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The classical Saint Venant's theory of torsion does not describe the well-known Poynting 

effect [1], that is the appearance of the axial force if the circular specimen is subjected to a 

twist in a hard device or the axial elongation in the case of soft loading by a torque. This 

effect can be analyzed within the non-linear theory of elasticity by the use of Rivlin's 

universal solution for pure shear deformation of a homogeneous and isotropic non-linear 

elastic material [2]. The results show that the axial force and the change in the length of a 

cylindrical specimen are proportional to the the square of the specific twisting angle (twisting 

angle over the unit length of the specimen) and agree well with experimental data. 

 

Not only the axial but also the radial deformation effects can be observed as the twisting 

becomes essential.  The variational asymptotic solutions given in [3] indicate that the radial 

strain is proportional to the square of the twist and is non-linearly distributed over the radial 

coordinate for solid and hollow circular cylinders. However, the analysis presented in [3] is 

limited to linear-elastic materials.  For large angles of twist, for non-linear elastic materials 

and for the hard device torsion both the radial and the axial strains are expected to be non-

uniform with respect to axial coordinate such that ring-type wrinkles may arise on the surface 

of the specimen. Non-uniform radial deformation effect is not analyzed in the available 

theories of torsion [4]. Although cross section warpings are considered for prismatic solids, 

these effects are not essential for cylinders and cannot be related to the radial deformation. 

 

In this paper we recall governing equations of the non-linear theory of elasticity to study the 

torsion of circular solid bars. We generalize Saint Venant's hypotheses by including the non-

homogeneous longitudinal and radial deformation.  Applying the general variational principle 

we reduce a three-dimensional problem to the one-dimensional one with respect to the axial 

coordinate. The investigated variational functional includes two independent functions - the 

function of radial/surface deformation and the function of the longitudinal deformation and 

two independent variables - the normalized torque and the normalized axial force. We 

consider a class of non-linear elastic materials that exhibit the power law type dependence of 

the strain energy density on the magnitude of the deformation gradient. For different values of 

the exponent p several classical potentials can be considered. As an extension of the previous 

work to the non-linear torsion of circular solid bars we analyze the following problems: 
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 According to the classical results  the axial force or the change in the length of are 

related to the square of the specific twisting  angle. The classical solution is limited for 

Treloar (neo Hookean) materials with p=2 [5]. Below we address an analysis for a 

class of materials with p>1, because for p=1 the limit load and discontinuous mapping 

exist [6]. For hard device torsion derive an asymptotic formula that estimates the axial 

force and the reaction torque for large angles of twist.  

 

 For hard device torsion we analyze the radial deformation effects. For p=2, i.e. for 

Treloar (neo Hookean) materials we derive the second order essentially nonlinear 

differential equation for the radial deformation function.   

 

To study the general case we perform a numerical finite element analysis by Matlab and LS-

DYNA commercial CAD. 
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