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Frictional contact problems play an important role in many production processes, where
the use of complex frictional laws to ensure an accurate modelling leads to high compu-
tational costs. One approach to reduce the numerical effort is given by mesh adaptivity
based on goal oriented a posteriori error estimation, which is discussed, for instance, in
[1]. An advanced idea is now not only to adaptively modify the mesh but also the under-
lying models based on a posteriori error estimators. In this note, we shortly describe the
approach in the case of Signorini’s problem with friction in mixed form using the notation
of [1]:

(σ(u), ε(v))+ < λn, vn > +(λt, svt)0,ΓC
= < l, v >,

< µn − λn, un − g > +(µt − λt, sut)0,ΓC
≤ 0,

for all v ∈ V , all µn ∈ Λn and all µt ∈ Λt. Here, s specifies the reference friction model.
This problem is discretized with a mixed finite element approach leading to a discrete
solution (uh, λn,H , λt,H), where the usual nodal low order finite element approach is used
to discretize the displacement. For the discretization of the Lagrange multipliers piecewise
constant basis functions on coarser meshes as in [1] or biorthogonal basis functions leading
to Mortar methods, see, e.g., [2], are applied.

The first and essential step for model adaptivity is to specify an admissible and consistent
model hierarchy. One example of such a model hierarchy for friction laws is given by the
following models: frictionless contact, Tresca friction, Coulomb friction, friction model
by Betten. We refer to [3, Section 4.2] to a detailed description of the single models. A
simplified friction model sm is locally composed by choosing one of the models out of the
hierarchy. The corresponding discrete solution is given by (umh , λ

m
n,H , λ

m
t,H).

The aim is now to derive a posteriori error estimates for the error

J(u, λn, λt)− J(umh , λ
m
n,H , λ

m
t,H),
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where J is an user specified possibly nonlinear output functional. To this end, the contact
conditions are formulated with the help of a nonlinear complementarity (NCP) function
such that we arrive at a semilinear problem. Here, the NCP function is given by

D(uh, λt,H)(µt,H) :=

∫
ΓC

µt,H (max{s, ‖λt,H + ut,h‖} − s · (λt,H + ut,h)) do

for the reference friction model s. For the model adaptive friction law sm, it is given byDm.
The approach presented in [4] to derive a posteriori error estimates concerning the model
and the discretization error is applied on the given problem formulation. However, we
have to pay special attention to the remainder terms due to the nondifferentiability of the
NCP function. At last, we obtain the model error estimator ηm = Dm(uh, λt,H)(ξt,H) −
D(uh, λt,H)(ξt,H) and the usual discretization error estimator ηh. The function ξt,H is
the Lagrange multiplier concerning the frictional variable of the dual problem, which
corresponds in this case to the last step of a primal dual active set method for solving the
reduced problem. The error estimators ηm and ηh are localized and normalized to obtain
model and refinement indicators, respectively. In the adaptive strategy, the values ηh and
ηm are compared and using a balancing strategy, it is decided, whether the mesh, the
modeling or both should be improved. Then, standard techniques are applied for model
improvement respectively mesh refinement. The application of the presented algorithms
on a production process is discussed in [5].
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