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The Lie group variational integrator presented in this talk has the advantage that it uses a
nonsingular representation of rotational degrees of freedom and at the same time doesn’t
require any constraints. This is accomplished by using a structure preserving variation
of the action specific to rotations, rather than taking the directional derivative in any
direction.
Instead of using elements of SO (3) as in [2], here rotations are represented by unit
quaternions p € H' = {p € H|||p|| = 1}. The material angular velocity is defined as
= 2pop € R3 We consider the Lagrangian L : H' x R® — R as a function of
orientation and angular velocity. Variations of elements of H' are performed by applying
the directional derivative using a one parameter subgroup element exp (en) € H! C H*
where ¢ € R, € R® and exp () is the quaternion exponential. The variations of the
rotational position and the angular velocity then read
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We define a discrete Lagrangian (see [3]) as L/ : H' x H' — R which approximates the
action functional for one time step At/ = #/T!1 — 7 where p/ ~ p (/) and f7 = p o p’* is
the rotational increment. The discrete action sum then reads
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Applying the discrete Hamilton’s principle the discrete Euler-Lagrange equations are
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Where a : H' — R3. Using the quaternion Cayley map Cay : R® — H! to express
f? = Cay (¢?), the function a can locally be transformed into a function b : R® — R3,
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ie. b(g) = 0, see [1]. These equations can be solved for ¢ using a Newton Raphson
scheme and f7 is recovered using the Cayley map. The discrete Euler-Lagrange equations
are derived for the physical pendulum with the discrete Lagrangian
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where m is the mass, ¢ is the gravity constant, ¢ is the length of pendulum, J is the 4 x 4
inertia matrix and ez = [0, 0, 1]T. Using the discretization of the angular velocity as
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results in the following discrete Euler-Lagrange equations
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Results of this integrator are compared to a variational integrator formulated on SO (3)
for the parametrization of the rotational degrees of freedom and a similar approximation
of the angular velocity as in [2]. Figure 1 shows the evolution of the angle ¢ of the
pendulum for a simple planar motion for the two integrators. One can observe, that the
solution of the integrator formulated in terms of quaternions predicts a time of oszillation

closer to the exact time To.et. Figure 2 shows the energy behaviour typical for this type
of integrator, i.e. there is no artificial change in total energy.
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Figure 1: Evolution of the angle ¢ Figure 2: Energy behaviour of the integra-
tor using quaternions
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