
11th World Congress on Computational Mechanics (WCCM XI) 

5th European Conference on Computational Mechanics (ECCM V) 

6th European Conference on Computational Fluid Dynamics (ECFD VI) 
July 20 - 25, 2014, Barcelona, Spain 

 

 

 

RECENT ADVANCES AND APPLICATIONS OF THE REFINED 

ZIGZAG THEORY 

 
A. Tessler 

NASA Langley Research Center, Hampton, Virginia, 23681-2199, U.S.A., 

alexander.tessler-1@nasa.gov, www.nasa.gov 

 

 

Key Words: Refined Zigzag Theory, Shear Deformation, Transverse Shear Stress, Laminated 

Composites, Sandwich Construction, Beam Theory, Plate Theory, Zigzag Function, Finite 

Element. 

 

This paper provides an overview of the recent advances and applications of the Refined 

Zigzag Theory (RZT) for beam and plate analysis. The theory is applicable for homogeneous, 

laminated composite, and sandwich structures and is based on a multi-scale formalism, where 

the face-parallel (inplane) displacements are composed of coarse- and fine-scale components 

[1-4]. The coarse displacements are fundamentally those of first-order shear-deformation 

theory (FSDT), whereas the fine displacements are given by piecewise-linear or piecewise-

cubic zigzag distributions through the thickness. For planar beams, RZT requires four 

independent kinematic variables to define the axial stretching, bending, and transverse shear 

deformations. Compared to Timoshenko beam theory, RZT has an additional kinematic 

variable which governs the cross-sectional distortion along the axial direction. For plate 

analysis, RZT has seven kinematic variables, two more than FSDT, where the two additional 

variables model the distortions of the cross-sections normal to the reference coordinate axes.  

 

The RZT kinematic field provides sufficiently accurate approximations of the deformation 

states over a wide range of laminations, material systems, and span-to-thickness ratios without 

invoking the transverse-shear correction factors that are inherent to the coarse-scale theories 

of Timoshenko and FSDT. The original RZT formulation, which uses piecewise-linear zigzag 

functions and the virtual work principle, has  the transverse-shear strains and stresses that are 

piecewise-constant through the thickness. In the average sense, these strains and stresses are 

sufficiently accurate within each layer. Lamination sequences can also accommodate 

relatively thin, compliant material layers without any loss of accuracy. This unique capability 

enables the modelling of delamination damage in advanced composite laminates [5].  

 

The latest refinements of RZT, called RZT
(m)

 [6,7], are based on the Hellinger-Reissner 

mixed-field variational principle. The RZT
(m)

 formulations result in the transverse-shear 

stresses that maintain equilibrium along the layer interfaces. Because both RZT and RZT
(m)

 

require the kinematic approximations that need not exceed C
0
 continuity, efficient finite 

elements for beams and plates have been developed (refer to [5, 8-11] and references therein). 

The zigzag methodology is also amenable to adding quadratic and cubic  polynomial terms in 

the definition of a zigzag function. The resulting kinematic field remains fully continuous 

along the layer interfaces. The new formulation preserves the fundamental relationships of 

RZT, including the equations of equilibrium, variationally consistent boundary conditions, 
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and kinematic-variable definitions, while retaining the same number of the kinematic 

variables. Thus, there is no additional analytic complexity nor is there any additional 

computational increase associated with the inclusion of the higher-order kinematics. 

Moreover, the enriched zigzag functions are applicable for both RZT and RZT
(m)

 versions of 

the theory. It is demonstrated that the enriched zigzag kinematic field, while retaining the 

same analytic simplicity and computational efficiency of the original formulation, is 

responsible for superior predictions of all response quantities of the theory. 
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