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Abstract. This paper addresses the structural analysis of two dimensional linear viscoelastic 
bodies using Boundary Element Method (BEM). This type of analysis has major importance 

in engineering field, as materials widely used in this domain exhibit mechanical response 
depending on time, such as polymers and concrete. The mechanical behaviour of viscoelastic 

bodies subjected to complex geometries and boundary conditions is efficiently modelled by 
BEM. Moreover, its mesh reduction feature coupled to the intrinsic capability to represent 
high gradient fields and the automatic satisfaction of infinity boundary conditions make this 

method adequate to deal fracture mechanics problems and infinity domain problems. 
Traditional BEM formulations deal viscoelastic problems using a convolutional relation 

between stress and strain tensors, generally leading to a formal space transformation to be 
solved. However, this problem may be also solved using alternative techniques to derive the 
time-marching process. Viscoelastic approaches are based on differential constitutive 

equations resulting from different associations among springs and dashpots, which origin 
models such as Maxwell, Kelvin-Voigt and Boltzmann. In this paper, these models are 

applied to analysis of fracture mechanics problems. The numerical viscoelastic approach is 
based on an explicit time procedure, in which one step Euler method approximation for time 
derivatives is applied. It leads to a linear system of equations that has to be solved at each 

time step. This approach allows imposing time-dependent boundary conditions, which 
represent structural loading phase. In order to represent the mechanical structural behaviour 

along time of fractured solids, the Dual BEM is implemented, in which crack faces are 
discretised using displacement and traction integral representations. Three examples are 
analysed in order to validate the presented formulation. The results obtained by the presented 

formulation show good agreement to reported data as well as numerical stability. 
 

 

1 INTRODUCTION 

The structural analysis of bodies composed by materials that exhibit viscoelastic 

mechanical behaviour has major importance in engineering structures field. Many materials 
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used in this field such as polymers, composites and concrete, for instance, exhibit noticeable 
time-effects. Due to these time-effects, such materials have, simultaneously, viscous and 

elastic properties, which make structures suffer from creep, relaxation and hysteresis 
problems [1,2]. 

Due to the complexity involved in the modelling of this structural problem, analytical 

solutions are available only for few cases, where particular geometries and boundary 
conditions are assumed [3]. Therefore, in order to accurate modelling complex engineering 

structures including complex geometries and boundary conditions, numerical techniques are 
required.  

Among numerical methods used to model viscoelastic problems, the Boundary Element 

Method (BEM) has been recognized as a robust and accurate option. The reduction of mesh 
dimensionality given by BEM coupled to its inherent capability to represent high gradient 

fields, such as stresses in solid mechanics, allow this numerical method to deal viscoelastic 
problems, especially into domain of fracture mechanics. Traditional viscoelastic BEM 
formulations applies the Laplace transform method and the elastic-viscoelastic 

correspondence principle [4-6]. This approach leads to a convolutional relation between stress 
and strain tensors, resulting into a space transformation. 

Solids subjected to viscous effects were studied by [7,8], where a time formulation is 
presented assuming quasi-static and dynamic mechanical behaviour. Fracture problems in 
polymers were studied with fundamental solution obtained from the correspondence principle. 

[9] derived an integral formulation applying Kelvin’s fundamental solution where material 
constants are expressed as time-dependent functions. In this work, polymers were analysed 
using a differential constitutive equation of a standard linear solid viscoelastic. Although 

domain integrals arise in their formulation due to the viscous effects, only the boundary of the 
problem is discretised. 

A time formulation is presented in [10] from the viscoelastic reciprocity principle, defined 
in terms of Stieltjes integral and material functions acquired by Boltzmann’s model. Dynamic 
analysis in viscoelastic bodies was presented in [11], where the structural problem was 

represented using the symmetric Galerkin BEM for frequency domain. 
An alternative numerical procedure is presented in [12-14] for viscoelastic analysis using 

BEM. In these works, numerical formulations considering Boltzmann and Kelvin viscoelastic 
models are developed based on weighted residual techniques. A differential system of 
equations with respect to time is obtained, which is solved by an appropriate time marching 

process. Due to its simplicity and accuracy, this approach was adopted in the present research. 
In spite of many theoretical and experimental studies on viscoelastic fracture behaviour can 

be found in literature, numerical applications in this area are relatively limited [15]. [16] 
proposed a numerical solution, considering Laplace transform approach, in order to predict 
the crack opening displacement of a penny shaped crack in a viscoelastic material represented 

by Kelvin model. Stress and displacement fields were analysed in the neighbourhood of a 
crack filled with failed [17]. The displacement discontinuity method was used by [18] in order 

to obtain a time integral formulation applied to analysis of quasi-static mechanical behaviour 
of asphalt. The strain energy release rate was studied by [19], which derived an expression 
from the functional related to the potential energy applying a direct time domain BEM 

approach. 
 As presented above, few papers in literature reported the analysis of linear viscoelastic 
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fracture behaviour using BEM. In this regard, the present work aims at contributing with this 
engineering structures field, by coupling Maxwell, Kelvin-Voigt and Boltzmann models to 

algebraic BEM equations in order to analyse linear viscoelastic fracture mechanics problems. 
The numerical viscoelastic approach is based on the explicit time procedure presented in [12-
14], in which one step Euler method approximation for time derivatives is applied. In order to 

represent the mechanical structural behaviour along time of fractured solids, the Dual BEM 
approach is adopted [20-22], in which displacement integral equation is written for 

collocation points over one crack face whereas traction integral equation is written for 
collocation points positioned along the opposite crack face. This technique avoids 
singularities on the resulting algebraic system of equations, despite the fact that collocation 

points be on the same global coordinates. 
 Three examples are analysed in order to validate the presented formulation. The results 

obtained by the presented formulation show good agreement to reported data as well as 
numerical stability. 

1 VISCOELASTIC THEORY. RHEOLOGICAL MODELS 

The solid mechanics theory uses simplified models to represent the real physical 
behaviour of bodies subjected to external loads and prescribed displacements. Regarding 

rheological approaches in the context of solid mechanics, the applications of arrangements 
proposed by electrical circuit’s theory is extremely convenient to model this important 
mechanical phenomenon [23]. By using these arrangements, the physical phenomena 

involved are modelled by graphical elements (springs and dashpots) that can be connected 
together in order to represent the mechanical structural behaviour. 

The one-dimensional spring element, Fig. (1), is used to represent the mechanical 

behaviour of linear elastic materials, i.e., materials governed by Hooke's law. This element 
characterizes the material capability to recover its initial strain condition after the removal of 

external load. This element assumes that strain change occurs instantaneously.   

 

Figure 1 Representation of Hooke’s model. 

 
The one-dimensional dashpot element, Fig. (2), is used to represent materials that have 

pure viscous mechanical behaviour. Materials governed by this mechanical behaviour present 

a dependence between the stress state into the body and the strain rate along time, not the 
strain state itself. The model composed only by a dashpot to represent the mechanical 

behaviour of a given material is known as Newton’s model.  In this model, permanent strains 
are assumed to appear along time.   

 

 

E 
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Figure 2 Representation of Newton’s model. 

The modelling of viscoelastic mechanical behaviour is performed by associating the 
elements presented in figures 1 and 2 in series and/or parallel sequences. This procedure leads 

to a convenient representation of both elastic and viscous mechanical behaviour of materials. 
One possible association of these elements concerns the direct association, in series 

sequence, of one spring and one dashpot, as presented in Fig. (3). This association represents 
the model know as viscoelastic Maxwell’s model. 

 

Figure 3 Representation of Maxwell’s model. 

 
The following equations are used to describe mathematically the Maxwell’s model: 

     

     

       
.

;

e v
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e e v v

Equilibrium Equation t t t

Compatibility Equation t t t

Constitutive Equation t E t t t

  

  

    

  

  

  

                           (1) 

in which  indicates normal stress,  normal strain, E represents Young’s modulus and   

viscous coefficient. Superscripts e  and v  indicate elastic and viscous parts, respectively. The 

dot over each variable indicates variation along time.  
The differential equation that governs Maxwell’s model is determined by 

differentiating the compatibility equation, Eq.(1), with respect to the time. Afterward, 
equilibrium and constitutive equations, Eq.(1), can be applied in order to obtain the following 

equation: 

                                                  
   

.

. t t
t

E

 



                                                            (2) 

Equation 2 can be integrated along time leading to:  
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                                                 
 

 
0

1
tt

t d
E




   


                      (3) 

The integration by parts of the kernel presented in Eq.(3) allows the determination of 
the following equation:  

                                                 
0

.1
t

t
t d

E



   



 
  

 
                    (4) 

The integral kernel presented in Eq.(4) is known as creep function for Maxwell’s 
model, i.e: 

                                               
1 t

D t
E







                        (5) 

This integral kernel can be evaluated using the linearity properties of hereditary 

functions, the invariance to temporal translation and the causality principle. As the effects are 
always posterior to the causes, Eq.(5) can be translated into temporal axis without 

interferences on previous actions. Figure 4 illustrates this consideration for Maxwell’s model, 
but the extension of this consideration for other viscoelastic models is forwarded. 

 

Figure 4 Principle of translational invariance along time. 

 
It is worth to stress that Eq.(5) is a linear equation with respect to the time. It means 

that if an external load be applied indefinitely, producing a constant stress level into the body, 
the material will flow indefinitely. This is a typical behaviour of fluids, which make this 

model, sometimes, be known as fluid Maxwell’s model. 
Similarly, the relaxation function for this model can be written as follows :  

 
 

E
t

G t Ee



 

                             (6) 
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Another possible arrangement of spring and dashpot is illustrated in Fig. (5). This 
model is based on a parallel sequence of one spring and one dashpot, being known in 

literature as Kelvin-Voigt’s model.  

 

Figure 5 Representation of Kelvin-Voigt’s model. 

 
The governing equations for Kelvin-Voigt’s model are the following: 

     
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.
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Equilibrium Equation t t t

Compatibility Equation t t t

Constitutive Equation t E t t t

  

  

    

  

  

  

                 (7) 

The differential equation that governs this viscoelastic model is obtained by 
introducing constitutive and compatibility equations into equilibrium equation. This 

procedure leads to:  

                                                         
.

t E t t                                                       (8) 

The solution of Eq.(8), which is a linear first order differential equation, for a given 
history of applied stresses is obtained as follows:  

                                                     
 1

Et
t

t t e d


  


 



                                                (9) 

The integration by parts of Eq.(9) leads to the determination of the creep function for 
Kelvin-Voigt’s model, which is equal to: 

                                                   
 1

1

E
t

D t e
E




  
   

 
 

                                            (10) 

According to the kernels presented in Eq.(10), it can be observed that when the time 
variable tends to infinity the solution obtained tends to an asymptotic elastic solution, 

  0 E   , where all stress is supported by the spring. 

For a given history of structural strain it is possible to evaluate the structural stress 

state directly from Eq.(8). An experimental test of relaxation is physically impossible by 

Kelvin-Voigt’s model. It happens because    
.

0t t   , i.e., an initial singular applied stress 
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is required into experimental test. Consequently, there is not a relaxation function for this 
viscoelastic model. 

Finally, the arrangement involving a series and parallel sequence of springs and 
dashpot, as presented in Fig. (6), leads to the well-known viscoelastic Boltzmann’s model. 
This model is also known in literature as standard solid model. 

 

Figure 6 Representation of Boltzmann’s model. 

 
This viscoelastic model is governed by the following equations: 

     

     

         
.
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  

  

     

  

  

   

                (11) 

in which the superscript ve refers to values calculated on the parallel sequence of one spring 

and one dashpot. 
The differential equation that governs the viscoelastic Boltzmann’s model is obtained 

by differentiating the compatibility equation with respect to the time. Afterwards, equilibrium 

and constitutive equations are applied, which allows the determination of the following linear 
differential representation: 

                                           
. .

1 1 2 1 2E t E E t t E E t                                      (12) 

For a given history of applied stress, the strain history can be determined from Eq.(12) 
as follows: 

                                        
 

 
2

0

.

1 2 2

1 1 1
Et

t

t e d
E E E






   
  

   
  
                                (13) 

On the other hand, if a history of strain be applied into the structure, the history of 

stress is calculated as follows: 

                                    
 

 
1 2

0

2 .
1

1

1 2

1

E Et
tE

t E e d
E E






   


   

    
    

                          (14) 

The kernels presented into brackets on Eq.(14) represent the relaxation function for 

Boltzmann’s model. The relaxation function shows that, during the structural loading process, 
both elastic and viscous strains are developed.  
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2 BEM INTEGRAL EQUATIONS 

Considering a two-dimensional homogeneous elastic domain, , with a boundary, , 

the equilibrium equation can be expressed in terms of displacements as follows: 

                                          
, ,

1
0

1 2
  



i
i jj j ji

b
u u

 
                                                 (15) 

where   is the shear modulus, υ is the Poisson’s ratio, 
iu  are components of the displacement 

field and ib represents the body forces. Using Betti’s theorem, a singular integral for 

displacements can be obtained (without body forces), as follows: 

                                      * *

lk k lk k k lkc u P u d P u d
 

                                                 (16) 

in which 
kP and 

ku are tractions and displacements on the boundary, respectively, the free 

term lkc  is equal to lk  for smooth contours and *

lkP  and *

lku are the fundamental solutions for 

tractions and displacements, [20].  

Equation 16 is sufficient to construct the system of algebraic equations to analyse two-
dimensional elastic domains. However, for solids containing cracks, the use of only this 

integral equation for assembling the system of algebraic equations results in a singular matrix, 
because, both crack surfaces are located along the same geometrical path. Although, the use 
of only singular integral representation be possible, Eq. (16), it requires the definition of a 

finite gap between two crack surfaces and an accurate integral scheme to compute the integral 
along the quasi-singular elements.  

Several BEM formulations have been proposed in the literature to properly handle 
crack problems [3,7]. Among them, the Dual BEM is one of the most popular BEM 
formulations used to analyse random crack growth. In this formulation, the singular integral 

representation, Eq. (16), is used to determine the algebraic representation related to 
collocation points defined along the crack surface, whereas the hyper-singular integral 
representation is used to obtain the algebraic representation related to the collocation points 

located along the opposite crack surface. For external boundaries, the singular representation 
is sufficient to obtain the required algebraic relations. 

The hyper-singular integral (or traction integral) representation at the boundary or 
crack surface collocation points can be obtained from Eq. (16). First, this equation, which is 
written for an internal collocation, is differentiated in order to obtain the integral 

representation in terms of the strains. Then, using Hooke’s law, the stress integral 
representation is achieved. Finally, the integral representation of stresses for a boundary 

collocation is determined by carrying out the relevant limits. The Cauchy formula is applied 
to obtain the traction representation as follows: 

                            
1

( )
2

j k kij k k kij kP S u c d D P d 
 

                                          (17) 

where the terms Skij and Dkij contain the new kernels that were calculated from Plk
* and ulk

* , 

[20] and k indicates the cosines of the normal direction to the body’s boundary. 
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3 VISCOELASTIC BEM FORMULATIONS 

BEM formulations for analysis and modelling of viscoelastic problems are developed 

using the differential equations described in section 2. In the present section, these differential 
equations will be used in order to determine the algebraic BEM equations for each 
viscoelastic model already presented. The BEM formulation for Maxwell’s model will be 

presented in details in this section, whereas for Kelvin-Voigt and Boltzmann models the 
algebraic equations will be presented using inductive procedure in order to avoid repetitive 

expressions. 

3.1 Maxwell’s model  

The BEM formulation based on viscoelastic Maxwell’s model is developed by writing 

Eq.(2) in terms of stress as follows: 

                                                      
 

.

. t
t t

E


                                                (18) 

Assuming that viscous and elastic material properties are proportional by a scalar  , 

E  , as proposed by [12-14], the above equation can be rewritten in the following form: 

                                                        
. .

t E t t   
 

   
                                         (19) 

Equation 19 is also applied for tridimensional problems. In this case, the above 

equation is rewritten as follows:   

                                                     
. .

kl klij ijklt C t t   
 

   
                                  (20) 

in which ijklC  represents the forth order tensor of elastic material properties. 

The BEM integral representation for viscoelastic Maxwell’s model is obtained by 

using Eq.(20) to represent the stress state of the problem. Therefore, Eq.(20) can be used in 

the equilibrium equation, , 0ij j ib   , which is weighted by the fundamental solution of 

displacements, *u , leading to: 

                        
. .

* * *

, 0kl klki i ki j ijkl ki iu P d u C d u b d  
  

 
       

                         (21) 

In order to facilitate the mathematical development, an auxiliary variable I is defined: 

                                               
. .

*

, kl klki j ijklI u C d  


 
    
                                     (22) 

Bearing in mind that 
* *

,ki j ijmn kmnu C  , the equation above can rewritten as follows: 

. . . .
* * * *

, , ,kl kl mn klki j ijkl ki j kmn ki jI u C d u d d u d       
   

                        (23) 

The integration by parts of right hand side of Eq.(23) leads to the following 

expression:  
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. . . . .
* * * *

,,i i ij ij jkij j kij j ki j kiI u d u d u d u d       
   

                               (24) 

Traditional BEM formulations considerer that  *

, ,kmn n kms f   and 
. .

,ij j ib   , 

which are the fundamental Kelvin equilibrium and the mechanical equilibrium conditions, 

respectively. In these conditions,   and  indicates Dirac and Kroenecker operators, 
respectively, and s and f represents source and field points, respectively. Therefore, Eq.(24) is 
rewritten as follows: 

 
. . . .

* * *, ii i iki ki ki kiI P u d s f u d u P d b u d    
   

 
            

                 (25) 

The second integral term on the right hand side of Eq.(25) is simplified as follows: 

                                       
. .

, i kkis f u d u s  


                                             (26) 

Therefore, Eq.(25) assumes the following form: 

                                
. . . .

* * *
ii k iki ki kiI P u d u u P d u b d   

  

                           (27) 

Equation 27 can used to rewrite Eq.(21). Then:  

           
. . . .

* * * * *
ik i iki ki ki i ki ki iu P u d u P d u Pd u b d u b d   

    

                        (28) 

Assuming that body’s forces are null, as well as its variation along time, i.e, 
.

0iib b  , the equation above can be rewritten as follows: 

                              
. . .

* * *
ik iki ki ki iu P u d u P d u Pd  

  

                                         (29) 

It is worth to mention that Eq.(29) is written for points that belong to the body’s 

domain. In order to evaluate this equation for points positioned only at the body’s boundary, 
convenient limits have to be performed (as in classical BEM formulations). These limits lead 
to the following final integral equation: 

                              
. . .

* * *
ik iki ki ki ki ic u P u d u P d u Pd  

  

                                    (30) 

 The values of all variables on the body’s boundary are approximated by shape 
functions. High order boundary elements are available in the computational code developed. 

The numerical evaluation of the kernels presented in Eq.(30) allows the determination of the 
algebraic BEM equations, which are equal to:  

                                               
. .

H U G P GP                                                         (31) 

in which H and G result from the integration process, over the body’s boundary, of the 

fundamental kernels *P and *u , respectively. 

It is worth to mention that shape functions used on Eq.(31) are purely spatial, it does 
not account the variable variation along time. However, Eq. (31) represents a first order 
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differential equation written into time domain. In order to solve this differential equation, a 
linear approximation into time domain is applied, using forward finite differences technique, 

aiming to determine the first derivative of this function. This procedure is performed by 

dividing the time of analysis into finite time steps, t , in which the actual time is s, leading to:  

                                                          
1. s sU U

U
t

 



                                                  (32) 

                                                          
1. s sP P

P
t

 



                                                   (33) 

Equation 30 can be rewritten using the results presented in Eq.(32) and Eq(33) as 
follows: 

                                      
1 1

1
s s s s

sU U P P
H G GP

t t
 

 
    

    
    

                          (34) 

After some simple algebraic manipulations, the equation above assumes the following 
form: 

                                              1 11s s s st
HU GP HU GP



  
    
 

                          (35) 

Equation 35 represents the system of algebraic equations that must be solved, for finite 
time increments, in order to determine the unknown values on the body’s boundary using the 
viscoelastic Maxwell’s model. 

The stress state for all internal points is determined from Eq.(29). This equation has to 
be derived with respect to the coordinates of source points, leading to: 

                                   
. . .

* * *
, ik l ikil kil kil iu P u d u P d u Pd  

  

                                (36) 

Bearing in mind that viscoelastic Maxwell’s model assures the following condition, 
. . .

,

e

ij ij k lijklC u   , then, Eq.(36) can be rewritten as follows: 

                                   

* * *_ _ _. . .1
i kilkl kil kil iiPd P d P u d  


  

                               (37) 

in which 

*_

kil indicates the fundamental solution for stress [20]. The integral equation above is 
solved by using shape functions to approximate the displacements and tractions on the body’s 
boundary. When this approximation is considered, Eq.(37) can be algebraically represented as 

follows: 

                                                   
. . .

' ' '1
G P G P H U


                                             (38) 

The equation above, as the differential equation for boundary values, is solved using a 

linear approximation into time domain. This procedure leads to the following algebraic 
equation: 

                                  

1 1. .
1 ' 1 '1

s s
s s stG P P tH U 



 
 

 
     

 
                             (39) 
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As in this model elastic and viscous stresses are equal, as presented in Eq.(1), Eq.(39) 
allows determining the stress on the body for viscoelastic Maxwell’s model. 

 

3.2 Kelvin-Voigt’s model  

The equation that allows the determination of unknown values for variables on the 

body’s boundary is obtained using similar procedures performed for Maxwell’s model. All 
mathematical manipulations are omitted in this sub-section for simplicity. For Kelvin-Voigt’s 

model this algebraic equation is written as follows: 

                                        1 11 s s sHU GP HU
t t

   
   
  

                                      (40) 

The total stresses on internal points are determined using the following algebraic 
equation: 

                                         
1.

1 ' 1 1 '

s

s s sG P HU H U 


                                           (41) 

The stresses determined on Eq.(41) are divided into elastic and viscous components 
using the next two algebraic equations. The elastic portion is equal to: 

                                                

1

1

1

s s

e
s

e

t

t


 








 
 
 




                                                (42) 

The viscous component is given by: 

                                                         1 1 1s s s

v e                                                     (43) 

 

3.3 Boltzmann’s model  

The algebraic equations that govern the Boltzmann’s model are obtained using similar 
procedure already used in Maxwell’s model. All mathematical manipulations are omitted in 

this sub-section just for simplicity. Based on this consideration, the unknown values for all 
variables on the body’s boundary are determined using the following algebraic equation: 

                                1 1 2

2

1 s s sE E
HU G HU GP

t t E t

     
      
     

              (44) 

The total stresses are calculated based on the following algebraic equation: 
1 1. .

' 1 ' 1 ' '2 2 2 2

1 2 1 2 1 2 1 21

2

1 2

1

s s

s s s

s

E E E E
G P H U H U G P

E E E E E E t E E

E

t E E

  





 

 



 
    

     
 
 
  

           (45) 

The total stresses have to be divided into its elastic and viscous portions. The elastic 
portion is calculated as following: 
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1

1

1

s s

e
s

e

t

t


 








 
 
 

 
 
 

                                                     (46) 

The viscous stress part is determined as follows: 

                                                        1 1 1s s s

v e                                                                  (47) 

 

4 APPLICATIONS 

Three applications are presented in this work in order to show the robustness and 
accuracy of the implemented viscoelastic BEM formulation. The first application deals the 

analysis of a hollow cylinder, where the numerical responses given by BEM are compared 
those obtained by an analytical approach. The second and third applications address the 

analysis of fracture problems where the numerical responses given by BEM are compared 
with analytical and experimental responses available in literature.   

4.1 Hollow cylinder  

   This example refers to the structural analysis of a hollow cylinder with thick wall. 
The external load is composed by an internal pressure, as presented in Fig. (7). This 

mechanical problem is analysed assuming plane strain conditions and Boltzmann’s model was 
adopted to represent the viscoelastic behaviour of the material. The following parameters 

were adopted: 2

1 90E kgf cm , 2

2 35E kgf cm , 0.4  , 7.031days  , 
27.031P kgf cm , 1t day  , 90total time days , 1 25.4R cm  and 2 50.8R cm . 

 

Figure 7 Hollow cylinder analysed. 

 
The analytical approach of this two-dimensional problem is obtained using the 

principle of correspondence between elastic and viscoelastic problems. This principle states 
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that linear elastic solutions for problems described into Laplace domain can be used to solve 
time dependent case as long as boundary conditions do not vary along time or in the case 

where these conditions present variation, this variation is described by a function of variables 
independent of time. Using this principle, the classical elastic solution for the problem is 
obtained as follows: 

                  
 

   3 2

1 1 22 2

2 1 1 2

1 1 1
1 2 1

t

r

P
u t R R R e H t

R R E E





  

               

                           (48) 

This equation represents the radial displacement along the internal wall of the analysed 
cylinder, in plane strain conditions, as a function of time. H(t) represent the unit step function. 

Similar result is presented by [9]. The comparison among the results obtained by the 
analytical approach, Eq.(48), and the implemented BEM formulation are presented in Fig. (8). 

 

Figure 8 Results for radial displacement. 

 
According to the results presented in Fig. (8), good agreement is observed between the 

two approaches considered. This behaviour is observed during all time interval analysed, i.e., 

for early ages as well as for advanced ages. It can be observed that after 20 days the structural 
measured displacement tends to a constant value indicating the end of viscous effects.   

The behaviour for total normal stress at radial direction as well for its elastic and 
viscous components is shown in Fig. (9). According to this figure, it can be observed that total 
stress does not depend on the viscoelastic material behaviour. As the viscous stress decreases 

the elastic stress grows in order to keep valuable the equilibrium requirements. 
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Figure 9 Results for normal stress in radial direction. 

4.2 Griffith’s  classical problem  

This application addresses the analysis of a classical fracture mechanics problem 

which is known as Griffith’s problem. This problem involves a plane structure in plane strain 
conditions subjected to a remote tensile loading, as presented in Fig. (10). The crack 

symmetrically positioned has length equal to 2a. The following parameters were considered in 

this analysis: 2

1 22.5757E kgf cm , 2

2 11E kgf cm , 0.0  , 45.4545days  , 
25.0P kgf cm , 1t day  , 300total time days , and 1.5a cm . 

 

Figure 10 Griffith’s problem. 

The problem studied in this item presents a linear elastic analytical representation for 
the crack opening displacement. Based on the principle of correspondence between elastic and 
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viscoelastic problems and using the relaxation Boltzmann function for Young and Bulk 
modulus, the following analytical representation is obtained: 

                                       2

1 2

1 1
2 1 1

t

y t aP e H t
E E


  

     
  
  

                                      (49) 

The equation above refers to the crack opening displacement for the point positioned 
in the middle of the crack. Therefore, the solution for crack opening displacement obtained by 
the numerical BEM viscoelastic formulation implemented is compared with the analytical 

approach given by Eq.(49). This comparative is presented in Fig. (11). 

 

Figure 11 Crack opening displacement for the point positioned in the middle of crack. Boltzmann’s viscoelastic 

model. 

According to the results presented in Fig. (11) good agreement is observed between 
numerical and analytical approaches. The relative error between these two models is lower 
than 3%. 

The numerical results for normal stress along y direction are presented in Fig. (12). 
This figure shows that the total normal stress remains constant along all history analysed. 

Therefore, as the viscous stress decreases the elastic stress grows. 
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Figure 12 Normal stress along y direction. Boltzmann’s viscoelastic model. 

 
A potential application of the implemented BEM formulation is related to the 

simulations of loading phases, which allows the representation of load and unload conditions. 
In order to illustrate this capability of the implemented BEM formulation, the load behaviour 

presented in Fig. (13) is considered, which involves one load and one unload phases. 

 

Figure 13 External load intensity along time for Griffith’s problem. 

 

The responses in terms of total stress and its elastic and viscous components, for the 
load condition presented in Fig. (13), are shown in Fig. (14). 
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Figure 14 Normal stress along y direction. Boltzmann’s viscoelastic model. 

 
The total stresses are time independent whereas its components are time dependent. 

This behaviour indicates that equilibrium conditions are observed along all history analysed. 
It can be observed that on 300 days the structure is subjected to an unload procedure. After 

this instant of time, the structure tends to recover its initial condition, i.e., unloaded and 
undeformed conditions. This behaviour is also observed on Fig. (15), in which the crack faces 
close after 600 days of the first load change.  

 

Figure 15 Crack opening displacement for the point positioned in the middle of crack. Boltzmann’s viscoelastic 

model. 
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It is worth to mention that when unload condition is performed there is an 
instantaneous recover of strain, which is characteristic of Boltzmann’s model due to the 

spring positioned in series sequence. The principle of Boltzmann superposition, in which the 
theory of linear viscoelasticity is based, is also observed in figures 14 and 15. 

The structure presented in Fig. (10) was also analysed using Maxwell’s viscoelastic 

model considering the load behaviour illustrated in Fig. (13). Based on the principle of 
correspondence, the analytical solution, in terms of crack opening displacement, for a point 

positioned in the middle of crack is given by: 

                                           
 

 
21

2 1
t

y t aP H t
E





  
  

 
                                                 (50) 

The analytical response given by Eq.(50) is compared with numerical results obtained 
by the viscoelastic BEM formulation implemented. This comparative is presented in Fig. (16). 

 

Figure 16 Crack opening displacement for the point positioned in the middle of crack. Maxwell’s visco elastic 

model. 

 

As presented in Fig. (16), good agreement is observed among analytical and numerical 
results achieved, indicating the robustness and accuracy of the implemented BEM 
formulation. 

4.3 Three point bended beam  

The last application of this work deals with a three point bended beam subjected to an 

initial notch at its middle span, as presented in Fig. (17). The external load is composed by a 
time constant load equal to 2.38MPa applied in the middle span on beam’s top. This beam 
was analysed experimentally by [24] which considered the following geometric values: 

50a mm , 760b mm , 800L mm , 100e mm  and 100h mm .. 
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Figure 17 Three point bended beam. 

 
This structure was modelled using viscoelastic Boltzmann’s model assuming the 

following parameters values: 
1 36E GPa ,

2 11E GPa , 0.2  , 450.45seconds  , 

1secondt   and 500 secondstotal time  . 

The values of crack mouth opening displacement (CMOD) along time were measured 
experimentally. In order to validate the implemented viscoelastic BEM formulation, the 

experimental results are compared with responses given by the numerical model. The 
comparative curves are shown in Fig. (18). 

According to the results presented in this figure, good agreement is observed among 
experimental and numerical responses until the bodies fracture, i.e., until the time equal to 
500 seconds. After this time instant, instable crack growth is observed and the numerical 

model loss the convergence process, as expected. 

 
Figure 18 Comparative results for CMOD using experimental and numerical approaches. 
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5 CONCLUSION 

This work presented a viscoelastic BEM formulation which was applied to analysis of 

fracture mechanics problems. The rheological models of Maxwell, Kelvin-Voigt and 
Boltzmann were presented as well as the algebraic BEM equations obtained from the 
differential equations the govern each of these viscoelastic models. 

The implemented BEM formulation was used to analysis of classical fracture 
mechanics problems, in which its results were compared against analytical and experimental 

responses available in literature. As previously presented, good agreement was observed for 
all analyses performed. It confirms the accuracy and robustness of the presented viscoelastic 
BEM formulation. 

The analysis of viscoelastic problems considering crack propagation is due in course 
and it is the next advance scheduled by the authors.  
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