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Abstract. Viscoelastic models have been widely used for modeling and understanding
the behavior of materials, however, real materials are not describable by models with a
small number of springs and dashpots. In order to improve the ability of these models, in
the twentieth century it was introduced the spring-pot element. The models that include a
spring-pot are called Fractional Viscoelastic Models (FVMs) and have provided promising
results for modeling materials such as polymers and living tissue. Our aim is to improve
the accuracy of these models through the use of a modified version of the spring-pot,
called high-order spring-pot (HOSP).

In this article we implement a numerical method for characterization of mechanical
properties of FVMs from stress strain measures. We validate the implementation us-
ing artificially generated data with and without noise added. Afterwards, we apply the
method to ovine arterial wall data presented in the literature. The method is applied
using the spring-pot and the HOSP.

The results obtained using the artificial data, show that the method is able to charac-
terize the mechanical parameters even in presence of low-level noise. For the experimental
data the results show a notable improvement using the HOSP. We conclude that the FMVs
are improved when a high-order spring-pot is included. In particular, it was shown that
these models are appropriate for modeling arterial wall behavior, which represent better
results in computational simulations of the arterial wall mechanics.
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1 Introduction

The behavior of viscoelastic materials is usually represented by simple models composed
by elastic and viscous elements, which usually are linear springs and dashpots respectively.
As presented in [1], living tissues have a viscoelastic behavior, in the literature we can
find applications of these models to a wide range of different tissues [2, 3, 4]. However,
there exists a particular interest in the modeling of the arterial wall behavior, motivated
by the importance of the Atherosclerotic Cardiovascular Disease in the death toll [5]. As
it is stated by Lakes in [6], the models formed by a small number of springs and dashpots
are used with a pedagogic role and real materials are not usually describable by these
models, thus more complex models are required.

Fractional viscoelastic models (FVMs) are those viscoelastic models that include at
least one fractional element, also known as spring-pot. The spring-pot element represents
an intermediate behavior between a linear spring and a linear dashpot. This intermedi-
ate behavior is mathematically represented by a fractional derivative, thus the stress is
proportional to the fractional derivative of the strain, i.e. σ ∝ Dαε, where the deriva-
tive order α is considered another mechanical parameter, called fractional parameter. In
the FVMs presented in the literature the fractional parameter is considered within the
interval [0, 1].

FVMs have proven to be well suited for modeling the behavior of real complex materials
such as anisotropic structural elements [7], polymers [8] and living tissue. For living
tissues, the FMVs have been presented as a good alternative for the modeling of arterial
wall mechanics [9, 10].

In [11] are presented positive results for the use of higher order models, where the
constitutive relations derivative orders are higher than 1. This high-order behavior is
obtained by introducing several spring-pot elements in series and parallel in rheological
models. In this paper we use a fractional element that we call high-order-spring-pot
(HOSP), which is defined by letting the upper bound of α to be 2. We use FVMs with
one HOSP and prove its ability to reproduce the behavior of arterial wall with higher
accuracy. A thermodynamic justification of the upper bound assumed for the fractional
parameter can be shown through a procedure similar to the one presented in [12].

In this Section 2 we will present the basic concepts of fractional calculus, some im-
portant properties for the Fourier transform use and finally present the three viscoelastic
models used through the article.

In Section 3 we describe a method for characterization of mechanical parameters of
FVMs, including the fractional parameter α. The numerical method obtains the param-
eters through the solution of an inverse problem, using a fitness function given by the
Fourier coefficients of the signals.

A validation is performed by obtaining numerical results which are presented in Sec-
tion 4. The experimental data used is part of the data obtained at the [4] pressure
and diameter of healthy ovine arterial wall. Finally conclusions are obtained about the
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advantages of the use of the HOSP and possible interpretations of the results.

2 Preliminaries

2.1 Fractional calculus

The Fractional Calculus theory introduces a generalization of the derivative of a func-
tion for non integer order. There are several definitions for fractional derivatives of a
function, in this paper we will consider the Riemann-Louville definition with lower termi-
nal as −∞, given by the following expression

Dαf(t) =
1

Γ(n− α)

∫ t

−∞

f (n)(τ)

(t− τ)α+1−n dτ n− 1 < α < n. (1)

This derivative is described as a good definition for steady-state processes such as response
of viscoelastic materials for a given periodic load [13]. The idea used is that the structural
element whose stress response is an intermediate between a spring and a dashpot, thus a
zero or first order derivative of the strain.

Let us remark the following property:

Dαeiωt = (iω)αeiωt ∀t ∈ R ∀α ∈ R. (2)

For the numerical computing of the value iα we use the formula iα = cos
(
απ

2

)
+ i sin

(
απ

2

)
which is also given by the numerical calculation implemented by the numerical software
GNU-Octave.

2.2 Applying the DFT

Given y(t), a periodic continuous function for a magnitude y, let us consider that an
acquisition is performed in N times starting at t = 0. The discrete signal is given by

yn = y(T · n) n = 0, . . . , N − 1, (3)

where T is the time between samples. If fs = 1/T is the sampling frequency (the number
of samples per time unit) then, we can write yn = y( n

fs
). Let us define the Discrete Fourier

Transformation DFT: CN → CN , as a vectorial function Y = DFT(y), where the k-th
entry of Y is given by

Yk =
N−1∑
n=0

yn · e−iωk
n
fs k = 0, . . . , N − 1, (4)

where ωk = 2πk fs
N

is the k-th frequency. The Inverse DFT is the inverse function of the
DFT transform, i.e. y = IDFT(Y), and the n-th entry of y is given by

yn =
1

N

N−1∑
k=0

Yk · eiωk
n
fs n = 0, . . . , N − 1. (5)
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Let us assume that the continuous function y can be decomposed as a sum of exponential
functions, and by using the Equation (2) we obtain

y(t) =
1

N

N−1∑
k=0

Yk e
iωkt Dαy(t) =

1

N

N−1∑
k=0

(iωk)
αYk e

iωkt. (6)

If we consider the times t = n/fs we can see that the coefficients of these decompositions
can be obtained by using the DFT.

2.3 Fractional viscoelastic model

In this section we describe the fractional variation of the well known Standard linear
solid viscoelastic model [14], called Fractional Standard Linear Solid model (FSLS). In
this constitutive model the material response is represented by an arrangement of two
springs and a spring-pot, as can be seen in Figure 1. The material parameters E0 and E1

correspond to the stiffness of the springs and η1 and α are the viscosity and fractional pa-
rameter of the spring-pot respectively. All the constants are positive. The stress response
of the fractional element is proportional to the fractional derivative of the deformation,
as seen in the following equation

σ = E1−α
1 ηα1 D

αε (7)

where α is the fractional parameter. In the literature this parameter is considered a
real number in the domain [0, 1]. However it can be shown that it is thermodynamically
admissible to let α be in the domain [0, 2].

The model provides the following constitutive equation

σ + τσD
ασ = E0 ((ε− ε0) + τεD

αε) (8)

where

τσ =

(
η1
E1

)α
, τε =

E1 + E0

E0

τσ, (9)

and ε0 is a reference strain, or the strain corresponding to a stress-free configuration.
It is important to say that the parameters τ have dimension of [timeα]. It is easy to

see that this model represents the Standard Linear Solid model when considering α = 1.

3 Characterization method

Let us consider the FSLS constitutive model given by five material parameters, which
can be separated in a fractional parameter α and other four mechanical parameters rep-
resented by the vector x. Using this notation the constitutive equation is,

σ + x4D
ασ = −x1 + x2ε+ x3D

αε. (10)

4
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E0

E1

η1, α

Figure 1: Fractional Standard Linear Solid model

Let us consider that stresses and strains are acquired in N times. Applying the DFT
to both terms and using the properties presented in Section 2.2 we obtain the following
identity:

(I + x4Λα)Q + x1D− (x2I + x3Λα)U = 0 (11)

where Q and U the DFT vectors of the signals acquired for σ and ε, respectively, Λα is
a diagonal matrix with coefficients (Λα)nn = (iωn)α, and D is a vector with Di = δi1N .
Let us consider that the strain and stress are measured and represented by the signals ε̃
and σ̃ respectively, and their respective DFT coefficient vectors represented with Ũ, Q̃.
We denote the strain and stress solution to (10) by ε and σ, these are the signals given
by the model for certain mechanical parameters.

In a similar way as it is done in [4], we assume that either the stress or the strain
given by the model is equal to the measured signal. For the numerical results presented
in this paper we will assume that the stress, and therefore its DFT vector, has no error,
thus Q̃ = Q. We can obtain the strain DFT vector given by the model from Equation 11
obtaining:

Un(x, α) =
(1 + x4(iωn)α)Q̃n + x1Nδn0

x2 + x3(iωn)α
n = 0, . . . , N − 1. (12)

The problem of characterization thus is to determine the best parameters to fit the ex-
perimental strain with the one given by the model. Finally the characterization problem
is given by

(C)


minx,α f(x, α)
subject to
xi ≥ 0 i = 2, . . . , 4
x ∈ R4 α ∈ Iα

with f(x, α) =
‖U(x, α)− Ũ‖2

‖Ũ‖2
, (13)

where f is the fitness, given by the relative error of the DFT coefficients of the strain of
the model, and Iα is a given real interval. This inverse problem is solved using an iterative
numerical method which is presented at next.
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Since the fractional parameter varies in a real interval, the problem (C) is solved for
all fractional parameters in a given discrete set of values Sα = {αs + i∆α | i = 1, . . . , Nα}.

After solving the problem (C) for all values α ∈ Sα we define the optimal fractional
parameter α∗ the one with lower fitness f and the mechanical parameters x∗ are the
correspondent solution of (C) for that parameter. In a schematic notation can be written
as

x∗ = arg min
x

(arg min
α∈Sα

f(x, α)). (14)

Although the DFT gives us a vector of coefficients with as many entries as signal
measurements, we will use a certain number of coefficients. associated with the first
harmonics of the fundamental frequency of the signal. This reduced DFT vector is used
for the fitness evaluation in Equation (13), at the characterization method implemented.

4 Results

In order to obtain results about the characterization method presented three we solve
one example with artificially generated data. After that, the characterization method is
applied to the experimental data. The characterization is done using the sqp solver of
the optimization package of the GNU-Octave software.

Error measure A relative error is obtained by using the L-2 norm is used to measure
the misfit after characterization. The error measures the misfit between the strain given
by the model ε and the solution strain ε̃. The expression of the error is given by

Error =
‖ε− ε̃‖L2

‖ε̃‖L2

=

√∫ T
0
|ε(t)− ε̃(t)|2 dt√∫ T
0
|ε̃(t)|2 dt

. (15)

4.1 Example 1 - Artificial data

In this example the characterization method is applied to artificially generated data.
The data is generated using the FSLS model with known mechanical parameters, and
also is generated another data set by adding noise. The goal of this example is to verify
that the characterization method effectively obtains the mechanical parameters used to
generate data accurately even in the presence of low level noise.

Strain values are produced using the following formula

ε̃(t) = ε0c +
2∑
i=1

εic cos(λit) + εis sin(λit) (16)

where the frequencies are λi = 2π 1.2 i, and the amplitudes are ε0c = 0.15, ε1c = 0.075,
ε1s = 0.025, ε2c = 0.3ε1c, and ε2s = 0.3ε1s. The values of σ̃ are calculated using the
FSLS model with the following mechanical parameters E = 1000 Pa, τε = 0.1 secα,
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τσ = 0.01 secα , and α = 0.64. Also ε0 = 0. The noise addition to the data is obtained as
in [8] through the following expression

ε̂(t) = ε̃(t) + v(t)ξ
√
var(ε̃) σ̂(t) = σ̃(t) + w(t)ξ

√
var(σ̃) (17)

where v(t) and w(t) are standard distribution vectors with zero mean and unit deviation
and ξ is the noise level.

The characterization method is applied for each value of α in the discrete set Sα
obtained from the interval Iα = [0.2, 1] with a step 0.005. In Figure 2 we can see the
optimum fitness obtained for each value of α for both series of data, with and without
noise.
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Figure 2: Optimum fitness graph of the example 1.

The numerical results obtained are presented in Table 1. The error of the fractional
parameter in the data without noise is given by the precision used at the search, in this
case is 0.005 which represents an error below 0.7%. It is important to remark also that
the residual strain ε0 obtained by the method can be neglected against the strain values
of the signal.

In Figure 3 at left we can see the hysteresis with the deformation given by the model
using the optimal mechanical parameters (crosses) and the hysteresis of the solution data
(circles). At the same figure at right we can see the both hysteresis for data with noise.
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Table 1: Results example 1

Variable Solution Data 1 Rel. Error % Data 2 Rel. Error %
ε0 0 1.61 · 10−5 - 1.54 · 10−5 -
E (Pa) 1000.00 1000.03 0.00 1010.66 0.00
τε (secα) 0.10 0.09984 0.17 0.09478 0.17
τσ (secα) 0.01 0.00989 1.1 0.01116 11.6
α 0.64 0.64 < 0.7 0.66 3.1
fitness - 1.21 · 10−9 - 5.01 · 10−7 -
Error - 2.81 · 10−4 - 76.12 · 10−4 -
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Figure 3: Example 1: Left hysteresis results for data without noise, Right results for data with noise.

4.2 Example 2 - Experimental data

The experimental data used in this example is part of the data obtained in [4], from
measurements of pressure and average radius of a healthy Ascending Aorta of a Merino
sheep. Considering that for the vessel studied here can be assumed h/r ≈ 0.1, where h is
the thickness and r is the average radius of the vessel, we can use a similar model to the
one presented in [4] and calculate the circumferential stress and strain as thin-wall vessels

σθθ =
p r

h
, εθθ =

r − r0
r0

, (18)

where p is the internal pressure and r the average radius. The radial and axial compo-
nent of the stress are neglected [1, 15]. The data was obtained with a 200 Hz sample
frequency and converted to strain and strains considering the reference radius r0 = 9.66
mm. Pressure is measured in millimeters of Mercury and the diameter in millimeters.

The characterization was done for Iα = [0, 1] and Iα = [0, 2], and the step for α was
considered 0.001. The results are presented in Table 2.
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Table 2: Results example 2

Variable Iα = [0, 1] Iα = [0, 2]
E(mmHg) 5812.58 7785.56
ε0 -0.053 -0.0019
τε 0.0327791 0.00763564
τσ 0.00697166 0.00284591
α 1.0 1.644
Error (%) 5.394 2.747
Fitness 13.369 e-4 1.5255 e-4

We can see that the use of the HOSP element (Iα = [0, 2]) reduces the Error by 50%.
In Figure 4 at the left we can see the hysteresis obtained at the optimum with Iα = [0, 1],
where the experimental data is red with circles and the model is blue with cross markers.
At the right are shown the results for Iα = [0, 2], where it is clearly shown the improvement
in the fit.
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Figure 4: Example 2: left Hysteresis experimental and numerical for Iα = [0, 1], right results for
Iα = [0, 2]

In Figure 5 we can see the optimal fitness graph for all α in the interval [0, 2]. The
fitness graph obtained is similar to the one obtained in Example 1 with the data with
noise.

5 Conclusions

In this paper it was presented a high-order fractional viscoelastic element called HOSP
that was included in a Fractional Standard Linear Solid viscoelastic model. After that,
a characterization method for mechanical parameters of FVMs was described and im-
plemented in GNU-Octave. Looking at the results obtained for the Example 1 we can
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Figure 5: Example 2 Optimal fitness graph

conclude that the proposed method is adequate for characterization of the fractional pa-
rameter α even if data has a certain level of noise.

After validation, the method was applied to experimental data of an ovine arterial
wall. The results obtained for Iα = [0, 1] are coherent with those presented in [4], thus
we confirmed that the characterization method is working properly. When the interval
Iα = [0, 2] was set, it was seen that the optimal fractional parameter is greater than one,
and that the new bound considered improves significantly the accuracy of the fit of the
strain.

Since in the literature the fractional parameter is bounded by one, it is a challenging
task to obtain physiological interpretations for a higher fractional parameter. However,
even if no interpretation is provided yet, a better modeling is obtained, which means, for
instance, improvements in simulation of the arterial wall behavior.

This result enhances the importance of the fractional viscoelastic models. By using
HOSPs, we can fit complex behavior in a wide range of materials, such as the arterial
wall considered in this paper.
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