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The lecture provides an overview of recent formulations and computational exploitations
of variational principles for dissipative multi-field problems of solids at fracture, which
fully govern the coupled initial-boundary-value-problems. This concerns advanced multi-
physics scenarios such as chemo-, thermo-, electro-, magneto-mechanics coupled with
brittle or ductile crack propagation. In such complex environments, the computational
modeling of failure mechanisms based on sharp crack discontinuities suffers in problems
with complex crack topologies including branching. This can be overcome by recently
developed continuum phase-field approaches to fracture, whose structures fit in a natural
format to the multi-physics scenarios. The overall aim of the lecture is to provide a broader
understanding of the variational nature of such coupled problems, which includes new as-
pects of the phase field modeling of ductile and brittle fracture in multi-physics environ-
ments. To this end, selected mixed variational principles for representative multi-physics
problems of solids are investigated under quasi-static conditions. It is shown that for cer-
tain assumptions all coupled equations for the quasi-static evolution and update problems
follow in a natural way as the Euler equations of properly defined variational statements.
The variational principles derived provide a canonical compact approach to the dissipative
multi-physics problems considered. Typical applications of the framework presented are
the modeling of complex phenomena such as brittle-to-ductile and ductile-to-brittle frac-
ture mode transitions in thermo-elastic-plastic solids, chemo-mechanical fracture of Li ion
batteries or hydraulic fracturing in porous continua. The performances of the proposed
formulations are demonstrated by means of representative numerical simulations.
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Figure 1: Model problem. Drying soil subjected to linearly decreasing fluid potential at bottom. On the
back and bottom of the cuboid the distribution of the fluid content is shown, on the cracks the distance
to the bottom is displayed at different times during the drying process.
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