values
the obtainable damping ratios are limited due to the vanishing warping displacements. In that
case an amplified warping displacement may be induced by including a slit along the beam,
whereby non–vanishing, relative axial displacements occur.

Damper force

As damping of torsional vibrations by restraining of warping displacements prospectively is
intended for beam–structures within civil or mechanical engineering, it is of interest to consider
the magnitude of the forces occurring in the dampers. As the eigenvalue problem solved is
complex, the force in the damper is also complex. Thus, the magnitude of the force vector for
the j’th damper is |Fd,j | = |cj w

T
j q̇|. Assuming a time dependent solution of the form q = q0 e

iωt

the force takes the form
|Fd,j | = |i cj ωwT

j q0| (22)

This force, however, is scaled according to the corresponding eigenvector and does not represent
the actual magnitude. But related to the reaction force R in the case of infinite damping,
the relation between the two forces is comparable, provided that the eigenvectors are scaled
identically. Fig. 7 shows the damping ratio given as a function of the force of the damper in a
single corner of the I–beam, in Fig. 4. For the three configurations in Figs. 4a, 4b and 4c the
force ratios |Fd|/R corresponding to maximum damping are 0.887, 0.650 and 0.602 respectively.

10
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It is seen that quite large portions of the reaction force must be realized at optimal damping, and
for the single damper configuration almost 90 % of the reaction force is present in the damper.
This indicates that a configuration of several dampers that effectively restrains warping is most
advantageous.

5 CONCLUSION

A previously developed novel method for damping of torsional vibrations of thin–walled
beams by control of warping displacements has been investigated and compared with a numerical
finite element procedure. The torsional vibrations are damped by restraining the out–of–plane
warping displacements by applying viscous bimoments at the boundary of the beam. These
viscous bimoments are represented by axial, concentrated forces proportional with the velocity
of a given node in the numerical model. By an example it is shown that restraining warping is
associated with a significant increase in natural frequency depending on the part of the cross–
section being restrained. A proper configuration of dampers results in a considerable amount
of supplemental damping for a slender beam-structure, even though all dampers in the present
paper are associated with identical viscous damping coefficients. The undamped and infinitely
damped natural frequencies are however not exactly identical due to the numerical model taking
the actual geometry of the beam into account. This suggests that a final design should be carried
out by a numerical procedure to get accurate calibration of the dampers, as well as the forces
in the dampers which may be close to the reaction force when locking the damper.
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Abstract. The development of advanced finite element models suitable for the analysis of 
smart structures depends on a comprehensive understanding of the behaviour of multilayered 
piezoelectric composite structures. In fact, an accurate electromechanical modelling of smart 
structures requires a correct description of both electrical and mechanical fields, particularly 
in the thickness direction. The assessment of recent and advanced models still continues to 
rely nowadays only on a few well-known benchmark three-dimensional (3D) exact solutions 
provided by pioneer works, namely, in the 1970s by Pagano [1,2] as well as Srinivas [3] for
composite plates and later in the 1990s by Heyliger [4–6] for piezoelectric composite plates. 
To overcome the limited number of test cases whose 3D exact solutions have been published, 
the authors provided in a previous work [7] new additional benchmark 3D exact solutions for 
the static analysis of piezoelectric composite plates. The present work aims to complete this 
previous one by providing new benchmark 3D exact solutions for the corresponding free 
vibration analysis. The method introduced by Heyliger to derive the 3D exact solutions has 
been successfully implemented using symbolic computing and a number of new test cases for 
free vibration analysis are here presented. Specifically, two multilayered plates using PVDF 
piezoelectric material are chosen as test cases under two sets of electrical boundary conditions 
and considering three plate aspect ratios for thick, moderately thick and thin plate, in a total of 
12 distinct test cases.

1 INTRODUCTION
Smart structures technology is nowadays growing constantly aiming to control actively

structural vibration, damping, noise, aeroelastic stability, shape change or stress distribution, 
thus playing an important role in several engineering systems. A smart structure incorporates 
smart material sensors and actuators that enable it to monitor a change in its environment, 
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whether external (such as loads or shape change) or internal (such as damage or failure), and 
adapt to it by modifying the system characteristics (such as stiffness or damping) or the 
system response (such as strain or shape), in a controlled manner. Among smart materials, 
piezoelectric sensors and actuators are being used extensively due to their excellent 
electromechanical properties and design flexibility, such that they can be easily integrated in
multilayered composite structures. In fact, smart composite structures offer the possibility to 
combine the lightweight, superior mechanical and thermal properties of composite materials 
with actuation, sensing and control. Due to their self-monitoring and self-adaptive capability, 
smart composite structures technology has an enormous potential to improve high 
performance engineering applications.

An accurate electromechanical modelling of these smart composite structures, which are 
inherently anisotropic multilayered structures, requires a correct description of both electrical 
and mechanical fields, particularly in the thickness direction. This is precisely demonstrated 
by pioneer works on 3D exact solutions that became paramount to the understanding of 
multilayered piezoelectric composite structures. In the 1970s, Pagano [1,2] derived the 3D
exact elasticity solutions for the static analysis of simply supported cross-ply composite 
laminates and sandwich plates (i.e. multilayered orthotropic plates). Likewise, in that time,
Srinivas and Rao [3] developed the corresponding 3D exact elasticity solutions for the free 
vibration and bucking analyses. Later in the 1990s, Heyliger [4,5] extended the work of 
Pagano to include piezoelectric layers and provided the 3D exact solutions for the static 
analysis of simply supported multilayered orthotropic piezoelectric plates. Heyliger and 
Saravanos [6] also developed the corresponding 3D exact solutions for the free vibration 
analysis. All these 3D exact solutions have been extremely useful in assessing the accuracy of 
numerous laminated plate theories and related finite element models. However, the limited 
number of test cases whose 3D exact solutions have been published has somewhat restricted 
the assessment of recent and advanced models to the same few test cases. To avoid 
redundancy and in the interest of this research area of modelling smart structures, the authors
successfully implemented the method introduced by Heyliger using symbolic computing and 
provided in a previous work [7] additional test cases to serve as benchmark 3D exact solutions 
for the static analysis of multilayered piezoelectric composite plates. The implemented exact 
solution method has now been successfully extended to derive free vibration solutions as well. 
Hence, the present work aims to complete this previous one by providing new benchmark 3D 
exact solutions for the corresponding free vibration analysis of multilayered piezoelectric 
composite plates.

Assessments on the modelling and analysis of multilayered structures are available in some 
well-known excellent review papers, namely, by Saravanos and Heyliger [8], Benjeddou [9] 
and Carrera [10], as well as in the book of Reddy [11] devoted to composite structures. In 
overview, the models mostly differ in equivalent single layer (ESL) or layerwise (LW) 
variable descriptions as well as in the chosen unknown variables, consistent with classical (i.e. 
displacement-based) or mixed formulations. Some of the most relevant contributions are 
worth mentioning: the LW classical models developed by Heyliger, Saravanos and co-
workers [12,13], the LW classical models of Semedo Garção et al. [14], the LW mixed 
models of Garcia Lage et al. [15], the classical and mixed models developed by Carrera and 
co-workers [16,17] using Carrera's unified formulation, and also the LW mixed least-squares 
models developed by the authors [18–20]; all of which use the 3D exact solutions for 
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assessment of the models predictive capabilities. More recently, advanced models especially 
devoted to free vibration analysis continue to be developed, such as the LW classical model of 
Araújo et al. [21] for smart sandwich plates and the 3D model approach developed by 
Messina and Carrera [22,23]. The analysis of free vibration of multilayered structures is still
an area of much needed research that is of particular interest for smart composite structures
growing technology.

2 GOVERNING EQUATIONS
Consider a multilayered plate of total thickness h and rectangular planar geometry a×b

made of N generally orthotropic layers, either piezoelectric or composite layers, as illustrated
in Figure 1. A Cartesian coordinate system (x,y,z) is used, with the z-axis taken positive 
upward from the midplane along the thickness direction.

Figure 1: Configuration of a multilayered plate.

In agreement with linear elasticity and piezoelectricity the complete set of linear governing 
equations for each layer of the multilayered plate involves the following equations.
 The equations of motion and charge equation of electrostatics:

𝜕𝜕𝜕𝜕𝜎𝜎𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖

= 𝜌𝜌𝜌𝜌
𝜕𝜕𝜕𝜕2𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡2

 ,
𝜕𝜕𝜕𝜕𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖

= 0 , 𝑖𝑖𝑖𝑖, 𝑗𝑗𝑗𝑗 = 1,2,3 (1)

where σij are the stress components, Di are the electric displacement components, ui are the 
displacement components with u1 = u, u2 = v and u3 = w, and similarly xi are the coordinates 
with x1 = x, x2 = y and x3 = z;
 The constitutive equations (in the general case of a piezoelectric layer):

𝜎𝜎𝜎𝜎𝑖𝑖𝑖𝑖 = 𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖 − 𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝐸𝐸𝐸𝐸𝑖𝑖𝑖𝑖 ,𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖 = 𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖 + 𝜖𝜖𝜖𝜖𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘𝐸𝐸𝐸𝐸𝑘𝑘𝑘𝑘 , 𝑖𝑖𝑖𝑖, 𝑗𝑗𝑗𝑗 = 1,2, … 6 , 𝑘𝑘𝑘𝑘, 𝑙𝑙𝑙𝑙 = 1,2,3 (2)

where the standard engineering notation is used, and so here, σi are the stress components and 
εi are the strain components, Cij are the elastic stiffness coefficients, eik are the piezoelectric
coefficients, Ek are the electric field components, Dk are the electric displacement components
(as before) and ϵkl are the dielectric constants;
 The strain-displacement equations (for infinitesimal strains) and field-potential equations:

𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 =
1
2
�
𝜕𝜕𝜕𝜕𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖

+
𝜕𝜕𝜕𝜕𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖

�  ,𝐸𝐸𝐸𝐸𝑖𝑖𝑖𝑖 = −
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖

 , 𝑖𝑖𝑖𝑖, 𝑗𝑗𝑗𝑗, 𝑘𝑘𝑘𝑘 = 1,2,3 (3)

where εij are the strain components, ϕ is the electrostatic potential and the remaining variables 
as before.
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The expanded form of this complete set of governing equations can be found in the authors 
previous works [19,20]. Note that in the layer constitutive equations Cij, eik and ϵkl are already 
referred to the multilayered plate coordinate system (x,y,z), assuming that the transformation 
between the layer material coordinate system and the multilayered plate coordinate system is 
simply an in-plane rotation. See Reddy [11] for further details. Also, the 3D exact solutions as 
developed by Heyliger [4,5] assume that the most general conditions for the layer material 
properties are such that: the nonzero rotated elastic stiffness coefficients are C11, C12, C13, C22,
C23, C33, C44, C55 and C66, the nonzero rotated piezoelectric coefficients are e31, e32, e33, e24

and e15, and the nonzero rotated dielectric constants are ϵ11, ϵ22 and ϵ33. Therefore, in respect 
to the material, the scope of the 3D exact solutions is limited to multilayered orthotropic 
piezoelectric plates.

Ultimately, substituting the constitutive equations, the strain-displacement equations and
the field-potential equations into the three equations of motion and the charge equation gives 
the four governing equations for each layer, in terms of the displacement components u, v and 
w, and the electrostatic potential ϕ, as follows:

𝐶𝐶𝐶𝐶11
𝜕𝜕𝜕𝜕2𝑢𝑢𝑢𝑢
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥2

+ 𝐶𝐶𝐶𝐶12
𝜕𝜕𝜕𝜕2𝑣𝑣𝑣𝑣
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+ 𝐶𝐶𝐶𝐶13
𝜕𝜕𝜕𝜕2𝑤𝑤𝑤𝑤
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+ 𝑒𝑒𝑒𝑒31
𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+ 𝐶𝐶𝐶𝐶66 �
𝜕𝜕𝜕𝜕2𝑢𝑢𝑢𝑢
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

+
𝜕𝜕𝜕𝜕2𝑣𝑣𝑣𝑣
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕�

+ 𝐶𝐶𝐶𝐶55 �
𝜕𝜕𝜕𝜕2𝑢𝑢𝑢𝑢
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

+
𝜕𝜕𝜕𝜕2𝑤𝑤𝑤𝑤
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕�

+ 𝑒𝑒𝑒𝑒15
𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

= 𝜌𝜌𝜌𝜌
𝜕𝜕𝜕𝜕2𝑢𝑢𝑢𝑢
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡2

𝐶𝐶𝐶𝐶66 �
𝜕𝜕𝜕𝜕2𝑢𝑢𝑢𝑢
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕2𝑣𝑣𝑣𝑣
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥2�

+ 𝐶𝐶𝐶𝐶12
𝜕𝜕𝜕𝜕2𝑢𝑢𝑢𝑢
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+ 𝐶𝐶𝐶𝐶22
𝜕𝜕𝜕𝜕2𝑣𝑣𝑣𝑣
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

+ 𝐶𝐶𝐶𝐶23
𝜕𝜕𝜕𝜕2𝑤𝑤𝑤𝑤
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+ 𝑒𝑒𝑒𝑒32
𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+ 𝐶𝐶𝐶𝐶44 �
𝜕𝜕𝜕𝜕2𝑣𝑣𝑣𝑣
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

+
𝜕𝜕𝜕𝜕2𝑤𝑤𝑤𝑤
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕�

+ 𝑒𝑒𝑒𝑒24
𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

= 𝜌𝜌𝜌𝜌
𝜕𝜕𝜕𝜕2𝑣𝑣𝑣𝑣
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡2

𝐶𝐶𝐶𝐶55 �
𝜕𝜕𝜕𝜕2𝑢𝑢𝑢𝑢
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕2𝑤𝑤𝑤𝑤
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥2�

+ 𝑒𝑒𝑒𝑒15
𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥2

+ 𝐶𝐶𝐶𝐶44 �
𝜕𝜕𝜕𝜕2𝑣𝑣𝑣𝑣
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕2𝑤𝑤𝑤𝑤
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2�

+ 𝑒𝑒𝑒𝑒24
𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

+ 𝐶𝐶𝐶𝐶13
𝜕𝜕𝜕𝜕2𝑢𝑢𝑢𝑢
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+ 𝐶𝐶𝐶𝐶23
𝜕𝜕𝜕𝜕2𝑣𝑣𝑣𝑣
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+ 𝐶𝐶𝐶𝐶33
𝜕𝜕𝜕𝜕2𝑤𝑤𝑤𝑤
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

+ 𝑒𝑒𝑒𝑒33
𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

= 𝜌𝜌𝜌𝜌
𝜕𝜕𝜕𝜕2𝑤𝑤𝑤𝑤
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡2

𝑒𝑒𝑒𝑒15 �
𝜕𝜕𝜕𝜕2𝑢𝑢𝑢𝑢
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕2𝑤𝑤𝑤𝑤
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥2�

− 𝜖𝜖𝜖𝜖11
𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥2

+ 𝑒𝑒𝑒𝑒24 �
𝜕𝜕𝜕𝜕2𝑣𝑣𝑣𝑣
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕2𝑤𝑤𝑤𝑤
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2�

− 𝜖𝜖𝜖𝜖22
𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

+ 𝑒𝑒𝑒𝑒31
𝜕𝜕𝜕𝜕2𝑢𝑢𝑢𝑢
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+ 𝑒𝑒𝑒𝑒32
𝜕𝜕𝜕𝜕2𝑣𝑣𝑣𝑣
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+ 𝜖𝜖𝜖𝜖33
𝜕𝜕𝜕𝜕2𝑤𝑤𝑤𝑤
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

− 𝜖𝜖𝜖𝜖33
𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2

= 0

(4)

3 EXACT SOLUTION METHOD
Consider a multilayered plate with an arbitrary number of generally orthotropic layers that 

are assumed to be perfectly bonded together. The solutions for the displacement components 
and the electrostatic potential for each layer are determined by the abovementioned governing 
equations, while enforcing for both mechanical and electrical fields the required interface 
continuity conditions between adjacent layers and the specific boundary conditions imposed 
on the multilayered plate, whether a static or free vibration analysis is concerned.

3.1 Solution form for each layer
The solution general form assumed for the displacement components and the electrostatic 

potential for each layer is the following:

𝑢𝑢𝑢𝑢(𝑥𝑥𝑥𝑥,𝜕𝜕𝜕𝜕, 𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡) = 𝑈𝑈𝑈𝑈(𝜕𝜕𝜕𝜕) exp(𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡) cos(𝑝𝑝𝑝𝑝𝑥𝑥𝑥𝑥) sin(𝑞𝑞𝑞𝑞𝑥𝑥𝑥𝑥) ,𝑈𝑈𝑈𝑈(𝜕𝜕𝜕𝜕) = 𝑈𝑈𝑈𝑈 exp(𝑠𝑠𝑠𝑠𝜕𝜕𝜕𝜕)

𝑣𝑣𝑣𝑣(𝑥𝑥𝑥𝑥,𝜕𝜕𝜕𝜕, 𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡) = 𝑉𝑉𝑉𝑉(𝜕𝜕𝜕𝜕) exp(𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡) sin(𝑝𝑝𝑝𝑝𝑥𝑥𝑥𝑥) cos(𝑞𝑞𝑞𝑞𝑥𝑥𝑥𝑥) ,𝑉𝑉𝑉𝑉(𝜕𝜕𝜕𝜕) = 𝑉𝑉𝑉𝑉 exp(𝑠𝑠𝑠𝑠𝜕𝜕𝜕𝜕)

𝑤𝑤𝑤𝑤(𝑥𝑥𝑥𝑥,𝜕𝜕𝜕𝜕, 𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡) = 𝑊𝑊𝑊𝑊(𝜕𝜕𝜕𝜕) exp(𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡) sin(𝑝𝑝𝑝𝑝𝑥𝑥𝑥𝑥) sin(𝑞𝑞𝑞𝑞𝑥𝑥𝑥𝑥) ,𝑊𝑊𝑊𝑊(𝜕𝜕𝜕𝜕) = 𝑊𝑊𝑊𝑊 exp(𝑠𝑠𝑠𝑠𝜕𝜕𝜕𝜕)

𝜕𝜕𝜕𝜕(𝑥𝑥𝑥𝑥,𝜕𝜕𝜕𝜕, 𝜕𝜕𝜕𝜕, 𝑡𝑡𝑡𝑡) = Φ(𝜕𝜕𝜕𝜕) exp(𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑡𝑡𝑡𝑡) sin(𝑝𝑝𝑝𝑝𝑥𝑥𝑥𝑥) sin(𝑞𝑞𝑞𝑞𝑥𝑥𝑥𝑥) ,Φ(𝜕𝜕𝜕𝜕) = Φ exp(𝑠𝑠𝑠𝑠𝜕𝜕𝜕𝜕) (5)

where p = p(n) = nπ/a and q = q(m) = mπ/b, with n and m positive integers.
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Here the overbarred terms are constants, s is an unknown number that is generally complex 
and z represents the local layer thickness coordinate, whose origin is at the layer midplane.

3.2 Boundary and interface conditions
In view of this solution form, the plate is assumed to be simply supported and the vertical 

edges of the plate are also assumed to be grounded, which are conditions that are all satisfied 
a priori. Hence, the plate edge boundary conditions are:

𝜎𝜎𝜎𝜎𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 = 𝑣𝑣𝑣𝑣 = 𝑤𝑤𝑤𝑤 = 𝜕𝜕𝜕𝜕 = 0 , at 𝑥𝑥𝑥𝑥 = 0,𝑎𝑎𝑎𝑎
𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 = 𝑢𝑢𝑢𝑢 = 𝑤𝑤𝑤𝑤 = 𝜕𝜕𝜕𝜕 = 0 , at 𝜕𝜕𝜕𝜕 = 0, 𝑏𝑏𝑏𝑏 (6)

The boundary conditions on the plate top and bottom surfaces require the specification of 
one variable from each of the pairs: (u,σxz), (v,σyz), (w,σzz) and (ϕ,Dz). Of primary interest to 
the free vibration analysis are the cases in which both the plate top and bottom surfaces are 
traction free and the specified electrical boundary conditions on the plate top and bottom 
surfaces are either a homogenous potential or a homogenous transverse electric displacement.
Specifically, the two sets of electric boundary conditions considered herein on the plate top 
and bottom surfaces are:

𝜎𝜎𝜎𝜎𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 = 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦𝑥𝑥𝑥𝑥 = 𝜎𝜎𝜎𝜎𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 = 𝜕𝜕𝜕𝜕 = 0 , at 𝜕𝜕𝜕𝜕 = −ℎ 2⁄
𝜎𝜎𝜎𝜎𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 = 𝜎𝜎𝜎𝜎𝑦𝑦𝑦𝑦𝑥𝑥𝑥𝑥 = 𝜎𝜎𝜎𝜎𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 = 0 and 𝜕𝜕𝜕𝜕 = 0 or 𝐷𝐷𝐷𝐷𝑥𝑥𝑥𝑥 = 0 , at 𝜕𝜕𝜕𝜕 = ℎ 2⁄ (7)

In addition, at the interface between adjacent layers, the interlaminar continuity conditions 
for the displacements components u,v,w, the potential ϕ, the transverse stresses σxz,σyz,σzz and 
the transverse electric displacement Dz must be enforced as well, due to compatibility and 
equilibrium conditions.

3.3 Solution for each layer
The substitution of the assumed solution form shown in Eq. (5) into the layer governing 

equations given by Eq. (4) results in the following system of equations for each layer:

⎣
⎢
⎢
⎡𝐴𝐴𝐴𝐴11 − 𝐶𝐶𝐶𝐶55𝑠𝑠𝑠𝑠2

𝐴𝐴𝐴𝐴12
−𝐴𝐴𝐴𝐴13𝑠𝑠𝑠𝑠
−𝐴𝐴𝐴𝐴14𝑠𝑠𝑠𝑠

𝐴𝐴𝐴𝐴12
  𝐴𝐴𝐴𝐴22 − 𝐶𝐶𝐶𝐶44𝑠𝑠𝑠𝑠2

−𝐴𝐴𝐴𝐴23𝑠𝑠𝑠𝑠
−𝐴𝐴𝐴𝐴24𝑠𝑠𝑠𝑠

𝐴𝐴𝐴𝐴13𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴23𝑠𝑠𝑠𝑠

  𝐴𝐴𝐴𝐴33 − 𝐶𝐶𝐶𝐶33𝑠𝑠𝑠𝑠2

  𝐴𝐴𝐴𝐴34 − 𝑒𝑒𝑒𝑒33𝑠𝑠𝑠𝑠2

𝐴𝐴𝐴𝐴14𝑠𝑠𝑠𝑠
𝐴𝐴𝐴𝐴24𝑠𝑠𝑠𝑠

  𝐴𝐴𝐴𝐴34 − 𝑒𝑒𝑒𝑒33𝑠𝑠𝑠𝑠2

 𝐴𝐴𝐴𝐴44 + 𝜖𝜖𝜖𝜖33𝑠𝑠𝑠𝑠2⎦
⎥
⎥
⎤

×

⎩
⎨

⎧𝑈𝑈𝑈𝑈
𝑉𝑉𝑉𝑉
𝑊𝑊𝑊𝑊
Φ⎭
⎬

⎫
= �

0
0
0
0
�

where,

𝐴𝐴𝐴𝐴11 = 𝐶𝐶𝐶𝐶11𝑝𝑝𝑝𝑝2 + 𝐶𝐶𝐶𝐶66𝑞𝑞𝑞𝑞2 − 𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖2 ,𝐴𝐴𝐴𝐴12 = 𝑝𝑝𝑝𝑝𝑞𝑞𝑞𝑞(𝐶𝐶𝐶𝐶12 + 𝐶𝐶𝐶𝐶66) ,𝐴𝐴𝐴𝐴13 = −𝑝𝑝𝑝𝑝(𝐶𝐶𝐶𝐶13 + 𝐶𝐶𝐶𝐶55) ,𝐴𝐴𝐴𝐴14 = −𝑝𝑝𝑝𝑝(𝑒𝑒𝑒𝑒31 + 𝑒𝑒𝑒𝑒15)

𝐴𝐴𝐴𝐴22 = 𝐶𝐶𝐶𝐶66𝑝𝑝𝑝𝑝2 + 𝐶𝐶𝐶𝐶22𝑞𝑞𝑞𝑞2 − 𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖2 ,𝐴𝐴𝐴𝐴23 = −𝑞𝑞𝑞𝑞(𝐶𝐶𝐶𝐶23 + 𝐶𝐶𝐶𝐶44) ,𝐴𝐴𝐴𝐴24 = (𝑒𝑒𝑒𝑒32 + 𝑒𝑒𝑒𝑒24)

𝐴𝐴𝐴𝐴33 = 𝐶𝐶𝐶𝐶55𝑝𝑝𝑝𝑝2 + 𝐶𝐶𝐶𝐶44𝑞𝑞𝑞𝑞2 − 𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖2 ,𝐴𝐴𝐴𝐴34 = 𝑒𝑒𝑒𝑒15𝑝𝑝𝑝𝑝2 + 𝑒𝑒𝑒𝑒24𝑞𝑞𝑞𝑞2 ,𝐴𝐴𝐴𝐴44 = −𝜖𝜖𝜖𝜖11𝑝𝑝𝑝𝑝2 − 𝜖𝜖𝜖𝜖22𝑞𝑞𝑞𝑞2 (8)

For a given resonant frequency ω, a nontrivial solution of this system of equations requires 
a zero determinant. The resulting characteristic equation is an eight-order polynomial in even 
powers of s, which can be rewritten as a fourth-order equation, as follows:

𝑟𝑟𝑟𝑟4 + 𝑐𝑐𝑐𝑐𝑟𝑟𝑟𝑟3 + 𝑑𝑑𝑑𝑑𝑟𝑟𝑟𝑟2 + 𝑒𝑒𝑒𝑒𝑟𝑟𝑟𝑟 + 𝑓𝑓𝑓𝑓 = 0 , with 𝑟𝑟𝑟𝑟 = 𝑠𝑠𝑠𝑠2 (9)
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The four roots for r can be either real or complex in conjugate pairs. Depending on the 
nature of these roots, the solutions for the displacement components and the electrostatic 
potential for each layer, corresponding to each type of root, are developed separately. More 
details can be found in Heyliger [4,5] as well as in Heyliger and Saravanos [6]. Actually, for a 
nonpiezoelectric elastic layer the piezoelectric coefficients eik are zero and the electric and 
elastic fields uncouple. In this case, the four roots for r are real. For some piezoelectric 
materials with orthotropic behaviour, such as PVDF, the four roots for r are also real. For 
piezoelectric materials with transverse isotropy, such as PZT-4, there are two real roots and 
two complex conjugate roots for r. In any case, the solutions for the displacement components 
and the electrostatic potential for each layer are expressed in terms of 8 unknown constants.

3.4 Solution for the plate
For a multilayered plate with N layers there are subsequently 8N unknown constants to be 

determined by enforcing 8(N-1) interface continuity conditions and 8 boundary conditions on 
the plate top and bottom surfaces, resulting in a total system of 8N equations for the entire 
plate. For a given resonant frequency ω, a nontrivial solution of this total system (of size 8N)
requires a zero determinant. Since the solution for each layer, namely the roots and resulting
through-thickness field distributions are, to begin with, a function of the resonant frequency
ω, which is unknown a priori, the 3D exact free vibration solution for the entire multilayered 
plate ultimately requires an iterative procedure.

An initial low frequency is used first, which is then stepped through a series of frequencies
iteratively, so that the determinant of the total system of equations (of size 8N) for the entire
plate can be evaluated in each iteration. The zero determinant requirement establishes the 
necessary relationships for the calculation of the natural frequencies and the modal shapes for 
the plate. Once the sign of the determinant changes (and a near zero eigenvalue is confirmed),
the sign-change frequency values are used as a bounding interval for a classical minimization
method to be employed and refine the value of the true natural frequency. In particular, the 
determinant is computed through the product of all eigenvalues of the total system matrix (of 
size 8N), as described in Heyliger and Saravanos [6], to overcome the numerical difficulty of 
evaluating the determinant of a matrix as it becomes singular. Furthermore, it is recommended 
a preliminary balancing step to improve the conditioning of the total system matrix, which
improves the eigenvalues accuracy as well as the computed determinant.

Once a natural frequency is found, the 8N constants that define the modal displacements 
and potential are readily computed by solving the corresponding total system of 8N equations
for the entire plate with one constant arbitrarily set to one. Actually, all remaining mechanical 
and electrical field variables can be then be computed using the former Eq. (2) and Eq. (3), if 
necessary.

Note that the solution form for each layer in Eq. (5) uses a combination of p and q that 
describe the in-plane modal characteristics of the mechanical and electrical fields. For each 
combination of p and q there are an infinite number of natural frequencies corresponding to 
the through-thickness modes. Of primary interest to the 3D exact solutions considered herein 
are the thickness modes that correspond to the fundamental in-plane mode with n = m = 1.
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3.5 Exact solution verification
As mentioned earlier, the exact solution method introduced by Heyliger [4,5], which is 

briefly described herein and in detail in Heyliger and Saravanos [6], has been successfully 
implemented using symbolic computing to derive the 3D exact solutions for the free vibration
analysis of multilayered piezoelectric composite plates. The free vibration solutions obtained 
by the implemented method were primarily verified by direct substitution into the governing 
equations, to make sure of the intended high accuracy of the new test cases here presented to 
serve as benchmark 3D exact solutions. Furthermore, for the numerical examples shown, a
series of finite element analyses with increasing refinement were performed as well, simply as 
a baseline reference, which also support the exact solutions here presented.

4 NUMERICAL EXAMPLES
To facilitate the assessment and comparison between recent and advanced models for the 

free vibration analysis of multilayered piezoelectric composite plates, new test cases are here 
presented to serve as benchmark 3D exact solutions that are based on two simply supported 
multilayered plates, as follows:
 Case (1): A square three-layer piezoelectric plate made entirely of PVDF piezoelectric 

material with equal thickness layers and a staking sequence (0/90/0). The plate thickness is 
fixed as h = 0.01m and the plate side length a is varied to consider different aspect ratios;

 Case (2): A square four-layer piezoelectric composite plate with the top and bottom layers 
made of PVDF piezoelectric material, oriented at 0 degrees, and the core layers a cross-ply 
(0/90) composite of graphite-epoxy. The plate thickness is again fixed as h = 0.01m, such
that each piezoelectric layer is h/10 and the core is 8h/10 of equal thickness composite 
layers, and the plate side length a is also varied to consider different aspect ratios.
The material properties are taken from Heyliger and Saravanos [6] and shown in Table 1.

Table 1: Mechanical and electrical material properties.

Properties PVDF Graphite-Epoxy

E1 [GPa] 237.0 132.38
E2 [GPa] 23.2 10.756
E3 [GPa] 10.5 10.756
G12 [GPa] 6.43 5.6537
G13 [GPa] 4.4 5.6537
G23 [GPa] 2.15 3.606
ν12 0.154 0.24
ν13 0.178 0.24
ν23 0.177 0.49
e15 [C/m2] -0.01 0
e24 [C/m2] -0.01 0
e31 [C/m2] -0.13 0
e32 [C/m2] -0.14 0
e33 [C/m2] -0.28 0
ϵ11/ϵ0

† 12.50 3.5
ϵ22/ϵ0

† 11.98 3.0
ϵ33/ϵ0

† 11.98 3.0
† ϵ0 stands for the vacuum dielectric constant.
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For simplicity, the same density is used for both materials, chosen as a unit of their typical
order of magnitude, i.e. ρ = 1000kg/m3.

For each multilayered plate, two sets of electrical boundary conditions are considered that 
differ on the specified condition imposed on the plate top surface: (a) a homogenous potential 
or (b) a homogenous transverse electrical displacement, as indicated in Eq. (7). Moreover,
three plate aspect ratios are also considered: 4, 10 and 100, i.e. thick, moderately thick and 
thin plate, respectively. Hence, overall 12 distinct new test cases. Actually, both multilayered 
plates used as Case (1) and Case (2) have already been considered by the authors in a previous 
work [7] on benchmark 3D exact solutions for the static analysis of multilayered piezoelectric 
composite plates. Therefore, the present work aims to complete the previous one with the 
corresponding free vibration solutions. Since this work is still ongoing, the 3D exact free 
vibration solutions here presented for the natural frequencies and through-thickness modes 
focus only on the first mode, although it is intended to provide later on the free vibration 
solutions corresponding to the first few thickness modes for all 12 test cases.

4.1 Case (1): three-layer piezoelectric plate
The 3D exact free vibration solutions for the fundamental frequencies of the multilayered 

plate of Case (1) for each of the two sets of electrical boundary conditions and for each of the
three plate aspect ratios are shown in Table 2. For argument purposes, Table 2 also includes 
the fundamental frequencies obtained using a standard 3D commercial finite element model, 
denoted basic FEM, to assess the eventual weaknesses of such models predictive capabilities.

Table 2: Case (1) 3D exact fundamental frequencies (in rad/s) for three plate aspect ratios
and two sets of electrical boundary conditions.

Thickness
Mode 1

a/h = 4 a/h = 10 a/h = 100

(a) ϕ = 0 (b) Dz = 0 (a) ϕ = 0 (b) Dz = 0 (a) ϕ = 0 (b) Dz = 0

Basic FEM 129046.8149 129271.9355 36549.5523 36570.2995 486.9378 486.9379
3D Exact 142533.0089 142538.5755 37446.5847 37446.6995 486.6145 486.6145

As mentioned, the 3D exact solutions aim to be primarily useful in assessing the accuracy 
of finite element models and associated theories, even though their scope is limited to simply 
supported multilayered orthotropic piezoelectric plates. In fact, it is shown in Table 2 that as 
the plate aspect ratio decreases, its more complex solution may compromise the accuracy of 
standard models. Figures 2–3 show the through-thickness distributions of the first mode for 
the displacements and the potential precisely for the plate aspect ratio a/h = 4, with each set of 
electrical boundary conditions, revealing that only the potential mode shape is significantly 
affected by the different set of electrical boundary conditions. Note that in all plots shown, the 
displacement components are normalized with respect to the maximum value of u, v, or w,
and the potential is also normalized with respect to its maximum value. A scaling factor ξ is 
defined to denote the relationship between the potential and the displacements, just as in [6].

4.2 Case (2): four-layer piezoelectric composite plate
The 3D exact free vibration solutions for the fundamental frequencies of the multilayered 
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plate of Case (2) for each of the two sets of electrical boundary conditions and for each of the 
three plate aspect ratios are now shown in Table 3. Likewise, it is also included in Table 3 the 
fundamental frequencies obtained by a standard 3D commercial FEM.

Figure 2: Case (1a) thickness distributions of mode 1 for a/h = 4 (scale factor ξ = -0.3148e9).

Figure 3: Case (1b) thickness distributions of mode 1 for a/h = 4 (scale factor ξ = -0.1948e9).

Examination of Table 3 indicates that for both extreme plate aspect ratios the accuracy of 
standard models may be compromised. This situation may be explained by the fact that the 
multilayered plate of Case (2) includes two piezoelectric layers that are much thinner than the 
elastic layers, which can be numerically complicated for both extreme plate aspect ratios.

Table 3: Case (2) 3D exact fundamental frequencies (in rad/s) for three plate aspect ratios 
and two sets of electrical boundary conditions.

Thickness
Mode 1

a/h = 4 a/h = 10 a/h = 100

(a) ϕ = 0 (b) Dz = 0 (a) ϕ = 0 (b) Dz = 0 (a) ϕ = 0 (b) Dz = 0

Basic FEM 137203.7594 137637.2943 34765.5267 34811.1699 542.6952 542.7465
3D Exact 156509.9416 156510.0511 35689.3355 35689.3360 403.5158 403.5158
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Figures 4–5 show the thickness distributions of the first mode for the displacements and 
the potential for two different plate aspect ratios, a/h = 4 and a/h = 10, both with the same set 
of electrical boundary conditions. As expected, as the plate aspect ratio increases, all mode 
shapes become more linear (within each layer).

Figure 4: Case (2a) thickness distributions of mode 1 for a/h = 4 (scale factor ξ = -0.1230e9).

Figure 5: Case (2a) thickness distributions of mode 1 for a/h = 10 (scale factor ξ = -0.0374e9).

Furthermore, Tables 2–3 also show that the difference between the two sets of electrical 
boundary conditions on the plate natural frequencies becomes more pronounced as the plate 
aspect ratio decreases, with the homogenous potential providing smaller frequencies every 
time the distinction is noticeable.

5 CONCLUSIONS
The development and assessment of advanced finite element models particularly suitable 

for the analysis of smart composite structures still continues to rely nowadays mostly on 
benchmark 3D exact solutions, as derived by Heyliger [4,5] and also Heyliger and Saravanos 
[6]. In response to the limited number of well-known test cases whose 3D exact solutions 
have been published, this work provides new test cases to serve as benchmark 3D exact 
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solutions for the free vibration analysis of multilayered piezoelectric composite plates.
Specifically, two multilayered plates using PVDF piezoelectric material are chosen as test 

cases under two sets of electrical boundary conditions, i.e. either a homogenous potential or a 
homogenous transverse electric displacement, and considering three plate aspect ratios for 
thick, moderately thick and thin plate, in a total of 12 distinct test cases. Although this work is 
still ongoing, the presented 3D exact free vibration solutions for the fundamental frequencies,
for all test cases, along with the through-thickness distributions of the first mode for the 
displacements and the potential, can already demonstrate the difference in the plate vibration 
response for the two sets of electrical boundary conditions as well as the effect of the plate 
aspect ratio. Ultimately, the 3D exact free vibration solutions here presented may prove to be 
quite useful to this research area that is of particular interest for smart composite structures 
growing technology.
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Abstract. In this paper, a new approach is proposed for choosing optimal parameters for the 
external electric circuits, shunting the connected piezoelectric elements of the structure, and 
providing thereby a passive control over the structure vibration. The approach is based on the 
mathematical statement of the natural vibration problem. By solving this problem, we find 
complex eigenfrequencies, the real part of which represents the frequency of vibrations, while 
the imaginary part corresponds to the damping coefficient, which characterizes the rate of 
vibration damping. The analysis of the behavior of the real and imaginary parts of different 
complex frequencies as a function of the electric circuit parameters allowed us to derive the 
criteria for determination of the optimal parameters of the external passive shunting circuits, 
which will provide the system with the required dissipative characteristics. The efficiency of 
the proposed approach has been demonstrated by solving two example problems on the 
vibration of cantilevered plate and cylindrical shell for two types of external electric circuits: 
resistive circuit comprising only one resistor (R-circuit) and resonant RL-circuit (consisting of 
inductive and resistive elements). The validity of the selected optimal parameters has been 
supported by the results of solution of the steady-state forced vibration problem. 

1 INTRODUCTION
Today, the operation of some hi-tech structures gives rise to a serious technological 

problem of controlling their dynamic behavior. Therefore, the elaboration and development of 
new techniques for vibration damping is the problem of current interest. A relatively new 
approach is incorporation of piezoelectric element into modern structures. One of the ways of 
damping the structure vibrations with the aid of piezoelectric elements is their connection to 
electrical impedance in the form of external passive electric circuits (also known as shunting). 
In this case, a piezoelectric element serves as a transformer of the mechanical energy of 
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vibrations into the electrical energy, which is then dissipated in the external circuit.
The early studies, which considered the possibility of controlling the dynamic 

characteristics of structures via connecting the attached piezoelectric element to additional 
electrical impedance, dated back to the end of 70-ies of the past century [1]. However, the 
first paper that really attempted a detailed study of this approach was written by Hagood N.W.
and Von Flotow A. [2]. This work describes the key features of structure behavior in the 
presence of shunted piezoelectric elements, including the influence of the external circuits on 
the mechanical characteristics of the structure. It also presents an approach for selection of 
optimal parameters for the external circuits, which is based on the analysis of the transfer 
function of the system with a shunted piezoelectric element.  

The analysis of literature [2-14] shows that this approach still remains the most popular 
one at analysis of dynamic behavior of systems with shunted piezoelectric from the optimal 
damping search point of view. When using this approach there are some ways for transfer 
function formulation. Apart of it there are some techniques to obtain optimal parameters of 
external circuit within this approach, such as optimization by 2 - or ∞ -norms of transfer 
function [4, 13], optimization by equality of transfer function magnitudes at S and T points [2, 
3, 6], optimization by transfer function pole placement [5, 6, 14]. All of these lead to 
difference in optimal values of circuit parameters for one and the same structure depending on 
choice of transfer function and optimization criterion [2, 6, 13].

The degree of damping vibrations of electromechanical systems with piezoelectric 
elements and external electric circuits can be determined by solving three types of problems: 
of forced steady oscillations, transient process with the initial conditions and natural
vibrations. Finding amplitude at resonant modes require solving multiple times the problem of 
forced steady-state vibrations for a particular load at different frequencies of external 
disturbances, as well as the solution of dynamic problems with initial conditions allows us to 
estimate the rate of damping of oscillations only for the particular load and initial conditions.

The solution of problem of natural vibrations does not have these disadvantages, which 
making it more effective in the study of the dynamic behavior of structures. The result of 
solving this problem - complex natural frequencies Re Imiω ω ω= + , where Reω corresponds to 
the natural frequency, Imω corresponds to damping ratio [15].

In this study, as a basis for developing one of such approaches we use the problem on 
natural vibrations of electroelastic bodies with external electric circuits. In a previous work 
[16], it was shown that for a structure with piezoelectric elements and external circuits the 
above problem is most convenient and informative from the viewpoint of optimization of its 
dynamic characteristics, because it allows getting relation of damping ratio on the external 
electric circuit parameters and then determining their optimal parameters.

2 MATHEMATICAL STATEMENT OF THE PROBLEM AND METHODS OF ITS 
SOLUTION 

Consider a piece-wise homogeneous body (smart-structure) of volume 1 2V V V= + , where 
1V consists of homogeneous elastic parts and volume 2V - of piezoelectric elements. A part of

the surface of the body volume 2V is covered by electrodes. One of the electrode-covered 
surfaces is connected to the external passive electric circuit of arbitrary configuration 

2
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consisting of resistive elements (resistors) of resistance R, inductive elements (induction coils) 
of inductance L and capacitive elements (capacitors) of capacitance C.

The variational equation of natural vibrations for a body consisting of elastic and 
piezoelectric elements is formulated using the relations of the linear elasticity theory and 
quasi-static Maxwell equations [17-21]:

( ) ( )

( ) ( ) ( )
1 2

1 2 1 2 1 2
1 1 1

1 1 0

i

CL R
p p q q r r

ij ij i ij ij i i i i
V V

nn n
L L R R C C

r
p q rp q

u u dV D E u u dV

dtdt dt C
L R

σ δε ρ δ σ δε δ ρ δ

ϕ ϕ δϕ ϕ ϕ δϕ ϕ ϕ δϕ
= = =

+ + − + +

+ − + − + − =

∫ ∫

∑ ∑ ∑∫∫ ∫

 

(1)

Here D , E are the vectors of the electric inductance and electric field strength; ijσ are the 
components of the symmetric Cauchy stress tensor; ijε are the components of the tensor of 
linear deformations; iu are the components of the displacement vector; ϕ is the electric 
potential; 1 2ϕ ϕ− - the potential difference in the external circuit element, ,L Rn n are the 
number of inductive and resistive elements, respectively, , ,p q rL R C - values of inductance, 
resistance and capacitance of the corresponding circuit element.

For electric field, the condition of equipotentiality is fulfilled

,i iEϕ = − (2)

For elastic parts ( 1V ), the physical equations of the linear elasticity theory hold true 

ij ijkl klCσ ε= (3)

For isothermal processesthe electroelastic parts ( 2V ) are governed by the following physical 
relations: 

ij ijkl kl ijk k

k ijk ij ki i

C E
D e E
σ ε β

β ε
= − 
= + 

(4)

where ijklC , ijklC are the tensors of elastic constants, ijkβ and kie are the tensors of piezoelectric 
and dielctric coefficients.

The constraints imposed on the examined system are given in the form of mechanical and 
electrical boundary conditions. The mechanical boundary conditions are defined as 

0 ,i iu
u u

Γ
= (5)

where uΓ is the part of the surface of the body 1V , on which the displacements are prescribed.
The expressions for electrical boundary conditions on the piezoelectric parts of volume 2V

are written as  

0 ,
el
ϕϕ ϕ

Ω
= (6)

here el
ϕΩ is the part of the bounding electrode-covered surface of body volume 2V , on which 
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the electric potential is prescribed. In the absence of electrode covering all electrical boundary 
conditions take zero values.

The eigenvectors of vibrations are determined in the following form:

( ) ( ), i t
i iu x t u x e ω=



, ( ) ( ), i tx t x e ωϕ ϕ=  (7)

where R Iiω ω ω= + is the complex eigenfrequency of vibrations. In this relation Rω
corresponds to the eigenfrequency and Iω corresponds to the rate of vibration damping 
(damping coefficient), ( ) ( ),iu x xϕ  are the vibration eigenmodes.

A complete mathematical formulation of the problem is presented in work [21]. The stated 
problem was solved using the finite element method (FEM). Its numerical implementationwas
performed based on the new algorithm developed by the authors of the paper, in which, to 
derive benefits from the commercial ANSYS software package, the APDL macros and 
FORTRAN programs were incorporated. The obtained algebraic problem of complex 
eigenvalues was solved by the Muller method with a search through a variety of initial 
approximations.

3 NUMERICAL RESULTS
To verify the robustness of the proposed approach we considered two example problems:
1) a rigidly clamped elastic plate with a fastened piezoelectric element (figure 1(a)). The 

plate has the following dimensions: 1 210l = mm, 1 26b = mm, 1 0.5h = mm. The plate is made 
from material with the following mechanical characteristics 112 10E = ⋅ Pа, ν=0.3, ρ=7800 
kg/m3. The piezoelectric element made in shape of rectangle with the dimensions 50pl = mm,

20pb = mm, 0.36ph = mm and located 12mm from the fixed plate edge symmetrically to the 
plate axis. It is made of the material PZT-4 with polarization in the z direction and the 
following mechanical characteristics: 10

11 22 13 9 10C C= = ⋅. N/m2, 10
12 7 78 10C = ⋅. N/m2,

10
13 23 7 43 10C C= = ⋅. N/m2, 10

33 11 5 10C = ⋅. N/m2, 10
44 3 06 10C = ⋅. N/m2, 10

55 66 2 56 10C C= = ⋅. N/m2,
31 32 5 2β β= = − . C/m2, 33 15 1β = . C/m2, 52 61 12 7β β= = . C/m2, 9

11 22 6 45 10e e −= = ⋅. F/m, 9
33 5 62 10e −= ⋅.

F/m, 7700ρ = kg/m3. The upper and lower surfaces of the element are fitted with electrodes.
2) a thin-walled shell in the form of a semi-cylinder, which is rigidly clamped at the edges 

and is simply supported along the generatrix (figure 1(b)). The shell with 1 76r = mm, 1 300l =

mm, 1 0.25h = mm is made from the elastic isotropic material showing the following mechanical 
properties: 111.96 10E = ⋅ Pa, 0.3ν = , 7700ρ = kg/m3. The shell structure comprises a 
piezoelectric element in the form of the ring segment, which is attached to the shell surface. 
The element has the following dimensions: 76.25pr = mm, 015.08pϕ = , 0.36ph = mm. The 
center of mass of the element is located at a distance of 15mm from the clamped edges of the 
shell and is shifted by 90о with respect to the angular coordinate from the simply supported 
generatrixes. The piezoelectric element is made of piezoceramics PZT-4 showing similar 
physic-mechanical characteristics, specified yet in the cylindrical coordinates. The direction 
of polarization coincides with the direction of the r–axis. The upper and lower surfaces of the 
element are fitted with electrodes. 
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a b
Figure 1: Computational schemes of structures with piezoelectric elements: a) plate; b) shell.

Consider as the external electric circuit the series resonance RL-circuit consisting of series-
connected resistance (R) and inductance (L). As an object, a piezoelectric element by virtue of 
its nature exhibits capacitive properties and in the presence of the external resonance RL-
circuit it forms a series oscillatory RLC-circuit, which leads to the appearance of additional 
eigenfrequency in the frequency response of our base smart-structure. This means we have 
frequency response of full system - smart-structure with external electrical circuit.
Involvement of the external electric RL-circuit into damping of structure vibrations at a 
specified frequency is accomplished by incorporating in the initial spectrum of 
eigenfrequencies a purposely-tuned additional frequency from the electric circuit. Tuning is 
achieved by varying value of external inductance, bringing frequency closer to the 
eigenfrequency of smart-structure, up to their match.

It has been recognized [22] that the coincidence of the damped eigenfrequency of smart-
structure with the frequency of the electric circuit:

n e
R Rω ω= (8)

results in maximum damping of the system vibrations at this particular frequency.
Equation (8) defines the condition I, which the parameters of the external electric circuit

must fulfill, to provide with the maximum vibration damping in the particular frequency.
However, the question remains. Does this condition fully define the parameters of the 

external electric circuit to ensure maximum damping vibrations of the structure at a given 
frequency?

To tune an oscillation circuit on required frequency it is necessary to choose the 
corresponding pair of the parameters of external RL-circuit. The investigations have shown 
that the coincidence of the above mentioned frequencies in the range of parameters R and L
may not be singular. Figure 2 shows the line of equality of the first eigenfrequency of the 
plate with piezoelectric element connected to the shunting resonance RL-circuit and the 
frequency of the oscillatory circuit tuned to the first resonance in the range of parameters R
and L.
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Figure 2: The line of equality of the first eigenfrequency of the plate with piezoelectric element connected in 
series to the resonant shunt electric RL-circuit and the vibration frequencies of the oscillatory circuit in the range 

of parameter RL

It is apparent that condition I is not sufficient for unique determination of the optimal 
parameters of the external electric circuit.

We can use the fact that the solution of the problem of natural vibrations smart-structure
with an external electrical circuit provides a direct measure of damping ratio Im

nω on a
particular frequency. It is possible to find such values of the parameters R and L of external 
electric circuit by scanning the field of circuit parameters, at which achieved the maximum 
value of the modulus of the imaginary part of the smart-structure’s complex frequency (9):

Immax nω (9)

The values of R and L, at which the condition II, defined by (9), and will be optimal.
In the examples considered in this paper, n

Iω has a unique maximal absolute value in the 
examined range of the circuit parameters R and L (figure 3): R=402 kOhm, L=11200 H for the 
plate and R=5.3 kOhm, L=6.93 H for the shell.

It should be noted that the obtained point of maximum Im
nω lies on the curve of coincidence 

of the real part of the first eigenfrequency of the smart-structure Re
nω and the real part of the 

additional frequency from circuit Re
eω , that is, a curve that reflects the condition (8). But at 

this point on this curve is no coincidence of maximum modules of imaginary parts of the 
eigenfrequency of smart-structure and additional frequency 

Im Immax maxn eω ω≠ (10)

Therefore, to really find the optimal parameters requires careful separation of 
eigenfrequency of smart-structure and additional frequency.

Thus, on the entire space of possible parameters R and L for the imaginary part of 
eigenfrequency of smart-strucutre Im

nω (damping ratio) exists only one maximum modulo
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value corresponding to the optimal circuit parameters. This maximum point occurs only at the 
coincidence of the frequency of the oscillation smart-structure and additional frequency.

а b
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c d
Figure 3: Computational schemes for structures with piezoelectric elements and resonant RL-circuit: a)

plate, b) shell. The plots constructed for each type of the structure describes the behavior of the vibration 
damping coefficient of the structure with external circuit at the first eigenfrequency in the range of parameters R

and L

Let us compare the obtained results with the amplitude frequency characteristic (AFC) of 
the system connected to resistive or resonant external circuits. The AFC of the displacement 

sU ( 2 2 2
s x y zU U U U= + + ) of point А (figure 1(a,b)) was calculated as being produced by the 

external axial harmonic forces with the amplitude X Y ZP P P= = =0.01 N applied at point B of 
the structure. 

In the case of the resistive circuit (consisting only of a resistor with resistance R) for the 
first oscillation mode of both systems the maximum modulus value of the parameter vibration 
damping (condition II) is achieved when the value of the resistor R = 1000 Ohms (for the 
plate), and R = 25 Ohms (for the shell).

Figure 4 shows a comparison of the frequency response of the plate and the shell in the 
presence of resistive and resonant electric circuits, the optimum parameters are determined by 
conditions II.

А

B
B

А
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a b

Figure 4: Comparison frequency response of structure's displacement at point A for a resistive and resonant 
circuits with the optimal parameters for a) plate, b) shell. Solid line - R-circuit,  dot-dash - RL-circuit.

Selected based on the implementation of the proposed terms the parameters of resonant 
RL-circuit gives greater damping of vibration than with the resistive circuit only, and for the 
shell these parameters have led to the complete disappearance of the resonance peak in the 
frequency response.

4 CONCLUSIONS
- An approach to selection of optimal parameters for the external passive electric 

circuits ensuring maximum rate of vibration damping has been proposed based on the 
mathematical formulation of the problem on natural vibrations of electroelastic 
bodies with piezoelectric elements connected to external passive electric circuits.

- The condition allowing the evaluation of optimal parameters of the external electric 
circuits have been determined based on the analysis of the real and imaginary parts of 
complex eigenvalues of different structures. 

- The effectiveness and robustness of the proposed approach have been demonstrated 
in the context of the example problems studying different structures with 
piezoelectric elements and two types of shunting external electric circuits: resistive 
R-circuit and series resonant RL-circuit.

The work is supported by the RFBR (projects No 15-01-03976-a, No 16-31-00094-mol-a) and 
UB RAS complex program (project No 15-10-1-18).
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Abstract. This paper discusses the shape control of deformable mirrors in the dynamic range.
The phenomenon of control-structure interaction which appears when the control bandwidth
increases is described and the main parameters affecting it are highlighted. Finally, passive and
active strategies for damping augmentation are proposed and tested in simulation.

1 INTRODUCTION

Adaptive optics (AO) has revolutionized astronomy by correcting in real-time the aberrations
introduced by atmospheric turbulence using deformable mirrors with hundreds of actuators [1].
Several deformable mirror (DM) technologies are being used, employing piezoelectric, electro-
static or electromagnetic actuation; see e.g.[2] for a review of various technologies. The various
aspects involved in the design of a AO deformable mirror are its size, the stroke, the number of
actuators, the control bandwidth and, as we shall see, its natural frequency and damping.

• There are AO mirrors of all sizes, but a minimum size is generally required by the field of
view of the telescope; typical DM diameter for a few hundred actuators is 150-200 mm.

• The stroke δ necessary to compensate the turbulent wave front may be estimated from
the RMS phase error. A typical value would be 3 times the RMS wavefront error: Using
Equ.(A.2) in the Appendix, δ = 3.σφ.λ/2π, where λ is the wavelength.

• The number of actuators depends on the required optical quality, the diameter of the
primary mirror D, the telescope site and the wavelength. Equation (A.7) may help in this
matter. Typical AO mirrors have hundreds of actuators.
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• In addition to the “fitting” error resulting from the limited morphing capability of the
mirror, there will be additional errors due to the limited bandwidth fc of the control
system; they will be analyzed below.

The control system requires a real-time measurement of the wavefront error, which is gen-
erally obtained with a micro-lenses array known as Shack-Hartmann (SH) sensor. Because of
the complexity of the problem which involves hundred of inputs and hundred of outputs, the
control problem is generally formulated as quasi-static, the system being defined by its Jacobian.
However, deformable mirrors are flexible structures with flexible modes of natural frequencies
fi and modal damping ξi. When the damping is low and the control bandwidth increases, the
system experiences control-structure interaction which is the subject of this paper.

To illustrate our discussion, we will consider the bimorph piezoelectric mirror of Figure 1. It
is controlled by an array of 127 piezoelectric electrodes on the back, organized in honeycomb
and the SH sensor consists of a square array of 17× 17 lenslets (225 activated). The front side
of the mirror is supplemented by a ring of piezoelectric material outside the pupil, whose double
role is to improve the thermal balance and provide additional damping to the system (this will
be clarified later). It is assumed that a separate mirror takes care of the tip-tilt disturbance, so
that the control system discussed here handles the Zernike modes of radial order n ≥ 2. Several
boundary conditions are possible, which affect the Jacobian as well as the spectrum of natural
frequencies of the mirror; in this study, the mirror is assumed simply supported on the edge.
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Figure 1: AO mirror configuration used in the simulations

The paper is organized as follows: section 2 discusses the quasi-static control of the mirror,
section 3 discusses the feedback control assuming a quasi-static model of the mirror and analyzes
the influence of the control bandwidth on the residual error. Section 4 introduces the control-
structure interaction and the main parameters involved in it. Some concepts of Adaptive Optics
which have been used are summarized in appendix.
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2 QUASI-STATIC CONTROL

Once the number and shape of the actuators, the boundary conditions, and the configuration
of the Shack-Hartmann sensor have been chosen, the quasi-static behaviour of the AO mirror is
described by the linear equation

s = J v (1)

where s is the vector of output of the SH sensor and v is the vector actuator input voltages
applied to the piezoelectric actuators. The actuator input which cancels the sensor output is
obtained as the pseudo-inverse:

v = J† s (2)

If a Singular Value Decomposition (SVD) of J is carried out

J = UΣV T =

n∑
i=1

σiuiv
T
i (3)

(ui are the orthogonal sensor modes and vi the orthogonal actuator modes), the pseudo-inverse
reads

J† = V Σ†UT =

n∑
i=1

1

σi
viu

T
i (4)

This solution is that minimizing ||s − Jv||2. The sum normally extends to all singular values.
However, because they appear as σ−1

i , the smallest singular values tend to generate unnecessary
large control inputs without bringing any contribution to improvement of the fitting error. The
problem may be solved either by truncating the SVD expansion of J† after r terms, to eliminate
the smallest singular values, or to use a Tikhonov regularization, minimizing

minv[||s− Jv||2 + α2||v||2] (5)

where α2 is a tuning parameter (the method is also known as damped least square). The solution
is

v = (JTJ + α2I)−1JT s (6)

The singular value expansion of J† now reads

J† = V Σ†UT =
n∑

i=1

σi
σ2
i + α2

viu
T
i (7)

Both methods have been found to reduce significantly the input voltage budget without affecting
significantly the fitting error of the deformable mirror (see [3] for illustrations).

3 FEEDBACK CONTROL BASED ON QUASI-STATIC MODEL

3.1 Control of Zernike modes

In order to estimate the control bandwidth, consider the temporal Power Spectral Density
(PSD) Φ(f) of a Zernike polynomial (see Appendix). It may be approximated as in Figure 2,

3

1066



Kainan Wang, David Alaluf, Bilal Mokrani, André Preumont

with a cut-off frequency f� being given by Equ.(A.8). In order to analyze the residual error after
feedback control, it is common practice in the optics community to assume an integral feedback
control H(f) = fc/jf (where fc is the cross-over frequency), leading to a closed-loop transfer
function F and an error transfer function T of respectively

Φ

f
-17/3

f V D*= /α

( / )f fc

2

fc

f

f

Φ0

| |T
2

(a)

(b)

0dB

Integral control
Integral control with

lead-lag and 2 Butterworth filter
nd

Figure 2: (a) Approximation of the PSD of a Zernike polynomial; f� = 0.3(n + 1)V/D where n is the
radial order. (b) Squared magnitude of the error transfer function |T |2.

F =
H

1 +H
=

1

1 + jf/fc
and T = 1− F =

jf/fc
1 + jf/fc

(8)

The closed-loop Mean square (MS) residual error in the Zernike mode i is given by

< |ai|2 >CL=

∫ ∞

0
|T |2Φ(f) df � 0.708Φ0f

� (
f�

fc
)2 � 0.585 < |ai|2 > (

f�

fc
)2 (fc � f�) (9)

after using Equ.(A.9). Since f� increases with the radial order of the Zernike mode, the foregoing
might suggest that fc should be larger for higher order modes; however, as rightly observed by
Conan [4], the contribution < |ai|2 > of the Zernike modes with low radial orders to the total
MS error is much larger than that of the higher modes, leading to a higher control bandwidth (fc
is also the control bandwidth in this case) for the low order modes. To illustrate this, consider
the defocus mode Z4 with radial order n = 2 and the spherical aberration Z11 with radial order
n = 4. Their open-loop contributions to the overall MS phase error are respectively [5]: <
|a4|2 >= 0.023(Dr0 )

5/3 and < |a11|2 >= 0.0024(Dr0 )
5/3 and their corner frequencies: f�

4 = 0.9V/D
and f�

11 = 1.5V/D = 1.66f�
4 . Reducing the closed-loop MS error of these two modes to, say

10−4(Dr0 )
5/3, will require respectively fc = 11.6 f�

4 and fc = 3.75 f�
11 = 6.22 f�

4 .
The integral controller used above is convenient for illustration purposes and computing

orders of magnitude. More performing control laws are available; the compensator of Figure 3
will be used later in this study: the integral control has been supplemented with a lag filter at
low frequency to magnify the gain (and lower |T |2), a lead filter near crossover to increase the
phase margin and a second-order Butterworth filter at high frequency to increase the roll-off.
The controller may be scaled to the appropriate bandwidth by simply translating the Bode plots
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Figure 3: Compensator used in this study (normalized to fc = 10 Hz). It consists of an integrator,
a lag filter, a lead filter and a Butterworth second order filter. The position of the poles and zeros are
indicated on the Bode plots (left). The bandwidth may be adjusted by translating the Bode plots along
the frequency axis. This leaves the Nichols plot (Right) unchanged.

along the frequency axis until the cross-over frequency fc has the appropriate value; this leaves
the Nichols plot unchanged.

3.2 Control of the mirror based on the Jacobian

Figure 4 shows the block diagram of the control system. The input-output relationship
between the voltages applied to the piezoelectric electrodes and the SH sensor outputs is assumed
to be the Jacobian J (the dynamic response is ignored). A simulation code has been developed,
which allows to generate turbulent screens with Kolmogorov distribution (see Appendix) and
to calculate the time-history of the mirror response when the turbulent screen is transported
by the wind with a velocity V . The SH sensor is assumed to have infinite bandwidth (no
dynamics). Using this code, it is possible to study the influence of the feedback control law H(s)
on the performance of the control system; the residual MS phase error is estimated by statistical
analysis of time-histories of the mirror response. The following data have been assumed in
our calculations: telescope aperture: D = 5m, Fried coherence length r0 = 79 cm (defined at
λ = 2.2µm for a 0.57 arcsec seeing), wind speed V = 10m/s. The Greenwood frequency is
fG = 0.43 V

r0
= 5.44Hz. The controller bandwidth (approximated by the cross-over frequency

fc) is varied from 2Hz to 30Hz.
Figure 5 shows the cumulative phase variance in closed-loop

[∆J ]CL =

∞∑
i=J

< |ai|2 >CL

as a function of the cross-over frequency fc of the compensator of Figure 3; the figure starts
at J = 4 because the tip-tilt modes are assumed to be controlled separately. The residual

5
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Figure 4: Block diagram of the control system. The input-output relationship is s = Jv. The feedback
loop consists of the SVD controller K(s) = V H(s)Σ†UT . The disturbance d consists of a frozen Kol-
mogorov turbulent screen transported by the wind at velocity V . The performance is measured by the
Zernike expansion of the residual error.

phase variance may be transformed directly in optical quality using Equ.(A.3). The residual
error includes the fitting error due to the finite resolution of the actuators and sensors and the
dynamic error due to the finite bandwidth of the controller.
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Figure 5: Cumulative phase variance scaled by (Dr0 )
5/3 as a function of the cross-over frequency fc of

the compensator of Figure 3. Equ.(A.6) is shown in dash-dotted lines.

4 CONTROL-STRUCTURE INTERACTION

So far, it has been assumed that the mirror responds in a quasi-static manner to the voltage
input. However, when the control bandwidth increases, the dynamics of the mirror can no longer
be ignored and the closed-loop stability must be investigated with care.

6
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4.1 Single axis piezoelectric actuator

In order to introduce the phenomenon of control-structure interaction, consider a single axis
piezoelectric actuator acting on a mass m (Figure 6). If δ is the unconstrained piezoelectric
displacement, it may be replaced by an equivalent piezoelectric force f = Kaδ where Ka is the
stiffness of the piezoelectric element. The input-output relationship of the system is

x

δ
= G(s) =

1

1 + 2ξ s
ωn

+ s2

ω2
n

(10)

with ω2
n = Ka/m and 2ξωn = c/m. We assume that the compensator is H(f) = 2πfc/s as

previously. If the structure is assumed to behave quasi-statically, G(s) = 1 and G(s)H(s) =
2πfc/s which has infinite gain margin (GM) and 900 phase margin (PM). On the contrary, if
the full dynamics is included, the amplitude Bode plot of the control system is that of Figure 6.
Accordingly, the system stability requires that fn/fc > 1/2ξ and the gain margin is expressed
simply as

GM = 20 log[
2ξfn
fc

] (in dB) (11)

This formula points out the two parameters which control the control-structure interaction: the
frequency ratio fn/fc and the structural damping ξ. Of course, the compensator used in this
analysis is not the best one, and the situation may be improved by adding a Butterworth filter
as the one of Figure 3, but the two parameters remain the same. Figure 7 gives the gain margin
(in dB) as a function of the frequency ratio fn/fc for a few values of the damping ratio ξ, for the
compensator of Figure 3. Equation (11) is represented in dashed lines. The interest of increasing
the damping of the structure is obvious from this plot. This can be done passively or actively.

fnfc

GM

Frequency  [Hz]

Magnitude [dB]

0dB

-20dB/dec

-60dB/dec

x

m

f K= aδKac

Quasi-static

Dynamic

1/2ξ

Figure 6: Position control of a mass with a single axis piezo-actuator; the compensator isH(f) = 2πfc/s.
The gain margin is GM = 20 log[2ξfnfc

].

4.2 Multi-Input-Multi-Output-System

The case of the full mirror cannot be treated as simply as that of the previous section;
however, based on the small gain theorem, it is possible to develop a sufficient condition for
stability (e.g. [6], Ch.10). The dynamic response of the system (mirror plus SH sensor) may be
written with classical notations:

G(s) = SΦ.diag[
1

s2 + 2ξiωis+ ω2
i

]ΦTKa (12)

7
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Figure 7: Single axis system with the compensator of Figure 3. Gain margin in dB as a function of the
frequency ratio fn/fc for a few values of the damping ratio ξ. Equation (11) is represented in dashed
line.
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Figure 8: Left: Control structure of a flexible mirror: the nominal system is G0 = J and the residual
system GR(s) includes all the dynamic deviation with respect to the nominal system. K(s) is the SVD
feedback controller. Right: Classical form of multiplicative uncertainty.

where Φ is the matrix of (normalized) mode shapes, S is the output matrix of the SH sensor
and Ka is the matrix connecting the input voltages to the equivalent piezoelectric forces acting
on the mirror. With these notations, the Jacobian describing the quasi-static response may be
written

J = G(0) = SΦ.diag[
1

ω2
i

]ΦTKa (13)

and the response may be decomposed in the nominal response G0 = J (quasi static) and the
residual response GR(s):

GR(s) = SΦ.diag[
1

s2 + 2ξiωis+ ω2
i

− 1

ω2
i

]ΦTKa (14)

This control structure can be easily transformed into a classical form of multiplicative uncertainty
(Figure 8) for which the following sufficient condition for stability applies :

σ(G−1
0 GR) < σ[I + (KG0)

−1] (15)

where σ and σ stand respectively for the maximum and the minimum singular value. The
left hand side σ(G−1

0 GR) expresses the maximum relative value of the residual response with

8
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respect to the quasi-static one; it is small at low frequency and becomes large in the vicinity of
the vibration modes, where the amplitude of the peaks is governed by the structural damping;
increasing the structural damping will lower the resonance peaks and increasing the natural
frequencies of the structure will move them to the right. The right hand side of Equ.(15) is
concerned only with the nominal system; the curve is essentially flat within the bandwidth of
the control system. Figure 9 shows the result of the application of this test to our problem,
a structural damping of 0.5% has been assumed; the distance between the two curves may be
interpreted as a gain margin, if the two curves cross each other, there is a danger of instability.

Two ways of increasing the damping have been investigated: passive and active damping.

4.3 Passive Damping

The first option consists of using the piezoelectric ring on the front side of the mirror and
connect it to an inductive shunt targeted at the most critical mode [7]. This technique is
particularly adapted when the first mode is well separated from the other modes. With the
geometrical arrangement of Figure 1 of the mirror supported on the edge, it is possible to
achieve up to ξ = 0.053 with the 6 PZT patches shunted in parallel on an Inductive (RL)
circuit. This reduces significantly the first peak of Figure 9. Note that, although this is outside
the present discussion, the PZT ring on the front side of the mirror may be used to improve the
thermal balance of the mirror, and to introduce a bias curvature which allows to operate the
control electrodes with positive voltage only. These aspects are discussed in detail in [3].

-150

-100

0

50

100

150

-50

STRUCTURAL

UNCERTAINTY

10
-1

10
0

10
1

10
2

10
3

Frequency [Hz]

σ[ ]G G0
-1

R

GM inc.
16dB

21.9dB

f1=208Hz

σ[ +( ) ]I KG0
-1

Singular value [dB]

w/o. shunted circuit
w. shunted circuit

f =c
5Hz

f =c
20Hz

27.0dB

38.1dB

60.1dB

f =c
5Hz

f =c
20Hz

f1=208Hz

GM increase
16dB

Figure 9: Stability robustness test for various crossover frequencies. A structural damping of 0.5% has
been assumed. The effect of inductive shunt damping of the first mode of vibration is shown in dashed
lines (a zoom in the vicinity of the first resonance is on the right side).

4.4 Active Damping

The second option is to supplement the shape control loop (High Authority Control - HAC)
with an active damping loop (Low Authority Control - LAC). Both loops use the same actuators
and sensors. The LAC loop takes advantage of the large sensor array of the SH and the large
actuator array of the PZT actuators to do some modal filtering and apply modal active damping

9
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to the critical modes [8] (Figure 10). If Φ̂ is the matrix of the mode shapes to be controlled
actively (only very few modes will need to be damped actively), one can construct the matrices

C = SΦ̂ and B = Φ̂TKa (16)

their pseudo-inverse are respectively C† and B†. The principle of the modal filter is as follows:
If s is the SH sensor output, ẑ = C†s is the vector of modal amplitudes of the modes to be
controlled. The modal amplitudes are the inputs of independent active damping controllers
D(s); the controller output û is projected onto voltages applied to the electrodes according to
v = B†û. Overall, the independent modal active damping loop reads:

v = B†.D(s).C† s = [(Φ̂TKa)
†.D(s).(SΦ̂)†] s (17)

A modal damping ratio ξd may be enforced by the controller

D(s) = diag(2ξdωis) (18)

v Deformable
Mirror

Shack-Hartmann
Sensor

V H(s) U
T

Σ
†

s
+

-

C
†D(s)B

†

+

-

LAC loop (Active damping)

HAC loop (SVD controller)

Figure 10: HAC/LAC strategy for active damping of the mirror. The shape control loop is supplemented
by a modal active damping of the critical low frequency vibration modes.

Figure 11 illustrates the effect of active damping on the stability robustness test, when an
active damping ratio ξd = 0.05 is requested.

5 CONCLUSION

This paper is an attempt to elucidate the control-structure interaction in AO mirrors; this
phenomenon appears when the control bandwidth increases and interact with the flexible modes
of the mirror. The main parameters affecting it have been highlighted and passive and active
strategies for damping augmentation have been proposed and tested in simulation.

APPENDIX: EFFECT OF ATMOSPHERIC TURBULENCE ON IMAGE

The aim of this section is to introduce some concepts in adaptive optics which are necessary
to discuss the control performance and bandwidth. The material below is taken from [4, 5, 9, 10]:

• The Fried coherence length r0 is the aperture above which there is no improvement
of the resolution without Adaptive Optics. If D ≤ r0, the telescope is diffraction limited;
if D ≥ r0, the resolution is limited by the seeing: λ/r0 (the seeing is a property of the
telescope site). r0 depends on the wavelength; typical values are r0 = 10 − 20 cm at
λ = 0.55µm (visible) and r0 = 53− 106 cm at λ = 2.2µm (infrared).

10
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Figure 11: Effect of the active damping of the mirror on the robustness test.

• The atmospheric turbulence introduces a wavefront distortion w on an initially plane wave;
this is responsible for a phase delay φ(x) = 2π.(w/λ) which may be represented by the
Kolmogorov turbulence model:

Φ(�κ) =
0.023

r
5/3
0

|�κ|−11/3 (A.1)

where �κ is the two dimensional spatial frequency vector. According to the Taylor as-
sumption, the phase screen is transported as a frozen shape at the wind velocity V . The
Mean-Square (MS) error of the phase for a telescope of diameter D is given by:

σ2
φ = 1.03 (

D

r0
)5/3 (A.2)

According to this formula, if D = r0, σ � 1 rad.

• The Strehl Ratio S is a measure of the image quality; it is equal to 1 for a perfect
diffraction limited telescope. The threshold of image acceptability corresponds to D = r0,
thus σ = 1 rad, leading to S � 0.37. The so-called Marechal Approximation relates S to
the MS phase error by

S = e−σ2
(S > 0.1) (A.3)

The approximation S � 1 − σ2 (σ2 � 1) is also often used. A well corrected system has
a Strehl ratio S ≥ 0.8, corresponding to σ2

φ = 0.2 rad2, that is a wavefront aberration of
σw � λ/14. Since the effect of a deformable mirror is to introduce a modification of the
wavefront twice that of the deformed mirror within the pupil, λ/28 is a typical value for
the residual error on the deformed mirror after control.

• The Zernike polynomials Zi(�, θ) are a set of orthogonal functions defined on the unit
circle which are used to characterize the phase aberration [9]. If the wavefront phase error

11
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is expanded in the Zernike modes:

φ(R�) =

∞∑
i=1

aiZi(�, θ) (A.4)

The MS phase error may be written

σ2 =

∞∑
i=1

< |ai|2 > (A.5)

The Zernike modes with low radial order have the largest contribution to the MS error. If
J Zernike modes have been perfectly corrected, the residual MS error is given by [9]

∆J =
∞∑

i=J+1

< |ai|2 >� 0.29 J−
√
3

2 (
D

r0
)5/3 rad2 (J � 1) (A.6)

The number J of Zernike modes which must be perfectly cancelled to achieve a given
Strehl ratio (image quality), for a given value of D/r0, is solution of the equation

S = 1− 0.29 J−
√
3

2 (
D

r0
)5/3 (A.7)

The solution J gives the minimum number of degrees of freedom to achieve a given image
quality; for example, if D/r0 = 10 and S = 0.8, J = 109. Since a perfect cancellation
of the low order modes will never be possible, the number of actuators is larger than this
number.

The temporal Power Spectral Density (PSD) of the amplitudes of the Zernike polynomials
expansion of the phase error has been studied by Conan [4]. For a given radial degree
(n > 1), the PSD can be roughly approximated by a constant value Φ0 until the cut-off
frequency f� followed by a decay according to f−17/3 (Figure 2). The cut-off frequency
depends on the radial order n and the wind velocity according to

f� = 0.3(n+ 1)V/D (A.8)

The corresponding MS error (of Zernike polynomial of order i) without any control is

< |ai|2 >= 1.21Φ0 f
� (A.9)

• For a single layer of turbulence, the Greenwood frequency is given by

fG = 0.43
V

r0
(A.10)

For a first-order filter of bandwidth fc, the closed-loop residual phase error is related to
the Greenwood frequency by

σ2
CL = (

fG
fc

)5/3 rad2 (A.11)
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Abstract. One of the key issues to improve the performance of piezoelectric energy 
harvesting devices is the increase the electromechanical coupling between host structure and 
piezoelectric patches. Thus some aspect affecting the electromechanical coupling, such as 
bonding effectiveness and patches positioning are investigate in this work. This is done by, 
first, analyzing the effect on the electromechanical coupling of successive segmentation of 
piezoelectric material and the number of piezoelectric patches covering the hos structure. 
Then a genetic algorithm optimization is used to determine the optimal distribution of a fixed 
number of patches to maximize the electromechanical coupling. Results are obtained using a 
custom finite element model that accounts for adhesive layer properties. 

1. INTRODUCTION 
Piezoelectric patches adhesively bonded on the surface of a vibrating structure are widely 

employed as sensors in structural health monitoring (SHM) applications [1]. This typically 
includes permanent mounted or embedded elements for sensing or data acquisition, signal 
processing and wireless communication [2]. Aimed at improving the performance of SHM 
systems, in recent years, recent researches have focused on the possibility of providing self-
powering capabilities, leading to so-called autonomous sensors. Fortunately, piezoelectric 
materials high electromechanical coupling characteristic allows their use as sensor but also for 
micro power generation [3]. However, to improve the performance of piezoelectric energy 
harvesting of a sensors network, it is required to increase the electromechanical coupling 
between host structure and piezoelectric patches. 

In the literature, few works focused on the optimization of distributed networks of 
piezoelectric sensors to maximize their energy harvesting capabilities [4 5]. Thus, some 
aspects affecting the electromechanical coupling of a piezoelectric sensors network, such as 
bonding effectiveness and patches positioning, are studied here. This is done by, first, 
analyzing the effect on the electromechanical coupling of successive segmentation of 
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piezoelectric material and the number of piezoelectric patches covering the host structure. 
Then, a genetic algorithm optimization is used to determine the optimal distribution of a fixed 
number of patches to maximize the electromechanical coupling. Results are obtained using a 
custom finite element model that accounts for adhesive layer properties. 

2. FINITE ELEMENT MODELING 
A generic plate-like elastic structure containing a discrete distribution of surface-

bonded piezoelectric patches is modeled employing the finite element method (FEM). The 
developed mathematical model is thought to take into account important properties of the 
adhesive layer between the plate and piezoelectric patches such as thickness, Young’s 
modulus and thickness non-uniformity. For this purpose, the adhesive layers and piezoelectric 
patches are modeled as solid materials, while the plate structure is modeled using a first-order 
shear deformation theory (FSDT) [6], offsetting the node plane up to top surface to guarantee 
the assembly between this and nodes of the solid elements. 

2.1 Constitutive equations for piezoelectric materials 
A strain-voltage model is proposed considering linear and orthotropic piezoelectric 

materials. Thermal coupling is neglected and Kelvin-Voigt notation is adopted. Mechanical 
stress and strain vectors are represented by   and  , respectively, with six components each 
and electric field and displacement vectors by   and   respectively, with three components 
each. The electric enthalpy density for piezoelectric materials is written as 

  (   )  
 
  

             
     (1) 

where   ,   and    are respectively the matrices of elasticity constants at constant electric 
field, piezoelectric constants and dielectric coefficients at constant strain field. 

2.2 Variational formulation 
The equations of motion for the elastic structure with piezoelectric patches adhesively 

bonded on its surface are obtained using the d’Alembert’s principle 
           (2) 

where the virtual variation of the internal loads, that can be obtained from the virtual variation 
of the electromechanical potential energy from (1), and the virtual variation of the work done 
by inertial and external forces are, respectively: 

              ∫ (                          )   
 

     ∫      ̈   
 

    ∫        
 

 (3) 

where   is the variational symbol,   is the vector of generalized displacements,   is the 
material mass density,   is the structure volume and   is the vector of external applied 
mechanical forces per unit volume. The geometric relations provide the standard relations 
between displacements and infinitesimal strains field or displacement-strain equations 

     (4) 

where the differential operator matrix   is defined as 
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[
 
 
 
 
    ⁄   
    ⁄  
     ⁄

   ⁄    ⁄  
   ⁄     ⁄
    ⁄    ⁄ ]

 
 
 
 
 

 (5) 

similarly, the electric field is related to electric potential as 

 (       )     (       )   {
    ⁄
    ⁄
    ⁄

} (6) 

such that, substituting (3), (4) and (6) in (2), leads to 

∫ (     ̈ (                                    )     )  
 

   (7) 

2.3 Finite element discretization 
For a generic FE implementation, the mechanical displacements and electric potentials 

are written in terms of nodal quantities such that 
 (       )   ̅ (     ) ̂( )  (       )   ̅ (     ) ̂( ) (8) 

where  ̅ (     ) and  ̅ (     ) are the matrices of interpolation functions for mechanical 
displacements and electric potentials, respectively, and  ̂( ) and  ̂( ) are vectors containing 
their corresponding nodal values. Hence, substituting (8) in the equations of motion (2), yields 

∫ {  ̂ [(  ̅   ̅ ) ̈̂  (       ) ̂ (     ̅ ) ̂   ̅   ]    ̂ [(       ) ̂  (       ) ̂]}  
 

             (9) 

with      ̅       ̅ . For an arbitrary variation of displacement   ̂ and electric 
potential   ̂, which are compatible with the essential boundary conditions, expression in (9) 
can be written in matrix form as 

0  
  1 {

 ̈̂
 ̈̂
}  [      

   
    

] 2 ̂ ̂3  2   3 (10) 

where the elementary matrices of mass, elastic stiffness (for constant electric field), 
piezoelectric stiffness and dielectric stiffness (for constant strain field) and the elementary 
vector of external applied forces are, respectively 

   ∫   ̅ 
  ̅    

 
   

  ∫           
 

    
  ∫          

 
 

  
  ∫           

 
     ∫  ̅ 

     
 

 (11) 

2.3.1 Solid element 

An isoparametric hexahedron element with eight nodes [7] is used to discretize the 
regions modeled as solid material. The particular shape functions for the hexahedron solid 
element expressed in terms of its natural coordinates (     ) and in the compact form are 
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     ⁄ (     )(     )(     ) (12) 

where          are the coordinates of i-th node of the element. Hence, the displacements   of 
any point within element can be interpolated from the nodal displacements values  ̂ from 

 (       )  ∑  (     ) ̂ ( )
 

   
   (     ) ̂( ) (13) 

2.3.2 Plate element 

 A quadrilateral plate element with four nodes is developed based in the FSDT and 
offsetting the node plane up to top surface. The displacements of any point within the plate 
domain are written in terms of those in the node plane (   ), such that 

 (     ̅  )  {
 (     ̅  )
 (     ̅  )
 (     ̅  ) 

}  {
  (     )   ̅  (     )
  (     )   ̅  (     )
  (     )                           

} (14) 

 When the node plane is located on the top surface,     ⁄  and          represent 
displacements in the     and   directions of a point located on this surface. Thickness 
coordinate is denoted  ̅, which is related with the original one by  ̅      and it takes 
values     ̅   , where   is the total thickness of the plate, and    and    denote the 
cross-section rotations about the   and   axes respectively. For this element, the in-plane 
displacements    and   , and the cross-section rotations    and    are interpolated by the 
linear Lagrange interpolation functions and, for transversal displacement, cubic Hermite 
interpolation functions are considered. Thus, the generalized displacements   of any point 
within element can also be expressed in terms of the interpolation function and the nodal 
displacements values  ̂: 

  ∑   (   ) ̂ ( )
 

   
   (   ) ̂( ) (15) 

2.4 Electric boundary conditions  
Two types of electric boundary conditions will be considered for the piezoelectric patches, 

depending on the connection between top and bottom electrodes: short circuit (SC), and open 
circuit (OC). Whichever, the electric boundary condition, in first instance, an equipotential 
state must be imposed on top and bottom electrodes. The vector of electric degrees of freedom 
(dof) can be written as:  ̂  * ̂  ̂  ̂ + , where  ̂ ,  ̂  and  ̂  are the vectors of electric 
potentials at internal, top surface and bottom surface nodes, respectively. Then, equal values 
of electric potential at top and bottom electrodes are imposed by, defining    and    and the 
Boolean matrices    and   , such that 

 ̂        ̂       (16) 

Accounting for (16), the equation of motion (10) can be written as 
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where the different sub-matrices are:  ̅            ;  ̅            ;  ̅     
          ;  ̅            ;  ̅            ;  ̅               ;  ̅     
          . From the second row of (17), it is possible to express the vector  ̂  as a function 
of the remaining dof:  ̂      

  [     
   ̅      ̅    ]* ̂     + . Therefore, 

substituting this value in first, third and fourth rows of (17) and assuming that all electrodes 
on bottom surfaces of the piezoelectric patches are grounded,     , it is possible obtain 

0  
  1 {

 ̈̂
 ̈ 
} [

 ̿  ̿    

 ̿    
   ̿    

] {  ̂  }  2   3 (18) 

where  ̿               
       

 ;  ̿      ̅               
   ̅    ;  ̿     

 ̅      ̅         
   ̅    . If the electrodes of piezoelectric patches are in SC, induced 

electric potential at the top electrodes are also null     , consequently (18) is reduced to 

  ̈̂  ̿  ̂     (19) 

On the other hand, if electrodes of the piezoelectric patches are in OC, the induced electric 
potential on top can be found from the second row of (18) as 

    ̿    
   ̿    

  ̂ (20) 

 
substituting (20) in first row of (18), equations of motion similar to (19) are obtained 

  ̈̂     ̂     (21) 

where the equivalent stiffness     is given by:      ̿   ̿     ̿    
   ̿    

 
. Solving 

(21) for the mechanical dof  ̂, the induced electric potential on top electrodes may be 
evaluated through post-processing from (20). 

3. PROBLEM DESCRIPTION 
In the present work, it is considered that the potentially harvestable energy of a given 

piezoelectric element depends strongly on the effective electromechanical coupling 
coefficient (EMCCe) it provides to the structure. This represents the energy fraction that 
could be stored in the piezoelectric element when the structure vibrates in a given mode The 
EMCCe of the structure depends on the electromechanical coupling coefficient (EMCC ou 
    ) of the material and on the mechanical coupling between the piezoelectric element and the 
host structure, consequently it can be expected that the EMCCe will be smaller than the 
material EMCC [8]. 
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On the other hand, previous works indicate a potential reduction on the mechanical 
coupling between host structure and piezoelectric element due to the presence of an adhesive 
layer between them [9-11]. To evaluate the effect of the adhesive layer on the performance of 
surface-bonded piezoelectric patches working as energy harvesting devices, two analyses 
were proposed. In the first one, the effect of successive segmentation is investigated, once it is 
expected that segmentation could have a positive effect of mitigating electric charge 
cancellation but also a negative one due to an increase of border effects in the adhesive layer. 
In the second analysis, an optimization procedure is proposed to find a distribution of 
mechanically and electrically uncoupled piezoelectric patches that maximizes the EMCCe of 
the first five vibration modes. 

3.1 Calculation of the effective electromechanical coupling EMCCe 
For a generic flexible structure with a discrete distribution of piezoelectric patches, it is 

possible to evaluate the structure’s EMCCe provided by each piezoelectric patch. A general 
procedure to calculate the EMCCe based on modeling has been proposed [8]. The ith modal 
parameters, mode and natural frequency, of a structure with a discrete distribution of 
piezoelectric elements for SC and OC electric boundary conditions respectively can be found 
from (19) and (21) as 

.    
    ̿ /        .    

      /       (22) 

assuming that the mode shapes of the structure are not affected by the electric boundary 
conditions of the piezoelectric elements (            ), the ith natural frequency for SC 
and OC condition respectively, assuming mass normalized mode shapes, are given by 

    
      ̿        

           (23) 

thus, the EMCCe of the structure, provided by a piezoelectric element, when it is vibrating in 
the ith mode shape is defined as 

    
    

      
 

    
  

   (     ̿ )  
        

 (24) 

3.2 Description of the proposed analyses 

It is assumed that a network of piezoelectric patches is to be bonded to a flexible plate 
structure so that the network should be effective in harvesting energy from the structural 
vibrations within a frequency-range that contains the first five resonant frequencies. A 
rectangular aluminum plate with at all edges clamped and dimensions              ,   - is 
considered. The material used for the piezoelectric patches is a piezoceramic PZT-5H with 
thickness         ,  -, containing an adhesive layer with thickness         ,  -. The 
electromechanical properties of the PZT-5H are listed in Table 1. Additionally, the aluminum 
properties are: Young modulus        ,   -, Poisson ratio          and mass density 
         ,     - , and the adhesive layer properties are: Young modulus     
    ,   -, Poisson ratio         and mass density          ,     -. A uniform mesh 
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of         elements has been used to discretize the aluminum plate and consequently 
adhesive layer and piezoelectric patches have also been discretized by a uniform mesh. 

Table 1: Electromechanical properties of the PZT -5H [12] 
Mechanical properties Piezoelectric properties Dielectric properties 

              ,   -   
         ,   -   
             ,   -               ,    -               ,    - 
          ,   -          ,    -           ,    - 
         ,   -              ,    -  
           ,   -   
       ,     -   

A modal analysis has been performed and the first five mode shapes and natural frequencies 
of the clamped plate (without piezoelectric patches) are shown in Figure 1. The requirements 
of the system are defined as following: to maximize the global structure EMCCe for a band of 
frequencies between the first and fifth modes of vibration of the structure with the purpose of 
providing it self-powering capabilities in this band.  

     
Figure 1: First five mode shapes of vibration and its natural frequencies for the clamped aluminum plate 

3.2.1 Successive segmentation analysis 
This analysis is thought to determine the effect of the piezoelectric material segmentation 

on the global structure’s EMCCe for the first five modes of vibration. For an initial unique 
piezoelectric patch bonded on the plate’s surface, which is centered and has rectangular shape, 
it is calculate the average of the EMCCe. Then, keeping the total area covered by the 
piezoelectric material, this patch is segmented into two parts symmetrically with respect to the 
y-axe and again the average EMCCe for this new configuration is evaluated. Next, the 
segmentation is done again, but this time symmetrically with respect to the x-axe, obtaining 
four patches at total. This procedure is performed for successive times aiming to obtain the 
EMCCe values for configuration with one, two, four, eight and sixteen patches. Afterwards, 
the completed described procedure is performed for reduced covered areas: 83.33%, 75.00%, 
64.29%, 57.14%, 47.62%, 41.67%, 33.33%, 28.57%, 23.81%, 21.43% and 11.90%. The areas 
are shown schematically in Figure 2. 

 
Figure 2: Schematic representation of evaluated areas in segmentation analysis 

1st Mode 
 
 

@ 140.50 Hz 

2nd Mode 
 
 

@ 238.61 Hz 

3th Mode 
 
 

@ 329.25 Hz 

4th Mode 
 
 

@ 399.93 Hz 

5th Mode 
 
 

@ 419.94 Hz 
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3.2.2 Analysis for fixed size of the piezoelectric patches 

In the previous analysis the patch size is varied after each segmentation procedure while 
the total covered area is hold constant. Oppositely, it is interesting to hold constant the patch 
size in 40 x 40 [mm2], while the total covered area will be varied by means of modifying the 
total number of piezoelectric patches.  

3.3 Optimized network configuration 

Based on results provided by the two previous analyses, it has been proposed to search for 
the optimal distribution of a network of piezoelectric patches, which maximizes the average 
of the first five modal EMCCe of the structure, using a genetic algorithms (GA) based 
optimization method. Thus, for this non-convex problem it is wanted to find the vector    , 
that represent the positions of the    piezoelectric patches; which maximizes the function cost 
gives by: 

 (   )  ∑   (   ) 
    

   
 (25) 

4. NUMERICAL RESULTS 

4.1 Successive segmentation analysis 
Results for the segmentation test are listed in Tables 2 and 3. In penultimate row of the 

table it is computed the average EMCCe and in the last one it is computed the specific 
EMCCe by percentage of covered area, which is a more interesting parameter to evaluate the 
efficiency of adding mass to the structure. In Table 3, it is summarized the absolute average 
EMCCe and the specific one by percentage of covered area, for all tested areas. Generally, it 
is observed that segmentation of the piezoelectric patch increases EMCCe, since charge 
cancellation is limited. However, results also shows that excessive segmentation does not 
increase EMCCe. It is guessed here that this should be due to the adhesive layer shear loss at 
the borders. 

Table 2: Modal, average and specific*  by percentage of covered area values of EMCCe for 28.57 % of 
covered area segmented in 1, 2 4, 8 and 16 piezoelectric patches 

 Number of Patches 
1 2 4 8 16 

Mode 01 9.9 9.6 9.2 9.1 8.8 
Mode02 0.0 7.6 7.4 7.7 7.4 
Mode03 0.0 0.0 5.4 5.3 5.6 
Mode04 0.2 0.1 0.1 5.2 5.0 
Mode05 0.0 0.0 4.3 4.6 5.0 
       2.0 3.5 5.3 6.4 6.4 
        7.1 12.2 18.5 22.3 22.3 

Thus, for a determined number of patches forming a rectangular area, there is a patch size 
that maximizes the average EMCCe of the structure. On the other hand, the biggest EMCCe 
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value (9.0%) is found for 57.14% of covered area (320x240mm2) with sixteen patches, but to 
obtain this value it is required adding around 297 [g] of additional mass to the structure, 
which can be non-convenient for certain applications. Whereas the biggest value of specific 
EMCCe (22.3%) it is found for 28.57% of covered area (240x160mm2), and it is only 
required adding around 148 [g] of additional mass. This is shown in a graphical form in 
Figure 3. 

Table 3: Average and specific percentage of covered area EMCCe values for 1, 2 4, 8 and 16 patches for all 
configurations of evaluated areas 

Covered 
Area 

Number of Patches 
1 2 4 8 16 

                                             
83.33% 0.6 0.7 1.6 1.9 4.0 4.8 5.4 6.4 6.0 7.2 
75.00% 1.0 1.4 2.4 3.2 5.4 7.2 6.6 8.8 7.4 9.9 
64.29% 1.5 2.4 3.3 5.1 6.7 10.4 8.2 12.8 8.4 13.0 
57.14% 1.7 3.0 3.6 6.3 7.2 12.6 8.8 15.5 9.0 15.7 
47.62% 2.0 4.2 4.1 8.5 7.1 15.0 8.8 18.5 8.6 18.1 
41.67% 2.0 4.9 3.9 9.4 6.9 16.6 8.4 20.2 8.2 19.8 
33.33% 2.0 6.0 3.8 11.5 5.8 17.4 7.2 21.7 7.2 21.6 
28.57% 2.0 7.1 3.5 12.2 5.3 18.5 6.4 22.3 6.4 22.3 
23.81% 2.2 9.1 3.1 13.1 4.6 19.5 5.2 21.9 5.2 21.8 
21.43% 1.7 7.9 3.0 13.8 3.8 17.7 4.7 22.1 4.2 19.7 
11.90% 1.2 10.5 1.9 15.9 2.1 17.3 2.4 20.3 2.4 20.2 

 

  
(a) (b) 

Figure 3: Percentage of average global EMCCe of the structure for different configurations of size area and 
segmentations, (a) absolute average, (b) specific average by percentage of covered area 

4.2 Analysis for fixed size of the piezoelectric patches 

Results for the fixed patch size test are presented in the same way than previous ones. In 
Table 4, the modal, average and specific EMCCe by percentage of covered area are shown. 
Additionally, in the last one row it is computed the ratio of average EMCCe per patch, which 
is also an interesting parameter for comparison. Table 5 and Figure 4 summarize the average 
and specific values for all tested configurations. 
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Table 4: Modal, average and specific*  by percentage of covered area values of EMCCe for 42, 36, 30,24, 18 
and 12 piezoelectric patches of 40x40 [mm2] 

 
42 

(6x7) 
36 

(6x6) 
30 

(6x5) 
24 

(6x4) 
18 

(6x3) 
12 

(6x2) 
Mode01 8.3 8.7 9.0 8.6 7.2 5.1 
Mode02 7.2 7.6 7.7 7.4 6.5 4.9 
Mode03 8.1 8.6 7.8 5.5 2.8 0.8 
Mode04 5.5 5.7 5.7 5.4 4.7 3.6 
Mode05 7.3 7.7 6.9 5.0 2.6 0.7 
       7.3 7.7 7.4 6.4 4.8 3.0 
        14.6 17.9 20.8 22.4 22.3 21.2 

         0.2 0.2 0.2 0.3 0.3 0.3 

The biggest value of average EMCCe (9.2 %) found is for a configuration area with 48 
patches (8x6), which correspond to the same area of the optimal configuration of the 
segmentation test, but the EMCCe is slightly better. In terms of efficiency, 24 patches (6x4), 
20 patches (5x4) and 16 patches (4x4) have similar values of specific EMCCe. 

Table 5: Average and specific by percentage of covered area EMCCe values for all configurations of tested 
areas holding constant the patch size (40x40mm2). 

Number of 
patches 

 in y-direction 

Number of patches in x-direction 
8 7 6 5 4 

                                             
7 8.8 13.2 8.3 14.2 7.3 14.6 6.1 14.6 4.9 14.6 
6 9.2 16.2 8.7 17.4 7.7 17.9 6.4 17.9 5.1 17.8 
5 9.0 18.8 8.5 20.3 7.4 20.8 6.2 20.8 4.9 20.7 
4 7.7 20.3 7.3 21.8 6.4 22.4 5.3 22.3 4.2 22.1 
3 5.8 20.4 5.5 21.9 4.8 22.3 3.9 22.0 3.1 21.9 
2 3.8 19.7 3.5 21.1 3.0 21.2 2.5 20.8 2.0 20.7 

 

  
(a) (b) 

Figure 4: Percentage of average global EMCCe of the structure for different configurations of size area 
holding fixed the patch size, (a) absolute average, (b) specific average by percentage of covered area 
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4.3 Optimized network configuration 

Results obtained in the previous parametric analyses were used as initial data to search 
for optimal distributions of a network of piezoelectric patches that maximize the average 
EMCCe of the structure and consequently its expected harvesting performance when working 
in a frequency-range that contains the first five natural frequencies. Thus, it has been chosen 
to find the optimal distribution of a network with 16, 20 and 24 piezoelectric patches of 40x40 
[mm2]. Network distributions found with GA are shown in Figure 5. Modal and average 
EMCCe values are presented in Table 6. They are also compared with values found from a 
rectangular centered network distribution. 

   
(a) (b) (c) 

Figure 5: Optimized network configuration, with (a) sixteen, (b) twenty, and (c) twenty four patches 

 The GA optimization procedure has allowed to find several optimized network 
configurations for the proposed cases of 16, 20 and 24 patches. For the case of 16 patches a 
slight improve on the average EMCCe is obtained, but it is also worthwhile to notice a 
reduction on the difference between maximum and minimum modal values which could be 
valuable to improve the global efficiency of a multimodal device. A similar conclusion could 
be drawn for the network with 20 patches. On the other hand, for the network with 24 patches, 
it was not possible to improve the global EMCCe, but the difference between maximum and 
minimum modal values are reduced. 

Table 6: Comparison between modal and average EMCCe values obtained from optimized location of the 
piezoelectric patch network and from a rectangular distribution of the network 

 16 Patches 20 Patches 24 Patches 
 Optimized Rectangular Optimized Rectangular Optimized Rectangular 

Mode01 4.2 7.1 6.4 8.1 7.3 8.6 
Mode02 5.7 3.3 6.5 5.4 7.9 7.4 
Mode03 3.9 4.7 4.6 5.2 5.2 5.5 
Mode04 4.0 3.7 5.3 4.1 6.1 5.4 
Mode05 4.4 2.3 4.6 3.7 5.2 5.0 
       4.4 4.2 5.5 5.3 6.4 6.4 
        23.2 22.1 23.0 22.3 22.2 22.4 

         0.28 0.26 0.27 0.26 0.26 0.27 

5. CONCLUSION REMARKS AND FUTURE WORKS 
Obtained results indicate, as expected, that the piezoelectric patch segmentation may 

improve potential energy harvesting performance since it reduces the electric charge 
cancellation phenomena. However, excessive segmentation is detrimental and it may be due 
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to border effects in adhesive layer that may diminish the mechanical coupling between 
patches and host structure. This suggests that for a given geometry and percentage of covered 
area, there is a specific patch size, which maximizes the efficiency of conversion energy. 
Another important aspect to take into account, for cases of multimodal harvesters, is the 
location of the piezoelectric patches when the quantity of patches are limited due to weight, 
costs or design limitations. In this case, a network distribution optimization may be 
worthwhile. Future works are being directed to a better understanding of the negative effects 
of excessive segmentation and other network optimization criteria including other energy 
harvesting important parameters. 
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A. Güemes, A. Benjeddou, J. Rodellar and J. Leng (Eds)

EXTENSION TO PIEZOELECTRIC PLATES OF THE RITZ
SUBLAMINATE GENERALIZED UNIFIED FORMULATION

APPROACH

MICHELE D’OTTAVIO∗, LORENZO DOZIO†, RICCARDO VESCOVINI†

AND OLIVIER POLIT∗
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Abstract. The Sublaminate Generalized Unified Formulation (SGUF) is a variable kinematics
plate modeling approach and is here extended to composite plates including piezoelectric plies.
The two-dimensional plate equations are obtained upon defining a priori the through-thickness
distribution of the generalized displacements, i.e., the displacement field and the electric poten-
tial. According to SGUF, independent approximations can be adopted for the four components
of the generalized displacements, which encompass: an Equivalent Single Layer (ESL) or Layer-
Wise (LW) description over an arbitrary group of physical plies constituting the composite plate
(the sublaminate) and the polynomial order that is employed in each sublaminate. The solution
of the two-dimensional piezoelectric plate equations is subsequently sought in weak form by
means of a Ritz method. Boundary functions are thus used in conjunction with the domain
approximation, whose orthogonal basis may be spanned by trigonometric functions, Chebyshev
polynomials or Legendre polynomials. Free-vibration problems as well as static problems in-
volving actuator and sensor configurations are addressed. Three validation case studies are first
presented, which demonstrate the high accuracy of the proposed Ritz method in conjunction
with high order models. A model assessment is then proposed for showcasing to which extent
the flexible SGUF approach allows a reduction of the number of unknowns with a controlled
impact on the accuracy of the response.
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1 INTRODUCTION

Composite structures with embedded piezoelectric sensors and/or actuators are among the
most indicated solutions for implementing an adaptive strategy for, e.g., vibration suppression
applications [1]. On the one hand, it is very important for a conservative design to have the pos-
sibility of accurately predicting the global and local electromechanical response of the structure.
On the other hand, a reduced-order model is necessary in the control algorithm for allowing a
real-time adaptation.

Unified formulations, pioneered by Reddy [2] and systematically developed by Carrera [3],
allow constructing within a single computer program a variable-kinematics modeling approach
with variable accuracy and computational cost, see also [4]. The importance of such an approach,
in particular for coupled multi-field problems such as composite structures with piezoelectric el-
ements, was early recognized [5–7]. Carrera Unified Formulation (CUF) was subsequently gen-
eralized by Demasi [8] (Generalized Unified Formulation, GUF). D’Ottavio [9] further extended
the flexibility of GUF to include a sublaminate approach (SGUF): in SGUF, the composite
stack is subdivided into an arbitrary number of laminates grouping adjacent physical plies, and
a GUF variable-kinematics model can be employed for each sublaminate independently. Re-
cently, the authors employed the displacement-based SGUF approach in conjunction with a
Ritz method previously developed by Dozio and Carrera [10]: mechanical problems involving
bending, buckling and free-vibration, including visco-elastic layers, have been addressed [11–
13]. The proposed Ritz method is particularly useful as it provides sufficient flexibility for a
rapid analysis of configurations involving arbitrary boundary and loading conditions as well as
anisotropic coupling.

This paper presents the extension of the Ritz-SGUF approach to composite plates with
piezoelectric coupling. Section 2 presents the principal steps of the modeling approach, where
particular emphasis is given to the compact index notation typical of Unified Formulations.
Section 3 presents preliminary results for validating the implemented software and showing the
flexibility of the proposed approach. Section 4 summarizes the main conclusions.

2 MODELING APPROACH

2.1 Description of the geometry

A plate is considered that occupies the volume V = Ω ×
[
−h

2 ≤ x3 ≤ h
2

]
, with h denoting

the constant thickness and Ω the reference surface lying on the (x1, x2)−plane. The composite
plate is composed of p = 1, 2, . . . Np homogeneous plies stacked along the thickness direction
x3 ≡ z, each of thickness hp, see Figure 1. According to the SGUF approach, the laminate is
subdivided into k = 1, 2, . . . Nk sublaminates, each of constant thickness hk and consisting of a
stack of Nk

p adjacent plies. Throughout the paper, indexes p and k are related to the physical
plies and the sublaminate, respectively, and quantities related to the ply p of the sublaminate k

will be indicated by ()p,k. Local coordinates zp ∈
[
−hp

2 ,
hp

2

]
and zk ∈

[
−hk

2 , hk
2

]
are introduced

along with the corresponding non-dimensional coordinates

ζp =
2zp
hp

; ζk =
2zk
hk

(1a)

2
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These coordinates are linked through the relation

ζp =
hk
hp

ζk +
2

hp
(z0k − z0p) (1b)

where z0p and z0k are the midplane z−coordinates of the ply and sublaminate, respectively.

1

0

−1

1

0

−1

...

...
...

...

ply Np

ply + 1

ply

ply − 1

ply 1

k = Nk

k

k = 1

Physical plies Sublaminates

z

−h/2

+h/2

zp

zk

−hp/2

+hp/2

−hk/2

+hk/2

z0p z0k

ζk
ζp

Figure 1: SGUF: geometry description

2.2 The variational approach based on generalized displacements

The two-dimensional (2D) model of the composite piezoelectric plate is obtained upon intro-
ducing a priori assumptions for the through-the-thickness behavior of the displacements ui and
the electrostatic potential Φ in a variationally consistent manner. Unless otherwise stated, Latin
indexes range in {1, 2, 3} while Greek indexes take values in {1, 2}. Adopting tensor notation
and the repeated index summation convention, the weak form of the mechanical and electrical
equilibrium equations is expressed by the following integral statement

∫

V
δεij σij − δEiDi + δui ρ üi dV =

∫

St

δui t̄i dS −
∫

Sq

δΦ q̄ dS (2)

where εij , σij , Ei and Di represent the strain and stress tensors and the electric field and
electric displacement vectors, respectively, ρ is the mass density, δ indicates an admissible virtual
variation, t̄i is the vector of external traction imposed at the boundary St and q̄ is the imposed
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electric charge density imposed at the boundary Sq. In this paper it shall be assumed without loss
of generality that mechanical load and electric charge densities are imposed at the top and/or
bottom surfaces of the plate, viz. {St, Sq} = Ω × ±h

2 , while essential boundary conditions

specifying displacements and electric potential are defined at {Su, SΦ} = ∂Ω ×
[
−h

2 ≤ z ≤ h
2

]
.

Eq.(2) can be hence re-expressed upon separating in-plane and through-the-thickness integrals
and introducing the definition of sublaminates:

Nk∑
k=1

Nk
p∑

p=1

∫

Ω

∫

hp

δεp,kij σp,k
ij − δEp,k

i Dp,k
i + δup,ki ρp,küp,ki dz dxα =

∫

Ω
(δui t̄i − δΦ q̄) |z=±h

2
dxα (3)

The variations in Eq.(2) and Eq.(3) are to be taken under the following subsidiary conditions:

• the linearized gradient relations for small perturbations:

εp,kij =
1

2

(
up,ki,j

+ up,kj,i

)
; Ep,k

i = −Φ,p,ki (4)

where the notation (),i stays for partial derivative with respect to xi.

• the piezoelectric constitutive equations in each ply:

σp,k
ij = C̃p,k

ijlm εp,klm − ep,kijl E
p,k
l

Dp,k
i = ep,kilm εp,klm + εp,kil Ep,k

l

(5)

where C̃ijlm is the stiffness coefficient at constant electric field, εil the dielectric coef-
ficient at constant strain and eijl the piezoelectric stress coefficient. Elastic plies are

represented by Eq.(5) with nil piezoelectric coupling, i.e., ep,kijl = 0. Voigt compact no-
tation is introduced based on the symmetry of the strain and stress tensors according
to {εi, σi} = {εii, σii} and {ε9−i−j , σ9−i−j} = {2εij , σij} for i �= j [14]. Eq.(5) is thus
expressed in terms of vectors and matrices as:

σP = C̃PQ εQ − eP l El

Di = eiQ εQ + εil El

(6)

where uppercase Latin indexes P,Q = 1, 2 . . . 6. Note that Eq.(5) and Eq.(6) are considered
to hold in the global Cartesian reference frame employed for describing the plate geometry,
i.e., the relations include the angle θp,k describing the orientation of the principal material
axis X1 with respect to the structural axis x1, see also [14].

Note that the electric field is considered to be quasi-static compared to the mechanical wave
propagation velocity.

2.3 Variable kinematics modeling in SGUF

Following the SGUF approach, each sublaminate is associated to a specific kinematic ap-
proximation, which is here extended for including the approximation for the electric potential

4
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Φ. According to the compact index notation used in Unified Formulations, the generalized
displacements are regrouped in one vector

Up,k =
{
up,k1 , up,k2 , up,k3 ,Φp,k

}
(7)

In SGUF, the variation along the thickness direction z of each unknown function Up,k
r is defined

by a polynomial expansion of order Nk
Ur

and by specifying whether the Nk
p plies of the sublami-

nate are described in an Equivalent Single Layer (ESL) or Layer-Wise (LW) manner. Therefore,
the plate model is expressed in SGUF notation as

Up,k
r (x1, x2, zp) =

Nk
Ur∑

αUr=0

FαUr
(zp) Ûp,k

αUr
(x1, x2) (8)

where r = 1, 2, 3 for a displacement component and r = 4 for the electric potential, see Eq.(7).
The thickness functions FαUr

are expressed in terms of the ply-coordinates zp if the plies of the
sublaminate are described in a LW description; the approximation for the whole sublaminate is
then obtained through the assembly of all plies upon enforcing the continuity of the function
Ur at the interface between adjacent plies. However, if an ESL description is adopted for the
sublaminate k, the thickness functions vary along zk and the ply index p can be omitted in Eq.(8).

If a constant approximation is used for a variable Up,k
r within a sublaminate, one has Nk

Ur
= 0

and F0Ur
= 1. If a linear approximation is used, Nk

Ur
= 1 and the thickness functions correspond

to the linear Lagrange polynomials that interpolate the values at the top and bottom of the
ply (LW) or sublaminate (ESL). Higher-order approximations with Nk

Ur
> 1 are implemented

through a hierarchic enrichment of the polynomial basis and employ Legendre polynomials.
More details can be found elsewhere [9, 11].

In a sublaminate whose Nk
p plies are described in an ESL manner, a slope discontinuity

can be introduced in the kinematics at the interface between adjacent plies by superposing a
Zig-Zag function to the C1(zk) polynomial expansion given by Eq.(8). the Zig-Zag function is
constructed in such a manner that it vanishes at the top and bottom planes of the sublaminate
and it varies linearly between -1 and +1 across each ply.

2.4 Ritz approximate solution

The weak form solution of the two-dimensional problem is sought within the space spanned
by the global approximation (Ritz) functions, which can be expressed as

Ûp,k
rαUr

(x1, x2) =
M∑
i=1

NUri(x1, x2)U
p,k
rαUr

i (9)

Different sets of Ritz functions can be used: NUri can be a combination of trigonometric func-
tions, or be the Legendre or Chebyshev polynomial of order i. In any case, a map between the
physical (x1, x2)−plane and the computational (ξ1, ξ2)−domain is introduced, where ξα ∈ [−1, 1],
for expressing the ith two-dimensional Ritz function as the product of two one-dimensional
(“beam”) functions according to

NUri(ξ1, ξ2) = φUrm(ξ1)ψUrn(ξ2) (10)

5
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where m = 1 . . . R, n = 1 . . . S (note that R and S may be, in general, different) and the relation
between the ith function and the beam functions m and n has been chosen as i = S(m− 1)+n.

In order to efficiently deal with various boundary conditions, such as clamped, free or simply-
supported edges, the “beam” functions are expressed as a product between the polynomial
spanning the complete field solution and an appropriate boundary function (pb2-Ritz approach):

φUrm(ξ1) = pUrm(ξ1) bm(ξ1); ψUrn(ξ2) = pUrn(ξ2) bn(ξ2) (11)

More details may be found in [10, 11]. As far as the boundary conditions for the electric potential
are concerned, the plate edges may be grounded (Φ = 0) or the potential may be let free.

2.5 The discrete system

The weak form of the equilibrium equation is formally expressed in terms of the general-
ized displacements by substituting Eq.(4) into Eq.(6), and both into Eq.(3). The through-the-
thickness approximation and the Ritz solution are then introduced for the virtual and actual
field variables according to following notation:

δUp,k
r (x1, x2, zp) = FαUr

(zp) δÛp,k
αUr

(xα) = FαUr
(zp) δNUri(x1, x2)U

p,k
rαUr

i

Up,k
s (x1, x2, zp) = FβUs

(zp) Ûp,k
βUs

(xα) = FβUs
(zp)NUsj(x1, x2)U

p,k
sαUs

j

(12)

where r, s ∈ [1, 4] according to Eq.(7), αUr ∈ [0, Nk
Ur
] and βUs ∈ [0, Nk

Us
] according to Eq.(8),

and i, j ∈ [1,M ] according to Eq.(9). All integrals along z are explicitly carried out and are
identified by the following notation:

{
Z

pαUrβUs
UrUs

, Z
pαUrβUs
∂UrUs

, Z
pαUrβUs
Ur∂Us

, Z
pαUrβUs
∂Ur∂Us

}
=

∫

hp

{
FαUr

FβUs
, FαUr ,zFβUs

, FαUr
FβUs ,z

, FαUr ,zFβUs ,z

}
dz (13)

In a similar manner, the in-plane integrals of the Ritz functions are evaluated according to the
following notation:

Idegh
UrUsij

=

∫

Ω

∂d+eNUri

∂xd1 ∂x
e
2

∂g+hNUsj

∂xg1 ∂x
h
2

dx1 dx2 (d, e, g, h = 0, 1) (14)

The discrete expression of Eq.(3) can be finally written as

Nk∑
k=1

Nk
p∑

p=1

δUp,k
rαUr

iM
p,k
◦◦ Z

pαUrβUs

(∂)Ur(∂)Us
Idegh
UrUsij

Up,k
sβUs

j + δup,klαul
i ρ

p,kZ
pαul

βul
ulul I0000

ululij
üp,klβul

j

=
∑
intf

δU intf
ri I intf

UrP̄ri
(15)

The left-hand side is the virtual internal work and includes the inertial terms, for which l = 1, 2, 3.
Mp,k

◦◦ is one of the material parameters of Eq.(6) depending on the nature of the generic variables
Ur and Us:

6
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• if r, s = 1, 2, 3, i.e. Ur = ur and Us = us, then Mp,k
◦◦ = C̃p,k

PQ is an elastic stiffness coefficient;

• if r = 1, 2, 3 and s = 4, i.e. Ur = ur and Us = Φ, then Mp,k
◦◦ = ep,kP i is a piezoelectric stress

coefficient; analogously, if r = 4 and s = 1, 2, 3, then Mp,k
◦◦ = ep,kiP

• if r = s = 4, i.e. Ur = Us = Φ, then Mp,k
◦◦ = εp,kij is a dielectric permittivity coefficient.

The right-hand side represents the virtual work done by the external loading:

• a mechanical loading if r = 1, 2, 3, i.e. Ur = ur, with

I intf
UrP̄ri

=

∫

Ω
Nuri(x1, x2) t̄r(x1, x2) dx1 dx2

• an electrical loading if r = 4, i.e. Ur = Φ, with

I intf
UrP̄ri

=

∫

Ω
NΦi(x1, x2) q̄(x1, x2) dx1 dx2

The electromechanical loading can be applied at several interfaces at the top/bottom of the
plies: the pressure load is typically applied at the top and bottom surfaces of the plate, whereas
electroded surfaces with prescribed electric charge or electric potential can be present also in-
side the composite stack, where an electric DOF is defined. Note that all natural boundary
conditions, e.g., those specifying the electric charge density, are fulfilled in weak sense only.

After cycling over all indexes αUr , βUs of the thickness assumptions, assembly over all plies p
and sublaminates k, and finally cycling over all Ritz expansion indexes i, j, the following discrete
system is obtained:

[
M 0
0 0

] [
ü(t)

Φ̈(t)

]
+

[
Kuu KuΦ

KT
uΦ KΦΦ

] [
u(t)
Φ(t)

]
=

[
T (t)
Q(t)

]
(16)

Static problems are obtained by dropping out the time-dependency, while free-vibration re-
sponses are obtained by setting T = 0 and u(t) = u eiωt, where i =

√
−1 and ω is the eigen-

frequency. Electrical open-circuit and short-circuit conditions can be taken into account as in
[15].

3 NUMERICAL RESULTS

Before proceeding to the presentation of some numerical examples, the naming convention
is introduced for identifying the variable kinematics models that can be implemented. For each
sublaminate, the in-plane displacements uα, the transverse displacement u3 and the electric
potential can be described in an ESL (E) or LW (L) manner, and with a specific polynomial
order Nk

uα
, Nk

u3
and Nk

Φ. These informations are gathered for each sublaminate as follows:

EDNΦ
Nuα Nu3

if all generalized displacements (uα, u3,Φ) are ESL

LDNΦ
Nuα Nu3

if all generalized displacements (uα, u3,Φ) are LW

DLNΦ
LNuα ENu3

if uα and Φ are LW, while u3 is ESL

DLNΦ
ENuαZ ENu3

if uα is ESL with ZigZag function, u3 is ESL and Φ is LW

7
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3.1 Validation: free-vibration analysis

In order to validate the formulation for the piezoelectric coupling, the fundamental frequencies
of a square plate made of a homogeneous PZT-4 material is considered according to the classical
benchmark of Heyliger and Saravanos [16]. Reference results are those provided by Messina
and Carrera [17], which improve the early results published in [16]. Table 1 shows that the
model accurately represents both conditions, the Short-Circuit (SC, top and bottom surfaces
electrically grounded) and Open-Circuit (OC, top and bottom surfaces free of electric charge).
A high-order ESL model E4

6,6 is used for exactly recovering the reference 3D solution even for the
very thick plate with L/h = 1, where L is the edges’ length. The reported results are obtained
with trigonometric Ritz functions of expansion orders R = S = 8, which provide converged
results for the first flexural mode of the simply-supported plate.

L/h 1 4 10 50

SC OC SC OC SC OC SC OC
3D [17] 713.0 724.6 96926.7 98227.7 18012.9 18077.2 746.7 746.9
E4

6,6 713.0 724.6 96926.5 98227.8 18012.8 18077.2 746.7 746.8

Table 1: Fundamental eigenfrequencies of a simply-supported square PZT-4 plate

3.2 Validation: static analysis

An actuator case is considered by referring to the benchmark proposed by Heyliger [18]: a
thick (L/h = 4) simply-supported square plate, consisting of a (0,90) Graphite-Epoxy basis
structure with 2 piezoelectric plies bonded at its top and bottom surfaces, is subjected to a bi-
sinusoidal electric potential at the top surface, with the bottom surface being grounded. Perfect
electromechanical bond is modeled between the piezo-layers and the basis structure, which
implies the continuity of displacement and electric potential. Figure 2 reports the generalized
displacement components u1(x1 = 0, x2 = L/2, z) and Φ(x1 = L/2, x2 = L/2, z) and the stresses
σ11(x1 = L/2, x2 = L/2, z), σ13(x1 = 0, x2 = L/2, z) and σ33(x1 = L/2, x2 = L/2, z). A perfect
agreement is found, even for the very complex thickness distributions of the stress components.
Note that the σ11 values reported in [18] for the bottom piezoelectric layer have been divided
by a factor 10, as already discussed in [6].

The sensor response of a square thick plate (L/h=5) subject to a bi-sinusoidal pressure load
is considered. The plate is composed of a (0, 90) Graphite-Epoxy laminate with a piezoelectric
PZT-5A layer on top of the 90-ply. The top and bottom surfaces of the PZT-5A ply are elec-
troded and grounded. All data can be found in the paper by Vel and Batra [19], which provides
reference 3D results also. This case study is here employed to demonstrate the convergence
behavior of the proposed Ritz method and to show the capability of the method to represent
different boundary conditions. Legendre polynomials are here employed in order to avoid the
boundary conditions that are naturally fulfilled by trigonometric shape functions.

Figure 3 reports convergence plots for the generalized displacements (U1, U3,Φ) and some
secondary variables (in-plane stress Σ11, transverse shear stress Σ13 and transverse electric dis-

8

1096



Michele D’Ottavio, Lorenzo Dozio, Riccardo Vescovini and Olivier Polit

3D solution
LD4

44

z

−0,4

−0,2

0

0,2

0,4

Φ
0 0,5 1,0

u1

−2×10−11 0

3D solution
LD4

44

z

−0,4

−0,2

0

0,2

0,4

σ11

−1,0 −0,5 0 0,5 1,0
σ13

0 0,05
σ33

−0,015 −0,010 −0,005 0

Figure 2: Generalized displacements (u1,Φ) and stress components (σ11, σ13, σ33) in a piezoelectric
composite plate actuated by an electric potential.

placement D3). All quantities are taken at specific points inside the laminate and are reported
in non-dimensional form – all details can be found in [19]. The considered plate is mechanically
simply-supported and electrically grounded at its four edges (SP-SP boundary conditions). The
reference solutions is exactly recovered already with R = S = 6 functions.

Non-dimensional results for a different set of boundary conditions are reported in Table 2.
The two edges x2 = 0, L are simply-supported and grounded, whereas the two edges x1 = 0, L
are clamped and in open-circuit (nil electric charge) – in [19], this configuration is referred
to as CD-CD. Very small discrepancies with respect to the reference 3D solution can be seen,
which are attributed to the different manner the open-circuit boundary conditions are taken
into account.

U1 U3 Σ11 Σ13 Σ23 Σ33 Φ D3

3D [19] -1.082 10.851 6.652 1.056 0.096 0.462 -3.020 13.301
E6

6,6 -1.082 10.848 6.622 1.054 0.095 0.463 -3.014 13.286

Table 2: Nondimensional response at selected points of the square (0,90)/PZT-5A plate subjected to
mechanical load and CD-CD boundary conditions

3.3 Model assessment

The latter example involving a thick piezoelectric laminate in sensor configuration with SP-SP
boundary conditions [19] is considered for demonstrating the modeling flexibility of the SGUF
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Ritz solution
3D solution

U
1

−2,0
−1,8
−1,6
−1,4

U
3

12

13

14

Φ

−3,5

−3,0

−2,5

No. Ritz functions R,S
2 4 6 8 10 12

Ritz solution
3D solution

Σ
11

6

8

Σ
13

0,92
0,94
0,96
0,98

D
3

15

20

No. Ritz functions R,S
2 4 6 8 10 12

Figure 3: Convergence of the Ritz solution towards the exact 3D solution. Left: non-dimensional gener-
alized displacements (U1, U3,Φ). Right: non-dimensional stress and dielectric displacement (Σ11,Σ13, D3)

approach. Due to the grounded electrodes at the top and bottom faces of the piezoelectric ply, it
is apparent that the electric field is confined inside the piezoelectric ply. The plate shall thus be
conveniently modeled with 2 sublaminates, one for the piezoelectric ply and another for the basis
laminate. While a quadratic approximation for Φ(z) should be used across the piezoelectric ply
in order to capture the sensor effect, a constant electric potential Φ(z) can be assumed across
the basis laminate. These approximations can be coupled with various kinematical models,
such as simple FSDT (ED10), an HSDT (ED30), or the Lo-Christensen-Wu model (ED32). A
ZigZag function can be superimposed to the in-plane displacements (e.g., ED3Z2 or ED1Z0).
Table 3 compares the reference solutions of Vel and Batra [19] with those obtained with various
models obtained by the present SGUF approach. One notices that the sublaminate approach can
enhance the accuracy without increasing the DOF number (e.g., comparing DL2

E3Z2 and ED2
30 /

ED0
3Z0). One may also remark that the full 3D law including the transverse normal deformation

is required for an accurate prediction of the electric displacement D3.

4 CONCLUSIONS

A variable-kinematics modeling approach based on the Sublaminate Generalized Unified For-
mulation (SGUF) has been extended to piezoelectric coupling. A Ritz method has been used
to solve in weak form the resulting two-dimensional differential equations, which may include
anisotropic couplings and various types of essential boundary conditions. The SGUF-Ritz ap-
pears to be very flexible as it provides a valuable means for (i) investigating various piezoelectric
plate problems, including static actuator or sensor applications and free-vibration analysis with
open or short-circuit conditions; (ii) assessing a large number of models in view of a minimization
of the number of DOF with a controlled accuracy.
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No. DOF U1 U3 Σ11 Σ13 Σ23 Σ33 Φ D3

3D [19] – -1.933 14.325 9.329 0.972 0.384 0.419 -3.668 21.563

LD4
4,4 52 -1.933 14.325 9.329 0.972 0.384 0.419 -3.668 21.563

LD2
3,2 34 -1.933 14.323 9.365 0.971 0.384 0.426 -3.668 21.475

ED2
32 / ED0

3Z2 24 -1.929 14.308 9.347 0.969 0.383 0.473 -3.660 21.437

ED2
32 / ED0

32 22 -1.947 14.100 9.355 0.976 0.381 0.474 -3.605 21.478

ED2
32 / ED0

3Z0 22 -1.947 14.342 9.379 0.983 0.386 − -3.599 21.721

ED2
30 / ED0

3Z2 22 -2.034 14.559 9.150 0.959 0.375 0.474 -3.804 25.203

ED2
30 / ED0

3Z0 20 -2.052 14.591 9.183 0.973 0.378 − -3.744 25.491

DL2
E3Z2 20 -1.872 14.215 9.757 1.332 0.484 0.143 -3.158 19.324

ED2
10 / ED0

3Z2 18 -2.021 14.526 9.100 0.559 0.221 0.474 -3.797 25.027

DL2
E32 18 -2.011 13.222 9.935 3.142 0.694 0.091 -3.062 19.908

ED2
32 / ED0

10 16 -2.171 12.712 9.744 1.090 0.387 − -3.169 23.206

ED2
10 / ED0

1Z0 12 -2.027 14.339 9.073 0.563 0.221 − -3.680 25.299

DL2
E10 12 -2.121 11.201 8.628 2.347 0.584 − -2.733 24.631

ED2
10 / ED0

10 10 -2.261 12.937 9.491 0.608 0.218 − -3.313 26.767

Table 3: Model assessment: nondimensional response at selected points of the square (0,90)/PZT-5A
plate subjected to mechanical load (SP-SP boundary conditions)
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Abstract. Macro-Fibre Composites (MFC) have become very popular since they combine the conforma-
bility of epoxy-matrix composites and the electromechanical energy density of piezoceramic materials.
The main difficulty in the study of MFC is that their behaviour may be much more complex since they are
made of different materials (piezoceramic fibres, epoxy matrix, electrode layers and protective layers).
Therefore, it is necessary to understand and model their behaviour to be able to quantify or character-
ize their effective material properties and, thus, their effectiveness as distributed sensors and actuators.
Previous results have shown that the effective properties depend not only on the piezoceramic fibres and
epoxy materials and fibre volume fraction but also on the geometrical and material properties of the other
layers (Kapton, Acrylic, Electrodes). This work presents new results on finite element homogenization
techniques used to relate individual material properties of piezoceramic fibres and effective material
properties of the corresponding MFC. In particular, an enthalpy-based homogenization procedure, as
proposed previously in the literature for a shear d15 MFC, is applied here to the characterization of a d31
MFC effective properties and compared to previously published results using average quantities homog-
enization. Results from both methods are also compared to available data from a MFC manufacturer.

1 INTRODUCTION

Piezoelectric Macro-Fibre Composites (MFC) are composed of piezoceramic macro-fibres, that are
generally obtained through precision machining of piezoceramic patches, embedded in an Epoxy matrix
to provide mechanical properties not found in piezoceramic patches, such as conformability and re-
silience. This composite so-called active layer is then covered on both faces by electrode and protective
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layers. MFC transducers have extended the use of piezoceramic materials to applications in which con-
formable packaged transducers are more interesting, such as for controlling and/or monitoring flexible
curved structures. Depending on poling and fibre orientation, these transducers can be made to operate
in standard d33, d31 [1] and d15 [2] modes.

Since MFC transducers are made of different materials with highly heterogeneous mechanical proper-
ties, some recent research works have focused on the characterization of MFC effective material proper-
ties using homogenization techniques, as in [3, 4, 5, 6, 7, 8] for MFCs in d31 and d33 operation modes and
[2, 9, 10] for d15 MFCs. The general idea is to provide effective material constants that could be used in
other analyses considering an equivalent homogeneous material transducer. Previous works have shown
that the effective properties depend not only on the active layer characteristics (properties of piezoce-
ramic fibres and epoxy material, and their distribution, that is the fibre volume fraction) but also on the
electrode and protective layers (geometrical and material properties).

Most of the methods already available allow reasonable characterization of effective elastic prop-
erties. On the other hand, for the characterization of effective piezoelectric and dielectric properties,
there are still some open issues, such as proper accountability for the electric boundary conditions and
the effect of electrical assumptions on the effective material constants. Some recent works discussed
these issues, such as the modeling of realistic electrode configurations inside the Representative Vol-
ume Element (RVE) [8] and the effect of considering the relation between RVE inner electrodes and
global ones [11]. The latter reference also points out the necessity of accounting for an energetic equiva-
lence between the heterogeneous RVE and the equivalent homogeneous material. This was done using a
so-called Enthalpy-Based Homogenization Method (EBHM), in which the homogenization should lead
to an equivalence between heterogeneous RVE and homogenized material enthalpies (as a measure of
inner energy). This method differs from another more standard one, so-called Average Quantities Ho-
mogenization Method (AQHM), in which the homogenization leads to an equivalence between selected
mechanical and electrical fields, when averaged over the heterogeneous RVE.

The main objective of this work is to present a comparison between AQHM and EBHM for the
numerical characterization of the effective properties of a d31 MFC transducer. In both cases, a finite
element model of a d31 MFC RVE is built and used to solve specially designed local static problems
that allow to evaluate the effective elastic, piezoelectric and dielectric properties of a d31 MFC based on
known material and geometrical properties of its constituents. Both techniques account for electrode and
protective layers, realistic electrode configurations and proper electric boundary conditions.

2 EFFECTIVE CONSTITUTIVE EQUATIONS FOR d31 MFC

The d31 piezoelectric MFC considered in this work is schematically represented in Figure 1. It
is made of an active layer, composed of piezoceramic macro-fibres embedded in an Epoxy matrix,
which is then fully covered by electrode and protective layers. The macro-fibres are assumed poled
in through-thickness direction (x3). The same direction is considered as preferential or dominant for
the applied/induced electric field. This is reinforced by an electrode layer that fully covers top (x+3 ) and
bottom (x−3 ) surfaces. Thus, it can be assumed that in-plane electric fields vanish (that is, E1 = E2 = 0).

Starting from the general linear piezoelectric constitutive equations, in the so-called stress-charge or
e form, {

T
D

}
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, (1)
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Figure 1: Schematic representation of a d31 Macro-Fibre Composite.

and accounting for electric field assumptions, reduced constitutive equations can be written as
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where Tp and Sq, with p,q= 1, . . . ,6, stand for the six components of mechanical stress and strain vectors
in Kelvin-Voigt notation. D3 and E3 denote the transverse electric displacement and field. In the so-called
e-form of the linear piezoelectric constitutive equations (2), cE

pq, e3 j ( j = 1,2,3) andεS
33 denote the short-

circuit elastic stiffness (at constant electric fields), stress piezoelectric and blocked electric permittivity
(at constant mechanical strains) coefficients.

Considering a d31 operation mode, the most important electromechanical coupling is between ap-
plied/induced through-thickness electric field and displacement, E3 and D3, and macro-fibre longitudinal
applied/induced normal stress and strain, T1 and S1. However, in order to properly model the equivalent
homogeneous material, it is also important to account for other deformation modes, such as width and
thickness normal strains/stresses and shear strains/stresses. Hence, the only material constants that are
not evaluated, and thus do not appear in (2), are those that relate to in-plane electric fields E1 and E2 that
cannot be applied/induced due to the electrode configuration.

Besides those present in (2), other interesting material constants may be evaluated through post-
processing. For instance, the corresponding material constants for the so-called strain-charge or d form
linear piezoelectric constitutive equations are written as

[sE ] = [cE ]−1, [d] = [cE ]−1[e], [εT ] = [εS]+ [e][cE ]−1[e]t. (3)

The effective electromechanical coupling coefficients k2
3 j of the MFC may be evaluated as

k2
3 j =

d2
3 j

sE
j jε

T
33
. (4)

It is clear, though, that the behavior of a MFC transducer composed of different materials with highly
heterogeneous material properties (not all piezoelectric) does not need to comply with constitutive equa-
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tions (2). It can be only assumed that an equivalent homogeneous piezoelectric material could approxi-
mately behave according to (2). This is the baseline of the two finite element homogenization methods
that are presented in the following.

3 FINITE ELEMENT HOMOGENIZATION THROUGH STATIC LOCAL PROBLEMS

In order to evaluate the effective material constants of an homogeneous material that could be equiv-
alent, in some respect, to the d31 MFC schematically represented in Figure 1, two finite element homog-
enization techniques are presented. They are both based on the evaluation of mechanical stresses and
strains and electric fields and displacements in a finite element model of a RVE of the MFC when its is
subjected to a number of so-called static local problems. In each static local problem, mechanical and
electrical boundary and periodicity conditions are imposed depending on the effective material constant
that should be determined. In all cases, it is important to account for symmetric or periodic mechani-
cal and electrical boundary conditions in longitudinal (x1) and width (x2) directions, since the RVE is
obtained from a through-thickness cut of the real MFC.

Figure 2 depicts the RVE considered in this work for the d31 MFC. The RVE active layer is built
with one longitudinal section of the piezoceramic macro-fibre (through-thickness poled and electroded)
between two Epoxy inserts. Both upper and lower surfaces of the active layer are covered by a thin
electrode layer each, composed of two Copper and one Epoxy layers representing a section of the fingered
electrode layer. Finally, the electrode layers are covered by a homogeneous Kapton protective layer. The
boundaries of the RVE are denoted X−

1 , X+
1 , X−

2 , X+
2 , X−

3 and X+
3 according to Figure 2. To obtain a

more realistic analysis, electric potential boundary conditions are imposed at the electrodes on surfaces
Γ−

e and Γ+
e , which represent the areas covered by Copper electrodes and piezoceramic fibre electrodes.

To obtain the desired loading conditions for each local problem, average strains S̄i j and electric field
Ē3 are imposed to the RVE using displacements ui and voltage φ boundary conditions, such that

u
X+

j
i −u

X−
j

i = S̄i j(x
X+

j
j − x

X−
j

j ), i, j = 1,2,3, (5)

φΓ+
e −φΓ−

e =−Ē3(x
Γ+

e
3 − xΓ−

e
3 ), φX+

α −φX−
α = 0, α = 1,2. (6)

Notice that, in all cases, symmetric boundary conditions for the electric potential along directions x1
and x2 for the corresponding X−

1 /X+
1 and X−

2 /X+
2 RVE surfaces are applied.

3.1 Average quantities homogenization method

In the case of the AQHM, the resulting average mechanical stresses and strains and electric fields and
displacement over the RVE are evaluated and, then, used to determine the desired material constants in
each local problem. Since the RVE is discretized in a number of finite elements, the average quantities
are approximated by a sum of averaged element values multiplied by the respective element volume
divided by the RVE total volume, such that

S̄q =
∑N

e=1 S(e)q V (e)

∑N
e=1V (e)

, T̄p =
∑N

e=1 T (e)
p V (e)

∑N
e=1V (e)

, p,q = 1, . . . ,6, (7)

Ēk =
∑N

e=1 E(e)
k V (e)

∑N
e=1V (e)

, D̄i =
∑N

e=1 D(e)
i V (e)

∑N
e=1V (e)

, i,k = 1,2,3. (8)
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where V (e) is the volume of the element e. S(e)q , T (e)
p , E(e)

k and D(e)
i are the average strains, stresses,

electric fields and electric displacements evaluated at element e. N is the total number of finite elements
used to discretize the RVE.

Then, based on the effective constitutive equations of the MFC, a number of local problems were
designed to determine the corresponding effective material constants. First, the short circuit (or con-
stant electric field) elastic coefficients are determined using specific loading conditions in which each
mechanical strain is imposed, one at a time, and the transverse electric field is set to vanish. The me-
chanical normal strains were imposed through relative normal displacements in the surfaces of the RVE
(AQ01, AQ02 and AQ03 in Table 1), whereas mechanical shear strains were imposed through relative
shear displacements in each of the three planes (AQ04, AQ05 and AQ06 in Table 1). To ensure that
the other strains vanish, symmetric coupling of normal displacements between opposing surfaces were
applied. To ensure a short circuit electric boundary condition, the electric potential degrees of freedom
in the electrodes at surfaces Γ−

e and Γ+
e are set to zero. This leads to the first six local problems pre-

sented in Table 1 that summarizes the boundary conditions and the expression considered to determine
the corresponding effective material constants. Notice that the first three local problems also allow to
determine the effective stress piezoelectric material constants, e3 j, j = 1,2,3, by dividing the average
electric displacement D̄3 by the respective average normal strain S̄ j.

To determine the blocked dielectric constantεS
33, another local problem (AQ07 in Table 1) is set up for

which an electric potential φΓ+
e = hP (in value) is applied to the electrode at surface Γ+

e while the voltage
at the opposite electrode (at surface Γ−

e ) is set to zero. This leads to a unitary electric field applied in the
x3 direction. The mechanically blocked condition (no strain) is approximated by ensuring that average
normal strains S1, S2 and S3 vanish. This is done through symmetric coupling of normal displacements
between opposing surfaces. The last row of Table 1 summarizes this local problem and the expression
considered to determine the dielectric constant.

A summary of the seven local problems used for determining the effective material properties of the
d31 MFC RVE using the AQHM is presented in Table 1. In the table, ui−

j and ui+
j are the displacements in

direction j and φi− and φi+ are the electric potentials at i-th node of opposite surfaces. The dimensions
of the RVE are ∆x1 = LT = 2LC +LE , ∆x2 = wT = 2wE +wP and ∆x3 = hT = 2(hK +hC)+hP.

Table 1: Boundary conditions (displacement/electric potential) and relations used to evaluate the effective material
properties of a d31 piezoelectric MFC using AQHM.

Problem X−
1 /X+

1 X−
2 /X+

2 X−
3 /X+

3 Γ−
e /Γ+

e Effective material constant
AQ01 ui+

1 −ui−
1 = LT ui+

2 −ui−
2 = 0 ui+

3 −ui−
3 = 0 φi+−φi− = 0 cE

1 j = T̄j/S̄1, e31 = D̄3/S̄1

AQ02 ui+
1 −ui−

1 = 0 ui+
2 −ui−

2 = wT ui+
3 −ui−

3 = 0 φi+−φi− = 0 cE
2 j = T̄j/S̄2, e32 = D̄3/S̄2

AQ03 ui+
1 −ui−

1 = 0 ui+
2 −ui−

2 = 0 ui+
3 −ui−

3 = hT φi+−φi− = 0 cE
3 j = T̄j/S̄3, e33 = D̄3/S̄3

AQ04 ui+
1 −ui−

1 = 0 ui+
3 −ui−

3 = wT /2 ui+
2 −ui−

2 = hT /2 φi+−φi− = 0 cE
44 = T̄4/S̄4

AQ05 ui+
3 −ui−

3 = LT /2 ui+
2 −ui−

2 = 0 ui+
1 −ui−

1 = hT /2 φi+−φi− = 0 cE
55 = T̄5/S̄5

AQ06 ui+
2 −ui−

2 = LT /2 ui+
1 −ui−

1 = wT /2 ui+
3 −ui−

3 = 0 φi+−φi− = 0 cE
66 = T̄6/S̄6

AQ07 ui+
1 −ui−

1 = 0 ui+
2 −ui−

2 = 0 ui+
3 −ui−

3 = 0 φi+−φi− = hP εS
33 = D̄3/Ē3

3.2 Enthalpy-based homogenization method

The main idea of EBHM is to evaluate the effective material properties of the RVE, under different
loading conditions, so that a homogeneous material with these effective properties would lead to the
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same enthalpy as the RVE. This would then ensure energetic equivalence between the proposed RVE and
the corresponding homogeneous material, at least for the loading conditions considered.

Let us consider the electromechanical enthalpy density for a linear and homogeneous piezoelectric
material written as

H̄ =
1
2
(T̄pS̄p − D̄ jĒ j), (9)

where p = 1, . . . ,6, j = 1,2,3 and repeated index summation is assumed. In the case of a heterogeneous
RVE, with expected linear piezoelectric effective material behavior, the electromechanical enthalpy den-
sity is obtained through summation of the local enthalpies for each finite element, such that

HRV E =
1

2V

N

∑
e=1

(
T (e)

p S(e)p −D(e)
j E(e)

j

)
V (e), (10)

where V is the total RVE volume and N is the number of finite elements considered for the RVE.
Expansion of (9) leads to the effective enthalpy written in terms of the individual effective material

constants

2H̄ = c̄E
11S̄2

1 + c̄E
22S̄2

2 + c̄E
33S̄2

3 + c̄E
44S̄2

4 + c̄E
55S̄2

5 + c̄E
66S̄2

6 +2c̄E
12S̄1S̄2 +2c̄E

13S̄1S̄3 +2c̄E
23S̄2S̄3

−2ē31S̄1Ē3 −2ē32S̄2Ē3 −2ē33S̄3Ē3 −2ē24S̄4Ē2 −2ē15S̄5Ē1 −ε̄S
11Ē2

1 −ε̄S
22Ē2

2 −ε̄S
33Ē2

3 . (11)

Based on this expansion, it is possible to observe that one may design loading conditions for which
only selected effective material constants affect the effective enthalpy. Hence, each loading condition
could allow the determination of desired effective material constants. One possible way to do this, as
proposed in [10], is through 17 loading conditions, that is one for each effective material constant, in
which unit strains S̄p = 1 and electric fields Ē j = 1 are imposed as loading conditions. In each case, the
enthalpy of the RVE can be evaluated and, then, the effective material constant can be determined so that
H̄ = HRV E .

Table 2 summarizes the loading conditions and the corresponding expressions to determine the effec-
tive material constants. Numbering of the loading conditions follows [11] for clarity. However, since
for the present case it is not possible to apply/induce electric fields in longitudinal (x1) and width (x2)
directions, E1 and E2 respectively, loading conditions EB10, EB11, EB16 and EB17 are not possible and
thus are not shown in Table 2. This means that effective stress piezoelectric constants ē24 and ē15 and
blocked dielectric constants ε̄S

11 and ε̄S
22 cannot be evaluated. Since, in practice, operation through these

two electric fields is not possible, these material constants should not affect any predictive model.
Notice that, compared to the Average Quantities Homogenization Method, the first six local problems

are the same (AQ01/EB01, AQ02/EB02, AQ03/EB03, AQ04/EB04, AQ05/EB05, AQ06/EB06) . The
main difference is that, for AQHM, the problems AQ01, AQ02 and AQ03 are also used to evaluate three
other elastic constants, c̄E

12, c̄E
13 and c̄E

23, as well as the three piezoelectric constants, ē31, ē32 and ē33,
which, in EBHM, are all evaluated through separate local problems, namely, EB07, EB08 and EB09 for
the three elastic constants, and EB14, EB15 and EB13, for the three piezoelectric constants. Therefore,
these last six local problems are not necessary in AQHM. The local problem to evaluate the constant
strain dielectric constant ε̄S

33 is the same in both methods (AQ07/EB12).
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Table 2: Loading conditions for evaluating effective material constants using enthalpy-based homogenization
method.

Problem X−
1 /X+

1 X−
2 /X+

2 X−
3 /X+

3 Γ−
e /Γ+

e Effective material constant
EB01 ui+

1 −ui−
1 = LT ui+

2 −ui−
2 = 0 ui+

3 −ui−
3 = 0 φi+−φi− = 0 cE

11 = 2HRV E

EB02 ui+
1 −ui−

1 = 0 ui+
2 −ui−

2 = wT ui+
3 −ui−

3 = 0 φi+−φi− = 0 cE
22 = 2HRV E

EB03 ui+
1 −ui−

1 = 0 ui+
2 −ui−

2 = 0 ui+
3 −ui−

3 = hT φi+−φi− = 0 cE
33 = 2HRV E

EB04 ui+
1 −ui−

1 = 0 ui+
3 −ui−

3 = wT /2 ui+
2 −ui−

2 = hT /2 φi+−φi− = 0 cE
44 = 2HRV E

EB05 ui+
3 −ui−

3 = LT /2 ui+
2 −ui−

2 = 0 ui+
1 −ui−

1 = hT /2 φi+−φi− = 0 cE
55 = 2HRV E

EB06 ui+
2 −ui−

2 = LT /2 ui+
1 −ui−

1 = wT /2 ui+
3 −ui−

3 = 0 φi+−φi− = 0 cE
66 = 2HRV E

EB07 ui+
1 −ui−

1 = LT ui+
2 −ui−

2 = wT ui+
3 −ui−

3 = 0 φi+−φi− = 0 cE
12 = HRV E − c̄E

11/2− c̄E
22/2

EB08 ui+
1 −ui−

1 = LT ui+
2 −ui−

2 = 0 ui+
3 −ui−

3 = hT φi+−φi− = 0 cE
13 = HRV E − c̄E

11/2− c̄E
33/2

EB09 ui+
1 −ui−

1 = 0 ui+
2 −ui−

2 = wT ui+
3 −ui−

3 = hT φi+−φi− = 0 cE
23 = HRV E − c̄E

22/2− c̄E
33/2

EB12 ui+
1 −ui−

1 = 0 ui+
2 −ui−

2 = 0 ui+
3 −ui−

3 = 0 φi+−φi− = hP εS
33 =−2HRV E

EB13 ui+
1 −ui−

1 = 0 ui+
2 −ui−

2 = 0 ui+
3 −ui−

3 = hT φi+−φi− = hP ē33 =−HRV E + c̄E
33/2−ε̄S

33/2
EB14 ui+

1 −ui−
1 = LT ui+

2 −ui−
2 = 0 ui+

3 −ui−
3 = 0 φi+−φi− = hP ē31 =−HRV E + c̄E

11/2−ε̄S
33/2

EB15 ui+
1 −ui−

1 = 0 ui+
2 −ui−

2 = wT ui+
3 −ui−

3 = 0 φi+−φi− = hP ē32 =−HRV E + c̄E
22/2−ε̄S

33/2

As previously discussed in [11], the effective dielectric constant depends on the distance considered
between the electrodes of the ‘equivalent homogeneous’ material. This could be, for instance, the ac-
tual distance between electrodes (in the real transducer) or the total thickness of the transducer (which
accounts also for the protective layers). The latter was considered in [11]. In the case of EBHM, the
enthalpy for the local problem EB12, that is used for the determination of the blocked dielectric constant
ε̄S

33 may be written as

H̄EB12 =−1
2
ε̄S

33Ē2
3 =−1

2
ε̄S

33(∆φ/∆x3)
2, (12)

where ∆φ and ∆x3 are, respectively, the difference of electric potentials applied to the electrodes and the
distance between the electrodes.

Since, in the local problem, the electric field is imposed through the difference of electric potential
in the actual electrodes, that is at xΓ+

e
3 and xΓ−

e
3 , the resulting electric field would be unitary over the

active layer, and thus piezoceramic fibre, if the difference of electric potential is equal to hP (in value).
However, this would not lead to a unitary electric field over the entire MFC thickness and, thus, the
average electric field is expected to be smaller than 1. As the expression used for the evaluation of the
dielectric constant, εS

33 =−2HRV E , considers a unitary electric field, over the ‘equivalent homogeneous’
material, the obtained effective dielectric constant will be directly proportional to the square of the actual
distance between electrodes, ∆x2

3, in order to ensure the energy density equivalence (same enthalpy in
both cases).

Notice that the procedure considered in AQHM is different in that the average electric displacement
is divided by the average electric field over the RVE and, thus, electric field is not considered to be uni-
tary, like in EBHM. This will lead to an apparent inconsistency between the two approaches. However,
as shown in the next section, both approaches may be equivalent provided the material properties are
adjusted to reflect the same electrical boundary conditions.
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4 FINITE ELEMENT ANALYSIS AND VALIDATION

For both homogenization methods, AQHM and EBHM, the same Representative Volume Element
(RVE) was considered to represent the studied d31 MFC. The RVE is shown in Figure 2. The dimensions
considered for the RVE were based on the MFC transducer manufactured by Smart Material Co. [1] and
also on previous works [3]. According to Figure 2, these are hP = 180µm, hK = 40µm, and hC = 18µm,
LE = 420 µm, LC = 80 µm, wE = 28.35 µm and wP = 348.3 µm. This leads to a Fibre Volume Fraction
(FVF) of 0.86 for the active layer.

In addition, the same finite element mesh was used for both AQHM and EBHM to solve the local
problems in Ansys(R) and evaluate the effective material constants of the d31 MFC RVE. The 3D 20-Node
coupled-field solid finite element SOLID226 was used to mesh all volumes. It has the three displacement
translations along the Cartesian coordinate system and the electric potential as nodal degrees of freedom.
A mesh of 3211 finite elements was used considering 19 divisions in x1 direction (11 divisions for the
Epoxy layer and 4 divisions for each electrode layer), 13 divisions in x2 direction (9 divisions for the
PZT fibre and 2 divisions for the Epoxy layer) and 13 divisions in x3 direction (5 divisions for the PZT
layer, 2 divisions for each electrode layer and 2 divisions for each protective layer). The finite element
mesh considered is shown in Figure 3.

The material constituents of the MFC are Sonox P502, as the piezoceramic material in gray, Epoxy
covering most of piezoceramic surfaces in yellow, Copper for the electrodes in orange, and Kapton for
the protective layer in blue. The material properties for the piezoceramic material Sonox P502, in d-form,
taken from [3], are: sE

11 = sE
22 = 18.5 pm2/N, sE

33 = 20.7 pm2/N, sE
12 =−6.29 pm2/N, sE

13 =−6.23 pm2/N,
sE

44 = sE
55 = 33.2 pm2/N, sE

66 = 52.3 pm2/N, d31 = d32 = −185 pC/N, d33 = 440 pC/N, d15 = d24 =
560 pC/N, εT

11 = εT
22 = 1950ε0, εT

33 = 1850ε0. The material properties for the other constituents, taken
from [10], are: Epoxy – Y = 2.5 GPa, ν = 0.42 and ε = 4.25ε0; Kapton – Y = 2.5 GPa, ν = 0.34 and
ε= 3.4ε0; and Copper electrode – Y = 110 GPa, ν= 0.34 andε= 5ε0. The vacuum electric permittivity
is ε0 = 8.854 10−12 F/m.
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Figure 3: Finite element mesh for the 5-layered d31
MFC RVE with FVF=0.86.

Figures 4 shows the field distributions of normal stress T1 and strain S1 resulting from the first local
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Figure 4: Stress T1 (a) and strain S1 (b) induced by normal displacements applied to the d31 MFC RVE (local
problem AQ01/EB01).
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Figure 5: Electric displacement D3 (a) and field E3 (b) induced by electric potential applied to the blocked d31
MFC RVE (local problem AQ07/EB12).

problem (AQ01/EB01). It was used to evaluate the elastic constant cE
11 in the case of EBHM. For AQHM,

it was also used to evaluate other elastic constants cE
12 and cE

13 and the stress piezoelectric constant e31. It
is remarkable in Figure 4 that, while the normal strain S1 distribution is quite uniform, the normal stress
T1 is concentrated in the stiffer PZT fibre and Copper electrode.

The local problem (AQ07/EB12) is intended to evaluate the blocked dielectric constant, εS
33, by ap-

plying a difference of electric potential on the electrodes and, hence, a uniform through-thickness electric
field. Thus, the distributions of electric field E3 and displacement D3 are of major interest and are shown
in Figure 5. It is noticeable that the electric field in nearly uniform over the active layer and negligible
over the electrode and protective layers (Figure 5b). On the other hand, the electric displacement is very
much concentrated in the piezoceramic fibre (Figure 5a).

Following the same procedure, field distributions may be obtained for each local problem and allow
to evaluate the uniformity and magnitude of the desired fields. However, for the sake of brevity, they are
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not shown here.
Then, after carrying out the local problems required for the AQHM and EBHM methods, it was pos-

sible to determine the effective material constants. The results obtained for the d31 MFC RVE considered
here with AQHM and EBHM approaches were compared to the available data provided by the manu-
facturer of a commercial d31 MFC (Smart Material Co.) [1]. The nominal geometrical and material
properties for the MFC constituents were based on the best available information from the manufacturer
and literature. Notice that not all coefficients are provided by the manufacturer. The effective material
properties are shown in Table 3 which shows that both AQHM and EBHM approaches represent very
well the actual (manufactured) d31 MFC.

Table 3: Effective material properties of d31 MFC (∗: obtained post-processing data provided in reference; ∗∗:
values adjusted to reflect the same electrical boundary conditions).

Coefficient EBHM AQHM Manufacturer [1]
Y E

1 (GPa) 31.30 31.40 30.34
Y E

2 (GPa) 19.50 19.80 15.86
Y E

3 (GPa) 8.93 9.03 –
GE

23 (GPa) 2.15 2.17 –
GE

13 (GPa) 2.40 2.42 –
GE

12 (GPa) 5.24 5.34 5.52
νE

12 0.36 0.36 0.31
νE

23 0.38 0.37 –
νE

13 0.42 0.42 –
d31 (pC/N) -173.2 -172.2 -170
d32 (pC/N) -132.6 -133.8 –
d33 (pC/N) 310.0 310.0 –
e31 (C/m2) -6.01 -6.04 –
e32 (C/m2) -3.37 -3.47 –
e33 (C/m2) 1.47 1.48 –
εT

33/ε0 1394.4∗∗ 1401.4 1558.6
εS

33/ε0 1175.0∗∗ 1179.7 –
k2

31 (%) 7.6 7.5 6.4∗

k31 0.28 0.27 0.25∗

The only elastic coefficient presenting a more important difference (10-11%) compared to the data
from manufacturer is the transversal elastic modulus Y E

2 , but this may be explained by the fact that the
actual width of the Copper electrode finger (LC) is not known and was only visually approximated from
a microphotography presented by the original prototype developers at NASA Langley Research Center
[12]. A wider Copper electrode finger would lead to a higher transversal elastic modulus Y E

2 . It could
also affect the transversal piezoelectric coefficients e32 and d32 (non provided by the manufacturer). The
results obtained for the most important effective elastic and piezoelectric coefficients, Y E

1 and d31, are
below 4% error (3.0% EBHM - 3.5% AQHM and 1.9% EBHM - 1.3% AQHM, respectively) compared
to the data provided by the Smart Material Corp. [1]. Unfortunately, the blocked dielectric constant εS

33
is not provided by the manufacturer. The values obtained for this constant using AQHM and EBHM
were then post-processed to obtain the equivalent free dielectric constant εT

33. Notice, though, that this
transformation depends on the elastic and piezoelectric constants as shown in (3) and, thus, any difference
between other constants may affect the transformation.

10
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As mentioned in the previous section, the main difference between AQHM and EBHM is due to the
difference between the actual (real) distance between electrodes and the corresponding distance in the
‘equivalent homogeneous’ material. In AQHM, since the average electric field in the RVE is used to
divide from the average electric displacement, the effect of the difference between real and effective
electrode distance is naturally corrected. However, in EBHM, it is considered that the effective average
electric field is unitary, which is only approximately the case by considering a larger applied electric
potential to account for the larger equivalent electrode distance. If, on the contrary, the electric potential
is considered to be the thickness of the active layer, hP (in value), as it is done here, the electric field is
unitary over the active layer but not in the whole RVE, where in fact it should be smaller. Therefore, as
explained in the previous section, the effective dielectric constant obtained using EBHM is smaller than
the one obtained using AQHM. Indeed, EBHM yields εS

33/ε0 = 714.5. This value can be corrected, or
adjusted, to reflect the difference between electrodes’ distance. By multiplying the obtained value by the
ratio between RVE and active layer thicknesses hT/hP = 1.644, the value ofεS

33/ε0 = 1175.0 is obtained
(which is the one presented in Table 3). This adjusted value is now very close to the one obtained using
AQHM. If one chooses to apply a larger electric potential to account for the larger equivalent electrode
distance, that is hT in value instead of hP, εS

33/ε0 = 1932.2 is obtained. This is equivalent to the previous
value (1175.0) multiplied once again by hT/hP = 1.644. However, in the last case, the piezoelectric
constants are also affected by this electrode distance change, leading to larger values for them.

Therefore, as a conclusion of this analysis, it is suggested here that one should use the actual electrode
distance and, thus, an applied electric potential equal in value to the active layer thickness. Then, in the
case of EBHM, the effective dielectric constant should be corrected by multiplying it by the ratio between
RVE and active layer thicknesses. Notice that this apparent inconsistency comes from the fact that to
ensure energetic equivalence, in EBHM, the ratio between actual and equivalent electrode distances
appears squared in the case of the dielectric constant.

Although the actual procedure to determine experimentally the free dielectric constant of the real
MFC by the manufacturer is not known, it is guessed here that a measure of the effective capacitance is
used. In this case,

CT = Q/V =εT
33AE/hE , εT

33 =CT hE/AE , (13)

where AE and hE are the electrodes area and distance. Notice that the measurement of the capacitance in
the real MFC accounts for the electric potential applied to the actual electrodes and the charge accumu-
lated on the actual electrodes. Therefore, the measured capacitance reflects the actual distance between
electrodes. The only issue that remains is the value of hE that is used by the manufacturer to determine
the effective dielectric constant from the measured capacitance. It is clear that if the thickness of the
active layer is used, the corresponding effective dielectric constant would be better represented by the
procedure adopted here, either using AQHM or EBHM with correction. That is why, these are the values
that are presented in Table 3 and compared to the data provided by the manufacturer.

5 CONCLUSIONS

New results were presented on finite element homogenization techniques to relate individual material
properties of piezoceramic fibres and effective material properties of corresponding d31 MFC transduc-
ers. In particular, an enthalpy-based homogenization procedure was applied to the characterization of
a d31 MFC effective properties and compared to previously published results using average quantities
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homogenization. A detailed analysis on the differences between the two procedures was carried out and
a technique to obtain a better consistency between them was proposed. Results from both methods were
also compared to available data from a MFC manufacturer. Around 10% deviation was found between
numerical (AQHM and EBHM) and manufacturer data for the transversal Young modulus and the free
dielectric coefficient.
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Abstract. Optimization of dissipative properties of electromechanical systems with external 
electric circuits suggests the selection of parameters for these circuits, such that can provide 
the most effective damping of vibrations at the prescribed frequency. Since the external cir-
cuits can be represented as a set of elements with concentrated parameters connected to the 
system with distributed parameters, solving of electroviscoelastic problems for such systems 
using their full formulation requires high computational and time costs. In mechanics, there 
exist several approaches, which allow representation of the mechanical systems with distri-
buted parameters as discrete systems with concentrated parameters of the spring-mass-damper 
type. In this paper, an approach to the analysis of the dynamic behavior of electromechanical 
systems with external electric circuits is developed based on the equivalent electric circuits 
representing discrete electric systems with concentrated parameters. The above discrete sys-
tems are complete analogues of the initial electromechanical systems in relation to frequency 
characteristics and electrical processes occurring in them.  

1 INTRODUCTION 
In the fields of high technology, the use of smart structures with constituent elements made 

of piezoelectric materials (piezoelectric ceramics, piezoelectric polymers) and showing there-
fore a strong piezoelectric effect, allows one to solve several engineering problems related to 
damping of vibrations of various origin, reducing the level of acoustic noise, increasing the 
level of dynamic stability, examining the mechanical state of the structure, etc. One of the ap-
proaches to solution of the above problems with the aid of piezoelectric elements is connec-
tion of such elements to the electrode-covered surfaces of external passive electric circuits. A 
successful implementation of this approach is impossible without clear understanding of how 
the variation of the environmental parameters or inherent characteristics of the system itself 
affects its mechanical behavior. 

The dynamic characteristics of electromechanical systems with piezoelectric elements and 
external electric circuits, which are generally used in the analysis of their dynamic behavior, 
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can be determined by solving the problems of forced and natural vibrations or problems of 
transient process with initial conditions. From the viewpoint of effective estimation of dyna-
mic characteristics and optimization of dissipative properties, the problem of natural vibra-
tions is most convenient and informative, which was demonstrated in works [1, 2]. The com-
plex eigenvalues obtained by solving this problem will define the frequencies of natural 
vibrations (real parts) and damping ratios (imaginary parts). The effectiveness of the above 
problem in determining the optimal dynamic characteristics can be attributed to their inde-
pendence of loads. 

Since a mathematical formulation of the problem on natural vibrations of electroelastic bo-
dies with external electric circuits has some distinctive features, the numerical implementation 
of its solution algorithms by the finite element method is a non-trivial problem just because of 
the presence of the external electric circuit [3]. Moreover, the development of the solution it-
self using the above mentioned mathematical formulation is a time-consuming process due to 
a great size of the resultant system of equations. 

One of the approaches, which could essentially simplify the procedure of evaluating the 
dynamic characteristics of the vibrating system, is the development of its discrete analogue, 
consisting of the elements with concentrated parameters. In the classical mechanics, such ana-
logue is a single mass-spring system, which is generally used to describe the dynamic beha-
vior of the system in the vicinity of some resonance frequency. On the other hand, the elec-
trodynamics can offer a few other approaches to modeling the behavior of piezoelectric ele-
ments with equivalent electric circuits, for example, such as presented in works [4-6]. These 
models describe the behavior of piezoelectric materials in the frequency range lower than the 
ultrasonic frequency.  

At present, the equivalent circuits, which can take into account the influence of the base 
structure, have found wide applications in the problems concerning the operation of energy 
harvesting devices with piezoelectric elements designed as small alternative sources of energy 
[7-8]. To estimate the efficiency of such devices, it is necessary to give a correct interpretation 
of their operating capacity determined by mechanical and electrical interactions. The device is 
generally modeled by a cantilevered beam [8-9] fitted with complicated equivalent electrical 
circuits.   

The objective of this paper is to analyze the dynamic behavior of the electromechanical 
system with external electric circuits, using for this purpose the equivalent circuits, 
representing discrete electric systems with concentrated parameters.   

2 EQUIVALENT ELECTRIC CIRCUIT REPRESENTATION OF 
ELECTROMECHANICAL SYSTEM  

As was already mentioned above, to determine the dynamic characteristics of the electro-
mechanical systems in the form of a structure with attached piezoelectric elements and exter-
nal electric circuits, it is not always convenient and reasonable to solve the natural vibration 
problem based on its full mathematical formulation.  

The external electric circuit is a set of elements with concentrated parameters and electrical 
degrees of freedom. Suppose that the electric current pulsations in such a circuit occur at a 
frequency of the entire electromechanical system. Eigenvectors of vibrations are found in the 
form of: 
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   , i t
i iu x t u x e 


,        , i tx t x e   

 (1) 

where iu – components of the displacement vector,   - electric potential, R Ii     - complex 
natural frequency, wherein R  corresponds to the natural frequency, I  - oscillation damping 
rate,    ,iu x x 

 - eigenforms of vibrations. 
Therefore, it is reasonable to represent the initial structure with the attached piezoelectric 

element as a similar discrete system with electrical degrees of freedom, which in this case 
should properly describe the dynamics of the initial electromechanical system with concen-
trated parameters in terms of the eigenfrequency spectrum of vibrations and electrical 
processes occurring in its elements. 

Connection of a structure with a piezoelectric element to a resonance circuit comprising 
inductor and resistor in series or in parallel leads to the appearance of additional frequency in 
the frequency response of the system [10]. The occurrence of additional frequency is attri-
buted to the fact that intrinsic capacitance of the piezoelectric element together with the exter-
nal inductance and resistance form, depending on the connection mode, a series or parallel 
oscillatory circuit, in which some energy is lost (fig.1). 

  

R L C0 C0 L R

 
а     b 

Figure 1: Series (a) and parallel (b) oscillatory circuits. 

The value of additional frequency can be determined using the approach proposed in se-
veral previous works [11-15]. In these studies, as an electric analogue of the piezoelectric ele-
ment the authors used its simplest model, including only one condenser with constant capaci-
tance 0C . In this case, the oscillatory circuit formed by a piezoelectric element and external 
electric circuit (fig.1) represents a discrete electric oscillatory system with one degree of free-
dom. The vibration frequency of such simple electric circuit (for example, for the external se-
ries circuit) is calculated by the following equation [16]: 

2

2
0

1
2 4
R R
L LCL

    

 
    (2) 

However, recent investigations have shown that this model is inapplicable for evaluation of 
the add-in frequency within the entire frequency range considered in our study, although it 
operates well at some distance from the each eigenfrequency of the structure, which has a pie-
zoelectric element, but not has an external electric circuit [17]. This can be explained that de-
scribing piezoelectric element with single capacitance is not enough. 

A more adequate description of the piezoelectric element with distributed parameters can 
be obtained with the use of the equivalent electric model composed of electric elements with 
fixed parameters. One of the first models was proposed by Van Dyke [18]. This models is 
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schematically shown in fig.2 and represents parallel connection of series-connected capacit-
ance C , inductance L , resistance R  and inherit capacitance of piezoelectric 0C . 

0С

L

R

C

 
Figure 2: Equivalent circuit proposed by van Dyke in [17]. 

The above electrical analogue has one resonance frequency corresponding to the resonance 
frequency of mechanical vibrations of the piezoelectric element. Let us consider more careful-
ly each element of the examined scheme. Here 0C C  – is the intrinsic capacitance of the pie-
zoelectric element of the resonator. Series-connected inductance L and capacitance C provide 
a resonant nature of the process. Resistor R describes losses due to the passage of the electric 
current through the elements of the circuit. Thus, from the viewpoint of the electrical 
processes the examined electromechanical system behaves as a series electric oscillatory cir-
cuit with losses in the vicinity of resonance frequency and as a capacitor outside this frequen-
cy range.  
 

а    b 

Figure 3: The second vibration mode of electromechanical system in the form of a plate with the attached pie-
zoelectric element (а) and its schematic representation as an equivalent electric circuit in the vicinity of this re-

sonance frequency.   

Equivalent circuit can be used to model the behavior of any electromechanical system, 
comprising a structure with piezoelectric element on its surface located in the vicinity of one 
of its resonance frequencies [17]. Figure 3a depicts the second vibration mode of the structure 
with the attached piezoelectric element as an example of the object, which is subject to the 
replacement by its electrical analogue in the form of equivalent circuits.  

In the case when it is necessary to explore the dynamic behavior of the structure not in the 
vicinity of some separate resonance frequency, but in some frequency range, which can in-
clude several resonance frequencies, the equivalent model is modified by adding in parallel to 
the existing elements a set of series oscillatory circuits (fig. 4а). The resultant equivalent cir-
cuit can be used to describe the dynamics of the examined system in any frequency range.  

0iС

iL

iR

iC
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Here, worthy of note is the following observation. As it was mentioned above, the loss or 
dissipation of energy occurs in the resistor of the branch, containing the oscillatory circuit. 
Thus, if the examined electromechanical system (the structure with piezoelectric element 
fixed to the surface) is elastic, the resistance iR  in the resonance branches is absent (fig.4b).  

 

 
а       b 

Figure 4: Equivalent circuits for electromechanical system with energy dissipation (а) and without 
energy dissipation (b). 

3 MATHEMATICAL FORMULATION OF THE NATURAL VIBRATION 
PROBLEM FOR EQUIVALENT MODEL 

Let us consider a mathematical formulation of the natural vibration problem for equivalent 
electric circuit, using as an example some oscillating system, comprising an electric structure 
with piezoelectric element attached to its surface. The electrode-coated surfaces of the piezoe-
lectric element are connected to an arbitrary electric circuit with total electric impedance extZ , 
consisting of differently connected resistive (resistors iR ), inductive (inductors iL ) or capaci-
tive (capacitors iC ) elements. This system, external circuit included, is modeled by the equi-
valent circuit, which can describe its behavior in the frequency range involving n resonance 
frequencies. The schematic of the equivalent circuit is given in fig.5. Here, capacitance 0nC  
and parallel branches i iL C  refer directly to the structure with piezoelectric element, and ele-
ment extZ  describes the external electric circuit.  

The equations, describing the dynamic processes in this system can be constructed by the 
standard technique, which is based on the first and second Kirchhoff’s laws [16]. 

First, it is necessary to choose the basic electrical circuits and direction of the currents in 
these circuits. The circuits should be selected in such a way that each of them includes the 
branch with capacitance 0nC . Figure 6a shows schematically the selection of elementary cir-
cuits and indicates the direction of the electric current in these circuits. 

The second step is to choose a node in the circuit for which the current balance equation 
will be constructed using Kirchhoff’s first law (the sum of all currents entering the node is 
equal to the sum of currents escaping from the node.). In the examined equivalent circuit, 
such node is denoted as A in fig.6. Then, for the node A, considering the direction of the cur-
rents in the circuits, we can write the equation based on Kirhhoff’s first law:  

1 2 0... n extI I I I I          (3) 
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Figure 5: Equivalent circuits for elastic electromechanical system with external electric circuit. 

 
 

Figure 6: The method of constructing the elementary loops with indication of current directions for the entire 
electromechanical system with arbitrary external circuit (a) and specified type of the external circuit. 

 
Thus, the total number of currents in the equivalent circuit is equal to 1extN n n   , where 

1n - is the number of currents in the circuits, corresponding to the structure with piezoelec-
tric element ( n  currents in the branches i iL C  and the current in the branch 0nC ), extn  - is the 
number of currents in the branches corresponding to the external circuit.  

The second equation to be constructed is the voltage balance equation, which is written for 
all selected elementary circuits based on the Kirchhoff’s second law – the sum of potential 
differences (voltage) on all elements of the loop is equal to electromotive force (EMF) of the 
external source. The total number of circuits is 1N  , since each elementary circuit includes 
two branches, one of which should necessarily be the branch with 0nC . Hence, for the section 
of the circuit simulating the structure with piezoelectric element the number of elementary 
circuits will be equal to n , whereas for the section simulating the external electric circuit it 
will be equal to extn . Taking for generalized coordinates the charges kq , corresponding to the 
currents kI  (k - is the number of currents) and related to them by equation  

, 1,k
k

dq
I k N

dt
  ,      (4) 

we can determine with the use of the known relation of electrical engineering [16] the electric 
potential on each element of the equivalent circuit (capacitance, resistance, inductance): 

2

2, ,C R L
C R L

q dq d qU U R U L
C dt dt

    .   (5) 
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First, let us write the voltage balance equation for each i-th circuit, related only to the 
structure with piezoelectric element. In the absence of external sources of EMF, these equa-
tions take the following form: 

2
0

2
0

0, 1,i i
i

i n

d q q q
L i n

C Cdt
        (6) 

or with account of  (3) and (4) 
2 1

2
1 0

0, 1,
N

ji i
i

ji n

qd q q
L i n

C Cdt





        (7) 

Then, we build the equations for arbitrary external circuit extZ . For clarity, as an external 
electric circuit, we take the circuit consisting of a branch of series-connected resistance and 
inductance elements, which in its turn is connected in parallel with the branch comprising on-
ly one resistor (fig. 6b). In this case, the current extI  (see (2)) is the sum of two currents 

1 2ext ext extI I I  , because the above-mentioned circuits are connected in parallel. Thus, the vol-
tage balance equation for the external circuit will take the following form:  

2 1
1 1

1 12
1 0

1
2

2
1 0

0;

0;

N
jext ext

ext ext
j n

N
jext

ext
j n

qd q dq
L R

dt Cdt
qdq

R
dt C









  

 




   (8) 

where 2extn   is the number of elemental circuits in the external circuit. Combining (7) and (8), 
we obtain the second system of 2n  differential equations, which in the absence of external 
EMF sources is a mathematical description of the natural vibration problem for electrical ana-
logue of the initial electromechanical system in the form of equivalent electric circuit (9): 

2 1

2
1 0

2 1
1 1

1 12
1 0

1
2

2
1 0

0, 1,

0

0.

N
ji i

i
ji n

N
jext ext

ext ext
j n

N
jext

ext
j n

qd q q
L i n

C Cdt
qd q dq

L R
dt Cdt

qdq
R

dt C













   

  

 







    (9) 

Then, substituting the solution  0
t

i iq q e  into (9) we arrive at the system of linear algebraic 
equations (10) with respect to unknown charges on the branches of equivalent circuit where 

Re Imi     – is the complex vibration frequency. 
1

02 0
0

1 0

1
02

0 1 1 0 1 1
1 0

1
0

0 2 2
1 0

0, 1,

0

0.

N
ji

i i
ji n

N
j

ext ext ext ext
j n

N
j

ext ext
j n

qq
q L i n

C C
q

q L q R
C

q
q R

C



 















   

  

 







    (10) 
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After writing for this system the characteristic equations with respect to  , we obtain n+2 
pairs of complex conjugate eigenvalues. In view of physical grounds, we consider only the 
values with positive imaginary part Im , which are the complex frequencies of vibration. Here 
the imaginary part of the complex frequency represents the angular frequency of vibrations 

Im  and the real part Re corresponds to the damping ratio. 
If the external circuit is a series resonance RL-circuit (including resistance R and induc-

tance L-elements connected in series), the equivalent circuit will lack the branch with current 
2extI , and the system of equations (10) will lack the last equation. If the external circuit is a 

parallel resonance RL-circuit (resistance R and inductance L-elements are connected in series), 
the equivalent circuit will be free of the element 1extR , and in the second equation of system (9) 
the term containing 1extR  will be absent. 

4 DETERMINATION OF THE VALUES OF PARAMETERS FOR THE 
EQUIVALENT CIRCUIT 

The main problem of using the equivalent circuits for the analysis of the dynamic behavior 
of electroelastic systems (fig.4b) is the evaluation of parameters iC , iL  and 0nC . These para-
meters can be calculated using the following numerical algorithm. 

At the first stage, we need to determine the statistic capacitance 0C  of piezoelectric ele-
ment. To this end, it is necessary to solve the static problem of damping the structure with 
piezoelectric element due to potential difference V applied to the piezoelectric element consi-
dering grounding one of its electrode-covered surfaces. The solution of the problem allows us 
to remove the value of the total electric charge sQ  from the ungrounded electrode-covered 
surface of the piezoelectric element, after which the static capacitance is defined as  

0
SQ

C
V

       (11) 

Then, we calculate the eigenfrequencies of the structure with piezoelectric element and 
without the external electric circuit under short-circuit conditions of the piezoelectric element. 
In this case, we solve the natural vibration problem, the detailed formulation of which was 
given in work [3]. As a result, we obtain the eigenfrequency spectrum, which will serve the 
basis for calculating the required parameters iC , iL  and 0nC . 

If the structure and piezoelectric element are made of elastic materials, all eigenfrequencies 
of such smart structure without the external circuit will be real. In this case, the parameters of 
the equivalent circuit iC , iL  and 0nC  for each resonance frequency are determined by: 

2

0 02
1

1, ,
n

i
i i n i

i ii i

Q
C L C C C

C  

 
    
 

    (12) 

Here i   is the i-th eigenfrequency, iQ  is the total charge on the electrode-covered surface of 
the piezoelectric element at the i-th frequency, n is the number of considered eigenfrequencies.  

Eventually, we obtain all equivalent characteristics, which are essential for modeling the 
electrical analogue to the electromechanical system.  
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5 THE RESULTS OF NUMERICAL CALCULATIONS 
To demonstrate the applicability of the proposed electrical analogue for description of the 

dynamic behavior of the electromechanical system, we performed a series of numerical expe-
riments. As an external circuit to the examined piezoelectric element, we used a series and 
parallel resonance RL-circuit.  

The investigations were made for a cantilevered rectangular plate with piezoelectric ele-
ment attached to its surface (fig.7a). The dimensions of the plate were as follows: 1 210l   mm, 

1 26b  mm, 1 0.5h  mm. The plate was made of material with the following mechanical chara-
cteristics: 112 10E    Pa 0.3  , 7800  kg/m3. The piezoelectric element was rectangular in 
shape with 50pl  mm, 20pb  mm, 0.36ph  mm and located symmetrically about the plate 
axis at a distance of 12 mm from the clamped edge of the plate. The piezoelectric element was 
made of piezoceramics PZT-4 polarized in the direction of the z-axis  and showing the follow-
ing mechanical characteristics: 10

11 22 13 9 10C C  .  N/m2, 10
12 7 78 10C  .  N/m2, 

10
13 23 7 43 10C C  .  N/m2, 10

33 11 5 10C  .  N/m2, 10
44 3 06 10C  .  N/m2, 10

55 66 2 56 10C C  .  
N/m2, 31 32 5 2    .  C/m2, 33 15 1  .  C/m2, 52 61 12 7   .  C/m2, 9

11 22 6 45 10e e   .  F/m, 
9

33 5 62 10e  .  F/m, 7700   kg/m3. The upper and lower surfaces of the piezoelectric ele-
ment were covered with electrodes.  

Table 1 presents the values of the first ten eigenfrequencies for the structure depicted in 
(fig.7) and the values of parameters 0nC , iC  and iL  of the equivalent electric circuit. In all 
further calculations, the equivalent circuit was assumed to have 10 LiCi -circuits. The higher 
number of circuits required for gaining desired accuracy of computation is the research topic 
in its own right. 
 

 
a                                                           b                                                        c 

Figure 7: Computational schemes of a plate with piezoelectric element (a), which is connected to a series RL-
circuit (b) or parallel RL-circuit (c)   

Table 2 and 3 gives the values of eigenfrequencies for external circuits connected in series 
or in parallel for four variants of parameters of the external circuit. Two variants are for cir-
cuits connected in series: 1 11675serL  H and 1 75serR  kOhm, 2 413serL   H and 2 6serR  kOhm; and 
two variants are for circuits in parallel: 1 11675parL  H and 1 14000parR  kOhm, 2 413parL  H and 

2 6000parR  kOhm. The tabulated results are the complex eigenfrequencies represented as 
Re Imi    , where Re  is the eigenfrequency, Im  is the damping ratio. The inset vibration 
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frequency resulting from connecting the external electric circuit to the smart structure is typed 
italic.  

 

№  
frequency 

Eigenfrequencies of the 
plate with piezoelectric 
element in short circuit 

regime 

Parameters of piezoelectric element for  
equivalent circuit  

С0n Ci Li 

1 13.86 1.12910
-8

 4.82110
-10

 28.51210
+4

 
2 72.33 1.12310

-8
 57.55610

-10
 8.45510

+4
 

3 198.33 1.11810
-8

 48.61410
-10

 1.33010
+4

 
4 204.45 1.11810

-8
 4.30910

-24
 1.40610

+17
 

5 404.15 1.09310
-8

 2.44510
-10

 0.06410
+4

 
6 489.41 1.09310

-8
 2.34210

-29
 4.51610

+21
 

7 584.11 1.09310
-8

 2.98910
-26

 2.48410
+18

 
8 674.97 1.06310

-8
 3.06610

-10
 0.01810

+4
 

9 928.29 1.06310
-8

 1.56410
-28

 1.87910
+20

 
10 990.66 1.04910

-8
 1.43010

-10
 0.01810

+4
 

Table 1: The values of parameters for branches of the equivalent circuit for the first ten eigenfrequencies of the 
plate with piezoelectric element under short circuit conditions.  

 

№ 

1 11675serL  H,  1 75serR  kOhm 2 413serL  H,  2 6serR  kOhm 

Eigenfrequencies, 
obtained from elec-
tromechanical prob-

lem solution 

Eigenfrequencies, 
obtained from equiv-
alent circuit problem 

solution 

Eigenfrequencies, 
obtained from elec-
tromechanical prob-

lem solution 

Eigenfrequencies, ob-
tained from equivalent 
circuit problem solu-

tion 

1 12.40 – i 2.5710
-1

 12.40 - i 2.5710
-1

 13.56 - i 1.8610
-3

 13.57 - i 1.7910
-3

 

2 15.17 – i 2.5510
-1

 15.17 - i 2.5510
-1

 70.39 - i 4.1010
-1

 70.39 - i 4.1010
-1

 

3 72.34 – i 1.6810
-4

 72.34 - i 1.0410
-4

 75.71 - i 7.4210
-1

 75.71 - i 7.4210
-1

 

4 198.32 - i 1.0210
-5

 198.33 - i 1.0810
-5

 198.39 - i 9.5310
-4

 198.39 - i 9.1910
-4

 

Table 2: Eigenfrequencies of the plate with piezoelectric element and series-connected RL-circuit 

From the results summarized in Tables 2 and 3, it follows that eigenfrequencies obtained 
by solving the natural vibration problem in the framework of complete mathematical formula-
tion and on the basis of its equivalent model are in good agreement, which reflects the ade-
quacy of the proposed discrete model for interpretation of the behavior of the examined 
electromechanical system in terms of frequency characteristics.  
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№ 

1 11675parL  H,  1 14000parR  kOhm 2 413parL  H,  2 6000parR  kOhm 

Eigenfrequencies, 
obtained from 

tromechanical prob-
lem solution 

Eigenfrequencies, 
obtained from 

alent circuit problem 
solution 

Eigenfrequencies, 
obtained from 

tromechanical prob-
lem solution 

Eigenfrequencies, ob-
tained from equivalent 
circuit problem solu-

tion 

1 12.40 - i 2.0110
-1

 12.40 - i 2.0110
-1

 13.56 - i 9.3310
-5

 13.57 - i 6.1710
-5

 

2 15.17 - i 3.0310
-1

 15.17 - i 3.0210
-1

 70.39 - i 3.7810
-1

 70.40 - i 3.7810
-1

 

3 72.34 - i 2.7910
-3

 72.34 - i 2.7810
-3

 75.71 - i 7.9810
-1

 75.70 - i 7.9810
-1

 

4 198.32 - i 2.1810
-3

 198.33 - i 2.1810
-3

 198.39 - i 6.7410
-3

 198.39 - i 6.7710
-3

 

Table 3: Eigenfrequencies of the plate with piezoelectric element and parallel-connected RL-circuit. 

6 CONCLUSIONS 
- In this paper, an approach has been developed to analyze the dynamic processes in 

smart structures containing piezoelectric elements and external electric circuits. The 
approach is based on the equivalent electric circuits representing discrete electric sys-
tems with concentrated parameters. 

- In the framework of this approach a version of equivalent electric circuit has been 
developed, using as a basis the van Dyke model. The proposed equivalent circuit al-
lows us to describe adequately the behavior of the entire electromechanical system 
representing a structure with attached piezoelectric element and external electric cir-
cuit. 

- A mathematical formulation of the natural vibration problem has been developed.  
- It has been shown that the behavior of electromechanical systems with external elec-

tric circuits can be effectively modeled by an electrical analogue, in which the elec-
tric circuits including elements with concentrated parameters are used to describe the 
piezoelectric element. The efficiency of the electric analogue for the description of 
such systems has been verified by calculating the eigenfrequencies of the smart struc-
ture composed of a plate with piezoelectric element connected to a series or parallel 
resonance RL-circuit.  

The work supported by RFBR (projects № 17-01-590152, 16-31-00094-mol_а) and UB 
RAS complex program (project 15-10-1-18). 
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Abstract. Under the operating conditions, many modern technical structures require complete 
elimination of vibrations at several certain frequencies or in the specified frequency range 
with the aid of the same technical facilities. In literature this problem is called the problem of 
multimodal damping. One of the approaches to the solution of this problem is to use special 
damping devices – piezoelectric elements connected with external electric circuit, which 
being attached to the initial mechanical structure form the so-called smart-structure. When 
using this kind of damping devices the problem of multimodal damping can be solved by one 
of the following methods: attaching to the initial structure an array of piezoelectric elements, 
each being connected to its own external electric circuit or to one common circuit, or 
connection of one piezoelectric element to a complicated branched multi-loop circuit. These
approaches have serious drawbacks such as structural mass increase due to large number of 
piezoelectric elements, complexity of external circuit tuning, etc. In this paper, it was 
investigated the possibility of using one piezoelectric element and one external passive RL-
circuit for damping the system vibrations at several frequencies due to appropriate selection of 
the external electric circuit parameters.

1 INTRODUCTION
The idea of using piezoelectric elements with connected external electric circuits for 

damping the vibrations of mechanical structures has proved highly efficient and attractive 
especially for engineering applications with strict size (miniaturization) and weight limits 
(elements of space and aircraft facilities). Piezoelectric elements connected with external 
electric circuits (shunted peizoelectric elements) being attached to the mechanical structure 
form the energy dissipation devices, which provide additional damping of vibrations. Due to 
the piezoelectric effect part of the mechanical vibration energy is transformed to the electric 
energy, which can be dissipated through the shunt circuit as heat or electromagnetic radiation, 
generating thereby the mechanism of passive control of vibration damping. Because of a 
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small weight of peizoelectric elements and components of the external electric circuits, such a 
system does not lead to serious changes in the spectral pattern of the initial structure and can 
be used as a complementary device to the developed technical solutions. For the first time the 
possibility of applying such devices to damping the vibrations of the mechanical structure has 
been demonstrated by Forward R.L. in work [1] and theoretically substantiated by Hagood 
N.W. and von Flotow A. in [2].

A key to the problem of vibration damping with shunted piezoelectric elements is to find 
the simplest shunt, which is most effective in damping the vibrations of a particular structure 
at the frequencies of a certain group in the specified frequency range. The shunt circuit should 
meet the following requirements: it should provide maximum damping of mechanical 
vibrations and preserve its stability; it should operate without power source; its design costs 
and weight should be reduced to a minimum; since the circuit is integrated in the structure, the 
size of its elements should be minimal [3].

Over the period of the last decade a lot of various passive shunt circuits have been 
designed and rated. According to classification presented in [3] passive shunts can be linear 
and nonlinear. Among the linear passive circuits one can distinguish between the resistive 
(including only resistors) and resonant (including resistors and inductors) circuits.

The resistive circuits used to shunt piezoelectric elements cause the structure to behave 
itself as if it is made of viscoelastic material.

The use of resonant RL-circuits consisting of parallel- or series-connected inductance coil 
and resistor leads to the creation of the electric oscillatory circuit due to the interaction of the 
external circuit inductance and inherent capacitance of the piezoelectric element. As a result, 
the frequency spectrum of the system (the structure with piezoelectric element and external 
electric circuit) extends to include an additional resonance frequency (eigenfrequency of the 
oscillatory circuit).

By varying the parameters of the elements of external electric circuit one can adjust this 
additional resonance to the frequency coincident with the natural vibration frequency of the 
structure. This allows the energy of vibrations to be transferred to the external electric circuit, 
which provides an effective suppression of the structure vibrations at a given frequency. In 
practice, the requirements commonly imposed on structures are the absence of vibrations at 
the frequencies of a certain group in some excitation frequency range. Therefore, the 
development of techniques for multimodal damping of structure vibrations is an urgent 
problem. At present, one can distinguish the following basic approaches to multimodal 
damping:

– employment of one piezoelectric element and complex external electric circuit, in 
which the possibility of damping several modes of vibrations is realized in one way or 
another [5-14];

– usage of several piezoelectric elements forming an integrated network and connected 
by one or another method to a single external electric circuit [15-19];

– usage of several piezoelectric elements, each having its own electric circuit, which is 
not coupled with others to form a joint circuit [20-22].

Each of these approaches has its own advantages and drawbacks. Thus, for example, in the 
presence of complicated branched circuits the complexity of their tuning increases, because 
each branch of the shunt circuit cannot be considered as a separate independent shunt [5]. In 
this case, it is advisable to use blocking or conducting circuits connected in series to shunt 

2
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branches [6, 9], which allows one to consider them as independent. However, in practice this 
leads to very cumbersome electric circuits due to the use of many inductive elements, which 
certainly affects the mass characteristics of damping devices. This problem can partially be 
solved with the use of electronic analogues of inductive elements. However, such a 
substitution is only an approximation to ideal inductive elements and does not completely 
eliminate the necessity of tuning the branches and determining the circuit parameters [11].

The difficulty with the circuit tuning can be readily solved with the use of several 
piezoelectric elements connected to simple RL-circuits, since in this case each piezoelectric 
element with connected circuit represents an isolated system and parameters of the shunt 
circuits can be selected independently. However, as it was shown in [14], in the case of 
multimodal damping this approach is not necessarily successful, because a great number of 
elements in the circuit can essentially increase the mass of the structure and have an ill-effect 
on its dynamic characteristics.

Hence, nowadays, a number of problems accosiated with the use of piezoelectric elements  
for damping several vibration modes invite further investigation and development of new 
approaches to implementation of multimodal damping.

In this paper, it was investigated the possibility of using one piezoelectric element and one 
external series RL-circuit for damping the vibrations at several by appropriate selection of 
parameters of the external electric circuit on the basis of natural vibration problem for 
electroelastic bodies with external electric circuits.

2 MATHEMATICAL STATEMENT OF THE PROBLEM ON NATURAL 
VIBRATIONS

Consider a piece-wise homogeneous body of volume 1 2V V V= + , where volume 1V is 
composed of homogeneous elastic parts and volume 2V - of piezoelectric elements. Part of the 
surface of the volume 2V is covered with electrodes. One of the electrode surfaces is 
connected to the external electric circuit of arbitrary configuration consisting of resistive 
elements (resistors) of resistance R, inductive elements (inductors) of inductance L and 
capacitive elements (capacitors) of capacitance C, and providing passive control of the 
dynamic behavior of the structure.

The variational equation for natural vibrations of the body consisting of elastic and 
piezoelectric elements is constructed based on the relations of linear theory of elasticity and 
quasi-static Maxwell equations [23-25]:

( ) ( )

( ) ( ) ( )
1 2

1 2 1 2 1 2
1 1 1

1 1 0

i

CL R
p p q q r r

ij ij i ij ij i i i i
V V

nn n
L L R R C C

r
p q rp q

u u dV D E u u dV

dtdt dt C
L R

σ δε ρ δ σ δε δ ρ δ

ϕ ϕ δϕ ϕ ϕ δϕ ϕ ϕ δϕ
= = =

+ + − + +

+ − + − + − =

∫ ∫

∑ ∑ ∑∫∫ ∫

 

(1)

Here ,i iD E – are the components of electric flux density and electric field intensity vectors; ijσ

are the components of the symmetric Cauchy stress tensor, ijε are the components of the 
linear strain tensor, iu are the components of the displacement vector, ϕ – electric potential,

1 2ϕ ϕ− - potential difference on external circuit element, , ,L R Cn n n - the numbers of inductive, 
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resistive and capacitive elements respectively, pL , qR , rC - inductance, resistance and 
capacitance values for corresponding circuit element.
For the electric field the potentiality condition is fulfilled:

, i iEϕ = − (2)

For elastic parts ( 1V ) the following physical equations of the linear theory of elasticity hold 
true:

ij ijkl klCσ ε= (3)

For isothermal processes, the electroelastic parts ( 2V ) obey the following physical relations:

ij ijkl kl ijk k

k ijk ij ki i

C E
D e E
σ ε β

β ε
= − 
= + 

(4)

where ijklC and ijklC are the tensors of elastic constants, ijkβ and kie are the tensors of 
piezoelectric and dielectric coefficients.

For the examined system the restrictions are set in the form of mechanical and electric 
boundary conditions. The mechanical boundary conditions are given as:

0 ,i iu
u u

Γ
= (5)

where uΓ is the part of the surface of volume V , on which the displacements are prescribed.
The expressions for electric boundary conditions on the piezoelectric parts confined in the 

volume 2V read as follows:

0 ,
el
ϕϕ ϕ

Ω
= (6)

here el
ϕΩ is the part of the electrode surface of the volume 2V , with the prescribed electric 

potential. In the absence of electrode covering all electric boundary conditions take zero 
values.

The eigenvectors of vibrations are sought in the following form:

( ) ( ), i t
i iu x t u x e ω=



, ( ) ( ), i tx t x e ωϕ ϕ=  (7)

where Re Imiω ω ω= + is the complex eigenfrequency, in which Reω corresponds to the vibration
eigenfrequency itself, Imω corresponds to the rate of vibration damping (damping ratio),
( ) ( ),iu x xϕ  are eigenmodes of vibrations.
A complete mathematical formulation of the problem is given in work [25]. The stated 

problem is solved by the finite element method (FEM), using the algorithm elaborated by the 
authors of this paper. 

As it was shown in [2], the series resonant electric circuit, shunting the piezoelectric 
element can decrease oscillations for only one selected frequency, to which the external 
circuit is tuned by choosing the appropriate parameters R and L.

Since the dynamic processes are investigated by solving the natural vibration problem, it is 
convenient to use the imaginary parts of the complex eigenfrequencies Imω for the 
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formulation of optimality criterion for search the parameters of the external electric circuit,
ensuring damping of several vibration modes.

The analysis of the behavior of the imaginary parts Imω of different complex 
eigenfrequencies Re Imiω ω ω= + depending on variation of resistance R and inductance L of the 
external series resonant RL-circuit has shown that in the space of parameters R and L at some 
frequencies there exist a number of points, at which damping ratios of these frequencies 
coincide. Basing on this the criterion for external series RL-circuit was formulated in the 
following way: for damping of vibrations on several frequencies the values of parameters of 
external circuit should correspond the point in the RL-space where absolute values of damping 
ratios for several frequencies are equal and maximal.

Mathematically, the above criterion for two frequencies for instance can be formulated as 
follows:

( )Im Immax k lω ω= (8)

where k, l are the numbers of frequencies, at which the vibrations can be damped with the use 
of a single external electric resonant circuit.

3 THE RESULTS OF NUMERIC COMPUTATIONS
The applicability of the proposed approach can be demonstrated in the context of the 

problem of a thin-walled shell in the form of semi-cylinder, which is clamped at the edges and 
simply supported along the generatrix (figure 1a). 

a b

Figure 1: The design models of cylindrical shell with piezoelectric attached element (а) and cylindrical shell
with attached piezoelectric element connected to series RL-circuit (b).

The geometrical dimensions of the shell are as follows: 1 76r = mm 1 300l = mm, 1 0.25h =

mm. The shell is made of elastic isotropic material having the following characteristics:
111.96 10E = ⋅ Pa, 0.3ν = , 7700ρ = kg/m3. The piezoelectric element, which is attached to the 

surface of the shell has the shape of the ring segment with the following dimensions:
76.25pr = mm, 15.08pϕ = ° , 0.36ph = mm. The center of mass of the piezoelectric element is 15

5
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mm away from the clamped edges and is shifted by 90о from the simply supported 
generatrices along the angular coordinate. The piezoelectric element is made of peizoceramics 
PZT-4 polarized along the r-axis and having the following characteristics (in the cylindrical 
coordinate system): 10

11 22 13 9 10C C= = ⋅. Pa, 10
12 7 78 10C = ⋅. Pa, 10

13 23 7 43 10C C= = ⋅. Pa, 10
33 11 5 10C = ⋅.

Pa, 10
44 3 06 10C = ⋅. Pa, 10

55 66 2 56 10C C= = ⋅. Pa, 31 32 5 2β β= = − . C/m2, 33 15 1β = . C/m2, 52 61 12 7β β= = .

C/m2, 9
11 22 6 45 10e e −= = ⋅. F/m, 9

33 5 62 10e −= ⋅. F/m, 7700ρ = kg/m3. The upper and lower surfaces 
of the piezoelectric element are covered with electrodes. The external series RL-circuit is 
connected to piezoelectric element electrodes (figure 1b). 

The chosen frequency range up to 1500 Hz contains 15 natural vibration frequencies of the 
structure. At current piezoelectric element location vibrations are possible to be suppressed 
by proposed technique at only five of them [26]. As the solution of problem on natural 
vibrations (1)-(7) natural frequencies of shell with attached piezoelectric element were 
obtained for the cases of no external circuit (real) and with external circuit (complex) tuned 
for maximal damping of corresponding frequency (single-mode damping). Table 1 presents 
the only 5 frequencies for which vibration damping of the structure under study is achievable.

Table 1. Natural vibration frequencies for the structure with no external circuit and with external circuit tuned to 
corresponding frequency

№ of 
frequency

Vibration frequencies for the 
case of no circuit f , Гц

Vibration frequencies for the case with 
circuit Re Imf f if= −

1 557.41 553.60 – i 29.55
2 759.57 750.59 – i 32.06
3 803.79 813.58 – i 31.12
4 1293.42 1282.19 – i 51.97
5 1482.21 1493.29 – i 81.48

On the basis of natural vibration problem solution for the system (shell with attached 
piezoelectric element and external circuit) the relationship surfaces for damping ratios 
depending on variation of R and L external circuit parameters were retrieved for the five
frequencies under consideration (figure 2).

Based on the analysis of the obtained dependences two following groups can be 
distinguished:

1) damping ratios for the 2-nd and 3-rd frequencies (figure 3a)
2) damping ratios for the 4-th and 5-th frequencies (figure 3c).

Figures 3b and 3d show projections of the lines of coincidence of damping ratios in the 
space of RL-parameters. The value of damping ratio Imω along the lines correspond these 
projections changes. According to the criterion proposed (8) the external circuit parameters 
providing multimodal damping were defined for the abovementioned groups of frequencies.

A comparison between damping ratios for the frequencies from table 2 and corresponding
maximum achievable values of the damping ratio presented in table 1 allows to draw a 
conclusion that with the use of one series resonant electric circuit connected to one 
piezoelectric element with parameters identified by the proposed criterion it is possible to 
achieve sufficient damping of vibrations for the examined pairs of adjacent frequencies.

6
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Carrying on the analysis of relationships shown on figure 2 one can point out that in the 
RL-space exist the points where damping ratios are coincident for more than two frequencies.

Table 2. Optimal parameters for the series RL-circuit for the two groups of frequencies under study

№
of frequency to 

be damped

Optimal 
parameter values
R (kOhm), L (H)

Complex eigemfrequencies 
values

2, 3 R=4.41
L=3.57

755.40 - i 23.76
791.50 - i 23.58

4, 5 R=2.45
L=1.19

1281.48 - i 25.43
1507.57 - i 25.76

Figure 2: Damping ratios relationship surfaces in the RL- parameters space for the given five frequencies.

Figure 4 presents projections of all possible lines of pair-wise coincidence of damping 
ratios for the five frequencies under study. Analyzing these lines four points of coincidence 
were determined where damping ratios are equal for three frequencies:

– point I – intersection of lines 2-4, 2-5, 4-5 – Imω coincidence for the 2-nd, 4-th, 5-th 
frequencies;

– point II – intersection of lines 3-4, 3-5, 4-5 – Imω coincidence for the 3-rd, 4-th, 5-th 
frequencies;

– point III – intersection of lines 1-4, 1-5, 4-5 – Imω coincidence for the 1-st, 4-th, 5-th 
frequencies;

7
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– point IV – intersection of lines 2-3, 2-5, 3-5 – Imω coincidence for the 2-nd, 3-rd, 5-th 
frequencies.

a b

c d

Figure 3: Damping ratios relationship surfaces and projections of their lines of intersection in the RL-
parameters space: for 2-nd и 3-rd frequencies (a, b); for 4-th и 5-th frequencies (c, d).

Other intersections for projections of the lines of coincidence of damping ratios shown in 2D 
figure 4 do not have common points in a 3D space (figure 2).

For the above frequency groups Table 3 presents the values of parameters of the electric 
circuit, which were defined by the coordinates of points I–IV in figure 4 and complex 
frequencies of the system, corresponding to these parameters. The accuracy of the presented 
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results is determined by the precision of the computational methods and the errors of reading 
out the plot data.

Figure 4: Projections of lines of pair-wise coincidence of damping ratios in the RL-space.

Table 3. External circuit parameter values and corresponding eigenfrequencies for the I-IV groups of 
frequencies.

Groups of 
frequencies

№ of 
frequencies to 

be damped

External circuit 
parameters

R (kOhm), L (H)
Complex eigenfrequencies 

I 2, 4, 5 R =5.77
L =2.14

2-nd: 753.82 - i 4.41
4-th: 1298.61 - i 4.12
5-th: 1489.72 - i 4.06

II 3, 4, 5 R =5.72
L =2.21

3-rd: 797.84 - i 3.95
4-th: 1298.54 - i 3.73
5-th: 1489.49 - i 3.68

III 1, 4, 5 R =2.94
L =2.88

1-st: 552.30 - i 1.01
4-th: 1297.78 - i 0.96
5-th: 1487.89 - i 0.95

IV 2, 3, 5 R =13.99
L =2.42

2-nd: 757.92 - i 4.10
3-rd: 801.76 - i 4.09
5-th: 1485.87 - i 3.90

D 2-5 R =5.75
L=2.20

2-nd: 753.73 - i 4.64
3-rd: 797.86 - i 3.94
4-th: 1298.53 - i 3.76
5-th: 1489.49 - i 3.71

9
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Points I and II in figure 4 lays sufficiently close, which implies that at properly identified 
parameters of the external circuit damping of the structure vibrations can be achieved in the 
range from the 2-nd to the 5-th frequencies. The line D of table 3 contains the values of 
frequencies for circuit parameters taken arbitrarily from the interval limited by the values of R
and L for groups I and II. The results from the line D of table 3 show that the imaginary parts 

Imω (damping ratios) for the frequencies under consideration are quite high and close to each 
other. Thus one can make a conclusion about possibility of damping of four vibration 
frequencies with single series RL-circuit.

In order to verify the results obtained the problem on forced, steady-state harmonic 
vibrations of the system consisting of a shell with piezoelectric element connected in the first 
case to a resistive R-circuit and in the second case to a series resonant RL-circuit was solved. 
The amplitude vs. frequency plot for the displacements sU ( 2 2 2

s x y zU U U U= + + ) of point А 
(see fig.1b) of the above system was gained for the case of application of the harmonic force 
with the ampltude of rP = 0.01 N to point B along the r-axis.

Figure 5: Amplitude vs. frequency plots in point A for the cases of resistive circuit (solid line) and resonant 
circuit tuned to damp frequencies from 2-nd to 5-th (dashed line).

Figure 5 presents amplitude vs. frequency plots for the displacements of point A of the 
examined structure (figure 1) connected to a resistive or resonance external electric circuit. In 
the calculations, the parameters of the resonant circuit take the values, corresponding to the 
line D of table 2 (R=5.750 kOhm, L=2.2 H.). The computations for the resistive circuit were 
made using the same value of resistance (R=5.750 kOhm).

4 CONCLUSIONS
– In the framework of mathematical statement of the natural vibration problem for 

electro-elastic bodies with external passive electric circuits, a new approach has been 
developed for identification of optimal parameters for a simple external passive 
electric circuit, which provides damping of vibrations at several frequencies for a 
given configuration of the smart-structure.

– The efficiency of the proposed approach was verified by making computations for a 
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semi-cylindrical shell with piezoelectric element connected to the external series 
resonant RL-circuit.

– It has been shown that pairs of parameters selected for the resonant RL-circuit on the 
basis of the proposed criterion allow damping of vibrations at several frequencies 
providing thereby multimodal damping.

The work is supported by the RFBR (projects No 15-01-03976-a, No 16-31-00094-mol-a)
and UB RAS complex program (project No 15-10-1-18).
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Abstract. The paper presents mathematical and computer modelling of effective properties of
two-phase composite piezoelectric materials of types piezoceramics - pores or piezoceramics - ce-
ramics (inclusions) with a nanoscale random structure of porosity or inclusions. This integrated
approach includes the effective moduli method of composite mechanics, the simulation of repre-
sentative volumes with stochastic porosity or inclusions and the finite element method. In order
to take into account nanoscale sizes of pores or inclusions, the generalized Gurtin-Murdoch model
of coupled surface effects is used at the borders between material and pores or inclusions. The
common methodology for determination of effective mechanical properties of piezoelectric com-
posites is produced for a two-phase bulk (mixture) composite with special conditions for stresses
and electric flux discontinuities at the phase interfaces. The mathematical statements of bound-
ary value problems and the resulting formulas to determine the complete set of effective stiffness
moduli, piezomoduli and dielectric permittivities of the two-phase composites with arbitrary
anisotropy and with coupled surface effects are described; the generalized problem definitions
are formulated and the finite element approximations are given. It is noted, that the homoge-
nization procedures for porous composites with surface effects can be considered as special cases
of the corresponding procedures for the two-phase composites with interphase boundaries if the
moduli of the second phase (nanoinclusions) are negligibly small. These approaches have been
implemented in the finite element package ANSYS. Model of representative volume was built
in the form of a cube, evenly divided into cubic solid finite elements, some of which had been
declared as pores or inclusions. Coupled surface effects on the boundaries between principal ma-
terial and pores or inclusions were modeled by special quasi-shell piezoelectric finite elements.
It has been noted that the magnitude of the area of the interphase boundaries has influence on
the effective moduli of the composite materials with nanosized stochastic structure of pores or
inclusions.
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1 INTRODUCTION

Piezoelectric composite materials are widely used for the manufacture of high-tech devices for
medical diagnostics and therapy, hydroacoustics, nondestructive testing and diagnostics, level
and flow metering, consumer, automotive, biomedical and aerospace industries. Rapidly grow-
ing demand for efficiency, reliability and cost constantly stimulates the development of new and
improved materials, devices and systems. The analysis shows that the properties of the electri-
cally active material remain the limiting factor in the development of more effective piezoelectric
transducers and devices. The simulation and experimental studies of electrically active materials
at various scale levels help to enhance the technologies of directed changing of the properties
of these materials and provide a qualitative improvement of their characteristics. The devel-
oped in the recent years new nanostructured piezoelectric composite materials have a range of
important advantages, such as the possibilities of controllable variation of the functional charac-
teristics within a wide range, the ultra-low mechanical quality factor, the large electromechanical
anisotropy, the giant dielectric relaxation, and the electrocaloric and piezoelectric effects.

Furthermore, it should be noted that the modeling of micro- and nanomaterials and devices
has some specific features. It is known that a range of nanomaterials have abnormal mechanical
properties that considerably differ from the properties of ordinary macrosized bodies. Thus,
the experimentally observed fact is the increasing of the stiffness with reducing the sizes of
nanoobjects. One of the factors that are responsible for this behavior of nanomaterials can be
surface effects. As research of the recent years shows, for the bodies of submicro- and nanosizes
the surface stresses play an important role and influence the deformation of the bodies in general.
In connection to this, the actual problem can be an extension of this approach to the nanoscale
elements of piezoelectric composite materials [2, 9, 18, 19, 20]. Therefore, here it is logical to
consider not only the mechanical surface effects, but also for the surface effects for electric fields.

Theoretical investigations of piezoelectric and magnetoelectric nanosized materials with sur-
face effects and imperfect interface models were presented in [2, 3, 4, 6, 7, 8, 13, 18]. Formulae
for the effective shear modulus of a fiber reinforced piezoelectric composite was obtained in [22]
using a self-consistent method. Investigations of effective moduli for nanoisized piezoelectric
composites were continued in [1, 5, 10, 21, 22, 23] and etc.

In present investigation the models of two-phase piezoelectric composite materials of types ce-
ramics – pores and ceramics – ceramics account for their internal microstructure were developed
in the framework of classic continuum approaches of solid mechanics and methods of composite
mechanics. These models were used to construct new models of the micro- and nanosized bodies
made of piezoelectric materials that were additionally take into account the surface effects and
interphase boundary conditions.

We use an integrated approach to the determination of the material properties of nanoscale
piezoelecrtric bulk (mixture) stochastically distributed composites with account for their internal
microstructure. In order to take into account nanoscale level at the borders between material
and pores or between two materials, the generalized Gurtin-Murdoch model of surface effects
[3, 11] are used. ANSYS finite element package was used to simulate representative volumes and
to calculate the effective moduli. This approach is based on the theory of effective moduli of
composite mechanics, modeling of representative volumes and the finite element method. Here,
the contact boundaries between material and pores or between two materials were covered by
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the surface quasi-shell elements in order to take the surface effects into account.

2 EFFECTIVE MODULI METHOD FOR HOMOGENIZATION OF PIEZOELEC-
TRIC MIXED TWO-PHASE NANOCOMPOSITES

Let Ω be a representative volume of piezoelectric two-phase composite body with nanodimen-
sional pores or inclusions; Ω = Ω(1)∪Ω(2); Ω(1) is the volume occupied by the main piezoelectric
materials of the first phase (matrix); Ω(2) is the set of the volumes occupied by the materials of
the second phase (pores or inclusions); Γ = ∂Ω is the external boundary of the volume Ω; Γs

is the set of frontier surfaces of materials with different phases (Γs = ∂Ω(1) ∩ ∂Ω(2)); ν is the
external unit normal vector to the boundary, outward with respect to the region Ω(1) occupied
by the material of the matrix; x = {x1, x2, x3} is the vector of the spacial coordinates. We as-
sume that the volumes Ω(1) and Ω(2) are filled with different piezoelectric materials. Then in the
framework of linear static theory of piezoelectricity we have the following system of differential
equations in vector-matrix symbols

L∗(∇) ·T = 0, ∇∗ ·D = 0 , (1)

T = c · S− e∗ ·E, D = e · S+ κ ·E , (2)

S = L(∇) · u , E = −∇φ , (3)

where

L∗(∇) =




∂1 0 0 0 ∂3 ∂2
0 ∂2 0 ∂3 0 ∂1
0 0 ∂3 ∂2 ∂1 0


 , ∇ =




∂1
∂2
∂3


 , (4)

T = {σ11, σ22, σ33, σ23, σ13, σ12} is the stress array; S = {ε11, ε22, ε33, 2ε23, 2ε13, 2ε12} is the
strain array; D and E are the electric flux density vector or the electric displacement vector and
the electric field vector; c = cE is the 6×6 matrix of elastic stiffness moduli; e is the 3×6 matrix
of piezoelectric moduli; κ = κS = ϵS is the 3× 3 matrix of dielectric permittivity moduli; (...)∗

is the transpose operation; and (...) · (...) is the scalar product operation.
For nanosized interphase boundaries we assume that on Γs the surface stress and surface

electric flux exist. For these quantities we accept the Gurtin–Murdoch model:

L∗(n) · [T] = L∗(∇s) ·Ts, n ·D = ∇s ·Ds, x ∈ Γs , (5)

where [T] = T(1)−T(2); [D] = D(1)−D(2); ∇s is the surface gradient operator, associated with
nabla-operator by the formula ∇s = ∇− n(∂/∂r), where r is the coordinate, measured by the
normal Γs; Ts = {σs

11, σ
s
22, σ

s
33, σ

s
23, σ

s
13, σ

s
12} is the array of surface stresses σs

ij ; D
s is the surface

electric flux density vector.
For surface stress Ts and surface electric flux Ds in general case we take the coupled consti-

tutive relations

Ts = cs · Ss − es∗ ·Es , (6)

Ds = es · Ss + κs ·Es , (7)

where
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Ss = L(∇s) · us, us = A · u, A = I− nn∗, Es = −∇sφ , (8)

I is the identity matrix; cs, es, κs are the surface tensors of elastic stiffness moduli, piezoelectric
moduli and dielectric permittivity moduli, respectively.

We suppose that the matrix of surface material moduli have the similar properties that the
matrix of volume material moduli, but relatively to surface strains Ss and surface electric field
vector Es, i.e. csαβ = csβα, κ

s
kl = κslk, and surface energy is positive definiteness (∀ εsij = εsji,

Es), ∃WΓ > 0:

Ss∗ · cs · Ss +Es∗ · κs ·Es ≥ WΓS
s∗ · Ss +Es∗ ·Es) .

Setting the appropriate boundary conditions at Γ = ∂Ω, we can find the solutions of the
problems (1)–(8) for heterogeneous medium in the representative volume Ω. Then the com-
parison of the solution characteristics averaged over Ω (such as stresses, electric flux densities,
etc.) with analogous values for homogeneous comparison medium will permit to determine the
effective moduli for the composite material. We note that for piezoelectric media in order to
determine the full set of the effective moduli it is necessary to solve several problems of the
considered types for different boundary conditions.

Here the main difficulties consist in the choice of the representative volume and boundary
problems for the heterogeneous medium and the comparison medium, as well as the technolo-
gies for solving the problems for heterogeneous media. According to the previously developed
methods of modeling the piezoelectric composite materials of ordinary sizes [12, 17], we consider
analogous approaches for the problems of piezoelectricity with surface effects.

For piezoelectric homogeneous comparison medium we adopt that the same equations (1)–(8)
are satisfied with constant effective moduli c eff , e eff and κ eff , which are to be determined.

For determination of the effective moduli let us assume that at the boundary Γ the following
boundary conditions take place

u = L∗(x) · S0, φ = −x ·E0, x ∈ Γ , (9)

where S0 = {ε011, ε022, ε033, 2ε023, 2ε013, 2ε012}; E0 = {E01, E02, E03}; ε0ij , E0j are some values
that do not depend on x. Then u = L∗(x) · S0, S = S0, φ = φ0, T = T0 = c eff · S0 − e eff∗ ·E0,
D0 = e eff · S0 + κ eff · E0 will give the solution for the problem (1)–(9) in the volume Ω for the
homogeneous comparison medium.

Let us solve now problem (1)–(9) for heterogeneous medium and assume that for this medium
and for the comparison medium the averaged stresses and electric flux densities are equal ⟨σij⟩ =
⟨σ0ij⟩, ⟨Dj⟩ = ⟨D0j⟩, where hereinafter the angle brackets ⟨(...)⟩ denote the averaged by the
volume Ω and by the surfaces Γs values

⟨(...)⟩ = 1

|Ω|

(∫

Ω
(...) dΩ+

∫

Γs

(...)s dΓ
)
. (10)

Therefore we obtain that for the effective moduli of the composite the equations T0 = c eff ·
S0 − e eff∗ · E0 = ⟨T⟩, D0 = e eff · S0 + κ eff · E0 = ⟨D⟩ are satisfied, where S0 and E0 are the
given values from the boundary conditions (9). Hence, even in the assumption of the anisotropy
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of the general form for the comparison medium, all the stiffness moduli ceffαζ , piezomoduli e eff
iζ

and dielectric permittivity moduli κ eff
ij can be computed.

Indeed, setting in (9) S0 = ε0hζ , ε0 = const, E0 = 0, where ζ is some fixed index mark
(hζ is the vector from six-dimensional basic set for the components for strain tensor basic set;
hj = ejej , j = 1, 2, 3; h4 = (e2e3 + e3e2)/2; h5 = (e1e3 + e3e1)/2; h6 = (e1e2 + e2e1)/2; ej are
the orts of the Cartesian coordinate system), from the solution of the boundary problem (1)–(9)
we get the computation formulas for the elastic moduli c effαζ and the piezomoduli e eff

iζ :

S0 = ε0hζ , E0 = 0 ⇒ ceffαζ = ⟨Tα⟩/ε0, eeffjζ = ⟨Dj⟩/ε0, α, ζ = 1, 2, ..., 6, j = 1, 2, 3 . (11)

If in (9) we set S0 = 0, E0 = E0ej , E0 = const, than from the boundary problem (1)–(9) the
piezomoduli e eff

jζ and the dielectric permittivity moduli κ eff
ij can be obtained:

S0 = 0, E0 = E0ej ⇒ eeffjα = −⟨Tα⟩/E0, κeffij = ⟨Di⟩/E0, α = 1, 2, ..., 6, i, j = 1, 2, 3 . (12)

Note that the boundary value problems (1)–(9) differ from the usual problems of linear piezo-
electricity by the presence of the interface boundary conditions (5)–(8) and average quantities
(10) which are typical for the Gurtin–Murdoch model of surface stresses and the model of surface
piezoelectricity for nanosized bodies.

3 WEAK STATEMENTS

For the numerical solution of the problems (1)–(9) we derive their weak or generalized state-
ments. Previously we introduce the space of the functions θ and the vector functions u, defined
on Ω.

On the set of vector functions u ∈ C1 which satisfy the first homogeneous boundary condition
(9), i.e. u = 0 on Γ, we introduce the scalar product

(v,u)H1
u
=

∫

Ω
S(v)∗ · S(u) dΩ+

∫

Γs

Ss(v)∗ · Ss(u) dΓ .

The closure of this set of vector functions u in the norm generated by the indicated scalar
product will be denoted by H1

u.
For functions φ ∈ C1 which satisfy second homogeneous boundary condition (9), i.e. φ = 0

on Γ, we introduce the scalar product

(η, φ)H1
φ
=

∫

Ω
E∗(η) ·E(φ) dΩ+

∫

Γs

Es∗(η) ·Es(φ) dΓ .

The closure of this set of functions φ in the norm generated by the indicated scalar product will
be denoted by H1

φ.
In order to formulate the generalized or weak solution we scalar multiply the first equations (1)

by arbitrary vector function v ∈ H1
u, and we multiply the second equation (1) by some function

η ∈ H1
θ . By integrating the obtained equations on Ω, and by using the standard technique of

the integration by parts with Eqs. (1)–(8), we obtain the following integral relations

c(v,u)− e(φ,v) = 0 , (13)

e(η,u) + κ(η, φ) = 0 , (14)
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where

c(v,u) = cΩ(v,u) + cΓs(v,u), e(φ,v) = eΩ(φ,v) + eΓs(φ,v) , (15)

cΩ(v,u) =

∫

Ω
S∗(v) · c · S(u) dΩ, cΓs(v,u) =

∫

Γs

Ss∗(v) · cs · Ss(u) dΓ , (16)

eΩ(φ,v) = −
∫

Ω
E(φ) · e · S(v) dΩ, eΓs(φ,v) = −

∫

Γs

Es(φ) · es · Ss(v) dΓ , (17)

κ(η, φ) = κΩ(η, φ) + κΓs(η, φ) , (18)

κΩ(η, φ) =

∫

Ω
E∗(η) · κ ·E(φ) dΩ, κΓs(η, φ) =

∫

Γs

ksijE
s∗(η) · κ ·Es(φ) dΓ . (19)

Further, we present the solution {u, φ} of the problem (1)–(9) in the form

u = ud + ub, φ = φd + φb , (20)

where ud, φd satisfy homogeneous boundary mechanical and electric conditions and ad hoc fitted
functions ub, φb satisfy the inhomogeneous boundary conditions on Γ, i.e.

ud = 0, φd = 0, ub = L∗(x) · S0, φb = −x ·E0, x ∈ Γ , (21)

and therefore, ud ∈ H1
u.

By using (20) we can rewrite equations (13), (14) in the form

c(v,ud)− e(φd,v) = Lu(v) , (22)

e(η,ud) + κ(η, φd) = Lφ(η) , (23)

where

Lu(v) = −c(v,ub) + e(φb,v), Lφ(η) = −e(η,ub)− κ(η, φb) . (24)

Now we can define the generalized or weak solution of the static problem (1)–(9) of piezo-
electricity with interphase boundaries using introduced functional space. Namely, the functions
{u, φ} in the form (20), (21) are the weak solution of the problem (1)–(9), if equations (22),
(23) with (15)–(19), (24) are satisfied for ∀ v ∈ H1

u, η ∈ H1
θ .

So far we have been discussing the two-phase piezoelectric composites. However, we can
note that the presented models also describe homogenization procedures for porous piezoelectric
composites with surface internal effects, if we put the stiffness and piezoelectric moduli negligible,
and set the dielectric permittivity moduli equal to the dielectric permittivity of air.

4 FINITE ELEMENT SOLUTION

For solving problems (22), (23) for piezoelectri body with surface effects in weak forms we will
use classical finite element approximation techniques. Let Ωh be a region of the corresponding

finite element mesh composed of volume elements, Ωh ≈ Ω, Ωh = Ω
(1)
h ∪ Ω

(2)
h , Ω

(j)
h ≈ Ω(j),

Ωh = ∪kΩek, where Ωek is a separate volume finite element with number k. Let also Γs
h be a finite

element mesh of surface elements conformable with the volume mesh Ωh, Γ
s
h = ∂Ω

(1)
h ∩ ∂Ω

(2)
h ,

Γs
h ≈ Γs, Γs

h = ∪mΓs
em, Γs

em is a separate surface finite element with number m, and the elements
Γs
em are the faces of the suitable volume elements Ωek located on the interface boundaries.
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We will use the classic Lagrangian or serendipity volume finite elements with nodal degrees
of freedom of displacements and electric potential. Note that due to the structure of surface
mechanical and electric fields (6)–(8), for the elements Γs

em we can use special piezoelectric shell
or plate elements only with nodal degrees of freedom of displacements and electric potential.
For these elements we can take a fictitious unit thickness so that the surface moduli from (6),
(7) can be determined by the product of specially defined volume moduli and shell thickness.

On these finite element meshes we will find the approximation to the weak solutions {uh ≈ u,
φh ≈ φ} for static piezoelectric problem in the form

uh(x) = N∗
u(x) ·U, φh(x) = N∗

φ(x) ·Φ , (25)

where N∗
u is the matrix of the shape functions for displacements, N∗

φ is the row vector of
the shape functions for electric potential, U, Φ are the global vectors of nodal displacements
and electric potential, respectively. Here, the surface shape functions are the reduction on the
boundaries Γs

h of the volume shape functions.
According to conventional finite element technique, we approximate the continuous weak

formulations of the piezoelectric problems by the corresponding problems in finite-dimensional
spaces. Substituting (25) and similar representations for projection functions into integral rela-
tions (22), (23) for Ωh, we obtain the following finite element system

Kuu ·U+Kuφ ·Φ = 0 , (26)

−K∗
uφ ·U+Kφφ ·Φ = 0 , (27)

where

Kuu = KuuΩ +KuuΓ, Kuφ = KuφΩ +KuφΓ, Kφφ = KφφΩ +KφφΓ , (28)

KuuΩ =

∫

Ωh

B∗
u · c ·Bu dΩ, KuuΓ =

∫

Γs
h

Bs∗
u · cs ·Bs

u dΓ , (29)

KuφΩ =

∫

Ωh

B∗
u · e∗ ·Bφ dΩ, KuφΓ =

∫

Γs
h

Bs∗
u · es∗ ·Bs

φ dΓ , (30)

KφφΩ =

∫

Ωh

B∗
φ · κ ·Bφ dΩ, KφφΓ =

∫

Γs
h

Bs∗
φ · κs ·Bs

φ dΓ, , (31)

B(s)
u = L(s)∗(∇) ·A ·N∗

u, B(s)
φ = ∇(s)N∗

φ . (32)

We note that in (28)–(32) the stiffness matrix KuuΩ is formed in the same way as for purely
elastic body, and the matrices KuφΩ, KφφΩ are identical to the corresponding matrices for
piezoelectric bodies. The matrices KΓuu, KΓuφ and KΓφφ are defined by the surface mechanical,
piezoelectric and dielectric effects. The matrix KuuΓ is analogous to the stiffness matrix for
surface elastic membranes and the matrix KφφΓ is the matrix of dielectric permittivities for
surface dielectric films. Hence, for implementing the finite element piezoelectric analysis for the
bodies with surface effects it is necessary to have surface piezoelectric elements with structural
membrane option along with ordinary solid piezoelectric finite elements.

Also, we can represent the finite element solutions in the another variants considering the main
boundary conditions: uh = udh + ubh, φh = φdh + φbh, udh ≈ ud, udh = N∗

ud · Ud, ubh ≈ ub,
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ubh = N∗
ub · Ub, φdh ≈ φd, φdh = N∗

φd · Φd, φbh ≈ φb, φbh = N∗
φb · Φb, Nu = {Nud,Nub},

Nφ = {Nφd,Nφb},

Kuu =

[
Kdd

uu Kdb
uu

Kbd
uu Kbb

uu

]
, Kuφ =

[
Kdd

uφ Kdb
uφ

Kbd
uφ Kbb

uφ

]
, Kφφ =

[
Kdd

φφ Kdb
φφ

Kbd
φφ Kbb

φφ

]
,

U =

{
Ud

Ub

}
, Φ =

{
Φd

Φb

}
,

where Ub, Φb are the vectors, known from the main boundary conditions.
So, after using these expressions we can transform equations (26), (27) for the piezoelectric

problem with interface bondaries in the form

Kdd
uu ·Ud +Kdd

uφ ·Φd = Fd
u , (33)

−Kdd∗
uφ ·Ud +Kdd

φφ ·Φd = Fd
φ , (34)

where

Fd
u = −Kdb

uu ·Ub −Kdb
uφ ·Φb ,

Fd
φ = Kdb∗

uφ ·Ub −Kdb
φφ ·Φb .

Thus, the homogenizing problems for piezoelectric composite with interface boundaries can
be solved by finite element approaches. The resulting finite element systems (33), (34) differ from
similar systems for the bodies of usual sizes by the matrices KuuΓ, KuφΓ, KφφΓ in (28)–(31).
These matrices arise due to the surface mechanical, piezoelectric and dielectric effects.

5 DISCUSSION AND CONCLUSION

For automated coating of internal boundaries of pores or inclusions in the cubic representative
volume the following algorithm for finite element package ANSYS was used similarly [15, 16].
At the beginning, as a result of the formation of the structure of pores or inclusions, the finite
element mesh from octanodal cubic elements was created, some of which had the material
properties of primary piezoelectric material, and the other part of the elements had the material
properties of the pores or inclusions. Further, only the finite elements with primary piezoelectric
material properties were selected. The resulting elements on the outer boundaries were covered
by four nodal target contact elements. Then, the contact elements, which were located on the
external surfaces of the full representative volume, were removed, and the remaining contact
elements were replaced by the octanodal quasi-shell elements with one edge on the interface
bondaries. As a result, all the facets of the contact of piezoelectric structural elements with
pores or inclusions were coated by quasi-shell elements imitating piezoelectric membrane finite
elements. For imitation of membrane finite elements we coupled degrees of freedom located on
the interface edges with corresponding degrees of freedom located on the contrary edges.

The next step consisted in solving the static problems for obtained representative volume
with the main boundary conditions which were conventional for effective moduli method.

In the case of porous piezoceramics of 6mm class, in order to find its ten independent effective
constants (cE eff

11 , cE eff
12 , cE eff

13 , cE eff
33 , cE eff

44 , e eff
31 , e

eff
33 , e

eff
15 , ϵ

S eff
11 , ϵS eff

33 ), following (11), (12) it is
enough to solve five static problems (1)–(9) with various values of S0 and E0, having set one of
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the component S0β , E0k (β = 1, 2, ..., 6; k = 1, 2, 3) in the boundary conditions (9) not equal to
zero:

I) Sβ = ε0δ1β , E0 = 0 ⇒ cE eff
1j = ⟨σjj⟩/ε0, j = 1, 2, 3, e eff

31 = ⟨D3⟩/ε0 ,
II) Sβ = ε0δ3β , E0 = 0 ⇒ cE eff

j3 = ⟨σjj⟩/ε0, j = 1, 2, 3, e eff
33 = ⟨D3⟩/ε0 ,

III) Sβ = ε0δ4β ,E0 = 0 ⇒ cE eff
44 = ⟨σ23⟩/ε0, e eff

15 = ⟨D2⟩/ε0 ,
IV) S0 = 0, Ek = E0δ1k ⇒ e eff

15 = −⟨σ13⟩/E0, ϵS eff
11 = ⟨D1⟩/E0 ,

V) S0 = 0, Ek = E0δ3k ⇒ e eff
3j = −⟨σjj⟩/E0, j = 1, 2, 3, ϵS eff

33 = ⟨D3⟩/E0 .

Further, in the ANSYS postprocessor the averaged stresses and electric fluxes were calculated,
both on the volume finite elements and on the surface finite elements. Finally, the effective
moduli of two-phase composite with surface effects were calculated from the corresponding
formulas of the effective moduli method by using the estimated average characteristics.

In the results of computational experiments, the following features were observed [15, 16]. If
we compare two similar bodies, one of which has usual dimensions and the other is a nanoscale
body, then for the nanosized body due to the surface stresses the effective stiffness will be
greater than for the body with usual sizes. Furthermore, for the porous body of the usual size
the effective elastic stiffness decreases with increasing porosity. Meanwhile, the effective stiffness
of nanocomposite porous body with the same porosity may either decrease or increase depending
on the values of surface moduli, dimensions and number of pores. This effect is explained by
the fact that the sizes of the surface pore with surface stresses depend not only on the overall
porosity, but also on the configuration, size and number of pores. We can observe similarly but
more differ effects for the effective piezomoduli and dielectric permittivity coefficients.

The described methodology could be also applied for mixed anisotropic nanostructured com-
posites with other type of connectivity for different physic-mechanical fields, such as thermoe-
lastic, poroelastic, magnetoelectric (magnetoelectroelastic) and other nanocomposites ([4, 6, 7,
8, 13, 14, 22, 23], etc.)
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e-mail: ayech.benjeddou@utc.fr

+SUPMECA, 3 Rue Fernand Hainaut, 93407 Saint Ouen CEDEX, France
e-mail: benjeddou@supmeca.fr

Key words: RL Shunts, Piezoelectric damping, Structural dynamics, Resonant calibration

Abstract. A calibration procedure for suppression of plate vibrations by means of piezoelectric
RL shunt damping is developed, in which the spill-over from non-resonant vibration modes is
included by a quasi-dynamic modal correction, taking both flexibility and inertia effects from the
residual modes into account. The procedure includes the 2D behaviour of a shunted piezoelectric
patch, represented in a finite element model with Kirchhoff plate kinematics. The calibration
based on the plate model is compared to previous results for beams, illustrating the 2D effect
of the patch and the influence from transverse contraction by the Poisson’s ratio. Finally, the
ability to reproduce the desired level of attainable damping for a plate structure is demonstrated.

1 INTRODUCTION

The paper concerns suppression of plate vibrations by means of resonant piezoelectric shunt
damping. Piezoelectric patches with orthotropic material properties attached locally on a plate
are beneficial due to their fairly large force-to-deflection ratio, [1]. Hereby, mechanical energy
is effectively converted into electrical energy, which can be dissipated in supplemental resonant
shunts.

Piezoelectric vibration damping by a resonant inductive-resistive (RL) shunt was originally
suggested by Forward [2] and subsequently developed by Hagood and von Flotow [3], who
proposed two calibration procedures based on minimization of response amplitudes and max-
imization of the damping characteristics, respectively. A corresponding calibration procedure
for the parallel RL shunt was subsequently proposed by Wu [4], arguing that the series shunt
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would be inappropriate for a large resistance. The series and parallel configurations have been
compared by Park and Inman [5], revealing a larger attainable energy dissipation using the
parallel configuration, while a summary of the calibration procedures is provided by Caruso
[6]. Several alternative procedures for calibration of RL shunts have since been proposed, for
instance based on the H∞-norm of the response amplitude [7]. Recently a calibration procedure
based on simultaneous conditions on the dynamic amplification of the structural motion and the
relative voltage amplitude of the shunt circuit has been proposed by Høgsberg and Krenk [8],
using principles originally developed for the tuned mass damper by Krenk [9]. The procedure
has since been extended to include the effect from the non-resonant modes of the structure,
initially by a quasi-static correction [10] and subsequently by a quasi-dynamic flexibility and
inertia correction [11, 12]. The performance of piezoelectric shunt damping relies on a precise
calibration of the shunt frequency, in particular for transducers or patches located indirectly
with respect to the deformation pattern of the targeted mode. Thus, the ability to account for
the energy spill-over from the non-resonant modes is an important aspect in the calibration of
shunt damping of flexible plate structures, with multiple and closely spaced modes.

In the present paper, the calibration procedure described in [12] and illustrated for simple
one-dimensional piezoelectric strips on beams is applied to optimal calibration of RL-shunted
piezoelectric patches for vibration suppression of plates. Only the parallel RL shunt is con-
sidered, while the results may be readily transferred to the corresponding series version. The
plate displacements are approximated by a developed finite element model with Kirchhoff plate
kinematics, while the piezoelectric patch displacements are considered mainly in-plane with a
coupling to the rotations of the plate element. A thorough review of piezoelectric finite elements
is provided By Benjeddou [13]. The ability to reproduce the desired level of attainable damping
by an optimally calibrated piezoelectric shunt system is demonstrated for beam-like and plate
structures. For the beam example, the results obtained with the present plate model are com-
pared to previous results for beams, investigating the contributions from non-resonant modes
and the influence of in-plane contraction from the Poisson’s ratio effect.

2 MECHANICAL SYSTEM

The dynamics of the considered plate structure is represented by a finite element model based
on a Kirchhoff plate element, while a bonded piezoelectric patch acts as external forces at the
nodes of attachment. The equation of motion of adaptive the structure can be written as

Mü(t) +K0u(t) +Wf(t) = fe(t) (1)

with host structure mass and stiffness matrices M, K0, patch connectivity matrix W and force
vector f(t) and external load vector fe(t). The degrees of freedom of the structural plate model
are contained in the vector u(t), while structural damping is omitted in the present analysis.

2.1 Structural plate

The plate model is based on Kirchhoff the plate pure bending theory and is discretised by
four-node rectangular finite elements. Thus, coupling with an assumed rectangular piezoelectric
patch is straightforward. Element-wise Hermitian cubic interpolation is obtained by choosing
suitable shape functions for three nodal degrees of freedom (dofs), represented by the lateral
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displacement w, and the rotations φx and φy about the x- and y-axis, contained in the vector

u =
�
w1 φx1 φy1 w2 φx2 φy2 · · · wn φxn φyn

�T
(2)

where n is the total node number. The chosen interpolation order must secure C1 continuity
between the elements, associated with second derivatives in the strain definitions. Based on the
strains definitions and a weak form representation of the governing equations of motion, the
mass matrix M and stiffness matrix K0 are obtained for the discretized plate structure.

2.2 Piezoelectric patch

The piezoelectric patch is considered as thin, whereby a simple plane stress assumption is
valid, in which transverse stresses are omitted. Further, the electric field is homogeneous through
the patch thickness, as the electrodes are evenly distributed on the upper and lower in-plane
surfaces. Hereby, the electromechanical coupling between mechanical stresses and strains in an
in-plane isotropic patch is governed by the piezoelectric constant e∗, contained in the vector

e3 = e∗b, b =
�
1 1 0

�T
(3)

The coupled constitutive equations for a 2D plane stress piezoelectric patch can be written as

�
σp

D3

�
=

�
Dp −e3

eT3 ε∗33

��
εp

E3

�
, Dp =

E

1− ν2



1 ν 0
ν 1 0
0 0 (1− ν)/2


 (4)

Here D3 is the electric displacement, ε∗33 is the (blocked) dielectric constant in plane stress, σp

and εp contain the three plane stresses and strains, ν is Poisson’s ratio and E is the elastic
modulus. The in-plane patch deformations neglect contributions from bending, whereby they
can be discretized by four-node rectangular element with two nodal dofs, represented by the
in-plane displacements u and v. Thus, the displacement vector for the patch can be arranged as

up =
�
u1 v1 u2 v2 u3 v3 u4 v4

�
(5)

The strains in the patch are now obtained by the first derivatives of the linearly interpolated
in-plane displacements. By suitable shape functions Ni in the strain interpolation matrix Bp,
the strains can be determined from the nodal displacements as

εp =



ε11
ε22
2ε12


 = Bpup, Bp =




∂u/∂x
∂v/∂y

∂u/∂y + ∂v/∂x



�
N1 0 · · · N4 0
0 N1 · · · 0 N4

�
(6)

The finite element (FE) formulation is now obtained by the so-called weak form of the system
of equations in (4), obtained by pre-multiplication with a test function [δuT

p δV ], followed by
integration across the patch area Ap. This weak form equation can be written as

�

Ap

�
δuT

p δV
� �BT

p DpBp BT
p e3/tp

−eT3 Bp/tp ε∗33/t
2
p

� �
up

V

�
dAp =

�

Ap

�
δuT

p δV
� � BT

p σp

−D3/tp

�
dAp (7)
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Figure 1: Connectivity between plate element and piezoelectric disk element

in which the electric field E3 has been replaced by the voltage V = −E3tp across the electrodes.
When evaluating the integral, the two coupled constitutive equations for the piezoelectric patch
are obtained as

f =

�

Ap

BT
p σAp = kpup +TT

p bkV , q = −D3Ap/tp = −θbTTpup + CV (8)

where q is the charge. In these governing equations the piezoelectric element stiffness matrix
kp, the integrated strain interpolation matrix Tp, the electromechanical coupling coefficient θ
and the capacitance C for blocked patch boundaries (up = 0) have been introduced as

kp =

�

Ap

BT
pDpBpdAp, Tp =

�

Ap

BpdAp, θ = e∗/tp, C = Apε
∗
33/t

2
p (9)

In (8a) the force vector f depends on both the patch stiffness kp and the electromechanical
coupling. The latter is in the following dynamic analysis represented by the piezoelectric force

fp = θV (10)

which is proportional to the voltage V across the electrodes.

2.3 Coupled piezo-structure system

The piezoelectric patch is now coupled with the structural plate model, as illustrated in
Fig. 1, where c contains the particular nodes of the structural plate model that are connected
to the piezoelectric patch. The distance from the midplane of the plate to the midplane of the
patch is defined by h (positive upwards), whereby the rotations φx and φy of the plate generate
in-plane displacements v and u in the patch, as given by the kinematic relation

ui = hφy,c(i), vi = −hφx,c(i), i = 1, 2, 3, 4 (11)

where the minus follows from the kinematics associated with a Kirchhoff plate. The relation
between the in-plane patch displacements and the rotations of the plate in u are defined as

up = WTu, WT =




0 · · · 0 0 0 h · · · 0 · · · 0
0 · · · 0 0 −h 0 · · · 0 · · · 0
...

. . .
...

. . .
...

. . . 0
0 · · · 0 · · · 0 0 h 0 · · · 0
0 · · · 0 · · · 0 −h 0 0 · · · 0


 (12)

� �� �
Node c(1)

� �� �
Node c(4)
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where the 12 non-zero columns in the connectivity matrix W uniquely establish the coupling in
(11) with the structural plate model at the location of the patch. When substituting the force
vector in (8a), the equation of motion (1) for the coupled piezo-plate system can be written as

Mü(t) + (K0 +WkpW
T )︸ ︷︷ ︸

K

u(t) +WTT
p b︸ ︷︷ ︸

w

fp(t) = fe(t) (13)

where the piezoelectric patch introduces a stiffness contribution kp to the mechanical system,
while the voltage dependent force fp is determined by the shunt circuit impedance.

2.4 Shunt damping

The electromechanical properties of the piezoelectric patch depend on the apparent voltage
V in the transverse 3-direction, governed by the shunt impedance Z(ω) via the relation

V = −iωZ(ω)Q. (14)

in the frequency domain, assuming a temporal dependence represented by the complex expo-
nential factor exp(iωt) with assumed angular frequency ω. The charge in (8b) is now eliminated
through this impedance relation, and the derived expression for the voltage is subsequently
substituted into (10) to obtain the following flexibility relation,

up = wTu =

(
C

θ2
+

1

iωθ2Z(ω)

)
fp, (15)

For the parallel RL-shunt circuit, the inverse of the impedance function is

1

Z(ω)
=

1

R
+

1

iωL
(16)

and substitution of Z(ω) into (15) gives

up =

(
C

θ2
+

1

iωRθ2
−

1

ω2Lθ2

)
fp (17)

which represents a mechanical model of a spring (θ2/C), damper (Rθ2) and inerter (Lθ2) placed
in series. The coupled system equations are represented by (13) and (17) with w = WTT

p b.

3 MODAL CALIBRATION PROCEDURE

The components of the RL shunt are calibrated with respect to a targeted vibration mode
of the structure. With shorted transducer electrodes (V = 0), the homogeneous form of the
equations of motion (13) reduces to this eigenvalue problem

(K− ω2
jM)uj = 0 (18)

Based on the normalized mode shape uj/(w
Tuj), the j’th equation of motion (13) becomes

(−ω2mj + kj)uj + fp = fj (19)
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where mj, kj and fj are modal mass, stiffness and load, respectively. The resulting patch
displacement up is now represented by the contribution ur from the resonant mode (j = r) and
an additional contribution from the non-resonant vibration modes (j �= r). As shown in [11] the
following approximate representation captures the contribution of higher and lower frequency
modes around the resonant frequency,

up = ur −

(
1

k′r
−

1

k′′r

ω2
r

ω2

)
fp (20)

where the contribution from the non-resonant resonant modes is represented by supplemental
flexibility and inertia via the two modal coefficients [12]

1

k′r
= wTK−1

r KK−1
r w−

1

kr
,

1

k′′r
= wTK−1

r KK−1
r w−wTK−1

r w (21)

using a frequency shifted form of the stiffness matrix

Kr = K− ω2
rMr , Mr = M−

(Mur)(Mur)
T

uT
r Mur

(22)

in which case the inertia of the resonant modes is removed in the corresponding mass matrix
Mr. The resulting patch displacement determined by (17) can now be substituted into (20),

ur =

(
C

θ2
−

1

ω2Lθ2
+

1

iωRθ2
+

1

k′r
−

1

k′′r

ω2
r

ω2

)
fp (23)

It is seen that the flexibility and inertia correction terms can be combined with the capacitance
and inductance, respectively. The flexibility relation in (23) is then reduced to

ur =
Cr

θ2

(
1−

1

ω2LrCr
+

1

iωRCr

)
fp (24)

introducing a modal capacitance Cr and a modal inductance Lr as

Cr = (1 + κ′r)C , LrCr = L

(
Cr +

1

κ′′rωrL

)
(25)

where the non-dimensional correction coefficients are defined as

κ′r =
θ2

k′rC
, κ′′r =

θ2

k′′rCr
(26)

The balanced calibration with equal modal damping used in [12] is now used for the optimal
tuning of the shunt inductance L and resistance R, which are obtained by the expressions

LCω2
r =

1

(1 + κ′r)(1 − κ′′r)
, RCωr =

1

1 + κ′r

√
1

2κr
(27)

It is seen that the inductance depends both on the flexibility and inertia corrections, while the
magnitude of the shunt resistance is only influenced by the flexibility coefficient κ′r.
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4 NUMERICAL EXAMPLES

In the following both a beam and a plate structure with piezoelectric patches are analyzed,
demonstrating the influence from non-resonant modes in the calibration of RL-shunts.

4.1 Cantilever beam

bL

b t3b

Piezoelectric patch

Figure 2: Geometry and discretization of cantilever beam by use of plate elements.

The first example concerns a cantilever beam with a piezoelectric patch shown in Fig. 2,
which also indicates the discretisation and dimensions, where the width is given b = L/10 and
the thickness is determined by t = b/100, hence the use of Kirchhoff plate bending theory
appears valid. Initially a Poisson’s ratio of ν = 0 is considered for both plate and patch, chosen
in order to compare with the results for a beam model. Both the thickness and elastic modulus
of the patch are assumed to be tp = t/4 and Ep = E/4, respectively. The natural frequencies
for the beam without the patch (ω0) and with shorted electrodes (ωr) are in Table 1 normalized
by the analytical value ωa = (1.875)2

√
EI/(ρAL4) for a cantilever. The table also provides the

calibrated shunt components, the correction parameters and the attained damping ratios for the
beam modeled by plate elements (ζr) and for a pure beam model [12]. The final column in the
table presents the damping ratio ζrb for the plate model when using the calibrated parameters
from the beam model. The first six mode shapes for the plate model are shown in Fig. 3.
However, only results for the five bending modes are presented in Table 1, as the torsional mode
(d) in Fig. 3 can not be attenuate by the present patch model.

Table 1: Optimal calibration of the electronic components, for respectively the beam and plate model

Mode ω0/ωa ωr/ωa LCω2

r 1/(RCωr) κ′

r κ′′

r ζr ζrb

1 1.0000 1.0088 0.8771 0.1825 0.1405 0.0003 0.0400 0.0400 − −

2 6.2671 6.3109 0.8561 0.1877 0.1733 0.0045 0.0400 0.0400 − −

3 17.5519 17.7617 0.9314 0.1724 0.0772 0.0033 0.0400 0.0400 − −

4 34.4188 34.4208 − − − − − − − −

5 56.9859 57.5794 0.9225 0.1777 0.1104 0.0237 0.0401 0.0399 − −

1 1.0000 1.0088 0.8031 0.1993 0.2457 0.0004 0.0400 0.0400 0.0237 0.0534
2 6.2661 6.3099 0.7754 0.2073 0.2958 0.0048 0.0400 0.0400 0.0216 0.0550
3 17.5313 17.7410 0.8919 0.1800 0.1252 0.0036 0.0400 0.0400 0.0291 0.0489
4 34.2787 34.2814 − − − − − − − −

5 56.4311 57.0179 0.8880 0.1848 0.1552 0.0251 0.0402 0.0400 0.0313 0.0464
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(a) (b)

(c) (d)

(e) (f)

Figure 3: Vibration modes 1-6 ((a)-(f)) for the cantilever beam discretized by plate elements

Good agreement is observed when comparing the natural frequencies for the beam and plate
models in Table 1. For each mode the shunt transducer parameters are determined by the bal-
anced calibration formulae in (27) based on a desired damping ratio ζdesr , which can be predicted
by the design expression κr = 8(ζdesr )2 = 0.0128, as explained in [12]. The normalized shunt
parameters exhibit significant deviations, when comparing the beam and plate models, mainly
due to the influence from the non-resonant modes. It is especially observed for the flexibility
coefficient κ′r, which in Table 1 is larger for the plate model because of a more substantial con-
tribution from non-resonant modes. The fourth bending mode can not be attenuated, as the
patch is located at a nodal point of the vibration form shown in Fig 3(e).
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Figure 4: (a,c) Dynamic amplification, and (b,d) Voltage amplitude, calibrated for mode r = 1, 5
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The dynamic amplification of the tip displacement and the frequency amplitude of the corre-
sponding transducer force fp is shown on Fig. 4 for bending modes 1 and 5. The (blue) solid curve
represents the optimal calibration from the beam and plate models, the (blue) dashed curve rep-
resents the beam model calibration used in the plate model, and the (magenta) dashed-dotted
curve represents the calibration where the residual mode correction is neglected (κ′r = 0 and
κ′′r = 0). It is seen that the optimally calibrated models recover the desired level of vibration
mitigation (horizontal dashed line), while when using the beam model calibration in the plate
model a substantial off-tuning is observed, due to the apparent misrepresentation of the spill-over
from the non-resonant modes. Furthermore, the calibration without residual mode correction
also yields a large increase in vibration amplitude.

The effect of in-plane contraction, which in particular will cause significant contraction of
the beam width, is now investigated for a Poisson’s ratio of ν = 0.3. The natural frequencies
and calibration parameters are presented in Table 2. It is seen that the inclusion of this effect
has a significant impact on the calibration results, while the changes in natural frequency are
only moderate. The mistuning obtained by neglecting the Poisson’s ratio effect is illustrated by
the damping ratio ζr,ν=0 obtained when using the calibration determined for ν = 0. It shows
a considerable reduction in the attainable damping, and a sufficiently accurate model should
therefore be used for calibration of piezoelectric shunts, see [14].

Table 2: Optimal shunt calibration for plate model of cantilever beam, with ν = 0.3

Mode ω0/ωa ωr/ωa LCω2

r 1/(RCωr) κ′

r κ′′

r ζr ζr,ν=0

1 1.0078 1.0169 0.6725 0.2380 0.4875 0.0004 0.0400 0.0400 0.0233 0.0584
2 6.3373 6.3806 0.6194 0.2597 0.6229 0.0052 0.0400 0.0400 0.0243 0.0577
3 17.8812 18.0972 0.8250 0.1947 0.2166 0.0037 0.0400 0.0400 0.0272 0.0537
4 35.4038 35.4101 − − − − − − − −

5 59.5008 59.7209 0.8344 0.1971 0.2319 0.0272 0.0400 0.0403 0.0187 0.0633

4.2 Plate structure

10a

5a

a

a x

y

Figure 5: Geometry of simple plate structure with patch centred about the x-axis and right patch edge
following the y-axis.

A piezoelectric patch is now coupled to a simple plate structure, see Fig. 5, with the patch
placed with a small offset from the center, so that the right patch edge follows the central y-axis.
This placement is chosen in order to avoid nodal points for the targeted vibration modes at the
center of the plate. The plate thickness is t = a/100 and the patch thickness and elastic modulus
are defined as in the previous example, while Poisson’s ratio for both patch and plate are ν = 0.3,
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Table 3: Optimal shunt calibration for plate structure.

Mode ω0/ωa ωr/ωa LCω2

r 1/(RCωr) ζr ζqr ζ0r

1 0.9919 0.9968 0.9662 0.0829 0.0200 0.0200 0.0197 0.0202 0.0125 0.0268
2 1.5681 1.5688 0.6332 0.1360 0.0200 0.0200 0.0123 0.0255 0.0010 0.0314
3 2.5313 2.5399 0.9581 0.0839 0.0200 0.0200 0.0192 0.0206 0.0112 0.0278
4 3.3747 3.3748 − − − − − − − −

5∗ 3.8869 3.8913 − − − − − − − −

6∗ 3.8862 3.8924 0.8970 0.0920 0.0200 0.0200 0.0167 0.0224 0.0056 0.0316

(a) (b)

(c) (d)

(e) (f)

Figure 6: Vibration mode 1-6((a)-(f)) for the rectangular plate with piezoelectric patch

whereas the mass of the patch is neglected. The natural frequencies are again normalized by
the analytical solution ωa =

√
D/(ρt)

(
π2/(5a)2 + π2/(10a)2

)
for the first plate vibration mode

with bending stiffness D = Et3

12(1−ν2) . The piezoelectric shunt is calibrated according to a desired

damping ratio ζdes = 0.02, which gives the modal coupling coefficient κr = 8(ζdesr )2 = 0.0032.
The plate has been discretized by 10 × 5 Kirchhoff plate elements and the piezoelectric patch
is represented by a single element. The first six natural frequencies and corresponding mode
shapes are investigated, and the optimal calibration for each mode is presented in Table 3. The
mode shapes are shown in Fig. 6, where the black element indicates the patch position. Table 3
also presents the damping ratios ζqr and ζ0r , achieved by a quasi-static correction (κ′′r = 0) and
without correction (κ′r = 0 and κ′′r = 0), respectively. It is found that when not including the full
residual mode correction, with both flexibility and inertia contributions, substantial mistuning
might occur. Thus, it is important to consider the spill-over effect from residual modes in the
calibration procedure of RL shunts. For mode 4, the patch is located at a nodal point and can
therefore not be attenuated. Vibration modes r = 5 and 6 have practically identical frequencies,
and when attaching the piezoelectric patch they even interchange order. However, it is seen that
mode 5 can not be attenuated because the patch is exposed to torsion deformations, thus is in
pure shear.
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Figure 7: Dynamic amplification (a,c) and force amplitude (b,d) for modes r = 1 and 6.

Figure 7 shows the dynamic amplification of the plate structure at the specific position of
maximum amplitude and the shunt force fp for modes r = 1 and 6. The solid curve shows the
response for the present calibration procedure, the dashed curve shows the case with only quasi-
static correction (κ′′r = 0), while the dotted-dashed curve shows the structural amplitude in the
case without residual mode correction. The black dashed line indicates the desired amplitude
level, which is attained by the fully corrected calibration, while substantial amplification is
observed when the residual mode correction is not included.

5 CONCLUSIONS

The balanced calibration procedure based on equal modal damping and with compensation
for spill-over from residual modes has been successfully implemented for plate structures with an
RL shunted piezoelectric patch. The importance of a precise structural model has been shown by
comparing results for a cantilever beam, modeled by beam and plate elements, respectively. For
the plate model of the cantilever, the 2D behavior of the piezo-plate model captures additional
dynamic effects that improve the accuracy of the calibration procedure. Furthermore, the inclu-
sion of in-plane contraction from a non-vanishing Poisson’s ratio is important in order to obtain
a precise RL shunt calibration. Finally, a finite element scheme and calibration procedure has
been investigated for piezoelectric shunt damping of plate structures, based on a desired level of
damping in the targeted vibration mode. It has been demonstrated that a consistent correction
with respect to the flexibility and inertia contributions from non-resonant modes is important.
In future work, the contribution from the bending stiffness of the piezoelectric patch will be
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included, improving the model accuracy. Furthermore, a refined mesh of the plate and patch is
introduced to achieve full convergence of the natural frequencies, the residual mode corrections
coefficients and the calibrated shunt components.
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Abstract. This paper addresses the issue of vibration and noise reduction in laminated sand-
wich plates using both passive and active elements. A finite element implementation of a lam-
inated sandwich plate element with viscoelastic core and surface bonded piezoelectric patches
is used to obtain the frequency response of the panels. The sound transmission characteristics
of the panels are evaluated by computing their radiated sound power and radiation efficiency,
using the Rayleigh integral method. Results are presented for illustration of the performance of
the active sandwich panels in terms of their noise reduction efficiency.

1 INTRODUCTION

Noise and vibration reduction is a fundamental issue for the competitiveness in the trans-
portation industry and the designed solutions should be as much integrated as possible in order
to reduce manufacturing costs. These structures should be optimized for cost, weight, vibration
and noise attenuation, subject to technological, failure and stress constraints. The generalized
introduction of lightweight composites in the automotive and aerospace industries, while lead-
ing to significant weight reductions and associated fuel savings, pose a serious problem of low
acoustic performance of these lightweight composites when subjected to mechanical or acoustic
excitations. Passive damping technologies are nowadays frequently used to control sound and
vibration levels through the use of viscoelastic materials, while active devices such as surface
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Figure 1: Sandwich plate

bonded piezoelectric patches can also be effectively used to control these undesired sound and vi-
bration levels in lightweight composite structures. Sandwich composite panels may represent an
optimized solution for both sound radiation and structural vibration for most frequency ranges.
Viscoelastic materials are an efficient way of reducing structural vibrations and providing noise
attenuation, which allied to active elements may lead to broader control capabilities regarding
acoustic emissions.

The open literature regarding the subject of vibration and sound radiation from passive or
active composite and sandwich structures is quite scarce. Regarding the vibration control using
passive technologies, previous works have been presented for mechanical vibration suppression [1]
and sound level attenuation [2, 3, 4, 5]. The vibrocoustic problem has been recently addressed by
Larbi et al. in smart piezoelectric composite and sandwich plates [6, 7] and also in double-wall
sandwich panels [8].

In the present work we apply a layerwise sandwich finite element model, previously developed
by the authors [9], with frequency dependent viscoelastic core, composite laminated skin layers
and piezoelectric patches with an associated feedback control law. The model is used to calculate
the frequency response of sandwich panels and the structural results from the model are used
to calculate the radiated sound power and radiation efficiency of the panel.

2 SANDWICH PLATE MODEL

The layerwise active sandwich finite element model is briefly described here, to analyse
sandwich laminated plates with a viscoelastic (v) core, composite laminated face layers (e1, e2)
and piezoelectric sensor (s) and actuator (a) layers, as shown in Figure 1.

The basic assumptions in the development of the sandwich plate model are: The origin of
the z axis is the medium plane of the core layer; No slip occurs at the interfaces between layers;
The displacement is C0 along the interfaces; Elastic and piezoelectric layers are modeled with
first order shear deformation theory (FSDT) and viscoelastic core with a higher order shear
deformation theory (HSDT); All materials are linear, homogeneous and orthotropic and the
elastic layers (e1) and (e2) are made of laminated composite materials; For the viscoelastic core,
material properties are complex and frequency dependent; Upper and lower layers play the roles
of sensor and actuator, respectively, and are connected via feedback control laws, considering
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co-located control.
The FSDT displacement field of the face layers may be written in the general form:

ui(x, y, z, t) = ui0(x, y, t) + (z − zi)θ
i
x(x, y, t)

vi(x, y, z, t) = vi0(x, y, t) + (z − zi)θ
i
y(x, y, t)

wi(x, y, z, t) = wi
0(x, y, t)

(1)

where ui0 and vi0 are the in-plane displacements of the mid-plane of the layer, θix and θiy are
rotations of normals to the mid-plane about the y axis (anticlockwise) and x axis (clockwise),
respectively, wi

0 is the transverse displacement of the layer, zi is the z coordinate of the mid-
plane of each layer, with reference to the core layer mid-plane (z = 0), and i = s, e1, e2, a is the
layer index.

For the viscoelastic core layer, the HSDT displacement field is written as a series expansion
of the displacements in the thickness coordinate:

uv(x, y, z, t) = uv0(x, y, t) + zθvx(x, y, t) + z2u∗0
v(x, y, t) + z3θ∗x

v(x, y, t)

vv(x, y, z, t) = vv0(x, y, t) + zθvy(x, y, t) + z2v∗0
v(x, y, t) + z3θ∗y

v(x, y, t)

wv(x, y, z, t) = wv
0(x, y, t) + zθvz (x, y, t) + z2w∗

0
v(x, y, t)

(2)

where uv0 and vv0 are the in-plane displacements of the mid-plane of the core, θvx and θvy are
rotations of normals to the mid-plane of the core about the y axis (anticlockwise) and x axis
(clockwise), respectively, wv

0 is the transverse displacement of the core mid-plane. The functions
u∗0

v, v∗0
v, w∗

0
v, θ∗x

v, θ∗y
v and θvz are higher order terms in the series expansion, defined also in the

mid-plane of the core layer.
After enforcing displacement continuity at the layer interfaces we retain the translational de-

grees of freedom of the elastic and piezoelectric face layers, while eliminating the corresponding
rotational ones. At the same time, the higher order terms in the transverse displacement expan-
sion of the core are also eliminated. Hence, the generalized displacement field has 19 mechanical
unknowns:

ua0 va0 ue20 ve20 we2
0 uv0 vv0 wv

0 θvx θvy u∗0
v v∗0

v θ∗x
v θ∗y

v ue10 ve10 we1
0 us0 vs0

(3)
For more details on the model and its validation, the reader is directed to Araujo et al. [9].

2.1 Constitutive relations

We consider that fibre-reinforced laminae in elastic multi-layers (e1) and (e2), viscoelastic
core (v), and piezoelectric sensor (s) and actuator (a) layers are characterized as orthotropic.
However, due to the different nature of the displacement fields in the face layers and in the core,
the constitutive relations are going to be different.

For the laminas in the elastic laminated face layers or in the piezoelectric layers, constitutive
equations for each lamina may be expressed in the principal material directions, assuming zero
transverse normal stress as [10]:
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σ11
σ22
σ23
σ13
σ12




=




Q11 Q12 0 0 0
Q12 Q22 0 0 0
0 0 Q44 0 0
0 0 0 Q55 0
0 0 0 0 Q66




E 


ε11
ε22
γ23
γ13
γ12




−




0 0 e∗31
0 0 e∗32
0 e24 0
e15 0 0
0 0 0







E1
E2
E3







D1

D2

D3


 =




0 0 0 e15 0
0 0 e24 0 0
e∗31 e∗32 0 0 0







ε11
ε22
γ23
γ13
γ12




+




ε11 0 0
0 ε22 0
0 0 ε∗33



ε


E1
E2
E3




(4)

where σij are stress components, εij and γij are strain components, Ei and Di are the electric
field and electric displacement components, respectively, QE

ij are reduced stiffness coefficients
at constant electric field, eij and e∗ij are piezoelectric and reduced piezoelectric constants, re-
spectively, and εεij and ε∗ε33 are dielectric and reduced dielectric constants, measured at constant
strain. Expressions for the reduced quantities mentioned above can be found in [10]. The com-
plete set of equations in (4) is only used for the piezoelectric sensor and actuator layers, while
for the remaining elastic and viscoelastic layers, only the first equation is considered without
the piezoelectric part.

For the viscoelastic core, a full 3D orthotropic stiffness matrix is used in the principal material
directions [11] and the stiffness coefficients are complex quantities, since the complex modulus
approach was used in this work, using the elastic-viscoelastic correspondence principle [12]. In
this case, and for isothermal conditions, the usual engineering moduli may be represented by
complex quantities:

E1(iω) = E′
1(ω)(1 + iηE1(ω))

E2(iω) = E′
2(ω)(1 + iηE2(ω))

E3(iω) = E′
3(ω)(1 + iηE3(ω))

G12(iω) = G′
12(ω)(1 + iηG12(ω))

G23(iω) = G′
23(ω)(1 + iηG23(ω))

G13(iω) = G′
13(ω)(1 + iηG13(ω))

ν12(iω) = ν ′12(ω)(1− iην12(ω))

ν23(iω) = ν ′23(ω)(1− iην23(ω))

ν13(iω) = ν ′13(ω)(1− iην13(ω))

(5)

where the prime quantities denote storage moduli, associated material loss factors are repre-
sented by the letter η, ω represents frequency of vibration and i =

√
−1 is the imaginary unit.

Furthermore, in Equation (5), E, G and ν denote Young’s moduli, shear moduli and Poisson’s
ratio, respectively.

The use of the complex modulus approach in linear viscoelasticity allows for the direct use
of experimentally obtained frequency dependent material properties to obtain the frequency
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domain response in steady state oscillatory conditions. Additionally, it is also possible to obtain
transient responses from this approach, considering a trigonometric expansion of the excitation
and Fourier analysis [12, 13]. Hence, time domain transient responses can be obtained by inverse
Fourier analysis, as long as the viscoelastic material model is causal [12, 13], which is usually
the case when frequency dependent experimental complex moduli are used.

2.2 Finite element formulation

The equations of motion for the plate are obtained by applying the extended Hamilton’s prin-
ciple, the solution of which was obtained through the finite element method, using an eight node
serendipity element with 19 mechanical degrees of freedom per node, and one electric potential
degree of freedom per piezoelectric layer. The system equilibrium equations are obtained in the
usual way through assembly of the element equations, yielding:

[
Muu 0
0 0

] [
ü

φ̈

]
+

[
Kuu Kuφ

KT
uφ Kφφ

] [
u
φ

]
=

[
Fu

0

]
(6)

where u, ü, φ and φ̈ are mechanical degrees of freedom and corresponding accelerations, electric
potential and corresponding second time derivatives, respectively. Muu and Kuu are the mass
and complex stiffness matrices, respectively, corresponding to purely mechanical behavior, while
Kφφ is the dielectric stiffness matrix, Kuφ is the stiffness matrix that corresponds to the coupling
between the mechanical and the piezoelectric effects, and Fu is the externally applied mechanical
load vector.

The feedback control law is based on a direct proportional or velocity feedback, and can be
written in the following form:

φa = Gdφs +Gvφ̇s (7)

where Gd and Gv are the constant displacement feedback gain and the constant velocity feedback
gain, respectively, φa and φs are the vectors of actuator and sensor potentials, respectively, and
φ̇s is the vector of sensor potential time derivatives.

Now, Equation (6) can be rewritten in the following form:




Muu 0 0
0 0 0
0 0 0






ü

φ̈s

φ̈a


+




Kuu Kuφs Kuφa
KT

uφs
Kφφs 0

KT
uφa

0 Kφφa






u
φs

φa


 =




Fu

0
0


 (8)

The generated potential on the sensors is now given by:

φs = −Kφφ
−1
s KT

uφs
u (9)

Assuming harmonic vibrations, potentials in actuators can be written as:

φa = − (Gd + iωGv)Kφφ
−1
s KT

uφs
u (10)

Hence, the final equilibrium equations are given by:

[
K∗(ω)− ω2Muu

]
a = Fu (11)
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where the non-symmetric condensed stiffness matrix is given by:

K∗(ω) = Kuu(ω)−
[
(Gd + iωGv)Kuφa +Kuφs

]
Kφφ

−1
s KT

uφs
(12)

and Kuu(ω) is a complex matrix.
It is worthwhile noting that when electroded surfaces exist in a given patch or layer, equipo-

tential conditions should be imposed before condensing the electric degrees of freedom.
The forced vibration problem is solved in the frequency domain, which implies the solution

of the following linear system of equations for each frequency point:

[
K∗(ω)− ω2Muu

]
u(ω) = Fu(ω) (13)

where Fu(ω) = F (Fu(t)) is the Fourier transform of the time domain force history Fu(t).
For the free vibration problem, Equation (13) reduces to the following non-linear eigenvalue

problem:

[K∗(ω)− λ∗
nMuu]un = 0 (14)

where, the complex eigenvalue λ∗
n is written as:

λ∗
n = λn (1 + iηn) (15)

and λn = ω2
n is the real part of the complex eigenvalue and ηn is the corresponding modal loss

factor.
The non-linear eigenvalue problem is solved iteratively using ARPACK [14] with a shift-invert

transformation. The iterative process is considered to have converged when:

‖ωi − ωi−1‖
ωi−1

≤ ε (16)

where ωi and ωi−1 are current and previous iteration values for the real part of the particular
eigenfrequency of interest, respectively, and ε is the convergence tolerance.

3 ACOUSTIC INDICATORS

When subjected to external excitation, the sandwich plate radiates noise into the surround-
ing acoustic medium. For a light fluid, the fluid mass may be neglected and both acoustic and
structural problems can be solved independently, whereas for heavy fluids the problem is more
complex owing to strong acoustic radiation damping and added mass effects which may signifi-
cantly change the inertia of the coupled structure. In the present work we are concerned mainly
with radiation involving light fluids such air. Hence, the fluid loading is neglected in the present
approach, and in order to evaluate the acoustic performance of the active sandwich panels, the
radiated sound power (Π) and the radiation efficiency (σRAD) are the acoustic indicators chosen
in this work.

6

1165



Aurelio Araujo, Jorge Belinha, Antonio Ferreira and Carlos Mota Soares

3.1 Radiated sound power

The sound power that is radiated through an area S of the panel is given by:

Π =
1

2
�
(∫

S
p(G)v∗n(G)dS

)
(17)

where G is a point on the plate surface, p is the sound pressure applied as an external loading
and vn is the normal velocity. The complex conjugate is denoted by ∗ and � denotes the real
part of the integral.

For a flat plate embedded in an infinite rigid plane baffle and radiating in a semi infinite
fluid, the pressure p can be obtained using the Rayleigh Integral [15]:

p(ω,M) = ρ0
iω

2π

∫

S
vn(ω,G)

e−ikr

r
dS (18)

where ρ0 is the mass density of the external acoustic domain, k is the wave number expressed
as ω/c0, c0 is the speed of sound in air, M is a point inside the external acoustic domain and
vn(ω,G) is the normal velocity at point G, which is easily obtained from the finite element
formulation presented in the previous sections.

The sandwich panel is meshed into a grid of triangular elements, obtained by dividing the
rectangular finite elements into four triangular elements each. The transverse vibration of the
plate is then specified in terms of the normal velocities at the center positions of these triangles.
We assume that the dimensions of these triangular elements are small when compared to the
structural and acoustic wavelengths, so that the total radiated sound power in Equation (17)
can be expressed as the sum of the powers radiated by each element:

Π =
Se

2
�
(
vH
n p

)
(19)

where the superscript H denotes the hermitian transpose, vn and p are the vectors of complex
amplitudes of the normal velocity and acoustic pressure in all elements, respectively, and Se

is the area of each element. The pressure on each element is generated by the vibrations of
all elements of the panel. The vector of sound pressure can therefore be obtained using the
impedance matrix:

p = Zvn (20)

where Z is the (symmetric) impedance matrix with components Zij = (iωρ0Se/2πrij) e
−ikrij

and rij is the distance between the centers of elements i and j. Substituting Equation (20) in
Equation (19), we obtain:

Π =
Se

2
�
(
vH
n Zvn

)
=

Se

4
�
(
vH
n

[
Z+ ZH

]
vn

)
= vH

n Rvn (21)

where R is the radiation resistance matrix for the elementary radiators which is given by:
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R =
ω2ρ0S

2
e

4πc0




1 sin(kr12)
kr12

· · · sin(kr1R)
kr1R

sin(kr21)
kr21

1 · · · sin(kr2R)
kr2R

...
...

. . .
...

sin(krR1)
krR1

sin(krR2)
krR2

· · · 1




(22)

In this work, the finite element method is used to obtain the normal velocity distribution,
assuming a sufficient number of discrete radiating elements, according to the smallest wavelength
to be observed.

3.2 Radiation efficiency

The non-dimensional radiation efficiency of the plate-acoustic system characterizing the
acoustic radiation is defined as non-dimensional ratio between the radiated sound power and
the mean square velocity or potential energy of the plate:

σRAD =
Π

1
2ρ0c0

∫
S vH

n vndS
(23)

Considering the above definition, the radiation efficiency expresses the portion of vibration
energy transformed into sound.

4 APPLICATION

A laminated hybrid sandwich plate is considered with a viscoelastic core described by a
fractional derivative constitutive law, and with four pairs of surface bonded co-located sensor-
actuator patches, using the negative velocity feedback control law.

The plate is a 300 mm × 200 mm laminated sandwich with all edges simply supported
and made of carbon fibre plies and a central isotropic viscoelastic damping material core. The
stacking sequence for carbon fibre laminates is [0◦/90◦/+ 45◦] for (e1) and [+45◦/90◦/0◦] for
(e2). The thickness of each carbon fibre ply is 0.5 mm, and the viscoelastic core is 2.5 mm thick.

Material properties for the isotropic viscoelastic damping polymer are described by a five
parameter fractional derivative constitutive model [16], where ν = 0.49 and ρ = 1300 kg/m3,
have been assumed here. The expression for the complex shear modulus is as follows:

G(jω) = G0 +G0(d− 1)
(jωτ)α

1 + (jωτ)β
(24)

where G0 = 0.8 MPa is the static shear modulus, d = 570, α = 0.566, β = 0.558, and τ =
7.23× 10−10 s is the relaxation time.

For the carbon fiber plies, material properties are E1 = 130.8 GPa, E2 = 10.6 GPa, G12 =
5.6 GPa, G13 = 4.2 GPa, G23 = 3.0 GPa, ν12 = 0.36, and ρ = 1543 kg/m3.

Four pairs of surface electroded 50 mm × 50 mm × 0.9 mm piezoelectric patches are also
bonded to the upper and lower surface of the plate, as illustrated in Figure 2.

Material properties for the piezoelectric patches were taken as E1 = 50.9 GPa, E2 = 46.1 GPa,
G12 = 14.3 GPa, G13 = 8.0 GPa, G23 = 20.6 GPa, ν12 = 0.29, ρ = 7800 kg/m3, e∗31 =
−17.0 N/Vm, e∗32 = −12.2 N/Vm, and ε∗ε33 = 1.549× 10−8 F/m.
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Figure 2: Laminated viscoelastic sandwich plate with piezoelectric patch positions (dimensions in mm)

A 10 N force is applied at t = 0 at the center of the plate and the magnitude of the frequency
response of the central point of the plate is presented in Figure 3. The radiated sound power
and the radiation efficiency of the plate are presented in Figures 4 and 5, respectively. The three
situations plotted in Figures 3, 4 and 5 correspond to the situations where (a) SC (undamped):
damping is not considered for the viscoelastic core (d = 1 in Eq. (24)) and the electrodes on
the piezoelectric patches are short circuited, (b) SC (damped): viscoelastic core with damping
included (d = 570 in Eq. (24)) and (c) Gv = −0.001 (damped): active control with velocity
feedback gain Gv = −0.001 in each patch, with damping in the viscoelastic core.

One can observe that the effect of the damping introduced by the viscoelastic core is deter-
minant in reducing the amplitudes of vibration and consequently the radiated sound power up
to 1 kHz. Regarding the active damping that is introduced with the negative velocity feedback
control law, we observe that it is most effective for higher modes within the frequency range
that was considered in the application. The radiation efficiency of the plate is affected only in
the neighborhood of the structural modes.

5 CONCLUSIONS

A vibroacoustic analysis of laminated sandwich panels with surface bonded piezoelectric
patches has been addressed in this paper. The frequency response, radiated sound power and
radiation efficiency has been calculated for a sandwich panel with a viscoelastic core and a
negative velocity feedback control law has been used to implement the additional active damping.
The effect of both passive and active damping has been analyzed with respect to beoth vibration
and sound radiation levels.
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Figure 3: Magnitude of the frequency response of the sandwich panel.
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Abstract. An innovative smart sensing coating based on the nanocomposites made of carbon 
black (CB) and polyvinylidene fluoride (PVDF) is developed. This coating exhibits high 
fidelity, fast-response and high sensitivity to broadband acousto-ultrasonic waves (from static 
to high frequency up to 400 kHz). Making use of the tunneling effect [1], the nanostructure of 
the developed nanocomposites allows the coating to perceive low dynamic disturbance induced 
by acousto-ultrasonic waves. Morphological characterization is implemented on the prepared 
nanocomposites to reveal the sensing mechanism of the sensor. For the sake of balancing 
conductivity and sensitivity, 6.5 wt% of CB nanofiller is determined based on morphological 
characterization. Performance of the coating is demonstrated by using the sensing coating to 
capture acousto-ultrasonic waves from low-frequency vibration, through medium-frequency 
impact signals to high-frequency ultrasonic waves, to show good coincidence, frequency-
independence and higher gauge factor compared with conventional piezoelectric transducers 
and strain gauges [2]. Lightweight and flexible, the developed sensing coating offers superior 
designability and tailorablilty, allowing it to be embedded in engineering structures of various 
geometries and materials, whereas with minimum weight penalty. In addition, a nano-scale 
model is developed, to facilitate understanding of the sensing mechanism and to corroborate 
experimental results. Last, the developed sensing coating is applied to acousto-ultrasonics-
based structural health monitoring (SHM), including passive impact localization and active 
damage identification, highlighting that the coating has paved a new path for implementing in-
situ SHM, by striking a compromise between “sensing cost” and “sensing effectiveness”. 
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1 INTRODUCTION 
The design and fabrication of high sensitive piezoresistive sensors that can be used to 

perceive broadband frequency waves and ultralow magnitude responses have been increasingly 
explored, to meet practical demand of structural health monitoring (SHM). Conductive polymer 
composites (CPCs), benefiting from excellent mechanical and electrical properties, have 
aroused a great deal of attention from engineering industry to develop new functional and 
structural materials, sensors, printing electronic circuits, and electro-magnetic shielding [3-6]. 
In fact, one of the most severe bottlenecks of CPCs-based sensors is that the sensors are not 
responsive to ultrahigh frequency (in an ultrasonic frequency regime) disturbance with ultralow 
magnitudes (of several micrometers or even nanometers). 

Recently, the introduction of quantum mechanics has blazed a trail for developing 
nanocomposite-inspired smart sensors owing to the nanoscale fillers which can be dispersed 
uniformly in the matrix [1]. The microcosmic motion of the nanofillers can induce adjustments 
of internal conductive network resulting in resistivity change. Motivated by tunneling effect, a 
high sensitive and lightweight CPCs-based sensor made of CB and PVDF has been developed 
in this study for fulfilling structural health monitoring. 

2 SENSOR FABRICATION AND CHARACTERIZATION 

2.1 Sensor fabrication 
CB (N220, with an average particle diameter of 80 nm, supplied by CABOT Corporation) 

and PVDF (Kynar k721, with a density of 1.74 g/cm3, and a melting point of ~158 °C, supplied 
by ARKEMA Corporation) were chosen as fillers and matrix polymer, respectively to fabricate 
the nanocomposite. An internal mixer was employed to disperse CB particles uniformly in 
PVDF matrix by a standard melt-mixing process at 190 ºC and 50 rpm for 0.5 hour. Then the 
hybrids, with various mass ratio of nanofillers ranging from 5 to 30wt%, were cured under 20 
MPa and 190 °C by hot-press method inside a two-steel-plate model. The fabricated sensors 
were tailored into rectangular flake-like sensing elements, each measuring 15 mm × 8 mm ×200 
µm. A dual-component (polymer/silver powder) adhesive (D05001, Beijing Emerging 
Technology Co. Ltd., China) was deposited upon the flake for introducing electrodes to form a 
sensor. A light weight and flexibility sensor with silver pasted electrodes was developed as 
shown in Figure 1, and later the electrical resistivity and morphological characteristics were 
evaluated and represented. 

2.2 Fundamental Characterizations 
The conductivity of the fabricated sensors with various CB concentrations was measured. A 

dramatical conductivity enhancement can be observed between 5 wt% to 10 wt%, as shown in 
Figure 2, so that the percolation threshold of the hybrid sensor can be determined to be around 
6.5 wt% where a sufficiently conductive network is formed. 
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Figure 1: A fabricated CB/PVDF nanocomposite sensor with silver pasted two electrodes (front and back view) 

 
Figure 2: Electrical conductive of fabricated sensors with various CB concentration 

In quest of the microstructure of the hybrid sensors, a scanning electron microscopy (SEM) 
(JSM-7500F, JEOL Ltd.) was used to reveal the dispersion status of CB in the matrix including 
the formation of conductive network and their aggregation. The hybrid sensor was treated by 
spray-gold for 30 s before scanning. It can be observed from Figure 3 that the CB nanofillers 
are dispersed uniformly in the PVDF polymer with sparse aggregation at the determined 
percolation threshold (~6.5 wt%). 
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Figure 3: Nano-scalar structures of the fabricated 6.5 wt% nanocomposite   

(right: zoomed-in SEM image of the one on left) 

The crystal characteristic of the hybrid sensor was confirmed by X-ray diffraction (XRD) 
analysis at room temperature on a XRD platform (X’Pert Pro, PANalytical, the Netherlands) at 
the determined percolation threshold. As seen in the Figure 4, this speculation shows that this 
hybrid sensor is mainly α-crystals with a non-polar structure, which manifests that the resistivity 
change should originate from PVDF matrix itself depending on piezoresistivity and has not 
relation with piezoelectricity because only a polar crystal (such as β-crystals) will induce 
piezoelectricity.   

 
Figure 4: XRD pattern of the hybrid sensor 
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Static and dynamic electrical resistance (ER) change analysis were implemented to gain a 
further understanding of the sensing mechanism of the hybrid sensor with various CB 
concentrations. Static and dynamic electro-mechanical responses of the fabricated sensor were 
conducted by a dynamic mechanical testing platform (TA Q800, TA Instruments) and a semi-
conductor characterization system (4200-SCS, Keithley Instrument, Inc., Cleveland, Ohio, the 
USA). 

The static ER change ratio of the fabricated sensor, which has a CB concentration lower than 
20 wt%, shows a linear relation with the strain change and a higher gauge factor (around 5) 
comparing with traditional metal-foil strain gauge as shown in Figure 5(a). Later, a cyclic 
tensile stress was applied to the sensor showing good consistency between response and 
dynamic load as seen in Figure 5(b). 

Owing to the high aspect ratio of the CB particles, each CB particle can easily 
"communicate" with the neighbor particles to form a series of conductive paths resulting in 
resistivity increase. Tunneling effect, when the distance between two adjacent CB particles 
dispersed in the matrix is extremely close (of the order of several nano-meters), is the primary 
working mechanism. 

 
Figure 5: (a) ER response of the fabricated sensors at different CB concentrations under static load (b) ER 

response of the fabricated sensors at percolation threshold under cyclic load 

3 PROOF-OF-PRINCIPLE TEST 
On account of the different working mechanisms (strain change will result in electric 

potential adjustment for PZT wafers while resistance change for CB/PVDF sensors), two 
different acquisition methods were carried out: PZT could be directly connected to the 
oscilloscope (Agilent® DSO9064A) without any treatment, while CB/PVDF sensors would be 
connected into a self-developed electrical bridge system to transfer resistivity change into 
voltage change, whose output was displayed on the oscilloscope either. 
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3.1 Acquisition of Low-Frequency Vibration Signals 
Owing to the high magnitude of excitation signal, a low-frequency structural vibration can 

be easily captured by the fabricated sensor bonded in a cantilever through a vibration shaker 
(B&K® 4809). The fabricated sensor can receive a stable and regular sinusoidal signal with 
obvious signal amplitude from 100 Hz to 3000 Hz as seen in Figure 6(a). Taking 100 Hz as an 
example, the response magnitude of the fabricated sensor with various CB concentrations 
shows a good linear relation with the excitation voltage as shown in Figure 6(b) and (c). A 2000 
Hz sinusoidal signal was applied to the cantilever beam continuing about 100 million cycles 
and the result is shown in Figure 6(d), manifesting that the fabricated sensor possesses longer 
working life and more stable sensing performance than other reported sensors. 

 
Figure 6: (a) vibration signals captured by 6.5 wt% CB/PVDF sensor at different  central frequencies ranging from 
100 to 3000 Hz, (b) response signals of 6.5 wt% CB/PVDF composites under 100 Hz with various excitation 
amplitude, (c) amplitudes of sensing signal for various concentrations of CB/PVDF composites under various 
excitation magnitudes at 100 Hz, (d) sensor stability test of the fabricated sensor with 6.5 wt% CB under 2000 Hz 

3.2 Acquisition of Medium-Frequency Impact Signals 
A drop test was conducted, in which a steel ball fell from a height of 15 cm, to impact a 

glass-fiber plate and then the signals were captured by the CB/PVDF sensor and compared 
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against the responses perceived with traditional PZT wafers. As seen in Figure 7(a), the two 
received signals are quite similar with a slight deviation in the time domain since the total 
propagation distances of PZT and the fabricated sensor are approximate and some manmade 
errors cannot be avoided. Simultaneously, the time domain response data is transferred into 
frequency domain data by Fourier transfer method, which reveals its potential applicability to 
sense medium frequency signal below 5 kHz as observed in Figure 7(b). 

3.3 Acquisition of High-Frequency Ultrasonic Guided Wave Signals 
Two PZT wafers were used to excite ultrasonic guided waves (GUWs) and acquire signals, 

separately. Five-cycle Hanning-windowed sinusoidal tone bursts were applied to the excited 
PZT wafer at a central frequency ranging from 50 to 400 kHz emitted by a waveform generator 
(NI® PXIE-1071). The CB/PVDF nanocomposite sensor and the acquisition PZT wafer, both 
having the same distance (150 mm) to the excited one, were deposited on the glass fiber plate 
to acquire GUWs simultaneously. Taking 175 kHz as an example, as observed in Figure 8, the 
first arrived wave (Lamb wave with zeroth-order symmetric mode, represented by S0), which 
possesses remarkable amplitude and unambiguous waveform, was captured by PZT wafer and 
the CB/PVDF nanocomposite keeping consistent in terms of arrived time. Furthermore, the 
CB/PVDF nanocomposite can receive GUWs ranging from 50 to 400 kHz with distinguishable 
time information and signal intensity. 

 
Figure 7: (a)Original impact signals acquired by PZT and CB/PVDF (b)Frequency spectrum by FFT of the 

normalized filtered impact signal acquired by PZT and CB/PVDF 
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Figure 8: (a) Excitation signal (at 175 kHz); raw GUW signals captured by (b) PZT wafer, and (c) CB/PVDF 

nanocomposite sensor  

4 SIMULATION AND 3D NANOSCAL MODELING  
A 3D model was established to gain a further understanding of the working mechanism 

(tunneling effect) of the fabricated sensor. On the basis of the SEM image in Figure 3, the CB 
nanoparticles (diameter of each is 80 nm) are dispersed randomly to form a series of fractal 
aggregate containing 16 CB particles each as shown in Figure 9(a). As highlighted in the cubic 
model, several conductive paths are formed by the propagation of tunneling current through the 
CB aggregations. A 2D simplified view of the 3D model is also presented to ferret out the 
potential conductive path when the structure is subject to external pressure or interference. The 
piezoresistive response can be evaluated by the follow equation: 

                                                          
2

02
0

16 exp
3Tunneling

h dR k d
e k S


                                            （1）  

In the above, k0 denotes the potential barrier to be determined by 
0

2 2 e
e

m
k V

h


, in which 
Ve signified the potential height (0.2 eV) and me is the mass of an electron; h is the Planck 
constant, e the quantum of electricity, and d the shortest distance between two neighboring CB 
nanoparticles.  
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Figure 9: (a) 3D nanostructure model of the fabricated sensor and 2D simplified model; (b) static response under 

static strain; (c) dynamic response under 100 kHz GUWs 

Furthermore, the static resistance change driven by a load ranging from -5000 to +5000 μm 
and dynamic resistance change under a 100-kHz sinusoidal excitation were simulated using this 
model. As showed in Figure 9(b), a nonlinear relation between the response and static strain 
alternation can be observed in a largescale strain range, but the change curve is still strictly 
linear within a small sub-range (±10 με - the excited amplitude for GUWs). And Figure 9(c) 
shows good consistence without any hysteresis between the excitation signal and the response. 
Those results verify the potential of the fabricated sensor to acquire structural disturbance and 
deformation in a broadband frequency range. 

5 DAMAGE DETECTION  
Eight fabricated sensors, representing by the yellow circle in Figure 10, were uniformly 

surface-mounted to four perpendicular sides of a square glass-fiber composite plate. 
Simultaneously, a PZT wafer, mounted at the center of the plate (green circle in Figure 10), was 
used to emit GUWs at a central frequency of 175 kHz which had been amplified to 400 Vp-p 
before applied on the wafer through a waveform generator. Then, the eight fabricated sensors 
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could be used to acquire the GUWs respectively and finally transfer into schematic diagram of 
damage location through a self-developed algorithm. From the figure, we can find that the true 
damage location is precise in the region of the prediction area.  

 
Figure 10: damage location using the fabricated sensors 

6 CONCLUSIONS 
In this study, the potential of sensing structural vibration and ultrasonic waves using the 

fabricated CB/PVDF nanocomposite sensor has been verified via experiment, through 
computational simulation, to practical application. Conclusions have been drawn that  

- the fabricated nanocomposite sensor can perceive the acousto-ultrasonic signal 
favorably, comparable with traditional PZT wafers without any hysteresis; 

- most importantly, this hybrid sensor can perceive the signal in an ultrawideband 
frequency range from static to 400 kHz, in virtue of the piezoresistivity and tunneling 
effect; 

- numerical simulation further reveals the micro mechanism about how the conductive 
paths created under the GUWs with a micro-scale magnitude; 

- the CB/PVDF sensor can be used to implement structural-vibration-based or 
ultrasonic-wave-based damage detection for engineering structures with minimum 
weight-penalty. 

In conclusion, a lightweight and fast-response nanocomposite sensor has been developed to 
path a new way for structural health monitoring. 
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Advanced fiber-reinforced polymer composites are playing an increasingly 
important role in aerospace and aeronautics, due to their light weight, high specific 
modulus and strength, excellent fatigue and corrosion resistance. However, the 
widely-used thermosetting matrix-based composite structures are extremely sensitive 
to impact damage, which might result in significant degradation of composite 
properties, and even catastrophic failure in some cases. Therefore, in-situ damage 
sensing ability is highly desired to improve the composite structure security.   

In this communication, carbon nanotubes (CNTs)-based hierarchical structures 
are integrated into glass fiber reinforced epoxy matrix composites. The improved 
composite electrical conductivity and the piezoelectric properties of CNTs allow 
in-situ monitoring the failures generated inside the composites under external 
mechanical load. Two kinds of nano/micro hybrids are studied, which include 
CNTs-grafted alumina microparticles (CNTs- uAl2O3) and CNTs-grafted glass fibers 
(CNTs-GF). These hybrids have aligned CNTs on the microparticles or fibers, which 
are in-situ synthesized by chemical vapor deposition method. The hybrids are 
introduced into the composites by the following two ways: directly mixing with 
polymer matrix for the CNTs-uAl2O3, and substituting conventional GF with 
hierarchical reinforcement for the CNTs-GF. The electrical resistance variation as a 
function of strain is investigated for the two kinds of composites. A detailed study has 
also been conducted on the correlation between the electrical resistance variation and 
the internal structural damages such as delamination and fiber/matrix interfacial 
debonding. The results demonstrate that the CNTs-based hybrid structures have great 
application potential in the fields of composite structure health monitoring. 

 
Key word: Carbon nanotube, hybrid structure, glass fiber, composite, damage sensing 
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An investigation on fatigue crack propagation on bonded joints has been carried out. For that 

purpose, a novel carbon nanotube (CNT) doped adhesive film has been used, exploiting CNT 
exceptional electrical sensitivity for fatigue damage monitoring. Single lap shear fatigue tests 
have been conducted at 7 kN load and 10 Hz frequency while the electrical response of the 
joints has been measured by means of voltage acquisition. In addition, crack length has been 
also monitored by optical analysis using a microscope camera. A clear correlation between the 
electrical response and the crack length has been highlighted during fatigue tests. In particular, 
it is possible to distinguish three different regions: the first, with no crack initiation and, thus, a 
stable measured electrical resistance; the second, where crack initiation and a first propagation 
take place, characterized by a slight increase of the electrical resistance; the third, including the 
final propagation to failure, where a sharp increase of the electrical resistance is observed. 
Moreover, the number of cycles to failure is not affected negatively by the addition of CNTs. 
Thus, CNT doped adhesive film capability to detect crack initiation and propagation has been 
demonstrated, proving their huge potential for Structural Health Monitoring (SHM) purposes.  
 
 
1 INTRODUCTION 

In the last decades, the use of composite materials has increased drastically as they generally 
exhibit better specific properties than conventional alloys. In addition, the demand for 
mechanical performance maximization has led to the increase of composite structure 
complexity, often involving the integration of multiple components. In this context, the 
selection of proper assembly techniques is crucial.  

In particular, bonded joints present many advantages over bolted connections as they avoid 
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stress concentrations at bolt holes and lead to weight saving [1,2]. However, their inspection is 
not easy and the availability of real-time inspection techniques would ensure the structure 
reliability with reduced maintenance costs. Some potential real-time applications are based on 
FBG sensors [2,3] and guided Lamb Waves [4] but in many cases they do not provide an 
accurate analysis of crack propagation and the acquired signal is often difficult to analyze.  

Carbon nanoparticles and, more specifically, carbon nanotubes (CNTs), have demonstrated 
their applicability for SHM purposes [5-7] by providing electrical pathways through the 
insulator resin [8,9]. Their piezoresistive behavior [10] and the tunneling effect between 
adjacent particles [11,12] lead to good electrical resistance change sensitivity [13]. Crack 
propagation in bonded joints can thus be monitored by taking advantage of the excellent 
electromechanical properties of CNTs. In previous works, electrical conductivity and sensing 
properties of bonded joints using CNT doped adhesive films have been demonstrated [14,15]. 
The increase of the electrical resistance as a function of crack length was observed. This rise 
was more unstable in the case of stick-slip behavior due to the instability of crack propagation, 
while a more stable sensitivity was observed for a smooth damage evolution.   

This study aims to continue investigating sensing capabilities of CNT doped adhesive films. 
The main goal is to correlate crack length with the electrical response of Single Lap Shear (SLS) 
specimens subject to fatigue loads, eventually predicting the final failure in advance. Fatigue 
test on SLS specimens are carried out while the crack length and their electrical response are 
measured. In addition, the effect of CNTs on the fatigue properties of the adhesive film is also 
investigated in terms of the number of cycle to failure.  

2 EXPERIMENTAL PROCEDURE 

2.1 Manufacturing of adhesive joints 
Adhesive joints were manufactured by secondary bonding of CFRP substrates, supplied by 

Fundación para la Investigación, Desarrollo y Aplicación de Materiales Compuestos 
(FIDAMC) using an adhesive film doped with CNTs. Adhesive film was an FM 300KN epoxy-
based supplied by Cytec. It has a wide open knit tricot carrier, indicated to achieve a better 
thickness control. CNTs are supplied by Nanocyl, with a commercial name NC7000. They have 
an average diameter of 11 nm and a length up to 2 μm.  

CNTs are dispersed in distilled water in a weight fraction of 0.1 wt. %. A surfactant sodium 
dodecyl sulfate (SDS) is used to improve CNT dispersion in a weight fraction of 0.25 wt. %, 
previously optimized [15]. Then, the aqueous dispersion is sonicated during 20 min at 0.5 cycles 
at 50 Hz using a horn sonicator UP400S supplied by Hielscher. Then, CNT dispersion was 
sprayed over the adhesive surface using an airbrush at 40 cm distance and a pressure of 1 bar 
during 0.5 s in order to achieve a good homogenization of CNT dispersion over the sample. 
Curing cycle of CFRP bonded joints was set as shown in Table 1.  

2.2 Electromechanical tests 
Four fatigue single lap shear tests were carried out for the CNT doped and the neat adhesives. 

They were performed in a test machine MTS 810. The peak load was set to 7 kN, with load ratio 
R=0.1 and the test frequency was set to 10 Hz. These parameters were selected in order to obtain 
a finite fatigue life of approximately 100000 cycles, according to S-N curves for similar 
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adhesives and substrates [16].  
 

Table 1: curing cycle parameters of secondary bonding. 

Parameter First Stage Second stage 
pressure Ramp from 0 to 0.6 MPa 

during 15 min 
0.6 MPa during 90 min 

temperature Ramp from 25 to 175 ºC 
during 45 min 

175 ºC during 60 min 

 
The monitoring of fatigue tests was carried out by means of voltage measurements between 

two points through the thickness, as shown in the set-up of Figure 1. The electrodes were made 
of copper wire attached to the substrate surface with silver ink and sealed with an adhesive layer 
to protect them from environment. Current through the specimen (approximately 1 mA) was 
generated by means of a power supply STAB AR60 connected with an integrated circuit. Voltage 
acquisition was performed using a NI9234 module supplied by National Instruments with a 
sampling  frequency of 5 kHz. Crack length was measured on the edges using a microscope 
camera. In addition, GFRP tabs were used in order to electrically isolate SLS specimens from 
the test machine. 

 
(a)       (b) 

    

Figure 1: (a) schematics of fatigue test set-up and (b) image of the actual configuration. 

 

3 RESULTS AND DISCUSSION 
Figure 2 shows the voltage measurement as a function of time (and the number of cycles, 

considering the constant load frequency of 10 Hz) for a CNT-doped specimen. The normalized 
electrical resistance ∆𝑅𝑅𝑅𝑅0 is directly calculated from the measured voltage by applying the Ohm’s 
Law: 
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𝑅𝑅 = 𝑉𝑉
𝐼𝐼        →         ∆𝑅𝑅𝑅𝑅0

= 𝑅𝑅 − 𝑅𝑅0
𝑅𝑅0

=
𝑉𝑉 − 𝑉𝑉0
𝐼𝐼
𝑉𝑉0
𝐼𝐼

= 𝑉𝑉 − 𝑉𝑉0
𝑉𝑉0

 

 

 

(1) 

Being R0, V0, R and V the resistance and the voltage at the initial acquisition frame (baseline) 
and at the generic time, respectively. Therefore, the variations of the electrical resistance are 
equal to the changes in the voltage.  

On the other hand, Figure 3 shows a more detailed analysis of the electromechanical 
response, being correlated with the crack length determined by the microscope camera. 

Focusing on Figure 2, the electrical response of single lap shear specimens during fatigue 
tests is affected by two contributions. The first corresponds to the variation of the electrical 
resistance within a single cycle (Figure 2 (b)), due to the CNT piezo-resistive behavior and the 
variation of tunneling distance as a function of the applied strain, similar to those observed in 
previous studies on quasi-static tests [17]. The second is related to the variation of the electrical 
resistance as a function of the number of cycles, associated to the fatigue crack evolution during 
the tests.   

 
(a)        (b) 

   

Figure 2: (a) variation of the electrical resistance as a function of the number of cycles and (b) detailed 
electrical response on repeated cycles. 

Concerning the variation of the electrical resistance as a function of the number of cycles, 
three different regions can be highlighted in Figure 3, by observing the peak and valley trends, 
defined as the value of the normalized resistance when the maximum and minimum force is 
applied at each fatigue cycle, respectively. A simplified electrical sensitivity parameter is also 
defined, consisting in the difference between the maximum and the minimum normalized 
resistance for each cycle.  

The first region is related to a quasi-stable electrical response. No variations are observed in 
the peak and valley trends and the sensitivity is almost constant, as shown in Figure 3 (b). The 
sensitivity is only including the effect of adhesive deformation, as no fatigue damage has 
nucleated yet, as observed in the left side TOM image (black rectangle) of Figure 3 (c). 
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(a)       (b) 

    

(c) 
 

 

Figure 3: (a) detailed analysis of the electromechanical behavior during fatigue tests in which red and blue 
lines correspond to peak and valley normalised resistance, respectively; (b) analysis of sensitivity and (c) 

correlation with TOM images of crack length. 

The second region corresponds to a slight variation of the electrical response. Both the peak 
and valley lines show a slight increase as a function of the cycle number, which is correlated to 
the crack initiation and a first stage of its propagation, as shown at Figure 3 (a) (purple 
rectangle). The modification of the sensitivity can be explained by observing Figure 4. When 
the minimum force is applied, the strain is lower and the crack is closed, while at peak force, 
the crack is wide open, due to a higher adhesive deformation. Thus, this difference on crack 
openings induces a higher variation of the electrical resistance (thus higher sensitivity) within 
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a single cycle. Obviously, the higher the crack length, the higher the change of the electrical 
resistance and, thus, the electrical sensitivity (Figure 3 (b)) 

 

 

Figure 4: Effect of crack opening during a single cycle of fatigue test. 

The third region is associated to the final propagation to failure. It is observed that both peak 
and valley lines present a much higher increase than for the second region and the sensitivity 
also suddenly increases. This is explained by a higher crack propagation velocity near failure, 
as observed in Figures 3 (a) and 3 (b) (brown region). Therefore, the proposed CNT doped 
adhesive films are able to properly monitor the crack evolution during a Single Lap Shear 
fatigue test. In addition, the variations observed in the sensitivity and the exponential behavior 
of the normalized resistance could lead to a better understanding of crack propagation during 
these tests, allowing to predict the onset of the final failure.  

Finally, Figure 5 presents the mechanical behavior of neat and CNT doped adhesive joints, 
in terms of their fatigue life duration. It is observed that the mean value of the cycles to failure 
is considerably higher for the CNT doped adhesive joints than for the neat adhesive. However, 
the scattering is also higher in the first case, due to a non-uniform CNT dispersion over the 
adhesive surface, which induces preferential areas with CNT aggregates. Thus, it can be 
concluded that the addition of CNTs does not significantly worsen the number of cycles to 
failure during fatigue tests, thus confirming the lap shear strength results previously obtained 
in quasi-static tests [17].  

 

 

Figure 5: Number of cycles to failure for neat and CNT doped adhesive joints.  
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4 CONCLUSIONS 
Fatigue tests on single lap shear specimens using CNT doped adhesive films have been 

carried out. It is observed that CNT doped adhesive films are able to properly monitor the crack 
evolution by means of electrical resistance measurements through thickness.  

Crack propagation is correlated to the increase of the electrical resistance as a function of 
the number of cycles. This increase is higher with crack propagation velocity, that is, when the 
joint is close to final failure. Therefore, it is possible to predict the final failure by observing 
the changes of the electrical resistance.  

In addition, no decrement of the fatigue life duration has been observed comparing the neat 
and CNT doped adhesive joints. Thus, it can be stated that the proposed CNT doped adhesive 
film does not affect negatively the mechanical behavior, showing a huge potential for SHM 
applications.  
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Abstract: During the last decade, several nanocarbon species such as nanoparticles (CNP), 
nanotubes (CNT) or nanofoils (GR) have been synthesized allowing to design new functional 
conductive polymer nanocomposite (CPC) films able to react to their environment. In 
particular graphene based hierarchical conducting architectures can lead to quantum resistive 
sensors (QRS) able to detect tiny variations of strain [1] or volatile organic compounds VOC 
concentrations [2], thanks to respectively their original piezo- and chemo-resistive properties. 
When properly structured from the nano- to the macro-scale, these nanohybrids can meet 
promising applications such as human health monitoring by the prevention or non-invasive 
diagnosis of diseases derived from the analysis of VOC biomarkers emitted by the body 
(volatolomics). The best strategies used to control the different types of conductive 
architectures during their fabrication, and in particular the tailoring of the nano-junctions 
responsible for QRS sensitivity will be presented and discussed. 

Keywords: Conductive Polymer nanoComposites; CPC; Smart Materials; Quantum Resistive 
Sensors; QRS; Chemo-Resistive; Piezo-Resistive; Human health monitoring; Graphene;  
 

1 INTRODUCTION 
During the last decade, several nanocarbon species such as nanoparticles (CNP) [3-4], 

nanotubes (CNT) [5-6] or graphene nanofoils such as (GR) [7,8] have been synthesized 
allowing to design new functional conductive polymer nanocomposite (CPC) films able to 
react to their environment providing a new class of smart materials. In particular graphene 
based hierarchical conducting architectures can lead to two categories of quantum resistive 
sensors (QRS) able to detect either volatile organic compounds VOC concentrations [2] or 
tiny variations of strain or pressure [1] thanks to respectively their original chemo- and piezo- 
resistive properties. 

1.1 Graphene based materials with chemo-resistive properties 

vQRS can bring a significant contribution to the new and active field of research studying 
the volatile organic compounds (VOC) produced by a biological system to investigate the 
metabolite differences between natural and perturbed systems (cells, organs and tissues). 
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Thus, metabolomics allows profiling diseases such as cancer from a VOC fingerprint found in 
breath, urine, faeces, saliva, nasal mucus or gaseous excretions of the skin [9] or combination 
of them [10]. Among these, exhaled breath is an excellent source containing several hundreds 
of VOC (including water) but at the ppm or ppb level, which makes their identification 
difficult. However, analysing VOC profiles with pattern recognition algorithms allows to 
efficiently discriminate between cancerous and healthy subjects [11–20]. Commonly used 
techniques for breath VOC analysis such as GC-MS [21], infrared spectroscopy [22], ion flow 
tube mass spectrometry [23], optical spectroscopy [24], suffer from several shortcomings such 
as high cost, low-portability, low sensitivity or high consumption. On the contrary, arrays of 
nonspecific sensors, i.e., electronic noses (e-nose), have demonstrated their effectiveness in 
the detection of VOC [25]. E-noses present in particular the advantage of being non-invasive, 
cost effective, quick and portable. Additionally they are allowing real time monitoring [26] 
and provide almost directly a pattern of exhaled biomarkers in the form of a VOC breath 
imprint [27]. Moreover, a wide choice of vapour sensors can be assemble in the array, 
depending on the nature of the transducer: metal oxides (MO) [20-21], intrinsically 
conductive polymers (ICP) [22-23], and functionalized carbon nanomaterials or 
nanocomposites [4,32–35]. However, e-noses have also some drawbacks, such as processing 
and performance reproducibility, drift in baseline and response of sensors requiring 
sometimes recalibration so that none of these strategies allows really to control at the same 
time the architecture of the conducting network and the physico-chemical properties of the 
junction’s gap, optimizing at the same time sensitivity, stability and selectivity of the QRS. 
This communication aims at demonstrating that these parameters can be optimized, through 
the development of hybrid transducers, fabricated by supramolecular assembly of graphene 
and cyclodextrin. These two singular nanofillers, which combine steric and chemical effects, 
will allow reaching a positive synergy thanks to their complementary properties that will be 
shortly described in the following. 

1.2 Graphene based materials with piezo-resistive properties 
sQRS are piezo-resistive materials able to convert strain into an interpretable signal. They 

are finding applications in variety of areas such as automotive, aerospace, manufacturing 
plants, heavy machinery, and sport-wear products [36, 37, 38]. Doped silicone is a well-
known piezo-resistive material for pressure sensors, because of its high piezo-resistive strain 
coefficient (gauge factor) [39]. However, silicon-based sensors have an issue on their 
reliability, because their sensing response is highly dependent on the environmental parameter 
such as temperature and moisture. The integration of silicon onto mechanically flexible 
substrates or flexible MEMS devices is also limited due to its high processing temperatures 
[40, 41, 42]. Thus, alternative piezo-resistive materials such as fibres (carbon, glass, aramid, 
etc.) reinforced polymer composites (FRPC) are being increasingly used in the industry [43, 
44, 45, 46]. At present, carbon nanotubes (CNT) are particularly interesting for the next 
generation of piezo-resistive materials because of their possible local bonding change from 
sp2 to sp3 and the band gap opening [47, 48]. In particular conditions, CNT can lead to gauge 
factor as high as 100 or even 200, which surpasses those of doped Si and metals. However, 
CNT are still difficult develop in large-area devices because of variations in chirality [49], 
difficulty of dispersion and high cost of production, which limits their widespread use [50]. It 
has been reported that the high specific surface area along with two-dimensional geometry of 
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graphene is superior to one-dimensional nanotubes, which is a key enabler in enhancing the 
mechanical properties of polymer composites as compared to CNT [51, 52, 53, 54, 55-56]. 
Among various forms of graphene-based materials, chemically modified graphene has been 
widely explored for various applications including sensing devices because they possess 
chemically active sites and are available in a wide range of processible forms [57, 58, 59, 60, 
61, 62]. In order to further explore its potential, the researchers are experimenting ways to 
functionalize graphene with nanoparticles (NP). Hybrid materials consisting of graphene and 
NP could potentially display not only the unique properties of NP and those of graphene, but 
also additional novel properties due to the synergistic interaction between them [63, 64]. In 
this respect, hybrids of chemically modified graphene with magnetic nanoparticles (i. e., 
Fe3O4 NP) are also a good option to produce a new type of sensing materials with tailored 
structures and functions [65, 66, 67, 68, 69, 70, 71]. 

In this communication, we have investigated the potentiality of graphene nanofoils to build 
an original conducting architecture with enhanced piezo-resistive properties for the design of 
tactile sensing skins. The idea was to use a poly(urethane) matrix to host and protect the 
percolated conducting network, and use poly(ionic liquid) to effectively disperse and stabilize 
carbon platelets preventing graphene aggregation, whereas 5-15 nm diameters Fe3O4 
nanoparticles would act as nano-spacers increasing compression potential [72]. This strategy 
was expected to provide a thin film of hybrid nanomaterial combining robustness and high 
sensitivity to pressure. 

2 MATERIAL & METHODS 
2.1 Materials 

For the synthesis of cyclodextrine functionalized graphene to develop vQRS we used the 
following reactants: 1-pyrenebutyric acid N-hydroxysuccinimide ester (ALDRICH, 95 %), 1-
adamantanemethylamine (ALDRICH, 98%) triphenylphosphine (ALDRICH, 99 %), sodium 
azide (ALDRICH, 99.5 %), 2-propynyl-tetra-O-acetyl-b-D-glucopyranoside (ALDRICH, 97 %), 
ascorbic acid sodium salt (FLUKA, 99%), sodium methoxide (FLUKA, 97 %), cupric sulfate 
pentahydrate (FLUKA, 99%), iodine (ALFA AESAR, 99%), anhydrous pyridine (ALDRICH, 99.8 
%), acetic anhydride (ALDRICH, 99%) were used as received without further purification. 
CH2Cl2 (VWR, 100 %) was dried over CaH2 and distilled just before use. The deuterated 
solvents (D2O, DMSO-d6) were purchased from EURISOTOP. The b-CD (ROQUETTE, 98 %) 
was purified before use. A saturated solution of b-CD was prepared at 80 °C, then slowly 
cooled to room temperature and left at 0 °C for one night. The crystallized b-CD was then 
filtered and dried under vacuum at 80 °C over one night. All solvents ethanol, methanol, 
DMF, formaldehyde, acetone, toluene, benzene, propanol, isopropanol, o-xylene, from Acros 
Organics (Belgium) were used as received. 

For the synthesis of magnetite decorated graphene to develop sQRS we used graphene 
oxide (GO) prepared by a modified HUMMER’s method from graphite flake [73, 74]. PIL of 
poly(1-vinyl-3-ethylimidazolium) salts bearing the anion (Br-) was synthesized according to 
the literature [75, 76, 77]. And Fe3O4 nanoparticle-decorated reduced graphene oxide 
mediated by PIL (Fe3O4@RGO-PIL) was prepared as described in our previous work [72]. 

To synthesize a nanocomposite from the dispersion of Fe3O4@RGO-PIL nanofillers in a 
TPU matrix, the as-prepared Fe3O4@RGO-PIL was transferred from aqueous into organic 
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phase using PIL as phase transferring medium. For this process, an aqueous suspension of 
Fe3O4@RGO-PIL was mixed with a saturate aqueous solution of lithium bis(trifluoro methyl 
sulfonyl)amide (Li+NTf2

-) for the anion exchange of PIL. The addition of Li+NTf2
- leads to an 

immediate replacement of hydrophilic and water soluble Br- anions in the PIL with 
hydrophobic and water-immiscible NTf2

- anions. As-produced Fe3O4@RGO-PIL became 
readily dispersible in a range of low boiling-point organic solvent such as acetone, 
acetonitrile, methyl ethyl ketone (MEK). A TPU/Fe3O4@RGO-PIL nanocomposite was 
prepared with the concentrations of Fe3O4@RGO-PIL varied from 0.5 to 10 % by weigh (i. e., 
0.5, 1, 3, 5, 8, 10 wt. %). In the typical procedure, 250 mg of Fe3O4@RGO-PIL were 
dispersed in 100 cm3of MEK with the aid of 15 min ultra-sonication, followed by stirring with 
a magnetic bar for 2 h. 

Thermoplastic poly(urethane) TPU (IROSTIC S9815, HUNTSMAN, Germany) pellets (2.5 g) 
were added to 100 cm3 MEK and stirred at 30 °C for 1 day. This polymer solution was then 
mixed with the above Fe3O4@RGO-PIL suspensions and stirred at room temperature for 
additional 5 h to yield the homogeneous dispersion of Fe3O4@RGO in TPU solution. 

2.2 Techniques 

The NMR spectra were recorded on a BRUKER AV300 spectrometer, operating at 300 
MHz. Electrospray-ionization mass spectra (ESIMS) was recorded with an API 2000 
spectrometer. The thermo-gravimetric analysis was done using METTLER TOLEDO Star 
instrument. Samples were heated from 25 °C to 700 °C with 5 °C.min-1 heating rate in nitrogen 
atmosphere. UV-visible spectroscopy was done using CARY WinUV BIO-50 within 250-750 
nm range.  

Scanning electron microscopy (SEM) images were recorded using a JEOL JSM-700F 
microscope operated at 15.0 kV. Transmission electron microscopy (TEM) images were 
obtained using a TECNAI 20 operating at 200 kV. Atomic force microscopy (AFM) 
measurements were performed in tapping mode with an AFM XE-100. Thermo-gravimetric 
analysis (TGA) measurements were performed at a heating rate of 10 °C min-1 under nitrogen 
flow using a NETZSCH STA 409 PC/PG instrument. Dynamic mechanical analysis (DMA) 
was performed using a DMA 50N analyser from TA Instruments (USA). A three-point 
bending clamping geometry was used. DMA test was carried out from -100 to 80 °C at a 
heating rate of 5 °C.min-1 at 1 Hz. The surface resistance was obtained using a four-probe 
method (CMT-SR2000N) at room temperature. 

3 RESULTS & DISCUSSION 
When properly structured from the nano- to the macro-scale, graphene based nanohybrids 

can meet promising applications such as human health monitoring by the non-invasive 
diagnosis of diseases derived from the analysis of VOC biomarkers emitted by the body 
(volatolomics) Figure 1b or mobility monitoring resulting from the application of sensing 
skins on some parts of the body Figure 2c. For the two applications presented above, the best 
strategies used to control the different types of conductive architectures during their 
fabrication, and in particular the tailoring of the nano-junctions responsible for QRS 
sensitivity will be presented and discussed. 
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3.1 Chemo-Resistive behaviour of graphene based vQRS 
Most of the problems met with traditional e-noses made of MO sensors come from their 

low sensitivity at room temperature, lack of selectivity, high operating temperature (several 
hundred degrees leading to high energy consumption) imposed by their too high sensitivity to 
water [29], or made with ICP sensors that are too sensitive to humidity, irradiation and oxido-
reduction [78], can be overcome when using quantum resistive vapour sensors. vQRS are 
versatile nanomaterials obtained by structuring conductive nanofillers like carbon nanotubes 
(CNT) into an insulating matrix like a polymer of suitable functionality, provided that a 
control of both the conductive architecture [30-31] and the nanoswitching at junctions of 
percolated nanofillers [32-33] is ensured. In addition, the selectivity of vQRS can be easily 
adjusted by changing the chemical nature of the thin organic layer separating the conductive 
junctions [34-35]. The first problem can be fixed by using a process such as spray layer by 
layer (sLbL), which allows a step by step building of the transducers from the nano to the 
macro scale [76,82], whereas the second can find a solution through the tailoring of junction’s 
gap [84,85]. This last parameter will determine both the selectivity (depending on the nature 
of intermolecular interactions between the organic layer and the biomarker) and the sensitivity 
(depending on the initial value and amplitude of the gap) of QRS. Several strategies have 
already been experimented to control the nano-switching of QRS involving exclusion 
volumes [33,80,86], functionalization of carbon nanofillers such as CNT [86,87] or graphene 
[76], with a polymer [4,5,88], an oligomer [87] or non-polymer organic/inorganic molecules 
[16,89–91], which could effectively modify the selectivity and sensitivity of chemo-resistive 
vapour sensors. 

 
Figure 1: Principe of lung cancer biomarkers’ detection with CD functionalized graphene vQRS, a) Breath 

contains hundreds of volatile organic compounds (VOC), b) The detection of variations of VOC biomarkers’ 
composition allows to make an anticipated diagnostic of diseases such as lung cancer, c) Graphene foils 

separated with functionalized CD act as nano-switches, d) This kind of hierarchical architecture provides very 
sensitive and selective vQRS for e-noses [2] 

However, non-covalent functionalization of nanofillers, which can also be obtained 
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through secondary interactions such as π-π stacking, charge-charge interaction and hydrogen 
bonding, is probably the most attractive approach to preserve the graphitic chemical structure, 
and hence, provide a positive synergy of properties [92]. This approach was used to 
synthesize ultrasensitive vQRS made of graphene foils interspaced with functionalized 
nanoswitches as presented in Figure 1c. 

The sensing performances of the electronic nose composed of 3 types of functionalized CD 
wrapped graphene sensors along with one pristine graphene and one pyrene adamantan linked 
graphene sensors were analyzed, after being exposed to 10 selected cancer VOC biomarkers. 
The compilations of all chemoresistive responses lead to a unique fingerprint Figure 1d. The 
specific functionality of CD is found to be a predominant influencing parameter to tune the 
specific molecular selectivity of the sensors used in the electronic nose. The present study 
therefore opens a novel approach to achieve distinct selectivity of the chemical vapour sensors 
for specific VOC by employing functionalized CD modified reduced graphene oxide hybrid 
functional nano-material as chemical vapour sensor. 

3.2 Piezo-Resistive behaviour of graphene based sQRS 
As presented above, it is possible to synthesize strongly piezo-resistive nanostructured 

TPU/Fe3O4@RGO-PIL nanocomposites (sQRS) from the assembly of only 1 wt% of 
magnetite-decorated reduced graphene oxide mediated by poly(ionic liquid) and TPU matrix 
(Figure 2). 

 
Figure 2: a) Transmission Electronic Micrograph (TEM) of graphene nanofoils (GR) decorated with magnetite 
nanoparticles (Fe3O4 NP) of about 5 nm diameter, b) House of cards architecture made of Fe3O4 NP decorated 
GR nanofoils dispersed in a thermoplastic polu(urethane) TPU matrix and assembled by spray layer by layer 

(sLbL), Principle of finger pressure sensing (tactile capacity) with TPU-GR piezo-resistive film, d) Piezo-
Resistive DR/R0, stress s and strain e responses in cyclic mode [1]. 
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This material structured with a house of cards morphology that exhibits high performances 
such as a gage factor of GF = 6.2, a minimum pressure threshold of Ps = 0.5 kPa, a linear 
response in a large range of pressures (10 - 200 kPa), low noise and loading/unloading 
reversibility, coming from its original 3D compressible and reversible conducting 
architecture. 
The different steps of the development of the graphene based sQRS are given in Figure 2, 
starting from poly(ionic liquid) used effectively to exfoliated and stabilize graphene nanofoils 
whereas Fe3O4 NP preserve RGO sheets reconnection potential acting as nanospacers, thus 
enhancing the piezo-resistive effect of the nanocomposite, its reliability and decreasing its 
limit of detection. 
Additionally, the thermoplastic poly(urethane) used fully satisfied the requirements associated 
to a good matrix in terms of processing, dispersion, protection. Finally, the sensing films have 
demonstrated that if synergistic interactions between compounds can be obtained, it is 
possible to develop a multifunctional nanomaterial, combining flexibility, resilience, piezo-
resistive and magnetic properties, that should have a variety of applications in flexible and 
wearable electronics, such as tactile sensors, sensing skins and compressive strain sensors. 

4 CONCLUSIONS 
- Enhancing the quality of life by decreasing the impact of severe diseases is still a global 

challenge. According to the World Health Organization (WHO), cancers which are killing 
each year 7.6 million peoples, can be considered as a global priority [93]. The WHO has 
also projected that without immediate action, the global number of deaths from cancer will 
increase by nearly 80 % by 2030, with most occurring in low- and middle-income 
countries. Cancers could be more efficiently treated in case of an anticipated diagnosis, and 
from this point of view metabolomics can bring very promising solutions. A novel 
ultrasensitive vapour sensors for e-nose system comprising functionalized β-cyclodextrin 
wrapped reduced graphene oxide (RGO) sensors with distinct ability of discrimination of a 
set of volatile organic compounds, has been developed. Non-covalent modification of 
chemically functionalized cyclodextrin with RGO was carried out by using pyrene 
adamantan as a linker wherever necessary, in order to build a supramolecular assembly. 
The chemical functionality on cyclodextrin was varied utilizing the principle of selective 
chemical modification of cyclodextrin. In the present study, the combined benefits of host-
guest inclusion complex formation ability and tuneable chemical functionality of 
cyclodextrin, as well as high surface area and electrical conductivity of graphene were 
utilized for the development of a set of highly selective chemical vapour sensors, which 
can be assembled in an electronic nose. 

- A strongly piezo-resistive nanocomposite flexible sensor has been developed using an 
innovative combination of materials, i.e., magnetite-decorated graphene/poly(ionic liquid) 
compatibilized poly(urethane) (TPU/Fe3O4@RGO-PIL). The transducer has been 
fabricated by spray layer by layer (sLbL) to structure an original three-dimensional 
architecture in which: reduced graphene oxide (RGO) platelets are used to build the 
conducting network, PIL stabilizes this percolated assembly, Fe3O4 NP act as nano-spacers 
between platelets to prevent their stacking and facilitate their switching, and TPU matrix 
brings cohesion and flexibility to the whole. This strategy results in highly sensitive 
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TPU/Fe3O4@RGO-PIL flexible nanocomposite sensors (high gauge factor in compression 
up to 6.2, exceptionally low threshold pressure 0.5 kPa), yielding a linear response in a 
large range of pressures (10 - 200 kPa), with robust and reproducible piezo-resistive 
properties (weak hysteresis upon loading unloading cycling, no creep). These 
performances are promising for a variety of applications in flexible and wearable 
electronics, such as tactile sensors, sensing skins and compressive strain sensors. 

- An ongoing project is attempting to use the capability of both vQRS and sQRS to prevent 
the development of  
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Abstract 
 
Dielectric properties of the polymeric matrix composite reinforced by conductive 
fillers are usually sensitive to the external stimulation especially when filler’s volume 
fraction is approaching to a certain value, known as the percolation threshold (fc). This 
sensitivity is largely associated with the processing of the composite and the 
dispersing mode of conductive fillers. An appropriate thermal treatment enables to 
reduce the sensitivity of the conductive network and further improve dielectric 
properties of the composite. The method of thermal treat depends on polymeric 
matrix’s molecular structure and rheological properties. Concretely, for a linear 
amorphous polymeric matrix composite, e.g. PMMA, the temperature of annealing is 
associated with the temperature of glass transition. For a linear semi-crystalline 
polymeric matrix composite, e.g. PVDF, it is associated with the crystallization 
temperature. For a non-linear cross-linking polymeric matrix composite, e.g. epoxy, it 
follows a continuous after-curing process. After the annealing and cooling, the 
average distance between adjacent conductive fillers is reduced by the shrinkage of 
polymer chains which strengthens interfacial polarization effect. Besides, for the 
semi-crystalline polymer, the transition of crystalline polymorph happens in the 
interfacial region of conductive fillers and matrix which strengthens dipole 
polarization effect. Therefore, the thermal treatment helps to modify the conductive 
network so that increase and stabilize dielectric properties in a wide frequency range 
of the composite. 
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Abstract. Future adaptive applications such as morphing surfaces require materials featuring
low density, high mechanical stiffness, high active strain but low energy consumption. These
properties are well combined by carbon nanotubes (cnts)-based actuators which are typically
made of paper-like mats. Two carbon nanotube-papers are arranged towards to each other
within an electrolyte. The charging of these papers results in an electrical field which forms a
double-layer of the electrolyte ions at the surface of the electrodes. During charging a deflection
of the papers can be detected. Although various cnt-architecures have been extensively analysed
there is still no generally accepted theory for the actuation mechanism. This paper focuses on
investigations of the actuation mechanisms of cnt-papers in comparison to cnt-arrays. The cnt-
papers represent architectures of randomly oriented and entangled cnts. The sample geometrie
is formed by micro-sized cnts. In contrast cnt-arrays are based on multi-walled cnts whose length
is as long as the sample length. Both sample types are tested within an actuated tensile test
set-up under different conditions. The cnt-papers are tested in water-based electrolytes while
the hydrophobic cnt-arrays need to be tested in ionic liquids. Furthermore different ions are
used to investigate the influence of the ion-radius on the properties. Regarding the cnt-papers
these tests are completed by in-plane actuation tests measuring the free strain. During the
actuated tensile tests three parameters were indentified to influence the mechanical performance
of cnt-papers decisively: the humidity of the conditions under which the papers are tested, a
preloading of the sample and the electrical charging. All these influencing factors point at the
weak inter-tube linking which seem to influence not only the actuation but also the mechanical
properties of cnt-papers. Finding a general trend of influencing conditions on the mechanical
behaviour of cnt-arrays turns out to be dfficult because of varying results. The mounting of the
samples seems to be an important influence. However, the quadratic voltage-strain correlation
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suggests an electrostatic effect maybe on a quantum-chemical level of the carbon structure.

1 INTRODUCTION

After Iijima’s publication [1] extensive research revealed excellent properties such as a Young’s
modulus above 1 TPa [2], strength of 45 GPa ([3] regarding multi-walled cnts) a reversible struc-
tural elongation of 12 % ([2] regarding multi-walled cnts) and a thermal conductivity of 6000
W/Km [4]. Although the listed properties were measured experimentally their transfer into
commercially available applications turns out to be extremely challenging. Beside the costs of
mass-production and a poor quality of the supplied nanotubes [5] there is still no mesoscopic
semi-finished material available which might close the performance gap between nano-scale the-
oretical and experimental results and macroscopic structures featuring incorporated nanoscopic
cnts. Baughman [6] revealed 1999 their active behavior using mats made of randomly oriented
single-walled carbon nanotubes (swcnts). In his presented set-up free strain of about 0.2 %
was detected. This publication set the standard for the future experimental investigations of
cnt-mats: two electrodes in capacitor mode, one working electrode and its counter electrode,
both made of CNT-papers. These sheets are immersed in an electrically insulating but ionic
conductive electrolyte. Furthermore the three electrode cell is completed by a Calomel reference
electrode. The analyzed paper is activated via rectangular charge-pulses (maximum free strain)
or triangular voltage (cyclovoltammetry) and shows an almost quadratic correlation between
strain and voltage steps, independent of the polarity. Considering the mechanical and adaptive
properties as well as the low actuation-voltage of 1V (regarding aqueous electrolytes) of this
carbon-based actuator, cnts seem to be a promising material for future adaptive structures.
The published results about free strain or actuation force of cnt-based actuators have to be
treated with circumspection because the results can either depend on the composition of the
analysed material or on the used analysis method which might detect secondary effects instead
of the charge- or ion-induced reactions of the carbon structure itself. In this context the term
architectures will be used in this paper representing macro-scale structures which are formed
by nano-scale cnts. Usually the length of the individual single tubes is too small to form one
dimension of a macroscopic architecture. Furthermore, due to their high specific surface, a
single-walled nanotube tends to bundle with other cnts to reduce its surface energy. Thus, a
cnt-bundle represents the first step towards an architecture. The carbon tubes within an archi-
tecture are entangled with each other and linked by van der Waals forces. This is the reason why
results found by testing cnt-based architectures can only represent partially the active behaviour
of the single tubes because the interlinking between the tubes represents the weakest part of the
electromechanical system. Using out-of-plane set-ups to analyse cnt-papers in bending mode [6]
give also rather qualitatively results because secondary effects like thermal- or diffusion-induced
volume change can influence the findings extensively. For reducing these effects, the papers are
pre-stressed and the measurements are carried out at the in-plane direction of the paper [7].
This test set-up requires a symmetrical composition of the tested samples. Beside the already
mentioned publications [6, 7] only a few others [8, 9, 10] used similar in-plane test set-ups for
characterising nanotube papers. However, similar trends were found referring to the correlation
between voltage and strain but only the latter publication discussed the actuation mechanism.

2

1204



Sebastian Geier, Thorsten Mahrholz, Peter Wierach and Michael Sinapius

Suppiger [10] supposed an electrostatic effect causing the strain of cnt-papers as result of an in-
verse correlation between Young’s modulus and free strain. The less the cnts are linked to each
other the more the charged tubes can repulse from each other creating the detected actuation.
Whitten [11] found similar trends regarding the influences of test conditions on the mechanical
properties of cnt-papers. The stiffness of a paper drops significantly under wet conditions com-
pared to the results anaysed at dry conditions. Furthermore he can verify the influence of the ion
size. Rather small ions (aqueous electrolytes) cause lower loss of mechanical stability compared
to the larger ions of the ionic liquid (il). Another explanation for the actuation of cnt-papers was
given by Spinks [12] suggesting that the lay-up architcture of cnt paper is similar to honycombs.
Gas generation as result of irreversible chemical reactions takes place in the interspaces which
causes a swelling of the whole cnt-structure measured as actuation. Another approach to verify
the reason of the paper-actuation was carried out by Gupta [13] using Raman-spectroscopy.
Raman-spectroscopy is a sensitive method for detecting changes in the atomic structure of a
single carbon tube. His approach did not bring further details because the signals of too much
different carbon walls overlapped each other disguising any significant detail. Specific methods
for analysing single carbon nanotubes on nanoscopic level like atomic microscopy [14] or Raman-
spectroscopy [15, 16, 17, 18] revealed a charge- or ion-induced dimensional change of the carbon
structure itself. So, there is still the capability of cnts to work like an actuator.
This paper presents measurements of two different kinds of cnt-architectures: cnt-papers com-
pared to cnt-arrays. An architecture formed by short single-walled nanotubes linked by entan-
glement and Van-der-Waals force compared to long multi-walled carbon tubes which are directly
clamped at both ends. The results are compared in order to point out indications that every
kind of mechanism can be addressed to its specific composition.

2 EXPERIMENTAL

The first chapter of this section describes the used samples. In the second chapter a brief
overview of used test set-ups are given.

2.1 SAMPLE PREPARATION

In the presented paper two kinds of samples are analysed. The first type appears as paper-
like sample of randomly oriented single-walled cnts, also called bucky-paper [6]. These papers
are manufactured by a high pressure filtration process described elsewhere [6, 7]. The cnts are
supplied by Thomas Swan (Elicarb P0925, Thomas Swan & Co. Ltd., UK). The geometry of the
tested samples is 2 mm in width, 10 mm in length and feature a mean thickness of 150 µm. All
samples are cut from the same circular master cnt-film (diameter of 30 mm) which is manufac-
tured within the mentioned process. With respect of the quality management of Thmoas Swan
the single-walled cnts consist of two walls (actually they should be called double-walled cnts),
feature a purity of 95 %, a diameter of 1-3 nm and a length of several hundred nanometers.
Within the paper the cnts are bundled (see fraction line in Fig. 1 b)) und several layers of
sedimented carbon material build up the paper as it can be seen in Fig. 1 a).

The cnt-arrays are supplied by the Technical University of Hamburg-Harburg and consist of
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Figure 1: Analysed cnt-architectures: a) Cross section of a cnt-paper with layers of sedimented cnt-
agglomerates. b) Top view onto a cnt-paper revealing bundled swcnts at the fraction line. c) Detailed
view on alinged multi-walled cnts of the analysed array.

vertical free standing, unaffected cnts, typically grown on a silicon substrate. The tubes are
grown during 5.5 hours using a thermal-induced chemical vapor deposition (cvd) method. Their
geometry features a mean length of 2.8 mm (continuous tubes) with diameters in the range of 17
nm to 37 nm. Their orientation varies between an angle of 0 - 43 as result of an overall sinusoidal
shape. The wavy shape might be a result of the low density of the arrays and fluctuation of
the flow during processing the cvd in the furnace. Further process- and geometry-specifications
of the mwcnt-arrays are presented in [21]. The tested specimens are manufactured from a slide
of the whole array which is cut off using a sharp razor blade. The arrays are cut off the silicon
wafer because in neat condition they can be analysed more exactly. The linking between tubes
and silicon is rather weak and as the silicon features semiconducting properties it is less suitable
for an electrical contact to the tubes. In a subsequent step the array-slide is divided into a set
of specimens with almost the same width. The as-produced specimen thickness is about 1 mm
which is manual compacted between two microscope slides so a final thickness of 20 µm can be
achieved. The other geometries of the array specimens are a length of 2.8 mm and a width of
3-4 mm.

2.2 IN-PLANE FREE STRAIN SET-UP AND ACTUATED TENSILE TESTING

The in-plane free strain test set-up is similar to the published tests [6, 7] apart from using
a platinum-plate a counter electrode for better reproducibility. Furthermore it is designed for
better mounting and removal of the cnt-paper in order to reduce a damage of the samples and
an easier and therefore higher number of measurements. As reference-electrode a calomel elec-
trode (KE 10, Sensortechnik Meinsberg GmbH) is used. The three electrode cell is controlled
by a potentiostat (1030 PC.T., IPS Elektroniklabor GmbH & Co. KG) and is charged via a
function generator (FG 300, Yokogawa Deutschland GmbH). The results are recorded via a data
acquisition system (SCM05, LMS International). The three electrode cell as well as the data
acquisition system is used for both set-ups.

4
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Figure 2: Details of the actuated tensile test set-up.

In general the actuated tensile-test, as shown in Fig. 2, is a modified version of the in-
plane free strain set-up. The main difference is the PTFE-clamping and the testing method.
Earlier published tests of cnt-arrays [19, 20] used arrays grown on a silicon substrate as test
sample. During the tests the substrate was fixed and electrical connected. The linking between
substrate and carbon tubes was assumed to be durable. The optical measurements were carried
out at the free end on their top. Experiences with cnts grown on silicon revealed only a weak
linking between both materials. This weak linking only allows the easy harvesting of arrays and
enabling the spinning of cnt-yarns [23] or the manufacturing of highly aligned cnt-papers [24].
This situation resulted to the presented approach of harvesting the arrays from the substrate
and clamping them with both ends into the mountings of the tensile testing set-up (see Fig.
2). Both clamping jaws are equipped with Pt-electrodes to measure the electrical resistivity
of the sample and for charging the sample during the tests. The sample’s resistivity indicates
both a damage of the specimen caused during assembly and an inaccurate clamping. The set-
up allows to test the samples in dry condition, wet condition immersed in their electrolyte
and charged condition. The elastic behaviour (Young’s modulus) of the papers operating at
different conditions is measured and compared in order to find influences of the condition and
the electrolyte on the mechanical behaviour of the cnt-paper.

2.3 ELECTROLYTES

The cnt-papers are immersed in aqueous one molar solutions of various salts for at least
30 minutes to guarantee saturation. Three different one molar, aqueous electrolytes are used:
sodium chloride (NaCl, Merck KGaA), potassium chloride (KCl, Synopharm GmbH & Co. KG)
and magnesium chloride (MgCl2, Synopharm GmbH & Co. KG). The experiments focus on the
differences of the electromechanical actuation using different ions. In this paper the negative ion
Cl− is kept constant while the three positive ions Na+, K+ and Mg+2 are compared. According
to [22] the effective and hydrated ion radii are given in Tab. 1.

As a consequence of the high surface energy of the arrays resulting in extreme hydrophobicity
only ionic liquids, in the case of the presented study, 1-ethyle-3-methylimidazolium bis(trifluormethyl-
sulfonyl)imide (EMImTFSA, IoLiTec GmbH), can be used. Ionic liquids feature a higher chem-
ical stability that is why a comparatively wide redox-window of ±2 V (aqueous electrolytes
provide a maximum voltage range of ± 1 V) can be used. Due to their higher molecular weight
they feature a higher viscosity. This property reduces the feasible scan rates to archieve com-

5
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Table 1: Effective and hydrated ion radii according to [22].

ion effective ion size hydrated ion size

[pm] [pm]

Na+ 95 358

K+ 133 331

Mg2+ 65 428

Cl− 181 332

paratively capacities.

3 RESULTS AND DISCUSSION

This chapter presents the results of in-plane strain measurements and actuated tensile tests
of swcnt-papers. The focus of this work is the identification of the influence of conditions and
electrolyte on the mechanical properties of the cnt-papers. In contrast mwcnt-arrays are only
tested in the actuated tensile test under similar conditions (dry, wet, wet and actuated) to
compare the results. The cnt-arrays cannot be tested in the free strain set-up due to their small
geometries.

3.1 MEASUREMENTS OF CNT-PAPERS

At first the results of the tensile testing are presented. The trend of mechanical loss by wetting
the samples presented by Whitten [11] can be confirmed. Earlier studies showed a reduction
44 % [25] only by immersing the paper into the electrolyte. This finding indicates a detaching
influence of water on the weakest part of the paper: the tube linking. In parallel when the
connection between the tubes is reduced a swelling of the paper occurs causing the measured
deflection. Van-der-Waals-forces seem to be reduced and water molecules make the single cnts
become movable within the bundle or entanglement. A general negative effect of the positive
Ions Na+, K+ or Mg2+ on the Young’s modulus at -0.5 V cannot be seen (compare Tab. 2).

Table 2: Young’s modulus of cnt-papers in various electrolytes.

ion Young’s modulus Young’s modulus
at 0 V at -0.5 V
[MPa] [MPa]

Na+ 529.7±1.7 531±3.6

K+ 572.4±6.2 559±5.2

Mg2+ 483.5±7.8 487±7.1

While the potassium-ion seems to reduce the paper stiffness by 2 % the other two ions sodium
and magnesium do not affect the mechanical properties at this voltage step. There are two possi-
ble explanations for this result. On the one hand the potential may be too small to cause effects

6

1208



Sebastian Geier, Thorsten Mahrholz, Peter Wierach and Michael Sinapius

�� ������

Figure 3: Results of the free strain measurements: a) Overview of the whole potential of ± 1 V. b)
Detailed view on the strain generated by negative potentials.

which can be detected by the tensile testing machine. On the other hand earlier results [25]
revealed the prestress of the set-up influencing significantly the stiffness of the paper. Due to
the soft material PTFE and inaccuracies in manufacturing the mounting stresses or compresses
the paper what closes or opens up the pores of the paper allowing the ions to move onto the
charged surfaces. This movement weakens sustainably the interlinking of the cnts resulting in a
reduced mechanical stiffness. The former stiffness cannot be reached again after uncharging or
relaxation. A interesting result is the fact that although all samples are cut off the same master
cnt-membrane the measured values of the Young’s modulus vary of about ± 8 %.
The results of the free-strain measurements are presented in Fig. 3 a) und Tab. 3 and seem to
correlate with the crystalline geometry of the ions. Most of the attention should be paid to the
results of -0.5 V and -0.7 V. The results of -0.9 V have to be treated with circumspection because
the redox window of ± 1 V is near to this test series. Impurities of the electrolyte or the elec-
trode might cause irreversible chemical reaction such as ion absorption at the electrode surface.
The bonded ions can cause a stronger swelling of the electrode which would be detected as strain.

Focusing on the mean strain results several explanations are possible. One the one hand a
correlation to the crystalline ion geometry can be found. This effect would explain the actuation
mechanism of cnt-papers if the papers are suggested to be flexible porous structures which are
filled by ions via charging. It seems that the ions are highly compressed on the surface so that
their hydrated shell is deformed or partly removed outside. Maybe this is a result of the pore-size
and ion-density on the surfaces. A similar sieving effect of ions by poros carbon is described by
Arruda [26]. Taking the standard deviation into account (see Fig. 3 b)) the discussed trend is
not as strong.

7
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Table 3: Results of free strain using different electrolytes.

ion free strain free strain free strain
at -0.5 V at -0.7 V at -0.9 V

[%] [%] [%]

Na+ 0.014±0.0 0.032±0.001 0.086±0.002

K+ 0.016 0.041±0.012 0.082±0.013

Mg2+ 0.01±0.001 0.026±0.008 0.03±0.006

On the other hand if the degree of dissociation of MgCl2 cannot be expected to be similar to
the degrees of NaCl and KCl there would not be as much free ions available to take part in the
electrochemical reactions. Especially the results of the negative ion Cl− is surprising because
the double molecular weight compared to the other electrolytes is present but the measured
actuation is even lower. Therefore the assumption of high amount of still associated pairs of
Mg2+- and Cl−-ions which are not taking part in the electrochemical charging is justified and
can also explain the effects.
A third explanation can be found taking the hydrated ion-radius as a strong, not removable
shell into account. Due to the fact of the comparatively small hydrated radii of KCl and NaCl
a higher amount of these ions are able to accumulate on the surface of the electrode resulting
in higher capacities. This effect causes the higher actuation of both electrolytes.

3.2 RESULTS OF ARRAY-TESTING

In this section the results of the actuated tensile tests are discussed with a focus on the tests
under different conditions. The results are presented in Fig. 4 a) and b) and in Table 4. Figure 4
b) reveals clearly an influence of the conditions on the Young’s modulus. By wetting the Young’s
modulus is almost reduced by 90 %. Furthermore the appearance of the whole loading changes
into a longer process with a flat section at the beginning of the test with a comparatively low
Young’s modulus (0.5 MPa).

In earlier publications [25] the results were quite different in terms of keeping the stiffness
under various conditions. All in all a clear trend cannot be given but it has to be suggested,
according to the current findings, that there is an influence of wetting the cnt-arrays. A possible
explanation might be given by an additional result in Fig. 4 a). The Figure shows the results of a
cnt-array sample which is fixed at its ends by an adhesive between two metal plates respectively.
The so prepared sample was tested under dry conditions but can not be charged because the
adhesive is not conductive. This experiments reveals that the sliding of the mwcnts within
the mounting reduces the mechanical performance drastically. Typically the cnt-arrays are just
clamped by the ptfe-mounting. A specific property of ptfe is a low friction coefficient. Especially
within a mounting this is a adverse property but was conducted this way because for charging
the cnts an adhesive can electrically insulate the tubes. However, the wetting might induce a
further reduction of the friction between the clamps and cnts so that a sliding of the material
was supported and the found measurements can be explained.

8
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Figure 4: Results of the tensile measurements: a) Comparison of the results of dry (blue), wet (red)
and fixed, dry (green) arrays b) Detailed view on the results of the dry and wet array.

Table 4: Results of the Young’s modulus of a array at different conditions.

condition Young’s modulus
[MPa]

dry 29.5±8.6

wet 3.8±1.1

dry+fixed 734.9

4 CONCLUSION

This paper compares the results of two different kinds of carbon nanotube-based architectures:
cnt-papers and cnt-arrays. These architectures can be distinguished because of one significant
detail, the cnt-arrays consist of tubes with a continuous length of 2.8 mm. So the tubes are
tested parallel to each other clamped at theri both ends. In contrast the cnt-papers consist
of nano-scale tubes which are too short for bridging the specimen dimensions. They are tesed
in series connected by entanglement or Van-der-Waals-forces. Using in-plane measurements for
detecting the free strain and actuated tensile tests for analysing the mechanical behaviour of
the cnt-based material at different conditions, influencing parameters are identified which affect
the actuation and reveal the actuation mechanism of both architectures. The reason of the
cnt-actuation is of high interest because it may open the technology for numberless applications.
The influence of the positive charged ions Na+, K+ and Mg2+ on the mechanical properties of
cnt-papers using the tensile testing set-up could not be proven. Maybe settings of the test such
as a clamping-induced prestressing or low voltage-pulses reduced the significance. Here the test
method needs to be further improved. However, using the free strain set-up reveals a trend
between radius and strain. However, there are several possible explanations for these findings;

9

1211



Sebastian Geier, Thorsten Mahrholz, Peter Wierach and Michael Sinapius

�� ���������� ����������� ������� ��

�

Figure 5: Actuation models of different cnt-achritectures: a) Mwcnt-model. b) Dry swcnt-paper model.
c) Wet, actuated swcnt-paper model with intercalated ions. d) Single, long swcnt model.

Maybe the actuation mechanism of a cnt-paper can be understood as is presented in Fig. 5 b)
and c) as an interaction of the charged, porous carbon structure and the ions which are able
to move into the pores of the paper. The pores can be open and closed by compressing or
stretching the paper. Corresponding to the size of the ions their intercalation causes a swelling
of the paper and thus a detectable actuation ∆ l. Nonetheless there are some uncertainties so
that more tests have to be carried out.

The actuated tensile tests of long cnt-arrays (see Fig. 5 a)) did not bring a consistent
trend. Some test-series appear to be mechanical unaffected by the different conditions (dry,
wet, wet and actuated) others document a loss of stiffness. An actuation of the arrays was
already demonstrated in earlier publications [25]. That is the reason why this paper focuses
on the influence of the conditions on the mechanical behaviour. However, an important aspect
and a possible explanation for the varying results might be the quality of clamping. It was
demonstrated that a fixing of the cnt-arrays by an adhesive is feasible and results in significant
higher test values which might be needed for better separation of the effects. In contrast to the
used adhesive a future mounting by an adhesive requires also good conductivity for charging the
tubes during the tests.
Future tests should be carried out using long single-walled tubes (such as it is shown in Fig. 5
d)). With this approach a comparison of the active behaviour to the current tested architectures
are possible maybe revealing their individual actuation mechanism.
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Abstract  

The main goal of this work is the addition of electrically conductive nanofillers into a 
semiconducting polymer, poly(triarylamine) (PTAA), in order to increase its electrical 
conductivity, while retaining its transparency and mechanical behavior in order to enhance its 
applicability on photovoltaic and optoelectronic devices. This work consists on the optimization 
of the dispersion of graphitic nanofillers, using carbon nanotubes and graphene nanoplatelets. 
The dispersion degree is analysed by optical microscopy and image analysis software for the 
PTAA composite films doped with graphene. The transparency of the doped polymer films in 
the visible spectra range is further evidence of the dispersion quality. The obtained results 
confirm the importance and necessity to optimize the experimental conditions of 
manufacturing, such as the spin-coating conditions and type and concentration of graphene. The 
optimized procedure allows for manufacturing of transparent films with high nanofiller 
contents, close to 10 – 20% for polymer films doped with graphene nanoplatelets and 0.7 – 2% 
for polymer film doped with carbon nanoplatelets.   

 
 
1 INTRODUCTION 
Semiconducting polymers are being widely investigated due to their combination of low 
density, optical and mechanical properties, and their optoelectronic behavior for different 
applications [1-3]. Their main advantages are high flexibility and transparency, which 
significantly increase their range of applications. However, one of the limitations of these 
materials is low electrical conductivity, and, for this reason, the recent literature has focused on 
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the addition of electrically conductive fillers [2-3]. These polymer composite films generally 
exhibit high electrical conductivity, but their transparency is usually negatively affected. 

The present work focuses on the addition of graphitic nanofillers into the organic 
semiconducting polymer poly(triarylamine) (PTAA). The graphitic nanofillers used are 
graphene nanoplatelets (GNP) and carbon nanotubes (CNT), whose intrinsic electrical 
conductivity is very high [1,2].    

The aim was to manufacture a highly conductive transparent film with low cost, replacing 
expensive oxides (e.g. indium tin oxide) in different electrical applications, such as transparent 
electrodes, light emitting diodes, thermoelectric, or photovoltaic devices. In order to achieve 
this objective, it is necessary to optimize the dispersion process of nanofillers into the polymer 
solution. In the literature, the addition of high nanofiller content induces an important increment 
of the electrical conductivity, but this enhancement is usually accompanied with a decrease of 
the transparency. This phenomenon is caused by a poor dispersion, appearing agglomerates of 
large size, which decrease the transparency of film.      

In this work, PTAA [3] was the studied organic semiconductor polymer, because it exhibits 
high optical transparency, relatively high hole mobility, and high air stability, making it an ideal 
material for photovoltaic devices. As electrically conductive filler, graphitic nanofillers, GNPs 
and CNTs, were used in two states: unmodified and amine-functionalized. The amine-
functionalization was selected because it could possibly enhance the dispersion degree of 
nanofillers into the poly(triarylamine) due to stronger chemical interactions. It is worth noting, 
however, that a high interaction of nanofillers with the polymer matrix usually decreases the 
electrical conductivity of the composite due to the polymer forming a layer that surrounds the 
nanofiller. Additionally, chemical functionalization induces structural defects in the nanofillers, 
decreasing their intrinsic electrical conductivity.   

In this paper, the authors report the optimization of experimental parameters for dispersing 
different graphitic nanofillers into PTAA. The dispersion degree is analysed by image analysis 
of optical micrographs and by high resolution scanning electron microscopy. Optical 
transparency was used to further confirm the dispersion quality.  

 

2 EXPERIMENTAL 
 
The organic semiconducting polymer used as the matrix was poly(triarylamine) (PTAA, 

Solaris Chem Inc.) with a molecular weight of 7000-10000 g/mol, as measured by gel 
permeation chromatography (GPC). Unmodified (NC3150, Nanocyl) and amine-functionalized 
(NC3152, Nanocyl) carbon nanotubes (CNTs) and graphene nanoplatelets (GNPs) were added 
to the PTAA in different concentrations. The average diameter of CNTs was 10 nm, measured 
by transmission electron microscopy (TEM) and their average length was less than 1 µm, 
measured by scanning electron microscopy of high resolution (FEG-SEM). The GNPs, powder 
grade M25 with an average thickness of 6–8 nm and an average lateral size of 20 µm, was 
provided by XGScience. Finally, amine-functionalized graphene nanoplatelets with a thickness 
of 4–6 nm and an average lateral size of 5 µm were supplied by Cheaptubes.  
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The optimization of the dispersion procedure was performed using 1,2-dichlorobenzene 
(ODCB), which was selected because it was a good solvent for both PTAA and the graphitic 
nanofillers. First, the nanofillers were dispersed into the solvent by ultrasonication using a probe 
sonicator at an amplitude of 30% and a frequency of 3 Hz. The ultrasonication was performed 
in an ice water bath to prevent extensive heating and damage of the graphitic nanofillers. The 
time to achieve a suitable dispersion varied as a function of nanofiller content, from 15 min for 
the lowest concentration to 2 h for highest concentrations. PTAA was subsequently added at a 
concentration between 10 and 20 mg/ml into the solution of graphitic nanofillers in ODCB. 
This solution was dispersed further by an additional 15 min in an ultrasonication bath. Finally, 
a composite film, formed by the graphitic nanofillers in a PTAA matrix, was fabricated by spin-
coating on clean glass substrates. Different spin-coating conditions were utilized, with different 
numbers of steps, revolutions, and spinning time. Two procedures were finally selected, the 
first being a one-step treatment, at 500 rpm for 60 s, and the second was a two-step process, 
first at 500 rpm for 30 s, followed by 2000 rpm for 60 s. The fabricated films were subsequently 
dried in air with an oven at 100 ºC for 1 h. 

PTAA composite films were fabricated with varying graphitic nanofiller concentrations. The 
higher GNP concentrations (1 – 50 wt %) tested in comparison with CNT percentages (0.3-10 
wt %) is justified by the different specific area of both nanofillers, which was 500 m2/g for 
carbon nanotubes and 150 m2/g for graphene nanoplatelets. A higher specific area hinders the 
dispersion and thus limits the maximum concentration of the nanofiller allowable to obtain a 
well-dispersed solution. 

 
Different experimental techniques were used to characterize the manufactured composites. 

Differential scanning calorimetry (DSC, TA Instrument Q2000) was used to measure the glass 
transition temperature (Tg) of neat PTAA and composites.   

The thickness of each film was measured using a stylus profilometer (Bruker Dektak 150 
profilometer). The dispersion quality was determined by UV/VIS spectroscopy, transmission 
optical microscopy (in the case of GNP/PTAA films), and scanning electron microscopy. The 
transparency of the films was measured by UV/VIS spectroscopy (Agilent Cary 6000i) from 
300 to 800 nm. All films were deposited on glass and a blank glass slide was used as a 
background. The transmission optical microscopy was performed using a Leica microscope and 
the subsequent image analysis was performed with Image-J software. This technique allowed 
the study of the degree of dispersion for the PTAA films doped with GNPs due to their large 
lateral size. In contrast, the dispersion of CNT/PTAA films had to be analysed using Field 
Emission Gun Scanning Electron Microscope (FEG-SEM, Philips Nova NanoSEM FEI 230). 
To reduce surface charging, the samples were coated with a thin Pt layer (5–10 nm).  

 

3 RESULTS  
PTAA was characterized initially by DSC in order to analyse its thermal behavior, and 

visible spectroscopy to determine its transparency. A glass transition temperature of 119 ºC for 
neat PTAA was measured by DSC. PTAA was also highly transparent in the wavelength range 
from 400 – 750 nm. A slight decrease in the transparency of neat PTAA films with increasing 
film thickness was observed, with a transparency higher than 99% for films of ~10 nm and 
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close to 95% for films 50 nm thick. 
In addition to the film thickness, the transparency of the PTAA nanocomposites films was 

also influenced by the nanofiller nature, its concentration, and functionalization. Table 1 shows 
the thickness and transparency of PTAA films doped with carbon nanotubes, unmodified (CNT) 
and amine functionalized ones (CNT-NH2). Similar results are obtained for PTAA composites 
doped with graphene nanoplatelets. 

 
Table 1: Thickness and transparency at 600 nm of CNT/PTAA composites films as a function of the 

functionalization and concentration of carbon nanotubes, the PTAA concentration and spin-coating 
manufacturing conditions. 

Transparency at 600 nm (%) and film thickness (nm)  
PTAA (mg/ml) 10 20 

Spin coating steps 500 500/2000 500 500/2000 

Neat PTAA 

98.81% 99.43% 95.79% 95.09% 
19.57 ± 2.70  

nm 11.59 ±1.59 
nm 48.69 ± 9.88 

nm 51.49 ± 3.59  
nm 

CNT/PTAA 
0.07 CNT 

97.65% 96.62% 94.16% 94.44% 
28.66 ± 4.73 

nm 25.81± 3.50 
nm 56.58 ± 8.02 

 nm 71.02 ± 8.10 
 nm 

0.3 CNT 

92.34% 90.37% 89.87% 90.09% 
53.22 ± 10.89 

nm 12.74± 2.56  
nm 83.11 ± 6.11 

 nm 81.51 ± 8.35 
 nm 

CNT-
NH2/PTAA 

0.5 CNT-NH2 

83.75% 84.45% 88.95% 89.69% 
52.11 ± 6.25 

nm 31.04 ± 8.91 
nm 88.19 ± 8.34 

 nm 83.12 ± 9.52 
nm 

0.7 CNT-NH2 

84.56% 83.69% 82.34% 80.80% 
36.50 ± 7.23 

nm 20.56 ± 3.38 
nm 57.54 ± 15.97 

 nm 53.26 ± 3.35 
 nm 

 
At the same conditions of film fabrication, meaning the same concentration of PTAA and 

the same spin-coating procedure, the thickness of nanofilled films is higher than films of neat 
PTAA. Since the concentration of the nanofillers is relatively low, the reason for the increased 
thickness is likely due to an increase in the solution viscosity. As expected, in all cases, the 
increase of spin-coating speed reduces the film thickness. This effect is higher at low PTAA 
concentration. The homogeneity of film thickness, analyzed by error bars, was observed to be 
higher for the samples manufactured with the spin coating procedure based in two steps 
(500/2000). 

The transparency of the composite films proportionally decreased as a function of GNP and 
CNT load, with a higher decrease observed for CNTs than for GNP, likely due to the higher 
specific area of CNTs. A higher decrease in transparency was also observed for unmodified 
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nanofillers in comparison with amine-functionalized ones because of the better chemical 
interactions between the amine groups of the nanofiller and PTAA matrix. Table 2 shows the 
decrease of transparency associated with the presence of graphitic nanofillers, calculated as the 
slope between the percentage of transparency at 600 nm and the nanofiller concentration as a 
weight load percentage. Also, this table presents the maximum nanofiller concentration to 
obtain films with 95 and 90% transparency, respectively. 

 
 
Table 2: Decrease of transparency of PTAA composites films as a function of the nanofiller content. 

Nanofiller 
Slope 

(transparency/nanofiller 
content 

Maximum nanofiller 
content for 95% 

transparency of doped 
PTAA film 

Maximum Nanofiller 
content for 90% 

transparency of doped 
PTAA film 

GNP -0.6 10% 15% 
GNP-NH2 -0.2 12% 20% 

CNT -5.4 0.7% - 
CNT-NH2 -2.0 2% 3.5% 

 
Figure 1 shows the optical micrographs captured for GNP/PTAA films in order to analyse 

the quality of the nanofiller dispersion. This analysis could only be carried out for 
nanocomposites doped with GNPs (and not CNTs) due to their relatively large size, with micro-
scale planar dimensions.  

 

Figure 1: Optical micrographies of  GNP/PTAA composite films 
  

Table 3 shows the results of the image analysis of PTAA films doped with neat GNPs and 
amine functionalized GNPs. The image analysis determined the surface area occupied by 
nanofiller and the average lateral size of the nanoparticles. Figure 2 shows the comparison 
between the average lateral size of the nanoparticles or even agglomerations as a function of 

0% 1% 2% 

5% 10% 20% 
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nanofiller content. These results confirms the tendency observed by UV/Vis spectroscopy. The 
average size of the nanoparticles in the GNP/PTAA films was higher than the average size of 
the graphene nanoplatelets in powder, meaning poor dispersion and the presence of 
agglomerates of several nanoplatelets. In contrast, the lateral size of nanoparticles for PTAA 
composite films doped with amine-functionalized GNPs was similar to the average diameter of 
amine-functionalized GNPs in powder, confirming the lack of agglomerates. In this system it 
was also observed that the size of nanoparticles increased (i.e., the degree of dispersion 
decreased) with increasing amine-GNP content into PTAA matrix. 

 
Table 3: Image analysis results of optical micrographies of  GNP/PTAA composite films. 

 

 

 

 

Because it was not possible to study the dispersion degree of CNT into PTAA matrix by optical 
microscopy, these samples were instead analysed by FEG-SEM. The high dispersion degree of 
carbon nanotubes in spite of the high load was confirmed, however, large agglomerates were 
observed (Figure 3). It is worth noting that the length of the pull-out of carbon nanotubes for 
fractured films was higher for neat carbon nanotubes than with amine-functionalized CNT, 
likely due to the stronger chemical interface between the functionalized nanotubes and the 
polymer matrix.     

 

 

 

 

Sample PTAA 
(mg/ml) 

[GNP] 
(%) 

% occuped 
area 

Average 
lateral size 

(µm) 
PTAA:GNP 10:0.1 10 1% 1.09 34.4 
PTAA:GNP 10:0.2 10 2% 2.51 40.0 
PTAA:GNP 10:0.5 10 5% 5.46 33.4 
PTAA:GNP 100:10 100 10% 28.08 37.1 

PTAA:GNP-NH2 10:0.1 10 1% 0.43 3.21 
PTAA:GNP-NH2 10:0.2 10 2% 0.84 5.50 
PTAA:GNP-NH2 10:0.5 10 5% 5.99 3.85 
PTAA:GNP-NH2 10:5 10 20% 11.72 7.25 
PTAA:GNP-NH2 100:5 100 5% 8.70 6.10 
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Figure 2: Average lateral size of nanoparticles for GNP/PTAA composite films. 
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Figure 3: FEG-SEM micrographs of CNT/PTAA composite filmswith 5 wt % amino-functionalized CNT (a,c) 
and 1% neat CNT (b,d) 

 

4. CONCLUSIONS 

The present work consists of the optimization of the dispersion of graphitic nanofillers into the 
semiconducting polymer PTAA. Different parameters have been analysed, such as the 
geometry, nature, functionalization, and concentration of the nanofillers, as well as the spin 
coating procedure. Transparent films of PTAA composite films were successfully 

c 
 

d 
 

a 
 

b 
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manufactured with a high nanofiller load. The main conclusions from the present work are: 

 The maximum nanofiller load on PTAA composite films is much higher for graphene 
nanoplatelets than nanotubes because of their lower specific area. 

 Applying the same experimental spin-coating procedure, the thickness of nanofilled 
films is higher than neat PTAA, due to the increased viscosity of the doped solutions.  

 The homogeneity of film thickness is higher for the samples manufactured with the 
spin coating procedure based in two steps (500/2000). 

 The functionalization of graphitic nanofillers enhances the dispersion degree, inducing 
the formation of strong chemical interaction between the nanofiller and polymer matrix. 

 

ACKNOWLEDGE 

Silvia G. Prolongo thanks the financial support of USA Government, Fulbright program, for 
the research grant in Stanford University. The authors also thank the service and help of 
Gilberto Del Rosario in the technological Center Support (CAT).       

REFERENCES 
[1] Madec, M.B. Morrison J.J., Rabjohns, M., Turner, M.L. and Yeates, S.G. Effect of 

ply(triarylamine) molar mass distribution on organic field effect transistor behavior. 
Organic Electronics  (2010) 11: 686-691 

[2] Dey, A., Bajpai, O.P., Sikder, A. K., Chattopadhyay, S. and Khan, M.A.S. Recent advances 
in CNT/graphene based on thermoelectric polymer nanocomposite: A proficient move 
towards waste energy harvesting. Renewable and Sustainable Energy Reviews  (2016) 53: 
653-671.  

[3] Behnam, A.V.K., Shanwan, X., Zhong., F., Lian, D., Estrada, D., Jariwala, A., Hoag J.,  
Lauhon, L.J., Marks, T.J., Hersam, M.C. and Pop, E. High-field transport and thermal 
reliability of sorted carbon nanotube network devices. ACS Nano  (2012) 7: 482-490 

 
 

1223



Nanocomposites Spray Quantum Resisitve Sensors (Sqrs) for the Structural Health Monitoring of Composite 
Wind Blade

VIII ECCOMAS Thematic Conference on Smart Structures and Materials 
SMART 2017 

A. Güemes, A. Benjeddou , J. Rodellar and Jinsong Leng (Eds) 
 

 
 

 

 

NANOCOMPOSITES SPRAY QUANTUM RESISITVE SENSORS (QRS) 
FOR THE STRUCTURAL HEALTH MONITORING OF COMPOSITE 

WIND BLADE  

A. LEMARTINEL*, 1, 2, S. NAG-CHOWDHURY 2, M. CASTRO2, O. FOUCHE1, AND 
J. F. FELLER2 

1 Institut de Recherche Technologique Jules Verne (IRT Jules Verne) 
Chemin du Chaffault, 44340, Bouguenais, France 

e-mail: antoine.lemartinel@irt-jules-verne.fr, web page: http:// http://www.irt-jules-verne.fr/ 
 

2 Smart Plastics Group 
Université Bretagne Loire (UBL), IRDL CNRS 3744 - UBS, Lorient, France 

e-mail: jean-francois.feller@univ-ubs.fr, web page: http:// http://www.smartplasticsgroup.com/ 

Key words: Carbon Nanotubes CNT, Composite, Structural Health Monitoring SHM, Smart 
Structure, Quantum piezo-resistive sensor QRS, Spray layer by layer. 

Abstract. The growing development of renewable energies leads to the fabrication of 
composite’s parts with bigger dimensions or subjects to a severe environment. An 
optimization of the health monitoring of these systems is compulsory to estimate their 
damages and predict the associated maintenance. The development of nanocomposites 
Quantum Resistive Sensors (sQRS) for the monitoring of strain and damage of composite 
structures is presented. sQRS are based on the addition of carbon nanotubes (CNT) in an 
epoxy resin. Those sensors can be on the surface or embedded in the core of material during 
its fabrication. Due to their small dimensions (1-2 µm thick), they can provide an in situ 
monitoring without any loss of mechanical properties, without generating new defects, and 
preserving the matrix integrity. The characteristics of the sensor can be adjusted by the 
fraction of CNT in the resin or the amount of resin and CNT in the sensors. The fabrication 
steps of spray layer-by-layer (sLbL) sensors are explained in relation with the electrical 
response of the sensor due to a mechanical solicitation. 
 

1 INTRODUCTION 

Over the last decade, the need for fibre reinforced polymers (FRP) has more than doubled 
and this growth is expected to continue. This affects the markets from civil engineering to 
transport and defence. The need for carbon fibre reinforced polymers should rise from 101 to 
175 106 kg between 2016 and 2021 [1]. One of the main reasons is the better mechanical 
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properties/weight ratio of composites compare to others materials, which enables the 
construction of lighter structures. 

At the same time, the will to decrease carbon emissions, in particular fossil energies has 
encouraged the examination of the renewable energy development in many countries [2]. For 
example, in France it is planned to increase between 2014 and 2023 from 9.3 GW to 26 GW 
of on-shore wind farms and to develop the off-shore wind farms up to  3 GW. To provide for 
this increase of wind energy, the size of the wind turbine are increased continuously, from a 
diameter of 15 m in the early 80’s to 150 m nowadays, and they could be higher than 200 m 
in 2030 [3,4]. The lifetime of these structures is also expected to be improved, with less 
required planned maintenance. Nowadays, composites materials are taking an important part 
in wind turbines materials, since the blades are usually made of glass fibre and epoxy. 
However, composites are anisotropic or orthotropic materials, whose failure is a combination 
of various mechanisms like matrix cracking, delamination, fibre breakage, and interfacial 
debonding. Hence, the damage initiation and propagation remains difficult to predict. The 
detection of damages along with undergone strain could promote a better prediction of the 
ultimate failure of the structure, thus leading to a maintenance cost reduction, which is 
expected to be up to 30% of the total cost for off shore wind turbines [5].  

In this frame, a Structural Health Monitoring (SHM) system, which would provide clues 
about the material’s health state, comes out like a very interesting tool [6]. SHM systems have 
multiple objectives, such as allowing an optimal use of the structure, minimizing the 
downtime, and avoiding catastrophic failure. It should also help to replace the scheduled and 
periodic maintenances by performance based inspections; as well as to reduce the human 
involvement for less labour, human errors, and therefore higher reliability. 

Among the requirements, such systems should have a non-destructive evaluation of strain, 
damages and failures in the structure. SHM involves the integration of sensors or sensing 
elements within the composite structure for prediction, localization, assessment and 
evaluation of various damages induced in the composites materials. It would therefore help to 
avoid the structure downtime, and the cost of maintenance. The interest for SHM is displayed 
in various fields: aeronautics [7,8], energy [9,10], or civil engineering [11,12]. Since the first 
construction of bridges equipped with monitoring devices in the 70’ [13], SHM market gains 
momentum and expects an annual growth of nearly 25 % between 2015 and 2020. In 2020, it 
could reach 1.89 billion dollars [14].  

Over the past decades various conventional SHM technics were developed like strain 
gauges, doped semi-conductors, piezo-electric sensors, optical fibre sensors (OF), Eddy-
current sensors, and acoustic sensors. However, these kinds of sensors usually suffer from 
performance degradation over time due to temperature, moisture effects, or wiring issues [15] 
that are not correlated to the structure mechanical properties changes. These observations 
confirm the need for more reliable sensors, with clear correlation between the change of the 
structure and the output signal. This challenging task has recently raised interest in the 
research community, particularly through the use of nanoparticles.  

Actually, the emergence of conductive polymer nanocomposites (CPC) is leading for the 
development of self-sensing materials [16–20]. Thanks to their unique mechanical [21],  
thermal [22]  and electrical properties [23], carbon nanotubes (CNT) are one of the leading 
candidates for the development of nano composites. Since nanofillers can create a 3D 
conductive network in an insulating polymer matrix, the electrical recording of the 
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nanocomposites resistance can be used to detect and measure the undergone deformation and 
the induced damages [17,24,25]. Furthermore, the use of such materials leads to a 
concordance between the durability of the structure and the nano composite. Nano reinforced 
composites are therefore good candidates for SHM devices but still mainly remain at a 
laboratory scale. 

In this paper, the use of Quantum Resistive Sensor (QRS), localized in the core of a 
composite structure for in situ strain and damage detection, is proposed. The QRS electrical 
behaviour is investigated, when embedded in glass fibre epoxy composite during mechanical 
testing in the elastic and plastic domains until ultimate failure. The fabrication by spray layer 
by layer allows controlling the sensor geometrical and electrical characteristics and enables to 
target specific areas of deposition. 

2 SENSOR’S THICKNESS 

The sensor’s fabrication has been described in previous works [16,17,24]. SEM and AFM 
were used to measure the thickness of QRS, as shown on Figure 1.a for a 40 layers sensor. 
The measured thickness is comprised in 1.8 and 2.1 µm, which illustrates the thickness 
control by the spray deposition technic. Figure 1.b exhibits the sensor’s thickness increase 
with the number of layers. Similar results are found with both SEM and AFM measurements. 
This fabrication technic enables to obtain sensor with a thickness lower than 1 µm, which is 
below the size of other strain monitoring technics as optical fibre, usually higher than 100 µm.  

(a) 

 

(b) 

 
Figure 1: a) Thickness of CPC sensors measured by SEM for 40 sprayed layers of CPC solution. b) 

Evolution of sensors' thickness with number of sprayed layers (20, 30 and 40 layers), measured by SEM (circles) 
and AFM (squares) [26].  

3 MECHANICAL AND PIEZO-RESISTIVE BEHAVIOURS 
The piezo-resistive properties of QRS were determined by static tensile tests on glass fibre 

epoxy (GFEP) specimen with embedded QRS to characterize the mode of failure of the 
specimen. The figure 2 shows the 0/90° GFEP sample stress and the sensor change of 
resistance (Ar) versus strain during the tensile test. The mechanical behaviour exhibits a first 
elastic domain (ε < 0.35%) with a 17.1 GPa Young Modulus. Then cracking initiates in the 
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90° plies and propagates in the adjacent 0° plies until the final brutal breakage. It results in a 
decrease of the stress slope with the strain. Concerning the electrical behaviour of the sensor, 
AR is linear in the elastic domain and a slope increase occurs afterwards until ε = 1.0%. A 
decrease in the slope occurs followed by an infinite increase. Hu et al. [27] had previously 
evidence that the tunnelling effect is a determining parameter controlling the electrical 
performance of CNT-epoxy nano composite especially close to the percolation threshold. The 
observed non-linear behaviour occurring over the elastic limit is induced by the tunnelling 
effect. The final infinite increase in Ar depicts the propagation of cracks in the CNT network 
and the breaking of the conductive paths, corresponding to the laminate breakage. Therefore, 
in situ QRS are able to monitor the damage status and monitor the health of a GFEP 
composite. The QRS could be implanted in a composite structure in chosen strategic or fragile 
locations to monitor a specific area. 

The QRS sensitivity, named gauge factor (GF), is defined as the relative change in 
electrical resistance due to a mechanical solicitation and expressed as follows in Equation (1): 

 

GF = AR/ε 
(1) 

with AR= (R-R0)/R0, ε is the deformation, AR is the change of resistance, 
R0 (Ω) is the resistance at ε=0 and R (Ω) is the resistance at ε 

Experimentally the gauge factor (GF) is calculated from the slope of the electrical response 
versus strain curve, in the elastic domain (ε < 0.35%). In figure 2, the GF obtained is 6, which 
is 3 times higher than for usual commercial metallic strain gauges. Based on the QRS GF it is 
possible to determine the local strain of the sample with the measure of the QRS resistance. 
Therefore, QRS can detect as well strain and damage in situ of the composite structure. 

 
Figure 2: Evolution of stress and electrical response change (AR) with strain during static tensile test, up to 

fracture [17]. 
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4  EFFECT OF INITIAL RESISTANCE R0 ON SENSITIVITY 
To adapt the QRS sensitivity, the number of sprayed layers (20, 30 and 40) and the CNT 

content in the epoxy matrix (1, 2 and 3%) has been changed. The Figure 4 depicts the 
resulting gauge factor versus the initial resistance for the different each case. It can be seen 
that the resistance can be adjusted depending on the CNT content and the number of layers, 
and that the GF is determined by the initial resistance. Hu et al. [27] previously observed that 
the increase of the CNT content in the epoxy matrix decreased its resistance resulting in a 
decline of the GF. This increase of the CNT content favoured the formation of the percolated 
network and the reduction of the distance between two successive CNT. The decrease of the 
distance would reduce the tunnelling effect, and any variation in the network due to a 
deformation would lead to a lower change of resistance. On the other hand, close the 
percolation threshold, any disconnection in the CNT network would cause a large resistance 
increase. It is why for 1 wt% with 20 layers the initial resistance is 15 MΩ and the resulting 
GF of 11, while with 3 wt% and 30 layers the initial resistance has diminished to 30 kΩ and a 
GF of 4. Therefore, the QRS’ CNT content and numbers of layers are adjusted depending on 
the targeted sensibility or initial resistance. In addition, the best compromise between the 
sensitivity and the signal noise has been found to be the 2 wt% of CNT with 40 layers. 

 
Figure 3: Gauge factor as function of QRS’ initial resistance with various CNT content in the epoxy matrix 

and various spray layers  [17]. 

5 DYNAMIC CYCLING BEHAVIOUR OF CPC SENSORS 

To investigate on the electrical behaviour of QRS during the life of a composite structure 
like windmill blades, fatigue tests have been conducted. The QRS were embedded in GFEP 
samples in the tension side during bending fatigue with a frequency of 0.5 Hz. Two different 
levels of loading corresponding to nominal deformations of ε = 0.4 ± 0.2% and ε = 0.6 ± 0.2% 
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were selected, and the results are presented in figure 4.a-b. The QRS response, after 3500 and 
60000 cycles are compared in the two cases.  

 
Figure 4: Variation of AR and strain with time during fatigue bending test at 0.5 Hz (a) strain 0.4 +/- 0.2% 

(b) strain 0.6 +/- 0.2% [26]. 

The resistance is in phase with the strain for both cases from low to high number of cycles, 
which illustrates the ability of sQRS to monitor the fatigue behaviour. When the deformation 
is under the elastic limit, as in figure 4.a, a slight increase of AR is visible after 25000 cycles, 
which may correspond to the formation of microcracks in the sample. At the beginning of the 
test, the GF measured is 5.6, which is in agreement with the static tensile test. For strain 
above the elastic limit, as in figure 4.b, the resistance displays at the beginning a similar 
behaviour than for a strain level under the elastic limit. Yet, a progressive increase of the AR 
amplitude occurs to reach after 60000 cycles five times the initial value. Simultaneously, the 
resistance sinusoidal shape is modified. Thostenson et al. [25] have linked this kind of 
behaviour, during increasing tensile cycles, to the reopening of cracks and the formation of 
new ones. The QRS homogeneity with the sample allows the development of similar amounts 
of cracks than in the composite. Therefore, the degradation of the electrical response matches 
the development of damage in the composite laminate, and the measure of the AR drift could 
provide an amount of damage accumulation.  

The overall sQRS piezo-resistive behaviour for both cases is summarized in figure 5. The 
evolution of the average resistance value with the number of cycles is shown for both 0.4 and 
0.6 average strain fatigue tests, as well as the nominal load for the 0.6 strain test. With the 
little development of damages in the 0.4 strain specimen, no drift in the average resistance can 
be noticed. For the 0.6 strain sample, in addition to the amplitude response with the numbers 
of cycles, the average resistance displays a sharp increase simultaneous to the loss of load 
applied on the sample. This degradation of mechanical properties corresponds to the 
development of cracks in the sample. The change of resistance is therefore correlated with the 
density of cracks in the composite structure. In this way, QRS appear to be a very promising 
for the detection and monitoring of damage at strategic location in GFRP structures.  
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Figure 5: Variation of resistance along strain cycles for two different amplitudes: (a) strain 0.4 ± 0.2% (b) 

strain 0.6 ± 0.2% [17]. 

6 CONCLUSIONS 

In the aim of developing new SHM systems for composite structures like windmill blades, 
Quantum Resistive strain Sensors (sQRS) appear to be very good candidates. The sensor is 
made of a CNT network nanostructured in an epoxy matrix by spray layer by layer fabrication 
process. sQRS have the advantages to be adaptable in dimensions and homogeneous with the 
composite matrix, and can therefore be embedded in defined locations in the core of 
composite structure. The adjustable sensor’s resistance and sensibility with the CNT content 
and the number of sprayed layers enables to predict the QRS performance and afterwards the 
strain and damage of the composite from elastic deformation to ultimate failure. During 
fatigue experiments above the elastic limit, phenomena such as cracks' creation, 
closing/reopening and propagation, resulting in damage accumulation with increasing number 
of cycles, could be followed by the drift of AR, thus showing the two steps of formation of 
microcracks and the delamination of plies. These tests are better fitting the real solicitations to 
which GFEP parts will be submitted to, in applications such as windmill blades, they have 
demonstrated that sQRS were perfectly able to monitor real time damage accumulation in 
GFEP composites and eventually anticipate and prevent the complete fracture of structures 
provided that the behaviour is known. 
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Abstract. The developments of albumin-based nanocarriers, which are nontoxic, 
biocompatible and biodegradable, have been extensively studied for seeking new alternatives 
of the treatment for numerous diseases. The most relevant characteristic of these protein-
based systems are its capacity of the selectively achieve the target cells within of the brain. 
These nanocarriers are proteins-based and have covalent bonds, which, consequently, can be 
rapidly degraded through the proteolytic cleavage process on the inside of the cells. In this 
context, we propose to develop such nanocarriers for the treatment of Central Nervous System 
(CNS) by incorporating a free and pre-encapsulated photoactive agent aluminum chloride 
phthalocyanine (AlClPc) in albumin nanoparticles (HAS-NPs) with a chemistry cross-linking 
method. This later has been optimized by varying some relevant parameters such as 
Hydrogenionic potential (pH) and the stirring speed. From Scanning Electron Microscopy, 
Atomic Force Microcopy and Zeta potential measurements, we have clearly shown that the 
elaborated nanoparticles (NPs) have a smaller size with a spherical shape, are more 
homogeneous and have greater electronic repulsion (preventing their aggregation) compared 
to other synthesis methods allowing not only promising advances with the application of this 
technique in future to in vivo studies, as well as the availability, in the future, of a viable and 
low-cost drug for the treatment of CNS diseases. Preliminary results of rheological 
measurements of HAS-NPs incorporating magnetic nanoparticles (MNPs) are also presented. 
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1 INTRODUCTION
Systemic drug administration has shown a weak specificity to reach target cells,

leading to a plethora of adverse side effects. Due to this, over the years, development of new 
drug delivery systems (DDS) has grown exponentially in the area of the nanotechnology to 
development of nanoparticles (NPs) like biodegradable and biocompatible nanocarriers with
high potential in biomedical applications and diagnostics [1]. Besides they are used to 
improve treatment efficacy through controlled release of therapeutic agents inside the lesion,
thus reducing the unwanted side effects [2].

Currently, the development of albumin-based nanoparticles, which are nontoxic,
biocompatible and biodegradable, have been extensively studied for seeking new alternatives 
for treatments in several diseases, mainly because albumins are soluble in water and found 
abundantly in human plasma at a concentration of approximately 60 µM [3]. These albumin-
based particles have already been approved for clinical practice by the Food and Drugs 
Administration (FDA) in the United States [4], with registration of commercial names as
Albunex® and Abraxane® [5]. The most relevant characteristic, as evidenced by previous 
studies in our group, is that these protein-based systems can cross the blood-brain barrier 
(BBB) and selectively achieve the target cells within of the brain [6]

The importance of the development of these albumin-based nanoparticles basically 
due to the rapid and easy degradation of them within the human body which is performed by 
proteases [7]. Proteases rapidly degrade the albumin-based nanoparticles (HAS-NPs) through 
proteolytic cleavage which occurs by lysosomal pathway [8]. Thus, after cleavage the actives 
incorporated into this DDS are released inside of the cells [9], locally acting in these cells. In 
this sense, these NPs can be used to delivery photoactive molecules limiting the oxidative 
stress generated by their photo activation to a specific sick tissue. The use of photodynamic 
therapy (PDT) has proven to be a powerful tool in medicine, thanks to the numerous works 
and clinical protocols developed worldwide obtained in the last 40 years of research in this 
field. PDT has been used as an alternative form of treatment of innumerable diseased tissue 
by inducing cell death only in the photosensitized site, thus reducing and minimizing damage 
to neighboring healthy tissues and avoiding undesirable side effects common in classical 
treatments such as chemotherapy and radiotherapy [10, 11, 12]. Therefore, PDT is a clinical 
approved procedure that is minimally invasive and can be applied to several pathologies that 
do not yet present 100% effective treatment [13].

Besides of AlClPc, there are several iron oxide, in particular the magnetite (Fe3O4) and 
maghemite (γ-Fe2O3) that also have shown greatest interest for use in biomedicine, due their 
low toxicity, relative ease of functionalization and high magnetization [14, 15, 16]. Magnetic 
hyperthermia is a general factor that maximizes the action of MNPs added to the body, under 
external magnetic field with an alternating frequency, because it performed a treatment based 
on generation of heat where the temperature in tumor cells reach rates between 41 to 45 °C, 
causing magneto thermo cytolysis or cell death induced by magnetism [14, 15, 17]. These are 
a promising technique for cancer treatment, once that it is easy for the drug reach the 
cancerous tissue, with more reducing side effects than chemotherapy and radiotherapy, which 
is confirmed through of results clinical trials [18]. Given the importance of these nanocarriers 
as DDS and their effective permeation through blood-brain barrier, we proposed here a
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multidisciplinary scientific development combining protocols, techniques and experimental 
tests of the areas of pharmaceutical technology, nanotechnology and chemistry.

The objective of the present study is thus to optimize the synthesis of albumin-based 
nanoparticles NPs by chemistry cross-linking with the incorporation of photoactives, as 
aluminum chloride phthalocyanine (AlClPc) or magnetic nanoparticles (MNPs) and to use 
them in vitro to probe the cell viability of U87MG cells. 

2 MATERIALS AND METHODS

2.1 Materials
Human serum albumin (HSA) and aluminum chloride phthalocyanine (AlClPc) (85% 

pure) were purchased from Sigma-Aldrich; and functionalized magnetic nanoparticles
(MNPs) was obtained at Laboratory Matièrie and Systèmes Complexes (University Paris 7 
Diderot, France); Acetone analytical grade (J.T.Baker); Sodium chloride (Mallinckrodt 
Pharmaceuticals); Absolute ethyl alcohol analytical grade (J.T.Baker); 8% glutaraldehyde 
solution in water (Fluka) were all the reagents used in this work.

2.2 Methods

2.2.1 Nanoparticle preparations – chemistry cross-linking method
The HSA-NPs were prepared following the method of coacervation as described by 

Weber et al. [19]. An aqueous solution with NaCl (10 mM) and HSA at room temperature is 
first prepared. After, the pH was adjusted and MNPs were included into one part of the 
formulation while another part was kept without these additive. Subsequently, using a pump 
injection, it was added absolute ethanol with or without AlClPc. Next, the NPs were formed 
by addition of 8% glutaraldehyde followed by washing in water. Finally, they were
lyophilized and stored at 4 °C. Thus, four different types of NPs were prepared and studied 
here, namely:

(1) HSA-NPs (Empty) – the empty serum albumin-based nanoparticles; 
(2) HSA-NPs (AlClPc) – the HSA-NPs containing AlClPc; 
(3) HSA-NPs (MNPs) – the HSA-NPs containing MNPs;
(4) HSA-NPs (AlClPc+MNPs) – the HSA-NPs containing AlClPc plus MNPs
For optimization of the NPs, the weight of the albumin and injection speed was kept 

constant, while two values of magnetic stirring (155 RPM and 380 RPM) and two values of 
pH (7.0 and 8.5) were studied.

2.2.2 Measurement of particle size and zeta potential
The measurements of particle size and zeta potential were carried out using a zetasizer 

Nano ZS, Zen 3600 (Malvern Instruments Ltd., Malvern, UK). For the analyses of average 
particle diameter, Polydispersity Index (PdI) and zeta potential, the samples were dissolved 
1:1 in water.

2.2.3 Scanning Electron Microscopy (SEM) and Atomic-force microscopy (AFM)
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The Scanning Electron Microscopy (SEM) analyses of solid samples were conducted 
on a Zeiss SEM microscope on Zeiss EVO® 50 model operating at 5 and 20 kV. Before image 
acquisition, the manufactured nanoparticles were coated by gold. In addition, Atomic-Force 
Microscopy (AFM) (Scanning Probe Microscope SPM-9600 model, Shimadzu and SPM 
software) was also used to characterize the samples prepared, detecting topographic surface
images [21]. For AFM analysis, diluted samples were dropped onto mica surface.

2.2.4 Cells and cell culture conditions
The glioblastoma grade IV (U87 MG) cell line was purchased from American Type 

Culture Collection (ATCC® HTB-14™). The U87 MG cells were cultured in DMEM medium 
supplemented with 10% fetal bovine serum (FBS), 1% L-glutamine, and 1% penicillin-
streptomycin. The cells were used in the logarithmic growth phase and cultured in a 
humidified incubator at 37°C and 5% CO2.

2.2.4.1 Viability assay (MTT)
The MTT ((3-(4,5-dimethylthiazol-2-yl)-2,5-diphenyltetrazolium bromide)) assay was 

used to analyze the U87MG cell viability after treatments with all the nanoparticles. Briefly,
cells were plated (1.0×104 cells/well) onto 96-well plates and grown by 24 h in humidified 
incubator; Following cell treatment by 3 h cells were washed with PBS and fresh culture 
medium added. Next day medium was carefully discarded and MTT solution (5 mg mL−1)
previously diluted in phenol red-free medium were applied to each well. The cells were then 
incubated at 37°C, under 5% CO2, for 4 h. Following incubation, the medium containing the 
MTT solution was removed, and the formazan crystals were dissolved in isopropanol. The 
optical density was measured at 570 and 690 nm using a Safire2 microplate reader (TECAN 
Group Ltd.). The results are presented as the percentage of survival relative to untreated 
control cells.

2.3 Data and statistical analysis
Data from spectrophotometer and spectrofluorometer were analyzed by IGOR pro 

version 6.0 software. Statistical analysis was performed using one-way ANOVA followed by
Tukey test (p<0.05) comparing to negative control (untreated cells). All data are expressed as 
the mean ± SD from at least three independent measurements.

3 RESULTS

3.1 Preparation of albumin-based nanoparticles

3.1.1 Optimization of pH
First, HSA-NPs (AlClPc) were optimized using two different pHs (7.0 and 8.5), which

were based on previous work described by Langer and their collaborators [20]. The zetasizer
analysis allowed identifying a strong influence of pH in the stability of these nanoparticles.
The average diameter was 1178 nm for pH 7.0 and 261 nm for pH 8.5 (Figure 1A);
Therefore, a fourfold decreased was detected when pH was increased from 7.0 to 8.5.
Moreover, a lower Polydispersity index (PdI) and highly negative charge values were
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obtained for preparation with pH 8.5 (Figure 1B and C). We thus used the pH 8.5 in the
others analyzed parameters.
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Figure 1: Characterization of HSA-NPs (AlClPc) as a function of pH using zetasizer Nano ZS. A – Average
diameter; B – Polydispersity index (PdI) and C – Zeta potential

3.1.2 Optimization of stirring speed
The HSA-NPs (Empty) and HSA-NPs (AlClPc) were evaluated in relation to stirring 

speeds 155 RPM and 380 RPM, which were selected based on studies performed previously 
by our group [22]. A reduction of 2.5-fold in the diameter size and Polydispersity index was 
observed by increasing magnetic stirring speed during the preparations (Figure 2A and B). 
But, it is noteworthy that zeta potential does not change with the increasing of stirring speed. 
pH is then the main variable influencing the nanoparticle charges, as explained before (Figure 
1C vs. Figure 2C).
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Figure 2: Characterization of HSA-NPs (Empty) and HSA-NPs (AlClPc) related to stirring speed (155 and 380 
RPM) using zetasizer Nano ZS. A – Average diameter; B – Polydispersity index (PdI) and C – Zeta potential

3.2 Physical-chemical stability related to storage time
After lyophilization, a stability monitoring of the solid nanoparticles [HSA-NPs

(Empty) and HSA-NPs (AlClPc)] were performed for a period of 60 days using the zetasizer 
parameters. First, it was not detected variations related to storage time in the size distribution 
of HSA-NPs (Empty) and HSA-NPs (AlClPc) which was approximately of 200 nm and 
190 nm, respectively. Besides AlClPc inclusion does not affect the average size of the HSA-
NPs (Empty) (Figure 3A and B). In addition, low polydispersity index was detected at all 
times studied, showing the values of 0.172 and 0.174 to HSA-NPs (Empty) and HSA-NPs 
(AlClPc), respectively; thus these nanoparticles presented a high homogeneity in the 
distribution of the average diameter during the period of analysis. (Figure 3C and D).
Finally, it can be observed insignificant variation on zeta potential related to time that the 
values of zeta potential were kept around -56 mV and -57 mV to HSA-NPs (Empty) and 
HSA-NPs (AlClPc), respectively. These highly negative values cause electronic repulsion, not 
allowing the agglomeration of the manufactured samples (Figure 3E and F). Together all 
these results states for a very stable preparation of albumin-based nanoparticles.
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Figure 3: Characterization of HSA-NPs (Empty) and HSA-NPs (AlClPc) related to storage time (up to 60 days) 
using zetasizer Nano ZS. Average diameter (A and B); Polydispersity index – PdI – (C and D); and zeta 

potential (E and F). All these data were evaluated by Tukey test.

3.3 Nanoparticle characterization of albumin based nanoparticles by SEM
From the SEM pictures, it can be observed at low magnification (1 K×) aggregated 

structure with highly irregular shape of about hundred microns probably due to the 
lyophilization process of HSA-NPs (Empty, Figure 4A) and HSA-NPs (AlClPc, Figure 4B). 
At higher magnification (50 K×) the presence of small agglomerated spheres with a diameter 
size from 80 nm to 360 nm is clearly evidenced for HSA-NPs (Empty, Figure 4C) and for 
HSA-NPs (AlClPc, Figure 4D). 
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Figure 4: Nanoparticle characterizations by SEM. SEM photomicrographs at low magnification (A and B) and
high magnification (C and D) of HSA-NPs (Empty) (A and C) and HSA-NPs (AlClPc) (B and D)

3.4 Nanoparticle characterization of albumin based nanoparticles by AFM
After diluted samples, the AFM analysis, showed spherical shaped nanoparticles 

separated in the range of 175 nm to 200 nm (Figure 5A and B).

Figure 5: Nanoparticle characterizations by SEM. AFM photomicrographs of HSA-NPs (Empty) (A) and HSA-
NPs (AlClPc) (B and D)
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3.5 Cell viability of the U87MG cells evaluated by MTT assay

In order to detect cytotoxicity to U87MG cells induced by the albumin-based 
nanoparticles it was used the colorimetric assay; MTT salt that is metabolized by 
mitochondrial enzymes into a purple compound (formazan), and then detected by absorbance 
using a spectrophotometer. 
It can be observed (Figure 6) that the incorporation of AlClPc and MNPS separately in HSA-
NPs (HAS-NPs (AlClPc) and HSA-NPs (MNPs) has no effect on metabolic activity 24 h after 
incubation of the U87cell. However when AlClPc and MNPS are both incorporated in HSA-
NPs (AlClPc+MNPs) the cell viability decreases up to of 82% and 80% (p<0.05) at 
concentrations of 0.25 µM and 0.5 µM. 

Figure 6: Viability analysis of U87MG cells by MTT assay, 24 h after incubation (3 hours of) with HSA-NPs 
(Empty); HSA-NPs (AlClPc); HAS-NPs (AlClPc+MNPs) and HSA-NPs (MNPs). Nanoparticle concentrations:

0.25 µM and 0.5 µM. The experiments were carried out with biological triplicate (ANOVA, Tukey Test; *
p≤0.05).

4 CONCLUSION
The synthesis of albumin-based nanoparticles (HAS-NPs) by cross-linking method has 

been optimized. We have clearly showed that pH and speed of magnetic stirring are relevant 
parameters. Smaller spherical particles with a lower polydispersity index, good homogeneity 
and high negative surface charge have been obtained at pH higher than neutral pH. 
Incorporation of photoactive agent aluminum chloride phthalocyanine (AlClPc) and magnetic 
nanoparticles (MNPs) in these albumin-based nanoparticles does not affect their physical-
chemical characteristics. HAS-NPs with incorporated both AlClPc and MNPs have showed a 
mild effect on viability of glioma cells 24h after incubation. These promising first results 
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support the use of these nanoparticles to glioma treatments using photodynamic therapy and 
hyperthermia.
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Abstract. Stretchable strain sensors are needed for emerging applications like wearable 
electronics, artificial e-skins, bionic sensory systems as well as deployable structures. The 
crucial factors that govern the performance of such sensors are sensitivity, stretchability, and 
linearity. High gauge factor sensors are vital for small strain detection and open up 
opportunities for exploration of subtle strain detection. The stretchability determines the 
sensing strain range. Finally, despite it is needed for robust measurements and easy post 
processing, linearity of the response is challenging for stretchable strain sensors as severe 
changes in configuration might take place between the reference and the deformed 
configuration.  Most of the developed sensors feature poor performance for at least one of 
these three criteria. We propose here to rely on cracked structures to solve all issues together. 
Cracks are considered detrimental to the overall mechanical and electrical properties of 
materials. However, if these cracks can be controlled, they also have the potential for use in 
mechanical sensing applications. In this study, we demonstrate that strain sensors based on 
fragmented single-walled carbon nanotube (SWCNT) assemblies embedded in poly 
(dimethyl siloxane) (PDMS) can maintain their sensitivity at very high strain levels. Our 
strategy here is to develop a new family of sensors taking advantage of the special properties 
of fragmented carbon-nanoparticles based structures (papers and wires). We systematically 
describe how to control the fragmentation of the conductive CNT papers or wires for 
achieving high-performance strain sensors. This fragmentation based sensing system brings 
opportunities to engineer highly sensitive stretchable sensors. 
 
 
1 INTRODUCTION 
    Stretchable conductive materials have continued to receive considerable attention with the 
rapid development of stretchable electronic devices as they have bring new solutions to 
achieve both conductivity and stretchability.1-6 The important factors that govern the 
performance of the strain sensor is sensitivity, stretchability and linearity. In detail, the 
sensitivity is represented by the gauge factor (GF) and evaluated by the relative resistance 
change versus applied strain. High GF sensors are vital for small strain detection and open up 
opportunities for exploration of subtle strain detection. The stretchability is the maximum 
uniaxial tensile strain of the sensor before failure, which will determine the sensing strain 
range. The linearity is significant for stretchable strain sensors because nonlinearity makes 
the calibration process difficult. However, conventional strain sensors cannot achieve the 
combination of high sensitivity (GF>100), high stretchability (strain >100%) and linearity. 
This will limit the development of application in wearable electronics. 
    One of the most effective approaches for bringing stretchability to highly conductive and 
brittle materials is the formation of cracks in the material on stretchable substrates.7-10  Here, 
we introduce a new strategy11-13, using fragmented SWCNT papers or wires, to construct 
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high-performance strain sensors. We first introduce cracks with controlled density to 
SWCNT assemblies by tuning the paper thickness, wire diameter, etc. The fragmented 
SWCNT assemblies embedded in PDMS substrate shows a maximum stretchability while 
maintaining a high sensitivity. Moreover, the dense and well-controlled network cracks 
enable a high linearity of the sensing response. The combination of high sensitivity, high 
stretchability and high linearity of the sensor will be vital for the development of stretchable 
electronics. 

 
 

2 EXPERIMENTAL 
2.1 Materials. SWCNTs with 2.7 wt % COOH groups were purchased from CheapTubes, 
Inc. at over 90 wt % purity and containing more than 5 wt % multiwalled CNTs (MWCNT). 
SWCNT length ranged from 5 to 30 µm and their outer diameter ranged from 1 to 2 nm. The 
true density of these SWCNTs was 2.1 g/cm3. Methanesulfonic acid (CH3SO3H) and 
SYLGARD 184 PDMS were purchased from Sigma Aldrich. 
 
2.2 Preparation of SWCNT paper-based strain sensor. 0.5 wt.% SWCNT dope was 
prepared by adding 0.2 g of SWCNTs into 40 g of CH3SO3H, sealed in a glass bottle, stirred 
for 5 min and bath sonicated using a Brason 8510 sonicator (250 W) (Thomas Scientific) for 
60 min. The mixture was then stirred for 12 h at 500 rpm. SWCNT/CH3SO3H dispersions 
were vacuum filtrated through a ceramic filtration membrane (pore size: 20 nm, Whatman). 
Any remaining CH3SO3H was removed from the sample by washing it with water. The 
freestanding SWCNT paper was peeled away from the filter and cut into 30×3 mm2 strips 
for producing the strain sensors. The first layer of 5.3 g PDMS (ratio of base to curing agent 
is 10:1) was poured onto a 10×10 cm2 petri dish s and cured at 70 °C for 12 min to obtain a 
sticky substrate. The strips of SWCNT paper were transferred onto the 0.5-mm-thick sticky 
PDMS substrates; copper wires were connected to the SWCNT paper strips by silver epoxy. 
Next, the second layer of PDMS of equal weight was poured onto the sample and cured at 
70 °C for 2 h to fully encapsulate the SWCNT paper.  
 
2.3 Preparation of SWCNT wire-based strain sensor. 
A 2 wt% SWCNT dope was prepared by adding 0.2 g of SWCNTs into 9.8 g of MeSO3H 
and stirred for 2 min, followed by bath sonication using a Branson 8510 sonicator (250 W) 
(Thomas Scientific) for 60 min. Then the mixture was further stirred for 24 hours, followed 
by passing through a 30 µm syringe filter (Pall Corporation) to remove aggregates. The 
SWCNT ink was loaded into a 5 ml syringe and spun into a water bath through stainless steel 
needles. The SWCNT wires were spun onto sticky PDMS substrates (5.3 g, 10 × 10 cm), 
which were made by mixing the PDMS base and a curing agent with a ratio of 2.5 to 1 and 
cured at 70 degrees for 12 min. After spinning, the wires were dried at 70 °C overnight to 
remove residual water. Then, two ends of the SWCNT wires were connected with copper 
wires and painted with silver epoxy. The SWCNT wires were sealed with 5.3 g of PDMS 
precursor, which was cured at 70 °C for 2 h.  
 
2.4 Characterizations. Scanning electron microscopy (SEM) on SWCNT paper was 
performed using a Quanta 3D (FEI Company). The mechanical behavior of the SWCNT 
assemblies was measured by a 5944 Instron universal testing machine at a strain rate of 0.4 
mm min-1 by a 5-N load cell. The reversible motion (stretching and relaxing) of the sample 
was controlled by a 5944 Instron machine. The whole sample region is glued except the 4-
mm gap in the center. This 4-mm gap between the metal plates defines the effective length of 
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the sample for determining the strain during the stretching. The change in electrical resistance 
of the specimen was monitored using a U1252B digital multimeter. Fragmentation was 
generated on each sample by loading it to 50% strain at a speed of 0.4 or 1.2 mm min-1. 
 
 
3 RESULTS AND DISCUSSION 
3.1 Sensing strategy and structure 

 
    Figure 1a and b show that the SWCNT assemblies are either prepared by vacuum filtration 
or wet-spinning to obtain SWCNT papers and wires, respectively. To achieve the desired 
low-strength, low-stiffness SWCNT assemblies, a mild acid, CH3SO3H, was used to disperse 
SWCNTs so that the tube-to-tube interactions are insufficient to induce alignment. A porous 
structure of the SWCNT papers or wires with randomly distributed SWCNT networks can be 
observed in the SEM images shown in Figure 1c and d, respectively. This randomly oriented 
structure results in low-strength SWCNT assemblies that facilitate breakage of the fragile 
wire.  CNT papers or wires are typically not stretchable (strain to failure is less than 5%); 
therefore, to introduce stretchability of the material, we embedded them into a PDMS 
substrate. By fully embedding these SWCNT assemblies into PDMS substrates, and cutting 
the samples using a die, we were able to obtain standard dog-bone-shaped specimens (Figure. 
1e and f). 
 

 
 
Figure 1: SWCNT paper or wire-based sensors. (a) Vacuum filtration of the SWCNT paper. (b) Wet-spinning 
of SWCNT wire. (c) and (d) SEM images of the SWCNT paper and wire shows random oriented SWCNTs in 
the assemblies, respectively. (e) and (f) PDMS encapsulated SWCNT paper strip and SWCNT wire, 
respectively. 
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Figure 2: Strategy for fragmenting SWCNT assemblies in PDMS to produce high-sensitivity strain sensors. (a) 
A schematic presenting how SWCNT assemblies are fragmented in elastic substrates. (b) Illustrations of the 
mechanical sensing mechanism resulting from disconnection and connection of SWCNT networks in cracks. 

 
Figure 2a demonstrates how a fragmented SWCNT-based sensor was stretched. When this 

sample is stretched, the SWCNT assemblies fragment, while the behavior of the surrounding 
PDMS remains reversible. When the strain is relaxed, cracks close but remains in the 
conductive medium. The disconnection and reconnection of SWCNT networks in cracks 
formed after stretching lead to sensing and resistance recovery, and become central to the 
sensing strategy.  

3.2 Fragmented SWCNT paper for strain sensing 

200 µm  Interfacial de-bonding erferferferferfaciaciaciaciacial de-

SWCNTs in the crack 

bonding 

 the crac

(b)  

(c)  (a)  

(d)  

Lc 

1 mm  

Channel crack (e)  

(f)  

Figure 3:. Fragmented SWCNT paper in PDMS as a strain sensor.  (a) Photograph of 45-µm-thick SWCNT 
paper embedded in elastic substrates after stretched to 50% strain. (b) Evolution of crack density with applied 
strain for samples of different thicknesses. We define in the inset image the average spacing (D) between the 
cracks. (c) Resistance changes by stretching and relaxing of strain sensors. (d) Increasing average crack opening 
distance (LC) with increasing applied strain. (e) Relative resistance change versus applied strain of the SWCNT 

1247



VIII ECCOMAS Thematic Conference on Smart Structures and Materials 
SMART 2017 

A. Güemes, A. Benjeddou , J. Rodellar and Jinsong Leng (Eds) 
 

 
paper in elastic substrates during loading and unloading with a maximum applied strain of 50%. (f) Resistance 
changes versus strain for long-term cycle test: 1, 10, 100, 1000, 5000 and 10000 cycles at 0-20% strain at 2 mm 
min-1. The Inset shows that the relative resistance change after relaxation from each cycle for a total of 10000 
cycles, showing excellent long-term repeatability of the sensor. 
 
    The cracking mechanism is typical of degradation phenomenology in laminated structures. 
We used an SWCNT paper with a random, porous structure because its low strength and 
toughness make it easy to fragment. When the tensile load is increased, a pseudo-periodical 
pattern of channel cracks develops perpendicular to the principal loading direction (see 
Figure 3a). This is similar to the "transverse" cracking mechanism well know in laminated 
composites and to the channel cracking mechanisms in thin coatings, for which there are 
well-established micromechanical models. 
   The first stage of the degradation is a fragmentation process that is strongly dependent on 
thickness. Let us define the crack density (i.e., the number of cracks per unit length about the 
loading direction) as 1/D, where D is the average spacing between the cracks, as shown in the 
inset image of Figure 3b. The evolution of crack density with strain is reported for the sample 
with different thicknesses. Two regimes can be observed: for "thin" papers (15 and 30 µm), 
channel cracks generally go only partially through the width and for "thick" papers (45, 55, 
70 and 90 µm), very few cracks are observed, but those do run through the whole width of the 
sample. This is consistent with the classical micromechanics of channel cracking, where the 
usual distinction is done between an energy-guided regime for thin plies and a strength-
guided regime for thick plies. The second stage of the degradation is the development of local 
delamination between the SWCNT paper and the PDMS substrate. Local delamination can be 
expected around crack tips because channel cracks cause severe out-of-plane stresses at the 
interfaces between the tips and the substrate. This process is dependent on the thickness of 
the ply: delamination is difficult to observe in the thin papers but obvious on the thick papers 
(45, 55, 70 and 90 µm). Furthermore, the degree of delamination depends on the balance 
between the energy release rate for channel cracking and the energy release rate for local 
delamination, the latter of which is more favorable in thick plies. 
    Figure 3c presents the strain-sensing behavior of strips of the fragmented paper in PDMS 
when the strain ranges from 0 to 50%. The resistance of the paper increases with applied 
strain for all samples. Moreover, the range of relative change in resistance (∆R/R0) can be 
thickness controlled. This is very important for engineering the sensitivity of the strain 
sensor. At 50 % strain, the increase in resistance ranges from 100 Ω to 30 MΩ for 15-µm to 
90-µm thick paper. The evolution of average crack opening distance, Lc, with strain is almost 
linear (Figure 3d), testifying to the linear elastic response of the sensor after fragmentation 
and relaxation. As expected, samples with larger opening distances exhibit larger resistance 
under strain (Figure 3c and d). For example, the resistance at a strain of 50 % of 15-µm and 
45-µm samples are 400 Ω and 300 kΩ, respectively. The relatively small change in resistance 
of thin samples is attributed mainly to small fragments connecting the cracks, ensuring 
residual electronic transport. We then plot the relative change in resistance (∆R/R0) with 
respect to the strain on Figure 3e. The sizeable change in resistance of 90-mm-thick SWCNT 
paper in PDMS enables us to obtain a GF of 2×106 at ε <5% and reach a record GF of 107 at ε 
= 50%. The high sensitivities across the low and high strain levels are important for wearable 
applications. The repeated opening and closing of the cracks led to reversible strain sensing 
with high sensitivity. Figure. 3f shows that the sensor displays a very high repeatability at 1, 
10, 100, 1000, 5000, and 10000 cycles. After 10000 cycles at 20% strain, the resistance of the 
strain sensor (SWCNT paper thickness: 90 µm) remained nearly unchanged (inset in Figure 
3f). 
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    The stretchability could be dramatically improved by bringing high density of cracks 
containing conductive networks. Therefore, how to obtain the SWCNT paper with controlled 
crack density within an elastic substrate is a crucial point. Figure 4a show that partial cracks 
(partial meaning non extending through the whole thickness) on a SWCNT paper were 
obtained by a laser-engraving process. This approach is crucial to control the location of the 
cracks and to maintain the integrity and functionality of the SWCNT networks below the 
surface cracks. By decreasing the average spacing, D, between the cracks, the crack density, 
1/D, can be increased. After embedding the laser-engraved SWCNT paper into a PDMS 
substrate, a roll-to-roll pressing process was repeatedly applied in clockwise and 
counterclockwise directions to fully initiate the fragmentation of SWCNT papers guided by 
surface cracks (Figure 4b). Upon roll-to-roll pressing, cracks were opened and propagated 
through thickness The average spacing, D, between the cracks was controlled at 2.0, 0.9, 0.6, 
0.5 and 0.3 mm, correspond to different crack densities, 1/D, at 0.5, 1.1, 1.7, 2.0 and 3.3 
mm−1. These results prove that the laser engraving and roll-to-roll process is effective to 
control the cracking pattern. These through-thickness cracks will be a key element for the 
strain sensing. The crack-guided fragmentation in this study is superior to previous method 
by using only stretching of the SWCNT assembly, for which the crack spacing can only be 
coarsely controlled by engineering the thickness of the SWCNT paper (Figure 3). It is also 
advantageous over previously reported metal nanofilm fragmentation, in which cracks were 
formed with an uncontrollable manner through bending deformation. The ability to control 
the crack density in the SWCNT paper will be a prerequisite for tuning the stretchability of 
the sensor. For the sample of PDMS-embedded SWCNT paper with high crack density (3.3 
mm−1) (Figure 4c), when the sensor undergoes stretching, distributed cracks develops with 
crack size correlated to the applied strain. These cracks act as "switches" to adjust the density 
of the conductive networks of the sensor. As the strain ranges from 0 to 150%, the resistance 
of the paper increases with applied strain from 15 Ω to 1.2 MΩ. 
 

 
Figure 4:. Laser-engraved SWCNT paper for high-performance strain sensors. (a) Illustration image presents 
the laser-engraving process for generating partial cracks on the SWCNT paper. (b) An illustration and a real of 
roll-to-roll pressing device for the propagation of through-thickness cracks in SWCNT paper, respectively. 

1249



VIII ECCOMAS Thematic Conference on Smart Structures and Materials 
SMART 2017 

A. Güemes, A. Benjeddou , J. Rodellar and Jinsong Leng (Eds) 
 

 
Graphs on the right show the partial and through-thickness cracks before and after the roll-to-roll pressing, 
respectively. (c) Images of a typical, high crack density SWCNT paper in PDMS when stretched to 150% strain. 
(d) The increase of maximum stretchability of the sensors with crack density. (e) Resistance changes under 
incremental cyclic stretching/relaxing of a high crack density sensor (1/D = 3.3 mm−1). The maximum 
stretchability of the sensor is determined to be 153%. (f) Relative change in resistance versus strain of the high 
crack density sensor (1/D = 3.3 mm−1). Red and blue dashed lines are the fitting slopes for strain from 0 to 15% 
with a linearity of 0.98 and strain from 22 to 150% with a linearity of 0.96, respectively.  
 
Figure 4d presents the maximum stretchability, εm, of the sensor with different crack density. 
The εm increased from 60% to 153% by increasing the crack density from 0.5 to 3.33 mm−1, 
indicating the working range of the sensors at various crack densities. This trend suggests that 
the increase in crack density in SWCNT paper will dramatically increase the stretchability. In 
Figure 3, the stretchability of the SWCNT paper-based sensor is limited to 50-60% at a low 
crack density (1/D=0.5 mm−1) due to the high-stress concentration around the cracks. The 
stress concentration near the cracks was high enough to result in an early failure of the PDMS 
substrate. Moreover, the sensor was showing an obvious nonlinearity due to the previously 
uncontrolled and quasi-random network of cracks. However, by introducing high crack 
density (1/D=3.33 mm-1) to the SWCNT paper through laser-engraving and roll-to-roll 
pressing, the sensor show a maximum stretchability of 153% and a high linearity (Figure 4e). 
We then plot the relative change in resistance (∆R/R0) on strain for the sample with the 
highest stretchability on Figure 4f. The change in resistance of this high crack density 
SWCNT paper in PDMS is ∆ R/R0 = 6.1 × 104 at 150%. The sensing behavior of the sample 
was characterized by two linear regions with 2 different slopes (strain from 0 to 15% with 
linearity of 0.98 and strain from 22 to 150% with linearity of 0.96), which reflects the GF at 
different strain range: the GF was 2.2 × 103  (0 to 15%) and 4.2 × 104  (22 to 150%). In 
comparison, conventional metal gauges have a GF around 2.0 at low strain (ε < 5%).1,2 The 
value is also higher compare with the performance of metal nanomaterials based stretchable 
sensors in both GF and maximum stretchability 
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3.3 Fragmented SWCNT wire for strain sensing 
 

 
 
  The Wet-spun SWCNT wire for resistance-recoverable strain sensor. (a) Optical images show the 
fragmentation and relaxation process of the SWCNT wire in PDMS under strain. The inset shows a transverse 
crack in the SWCNT wires at 50% strain. The resistance of the wire is recoverable after relaxation from a 
disconnected state. (b) Changes in the electrical resistance with strain indicate that the strain sensor goes through 
three regimes: (1) strain sensing regime (blue); (2) open circuit regime (green); (3) resistance recovery regime 
(orange). (c)  Dynamic response of the sensor under cyclic loading/unloading conditions up to 30% strain. (d) 
The evolution of relative resistance change and the gauge factor with applied strain. 
 
    Figure. 5a shows the initiation, progression, and closing of transverse cracks during 
loading/unloading. By stretching the sample, the wire in the PDMS substrate fragments into 
many pieces, which is resulting from the porous structure of the SWCNT wire with randomly 
distributed SWCNT networks (Figure 1d). This randomly oriented structure results in low- 
strength SWCNT assemblies that facilitate breakage of the fragile wire in PDMS. The average 
crack density of the 60 µm-SWCNT wire is 1.8 ± 0.2 mm−1 at 50% strain. The resistance of 
the sample increases up to a non-measurable value (that we call practically infinity) on our 
measuring instrument, but the resistance can be recovered to its initial value after relaxation. 
It shows that the recoverability of resistance comes from the closure of the transverse crack. 
    Figure. 5b shows that changes in resistance can be divided into three regimes. (1) The 
strain sensing regime: 0 < ε < εc, where εc is the critical strain, where resistance (R) increases 
to infinity. In this regime R increases from 336 Ω to 10 MΩ before the resistance increases to 
infinity. The circuit is in the “ON” state; we do not observe an increase in the number of 
cracks because the wire has already been fragmented. Only the average opening distance of 
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the cracks (Lc) increases with strain, which leads to the increase in the resistance. Even 
though large gaps can be seen at a relatively high strain (ε = 15%) in this regime, the 
resistance of the wire does not go to infinity (R = 10 MΩ). This observation suggests that 
there are SWCNT networks in the cracks that are connected to the fragments nearby. (2) The 
open circuit regime: ε > εc, the SWCNTs are completely disconnected from each other. We 
measured the average crack opening distance (Lc) to be longer than 50 µm, which is longer 
than the length of the SWCNTs (5–30 µm). The Lc of the SWCNT wire is long enough to 
result in an “OFF” circuit. (3) Resistance recovery regime: the resistance of the SWCNT wire 
recovers to its initial value after relaxation and the circuit recovers to the “ON” state. The Lc 
between the fragments reduces as the applied strain decreases. In the completely relaxed state, 
cracks are no longer visible. In this regime, PDMS obviously plays an important role in the 
recovery of the electrical resistance. We further tested the reproducibility of the strain sensor 
with repeated stretching/relaxation cycles. Figure. 5c presents five cycles of a strain to be 
30%. The ∆R/R0 increased with almost complete reversibility even after the electrical 
disconnection. The conversion of “ON–OFF” states occurred at almost the same strain in all 
cycles. We then plot ∆R/R0 and the gauge factor (GF) on strain as shown in Fig. 2c. The 
operational strain range and GF are dramatically improved when compared with those of self-
standing SWCNT fibers (GF = 1 at a maximum strain of 1.1%). The dramatic change in 
resistance (∆R/R0 = 5 × 104) in the 60 µm-SWCNT wire enables us to obtain a GF of 105 at ε 
= 15%. This GF value is the highest value compared with the GF values recently reported for 
CNT, graphene, metal and other strain sensors at this strain level. 
 
 

 
Figure 6: Highly stretchable strain sensors based on a fragmented thin 32 µm-SWCNT wire in PDMS. (a) 
Optical images show how the SWCNT wire is fragmented by stretching in the PDMS. (b) Crack density and 
average crack opening distance with applied strain. (c) Change in relative resistance and the gauge factor with 
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applied strain. 

 
    Although the GF in the results was high for 60 µm-SWCNT wire, the maximum 
stretchability of the sensor was limited to 15%. To obtain higher stretchability while 
maintaining a continuous resistance change in the operational range of the strain, we need to 
increase the crack density in the SWCNT wires. Figure. 6a shows that by reducing the 
diameter of the wire from 60 to 32 µm, we were able to obtain a higher crack density in the 
wire. Before the critical strain (60%), the crack density increases with the applied strain. After 
reaching the critical strain at 60%, the crack density remains constant, while Lc increases with 
the applied strain (Figure. 6b). The PDMS substrate breaks at 146% due to the concentration 
of stress near the cracks, suggesting that the stretchability of the sensor can be dramatically 
increased by using narrower SWCNT wires. However, the narrower wire had a small ∆R/R0 
and a low GF of 15 at 146% (Figure. 6c). These characteristics can be ascribed to the high 
initial resistance 32 µm-SWCNT wire (10 ± 0.8 kΩ), which is more than one order of 
magnitude higher than that of the 60 µm-SWCNT wire (338 Ω) and to the maximum Lc, 
which is less than 25 µm, indicating that SWCNT networks remain in a percolated state. The 
fragmentation strategy can be modified to tune the GF and stretchability of the sensors. It can 
be realized by adjusting the crack density by using wires with different diameters and 
choosing substrates with different stretchability. 
 
 
4 CONCLUSION 
 
    In summary, we have demonstrated that fragmented SWCNT paper in PDMS functioned as 
a ultrasensitive and stretchable strain sensor. Our experiments suggest a pathway towards the 
formation of fragmented SWCNT paper sensors with high sensitivity and high stretchability. 
The performance of such strain sensors could be tuned by changing the thickness of the 
SWCNT papers or the diameter of the SWCNT wire. Moreover, controlling crack patterns in 
SWCNT paper through laser engraving and roll-to-roll pressing can achieve the high-
performance strain sensors features of high sensitivity, high stretch- ability, and high linearity. 
A sensitivity of 4.2 × 104 at a strain of 153% was achieved by using a high crack-density 
SWCNT paper (3.3 mm−1). The tunability of these sensors relies mainly on the use of two 
very different strategies based on either intralaminar or interlaminar crack, each of which 
shows very different changes in conductivity when stretched. The controlled fragmentation 
process could potentially be applied to other nanomaterial-based structures for engineering 
the stretchability of material while maintaining sensitivity. We believe that these techniques 
can inspire various designs of other sensitive and reversible strain-responsive materials with 
widespread applications. 
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Abstract. In this work, constitutive equations and proper finite element formulation for mod-
eling electromechanical coupling including finite viscoelasticity have been developed. For this
objective, tools from continuum mechanics have been adopted for developing a phenomenolog-
ical model that accounts for large deformations combined with the electromechanical coupling
and the viscous nature of EAPs. Moreover, polymers are nearly incompressible materials, thus,
a mixed finite element formulation was developed and implemented in a finite element package
(e.g. Abaqus) for realistic simulations of EAPs. Moreover, a material parameter identification
procedure has been developed in order to specify a proper strain energy function for the acrylic
elastomer ”VHB”.

1 Introduction

Electro-active polymers (EAPs) are soft, flexible and active materials, which are classified
as smart materials due to their ability to undergo large deformations when they are subjected
to electrical stimuli. Therefore, they have received an extensive attention among researchers in
various fields such as robotics, optics, acoustics and biomimetics ([16], [14], [5], [6]). Moreover,
EAPs possess the characteristics of polymeric materials, in particular, they are lightweight, elas-
tic, fracture tolerant, inexpensive, and their chemical and physical structure is well understood.
Thus, this class of materials is attractive and it has been integrated in several applications,
which have been developed and discussed in the literature. For instance, biomimetic applica-
tions and artificial muscles have been developed, including: i) a four-finger EAP gripper ([5]);
ii) a miniature robotic arm ([5]); iii) a fish-like airship [13] with planar membrane dielectric
elastomer actuators; and iv) artificial muscles, which mimic natural masseter muscles (superfi-
cial portion), using dielectric elastomer actuators reinforced with plastic fibers [24] and more.
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In addition, optical devices has been developed in [9], which enables the implementation of a
revolutionary phase shifter and a lens with tunable focal length. The working principle of the
lens is similar to that of the human eye, where the lens are controlled by the applied voltage.
The advantage of this design of focus and zoom systems can be exploited in many applications,
outperforming existing solutions in terms of size, cost and power consumption.

Due to the aforementioned applications, EAPs are promising materials with outstanding
features, which have a great potential for further applications. The activation of the EAP
based actuators is controlled by the potential difference applied on the the electrodes, which are
smeared on the upper and the lower surfaces of the polymeric thin film, causing thinning of the
film and lateral expansion ([8]). For optimal design of EAPs, there is a need of a computational
model, which is able to predict the EAP based actuators behavior. For achieving this aim,
several works in the computational mechanics realm have been dedicated for studying the electro-
mechanical coupling in EAPs in the last two decades. However, It should be noted that different
theories for electro-magnetic interactions can be found in the literature since the pioneering work
of Toupin (1956)[18], in which the first theory for electro-elastic interactions had been developed
and a weak formulation was presented.

Generally speaking, EAPs are nearly-incompressible materials due to the fact that polymeric
materials have bulk modulus, which is much higher than the shear modulus, consequently, the
developed finite element must be volumetric locking free. Moreover, typical EAPs are made
of silicones, polyacrylics or polyurethanes, which exhibit a time dependent behavior, therefore,
the viscous nature of EAPs should be taken into account in the implemented model. Refer-
ring to the literature, several research groups have computationally studied the EAPs, such as
Wissler and Mazza([26],[28],[29],[27],[25]) have studied the so-called dielectric elastomer VHB,
however in their works they have adopted a hyper-elastic behavior combined with the quasi-
linear viscoelastic function. Ask et al.([2],[3],[1]) have studied the electro-viscoelastic behavior
of polyurethane using the standard Bubnov-Galerkin approach, which is not appropriate for
incompressible and nearly-incompressible materials. Later, Ask et al.(2013)[4] have presented a
mixed finite element formulation eliminating the volumetric locking, but in this work, the vis-
cous nature has not been considered. The research group of Steinmann ([19],[22],[21],[23],[20])
has developed several variational pronciples providing an important framework for developing
finite elements and numerical schemes.

In order to study the mechanical and the electrical behavior of EAPs, various experimen-
tal works have been performed. Wissler and Mazza ([27],[26]) have carried out number of
stretch controlled tensile tests and relaxation tests for characterizing VHB. A wide experimen-
tal work that provides mechanical characterization for VHB has been carried out by Hossain
et al.(2012)[11] in which they have presented different standard experiments such as: single-
step relaxation tests, multi-step relaxation tests, and loading-unloading cyclic tests. Moreover,
multi-axial tests have been performed in the work of ([25]) including (i) aspiration tests, in
which circular VHB actuators have been radially stretched and their centers subjected to an
external pressure causing aspiration of the loaded port; and (ii) actuator tests, in which circular
VHB actuators have been radially stretched and their centers have been coated with flexible
electrodes and subjected to potential difference, leading to radial changes.

In view of the aforementioned, we aim in this work to provide a numerical formulation that
enables modeling EAPs in general, while accounting for the electro-mechanical coupling, the
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visco-elasticity and the volumetric locking elimination. Thus, the free strain energy is assumed
to be composed of a hyperelastic function, a visco-elastic part and a term accounting for the
electro-mechanical coupling. In addition, for tackling the volumetric locking a mixed finite
element formulation is developed expanding the functional that has been proposed in [17] to
account for the electromechanical coupling. Furthermore, the presented model is calibrated to
predict the behavior of the widely-used elastomer VHB. The calibration procedure has been
performed using various results of experimental works found in the literature.

2 Governing equations and Strain energy function

Here we consider a material body consisting of matter occupying its material configuration
B0 in the undeformed state. Due to the deformation, the body will occupy spatial configurations
B. The boundary of the body ∂B0 in the material configuration defines the interface between
free space and matter. Let F = ∂x

∂X and C = FTF be the deformation gradient tensor and
the right Cauchy-Green deformation tensor, respectively, with {X,x} being the location of a
material point in B0 and B respectively. Also, let e and d be the electric field vector and electric
displacement vector, respectively. Under a conservative electric field and by definition they are
given by

e = −∂φ

∂x
, d = ε0e+ p, (1)

where p is the polarization density vector in the current configuration and φ is the electric
potential. Their counterparts in the reference configuration {E, D} can be demonstrated using
the ”pull-back” operation as follows

E = FTe, D = JF−1d. (2)

The equilibrium equation, which is governing the body in the absence of body forces, and
Maxwell’s equations without free currents and free electric charges, are given in the reference
configuration by

Div (FS) = 0, Div (D) = 0. (3)

In order to solve the boundary value problem, we need to specify boundary conditions, therefore,
the mechanical and electric Neumann boundary conditions are, respectively, given by

(FS) ·N = T̄0 on ∂BT
0 , D ·N = −Q̄0 on ∂BQ

0 , (4)

where N is the unit outward normal to the surface of the body in the reference configuration,
S is the total second Piolla Kirchhoff tensor and

{
T̄0, Q̄0

}
are the external mechanical traction

applied on ∂BT
0 and the electric charges at ∂BQ

0 , respectively. For the derivation of the total
second Piolla-Kirchhoff tensor S, a constitutive law must be determined, including the viscous
nature of EAPs and the electromechanical coupling. Referring to the work of [12], an invariant
based strain energy function has been proposed, where the set of the invariants takes the form

J = det (F) , α1 = C′ : I, α2 = C′ : C′

I4 = E ·E, I5 = C−1 : (E ⊗E) , I6 = C−2 : (E ⊗E) ,
(5)

3
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where C′ is the uni-modular tensor, i.e., C′ = J−2/3C. The total strain energy can be written
as

W (C,E,Q1, ...,Qn) = Whyper (C) +Wcoup (C,E) +Wviscus (C,Q1, ...,Qn) , (6)

where Whyper (Q) is the pure hyper-elastic energy, Wcoup (C,E) is the energy stored as a result
of the coupling and Wviscus (C,Q1, ...,Qn) is the energy related to the viscus nature of EAPs.
Whyper (C) is a phenomenological strain energy, and in this study, we chose the Yeoh strain
energy function

Whyper (C) =
K

4

(
J2 − 1− 2ln (J)

)
+

3∑
i=1

Ci (α1 − 3)i. (7)

For determining the coupling term, referring to the work of [12], assuming that for dielectric
materials the current direction of the polarization (and thus the electric displacement) coincides
with the current direction of the electric field, the strain energy function accounting for the
coupling yields to

Wcoup (C,E) = −1

2
Jε0εr

(
C−1 : (E ⊗E)

)
. (8)

The phenomenological model proposed in the work of [12] lacks the effect of viscoelasticity.
Using the Maxwellian type rheological model of the isochoric response of the material, which
consists of a single elastic branch representing the elastic ground network as well as viscous
branches each of them representing a single mobile viscous sub-network, the strain energy func-
tion can be extended to include the viscous branches. Using the work by [10] and [15], the free
energy associated with the viscous is given by

Wviscus =
n∑

i=1

1

2
µv
i

[
C′ : Qi − 3− ln (det (Qi))

]
, (9)

where {Q1, ...,Qn} are strain-like internal tensorial variables associated with the viscous Maxwell
branches and {µv

1, ..., µ
v
n} are the viscous shear moduli of the branches. The evolution law of a

single strain like internal variable is given by

Q̇i =
1

τ vi

(
C′−1 −Qi

)
, (10)

with {τv1 , ..., τvn} are the relaxation times of the different Maxwell branches.

3 Finite element formulation

EAPs belong to the class of nearly incompressible materials, thus, using the Bubnov-Galerkin
approach will lead to volumetric locking. In order to tackle this limitation, we will use the mixed
finite element formulation which has been developed for mechanical problems by [17], while
expanding the functional to account for the electromechanical coupling. The total potential
energy Π can be decomposed into an internal part due to the strain energy and external part

4
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because of the external tractions and electrical fluxes, and it can be written as

Π = Πint −Πext =

∫

Ω0

(
W

(
C̄,E,Q1..Qn

)
+ p̄ (J −Θ)

)
dΩ0

−

[∫

∂BT
0

u · T̄dΓ0 +

∫

∂BQ
0

φQ̄dΓ0

]
,

(11)

where {p̄,Θ} are the average pressure and the average dilatation properly, Ω0 is the volume at
reference configuration and C̄ is the modified right Cauchy-Green tensor, defined by

C̄ = F̄T F̄, F̄ =

(
Θ

J

)1/3

F (12)

Using the multi-field Hu-Washizu variational principle, the variation of the total potential energy
(11) with respect to the different fields yields the following variational equations

δΠC̄ =

∫

Ω0

[
¯̄S :

1

2

(
Θ

J

)2/3

δC

]
dΩ0, δΠE =

∫

Ω0

−D · δEdΩ0,

δΠΘ =

∫

Ω0

[(
S̄ : C̄

3
−Θp̄

)
δΘ

Θ

]
dΩ0, δΠp̄ =

∫

Ω0

[(J −Θ) δp̄] dΩ0,

(13)

where ¯̄S = S̄ − 1
3

(
S̄ : C̄

)
C̄−1 + p̄ΘC̄−1, and S̄ is the second Piolla-Kirchhoff calculated using

the modified Cauchy-Green tensor. By vanishing the variational equations (13c) and (13d) at
the element level, one can deduce the following results

Θ =
1

Ω0

∫

Ω0

JdΩ0, p̄ =
1

Ω0

∫

Ω0

S̄ : C̄

3Θ
dΩ0. (14)

It should be noted that δC can be written in terms of the virtual displacement δu, and δE can
be written using the virtual electric potential δφ as follows

δF =
dδu

dX
, δC = δ

(
FTF

)
, δE = −dδφ

dX
. (15)

Within the developed formulation, a three dimensional element with eight nodes and four de-
grees of freedom at each node (three nodal displacements, and one nodal electric potential)
was developed and implemented in Abaqus (a commercial finite element package) for numerical
simulations. For this aim, the well-known discretization of the displacements and the electric
potential fields has been used as demonstrated

u =
Nen∑
I=1

NI (X) ûI , φ =

Nen∑
I=1

NI (X) φ̂I , (16)

where ûI denotes the displacement vector of node I, φ̂I denotes the electric potential of node I,
NI (X) the shape function I defined at the reference configuration, and Nen is the number of
nodes in an element.
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4 Parameter identification

A parameter identification procedure has been performed in order to determine the material’s
coefficients of VHB. Therefore, an objective function has been built for minimizing the difference
between the numerical results obtained from the developed finite element and the experimen-
tal results. In this parameter identification process different experimental works, including both
uniaxial and multi-axial tests ([26],[28],[29],[27],[25]) have been used to characterize the response
of VHB under both mechanical and electrical stimuli. A detailed explanation about the param-
eter identification process of the material’s coefficients of VHB can be found in [7]. Here we
present the result of the parameter identification process for unixial stress case. Fig. 1 shows
the nominal stress versus the applied axial stretch obtained from both the numerical model and
experimental data ([11]). Specifically, the samples have been uniaxially stretched to a measured
value, and the stretches have been hold fix for 2000 seconds. The forces have been measured at
the tail of the time. The the nominal stresses have been calculated by dividing the measured
force by the samples section’s area and plotted against the applied stretches.
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Figure 1: The nominal hyper-elastic stress plotted as a function of the applied stretch in uniaxial
tests

5 Numerical Example

Here we present a numerical simulation, which has been conducted using the mixed FE
formulation. In this example, we consider a bimorph bending actuator of a bi-layered thin film.
In general, bending actuators are needed for simulating artificial muscles (such as muscles in the
joints) and bending grippers ([6]). The actuator dimensions have been chosen as demonstrated
in Fig. 2, where L1 = 20mm, L2 = 5mm and L3 = 1mm. The thickness consists of two thin
layers, where each of them is 0.5mm thick. The bottom layer is sandwiched between a pair of
compliant electrodes located at the composite’s bottom and in the mid plane on which potential
differences can be applied, and the upper layer is electrically passive. Applying voltage causes a
reduction in the thickness of the bottom layer, and at the same time, a lateral expansion. Since
the active layer is perfectly adhered to the passive layer, the structure gradually bends towards
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the active layer.

L1

L2

L3

e1

e2
e3

(a) (b) (c)

Figure 2: (a) The reference configuration of the actuator, t = 0 sec. (b) The actuator at t = 50
sec. (c)The current configuration of the actuator, t = 150 sec.

The actuator is subjected to a voltage of 5kV, which is linearly ramped over a time period
of 50 sec and followed by a constant value for 100 sec (see Fig. 3). Both horizontal and vertical
displacements of a selected point A (the tip of the beam) were calculated and plotted in Fig. 3.
When the linear voltage load is applied, i.e, t ≤ 50 sec, the actuator exhibits highly nonlinear
deformations. The actuator undergoes additional deformations due to creeping when the voltage
is hold fix. As shown in Fig. 3, the additional displacements while creeping are not negligible,
and this is because of the highly viscoelastic response of EAPs.

0.0

0.5

1.0

1.5

0 30 60 90 120 150

N
o
rm

a
li
ze
d
el
ec
tr
ic

p
o
tn
et
ia
l

Time [sec]

∆φ/φ0, φ0 = 5.0kV

(a)

-1.0

-0.5

0.0

0.5

1.0

0 30 60 90 120 150

N
o
rm

a
li
ze
d
d
is
p
la
ce
m
en

t

Time [sec]

uA1/L1

uA3/L1

(b)

Figure 3: (a) The applied voltage. (b) The normalized displacements, in both horizontal and
vertical directions.
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6 Conclusions

In this work, a numerical scheme accounting for the electro-mechanical coupling, the time-
dependent response and the incompressibility has been developed for modelling EAPs. For this
objective, the strain energy function has been split into a hyper-elastic term, a visco-elastic
term and a coupling term. The functional of the total potential energy has been written in
terms of the right Cauchy-Green strain tensor, the electric field vector, the average pressure,
and the average dilatation. With Hu-Washizu variational principle, the mixed finite element
formulation has been developed, and the expressions for the average hydrostatic pressure and
the average dilatation measurement have been derived. With the developed finite element, a
parameter identification procedure has been performed for characterizing the so-called dielectric
elastomer VHB using experimental result found in the literature ([11], [26],[28],[29],[27],[25]). As
a result, the material’s parameters have been specified considering both uniaxial and multi-axial
experimental tests. With the derived set of material parameters, a numerical example has been
presented for predicting a VHB based bimorph bending actuator.

In summary, EAPs have been computationally studied in this work, and a general numerical
tool for EAPs and a specific energy function for VHB have been presented. In particular, a
finite element formulation providing an efficient design tool for EAP based actuators has been
implemented in a commercial finite element software namely, Abaqus for further simulations.
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Abstract. Data-driven strategies for nonlinear identification are applied to experimental data
exhibiting various types of hysteretic behavior. The experimental data contain displacement and
restoring force information for several tests conducted using different configurations of a unique
rheological testing device with various assemblies of NiTiNOL and steel wire strands. Among
the different configurations the response of the wire strands show distinct forms of nonlinear
behavior, such as quasi-linear softening, pinching, and hardening. The data-driven methods
applied for nonlinear identification include polynomial basis functions and neural networks. The
polynomial basis nonlinear identification methods are used for the construction and characteriza-
tion of reduced-order models in order to gain insight into the physical modeling of the hysteretic
phenomena. The neural network methods are found to be more useful for predictive purposes,
demonstrating an ability to produce accurate results on both training and testing data.

1 INTRODUCTION

Despite being better known for their axial load bearing capacity, the energy dissipation ca-
pabilities in short wires, ropes, cables and strands has been utilized in several applications,
including vibration isolation [19], seismic protective systems [6], and tuned mass dampers [5, 8].
These various devices and technologies take advantage of inter-wire frictional forces to dissipate
energy. Recently, a new device has been proposed by [3] that can potentially provide energy
dissipation by exploiting the simultaneous occurrence of phase transformations and frictional
hysteresis in wire ropes made of nickel titanium-Naval Ordnance Laboratory (NiTiNOL) and
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Figure 1: The device in its (a) reference and (b) deformed states

steel wires subjected to coupled shear-bending tension. In their work, [3] demonstrated how
different assemblies of NiTiNOL and steel wire ropes, when integrated into a mechanism capa-
ble of providing geometric nonlinearities, produced different kinds of hysteretic behaviors, such
as hardening, pinching, and quasi-linear hysteresis. The rich dynamical behavior of the pro-
posed device [4] can be suitable for many engineering applications, which thus requires robust
mechanical models and identification procedures.

Once observed experimentally, one of the foremost challenges is associated with devising a
suitable constitutive model for the hysteretic behavior. One of the more well-known models for
nonlinear hysteretic systems was developed by Bouc [2] and modified by Wen [20]. While such
parametric models are extremely useful and can be fitted with very low error [3], there is also a
need for data-based, or model-free, identification strategies that are not constrained by assumed
models or model classes.

Applications for non-parametric methods have included identification for hysteretic systems
under earthquake loading [1] and structural health monitoring and damage detection [11, 18].
Some of the more recent developments in non-parametric identification have focused on using
neural networks [7, 9, 10, 12, 16, 17, 21]. This study will consider different polynomial basis
functions, specifically power series [14, 15] and Chebyshev polynomials [13], and neural network
approaches, both artificial neural networks (ANNs) [7] and the Volterra/Wiener neural network
(VWNN) [9], as possible strategies for data-driven identification.

2 Experimental Data

This section will provide an overview of the NiTiNOL wire strands and the experimental
set-up used to generate the data for this study; a more complete description of the experimental
data may be found in [3].

Although several device configurations were tested, this study will focus on one (Configuration
S1a) of the three configurations shown in Table 1, where the rope type, length (L), and number
(n0) are given for each of the primary stiffness group of wire ropes (PSG) and a secondary stiffness
group of wire ropes (SSG). The wire rope cross sections are shown in Fig. 2, where NiTi7 and
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NiTi7 ST49

Figure 2: Wire rope cross sections

Table 1: Device configurations

Configuration PSG SSG Hysteresis
Type L (mm) n0 Type L (mm) n0

S1a NiTi7 56 8 − STHP

S2a ST49 100 8 − QS

S3b ST49 100 8 NiTi7 63 2 SLHP

ST49 denote a NiTiNOL seven-wire strand and a steel seven-strand rope with diameters of 1.8
mm and 6 mm, respectively. Within each device configuration, cyclic tests were conducted by
prescribing sinusoidal vertical displacements and measuring the resulting restoring forces, as
explained previously. A number of cyclic tests were performed for each configuration by varying
the amplitudes of the sinusoidal displacement time history. In this study, four cyclic tests of
increasing displacement amplitude were included for each device configuration shown in Table
1.

Each configuration produced a unique hysteretic behavior during the cyclic tests. These
different hysteretic behaviors are classified in the last column of Table 1, where STHP stands for
strongly hardening and pinched hysteresis, QS for quasilinear-softening hysteresis, and SLHP for
slightly hardening and pinched hysteresis. The pinching at the origin of the force-displacement
cycles is due to load-induced phase transformations of the shape memory material. The increase
of the dissipated energy at large displacement amplitudes produces the pinching effect. Examples
of each hysteresis type are shown in Fig. 3.

3 Nonlinear Identification Methods

Based on the experience of other researchers in the modeling of complex nonlinear systems,
the present study will consider the Volterra/Wiener neural network, power series and Chebyshev
polynomial estimators, and an adaptive neural network approach for nonlinear identification of
the restoring forces. The technical details of the inner workings of these methods are available
in [7], [9], [13], and [14].

4 Application to Configuration S1a

Due to page limitations, this study will only discuss results for Configuration S1a. The data
with the largest amplitude from the cyclic tests was used as the training case for identification,
meaning that the different nonlinear identification methods would fit their parameters to that
data set. The largest amplitude test was chosen for parameter fitting because this data set
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Figure 3: Examples of the different hysteretic behaviors observed for device Configurations (a)
S1a with strongly hardening and pinched hysteresis (STHP), (b) S2a with quasilinear-softening
hysteresis (QS), and (c) S3b with slightly hardening and pinched hysteresis (SLHP)

Table 2: Relative RMS errors from polynomial basis identification strategies for Configuration
S1a data

Training (Fitting) Test Cases
ID Method ±17.5 mm ±15 mm ±12.5 mm ±10 mm

Power Series 13.94 % 9.55 % 19.81 % 46.89 %
Chebyshev 9.29 % 29.51 % 35.39 % 25.39 %

would include the largest possible range of restoring force and displacement values, making it
the most likely to capture the nonlinear behavior of subsequent tests with smaller amplitudes.

4.1 Polynomial Basis Nonlinear Identification

The nonlinear identification methods using polynomial basis functions were first applied to the
training data set from Configuration S1a. Once determined, the coefficients from each method
were applied to the data from the other cyclic tests. The restoring forces for the training and
testing cases are plotted against their respective relative displacements in Fig. 4. Both methods
show a good fit for the training data in Fig. 4a, but the fits become progressively worse for
the other tests as the amplitudes decrease. However, this result is not surprising given the
corresponding phenomenological change with amplitude shown previously.

The accuracy of the restoring force estimates, as measured by the relative root-mean-square
(RMS) error, is given in Table 2. The power series polynomial method actually performed
slightly better on the ±15 mm amplitude test case than it did during training. Generally, the
power series basis shows increase in error as the amplitudes decrease. In contrast, the Chebyshev
polynomial basis method generated consistent RMS errors around 25 − 35% for all test cases
despite a good fit from training.

Chebyshev polynomials also offer potential physical insights into the hardening nonlinearities
observed during the cyclic tests for Configuration S1a. The Chebyshev polynomials may be
transformed from their orthogonal basis functions to a basis of normalized displacements and
velocities (x′, ẋ′), and the coefficients corresponding to these transformed Chebyshev polynomials
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Figure 4: Force-displacement cycles for Configuration S1a, where (a) ±17.5 mm case was used
for training (fitting), and (b) ±15 mm, (c) ±12.5 mm, and (d) ±10 mm were used as test cases
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kl from the ±17.5 mm training data for Configura-

tion S1a

k
l

T0(ẋ0) T1(ẋ0) T2(ẋ0) T3(ẋ0) T4(ẋ0) T5(ẋ0)

T0(x0) –15.33 44.11 25.24 –40.20 33.48 10.61
T1(x0) 1241.37 –1.83 –47.16 11.36 –11.00 –16.24
T2(x0) –36.76 3.22 –0.32 –11.89 6.40 9.98
T3(x0) 446.58 4.06 76.36 –32.48 8.92 47.06
T4(x0) –49.22 –39.05 –39.13 40.18 –17.29 4.10
T5(x0) 72.14 –0.95 –11.32 24.99 8.85 –32.89

33

Figure 5: Matrix of identified Chebyshev coefficients C
(i)
kl from the ±17.5 mm training data for

Configuration S1a
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Figure 6: Force-displacement cycles for Configuration S1a using only linear and cubic displace-
ment terms from the Chebyshev polynomials, where (a) ±17.5 mm case was used for training
(fitting), and (b) ±15 mm and (c) ±10 mm were used as test cases

are shown in Fig. 5. From the matrix in this figure it may be clearly seen that the largest
coefficients, by orders-of-magnitude, are those for the linear and cubic displacement terms. The
positive sign on the cubic displacement term implies a hardening behavior, which is precisely
the type of behavior observed in the restoring force plots in Fig. 4.

Figure 6 shows representations of the restoring forces when the estimation is limited to only
the linear and cubic displacement terms from the Chebyshev polynomial. The first observa-
tion is that the absence of velocity information prevents the accurate capture of the hysteresis
phenomenon as the Chebyshev polynomial has become one-dimensional, creating a “backbone
curve” representation of the restoring force. The backbone presents a very good fit for the
training data and reasonable fit for the ±15 mm test case. The quality of the fit for the back-
bone curve drops sharply with decreasing amplitude for the remaining test cases; however, its
quality is not significantly worse than that provided by the full Chebyshev polynomial repre-
sentation. This demonstrates that, in a qualitative sense, a backbone curve comprised of linear
and cubic displacement terms can be used to describe the general nonlinear behavior observed
for Configuration S1a.
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Figure 7: Force-displacement cycles for Configuration S1a using only linear and cubic displace-
ment terms from the power series basis functions, where (a) ±17.5 mm case was used for training
(fitting), and (b) ±10 mm was used as a test case

Despite the relative similarity between the Chebyshev and power series estimates, the same
backbone approximation cannot be made using the power series fit. Although the power series
basis functions utilize the same normalization of terms, the linear and cubic displacement terms
were not dominant, as several other terms had coefficients of comparable magnitude. (This
is attributable to the fact that each transformed Chebyshev term contains “projections” of
higher order terms from the original Chebyshev polynomial.) Figure 7 shows that the backbone
curve created by linear and cubic displacement terms from the power series proves to be a poor
approximation of the restoring force and does not capture its global behavior, e.g., the backbone
curve for the test case exhibits an almost purely linear behavior.

4.2 Neural Network Nonlinear Identification

The data from Configuration S1a was also subjected to neural network methods for nonlinear
identification. The restoring force estimates produced by the VWNN and ANN are plotted
against displacement in Fig. 8. Both methods provide very good fits for the training data,
as the two curves produced by neural networks are essentially superimposed on the measured
restoring force and display comparably accurate fits for the other testing data sets.

The RMS errors for the different neural network estimates are given in Table 3. Both methods
display considerable improvements over the polynomial basis methods, but the VWNN clearly
outperforms the ANN. Figure 8 demonstrates how slight this advantage in accuracy is to the
naked eye, as there appears to be little perceptible difference in the two estimates. Although,
this would be expected when comparing RMS errors on the order of 10% or less. The only real
advantage to the VWNN is that its RMS errors remain consistent throughout the test cases,
whereas the ANN shows a gradual increase in its RMS errors as the amplitudes decrease. It
should be noted that the ANN gives slightly different estimates each time it is run, even for the
same data set, due to its randomized initialization. However, the RMS errors reported in Table
3 may be considered as fully representative of its accuracy.

Despite the increased accuracy over the polynomial basis methods, neural networks expose
their shortcomings when it comes to physical insight. Previous studies have shown that neural
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Figure 8: Force-displacement cycles for Configuration S1a using neural network methods, where
(a) ±17.5 mm case was used for training (fitting), and (b) ±15 mm, (c) ±12.5 mm, and (d)
±10 mm were used as test cases

Table 3: Relative RMS errors from neural network identification strategies for Configuration
S1a data

Training (Fitting) Test Cases
ID Method ±17.5 mm ±15 mm ±12.5 mm ±10 mm

VWNN 0.85 % 2.86 % 2.16 % 2.05 %
ANN 0.47 % 3.02 % 4.97 % 10.58 %
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networks are unable to provide physical understanding of the system parameters [18]. Unlike
the Chebyshev polynomials, the weights and functions of a neural network cannot be easily
connected to the system’s states, such as displacement or velocity, nor its stiffness features or
properties. Thus, while the VWNN and ANN offer clear advantages in identification, they lack
clear connections to the physics or mechanics of the system.

5 CONCLUSIONS

Through this study, it was found that the several data-driven strategies considered could be
successfully applied to identify the nonlinear hysteretic behavior observed in NiTiNOL and steel
wire ropes, but each method displayed strengths and weaknesses. The polynomial-based meth-
ods were simple to implement and allowed for reduced-order modeling and physical parameter
inference, but they were only moderately accurate during validation on the test cases. Con-
versely, the neural network approaches could not be used much beyond response prediction, but
they exhibited high accuracy. This was especially true with respect to the amplitude-dependent
aspects of the nonlinear behavior, as the neural networks better captured these phenomenological
aspects of the hysteresis. The neural networks even managed to provide adequate identification
using the small amplitude test as training data, but, owing to issues of clipping and normaliza-
tion, the polynomial methods were generally unsuccessful in this case.

Perhaps the most important result of this study was the ability of the Chebyshev polynomials
to produce reduced-order models that could represent the hysteretic behaviors. By reducing
the models to only two or three terms, the generalizability of these models suffered, but they
generally captured some, if not most, of the important aspects of the nonlinear restoring forces
for both the training and testing data. Further, these reduced-order models could be connected
to the physical system. This is significant, as it demonstrates that a physics-based model may
be created for a system based on a data-driven identification strategy that assumes no model
a priori. Future studies should go beyond quasi-static harmonic testing and look more into
random dynamic excitation testing in order to determine whether the reduced-order models may
become better generalized by using a more complete region of the phase-space for coefficient and
parameter fitting.
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Abstract. In this contribution the damage and healing behavior of a fiber reinforced self-
healing composite is investigated. The considered underlying self-healing principle is based
on microencapsulated healing agents (monomer) and catalysts (to initiate the polymerization)
which are embedded in a polymeric matrix material. Thus, the overall material consists of five
different phases: i.) solid matrix material; ii.) liquid healing agents; iii.) catalysts; iv.) solidified
healed material; v.) air (inside the cracks). In order to model such a multiphase material, the
Theory of Porous Media (TPM) is used in this contribution.

Furthermore, the composite is reinforced by one fiber family, which leads to a transversely
isotropic material behavior on the macroscale. The damage behavior is described by a discontin-
uous damage model and the healing effect is modeled via a phase transition from liquid healing
agents to solidified healed material.

At the end, the applicability of the developed model is shown by means of a numerical
simulation of an initial boundary value problem.

1 INTRODUCTION

Usually, engineering materials are designed in order to resist damages or at least the growth
of them. But due to load peaks or other environmental influences, like corrosion or UV radi-
ation, they can fail. In case of polymers and polymeric composites microdamages inside the
structure can lead to a spontaneous loss of the structural stability. The crucial point is that
these microdamages are very hard to detect and more or less impossible to repair. Thus, even
if microdamages are detected in a structural part before it has been already failed, the whole
part has to be replaced, which can be very expensive, i.e., in case of aerospace applications or
even offshore wind turbine blades.

In order to extend the structural lifetime and save maintenance costs, materials can be
designed with respect to the damage management principle [1]. Here, the material can undergo
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a certain amount of microdamages, i.e., due to load peaks, without a collapse of the structural
integrity. During the usual working load, the material is able to repair its internal microdamages
via self-healing.

In general, self-healing can be divided into autonomic and non-autonomic healing [2, 3]. Non-
autonomic healing implies the usage of an external trigger like heat or UV radiation, whereas
in case of autonomous healing, the damage itself triggers the onset of the healing mechanism.
Furthermore, it is possible to divide also the healing mechanism into intrinsic and extrinsic [3, 4].
If the material is able to heal itself, e.g., by diffusion or reversible bonds, it is termed intrinsic
healing. In contrast, extrinsic healing means that the healing mechanism is incorporated to the
material, e.g., with embedded healing agents. An overview of different self-healing materials and
principles is given in [5].

In the following, an extrinsic and autonomic self-healing system is considered, cf. [6], which is
extended to an anisotropic model in the following. The considered system consists of a polymeric
matrix material with dispersed catalysts and embedded, with monomer filled, microcapsules. If
a crack propagates through the structure, the capsules rupture, the monomer flows into the crack
due to capillary action and comes into contact with the catalysts. This leads to a polymerization
of the monomer and thus, the structural integrity can be recovered up to a certain amount, cf. [7].

2 Theoretical Framework

For the description of the here considered multiphase material, the Theory of Porous Media
(TPM) is used. This theory combines the mixture theory and the concept of volume fractions
and is very suitable to model a porous solid material which is saturated with gas and/or liq-
uid. Within the TPM every constituent has separate balance equations, which are extended
by so-called total production terms, in order to consider internal interactions between the dif-
ferent constituents (i.e., heat exchange, phase transitions, moment exchange, etc.). But, the
balance equations of the overall mixture, i.e., the summation over all constituents of the balance
equations, leads to the balance equation of a one component material. For a more detailed
introduction to the TPM and the historical development, the interested reader is referred to [8].
In the following the control space in the reference configuration (time t = t0) is denoted by B0S

with its surface ∂B0S related to the solid phase. The control space in the actual configuration
(time t) is denoted by BS with its surface ∂BS also related to the solid phase. For the derivation
of the equations we restrict ourselves to the actual configuration. The used literature for the
theoretical basics, which are shortly presented in the following, is from [9, 10, 11, 12, 13].

2.1 Basics of the TPM

The idea of the TPM is to describe a saturated porous body, which consists of m different
constituents, a solid phase and m− 1 pore fluids, without the knowledge of the real microscopic
structure. Therefore, the mixture theory is considered [14, 15]. Here, it is assumed that all
constituents are statistically distributed over the whole control space and that all constituents
φα (α = S, H, L, G, C) appear in every spatial point x of the control space BS simultaneously.
Furthermore, all quantities, geometrical and physical ones (e.g., motion or deformation), are
defined as statistical averages of the real quantities in the considered control space BS.

In order to identify the different constituents, the concept of volume fractions is used, i.e.,
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the amount of the individual constituent φα in a spatial point x can be expressed by its volume
fraction nα = dvα/dv. The volume fractions are restricted by the so-called saturation condition,
which states that in a spatial point x the sum over all m constituents φα of the volume fractions
nα has to be equal to one, i.e.,

∑m
α=1 n

α = 1, cf. [8]. By use of the volume fraction, two
different densities are introduced: the partial density ρα and the partial real density ραR of
the constituent φα. Both densities are connected by the volume fraction via ρα = nαραR. It
is mentioned that even if the considered constituent is assumed to be incompressible (ραR =
const.), the partial density ρα can change due to a change of the volume fraction nα.

2.2 Kinematics

Within the TPM the principle of superposition is applied, i.e., at a specific time t a spatial
point x is simultaneously occupied by all m constituents φα. Furthermore, independent motions
for each constituent are assumed, which leads to the fact that the material points Xα have
been located in different reference positions at time t = t0. Thus, independent deformation
gradients Fα = ∂x/∂Xα for each constituent φα can be defined. With that, the spatial velocity
gradient is given by Lα = gradx′

α, where x′
α is the spatial form of the velocity, which can

be additively decomposed Lα = Dα + Wα into a symmetric part Dα = 1/2(Lα + LT
α) and a

skew-symmetric part Wα = 1/2(Lα − LT
α), respectively. Due to the fact that the individual

constituents perform different motions, different material time derivatives have to be taken into
account. As an example, the material time derivative of an arbitrary scalar valued function is
given by Γ′

α = ∂Γ/∂t+ gradΓ · x′
α .

2.3 Assumptions

In order to develop a simplified five-phase model for the description of the self-healing mate-
rial, some assumptions are made, cf. [6]: 1.) Dynamic effects are neglected, i.e., the acceleration
of the phases are set to be zero → x′′

α = 0, where (•)′′α describes the second time derivative
with respect to the corresponding constituent φα, in this case the acceleration; 2.) The local
temperatures of all constituents are equal and constant → Θα = Θ, (Θα)′α = 0; 3.) Neglecting
the volume-distributed heat supply and heat fluxes → rα = 0 and divqα = 0; 4.) Mass exchange
occurs only between the liquid healing agents in connection with the catalysts and the healed
material→ ρ̂H = −ρ̂L−ρ̂C, ρ̂S = ρ̂G = 0 and ρ̂C = const.; 5.) Only the gas phase is compressible,
all other phases are assumed to be incompressible → ρGR ̸= const., ρSR = ρHR = ρLR = ρCR =
const.; 6.) The amount of catalysts is very small in comparison to the other constituents, thus,
the volume fraction of them is neglected → nC = 0; 7.) No diffusion of the catalyst inside
the solid matrix is considered and therefore, the stress state (osmotic pressure) is neglected
→ x′

C − x′
S = wCS = 0 and TC = 0; 8.) The velocities of motion of the solid and healed

material are equal → (χS)
′
S = (χH)

′
H = (χH)

′
S; 9.) The motion of the solid and healed material

are identical except at an initial solid motion → χH = χS − χS0, where χS0 is the solid motion
before the onset of the healing process (nH = 0).

The last assumption leads to a multiplicative decomposition of the deformation gradient of
the solid phase

FS = Grad χS =
∂χS

∂XS
= FHFS0 , (1)
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which was originally introduced within the framework of growth modeling in biological tissues
[16, 17, 18]. Here, the decomposition is connected with the condition that the added solid like
healed material is stress free as long as the body gets no further deformations after the healing
started. In other words, if the specimen is healed in the deformed setting and then unloaded,
the healed specimen would have remaining deformations in case of force driven deformations, or
remaining stresses in case of displacement driven deformations. For further information about
the multiplicative decomposition of the deformation gradient, the reader is referred to [19].

2.4 Field Equations

In the following the used field equations are shortly introduced. For a more detailed intro-
duction see, e.g., [10, 12, 13, 20]. Due to the assumptions in section 2.3, the balance equations
of energy is neglected. With respect to the balance equation of moment of momentum for non-
polar continua, it turns out that the Cauchy stresses are symmetric, i.e., Tα = (Tα)T . Thus,
the used field equations are given by the balance equations of mass of the individual constituents

(nS)′S + nS divx′
S = 0 , (nH)′S + nH divx′

S =
ρ̂H

ρHR
,

(nL)′L + nL divx′
L = − ρ̂H

ρLR
, nS (cC)′S = ρ̂C ,

(nG)′G + nG divx′
G +

nG

ρGR
(ρGR)′G = 0 ,

(2)

the balance equations of momentum of the mixture, liquid and gas phase

div TSHLG + ρSHLG b = −ρ̂HwLS , divTL + ρL b = −p̂L ,

divTG + ρG b = −p̂G ,
(3)

and the material time derivative of the saturation condition

div(nLwLS + nGwGS + x′
S) +

nG

ρGR
(ρGR)′G − ρ̂H (

1

ρHR
− 1

ρLR
) = 0 . (4)

Here, b denotes the body force vector and wβS = x′
β − x′

S (β = L,G) is the so-called seepage
velocity vector, which describes the relative velocity between the fluid phases and the solid.
For the reformulation of the balance equation of mass of the catalysts (2)4 as well as of the
material time derivative of the saturation condition (4), it is referred to [6]. In contrast to one-
component materials, the balance equations of the individual constituents φα are extended by
the local production terms, denoted by the symbol ˆ(•), in order to consider interactions between
the different phases. But, as stated in Truesdell’s third “metaphysical principle”, cf. [21], the
summation over all m constituents of the balance equations must lead to the balance equations
of one component materials. Therefore, the total production terms of mass and momentum are
introduced and restricted as follows:

m∑
α=1

ρ̂α = 0 ,

m∑
α=1

ŝα = p̂α + ρ̂α x′
α = 0 . (5)
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Figure 1: Illustrated boundary value problem. The applied displacement is u = 5, all dimensions are in
mm (left); Plot of the damage variable at the end of the first loading cycle (right).

Here, the total production term of mass is equivalent to the local production term of mass. But,
the total production term of momentum consists of the local production term of momentum p̂α

and an additional term, where the lower balances are exploited.

2.5 Anisotropic Material Model

To incorporate transversely isotropic behavior, the considered Helmholtz free energy function
of the solid matrix material ψS = ψS

iso +ψS
aniso is additively split into an isotropic part ψS

iso and
an anisotropic part ψS

aniso, which are given by

ψS
iso =

1

ρSR
(1−DS)

[
1

2
λS(log JS)

2 − µS log JS +
1

2
µS(CS · I− 3)

]
,

ψS
aniso =

1

ρSR

{
k1
2 k2

{exp[k2(I4 − 1)2]− 1}
}

with I4 = a0 ·CS a0 .

(6)

Here, λS and µS are the Lamé parameters,CS = FT
S FS is the right Cauchy-Green deformation

tensor, JS = detFS is the Jacobian, k1 and k2 are material parameters, and a0 is the preferred
direction vector. The term (1−DS), where DS is the internal damage variable, is used in order
to take discontinuous damage behavior into account, cf. [22]. Damage is only considered in the
isotropic part, i.e., damage takes only place in the matrix material and not in the reinforcement.

3 Example

As numerical example a plate with a hole is considered. The mechanical behavior is given
as transversely isotropic, whereas the preferred fiber direction is in x1-direction, i.e., β = 0. In
Tab. 1 the initial material parameters are listed.

After 30 seconds the full displacement of u = 5 mm is applied to the specimen followed by an
unloading down to 5% of the total displacements. After that, the healing mechanism is active
for three hours, before the full displacement is applied within 30 seconds for the second time.

Fig. 2 shows the anisotropic behavior of the specimen in x1- and x2-direction. In x1-direction,
the exponential behavior due to the reinforcement can be observed. In contrast, the slope of

5

1280



S. Specht, J. Bluhm and J. Schröder

Table 1: Initial material parameters.

matrix S healed material H healing agents L gas G catalysts C [–]

Young’s modulus Eα 3.0e+9 3.4e+9 – – – Pa
real density ραR 1.2e+3 0.98e+3 0.98e+3 1.2 – kg/m3

initial volume fraction nα 0.69 0.0 0.3 0.01 – –
initial concentration cα – – – – 1.0 ×100 %
stress-like parameter k1 1.0e+6 – – – – Pa
dimensionless parameter k2 1.0e+1 – – – – –

the force-displacement curve in x2-direction decreases due to the damage in the isotropic matrix
material. Furthermore, the force-displacement curve in x2-direction during the reloading is
nearly the same as during the first loading, whereas in x1-direction the reloading curve is just
slightly higher than the unloading curve. Thus, the influence of damage and healing is higher
in direction perpendicular to the reinforcement, as it was expected.

Figure 2: Diagram of force-displacement curves in x1- and x2-direction for a loading-unloading-healing-
reloading cycle.

4 Conclusion

This work focuses on the numerical simulation of damage and self-healing effects in a fiber-
reinforced polymer. The developed multiphase model, based on the Theory of Porous Media,
consists of the following five phases: the solid matrix material with imbedded catalysts, the liquid
healing material (healing agent), the solid healed material, and the gas phase. In order to take
the unidirectional reinforcement into account, the polymeric matrix is considered as transversely
isotropic material, i.e., the free energy function is additively decomposed into an isotropic and
anisotropic part. Concerning the constitutive relations, the (1d) approach is used to describe
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the damage behavior of the solid matrix material as well as of the solid-like healed material. It
is mentioned that the damage function has only an influence on the isotropic part of the solid
matrix material, because damage of the matrix material (like delamination or microcracks inside
the polymer) is what happens first and leads to failure of the structural part.

The presented results show the strong anisotropic behavior of the fiber-reinforced self-healing
polymer. Furthermore, due to the fact that damage and healing are subjected to the isotropic
matrix material, distinct healing effects in x1- and x2-direction can be observed.

Acknowledgement This work has been supported by the German Research Society (DFG)
within the Priority Program SPP 1568 “Design and Generic Principles of Self-healing Materials”
under the grant numbers BL 417/7-2 and Schr 570/26-2.

REFERENCES

[1] S. van der Zwaag. Self healing materials: an alternative approach to 20 centuries of mate-
rials science. Springer, Dordrecht, 2007.

[2] S. K. Gosh. Self-healing materials, chapter Self-healing materials: fundamentals, design
strategies, and applications, pages 1–28. WILEY-VCH, 2009.

[3] M. D. Hager, P. Greil, C. Leyens, S. van der Zwaag, and U. S. Schubert. Self-healing
materials. 22:5424–5430, 2010.

[4] Y. C. Yuan, T. Yin, M. Z. Rong, and M. Q. Zhang. Self healing in polymers and polymer
composites. concept, realization and outlook: a review. 2:238–250, 2008.
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ABSTRACT 

Piezoelectric laminated smart structures can be subjected to strong driving electric field, which may 
result in large displacements and rotations. In one hand, piezoelectric materials usually behave very 
significant material nonlinear effects under strong electric fields. On the other hand, thin-walled 
structures undergoing large displacements and rotations exist nonnegligible geometric nonlinearity.  

        In order to give a precise prediction of piezolaminated smart structures under large electric field, 
this paper develops a finite element (FE) model accounting for material nonlinearity (piezoelectric 
part) and geometric nonlinearity based on the first order shear deformation (FSOD) hypothesis. The 
proposed FE model is first validated by both experimental and numerical examples from the 
literature. Afterwards, it is applied to simulate for plate and shell structures with multiple 
piezoelectric patches under strong applied electric field. From the simulation results, it shows that 
large discrepancies occur between linear and nonlinear predictions for piezoelectric laminated 
structures driving at strong electric field. Therefore, both material and geometric nonlinearities 
should be taken into account for piezoelectric structures under strong electric.  
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Abstract. This contribution aims at proposing an effective First order Shear Deformation
Theory (FSDT) capable to tackle the non-trivial effects that a continuous variation of the
mechanical properties induces on stresses, displacement, and stiffness distributions within a
planar beam made of Functionally Graded Material (FGM). In greater detail, the beam model
assumes the Timoshenko beam kinematics and it results naturally expressed by six Ordinary
Differential Equations (ODEs) considering both cross-section displacements and internal forces
as unknowns. Furthermore, exploiting a recently proposed analysis tool, the paper provides also
effective tools for the accurate reconstruction of cross-section stress distributions (with special
emphasis on shear stresses) and the beam stiffness estimation. A simple numerical example
demonstrates that the proposed beam model can catch with good accuracy the main effects
induced by variations of the mechanical properties, allowing for a simple and effective modeling
of a large class of structures and opening the doors to a new family of enhanced beam models.

1 INTRODUCTION

Functionally Graded Material (FGM) beams and plates are more and more used in several
engineering fields since they allow for a optimal distribution of strength and stiffness within
the structure leading, as an example, to the maximal strength exploitation and significant cost
saving. Furthermore, this trend benefits also from new additive-layer technologies that allow
for complex object manufacture without significant increase of production costs. Conversely,
also the presence of defects (e.g., a local deviation of fiber direction) could be seen as a smooth
variation of the mechanical or geometrical properties of the structural element. In both cases, an
effective modeling is mandatory for an accurate description of the structural element response.

According to a consolidated practice in engineering field, the most natural choice for the
modeling of such structures is the usage of 1D (beam) or 2D (plate) Partial Differential Equations
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(PDEs). Unfortunately, standard models are developed for prismatic bodies with constant
mechanical properties along the axis/mid-plane and turn out to be too coarse and inadequate
for enhanced engineering applications. As an example, a non-homogeneous and non-symmetric
distribution of the mechanical properties within the beam body induces significant transversal
displacements in a beam subjected to axial load. Since standard beams model separately the
axial and the shear bending problem, they are not able to catch the so far described effect and,
therefore, ad-hoc models must be developed.

Furthermore, even limiting to FGM beams where the mechanical properties vary only along
the thickness, the shear stress distribution is significantly different from both homogeneous and
layered beams [1, 2] and accurate evaluations of both the shear correction factor and the shear
stiffness are required. Therefore, extending the attention to FGM beams where the mechanical
properties vary both along the thickness and the axis, the shear stress distribution can vary
significantly from one cross-section to the other [3, 4]. Consequently, also the shear correction
factor varies along the beam axis leading the shear stiffness to have a non-trivial distribution
along the beam axis [4].

Last but not least, a recent paper has highlighted that any variation of the geometry and/or
mechanical properties along the beam axis deeply influences the cross-section shear stress distri-
bution that, furthermore, turns out to depend on all the internal forces [5]. As a consequence,
also the shear deformation depends on all internal forces and, for symmetry of the constitu-
tive relations, both axial elongation and curvature depend on shear internal force [6, 5]. In
other words, according to the notation introduced by [6], the beam’s constitutive relations are
represented by a full matrix whereas, for standard prismatic beams, they are represented by a
diagonal matrix.

This paper aims at proposing a First order Shear Deformation Theory (FSDT) capable to
tackle the non-trivial effects that a continuous variation of the mechanical properties induces on
stresses, displacement and stiffness distributions within a planar FGM beam. In greater detail,
the beam model assumes the Timoshenko beam kinematics and it results naturally expressed
by six linear Ordinary Differential Equations (ODEs) with non-constant coefficients where both
cross-section displacements and internal forces are the problem unknowns. Furthermore, ex-
ploiting a recently proposed modeling strategy [5], the paper provides also an effective tool for
the beam stiffness estimation based on an accurate cross-section stress analysis.

The paper is structured as follows. Section 2 resumes the beam model’s ODEs proposed in
[5] and specializes the stress representation to FGM beams with general variation of mechanical
properties. Section 3 discusses a simple numerical example that shows the main capabilities
of the proposed beam model. Section 4 reports final remarks and delineate future research
developments.

2 1D PLANAR BEAM MODEL

The model consists of 5 main steps detailed in the following subsections: (1) the beam’s
mechanical properties evaluation (2) the compatibility equations definition, (3)the equilibrium
equations definition, (4) the stress representation, and (5) the simplified constitutive relations
definition. The herein presented beam model ODEs was derived according to the procedure
detailed in [6, 5]. For this reason, details on derivation path are not given in this section and
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readers may refer to the cited literature for further details.

2.1 Beam’s mechanical properties and loads

The object of our study is a planar rectangular beam with non-homogeneous and non-linear
distribution of the mechanical properties both within the thickness and along the beam axis.
Furthermore, we assume that it behaves under the hypothesis of small displacements and plane
stress state.

The horizontal stiffness and the first order of stiffness are defined as

A∗ (x) = b

∫ hn+1

h1

E (x, y) dy; S∗ (x) = b

∫ hn+1

h1

E (x, y) ydy (1)

Consequently, the beam centerline reads

c (x) =
S∗ (x)

A∗ (x)
(2)

Thereafter, the bending stiffness reads

I∗ (x) = b

∫ hn+1

h1

E (y) (y − c (x))2 dy (3)

Finally, we define the horizontal, vertical, and bending resulting loads acting on the cross-section
as q (x), p (x), and m (x), respectively.

2.2 Compatibility equations

We assume the kinematics usually adopted for prismatic Timoshenko beam models. There-
fore, the 2D displacement field sss (x, y) is approximated as

sss (x, y) ≈

{
u (x) + (y − c (x))ϕ (x)

v (x)

}
(4)

where ϕ (x), u (x), and v (x) indicate the rotation, the horizontal, and the vertical displacements
of the cross-section, respectively.

Furthermore, indicating the horizontal strain, the curvature, and the shear strain as ε0 (x),
χ (x), and γ (x), respectively, the beam compatibility is expressed through the following ODEs

ε0 (x) = u′ (x)− c′ (x)ϕ (x) (5)

χ (x) = −ϕ′ (x) (6)

γ (x) = v′ (x) + ϕ (x) (7)

2.3 Equilibrium equations

Indicating the bending moment, the horizontal, and the vertical internal forces as, M (x),
H (x), and V (x), respectively, the equilibrium ODEs read

H ′ (x) = −q (x) (8)

M ′ (x)−H (x) · c′ (x) + V (x) = −m (x) (9)

V ′ (x) = −p (x) (10)
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2.4 Stress representation

Introducing the horizontal-stress distribution functions dHσ (x, y) and dMσ (x, y) defined as

dHσ (x, y) =
E (x, y)

A∗ (x)
; dMσ (x, y) =

E (x, y)

I∗ (x)
(c (x)− y) (11)

the horizontal stress distribution can be defined as follows

σx (x, y) = dHσ (x, y)H (x) + dMσ (x, y)M (x) (12)

In order to recover the shear stress distribution within the cross-section we resort to a pro-
cedure similar to the one proposed initially by Jourawski [7], used among others by [8], and
nowadays adopted in most standard literature [9]. After few simplifications and integration
with respect to the y variable, the horizontal equilibrium of a slice of infinitesimal length dx of
the FGM beam reads

τ (x, y) = −

∫ y

h1

σx,x (x, t) dt (13)

where the notation ( · ),x indicates partial derivatives with respect to the x variable. Inserting the
horizontal stresses definition (12) into Equation (13), calculating the derivative of σx, recalling
the beam equilibrium equations (8) and (9), and neglecting the contributions of loads and beam
eccentricity (i.e., assuming q (x) = m (x) = c′ (x) = 0) yield the following expression

τ (x, y) = −

∫ y

h1

dHσ ,x (x, t)H (x) dt−

∫ y

h1

dMσ ,x (x, t)M (x) dt−

∫ y

h1

dMσ (x, t)V (x) dt (14)

It is worth highlighting once more that Equation (14) leads the shear stress distribution to
depend on all the internal forces.

Aiming at providing an expression of shear stress distribution similar to (12), we define the
shear stress distributions induced by a unitary vertical internal force V (x) as

dVτ (x, y) = −

∫ y

h1

dMσ (x, t) dt (15)

Consistently, we define the shear stress distributions induced by a unitary bending moment
M (x) as

dMτ (x, y) = −

∫ y

h1

dMσ ,x (x, t) dt (16)

Finally, we define the shear stress distributions induced by a unitary horizontal internal force
H (x) as

dHτ (x, y) = d̃Hτ (x, y)−DH
τ (x) dVτ (x, y) (17)

where

d̃Hτ (x, y) = −

∫ y

h1

dHσ ,x (x, t) dt (18)

and its resulting area reads

DH
τ (x) =

∫ hn+1

h1

d̃Hτ (x, y) dy (19)

According to all so far introduced definitions, the shear stress distribution can be defined as
follows

τ (x, y) = dHτ (x, y)H (x) + dMτ (x, y)M (x) + dVτ (x, y)V (x) (20)

4
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2.5 Simplified constitutive relations

To complete the Timoshenko-like beam model we introduce some simplified constitutive re-
lations that define the generalized strains as a function of the internal forces.

Therefore, we consider the stress potential, defined as follows

Ψ∗ (x, y) =
1

2

(
σ2
x (x, y)

E (x, y)
+

τ2 (x, y)

G (x, y)

)
(21)

Substituting the stress recovery relations (12) and (20) in Equation (21), the strains ε0 (x),
χ (x), and γ (x) result as the derivatives of the stress potential with respect to the corresponding
internal forces H (x), M (x), and V (x), respectively

ε0 (x) =b

∫ hn+1

h1

∂Ψ∗ (x, y)

∂H (x)
dy =

εH (x)H (x) + εM (x)M (x) + εV (x)V (x)

(22)

χ (x) =b

∫ hn+1

h1

∂Ψ∗ (x, y)

∂M (x)
dy =

χH (x)H (x) + χM (x)M (x) + χV (x)V (x)

(23)

γ (x) =b

∫ hn+1

h1

∂Ψ∗ (x, y)

∂V (x)
dy =

γH (x)H (x) + γM (x)M (x) + γV (x)V (x)

(24)

where

εH (x) = b
∫ hn+1

h1

(
(dHσ (x,y))

2

E(x,y) +
(dHτ (x,y))

2

G(x,y)

)
dy (25)

εM (x) = χH (x) = b
∫ hn+1

h1

dHσ (x,y)dMσ (x,y)
E(x,y) dy + b

∫ hn+1

h1

dHτ (x,y)dMτ (x,y)
G(x,y) dy (26)

εV (x) = γH (x) = b
∫ hn+1

h1

dHτ (x,y)dMτ (x,y)
G(x,y) dy (27)

χM (x) = b
∫ hn+1

h1

(
(dMσ (x,y))

2

E(x,y) +
(dMτ (x,y))

2

G(x,y)

)
dy (28)

χV (x) = γM (x) = b
∫ hn+1

h1

dMτ (x,y)dVτ (x,y)
G(x,y) dy (29)

γV (x) = b
∫ hn+1

h1

(dVτ (x,y))
2

G(x,y) dy (30)

2.6 Remarks on beam model’s ODEs

In is worth noticing what follows.

• Despite the beam body is rectangular (as usual for planar prismatic beams), the continuous
variation of the mechanical properties leads the position of the cross-section centroid to
change along the beams axis. As a consequence, the centerline definition (2) is non-trivial
and leads the modeling of FGM beams to be closer to non-prismatic than to prismatic
beams.

5
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• Despite the strong analogy with prismatic beam coefficients, Definitions (1) and (3) are
not sufficient to define the stiffness of the non-prismatic beam, as illustrated in Section
2.5.

• Definitions (16) (17) leads

� hn+1

h1

dHτ (x, y) dy =

� hn+1

h1

dMτ (x, y) dy = 0 (31)

As a consequence, only the shear-stress distribution functions dVτ (x, y) depends on the
vertical force V (x), leading to a simpler stress representation.

• Equation (22) highlights that curvature and shear strains depend on both bending moment
and vertical internal force through a non-trivial relation, substantially different from the
one that governs the prismatic beam. Furthermore, Equation (22) also highlights that
horizontal and bending stiffnesses depend on both the Young’s E and the shear G moduli.

• Following the notation adopted by Gimena et al. [10] the beam model’s ODEs (5), (8),
and (22) can be expressed as





H ′ (x)
V ′ (x)
M ′ (x)
ϕ′ (x)
v′ (x)
u′ (x)





=




0 0 0
0 0 0 000
−c′ 1 0

χH χV χM 0 0 0
γH γV γM −1 0 0
εH εV εM c′ 0 0








H (x)
V (x)
M (x)
ϕ (x)
v (x)
u (x)





−





q (x)
p (x)
m (x)
0
0
0





(32)

The resulting ODEs have the same structure as the ones obtained by Balduzzi et al. [6], but
differ due to a more complex definitions of both the centerline c (x) and the constitutive
relations. For further comments on the resulting ODEs, readers may refer to Balduzzi
et al. [6, 5].

3 NUMERICAL RESULTS

Let us consider the layered FGM beam depicted in Figure 1 where L = 500mm, h1 =
0mm, h2 = 4mm, h3 = 96mm, h4 = 100mm, M = 1Nm, Emin = 10000MPa, Emax =
500 000MPa, and Ecore = 5000MPa. Specifically, in bottom and top layers the Young’s modulus
varies linearly between Emax and Emin and vice-versa whereas the core has constant mechanical
properties. Finally, we assume that the Poisson’s coefficient is constant within all the layers and
ν = 0.25.

In order to provide a reference solution, the whole beam body has been modeled with 2D
Finite Element (FE), through the commercial software ABAQUS Sim [11]. Specifically, we
approximate the bottom and top layers with a sequence of 21 equal overlapping wedges with
piecewise constant mechanical properties. Furthermore, bottom and top layers are discretized
with a un-structured mesh of triangles with characteristic element size of 1mm whereas the core
is modeled with a structured mesh of squared elements with the edge size equal to 1mm. The
resulting mesh turns out to be made of 56 560 elements.

6
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Emax Emin Ecore

L

M

O

y

x

y = h1

y = h2

y = h3

y = h4

Figure 1: Multilayered FGM beam: geometry and mechanical properties definition.

3.1 Stress distribution

We focus on two cross-sections A1 and A2, located at x = 150mm and x = 250mm. Figures
2 and 3 depict the cross-section distribution of axial and shear stresses.

It is worth noticing that the approximation of the FGM layers adopted in reference solution
introduce some spurious oscillations in both bottom and top layers, nevertheless the proposed
model and the reference solution are in good agreement in describing the stresses within these
layers. In greater detail, the proposed model predicts the axial stress with errors smaller than
5% whereas the maximal error in shear stress estimation is near 15% (see Figure 3(a), interlayer
surfaces).

It is worth recalling that the reference solution indicates that the shear stress is absolutely
not-negligible since within the beam’s core, the ratio between maximal shear and axial stresses
is around 1/3. Conversely, the beam results to be under a simple bending load since the material
weight is neglected and the initial cross-section is constrained as depicted in Figure 1. Therefore,
according to both standard [12, 9] and advanced [3, 4] planar beam models, only axial stresses
should resist to the applied load and shear stress should vanish at least in the region far from
initial and final cross-sections. Roughly speaking, the presence of so big shear stresses within
the considered beam body can be justified by the fact that axial stress migrates according to
the stiffness variation along the beam axis and non-vanishing shear stress appears in order to
guarantee local equilibrium (see Equation (13)).

As a consequence, it is evident that the prismatic homogeneous beam models existing in
literature provide misleading information whereas the herein proposed one has the capability to
provide a reasonable description of both axial and shear stresses, resulting therefore significantly
more accurate.

3.2 Displacement distribution

Figure 4 depicts the mean vales of the displacements evaluated along the beam axis. It is
worth noticing that the proposed beam model estimates the maximal absolute-value of both
horizontal and vertical displacements (occurring at x = 250mm and x = 500mm, respectively)
with an error of 5%.

Once more, both standard and advanced beam models tackle separately the axial and the
shear-bending problems. Therefore, for the considered load, they predict vanishing horizontal
displacements. Conversely, the proposed beam model has the capability to effectively tackle the
coupling between axial and shear-bending problems, providing more accurate displacement’s

7

1291



Giuseppe Balduzzi, Mehdi Aminbaghai, and Josef Füssl
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Figure 2: Axial-stress cross-section distributions
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Figure 3: Shear-stress cross-section distributions

estimations.
This simple observation confirms that the prismatic homogeneous beam models provide mis-

leading information whereas the herein proposed one has the capability to provide a reasonable
description of displacements, resulting therefore significantly more accurate. Furthermore, the
results so far illustrated highlights that, aiming at tackling effectively the variation of mechanical
properties, prismatic homogeneous beam ODEs must be enriched with suitable additional terms
and not only with varying coefficients.

Finally, Figure 5 depicts the cross-section distribution of both horizontal and vertical displace-
ments evaluated at x = 150mm. It is evident that the distribution of vertical displacements
(Figure 5(b)) is highly non-linear whereas the proposed model only has the capability to esti-
mate the vertical-displacement’s mean value. Since the Timoshenko kinematics does not allow
to catch higher order effects (clearly not negligible in the considered example), it is reasonable
to suppose that the model’s fundamental hypothesis represents the most important error source
that could be easily eliminated considering more refined kinematics.
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Figure 4: Mean value of cross-section displacements
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Figure 5: Distribution of cross-section displacements

4 FINAL REMARKS

This paper proposed a simple FSDT for a planar FGM beams with non-linear variation of
the mechanical properties. The numerical results highlight that it has the capability to tackle
effectively (i) the variations of the cross-section centroid position, (ii) the non trivial stress
distribution, (iii) the complex beam constitutive relations, and (iv) the nontrivial distribution of
stiffness and displacements. The main model limitations are strictly related to the hypotheses
behind beam model. In particular, it neglects all the boundary effects and the higher order
effects.

Further developments of the present work will include the generalization to plate models and
the consideration of higher order kinematics.
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Abstract. We propose a new three-dimensional formulation based on the mixed Tangetial-
Displacement Normal-Normal-Stress (TDNNS) method for elasticity. In elastic TDNNS ele-
ments, the tangential displacement and the normal component of the stress vector are degreees
of freedom and continuous across interfaces. These elements have been shown to be locking-free
with respect to shear locking in thin elements, which makes them suitable for the discretiza-
tion of laminates or macro-fibre composites. In the current paper, we extend the elements to
piezoelectric materials by adding the electric potential as degree of freedom. We show that
nonlinear material properties, as a nonlinear piezoelectric coefficient d15, can be included into
the framework.

1 INTRODUCTION

The simulation of smart, piezoelectric structures is of high interest in science and applications.
A powerful method for the approximate solution of the underlying coupled electric-mechanical
equations is the finite element (FE) method.

First FE simulations of piezoelectric structures were carried out by Allik and Hughes [1] and
later Lerch [5, 6]. They provide volume elements based on the principle of virtual work where
the mechanical displacement and the electric potential are chosen as degrees of freedom. These
finite element methods are very flexible – in principle, they can be used to model almost any
technical application. A severe drawback is the complexity of the underlying numerical system.
Due to locking, flat layered piezoelectric structures have to be resolved by a sufficient number
of well-shaped elements. This easily leads to computational systems with millions or billions of
unknowns even for simple applications.

Two different ways to circumvent this problem are pursued nowadays: the design of locking-
free volume elements and the derivation of equations for layered plates, beams and shells. For
both categories, we distinguish methods based on the principle of virtual work, and so-called
mixed methods based on Hellinger-Reissner type formulations. In the former class of methods,
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usually displacement and electric potential are considered as unknowns, while in the latter class
of methods the mechanical stress, and sometimes also the dielectric displacement, are added as
degrees of freedom.

For both volume elements as well as layered plates, beam or shell elements, it has been
shown experimentally that the mixed methods provide good results for coarse discretizations
and independently of the layer thickness. We mention the volume element by Sze and Yao
[14], the solid shell element by Klinkel and Wagner [4] and the geometrically nonlinear element
by Ortigosa and Gil [10]. Reissner-type mixed zigzag formulations were successfully used by
[2, 3, 16].

These experimental findings motivate our suggestion for a new family of piezoelectric ele-
ments. In [11, 12] the “Tangential Displacement Normal Normal Stress” (TDNNS) finite element
method was introduced for linear elastic solids. The elements are based on a Hellinger-Reissner
formulation, where the tangential component of the displacement as well as the normal compo-
nent of the (normal) stress vector are considered as degrees of freedom. In [12] it was shown the
these elements are locking-free when used as flat prismatic elements. In the current contribution,
we propose an extension of these elements to piezoelectric materials.

We show the accuracy of the proposed elements for the case of a linear bimorph beam. We
show how the method can be extended to nonlinear material laws by the example of a nonlinear
d15 MFC.

2 THE PROBLEM OF LINEAR PIEZOELASTICITY

Let Ω ⊂ R3 describe a solid made of elastic, in part piezoelectric material that is subjected to
body forces f⃗ and boundary conditions. In linear piezoelasticity, we are concerned with finding
the displacement field u⃗ and the electric potential ϕ. Derived of these fields are the electric
field E⃗ = −∇ϕ and the linear strain tensor ε(u⃗) = 1

2(∇u⃗ + (∇u⃗)T ). The displacement field u⃗
and the electric potential ϕ are the unknowns in the usual finite element formulation based on
variational principles as the principle of virtual work or D’Alemberts principle. We call u⃗ and ϕ
the primal quantities.

Opposed to the primal quantities, the dual quantites of interest are the Cauchy stress tensor
σ and the dielectric displacement D⃗. Usually, these quantities σ and D⃗ are computed in a
postprocessing step from u⃗ and ϕ, using the constitutive law.

In linear piezoelasticity, a linear relationship between the primal, derived quantities strain
ε and electric field E⃗ and the dual quantities mechanical stress σ and dielectric displacement
D⃗ is assumed. This linear relationship is described by three tensors, the mechanical stiffness
tensor, the electric permittivity tensor and the piezoelectric permittivity tensor. We use the
fourth order mechanical stiffness tensor CE or its inverse, the flexibility SE , both measured at
constant electrical field. The electric permittivity at constant mechanical stress is denoted ϵσ.
Piezoelectric material further exhibits the third order piezoelectric permittivity d responsible
for the electro-mechanical coupling. The constitutive equations for linear piezoelasticity read

ε(u⃗) = SEσ + dT E⃗, (1)

D⃗ = dσ + ϵσE⃗. (2)

Both the mechanic balance equation and Gauss’ law for the dielectric displacement are of diver-

2

1296



Astrid S. Pechstein and Alexander Humer

gence form, reading

div σ = f⃗ (3)

div D⃗ = 0. (4)

For simplicity, we assume homogeneous boundary conditions, namely the mechanical conditions

u⃗ = 0 on Γ1 and σ⃗n = 0 on Γ2 = ∂Ω\Γ1, (5)

and the electrical conditions

E⃗t = 0 on Γ3 and Dn = 0 on Γ4 = ∂Ω\Γ3. (6)

To develop a finite element method, we assume T = {T} to be a finite element mesh of
the domain Ω, consisting of tetrahedral, prismatic or hexahedral elements. By n⃗ we denote
the outward unit normal on the (element or domain) boundary ∂T or ∂Ω. On each element
or domain boundary surface, a general vector field v⃗ can be split into a normal and tangential
component by v⃗ = vnn⃗+ v⃗t with vn = v⃗ · n⃗ and v⃗t = v⃗ − vnn⃗. Note that the normal component
vn is scalar, while the tangential component v⃗t is vectorial. A tensor field τ has a normal
vector τ⃗n = τ n⃗ on a surface, which can again be split into a normal and tangential component
τnn = τ⃗n · n and τ⃗nt = τ⃗n − τnnn⃗.

3 THE ELASTIC TDNNS METHOD

The TDNNS method is a mixed finite element method based on Reissner’s principle. Dis-
placement and stress are considered as unknowns, see [11, 13]. We will shortly introduce the
method.

The tangential component of the displacement u⃗t and the normal component of the stress
vector σnn are degrees of freedom of the finite element. We use finite element spaces for which
these respective quantities are continuous across element interfaces. Note that, in general, the
displacement field will be discontinuous.

Nédélec [8, 9] introduced tangential-continuous finite elements, which are commonly used to
describe the electric field in Maxwell’s equations. We use these elements for the displacement.
For the stresses, we introduced normal-normal continuous elements in [11]. These finite element
spaces can be shortly described by

u⃗, δu⃗ ∈ Vh = {v⃗ : v⃗|T ∈ [P k(T )]3, v⃗t cont., v⃗t = 0 on Γ1}, (7)

σ, δσ ∈ Σh = {τ : τ |T ∈ [P k(T )]3×3
sym, τnn cont., τnn = 0 on Γ2}. (8)

Here, P k(T ) denotes the space of polynomials of order at most k on element T . Shape func-
tions for tetrahedral, prismatic and hexahedral elements are provided in [11], additionally two-
dimensional triangular or quadrilateral elements exist. In [12] it was shown that the method
works well for thin prismatic or hexahedral elements.

The variational formulation is based on Reissner’s principle, and reads: find u⃗ ∈ Vh and
σ ∈ Σh such that

∫

Ω
Sσ : δσ dx− ⟨ε(u⃗), δσ⟩ − ⟨ε(δu⃗), σ⟩ =

∫

Ω
f⃗ · δu⃗ dx, (9)

3
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for all virtual displacements δu⃗ ∈ Vh and virtual stresses δσ ∈ Σh. Note that, as u⃗ is not
continuous, the strain ε(u⃗) does not exist in the classical sense, but as a distribution. It contains
additional distributional terms on element interfaces.

In the variational principle (9), we see duality products of the form ⟨ε(u⃗), σ⟩ instead of
integrals of the form

∫
Ω ε(u⃗) : σ dx in common methods. This distinction is necessary to be

mathematically correct, since the strain ε(u⃗) is a distribution. The duality product is well
defined only if the stress field σ is normal-normal continuous. For finite element functions on
the mesh T , the duality product can be evaluated element-wise by volume and surface integrals.
The surface integrals represent the distributional terms on element interfaces mentioned above.
The following two formulas are equivalent, and motivate that the duality product can also be
viewed as the (negative) distributional divergence of the stress tensor,

⟨ε(u⃗), σ⟩ =
∑
T∈T

(∫

T
σ : ε(u⃗) dx−

∫

∂T
σnnu⃗n ds

)
(10)

=
∑
T∈T

(
−
∫

T
div σ · u⃗ dx+

∫

∂T
σntu⃗t ds

)
= −⟨div σ, u⃗⟩. (11)

The equivalence of formulas (10) and (11) can be shown by integration by parts on each ele-
ment, and using the continuity of σnn and u⃗t, respectively. For a more involved mathematical
motivation see [11, 13].

4 MIXED FINITE ELEMENTS FOR PIEZOELECTRIC STRUCTURES

In the sequel, we present a piezoelectric finite element based on the elastic TDNNS method.
The electric field E⃗ = −∇ϕ is added by considering the electric potential ϕ as a further unknown.

The variational formulation above (9) is enriched by the piezoelectric coupling terms and the
virtual change of electric energy under a virtual potential δϕ. We choose the electric potential
in the standard continuous finite element space of order k,

ϕ ∈ Φh := {ϕ ∈ C(Ω) : ϕ|T ∈ P k(T ), ϕ = 0 on Γ3}. (12)

To derive the variational formulation for piezoelectric materials, we insert the piezoelectric
constitutive equation for the strain (1) into the TDNNS variational equation (9). Thus we arrive
at ∫

Ω
(SEσ − dT∇ϕ) : δσ dx− ⟨ε(u⃗), δσ⟩ − ⟨ε(δu⃗), σ⟩ =

∫

Ω
f⃗ · δu⃗ dx. (13)

Additionally, we insert the constitutive equation for the dielectric displacement vector (2) into
the conservation of charge (4). We multiply with a virtual potential δϕ and integrate over the
domain, ∫

Ω
div(dσ − ϵσ∇ϕ) δϕ dx = 0 (14)

Integration by parts in (14), using that either Dn or δϕ is zero on the boundary leads to the
well-known virtual change of the electric energy,

−
∫

Ω
(dσ − ϵσ∇ϕ) · δ∇ϕ dx =

∫

Ω
D⃗ · δE⃗ dx = 0. (15)

4

1298



Astrid S. Pechstein and Alexander Humer

x3

P

P

75V

75V

x2

x1

l

h

h

b

Figure 1: Setup of the bimorph beam

Adding (15) to (13) leads to a symmetric variational formulation

∫

Ω
(SEσ − dT∇ϕ) : δσ dx− ⟨ε(u⃗), δσ⟩ − ⟨ε(δu⃗), σ⟩+

∫

Ω
(−dσ + ϵσ∇ϕ) · δ∇ϕdx =

∫

Ω
f⃗ · δu⃗ dx.

(16)

Equation (16) in union with the finite element spaces Vh, Σh and Φh comprises the finite
element formulation we propose. Its performance for thin prismatic elements is tested in the
sequel. We shall see that it is free from locking for elements of order k ≥ 2. For the lowest
order case, the quadratic behavior of the electric potential in thickness direction cannot be
represented by the degrees of freedom, as we have only a linear behavior of ϕ. Therefore, we
expect a deterioration of accuracy when using only one layer of elements in thickness direction.
However, for higher orders, the quadratic variation can be represented, and accurate results are
obtained.

5 NUMERICAL RESULTS

5.1 Bimorph beam

The first example is a benchmark test of a piezoelectric bimorph beam. The beam is clamped
at x1 = 0. The length, width and height are l = 100mm, b = 5mm and 2h = 2 · 0.5mm. The
two layers of the bimorph beam are both made from PZT and poled in x3 thickness direction.
The beam is electroded at the upper and lower surface, and in the interior between the layers.
The material parameters are summarized in Table 1. A constant electric potential of ϕ = 75V
is applied to electrodes on the upper and lower surface of the beam, while the interior electrode
is grounded. See Figure 1 for a sketch.

The beam is discretized using prismatic elements in the plane, where different in-plane meshes
were used. In Table 2 we provide the relative error of the mean value of the tip displacement
when using different finite element meshes in-plane and different polynomial orders of the finite
elements. The relative error was obtained in comparison to a finite element solution on a
fine grid using standard nodal elements of order 5 for displacement and electric potential. All
computations were performed using the FE package Netgen/NGSolve (see ngsolve.org).

5
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Table 1: Material constants used for the bimorph beam.

Parameter Parameter

SE
11 16.4× 10−12 m2/N d31 −1.71× 10−10 m/V

SE
33 18.8× 10−12 m2/N d33 3.74× 10−10 m/V

SE
12 −5.74× 10−12 m2/N d15 5.84× 10−10 m/V

SE
13 −7.22× 10−12 m2/N ϵσ11/ϵ0 1730

SE
44 47.5× 10−12 m2/N ϵσ33/ϵ0 1700

SE
66 44.3× 10−12 m2/N

Table 2: Relative error of the mean value of the tip deflection u3 for the bimorph beam.

mesh size h order k relative error

5 mm 1 12.5%
1, 2 layers 5.8%
2 0.8%
3 0.5%

2.5 mm 1 13.2%
1, 2 layers 4.0%
2 0.4%
3 0.1%

1 mm 1 13.3%
1, 2 layers 3.2%
2 0.1%
3 < 0.1%

If not mentioned otherwise, only one layer of finite elements in each ply was used. This is
enough if the finite element order is high enough to represent the linear variation of the electric
field in thickness direction. We see fast convergence of the error for elements of order k = 2 and
k = 3.

Only for elements of lowest order k = 1, the solution does not converge when using one layer
of elements in each ply. In this case, the error due to the restriction to constant electric field in
thickness direction dominates. Further subdivisions in thickness direction lead to an increase in
accuracy.

5.2 Homogenization of a d15 MFC

As a second example, we compute the piezoelectric coefficient of a d15 MFC using the non-
linear material law [7]. The geometry and material properties of the MFC are taken from [15]
and displayed in Figure 2.

The material parameters in the linear regime are displayed in Table 3. Note that the permit-
tivity of the nickel electrodes is not needed, as the electric potential is assumed to take a given

6
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Nickel

Nickel

Copper

Copper

PZT EpoxyEpoxy

Kapton

Kapton

hK

hC

hN

hE

hN

hC

hK

wE wP wE

lC

lE

lC

f

x1 x3

x2

P
E

Figure 2: Unit cell of the d15 MFC. Dimensions: hP = 180µm, hK = 25µm, hN = 2µm, hC = 18µm,
lE = 420µm, lC = 80µm, wE = 27.5µm, wP = 350µm.

Table 3: Material constants used for the d15 MFC.

SONOX P502

SE
11 18.5× 10−12 m2/N d31 −1.85× 10−10 m/V

SE
33 20.7× 10−12 m2/N d33 4.40× 10−10 m/V

SE
12 −6.29× 10−12 m2/N dlin15 5.60× 10−10 m/V

SE
13 −6.23× 10−12 m2/N ϵσ,lin11 /ϵ0 1950

SE
44 33.2× 10−12 m2/N ϵσ33/ϵ0 1850

SE
66 52.3× 10−12 m2/N

Epoxy

Y 2.5× 109 N/m2 ϵ/ϵ0 4.25
ν 0.42

Kapton

Y 2.5× 109 N/m2 ϵ/ϵ0 3.4
ν 0.0.34

Copper

Y 110× 109 N/m2 ϵ/ϵ0 2000
ν 0.34

Nickel

Y 200× 109 N/m2 ν 0.31

7
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input voltage there. The piezoelectric coefficient d15 and the permittivity ϵσ11 increase with the
applied electric field in the piezoelectric material. We use the following power law taken from
[15] based on [7],

d15(E1) = dlin15
(
1 + (γE1)

β
)
, ϵσ11(E1) = ϵσ,lin11

(
1 + (γE1)

β
)
, (17)

with γ = 2.8 and β = 1.2.
In a first, linear homogenization procedure, we compute the piezoelectric coefficient dMFC

15

and permittivity ϵσ,MFC
11 for the MFC using the proposed TDNNS finite element method. This

comprises a finite element computation on the unit cell assuming linear material behavior
d15(E1) = dlin15 and ϵσ11(E1) = ϵσ,lin11 . The electric potential ϕ = 1V is prescribed on the electrodes.
All boundary conditions are assumed periodic in the x2x3 plane, while stress-free conditions are
assumed on the top and lower surface. From the finite element solution, the average shear strain
γ̄5, the average electric field Ē1 and the average dielectric displacement D̄1 are computed by

γ̄5 = 2

∫

Ω
ε13 dx, Ē1 =

∫

Ω
E1 dx, D̄1 =

∫

Ω
D1 dx, . (18)

Then the macroscopic piezoelectric and dielectric constants can be evaluated by

dMFC
15 = γ̄5/Ē1, ϵσ,MFC

11 = D̄1/Ē1. (19)

We use a triangular finite element mesh in the x2x3 plane, which is extended to prismatic ele-
ments in x1 direction. The electrode layer is resolved by the finite element mesh. Three different
prismatic meshes are considered in computations: The coarse mesh, with 164 triangular elements
and one element per ply in x1 direction, the x1 refined mesh using more layers of elements per
ply, and the fine mesh using an in-plane mesh with 862 triangular elements additionally to the
x1 refinement. For the x1 refinement, we use geometrically decreasing element heights in the
active layer towards the electrodes. Fine and coarse mesh are depicted in Figure 3. We see,
that the accuracy for one layer of elements per ply is already good, but can be improved by
further subdivision. However, using a finer in-plane mesh does not lead to a significant increase
of accuracy. The computation on the fine mesh with polynomial order k = 2 was not performed
due to memory restrictions. In Figure 4 and Figure 5 we plot the strain and stress components
γ5 and σ5, respectively, on the cut plane x3 = (2lC + lE)/2, using the x1 refined mesh.

In Table 4 we provide the coefficients dMFC
15 and ϵσ,MFC

11 obtained from our computation and
compare them to the values in [15]. We note that our computation converges to slightly different
values, which may be due to the different setup concerning the electrodes and periodic boundary
conditions.

In a second computation we find the nonlinear coefficients d15 and ϵσ11 as function of the
electric field E⃗. The values are computed by a homogenization method with different input
voltages, using the nonlinear material law (17). We perform a fully nonlinear computation, and
observe a quick convergence of the fixed-point iteration. This is probably due to the fact that
the computed electric field E1 is nearly constant and close to the incident field ϕ/hp. In Figure 6,
the results are compared to the respective given values for the piezoelectric fibre, and to the
values using the nonlinear material law and the linear coefficients dMFC

15 and ϵσ,MFC
11 from [15]

as given in Table 4.

8
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Figure 3: Different finite element meshes used: coarse mesh with 1148 elements (left) and fine mesh
with 20688 elements (right).

Table 4: Piezoelectric coefficient d15 and permittivity ϵσ11 of the MFC in the linear regime, computed by
a homogenization method, compared to the values provided in [15].

MFC [15] coarse mesh coarse m., x1 ref. fine mesh
k = 1 k = 2 k = 1 k = 2 k = 1

dMFC
15 [pC/N] 554.02 552.384 551.364 549.213 549.522 549.121

ϵσ,MFC
11 [nF/m] 15.02 14.888 14.912 14.923 14.953 14.928

Figure 4: Strain γ5 from the linear homogenization problem, polynomial order k = 1 and k = 2.

9
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Figure 5: Shear stress σ5 from the linear homogenization problem, polynomial order k = 1 and k = 2.

Figure 6: Nonlinear coefficient d15 and ϵσ11 as function of the input electric field Ex = ∆ϕ/hp.

10
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Abstract. A geometrically non-linear mechanical model for a MEMS actuator is developed
based on von Karman plate theory. Piezoelectric and thermally stressed layers are incorporated
within the framework of classical lamination theory. The formulation is completely general
with respect to the possible configuration of layers. It is then employed to treat circular plates
under the assumption of axially-symmetric deformations. Finally, some results for a selected
piezo-actuator are presented.

1 INTRODUCTION

Loss of stability through buckling or snap-through is usually undesired in engineering struc-
tures. However, buckling phenomena can also be exploited e.g. to determine material parameters
through indirect experiments [1], or in actuator applications [2]. While the determination of crit-
ical loads (i.e. the load at which a bifurcation occurs) is often sufficient for the prevention against
the loss of stability in standard applications, the exploitation of buckling phenomena in actua-
tor applications requires precise knowledge about the post-critical behaviour of the investigated
system.

This makes geometrically non-linear formulation necessary. The simplest of such formulations
is based on von Karman plate theory, resulting in a set of equations which is difficult to solve
[3, 4, 5]. For the case of circular, isotropic plates it is possible to prove the existence of a solution
to the von Karman plate equations [6]. Considerable simplification is possible by employing
Berger’s approximation [5, 7]. Originally developed for isotropic plates, it can also be applied
to composite plates without coupling stiffness matrix [8]. The challenging nature of the von
Karman equations has inspired the development of many numerical methods [9, 10, 11, 12,

1
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13]. The incorporation of piezoelectric layers into classical lamination theory can be done in a
straightforward manner [14, 15].

The investigated microelectromechanical system (MEMS) consists of a circular, multilayer
plate with the intended use as an actuator for digital sound reconstruction (DSR). The multilayer
structure is pre-stressed due to the production process leading to buckling of the plate structure.
The piezo layer is actuated to switch from one to the other stable equilibrium. The advantage
of such an actuator exploiting the post-buckling behaviour is a significantly larger stroke level.

2 MECHANICAL MODEL

One of the key points of the mechanical modelling of the actuator system is the correct
description of the electromechanical coupling including pre-stress. In order to accurately describe
the post-buckling behaviour we require a large-displacement framework. However, the model
must be simple enough to enable a mathematical analysis of the non-linear behaviour of the
structure to be suitable for the tailored design of actuators. In order to obtain a computationally
efficient model the multi-layer structure will be treated as a thin plate.

2.1 Plate Kinematic

Adopting the Kirchhoff hypothesis we can describe the strain state in the plate by

ε̄ = ε+ zκ, (1)

where the in-plane strain tensor ε and the curvature tensor κ describe the deformation of the
reference surface of the plate, and z is transverse coordinate measured from the reference surface.
We choose to use the von Karman assumptions to derive the simplest possible geometrically non-
linear plate formulation. Thus, we write the deformation tensors of the reference surface as

ε =
1

2

(
∇u+ (∇u)T +∇u3∇u3

)
, (2)

κ = −∇∇u3, (3)

with the displacement vector u = [u1, u2, u3]. The above formulation allows the coupling of
transverse displacements, i.e. u3, and in-plane strains.

2.2 Constitutive Model

As we are dealing with a thin plate we assume a plane stress state with a vanishing normal
stress in thickness direction. All materials are modelled as transversally isotropic with the axis
of the vanishing normal stress perpendicular to the isotropic plane. Employing Voigts linearised
theory of piezoelectricity and additionally considering thermal strains we can write the linearised
constitutive relation as


σ11
σ22
σ12




︸ ︷︷ ︸
σ̄

=



Q11 Q12 0
Q12 Q11 0
0 0 Q66




︸ ︷︷ ︸
C̄



ε11
ε22
2ε12




︸ ︷︷ ︸
ε̄

−C̄



α1

α1

0




︸ ︷︷ ︸
ᾱ

∆T −



ē
ē
0




︸︷︷︸
ēT

E3, (4)

D3 = ēε̄− ēᾱ∆T + η̄E3, (5)
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where σ̄ is the plane stress tensor (in Voigt notation), ∆T is the temperature change with
respect to a reference temperature, E3 is the electric field strength in thickness direction and
D3 is the dielectric displacement in thickness direction. The components Qij of the effective
plane-stress stiffness tensor C̄ can be computed from the components Cij of the transversally
isotropic stiffness tensor by

Q11 = C11 −
C2
13

C33
, Q12 = C12 −

C2
13

C33
, Q66 =

C11 − C12

2
, (6)

and the components of the effective plane-stress piezoelectric coupling tensor ē as well as the
effective plane-stress permittivity η̄ are given by

ē = e31 −
C13

C33
e33, η̄ = η33 +

e233
C33

, (7)

where eij and ηij denote the entries of the transversally isotropic piezoelectric coupling and
electric permittivity tensors, respectively.

We have already neglected any electric field components in in-plane direction. Therefore,
Gauss’ law simplifies to ∂D3/∂z = 0, stating that the dielectric displacement is constant in each
layer. We can now insert the kinematic assumption (1) into (5) and integrate over the layer
thickness ∆z to obtain

D3 =
1

∆z

∫
D3 dz = ēε+ z̄ēκ− ēᾱ∆T + η̄

∆V

∆z
, (8)

where z̄ denotes the vertical coordinate of the middle of the layer and ∆V the voltage difference
applied to the electrodes at the top and bottom of the layer [8, 15]. Reinserting back into (5)
yields

E3 =
z̄ − z

η̄
ēκ+

∆V

∆z
, (9)

which is finally inserted into (4). Thus, the constitutive relation for each layer reads

σ̄ = C̄ε+ z
(
C̄ − (z̄ − z)Ē

)
κ− τ , (10)

where the tensor

Ē =
ēT ē

η̄
, (11)

accounts for stiffening due to the equipotential conditions on the electrodes of the piezo. For
non-piezoelectric layers the coupling tensor is zero and thus there is no stiffening. The stress
components due to piezo actuation or temperature change are included via

τ = C̄ᾱ∆T + ēT
∆V

∆z
. (12)

It is interesting to note that both effects can be treated with the same forcing term in the
constitutive equation.

As a last step we integrate (10) over the thickness of the plate to obtain the constitutive
relation on the plate level

3
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[
n
m

]
=

[
A B
B D

][
ε
κ

]
−

[
ñ
m̃

]
, (13)

which relates the section forces and moments n and m defined as

n =
∑
l

∫
σ̄l dz, m =

∑
l

∫
zσ̄l dz, (14)

to the deformation of the reference surface via the in-plane stiffens matrix A, the coupling
stiffness matrix B, and the bending stiffness matrix D, well known from classical lamination
theory. The section forces and moments due to the combined effect of piezo actuation and
thermal stress are included via n̄ and m̄, respectively. They are computed equivalently to (14)
by replacing σ̄ with τ . The laminate stiffness matrices are

A =
∑
l

∫
C̄ dz =

∑
l

∆zlC̄ l, (15)

B =
∑
l

∫
z
(
C̄ − (z̄ − z)Ē

)
dz =

∑
l

z̄l∆zlC̄ l, (16)

D =
∑
l

∫ (
z2(C̄ l + Ēl)− zz̄lĒl

)
dz =

∑
l

∆z3l
12

(
C̄ l + Ēl

)
− z̄2∆z

(
C̄ l + 2Ēl

)
, (17)

with the abbreviations

∆zl = zl+1 − zl, z̄l =
zl+1 + zl

2
, (18)

for the layer thickness and center coordinate.

2.3 Equilibrium Equations

We neglect any in-plane forces other than the ones introduced by piezo actuation or temper-
ature change. Furthermore, we only consider the static equilibrium. The equilibrium equations
can then be written as

∇ ·n = 0, (19)

∇ ·∇ ·m+∇ · (n ·∇u3)− p3 = 0, (20)

where p3 denotes a pressure acting transverse to the plate [8].
We now introduce a cylindrical coordinate system with its origin in the center of the plate.

Restricting ourselves to rotationally symmetric loading, and thus deformations and section forces
and moments, above partial differential equations are reduced to a set of coupled ordinary
differential equations with respect to the radial coordinate r. Applying the divergence and
gradient operators in cylindrical coordinates in (19) and (20) one obtains

n′
r +

nr − nφ

r
= 0, (21)

(
rm′

r +mr −mφ

)′
+
(
rmru

′
z

)′
+ pzr = 0, (22)

4
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for the non-trivial components, where the indices r, φ and z indicate the radial and circumfer-
ential and axial direction and ()′ denotes the derivative with respect to r. The above moment
equation can be easily integrated once [16, 17] to obtain

2
(
rm′

r +mr −mφ + rmru
′
z

)
+ pzr

2 = 0. (23)

Inserting the deformation measures (2) and (3) for axially symmetric deformations of the refer-
ence surface in cylindrical coordinates into (13) on obtains the following expressions for section
forces and moments

nr =
Arφur

r
+Arru

′
r −

Brφu
′
z

r
+

Arru
′2
z

2
−Brru

′′
z − n̄, (24)

nφ =
Arrur

r
+Arφu

′
r −

Brru
′
z

r
+

Arφu
′2
z

2
−Brφu

′′
z − n̄, (25)

mr =
Brφur

r
+Brru

′
r −

Drφu
′
z

r
+

Brru
′2
z

2
−Drru

′′
z − m̄, (26)

mφ =
Brrur

r
+Brφu

′
r −

Drru
′
z

r
+

Brφu
′2
z

2
−Drφu

′′
z − m̄. (27)

These can now be inserted into (21) and (23) to obtain two non-linearly coupled ordinary
differential equations (ODEs) of third order in uz(r) and second-order in ur(r).

As boundary conditions at the center, i.e. r = 0 and the outer radius r = R we require

ur(0) = 0, u′z(0) = 0, uz(R) = 0, nr(R) = −knur(R), mr(R) = kmu′z(R), (28)

where we have introduced the boundary stiffness factors kn and km. These can be used to transit
between simply supported and freely movable in radial direction, i.e. km → 0 and kn → 0, to
clamped, i.e. km → ∞ and kn → ∞, behaviour. The clamped behaviour can of course also be
enforced by requiring

u′z(R) = 0, and ur(R) = 0. (29)

The latter is mathematically exact, the former can be seen as a penalty formulation.
The coupled second and third order ODEs can be cast into a system of first order ODEs

by introducing axillary variables for the derivatives. The resulting system of 5 non-linearly
coupled first order ODEs, y′(r) = f(y, r) with y = [u′′z , u

′
z, uz, u

′
r, ur]

T and boundary conditions
g(y(0),y(R)) = 0, can then be solved numerically. This is for example possible by the shooting
method [18]. In the current work we employ a collocation based boundary value problem solver
[19]. For the numerical solution one has to consider that the equations have a singularity at
r → 0. However, knowing that the physical solution must be bounded, we can form the limits
lim
r→0

f and lim
r→0

g by the application of L’Hôpital’s rule.

3 ACTUATOR CONFIGURATION

As an example we consider an circular actuator with a diameter of 800 µm as shown in
Fig. 1. The plate consists of a 2 µm thick Silicon (Si) substrate, including a 200 nm thick a-
SiC:H ’stress-layer’ which is used to adapt the pre-stress of the system in the production process.
The electrodes surrounding the 400 nm Aluminium-Nitride (AlN) piezo layer consist of 50 nm

5
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Figure 1: Chip with MEMS actuator (left); Top view of the actuator showing the electrode configuration
(center); Material layers assumed in the analysis (right).

Table 1: Assumed values for the material parameters.

Q11/Pa Q12/Pa ē/Cm−2 η̄/Fm−1 α/K−1

Si 1.93e+11 5.02e+10
a-SiC:H 1.93e+11 5.02e+10 2.60e-06

Au 9.40e+10 3.76e+10
Cr 3.07e+11 9.20e+10
AlN 3.55e+11 1.00e+11 -2.75e+00 1.26e-10

Chromium (Cr) and 450 nm Gold (Au). Thus, we have a total thickness of h = 3.6 µm. The
assumed material properties are given in Tab. 1.

To take into account the electrode configuration of the actuator (as can be seen in Fig. 1)
one needs to consider the possibility of radially varying actuation voltages. The center electrode
might have a different actuation voltage as the outer ring shaped-electrode. In order to avoid
numerical difficulties we assume smooth transitions between actuation voltages by combining
tanh-functions.

4 RESULTS

In a first step we investigate the impact of different actuation schemes on the resulting defor-
mation of the composite plate. Three different actuations are considered: First only the center
electrode is actuated. In the second configuration the center electrode and the ring electrode
are actuated in different directions, i.e. with a negative and positive voltage, respectively. In
the third configuration we assume that the ring electrode ends before the outer radius of the
plate, thus the actuation voltage is zero at this location. The shape of the total actuation
voltage and the resulting deformation of the actuator are depicted in Fig. 2. For the case of
free rotation at the outer edge (simply supported) the bending moment introduced by the piezo
actuation leads to curvature of the plate. The negative voltage at the center electrode leads to a
positive curvature and thus to a displacement in negative z-direction. If the positive voltage of
the ring electrode is added the resulting negative curvature leads to an overall positive vertical
displacement. The behaviour is dominated by the larger ring electrode. If the ring electrode
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Figure 2: Impact of the electrode configuration on the deformation shape: Level of the actuation voltage
(left); and resulting deformation shape for different boundary conditions (right).

ends before the outer edge of the plate the total displacement is slightly smaller. For a clamped
outer edge the behaviour is different: The boundary condition does not allow for any defor-
mation due to constant piezo actuation (provided it is below the buckling load). However, the
change of actuation gradient of the actuation voltage between center electrode and ring electrode
causes a deformation of the actuator. The internal forcing introduced by the actuation is similar
to an external moment at the transition between the electrodes. The overall displacement is
significantly smaller in the case of a clamped outer edge.

Finally, we explore the effect of compressible residual stress introduced in the stress-layer. In
the current case this is modelled as thermal expansion. The temperature is therefore regarded
as a loading parameter, which could be different for different effects introducing the residual
stress. On the level of the plate the residual stresses in the layers lead to residual section
forces and moments. Once the critical section force is reached the plate can buckle. As the
configuration is un-symmetric, i.e. we have a non-zeroB-matrix, there exists a preferred buckling
direction. As can be seen from the bifurcation diagram in Fig. 3 this is the upper side for the
investigated configuration. The diagram shows the typical pitchfork bifurcation as expected for
a plate. Observing the sharpness of the bifurcation one can conclude that the imperfection due
to the unsymmetrical stacking of layers is small. Once the critical load is exceeded, several
equilibrium positions may exist. Further increasing the load up to the second buckling load one
can recognise additional buckling mode shapes. It should be noted that, transitions between
the different branches due to snap-buckling [8] cannot be treated within the assumption of an
axially-symmetric deformation.

5 CONCLUSIONS

A formulation for piezoelectric plate actuators has been presented. The mathematically
equivalent effects of thermal stress and piezo actuation are included into the formulation by
a modified constitutive law, which can be incorporated into classical lamination theory in a
straight forward manner. The equilibrium equations based on the von Karman plate theory for
circular plates with axially-symmetric deformation shape were derived for general un-symmetric
laminates. The resulting non-linear, coupled ODEs were then solved numerically to obtain the
deformed actuator configuration for different electrode actuations. Comparison of the impact
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Figure 3: Bifurcation diagram of center displacement versus temperature in the stress-layer as loading
parameter. The shape of the actuator for selected equilibrium points is shown as inserts.

of the boundary condition at the outer edge demonstrated the importance of correct modelling
assumptions in therms of an equivalent boundary stiffness. Finally, a bifurcation plot for the
investigated actuator was created using the temperature in a ’stress-layer’ as the loading pa-
rameter.

The proposed modelling strategy is computationally inexpensive. It can be naturally applied
to arbitrary layered configurations. It offers great flexibility in the incorporation of actuation
patters and the treatment of boundary conditions at the edge of the plate. Therefore, it shows
potential for the tailored design of actuators.

References

[1] Wilder, E.A., Guo, S., Lin-Gibson, S., Fasolka, M.J., and Stafford, C.M., Measuring the
modulus of soft polymer networks via a buckling-based metrology, Macromolecules (2006)
39(12):4138–4143.

[2] Yang, D., Mosadegh, B., Ainla, A., Lee, B., Khashai, F., Suo, Z., Bertoldi, K., and White-
sides, G.M., Buckling of elastomeric beams enables actuation of soft machines, Advanced
Materials (2015) 27(41):6323–6327.

[3] Coman, C.D., On the compatibility relation for the Föppl–von Kármán plate equations,
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Abstract. Nonlinear modeling of the inelastic behavior of materials by a multiplicative de-
composition of the deformation gradient tensor is commonly used in geometrically nonlinear
problems. Among the various scope of problems, the decomposition has proven applicable in
thermoelasticity, elastoplasticity, as well as for the description of residual stresses arising in
growth processes of biological tissues. In the context of smart materials, electro-elastic elas-
tomers, shape-memory alloys and piezoelectric materials have been considered. The present
paper reviews the nonlinear field equations of electro-elasticity and provides a general represen-
tation of the constitutive equations adopting the multiplicative decomposition of the deformation
gradient. In extension to previous contributions, the electrostatic body forces and couples are
consistently accounted for within the framework of thermodynamics. Exemplarily, the general
relations are particularized for a simple choice of free energy functions.

1 INTRODUCTION

As opposed to diverse well-established theories within the range of small deformation prob-
lems, large deformation or even finite strains occurring in materials that show both an elastic
and an inelastic response are more difficult to handle. One reason for the complexity is that the
intuitive splitting of strains into an elastic part and an inelastic part does not carry over to non-
linear strain measures in large deformation problems in view of the limited physical meaning of
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such decomposition, see, e.g., [1, 2]. To circumvent this problem, the concept of a multiplicative
decomposition of the deformation gradient has proven to be a successful approach that has been
adopted in thermoelasticity, elastoplasticity and for the modeling of residual stresses in growing
materials, see [3] for a review. In the context of smart materials, the multiplicative decomposi-
tion was employed in the modeling of shape-memory alloys [4] and electro-active polymers [5]. A
first approach regarding the electro-mechanical coupling in piezoelectric materials was presented
in [6], where electrostatic body forces and couples, however, remained disregarded.

The main aim of the present paper is to provide a complete, thermodynamically consistent
representation of the constitutive equations in problems of nonlinear electro-elasticity, where
the multiplicative decomposition of the deformation gradient serves as key concept. For this
purpose, we first discuss the balance equations of non-linear electro-elasticy in the familiar
spatial representation. From the balance of energy, we can subsequently identify the general
structure of the constitutive equations. Having transferred our theoretical basis into the material
representations, we introduce the fundamental concept of a multiplicative decomposition of the
deformation gradient into an electric part and a mechanical part. The decomposition involves
the notion of an intermediate configuration that is introduced into the deformation path. Once
the constitutive equations are given, we consider a particular type of a material response as an
example.

2 THREE-DIMENSIONAL BALANCE EQUATIONS

To begin with, we recall the balance relations that govern the electro-elastic behavior of
dielectric bodies subjected to an electric field. The electric field equations are typically given in
a spatial (or Eulerian) representation, in which a given (current) configuration of the material
bodies involved is referred to. On the contrary, the material (or Lagrangian) representation,
in which physical quantities refer to a reference state, is typically preferred in solid mechanics
problems. As the material representation of the electric field quantities is less intuitive, we begin
with giving the balance laws in their spatial (or Eulerian) representation following the reasoning
of Eringen and Maugin [7] and Yang [8].

Let Ω denote the volume occupied by a material body in the current configuration. In dielec-
tric bodies, for which the free charge density vanishes, i.e., ρe = 0, Gauss’ law of conservation
of charge reads ∫

∂Ω
d · n da =

∫

Ω
divddv = 0, (1)

where d denotes the dielectric displacement and n is the outer unit normal to a surface element
da. Requiring the balance equations to hold not only for the entire body but also for every
sub-volume, we obtain the local representation by requiring the integrand of the volume integral
to vanish,

divd = 0. (2)

Faraday’s law in quasistatic form, ∫

∂Ω
curleda = 0, (3)

which again must hold for an arbitrary surface, implies that the electric field e can be represented
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by the spatial gradient a the electric potential φ, i.e.,

curle = 0 ⇔ e = − gradφ. (4)

Proceeding with the balance laws of mechanics, we first assume that the mass m of a body
remains conserved over time, which is why its material time derivative vanishes:

ṁ =
d

dt

∫

Ω
ρdv =

∫

Ω
(ρdv)˙=

∫

Ω
ρ̇+ ρdiv v dv = 0, (5)

where the v = ẋ is the velocity field of the body’s material points. The local form of the balance
of mass consequently follows as

(ρdv)˙= ρ̇+ ρdiv v = 0. (6)

The balance of linear momentum reflects the electromechanical coupling in dielectric media by
means of the presence of electrostatic body forces

fE = (grad e) · p, (7)

where p denotes the (macroscopic) polarization vector and e is the electric field. The change in
linear momentum is balanced by body forces ρf + fE as well as the surface traction t acting
on a surface element with the outer normal n,

d

dt

∫

Ω
ρ v̇ dv =

∫

Ω
ρf + fE dv +

∫

∂Ω
t da. (8)

Using Gauss’ theorem, the local form of the balance law is obtained as

ρ v̇ = divσ + ρf + fE = div
(
σ + σE

)
+ ρf , fE = divσE , t = σ · n, (9)

where the electrostatic body forces are represented by the divergence of the electrostatic stress
tensor σE . The sum of the Cauchy stress and the electrostatic stress tensor is referred to as
total stress tensor

σtot = σ + σE , σE = ed−
1

2
ǫ0 (e · e) I. (10)

The electric couple cE enters the balance of angular momentum

d

dt

∫

Ω
x× ρv dv =

∫

Ω
x×

(
ρf + fE

)
+ cEdv +

∫

∂Ω
x× t da, cE = p× e, (11)

whose local form yields the symmetry relation

σS =
(
σS

)T
, σS = σ + σP , σP = ep. (12)

In the above equation, the polarization stress tensor σP has been introduced. The polarization
stress represents the distributed couples that occur in a dielectric material in presence of an
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electric field. Substituting the polarization stress in the definition of the total stress tensor (10),
we find

σtot = σS − σP + σE = σS + σM , σM = σE − σP = ǫ0ee−
1

2
ǫ0 (e · e) I, (13)

where the Maxwell stress tensor σM has been introduced.
Consistency with thermodynamical principles is a crucial aspect in constitutive modeling.

For this reason, the balance of energy plays a central role in our considerations. The global form
of the balance of energy reads
∫

Ω
ρ

(
1

2
v · v + e

)
dv =

∫

Ω

(
ρf + fE

)
· v + ℓE dv +

∫

∂Ω
t · v da, ℓE = ρe ·

d

dt

(
p

ρ

)
, (14)

where e is the internal energy density and the electric power ℓE has been introduced. The
corresponding local form is obtained as

ρ ė = σ : grad v + ℓE = σ : grad v + ρe ·
d

dt

(
p

ρ

)
. (15)

By means of a Legendre transformation, ψ = e − e · p/ρ, we change the independent variables
and obtain the balance of free energy as

ρ ψ̇ = ρ ė− ρ ė ·
p

ρ
− ρe ·

d

dt

(
p

ρ

)
= σ : Ḟ · F−1 − p · ė, (16)

where the spatial velocity gradient has been expressed in terms of the deformation gradient, i.e.,
grad v = Ḟ · F−1.

3 CONSTITUTIVE RELATIONS

To determine the constitutive equations, we compute the rate of the free energy ψ = ψ(e,F),

ψ̇ =
∂ψ

∂F
: Ḟ+

∂ψ

∂e
· ė. (17)

Comparing the local balance of free energy with the above expression for its rate, we can identify
the general relations for Cauchy’s stress tensor and the polarization vector as

σ = ρ
∂ψ

∂F
· FT , p = −ρ

∂ψ

∂e
. (18)

In order to find a compact expression for the total stress tensor σtot, we augment the free
energy by the vacuum contribution ψaug,

Ω = ψ − ψaug, Ω̇ =
∂Ω

∂F
: Ḟ+

∂Ω

∂e
· ė, ρ ψaug =

1

2
ǫ0 (e · e) . (19)

The rate of the augmented free energy Ω then reads

ρ Ω̇ = ρ ψ̇ − ρ ψ̇aug = σ : Ḟ · F−1 − p · ė− ǫ0

{
e · ė+

1

2
(e · e)F−T : Ḟ

}
, (20)
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where the material time derivative of the determinant of the deformation gradient,

J̇ = (detF)˙=
∂ detF

∂F
: Ḟ = JF−T : Ḟ, (21)

has been regarded. Recalling the definition of the total stress (13) along with the fundamental
relation among the electric field quantities,

d = ǫ0e+ p, (22)

we obtain

ρ Ω̇ =

{
σ −

1

2
ǫ0 (e · e) I

}
: Ḟ · F−1 − d · ė =

(
σtot − ed

)
: Ḟ · F−1 − d · ė. (23)

The comparison with the general rate expression

Ω̇ =
∂Ω

∂F
: Ḟ+

∂Ω

∂e
· e, (24)

allows us to determine the constitutive equations for the total stress and the dielectric displace-
ment as

σtot = ρ
∂Ω

∂F
· FT + ed, d = −ρ

∂Ω

∂e
. (25)

4 MATERIAL FORMULATION OF GOVERNING EQUATIONS

From a solid mechanics point of view, we prefer to formulate the governing equations in
terms of material quantities that refer to the reference configuration of the considered body.
The physical fields are functions of the position vector X of the material points in the reference
configuration rather than their current position x, which is not known in advance. For this
purpose, we transform the integrals in the global form of the balance equations into integrals
over the domain in the reference configuration. Using Nanson’s formula, n da = J F−T ·N dA,
Gauss’ law (1) can be rewritten as

∫

∂Ω0

D ·N dA = 0, DivD = 0, (26)

where “Div” denotes the material divergence, i.e., derivatives with respect to material coordi-
nates. The material counterpart to the dielectric displacement d has been introduced as

D = J d · F−T , d = J−1
D · FT (27)

If we replace the spatial gradient of the electric potential in (4) by the material gradient, we
obtain a natural definition of the material electric field as

E = −Gradφ = e · F, e = E · F−1. (28)

Regarding the balance of linear momentum, we recover the well-known relations of nonlinear
continuum mechanics,

ρ0v̇ = Div
(
S+ SE

)
+ ρ0f , (29)
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where the second Piola-Kirchhoff stress tensor S and Cauchy’s stress tensor σ—along with the
other stress tensors introduced above—are related through

S = J F−1 · σ · F−T , t0 = F · S ·N . (30)

The Lagrangian stress vector is denoted by t0 and ρ0 = ρ J is the mass density per unit volume
in the reference configuration. Substituting the material electric field quantities, we obtain the
second Piola-Kirchhoff electrostatic stresses as

SE = C−1 · ED −
1

2
ǫ0J

(
E ·C−1 · E

)
C−1. (31)

The balance of angular momentum yields the symmetry of the tensor SS ,

SS = J F−1 · σS · F−T = S+ SP , SP = J F−1 · ep · F−T = C−1 · EP. (32)

In the above relation for the polarization stress, the definition of the material polarization vector
has been introduced. Hence, the polarization transforms in the same way as the dielectric
displacement, i.e.,

P = J p · F−T , p = J−1
P · FT . (33)

In material representation, relation (22) therefore becomes

D = ǫ0JE ·C−1 +P . (34)

Partitioning the surface of the body ∂Ω0 into Su and St, where the deformation x and the
traction t is prescribed, we can formulate the mechanical boundary conditions as

X ∈ Su : x = ξ, X ∈ St : t0 = τ0. (35)

Similarly, let Sφ denote the surface where the electric potential is prescribed, whereas the free
surface charge se density is given on Sd, the electric boundary conditions are

X ∈ Sφ : φ = ϕ, X ∈ Sd : D ·N = −σe, (36)

To directly determine the constitutive equations of the material stress and polarization, we
express the free energy as a function of the material electric field.

ψ(e,F) = ψ(e(E ,F),F) = ψ̄(E ,F) (37)

The change in the independent variables has been emphasized by an overbar in order to avoid
ambiguities. When taking the derivative of ψ̄ with respect to the deformation gradient for a
fixed material electric field (E = const), the dependence of the physical electric field e = e(E ,F)
on the deformation gradient needs to be regarded,

∂ψ̄

∂F
=

∂ψ

∂F
+

∂ψ

∂e
·
∂e

∂F
,

∂ψ

∂F
=

∂ψ̄

∂E
:
∂E

∂F
+

p

ρ
·
∂e

∂F
. (38)

6

1321



Alexander Humer, Elisabeth Staudigl and Michael Krommer

Introducing Green’s strain tensor E = (FT · F − I)/2 and substituting the relation for the
polarization (18),

∂ψ̄

∂E
:
∂E

∂F
= F ·

∂ψ̄

∂E
, p ·

∂e

∂F
= −ep · F−T , (39)

gives the constitutive equations for the Piola-Kirchhoff stress tensors S and SS , respectively,

S = ρ0
∂ψ̄

∂E
− JF−1 · ep · F−T = ρ0

∂ψ̄

∂E
− SP , SS = ρ0

∂ψ̄

∂E
(40)

The material polarization vector follows as

P = −ρ0F
−1 ·

∂ψ

∂e
= −ρ0F

−1 ·
∂ψ̄

∂E
·
∂E

∂e
= −ρ0

∂ψ̄

∂E
. (41)

To conclude material representation of the governing equations, we consider the relations for the
total stress tensor and the dielectric displacement. The total stress tensor follows as the sum of
the symmetric stress tensor SS and the Maxwell stresses SM ,

Stot = ρ0
∂ψ̄

∂E
+ SM , SM = ǫ0J

{
C−1 · EE ·C−1 −

1

2

(
E ·C−1 · E

)
C−1

}
. (42)

Rewriting the augmentation term ψaug(e,F) as a function ψ̄aug(E ,F), we find the relation

F ·
∂ψ̄aug

∂E
=

∂ψaug

∂F
+

∂ψaug

∂e
·
∂e

∂F
=

ǫ0J

ρ0

{
1

2
F−T

(
E ·C−1 · E

)
− F−T · EE ·C−1

}
. (43)

among the derivatives, which allows us to formulate the total stresses in terms of Ω̄(E ,F)

Stot = ρ0
∂Ω̄

∂E
, Ω̄ = ψ̄ + ψ̄aug. (44)

Proceeding in the same way for the derivatives with respect to the material electric field,

∂ψ̄aug

∂E
=

∂ψaug

∂e
·
∂e

∂E
=

ǫ0J

ρ0
E ·C−1, (45)

we obtain the constitutive equation for the material electric displacement vector:

D = ǫ0JE ·C−1 +P = ρ0
∂ψ̄aug

∂E
− ρ0

∂ψ̄

∂E
= −

∂Ω̄

∂E
. (46)

5 MULTIPLICATIVE DECOMPOSITION

Before we can specify the constitutive equations in more detail, we need to introduce the
multiplicative decomposition of the deformation gradient, which has proven to be an intuitive
approach in the modeling of the material response involving inelastic processes [3]. Accordingly,
the deformation gradient is split into an electric and a mechanical part,

F = Fm · Fe. (47)
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intermediate configuration

reference configuration current configuration
F = Fm · Fe

Fe(E) Fm

ψe(E ,E) ψm(E ,E)

ψ(E ,E)

F = Fe, Em = 0

S = −SP , E

F = I, Em = 0

S = 0, E = 0

F = Fm · Fe, Em

S, E

Figure 1: Concept of the multiplicative decomposition of the deformation gradient: a (fictitious) inter-
mediate configuration is introduced into the deformation path.

The concept of a multiplicative decomposition introduces an additional configuration into the
deformation path, see Fig. 1. By requiring the electric part of the deformation gradient to solely
depend on the (material) electric field, i.e., Fe = Fe(E), this intermediate configuration can
be regarded as a configuration that evolves from the reference configuration in presence of an
electric field. As opposed to conventional approaches, in which strain measures associated with
either the reference configuration or the current configuration are additively split into mechanical
and inelastic parts, the present approach leads to a more natural notion of strain. With both
operating on the intermediate configuration, we sum up an Almansi-type strain related to the
deformation path governed by Fe and a Green-type strain related to the mechanical part Fm,

ee =
1

2

(
I− F−T

e · F−1
e

)
, Em =

1

2

(
FT
m · Fm − I

)
, (48)

from which Green’s (total) strain follows upon a pull-back to the reference configuration

E = FT
e · (ee +Em) · Fe. (49)

The above considerations suggest the free energy to be split into two parts that are associated
with the respective paths in the deformation,

ψ̄ = ψm(Em) + ψe(E ,E), (50)
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where the mechanical part depends on Em = F−T
e ·E ·F−1

e − ee only. The constitutive equation
for the (symmetric) Piola-Kirchhoff stress SS then becomes

SS = ρ0
∂ψm

∂Em
:
∂Em

∂E
+ ρ0

∂ψe

∂E
= ρ0F

−1
e ·

∂ψm

∂Em
· F−T

e + ρ0
∂ψe

∂E
. (51)

For the (material) polarization, we obtain the relation

P = −ρ0
∂ψm

∂Fe
:
∂Fe

∂E
− ρ0

∂ψe

∂E
(52)

6 EXEMPLARY CONSTITUTIVE RELATIONS

In what follows, we want to particularize the relations for the material response by choosing
simple examples for ψm and ψe. To begin with, we assume the electric part as a quadratic
function in the (material) electric field

ρ0ψe = −
1

2
E · χ · E , (53)

where χ denotes the second-order susceptibility tensor. With this choice, the (symmetric) Piola-
Kirchhoff stress SS simplifies to

SS = ρ0F
−1
e ·

∂ψm

∂Em
· F−T

e , (54)

since ∂ψe/∂E = 0, and the polarization vector reads

P = −ρ0
∂ψm

∂Em
:
∂Em

∂E
+ E · χ. (55)

For the mechanical part in the deformation path, we exemplarily consider a stress response
similar to the St. Venant-Kirchhoff material, which can be regarded as a generalization of Hooke’s
law to large deformation problems,

ρiψm =
1

2
Em : 4D : Em, (56)

where 4D denotes the fourth-order tensor of elastic moduli. As compared to the conventional
St. Venant-Kirchhoff relations, Green’s (total) strain is replaced by Em in the above relation and
the density is the mass density per unit volume in the intermediate configuration ρi = J−1

e ρ0
(with Je = detFe). With Je depending on the electric field only, the constitutive equation for
the (symmetric) Piola-Kirchhoff stress SS becomes

SS = JeF
−1
e ·

(
4D : Em

)
· F−T

e . (57)

Taking the derivative of ψm with respect to the the material electric field E , we obtain the
material polarization vectors as

P = −
{
ρ0ψmI− (I+ 2Em) ·

(
4D : Em

)}
· F−T

e :
∂Fe

∂E
+ E · χ. (58)

9
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To determine the total stress tensor, we first introduce the material counterpart of the Maxwell
stresses

SM = ǫ0JC
−1 · EE ·C−1 −

1

2
ǫ0J

(
E ·C−1 · E

)
C−1. (59)

The total stresses therefore read

Stot = JeF
−1
e ·

(
4D : Em

)
· F−T

e + ǫ0JC
−1 · EE ·C−1 −

1

2
ǫ0J

(
E ·C−1 · E

)
C−1. (60)

Using the relation that holds among the electric field, the polarization and the dielectric dis-
placement, the latter is obtained as

D = ǫ0JE ·C−1 −
{
ρ0ψmI− (I+ 2Em) ·

(
4D : Em

)}
· F−T

e :
∂Fe

∂E
+ E · χ. (61)

Having determined the relations for SS and P, the electric part of the deformation gradient
Fe remains to be specified to close the governing equations. We can, for instance, assume a
series expansion in the form

Fe = I+ E · 3e+ EE : 4b+ . . . , (62)

where 3e represents the third-order tensor of piezoelectric coefficients and 4b is the fourth-order
material tensor related to electro-striction.

The concept of an intermediate configuration, which is intrinsically linked to the multiplicative
decomposition of the deformation gradient, suggests the idea of “de-stressing” that is familiar
from other fields of constitutive theories. In the context of nonlinear thermomechanics, the
notion of “isothermal de-stressing” is introduced for the conceptual removal of stresses from
the current configuration while keeping the temperature constant, i.e., preserving the inelastic
(thermal) strains. In elastoplasticity, the idea of “elastic de-stressing” describes the process of
removing stresses from the current configuration such that the intermediate configuration differs
from the reference configuration by the plastic deformation. In nonlinear electro-elasticity, we
have already encountered several notions of stresses in our derivations, which raises the question
of which stresses are to be removed from the current configuration in order to recover the
intermediate configuration. To identify the proper concept of de-stressing, we start from the
requirement that no mechanical deformation is present in the intermediate configuration, i.e.,
Fm = I, Em = 0, since its evolution from the reference configuration due to the presence of an
electric field is solely described by Fe. Irrespective of the particular structure of the mechanical
part of the free energy ψm, we presume that it is of quadratic order in Em at least. If the electric
part follows Eq. (53), the symmetric second Piola-Kirchhoff stress tensor vanishes identically,
i.e., SS = 0. The (mechanical) stresses in the intermediate configuration therefore equal the
negative of the polarization stresses,

S = SS − SP = −SP = −C−1
e · EP, C−1

e = F−1
e · F−T

e . (63)

The total stress tensor in the intermediate configuration is therefore identical to the Maxwell
stresses (42),

Stot = SS + SM = SM = JeC
−1
e · EE ·C−1

e −
1

2
ǫ0Je

(
E ·C−1

e · E
)
C−1

e . (64)
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Eventually, the (material) polarization vector follows from the electric free energy (53) as

P = E · χ. (65)

From the above relations, we can summarize the following observations:

• The symmetric stress tensor SS is zero in the intermediate configuration. De-stressing
therefore implies removing SS in the current configuration.

• The mechanical stress tensor S does not vanish in the intermediate configuration but equals
the negative of the (non-symmetric) polarization stress. We can interpret this result in
terms of body forces that are present in the intermediate configuration. As opposed to the
total electrostatic body forces, which are represented by the divergence of SE, however,
only the non-symmetric part related to the susceptibility (i.e., polarizability),

S = −SP = −(SE − SM ), (66)

contributes to the mechanical stresses S. The contribution from the symmetric Maxwell
tensor SM vanishes in the intermediate configuration.

• The material polarization vector P only contains the electric part; no mechanical coupling
exists in the intermediate configuration.

• In general, the intermediate configuration need not be compatible, i.e., the material volume
elements do no longer fit together upon the de-stressing from the configuration. The
incompatibility of the intermediate configuration causes additional stresses acting on the
body in the current configuration.

7 CONCLUSIONS

In the present paper, we have discussed the general structure of the constitutive equations in
the framework of nonlinear electro-elasticity. The modeling of the material response is based on
thermodynamic principles and allows for various kinds of electro-mechanical coupling. The mul-
tiplicative decomposition of the deformation gradient into an electric and a mechanical part plays
a key role in the present approach. The electric part describes the evolution of an intermediate
configuration from the reference configuration due to the presence of an electric field, whereas
the mechanical part plays a crucial role in the stress response associated with the mechanical
part in the deformation path. Due to the presence of electrostatic body forces and couples, the
concept of de-stressing from the current configuration has been adapted to the diverse notions of
stresses in the present problem of electro-elasticity. The main advantage of the present approach
for the constitutive modeling lies in the fact that we can immediately resort to classical energy
functions of nonlinear elasticity and electrostatics for the parts of the free energy associated with
the electric and the mechanical deformation path, respectively. The electro-mechanical coupling
due to, e.g., piezoelectricity or electrostriction, is reflected in the structure of the electric part
of the deformation gradient.
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Abstract. In this paper we study dielectric elastomers accounting for constitutive cou-
pling by means of electrostriction using a multiplicative decomposition of the deformation
gradient tensor. The resulting constitutive relations are reduced to the special case of thin
single layer plates made of incompressible dielectric elastomers. As an example problem
we study the electro-mechanically coupled behavior of such a single layer plate in the ab-
sence of mechanical forces with special emphasis on the effect of electrostriction on the
breakdown instability.

1 Three-dimensional constitutive relations

This section discusses relations involving certain physical entities, which are the non-
symmetric Cauchy stress tensor σ and the spatial polarization vector p, as well as their
material counterparts, the second Piola-Kirchhoff stress tensor S = JF−1 · σ · F−T and
the material electric polarization vector P = JF−1 · p. F is the deformation gradient
tensor, J = detF its determinant and C = FT · F is the symmetric right Cauchy-Green
tensor. Moreover, we have the spatial electric field vector e and the material one E = e ·F.
With the free energy per unit mass Ψ = Ψ(C,E) and the mass density ρ0 in the reference

1
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configuration we write the thermodynamic relation

ρ0Ψ̇ =
(
S+PE ·C−1

)
· · 1

2
Ċ−P · Ė , (1)

in which Spol = PE ·C−1 is the so-called second Piola-Kirchhoff polarization stress tensor.
We also note that the skewsymmetric part of the bracketed term must vanish due to the
local balance of moment of momentum, which reads

skew
(
S+PE ·C−1

)
= 0; (2)

SS = S+PE ·C−1 is denoted as the symmetric stress tensor in the following. The above
thermodynamic relation is a well known form of the time derivative of the free energy as
it has been frequently reported in the literature, see e.g. [1], [2].

1.1 Multiplicative decomposition

Following the approach proposed in [3] we introduce a multiplicative decomposition of the
deformation gradient tensor as

F = Fme · Fel, (3)

with a mechanical part Fme and an electrical part Fel = Fel(E), such that the right Cauchy-
Green tensor is C = FT

el ·Cme · Fel with the mechanical part Cme = FT
me · Fme. Now, the

free energy is assumed as the sum of a purely mechanical part depending only on Cme and
an electrical part; hence, we write

Ψ = Ψme(Cme) + Ψel(C,E), (4)

and compute the time derivative to

Ψ̇ =
∂Ψme

∂Cme
· · Ċme +

∂Ψel

∂C
· · Ċ+

∂Ψel

∂E · Ė . (5)

All second rank tensors in this relation are symmetric. It remains to compute the time
derivative Ċme. Using Cme = F−T

el ·C · F−1
el we find

Ċme = F−T
el · Ċ · F−1

el − 2sym
(
Cme · Ḟel · F−1

el

)
. (6)

With the symmetry of ∂Ψme/∂Cme and Fel = Fel(E) the first term in the above relation
for Ψ̇ becomes

∂Ψme

∂Cme
· · Ċme = F−1

el · ∂Ψme

∂Cme
· F−T

el · · Ċ−
(
2F−1

el · ∂Ψme

∂Cme
·Cme · ·

∂Fel

∂E

)
· Ė , (7)

2
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and eventually we find

Ψ̇ =

(
F−1
el · ∂Ψme

∂Cme
· F−T

el +
∂Ψel

∂C

)
· · Ċ−

(
2F−1

el · ∂Ψme

∂Cme
·Cme · ·

∂Fel

∂E − ∂Ψel

∂E

)
· Ė . (8)

Comparing the two relations for Ψ̇ renders two constitutive relations, one for the symmetric
second Piola-Kirchhoff stress tensor and one for the material polarization vector,

SS = S+PE ·C−1 = 2ρ0F
−1
el · ∂Ψme

∂Cme
· F−T

el + 2ρ0
∂Ψel

∂C
,

P = 2ρ0F
−1
el · ∂Ψme

∂Cme
·Cme · ·

∂Fel

∂E − ρ0
∂Ψel

∂E . (9)

Here, the material polarization is composed of two parts, an electrical one Pel and Pcoup

that accounts for the constitutive coupling; these two are

Pel = −ρ0
∂Ψel

∂E and Pcoup = 2ρ0F
−1
el · ∂Ψme

∂Cme
·Cme · ·

∂Fel

∂E . (10)

Hence, the polarization stress tensor can as well be decomposed into two parts, Spol =
Spol,el + Spol,coup, with

Spol,el = PelE ·C−1 = −ρ0

(
∂Ψel

∂E

)
E ·C−1,

Spol,coup = PcoupE ·C−1 = ρ0

(
2F−1

el · ∂Ψme

∂Cme
·Cme · ·

∂Fel

∂E

)
E ·C−1. (11)

In particular, we consider Ψel(C,E) as

ρ0Ψel = −1

2
χε0E ·

(
C−1 · E

)
, (12)

with the permittivity in vacuum ε0 and the constant susceptibility χ. This specific form of
Ψel differs from the one used in [3] as it does not involve J . The derivatives with respect
to E and C are easily computed and result into

−ρ0
∂Ψel

∂E E ·C−1 = χε0
(
C−1 · E

) (
E ·C−1

)
= χε0C

−1 · (EE) ·C−1,

2ρ0
∂Ψel

∂C
= χε0C

−1 · (EE) ·C−1, (13)

such that

Spol,el = −ρ0
∂Ψel

∂E E ·C−1 = 2ρ0
∂Ψel

∂C
(14)

3
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holds. Therefore, the constitutive relation for the sum of the stress tensor and the po-
larization stress tensor due to the coupling polarization Pcoup, the so-called symmetric
electro-mechanical stress tensor Sem = S+PcoupE ·C−1 can be written as

Sem = 2ρ0F
−1
el · ∂Ψme

∂Cme
· F−T

el . (15)

Moreover, with Cme = F−T
el ·C · F−1

el , the coupling polarization vector can be written as

Pcoup = Sem ·C · F−1
el · · ∂Fel

∂E . (16)

This completes the constitutive modelling, which we summarize as follows:

SS = S+PE ·C−1 = Sem + Spol,el and P = Pel +Pcoup, (17)

with

Sem = 2ρ0F
−1
el · ∂Ψme

∂Cme
· F−T

el and Spol,el = 2ρ0
∂Ψel

∂C
,

Pel = −ρ0
∂Ψel

∂E and Pcoup = Sem ·C · F−1
el · · ∂Fel

∂E . (18)

With the aid of these constitutive relation the thermodynamic relation can also be written
as

ρ0Ψ̇ = Fel · Sem · FT
el · ·

1

2
Ċme

︸ ︷︷ ︸
=ρ0Ψ̇me(Cme)

+Spol,el · · 1
2
Ċ−Pel · Ė

︸ ︷︷ ︸
=ρ0Ψ̇el

. (19)

In this sub-section the multiplicative decomposition was introduced as proposed by [3]; in
addition the constitutive relations resulting from this decomposition have been discussed
in detail and an alternative form for the electrical part of the free energy was proposed.

1.2 Total stress formulation

In this sub-section we introduce the notion of the the Maxwell stress tensor and of the
total stress tensor, which are common in the field of nonlinear electro-elasticity to account
for pondomotive forces. We begin by augmenting the free energy by a term accounting for
the polarization in vacuum,

ρ0Ω = ρ0Ψ− 1

2
ε0JE ·

(
C−1 · E

)
= ρ0Ψ+ ρ0Ψaug. (20)

Now we compute ρ0Ω̇; with Ψaug = Ψaug(C,E) this results into

ρ0Ω̇ = ρ0Ψ̇ + ρ0
∂Ψaug

∂C
· · Ċ+ ρ0

∂Ψaug

∂E · Ė , (21)

4
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which immediately finds

ρ0Ω̇ =

(
S+PE ·C−1 + 2ρ0

∂Ψaug

∂C

)
· · 1

2
Ċ−

(
P − ρ0

∂Ψaug

∂E

)
· Ė . (22)

With the derivative of the augmentation term in the free energy with respect to E , which
is

ρ0
∂Ψaug

∂E = −ε0JC
−1 · E (23)

and the derivative with respect to C,

ρ0
∂Ψaug

∂C
=

1

2
ε0J

[
C−1 · EE − 1

2
I
(
EE · ·C−1

)]
·C−1 =

1

2
SMax (24)

we have

ρ0Ω̇ =

(
S+DE ·C−1 − 1

2
ε0JC

−1
(
EE · ·C−1

))
· · 1

2
Ċ−D · Ė , (25)

in which D = P + ε0JC
−1 · E is the material electric displacement vector. The brack-

eted term is the total second Piola-Kirchhoff stress tensor Stot, which is the sum of the
mechanical stress S, the polarisation stress Spol and the Maxwell stress SMax. Therefore,

ρ0Ω̇ = Stot · · 1
2
Ċ−D · Ė (26)

holds. Finally, without presenting a derivation, we note that the material electric displace-
ment vector can be written in the well known form

D = −ρ0
∂Ψme

∂E − ρ0
∂Ψel

∂E − ρ0
∂Ψaug

∂E = −ρ0
∂Ω

∂E (27)

as the derivative of the augmented free energy with respect to the material electric field,
and the total second Piola-Kirchhoff stress tensor follows from

Stot = 2ρ0
∂Ψme

∂C
+ 2ρ0

∂Ψel

∂C
+ 2ρ0

∂Ψaug

∂C
= 2

∂Ω

∂C
(28)

as twice the derivative of the augmented free energy with respect to the right Cauchy-
Green tensor. Both, the total stress tensor as well as the material displacement vector
are involved in the balance / equilibrium conditions as well as the continuity conditions.
We introduce the total first Piola-Kirchhoff stress tensor as Ptot = F · Stot and note the
relations

∇0 ·Ptot = bme , n · [[Ptot]] = 0 and ∇0 ·D = 0 , n · [[D]] = 0, (29)

which can be found for instance in [4],[5]. bme are mechanical body forces and ∇0 is the
invariant differential operator of the reference configuration.

5
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1.3 The concept of a fictitous intermediate “stress-free” configuration

The symmetric electro-mechanical stress tensor

Sem = S+PcoupE ·C−1 = 2ρ0F
−1
el · ∂Ψme

∂Cme
· F−T

el (30)

vanishes, if Cme = I as long as the specific form of the mechanical part of the free energy
Ψme(Cme) ensures this condition. In the absence of a rigid-body rotation this also results
into Fme = I, and hence, F = Fel, which constitutes an intermediate configuration. The
deformation from this configuration to the actual configuration by means of Fme results
into a stress Sem, which can be computed from a purely elastic constitutive relation. AInhaltsverzeichnis 1

Reference configuration

Intermediate configuration

Actual configuration

F = I , SS = 0
E = 0 , P = 0

F = Fel , S
S = Spol,el

E , P = Pel

F = Fme · Fel

SS = Spol,el + Sem

E , P = Pel +Pcoup

Fel(E)

Ψel(C,E)

Fme

Ψme(Cme)

F

Ψ(C,E)

Figure 1: Schematic overview of involved configurations for constitutive modelling within the
multiplicative decomposition

schematic overview of the three configurations is shown in Figure 1.

• In the reference configuration the electric field vector and the electric polarization
vector vanish, E = 0 and P = 0, and the deformation gradient tensor equals the
identity tensor, F = I. Hence, the symmetric stress tensor is trivial as well, SS = 0.

• In the intermediate configuration, which emerges due to to the electric field E by
means of the electrical deformation gradient tensor Fel = Fel(E), the polarization
vector is equal to its electrical part, P = Pel, and the symmetric stress tensor equals
the electrical part of the polarization stress tensor, SS = Spol,el. To a certain degree
the constitutive process, which corresponds to the deformation from the reference
configuration to the intermediate configuration, is characterized by the electrical part
of the free energy Ψel(C,E).

6
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• The actual configuration, which is a result of any type of sources, emerges by means
of the mechanical deformation gradient tensor Fme; hence, it is charcterized by F =
Fme · Fel. The symmtric electro-mechanical stress tensor Sem is assigned to this
deformation, and the symmetric stress tensor is SS = Spol,el + Sem. The electric
field vector E is kept constant, but the polarization vector contains the coupling
polarization as well, P = Pel +Pcoup. This constitutive process is characterized by
the mechanical part of the free energy Ψme(Cme).

Allthough this concept of an intermediate “stress-free” configuration in terms of the sym-
metric electro-mechanical stress tensor is quite appealing for the constitutive modelling,
this intermediate configuration does not exist in the real problem, even if Fel is compat-
ible and no mechanical forces act on the body. This can be explained with the presence
of the Maxwell stress tensor as soon as an electrical deformation gradient Fel = Fel(E),
and therefore an electric field is applied. The Maxwell stress tensor represents additional
source terms - in terms of a body force as well as a surface traction - preventing this
“stress-free” intermediate configuration to exist. It is however possible that a “stress-free”
configuration with F �= Fel exists, in which the total stress tensor vanishes, rather than
the electro-mechanical stress tensor.

1.4 Specific constitutive relations

We introduce the electrical part of the deformation gradient tensor Fel as

Fel = expD, (31)

in which D is a second rank symmetric tensor; this specific law was proposed in [3].
Then, we may as well write D = lnFel and by a proper choice of D we ensure that the
electrical part of the deformation gradient tensor is actually an electrical right stretch
tensor, Fel = Rel ·Uel ≡ Uel. Therefore, D is identical to an electrical logarthmic strain
tensor D = lnUel. We introduce a unit vector in the direction of the material electric field
vector E , which we denote as m. Then, we choose

D = c1 (E · E)mm+ c2 (E · E) (I−mm) , (32)

in order to account for electrostriction, which we consider to be quadratic in E . c1 and
c2 are electrostrictive material parameters. Moreover, we can write Fel = λel,3mm +
λel (I−mm), in which

λel,3 = exp (c1E · E) and λel = exp (c2E · E) . (33)

It remains to specify the specific form of the mechanical part Ψme(Cme) of the free en-
ergy Ψ = Ψme(Cme) + Ψel(C,E). In the present paper we will be using a neo-Hookean
hyperelastic strain energy function,

ρ0Ψme(Cme) = Ψme (ICme , IICme , IIICme) =
µ

2
(ICme − 3− 2lnJ) +K(lnJ)2, (34)

7
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with the Lame parameter µ and the bulk modulusK. The purely electrical part ρ0Ψel(C,E)
and the augmentation term ρ0Ψaug(C,E) have already been defined.

2 Thin dielectric elastomer single layer plates

We consider thin single layer plates made of a dielectric elastomer with a constitutive
relation as introduced above. The dielectric elastomer layer is equipped with electrodes at
its horizontal surfaces; hence, it is near at hand to approximate the material electric field
vector E as E = Em, in which m is the unit vector in thickness direction in the reference
configuration. Moreover, we assume the right-Cauchy Green tensor as C = C2 +C33mm,
in which C2 refers to the plane part of C. Likewise, Cme = C2,me + C33,memm holds due
to the specific form of Fel. With these assumptions, we specify the augmented free energy
Ω as

ρ0Ω = ρ0Ψme (ICme , IICme , IIICme)−
1

2
ε0 (χ+ J)

E2

C33
, (35)

in which ICme = trCme, IICme = Cme ··Cme and IIICme = detCme are the three invariants
of Cme. With Cme = F−T

el ·C · F−1
el , we can write these invariants as

ICme = λ−2
el IC2 + λ−2

el,3C33 , IICme = λ−4
el,3C

2
33 + λ−4

el IIC2 , IIICme = λ−4
el λ

−2
el,3C33IIIC2 .

(36)

We study only incompressible materials and we apply the incompressibility condition to
both, Fel and F. Concerning Fel this results into detFel = 1; hence, we have

detFel = λel,3λ
2
el = exp

(
(c1 + 2c2)E2

)
= 1 → c1 = −2c2, (37)

such that λ−2
el = λel,3 = exp

(
c1E2

)
≡ λ−2

e . Moreover, detC = 1 results into C33 =
detC−1

2 = III−1
C2

. Then, the invariants of Cme are

ICme = λ−2
e IC2 + λ4

eIII
−1
C2

, IICme = λ8
eIII

−2
C2

+ λ−4
e IIC2 , IIICme = 1. (38)

For the incompressible neo-Hookean material we write the augmented free energy as

ρ0Ω =
µ

2

(
λ−2
e trC2 + λ4

eIII
−1
C2

− 3
)
− 1

2
εIIIC2E2 ≡ ρ0Ω2, (39)

with the permittivity ε = ε0(χ + 1) = εrε0, with the relative permittivity εr = χ + 1 and
the electrical stretch λe = exp

(
c2E2

)
= exp

(
(−c1/2)E2

)
. The plane part Stot

2 of the total
stress tensor and the thickness component D3 of the material electric displacement vector,
which are the only non-zero parts of the total stress tensor and of the electric displacement
vector, are

Stot
2 = 2ρ0

∂Ω2

∂C2
and D3 = −ρ0

∂Ω2

∂E
= εIIIC2E − ρ0

∂Ω2

∂λel

∂λel

∂E
. (40)
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3 Electromechanical stability

As a preliminary study we consider a plate, for which the deformation is not constrained
and no mechanical forces are applied. We denote the thickness with h and we apply a
voltage V between the two electrodes; hence, E3 = V/h ≡ E holds. In such a problem the
resulting in-plane deformation is homogenous and characterized by a constant spherical
plane right Cauchy-Green tensor. Therefore, C2 = CI2 with C = λ2 applies; here, λ is the
principal stretch in both in-plane directions, λ1 = λ2 = λ, and I2 = I −mm is the plane
part of I. Moreover, the two invariants of C2 are

IC2 = 2C = 2λ2 , IIIC2 = C2 = λ4. (41)

Under these conditions, the augmented free energy for the incompressible neo-Hookean
material is written in terms of the principal stretch λ as

ρ0Ω2 =
µ

2

(
2λ−2

e λ2 + λ4
eλ

−4 − 3
)
− 1

2
ελ4E2. (42)

The plane part of the total second Piola-Kirchhoff stress tensor follows from

Stot
2 = 2ρ0

∂Ω2

∂C2
= 2ρ0

∂Ω2

∂λ

∂λ

∂C2
= ρ0

1

λ

∂Ω2

∂λ
I2; (43)

here, we have used the relation ∂C2/∂λ = 2λI2. We assume the contribution to the surface
tractions at the vertical edges, which results from the Maxwell stress in the surrounding
medium to be negligible, such that the plane part of the total second Piola-Kirchhoff stress
tensor vanishes in this specific problem. With the augmented free energy ρ0Ω2 for the
conservative problem at hand, the equilibrium condition can be stated in the form of the
Principle of Gibbs,

ρ0
∂Ω2

∂λ
=

(
λ−2
e λ− λ4

eλ
−5

)
− λ3 ε

µ
E2 = 0, (44)

from which equilibrium stretches λ are obtained. It remains to specify the material param-
eters µ, εr and c1. We use a polyurethane elastomer, for which material parameters were
reported in [6] as εr = 8.8, Y = 3µ with Y = 3.6MPa. In order to proceed with identifying
the electrostrictive parameter c1, we write the equilibrium conditions using the thickness
stretch λ3, which follows from the incompressibilty condition as λ2 = λ−1

3 . Therefore, we
have

(
λ−2
e λ−1

3 − λ4
eλ

2
3

)
− λ−2

3

ε

µ
E2 = F (λ3, E2) = 0. (45)

The nonlinear function F (λ3, E2) is approximated in the vicinity of λ3 ≈ 1 and E2 ≈ 0,
which results into the linear relation

ε3 = −
(

ε

3µ
− c1

)
E2 = −ME2, (46)
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with the Biot strain ε3 = λ3 − 1 and an apperant electrostrictive coefficient M . Two
particular effects contribute to the strain: the electrostrictive effect, which in our approach
is accounted for by the parameter c1 and the Maxwell effect which is mainly due to Coulomb
interaction and charcterized by the first term in this linear relation. The experimentally
identified value taken from [6] is M = 7.07× 10−16m2V−2, which results into c1 = −6.86×
10−16m2V−2. Figure 2 shows the equilibrium Biot strain as a function of the square of the
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Figure 2: Equilibrium Biot strains in the small signal and deformation regime

electric field (left) and as a function of the electric field (right) for relatively small electric
fields and strains. The presented results are very close to the experimental ones provided
in [6]. The solid line corresponds to a solution using the multiplicative decomposition
as proposed in this paper, the dashed line is the linearized response from eq. (46), and
the dotted line in the left plot shows the electrical Biot strain εel,3 = λel,3 − 1 with the
electrical part of the thickness stretch λel,3 = λ−2

e = exp(c1E2). Within the small signal
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Figure 3: Equilibrium Biot strains in the large deformation regime

and deformation regime the deviation between the different curves and solutions is quite
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small; this changes, if we increase the electric field, as shown in Figure 3. In the left plot
we compare the present solution (solid line) accounting for electrostriction with a solution,
for which electrostriction is neglected, c1 = 0, see e.g. [7]. One can see the extremely
high importance of electrostriction, which was also pointed out in [6]. Electrostriction
also significantly reduces the critical electric field and increases the corresponding critical
Biot strain, at which the so-called electromechanical breakdown occurs. Beyond this point
(horizontal tangent in the plot) no more stable equilibrium solutions exist. In the right
plot of Figure 3 we compare our solution (solid line), the linearized response (dashed line)
and the electrical part of the Biot strain (dotted line). As long as the Biot strain and the
electric field are relatively small the three curves coincide quite well, a behavior that is fully
lost for large strains. The deviation of the actual Biot strain from the electrical part of the
Biot strain characterizes the deviation of the actual configuration from the intermediate
one, and hence, the evolution of the symmetric electro-mechanical stress tensor. Finally,
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Figure 4: Critical electric field Ecrit vs. electrostrictive coefficient c1

we discuss the effect of electrostriction on the electromechanical breakdown in some more
detail. For that sake, we compute the second derivative of the augmented free energy with
respect to the stretch λ to

ρ0
∂2Ω2

∂λ2
=

(
λ−2
e + 5λ4

eλ
−6

)
− 3λ2 ε

µ
E2. (47)

Stability of an equilibrium point requires this second derivative to be positive. From the
equilibrium condition and the stability margin ρ0

∂2Ω2
∂λ2 = 0 we find

(
λcrit

λe,crit

)−6

=
1

4
and

√
ε

µ

(
exp

(
−c1E2

crit

)
Ecrit

)
=

√
3

4
2
3

= 0.687, (48)

from which we can compute the critical value Ecrit, λe,crit and furthermore λcrit. For λe = 1,
which means c1 = 0, this result is well-known from the literature, see [8]. In Figure 4 we
present the dependance of the breakdown electric field Ecrit on the electrostrictive coefficient
c1, which is scaled with respect to the value c10 we have used in the above results.
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4 Concusion & Outlook

The present paper was focussed on the discussion of a multiplicative decomposition of
the deformation gradient tensor in dielectric elastomers to account for electrostriction.
Only single layered plates were studied. In the future the approach will be extended to
geometrically nonlinear shells with layers made of such dielectric elastomers. Moreover, the
specific constitutive law for the electrical part of the deformation gradient will be revisited.
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Abstract. Understanding the electric polarization switching kinetics in ferroelectric materials
is critical to many applications such as fast high-density non-volatile random access memory
devices. Experimental studies of the domain switching process in bulk and thin film ferro-
electrics under an external electric loading have explained the switching kinetics using the
Kolmogorov-Avrami-Ishibashi (KAI) model. The KAI model is based on the classical approach
of nucleation and subsequent growth of reversed domains. It describes the time-dependent nor-
malized change in polarization as a Lorentzian function.

We perform molecular dynamics simulations to investigate the electric polarization switch-
ing kinetics of mono-domain ferroelectric BaTiO3 single crystals under external electric loading
at room temperature using the core-shell model. In the core-shell model every ion is represented
in terms of a charged core and a charged electron shell which introduces electronic polarizabil-
ity in the ions. We study the polarization switching process with atomistic detail and discuss
the applicability of the KAI model in explaining the non-linear polarization switching kinetics
of mono-domain ferroelectric perfect single crystals.
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1 Introduction

The electric polarization of a dielectric material is an intensive vector quantity that intuitively
carries the meaning of the electric dipole moment per unit volume. The presence of a sponta-
neous and switchable polarization is the defining property of a ferroelectric material. Such
materials are indispensable in a countless number of industrial and scientific applications. In
the ferroelectric phase, ferroelectric materials form domains in which the electric polarization
is aligned in the same direction. The electric polarization alignment in the ferroelectric domains
can develop in two or more specific directions depending on the crystal symmetry of the ma-
terial. When an external electric field is applied, the ferroelectric domains undergo a change
in the electric polarization direction. Understanding the kinetics of such ferroelectric domain
switching processes is crucial for technological applications of ferroelectric materials.

Polarization switching kinetics in ferroelectric materials under external electric fields
have been extensively investigated both experimentally and theoretically for the past few
decades [2, 17, 15, ?]. Earlier experimental studies of the kinetics of polarization switching
in ferroelectric crystals have shown that the switching is almost invariably an extrinsic process
involving inhomogeneous nucleations of small domains of reversed polarization and subsequent
growth of these domains to fill the crystal [10, 5].

Within a ferroelectric domain, alternative studies have shown that the polarization switching
does not occur by a spontaneous reorientation of the overall polarization in the domain at once.
According to mean field theory [9], the polarization state of a ferroelectric crystal can switch
homogeneously, without emergence of nucleated domains, but it must be subject to an electric
field large enough to overcome the very large energy barrier associated with the long-range
correlation of the polarization [8, 12]. This continuous switching mechanism as opposed to the
nucleation mechanism is called intrinsic switching mechanism.

The intrinsic switching polarization behavior was first observed in ferroelectric poly-
mers [20]. However, ferroelectric switching experiments with BaTiO3 and PbTiO3 films demon-
strated that this behavior is not unique to ferroelectric polymers, and therefore may be a general
property of ferroelectric materials [6, 7]. Nano-scale studies of ferroelectric thin films reveal
that the nature of polarization switching changes from extrinsic for thicker films, to intrinsic for
thinner films.

The commonly accepted approach to explain the polarization switching kinetics is the
Kolmogorov-Avrami-Ishibashi (KAI) model, based on the classical theory of Kolmogorov and
Avrami [2, 17]. The general idea of this model is that the emerged independent nucleated
domains grow unrestrictedly under the influence of an applied electric field. This approach,
which enables a correct description of the macroscopic switching kinetics in ferroelectric bulk
materials, has been also applied to a description of switching in ferroelectric thin films. For
a uniformly polarized ferroelectric material under an external electric field E, the KAI model
offers a general mathematical description of the time t-dependent change in the polarization
∆P (t) as

∆P (t) = 2Ps [1− exp (− (t/to)
n)] , (1)

where n and to are the effective dimensionality and characteristic switching time, respectively,
and Ps is the spontaneous polarization.

For the past 50 years theory and, more recently, computer-based simulation and computa-
tional methods have played a crucial role in developing a deeper understanding of ferroelectric
behavior. In particular, atomistic simulations are indispensable for a fundamental understand-
ing of such materials on the atomistic length scale. In this regard, the atomistic models of
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ferroelectric materials, such as the core-shell model and the bond-valence models, have been
developed by researchers for the purpose of studying ferroelectric behavior from the atomistic
point of view. These models are the current state-of-the-art and have shown to be suitable to
study ferroelectric behavior. In the atomistic simulation of ionic materials, the ions are treated
as particles and the interaction between them is modeled via a sum of long-ranged Coulomb
and short-ranged interactions. At the atomistic length scale the electric dipole of a single unit
cell divided by its volume gives the electric polarization of the unit cell. Therefore, using atom-
istic simulations the mono-domain switching process can be studied with atomistic detail by
computing the polarization of each unit cell in the simulation system at any instant of time.

We perform molecular dynamics simulations of domain switching processes in ferroelectric,
tetragonal BaTiO3 single crystals using the core-shell model potential. In particular we investi-
gate the switching kinetics and processes in mono-domains under a range of electric fields.

2 CORE-SHELL MODEL

The core-shell model has been used in molecular dynamics simulations to gain insights into
the properties of ferroelectric materials [4, 13, 3]. In the core-shell model every ion is repre-
sented in terms of a charged (atom) core and a charged (electron) shell, linked by a non-linear
spring. In the conventional core-shell model the shells are assumed to be massless. Because the
shells have no mass, they respond instantaneously to the motion of the cores i.e., at any instant
during molecular dynamics simulation the shells are repositioned so as to be in the minimum
potential energy configuration with respect to the current cores’ configuration. In this work we
adopt an alternative approach by assigning a small mass to the shells and treating their motion
dynamically similar to that of the cores since this approach has been shown to be computation-
ally more efficient [11]. We therefore treat cores and shells as point mass particles interacting
through potentials.

Ion 1 Ion 2

Electron shell

Center of the electron shell

Atom core

Long-range 

Short-range 

Core-shell 

Interactions:

Figure 1: Schematic represen-
tation of the interactions in the
core-shell model. Each atom
is treated as having two com-
ponents: a charged shell and
a charged core connected by a
nonlinear spring.

The interaction between cores and shells is described by three different interaction potentials.
The interaction between the core and the shell of an atom is treated exclusively by an isotropic,
non-linear spring with the potential parameters k2 and k4,

φS (|rij|) =
1

2
k2|rij|2 +

1

24
k4|rij|4. (2)

The position vectors of particles i and j are given by ri and rj , respectively. The norm of the
distance vector between two interacting particles i and j is given by |rij| = |rj − ri|.

The interactions between shells of different atoms, which describe the electron cloud repul-
sion and the Van der Waals attraction, are modelled using the Buckingham potential,

φB (|rij|) = A exp
(
−|rij|

ρ

)
− c

|rij|6
. (3)
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The variables A, ρ, and c denote potential parameters.
Finally, the electrostatic interactions among the charged particles are considered through a

Coulomb potential,

φC
i =

1

4πε0

N∑
j �=i

qiqj
|rij|

. (4)

The particle i’s charge is given by qi, ε0 is the electric permittivity of free space and the total
number of particles is denoted by N . Note that there is no electrostatic interactions between an
atom’s core and its respective shell in the core-shell model. Figure 1 schematically illustrates
the interaction between two atoms using the core-shell model.

3 COMPUTATION OF POLARIZATION

The electric polarization is the most essential concept in any theoretical description of ferro-
electric materials [18]. It is an intensive vector quantity that intuitively carries the meaning of
the electric dipole moment per unit volume. In the early 1990s it was realized that, even at a
theoretical level, polarization differences are conceptually more fundamental than the absolute
polarization. Experimentally, the quantity measured in a polarization-reversal process is the dif-
ference in polarization between the two enantiomorphous structures; making use of symmetry,
one can then equate this difference to twice the spontaneous polarization [14]. Theoretically,
the electric polarization can be calculated based on the charges and the positions of the ions
within a unit cell. A centrosymetric structure that is exactly in between the two enantiomor-
phous structures can be thought of as a reference structure with zero absolute polarization. In
the case of ferroelectric tetragonal BaTiO3, this would be the cubic phase. Therefore, the cubic
phase structure of BaTiO3 is taken to be the reference configuration in the atomistic simulations.
Any evolution from the (initial) reference configuration will result in a non-zero polarization.

The ions’ nominal charges cannot be used due to quantum mechanical effects [16]. For the
accurate computation of polarization either the so-called Born effective charges or the core-
shell charges should be used. In this study, we compute the polarization of each unit cells using
the core-shell charges. The change in the polarization P from the reference configuration of a
single unit cell is given by

δP =
1

V

∑
m=1

zm · δrm, (5)

where δrm is the change of the position vector of the m-th charged particle, zm is the corre-
sponding charge and V is the volume of the unit cell in the reference configuration. However,
if one uses the Born effective charges, the change in polarization of a unit cell is given by

δP =
e

V

∑
m=1

Zm · δrm, (6)

where Zm is the corresponding Born effective charge tensor of the m-th basis atom and e rep-
resents the elementary charge since Born effective charges have no dimensional unit.

4 RESULTS AND DISCUSSION

We perform isothermal-isobaric (NPT) molecular dynamics simulations to study the ferro-
electric switching process in tetragonal, mono-domain BaTiO3 single crystals at atmospheric
pressure and a temperature of 310 K. We use the isotropic, an-harmonic core-shell model po-
tential for BaTiO3 that has been fitted to results of first-principles density functional theory
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calculations with generalized gradient approximation [19]. All the simulations are performed
with systems of size 40×20×20 unit cells under periodic boundary conditions. The thermostat
and barostat relaxation times are both set to 0.1 ps. All shells are assigned a mass of 2 a.u. and
their respective cores are assigned the remaining atomic mass [1]. The times step used is 0.4 fs.

E

P
P

a b

XZ
Y

X
Z

Y

Figure 2: a, Schematic representation of the mono-domains with its polarization along the negative Z direc-
tion. After the mono-domain is prepared, an electric field along the positive Z direction is applied. In the
presence of a sufficiently large field, the mono-domain undergoes a ferroelectric switching. b, Schematic
representation of the mono-domain after ferroelectric switching with its polarization along the positive Z
direction.
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Figure 3: Normalized change in electric polarization of the 40 × 20 × 20 supercell mono-domain under various
electric fields. The dotted lines represent the predictions of the KAI model.

The mono-domain system is generated through a two step process. The unit cells in the
system are first poled using an external electric field for 4 ps. The system is initially poled in
the −Z direction see figure 2 a. The external field is then removed and the system is equilibrated
for another 4 ps. Now, if the system is kept under no external bias, the mono-domain maintains
a constant average polarization. After the mono-domain is prepared, the time t is set to zero and
an external electric field is applied in the +Z direction. We then follow the switching process
by computing the polarization of each lattice unit cell in the system.
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Figure 3 shows the time-dependent normalized change in overall polarization during the
switching process as computed using the atomistic simulations. The polarization switching ki-
netics as predicted by the KAI model is represented using dotted lines. We observe that the
switching times under weaker electric fields are relatively longer. The time-dependent normal-
ized change in polarization can be described using a Lorentzian function as predicted by the
KAI model.

5 CONCLUSIONS

The electric polarization switching process in mono-domain ferroelectric BaTiO3 single
crystals under various electric fields are investigated using atomistic simulations. The time-
dependent normalized change in overall polarization during the switching processes indicate a
non-linear switching kinetic behavior. We find that the non-linear polarization switching ki-
netics as computed using the atomistic simulations are in good agreement with the switching
kinetics predicted by the KAI model.
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Abstract. The research field on Structural Health Monitoring attracts more and more sci-
entists due to the increasing use of lightweight structures. During operation structures are
affected by loads. When the loads exceed a certain limit it may cause damages which reduce
the carrying capacity of structures. The application of Structural Health Monitoring methods
permits the detection and localization of damages in structures. Moreover, to assess the struc-
tural remaining service life during operation one may want to quantify and qualify damages in
structures. Therefore the nonlinear guided wave technique is a promising approach to monitor
lightweight structures. This numerical study is focused on the interaction of nonlinear guided
waves with breathing damage in isotropic material and its potential to quantify and qualify dif-
ferent damages. Due to contact acoustic nonlinearity a guided wave packet which passes through
a breathing crack is distorted. This fundamental changes are observable in form of higher har-
monics. The results show that the proposed numerical approach can predict the interaction of
guided waves with breathing cracks in isotropic plates. It is shown that different type of dam-
ages with varying size, orientation and position influence the nonlinear guided wave differently.
Moreover, the results show that the nonlinear guided waves possess high capabilities for damage
detection, localization quantification and qualification of breathing cracks in isotropic plates.

1 INTRODUCTION

Over the past few years, there has been a substantial increase in using lightweight structures
in different fields due to their attracting properties such as high stiffness and light weight. Struc-
tural Health Monitoring (SHM) has been investigated as a promising approach for monitoring
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the structural behavior of lightweight structures during their service life. The application of SHM
usually involves several levels. However, A. Rytter classified them into four levels [1]. These lev-
els are damage detection, damage localization, damage quantification and damage qualification.
Examples for methods with high potential for Structural Health Monitoring are Inkjet-printed
carbon nanotube strain distribution sensors [2], the Electromechanical Impedance Method [3]
or the zero-strain trajectory evaluation [4]. Among all SHM techniques, the guided waves tech-
nique has attracted many researchers due to its potential for global applications, its easy way
of installation and its possibility to detect damages insight thin-walled structures. In case of a
thin-walled plate, a network of sensors can be used to fulfill the first three levels of Structural
Health Monitoring according to A. Rytter. The basic principle of guided waves applied as a
SHM method is based on sending out wave packets that travels through the plate and receive
them at several positions within an area of interest. If there exists a damage, the propagating
wave packets interact with it and the received sensor signals change, i.e. the damage is de-
tectable. This is of course only true for damages large enough according to the wavelength λ of
the guided waves. But not only detection of damages is possible also the localization of damages
can be assessed by guided waves. Therefore a system of at least one actuator and three sensor
elements is necessary to determine the position of a damage [5]. A further question to asses
the structural reliability is, what is the type of the damage? At this point recent studies show
the nonlinear guided wave technique as a promising approach for Structural Health Monitoring
[6, 7, 8, 9, 10, 11]. However, the numerical modeling of the interaction of guided waves with
damages is very challenging. When a packet of guided waves passes through a breathing damage,
it undergoes fundamental changes which can be observed in form of distortions. These changes
are observable in form of higher harmonics in frequency domain of the sensor signal. In addition
to the existence of the damage, these fundamental changes can provide important information
about the location, the type or the size of the damage. This study is focused on investigations of
the effects of different parameters such as damage size and damage orientation on propagation
of nonlinear guided waves in structures with breathing damages. A numerical Finite Element
Method (FEM) approach is used for prediction of propagation of nonlinear guided waves in
isotropic plates with three different breathing damages.

2 THEORY

The nonlinear guided wave estimation is generally based on two different approaches [10, 7].
On the one hand there is the mesoscopic nonlinearity or material nonlinearity [12, 13, 14]. Due
to defects like, inclusions, grain boundaries, gas holes, etc. the material itself induces nonlinear
effects which can be detected. On the other hand there is the contact acoustic nonlinearity
(CAN) due to the interaction of propagating acoustic waves with breathing cracks [15]. Com-
pared to CAN the material nonlinearity for the considered isotropic plate is negligible and is not
considered in this study. The contact acoustic nonlinearity is caused by opening and closing of
contact interfaces when elastic waves like guided waves pass these interfaces. Cracks or delam-
inations possess such contact interfaces. Due to the asymmetrically stress-strain characteristic
of isotropic material in compression and tension, the incident guided wave with a frequency f
is distorted in case of CAN, i.e. it is highly nonlinear and consequently the signals show higher
harmonics. The distortion of the incident guided wave occurs due to a local stiffness change in
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the damaged area, when the wave passes the crack. The tension part of the wave opens the
crack whereby the local stiffness decreases. However, the compression part of the wave closes
the crack and increases the local stiffness [6, 10]. Beside the effects of stiffness change due to
compression and tension also nonlinear effects due to the friction between the breathing crack
surfaces and the occurrence of Hertzian pressure exist and generate higher harmonics [9, 10].
Effects of friction and Hertzian pressure are not considered in this work.

3 NUMERICAL INVESTIGATION

In a numerical parametric study the influence of different cracks on propagating guided waves
are investigated by a simple plate. Particularly the occurrence of higher harmonics or nonlinear
guided waves due to CAN will be discussed. This study is focused on the first higher harmonic,
i.e. wave packets with double frequency of the incident wave frequency f .

To save computational time and memory space a simplified 2D-model of the thin walled
structure is used to investigate the wave propagation and the effects of the considered cracks.
The 2D-model is implemented in the finite element software Abaqus R© version 6.14-2, illustrated
in Fig. 1. By applying a boundary condition uy(t) on the top and the bottom surface within a

Sinc crack StraA

t

xAI xIC xCT

uy(t)

uy(t)

uy(t)

−uy(t)

(a) (b)

y

x

Figure 1: 2D-Finite element model for (a) asymmetric mode and (b) symmetric mode excitation

defined area of 10 mm on the left hand side of the model, guided wave packets are excited. The
function uy(t) has the form of a von Hann windowed sine function with five peaks, a maximum
amplitude of ûy = 2 µm and a frequency f = 260 kHz. At this frequency f the tuning function
using a piezoelectric element of the size 10 × 10 × 0.25 mm shows its first maximum for the
symmetric S0 mode, see Fig. 2 (a). Also the asymmetric A0 mode has a significant amplitude at
this frequency. Consequently the first higher harmonic has a frequency f = 520 kHz. However,
for a better understanding the asymmetric mode A0 and the symmetric mode S0 are analyzed
separately in two different models. A single A0 wave packet is excited by applying a out-of-plane
displacement uy(t) at the top and bottom surface in the same direction as shown in Fig. 1 (a).
To excite only a S0 wave packet the surfaces move in opposite direction as can be seen in Fig. 1
(b). The considered plate has a thickness t = 2 mm and the material is isotropic. The material
parameters for aluminum EN-AW 5005 H14 are considered for the numerical investigations. The
wave signals, especially the displacement ux(t) and uy(t) are evaluated on the positions Sinc and
Stra. Both positions have the same distance xIC =xCT =125 mm to the crack. According to the
group velocity cg, the excited wave packets have, the total length of the plate is chosen that no
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Figure 2: (a) Lamb wave tuning functions for a aluminum plate with a thickness t=2 mm and a
piezoelectric element with the dimension of 10×0.25 mm and (b) ratio of wavelength λ to plate

thickness t for the S0 and A0 mode

reflections from the boundaries influence the signals at the positions Sinc and Stra.
This study investigates the effects of three different types of cracks on guided waves. Figure 3

presents the considered models for the crack types and parameters as implemented in FEM. The
first crack type, a surface crack, is located on the top surface, see Fig. 3 (a), whereby the length
l varies from 0.125 mm to 0.5 mm and the angle α varies from 0 ◦ to 75 ◦. The second crack type
(Fig. 3 (b)) contains a volume crack within the plate. In this case the cracklength l varies from
0.25 mm to 1 mm and the angle α varies from 0 ◦ to 165 ◦. With the third crack type (Fig. 3 (c))
a delamination like subsurface crack is realized. The vertical crack position p varies in five steps
of t/6 through the plate and the cracklength l varies from 1 mm to 3 mm. All three crack types

t

l

α

l

t α

l

t

p
1
2
3
4
5

(a) (b) (c)

Figure 3: Crack type models: a) surface crack, b) volume crack and c) subsurface crack

are modeled with the special Abaqus crack interaction module seam. With this seam function
the surfaces of the cracks are separated with no distance in between. To prevent penetration of
the crack surfaces a kinematic contact assignment without friction is implemented. Relating to
the mesh, the maximum length of the mainly quadratic shaped elements lmax is defined as [16]

lmax = λmin
20 . (1)

Since the wavelength λ decreases with increasing frequency f and the wavelength λ for the
asymmetric mode A0 is smaller than for the symmetric mode S0 the minimum wavelength λmin
is the wavelength λ of the asymmetric mode A0 of a frequency f = 520 kHz. This relation can
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also be seen in Fig. 2 (b). In this case the minimum wavelength λmin is approximately 4.5 mm
and the maximum element size lmax is approximately 0.225 mm. In the area of the cracks, the
size of the elements decreases down to 0.01 mm side length. To ensure a stable solution [16], the
minimum time increment ∆tmin for the explicit solver should be

∆tmin = 1
20 · fmax

. (2)

With a maximum frequency fmax = 520 kHz the minimum time increment ∆tmin is 96 ns. De-
pending on the group velocity cg of the excited wave packets the simulation time is chosen such
that for every model the distorted wave packets due to the interaction with the crack are entirely
included at position Sinc and Stra.

4 RESULTS

This chapter gives an overview of all the major results of the numerical Finite Element (FE)
study. The displacement u(t) in in-plane (ux(t)) as well as in out-of-plane (uy(t)) direction
are evaluated for the S0 and for the A0 wave. The signals over the whole time domain are
considered for both the incident sensor position Sinc and the transmitted sensor position Stra.
By the Fast-Four-Transformation (FFT) function of Matlab R© release R215b the time domain
signals are transformed into frequency domain signals. For example, in Fig. 4, the time domain
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Figure 4: Comparison of the S0 wave results for the pristine configuration (top) and a volume crack
with an angle of α=45 ◦ and a length l=1 mm (bottom): (a) time domain signals and (b) amplitude of

the FFT for the incident and the transmitted uy(t) signals

as well as the frequency domain results for a S0 wave excitation in pristine configuration and
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a volume crack are compared. The results for the volume crack show distortions of the wave
signals in time domain compared to the pristine signals. According to the frequency domain
signals higher harmonics with an amplitude A1,dam occur in the damaged configuration due to
CAN. For the mentioned crack types and their parameters mainly the ratio of the first higher
harmonic amplitude A1,dam to the first harmonic amplitude of the pristine configuration A0,prist
is investigated. The results for each crack type are presented below.

4.1 Surface crack

The evaluation of the numerical FE simulations of the surface crack model are illustrated in
Fig. 5 and Fig. 6. On the one hand the results are divided into different sensor positions (incident
and transmitted) on the other hand they are divided into in-plane displacement and out-of-plane
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Figure 5: A1,dam/A0,prist ratio for in-plane A0 (solid lines) and S0 (dashed lines) FE displacement
results for surface cracks with different ratio of δ = l/t at (a) Sinc position and (b) Stra position
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Figure 6: A1,dam/A0,prist ratio for out-of-plane A0 (solid lines) and S0 (dashed lines) FE displacement
results for surface cracks with different ratio of δ = l/t at (a) Sinc position and (b) Stra position
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displacement results. All presented results show the ratio of A1,dam to A0,prist over the angle α
for different ratio δ of cracklength l to plate thickness t. As in all further results, the amplitude
of the first higher harmonic A1,dam rises with increasing ratio of δ. Both sensor positions show
a nearly five times larger signal amplitude for the S0 wave in out-of-plane direction compared
to the A0 wave. In in-plane direction the A0 wave signal amplitude is slightly higher than the
S0 wave signal. However, compared to the out-of-plane signals, the in-plane signals are quite
smaller. Consequently, out-of-plane measurement systems for the detection of nonlinear guided
waves are more sensitive against surface cracks when a S0 wave is considered. Furthermore, all
the results (A1,dam/A0,prist) show a cosine dependency from angle α and a power to a dependency
of the ratio δ = l/t. This leads to the general equation for A1,dam

A1,dam = A0,prist

(
l

t

)a

b (cos(c α) + 1) (3)

that approximately fits the first higher harmonic amplitude in case of surface cracks very well.
The function cos(α) indicates that the amplitude of the first higher harmonics A1,dam depend
on the vertical projection of the crack length l. For every considered sensor position (incident
and transmitted), wave form (A0 and S0) and displacement (in-plane or out-of-plane) the con-
stants a, b and c that fit the FE results best can be found. However, Table 1 lists the best fit
constants evaluated with the nonlinear least square method in Matlab R© release R215b with the
corresponding coefficient of determination (R2) value.

Table 1: Values for the constants a, b, c and R2 in case of the different wave forms, sensor positions and
displacements for the surface crack

wave form sensor pos. disp. a b c R2

A0 incident ux 1.857 0.094 0.041 0.993
A0 transmitted ux 1.929 0.094 0.040 0.993
A0 incident uy 1.697 0.035 0.037 0.995
A0 transmitted uy 1.831 0.047 0.039 0.995
S0 incident ux 2.043 0.069 0.044 0.994
S0 transmitted ux 2.084 0.063 0.042 0.997
S0 incident uy 1.884 0.417 0.041 0.997
S0 transmitted uy 1.958 0.445 0.041 0.993

4.2 Volume crack

In case of the volume crack, the numerical FE results for the ratio of A1,dam to A0,prist over
the angle α for different ratios δ = l/t are shown in Fig. 7 and Fig. 8. The results show a
distribution with one or two superimposed Gaussian functions and the first higher harmonic
amplitude A1,dam can be approximated by

A1,dam = A0,prist

(
l

t

)a

(b1 e−( α−c1
d1

)2
+ b2 e−( α−c2

d2
)2

). (4)

Looking at the in-plane results (Fig. 7) one can see that on the one hand the A0 wave is more
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Figure 7: A1,dam/A0,prist ratio for in-plane A0 (solid lines) and S0 (dashed lines) FE displacement
results for volume cracks with different ratio of δ = l/t at (a) Sinc position and (b) Stra position
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Figure 8: A1,dam/A0,prist ratio for out-of-plane A0 (solid lines) and S0 (dashed lines) FE displacement
results for volume cracks with different ratio of δ = l/t at (a) Sinc position and (b) Stra position

sensitive to volume cracks for angles α<50 ◦ and α<130 ◦ than the S0 wave. On the other hand
for angles 50 ◦ <α<130 ◦ the S0 wave is more sensitive than the A0 wave. This counts for both
sensor positions. Furthermore, for the out-of-plane results, see Fig. 8, the first higher harmonic
amplitude for the S0 wave is four times larger than the in-plane results. However, the higher
harmonic amplitude for the A0 wave in out-of-plane direction is negligible small compared to
the S0 wave amplitude.

By fitting the FE-results for the volume crack with the nonlinear least square method the
constants a, b1, c1, d1, b2, c2 and d2 for Eq. 4 are found. The best fit values are listed in Table 2
with the corresponding coefficient of determination (R2) value.
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Table 2: Values for the constants a, b1, c1, d1, b2, c2, d2 and R2 in case of the different wave forms,
sensor positions and displacement for the volume crack

wave sensor pos. disp. a b1 c1 d1 b2 c2 d2 R2

A0 incident ux 2.100 0.0228 51.11 29.06 0.0310 130.40 25.71 0.977
A0 transmitted ux 2.284 0.0369 48.87 25.88 0.0282 130.60 25.74 0.987
A0 incident uy 2.151 0.0140 43.30 25.09 0.0120 137.30 26.39 0.990
A0 transmitted uy 2.340 0.0190 43.20 25.81 0.0230 134.90 25.61 0.992
S0 incident ux 2.335 0.0635 93.90 43.11 – – – 0.993
S0 transmitted ux 2.562 0.0507 73.29 31.12 0.0286 124.40 21.59 0.994
S0 incident uy 2.310 0.2720 62.56 27.32 0.2110 119.40 26.95 0.990
S0 transmitted uy 2.409 0.2430 59.55 25.53 0.2900 119.50 25.23 0.980

4.3 Subsurface crack

The FE results for the ratio of A1,dam to A0,prist over the angle α with different ratio δ = l/t
of a delamination like subsurface crack are shown in Fig. 9 and Fig. 10. One can see, that for
in-plane results only the A0 wave provides higher harmonics. The out-of-plane results, show
higher harmonics with a similar amplitude for both, the A0 mode and S0 mode. Generally the
amplitude of the higher harmonics increase for subsurface crack positions closer to the plate
surface. Hence, if the subsurface crack lies in the mid-plane of the plate the higher harmonics
estimation is not useful because of the non existing higher harmonics.

p
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Figure 9: A1,dam/A0,prist ratio for in-plane A0 (solid lines) and S0 (dashed lines) FE displacement
results for subsurface cracks with different ratio of δ = l/t at (a) Sinc position and (b) Stra position

5 CONCLUSIONS

The presented results clearly show a dependency of the amplitude for the first higher harmonic
A1,dam from the type of the damage, its orientation and size. Higher harmonics appear at waves
which are reflected from the cracks as well as at transmitted waves. For some crack types the A0
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Figure 10: A1,dam/A0,prist ratio for out-of-plane A0 (solid lines) and S0 (dashed lines) FE displacement
results for subsurface cracks with different ratio of δ = l/t at (a) Sinc position and (b) Stra position

mode is more sensitive to the damage parameters, for others it is the S0 mode. On the one hand,
if one uses for instance an in-plane measurement system, like a piezoelectric element, to detect
nonlinear guided waves and gets only higher harmonics for the A0 mode it provides an evidence
for a subsurface crack. When the in-plane measurement results for the S0 mode are much higher
than for the A0 mode a volume crack may be more vertical oriented. Or, if the higher harmonic
of the A0 mode is a bit larger than the amplitude for the S0 mode the damage might be a
surface crack or a slightly oriented volume crack. On the other hand, if one uses a out-of-plane
measurement system, like a laser interferometer and gets only higher harmonics for the S0 wave,
this could be an indication for a surface or a volume crack. Further investigations, especially
with different excitation frequencies f , may change the curves for the higher harmonic amplitude
because of the dispersive characteristic of guided waves. It is expected that the combination of
several measurements with different excitation frequencies f makes it clearer to quantify and
qualify damages.
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ABSTRACT 

From the beginning of the smart structures era, more than three decades ago, early smart structures 
experimentations have proved that the piezo-electrically induced strain–electric field relation is 
nonlinear. This was handled in experiments simulation by considering either strain or field dependent 
piezoelectric coefficient [1] but the strain dependence, implemented iteratively using linear 
constitutive equations, was preferred to the field one as it correlated better. Nevertheless, the former 
was not satisfactory for a glass fibre composite host [2]. Later, a good correlation of the previous 
configuration was obtained through thermodynamically motivated rotationally invariant nonlinear 
constitutive equations having an additional electrostrictive parameter [3]. A similar theory has been 
used for the nonlinear response modelling of longitudinal mode Macro Fiber Composite (MFC) 
actuators [4]. Late in the previous decade, a simple phenomological model of vibrating domain wall 
has been implemented successfully using linear constitutive equations in order to consider the 
contribution of domain wall motion to the electromechanical properties of piezoceramic bimorph 
actuators [5]. However, the performance of other phenomenological approaches that use geometrical 
and Preisach material nonlinearities is under expectation [6]. 

Above literature review shows that neither of the proposed approaches is currently fully satisfactory 
for handling the stress free actuation response field dependent nonlinearity in piezoelectric smart 
structures. Nevertheless, the shear MFC piezoelectric constant nonlinear field dependence has been 
recently implemented using linear constitutive equations and a power law which parameters have 
been fitted from test data [7]. The obtained test-model correlation was very encouraging; it is here 
presented as an alternative way to simulate realistically the inherent field dependence nonlinearity. 
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Abstract. A novel SHM method is proposed for damage localisation and quantification 
combining the substructuring approach and Vector Auto-Regressive with Exogenous input 
(VARX) models. The substructuring approach aims to divide the monitored structure into 
several isolated substructures. Each individual substructure is modelled as a VARX model, 
and the health of each substructure is determined analysing the variation of the VARX 
model’s coefficients. The method allows determining whether the isolated substructure is 
damaged, and besides allows locating and quantifying the damage within the substructure. It 
is not necessary to have a physics-based model of the structure and only vibration data of the 
substructures are required to estimate their VARX models. The proposed method is validated 
by simulations in a three-dimensional truss structure. 

 
 
1 INTRODUCTION 

Structural Health Monitoring (SHM) is a technological area which develops a damage 
detection and characterization strategies for engineering structures [1]. SHM is regarded as a 
very important engineering field in order to secure structural and operational safety; issuing 
early warnings on damage or deterioration, avoiding costly repairs or even catastrophic failures 
[2]. 

Most of the existing vibration based SHM methods can be classified into two different 
approaches: global approaches and local approaches [3]. In the global approaches, the goal is 
to monitor the health of the entire structure. These global methods have been tested and 
implemented in different types of structures during the last 30-40 years [4]. However, for many 
large systems, global monitoring is not viable due to the lack of sensitivity of global features to 
local damages, inaccuracies of developed models etc [5]. On the other hand, local SHM 
methods are focused on evaluating the condition of smaller parts within the entire structures by 
means of substructuring approach. This approach aims to overcome global method’s 
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limitations, dividing the whole structure into substructures and analysing each one 
individually. 

Several papers have been published proposing substructuring methods for large scale 
structures. Koh et al [6] presented a “divide and conquer” strategy to monitor large structures 
based on the division of the whole structure into isolated substructures. For each substructure, 
structural parameters are identified using the extended Kalman filter (EKF). However, the EKF 
usually requires a physics-based model, which is not always available [7]. Most recently, 
Xing et al [8] and Lei et al [9] proposed another substructural damage detection method using 
Auto-Regressive Moving Average with eXogenous input (ARMAX) models. The 
substructures are represented by an ARMAX model and the natural frequency of each 
substructure is extracted from the mentioned model for its posterior analysis. Nonetheless it is 
preferably applicable to small and simple structures.  

The authors of this article proposed in [10][11][12] a damage localisation and quantification 
method based on substructuring approach and Vector Auto-Regressive with eXogenous input 
(VARX) models. The proposed method was able to monitor multi-DOF substructures 
analysing the variation of the VARX models. Only vibration data was measured from the 
substructures and it was not necessary to have a physics-based model of the structure. This 
new article incorporates some improvements over the initial method and a validation by 
simulations in a three-dimensional truss structure. 

The rest of the paper is organised as follows. In section 2, the proposed method is presented. 
In section 3, the method is evaluated by series of simulations. Finally the concluding remarks 
are presented in section 4. 

 

2 THE PROPOSED METHOD 
The dynamics of the structure is described by a lumped parameter model. It is assumed that 

the structure consists of bars and the forces can only be transmitted along the axial direction of 
these bars. Besides, the structure is subjected to arbitrary external loading that is assumed to be 
known and could act on any node.  

The structure is divided into different isolated substructures. The substructures have n 
internal (i) and m interface (j) nodes. The interface nodes are located in the border between the 
selected substructure and the remaining structure. The internal nodes are located within the 
substructure and they are not connected to the nodes of the remaining structure.  

The dynamic equation for an internal node l is formulated as follows:  

1
ilM ( ( ))

N

p
  p i i j ili  jlz z z , f, ,z zf  (1) 

where Mil is the lumped mass matrix of the internal node l and      is a vector that contains the 
accelerations of the internal node l in x, y and z axes respectively (     ,       and       .    is a 
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vector with linear or non-linear functions used to calculate the total force applied in the internal 
node l by the N nodes connected to him.   ,   ,    and      are the displacement and velocity 
vectors of the internal and interface nodes that are connected to the internal node l in x, y and z 
axes. Furthermore,     contains the external force applied in the internal node l in x, y and z 
axes (               . 

Expanding    function as Taylor series [13] and selecting only the first term, the dynamic 
equations for an internal node l are stated as: 

N

p=1

N

p=1

ilx ilx-px ilx px ily py ilz pz ilx px ily py ilz pz

ily ily

ilx ilx

-px ilx px ily pl yi y

ilx-py ilx-pz ilx-px ilx-py ilx-pz

ily-py ily-pz

z = (k (z -z )+k (z -z )+k (z -z )+c (z -z )+c (z -z )+c (z -z ))+f

z = (k (z -z )+k (z -z

m

m )+k (z




N

p=1

ilz pz ilx px ily py ilz pz

ilz ilz-px ilx px ily py ilz pz ilx px ily py ilz

ily

ilz

ily-px ily-py ily-pz

ilz-py ilz-pz ilz-px ilz-py ilz-pz

-z )+c (z -z )+c (z -z )+c (z -z ))+f

z = (k (z -z )+k (z -z )+k (z -z )+c (z -z )+c (z -zm )+c (z - i zpz lz ))+f

 

 
(2) 

where  i  ,    y,      and      ,     y,       are the displacements and velocities of the internal node l 
and  p ,  p ,  p  and   p ,   p ,   p  are the displacements and velocities of the N (internal or 
interface) nodes that are connected to the internal node l. Furthermore, k and c are coefficients 
related to the stiffness and damping values of the N bars that are connected to the internal node 
l. 

The n internal nodes of the substructure are represented as in equation 1-2 in order to obtain 
the substructural dynamic equation. The finite central difference method [14] is used to obtain 
an approximation of the displacements from the velocity and acceleration data. The 
substructural dynamic equation in matrix form and in terms of displacements is represented as 
follows: 

i1x i1x i1x

i1y i1y i1y

i1z i1z i1z

1

inx inx

iny iny

inz

2

inz

... ...

z (n) z  (n-1) z  (n-2)

   z  (n) z  (n-1) z  (n-2)

z  (n) z  (n-1) z  (n-2)

=-A  -A

z  (n) z  (n-1)

  z  (n) z  (n-1)

z  (n) z  (n-1)

   
   
   
   
   
   
   
   
   
      

inx

iny

inz

j1x j1x
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jmy

10 11

jmy

jmz j
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where  i  , ... ,  in  are the displacements of the n internal nodes and     , ... ,   m  are the 
displacements of the m interface nodes. 

Equation 3 could be regarded as a VARX model [15], where  i  , ... ,  in  correspond to the 
endogenous variables and     , ... ,      and  i  , ... ,      correspond to the exogenous 
variables. A1 and A2 are the endogenous coefficient matrices and B10, B11, B12, and B21 are the 
exogenous coefficient matrices. The elements of the mentioned matrices are related to the 
physical properties of the substructure. 

In the proposed method, the displacements in the internal and interface nodes of the 
substructure are measured and the corresponding VARX model is estimated. It is assumed that 
the substructure is healthy in the initial phase, so the VARX model estimated with the initial 
data is taken as a reference. Displacement data is measured again in the evaluation phase and 
the corresponding VARX model is estimated. In the proposed method, endogenous and 
exogenous coefficient matrices of these new VARX models are compared to the same matrices 
of the reference model and as a result the condition of the substructure is evaluated. 

 

3 EVALUATION BY SIMULATIONS 
Structure’s finite element model has been developed in ANSYS. The model is formed by  4 

steel balls joined by 31 aluminium tubes, forming the geometry shown in figure 1. Each ball 
weights 0.235 kg and each tube is 707 mm long, with an external diameter of 22 mm and an 
internal diameter of 20 mm. The tubes are modelled using truss elements and the balls are 
introduced as point masses. The structure is fixed in its four edges. 

 
Figure 1: Structure’s finite element model 

The first five natural frequencies of the model are 109.95 Hz, 165.01 Hz, 265.80 Hz, 
315.11 Hz and 379.49 Hz, and the corresponding mode shapes are shown in figure 2. 
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Figure 2: Finite element model’s mode shapes 

As it is shown in figure 1, a substructure formed by sixteen tubes is selected for its 
monitoring. The structure is excited applying a Gaussian white noise force out of the 
substructure. The dynamic equations for the isolated substructure could be formulated as: 

(t)
(t) (t) (t)
(t) (t) (t)M + K + K  = 0(t)(t) (t)
(t) (t) (t)

(t)

 
    
    
      
    
       
  

2

3 3 4

8 8 7

912 12

13 13 11

14

z
z z z
z z z

zz z
z z z

z

 (4) 

Accelerations    ,    ,     ,      and displacements   ,   ,    ,     correspond to internal 
DOFs, whereas displacements   ,   ,   ,   ,    ,     correspond to interface DOFs, all of 
them in x, y and z axes. M’ represents the mass of the substructure, K’ represents the stiffness 
of the tubes located between internal nodes and K’’ represents the stiffness of the tubes located 
between internal and interface nodes. 

Following the procedure described in section 2, the dynamical behaviour of the substructure 
can be described by a VARX model stated in equation 5. The endogenous variables are the 
displacements in nodes 3, 8, 12 and 13 (  ,   ,     and    ), whereas the exogenous variables 
are the displacements in nodes 2, 4, 7, 9, 11 and 14 (  ,   ,   ,   ,     and    ). 

1 2 1

(n-1)
(n) (n-1) (n-2) (n-1)
(n) (n-1) (n-2) (n-1) = A  + A  + B  (n-1)(n) (n-1) (n-2)
(n) (n-1) (n-2) (n-1)

(n-1)

 
      
      
      
      
           
  

2

3 3 3 4

8 8 8 7

912 12 12

13 13 13 11

14

z
z z z z
z z z z

zz z z
z z z z

z

 (5) 

Matrices A1, A2 and B1 shown in equation 5 are formulated as follows: 
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 2 -1
1 s 2

s

2A = T M M  - K
T
 

   
 

 
 

(6) 

 2 -1
2 s 2

s

1A = T M M
T
 

  
 

 

  2 -1
1 sB = T M K   

Equation 6 shows that A1 depends on the mass and stiffness of the tubes located between 
internal nodes, whereas B1 depends on the mass of the mentioned tubes and the stiffness of the 
tubes located between internal and interface nodes. Matrices A1, A2 and B1 depend also on the 
sampling period (Ts). 

Figure 3 shows which submatrices within A1 and B1 contain useful information for the 
monitoring of the substructure. There are two analysable submatrices within A1 for the 
monitoring of the tubes located between internal nodes, whereas only one analysable submatrix 
within B1 for the monitoring of the tubes located between internal and interface nodes. Only 
the diagonal terms of these submatrices should be analysed, and among the three possible 
terms, we should analyse a particular one depending on the orientation of the tube. So if the 
tube is orientated in the x axis, we should analyse only the first term of the diagonal, whereas if 
the tube is orientated in y or z axes, we should analyse only the second or the third term 
respectively. Consequently, if the tube is orientated in x, y and z axes, we should analyse the 
entire diagonal. 

 
Figure 3: Structure of matrices A1 and B1 

Table 1 shows the terms that are analysed within matrices A1 and B1 in order to locate 
damages in the sixteen tubes of the substructure. We assume the damages consist in a 
reduction of the tube’s stiffness. 

 
 
 
 
 

1364



U. Ugalde, J. Anduaga, O. Salgado and A. Iturrospe. 

 
 
 

7 

 
Table 1: Analysed terms within matrices A1 and B1 

Tube Orientation Analysed terms 
k3-8 y A1;2,5, A1;5,2 
k3-12 x, y, z Entire diagonal of both submatrices (A1) 
k3-13 x, y, z Entire diagonal of both submatrices (A1) 
k8-12 x, y, z Entire diagonal of both submatrices (A1) 
k8-13 x, y, z Entire diagonal of both submatrices (A1) 
k12-13 x A1;7,10, A1;10,7 
k2-3 x B1;1,1 
k2-12 x, y, z Entire diagonal of the submatrix (B1) 
k3-4 x B1;1,4 
k4-13 x, y, z Entire diagonal of the submatrix (B1) 
k7-8 x B1;4,7 
k7-12 x, y, z Entire diagonal of the submatrix (B1) 
k8-9 x B1;4,10 
k9-13 x, y, z Entire diagonal of the submatrix (B1) 
k11-12 x B1;7,13 
k13-14 x B1;10,16 

As it is explained in section 2, the condition of the substructure is evaluated analysing 
deviations between the new A1 and B1 matrices (evaluation phase) and the initial ones (initial 
phase). A particular damage indicator (DI) is calculated for each substructural tube analysing 
changes in the terms shown in table 1. For example, the damage indicator for the tube located 
between the internal nodes 3 and 8 (k3-8) will be obtained as follows: 

e i e i
1;2,5 1;2,5 1;5,2 1;5,2

3 8 i i
1;2,5 1;5,2

|A | - |A | |A | - |A | 100DI (k ) = + x
|A | |A | 2

 
 
 
 

 (7) 

where Ai
1;2,5 and Ai

1;5,2 are the terms estimated in the initial phase and Ae
1;2,5 and Ae

1;5,2 are the 
terms estimated in the evaluation phase. The proposed damage indicator estimates the stiffness 
reduction induced in the tube. 

The model is excited in node 11 and in x, y and z axes by a Gaussian white noise force (see 
figure 1). The displacements in the fourteen nodes are simulated with a data sampling 
frequency of 5 kHz. 10,000 samples of the simulated data are used to estimate the VARX 
models described in equation 5. The mentioned VARX models are estimated using the 
Econometric Toolbox of Matlab and the Multivariate Least Square (MLS) estimator [16]. 

Twelve different damaged scenarios are evaluated. In nine of them the damages are located 
within the substructure (k8-13, k12-13 and k9-13). In the other three scenarios the damages are 
located out of the substructure (k9-14). Only one tube is damaged in each scenario and three 
severity levels are analysed, stiffness reductions of 12.5%, 25% and 50%. 

Table 2 presents the obtained results in the assessed scenarios. In those scenarios which 
contain damage within the substructure, we show the damage indicator obtained for the 
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damaged tube and also the highest damage indicator obtained for the other substructural tubes. 
In those scenarios in which the damaged tube is located out of the substructure, we only show 
the highest damage indicator obtained for the substructural tubes. 

Table 2: Results in the assessed scenarios 

Scenario Damage Indicator (%) 
Damaged tube Healthy tube (max) 

k9-14 (%) 
12.5 -- 0.96 
25 -- 1.58 
50 -- 1.89 

k8-13 (%) 
12.5 12.38 0.78 
25 25.49 0.98 
50 49.21 1.28 

k12-13 (%) 
12.5 12.59 0.54 
25 24.59 0.69 
50 49.11 0.93 

k9-13 (%) 
12.5 12.73 0.88 
25 25.88 1.13 
50 50.99 1.29 

The results show that the damage is located properly in the assessed twelve scenarios. In 
those scenarios in which the damage is located out of the substructure, the highest damage 
indicator is 1.89%. In the rest of the scenarios, the highest damage indicator corresponds to the 
damaged tube, with a maximum quantification error of 0.99% for these damaged tubes. 
Besides, the highest damage indicator among the tubes that have not been damaged is 1.29%. 
Therefore, the proposed method allows damage localisation and quantification within the 
substructures. 

 

4 CONCLUSIONS 
This paper proposes a novel SHM method to detect, locate and quantify damages in 

structures. A substructure of interest is isolated by a substructuring method. Substructure’s 
VARX model is estimated with the healthy data and it is taken as a reference. Substructural 
vibration data is measured again when the substructure should be evaluated and the 
corresponding VARX models are estimated. These new VARX models are compared to the 
reference in order to evaluate the condition of the substructure. Only vibration data is required 
to estimate the VARX models and it is not necessary to have a physics-based model. 

The proposed method is validated by simulations in a three-dimensional truss structure. The 
results show that the method allows detecting, locating and quantifying damage within the 
substructure with a maximum stiffness estimation error of 1.89%. 

Our research group is already building a laboratory structure in order to carry out an 
experimental validation. The results will be published soon. 
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Abstract. One of the common failure modes of reinforced concrete (RC) beams strengthened 
in flexure with a bonded fiber-reinforced polymer (FRP) is intermediate crack (IC) 
debonding, which is originated at a critical section in the vicinity of flexural cracks and 
propagates to a plate end. This premature debonding brittle failure is, without a doubt, an 
important disadvantage of this technique 
For that reason, developing reliable Structural Health Monitoring (SHM) technologies has 
become a very attractive area and an important challenge for these kinds of structures. 
Methodologies able to monitor the long-term efficiency of bonding and successfully identify 
the initiation of FRP debonding constitute a challenge to be met. 
One very promising active non-destructive evaluation method for this particular application is 
impedance-based structural health monitoring (SHM) using piezoelectric ceramic (PZT) 
sensor-actuators. The electrical impedance of the PZT can be directly related to the 
mechanical impedance of the host structural component where the PZT transducers are 
attached and, furthermore, it is measured at high frequencies with which this methodology 
appears to be very sensitive to incipient damage in structural systems as desired for our 
application. However, the large amount of information captured by PZT sensors during the 
continuous monitoring makes a comprehensive analysis of the entire repertoire of data 
difficult. Hierarchical clustering analysis has been used in this work in order to develop a two-
dimensional classification of the information obtained from the impedance measurements. 
Clustering analysis will organize the experimental impedance measurements obtained over 
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time for different PZT sensors according to the similarity or dissimilarity of their profiles, 
placing the cases with similar patterns in neighbouring rows and columns of a clustergram. In 
this way, the damage identification can be done qualitatively and quantitatively in an intuitive 
manner. 
 
1 INTRODUCTION 

Although a lot of research has been put into the use of FRP composites for repairing and 
strengthening structures in service, few efforts have been made so far in order to efficiently 
predict the failure of these complex structural systems, usually by some form of debonding in 
the interface between the FRP and the concrete. A typical dominant failure mode such as 
intermediate crack (IC) debonding, initiated at a major flexural crack and then propagated 
towards a plate end, is an example of this. Although many works have been published in the 
last years about experimental study and computational modelling of the debonding 
phenomenon, little work has been developed up to date on bond health monitoring and the 
initiation of debonding at a very early stage, in spite of its importance. Therefore, 
methodologies able to monitor the long-term efficiency of bonding and successfully identify 
the initiation of FRP debonding constitute a challenge to be met. 

Many different SHM methods have been proposed in the literature for all kinds of 
structures, based on either a global or a local monitoring of structures [1]. One very promising 
active non-destructive evaluation method for this particular application is impedance-based 
structural health monitoring (SHM) using piezoelectric ceramic (PZT) sensor-actuators [2]. 
The electrical impedance of the PZT can be directly related to the mechanical impedance of 
the host structural component where the PZT transducers are attached. Since the structural 
mechanical impedance will be affected by the presence of structural damage, comparisons of 
admittance (inverse of impedance) spectra at various times during the service period of the 
structure can be used as damage indicator. Any change in the spectra might be an indication 
of a change in the structural integrity. 

The electrical impedance is measured at high frequencies with which this methodology 
appears to be very sensitive to incipient damage in structural systems as desired for our 
application. Furthermore, due to their size and lightness PZT sensors are non-intrusively 
attached and do not affect the dynamic response of the structure.  

Up to now, the impedance method has been used in numerous applications to detect 
damage [3-7]. To the author’s knowledge, only a few works are focused on the prediction of 
damage detection in FRP strengthened RC beams using EMI [8-12]. One of the advantages of 
the EMI method is that it can be implemented for continuous and on-line monitoring. The 
presence of damage can be known by evaluating the impedance measured over time. 
However, the large amount of information captured by PZT sensors during the continuous 
monitoring makes a comprehensive analysis of the entire repertoire of data difficult. Reliable 
data analysis and rational data interpretation are challenging problems for engineers. The 
availability of an approach able to analyze and focus the main features of the entire set of 
observations would be desirable in order to implement a robust and reliable procedure of 
damage identification based on a series of experimental measurements. Clustering methods 
allow grouping data based on some kind of similarity. For any series of measurements, the 
application of sensible measures of similarity among them would make it possible to group or 
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cluster those data with similar patterns and, therefore, detect and locate the appearance of 
damage. Hierarchical clustering analysis has been explored in this work as a tool for 
debonding detection in RC beams externally flexural strengthened with FRP composites using 
the EMI technique. 

2 ELECTRO-MECHANICAL IMPEDANCE METHOD 
 In the EMI method, PZT transducers are bonded through surface by means of high strength 
epoxy adhesive to the structure to be monitored. The principle behind this technique is to 
apply high-frequency structural excitations through PZT transducers, and measure the 
impedance of structures. The electromechanical admittance (inverse of the impedance) 
signatures of the PZT acquired at different times are used to evaluate the damage since these 
are related to the mechanical impedance of the host beam. Hence, the measurement of 
impedance can reflect the changes of material properties which might be due to damages. 
 The conventional EMI method assesses the integrity of a mechanical structure by 
observing some of the changes in the electromechanical impedance of the PZT between two 
different stages. For this, different scalar damage metrics are defined which allow for a 
quantitative measurement of the damage severity. In this sense, the root mean square 
deviation (RMSD) is the most commonly used indicator for the impedance method [2]. It is 
computed from the difference in the impedance value at each frequency as follows 

  𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(%) = √∑ [Re(𝑍𝑍0(𝜔𝜔𝑖𝑖))−Re(𝑍𝑍1(𝜔𝜔𝑖𝑖))]
2𝑛𝑛

𝑖𝑖=1
∑ Re(𝑍𝑍0(𝜔𝜔𝑖𝑖))

2𝑛𝑛
𝑖𝑖=1

· 100 (1) 

where 𝑍𝑍0(𝜔𝜔𝑖𝑖) is the impedance of the PZT measured at a previous stage, which might agree 
with the healthy condition of the structure, 𝑍𝑍1(𝜔𝜔𝑖𝑖) is the corresponding value at a subsequent 
stage, which might agree with a post-damage stage, at the ith frequency point; n is the number 
of frequency points. Considering that the real part of impedance is more sensitive to the 
changes in impedance signature, Eq. (1) is also usually defined in terms of the conductance 
(real part of the admittance). For the RMSD index, the larger the difference between the 
baseline reading and the subsequent reading, the greater the value of the index denoting 
changes of structural dynamic properties which can be due to damage. 

3 HIERARCHICAL CLUSTERING METHOD 
 The application of indicators such as RMSD (Eq.1) to impedance measurements allows 
summarizing the information contained in the impedance spectrum into a single value, which 
can be useful as damage indicator. A well designed hierarchical clustering will provide 
concise, meaningful and fast summarizations of the large amount of data supplied by the PZT 
sensors showing even hidden aspects difficult to capture with another methodology. 
Furthermore, clustering methods can be combined with a graphical representation of the data 
making their exploration easier. 
 Basically, a hierarchical clustering algorithm will allow us to group or cluster unlabeled or 
non-classified data such as impedance measurements over time, into spatially compact and 
connected clusters so that data locations belonging to the same cluster are more similar than 
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those in different clusters [13]. Furthermore, if, as in this case, previously labelled training 
data are not available, which might be used as pattern, an unsupervised clustering should be 
implemented. One practical example might be to try to separate into two groups the data of 
vectors containing the impedance measurements from two different sensors, or from two 
different damage states. 
 The proposed clustering approach starts by specifying a dissimilarity measure between two 
locations by measuring the distance between objects. The most commonly used are the 
Euclidean distance (Eq.2), the Minkowski distance (Eq.3), the Cityblock distance (Eq.4) and 
the Chebychev distance (Eq.5): 

  𝑑𝑑𝑠𝑠𝑠𝑠2 = (�̃�𝑥𝑠𝑠 − �̃�𝑥𝑠𝑠)(�̃�𝑥𝑠𝑠 − �̃�𝑥𝑠𝑠)′ (2) 

  𝑑𝑑𝑠𝑠𝑠𝑠 = √∑ |�̃�𝑥𝑠𝑠𝑠𝑠 − �̃�𝑥𝑠𝑠𝑠𝑠|
𝑝𝑝𝑛𝑛

𝑠𝑠=1
𝑝𝑝

 (3) 

  𝑑𝑑𝑠𝑠𝑠𝑠 = ∑ |�̃�𝑥𝑠𝑠𝑠𝑠 − �̃�𝑥𝑠𝑠𝑠𝑠|𝑛𝑛
𝑠𝑠=1  (4) 

  𝑑𝑑𝑠𝑠𝑠𝑠 = max𝑠𝑠{|�̃�𝑥𝑠𝑠𝑠𝑠 − �̃�𝑥𝑠𝑠𝑠𝑠|} (5) 

where �̃�𝑥𝑠𝑠 and �̃�𝑥𝑠𝑠 are vectors containing different data sets, p is the order of the Minkowski 
space and n is the dimension of each data set. 
 Then, an agglomerative hierarchical clustering algorithm can operate directly on this 
dissimilarity matrix to find clusters of sample locations. The clusters generated previously are 
linked again by pairs under the same criterion, forming a new hierarchical tree. The procedure 
is continuously repeated until all the dependencies are established. The criterion used in this 
work is based on grouping objects using the Unweighted Pair Group Method with the 
Arithmetic mean (UPGMA), attributed to Sokal and Michener [14], which is also known as 
the unweighted  average distance (Eq. 6).  

  𝑑𝑑𝑠𝑠𝑠𝑠 =
|�̃�𝑥𝑠𝑠|

|�̃�𝑥𝑠𝑠|+|�̃�𝑥𝑡𝑡|
 (6) 

 With this metric, the distance between any two clusters is taken as the mean distance 
between the elements of each cluster. Subsequently, the clusters previously constituted are 
linked to each other and to other objects, creating new and bigger clusters until all the objects 
in the original data set are linked together in the pursued hierarchical tree. 

4 APPLICATION TO RC BEAMS EXTERNALLY STRENGTHENED WITH FRP 
The proposed approach has been checked as a tool to detect intermediate crack debonding 

in a FRP strengthened RC beam. This failure mode, due to the debonding of the FRP 
reinforcement originating from an intermediate flexural crack, is critical for this kind of 
structures because it is occurs in a sudden and brittle way [15, 16]. Because of that, its 
identification in its initial stage is essential to prevent a future failure, which might be 
catastrophic.  

The assessment of the method has been carried out on the beam shown in Figure 1. In the 
test programme performed, the strengthened beam was subjected to a series of four-point 
increasing static load tests with the purpose of gradually introduce the cracks into the 
specimen. After each static test, the impedance was measured by using eleven identical P-876 
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DuraAct Patch Transducers [17] of 0.5 mm thickness which were externally bonded with an 
epoxy adhesive along the FRP strip with a constant spacing of 12 cm (Figure 1). Impedance 
tests were performed by sweeping a wide frequency band of 10–100 kHz. Five independent 
impedance measurements were taken and used as raw data (D01 to D015) before loading the 
beam. After that, four different loading stages were considered by applying the static loads of 
26 (stage D1), 40 (stage D2), 65 (stage D3) and 100 kN (stage D4). Before measuring the 
impedances, the beam was previously unloaded after each loading stage. The experimental 
set-up is shown in Figure 2. 

 
Figure 1: Sensor location map for the FRP strengthened RC beam 

The assessment of the method has been carried out on the beam shown in Figure 1. In the 
test programme performed, the strengthened beam was subjected to a series of four-point 
increasing static load tests with the purpose of gradually introduce the cracks into the 
specimen. After each static test, the impedance was measured by using eleven identical P-876 
DuraAct Patch Transducers [17] of 0.5 mm thickness which were externally bonded with an 
epoxy adhesive along the FRP strip with a constant spacing of 12 cm (Figure 1). Impedance 
tests were performed by sweeping a wide frequency band of 10–100 kHz. Five independent 
impedance measurements were taken and used as raw data (D01 to D015) before loading the 
beam. After that, four different loading stages were considered by applying the static loads of 
26 (stage D1), 40 (stage D2), 65 (stage D3) and 100 kN (stage D4). Before measuring the 
impedances, the beam was previously unloaded after each loading stage. The experimental 
set-up is shown in Figure 2. 

A preliminary analysis was carried out with the purpose of demonstrating if different 
impedance signatures from different sensors can be clustered into different damage groups. 
Figure 3 shows the hierarchical trees obtained with this analysis. From this figure, it is clear 
that all D0 and D1 cases are clustered together in all sensors which, in a first analysis, agrees 
with the experimental reality since, after the first loading stage, visible cracks were not 
detected in the beam, at least apparently. For the following loading stages, three groups of 
sensors might be obtained according to identification of the different damage stages. A first 
group corresponds to the sensors more distant to the loading points (sensors 1, 9 and 10). All 
the sensors belonging to this group are able to distinguish the stages D2, D3 and D4. In a 
second group, sensors 2, 7 and 8 would be included. These sensors are closer to the loading 
points than those belonging to the first group. For this group, damages D3 and D4 are linked 
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together, which means they are identified with a similar severity. However, differences are 
remarkable with respect to damage D2. In a last group (sensors 3, 4 and 6), D2 and D3 are 
clustered together and distinguished from D4. Several significant cracks were caused after 
damage D4 in the surroundings of sensors 3 and 4 and, additionally, cracks already present in 
the vicinity of sensors 3, 4 and 6 (specially the last one) became noticeably thicker. This is the 
main reason for distinguishing between D4 and the remaining damages in this region 

 

 
Figure 2: Experimental setup 

This first analysis has allowed making a first classification of the most important sensing 
regions in the beam and the damage severity according to these regions without doing any 
special statistical analysis.  

 A clustergram in which sensors are clustered in columns and the different frequency sub-
ranges and loading cases are clustered in rows is shown in Figure 4. In this clustergram, two 
main groups of sensors can be distinguished according to the level of detection. In the first 
group (sensors 1, 4, 8, 9 and 10) some isolated damage indications in different levels, 
frequency sub-intervals and loading stages appear, which agrees with the multiple damage 
scenario observed in the experimental tests. Sensors belonging to the second group (sensors 2, 
3, 6 and 7) show a higher value of deviation in RMSD. To detect the future initiation of 
interfacial debonding, focus should be addressed on the sensors of this group since contiguous 
cells with a high deviation may be indicative of a higher number of cracks. 

For instance, sensors 6 and 7 show damage indications which grow and spread along the 
four loading stages. This may be a symptom, especially after the fourth loading stage, that the 
damage found between sensors 6 and 7 might be the origin of the future debonding, as was 
effectively checked when the beam was loaded until failure after the last loading stage. 
Furthermore, for sensor 7, damage indications of certain importance appear at high sub-
frequency intervals (60 kHz to 90 kHz), which means that the damages would be closer to this 
sensor. This actually happened to be correct after the last load step until failure. 

5 CONCLUSIONS 
A new approach has been proposed to detect midspan debonding in FRP-strengthened RC 
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beams. The approach is based on unsupervised hierarchical clustering and allows the 
processing of massive information as that obtained from a continuous structural monitoring 
by using PZT sensors. With this method, it has been possible to track in a fast a visual way 
the evolution of the damage in a complex structure such as the FRP-strengthened RC beam, 
obtaining thus a premature conclusion about debonding appearance from the concentration of 
other kind of damages, which are the flexural cracks scattered along the beam and due to the 
loading program followed. 

 

 
Figure 3: Hierarchical trees 
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Figure 4: Clustergram 
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Abstract. The Sacred Heart Church of Vistabella (La Secuita, Spain) was designed by Josep 
Maria Jujol and built in the early twenties of the XX century. The slenderness of its steeple 
makes it extremely exposed to wind action, to the extent that its stability has been threatened 
since the construction started. At the end of 1934, the upper spire crumbled away, being 
rebuilt and reinforced with steel passive bars. 

After some numerical approaches, it became clear that the lightness of such a masonry 
construction along with the feebleness of the connections between the structural members 
were at the basis of the problem. 

In order to provide additional vertical load without substantively modifying the structural 
scheme, a solution based on external prestressed bars, was implemented. The bars replace the 
existing passive bars, which have proven to be totally useless. The active system proposed 
allows to eliminate the masonry’s tensile stresses under the action of the wind. The additional 
loading to be applied varies depending on the level (three levels in total), according to the 
gradual post-tensioning system proposed as a strengthening technique of the steeple. 

Therefore, it has been necessary to design a procedure able to introduce independent 
tensions at the different levels throughout the same tie and the corresponding monitoring 
system to control the tensioning process during the implementation. 

The procedure, the theory that supports it, and the results of the follow-up are described in 
detail, these being the objective of the paper. 
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1 INTRODUCTION 
The Sacred Heart Church of Vistabella (La Secuita, Spain), which dates from 1923, was 

designed by the architect Josep Maria Jujol (1879-1949), one of the masters of Catalan 
Modernism, as documented in the Master Plan [1]. It was commissioned and constructed 
(1917-1923) by the neighbors of the same town so that Vistabella could have its own 
parochial church. In plan, the church is organized around a square of 13m and is characterized 
by two-parabolic brick arches that are the structural base of the building (Figure 1). 

Figure 1: Disposition in plan of the two-parabolic brick arches in relationship with the nave. (Image of the 
Master Plan [1]). 

In fact, the same extension of the central parabolic arcs become the resistant elements 
(brick masonry ribs) of the structural system of the bell tower (Figure 2), which at its crown 
reaches almost 28 m in height, forming a unique architectural element where the structure is 
the project purpose (bell tower). This unequivocal conjunction of architectural design and 
resistant design according to the resistant function of the form, endows the architectural 
concept with greater integrity through the existence of a single compositional-structural order 
(architecture vs. structure) [2-4]. 

The structure of the steeple consists of four inclined T-shaped masonry ribs, crowned by a 
cross. Two intermediate levels sustained in short and shallow masonry arches, act as a bracing 
systems (Figure 2). 

Given the exposed geometric characteristics and mechanical properties of the elements that 
make up the church, it presents general pathologies documented in the Master Plan [1], 
defining the magnitude and relevance of the pathologies and structural fissures. These affect 
in a more pronounced and decisive way to the bell tower because it is the most slender and 
exposed element, especially to the horizontal action of the wind. 

At the time of carrying out the structural strengthening of a unique architectural 
construction with a certain formal complexity, such as an ancient masonry building, the first 
step is to have the geometric and mechanical characteristics of the resistant elements that 
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conform it. This initial task, in architectural heritage structures, can be usually quite 
complicated, both by its nature and by its history, being necessary to act with rigor and 
thorough knowledge of the problem to be evaluated, becoming a necessary multidisciplinary 
task (historical search, on-site assessment, modelling and structural analysis) [5-8]. 

        
Figure 2: View and elevation of the Vistabella’s steeple 

This information is presented in previous papers [4,9], based on the relevant references 
[7,8,10,11]. At the end of 1934, the upper spire crumbled away, being rebuilt and reinforced 
with a pair of steel passive bars per rib (eight bars in total). 

Given the current state of the steeple, as well as the different structural elements that make 
it up, it requires an intervention with which it is sought to definitively fix the different 
pathologies that can affect resistance and/or stability, partial or total, of the bell tower. In this 
case by means of an external prestressing system used as a strengthening technique. 

2 DESCRIPTION OF THE EXTERNAL TENSIONING SYSTEM 
The external tensioning system consists of the installation of eight vertical active bars 

threaded at its ends and hooked up to eight pre-existing bars situated in the base of the cross 
that crowns the steeple. Due to historical reasons, the active bars have been situated at the 
same position where previously the passive reinforcement designed by Jujol was. Therefore, a 
bar was placed on each side of the four T-shaped cross-sections that formed the main support 
of the structure (Figure 3). 

These new bars are tensioned -after crossing the intermediate levels- from the lowest point, 
located in the area near the base of the element. By prestressing them, a permanent vertical 
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loading will be introduced in the structure, improving its structural behaviour in front of the 
horizontal loads (wind action). Moreover, the prestressing process had to balance two 
different requirements: on one hand, the need to add load to the structure, and on the other -
due to the slenderness of the masonry ribs- do not exceed the allowable compression of the 
material. 

 

 
 
 

 

Figure 3: Position of the steel bars and strain gauges 

This intervention is conceptually assimilated, in part, to the proposal by the architect Dr. 
Robert Brufau in an industrial chimney in Roda de Ter (project not executed). A structural 
approach that Brufau himself states: "The intervention would be to do some vertical post-
tensioning of the whole masonry, introducing axial compressions through a prestressed tie 
[...]. This operation wanted to minimize the risk that no undesired tension stresses were ever 
present at the brick masonry" [12]. 

3 THE PROCEDURE PROPOSED 
The vertical post-tensioning of the structure was designed according to a stepwise gradual 

process, divided in three stages in correspondence with the existing floors (levels). In turn, the 
load corresponding to each stage was divided into two increases/sequences (S) to apply stress 
increments to the masonry elements as slowly as possible. Likewise, the bars were loaded 
alternately so as not to unbalance the steeple supporting structure.  

The low force necessary to reach the required level of stress in the threaded bars, together 
with the lack of space and accessibility difficulties, justified the use of a simple torque wrench 
instead of a stressing jack. 
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The parameters of the gradual post-tensioning proposed are summarized in Table 1, 
according to the lengths of the bars for each level, based on the follow equations (1,2): 

A·E

N·L
    ΔL = (1)

E

AN
  ε  = (2)

Table 1. Values of the gradual post-tensioning (T) proposed

Level Bar length 
(mm) 

Final ∆L 
(mm) (1)

Relative 
∆L (mm) 

Gradual 
T (kN) 

Gradual 
∆L (mm)

ε (μm/m) 
gradual (2)

ε (μm/m) 
final (2) S 

Level 3 2300 0,59 0,59 5,00 0,30 129 258 1-2 
Level 2 2500 1,29 0,64 5,00 0,32 129 516 3-4 
Level 1 4150 3,21 1,07 5,00 0,53 129 773 5-6 

These proposed values (Table 1) are the result of a numerical simulation used as a pre-test 
technique, and thus allowed calculating the level of the compression stresses in the supporting 
walls before performing the post-tensioning procedure. 

These values were cross-checked through an experimental technique -the hole drilling test 
[4]- carried out in a previous campaign in the walls sustaining the steeple. After combining 
the different efforts of compression -self-weight, dead/live loads and post-tension-, it was 
verified that they didn’t exceed the allowed stress of the masonry. 

All this allows to establish the gradual post-tensioning process in three stages. After 
completing the first loading stage, the bars will be attached to the underside of the top floor 
(level 3), welding them to a steel plate specially placed therefor. A presstress tension added 
that way to the upper level would remain constant, allowing applying a second stage that -
depending on the stiffness of the floor- would increase the stress in the lower levels without 
affecting the upper one. After fixing the bars to the top of the second level, the same will done 
to complete the third stage, according to the process proposed. 

To carry out the process described, for the vertical post-tensioning, the setting and the 
control implementation (monitoring) is necessary. In table 2, the implementation control 
parameters of the gradual process are presented (3 stages; 6 sequences). 

Table 2. Implementation control parameters of the gradual post-tensioning (T) for each stage (1-3) 

 STAGE 1: Sequences (S) 1 and 2 

Level 
Value T 

(kN) final 
STAGE 

% 
Control ε

(μm/m) final 
STAGE 

S Gradual T 
(kN) 

Accumulated 
T (kN) % 

Control  
ε (μm/m) 

(2) 

Level 3 9,0 90,0% 232 1 4,5 4,5 45,0% 116 
2 4,5 9,0 90,0% 232 

Level 2 9,0 45,0% 232 1 4,5 4,5 22,5% 116 
2 4,5 9,0 45,0% 232 

Level 1 9,0 30,0% 232 1 4,5 4,5 15,0% 116 
2 4,5 9,0 30,0% 232 
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 STAGE 2: Sequences (S) 3 and 4 

Level 
Value T 

(kN) final 
STAGE 

% 
Control ε

(μm/m) final 
STAGE 

S Gradual T 
(kN) 

Accumulated 
T (kN) % 

Control  
ε (μm/m) 

(2) 

Level 3 9,8 98,0% 253 3 0,4 9,4 94,0% 242 
4 0,4 9,8 98,0% 253 

Level 2 18,6 93,0% 479 3 4,8 13,8 69,0% 356 
4 4,8 18,6 93,0% 479 

Level 1 18,6 62,0% 479 3 4,8 13,8 46,0% 479 
4 4,8 18,6 62,0% 479 

 STAGE 3: Sequences (S) 5 and 6 

Level 
Value T 

(kN) final 
STAGE 

% 
Control ε

(μm/m) final 
STAGE 

S Gradual T 
(kN) 

Accumulated 
T (KN) % 

Control  
ε (μm/m) 

(2) 

Level 3 10,0 100,0% 258 5 0,1 9,9 99,0% 255 
6 0,1 10,0 100,0% 258 

Level 2 20,0 100,0% 516 5 0,7 19,3 96,5% 498 
6 0,7 20,0 100,0% 516 

Level 1 30,0 100,0% 773 5 5,7 24,3 81,0% 626 
6 5,7 30,0 100,0% 773 

For this reason, twenty-four strain gauges (eight per level) have been placed along the steel 
bars, to individually control the stresses at any bar and level, by means of monitoring these, 
based on the relevant references [13-16]. The ties have been prestressed from their lower end. 
Whenever all bars of a certain level reached the design value, they were attached to the 
bracing system situated underneath. The monitoring stetting is explained below. 

3.1 The monitoring setup 
The entire system was monitored by placing twenty-four strain gauges of ferritic steel (α = 

10,8 · 10-6 · K-1). The eight threaded steel bars were controlled at three different points 
(Figure 3), what allowed verifying the loading staggered process at each of its stages.  

The repercussion in terms of increased tension of any of the levels in the previous ones was 
registered too; therefore, the stiffness of the different floors depending on their ability to 
prevent the transmission of efforts from a section to another of the bar was set in an 
approximate way. The whole process was recorded at a sampling ratio of 1 Hz. The data 
acquisition system (DAQ) used during the test was a SOMAT MX 1650 BR, manufactured by 
the company HBM. 

3.2 The test 
The post-tensioning process of the stages lasted more than six hours.  
In the first stage, due to the geometric adjustment of the active structure within the existing 

walls and horizontal diaphragms, abrupt changes in the measurements were noticed. Its origin 
was the sudden release of stresses due to the breaking of surfaces partially detached or 
weakened while drilling the masonry elements and due to isolated episodes of friction 
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between the active bars and the masonry. After this brief adjustment period of the system, in 
which the contact surfaces between the steel bars and the existing structure were regularized 
and smoothed, -the bars passed through the existing horizontal structure, through holes made 
therein-, the sampling process took place without interruption or particular disturbances. 

While doing the second load stage, a noticeable increase in tension was measured in the 
upper section, what indicated that the hypothesis according to which the floors had enough 
stiffness to prevent such a circumstance, no longer could be considered. The stress in the 
active structure was released until the upper level recovered the predicted values. This meant 
a loss of tension in the second level -the value decreased until values close to those measured 
in the upper one- that should be recovered while tensioning the level below. 

In Figures 4-6, it can be seen, the response of the increases/sequences 1-3 of every one of 
the strain gauges situated in three different levels along one of the active bars. 

Figure 4: First increase (First stage) 

Figure 5: Second increase (First stage) 

Figure 6: Third increase (Second stage) 
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According to the results of the third increase -first increase of the second stage- (Figure 6), 
it was necessary to adjust the system since the stiffness of the bracing system wasn’t enough 
to prevent the transmission of load above those points that were considered already stabilized. 
After adjusting the procedure to take into account such a situation, the structure was 
artificially loaded until reaching the design values. 

This implied establishing a new procedure for the last stage, correcting the excessive 
increase of the load at the top (level 3). This meant to realize a total of five increases (Stage 1: 
Increases 1 and 2; Stage 2: Increase 3; Stage 3: Increases 4 and 5) instead of the six proposed 
(two for stage) and for a total tensioning load lower than the projected, according to the 
results that are presented. 

4 THE NEW PROCEDURE (THIRD STAGE) 
A new procedure was proposed to achieve the initial objective: the load relative to the 

second stage was reduced to an intermediate value, until the values corresponding to the first 
stage approached the values originally planned during the design of the loading test. To 
control the third stage of the post-tensioning, the system was set to zero, keeping the former 
set of values as a reference. The value of the readings was then set to zero in order to clearly 
appreciate the effect of the third level of load on the two previous sections, in which the active 
bar had already been fixed to the structure (level 2). 

Since the stiffness of the two floors was similar -cross arches with thin double-curved 
shells filling the remaining void spaces and a flat top layer of tiles covering the whole of the 
ensemble- it was assumed that after the post-tensioning of the third stage, a similar increase to 
the one observed when tensing the second would happen. No influence of the post-tensioning 
of the third stage in the first stage was expected.

Finally, it was decided to maintain a similar stress in the bars corresponding to the first and 
second stages, while those applied to the third stage were raised above double. 

Since the steeple behaves as a cantilevered structure in front of the action of the wind, the 
distribution of the tensile stresses grows parabolically as they move away from the top, what 
makes reasonable such distribution of forces/stresses. 

The measures of the third stage (increases 4 and 5) of loading can be observed in the 
following charts (Figures 7 and 8). Only the effect of such stage is represented. Therefore to 
have a general overview of the whole procedure, the previous charts must be considered 
(Figures 4-6). 

Figure 7: Fourth increase (Third stage) 
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Figure 8: Fifth increase (Third stage) 

5 THE RESULTS 
As was assumed, the influence of the third loading step on the upper sections of the 

previously fixed active bars was almost negligible, especially in the uppermost section. The 
reason probably being that the two horizontal diaphragms acted in unison, offering a greater 
stiffness against the vertical force induced by the active system. After carrying out the test, the 
final averaged results were: 

- First stage (level 3) : ≈ 200 μs 
- Second stage (level 2) : ≈ 240 μs 
- Third stage (level 1) : ≈ 500 μs 

The range of measured deformations is far from both the maximum values assumed by the 
strain gauges (δ ≥ 5000 μs) and those compatible with the yield limit of the bars (δ ≥ 1375 
μs). Therefore, Hooke's law can be applied to the conversion of the measured data into stress, 
to subsequently convert such output into a force: 

- First stage (level 3) : ≈ 8.44 kN per unit steel bar. 
- Second stage (level 2) : ≈ 10.13 kN per unit steel bar. 
- Third stage (level 1) : ≈ 21.10 kN per unit steel bar. 

The results obtained in the test and the control monitoring are similar to the values 
proposed (Table 1), according to the numerical simulation previously realized. 

6 CONCLUSIONS 
According the results obtained, the following conclusions are presented: 

- A procedure to post-tensioning a masonry steeple has been defined, developed and 
installed on site. 

- The level of tension required to counteract the adverse effect of the wind on the 
structure is low enough to allow the use of relatively simple tools. 

- Monitoring the structure has allowed to know at all times the real situation, to quantify 
the applied efforts and, consequently, to make the most adequate decision in each 
moment. 

- The combination of the numerical simulation and the experimental procedure is possible 
with satisfactory results. 
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ABSTRACT 

The Vibration Control [3] and the Structural Health Monitoring [2] have become by now two of the 
most important topics.  Researches have strongly focused on these themes, in several countries and 
especially in Italy, in front of the latest earthquakes and seismic event occurred all over the world. 
Consequently the need of analysing the integrity of the structure as accurately as possible emerged, 
especially in the experimental cases in which the structure has been equipped with specific vibration 
control systems to protect it from extreme excitations.   

One of the key points in a seismic monitoring campaign is the correct choice of system identification 
techniques to efficiently analyse the dynamic behaviour of the structure. There are methods defined in 
the frequency domain or in the time domain, the second ones have recently taken a prominent place in 
the field of structural health monitoring of civil structures. These techniques classically lead to system 
characterization starting from the input and output measurements. However it is extremely uncommon 
to measure the excitation affecting the system in the case of civil structures, particularly when the input 
is an earthquake, while the seismic response is easily available. Then some algorithms have been 
adapted and modified for the Output Only case, as OKID [6] and SSI [5]. 

Among the passive vibration control techniques the Tuned Mass Damper, TMD, has become always 
more interesting and used thanks to advantages it supplies, such an extreme simplicity in the installation 
and maintenance and cost benefits. In the Conventional TMD a new auxiliary tuned mass is connected 
to the structure with the purpose of dissipating vibration energy, while in the Non-Conventional TMD 
the tuned mass is obtained by reconverting the structural function of other masses already present in 
the structure [1,4]. 

The aim of the paper is to study the dynamic behaviour and to check the structural integrity of the Civic 
Tower of Rieti equipped with a Non-Conventional TMD, adopting output only system identification 
techniques. Despite the fact that OKID and SSI have been defined for stationary inputs, in this paper 
they will be used and tested also with non stationary excitations such as earthquakes. A long-
term seismic monitoring system has been settled in using a combination of eight accelerometers 
disposed in different positions. This allowed to monitor the tower with respect to the recent seismic 
swarm that run over the area around Rieti for the last four months. The dynamic behavior and the 
structural integrity of the Tower is analysed windowing the output recording in three intervals: before, 
during and after seismic event. Structural integrity is investigated comparing frequencies and damping 
ratios identified by using pre and post event recordings, while the dynamic behaviour is 
investigated also during the seismic event. 

Keywords: Seismic Monitoring, Non-Conventional TMD, Output Only Identification, OKID and SSI 
algotithms, Damage Identification 
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Abstract. This work provides a time domain approach to detect stress changes in hollow 
cylinders using low frequency ultrasound guided waves; the proposed scheme makes uses of 
the subtract method for stress level estimation. Residuals are generated by signal subtraction 
of the reference signal, at nominal condition, from the current signal. The stress condition is 
detected when the RMS of the residual goes above certain threshold. A simple supported 
hollow cylinder is utilized in this research and the different levels of stress, bending moment, 
are obtained using a vertical variable force applied in the middle of the specimen; the induced 
stresses are in the elastic region of the stress-strain diagram. The guided waves are generated 
via a couple of piezoelectric transducers operating in a pitch-catch configuration to excite and 
detect longitudinal and flexural waves.  A Matlab® script is utilized to perform ultrasonic 
signal generation, signal acquisition and processing. Results of each stress scenario 
demonstrates the feasibility and potential of using this formulation in the evaluation of the 
bending stress in hollow cylinders. The studied monitoring scheme can be used on-line and it 
is a cost-effective approach.  

1 INTRODUCTION 
Stress monitoring is an imperative task and plays an important role to increase the 

reliability and safety of structures and pipelines. The presence of high stress values can 
compromise the system integrity and turn in an unsafe condition. A reliable prognosis of the 
stress condition in a structure is an important basis for an effective service life management. 

Guided waves based stress monitoring schemes has not been extensively studied, most of 
the research is based on tracking the slight velocity changes of the guided wave propagating 
under stress, as a result of the acoustoelasticity effect. Many technical problems associated to 
difficulties in the velocity change measurement and the high dependency of the material 
internal structure in the acoustoelastic effect have motivated few interest in using the guided 
waves for stress monitoring purposes. 
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Some suitable researches are presented next; The role of the guided wave excitation 
frequency as an attempt to maximize the sensitivity of acoustoelastic stress measurements in 
steel bars is examined in [1]. Experimental results showed the disperse behaviour of the 
ultrasonic waves propagating in the bars causes the frequency-dependence of the 
acoustoelasticity sensitivity to stress. The largest sensitivity are found for low values of the 
frequency x diameter product and for wave structures with the predominance of axial 
displacement over radial displacement. Therefore, the use of certain frequencies can certainly 
be highly advantageous for stress monitoring in bars. One of the structural element most 
studied in terms of monitoring levels of stress is the wire strands, so relevant researches have 
be accomplished to this purpose. In [2] a guided wave based stress monitoring method in 
seven-wire strands is proposed. In the experimentation magnetostrictive transducers are 
utilized to excite and detect axi-symmetric guided waves. Group-velocity measurements on 
single straight wires under low values of stress show differences with the theoretical 
estimates, although the discrepancy is substantially reduced above 48% of UTS. Additionally, 
if the effect of strand elongation is added to the acoustoelastic effect by allowing the 
magnetostrictive sensors to follow the deforming specimen, a substantial increase in stress 
measurement sensitivity can be attained. It should be noted that the measurement of absolute 
stress levels requires reference data taken in the unloaded case. Results from acoustoelastic 
measurements on single wires and on strands are presented, exhibiting the feasibility of the 
method for stress measurement. Following with the strand wires, [3] investigates the use of 
ultrasonic nonlinearity as a means to determine the level of load applied to the strands. Since 
an axial load on a multi-wire strand produces proportional contact stresses between adjacent 
wires, ultrasonic nonlinearity from the inter-wire contact must be related to the level of axial 
load.  

In the case of stress or loads applied to plates, a method to estimate arbitrary biaxial loads 
using the phase velocity changes of lamb waves, measured along multiple directions of 
propagation, is developed and verified via simulations in [4]. In this paper is described how 
numerical solutions of the acoustoelastic wave equation, for an isotropic plate, allow to 
decouple the effects of a homogeneous biaxial stress into its two principal components. Thus, 
the acoustoelastic response of a specific mode and frequency is described by only two 
constants, which can be determined from a uniaxial loading experiment. Although effective, 
this proposed scheme needs an array of actuator a sensor and a prior-knowledge base to 
estimate the load. 

On the other hand, the stress monitoring has been also studied from a signal processing 
perspective. The time-reversal technique is applied in [5] to detect variations in the external 
applied traction in a strip of aluminium plate. Two different parameters of the time-reversed 
signal are used for monitoring the strain state, the peak amplitude and the focusing time. It is 
also used the changes in the group delay to determine the strain level quantitatively. 
Experimental validation is performed for low stress levels and acoustoelasticity effect is 
neglected. Another signal processing approach, signal subtraction, have been used in systems 
with permanently attached or embedded sensors to detect any change of the condition of the 
system. It becomes possible to make highly accurate measurements throughout the life of the 
structure by using reference (or baseline) signal subtraction [6]. The evaluation of the 
structure condition is governed permanently by the residual signal left after subtraction.  

In this work, longitudinal and flexural guided wave modes are generated by non-
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axisymmetric surface loading on a hollow cylinder using PZTs. Although, the multimodal 
propagation of the ultrasonic signal is more complex, the implementation cost can be 
drastically be reduced by employing only one actuator and one sensor. Changes in the levels 
of bending stress are detected by comparing the propagated wave in the current state with the 
nominal condition using a simple subtraction algorithm to produce residuals to evaluate 
changes in the stress.   

2 ACOUSTOELASTICITY EFFECT 
Acoustoelasticity defines the dependence of ultrasonic bulk wave velocities on stress. This 
effect is based on the theory of finite deformation of the propagation of bulk elastic waves in 
isotropic solids subjected to a stress [7]. In this sense, the acoustoelasticity establishes five 
elastic constants to describe the relation between stress and bulk wave velocity for isotropic 
materials subject to uniaxial stress; two second order elastic constant, Lamé constants (e.g. λ 
and µ), and three, third order elastic constants, Murnaghan´s constants (�, �, �). Thus, once 
the Murnaghan´s constants of a particular specimen are determined, any experimental 
measurement of one of the bulk velocities reveals the stress at which the specimen is subject 
to.    

For a homogeneous and isotropic infinite solid subjected to a uniaxial stress, the bulk 
velocities of longitudinal and transverse plane waves, propagating in the same direction as the 
applied stress, can be written in the first-order approximation, respectively, as Eqs (1-2) [7]. 

��
� = �

� + 2�
�

�1 +
�

2(� + 2�)(3� + 2�) �
� + �

�
(4� + 10� + 4�) + � + 2��� (1) 

��
� = �

�
�

�1 +
�

2�(3� + 2�) �4� + 4� + � +
��
4�

�� (2) 

Where ��
� and ��

� are the longitudinal and shear acoustoelastic bulk velocities respectively, 
� is the mass density, � is the tensile stress, and �, � and � are the Murnaghan´s constants. 
Expression inside curly brackets represents the stress response of the bulk wave under 
investigation. These velocities are the basis of the phase and group velocities calculation and 
they are synthesized in the dispersion curves. Because of dispersion, signals with different 
spectral components can propagate at different phase speeds as they travel along the 
waveguide. Now, analytical studies of the guided waves propagation in cylindrical 
waveguides are complex and result in an estimation (stress-free, isotropic and hollow) of the 
actual behavior of the waves. The analytic approach aimed at calculating of the dispersion 
curves in cylindrical waveguides is based on two uncoupled wave equations (3-4), where �� 
and �� are the longitudinal and shear bulk velocities respectively and � and � are the 
dilatation scalar potential and the vector potential respectively. Equations (3-4) are the 
foundation of the wavenumber()-frequency(w) relation and consequent of the phase velocity 
vph(w()) and group velocities vg(w()) for the stress-free case. A more detailed description of 
these relations can be found in [8][9] 

��∇�� = ���/��� (3) 
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��∇�� = ���/��� (4) 

For wave propagation in stressed specimens, �� and �� in equations (3-4) can be replaced 
by the acoustoelastic bulk velocities ��

�(�) and ��
�(�). As it can be inferred, the presence of 

stress in the propagation path yields vph (w(), σ), vgw(), σ). Some recent experimental works 
have shown this conclusion, i.e. variations of the guided wave velocities in stress presence 
[7][10], where the longitudinal mode L(0,1) is used to track the variations of the phase 
velocity in a waveguide rod-like exposes to stress. 

3 SUBTRACTION APPROACH 
In SHM, a symptom represents a specific characteristic resulting from a certain condition 

in the system. Symptoms of abnormal conditions are manifested as deviations of a nominal 
value evaluated by subtracting the current state to the baseline obtained in the structure 
nominal condition. The subtraction approach relies on the hypothesis that the recorded signal 
is stable if damage or abnormal condition is not present [6]. If it were possible to achieve 
perfect subtraction between the current signal and the baseline signal, the presence of an 
abnormal condition could be deduced from the observation of changes in the residual of the 
subtraction. In a real inspection problem, where perfect subtraction is not achievable, the 
occurrence of a new condition can be detected only when the residual of the new condition is 
sufficiently higher than the residual after subtraction in the nominal condition. Besides 
abnormal conditions, many other factors, i.e. changes in temperature, loading conditions; 
instrumentation drift; boundary conditions; structural changes and other environmental 
conditions [11] may also exert influence on residuals. These influences are undesirable 
because they may result in a misjudgment of the condition of the system (false alarm). 

On the other hand, guided waves propagating in a stressed material exhibit a relative time 
shift due to the combined effects of acoustoelasticity and material elongation, which can be 
observable in the residuals via subtraction.  

In order to achieve stress tracking it is crucial to minimize the residual in the subtraction 
between the normal current signal obtained in service and the nominal reference signal. In this 
work, the Optimal Baseline is considered in order to select the best matching baseline among 
the available reference signals of the nominal condition. The optimal baseline is the reference 
signal for which the subtraction from the normal current signal (stress-free) yields the residual 
with the minimum Root Mean Square (RMS). 

4   EXPERIMENTAL SETUP 
The proposed approach is examined in a dedicated test bench; the experimental setup is a 

1” schedule 40, ASTM A106, steel pipe of L=6 m-length, supported at the two ends by fixed 
supports as shown in Figure 1. The different bending stress conditions are produced by 
changing the magnitude of an elastic band, located in the middle part of the pipe (L/2). The 
different simulated maximum stress scenarios are named by the subindex of σ, which is the 
vertical cylinder deflection in cm of the (L/2) position, positive for concave upwards and 
negative for concave downwards i.e. σ1=9.33 MPa, σ2=17.95 MPa, σ3=26.8 MPa, σ4=34.2 
MPa, σ-2=36.6 MPa and σ-3.5=53.23 MPa. This latter value correspond to the 25% of the yield 
strength.  A couple (actuator and sensor) of PZT is attached in upper part of the pipe in a 
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pitch-catch configuration. The actuator is excited with a Gaussian pulse signal of five cycles 
(narrow bandwidth). Because of limited surface loading, the acoustic fields generated by a 
partial-loading source includes axisymmetric longitudinal modes as well as non-axisymmetric 
flexural modes. Therefore, the dispersed wave propagates in the hollow cylinder as a 
combination of longitudinal and flexural modes activated for the excitation frequency content. 
In addition, due to a high ratio of wall thickness respect to internal radius in the studied 
waveguide, the cylinder contour dominates at very low frequency (wall thickness is far less 
than the wavelength) yielding also the superposition of several guided waves, as shown in 
Figure 3. The dispersion curves are obtained using the freeware GUIGUW [12].  

 
Figure 1: Schematic representation of the hollow cylinder test bench. 

 

Figure 2: Group velocity dispersion curve for a 1” A-106 hollow pipe 

5 TIME DOMAIN STRESS MONITORING APPROACH 
This section presents the proposed stress monitoring scheme based on a subtraction 

approach. The guided wave propagation in a specimen under stress compared with the wave 
in the nominal condition experiences a time shift because of acoustoelasticity effect and the 
material elongation. An initial reference time trace, S0(t), containing guided wave signals is 
captured from the hollow cylinder. For the purposes of this analysis, it is assumed that this 
time trace contains just one signal resulting from the nominal condition. In the reference time 
trace, the signal from the structural feature corresponds to wave propagation over a distance d 
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at velocity v in the time window (t). Later, the presence of stress in the structure has changed 
and another time trace, S1(t), is recorded at the same (t) with a different acoustoelastic 
velocity v(σ) and an elongated distance de(σ). The purpose of this analysis is to estimate the 
residual signal from this normal structural feature when S0(t) is subtracted from S1(t). In this 
work, to improve the residual sensibility a normalized cross correlation ��� between the 
current sensed signal S1(t) and the nominal sensed signals S0(t) is obtained by the discretized 
equation (8).  

 
Figure 3: Actuated and sensed signal in the hollow cylinder 

���(�) =
1
�

� ��(�)��(� � �)
�

���

 (8) 

where ���(�) is the cross correlation between ��(�) and �� and N is the number of signal 
samples, t  is defined in the interval (�� ∗ �� , (� � 1) ∗ ��). Then, residuals ��, are the 
difference between the nominal auto correlation, Ec (9), and the different stressed cross 
correlation scenarios, Ec (8).  

���(�) =
1
�

� ��(�)��(� � �)
�

���

 (9) 

��(�) = ���(�) � ���(�) (10) 

Where i denotes the stressed scenarios. Based on the residual signal two features for stress 
monitoring are defined, the RMS value of ��, Ec. (11), and the current position of the peak 
value with respect to the nominal position, named Reference Time (RT), Ec. (13). The latter 
feature allow to discriminate between concave upwards and concave downwards cylinder 
deflection. 
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���� = �
1

2� � 1
� |��(�)|�
���

����

 

 

(11) 

(�� ,  ��) = ������(�)� 
 (12) 

�� = �� � �� 
 (13) 

Where ��  is the maximum residual value of signal Ri and  �� is the time position of this 
value. The �� occurs in the peak of the auto-correlation R0. The average correlation for each 
studied scenarios are calculated using 100 experiments. Figure 4 presents the studied 
scenarios in the plane RMS-Rt.  

 
Figure 4: Residual RMS and RT for the stressed scenarios 

6 CONCLUSIONS 
Experimental results for the studied hollow cylinder show that the proposed method of 

estimating applied bending stresses from a couple of PZT in a pitch-catch configuration can 
provide decent results. While the stress estimation and its resolution is not as good as the 
acquired using, e.g. dedicated strain gauges, the method has the benefit of not requiring extra 
sensors if guided wave transducers are already in place as part of a structural health 
monitoring system. Therefore, this method is of particular interest for estimating bending 
stresses by using the same instrumentation and captured signals that are utilized for in situ 
imaging of damage. 

The monitoring stage is carrying out using the RMS and the RT of the residuals obtained by 
signal subtraction. As shown in Figure 4, the couple RMS-RT is able to discriminate not only 
the different stresses but also the hollow cylinder bending shape. The RMS value tends to 
growth with the increase of the absolute stress magnitude for bending concave upwards and 
concave downwards, but the RMS value rise is in different proportion for each bending shape. 

R
M
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It should be noted that the measurement of absolute stress levels requires reference data taken 
in the unloaded case before implementing this approach in the field. On the other hand, the Rt 
value is close to zero for the bending concave downwards. Thus, not a meaningful time 
shifting is expected of the correlated signal for this type of bending. 

One limitation of this approach is the assumption that there are no other contributions to 
time shifts other than stress variations. Though this assumption may be reasonable in the 
laboratory, it may not hold in a realistic operating environment where temperature changes 
can be expected simultaneously with stress variations. Therefore, it is recommended that 
future work include performing experiments incorporating temperature changes, which would 
serve to both validate the proposed approach and to quantify the temperature effect. 
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ABSTRACT 

Shape memory polymers (SMPs) as a type of smart materials have achieved remarkable advances 
in recent years. Thermosetting SMPs with potential applications in aerospace, textiles and 
household products have attracted great interests of researchers for its unique properties. In order 
to further enhance and broaden the applications of SMPs, more unprecedented functions are 
necessary for the applications above, especially for aerospace [1,2].  

In this paper, the synthesis and characterization of bismaleimide based SMPs, which are capable 
of realizing reversible shape change under constant load conditions, are reported. Seeking to 
synthesize thermoset polymers with intrinsic two-way reversible shape memory behaviour, we 
introduce here a biphenyl block that exploit a crystallization induced elongation (CIE). We show 
that all synthetic products exhibited crystallizable switching domains needed for two-way 
reversible shape memory behaviour. The glass transition temperature and shape memory 
properties are varied by using diglycidyl ether of 4, 4′-dihydroxybiphenol to creating crosslinking 
structure between the linear chains. Given the simplicity of fabrication, we envision application as 
multi-shape coatings, adhesives, and films. 
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Abstract. The goal of the present work is to analyze the influence of the type of graphene 

and graphene content on the thermo-mechanical properties of an epoxy nanocomposite 
formed by an epoxy resin base on diglycidyl ether of bisphenol A (DGEBA) and 4-
aminophenyl disulphide (AFD) as curing agent. This is a “dynamic” epoxy matrix (vitrimer),
which has reversible crosslinks based on aromatic disulphide bonds. The idea is to take the 
advantage of the high thermal conductivity of graphene nanocomposites to promote the self-
healing. The study of the epoxy-graphene systems was carried out using two types of un-
functionalized graphene with different nanoplatelet dimensions. Dispersions of GNPs in the 
DGEBA were studied by Differential Scanning Calorimetry (DSC) in order to investigate the 
curing reaction. Dynamic Mechanical Thermal Analysis (DMTA) and tensile stress-strain 
measurements were performed to compare the glass transition temperature, the storage 
modulus in the glassy and rubber states, the Young modulus, deformation at break, 
mechanical strength and toughness. Electrical conductivity and combined tensile stress-
electrical resistance experiments are reported for these nanocomposites.

1 INTRODUCTION
Recently it has been presented a new epoxy vitrimer [1] formed through the reaction of 

diglycidyl ether of bisphenol A (DGEBA) with 4-aminophenyl disulphide (AFD). This is a 
“dynamic” epoxy matrix, which has reversible crosslinks based on aromatic disulphide bonds. 
Vitrimers are new polymer networks that can be healable/repairable and recyclable. They can 
flow when reaching a given temperature, since the exchange reaction is initiated with 
temperature however they retain a fixed crosslinking density throughout the thermal 
processing, with covalent bonds in a constant exchange [2]. The new epoxy network 
DGEBA/AFD presents good mechanical properties, while showing reprocessability, 
reparability and recyclability [1]. Moreover it has exceptional characteristics compared to 
other vitrimers: 1) ease of synthesis from readily available materials, 2) fast stress relaxation 
at high temperature (vitrimer behaviour) without the need of a catalyst and 3) easy 
applicability for the manufacture of (re) processable, repairable and recyclable FRPCs [1].
Recently we have studied the self-heating by the Joule effect in composites reinforced with 
CNTs and GNPs [3]. We confirm that Graphitic nanofillers induce an increase of the thermal 
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conductivity of the epoxy resin, proportional to the nanofiller content and that the electrical 
conductivity has a clear percolation threshold. Electrical conductivity is needed to create the 
Joule Effect. In this work, we study the curing, thermo-mechanical and electrical properties of 
a self-heating epoxy (DGEBA-AFD) and their graphene nanocomposites. The idea is to take 
the advantage of the high thermal conductivity of grapheme nanocompoposites to promote the 
self-healing.

2 EXPERIMENTAL

2.1 Materials
An aeronautical grade epoxy prepolymer based on a basic DGEBA, Araldite LY556 (LY),

was purchased from Huntsman. The curing agent: 4-aminophenyl disulfide (AFD) was 
purchased from TCI Europe. AFD was mixed at stoichiometric concentration with respect to 
oxirane rings. Moreover samples containing an excess of AFD (11% by weight) have been 
prepared.

The epoxy-graphene nanocomposites were prepared using two types of graphene with 
different nanoplatelet dimensions: GNPn was purchased from Cheap-Tubes (GNPS grade 4)
and GNPM25 was purchased from XGScience. GNPn graphene nanoplatelets have average 
thickness < 4 nm and an average lateral size of 1-2μm, and GNPM25 graphene nanoplatelets 
have average thickness of 6-8 nm and an average lateral size of 25 μm. Frekote from Loctite 
was employed as mold release product.

2.2 Preparation of the dispersions and nanocomposites
Dispersions of graphene nanoplatelets in the epoxy prepolymer were obtained through 

sonication during 60 min using a horn and a sonicator UP400S Hielscher: 0.5 s cycles with a 
power of 400 W and amplitude of 50%. The temperature did not exceed 80°C. Dispersions 
were prepared with 1wt%, 4wt% and 6wt% of GNPs. Once the dispersions were obtained, the 
curing agent (AFD) was added at 80-85 °C and mixed during 5 min, these samples were 
studied by differential scanning calorimetry (DSC) in order to investigate the curing reaction.

Moreover specimens for dynamic mechanical thermal analysis (DMTA) and for tensile 
tests were prepared. For this purpose after adding the AFD to the dispersions they were 
degased under vacuum (15 min, 50 mmHg) and poured in aluminum molds of suitable 
dimensions and cured in an oven following the protocol: 8h at 140 ºC under atmospheric 
pressure. The molds were coated with a release product.

AFD /LY ratio was stoichiometric (molar ratio amino hydrogen / epoxy group = 1.00). 
There have been also prepared samples having (11wt% excess of AFD) in order to compere 
results of the neat system with the previously reported [1]

2.3 Techniques
Differential Scanning Calorimetry (DSC): a Mettler Toledo mod.822e differential scanning 

calorimeter was used. The instrument was calibrated with indium and zinc. Measurements 
were performed under a nitrogen atmosphere Samples of 10-20 mg were weighted in 
aluminum pans. The reaction enthalpy (∆H) and the exothermic peak temperature (Tp) were 
obtained from the first scans (-50ºC to 270ºC) of the reactive mixtures and dispersions. For 
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each composition several first scans were done at different heating rates from 3 to 10 °C·min-1

in order to calculate the apparent activation energy of the curing reaction (Ea). To obtain the 
Tg of the nanocomposites samples were scanned from 25 ºC to 250 ºC at 10ºCmin-1. The Tgs
were taken at the midpoint of the heat capacity change.

Dynamic Mechanical Thermal Analysis (DMTA): a DMTA V Rheometric Scientific 
instrument was used. Measurements of cured samples were performed in dual cantilever 
bending mode at 1, 2, 5, 10 and 50 Hz, with temperature increasing from 30 °C to 220 °C at a 
heating rate of 2 °C·min-1. Specimens dimensions were: 35×10×1.8 mm3. The elastic or storage 
modulus (E´), the loss modulus (E´´) and loss tangent (tanδ) were recorded for each frequency 
as a function of temperature. The maxima in tanδ-temperature curves were determined to 
identify the α-relaxations associated to the glass transitions.

Tensile tests: a MTS machine model QTest 2L with a load cell of 2 kN, using an MTS 
extensometer model 63411F-54 was used to study tensile mechanical properties of the 
nanocomposites. Experiments were performed at room temperature (22 ºC) at constant speed 
of 1 mm· min-1 until fracture. The specimen dimensions were 140 x10 x 1.8 mm3. The stress-
strain curves were recorded for six samples of each composition. The average values of 
mechanical properties: tensile modulus, tensile strength, strain to failure were calculated for 
each composition. Mechanical tests with the simultaneous measurement of the electrical 
resistance were performed using a Zwick Roell 100 kN machine with a coupled load cell of 5 
kN and a meter instrument Agilent 34410A.

DC volume electrical conductivity was measured according to ASTM D257 using a Source 
Meter Unit instrument (Keithley 2410). The electrical resistance was determined from the
slope of the current-voltage curve, and the electrical conductivity taking into account the 
geometry of specimens (10 x 10 x 1 mm3). Six samples of 6%GNPn nanocomposite were 
measured in the range of 0-15 V. 

3 RESULTS AND DISCUSSION

3.1 Curing of GNP/epoxy dispersions by DSC
The thermograms of neat epoxy (LY-AFD) and 4wt% GNPn/epoxy dispersion are shown 

in Figure 1.The exothermic peak corresponds to the epoxy-amine curing reaction. Table 1
shows the DSC results for neat LY-AFD mixtures having stoichiometric ratio and 11wt% 
excess of AFD, together with the results for the corresponding GNPn and GNPM25 dispersions
in LY-AFD, at different heating rates (v). As it was expected Tpeak increases with increasing 
heating rate, this is because faster heating rates offer less time for reaction, and to compensate 
for the reduced time the curves shift to a higher temperatures. -∆H for each composition 
slightly decreases as the heating rate increases, but the variation is almost within the 
experimental error. Moreover there are not significant changes of -∆H adding excess of AFD 
neither in the presence of 1% and 4% of GNP, indicating that all the epoxy groups in the LY-
AFD mixture have reacted.
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Figure 1: DSC thermograms (10ºC/min) of epoxy (LY-AFD) and 4wt% GNPn/epoxy 

Table 1: DSC results of curing epoxy (LY-AFD) and GNP/epoxy dispersions 

v
(ºC/min)

-ΔH
(J/gLY)*

Tpeak
(ºC) †

Tg
(ºC) ††

Ea
(kJ/mol)

LY-AFD

3 583 162 122
4 574 169 128
5 564 175 131 64±1
8 550 187 136

10 524 193 136

LY-AFD +1%GNPn

3 578 160 124
4 544 167 129
5 528 173 130 62±1
8 529 186 136

10 514 193 136
LY-AFD + 4%GNPn 10 530 192 137 -
LY-AFD + 4%GNPM25 10 556 192 138 -

LY-AFD
(11% excess)

3 568 159 113
4 559 166 118
5 574 172 120 62±0.5
8 555 185 124
10 551 191 129

LY-AFD (11% excess) + 
4% GNPn 10 558 191 130 -

Estimated error: * ±20 J/g, †±0.5ºC, ††±0.5ºC.
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Tpeak of samples containing 4% of GNPn and 4% of GNPM25 is slightly lower than Tpeak of 
LY-AFD (see Table 1) this reflects a small catalytic effect of GNP. However, no catalytic 
effect was noticed for samples containing lower GNP content, a previous work with another 
epoxy resin having 1% of GNPM25 showed similar behaviour [4]. The values of Tpeak of LY-
AFD (11% excess) are lower than the corresponding to LY-AFD which is due to the faster 
reaction of primary amine with respect to secondary amine. From the slope of the plots ln v
vs. Tpeak

-1, according to Arrhenius equation, the apparent activation energy of the curing 
reaction (Ea) was obtained and the results are given in Table1. A decrease of Ea is clearly 
detected of LY-AFD (11% excess) confirming that with amine excess the reaction goes faster.

The Tg values of samples cured during the first DSC scan are given in Table 1. The
networks having excess of AFD have lower Tg than the stoichiometric LY-AFD samples. The 
preferential reaction of primary amine leads to networks with higher molecular weight 
between crosslinks, which corresponds with lower degree of crosslinking, and lower Tg.
Regarding the effect of graphene on Tg the presence of GNPs has little influence on the Tg of 
the epoxy network for samples dynamically cured in the DSC.

3.2 Thermo-mechanical properties of DMTA of GNP/epoxy nanocomposites

DMTA curves (E´-temperature and tanδ-temperature for neat LY-AFD thermoset and for 
LY-AFD-GNPs nanocomposites at 1 Hz are given in Figures 2a and 2b.

50 100 150 200

5.0x108

1.0x109

1.5x109

2.0x109

2.5x109 LY-FD 4 % GNPM25

LY-AFD 6 % GnPn

LY-AFD 
LY-AFD 1 % GNPn

E'
 (P

a)

T(ºC)

Figure 2a: E´-temperature of   epoxy (LY-AFD) and epoxy/graphene nanocomposites

It can be see (Figure 2a) that in the glassy state (T < Tg) the nanocomposites have higher E´
than the neat epoxy thermoset. Table 2 collect E´ values for all the nanocomposites in the 
glassy and rubbery state (T < Tg). As it can be observed the addition of GNP increases the
storage modulus in the glassy (T < Tg) and rubbery (T > Tg) states with regard to neat epoxy 
thermoset. The increment is proportional to the graphene content and is more important in the 
rubbery state. Moreover GNPM25 is a more effective reinforcement than the GNPn as a 
consequence of its bigger size. The sample having AFD excess presents E´ rubbery lower 
than the stoichiometric (LY-AFD) which is due to its lower degree of crosslinking. The 
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opposite behavior is observed in the glassy state, because the stoichiometric network has all 
amine-epoxi bonds formed but is a less packed and more open network.

140 160 180 200
0.0

0.2

0.4

0.6

0.8

1.0

tan
δ

T( ºC)

 LY-AFD 6 % GNPPn
 LY-AFD 1 % GNPn
 LY-AFD 
 LY-AFD 4 % GNPM25

Figure 2b: E´-temperature of   epoxy (LY-AFD) and epoxy/graphene nanocomposites

Table 2: E´ modulus, temperature of tanδmax ,

of epoxy thermoset and GNP nanocomposites.

*Curing: 2,5h -120ºC+ 2h-150ºC

It is noteworthy that the tanδ - temperature curves (Figure2b) show a main peak around 
162ºC-170ºC and a shoulder at 12-15ºC below. This reflects that the epoxy matrix behaves 
mechanically as no homogeneous, that is, there are regions with high mobility that  relax at 
lower temperatures and rigid regions that relax at higher temperature. This behaviour is 
minimized in networks cured with excess of AFD, where the tanδ - temperature curves show a 
single peak.

Sample E´glassy 
(80ºC)
GPa

E´rubbery 
(220ºC)

MPa 

Ttanδmax
(ºC) 

LY-AFD 1.23 28 170

LY-AFD (1% GNPn) 1.41 29 167

LY-AFD (6% GNPn) 1.75 47 165

LY-AFD (4% GNPM25) 2.00 50 166

LY-AFD(11% excess)* 1.35 27 168

LY-AFD(11% excess)
+ 4% GNPn

1.54 33 162
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The temperature of tanδmax at 1 Hz (α-relaxation associated to the glass transition) for the 
neat epoxy thermoset and for the nanocomposites are included in Table 2. The Tg is taken as 
temperatura at which tanδ (1Hz) reaches a máximum and usually Tgs from tanδmax (1Hz) are 
higher than the Tgs from DSC.The nanocomposites (see Table 2) have lower temperature of 
tanδmax than neat epoxy thermoset, i.e., a less perfect epoxy networks are formed in presence 
of GNPs. 

3.3 Tensile properties of DMTA of GNP/epoxy nanocomposites
The tensile properties of nanocomposites were determined by tensile stress–strain 

measurements. Figure 3 shows the more representative stress–strain curves for epoxy 
thermosets and GNP nanocomposites. From the curves the values of tensile modulus E,
tensile strength (stress at break), strain at break and area under stress-strain curves which is a 
measure of the toughness were calculated. Tensile test results are given in Table 3. The tensile 
modulus of the nanocomposites is higher than that of the epoxy thermoset evidencing the 
reinforcing action of the GNPs. The tensile strength, deformation at break and toughness 
values hardly changes with low GNP content (1%). However tensile strength, deformation at 
break and toughness decrease for 4% and 6% of GNP nanocomposites. This suggests the 
presence of defects in these nanocomposites. 
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Figure 3: Stress–strain curves for epoxy (LY-AFD) and epoxy/graphene nanocomposites

Table 3: Stress-strain results for epoxy thermosets and GNP nanocomposites

Sample 
Young 

Modulus
(GPa)

Tensile 
strength 

(MPa)

Deformacion 
at break

(%)

Toughness 
(MJ/m3)

LY-AFD 2.76 ± 0.09 60± 4 2,8 ± 0.3 0.97
LY-AFD 1%GNPn 2.83 ± 0.07 56 ± 3 2.7 ± 0.2 0.93
LY-AFD 6%GNPn 3.32 ± 0.19 42 ± 2 1.8 ± 0.3 0.46
LY-AFD 4%GNPM25 3.21 ± 033 46 ± 4 2.1 ± 0.4 0.51
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3.4 Combined tensile tests-electrical conductivity GNP/epoxy nanocomposites

It is known that in nanocomposites the electrical conductivity shows a percolation threshold,
this means that at GNP contents lower than the percolation threshold, the composites are
insulator but their electrical conductivity increases abruptly at higher contents. The electrical 
percolation depends on the connectivity between nanoplatelets. Previous works [3] have
shown that for GNPM25-epoxy nanocomposites the percolation threshold is close to 3%. As 
GNPn has smaller dimensions, it is expected that its electrical percolation would be reached at 
higher GNPn content. In order to select a suitable composition to carry out the combined 
tensile stress-electrical conductivity tests, we have determined the conductivity of 
nanocomposites. Figure 4 shows the Intensity-Voltage dependence for six samples of LY-
AFD-6%GNPn. From the slopes of Intensity-Voltage lines and considering the sample 
geometry, a value of 10.4·10-5 S·m-1 was found, which is suitable for the combined tests.

Figure 4: Intensity vs.-voltage for LY-AFD-6%GNPn nanocomposites

In order to perform the combined tensile stress-electrical conductivity test of LY-XB-
6%GNPn nanocomposite, the specimens prepared for the tensile stress–strain test were painted 
around the perimeter with conductive silver paint at set intervals. Copper wire was then 
attached to the painting and covered with an adhesive thermoplastic, so efficient electrical 
contacts between the silver and the copper were produced. This set up creates five channels 
which allow the measurement of the electrical properties of the material at differentiated 
locations as can be seen in Figure 5 a. The tensile force-time curve of this set up was assayed 
at 5 mm/min while measuring simultaneously the two point electrical resistance at the 
different channels. The combined tensile force-electrical conductivity test for the LY-AFD-
6%GNPn specimen is shown in Figure 5 b. It can be seen the tensile force-time curve together 
the normalized resistance-time curves for the five different channels. 
As the strain builds up in the specimen the electrical resistance through the different channels 
increases as seen by the rise in normalized resistance of all the channels. When the stress 
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disappears, in this case due to the specimen breaking, the conductivity of the channels returns 
to basal values, but the channel where the break occurs (chanel 11 in Figure 5) shows no 
conductivity after the break. This experiment would indicate that addition of 6% of graphene
is not adequate as electrical sensor in the experimental conditions (high strain rate). 
Nevertheless this result suggest that reducing strain rate and/or GNPn content, GNPn could be 
used as electrical sensor.
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Figure 5: Combined tensile tests-electrical conductivity for LY-AFD-6%GNPn nanocomposite:
a)Specimen set up with five conductive channels before test, b) Force- time curve ( ̶ ) together with 
resistance-time curves (□) measured in five channels, c) specimen after break.

4 CONCLUSIONS
- Incorporation of GNP up to 6% does not significantly modify the curing reaction of 

LY-AFD, nor in the presence of an excess of 11% of AFD.
- A small catalytic effect of GNP on curing LY-AFD was detected and the curing rate 

in excees of AFD (11%) is faster than in the stoichiometric LY-XB mixture.
- The networks having excess of AFD have lower Tg than the stoichiometric LY-AFD 

samples due to their higher molecular weight between crosslinks.
- The nanocomposites present increased glassy and rubbery moduli with regard to neat 

epoxy thermoset. The increment is proportional to the graphene content and is more 
important in the rubbery state. 

- GNPM25 is a more effective reinforcement than the GNPn as a consequence of its 
bigger size.  

a c

b
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- The sample having AFD excess presents E´ rubbery lower than the stoichiometric 
(LY-AFD) due to its lower degree of crosslinking. The opposite behavior is observed 
in the glassy state, because is a more packed network.  

- Increasing GNP content increases the tensile modulus at room temperature. Tensile 
strength, strain at break and toughness decrease with the increase of GNP content 
suggesting the presence of defects. 

- The measured conductivity of LY-AFD-6%GNPn is 10.4·10-5 S·m-1 been suitable to 
carry out the combined tensile stress-electrical conductivity tests.  

- The combined tensile force-electrical conductivity test for the LY-AFD-6%GNPn
specimen suggests that reducing strain rate and/or GNPn content, GNPn could be used 
as electrical sensor. 
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Abstract

A computational study of the electromechanical response of nano-structure engineered two
port surface acoustic wave (SAW) delay lines on GaAs is presented. The influence on the
results of geometrical, material and mesh parameters is also discussed. Furthermore, preliminary
experimental results are provided to validate the numerical study. The device consists in two
interdigital transducers (IDTs) composed of 80 couples of electrodes, with a pitch pidt=8µm and
distant didt=1502µm. Fully coupled multiphysics finite element (FE) analyses are developed to
capture the SAWs propagation on GaAs along the [110] crystallography direction. In particular,
a microwave burst of SAWs propagating on GaAs is fully characterized including multiple transit
effects. These results are of major interest for understanding the dynamical behavior of complex
systems such as SAW based sensors or energy harvesting devices at the nano and microscale.

1 INTRODUCTION

Propagation of acoustic/elastic waves in structures is a fundamental problem with applications in
numerous fields: biology and medicine (cancer chips) [2], mechanics (strain sensors) [18], communi-
cations (filters) [3], phononic crystals (PCs) [12] and SAW sensors and resonators [1]. Many groups
are also studying these devices in their quantum limits [30]. Elastic metamaterials with inertial
locally resonant structures are proposed in [24] while applications for piezoelectric microstructures
and energy harvesting are investigated by [6]. Within this framework, the determination of the
acoustic band structure of periodic elastic composites is of primary interest [20]. Wave band gaps
in two dimensional piezoelectric PCs have been determined recently, see for example [21] and [22].
Moreover, the presence of interfaces may also affect the final band structure of materials [24]. In the
last years, several numerical techniques have been developed to analyze the response of PCs (see [19]
for a review) but only recently researchers started to focus on surface acoustic waves propagation
in phononic materials. Both experimental [5], [13] and numerical [11] studies are today available.
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The computational modeling is approached through finite difference, FE or plane wave expansion
(PWE) methods, see [10],[4] and [14]. FE analysis and experimental study of SAW propagation
through two-dimensional pillar-based surface PC is reported for example in [7] and [9], while the
P-Matrix method is used in [8].

In general, modeling of SAW devices can be accomplished via the impulse response, transmission
matrix or FE method [15]. Because of the small wavelength compared with the dimensions of the
whole SAW equipment, the FE discretization requires a huge number of elements, thus resulting in a
large system which is time consuming for real case studies. Modal analysis is often used to determine
eigenmodes and eigenfrequencies of the periodic SAW system during the design stage [5]. These
data are sufficient for devices working in stationary conditions. Unfortunately, dynamics plays a
crucial role in the global response of many apparatus, such as for microfluidic SAW applications
[29]. Few studies are available where wave propagation on the surface of a piezoelectric layer is
fully characterized. Moreover, the majority of these works take into account devices on Lithium
Niobate (LiNbO) where even few finger pairs are enough to generate a strong signal. Xu et al.
2001 [16] provided results in the time and frequency domains for a Y-Z LiNbO SAW filter where
the apparatus consists in a couple of transducers with 11 electrodes and a separation of 24 λ
(where λ is the wavelength). Mohibul et al. 2016 [17] simulated a SAW delay lines on X-Y LiNbO
substrate with 2 or 4 finger pairs and a distance of 2.4 λ. Therefore, reliable numerical predictions of
the time domain response for applications that require weaker piezoelectric substrate (like quartz
or GaAs) is of fundamental interest. For example, the pulse echo method [25] is a well known
technique to determine the wave velocities from pulse transit time measurements. Since the plane
wave velocities are related to the fundamental material constants, the procedure allows also the
estimation of elastic and piezoelectric coefficients with a good accuracy. It is clear that when
new composite multiphysic materials are developed in the laboratory, numerical simulations may
support a correct characterization of their response.

The final aim of this research is to propose an improved multi-functional device for applications
such as wave sensors, filters and resonators with higher accuracy [26] or for energy harvesting
vibrations in the MHz or GHz regime. In this paper, we present a preliminary computational study
of the electromechanical response of two port SAW delay lines on GaAs. The numerical model is
also founded on preliminary experimental work [1] and the device consists in two IDTs composed
of 80 couples of electrodes, with a pitch pidt=8µm and distant 1502 µm. Fully coupled multiphysics
FE analyses are developed to simulate a microwave burst of SAWs propagating on GaAs along the
[110] crystallography direction where the multiple transit effects are predicted with a good accuracy.
Moreover, in order to clarify a possible role in this experiment of a PC structure, numerical analyses
are performed to extract design parameters with the aim to achieve a final band structure in the
frequency range of interest. These results can led us towards a future study of interaction between
SAW and periodic structures such us the system in Figure 1. According to [26], we consider in
this work PCs in place of conventional metallic reflective gratings, mainly with the aim to reduce
the final size of the chips. Moreover, computational modeling of the PC structure presents several
advantages for future work concerning fabrication of improved lens for energy-transmission devices
[31] or waveguides [32].

2 PIEZOELECTRIC SOLID AND FE EQUATIONS

According to [25], the fundamental equations that describe elastic waves propagation in a piezo-
electric linear elastic solid are:

Tij,j(r, t) = ρ(r)
∂2ui(r, t)

∂t2
; Di,i = 0; i = 1..3; (1)

2
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where ρ is the density and ui, Tij , Di are the three displacements, stress tensor and electric
displacement components, respectively. Moreover, the constitutive equations read:

Tij(r, t) = cEijkl(r)uk,l(r, t) + ekij(r)φ,k(r, t); Di(r, t) = eikl(r)uk,l(r, t)− ǫSik(r)φ,k(r, t); (2)

where cEijkl, ekij, ǫ
S
ij are the rank 4 elastic tensor, the rank 3 piezoelectric tensor and the rank 2

dielectric tensor, respectively. Moreover, φ is the electric potential and r = (x1, x2, x3) is the
spatial vector. Maxwell equations and strain-displacement relations lead to:

Sij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
; Ei = −

∂φ

∂xi
; (3)

where Sij and Ei are the strain and electric field components, respectively. Substituting equa-
tions (2) into (1) gives a system of four coupled wave equations for the three components of the
displacement and the electric potential:

−ρ
∂2ui

∂t2
+ cEijkl

∂2uk
∂xj∂xl

+ ekij
∂2φ

∂xk∂xj
= 0; eikl

∂2uk
∂xi∂xl

− ǫSik
∂2φ

∂xi∂ xk
= 0; (4)

According to [15], the standard nodal FE discretization can be employed:

ui ≈ uhi =

nn∑
p=1

Npupi , (5)

φ ≈ φh =

nn∑
p=1

Npφp, (6)

where Np indicates the shape functions and nn denotes the number of nodes for each FE. Moreover,
upi and φp are nodal values. By applying the Galerkin method, the resulting discretized coupled
FE equations of motion for a given domain discretization are:

[
Muu 0
0 0

](
üd

φ̈

)
+

[
Kuu Kuφ

Kφu −Kφφ

](
ud

φ

)
=

(
fu
fφ

)
(7)

where ud and φ are the nodal displacement vector and the electric potential vector, respectively.
The upper dots indicate the time-derivative. The matrices Muu, Kuu are the structural mass and
the stiffness matrices, respectively. The matrices Kuφ and Kφu are the stiffness matrices due to
piezoelectric mechanical coupling. The matrix Kφφ is the stiffness matrix resulting from electrical
fields. The vectors fu and fφ are the force vectors due to mechanical and electrical contributions.

2.1 MODELING PHONONIC CRYSTAL BAND STRUCTURE

According to [14] and [19], due to the spatial periodicity of the PC, see Figure 2, it results:

ρ(r) = ρ(r+ a); cEijkl(r) = cEijkl(r+ a); ekij(r) = ekij(r+ a) (8)

where a is a vector indicating the spatial repetition of the basic cell. Consequently, the elastic and
electric quantities relative to an eigenmode have the form:

ui(r, t) = ūi(r)e
ι(ωt−k·r); φi(r, t) = φ̄i(r)e

ι(ωt−k·r); (9)

3
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where ω is an angular frequency, k is the Bloch-Floquet wave vector and φ̄i(r), ūi(r) are periodic
functions. Moreover, ι is the imaginary unit. According to the Bloch-Floquet theorem, all fields
present a periodicity and consequently the full band structure of a phononic structure is obtained
solving the following eigenfrequency problem for just a unit cell:

(
Kuu − ω2Muu Kuφ

Kφu −Kφφ

)(
ud

φ

)
=

(
0
0

)
. (10)

In particular the problem is limited to the first Brillouin zone being the angular frequency a
periodical function of the wave vector. In practise all the degrees of freedom on two opposite
boundaries, namely A and B of the unit cell, are linked with the following equation:

(
uiB
φB

)
=

(
uiA
φA

)
e−ι(kxrL); r = 1...2 (11)

with kx1
and kx2

components of the Bloch wave vector in the x1 and x2 directions and L the unit
cell side dimension. Finally, kxr

varies in the range between 0 to π/L.

2.2 MODELING SAW RESPONSE

Material, mechanical and electrical friction effects generate a damping in the propagating wave.
These phenomena are mathematically modeled by adding a velocity–proportional damping term
that, within the FE approximation, results in a damping matrix Cuu. According to the classical
Rayleigh damping approach, it is considered:

Cuu = αMuu + βKuu (12)

where α and β are constant multipliers for the mass and stiffness matrix respectively. They are
determined by assuming a constant damping ratio ξ. The class of Newmark schemes is used for the
time discretization [32]. Depending on the choice of the integration parameters βh and γh, explicit
or implicit algorithms are possible. An implicit approach is used in this study. In particular,
according to [16], if τ is the time-step counter and a linear interpolation between time steps τ and
τ + 1 [28] is considered for, both, displacement and velocity, then:

uτ+1 = uτ +∆tu̇τ +
∆t2

2

(
(1− 2βh)üτ + 2βhüτ+1

)
, (13a)

u̇τ+1 = u̇τ +∆t
(
(1− γh)üτ + γhüτ +1

)
, (13b)

where ∆t is the time-step. Substituting Equations 13 in Equation 7 at time τ + 1, after including
the damping contribution, the following recurrence relations are obtained:

(Muu + γh∆tCuu + βh∆t2Kuu)üτ+1 = fu,τ+1,

−Kuφφφφτ+1
−Cuu(u̇τ + (1− γh)∆tüτ ),

−Kuu(uτ +∆tu̇τ +∆t2/2(1− 2βh)üτ ),

(14)

and
−Kφφφφφτ+1

= fφ,τ+1 −Kφuuτ+1. (15)

In the previous equations, the subscript d of the nodal displacement vector is omitted for synthesis
of notation.

4
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2.2.1 COURANT-FRIEDRICHS-LEWY CONDITION AND MESHING

The spatial extension of the elements and the time step are closely connected by the Courant-
Friedrichs-Lewy (CFL) condition [27]. In a two dimensional time–dependent FE algorithm with a
time step ∆t and minimum element dimensions ∆x1 and ∆x2, it is possible to introduce a numeric
velocity v

vx1
=

∆x1
∆t

; vx2
=

∆x2
∆t

. (16)

The CFL condition states that for a wave propagating in a discrete lattice at a velocity c, the
following condition must be fullfilled:

C =
cx1

vx1

+
cx2

vx2

< 1, (17)

where C is called CFL number. In order to grasp the detailed dynamics of the SAWs propagation,
the dimension of the mesh is fixed to a small fraction of the wavelength λ. Using a square mesh,
with ∆x1 = ∆x2 =

λ
N

where N is the number of IDTs, the time step is determined as:

∆t =
C

N

λ

cx1
+ cx2

(18)

Since the simulation concerns SAWs propagation, we take cx2
= 0, so that

∆t =
C

N

1

f0
(19)

where f0 is the first eigenfrequency of the SAW unit cell. In particular, since the IDTs are pe-
riodic, f0 is obtained performing a modal analysis of a small portion of the SAW device with a
length corresponding to the wavelength λ and forcing suitable periodic boundary conditions and
deformations in the FE model.

3 EXPERIMENTAL WORK

SAWs are generated in the piezoelectric GaAs layer using IDTs where each finger is connected
to an electric terminal. Width and spacing of the fingers are determined to achieve a center
eigenfrequency of IDTs equal to 360 MHz. Each finger is 2µm wide and 500µm long. The devices
are fabricated by optical lithography. The substrate is a 2 inches GaAs wafer with 350µm thickness.
The crystallographic direction is [110]. Once the fabrication is completed, the devices are connected
to a printed circuit board (PCB) for radio frequency measurements. The sample is electrically
bonded to the PCB with 25µm aluminum wires. The experimental setup is illustrated in Figure
3 and consists in a laptop connected to a signal generator and a spectrum analyzer, a PCB, the
program Labview that spans the frequency range of interest and an oscilloscope.

4 RESULTS

4.1 BAND GAP

The first step of the analysis is the design of a PC with an optimized band gap around 360MHz.
This frequency corresponds at the center value of the experimental device bandwidth. This result
is achieved considering two different periodic structures obtained combining a soft matrix with a
stiff inclusion. The first case consists in square periodic structures where the unit cell presents an

5
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inner silicon core immersed in an epoxy matrix. The second case instead assumes that the PC is
obtained using the same GaAs wafer employed to fabricate the SAW devices. Now GaAs represents
the stiff inclusion while the matrix is substituted by the voids. However, the effect of the holes
is modeled assuming a very soft matrix. Material properties are provided in Table 1. Combining

Table 1: Material properties of the unit cell.

Material Elastic Modulus (GPa) Poisson ratio Density (kg/m3)

Silicon 160 0.27 2331
Epoxy 12 0.3 1180
GaAs 85.5 0.31 5320
Soft Matrix 2 0.3 1000

Comsol Software capabilities with a Matlab script, it is possible to solve Equation 10 spanning
the full Brillouin zone, see Figure 2. The resulting final band structures of the PC are provided
in Figure 4. For a silicon or GaAs based unit cell, L is equal respectively to 5.5µm and 2.0µm.
Two different values of the filling factor η are considered for each configuration. It is clear that the
desired values for the bandgap amplitude can be achieved by increasing the unit cell filling factor.
Moreover it is noticed that the resulting geometrical configurations for the PCs are compatible with
electron beam lithography manufacturing constraints.

4.2 SAW BURST

The SAW delay lines are made of a piezoelectric GaAs layer. There are two interdigital transducers
on the opposite sides of the device: the first is the transmitter and the second is the receiver. A
scheme of the position and shape of IDTs is provided in Figure 1. According to the experimental
setup, the number N of IDT pairs used is 80. The distance didt between the input and output
transducer is fix and equal to 1502µm. The distance between each pair of IDTs is half of the
wavelength λ. Two possible situations are analyzed in detail. In the first case, we included wave
absorbers in the model to simulate the spatial extension of the SAW delay lines in the longitudinal
direction. This case study corresponds to the experimental one. In the second configuration, we
assume that the propagating waves are fully confined in a cavity which length equals 351 λ, i.e. we
inserted in the model reflective surfaces that simulate the existence of a barrier such as in presence
of a PCs slab. In practise, there is no dispersion of the energy that is localized in a very small
area where for example energy harvesters could be located. Dissipation is due to only very small
mechanical and electrical damping factors. Material properties used in the analysis are provided in
the Appendix where the constitutive tensor employed in the FE simulations is obtained performing
the Rayleigh product between the fourth order constitutive tensor in the original coordinate system
and the rotation tensor. This reference system change is necessary to solve the wave propagation
problem only with a 2D model where the FE equations are solved referring to the crystallography
direction [110]. It is noticed here that a fine mesh is used and simulation of a single burst for a time
of 4000 ns requires around 1 week on a personal computer. The final goal of the transient dynamic
simulation presented is to investigate wave propagation on the surface of a SAW delay line as well as
to predict the output voltage measured by the terminal IDTs. First of all, we characterize the effect
of damping on the signal amplitude. Figure 5 shows the results for ξ1 equal to 0.1% and ξ2 equal
to 0.001%. Finally, in Figure 6, a comparison between the experimental output voltage curve (for
a device with 80 IDTs) and the numerical prediction is provided. It is evident that the FE model
predicts correctly the wave speed propagation in the piezoelectric layer and capture qualitatively
the multiple transit effects due to partial reflections of the waves with the IDTs. However, it is

6
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noticed a delay in the post peak response between the experimental and numerical curve, which is
probably due to three dimensional effects that the 2D simulation can not reproduce. The effects of
SAWs propagation in a cavity are depicted in Figure 7, which clarifies the possible confinement of
the energy within phononic crystal barriers (in fact, the voltage is less than 3 mV in Figure 6 after
5∗10−6 seconds while in Figure 7 we obtain values around 2–3 times higher after 7∗10−6 seconds).

5 CONCLUSIONS

Simulation with high accuracy of wave propagation on piezoelectric materials and in presence of PCs
is a challenging problem with several engineering, medical and physical applications. In this paper
we assessed the electromechanical response of SAWs propagating on a GaAs piezoelectric film using
a simple IDTs configuration. The problem has been approached numerically and experimentally.
Preliminary results have demonstrated that wave speeds and multiple transit effects are catched
with high fidelity. This result combined with pulse echo techniques is fundamental to gain insight
into physical properties of new engineered multi-functional composite materials. An important
application of this study is the possibility to simulate and develop a new class of high sensitive
SAW sensors. Future work will concern the characterization of the power capacity of nanowires or
nanowalls structures grown directly on the piezoelectric layer where MHz or GHz vibrations can be
scavenged. In fact, based on our numerical simulations, a relevant increase of energy confinement
is assessed for a traveling SAW in a cavity.

6 APPENDIX

Since GaAs presents a cubic lattice, the elastic, piezoelectric and dielectric tensors according to
Voigt notation read:

cij =




c11 c12 c12 0 0 0
c12 c11 c12 0 0 0
c12 c12 c11 0 0 0
0 0 0 c44 0 0
0 0 0 0 c44 0
0 0 0 0 0 c44




, (20)

eij =




0 0 0 e14 0 0
0 0 0 0 e14 0
0 0 0 0 0 e14


 , ǫij =




ǫ11 0 0
0 ǫ11 0
0 0 ǫ11


 . (21)

In order to study the dynamics on the surface perpendicular to (0,0,1), a new frame of reference
with origin O′ is introduced such that:

x =




x
y
z


 =




√
2
2 −

√
2
2 0

√
2
2

√
2
2 0

0 0 1







x′

y′

z′


 = Rx′ (22)

Consequently, the new form of the material tensors in this frame of reference are:

c′ijkl = R−1
imR−1

nj cmnpqRpkRql; e′kij = R−1
imR−1

nj elmnRlk (23)

or in explicit form:
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Abstract. This paper focuses on the contribution of the Finite Element Method (FEM) to
the design of a complete Surface Acoustic Wave (SAW) sensor. In SAW sensor design, FEM is
especially used to compute the effect of the quantity we would like to measure (called measurand)
on the SAW velocity.

As the wave propagation time is much lower than the typical time constant of the phenomenon
we would like to observe, it is possible to conduct this simulation in three steps.

In a first step, a FEM study of the whole sensor (including the housing) is carried out in
order to compute the temperature, stress and strain fields generated in the sensor’s sensitive
area by the measurand.

In a second step, a dynamic electro-mechanical study of the device including the InterDigital
Transducer (IDT) used to generate and pick up the waves, is performed. This simulation takes
into account the precomputed stress, strain and temperature fields. It is therefore possible to
compute the sensor’s sensitivity to the measurand. This model takes advantage of the periodicity
of the IDT structure to compute phenomenological parameters, namely Coupling Of Mode
(COM) parameters, which can later on be used to calculate the electrical response of the sensor
(step 3).

The two first steps of this process are illustrated using a sensor based on a 2.45 GHz Lithium
Niobate (LiNbO3) delay line developed at CTR.

1 INTRODUCTION

Surface acoustic wave (SAW) devices use interdigital transducers (IDT, comb shaped elec-
trodes) to generate waves at the surface of a piezoelectric substrate. The velocity of the generated
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waves changes with the surface state (stress and strain, mass deposition or temperature), which
makes it possible to use these devices as sensors by arranging the IDTs in delay lines or resonator
structures. Due to their simplicity, it is possible to build robust SAW sensors. In addition, their
passiveness and capability to be interrogated wirelessly make them good candidates for harsh
environment sensing applications. They are therefore of potential interest for structural health
monitoring [1].

An accurate finite element simulation of such devices is of interest when it comes to reducing
their development time and improving their sensitivity. However, due to the high aspect ratio of
the device (the whole sensor is usually in the millimeter range while a single finger of an IDT is in
the micrometer range), the simulation of a whole device using the finite element method (FEM)
would be too time consuming. That is why the simulation of a whole SAW sensor should be
carried out in three steps which is made possible because the effect to measure is slow compared
to the wave propagation phenomenon. In a first step, the effect of the measurand (in terms of
temperature, strain and stress fields) is computed along the propagative path of the sensor. It
is possible here to take the influence of the sensor housing into account. In a second step, the
so-called coupling of mode (COM) parameters are extracted from the simulation of a simplified
infinite grating of electrodes [2, 3]. These phenomenological parameters are computed for all
the surface states present in the acoustic path (i.e. IDT, reflector gratings, free surface...). They
can already be used to compute the sensitivity of the sensor with respect to temperature, strain
and stress. Finally, in a third step, the frequency response of the whole device can be computed
using the obtained sets of COM parameters and the device geometry (position and number of
electrodes, aperture...). A complete description of this method can be found in [1].

8mm

6m
m

Static simulation of the whole 
sensor:

 Extraction of the stress and strain 
fields along the acoustic propagation 
path

0

0

T0

acoustic path

Step 1

COM 
parameters 
f( 0, 0,T0)

Dynamic simulation of an 
infinite periodic grating: 
- Initial stress and strain fields
- Temperature 

Step 2

 Computation of the COM 
parameters with respect to 
stress,strain and temperature 
fields

Simulation of the electrical response 
of the delay line including sensitivity 
to measurand

acoustic path

Step 3

 Computation of the frequency 
response of the sensor

Figure 1: Illustration of the simulation process applied to a CTR pressure sensor

This paper focuses on the two first steps since they are sufficient to compute the sensor’s
sensitivity. They are illustrated in this paper using a CTR sensor as an example. This sensor
is aimed at detecting changes in intra-cranial pressure. It is made of a thin membrane which
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is deformed under pressure. This deformation generates stress and strain fields that affect the
wave velocity. The sensitivity of the sensor to pressure and temperature has been computed. It
is compared to experimental results, at the end of section 4. In our case, the computation of the
”free surface” wave velocity is sufficient to calculate the sensor’s sensitivity. However, the whole
set of COM parameters have been computed to illustrate the general computation procedure,
as described above.

2 COUPLING OF MODE THEORY (A SUMMARY)

The COM model makes it possible to simulate SAW devices in an efficient way. Nevertheless,
the accuracy of the model depends on its parameters (the so-called COM parameters). COM
parameters can be determined experimentally. It is, however, a tedious procedure. For this
reason, it is advantageous to extract them from a numerical model.

The determination of the COM parameters results from an analysis of the behavior of waves
propagating in an infinite grating. The main parameters of such a grating are illustrated in
figure 2 (p is the pitch, W is the aperture, h and a are respectively the electrode thickness and
width).

p = /2
piezoelectric substrate

(LiNbO3)

IDT (Al)

W
u+ u++ u+

u-u-- u-

i V

a
h

W

x

Figure 2: Schematic of an IDT (left) and model used to extract COM parameters (right).

The COM theory considers two mechanical waves u+ and u− propagating respectively in the
positive and negative directions. When traveling through the grating, these waves can reflect
and contribute to the propagation in the opposite directions. The COM model considers only
the reflection of the first harmonic. It also assumes that the amplitudes may decrease due to
attenuation and that there is a linear transduction coefficient due to piezoelectricity. This leads
to the following equations [2, 3]:

du(x)+
dx

= −j(
ω

vSAW
− jγ)u+(x)− jκ12u−(x)e

−j2πx/p + jζV e−jπx/p (1)

du(x)−
dx

= jκ̄12u+(x)e
j2πx/p + j(

ω

vSAW
− jγ)u−(x)− jζ̄V ejπx/p (2)

dI(x)

dx
= −2jζ̄u+(x)e

jπx/p − 2jζu−(x)e
−jπx/p + jωCV (3)

Where vSAW (m/s) is the SAW velocity , γ(m−1) is the attenuation , κ12 (%/m) is the reflection
coefficient, ζ (Ω−1/2) is the transduction coefficient and C (F/period) is the capacitance.
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Assuming that the waves are 2p-periodic:

u+(x) = R(x)e−jπx/p (4)

u−(x) = S(x)ejπx/p (5)

This yields, after substitution in equations (1-3), the COM equation :



dR(x)
dx

dS(x)
dx

dI(x)
dx




=



−jθu −jκ12 jζ
jκ̄12 jθu −jζ̄
−2jζ̄ −2jζ jωC





R(x)
S(x)
V (x)


 (6)

In this matrix, θu = ω
vSAW

− π
p − jγ (rad/m) is the detuning factor. The behavior of the

system can be fully described using the five COM parameters (vSAW , κ12, ζ, C, γ). These
parameters are determined from the simulation of an infinite periodic grating, using different
electrical boundary conditions, as described in details in [2, 3].

2.1 Short circuit behavior

When considering no attenuation (γ = 0), the equations system (6) under short-circuit (SC)
conditions (i.e. V = 0) corresponds to an homogeneous system. The grating behaves like if there
are no electric field and transduction (ζ = 0) :

{
dR(x)
dx

dS(x)
dx

}
=

[
−jθu −jκ12
jκ̄12 jθu

]{
R(x)
S(x)

}
(7)

We look for solutions of the form:

{
R(x)
S(x)

}
=

{
R0

S0

}
ejqx (8)

Substituting the solution in (7), we get this system :
[
−jθu − jq −jκ12

jκ̄12 jθu − jq

]{
R0

S0

}
=

{
0
}

(9)

Which has non-zero solutions only if the matrix determinant is zero:

θu
2 − q2 − |κ12|2 = 0 (10)

The general solutions are:
{
RSC(x)
SSC(x)

}
= A

{
1

jq−θu
κ12

}
e−jqx +B

{ jq−θu
¯κ12

1

}
ejqx (11)

Where A and B are constants determined by the boundary conditions and q is the wave number
of the existing mode, given by:

q =



±
√
θu

2 − |κ12|2 if θu
2 > |κ12|2

±j
√
|κ12|2 − θu

2 if θu
2 < |κ12|2

(12)

4

1424



H. Chambon, P. Nicolay, G. Bruckner and A. Benjeddou

Substituting the detuning factor (θu) in the dispersion relation (12) we find a quadratic polyno-
mial equation in terms of frequency. The two solutions of this polynom are the two frequencies
that define the stop band edges of the dispersion relation for the short circuit condition:

f±
SC =

vSAW

λ
(1± λ|κ12|

2π
) (13)

The average of these two frequencies and their difference give the SAW velocity and the reflection
coefficient:

vSAW = λ
f+
SC + f−

SC

2
and |κ12| =

π

vSAW
(f+

SC − f−
SC) (14)

2.2 Open grating behavior

In open grating (OG) condition, the current is zero. Thus, the third line in (6) gives an
expression of the voltage [2, 3]:

V =
2

Cω
(ζ̄R(x) + ζS(x)) (15)

Substituting this in the first two lines of equation (6) yields:

{
dR(x)
dx

dS(x)
dx

}
=

[
−j(θu − 2|ζ|2

Cω ) −j(κ12 − 2ζ2

Cω )

j(κ̄12 − 2ζ̄2

Cω ) j(θu − 2|ζ|2
Cω )

]{
R(x)
S(x)

}
(16)

A non-trivial solution exists if the matrix determinant is zero:

(
2πf

vSAW
− π

p
− 2|ζ|2

Cω
)2 − |κ12 −

2ζ

Cω
|2 = 0 (17)

This gives the two following solutions :

f±
OG =

vSAW

2π
(
π

p
+

2|ζ|2

Cω
± |κ12 −

2ζ2

Cω
|) (18)

These two frequencies define the stop band edges in open grating condition. In addition, we can
assume that the coupling and transduction coefficients are real [2]. Then, subtracting the two
stop band frequencies for the open grating condition yields:

f+
OG + f−

OG =
vSAW

π
(
π

p
+

2|ζ|2

Cω
) (19)

Therefore, from the latter and the first of (14), we get the relation between ζ and C:

2|ζ|2

πCω
=

(f+
OG + f−

OG)− (f+
SC + f−

SC)

vSAW
(20)

We need another relation between ζ and C to determine them. This can be obtained from the
harmonic admittance of the IDT.
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2.3 Harmonic admittance

To determine the harmonic admittance in the case of no attenuation (γ = 0), we apply a
harmonic driving voltage [2, 3]. Since the potential on the electrode fingers does not depend on
the position x, a particular solution of the mechanical equations (first two lines) in (6) has the
form: {

R̃(x)

S̃(x)

}
=

{
A+

A−

}
V (21)

Substituting this in the first two lines of (6) provides:

dA+V

dx
= −jθuA+V − jκ12A−V + jζV (22)

dA−V

dx
= jκ̄12A+V + jθuA−V − jζ̄V (23)

Since dV
dx = 0 and after simplification by V we get:

[
−jθu −jκ12
jκ̄12 jθu

]{
A+

A−

}
=

{
−jζ
jζ̄

}
(24)

Inverting this system, yields
{
A+ A−

}
. Thus, the solutions (21) become:

{
R̃(x)

S̃(x)

}
=

1

θu
2 − |κ12|2

{
θuζ − κ12ζ̄
θuζ̄ − κ̄12ζ

}
V (25)

Substituting further this solution in the third line of (6) yields the harmonic admittance:

Y (f) =
dI/dx

V
= −2j

2θu|ζ|2 − 2Re(κ̄12ζ
2)

θ2u − |κ12|2
+ j2πfC (26)

This harmonic admittance shows a resonance and an anti-resonance at two different frequencies.
After substituting the already known COM parameters (vSAW , κ12, ζ(C)), it becomes possible
to extract the capacitance (C) by fitting the simulated harmonic admittance using equation
(26).

3 FEM SIMULATION OF AN INFINITE PERIODIC GRATING ON LiNbO3

Simulation of the infinite periodic grating can be done using COMSOL MultiphysicsR© [4].
The model is implemented in 3D. From this model, COM parameters can be extracted using
specific boundary conditions reproducing the three configurations (short circuit, open grating,
harmonic admittance), described in the previous section.

3.1 Geometry

It is possible to reduce the model geometry to a pair of fingers, using periodic boundary con-
ditions on potential and displacement. In addition, as the aperture of the device is considered
infinite, it can be (in the model) reduced to a fraction of the wavelength by using periodic bound-
ary conditions. The substrate thickness is also reduced to a few wavelengths, using a perfectly
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matched layer (PML) placed at the bottom of the substrate [5]. This PML avoids reflections of
acoustics modes at the bottom of the substrate. An air layer is also taken into account above
the substrate. Nevertheless, LiNbO3 has a high permittivity. Thus, air is expected to have a
relatively weak influence on the results. The resulting model is often called ”unit cell model”.
It is shown in figure 3.

x

y
z

FEM model

air

LiNbO3

PML

Figure 3: Comsol FEM model of an infinite periodic grating

3.2 Physics and boundary conditions

As the electrodes have a high conductivity compared to the piezoelectric substrate or air layer,
their conductivity is assumed to be infinite. Consequently, electrodes are not simulated from
an electrostatic point of view. Also, the air layer is supposed to have no stiffness or mass. As
a result, the mechanical equation is not solved in the air layer. The electromechanical behavior
of the piezoelectric material is described by the following equations that couple the stress σ and
the strain S to the electrical field E and to the electric displacement field D:

σij = cEijklSkl − ekijEk i, j, k, l = 1, 2, 3

Di = eiklSkl + εSikEk
(27)

Where cE is the short circuit stiffness matrix, e is the stress piezoelectric matrix, and ε is the
blocked permittivity matrix. The constants used in this study are presented in [6]. In addition,
assuming small displacements, the strains are Skl =

1
2(uk,l + ul,k), and Ek = −V,k. Thus the

mechanical and electrostatic equations are (in absence of body and surface charges and body
force):

ρüj = σij,i or ρüj = cEijkluk,li + ekijV,ki (28)

0 = Di,i 0 = eikluk,li − εSikV,ki (29)

The boundary conditions used for the electrostatic and mechanical equations are detailed in
Table 1.

The model is also able to compute the COM parameters for an initially pre-stressed structure.
Under the assumption that the displacement causing the waves is small compared to the initial
displacement responsible for the pre-stress field (σ0), the mechanical equation becomes [7]:

ρüj = cEijkluk,li + ekijV,ki + σ0
ikuj,ki j = 1, 2, 3 (30)

7
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Table 1: Electrostatic and Mechanical boundary conditions

Electrostatic
Boundary Short circuit Open grating Harmonic admittance Mechanical

Γleft,Γright VΓleft
= VΓright

uiΓleft
= uiΓright

Γfront,Γback VΓfront
= VΓback

uiΓfront
= uiΓback

Γair free N.A.
Γbottom V = 0 ui = 0
ΓelectrodeR V = 0

∫
Di.ni dS = 0 V = cos(ωt) σij .ni = 0

ΓelectrodeL V = 0
∫
Di.ni dS = 0 V = 0 σij .ni = 0

In addition, to consider the effect of the initial strain on the material stiffness and density, the
stiffness tensor and the density must be modified according to their respective sensitivity to the
applied strain [8].

3.3 Material data

The effect of initial strain on the stiffness constants is described as follows (linear dependency):

c̃Epq = cEpq + cpqrSr i, p, q, r = 1, ..., 6 (31)

The constants cijk are called third-order stiffness coefficients. They are determined experimen-
tally [9]. They are generally presented in a 6×6×6 matrix. However, due to crystal symmetries,
only a few coefficients are needed to depict the entire matrix. In the case of LiNbO3, 14 co-
efficients are sufficient. Besides, the strain field affects the density. The change in density is
directly proportional to the change in volume:

∆ρ =
ρ−ρ0
ρ0

= −V − V0

V
≈ −(Sxx + Syy + Szz) (32)

The effect of temperature is easier to consider since it only affects material parameters.
Assuming that the material properties are linearly dependent on the temperature variation
(∆T ), we get:

[c̃Epq] = cEpq(1 + TC(cEpq)×∆T ) (33)

[ẽip] = eip(1 + TC(eip)×∆T ) (34)

[ε̃Sij ] = εSij(1 + TC(εSij)×∆T ) (35)

The temperature dependent coefficients (TC) are determined experimentally and are well known
for LiNbO3 [10].

3.4 Mesh

The structure is meshed using prismatic elements with a quadratic interpolation. The mesh
has been refined close to the electrode edges to better consider the singularity in charge that
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occurs there. In addition, the elements become coarser along the depth of the substrate to
follow the attenuation of the Rayleigh wave. An example of the mesh used for this study can
be seen in figure 4. This particular mesh has 2095 elements and 34602 nodes. The mesh has
been refined iteratively, thus increasing the number of degrees of freedom (nDOF) to ensure a
proper convergence of the solution. The convergence is monitored taking the COM parameters
as figures of merit (see figure 4).
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Figure 4: Example of mesh with 2095 elements and 34602 DOF (left), variation of the COM parameters
according to the nDOF (right).

4 RESULTS

The methodology described above has been tested on a sensor that is currently in development
at CTR (see figure 1). This implantable device can detect very low pressure variation in the
liquid surrounding the brain. It can also sense temperature. It is made of a thin LiNbO3 circular
membrane deposited on a silicon substrate. The acoustic track (the path where the acoustic
waves travel) is oriented along the crystallographic Z axis. The sensitivity of the sensor to
pressure and temperature can be computed and compared to the experimental results.

4.1 Simulation of the sensor’s sensitivity to pressure

To determine the sensor’s sensitivity to pressure only, the simulation is carried out at the
reference temperature T0 (in our case, T0 = 20◦C). When the membrane is deformed under
pressure, the generated strain and stress fields affect the wave propagation. As a first step, the
whole sensor is simulated in static state, without considering the acoustic phenomena. Taking
advantage of symmetries in material, geometry and load, only one forth of the sensor is modeled.
The boundary conditions are illustrated in figure 5.

From this simulation, the stress and strain fields are extracted along the acoustic path. The
acoustic path is divided into two sections designed to optimize the sensor sensitivity (see figure
5). Since we consider only a linear effect of the perturbation field on the material properties, only
the average values over the section lengths of the fields are taken as inputs for the computation
of the COM parameters. We summarize in Table 2 the obtained COM parameters, for the two
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Pressure

Symmetry

Fixed displacement 

xz
x

y

section 1

section 2

Figure 5: Model for the static simulation of the entire sensor (left). Representation of the Von Mises
stress (MPa) over the structure for a 3000Pa applied pressure (right).

sections, when a 3000Pa pressure is applied on the membrane. For comparison purposes, we
also computed the initial state, where no pressure is applied.

Table 2: COM parameters in initial state and under 3000Pa load. The initial state values are identical
for section 1 and 2.

Normalized Initial state Section 1 Section 2
parameter unloaded loaded loaded Unit

vSAW 3432.907 3432.435 3432.230 m/s
κp(= λκ12) 3.271 3.227 3.226 %

ζn(= ζλ3/2/W 1/2) 53.713 53.625 53.528 10−5 × Ω−1/2

Cn(= Cλ/W ) 40.959 41.031 41.109 10−11 × F/µm/period

As mentioned in introduction, the sensitivity (the change in phase due to the load) is com-
puted from the velocity by using the equation:

φload = φ0(1 + S − v − v0
v0

) (36)

Where φ0 and v0 are the initial phase and SAW velocity in the section (when no load is applied),
S and v are respectively the deformation in the propagation direction and velocity in the loaded
section. The sensitivity is compared to the experimental results (see figure 6, left).

4.2 Simulation of sensor’s sensitivity to temperature only

The sensitivity to temperature is computed without any pressure applied. As the sensor is
made of two different materials, strain and stress fields are generated when the sensor is heated
up (bimorph effect). This affects the wave propagation conditions, in addition to the pure
temperature effect itself. A static thermomechanical study can be carried out to determine the
initial stress and strain fields due to the bimorph effect, using the same model as previously.
The resulting fields are significant. They have the same magnitude as the one computed when
applying pressure only (see figure 7).

Then the acoustic behavior can be computed using the unit cell model. The COM parameters
were extracted for a temperature T1 = 30◦C. The parameters are given in Table 3 and compared
to the COM parameters of a reference pure LiNbO3 at the same temperature (T1).
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Figure 6: Comparison of the experimental and simulated sensitivities to pressure (left) and temperature
(right)
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Figure 7: Stress in the principal directions over the acoustic path generated by a 10◦C increase en
temperature (σzz = 0).

Table 3: COM parameters for a 10◦C increase in temperature.

Normalized Initial state Section 1 Section 2 Pure LiNbO3

parameter at T0 at T1 at T1 at T1 Unit

vSAW 3432.907 3429.736 3429.765 3429.467 m/s
κp(= λκ12) 3.271 3.2189 3.2189 3.218 %

ζn(= ζλ3/2/W 1/2) 53.713 53.762 53.767 53.638 10−5 × Ω−1/2

Cn(= Cλ/W ) 40.959 41.196 41.191 41.294 10−11 × F/µm/period

These parameters (Tables 2 and 3) enable to compute the sensor’s sensitivity to pressure and
temperature taking the bimorph effect (thermal stress) into account. First of all, we can see that
the pressure sensitivity is in almost perfect agreement with the experimental data. Concerning
the temperature, the results demonstrate that taking the thermal stress into account improves
the accuracy of the simulation. However, there is still a small discrepancy between computed and
experimental data which could be explained by the unknown pre-stressed state of the membrane
due to manufacturing process or to the inaccuracy of the third order material coefficients. It
would also be interesting to study the effect of the certainly occurring buckling of the membrane
when the temperature increases.
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5 CONCLUSION

This paper reports on an efficient and accurate method to model SAW sensors using a finite
element software. The method is demonstrated on a sensor sensitive to both pressure and
temperature. The results obtained are compared to experimental measurements. They are
accurate enough to enable further improvement of the sensor’s design.
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Abstract. The paper gives a review on SAW (Surface Acoustic Wave) sensing applications 
and on the underlying sensing principles with the focus on reflective delay lines. SAW 
devices are used to detect physical quantities like temperature, pressure and strain and applied 
as RFID-tags (Radio Frequency IDentification), especially in harsh environments. We 
describe various wireless temperature sensors with and without ID functionality designed for 
different applications in steel industry like CMC (continuous mould casting), refractory slide 
gates and tagging of slag vessels as well as for the long range temperature reading of power 
lines. We also give an example for pressure measurements based on a membrane sensor 
design. 

 
1 INTRODUCTION 

SAW devices are for long known for their sensing capability [1]. The devices are made of 
piezoelectric substrates that allow surface acoustic waves to propagate along the surface. As 
described in [2], [3] the devices are connected to an antenna and interrogated by a reader 
system which works on a radar like principle. The devices are completely passive, they derive 
their required energy from the electromagnetic request signal and hence no power supply or 
batteries are needed for the operation on the sensor side. As the lifetime of the sensors is long 
and no maintenance is required they can be implanted into various materials provided the 
antenna is not shorted or shielded by metallic surroundings.  

While the SAW devices themselves are multipurpose devices that can measure several 
physical quantities like temperature, pressure, strain and be used as ID-tags, each application 
has its own boundary conditions and must be considered independently. Some important 
factors that influence the performance of the system are the operation temperature, the reading 
range and the close surroundings of the sensor, which can affect the performance of the 
antenna or shield the RF-link.  

Any application requires the selection of crystals applied as SAW substrate as well as the 
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choice of metal for the electrodes and the selection of the package. Further, the decision on 
the sensing principle must be made: both resonators and delay lines have their advantages and 
disadvantages depending on factors like measured value, sensor size, reading distance and 
sampling rate, operating temperature range, required accuracy and costs. The radio link, the 
allowed size of the antenna, the desired multi sensor reading and moving parts also have a 
strong impact on the device and system design. Examples in this paper are based on reflective 
delay lines as they provide high flexibility for multi sensor designs. 

2 TEMPERATURE SENSING  
When a SAW device is exposed to temperature, the propagation velocity of the wave is 

changed and hence the operation frequency of the IDT (Inter Digital Transducer) and the 
length of the propagation path. The related change of the delay time is used as a measure for 
the temperature. The sensitivity to temperature is for delay lines described by the TCD 
(Temperature Coefficient of Delay) which depends strongly on the chosen substrate material 
and orientation and the type of propagating wave but is generally in the order of 10-
100 ppm/°C. The temperature behavior is generally assessed as a quadratic or cubic function 
and shows often a turnover point within the operation range. For temperature sensing 
application, substrates with practically linear temperature dependency have to be identified. 

2.1 Temperature sensor for power lines 
As SAW devices don’t need power connections, they can be installed in electrically critical 

environment like power switches, transformers and power lines. In the example given here the 
SAW devices are installed on overhead transmission lines surveilling the temperature of the 
cable and hence the amount of current flowing. This allows tuning the current to its 
maximum, with respect to the actual environmental conditions. For good thermal contact the 
sensors are installed directly on the power cables. The sensor antenna is on the same potential 
as the power line and electrically fully isolated from ground. The sensors are read out at a 
distance up to 15 m, using transmitting and receiving antennas mounted on the tower. The 
reader is powered by solar panels and is fully remotely configurable from the database server 
[4].  

 

 
 

Measurement 
Range 

up to 15 m 

T accuracy 0.3 K 
T resolution 0.02 K 
T range -40°C -150°C 
Sampling 
Frequency 

1 min 

  

 
 

 
SAW device and antenna  

Figure 1: Temperature monitoring of power transmission lines: main parameters and system configuration. 

Source LDIG GmbH 

1434



G. Bruckner, J. Bardong, A. Binder, P. Nicolay 
 

3 
 
 

The environmental temperatures do not impose harsh conditions on the SAW substrate. In 
the desired temperature range of -40°C to 150°C practically any commercially available SAW 
substrate can be applied. We were hence free to choose a substrate with high coupling 
coefficient and - as we want to get a high sensitivity to temperature - high TCD 
(~92 ppm/°C), namely Lithium Niobate (LN).  

Applying this substrate and Al-based electrodes, we were able to reach an operating 
frequency of 2.45 GHz. This requires some effort, as the desired resolution of the metallic 
structures is about 300 nm and hence close to the process limit of optical lithography. The 
2.45 GHz operation is essential as the application requires wireless long-range-reading, and 
therefore the restrictions of the ISM bands have to be observed. Due to legal restrictions a 
wide band design of 80 MHz can only be realized within the 2.45 GHz ISM-band. This wide 
band is essential to achieve high resolution in time domain. With the current design 
employing phase analysis a resolution of 0.02 K was reached [4].  

3.2 Condition monitoring in high-speed high-voltage drives 
The utilization of SAW temperature sensors is not limited to the temperature range and 

sampling frequency shown in the previous example. For measurements up to 250°C in high-
speed high-voltage large drives a SAW temperature reading system was specifically 
developed. The designated type of electrical drive was an induction motor with a solid 
squirrel cage rotor with a power rating of 4 MW at 15000 rpm up to 16 MW at 6000 rpm. 
Passive wireless SAW devices are the ideal sensors in these conditions where other contact 
free systems like optics or inductive coupling reach their limits because of the desired readout 
frequency and reading distance ~0.5 m.  

The main challenge in this application is the high rotation frequency and a clever 
integration of the antennas. The SAW sensor including antenna is mounted on the rotor. The 
size of the sensor and reading antennas is limited, as the design of the machine should be 
changed as little as possible. The high rotation speed together with the small antenna 
dimensions result in an overlap timeframe of the antennas of only 100 µs. Such a fast reading 
can only be achieved by the FMCW (Frequency Modulated Continuous Wave) reading 
principle together with a trigger. The corresponding reader architecture is described in [5]. 

A delay line design on LN at 2.45 GHz was used for the SAW sensor.  Fig. 2 shows the 
impulse response of a device with 3 peaks and how the peak-time and peak-amplitude change 
with temperature. The TCD of LN has only a small quadratic component and shows no turn 
over point within the operation range (-200°C to 400°C). Hence the delay time is always 
shifted to higher values with temperature as demonstrated in Fig. 2. The nearly linear 
response to temperature allows a unique conversion between delay time and temperature 
which is rarely the case for other SAW substrates. 

The sensing resolution of such a system depends strongly on the signal to noise ratio 
(SNR) of the received radio signal. In the current configuration the SNR could be increased 
by averaging the signals obtained from 10 rotations, see Fig. 3. At several 1000 rpm the 
change of the rotor temperature is small within the averaging time for 10 or even 100 samples 
and therefore the averaging is well justified. Fig. 3 shows the antenna design and how it is 
integrated in the balancing groove of the rotor. In this configuration a resolution of 0.2°C 
could be achieved at a reading range of 0.5 m. 
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Figure 2: Left: Time response of the SAW delay line sensor. Right: Temperature effect on the last peak. 

3 TAGGING 
SAW delay lines can also be used as RFID-tags, especially in harsh environment like in 

automotive, oil and steel industry.  
Different codes are realized by pulse position encoding (PP-encoding) in time domain. 

This means, that the positions of the n reflectors are changed to accomplish a unique pattern 
for each tag [2, 6]. The achievable data range depends on the temperature range of operation 
but is bigger than 1010 for a wide range operation up to 300°C [7]. For room temperature the 
data capacity can be increased by phase encoding [8].  

For delay lines the width of the peaks and hence the number of codes that can be generated 
within a certain length of the tag is determined by the bandwidth of the system. Wide band 
applications can only be achieved for substrates with high coupling, as the relative obtainable 
bandwidth is proportional to k2 (k=coupling coefficient), and for an appropriate ISM band. 
2.45 GHz devices on LN fulfill both requirements. 

 

 

 

 
SNR 
[dB] 

Signal 
amplitude 
[dB] 

Rotor angle 0 deg 26.5 59.5 
Rotor angle +60 deg 21.0 53.5 
Rotor angle -60 deg 18.0 51.5 
15500 rpm,  
no averaging 

26.0 58.5 

15500 rpm,  
10x averaging 

35.0 57.0 
 

Figure 3: Left: Antenna design installed in rotor. Right: SNR and amplitude for different configurations. 
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Processing of SAW based ID-tags is done by the combination of several mask images and 
can only be performed with dedicated equipment. PP-encoding with 8 reflectors on a basis of 
ten allows the realization of 106-108 codes, depending on the number of reflectors that are 
used to compensate for temperature effects and for redundancy, and requires nine masks - one 
for each reflector plus one for the IDT- for the production.  

The maximum operation temperature of these devices depends, apart from the used 
substrate, on the metal chosen for the electrodes and the packaging. Al-electrodes can be 
applied up to about 250°C. Above that, Al based multi-layer structures must be used [9]. At 
temperatures above 400°C, Lithium-Niobate and Lithium-Tantalate (LT) are no longer 
applicable.  

In the high temperature region the design of SAW based ID-tags becomes extremely 
difficult. One reason is that high temperature stable electrodes must be used and these metals 
(e.g. Au, Pt, Ir) tend to downshift the operating frequency for a given design. The effect can 
be compensated by using smaller structures but this requires an even higher resolution in the 
lithography process. This is extremely critical for Langasite (LGS) and CTGS, two materials 
known for their high temperature sustainability, as these materials have low propagation 
velocities. The structure width for a 2.45 GHz device is therefore exceedingly small. Thus 
e-beam technology or nanoimprinting must be used for the fabrication. Moreover these 
substrates have a much lower coupling coefficient and higher propagation losses, which make 
them less suited for ID-Tags applications. 

AlN-based devices could be one option for high temperature ID-tags. While the coupling is 
smaller, the propagation velocity is about twice as high as for LN and LT. This provides some 
additional margin to deal with the frequency shift induced by heavy electrodes as the 
structures do not need to be as small as with LN, for example. 

3.4 Identification in harsh environment 
We have designed RFID-tags for the identification of drill pipes in oil industry. These tags 

must withstand temperatures up to 250°C together with a pressure of abrasive liquids of 
1300 bar. Tag and sensor antenna must be integrated into the tool joint (Fig. 4). Hence the 
dimensions of the antenna must be smaller than 3 cm in diameter with a thickness of less than 
5 mm. The reading is done with a hand held reader and therefore requires a relatively small 
reading distance of 0.5-1m. For SAW ID-tags the signal strength and thus the reading range is 
inversely proportional to the number of reflectors and the length of the propagation path. As a 
consequence the reading range decreases with the number of codes. Within the current 
boundary conditions we could successfully realize an ID-tag with 106 codes. 

We have constructed a high pressure stable metallic housing with about the same 
dimensions as a T039 housing that was tested up to 1300 bar. While the package itself could 
be welded to ensure tightness in the high pressure range, the design of the glass feed through 
was the most critical issue. A picture of the housing is shown in Fig. 4. 

Generally speaking, the size of an antenna for a given frequency and allowed power is 
related to the reading distance. In the current application the antenna must be small and 
installed in direct contact to metal. The diameter of the tool joint where the device is inserted 
becomes smaller with lifetime, because of significant abrasion. Hence the tag must be 
recessed for protection, which makes the establishment of a wireless link really tricky.  
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Fig. 4 shows a solution where the tag and antenna are embedded into a high temperature 
thermoplastic by injection molding. This process is applicable as the SAW sensors can 
withstand high process temperatures, and would not be possible for Silicon based devices. 
The antenna is completely surrounded by the dielectric and hence sufficiently decoupled from 
the surrounding metal to allow wireless interrogation for a limited reading distance. 

 
High pressure housing

 

Tag installed in tool joint 

 

SAW tag plus antenna

 
Figure 4: High pressure SAW tag with integrated antenna, installed in tool joint of oil drilling pipes. 

 Another example of tagging in harsh environment is the identification of slag vessels. In 
steel production different types of slag must be dumped on different heaps. The transport is 
performed within vessels that are filled with hot slag and transported by cranes. The 
identification of the slag vessels allows directing the cranes automatically to the right 
location. The system requires a larger reading range than for the tagging of the oil drilling 
pipes but allows also the operation of bigger antennas. To provide an extremely robust ID- tag 
the antenna is made of ~ 5mm thick metal applying a slot design (Fig. 5). The SAW devices 
are integrated into a metallic housing hence allowing welding between antenna and sensor. A 
high temperature stable duroplast is used for electrical isolation. The tag is mounted outside 
the slag vessels and must sustain temperatures of ~200°C and mechanical shock. We could 
proof a long term stable operation of several years. Fig. 5 shows a picture of the tag with 
antenna before operation and a tag covered with slag that is still operational.  

 
Vessels on the slag heap

 

Heavy duty tag before operation 

 

Tag covered by slag but still working 

 

Figure 5: Heavy duty SAW tag used for the identification of slag vessels.  

Depending on customer requirement such an RFID-tag can be enhanced for temperature 
reading. The combination of a wireless temperature sensor with an ID-tag was applied for the 
surveillance of slide gates. Slide gates, as shown in Fig. 6, are large valves in the steel casting 

1438



G. Bruckner, J. Bardong, A. Binder, P. Nicolay 
 

7 
 
 

process, which are used to regulate the flow of liquid steel. Two refractory plates are used to 
control the flow via the overlap of the holes, one in each of the two slide gates. During casting 
these ceramic plates are exposed to high temperatures of approximately 1540°C, high 
mechanical loads of several tons of liquid steel, and chemical attack by alloys. Depending on 
the steel grade, the throttling parameters and the casting time the plates have to 
be replaced after a certain operating time before a critical degree of wear is reached. The 
continuous temperature monitoring, together with the ID capability allows optimizing the 
casting process itself and the individual slide gate usage by simplifying the logistics. Thus 
costs and unscheduled interruptions of the casting are minimized. The SAW transponder is 
exposed to temperatures up to 300°C, a temperature range that cannot be addressed by 
semiconductor based electronics. A dedicated antenna was designed for the high temperatures 
and geometrical boundary conditions. It could be integrated in the rim of the slide gate and 
was fixed with mortar. Because of the high operation temperature Macor and SiO2 were used 
as dielectric material [10]. A picture of a slide gate with integrated antenna is shown in Fig. 6. 

4 MULTI SENSOR READING 
In steel industry, temperature monitoring is even more crucial for continuous casting 

moulds (CCM), which are used for casting molten metal into slabs without interruption. Real 
time temperature reading allows optimizing the process control and extension of the wear-
time.  For optimal process control several temperature sensors must be installed within the 
moulds. Wired sensors are quite impractical as they must be disassembled at any exchange of 
the mould. Wireless SAW sensors can overcome this obstacle. They simplify the maintenance 
of the casting mould significantly as they allow the removal and reassembly of the inner parts 
without effort of wiring. In order to limit the number of antennas within the system several 
SAW sensors must be connected to one antenna link. 

Whenever more than one SAW device must be read by one antenna, a dedicated SAW 
design is required [11]. As SAW sensors are completely passive, all devices within an antenna 
cone are answering at once whenever interrogated by the reader and mere software protocols 
are not sufficient to separate the information from different devices. The SAW devices 
themselves must be processed in a way that allows their distinction. Practically, this can be 
done either in frequency domain FDMA (Frequency Domain Multiple Access) or in time 
domain TDMA (Time Domain Multiple Access) and both methods are generally limited to a 
small number of sensors.  

 

 
Slide gate with integrated SAW 
sensor 

 
Slide gate plate at the ladle 
maintenance station 

 
Moulds for continous melt casting 

Figure 6: Temperature monitoring of slide gates, left and middle, and in continuous mould casting. 
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FDMA requires the SAW devices to operate at different frequencies and is done by the 
design of different IDTs [12]. This means that the bandwidth of the used ISM band must be 
broken down for the different sensors. Applying some safety margins, this means that for a 
total bandwidth of 80 MHz only about 15 MHz are available for a five sensor system. These 
15 MHz limit the addressable temperature range. For a 2.4 GHz application and a substrate 
with high TCD (~ 100ppm/°C), the frequency shift is ~2.4 MHz per degree. This implies that 
less than 70 degrees can be measured before the responses start to overlap. For a wide 
temperature operation in FDMA like 300°C, it is hence necessary to use materials with lower 
temperature coefficients. Such materials can be found but they may not have the same 
performance in terms of k2 and velocity. In addition, the reading system must provide a much 
higher accuracy to compensate for the smaller sensitivity.  

TDMA is not subjected to these restrictions. The whole bandwidth can be used for all 
sensors and therefore also the same IDT can be applied. In TDMA design, the total allowed 
delay time is the limiting factor but this value can be as large as 4 µs. For a large bandwidth 
design the peak-width that is inversely proportional to the bandwidth is in the order of 20 ns 
while the time shift of the peaks can be as big as 120 ns for 300°C. A multi sensor design for 
several sensors is thus feasible in time domain. Such a system was tested for CCM casting 
and a patent was filed [13]. 

5 STRAIN & PRESSURE MEASUREMENT 
SAW devices react to stress and strain by the change of the propagation velocity and the 

length of the propagation path. Hence the changes in frequency f and delay time t can be used 
to detect strain ε, pressure or applied force wirelessly. In the simplest mechanical 
configuration the SAW devices are used like strain gauges. The sensitivity to strain S can be 
expressed by ε∙S=Δf/f or ε∙S=Δt/t. As frequency and time measurements are complementary, 
both effects are identical. The distinctions of both measurements arise from different designs 
and reading methods.  

For both frequency and time reading, different geometries can be applied. Membranes are 
generally used for pressure measurement, while force or high pressure can be detected in 
cantilever geometry [14]. An example for torque measurement based on resonators can be 
found in these proceedings [15]. The sensitivity to strain S is in the order of 1 ppm/µS [16, 
17]. The measurement with sub-percent accuracy requires either high precision frequency 
analysis [18] or phase analysis in time domain. Both methods have already proven their 
suitability [14-15, 21]. 

 

  
Figure 7: Design of a membrane based pressure sensor.  
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3.5 Low pressure design 
Low pressure (<100 mbar) SAW sensors require the fabrication of thin membranes (30µm) 

with large diameters (3-5 mm) and precise compensation of phase shifts caused by the RF 
link or temperature effects. Fig. 7 gives the example of a reflective delay line design for a 
wireless implantable brain pressure sensor [19, 20]. The results presented here are obtained 
from an enhanced version of the sensor design presented in [21]. Extensive studies have been 
performed to compare the experimental results with simulated data [22].   

In reflective delay lines each reflector can be considered as an individual sensor. Hence 
using two reflectors is equivalent to differential measurement. In the current design four 
reflectors are placed on defined positions to maximize the sensor effect and compensate 
temperature as well as delay line shifts.   

The sensor is fabricated on LN and operates at 2.45 GHz. As it is meant for medical 
application, the pressure range was set to 60 mbar and the operation temperature is limited to 
< 50°C. Fig. 8 shows the sensor response after correction of temperature effects. The system 
measures the phase of all reflectors and combines the results to obtain pressure and 
temperature information. The sensor response is linear and gives a sensitivity of 
8.8 rad/100 mbar, which corresponds to a phase shift of ~ 2π for the desired operation range. 
The restriction to 2π facilitates the phase analysis as the phase reading stays unique. The 
variance of the measurement is 0.03 rad which results in a resolution of 0.5% FS. 

First results have been obtained for the wireless reading of the devices applying a 
2.45 GHz patch antenna with a diameter of ~ 33 mm and a thickness of 1.6 mm. The antenna 
is designed to be implantable under the scalp of the patient. For the experiments saline 
solution was used as a mockup for body tissue and blood. Despite the high damping of these 
materials, it was possible to measure the devices at a distance of 10 mm, which is sufficient 
for the readout of the brain pressure sensor. 

 
 

 
Figure 8: Sensitivity to pressure for a membrane based wireless SAW sensor. 
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5 CONCLUSION 
We have presented several examples for the application of SAW sensors for industrial and 

medical usage. SAW sensors can cover a wide band of sensing tasks like wireless 
temperature, strain and pressure sensing or be used as RFID-tags. The applications 
demonstrate that SAW devices can work in difficult conditions like inside human body and 
close to metallic surfaces or on moving parts. Provided a thorough design and appropriate 
reading conditions, many sensing tasks can be addressed by these types of sensors including 
structural health monitoring.  
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Abstract. Surface Acoustic Wave (SAW) passive and wireless sensors are a promising 
solution for condition and structural health monitoring applications (SHM). In the 
introductory part of the paper, we briefly present the SAW technology as well as its main 
embodiments and known applications. Trends in the field of implanted SAW sensors for 
SHM are presented in the second section of the paper, including newly obtained experimental 
results. As the evaluation of the feasibility of a SAW-based monitoring solution is of great 
importance for scientists and engineers in the SHM field, the third part of the paper is 
dedicated to the computation of the basic properties of a SAW sensor, of the Reflective Delay 
Line (R-DL) kind. 

 
 
1 INTRODUCTION 

 
Surface Acoustic Wave (SAW) sensors are passive and wireless devices that can be 

interrogated using standard radar techniques [1]. A radio-frequency (RF) interrogation signal 
is sent to the sensor, where it is picked up by an antenna and converted into elastic waves, 
which propagate along the surface of the sensor’s constitutive material. The conversion is 
made by a so-called Inter Digital Transducer (IDT), thanks to the piezoelectric properties of 
the material. The IDT is made of very thin metal fingers (50-100nm in thickness) patterned 
using standard photolithography techniques. The distance p between two adjacent fingers 
goes from 0.5 to several micrometres, depending on the chosen operating frequency. Indeed, 
the operating frequency is given by the simple formula f=V/, where V is the SAW velocity 
and  is the wavelength (=2p). For instance, a 2.45GHz SAW Device made of Aluminium 
IDTs deposited on Y-Z Lithium Niobate has a wavelength  close to 1.4m. 
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The SAWs can then propagate until they reach another IDT, where they will be converted 
back to RF and reemitted towards the SAW reader. They can also be trapped inside an 
acoustic resonant cavity, made by reflector gratings positioned on each side of the emitting 
IDT. In this case, the looked-after information will be coded in its resonant frequency. This 
frequency can be extracted either from the ringing of the resonator once the driven excitation 
at a frequency closed to the resonant one is stopped [2], or directly from a frequency sweep 
and a direct identification of the resonant frequency [3]. In a third configuration, a fraction of 
the acoustic energy is reflected back by thin metal fingers deposited along the propagation 
path [1]. The backwards propagating SAW are converted back in an electromagnetic signal by 
the emitting IDT itself, thus creating echoes in the RF response of the sensor. The three 
configurations are schematically presented in Fig. 1. The first configuration is a standard 
SAW Delay Line (DL). The second one is a SAW Resonator. The third one is a reflective 
Delay Line (R-DL). The resonator-based solution presents advantages over the two other 
solutions [4]. Especially, it is much smaller than the R-DL solution. However, the R-DL 
solution presents the unique advantage of a direct identification (ID) of the interrogated 
sensor. Indeed, the ID of the sensor can be coded in the series of echoes that is equivalent to a 
bar-code. This confers the SAW R-DL an RFID capability. For this reason, they are often 
called SAW RFID Tags. Both solutions have their pros and cons, which have to be evaluated 
prior to selecting the best solution for a given application. 

 
 

 
 

 

 
 

 
 

 

Figure 1: The three main SAW Sensor configurations: SAW Delay Line, SAW Resonator, SAW Reflective 
Delay Line (top left), a zoom on an IDT (bottom left), in-packaged SAW R-DL (top right), a whole SAW Sensor 

system (CTR AG): reader + antenna, sensor + slit antenna. 
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The sensitivity of a SAW sensor to environmental conditions comes essentially from the 
sensitivity of the SAW velocity upon the temperature and strain fields present in the SAW 
propagation medium [5-6]. For instance, in the case of the R-DL, a temperature increase will 
(usually) soften the material which will result in a decrease of the SAW velocity. This will 
shift the echoes to the right, in the time domain, and it will be possible to infer the 
temperature and/or strain state of the sensor from the position of the echoes.  

Wireless SAW Sensors can usually be interrogated up to a distance of a few tens of 
centimetres, depending on the temperature (the distance rapidly decreases when the 
temperature increases). As they are made only of a piece of crystal material on which metal 
fingers are deposited, they are intrinsically very robust. This feature, combined with a small 
size (a few squared millimetres) and the capability for passive operation (no embedded 
electronics) and wireless interrogation makes them a candidate of choice for various 
applications, where standard Silicon-based electronics cannot be used. SAW devices are 
notably a very good solution to sense temperature and strain in harsh environment, under high 
pressure, at high (>300°C) or cryogenic temperature, in corrosive or radiative environment 
etc.… Numerous applications can be found in the steel, air and space, and automotive 
industries [7-9]. 

 

2 SAW SENSORS FOR SHM APPLICATIONS, DISCUSSION 
 
Most of SHM applications would require the SAW sensors to be implanted in a structure, 

possibly made of concrete (tunnels, bridges…), polymer or composite materials. The first 
difficulty would arise from the necessity to interrogate the embedded sensors through the 
matrix material. First of all, SAW sensors are completely passive devices that re-emit only a 
fraction of the emitted signal. In addition, as SAW wireless sensors operate most often in the 
433MHz ISM Band for the resonators or in the 2.45GHz ISM Band for the R-DLs, the 
emitted and received signals can easily be blocked by any conductive material present on the 
path of the RF signals. This is made worse by legal regulations that limit the maximum 
radiated energy in the ISM bands to a few mW only. It is therefore not possible to compensate 
for the attenuation due to (even poorly) conductive material present in the path of the signals, 
by strongly amplifying the interrogation signal itself. Among the applications that cannot be 
addressed by (embedded) SAW Sensors is for instance, the monitoring of carbon fibers-based 
structural elements. Indeed, the carbon fibers are conductive enough to extinguish any RF 
signal sent to and back from a SAW sensor. On the contrary, Fiberglass-based structural 
elements constitute a possible application niche for SAW devices. 

A second difficulty would arise from the necessity to interrogate many sensors at the same 
time. Indeed, if many sensors are present in a small region of a given structural element, they 
will all answer the interrogation signal together, which will generate overlaps in the different 
responses. Solutions exist to simultaneously interrogate several SAW sensors together. For 
instance, CTR engineers developed the so-called anti-collision technique that makes it 
possible to simultaneously interrogate up to 4-6 sensors [10]. But this number is still very 
small, in comparison to what is often needed for SHM applications. There is no known 
solution yet, to interrogate more than a few SAW sensors simultaneously. 
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A third difficulty has to do with the necessity to protect the SAW surface. A SAW chip is 

very sensitive to any material deposited on its surface. Liquids for instance, can easily 
extinguish the SAWs. Moreover, the IDTs are quite fragile and can be easily scratched. It is 
therefore necessary to encapsulate the SAW chips in an adequate protective housing. To 
design the right housing able to protect the SAW and at the same time, to ensure a good 
coupling between the quantity to measure and the SAW chip (e.g. external pressure) is each 
time a technical challenge [7]. That’s why several groups in the world are engaged in the 
development of so-called package-less solutions. One promising way is to use guided waves 
that are located inside the SAW chip and do not “see” its surface. Researchers are notably 
using multi-layered substrates, where a thin layer of a given material is sandwiched between 
two other layers presenting very different acoustic impedances. The “interface” waves 
generated in the thin layer are then guided by the two other layers, and are insensitive to 
surface states [11]. Another interesting possibility would be to use special modes that are by 
nature propagating below and parallel to the surface, at a depth where they cannot “sense” the 
surface anymore. Recent investigations performed at CTR using a Delay Line deposited on 
the Y-X orientation of Langasite (a well-known piezoelectric material, suited for very high 
temperature applications) showed the existence of a mode that might fit this description. As 
can be seen in the spectrogram of the impulse response of the Delay Line, presented in Fig. 2, 
several modes are present. These modes can all be identified, using a technique specifically 
developed to analyse this kind of SAW response [12-13]. The SAW mode is found at 
160MHz. More interestingly, the analysis shows that one of the main signals, at 260 MHz and 
0.65 s is probably a specific Guided Bulk Acoustic Wave mode (G-BAW), which arises 
from the interaction between two counter-propagating BAW modes, reflected by the substrate 
top and bottom surfaces (Fig. 2, red arrow). The sensitivity of the mode to the surface state 
was tested experimentally, in two ways. First, the surface roughness was strongly altered 
using sand-blasting. Second, droplets of Nail polish were deposited on the propagation path. 
In both cases, the SAW signal was completely suppressed, whereas the so-called G-BAW 
signal stayed strong. Further analysis is required to fully understand the origin of this mode. 
However, it is a promising mode for a whole range of possible applications. 

 

  

Figure 2: Spectrogram of the RF signature of a LGS Y-X SAW Delay Line, before (links) and after (right) 
deposition of Nail polish droplets on the propagation path. 
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The fourth difficulty arises from the antenna itself. If there is a possibility to interrogate the 
sensor in near field, clever designs can be found to avoid using an antenna [14]. If the sensors 
must be interrogated at a distance of at least several centimetres, it becomes necessary to use a 
specifically designed antenna, whose dimension is proportional to the wavelength. It is 
therefore inversely proportional to the frequency. At 2.45GHz, a quarter-wave antenna has its 
biggest dimension close to 3cm. The size can be reduced in some extent using high-
permittivity materials in the fabric of the antenna, but the length of the antenna will stay in the 
centimetres range. There is however, some flexibility in the choice of the antenna geometry. It 
can be a patch antenna as well as a thin dipole or monopole antenna (i.e. a wire). Its shape can 
also be adapted, depending on the application requirements [7]. 

The last main limitation has to do with the reading frequency of a SAW sensor. As SAW 
sensors are passive elements, their signal-to-noise ratio is quite low. It is therefore necessary 
to average over a vast number of measurement points, to reach the required accuracy. The 
maximum reading frequency that is reachable with the CTR FMCW reader is close to 100Hz. 
However, for most applications, this frequency is down to 5-10Hz. This is especially the case 
for applications where the temperature accuracy has to be better than ±0.5°C. 

In summary, SAW Sensors/RFID Tags are always a promising solution where wireless 
interrogation is required and where standard, silicon-based solutions cannot work. If the 
sensor also have to be small (<1cm), and if none of the five limitations described above are 
critical to the application, the SAW technology is an option to be considered. Especially, if 
the RFID functionality is required, SAW R-DL might end up being, if not the only possible 
solution, one of the best remaining options. To assess further the feasibility of the envisioned 
SAW-based concept, it might be useful to start with basic simulations. It is the purpose of 
section 3 to explain how to perform basic simulations of the properties of a given SAW R-
DL, based on Lithium Niobate. 

 

3 SIMULATION OF THE PROPERTIES OF A SAW R-DL 
 
As described above, SAW sensors are essentially made of a sensitive element (SAW chip), 

a housing or functional packaging, and an antenna. All these parts interact together and 
influence the RF signature of a SAW sensor. It is therefore necessary to simulate them all, to 
compute the final RF behaviour of the sensor. 

The transfer function and/or the impulse response of the SAW chip are the most difficult to 
simulate. The SAW chip is usually modelled using a combination of FEM and semi-analytical 
methods based on the Coupling-of-Modes theory (COM) and some kind of transfer matrix 
method. The idea is to use FEM to simulate the behaviour of the SAWs propagating in an 
IDT-like periodic grating, then to use an inverse method to extract (from the obtained FEM 
results) the parameters of a phenomenological model (the COM model) that describes in a 
simplified but still very accurate way, the behaviour of the SAWs in the grating. The COM 
model relies on five parameters: the velocity v, the coupling coefficient , the transduction 
coefficient , the attenuation , and the normalized capacitance Cn. It was shown that the 
electrical properties of an actual IDT (i.e. its admittance Y( f ) and therefore its impulse 
response in time domain) can in most cases, be subsequently computed using these five COM 
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parameters only. The COM parameters and transfer matrix techniques are first used to 
compute the 3-port admittance matrix of the IDTs and reflectors separately. These are then 
combined (using the same transfer matrix techniques) to obtain the final admittance 
characteristics of the whole device. This method is described in details in [15-16]. Once the 
admittance is known, it becomes easy to use the SAW chip as a SnP-file, inside a circuit 
simulator. As the electrical characteristics of the other elements (antenna, housing, PCB…) 
can be independently simulated using adequate software and “reduced” to their own SnP-file, 
it becomes possible to connect them together (electrically) in the circuit simulator and to 
compute the RF response of the whole sensor. The whole procedure is described in [17], for a 
CTR R-DL based on Lithium Niobate (LN). In [17], only free softwares were used to perform 
the computations. However, the COM parameters were given for one IDT relative thickness 
only. In Table 1, we present the evolution of the COM parameters in a wider relative 
thickness range. These computations were performed using proprietary software, described in 
[18]. 

 
Table 1: COM Parameters for Aluminum electrodes on Y-Z LN with =0.5 and different h/ values 

 
 

Parameter                                        Value   Unit 
h/ 0.7 1.1 1.5 1.9 2.3 2.7 % 
V 3430.9 3429.0 3426.8 3424.3 3421.6 3418.5 m/s 
 3.44 3.58 3.76 3.94 4.15 4.36 % 
 52.9 52.8 52.6 52.6 52.3 52.0 10-5 -1/2 
Cn 39.5 39.5 39.5 39.5 39.5 39.5 10-5 pF/µm/period 
 0 0 0 0 0 0 dB/ 

 
 
The sensor’s sensitivities to strain and temperature variations can also be obtained, through 

simulation. The basic idea is to compute first the strain and/or temperature fields to which the 
SAW chip is subjected. This step takes into account the whole structure of the sensor 
including the housing or functional packaging. It also takes into account the environmental 
conditions. These simulations can advantageously be performed using well-known standard 
FEM tools, like COMSOL or ANSYS. Then, it becomes necessary to compute the reaction of 
the SAW chip to these strain and temperature fields. Basically, these fields essentially 
translate into pre-stressing, modification of the material stiffness constants and geometrical 
compression or extension of the propagation path. The modification of the material constants 
under temperature or strain bias is described by second and third order coefficients that can be 
found in the literature for several of the most used SAW crystals [19-20]. Up-to-date FEM 
tools offer the possibility to solve this kind of problem, by taking into account pre-stressing 
and modification of the material constants, in the computation of the acoustic properties of a 
given propagation medium. It is therefore possible to use existing FEM tools to compute the 
strain and/or temperature sensitivity of a whole SAW sensor/RFID Tag. This procedure is 
described in more details in [21]. 
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As an example, we present the result of a computation performed to analyse the effect of 
long bond wires on the electrical characteristics of a SAW R-DL, based on the Y-Z 
orientation of Lithium Niobate. These bond wires were used to connect a SAW chip to its 
PCB, through an implantable ceramic housing. First, we computed the RF response of the 
SAW chip alone, following the procedure detailed in [17]. The impulse response of the sensor 
is shown in Fig. 3(a). The SnP File describing the electrical behaviour of the sensor was then 
connected to two bond wires, in a circuit simulator. It was then easy to check the effect of a 
change in the length of the two wires (see Fig. 3(b)). This corresponds well to what was 
previously observed, experimentally. These results have been used to optimize the length of 
the bond wires (2.3mm), in order to match the sensor to 50 and strongly improve the 
sensor’s signal-to-noise ratio. This simple example shows that the method presented here can 
not only be used to evaluate the RF characteristics of a SAW R-DL beforehand, but can also 
be used for design and optimization proposes. 

 
 

  
(a)                                                                     (b) 

 
Figure 3: (a) Impulse response of a SAW R-DL built on Y-Z LN. Time (x-axis) is represented in seconds. 

Losses (y-axis) are represented in dBm. Measured data and simulated data are represented respectively in red 
and blue; (b) Effect (on the electrical characteristics of the whole sensor) of the length of the bond wires 

connecting the IDT bus bars to the sensor’s PCB. Smith Chart representation. 

4 CONCLUSION 
 
In this paper, we discuss the suitability of SAW sensors and SAW RFID Tags for 

Structural Health Monitoring applications. We also describe a simulation procedure, to 
compute the whole RF characteristics of such a device, taking into account the housing and 
other surrounding elements. It is the purpose of future work to develop further this co-
simulation method, notably to optimize the design of SAW sensors for very high temperature 
applications. 
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Abstract. The paper overviews principles of operation of passive wireless SAW resonant 
sensing systems for temperature, strain, torque, and pressure measurements. Advantages and 
disadvantages of SAW resonators as wireless sensing elements are discussed in conjunction 
with the current EMC regulations. Design of differential resonant sensing elements and their 
sensitivity to strain and temperature are presented. Influence of antennas on sensor 
characteristics is discussed. Methods of interrogation of passive wireless resonant sensors are 
reviewed and design of some readers developed at Transense Technologies plc is presented. A 
trade-off between the sensor bandwidth, the read range and the sensor resolution is discussed. 
Applications of wireless passive SAW resonant sensors are presented for monitoring pressure 
and temperature in automotive tyres, for measuring torque in electrical power assisted 
steering, at the output of engines and at the input of automotive gearboxes, as well as for 
monitoring torque in wind turbine and marine applications. 

 
 
1 INTRODUCTION 

To our knowledge, the first suggestion to use surface acoustic wave (SAW) resonators as 
non-contact passive strain and torque sensing elements is dated by 1990 [1] although the idea 
of using SAW devices as wired physical sensors emerged and was actively developed much 
earlier, in the 70s [2-3]. The SAW technology was booming that time after invention of the 
interdigital transducer (IDT) for efficient excitation of SAW at radio frequencies (RF). An 
attractiveness of SAW devices as sensors is in their ability to be excited and send back their 
response wirelessly through a simple and compact RF antenna connected to their terminals. 
Completely passive operation of the sensing elements without a need in a local dc power 
source is important for applications where providing dc power is either inconvenient or 
expensive, for instance, on moving parts or in a harsh environment.   

The 20 years’ gap between emergence of SAW electronic components such as filters, 
resonators, delay lines and the first passive wireless SAW sensors is partly explained by a 
complexity of interrogators (readers) required for such sensors. A progress in CMOS RFICs 
and microprocessors made the wireless SAW sensors economically viable only by the end of 
the 80s. Since then, passive wireless sensors based on SAW resonators were a focus of 
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intensive research for a number of groups, especially in Germany and Austria [4-6] and, by 
2010, such sensors were developed for pressure, temperature and torque sensing, in particular, 
for automotive applications [7]. Nowadays, development of wireless SAW resonant sensors 
continues for various sectors of industry, e.g. for control and condition monitoring of engines, 
gearboxes, switchboards, furnaces, hydraulic couplings, etc. 

Wireless sensing has become a general trend in industry in the last two decades due to a 
progress in miniaturization of RF and microwave transmitters and receivers, reduction of their 
power consumption, advances in MEMS and system-on-chip technology. Apart from passive 
sensors a wide range of active wireless sensors and sensor networks has been developed [8,9]. 
They either use batteries or rely on energy harvesting or rectification of RF interrogation 
signals like RF-ID tags. Clearly, different types of sensors have quite different read range, 
bandwidth and require different levels of interrogation power. Since there is no universal 
solution that suits all possible applications it is important to select the right technology for the 
right purpose. 

The aim of this paper is to give an overview of the principles of operation of wireless SAW 
resonant sensing systems, discuss their capabilities and limitations, and present solutions for 
automotive and industrial applications that have been developed at Transense Technologies 
plc up to the present moment. This information could be helpful for deciding on whether the 
SAW resonant sensors are suitable or not for a particular application. 

2 PRINCIPLES OF OPERATION 
A passive sensing system in its simplest configuration consists of a sensing element 

connected to an antenna and a remote interrogator (reader) with its own antenna. The reader 
launches a RF interrogation signal at the frequency fi such that its spectrum overlaps with the 
frequency response of the sensing element. If the sensing element contains resonators, then 
the resonant frequency fr should be not too far away from fi. In this case, the interrogation 
signal can excite the sensing element thus modifying the signal scattered from the sensor 
antenna back to the reader antenna. The reader’s receiver picks up the scattered signal, 
analyses it and extracts information on the measured physical quantity influencing the 
frequency response of the sensing element. 

Wireless SAW sensing elements are based either on resonators or reflective delay lines.  

2.1 SAW resonator as a sensing element 
A one-port SAW resonator is a device fabricated on a polished piezoelectric substrate by 

means of photolithography with an IDT surrounded by Bragg reflecting gratings (Fig. 1a) 
both made of Al film with the thickness of the order of 100 nm. The IDT converts the RF 
electrical signal applied to its terminals into a SAW propagating towards the gratings. The 
latter consist of hundreds of stripes so that the reflection coefficient for the SAW is close to 
unity at the Bragg frequency. Thus, a resonant cavity formed by the two gratings has a very 
high Q factor that is difficult to achieve using other technologies. The resonant frequency is  

fr  VR/   

where VR is the phase velocity of the Rayleigh SAW and the doubled grating pitch Λ is close 
to theSAW wavelength λ. Resonators  can  be fabricated  on  substrates  made  of  both weak 
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(quartz) and strong (LiNbO3) piezoelectric materials. It makes sense to use license-free ISM 
(Industrial, Scientific, Medical) frequency bands that are centered around 433.92 MHz, 868 
MHz, 915 MHz, 2.45 GHz and 5.8 GHz. If the frequency is below 1 GHz, the SAW 
propagation loss is low and unloaded Q can be as high as 10000-20000 so a long impulse 
response and hence a good accuracy of measurements can be achieved. SAW resonators are 
quite compact devices even if they work at 433 MHz (λ = 7.3 µm for quartz), the lowest UHF 
ISM band (see Fig. 1a). 

What allows the resonators to be used as physical sensors is dependence of the resonant 
frequency on temperature T and strain s due to variation of both VR and with T and s. All 
components of the strain tensor influence fr to some extent but it is most sensitive to sxx where 
x is the SAW propagation direction normal to the IDT fingers and grating stripes. Sensitivity 
to strain allows measurements of force, acceleration, pressure, torque and other physical 
quantities that can be related to the strain on the surface of the SAW substrate. 

An alternative to the resonators, reflective delay lines [5], have the same advantages as 
other SAW devices: small dimensions, operation at UHF, good sensitivity of the phase delay 
to temperature and strain, capability of working in harsh environment, insensitivity to stray 
magnetic fields. On top of them they can implement time division and code division 
multiplexing (TDMA and CDMA) as well as OFDM that are very useful for building a 
system with multiple sensors working within one antenna field of a wireless reader [10,11]. 
However, delay lines are broadband devices so, unlike resonators, it is problematic to use 
them in relatively narrow 433 MHz and 868-915 MHz ISM bands. Besides, for the same size 
as the resonators, they have a shorter impulse response (≤5 µs) and a larger insertion loss 
(typically 30-50 dB) both affecting the measurement accuracy. Their interrogation usually 
takes longer, around 10-50 ms, when using frequency modulated CW signal (FMCW). 

Selection of the type of the SAW sensing element depends on the application. The best 
choice for a multi-sensor system that must comply with EMC regulations is a delay line 
sensor working within the international 2.45 GHz ISM band. If one sensor within one reader 
antenna field is sufficient then a multi-resonator sensor working at 433 MHz or 868-915 MHz 
is preferable, especially when fast interrogation is required. If sensing is performed in a 
shielded area or the EMC regulation compliance is not essential, multiple multi-resonator 
sensors implementing frequency division multiplexing can be used outside the ISM bands. 

 
 
 
 
 
 
 
 
 

Figure 1: SAW resonator layout (a) and a differential wreless sensor based on resonators (b). 

 

 
(a) 

 
                           (b) 
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2.2 SAW resonator as a passive back-scatterer 
To turn the one-port SAW resonator into a wireless sensing element, one just needs to 

connect an antenna to its terminals. If the sensor is supposed to work in free space within a far 
field of the reader antenna then the sensor antenna usually has a simple dipole, monopole, 
loop, patch or slot design with dimensions  far less than the  wavelength λEM and the  gain of -
10…2 dBi. The reader antenna can be more directional or with low directivity as well 
depending on the application and the available space. If the sensor and the reader antennas are 
supposed to work in the near field of each other, they may have more specialized designs. An 
example is non-contact sensors for measuring torque on rotating shafts and plates discussed 
below. They employ microstrip rotary couplers as a sensor-reader antenna system [13]. 

Independently of the design, the input impedance of the sensor antenna varies with its 
position relative to the reader antenna and surrounding objects. This variation causes a 
variable pulling effect on the frequency of natural oscillations of the SAW resonator/antenna 
system. As shown in [12,13], this parasitic effect often comparable with a useful effect caused 
by a measurand can be reduced by proper selection of the sensor antenna impedance and/or 
matching components. Usually, the aim is to achieve a compromise between the amount of 
pulling effect, the length of the SAW response on one hand and the amplitude of the SAW 
response on the other hand. The overall influence of the antenna impedance on the theoretical 
resolution of a SAW resonant sensor is analyzed in [14]. 

In practice, the antenna pulling effect can never be fully eliminated by matching. To 
suppress it further, a differential sensor design is usually used when the measurement of the 
difference between the resonant frequencies is performed for two resonators working at 
slightly different frequencies [15]. In case of strain measurements, one of the resonators can 
be unstrained and used as a reference or it can be strained differently (Fig. 1b). 

The SAW resonator can also perform just a function of a passive transponder while the 
sensing function is performed by an external capacitive or inductive sensor connected to it 
together with the antenna [16]. However, the frequency variation with the measurand is often 
very non-linear and instable in this case so we prefer to rely on the SAW resonator itself as a 
sensing element. 

2.3 Wireless interrogation 
The aim of the reader is to measure the resonant frequency wirelessly or in a non-contact 

way that can be done by a number of different methods. One method relies on excitation of 
the resonator by a frequency modulated CW signal (CWFM) and tracking of the minimum of 
the reflection coefficient S11 seen at the reader antenna input. The block diagram of such 
reader capable of simultaneous tracking of two SAW resonators through an RF rotary coupler 
is shown in Fig. 2 [17]. Such a reader provides a small rms value of the frequency error of 
≈60 Hz at 200 MHz but is suitable only for short range/near field interrogation. 

Pulsed readers are more suitable both for long range/far field and short range interrogation. 
An RF interrogation pulse is launched at the frequency fi close but not necessary equal to fr 
with the spectral width comparable or larger than the resonator bandwidth. It excites natural 
oscillation of the resonator in the sensor. After the end of the pulse, the oscillation continues 
for the time 

             n = 2.3QL/(πfr)                                                                           (2)    
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until it decays exponentially by a factor of 10 (QL is the Q factor of the resonator loaded by 
the antenna). It is re-radiated by the sensor antenna and picked up by the reader’s receiver. 
Since the interrogation signal is over, the SAW response can be easily distinguished from it 
and from the environmental echo that is much shorter than τn ≈ 10-20 µs at 433 MHz. 

The task of the reader is to estimate fr either directly from a single sampled SAW response 
or based on the amplitudes of several SAW responses measured at a number of interrogation 
frequencies. The second approach is simpler from the computational point of view [18] but it 
takes longer or, if just two or three frequencies are used, suffers from a limited tracking 
bandwidth of the sensor. Besides, amplitude measurements are more subject to random errors 
than frequency estimation algorithms. For these reasons, the first approach is more attractive 
[16,19]. Various algorithms can be used for the frequency estimation [20] but we prefer DFT 
based estimator giving random frequency errors not far away from the theoretical limit for 
practical SNR > 15 dB and at the same time computationally not as complex as methods 
based on singular value decomposition. 

The block diagram of the pulsed reader and its implementation in the form of a single-
sided PCB based on the RF ASIC transceiver MLX11006 and TMS320F2808 DSP is shown 
in Fig. 3. The reader is capable of sequential interrogation of several SAW resonators working 
within 420-440 MHz range with the sensitivity ≈-86 dBm at SNR = 17 dB. Measurement of a 
single resonant frequency takes 126 + 24Nc µs for short range and 126 + 37.2Nc µs for long 
range applications where Nc is a number of coherently accumulated SAW responses. The rms 
value of random frequency errors is around (300…560)/Nc

1/2 Hz for the peak input power Pin 
of the SAW responses from 0 to -35 dBm typical for short range applications. For long range 
applications, Pin can be as low as ≈-85 dBm giving random errors up to 7/Nc

1/2 kHz. 
Sequential interrogation increases the measurement update period and hence reduces the 

bandwidth B for the differential sensor containing more than one resonator. To broaden the 
bandwidth, it is desirable to interrogate two resonators in parallel by means of their 
simultaneous narrowband excitation. This strategy is implemented in a more complex and 
expensive high-speed reader [21] shown in Fig. 4. It takes only 62 µs for the reader to 
measure  two resonant  frequencies  without  coherent  accumulation  of SAW responses. This 

 

 
 

Figure 2: Block diagram of the reader for simultaneous CWFM interrogation of two resonators. 
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increases the sensor bandwidth almost by a factor of five compared to the standard reader 
shown in Fig. 3, which is useful for monitoring fast process such as vibrations and torque at 
the output of IC engines. 

3 SAW PRESSURE AND TEMPERATURE SENSOR 
This sensor was developed by 2006 for automotive tire pressure monitoring system 

(TPMS) [7,22]. It uses a 4x8x0.35 mm SAW sensing element made of quartz (Fig. 5a) with 
three resonators two of which parallel to each other form a differential pressure sensor. The 
quartz die is installed on two ledges of the metal base of the package; the central resonator is 
deformed by a dimple of the metal lid working as a diaphragm while the left one is used as a 
reference. The pressure sensitivity of their difference frequency varies from 2.5 kHz/psi (for 
10 Bar sensors) to 5.8 kHz/psi (for 3 Bar sensors) depending on the thickness of the lid.  The 
inclined resonator on the left and the rightmost resonator form a differential temperature 
sensor with the sensitivity of about 1.7 kHz/°C. 

Resonant frequencies of the three resonators are selected in such a way that they stay 
within the European 433 MHz ISM band (1.74 MHz wide) at all pressures and within the 
required temperature range from -40°C to +100°C. All three resonators are connected in 
parallel to a single shortened whip antenna and the reader is connected to four small dipole 
antennas installed under wheel arches by twisted pair cables through an RF switch. The 
interrogation  power is  selected  to be ≈0.5 mW to  comply both with  EU  requirements  and 

 
Figure 3: Block diagram of the pulsed reader (a) and its implementation (b) 

(a) 

 
 

Figure 4: High-speed reader for simultaneous interrogation of two resonators 
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FCC regulations in the US where 433 MHz band is not an ISM band. Nc ≤ 30 SAW responses 
are coherently accumulated for each resonator to reduce random errors. In addition, frequency 
measurements are averaged over Na = 40 interrogation attempts. As a result, the rms 
difference frequency errors are σF < 350 Hz resulting in the rms errors of measured 
temperature σT < 0.2°C and pressure σP < 0.14 psi for the 10 Bar sensor. The achieved overall 
accuracy of the system is better than 1 psi and 2 °C. 

The developed pressure and temperature wireless sensor can be used not only for TPMS 
and not only at the distance of about 1 m between the reader and sensor antennas. Due to FCC 
(Part 15) regulations, the pressure and temperature readings cannot be updated faster than 
every Tup = 10 s with the reader transmission time limited by 330 ms. The update rate could 
be faster without this limitation but there is always a trade-off between the required sensor 
resolution defined by σF, the sensor bandwidth B ~1/(2Tup), and the read range L for a given 
interrogation power Pint. For a far field, free space communication [14,23], 

                                                        𝜎𝜎𝐹𝐹 = √2(𝜎𝜎𝑎𝑎2 + 𝜎𝜎𝑓𝑓2)/(𝑁𝑁𝑐𝑐𝑁𝑁𝑎𝑎)                                                                    (3) 

where 

                                𝜎𝜎𝑎𝑎 = 12𝜋𝜋2𝐶𝐶𝑓𝑓𝑟𝑟
𝑄𝑄𝐿𝐿𝐺𝐺𝑠𝑠𝐺𝐺𝑟𝑟𝑇𝑇𝑅𝑅

[ 4𝑘𝑘𝐵𝐵𝑇𝑇𝐹𝐹𝐵𝐵𝑟𝑟𝑇𝑇𝑠𝑠
𝐾𝐾𝑅𝑅𝑅𝑅𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖(1−|Γ|2)𝜏𝜏𝑖𝑖

]
1/2

( 𝐿𝐿
𝜆𝜆𝐸𝐸𝐸𝐸

)
2
                                   (4) 

is the receiver’s additive noise contribution into the rms value of the measured frequency 
without coherent accumulation, C ≈ 2.5 is the increase factor due to the DFT based frequency 
estimator being worse that the theoretical limit defined by Cramer-Rao lower bound. Gs,r are 
antenna gains for the sensor and the reader, TR is the voltage gain for the resonator + antenna  
depending on the antenna mismatch, kB is Boltzmann’s constant, F is the ASIC’s noise factor, 
Br is the receiver’s noise bandwidth, Ts is the sampling period for the SAW response within 
τn, Γ is the reflection coefficient for the reader antenna, σf is the contribution of the phase 
noise of the receiver’s local oscillator and KRx is the power loss coefficient in the receiver’s 
front-end circuit and due to a delay between the end of the interrogation pulse and the first 
sample. On the other hand, for a sequential interrogation of three SAW resonators, 

                                                        Tup = 3Na(126 + 37.2Nc ) µs.                    (5) 

Based on (3)-(5) one can estimate an achievable sensor bandwidth for a given read range and 

                  
 

 
Figure 5: SAW pressure & temperature sensor (a), its installation in the tire valve and the TPMS reader 

in the car boot (b) 

(a) (b) 
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required resolution σF using the graph in Fig. 6. It is plotted for Pint = 0.5 dBm, Gs,r = 0 dBi, F 
= 9 dB, Γ = 0.17, Br = 1.5 MHz, Ts = 0.24 µs, σf  = 560 Hz, KRx = 0.37. A reasonable value of 
TR ≈ 0.24 is obtained for  the typical resonator parameters: Q = 10000, series resonant 
impedance 50 Ω, static capacitance C0 = 4.4 pF, and the antenna impedance Ras+jXas = 70 + 
j200 Ω ensuring a small variation of fr with the antenna reactance according to 
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                  (6) 

where fp is the antiresonance frequency of the unloaded resonator and C is its motional 
capacitance. 

One can see that the achievable sensor bandwidth decreases with the read range quite 
rapidly because of a need in a larger number of coherent accumulations Nc and averages Na to 
achieve the required frequency resolution. One should bear in mind that the maximum 
achievable read range is limited by a threshold signal-to-noise value SNRmin below which the 
frequency estimator is unreliable so (4) is only valid for 

                 𝐿𝐿 ≤ 8.9𝜆𝜆√𝑁𝑁𝑐𝑐(1 − |Γ|2)𝐾𝐾𝑅𝑅𝑅𝑅𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖(𝐺𝐺𝑠𝑠𝐺𝐺𝑟𝑟𝑇𝑇𝑅𝑅)2/(𝑆𝑆𝑁𝑁𝑆𝑆𝑚𝑚𝑖𝑖𝑖𝑖𝑘𝑘𝐵𝐵𝑇𝑇𝐵𝐵𝑟𝑟𝐹𝐹)4                                          (7) 

that is around 9 m for SNRmin = 15 dB. One should also bear in mind that conditions for the 
signal propagation can be much worse in reality than in free space due to reflections and 
absorption of electromagnetic waves as it is in the case of TPMS.  

A realistic upper temperature limit for the resonant sensors based on quartz is around 
250°C. A different material for the SAW substrate should be used at higher temperatures such 
as, langasite [24] or AlN/sapphire that can work at least up to 850°C although the Q factor 
drops noticeably with temperature. 

 

Figure 6: Sensor bandwidth achievable for a given standard deviation σF of the measured 
difference frequency at Pint = 0.5 mW against the read range in free space. 
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4 TEMPERATURE COMPENSATED STRAIN AND TORQUE SENSOR 
Differential SAW resonant sensing elements on quartz substrates for measuring shear 

strain are shown in Fig. 7a [7]. The resonators M1SAW-M4SAW work at f1 = 437 MHz, f2 
=435 MHz, f4 = 431 MHz and f5 = 429 MHz that are located beyond the 433 MHz ISM band 
so they should be interrogated either through near field antennas/couplers or in a shielded 
environment to comply with EMC regulations. The difference frequencies Fm1 = f1– f2 and Fm2 
= f4– f5 depend linearly on strain as shown in Fig. 7b with the sensitivity 2.6-3 kHz/µ for the 
resonator axes coinciding with principal components of shear strain. The sensitivity as well as 
the offset of the characteristics change slightly with temperature since the temperature 
characteristic of a SAW resonator depends on strain [17]. A temperature compensation of the 
sensing elements is required for an accuracy better than 1%. It is achieved by adding one 
more resonator, TSAW, to one of them. Its frequency is f3 = 433 MHz and Ft = f2– f3 is used 

for an independent temperature measurement and compensation as described in [25]. 
The same sensing elements can also be used for measuring uniaxial strain. In this case, 

M1SAW and M3SAW are positioned along the strain axis and the sensitivity of Fm1,2 is 1.8-
2.4 kHz/µ. The sensing elements shown in Fig. 7a are packaged in metal packages and 
sealed by laser welded lids. However, all-quartz packages assembled by a wafer-level process 
more suitable for high-volume manufacturing are also available. The maximum survivable 
strain limit for both types of quartz sensing elements is around 1500 µ. 

Since the sensing elements can measure shear strain they are also capable of measuring 
torque when bonded to a flat area on the surface of a shaft or a disc where the torque is 
applied. Several non-contact SAW torque sensors were developed for automotive industry [7]. 
Fig. 8a shows a shaft used in electrical power assisted steering (EPAS) with two bonded 
sensing elements. They are connected to the rotor of an RF coupler and the stator connected to 
the standard reader. The sensor range is 36 Nm, the resolution is ≈0.06 Nm, the total error is 
below 1% FS within -40…+85°C and the torque update period Tup = 0.5 ms for Nc = 5. 

Another automotive torque sensor installed on the input gearbox shaft for IndyCar is 
shown in Fig. 8b.  It also contains two SAW sensing elements  for  bending  compensation 

 

 (a) 
  Figure 7: SAW strain sensing elements (a) and their characteristics (b). 

(b) 
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that are connected  to  a coaxial RF rotor couple.  The range of the sensor is 1 kNm, the 
resolution is better than 2 Nm, the error is below 1% FS and Tup = 0.3 ms for Nc = 1. 

Fig. 8c shows a flexplate connecting an engine to a torque converter with a single sensing 
element installed. One can also see a rotor microstrip couple for non-contact near-field 
communication. The sensor range is 400 Nm, the resolution is ≈1.1 Nm, the total error is 
around 1% FS within -40…+125°C and the torque update period Tup = 0.15 ms if a standard 
reader is used. If a high-speed reader is used, Tup = 62 s allowing to see fine details of firing 
pulses in the torque signal at the IC engine output. 

 
Apart from automotive sector, several non-contact torque sensors were developed for other 

industrial applications, for instance, monitoring conditions of wind turbine gearboxes. To 
simplify an aftermarket installation, the sensing elements were installed on plate transducers 
(Fig. 9a) that could be calibrated separately from a 120-mm high speed shaft and easily 
installed on it using flexible clamps (Fig. 9b). The sensor range is 5 kNm, the error after 
calibration is less than 0.7% FS and Tup = 0.73 ms for Nc = 10. A similar design was used for 
a sensor installed on a 180-mm propeller shaft of a Norwegian passenger ship. The sensor was 
tested by Kongsberg Maritime during one year without degradation of performance although 
it showed some creep (Fig. 10) that should be reduced by optimizing the clamp design. 

5 CONCLUSIONS 
- Resonant SAW sensors have several advantages over other types of wireless SAW 

sensors, in particular, low insertion loss and short interrogation time. However, they 
are less suitable for multi-sensor systems since they cannot employ TDMA and 
CDMA within license-free frequency bands. 

- Resonant differential sensors can be used for wireless measurement of temperature, 
pressure, strain, and torque but one should bear in mind a trade-off between the 
sensor bandwidth, the read range, and the sensor resolution. Fast update rate of 
several kilohertz with high resolution can only be achieved within a short range, 
preferably using near field antennas. 

- Several wireless resonant SAW sensors have been developed for automotive and 

 
(a) 

 
(c)  (b) 

Figure 8: Non-contact torque sensor installed on a steering shaft (a), input gearbox shaft (b) and flexplate (c). 
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industrial sectors. New prospects for high volume applications will emerge with 
further reduction of SAW packaging cost, development of high-Q sensing elements 
for a wider 2.45 GHz ISM band as well as more sensitive, faster, and cheaper readers. 
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Abstract. Many engineering applications of Shape Memory Alloys (SMAs) involve passing back
and forth through phase transformation many times. Repeated phase transformation develops
permanent deformations originating from the significant distortion that phase transformation
induces at the austenite–martensite interfaces and grain boundaries. This distortion drives dis-
location activity resulting in an observable macroscopic Transformation-Induced Plastic (TRIP)
deformation, which occurs at effective stress levels much lower than the plastic yield limit of the
material. TRIP strains may accumulate up to 20% during the lifetime of an SMA component
and thus a finite strain constitutive model is required for simulating their response. In this
work, a 3-D finite strain model is developed based on logarithmic strain which is the only strain
measure whose rate is equal to the stretching, that describes phase transformation and TRIP
deformation in a thermodynamically consistent setting. The model is implemented in Abaqus
finite element software through a user defined material subroutine (UMAT). Boundary value
problems such as strip and a torque tube under both pseudoelastic and actuation cyclic loadings
are performed to test the capabilities of the newly proposed model.

1 INTRODUCTION

SMAs have the ability to recover a pre-defined shape when subjected to appropriate thermo-
mechanical loading. Since the discovery of the shape memory effect, SMAs has been extensively
investigated to be used as sensors, controllers and actuators etc. towards building smart system
integrated with adaptive and intelligent functions.
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Over the several past decades, a substantial number of SMA constitutive models at the con-
tinuum level have been proposed, most of them being based on the infinitesimal strain assump-
tion within the small deformation regime. A review of such models can be found in Boyd and
Lagoudas [3], Birman and November [1], Raniecki and Lexcellent [18, 19], Patoor et al. [15, 16],
Hackl and Heinen [7], Levitas and Preston [11, 12]. The majority of above mentioned models
are dealing with stable material response that exhibits no evolutionary features. However, many
engineering applications of SMAs involve passing back and forth through phase transforma-
tion many times. Repeated phase transformation develops permanent deformations originating
from the significant distortion that phase transformation induces at the austenite martensite
interfaces and grain boundaries especially for the initial cyclic loadings. This distortion drives
dislocation activity resulting in an observable macroscopic transformation-induced plastic de-
formation, which occurs at effective stress levels much lower than the plastic yield limit of the
material. From experiment results, TRIP strains may accumulate up to 20% during the lifetime
of an SMA component, and thus a finite strain constitutive model accounting large strains and
rotations is required for give better predications.

A three-dimensional constitutive model at finite strain regime for SMAs incorporating TRIP
is proposed in this work. The adopted logarithmic strain measure and rate [20, 21, 22] enables
the model to effectively capture the material response under finite strains with rotations, and
attribute modeling advantages in the presence of large accumulated plastic strain under cyclic
thermo-mechanical loading for SMAs. The martensitic volume fraction, transformation strain,
and TRIP strain are used to characterize material nonlinear behavior while back stress tensor
and a drag stress term are used to introduce the effects of the kinematic and isotropic hardening
in the model.

To this end, the paper is organized as follows. In Section 2, we represent some preliminaries
on kinematics in continuum mechanics. Section 2.4 will concentrate on the thermodynamic
framework to formulate the constitutive model by using logarithmic strain and logarithmic rate.
Boundary value problems will be addressed to test the capability of proposed model in Section 3.
At the end, we summarize this paper with conclusion in Section 4.

2 PRELIMINARY

2.1 Kinematics

Let X and x = χ(X, t) denote the position vector of the material points of a body B in the
reference (undeformed) configuration at initial time t0 and at the current (deformed) configu-
ration at time t, respectively. The deformation process from the initial configuration to current
configuration can be characterized by the deformation gradient,

F(x, t) =
∂x

∂X
(1)

Then, the velocity gradient L is defined through as follows:

L = ḞF−1 (2)

2
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The velocity gradient L can be additively decomposed into a symmetric part called the rate of
deformation tensor, i.e. D, plus an anti-symmetric part called the spin tensor, i.e. W,

L = D+W;



D =

1

2
(L+ LT),

W =
1

2
(L− LT),

(3)

The following polar decomposition formula is well known, in which R is the rotation tensor and
V is the left stretch.

F = VR (4)

The left Cauchy-Green tensor B is defined by

B = FFT = V2 (5)

The logarithmic strain of Eulerian type h is given through,

h =
1

2
lnB = lnV (6)

The Kirchhoff stress tensor is defined as equation 7, where J is the determinant of the deforma-
tion gradient F.

τ = Jσ (7)

2.2 Logarithmic rate and Logarithmic spin

In finite deformation analysis, the rate of the deformation tensor D can be additively decom-
posed into an elastic part De and a dissipative part Ddis. One of the main tasks is to adopt an
appropriate objective rates to achieve the principle of objectivity in its rate form constitutive
equations. Many objective rates, such as the Jaumann, Green–Naghdi, and Truesdell rates,
have been proposed by different researchers. However, none of them was able to set up a direct
relation between the rate of deformation tensor D and an objective rate of strain measure, thus
many spurious phenomena, such as shear stress oscillation, dissipative energy or residual stress
accumulated in elastic deformation, are observed when these rates are being used. Until recently
the so-called logarithmic rate proposed by Xiao et al. [20, 21, 22], Bruhns et al. [4, 5, 6], Meyers
et al. [13, 14] successfully resolved such self-inconsistent issues. It was shown that the logarith-
mic rate of the logarithmic strain h of Eulerian type is identical with the rate of deformation
tensor D, which is expressed as:

h̊log = ḣ+ hΩlog −Ωlogh = D (8)

Where h̊log means the logarithmic rate of logarithmic strain and ḣ is the conventional time rate
of logarithmic strain. Ωlog is called logarithmic spin introduced by Xiao and Bruhns [20] with
its explicit expression as:

Ωlog = W +
n∑

i �=j

(1 + (λi/λj)

1− (λi/λj)
+

2

ln(λi/λj)

)
BiDBj (9)

Where W is the spin tensor; λi,j(i, j = 1, 2, 3...) are the eigenvalues of left Cauchy-Green tensors
B; Bi,j are the corresponding subordinate eigenprojections of B.
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2.3 Additive decomposition of logarithmic strain

Starting from the additive decomposition of the rate of deformation tensor D,

D = De +Dtr +Dp (10)

The total stress power supplied from outside working on body B per unit volume can be calcu-
lated and additively decomposed into,

Pstress power = τ : D = τ : De + τ : Dtr + τ : Dp (11)

From energy point of view, additive decomposition of kinematics in finite deformation analysis
can be interpreted as total stress power being split into a recoverable part of τ : De, an irrecov-
erable dissipation part τ : Dtr for transformation process and a plastic dissipation part τ : Dp

associated with plasticity deformation.
By virtue of equation 8, elastic part De, transformation part Dtr and plastic part Dp in

equation 10 can be rewritten as the logarithmic rate of elastic logarithmic strain he, logarithmic
rate of transformation logarithmic strain ht and logarithmic rate of plastic logarithmic strain
hp respectively,

h̊e log = De; h̊t log = Dtr; h̊p log = Dp (12)

Combine equation 10 and equation 12, the following equation can be obtained.

h̊log = h̊e log + h̊t log + h̊p log (13)

Apply logarithmic corotational integration[8] in equation 13 on both sides, the following additive
decomposition of total logarithmic strain can be received. Namely, the total logarithmic strain
can be additively split into an elastic part, a transformation part and a plasticity part.

h = he + ht + hp (14)

2.4 FINITE STAIN SMA MODEL WITH TRIP

2.4.1 Thermodynamic potential of constitutive model

A Gibbs free energy expression is proposed [2, 10]

G = − 1

2ρ0
τ : Sτ− 1

ρ0
τ : [ α(T − T0) + ht + hp]− 1

ρ0

∫ ξ

0
(β :

∂ht

∂ξ
+ η)dξ

+c
[
(T − T0)− T ln(

T

T0
)
]
− s0(T − T0) + u0

(15)

where τ is the Kirchhoff stress tensor, T is the temperature and Υ = {ht,hp,β, η, ξ} is the
set of internal state variables, with β, η, ξ denoting a back-stress tensor, a drag-stress scalar,
and the martensite volume fraction, respectively. β and η describe hardening effects. Moreover,
S(ξ) is the fourth-order compliance tensor by using rule of mixtures, α is the second order
thermoelastic expansion tensor, c is effective specific heat, s0, u0 are effective specific entropy
at reference state and effective specific internal energy at reference state, respectively, and T0 is
the reference temperature.
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Following the standard Coleman-Noll procedure in dissipation inequality, the following con-
stitutive relations can be obtained

h = −ρ0
∂G

∂τ
= Sτ+α : (T − T0) + ht + hp (16)

s = −ρ0
∂G

∂T
=

1

ρ0
τ : α+ c ln(

T

T0
)− s0 (17)

where s denotes the entropy. Apart from the constitutive relation obtained, the following strict
form of the dissipation inequality can also be derived

−ρ0
∂G

∂ht
: h̊t − ρ0

∂G

∂hp
: h̊p − ρ0

∂G

∂ξ
ξ̇ � 0 (18)

The following section will concentrate on setting up the evolution equations between different
internal state variables.

2.4.2 Evolution equation for transformation strain

One key assumption of the classical SMAs model postulated by Boyd and lagoudas [3] is that
any change in the current microstructural state of the material is strictly a result of a change in
the martensitic volume fraction. We thus propose the following evolution relationship between
ξ and ht .

h̊t = Λξ̇, Λ =



Λfwd, ξ̇ > 0,

Λrev, ξ̇ < 0,
(19)

where, Λfwd is the transformation direction tensor during forward transformation process, while
Λrev is the transformation direction tensor during reverse transformation process, they are
defined respectively in equation 20. It is worth to point out that the rate in equation 19 is
logarithmic rate for finite deformation analysis defined in Section 2.2

Λfwd =
3

2
Hcur τ

eff′

τ̄eff
; Λrev = Hcurh

t

h̄t
. (20)

τeff is the effective stress tensor, which is defined as equation 21, the back stress tensor β will
be introduced shortly.

τeff = τ+ β (21)

τ
′
is the deviatoric stress tensor part defined by τ

′
= τ− 1

3 tr(τ)I, in which I is the second order
identity tensor. The von mises equivalent stress is given by

τ̄ =

√
3

2
τ
′ : τ′ (22)

Hcur denotes the current maximum transformation strain for current stress state. From experi-
ment observation, the maximum transformation strain Hcur is not a constant value throughout
all stress state, it is a exponential function depending on current stress state as defined through
an curve fitting in equation 23, in which Hmax is the maximum saturated transformation strain
and kt is a curve fitting material parameter.

Hcur(τ) = Hmax(1− e−ktτ̄eff) (23)
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2.4.3 Evolution equation for plastic strain

In order to model the large irrecoverable transformation induced plastic strain, a evolution
equation for the plastic strain is also proposed here. It has a similar structure as the evolu-
tion equation proposed by Lagoudas and Entchev [10]. Instead of using the Cauchy stress,
infinitesimal strain tensor and the conventional time rate for the rate form evolution equation,
we used the Kirchhoff stress, logarithmic strain tensor and the logarithmic rate to reformulate
the evolution relation in equation 24.

h̊p = Λpξ̇, Λp =



Λp

fwd, ξ̇ > 0,

Λp
rev, ξ̇ < 0,

(24)

In the above rate form evolution equation, Λp
fwd is the forward TRIP direction tensor while

Λp
rev is the reverse TRIP direction tensor. They have the explicit expression in equation 25

respectively. The rate here is logarithmic rate.

Λp
fwd =

3

2
Cp
1

Hcur(τ)

Hmax

τeff
′

τ̄eff
e
− ζd

C
p
2 ; Λp

rev = −Cp
1

Hcur(τ)

Hmax

ht−r

h̄t−r
e
− ζd

C
p
2 . (25)

In the above defined TRIP direction tensor, the accumulated detwinned martensitic volume
fraction ζd is introduced through the following equation, the way it was introduced here is based
on the assumption that self-accommodating martensitic phase transformation plays no role on
the development of the plastic strains [10].

ζd =

∫ t

0
|ξ̇d(t)|dt (26)

The detwinned martensitic volume fraction ξd is introduced as equation 27

ξd =
Hcur(τ)

Hmax
ξ (27)

2.4.4 Drag stress and back stress

In this model, a second order back stress tensor and a scalar drag stress term are introduced to
accounting for the kinematic and isotropic hardening features during the transformation process.
They are essentially representing microstructure effects such as grain boundaries, misfit between
austenite-martensite interface, micro voids and cracks etc. The back stress tensor is defined in a
similar way by Lagoudas and Entchev [10], which has the tensorial equation 28. The difference
is here we used logarithmic strain measure instead of infinitesimal strain measure.

β = −ht

h̄t

[
Db

1(H
curξ) +Db

2(H
curξ)2 +Db

3(H
curξ)3 +Db

4(H
curξ)4 +Db

5(H
curξ)5

]
(28)

The scalar drag stress term is the same as it was in paper Lagoudas and Entchev [10]. It is
revisited here in equation 29 for clarity .

η = −Dd
1

[
− ln (1− ξ)

] 1
m1 +Dd

2ξ (29)
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2.4.5 Transformation function

In this section, a criterion for the occurrence of both the forward and reverse transformation
will be defined to make the model completed. After the introduction of evolution equation for
internal state variables, we substitute the evolution equation 19 and 24 into the strict form
dissipation inequality 18, the following inequality can be derived:

(τ : Λ− ρ0
∂G

∂ξ
)ξ̇ = πξ̇ � 0 (30)

In the above equation, the quantity π is called the general thermodynamic driving force conju-
gated to ξ. Substitute Gibbs free energy expression equation 15 into equation 30, the explicit
expression of general thermodynamic driving force π is obtained:

π =
1

2
τ : ∆Sτ+ τeff : Λ+ τ : Λp + τ : ∆α(T − T0) + η

−ρ0∆c
[
T − T0 − T ln(

T

T0
)
]
+ ρ0∆s0(T −M0s) + Y

(31)

Where ∆S,∆α,∆c,∆s0,∆u0 represent the difference of these material parameters between
austenitic and martensitic phase by virtue of the rule of mixture. M0s is introduced as a
combination of other parameter such that

M0s = T0 +
1

ρ0∆s0
(Y + ρ0∆u0) (32)

Consistent with the framework by Qidwai and Lagoudas [17], we are assuming that whenever
the thermodynamic driving force reaches a critical value Y or (−Y ), the forward (reverse) phase
transformation will take place. Thus transformation function Φ is introduced here to working
as a criterion as defined by equation (33).

Φ =




π − Y, ξ̇ > 0,

−π − Y, ξ̇ < 0,
(33)

To satisfy the second law of thermodynamics and the principle of maximum dissipation for the
internal state variables, some certain constraints have to apply on the model, this constraint can
be expressed in terms of so-called Kuhn-Tucker conditions:

ξ̇ � 0; Φ(τ, T, ξ) = π − Y � 0; Φξ̇ = 0; (A ⇒ M)

ξ̇ � 0; Φ(τ, T, ξ) = −π − Y � 0; Φξ̇ = 0; (M ⇒ A)
(34)

3 NUMERICAL RESULTS

In order to demonstrate the capabilities of proposed model, two types of problems are pre-
sented here in this section. The first problem analyzed is a strip under unaxial tension loading
while the other problem is a torque tube under torsion loading. For both problems, isother-
mal stress-induced transformation case and isobaric thermal-induced transformation case are
performed respectively. The results are obtained through using the commercial finite element
software Abaqus combined with user defined material subroutine (UMAT). Material parameters
used in all the cases are presented in Table 1 from the book by Lagouas et al. [9].
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Table 1: Material parameters for SMA used for the numerical results [9]

Parameter Value Parameter Value

EA 70 [GPa] D1
b 3.40 × 10 3 [MPa]

EM 50 [GPa] D2
b -2.23 × 10 5 [MPa]

νA = νM 0.33 D3
b 8.32 × 10 6 [MPa]

αA = αM 2.2 ×10−5 [K−1] D4
b -1.50 × 10 8 [MPa]

Hmax 0.05 D5
b 1.03 × 10 9 [MPa]

kt 0.0052 [MPa−1] D1
d 8.0 [MPa]

ρcA 2.12 [MJ/(m3K)] D2
d 1.7 [MPa]

ρcM 2.12 [MJ/(m3K)] m1 3.5
ρ∆s0 -0.422 [MJ/(m3K)] CP

1 3.6 × 10 −3

M0s 311.0 [K] CP
2 18.0

Y 6.0 [MJ/m3]

3.1 Uniaxial isothermal loading case

This boundary value problem describes a SMA strip sample under cyclic isothermal uniaxial
tensile load up to a maximum value of 800 MPa. During the loading step, the load is linearly
increased from initial value 0 MPa to its maximum value 800 MPa, which activates the forward
stress-induced transformation. After the load reach the peak value, it begins unloading from
800 MPa to 0 MPa, which results in a reverse transformation. The temperature is keeping a
constant value of 360 K throughout this whole process. Loading cycle is repeated 50 times. The
material stress versus strain response curve for this case is depicted in Figure 1. In order to
have a clean picture, only several loading cycles are chosen to show in the figure. It can been
seen that there is a substantial amount of irrecoverable plastic strain accumulated during this
cyclic loading process. The TRIP strain in the only first cycle is about 0.7% and saturated with
a value close to 6% after 30 cycles. The material response is stabilized and the plastic strain
accumulated in the 50th is almost zero.

3.2 Uniaxial isobaric loading case

This boundary value problem is simulating a SMA strip under cyclic actuation loading. The
SMA strip is first subjected to a constant uniaxial tensile load of 200 MPa, then it undergoes
multiple coolings and heatings by changing the temperature from 360 K to 260 K back and forth.
The strain versus temperature curve is plotted in Figure 2, again only several typical curves are
chosen to show to have a clean result. As is shown in Figure 2, there is a large amount of
irrecoverable plastic strain accumulated during the cyclic actuation loadings. The TRIP strain
starts with value around 0.6% and end up with almost a zero value after 30 cycles, the actuation
response is also stabilized and the accumulated TRIP strain saturated with a value around 4.8%
after 50 cycles.
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Figure 1: Pseudoelastic response of strip from 1st to 50th cycle
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Figure 3: Actuation response of torque tube from 1st to 30th cycle

3.3 Torsion isothermal loading case

In this section, a torque tube problem is used to demonstrate the capability of proposed
model for loading case with rotations. The tube is subjected to a torque linearly changing from
its initial 0 value to a maximum value during loading, and linearly decreasing from its maximum
value to 0 value for unloading. The temperature is kept as a constant value of 360 ◦C through-
out the cyclic loading process.The material pseudoelastic stress versus strain curve is plotted in
Figure 3. The plotting information comes from a point at the torque tube inner surface. From
the figure, it is interesting to see the difference between these results and those obtained from
unaxial case in 3.1. Apart from the saturated TRIP strain and stabilized material response,
the pseudoelastic curve of torque tube shifted down compared to it was in uniaxial case. This
can be explained by the internal stress introduced through the training process. Since the shear
stress is not uniform along the radial direction, thus the plastic strain accumulated due to phase
transformation is also not uniform along radial direction, the outer surface will have larger TRIP
strain as a result of the larger shear stress it experienced while the inner part will have a smaller
one. A nonuniform shear stress distribution make the response of tube shifted compared to its
counterparts in the uniaxial case.

3.4 Torsion isobaric loading case

The last problem analyzed is the torque tube under cyclic actuation loading. Similar to the
loading case in section 3.1, the SMA tube is first subjected to a constant torque, then it will
experience the cooling and heatings by changing the temperature from 360 K to 290 K back and
forth. The actuation response of torque tube is shown in Figure 4, similar as what observed in
Figure 2, there is also a large amount of irrecoverable plastic strain accumulated. The TRIP
strain saturates with a value around 9% in the end, and the actuation response is also stabilized
after 30 cycles.
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4 CONCLUSIONS

In the paper, a three-dimensional constitutive model at finite strain regime for phase trans-
formation materials with large accumulating transformation induced irrecoverable plastic strain
is proposed in this work. Boundary value problems such as a strip and a torque tube under
both pseudoelastic and actuation loadings are performed to demonstrate the capabilities of the
proposed model. Numerical results of strip problem demonstrated that the proposed model
can characterize the material nonlinear evolution features, such as TRIP strain accumulation
and its saturation, stabilized material response after certain loading cycles in a good manner.
The torque tube problem also showed that the model can predict the internal stress introduced
through the material training process. In the future, the presented model will be calibrated
through and compared to the experiment results.
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Abstract. Lüders-like band is an important deformation feature in a stretched pseudoelastic 
NiTi polycrystalline strip and its formation/evolution can influence the fatigue life of the NiTi 
strips significantly. For “elastic” fatigue tests on the specimens with unchanged domain/band 
patterns (immobile domain interfaces), it is normally expected that the fatigue failure would 
occur at the band front (the interface separating the Martensite and the Austenite domains); 
however, it was revealed recently that the fatigue failure can happen inside the Martensite 
domain. To further understand this phenomenon, the “elastic” fatigue tests and in-situ high-
resolution recording of the interface morphology were conducted on NiTi strips of different 
thicknesses. It is found that the strip’s thickness can influence the morphology of the domain 
interface so as to affect the strip’s fatigue life. Moreover, the fatigue failure can occur at the 
domain interfacial zone or inside Martensite domain, depending on the morphology of the 
domain interface which depends on the strip’s thickness. It is implied that the domain interface 
could be a key feature governing the fatigue failure of NiTi strips. 

1 INTRODUCTION 

NiTi polycrystalline Shape Memory Alloy (SMA) with superelasticity and shape memory 
effects have extensive applications in biomedical, civil, aeronautic and micro-electro-
mechanical engineering [1–5], most of which are under cyclic loading and thus the fatigue 
performance is important (including functional fatigue [6–8] and structural fatigue [7,9]). 
Particularly, the structural fatigue (with significant microstructure damage leading to 
device/structure failure) has to be well understood before promoting large-scale engineering 
applications. Most of the existing fatigue study on NiTi SMA was focused on the fatigue criteria 
[10–15] in terms of the nominal stress-strain responses (nominal stress/strain amplitude, mean 
stress/strain, energy dissipation, etc.), ignoring an important deformation feature — Lüders-
like bands (macroscopic localized deformation domain) which could be formed in the SMA 
structures such as wires/tubes [16–23] and plates/strips [17,24–32] due to the material’s
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mechanical softening property. Recently, it was revealed that the macroscopic domain 
formation/evolution can influence the fatigue life of the NiTi strips significantly [33–35]. 
Interestingly (out of general expectation[36–39]), the Lüders-band front (the domain 
wall/interface separating the high-strain Martensite domain and the low-strain Austenite 
domain) is not always a fatigue failure zone: for the NiTi strip with the domains (A domains, 
M domains and the domain interfaces) under only “elastic” cyclic tensile loading (i.e., no 
interface propagation), the fatigue fracture failure occurs in a M domain rather than at a domain 
interface [34]. To understand this phenomenon, we conducted the fatigue tests on NiTi strips of 
different thicknesses. It is found that the strip’s thickness can influence the morphology of the 
domain interface and the associated interfacial energy (as the theoretical prediction in [40]) so 
as to affect the strip’s fatigue life. Therefore, this paper reports the study on how the strip’s 
thickness influences the domain interface morphology and the associated fatigue failure. In the 
following, the material properties and experimental procedures are described in Section 2, the 
experimental results and discussion are presented in Section 3. Finally, a brief summary and 
conclusions are given in Section 4. 

2 MATERIAL PROPERTIES AND EXPERIMENTAL SETUP 

Dog-bone strips used in the tests have the same width of 2.5 mm and gauge length of 25.0 
mm, but different thicknesses t: 0.2 mm, 0.5 mm and 1.0 mm. All the specimens were electro-
discharge machined from pseudoelastic polycrystalline NiTi sheets from Johnson Matthey Inc. 
USA (Austenite finish temperature Af ≈ 10 °C) and the specimen surfaces were “pickled” as 
received from the supplier. While the slim specimens were cut from the sheet (t = 0.2 mm, 
composition 55.7 wt.% Ni) with the gauge length directions perpendicular to the rolling 
direction (RD), the medium and thick specimens were cut from the sheets (t = 0.5 mm and 1 
mm respectively, composition 56.0 wt.% Ni) along RD. The cyclic fatigue tests on the strips 
were performed on an Instron machine (ElectroPuls E3000) by controlling the nominal mean 
strain εmean = (εmax+εmin)/2 (εmax is the applied maximum strain and εmin the minimum) and the 
nominal strain amplitude εampl = (εmax-εmin)/2. A small nominal strain amplitude εampl = 0.25% 
was applied on all the strips to make sure the specimens taking “elastic” cyclic deformation — 
the band pattern (and the domain interface) doesn’t change with the cyclic loading. In the 
fatigue test, the strip was first stretched to εmax with a slow strain rate (10-4 s-1), then the fatigue 
test was conducted between εmax and εmin cyclically until the fatigue failure occurs. To keep the 
specimen's temperature close to the ambient temperature (around 21 °C), a fan was used to 
accelerate airflow to increase heat convection and all the tests were performed with a low strain 
rate (10−3 s−1). During the tests, two CMOS cameras of 2048×1088 pixels (Basler acA2000-340 
km) with Nikkor lens were used to record the specimen’s surface morphology with a maximum 
recording rate of 50 frames/s. One camera was fixed at the distance of 35 cm from the specimen 
to record the morphology of the whole specimen surface (so-called “global view”). In addition, 
to observe closely the detailed morphologies of the propagating and branching interfaces 
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(domain walls), another camera was installed close to the specimen (about 1 cm distance, so-
called “local view”) to obtain high-resolution images of the regions near interfaces. The optical 
images of both global and local view were processed by Digital Image Correlation (DIC) 
software Vic-2D (Correlated Solutions) to obtain the local strain fields.

3 EXPERIMENTAL RESULTS AND DISCUSSION

This section includes two parts. The first part reports the typical stress-strain response of the 
specimens and the associated interface propagation when a specimen was first loaded from 
nominal strain ε = 0 to the maximum nominal strain εmax to create the band (domain) pattern. 
particularly with the camera focusing on the interfacial zone (“local view”), the high-resolution 
morphology of domain interfaces and its branching were observed during the domain 
propagation. The domain interface is first controlled (by nominal mean strain) to stop at a 
certain position of the specimens, and then the specimen is submitted to the “elastic” cyclic 
fatigue test until the fatigue failure (the amplitude of the cyclic nominal strain amplitude εampl 
= 0.25% was so small that the interface didn’t move any more in the tests). Also the fatigue life 
is independent of the applied εmean (i.e. independent of the position of the band fronts in the 
gauge section (see [34])) The cyclic stress-strain response and the fatigue failure are discussed 
in the second part.

3.1 Morphology and propagation of the domain interfaces

Before each fatigue test, a slow strain-controlled tensile loading-unloading cycle (2000 s for 
the whole cycle with the maximum nominal strain εmax of 7% for t = 0.2 mm specimens (cut 
perpendicularly to RD) and c = 8% for t = 0.5 mm and 1.0 mm specimens (cut along RD)) was 
performed on the NiTi dog-bone specimen which can be approximately viewed as an isothermal 
case. Usually, under the low strain rate, the specimen’s temperature varies slightly so that only 
one band is nucleated and grows with the band-front propagation during the martensitic phase 
transformation [24–26,41–43]. 

Figure 1: Isothermal stress-strain curves of the strain-controlled test at room temperature T0 ≈ 21°C for (a) slim 
(S1-S3), (b) medium (M1-M3) and (c) thick specimens (T1).
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As shown in Fig. 1, the specimens of different thicknesses (t = 0.2mm, 0.5 mm and 1.0 mm) 
used in the fatigue tests have similar isothermal stress-strain responses except for the difference 
in the Austenite-Martensite phase transformation plateau stress (around 415 MPa for t = 0.2 
mm specimens and 375 MPa for t = 0.5 mm and 1.0 mm specimens) and the plateau strain 
(around 3.6% for t = 0.2 mm specimens and 5.0% for t = 0.5 mm and 1.0 mm specimens), which 
might be due to differences of the composition and cutting between the slim specimens (t = 0.2 
mm) and the medium/thick specimens (the same composition and cutting for t = 0.5 mm and 
1.0 mm). 

To illustrate the whole process of the fatigue tests, a full stress-strain curve and the associated 
band front propagation of a medium specimen (t = 0.5 mm) are shown as an example in Fig. 2. 
It is seen in the DIC strain patterns (global views) that the specimen deforms “elastically” and 
homogeneously (without Lüders-like bands from the start point ‘a’ to ‘b’ before stress drop. 
When the applied nominal strain ε reaches 1.7%, a macro-band (Lüders-like band) appears (see 
the global view ‘c’ in Fig. 2). With increasing nominal strain (from “c” to “d”), the band grows 
smoothly with two inclined interfaces (domain walls) dividing the specimen into two types of 
global domains (so-called “Marteniste (M) domain” with high local strain εM ≈ 6.7% and 
“Austenite (A) domain” with εA ≈ 0.8%). The angle between the interface normal and the 
loading axis (gauge-length direction) is around 35° for the compatibility or energy minimization 
of the mismatch between the M domain and A domain [19,25,40,41]. 

However, when the applied nominal strain further increases, as shown in the global views 
from “e” to “m”, the M domain grows with the propagation of the interfaces which become 
almost perpendicular to the loading axis, in order to reduce the bending moments on the 
specimen (Note: the asymmetry patterns with global inclined interfaces causes bending 
moments, see [19]). But, with the high-resolution local views (“e”, “f”, “g” and “h”) on the 
global “perpendicular” interfaces (global domain walls), we can see many small-scale 
interfaces (so-called “local interfaces” or “local domain walls”). These local interfaces keep 
the compatible orientation (around 35°); and their nucleation causes small stress drops as 
shown in the magnified stress-strain plateau. For example, a new local interface (or a very 
narrow local M band) is nucleated at point “e” with a small stress drop. Then a small triangle 
region/island (low-strain A domain, pointed by the red arrow in the local view ‘e’) is 
surrounded/isolated by the old and new interfaces; when the applied nominal strain continues 
to increase, the island merges into the existed M domain (see local views “f” and “g”). At the 
same time, another new band nucleates (local view “g”). Similar process of the band nucleation 
and merging (band front branching) repeats when the global M domain grows (see local views 
from ‘h’ to ‘m’) until the nominal strain reaches the maximum value for starting the cyclic 
fatigue test. Therefore, the process of band front propagation (interface propagation) is not 
always smooth but includes small-scale bands nucleation and merging which leads to stress 
fluctuations in the stress-strain curves. Particularly, this unsmooth/branching propagation of 
the band front leaves behind certain small-scale islands causing residual local strain variation 
inside the global M domain, even though the islands have merged into the M domain (see the  
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strain variation along two edges and the center line of the specimens in Fig. 3). 
Figure 3 shows the high-resolution DIC strain patterns (local views) around the global 

domain interfaces at the beginning of the fatigue tests on the specimens of different thicknesses: 
t = 0.2 mm, 0.5 mm and 1.0 mm. It is seen that the morphologies of the band fronts depend on 
the specimen’s thickness significantly. For the slim specimen (t = 0.2 mm) as shown in Fig. 
3(a), the global domain interface in fact includes several sharp crossing branches (with 
compatible orientation around 35°), forming a ‘V’ shape macroscopically. So, the center line of 
the specimen has different strain profiles from that of specimen’s edges, as shown in Fig. 3(a) 
where the strain profiles along the two edges have much more variations than that along the 
center line. The reason is that the islands left behind the propagating branching interfaces have 
residual effects on the specimen’s two edges (although most parts of the islands would finally 
merge into the M domain). However, when the specimen’s thickness increases, the interface 
branching becomes weaker. For example, in Fig. 3(c), the global domain interface of the thick 
specimen (t = 1.0 mm) has little branching, and its strain profiles along the two edges are much 
smooth than that of the slim specimen (Fig. 3(a)). Besides, with the comparison of the strain 
profiles along the center lines of the three different specimens (Fig. 3(a)-(c)), we can see that 
the interface thickness l (the size of the transition zone from A domain to M domain) increases 
almost linearly with the specimen thickness t as shown in Fig. 3(d), which agrees with the 
recently theoretical prediction in [40]. The thicker the strip’s thickness, the larger the transition 
zone (higher interfacial energy density) is. That is why branching (formation of more interfaces) 
is not easy (not energy-preferred or energy-minimization) in thick specimens. 

3.2 “Elastic” tensile fatigue tests  

The specimens under cyclic fatigue loading with nominal strain amplitude εampl = 0.25% 
deform like “elasticity” with very small hysteresis of stress-strain loops and keeping the domain 
patterns unchanged. For example, in Fig. 2, the cyclic stress decreases with increasing cycle 
number, but the stress-strain hysteresis is always small. During the cycles, the domain pattern 
doesn’t change (see the global and local views from ‘n’ to ‘s’ during the 100th cycle in Fig. 2. 
For such “elastic” fatigue tests on the specimens with unchanged domain patterns (immobile 
domain walls)), it is normally expected [36–39] that the fatigue failure would occur at the 
domain wall; but some previous study such as [34] shows that the fatigue failure can happen 
inside the M domain rather than at the domain walls. The results of current tests on all the 
specimens of different thicknesses are summarized in Fig. 4; the positions of the fatigue failure 
are marked by the red arrows in Fig. 4(b) to (h). For the slim specimens (S1-S3 of t = 0.2 mm 
shown in Fig. 4(b)-(d)), the fatigue failure can occur at (close to) the global domain wall (for 
the specimens S1 and S2) or inside M domain, far from the domain wall (for S3). By contrast, 
for the medium and thick specimens, the fatigue failures always occur at (near) the global 
domain walls as shown in Fig. 4(e)-(h). The reason for the possibility of the fatigue failure 
inside M domain (far from the global domain walls) might be the residual effects of the islands 
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left (inside the M domain) behind the propagating domain walls when creating the domain 
patterns before starting the “elastic” fatigue cyclic tests. The residual-island effect causes the 
strain variation at the specimen’s edges (as shown in strain profiles in Fig. 3(a)) which might 
lead to local stress concentration improving the possibility of the fatigue crack nucleation there. 

The fatigue life Nf for all the specimens are summarized in Fig. 4(a), where Nf increases with 
the specimen thickness t significantly from around 2104 cycles for t = 0.2 mm to around 7104 
cycles for t = 1.0 mm. There might be several factors influence the specimen’s fatigue life, such 
as the material properties (composition, texture, etc.) and the specimen’s geometry (such as 
thickness t). In current study, although the slim specimens have slight different properties from 
the other specimens (comparing Fig. 1(a) with (b) and (c)), the medium specimens and thick 
specimens were purchased from one batch (of the same composition) from the suppler. And 
both the types of specimens were cut from the sheets along the rolling direction so that they 
have almost the same pseudoelasticity as shown in Fig. 1(b) and (c) where they have almost the 
same plateau-stress level and plateau strain (A-M transformation strain). So, it is the specimen 
thickness, rather than material properties, that mainly governs the variation in the fatigue life 
of the different specimens in Fig. 4. With the observation on the thickness-dependent interface 
branching and interfacial transition zone in Fig. 3, we propose that the reason for the thickness-
dependent “elastic” fatigue life might be the abrupt strain change across the interface; the 
thicker the specimen is, the larger the interfacial zone is (the less strain gradient is) and the 
“elastic” fatigue life Nf is longer. More systematic experiments with both macro- and micro-
observations are needed to further clarify the physical mechanism of the thickness-dependent 
fatigue life. 

4 CONCLUSIONS 

The paper reports the cyclic “elastic” fatigue tests on the NiTi polycrystalline strips of 
different thicknesses. During the “elastic” tensile cyclic test, the interfaces between the A 
domains and M domains didn’t move. Besides a “global” camera monitoring the whole 
specimen’s surface, another “local” camera focusing on the interface zone to obtain high-
resolution branching interface morphology helps reveal the difference of the detailed interface 
branching between the specimens of different thicknesses. That provides hints for 
understanding the dependences of the specimen’s fatigue failure on the specimen’s thickness. 
Some preliminary conclusions can be drawn from the tests: 
 Domain interface branching is observed in slim and medium specimens; the propagating 

branching interface leaves behind some islands which induces to a local strain variation 
inside the global Martensite domain. With increasing the specimen’s thickness, the 
interface branching becomes weaker, almost no branching in the thick specimens (t = 1.0 
mm). The reason is that the size (thickness) and energy density of the domain interface 
increases with the specimen’s thickness (based on the experiments in Fig. 3(d) and 
theoretical prediction in [40]). The higher the interfacial energy, the more difficult the 
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interface formation is. Therefore, there is less interface branching (less interfaces 
nucleation) in the thick specimens. 

 For slim specimens with lots of interface branching, fatigue crack nucleation is not always 
at the global domain interfaces because islands left inside the Martensite domain behind 
the propagating front might be the crack nucleation sites; by contrast, for the medium and 
thick specimens with less interface branching, fatigue failure always occur at global 
domain interfaces. It is implied that domain interface could be an important feature 
governing the fatigue life of NiTi strips. 

 The “elastic” cyclic fatigue life of NiTi strips increases with the specimen’s thickness. The 
reason might be the smaller strain gradient across the domain walls/interfaces in thicker 
specimens.  

 

REFERENCES 

[1] J. Mohd Jani, M. Leary, A. Subic, M. a. Gibson, A review of shape memory alloy research, 
applications and opportunities, Mater. Des. 56 (2014) 1078–1113.  

[2] S. Barbarino, E.I. Saavedra Flores, R.M. Ajaj, I. Dayyani, M.I. Friswell, A review on shape 
memory alloys with applications to morphing aircraft, Smart Mater. Struct. 23 (2014) 
63001. 

[3] A. Nespoli, S. Besseghini, S. Pittaccio, E. Villa, S. Viscuso, The high potential of shape 
memory alloys in developing miniature mechanical devices: A review on shape memory 
alloy mini-actuators, Sensors Actuators, A Phys. 158 (2010) 149–160.  

[4] L. Petrini, F. Migliavacca, Biomedical Applications of Shape Memory Alloys, J. Metall. 
2011 (2011) 1–15. 

[5] Dimitris C. Lagoudas, Shape Memory Alloys: Modeling and Engineering Applications, 
2008. 

[6] G. Scirè Mammano, E. Dragoni, Functional fatigue of Ni-Ti shape memory wires under 
various loading conditions, Int. J. Fatigue. 69 (2014) 71–83.  

[7] G. Eggeler, E. Hornbogen, A. Yawny, A. Heckmann, M. Wagner, Structural and functional 
fatigue of NiTi shape memory alloys, Mater. Sci. Eng. A. 378 (2004) 24–33.  

[8] X. Zhang, D. Huang, X. Yan, X. Zhou, Modeling functional fatigue of SMA using a more 
accurate subdivision of martensite volume fractions, Mech. Mater. 96 (2016) 12–29. 

[9] G. Kang, D. Song, Review on structural fatigue of NiTi shape memory alloys: Pure 
mechanical and thermo-mechanical ones, Theor. Appl. Mech. Lett. 5 (2015) 245–254.  

[10] D. Song, G. Kang, Q. Kan, C. Yu, C. Zhang, Non-proportional multiaxial whole-life 
transformation ratchetting and fatigue failure of super-elastic NiTi shape memory alloy 
micro-tubes, Int. J. Fatigue. 80 (2015) 372–380. 

[11] D. Song, Observations on the Residual Martensite Phase of NiTi Shape Memory Alloy 
Micro-Tubes under Uniaxial and Multiaxial Fatigue-loading, in: Proc. ASME 2016 Int. 

1487



Shaobin ZHANG and Yongjun HE. 

 11

Mech. Eng. Congr. Expo., 2016. 
[12] D. Song, G. Kang, Q. Kan, C. Yu, C. Zhang, Non-proportional multiaxial transformation 

ratchetting of super-elastic NiTi shape memory alloy: Experimental observations, Mech. 
Mater. 70 (2014) 94–105. 

[13] D. Song, G. Kang, Q. Kan, C. Yu, C. Zhang, Effects of peak stress and stress amplitude on 
multiaxial transformation ratchetting and fatigue life of superelastic NiTi SMA micro-
tubes: Experiments and life-prediction model, Int. J. Fatigue. (2016).  

[14] Y. Zhang, J. Zhu, Z. Moumni, A. Van Herpen, W. Zhang, Energy-based fatigue model for 
shape memory alloys including thermomechanical coupling, Smart Mater. Struct. 25 (2016) 
35042. 

[15] Z. Moumni, A. Van Herpen, P. Riberty, Fatigue analysis of shape memory alloys: energy 
approach, Smart Mater. Struct. 14 (2005) S287–S292. 

[16] P. Sedmák, J. Pilch, L. Heller, J. Wright, M. Frost, P. Šittner, Grain-resolved analysis of 
localized deformation in nickel-titanium wire under tensile load, Science (80-. ). (2016). 

[17] L.C. Brinson, I. Schmidt, R. Lammering, Stress-induced transformation behavior of a 
polycrystalline NiTi shape memory alloy: Micro and macromechanical investigations via 
in situ optical microscopy, J. Mech. Phys. Solids. 52 (2004) 1549–1571.  

[18] N.J. Bechle, S. Kyriakides, Localization in NiTi tubes under bending, Int. J. Solids Struct. 
51 (2014) 967–980. 

[19] Y.J. He, Q.P. Sun, Effects of structural and material length scales on stress-induced 
martensite macro-domain patterns in tube configurations, Int. J. Solids Struct. 46 (2009) 
3045–3060. 

[20] Y.J. He, Q.P. Sun, Scaling relationship on macroscopic helical domains in NiTi tubes, Int. 
J. Solids Struct. 46 (2009) 4242–4251. 

[21] Q.P. Sun, Z.Q. Li, Phase transformation in superelastic NiTi polycrystalline micro-tubes 
under tension and torsion - From localization to homogeneous deformation, Int. J. Solids 
Struct. 39 (2002) 3797–3809. 

[22] Z.Q. Li, Q.P. Sun, The initiation and growth of macroscopic martensite band in nano-
grained NiTi microtube under tension, Int. J. Plast. 18 (2002) 1481–1498.  

[23] G. Tan, Y. Liu, P. Sittner, M. Saunders, Luders-like deformation associated with stress-
induced martensitic transformation in NiTi, Scr. Mater. 50 (2004) 193–198.  

[24] J.A. Shaw, S. Kyriakides, Thermomechanical aspects of NiTi, J. Mech. Phys. Solids. 43 
(1995) 1243–1281. 

[25] J.A. Shaw, S. Kyriakides, On the nucleation and propagation of phase transformation fronts 
in a NiTi alloy, Acta Mater. 45 (1997) 683–700. 

[26] X. Zhang, P. Feng, Y. He, T. Yu, Q. Sun, Experimental study on rate dependence of 
macroscopic domain and stress hysteresis in NiTi shape memory alloy strips, Int. J. Mech. 
Sci. 52 (2010) 1660–1670. 

[27] S. Daly, G. Ravichandran, K. Bhattacharya, Stress-induced martensitic phase 
transformation in thin sheets of Nitinol, Acta Mater. 55 (2007) 3593–3600.  

1488



Shaobin ZHANG and Yongjun HE. 

 12

[28] H. Petryk, S. Stupkiewicz, Interfacial energy and dissipation in martensitic phase 
transformations. Part I: Theory, J. Mech. Phys. Solids. 58 (2010) 390–408.  

[29] P. Sittner, Y. Liu, V. Novak, On the origin of L??ders-like deformation of NiTi shape 
memory alloys, J. Mech. Phys. Solids. 53 (2005) 1719–1746.  

[30] Y.J. He, Q.P. Sun, Rate-dependent domain spacing in a stretched NiTi strip, Int. J. Solids 
Struct. 47 (2010) 2775–2783.  

[31] J.F. Hallai, S. Kyriakides, Underlying material response for Luders-like instabilities, Int. J. 
Plast. 47 (2013) 1–12.  

[32] G. Murasawa, K. Kitamura, S. Yoneyama, S. Miyazaki, K. Miyata, A. Nishioka, T. Koda, 
Macroscopic stress–strain curve, local strain band behavior and the texture of NiTi thin 
sheets, Smart Mater. Struct. 18 (2009) 55003. 

[33] L. Zheng, Y. He, Z. Moumni, Effects of Lüders-like bands on NiTi fatigue behaviors, Int. 
J. Solids Struct. 83 (2016) 28–44. 

[34] L. Zheng, Y. He, Z. Moumni, Lüders-like band front motion and fatigue life of 
pseudoelastic polycrystalline NiTi shape memory alloy, Scr. Mater. 123 (2016) 46–50.  

[35] L. Zheng, Y. He, Z. Moumni, Investigation on fatigue behaviors of NiTi polycrystalline 
strips under stress-controlled tension via in-situ macro-band observation, Int. J. Plast. 
(2016). 

[36] N. Nayan, V. Buravalla, U. Ramamurty, Effect of mechanical cycling on the stress-strain 
response of a martensitic Nitinol shape memory alloy, Mater. Sci. Eng. A. 525 (2009) 60–
67.  

[37] A.R. Pelton, Nitinol fatigue: A review of microstructures and mechanisms, J. Mater. Eng. 
Perform. 20 (2011) 613–617.  

[38] D. Roy, V. Buravalla, P.D. Mangalgiri, S. Allegavi, U. Ramamurty, Mechanical 
characterization of NiTi SMA wires using a dynamic mechanical analyzer, Mater. Sci. Eng. 
A. 494 (2008) 429–435. 

[39] R.. Tabanli, N.. Simha, B.. Berg, Mean stress effects on fatigue of NiTi, Mater. Sci. Eng. 
A. 273–275 (1999) 644–648.  

[40] L. Dong, R.H. Zhou, X.L. Wang, G.K. Hu, Q.P. Sun, On interfacial energy of macroscopic 
domains in polycrystalline NiTi shape memory alloys, Int. J. Solids Struct. 80 (2016) 445–
455. 

[41] J.A. Shaw, S. Kyriakides, Initiation and propagation of localized deformation in elasto-
plastic strips under uniaxial tension, Int. J. Plast. 13 (1997) 837–871.  

[42] Y.J. He, Q.P. Sun, Macroscopic equilibrium domain structure and geometric compatibility 
in elastic phase transition of thin plates, Int. J. Mech. Sci. 52 (2010) 198–211. 

[43]K. Kim, S. Daly, The effect of texture on stress-induced martensite formation in nickel–
titanium, Smart Mater. Struct. 22 (2013) 75012.  

1489



Effect of Loading Rate on Mechanical Behavior of NiTiNOL Plate - An Experimental and Computational Study
 

Effect of Loading Rate on Mechanical Behavior of NiTiNOL Plate - An 
Experimental and Computational Study 

Fatma Mutlu, Gulcan Ozerim and Gunay Anlas 

Mechanical Engineering Department 
Bogazici University 

Bebek, Istanbul, 34342 Turkey 
 fatma.mutlu@boun.edu.tr; gulcan.ozerim@boun.edu.tr; anlas@boun.edu.tr 

 
 

ABSTRACT 

In this study, the effect of loading rate on the mechanical behavior of NiTiNOL plate is investigated. 
Displacement controlled tension tests are performed on dogbone test specimens under different 
loading rates in quasi-static range. From stress vs. strain diagrams of the tests, Elastic Moduli of 
austenite and martensite, transformation start and finish stresses, and Upper - Lower Plateau Stresses 
(UPS – LPS) are obtained. During the tests, Digital Image Correlation (DIC) is used and the 
temperature is recorded via a thermal camera. The displacement field is obtained from the DIC 
images to calculate the strain distribution. Full martensite and transformation regions are estimated 
using the strain field. With increasing loading rate, the forward transformation stresses increase and, 
the reverse transformation stresses decrease, with an expansion in the hysteresis area. Elastic Moduli 
of austenite and martensite are found to be unaffected. In addition, the temperature of the specimens 
increase with increasing loading rate. The tests are simulated using the ZM thermo-mechanically 
coupled model in ABAQUS. The experimental results are compared with the computational ones. It 
is concluded that increasing loading rate affects the mechanical behavior of NiTiNOL due to thermo-
mechanical coupling.  
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Summary: We have studied spatial distribution of martensite phase in a segment of a stretched
snake spring, which was shape set from a polycrystalline NiTi shape memory alloy. Synchrotron
X-ray diffraction was performed and obtained data were processed via a simple fitting procedure.
A finite element simulation of the stretching was conducted utilizing a NiTi-tailored constitutive
model with an internal scalar variable representing the volume fraction of martensite. Predicted
distribution of the variable was compared with experimental data and a quantitative corre-
spondence was found. Substantial effect of the tension-compression asymmetry of the material
response was observed since the material is loaded in bending. This case study demonstrates
that the constitutive model and its implementation allow for plausible quantitative predictions
of the mechanical behavior of NiTi polycrystalline samples.

1 INTRODUCTION

Mechanical response of shape memory alloys (SMA) at temperatures close to the transition
interval is rather complex since several deformation mechanisms are often active simultaneously
and they even mutually interact. The dominant phenomenon, responsible for so-called superelas-
ticity, is a reversible solid-to-solid phase transformation between a parent phase, austenite, and
a product phase, martensite. Martensite forms in various hierarchically ordered microstructures
whose particular arrangement is sensitive to presence/absence and type of applied mechanical
load and manifests itself as macroscopic deformation, so-called transformation strain. Transition

1
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between different types of such microstructures is often termed as reorientation of martensite
and gives rise to so-called pseudoplasticity [1]. As shown by dedicated studies [2, 3], elastic
properties of the polycrystalline shape memory alloys strongly evolve at temperatures close
to phase transition and polycrystalline martensite exhibits significant deformation-dependent
elastic anisotropy due to the reorientation.

Mutual coupling of dissipative (transformation, reorientation) and non-dissipative (elasticity)
deformation mechanisms was exemplified in many studies [4] and attracts permanent attention
of computational modeling community [5–9]. An optimal continuum mechanics-based constitu-
tive model should also capture some other experimental features of macroscopic SMA behaviors
rooted in complex microstructural phenomena, e.g. intermediate transformations [10], tendency
to transform in a localized manner in some specific situations [11, 12] or coupling of transfor-
mation, reorientation and plasticity [13], since they often co-determine mechanical response
in general loading scenarios of SMA polycrystals. Despite a substantial progress achieved in
modeling [14, 15], such a “general” model still provides a real challenge.

Validation of current continuum mechanics-based models usually builds on comparison of
simulated macroscopic global mechanical response – expressed, e.g., in terms of stress (force)
and strain (deformation) – with experimental counterparts evaluated in simple geometries and
loading modes. However, such models can often provide more detailed data: i) local distribu-
tions of variables due to suitable representation of complex geometry, e.g. via finite element
approach, ii) additional information on local-averaged microstructural state since the macro-
scopic models of SMA usually comprise some mathematical objects capturing information from
a more fine-grained scale (phase fraction, mean transformation strain, etc.). Up-to-date ex-
perimental techniques provide valuable data for comparison both in the former (digital image
correlation [16, 17], thermovision [18] or their combination [19]) and in the latter (synchrotron
X-ray diffraction [20]) cases. Clearly, such an additional cross-check can be useful for theoreti-
cal [21] as well as practical reasons [22].

In this short communication, we compare spatial distribution of phase fraction in a mechan-
ically loaded NiTi polycrystalline sample determined by synchrotron X-ray diffraction (XRD)
tomography with a finite element simulation utilizing our own developed constitutive model.
The specimen is a wire shaped into the form of a flat snake spring which is a perspective geome-

Figure 1: A scheme of the stretching test of the flat snake spring. The upper part shows a snapshot of
the unloaded snake spring after fixing in the testing device, the lower part shows a snapshot of its shape
after 4.8 mm stroke.

2
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Figure 2: A scheme of the XRD measurement setup. An incident high-energy micro-beam is focused
into a spot (20 by 4 µm) where the sample is located and the resulting 2D diffraction pattern is recorded.
A scanning area of 120×270 µm containing a short element of the wire was probed by changing horizontal
and vertical position of the beam. The inset shows three reference spectra obtained from 2D diffraction
patterns, see text for details.

try for applications [23–25]. Stretching of the spring induces tensile and compressive stresses at
opposite sides of the wire cross-section so that inhomogenous distribution of phases is induced
within. The aim here is to access capabilities of the model to capture the mechanical response
with a particular emphasis on the spatial distribution of the phase fraction of martensite.

2 EXPERIMENTAL

A flat snake spring was shape set from a 100 µm thin cold drawn NiTi wire (FWM NiTi#1-
CW [26]) using an in-house designed and built stainless steel fixtures in an air furnace at 500 ◦C
for 30 min. For dimensions see Fig. 1. The spring was first stretched at in-house assembled
testing device with a linear actuator (maximum speed 100 mm/s) and a sensitive load cell
(maximum load 10 N). The maximum stroke was 4.8mm so that no irreversible strains were
induced in the specimen (the initial shape recovered after unloading). The ambient temperature
was 25 ◦C and to ensure isothermal conditions, experiment was conducted at a very slow loading
rate (1.5 mm/min). Force and stroke data were recorded continuously.

In-situ observation of material microstructure was performed with synchrotron radiation
diffraction at ESRF, Grenoble (beamline 15A). A schematic sketch of the experimental setup is
in Fig. 2. The snake spring was clamped into a stress rig in such a way that the plane of the
spring was perpendicular to the incident X-ray beam. Then it was stretched applying a force

3
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Figure 3: An example of the fitting procedure used in the data analysis. Five parameters were used to
fit the obtained diffraction profile (black crosses) with three reference spectra (red, green and blue lines).

of 0.7 N (corresponds to the situation in Fig. 1). The high energy X-ray radiation of 0.268 nm
wavelength was used in order to limit intensity losses by absorption. The sample was scanned by
a micro-focused beam (cross-section of the spot 4 µm by 20 µm) in a regular grid of 60 (vertical
direction) by 27 (horizontal direction) points. The vertical scan step through the cross-section
of the wire was 2 µm, the horizontal step along the wire axis was 10 µm.

A Perkin Elmer a-Si detector (coupled with a CsI(Tl) screen) with the pixel size of 200µm×
200µm and the total size of 2048×2048 pixels placed at the distance of 770 mm from the sample
allowed to record all diffracted intensities up to diffraction angle, denoted 2θ, equal to 15 ◦. The
acquisition time for each of 2D diffraction patterns was set to 1 s. Additionally, three reference
diffraction patterns were acquired: the first one by irradiating the material of the wire at room
temperature and no stress, i.e. in austenitic state with possible presence of some R-phase, the
second one after it was cooled down to full (temperature-induced) martensite by liquid nitrogen
(other experimental conditions fixed). Finally, the background noise was recorded. The inset in
Fig. 2 shows relation between diffraction intensity and diffraction angle for the three reference
spectra.

Processing of diffraction patterns obtained from a strained NiTi wire is hindered by several
factors: i) the strong texture of stress-induced martensite, ii) original wire texture of austenite,
iii) fine-grained wire microstructure with broad diffraction lines, iv) broadening of lines because
of applied stresses or the overlap of dominant diffraction lines of austenite, R-phase and marten-
site. All these factors make traditional full-profile fitting procedures, which reconstruct the
measured data by fitting structural parameters and calculating integral intensities, extremely
difficult to handle since the number of fitted parameters becomes enormous (crystallographic pa-
rameters, phase fraction parameters, parameters describing texture and diffraction profiles) and

4
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their inverse determination is an ill-posed problem. Finally, quite a simple approach was found
as the most effective: each diffraction profile was fitted utilizing the reference spectra and five
fitting parameters (volume of austenite/R-phase, Lorentzian broadening of austenitic lines, vol-
ume of martensite, Lorentzian broadening of martensitic lines and intensity of the background).
Difficulties related to a strong texture were eliminated with a suitable integration of 2D diffrac-
tion patterns based on the assumption that the texture of both austenite and stress-induced
martensite is symmetric with respect to the axis of the wire; let us note that the dominant
stress component in the deformed spring was tension or compression oriented in the direction
tangential to the wire axis. The part of the spectra with minimal overlapping of austenite and
martensite lines (2θ between 8 and 14.6 ◦) was chosen for the phase analysis. Figure 3 shows
an example of experimental and fitted spectra. We can see a fairly accurate fit especially of
martensitic peaks showing that the spectrum of a strongly-textured stress-induced martensite
can be fitted with the spectrum of a temperature-induced (hence untextured) martensite if a
suitable spatial integration of diffracted intensities is applied. Discrepancies observed in the
case of austenitic/R-phase peaks are probably because of the continuous structural evolution of
R-phase with applied stress, i.e. reorientation of R-phase (cf. [2]), which leads to variation of
structural factors and, consequently, to changes in diffracted intensities.

From the fitting coefficients, we have determined the relative phase fraction of martensite
within a small volume of the material given by the intersection of incident beam with the
snake spring geometry. By interpolation of the values obtained for each beam position, we got
the spatial distribution presented later in Fig. 6. Hence, the 2D plot encompass (averaged)
information from the 3D segment of the spring.1

3 MODELING

For finite element analysis, we use an extended version of the continuum mechanics-based
rate-independent constitutive model introduced in [27,28] and further refined in [29]. The model
is tailored for simulations of mechanical response of NiTi-based SMA components in complex
loading modes at prescribed temperature (which, however, can vary both spatially and tem-
porally). Four internal variables – volume fraction of martensite, volume fraction of R-phase,
transformation strain tensor of martensite and transformation strain tensor of R-phase – are
introduced to capture a possible two-stage transformation sequence common in commercially
available NiTi wires. The core of the model are two particular functions: the energy function
(thermodynamic potential) consisting of elastic, chemical and internal parts, and the dissipa-
tion function, in which both transformation and reorientation contributions are concerned. The
constitutive response in a material point is determined via so-called principle of minimum dis-
sipation potential. Since hysteresis (hence dissipation) of the transformation between austenite
and R-phase is very small compared to the transformation to martensite, see e.g. [10,18], macro-
scopic changes of a material response related to R-phase can be effectively modeled through a
hyperelastic (non-dissipative) approximation. Namely, the inelastic strain of R-phase appears
in the elastic part of the free energy (additive decomposition of the total strain) and it does not

1However, the averaging poses no serious limitation since the phase distribution in the direction of the beam
is relatively homogeneous thanks to bending-dominated loading mode; this was also verified by the numerical
simulation, see Section 4.
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Figure 4: Finite element mesh of the snake spring: free-standing in grey, stretched in colors corresponding
to the computed volume fraction of martensite (see the colorbar).

appear in the dissipation function. The chemical part contains a term depending on the vol-
ume fraction of R-phase as proposed in [27]. A constraint on the transformation strain tensors
based on its invariants is imposed through a specific material function so that volume pre-
serving property, tension-compression asymmetry and (texture-induced) transformation strain
anisotropy observed in experiments are respected by the model. Furthermore, a particular form
of phase- and transformation strain-dependent tensor of elastic constants allows to capture sub-
stantially different elastic properties of austenite, temperature-induced martensite and (generally
anisotropic) stress-induced martensite, see [3] and [29] for experimental and modeling details,
respectively. A numerical implementation of the model into Abaqus finite element software was
performed through the User MATerial subroutine (UMAT) and the alternative minimization
technique is employed for solving a general quasi-static boundary condition problems as thor-
oughly described in [28]. Let us note that irreversible strains due to dislocation slip are neglected
in the present model.

Finite element analysis was performed with Abaqus FEA software. A complete geometrical
model of the flat snake spring consists of a fine, structured mesh of 8-node linear brick elements
with centroid integration (C3D8R). Each cross-section perpendicular to the wire axis consists of
64 symmetrically arranged elements (four lines of symmetry), see details in Fig. 6c). Along the
wire axis, which lies in the xy plane, the whole snake spring is uniformly divided into 370 rows of
elements. Stretching of the snake spring in the fixture was simulated by a gradual, symmetrical
change of prescribed displacement of all nodes at both the first and the last cross-sections in
x axis, while the central nodes at these cross-sections were fixed in y and z directions and all
other nodes were left free to move. Because of assumed transverse isotropy along the axis of
the wire (follows from the texture of the wire), material orientation was set in each element
via *ORIENTATION functionality of Abaqus FEA. Figure 4 shows both initial and stretched
configuration of the mesh. Material parameters were obtained by adjusting the values fitted to
the particular type of the wire in [27] and adapting the recent results on martensite elasticity
published in [3] for the martensite elasticity model introduced in [29].
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Figure 5: Measured (black dots) and simulated (red dashed line) dependence of total force on stroke.
Scatter of experimental data caused by sensitivity of the load cell.

4 RESULTS

Figure 5 shows the relation between the total stroke of the snake spring and the corresponding
total force (cf. Fig. 1) for quasistatic stretching; experimental data (black dots) are compared
with the simulation (red dashed line). A very good correspondence is observed, although the
total hysteresis related to energy dissipation is slightly higher in the experiment. This could
be attributed to internal frictions of the experimental device and to some experimental scatter
related to sensitivity of the load cell (see values close to the unloaded state). A gentle rise of the
force up to the half of the maximum stroke corresponds to predominantly elastic deformation
of curved parts of the spring and extensive in-plane rotations of straighter segments. At higher
values of stroke, martensite occurs first in the spots on the wire surface with the highest curvature
and propagates on the surface (cf. Fig. 4, where the color scale corresponds to the computed
distribution of the internal variable representing volume fraction of martensite). The steep
increase of force for highest strokes is related to propagation of the transformation “deeper into
the wire”, i.e. towards the central axis of the wire.

Figure 6 reveals the spatial distribution of volume fraction of martensite determined by XRD
tomography, a), and the spatial distribution of the internal scalar variable volume fraction
of martensite in the corresponding part of the computational model, b). Subfigure c) shows
distribution of the variable within the leftmost cross-section of the investigated area; it demon-
strates a relative homogeneity of the variable in z direction (i.e. perpendicular to plane of the
snake spring) related to the bending-dominated loading mode.2 Minimal discrepancy between
a) and b) suggests that the internal variable in the model represents well the volume fraction

2However, the spatial distribution presented in subfigure b) was obtained by weighted integration of the variable
along the horizontal directions within each cross-section. In other words, each point in b) represents the average
value from a material segment of the wire perpendicular to the plane of the wire axis, which is a direct equivalent
to the experimental picture in a).
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Figure 6: Spatial distribution of XRD-determined volume fraction of martensitic phase within the
scanning area probed in the experiment a); black dash-dot line corresponds to red dash-dot lines in
Figs. 1 and 2, white dashed line marks boundary of the material as computed from experimental data.
Spatial distribution of the internal scalar variable volume fraction of martensite as determined by the
finite element computation in the corresponding part of the mesh b) and within its leftmost cross-section
c); note also the arrangement of elements within the cross-section. The same color scale used for the
three plots.

of martensitic phase from the physical point of view. In all subfigures, the red upper and lower
areas correspond to the martensite induced by compressive and tensile loading, respectively (see
orientation of the snake in the XRD experiment in Fig. 2). Hence, the tension-compression
asymmetry3 is well demonstrated by the different extent of transformed material.

The experimental data also exhibit a non-negligible fraction of martensite (up to 40%) in
several spots close to the wire surface. A possible explanation could be either presence of some
inhomogeneities of the material or its structure or localization of the phase transformation.
Although localization of martensitic transformation has been well documented in tensile loading
of straight NiTi wires [20] or in bending of NiTi tubes [16], the authors are not aware of any
experimental observation in the case of bent NiTi wires. Let us finally note that white dashed
lines in subfigure a) mark boundary of the material as computed from experimental data, hence
they demonstrate very good spatial resolution of applied methods.

5 CONCLUSIONS

We have investigated the spatial distribution of volume fraction of martensite in a segment of
a stretched flat snake spring from a polycrystalline NiTi SMA by experimental and theoretical
tools. First, we have recorded synchrotron X-ray diffraction patterns of a sample manufactured
from a NiTi wire and processed the data utilizing three reference patterns and a simple fitting
procedure. As a counterpart, we have conducted a finite element simulation with an enhanced
constitutive model tailored for such a material and evaluated distribution of the corresponding
internal variable so that a direct comparison of both distributions by the naked eye is possible.
Our results show that i) the developed procedure of quantitative phase analysis can provide
a viable alternative to conventional full-profile fitting methods in particular situations, ii) the
constitutive model and its implementation allow for plausible quantitative predictions of phase
distributions in mechanically loaded polycrystalline NiTi specimens, iii) examination of phase
distributions can provide new findings on physical processes occurring in SMA and their inter-

3i.e. a lower level of stress needed for initiation of phase transformation in tension than in compression

8
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actions; further examples of application of the proposed methodology for such an examination
in the case of NiTi SMA are to be published soon.
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Grain-resolved analysis of localized deformation in nickel-titanium wire under tensile load.
Science, 353(6299):559–562, 2016.

[21] D Jiang, S Kyriakides, CM Landis, and K Kazinakis. Modeling of propagation of phase
transformation fronts in NiTi under uniaxial tension. Eur. J. Mech. A, 64:131–142, 2017.

10

1500



P. Sedlák, M. Frost, L. Heller, L. Kadeřávek, and P. Šittner
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Abstract. Thanks to its greater flexibility and biocompatibility with human tissue, the 
superelastic NiTi alloys have taken an important part of orthodontic wires’ market. However, 
wire fractures are notified after a few months from fixing in the teeth. This behavior is due to 
the hydrogen presence in the oral cavity, which brittles the NiTi arch wire. In this paper, finite-
element analyses of NiTi alloys are established while considering the hydrogen influences on 
the superelasticity effect. Moreover, a diffusion-mechanical coupled model is developed on the 
base of our previous experimental results. The model is integrated in ABAQUS finite-element 
software via a UMAT subroutine. Additionally, a finite-element model of deflected NiTi wire 
within three brackets is simulated in the presence of hydrogen. The numerical results 
demonstrate that the force applied to the tooth drops linearly with respect to the increase in the 
hydrogen amount. This behavior is attributed to the expansion of the NiTi structure after 
absorbing hydrogen. In addition, it shows that hydrogen obstructs certain martensite variants to 
transform back to their parent phase, which explains the loss of superelasticity. 

1 INTRODUCTION 
The superelastic NiTi alloys have been considered among the best materials applied to the 

orthodontic wires during the first stage of treatment [1]. Their important flexibility has offered 
to the orthodontists the opportunity to overcome the most complicated dental postures. In 
addition, they provide a constant force for a large range of tooth displacement thanks to their 
martensite-austenite transformations. In fact, experimental studies have been established to 
characterize the mechanical behavior of orthodontic NiTi wires. For instance, the bending tests 
have been carried out at different thermal and mechanical boundary conditions in order to 
simulate the real case of wires fixed in teeth [2] [3]. Nevertheless, these bending studies 
disregard the fact that NiTi absorbs the hydrogen impurities that are localized in the oral cavity. 

Actually, hydrogen has shown important impacts on the mechanical behavior of the NiTi 
alloys during tensile tests, such as embrittlement and sudden fracture [4] [5]. In addition, a 
heightening in stress transformation and a shortening in plateau size have been noticed since 
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the hydrogen obstructs some austenitic NiTi lattices to transform to the martensite phase [6] 
[7]. Furthermore, Runciman et al. [8] indicated that even the transformation temperatures would 
decrease linearly with respect to the hydrogen concentration until achieving its saturation. 
Besides, we demonstrated in previous work that hydrogen would induce the expansion of the 
NiTi structure. This result was obtained through in situ stress relaxation tests where the NiTi 
wires were charged with hydrogen during imposing strain [9].  

As far as the modeling of the hydrogen effect on mechanical behavior is concerned, different 
approaches have been developed for various alloys [10] [11]. However, we distinguish the 
coupled diffusion-mechanical models which have been derived thermodynamically by 
appending the chemical potential into the balance laws [12]. Nevertheless, the modeling of 
hydrogen effects on the mechanical Shape Memory Alloys (SMA) behavior has not been well 
considered by researchers. Yet, a recent model has been established which regards the 
shortening of the plateau size and the increase in the transformation stresses; whereas, it 
disregards the hydrogen-induced expansion [13]. On the other hand, all the interest of the SMA 
modelers has focused on including the different mechanisms of martensite-austenite 
transformation to highlight the pseudoelasticity and shape memory effect at numerous 
combined mechanical and thermal loadings [14] [15] [16]. 

In this paper, we put forward an SMA model accounting the hydrogen effects (e.g. the 
increase in transformation stress, the loss of superelasticity and the hydrogen-induced 
expansion). In addition, we simulate these effects on a deflected wire so as to reproduce the real 
case of orthodontic NiTi wires during their fixing in the oral cavity. Accordingly, the plan of 
this paper is structured into four principal sections, including the introduction. Section 2 shows 
the development of the diffusion-mechanical coupled model. In section 3, we simulate the 
response of the derived model for different loading types. Finally, we resume the aim of the 
paper in the conclusion section. 

2 MODELLING SMA BEHAVIOR WITH HYDROGEN EFFECTS  

2.1 Fick’s law 

To compute the balance law for the diffusion of hydrogen concentration 𝐶𝐶, we use the second 
Fick’s law. 

�̇�𝐶 = 𝑑𝑑𝑑𝑑𝑑𝑑(𝐷𝐷∇𝐶𝐶) (1) 

where 𝐷𝐷 denotes the hydrogen diffusivity. 

2.2 Constitutive SMA model 

𝐺𝐺(𝜎𝜎, 𝑇𝑇, 𝐶𝐶, 𝜀𝜀𝑡𝑡, 𝜉𝜉) = − 1
2𝜌𝜌 𝜎𝜎: 𝑆𝑆: 𝜎𝜎 − 1

𝜌𝜌 𝜎𝜎: [𝛼𝛼(𝑇𝑇 − 𝑇𝑇0) + 𝛽𝛽(𝐶𝐶 − 𝐶𝐶0) + 𝜀𝜀𝑡𝑡] + (2) 

𝑐𝑐 [(𝑇𝑇 − 𝑇𝑇0) − 𝑇𝑇 ln ( 𝑇𝑇
𝑇𝑇0

)] − 𝑠𝑠0𝑇𝑇 + 𝑢𝑢0 + 1
𝜌𝜌 𝑔𝑔𝑡𝑡(𝜉𝜉) + 𝐶𝐶

𝜌𝜌 𝑔𝑔ℎ(𝜉𝜉)  

Following the work of Lagoudas et al. [14], we use the free energy of Gibbs as a 
thermodynamic potential to characterize the thermodynamic material state (2). We employ the 
Cauchy stress 𝜎𝜎, the temperature 𝑇𝑇 and the hydrogen concentration 𝐶𝐶 as external state variables. 
Concerning the internal state variables, we work with the transformation strain 𝜀𝜀𝑡𝑡 and the 
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martensite volume fraction 𝜉𝜉 to describe the evolution of the austenite-martensite 
transformation. 

The parameters 𝜌𝜌, 𝑆𝑆, 𝛼𝛼, 𝛽𝛽, 𝑐𝑐, 𝑠𝑠0, and 𝑢𝑢0 are respectively the density, the compliance tensor, 
the thermal expansion coefficient tensor, the chemical expansion coefficient tensor, the specific 
heat, the specific entropy and the specific internal energy. The function 𝑔𝑔𝑡𝑡(𝜉𝜉) is the 
transformation hardening energy, which defines the energy evolution during transformation. 
Concerning the function 𝑔𝑔ℎ(𝜉𝜉), it is the diffusion hardening energy, which defines the variation 
of transformation stresses and temperatures with respect to the hydrogen concentration 𝐶𝐶. 

In this model, we consider that 𝑆𝑆, 𝑠𝑠0 and 𝑢𝑢0 differ from phase to phase where we consider a 
linear function of 𝜉𝜉. 

𝑆𝑆(𝜉𝜉) = 𝑆𝑆𝐴𝐴 + 𝜉𝜉(𝑆𝑆𝑀𝑀 − 𝑆𝑆𝐴𝐴) = 𝑆𝑆𝐴𝐴 + 𝜉𝜉∆𝑆𝑆 𝑠𝑠0(𝜉𝜉) = 𝑠𝑠0𝐴𝐴 + 𝜉𝜉∆𝑠𝑠0    𝑢𝑢0(𝜉𝜉) = 𝑢𝑢0𝐴𝐴 + 𝜉𝜉∆𝑢𝑢0 (3) 

Proceeding with the theory of Gurtin et al. [12] and the Coleman-Noll procedure, we identify 
the expression of the total strain 𝜀𝜀, the specific entropy 𝑠𝑠 and the chemical potential 𝜇𝜇 as 
follows: 

𝜀𝜀 = −𝜌𝜌 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 = 𝑆𝑆: 𝜕𝜕 + 𝛼𝛼(𝑇𝑇 − 𝑇𝑇0) + 𝛽𝛽(𝐶𝐶 − 𝐶𝐶0) + 𝜀𝜀
𝑡𝑡 

(4) 

𝑠𝑠 = −𝜕𝜕𝜕𝜕𝜕𝜕𝑇𝑇 =
1
𝜌𝜌 𝜕𝜕: 𝛼𝛼 + 𝑐𝑐 𝑙𝑙𝑙𝑙 (

𝑇𝑇
𝑇𝑇0
) + 𝑠𝑠0 (5) 

𝜇𝜇 = 𝜌𝜌 𝜕𝜕𝜕𝜕𝜕𝜕𝐶𝐶 = −𝜕𝜕: 𝛽𝛽 + 𝑔𝑔
ℎ(𝜉𝜉) (6) 

We assume that the transformation strain rate and the martensite volume fraction rate are 
linearly dependent where the parameter 𝐻𝐻 denotes the maximum transformation strain [14]. 

𝜀𝜀�̇�𝑡 = �̇�𝜉

{
 

 32𝐻𝐻
𝜕𝜕′
�̅�𝜕′  ;  �̇�𝜉 > 0

𝜀𝜀𝑡𝑡−𝑟𝑟
𝜉𝜉𝑡𝑡−𝑟𝑟  ;  �̇�𝜉 < 0

= Λ�̇�𝜉 

(7) 

After the identification of Coleman-Noll, we obtain the following dissipative equation. 

−(𝜌𝜌 𝜕𝜕𝜕𝜕𝜕𝜕𝜀𝜀𝑡𝑡 : 𝜀𝜀
𝑡𝑡 + 𝜌𝜌 𝜕𝜕𝜕𝜕𝜕𝜕𝜉𝜉 �̇�𝜉) = −(𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜀𝜀𝑡𝑡 : Λ + 𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜉𝜉) �̇�𝜉 = 𝜋𝜋𝜉𝜉�̇�𝜉 ≥ 0 

(8) 

where 𝜋𝜋𝜉𝜉 is the thermodynamic force. 

𝜋𝜋𝜉𝜉 = 𝜕𝜕: 𝛬𝛬 +
1
2𝜕𝜕: ∆𝑆𝑆: 𝜕𝜕 + 𝜌𝜌∆𝑠𝑠0𝑇𝑇 − 𝜌𝜌∆𝑢𝑢0 −

𝜕𝜕𝑔𝑔𝑡𝑡
𝜕𝜕𝜉𝜉 −

𝜕𝜕𝑔𝑔ℎ
𝜕𝜕𝜉𝜉 𝐶𝐶 

(9) 

This force needs the evaluation of energies 𝑔𝑔𝑡𝑡(𝜉𝜉) and 𝑔𝑔ℎ(𝜉𝜉) as below: 

𝑔𝑔𝑡𝑡(𝜉𝜉) = { 𝜌𝜌𝑏𝑏𝑀𝑀(𝜉𝜉 + 𝑙𝑙𝑛𝑛−(
𝜉𝜉
𝑛𝑛) − 𝑙𝑙) + (𝜇𝜇1 + 𝜇𝜇2)𝜉𝜉; �̇�𝜉 > 0

𝜌𝜌𝑏𝑏𝐴𝐴(𝑙𝑙𝑛𝑛−(
1−𝜉𝜉
𝑛𝑛 ) − 𝑙𝑙𝑛𝑛−(

1
𝑛𝑛)) + (𝜇𝜇1 − 𝜇𝜇2)𝜉𝜉; �̇�𝜉 < 0

 
(10) 

𝑔𝑔ℎ(𝜉𝜉) = 𝑓𝑓ℎ𝜉𝜉 (11) 

The parameters of the transformation hardening energy 𝑔𝑔𝑡𝑡(𝜉𝜉) and the diffusion hardening 
energy 𝑔𝑔ℎ(𝜉𝜉) are determined by establishing the Kuhn-Tucker conditions at the limits of 
forward and reverse transformations.  
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{
Φ+ =    𝜋𝜋𝜉𝜉 − 𝑌𝑌 − 𝑦𝑦ℎ𝐶𝐶 ≤ 0  ;   Φ+�̇�𝜉 = 0  ;  �̇�𝜉 ≥ 0
Φ− = −𝜋𝜋𝜉𝜉 − 𝑌𝑌 − 𝑦𝑦ℎ𝐶𝐶 ≤ 0  ;  Φ−�̇�𝜉 = 0  ;  �̇�𝜉 ≤ 0 

(11) 

As far as the martensite volume fraction is concerned, it is generally bounded between 0 and 
1. It is 0, whenever the structure is fully austenitic, and 1 whenever the structure is fully 
martensitic. In previous experimental results [6], it was proved that hydrogen would block the 
austenite-martensite transformation as much as the concentration was important. Accordingly, 
we propose that the lower 𝜉𝜉𝐴𝐴 and upper bounds 𝜉𝜉𝑀𝑀 of the martensite volume fraction vary 
exponentially with respect to the hydrogen concentration. 

||
𝜉𝜉𝐴𝐴 = (1 − 𝑒𝑒

− 𝐶𝐶
𝐶𝐶𝜉𝜉𝜉𝜉)𝜉𝜉

𝜉𝜉𝑀𝑀 = (1 − 𝑒𝑒
− 𝐶𝐶

𝐶𝐶𝜉𝜉𝜉𝜉) 𝜉𝜉 + 𝑒𝑒
− 𝐶𝐶

𝐶𝐶𝜉𝜉𝜉𝜉
 

(12) 

3 THREE-DIMENSIONAL STRUCTURAL ANALYSIS 

3.1 Method 
In this part, we simulate the constitutive model for different mechanical tests. The simulation 

is carried out through the finite-element analysis software ABAQUS while utilizing essentially 
the user material UMAT subroutine. This latter is used to define a non-ordinary thermo-
mechanical or diffusion-mechanical coupled model while relying on the analogy between 
thermal and diffusional equilibriums.  

The simulation is performed three-dimensionally on wire with a rectangular section of 
0.4×0.55 mm². Table 1 presents all the values of material parameters needed to simulate the 
numerical response of the developed model. Moreover, we consider that temperature is constant 
and uniform over the tests (𝑇𝑇 = 299 𝐾𝐾). Concerning the hydrogen charging, we apply a 
uniform hydrogen concentration throughout the volume of wire. 

The step chosen is the “coupled temp-displacement (transient)” where the mechanical and 
diffusional equilibriums are considered. This step type needs the “coupled temperature-
displacement elements” where we choose “an 8-node thermally coupled brick, trilinear 
displacement and temperature C3D8T”.  

Table 1. Material properties and diffusion properties 

Parameters Values Units Parameters Values Units 
Thermo-diffusion elastic properties 𝜗𝜗𝐴𝐴 = 𝜗𝜗𝑀𝑀 0.33  
𝑬𝑬𝑨𝑨 50 𝐺𝐺𝐺𝐺𝐺𝐺 𝛼𝛼 2.2 10−5  𝐾𝐾−1 
𝑬𝑬𝑴𝑴 26 𝐺𝐺𝐺𝐺𝐺𝐺 𝛽𝛽 1.2 10−7  𝑚𝑚3/𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒 
Transformation properties 𝑀𝑀𝑠𝑠 220 𝐾𝐾 
𝜌𝜌∆𝑠𝑠 −0.318 𝑀𝑀𝐺𝐺𝐺𝐺/𝐾𝐾 𝑀𝑀𝑓𝑓 215 𝐾𝐾 
𝐻𝐻 0.06  𝐴𝐴𝑠𝑠 250 𝐾𝐾 
𝑛𝑛 0.01  𝐴𝐴𝑓𝑓 255 𝐾𝐾 
Diffusion hardening D 3.6 10−15 𝑚𝑚2/𝑠𝑠 
𝑓𝑓ℎ 1.5 10−4 𝑀𝑀𝐺𝐺𝐺𝐺 𝑚𝑚3/𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒 𝐶𝐶𝜉𝜉𝐴𝐴 2000 𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒/𝑚𝑚3 
𝑦𝑦ℎ 1.5 10−4 𝑀𝑀𝐺𝐺𝐺𝐺 𝑚𝑚3/𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒 𝐶𝐶𝜉𝜉𝑀𝑀 120000 𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒/𝑚𝑚3 
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3.2 Results and comparison 

 Tensile test 

 
Figure 1: (a) Numerical tensile results of uncharged and charged NiTi with hydrogen concentration of 10,000 

and 20,000 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚/𝑚𝑚3 (b) Numerical tensile results of one cycle load of uncharged and charged NiTi with 
hydrogen concentration of 1,000 and 10,000 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚/𝑚𝑚3 at 4% of imposed strain. 

Figure 1 illustrates the numerical tensile results of uncharged and charged NiTi alloys with 
different hydrogen concentration. It is indicated that the curve of an uncharged alloy is 
composed of three deformation stages: austenite deformation, plateau transformation, and 
martensite deformation. We remark, that during transformation, the stress becomes constant 
until the end of the plateau. This result is controlled by the transformation hardening 
energy 𝑔𝑔𝑡𝑡(𝜉𝜉). For the hydrogenated alloy, we simulate the tensile tests after applying hydrogen 
concentration over the volume at a zero stress. The results indicate that the model predicts the 
increase in the transformation stress of the upper plateau. This increase is accounted for by the 
diffusion hardening energy 𝑔𝑔ℎ(𝜉𝜉). Concerning the shortening of the plateau’s size, it is 
subjected to the variation of the upper bound of the martensite volume fraction 𝜉𝜉𝑀𝑀, which is 
regarded in equation (12). 

Figure 2 depicts the numerical results of one-cycle load of uncharged and charged NiTi with 
different hydrogen concentration at 4% imposed strain. It is indicated that the curve of the 
uncharged NiTi presents no residual strain after one-cycle load. Concerning the curves of the 
charged NiTi, they are obtained in three steps. Firstly, we load the wire until obtaining 4% of 
strain. Secondly, at this point, we impose the strain and we apply the hydrogen concentration 
over the volume. It is observed that stress decreases during uptaking hydrogen, especially 
for 10,000𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚/𝑚𝑚3 of concentration. This fact is caused by the use of the chemical expansion 
coefficient tensor 𝛽𝛽. Concerning the last step, we unload the part until obtaining a zero stress. 
Unlike the uncharged curve, we remark that the residual strain is shown. Moreover, this strain 
rises as much as the hydrogen concentration goes up. Indeed, this residual strain is performed 
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by means of varying the lower bound of the martensite volume fraction 𝜉𝜉𝐴𝐴. This parameter 
presents the volume fraction of martensite blocked by the presence of hydrogen.  

 Bending test 
The orthodontic NiTi wires mainly undergo bending load when they are fixed in the teeth. 

Simultaneously, they absorb hydrogen impurities localized in the oral cavity. Accordingly, it is 
necessary to identify the hydrogen effects on bent NiTi wires. However, using the developed 
diffusion-mechanical coupled model, we simulate the hydrogen effects on deflected NiTi wire. 
In this respect, we take the experimental result of Razali et al. [17] where the bending test of 
uncharged NiTi within three brackets was established. We reproduce the same test numerically 
utilizing the ABAQUS software. Then, we apply the hydrogen concentration during imposing 
deformation in order to reveal the hydrogen effects introduced in the present constitutive model.  

In the simulation part, the used brackets are the conventional type with a slot of 0.45 and 
0.7mm, respectively in height and width (Figure3). Like the experiment, we set a 7.5mm 
distance between the middle of the brackets. Regarding the interaction between the wire and 
the brackets, we use a “surface-to-surface” contact while introducing a friction coefficient of 
0.2. In addition, we let the NiTi wire free on its extremities as set up in the experimental test. 
This type of simulation needs the activation of the “NLGEOM” option that includes the non-
linear geometric effects. This option considers the large displacement whereby the slip between 
the arch wire and brackets are performed. Besides, the bending test induces a large rotation of 
several elements. Subsequently, a convergence problem will be faced due to the non-isotropy 
of material during transformation. Yet, it is necessary to use an “assign material orientation” 
option to rotate all the tensor including that of the tangent stiffness.  

 
Figure 2: Load-deflection curve of experimental and numerical tests of uncharged and charged NiTi wire with 

hydrogen during bending in three brackets. 

Figure 2 represents the deflection curves during the loading-unloading tests of NiTi wires 
bent until 4mm with a deflection rate of 1mm/min. The force demonstrated in the curve shows 

(1) 

(2) 

(3) 
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the reaction force of the wire applied to the median brackets. It is noted that the numerical curve 
of the developed constitutive model reproduces well the experimental deflection curve of the 
uncharged NiTi. In fact, these curves are composed of different parts. Firstly, it is indicated that 
the force grows linearly with respect to the deflection. At practically 8N of force, we remark 
that a change in the slope is established. This change is caused by the forward transformation, 
which is activated mainly in the contact zones between the arch wire and brackets. During the 
unloading part, we observe a fall in force by about 9N owing to a slip of the arch wire. 
Afterwards, a lower plateau is performed wherein the activation of reverse transformation is 
provoked. During this plateau, we noticed that the force rises as much as the deflection declines. 
This behavior is the result of the friction between the wire and the brackets, which induces a 
supplementary reaction force. 

 
Figure 3: Numerical result of NiTi before and after being bent within three bracket and being charged with 

hydrogen simultaneously. 

Figure 3 demonstrates the simulation of the hydrogen effects on a deflected wire within three 
brackets, as it is the case for the orthodontic NiTi wire. The color contour indicates the 
martensite volume fraction in each element. However, the austenite is presented by the blue 
color; whereas, the martensite is presented by the red color. Indeed, we indicate the deformation 
of the wire at three different deflection stages, where the first one is the initial state without 
applying effort. In stage 2, the wire is kept bent at 4mm of deflection while absorbing hydrogen. 
It is noted that the activation of the martensite transformation occurs only in contact zones 
between the brackets and the wire. In the third stage, we provide the shape of the wire after 
unloading to a zero force. Although they are both unloaded, the new shape is different from that 
of the initial stage; hence, a loss of superelasticity is provoked. Similarly, as it is noticed in 
figure 2, the numerical curve of the NiTi charged with hydrogen shows a residual deflection by 
about 1.7 mm. This fact is due to the canceling of reverse transformation since the hydrogen 
blocks such a martensite structure to transform back into the parent phase. This result is 
attributed to the variation of the bounds of the martensite volume fraction with regards to the 
hydrogen concentration (12). Moreover, it demonstrates that the force drops linearly in relation 
to the increase in the hydrogen amount during an imposing deflection. This behavior is caused 
by the slip induced by the expansion of the NiTi structure. 
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4. CONCLUSION 
The aim of this paper is to develop a constitutive SMA model accounting the hydrogen 

effects on the mechanical behavior of NiTi alloys. The model has been derived 
thermodynamically on the base of our previous experimental results and previous work of 
Lagoudas et al. (2008) and Gurtin et al. (2010). However, the constitutive model includes the 
variation of the transformation stresses and temperatures with respect to the hydrogen 
concentration. Moreover, it predicts the loss of superelasticity since the hydrogen obstructs 
some NiTi structures for transforming to the martensite phase or for transforming back to the 
austenite phase. In addition, the hydrogen-induced expansion of the NiTi structure is considered 
in the expression of the total strain. Besides, we have implemented the obtained constitutive 
model in ABAQUS finite-element software through a UMAT subroutine. Afterwards, we have 
established a bending test within three brackets while absorbing hydrogen in order to simulate 
the real case of orthodontic wires fixed in the teeth. The numerical results have shown that the 
loss of superelasticity has been remarked owing to the blocked martensite variants by hydrogen 
diffusion. The confirmation of bending simulation will be treated experimentally in our future 
work. 
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Abstract. In a world of two extremes for blood-clot prevention, a medium ground of hospital-
level care in a transportable system with higher comfort can be achieved through smart-fabric
technology. This paper demonstrates the ability of a textile-based robotic compression garment
capable of the employment of blood-clot prevention. Shape memory alloys, SMAs, are utilized
as a smart material inside of a woven-textile actuator and integrated into current static com-
pression garments. Proof-of-concept experimentation and prototype testing were completed for
this design. To determine the potential limitations to the design, tensile testing was completed
on current static compression garments, ranging from 5 mmHg to 35 mmHg, to test the effect
the actuator would have on the knitted material. This paper displays how the gauge length and
displacement rate have a relationship to the required force to achieve a particular displacement
in the knitted fabric. The outcomes of this work are the design and execution of a textile-based
robotic compression garment. Experimental evidence is delivered based on lone actuator testing,
integration of actuator testing, and compression fabric tensile testing.

1 INTRODUCTION

In 2008, a Surgeon General’s Call to Action was published on how to prevent Deep Vein
Thrombosis, DVT, and Pulmonary Embolism, PE. These two diseases are responsible for high
death counts due to the formation and travel of blood clots [1, 2]. To help prevent these diseases
compression garments can be worn with varying levels of pressure applied on the body, typically
on the arms and legs. With the main devices being two extremes, a static compression garment
and an intermittent-pneumatic compression, IPC, boot with a non-movable air pump, hospital-
level care is not available in a transportable, comfortable and cost-effective system. This paper

1
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demonstrates the ability of a textile-based robotic compression garment to prevent blood-clots,
among other cardiovascular applications. A medium ground is accomplished where a patient
can obtain hospital-level quality care anywhere with higher comfort. To achieve this goal, the
implementation of smart materials into knitted and woven fabrics was accomplished to produce
textile-based robotic systems [3]. This paper utilizes shape memory alloys, SMAs, as a smart
material inside of a woven textile, a hybrid woven-SMA actutator.

Shape memory alloys are a unique material that can transform into a trained or “memorized”
shape when a thermal condition is met. This ability is brought about by the shape memory
effect, SME, which is a one-way thermal and mechanical transformation of the material from
a low to a high temperature phase. The thermal transformation temperature is determined
through material and mechanical properties of the SMA, as well as the heat treatment process.
The SMA is set in the desired annealed position at a heat-treatment temperature. Then once
the SMA cools to a low temperature phase, it is flexible and can be bent and moved to any
desired position, as variants form in the material structure. Finally, when heat is reapplied to
the SMA and it reaches its high transistion temperature, the SMA will return to the original
annealing position it was set to at the heat treatment temperature [4, 5].

The design of this textile-based robotic compression garment is to integrates these hybrid
SMA-woven texile actuators into current static compression garments. This paper demonstrates
proof-of-concept experimentation of this design. To determine the potential limitations to the
design, tensile testing was completed on current static compression garments varying in pres-
sure. These experiments revealed the effect a hybrid SMA actuator would have on the knitted
compression material. The relationships between the required force to achieve a particular dis-
placement in the knitted fabrics were studied. Stress and relaxation testing was also completed
to further the analysis of the effect of the hybrid actuators. Design and execution of a textile-
based robotic compression garment through experimental evidence is delivered based on lone
actuator testing, integration of actuator testing, and compression fabric tensile testing. Force
and displacement are measured and compared for each experiment through a numerical analysis
to confirm accuracy in each step of integration.

2 BACKGROUND

With the unique characteristics and scalable actuation structures, SMAs are a good fit for
medical applications, devices and prosthetics. Through biocompatibility and actuation SMAs
are used across the board for medical purposes ranging from catheter devices to full muscle
tendons [6, 7]. Within the narrow scope of the medical field there is the application of massaging
fabrics for DVT and PE patients where an intermittent pressure needs to be employed on bed-
ridden patients to improve circulation to prevent blood clots from forming. Current prevention
techniques for these medical conditions include compression devices and garments. Studies
have shown that blood flow is improved from compression socks, but graduated compression is
necessary [8]. Meaning that instead of the compression being constant throughout the garment
it is gradually fitting the body part it is meant for. For example, if it is meant for the calf portion
of the body, the ankle area up to the calf section of the leg would have less compression than
the actual area of the calf creating a gradient of low to high pressure. Static compression can
restrict blood flow at rest [8]. In further studies, it has been shown that circumference change

2
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of the compression garment directly affects the positive outcome of prevention because there is
a difference from when muscles are in use and when a person is at rest [9]. Various studies have
been completed on compression garments and the relationships between the peripheral forces in
the knitted fabric and the pressure on the body part due to the circumference [10, 11, 12, 13,
14, 15, 16]. There are also modeling studies using the finite element method, FEM, to predict
garment pressure due to the geometric body structures [17, 18].

As stated previously, the two main devices that are currently employed for the task of pre-
venting PE and DVT are the IPC boot and thrombi-embolic deterrent, TED, hose. The current
hospital device for prevention of blood clots is the IPC boot, which is a large and bulky device
with air pumps and missing comfort. The simple task of getting out bed to go to the bathroom
requires assistance to take off the equipment and reapply when getting back into bed, which can
be very exhausting for a patient. In contrast, the TED hose is a simplistic stocking or sleeve
that is worn as an everyday sock. However, the garment only applies a static compression, which
doesn’t prevent all medical conditions related to PE and DVT. Graduated static compression
garments are starting to be used during running and exercise for recovery and prevention of
varicose veins. The IPC’s intermittent, or sequential, pressure frequencies range depending on
the type of device used for prevention, but typical have three modes, which are rated high,
medium, and low. The high is considered 6 to 12 compressions per minute, CPM, medium is
1 to 6 CPM and the low is less than 1 CPM (2.0 Hz, 1.0 Hz, and 0.5 Hz, respectively). The
TED device, which is a static compression sock does not allow for any intermittent pressure but
sustains pressure constantly.

Experimental and analytical studies have been conducted regarding the mechanical properties
of a compression garment and the output of pressure [12, 13, 14, 19]. Pressure is calculated from
the circumference of the body part, Cb, the bandwidth the the compression garment, s, and
the tangential force of the fabric, Ft, Figure 1(a). In Ilksa et al, equation (1) is utilized to
calculate the force of the fabric from a given pressure, P [12]. From this equation, the range of
Ft per a given fabric can be calculated, which is used to test the actuators while integrated into
static current compression garments. The following analytical comprehension of pressure from
a compression garment due to circumference and force of a garment is adapted from [12, 14].

Ft =
PCbs

2π
(1)

Knowing the pressure produced by a compression garment can allow the user to calculate
the tangential force of a particular fabric because pressure is also defined by the tension in the
fabric, T , over the radius of the garment, r, equation (2).

P =
T

r
(2)

Tension is defined as the Ft in a fabric and the circumference of the garment, Cg, equation
(3), while force can be defined by the Young’s Modulus of the material, E, area, Ao, and strain,
ε, equation (4).

T =
F

Cg(1 + ε)
(3)

3
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F = EAoε (4)

By combining equations (1), (2), (3), and (4), the change in pressure of a compression gar-
ment can be defined by equation (5). Otherwise, by knowing the Ft of the fabric through
experimentation the pressure can be calculated by equation (6). The division by 133.32 is to
convert the pressure value of hPa to mmHg, millimeter of mercury, which is the conventional
way to display a pressure value in compression garments.

P =
2πEAoε

133.32CbCg(1 + ε)
(5)

P =
2πF

133.32CbCg(1 + ε)
(6)

These equations utilize the circumference of the body part, Cb, with the circumference of the
garment, Cg, to determine the pressure on the body part. By using equation (6), the initial
pressure on the body without actuation can be found followed by the calculation of the new
pressure on the body from actuation and expanding that circumference value. This method is
used to determine the effects the integrated actuators have on the pressure of the commercial
compression garment. The hybrid actuators lower the pressure on the body part. The change in
pressure is due to the circumference change of the compression garment. Theoretically, this is
due to the distance that the compression sock is lifted off of the skin, H, which can be calculated
from basic geometry in equations (7)-(11) assuming that the original inner circumference of the
garment is equal to the circumference of the body, Cb, and the height that the garment is above
the skin is zero initally, Ho = 0.

Cb = 2πRb (7)

Cg = 2π(Rb +H) (8)

H =
Cg

2π
−Rb (9)

H =
Cg

2π
− Cb

2π
(10)

H =
x

2π
(11)

In conjunction, Rb is the radius of the body and x is the added length in the garment
circumference, which is equal to Cg−Cb. While H is equal to Rg−Rb. Similar to Holschuh et al ’s
approach, the SMAs are integrated into the compression garment to elongate the circumference
of the overall sleeve. The previous theory utilized nitinol, a common form of SMA, in a spring
form factor as a linear actuator, however the SMA is not integrated into the textile as the springs
are attached on each side to the fabric to form sleeve [20]. The advantage to the design presented
in this paper is that the SMAs are a part of the textile structure. This allows for high recovery

4
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(a) (b)

(c) (d)

Figure 1: (a) A depiction of a static-compression garment with a tangential force, Ft, bandwidth,
s, body circumference, Cb, and garment circumference, Cg. (b) Hybrid SMA actuator integrated
onto the knitted garment displaying gauge length. (c) The design with one hybrid actator (top:
off, middle: on) and 6 hybrid actuators integrated into the static compression garment displaying
the change of in diameter, ∆H. (d) The actuator off (top) and on (bottom) with a change in
length, ∆x, for the knitted fabric.

5
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and control from the elastic displacement in the garment, as well as the garment’s temperature
understanding and safety levels.

3 EXPERIMENTAL SETUP AND METHODS

As discussed, the primary application of this work is to develop a blood-clot prevention
device through the employment of hybrid woven textile-SMA actuators integrated into a static-
compression garment to form a textile-based robotic intermittent-compression garment. This
research was completed by two seperate tasks: 1) performing low force and displacement tensile
testing on current static-compression fabric specimens and 2) testing the effect of a single hybrid
SMA-textile actuator on three different current static-compression socks. The hybrid actuators
used in this particular research set utilized Ni-Ti-Cu SMA wires annealed in a straight, 180◦,
position at 500◦C for exactly 1 hour, which were 60 mm in length and 0.5 mm in diameter.
Previous work has displayed that this can allow the actuator to present a linear force of 0.038
N as a lone SMA wire and a linear force of 0.42 N integrated into a hybrid woven textile-SMA
actuator from a torque of 0.001 Nm and 0.012 Nm, respectively [3]. Before constructing and
analyzing the intermittent-compression garment directly, tensile testing was completed on the
current static-compression socks to understand the mechanical conditions in which the actuators
would be operating.

Four types of static-compression socks utilized in this work with pressure ranges of 1-5 mmHg,
8-15 mmHg, 20-30 mmHg, and 30-35 mmHg, which are considered very light, light, medium, and
firm compression, respectively. From equation (1), the tangential force range for each tested-
sock fabric was calculated, Table 1. The static-compression garments used in this study were
standard products obtained from a pharmaceutical store. The pressure values seen in Table 1
were determined from labels on the packaging of each product.

The tensile tests were performed in a Mark-10 ESM301 load frame equipped with a 50N load
cell (0.1N resolution) Figure 2(a). Specimens from the different static compression socks were
cut out with the following dimensions: 80 mm in the circumferential, course, direction with a 25
mm bandwidth. Coupons were further prepared with 15 mm tape tabs at both gripping ends to
ensure proper gripping, resulting in a 50 mm specimen gauge length, the distance between the
gripping ends or the distance between the ends of the textile actuator, Figure 2(b) and Figure
1(b), respectively. This size was determined as the area of the compression fabric which would be
effected by the hybrid SMA-textile actuator. The tensile testing was ran on compression garment
samples 2 through 4: light, medium, and firm at a 25 mm/min displacement rate. These are
knitted fabrics and therefore possess the ability to significantly stretch with recovery. How much
and how easily each can stretch is due to the tangential force, Table 1 and Figure 1(b). The
independent variables studied in this research were the gauge length, the rate of displacement,
and an applied current. The dependant variables in the system are the force, displacement,
and pressure outcomes. A displacement controlled tensile test was ran to understand the force
needed obtain a particular displacement in the fabric. Furthermore, by changing the loading
condition such that coupons from specimens 2 to 4 were loaded up to 30mm displacement at same
settings as above, the climbing pressure values for each static compression sock was confirmed
with holding a consistant displacement of 30 mm. The results showed an increasing level of force
needed to reach the displacement, 1.5, 2.0, and 2.5 N, respectively.
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(a) (b) (c)

Figure 2: (a) Mark-10 50N force gauge, model M5-500, attached to a Mark-10 motorized test
stand, model ESM301. (b) Fabric coupon inside the tensile testing rig. (c) Static compression
socks: Samples 2, 3, and 4.

For a more detailed look at the displacement and recovery of the fabric due to a force, tests
were conducted with the light pressure compression garment, 8-15 mmHg. Figure 3(a) is the
loading and unloading at a speed of 25 mm/min with a maximum displacement of 1.5 mm;
there is a distinct pattern of ossilatory behavior. This is due to the structure of the knit, Figure
2(c), which is a rib stitch. Since displacement over time is linear with no ossilatory pattern, the
pattern is due to force change from the strucure of the material, specifically the yarns sliding
and the redistribution of load with regards the ribbed knit.

The goal of testing the static-compression socks was to determine potential design limitations
the fabric could impose when integrating the actuator with the garment, such as the gauge lenght,
gL. This is the distance between the two ends of the integrated actuator, Figure 1(b) and during
tensile testing, it is the distance between the grips of the testing apparatus, Figure 2(b). Even
though the coupon is 80 mm in length, when placed in the tensile tester the gauge length, may
be adjusted to a shorter length. This test provides information regarding the starting bent angle
of the hybrid textile actuator, as the starting angle the larger the gauge length. The tested gauge
lengths were: 20 mm, 30 mm, 50 mm, and 60 mm.

To continue testing, a hybrid SMA-textile actuator was attached to each of the three types
of fabrics; two of which are show in Figure 2(c), light and firm, respectively, to form prototypes
of an intermittent textile-based compression garment. The actuators were comprised of a plain
weave from the acrylic-polyester braid yarn. To hold the SMA wire and the magnetic-wire leads
in place during actuation a cotton “cap” is sewn onto each end of the actuator. The actuators
were attached to the knitted fabric using a cotton thread with a diameter size of 1 mm, Figure
4(a). The sock was placed around a foam cylinder with a circumference of 387 mm, which is the
national average of the upper calf for adults 20 years of age and older [21]. A current of 2A is
applied at a frequency of 0.05 Hz with a heating to cooling rate of 5 and 15 seconds, respectively,
was applied to the actuator. This is considered the low setting of the IPC device, at less than
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Sample Knit Type Compression
Pressure
(mmHg)

Tangential Force
(N)

1 1x1 Rib Very Light 1 - 5 3.97 - 19.9
2 1x1 Rib Light 8 - 15 31.8 - 59.5
3 2x1 Rib Medium 20 - 30 79.3 - 119
4 Jersey Firm 30 - 35 119 - 132.3

Table 1: Four static compression garments with varying levels of pressure, determined by a
tangential force in the fabric, as well as the structure of the knit.
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Figure 3: (a) Tensile testing of static-compression garment Sample 3, 20-30 mmHg, at a rate of
25 mm/min with a 50 mm gauge length and 25 mm sample width. (b) Force per gauge length
from the measurements of 20 mm to 60 mm for the 20-30 mmHg and 30-35 mmHg compression
garment over a displacement of 1 mm at a displacement rate of 25 mm/min.

1CPM. This experiment was recorded and analyzed using the Tracker software, a visual tracking
physics-based software, to obtain the circumference change or stretch of the fabric due to the
actuation period of the hybrid textile actuator, Figure 4(b). Using tracking dots applied to the
fabric, along with Tracker, ∆x was observed from a change in the x-direction, Lx2−Lx1, and a
change in the y-drection, Ly2− Ly1. During heating, the actuator stretches the knitted textile
in the wale direction and shrinks in the course direction. Using the values obtained from the
Tracker software, the new pressure on the body can be calculated using equation (5). During the
actuator testing, a thermocouple was utilized to obtain the temperature of the woven actuator
and the temperature of the compression garment. This is to determine the effects of the SMA
wire’s heat dissipation. Through joule heating, where a current is applied across the SMA, the
hybrid actuator’s surface temperature rizes depending on the textile type, but at this low of a
frequency of 0.5 Hz, the surface temperature levels off at around the 10th actuation period for
most textiles tested [3].
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Table 2: Sample 2 Displacement Rate Results

Displacement Rate Final Load Tension

10 mm/min 0.1267 N 0.0569 N/mm
15 mm/min 0.1333 N 0.0615 N/mm
20 mm/min 0.1533 N 0.0604 N/mm
25 mm/min 0.1367 N 0.0614 N/mm
30 mm/min 0.1333 N 0.0596 N/mm
35 mm/min 0.1267 N 0.0531 N/mm

4 RESULTS AND DISCUSSION

The two tasks of this research produced design criteria for the SMA driven textile-based
intermitted-compression garment. This included force to displacement understanding for static-
compression fabrics with different pressure values, gauge length influence, and displacement
rate of the fabric. Starting with the low force vs displacement tensile testing, the knitted fabric
revealed an ossilatory pattern with a irreverable recovery range of 0.4 mm, Figure 3(a). This is
important because it defines the starting point for the next actuation period. The tensile testing
also revealed what displacement is expected from a known force of the actuator. It confirms
that the force seen by the actuator is able to displace the fabric allowing for a change in the
garment circumference. In all three fabrics, there is a distinct change in force over displacement
due to gauge length, Figure 3(b). According to previous work, Kennedy et al, the larger the
starting the angle, and therefore gauge length, the smaller torque outcome. However, assuming
all dimensions stay the same, this study revealed that a more obtuse starting angle requires a
lower force from the textile actuator to produce an outcome of the same displacement for a more
acute starting angle. The authors account this terms of amount of fabric to stretch.

There is also a relation to the rate at which the static-compression knit is displaced and the
displacement load, Table 2. This envolves the structure of the knit with load distribution as
the yarns slide during change in length. The displacement seen in this testing is in the course
direction, which seperates the vertical rows of the rib stitch. Table 2 displays the load needed
to displace Sample 2, 8-15 mmHg, 2 mm in length for displacement rates 10, 15, 20, 25, 30, and
35 mm/min. The table also displays the rate of force needed for 1 mm of displacement. This
value is also known as tension, N/m, in the fabric. It is valuable to understand this relationship
between the rate of force per displacement and the displacement rate for integration of the
textile actuator. This dataset has a curve fitting for a quadratic expression of 0.91.

Table 3 shows the results for the integration of the textile-based actuator. So for sample 2,
there was a displacement rate of 6.6 mm/min. This produced a change in circumference of the
material by 0.53 mm. By expanding the force rate per displacement dataset and forcasting the
lower displacement rate, a calculated value of 0.054 N/mm force rate is found. At this force
rate and a displacement in the fabric of 0.530 mm, the textile-based actuator produced a force
of 0.028 N. This aligns with the amount of force the actuator has produced in testing.

By using equation (6), the initial pressure on the body without actuation can be found
followed by the calculation of the new pressure on the body from actuation, which is through
expanding the garment circumference value. This shows a lowered pressure on the body part in
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(a) (b)

Figure 4: (a) A hybrid SMA-textile actuator attached to the 20-30 mmHg compression sock.
(b) The circumference change of the 20-30 mmHg garment during actuation, ∆x.

Sample
Number

Circumference
Change

1 Actuator
(mm)

Pressure
Change

1 Actuator
(mmHg)

Pressure
Change

6 Actuators
(mmHg)

Displacement
Rate

(mm/min)

1 1.2 -0.0474 -0.284 14.4
2 0.53 -0.149 -0.891 6.60
3 0.29 -0.297 -1.78 3.60

Table 3: The measured garment circumference and pressure change, as well as the displacement
rate, from a single actuator at a gauge length of 30 mm. Through calculations the change in
pressure for 6 actuators is found.

mmHg. The resulting change in circumference, ∆x, on average, for each type of textile are shown
in Table 3. Expanding, this change in circumference for 6 actuators leads to a diameter change
of 0.277 - 1.16 mm, equation (11), depending on the initial static-compression garment. This is
the distance that the compression sock would be lifted off of the skin. Again, assuming that the
original inner circumference of the garment is equal to the circumference of the body, Cb, the
change in diameter or height that the garment is above the skin, H, is zero. When actuated, the
circumference of the garment, Cg, is increased by the amount stretched by the actuator, x, which
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makes H increase and relieve pressure on the body part. With the six-actuator geometry, Figure
1(c), the change in diameter values witnessed in these experiments would produce a pressure
change of 0.284, 0.891, and 1.78 mmHg, Table 3, respectively. In terms of temperature, the
body threshold for longterm exposure is about 40◦C. The through dissipation of the actuator’s
woven structure, the design allows for surface temperature of the textile-based actuator to be
kept under 36◦C and the surface temperature of the compression garment, which would be in
contact with the skin, under 26◦C. These values are in relation to a 22◦C room temperature.
Therefore, that is a relative change of 14◦C for the surface temperture of the actuator and 4◦C
change in the compression garment. This design keeps the heat away from the body part and
therefore, lowers or eliminates the risk of high temperatures on the skin.

5 CONCLUSIONS

This paper provides insight into the ability of hybrid woven SMA-textile actuators to pro-
duce the desired outcomes for textile-based robotic and compression garment applications. The
proof-of-concept research done for the compression garment shows that the intermittent relief of
pressure is possible through the integration of the hybrid actuators in current static-compression
garments. Tensile testing revealed the design limitations that the static-compression garment
fabric has on the possible design considerations such as gauge length of the actuator and pressure
value of the chosen initial compression garment.

The experimental results for the hybrid actuators showed that there was less of a displacement
with the higher pressure compression garments, but a higher relief of pressure is achieved on
the body. This is another design parameter to account for when fabricating future prototypes.
For a Ni-Ti-Cu-Acrylic-Polyester six-actuator geometry, a pressure difference is seen from 0.3
mmHg to 1.8 mmHg depending on the existing compression garments starting pressure. The
actuator is a design parameter of its own with past work showing different force, displacement,
and temperature outcomes for different material, mechanical, and annealing properties [3].

This is not a final solution, but rather a step in the right direction for smart-fabric integration
into the field of medical compression garments for blood-clot prevention. Overall, this research
was successful in revealing the impact that the hybrid actuators could have in the textile-based
robotic and compression garment industry, as well as, the integration of hybrid SMA-textile
actuator into a bio-inspired design, which could produce a functioning, perhaps autonomous,
robots. The small SMA wire inside of the attached woven actuator allows for a great enough
force to produce a change in pressure. The SMA has a small footprint in this design with a
large impact. The low ratio of the SMA to the textile and low frequency actuation period allows
for more control of the wire during actuation and less heat build up around the wire. In future
testing and prototypes, this information will be useful to determine placement and outcomes of
the actuator’s presence in the textile system. Furthermore, modeling the compression garment’s
knitted fabric patterns will be important to understand how the actuator’s presence influences
the static-compression garment. These tests are a beginning stage to this modeling process.
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Abstract. Shape memory alloy (SMA) components are an important innovation to the design
of various aerospace applications due to their high actuation work density and relative simplicity,
making them ideal candidates for structurally embedded actuators. However, these thermally
driven materials are unable to provide a rapid cyclic response compared to traditional actuators
due to the difficulty of adding heat to and especially removing heat from large metallic bod-
ies. Induction heating is widely used in metals production and processing to quickly increase
temperature in a controlled manner, and can be integrated with SMA components to expedite
the actuation process. One potential option for increased cyclic frequency in SMA actuators in-
volves the use of integrated liquid metal energy circuits, whereby applying an alternating electric
current to the liquid metal circuits results in the generation of eddy currents in the surrounding
SMA material, delivering a large amount of thermal energy distributed throughout an SMA
body via localized Joule heating. This work presents a multiphysical finite element model of a
beam containing a liquid metal circuit and heated via localized induction heating. The results
are compared to preliminary experimental results, which represent the first known demonstra-
tions of an SMA component actuated via liquid metal energy circuits. The ability of the liquid
metal circuits to act as an active cooling mechanism is also computationally demonstrated. The
results of this work will be used to develop a parameterized optimization framework to discover
actuator/circuit configurations that best improve cyclic response.

1 INTRODUCTION

Shape memory alloys (SMAs) are active materials that can undergo considerable mechani-
cal deformation before recovering their original shape via a temperature- and/or stress-induced
response. A solid-to-solid transformation between the high-temperature/low-stress austenite
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phase and low-temperature/high-stress martensite phase results in inelastic recoverable strains
known as transformation strains, which can be recovered during transformation back into the
parent state [1]. One of the most common SMAs, equiatomic nickel-titanium (NiTi or Niti-
nol), can exhibit fully recoverable transformation strains of around 7% and actuation stresses
exceeding 300MPa [2].

Typical aerospace applications for SMAs are in the area of actuation, where their high ac-
tuation work density, compactness, and reliability make them ideal candidates for structurally
embedded actuators. Such applications have considered SMA actuators in the form of torsional
actuators [3, 4, 5], bending beams [6, 7, 8, 9], and wires [10, 11, 12]. However, the use of
SMA actuators is limited by their inability to maintain a rapid cyclic response compared to
traditional actuators due to the time necessary to add or remove heat from the component.
Joule (or resistive) heating is the most direct method for introducing thermal energy, but such
a method is amperage-limited to small components. Conduction heating is also limited by part
size as well as the low thermal conductivity of SMAs (approximately 5% that of aluminum
[13]). Induction heating is widely used in metals production and processing to rapidly increase
heat in a controlled manner, and has thus become an attractive option for heating large SMA
components [14]. Techniques for cooling SMA components include forced air convection, water
immersion, and heat sinking, with the latter two methods yielding the most promising results
[15, 16]. However, these methods rely on additional and possibly heavy sub-systems and lead to
more complex actuator designs.

One potential option for increasing the cyclic frequency of SMA actuators involves the use
of integrated liquid metal energy circuits. Orienting electrically conductive channels of liquid
metal into resistive heater traces or coils on or inside the actuator enables localized electrothermal
heating. An alternating current applied to a liquid metal coil induces a time-harmonic magnetic
field, which in turn can generate an induced internal current in the SMA actuator. These cur-
rents, known as eddy currents, result in the localized Joule heating of the actuator. This heating
method has been preliminarily demonstrated for SMA wires embedded in a polymer matrix as
well as monolithic SMA components (Figure 1) [17]. These liquid metal channels could also be
used to remove heat from the actuator, as cooled liquid metal flowing through the actuator could
replace the heated liquid metal as well as draw heat energy away from the SMA component. A
similar method using convective liquids has been demonstrated by Coppola et al. [18], where
water and polyalphaolen oil were flowed through vascular channels in an SMA actuator system
to rapidly cool the component via forced convection. Non-toxic, room-temeprature liquid metals
with higher thermal conductivities than water and oil, such as gallium-indium eutectic (GaIn,
75.5/24.5 wt.%) or gallium-indium-tin eutectic (GaInSn, 68.5/21.5/10.0 wt.%), could be used
to further expedite the cooling process [19, 20], thus creating a multifunctional mechanism to
improve rapid cyclic (heating and cooling) responses in SMA actuators.

This work seeks to demonstrate the viability of an integrated SMA-liquid metal actuator in
a mostly computational framework. The heating response of such an actuator is compared to
that of more traditional induction methods (i.e. a copper induction coil placed on the surface
of the actuator). It will be shown that this novel heating method is not only feasible, but that
it significantly outperforms traditional induction methods. This paper discusses the modeling
of these actuator systems and also explores the ability of liquid metal channels to aid in the
cooling of SMA actuators.
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(a) Additively manufactured SMA beam actuator. (b) SMA beam mounted as a cantilever, with white
latex paint electrically insulating a stationary liquid
metal energy circuit.

Figure 1: Experimental work on integrating liquid metal energy circuits in monolithic SMA components
[17].

2 PREVIOUS WORK

As mentioned in Seciton 1, previous work on integrated SMA-liquid metal actuators has
focused primarily on experimental demonstrations [17]. One potential actuator system features
SMA wires embedded in a polymer matrix with liquid metal-filled vascular channels beneath
the SMA components. Currently this system relies solely upon Joule heating of the SMA wires
via current applied to the liquid metal channels. A 150×7×4mm composite actuator with a
single Smartflex NiTi wire from SAES Getters with of radius r=0.5mm was fabricated, and
a current of 8.7A was applied to a liquid metal channel. As the SMA wires were heated and
contracted, the 150mm long composite actuator deflected downwards a total of 35mm after
80 s. Room-temperature liquid metal was then used to flush the heated liquid metal out of the
channel, removing heat from the actuator and causing the SMA wires to recover their original
shape.

A second potential actuator system uses selective laser melting (SLM), an additive-manufacturing
process, to produce complex, monolithic SMA components with vascular channels inside the
components themselves. A simple SMA beam with a planar spiraling channel exposed on its
top surface was manufactured using a Nanoval selective laser melter (Figure 1a). A latex-based
paint was applied to the open-faced channel to electrically insulate the liquid metal coil from the
SMA beam (Figure 1b). After applying a load of 1.5 kg to the tip of the beam (corresponding to
a 3mm tip deflection), a Roy 1500 induction heater was used to apply an alternating current to
the liquid metal coil. Induction heating lead to a temperature increase of 70 ◦C in approximately
3minutes at the center of the coil. The actuator tip recovered its deflection upwards a total of
0.5mm, or a recovery of 16.7%. This experiment has prompted computational studies to further
explore the capabilities of SMA induction heating using liquid metal energy circuits as well as
investigate novel cooling mechanisms using liquid metal.
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3 MULTIPHYSICAL MODELS

To demonstrate the feasibility of an integrated SMA-liquid metal actuator, one-way coupled
models are created using the COMSOL Multiphysics R© software package [21]. The following
sections detail these models and the various physical mechanisms considered during analysis.

3.1 TRADITIONAL EXTERNAL INDUCTION COIL

To form a baseline measurement based on traditional induction techniques, a 2-D axisym-
metric model of a copper induction coil placed on the surface of an SMA domain is created
using COMSOL (Figure 2). The model consists of an SMA disk with radius rSMA = 15mm
and thickness tSMA = 4.5mm, with five wires of radius rwire = 1mm spaced 0.65mm apart
corresponding to concentric coils and approximating a spiral induction coil with N = 5 turns
resting on the positive-z surface of the SMA component. These components are surrounded
by an air domain with radius rair = 160mm and thickness tair = 100mm. An axisymmetric
boundary condition is placed on the r=0 edge of the model. The finite element mesh consists
of 8,557 quadratic elements, with greater mesh density in the area surrounding the actuator
(Figure 3).

4.5 m
m

15 mm

0.65 mm1 mm

160 mm

50 m
m

100 m
m

Air

SMA 
Disk

Copper 
Induction Coil

Axis of Symmetry

r
z

Figure 2: 2-D model of an external induction coil resting on an SMA disk. The dotted line denotes the
axis of symmetry.

The finite element model couples COMSOL’s Magnetic Fields and Heat Transfer in Solids
modules, solving the electromagnetic and heat transfer equations simultaneously. Magnetic
insulation boundary conditions and an ambient temperature Tamb = 293.15K are applied to
the edges of the air domain. The initial temperature of the component is also set to Tamb. A
constant current I is applied to each copper wire, simulating a single oscillating current running
through the entire coil. Relevant material properties can be fount in Table 1. It is important
to note that the phase transformation behavior of SMAs is not modeled in this proof-of-concept
work; only the electrical, thermal, and magnetic properties are considered.

3.2 EMBEDDED LIQUID METAL ENERGY CIRCUIT FOR HEATING

A 2-D axisymmetric model of a liquid metal energy circuit embedded in an SMA component
constructed in COMSOL is shown in Figure 4. The dimensions of the SMA component and
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r
z

Figure 3: Mesh of the 2-D external induction coil model.

Table 1: Relevant material properties for the external induction coil model. Air and copper properties
taken from [21]; SMA properties taken from [14].

Property Value

Air
Relative permeability, µr 1
Relative permittivity, εr 1
Electrical conductivity, σ 0 S/m

SMA
Relative permeability, µr 1
Relative permittivity, εr 1
Electrical conductivity, σ 1.25× 106 S/m
Thermal conductivity, k 18W/m·K
Heat capacity, Cp 400 J/kg·K
Density, ρ 6,440 kg/m3

Copper

Relative permeability, µr 1
Relative permittivity, εr 1
Electrical conductivity, σ 6.0× 107 S/m
Thermal conductivity, k 400W/m·K
Heat capacity, Cp 385 J/kg·K
Density, ρ 8,700 kg/m3

domain are equal to those discussed in Section 3.1. A liquid metal energy circuit with N = 5
turns embedded in the SMA component is represented using five channels having a semi-circular
cross section with a radius of rchannel = 1mm spaced 0.65mm apart. An asymmetric boundary
condition is again placed on the r=0 edge of the model. The model consists of 4,720 triangular
elements in a manner consistent with Section 3.1 (Figure 5).

As in Section 3.1, the model couples the Magnetic Fields and Heat Transfer in Solids COM-
SOL modules. Identical boundary conditions are placed on the air domain, and a constant

5

1528



Brent R. Bielefeldt, Jacob L. Mingear and Darren J. Hartl

4.5 m
m

15 mm

0.65 mm1 mm

160 mm

50 m
m

100 m
m

Air

SMA 
Disk

Liquid Metal 
Channels

Axis of Symmetry

r
z

Figure 4: 2-D model of a liquid metal energy circuit embedded in an SMA disk. The dotted line denotes
the axis of symmetry.

r
z

Figure 5: Mesh of the 2-D embedded induction coil model.

current I is applied to each of the liquid metal channels. Here we assume that the liquid metal
is electrically isolated from the SMA (i.e., the applied current can only flow through the liquid
metal coil and not the SMA). The material properties of the air and SMA domains are consistent
with those in Table 1, while relevant liquid metal properties can be found in Table 2.

Table 2: Relevant material properties for the embedded liquid metal energy coil model [22].

Property Value

Liquid Metal

Relative permeability, µr 1
Relative permittivity, εr 1
Electrical conductivity, σ 3.8× 106 S/m
Thermal conductivity, k 16.5W/m·K
Heat capacity, Cp 300 J/kg·K
Density, ρ 6,440 kg/m3
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3.3 EMBEDDED LIQUID METAL ENERGY CIRCUIT FOR COOLING

To examine the ability of liquid metal energy circuits to aid in the cooling of SMA actuators,
a 3-D model of the component discussed in Section 3.2 is created in COMSOL (Figure 6a). The
SMA disk has a radius rSMA = 15mm and thickness tSMA = 4.5mm (cf. Section 3.1). The 2-D
representation of the liquid metal energy circuit is replaced by a 3-D coil with an inner radius
rcoil,i=1mm, outer radius rcoil,o=13mm, and N=5 turns. The cross-section of the coil is again a
semicircle with a radius rchannel=1mm. The model consists of 91,933 tetrahedral elements and
2,673 edge elements, with increased mesh density in the areas surrounding the coil (Figure 6b).

r

z

θ

(a) Geometry of the 3-D actuator model. The
liquid metal energy circuit is denoted by the
shaded region.

r

z

θ

(b) Mesh of the 3-D actuator model.

Figure 6: 3-D model of an integrated SMA-liquid metal component.

The initial temperature of the component is determined by mapping the final temperature
of the embedded liquid metal energy circuit model discussed in Section 3.3 (cf. Section 4.1).
To demonstrate the effectiveness of liquid metal cooling, two cases are examined. The first
case considers cooling via forced convection, with air flowing over the component at a speed
of vair=1m/s. The second case considers liquid metal flowing through the coil, removing heat
from the component. The former is achieved using the Heat Transfer in Solids module, while the
latter utilizes the Heat Transfer in Pipes module in COMSOL. The walls of the coil are assumed
to have a surface roughness of 0.05mm, which comes from preliminary characterization of SLM
3-D printed NiTi SMA. The initial temperature of the liquid metal inside the coil is equal to
the surrounding SMA (i.e., as informed from the heat mapping). Liquid metal with a dynamic
viscosity ν = 2.4 × 10−3 Pa·s flows through the coil with a velocity of vlm=0.1m/s (based on
observations in preliminary experiments [17]) with an inlet temperature of 300K.

4 RESULTS

4.1 INDUCTION HEATING

Induction heating analyses of the models discussed in Sections 3.1-3.2 consider a frequency
of f=150 kHz and currents applied to the respective coils for 60 seconds. Figure 7 shows a
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comparison of the temperature at the center of the revolved component for both the external
induction coil and embedded liquid metal energy circuit with applied currents of 12A and
20A. In each plot, the dotted line represents a study in which the liquid metal domain is
considered only electromagnetically (i.e., for heat generation) but is not considered when solving
the heat transfer equations. This represents a conservative case in which the heating of the SMA
component is caused by localized heating from induced eddy currents and not from temperature
increase of the resistive liquid metal itself. The solid red line corresponds to results that consider
also the direct resistive heaing of the coil itself, which increases total heat generation. For an
applied current of 12A, using an external induction coil corresponds to a predicted temperature
increase of approximately 15K in 60 s. However when using an embedded liquid metal energy
circuit (and ignoring Joule heating of the liquid metal circuit itself), temperatures increase by
nearly 20K in the same amount of time. Performance is further increased when considering
Joule heating from the liquid metal; with a predicted final temperature of 332K, the liquid
metal energy circuit nearly triples the temperature increase predicted when using an external
induction coil. Similar trends are observed for an applied current of 20A. Analysis predicts a
final temperature of 402K after a temperature increase of nearly 110K in 60 s, when using an
embedded liquid metal energy circuit.
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(a) 12A applied current.
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Figure 7: Comparison of heating capability for the external induction coil and embedded liquid metal
energy circuit (150 kHz); “JH” indicates Joule heating of the coil itself is considered.

Contour plots of the induced current (or eddy currents) generated by both induction coils
considered for an applied current of 20A are shown in Figure 8. It is noticeable that not only
does the embedded liquid metal energy circuit induce eddy currents of greater magnitude, but
also that the eddy currents penetrate deeper into the component than those generated by the
external induction coil. This is one advantage of the induction coil being embedded in the
component rather than on its surface. One would expect eddy currents of greater magnitude
to generate higher temperatures, and eddy currents penetrating deeper into the component to
further facilitate heating. Figure 9 shows temperature profiles for the three induction heating
cases considered. As expected, the temperature contours shown in Figure 9a and Figure 9b
closely match those of the eddy current contours in Figure 8a and 8b, respectively. Figure 9 also
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highlights a second advantage of the induction coil being embedded in the component. Note that
while the coils in Figure 9a are increasing in temperature, the seem to have little/no effect on the
temperature of the component. Meanwhile, the heat generated by applying current to the liquid
metal embedded in the component (Figure 9c) further facilitates heating due to the increased
contact area with the SMA component. This, combined with the generation of stronger and
farther-reaching eddy currents, could alloy for more rapid cyclic actuation in SMA components.

Induced Current (A/m2)

0 5.4𝑒𝑒𝑒

(a) External induction coil. (b) Embedded liquid metal energy circuit.

Figure 8: Comparison of induced current contours for the both induction coils considered for an applied
current of 20A. The dashed lines represent an axis of symmetry.

Temperature (K)

329 331

(a) External induction coil.

Temperature (K)

345 348

(b) Embedded liquid metal energy
circuit (disregarding Joule heating
of the coil).

Temperature (K)

396 402

(c) Embedded liquid metal energy
circuit (considering Joule heating
of the coil).

Figure 9: Comparison of temperature profiles for the three induction heating cases considered for an
applied current of 20A. The dashed lines represent an axis of symmetry. Individual temperature scales
are used for comparison with Figure 8.

4.2 COOLING

As discussed in Section 3.3, the initial temperature for the 3-D thermal model is set by map-
ping the final temperature field found using the 2-D embedded induction coil model (cf. Fig-
ure 9c). Two methods of cooling are then considered: 1) forced convection via air flow over the
component and 2) liquid metal flowing through the coil to remove heat from the component.
Figure 10 shows the temperature at the center of the coil on the +z face during cooling for these
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two methods. Forced convection cools the component to 371K, or a reduction of approximately
28% of the temperature change upon heating. Liquid metal flowing through the component is
able to reduce its temperature to 312K, or a recovery of nearly 84% of its temperature change.
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Figure 10: Comparison of forced convective cooling and liquid metal cooling for an SMA component.

Figure 11 shows temperature contours of the component at various times during the liquid
metal cooling process. As room temperature liquid metal flows through the inlet and into
the component, its high thermal conductivity allows it to rapidly remove heat from the SMA
component. This process would continue until the component reaches a desired temperature
(e.g. past its transformation temperature), at which point a current could be applied to the
liquid metal, beginning the actuation process again.

5 CONCLUSIONS

The high specific energy density of shape memory alloys make them ideal actuators, but
their inability to provide a rapid cyclic actuation response hinders their more widespread use in
the aerospace industry. This work has investigated a novel method to increase SMA actuation
frequency by using embedded liquid metal energy circuits to inductively heat SMA components.
Computational analysis has shown that applying 20A of current to a liquid metal coil at a
frequency of 150 kHz can lead to a temperature increase of nearly 110K in 60 s. These liquid
metal energy circuits can also be used to rapidly cool SMA components. Room temperature
liquid metal flowed through a heated SMA component is predicted to recover nearly 84% of the
component’s original temperature change upon heating in 60 s. Combining these processes could
increase the actuation frequency of SMA components (Figure 12). For example, when consid-
ering the transformation temperatures of an SLM 3-D printed SMA component [23], utilizing
liquid metal energy circuits results in an actuation cycle of 116 s, nearly times higher than when
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Figure 11: Temperature contours at various times during liquid metal cooling as computed using a 3-D
thermal model and pipe flow.

using traditional induction coils and forced convective cooling (576 s).
Future work will focus on modeling induction heating using liquid metal energy circuits in 3-D

(i.e., non-axisymmetric) components, as well conducting experiments to validate computational
results. These findings will be used to develop a parameterized optimization framework to
develop liquid metal energy circuit configurations that maximize SMA actuation frequency.
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Abstract. A novel method for in-situ characterization of structural processes in NiTi wires
is proposed. This method is based on contactless generation and detection of longitudinal
ultrasonic waves in a wire subjected to mechanical loadings; focused laser pulses are used for
generation of the waves, a laser vibrometer is then used for their detection. The contact-less
arrangement enables application of this method for a broad range of temperatures and loading
modes. The method is utilized for characterization of stress-induced phases in a superelastic
medical grade NiTi wire of the diameter 100µm. The results show that the elastic moduli of
the stress-induced martensite phase significantly depend on the temperature, exhibiting a more
than 50% decrease at elevated temperatures and at stress levels close to the plateau stress for
the reverse transition. This indicates a structural instability on NiTi martensite under these
conditions.

1 INTRODUCTION

Shape memory alloy (SMA) polycrystalline materials can be reversibly strained up to se-
veral percents, which is utilized in many useful applications. Such relatively large strains are
accommodated by the material due to structural changes caused by reversible martensitic phase
transformations. The general thermo-mechanical response of SMA is rather complex because
several mutually interdependent deformation mechanisms are often active.

Monitoring the evolution of the elastic parameters of the SMAs in-situ during the loa-
ding/unloading processes is a very helpful tool for analyzing such complex structural changes.
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Figure 1: Experimental arrangement of the contact-based ultrasonic technique (USERIST system).

The elastic constants provide an averaged (effective) information on the material at the macro-
scale, and thus, unlike local characterization methods, is suitable for capturing the progress of
the structural changes in SMAs during the thermomechanical treatment. Similar information
can be also obtained by in-situ resistivity measurements, while both methods are complementary
and the most detailed results can be obtained by their combination.

Such an approach was explored in the previous decade by Šittner at al. [1, 2, 3] who suggested
an original method for investigation deformation processes in SMAs called USERIST. This met-
hod used simultaneously the acoustic waves and the electric current as probing signals for NiTi
wires exposed to stress and temperature loadings (Fig.1). The technique was successively used
for detection of the start and the finish of the transformation processes during thermal cycling
and cyclic mechanical loadings, especially with the focus laid on B2→R transformation [2, 3]. In
the USERIST set-up, special contact PZT transducers with transverse polarization were desig-
ned for generation and detection of ultrasound in wire specimens (Fig.1). A typical ultrasonic
signal (100 kHz – 1MHz) detected during acoustic wave propagation in a NiTi wire (200 µm in
diameter) at the distance 190 mm from the emitter (a pulse generation of acoustic waves) by
the USERIST apparatus is shown in Fig.2. It can be seen that both L as well as T-waves (cor-
responding to long-wavelength limits of longitudinal and torsional modes, see the section 2.1)
were detectable and both Young’s and shear moduli were evaluable during thermo-mechanical
load cycling.

Nevertheless, the contact USERIST system had also several disadvantages, in particular:

– There were additional unpredictable loadings of the tested wire due to the transducer clips;

– the method was technically difficult for wire diameter less than 100µm;

– the application of complex loadings was technically restricted, e.g. a measurement with
torsion loading of the wire was impossible;

– to obtain results under other temperatures than the ambient temperature, the whole set-up
had to be immersed in a heat-conducting medium.
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In this paper, we present a fully noncontact all-optical alternative to the USERIST experi-
mental arrangement, in particular a laser-based ultrasonic technique for characterization thin
wires exposed to complex loadings. Compared with the contact method, the laser-based techni-
que is much less restrictive with respect to the diameter of the wire, the range of applicable
frequencies, as well as the mechanical loading modes. Hence, a more systematic study of the
processes in NiTi wires is possible.

2 METHODS AND EXPERIMENTS

2.1 Principles of ultrasonic in-situ characterization of NiTi thin wires

In an isotropic cylindrical waveguide (as a NiTi wire), the axisymmetric vibrational modes
may be divided into two decoupled branch groups [4] : Torsional T (0,m), with azimuthal dis-
placement only, and longitudinal L(0,m) with both axial and radial displacements. All other
modes break the axial symmetry; these modes are flexural, F (n,m) for n > 0 and exhibit
coupled three-dimensional displacements. The geometrical dispersion of harmonic waves propa-
gation along an infinite cylinder is performed by the dependence of phase velocity cϕ = ω/k,
where ω = 2πf is an angular frequency and k is a wave number. It can be seen that the wave
packet (pulse) propagates in the dispersion media by group velocity given by cg = (dω/dk).

The dispersion curves of all three types of modes (torsional, longitudinal, and flexural) cal-
culated by the procedure described in [5] for specific material properties of NiTi (E = 65GPa,
ν = 0.432, ρ = 6.46 g/cm3), are shown in Fig. 3. The dispersion branches L(0, 1) and T (0, 1)
may be used for determination of elastic properties E, G from velocity measurements : The
velocity of the longitudinal mode L(0, 1) is cϕ = cg = (E/ρ)1/2 for limit f → 0, and the mode
T (0, 1) is not dispersive and the related propagation velocity is cϕ = cg = (G/ρ)1/2. For thin Ni-
Ti wires (∼ 100µm in diameter), the long-wavelength approximation can be used for frequency
range up to tens of MHz.

2.2 Experimental details

The generation of the ultrasonic waves was provided by short infrared pulses from a Nd:YAG
laser (nominal pulse width 8 ns/25 mJ, 1064nm wavelength). An optical fiber coupling adap-
ter enables safe and easy manipulation and precise beam adjustment. The power optical fiber
was ended by an optical focuser (focus spot size better then 400µm). The pulse energy was
attenuated to the minimal value ≈ 1mJ and repetition frequency of pulses was set to 5Hz. This
arrangement enabled a repeatable thermoelastic excitation of the thin wire without any obser-
vable damage. The wave arrivals (out-of-plane displacement) from the source were detected
by a laser interferometer implemented in an optical microscope. This detection system was a
part of a Polytec MSA-500 dynamical analyzer for microsystems. The frequency bandwidth
of the interferometer decoder was 24 MHz (-3dB). The system enables scanning by the probe
beam along points of a predefined mesh. In this case, the objective M Plan Apo (5×, Infinity
corrected, N.A. 0.14) with the field of view (FOV) 1.8 × 1.34 mm / 1.3µm pixel resolution in
the MSA system was used. Within the FOV, three positions (G/R/B) on the tested wire were
defined for detection (Fig.4) by the laser interferometer. In each selected point, signals triggered
by a flash of the excitation IR laser were recorded by the MSA-500 internal acquisition system
(100 MS/s,12 bits) in the time-domain regime. Resulting signal was obtained by averaging from
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150 singleshots. Complete experimental system in the prototype version is described in the Fig.5.
Joule heating of the wire and natural cooling regimes were applied. The instantaneous tempe-
rature was monitored by a miniature thermocouple (size 0.2mm, type T) directly connected
on the wire near the grip on the loaded side (left-side). A PMMA tube with holes for pump
beam and detection was used for outside environmental shielding. In this prototype version,
the tensile loading was provided manually by a micrometric screw. The full final version of the
apparatus (Fig.5) then used a motorized stage and also an optional device for torsion loading.

Figure 2: A typical ultrasonic signal generated and detected by the shear-polarized transducers (USE-
RIST system).

Figure 3: Calculated dispersion branches for acoustic wave propagation in a thin NiTi wire.
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Figure 4: The laser-ultrasonic system for characterization of thin wires. The photograph (on the left)
shows the tested wire, the adjusted focuser of the pump beam and the objective of the detection system.
The snapshot from the microscope screen (on the right) shows the measurement points marked as G-R-B
(a sequence with the increasing distance from the source). The nominal distance between neighboring
detection points is 800 µm.

Figure 5: The complete experimental arrangement, including the LU measurement system, the loading
systems, the devices for force and temperature measurements, and the wiring for the Joule heating system.
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A precise force sensor for maximal loading up to 20N was implemented for force monitoring.
The superelastic medical grade NiTi wire (FWM-Fort Wayne Metals) of the diameter 100µm

[6] was used for experiments. A typical signal obtained on this wire (at room temperature and
stress-free conditions) is plotted in figure 6. In this case of the ultrasonic excitation, the strong
dispersive flexural mode F (1, 1) was dominant. Nevertheless the first arrival of small broadband
wavelet corresponding to the L-wave was fairly detectable. Only this part of the detected signals
was used for analysis,after proper normalization of the amplitudes. Let us note that the phase
of the ultrasonic signal changes by the austenite-martensite transformation. Local thermal
shock in austenite state causes propagation of the volume expansion along the wire, whereas the
thermo-elastic excitation in the fully martensite state initiates propagation of an instantaneous
shrinkage. The distances among G/R/B position remained fixed during the test; the L-wave
speeds were then evaluated from the mutual delays of the signal between these three position.

3 RESULTS AND DISCUSSION

The examined NiTi wire at room temperature showed a typical superelastic behavior (Fig.7):
After elastic loading of austenite connected also with partial or full transformation to R-phase,
the material transformed at almost constant stress level of 450MPa to martensite. This transfor-
mation proceeded heterogeneously via propagation of martensitic bands. When the full volume
of the wire was transformed to martensite, almost reversible straining of martensite succeeded
with apparent modulus of approximately 30GPa. During unloading, the reverse transformation
proceeded also heterogeneously at almost constant stress of 200MPa. The measured elasticity
of austenite at room temperature was slightly above 70GPa. During martensitic transforma-
tion it monotonically decreased to value of 47GPa. The exact evolution of elasticity in this
part as a function of total strain was affected by heterogeneous nature of the transformation
as the measurement of elasticity was done only on a part of the wire. Interestingly, during
the straining of martensite, the elasticity is not remain constant but markedly increased with
the increasing stress, reaching at high stress levels almost the elasticity of the parent austeni-
tic phase. This evolution of martensitic elasticity was fully reversible following the same curve
during loading and unloading. Considering very low stress amplitudes of propagating elastic
wave and also low observed attenuation, we could conclude that stress dependence of marten-
site elasticity was not related to moving of internal boundaries (phase boundaries or twins) but
must be an intrinsic property of martensite related to its instability above austenite-start tem-
perature. We focused in more details to this striking behavior of martensite and measured its
elastic properties up to 1000MPa also for two additional temperatures 40 and 60 ◦C (Fig.8 a),
measurements at temperatures higher than 60 ◦C started to be affected by irreversible plastic
deformation. In Fig.8 a, the lower-limit of measured stress interval corresponds to stress level
of reverse martensitic transformation, which increases with increasing temperature. We can see
further pronounced softening of martensite elasticity with increasing temperature and similar
stress hardening of elasticity as for the measurement at room temperature. The results in Fig.8 b
document the behavior of highly unstable martensite. The temperature dependence of elastic
softening and strong stress dependence of its elasticity reveals strong deformation of the energy
potential. By extrapolating this tendency to higher temperatures (not experimentally reachable
in our sample due to plastic deformation), the NiTi material could gain so called over-critical
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behavior where all inner boundaries between austenite and martensite disappear and material
would have a rubber-like behavior. A similar limit was reached in other SMAs like FePd [7] or
highly amorphous NiTi [8].

Figure 6: Detected ultrasonic signal on the FWM 100µm wire generated by thermoelastic source; detail
of the same signal for the first 30 µm (right side).

Figure 7: Tensile test of the superelastic NiTi wire at RT; the triplet of amplitude-normalized signals at
positions G/R/B is compared for the austenite and martensite states; the evolution of effective elasticity
of the wire during loading cycle.
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4 CONCLUSION

A contact-less laser based method for in-situ material characterization of thin functional
wires was presented and applied for analysis of NiTi wires by propagation of thermoelastically

a)

b)

Figure 8: a) Stress-strain curve of superelastic NiTi wire at three different temperatures, b) evolution
of Young’s modulus of stress-induced martensite with applied stress.
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excited acoustic waves. The evolution of elastic moduli of the wire with tensional straining
was obtained for various temperatures. The preliminary results reveal unexpected behavior of
fully transformed martensite of superelastic NiTi: with increasing temperature, the elasticity
of the wire significantly softens, reaching as low values as 21GPa (a more than 50% decrease
compared with the room temperature behavior). This indicates a loss of stability of the stress-
induced martensite phase at elevated temperatures; its evolution upon further heating cannot be,
however, analyzed due to massive plastic slip in the material. Nevertheless, the newly developed
contactless approach was shown to be a suitable tool for analyzing the NiTi behavior in the
vicinity of this stability limit.
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ABSTRACT 

Shape Memory Alloys (SMA) are smart materials with potential exploitations as dampers for civil 
engineering.  Indeed, the experimental analysis of SMA shows a hysteretic behavior both in stress-
strain or strain-temperature representations [1]. The exposition to different environment temperatures, 
in winter versus summer, suggests avoiding the adoption of thin wires due to their flat hysteretic 
response. Attention is addressed to wires of diameter 2.46 mm, whose hysteresis shows S-shape cycles 
[2]. 
 
The time scale of civil engineering construction spans over several months, if not years when 
judgmental conflicts arise. This could cause long time storage of the acquired material before their 
assemblage according to the structural design. Several authors in the literature [3-5] mentioned the 
effects of a storage at room temperature, i.e., its ability to change the properties of the alloys. 
 
The results of an experimental campaigns on specimens that underwent a long storage at room 
temperature is reported in this contributions. The effects are clearly detected but their extent is quite 
unpredictable.  
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Summary: In particular geometries and loading modes, martensitic phase transformation in
NiTi shape memory alloys (SMA) develops inhomogenously via formation and propagation of
macroscopic transformation bands resembling Lüders bands well-known from deformation of
certain steels. In this work, we analyze morphology and mechanics of a macroscopic transfor-
mation front separating regions of austenite and martensite phases in NiTi superelastic wires
under tension.

Recently, three-dimensional X-ray diffraction method was employed to determine complete
strain and stress states of a huge set of polycrystalline grains close to the transformation front.
Taking into account the experimental findings, we have adapted our macroscopic constitutive
model of NiTi SMA by modifying the free energy function – so that it can capture the strain-
softening type of response – and including non-local (gradient-like) effects. The finite element
implementation of the model was performed in Abaqus FEA software and allowed for a successful
numerical reconstruction of the transformation front in a loaded wire as well as its stable prop-
agation at a constant external force. Thanks to material parameters adjusted with respect to
experimental measurements, the simulation qualitatively reproduced a significantly inhomoge-
neous stress state within the parent phase and predicted non-uniform stress distribution within
the product phase even far from the front.
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1 INTRODUCTION

Shape memory alloy (SMA) polycrystals are metallic materials that can be repeatedly re-
versibly strained up to several percents, far beyond the elastic deformation limit. This surprising
effect is called superelasticity and it is already utilized in many engineering applications. The
material is able to accommodate such relatively high strains due to a reversible structural change
of the crystal lattice, so called martensitic phase transformation. In NiTi-based SMA, transfor-
mation between the parent phase, austenite, and the product phase, martensite, often proceed
in a spatially inhomogeneous manner; localized martensitic bands form and propagate along the
sample leaving a material with modified dimensions and microstructure (phase) behind. The
macroscopic picture is very similar to the localization of plastic deformation observed in certain
steels and alloys [1]. However, there are specific features of localization in NiTi alloys: a) the
attainable inelastic strains due to martensitic transformation are loading mode-dependent and
limited due to their crystallographic nature, b) elastic properties of stress induced martensite
are strongly anisotropic and change pronouncedly close to the phase transformation, c) the mi-
crostructural aspects, e.g. interaction of phases and their compatibility at interfaces, are complex
and not fully understood yet, even though the phenomenon (sometimes also called Lüders-like
deformation) has been thoroughly experimentally investigated in the last two decades, e.g. [2–6].
It is interesting to note that localization occurs only in NiTi SMA with a suitable texture and
only in particular loading modes (e.g. tension) and deformation rates [7]. However, if it ap-
pears, localization is a critical issue for fatigue as it is connected with relatively high phase
and strain gradients at the phase interface. Naturally, this motivates investigation of the phe-
nomenon in NiTi wires, which are employed in many typical commercial applications of SMA,
e.g. in braided stents, light-weight actuators or functional textiles [8–10], and, whose fatigue
performance is thus of primary importance.

Recently, a detailed experimental analysis of martensite band front (MBF) in a stretched
superelastic NiTi wire was performed on the grain-by-grain scale [11]. Subsequent reconstruc-
tion of macroscopic phase and stress fields stimulated our attempt to develop an enhanced
constitutive model which could be employed in a complementary finite element (FE) analysis
of the MBF. Numerical simulations of localization in NiTi SMA are quite rare in the litera-
ture. As justified in [12], localization in NiTi is not merely a geometric effect, hence, strain
softening is very likely involved. In the pioneering works, e.g. [2, 13], authors used a simple
J2-elastoplasticity model with strain softening to study localization in NiTi samples deformed in
pure tension. They were able to capture some basic features of forming localization bands and
to study influence of latent heat via incorporation of thermal coupling. Based on experiments
on laminates, Hallai and Kyriakides [14] refined the original constitutive law to obtain a smooth
uniaxial stress-strain response. These models adhered to isotropic plasticity-based constitutive
laws disregarding specifics of SMA materials. Theoretical research on the influence of dimen-
sional scaling on localization patterns for particular simple geometries was conducted in [15].
Duval with coworkers [16] utilized nonlocal gradient approach to incorporate localization into
a two-dimensional superelastic reduction of a rather advanced SMA constitutive model. This
work was further refined by Armattoe et al. [17] to allow for any thermomechanical loading.
Recently, two other conventional constitutive SMA models have been also modified for strain
softening and employed together with gradient [18] or integral [19] regularization methods.
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In this work, we extend an earlier developed, fully three-dimensional NiTi SMA constitutive
model [20] to capture localization effects. The model features an elaborated form of dissipation
function (directly related to “yield functions”) and takes into account some phenomena specific
to textured NiTi SMA which makes it particularly suitable for simulations of experimental
observations of localization in this alloy. We modify the constitutive law to capture the strain
softening and employ so-called nonlocal integral averaging technique to regularize the ensuing
mathematical model, which allows for a correct (mesh-independent) implementation the model
into finite element analysis software. Thanks to experimental data, we can adjust material
parameters in the model so that the simulation mimicking tensile loading of a NiTi wire is
realistic and in quantitative agreement with corresponding results of experimental analysis.

2 EXPERIMENTAL BACKGROUND

Here we briefly introduce the unique experimental investigation of morphology of martensite
band front in a stretched SMA filament by three-dimensional X-ray diffraction technique and
summarize the findings relevant for modeling. The experiment was performed at the European
Synchrotron Research Facility (Materials science beamline ID11, Grenoble, France) on a supere-
lastic NiTi wire (Ti-50.8 at.%Ni manufactured by Fort Wayne Metals) with diameter 0.1mm,
which was heat treated by a short electric current pulse to reach desired microstructure with
eliminated R-phase. The sample was mounted on a load frame, stretched to create a MBF and
its length was then fixed. The load frame was rotated around the axis parallel to the wire axis
(ω-rotation) and the diffraction pattern for each ω-angle (which contains reflections within the
whole cross-section of the wire) were recorded on a 2D detector (see Fig. 1A). By moving the
sample position with 4µm steps in the vertical direction and repeating the ω-rotation, 50 “layers”
were scanned within the probed length of the wire of 200µm so that complete “austenitic neigh-
borhood” of MBF was scanned. Each spot bears partial information on the position, structure,
orientation and elastic deformation of the crystal lattice within one of the grains. The already
transformed martensite grains were not analyzed for grain resolved information since diffraction
from martensite phase was not as spotty as required for the three-dimensional XRD method;
hence, the final experimental dataset contained 15, 000 austenitic grains (Fig. 1C). The volume
of each grain was evaluated from the integrated intensity of the X-ray reflections. More details
on the data acquisition and analysis as well as results of complementary measurements can be
found in [11].

Components of elastic strain tensor and stress tensor for each grain were calculated based on
refined unit cell parameters and tensor of elastic constants of the austenite lattice. In addition,
grain resolved stress components weighted by the grain size were averaged over equivolumetric
cells (radial symmetry exploited) and interpolated to reconstruct the macroscopic internal stress
field. Stress resolution of 20MPa and spatial resolution of about 1µmwere reached. This allowed
to quantify strong internal stress gradients and elevated shear stresses developing at the edge
of the nose-cone shaped macroscopic phase interface (Fig. 1B) which forms the core of the
propagating MBF [11]. Surprisingly, whereas the macroscopic nominal tensile stress needed for
propagation of the MBF (“plateau stress”) was about 420MPa, the averaged mean equivalent
stress at and close to the phase interface reached almost 600MPa. This contradicts the widely
accepted assumption that the martensitic transformation in NiTi wire takes place under stresses
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Figure 1: In the 3D XRD experiment, a superelastic NiTi wire was stretched until the middle of the
transformation plateau and the wire segment containing the martensite band front (B) was probed by
a monochromatic beam (A) of highly energetic photons. Grain microstructure (C) was reconstructed
from 2D diffraction patterns obtained from the wire rotated about its axis and scanned with respect to
the synchrotron beam and grain-resolved strain and stress tensors were calculated. See [11] for further
details.

close to nominal tensile stress and motivated the particular adjustment of parameters related to
the strain softening in the constitutive model.

3 MODELING

3.1 Constitutive Model and Its Regularization

The original (local, rate-independent) constitutive model has been formulated within conti-
nuum mechanics framework in [20] and the FE implementation has been validated in [9, 21].
Internal variables – volume fraction of martensite, ξ, mean transformation strain, εtr, – al-
low to capture microstructural effects on the macroscopic level of description via a dissipation
function whose enhanced form was derived from experiments in a systematic way [22]. A param-
eterized constraint on the latter variable assures that the volume preserving property, tension-
compression asymmetry and (texture-induced) transformation strain anisotropy are captured.
A particular form of the free energy couples the influence of strain and temperature on the
phase transformation. Let us note that the elastic part of the energy depends on the internal
variables, whereas plastic deformation due to dislocation slip is neglected. In analogy to simi-
lar approaches in the literature [17, 18], a substantial material softening (i.e. stress needed to
further promotion of the transformation decreases with increasing strain) is incorporated; the
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Figure 2: Continuum-based constitutive model for SMA adapted to allow for pronounced strain softening
in a uniaxial tensile test (A, dash line) exhibits both nucleation overpeaks and propagation plateaux.
Excellent quantitative agreement between computed (left half) distributions of von Mises equivalent stress
(B, color range 300 – 600 MPa) and axial stress (C, color range 200 – 600 MPa) and their macroscopic-
averaged experimental counterparts (right half) was reached.

regularizing-hardening term of the free energy rhard is now modified as follows

rhard(ξ, εtr) = kξ

(
⟨εtr⟩

1− ⟨εtr⟩

)2

(Eint
0 + Eint

1 e−βξ) (1)

Here, ⟨εtr⟩ denotes a particular convex function of transformation strain defined in [20], k denotes
the maximum transformation strain in pure tension, Eint

0 is a hardening coefficient, whereas Eint
1

and β are material parameters adjusting the extent of softening during phase transformation.
Figure 2A illustrates the proposed constitutive law on superelasticity. The nominal stress-

strain relation in uniaxial loading (of a single material point) exemplifies the reversible phase
transformation with pronounced hysteresis, strain softening and different elasticity of phases.
The energy term (1) makes the material mechanically instable during the phase transformation.
Unfortunately, loss of material stability implies (in statics) loss of ellipticity of governing equa-
tions, which has severe negative consequences: the ensuing mathematical formulation (boundary
value problem) becomes ill-posed, thus, numerical simulations (e.g. FE analysis) exhibit sensitiv-
ity on the size of finite elements and on the mesh structure. To recover regularity of constitutive
models, various generalized continuum formulations have been proposed in the literature [23].
An effective regularization can be reached by introducing an additional nonlocal counterpart
to the internal dissipative variable(s) [24, 25], then one of two closely related methods are most
often employed [26]. In the nonlocal gradient approach, the local and corresponding nonlocal
variables are linked via an additional partial equation, in the nonlocal integral approach, these
variables are linked via an integral relation and the nonlocal variable in a material point is
defined as a weighted spatial integral average of the local one with the weight function usually
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concentrated into a close neighborhood of the point. In the present formulation, we apply the
integral approach and introduce a nonlocal counterpart to the volume fraction of martensite,
denoted ξ̄, which substitutes the local variable ξ in the exponential term on the right hand side
of Eq. (1); hence, rhard depends both on local and nonlocal volume fractions of martensite).
The integral relation takes the form

ξ̄(x) :=

∫

R3

ξ(y)ωd(x, y) dy ∀x ∈ Ω, (2)

where the integration kernel ωd(x, y) is chosen as the normalized Gaussian radial function with
center in x and standard deviation d, and Ω denotes the set of material points constituting
the sample. Combined experimental and theoretical research by Ball et al. [27] suggests that
when emerging from a mechanically stabilized martensitic single crystal, austenite tends to
nucleate predominantly close to specific locations on the surface of the sample determined by
its geometry. Inspired by that work, we complete the definition (2) by formal assignment
∀ y ∈ R3 \ Ω : ξ(y) := 1− ξ(x), independently for each material point x in question.

3.2 Finite Element Analysis

The complete constitutive model was implemented into FE software Abaqus FEA. Exploiting
the advantage of its UMAT subroutine, alternative minimization has been employed as thor-
oughly described in [22]. The original code has been complemented by subroutines UEXTER-
NALDB and USDFLD in order to regularly update values of the nonlocal variable in material
points. The numerical implementation of this nonlocal extension has been tested in [28].

The experimental setup in Section 2 was modeled as a simple mechanical problem: axial
tension of a straight homogenous NiTi SMA wire segment at a constant temperature. We
assumed that radial symmetry is preserved in the situation at hand and employed Abaqus
axisymmetry setting and generated a uniform structured mesh of 4, 000 quadrilateral (square)
4-node elements with centroid integration (CAX4R): 20 elements per radius r = 50µm and 200
per length l0 = 500µm arranged in a rectangular domain. Both the radial displacement of nodes
on the symmetry axis and the axial displacement of nodes at the lower end of the computation
domain were fixed. At the upper end of the domain, axial displacement was uniformly and
gradually increased up to 8% of the total length of the wire and then decreased back to no strain
condition. The locus, where nonlocal events (e.g. cracks, shearband) start in regular bodies,
is usually set by an intentionally imposed stress concentrator, e.g. by element(s) with flawed
material properties or by reduction of cross-section of computation domain [2, 13, 17, 18]. Here,
we have employed temperature dependence of critical (transformation-triggering) stress in SMA.
Hence, the otherwise spatially constant temperature field of 20 ◦C was decreased by 5 ◦C in all
nodes at the fixed end so that forward phase transformation initiated there and propagated along
the wire segment towards the other end; similarly, temperature at the other end was increased
by 5 ◦C for controlled initialization of the reverse transformation. Let us note that the whole
domain was in pure austenite initially. Values and brief explanation of material parameters used
in the simulation are summarized in Table 1. They reflect the particular behavior of the wire and
its heat treatment, and are comparable to values in [20,29]. Let us note that parameters related
to the extended regularization term, Eint

0 , Eint
1 and β were adjusted so that simulated stress

gradients quantitatively reflect the experimental observations in Section 2; presence of R-phase
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Table 1: The set of material parameters used in the simulation.

Parameter Value Unit Brief description

EA, EM 71, 41 [GPa] Young moduli of austenite and martensite.

GA, GM 25, 22 [GPa] Shear moduli of austenite and martensite.

k 0.095 [1] Maximum transformation strain in tension.

a 0.8 [1] Tension-compression asymmetry parameter.

A,B, φ, . . . 0.75, 1, 0 [1] Parameters of anisotropic transform. strain surface
if the wire axis aligned with the x-direction, see [20].. . . , L,M,N 0.9, 0.9, 0.9 [1]

As, Af −10, 0 [◦C] Temperature parameters related to the direct phase
transformation between austenite and martensite,
see [20] for details.

Ms,Mf −30,−40 [◦C]

T0 −20 [◦C]

σreo
0 120 [MPa] Martensite reorientation stress at T0.

Σreo −0.9 [MPa/◦C] Change of reorientation stress with temperature.

∆sAM 0.364 [MPa/◦C] Difference between specific entropies of martensite and
austenite.

creg 0.01 [MPa] Parameter of regularization function r, see [20].

Eint
0 , Eint

1 1, 70 [MPa] Parameters of rhard in Eq. (1).

β 5 [1] Parameter of rhard in Eq. (1).

d 2.5 [µm] Standard deviation of the Gaussian kernel in Eq. (2).

was suppressed. To reduce computation costs, in each time increment, the nonlocal volume
fraction is computed based on values of internal variables obtained in the previous converged
increment and ξ is set equal to one outside the computation domain for the whole computation.

The simulated relation between nominal stress (force per reference cross-section) and relative
elongation of the wire is also shown in Figure 2A. The incipient nucleation event manifested as
a stress peak is followed by a flat stress plateau corresponding to propagation of the martensitic
band within the wire. The stress drop at the end of the plateau is connected with annihilation
of the band front on the upper end of the computational domain. A similar behavior is observed
during the unloading. Figures 2B and 2C present distributions of von Mises equivalent stress and
axial stress close to MBF, respectively. For easier comparison, the left half of each figure presents
experimental results whereas the right one the simulation with the same color scale used. The
dashed line denotes the conical MBF as determined from last distinguishable austenitic grains
in the experiment (grains below the line were already at least partially in martensitic state,
hence they could not be resolved by the present technique). Simulation counterparts show
the distributions also in the martensitic region. Presented figures correspond to a particular
snapshot when the relative elongation of the wire reaches about 5% in loading; but the whole
simulation shows identical distributions around MBF for any state on the loading plateau as the
stable MBF simply propagates along the wire.

In both distributions, stress state in austenite far from the MBF is homogenous whereas
distinct and severe stress gradients develop close to MBF and, according to simulation, also far
in martensite (see 2B and C). In austenite, simulation results – both spatial distributions and
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scales of values – perfectly match the experimental data: the equivalent stress reaches maximum
on and close to the whole MBF cone and minimum in the central region just above, whereas the
axial stress is maximized on the wire surface close to MBF and minimized in the central region on
the conical MBF. As discussed in [11], the raised equivalent stress on the MBF cone is a crucial
feature for triggering the phase transformation within the bulk wire. The redistribution of stress
close to MBF is a direct consequence of the strain softening, though it is also influenced by the
isochoric nature of martensitic transformation leading to reduced wire diameter of martensitic
band below MBF.

Natural consequence of mechanical balance of MBF structure is also an enhanced tensile
radial component of stress in the wire center and a suppressed compressive hoop stress on the
wire surface in the martensitic region just behind MBF (not presented, see [11]). Moreover,
owing to different stress conditions material is exposed to during the transformation process in
the middle and on the periphery of cross-section of the wire, different transformation strains
develop in the respective regions when the MBF passes through. This conversely results into
increased values of both axial and equivalent stresses on and close to the surface of the wire
in the martensitic region behind the MBF as seen in the simulation. Let us note that same
basic features of the equivalent stress distribution have been obtained in numerical results by
Iadacola and Shaw in [13] and they could contribute to better understanding of cross-section
strain heterogeneity observed in [30] recently.

4 CONCLUSIONS

Our earlier developed constitutive model for NiTi SMA polycrystals has been extended to
capture strain-softening response and regularized by a nonlocal integral type of approach. Im-
plementation of the model into Abaqus FEA software and adjusting material functions with
respect to experimental measurements allowed for FE simulations successfully reproducing the
crucial features of the localized phase transformation in a NiTi wire loaded in tension as local
tapering or significant stress redistribution. General conclusions can be summarized as follows:
a) advanced experimental techniques (e.g. 3D XRD) provide qualitatively new data which could
be used for better understanding and successful modeling of localization phenomena, b) complex
heterogeneous stress fields are induced in the vicinity of a martensite band front in NiTi wire
even for such a simple loading modes as uniaxial tension, c) localization phenomena must be
incorporated into existing SMA models if correct and reliable predictions of NiTi mechanical
response is required.
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ABSTRACT 

This paper presents the development of a Finite Element Model of a NiTi shape memory alloy (SMA) 
wire using a commercial explicit finite element software, Ls-Dyna. A user-defined material model 
(UMAT) has been developed by implementing one of the earliest SMA constitutive models, the Tanaka 
model [1], into Ls-Dyna through a FORTRAN code. The aim is to use this model to study SMA-
actuated morphing wing configurations. Morphing has attracted considerable attention among 
researchers for the past few decades due to the potential of providing optimum flight conditions at 
various flight missions. A combination of the morphing wing with smart materials such as SMAs offers 
further advantages such as a significant reduction in weight and system complexity, compared to an 
actuation achieved by mechanical motors or hydraulic systems.  
A structure consisting of a spring and a SMA wire in series is presented as the simplest example of an 
actuated structure. The SMA wire was modelled as a beam element with one integration point, which 
is equivalent to a truss element, whereas the linear spring was modelled as a discrete element. One 
complete heating-cooling cycle was applied on the SMA wire. Upon heating, a reverse transformation 
(martensite-to-austenite) occurred, caused the wire to shorten and consequently extended the spring. 
Hence the stress in the wire increased while the SMA strain decreased until the end of the 
transformation. Upon cooling, a forward martensitic transformation (austenite-to-martensite) took 
place and reduced the stiffness of the wire. As a result, the spring contracted and the wire extended, 
and so the stress decreased while the SMA strain increased until the end of the transformation.  
This finite element prediction of the thermomechanical behaviour was compared to an analytical 
solution for small displacement, and a close agreement was achieved. The model was also tested for a 
fully constrained recovery case, and the results matched analytical solutions where the spring stiffness 
was set to infinity. The model was then tested for mesh sensitivity, by increasing the number of 
elements along the length of the SMA wire from one element to 2, 5, 10, and 100 elements, and all 
solutions showed excellent agreement.  
A parameter analysis was then carried out to analyze the dependence of the thermomechanical 
behaviour on several parameters such as the length and cross-sectional area of the SMA wire, as well 
as the spring stiffness (stiffness of the actuated structure). As expected, the FE model showed that the 
recovery stress (maximum stress at the end of heating cycle) increased whereas the recovery strain 
(maximum strain at the end of heating cycle) decreased with increase in the SMA length and spring 
stiffness, and with decrease in the SMA cross-sectional area.  
The user-defined model was finally applied as a design tool to study the SMA actuation of a composite 
morphing wing concept, and the deflection of the trailing edge was evaluated. In conclusion, this work 
provides a foundation for future exploration of SMA-actuated morphing wings using Ls-Dyna, and 
will permit an optimization of the internal structure using LS-OPT and fluid-structure interaction (FSI) 
simulations to include the effect of incoming air flow on the movement of the wings.  
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ABSTRACT 

NiTi shape memory alloys exhibit unique thermomechanical properties, most notably 
pseudoelasticity and shape memory effect [1]. Based on these features, they can be used in a wide 
range of applications, including sensors, actuators and medical devices [2,3]. To utilize and control 
the response of the alloy to the external stimuli, functionally graded NiTi has been proposed. This 
article presents a design of discrete pseudoelastic NiTi wires that are geometrically graded 
perpendicular to the external loading axis. This design configuration allows a flexible global response 
of NiTi which can be adopted for different engineering requirements. Finite element analysis (FEA) 
has been performed to reveal the local stress-strain distribution inside the wires. Also, the global 
stress-strain behaviour from FEA has been validated by the experiments. The modelling results 
demonstrate the propagation direction and martensite fraction of the wires during loading cycle. 
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Cheikh Cissé∗, Wael Zaki† and Tarak Ben Zineb††

∗† Khalifa University of Science, Technology, and Research,
P.O. Box 127788, Abu Dhabi, UAE
e-mail∗: cheikh.cisse@kustar.ac.ae
e-mail†: wael.zaki@kusar.ac.ae
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Abstract. The paper focuses on the numerical investigation of the thermomechanical behavior
of steel T-stubs connected by bolts that are made of iron-based shape memory alloys (Fe-SMAs).
The 3D macroscopic model used in this work was previously developed by the authors considering
different thermomechanical properties between austenite and martensite, and coupling between
phase transformation and plasticity. The model is implemented in a UMAT code using a time-
discrete integration that follows a “multi-surface plasticity”-like approach. The numerical results
show that the shape memory effect (SME) can be used to preload the bolt if the initial length of
its shank is less than the total thickness the flanges. For an initial shank length of 21.38 mm and
a total flange thickness of 21.4 mm, the SME produced average contact forces of 101 N between
the bolt head and the flange, and 37 N between the two flanges. The resulting average contact
pressures were 210 MPa and 25 MPa, respectively. The average bolt force after preload was
approximately 22.6 kN. Subsequent application of 0.2 mm normal displacements at the top and
bottom faces of the upper and lower webs induced local plastic deformation around the flange
holes and phase transformation in the bolt. The reversibility of martensitic transformation and
the confinement of the plastic deformation in a limited zone around the holes allowed nearly
complete shape recovery by heating. The obtained results highlight the importance of using
low-cost Fe-SMAs as alternatives to steel bolts for connecting T-stubs.

1 INTRODUCTION

Many engineering applications require joints between the different elements of the structure.
This implies the use of connections that maintain the structure integrity. For the specific case
of metal frames, bolted connections are among the most widely used joining techniques. The
design steps of bolted steel beam-to-column joints have been established in modern codes such
as Eurocode3 [1] wherein three failure modes have been identified in the tension region of the
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structure. In mode I, failure occurs by plastic yielding of the flanges; in mode II, failure occurs
by yielding of the flanges followed by bolts fracture; and in mode III, failure occurs only by
fracture of the bolts. Failure of the structure can, however, be avoided by using materials that
can recover their inelastic strain. An example of such smart materials are shape memory alloys
(SMAs) that can retrieve their initial shape by pseudoelasticity or shape memory effect (SME).
Compared to other SMAs, iron-based shape memory alloys (Fe-SMAs) present good compromises
due to their low production cost and relatively good shape recovery (up to 4%). Experimental
investigations confirm the high suitability of Fe-Mn-Si SMAs for large engineering structures
such as smart composites [2], reinforced concrete beams [3, 4, 5, 6], pipe joints [7], crane rail
fishplates [8], seismic dampers [9], etc. If these alloys have drawn strong attention in the last
decade, development in modeling and simulation is still required to help expedite the design
cycle for Fe-Mn-Si devices. Contrary to NiTi and Cu-based SMAs that have been intensively
investigated numerically [10, 11], very few constitutive models are available for Fe-SMAs, with
most still limited to uniaxial formulations and/or simulations [12, 13, 14, 15]. Existing 3D models
for Fe-based SMAs either consider linear hardening during inelastic deformations [16] or loose
their accuracy in presence of plastic deformation despite the nonlinear hardening approach [17].
Rare are the nonlinear 3D models that capture the thermomechanical response of Fe-SMAs, with
high fidelity, in presence of phase transformation, plastic deformation, and a combination of both
[18, 19]. The purpose of this work is to assess numerically the thermomechanical response of an
assembly composed of steel T-stubs connected by Fe-SMA bolts, using the model developed in
[18].
The paper is organized as follows: Section 2 gives the constitutive equations of the model and
section 3 is dedicated to the finite element analysis of the structure using ABAQUS.

2 MATHEMATICAL MODELING

The complete set of state variables used to derive the model consists of the total strain tensor
ε, temperature T , local strain tensors εa for austenite and εm for martensite, local transformation
strain tensor ε̄tr, local average plastic strain tensor of austenite ε̄pl, volume fraction of martensite
ξ, magnitude of cumulated plastic strain p, macroscopic transformation strain tensor εtr, and
macroscopic plastic strain tensor εpl. The potential of the model is given by a Lagrangian L
corresponding to the Voigt mixture of the elastic energy of austenite Φa and the elasto-chemical
energy of martensite Φm, incremented with the interaction energy between martensite variants
Itr, the interaction energy between plastic slip systems Ipl, the interaction energy describing the
coupling between transformation and plasticity Icp, and the constraints energy ΦKT expressing
the Kuhn-Tucker slackness conditions on ξ and on εa, εm and ε:

L = (1− ξ)Φa + ξΦm + Itr + Ipl + Icp +ΦKT. (1)

From considerations of thermodynamic consistency, the driving forces for phase transformation
Atr and plasticity Apl are taken as the partial derivatives of the Lagrangian with respect to the
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associated dissipative state variables

Atr = −∂L
∂ξ

, (2)

Apl = −∂L
∂p

. (3)

Within the framework of generalized standard materials, the thermodynamic forces of the dis-
sipative processes are also taken as sub-gradients of a real-valued convex pseudo-potential of
dissipation D that is positive, lower semi-continuous, and positively homogeneous of degree one
with respect to the rate variables ξ̇ and ṗ. This helps defining the following loading functions

F tr
m = Atr −Dtr

m, for forward phase transformation, (4)

F tr
a = −Atr −Dtr

a , for reverse phase transformation, (5)

Fpl
a = Apl −Dpl

a , for plastic deformation. (6)

The model is completed by the following Kuhn-Tucker conditions associated to the dissipative
variables:

• F tr
m ≤ 0, ξ̇ ≥ 0 and ξ̇F tr

m = 0, for forward transformation,

• F tr
a ≤ 0, −ξ̇ ≥ 0 and (−ξ̇)F tr

a = 0, for reverse transformation,

• Fpl
a ≤ 0, ṗ ≥ 0 and ṗḞpl

a = 0, for plastic deformation.

Using the Lagrangian and pseudo-potential of dissipation defined in [18], the explicit expressions
of the loading functions and the stress-strain relation are given by

F tr
m =

Gma

6
σ2
eq +

κma

2
σ2
h + σ : (ε̄tr − ε̄pl)− ζm(T −M0

s )−Hv(ε̄tr : ε
tr)(εtr : εtr)

nv−1
2

−Hpvδpv(ε̄tr : ε
pl)

[
(εtr : εpl)δpv

]npv

− σtr
mεL −Hsp

2 + (λ1 − λ2),
(7)

F tr
a = −Gma

6
σ2
eq −

κma

2
σ2
h − σ : (ε̄tr − ε̄pl) + ζa(T −A0

s ) +Hv(ε̄tr : ε
tr)(εtr : εtr)

nv−1
2

+Hpvδpv(ε̄tr : ε
pl)

[
(εtr : εpl)δpv

]npv

− σtr
a εL +Hxξ − (λ1 − λ2),

(8)

Fpl
a = (1− ξ)

[
σ −Hp(ε

pl : εpl)
np−1

2 εpl −Hpvδpv

[
(εtr : εpl)δpv

]npv

εtr
]
: Npl− < σpl

a − βT > .

(9)

σ =
[
(1− ξ)K−1

a + ξK−1
m

]−1
: (ε− εtr − εpl), (10)

where Gma = 1
Gm

− 1
Ga

and κma = 1
κm

− 1
κa

are the differences in inverse shear and inverse
bulk moduli of the two phases, Ka and Km are the elastic stiffness tensors of austenite and
martensite, Hv, nv, Hp, np, Hpv and npv are hardening parameters, δpv = sgn(εtr : εpl), T0 is
the equilibrium temperature of the alloy, σtr

m and σtr
a are the critical stresses for forward and

reverse phase transformations, respectively, σpl
a is the plastic yield strength of austenite, ζa and

ζm are constants proportional to the slopes of As and Ms lines, β is the slope of the yield line,
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the term “Hsp
2” describes the curbing effect of plasticity on transformation, the term “Htrξ”

reflects the shift of the As line towards the lower temperature side when the amount of preformed
martensite increases, and λ1, λ2 and λ are positive Lagrange multipliers. The transformation
and plastic flow rules are obtained from the generalized normality rule, as follows:

ε̇tr = ξ̇εLN
tr, with N tr =

{
3
2
V dev
tr

V eq
tr

, if ξ̇ > 0,
εtr

ξ , if ξ̇ < 0,
(11)

ε̇pl = ξ̇Npl, with Npl =




3
2

V dev
pl

V eq
pl

, if σeq �=0,

εpl

εeqpl
, otherwise.

(12)

In the above two equations, V dev
α and V eq

α are, respectively, the deviatoric part and von Mises
norm of the first order tensors V α, with α = {tr, pl},

V tr =
[
σ −Hv(ε

tr : εtr)
nv−1

2 εtr −Hpvδpv

[
(εtr : εpl)δpv

]npv

εpl
]
, (13)

V pl =
[
σ −Hp(ε

pl : εpl)
np−1

2 εpl −Hpvδpv

[
(εtr : εpl)δpv

]npv

εtr
]
. (14)

3 FINITE ELEMENTS ANALYSIS

Since both phase transformation and plastic deformation are inelastic mechanisms, the im-
plicit time-discrete integration of the model was accomplished similarly to “multi-surface plas-
ticity”. The model was implemented in a user defined material subroutine (UMAT) using the
“convex cutting plane” approach of the well-known return mapping algorithm and appended to
ABAQUS. This software allows to account for the contact between elements with frictional slid-
ing and flange separation under large displacements. The finite element analysis of the structure
was carried out using the material parameter given in Table 1 for the bolts made of Fe-31.6Mn-
6.45Si-0.018C (wt%). The T-stubs were assumed to be made of A992 steel with the a yield
stress of 450 MPa, an elastic modulus of 205 GPa and poisson ration of 0.29.

Table 1: Material parameters for Fe-31.6Mn-6.45Si-0.018C (wt%).

Parameter Value Parameter Value Parameter Value

Ea 130 GPa Em 260 GPa ν 0.3

σtr
a 130 MPa σtr

m 72 MPa σpl
a 260 MPa

ζa 0.086 MPa/oC ζm 0.043 MPa/oC β 0.5 MPa/oC

M0
s 0 oC A0

s 100 oC A0
f 130 oC

Hv 1165.7 MPa Hp 497.8 MPa Hpv 19567 MPa

nv 0.52 np 0.45 npv 0.48

εL 0.04 Hx 13.2 MPa Hs 5000 MPa
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3.1 Modeling of the geometry

The T-stubs specimen were assumed to be obtained from W14 steel beam and connected
by M10 Fe-SMA bolts as shown in Figure 1. The structure was modeled in ABAQUS by

Figure 1: Geometry of the specimen.

taking advantage of the symmetry with respect to YZ plane. Therefore only half the structure
was considered as shown in Figure 2(a). The bolt and stub parts were created separately and
surface-to-surface contacts were modeled using the “interaction” module of ABAQUS. The parts
were meshed using eight-node brick elements (C3D8), with a total number of 1828 elements in
each T-stub and 3825 elements in the bolt (see Figure 2(b)).

(a) partitioned geometry. (b) meshed parts.

Figure 2: Partitioned and meshed parts.
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3.2 Numerical results for the bolt preload

Bolt preload is important in fastened structure. In fact, a tightened bolt that carries only
portion of the structure load can survive in an application where loose or untightened bolt
that carries entirely the load would fail. In contrast to steel bolts, preloading of Fe-SMA bolts
through SME requires the initial length of the shank to be less than the total thickness of the
structure. In this work, the total thickness of the two webs was 21.4 mm. The shank of initial
length 21.38 mm was pre-strained by applying a normal displacement of 0.3 mm to the inner
part of the bolt head at room temperature, while keeping the nut fixed. Figure 3 highlights
an average von Mises stress of 292 MPa and an average volume fraction of martensite of 0.25
at the end of the pre-straining stage. Due to inelastic transformation strain, a gap is obtained
between the bolt and T-stub after unloading. After heating, the bolt partially retrieves its

(a) stress distribution after loading. (b) martensite distribution after loading.

(c) gap between bolt and stub after unloading.

Figure 3: Results after pre-straining and unloading.

initial shape. The corresponding distribution of stress and residual displacement, as well as
the complete reverse phase transformation and vanished plastic deformation are illustrated in
Figure 4. The obstruction of the reverse deformation of the bolt by the flanges brought the
different parts into contact, as shown in Figure 5. The contact force was maximum between the
flange and bolt head/nut (168.9 N) and reached 62.9 N between the two flanges, corresponding
to contact pressures of 285.5 MPa and 24.9 MPa, respectively. For the average von Mises stress
of 72 MPa in the shank, the corresponding bolt force was 22.6 kN. The evolution of the contact
forces and contact pressures during the the heating stage are shown in Figure 6. The results
point out a contact temperature of 121 oC at which 90% of the initial length of the shank was
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(a) stress distribution after heating. (b) displacement after heating.

(c) martensite distribution after heating. (d) plastic strain after heating.

Figure 4: Results after pre-straining, unloading and heating.

(a) normal contact force. (b) contact pressure.

(c) contact status.

Figure 5: Contact behavior after pre-straining, unloading and heating.

recovered. Subsequent cooling to room temperature had no effect on the values of the contact
force and pressure.
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Figure 6: Evolution of the contact force and pressure during the heating stage.

3.3 Numerical results of the T-stub deformation

After preloading the structure, the T-stubs were deformed by applying normal displacements
of 0.2 mm at the top and bottom surfaces of the upper and lower webs. The results in Figure
7 highlight a non symmetric distribution of the von Mises stress in the bolt due to the flange
opening. This was reflected also in the distribution of martensite. The yield strength of the
perfectly plastic flange having been reached, plastic deformation occurred locally at the edges of
the hole surfaces. It is worth noticing that the contact zones at the end of the stubs deformation
were different from those reported after preloading. The contact area between the bolt head and
nut with the upper and lower flanges were reduced to two points, while the two flanges were in
contact over a small area toward the ends. These observations suggest a Mode II failure of the
structure for higher displacement of the webs. The evolutions of the average contact force and
pressure between the two flanges are given in Figure 8. It is worth noting, in the present case,
that the contact force between the two flanges corresponds to the “prying force”. Contrary to
the bolt preloading stage, the contact resulted from mechanical loading with an average pressure
of 140 MPa and an average force of 170 N. Unloading reduces the contact pressure to 14 MPa
and the contact force to 17 N. Subsequent heating then generates partial reverse transformation

8
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(a) stress distribution after loading. (b) martensite distribution after loading.

(c) plastic strain after loading. (d) contact force.

Figure 7: Results after loading of the T-stubs.

in the bolt. Nevertheless, due to plastic deformation at the flange hole surfaces, the contact
pressure and force were much lower, compared to the those obtained initially after preloading,
but was enough to switch the locations of the contact areas.

(a) evolution of the prying force. (b) evolution of the contact pressure.

Figure 8: Contact behavior after deformation of the T-stub and heating.

9
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4 CONCLUSIONS

This work focused on the thermomechanical response of steel T-stubs connected by Fe-SMA
bolts, using a nonlinear 3D model that was previously developed by the authors. The integration
of the time-discrete equations was accomplished using an implicit algorithm following the mul-
tisurface plasticity approach. The simulation results indicate out that the SME of the Fe-SMA
bolt can be used to preload the structure, provided that the initial length of the shank is less
than the total thickness of the flanges. Applying a normal displacement on the top and bottom
surfaces of the upper and lower webs induced plastic deformation at the hole surfaces of the
stubs and phase transformation in the bolts. After unloading and heating, the initial shape of
the structure was recovered nearly completely, due to the confinement of the plastic deformation
near the bolt-to-stub contact zone.. The obtained results demonstrate the advantage of using
Fe-SMA bolts as fasteners of T-stubs instead of steels.
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Abstract. Due to their biocompatibility and superelastic effect, NiTi wires are successfully 
used in orthodontic clinics. These devices are subjected to work under cyclic or repetitive 
loadings and may be in contact with corrosive environments leading to unexpectable failures 
where the hydrogen embrittlement is a relatively common case. 
The aim of the present work is to investigate the fatigue behavior of superelastic NiTi with a 
particular emphasis to the effect of hydrogen on fatigue properties. Fatigue tests were 
analyzed using self-heating measurements which consist on observing thermal effects during 
cyclic loadings. 
The results obtained with this approach showed a trend of a decrease in the fatigue life of 
NiTi alloys after hydrogen embrittlement and the fatigue limit extrapolated will be compared 
with the results obtained with the classical S-N curves method. To evaluate the reability and 
safety of these instruments in dental applications, rotational bending tests were also carried 
out. 
 
1 INTRODUCTION 
 NiTi wires exhibit good corrosion resistance and biocompatibility owing to thin protective 
film on their surface. They have also shown excellent ductility and fatigue life. However, it is 
known that some wires may break in the oral cavity. The interaction fatigue-hydrogen 
absorption can be the main cause of these failures. 

Yokoyama et al [1] found that when the amount of hydrogen exceeds 50-200 mass ppm, a 
pronounced degradation of the mechanical properties of the NiTi alloys occurs. Fatigue life 
decreases significantly by the increasing of the hydrogen content [2]. However, the field of 
study the effect of hydrogen embrittlement on NiTi fatigue properties remains little explored. 
Fatigue properties are generally determined through a series of cyclic tests which are long and 
require a large number of specimens. To reduce time and cost consuming of fatigue 
characterization, over the last few years many research teams have been working on 
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alternative and faster methods based on self-heating measurements under mechanical cyclic 
loadings [3].  

This technique has been validated successfully for steels and a good correlation is obtained 
between the fatigue limit and the stress level beyond which an increase of the temperature is 
observed. This method has been rarely applied on NiTi alloys [4].  

In this paper we propose an extension of this self-heating based approach to determine 
fatigue properties of NiTi wires before and after hydrogen charging in 0.9 % NaCl solution. 

 

2 MATERIALS AND EXPERIMENTLA METHODS 
A commercially NiTi superelastic orthodontic wire with a dimension of 0, 64*0, 46 mm2 

and with a nominal chemical composition (50.8 wt % and 48.2 wt %) has been considered in 
this study. Specimens were cut to 30 mm length. 

To study the effect of hydrogen on fatigue properties of NiTi alloys, platinum and the 
specimen alloy were based in 0.9 % NaCl solution as the anode and cathode respectively. 
These alloys were charged with hydrogen at room temperature for 2, 4 and 8 hours. Gaseous 
hydrogen generated on the surface of the specimen was controlled by the current density at 10 
A/ m 2. 

 A differential scanning calorimeter (DSC) has been used to determine the phase 
transformation temperatures as presented in Figure (1). The austenitic finish temperature (Af) 
was identified at 20 °C. This alloy is in the austenitic phase because all tests are run in a room 
temperature (25 °C). 

For the evaluation of degradation on superelastic performance after hydrogen charging, 
tensile tests of the uncharged and charged alloys were carried out at room temperature on an 
Instron-type machine at a strain of 10 -4 s-1 within a few minutes after removal from the 
electrolytic bath. The gauge length of the specimen is 10 mm. 

Self-heating tests were conducted using a servo-hydraulic fatigue device. This method 
consists in applying on the same specimen successive blocks of 3000 cycles for different 
increasing levels of applied stress from 50 to 450 MPa with 20 MPa increment, loading ratio 
R of 0.1 and a frequency of 30 Hz. For each block of loading the temperature evolution of the 
specimen is measured with an infrared camera. 

The more appropriate approach used for fatigue analyses of Ni-Ti medical devices is 
rotating bending fatigue tests (BRF). These tests are also performed at room temperature with 
a rotational speed of 400 rpm. The rotational bending test controlled in deformation show the 
influence of this parameter on the lifetime of the uncharged and charged wires with hydrogen 
subjected to cyclic stress. 
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Figure 1. DSC curve of NiTi wire 

 
 

Figure 2. a) Equipment for hydrogen charging in 0.9 % NaCl. b) Fatigue equipment for self-
heating test. 

3 RESULTS AND DISCUSSIONS 

3.1 Effect of hydrogen on mechanical properties 
Figure (4.a) shows a typical stress-strain curve for a tensile loading-unloading for NiTi 
superelastic alloy. The plateau of A-M phase transformation has a 7.4 % strain size with a 
phase transformation yield of 390 MPa. After hydrogen charging, the critical stress of 
martensitic transformation was increased with increasing hydrogen charging (Figure 4.b). 
The increase in the martensite stress plateau suggests that with the presence of hydrogen, 
more energy is required for the austenite to martensite transition. These results are in good 
agreement with previous works [5]. 
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Tensile strength of NiTi alloys charged with hydrogen was clearly affected as shown in 
Figure (5). The value of the tensile strength decreased with the increasing immersion time in 
0.9 % NaCl. It was observed that after hydrogen charging the specimen presents an increase 
in the yield stress value corresponding to the activation of martensitic transformation. 

Figure 4. Stress-Strain curve for. a) Virgin specimen. b) After hydrogen charging in 0.9 % 
NaCl. 

 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
Figure 5. Typical tensile curve of virgin Ni-Ti superelastic alloy and charged for 2, 4 and 8 
hours in 0.9 % NaCl. 
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3.2 Fatigue testing  

3.2.1. Self-heating test  
To evaluate the fatigue properties of the studied material, a self heating test under uniaxial 
stress loading is performed and analyzed.  The change in temperature variation is measured by 
the infrared camera. During cycling, the temperature difference between the specimens and 
the jaws varies during the life of the specimen as presented in Figure (6).  In the present 
study, the temperature rise on the surface of the wire was defined as the difference between 
the saturation and the initial temperature. 
 

 
 

Figure 6. The mean temperature measured by the infrared camera 
 

For each loading level applied, we have determined the evolution of the stabilized mean 
temperature of the specimen to obtain the self-heating curve for the virgin specimen presented 
in Figure (7). It appeared that below a certain level of loading, the temperature rise is not 
observed. However, beyond 170 MPa a first regime with low temperatures rises is observed 
followed by a second regime where the increase of temperature is much marked. An empirical 
method is applied to predict the endurance limit of virgin specimen. This method is illustrated 
by the Figure (7): A linear regression is performed on the last points of self-heating curve and 
the intersection between this line and x axis is evaluated at about 360 MPa.  

During the block with the maximal level stress (450 MPa) the NiTi presents a very high 
temperature increase which is about 8.3 °C. The sudden rise in temperature can be explained 
by the fact that the fatigue limit of the material has been exceeded giving rise to dissipative 
mechanisms. These mechanisms correspond to microplasticity in the case of classical metals 
[3], for Ni-Ti alloys we assume that an additional mechanism occurs which it is associated 
with the phase transformation.  
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Figure 7. Self-heating curve for virgin specimen and determining the endurance limit 
 

The last point presented on self heating curve (Figure 7) is corresponding to the last point 
before failure. For the virgin specimen, the fracture occurs at a maximum stress applied 
exceeding 450 MPa. However, for specimens charged with hydrogen the failure occurs earlier 
with a more pronounced rise of temperature as presented in Figure (8). 

After hydrogen charging, the results of self-heating tests show that the increasing time of 
hydrogen charging is connected with the increasing in the temperature of the specimen and a 
decreasing in it fatigue life. The same empirical approach has been applied to determine 
fatigue endurance for charged specimens and the values are summarized in Table 2. In the 
case of uncharged specimen with hydrogen, the endurance limit is about 360 MPa and after 8 
hours of charging in is evaluated at about 170 MPa. The difference of fatigue resistance can 
decrease by 190 MPa. 

For the same applied stress, the increase of the temperature in the specimen is a 
consequence of dissipative process associated with cyclic loadings and the presence of 
hydrogen. From these observations, we can conclude that the presence of hydrogen amplifies 
this dissipation and reduces the endurance limit 
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Figure 8. Self-heating curve for charged specimens 
 
 

 
Table 2. Prediction of the endurance limit of uncharged and charged NiTi wires 

 
Immersion-time in  

0.9 % NaCl  
Endurance limit (MPa) 

  
Uncharged  360 

  
2-h charged 220 

  
4-h charged  190 

  
8-h charged 170 

  
 
Classic fatigue tests will be performed on NiTi wires in the same previous conditions of self-
heating test. The experimental classic tests will serve to validate the self-heating approach 
because one proposal of our study is to make comparison between data obtained with the two 
different techniques. 
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3.2.2. Rotating-Bending fatigue tests 
 
The rotational bending test is carried out at ambient temperature. For each wire uncharged or 
charged with hydrogen, the number of fracture cycles obtained by (BRF) test was recorded as 
shown in Figure (9). In this study, it was proved that for virgin specimens when the 
deformation applied correspond to the martensitic transformation, the fracture didn’t occur. 
For charged specimens we noticed a decrease of number of cycles with the increasing of 
immersion time so we can notice that fatigue life decreased and it depends on the absorbed 
quantity of hydrogen which is relative to the time charging in 0.9 % NaCl. These observations 
are comparable and have the same trend with some previous works [5] dealing with rotational 
bending fatigue tests of NiTi.  
 
 

 
Figure 9. (Strain-N) curve for uncharged and charged specimens in 0.9 % NaCl solution for 
2, 4 and 8 hours. 
 

4 CONCLUSION 
Self-heating tests under cyclic loadings carried out on NiTi wires allowed a prediction of the 
endurance limit of virgin and hydrogen charged specimens. This new technique rarely applied 
to NiTi alloys showed that the fatigue strength decreases significantly with increasing 
hydrogen content. The rise of temperature observed can be explained by the fact that the 
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fatigue life of the material exceeded giving dissipative mechanisms which are more important 
with the presence of hydrogen. A validation of the fatigue parameters obtained by this new 
technique is necessary with performing conventional fatigue tests to obtain S-N curves.  
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ABSTRACT

In this paper, a 3D foam CAD Representative Volume Element (RVE) of porous Ni-Ti shape memory
alloy (SMA) is reconstituted using ellipsoid cell units in order to simulate its superelastic behaviour.

The 3D reconstitution process is accomplished by using the “taking” and “placing” algorithm based
on  uniform  distribution  and  normal  distribution  ([1]).  In  the  RVE,  dimensions,  positions  and

orientations of the ellipsoid cell units are randomly selected. 

A  constitutive  model  for  shape  memory  alloy  including  phase  transformation,  martensitic

reorientation and twins accommodation ([2]) is adopted to simulate the superelastic behaviour of the
SMA foam. Numerical simulations are presented to validate the proposed model for foam structures.

The obtained results  show that  the force-displacement  or  stress-strain responses  of  the RVE are
highly dependent on the foam porosity. The effects of porosity, size, orientation, and ratio of  long

axis and short axis of cell unit on the superelastic behaviour of SMA foam are studied numerically.

(a) Foam CAD (porosity 50%) (b) Force-displacement responses for different porosity values
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Abstract.This work presents the results of numerical solutions of a one-dimensional 
connected thermal and mechanical boundary-value problem for an infinite shape memory 
alloy (SMA) cylinder loaded by an axial force heated or cooled from the surface. At present 
there exist rather few works devoted to solving a boundary-value problem for SMA in a 
completely connected formulation. This work continues the theoretical study of the 
transformation plasticity effect at an inhomogeneous temperature field.The constitutive 
equations of SMA are realized by a microstructural model accounting for the deformations 
due to elasticity, thermal expansion and phase transformation. The formulation of the 
boundary-value problem includes the equations for mechanical equilibrium and heat 
diffusion. The mechanical stress field is caused by the applied force and inhomogeneous 
unelastic strain fields. The connectivity of the mechanical and thermal problems results from 
the influence of the stress on the phase transformation and from the release or absorption of 
the transformation latent heat. It is noted that calculated radial temperature distributions are 
monotone, while different stress components distributions are non-monotone due to non-
simultaneous progress of the phase transformation in near-surface and inner layers of the 
SMA cylinder. Stress in the local region can two times overtop the mean value. The 
elongation of a thick SMA rod on cooling due to the transformation plasticity effect is smaller 
than that of a thin one (the size effect). The elongation also decreases when the cooling rate is 
increased. 
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1 INTRODUCTION 
Shape memory alloys (SMA) are capable to accumulate on cooling and recover on heating 

considerable inelastic (phase) deformations and, thanks to such deformation behavior, they 
find application in various branches of technology and medicine [1-5]. Experiments show that 
in many prominent SMA, such as TiNi, Ti(NiX) (X = Cu, Fe, Cr, Nb, Pd, Au, Pt), (TiX)Ni 
(X=Zr, Hf), CuAlNi, CuAlBe, CuAlMn thermoelastic martensitic transformations governing 
their functional-mechanical properties are controlled uniquely by the temperature and the 
stress and do not depend directly on time. Since variations of the temperature field in an SMA 
specimen develop due the heat diffusion, the temperature in general is not homogeneous. The 
inhomogeneity of the temperature causes the inhomogeneities of the martensitic phase 
concentration and the inelastic phase deformation, which in turn cause the inhomogeneity of 
the stress. The phase transformation itself also influences the temperature field due to the 
release of the latent heat. Thus, the evolution of the phase strain becomes dependent on the 
ambient temperature rate. The effect of the temperature and stress inhomogeneity grows with 
the characteristic dimension of the SMA specimen resulting in the so-called size effect. This 
effect is the reason of the reduction of the transformation plasticity strain accumulated by a 
specimen on cooling under a stress and, correspondingly, of the strain recovery on heating. 

In any case, whena specimen is heated or cooled from the surface and its dimensions are 
such that the temperature inhomogeneity cannot be neglected, the calculation of the strain 
demands solving of two boundary-value problems: of the mechanical equilibrium and heat 
diffusion.The constitutive equations must be able describing the evolution of the phase 
transformation and the phase strain at arbitrary regimes of variations of stress and temperature 
including those when stress increase or decrease occurs during monotonic variation of 
temperature. Macroscopic phenomenological models are most simple and their usein 
boundary-value problems reduce the computation time allowing to take more nodes in finite 
difference or finite elements methods. On the other hand such models better describe the 
SMA behaviour when the stress during cooling or heating remains constant or varies 
monotonically, which in general is not so. Still, in works [6,7] it was shown that the use of a 
phenomenological model for constitutive equations and some simplifying assumptions allows 
obtaining qualitatively correct description of the strain accumulation on cooling and its 
recovery on heating. 

The boundary-value problem can be simplified by neglecting the effect of the latent heat 
release on the temperature field or/and by neglecting the effect of the stress on the 
transformation. Without these assumptions the heat diffusion equation and the mechanical 
equilibrium equations are connected. Available examples concern 1-D problems for an 
infinite plate, tube or cylinder. In the work [8] there was solved the problem for an SMA 
sleeve first cooled from the surface to the martensitic state, secondly, expanded an applying of 
an inner pressure and then heated after having been set on the elastic tube. Thus, the 
simulation imitated an actual procedure of the preparation and assembling of a 
thermomechanical coupling. The evolution of the contact pressure was calculated. In the 
previous work of the authors [9] an attempt was made to simulate the deformation of a 
cylinder on cooling from the surface. It was shown that it was possible to use a computation 
time demanding microstructural model describing the functional-mechanical behavior of 
SMA. 
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2 BOUNDARY-VALUE PROBLEM 

2.1 Formulation of the boundary-value problem 
The body under consideration is a circular cylinder of infinite length with radius b loaded 

by an axial force F and cooled from the surface. For convenience cylindrical coordinates r, θ, 
z are used. Stresses in the cylinder are caused by the external force Fz, inhomogeneous 
temperature and phase unelasticstrain. For convenience cylindrical coordinates r, θ, z are 
used, the axis of the cylinder coinciding with the axis z. Because of the axial symmetry of the 
problem the strain and stress tensors depend only on the radius r. Among the components of 
the displacement vector u, nonzero are only ur(r) and uz(z), the dependence uz(z) being linear. 
With these assumptions nonzero are only the diagonal components εr(r) = 𝑑𝑑𝑢𝑢𝑟𝑟

𝑑𝑑𝑑𝑑 , εθ(r) = 𝑢𝑢𝑟𝑟
𝑑𝑑 , εz = 

const of the small strain tensor and the diagonal components σr(r), σθ(r), σz(r) of the Cauchy 
stress tensor σ (for compactness we write εr, εθ, εz, σr, σθ, σz instead of εrr, εθθ, εzz, σrr, σθθ, 
σzz).Further, we assume that the total strain ε can be split into the sum of the elastic εe and 
unelastic e strains. Unelastic strain e in turn consists of the thermal expansion strain eTe and 
the phase strain eΦ: 

𝜀𝜀 = 𝜀𝜀𝑒𝑒 + 𝑒𝑒,     𝑒𝑒 = 𝑒𝑒𝑇𝑇𝑒𝑒 + 𝑒𝑒Φ.    (1) 
 
For the elastic and thermal expansion strains we use the common Hook's (Duhamel-
Neumann) law. Thus, we write: 
 

σ𝑑𝑑 = 𝐸𝐸1(ε𝑑𝑑
𝑒𝑒 + 𝜈𝜈1(ε𝜃𝜃

𝑒𝑒 + ε𝑧𝑧
𝑒𝑒)),    (2) 

σ𝜃𝜃 = 𝐸𝐸1(ε𝜃𝜃
𝑒𝑒 + 𝜈𝜈1(ε𝑑𝑑

𝑒𝑒 + ε𝑧𝑧
𝑒𝑒)),          

σ𝑧𝑧 = 𝐸𝐸1(ε𝑧𝑧
𝑒𝑒 + 𝜈𝜈1(ε𝜃𝜃

𝑒𝑒 + ε𝑑𝑑
𝑒𝑒)),          

𝐸𝐸1 = 𝐸𝐸(1−𝜈𝜈)
(1+𝜈𝜈)(1−2𝜈𝜈) , 𝜈𝜈1 = 𝜈𝜈

(1−𝜈𝜈)          

𝑒𝑒𝑑𝑑
𝑇𝑇𝑒𝑒 = 𝑒𝑒𝜃𝜃

𝑇𝑇𝑒𝑒 = 𝑒𝑒𝑧𝑧
𝑇𝑇𝑒𝑒 = 𝛼𝛼(𝑇𝑇 − 𝑇𝑇0)    (3) 

where E and  are the Young's modulus and the Poisson's ratio,  is the heat expansion 
coefficient and T0 is the initial temperature. With the assumptions on the symmetry of the 
problem and on the way of loading the only not reducing to identity mechanical equilibrium 
equation and the boundary conditions are the following. 

 
𝑑𝑑𝜎𝜎𝑟𝑟
𝑑𝑑𝑑𝑑 + 1

𝑑𝑑 (𝜎𝜎𝜃𝜃 − 𝜎𝜎𝑑𝑑) = 0     (4) 

σ𝑑𝑑|𝑑𝑑=𝑏𝑏 = 0,     2𝜋𝜋 ∫ 𝑟𝑟𝜎𝜎𝑧𝑧(𝑟𝑟)𝑑𝑑𝑟𝑟𝑏𝑏
0 = 𝐹𝐹𝑧𝑧   (5) 

 
We assume that the Newton's condition of heat exchange with environment holds. We also 
take into account the transformation latent heat release. Since the temperature T is the 
function of the radius r and time t, we have the equation: 

 
𝑐𝑐𝑐𝑐 𝜕𝜕𝑇𝑇

𝜕𝜕𝜕𝜕 = 𝜆𝜆 (𝜕𝜕2𝑇𝑇
𝜕𝜕𝑑𝑑2 + 1

𝑑𝑑
𝜕𝜕𝑇𝑇
𝜕𝜕𝑑𝑑) + 𝑊𝑊,    (6) 
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The initial and boundary conditions are: 
 

𝑇𝑇(𝑟𝑟)|𝑡𝑡=0 = 𝑇𝑇0 ,     − 𝜆𝜆 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕|

𝜕𝜕=𝑏𝑏
= 𝐻𝐻(𝑇𝑇|𝜕𝜕=𝑏𝑏 − 𝑇𝑇amb),     𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕|
𝜕𝜕=0

= 0   (7) 

In formulae (5) and (6) c is the specific heat capacity,  is the density, T0 is the initial 
temperature,  is the heat conductivity, Tamb is the ambient temperature and W is the volume 
power of the heat sources, which describe the latent heat release. If the specific (per unit of 
mass) latent heat of the transformation is q0, then we can state that  
 

𝑊𝑊 = 𝜌𝜌𝜌𝜌0Φ̇𝑀𝑀,      (8) 
 

whereM is the volume fraction of martensite and a dot above the symbol denotes the time 
derivative. The last block of equations consists of the constitutive equations describing the 
evolution of the volume fraction of martensite and of the phase deformation. These equations 
are taken from the microstructural model described in [10] and they can be schematically 
written as: 

�̇�𝑒 = 𝐹𝐹1(𝑇𝑇, �̇�𝑇, σ, σ̇, 𝑋𝑋),        (9) 
�̇�𝑋 = 𝐹𝐹2(𝑇𝑇, �̇�𝑇, σ, σ̇, 𝑋𝑋)      (10) 
𝑋𝑋 = (Φ1(1), … , Φ𝑁𝑁(1), … , Φ1(𝑁𝑁𝑔𝑔𝜕𝜕), … , Φ𝑁𝑁(𝑁𝑁𝑔𝑔𝜕𝜕)),  (11) 

Φ𝑀𝑀 = 1
𝑁𝑁𝑔𝑔𝑔𝑔

∑ 1
𝑁𝑁 ∑ Φ𝑖𝑖(ω)𝑁𝑁

𝑖𝑖=1
𝑁𝑁𝑔𝑔𝑔𝑔
ω=1      (12) 

where X denotes the set of internal variables, which are the volume fractions i() (i=1,…N), 
of Bain's martensite variants in each of 1,…,,…,Ngr grains, comprising the representative 
volume of the two-phase body. Note that the presence of variable M in formulae (12) and 
(8), as well as of e in (9) and (2) makes all the equations connected.   

2.2 Algorithm of numerical simulation 
From equations (1), (2) and (4) one obtains the Lame's equation for the displacement: 
 

𝑑𝑑2𝑢𝑢
𝑑𝑑𝜕𝜕2 + 𝜈𝜈1

1
𝜕𝜕

𝑑𝑑𝑢𝑢
𝑑𝑑𝜕𝜕 − 𝜈𝜈1

𝑢𝑢
𝜕𝜕 = 𝑑𝑑

𝑑𝑑𝜕𝜕 (𝑒𝑒𝜕𝜕 + 𝜈𝜈1(𝑒𝑒𝜃𝜃 + 𝑒𝑒𝑧𝑧)) + (1 − 𝜈𝜈1) 𝑒𝑒𝜃𝜃−𝑒𝑒𝑔𝑔
𝜕𝜕 ,  (13) 

 
where u stands for the radial displacement ur. If the functions er(r), eθ(r) and ez(r) are known, 
from equation (13) one can find u(r) in the form: 

𝑢𝑢 = (𝐴𝐴1 + 𝐶𝐶1(𝑟𝑟))𝑟𝑟 + 𝐴𝐴2+𝐶𝐶2(𝜕𝜕)
𝜕𝜕 ,     

where functions C1(r) and C2(r) should be found by the method of variation of constants. 
Constants A1, A2 and z are to be found from the boundary conditions (5) and the condition A2 
+ C2(r) = 0, having the meaning that u(r) is bounded at r = 0. Knowing u(r) from (1) and (2) 
one obtains the functions σr(r), σθ(r), σz(r). Thus, we have an operator 𝜎𝜎(𝑟𝑟) = 𝑀𝑀(𝐹𝐹, 𝑒𝑒(𝑟𝑟)), 
which can be rewritten in the differential form 
 

𝜎𝜎(𝑟𝑟) = 𝑀𝑀(𝐹𝐹,𝑒𝑒(𝑟𝑟)),     (14) 
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where  denotes a small increment. Formula (14) allows finding the stress increment σ(r), 
provided the increments of unelastic strain e(r) and of the axial force F are known. Note 
that for the problem under consideration this operator contains only algebraic functions and 
quadratures, which makes simple its numerical realization.  

From equation (6) and conditions (7) we can find the increment of temperature T(r) 
corresponding to the time increment t, when the function W(r) and the increment of the 
ambient temperature Tamb are known. Numerically this can be done, for example, by finite 
difference grid method. Thus we have the operator: 

𝑇𝑇(𝑟𝑟) = 𝐻𝐻(𝑡𝑡,𝑇𝑇amb,𝑊𝑊(𝑟𝑟)).     (15) 
 
The constitutive equations (9) – (12) realize the operator, which we also write in the 

differential form 
 

e = 𝐹𝐹1(𝑇𝑇,T, σ,σ, 𝑋𝑋),    (16) 
 

From (16) we can find the increments of the unelastic strain components. 
To solve the nonlinear problem described above we used an iteration procedure which can 

be illustrated by the following scheme 
 
 
 
 
 
 
 
 
 
 
 
 

We note that both (r) and T(r) influence the fields of e(r) and W so the problem is 
completely connected.  We used an iteration procedure of a relaxation type.  Its convergence 
strongly depended on the choice of the iteration parameters. 

3 SIMULATION RESULTS 
The simulation was carried out for TiNi SMA with the following characteristics: The 

transformation temperatures Af = 365K, As = 350K, Ms = 315K, Mf = 300K; Young's modulus 
E=78GPa; Poisson's ratio ν=0.33; heat conductivity λ=10W·(m·K)–1; specific heat 
c=4.7·102J·kg–1·K–1; density ρ=6.5·103kg·m–3; specific latent heat q0= –23J·g–1; heat 
expansion coefficients for martensite and austenite αА=14·10-6K–1, αМ=6·10-6K–1; heat 
exchange coeffitient with the environment H=104W·m–2·K–1. Strain increment was calculated 
with the accuracy εe=10-8, and heat release – εW=103J·m-3s-1. 

To study the influence of the ambient temperature rate on the effect of the transformation 
plasticity we chose cylinders with radii 10 mm and 100 mm. Then we simulated cooling 

      Variation of 
mechanical boundary 
conditions F 

   Variation of          
     stress field             
 (r)   eq.(14)   Variation of 

   non-elastic    
  strain  e(r)   
       eq.(16). 
 
   Heat sources   
W  eq.(8) 
 

Increments of 
temperature and 
mechanical 
fields   , e, 
T, W 

Variation of thermal  
 boundary conditions    
        and time   
Tamb, t 

    Variation of  
    temperature    
         field  
T(r)  eq.(15) 
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through an interval of the direct martensitic transformation under a constant force 
corresponding to initial stress of 100 MPa. Four values of the ambient temperature rate were 
taken: 0.01, 1.0, 10 and 100 K·s-1. The ambient temperature was varied from 350 K to 290 K 
after which followed a time exposure at 290K until the temperature became homogeneous.  

Results of calculations have shown that even at a small ambient temperature rate a non-
uniform distribution of temperatures over the radius (figure 1a) is observed that leads to non-
uniform distribution of a volume fraction of martensite and stress (figures 1b, c, 2).  

 
a) 

 

b) 

 
 

                                               c) 

 
 
Figure 1: Radial distribution of temperature (a), volume fraction of martensite (b) and normal axial stress (c) in a 
cylinder with radius 100 mm on variation of the ambient temperature from 350 K to 290 K at a temperature rate 
0.01 K/s and a time exposure until homogenization of temperature. Graphs correspond to some consequent time 
moments. Numbers near the curves indicate at the values of the ambient temperature.  

 
Note that the stress in the outer layers of the cylinder can overtop more than twice the 

mean value of the stress. 
Because of the stress and temperature in homogeneity, the size of the transformation 
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plasticity effect decreases with an increase of the speed of cooling (figure 3). 
 

  
Figure 2: Radial temperature distribution in a cylinder 
with radius 10 mm on its cooling with the ambient 
temperature rate -10 K/s. Numbers near curves 
indicate at the ambient temperature. 

Figure 3: Dependence of the strain accumulated on 
cooling (transformation plasticity effect) on the 
ambient temperature rate. 

 

4 CONCLUSIONS 
- It is possible to solve a boundary-value problem for an SMA body, with the 

constitutive equations set by the microstructural model. 
- In the conditions of the Newtonian convective heat exchange even at a small ambient 

temperature rate the radial distribution of temperatures are non-uniform causing non-
homogeneous distributions of the volume fraction of martensite and stress. This 
results in the appearance of the size effect of the transformation plasticity strain, 
which decreases with an increase in the sizes of a body. 

- During the realization of the transformation plasticity effect and upon its termination 
the spatial heterogeneity of temperature and phase structure leads to formation of 
areas in which the level of the stress can more than twice exceed its average value. 
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Smart Micro-Mechatronic SystemsDexterous Robotic In-Hand Manipulation of Micro-Objects: From Trajectories Planning to Experimental Valida-
tion

Dexterous in-hand micromanipulation: from trajectories planning to
experimental validation

Jean-Antoine SEON, Redwan DAHMOUCHE, Michaël GAUTHIER

Abstract— Micro-manipulation and micro-assembly tech-
niques play today a key role in the development of new
integrated smart systems that can find applications in strategic
fields such as transport, telecommunication, health and defense.
However, the existing micro-handling solutions lack of speed,
flexibility and autonomy which represents an obstacle to the
development of these technologies. Our approach consist in
developing local micro-manipulation techniques using dexterous
micro-hands. This paper focuses on the trajectory generation of
a dexterous micro-hand to achieve automated repositioning and
shows major differences between macro-hand and micro-hand.
The first simulation results show that original trajectories,
able to perform dexterous micro-manipulation in presence of
adhesion forces, can be generated in about a second.

I. INTRODUCTION

Robots manipulators at the macro-scale have different
designs depending on the location of the actuated joints: i) a
robotic arm with a sufficient number of Degrees of Freedom
(DOF) and a basic gripper; ii) a basic arm with a dexterous
hand or; iii) a redundant arm and a dexterous hand. At this
scale, the most common industrial architecture is the first
one. Using dexterous hands usually aims at improving the
versatility and the accuracy of the robot [1] and tries to
approach the human dexterity [2] [3].

Contrary to the macro-scale, micro-manipulations are usu-
ally limited to simple pick and place operations [4] [5].
Accurate multi-axes rotational positioning of micro-objects
is particularly difficult to obtain which limits the possible
micro-assembly operations [6] [7] [8]. Since it is not trivial
to obtain multi-DOF arms able to perform rotations at the
micro-scale, we are proposing to use a basic arm (translation
micro-stages for instance) and a dexterous hand composed
of translating fingers [9] [10].

Another characteristic related to manipulation at the
micro-scale is the presence of surface forces which predom-
inate gravitational and inertial forces. These sticky forces,
caused by Van der Waals, electrostatic and capillarity forces,
have been considered by the micro-robotics community for
more than a decade as perturbation forces and tried to get
rid of them. Indeed, the manipulated micro-objects stick
to substrate during the grasping (a high pull-off force has
to be applied) and stick to the gripper during the release
[11]. As these forces make the automation difficult, micro-
manipulation operations are often done manually [12]. This

The authors are with FEMTO-ST Institute, AS2M department, Université
de Franche-Comté/CNRS/ENSMM/UTBM, 24 rue Savary, 25000 Besano̧n,
France.

Corresponding author: ja.seon@femto-st.fr

solution is usually not satisfactory as the number of micro-
system units to produce is usually huge.

Contrary to various approaches that try to minimize this
effect in order to fallback to dexterous manipulation at the
macro-scale [13] [14], we propose in this paper to exploit
these adhesion forces that can contribute to the stability of the
object during the manipulation. Indeed, previous experiments
have shown that a single finger can be sufficient to have a
stable grasp (Fig.1).

Fig. 1: Illustration of the adhesion effect: only one finger is
required to have a stable grasp

As the dominant forces and the application of dexterous
robotic manipulation are different at the micro-scale com-
pared to the macro-scale, these differences have to be taken
into account to develop feasible and successful dexterous
micro-manipulation. The main contribution of this paper is
the study of the impact of adhesion forces on grasping micro-
objects and the development of a trajectory planner for in-
hand dexterous micro-manipulation where original fingers
trajectories are proposed.

The next Section gives an overview of the in-hand micro-
manipulation problem while Section III gives a general
formalization of this problem. Section IV details our method-
ology to compute stable grasps and generate trajectories.
Finally, Section V presents some trajectories for three fingers
manipulation with and without adhesion in the case of planar
objects.

II. PROBLEM DEFINITION

In-hand manipulation refers to the ability to manipulate
an object, in translation or in rotation, with multiple fingers.
At the macro-scale in-hand manipulations can be achieved in
different ways: by rolling [15], sliding [16] or finger gaiting
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[17]. Conversely, in-hand micro-manipulation are way more
difficult to realize. For instance, controlled slip at micro-
scale may be very complicated because of the importance of
tactile sensing for such manipulations. Thus, we choose to
restrict in-hand micro-manipulation in this paper to rotations
performed using rolling without sliding and finger gaiting.

Furthermore, macro-manipulation is largely focused on
designing anthropomorphic hands and on the grasping prob-
lematic. Thus, macro-hands must be very versatile in order
to grasp quickly unknown objects contrary to the micro-
hands which can be designed to manipulate well known
rigid objects. Indeed, we assume that, in micro-assembly,
components are fully characterized and the objective is
to correctly orientate and position the different rigid parts
to successfully realize the assembly. Thus, we choose to
generate trajectories for well known rigid micro-objects.

Moreover, as the inertial forces are negligible compared
to the adhesion forces at micro-scale, it is possible to
consider the micro-manipulation process under a quasi-static
assumption. Thus, the manipulation process is a succession
of stable states.

Finally, physics of the micro-scale induce two problematic
for the manipulation process. The first one is that adhesion
forces can be viewed as a stabilizing effect on the grasping
part. The second one concerns the finger gaiting problem as,
to perform high amplitude rotations, finger reconfigurations
may occurs. However, at micro-scale, removing a finger
requires to apply a pull-off force which may disturb the
grasp.

III. MODELING AND BACKGROUND

As this article emphasis on the differences between macro
and micro-manipulation, firstly we are going to show how the
formalization of manipulation is impacted when considering
adhesion forces.

A. Grasping Forces

Let us consider the general case of six DOF manipulation
using N fingers. In order to manipulate the object, fingers
must exert a grasping force on the object surface. The most
common modeling of the contact forces at the macro-scale
is the Coulomb law. This means that, as far as the contact
force lies in a three dimensions cone there is no slippage:

√
f 2
t1 + f 2

t2 ≤ µ fn (1)

where ft1 and ft2 are tangential component of the force,
fn is the normal component parameter andµ is the friction
coefficient.

Furthermore, in the case of micro-manipulation, this con-
tact law is slightly modified. Indeed, adhesion is a stabiliza-
tion factor and has an impact on the friction cone. Let us
consider that the adhesion force between a finger and the
object is fpo. Then, the Coulomb law can be rewritten as
follows:

√
f 2
t1 + f 2

t2 ≤ µ( fn + fpo) (2)

The adhesion force moves the friction cone as depicted in
Fig.2. Thus, contrary to the macro-scale, where only positive
grasping forces can be applied (push the object), at micro-
scale, it is possible to apply negatives grasping forces (pull
the object) as long as the force lies in the modified friction
cone.

Fig. 2: Side view illustrating the impact of adhesion on the
friction cone.

B. Equilibrium
When N fingers grasp an object, all the contact forces must

be balanced in order to put the object at equilibrium. Thus,
the following equation must be satisfied:

−wext = G. fc =
N

∑
i=1

wci (3)

where wext is the external wrench (force and moment) applied
on the object (for example the weight), the matrix G∈ℜ6×3N

is called the grasp matrix [18] which depends on the contact
position, fc ∈ ℜ3N is the vector containing the N grasping
forces and wci ∈ ℜ6 is the ith grasping wrench.

The equilibrium problem is then equivalent to finding a set
of forces fc verifying Eq.3 with the non-slippage constraint
defined by Eq.2. These constraints can be used to rewrite the
equilibrium problem considering the limits of the friction
cones. Indeed, in the case of six DOF manipulation, the
resulting wrench applied on the ith contact is a linear combi-
nation of j wrenches that approximate the three dimensions
cone:





wci = ∑ j αi, j.wli, j +βi.wpoi

αi, j ≥ 0
βi ≥ 0

(4)

where wli, j is one wrench that approximate the ith friction
cone, wpoi the wrench induce by adhesion forces, and αi, j
and βi coefficients which must be positives to stay inside
the friction cone. In the case particular case of macro-
manipulation, wpoi is equal to zero. Then, the equilibrium
problem for N fingers can be rewritten as a function of the
N friction cones:

−wext =
N

∑
i=1

wci =
N

∑
i=1

(
∑

j
αi, j.wli, j +βi.wpoi

)
(5)
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Thus, the equilibrium problem is equivalent to find a set of
(αi, j,βi) positive (not all of them null) verifying the previous
equation.

Since inertial forces are negligible, the sufficient condition
to perform stable micro-manipulation is that the manipulated
object must be at the equilibrium at each step of the
manipulation sequence.

Moreover, the reconfiguration problem is similar to the
equilibrium problem. Indeed, to remove a finger the remain-
ing contact must resist the external pull-off force fpo applied
on the removing contact. This means that reconfiguration
problem is equivalent to finding fc such that

−wext −wpo = G. fc (6)

where wpo is the wrench induced by the release of one of the
contacts. Obviously in this case the matrix G is in ℜ6×3(N−1)

and fc in ℜ3(N−1) and this problem can also be expressed as
function of the friction cones.

IV. DEXTEROUS MANIPULATION WITH ADHESION
FORCES

As stated in the previous section, we assume that the
manipulated objects are well known, and the computing of
all the contact configurations which verify equilibrium is
thus possible. Consequently, equilibrium positions are going
to be the starting point of our trajectory planning which
consist in navigating between stable configurations from
an initial position to a final position. Then, the trajectory
planner defines the finger trajectories required to rotate along
a defined angle, starting from the initial configuration.

A. Equilibrium and Reconfiguration Maps

In the case of neglected external perturbation (wext = 0),
one way to verify if a configuration of N contacts can verify
equilibrium, is to test if the convex hull formed by the friction
cones wrenches (wli, j ) contains the origin of the wrench space
[19]. Thus, when external perturbations are considered the
existence of a solution is equivalent to testing if the convex
hull contains the external wrench.

Then, it is possible to create several sets (maps) which
depict all the equilibrium configuration with regards to the
number of contacts:

Mk =
{
(c1, ..,ck) ∈ ℜ(3×k) | (7)

−wext ∈Convhull(wl1,1 , ...,wlk, j)
}

where k is the number of contacts, ck is a vector con-
taining the contact coordinates on the object surface and
Convhull(wl1,1 , ...,wlk, j) represent the convex hull.

Figure 3 gives a representation of one of the Mk sets in the
case of a planar circle without external perturbations. Contact
position are sorted using curvilinear abscissa. The depicted
areas represent the equilibrium configurations in the case of a
two fingers grasp without any adhesion forces at the contact.
Obviously such type of sets are symmetric.

Fig. 3: Representation of the set M2 (equilibrium map) for
a circle, without considering adhesion forces (non-sticky
behavior, ∀i,wpoi = 0)

Furthermore, when finger gaiting is required another map
is needed: the reconfiguration map. This set is directly related
to the ability to remove a finger from the object. Consider
a N fingers grasp on which the last finger must be removed
and note wpo the resulting wrench induced by the adhesion
forces. This configuration is said reconfigurable when wpo is
included in the convex hull formed by the friction cones’
wrenches of the N − 1 remaining contacts. This can be
formalized as follows:

Dk =
{
(c1, ..,ck) ∈ ℜ(3×k) | (c1, ..,ck−1) ∈ Mk−1, (8)

−wpo,k ∈Convhull
(

wl1,1 , ...,wlk−1, j

)}

For each Mk (k > 1), it is possible to define a corresponding
Dk. Figure 4 (left) shows all the reconfiguration positions for
a defined third contact location in the case of a three fingers
grasp. A non-reconfigurable position is also represented in
Fig.4 (right). In this particular case, the stability cannot be
ensure so this configuration cannot be used for manipulation.

Fig. 4: Representation of the set D3 (reconfiguration map) for
an assigned location of the third contact considering adhesion
(sticky behavior, ∀i,wpoi �= 0).

B. Trajectory Generation

1) Representation: All the Mk and Dk maps can be seen
as graph where every equilibrium position is a node. The
goal is to move in and between the different maps to realize
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the desired movement. More particularly, navigating through
a Mk map is considered as a direct manipulation of the
object whereas navigating between two sets Mi and M j is
considered as finger gaiting. In this case, the reconfiguration
map Dk are also part of the graph. Each node in Dk is
specifically used to link two adjacent sets (Mk and Mk−1)
when a finger is removed. Moreover, as adhesion does not
perturb the grasp when adding a finger, the link between Mk
and Mk+1 is direct.

Thus, the initial configuration is represented as a specific
node in one of the maps. Moreover, as only rolling is
considered, the in-hand manipulation can be seen as the
required rolling distance to perform the desired rotation.
Hence, the goal node is not unique and we need to define
the optimal trajectory.

2) Navigation: In order to plan our trajectory we must
define the way to navigate in the different maps. In the
case of manipulation through rolling, a node in Mk is not
connected to all the neighboring nodes (also in Mk). Indeed,
in order to manipulate an object with N contacts using
rolling without sliding, it is required that all fingers roll of
the same amount and in the same direction on the object
surface. Consequently, the rolling constraint induces a unique
available path in a Mk map (depending on the radius of the
fingers). Thus, each node in Mk has only two neighbors in
the same map.

Then, when navigating between maps two cases can occur:
adding a finger or removing a finger. When adding a finger,
which is equivalent to switching from Mk to Mk+1, the
current node is connected to all the configurations with an
extra contact included in Mk+1. When removing a finger,
the current node, using k fingers, is connected to all the
configurations composed with k − 1 fingers and with the
current node included in Dk.

3) Algorithm: One popular way to search through a graph
is the A∗ algorithm. This heuristic graph search algorithm
provides complete and optimal path between the initial and
the goal node. A∗ has been used in micro-manipulation [20]
and also in micro-assembly [21] but based on our knowledge
it has not been used for planning in hand manipulations.
We chose to implement an A∗ algorithm for our trajectory
planner in order to obtain optimal solutions.

An important part of the graph search is the cost function
used to connect two nodes. Considering the way we can
navigate through the graph, we define three cost functions
corresponding to the three possible actions: rolling, adding
a finger and removing a finger.

For the first case (rolling), the cost function is defined
as the rolling distance needed to go from the current
node to the next one. This distance is the arc length be-
tween two positions on the object surface and is noted
Lr(Node(i),Node( f )).

When adding a finger, the cost function can take two
values: (i) if the finger has not been used previously, then
the cost function will be a non zero constant Ca. This value
allows to estimate the traveled distance from the previous
position to the new one. (ii) if the finger has been used

previously, then the cost function will be an estimation of the
distance between the last contact position and the new one
(Lr(Node(prev),Node(new)) plus Car a non zero constant).

Moreover, A∗ algorithm requires defining an admissible
heuristic. As the in hand manipulation is a rotation it is
possible to define the heuristic as the remaining rotation from
the current node. Moreover, as rolling is used to rotate the
object it is also possible to define the heuristic as a distance.
Indeed, consider that the finger used for the manipulation has
a radius rd and that rot is the rotation amplitude in radians.
Then, at the initial node, the heuristic will be drot = rd × rot.
Obviously this heuristic never overestimates the distance to
the goal so it is an admissible heuristic.

V. RESULTS

The methodology presented in the previous section has
been implemented and tested to generate trajectories for
planar objects. Moreover, in micro-assembly most of the
objects made in micro-fabrication are planar objects so the
results presented here are still interesting in the application
framework.

A. Impact of Adhesion on Equilibrium and Reconfiguration
Maps

First of all, we are going to show the effect of the
adhesion forces on the maps (Mk and Dk) used for the
trajectory generation. As an example, we consider the M2
map described in Fig.5 to show the impact of adhesion on
the equilibrium configurations. Note that this map correspond
to the object depicted in Fig.7

Fig. 5: Representation of the set M2 (equilibrium map) with
and without adhesion for an arbitrary shaped object depicted
in Fig.7.
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Figures 5 shows the stabilizing effect of the adhesion on an
arbitrary shaped object. For this example, we used uniform
friction value on the surface (µ = 0.3), an adhesion force
of 1 µN, a neglected external wrench and fingers with a
radius of 3.5 µm. The yellow areas correspond to the contact
configurations where it is possible to obtain equilibrium
without adhesion. As predicted, the area is significantly
bigger when adhesion is considered. This means that there
is more possibility to manipulate the object when adhesion
is used.

Moreover, Fig.6 shows the reconfiguration nodes for a
defined removed finger. It can be seen that, without adhesion,
all the stable configurations with two fingers are also admis-
sible reconfiguration nodes. In contrast, with adhesion, there
is fewer reconfigurations positions compared to the stable
configurations. Thus, with adhesion, more trajectories are
available in a defined Mk map (Fig.5) but reconfiguration
are a limiting factor.

Fig. 6: Representation of the set D3 (reconfiguration map)
with and without adhesion on a an arbitrary shaped object
depicted in Fig.7.

B. Impact of Adhesion on Trajectory Generation

We consider the case of an in hand manipulation with
a maximum of three fingers. This means that the nodes
are represented by M1, M2, M3 for manipulation and D2
and D3 for reconfiguration. All the following results have
been generated using the same parameters presented in the
previous section.

Figure 7 illustrates the computed trajectory for a 130◦

rotation with adhesion. As shown by Fig.7a, the initial
configuration is a grasp with only two fingers. From this
configuration, the optimal path to realize the rotation is a
two fingers manipulation.

Fig. 7: Images sequence describing the clockwise trajectory
generated by the planner for a 130◦ rotation considering
adhesion phenomena.

Figure 8 shows a trajectory for the same rotation but
without considering the adhesion phenomena. It can be
seen that for the same rotation amplitude the manipulation
sequence is more complex in this case. Indeed, three fingers
are required and finger gaiting step occurs because of the
friction limits.

Fig. 8: Images sequence describing the clockwise trajectory
generated by the planner for a 130◦ rotation without consid-
ering adhesion phenomena.

The previous trajectories seem to show that with adhesion
the manipulation process is faster. A statistical analysis has
been performed to confirm this impression. For each case
(with and without adhesion) 250 trajectories were generated
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and the cost of each trajectory were computed. This cost,
based on the cost function and on the heuristic described in
the previous section, estimate the traveled distance by the
finger during the manipulation.

Figure 9 shows this statistical results for the arbitrary
shaped object. For each rotation amplitude it can be seen that
the manipulation process is always faster when considering
adhesion phenomena. Thus, taking advantage of adhesion
effects have a positive impact on the manipulation process.

Fig. 9: Chart representing the distribution of the trajectory
cost value for various rotation amplitudes and condition of
use. For each rotation amplitude and each case fifty rotations
were generated.

VI. CONCLUSION

In this paper, a trajectory planner for dexterous micro-
manipulation taking into account adhesion forces was pre-
sented. This planner is based on a A∗ algorithm in order
to generate optimal trajectories (relative to cost functions)
and take into account the specificity of the micro-scale: the
adhesion phenomena.

Our planner was validated in simulation considering dif-
ferent conditions of use. The results show that in-hand
micro-manipulation is significantly different than macro-
manipulation. Thus, original trajectories were generated. Ad-
hesion phenomena cannot be neglected and we showed that
it can be useful in the manipulation process. Moreover, even
if the adhesion is not fully predictable this planner can be
used to generate trajectory in the worst cases (i.e considering
grasping without adhesion and considering reconfiguration
with adhesion).

The next step of this work will involve optimization of
the contact forces on the generated trajectory and implemen-
tation of these new trajectories on an experimental micro-
manipulation setup developed in our laboratory [22]. In
addition, as the problem was formalized for three dimensions
in-hand micro-manipulation, the current planner will be
extended to non-planar objects and manipulations.
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REFERENCES

[1] R. R. Ma and A. M. Dollar, “On dexterity and dexterous manipula-
tion,” in 15th International Conference on Advanced Robotics (ICAR).
IEEE, 2011, pp. 1–7.

[2] K. Koganezawa and A. Ito, “Artificial hand with stiffness adjuster,” in
International Conference on Intelligent Robots and Systems (IROS).
IEEE, 2014, pp. 21–27.

[3] J.-P. Saut, “Planification de mouvement pour la manipulation dextre
d’objets rigides,” Ph.D. dissertation, Université Pierre et Marie Curie-
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[4] H. Xie and S. Régnier, “Three-dimensional automated micromanip-
ulation using a nanotip gripper with multi-feedback,” Journal of
Micromechanics and Microengineering, vol. 19, no. 7, p. 075009,
2009.

[5] H. K. Chu, J. K. Mills, and W. L. Cleghorn, “Dual-arm micromanipu-
lation and handling of objects through visual images,” in International
Conference on Mechatronics and Automation (ICMA). IEEE, 2012,
pp. 813–818.

[6] K. Rabenorosoa, C. Clevy, P. Lutz, A. N. Das, R. Murthy, and
D. Popa, “Precise motion control of a piezoelectric microgripper for
microspectrometer assembly,” in International Design Engineering
Technical Conferences and Computers and Information in Engineering
Conference. American Society of Mechanical Engineers, 2009, pp.
769–776.
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ABSTRACT 

The bio-inspired robotic hand prosthesis ProMain-I [1] has been developed, tested and manufactured 
completely at the LEME laboratory. The hand has three fingers, which are disposed to perform 
precision grasping, each finger has three joints: MetacarpoPhalangeal (MP), Proximal Interphalangeal 
(PIP) and Distal Interphalangeal (DIP). All joints have one Degree of Freedom (DoF) to perform 
flexion and extension.  

The hand controller is addressed in three main stages: (i) the identification of the finger transfer 
function; (ii) the position control of the finger; (iii) the formulation of a hybrid force-position control 
system. The identification of the finger takes into account the parametric model of the ProMain 
actuator, i.e. the XL-320 DynamixelTM servo-motor, coupled with the finger mechanism. The position 
is identified directly using experimental data obtained from the actuator, and the fingertip force transfer 
function is obtained from a complete measure of the kinematic and fingertip force. The controller and 
transfer function parameters are estimated using an optimization approach. We also present the 
ProMain-I hand characteristics, and the new smart force sensor [2], which has been designed and 
manufactured (in the LEME laboratory) to implemented the feedback force loop.  

As a result, we present the robotic finger parametric model to characterize the finger in force and 
position. Finally, we introduce a force-position hybrid controller, which has let to achieve grasping 
gestures, setting the force reference to hold objects in steady way. 
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ABSTRACT 

New advances in micro-mechatronic systems and related sensors and actuators (i.e. a 
MEMS) along with their usually low power requirements make them good candidates to take 
advantage of Power over Fiber (PoF) technology. This PoF technology uses light for 
electrically powering different systems. Remotely located micro-mechatronic systems using 
optical fibers can integrate PoF, as in endoscopic optical coherence tomography based on 
microelectromechanical system mirrors. Other potential applications can be found in critical 
systems that require redundant power supply, in scenarios avoiding electromagnetic 
interference, or in systems demanding different power requirements in multiple nodes. This 
paper proposes the implementations of the power over fiber technology together with MEMS 
in different scenarios and show some experiments performed with different types of optical 
fiber, multimode silica and plastic fiber. 

1. INTRODUCTION 

Optical fiber is a widely used transmission medium due to its potential as a high capacity 
communication channel of light signals. An emerging technology is currently under 
development where the optical fiber is used to transmit power to a remote station in the form 
of light energy which is then used to feed an electronic device. This technology is called in 
English "Power over Fiber", abbreviated PoF or PWoF. 

The idea of the use of optical fiber for the transmission of energy in the form of light has 
its origins in the 70's, in the field of telephony. The first works were presented in 1978 and 
1979, called "Sound Alert Acted on an Optical Fiber" and "Optically Operated Voice 
Communication through a Fiber Lightguide", respectively, which showed the feasibility of the 
technology to supply energy to an acoustic sensor [1] and the use of it in a data link [2]. At 
the same time, the first patent was presented for by J. Lemelson [3]. 

PoF systems usually consist of a high-power laser diode (HPLD), a transmission line 
(optical fiber), and a converter (i.e. a photovoltaic, PV, cell or optical isolator, OPI). The 
evolution of the PoF systems from their beginnings to the present has been oriented to 
improve the performance of both their stand alone elements and the system as a whole. Some 
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important advances are: enhancement of the photovoltaic cell conversion efficiencies and 
transmitted power levels, the use of optical fiber transmission techniques [4] for the 
integration of power and data through the same channel and improvements in the energy 
distribution.  

On the other hand, the use of this technology has diversified into multiple fields of 
application such as remote sensor feeding [5] [6], communications antennas [7] [8], vision 
systems [9] 10], etc. In this range of applications, microelectromechanical systems (MEMS) 
have also played an important role as a sensor element and as a key technology for the 
development of some functionalities of optical devices. The first development of an Optical-
MEMS device (MOEMS) dates from 1970 with the use of an array of micro-mirrors to create 
a bitmap image [11]. In the specific case of PoF systems, the use MEM-based systems have 
been proposed for the development of the optical switching logic of a Quasi-Passive (QPAR) 
node in an evolution of current passive optical access networks (PON), [12]. One of the 
advantages of this application is to be able to remotely power the node, giving a greater 
versatility to the network. From the above it is clear that the potential of integrating both PoF 
and MEM-based systems is huge. However, a deeper analysis of the capabilities of remote 
power feeding via PoF is required to fully benefit from both technologies. It is worth 
mentioning that the use of PoF technology may lead to additional benefits, such as the 
capacity of galvanic isolation between the transmitter and the receiver, its immunity to 
electromagnetic interference (EMI) and its intrinsically safe nature. The latter advantage is of 
interest in applications such as the sensing of flammable gases.  

In this work, a first approach is made by combining power over fiber technology and 
MEMS, in the automotive and biomedicine sectors. Experimental results over a self-
developed power over fiber system are also shown. 

The document is divided into 4 sections. The next section discusses different scenarios for 
the integration of both MEMS and PoF technology. In section 3, the developed system and 
some experimental results are presented. Finally, section 4 addresses the main conclusions. 

2. SCENARIOS FOR THE USE OF POF TECHNOLOGY IN MICRO-
MECHATRONIC SYSTEMS 

Currently due to technological advances, there are examples of micromechanical systems 
(MMS) with high levels of integration such as MEMS. The integration of microsensors, 
microactuators, microelectronics and microstructures in the same device allows them to be 
used in a large number of applications such as temperature sensing, pressure, inertial forces, 
chemical compounds, magnetic fields, radiation, etc. There are leading manufacturers in the 
field of MEMS such as: STMicroelectronics, Robert Bosch and Texas Instruments [13], 
which have solutions that can be integrated with PoF technology. Their devices require low 
power consumption and may be used in a wide range of applications. PoF technology enables 
the development of reliable, scalable remote sensing systems due its aforementioned 
advantages and the extended use of optical fiber nowadays. As an example, Table 1 shows 
some MEMS manufacturers and some MEMS power consumption. 

There are multiple sectors for the MEMS-based application market including automotive, 
consumer electronics, and industrial [13]. On the other hand, the optical fiber is widely used 
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as a high bandwidth transmission medium; consequently there are multiple applications in 
which both technologies can coexist, as represented in Figure 1. 

Table 1:  Examples of power consumption of some MEMS 

MEMS CONSUMPTION MANUFACTURERS APPLICATION 

AIS1120SX 26mW STMicroelectronics Accelerometer (automotive) 

LIS331HH 36uW STMicroelectronics Accelerometer 

DLP3000 200 mW Texas Instruments Chemical Analyzers, Machine 
Vision 

VQ548MP 297mW (at Power on ) SGXsensortech Flammable gas detectors 

 
One sector that can benefit from the advantages of MEM systems, together with other 

emerging technologies, is the automotive sector. Plastic optical fiber is a transmission 
medium used in cars that use the standard MOST150 (Media Oriented Systems Transport) 
among others. In this scenario, where there is already a previous synergy between both 
MEMS and the optical fiber; the PoF technology may provide an added value to the system. 

 
Figure 1: Examples of scenarios where fiber optic technology and MEMS coexist 

According to Forbes' official website, technologies such as Autonomous Vehicle, Driver 
Override Systems and Biometric Vehicle Access, will be technologies present in 2020 [14]. 
All of them suppose a growth and diversification issue for the sensing community that is 
present within the automobile. Moreover they will also require a greater bandwidth boosted 
by the development of Advanced Driver Assistance Systems (ADAS), in the framework of 
creating more reliable and autonomous vehicles. The ADAS systems, based on MEMS, 
provide support for intelligent automotive technologies, such as LIDAR, and LEDDAR, 
which in combination with power over fiber technology can make the system more robust. 
Both the LIDAR system, and its later improvement LEDDAR, allow cutting-edge 
functionalities such in-car obstacle detection, collision warning and avoidance, etc. In these 
technologies the use of MEMS based on micro-mirrors plays a major role. In [15], a technique 
using MEMS based on micro-mirrors is described to amplify the range of 2D sweeps. In [16] 
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a system is presented that allows to increase the visual field of the technologies, without 
compromising the power consumption. 

PoF technology in a car could be used for many reasons. The need of redundant power for 
critical systems in case of main source failure, the weight reduction as well as the immunity to 
electromagnetic interference (noise) are highlighted as main benefits provided by PoF 
technology. 

In relation to weight reduction, new generations of cars need more copper wire for their 
operation. Specifically, today an electric car has about 165lbs in copper wires for different 
purposes [17]. The Tesla S model uses three times more copper wiring than an internal 
combustion engine vehicle [18]. In this sense the use of plastic optical fiber instead of copper 
to transmit power could lead to a remarkable decrease in weight, as optical fiber is lighter than 
copper. A specific case of study, using the PoF instead of PoE (Power over Ethernet) is 
following analyzed. PoE technology basically consists of transmitting power to a remote 
device using the physical medium supported by the Ethernet local area network standard. The 
cable currently used for this purpose, standardized in IEEE802.3af and IEEE802.3, is the 
Cat5e type [19], whose weight is 31g/m [20]. In contrast, a 1mm core diameter plastic optical 
fiber has a weight less than 5g/m [21], which means approximately a sixfold weight 
reduction. 

 
Figure 2: MEMS-based endoscopic  swept-source optical coherence tomography system [22] 

The power over fiber technology can also be applied in the biomedicine sector where 
different MEMS could coexist with PoF technology, as in the case of the Optical Coherent 
Tomography (OCT) technique. This technique was first presented in 1991 as a non-invasive 
technique for biomedical applications however its integration with MEMS appeared later 
[22]. This technique has evolved over the years by combining the latest technological 
advances in order to improve its sensitivity [23]. In [22] by the use of both 
Microelectromechanical System (MEMS) and the OCT technique, a MEMS-based OCT 
solution was presented. It describes an optoelectronic system that employs optical elements 
(passive and active) but also MEMS, being a key element in the design, see Figure 2. The 
MEMS mirrors are active elements with a maximum required power of 103mW (4.5V, 
23mA) [22], which alternatively could be supplied via a power over fiber system. 
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In this way, we propose an improvement in the system described in [22] by the integration 
in the same optical fiber lead of: a) the power required for the MEMS operation, and b) the 
light reflected back by the micro-mirrors that performs the OCT technique. In this way 
everything is done in the optical domain. 

3. IMPLEMENTATION OF A POWER OVER FIBER SYSTEM 

Basic aspects 

A block diagram of a generic PoF system is illustrated in Figure 3. It shows the high power 
laser diode (HLPD), the optical fiber and the photovoltaic cell (PV). The converter stage 
remotely transforms the received optical power into power electricity, 𝑃𝑃𝑒𝑒l𝑒𝑒𝑒𝑒𝑃𝑃𝑃𝑃  thus driving an 
electronic circuit directly. These PV converters are the most suitable devices for this optical 
power conversion process due to their efficiency performance and no requirement for any 
kind of biasing.  
 

 
Figure 3: A block diagram of a generic PoF system 

In a power over fiber system different aspects must be considered for the design: 
• proper match between the HPLD wavelength, the PV converter efficiency, and the 

optical fiber attenuation. 
• the type of multiplexing topology to be used: spatial (SDM) or wavelength (WDM). 
• control of the power dissipation in both the cell and the receiving element. 
• appropriate level of injected optical power to avoid the phenomenon of fiber fuse and / 

or irreversible damages to the optical elements including the connectors and the 
optical fiber itself. 

Some applications require relatively high efficiencies and miniaturization, especially if 
endoscopic applications are proposed. In this sense, it is important to select the correct cell in 
terms of sizing and efficiency for the operating wavelength. There are cells of only 1 mm2 × 
0.4 mm effective area and height, respectively, without heatsink. The presence or not of the 
heatsink depends on the power dissipating in the cell. Figure 4 (a) shows the PV cell mounted 
within a FC-type connector (which also acts as a heatsink) as well as an uncovered 
counterpart, see Figure 4 (b). 
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(a)  (b)   

Figure 4: Photovoltaic cells, (a) cell with FC connector (b)  uncovered cell [10] 

The cell efficiencies depend on both the materials and the operation wavelength. Table 2 
summarizes the current main three operating windows used by power over fiber systems. 

Table 2: Materials, operating windows and efficiencies of PoF systems [24][25]. 

Materials Wavelength [nm] Efficiency (%) 
GaAs 790 to 850 52 

In-GaAs  915 to 980 34 
InP 1400 to 1550 26 

Developed system 
We have developed specific prototypes providing optical remote powering of hundreds of 

mW in DC and pulse mode for different types of multimode silica and polymer optical 
fibers[26][27].  

The system includes a high power laser diode (HPLD) of 1.5W@2.2A with a central 
wavelength of 805nm and with a FC connector. At reception, a power converter (PV) is 
located. A picture of the system is shown in Figure 5, where the HPLD and the PV are 
connected via a silica optical fiber with a 200µm core diameter. 

 
Figure 5: Prototype of the developed system, with a 200 μm diameter silica optical fiber  

The designed laser driver provides a slow start and a current limit to protect the laser. The 
slow start is controlled by the charging of a capacitor (not shown in Figure 6) for avoiding 
rapid changes in the current and temperature of the laser diode. Additionally it performs a 
temperature and a current control loop system to stabilize the output optical power. A 
simplified scheme is shown in Figure 6 (a), where a variable current source controlled by the 
Rvar resistor is depicted. Figure 6 (b) shows the simulation of the laser diode current when 
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the laser is on without a slow start, where an increase of 70mA above the nominal current is 
observed. In contrast, Figure 6 (c) shows a gradual increase up to the operating current, 
without transient current peaks. 

A key design factor is the temperature of the laser diode, as the optical emission power 
strongly depends on temperature. This parameter also greatly affects the laser lifetime. The 
laser diode, as a non-ideal element, dissipates energy in the form of heat depending on the 
point of operation and this causes an increase in temperature. According to the laboratory 
experiments we have developed, our laser diode, at an ambient temperature of 25C and 2.2A 
of operating current, increases its temperature by more than 15C. This variation is controlled 
with a Peltier element that stabilizes the temperature of the laser diode at 25C ± 0.01%. 

 
(a) 

 
 
 
 
 
 

(c) 

80µs

70
m

A/
di

v

0µs 80µs

70
m

A/
di

v

0µs  
(b) 

Figure 6: (a) Simplified electrical diagram. (b) Simulation without implementing the slow start of the laser 
diode. (c) Experimental test with slow start implementation 

The current is controlled via software in the digital domain with a precision of 3mA, 
representing a variation in optical power of 2mW taking into account the transfer function of 
the laser diode. 

As transmission media, multimode fibers of different lengths and core diameter sizes have 
been tested. The highest transmission power density has been achieved with 200μm core 
diameter multimode silica optical fibers obtaining a maximum coupling efficiency of light 
injected into the fiber from the laser's output. The PV cell is optimized for maximum power 
conversion efficiency at 805nm wavelength corresponding to the emission wavelength of the 
laser diode. 
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Experiments  

As previously stated, some tests with different types of fibers: silica multimode fibers and 
step index (SI) polymer optical fibers (POF) are carried out. The remote powering devices, 
mainly sensors within a sensor network, may be fed with low and medium powers (P), 
(P<100mW) at distances of hundreds of meters for silica fibers and few meters for SI-POF 
fibers.  

A previous work was reported in [26] where the power transmission was evaluated using a 
120μm core diameter graded-index plastic optical fiber, GI-POF. The achievable electrical 
power delivered(𝑃𝑃𝑒𝑒l𝑒𝑒𝑒𝑒𝑃𝑃𝑃𝑃 ), was 49.5mW for an intermediate fiber length of 50m. Table 3 
summarizes the set of experimental trials carried out in this work with other fiber types. 

Table 3: Measurements of electrical power fed at the remote system with different types of optical fibers and 
with an optical power laser of 1.5W 

Discussion 

In some power over fiber applications it may be of interest to know the energy radiated in 
the form of heat by the optical fiber. Depending on the application this parameter can be 
critical as it may affect the surrounding environment to the optical fiber. Figure 7 shows a 
preliminary study of the thermal behavior of a coated plastic optical fiber. In this 
measurement we have coupled 1.5W of optical power into 10 meters of (SI-POF) (Optical 
fiber # 1). 

In the case of the use of the OCT together with the PoF technology using invasive 
techniques, such as the vision of internal organs [28], is important to know the radiation 
profile of the fiber because it could lead to some incompatibility issues. In this case the 
optimization of the system or the use of special coatings may be necessary. Another element 
that influences the temperature increase of the surrounding environment is the OPI (PV cell) 
that in this technique would be located inside the element "Endoscopic Probe" (see Figure 2). 
An unnecessary dissipation of the OPI would imply an increase of the temperature of the 
element "Endoscopic Probe". 

In the case of the OCT technique it is possible to use spatial multiplexing techniques in 
case there is a not desirable overlap between the OCT spectrum and the PoF system. Spatial 
multiplexing consists in separating the spectra for power transmission and OCT operation on 
different physical media. 

Finally, an important parameter in a power over fiber system is the power that is needed in 
the remote device (i.e., MEM system or MEM sensor). Typically power requirements are low 
(P <100mW), although in some applications there may be a higher demand. Today it is 
possible to transmit tens of watts in a length of 300 meters [29] [30], by the same optical fiber 
with double-clad fiber [31]. 

Fibers types [Core diameter] Fiber link lengths[m] Electrical power, 𝑃𝑃𝑒𝑒l𝑒𝑒𝑒𝑒𝑃𝑃𝑃𝑃  [mW] 
Silica [62.5µm] OM1 1 240 

Silica [200 µm] 1 409 
Silica [200 µm] 300 360 

SI-Plastic [1 mm] 2.1 197 
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Optical fiber  #1

OPI, with FC connector 

Laser diode
1.5W

Optical fiber  #1

OPI, with FC connector 

Laser diode
1.5W

 

Figure 7: Thermal radiation profile of a SI-POF fiber, 1mm (diameter). The ambient temperature is 22C 

4. CONCLUSIONS 

Power over fiber systems are an emerging technology like MEMS, whose integration in 
some environments may be interesting to consider. On the one hand, the miniaturization of 
systems provided by MEM technology and, on the other hand, the robustness to 
electromagnetic interference provided by PoF systems. A prototype of power over fiber has 
been developed that allows the transmission of hundreds of milliwatts of optical power over 
distances of hundreds of meters with silica fiber and several meters with plastic fibers. It has 
been analyzed the interest for its use in biomedical applications and in the automotive sector 
in conjunction with MEM devices. 
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ABSTRACT 

This contribution presents a constitutive model that uses thermo-mechanical formulation to describe 
shape memory alloys (SMA) behavior. The formulation is suitable to characterize the material and also 
to complement the dynamic modeling of a SMA based rotary actuator. Furthermore, a one dimension 
particularization is introduced that is used to approximate the behavior of the SMA wires in the context 
of the rotary actuator. Moreover, the SMA constitutive model is merged with two governing equations 
that describe the dynamic of rotation and the dynamics of the temperature applied to the SMA wire 
using an electrical current as input.  

Three experiments are presented in order to: i) Identify the Young’s modulus of SMA in martensite 
and austenite phases; ii) Identify thermic SMA characteristics; iii) Kinematic evaluation of a SMA 
based rotary actuator. The final identification of the SMA parameters is carry out using optimization 
techniques that allows to fit the model to the real material behavior.  

Concerning the application of SMAs in robotic hands, the obtained results show that the SMA fulfill 
the precision grasping requirements [1]. We use the obtained results using SMA to propose an 
evolution of the hand prosthesis ProMain-I [2], which is an under actuated robotic hand prosthesis 
endowed with three fingers, each one driven by a soft epicyclic mechanism, as a result we present a 
new prototype called ProMain-II. This hand prototype is equipped with the new version of the soft 
epicyclic mechanism using an SMA wire in parallel to the flexible tendon for the ProMain-II 
soft robotic prosthesis hand. This actuation system allows controlling the stiffness of the 
actuated joints controlling the damping effect evidenced during the experiments performed 
with the ProMain-I finger. 
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Abstract. An optical wireless quadristable micro-actuator based on antagonistic pre-shaped
beams for two rows (inner, outer) is presented in this article. The actuator was developed
using the Timoshenko-based mathematical model and analyzed for output force and energy
values. The actuator was fabricated by the deep reactive ion etching (DRIE) technique, using
bonded silicon on insulator (SOI) wafer. The quadristable frame possessed bistable beams with
a thickness of 25 µm and theoretical stroke values of 300 µm and 200 µm for the inner and
outer rows, respectively. The actuation of the system was performed by Nitinol shape memory
alloy (SMA) elements, laser heated to switch the positions of stability for the inner bistable
beams and outer quadristable beams. An 8 µm layer of SiO2 was deposited upon one side of
each SMA element (0.1 × 1 × 3 mm), to provide a biasing force during actuation, eliminating
the load effect of SMA elements and introducing a two-way shape memory effect. The stroke
of the SMA element was analytically modeled, for force measurements and the effect of phase
transitions between austenite and martensite.

1 INTRODUCTION

Long range remote control and availability of micro-actuators is one of the major bottlenecks
to implementing autonomous micro-robots in a workspace. A method of transferring energy
over a long range to a micro-actuator is to use radiofrequency or optical signals. For RF signals,
the transmitting antenna is generally characterized by a high gain, narrow beam width and
extremely low side and back lobes. In this application, the receiving antenna (rectenna) refers
to an antenna with the ability to receive and rectify microwaves in the receiving part of a
wireless power transmission system [1]. This system suffers from the problem of electromagnetic
interference between electronics within a robot. Ali et al applied the RF control to shape memory

1
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alloys (SMA) with the use of spiral coils to transform the magnetic field into current [2, 3].
However, this approach required additional components, when applied to a micro-actuator.

Optical remote supply can serve to wirelessly transfer energy to micro-actuators over a dis-
tance of a few meters, without any load imposed upon their structures. In [4], a photo-thermal
mechanical contactless long-range actuation method was proposed. In this study, a laser was em-
ployed as the long range contactless energy source. The laser beam heated a bimorph cantilever
(active part of the micro-actuator) and deformed due to focused light, via a micro-machined
lens array placed at the top of the micro-actuator. This bimorph component was part of the
illuminated leg consisting of two layers with different thermal expansion ratios.

More recently, Mori et al demonstrated a remote actuation method applied to a MEMS
capacitive actuator [5]. Optical means can also be applied to micro-manipulation of meso-
objects. In [6], an opto-fluidic effect based on the long-range contactless actuator approach was
demonstrated. When the laser beam was focused onto a certain position on a petri dish with a
thin layer of liquid, the increased temperature created a flow, which was used to manipulate the
small glass beads in the liquid. However, these studies do not propose solutions when several
actuators must be manipulated at the same time.

This article presents remote operation of shape memory alloys (SMAs), with deposited optical
thin-film filters, to make possible the selective response to incoming laser radiation [7, 8, 9].
This work followed previous suggestions on optically-driven actuator systems [4, 10] that needed
complicated lens systems to focus the laser beam on a specific SMA element.

This article explains the work on optically, remote-controlled bistable actuators in which ‘one-
way’ SMAs were actuated with the help of SiO2 layers, initiating ‘two-way’ SMA behaviour.
Thanks to this strategy, the micro-actuator was stable in each of its positions, because the
contact between the beams and the SMAs was avoided [11]. A proposition is made to extend
the use of such SMAs to more complex micro-actuators, having four stable positions. The
integration steps that were necessary to provide a remote controlled micro-actuator are also
described.

2 SMA ELEMENT STROKE MODELLING

2.1 Working principles of SMA element actuation

The initial concept for the wireless actuation was performed by laser heating annealed Nitinol
(55% Ni – 45% Ti) SMA elements. However, the actuation of this initial system could be only
performed in one direction, since such SMA elements memorize their shape after being optically
heated. Consequently, once all the SMA elements were in a strictly perpendicular position with
respect to the frame, re-heating the SMA elements for another cycle proved to be ineffectual.
The SMA elements would not displace the same distance as what was viewed initially, resulting
in a decreased quadristable stroke. Therefore, a solution was proposed to implement a two-way
memory approach to the actuation of the SMA elements. The quadristable structure would be
able to displace the same distance after multiple heating cycles, whilst the SMA elements would
return to their original positions (before heating), after cooling [11]. This required implementing
a biasing force on the SMA elements, shown in Figure 1.

2
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Figure 1: Compressive SiO2 layer used as biasing spring for two-way memory actuation of SMA [11]

In Figure 1 (a) and (b), an SiO2 layer is shown to be deposited upon SMA 1, labelled
to be at a high temperature (to achieve a flat structure). Since the thermal expansion ratio
of Nitinol SMA elements is larger than that of SiO2, it was noticed that the SMA element
contracted more than the SiO2 layer, when cooled from the deposition temperature to room
temperature [12]. Consequently, compressive stresses within the SiO2 layer would force the
SMA element to subdue to the same compression [12]. With these observations, the bistable
beams within the quadristable structure could actuate without load effect (Figure 1 (c)-(f)).
Walking through the two-way memory principle, the curved SMA element in Figure 1 (c) is
currently at a position where there is no contact with the bistable silicone beam [12]. Once the
SMA element is optically heated to the austenitic final temperature, the martensite phase in
the initial SMA element converts to austenite phase, holding a greater elastic modulus. Since
this process can occur after multiple cycles, it is known that the shape memory effect allows an
SMA element to recover its original form (which in this case was the flat, perpendicular form).
Due to this recovery action based off the memorized shape, a conversion from optical energy to
mechanical energy could be performed, switching the bistable beam from a left stable position
to a right stable position. Once the laser light moves away from the initial SMA element, it can
cool and re-transform to martensite. As well, when the cooling occurs, the SiO2 can regain its
compressive strength and force the SMA to bend into its original cold state shape. Furthermore,
this process could be repeated multiple times to achieve the same displacement results, since
the SMA elements would be forced to curve backwards the same distance due to the presence
of a thin-film SiO2 layer [12].

2.2 Mathematical modelling of the SMA element deformation

With the knowledge of the physical characteristics of the SMA elements during actuation,
a mathematical model was constructed to determine their theoretical stroke. However, due to
changes in the physical properties of the SMA elements when heated, the calculations became
more involved. The first step in conducting the calculations was to determine the effects of

3
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Emmanuel Doré and Frédéric Lamarque

phase transformations on the SMA elements.
Considering that there are four critical temperatures within an SMA element, the two main

phases of austenite and martensite were investigated. When an SMA element was heated, the
austenite start temperature (As) and the austenite final temperature (Af ) were observed. During
the cooling process, as shown in Figure 1, the return to the martensite phase was identified
through the martensite start temperature (Ms) and the martensite final temperature (Mf ).
These transitions of the SMA element would initiate the shape memory effect. When the SMA
element was cooled from a temperature above Af to a temperature below Mf (thermoelastic
martensite phase), twinning behaviour was recorded within the grains of the SMA element
structure [12]. This is shown in Figure 2 (a). Next, when a stress of a certain critical value was
applied to the SMA element, detwinning of the atoms would occur, where the bonded atoms
would rotate with respect to each other [12]. This process would require minimal force. As shown
in the stress-strain chart in Figure 2 (b), the curve for the detwinning process is very shallow,
demonstrating a low Young’s modulus. Proceeding towards the zone of plastic deformation, if the
SMA element was heated up to a temperature greater than that of As, the austenite phase would
propagate through the detwinned crystalline structure, resulting in a greater elastic modulus and
a stable crystalline structure. Since twinned martensite and austenite possess the same shape,
deformation would recover, demonstrating the shape memory effect [12].

Figure 2: (a) Phase transformation of SMA element; (b) Stress-strain curve of shape memory effect at
T < Mf and at T > Af [12]

Referring to Figure 2 (b), with the inclusion of the SiO2 layer, when the SMA element was
cooled to martensite phase and bent by the biasing force, the material would be operating along
the OAB curve. After heating the element to austenite phase, the stress of super elasticity start
point (D) was assumed to be higher than any other stress point within the cycle. Thus, the
cycle was operating along the OD curve. Due to this assumption, the SMA element could hold
a constant elastic modulus of ESMAA

, during the austenite phase.
On the other hand, a constant elastic modulus could not be assumed for the entirety of the

martensite phase. Firstly, when the stress was below the critical stress (σc), the SMA element
crystalline structure was twinned [12]. The elastic modulus for this zone was denoted to be
ESMAT

. During plastic deformation, the elastic modulus decreased to ESMADT
.

4
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After labelling the main physical properties during phase transformation, the next step re-
quired the usage of the superposition method. This assumed that the SMA element was flat
upon deposition of the SiO2 layer, and initially there was no stress within the element. Since
Nitinol has a greater thermal expansion ratio than SiO2, compressive stresses would be present
within the thin-film layer upon deposition. This stress could be calculated as shown below [12]:

S = ESiO2∆αSMA SiO2∆T (1)

Where the elastic modulus of the SiO2 (ESiO2), the thermal expansion ratio difference between
Nitinol and SiO2 (αSMA SiO2), and the change in temperature between deposition temperature
and ambient temperature (∆T ) were multiplied together.

Figure 3: (a) Stress during constraint of elongation and bending; (b) Stress during elongation; (c) Stress
during bending; (d) Stress during bending and elongation [12]

If the constraint of the stress within the element was removed, as shown in Figure 3 (b),
the stress within the structure would allow the SMA element to lengthen. Since the thin-film
deposition layer and the SMA element would elongate, tensile forces would be present within
the structure, reducing the effect of compressive stresses provided by the SiO2 [11]. During this
process, it was assumed elongation and deformation would occur in the same plane. Thus, the
deformation of the SMA element at this point was found to be represented by equation (2) [12]:

ε =
( S

ESiO2

) ESiO2t2
ESMADT

(d1 + d3) + ESMAT
d2 + ESiO2t2

(2)

Noting the important terms of the equation, d1, d2 and d3 represented the thicknesses of
the one twinned and two detwinned segments of the SMA element. As well, t2 represented the
thickness of the SiO2 layer. Considering the tensile forces to be two ‘point applied’ forces, F1

and F2, the following expression was derived (where b was the width of the SMA element) [12]:

F2 = F1 = εb
(
ESMADT

(d1 + d3) + ESMAT
d2
)

(3)

5
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Since there were two equivalent action forces, a moment could be created, equivalent to [12]:

M = F1

(
c2 +

t2
2

)
(4)

c2, the distance between the applied force F1 and the intersection between the thin-film layer
and the SMA element (Figure 3 (b)), was calculated using the weighted method expression [12]:

c2 =
ESMADT

d1

(
d1
2

)
+ ESMAT

d2

(
d1 +

d2
2

)
+ ESMADT

d3

(
d1 + d2 +

d3
2

)

ESMADT
d1 + ESMAT

d2 + ESMADT
d3

(5)

If the element was completely released, stress due to bending deformation (Figure 3 (c))
would be introduced. The bending would introduce a moment, Mb, in the opposite direction of
the initial moment, M. A schematic of this stress distribution can be viewed in Figure 3 (d).
Equivalent moments would result in equilibrium within the structure. Choosing the y-axis for
the bending moment, as shown in Figure 3 (c), the bending moment would be [12]:

Mb =

∫ −(t1+t2−c)+d3

−(t1+t2−c)
by
(
− σc − ε1ESMAT

+ κESMADT

(
y + (t1 + t2 − c)− d3

))
dy (6)

+

∫ −(t1+t2−c)+t1

−(t1+t2−c)+d2+d3

by
(
σc − ε1ESMAT

+ κESMADT

(
y + (t1 + t2 − c)− d2 − d3

))
dy

+

∫ −(t1+t2−c)+d2+d3

−(t1+t2−c)+d3

ESMAT
κb · y2dy +

∫ c−t2

c
ESiO2κb · y2dy

Denoting the major terms of the equation, κ represented the curvature of the overall element.
σc represented the critical stress before detwinning of the crystalline structure, and c (distance
between the neutral axis and the exterior surface of the thin-film layer) could be calculated using
a weighted method expression similar to that of equation (5).

The combination of equations (4) and (6) could solve for the curvature of the SMA element.
Referring to Figure 2 (b), where the austenite elastic modulus was deemed to be constant, the
curvature of the SMA element once heated to martensite phase (κA) was found to be [12]:

κA =
6St2

(
t1 +

ESiO2
ESMAA

t2

)
(t1 + t2)

ESMAA

(
ESiO2

ESMAA
(t1 + t2)2 + t41

(
1− ESiO2

ESMAA

)) (7)

Thus, the stroke between the heated and ambient temperature state was expressed [12]:

SSMA SiO2 = δLowTemp − δHighTemp (8)

SSMA SiO2 =
1

κ

(
1− cos(lSMAκ)

)
− 1

κA

(
1− cos(lSMAκA)

)
(9)

The length of the SMA element, lSMA, and the deflection of the SMA element at low/ambient
(δLowTemp) and high temperatures (δHighTemp) (with respect to a flat line with zero curvature)
were terms required for the derivation of the expression. The effect of these temperatures on
the SMA element can be seen in Figure 4.

6
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Figure 4: Deformation of SiO2 and SMA element at low (T < Mf ) and high temperatures (T > Af )

3 SMA ELEMENT FORCE MEASUREMENTS

To measure the performance of the SMA element stroke used in this actuation procedure,
a setup was assembled. A sensor output a voltage signal, with a sensitivity of 2.4 mV/mN,
over a measurement range of 0 - 1000 mN. The sensor was positioned on two linear stages, set
in an orthogonal configuration. The procedure of the measurement experiment firstly required
the adjustment of the force centering ball to be in line with the top edge of the SMA element.
This reflected the force to be imposed by the inner ring or the inner frame of the quadristable
system, on the SMA elements. The SMA elements were to be positioned so that approximately
0.4 mm of the length of the SMA elements were above the surface of the quadristable frame.
Thus, using the top edge of the SMA element for the force measurement proved to be useful
data in approximating the stroke measurements within the quadristable system [11].

Once the centering ball was positioned, the ball was slowly moved towards the SMA element,
until a change in the force sensor’s output voltage was recorded. At this point, it was acknowl-
edged that the ball was in contact with the SMA element. Next, a red laser of wavelength 660
nm and power 100 mW was switched on, to heat the SMA element [11]. Due to optical heating,
the SMA element proceeded through a phase transformation to austenite. The SMA element
became flat and perpendicular with respect to the support on which it was vertically positioned.
Consequently, the recovery action of the SMA element exerted a force upon the centering ball.
The laser continued to stay on, while the force sensor moved away from the SMA element, until
no output voltage was recorded. From this experiment, the total movement of the force sensor
could be considered as the SMA element stroke, as seen through the relationship in Figure 5.

Figure 5: SMA element force vs. displacement results [11]

7
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As it can be concluded from the results of an SMA element with an 8 µm thick SiO2 layer,
from an initial output force of 290 mN, there was a force present until the sensor was 300 µm
away from the sensor. Thus, this value could be considered as the stroke of the SMA elements
to be used in the quadristable system.

4 INTEGRATION OF SMA ELEMENTS INTO QUADRISTABLE STRUCTURE

4.1 Design and micro-fabrication of quadristable micro-actuator

The main goals when designing the actuator were to obtain a structure that could easily
perform the action of micro-conveyance with the help of SMA elements, and to demonstrate
the ability to wirelessly activate these SMA elements. Thus, the constraints of the design were
to have a lightweight, flat frame that could hold multiple stable positions. The outcome was a
silicone quadristable system as shown in Figure 6 (a) - (b), connected via silicone beams.

Figure 6: (a) Pre-load of quadristable mechanism based on antagonistic pre-shaped double beams; (b)
Fabricated quadristable actuator on silicon wafer before pre-load

When the outer and inner frames of the quadristable actuator were permanently fixed to-
gether, using cyanoacrylate glue, the pre-load of the quadristable mechanism was conducted.
This was based on the antagonistic properties of the pre-shaped double beams. The outer row
would always display the same side of stability, whereas the actuation of the inner frame could
be conducted regardless the stability of the outer frame. However, the output force of the ac-
tuation would be different, depending upon the stability of the quadristable system. This force
provided by the pre-load allowed the SMA elements to perform the system’s actuation.

Fabricating the quadristable micro-actuator required great precision and accuracy. Obtain-
ing bistable beams of the correct thickness was of great importance, since thin beams would
hamper the stroke range of the actuator. As well, to obtain the symmetrical output force of
antagonistic pre-shaped double beams, the beams within the entire frame needed to possess the
exact same shape. Thus, the deep reactive ion etching (DRIE) technique was used to fabricate
the quadristable frame and bistable beams, with the silicon-on-insulator (SOI) wafer [11].

Once the micro-fabrication was complete, six bistable beams of length 8 mm and thickness
25 µm, respectively, were created. A central ring of diameter 1 mm provided a link between the
inner bistable beams, allowing for the bistable properties between the two antagonistic inner
beams to be exposed. The four outer beams were connected by thin silicone rods, to the inner
bistable frame. This would ensure that stability on the outer beams would reflect the bistable
and antagonistic properties of the inner frame, as shown in Figure 6 (b).

8
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4.2 Integration of SMA elements

Once the thin-film processing of Nitinol SMA elements was conducted, they were ready to
be integrated within the quadristable system. A support made from PMMA plastic was glued
to the bottom of the quadristable frame, and positioned in a manner to impose the necessary
forces required for actuation of the silicone beams.

Before inserting SMA elements into their respective positions, they were laser cut to the
dimensions of 0.1 × 1 × 3 mm. The heat-affected zone during laser cutting was found to be
less than 10 µm, which was deemed insignificant as compared to the size of the SMA element.
Therefore, there was no issue with regards to the laser cutting process impeding the performance
of the shape memory effect. Once the laser cutting was completed, the SMA element was pickled
in hydrofluoric acid to improve the surface conditions for thin film deposition. Next, the SiO2

was deposited on the SMA elements, using the technique of magnetron sputtering of a silica
target with an argon plasma. This process was conducted at a pressure of 1 Pa, an RF power of
300 W, and a growth speed of approximately 2 µm per hour [11]. Once completed, a deposited
thickness of 8 µm was achieved, allowing for strong compressive stresses to perform the role of
a biasing spring throughout the cooling scenarios of the optically-based actuation.

Referring to the experimental force measurements of the SMA elements, it was found that
the stroke value of 300 µm would only apply to the SMA elements within the inner bistable
frame. This is because the bistable beams were found to have a total stroke of 300 µm. On the
other hand, the entire bistable frame (quadristable beams) was found to have a total stroke of
200 µm. Thus, to avoid a load effect and exaggerated actuation causing the beams to break, the
unheated SMA elements were kept at a distance of 20 µm from both the bistable beams and
the inner bistable frame. As well, considering the Timoshenko-based mathematical model for
the design of the quadristable actuator, an output force of approximately 15 mN was required
for the actuation of each row. This force was easily met by the force vs. displacement results of
the SMA elements. In conclusion, the stroke of the SMA elements was strong enough to switch
the stability of the quadristable frame from one position to another, in the setup constructed
for the integration of the SMA elements.

5 EXPERIMENTAL TEST AND RESULTS

The final step in the completion of the article was the analysis of data collected through
experimentation. The quadristable structure was wirelessly actuated to determine the strokes of
the inner bistable beams and the bistable frame. Using a laser with the same characteristics as
the one used for the theoretical stroke measurements of the SMA elements (P = 100 mW, λ =
660 nm), the beam was firstly positioned upon an optical beam steering micro-mirror / MEMS
mirror with a diameter of 2 mm (S1492, Mirrorcle Technology) [11]. As shown in Figure 7, the
MEMS mirror could rotate within a range of 5o, in a computer-controlled environment. The
laser beam also passed through three different lenses of different focal lengths, in order for the
diameter of the laser beam to be correctly focused upon the SMA element. It was predicted that
the laser beam would exhibit elliptical characteristics, when focused upon the SMA elements.

In terms of optically heating each respective SMA element, the MEMS mirror was angled
in order to focus upon each SMA element in a timed cycle. As shown in Figure 7, the SMA
elements were positioned under the quadristable structure using a fixed PMMA support.

9

1618



Hani Al-Hajjar, Santiago V. Bayona, Siddhant P. Chandgadkar, Xingxing Liu,
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Finally, measuring the stroke of the SMA elements was performed using a fibre-optic sensor.
A small prism with reflective properties was positioned upon the inner ring of the quadristable
system. Then, a fibre-optic sensor was positioned in front of the mirror. This sensor would
output a voltage, which was converted to a displacement value using a mathematical relationship
determined during calibration exercises of the sensor.

Figure 7: Experimental setup for wireless actuation of quadristable micro-actuator [12]

In terms of other control variables for the experiment, the heating and cooling durations of
the SMA elements were timed at four seconds for the inner bistable row, and eight seconds for
the outer row. This ensured that the SMA elements and the bistable beams / frame would be
able to stabilize before another switch in stability. Even though the snap duration was timed to
be less than 20 ms, these heating and cooling duration cycles provided enough time to observe
the properties and for the distance sensor to register the change in the voltage values, after a
slight vibration in the quadristable system.

After 4000 heating-cooling cycles, the inner stroke was found to be (267 ± 3) µm, while the
outer row stroke was found to be (187 ± 2) µm. Also, the SMA elements and quadristable
structure were found to be in a satisfactory physical condition. The thin-film deposition on
the SMA element did not appear to be severely cracked, since the actuation of the system over
several cycles did not skew the results (the uncertainty includes the difference between several
averaged actuation exercises). A comparison between the theoretical stroke of the SMA elements
and the experimental stroke can be found in Table 1.

Table 1: SMA elements’ stroke measurement results

Theoretical Stroke (µm) Experimental Stroke (µm)

Inner Row 300 267 ± 3

Outer Row 200 187 ± 2

Analyzing the differences between the experimental and theoretical stroke values, the gluing
process between the inner and outer frames of the system may have affected the overall rigidity
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of the system and susceptibility to movement/actuation. As well, the weight of the reflective
mirror on the inner ring may have also required a greater force to be exerted by the SMA
elements, on the inner bistable beams, for actuation. Finally, miniscule cracks within the thin-
film SiO2 deposition layer may have reduced the effect of pre-load by the SMA elements upon
the system. Therefore, over time, the biasing spring characteristics of the deposition layer may
have worn off, resulting in a smaller experimental stroke for the inner row. A representation of
the actuation of the quadristable micro-actuator can be seen in Figure 8.

Figure 8: (a) Top angle view of quadristable frame and SMA mount; (b) Side view when inner and
outer rows in right stable position; (c) Side view when inner and outer rows in left stable position

6 CONCLUSION

The purpose of this article was to identify the design, characterization and implementation
of shape memory alloy elements’ theory within an optical wireless quadristable actuator. Fab-
ricated using the DRIE technique on SOI wafer, the micro-actuator was formed by connections
between bistable and quadristable beams. These beams switched between stable positions with
the assistance of SMA elements, laser heated to actuate the system. The SMA elements pos-
sessed an SiO2 layer, which acted as a biasing force in a two-way memory effect property of the
SMA elements. Three lenses, a MEMS mirror and a laser diode provided the correct setting to
actuate the quadristable system. Errors found within experimentation included gluing proper-
ties and fatigue/stress of the beams and SMA elements. Further research will be conducted to
minimize the errors during actuation. Suggestions include reducing the weight of the reflective
mirror on the ring, diminishing the usage of cyanoacrylate glue in the system, and limiting the
surface area of the thin-film SiO2 layer to improve the speed of the shape memory effect within
the system.
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Abstract. This paper proposes an approach, which transfers requirements list into a flexible 
mesh. The flexible mesh contains of requirements and relations as objects. The mesh is able to 
analyze a huge number of requirements and its relations. In comparison to requirement lists, 
the usage of the mesh is more flexible: There are possibilities to categorize, to implement 
changes and to identify critical and high-connected objects for deeper analysis. The mesh, 
through reuse and learning capability, can be an attractive support for requirements 
management, especially for small and medium-sized companies, that do not want to or cannot 
use extensive established software for their requirements engineering. 

1 INTRODUCTION 
Today the development effort of high-tech systems like smart mechatronic products and 

Cyber Physical Systems (CPS) is increased by technical and organisational complexity [1, 2]. 
Different development approaches try to handle the complexity as well as the interdisciplinary 
and internationally disturbed development process. Examples for development approaches are 
Systems Engineering [3, 4, 5, 6] or the mechatronic V-model, described in the guideline 
VDI2206:2004 [7]. Both approaches aim to unite the languages and methodologies of different 
disciplines. Target of the development approaches is System Integrity, which means that 
technical, schedule and financial aspects are in balance during the whole project and especially 
at decision gates at the end of the different milestone phases [6].  

At the beginning of each development process, not important which development approach 
is followed, requirements are focussed [6, 7]. Requirements Engineering means the elicitation, 
management and documentation of all requirements, which are necessary to develop the target 
product [8]. Requirements should include all information from every relevant stakeholder about 
the expected product. They are basis for verification and validation, which means to examine 
whether the system is built right (verification) and whether the right system is built (validation) 
[6]. A verified and validated system fulfils all the requirements.  

The Standish Group 2011 study [9] shows the importance of Requirements Engineering for 
the development of smart technical systems. Insufficient knowledge in the area of requirements 
and insufficient clarification are two of the main reasons for the non-fulfilment of project 
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objectives [9, 10]. The study shows the need for increased frontloading to enhance 
Requirements Engineering. 

Intention of this paper is to describe the idea and the ongoing development of a flexible mesh 
as a basis for structuring and handling requirements for the development of smart technical 
systems. The aim of the tool is to create opportunities especially but not only for Small and 
Medium-sized Enterprises (SME) to analyse the requirements of an individual project. The 
advantage of the flexible mesh tool is in the depiction of the relations between the different 
requirements. In addition to attributes, which are described in requirements lists as well [11], 
the analysis of relations provide further information about the importance and criticality of 
requirements. This overall analysis of relations between requirements, accomplishes the 
realization of the idea of Systems Thinking [6, 12].  Especially in large projects with high 
uncertainties, this early investigation and identification of critical requirements can be useful to 
prioritize the Work Breakdown Structure (WBS) for the project and to overcome the critical 
aspects. This can mean both negative risks and positive opportunities [6].  

2 STATE OF THE ART 

2.1 Requirements Engineering 
Requirements Engineering (RE) already is an important topic in industry [2]. RE defines the 

needs of the customer and any additional stakeholder for the system which should be developed 
and translate the needs and wishes in technical and formal written requirements [6]. Most of 
the costs of a development project are defined in the early requirement stage of the development 
process [6]. Therefore requirements are collected in structured lists, which are clustered in 
different categories [13]. These categories should support the user in identification by 
associations as well as in structuring. The different key activities of Requirements Engineering 
are illustrated in Figure 1. 

 

 
Figure 1: Key activities of Requirements Engineering [8] 

 
Companies elicit and document requirements with different methods in diverse software 

tools. Examples are IBM - Rational Doors, Magic Draw, ReqSuite or Omnitracker. Because of 
high costs for the software tools and high complexity in the application, SME ordinarily use 
standard office tools like Microsoft Word or Microsoft Excel to work with their requirements, 
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although the number of requirements is frequently high [14]. This handling in unspecific tools 
leads to a light-minded dealing with the topic of requirements engineering. The structure of 
Pahl/ Beitz feature list [13] is usual to categorize and to classify the requirements especially for 
mechanical products. Instead of handle requirements for the development, many companies just 
use the Requirements Engineering for documentation.  

2.2 Dependencies between requirements 
The main quantity of all requirements is not independent. The requirements for the overall 

system cannot be fulfilled by individual satisfaction of all the individual requirements. 
Requirements are connected in different ways and have influences on each other in direct or 
indirect relations. These influences are often not intended and partially not identified by the 
stakeholder, that formulates requirements. Dependencies of requirements influence the whole 
development process for smart interdisciplinary systems. Especially topics as change 
management, reuse of components or functions, design and implementation can depend in a 
high level on the relations of requirements [15]. As described in [16], Requirements 
Engineering and thus also the use of requirements management tools like the flexible mesh, 
should be considered in an extended part of the development process. In [16] this is explained 
for the mechatronic V-model of VDI 2206:2004. Requirements Engineering should follow the 
whole V-model with a parallel process to the development progress [7]. 

2.3 SysML Requirements diagram 
The SysML requirements diagram is specified in Systems modelling Language (SysML) 

1.3: SysML provides modelling constructs to represent text-based requirements and relate them 
to other modelling elements [17, 18]. The requirements diagram can depict the requirements in 
graphical, tabular or tree structure format. A requirement can also appear on other diagrams to 
show its relations to other modelled elements. The requirements modelling constructs are 
intended to provide a bridge between traditional requirements management tools and the further 
SysML models [19]. Most important is the connection to the block definition diagram (bdd), 
which assigns the requirements to systems, subsystems or elements that fulfil or is in an 
important interconnection with the requirement [17]. By defining the architectural structure of 
a system, the requirements were allocated to elements and subsystems. SysML requirements 
diagram (req) in different system levels and in divers granularities help to understand interfaces 
and definitions of different parts of the system. 

3 DEVELOPMENT OF THE FLEXIBLE MESH 
The flexible mesh is built in a simple structure as a java-based tool: The object-orientated 

implementation bases on three main classes: First and most important is the requirements class, 
which describes the requirement and its attributes. Additionally the relations class extends the 
flexible mesh by the description of different kinds of relations. The classes are described in 
details in section 3.1 and section 3.2. A third class, not necessary for the content but for the 
realization and application of the mesh, includes the code for visualization of the user interface 
and the controlling of the whole program. All generated objects no matter whether requirement 
or relations are numbered by an individual and unique integer for identification. The objects are 
placed and saved in an array or a list (depends on implementation).  
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The structure of the mesh is shown in Figure 2. The UML class diagram describes the 
different attributes and methods of the first version. The visualization class is also responsible 
for controlling and starting the mesh and exists only once. All methods are allocated at this 
class. The number of object created by the requirements class is theoretically unlimited. Every 
relation object that exists has to be connected with two requirements objects. The number of 
relation objects for a requirement object is also unlimited.  

 
 

Figure 2: Exemplary UML-class diagram of the basic structure of the flexible mesh tool in an early version 

3.1 Description of requirement class 
Different categories, which are used to structure the classic requirements list, can be 

transferred to the flexible mesh to filter the whole requirements portfolio and enhance the 
possibility to have different views at the flexible requirements mesh [12]. For the first version 
of development of the flexible mesh, requirements class will base on attributes of Pahl/ Beitz 
[13]. That means all the descriptive attributes from the four categories content, identification, 
retracing and organization, which are illustrated and described in more details in Figure 3. 
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Figure 3: Structure of a requirements list [13] 

In addition to the categorization of the relations, these get descriptions of force and direction. 
This feature is not implemented at the first version, because the possibility rating the different 
relations in an individual comparison has to be checked first. This implementation would 
enlarge the users input to an unacceptable level. 

3.2 Description of relations class 
The description of the relations class is based on references from Pohl [20] und Dahlstedt 

[21]. They analysed different ways of interconnections between requirements and classified the 
possible relations in categories. It is important to understand, that all this requirements are 
focussing interdependencies between each other. Relations to other formalised objects e.g. parts 
of the system or functions are not included in the analysis. That means there is a differentiation 
to SysML requirements diagram. It is rather IBM rational doors, which inspire the flexible 
mesh. The structure of Pohl [20] is shown in Figure 4.  
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Figure 4:Categorisation of dependency type by Pohl 1996 [20] 

To identify a differentiated, tailored and updated categorization, a graph with all possible 
and established relations is built in the first step [15]. A comparison with the requirements for 
the design of the flexible mesh is made to reduce the number of possible relations. The number 
of different relations should not be that high as at Pohl’s categorisation, because the 
implementation of the relations between the requirements is not automated in the first versions 
of implementation of the flexible mesh. The effort for building a holistically matrix is very high. 
The user has to check the square of the total number of requirements. 

An important addition to the all the dependency types in literature, the type unknown is 
added for the flexible mesh. This is important to implement relations for example at the 
beginning of the project, where are no more detailed information at that status of development. 
The final categorisation for the first version of the flexible mesh is shown in Figure 5. In this 
case, no relation can assume more than one characteristic. It is possible to have two different 
types of relations between two requirements. These cannot be low-level characteristics. For 
example, an “and-” with an “or-relation” cannot exist between the same two objects in parallel, 
because this would be contradictory. 
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Figure 5: Types of relations between requirements in the flexible mesh 

 

4 APPLICATION OF THE FLEXIBLE MESH FOR DEVELOPMENT OF SMART 
INTERDISCIPLINARY SYSTEMS 

For the use of the flexible mesh, some conditions have to be fulfilled. The mesh does not 
support in the elicitation of requirements. The technical formalised requirements are the first 
input for the mesh. The transfer from different MS excel columns to attributes is easy to realize. 
The identification of relations in a matrix between the requirements needs intensive work by 
interdisciplinary product experts. This matrix is named “Requirements structure Matrix” 
(RSM). The different types of connections are entered here with letters. 

4.1 Integrate Requirements 
Important for effective use of the flexible mesh is the possibility of reuse requirements and 

relations from a database. This applies both to the description of requirements, and to the 
reconciliation of relations between the requirements. The user interface of the software should 
support the user with drop-down suggestions to use the same description as in a former project. 
The individual description by details is still necessary, but much easier as without information. 
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4.2 Structure Requirements 
The structure of requirements is a basic property of the mesh. The mesh have to be able to 

document all the requirements in the same way as a requirements list. Therefore the categories, 
explain in the sections before, are implemented as an attribute for every object. Simple 
algorithms are able to sort the requirements by those categories, independent or dependent from 
relations or other attributes. This structuring could help to improve the development in different 
disciplines and to identify interfaces during the project. 

4.3 Analyse Requirements 
Analysing the flexible mesh means to identify numerical data. For example, the number of 

relations connected to one requirement is a hint for complex fulfilment of the requirement or 
for the importance. Requirements with no relations should be investigated: This could be a sign 
for extremely high or low importance of the requirement.  

4.4 Maintain Requirements 
An important goal of the flexible mesh is to have the possibility to implement changes during 

the development process. The addition or deletion of a requirement can influence other 
requirements. This analysis is an advantage of the flexible mesh. Changing the attributes and 
relations of a requirement is default and easy to handle. 

5 CONCLUSION AND OUTLOOK 
The most important benefit of the mesh is not a flexible structure, but flexibility in using the 

mesh for individual and clear structured Requirements Engineering. Aim of the flexible mesh 
of requirements is a tool to structure, analyse and maintain requirements in a development 
project. It should be able to extract critical requirements and identify the core requirements, 
which have the strongest interconnection to each other. Later on in the development process, 
there should be the possibility to illustrate which requirements are verified and connect them 
with a testing procedure and the following individual testing-results to use the mesh as a kind 
of checklist. The proposed flexible mesh is used as an instrument for testing and validating 
research work, which concerns elicitation, the structure and the implementation of changes 
during product engineering process. The mesh provides a flexible tool to handle requirements 
for interdisciplinary systems. In future work the approach should be validated and expanded for 
a higher number of requirements in complex systems. 

Three key advantages are listed hereafter: 
- Open source software for application in teaching and industry, especially for SME 

instead of using MS-Office tools 
- Consideration of relations between requirements and first indications to learn more 

about influences of requirements 
- Identification and possibility of analysis of requirements with high number of relations 

 
Four key challenges and main research topics are listed below: 
- High effort in implementing requirements and relations  
- Reuse of requirements and relations from a connected database have to be tested and 
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validated 
- Development of useful algorithms for structuring and analysis of different effects of 

dependencies 
- Willingness for structured handling of requirements during the development process in 

companies 
Whether the network has a real benefit for the economy must show itself in the application. 

In principle, it is to be developed and implemented for SME. However, first it is the basis for 
scientific investigations with regard to the relationship between requirements. 

The development and implementation of the mesh is in progress, what means that many of 
the ideas in this paper are not realized or validated at this time. This work is still in progress: It 
will enrich understanding and knowledge about Requirements Engineering and the usage of 
requirement tools and methods for the development of smart interdisciplinary systems. 
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Abstract. Periodic structures act as mechanical filters for elastic wave propagation, therefore
they can be used to attenuate vibrations within precise frequency bands, that are known as band-
gaps. Nowadays, the design of such structures is faced using dispersion band-maps: varying
the system parameters, one can figure out how position and width of the attenuation regions
move. However, this approach is not satisfactory, being the solution based on the designer
experience. Furthermore, it is impossible to make considerations about its optimality. In this
paper, a new method is proposed, providing an optimal solution in the sense that the designed
structure exhibits the maximum attenuation at the desired frequency, under certain physical and
geometrical constraints. Starting from waves reflection and transmission coefficients, a purely
analytical model for rods and beams design has been developed. The design of band-gap position
has been decoupled from its magnitude of attenuation by means of a corrective factor depending
on how a wave is bounced at cells interfaces. Plus, the same model has been used to predict the
position of the neighboring band-gaps. As a result, dispersion band-maps are needed just for
optimality check, but not for design purposes. In order to validate the model, a passive periodic
structure has been manufactured, and experimental response is compared to the analytical one.

1 INTRODUCTION

Periodic structures are the repetition in space of a fundamental block of matter, called unit
cell, characterized by internal variations of geometrical and/or elastic material properties. The
mechanical mismatch affects the wave propagation: every time a discontinuity is present, part
of the incoming wave is reflected while only the remaining part is transmitted. The global be-
havior along the structure shows wide frequency ranges were waves are canceled by destructive
superposition [1]: these are the generally called band-gaps. Nowadays, the choice of the geomet-
rical parameters is a trial-and-error procedure: non-dimensional parameters allow to decrease
the number of variables to be handled [2]. Moreover, such parameters are varied in order to
show how the attenuation regions move in the frequency domain. The correspondent diagrams
are known as band-maps [3]. In this way, one can easily choose a set of geometrical properties
in order to attenuate a target frequency band, but nothing can be said about its optimality.

1
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The maximization of band-gap width and magnitude of attenuation in 1D-2D and 3D periodic
structures is a well known challenge and object of research [4]. An optimal way in order to reach
this target onto 1D structures (rod and beam cases) is provided in this paper. An analytical
formulation is used, based on how the waves are reflected in presence of a mechanical impedance
mismatch.
At first, the mathematical tools needed for the structural optimization are presented. In partic-
ular, the transfer matrix method allow to study the attenuation properties of a unit cell, while
reflection and transmission matrices are used to modify the design procedure. Subsequently,
an algorithm for tuning the band-gaps position at the desired frequency, and at the maximum
attenuation point, is presented for the rod and beam cases. Finally, the frequency response of a
periodic beam has been measured in order to validate the design process.

2 TRANSFER MATRIX METHOD

The transfer matrix method is a mathematical tool that allows to study the wave propagation
behavior of a periodic structure just referring to its unit cell. The transfer matrix [T ] links the
left and right state vectors u, which contain displacements and forces at boundaries [5]-[6]. For
the sake of simplicity, here only the formulation for a rod is presented, but a similar procedure
exists for beams (and even more complicated case-studies such as multi-dimensional structures).
The standing wave solution for longitudinal wave propagation along a rod is expressed by the
following relationship:

u (x) = a1e
−jκx + a2e

jκx (1)

where κ is the wavenumber and a1,a2 are the wave amplitudes. Left and right displacements u
can be written in matrix form:

d =

(
u (0)
u (L)

)
=

[
1 1

e−jκL ejκL

](
a1
a2

)
= Hdc (2)

Furthermore, using the elastic constitutive laws for a rod, forces at boundaries are:

f =



−EA

∂u (0)

∂x

EA
∂u (L)

∂x


 =

[
jκ −jκ

−jκe−jκL jκejκL

](
a1
a2

)
= Hfc (3)

where L is the length of the rod element, E is the Young’s modulus and A is the cross-section
area. Inverting Equation 2 and substituting into Equation 3, one gets a closed form of the
dynamic stiffness matrix for a rod:

HfH
−1
d d = f D = HfH

−1
d → D =

EAκ

sinκL

[
cosκL −1
−1 cosκL

]
=

[
DLL DLR

DRL DRR

]
(4)

Enforcing continuity of displacements and force equilibrium gives the transfer matrix [T ]:

{
uR,i = uL,i−1

FR,i = −FL,i−1

→ T =

[
−D−1

LRDLL D−1
LR

−DRL +DRRD
−1
LRDLL −DRRD

−1
LR

]
(5)

2
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where: (
uL,i+1

FL,i+1

)
= [T ]

(
uL,i
FL,i

)
(6)

The coupling of two different rod elements introduces a mechanical impedance mismatch within
the unit cell. The global transfer matrix is therefore:

[T ] = [T1][T2] (7)

Equation 6 describes how a perturbation is transmitted from the left to the right side of a cell.
Thus, it contains information regarding attenuation and propagation properties of the system.
Floquet-Bloch theorem links the eigenvalues of the transfer matrix to the wave propagation
properties [7]: {

ui+1 = Tiui
ui+1 = λiyi

(8)

where λi = ejµ = ej(α+jβ)L is one eigenvalue1 and µ = κL is the propagation constant that
in general is complex: the real part is the phase of the wave within L while the imaginary
part provides the wave decay between left and right boundaries. The relation between µ and
ω is represented by the dispersion diagram, separating real part (propagation) and imaginary
part (attenuation). ζ, Ω and Λ are the non-dimensional parameters that are chosen in order to
decrease the number of variables involved [2]-[3]. For the rod case:

ζ =
A2

√
E2ρ2

A1
√
E1ρ1

Ω = κ1L1 Λ =
κ2L2

κ1L1
(9)

ζ is the mechanical impedance mismatch, Ω is the non-dimensional frequency, Λ is the non-
dimensional length ratio. Different parameters are chosen for beams:

ζ = 3

√
J2
J1

Ω = κ1L1 Λ =
L2

L1
(10)

3 REFLECTION AND TRANSMISSION

Wave reflection and transmission at interfaces plays an important role in periodic structures:
wave superposition is responsible of the filtering effect, i.e. the higher the portion of wave
that is reflected, the stronger the attenuation within a band-gap. Also the phase of reflected
waves affects this superposition phenomenon. Rod and beam reflection coefficients are evaluated
considering an infinitely long structure.

Incoming wave reflected wave transmitted wave

u1

ai ar
at

k1
k2

u2

Figure 1: Waves involved in reflection and transmission mechanisms.

1This is a mono-coupled system then only a couple of eigenvalue exists. Furthermore, thanks to the symplectic
nature of the transfer matrix, such eigenvalues are in reciprocal couple [8]-[3].

3
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Figure 2: Rod reflection coefficient, varying ζ. Magnitude on the top, phase on the bottom.

3.1 Rod

Referring to Figure 1, the wave solution for the left part (u1) is made of an incoming term plus
the reflected one. For the second trunk a rightwards propagating term (u2) is assumed.

{
u1 = aie

−jκ1x + are
jκ1x

u2 = ate
−jκ2x

(11)

Imposing continuity of displacements and forces equilibrium, one can find the transmission and
reflection coefficients:

R12 =
ar
ai

=
1− A2E2κ2

A1E1κ1

1 +
A2E2κ2
A1E1κ1

=
1− ζ

1 + ζ

T12 =
at
ai

=
2

1 +
A2E2κ2
A1E1κ1

=
2

1 + ζ

(12)

Looking at Figure 2, one can notice that ar/ai and at/ai are purely real and independent from
the excitation frequency, and the phase shift is always 0 or −π for a wave at the interface. At
increasing mechanical impedance mismatch, the amplitude of the reflected wave approaches to
100% of the amplitude of the incoming one.

3.2 Beams

A similar procedure for the reflection and transmission coefficients is used for beams [1]:

w1(x, t) = a+e−jκ1x + a−ejκ1x + a+Ne−κ1x + a−Neκ1x

w2(x, t) = b+e−jκ2x + b+Ne−κ2x
(13)

where a and b are wave amplitudes. Superscripts + and − denote left and right propagating

4
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waves, while subscript N denotes a naturally damped wave2. Displacements w, rotations θ,
bending moments M and shears T are written in a compact way:

(
w1(0)
θ1(0)

)
=

[
1 1

−jk1 −k1

]
· a+ +

[
1 1
jk1 k1

]
· a− = [A] a+ + [B] a−

(
w2(0)
θ2(0)

)
=

[
1 1

−jk2 −1k2

]
· b+ = [C] b+

(14)

(
M1(0)
T1(0)

)
= E1J1k

2
1

([
−1 1
−jk1 k1

]
· a+ +

[
−1 1
jk1 −k1

]
· a−

)
= [D] a+ + [E] a−

(
M2(0)
T2(0)

)
= E2J2k

2
2

([
−1 1
−jk2 k2

]
· b+

)
= [F ] b+

(15)

where J is the cross section inertia modulus. The amplitude vectors are:

v− =

(
v−

v−N

)
v+ =

(
v+

v+N

)
(16)

Displacement and rotation continuity, bending moment and shear equilibrium at interfaces allow
to solve for a− and b+: {

[A] a+ + [B] a− = [C] b+

[D] a+ + [E] a− = [F ] b+
(17)



a− =

(
[E]− [F ] [C]−1 [B]

)−1 (
[F ]

[
C−1

]
[A]− [D]

)
a+ = [R] a+

b+ =
[
C−1

]
[A] +

[
C−1

]
[B] [R] a+

(18)

A compact formulation of Equation 19 gives the reflection matrix [R] and the transmission
matrix [T ]:

(
a−

a−N

)
=

[
Rpp Rpa

Rap Raa

](
a+

a+N

)
= [R]

(
a+

a+N

)

(
b+

b+N

)
=

[
Tpp Tpa

Tap Tpp

](
a+

a+N

)
= [T ]

(
a+

a+N

) (19)

Naturally damped waves (denoted by subscript N) and propagating waves are generated both
in left and right direction in correspondence of an impedance mismatch. Subscript p, a denotes a
propagating wave generated by a damped one. Figure 3 shows that the phase shift for beams is
varying with the geometrical and elastic impedance mismatch. This fact influences the amount
of attenuation and band-gaps width, introducing a further degree of complexity in the design
problem.

2An Euler Bernoulli beam is a bi-coupled system, thus there are two pairs of counter propagating waves. It is
possible to notice that a pair of waves is always attenuating at all the frequencies [5].

5
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Figure 3: Reflection coefficient Rpp, varying ζ.

4 DESIGN

It is possible to tune band-gaps central frequency position using the following relation:

π + kπ = αL =
2π

λ(ω)
L →

{
L1 =

(1+k)
4 λ1(ω)

L2 =
(1+k)

4 λ2(ω)
(20)

where λ is the wavelength. Attenuation is achieved when the real part of the propagation
constant (µ = α+ jβ) is π and its multiples. Equation 20 means that the phase of the wave lies
half within the first part of cell and the remaining half within the second one. The total phase
within the cell is therefore π and multiples. Evaluating L1 and L2 with this method, the position
of the kth band-gap is centered around the desired tuning frequency. The inversion of Equation
20 gives the frequencies at which the other kth band-gaps are centered, having L1, L2 fixed.
Band-maps for rods and beams are evaluated considering the imaginary part of the propagation
constant given by the Transfer matrix method.

4.1 Rod

Non-dimensional parameters variation demonstrates the optimality of the solution. The band-
gap central attenuation is maximized using odd values of k, while using even ones it vanishes:
the first vertical dashed line in Figure 4 correspond to the tuning frequency, using k = 1. The
others are evaluated inverting Equation 20, imposing L1 and L2 and solving for ω. This show
the periodic nature of the optimal point. Furthermore, the higher the L2 value, the lower
the canceled frequency, because a lower wavelength matches L2. Figure 4 shows that more
band-gaps appear in the same frequency range in this case, but the provided attenuation is
not maximum, until L2

L1
= 3, 5, 73. In general, the higher the number of cells, the higher the

attenuation throughout the structure. Thus, it is better to keep as low as possible the unit
cell length. In Figure 4(b) L1 and L2 are recomputed every time the mechanical impedance

3I.e. when the dashed lines are crossing at each others.

6
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(a) (b)

Figure 4: Non dimensional band-maps for rods. Figure 4(a) Λ-Ω with ζ = 4, Figure 4(b) ζ-Ω.

mismatch is changed. As a result, the tuning process is decoupled from the choice of ζ that has
to be maximized in order to get the highest and widest possible attenuation4.

4.2 Beam

The same approach presented for rods is exploited, using even values of k5. The resulting tuning

Figure 5: Non-optimal tuning.

process is described by the dashed line in Figure 5. In this case, the proposed algorithm is not
able to give the optimality point. For this reason, a corrective factor that depends on the

4I.e. the amplitude of the reflection coefficient has to be maximized enhancing wave cancellation by superpo-
sition

5For the beam, odd values of k provide a narrow band, while even ones give wide and strong attenuation.
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reflection coefficient Rpp has been introduced:

π + kπ =
2π

λ
L+∆φ →

{
L1 =

λ1(1+k)
2 − ∆φ1

2π

L2 =
λ2(1+k)

2 − ∆φ2

2π

(21)

Where ∆φ1 and ∆φ2 are expressed as follows:

∆φ1 = −π

2
− ∠Rpp,1to2 ∆φ2 = −π

2
− ∠Rpp,2to1 (22)

where subscript 1to2 denotes the transition from the left beam element to the right one and
vice-versa, for subscript 2to1. The correction allows to improve waves destructive interference,
canceling the effect of the variable phase shift onto the tuning process. In Figure 6(a) the
optimal attenuation point is restored at the desired frequency. Figure 6(b) shows that the

(a) (b)

Figure 6: Non dimensional band-maps for beams. Figure 6(a) Λ-Ω having ζ = 4, Figure 6(b)
ζ-Ω.

width and magnitude of attenuation is decoupled from the choice of band-gap central frequency,
recomputing L1 and L2 when ζ is varied. The first attenuation zone is an exception. This is
attributed to the presence of naturally damped waves generated in the reflection process, for
which the decay is not enough along the first beam element. In fact, when the wave hits the
neighboring interface, it generates a further set of waves that modify the filtering behavior of
the periodic structure.

5 EXPERIMENTAL VALIDATION

In order to validate the design process, a periodic beam made of aluminum is manufactured.
Maximum and minimum allowable height have been set based on physical constrains such as
maximum transversal dimension, static resistance (minimum section) and total available length.
L1 and L2 values are computed according to the following analytical steps:

• Selection of the desired band-gap position (6600 Hz, k = 1).

8
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20
,0
0

78,00

5,00
40
,0
0

==

813,60

44,60

Figure 7: Experimental setup, force at the second cell, measurement at the last one.

• Evaluation of the reflection coefficients and phase shift extrapolation.

• Correction of L1 and L2 according to Equation 21.

Figure 8: Real and imaginary part of the propa-
gation constant µ for the manufactured system.

l1 0.078m
h1 0.02m
l2 0.0446m
h2 0.005m
E 70000Mpa
rho 2700kg/m2

N 6

Table 1: Optimal beam
dimensions.

The results of the analytic procedure are listed in Table 1, while the wave propagation properties
given by the transfer matrix method are shown in Figure 8. An inertial shaker is used as
excitation system while an accelerometer, PCB 352C33, measure vibrations in the middle of the
last cell, according to the arrangement in Figure 7. The system is put onto a soundproofing
material in order to insulate the structure and in order to preserve free-free conditions. For
the acquisition, an NI 9234 module, with internal signal conditioning is used. The response of
the beam is obtained forcing the system with a white noise. The correspondence between the
analytic, numeric and experimental frequency response can be seen in Figure 9. Good matching
has been achieved even at high frequencies. The numeric model is found to be more precise
with respect to the analytic one, since it consider out of plane motions and boundary effects. In
particular, torsional and axial modes lead to unexpected peaks within the attenuation regions.

9
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Figure 9: Frequency response, H1 estimator.

6 CONCLUSIONS

The paper proposed a method allowing to find the geometrical properties of a periodic struc-
ture such that the attenuation is maximized, given the material properties and the mini-
mum/maximum height (that is chosen maximizing the mechanical impedance mismatch). As
a result, one can design a periodic beam or rod without dealing with band-maps and non-
dimensional parameters. Optimal solution is provided to maximize the attenuation at one
frequency. A periodic beam has been manufactured, so that the analytic procedure has been
validated experimentally by measuring its frequency response.
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Abstract. The success of periodic structures is linked to their peculiar behaviour regarding wave
propagation: they have frequency ranges, the so called band-gaps, in which an incoming wave
is attenuated. Band-gaps can be generated with two mechanisms: Bragg scattering, directly
related to the wavelength of the incoming wave, or local resonances, useful for sub-wavelength
applications. In this paper we show that gluing a set of piezoelectric patches on a beam with
a periodic disposition, it is possible to obtain both the effect, and possibly couple them. While
Bragg band-gaps are ensured due to the periodic arrangements, local resonances are obtained
connecting each piezoelectric patch to an RL shunt circuit. Non-dimensional design maps are
generated to see both the effects and their interaction. Furthermore, it is shown that two
subsequent Bragg band-gaps can be linked thanks to the contribution of the lumped resonators.
Results obtained analytically with the Spectral Element method have been corroborated both
with FE simulations and experimental tests, and the effects of the resistors on band gap linking
are widely discussed.

1 INTRODUCTION

Even though the first examples of periodic structures date back in time [1, 2], the real
advantages of such structures have been appreciated thanks to solid state physics [3] and then
analyzed with a more engineering point of view [4]. Such structures, composed by the periodic
repetition of a fundamental block of matter named unit cell, are endowed with the so-called
band-gaps, i.e. they show wide attenuation zones along their frequency response, created with
different mechanisms [5, 6]. In particular, if the wavelength is comparable with unit cell size,
a band-gap is generated thanks to Bragg scattering phenomenon. This idea is used to create
photonic [7] and phononic [8, 9] crystals: more specifically, these last are designed to interact
with acoustic and elastic waves along a wide range of frequencies [10, 11, 12, 13, 14]. A different
way to generate a band-gap, in this case not dependent on wavelength, is to use a set of resonator
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distributed along the structure: a band-gap now appears in the vicinity of resonators’ tuning
frequency, thus such structures are generally named locally resonant metamaterials [15, 16]. Due
to the freedom on band-gap position tuning [17] and the evidence of exotic elastic properties
[18, 19], also in this case there are numerous applications in literature, covering a vast range
in frequency [20, 21, 22, 23]. The use of piezoelectric inserts [24] in periodic structures is
widely discussed in literature [25], creating electromechanical metamaterials when coupled with
resonant circuits [26, 27, 28, 29, 30].
Starting from the case-study of a homogeneous beam with a periodic array of piezoelectric
patches [31, 32, 33], this paper proposes a design approach based on non-dimensional maps
[34, 35, 30]. In this way, the influence of mechanical and electrical parameters on band-gaps’
position and width is clearly visible. Furthermore, it is possible to have a visual representation
of the coexistence of band-gaps generated both with Bragg scattering phenomenon (a periodic
gluing of piezoelectric patches) and local resonators (a resonating RL shunt circuit is wired to
each patch [36]). The choice of tuning the circuit in between two band-gaps is investigated:
a wider attenuation zone, here named electromechanical band-gap, is obtained thanks to the
mutual influence of both phenomena. Analytical results are then corroborated with experimental
tests. The method here proposed provides a fast and robust procedure to make a proper choice
of mechanical and electrical parameters at the same time, suggesting a procedure to create
a wider attenuation zone in frequency through the mutual influence of two different physical
phenomena.

2 Piezoelectric patches

As already discussed, the piezoelectric patches will be used to create an impedance mismatch
along the homogeneous Aluminum beam, thus inducing some Bragg band-gaps. Then, a resonant
circuit is connected to each patch (see Figure 1 for an equivalent lumped parameter model) and
tuned in between two existing band-gaps in order to create a wider region of attenuation.

Figure 1: Equivalent electrical representation of the piezoelectric element, coupled with a resonant RL
circuit.

The first step is to create a model of the piezoelectric patch, thus the subscript of constitutive
model constants is 31 (electric field in direction 3, deformation in direction 1, see Figure 3b).

2
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The piezoelectric constitutive equations are [37, 30, 38]:



S1 =

1

Y E
11

T1 + d31E3

D3 = d31T1 + ǫT33E3

(1)

with S1 strain, T1 applied stress, E3 electric field, D3 elastic displacement, Y E
11 Young’s modulus

in short circuit (E = 0), d31 piezoelectric strain coefficient and ǫT33 electric permittivity in stress
free conditions (T = 0). From now on, the subscripts will be omitted to improve readability.
Considering now the electrical charge q, the area of piezoelectric patch Ap, the patch’s height
hp and the voltage v imposed among the two electrodes, the following equations stand:

D =
q

Ap
; Ap = bplp ; E =

v

hp
(2)

Thus, doing some substitutions, one can write:



T = Y E

�
S −

d

hp
v

�

q = dApY
ES + CS

p v

(3)

where CS
p = ǫSAp/hp is the piezoelectric capacity at zero strain (S = 0). It is also possible to

write CS
p = CT

p (1− k2), where k2 = d2Y E/ǫT is the so-called piezoelectric coupling coefficient.
Now, one can consider the circuit as in Figure 3 and solve in frequency domain (symbolˆis used):

Î = jωdApY
EŜ + jωCS

p V̂ (4)

and considering the impedance Zs, the relation V̂ = −ZsÎ stands. Then, the relation between
strain and voltage is:

V̂ = −
dY EA

CS
p

jωCS
p Zs

1 + jωCS
p Zs

Ŝ (5)

In the final stress-strain relation in frequency domain, the elastic modulus of the piezoelectric
patch is no more constant:

T̂ = Y E

�
1 +

k2

1− k2
jωCS

p Zs

1 + jωCS
p Zs

�
Ŝ = Y D

�
1−

k2

1 + jωCS
p Zs

�
Ŝ = Y EȲ (ω)Ŝ = Y (ω)Ŝ (6)

and in particular:

Ȳ (ω) = 1 +
k2

1− k2

j2
ω

ωLC,S
ξ −

ω2

ω2
LC,S

1−
ω2

ω2
LC,S

+ j2
ω

ωLC,S
ξ

(7)

where ω2
LC,S = (CS

p LS)
−1 is the locked frequency, ω2

LC,T = (CT
p LS)

−1 = ω2
LC,S(1−k2) is the free

stress frequency and ξ = 0.5CS
p RSωLC,S is a parameter that quantifies the electrical damping

(i.e., the resistor effect). Three main frequency regions can be distinguished for Ȳ (ω):
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• ω << ωLC,T : short circuit zone, no influence of electrical elements and Y (ω) ∼ Y E ;

• ω >> ωLC,S : open circuit zone, where the coupling is relevant and Y (ω) ∼ Y E/(1− k2) =
Y D;

• ωLC,T < ω < ωLC,S : resonant zone.

In the resonant zone, Ȳ (ω) presents a resonance at ω = ωLC,S and an antiresonance at ω = ωLC,T ,
as shown in Figure 2. Considering an ideally undamped shunting circuit, this means that at
these frequency the bar is respectively fully rigid (Ȳ → ∞) and completely compliant (Ȳ = 0)
respectively. Furthermore, in the range between them (modulated by the value of k), the elastic

Figure 2: Properties of a piezoelectric patch with resonant shunt expressed with non-dimensional pa-
rameters. Absolute value (a) and phase (b) of the normalized elastic modulus for three values of the
damping ratio. Dashed lines are the boundaries of resonant zone.

modulus is negative: this phenomenon, as already discussed, is peculiar of locally resonant
metamaterials and has a strong influence on wave propagation behavior. Note that, in real
systems, the value of k in 31 configuration generally does not exceed 0.4, thus the authority of
piezoelectric patches is lower with respect to longitudinal (33) inserts described in [39, 30].

3 Periodic Beam with Shunted Piezoelectric Patches

The unit cell of the periodic system is the one shown in Figure 3a: on a homogeneous Alu-
minum beam a couple of piezoelectric patches are glued, one on top and the other on the bottom
part. Each patch is then connect to a resonating circuit, composed by a resistor and an inductor
(see also Figure 1). The patch actually consists in a layer of material: assuming perfect adhesion
with the substrate, it changes the wave propagation behavior by a local modification of mass,
axial and bending stiffness. So, the application of periodic patches implies impedance disconti-
nuity that generates Bragg band-gaps. Furthermore, the application of patches in couples keeps
the bending and axial waves decoupled (see [27] for a non-symmetric example, with coupling
between bending moment and axial force). Each patch has two electrodes, that are connected to
a resonant RL circuit: the electrode in contact with the Aluminum substrate is considered the
ground of the circuit. Using the classic ABD theory for laminates [40], it is possible to estimate
the influence of the piezoelectric layer in section 2 of the unit cell (refer to Figure 3a). Assuming
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Zs

Zs

L2=LpL1 L1

t1 = t2

tp

1 2 1

a)

x

z

Figure 3: a) Representation of the unit cell, composed by a homogeneous Aluminum beam and a couple
of piezoelectric patches, each connected to a lumped circuit with a generic impedance Zs. b) Main
directions of the piezoelectric patch.

b1 = bp = b thickness in y-direction, the bending stiffness is:

D2(ω) = E1
bt31
12

+ Ep(ω)
b

6
[(t1 + 2tp)

3 − t31] =

= E1
bt31
12

�
1 +

Ep(ω)

E1

��
1 + 2

tp
t1

�3

− 1

��
= Dstat

1 D̄p(ω)

(8)

Regarding the linear mass variation due to piezoelectric patches, this relations stands:

m2 = ρ1b1t1 + 2ρpbphp = ρ1A1

�
1 + 2

ρptp
ρ1t1

�
= mstat

1 m̄p (9)

Now, one has all the elements to solve a wave propagation problem along the structure. In this

paper the transfer matrix method is used. Considering a state vector z =
�
w θ T M

�T
=�

d f
�T

, for a beam element, the transfer matrix which link left and right state vectors is
[41, 30]:

[T ] =
1

2




c+ C (s+ S)/κ −(s− S)/(κ3D) (c− C)/(κ2D)

(−s+ S)κ c+ C −(c− C)/(κ2D) −(s+ S)/(κD)

(s+ S)κ3D −(c− C)κ2D c+ C (s− S)κ

(c− C)κ2D (s− S)κD −(s+ S)/κ c+ C




(10)

where c = cos(κl), s = sin(κl), C = cosh(κl), S = sinh(κl) and κ = 4

�
mω2/D is the wavenum-

ber. The transfer matrix for the unit cell in Figure 3a is then [T ] = [T2][T1][T2]. Using the
Floquet-Bloch boundary conditions and solving the problem, one ends up with two propaga-
tion constants µi = κiL: the real part of such quantities is representative of attenuation, i.e.
band-gaps, while the imaginary part means that a wave can propagate without attenuation
[42, 43, 44]. In particular, in the case of an Euler-Bernoulli beam here analyzed, a propagation
constant is always attenuating, then the second one (µ2) defines the wave propagation behavior
along the structure. Figure 4 clearly shows the trend of band-gaps in frequency. Considering
the case of short circuit (blue solid line), only Bragg band-gaps arise in frequency when the real
part of µ2 is equal to 0. When the local resonators are introduced, it is clearly visible that a
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Figure 4: Real and imaginary parts of µ2 as function of the non-dimensional frequency Ω in different
configurations of the electrical circuit: short circuit, undamped and strongly damped. The sudden phase
change from +π to −π is only due to the inversion of hyperbolic cosine.

new band-gap is present. In particular introducing damping, it is remarkable to notice how the
lumped resonator allows to link two subsequent band-gaps: this phenomenon is here referred to
as electromechanical band-gap.

4 Design maps

It is possible to write the dispersion behavior of periodic system as function of a number of
non-dimensional parameters [34, 41, 30, 38]: this approach is useful to create a set of design
maps, a quick way to represent the mutual influence of all the parameters on wave propagation.
In this case, one can identify a large number of possible non-dimensional parameters, thus some
hypotheses are now made to simplify the problem.
First of all, it is assumed that the beam and the piezoelectric patches have all the same width
(b1 = b2 = bp). Then, by choosing the materials (in this case Aluminum and PZT-5H), the
ratios between Young’s moduli (ΣY = Y E

p /Y2) and densities (Σρ = ρp/ρ2) are defined. Also the
ratio between piezoelectric patch’s height and beam’s one (τ = hp/h1) is considered as known
(basically, the one used for the experimental tests). Now it is convenient to define:

Ω = κ1L1 ; Λ =
L2

L1
; ζ = 3

√
D2

D1
; η = 4

√
m2D1

m1D2
; ΩLC,S =

ωLC,SL1

c1
; ξ =

CS
p RS

2
ωLC,S

(11)
With some analytical steps, it is possible to write:

ζ3 = 1 + Ȳp(ω)ΣY [(1 + 2τ)3 − 1] = ζ3(Ω, τ,ΩLC,S , ξ) (12)
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and thus:

η4 =
1

ζ3
(1 + Σpτ) = η4(ζ, τ) (13)

In the end, the propagation constants of this beam depend on:

µi = µi(Ω, ζ,Λ,ΩLC,S , ξ) for i = 1, 2 (14)

Figure 5 represents band-gaps trend in frequency for different design parameters. In this case

a) b)

Figure 5: Maps with non dimensional design parameters. The x axis contains frequencies in Hz to
improve readability. The two white lines indicate the ratios that are used for the experimental prototype.
Color scale is an estimation of the attenuation level based on logarithm of the real part of the propagation
constant. a) f − ζ map with Λ = 0.18 and η = 0.9; b) f − Λ map with ζ = 1.6 and η = 0.9.

the open circuit condition is considered, thus the band-gaps now present are only due to Bragg
scattering. The horizontal white lines are the configurations chosen for the experimental tests.
Figure 6 shows the effect of resonating circuit’s tuning frequency on wave propagation behavior.

Frequency [Hz]

lo
g 1

0[R
e(

µ)
]

f L
C

,s
 [H

z]

a)

f L
C

,s
 [H

z]
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g 1

0[R
e(

µ)
]

Frequency [Hz]b)

Figure 6: Maps for the design of an homogeneous beam with piezoelectric patches connected to shunt
circuits. The effect of tuning frequency fLC,s of the piezoelectric patch has been plotted with a low
(ξ = 0.01, a) and high (ξ = 5, b) level of electric damping. The white lines refer to the configuration
chosen for the experimental tests.

Bragg band-gaps still exist, but the contribution of lumped resonators is clearly visible, having a
mutual influence on band-gap width and shape. Again, one can notice how the lumped resonator
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is able to link two subsequent band-gaps, in particular when some damping is introduced (like in
Figure 6b): the damping smooths out the deep attenuation peak of the resonator, but allows to
spread its contribution on a wider range of frequencies. Furthermore, it is clearly visible how the
higher the tuning frequency, the wider the resonator contribution: this is linked to the resonant
zone of the piezoelectric patch shown in Figure 2.

5 Experimental tests

For the experimental setup, it was chosen a uniform Aluminum Anticorodal beam with height
t = 0.004 m, thickness b = 0.04 m and length L = 1.60 m. The beam is divided in 5 unit cells,
with a couple of piezoelectric patches per cell as already discussed. The patches used for this
applications are the PPA-1013, produced by Midé: they are single piezoelectric layer extensional
devices with height 0.00149 m and length 0.046 m (see [45] for further details). In order to obtain

a)

b)

c)
Figure 7: a) Tip of the beam, placed in vertical position. A couple of piezoelectric patches, with their
wires, and an accelerometer are visible. b) A simple shunt system composed by only inductors of 35 mH.
c) The shaker used at the bottom of the beam to impose a white noise excitation.

a configuration which is closer to free-free boundary conditions (the clamp-clamp one has some
test issues, especially for high frequencies), the idea was to place the beam in vertical position,
connecting it to a an inertial shaker, LDS-V406, with a passband of 9 kHz in its bottom end,
see Figure 7. The circuit shown in Figure 7b is composed by only an inductor, but one has to
consider that it has an internal non-negligible resistance which will smooth out the theoretical
narrow attenuation peak. Two PCB 352C33 accelerometers were used, one at the bottom end
and one at the tip of the beam. Signals are conditioned and acquired with an NI 9234 module,
and then post-processed with Matlab. Together with the experimental results, also a Spectral

8

1650



E. Belloni, G. Cazzulani, M. Cenedese and F. Braghin

Element (SE) model is created and used to simulate this case study [46]. Figure 8 shows the
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Figure 8: Analytical frequency response function obtained with a SEM (a) compared with the experi-
mental results (b). In legend the values used for the resistors. Tuning frequency: 4300 Hz.

results of shunt tuning around 4300 Hz in between two band-gaps, with a comparison between
analytical SE results (a) and experimental ones (b). Results are in good accordance with the
model. It is clearly visible the effect of increasing resistors on the attenuation peak: its depth
is smoothen out, but its influence is more distributed in frequency, creating a wider flattening
zone, i.e. an electro-mechanical band-gap. The trend of peaks and band-gaps is well matched
in frequency, apart from some small differences ascribable to material damping and torsional
motions of the beam, that are not considered by the SE model.
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6 Conclusions

The paper describes a periodic structure composed by a homogeneous Aluminum beam with
a periodic set of piezoelectric patches in shunt configuration. The system has been analytically
modeled and it has been demonstrated that band-gaps are generated with two different mecha-
nism: Bragg scattering and local resonators. Using non-dimensional maps for the design of the
system, it has been shown how the phenomena can interact, creating a wider attenuation zone,
here called electro-mechanical band-gap. Using the design criteria developed, a experimental
test-bench has been manufactured and tested. Results are in good accordance with both the
design maps indications and the analytical SE model.

REFERENCES

[1] I. Newton. Philosophiae Naturalis Principia Mathematica - Book II. Imprimatur S. Pepys,
Reg. Soc. Praeses, London, 1686.

[2] J.W.S. Rayleigh. The theory of sound. MacMillan and Co., LTD., London, 1896.

[3] C. Kittel. Introduction to Solid State Physics, 8th Ed. Wiley, 2004.

[4] L. Brillouin. Wave Propagation in Periodic Structures: Electric Filters and Crystal Lattices.
Dover Publications, Inc., New York, 1946.
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ABSTRACT

An electromechanical waveguide can be constructed by periodically distributing piezoelectric 
materials on to the host structure and shunting identical electric circuits to each parts. The design of 
electric impedances endows the waveguide with the desired dynamic features for vibration control or 
wave filtering. In this paper we investigate the energy flow characteristics of the electromechanical 
waveguide when it is assembled into an existing structural system and working as a substructure. A 
rapid multi-scale numerical strategy is employed to analyze the forced response and energy flow of 
such built-up structures. The influence of number of piezoelectric patches and the excitation are 
discussed, showing the necessity of evaluating the waveguide performance in the proposed context.
Results also indicate the essential difference between waveguides with finite and infinite unit cells. 
Bragg band gap and damping mechanisms are compared, clarifying the their intrinsic differences in 
terms of energy flow. Finally the electric impedance formed by negative capacitance and resistor is 
optimized when the unit cell's geometric configuration is fixed. Different criteria are used as 
objective functions, leading to different mechanisms of preventing the energy injection.
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Abstract. The formation of bandgaps in phononic crystals (PC) is object of extensive inves-
tigation by a lively scientific community. While achieving low frequency values for the position
of the first bandgap is in general terms not an unsurmountable challenge, the combination of
material properties such as high stiffness, low density and reduced size of the unit cell, with
low (in absolute terms) frequency bandgaps may well require some careful consideration. In
previous work, we have found that the relation between the mentioned material properties and
the position of the first bandgap for a given PC geometry can be well described by the relation
ω∗ = fBG · L · (ρUC/CUC)

0.5, where fBG is the start frequency of the first bandgap, L, CUC ,
ρUC are a characteristic length, the stiffness and the density of the unit cell, respectively. ω∗
appears to be a property related to the geometry of the unit cell. In an effort to design PCs
with low ω∗ values, we have devised a novel implementation of inertia amplification based on
coupling of the energy of longitudinal waves into the rotational oscillation of inertia elements
within the unit cell. In this contribution, we present examples of PCs based on this approach
and discuss the interaction of acoustic waves with the discussed lattices.

1 INTRODUCTION

In recent years, the interest for the use of periodically structured materials has experienced
intense activity, due to their potential to achieve unusual macroscopic properties, both in the
quasi-static and dynamic regime. Among these, ultra-light materials [11], pentamode materials
[2], auxetic materials [8] or double negative materials [6] have been reported. In the dynamic
domain, the ability to affect the propagation of mechanical waves, by creating partial or complete
band gaps exploiting local resonance phenomena in the mechanical [10] or electrical [3] domain,
inertial amplification [16] or the formation of Bragg-type band gaps [15] has been object of
interest.
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From a structural engineering point of view, the ability to modify the way mechanical waves
propagate through a structure and thus to deal with structural vibrations at a very fundamental
level, is certainly an exciting prospect that explains the intense activity in this field. However,
the application of periodically arranged materials for structural purposes is subject to a number
of requirements that transcend the simple ability to affect the propagation of mechanical waves
in certain frequency ranges. These are related to their utilization in load carrying structures
subject dynamic loads that can lead to excessive vibration amplitudes. Typical requirements
for structural materials used for aerospace or automotive applications include high stiffness and
strength, low mass density, and small size of the unit cell, among others. As will be shown later,
the realization of all these properties in the same material with low frequency band gaps is a
challenge.

A quick inspection of the equation describing the position and width of the band gap in a
diatomic spring-mass chain [5]:

ωA =

√
2C

M1
(1)

ωOB =

√
2C

M2
(2)

informs us on the basic relationship between the characteristic properties of the unit cell
(mass of the atoms and spring constant of the elastic link between them) and the position of
the start frequency of the band gap of a diatomic chain with masses M1 > M2 and elastic links
with the constant C, as shown in figure 1:
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Figure 1: A diatomic, one dimensional spring-mass chain (top), the associated dispersion curves (e.g.
for longitudinal waves) and a corresponding real-life implementation based on spherical mass elements
and rod-like links (bottom).
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2 PHONONIC CRYSTALS

In a phononic crystal (PC), as it could be realized by additive manufacturing (AM) techniques
in a single material process, the ideal elastic links and point masses considered in the discussion
of a spring-mass chain, have finite dimensions. The elastic links can be, for example, simple
rods of length L with a cross-sectional area A = πr2b for a rod radius rb. The mass elements can
be realized as spherical elements with the radii r1 > r2, as shown in the bottom of figure 1. The
unit cell size of the chain is a. For such a system, the spring constant C̃ and the masses M1 and
M2 of the atoms are given by:

C̃ =
EMA

L
(3)

M1 =
4πr31
3

ρM (4)

M2 =
4πr32
3

ρM (5)

Whereas EM and ρM are the Young’s modulus and the mass density of the material, respec-
tively and L, r1 and r2 are shown in figure 1. If we consider a system in which the relative
dimensions of the mass and stiffness elements are kept constant, then we are able to formulate a
simple scaling law to relate a characteristic length within the crystal and the material properties
to the position of the bottom frequency of the band gap ωA. To obtain this relation, we can
rewrite ωA as shown in (6):

ωA =

√
3AEM

2πr31LρM
= s̃

1

L

√
EM

ρM
(6)

By appropriately combining all geometrical quantities into s̃, we obtain the compact form on
the right hand side of (6), where L serves as a linear scaling parameter, for a given geometry of
the unit cell. s̃ is then a property of the geometry, while EM and ρM are material properties.

s̃ =

√
3AL

4πr31
(7)

By extension, it is reasonable to expect that the same approach can be taken to characterize
the effect of the geometry of a phononic crystal (PC) on wave propagation of other modes,
such as transversal waves. For vibrations associated with bending deformations of the spring
elements, the spring constant Ĉ is given by

Ĉ =
3EMI

L3
(8)

Whereas I is the second moment of area of the cross-section of the elastic element I = πr4

4 .

Also in this case, obviously, the spring constant Ĉ scales linearly with L, if we assume that all
dimensions of the systems are scaled uniformly. So, with the due changes accounting for the
different modes of deformation (longitudinal vs. bending), also in this case, we can state that

3

1659



T. Delpero, G. Hannema, B. Van Damme, S. Schoenwald, A. Zemp, A. Bergamini

the value of ωA scales with L, EM , and ρM according to the right hand side of (6), whereas the
parameters flowing into a scaling parameter for bending deformations ŝ, will be the ones related
to the spring constant Ĉ:

ŝ =

√
9r4b
8r31L

(9)

In previous work [4], we have reported on the design, preparation and testing of a lattice
material with the goal to obtain low frequency band gaps while maintaining as small as possible
a unit cell size, low effective density and high stiffness. The 3D PC presented in that work was
based on a diatomic Zincblende geometry (tetrahedrally coordinated A and B atoms). It was
realized by connecting mass elements (alternatingly made of hollow polymer and solid bronze
elements) using thin-walled poly-imide struts, for more detail refer to cited reference.

The resulting 3D phononic crystal, with a cubic unit cell of 50mm, was demonstrated to have
a first complete band gap starting at approximately fBG ≈2 kHz, a mass density ρeff =62 kg/m3

and stiffness values (expressed as the elements of the homogenized symmetric matrix) as follows:
C11 = C22 = C33 =1.24MPa, C12 = C13 = C23 =1.05MPa, C44 = C55 = C66 =0.33MPa. While
a statement about the relevance of these material properties is only significant relative to a
specific application, it is true that in structural applications, high stiffness values and high
stiffness/density ratios are of paramount importance.

In this context, a logical approach to improving the performance (defined as the ability to
provide high stiffness, low density and low frequency bandgaps in a small unit cell) of the
designed phononic crystals is to explore other potentially interesting crystal symmetries found
in nature. Here, a vast selection of system parameters, such as crystal symmetry, unit cell size,
density and modulus of the constituting materials, makes for an almost unlimited freedom in the
design of the unit cell. In order to effectively compare the influence of geometry on the position
of the first band gap, parametric studies as the ones presented in [7] and [4], where the position
of the band gap is related to the unit cell size and the wave velocity in the elastic elements of
the lattice are useful. However, this type of normalization does not give immediate insight in
engineering properties of the unit cell. For purpose of comparison of PCs with very different
geometry and size, we thus introduce following non-dimensional parameter that is function of
the geometry of the unit cell of the PC:

ω∗ = fBGL

√
ρUC

CUC
(10)

Here, fBG [Hz] represents the bottom frequency of the of the first band gap, L [m] is a
characteristic length of the unit cell, ρUC [kg/m3] is the density of the unit cell (i.e. the mass
of the unit cell divided by the volume of the unit cell) and CUC [MPa] is a stiffness constant
of the unit cell, as opposed to the material properties used in (6). The value of ω∗ obtained
for the PC at hand was approximately 0.35. For a diatomic chain, the theoretical limit for
ω∗ for M1/M2 → ∞ is 1/π. This can be easily verified, by calculating the limit of (10) for
M1/M2 → ∞, while considering also the limit case for ρUC .

Our previous work presented a numerical exploration and parametric study of nature-inspired
crystal symmetries that essentially fit the model of point masses connected by springs elements

4
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in a 3D symmetry. Together wit the knowledge about the relationship between density and
stiffness in bending dominated and stretching dominated lattice structures [1], this lead to the
conclusion that the performance of such lattice structures, in the terms described by 10, is
bounded.

3 INERTIAL AMPLIFICATION IN 3D PHONONIC CRYSTALS

The intrinsic link between mass density or stiffness and start frequency of the first band
gap in phononic crystals in which the mass elements are considered as point masses, without
any special consideration for their geometric properties, can be eased by introducing concepts
such as inertia amplification [16, 14]. Here the design of macroscopic phononic crystals clearly
departs from the abstraction of a periodic distribution in space of mass elements connected by
springs (typically representing an electrostatic interaction between ions or atoms) and considers
the degrees of freedom offered in the design of these structures. Specifically, in the periodic
structures described in [16], next to the mass elements in the spring-mass lattice, additional
mass elements were introduced whose motion is governed by a simple mechanism connecting
them to the ’primary masses’, as illustrated in figure 2:

θm m

m
a

u u

u/tan(θ)

Figure 2: The inertia amplification mechanism presented in [16] exploits the kinematics of the mechanism
connecting the masses in the system leading to an amplification of the displacement of ma by a factor
1/ tan θ relative to the displacement of m.

In the system shown in the figure, ma moves along the center line between the two main
masses m. The equivalent mass of the system is given by (11):

M̃eq = (2m+
ma

tan(θ)2
) (11)

Assuming sufficiently small values of θ, large equivalent mass values for the vibrating system
can be achieved, thus, substituting M̃eq for M1 in (1) results in lower values for the bottom
frequency of the first band gap than a mechanism free system would allow for.

However, also in the case briefly outlined above, the mass elements can be assumed to be
ideal point masses. Here, we report on a PC in which the geometry of the mass elements is
exploited to further improve the ratio between position of the starting frequency of the first
bandgap and effective density of the unit cell. If we consider the masses of a spring-mass chain
to have a geometric extension, we can exploit geometrical properties of the element such as its
moment of inertia. Figure 3 shows a sketch of the unit cell of the proposed PC.

5
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r
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Figure 3: Unit cell of a phononic crystal with inertial amplification mechanism and coupling of longitu-
dinal and torsional displacement. In this system, next to the mass of the moving masses, their rotational
inertia contributes to the creation of low frequency resonances.

In the structure presented in figure 3, the blue connectors between the disks are construed
as very stiff beams hinged to the disks at their connection. Between the disks, a spring element
provides the elastic response of the system. In the underformed state, the blue connectors
intersect the disks at an angle, such that a relative motion of the disks in the x-direction couples
a relative rotary motion u of the disks (indicated by the red arrow ’φ’, in figure) about the
x-axis. Through this rotational motion, the moment of inertia of the disks makes a contribution
to the overall inertia terms of the system.

For the unit cell at hand, the effective mass of the resonator is found to be [9]:

Meq = m+
Θ

tan2 (θ)r2
(12)

Where m is the mass of a disk, r is the radius of the disks, θ is the twist angle between the
disks, i.e. the angle between the contact points of the connectors with the disks, as indicated in
the figure, and Θ is the moment of inertia of the disk (Θ = 1

2mr2 = ρ1
2dπr

4).

4 NUMERICAL AND EXPERIMENTAL RESULTS

In the following we report on an implementation of a PC with longitudinal-torsional coupling
and inertia amplification, as shown in figure 4. The PC was made of glass fiber reinforced
poly-amide, by AM (selective laser sintering). Here, in contrast to the PC presented in previous
work, the structure could be realized in a single material.

6

1662



T. Delpero, G. Hannema, B. Van Damme, S. Schoenwald, A. Zemp, A. Bergamini

5mm

46.5mm

7mm

21mm

a

b

c

50mm

2mm

50mm

50mm

γ=60°

c

Figure 4: Implementation of a PC with longitudinal-torsional coupling and inertia amplification, made
by AM (selective laser sintering) using fiber reinforced PA12. The main dimensions of the PC components
are shown in red. The lattice parameters a = b = c =50mm, γ = 60◦ are highlighted in green

The structure presented here, was designed to demonstrate the effect of longitudinal-torsional
coupling of lattice vibrations and inertial amplification mechanisms on the discussed non-dimensional
parameter ω∗. The transmission of sound waves along the c−axis was of special interest, as the
PC was tested for its transmission properties as core material in a sandwich structure, as dis-
cussed later.

The overall dimensions of the PC unit cell are given in figure 4. The dispersion properties of
the PC consisting of a hexagonally densely packed arrangement of the unit cell was calculated
by solving for the eigenfrequencies of the unit cell while imposing Floquet boundary conditions
along the three crystallographic directions, so as to consider the edges of the first Brillouin Zone,
as usual when investigating the dispersion properties of crystalline solids. The dispersion curves
are shown in figure 5:

7
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Figure 5: Dispersion relation for the PC shown in figure 4, plotted against the reduced wave vector.
The portion of the reduced wave vector (ΓA) highlighted in orange, corresponds to the through-thickness
direction (parallel to c) of the structure of the sample shown in the photograph. On the top right:
irreducible Brillouin Zone of the lattice at hand, drawn after [12].

The calculated dispersion curves indicate that in the frequency interval between approxi-
mately 550Hz and 1000Hz a full band gap can be expected, whereas in the direction parallel
to the c−axis, the propagation of waves is characterized by a partial band gap between approx-
imately 260Hz and 400Hz.

While a direct verification of the calculated dispersion properties of the PC at hand exceeded
the scope of our study, we carried out experiments to investigate the transmission of mechanical
waves through a sandwich panel consisting of a core made of a finite sample of the PC and two
PMMA plates serving as sandwich faces. The transmission properties were investigated both,
by exciting the structure with an electrodynamic shaker and by applying sound pressure on one
side of the panel and measuring the output pressure in a test room on the other side.

For the shaker measurements, the sample was excited on one side using a B&K electrodynamic
shaker while measuring the velocity field on the two faces (in consecutive identical experiments)
using a Polytec PSV 400 scanning laser vibrometer. The velocities were averaged over the two
surfaces, respectively, to calculate the velocity level difference shown in figure 6. The test with
airborne excitation was conducted placing the sandwich structure in the opening between the
coupled rooms of a test facility typically used for sound insulation measurements. The velocity
field was measured on both the faces, as in the structure borne test.

Figure 6 shows the ΓA portion of the dispersion curve (left) and the transmission spectra (as
calculated using FEM, measured by exciting the sample with a shaker or with uniform sound)
of a PC with the approximate dimensions 500mm x 500mm x 100mm sandwiched between two
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4mm thick PMMA plates (right).
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Figure 6: Dispersion curves along the c−direction of PC(left) and transmission spectra of a sandwich
structure consisting of the PC with 4mm thick PMMA plates as faces (right). The modes still present
within the range marked as band gap have mostly local character, as indicated by their flat slope and do
not contribute to the transmission of mechanical power, as indicated also by the transmission plot. The
green dotted line in the transmission spectrum indicates a transmittance of 100%. Values to the left of
it, indicate attenuation of the waves.

On the right hand side of figure 6, a very good agreement of FEM calculation (as calculated
assuming a point excitation as in the shaker experiment) of the transmission spectrum of the
structure with the spectra determined experimentally, both in the shaker and in the acoustic
transmission experiment. The same model of the unit cell as used for the calculation of the
transmission properties shown in the figure was used, assuming Floquet boundary conditions,
to calculate the dispersion curves shown in figures 5 and 6. The blue band across the two
parts of the figure indicates the position of the calculated band gap relative to the reduction
in transmissibility of the mechanical waves across the structure. All finite element calculations
were carried out, without assuming material damping. We could observe a good correlation
between the position of the partial band gap in the c−direction and the reduced transmission
of waves in that frequency range and the good correlation between transmission properties as
calculated numerically and determined experimentally. This can be considered to be a strong
indication that the observed attenuation of the waves across the sample is likely due to the
presence of the calculated partial band gap.

Based on the same numerical models, as used for the dispersion and transmission calculations,
other relevant properties of the PC were estimated: The effective density of the PC unit cell
resulted to be 103 kg/m3 and the stiffness constant in c−direction was calculated as 1.2MPa.
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By inserting these values in (10) we can obtain the ω∗ value for the presented PC, relative to
the propagation of waves along the c−axis of the PC:

ω∗
c = 260Hz0.05m

√
103kg/m3

1.2MPa
= 0.12 (13)

5 CONCLUSIONS and OUTLOOK

The introduction of a non-dimensional figure of merit to show the effect of geometry on the
relation between stiffness, size, density and position of the first band gap is a useful approach
to the comparison between PCs with substantially different unit cell geometries, so as to avoid
drawing inaccurate conclusions about the performance of unit cell designs. Based on the pro-
posed figure of merit, Bragg type band gaps in PCs based on point masses are associated with
a limit for ω∗ of 1/π.

The PC design presented in this contribution offers a significant advantage as compared to
PCs with point mass elements. It can be stated, that for the same stiffness, size and effective
density the position of the first band gap can be approximately three times lower than in
a PC with ’conventional point masses’. This is achieved thanks to the introduction of inertia
amplification and of longitudinal-torsional coupling mechanisms, which allow for the exploitation
of additional design degrees of freedom for the geometry of the unit cell of PCs. The identification
of a specific application also allows to consider partial band gaps in the development of a phononic
material with suitable properties. In the case presented here, the attenuation in the region of
the partial band gap is fairly modest, if compared to the attenuation in the full band gap region.

While the calculation of the dispersion properties of periodic structures makes it possible
to easily identify the effect of design parameters on their wave propagation properties, and to
compare different designs based on easily derived figures of merit, the information provided by
these tools is not complete. Indeed, the knowledge of the position of the bottom edge of a band
gap does not provide information about the attenuation level that a finite number of unit cells
in a structure will provide for mechanical waves. Also, the proposed figure of merit does not
provide information on the width of the frequency range in which the propagation of mechanical
waves is affected.

While information on the width of the forbidden frequency range can be fairly easily derived
based on similar considerations as described by (7) and (10), the estimation of the depth of
band gaps of finite structures is, already for geometrically simple systems, a less trivial matter,
as shown for example in the case of locally resonant metamaterials, in [13].

The investigation of the effectiveness with which designed unit cells attenuate mechanical
waves in terms of the number of unit cells required to achieve a given level of attenuation within
the frequency range of the band gap is a matter of great interest and shall be object of further
investigation. Furthermore, establishing design guidelines, based on simple analytical models
relating the geometry and material properties with the position of band gaps in the frequency
domain will be of great practical value.

The PC sample investigated in this work was prepared by AM, as the geometrically complex
structures needed to realize the proposed approach was best suited for this method of prepara-
tion. To date, the manufacturing costs associated with this process are such that it is typically
only considered for manufacturing prototype volumes, however the expectation is that future
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developments and of the technology and increase in volume will make it possible to exploit the
flexibility in manufacturing offered by AM and the benefits of engineered phononic materials for
specific applications.
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Abstract. It is well known that locally resonant (LR) metamaterials exhibit bandgaps at wave-
lengths much larger than the lattice size, which can be exploited in various applications such as
low-frequency vibration attenuation. In this work, we explore the combination of mechanical and
electromechanical LR bandgaps in the same single metastructure for bandwidth enhancement
by focusing on a cantilevered composite Euler-Bernoulli beam under transverse vibrations. The
nature of bandgap formation in mechanical/elastic and electromechanical/electroelastic (more
specifically piezoelectric) LR metamaterials is fundamentally different. LR bandgap in mechani-
cal metamaterials made from a continuous structure with array of spring-mass attachments tuned
to a certain frequency is associated with a frequency-dependent modal mass term. However, LR
bandgap in electromechanical metamaterials made from an array of resonant piezoelectric shunt
circuits (again, tuned to a certain frequency) is associated with a frequency-dependent modal
stiffness term. As an important consequence, the mechanical LR bandgap forms above the tar-
get frequency of tuned resonators, and its size depends on the resonator to host structure
mass ratio; while the electromechanical LR bandgap forms below the target frequency, and its
size depends on the overall system-level electromechanical coupling coefficient. We show that
targeting the same resonant frequency in spring-mass and inductive-capacitive circuits in the
same single structure results in an enhanced bandgap. Modal analysis of the finite composite
metastructure is presented and closed form expressions are obtained to analytically estimate the
hybrid mechanical-electromechanical bandgap.

1 INTRODUCTION

Locally resonant metamaterials are capable of exhibiting bandgaps at wavelengths much
larger than the lattice size of the structure, enabling low-frequency vibration attenuation in
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jk

jm

Figure 1: Schematic of the combined mechanical-electromechanical metastructure. The piezoelectric
bimorph beam has segmented electrodes, with a resonator placed at the right end of each electrode.

small structures. Liu et al. [1] showed first demonstrated this behavior using hard metal spheres
embedded in a soft rubber as mechanical resonators. More recently, the use of piezoelectric
elements has enabled the use of resonant shunt circuits, which has the benefit of significantly
lower mass requirements. Previously, we have examined the dynamics of both purely mechanical
[2] and purely electromechanical metastructures [3], obtaining closed-form expressions for the
locally resonant bandgap edge frequencies in each case. Here we combine the two systems to show
that the two bandgaps can be combined into a single, larger bandgap for increased bandwidth.

2 COMBINED MECHANICAL AND ELECTROMECHANICAL METASTRUC-
TURE

Consider a piezoelectric bimorph beam with rectangular cross section made from two con-
tinuous piezoelectric layers sandwiching a central shim, with the piezoelectric layers poled in
opposite transverse directions (i.e. series connection). The outer surface electrodes are seg-
mented as pairs and connected to a total of S shunt circuits, which span a region xLj < x < xRj ,

where j = 1 . . . S is an index numbering the shunt circuits, and xLj and xRj are the left and right
ends of the jth pair of electrodes, respectively. This system was considered by Sugino et al. [3],
here we introduce mechanical metastructure performance by adding S mechanical resonators to
the structure at the right end of each electrode, i.e. at x = xRj . A schematic of the system is
shown in Fig. 1.

The governing equations for the bimorph, resonators, and shunt circuits can be obtained as

2
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EI
∂4w

∂x4
+m

∂2w

∂t2
−

S∑
j=1

kjuj(t)δ(x− xRj )− ϑ
S∑

j=1

vj(t)
∂2

∂x2
[
H(x− xLj )−H(x− xRj )

]
= f(x, t)

(1)

mj üj + kjuj(t) +mjẅ(x
R
j , t) = 0 (2)

Cp,j v̇j(t) + Yj [vj(t)] + ϑ

∫ xR
j

xL
j

∂3w

∂x2∂t
dx = 0 (3)

where w(x, t) is the transverse displacement of the beam, kj is the stiffness of the jth resonator,
uj(t) is the displacement of the jth resonator, vj(t) is the voltage across the jth pair of electrodes,
Yj is a linear operator corresponding to the admittance of the shunt circuit, H(x) is the Heaviside
function, and f(x, t) is some external forcing. The effective properties of the bimorph are

EI =
2b

3

(
cs
h3s
8

+ c̄E11

[(
hp +

hs
2

)3

− h3s
8

])
(4)

m = b(ρshs + 2ρphp) (5)

ϑ =
ē31be
2hp

[(
hp +

hs
2

)2

− h2s
4

]
(6)

Cp,j = ε̄S33be
(xRj − xLj )

2hp
(7)

The parameters cs, ρs, and hs are the central substrate layer’s elastic modulus, mass density,
and thickness, respectively, while b is the width of the beam. The piezoelectric layers have
mass density ρp, thickness hp, width b, elastic modulus at constant electric field c̄E11, effective
piezoelectric stress constant ē31, and permittivity component at constant strain ε̄S33. To discretize
the partial differential equation for the beam displacement, we assume a modal analysis type
expansion for w(x, t), i.e.

w(x, t) =

N∑
r=1

φr(x)ηr(t) (8)

where φr(x) are the mass-normalized mode shapes of the structure without resonators (the plain
structure) at short circuit, ηr(t) are the modal coordinates to be determined, and N is number
of modes used in the expansion. Substituting Eq. (8) into Eq. (1), multiplying by another mode
shape, and applying orthogonality gives

η̈r(t)+ω2
rηr(t)+

S∑
j=1

mjφr(x
R
j )

N∑
k=1

η̈k(t)φk(x
R
j )+

S∑
j=1

mj üj(t)φr(x
R
j )−ϑ

S∑
j=1

vj(t)∆φ′
r,j = qr(t) (9)

where ω2
r is the rth natural frequency of the plain structure at short circuit, ∆φ′

r,j is a slope
difference defined as

∆φ′
r,j =

(
dφr

dx

)xR
j

xL
j

=
dφr

dx
(xRj )−

dφr

dx
(xLj ) (10)
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and

qr(t) =

∫ L

0
f(x, t)φr(x)dx (11)

is the modal excitation. Substituting Eq. (8) into Eqs. (2) and (3) yields

mj üj(t) + kjuj(t) +mj

N∑
k=1

η̈k(t)φk(x
R
j ) = 0 (12)

Cp,j v̇j(t) + Yj [vj(t)] + ϑ

N∑
r=1

η̈r(t)∆φ′
r,j = 0 (13)

For a finite number of modes and shunt circuits/resonators, Eqs. (9), (12), and (13) can be
solved for the approximate mode shapes and resonant frequencies of the system, as well as the
system response, using techniques such as matrix inversion or modal decomposition. For more
analytical insight, we take the Laplace transforms of Eqs. (9), (12), and (13), substituting the
resonator equation and voltage equation into the modal governing equation to obtain

(s2 + ω2
r )Hr(s) + µ

s2ω2
t

s2 + ω2
t

N∑
k=1

Hk(s)

S∑
j=1

mφk(x
R
j )φr(x

R
j )∆xj +

αs

s+ h(s)

N∑
k=1

Hk(s)
S∑

j=1

EI
∆φ′

r,j

∆xj

∆φ′
k,j

∆xj
∆xj = Qr(s) (14)

where Hr(s) and Qr(s) are the Laplace transforms of ηr(t) and qr(t) respectively, s is the Laplace
domain complex variable, ω2

t = kj/mj is the squared resonant frequency of every mechanical
or electromechanical resonator, α is a dimensionless parameter related to electromechanical
coupling, given by

α =
2θ2hp

EIεS33be
(15)

and h(s) = Yj(s)/Cp,j is a normalized admittance, assumed to be the same for each pair of
electrodes, where Yj(s) is the Laplace transform of Yj . Additionally, it has been assumed that
mj = µm∆xj , where µ is the added mass ratio, a dimensionless parameter equal to the ratio of
the total resonator mass to the total mass of the original structure.

Equation (14) is a system of N + 2S linear equations that can be solved numerically for the
response at some excitation frequency ω by substituting s = jω and using Gaussian elimination
or matrix inversion. However, we observe that as the number of electrodes becomes large, and
as the electrodes become very small,

S∑
j=1

mφk(x
R
j )φr(x

R
j )∆xj ≈

∫ L

0
mφr(x)φk(x)dx = δrk (16)

S∑
j=1

EI
∆φ′

r,j

∆xj

∆φ′
k,j

∆xj
∆xj ≈

∫ L

0
EI

d2φr

dx2
d2φk

dx2
dx = ω2

rδrk (17)
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where δrk is the Kronecker delta, since the two integrals are the orthogonality conditions of the
mode shapes of the plain beam at short circuit. These approximations are exact as the shunt
circuits become infinitesimally long and as the number of shunt circuits approaches infinity.
Both approximations are effectively Riemann sum approximations of integrals, and as such
they will not converge at the same rate, since the function being integrated is different in each
approximation.

Under the assumptions of Eqs. (16) and (17), the system of equations in Eq. (14) becomes
decoupled, allowing us to solve explicitly for Hr(s) as

Hr(s) =
Qr(s)

s2
(
1 +

µω2
t

s2 + ω2
t

)
+ ω2

r

(
1 +

αs

s+ h(s)

) (18)

From this analysis it is clear that the presence of infinitely many resonators on the structure gives
rise to frequency-dependent modal mass, and that the presence of infinitely many shunt circuits
gives rise to frequency-dependent modal stiffness. Furthermore, the frequency-dependence is the
same for every mode shape of the plain structure.

3 COMBINED MECHANICAL-ELECTROMECHANICAL LOCALLY RESONANT
BANDGAP

Since the focus of this work is the combined locally resonant bandgap, we consider purely
inductive shunt circuits, such that h(s) = ω2

t /s, where the shunt inductance Ls is selected such
that

ω2
t =

1

LsCp,j
(19)

i.e., such that the resonant frequency of the electrical circuits is the same as the resonant
frequency of the mechanical resonators. The response is then

Hr(s) =
Qr(s)

s2
(
1 +

µω2
t

s2 + ω2
t

)
+ ω2

r

(
1 +

αs2

s2 + ω2
t

) (20)

To find the new resonant frequencies of each mode, we can substitute s = jω and solve for the
roots of the polynomial in the denominator. This yields the two positive, real solutions

ω̂+ =

√√√√√1 + µ+Ω2
r(1 + α)

2


1 +

√
1− 4Ω2

r

(1 + µ+Ω2
r(1 + α))2


 (21)

ω̂− =

√√√√√1 + µ+Ω2
r(1 + α)

2


1−

√
1− 4Ω2

r

(1 + µ+Ω2
r(1 + α))2


 (22)

where ω̂ = ω/ωt, and Ωr = ωr/ωt are normalized frequencies. These expressions give the two
resonances corresponding to the mode with original short circuit natural frequency ωr. It can
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Figure 2: Normalized resonant frequencies ω̂ vs. normalized original resonant frequency Ωr for mass
ratio µ = 1 and dimensionless coupling term α = 1. The bandgap edge frequencies as predicted by Eq.
(23) are shown with dashed lines, and the shaded region gives the frequency range of the bandgap.

be shown that there can never be any resonances in the frequency range

ωt√
1 + α

< ω < ωt

√
1 + µ (23)

which corresponds to the frequency range of the combined mechanical-electromechanical locally
resonant bandgap. The two resonances are plotted against Ωr in Fig. 2.

4 FINITE NUMBER OF MECHANICAL AND ELECTROMECHANICAL RES-
ONATORS

Clearly the approximations of Eqs. (16) and (17) require additional validation for systems
with a finite number of segmented electrodes and resonators. For concreteness, we assume that
the resonators are placed evenly on the beam, such that xLj = (j − 1)L/S and xRj = jL/S. For
some particular set of values for ωt, α, and µ, the approximate response of the beam to base
excitation can be obtained using matrix inversion at each value of S, and the response can be
plotted as a surface (or map) against S and the excitation frequency ω. This is shown in Fig. 3
for a cantilever beam excited by base motion with µ = 1, α = 0.44, ωt = 300ω1.

Interestingly, the mechanical bandgap first appears near S = 10, whereas the electrome-
chanical bandgap appears near S = 20. The difference in the minimum required number of
resonators is due to the two separate approximations in Eqs. (16) and (17), where it is clear
that Eq. (16) converges more quickly than Eq. (17). It can be expected that the difference in
minimum required resonators will decrease for lower target frequencies ωt, and increase with
higher target frequencies. Additionally, it is clear that the two bandgaps never truly merge, as
there are always resonances present between the electromechanical and mechanical bandgaps.
For very large S, the frequency range of these intermediate resonances collapses to effectively
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Figure 3: Beam transmissibility at the tip vs. number of shunt circuits/resonators S and normalized
excitation frequency ω with µ = 1, α = 0.4, ωt = 300ω1. The two bandgaps are clearly visible as the
regions of sharp vibration attenuation.

a single frequency value ωt, giving rise to some degenerate behavior as multiple modes exhibit
nearly the same resonant frequency.

5 CONCLUSIONS

A combined mechanical-electromechanical metastructure has been studied for the creation
of increased-bandwidth locally resonant bandgaps. The improved locally resonant bandgap is
obtained by tuning both the mechanical resonators and resonant shunt circuits to the same
frequency, which allows the mechanical and electromechanical locally resonant bandgaps to be
combined into a single, wider bandgap. For a sufficient number of mechanical and electrome-
chanical resonators, the edge frequencies of the combined bandgap are derived in closed form,
depending only on the target frequency, added mass ratio, and a dimensionless electromechan-
ical coupling term. Numerical case studies show that the mechanical bandgap requires less
resonators to appear than the electromechanical bandgap, but for a sufficiently large number
of resonators both bandgaps appear. A small frequency range is always present in between the
two bandgaps with numerous resonances, which is reduced as the number of resonators becomes
large. It is expected that this transition frequency range would be significantly reduced by any
damping present in the system.
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Abstract. Time-space periodic structures (or dynamic structures) possess properties modu-
lated both in time and space. They have been extensively studied in diverse areas. This paper
theoretically studies the unusual wave propagation phenomena induced by elastic waves incident
on time-space periodic beams. The scattering matrix is developed to predict the characteristics
of the reflected and transmitted waves. It is shown that the scattering matrix directly indicates
the non-reciprocal wave transmission and frequency splitting phenomena caused by the dynamic
beam, it also reveals a frequency conversion phenomenon, which is rarely noticed by researchers
but has very significant influence on the application of dynamic structures.

1 INTRODUCTION

Media with varying properties both in time and space have been studied for decades. Typ-
ically, there are two types of such media, namely activated and kinetic media [1]. Activated
media are obtained by instantaneous or gradual change of the media’s properties without any
transport. In contrary, kinetic media are realized through transport of components of the me-
dia. In practice, activated media could be driven by electric field [2] or smart materials [3, 4, 5],
therefore they can also be called time-space modulated media or dynamic media, the concerned
structures in this paper belong to them.

Time-space modulated media were firstly exploited in implementations of electromagnetism.
A. Cullen [6] proposed a transmission line with distributed time-space varying inductances to
obtain parametric amplification. Later, J. C. Simon [7] studied the influence of the time-space
periodic modulation on the electromagnetic waves by using perturbation method. J. C. Simon’s
study by only retaining the fundamental and first orders harmonics were questioned by A.
Hessel and A. Oliner [8], the latter developed a rigorous solution for propagation of waves in
time-space periodic media by expressing the wave in a Floquet form and taking into account
all of the harmonics. Using this rigorous method, E. Cassedy and A. Oliner [9, 10] studied
the interactions of electromagnetic waves with the time-space modulation, and discussed the
stability of the time-space varying system.
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Time-space modulated media were also intensively studied in vibrations and acoustics. Or-
dinary (static) materials, like metals and traditional composites, are all passive and possess
conventional properties, which are difficult to meet the requirements for designing advanced
structures. To overcome these limitations, A. Lurie [1] proposed to vary the properties of mate-
rials in a suitable spatio-temporal pattern, to make the materials be able to respond adequately
at each time to the demand required by the environment. These smart materials are termed
”dynamic materials” by A. Lurie, as well as his collaborators and his followers. In [11], A.
Lurie designed an array composed of cells with two segments, the properties of these segments
are changing in time and space, like the whole array is moving with a constant velocity. He
obtained the effective material parameters of the dynamic array and predicted that by appro-
priately designing the activated array, a screening effect which can protect some parts of the
structure from an incident disturbance can be obtained. S. Weekes [12] validated A. Lurie’s
homogenization results by performing direct numerical simulations. In recent years, more and
more researchers from vibrations and acoustics are attracted by time-space modulated structures
[13, 14, 15, 16]. A significant contribution was made by G. Trainiti et al. [14], who obtained the
dispersion relations of time-space periodic beams by using a rigorous theoretical method similar
to that proposed in [9]. They also numerically demonstrated strong non-reciprocal elastic wave
propagation at specific frequencies.

In summary, after being extensively studied in diverse areas, many unusual phenomena
induced by time-space modulated media have been observed: screening effect [11, 12], non-
reciprocal wave propagation [13, 14, 15, 16, 17], frequency splitting [18, 16]. However, all these
phenomena were demonstrated by numerical simulations, like Finite Element (FE) method, Fi-
nite Difference Time Domain (FDTD) method, to name a few. Although some efforts [11, 14, 17]
have been done to predict behaviors of time-space modulated media, there is still lack of an effi-
cient tool to accomplish such purpose. Besides, numerical results can well demonstrate particular
phenomena, but can’t provide sufficient insights into them.

In this paper, reflection and transmission of longitudinal elastic waves incident on time-space
periodic beams are theoretically studied. In section 2, the dispersion relations of longitudi-
nal waves in time-space periodic beams are obtained using the Plane Wave Expansion (PWE)
method, a way to describe the dispersion spectrum of the longitudinal Bloch modes is also pro-
vided. The scattering matrix is developed (section 3). It shows to be a very handy tool to
describe the characteristics of the reflected and transmitted waves (section 4). The scattering
matrix directly indicates the non-reciprocal wave transmission and frequency splitting phenom-
ena caused by the dynamic beam, it also reveals a frequency conversion phenomenon, which is
rarely noticed by researchers but has very significant influence on the application of dynamic
structures. Discussions on the practical applications of dynamic structures are made in section
5 and remarkable conclusions of the presented work are summarized in section 6.

2 DISPERSION RELATIONS

The beam lying along the x direction in figure 1(a) is studied. The density of the beam is a
constant value ρ0, the Young’s modulus is modulated according to a cosine wave function:

E(x, t) = E0 + Emcos(ωmt− kmx) (1)

2
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(a) (b)

Figure 1: (a) A slender time-space periodic beam lying along the x direction. (b) The wave-like time-
space modulation of the Young’s modulus defined by E(x, t) = E0+Emcos(ωmt−kmx). The time period
Tm = 2π/ωm, the wavelength (space period) λm = 2π/km and the wave speed vm = ωm/km.

in which, E0 is the Young’s modulus when there is no modulation, Em is the modulation
amplitude, ωm and km are respectively the angular frequency and wavenumber of the modulation
wave, whose wavelength is λm = 2π/km. The modulation wave propagates along the beam
with the speed vm = ωm/km, as illustrated in figure 1(b). In the following discussion, the
modulation expressed in equation (1) is described by two dimensionless parameters, namely
the dimensionless modulation amplitude αm = Em/E0 and dimensionless modulation speed
βm = vm/c0, here c0 =

√
Eo/ρ0 is the phase velocity of the longitudinal wave in an uniform

beam. The modulation wave could propagate in both direction, βm > 0 indicates the wave
propagates in the positive direction and βm < 0 means the opposite. Note that the time-space
periodicity can also be obtained by modulating the density or the Young’s modulus and density
simultaneously. The modulation wave is not limited to harmonics, it can also be square or
triangular waves.

The longitudinal motion u(x, t) in the time-space periodic beam under the long-wavelength
limit is governed by:

∂

∂x
[E(x, t)

∂u(x, t)

∂x
]− ρ0

∂2u(x, t)

∂t2
= 0 (2)

Studies in this paper are restricted to the cases satisfying following condition [9]:

|βm| < 1√
1 + αm

(3)

3

1679



Kaijun Yi, Manuel Collet and Sami Karkar

under which, the time-space system is stable and the solution of equation (2) can be expressed
in the generalized Bloch wave form:

u(x, t) =
+∞∑

q=−∞
Uqe

i[(ω+qωm)t−(k+qkm)x] (4)

Following the PWE method [14] to obtain the dispersion relations, the Young’s modulus
function in equation (1) is expanded by using Fourier series:

E(x, t) =

+∞∑
p=−∞

Êpe
ip(ωmt−kmx) (5)

in which, Êp are the Fourier coefficients of corresponding bases.
Truncating the terms in equation (4) to a finite number 2N + 1, then substituting equations

(4) and (5) into (2) and forming the complex inner product with ein(ωmt−kmx) yields a well-posed
Quadratic Eigenvalue Problem (QEP) with a set of 2N + 1 equations. The QEP is solved in
terms of k by fixing ω, which results in a vector k with 4N + 2 eigenvalues and a (2N + 1)-by-
(4N + 2) matrix U . Each eigenvalue in k together with the corresponding column in U in the
form of equation (4) represent a Bloch mode that could exist in the structure. Therefore, there
are 4N + 2 longitudinal Bloch modes solved from the QEP. The dispersion relations of these
Bloch modes are obtained by sampling ω in a range of interest.

To well describe the longitudinal Bloch modes in time-space periodic beams, they are clas-
sified into positive-going and negative-going groups according to their group velocities, which
are calculated by cg = ∂ω/∂k. Bloch modes in each group are organized according to their
wavenumber in an ascending fashion. The nth Bloch modes in the positive-going and negative-
going groups are respectively represented by Pn and Nn, with n = −N, ..., 0, ...,+N . According
to equation (4), they are expressed as:

Pn(x, t, k
+
n , ω) =

+N∑
q=−N

P(n,q)e
i[(ω+qωm)t−(k+n+qkm)x]

Nn(x, t, k
−
n , ω) =

+N∑
q=−N

N(n,q)e
i[(ω+qωm)t−(k−n +qkm)x]

(6)

in which, k±n are eigenvalues obtained from the QEP, {P(n,−N), ..., P(n,0), ..., P(n,+N)}T and
{N(n,−N), ..., N(n,0), ..., N(n,+N)}T are the corresponding eigenvectors. As an example, figure
2 shows the band diagram of the beam with αm = 0.4, βm = 0.2. In the figure, the dimension-
less frequency Ω = λmf/c0 and dimensionless wavenumber µ = λmk are used. It is noticeable
that the band diagram is asymmetric with respect to the µ = 0 line. The dispersion curves
of positive-going and negative-going modes repeat along an oblique line, whose slope is 2π/βm.
For example, when the dispersion curve of P−1 mode is horizontally shifted by Ωm (which is the
dimensionless modulation frequency, Ωm = λmωm

2πc0
= βm), then vertically shifted by µm (which

is the dimensionless wavenumber, µm = λmkm = 2π), it totally overlaps the dispersion curve
of P0 mode. In the figure, the frequency ranges where the real part of µ is changeless with

4
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Figure 2: Band diagram of the beam with αm = 0.4, βm = 0.2. Ωm is the dimensionless modulation
frequency, Pn and Nn respectively indicate the nth positive-going and negative-going longitudinal Bloch
modes, the frequency ranges where the real part of µ is changeless with the frequency are stop bands of
corresponding Bloch modes.

the frequency are stop bands of corresponding Bloch modes. It can be seen that stop bands
of different orders Bloch modes are separated. In some published papers [14, 15], the two stop
bands of P0/N+1 and N0/P−1 modes in figure 2 are termed directional band gaps, i.e., within
these stop bands only positive-going or negative-going waves can propagate. It is remarked here
that these descriptions are not appropriate. Because, for example, at frequencies within the stop
bands of N0/P−1 modes, even though these two modes can’t propagate in the beam, but the
other orders positive and negative-going Bloch modes could.

3 THE SCATTERING MATRIX

In this section, reflection and transmission of elastic waves incident on a time-space periodic
beam are theoretically studied, a scattering matrix to describe this problem is proposed. The
time-space periodic beam in figure 3 occupying the region x1 < x < x2 is considered, the left
and right ends of it are respectively connected to a semi-infinite uniform beam. The Young’s
modulus and density of the dynamic beam are the same as in section 2, those of the uniform
beams are E0 and ρ0.

Assume that two longitudinal harmonics with frequency ω are respectively incident on the
dynamic beam from left and right, they are:

Pi1(x, t) = A0e
iω(t− x

c0
)

Ni2(x, t) = G0e
iω(t+ x

c0
)

(7)

here, A0 and G0 are corresponding amplitudes.

5
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Figure 3: Reflection and transmission of elastic waves incident on a time-space periodic beam.

These incident harmonics will induce positive-going and negative-going waves inside the dy-
namic beam. Mathematically these induced waves can be represented as superposition of the
Bloch modes supported by the beam. When 2R+1 Bloch modes are used, according to equations
(6), these waves are represented as:

Pt1(x, t) =

+R∑
n=−R

CnPn =

+R∑
n=−R

+R∑
q=−R

CnP(n,q)e
i[(ω+qωm)t−(k+n+qkm)x]

Nt2(x, t) =

+R∑
n=−R

DnNn =

+R∑
n=−R

+R∑
q=−R

DnN(n,q)e
i[(ω+qωm)t−(k−n +qkm)x]

(8)

in which, Cn and Dn are contribution coefficients of corresponding Bloch modes. Note that, the
number of Bloch modes used in equations (8) must be smaller than the number of Bloch modes
obtained from the QEP, details about this will be discussed later.

It can be seen from equations (8) that the induced waves inside the dynamic beam have
harmonic components with frequencies ω + qωm, q = −R, ..., 0, ..., R. Therefore, the reflected
waves at both ends of the dynamic beam must be superposition of harmonics with all possible
frequencies ω + qωm:

6
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Nr1(x, t) =

+R∑
q=−R

Bqe
i(ω+qωm)(t+ x

c0
)

Pr2(x, t) =

+R∑
q=−R

Fqe
i(ω+qωm)(t− x

c0
)

(9)

Bq and Fq are amplitudes of corresponding harmonics.
For the convenience of the following formulations, equations (7) are rewritten to be coincident

with the expressions in (8) and (9):

Pi1(x, t) =
+R∑

q=−R

Aqe
i(ω+qωm)(t− x

c0
)
, Aq ̸=0 = 0

Ni2(x, t) =
+R∑

q=−R

Gqe
i(ω+qωm)(t+ x

c0
)
, Gq ̸=0 = 0

(10)

The scattering matrix relating the incident waves (Pi1 , Ni2) and reflected waves (Nr1 , Pr2) are
obtained by exploiting the continuous conditions which must be satisfied at interfaces x = x1, x2.
These conditions are:

Pi1(x1, t) +Nr1(x1, t) = Pt1(x1, t) +Nt2(x1, t)

E0
∂[Pi1(x, t) +Nr1(x, t)]

∂x
|x=x1 = E(x1, t)

∂[Pt1(x, t) +Nt2(x, t)]

∂x
|x=x1

Pt1(x2, t) +Nt2(x2, t) = Pr2(x2, t) +Ni2(x2, t)

E(x2, t)
∂[Pt1(x, t) +Nt2(x, t)]

∂x
|x=x2 = E0

∂[Pr2(x, t) +Ni2(x, t)]

∂x
|x=x2

(11)

Substituting the expressions of waves (equations (8) to (10)) and the Fourier expansion of
the Young’s modulus of the dynamic beam (equation (5)) into the continuous conditions, and
exploiting the orthogonality of harmonic functions ei(ω+qωm)t yields:

MA1A+MB1B −MC1C −MD1D = 0

MA2A−MB2B −MC2C −MD2D = 0

MC3C +MD3D −MF3F −MG3G = 0

MC4C +MD4D −MF4F +MG4G = 0

(12)

here, A, B, C, D, F and G are column vectors respectively containing coefficients Aq, Bq, Cn,
Dn, Fq and Gq as elements, n, q = −R, ..., 0, ...R. Dimensions of matrices before these vectors
are all (2R+ 1)-by-(2R+ 1). Details of these matrices are not shown here.

7
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According to equations (12), the relation between incident and reflected waves are obtained:
{
B
F

}
= S

{
A
G

}
(13)

in which, S is the scattering matrix. However, this matrix characterizes the scattering properties
when multiple harmonics with frequencies ω + qωm (q = −R, ..., 0, ..., R) are incident. The
scattering matrix for incident harmonics with only frequency ω (see equations (7) or (10)) is
obtained through a further linear transformation:

S0(ω) = TS(ω) (14)

here, the transformation matrix T is a (4R+ 2)-by-(4R+ 2) matrix, except T(R+ 1, R+ 1) =
T(3R+ 2, 3R+ 2) = 1, other elements are zero.

4 UNUSUAL PHENOMENA INDICATED BY THE SCATTERING MATRIX

In this section, abilities of the scattering matrix in equation (14) are demonstrated. The
scattering matrix is divided into four blocks:

S0 =

[
RL TR

TL RR

]
(15)

Elements in blocks RL and TL are respectively Reflection and Transmission coefficients when
a harmonic is incident from the Left side. Elements in blocks TR and RR are respectively
Transmission and Reflection coefficients when a harmonic is incident from the Right side.

To show the results, modulation parameters of the dynamic beam are chosen as αm = 0.4,
βm = 0.2. Corresponding dispersion diagram of the beam is shown in figure 2. From that figure,
it can be seen that the stop band of P0 mode is 0.536 ≤ Ω ≤ 0.634, and that of N0 mode
is 0.335 ≤ Ω ≤ 0.433. Within these stop bands, strong non-reciprocal wave propagation and
transmission are numerically demonstrated in [14, 15], and frequency splitting of the transmitted
wave is numerically proved in [16]. These unusual phenomena are all directly described by the
scattering matrices as shown in figure 4. In the simulations, the length of the dynamic beam is
Lm = 20λm, and the truncation order of equations (8) is R = 4. The length can have significant
influences on the scattering properties of the dynamic beam, it is simply remarked here that
20λm is long enough to eliminate those influences. Also it can be seen from figure 4 that the
truncation R = 4 is enough to take into account all the noticeable scattered harmonics.

In figure 4, the represented scattering matrices are divided according to equation (15). Pixels
represent the absolute values of elements in the scattering matrix. Only the elements correspond-
ing to the incident harmonic with frequency ω are retained during the filter process in equation
(14), thus just the central columns of the four blocks have nonzero elements. Each pixel of these
central columns is associated with a harmonic component of the reflected and transmitted waves
distinguished by the index q (see equations (9)). The numbers at left of the two figures indicate
the corresponding q values. For example, the brightest spot in the top-left block in figure 4(a)
represents the reflection coefficient into the harmonic with q = −1: e

i(ω−ωm)(t+ x
c0

).

8

1684



Kaijun Yi, Manuel Collet and Sami Karkar

(a) Ω = 0.585 (b) Ω = 0.384

Figure 4: Absolute values of elements in the scattering matrix S0 at frequencies (a) inside the stop
band of P0 mode and (b) inside the stop band of N0 mode. The modulation parameters are αm = 0.4,
βm = 0.2. The length of the dynamic beam is Lm = 20λm.

At frequencies inside the stop band of P0 mode (figure 4(a)), it can be observed that when a
harmonic with frequency ω is incident from the left, most of it will be reflected (see the top-left
block), also there will be waves transmitted through the dynamic beam (see the bottom-left
block). The reflected and transmitted waves all contain multiple harmonics with frequencies
ω + qωm, q = −3,−2,−1, 0, 1. Particularly, the reflected waves are dominated by the harmonic
with frequency ω − ωm, which means that the main frequency component is down-converted.
This phenomenon is rarely noticed by researches, but it has very significant influences on the
applications of dynamic media. In contrary, when a harmonic is incident from the right side, the
transmission is much more significant than the reflection. (see the right two blocks). Frequency
splitting is also observed in this case.

Similar phenomena can be observed at frequencies inside the stop band of N0 mode from
figure 4(b). In these situations, more waves will be reflected when the harmonic is incident from
the right side, and the main frequency is up-converted to ω + ωm.

5 DISCUSSIONS

The strong non-reciprocity of dynamic structures within the stop bands of the two funda-
mental Bloch modes is very attractive to realized (approximate) one-way wave propagation. In
an open system (finite systems can be treated as infinite in specific situations [19, 20]), as in
figure 3, the dynamic beam may be used to build unidirectional vibration insulators. However,
the frequency conversion phenomena must be taken into account when the scattered harmonics
by the dynamic structure are considerably reflected back.

9
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Figure 5: The finite sandwich beam with a dynamic part in the center.

For example, in a sandwich beam composed of three parts shown in figure 5, when a harmonic
is incident on the dynamic beam from the left side at a frequency ω within the stop band of
P0 mode, most of the harmonic will be reflected back into a harmonic with a down-converted
frequency ω − ωm. This harmonic then reflected back by the left end of the whole beam. If the
frequency ω − ωm is outside the stop band of P0 mode, most of it will be transmitted through
the dynamic beam. Even though the frequency ω−ωm is still inside the stop band after the first
scattering (this can happen when the modulation speed is small), the above described process
will repeat until the frequency is outside the stop band. Similar phenomena happen inside
the stop band of N0 mode. Therefore, one-way vibration insulators are impossible in these
situations.

6 CONCLUSIONS

- An approach to describe the Bloch modes in time-space periodic structures are provided.
Caused by the extra time periodicity, dynamic structures posses no full band gap as ob-
served in space-only periodic media. Stop bands of different orders Bloch modes could
be well separated. At any frequency, multiple Bloch modes may be stimulated and make
considerable contribution to the forced wave propagation.

- The scattering matrix is developed to characterize the reflected and transmitted waves by
time-space periodic structures. It is shown that the scattering matrix directly indicates
the non-reciprocal wave transmission and frequency splitting phenomena caused by the
dynamic beam, it also reveals a frequency conversion phenomenon, which is rarely noticed
by researchers but has very significant influence on the application of dynamic structures.

10

1686



Kaijun Yi, Manuel Collet and Sami Karkar

References

[1] Konstantin A Lurie. An introduction to the mathematical theory of dynamic materials,
volume 15. Springer Science & Business Media, 2007.

[2] Hugo Lira, Zongfu Yu, Shanhui Fan, and Michal Lipson. Electrically driven nonreciproc-
ity induced by interband photonic transition on a silicon chip. Physical review letters,
109(3):033901, 2012.

[3] YY Chen, R Zhu, MV Barnhart, and GL Huang. Enhanced flexural wave sensing by
adaptive gradient-index metamaterials. Scientific reports, 6, 2016.

[4] Yu Fan, Manuel Collet, Mohamed Ichchou, Lin Li, Olivier Bareille, and Zoran Dimitrijevic.
A wave-based design of semi-active piezoelectric composites for broadband vibration control.
Smart Materials and Structures, 25(5):055032, 2016.

[5] Kaijun Yi, Manuel Collet, Mohamed Ichchou, and Lin Li. Flexural waves focusing through
shunted piezoelectric patches. Smart Materials and Structures, 25(7):075007, 2016.

[6] AL Cullen. A travelling-wave parametric amplifier. Nature, 181(4605):332–332, 1958.

[7] J-C Simon. Action of a progressive disturbance on a guided electromagnetic wave. IRE
Transactions on Microwave Theory and Techniques, 8(1):18–29, 1960.

[8] AA Oliner and A Hessel. Wave propagation in a medium with a progressive sinusoidal
disturbance. IRE Transactions on Microwave Theory and Techniques, 9(4):337–343, 1961.

[9] ES Cassedy and AA Oliner. Dispersion relations in time-space periodic media: Part i—
stable interactions. Proceedings of the IEEE, 51(10):1342–1359, 1963.

[10] ES Cassedy. Dispersion relations in time-space periodic media part ii—unstable interac-
tions. Proceedings of the IEEE, 55(7):1154–1168, 1967.

[11] Konstantin A Lurie. Effective properties of smart elastic laminates and the screening phe-
nomenon. International Journal of Solids and Structures, 34(13):1633–1643, 1997.

[12] Suzanne L Weekes. Numerical computation of wave propagation in dynamic materials.
Applied numerical mathematics, 37(4):417–440, 2001.

[13] N Swinteck, S Matsuo, K Runge, JO Vasseur, Pierre Lucas, and Pierre A Deymier.
Bulk elastic waves with unidirectional backscattering-immune topological states in a time-
dependent superlattice. Journal of Applied Physics, 118(6):063103, 2015.

[14] Giuseppe Trainiti and Massimo Ruzzene. Non-reciprocal elastic wave propagation in spa-
tiotemporal periodic structures. New Journal of Physics, 18(8):083047, 2016.

[15] H Nassar, XC Xu, AN Norris, and GL Huang. Modulated phononic crystals: Non-reciprocal
wave propagation and willis materials. Journal of the Mechanics and Physics of Solids,
101:10–29, 2017.

11

1687



Kaijun Yi, Manuel Collet and Sami Karkar

[16] C Croënne, JO Vasseur, O Bou Matar, M-F Ponge, PA Deymier, A-C Hladky-Hennion, and
B Dubus. Brillouin scattering-like effect and non-reciprocal propagation of elastic waves
due to spatio-temporal modulation of electrical boundary conditions in piezoelectric media.
Applied Physics Letters, 110(6):061901, 2017.

[17] Lang-Quan Shui, Zhu-Feng Yue, Yong-Shou Liu, Qing-Chang Liu, Jiao-Jiao Guo, and Xin-
Dang He. Novel composites with asymmetrical elastic wave properties. Composites Science
and Technology, 113:19–30, 2015.

[18] Jakob S Jensen. Space–time topology optimization for one-dimensional wave propagation.
Computer Methods in Applied Mechanics and Engineering, 198(5):705–715, 2009.

[19] HGD Goyder and RG White. Vibrational power flow from machines into built-up structures,
part i: introduction and approximate analyses of beam and plate-like foundations. Journal
of sound and vibration, 68(1):59–75, 1980.

[20] Yu Fan, Manuel Collet, Mohamed Ichchou, Lin Li, Olivier Bareille, and Zoran Dimitrijevic.
Energy flow prediction in built-up structures through a hybrid finite element/wave and
finite element approach. Mechanical Systems and Signal Processing, 66:137–158, 2016.

12

1688



Smart Panel with Switching and Sweeping Piezoelectric Patch Vibration Absorbers

VIII ECCOMAS Thematic Conference on Smart Structures and Materials 
SMART 2017 

A. Güemes, A. Benjeddou, J. Rodellar and Jinsong Leng (Eds) 
 

 
 

SMART PANEL WITH SWITCHING AND SWEEPING 
PIEZOELECTRIC PATCH VIBRATION ABSORBERS 

L. DAL BO*, D. CASAGRANDE, P. GARDONIO 

Università degli Studi di Udine, DPIA, 
Via delle Scienze,208-33100 Udine, Italy 

e-mail: dalbo.loris@spes.uniud.it 
 

Key Words: piezoelectric shunt, vibration absorber, smart panel, vibration control 

Abstract. This paper describes the design and development of a smart panel equipped with five 
piezoelectric patches, which are connected to time-varying resistive-inductive shunts. The 
shunted piezoelectric patches form an array of vibration absorbers, which, usually, would be 
tuned to reduce the flexural vibration response of the hosting panel at given resonance 
frequencies. Instead, in this study, the resistive and inductive components of the shunts are 
either periodically commuted among given values or continuously varied within given ranges. 
In this way, the operation frequency of the piezoelectric patch vibration absorbers are 
respectively switched over given resonance frequencies or uniformly swept in a given 
frequency range to produce a broad band control of the resonant flexural response of the hosting 
panel. The study describes the design and laboratory implementation of the reference fixed 
tuning and of the proposed switching and sweeping tuning operation modes. In addition, it 
presents preliminary experimental measurements on the flexural response of the panel when 
the piezoelectric patches are connected to the classical fixed tuned shunts and to the proposed 
switching and sweeping shunts. 

1 INTRODUCTION 

This paper is focused on the practical implementation of time–varying shunted piezoelectric 
patches, which can be bonded on thin structures to control the resonant response of multiple 
low order flexural modes. The idea of using shunted piezoelectric patches that produce an 
electromechanical vibration absorber effect to reduce the resonant response of structures dates 
back to the work proposed by Forward in 1979 [1]. Since then, many studies were dedicated 
both to the understanding of the basic working principles and to the conception of innovative 
solutions for the implementation of shunted piezoelectric patch vibration absorbers on flexible 
structures. In particular, Hagood and von Flotow [2] and Wu [3], proposed the idea of 
connecting to piezoelectric transducers shunt circuits formed by resistive-inductive (RL) 
components arranged respectively in series and in parallel. The combination of the RL-elements 
with the inherent capacitive effect of the piezoelectric patch produces an electrical resonating 
circuit, which is coupled to the structure via the piezoelectric transduction. Thus, the RL-
shunted piezoelectric patch forms an electro-mechanical vibration absorber [4], which can be 
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effectively used to control the harmonic response of structures subject to tonal excitations or 
the resonant response of structures subject to broad band excitations [5]. These early works 
were followed by many studies, which, for example, were dedicated to the improvement of the 
electromechanical vibration absorption by reducing the inherent capacitive effect of the 
piezoelectric patches with active shunt circuits [6-13] or by implementing multi-resonant shunts 
that allowed the control of multiple resonant modes of the hosting structure [14-21]. In parallel, 
there have been quite a few theoretical works on simple analytical formulations based on a 
single structural mode model for the derivation of the optimal RL parameters that should be 
implemented in the shunt to minimise the resonant response of the hosting structure [22-24]. 
However, as shown in ref. [25], when piezoelectric patches are bonded on thin two dimensional 
flexible structures, the tuning of the RL components of the shunt is somewhat more complex 
since the coupling between the structure and the piezoelectric patch occurs via multiple 
structural modes. Indeed the most critical aspect for the design and implementation of a shunted 
piezoelectric patch vibration absorber is the tuning of the RL components. As normally done 
with classical vibration absorbers, the inductive component should be chosen in such a way that 
the resonance of the RLC circuit is closely tuned to the resonance of the structural mode to be 
controlled. Also, the resistive component should be tuned in such a way to minimise the overall 
response of the targeted mode, which, normally is expressed in terms of H2 or H∞ norms. This 
short introduction reports only a part of the many works published on shunted piezoelectric 
patch vibration absorbers. The reader is referred to the following articles and book for a 
comprehensive overview of the works and ideas presented on this topic over the years [26-29]. 

This paper presents experimental work on the implementation of two new types of time-
varying shunts, which were introduced in refs. [30,31]. In the first type, the resistive and 
inductive components of the shunt are periodically commuted among given values such that the 
resonance frequency and the inherent damping of the piezoelectric patch absorber are 
continuously switched among optimal values to control the resonant response of the targeted 
modes of the hosting structure. In the second type, the resistive and inductive components of 
the shunt are continuously varied within given ranges such that the resonance frequency and 
the inherent damping of the of the piezoelectric patch absorber are respectively uniformly swept 
in a given frequency range and continuously adapted to control the resonant responses of all 
modes of the hosting structure that resonate in the target frequency band. 

The paper is structured in five sections. Section two describes the panel used as a test case, 
which is equipped with five shunted piezoelectric patch transducers. Section three presents a 
comprehensive overview on the fixed tuning of the shunt RL components in order to control 
the resonant response of a target flexural mode of the hosting panel. The section is enriched 
with an instructive analogy study that visualises the effects of the shunt components in terms 
of mechanical lumped parameter elements that can be assembled into the modal mass-spring-
damper scheme normally used to derive the response of the flexural mode of the structure to be 
controlled. Section four presents preliminary experimental results on the vibration control 
produced by the five shunted piezoelectric patches when three types of shunts are implemented: 
first, classical fixed shunts, each tuned to control a specific resonant flexural mode of panel; 
second, switching shunts, each tuned to iteratively control the five resonant flexural modes of 
the panel considered with the fixed shunts; third, sweeping shunts, each continuously adapted 
to work in a frequency band that encompass the five resonant flexural modes of the panel 
considered with the fixed shunts. Finally, section five presents the conclusion of this study. 
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2 SMART PANEL  

Figure 1a shows the laboratory setup used in this study with the rectangular panel clamped on 
a box structure. As summarised in Table 1, the panel considered in this study is made of 
aluminium and has thickness of 1 𝑚𝑚𝑚𝑚 and a length and width of 414 𝑚𝑚𝑚𝑚 and 314 𝑚𝑚𝑚𝑚 
respectively. Five piezoelectric patches are bonded on the bottom side of the panel. The 
dimensions, positions and physical properties of the patches are summarised in Table 2. The 
panel is excited at position 𝑥𝑥𝑝𝑝 = 85 mm and 𝑦𝑦𝑝𝑝 = 110 mm by a shaker located in the box. 
Finally the flexural response of the panel is monitored at a single point with an accelerometer 
fixed on the top side of the panel at position 𝑥𝑥𝑚𝑚 = 147 mm and 𝑦𝑦𝑚𝑚 = 97 mm. The physical 
and geometrical parameters of the test ring are summarized in Tables 1 and 2. 
 

 
Figure 1: Laboratory setup: (a) picture, (b) control tuning scheme 

Table 1: Dimension and physical parameters of the 
panel 

Parameter Value 
Dimension mm 314414 yx ll  

Thickness mm  1ph   

Density 3Kg/m 2700p   

Young’s modulus 210 N/m 107pY   
Modal damping 

ratio 
 02.0p  

 
 

Table 2: Dimension and physical parameters of the 
piezoelectric tranucers 

Parameter Value 
Dimension mm 8080 peypex aa  

Thickness mm  1peh   
Centre 
Position 
j=2,3,4,5 602/,602/,

2/,2/, 11





ypxpcjcj

ypxpcc

llyx

llyx
  

Density 3Kg/m  7600pe   
Young’s 
modulus 

210 N/m  105E
peY   

Piezo const. m/V   10190d -12
3231 d  

Capacitance F  10268 9piC  
 

(a) (b) 
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The magnified picture in figure 1a shows one of the five piezoelectric patches bounded on the 
bottom surface of the plate, while the scheme in figure 1b shows the electronic circuit used to 
synthesise the shunt. The electric terminals of each patch are connected to the input channel of 
a dSPACE controller via an instrumental amplifiers (INA). The input voltage to the controller 
is thus proportional to the voltage at the terminals of the piezoelectric patch. The dSPACE 
controller implements in real time the response of the shunt circuit; thus the output voltage, 
which is actually the voltage at the terminals of the piezoelectric patch, is equivalent to the 
voltage drop produced by the shunt.  

3 PIEZOELECTRIC PATCH VIBRATION ABSORBER  

3.1 Mechanical analogues of electrical shunts connected to an idealised piezoelectric 
transducer 

Before entering into the details of the implementation of the switching and sweeping shunts, 
this section provides a comprehensive overview of the mechanical analogues of simple 
electrical shunt components and of parallel and series RLC shunt circuits connected to an 
idealised piezoelectric transducer, which does not include the inertia and stiffness effects of the 
piezoelectric material. Thus, the mechanical analogue of a shunted piezoelectric patch is studied 
with the simplified lumped parameter model shown in figure 2, which considers an idealised 
transducer blocked at the base that converts voltage into a modal force excitation and, vice 
versa, converts a modal velocity into current.  

 
Figure 2: Model of an idealised modal piezoelectric transducer with an electrical shunt. 

Considering the following transduction relations: 

 srr eQ   , (1) 
 rrs qi   , (2) 

and recalling that, for the notation shown in figure 2b, 

 sss iZe   ,    (3) 

the following equivalent mechanical impedance expression can be derived for the shunted 
idealised piezoelectric transducer: 

 sr
r

r Z
q
Q

Z 2
mr 


 . (4) 
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Table 3. Impedances of electrical element and circuits. 

Shunt Electro–mechanical  
scheme 

Electrical 
impedance 

eZ  

Equivalent 
mechanical 
impedance  

m rZ  

Equivalent mechanical 
system 

R 

 

R  R2  

 

C 

 

Cj
1  

Cj
 2

 

 

L 

 

Lj  Lj 2  

 

RCL 
  (P) 

 

Lj
Cj

R 
 11

1



 

Lj
Cj

R 



11

2



 

 

RLC   
(S) 

 

Cj
LjR


 1

  








 Lj

Cj
R 


 12  

 

 

Equation (4) is used in Table 3 to derive the equivalent mechanical impedance effects produced 
by different types of electric loads connected to the idealised piezoelectric transducer. 
Considering first the equivalent mechanical impedances for the elementary elements, it is noted 
that the resistor produces a mechanical dissipative effect proportional to R2 . Thus, to obtain 
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a large damping effect, the resistance should be large. The capacitance produces a mechanical 
elastic effect proportional to C/2  and thus to obtain a large stiffness effect the electric 
capacitance should be small compared to 2 . Finally, the inductance produces a mechanical 
inertia effect proportional to L2 . Hence, in this case, to obtain large inertia effect, the 
inductance should also be large.  Considering now electric passive networks formed by RLC 
components connected either in series or in parallel, it is found that the parallel RLC produces 
stiffness, damping and mass effects in series and the series RLC generates mass damping and 
stiffness effects in parallel. Both configurations give rise to resonant responses. Thus the 
idealised piezoelectric patch transducer connected to a RLC shunt could be used to synthesise 
a mechanical vibration absorber [4]. 

3.2 Mechanical analogues of electrical shunts connected to a realistic piezoelectric 
transducer 

This section considers the mechanical analogue of a realistic piezoelectric transducer 
connected to various types of electrical shunts. As shown in figure 3, in this case the transducer 
is modelled with the idealised transducer considered in the previous section with in parallel a 
block mass, a damper and a spring that represent the inertia, damping and stiffness effects of 
the piezoelectric material. Also the transducer is connected in parallel with a capacitor, which 
represents the inherent capacitive effect of the piezoelectric element and with the shunt circuit.  

 

Figure 3: Model of an idealised modal piezoelectric transducer with an electrical shunt. 

The results derived in Table 3 can be straightforwardly applied to the electromechanical 
systems considered in Table 4. The first system considers a short-circuit piezoelectric 
transducer, which, as shown in the centre scheme, corresponds to the mass-damper-spring 
system for the piezoelectric material. In fact, the short circuit annihilates the transduction and 
the inherent capacitive effects of the piezoelectric element. Thus, the impedance FRF of this 
system is characterised by a resonant behaviour, where the resonance frequency and the peak 
amplitude depend only on the mechanical properties of the piezoelectric material. The second 
system considers a piezoelectric transducer connected to an inductor. In this case, as shown in 
the centre scheme, the combined effect of the inherent capacitance of the piezoelectric element 
and of the inductance of the shunt produces a series spring-mass system connected on top of 
the spring-damper-mass system for the mechanical part of the transducer. In this case, as shown 
in the right hand side graph, the single resonance impedance FRF (black line) is changed into  
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Table 4. Mechanical equivalent impedance when the piezoelectric transducer is short-circuited 
 and connected to either a RL or a RLC shunt. 

Electro–mechanical scheme Equivalent mechanical 
scheme 

Mechanical admittance (FRF)  

rrmr QqZY /ˆ 1
mr    

 
 

 

 
 

 
 

 
 

   

 
 

 
  

 

a double resonance impedance FRF, and the pair of peaks can be shifted in frequency by varying 
the inductance. Also, the aperture between the two peaks can be increases by reducing the 
inherent capacitance of the transducer. The third system considers a piezoelectric transducer 
connected to an inductor and a resistor in parallel. In this case, as shown in the centre scheme, 
the combined effect of the inherent capacitance of the piezoelectric element and of the shunt 
parallel inductance and resistance produces a series spring-damper-mass system connected on 
top of the spring-damper-mass system for the mechanical part of the transducer. As shown in 
the right hand side graph, the single resonance impedance FRF (black line) is changed into a 
double damped resonance impedance FRF. The extent of the damping effect can be 
straightforwardly varied by changing the resistance in the shunt. Thus the parallel RL shunt 
combined in parallel with the inherent capacitive effect of the piezoelectric transducer can be 
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effectively used to produce an equivalent vibration absorber mechanical system, which can be 
used to reduce the resonant response of a mechanical system. 

3.3 Simplified model of the plate with the RL shunted piezoelectric patch 
As discussed in ref. [31], normally the response of a structure with embedded a shunted 
piezoelectric patch is studied considering a simplified model that considers the response of 
target mode of the structure only. Thus, for the smart panel shown in figure 4a, the simplified 
model model shown in figure 4b is considered.  
 

 
Figure 4: Plate with time-varying shunted piezoelectric patch absorbers: (a) scheme and (b) lumped parameter 

model considering the i-th patch and the r-th natural mode  

In this case, as discussed in ref. [31], the complex response of the r-th flexural mode per unit 
modal excitation of the r-th mode is given by the following expression:  

 
  rrispirrr

r
r

kZcjm

j
Q
q

Y



22)(

)(
)(










 . (5) 

Here, rq  and rQ  are the r-th complex modal velocity and modal excitation, whereas sie , sii  are 
the tension and current at the i-th shunt. Also, rm , rc  rk  are the r-th modal mass, damping, 
stifness for the panel and piezoelectric patch materials, while ri  is the r-th transduction 
coefficient of the i-th patch. Finally,  

 
Cpisi

siCpi
spi ZZ

ZZ
Z


̂  , (6) 

where CpiZ  is the capacitive impedance of the i-th piezoelectric patch and siZ  is the impedance 
of the i-th RL shunt. Thus, as shown in ref. [31], minimising the 2H norm of )(rY  the optimal 
inductance and resistance in the shunt are given by: 

 
pirpir

r

CCk
mL 2si

1


    and   
piri

r

C
mR 2si 

  , (7,8) 

where r  is the natural frequency of the r-th flexural mode. Eqs. (7) and (8) are the starting 
trial values used to tune the shunts in the experiments presented in this paper. 

(a) (b) 
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4 SWITCHING AND SWEEPING OPERATION MODES  

This section discusses the vibration control effects produced when the shunts of the five 
piezoelectric patch vibration absorbers implement either classical fixed tunings or the proposed 
switching and sweeping operation modes. The target modes to be controlled have been chosen 
with resonance frequencies comprised between 50 and 320 Hz.  As summarised in table 5, the 
fixed shunts are tuned to control the first five flexural modes of the plate. Also the switching 
shunts are set to iteratively control the resonant response of the plate first five flexural modes 
while the sweeping shunts are uniformly varied in such a way as to control all flexural modes 
that resonates in the frequency range comprised between 50 and 320 Hz. Both switching and 
sweeping modes are implemented asynchronously.  

Table 5: Operational frequency control for each absorber and for each operational control method  

Type Absorber 1 
[Hz] 

Absorber 2 
[Hz] 

Absorber 3 
[Hz] 

Absorber 4 
[Hz] 

Absorber 5 
[Hz] 

Fixed 52 96 128 222 311 
Switchin

g 
52,96,128,222,31

1 
96,128,222,311,5

2 
128,222,311,52,9

6 
222,311,52,96,12

8 
310,52,96,128,222

2 
Sweeping 50-320 50-320 50-320 50-320 50-320 

4.1 Fixed tuning Shunt 

The optimal resistive and inductive components of the five fixed tuning shunts have been 
derived with a trial and error procedure, starting from the values derived with Eqs. (7) and (8) 
considering the resonances of the modes to be controlled, which are listed in the first row of 
table 5. Figure 5 shows the spectrum of the velocity measured with the accelerometer per unit 
force exerted by the shaker when the panel is equipped with five piezoelectric patches either in 
short circuit (solid red line) or connected with fixed tuning shunts (solid black line). The graphs 
shows that the shunted piezoelectric patch absorbers produce between 2 and 8 dB reductions of 
the resonance peaks of the targeted modes.  

 
Figure 5: spectrum of the velocity measured with the accelerometer per unit force exerted by the shaker when 
the panel is equipped with five piezoelectric patches in short circuit (solid red line) and connected with fixed 
tuning shunts (solid black line). 
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4.2 Switching operation mode 

For the switching operation mode, the shunts were equipped with a control algorithm that 
switches sequentially the shunt RL elements between the tuning values listed in third row table 
(5). As proposed in ref. [31] , the duration of each switching iteration is set to be equal to the 
time constant of the shunt circuit  sss  /1 , where  pisss CRL 24  and s  are 
respectively the damping factor (equal to 3,0 ) and the natural frequency of the RLC circuit 
formed by the capacitor piC  and the RL shunt components set to control the r-th flexural mode 
of the panel.  Figure 6 shows the spectrum of the velocity measured with the accelerometer per 
unit force exerted by the shaker when the panel is equipped with five piezoelectric patches in 
short circuit (solid red line) and connected with the switching shunts (solid black line). The 
switching shunts produce very similar control effects than the fixed shunts, with reductions of 
the resonance peaks of the targeted flexural modes comprised between 3 and 8 dB.   

  
Figure 6: spectrum of the velocity measured with the accelerometer per unit force exerted by the shaker when the 
panel is equipped with five piezoelectric patches in short circuit (solid red line) and connected with switching 
shunts (solid black line). 

4.3 Sweeping operation mode 

For the sweeping operation mode, no specific tuning of the RL shunt is implemented. In this 
case the natural frequency of the shunts electrical circuit is swept between the lower and upper 
limits of the frequency control range according to the following law 

    2 2sin tfsifisw    . (9) 

Here, i  and f are the lower and upper values of the control frequency range shown in the 
second raw of table 5 and sf  is the sweeping frequency, which has been set to 6 Hz as proposed 
in ref.  [31]. As discussed in ref. [31], the inductance is sweep following the law 

 psws CtL 2/1)(  , where sw  is given in Eq. (9). Also the resistance is swept in such a way as 
to keep the damping ratio in the shunt circuit equal to %6s , in which case 
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 pisss CtLtR 24)()(   [31]. The five absorbers act on the whole control frequency band 

if    asynchronously with the phase shift of 5/ between each other. 
Figure 7 shows the spectrum of the velocity measured with the accelerometer per unit force 

exerted by the shaker when the panel is equipped with five piezoelectric patches in short circuit 
(solid red line) and connected with the sweeping shunts (solid black line). The sweeping shunts 
produce very similar control effects than the fixed shunts and switching shunts, with reductions 
of the resonance peaks of the flexural modes that resonates in the target frequency band 
comprised between 2 and 8 dB.  

 
Figure 7: spectrum of the velocity measured with the accelerometer per unit force exerted by the shaker when the 
panel is equipped with five piezoelectric patches in short circuit (solid red line) and connected with sweeping 
shunts (solid black line). 
 

5 CONCLUSIONS 
This paper has presented the design and development of a smart panel equipped with an 

array of five piezoelectric patches, which are connected to time-varying resistive-inductive 
shunts. First of all, a comprehensive analysis of the mechanical equivalent effects produced by 
shunts connected idealised and real piezoelectric transducers have been analyse to provide the 
key concepts behind the implementation of shunted piezoelectric patch vibration absorbers. The 
experimental implementation of fix tuned, switching and sweeping shunts on five piezoelectric 
patches bonded on a thin panel has then been assessed. As shown in table 6 below, the initial 
experimental results presented in this study have shown that the proposed switching and 
sweeping operation modes produce about the same vibration reductions at the target resonance 
frequencies than the fixed tuning shunts. This is a rather interesting results for the sweeping 
operation mode, which is operated blindly within a given frequency band. Thus it works without 
need of tuning, that is without the need of system identification of the dynamic response of the 
structure. Moreover, this characteristic makes the system robust to changes of operation 
condition, particularly of the hosting structure, which could be affected by tensioning or 
temperature change effects.  
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The experimental results presented in this paper should be considered merely as initial results 
of on going experimental work. The low reductions obtained at this stage can be improved by 
implementing RL shunts, with and active negative capacitance component that would reduce 
the inherent capacitive effect of the piezoelectric patch and thus increase the vibration 
absorption effect.  

Table 6: Peak reductions at the monitor position produced by the fixed, switching and sweeping shunts 

[Hz] 52 96 128 222 311 
Fixed 9.9 5.3 2.4 3 2.5 

Sweeping 9.8 5.2 1.6 2.2 2.4 
Switching 10.0 4.4 2 3.5 2.6 
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Abstract. Longitudinal elastic wave propagation in ultrasonic frequency range (2 − 12 MHz)
through periodic ceramic micro-architectures was studied by a though-transmission method. Sil-
icon carbide micro-scaffolds fabricated by an additive manufacturing method called Robocasting
were used for the experiments; micro-architectures with tetragonal, hexagonal and orthorhombic
spatial arrangements were employed. The results prove that these micro-scaffolds exhibit well-
detectable frequency band gaps, resulting from internal resonances of the periodic structure,
especially when direction of the wave propagation is parallel to one of the symmetry directions
of the micro-architecture.

1 INTRODUCTION

Robocasting [1, 2, 3] is a free-form fabrication method for preparation of geometrically com-
plex ceramic structures and scaffolds. This method belongs among the so-called additive manu-
facturing techniques, in which the materials are built up in a layer-by-layer manner with perfectly
controlled internal architecture and finely tunable properties. In the case of Robocasting, the
individual, subsequently added layers consist of thin rods of a special ceramic ink printed into an
oil bath through a nozzle. As the nozzle is controlled by a computer-driven positioning system,
the resulting patterns of rods may have any desired spatial arrangement. This arrangement

1

1702



H. Seiner, P. Sedlák, M. Ševč́ık et al.

persists also after the drying and sintering processes, during which the individual rods forming
the structure adopt mechanical properties of fully dense sintered ceramics, such as a high elastic
modulus or superior thermal and environmental resistance.

The robocast structures have many potential applications, ranging from their use as high-
quality filters [4] to exploiting their spatial periodicity for materials acting as band gap structures
for electromagnetic field [5]. Most importantly, these structures are nowadays considered as op-
timal candidates for applications in bone tissue engineering [6, 7]. For many of these application,
and for the biomedical applications in particular, the knowledge of mechanical properties of the
robocast structures is essential. There have been several attempts to improve the understanding
of the mechanics of the robocast materials by finite elements method (FEM) modeling reported
in the literature. Genet et al. [8] have used such models to analyze the failure mechanism of
calcium phosphate scaffolds; similar analysis, supported by experimental observations, was car-
ried out by Miranda et al. [9] for hydroxyapatite. These works, however, were mainly focused
on the fracture toughness of the scaffolds and the underlying micro-mechanical mechanisms of
failure, while the macroscopic acoustic properties of the scaffolds was not discussed in any de-
tails. In this paper, on the contrary, we focus on the elastic wave propagation phenomena in
the robocast scaffolds. The periodic spatial arrangement of the ceramic rods in these materials
makes them apparently similar to the so-called acoustic metamaterials [10, 11, 12], or phononic
crystals [13, 14, 15], i.e. artificially created materials in which the elastic wave propagation
exhibits several unique features, such as the negative refraction index, strong focusing of the
energy fluxes carried by the propagating waves, or acoustic frequency band gaps. The aim of
this paper is to bring experimental evidence that these phenomena take place in the robocast
scaffolds, especially that there are well-identifiable band gaps for longitudinal ultrasonic wave
propagation in these materials. The phononic crystal-like properties of robocast scaffolds have
been predicted by the the current authors by means of FEM calculations [16, 17]; the same
calculations were then used for interpretation of the experimental results, as reported in [18].

2 EXPERIMENT

2.1 Materials

Silicon carbide (SiC) robocast scaffolds with six different micro-architectures were used for
the study. The details on the manufacturing process (including chemical compositions of the
ceramic inks, etc.) are given elsewhere [18]. The used scaffolds were rectangular prisms of
approximately 10 × 10 × 5 mm3 in dimensions; the central parts of these prisms contained the
regular periodic architectures. Optical micrographs of the periodic arrangements are shown in
Fig.1; these where:

(a) a tetragonal scaffold with inter-rod spacing (i.e. distance between centers of neighboring
rods) of 650 µm, denoted hereafter as LS-sample

(b) a tetragonal scaffold with inter-rod spacing of 310 µm, denoted hereafter as SS-sample

(c) a hexagonal scaffold with inter-rod spacing of 580 µm, denoted hereafter as LH-sample

(d) a hexagonal scaffold with inter-rod spacing of 420 µm, denoted hereafter as SH-sample

2
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Figure 1: Optical micrographs of the used robocast micro-scaffolds (see the text for the denotations and
detailed descriptions of the individual micro-architectures). For the OR-sample (e) and MO-sample (f),
the othorhombic unit cells are outlined by dashed lines. The black arrows indicate the direction in which
the ultrasonic wave propagation was measured.

(e) an orthorhombic scaffold with inter-rod spacings of 590 µm and 310 µm and with the
orthorhombic axes lying parallel to the rods, denoted hereafter as OR-sample

(f) an orthorhombic scaffold with inter-rod spacing of 460 µm and with the orthorhombic axes
inclined by approximately π/8 from the rods, denoted hereafter as MO-sample (due to the
monoclinicity of the structure)

As seen in Fig.1, the architectures were regular but the diameters of the rods were significantly
varying along their lengths. The rods were obviously narrower in their fee-standing segments
(most clearly seen for SH- and MO-samples) than close to the crossing points; this probably
resulted from differing tension/compression conditions along the axis of the rod during the
sintering process. In average, the diameter of the rods varied between 190 and 240 µm for all
samples.

2.2 Ultrasonic measurements

The ultrasonic wave propagation through the samples was studied using a through-transmission
method (see Fig.2 for an outline). Each sample was contacted by a CrystalBond wax onto two
0.5 mm thin glass plates to ensure flat co-planar faces for contacting of ultrasonic probes.

Then, narrow-band longitudinal ultrasonic pulses were sent through the sample, each consist-
ing of ten harmonic periods at given frequency inside of an amplitude-envelope (’input signal’
curve in Fig.2). Glass plates were always glued onto two lateral faces of the sample and oriented
such that they enabled measurements of waves propagating along one of the orientations of the
rods. For the OR sample (Fig.1(e)), the propagation direction was along the longer spacing
between the rods. For all other samples, the propagation direction was along the horizontal
direction in Fig.1.

For the generation of the input signals and the acquisition of the transmitted signals, a
NI-PXI card system (National Instruments, US) was used, including a functional generation
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Figure 2: Outline of the experimental set-up: the input signal (red curve) was sent into a LiNbO3

crystal (source probe) which transformed it into a mechanical pulse. The pulse was transmitted though
a PMMA buffer and through the sample (along the orientation of the rods) into a receiver probe.

card 5422 (16 bits/40 MHz) employed for burst signal generation, and an acquisition card
5122 (14 bits/100 MHz) for signal recording. A high power ultrasonic system Ritec RAM
5000 was employed for generating and recording the signals. This system was equipped by a
gated amplifier (nominal frequency range 50 kHz - 22 MHz, output RMS power 5 kW at 50
ohms/2.5 MHz) and a broadband receiver (frequency band 40 kHz - 80 MHz / 72dB gain).

As a source probe, a LiNbO3 single crystal (central frequency 20 MHz) glued on a 10 mm
Homosil substrate was used; the receiver probe was a commercial delayed ultrasonic probe
Panametric V206 (0.12”, 20 MHz). Input burst pulses with nominal frequencies (fin) between
2 MHz and 12 MHz were used; this frequency range was scanned with a 0.1 MHz resolution.

From each transmitted signal, a central harmonic part was selected, covering ±3 full periods
about the maximal transmitted amplitude for each input frequency, (i.e covering the time interval
[t0 − 3/finput; t0 + 3/finput], where t0 corresponds to the time-of-arrival of the maximum of the
transmitted amplitude). To visualize the transmission of the acoustic energy through each
scaffold, the signals were then plotted in these intervals with respect to dimensionless quantity
tfinput. This approach enabled a direct assessment of the band-gap structures for all samples,
regardless of the time delays due to variations of velocity of sound propagations.

3 RESULTS

The results for all studied micro-architectures are shown in Fig.3(b-g). In the first row
(Fig.3(a)), the result of a preliminary test for the experimental set-up is shown. In this case, the
input pulse was send through a bulk (plexiglass) sample of the same dimensions as the robocast
samples. It is clearly seen that for the bulk sample the energy was continuously transmitted
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through the whole frequency range.
For all robocast samples, the energy is transmitted only in certain frequency intervals. More-

over, there are observed slight deviations of the real temporal periodicity of the transmitted
signal from the input frequency (seen as diverging patterns), which also means that some of the
input frequencies were not transmitted though the structures.

For the SS-sample, clear band-gaps (BGs) are seen approximately between 4 and 5 MHz
and between 7 and 8 MHz. Between these two gaps, some energy is transmitted, but these
signals are of much lower amplitude than below 4 MHz or above 8 MHz. Similarly clear BG
structure is seen also for the LH-sample, where, however, the second BG appears to reach the
upper limit of the frequency range. The locations of the BGs for the LS- and LH- can be shown
to correspond well to band-gaps calculated for idealized scaffolds with prescribed geometries
by the finite elements method (FEM), using the Bloch wave approach introduced in [17]. The
details of these calculations fall beyond the scope of this paper and will be given elsewhere [18].
Here we mention only the fact that the frequency ranges in which the energy is transmitted
corresponds to dispersion curves of acoustic longitudinal modes for both structures. For the SS-
and SH-samples the FEM calculation predicts that the first longitudinal acoustic branch ends
up at approximately 10 MHz for SS sample and at approximately 7 MHz for the SH sample,
and that there are no upper longitudinal modes expectable for the higher frequencies within the
measured range, and thus, the experimental results are again easily interpretable. Both these
samples exhibit sharp cut-off frequencies. A sharp BG is seen also for the OR-sample, lying
approximately between 6 and 10 MHz. However, the transmitted amplitude above this BG is
very low, and so the real frequency-filtering properties of this structure are somehow in question.

For the MO-sample, the situation is even less clear. Although the transmitted amplitude
is obviously attenuated between 6 MHz and 10 MHz, there are some signals appearing nearly
randomly in this interval. A real BG can be identified only in a narrow range between 8 and 9
MHz. Then, the transmitted signal again disappears at approximately 9.5 MHz (denoted by a
question mark in Fig.3), but this effect is probably too local to be identified as another BG. In
summary, it can be concluded that for this sample the transmitted amplitude significantly varies
with the frequency, but no clear band structure can be observed. This is probably due to the
fact that for this scaffold the chosen propagation direction is not the symmetry direction of the
architecture, and so some energy may be also transmitted from the source probe to the receiver
probe along the rods inclined by π/4 from the propagation direction. As shown for tetragonal
scaffolds in [16], there is a strong energy focusing along the rods in the robocast architectures;
in principle, the acoustic energy can be carried only along the the individual rods, which leads
to extremely strong elastic anisotropy and other unusual wave propagation phenomena. It is
plausible that similar energy focusing appears also in the MO sample. In this case, however,
the energy is driven out from the principal directions, as they are inclined by π/8 (or 3π/8,
alternatively) from the principal directions.

4 CONCLUSIONS

We have shown experimentally that ceramic scaffolds fabricated by Robocasting exhibit a
band structure for longitudinal wave propagation, and that this structure depends on the sym-
metry class and other geometric parameters of the micro-architecture. Taking into account
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Figure 3: Signals transmitted through a bulk plexiglass sample (a) and various robocast micro-scaffolds
(b-g). The gray-scale represents the signal amplitude. For each frequency, six periods from the highest-
amplitude parts of the signal are shown. The yellow markers denote the possible locations of the band-
gaps. All signal maps are normalized with respect to the highest amplitude over all frequencies.
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the high versatility and variability of the robocasting process, we have also shown the poten-
tial of this additive manufacturing method for fabrication of phononic crystals with prescribed
frequency-filtering properties.

The most obvious band-gap structure was observed for samples with the highest symmetry
class (tetragonal and hexagonal) and with the largest inter-rod spacings. For these samples, the
wavelengths for the given frequency range were comparable with the spatial periodicity of the
scaffold, and so several internal resonant modes were initiated. For more dense architectures
(SS, SH and RO), only one cut-off frequency was observed, i.e. these architectures were shown to
act as low-pass filters. For the MO architecture, on the other hand, no real BGs were observed,
which can be ascribed to energy leaking along rods inclined from the propagation direction.
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Abstract. In periodic structures the wave propagation can be attenuated by introducing
damping at a targeted frequency or wavenumber. Piezoelectric elements are included in a 1D
structure and shunted with an electrical resistance. An accurate expression for the complex-
valued natural frequency of the propagating wave in a representative unit cell is obtained by
introducing an augmented modal representation of the wave motion, taking into account the
modal interaction introduced by the presence of the supplemental shunt. This solution strategy
leads to a very compact and accurate frequency solution, which gives an explicit calibration
formulae for the resistive shunts. The results are investigated by a simple numerical example,
which verifies the accuracy of the frequency solution and calibration procedure.

1 INTRODUCTION

The introduction of periodic inclusions or imperfections is an effective strategy for reducing,
canceling and even controlling wave propagation in dynamic systems. A thorough review can
be found in [1, 2]. During the last couple of decades the introduction of smart inclusions has
received considerable attention, because the temporal characteristics of the inclusions can easily
be altered, introducing for example band gaps by mechanical or electrically induced resonators
[3, 4, 5].

The present paper considers the application of shunted piezoelectric inclusions in a 1D pe-
riodic structure with the purpose of introducing damping to the band structure at a targeted
wavenumber. Thus, the aim is not specifically to introduce band gaps, where the propagation of
waves is entirely prohibited, but instead to maximize damping, and thereby the attenuation, of
the waves in the structure. The approach is therefore similar to vibration damping of structures,
where the motion is directly associated with the temporal harmonic component instead of the
wavenumber dependency.

The piezoelectric inclusions in the periodic structure are shunted with a pure resistive network
[6], where vanishing and infinite resistance are directly governed by the short- and open-circuit
electrode configurations, respectively. A modal analysis framework is applied, where the short-
and open-circuit eigenvalue problems provide the two limiting natural frequencies for a given
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wavenumber. Based on the vibration damping approach considered in for example [7, 8], the
modal displacement is augmented by an additional term, representing the influence from the
wave forms not targeted by the shunts. The magnitude of this additional term is then calibrated
so that the open-circuit natural frequency is exactly captured. The derived frequency solution
is compact and simple and allows explicit determination of the optimal shunt resistance with
respect to maximum damping of the targeted wave form. Finally, the accuracy of the calibration
and the derived frequency solution is illustrated by a simple numerical example.

2 THE PERIODIC 1D STRUCTURE

The structure is a unidirectional elastic rod or bar of infinite length that is periodic with a
repetitive unit cell. Each homogeneous part of the unit cell is linear elastic with mass density
ρ, elastic modulus E, cross section area A and length ℓ.

2.1 The structural equations

The equilibrium equation of the periodic bar is determined by vanishing virtual work in a
finite element formulation with two nodal displacements contained in the element displacement
vector ue(t) = [u1, u2]

T
e . The element virtual work can then be expressed as

δWe(t) = δue(t)
T
(
meüe(t) + keue(t) + befe(t)− fe(t)

)
(1)

with element mass matrix, stiffness matrix and participation vector:

me =
(ρA)eℓe

6

[
2 −1

−1 2

]
, ke =

(EA)e
ℓe

[
1 −1

−1 1

]
, be =

[
−1
1

]
(2)

Wave propagation is investigated for an infinite periodic bar without external loading (fe(t) = 0).
The wave propagation in the rod is obtained by assuming a complex exponential solution for
the discretized virtual work equation (1). In the discretized structure the spatial dependence
of the wave is determined by the wavenumber to element length relation (γℓe). Thus, it is
computationally convenient to enforce this wavenumber dependence at the element level and
the element displacement is therefore represented in the factorized form

ue(t) = exp(iωt)E(γℓe)Aeu (3)

where u contains the nodal amplitudes of the wave motion in the global numerical model, Ae is
the allocation array of element e, ω is the angular frequency of the assumed harmonic motion,
while the wavenumber dependent exponential matrix

E(γℓe) =

[
exp(−iγℓe) 0

0 exp(−2iγℓe)

]
(4)

represents the spatial advancement of the wave propagation through the element.
The global equations of motion are determined by a summation of the element virtual work

in (1). When substituting the wave propagation solution (3), the total virtual work is given as

δW =

Ne∑
e

δWe = δuT
(
(−ω2M+K)u−Wf

)
= 0 (5)
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introducing the global mass and stiffness matrices

M =

Ne∑
e

(EAe)
Tme(EAe) , K =

Ne∑
e

(EAe)
Tke(EAe) (6)

As EAe is complex-valued, its transpose is of hermitian type with an implied complex conjuga-
tion. In (5) the electromechanical force term is represented by the compact notation

Wf =

Np∑
p

(EAp)
Tbpfp =

Np∑
p

wpfp , wp = (EAp)
Tbp (7)

where the subscript p = 1 . . . Np denotes the reduced number of elements Np with electrome-
chanical properties. The participation vectors wp for these elements are collected as columns in
the associated participation array

W =
[
w1,w2, . . . ,wNp

]
, f = [f1, f2, . . . , fNp

]T (8)

with the corresponding electromechanical forces contained in the force vector f . The equilibrium
equation follows from (5) and can be written in homogeneous form as

(−ω2M+K)u+Wf = 0 (9)

The electromechanical force vector f is governed by the individual R-shunts connected to the
piezoelectric elements and the properties of an R-shunt are therefore summarized in the next
section. Because the temporal characteristics of the shunt is described in terms of the angular
frequency ω, the present analysis is based on an inverse approach, where the wavenumber γℓe in
(4) is prescribed, while the complex-valued angular frequency ω is determined by the associated
eigenvalue problem. This and alternative solution strategies are thoroughly reviewed in [2].

The modeling of the unit cell is illustrated in Fig. 1, where the gray areas in (a) identify the
piezoelectric inclusions. The periodicity of the bar then identifies the unit cell, in (b) discretized
by five elements. The periodicity is enforced by equating displacement and force at the two
boundary nodes, which in practice can be realized by connecting the first and fifth node by
the element stiffness, as shwon in Fig. 1(c) where the shunt is furthermore represented by a
supplemental element between the third and fourth node.

1 2 3 4 5

1 2 3 4 5

(a)

(b)

(c)

Figure 1: (a) Periodic bar with (b) unit cell and (c) representative spring-mass system.
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2.2 The R-shunt

In (8) the vector f may contain electromechanical forces from several piezoelectric elements
within the unit cell. These are individually shunted to resistances R, which may not necessarily
be the same for each element. In (8b) the supplemental electromechanical force is defined as

fp(t) = θV (t) , p = 1, 2, . . . Np. (10)

where V (t) is the voltage across the element nodes, while θ represents the electromechanical
coupling coefficient. The piezoelectric coupling is governed by the electrical balance equation,

Q(t) = −θbT
p up(t) + CV (t) (11)

where Q(t) is the charge in the element, while C is the capacitance of the piezoelectric element
associated with blocked strain conditions. A pure resistive shunt R is considered, whereby
V (t) = −RQ̇(t). Thus, elimination of Q(t) in (11) followed by multiplication with θ gives the
differential equation,

RCḟp(t) + fp(t) = Rθ2bT
p u̇p(t) (12)

which represents a Maxwell element with dashpot Rθ2 and spring θ2/C in series. For vanishing
shunt resistance (short-circuit) the element force fp(t) = 0, while for infinite resistance (open-
circuit) it becomes fp(t) = (θ2/C)bT

p u̇p(t), associated with an increase in stiffness and hence
natural frequency. In the intermediate range the R-shunt introduces damping and the aim of
the present paper is to determine an expression for the optimal calibration of R, associated with
maximum attainable damping in the unit cell and thus the entire periodic structure.

The Maxwell-type filter equation (12) is conveniently analyzed in the frequency domain,
assuming a harmonic force of the form

fp(t) = fp exp(iωt) (13)

By substitution of (3) and (13), the filter equation (12) for element p can be expressed as

iωτfp + fp = iωτ∆kwT
p up (14)

where the time scale and stiffness change are defined as

τ = RC , ∆k =
θ2

C
(15)

The filter equation (14) is conveniently expressed in transfer function format as

fp = G(ω)∆kwT
p up , G(ω) =

iωτ

1 + iωτ
(16)

with real and imaginary parts shown in Fig. 2. It is seen that the corner frequency 1/τ determines
the transition from zero to the upper unit limit. The corner frequency also locates the maximum
imaginary part Im[G(1/τ)] = 1

2 where the slope of the real part is largest.
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(ω
)]

Figure 2: (a) Real and (b) imaginary part of frequency dependent function G(ω).

In (8) the electromechanical forces fp are collected in the vector f , whereby the filter equations
(14) can be expressed in vector format as

iωf +Df = iω∆kv (17)

where the vector
v = WTu (18)

contains the wave amplitudes specifically for the Np piezoelectric elements. The matrix D is
assumed diagonal with Dpp = 1/τ , while the diagonal elements of ∆k are ∆kpp = θ2/C.

The combined set of equations in (9) and (17) govern the complex valued natural frequency
ω associated with the wave form solution implied by (3). It is determined as the eigenvalue to

iω




u
iωu
f


 =




0 I 0
−M−1K 0 −M−1W

0 ∆kWT −D






u
iωu
f


 (19)

where the damping is evaluated by the imaginary part of ω.

3 Modal analysis

The proper choice of shunt resistance and the corresponding attainable damping level depends
on the modal properties of the periodic structure, represented by its unit cell. In the present
case an augmented modal representation of the targeted wave form is therefore introduced to
obtain accurate estimates of the complex frequency solution for the shunted structure.

3.1 The two limiting cases

The natural frequencies and mode shape vectors are now determined in the two limits as-
sociated with short- and open-circuit conditions, corresponding to R → 0 and ∞, respectively.
For shorted electrodes (R = 0) the corresponding force amplitudes fp = 0 and the frequency
equation in (9) retains the generalized eigenvalue problem

�
K− ω2

jM
�
uj = 0 (20)
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where ωj is the real-valued natural frequency and uj is the eigenvector of wave form j.
In the open-circuit case with infinite shunt resistance (R → ∞) the time scales τ → ∞,

whereby D = 0. It then follows from (17) that f = ∆kWTu, whereby (9) is rewritten into the
corresponding open-circuit eigenvalue problem,

(
K+∆K− (ω2

j +∆ω2
j )M

)
(uj +∆uj) = 0 (21)

where the increment in the global stiffness matrix is defined as

∆K = W∆kWT (22)

In (21) the increase in the eigenvalue ∆ω2
j implies a corresponding increase in natural frequency,

while ∆uj represents the associated modification in the wave form of mode j.
In the following the structural wave amplitude vector is represented in terms of the wave

forms associated with short-circuit electrode conditions governed by (20),

u =

N∑
j

ujqj ⇒ v = WTu =

N∑
j

WTujqj =

N∑
j

vjqj (23)

where qj is the modal coordinate associated with wave form uj , while vj = WTuj represents
the specific contribution from the piezoelectric elements. Substitution of (23a) into (9), followed
by pre-multiplication with the transposed mode shape uT

j , gives the scalar modal equation

(−ω2mj + kj)qj + vT
j f = 0 (24)

where mj = uT
j Muj and kj = uT

j Kuj are modal mass and stiffness, respectively.

3.2 The augmented modal representation

Assume that a particular wave form j = r is targeted by the R-shunts. A simple representa-
tion is based on the single mode assumption u = urqr, which corresponds to v = vrqr. However,
because the shunts act locally at the position of the piezoelectric element in the unit cell, they
inherently activate higher wave forms, which are therefore needed in the presentation to capture
the detailed propagation. This spill-over from residual forms is in the present case represented
explicitly by the augmented modal representation [7, 8],

v = vrqr −
1

k′r
(vrv

T
r )f (25)

where the modal flexibility 1/k′r depends on the magnitude of the modal interaction. The
formulation follows [8], concerning viscoelastic constrained layer damping of structures. First,
(25) is substituted into the filter equation (17), which is then pre-multiplied with vT

r . Hereby,
the shunt force vector can be isolated as

vT
r f =

∆kr
kr

Gr(ω)

1 + κ′r
∆kr
kr

Gr(ω)

krqr (26)
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where the modal frequency dependent transfer function is defined as

Gr(ω) =
1

∆kr
vT
r G(ω)∆kvr (27)

with the modal stiffness increment

∆kr = vT
r ∆kvr = uT

r ∆Kur (28)

It should be noted that for identical R-shunts, the matrix G(ω) = G(ω)I, whereby Gr(ω) =
G(ω). In (26) the residual mode correction is contained in the non-dimensional flexibility

κ′r =
kr
k′r

(29)

which vanishes when the R-shunts do not introduce any notable modal coupling.
The expression (26) is now substituted into the modal equation of motion (24), whereby the

natural frequency ω may be isolated. It is convenient to introduce the increment

∆ω2 = ω2 − ω2
r (30)

relative to the short-circuit solution ω2
r . In the open-circuit limit, the increment ∆ω2 = ∆ω2

r is
obtained from the eigenvalue problem (21). The frequency solution can now be written as

∆ω2

ω2
r

=

∆kr
kr

Gr(ω)

1 + κ′r
∆kr
kr

Gr(ω)

(31)

In the short circuit case, with vanishing resistance, the modal transfer function Gr = 0 and
the solution (31) captures the real-valued short-circuit solution ∆ω2 = 0, which corresponds to
ω2 = ω2

r , determined by (20). However, for a finite value of Gr(ω) the solution (31) is implicit
with respect to ω, requiring iterations to exactly solve for the complex frequency.

3.3 Residual mode coefficient

In the frequency solution (31) a positive residual mode coefficient κ′r reduces the natural fre-
quency and thus the attainable damping introduced by the piezoelectric R-shunts. The residual
mode coefficient κ′r is now calibrated so that the frequency solution (31) captures the correct
natural frequency (∆ω2 = ∆ω2

r) in the open-circuit limit, obtained by (21) and associated with
τ → ∞. In the open-circuit limit the transfer matrix G(ω) = I, whereby the modal transfer
function Gr(ω) → 1 in (27). Substitution of ∆ω2 = ∆ω2

r and Gr = 1 into the frequency solution
(31) then gives

κ′r =
ω2
r

∆ω2
r

−
kr
∆kr

=
kr
∆kr

( 1

∆µr
− 1

)
(32)

introducing the an apparent modal mass ratio

∆µr =
∆mr

mr
=

∆kr
∆ω2

r

ω2
r

kr
(33)
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where ∆mr represents the change in modal mass from short- to open-circuit condition with
respect to the short-circuit mode shape vector. By elimination of κ′r in (31) the resulting
frequency solution can then be written as

∆ω2

∆ω2
r

=
iωτr∆µr

1 + iωτr∆µr
(34)

in which the modal time scale τr is defined by the relations

iωτr =
Gr(ω)

1−Gr(ω)
or Gr(ω) =

iωτr
1 + iωτr

(35)

The solution in (34) is seen to recover ∆ω2 = 0 and ∆ω2
r in the short- and open-circuit limits.

3.4 Shunt calibration

The shunt resistance, represented by the time scale τ = RC, is now calibrated to give the
largest attainable imaginary part of the natural frequency, which corresponds to maximum
attenuation of the targeted wave form. It is assumed that ωτr ≃ ωrτr, whereby the frequency
solution (34) becomes explicit and the imaginary part can be derived as

Im

[
∆ω2

∆ω2
r

]
=

ωrτr∆µr

1 + (ωrτr∆µr)2
(36)

The maximum imaginary part is obtained when ωrτr∆µr = 1, which corresponds to

τ optr =
1

ωr∆µr
⇒ ωrCRopt =

1

∆µr
(37)

Thus, the optimal resistance is inversely proportional to the relative modal mass increment (33).
The applied shunt resistances should therefore be optimized according to the condition in (37).
Substitution of (37) into (36) gives Im[∆ω2] = 1

2∆ω2
r , which can be approximated as

Im[∆ω]

ωr
≃

∆ω2
r

4ω2
r

=
1

4∆µr

∆kr
kr

=
∆kr
4kr

ωrCRopt (38)

This relation shows that the attainable damping is directly determined by the change in fre-
quency between short- and open-circuit electrodes. The accuracy of (37) is now demonstrated.

4 NUMERICAL EXAMPLE

The piezoelectric element (PZT) is characterized by an axial elastic stiffness EAp = 5
7EA,

where EA is the stiffness of the host aluminum (Al) structure. The corresponding relation for
the mass per unit length is ρAp = 14

5 ρA. The element length ℓe corresponds to the thickness
of a typical disc-type actuator with cross-section diameter d = 5ℓe. The electromechanical
coupling coefficient θ and capacitance C are effectively represented by the electrical stiffness
θ2/C = 1

2(EA/ℓe), here expressed in terms of the mechanical element stiffness EA/ℓe. The
unit cell is shown in Figure 3(a), with nine elements of identical length discretizing a symmetric
Al-PZT-Al configuration.
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(a)

(b)

unit cell

AlAl PZT

1 2 3 4 15

fe

Figure 3: Bar with 15 Al-PZT-Al unit cells, discretized by nine elements.

In the unit cell each of the three piezoelectric elements are shunted with an individual re-
sistance R, which is calibrated to provide maximum attenuation in the acoustical branch at
the non-dimensional wavenumber γℓeNe/π = 0.5. At this wavenumber the eigenvalue problems
(20) and (21) provide ω2

r and ∆ω2
r , respectively. For the present unit cell the relative increment

is ∆ω2
r/ω

2
r = 0.15, while the associated modal mass increment ∆µr = 1.33 follows from (33).

Thus, the optimal time scale τ optr ωr = 0.75 is obtained by (37).
In Fig. 4(a) the red curve represents the dispersion curve associated with the complex-valued
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e
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π
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Figure 4: (a) Dispersion curve (red) with short- (blue) and open-circuit (black) limits. (b) Imaginary
part of complex-wavenumber (red) and explicit solution (blue dashed). (c) Root-locus curve with τ as
gain parameter and markers representing optimal calibration τopt determined by (37).
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Figure 5: Transmitted normal force Nfixed at right end: τ = τopt (red), 0 (blue) and ∞ (black).

natural frequency ω obtained by (19). The frequency is represented by its absolute value |ω|
and normalized by the wave speed c =

√
E/ρ of the host material. Hereby, the wavenumber

γ becomes complex-valued with oscillations governed by the positive real part and attenuation
represented by the negative imaginary part. In Fig. 4(a) the blue and black curves represent
the two limiting cases with short- and open-circuit conditions, respectively. At the targeted
wavenumber (depicted by the short vertical black line) the red curve is centered between the
blue and black curves. Furthermore, R-shunting opens the band gap indicated by the gray area
at |ω|ℓe/c ≃ 0.5.

For the particular calibration of the R-shunt, Fig. 4(b) shows the imaginary part of the
wavenumber, where the blue dashed curve represents the solution obtained by the explicit ex-
pression in (36). The red asterisk and blue circle represent the complex root obtained for τ opt.
Fig. 4(c) shows a corresponding root locus at the targeted wavenumber with time scale τ as gain
parameter. It can be seen from Figs. 4(b,c) that the derived frequency solution (34) accurately
recovers the exact complex root and almost exactly estimates the optimal time scale associated
with maximum imaginary part of the complex frequency or wavenumber. Thus, the optimal wave
attenuation can be estimated and designed without solving a full complex eigenvalue problem
for the unit cell.

As indicated in Fig. 3(b) a harmonic external force with amplitude fe is now applied at the
free end of a free-fixed bar with 15 unit cells. Figure 5 shows the amplitude of the normal force
Nfixed at the right fixed end. The blue and black curves represent the solutions for short- and
open-circuit conditions, while the red curve is obtained for R-shunted piezoelectric elements
with τ = τ optr . It is seen that the vibration amplitudes are significantly reduced at the targeted
frequency ωℓe/c = 0.23, the band gap around ωℓe/c = 0.5 is widened and waves in the optical
branch at ωℓe/c > 0.5 are practically eliminated. A small amount of Rayleigh damping (ζ =
0.0001 at ωℓe/c = 0.23) is introduced to avoid singularities in the short- and open circuit limits.

5 CONCLUSIONS

The accuracy of the derived frequency solution is illustrated by the final example. It should
even be mentioned, that on the right hand side of (34), it is assumed that ω ≃ ωr, whereby
iterations are avoided. But because the format in (34) is derived so that the two real-valued
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short- and open-circuit frequencies are exactly recovered, the solution is inherently accurate as
long as the level of attainable damping is moderate. The present approach is based on the simple
inverse analysis, as discussed in [2], where the wavenumber is assumed given and the complex
frequency is obtained by an eigenvalue problem for the unit cell, similar to that in vibrational
problems. This type of analysis has its limitations and the proposed method should therefore
be extended to direct methods, based on a transfer matrix between unit cells. Furthermore,
the accurate representation of the modal interaction can also be applied in the calibration of
resonant shunts, as demonstrated for vibrations in [7]. This will improve the calibration of
shunt resonators [9], where the tuning of the inductance can be very sensitive with respect to
the changes in mode shapes, due to the presence of the shunt. Thus, the present paper is merely a
first illustration of how to control the full modal analysis and capture important spill-over effects
without having to deal with the entire modal dimension and future results with implications on
wave attenuation and vibration damping in periodic structure could be obtained by a strategy
similar to that outlined here.
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Abstract. A novel Finite Element formulation is proposed for cases involving the coupling
of mechanical and electrical waveguides. This allows using the Transfer Matrix formalism pro-
posed in the Wave Finite Element method. Electrical variables are added to the state vectors in
order to compute propagation constants for electromechanical waves. Frequency response fonc-
tions of coupled structures can also be obtained for various mechanical and electrical boundary
conditions.

1 INTRODUCTION

A Finite Element method for structures covered with piezoelectric elements was proposed by
Thomas et al. [1] who focused on thin piezoelectric patches shunted with independent electrical
circuits. The model is based on a condensation of the electrical degrees of freedom in order to re-
cast the system into a standard mechanical formulation. However, this method is not applicable
when considering interconnections of several patches through an electrical network. In this case,
an electromechanical waveguide is created and a wave can propagate simultaneously in the me-
chanical and electrical domains. Because there are electrical nodes that interconnect successive
elements, the electrical degrees of freedom cannot be condensed in the mechanical problem. For
example, this arises when considering a structure coupled to its electrical analogue for a mul-
timodal vibration damping purpose [2, 3]. Based on a periodic distribution, a Transfer Matrix
Method can be implemented but it requires the use of external electrical degrees of freedom. A
novel Wave Finite Element method dedicated to electromechanical periodic waveguides is then
required.

In this study, electric charge displacement and voltage vectors are defined by analogy with
displacement and force vectors. The equivalent of a dynamic stiffness matrix is obtained from
the constitutive equations of the electromechanical problem. The main difference with a purely
mechanical formulation [4, 5, 6, 7] or a problem involving independent piezoelectric shunts [8,
9] is that the state vectors include both mechanical and electrical variables [10]. The global
”dynamic stiffness matrix” is then rearranged to bring together the left and right variables.

1

1721



B. Lossouarn, M. Aucejo, J.-F. Deü

With this partitioning, the Wave Finite Element method can be applied and a Transfer Matrix
is defined after condensation of the internal mechanical degrees of freedoms. This method offers a
convenient numerical model for the analysis of wave propagation in periodic structures involving
an interconnected array of piezoelectric patches. Finally, we show the example of a rod coupled
to a line of inductors. The propagation constants are extracted from the Transfer Matrix and
we point out the different waves propagating through the electromechanical waveguide as well
as the band-gap effects.

2 FINITE ELEMENT MODEL

2.1 Piezoelectric coupling

In this paper, we consider an electromechanical waveguide such as the one in Fig. 1. An
electrical network is coupled to a mechanical structure through an array of piezoelectric elements.
Each unit cell involves a pair of piezoelectric patches connected in parallel. Other geometries or
electrical connections could be considered but we restrain the analysis to a single piezoelectric
degree of freedom per unit cell. The variables VI and q̇I represent the voltage across the pair of
piezoelectric patches and the electrical current flowing through it. A convenient finite element
model was proposed by Thomas et al. [1] for problems involving thin piezoelectric patches and
independent shunts. If qm represents the mechanical displacements and Fm corresponds to the
external forces, the coupled problem is given as

[
Mm 0
0 0

] [
q̈m
V̈I

]
+

[
Km Kc

−Kc
T Cε

] [
qm
VI

]
=

[
Fm

qI

]
, (1)

whereMm, Km andKc are respectively the mass, stiffness and coupling matrices. The constant
Cε is the piezoelectric capacitance when no motion is allowed, i.e. qm = 0. Considering a shunt
made of an impedance Z in parallel with the piezoelectric elements at angular frequency ω, the
relation VI = −jωZqI allows condensing the electrical degrees of freedom. Indeed, from Eq. (1)
we obtain

Mmq̈m +


Km +

1

Cε +
1

jωZ

KcKc
T


 qm = Fm, (2)

which represents a standard mechanical problem with an added-stiffness term due to piezoelectric
coupling [1, 11].

However, this method is not applicable when considering interconnections of successive unit
cells with an electrical network. There are electrical charges that are flowing in and out of
the unit cell. This means that there is no direct relation between the internal variables VI

and qI. In the end, the electrical variables cannot be condensed in the mechanical problem. A
novel formulation that is able to take into account external electrical degrees of freedom is thus
required.
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Electrical network
q̇I

VI

Electrical network

FmL

qmL

FeL

qeL qeR

FeR

qmR

FmR

Figure 1: Interconnected array of piezoelectric patches and corresponding electromechanical unit
cell highlighting left and right degrees of freedom.

2.2 Electrical degrees of freedom

From the topology of the electrical network, the electric charge qI flowing through the pair
of piezoelectric patches can be defined relatively to a charge vector qe as

qI = ST qe. (3)

If we focus on a one-dimensional unit cell, the vector qe =
[
qeL qeR

]T
refer to the electrical

charges that are exchanged with the neighboring left and right unit cells. The matrix S depends
on the internal connections of the considered portion of electrical network. By analogy with

the force vector Fm, we define Fe =
[
FeL FeR

]T
that contains the voltage contributions

on both sides of the electrical part of the unit cell. In the following, we consider that the total
energy of the purely electrical problem (when qm = 0) can be written under the form

Ee =
1

2
qTe Keqe +

1

2
q̇Te Meq̇e, (4)

where Ke and Me are symmetric matrices that are the analogues of the mechanical stiffness and
mass matrices. Then, the energy in the electrical network excluding the piezoelectric capacitor

is Ee −
q2I
2Cε

. Furthermore, the electrical power flowing into the electrical network in Fig. 1 is

equal to
Pe = F T

e q̇e − VIq̇I (5)

If the electrical network is a conservative system, a power balance induces that the input power
is equal to the time derivative of the energy as

Pe =

d

(
Ee −

q2I
2Cε

)

dt
. (6)

The symmetry property of both matrices Ke and Me thus gives

F T
e q̇e − VIq̇I = qTe Keq̇e + q̇Te Meq̈e −

qI
Cε

q̇I, (7)

which is equivalent to

q̇Te

(
Fe − SVI −Keqe −Meq̈e +

1

Cε
SST qe

)
= 0 (8)
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This true for any electric current vector q̇e so

Fe = Keqe +Meq̈e + SVI −
1

Cε
SST qe. (9)

In the end, as we also know from Eq. (1) that

VI =
1

Cε

(
ST qe +Kc

T qm
)
, (10)

we get a relation between the voltage vector Fe and the displacement vectors:

Fe = Keqe +Meq̈e +
1

Cε
SKT

c qm. (11)

Note that a principle of superposition applies because Fe is a sum of two contributions. The
first one corresponds to the voltage vector when qm = 0, i.e. when no mechanical displacement
is allowed. This is a purely electrical contribution that only depends on the electrical network
and the piezoelectric capacitance. On the other hand, the second contribution, observed when
qe = 0, is directly related to piezoelectric coupling.

2.3 Electromechanical formulation

Now that all the mechanical and electrical vectors have been defined for both displacements
and forcing terms, they can be organized into a single matrix formulation. Under harmonic
excitation at angular frequency ω, Eqs. (1) and (10) lead to a force vector

Fm =

[
Km +

1

Cε
KcKc

T − ω2Mm

]
qm +

1

Cε
KcS

T qe. (12)

Similarly, Eq. (11) gives a voltage vector

Fe =
[
Ke − ω2Me

]
qe +

1

Cε
SKT

c qm (13)

This leads to the following dynamic stiffness matrix formulation involving a combination of
mechanical and electrical degrees of freedom:







Km +
1

Cε
KcKc

T 1

Cε
KcS

T

1

Cε
SKT

c Ke


− ω2

[
Mm 0
0 Me

]
[
qm
qe

]
=

[
Fm

Fe

]
. (14)

The coupled problem is thus organized like any purely mechanical problem involving mass and
stiffness matrices. The only difference is that the global displacement and force vectors contain
both mechanical and electrical contributions. With such an electromechanical formulation,
classical methods such as the assembly of element matrices or Transfer Matrix methods can be
applied.
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3 WAVE FINITE ELEMENT METHOD

3.1 Transfer matrix

The dynamic stiffness matrix given in Eq. (14) is rearranged to bring together the mechanical
and electrical left and right degrees of freedom [10], as



D̃LL D̃LI D̃LR

D̃IL D̃II D̃IR

D̃RL D̃RI D̃RR






qL
qmI

qR


 =



FL

0
FR


 (15)

where qL =
[
qmL qeL

]T
, qR =

[
qmR qeR

]T
, FL =

[
FmL FeL

]T
and FR =

[
FmR FeR

]T
.

This expression is based on the decomposition of the mechanical vectors Fm =
[
FmL 0 FmR

]T
and qm =

[
qmL qmI qmR

]T
where qmI is the mechanical displacement vector of the internal

nodes of the unit cell. With this partitioning, the procedures of the Wave Finite Element
method [4, 5, 6, 7, ?, 9, 11] can be implemented. This starts with an elimination of the internal
degrees of freedoms through

[
DLL DLR

DRL DRR

] [
qL
qR

]
=

[
FL

FR

]
, where

DLL = D̃LL − D̃LID̃
−1
II D̃IL

DLR = D̃LR − D̃LID̃
−1
II D̃IR

DRL = D̃RL − D̃RID̃
−1
II D̃IL

DRR = D̃RR − D̃RID̃
−1
II D̃IR

, (16)

and the condensed dynamic stiffness matrix is then transformed into a transfer matrix:
[

qR
FR

]
=

[
−D−1

LRDLL −D−1
LR

DRL − DRRD−1
LRDLL −DRRD

−1
LR

] [
qL

−FL

]
. (17)

As both force vectors FL and FR corresponds to external forcing, the use of −FL is required in
order to ensure the continuity of the state vector [4, 5].

3.2 Propagation constants

A one-dimensional periodic structure can be defined as a series of identical unit cells. As in
Eq. (17), the relation between the mechanical states at the right and left ends of a unit cell is
described by a transfer matrix T through

[
qR
FR

]
= T

[
qL
−FL

]
. (18)

The Floquet-Bloch theory induces that, for a wave propagating in the one-dimensional medium,
the state on the right of a unit cell is equal to e±µ times the state on the left [7, 12], the sign
depending on the direction of the wave. Here, µ is the propagation constant, which is usually
defined as µ = δ + jθ, where δ is the attenuation constant, j is the imaginary unit and θ is
the phase constant [8]. Alternatively, the propagation constant can be written µ = αa + jka,
where α is the attenuation rate, k is the wavenumber and a is the length of the unit cell. From
Eq. (18), if [ qL − FL ]T is an eigenvector of the transfer matrix T ,

[
qR
FR

]
= e±µ

[
qL
−FL

]
. (19)
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Consequently, µ = ln(λ), where λ represents an eigenvalue of the transfer matrix T . Considering
state vectors including both mechanical and electrical variables, we obtain phase and attenuation
constants related to the propagation in an electromechanical waveguide. Generally speaking,
we can not distinguish mechanical waves from electrical waves because of the coupling between
both physical domains.

3.3 Frequency response functions

Apart from propagation constants, a transfer matrix model also allows to compute frequency
response functions [5, 6]. According to the definition of a periodic structure, each unit cell
is described by an identical transfer matrix T . Consequently, a basic solution to obtain the
mechanical state on the right of the nth unit cell consists in raising the corresponding transfer
matrix to the power of n,

[
qn
Fn

]
= Tn

[
q0
−F0

]
=

[
T qq
n T qF

n

T Fq
n T FF

n

] [
q0
−F0

]
, (20)

where the subscript 0 refers to the left end of the first unit cell and the forcing vectors corre-
sponds to forces or voltages applied to the considered electromechanical structure. Then, when
considering a finite number of n unit cells, the boundary conditions need to be introduced.
For example, with a prescribed force vector F0 applied to the left end of a free-free periodic
structure, as Fn = 0, the displacement qn at the right end is defined from Eq. (20) as

qn = (T qq
n T Fq

n

−1
T FF
n − T qF

n )F0. (21)

Similar methods can be used for other boundary conditions such as free or blocked for the
mechanical part and short-cicuited or open-circuited for the electrical part. In any case, it
becomes possible to define frequency response functions between any variables at both ends of
the electromechanical structure.

3.4 Application to longitudinal propagation

The case of a rod subjected to longitudinal propagation is considered. As show in Fig. 2,
the rod is covered with an array of periodic patches which are interconnected through a line of
inductors. This build an electrical network that is the discrete analogue of a rod [2, 13]. For a

L L L L

hs

hp

lp

a

UL UR

L

2

L

2
q̇I

VI

Figure 2: Rod covered with an array of interconnected piezoelectric patches.
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VRVL

VI

Q̇L Q̇R

Cε

L

2

L

2q̇I

Figure 3: Electrical unit cell without piezoelectric coupling.

rod, the element stiffness matrix, mass matrix and coupling matrix can be defined as

Ke
m =

Y S

ae

[
1 −1
−1 1

]
, M e

m =
ρSae
6

[
2 1
1 2

]
and Ke

c = e

[
−1
1

]
, (22)

where Y is the equivalent Young’s modulus of the considered element, ρ is its density, ae is its
length, S is its cross-sectional area and e is the piezoelectric coupling coefficient [1, 2]. The
global matrices Km, Mm and Kc for the unit cell are then obtained from an assembly of the
element matrices. The corresponding displacement and force vectors are

qm =




UL

UI

UR


 and Fm =




−NL

0
NR


 , (23)

where the state variable U is related to longitudinal displacement, N corresponds to the normal
force and UI = qmI is the mechanical displacement vector of the internal nodes of the unit cell.
Considering the electrical part of the unit cell represented in Fig. 3, the line of inductors gives
a single degree of freedom on each side of the unit cell which leads to

qe =

[
QL

QR

]
and Fe =

[
VL

−VR

]
, (24)

where Q corresponds to electrical charge displacements and V is used for voltage variables. From
the topology of the unit cell in Fig. 3 and the inductive and capacitive contributions to the total
electrical energy, we get

qI = QL −QR and Ee =
(QL −QR)

2

2Cε
+

L

4
Q̇L +

L

4
Q̇R. (25)

Then, Eqs. (3) and (4) give

S =

[
1
−1

]
, Ke =

1

Cε

[
1 −1
−1 1

]
and Me =

L

2

[
1 0
0 1

]
. (26)

In the end, the global dynamic stiffness matrix in Eq. (14) is computed and reorganized into a
transfer matrix T by considering left and right state vectors

qL =

[
UL

QL

]
, qR =

[
UR

QR

]
, FL =

[
−NL

VL

]
and FR =

[
NR

−VR

]
. (27)
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Figure 4: Attenuation constants - (−−) without network, (—) with L = 1.2 mH.

Figure 5: Phase constants - (−−) without network, (—) with L = 1.2 mH.

Figure 6: Frequency response function - (−−) without network, (—) with L = 1.2 mH.

This gives a relation between two state vectors including both mechanical and electrical variables:




UR

QR

NR

−VR


 = T




UL

QL

NL

−VL


 . (28)

Once the Transfer Matrix is obtained, its eigenvalues lead to the attenuation and phase
constants. The following numerical calculations are based on the same geometry and material
constants as in Ref. [2]. The objective is to show that propagation constants and frequency
response functions can be computed for an electromechanical waveguide. The results are given
in Figs. 4, 5 and 6. It is observed that the coupling to an electrical line strongly modify
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the propagation constants. For this specific example, the original purely mechanical band-
gap [8, 10] is replaced by an electromechanical band-gap corresponding to a larger attenuation
constant. The effect on the frequency response function of a free-free rod made of 20 unit cells is
illustrated in Fig. 6 where we see a strong reduction of vibration amplitude between 50 and 53
kHz. All of this shows that the proposed numerical model can be used for analyzing the coupling
between mechanical and electrical band-gaps when considering propagation in electromechanical
waveguides [14]. The proposed example is based on a simple geometry but there is no restriction
regarding the complexity of the mechanical structure and the number of degrees of freedom as
long as the stiffness, mass and coupling matrices have been defined.

4 CONCLUSIONS

• Considering electromechanical waveguides, energy considerations lead to the definition of
a charge displacement vector and voltage vector that can be related to each other from
the topology of the electrical network.

• The introduction of electrical degrees of freedom allows the use of a formulation based on
the equivalent of a dynamic stiffness matrix that represents the whole electromechanical
problem for a macro element which is the unit cell in the present paper.

• The Wave Finite Element method can be directly applied by considering electromechanical
state vectors instead of purely mechanical ones.

• This gives us a way to analyze the coupling between mechanical and electrical waveguides
from the computation of propagation constants and frequency response functions.

• It is shown that couplings between mechanical and electrical band-gaps occur, which can
be of interest for the control of wave propagation in periodic structures.
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Abstract. This work reports on the integration and implementation of a programmable hybrid
phononic crystal (hPC) for transverse wave propagation control. The innovative hPC is built on
a newly developed and tested array of miniaturized programmable floating virtual inductances.
The hybrid characteristic results from the coupling between the mechanical waveguide in the
form of an elastic beam, and the discrete electrical transmission line formed by the array of
miniturized inductances. The medium features attenuation of transverse mechanical wave mo-
tion engendered by energy transfer to the electrical domain over a frequency range where the
dispersion curves of the hPC are characterized by eigenvalue mode veering. An analytical model
based on the transfer matrix method is presented to expeditiously calculate the dispersion curves
of the hPC. Moreover, this work provides numerical, and experimental results which validate
both the efficiency and tunability of the programmable electrical transmission line. The novelty
of this contribution is an analytical model for calculating the dispersion curves of the 1D hPC,
and a miniaturized programmable virtual inductance which gives way to a smart material.

1 INTRODUCTION

Increased interest has emerged in attenuation of mechanical vibrations by controlling elastic
waves with periodic arrangements of piezoelectric shunts. Most of the past studies with passive
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shunts have focused on reduction of structural vibrations with arrays of locally shunted piezo-
electric elements [1, 2, 3]. To a lesser extent, schemes with interconnected piezoelectric shunts
have been also investigated [4, 5, 6]. The effect of interconnected piezoelectric elements on the
dynamic behavior of a structure has been namely explored by dell’Isola et al. [7, 8, 6, 5] to
control multi-modal vibration damping. While the different reported configurations of passive
shunts achieve their objective of producing frequency regions of high attenuation or reducing the
amplitude of specific modes, the electrical components which enabled such shunts have remained
relatively rudimentary, i.e: difficult to tune, too large to integrate as part of the structure[9].
This paper reports on the design, fabrication and testing of an integrated 1D hybrid phononic
crystal with a unit cell comprised of a miniaturized programmable floating virtual inductance
(PFVI) for wave propagation control. The hybrid term results from coupling between a me-
chanical waveguide in the form of an elastic beam, and the electrical transmission line formed
by interconnecting multiple PFVI.

Bandgaps in phononic crystals (PC) emerge from periodic modulations of mass density and/or
elastic constants [10, 11] of the material resulting from the basis of the crystal (e.g. diatomic
materials [12]). Such band gaps exist for wavelengths on the order of the unit cell size. Con-
versely, in metamaterials (MM), the inclusion of suitably designed locally resonating units allow
for the sub-wavelength modification of the dispersive properties of a medium, as reported by
Liu, amongst others, in the mechanical domain [13]. In both PCs and MMs, waves propa-
gate through a mechanical medium and interact with “inclusions” that either scatter them to
generate destructive interference at certain wavenumbers, or that absorb and dissipate energy
through local resonances. In many of the reported materials, the nature of the inclusions is
purely mechanical [13, 14, 15]. In other cases, adaptive materials are exploited to modify the
unit cell geometry [16], and tune the properties of the locally resonating units [17, 18, 19] or
modify the connectivity of a PC [20]. In the latter cases, the electrical domain of the unit cell is
self-contained, exchanging energy only with the mechanical domain of the unit cell, thus acting
as an inclusion in the mechanical medium. As a result, the mechanical domain of the unit cell
is the only pathway for the exchange of energy between cells. The work of Bergamini et al.[4]
showed that weak coupling interaction between modes of mechanical and electrical waveguides
can lead to wave attenuation, as a result of an energy exchange between them. These mode
interactions can be classified into veering, crossing and lock-in as discussed by Mace et al. [21].

Albeit, the results of this work build on an already documented physical phenomenon for the
control of elastic waves, this work presents a technological bridge between theory and practical
implementation. The interconnected virtual inductances used in the work by Bergamini et al.[4]
proved the physical phenomenon for controlling waves with a 1D hPC. However, in this contribu-
tion the developed PFVI, is capable of achieving inductance values an order of magnitude greater
than in the previously mentioned work while ensuring a stable transmission line formed by a
daisy chain of PFVI circuits. Moreover, each PFVI on the transmission line is programmable by
interfacing with a computer. To the authors’ knowledge, this is the first time a programmable
transmission line has been implemented to control the propagation of mechanical waves. Lastly,
an analytical model to calculate the dispersion curves the 1D hPC is presented. The model is
based on the transfer matrix method, and is similar to the one presented by Ruzzene [22].
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Figure 1: Analog circuit of PFVI.

Quantity Name Value Packaging

5 C1, C2, C3, C6, C7 100 nF 0402 SMD

1 C4 10 nF 0402 SMD

1 C5 1 nF 0402 SMD

2 C8, C9 10µF/25V 0603 SMD

1 IC1 AD5290 MSOP-10

3 R1, R5, R6 100Ω 0402 SMD

3 R2, R3, R4 3.9 kΩ 0402 SMD

1 R7 360Ω 0402 SMD

1 X1 AD8034 SOT-23/8

1 X2 AD8033 SC70-5

1 X3 NC7WZ16P6 SC70-6

Table 1: List of components of PFVI.

2 DESIGN OF PROGRAMMABLE FLOATING VIRTUAL INDUCTANCE (PFVI)

For the development of the miniaturized PFVI we chose the circuit designed by von Grunigen[23]
based on its high quality factor and good stability. The circuit design was implemented in Surface
Mount Technology (SMT), to fit a unit cell size 10mm by 15mm that was deemed appropriate
based on previous work. The electrical characteristics of the PFVI are given in Table 2.

Since the a virtual inductance is also comprised of active components, it requires a power
source to provide the voltages and current given in Table 2 for operation. The circuit was
powered using an Agilent E3631A 80W triple output power supply.

With the hardware in place, the next step was to implement the programmable capabilities.
To this end the line was design to interface with a computer using a National Instruments
NI USB-8451 as seen in Fig. 5. The use of a serial peripheral interface (SPI) allowed for
programming of all the circuits connected in a daisy chain. The SPI bus is a synchronous serial
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Figure 2: Illustration of interconnected circuits with corresponding input and output connections, as
well as LabVIEW graphical user interface (GUI) for programming of the inductances.

Parameter Condition Value

Analog supply voltage ± 12V

Digital supply voltage 5V

Analog supply current MAX ± 15mA

Digital supply current MAX 1mA

Power MAX 365mW

Input voltage MAX ± 10V

Input current MAX ± 2mA

Output voltage ± 10V

Output current ± 2mA

Bandwidth RL > 10Ω 10 kHz

Quality Forward > 50

Backward < 50

Tolerance L≤ 2H ± 150mH

L> 2H ± 70mH

Table 2: Electrical characteristics of PFVI.
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communication interface used for communicating over short distances. Using the SPI interface
called for four connections linking the computer to the programmable circuits. The interface
starts communication by setting the chip select (CS) line logic to zero. The data is clocked
through the serial shift registers in the daisy chain configuration. The transfer is complete when
all data values are shifted and the CS line logic is set to one. The inductance of all, or each
individual PFVI can be set to any value between 1- 22H with the resolution given in Table 2.

The quality in the production of the transmission line comprised of 21 interconnected PFVI
circuits, in particular due to the difficulty of soldering of the SMT components, the fabrication
process was ensured by outsourcing to a commercial supplier. The 4 layer PFVI circuits were
printed on a 0.9mm PCB FR4 board.

3 NUMERICAL TRANSMITTANCE

For the numerical transmittance and dispersion studies, presented in the following sections,
the host structure was made of aluminium with Youngs Modulus Es=69GPa, density ρs=
2700 kg/m3, Poisson’s ratio ν = 0.33 and thickness ts=1mm. The material of the piezo-
electric element was PIC151 with the open circuit Youngs Modulus ED

p =77.4GPa, density
ρp =7760 kg/m3, compliance constant SE11=1.5x10−11m2/N, permittivity in the polarization
direction εT33/ε0=2400, coupling coefficient k31 = 0.37.

The numerical transmittance calculation was carried out with COMSOL Multiphysics. As
seen in Fig. 3 we considered an aluminum beam with a thickness ts= 1mm, width b= 10mm and
a total length of LT= 480mm. In the center portion of the structure, an hPC with unit cell size,
a=15mm, was added, consisting of 20 unit cells positioned between 90mm and 395mm from the
origin, each had piezoelectric elements with radius r=5mm and thicknesses tp= 0.5mm. The
superscript, s, refers to the substrate which serves as the host structure, while the subscript,
p, refers to the piezoelectric element. Lastly, the inductive elements were modeled using the
electric circuits physics of COMSOL. The inductances values were the same as those used in
the calculation of the dispersion curves, in order to establish a direct correlation between the
dispersion curves and the transmittance of the hPC. The system was excited mechanically by a
discrete force F applied 7.5mm from the origin, Fig. 3. The steady state response of the system
was calculated over the frequency range of interest.

a

r

ts

tp

x

F(t)

0mm 10mm 90mm

vin vout

395mm 475mm 480mm

Aluminium substrate

Piezo

5mm

Figure 3: Overview and dimensions of the investigated finite hPC. The dimensions a, tp , ts are detailed
in the text.
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4 TRANSFER MATRIX INVERSE DISPERSION

The dispersion curves of the hPC were calculated using the transfer matrix method[22].
The unit cell is divided into the two continuous subregions illustrated in Fig 4. The first
subregion, with length βa, consists of the aluminum substrate and the piezoelectric element.
The second subregion, with length (1-β)a, is characterized by part of the substrate and the
electrical impedance.The transfer matrices were computed separately for each subregion. This
dispersion model is two dimensional, thus, for a piezoelectric element with radius r=5mm, a
unit cell of length a=15mm, and an out-of-plane width b=10mm the coefficient β=0.5236 is
obtained.

4.1 Modeling subregion 1

The system of equations for the first subregion, assuming harmonic oscillation, is given below:

EI = EsIs + EpIp (1)

= b

(
Es

(
bt3s
12

+ ts(ts − zc)
2

)
+ Ep

(
bt3p
12

+ tp(tp + zc)
2

))

m = b(tsρs + tpρp) (2)

zc =
Es

t2s
2 − Ep

t2p
2

tp + ts
(3)

α = bd31/SE11 (4)

C
′
p = (b/tp)ε

T
33 − d231/SE11 (5)

The coupled system of equations can be written in matrix form, Eq. 6, where Ai and Bi are

𝑍𝑍 
Piezo  

Substrate 

𝛽𝛽a 
a 

1 2 

tp 

ts 

(1 − 𝛽𝛽)a 

Figure 4: Unit cell illustration showing the aluminum substrate, the piezoelectric element and electrical
impedance separated into two continuous subregions (1 and 2).
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the coefficient matrices for the two subregions of the unit cell.

Ai
dz(x)

dx
= Biz(x) (6)

z(x) =




ω

ω
′

Q
Mb

V
I




A1 =




1 0 0 0 0 0
0 EI 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1




B1 =




0 1 0 0 0 0

0 0 0 1 α
(
tp
2 + zc

)
0

−mω2 0 0 0 0 0
0 0 −1 0 0 0
0 0 0 0 0 0

0 −iωα
D

(
tp
2 + zc

)
0 0 −iω

(
C

′
p +

α2

D

(
tp
2 + zc

)2
)

0




4.2 Modeling subregion 2

Even though the second subregion has no electromechanical coupling, energy can travel along
the electrical and mechanical waveguides. The electrical waveguide is characterized by the
distributed impedance Z

′

Z
′
=

Z

(1− β)a
=

iωL+R

(1− β)a
(7)

The current flowing into the infinitesimal element is the same as the current flowing out
leading to a null spatial derivative of the current.

dI

dx
= 0 (8)

Conversely, the distributed impedance will influence the spatial derivative of the voltage.

dV

dx
= −Z

′
I =

iωL+R

(1− β)a
I (9)

The equations describing the mechanical behavior of the second subregion can be deduced
from the ones of the first subregion, by setting the piezoelectric element thickness to zero (tp = 0),
Eq. 10.

dω

dx
= ωx

EI
dωx

dx
= Mb (10)

dQ

dx
= mω̈

dMb

dx
= −Q
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Without the piezoelectric element the bending stiffness and mass simplify to Eq. 11 and 12.

EI = EsIs = Esb
t3s
12

(11)

m = btsρs (12)

z(x) =




ω

ω
′

Q
Mb

V
I




A2 =




1 0 0 0 0 0
0 EI 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1




B2 =




0 1 0 0 0 0
0 0 0 1 0 0

−mω2 0 0 0 0 0
0 0 −1 0 0 0

0 0 0 0 0 iωL+R
(1−β)a

0 0 0 0 0 1




By inverting A1 and A2 the final form of the system of equations is given, Eq. 13.

C1 = A−1
1 B1 C2 = A−1

2 B2 (13)

Using the matrix exponential, Eq. 14 is obtained

T1 = ea(β)C1 T2 = ea(1−β)C2 (14)

The unit cell transfer matrix is then defined by Eq. 15.

T = T2T1 (15)

The transfer matrix describes the relation between the status vector z(x) at the beginning
and at the end of the cell z(x+ a).

z(x+ a) = Tz(x) (16)

The Floquet-Bloch theorem is used to compute the frequency dependent wavenumber k . This
theorem relates z(x+ a) and z(x) through a periodic boundary condition which depends on the
wavenumber.

z(x+ a) = z(x)e−iak (17)

T(ω)z(x) = z(x)e−iak (18)

Analogously, we can relate both ends to the unit cell using the transfer matrix method, Eq.
(16). (

T(ω)− e−iakI
)
z(x) = 0 (19)
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Figure 5: Experimental array of PFVI connected to finite sample of 1D hPC

Combining Eq. 16 and Eq. 19 leads to Eq. 20 which is a standard eigenvalue problem. Eq.
21 is obtained from the solution to the eigenvalue problem yielding the frequency dependent
wavenumber. The real part of k portrays information on the propagation of the wave while the
imaginary part describes the attenuation. From Eq. 21 the dispersion curves for the hPC are
plotted over the chosen frequency range.

T(ω)− λI = 0 with λ(k) = e−iak (20)

k(ω) =
ln(λ)

−ia
(21)

5 EXPERIMENTAL SETUP

The PFVI was designed with a conductive metal pad to interface with the electrode of the
piezoelectric element to form an electromechanical entity. Since, this first array of interconnected
PFVI was intended as a test bench it was printed on a standard rigid FR4 PCB substrate.
Although, the printed array of PFVI only had a thickness of 0.9mm, it was still sufficiently
rigid to act as an additional mechanical waveguide if directly interfaced with the piezoelectric
elements. Hence, the array of interconnected PFVI was connected to each piezoelectric element
with electrical wires as seen in Fig. 5.

We excited the structure using an additional piezoelectric element attached approximately in
the same position where the discrete force was applied in the numerical model. The piezoelectric
element was excited with a sine sweep spanning from from 100Hz to 20 kHz, and an applied
voltage amplitude of 10VPP using a high voltage power amplifier. The out-of-plane velocity on
the surface of sample was measured using a Polytec PSV 400 scanning laser vibrometer. The
transmission properties of the hPC were calculated based on velocity amplitude averaged over
regions extending 100mm on either side of the hPC. We carried out a Fast Fourier transform
of the time-domain data for the out of plane velocity along the length of the sample to obtain
the frequency response. The numerical investigation was carried out conceptually in the same
way, except for the fact that the behavior of the system was investigated in a frequency response
analysis, thus the frequency data was directly available from the solution.
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a) b)

Figure 6: a) Dispersion monoatomic unit cell L=1H b) Experimental transmittance (solid line), and
numerical transmittance (dotted line) for finite hPC with monoatomic configuration L=1H.

a) b)

Figure 7: a) Dispersion monoatomic unit cell L=3H b) Experimental transmittance (solid line), and
numerical transmittance (dotted line) for finite hPC with monoatomic configuration L=3H.

a) b)

Figure 8: a) Dispersion diatomic unit cell L1=1H and L2=1.5H b) Experimental transmittance (solid
line), and numerical transmittance (dotted line) for finite hPC with diatomic configuration L1=1H and
L2=1.5H.
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6 RESULTS AND DISCUSSION

Fig. 6 and 7 show the dispersion and transmittance curves of the monoatomic (single in-
ducance value accross all cells) unit cell configuration, for two different inductance values. In
Fig. 6a) and 7a) we can see that eigenvalue coupling occurs in the form of mode veering. As
expected, the veering is centered at a lower frequency for a higher inductance value. Moreover,
in agreement with the work of Bergamini et al. [4], Fig. 6b) and 7b) show that the regions of
low transmittance take place around the mode veering frequency. Moreover, the experimental
transmittance curves (solid blue) are in good agreement with the numerical transmittance re-
sults obtained from COMSOL (solid red line) in both the frequency range of attenuation as well
as the amplitude.

To further exploit the control of elastic waves, utilizing the capability to program the individ-
ual inductances of the hPC, a diatomic (alternating inductance values) unit cell configuration
L1=1H and L2=1.5H was investigated as seen in Fig. 8. Just as for the monoatomic configura-
tion, the analytical dispersion curves show the presence of mode veering over the same frequency
range as the low transmittance in the numerical and experimental curves.

Based on these results, we can conclude that varying the parameters of the electrical domain
has a paramount effect on the mechanical properties of the hPC. Furthermore, the potential to
instantaneously and accurately tune the electrical parameters, thus reconfigure the hPC, gives
way to a versatile lightweight “smart” material for wave attenuation.

7 CONCLUSION

In this work, we have demonstrated a high level of integration between the electrical and
mechanical domains of a hPC to create an artificial “smart” material. Useful and unusual
material properties are achieved by focusing “material development” efforts on the design and
implementation of a suitable analog circuit. This approach may represent a new paradigm in
the development of materials with novel programmable properties similar to the introduction
of electronic components into a number of devices and machines that in the last century were
traditionally “purely mechanical”, such as car engines, and typewriters. The inclusion of a digital
interface (digital potentiometer) in an otherwise analog circuit, opens the doors to distributed
computing power. Building blocks for the implementation of such distributed intelligence are
presented, for example in the work by Shen et al.[24].

Moreover, work is currently being carried out to redesign and fabricate the electrical domain
of the hPC on a flexible substrate to achieve a greater and seemless level of integration. Beyond
the demonstration of facile tunability of the dispersion properties of a hybrid phononic crystal,
we believe that the contribution of the present paper is a first paramount step towards a true
integration of electrical and mechanical design of advanced materials.
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The space deployable structures based on carbon fiber reinforced shape memory polymer 

composites (SMPCs) show great prospects. Considering the problems that SMPCs are difficult to 
meet the practical applications in space deployable structures in the recent ten years, this paper 
aims to research the mechanics of deformation, actuation and failure of SMPCs. In the overall 
view of the shape memory polymer material’s nonlinearity (nonlinearity and stress softening in the 
process of pre-deformation and recovery, relaxation in storage process, irreversible deformation), 
by the multiple verifications among theory, finite element and experiments, one obtains the 
deformation and actuation mechanism for the process of “pre-deformation, energy storage and 
actuation" and its non-fracture constraint domain. Then, the parameters of SMPCs will be 
optimized. Theoretical analysis is realized by the strain energy function, additionally considering 
the interaction strain energy between the fiber and the matrix. For the common resin-based or 
soft-material-based composites under pure bending deformation, we expect to uniformly explain 
the whole process of buckling occurrence, evolution and finally failure, especially for the early 
evolution characteristics of fiber microbuckling inside the microstructures. The research results 
are meaningful for the practical applications for SMPC deployable structures in space.  

Considering the deformation mechanisms of SMPCs, the local post-microbuckling is required 
for the unidirectional fiber reinforced composite materials, at the conditions of its large 
geometrical deflection. The cross section of SMPC is divided into three areas: non-buckling 
stretching area, non-buckling compressive area, and buckling compressive area. Three variables 
are considered: critical buckling position, and neutral plane, the fiber buckling half-wavelength. 
Considering the condition of the small strain and large displacement, the strain energy expression 
of the SMP/fiber system was derived, which contains two types, e.g., strain energy of SMP and 
fiber. According to the minimum energy principle, the expression for all key parameters were 
derived, including the critical buckling curvature, neutral plane position, the buckling 
half-wavelength, fiber buckling amplitude, and strain.  
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ABSTRACT 

Soft active polymers are capable of changing shapes or sizes when subjected to external stimuli, 
including heat, electric and magnetic field, solution and light, etc. [1]. This special feature makes 
them the promising materials for active deformable composite structures, which have broad 
application potentials in the future [2]. As typical soft active materials, shape memory polymers 
(SMPs) and their composites (SMPCs) have many advantages, including fast response, long lifetime, 
high resilience, light weights, stretchable, low cost and easy processing. In particular, their stiffness 
can change significantly in large scale when triggered by temperature or other stimuli. Moreover, 
they can also deliver active properties and autonomic responding. Multiple shape memory effect, 
multistage stimulus, reversible and programmable selective actuation are also systematically 
investigated, indicating that this kind of materials not only remember more than two shapes but also 
respond diverse stimuli.  

In recent years, the applications of SMPs and SMPCs in active deformable structures are developed, 
including smart sensors, tactile displays, self-healing systems, smart textiles, biomedical devices etc. 
The high-performance, loadbearing substructures of aircraft, satellites and robots are designed for 
structural efficiency. Folded SMPC structures could deploy steadily without impact and have the 
feasibility to be used as the active parts of large-scale deployable space structures like hinge, truss, 
and antenna. Their stiffness variability would enable morphing wing structures to change shapes 
under different flight conditions, thus improve the manoeuvrability of future aircraft. Besides, smart 
mandrels structures based on SMPs, which are dimensionally accurate, rapidly removable, and 
reusable, have been developed for fabrication of complex-curved composite structures. 4D printing 
has also been generated through adding another dimension, the time-dependent shape change, to 3D 
printing. With the help of 4D printing, it is achievable to fabricate relatively micro active deformable 
composite structures, which would be used in flexible or stretchable electronic devices, minimally 
invasive surgeries and drug delivery. Most widely recognized potential is for fabricating flexible 
display, artificial blood vessels, anti-counterfeiting brands, and information carriers.  

The development of novel active deformable composite structures that have excellent performances, 
including shape changing and memory, variable stiffness, self-assembly, would have enormous 
impacts on a vast number of fields and could provide new research perspectives. It would not be an 
exaggeration to say that the appearance of active deformable composite structures, like shape 
memory composite structures, could lead to revolutionary developments in several areas.  
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ABSTRACT 

Mechanoluminescent (ML) material exhibits brilliant light emission during deformation and fracture 
processes, and the intensity is directly related to loading rate and magnitude [1, 2]. It provides a 
viable route to in-situ and distributed structural health monitoring by attaching to the surface of 
composites, or embedding within composites. Such mechanoluminescence based sensor is useful for 
detection of mechanical changes including stress redistribution, crack formation, fracture type, and 
fragment stability. The coupling of the mechanoluminescent light into polymeric and silica fibres can 
detect even internal cracks when little indication of damage appears on the surface. 

 

This work aims to characterize the light-emissions properties of mechanoluminescent concentrated 
polymers and evaluate their application as sensor of damage and crack propagation. Two types of Eu-
doped ML phosphors were embedded into epoxy resin to fabricate ML polymers. The luminescence 
of ML polymers under quasi-static uniaxial loading were captured by digital camera and the recorded 
images were processed to quantify the relationship between light emission and structure damage. The 
direct conversion from mechanical motion to photonic energy has been validated and the 
mechanoluminescent polymers have been proved effective in structural health monitoring and 
failure prevention.  
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ABSTRACT 

During the research of traditional resonant vibration energy harvester, the issue of narrow operational 
frequency bandwidth limits energy conversion efficiency[1]. To overcome these challenges, a 
broadband E-shape piezoelectric energy harvester induced by magnets is designed, manufactured and 
tested. A nonlinear electromechanical model based on Hamilton variation principle is developed, and 
the effect of nonlinear magnetic restoring force at different spacing distances is simulated. Through 
the simulation of nonlinear magnetic restoring force at different spacing distances, the distances 
between two different magnets are chosen to enable the system with nonlinear property. The output 
voltage response of the system is simulated under different excitation conditions, and the effect of 
space distance is discussed. The performance of E-shape energy harvester is experimentally 
investigated, and the E-shape energy harvester with different spacing distances are tested under 
several excitation accelerations. The output voltage in frequency domain of the system is shown 
excellent performance and the frequency bandwidth of the system acquired significantly improved.  

 

REFERENCES 

[1] Heung Soo Kim, Joo-Hyong Kim and Jaehwan Kim. A Review of Piezoelectric Energy 
Harvesting Based on Vibration. International Journal of Precision Engineering and 
Manufacturing. Vol. 12, pp. 1129-1141, (2011). 

1747



Softening of Particle Filled Dielectric Elastomer under the Actions of Force and Voltage

Softening of particle filled dielectric elastomer under the actions of force 
and voltage 

Yanju Liu*, Liwu Liu† and Jinsong Leng†† 
* Department of Astronautical Science and Mechanics 

Harbin Institute of Technology (HIT) 
No. 92 West Dazhi Street 150001, Harbin, China 

Email: yj_liu@hit.edu.cn 
 

† Department of Astronautical Science and Mechanics 
Harbin Institute of Technology (HIT) 

No. 92 West Dazhi Street 150001, Harbin, China 
Email: liuliwu_006@163.com 

 
†† Centre for Composite Materials and Structures 

Harbin Institute of Technology (HIT) 
No. 2 YiKuang Street, 150080, Harbin, China 

Email: lengjs@hit.edu.cn 
 

ABSTRACT 

Dielectric elastomer (DE) is a material with low modulus and high permittivity, so it can be actuated 
by voltage [1]. Duo to this working principle, it can be designed to sensors, actuators and generators. 
These applications can be widely used in smart robotics, energy harvesting, medical devices, and 
area of aeronautics and astronautics [1]. Rubbers can be used as DE material, but they are usually 
restricted by their electromechanical coupling performance. One solution is to enhance their 
dielectric property by filling functional particles [2]. However, stress softening is a typical trait of 
filled rubbers, which it is widely known as Mullins effect [3]. 

In this paper, we studied the softening behaviour of dielectric elastomer composite (DEC) under 
electromechanical coupling field. The carbon nanotube filled silicon elastomer was used as DEC. 
Based on the cyclic loading test, we modelled the stress softening using pseudo-elastic theory, and 
the theory and experiment agree well. Then we combined the thermodynamics of dielectric elastomer 
and extended the softening behaviour to the electromechanical coupling situation. With an initial 
force, softening causes “residual strain” and may avoid instability during reloading. With an initial 
voltage, the unloading stress evolves from positive to negative, which looks like a “stress hardening”. 
We further introduced the viscoelastic model to theoretically investigate the influence of loading 
conditions on softening behaviours. As a result, hysteresis and residual strain appear, and we find that 
the characteristic length determines the softening behaviour. If considering the creep of preload, the 
stress or voltage will decrease, especially with large characteristic length.  

This work may lead to a better understanding of softening behaviour in dielectric elastomer 
composite.  
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ABSTRACT 

Dielectric elastomer is a kind of typical soft active material. It can deform obviously when subjected 
to an external voltage [1, 2]. When a dielectric elastomer with randomly oriented dipoles is subject to 
an electric field, the dipoles will rotate to and align with the electric field. The polarization of the 
dielectric elastomer may be saturated when the voltage is high enough. When subjected to a 
mechanical force, the end-to-end distance of each polymer chain, which has a finite contour length, 
will approach the finite value, reaching a limiting stretch. On approaching the limiting stretch, the 
elastomer stiffens steeply.  

Here, we develop a thermodynamic constitutive model of dielectric elastomers undergoing 
polarization saturation and strain-stiffening, and then investigate the stability (electromechanical 
stability, snap-through stability) and voltage induced deformation of dielectric elastomers. Analytical 
solution has been obtained and it reveals the marked influence of the extension limit and polarization 
saturation limit on its instability. The developed thermodynamic constitutive model and simulation 
results would be helpful in future to the research of dielectric elastomer based high-performance 
transducers.  
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Abstract. Ultrasonic guided waves are an attractive alternative to conventional methods.
By analyzing these waves, the presence of flaws may be detected. Mathematically, this is an
inverse problem. A large variety of mathematical methods to solve inverse problems consist in
minimizing an instrumental objective function, which gives the difference between the measured
and calculated signals. Among these, the topological derivative describes the sensitivity of the
objective function to infinitesimal inclusions on the material. In this work we investigate the
reconstruction of an obstacle buried in an aluminium plate by a non-iterative method based on
the computation of topological derivatives. This is done by extending to the present context some
ideas by Funes et al. (2016) that gave very good results in the context of the two-dimensional
wave equation. The main purpose is to suitably combine multi-frequency data obtained via
piezoelectric emitters and receivers. In the first part of the work, the method to detect defects
is described. In the second part, as a proof of the concept, some reconstruction examples are
shown.

1 INTRODUCTION

Defect detection via elastic waves [1] in a material medium exhibiting known physical prop-
erties is a problem that has attracted a lot of attention in recent years. There are many fields

1
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where this kind of problem may be useful to be solved such as non-destructive testing of struc-
tures [2], medical diagnosis [14], natural resources exploration or even location of anti-personnel
landmines [16].

Mathematically, processing data from elastic waves in a material media to identify defects and
inclusions (which affect material parameters such as Young's modulus, E, Poisson's ratio, ν,
and density) is an inverse problem [10]. By solving this inverse problem, we can obtain the
response of the system to material properties variations. Likewise, the direct problem would be
calculating the system response when we know its physical properties.

Trying to solve an inverse problem has been an issue of interest for many years. This prob-
lem may be solved as an optimization problem, which aims at looking for defects immersed
in a region that minimize a convenient functional. Iterative methods were the first used [11].
However, these techniques require a prior knowledge of the number of defects or a high number
of iterations is needed unless we have a good initial approximation. Among the recent meth-
ods, there is a promising one based on the computation of the so-called topological derivative
[18, 12, 5], which gives the sensitivity of the difference between the experimental and calculated
responses of the system to infinitesimal inclusions on the material. The idea is that localized
defects at expected at those points where the topological derivative exhibits its largest negative
values. The topological derivative will be computed by means of solving an adjoint problem,
which is an effective way to obtain the gradient of a scalar function.

A very effective method was developed in [6] that appropriately combines the topological deriva-
tives for monochromatic excitations, using a fairly large number of frequencies. The number of
emitters/receivers combinations, instead, is small and, moreover, they are close to each other,
which favors compact designs of the inspection device. These ideas where tested in the two-
dimensional wave equation, which is a somewhat academic context. The main object of the
present paper is to extend these ideas to a more realistic elastic problem. At the same time,
the concepts developed in [8, 4, 9, 17] are used for the computation of the topological derivative
in an elastic media. To that end, the mathematical formulation of the topological derivative
and the involved direct, inverse and adjoint problems are detailed in sections 2 and 3. Then,
in section 4, some reconstruction examples are shown. Finally, some concluding remarks are
exposed in section 5.

2 FORMULATION: THE ELASTIC PROBLEM

This work is about detecting a set of small defects Ω in an aluminium plate D, whose dimen-
sions are 1x1x0.004 m3. In order to excite the structure, we place some source points xi along its
face which may act as emitters or receivers. A possible way to simulate a piezoelectric device [7]
can be modeling the source term by means of a Dirac delta function δxi at each excitation point,
acting in the in-plane directions. As the thickness of the plate is much smaller than the in-plane
dimensions, the elastodynamic state can be approximated by a plane stress assumption, as long
as the excitation wavelength is much greater than the plate thickness [13]. Hence, we have
D = (−0.5, 0.5)× (−0.5, 0.5). Neumann boundary conditions are imposed to model the defects

2
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since it is a useful way to reproduce the air inside them (the so-called sound-hard defect). Alike,
more general transmission conditions could also be specified. Homogeneous Dirichlet conditions
are applied at the bottom corners so as to avoid singularities in the stiffness matrix. Harmonic
problems are considered, thus, the governing equation and boundary conditions are

∇· ¯̄σ + ρω2u⃗ = −f⃗ in D \Ω, (1)

¯̄σ· n⃗ = 0 at ∂Ω, (2)

¯̄σ· n⃗ = 0 at ∂D \ P, with

P = {(x, y) ∈ R2 | x =− 0.5, y = −0.5} ∪ {(x, y) ∈ R2 | x = 0.5, y = −0.5},
(3)

u⃗ = 0 at P, (4)

where ρ is the density, ω is the angular frequency, and n⃗ is the outward unit normal. Note that
the elastic parameters appear in the equation through the stress tensor ¯̄σ = ¯̄σ (λ, µ, u⃗), where
λ and µ are the Lame parameters and u⃗ is the displacement vector. As anticipated, the source
term f⃗ will be a set of point forces reproducing a piezoelectric excitation. This direct problem
(solution is computed knowing the coefficients appearing in the formulation) will be used below
to generate synthetic measured data.
The aim of the inverse problem is to establishing the position of the defects Ω that produce
a given displacement at each receiver (measured experimentally). However, unlike the direct
problem, this is an ill-posed problem, namely, it could have many solutions or even no solution.
In adition, small errors in the measured data can provide very dissimilar solutions. Therefore,
in order to regularize the problem, we can pose it in a less demanding way: finding the defects
Ω that minimize the following objective functional,

F (D \Ω) =
1

2

nrec∑
i=1

∥u⃗ (xi)− u⃗meas (xi) ∥
2
, (5)

where xi is the location of the measurements. Considering different emitters/receivers and more
than one frequency, we have

F (D \Ω) =
1

2

nfreq∑
k=1

nemi∑
j=1

nrec∑

i = 1
i ̸= j

αkj∥u⃗jwk
(xi)− u⃗jmeas,wk

(xi) ∥
2

, (6)

where αkj are constants that weight the individual contribution of each emitter and frequency.

3
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3 TOPOLOGICAL DERIVATIVE

The topological derivative of a functional F defined in a region ℜ, can be seen as the sensitivity
of F with respect the creation of a small cavity at each point x ∈ ℜ. More precisely, we can
define it as this limit

T (x) = lim
ε→0

F (ℜ \ Bε (x))−F (ℜ)
h (ε)

, x ∈ ℜ, (7)

where Bε (x) is a ball with radius ε centered at x and h (ε) > 0 is a monotone decreasing function
that tends to zero and selected such that the limit (7) exists and is non-zero. For general three-
dimensional transmission problems or sound-hard obstacles we can take h (ε) = 4

3πr
3.

Let rewrite the limit (7) as

F (ℜ \ Bε (x)) = F (ℜ) + h (ε)T (x) + o (h (ε)) , as ε → 0, (8)

which gives the fundamental idea to the detection method: agglutinating points where the
topological derivative is large and negative, since in such points F (ℜ \ Bε (x)) < F (ℜ).
Trying to calculate the topological derivative using the above limit definition it is not practical.
A large number of computations would have to be done. However, it is possible to obtain simpler
expressions in terms of the solution of a direct problem and an adjoint problem. In our case,
the topological derivative of the single-frequency functional defined in (5) at a point x is given
by

Tw,j(x) = ¯̄σadj : A : ¯̄σdir − ρω
2
u⃗adj · u⃗dir, (9)

where A is the following fourth order tensor [3]

A =
1

µ (1 + ν)

[
2I4 −

1− ν + 2ν
2

2 (1− ν2)
I2 ⊗ I2

]
. (10)

Note that ¯̄σadj , ¯̄σdir, u⃗adj and u⃗dir are the stress tensors and displacement fields of the fol-
lowing direct and adjoint problems,

• Direct problem:

∇· ¯̄σdir + ρω2u⃗dir = −f⃗ in D, (11)

¯̄σdir· n⃗ = 0 at ∂D \ P, (12)

u⃗dir = 0 at P, (13)

4
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• Adjoint problem:

∇· ¯̄σadj + ρω2u⃗adj = −
nrec∑
i=1

(u⃗dir − u⃗meas) δxi in D, (14)

¯̄σadj · n⃗ = 0 at ∂D \ P, (15)

u⃗adj = 0 at P. (16)

For a more precise reconstruction of the defects, combining excitations for different frequencies
tends to be a powerful tool, as very clearly shown in [6]. Hence, by linearity, the topological
derivative of the corresponding overall objective functional is just the linear combination of each
independent derivative. Therefore, the topological derivative of the functional (6) is just

T (x) =

nfreq∑
k=1

nemi∑
j=1

αkjTwk,j . (17)

To take account of the contribution of each emitter and each frequency, we must weight every
single derivative since they may have different orders of magnitude. An important detail that
concerns while weighting the derivatives is that we can not take the whole domain. We must
avoid the nearby regions of the emitters so as to they induce high peaks in the derivatives not to
be considered. Hereinafter, we will call this region S. Thus, the values of αkj can be computed
as

αkj= 1
|minD\STwk,j |

. (18)

This expression for the weights was shown in [6] to give very good results in the context of the
wave equation.

4 COMPUTATIONS

In this section, we briefly comment some aspects related with the numerical solution of the
experiment, direct and adjoint problems. Three different kind of defects have been designed to
make some reconstructions. The first one is a circular defect,

Ω1 =
{
(x, y) ∈ R2 | (x+ 0.10)2 + (y − 0.2)2 ≤ 0.0452

}
, (19)

the second is an elliptical defect,

Ω2 =
{
(x, y) ∈ R2 | (x+ 0.15)2 /0.092 + (y + 0.2)2/0.0252 ≤ 1

}
, (20)

and the third case, Ω3 = Ω1 ∪ Ω2, is a plate where both are embedded. A FEM model [15] has
been used to integrate the equations. Simulations have been computed over a 157790 second-
order quad element mesh for the circular defect, 158048 for the elliptical one and 157084 for the
both defects situation. For the direct and adjoint problem, it was used a 158266 second-order

5
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quad element mesh. These spatial discretizations were selected keeping always a ratio between
the wavelength and element size greater than 12. The strategy is to choose the highest excita-
tion frequency (which consistently has the smallest wavelength) and force the mesh to satisfy
the previous condition. All simulations have been performed using ANSYS Mechanical inside
the Harmonic Response module. Below, reconstruction examples are shown. As anticipated,
the topological derivative calculated after equation (17), T (x), is a scalar function, defined in
the whole plate and is such that the holes are most likely located at those regions where T (x)
exhibits its largest negative values. The plots of T (x) along the plate for the three considered
cases are given in Figs. 1, 2 and 3.

Figure 1: Topological derivatives varying the number and location of the emitters/receivers
for a circular defect.

6
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The blue regions in those plots indicate the guess for the positions of the defects. Note that
the emitters/receivers are located along the four edges of the plate indicated by black crosses in
the figures. The nearby region S has been eliminated, namely,

S = [−0.5, 0.5]× [−0.5, 0.5]− (−0.35, 0.35)× (−0.35, 0.35) . (21)

Also, a black line has been drawn in order to indicate the position of the defects. We begin
the reconstructions with a favorable situation of having 32 emitters/receivers and then we try
to get results with a less number of them. For the case of the circular and elliptical defects, 5
frequencies are combined from 7750Hz to 15690Hz.

Figure 2: Topological derivatives varying the number and location of the emitters/receivers
for an elliptical defect.

7
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Finally, a 32 emitters/receivers reconstruction is shown combining 3 frequencies for the both
defects case. It is noticed that the topological derivative still gives good approximations of the
defects even when the number of emitter/receivers is reduced. Alike, the circular defect provides
a better reconstruction with limited data than the elliptical one. In addition, when both defects
are embedded, the method can make a proper distinction between them although the shape
identification is still not clear.

Figure 3: Topological derivative when both defects are embedded in the plate. In this case,
the measure set consists in 32emitters/receivers combining 3 frequencies.

5 CONCLUSIONS

A method based on the multi-frequency topological derivative has been described intending
to use for NDT. In contrast with more generic techniques, known as radar methods, here the
physics of the problem is fundamental to be accounted. As is apparent, the higher number of
measurements the better results we obtain. However, as we can se (specially in the circular
case), with a low number or emitter/receivers reasonable results are achieved. These recon-
structions with a low data number could be the first approximation in order to implement an
iterative method which may enhance the initial guess. Also, in some cases, the position of the
emitters/receivers seems to affect the quality of the derivatives: optimizing their place may be
a future work. For the sake of simplicity, piezoelectric devices has been modeled as point forces
in this work, nonetheless, a full 3D electroelastic coupled model has been developed. Implement
the topological derivative in the abovementioned 3D model is a considerable challenge as the
computational cost increases significantly. This computational cost can be highly reduced using
a reduced order model for the direct and adjoint problems. However, this improvement is well
beyond of the scope of this paper. Finally, as a main conclusion, we can say that the method
described in this work could be a competitor among the NDT techniques utilized at present,
however, it still needs extensive improvements.

8
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Universidad Politécnica de Madrid, Spain, 2014.

[18] J. Sokolowski and J.-P. Zolesio. Introduction to Shape Optimization. Springer, 1992.

10

1759



Delamination Monitoring in Electrically Conductive Composites

VIII ECCOMAS Thematic Conference on Smart Structures and Materials 
SMART 2017 

M. Quaresimin, S.K. Nothdurfter, M. Zappalorto, F. Panozzo and A. Rullo 

DELAMINATION MONITORING IN ELECTRICALLY CONDUCTIVE 
COMPOSITES 

M. QUARESIMIN*, S.K. NOTHDURFTER†, M. ZAPPALORTO*, F. PANOZZO*, A. 
RULLO†

* Department of Management and Engineering (DTG) 
University of Padova 

Stradella San Nicola, 3, 36100 Vicenza, Italy 
e-mail: michele.zappalorto@unipd.it 

† Automobili Lamborghini S.p.A. – Advanced Composites Research Center (ACRC) 
Via Modena, 12, 40019 Sant’Agata Bolognese (Bo), Italy 

Key words: Structural Health Monitoring; Modelling; Conductive Matrix 

Abstract. Composite parts are usually subjected to high load levels and impacts during their 
in-service life, leading to damages such as matrix cracks and delamination between the plies. 
It is proven in the literature that the electrical resistance change of electrically conductive 
laminates can be used as a quantitative parameter to monitor the presence of damage, and its 
extension. In the present paper, an analytical model to calculate the electric potential 
distribution of a symmetric composite laminate, in the presence of a delamination, is 
presented. The laminate is modelled as composed by electrically orthotropic plies, with a 
delamination in the middle plane. The case of a Mode I interlaminar fracture toughness test is 
later considered, and a procedure to predict the electric resistance of the specimen, and its 
variation as a function of the delamination length, is presented. The analytical predictions are 
compared with a bulk of finite element analyses, showing in all cases a satisfactory 
agreement.

1 INTRODUCTION 
In the last decades, structural health monitoring of composite parts has arisen an increasing 

interest from the industrial and the scientific community. Several efforts have been devoted to 
develop techniques to reliably monitor the presence of damage in composite structures, 
providing real-time information on the health status of the part. In fact, due to the outstanding 
strength and stiffness of composite materials, in combination with their low density, their use 
is becoming wider especially for structural applications where lightweight is needed. 
Especially in the wind turbine, aeronautic and automotive fields, the use of composite 
materials can reduce significantly the weight of the structure.  
Structural parts made of composite materials can be subjected to impacts during their in-
service life, leading to the formation of matrix cracks and delamination between the plies [1 – 
3]. Such damages do not necessarily lead to the failure of the part, however they reduce the 
load bearing capability and its stiffness. Therefore, being able to monitor the presence of 
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damage would be extremely important for engineering applications, increasing the overall 
safeness of the structure, and enabling the switch from a time-based to a condition-based 
maintenance, with a significant reduction of the inspection costs. 
The variation of the electric potential distribution in conductive composites has proven to be a 
reliable parameter to monitor the presence of damage [4 – 5]. However most of the works 
presented in the literature are mainly experimental, highlighting the lack of theoretical models 
capable of seizing the fundamental aspects that underlie the phenomenon. 
In the present work, an analytical model is presented to calculate the electric potential 
distribution of a conductive composite plate in the presence of a delamination between the 
central plies. A fully analytical procedure is given to calculate the electric resistance of the 
laminate, and its variation as a function of the delamination length. The model is validated by 
comparison with finite element analyses on plates with different geometries and electrical 
properties, showing an excellent agreement. 

2 ANALYTICAL MODELLING 
Consider a composite panel made of electrically conductive plies, where a duty current I is 

injected through the lateral surfaces, as schematically represented in Figure 1. The plate is 
composed of an electrically orthotropic material, with longitudinal resistivity xη , and 
through-the-thickness resistivity zη (Figure 1). The laminate presents a delamination between 
the central plies, such that: 

• the delamination has the same width of the laminate; 
• no current can flow between the two delaminated faces. 

Figure 1: Schematic representation of the delaminated composite plate 

According to these hypotheses, the problem can be treated as plane, and, with reference to 
Figure 2,  the laminate can be subdivided into two different zones: 

Delamination 

x 

z y 

I 
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1) A delaminated zone (number 1 and 3 in Figure 2) 
2) A non-delaminated zone (number 2 in Figure 2) 

Figure 2: Plane representation of the laminate 

According to the schematic of Figure 2, and assuming an unitary width, the zones denoted 
with the number 1 and 3 can be treated as ohmic resistors. The electrical resistance of these 
zones is given by: 

h
lIVV 1

x31 η=∆=∆  

 

(1)

The presence of a delamination is such that, in the non-delaminated zone, electric potential 
depends on the z-coordinate. As proposed in Ref [6], the through-the-thickness electric 
potential difference can be expressed as: 
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Eqs. (1-2) can be combined to calculate the electrical resistance of the composite: 
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Eventually, considering an initial delamination length a0, the ratio between the increase of 
electrical resistance, and its initial value reads as: 
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3 MODEL VALIDATION 
To validate the analytical expression, a number of finite element analysis were carried out 

with the commercial code Ansys 14.5. The geometry of a typical DCB specimen was 
modelled using 8-nodes plane elements (Plane 230). As schematically shown in Figure 3, the 
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nodes of the lateral surfaces of the specimen were loaded with a uniform current density such 
that the total current flowing in the specimen equates I = 1 A. In addition, the electric 
potential of the node indicated with letter B in Figure 3 is constrained to 0 Volt. The potential 
difference between points A and B is was calculated for different delamination length, then 
calculating the resulting electrical resistance. 

Figure 3: Geometry used for the finite element analyses 

A first comparison between theoretical predictions and numerical results is shown in 
Figure 4, where the influence of the thickness of the plate has been investigated. In particular, 
for a given resistivity ratio ηz/ηx=100, the electrical response of plates with thickness equal to 
2, 4 and 6 mm was studied. As expected, electrical resistance increases significantly with the 
increase of the delamination length, confirming the capability of electric potential-based 
methods to sense the presence of damage. In addition, the theoretical results suggest that a 
higher response can be obtained with laminates with lower thicknesses. 

The influence of the ratio between the longitudinal and the through-the-thickness 
resistivities on the electrical response of the delaminated plate is shown in Figure 5, where, 
once again, a very good agreement can be noticed between the analytical estimations and the 
results of the numerical simulations. Figure 5 shows that, for a given value of the 
delamination length, the electrical response is higher for laminates with a lower electrical 
anisotropy ratio (i.e., the ratio ηz/ηx). This result indicates that the use of matrix filled with 
conductive particles (such as carbon nanotubes) increases the damage sensitivity of the 
material in terms of electrical resistance change. 

4 CONCLUSION 
An analytical model for the prediction of the electrical resistance of a composite plate in the 
presence of a delamination was presented. The validity of the analytical expression is verified 
through comparison with the results of numerical simulations. The thickness of the laminate 
and the ratio between the resistivities of the plies were found to influence the electrical 
response of the part. In particular, the highest sensitivity to the presence of a delamination can 
be obtained with laminates with low thickness and a low ratio between the out-of-plane and 
the longitudinal resistivity. 

A
I 

I 
V=0

B

l0= 50 mm 

a 
L= 175 mm 

t 
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In all cases, a sound agreement was found between the analytical predictions and the 
numerical results. 

Figure 4: Comparison between theoretical predictions and numerical results for specimen with different 
thickness 

Figure 5: Influence of the resistivity ratio on the electrical response of the composite plate 
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Summary. In this paper, we propose a method for numerically evaluating the probability of 
failure from the diagnostic results of condition monitoring using the Bayesian theorem. When 
performing maintenance using real-time monitoring results, a diagnostic result without any 
inspection error is ideal. However, failure is not caused even if the monitoring method 
sufficiently overestimates any small damage that can cause failure. Moreover, failure is not 
caused even if the method slightly underestimates large damage. In other words, for reducing 
the probability of failure, improving the accuracy of estimating specific damage levels is 
necessary. In this study, a method for reducing the risk by improving the diagnostic accuracy 
of specific damage levels by means of controlling the sampling ratio of the training data 
employed for learning the use of a weight function is proposed. The consequences of 
overestimation and underestimation of damage differ. The risk caused by underestimation is 
called failure risk and that caused by overestimation is called economic risk. In this paper, the 
effect of weighted regression on risk reduction is discussed. The proposed method is validated 
by employing it to identify delamination in a CFRP beam via the electric potential change 
method. 
 
1 INTRODUCTION 

This study is regarding a method for numerical evaluation of probability of failure (PoF) by 
using Bayesian theorem from the diagnostic result of real-time condition monitoring. 
Engineering risk is defined by the combination of PoF and the consequences of failure as 
follows. 

 
Risk = PoF × Consequences of Failure.  (1) 

 
The method of making decisions about maintenance plans using engineering risk is called 
risk-based maintenance (RBM). RBM is used in the petrochemical industry. API581 (USA)[1] 
and Z107 (Japan)[2] are major examples of the RBM standard. By making use of RBM, 
inspection plans and additional maintenance programs are decided in which the associated 
risks are used as an index. The risk index is plotted on the risk matrix (Fig.1). The upper right 
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area is the high-risk area, and the lower-left area is the low-risk area. With RBM, by 
decreasing the equipment in a low- or high-risk area, maintenance programs are optimized. 
Therefore, making decisions pertaining to maintenance programs, each of which combines 
various inspections, by calculating PoF from each inspection becomes possible because the 
consequence of failure depends on the equipment. This study is focused on a method for 
evaluating risk from the diagnostic result of real-time condition monitoring. 

When performing maintenance based on the results of real-time condition monitoring, it is 
ideal to obtain diagnostic results that do not contain any inspection error. However, failure 
does not occur if the monitoring method sufficiently overestimates small damage. Indeed, 
failure does not occur even if there is a slight underestimation of a large damage. In other 
words, for reducing the PoF, improving the accuracy of estimating specific damage levels is 
necessary. In this study, we propose a method for reducing risk by improving the diagnostic 
accuracy of specific damage levels by means of controlling the sampling ratio of the training 
data employed to learn the use of a weight function. 

 Regarding the damage identification method, an inverse problem for damage or fault 
identification is an optimization problem for minimizing estimation error. To identify the 
relation between sensor measurement and damage properties, several statistical analysis 
methods such as multiple regression, response surface, generalized regression model, 
discriminant analysis, and spatial statistics[2-7] or optimization methods such as neural network, 
and genetic algorithm are used[8-11]. The magnitude of the estimated error is reduced when the 
method is advanced. However, to evaluate the risk of a structure using diagnostic results, it is 
important to accurately evaluate the probability of underestimation of severe damage, which 
causes structural failure. Hence, evaluating the probability distribution of the occurrence of 
true damage size for any estimated result is necessary. Therefore, this paper proposes a 
method for estimating the occurrence probability of true damage versus any estimated result 
using the occurrence probability estimates of the cause events via Bayesian theorem. Using 
this method, the residual strength distribution of the acquired distribution and the PoF are 
estimated. The proposed method is validated by applying it to the problem of identifying 
delamination of CFRP beams using the electric potential method[3]. 

 
Figure 1: Risk matrix for RBM 

 
2 ELECTRIC POTENTIAL CHANGE METHOD 

2.1 Summary of method  
The proposed method for evaluating PoF is applied for identifying delamination of a CFRP 
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beam using the electric potential method[3, 21-23] in conjunction with regression analysis. 
As the carbon fiber in a composite material has conductivity, if we use the electric 

potential method, the damage present in a large area of a structure can be diagnosed by 
passing electricity through a structure made of the composite material. The electric potential 
method does not cause strength reduction and can be applied to existing structures at a low 
cost. In this study, we attempt to identify delamination cracks in CFRP laminates. In recent 
years, several studies have described an electric resistance change method to identify internal 
damage to CFRP laminates[3, 4]. The electric resistance change method does not require 
expensive instruments. As this method adopts reinforced carbon fiber itself as a sensor for 
damage detection, it does not reduce the static strength or fatigue strength of the structure 
under test and it is applicable to existing structures. The effectiveness of the electric potential 
method has been demonstrated in our previous reports[5, 6]. In these studies, a delamination 
crack in a composite beam was identified based on the change in electric potential between 
electrodes attached to the composite beam surface. The relation between delamination cracks 
and changes in electric potential was identified by solving an inverse problem. 

The specimen configuration used herein is shown in Figure 2. The specimen is a CFRP 
beam with a thickness of 2 mm and a stacking sequence of [02/902]s. To measure the change 
in electric potential caused by a delamination crack, seven electrodes (each measuring 10 mm 
in length) are mounted on one side of the specimen. FEM analysis is performed using a 
commercially available FEM tool (ANSYS). Four-node-rectangular elements (each measuring 
0.125 mm × 0.125 mm in size) are adopted for the analysis. A delamination crack is modeled 
by releasing a nodal point of an element. The electric conductance ratio is experimentally 
obtained from a CFRP laminate with a volume fraction of 62%, as follows: 

σ90/σ0 = 3.7 × 10−2 
σt/σ0 = 3.8 × 10−2 

 
Figure2: Model of specimen 

 

2.2 Identification of delamination crack  
Delamination cracks are identified by analyzing the change in electric potential induced by 

them. The electric potential change in each region is defined as vi (i = 1–5). For diagnosis, a 
vector length Z and standardized potential changes Vi are used as the parameters.  
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The size of delamination is identified using the following linear polynomial: 
 

ZVy ii 6
5

10 βββ ++= ∑          (3) 
 

where y is the predictor variable (in this case, damage size) and βi represents the regression 
coefficients. The number of datasets used in the regression is 74. 

3. NUMERICAL EVALUATION OF ECONOMIC RISK USING BAYESIAN 
THEOREM 

In general, for damage identification, the maximum or the average estimation error is 
mainly discussed when evaluating each method. Hence, the distribution of the estimated value 
versus each true value is discussed. However, when evaluating the reliability of a structure or 
of the PoF from diagnostic results, it is important to consider the distribution of true value 
versus each estimated damage value. The distribution of true value versus each estimated 
value approximates that of estimated value versus each true value when (a) each damage size 
correlates to a uniform probability distribution of occurrence and (b) the distributions of the 
regression error for each damage size are equivalent. However, for damage identification, the 
occurrence probability of the large damage is smaller than that of the small damage because a 
large damage is caused by the accumulation of small damages or growth of small damages. 
Thus, the above assumption fails. Moreover, the range in which damage evaluation 
necessitates greater accuracy is the range where failure to detect the occurrence of damage is 
critical. In contrast, accurately estimating small damage is unimportant and the identification 
accuracy need not be uniform over the size range of damage. In summary, we describe the use 
of Bayesian theorem to estimate the probability distribution of true damage size in 
comparison with that of damage size estimated from the regression error. 

3.1 Estimation of distribution of occurrence probability of true damage size vs. each 
diagnostic result obtained using Bayesian theorem 

Bayesian theorem [12-15] is a simple mathematical theorem used for calculating 
conditional probabilities. In engineering, it is used mainly for structural reliability assessment 
from small sample [16-20] (e.g., RBM). In this study, the theorem is used to estimate the 
occurrence probability of true damage according to an estimated damage size. Bayesian 
theorem is generally expressed as 

 

( ) ( ) ( )

( ) ( )∑
=

j
jj

ii
i

EFPEP

EFPEP
FEP

|

|
|  (i, j = 1, 2, …),    (4) 

where P(Ei) is the probability of occurrence of event Ei, P(F | Ei) is the conditional probability 
that event F is caused by event Ei, and P (Ei | F) is the “posterior probability” or the 
conditional probability that event Ei is caused by event F. From the viewpoint of identifying 
damage sizes, damage occurrence is the event that generates the arbitrarily estimated results, 
and P(ai) is the occurrence probability of the true damage size ai. P(EstAk |ai) is the 
probability that the occurrence of damage ai leads to the estimated results EstAk. In this case, 
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Eq. (4) can be modified as follows. 
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=
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|

|
|  ,      (5) 

where the left side is the posterior probability. Hence, P(ai|EstAk) is the occurrence probability 
of EstAk because of the true damage size ai. By estimating the occurrence probability of all ai 
values, the occurrence probability distribution of the true damage parameter and the estimated 
value can be determined. 

3.2 Procedure for estimating PoF for each estimated result 
PoF is estimated with the following formula by using the limit state function method: 

 
( )[ ]0<−= SRgPPoF         (6) 

 
where R is the strength, S is the applied force, and g is the limit state function. Figure 3 shows 
the procedure for estimating the probability distribution of failure and the estimated result. 
First, the occurrence probability distribution of true damage size versus each estimated size is 
deduced by the procedure given in 3.1. Residual strength is a function of damage properties. 
In this paper, buckling failure caused by delamination cracking is assumed and the 
distribution of residual buckling strength is calculated using the proposed method. 
 

 
Figure 3: Procedure for estimating PoF 
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3.3 Evaluation of accidental and economic risks 
Figure 4 shows the accidental and economic risks evaluated using the proposed method. 
Accidental risk is defined as the risk of failure caused by underestimation of damage size, 
while economic risk is defined as the risk of unnecessary maintenance costs arising from 
overestimation of damage size. The adjusted PoF (PDF of PoF versus PDF of occurrence of 
estimated damage size: PoO) is plotted on the vertical axis, and the estimated size is plotted 
on the horizontal axis. The accidental risk is evaluated as the area surrounded by the adjusted 
PoF and the threshold for maintenance operation. The threshold is set as the accidental risk 
and exhibits a constant value (0.03). The economic risk is evaluated as the area surrounded by 
the adjusted PoF, PoO, and threshold. As the acceptable level of accidental risk is limited, this 
study aims to reduce economic risk when accidental risk is constant. 
 

 
Figure 4: Accidental and economic risks from evaluated PoF 

4. APPLICATION OF METHOD TO DAMAGE IDENTIFICATION USING 
ELECTRIC POTENTIAL CHANGE METHOD  

As mentioned above, the proposed method for estimating PoF is applied for identifying 
delamination in a CFRP beam using the electric potential method via regression analysis.  

4.1 Estimation of distribution of true damage size vs. each estimated result using 
Bayesian theorem 

Assuming the prior occurrence distribution of the true damage size, we estimate the true 
damage size versus each estimated result using Bayesian theorem. Exponential distribution is 
used as the prior distribution. Owing to the prior distribution, the mean of true damage length 
is lower than the estimated damage length. 

4.2 Estimation of distribution of buckling strength  
A delamination crack deteriorates compressive strength. In this study, we consider buckling 

failure of the surface layer due to delamination. Buckling strength is calculated as follows:  
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where pw is the buckling strength, E is the stiffness, and I is the moment of inertia of areas.  

4.3 Estimation of PoF 
Any external force applied to the structure is assumed to be normally distributed, which 

causes buckling failure when the average length of delamination is 15 mm. Figure 6 shows 
the PoF for each estimated damage length. The abscissa shows the estimated size, and the 
ordinate shows PoF. Failure occurs at 15 mm or less because the external force is not constant. 
As shown in the figure, the PoF starts rising when the damage is smaller than 15 mm (Area A 
in the figure) and is saturated when the damage is approximately 17 mm (Area B in the 
figure). From the results, it is possible to evaluate the PoF for each estimated result using the 
proposed method. Figure 6 shows a plot of true damage length versus damage length 
estimated using a diagnostic method. Area A is the result of underestimation, and it causes 
accidental risk. Area B is the result of overestimation, and it causes economic risk (i.e., 
unnecessary maintenance). To reduce the total risk, both accidental and economic risks must 
be reduced; however, the effects of the two risks are not the same. Thus, reducing the size of 
Area A is more important. 
 

 
Figure 5: Estimated PoF versus each estimated size Figure 6: True damage length versus  

damage length estimated by diagnostic 
method 

4.4 Risk reduction using weighted regression 
To reduce economic risk, weighted regression is applied. In this case, weighted regression 

around the delamination lengths of 3–8 mm is conducted. Figure 7 shows the accidental and 
economic risks obtained using non-weighted and weighted regression. As shown in the figure, 
adjusted PoF is reduced in the weighted area. As the accidental risk is constant, the threshold 
for maintenance is shifted to the right and economic risk is reduced. As the probability of 
occurrence of small damages is high, improving the accuracy of small damage estimation 
using weighted regression can reduce total economic risk. 
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   (a) Without weight    (b) With weight 
 Figure 7: Accidental and economic risks estimated (a) with and (b) without weighted 

regression 

4. CONCLUSION  
In this research, a method for numerical evaluation of the PoF using Bayesian theorem for 

each diagnostic result of real-time condition monitoring is proposed.  
For evaluation, the occurrence probability distribution of true damage size for each 

estimated damage size is calculated using Bayesian theorem and the residual strength of the 
damaged structure is estimated from the calculated distribution. PoF is determined using the 
limit state function method. As a result, PoF starts rising for damages smaller than the critical 
level and it is saturated for damages higher the critical level. In conclusion, we confirmed that 
the proposed method evaluates the PoF for each estimated result.  
 Using the proposed method, it is possible to evaluate the PoF for each estimated result or 

evaluate PoF directly from the monitoring data. Moreover, threshold damage size, which 
carries lower risk than acceptable risk, can be defined by the method.  

 To reduce total risk, both accidental and economic risks must be reduced. However, the 
effects of the two risks are not the same. Thus, reducing the probability of accidental risk 
is more important.  

 By improving the accuracy of estimating small damage by weighted regression, total 
economic risk can be reduced.  
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Abstract. A computational time-reversal technique for the estimation of damage and/or ac-
tuator location and extent is proposed and implemented. It relies on the analytically based
numerical simulation of the re-emitted guided wave signals measured with laser Doppler vibrom-
etry at a sparse set of points on the specimen surface. The approach performance has been
experimentally tested on composite plates showing reliable and adequate results for both active
(piezoactuators) and passive (artificial defects) source characterization.

1 INTRODUCTION

Reliable estimation of damage parameters is of great importance for integrity assurance of
safety-critical thin-walled engineering constructions fabricated from modern composite materi-
als. Active structural health monitoring (SHM) systems, employing a distributed network of
integrated actuators and sensors to interrogate the structure with diagnostic ultrasonic guided
wave (GW) signals, have become a recognized solution for defect characterization [1]. While
the approaches for imperfection occurrence detection and localization are well-established, the
methods for defect extent and severity reconstruction are in the scope of current research efforts.

Being a recognized solution for damage imaging, tomography-based techniques require a dense
set of active transducers, which presents a practical burden for their implementation on large-scale
structures due to power supply and weight-cost issues. Modern passive sensors, e.g. fiber-optic
[2] or nanocomposite ones [3], provide competitive sensitivity to propagating GW and require

1
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fewer cable connections. Therefore, the joint employment of active and passive elements might
be a promising solution for in situ imaging systems if a reliable level of imaging quality could be
achieved.

The use of the computational time reversal (TR) technique in SHM systems offers a promising
option to perform damage characterization with only a few actuators [4, 5]. According to the
TR concept [6], GWs generated by a source, transmitted through the structure and recorded
by a sensor network, refocus approximately on the source being time reversed and re-emitted
from measurement locations, providing an opportunity to estimate its initial location and size.
The source may be either active (actuator) or passive (reflective obstacles, structure boundaries,
etc.). The practical realization of TR based damage imaging requires wave propagation transfer
function (Green’s matrix) of the structure. It may be obtained experimentally, collecting the data
of wavefields mechanically excited at multiple points within the target structure and measuring
the response functions at a set of sensors, or using various theoretic models based on the finite
element, finite difference or semi-analytical solutions.

In the current paper, the application of a semi-analytical time-reversal approach for the dam-
age locating and sizing in thin-walled anisotropic composite structures using elastic GWs is
presented and discussed. Time-reversed out-of-plane velocities, acquired with a contactless laser
vibrometer at a sparse set of measurement points on the specimen surface for pristine and dam-
aged states, serve as input data for the developed algorithm. The theoretical modelling of the
re-emitted guided wave propagation is performed in the context of general linear elastodynamics
for three-dimensional laminate anisotropic media. It is based on the efficient explicit analytical
representations for quasi-cylindrical guided waves in terms of the Green’s matrix of the layered
structure considered [7]. The results of the practical implementation of the developed method
are illustrated by examples of the location and size estimation of artificial damages in laminate
carbon fiber-reinforced plastic specimens. The influence of actuator/sensor number used for TR
process, mutual sensor network-damage location, and excitation signal type on the algorithm
performance is investigated.

2 MATHEMATICAL MODEL

Transient oscillations u(x, t) = {ux, uy, uz}, x = (x, y, z) of a free laminate waveguide of
thickness H: W = {x : |x|, |y| < ∞, −H < z < 0}, fabricated from M identical transversely-
isotropic prepregs ideally-bonded with each other, are considered. Mechanical properties of each
lamina are characterized by the density ρ, and five independent engineering constants, namely,
two Young’s moduli Ex, Ez, two shear moduli Gyz , Gxy and one Poisson coefficient νxy. The
direction of the axis Ox coincides with the fiber orientation in the upper layer. The waveguide is
excited by a load q(x, y, 0, t), which originates from a surface-bonded piezoelectric wafer active
sensor (PWAS) occupying the area A1 (Fig. 1, a). Any kind of macroscopic inhomogeneity, if
being presented in the structure, is characterized by the area S on the surface z = 0, which exact
shape and location are initially unknown (Fig. 1, b).

In order to simulate a sparse spatially distributed array of passive sensors with the non-
contact laser-vibrometry, it is assumed that the measurement data, acquired in a form of a
scalar function, namely, out-of-plane velocities vz(t) = u̇z(t), are available only at a limited
number of surface points Pj , j = 1, 2, ..., N (Fig. 1), yielding a set of signals vz,j(t) = vz(Pj , t),

2
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Figure 1: Sketch of the problem geometry: a) primary source (actuator A1) localization, b) areas of
artificial damage S1 or S2

t ∈ [0, T ]; T is a truncation time limit. The recorded signals are further converted into the
frequency domain, where the TR operation is equivalent to the complex conjugation of the signal
spectrum: vz,j(t) → vz,j(ω)

TR
→ v∗z,j(ω). Here ω = 2πfcs/h is dimensionless angular frequency,

cs = 1000 m/s is a unit of velocity, h = 0.001 m is a unit of length, f is the dimensional frequency
in Hz, and superscript ∗ indicates the complex conjugate.

Serving as an input for the computational time-reversal procedure, each of the signals v∗z,j(ω)
gives rise to the wavefields ûj(x, ω) excited from the locations Pj , j = 1, ..., N . Their sum

forms the spectrum of the total time-reversed field û(x, ω) =
N∑
j=1

ûj(x, ω). In terms of the semi-

analytical integral approach, time-harmonic oscillations ûj are expressed via the convolution
of the Green’s matrix k(x, ω) for the three-dimensional laminate anisotropic media and the
surface load vector-function qj(x, ω) [8]. This representation is further reduced to the numerically
efficient far-field GW asymptotics [7]

ûj(x, ω) ∼

Np∑
n=1

Mn∑
m=1

bnm(ϕ, z)qje
isnmjrj/

√
ζnrj (1)

Here bnm(ϕ, z) is a GW shape matrix-function originating from the Fourier symbol K of the
Green’s matrix through the residue theory and stationary phase method, Np is the number of
real poles ζn of K, Mn is the number of stationary points of n-th mode, snmj are wavenumbers of
quasi-cylindrical GWs, propagating in the direction ϕ from the source point Pj , rj is the distance
from this location to the observation point x. The representation (1) keeps the information about
the source qj and gives an opportunity for a quantitative analysis of the source-generated GWs.

Stresses qj, which are required in the Eq. (1), are generally unknown. Therefore, since
out-of-plane velocities vj,z(t) are acquired at the measurement points Pj , it is further assumed
that the vector-function qj(ω) describes a vertical point load, which amplitude is assigned to be
proportional to the measured out-of-plane displacements: qj = {0, 0, q3,j}δ(x − Pj), q3,j(ω) =
u
∗
z(Pj , ω) = v∗z,j(ω)/ω. If obstacles (damage) are present in the considered waveguide, a prior

knowledge of the baseline signal u0(Pj , ω) for a pristine (undamaged) structure is additionally

3
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supposed, and the difference between the actual displacements and “pristine” ones serves as an
input for the computational model: q3,j(ω) = u

∗
z(Pj , ω) − u

∗
0
(Pj , ω). In the frequency range

of interest, which is below the first cut-off frequency for the laminated waveguided, the motion
of fundamental antisymmetric mode A0 is predominant in the oscillations excited by a point
vertical load. Therefore, without the loss of generality, only the third term in the first sum of
Eq. 1 relating to the A0 GW is further considered.

The spatial focusing of TR GWs is quantified through the directivity pattern of the out-of-
plane displacement field, which should increase in the vicinity the original input source location.
It is expressed via the function ∆(x) = ∆0(x)/∆1, x ∈ D, where ∆0(x) = max

t∈[−T, 0]
|F−1[ûz(x, ω)]|,

∆1 = max
x∈D

∆0(x, ω), F−1 stands for an inverse Fourier transform from frequency to time domain;

ûz is the time-harmonic out-of-plane displacement field computed with the Eq. (1), and D is a
domain of interest on the specimen surface [9]. The point x̂c, where the value ∆1 is achieved, is
considered as the central point of the area Ω̂, occupied by the reconstructed obstacle. In order to
quantify the size of Ω̂, the diameter d of the main lobe in the vicinity of x̂c corresponding to a half
of the maximum peak value (∆(x) ≥ 0.5) (-6 dB level) is taken as an extent approximation [10].

3 EXPERIMENTAL SETUP

In the experiments, a cross-ply carbon-fiber-reinforced polymer (CFRP) plate with the dimen-
sions 1000× 1000× 2.25 mm3 made from unidirectional prepregs (lay-up [0o, 90o]s) is used. The
prepregs’s material constants are Ex = 120.5 GPa, Ey = 7.82 GPa, Gyz = 2.61 GPa, Gxy = 5.01
GPa, νxy = 0.24; ρ = 1522 kg/m3. Four vertically polarized adhesively bonded thin PWASs of
circular shape (thickness h = 0.25 mm, radius a = 3 mm), located at the vertices of a square with
a 200 mm side, are utilized for GW excitation (denoted as Ai, i = 1, ..., 4 in Fig. 1, b). PWASs
are driven by a Tektronix AFG 3022B arbitrary signal generator. The generated signal is pream-
plified to the range ±75 V-pp by NF HSA4014 external high-frequency power amplifier before it
is applied to the piezoactuator. The out-of-plane velocity field vz(x, t) of propagating waves is
measured on the plate surface with a Polytec PSV-500 scanning laser Doppler vibrometer.

Two sets of experiments have been performed. At first, a pristine structure is considered, and
the location and extent of the PWAS A1 is to be estimated with the developed TR procedure
using up to N = 16 measurement points Pj randomly distributed around it (Fig. 1, a) with the
nearest and farthest points located 82 mm and 127 mm away from the actuator. Within the
second set of experiments, three small aluminium cylinders of various radii R (namely, R = 5,
6 and 10 mm), permanently attached to the plate surface with water utilized as a couplant and
additional mass of 100 grams placed on their top to ensure the better contact, are considered as
artificial obstacles. Points Pj , j = 1, ..., 32 are now located along the sides of the square formed
by the PWASs. In this case, preliminarily an undamaged plate is considered and each of the
actuators Ai, i = 1, ..., 4 is excited turn by turn to collect a set of baseline signals. After that
one of the cylinders is placed either in the position S1 or S2 (Fig 1, b) and the excitation is
performed once again, gaining the signals vz,j(t) from the previous subsection.

4
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Figure 2: Characterization of the primary source: a,b - directivity patterns ∆(x); c - dispersion diagrams
of A0 mode wavelengths; d - estimated diameter of the PWAS A1

4 RESULTS AND DISCUSSION

As a preliminary study, a principal possibility of the source localization and its size quantifi-
cation with the developed approach is estimated and the influence of the excitation signal type
and the amount of measurement points N on the directivity pattern ∆(x) is investigated. For
this purpose, PWAS A1 is excited by a broad-band rectangular pulse of width tp = 3 µs or by a
narrow-band Hann-windowed 5-cycle sine toneburst with central frequency fc = 200 kHz.

The evaluated surfaces of ∆(x) in the domain D = {(x, y) : |x|, |y| < 30} for N = 16 are
shown in Fig. 2, a,b respectively. In both of these subplots, the value ∆1 is achieved at the same
point x̂c = (0, 0) mm serving as an estimation for the source center location, which is equal to
the actual actuator position within the chosen coordinate system. However, it is clear that the
actuator size cannot be reliably reconstructed from the narrow-band toneburst excitation data,
though the wavelength of the fundamental antisymmetric mode A0, being predominant for the
frequencies considered, is ranged from ≈ 6 mm for ϕ = π/2 to ≈ 6.7 mm for ϕ = 0 (Fig. 2, c)
at fc = 200 kHz, which is almost equal to the PWAS diameter. At the same time, a pulse-type
excitation signal provides more precise size estimation, which is illustrated in Fig. 2, d, where the
dependency of the diameter d of reconstructed actuator area Ω̂ from the amount of measurement
points N is shown. Such a behavior might be explained by the strong presence of low-frequency
components in the measured response vz,j(ω) for the rectangular pulse excitation. At the same
time, for the second signal type the spectrum vz,j(ω) is concentrated near fc and low-frequency
components are almost absent. The overestimation of the actuator size, visible in Fig. 2, d,
could is conditioned by the low amplitudes of vz,j(ω) for f > 180 kHz in the case of the pulse
excitation.

At the next step, the developed approach is applied for the imaging of artificial obstacles.
Each of the actuators Ai, i = 1, ..., 4 is excited with the above mentioned rectangular pulse
signal, yielding after the numerical re-emission from the points Pj its own directivity pattern

∆(i)(x). The final imaging function is constructed as an average of ∆(i): ∆s(x) =
1

4

4∑
i=1

∆(i)(x).

5
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Figure 3: Localization of artificial surface obstacles: a,d - R = 5 mm; b,e - R = 6 mm; c,f - R = 10 mm.
Upper plots correspond to the test location S1, bottom ones stand for position S2. Dashed circles indicate
the true location and size of defects

An example of its surfaces evaluated in the domain D = {(x, y) : |x|, |y| < 85} for all the three
types of artificial defects (left, middle and right columns) and both possible locations S1 and S2

(upper and lower subplots, respectively) utilizing N = 16 measurement points (each odd point is
taken, starting from P1 and going counterclockwise, Fig. 1, b) is shown in Fig. 3. In each subplot
the actual position and size of the obstacle are indicated by a dashed circle. It should be noted
that the vertical scale differs from the one in Fig. 2, a,b. Though each of the functions ∆(i)(x)
reaches its maximum value equal to 1 elsewhere in the domain D by definition, their combination
∆s(x) does not necessarily possesses this property, which is visible in Fig. 3. The reason for such
behaviour is that the maxima D

(i)
1

are not achieved at the same point for all the actuators Ai, but
rather indicate the obstacle part closest to the current surface load [11]. Nevertheless, the point
x̂c,s, where the local maxima of ∆s(x) is achieved, seems to be a rather precise estimate of the
obstacle location. For example, for the smallest of obstacles (R = 5 mm) evaluated values of x̂c,s

are (−23,−69) mm and (−11,−14) mm for the positions S1 and S2, respectively, while the true
locations are (−23,−70) mm and (−12,−14) mm. Similarly, for the second defect (R = 6 mm)
the following values are obtained: (−25,−66) mm and (−10,−10) mm versus (−23,−67) mm
and (−10,−8) mm. Considering the third obstacle (R = 10 mm), local maxima of ∆s(x) is

6
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Figure 4: Estimated diameter d of the area Ω̂, which approximates the obstacle extent

achieved at the obstacle border (Fig. 3, c,f), rather than at its center. It might be conditioned
either by the small amount of active PWASs utilized in the experiment or by the presence of
a small groove in the middle of that cylinder surface, which used to be in contact with the
plate (preliminary measurements with the high-precision digital optical microscope confirm this
suggestion).

Utilizing the aforementioned “−6 dB” criteria applied to the function ∆s(x) allows for the
approximate obstacle size evaluation. The results are summarized in Fig. 4 for N = 8, 16 and 32
measurement points. The overestimation of the damage size is explained by the poor presence of
higher frequency components in the spectrum of the input signals, e.g., the amplitudes vz,j(ω)
acquired even at the points Pj closest to the obstacle location are nearly zero for f > 150 kHz.
However, an important result is that the first and second obstacles being of close size are clearly
distinguishable.

5 CONCLUSIONS

Theoretical and practical aspects of the time reversal method application for damage and/or
source localization in thin-walled composite constructions by the means of active GW SHM are
presented. Re-emission of time-reversed signals is achieved through the computer model, which is
based on the semi-analytical integral approach and efficient asymptotic representations for quasi-
cylindrical GWs. Experimental verification of the proposed technique is performed for CFRP
plate-like samples with artificial damages of varying extent, excited by piezoelectric wafer active
sensors. The obtained results confirm the possibility of a reliable estimation of the inhomogeneity
position and size with just a few measurement locations.

The authors are grateful to the Alexander von Humboldt Foundation for the Fellowship for
Postdoctoral Researchers of the first author providing the possibility to carry out the joint
research. This work is partly funded by the Ministry of Education and Science of the Russian
Federation (Project No. 9.1022.2017/ ) and Russian Foundation for Basic Research jointly
with Krasnodar Regional Administration (Project No. 16-41-230744).
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Abstract. The structural health and usage monitoring of remotely piloted air systems 
(RPAS) or Unmanned Air Vehicles (UAV) is of increasing interest for the evaluation of flight 
load, the use of data in order to estimate the remaining lifetime of the structure and also for a 
fast and reliable assessment of structural impacts due to unexpected events that can produce 
significant loads on the structure, such as hard landings and gusts. This is especially important 
with composite material structures where damage is quite often barely visible. In-flight load 
and usage monitoring enables fast turnaround times and increases the availability of the UAV. 

The Spanish National Institute for Aerospace Technology (INTA) is developing for over two 
decades now UAVs for surveillance, reconnaissance and aerial targets. At the moment, a health 
and usage monitoring system (HUMS) for the INTA’s medium altitude and long endurance 
(MALE) UAV called MILANO and for the flying target DIANA is in development. Both 
systems are based on fiber Bragg grating sensors (FBGSs) that measure strain and temperature. 
The use of optical sensors instead of electrical has the advantages of lower weight penalty, 
longer durability and total immunity to electromagnetic interferences.  

The HUMS of MILANO and DIANA is based on the experience gained during flight test 
activities of SIVA, an all- composite material tactical UAV developed and assembled by INTA. 
Structural deformations have been measured during flight of SIVA and have been used to 
calculate structural flight loads. Temperature induced thermal strains have been compensated. 

This paper explains the results and data evaluation of the performed flight tests, describes the 
equipment used and the sensor applications and presents the health and usage monitoring of 
INTA UAVs.  
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1 INTRODUCTION 
Unmanned Air Vehicles (UAV, also called Remotely Piloted Aircraft Systems or RPAS) are 

of increasing interest to the military and civilian aviation.  Many different designs are already 
on the market for surveillance and reconnaissance, flying targets and combat. Most of the times 
the vehicles structures are made of carbon fiber reinforced plastics (CFRP) in order to obtain 
higher structural efficiency by making use of its very high specific strength and stiffness.  

Structural load monitoring of UAVs is of high relevance not only for the evaluation of flight 
loads and the use of this data in order to estimate the remaining lifetime of the structure, but 
also for a fast and reliable assessment of structural impacts due to unexpected events that can 
produce significant loads on the structure, such as hard landings and gusts.  This is especially 
important with CFRP structures where damage is quite often barely visible and conventional 
nondestructive inspection techniques are time consuming and require highly trained operators. 
In-flight monitoring enables fast turnaround times and increases the availability of the UAVs.  

There appear to be very few cases in which flight load and usage monitoring has been 
performed with UAVs. The known cases apart from INTA activities with SIVA [1], [2] and 
MILANO [3] are the structural loads monitoring of the NISHANT UAV by an Israeli- Indian 
group [4], the HERON UAV from IAI company [5] and NASA activities on IKAHARNA 
(Predator B) UAV for load monitoring and also 3D shape control of its very flexible wings [6]. 
In all cases mentioned, fiber Bragg grating sensors (FBGSs) have been used for measuring both 
strain and temperature. FBGSs are very attractive for the use in UAVs due to their very low 
weight, minimal volume, multiplexibility, reliability and immunity to electromagnetic 
influences. Many sensors can be routed in a single optical fiber and they do not interfere or are 
not interfered by communication and observation antenna systems on board.  

Recent developments are the high strength FBGS manufactured in the so called “draw tower 
process”, DTG, with polyimide or Ormocer coating [7], [8] that are very robust sensors, suitable 
to stand the harsh aeronautic environment of flight. Test campaigns have been performed at the 
Spanish National Institute for Aerospace Technology (INTA) that proved the reliability of these 
FBGSs in a wide temperature range from -150 to 200ºC [9], [10], in cryogenic condition [11], 
in dry and wet condition, under fatigue loading [12] and in embedded and surface bonded 
condition in both composite material and metal [13].    

Currently there is no flight certified interrogator for FBGSs on the market, although 
developments from Smart Fibers Company [14], Insensys/ Epsilon Optics Company [15], 4DSP 
Company [16] and Technobis Company [17] are adequate systems for airborne applications. 

The following paper describes the activities of INTA using a HUMS based on robust DTG 
of three of their UAVs, the tactical SIVA, the MALE MILANO and the fast flying target 
DIANA.  

 

2 INTA UAVS WITH INTEGRATED MONITORIZATION 
A lot of experiences have been gained in the last 20 years at INTA in the design, 

manufacturing and application of internally developed UAVs for surveillance, reconnaissance 
and fast flying targets. One of the UAVs developed and assembled by INTA is SIVA, an all-
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composite material, tactical UAV with a 6 m wing span, 40 kg of payload, 4000 m of service 
ceiling and six hours of endurance. 

A SIVA is instrumented with fifteen FBGSs that measure both strain and temperature in 
different structural points of interest, such as the outer wing, the metallic wing attachment, the 
front and rear fuselage, a stabilizer and the landing gear, see figure 1. Structural deformations 
of the SIVA have been measured during several flights and structural flight loads have been 
calculated. Temperature induced thermal strains have been compensated for. The SIVA UAV 
has been equipped with an autonomous fiber optic load monitoring system consisting of a time 
domain interrogator from INSENSYS (now EPSILON OPTICS) that collects information from 
an optical fiber harness and strain and temperature sensors. 

 

 

  
Figure 1. INTA UAVs with integrated monitoring systems. Up: MILANO. Down left: DIANA and Down 

right: SIVA showing the sensor position and fiber routing 

MILANO UAV was developed out of a research and development project for MALE 
operations of INTA. The all CFRP structure has a wing span of 12.5 m, service of ceiling of 
9000 m and more than 20 h of endurance, see figure 1. The first flight of this MALE UAV is 
expected in year 2017. MILANO has been equipped with about 70 FBGSs in the central and 
external wings, central and aft fuselage. The main objectives of the installed sensor systems are 
flight loads monitoring, special event monitoring, design data verification and data collection 
for certification. The temperature compensation of the data will be made with the installed 
temperature sensors and previously performed calibrations. The data will be extracted and 
analyzed on ground after each flight or group of flights in order to estimate the residual life of 
the structure.  

DIANA I-A is an INTA development for a fast flying aerial target. It is designed to perform 
real air threat simulations of current and future weapon systems. It is a system intended to train 
operators of weapons systems, as well as the evaluation and calibration of such systems. The 
DIANA I-A target drone is launched by pneumatic catapult and recovered at sea by parachute 
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deployment. Its objectives are high speed straight path flights, high maneuverability simulating 
escape and low-altitude maneuvers, low cost in manufacturing, service and maintenance, the 
integration of tow targets and the capability of real threat emulation. The HUMS of DIANA´s 
highly loaded front fuselage measures the strain distribution in the four front stringers. A 
reference strain distribution of each instrumented UAV has been taken of the pristine structure 
before the flight by loading the structure with calibrated weights. Any significant change in the 
strain distribution indicates a stiffness change of at least one of the measured structural 
components and is an indicator of a possible structural damage.  

 

1. FLIGHT TESTS OF SIVA  

Several flight tests have been carried out with SIVA proving a good performance of the 
monitoring system. The flight tests had the aim to demonstrate the performance reliability of 
the monitoring equipment, the sensors, their harness and the subsequent data evaluation under 
real in service conditions. Figure 2 shows the flight test data from twelve strain sensors and 
three temperature sensors during a short 20-minute flight. Taxying, take off, cruise and 
maneuvers, landing and new taxying can be seen on the graph. A detail of the landing, where 
the highest loads have been detected in the wing attachment and in the landing gear, can be seen 
in figure 3. The flight tests demonstrated the reliability of the monitoring system and its 
components and identified the structural loads during maneuvers, starts and landings. Special 
events such as hard landings and gust loads can be recognized and flagged automatically when 
passing a predefined threshold. All these data can help the maintenance crew after each flight 
in their decision to perform a detailed inspection or to go for the next sortie. Analysis of the 
fatigue state of SIVA can be performed by the determination of load spectrums of the obtained 
data, the use of cycle counting techniques and the comparison of the results with fatigue 
measurements performed on specimen and component level. The obtained results of the SIVA 
flight tests series encouraged to take a step forward and start the development of a HUMS for 
INTA’s MALE UAV MILANO.   

 
Figure 2. Flight test data of SIVA showing strain measured by twelve strain and three temperature FBGSs 
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Figure 3. Detail of three seconds duration during landing showing the stresses in the landing gear, aluminum 

wing attachment and outer wing spar.  

 

2. GROUND TEST EVALUATION OF MILANO WING  

The MILANO has been fully instrumented but no flight tests have been performed yet.  The 
performance of the monitoring system has been tested in ground tests on its structure. The wing 
has been loaded with the corresponding flight loads demanded for the flight certification. The 
strain distribution in the wing box has been measured with 9 FBGSs that are surface bonded on 
the leading and trailing edge wing spars as it can be seen in the sketch of figure 5. During the 
ground tests bearing failures occurred in two rivets on the leading edge side and in one rivet on 
the trailing edge side of the connection of the composite skin to the metal external wing 
attachment, figure 4.  

 

   
Figure 4. Image of the joint between central and external wing on the trailing edge side showing the location 

of the bearing failure of one rivet.  

Bearing failure in rivet Central wing box 

External wing 
Trailing edge side 

 

1787



Malte Frövel, Ricardo Atienza, Felix Terroba 

 6 

After the damage, the global wing deflection under load had almost no notable change, but 
the strain distribution changed in the central wing box and that was clearly detected by the 
installed FBGSs, figure 5. A significant change of the strain distribution can be seen in the 
trailing and leading edge sensors Nº 1 and Nº 2 and in the transversal wing spar sensor of the 
leading edge side Nº 7, where a sudden variation of more than 100 microstrain could be detected 
when the damage occurred.  This sudden change of the strain value is already for itself an 
indicator, but the presence of a damage is even more visible, when calculating the difference of 
the measured strains at the different sensor locations. Another indicator of damage is the strain 
offset at zero load after the test which is clearly visible in sensor 7 for the individual 
measurement, but is even better visible, when calculating the differences of the sensor pairs 2 
and 1 (or 8 and 9). When statistical techniques such as the principal component analysis (PCA) 
are applied [18], changes from the normal strain distribution become automatically detectable 
and possible damage can be flagged. In this case it is not possible to know the exact location of 
the damage or its size, but the fact that damage has occurred in a component and that inspection 
is required can be identified.  

 

 
Figure 5. Strain distribution in the wing box during loading tests when the bearing failure occurred. The 

dotted vertical line indicates the occurrence of the damage. The sketch shows the central wing box and the sensor 
positions 

 

3. INSTRUMENTATION OF TWO DIANAS FOR FLIGHT TESTS 

Calibrations and tests have been performed on a DIANA test fuselage, were real damages 
have been introduced and the response of the monitoring system has been calibrated. After this, 
two in-service DIANAS have been instrument with a monitoring system based on FBGSs 
attached in the frontal part of each of the four stringers.  
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Robust FBGS type OS3200 from MICRON OPTICS Company were surface bonded using 
X120 two component epoxy adhesive from HBM Company. The two target drones have been 
calibrated before flight with the 100N weight applying it in the front bulkhead, see Figure . After 
the calibration, the optical cables with their connectors have been stored inside the equipment 
bay of each respective drone and both drones have been sent to perform a flight test campaign.  

 

 
Figure 8: Calibration of the two in-service DIANAS with 100N weight.  

 

4. CONCLUSIONS 

The viability for airborne applications of FBGS optical fiber sensors, their optical fiber 
harness and the corresponding interrogator have been demonstrated during flight tests of SIVA 
tactical UAV. The experience gained on SIVA UAV has been used to design an in-flight Health 
and Usage Monitoring System (HUMS) for the MALE UAV MILANO. FBGSs have been used 
both for load monitorization and for fatigue life estimation, special event recording, design 
verification and optimization. The ground tests on the MILANO wing demonstrated the 
potential to detect structural damages during flight by the change of the load path and strain 
distributions.  

The HUMS tested in the front fuselage of DIANA I-A target drone has been demonstrated 
to be a fast and reliable technique for the detection of small and barely visible. It is a useful tool 
for the maintenance personal to allow fast turnaround times of the drone where no ultrasonic 
tests can be performed due to the materials and surface protection layers used in its structure. 
The system will be extensively tested in flight with two target drones. 
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Abstract. The detection of impact events has become a major challenge for the Structural
Health Monitoring (SHM) community due to the severe damages that external menaces can
induce in structures, e.g. airframe components exposed to impact of birds, runway debris, ice,
failed engine fragments or tool drop. Notable efforts are being devoted to the effective monitoring
of dynamic transient responses in experimental tests with sensorized aeronautical specimens
subjected to ballistic impacts. This work prospects the use of Artificial Neural Networks (ANN)
with supervised learning procedure to identify the severity of an impact event from the processing
of dynamic transient histories retrieved at discrete points within the structure. Such dynamic
response is built with Abaqus / Explicit Finite Element (FE) simulations of spherical projectiles
shot against metallic plates. A Bernstein collocation technique is used for the reduction of the
sampled data histories down to a selectable number of coefficients. The investigation focuses
on the accuracy of the predictions provided by the ANN-FEA scheme and on the sensitivity
and robustness of the algorithm versus unavoidable perturbing noise present in the in–service
operative conditions of the detection system.

1 INTRODUCTION

The installation of sensor devices into modern structural designs constitutes today a neces-
sary practice for the effective Structural Health Monitoring (SHM) in the aerospace, automotive
and civil industries [1]. In addition to the detection of damage and the structural diagnosis and
prognosis, sensors measurements can be employed for the assessment of complex constitutive
responses of materials such as composites (Figure 1a) or for the identification of perturbations
in the nominal operative conditions of structural systems. In particular, the analysis of dynamic

1
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(a) (b)

Figure 1: Sensorized CFRP structure (a) and metallic plate perforated due to ballistic impact (b),
IMDEA Materials Institute facilities.

transient histories retrieved from experimental tests with sensorized specimens subjected to bal-
listic impact (Figure 1b) is of major interest for material engineers and designers of protective
shields for aerospace applications, e.g. Seidt et al. [2] (2012), Yaghoubi and Liaw [3] (2012),
Pereira et al. [4] (2013). Moreover, taking advantage of the increased capacity of computa-
tional resources available today, the Virtual Testing (VT) framework [5][6], based on advanced
simulation techniques, is being used to progressively replace the expensive and time–consuming
experimental campaigns by high–fidelity Finite Element Analyses (FEA) of structures subjected
to ballistic impacts [7].

As a continuation of the vibration–based SHM investigation presented by Ramı́rez et al. [8]
in 2016, focused on the detection and identification of embedded damage in structural com-
ponents from the shifts produced in their eigenfrequencies by means of the combined use of
Artificial Neural Networks (ANN) and FEA, the present work proposes the application of an
ANN–FEA scheme to identify the severity of an impact event (in terms of projectile velocity and
angle of incidence) from dynamic transient histories gauged at discrete points within a structure.
The training set required for the supervised learning procedure is generated numerically with
Abaqus / Explicit [9] FE simulations of spherical projectiles launched against metallic plates
characterized with Johnson–Cook plasticity and damage models. The design of this system
aimed at the in–service recognition of critical impacts on damageable areas of vehicles is con-
ditioned by the unavoidable presence of random noise in the sensor measurements during such
in–service operation. Thus, emphasis is placed on the capability of the ANN to manage the
non-uniqueness nature of the solution of the inverse problem, taking as input data from sensors
sampled temporal series affected by white noise generated with MATLAB [10] technology.

2 INVERSE PROBLEM IN HIGH VELOCITY IMPACT EVENTS

The structural response Yd (t) of a system subjected to an external dynamic perturbation
pd (θ) can be expressed, in a general form [8][11]:

Yd (t) = F (K (pd (θ) , σs, t) ,C (pd (θ) , σs, t) ,M (pd (θ) , σs, t)) (1)

wherein t stands for time, and K, C and M are, respectively, the stiffness, damping and mass
matrices of the system, which are altered by the structural damage induced by pd (θ), and
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additionally affected by stochastic environmental and in–service factors that are assumed to be
arranged following a random distribution σs. Generally, in complex structures, the function
Yd (t) can only be retrieved at discrete locations at which sensors are installed and provide
sampled data in time, Yi. The distribution σs typically results in an overlapped random noise
signal in the sampled series: Yσ

i . With the measurements Yσ
i , the estimation of the values θ

that characterize the perturbation pd constitutes the so–called inverse problem of SHM:

θ∗ = F−1 (Yσ
i ) (2)

Investigations show that problem (2) suffers from non-uniqueness and instability of its solu-
tions [8][11]. Since the mechanical behaviour of the system can be highly complex, the direct
function F in (1) has to be, in many cases, inferred from physical tests or simulated numerically.
Thus, explicit closed forms for its inverse function F−1 in (2) are not achievable. As described
in section 2.3, a machine learning procedure is suitable for tackling these issues associated to
the inverse problem (2).

For the case of high velocity impacts (HVI), e.g. airframes exposed to threats such as collision
of small metallic fragments, the dynamic perturbation pd can be fully defined in terms of the
kinetic energy of the projectile and its velocity vector at impact. Thus, for the analyses presented
in this work, θ = [vi α]T , vi being the magnitude of the velocity and α the angle of incidence of
the impactor. A predictor system for the in–service assessment of vi and α can provide valuable
information regarding the severity of the detected impact, and help to determine the subsequent
actions to be taken after the detection, including the need of immediate repair, interruption or
cancellation of the operation, or, on the contrary, to discard critical damage in the structure.

2.1 Finite Element modelling of ballistic impact

The simulations used to generate the training set for the ANN are carried out by means of the
explicit Abaqus solver [9]. FEMs of rectangular plates impacted by spherical projectiles are built
using solid C3D8R elements in the discretization. In the case of the targets, a two–level strategy
with a coarse mesh in the outer region and a refined structured mesh at the central region of
interest is adopted. Selectable mesh density at impact area and selectable number of elements
in the through–the–thickness direction are employed. For both, targets (aluminum plates) and
impactors (steel spheres), the Johnson–Cook material and damage model [12] is selected. This
model is widely accepted for high strain metals such as aluminum. It takes into account strain
rate and thermal effects, and various investigations exist in the literature which provide the full
sets of material parameters needed to implement computationally this model (Kay [13], 2003;
Buyuk et al. [14], 2009). The range of velocities and angles of incidence selected to generate the
training set for the ANN are 0 ≤ vi ≤ 300 m/s and 0◦ ≤ α ≤ 45◦. Further details and results of
the developed numerical models are provided in Figure 2.
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Figure 2: (a) FEM description; (b) damage and failure mechanisms in metallic plates under ballistic
impact; (c) tested specimen with full perforation; (d) stress field in sequence of oblique impact; (e)
dynamic transient histories of different shot scenarios at different gauge positions and with different
signal–to–noise ratios.
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Four sensorized positions around the expected impact location in the plate are chosen for
the sampling of the dynamic transient histories Yσ

i (Figure 2e). Out–of–plane displacements
are selected as representative gauged magnitudes for the study, but others may also be suitable
once the high–fidelity VTs are properly correlated versus physical experiments. Examples of al-
ternative monitored magnitudes in previous numerical–experimental investigations are impactor
reaction force histories (Lopes et al. [15], 2009) or dynamic transient strain histories (Yaghoubi
and Liaw [3], 2012). The overlapped random noise signal is incorporated into the histories by
means of MATLAB function awgn as white noise with selectable signal–to–noise ratio.

2.2 Collocation method for the reduction of sampled transient histories

Depending on the sensors’ data acquisition rate, the computational storage may become
critical when working with signals sampled in time. For the time window considered in this
study (2 ms), the dynamic transient histories are discretized in a total of 401 points. A reduction
of the dimension of the problem must be pursued in order to enable the training of the ANN
with a finite number of elements in the training set. Here, a Bernstein collocation technique
[16] is proposed for the reduction of the sampled data histories down to a finite number of
coefficients. The Bernstein collocation yields a smooth and continuous approximation B of
selectable polynomial order N −1 of any bounded function. In particular, for the sampled series
Yσ

i (Figure 3):

Bσ
i = B (Yσ

i ) =
N∑

k=1

BN−1
k−1 (t) aσ

ki = BTaσ
i (3)

where the kth element of the array BT is given by the expression:

BN−1
k−1 (t) =

(
N − 1
k − 1

)
tk−1 (1 − t)N−k (4)

(a) (b)

Figure 3: Dynamic transient history sampled after HVI and associated Bernstein approximation, (a) no
overlapped white noise (σ = 0); (b) overlapped white noise (σ �= 0) with signal–to–noise ratio ρSN = 10.
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The array of Bernstein coefficients aσ
i is obtained from the collocation at the Chebyshev nodes

(instants) τj , j = 1, . . . N in the sampled interval of time: aσ
i = H−1Λσ

i , wherein [Λσ
i ]j = Yσ

i (τj)
and [H]jk = BN−1

k−1 (τj). Therefore, the coefficients aσ
i , which already contain a random com-

ponent associated to the white noise in the original signal, are directly used as inputs of the
ANN, without need of further filter of the signal by conventional techniques (e.g. FFT). The
numerical experiments presented in section 3 illustrate the performance of this method working
with N = 20 coefficients, what implies a reduction x(1/20) of the problem dimension.

2.3 Neural Network prediction

Multiple impact scenarios θt =
[
vt
i αt

]T in the ranges of velocity and angle of incidence
previously specified are generated for training the ANN by means of Python scripting for Abaqus
[9] explicit FEA. Once the dynamic transient histories are post–processed as described in section
2.2, from the set of M training data LT

t =
[
aσ

1,t aσ
2,t . . . aσ

M,t

]
, the ANN prediction Θ∗ is

computed as a weighted sum of the contributions of the H neurons that compose the hidden
layer of the network [8]:

Θ∗
k (aσ

m,p∗) =
H∑

i=1

ν∗
kiS




N∑
j=1

w∗
ija

σ
j,m + u∗

ki


 (5)

aσ
m being the N measured Bernstein coefficients associated to the unknown impact scenario θ∗

to be determined (this is, the predicted solution of the inverse problem). In equation (5), S
is the activation (sigmoidal) function of the ANN and p∗ is the array of the ANN parameters
(pT = [uki vki wki], i = 1, . . . , H; j = 1, . . . , N ; k = 1, . . . , K = len (θ)) that results from the
minimization of the quadratic norm of error J (p), p∗ = arg minp (J (p)):

J (p) =
1
2

∑

aσ
i,t∈LT

t

[
Θ

(
aσ

i,t,p
)
− θt

]T [
Θ

(
aσ

i,t,p
)
− θt

]
(6)

In order to calculate p∗, MATLAB uses by default the Levenberg–Marquardt algorithm
(LMA). Other coded procedures such as the standard and the limited–memory Broyden–Fletcher–
Goldfarb–Shanno (BFGS & L–BFGS) algorithms have also demonstrated excellent performances
in multivariable optimization problems.

Following the strategy proposed in Ramı́rez et al. [8], an extended training set ELT
t is

proposed in order to improve the predictions of the ANN when it is fed with dynamic histories
with perturbing noise. The set ELT

t is built with multiple copies of the training impact scenarios
affected by different random training noises σt:

ELT
t =


aσt

1,t aσt
2,t . . . aσt

M,t . . . aσt
1,t aσt

2,t . . . aσt
M,t . . .︸ ︷︷ ︸

ME additional training sets


 (7)

The numerical experimentation presented in section 3 addresses if a better predicting perfor-
mance is retrieved from an ANN when it is trained with an extended set ELT

t .
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am

(a) (b)

(c)

(d)

(e)

Figure 4: General workflow for impact identification: (a) generation of training set; (b) post–processing
of transient histories; (c) training of the ANN; (d) impact detection and data acquisition; (e) severity
prediction.

3 NUMERICAL EXPERIMENTATION

MATLAB Neural Network Toolbox technology is employed to predict the velocity and the
angle of incidence of the impactor, Θ∗ = [v∗i α∗]T , with a single–layer–perceptron with H = 40
neurons in the hidden layer. The extension ELT

t is generated with ME = 50 copies of the primary
training set, which contains M = 176 temporal samplings. The dynamic transient histories are
reduced to a Bernstein basis of N = 20 polynomials. Regularized Bernstein coefficients are
considered to balance their weight in the algorithm. The random white noise introduced by
means of the function awgn is swept in the range ρSN = 5 − 30.

The ANN–FEA scheme is tested with multiple impact scenarios
[
v∗ij α∗

j

]T
contained in the

ranges of interest and affected by random noise σs. Figure 5a illustrates a global norm of
error E ∈ [0, 1] (prediction accuracy increasing with E) in the velocity predictions for several
ρSN (σs) & ρSN (σt) combinations. Note that lower ρSN values correspond to signals notice-
ably distorted due to noise (Figure 5b). When the in–service noise σs is barely perceptible,
Figure 5a shows that the ANN predictions are satisfactory for also small training noises σt. The
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accuracy of the predictions decreases if over–training (ρSN (σt) < ρSN (σs)) is applied (Figure
6a vs 6b), as it was detected in Ramı́rez et al. [8]. In any case, for ρSN (σs) ≥ 15, the ve-
locity predictions are moderately accurate in spite of the over–training (Figure 6a) and highly
accurate for ρSN (σt) = ρSN (σs) (Figure 6b). The trend changes for signals noticeably distorted
(ρSN (σs) < 15), for which the optimum performance is achieved with ANN trained with the
same noise than the foreseen one (Figure 6c vs 6d). Over– and under– training, especially the
latter one, yield worse predictions (Figure 5a).

(a) (b)

Figure 5: (a) Global norm of error in impact velocity for several combinations ρSN (σs) & ρSN (σt); (b)
dynamic transient history affected by noises of different intensities.

In the case of the angle of incidence, the predictions for highly distorted histories lack the
accuracy presented for the velocity, but remarkable corrections can be attained if the ANN is
trained with the proper noise (Figure 7a vs 7b), and over– and under– trainings are avoided.

8

1799



Vı́ctor Ramı́rez and Diego Garijo

(a) ρSN (σs) = 15, ρSN (σt) = 5 (b) ρSN (σs) = 15, ρSN (σt) = 15

(c) ρSN (σs) = 5, ρSN (σt) = 5 (d) ρSN (σs) = 5, ρSN (σt) = 15

Figure 6: Actual and predicted values of impact velocity, (a) ρSN (σs) = 15, ρSN (σt) = 5;
(b) ρSN (σs) = 15, ρSN (σt) = 15; (c) ρSN (σs) = 5, ρSN (σt) = 5; (d) ρSN (σs) = 5, ρSN (σt) = 15.

9

1800



Vı́ctor Ramı́rez and Diego Garijo

(a) (b)

Figure 7: Actual and predicted values of angle of incidence, (a) ρSN (σs) = 15, ρSN (σt) = 5;
(b) ρSN (σs) = 15, ρSN (σt) = 15.

4 CONCLUSIONS

This work assesses the capability of an ANN–FEA system to predict, from sampled data at
sensorized positions, the severity of the collision of an external menace against a representative
panel of a vehicle structure. The analysis employs gauged transient dynamic histories associated
to impact events, mainly in the HVI regime.

The algorithm achieves satisfactory predictions, in particular in the case of the magnitude of
the velocity of impact. Depending on the level of perturbing noise introduced in the signal, the
ANN–FEA requires a different preconditioning based on a particular training noise to yield an
optimum performance. For time histories with remarkable overlapped noise, over– and under–
training should be avoided in order to optimize the accuracy.

Regarding the actions that can be explored for further improvement of the ANN–FEA per-
formance, future works may be focused on the investigation and application to this case of the
alternatives identified in the literature, e.g. to enlarge the number of elements of the training
set, to design ANN of complex architectures (note that the presented analyses are performed
with a single–layer–perceptron) or the consideration of deep learning algorithms.
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Abstract. The research focuses on the electromechanical impedance (EMI) method. The EMI
method can be treated as non-destructive testing (NDT) or SHM (structural health monitoring)
approach. It is important to have a reliable tool that allows to verify the integrity of the
investigated objects. The EMI method was applied here to assess the carbon fibre reinforced
polymer (CFRP) samples. The single and adhesively bonded samples were investigated. In the
reported research the EMI spectra up to 5 MHz were considered. The investigation comprised
of modelling by using spectral element method and experimental measurements. Numerical and
experimental spectra were analysed. Differences in spectra were observed caused by differences
in considered samples.

1 INTRODUCTION

Electromechanical impedance (EMI) spectroscopy is effective and powerful technique in struc-
tural health monitoring (SHM) for real–time structural damage assessment [1, 2]. The basis of
this method is the influence of mechanical impedance of the inspected host structure on the
electrical impedance of piezoelectric sensor attached to the structure. Assuming that the me-
chanical property of the sensor remains unchanged over the monitoring period any changes in
measurements of the electrical impedance can be considered as a difference in the stiffness of
the structure, which in turn can indicate that defect has occurred.

Fundamentals of EMI method were introduced by Liang et al. [3]. An analytical model of
PZT actuator bonded to one end of a single degree–of–freedom mass–spring–damper system was
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ζ

Figure 1: 3D Spectral element

presented in this pioneer work. Zhou et al. [4] extended this approach and developed model
of PZT attached to two–dimensional structure like thin plates, shells and beams. In the early
papers the authors adopted quasi–static sensor approximation until Giurgiutiu and Zagrai [5]
derived an expression where the dynamics of a sensor was incorporated. The dynamics of single
PZT with various boundary condition (free, clamped and elastically constrained) and sensor
attached to a beam were considered. Further investigation with the sensor bonded to other
structures were conducted by Zagrai and Giurgiutiu [6].

All the analytical models developed over the two decades give the accurate prediction for
sensor–structure interaction. However, number of geometries and boundary conditions are lim-
ited. Therefore, many numerical models have been proposed to overcome these drawbacks. The
possibility of finite element method (FEM) application to simulate EMI technique was investi-
gated by Liu et al. [7]. FEM model of a free PZT and bonded to one–dimensional beam element
was compared with analytical results and experimental measurements. Gresil et al. [8] analysed
FEM model for PZT attached to glass fibre reinforced composite structures.

This article presents calculation of impedance spectra for PZT attached to carbon fibre re-
inforced polymer (CFRP) plate. The problem is solved by the time–domain spectral element
method (SEM). The method combines flexibility of FEM and fast convergence of spectral meth-
ods in frequency domain. Thus, it has found application in SHM as a powerful tool for modelling
the phenomena of propagation of elastic waves in structures [9]. SEM had been also used in EMI
analysis for PZT bonded to one–dimensional aluminium plate and restricted to low-frequency
range [10].

2 TIME–DOMAIN SPECTRAL ELEMENT METHOD FOR ELECTROMECHAN-
ICAL IMPEDANCE SIMULATION

2.1 Spectral element formulation

Idea of SEM is very similar to FEM with the difference in element nodes distribution and
approximation function describing changes of displacements. The elements nodes are non-
uniformly distributed as show in the Fig. 1 and are obtained as a roots of following equations

2
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[11].

(1− ξ2)P ′
p−1(ξ) = 0, (1− η2)P ′

q−1(η) = 0, (1− ζ2)P ′
r−1(ζ) = 0 (1)

where ξ, η, ζ ∈ [−1, 1], Pp−1, Pq−1 and Pr−1 are Legendre polynomials of degree (p− 1), (q − 1)
and (r−1), respectively and symbol ′ denotes first derivative. Three–dimensional shape function
is constructed as a tensor product of the one–dimensional shape functions Nm(ξ), Nn(η), Nl(ζ)
(the Lagrange polynomials of p− 1, q − 1 and r − 1 degree, respectively):

Nu(ξ, η, ζ) = Nm(ξ)Nn(η)Nl(ζ) for m = 1 . . . p, n = 1 . . . q, l = 1 . . . r (2)

The element matrices are computed by Gauss–Lobatto–Legendre (GLL) integration scheme
where the integration points (GLL points) coincide with the element nodes. The GLL quadra-
tures is also tensor product of the one–dimensional quadratures with the associated weights
wm,wn and wl equal to the following equations:

wm =
2

p(p− 1)(Pp−1(ξm))2
, wn =

2

q(q − 1)(Pq−1(ηn))2
, wl =

2

r(r − 1)(Pr−1(ζl))2
(3)

As a consequence of orthogonality of shape functions as well as application of GLL quadrature
the mass matrix is always diagonal in the formulation.

2.2 Elementary governing equations of motion

Piezoelectric effect is described by the material law according to [13]:[
σ
D

]
=

[
cE −eT

e ϵS

] [
E
S

]
(4)

where cE , e and ϵS are tensor of elastic, piezoelectric modulus and dielectric constants, respec-
tively, E and D are the electric field and electric displacement, σ and S are stress and strain.
The superscripts E and S indicate that quantities are measured at zero electric field and zero
strain, respectively and the subscript T denotes transpose matrix. The elementary governing
equations of motion can be written in the matrix form:[

Me
uu 0
0 0

]{
üe

Φ̈e

}
+

[
Ce

uu 0
0 0

]{
u̇e

Φ̇e

}
+

+

[
Ke

uu Ke
uΦ

KeT

uΦ Ke
ΦΦ

]{
ue

Φe

}
=

{
F e

Qe

}
(5)

where Me
uu, C

e
uu, K

e
uu are structural mass, damping and stiffness matrices, respectively; Ke

uΦ

piezoelectric coupling matrix, KΦΦ is the dielectric permittivity matrix; ue is the nodal displace-
ment and Φe is the electric potential, respectively; F e is the force vector; Qe is the nodal vector;
(̇) = ∂()

∂t . The formulae of element matrices are:
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Me
uu =

∑
i=1

∫

Ve

ρNT
uNudVe (6)

Ke
uu =

∑
i=1

∫

Ve

BT
u cBudVe

Ke
uΦ =

∑
i=1

∫

Ve

BT
ue

TBΦdVe

Ke
ΦΦ = −

∑
i=1

∫

Ve

BT
Φϵ

ST
BΦdVe

(7)

with

Bu =




∂Nu
∂x 0 0 0 ∂Nu

∂z
∂Nu
∂y

0 ∂Nu
∂y 0 ∂Nu

∂z 0 ∂Nu
∂x

0 0 ∂Nu
∂z

∂Nu
∂y

∂Nu
∂x 0




T

(8)

BΦ =
(

∂Nu
∂x

∂Nu
∂y

∂Nu
∂z

)T

where, ρ is the mass density,
∫
Ve

dVe is a volume integral.
Structural damping Ce

uu is defined according to Rayleigh damping model:

Ce
uu = αMMe

uu + βKKe
uu (9)

where αM and βK is the mass– and stiffness–proportionality coefficients. However, βK is assumed
to be zero. In this way very efficient central difference scheme can be applied for solving equation
of motion 7 which leads to reduced computation time.

2.3 Electrical impedance and admittance calculation

Electrical impedance, as an inverse of admittance, is the ratio of the voltage to the current
in an alternating circuit:

Z(ω) =
1

Y (ω)
=

V (ω)

I(ω)
=

V (ω)

jωQ(ω)
(10)

where j =
√
−1, ω is the angular frequency, V , I and Q are the electric voltage, the current and

the charge signals in the frequency domain, respectively [12]. The voltage signal is a signal of
electric voltage applied to loaded electrode of the PZT during simulation. Characteristic of this
signal is chosen to be a non–zero at the interesting frequency range. While the charge signal is
a sum of charges induced on the loaded electrode q(t) =

∑
Qe

Γ(t).
Impedance Z and admittance Y are complex quantities, thus they can be written as:

Z(ω) = R+ jX (11)

Y (ω) = G+ jB

where R, X, G and B are resistance, reactance, conductance and susceptance, respectively.

4

1807



Piotr Fiborek, Pawel H. Malinowski, Pawel Kudela, Tomasz Wandowski and Wieslaw M. Ostachowicz

0 0.25 0.5 0.75 1
x 10 3

0

0.5

1

t [ms]

V
(t)

 [V
]

a)

0 5 10 15 20 25
0

1

2
x 10 3

f [MHz]

|V
(f

)| 
[V

]

b)

Figure 2: Excitation signal of PZT in a) time domain, b) frequency domain
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Figure 3: In–plane mesh of CFRP plates

3 NUMERICAL CALCULATION AND EXPERIMENTAL VALIDATION

3.1 Experimental investigation

The impedance spectrum of the piezoelectric transducer was obtained experimentally using
HIOKI IM3570 Impedance Analyzer in range of frequency from 1kHz to 5MHz. The round
transducer (CeramTec, Sonox P502) of 10 mm diameter and 0.5 mm thickness was attached at
the centre of the square composite plate. Two types specimens were investigated. First one was
composed of six–layers of unidirectional CFRP laminate (HEXCEL M21/35%/268/T700GC-
12K300) of 100 mm length, 100 mm width and 1.572 mm thickness with stacking sequence
of [0o/0o/90o/90o/0o/0o]. Next, two above plates were bonded together by the adhesive film
(Cytec, FM300K.05).

5
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Figure 4: Resistance a), c) and conductance b), d) for PZT attached to single plate (dashed line) and
adhesive bonded plates (solid line)
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Figure 5: Measured (dashed line) and simulated (solid line) resistance a), c) and conductance b), d) for
PZT attached to one plate.
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Figure 6: Measured (dashed line) and simulated (solid line) resistance a), c) and conductance b), d) for
PZT attached to adhesively bonded CFRP plates.

3.2 Model of PZT attached to CRFP plate

All components used in the simulation (i.e. plates, adhesive film between plates, PZT trans-
ducer and glue between plate and PZT) are modelled by the three–dimensional (3D) spectral
elements. Number of nodes per element depends on considered range of frequency. For fre-
quency below 1 MHz each element has 324 nodes (6x6x9 nodes along each edge of element) and
576 nodes (8x8x9) for frequency 1 MHz–5 MHz. Each node has three displacement degrees of
freedom (DOF) and one additional electric voltage DOF in case of PZT. Plates and adhesive film
are composed of 1254 elements distributed in plane as it is shown in the Fig. 3. While the PZT
and glue layer are composed of 24 elements which coincide with the plate elements distinguished
in the Fig. 3 by a dark blue colour. CFRP laminate is considered as a homogeneous orthotropic
material.

The upper surface of the PZT represents the electrode where excitation voltage is applied
and bottom surface of PZT represents grounded electrode. Excitation signal has a form of a
triangular pulse. Range of frequency considered in the simulation covers a grey area in the
Fig. 2(b).

Resistance and conductance characteristics for two cases in the frequency range: 1 kHz–1000
kHz and 3 MHz–5 MHz are shown in the Fig. 4. According to the principles of EMI method
the shifts of resonant frequency and changes of values between both structures are observed.
Comparison of measured and simulated values of R and G is shown in the Figs. 5 and 6.

7
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4 CONCLUSIONS

In this paper model of electromechanical impedance spectra of piezoelectric transducer at-
tached to two types of composite plates is presented. Simulation and experimental validation was
conducted for high frequency range up to 5 MHz. The simulated resistance and conductance are
in good agreement with measurement data. However, some resonance peaks show differences in
magnitude and frequency shift. These discrepancies may be caused by: asymmetric electrodes,
thickness of the adhesive layer, lack of the stiffness–proportional coefficient in the structural
damping model, influence of wires and solder and temperature impact.

In the next step proposed model will be utilized to simulate damage detection in the struc-
tures.
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Abstract. The nano-modification with carbon nanotubes (CNT) of the insulating matrix of 
conventional composites leads to innovative multifunctional materials, with enhanced 
physical properties. For instance, electrical conductivity can be provided to composites made 
of non-conductive fibers by the addition of very limited amounts of CTNs. The onset of 
matrix cracks leads to the interruption of conductive paths of CNTs within the nano-modified 
matrix, resulting to an irreversible increase of the electrical resistance. In the present work, a 
closed form solution is presented to accurately predict the variation of the electrical resistance 
of conductive laminates caused by the presence of off-axis cracks in the transverse layers. The 
analytical predictions, compared to a bulk of finite element analyses, show a very good 
agreement.

1 INTRODUCTION 
The damage evolution of multidirectional laminates made of unidirectional plies, subjected 

to static [1 – 2] or fatigue [3 – 5] loads is a complex phenomenon that involves an initial onset 
of transverse matrix cracks, with a continuous increase of the crack density (i.e., the number 
of cracks per unitary length). The propagation of matrix cracks does not necessarily lead to a 
failure of the part, however it can reduce the stiffness of the material, compromising the 
overall functionality of the structure. 

Within this frame, it is evident that methods to monitor the damage state of composite 
structures are crucial to improve the in-service safeness and reliability. As a further beneficial 
effect, health monitoring of FRP-structures can significantly reduce the inspection costs, 
allowing to switch from a time-based to a condition-based maintenance. Structural health 
monitoring is conventionally done through a dense network of sensors mounted on the surface 
or embedded within the material, for instance using piezoelectric sensors and actuators [6], or 
FBG sensors [7]. 

Advances in nanotechnology have made it possible, in the very recent years, to 
manufacture multifunctional materials with exceptional properties. The addition of a very 
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limited amount of Carbon nanotubes (CNT) to conventional polymers can increase the 
electrical conductivity of several orders of magnitude, changing their electrical behavior from 
insulator to semiconductive. In addition, due to the nanometric scale of this 
nanoreinforcement, CNTs can penetrate between conventional fibrous reinforcements, 
creating a percolated conductive network. As reported in the literature, the onset of transverse 
cracks within the material causes an interruption of the conductive network, with an 
irreversible increase of the electrical resistance [8]. Böger [9] performed dynamic tensile tests 
on glass fibre specimen with carbon black and CNT-modified matrix, observing that a relation 
between the dynamic modulus and the variation of the electrical resistance does exist. Gao et 
al. [10] reported that an irreversible increase of the electrical resistance was measured as a 
consequence of the crack density increase for cross-ply specimens made of glass fibres and 
CNT-modified matrix. Similar results were found also by Thostenson and Chou [11], 
however the authors did not investigate on the mechanisms that underlie the relationship 
between the change in the electric properties and the damage state of the material. 

After this brief review, it is clear that the chance of monitoring damage through electrical 
measurements is very attractive and promising. However, at present, most of the works are 
mainly experimental, and only limited efforts have been done to provide analytical tools to 
correlate the resistance increase to the state of damage in multidirectional laminates. 

In the present work, a theoretical study is presented to partially fill the gap described 
above: 

• Initially, a closed form solution is developed to predict the electrical resistance 
change of electrically conductive laminates with a [(θ1)m/ (θ2)n]S layup, as a 
function of the crack density in one layer; 

• Then, an analytical model is presented to calculate the longitudinal elastic modulus 
degradation for [(θ1)m/ (θ2)n]S laminates as a function of the crack density; 

• Eventually, the models are combined, obtaining a closed form expression to predict 
the elastic modulus degradation as a function of the electrical resistance increase of 
the cracked laminate. 

Theoretical predictions are compared with multiphysical finite element analyses, showing 
a sound agreement. 

2 A MODEL TO CALCULATE THE STIFFNESS DROP AS A FUNCTION OF THE 
ELECTRICAL RESISTANCE CHANGE 

Consider a symmetric laminate made of unidirectional plies, with a layup [(θ1)m/(θ2)n]S, 
where θ1 and θ2 are two generic angles. Each ply has an orthotropic behavior in terms of 
electrical resistivity, in particular, the in-plane resistivities along and perpendicular to the 
fibres are denoted with η1 and η2, whereas the out-of-plane resistivity is referred to as η3. The 
total thickness of the layers with orientation θ1 and θ2 is h1 and h2, respectively. 

A potential drop is applied on the faces of the laminate, so that a total current Ix flows 
within the part. As shown in Figure 1, where only the upper half of the laminate has been 
represented due to the symmetry of the problem, the plies with orientation angle θ2 are 
interested by the presence of cracks. The following simplifying assumptions are made: 
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• off-axis cracks in the θ2 layers are parallel to the fibre direction; 
• the width of the cracks is equal to the entire width of the laminate; 
• cracks are regularly spaced with distance L. 

(a) (b) 
Figure 1 : (a) Schematic of the cracked laminate. (b) top view of the laminate

Under these hypotheses, the phenomenon can be considered periodic, thus allowing to restrict 
the study to a representative volume comprised between two adjacent cracks, as schematically 
represented in Figure 2. 

Figure 2 : Representative volume element of the upper half of the laminate 

The presence of cracks causes an interruption of the conductive pathways, and a 
perturbation of the current density along the )2(

1x  direction (see Figure 1), resulting in the 
irreversible increase of the electrical resistance of the laminate. According to the formulation 
reported in Ref. [12], the crack density ρ (i.e., 1/L) of the laminate can be expressed as a 
function of its electrical resistance change: 
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For more details about the formulation of the parameter ω, the reader should refer to Ref [12]. 
The elastic modulus of the cracked laminate can be expressed as a function of the crack 
density by means of the following expression [12]: 
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(3)

where the terms )1(
ijS

)
are the components of the compliance matrix of the plies with orientation 

θ1 expressed in the coordinate system x1
(2) x2

(2) shown in Figure 2, whereas the terms γij are 
functions of the crack density, and are calculated according to Ref [12]. 
By substitution of Eq. (1) within  Eq. (3), a direct correlation between the electrical resistance 
increase and the elastic modulus degradation can be obtained. 

3 MODEL VALIDATION 
To validate the analytical model, finite element analyses were carried out with the code Ansys 
14.5. To this end, an APDL script was written to automatically build RVEs with periodic 
boundary conditions according to Ref. [13]. Electrical and elastic properties used both for the 
analytical calculations and the numerical models are listed in Table 1. In particular, typical 
elastic properties of a glass/epoxy unidirectional lamina were taken into account, whereas 
electrical conductivity of a glass fibre lamina with carbon black-modified epoxy matrix is 
used [14]. In all the calculations, a ply thickness of 0.3 mm was used. 

Table 1 : Electrical and elastic properties of the unidirectional lamina 

η1=61450 Ω mm η2=132170 Ω mm η3=70810 Ω mm 

E1= 48830 MPa E2= E3= 14070 MPa ν12= ν13= 0.31 

ν23= 0.40 G12= G13= 5200 MPa G23= 5000 MPa 
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A first comparison between the predictions obtained through Eq. (3), and the numerical 
results is shown in Figure 3, where the influence of the orientation angle of the non-cracked 
layers (θ1) is investigated for laminates with a layup [θ1/902]S. In all the cases, the decrease of 
the longitudinal modulus is associated with an irreversible increase of the electrical resistance, 
confirming the capability of electrical methods to sense the presence of damage. As it can be 
seen, for a fixed value of the elastic modulus decrease, the maximum increase in the electrical 
resistance is reached for cross-ply laminates, whereas a lower sensitivity was found for 
laminates with different θ1 angles. 

Figure 3: Influence of the orientation angle θ1 on the electrical/mechanical response of the cracked laminate 

In Figure 4 the influence of the orientation angle θ2 on the electrical/elastic response of the 
laminate is studied for a fixed angle θ1 = 0°. In this case, among the configuration analyzed, 
the layup that presents the highest sensitivity in terms of electrical resistance change is the one 
with θ2 = 60°. 
A very satisfactory agreement between analytical predictions and numerical results is evident 
from figures 3 and 4. 

4 CONCLUSION 
In this work, an analytical solution was presented to predict the longitudinal stiffness 

decrease as a function of the electrical resistance change in conductive [(θ1)m/ (θ2)n]S
laminates with cracks in the middle layers. In order to verify the accuracy of the model, the 
theoretical results have been compared with finite element analyses, showing a very 
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satisfactory agreement. The influence of the layup of the laminate, in terms of orientation of 
the cracked and non-cracked plies has been investigated. 

As a major conclusion, it can be stated that multidirectional laminates manufactured with 
electrically conductive polymer are provided with remarkable damage sensing capabilities, 
which also depends on the layup of the laminates. A decrease of the elastic modulus of the 
laminate due to the presence of cracks is always associated with an irreversible increase of the 
electrical resistance, thus confirming the potentials of electric-based technique to sense the 
health status of composites. 

Figure 4: Influence of the orientation angle θ2 on the electrical/mechanical response of the cracked laminate. 
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ABSTRACT 

Structural health monitoring (SHM) has emerged as a new concept for conditions based maintenance 
(CBM). The first step in designing any SHM system is to define what the intended function of the 
proposed diagnostic system is. The intended function of any SHM system can be a selection or a 
combination of the following elementary functions: existence of damage, damage location, damage 
size and damage severity. Each intended function will require different number and location of 
transducers. In this work, a multi-level decision fusion strategy is proposed based on ultrasonic 
guided wave (UGW) [1, 2] and Electro-mechanical impedance (EMI) based methods [3]. In this 
work a three level damage detection is proposed: Level 1 diagnosis results in damage existence with 
minimum sensors covering a large area by finding the maximum energy difference for the guided 
waves propagating in pristine structure and the post-impact state; Level 2 diagnosis provides damage 
detection and approximate localization using an approach based on Electro-Mechanical Impedance 
(EMI) measures, while Level 3 characterizes damage (exact location and size) in addition to its 
detection by utilising a Weighted Energy Arrival Method (WEAM). The proposed multi-level 
strategy is verified and validated experimentally by detection of Barely Visible Impact Damage 
(BVID) on a curved composite fuselage panel. 
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Abstract. In this paper a numerical study of the possibility of creating a monitoring system of 
structures, made of polymer composite materials on the basis of vibration approaches, is 
provided. The study of modes of vibration, occurring at the appearance of delamination in a 
structure, has been performed. In the numerical model of the plate, the study of the possibility 
of vibration excitation in the zone of delamination has been carried out, allowing to detect the
presence and location of the defect. The estimation of the parameters, affecting the 
effectiveness of the application of this approach, has been also discussed. 

1 INTRODUCTION
Layered composite materials are widely used in the manufacture of all sorts of structural 

objects in different fields of industrial production: from civilian vehicles to aerospace 
structures [1]. Due to its layered nature such materials are prone to delamination type defects 
which may occur from low energy impacts or loss of adhesion between layers and represent a 
major threat to the safety of composite structures [2]. The problem of detection of 
delamination in composite materials in the early stage of development is of particular 
importance in maintaining structural integrity.

A variety of methods intended for damage control of structures exist nowadays in different 
stages of development and implementation. Among these methods two main classes can be 
distinguished: destructive and non-destructive control. Methods of destructive inspection can 
provide appropriate manufacturing quality control in the construction of various buildings and 
roads, mainly made of classical materials such as concrete and metals, however, such an 
approach requires the intervention in the composition of the final product, thus changing its 
mechanical characteristics that is not acceptable for most constructions used in aviation and 
other industries. On the other hand, non-destructive testing methods should provide an 
assessment of structural integrity without changing its composition [3], which, in addition to 
the possibility of on-line monitoring, makes this class of methods most suitable for the 
organization of structural health monitoring system. Various visual techniques belong to non-
destructive evaluation approach. The inability to detect damage beyond visual inspection zone
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significantly reduces application area of such techniques [4]. Moreover, the effectiveness of 
these techniques greatly depends on the skills of the specialist conducting the inspection.

One of the major subtypes of non-destructive evaluation methods are approaches that 
employ vibration processes for damage detection [5]. Vibrational methods, in turn, can be 
divided into several subgroups: 1) The class of methods that uses modal parameters (natural 
frequencies, mode shapes, the curvature of the mode shapes, etc.) to assess the mechanical 
state of investigated object [6-7]; 2) Methods based on wave propagation analysis in the 
studied object [8].

The process of non-destructive evaluation consists of several sub steps:
1) The identification of a defect or damage in the studied object
2) Determination of the defect location
3) Evaluation of the defect size
4) Determination of the residual resource of the structure

As a constantly developing research field a lot of scientific studies are dedicated to 
vibration control methods, which allows to highlight their main advantages and drawbacks [9-
12].

This study is devoted to the application of vibrational damage detection method in order to 
identify the presence and location of delamination in composite structure by analyzing special 
frequencies and their mode shapes which are specific for delamination type defects. The 
unique feature of such frequencies is that the amplitude of vibrations in the area of 
delamination is significantly bigger compared to the rest of the structure. To activate this 
vibration shapes an external driving force must be applied to the structure which can be 
executed by the system of piezoelectric devices attached to the investigated structure. This 
approach is implemented on the numerical finite element model of the composite plate with 
internal delamination. Also internal damping properties of the material which are crucial for 
reliable numerical modeling of vibration processes and frequencies that are needed to activate 
these mode shapes are discussed in the framework of the research.

The main advantage of using vibration frequencies of defects is their strong dependence on 
the size of delamination but weak dependence on its location which gives the opportunity to 
tune the damage detection system to the defect of the specific size. The study has shown the 
applicability of proposed method in order to detect delamination in composite structure. 

2 VIBRATIONAL DAMAGE DETECTION APPROACH
A square plate 300x300 mm, made of a laminated composite material, is considered as the 

object of research. The presence of n = 15 layers along the thickness of the plate is supposed 
with the thickness of one layer h1c = 0.26 mm, hence the entire plate thickness is h1c*n = 3.9 
mm. The composite material is modeled as a homogeneous anisotropic elastic body, with the 
following effective mechanical characteristics: Ex = 58 GPa, Ey = 58 GPa, Ez = 10 GPa, Gxy =
4.5 GPa, Gyz = 3 GPa, Gxz = 3 GPa, νxy = 0.05, νyz = 0.18, νxz = 0.3, density ρ = 1800 kg / m3.
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Figure 1: The scheme of the research object

Delamination type defect with the size of Ld, geometrically located between the 6 and 7th

layers of the composite material (Fig. 1), was introduced into the plate under consideration.
The adjacent surfaces of delamination (S1, S2) are considered to be free from stress.

This study was carried out numerically using the finite element method conducted in 
ANSYS. Finite elements with quadratic approximation were used in numerical simulations.
Mesh nodes in the zone of delamination, belonging to the S1 and S2 surfaces, geometrically 
coincide but are not connected with each other. Fig. 2 shows a cross section of the plate model 
with delamination during flexural vibrations.

Figure 2: The cross-section of the plate model with delamination during flexural vibrations

The finite-element formulation in matrix form can be written as follows 
[𝑀𝑀]{�̈�𝑢} + [𝐶𝐶]{�̇�𝑢} + [𝐾𝐾]{𝑢𝑢} = {𝐹𝐹} (1)

Where [𝑀𝑀] - mass matrix of the system, [𝐶𝐶] – structural damping matrix, [𝐾𝐾] - stiffness 
matrix of the system, {𝐹𝐹} - load function, {𝑢𝑢} - the vector of nodal displacements, {�̇�𝑢} – nodal 
velocity vector, {�̈�𝑢} - the vector of nodal accelerations. 

In the absence of external influences and structural damping, the problem is reduced to the 
typical problem of finding eigenvalues and eigenvectors

𝑢𝑢𝑖𝑖(�̅�𝑥, 𝑡𝑡) = 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝜉𝜉𝑖𝑖(�̅�𝑥) (2)

Where 𝜔𝜔 - natural frequency, 𝜉𝜉𝑖𝑖 - eigenvector or mode shape. The finite element formulation 
of the problem has the following form 

([𝐾𝐾] − 𝜔𝜔2[𝑀𝑀]){𝑢𝑢0} = {0} (3)
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Where {𝑢𝑢0} - the vector of nodal values of natural vibration modes.
In case of harmonic analysis structural damping is taken into account and force vector can 

be specified as:
{𝐹𝐹} = 𝐹𝐹𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒𝑖𝑖(𝜔𝜔𝜔𝜔+𝜑𝜑) (4)

Where 𝐹𝐹𝑚𝑚𝑚𝑚𝑚𝑚 – force amplitude, φ – force phase shift.

2.1 Natural vibration frequencies and modes corresponding to delamination
The change in natural vibration frequencies only signals the occurrence of a defect, but 

does not give an answer to the question about its location, in other words, the approach, based 
on the registration of changes in eigenfrequencies, is effective to solve the first sub step of the
general problem of damage detection [13]. An equally important question is to detect the 
location of the defect in the structure. Together with natural frequencies, natural vibration 
modes change as well, the study of which is of great importance for the localization of the 
defect. The study of the vibration modes has helped to determine that for delamination, which 
is the most common type of defects, typical for composite structures, special natural 
frequencies and corresponding mode shapes appear. The main distinctive feature of these 
modes is a significant increase in the amplitude of the vibrations in the delamination zone 
(Fig. 3).

 

Figure 3:Vibration modes of a defect for different locations of delamination on the plate

The emergence of these forms of vibrations is caused by the fall of stiffness in the defect
area. As a result, a layered structure appears to be locally divided into two or more parts, 
weakly interacting with each other. The defect region in this case, can be represented as a 
plate rigidly fixed along its contour. The frequency, corresponding to these forms of 
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vibrations, is determined by the size of the defect, total thickness of delaminated layers and 
the mechanical characteristics of the material.

For real structures, the detection of the defect at an early stage of its development is
desirable, when the defect size is still small and do not pose any threat to the exploited object. 
The vibration frequency of the defect is inversely proportional to its size, so to detect 
delaminations of small sizes, an examination of structural vibrations at high frequencies of 
several tens of kHz is required. A modulus of elasticity in the direction perpendicular to the 
plane of the plate (for the presented model - Ez) has a determining influence on the magnitude 
of vibration frequencies corresponding to delamination. For composite materials with 
pronounced anisotropic properties, a modulus of elasticity in this direction may be 
significantly lower than the other moduli, which will greatly reduce the vibration frequency of 
the defect. For instance, for the given model of the plate in the isotropic approximation with a
modulus of elasticity of E = 58 GPa, the vibration frequency of the defect with the size of 
10x10 mm equals to 107 kHz. When accounting for anisotropic properties of the material 
listed above, a modulus of elasticity Ez = 10 GPa, together with an elastic modulus the 
calculated vibration frequency significantly decreases as well and possesses the value 52 kHz.

The analysis of the vibration modes at the described frequencies has identified their several 
distinctive features: such frequencies are weakly dependent on the location of the defect in the 
structure, the vibration frequency corresponding to the defect, is practically unchanged for the 
considered object in the form of a plate with the size of 300x300 mm, regardless of the 
location of delamination, with free boundary conditions of the plate. There is also a weak 
dependence of these frequencies observed on the size of the structure. These peculiarities are 
evident, due to the fact that the structure outside defect area acts as a rigid clamping to the 
zone of delamination. Stability of these frequencies makes them attractive for implementation
of vibration damage detection approaches.

In real structures an external load must be applied to excite vibrations of a certain kind. In
order to excite vibrations in the defect zone, the frequency of external periodic influence
should be equal to the natural frequency of the defect, calculated from the modal analysis. 
Steady state vibration analysis gives an opportunity to study the possibility of vibration 
excitation in the defect zone and the parameters, affecting the efficiency of the given defect 
detection method.

2.2 Structural damping of a composite plate
One of the fundamental parameters, which is necessary for reliable simulation of steady 

state vibrations of the structure, is internal damping. Proper identification and accounting of
the parameters in numerical modeling, describing internal dissipation mechanisms of the 
object under study, make it possible to take into account such features of structural behavior 
as attenuation of vibrations for different distance between the location of external periodic 
load application and the defect zone.

The determination of dissipative characteristics of the composite was based on the 
experimental analysis of attenuation of free vibrations of the composite plate suspended on 
rubber filaments [14]. On the basis of the performed experiment a dynamic complex modulus, 
used for numerical simulation of forced steady state vibrations, was calculated.
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2.3 Vibration excitation in the zone of delamination
The study of natural frequencies and modes of vibration has shown that there are special 

frequencies and corresponding modes of vibration existing for a delamination type defect. To 
investigate the possibility of excitation of these modes of vibration and damage detection, the 
problem of forced steady state vibrations at the frequency of the driving force, obtained from 
the analysis of natural vibration frequencies, is considered. In structural health monitoring 
system attached piezoelectric devices can act as a source of external periodic load. At this 
stage of research, instead of direct piezoelectric modeling a force with the amplitude of 10 kN
has been applied to the nodes of the finite element mesh with certain coordinates, thus the 
results are qualitative rather than quantitative. Different points of the application of an 
external periodic influence at different distances from the location of the defect (points P1 ... 
P4 in Fig. 4) are considered in the study. Each calculation compared the distribution along the
line, indicated by a dotted line in Fig. 4, of uz displacement component for the original plate
without any defect and for the plate, containing a centrally located delamination of 10x10 
mm.

Figure 4: Different points of the application of an external periodic influence

Fig. 5, shows a field of uz displacement of the considered plate, containing delamination,
while solving the problem of forced steady state vibrations. Due to internal dissipation 
mechanisms, not instantaneous excitation propagation takes place from the location of an
external load, which coming to the defect region, causes large amplitude vibrations of 
delamination. The displacement distribution along the line, shown in Fig. 5 demonstrates a
substantial increase of the vibration amplitude in the zone of delamination as compared to the 
structure without any defects. A significant factor in this case is the frequency of external 
excitation, which leads to the formation of waves, the length of which should be comparable 
with the size of the defect. Otherwise, at wavelengths greater than the size of the defect, 
excitation of large vibrations in the defect region is impossible, and therefore its identification 
is not possible either. This situation is shown in Fig 6. In this case, the elastic modulus of the 
material was lowered, as a result natural frequency of the defect, decreased as well (from 107 
kHz to 52 kHz). By applying an external load at the obtained frequency and performing a

1826



Grigorii S. Serovaev, Aleksei P. Shestakov and Dmitii A. Oshmarin.

7

numerical calculation of forced steady state vibrations, excitation of vibrations of high 
amplitude in the defect region does not take place, as the wavelength at this frequency of 
vibrations exceeds the size of the defect, and delamination remains unnoticed.

Figure 5: (left) uz displacement field in the plate with delamination under forced steady state vibrations (107 

kHz); (right) distribution of uz displacement along the line, passing through the center of delamination.

Figure 6: (left) uz displacement field in the plate with delamination under forced vibrations (52 kHz) in case 

when wavelenth is bigger than defect size; (right) distribution of uz displacement along the line, passing through 

the center of delamination.

Distributions of uz displacement similar to the graph in Fig. 5 for different locations of the 
application of an external periodic influence (Fig. 7) are shown below.
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Figure 7: Distribution of uz along the line, passing through the center of delamination for different distance 

between external harmonic force location and delamination (a) 23 mm b) 43 mm c) 63 mm d) 103 mm from the 

geometric center of the plate)

Analyzing the obtained distributions for the delaminated and healthy plates, it is seen that
the amplitude of the measured parameter in the zone of delamination is significantly greater 
than the amplitude for the defect-free structure in the same area. The consideration of the 
difference and the ratio of the obtained distributions, shown in Fig. 8 and 9 for displacement
and the application of an external influence at a distance of 63 mm from the defect region,
clearly demonstrates the change of the signal in the zone of delamination. The delamination
area is dashed in the figures.

Figure 8: The difference between the uz displacement component of the delaminated plate with respect to the 

healthy plate
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Figure 9: The ratio of the uz displacement component of the delaminated plate with respect to the healthy plate

Outside the delamination region the changes of the measured parameters with respect to 
the defect-free structure are practically absent, which makes it possible to estimate, apart from 
the location, the size of the defect. At the same time the difference between the signals of 
delaminated and healthy plate in defect area decreases with increasing distance between 
external force location and delamination.

Figure 10: Change of the difference and ratio of the uz displacement of the delaminated and defect-free plates, 

for different distance between the location of the application of an external periodic influence and the defect 

zone

The analysis of the amplitude differences of the healthy and defective plates has shown
that the ratio of the amplitudes is maintained (in the zone of delamination the amplitude of the
measured value increases about 3.8 times in relation to the non-defected plate) and the 
difference decreases as the load is removed from the defect zone. This result is displayed in 
Fig. 10 for the distribution of displacement uz. Horizontal axes of the graphs correspond to the 
distance between the center of delamination and location of external force application.

3 CONCLUSIONS
In the framework of the study natural frequencies and mode shapes corresponding to the 

delamination type defect were studied. A significant increase in the amplitude of the 
vibrations in the defect region for such frequencies, as well as a weak dependence of their 
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value on the location of the defect, makes them convenient for implementation of vibration-
based damage detection approaches based on the excitation of resonance vibrations of the 
delamination with the frequency of the exciting periodic external force obtained from the 
modal analysis. Numerical research has shown the effectiveness of this approach for 
localization of the defect's location and its size.

The reported study was supported by RFBR, research project No 16-31-00305.
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Abstract. Fiber-reinforced plastics (FRP) are increasingly used in lightweight constructions.
Due to improved but also more complex mechanical properties compared to conventional ma-
terials, there is a need to develop further advanced inspection methods for structures made of
FRP. Microstructural damage in the matrix material as well as in the fiber matrix interface in
the FRP component is difficult to detect by known non-destructive testing methods. Recent
investigations show that guided waves are capable of detecting microstructural initial damage
in FRP structures and are applicable for structural health monitoring (SHM), especially when
non-linear wave propagation and so-called higher-harmonic wave modes are used. The method
makes use of the fact that damaged structures behave in a non-linear way. This inspection
approach has been applied numerically and experimentally successfully for the detection of mi-
crostructural damages in isotropic materials [7]. Their applicability is currently expanded to
fiber reinforced plastics [15]. In this article, the numerical aspect of the investigation of the
non-linear wave propagation is considered.

1 Introduction

In metallic structures, the damage mechanisms and the fatigue behavior are fairly well re-
searched. Accordingly, there are a lot of suitable assessment and testing procedures for such
structures, e.g. X-ray, ultrasonic or visual inspection. In layered fiber composite structures, on
the other hand, there is a more complicated damage pattern. Namely, in layered composites,
microstructural damage is produced even at hundreds of load cycles, which is not the case in

1
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metallic materials such as aluminum. These damages are less critical in the initial phase, since
only a slight reduction in the stiffness is determined. However, they can lead to a sudden struc-
tural failure by their accumulation [9]. For this reason, an early detection of the intial damage
as well as possibility of monitoring their development is very desirable. In addition, composite
structures are often thin-walled and cover a large area. As a result, conventional inspection
procedures can only be used with great cost and amount of time. It has been shown over time
that guided waves or Lamb waves are suitable tools for the mentioned application purpose.
Damaged structures cause a non-linear behavior of the wave propagation in the structure. This
results in so-called higher-harmonic wave modes. In order to develop inspection methods for
SHM systems by means of non-linear wave propagation, a particularly good understanding of
the wave propagation behavior is needed.

Beside the experimental investigation, the theoretical and numerical examination plays a very
important role. In order to map the non-linear material behavior and thus the non-linear prop-
agation behavior of the waves numerically, a suitable non-linear material model is required.
Previous numerical studies for isotropic and transversely isotropic materials are based on non-
linear potential formulations, more in the section 2.2. It could be shown, that thus it is possible
to generate the so-called cumulatively higher-harmonic modes. In this article we present a new
hyperelastic material law for FRP, which provides the capacity of investigating non-linear in
transversely isotropic materials. It is shown that the use of non-linear wave propagation in the
generation of cumulatively higher-harmonic modes is an appropriate tool to detect microstruc-
tural damages also in FRP components, e.g. due to fatigue phenomena [15]. Ongoing work is
concerned with the extension of this methodology to other layered structures, e.g. symmeric
cross-ply laminates and structures with more complex lay-ups.

2 Theoretical Foundations

In this section, the linear and non-linear propagation of guided waves (Lamb waves) in thin-
walled structures will be under investigation. Subsequently, the hyperelasticity considering the
material non-linear effect in wave propagation is discussed.

2.1 Guided wave propagation

Lamb waves are guided waves propagating between two stress-free surfaces of a thin-walled struc-
ture. They arise through reflections and interference of longitudinal waves (pressure waves) and
transverse waves (shear waves) at the surfaces. Based on the symmetry of the plate motion with
respect to the plate central plane, a distinction is made between symmetric and antisymmetric
Lamb wave modes. Lamb waves are dispersive waves since the propagation velocity depends
on the frequency. This fact can be summarized in so-called dispersion curves, see figure 1.

The starting point for the description of Lamb wave propagation is the homogeneous momentum

2
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balance without the volume forces as well as the boundary conditions

Div (P (H))− ρü = 0, (1)

P (H) ·N = 0, (2)

here, H = Grad (u), P is the first Piola-Kirchhoff stress tensor, u ist the displacement
vector, ρ is the density and N ist the normal vector of the stress-free surfaces.
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Figure 1: Dispersion curves for a unidirectional FRP in the fiber direction, Sj stands for the symmetric
Lamb wave mode Sj, Aj - antisymmetric Lamb wave mode Aj

In the case of a non-linear material law, corresponding second order differential equations in
space and time of the displacements are obtained. In the literature, it is usually assumed that
the total displacement field is composed of the primary and secondary wavefields u1 (linear part)
and u2 (non-linear part),

u = u1 + u2, with ‖u1‖ � ‖u2‖ . (3)

This leads to a homogeneous differential equation of u1 and an inhomogeneous differential equa-
tion u2 of this form:

f(u′′
1, ü1) = 0, (4)

f(u′′
2, ü2) = F(u1). (5)

Solving the differential equation (4) asuming the linear Green’s strain tensor provides the solution
for the primary displacement field as well as the above-mentioned dispersion curves. A solution
approach for the amplitude of the secondary wave field was presented in [2] or in [19], for
example.

The formation of the secondary waves is due to the non-linearity of the medium used. This
non-linear propagation behavior of the waves is demonstrated using the following sketch (fig.
2):

3

1833



Nguyen Vu Ngoc, Natalie Rauter, Rolf Lammering

...

U1 sin (ω0t) U1 sin (ω0t)A1 sin (ω0t)

A1 sin (ω0t)

A2 sin (2ω0t)

An sin (nω0t)

linear (defect-free) non-linear (with defects)

Figure 2: Linear and non-linear wave propagation in solid bodies

In a linear medium, a monofrequential excitation leads to a monofrequent signal response. If a
non-linear medium is present, the secondary wave field is obtained, which consists of frequency
components as multiples of the fundamentally excited frequency. That non-linear behavior of
the structure appears when a non-linear geometry, a non-linear material behavior or interacting
surfaces, e.g. cracks in the structure exist.

As a measure of the non-linear effect of wave propagation, the so-called non-linear acoustical
parameter β is often used. A detailed derivation of this parameter for longitudinal waves in the
1-dimensional case can be found in [14], for example,

β =
8

k2X

A2

A2
1

. (6)

The amplitudes of the second wave field are usually very small compared to those of the primary
wave field, i.e. A2 � A1. In order to enable to dectect these amplitudes and thus to determine
the non-linearity of the structure, it is necessary to generate the so-called cumulative higher-
harmonic wave modes, of which amplitudes grow linearly with increasing propagation distance.

2.2 Hyperelastic material model

In the following, we will focus on the material non-linearity behavior only. Hyperelastic material
models are used to model linear and non-linear elastic material behavior. Firstly, an overview of
the hyperelastic material models is provided. Finally, we present the new hyperelastic material
model for transversely isotropic material - an improved material model compared to the known
models and its validation.

2.2.1 Discription of hyperelasticity

Hyperelastic material models are characterized by the existence of an elastic strain energy func-
tion ψ as the potential of the stresses

ψ =

∫
S dE, (7)

4
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where S is the second Piola-Kirchhoff stress tensor and E is the Green-Lagrange strain
tensor.

Thus, in a hyperelastic material model, the stress-strain relationship can be derived from the
strain energy function. Based on this potential formulation, the stress tensor S and the stiffness
tensor C can be calculated as follows

S = 2
∂ψ (C)

∂C
=

∂ψ (E)

∂E
, (8)

C = 4
∂2ψ (C)

∂C2
=

∂2ψ (E)

∂E2
, (9)

here C = FT ·F is the right Cauchy-Green deformation tensor, F is the deformation gradient.

2.2.2 Hyperelasticity in tranverely isotropic composites

Linear models

In the case of a linear elastic, transversely isotropic material, the strain energy function ψ can
be formulated by use of 5 invariants I1, I2, I3, I4, I5 of the Cauchy-Green tensor C [10]:

ψlin = ψ (I1, I2, I3, I4, I5) , (10)

with I1 = trC, I2 =
1
2

(
(trC)2 + trC2

)
, I3 = detC, I4 = a0 ·Ca0 and I5 = a0 ·E2a0. The unit

vector a0 denotes the material principal direction.

In [16] the following material model was presented on the basis of experimental investigations

ψlin
C =c1(I1 − 3)2 + c2 (I2 − 3− 2 (I1 − 3)) + c3(I4 − 1)2

+ c4 (I5 − 1− 2 (I4 − 1)) + c5 (I4 − 1) (I1 − 3) . (11)

With respect to the Green-Lagrange strain tensor E = (C− I)/2, the strain energy function
ψ is given by [8]

ψlin
E =

λ

2
(trE)2 + µT trE

2 + α (a ·Ea) trE+ 2 (µL − µT )
(
a ·E2a

)
+

β

2
(a ·Ea)2. (12)

c1, c2, c3, c4, c5 in equation (11) or λ, α, β, µL, µT in equation (12) are five independent material
constants, which are necessary to describe unidirectional material behavior.

These two linear models as well as other known hyperelastic, transversely isotropic material
models are based on the assumption of incompressibility. This is not always given. In particular
because the matrix material possesses a compressible behavior and it transfers this behavior to
the entire structure because of its high content [15].

Non-linear models

In order to be able to investigate non-linear wave propagation, a non-linear material model is
required. Two model approaches for non-linear transversal isotropic materials are now presented.

5
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An approach from biomechanics can be found in [11, 10]. In this concept it is assumed that the
entire potential consists of an isotropic and an anisotropic part.

ψ̄HG

(
C̄,a0

)
= ψ̄iso

(
C̄
)
+ ψ̄aniso

(
C̄,a0

)
, (13)

C̄ denotes the modified right Cauchy-Green deformation tensor which is calculated as follows

C̄ = F̄T · F̄, F̄ = J− 1
3F, J = detF. (14)

For ψ̄iso we refer to the known potential formulations for isotropic materials of Neo-Hooke and
Mooney-Rivlin. Detailed discriptions of these can be taken from [4] and [3]. The anisotropic
part is formulated by using an exponential functional approach of the 4th invariant [10].

In this approach, only three material parameters are required to describe the transversal isotropic
material behavior. However, this assumes incompressibility.

Another non-linear approach comes from the so-called five-constant theory of Murnaghan. In
his original model for isotropic material, a Taylor series expansion up to the third order of the
potential function with respect to the invariants I1, I2, I3 is taken into account [13].

An extension of this concept for transversely isotropic materials can be found in [19]. The
potential function ψ is composed of a linear and a non-linear part ψlin

E and ψnlin
E

ψ = ψlin
E + ψnlin

E , (15)

with ψnlin
E = ψnlin

E

(
β1, β2, ..., β9,O

(
E3

)
,a0

)
.

Incompressibility is not a prerequisite for the development of this model. In this case, however,
a total of 14 material constants (5 - linear λ, α, β, µL, µT and 9 - non-linear β1, β2, ..., β9) must
still be determined.

On the one hand, the non-linear model according to Murnaghan has not yet been implemented
in commercial FE-software. On the other hand, this model requires a large number of param-
eters for the modeling of complex materials such as FRP. These facts complicate numerical
investigations.

The new non-linear model

A new constitutive model is now being developed which involves some improvements compared
to the non-linear models presented above. As a result, the strain energy density ψti is as follows

ψti = ψlin
C + ψSimo

C . (16)

In this concept, the linear, incompressible formulation ψlin
C from (11) and the non-linear, com-

pressible formulation ψSimo
C of Simo [18] are used

ψSimo
C =

K

4

(
J2 − 2 ln J − 1

)
, (17)

where K can be interpreted as the bulk modulus. Thus, in this model, only 6 independent mate-
rial parameters (c1, c2, ..., c5,K) are required, which are much less than 14 in the Murnaghan’s
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formulation. By using this mixed formulation, the compressible behavior of the fiber-reinforced
plastic can now be considered. This behavior is controlled by varying the parameter K.

In the transversely isotropic case, the fibers extend into an axis direction of the selected coordi-
nate system (X1, X2, X3). Without loss of generality, it can be assumed thatX1-axis corresponds
to the fiber direction, i.E. a0 = e1.

From the chosen potential formulation, the stresses and the stiffnesses result according to (8)
und (9) [15]

Sti =4c1 (I1 − 3) I+ 2c2 (I1I−C)− 4c2I+ 4c3 (I1 − 1) e1 ⊗ e1

+ 2c4 (e1 ·C⊗ e1 + e1 ⊗C · e1 − 2e1 ⊗ e1)

+ 2c5 ((I4 − 1) I+ (I1 − 3) e1 ⊗ e1) +
K

2

(
J2 − 1

)
C−1, (18)

Cti =8c1I⊗ I+ 4c2 (I⊗ I− I
s) + 4c3e1 ⊗ e1 ⊗ e1 ⊗ e1

+ 4c4 (e1 · Is ⊗ e1 + e1 ⊗ I
s · e1) + 4c5 (I⊗ e1 ⊗ e1 + e1 ⊗ e1 ⊗ I)

+K

(
JC−1 ⊗C−1 +

(
J2 − 1

) ∂C−1

∂C

)
. (19)

I is the second order unit tensor. The fourth order tensor Is is obtained by the partial derivative
of an arbitrary second order tensor with respect to itself

I
s =

∂C

∂C
=

∂E

∂E
=

1

2
(δikδlj + δilδjk) ei ⊗ ej ⊗ ek ⊗ el. (20)

It is in (19) obviously a non-linear formulation, since the stiffness tensor is not independent of
the deformation gradient F.

2.3 Cumulative higher-harmonic generation

In order to ensure the generation of cumulative higher-harmonic or second-harmonic modes,
certain criteria must be fulfilled. This is discussed in detail e.g. in [2] for isotropic and in [19]
for transversely isotropic materials. The so-called reciprocity relation and the normal mode
expansion technique are adopted [1, 2, 17] .

The reciprocity relation describes the interaction between stress characterizing by stress field P
and particle motion characterizing by velocity field v of the primary and secondary wave fields.

Div
(
v∗
2 · P̄1 + v1 · P̄∗

2

)
= 0. (21)

By using the normal mode expansion technique, the variables of the secondary wave fields in
the reciprocity relation are respresented by Fourier-series. These approaches together with (5)
lead to a differential equation for the determination of the amplitudes of the higher-harmonic
modes Am (X1). A detailed representation can be found in [6, 15], for example.

7
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When examined the modal amplitudes Am (X1), the following can be established in [5, 6] and in
[19]. The cumulative second-harmonic modes can be generated if primary waves and secondary
waves have the same phase velocity and a power flow exists between these two wave modes.

It could be shown that in non-linear isotropic and transversely isotropic material models, the
power flow can be present only between symmetric wave modes. In isotropic materials, the
non-linear hyperelastic models according to Landau–Lifshitz and to Murnaghan [5, 6] are
used. The non-linear hyperelastic model used in [19] is derived from the five-constant theory
of Murnaghan [13]. The power flow condition for the newly introduced material model is
also analyzed analytically in [15]. It is hereby confirmed that the power flow for a symmetrical
secondary wave field is not equal to zero.

If the request for identical phase velocities of the mode pair is not given, the amplitude of the
higher-harmonic mode shows oscillating behavior, which is described by the dispersion length L

L =

∣∣∣∣∣∣
πc2fp cfp

f
(
c2fp − cfp

)
∣∣∣∣∣∣
. (22)

3 The finite element model

The goal for the development of the new non-linear model is not only to consider compressible
behavior and to reduce the number of material parameters required. Instead, the new model is
supposed to correctly represent the non-linear mechanical behavior and is therefore supposed to
be suitable for the investigation of non-linear wave propagation.

3.1 Parameter determination

By making use of the symmetry properties of the tensor Cti based on the potential formulation,
we obtain the symmetric material matrix C̃ as a reduced form of Cti

C̃ =

[
C̃11 0

sym. C̃22

]
, (23)

with

C̃11 =



8 (c1 + c3 + c4 + c5) +K 4 (2c1 + c2 + c5) +K 4 (2c1 + c2 + c5) +K

8c1 +K 8c1 + 4c2 +K
sym. 8c1 +K


 , (24)

C̃22 =



−2c2 0 0

−2c2 + 2c4 0
sym. −2c2 + 2c4


 . (25)

The generalized transversely isotropic behavior according to Hooke is described by 5 material
constants C11, C12, C22, C23, C44 (table 1), which are obtained by a conversion of the engineering
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constants E‖, E⊥, ν,G‖, G⊥ from experimental investigations, see [12], for example. In this new
non-linear potential formulation, the bulk modulus of the matrix material is used for K, since
the compressible behavior of the composite is determined by the matrix material. Thus, the 5
material constants c1, c2, ..., c5 can be calculated by a coefficient comparison (table 2).

Table 1: Material properties for the linear, transversally isotropic material model (Hooke), [15]

C11 C12 C22 C23 C44 Unit

122.3 8.08 2.38 5.82 3.75 GPa

Table 2: Material properties for the newly developed material model (eq. 16), [15]

c1 c2 c3 c4 c5 K Unit

0.527 -1.875 13.66 1.25 0.568 3.89 GPa

3.2 Modeling using the new material law

The newly constitutive law is now to be subjected to s static and a dynamic validation with
regard to its mechanical behavior. The implimentation is carried out in the FE-software FEAP.
For sake of brevity, the validation is not given at this point. The next section will briefly discuss
its results only.

Finally, the numerical analysis in terms of generating cumulative higher-harmonics is carried
out with a model shown in figure 3. On the basis of the power flow condition already discussed
above, the plate is now intentionally symmetrically excited. The excitation is undertaken in a
low-frequency range (100 kHz to 500 kHz) to investigate the possible formation of the so-called
quasi cumulative second-harmonic modes. Here, a windowed excitation signal with 10 periods
in the burst is selected.

Numerical modeling of second harmonic Lamb waves in unidirectional composite 20

The resulting element size of 0.25mm satisfies the required maximum element size of

0.45mm. Furthermore, the introduced nonlinear hyperelastic material model with the

coefficients given in table 3 is used. The excitation is realized by an homogeneous in-

plane displacement of all nodes over the thickness at the left edge. The signal consists

of ten windows sine cycles at 500 kHz. Therefore, only the fundamental symmetric

S0 mode is generated. Figure 6 gives a schematic of the wave guide model. Further

boundary conditions are included.

Because the secondary wave field consists of only one wave mode, the S0 mode at

1MHz the amplitude of this mode can be obtained by a fast Fourier transform. The

evaluation of the second harmonic amplitude is based on time signals extracted at the

upper boundary in a range of 0.6m from the excitation point. This area is marked in

figure 6.

0.6m

0.8m

1mm

In-plane displacement

Evaluation area

Figure 6. Schematic of the wave guide model for the analysis of the nonlinear effect

due to nonlinear hyperelastic material.

5.2. Evaluation of the second harmonic amplitude

In figure 7(a) the time signal of the nonlinear wave propagation at 0.3m is plotted. It

is shown, that due to the mismatching group velocity of the primary and secondary S0

mode the secondary wave package is spread. Furthermore, the existence of the second

harmonic wave field is clearly indicated by the second frequency component of the time

signal extracted by a FFT, cf. figure 7(b). However, the frequency of the second

harmonic mode is not exactly 1MHz but 0.986MHz. Using the corresponding phase

velocities and (37), the theoretical dispersion length is 1.2m. By evaluating the second

harmonic amplitude over the propagation distance the result of the dispersion length

is obtained numerically. In figure 7(c) the amplitude of the second harmonic mode is

plotted over the propagation distance. The oscillating behavior due to the different

phase velocities is clearly recognizable. The obtained results of 0.591m represents half

of the dispersion length defined by (37). This coincides very well with the analytic value

of 0.6m. Therefore, the existence of a power flux from the primary to the secondary

wave field cannot only be proven analytically but also numerically. In conclusion the

introduced nonlinear hyperelastic material model can be used to simulate the second

harmonic generation in composite structures.

Figure 3: Schematic of the wave guide model for the analysis of the non-linear effect due to non-linear
hyperelastic material, [15].

4 Numerical results

The static and dynamic validation shows that the implimentation of the new non-linear material
model has been carried out correctly. The new material model leads to physically meaningful
results in both cases. While in the dynamic simulation no difference between linear and non-
linear calculation in the time domain can be detected, the existence of second-harmonic modes
in the frequency domain can be observed. Furthermore, it is also apparent that the use of the
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dispersion curves from the linear calculation is still permitted for the analysis of the non-linear
wave propagation. Thus, it can be confirmed that the developed model can be used for the
simulation of the non-linear wave propagation concerning the generation of cumulative second-
harmonic modes.

The result of the frequency analysis and that of the amplitude behavior investigation of the
next numerical simulation are shown representatively for the excitation frequency f = 500 kHz
in figure 4. First, it becomes clear that the secondary wave field is generated at approximately
twice the frequency (2f). When looking back at the dispersion curves 1, we find that both the
fundamental mode and the second-harmonic mode must be mode S0. However, this mode pair
S0-S0 does not possess exactly the same phase velocity, so that the amplitude of the second-
harmonic mode must have an oscillating behavior with a certain dispersion length according to
the theory. The corresponding values for different excitation frequencies are listed in the table
3.

Numerical modeling of second harmonic Lamb waves in unidirectional composite 21
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Figure 7. Analysis of the nonlinear wave propagation and the behavior of the second

harmonic mode amplitude based on the in-plane motion of the S0–S0 mode pair at

500kHz.

5.3. Quasi cumulative effect

Due to the mismatching phase velocity the amplitude of the second harmonic mode

oscillates with the propagation distance. However, as shown in [21] for isotropic

material, the increasing behavior of the oscillation can partly be approximated by a

linear function. Therefore, the corresponding propagation distance can be used for a

quasi cumulative wave propagation. Below it is investigated if this procedure can be

adapted for unidirectional composite structures. Table 5 gives an overview of the phase

velocity mismatch at different frequencies and the corresponding dispersion lengths.

Even for a moderate reduction of the excitation frequency the dispersion length becomes

very long. Considering experimental setups, as presented in [3, 4, 5, 6, 7, 8, 9, 10]

the resulting quasi cumulative propagation distance is larger than the experimentally

observed range. To verify this effect the results of the numerical simulation of the

nonlinear wave propagation at 200 kHz is given in figure 8. For the numerical simulation

the same model is used as for 500 kHz. Over the observed propagation distance of 0.6m

the amplitude of the second harmonic mode clearly shows a linear growth effect. A

linear curve fit by the least squares method leads to R2 = 0.9996, thus the oscillating

(a) Frequency components of the in-
plane time signal.
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5.3. Quasi cumulative effect

Due to the mismatching phase velocity the amplitude of the second harmonic mode

oscillates with the propagation distance. However, as shown in [21] for isotropic

material, the increasing behavior of the oscillation can partly be approximated by a

linear function. Therefore, the corresponding propagation distance can be used for a

quasi cumulative wave propagation. Below it is investigated if this procedure can be

adapted for unidirectional composite structures. Table 5 gives an overview of the phase

velocity mismatch at different frequencies and the corresponding dispersion lengths.

Even for a moderate reduction of the excitation frequency the dispersion length becomes

very long. Considering experimental setups, as presented in [3, 4, 5, 6, 7, 8, 9, 10]

the resulting quasi cumulative propagation distance is larger than the experimentally

observed range. To verify this effect the results of the numerical simulation of the

nonlinear wave propagation at 200 kHz is given in figure 8. For the numerical simulation

the same model is used as for 500 kHz. Over the observed propagation distance of 0.6m

the amplitude of the second harmonic mode clearly shows a linear growth effect. A

linear curve fit by the least squares method leads to R2 = 0.9996, thus the oscillating

(b) Behavior of the second-harmonic amplitude with the propagation
distance

Figure 4: Analysis of the non-linear wave propagation and the behavior of the second-harmonic mode
amplitude based on the in-plane motion of the S0–S0 mode pair at 500 kHz, [15].

At the excitation frequency 500 kHz, the difference in the phase velocity of the wave mode pair
S0-S0 takes the largest value. In that case, the numerical calculation also provides the smallest
dispersion length (12L

numr.
500 = 0.591m). This corresponds to the theoretical expectation. Thus,

the numerical value deviates only slightly from the theoretical value (1.5 %). If the excitation
frequency decreases further, the dispersion length grows (see table 3).

Table 3: Phase velocity mismatch and dispersion length for the S0–S0 mode pair, [15].

f cfp [m s−1] c2fp [m s−1] Ltheor. [m]

500 9111 9034 1.07
400 9114 9091 4.50
300 9116 9107 15.6
200 9117 9114 65.5
100 9118 9117 589

Thus, it can be stated that in the low-frequency range the mode pair S0-S0 is very well suited
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for the generation of quasi cumulative second-harmonic mode.

In addition, an analysis of the non-linear wave propagation in the constitutive law is carried out
by varying the bulk modulus K. Based on this analysis, it can be stated that the parameter K
can be used to control the degree of non-linear behavior in the wave propagation as well as that
of the material compressibility.

By modeling non-linear wave propagation using the new material law, quasi cumulative second-
harmonic modes can be generated with a suitable excitation. From this, according to (6) the
non-linearity and thus the numerical material degradation can be calculated. The numerical
investigation thus shows that the degradation of the material due to microstructural damage
in transversally isotropic structures may be reproduced by the model presented. An inverse
calculation using the generation of quasi cumulative second-harmonic modes has already been
carried out successfully.

5 Conclusion and outlook

The non-linear material behavior and thus the non-linear wave propagation can be represented
by a non-linear hyperelastic material model. There are approaches for the non-linear modeling
of transversally isotropic materials, which, however, have certain limitations on the ability to be
implemented and on the consideration of the compressible material behavior, especially in layered
composites. The presented model requires only 6 parameters for the material description, one of
which (K) has to be specified in advance, instead of 14 by using the non-linear model according
to Murnaghan. This parameter affects the compressible behavior and the non-linear degree of
the model simultaneously. A static as well as dynamic validation was carried out successfully
and proved that the newly developed model is suitable for the investigation of non-linear wave
propagation in transversely isotropic materials, at least in a 2-dimensional case. Furthermore, it
was shown in the framework of the numerical study that linearly calculated dispersion curves can
still be used for the investigation of non-linear wave propagation. In the low-frequency range, the
mode pair S0-S0 can be used to generate quasi cumulative second-harmonic mode. In conclusion,
it can be confirmed that the newly introduced model presents itself as a good alternative to the
existing non-linear material models for cumulative higher-harmonic generation.

Subsequent to the present work, the generation of cumulative second-harmonic modes can be
dealt with for the mode pairs S1-S1, S2-S2 or S1-S2, for example. An extension of the developed
concept to layered FRP would also be relevant for future research purposes in this area.
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Abstract. The present work investigates the scattering behavior of a circular subsurface crack
in isotropic material for an incident asymmetric A0 Lamb wave by a finite element (FE) model.
This local FE model is designed according to the combined analytical finite element approach
(CAFA) and uses a steady-state analysis in combination with non-reflective boundaries (NRB).
The basic idea of CAFA is presented and the used FE model is explained in detail. The crack
parameters size and depth are varied and the dependency of the scattered wave field on these
parameters is analyzed by comparing the wave damage interaction coefficients (WDICs). The
comparison of the WDICs show dependencies on the crack parameters for particular directions
and observed trends are reported. Furthermore, conclusions on the future applications of found
results are given.

1 INTRODUCTION

In recent years, the detection of damages (e.g. cracks, corrosion or delamination) is of in-
creasing interest in the areas of non-destructive testing (NDT) and structural health monitoring
(SHM). Numerous methods like, e.g., the electro-mechanical impedance method [7], conduc-
tive surface layers [14] and others use a variety of physical effects to detect structural damage.
Hence, these methodes are entering more and more fields of engineering. However, particularly
for lightweight structures Lamb waves are very suitable due to their simple and robust imple-
mentation and sensitivity for small structural changes. Furthermore, in thin-walled structures
these waves can travel over long distances and propagate even in curved shapes. A drawback
of the method is its multi-modal nature and dispersive behavior that makes applications quite
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challenging. The basic concept of damage detection by Lamb waves is that these interrogating
wave packages interact with damages and lead to a scattering of the wave field. This scattering
indicates damage, and furthermore contains information about the damage. The wave-damage
interaction is generally complicated and an analytical solution is currently only available for
simple damage shapes such as circular holes [4, 5]. In contrast to that, the propagation of Lamb
waves in pristine structures is well-studied and first described analytically by Horace Lamb in
1916 [8]. Therefore different semi-analytical models have been developed, e.g., the combined an-
alytical finite element model approach (CAFA) [13] or the semi-analytical finite element (SAFE)
method [1], to combine the advantages of the analytical and numerical approaches. The CAFA
uses a combination of the steady-state analysis with non-reflective boundaries (NRB) [12] to
enable a versatile and time efficient FE simulation of Lamb wave scattering at damages.

In the present work a local FE model is used to simulate the scattering behavior of a circular
subsurface crack in an isotropic plate such that the numerical results can be integrated into the
CAFA framework. The present work analyzes the subsurface crack parameters size and location
over thickness (depth). The influence of these parameters is reported for an incident A0 Lamb
wave mode.

2 SEMI-ANALYTICAL METHODOLOGY

The general idea of the semi-analytical method CAFA is to describe the global Lamb wave
propagation analytically and the local wave-damage interaction numerically by a FE model
[13]. In Fig. 1 a sketch of the global and local model is depicted. In the global structure the
wave propagation from the point of actuation to the sensor point and the damage is described
by an analytical transfer function. The damage disturbs the interrogating wave packets and
scatters the incoming waves in different directions with varying intensity. This scattering of
the wave field is highly dependent on the geometry of the damage as well as on the material
of the structure and the incoming Lamb wave. The analytical formulation of the scattering
behavior is mathematically challenging and at the moment only available for simple shapes like
circular holes [4, 5]. Hence in the CAFA a local FE model is used to simulate the wave-damage
interaction, providing the so-called wave damage interaction coefficients (WDIC) [13]. These
WDICs represent the scattering behavior of a damage in the analytical framework. By knowing
the WDICs of a damage its influence on the Lamb wave packets can be calculated analytically.
This is implemented in the so-called WaveFormRevealer 2-D [11], which shows the time signals
at a desired sensor position for a given wave-damage interaction of a damage. For detailed
information about CAFA see [13, 2].

The WDIC is a complex number and its absolute value is defined as a function of frequency f
and sensing angle φ for a given structure and radius of the sensing circle rSen [13], to

CAB(f, φ) =

∣∣∣∣∣
uBSC
uAIN

1

H
(1)
1 (ξBrSen)

∣∣∣∣∣ . (1)

The indices A and B indicate the wave mode of the incident and the scattered wave field. For
instance, CSA describes the scattering behavior of an incoming symmetric S0 to a scattered
asymmetric A0 Lamb wave mode. In Eq. (1) the displacement amplitude uBSC (at the sensing
circle) of the scattered wave field with mode B is normalized by the displacement amplitude uAIN

2
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Figure 1: Semi-analytical methodology: (a) global model of the structure with actuators and sensors
(b) sketch of the local FE model for wave-damage interaction simulation

(at the center point of the damage in the pristine model) of the incident wave with mode A.

This ratio is multiplied by the reciprocal value of the first kind Hankel function H
(1)
1 (ξBrSen)

of order one, depending on the wavenumber ξB and the radius of the sensing circle rSen. This
function considers the radial wave propagation of the scattered wave field around the damage.
Generally CAB depends on the direction of the incident wave as well, but for a symmetrical
damage in isotropic material – as considered in this work – the result has to be symmetric about
the initial wave propagation direction. However, this is also the case for the phase shift ϕAB of
the WDICs, which is not presented in this paper. Generally the damage scatters the incident
wave into all directions and therefore a cylindrical coordinate system at the center of the damage
(see Fig. 1 (b)) is useful to describe the scattered wave field. Considering cylindrical coordinates
the scattered wave field can be split up into the symmetrical and the asymmetrical displacement
by [13]

uS0SC =
uTr + uBr

2
and uA0

SC =
uTr − uBr

2
, (2)

where uTr is the displacement at the top surface and uBr at the bottom surface for a given sensing
direction φ (see Fig. 2). Besides the distinction between symmetric and asymmetric mode the
scattered wave field needs to be separated from the total wave field. The displacement of the
total wave uTOT

r is the superposition of the incident wave displacement uINr and the displacement

3
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Figure 2: Sketch of the damaged region

of the scattered wave field uSCr . Hence the scattered wave displacement is calculated by

uSCr = uTOT
r − uINr , (3)

which is known as baseline subtraction [9]. The displacement of the incident wave uINr is evalu-
ated for the pristine structure at the center position of the damage.

Usually a transient numerical analysis is used to calculate the wave-damage interaction. This
type of dynamic simulation needs a small time increment and is computationally expensive.
Besides that, the transient simulation results are assigned to the considered excitation signal.
In contrast, the CAFA utilizes a steady-state analysis with harmonic excitation for a range
of excitation frequencies to simulate the wave-damage interaction. This simulation yields the
complex-valued displacements of the steady state for the considered excitation frequencies. No
time history is calculated. The steady-state results need further processing to be comparable
to a transient analysis or to an experimental measurement. A typical excitation signal is shown
in Fig. 3 (a). This signal is a windowed sine function (Von-Hann window) for a frequency
f = 200 kHz and five periods. By using the fast Fourier transform (FFT) the frequency spectrum
of the excitation signal is calculated, as it is visualized in Fig. 3 (b). The basic idea of the WDIC
calculation in CAFA is to use the spectrum of the excitation signal as weighting function for
the results of the steady-state analysis and sum up the weighted results. This weighting and
summation process reconstructs the results of the wave-damage interaction in the frequency
domain and leads to a good approximation of the scattering in the time domain. Due to the
windowing process in the time domain the bandwidth of the excitation signal is infinite in the
frequency domain. However, the values decrease rapidly besides the main lobe (see Fig. 3 (b)).
Hence the main lobe and the first side lobes of the frequency spectrum describe the excitation
signal very well. In the further work only these, more precise, the indicated values in Fig. 3 (b)
are used for the weighting process. I.e., the displacement amplitude results from the steady-state
analysis are multiplied by the corresponding amplitudes of the frequency spectrum and summed
up. Thus, every possible excitation signal can be reconstructed by adapting the frequency
spectrum after the steady-state simulations, which makes this approach very versatile.

3 FE MODEL FOR NUMERICAL WDIC CALCULATION

The numerical model presented in Fig. 1 (b) is designed according to the semi-analytical
method CAFA and uses the commercial software ABAQUS 6.14 to calculate the local wave-
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Figure 3: (a) Excitation signal for f = 200 kHz and 5 periods (Von-Hann window) (b) normalized
frequency spectrum (solid line) and weighting coefficients (asterisks)

damage interaction. In a global structure the actuator is typically far away from the damage.
Hence the curvature of the circular-crested wave front becomes neglectable. Due to this assump-
tion the wave-damage interaction is analyzed for incident straight-crested Lamb waves. For the
simulation of a straight-crested wave front the model is excited over the whole width along an
excitation line as it is depicted in Fig. 1 (b). In Fig. 1 (b) the whole model is shown, whereby
only half of it is simulated by the use of symmetry conditions at the symmetry plane. This
model reduction has been verified by comparing the results of the whole and the symmetric
model. Hence, the total size of the symmetric numerical model is 100× 50× 1.6mm. The plate
is meshed with linear solid elements (C3D8). For the discretization in thickness direction a
minimum number of four elements is used to resolve the stress distribution of each Lamb wave
mode. The maximum element size for the in-plane direction of the model is determined by the
excitation wavelength. It is recommended to use at least ten elements per shortest wavelength
[3]. The maximum considered frequency f = 320 kHz yields λA0 = 5.9mm as shortest wave-
length for the asymmetric A0 mode. Hence the used in-plane element size of maximum 0.5mm
is adequate. The wave-damage interaction may result in high stress gradients and therefore a
finer mesh is generated around the damage. Hence a continuous mesh refinement in the center
region is realized as depicted in Fig. 4. The sensing points are equally distributed at every 9◦

along the sensing circle with a radius rSen = 12.5mm. The investigated damage is a circular
subsurface crack that is located parallel to the surface (see Fig. 2) in an isotropic plate of thick-
ness t = 1.6mm. The material of the plate is considered to be aluminum. The used material
properties are listed in Tab. 1. During the numerical study the damage diameter D and the
damage depth e are varied. In the FE model the crack has no opening and is generated by a
node separation without any contact conditions. It should be mentioned that the steady-state
analysis only works for linear problems and therefore no contact conditions can be included
in this method. However, for damage detection with Lamb waves it is important to check if
a particular wave mode is sensitive to the investigated damage type. Therefore, a closer look

5
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Figure 4: Mesh of the FE model in the center region and sensing points

Table 1: Material properties of aluminum

Material parameter Symbol Quantity

Young’s modulus E 70GPa
Poisson’s ratio ν 0.33
mass density ρ 2700 kg/m3

to the different mode shapes may help selecting the Lamb wave mode. As reported in [9] the
asymmetric mode A0 interacts with composite delaminations, which are very similar to subsur-
face cracks within the thickness of the structure. Furthermore, for a given frequency the A0
mode is generally more sensitive to smaller damages due to its smaller wavelength compared to
the symmetric mode S0. The fundamental asymmetric mode A0 is excited by forces along the
excitation line on the top and the bottom surface of the plate acting in the same direction as
it is sketched in Fig. 1 (b). The steady-state analysis is simulated in a frequency range from
80 kHz to 320 kHz in steps of 2 kHz to cover the main frequencies of the excitation signal as
shown in Fig. 3 (b). Furthermore, this frequency range enables an effective coupling between
the structure and the piezoelectric actuator for future experiments [6].

For a finite element model the propagating waves interact with both, the damage and the
models boundaries. To analyze only the effect of the damage on the incident wave no other
reflections should disturb the area of interest. For transient analysis the model size can be
enlarged until the reflections do not influence the investigated time span. This is not possible
for the steady-state analysis. Hence so-called non-reflective boundaries [12] are added to the
circumference of the model to eliminate the boundary reflections. As shown in Fig. 1 (b) velocity
dependent damping elements are added according to [12] with the half Hanning function and
a damping ratio of δ = 0.3. Furthermore, the NRB width lNRB should at least be twice the
considered wavelength [12]. For the investigated frequency range a NRB width lNRB = 30mm
has been implemented and found to be sufficient.

6
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4 INFLUENCE OF SUBSURFACE CRACK GEOMETRY

The wave-damage interaction is highly dependent on the geometry of the damage. This
parameter study investigates a circular subsurface crack (parallel to the surface) in isotropic
material. Different crack sizes D and depths e are analyzed. The plate thickness is t = 1.6mm.
The used material properties for the typical lightweight material aluminum are listed in Tab. 1.
Furthermore, all simulations are evaluated for an incident asymmetric A0 Lamb wave mode with
the same excitation signal, which is a windowed sine function (Von-Hann window) of five periods
and a frequency f = 200 kHz (see Fig. 3). The used steady-state analysis yields complex-valued
WDICs, which describe the scattering behavior for the analytical framework of the CAFA. The
WDICs absolute values CAB are calculated according to Eq. (1).

4.1 Subsurface crack size to wavelength ratio

Generally the detectable damage size is dependent on the wavelength [9, 10]. Therefore, the
dimensionless crack size to wavelength ratio Λ = D

λ
is introduced to investigate the influence

of the crack size D on the scattering behavior. Furthermore, the subsurface crack position e
is characterized by the dimensionless crack depth to plate thickness ratio ε = e

t
. As already

mentioned the considered excitation frequency is f = 200 kHz, which yields λA0 = 7.9mm for the
wavelength of the asymmetric mode in this structure. The damage size is varied from Λ = 0.25
to Λ = 1.27 (D = 2mm to D = 10mm) for the crack depth to plate thickness ratio ε = 1

4
respectively ε = 3

8 . Figure 5 shows the WDICs absolute value CAA plotted over the sensing
angle φ. The incident wave direction is marked by a small arrow. For isotropic material and a
symmetric damage the results are symmetric about this direction. As one can see in Fig. 5 (a)
and (b) a crack size to wavelength ratio of Λ = 0.25 might not be detectable experimentally
(for ε = 1

4 and ε = 3
8). A damage size to wavelength ratio Λ = 0.5 is found to yield a scattered

wave field that can be measured in real life applications. However, comparing the WDICs for
the sensing direction φ = 0◦ (forward scattering) a dependency on the crack size to wavelength
ratio Λ exists, showing a monotonous increase of the absolute value CAA with the increasing crack
size for both values of ε. For the opposite direction φ = 180◦ (backward scattering) this is only
true for ε = 3

8 (see Fig. 5 (b)). In Fig. 5 (a) the WDICs amplitude for Λ = 1.27 yields a smaller
value than for Λ = 1.01 in the backward scattering direction φ = 180◦. For the perpendicular
direction (φ = 90◦) the scattered wave amplitudes for Λ = 0.5 and Λ = 0.76 are approximately
equal. If a sensor would be located in this direction one could not distinguish between these
damage sizes. However, besides these particular directions no monotonous dependency of the
scattered wave field on the damage size to wavelength ratio Λ is found. The amplitude of the
scattered wave field does not necessarily increase for an increasing crack size D.

4.2 Subsurface crack depth to plate thickness ratio

The investigated circular subsurface crack is parallel to the surface of the plate and located
at a certain depth e (see Fig. 2). Hence as second parameter the depth e of the subsurface crack
is varied throughout the plate thickness. The influence of the crack depth e is investigated by
the crack depth to plate thickness ratio ε = e

t
. The damage size to wavelength ratio Λ = 1.01

(D = 8mm) is kept constant for all values of ε. In Fig. 6 (a) the WDICs absolute values CAA

are plotted as a function of the sensing direction φ and crack depth to plate thickness ratio ε.
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8

By this representation, the scattering behavior can be observed easily for a varying ε at a certain
sensing direction φ, e.g., the forward scattering direction φ = 0◦ (triangles), or the backward
scattering direction φ = 180◦ (asterisks). These particular directions are also highlighted in
Fig. 6 (b), which illustrates the WDICs in layers for the different values of the crack depth to
thickness ratios ε. In Fig. 6 (a) a constant value for ε show the dependency of the WDICs
on the sensing direction φ, which is the scattering pattern, e.g., the circular markers indicate
the scattering pattern for ε = 1

4 in Fig. 6 (a) and (b). As expected, the scattering pattern is
symmetric about the incidence direction due to the in-plane symmetry of the damage (tested
by the full model). Moreover, the results for different ε are symmetric about the mid-surface
(ε = 1

2) of the plate (see Fig. 6 (b)), i.e., the results for the damage depth to plate thickness
ratio ε = 1

4 and ε = 3
4 are identical. However, in Fig. 6 (a) and (b) one can see the sensitivity of

different sensing directions φ with respect to crack depth to plate thickness ratio ε. Generally
the sensing directions 0◦ ≤ |φ| ≤ 45◦ yield the highest values for all crack positions ε throughout
the plate. The WDICs do not show a general dependency on the subsurface crack depth to
plate thickness ratio ε. However, for φ = 0◦ (forward scattering) the scattering amplitude
is increasing monotonously with the increase of the depth e until ε = 1

2 . Furthermore, for
the opposite direction φ = 180◦ (backward scattering) the scattered amplitude shows a local
minimum for ε = 1

2 besides the global minima (CAA → 0 for ε → 0 and ε → 1).
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5 CONCLUSIONS AND OUTLOOK

In this paper the scattering behavior of a circular subsurface crack in isotropic material is
investigated by a local FE model, which is designed according to the semi-analytical method
CAFA. The subsurface crack parameters size D and depth e are characterized by the dimen-
sionless crack size to wavelength ratio Λ = D

λ
and the crack depth to plate thickness ratio

ε = e
t
. These determining parameters Λ and ε are varied and their influence on the scattering

behavior is analyzed for an incident asymmetric A0 Lamb wave. Generally the scattering pat-
tern is symmetric about the direction of the incident wave due to the in-plane symmetry of the
damage and the isotropic material behavior. Furthermore, the WDICs are symmetric about the
mid-surface of the plate, e.g., the scattering patterns for ε = 1

4 and ε = 3
4 are identical. The

amplitudes of the scattering wave field do not show a general dependency on the dimensionless
parameters Λ and ε. However, for particular sensing directions φ some trends can be observed.
For the forward scattering direction φ = 0◦ the WDICs show monotonously increasing values
for an increase of the crack size to wavelength ratio Λ within the tested range. Furthermore,
in this sensing direction a monotonous dependency of the scattering wave amplitudes on the
crack depth to plate thickness ratio ε exist. The WDIC values are increasing for increasing ε
till the maximum in the mid-surface of the plate (ε = 1

2) is reached. In contrast, the scattering
wave amplitudes for the backward scattering direction φ = 180◦ are minimal for a damage in
the mid-surface of the plate (ε = 1

2) for all investigated values of Λ. However, the large variety
of the scattering patterns presented in this work offer a promising source for the identification
of subsurface cracks and conclusions on their parameters. For a real application this could be
utilized by using several sensors in different directions. Furthermore, lightweight constructions
do typically have specific areas or damage modes of interest, which could be monitored optimally
by considering scattering patterns – as the presented – in the sensor placement.

For further investigations experiments are planned to validate the presented results. More-
over, it is planned to investigate different damage types by local FE models as presented in
this paper. The long term objective is to provide a catalog of WDICs for various damage types
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enabling their identification and the conclusion on their location and size within the CAFA
framework. Besides that, it is planned to adapt the numerical model for the investigation of
delamination damages in laminated composite material, as it is frequently used for lightweight
constructions.
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ABSTRACT 

Unmanned Aerial Vehicles (UAVs) are flying robots that require little or no human control while 
flying. The number of UAV has growth exponentially due to rise in applications such as video 
taking, surveillance and delivering cargo to customers. Despite the promise of the technology, UAV 
are not very reliable currently, either civil or military. They lack of sensing mechanisms to detect 
issues in operation, such impacts, hard landings and overload, together with the difficulties to detect 
structural problems during the UAV operation could compromise not only the safety of the UAV, 
also all along the entire flying area. 

This paper presents the design, development implementation, and validation of a Structural Health 
Monitoring (SHM) system applied to the rear fuselage of the UAV developed by INTA for R&D 
activities (MILANO). The rear fuselage, a 2.5 meters carbon/epoxy structure with frames and 
stringers, was instrumented with fiber optic sensors and PZT. Two different types of fiber optic 
sensors were considered: Fiber Bragg Gratings and distributed fiber sensing based on Rayleigh 
backscatter. The objective of the fiber optic sensor network is to detect the changes induced on the 
strain field due to damage appearance. This information will be employed to train a neural network 
which provides the self-diagnosis of the structural integrity. Additionally, the PZT network will be 
used as active system for structure interrogation through elastic waves.  

Initially, on ground test campaign will be used to validate theoretical models and completion of the 
neural network training and also to compare and evaluate capabilities of the three selected sensing 
systems. Later, another structure will be integrated into the UAV for real flight operations. Real 
operative capabilities of the SHM systems will be investigated, evaluating also system interferences 
with real operations and evaluating the exploitation methodologies for decrease operative costs and 
the detection of damage in service operations. 
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Abstract. A Bayesian optimization strategy resulting in optimal sensor locations for im-
pact localization under operational conditions is developed and presented. The impact detec-
tion methodology is based on developing meta-models utilizing artificial neural network (ANN)
through the recorded sensor signals generated by various impact events. The novelty of the
proposed method is to include the probability of one or more sensors failing under operation
as well as non-uniform probability of impact occurrence in the structure. Finally, the proposed
optimization algorithm is applied to a composite stiffened panel.

1 INTRODUCTION

Structural Health Monitoring (SHM) techniques have attracted a lot of attention with the
recent advances in sensor technologies which enables integration of sensors onto the structure
with minimum interference. There are various SHM systems based on different sensor tech-
nologies such as Piezoelectric (PZT) transducers, Fibre Optic (FO) sensors and more recently
Carbon or Graphene based sensors (CNT and GNP). Each type of sensor has advantages and
disadvantages. SHM systems can be designed to have different outcomes: Impact detection,
Damage detection, damage location, damage size and severity and structural prognosis. The
SHM system can be use in passive or active way. Passive sensing only records the response
of the structure to an external event such as impact and consequent damage while in active
sensing, the response of the structure to an actively emitted signal is recorded and assessed.
PZT transducers can be used in both passive and active sensing due to their electrical and me-
chanical coupling. The structural diagnosis via SHM leads towards condition based maintenance
(CBM) and away from scheduled maintenance (SM) which is expensive and time consuming. By
accurately detecting [1] and characterizing [2] an impact event, the subsequent damage can be
detected through active sensing of the area under impact [3, 4, 5, 6, 7, 8], rather than monitoring
the whole structure.
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There are many different methods developed for impact identification, both numerically and
experimentally [9, 10, 11, 12, 13]. The simplest impact localization strategy is based on Time of
Fight (ToF) of the impact induced ultrasonic waves by triangulation. This approach is strongly
limited by the assumption that wave velocity must be known and uniform in all directions which
limits its application to simple isotropic structures. Moreover, the flexural wave velocity is not
constant and is a function of the signal frequency and depends on the impact mass and velocity
which is not known a priori. For anisotropic material, it is possible to obtain velocity charac-
teristics as function of the angle of the wave propagation to estimate the location of the impact
combined with triangulation technique provided that an optimal sensor configuration is set up
[10], which is difficult to be achieved in built up structures with complex geometry. Another
set of techniques is model based algorithms which involve modelling the dynamic response of
the structure subjected to a known impact [14, 15]. However, their application to complex
structure of non-linear response is questionable. The last grop of techniques is machine learning
algorithms which require modelling complex relationship (non-linear meta-model development)
between input and output data. Artificial Neural Network (ANN) is a machine learning algo-
rithm which has been used for impact detection and identification [16, 1, 17]. In addition the
success of the detection algorithm is directly related to the number and location of the sensors
[18].

All of the impact detection and identification techniques mentioned so far, are based on
the sensor data recorded during an impact event. Most of the established methods have been
validated and tested in laboratory under controlled environment. However, for the SHM system
to be applicable to real structure their performance must be assessed under real operational
conditions. Therefore the aim of this paper is to present an optimization strategy for impact
detection which takes into account the uncertainties in the recorded data as well as probability
of one or more sensors failing under operational conditions. In addition, it considers non-uniform
probability of impact occurrence which is representative of different parts of an aircraft prone
to different impact scenarios, see Figure 1. Bayesian optimization strategy is used to account
for uncertainties in the optimal sensor positioning which increases the reliability of the decision
making SHM system. The very first application of Bayes theory to the optimal sensor placement
is given in [19] for active sensing. In this work the application of the Bayes theory to sensor
optimization for passive sensing is reported, more details of the methodology can be found in
[20]. The passive sensing procedure used in this work is based on the meta-model technique
developed from a large library of impact scenarios on a composite stiffened panel [21].

2 Sensor Optimization: A Bayesian approach

In this section a Bayesian optimization strategy is presented which for a given sensor number,
finds their optimal positioning by maximizing the probability of impact detection in presence
of uncertainties in the sensor data, including probability of one or more sensor failure and non-
uniform probability of impact occurrence in the part. The uncertainties in the recorded sensor
data can be result of noise in the software and hardware set-up, bonding quality, temperature
change, structural load if measure experimentally. If the data is simulated numerically, the un-
certainties result from mesh size and uniformity, material parameters, bonding and geometrical
tolerances in positioning of the transducers. In addition, failure of one or more sensors (sen-
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Figure 1: Global percentages of impacts by zones of the aircraft [22]

sor breakage, debonding, detachment of wires) can result in erroneous signals which results in
false alarm or miss-detection. Therefore, it is important that this probability is built into the
optimization strategy.

In the proposed approach, the ToF of impact generated waves recorded by a sensor network
is used to estimate the location of the impact event through developed meta-models using ANN.
In order to compute the optimal sensor combination, a minimization problem is solved by the
application of the Genetic Algorithm (GA) as developed in [21]. The fitness function which is
minimized in each optimization step is derived from the performance of the impact detection
methodology, i.e. maximizing the probability of detection (PoD) function. First the development
of the meta-model for impact detection and the corresponding fitness function which is input to
the optimization step is explained. This is then followed by the optimization strategy detailed
in section 2.2.

2.1 Impact detection algorithm

The methodology used in this work to detect impact events from recorded PZT sensor data
is ANN. ANN is a machine learning algorithm which uses a set of training data to build a non-
linear function relating the input (feature extraction from sensor data) to the output (location of
the impact). Each input neuron is connected to an output neuron through hidden layers. Each
connection is weighted which gets adapted during the learning phase. For the meta-model to
reach a regularization, it needs to be trained with a wide range of impact scenarios representing
all probable impacts on the structure which is a fuselage stiffened panel. It is very expensive
(time and cost) to have to develop this library of impact scenarios experimentally due to the
wide range of variation of impactor mass, height and velocity. Therefore, a numerical model was
developed and validated to generate the recorded sensor signals due to a wide range of impact
simulation. The impacts consisted of a range of mass (small mass such as debris impact and
large mass such as tool drop), velocity and impact locations (from inside and outside the panel,
at the foot of the stringer, under/over the stiffener, in the bay). The details of the numerical
simulations can be found in [1]. Once the ANN is trained, the performance of the network is
evaluated through a new set of data called the test set. The parameter which has been used to
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represent each network’s performance is the PoD function. The evaluation of the PoD follows
[21] by defining the error function as the Euclidean distance between the predicted location
(xp, yp) and the actual location (xa, ya) of each impact i belonging to the test set:

ei =
√
e2ix + e2iy (1)

where eix is the error in x−direction while eiy is the error in y−direction. The PoD function
follows a Gaussian distribution and is generated by Monte Carlo approach including the uncer-
tainties in the ToF of the simulated sensor data. The uncertainties in the ToF of the signals
can be represented by two different noise distributions: δ1 and δ2, respectively which are two
independent Gaussian variables with zero mean and standard deviation σ1 and σ2. The for-
mer is defined as the noise related to the error introduced by variation in material properties
and geometrical tolerances (either numerical or experimental), while the latter is related to the
noise introduced by the instrumentation (cross-talk, background noise) and/or environmental
conditions (temperature, humidity). The probabilistic description of the measured ToF in the
ith sensor can be expressed as:

tmk
= tck + δ1 + δ2 (2)

where tmk
and tck are the measured and computed ToF in the kth sensor, respectively. The

computed ToF is obtained from the signals simulated by the FE analysis.

2.2 Optimization formulation: Bayes’ theory

To find the optimal sensor positioning, different techniques can be applied. When the size of
the optimization problem is large, exhaustive search is not a realistic option. In this work GA
is applied to deal with the dimensionality of the problem. GA is a global probabilistic search
algorithm inspired by natural selection principle. GA starts with an initial population (i.e.
sensor networks) and for each iteration, it calculates the performance of each sensor network.
For the next iteration, the new population of N individuals is generated from the previous
number of individuals by retrieving ne ’elite’ individuals, by ’mutation’ with probability pm and
’cross-over’ pc percentage of parents. In this work, at every iteration of the GA optimization,
to calculate the performance of each individual sensor network, individual ANNs are developed
and evaluated. The input to each ANN is the ToF of the recorded sensor signal. Uncertainty in
the measured ToF, tmk

is included for k = 1, . . . , Ns (Ns being the total number of sensors).
The likelihood function for ToF of any k sensor can be expressed as:

p(tmk
| x, µk, σ

2) =
1√
2πσ2

exp

[
− 1

2σ2
(tmk

− tck)
2

]
(3)

where x gives the position of the impact, µ the mean of the distribution and σ2 = σ2
1 + σ2

2 the
total variance. The mean value can be assumed to be equal to the computed ToF. Using Bayes’
theorem, the likelihood function can be related to the posterior probability distribution function
(PDF) and the prior distribution via the following relation:

p(xi | tmk
) =

p(tmk
| xi) p(xi)

p(tmk
)

(4)
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The optimal sensor configuration can then be formulated as a minimization problem by solving
the following problem:

min
s∈S

p

[⋃
i∈I

(xi | ei > eiT )

]
(5)

where s is a vector of all sensor readings, I is the number of impacts each located at xi, with
ei, representing the error between the actual and the predicted impact location. The vector
eT represents a threshold value representing the acceptable performance of the SHM system to
detect the impact which can be given in terms of distance. The minimization given in Eq. 5
means that the optimal sensor configuration is reached by minimizing the probability of not
detecting an impact occurring at location xi. As the impact events are independent, the above
problem can be stated as:

1

I
min
s∈S

∑
i∈I

p [(xi | ei > eT )] (6)

By applying the Bayes’ theorem we obtain:

min
s∈S

∑
i∈I

[1− p (ei ≤ eT | xi)] p(xi) = min
s∈S

∑
i∈I

[1− PoDi] p(xi) = min
s∈S

J(eT ) (7)

where PoDi = p (ei ≤ eT | xi) is the probability that the impact occurring in xi is predicted
with an error ei ≤ eT . If the ToA measurements are assumed to obey Eq. 3, then p (ei ≤ eT | xi)
is the conditioned marginal probability of p

(
ei ≤ eT ,xi, σ

2
)
, i.e.:

p (ei ≤ eT | xi) =
p (ei ≤ eT ,xi)

p(xi)
=

∫∞
−∞ p

(
ei ≤ eT ,xi, σ

2
)
dσ2

p(xi)

=

∫ ∞

−∞
p
(
ei ≤ eT | xi, σ

2
)
p(σ2)dσ2 (8)

The prior probabilities p(xi) and p(σ2) are the probabilities of impact occurrence on the certain
type of the structure and its variation. For example for part of an aircraft, this information
can be obtained from the fleet. The integral in Equation (8) can be computed numerically by
imposing σ2 to vary in a fixed pre-defined interval. The PoDi term can be computed following
a Monte Carlo approach and by assuming the Gaussian variation of the ToF in each sensor.

If the probability of faulty sensors is defined by p(Ms), with Ms being the pre-defined num-
ber of faulty sensors, then the optimal sensor combination can be searched by minimizing the
probability of not detecting an impact an impact located at xi (i.e., ei > eT ):

min
s∈S

p (xi | Ms, ei > eT ) (9)

where s is a vector identifying the chosen sensor network from the set S containing all of the
possible combinations of Ns. The optimal sensor combination can be searched among a chosen
set I of impacts:

min
s∈S

p

[⋃
i∈I

(xi | Ms, ei > eT )

]
(10)
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As the impact events are independent:
1

I
min
s∈S

∑
i∈I

p (xi | Ms, ei > eT ) (11)

By applying Bayes’ theorem and assuming that the impact and the sensor failure are independent
events, we have:

min
s∈S

∑
i∈I

p (ei > eT | xi,Ms) p(xi)p(Ms) (12)

and therefore:

min
s∈S

∑
i∈I

[1− p (ei ≤ eT | xi,Ms)] p(xi)p(Ms) (13)

Analogously to what has been proposed in the previously, the marginal probability in Equa-
tion (13) can be expressed as:

p (ei ≤ eT | xi,Ms) =

∫ ∞

−∞
p
(
ei ≤ eT | xi, σ

2,Ms

)
p(σ2)dσ2 (14)

If PoDi,Ms(x) indicates the probability to detect an impact at xi for a given number of possi-
ble failed sensors Ms and a given probability distribution of the ToF measurements, then the
minimization process assumes the following expression:

min
s∈S

∑
i∈I

[1− PoDi,Ms(xi)] p(xi)p(Ms) = min
s∈S

J(eT ,Ms) (15)

The terms p(xi), p(Ms) and p(σ2) represent the prior probabilities of having an impact at
location xi, having Ms number of possible failed sensors and having a certain variance in the ToF
distribution, respectively. In the next section, the proposed Bayesian optimisation is applied to
a composite stiffened panel.

3 Application to Composite Stiffened Panel

The proposed Bayesian optimisation has been applied to a composite stiffened panel made of
unidirectional and woven carbon/epoxy to find the optimal sensor positions. The geometry of
the panel (2045 mm by 1070 mm) is shown in Figure 2. The response of the panel under impact
events has been modelled numerically. A non-linear FE model of the panel was developed in
ABAQUS and used to simulate impacts at various locations. A total of 300 PZT sensors were
modelled to record the impact generated signals at 50 mm intervals, shown by small rectangles
in Figure 2. The plate was meshed using 2 mm general purpose shell elements. More details on
the numerical modelling of the impact events can be found in [2].

A total of 1265 impacts of different masses (a large mass and a small mass simulating a tool
drop and a hail impact), velocity and various locations were carried out to develop a library of
all possible impact scenarios on the stiffened panel. To reduce the dimensionality of the problem,
in the optimization analysis, 45 possible sensor locations have been considered (as depicted in
Figure 3), and the search is carried out to find the best 4 sensor location with and without the
probability of sensor failure included. First, the optimization was carried out to find the best
four sensor network. The parameters used for the GA are the following:
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Figure 2: Composite stiffened panel with all possible sensor locations

(a) Ncy = 500 the number of cycles to generate the best ANN;

(b) Psd = 3σ the width of the Gaussian distribution;

(c) εt = 10−10 the strain threshold at which the ToA is computed;

(d) NMC = 1000 the number of samples generated in the Monte Carlo approach;

(e) eT = 50 mm provides the measure of the error in the impact localization prediction above
which the impact is considered as “not detected”.

An initial population of N = 200 individuals is set. At each iteration of the GA, a new
population of N individuals is generated from the previous one by retrieving nc = 4 elite
individuals, mutating with 20% probability and by cross-over of 80% of the parents. A special
cross-over operation, as described in [20], was developed to avoid repeated sensors in the child.
Furthermore p(xi) and p(Ms) are assumed to have uniform distributions. The optimal 4-sensor
network as a result of the optimization and its performance are listed in Table 3. It can be
seen that the best performance is achieved when the sensors are placed at the corners of the
plate [1-4-41-45], maximizing the coverage area as expected. To validate that the chosen sensor
combination is indeed the optimal one, its performance has been compared to similar sensor
combinations with similar coverage areas. The results in Table 3 show that the performances
of the sensor networks are very similar, but the optimal one is slightly higher. Furthermore,
as expected, their performance deteriorates quickly with increasing the probability of failed
sensors. The minimum number of sensors required to triangulate the location of the impact
is three, therefore it is reasonable to see that the performance of the ANN drops significantly
when the number of failed sensors is increased from Ms = 1 to 2 which means only two sensors
are active. The way the sensor failure is included in the evaluation of the performance of the
trained ANN is that once a faulty is detected (for example by measuring the Electro-Mechanical
Impedance response [23]) then, the faulty sensor is removed from the network and the remaining
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1 2 3 4

5 6 7 8 9
10 11 12 13

14 15 16 17 18
19 20 21 22

23 24 25 26 27
28 29 30 31

32 33 34 35 36
37 38 39 40

41 42 43 44 45

Figure 3: Stiffened panel with forty-five possible sensor locations.

sensors are used to detect the location of the impact. The next validation example was to give
part of the stiffened panel higher probability of impact occurrence to evaluate its effect on the
optimal sensor distribution.

Table 1: Performance of the sensor networks with and without probability of sensor failure

Sensor Combination
Performance (%), Performance (%), Performance (%),

Ms = 0 Ms = 1 Ms = 2

[1-4-41-45] (optimal) 83.1 74.1 9.6
[1-9-41-45] 82.8 73.8 10.2
[4-5-41-45] 82.8 73.8 9.3

The non-uniform probability is defined by assuming that it is more likely to have impacts
near the top-left corner zone (in an area equal to the half of the entire panel), as presented in
Figure 4. The optimal solutions are depicted in Figure 5.

For the uniform distribution of p(x), the optimization process locates the sensors close to
the corners (see Figure 5a). On the contrary, the optimal solution with the non-uniform prior
probability has one sensor closer to the area with higher probability of impact (see Figure 5b).
The other three sensors remain in the corner position as the lower probability is set equal to
0.2. Decreasing such a probability would move the three corner sensors towards the top-left
area. The performances of the two (uniform and non-uniform) optimal combinations provided
in Figure 5(for Psd = 10%µ, εt = 10−10, eT = 45 mm) are:

- Network [1-4-41-51]: It’s performance=70% with uniform probability and 65% with non-
uniform probability of impact occurrence;

- Network [1-25-41-45]: It’s performance=62% with uniform probability and 72% with non-
uniform probability of impact occurrence;

The results validates that the optimal sensor network resulting from including non-uniform
prior probability of impact occurrence in the optimization algorithm does indeed have a better
performance compared to the performance of the optimal network assuming uniform probability.
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Figure 4: Non-uniform prior probability p(x) considered in the example depicted in Figure 5(b). x−
and y− coordinates in millimetre.

(a) (b)

Figure 5: Best four-sensor combination. Uniform probability (a); non-uniform probability (b).

4 Conclusion

In this work, a Bayesian probabilistic approach has been proposed for optimal sensor po-
sitioning for impact detection using PZT transducer surface mounted onto the structure. The
focus of the work has been application to real structure under operational conditions. Therefore,
the novelty of the proposed algorithm is to include: (i) uncertainty in the recorded sensors data
(which are used as inputs to the detection algorithm), (ii) probability of one or more sensors
failing during operation and (iii) non-uniform probability of impact occurrence.

The impact detection methodology adopted in this work is the meta-models based on ANN
whose performance is the fitness function input to the optimization. The developed strategy was
then tested on a composite stiffened panel, modelled numerically to simulate a large database of
impact scenarios. The optimization was then applied to the stiffened panel with and without sen-
sor failure probabilities and with uniform and non-uniform probability of impact distributions.
The results clearly indicated that including sensor malfunctioning in the optimisation procedure
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(to increase the reliability of the SHM system) results in a different optimal sensor location. In
addition, the number of malfunctioning sensors influences their optimal placement. Therefore,
it is very important that the designers of the SHM system define the rate and the probability of
sensor malfunctioning a priori and include them in the optimisation algorithm. Lastly, that the
optimal sensor location changes when different probabilities of impact occurrence are defined for
the same structure, and it increases the overall probability of impact detection when considered
in the optimisation strategy.
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Abstract. Structural health monitoring (SHM) systems are necessary to achieve smart pre-
dictive maintenance and repair planning as well as they lead to a safe operation of mechanical
structures. In the context of vibration based SHM the measured structural responses are em-
ployed to draw conclusions about the structural integrity.

This usually leads to a mathematically inverse problem which needs regularization. The
restriction of the solution set of this inverse problem by using prior information about the
damage properties is advisable to obtain meaningful solutions. Compared to the undamaged
state usually only a few local stiffness change occur while the other areas remain unchanged.
This change can be described by a sparse damage parameter vector. Such a sparse vector can
be identified by employing L1-regularization techniques.

This paper presents a novel framework for damage parameter identification by combining
sparse solution techniques with an extended Kalman filter. In order to ensure sparsity of the
damage parameter vector the measurement equation is expanded by an additional nonlinear
L1-minimizing observation. This fictive measurement equation accomplishes stability of the
extended Kalman filter and leads to a sparse estimation.

For verification, a proof-of-concept example on a quadratic aluminum plate is presented.
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1 INTRODUCTION

Structural health monitoring (SHM) is developed in order to ensure a safe operation of
mechanical structures and to reduce life cycle cost by replacing schedule-driven inspections by
Condition-Based Maintenance (CBM). One major task of SHM systems is the detection and
identification of damage in an early state of structural damage evolution. For vibration-based
SHM an integrated sensor network is required to measure the structural vibration excited either
by an artificial or a natural source, e.g. wind and traffic loads. By means of the integrated sensor
system the effect of the damage on the structural vibration response can be measured. Now,
SHM systems need smart data processing algorithms in order to draw back conclusions about
the exact cause for the measured effect. Thus, vibration based damage identification can be
seen as the inversion of the principle of cause and effect. This leads in praxis to a mathematical
inverse problem. If there are many causes which will lead to the same measurable effect, the
inverse problem is additionally ill-posed. Ill-posedness means that that either the existence, the
uniqueness or the stability of the solution is violated.

In the last decades many methods have been developed and a considerable amount of litera-
ture has been published on the inverse problem of structural damage identification, an overview
on this topic can be found for example in [1, 2]. Damage identification techniques can be
classified as frequency or time domain or time-frequency domain methods. Classical frequency
domain approaches consider the changes of the natural frequencies, modal damping and mode
shapes due to damage. As these quantities provide information on a global level, they are of-
ten insensitive to small local structural damage. Especially if only lower structural modes are
used. In the medium or higher frequency range problems may occur to identify these modes
since this requires a very dense sensor network. Therefore, time domain approaches seem to be
comfortable for structural damage identification.

Several time domain approaches have already been proposed, such as least-squares estimation
methods [3, 4] or methods using particular filters [5, 6]. For the latter the extended Kalman filter
(EKF) is the most well-known system parameter estimation method [7, 8]. EKF-based system
parameter identification belongs to the class of model-based approaches. Here, an undamaged
reference model is tested against the actual system in each filter step. In the filter process
the state vector of the Kalman filter equations is typically augmented [8] or sometimes even
replaced [9] by the system parameter to be estimated. By making use of the input-output
signal an estimation of the system parameters is obtained in each filter step. Even so the
original Kalman filter is known as optimal linear filter, EKF-based damage identification is still
facing some challenges, e.g. high computational effort for complex structures and intrinsic ill-
posedness of the inverse problem [10]. To overcome ill-posedness usually the damage parameter
space is reduced by considering only damage hot spots or by a drastic increase of the sensor
number. In order to perform damage monitoring on the whole structure and to keep the required
number of sensors low, a sparsity constrained extended Kalman filter concept is proposed in this
contribution.

Therefore, a priori information about the damage properties is used to solve the inverse
problem and to obtain meaningful solutions. For example, cracks can be interpreted as spa-
tial singularities, which cause only a very local structural stiffness reduction. Thus, a system
parameter vector which describes the change in structural stiffness has only a few non-zeros
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elements corresponding to the actual damage location. Such a vector is called sparse. In many
fields of applied mathematics L1-regularizing techniques have been proven to promote such kind
of sparse solutions (e.g. Compressive Sensing [11, 12]). The proposed damage identification
method links the concept of L1-regularization with extended Kalman filter by expanding the
measurement equation by an additional nonlinear L1-minimizing observation.

The paper is structured as follows: Section 2 describes the L1-minimizing sparse solution
strategy for inverse problems. The problem of damage parameter estimation using a non-linear
state-space description is formulated in section 3. In section 4 the concept of sparse solution
is incorporated in the extended Kalman filter concept. A proof-of-concept simulation study
is carried out in section 5. Here the functionality of the proposed identification method is
demonstrated by analyzing different damaged scenarios on a quadratic aluminum plate structure.
Finally, concluding remarks are presented in section 6.

2 SPARSE SOLUTION OF INVERSE PROBLEM

Most ill-posed inverse problems can be formulated by a linear algebraic equation system of
the form:

y = H ·A (1)

or can be transformed into such a system. In Eq. (1) y ∈ R
M is a vector which contains

all measurable output information and A ∈ R
N all possible causes. The transition matrix

H ∈ R
M×N describes the linear effect-causes relationship. If the dimension of y is smaller than

the dimension of A (M < N) the linear system of equation is called underdetermined. In this
case Eq. (1) has an infinite number of possible solutions, which means an infinite number of
different causes will result in the same effect. The challenge of solving such an equation system
is the determination of the right one.

In order to close the gap of information and to obtain a solution additional constraints Ω (A)
need to be formulated, which regularize the problem. The most common regularization is the
Tikhonov-Regularization [13],

Â2 = argmin
A∈RN

{
�y −H ·A�22 + λ �A�22

}
. (2)

with the constraint Ω (A):

Ω (A) = �A�22 and �A�2 =

√∑
i

A2
i (3)

Here, the solution of Eq. (1) is generated via an optimization problem. The constraint can be
interpreted as additional information which regularize the inverse problem and forces the L2-
norm of the solution vector Â2 to be minimal. Furthermore, for Tikhonov-Regularization y is
not necessarily equal H ·A so that the solution is stabilized if y is polluted by noise. However,
for most applications the choice of L2-minimization as constraint is not suitable to close the gap
of information and to obtain meaningful results.

In recent years, new reconstruction strategies for solving underdetermined linear systems of
equations have been proposed, pushed forward by the developments in the field of Compressive
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Figure 1: Comparison of L2- and L1-regularization of underdetermined equation systems

Sensing (CS) [11, 12]. For these reconstruction methods it is assumed that the solution vector
has just a few nonzero elements or can be transformed to such a sparse vector by using some
other coordinate spaces. This assumption holds for most vectors which describe some real world
phenomena (e.g. images, sounds, forces); the elements inside such vectors are not completely
arbitrary and have some kind of internal structure. Such a structure is always used for com-
pressing data, e.g. wavelet transformation of images or Fourier transformation of sounds. So the
information carried by these vectors is mostly a lot smaller than the dimension of the vectors
itself suggests. However, it is not known in advance known which elements are nonzero, but the
information that the solution vector is sparse can be included as additional information in the
reconstruction strategy [14].

The number of nonzero elements s inside the vector A can be expressed by means of the
L0-norm

s = �A�0 = |supp (A)| , (4)

where supp (A) := {i : Ai �= 0} denotes the support set of the vector A and |◦| the cardinality
of this set. If the dimension N of the vector A is much bigger than the number of nonzero
elements s (N ≫ s), then A is a sparse vector.

The sparsest solution which agrees with our measurements could be obtained by minimizing
the following expression:

Â0 = argmin
A∈RN

�A�0 subject to y = H ·A (5)

Unfortunately, solving Eq. (5) requires a combinatorial search, which makes it nearly impossible
to solve computationally. Under the assumption of a sparse solution, e.g. in [12] is shown shown
that by replacing the L0-norm with the L1-norm almost the same solution can be obtained as
solving Eq. (5):

Â1 = argmin
A∈RN

�A�1 subject to y = H ·A (6)
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The L1-norm is the sum of all absolute values of the vector entries Aj ,

�A�1 =
∑
j

|Aj | . (7)

Eq. (6) is now a convex optimization Problem which can by solved be some linear programming
techniques. The reason why L1-regularization also delivers sparse solutions, is illustrated in
Fig. 1. It can be seen that L2-regularization leads to a solution closest to the origin while
L1-regularization finds a solution on the coordinate axes, with just a few nonzero elements.

3 PROBLEM STATEMENT

In general, the dynamics of a nonlinear, time-varying structure can be described similar to
[2] as:

M (Θk,xk, k) ẍk + g (Θk,xk, ẋk, k) = uk (8)

Θk+1 = Γ (Θk,xk, ẋk, k)

yk = h∗ (Θk,xk, ẋk, k)

The first line of Eq. (8) is the nonlinear equation of motion in discrete time domain tk = k∆t, k ∈
N. M (·) ∈ R

m×m is the mass matrix and g (·) ∈ R
m the force vector of elastic and damping

forces. These can depend on the nodal displacement x ∈ R
m, the nodal velocity ẋ ∈ R

m and the
time step k. The damage parameter Θ ∈ R

p describes the change of structural integrity (loss of
stiffness, loss of mass, etc.) by location and damage extent. For Structural Health Monitoring
this is the parameter which needs to be reconstructed. Moreover, the damage parameter Θ
usually has also influence on the equation of motion. u ∈ R

m is the vector of the external acting
loads on the structure. The number of degrees of freedom (DOF) is m. The nonlinear function
Γ (·) ∈ R

p describes the evolution of the damage parameter in the second line of Eq. (8). The
third line of Eq. (8) is the measurement equation which links the model quantities (displacement,
velocities and system parameters) with the output y ∈ R

n of the measurement device by means
of the function h∗ (·) ∈ R

n. The number of measurements equals n.
Mostly the evolution of the damage parameter Θ and the structural dynamic vibrations occur

on two different time scales. Compared to the structural vibrations, the evolution of damage is
a rather slow process. Thus, the damage parameter Θ seems to remain constant during a short
time span of data acquisition [2].

Now, a state space model can be defined, in which the unknown damage parameter vector is
the state vector. The evolution of it is modeled by a Gaussian Markov process, also called as
random walk process [9]

Θk+1 = Θk +wk (9)

yk = h (Θk, [U]k ,x0, ẋ0, k) + vk ,

where wk ∈ R
p is zero-mean white process noise with covariance Qk, wk ∼ N (0,Qk). Here, the

measurement equation in the second line is defined slightly different as above. Unlike Eq. (8), the
output measurement data are obtained depending on the initial nodal displacement and velocity
x0 and ẋ0 and vector [U]k = [u1, u2, . . . , uk]

T , which describes the external load input from
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the time step k = 1 to the current time step k. So the equation of motion is implicitly included
in the nonlinear measurement equation h (·) ∈ R

n. vk ∈ R
n represents the measurement noise

with covariance Rk, vk ∼ N (0,Rk). For reasons of clarity and without loss of generality, in the
remainder of this paper it is assumed that x0 = 0 and ẋ0 = 0.

4 EXTENDED L1-MINIMIZING KALMAN FILTER

In the following, the concept of L1-minimizing sparse reconstruction is incorporated into an
extended Kalman filter framework. Loffeld et al. were the first to propose an L1-minimizing
Kalman filter approach for solving underdetermined sparse problems [15]. Here, this idea is
adopted to stabilize the extended Kalman filter parameter estimation process for a large damage
parameter space p and a low number of sensors n.

Structural damages due to e.g. cracks can often be interpreted as spatial singularities, as
they lead to a stiffness reduction in a very local area of the system rather than a global stiffness
reduction. Thus, it can be assumed that the unknown damage parameter vector Θ is sparse.
The sparsity will be considered as a constraint, which will be part of the state space model as
an additional, nonlinear observation. It is promoted by the L1-norm of the state vector:

ŷk = γk = �Θk�1 =

p∑
j=1

|Θj,k| (10)

Starting from γ0 = �Θ0�1 the fictive measurement γk can now successively be decreased in each
time step k by a scaling factor α < 1,

γk+1 = α �Θk�1 (11)

The scalar Eq. (10) pushes down the L1-norm of the state vector and thus leads to a sparse
estimation of Θ. The now obtained augmented observation vector ỹk reads as follows:

ỹk =

[
yk

γk

]
=

[
h (Θk, [U]k , k)

�Θk�1

]
+

[
vk

νk

]
(12)

νk ∈ R reflects the uncertainty of the additional L1-minimizing observation equation.
For estimating the states of the now obtained nonlinear state space model an extended

Kalman filter (EKF) is used. The EKF linearizes the nonlinear model in each time step around
the a posteriori estimated state vector, using a first-order Taylor series approximation. After
linearization the traditional prediction-correction algorithm of the Kalman filter can be applied.

Starting from the initial conditions Θ̂0|0 and P0|0, a forecast of the state is made in the
prediction step:

Θ̂k|k−1 = Θ̂k−1|k−1 (13)

Pk|k−1 = Pk−1|k−1 +Qk

In the corrector step the actual measurements yk and the fictive measurements ỹk are considered
and compared with the prediction. The residual ∆ỹk is weighted by the Kalman gain matrix
Kk and added to the prediction Θ̂k|k−1:

6
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Figure 2: Node numbering of the finite element plate model; node 31, 54, 63, 99 and 101 are acceleration
measurement positions; node 67 is the structure excitation position

∆ỹk = ỹk − h
�
Θk|k−1, [U]k , k

�
(14)

Kk = Pk|k−1H
T
k

�
HkPk|k−1H

T
k + R̃k

�−1

Θ̂k|k = Θ̂k|k−1 +Kk∆ỹk

Pk|k = (I−KkH)Pk|k−1

For the proposed damage parameter estimation strategy only the measurement equation is
nonlinear and needs to be linearized:

Hk =




∂h(Θk,[U]k,k)
∂Θ

����
Θ=Θ̂ k|k−1

∂�Θk�1
∂Θ

���
Θ=Θ̂ k|k−1


 (15)

The derivative of h (·) with respect to Θ is approximated by the finite difference method. The
Jacobi matrix of the L1-minimizing constraint

∂ �Θ�1
∂Θ

=
�
∂�Θ�

1

∂Θ1

∂�Θ�
1

∂Θ2
· · ·

∂�Θ�
1

∂Θp

�
, (16)

can be obtained by:

∂ �Θ�1
∂Θj

=
Θj

|Θj |
(17)

The determination of the partial derivative in each time step k is computationally very expensive.
In order to save computing time, this can be performed just in every second or third step. This
also helps to stabilize the filter process in the beginning.
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Figure 3: Damage identification result; left: evolution of damage parameter no. 81; right: estimated
stiffness reduction for all elements at the end of simulation time

As usually structural damage has no direct impact on the measurements at the same specific
time step k, it is advisable to extend the physical measurement yk and to process a bloc of l
physical measurements in each Kalman filter step:




yk

yk+1

yk+2
...

yk+l



= hl (Θk, [U]k , k, l) + vl

k (18)

By this en bloc processing, the filter is no longer operating in real time but with a time lag
tl = l∆t in the past.

5 PROOF OF CONCEPT

In order to demonstrate the functionality of the proposed damage identification strategy a
proof of concept simulation study is performed. The observed mechanical structure is a simple
square aluminum plate of 1m × 1m edge length and 2mm thickness. The structural dynamics
of the plate due to external forces are described by a finite element model. The plate is modeled
by 121 quadratic shell elements and 144 nodes (each with 6 degrees of freedom), see Fig. 2.
The employed structural responses are simulated acceleration measurements perpendicular to
the plate plane. The obtained simulated measurement signals are low-pass filtered by a cut-off
frequency of 200Hz. Thus, for damage detection only the low frequency content of the time
signals is employed. White Gaussian noise, with a standard deviation of three percent of the
maximum measurement value, is added to the simulated outputs to imitate real acceleration
measurement data. Throughout all investigations shown in this paper, only five accelerometers
are used.
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Figure 4: Comparison of damage parameter estimation; left: Kalman filter estimation without additional
L1-observation; right: Estimation result with L1-minimizing observation

A widely used approach to introduce structural damage on a substructure or element level
which represents the changes of the structural stiffness ∆K compared to a reference model K0

is:

∆K =
∑
j

KjΘj , (19)

where Kj is the jth substructure or element stiffness matrix, respectively. By determination of
the unknown correction parameters Θ = [Θ1, Θ2, . . . , Θp] the damage can be localized and
quantified.

In a first simulation study the stiffness of element no. 81 has been decreased by 20%. The
plate structural vibration is excited by an impulse force load perpendicular to the plate surface
at node no. 67 of known time history. The obtained simulated acceleration time data are now
used for structural damage identification. Fig. 3 shows the identification result. On the left
hand side the evolution of the damage parameter corresponding to element no. 81 is plotted
over time. It can be seen that starting from initial conditions (all damage parameters zero) the
parameter of the damage element tends to the true value of stiffness reduction. The plot on the
right hand side shows that for all the other elements the corresponding damage parameters are
close to zero. So the damage is localized and quantified.

Fig. 4 compares the damage parameter estimation results for the proposed extended Kalman
filter method with and without additional L1-minimizing observation. It is obvious that no clear
damage estimation result can be achieved without L1-minimizing observation. Even though the
reconstructed damage parameter error for the damage element no. 81 is not too big, many more
element stiffness changes (reduction and increase) are identified. On the other hand it can be
clearly distinguished between damaged and undamaged elements if the additional observation
is employed, as L1-minimization promotes this sparse solution.
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Figure 5: Multiple Damage Scenarios both identified with additional L1-observation: two damaged
elements no. 63 and no. 81; right: three damaged elements no. 37, no. 63 and no. 81

In a next step a multiple damage scenario is investigated. Here the plate structural damage
is modelled by a stiffness reduction of various elements with different amount. Which means
the damage parameter vector needs to be slightly denser than in the case of a single element
stiffness change.

Fig. 5 shows the damage identification results at the end of simulation time for two and three
damaged elements. In both cases a similar clear damage identification as before is obtained. In
Fig. 6 a damage scenario is simulated and reconstructed in which a bigger area is damaged by
means of an element stiffness reduction. In the left part of the figure the true damage pattern is
shown. The identified damage pattern on the right hand side agrees with the true one. Beside
the actual damage elements, only a few other elements show a negligible stiffness change.

6 CONCLUSION

In this contribution a new time domain method for damage detection has been proposed.
The properties of damage are employed in order to use sparse reconstruction strategies for
the upcoming ill-posed inverse problem. Sparsity of the estimated damage parameter state
vector is ensured within the extended Kalman filter by adding a fictive non-linear L1-minimizing
observation.

It has been shown that the proposed reconstruction method is able to determine the damage
location and the damage extent simultaneously. In contrast to the extended Kalman filter
process without additional L1-observation a clear damage pattern is obtained. This was shown
for single damage scenarios as well as for multiple damage events. Considering the damage
parameter space of size 121 in the demonstrated study, the number of sensors using only five
accelerometers is significantly lower than the parameter space.
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Figure 6: Damage identification result for bigger damaged areas; left: true damage pattern; right:
estimated damage pattern
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Abstract. Damage localization in structures can be achieved by using an appropriate data
interpretation algorithm based on the expected structural response. According to the several al-
gorithms reported in literature, a different degree of accuracy is obtained according to complexity
requirements. This paper presents a hybrid algorithm approach as alternative to combine some
of the reported methods by employing an ensemble architecture. Thus, this damage assessment
algorithm integrates advantage of individual techniques in order to increase the performance
of the whole expert system. The proposed architecture employs a network of piezoelectric de-
vices to produce guided waves along the structure. The traveling of guided waves is affected
by damage producing scattering, reflection and mode conversion, which can be characterized
with statistical processing and pattern recognition methods. In this paper, supervised learning
by means on ensemble learning, cross-correlation features, and PCA statistical indices are com-
bined for locating damages. An experimental validation is conducted on an aircraft turbine blade
structure instrumented with an array of piezoelectric devices (PZT), where it is demonstrated
the potential of the methodology to significantly enhance localization tasks
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1 INTRODUCTION

Laminate metallic structures can be found at different application areas as aeronautical, naval
and civil industries. For example wings in aircraft, ship hulls, domes, turbine blades, which are
exposed to different kinds of damages as corrosion, cracking, and impacts. Thus in recent years
different Structural Health Monitoring(SHM) tecniques using guided waves and activated and
sensed by means of piezoelectric devices has been proposed to assess the current structural state.
Under this principle different methodologies have obtained a high performance for detecting
damages [1, 2, 3], but also different works have demonstrated progress on damages localization,
for example in [4], a PZT sensors network was used for estimating the damage location, [5] used
the signal envelope for estimating wave group velocity through time of flight (TOF) and with
that location a different damages as crack, hole, clamp, while in [6] the Total Focusing Method
is used to locate damages by using the TOF of a guided wave generated by means of PZTs
on a aluminium square plate. On other hand, ensemble learning is a computational technique
whose main property is its capacity to combine adequately different models, classifiers or types
of features ([7, 8]). Different variations of ensemble learning have reported, where different
taxonomies are used. For example [9, 10, 11] use multiple models, while [12] combines classifiers,
[13] proposes committee of experts and [14] classifier fusion. This is because philosophy of
ensemble learning is not only the combination of classifiers but also of different models, types of
features, methods or any other combination that allow to improve the estimation [15, 16, 17].
Thus, ensemble learning could be an adequate technique for locating damages on laminate
structures by combining different baseline models obtained when an array of several piezoelectric
devices are attached to laminate structures, which is the purpose of this paper.

2 CONCEPTUAL FRAMEWORK

The structural damage assessment methodology proposed in this paper is based on three
main methods: Piezo-diagnostics, Principal Component Analysis (PCA) and Ensemble Learning
(EL). This section contains the theoretical concepts related to PCA feature extraction involved
in the piezo-diagnostics technique which is used as approach for characterization of guide wave
travelling along the structure. Also, the procedure to obtain reliable regression models for
locating damages by means of Ensemble Learning and PCA features is described.

2.1 Piezodiagnostics

Piezodiagnostics technique can be considered as a structural health monitoring approach,
where damage assessment is achieved by analyzing structural response from guided waves ob-
tained by means of PZT transducers [?]. Several works reported in literature are based on
guided wave analysis by using PZT devices, which have been demonstrated to be useful for
damage detection and location with different precision degrees and sensitivity. In this work, a
piezoelectric active system is implemented to obtain measurements, where Principal Component
Analysis is used as statistical method to characterize the their signatures.
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2.2 Principal Component Analysis (PCA)

Previous works have demonstrated the effectiveness of using features computed by applying
Principal Component Analysis to piezoelectric measurements in order to characterize the struc-
ture signature [3, ?, 18]. Thus, statistical damage indices are computed from PCA features,
which allows the detection of damages. The application of PCA comprises baseline model build-
ing and damage indices estimation. The baseline model is built by applying PCA to a baseline
matrix X formed by m rows of repeated experiments of the undamaged state and n columns of
signals time samples. Thus, undamaged measurements are represented in the reduced space of
principal components according to equation 1.

X = TP ′ + E = model + noise (1)

The model in 1 belongs to a new reduced space of coordinates with minimal redundancy, based
on the variance / covariance of PZT measurements from pristine condition. T is the projection
to the reduced space, P is a linear transformation matrix that relates the data matrix X in the
new coordinates and denotes the principal components (eigenvectors). The noise E−matrix is
the part of X that is not explained by the model and describes the residual variance neglected by
the statistical model. The singular values λ obtained from PCA decomposition are the respective
variances of the reduced-space. Damage detection is achieved by means of statistical indexes with
high sensitivity to model deviations. In this case, two widely used indexes (T 2 and Q−statistic)
are computed. T 2 statistic is a variation measurement of each experiment within the statistical
PCA model (undamaged model) and Q−index is the squared 2-norm that measures deviations
of the experiment respect to the lower-dimensional PCA representation. Reader is refered to [3]
to see details about PCA framework and its calculation. These statistical indices are used both
to detect the damage and as feature inputs for the supervised location algorithms based on EL.

2.3 Ensemble Learning

Ensemble Learning (EL) is a computational technique that potentiates the advantages and
minimizes the limitations of different learning algorithms by combining several procedures [7],[8].
In EL a robust model is obtained by exploiting features diversity and multiple model generaliza-
tion in order to obtain a better response than individual algorithms. In this work, an ensemble
learning scheme is evaluated with the purpose of obtaining a precise damage location system by
combining different algorithms. Figure 1 shows the concept of EL, where the feature inputs are
processed and manipulated by multiple learning algorithms organized in a cascading scheme.

According to Figure 1, the selected topology and taxonomy of the EL corresponds to a
boosting method. It constructs models in an iterative manner, where new models learn to fix
the prediction errors of a prior model in the chain. Thus, boosting ensemble algorithms creates
a sequence of models that attempt to correct the mistakes of the models before them in the
sequence. The LSBoost boosting algorithm which stands for least squares boosting, is used to
fit regression ensembles by minimizing mean-squared error [19]. Also, in Figure 1 it is remarked
that EL requires to define a combination strategy (fuser) in order to obtain the final diagnostic
decision. In this sense, the final output prediction is produced on the concept of weighted average
according to the performance of ensemble models across the predictions of all of the sub-models.
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Figure 1: Ensemble Learning Approach

3 Damage localization based on Ensemble Learning

The proposed methodology consists of detecting and localizing damages in laminar struc-
tures by using statistical indices obtained from Principal Component Analysis (T 2 and Q) and
regression models obtained by means of ensemble learning. The guided wave principle is applied
by using an array of PZTs devices attached around the monitored area.

3.1 Damage detection

Damages detection stage is based on the computation of T 2 vs Q statistical indices of current
guided waves generated along the structure by means of a PZT active system. To achieve the
goal, the following steps are carried out (see figure 2).

Figure 2: Damage detection stage

3.1.1 Guided wave generation and sensing

An array of PZTs is attached to the laminar structure such that the monitoring interest
area want to be covered. The instrumentation is configured to excite every PZT by means of
a high frequency k-pulse burst tone and to sense in the others ones (each PZT activation is
denominated actuation phase). Thus, wave guided are recorded at each PZT when everyone of
the other PZTs act in a separate way.
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3.1.2 Data preprocessing

This step consists of conditioning data by using: i) De-trending analysis, ii) Cross correlation
analysis between every sensed signal and actuation signal, and iii) Group Scaling (GS).

i Initially, linear trends are removed from piezo-electrical measurements due to artefacts
noise and low frequency disturbance.

ii Then, cross correlation analysis is applied to exclude common external noise signals and
to obtain a better separation boundaries for damage conditions. Thus, actuation and
sensing signals are previously correlated to apply principal component analysis (PCA).
The cross-correlation function between two signals x(t) and y(t) is defined as follows:

Rxy(t, t+ τ) = lim
N→∞

1

N

N∑
k=1

xk(t)yk(t+ τ), (2)

where N is the number of signal samples and τ is the lag time interval used to compute the
cross-correlation function. Finally a data matrix X for every actuation phase is built and
organized from the cross-correlated functions obtained for each actuator/sensor pair and
by considering initially only measurements of several repetitions from pristine condition
(baseline) and also repetitions at the same condition (damage) as shown in Figure 3.

Figure 3: Graphical representation of the undamaged baseline matrix X

iii Each baseline matrix is normalized by applying Group Scaling procedure for avoiding
scaling and bias issues. Normalization reduces the influence of different source of variability
due to changes in environmental and operational conditions. In Group Scaling each data-
point of the undamaged baseline matrix is scaled by considering changes between sensors
[18]. The standarization is computed by using the mean of each time sample for every
experiment and the standard deviation of each sensor sample vector.

3.1.3 PCA modelling and analysis

PCA is used in this approach for two situations: Obtaining a statistical baseline model
(modeling) and computing T 2 and Q statistical indices for current signals by means of baseline
model (validation). According to [3] PCA follows the next general procedure:
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i Organize the data set of the pristine structure (cross correlated signals in this case) as an
m× n matrix, where n is the number of variables (correlated signal samples × number of
sensors) and m is the number of trials.

ii Normalize the data by means of standard deviations of the sensor and mean of the trial.

iii Calculate the projection matrix (P ) using any of the ways described in the literature and
keep it as a statistical model.

iv When the structure is to be assessed, the same experiments should be conducted, the
resulting data is correlated, organized and normalized and finally projected in the new
space as T = XP , where X is the current data and P the projection matrix calculated
using the healthy structure.

v Calculation of the T 2 and Q indices as follows:

Qi = xi
(
I − PP T

)
xTi , (3)

T 2
i = xi

(
PΛ−1P T

)
xTi (4)

where xi denotes the vector of ith− experimental trial and Λ is a diagonal matrix that
contain the eigenvalues or variance of the selected components.

3.1.4 Graphical Interpretation

In this step the scatter plots of T 2 vs Q are obtained for current measurement of each
actuation phase, by using the respective baseline model. By a simple visual comparison of the
current points regarding to undamaged cases, damage detection can be inferred.

3.2 Damage Localization

Once a damage is detected, the next stage is to locate it. For this purpose, regression models
are obtained by using T 2 and Q statistical indices as input variables and the x and y location
of damage as output variables. Ensemble learning is applied to obtain the mentioned regression
models, where a set of experiments of undamaged and damage cases must be used to obtain the
regression model and a different one to validate them (see Figure 4). Two types of regression
models are obtained: i) One for each actuation phase and each damage and, ii) only one model
using all the actuation phases for each damage (coordinate x and y).

Figure 4: Damage localization stage

6
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4 EXPERIMENT AND VALIDATION RESULTS

4.1 Experimental setup

An aircraft turbine blade hosted at Universidad Politécnica de Madrid was used to validate
the proposed methodology. This was manufactured by a homogenous material with a similar
density than titanium (3.57 g/mL), dimension 262mm x 86mm and with one stringer in each of
the both faces. An array of 11 PZTs were attached on one face of the blade surface, but for this
case 7 of them are used to build each actuation phase. The transducers dimensions are 27 mm
diameter and 0.4mm thickness, which are excited by a 7-pulse, 80 kHZ burst signal generated
by means of a Arbitrary Wave Generation (AWG) function of the of a PicoScopeTM 2208A and
amplified by means of the power amplifier Krohn-Hite Model7602M.

Three damages were recreated on the structure by attaching coins at three different locations
as follows (see figure 5):
(D1) a 2e coin attached to blade at the blue region
(D2) a 12e coin attached to blade at the red region
(D3) a 0.52e coin attached to blade at the magenta region
An individual experiment consists of generating a guide wave at one PZT and to sense this guided
wave at the others six (6) PZTs during 0.50025ms at a sample time of 0.056µs (a total of 53598
samples by experiment). Then, for each actuation phase a total of 150 individual experiments
by each damage and 150 experiments for the undamage case (UND) were conducted.

Figure 5: Experimental structure: Instrumented aircraft turbine blade

4.2 Damage detection

The seven (one by each activation phase) statistical (PCA) baseline models are obtained by
using 120 of the 150 experiments conducted for the undamaged (UND) case. Figure 6 presents
the retained variance for the activation phase 5 (acting at PZT 5 and sensing at the other ones)
when 35 PC’s are selected. Figure 7 presents the scatter plot of T 2 vs Q when PZT signals
are not cross correlated, while figure 8 corresponds to the same scatter plot when PZT signals
are cross correlated. It is observed that a better clustering and differentiation between cases
can be obtained by applying cross correlation. Similar performance was obtained for the other
actuation phases, thus by using these plots, damages can be clearly detected in a graphical
representation.

7

1884



Gustavo Moreno, Rodolfo Villamizar, Jhonatan Camacho, Magda L. Ruiz and Luis E. Mujica

Figure 6: PCA baseline model for actuation phase 5 explained by variances per component a) Variance
b) % variance c) cumulated % of variance

Figure 7: T 2 vs Q plot for actuation phase 5 for the data with no correlation
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Figure 8: T 2 vs Q plot for actuation phase 5 for the cross correlated signals

4.3 Damage location

To predict or estimate the location of the damages, 80 observations or experimental trials (20
per damage case and 20 for each undamaged case) are used to train the individual learners. As
weak learners, decision trees are selected. The ensemble regression model is obtained by using
the method LSBoost, which is the gradient descent method for boosting regression or regression
tree models. Finally, 20 iterations are selected for boosting, however it can be seen from Figure
9, that the resubstitution error is near to zero from eighth iteration.

Figure 9: Error by each iteration of the ensemble learning
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Once the model is trained, the approach is validated by using the remaining conducted
experiments (120 per each damage). The input of the regression model is the pair of indices by
each experiment (T 2 and Q statistic) and the output is the pair of coordinates for the position of
the damage (x and y location). Figures 10, 11 and 12 present the estimated damage positions,
and estimation errors by using the regression model of the actuation phase 5. It is observed
that an adequate estimation of damage position is achieved by using only one actuation phase.
Similar results are found for the other actuation phases.

Figure 10: Real vs estimated position for an ensemble regression model using the actuation phase 5

Figure 11: Real vs estimated x and y coordinates by each damage for an ensemble regression model
using the actuation phase 5

10
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Figure 12: x and y estimation error an ensemble regression model using the actuation phase 5

5 CONCLUSIONS

A damage detection an localization approach for laminar structures was presented in this
paper by combining PCA analysis, cross correlation analysis and ensemble learning. It was
demonstrated that cross correlation analysis between actuated and sensed guide wave improve
the clustering and differentiation of statistical indices between damages.On other hand, by using
only T 2 and Q statistical indices detection of type mass adding can be clearly detected by a
simple graphical analysis.

Damages recreated in an aircraft turbine blade were located with a good approximation by
using regression models obtained through ensemble learning with only 8 learning cycles and
a weak learner (Tree). It was taken advantage of PCA statistical indices to create compact
and separated cluster between damages and ensemble learning for obtaining a good regression
model. However, a disadvantage of using supervised learning is that previous knowledge of type
of damages to be detected is necessary to train the expert system.
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Abstract. Piezoelectric materials because of direct and converse effects are used both as 
sensors and actuators. The electromechanical impedance characteristics of the piezoelectric 
materials are utilized for diagnosing health of the structures. The electromechanical 
impedance (EMI) technique is employed in the frequency range of 30 to 400 kHz. In the EMI 
technique, a piezoelectric patch is bonded to the surface of the monitored structure using a 
high strength epoxy adhesive and electrically excited via an impedance analyzer. The 
response of the structure is captured through another piezoelectric patch bonded on the 
structure and acting as sensor. In such situation, the piezoelectric patch can be modelled as 
undergoing axial vibration and interacting with the host structure. The one-dimensional 
vibration of piezoelectric patch is governed by one-dimensional wave equation derived based 
on dynamic equilibrium of piezoelectric patch. A first principle based modelling of non-linear 
constitutive relation of piezoelectric medium is presented. Non-linear material property is 
implemented in the wave equation to obtain non-linear wave equation. Material non-linearity 
gives rise to an internal source term in the non-linear wave equation. This non-homogeneous 
wave equation is solved by Green’s function approach. This modelling is further implemented 
for evaluation of its response in structural health monitoring application. Equilibrium 
condition of the piezoelectric patch is established by considering inertia and stiffness effects. 
Expression for current in piezoelectric patch is obtained from electric displacement equation. 
Henceforth electromechanical impedance expression is derived. Electromechanical 
admittance is the inverse of the electromechanical impedance. The real part of the admittance 
is the conductance and the imaginary part of admittance is the susceptance. The variation of 
conductance and susceptance with respect to frequency is plotted.  
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1 INTRODUCTION 
 Strong electromechanical effect and instantaneous response to applied electric field are the 

reasons for increased use of piezoelectric materials for advanced sensor and actuator 
applications in intelligent/smart systems. Piezoelectric materials are extensively being used as 
sensor for structural health monitoring (SHM) applications. Piezoelectric transducers are 
bonded on the structures to assess its condition i. e. to evaluate, identify, classify and estimate 
structural conditions by means of electric signals provided by electromechanical coupling. 
Damage detection techniques are based on either passive or active methods. Former method 
uses set of sensors which detects dynamic states of the structure and in the mean-time should 
be non-invasive. On the other hand, the active methods may change the structural state with 
the aim to obtain information and modify structural dynamics. Among several active methods 
electromechanical impedance (EMI) technique presents a great capacity for capturing 
structural changes. The effective electromechanical behaviour of piezoelectric materials 
depend on the applied electric field strength and stress intensity. In general, the linear 
behaviour of piezoelectric materials is confined to relatively low levels of applied electric 
field and stress and are described well by the standard linear piezoelectric constitutive 
equations. Non-linear behaviours are observed above certain “threshold” values of electric 
field and stress [1]. In the unpoled state, the orientation of the spontaneous polarisation is 
distributed randomly, and piezoelectric material has no macroscopic polarization. Under the 
application of strong electric field/mechanical stresses, the orientation of the spontaneous 
polarization can be switched. This may cause a nonlinear polarization-electric field (𝑃𝑃 − 𝐸𝐸) 
relationship, a non-linear strain-electric field (∈ − 𝐸𝐸) response and a non-linear strain–stress 
(∈ − 𝜎𝜎) relationship. Eventually, strong non-linear or hysteresis loops become evident above 
the coercive field/stress when reversing the applied electric field or switching polarization. 
This makes prediction of the response of a piezoelectric actuator to an applied electric field or 
input voltage extremely difficult. In order to assess the reliability of piezoelectric material, it 
is important to understand the non-linear behaviour of piezoelectric material. The non-linear 
loops of piezoelectric materials have been investigated by employing analytical approaches 
and finite element analysis (FEA) methods. Tan and Tong [2] developed a one-dimensional 
analytical model for predicting the non-linear behaviour of piezoelectric materials and 
piezoelectric fiber reinforced composite (PFRC) materials. They also conducted a numerical 
study to investigate the non-linear loops for piezoelectric materials and PFRC materials. Tan 
and Tong also developed two micromechanics models to investigate non-linear piezoelectric 
behaviour and presented effective properties for nonlinear elastic, piezoelectric and dielectric 
constants. Non-linear elastic wave propagation was studied theoretically by McCall [4]. He 
used linear and non-linear elastic constants to develop non-linear wave equation and applied 
Green’s function technique to solve the non-linear wave equation. McCall and Guyer [5] 
extended the study on non-linear elastic wave propagation to include hysteresis effect. Tinoco 
et. al. [6] presents a electromechanical impedance technique based on decoupled 
measurements to detect damage in plates. Damage detection study based on EMI technique 
considering non-linear behaviour of piezoelectric transducers is scarce in literature. 

Thus present study deals with a theoretical analysis of damage detection of structures using 
electromechanical impedance technique considering non-linear material model of 
piezoelectric transducers. A rectangular shaped piezoelectric transducer and sensor are 
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bonded on the top surface of the beam structure. The structure is excited with a predetermined 
frequency signal given to the transducer. And signal from sensor is recorded for damage 
assessment. First a non-linear wave equation is constructed considering material non-linearity 
effect. This equation is solved to obtain displacement of the sensor. Finally, constitutive 
equation is used to calculate the current output from the sensor. Expressions for both real and 
imaginary components of the current are obtained and plotted.  

 

2 NON-LINEAR CONSTITUTIVE RELATIONS 
The non-linear constitutive relations of purely piezoelectric materials with homogeneous 

and orthotropic properties are represented by following equations 
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𝐶𝐶312𝐸𝐸
0
0
𝐶𝐶612𝐸𝐸 ]

 
 
 
 
 
 

{
 
 
 
 

 
 
 
 𝜖𝜖12
𝜖𝜖22
𝜖𝜖32
𝜖𝜖42
𝜖𝜖52
𝜖𝜖62
𝜖𝜖2𝜖𝜖3
𝜖𝜖1𝜖𝜖3
𝜖𝜖1𝜖𝜖2}

 
 
 
 

 
 
 
 

 

−12

[
 
 
 
 
 𝑒𝑒111𝑒𝑒122
𝑒𝑒133
0
0
0

𝑒𝑒122
𝑒𝑒222
𝑒𝑒233
0
0
0

𝑒𝑒133
𝑒𝑒233
𝑒𝑒333
0
0
0

0
0
0
𝑒𝑒423
0
0

0
0
0
0
𝑒𝑒513
0

0
0
0
0
0
𝑒𝑒612]

 
 
 
 
 

{
  
 

  
 𝐸𝐸12
𝐸𝐸22
𝐸𝐸32
𝐸𝐸2𝐸𝐸3
𝐸𝐸1𝐸𝐸3
𝐸𝐸1𝐸𝐸2}
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−

[
 
 
 
 
 𝑙𝑙111𝑙𝑙211
𝑙𝑙311
0
0
0

𝑙𝑙121
𝑙𝑙221
𝑙𝑙321
0
0
0

𝑙𝑙131
𝑙𝑙231
𝑙𝑙331
0
0
0

0
0
0
𝑙𝑙441
0
0

0
0
0
0
0
0

0
0
0
0
0
0

𝑙𝑙112
𝑙𝑙212
𝑙𝑙312
0
0
0

𝑙𝑙122
𝑙𝑙222
𝑙𝑙322
0
0
0

𝑙𝑙132
𝑙𝑙232
𝑙𝑙332
0
0
0

0
0
0
0
0
0

0
0
0
0
𝑙𝑙552
0

0
0
0
0
0
0

𝑙𝑙113
𝑙𝑙213
𝑙𝑙313
0
0
0

𝑙𝑙123
𝑙𝑙223
𝑙𝑙323
0
0
0

𝑙𝑙133
𝑙𝑙233
𝑙𝑙333
0
0
0

0
0
0
𝑙𝑙443
0
0

0
0
0
0
𝑙𝑙553
0

0
0
0
0
0
𝑙𝑙663]

 
 
 
 
 

{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
𝜖𝜖1𝐸𝐸1
𝜖𝜖2𝐸𝐸1
𝜖𝜖3𝐸𝐸1
𝜖𝜖4𝐸𝐸1
𝜖𝜖5𝐸𝐸1
𝜖𝜖6𝐸𝐸1
𝜖𝜖1𝐸𝐸2
𝜖𝜖2𝐸𝐸2
𝜖𝜖3𝐸𝐸2
𝜖𝜖4𝐸𝐸2
𝜖𝜖5𝐸𝐸2
𝜖𝜖6𝐸𝐸2
𝜖𝜖1𝐸𝐸3
𝜖𝜖2𝐸𝐸3
𝜖𝜖3𝐸𝐸3
𝜖𝜖4𝐸𝐸3
𝜖𝜖5𝐸𝐸3
𝜖𝜖6𝐸𝐸3}

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

 

 

                                 {
𝐷𝐷1
𝐷𝐷2
𝐷𝐷3
} = [

0
0
𝑒𝑒31

0
0
𝑒𝑒32

0
0
𝑒𝑒33

0
𝑒𝑒24
0

𝑒𝑒15
0
0

0
0
0
]

{
 
 

 
 
𝜖𝜖1
𝜖𝜖2
𝜖𝜖3
𝜖𝜖4
𝜖𝜖5
𝜖𝜖6}
 
 

 
 

+ [
𝜀𝜀11𝜖𝜖
0
0

0
𝜀𝜀22𝜖𝜖
0

0
0
𝜀𝜀33𝜖𝜖
] {
𝐸𝐸1
𝐸𝐸2
𝐸𝐸3
}                           (2) 

+1
2 [
𝑒𝑒111
𝑒𝑒211
𝑒𝑒311

𝑒𝑒122
𝑒𝑒222
𝑒𝑒322

𝑒𝑒133
𝑒𝑒233
𝑒𝑒333

𝑒𝑒144
0
𝑒𝑒344

0
𝑒𝑒255
𝑒𝑒355

0
0
𝑒𝑒366

𝑒𝑒123
𝑒𝑒223
𝑒𝑒323

𝑒𝑒113
𝑒𝑒213
𝑒𝑒313

𝑒𝑒112
𝑒𝑒212
𝑒𝑒312

]

{
 
 
 
 

 
 
 
 𝜖𝜖12
𝜖𝜖22
𝜖𝜖32
𝜖𝜖42
𝜖𝜖52
𝜖𝜖62
𝜖𝜖2𝜖𝜖3
𝜖𝜖1𝜖𝜖3
𝜖𝜖1𝜖𝜖2}

 
 
 
 

 
 
 
 

+ 1
2 [
𝜀𝜀111𝜖𝜖
0
0

0
𝜀𝜀222𝜖𝜖

0

0
0
𝜀𝜀333𝜖𝜖

𝜀𝜀123𝜖𝜖
𝜀𝜀223𝜖𝜖

𝜀𝜀323𝜖𝜖

𝜀𝜀113𝜖𝜖
𝜀𝜀213𝜖𝜖

𝜀𝜀313𝜖𝜖

𝜀𝜀112𝜖𝜖
𝜀𝜀212𝜖𝜖

𝜀𝜀312𝜖𝜖
]

{
  
 

  
 𝐸𝐸12
𝐸𝐸22
𝐸𝐸32
𝐸𝐸2𝐸𝐸3
𝐸𝐸1𝐸𝐸3
𝐸𝐸1𝐸𝐸2}
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+[
𝑙𝑙111
0
0

0
𝑙𝑙212
0

0
0
𝑙𝑙313

𝑙𝑙121
0
0

0
𝑙𝑙222
0

0
0
𝑙𝑙323

𝑙𝑙131
𝑙𝑙231
0

𝑙𝑙132
𝑙𝑙232
0

0
0
𝑙𝑙333

0
0
𝑙𝑙341

0
0
𝑙𝑙342

𝑙𝑙143
𝑙𝑙243
0

0
0
𝑙𝑙351

0
0
𝑙𝑙352

𝑙𝑙153
𝑙𝑙253
0

0
𝑙𝑙261
0

𝑙𝑙162
0
0

0
0
𝑙𝑙363

]

{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
𝜖𝜖1𝐸𝐸1
𝜖𝜖1𝐸𝐸2
𝜖𝜖1𝐸𝐸3
𝜖𝜖2𝐸𝐸1
𝜖𝜖2𝐸𝐸2
𝜖𝜖2𝐸𝐸3
𝜖𝜖3𝐸𝐸1
𝜖𝜖3𝐸𝐸2
𝜖𝜖3𝐸𝐸3
𝜖𝜖4𝐸𝐸1
𝜖𝜖4𝐸𝐸2
𝜖𝜖4𝐸𝐸3
𝜖𝜖5𝐸𝐸1
𝜖𝜖5𝐸𝐸2
𝜖𝜖5𝐸𝐸3
𝜖𝜖6𝐸𝐸1
𝜖𝜖6𝐸𝐸2
𝜖𝜖6𝐸𝐸3}

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

 

 

For the present analysis an extensional mode piezoelectric patch is chosen and analysis is 
confined to one dimensional one. The nonlinear constitutive equation for one dimensional 
case can be obtained from Eqs. (1) and (2) as 
 

                               𝜎𝜎1 = 𝐶𝐶11𝐸𝐸 𝜖𝜖1 +
1
2 𝐶𝐶111𝜖𝜖1

2 − 𝑒𝑒31𝐸𝐸3 −
1
2 𝑒𝑒331𝐸𝐸3

2 − 𝑙𝑙113𝜖𝜖1𝐸𝐸3                           (3) 
 

                               𝐷𝐷3 = 𝑒𝑒31𝜖𝜖1 +
1
2 𝑒𝑒311𝜖𝜖1

2 − 𝜀𝜀33𝜖𝜖 𝐸𝐸3 −
1
2 𝜀𝜀333

𝜖𝜖 𝐸𝐸32 − 𝑙𝑙113𝜖𝜖1𝐸𝐸3                            (4) 

3 ANALYSIS OF EMI RESPONSE OF PIEZOELECTRIC PATCH 
The equation of motion of elastic wave propagation inside elastic medium is given by 

 

                                                             𝜌𝜌 𝜕𝜕
2𝑢𝑢(𝑥𝑥,𝑡𝑡)
𝜕𝜕𝑡𝑡2 = 𝜕𝜕𝜎𝜎1

𝜕𝜕𝑥𝑥                                                              (5) 
 

Where, 𝜌𝜌 is the density of the medium before deformation, 𝑢𝑢(𝑥𝑥, 𝑡𝑡) is the displacement along 
longitudinal (𝑥𝑥) direction and is dependent on both space and time, 𝜎𝜎1 is the component of the 
stress tensor along 1-material coordinate direction which is parallel to 𝑥𝑥-direction. The strain 
displacement relationship is given by 
 

                                                   𝜖𝜖1 =
𝜕𝜕𝑢𝑢(𝑥𝑥,𝑡𝑡)
𝜕𝜕𝑥𝑥 + 1

2 (
𝜕𝜕𝑢𝑢(𝑥𝑥,𝑡𝑡)
𝜕𝜕𝑥𝑥 )

2
                                                      (6) 

  

When piezoelectric patch is used as sensor using Eq. (3) into Eq. (5) and using Eq. (6) and 
discarding the stresses due to electric field the wave equation can be rewritten as 
 

                                     𝜌𝜌 𝜕𝜕
2𝑢𝑢(𝑥𝑥,𝑡𝑡)
𝜕𝜕𝑡𝑡2 = 𝐶𝐶11

𝜕𝜕2𝑢𝑢(𝑥𝑥,𝑡𝑡)
𝜕𝜕𝑥𝑥2 + 1

2 𝐶𝐶111
𝜕𝜕
𝜕𝜕𝑥𝑥 [{

𝜕𝜕𝑢𝑢(𝑥𝑥,𝑡𝑡)
𝜕𝜕𝑥𝑥 }

2
]                                   (7) 

 

The wave equation given in Eq. (7) can be represented in frequency domain as given below 
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using Fourier transform  
 

                             [ 𝜕𝜕2

𝜕𝜕𝑥𝑥2 + 𝑘𝑘2] 𝑢𝑢(𝑥𝑥, 𝜔𝜔) = − 1
2 𝐶𝐶11𝑟𝑟

𝜕𝜕
𝜕𝜕𝑥𝑥 [∫ 1

2𝜋𝜋
𝜕𝜕𝜕𝜕(𝑥𝑥,𝜔𝜔′)

𝜕𝜕𝑥𝑥
𝜕𝜕𝜕𝜕(𝑥𝑥,𝜑𝜑)

𝜕𝜕𝑥𝑥 𝑑𝑑𝜔𝜔′]                       (8) 
 

Where, 𝑘𝑘2 = 𝜔𝜔2𝜌𝜌
𝐶𝐶11

, 𝜑𝜑 = 𝜔𝜔 − 𝜔𝜔′ and 𝐶𝐶11𝑟𝑟 = 𝐶𝐶111
𝐶𝐶11

. Equation (8) is a non-homogeneous 
Helmholtz equation having no external source. The right hand side of Eq. (8) represents 
internal source due to material non-linearity and represented as 𝑓𝑓(𝑥𝑥, 𝜔𝜔). The solution of this 
equation can be represented as a series given below  
 

                              𝑢𝑢(𝑥𝑥, 𝜔𝜔) = 𝑢𝑢(0)(𝑥𝑥, 𝜔𝜔) + 𝜂𝜂𝑢𝑢(1)(𝑥𝑥, 𝜔𝜔) + 𝜂𝜂2𝑢𝑢(2)(𝑥𝑥, 𝜔𝜔) + ⋯                         (9) 
 

Similarly, the internal source term can also be represented as same type of series 
 

                              𝑓𝑓(𝑥𝑥, 𝜔𝜔) = 𝑓𝑓(0)(𝑥𝑥, 𝜔𝜔) + 𝜂𝜂𝑓𝑓(1)(𝑥𝑥, 𝜔𝜔) + 𝜂𝜂2𝑓𝑓(2)(𝑥𝑥, 𝜔𝜔) + ⋯                       (10) 
 

In Eqs. (9) and (10), 𝜂𝜂 is a parameter which represents power of internal source, numbers in 
parenthesis of the superscript denote order of the differentiation and 𝑢𝑢ℎ(𝑥𝑥, 𝜔𝜔) = 𝑢𝑢(0)(𝑥𝑥, 𝜔𝜔) is 
the solution of displacement for homogeneous Helmholtz equation when there is no internal 
source present i. e. when material non-linearity is not considered and is used in the first step 
of the iteration process of solution. The homogeneous Helmholtz equation is given as 
 

                                                        [ 𝜕𝜕2

𝜕𝜕𝑥𝑥2 + 𝑘𝑘2] 𝑢𝑢(𝑥𝑥, 𝜔𝜔) = 0                                                  (11) 
 

The solution of Eq. (11) is given as 
 

                                                        𝑢𝑢ℎ(𝑥𝑥, 𝜔𝜔) = 𝐴𝐴𝑒𝑒𝑗𝑗(𝑘𝑘𝑥𝑥−𝜔𝜔𝜔𝜔)                                                   (12) 
 

It should be noted that each successive order of displacement is obtainable with the 
knowledge of previous order of the displacement. From right hand side of the Eq. (8) 
successive order of internal source can be obtained. The first two orders of the internal source 
used in the present analysis are given as 
 

                                             𝑓𝑓(0)(𝑥𝑥, 𝜔𝜔) = 𝑓𝑓𝑟𝑟
(0)(𝑥𝑥, 𝜔𝜔) + 𝑗𝑗𝑓𝑓𝑖𝑖

(0)(𝑥𝑥, 𝜔𝜔)                                      (13) 
 

                                             𝑓𝑓(1)(𝑥𝑥, 𝜔𝜔) = 𝑓𝑓𝑟𝑟
(1)(𝑥𝑥, 𝜔𝜔) + 𝑗𝑗𝑓𝑓𝑖𝑖

(1)(𝑥𝑥, 𝜔𝜔)                                      (14) 
 

Where, 
 

                              𝑓𝑓𝑟𝑟
(0)(𝑥𝑥, 𝜔𝜔) = 𝐶𝐶11𝑟𝑟𝑘𝑘3𝐴𝐴2

4𝜋𝜋𝜔𝜔 [cos(2𝑘𝑘𝑥𝑥) − 𝜋𝜋𝜔𝜔𝜋𝜋(𝜔𝜔)sin (2𝑘𝑘𝑥𝑥)]                          (15) 
 

                              𝑓𝑓𝑖𝑖
(0)(𝑥𝑥, 𝜔𝜔) = 𝐶𝐶11𝑟𝑟𝑘𝑘3𝐴𝐴2

4𝜋𝜋𝜔𝜔 [sin(2𝑘𝑘𝑥𝑥) + 𝜋𝜋𝜔𝜔𝜋𝜋(𝜔𝜔)cos (2𝑘𝑘𝑥𝑥)]                          (16) 
 

                              𝑓𝑓𝑟𝑟
(1)(𝑥𝑥, 𝜔𝜔) = 𝐶𝐶11𝑟𝑟𝑘𝑘4𝐴𝐴3

2𝜋𝜋𝜔𝜔 [sin(2𝑘𝑘𝑥𝑥) + 𝜋𝜋𝜔𝜔𝜋𝜋(𝜔𝜔)cos (2𝑘𝑘𝑥𝑥)]                          (17) 
 

                              𝑓𝑓𝑖𝑖
(1)(𝑥𝑥, 𝜔𝜔) = 𝐶𝐶11𝑟𝑟𝑘𝑘4𝐴𝐴3

2𝜋𝜋𝜔𝜔 [𝜋𝜋𝜔𝜔𝜋𝜋(𝜔𝜔) sin(2𝑘𝑘𝑥𝑥) − cos (2𝑘𝑘𝑥𝑥)]                         (18) 
 
After substituting Eqs. (9) and (10) into Eq. (8) and equating like powers of 𝜂𝜂 from both sides 
following relation is obtained 
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                                [ 𝜕𝜕2

𝜕𝜕𝑥𝑥2 + 𝑘𝑘2] 𝑢𝑢(𝑛𝑛)(𝑥𝑥, 𝜔𝜔) = −𝑓𝑓(𝑛𝑛)(𝑥𝑥, 𝜔𝜔)     ;   𝑛𝑛 = 1,2, ⋯                           (19) 
 
Equations (19) can be solved analytically using Green’s function that satisfies 
 

                                             [ 𝜕𝜕2

𝜕𝜕𝑥𝑥2 + 𝑘𝑘2] 𝐺𝐺(𝑥𝑥, 𝑥𝑥′, 𝜔𝜔) = −𝛿𝛿(𝑥𝑥 − 𝑥𝑥′)                                       (20) 
 

The non-homogeneous Helmholtz equations along with homogeneous Dirichlet boundary 
condition is solved using Green’s function [7]. The solution is given by 
 

                                          𝑢𝑢(𝑛𝑛)(𝑥𝑥, 𝜔𝜔) = ∫ 𝐺𝐺(𝑥𝑥, 𝑥𝑥′, 𝜔𝜔)𝑓𝑓(𝑛𝑛)(𝑥𝑥′, 𝜔𝜔) 𝑑𝑑𝑥𝑥                                    (21) 
 

The solution of the first order of displacement used for the present analysis is given below 
 

                                             𝑢𝑢(0)(𝑥𝑥, 𝜔𝜔) = 𝑢𝑢𝑟𝑟
(0)(𝑥𝑥, 𝜔𝜔) + 𝑗𝑗𝑢𝑢𝑖𝑖

(0)(𝑥𝑥, 𝜔𝜔)                                      (22) 
 

Where, 
 

                                𝑢𝑢𝑟𝑟
(0)(𝑥𝑥, 𝜔𝜔) = 𝐶𝐶111𝑘𝑘2𝐴𝐴2

8𝜋𝜋𝜋𝜋 {− cos 𝑘𝑘𝑥𝑥
𝑘𝑘 − 𝜋𝜋𝜔𝜔𝛿𝛿(𝜔𝜔) sin 3𝑘𝑘𝑥𝑥

3𝑘𝑘 }                                (23) 
 

             𝑢𝑢𝑖𝑖
(0)(𝑥𝑥, 𝜔𝜔) = 𝐶𝐶111𝑘𝑘2𝐴𝐴2

8𝜋𝜋𝜋𝜋 {(cos 3𝑘𝑘𝑥𝑥−sin 3𝑘𝑘𝑥𝑥)
6𝑘𝑘 + (cos 𝑘𝑘𝑥𝑥+sin 𝑘𝑘𝑥𝑥)

2𝑘𝑘 − 𝜋𝜋𝜔𝜔𝛿𝛿(𝜔𝜔) cos 𝑘𝑘𝑥𝑥
𝑘𝑘 }               (24) 

 

The successive orders of the displacements are calculated using MATLAB programming. The 
expressions are not given here. The total displacement is then calculated using Eq. (9) and 
letting 𝜂𝜂 → 1. It should be noted here that the total displacement is a complex quantity and 
can be represented as 
 

                                                 𝑢𝑢(𝑥𝑥, 𝜔𝜔) = 𝑢𝑢𝑟𝑟(𝑥𝑥, 𝜔𝜔) + 𝑗𝑗𝑢𝑢𝑖𝑖(𝑥𝑥, 𝜔𝜔)                                           (25) 
 

Next applying the force balance equation along longitudinal axis at the boundary at 𝑥𝑥 = 𝐿𝐿, 
where 𝐿𝐿 is the half-length of the piezoelectric sensor and equating real and imaginary parts 
from both sides of the resulting equation one will get a polynomial equation of 𝐴𝐴 of order 
depending on number of orders considered in displacement solution. This polynomial can be 
solved numerically to get unknown constant 𝐴𝐴. Now from Eq. (4) using strain displacement 
relation given by Eq. (6) and the solution of displacement given by Eq. (25) expression of 
admittance can be obtained as 
 

                                                                  𝑌𝑌 = 𝐺𝐺 + 𝑗𝑗𝑗𝑗                                                           (26) 
 

Where 𝐺𝐺 is the conductance and 𝑗𝑗 is the susceptance. The expressions for 𝐺𝐺 and 𝑗𝑗 are not 
given here they are directly calculated using MATLAB programming.  

4 NUMERICAL RESULTS 
The piezoelectric sensor used for present analysis is made of Lithium Niobate, LiNbO3. 

The linear and non-linear material properties of LiNbO3 are taken from Tan and Tong [3] and 
are given in Tables 1 and 2, respectively. 
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Table 1: Linear material properties of LiNbO3 

𝐶𝐶11𝐸𝐸   
(GPa) 

𝑒𝑒31 
C/m2 

𝜀𝜀33𝜖𝜖  
10-9F/m 

203 0.2 0.257 

 

Table 2: Non-linear material properties of LiNbO3 

𝐶𝐶111𝐸𝐸   
(GPa) 

𝑒𝑒133 
C/m2 

𝜀𝜀33𝜖𝜖  
10-19F/V 

𝑙𝑙133 
10-9F/m 

-2120 -10 2.91 2.32 
 
Figures 1 and 2 illustrates typical conductance and susceptance responses of the sensor. 

The plots clearly show resonance and anti-resonance frequencies. The current analysis 
considers a homogeneous medium. A more realistic analysis can be performed using a 
medium with presence of crack and expressing the behavior of such medium in terms of 
respective Green’s function. This will allow to make a comparative study of responses 
between a uncracked and cracked structures, which is out of scope of the present study.  

 
Figure 1: Conductance response of piezoelectric sensor 
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Figure 2: Conductance response of piezoelectric sensor 

 

5 CONCLUSIONS 
The present analysis deals with a theoretical analysis of damage detection of structures 

using electromechanical impedance technique considering non-linear material model of 
piezoelectric transducers. A rectangular shaped piezoelectric transducer and sensor are 
bonded on the top surface of the structure. The structure is excited with a predetermined 
frequency signal given to the transducer. And signal from sensor is recorded for damage 
assessment. First a non-linear wave equation is constructed considering material non-linearity 
effect. The material non-linearity adds to internal source term in the wave equation. This non-
homogeneous equation is solved by Green’s function approach to obtain displacement of the 
sensor. Finally, constitutive equation is used to calculate the current output from the sensor. 
Expressions for both real and imaginary components of the admittance are obtained and 
plotted. The present method gives a robust method to handle SHM problem considering 
material non-linearity. This method can be extended to include the effect of presence of crack 
by considering suitable Green function in the solution. Thus comparative study between 
pristine and cracked structures cane be made through this study. Experimental verification of 
the present study is out of scope. 
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Abstract. The damage detection and quantification in structures is one of the most challeng-
ing application of Smart Structures concepts. A great number of permanently attached sensors
are needed inside the structure in order to capture and quantify the damage evolution. In
spite of the very recent developments achieved by model order reduction techniques, real-time
decision-making is still difficult to perform from modeling-based simulations. Manifold learning
techniques allow taking real-time decisions in order to control processes, but it is necessary to
exctract information and knowledge from real or synthetic data in order to build the solution
manifold and to extract the non-correlated parameters defining the manifold dimensionality.
Then, as soon as new data is available, it can be checked in real time if it belongs or not to the
solution manifold; if yes, the solution can be interpolated from the neighboring data without
requiring further calculation/simulation, allowing real-time decision-making. Furthermore, in
order to reduce the number of sensors in the structure, data assimilation can be applied in the
initial data in order to extend everywhere the information collected at some points (minimum
number and optimally placed), reducing considerably the computation cost. The present work
focuses in structural damage identification and location in the context of Health Monitoring, us-
ing manifold learning techniques. Data assimilation is used on the original time series (synthetic
data) to be able to speed-up even more the procedure.

1 INTRODUCTION

In the context of the Structural Health Monitoring, in which one of the objectives is the non-
destructive testing, the goal of this work is the real-time identification and location of damage
in a structure. However and in spite of the very recent developments achieved by model order
reduction techniques, real-time decision-making is still difficult to perform from modeling-based
simulations.

1
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Manifold learning techniques allow to take real-time decisions in order to control processes,
but it is necessary to exctract information and knowledge from real or synthetic data in order to
build the solution manifold and to extract the non-correlated parameters defining the manifold
dimensionality. Then, as soon as new data is available, it can be checked in real time if it belongs
or not to the solution manifold; if yes, the solution can be interpolated from the neighboring
data without requiring further calculation/simulation, allowing real-time decision making. In
this work we have built an elastodynamic model, in order to generate synthetic data to be able
to obtain the manifold.

Let’s consider the problem depicted in Figure 1. The geometrical and mechanical properties
of the square domain Ω = [0, L]× [0, L] are defined in Table 1:

Table 1: Characteristics of the square domain.

L: Length (m) 1

E: Young modulus (N/m2) 2 · 1011
ν: Poisson coefficient 0.25

A linear elastic behavior is supposed, so that the relation between the stress σ and the strain
ε is

σ = Cε (1)

where C is the Hooke’s fourth order tensor, and the relation between the strain and the
displacement u is

ε = ∇su (2)

where ∇s is the symmetric gradient operator. On the right hand side it is imposed a force
F (t) = A sin(ωt), where A = 106 and ω = 2π. Considering an isotropic material, plane stress
conditions and using the Voigt notation, the Hooke’s tensor can be written as

D =
E

1− ν2



1 ν 0
ν 1 0
0 0 (1− ν)/2


 (3)

and the relation (1) as



σxx
σyy
σxy


 =

E

1− ν2



1 ν 0
ν 1 0
0 0 (1− ν)/2





εxx
εyy
γxy


 (4)

The material is supposed to be homogeneous with a damaged area inside where the Young
modulus is defined as Ef = E/10.

2
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The displacement field evoultion u(x, t) for x ∈ Ω and t ∈ I = [0, T ] is described by the linear
momentum balance equation

ρü(x, t) = divσ (5)

where ρ is the density (kg/m3). The boundary ∂Ω is partitioned into Dirichlet, ΓD, and
Neumann, ΓN , frontiers and the boundary conditions depicted in Figure 1 and initial conditions
u(x, t = 0) = 0, u̇(x, t = 0) = 0 are associated to the equation.
The variational problem equivalent to (5) is: find u ∈ S, with u̇ ∈ S and ü ∈ W such that

ρ

∫

Ω
üv dx+

∫

Ω
ε(u) : C : ε(v) dx =

∫

ΓN

F (t)v dx (6)

∀v ∈ V, with the appropriate spaces introducing the required regularity in space and time

S =
{
v : v(·, t) ∈ H1(Ω), v(x, ·) ∈ L2(I), v(x, 0) = 0

}
,

W =
{
v : v(·, t) ∈ H−1(Ω), v(x, ·) ∈ L2(I)

}
,

V =
{
v : v(x) ∈ H1(Ω), v = 0 on ΓD × I

}
.

We introduce a FEM space discretization with linear element over a uniform triangular mesh
composed of 51 × 51 nodes such that the damaged area contains 128 elements. Using (2), (4)
and (6), we obtain [6] the following system

Mü(t) +Ku(t) = f(t), (7)

where M is the mass matrix, K the stiffness matrix and f(t) the force vector. The displacement
field u is then computed using a standard time-marching Newmark method, with parameters
β = 1/4 and γ = 1/2, in a time interval of T = 2 s and a time step of ∆t = 0.001 s.

Once the displacement field u is obtained, it is easy to obtain the strain field ε. Thus, in
order to separate the fractured from the non-fractured domain, we are going to apply the k-PCA
on the strain field ε.

Let’s first explain the origin of the kPCA. Principal Components Analysis (PCA) can be
viewed as an information extractor from a data set that attempts to find a linear subspace of
lower dimensionality than the original space. If the data has more complicated structures which
can not be well represented in a linear subspace, standard PCA will not be very helpful. Fortu-
nately, kernel-PCA (kPCA) allows us to generalize standard PCA to nonlinear dimensionality
reduction [1, 2, 3]. The rationale of kPCA consists of linearly separate the data if it is pre-
viously projected to a higher dimensional space than the original one. In this technique there
is no need to explicitly determine the analytical expression of the mapping, which is one of its
main advantages.

Furthermore, data assimilation can be applied in the initial data in order to extend everywhere
the information collected at some points (minimum number and optimally placed), reducing
considerably the computation cost.

The following work is focused in the damage identification and location of a structure in the
context of Health Monitoring, using manifold learning techniques. Data assimilation is used on
the original time series (synthetic data) to be able to speed-up even more the process.

3
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2 FRACTURE LOCATION WITH ALL DATA

In this section we are going to identify and locate the damaged region using all the points in
the domain, applying k-PCA on the data coming from the elastodynamic model desscribed in
the previous section.

2.1 Location via Machine Learning techniques

Our main objective in this work is to achieve a perfect separation between the damaged and
the undamaged domains presented in Figure 1.

In order to offer a vision of the methodology used, the kPCA, PCA will first be arranged to
explain in detail and based on it, we will detail the modifications required by the kPCA on the
PCA. Let us consider D observed variables defining the vector X ∈ R

D. These are commonly
referred to in the Model Order Reduction (MOR) literature as snapshots. We assume that these
variables are therefore not uncorrelated and, notably, that there exists a linear transformation
W defining the vector Y ∈ R

d, where d < D represents the unknown so-called latent variables,
according to

X = WY. (8)

The transformation W, D× d, is assumed to verify the orthogonality condition WTW = Id,
where Id represents the d × d-identity matrix (WWT is not necessarily ID). The existence of
such a transformation is precisely at the origin of PCA methods.

We assume the existence of M different snapshots X1, ...,XM , that can be stored in the
columns of the D×M matrix X. The associated d×M reduced matrix Y contains the associated
vectors Yi, i = 1, ...,M .

PCA is able to calculate both d (the necessary number of members in the basis of the reduced-
order subspace) and the transformation matrix W. PCA proceeds by guaranteeing maximal
preserved variance and decorrelation in the latent variable set. From a statistical point of view,
therefore, it can be assumed that the latent variables are uncorrelated (no linear dependencies
among them) or mutually orthogonal, thus constituting a basis. In practice, this means that
the covariance matrix of Y, defined as

Cyy = E{YYT }, (9)

is diagonal. Thus, we consider

Cxx = E{XXT } = E{WYY
TWT } = WE{YYT }WT = WCyyW

T , (10)

that by pre-multiplying and post-multiplying by WT and W respectively, and taking into ac-
count that WTW = I, leads to

Cyy = WTCxxW. (11)

The covariance matrix Cxx can then be factorized by applying the singular value decompo-
sition,

4
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Cxx = VΛVT , (12)

with V containing the orthonormal eigenvectors and Λ the diagonal matrix containing the
eigenvalues (non-negative real numbers), assumed in descending order.

Substituting the factorized expression of the covariance matrix (12) into Eq. (11) it results

Cyy = WTVΛVTW. (13)

This equality holds only when the d columns of W are taken collinear with d columns of V.
From a geometrical point of view, the columns of V indicate the directions in R

2 that span
the subspace of the latent variables. PCA find an alternative coordinate system given by V in
which all these points are described from a single coordinate.

Nonlinear methods are often more powerful than linear ones, because the connection between
the latent variables and the observed ones may be much richer than a simple matrix multiplica-
tion. Thus, the extraction of the manifold is compulsory and PCA is unable to accomplish the
job. These limitations justify the use of nonlinear dimensionality reduction techniques, as the
kernel-PCA (kPCA).

PCA works with the sample covariance matrix, XXT . On the contrary, kPCA works with the
matrix of pairwise scalar products that defines the Gram matrix S = X

T
X. It proceeds from

S = X
T
X = Y

TWTWY = Y
T
Y, (14)

whose eigenvalue decomposition results

S = UΛUT =
(
UΛ1/2

) (
Λ1/2U

T
)
=

(
Λ1/2U

T
)T (

Λ1/2U
T
)
, (15)

from which it results

Y = Id×MΛ1/2U
T . (16)

The idea behind kernel-PCA methods is simple: data not linearly separable in D dimensions,
could be linearly separated if previously projected to a space in Q > D dimensions. Thus,
surprisingly, kPCA begins by projecting the data to an even higher dimensional space. One the
biggest advantages of this technique is that there is no need to explicitly determine the analytical
expression of the mapping.

The symmetric matrix related to the mapped snapshots ZT
Z has to be decomposed in eigen-

values and eigenvectors, after performing to the vectors involved in Z the double centering.
Now, the eigenvalue-eigenvector decomposition can be performed according to

Z
T
Z = UΛUT , (17)

from which it results

Y = Id×MΛ1/2U
T . (18)

It is worth noting that the previous procedure only needs scalar products in the intermediate
space R

Q. The Mercers theorem allows computing such scalar products in the original space

5
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R
D, by using the so-called kernel-trick. There are many possible choices [4] and then the model

calibration becomes its principal advantage and at the same time its main drawback.
Moreover, PCA-based transformations preserve distances, where other nonlinear dimension-

ality reduction strategies fail to accomplish it.
Here our M different snapshots are the components in the x direction of the strain tensor

computed in Section 1, εxx,i, i = 1, ...,M , that can be stored in the columns of the DxM matrix
X, being D = 2001 the initial high dimensionality corresponding to the different time steps
for each element of the domain, and M = 5000 is the number of elements of the mesh in our
discretization, according to the details shown in Section 1. The associated dxM reduced matrix
Y contains the corresponding reduced vectors εxx,red,i, i = 1, ...,M .

Figure 2 reflects the result of applying the kPCA on the previously defined data matrix
X, and we can appreciate a very accurated separation between the fractured (in red) and the
non-fractured (in blue) elements of the plate. There are some non-fractured points that are
overlapping the fractured ones; that is because the kPCA detects the non-fractured elements
which are just around the contour of the fractured zone.

3 DATA MINING VIA DATA ASSIMILATION

The objective here is the same as in the previous section, but now the goal is to reduce as
much as possible the number of nodal values because in practical applications, we do not have
the possibility to place a number of sensors as large as the number of finite elements in the FE
mesh. Thus, we want to find the minimum number of sensors needed to detect the damage.

Thus, here we consider data acquisition in few locations (properly chosen), and then to
assimilate the fields from this reduced amount of data. The data assimilation is thus done
using an appropriate reduced base. In order to choose the best assimilation technique, the 1D
problem depicted in Figure 3 is firstly taken into consideration. The geometrical and mechanical
properties of the domain Ω = [0, L] are defined in Table 2.

Table 2: Characteristics of the domain.

L: Length (m) 5

E: Young modulus (N/m2) 2 · 1011

As before an isotropic homogeneous material with linear elastic behavior is considered, which
has a damaged area where the Young modulus is defined as Ef = E/10. On the right side a
force F (t) = A cos(ωt), where A = 106 and ω = 2π, is imposed. The displacement field evoultion
u(x, t) for x ∈ Ω and t ∈ I = [0, T ] is thus described by the linear momentum balance equation
and its boundary and initial conditions

6
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ρü(x, t) =
∂σ

∂x
in Ω× I

u = 0 on {0} × I

σ = A sin(ωt) on {L} × I

u = 0 on Ω× {0}
u̇ = 0 on Ω× {0}

(19)

where ρ is the density (kg/m3). The problem (19) is solved using a FEM space discretization
with linear element over a uniform mesh composed of 100 nodes and a standard time-marching
Newmark method (for the system (7)) , with parameters β = 1/4 and γ = 1/2, in a time interval
of T = 5 s and a time step of ∆t = 0.001 s. The found vector of the solution’s nodal values u
will be called from now uFEM.

3.1 Basis choice: Modal Analysis versus Finite Element Basis

The goal is now to find an appropriate reduced base of dimension much lower than N = 99
(the dimension of the complete FEM basis).
A possible choice consists in using the modal base obtained computing the eigenproblem associ-
ated to the system (7), but this choice do not allow to obtain acceptable approximations of the
different fields with a low number of measurement point.

Thus it is necessary to find another possible reduced base. A possible choice is to select a
reduced FEM base, that is, the shape functions associated to a coarser discretization of the
domain. This coarser discretization is obtained selecting appropriate nodes of the previous finer
discretization. In this work the points has been chosen approximately uniformly distribuited
into the domain and, as previously said, linear shape functions have been used. The results
related to this choice of the reduced base are presented in Figures 4 and 5.

The choice of this reduced base for the data assimilation appears pretty much better.
The results of the 1D case suggest to use the reduced FEM base in order to perform the data

assimilation on the 2D case of Figure 1. As in the 1D case, the shape functions associated to a
coarser discretization of the domain are chosen. This coarser discretization is obtained selecting
appropriate nodes of the previous finer discretization (51 × 51 nodes). In this work the points
(in which, as already noted, the solution is imposed to be the synthetic value computed with the
complete FEM model) has been chosen approximately uniformly distribuited into the domain
and linear shape functions have been used. The strain, that is expected being discontinuous
across the damaged area boundary, appears to be particularly appropriate to be used by a
classifier. In particular the εxx component of the strain tensor seems to be the most characteristic
quantity regarding the configuration of the system and the force imposed. In Figure 6 the εxx
field assimilated using different sizes of the reduced base, as well as the complete synthetic field
obtained with the complete FEM model, at a specific timestep, can be observed.

It can be noted how, with a grid of only 5 × 5 it is already possible to visually detect the
location of the damaged zone.

7
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3.2 Location via Machine Learning techniques

Following the same rationale than in Section 2.1, k-PCA technique is now applied on X̃,
matrix that stores the components in the x direction of the assimilated strain tensor coming
from the data assimilation analysis computed in Section 3.1, ε̃xx,i, i = 1, ...,M .

Results are sketched in Figure 7. We can observe a perfect separation between the fractured
(in red) and the non-fractured (in blue) elements of the plate performing data assimilation in
10 points in each direction of the domain Figure 7 (right). But more attractive is the solution
considering only 5 points in each direction (left), in which we are able to separate quite good
the fractured and the non-fractured elements.

4 CONCLUSIONS

- We have shown that the use of manifold learning techniques, the k-PCA in this paper,
allows us to separate the fractured region from the non-fractured one, perfectly locating
the damaged region.

- In order to reduce the number of sensors (nodal values) in the structure, data assimilation
can be applied in the on the original time series in order to extend everywhere the infor-
mation collected at some points (minimum number and optimally placed), speeding-up
even more the procedure, performing real-time decision making in the context of Health
Monitoring.
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Figure 1: The 2D model object of our study.

Figure 2: kPCA result considering all the points.

Figure 3: The 1D model object of our study.
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Figure 4: Displacement field assimilated with the reduced FEM base (in blue) vs. complete
displacement field, the complete FEM solution, (in red), for different dimensions of the reduced
base, at a fixed timestep. 10
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Figure 5: Strain field assimilated with the reduced FEM base (in blue) vs. complete displace-
ment field, the complete FEM solution, (in red) for different dimensions of the reduced base, at
a fixed timestep. 11
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Figure 6: εxx field assimilated with the reduced FEM base for different dimensions of the
reduced base (a,b) and complete sinthetic εxx (c), at a fixed timestep.

Figure 7: Reconstructed kPCA solution with 5 (left) and 10 (right) points coming from data
assimilation.
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Abstract. This paper proposes a methodology for impact event reconstruction by exploiting the 
dynamic characteristics of impact-induced stress waves, captured by a limited number of 
sensors. Initially, the impact location is determined using a geometrical optimization algorithm, 
which the pursued impact location with wave frequencies and respective propagation velocities. 
Then, impactor mass and velocity are determined by investigating the dynamic characteristics 
of waves in dimensionless space. As soon as the impact location and impactor characteristics 
are known, a simulation may be conducted using Time-Domain Spectral Finite Elements in 
order to replicate the impact event and reproduce impact force and response of the impacted 
structure. 

 
 
1 INTRODUCTION 

The detection and characterization of foreign object impacts on composite structures is a 
problem of great interest for the development of structural health management systems in 
aerospace community. Numerous approaches may be found in the literature for the detection of 
impact events, including wavelet-based time-frequency analysis  [1], nonlinear triangulation, 
impact force reconstruction methods [2] [3], time reversal methods [4], etc., however, most are 
limited in scope and efficiency. The present paper addresses the development of a mechanics 
based computationally efficient approach for: (1) identification of impact site, (2) estimation of 
impactor mass and velocity, and (3) reconstruction of the impact force of low velocity local 
impact events.  

A series of numerical tools have been developed, based on physical models and laws. The 
relationships between impact parameters and Lamb wave characteristics are thoroughly 
analyzed using an innovative Time-Domain Spectral Finite Element [5]–[7], while wave 
characteristics are correlated to elastic and laminate properties using semi-analytical wave 
dispersion models [8]. The previous analytical and numerical tools address the complex effect 
of anisotropy on Lamb wave propagation in composite structures and embrace the various 
impact mechanics regimes mandated by impactor and target structure interaction.   

Building on them, new methodologies are presented leading to the localization and 
characterization of impact events. A network of sensors is attached at optimal sites to capture 
impact-induced waves. Localization is performed by identification of propagating 
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antisymmetric waves and geometric compatibility optimization using their group velocities. 
Furthermore, the variation of wave amplitude in time is analyzed and correlated to impactor 
mass and velocity. Due to the ambiguity involved in impactor characterization, the 
methodology is based on dimensional analysis. This further enables direct connection with 
other well-established impact characterization methodologies [9], [10]. 

A series of impact simulation results are presented which reveal the governing impact 
parameters and quantify their relation to wave velocity, frequency and amplitude. Simulation 
results are also exploited for inverse model training and demonstration of the impact detection 
and characterization capability.  

 
2 THEORETICAL BACKGROUND 

2.1 Simulation of impact using Time Domain Spectral Finite Elements 
The proposed methodology is based on a developed multi node Time Domain Spectral Finite 

Element  for plates (TDSFE) with C0 Lagrange shape functions [11]. Exploitation of high order 
Lagrangian polynomial shape functions ensures the efficient spatial discretization in the plane 
of the plate. The nodes of the proposed element are located at Gauss-Lobatto-Legendre (GLL) 
integration points provided as solutions of the equation (1 − 𝜉𝜉𝑖𝑖2) ⋅ 𝑃𝑃𝑝𝑝,𝜉𝜉(𝜉𝜉𝑖𝑖) = 0, where 
𝜉𝜉 ∈ [−1,1] is the local coordinate of the element. Figure 1. Outline of the developed 81-node 
plate TDSFE.shows an 81-node plate TDSFE. 

 
Figure 1. Outline of the developed 81-node plate TDSFE. 

The generalized displacement degrees of freedom in the element, are approximated as, 

      
1

ˆ, , ,
Nr Nodes

i i
L

i
y y tx t x



 U N U   (1) 

where �̂�𝑼𝑖𝑖indicates nodal variables of the ith not, and Ni contains the in-plane shape function 
matrix. The element stiffness and mass matrices, 𝐊𝐊𝐞𝐞

𝐢𝐢𝐢𝐢 and  𝐌𝐌𝐞𝐞
𝐢𝐢𝐢𝐢, can be calculated as in classical 

FEA: 

 
1 1

1 1
  T J d d 

 
   ij i j

e LK R K R  (2) 

 
1 1

1 1
  T dJ d 

 
  ij i j

e LM N ρ N   (3) 
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In the previous relations Ri, Ni denote the strain and displacement shape functions of the 
respective nodes; |J| the determinant of the Jacobian of the element, which is calculated at each 
integration point of GLL quadrature. It should be rather obvious in Eq. (3) that the collocation 
of nodes with the GLL integration points leads to a consistent diagonal or nearly diagonal 
element mass matrix, which boosts the speed of an explicit time integration schemes without 
degrading the quality of the approximation.  

2.2 Impact Localization 

Assume a composite plate of length 𝐿𝐿, width 𝑊𝑊and thickness 𝑡𝑡. A set of 𝑁𝑁 sensors are 
attached on arbitrary locations 𝑺𝑺𝒊𝒊(𝑥𝑥𝑖𝑖, 𝑦𝑦𝑖𝑖), 𝑖𝑖 = 1…𝑁𝑁. All sensors are connected to a proper data 
acquisition system (DAQ) that captures their response in time. The actual response of sensors 
is typically voltage, but it can be translated to equivalent strains or displacements using the 
manufacturer’s datasheet; therefore, sensor response is generically denoted as transverse 
displacement 𝑤𝑤 = 𝑤𝑤(𝑡𝑡) throughout this paper. The plate is impacted by spherical impactor of 
mass 𝑚𝑚𝑖𝑖𝑖𝑖𝑖𝑖 and velocity 𝑣𝑣𝑖𝑖𝑖𝑖𝑖𝑖 at location 𝑷𝑷(𝑥𝑥0, 𝑦𝑦0) at time 𝑡𝑡0; both the impact location and 
impact time are unknown. Upon contact, elastic waves are generated sourcing from the impact 
location and propagating along all directions. Waves travel with group velocity 𝑐𝑐𝑔𝑔, which 
depends on wave frequency and propagation direction due the anisotropic nature of the 
composite plate. i.e. 𝑐𝑐𝑔𝑔 = 𝑐𝑐𝑔𝑔(𝜃𝜃, 𝑓𝑓). Waves eventually arrive at each sensor at time 𝑡𝑡𝑖𝑖, 𝑖𝑖 = 1…𝑁𝑁, 
which can be determined from the DAQ system. The system under investigation is conceptually 
depicted in Figure 2. 

 
Figure 2. Conceptual system configuration for impact investigations. A set of sensors are attached at 

locations 𝑺𝑺𝒊𝒊(𝒙𝒙𝒊𝒊, 𝒚𝒚𝒊𝒊). Impact takes place at an arbitrary location 𝑷𝑷(𝒙𝒙𝟎𝟎, 𝒚𝒚𝟎𝟎). A DAQ system continuously 
monitors sensors’ output. 

The distance of the generalized ith sensor from the impact site is 

    2 2
0 0 , 1...i i id x x y y i N      . (4) 

The time need for a wave to travel from the impact site to the ith sensor is 
  0 , , 1...i i g i i it t t c f d i N       . (5) 

This formulation implies that the signal acquired from each sensor needs to be processed in 
order to calculate the frequency and the arrival time. Then, Eqs. (4), (5) can be seen as a 
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nonlinear system of 𝑁𝑁 equations for the unknown impact site (𝑥𝑥0, 𝑦𝑦0). The directionality effects 
for group velocity, i.e. the relation 𝑐𝑐𝑔𝑔 = 𝑐𝑐𝑔𝑔(𝜃𝜃, 𝑓𝑓) can be calculated as described in [8]. 

2.3 Impactor Characterization 
The characterization of the impactor has two aspects: (1) Estimation of impactor mass, and 

(2) Estimation of impactor velocity. No simple set of equations can be derived as in the case of 
localization, thus, a different approach needs to be followed. Dimensional analysis is employed 
to this cause. First, the key parameters affecting the impact investigation are identified. 
Assuming that modeling is tailored for a specific composite system, these can be reduced to the 
following parameter set: impactor mass (𝑚𝑚𝑖𝑖𝑖𝑖𝑖𝑖), impactor velocity (𝑣𝑣𝑖𝑖𝑖𝑖𝑖𝑖), modal mass of the 
structure (𝑚𝑚𝑠𝑠), modal stiffness (𝑘𝑘𝑠𝑠), contact stiffness (𝑘𝑘𝑦𝑦), and wave amplitude (𝐴𝐴). Impactor 
mass and velocity are pursued, while the others can be determined numerically or 
experimentally. Alternative quantities could have been selected, leading to equivalent results. 
However, the proposed parameters enable direct incorporation of other successful theories 
[12]–[14].  

Numerical simulations have revealed a dependence of dimensionless wave characteristics 
on dimensionless mass and impactor velocity; namely, both the wave amplitude and its 
variation in time can be correlated to impactor mass and velocity in dimensionless space. 
Although dimensional analysis reveals the correlations among the various parameters, it does 
not provide any information on the formulation. The exact formulation depends on the system 
under investigation and implies the requirement for a training step. The exact procedure will be 
demonstrated in Section 3. 

 
3 NUMERICAL IMPLEMENTATION 

In order to demonstrate the proposed methodology, a 400x400x4mm3 has been considered 
made of 16 Glass/Epoxy composites plies with [(0/90)2]2S stacking sequence. The ply properties 
are summarized in Table 1. 

Table 1. Elastic ply properties considered for the plate under investigation. 

E11 23.126 GPa    v23 0.271 - 
E22 20.780 GPa    G12 3.218 GPa 
E33 12.431 GPa    G13 2.279 GPa 
v12 0.116 -    G23 2.779 GPa 
v13 0.271 -    ρ 1792 kg.m-3 

The plate is monitored using four sensors located at 𝑺𝑺𝟏𝟏(0.078,0.218), 𝑺𝑺𝟐𝟐(0.198, 0.098), 
𝑺𝑺𝟑𝟑(0.318, 0.218), 𝑺𝑺𝟒𝟒(0.198, 0.338). A rigid spherical impactor hits the plate at an arbitrary 
location 𝑷𝑷(𝑥𝑥0, 𝑦𝑦0) at an unknown time 𝑡𝑡 ≥ 0. The goal is to identify the impact location and 
the impactor mass and velocity, by means of analysis of impact-induced wave characteristics. 
The assembly resembles the conceptual schematic of Figure 2. 

3.1 Estimation of impact location 
After the impact event, each sensor captures a signal due to the impact-induced propagating 

stress waves. In Figure 3a, it is clear that the signal of Sensor 4 is overwhelmed and no wave 
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can be identified. This may be happening due to multiple reasons, e.g. impact took place near 
that sensor, a reflection arrived together with a wave etc. Such signals are of little value with 
respect to the wave-based methodology and, therefore, not further considered in calculations. 
The remaining signals are post-processed in order to extract their wave dominated response, 
i.e. before reflections occur. This is depicted in Figure 3b, where only a small portion of the 
signal has been preserved to be included in calculations. 

 

  
(a) (b) 

Figure 3. Captured signals. (a) Raw data converted to displacements. (b) Only the wave-dominated 
region of each signal has been preserved. 

Using the time interval between two successive peaks as a semi period, the frequency content 
of each wave can be identified, as well as its arrival time at the respective sensor (Table 2).  

Table 2. Frequency content and arrival time at each sensor. 

Sensor ID Frequency (kHz) Arrival Time (ms) 
1 8.55 0.169 

6.11 0.228 
2 9.01 0.350 

6.35 0.405 
3 8.57 0.269 

7.13 0.327 
In this specific example, each sensor captures two different frequencies. Depending on the 

impact location and the geometry of the plate, more or less frequencies may be identified; at 
least one per sensor is necessary to perform localization. Each row of Table 2 corresponds to 
an equation for the system in Eq. (5); this system is solved numerically and the impact location 
𝑷𝑷(𝑥𝑥0, 𝑦𝑦0) is estimated. The selection of a suitable numerical solver and its proper setup is of 
great importance, but not pursued in this paper. Solution of the system using the fore mentioned 
data yields the prediction shown in Figure 4; the actual impact location is depicted by the x-
mark, while the prediction is shown by the open circle. Clearly, the prediction is very close the 
actual impact site. The fact that the impact site is close to Sensor 4, also justifies the fact that 
the respective signal was overwhelmed and, therefore, discarded. 
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Figure 4. Estimation of impact location. Filled circles denote the sensor locations; the x-mark 

represents the actual impact site; and the open circle show the predicted impact site. 

The efficiency of the proposed methodology has been assessed by a series of impact 
simulations at random locations using the TDSFE modeling presented in Section 2.1. Impactor 
mass varies between 80g and 150g, while velocity varies between 0.5m/s and 3m/s. This range 
has been selected in order to keep impact events at a low-energy regime, and preserve the local 
nature of impact. Results are summarized in Table 3. The vast majority of predictions is very 
close to the respective actual impact sites. However, there may exist cases where signals are 
not clear, as in the case shown in Figure 5. The signal of Sensor 1 is not a pure wave, most 
likely due to reflections interference. Such a signal would lead to false frequency calculations, 
and increase the error in predictions (e.g. case 4 in Table 3). It is, therefore, suggested to treat 
such cases with extreme caution and if possible to review/update calculations manually. This 
will be subject to further improvement of the algorithm. 

 
Figure 5. Example of wave signals that may lead to misleading results. The signal of Sensor 81 is not a 

clear wave, and calculations may be compromised. 
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Table 3. Comparison between actual and predicted impact site. 

Case ID Actual Impact Site Predicted Impact Site Distance (m) 
1 (0.147,0.342) (0.130,0.350) 0.019 
2 (0.246,0.218) (0.242,0.218) 0.005 
3 (0.067,0.346) (0.057,0.342) 0.012 
4 (0.013,0.393) (0.236,0.315) 0.236 
5 (0.120,0.393) (0.031,0.384) 0.090 
6 (0.002,0.273) (0.002,0.302) 0.029 
7 (0.220,0.142) (0.231,0.166) 0.027 
8 (0.118,0.378) (0.098,0.400) 0.030 
9 (0.333,0.026) (0.348,0.000) 0.030 
10 (0.074,0.400) (0.019,0.400) 0.054 
11 (0.107,0.106) (0.109,0.060) 0.046 
12 (0.220,0.300) (0.222,0.265) 0.035 
13 (0.260,0.066) (0.267,0.106) 0.040 
14 (0.046,0.327) (0.000,0.333) 0.047 
15 (0.238,0.142) (0.253,0.185) 0.046 
16 (0.140,0.266) (0.141,0.261) 0.006 
17 (0.280,0.273) (0.207,0.300) 0.078 
18 (0.060,0.313) (0.058,0.362) 0.050 
19 (0.002,0.340) (0.000,0.400) 0.060 
20 (0.362,0.386) (0.351,0.395) 0.014 

 

3.2 Estimation of impactor mass 
Estimation of impactor mass is a two-step process. First, a phenomenological model has to 

be trained, i.e. derive expressions for correlating the impactor mass to wave characteristics in 
dimensionless space. Then, trained model can be employed to back-calculate the impactor 
mass. The proposed approach can be accommodated even by only one sensor. 

3.2.1 Training for Impactor Mass 
A series of impact cases need to be investigated in order to correlate impactor mass to the 

variation of stress waves. For each impact case, the dimensionless mass is calculated as  

 
imp

s

m
m

    (6) 

where 𝑚𝑚𝑖𝑖𝑖𝑖𝑖𝑖 is the actual impactor mass and 𝑚𝑚𝑠𝑠 is the modal mass of the impacted plate, as 
defined in [10]. Wave peaks are identified, and their amplitude (𝑎𝑎𝑖𝑖) is recorded along with the 
respective arrival time (𝑡𝑡𝑖𝑖). These are normalized on the amplitude of the first peak (𝑎𝑎0) of the 
captured signal. The variation of the normalized peaks in time can be adequately approximated 
by a quadratic formula: 
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The dominant term is the quadratic one. Its coefficient, namely 𝐴𝐴 in Eq. (7), can be cast into 
dimensionless space by multiplication with a quantity of “time-2” units: 
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      (8) 

where 𝑘𝑘𝑦𝑦 is the contact stiffness and can be derived by simulations or experimentally. As shown 
in Figure 6, the variation of �̅�𝐴 is well approximated by a polynomial relation. For the case under 
investigation, contact stiffness has been found 200MPa and the polynomial expression for �̅�𝐴 is 
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    (9) 

 

 
Figure 6. Dependence of wave amplitude variation on mass, in dimensionless space. 

3.2.2 Estimation of Impactor Mass 
After training has been performed and the polynomial coefficients of Eq. (9) have been 

calculated, the model can be employed in actual impact cases. Impactor mass prediction is 
demonstrated using again the same composite plate considered throughout this section. Impact 
waves are captured and wave peaks are identified (Figure 7). These are normalized and 
approximated be a quadratic equation.  

 
9 2 52.966 10 3.92 10 1a t t         (10) 

The coefficient of the highest power term is 𝐴𝐴 = 2.966 ⋅ 109, in this example. Note that only 
the first three peaks have been considered, as the last part of the signal seems to contain 
reflections. Without loss of generality, Eq. (10) and the curve of Figure 7b have been shifted to 
𝑡𝑡 = 0, in order to simplify the equation. 
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(a) (b) 

Figure 7. Extraction of wave characteristics for estimation of impactor mass. (a) Identification of wave 
peaks. (b) Polynomial fitting of the normalized absolute peak amplitude. 

If the impactor mass were known, the coefficient of the dominant term of Eq. (10) would be 
normalized using Eq. (8). On the other hand, training of the model has yielded Eq. (9). Then, 
the following objective function can be formulated: 

  
3

0

is
i

iy

mF A p
k

 



      (11) 

Solving for 𝐹𝐹(𝜇𝜇) = 0 yields the values of 𝜇𝜇 that satisfy both Eq. (8) and (9); in a general case, 
minimization the objective function should be adequate. Then, impactor mass can be derived 
from Eq. (6). This is depicted in Figure 8, where 𝜇𝜇 has already been converted to impactor mass. 
Clearly, the prediction is excellent; predicted impactor mass: 86.6g, actual impactor mass: 85g. 

 
Figure 8. Roots of the objective function designate candidate values for the impactor mass. The marker 
shows the actual impactor mass, which practically coincides with the root of the objective function. 

As in localization, a number of cases have been further analyzed to assess the quality of 
predictions. These cases are different than the ones considered in training, but within range. 
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Comparisons demonstrate excellent agreement between actual and predicted mass (Figure 9). 
In cases referring to the same mass, different impactor velocity has been considered.  

 
Figure 9. Excellent agreement between actual and predicted masses. Cases with same mass, consider 

different velocity. 

Exact comparisons are listed in Table 4, where excellent agreement is observed. The sole 
exception is the mass range up to 20g. This deviation was actually expected since the fitting 
curve in Figure 6 fails to interpolate very small values. However, even if the percentage error 
is high for these cases, the actual deviation of up to 5g is quite reasonable. 

Table 4. Excellent agreement between actual and predicted impactor mass. 

Case 
No 

Predicted 
mass (g) 

Actual 
mass (g) 

Error 
(%) 

Case 
No 

Predicted 
mass (g) 

Actual 
mass (g) 

Error 
(%) 

1 16.89 20.00 15.55 11 84.48 85.00 0.61 
2 17.14 20.00 14.31 12 88.67 85.00 4.31 
3 16.69 20.00 16.55 13 120.00 117.50 2.12 
4 16.64 20.00 16.80 14 120.44 117.50 2.51 
5 53.30 52.50 1.52 15 120.89 117.50 2.89 
6 54.35 52.50 3.52 16 120.20 117.50 2.29 
7 52.01 52.50 0.94 17 153.52 150.00 2.35 
8 51.21 52.50 2.46 18 153.82 150.00 2.54 
9 84.13 85.00 1.02 19 153.67 150.00 2.45 

10 86.57 85.00 1.85 20 149.93 150.00 0.05 
 

3.3 Estimation of impactor velocity 
For the estimation of impactor velocity, a similar approach is followed, employing a training 

and a prediction phase. Contrary to mass prediction that is based on the variation of amplitude, 
velocity predictions consider only the amplitude of the first arriving peak, but assumes that 
mass has already been predicted in the previous step. 
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3.3.1 Training for Impactor Velocity 
Again, a series of impact cases need to be investigated in order to correlate impactor velocity 

with the first peak amplitude of the stress waves. The same training data as for mass training 
may be used, since various velocities have been considered. After the arriving wave peak (𝑎𝑎) 
has been measured, it is normalized by multiplication with a quantity of units “ 1

𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙ℎ”: 

 
y y

imp imp imp s

k ka aa
v m v m

   


  (12) 

where 𝑣𝑣𝑖𝑖𝑖𝑖𝑖𝑖 is the impactor velocity. The normalized peak (�̃�𝑎) exhibits an exponential decay 
with respect to dimensionless mass (Figure 10). For the demonstration case considered, the 
exact formulation is  

 
4.53 0.340.046 e 0.031a e        (13) 

 
 
 

 
Figure 10. Exponential fitting of the normalized absolute arriving wave peak amplitude. 

3.3.2 Estimation of Impactor Velocity 
After training has been performed and Eq. (13) has been formulated, the model can be 

employed in actual impact cases. Impact waves are captured and the first wave peak is 
identified. Impactor mass has already been calculated. If impactor velocity were known, then 
the wave peak would be normalized using Eq. (12). However, training of the model has yielded 
Eq. (13). Then, then following objective function can be formulated: 

    4.53 0.340.046 e 0.031y

imp s

kaG e
v m

 


      


  (14) 

Since the dimensionless mass 𝜇𝜇 is already known from mass estimation, setting 𝐺𝐺(𝜇𝜇) = 0 
yields the impactor velocity. For the case under investigation, the predicted velocity 0.98m/s is 
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very close to the actual one (1m/s). A number of cases have been further analyzed to assess the 
quality of predictions. Again, the validation cases are different than the ones considered in 
training. Comparisons demonstrate excellent agreement between actual and predicted mass 
(Figure 11). In cases referring to the same velocity, different impactor mass has been 
considered. 

 
Figure 11. Excellent agreement between actual and predicted velocities. Cases with same velocity, 

consider different mass. 

Exact comparisons are listed in Table 4, where excellent agreement is observed.  
Table 5. Excellent agreement between actual and predicted impactor mass. 

Case 
No 

Predicted 
velocity (m/s) 

Actual 
velocity 

(m/s) 

Error 
(%) 

Case 
No 

Predicted 
velocity (m/s) 

Actual 
velocity 

(m/s) 

Error 
(%) 

1 0.98 1.00 1.84 11 3.04 3.00 1.21 
2 1.96 2.00 2.08 12 4.04 4.00 0.94 
3 2.95 3.00 1.74 13 0.99 1.00 0.53 
4 3.92 4.00 1.99 14 1.99 2.00 0.65 
5 1.01 1.00 0.84 15 2.98 3.00 0.65 
6 2.02 2.00 0.88 16 3.98 4.00 0.58 
7 3.02 3.00 0.82 17 0.98 1.00 1.57 
8 4.03 4.00 0.73 18 1.97 2.00 1.52 
9 1.01 1.00 1.23 19 2.95 3.00 1.62 

10 2.02 2.00 1.06 20 3.95 4.00 1.36 
 

3.4 Force reconstruction 
After the impact event has been characterized, an equivalent TDSFE model can be 

assembled and simulated in order to replicate the impact event and reconstruct impact force. 
Figure 12 shows comparisons for the impact force for two different events. The exact impact 
parameters are shown in the respective insets. One of the selected events has been well-
predicted, and force reconstruction is perfect. The other one, has been poorly predicted (15.55% 
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error in mass prediction), yet, force reconstruction is again excellent. 

 
(a) (b) 

Figure 12. Comparisons between actual and reconstructed impact force. (a) Comparisons for a well-
characterized case. (b) Comparisons for a poorly-characterized cases (15% error in mass prediction). In 

both cases, force reconstruction is perfect. 

Finally, considered impact cases have been mapped to the Impact Characterization Diagram 
[10]. All of them lay at the local regime (Figure 13), following the assumptions for the selection 
of impactor mass and velocity range. 

 
Figure 13. Mapping of impact cases to the Impact Characterization Diagram supports the assumption 

for local impact events. 

4 CONCLUSIONS 
A methodology for impact event characterization and impact force reconstruction has been 

presented. The frequency content, which determines the propagation velocity of the elastic 
waves, has been exploited into a geometrical compatibility algorithm, in order to identify the 
vicinity of impact. The variation of wave amplitude in time has been correlated to impactor 
mass and velocity. A series of training cases have been analysed to determine the various 
modeling parameters. The trained models have been applied to actual impact data, in order to 
perform both localization and impactor characterization. Subsequently, a TDSFE model has 
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been assembled to reconstruct the impact force time history. Comparisons between actual and 
predicted results demonstrate that impact force reconstruction is excellent.  
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ABSTRACT 

Nowadays, wind energy is one of the most important renewable sources. However, its future as a 
highly efficient and low cost energy passes through the use of larger and more flexible wind turbines 
(WT). Hence, requiring efficient on-line fault detection methods to increase their feasibility and 
reduce its operation and maintenance costs. In this sense, this work addresses the problem of online 
fault detection of a wind turbine, as given in [1], under pitch and torque actuators faults, as well as 
pitch angle measurements sensor faults. 

Among the data-driven existent fault detection methods, there has been a great effort in the ones 
based on principal component analysis (PCA) [2].  For instance, with the combination of uni- and 
multi-variate hypothesis testing [3,4,5]. Usually, these methods use time-dependent measurements. In 
this work, we propose to use these measurements transformed into the frequency domain to 
determine whether the WT presents some faults or it is healthy. The proposed fault detection scheme 
starts by computing the baseline singular spectrum analysis (SSA) model from the healthy WT. 
Subsequently, when the WT is inspected or supervised, new measurements are obtained, transformed 
and projected into the baseline SSA model to diagnose the WT condition. 

The effectiveness of the proposed method is evaluated by numerical simulation on a well-known 
wind turbine benchmark [6] in the presence of wind turbulence and on realistic faulty scenarios. 
According to the numerical results, our proposal demonstrates to be efficient in detecting on-line the 
status condition of the WT. 
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