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The Discontinuous Galerkin (DG) method was first developed by Reed and HillY for
advection-type equations, for which it is pre-eminently suited. It combines the best of
both finite-volume (FV) and finite-element (FE) methods to be highly accurate, yet com-
pact, flexible and versatile. DG was soon applied to solving diffusion problems, as it is
desirable to discretize advection-diffusion equations like the Navier—Stokes equations by
one numerical strategy. However, the discontinuous solution representation by DG, its
very claim to fame and widespread usage, prevents a straightforward, stable discretiza-
tion. To overcome this problem, a special step is required that derives common quantities
at the interface.

The Recovery-based Discontinuous Galerkin (RDG) method was invented by Van Leer
in 2005, and proved to be stable®. The required unique interface quantities are “recov-
ered” by a smooth interpolating function f, which is in the weak sense identical to the
original discontinuous solutions in the pair of elements spanning the interface. A typi-
cal example in one dimension for a piece-wise linear solution is shown in Figure ; for
neighbors 2; and €2y, f is the solution of the following recovery equations:
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where (v;); and (v;)2 are the solution basis functions defined on ©; and 2y, respectively.
This is a novel idea that breaks the traditional mold of bridging the interface discontinuity;
all previous approaches were either rewriting the second-order differential operator as a
system of first-order operators (BR2% LDG%, CDG"), or penalizing the discontinuity via
an interior penalty (IP) method™.
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Utilizing a p*™-order elemental tensor-product polyno-
mial basis, RDG has been demonstrated to achieve the
order of accuracy 3p 4+ 2 or 3p + 1 for p even or odd,
respectively®, on a Cartesian grid. This is the highest
order among all contemporary DG methods for diffu-
sion; Huynh/’s study also validates the superior stabil-
ity of RDG. The result is robust: it holds in any number
of dimensions”, for linear as well as nonlinear equations,
with or without mixed derivatives. On a triangular grid,
however, one has to abandon the tensor-product basis for

a lean basis of order p to reach an accuracy of the order
2p + 2 for even and 2p for odd p®; the latter value may
still be improvable. It must be noted that all aforemen-

Figure 1: Recover rinciple (1D): a .
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The resemblance between f and

U, especially at the interface, is re-
markable, indicating great accuracy [n the full paper, we will review RDG and present re-

potential.

sults of our latest efforts: 7) to extend RDG to nonlinear

diffusion-shear systems on triangular grids, without loss of accuracy; i) to perform direct
numerical simulation of compressible turbulence with DG, using recovery for diffusion. To
realize the latter in full, the advection discretization must be improved; the standard DG
method for advection achieves accuracy of the relatively low order 2p + 1. One option is
to use the Py Py method, pioneered by Dumbser®; an alternative is to reuse the recovered
function for higher accuracy, in combination with appropriate upwinding for stability. We
will demonstrate the accuracy, efficiency and robustness of our approach through various
test problems (e.g., Taylor-Green vortex, decaying compressible isotropic turbulence).

References

[1]
[2]

W.H. Reed and T.R. Hill. Triangular mesh methods for the neutron transport equation. Technical
Report LA-UR-73-479, Los Alamos Scientific Laboratory, 1973.

Bram van Leer and Shohei Nomura. Discontinuous Galerkin for diffusion. 2005. ATAA 2005-5108.
Marcus Lo and Bram van Leer. Analysis and implementation of Recovery-based Discontinuous
Galerkin for diffusion, 2009. ATAA 2009-3786.

D. N. Arnold, F. Brezzi, B. Cockburn, and L. D. Marini. Unified analysis of Discontinuous Galerkin
methods for elliptic problems. SIAM Journal on Numerical Analysis, 39(5):1749-1779, 2002.

J. Peraire and P. O. Persson. The Compact Discontinuous Galerkin (CDG) method for elliptic
problems. Siam Journal on Scientific Computing, 30(4):1806-1824, 2008.

Hung T. Huynh. A reconstruction approach to high-order schemes including Discontinuous Galerkin
for diffusion. 2009. ATAA 2009-0403.

Eric Johnsen, Sreenivas Varadan, and Bram Van Leer. A three-dimensional Recovery-based Discon-
tinuous Galerkin method for turbulence simulations. 2013. ATAA 2013-0515.

Loc Khieu and Bram van Leer. Optimal accuracy of Discontinuous Galerkin for diffusion. 2013.
ATAA 2013-2691.

Michael Dumbser, D. S. Balsara, E. F. Toro, and C. D. Munz. A unified framework for the construction

of one-step finite volume and discontinuous Galerkin schemes on unstructured meshes. Journal of
Computational Physics, 227(18):8209-8253, 2008.



