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І. Introduction: 

By taking advantage of some interesting properties of splines and NURBS (Non-uniform 

Rational B-Spline), the concept of Isogeometric Analysis (IGA), introduced by Hughes et al. 

[1],  as an exact geometry alternative to standard Finite Element Analysis (FEA). The key 

idea of this method is to use the same basis functions which are employed in geometry 

description for approximation and interpolation of the unknown field variables as well.  

The obtained results from current numerical methods, because of the approximate nature of 

these methods, is always coming with inevitable errors. Hence, Hassani et al. [2] proposed an 

error estimation procedure, in linear cases, based on IGA to recovery of stresses by the so 

called superconvergent patch recovery (SPR) technique. The leading idea of the suggested 

method is to consider the components of the recovered stress field as an imaginary (hyper-) 

surface which is constructed by the NURBS shape functions that were employed for 

approximation of the components of the unknown displacement field vector. This method is 

used for nonlinear problems in isogeometrical approach for the first time in this paper.  

Generally due to path dependency of the solution in materially nonlinear analyses, the loading 

is applied in incremental manner with an iterative linearization, using the Newton-Raphson 

process. Following the same steps of the linear cases as well as using it in each Newton-

Raphson incremental process lead to estimation of errors and recover stresses of the obtained 

results in each increment consisting the main idea of the presented method. 

In this paper, after a brief overview of the proposed method formulation in the next section, 

the productivity of this method is demonstrated by two numerical examples in the end.   

ІІ. Stress recovery of nonlinear isogeometric analysis: 

In an isogeometric analysis, the shape function used in solution field is adopted directly from 

the B-spline and are defined, recursively, as 

𝑁𝑖,0(𝜉) = {
1 𝑖𝑓 𝜉𝑖 ≤ 𝜉 < 𝜉𝑖+1

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
     𝑁𝑖,𝑝(𝜉) =

𝜉−𝜉𝑖

𝜉𝑖+1−𝜉𝑖
𝑁𝑖,𝑝−1(𝜉) +

𝜉𝑖+𝑝+1−𝜉

𝜉𝑖+𝑝+1−𝜉𝑖+1
𝑁𝑖+1,𝑝−1(𝜉)     (1) 

B-spline surfaces are obtained from B-spline function and the coefficients of control points. 

      𝑆(𝜉, 𝜂) = ∑ ∑ 𝑅𝑖,𝑗(𝜉, 𝜂)𝑃𝑖,𝑗
𝑚
𝑗=0

𝑛
𝑖=0       where     𝑅𝑖,𝑗(𝜉, 𝜂) =

𝑁𝑖,𝑝(𝜉)𝑁𝑗,𝑞(𝜂)𝑤𝑖,𝑗

∑ ∑ 𝑁𝑘,𝑝(𝜉)𝑁𝑙,𝑞(𝜂)𝑤𝑘,𝑙
𝑚
𝑙=0

𝑛
𝑘=0

        (2) 

Denoting the components of the recovered stress tensor by 𝜎∗, for 2D problems only the 𝑧 

component of the control is the unknown to be determined. In each increment, the sum of 

least squares between the obtained stresses by the isogeometrical analysis and the recovered 

stresses at the Gauss points are minimized. For this purpose, the function 𝐹(𝐏) is defined as 

             𝐹(𝐏) = ∑ ∑ (𝜎𝑖,𝑗
∗

𝑛
− 𝜎𝑖,𝑗𝑛

)2𝑘𝑥
𝑖=0

𝑘𝑦

𝑗=0
        where      𝜎∗ = ∑ ∑ 𝑅𝑖,𝑗(𝑢, 𝑣)𝑃𝑖,𝑗

𝑚
𝑗=0

𝑛
𝑖=0           (3) 
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From the stationary conditions of 𝐹(𝐏), as it follows, the 𝑧 coordinates of the surface of 

improved stresses are obtained. 
𝜕𝐹(𝐏)

𝜕𝑃𝑖,𝑗
= 0  ⇒   𝐀𝐏 = 𝐁  ⇒   𝐏 = 𝐀−1𝐁     where     𝐀 = ∑ 𝐑𝑖

𝑘
𝑖=1 𝐑𝑖

𝑇    ;     𝐁 = ∑ 𝐑𝑖𝜎𝑖
𝑘
𝑖=1      (4) 

Now, having the coordinates of the control points of the improved stresses, the related surface 

can be constructed by NURBS. Also, in n-th increment the energy error norm is written as   

                                                      ‖𝑒‖ = [∫ |(𝜎𝒏
∗ − �̅�𝒏)𝑇(∆𝜖𝒏

∗ − ∆𝝐̅̅ ̅
𝒏)|𝑑𝛀

Ω
]

1
2⁄
                             (5) 

ІІІ. Numerical Examples: 

To verify the proposed method, as the first problem, consider a cantilever beam subjected to 

load 𝐹 = 30𝐾𝑁 at the free end. Distribution of the exact and approximated errors within the 

domain of this problem are shown in Fig. 1. As can be observed, there is a relatively good 

correspondence between the two which indicates the effectiveness of the proposed error 

estimator. The calculated effectivity index for the whole domain was 0.93.  

 
Fig. 1.(a) End-loaded cantilever beam, (b) Exact error distribution, (c) Approximate error distribution. 

As the second one, the quarter model of internally pressurised cylinder is considered. The 

hoop stress obtained from exact, recovered and isogeometric analyses for 𝑃 = 18
𝑑𝑁

𝑚𝑚2  are 

compared in Fig. 2. The effectivity index for this problem was 0.97. Distribution of the exact 

and approximated energy norm errors for this problem is illustrated in Fig. 3. 

 
Fig. 2.(a) Internally pressurised cylinder, (b) Exact, (c) Recovered, (d) Isogeometric hoop stress distribution. 

 

Fig. 3.(a) Exact and approximate errors of knot elements, (b) Exact error contour, (c) Approximate error contour. 
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