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We develop a framework for the design of finite element methods for moving boundary
problems with prescribed boundary evolution that have arbitrarily high order of accuracy,
both in space and in time. At the core of our approach is the use of a universal mesh: a
stationary background mesh containing the domain of interest for all times that adapts
to the geometry of the immersed domain by adjusting a small number of mesh elements
in the neighborhood of the moving boundary. The resulting method maintains an exact
representation of the (prescribed) moving boundary at the discrete level, yet is immune to
large distortions of the mesh under large deformations of the domain. The framework is
general, allowing one to achieve any desired order of accuracy in space and time by select-
ing a suitable finite-element space on the universal mesh and a suitable time integrator
for ordinary differential equations.

In the process of deriving our method, we present a unified framework that puts our
method and conventional deforming-mesh methods on a common footing suitable for
analysis. In particular, we study a model parabolic problem posed on a moving domain
with prescribed evolution, discretized in space with a finite element space that is associated
with a moving mesh that conforms to the domain at all times, and discretized in time with
a single-step numerical integrator for ordinary differential equations. The moving mesh is
assumed to evolve smoothly in time, except perhaps at a finite number of temporal nodes
where the solution is transferred between finite element spaces via a projection.

A key result of our analysis is an abstract estimate for the L2-norm of the error between
the exact and numerical solutions at a fixed positive time 7T', expressed in terms of the
difference between the exact solution and its elliptic projection onto the finite element
space at times ¢ < T [1]. Upon specializing the abstract estimate to particular choices
of the mesh motion strategy, finite element space, time integrator, and projector, we
derive error estimates in terms of the mesh spacing and time step for various schemes.
The schemes we consider include classical ALE schemes as well as schemes based upon
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universal meshes [2, 3, 4]. We verify the aforementioned error estimates with several
numerical examples in one and two dimensions.
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