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Determination of elastic behaviour of inclusions embedded in a matrix is of considerable
significance in a wide variety of physical and engineering problems [1-2]. Following the
pioneering work of Eshelby [3], inclusion problems have been a focus of solid mechanics for
several decades. For multiple particle problems, however, there would be still great challenges
encountered for both the analytical [4] and numerical [5] methods. Recently a new
computational model with an iteration procedure has been proposed by introducing the
concepts of Eshelby’s eigenstrain and the equivalent inclusion into the boundary integral
equations (BIE) for the 2-D and 3-D stress analysis and the overall properties of solids with a
large number of particles [6-7]. For the densely populated particles, however, the interaction
among particles will affect the convergence of iteration, depending on the distance between
particles. Shorter the distance is, stronger the interaction will be. In order to overcome this
difficulty, the local Eshelby matrix for the newly defined group of near field particles has
been introduced with the aid of the discrete form of eigenstrain BIE in full space to improve
the original algorithm. Taking the sub-domain BEM in full space [8] as the control, the 3-D
stress analysis has been carried out for several ellipsoidal particles with various Young’s
modulus ratio (EVEMm) and different shapes to verify the feasibility and efficiency of the
improved eigenstrain BIE algorithm.
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Fig.1 Group definitions for multiple particles Fig.2 The stresses of two oblate particles in full space

As shown in Fig. 1, the particles with a number N; within the circle are defined as the group
of near-field particles for the current particle / while others outside the circle are that of the
far-field particles. By combining the constitutive relation and considering only the effect of
near-field particles while tentatively neglecting the effect of far-field particles, the stress BIE
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in full space can be written as
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where 301,-]-, eC[ij, and el,-j are respectively the eigen-, the constrained and the applied strains. Ejy
stands for the elastic tensor of the matrix. It is noticed in full space that the boundary integrals
vanish in Eqn. (1). The constrained strain of the current particle and the replacement of
equivalent inclusion can respectively be expressed as
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where S* J,-jkl and ¢, ju are the Eshelby and the compliance tensors, i and f, the material
constants, respectively. The so-called Eshelby matrix is the discrete form of Eqn. (3) with (2)
after dividing boundary and interfaces using quadratic elements. In general, every particle has
a unique Eshelby matrix correspondingly once the radius of circle being given (Fig. 1). In this
way, the stress and the applied strain responses of a particle consist of the effects from three
parts: the applied load, the near- and the far-field groups.

Table 1 The mean CPU time(s) of two algorithms

Nr 2 3 5
Sub-domain BEM 190 422 1265
Eigenstrain 1.69 2.38 627
The CPU ratio 112 177 202

As one of the examples, the stress distributions of two oblate particles as well as the CPU
times are compared in Fig. 2 and Table 1, respectively, where N; is the total number of
particles in computation, showing the accuracy, feasibility and high efficiency of the proposed
eigenstrain BIE algorithm.

Acknowledgement: The work was supported by National Natural Science Foundation of China (No.11272195, 11332005)

REFERENCES

[1] T.Mura, H.M.Shodja and Y .Hirose, Inclusion problems (part 2). Appl. Mech. Rev., Vol.49, pp.S118-
S127, 1996.

[2] H.Ma and H.L.Deng, Nondestructive determination of welding residual stresses by boundary element
method. Adv. Eng. Software, Vol.29, pp.89-95, 1998.

[3] J.D.Eshelby, The determination of the elastic field of an ellipsoidal inclusion and related problems.
Proceed. Roy. Soc. London, Vol.A241, pp.376-396, 1957.

[4] S.Mercier, N.Jacques and A.Molinari, Validation of an interaction law for the Eshelby inclusion
problem in elasto-viscoplasticity. Inter. J. Solids Struct., Vol.42, pp.1923-1941, 2005.

[5] C.Y.Dong, Y.K.Cheung and S.H.Lo, A regularized domain integral formulation for inclusion
problems of various shapes by equivalent inclusion method. Comp. Meth. Appl. Mech. Eng., Vol.191,
pp-3411-3421, 2002.

[6] H.Ma, C.Yan and Q.H.Qin, Eigenstrain formulation of boundary integral equations for modeling
particle-reinforced composites. Eng. Anal. Bound. Elem., Vol.33, pp.410-419, 2009.

[71 H.Ma, J.B.Fang and Q.H.Qin, Simulation of ellipsoidal particle-reinforced materials with eigenstrain
formulation of 3D BIE. Adv. Eng. Software, Vol.42, pp.750-759, 2011.

[8] Y.Z.Chen, Boundary integral equation method for two dissimilar elastic inclusions in an infinite plate.
Eng. Anal. Bound. Elem., Vol.36, pp.137-146, 2012.



