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Abstract. This paper investigates the collapse evolution process of reinforced concrete slabs 
subject to vertical loading. Concrete was discretized with hexahedral finite elements with 
embedded discontinuities with three degrees of freedom per node, whereas steel 
reinforcement was represented by 3D bar elements placed along the borders of the solid 
elements. This coupling of solid and bar finite elements was validated with a reinforced 
concrete slab reported in the literature; other two slabs were also investigated showing the 
cracking patter at the top and the bottom surfaces.  

 
 
1 INTRODUCTION 

The study of collapse in concrete elements is an interest topic in civil engineering, 
particularly the determination of the magnitude load, which cracking starts and its growth. As 
it is well known in concrete, cracking starts in zones with stress states under tension before in 
zones with compression stress states, because the strength magnitude in compression is from 
10 to 20 times greater than in tension as shown in the experimental results reported by [24]. In 
the way to collapse of reinforced concrete elements, their behavior at the beginning is 
approximately linear elastic; then, cracking starts and finally, plasticity in reinforcing steel 
occurs. Particularly in clamped reinforced concrete slabs, cracking starts on the top surface, 
then at the center on the bottom surface, growing as the load increases; whereas in simple 
supported slabs, cracking starts at the center of the span on the bottom surface, growing to the 
borders [22]. 

There are laboratory test to obtain the cracking paths and the moment coefficients of the 
rectangular slabs such as [4], who tested 52 simple supported on their borders and 35 strips 
supported as beams, which were loaded until failure occurs. In these experimental tests, the 
displacements at some points of the slabs and the slopes at the center of the borders were 
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obtained; also, the propagation of the crack was registered as it is reported by [37]. 
Afterwards, other experimental test were performed as the reported by [28], [15], [16], [34], 
[11], [18], [13],[9], [5] and [10], among others. It is interested to say that these references are 
the base of the research and applications of the current analysis and design of the rectangular 
slabs. 

  
For the modeling of the reinforced concrete slabs, [7] applied the smear cracking model to 

study an axisymmetric slab under shear penetration, showing that cracking started at the 
bottom of the slab and the cracking paths. Then, [25] modeled a square slab supported on its 
corner with a concentrated load at the center of the span, they obtained the load vs. 
displacement curve, which was congruent with experimental results reported by [29] and [19]; 
in the results by [25], neither the start of the cracking nor the cracking path was given. There 
other proposals for modeling reinforced concrete slabs such as [14], [26], [12], [17], [35], 
among others. 

 
The are some commercial software for modeling reinforced concrete elements such as 

ANSYS [3], DIANA [8], ATENA [23], ABAQUS [1], NLFEAS [32], among others. Those 
software mainly use the finite element method with the smear cracking model for the behavior 
of the concrete, equipped with a failure surface with different threshold value in tension and 
compression, necessary to determine the start and propagation of cracking. However, the 
smear cracking model has numerical problems of stress locking and spurious kinematic 
modes [30], which are overcome with heuristic shear retention factors. 

In this paper, the embedded discontinuity model is applied for studying collapse of 
reinforced concrete slabs, computing the load, which cracking started, and the cracking 
patterns. Concrete was discretized with hexahedral finite elements with embedded 
discontinuities and steel reinforcement was discretized with 3D bar elements, both kinds of 
elements have three degrees of freedom per node. 

2 EMBEDDED DISCONTINUITY MODEL 

2.1 Variational formulation 

The finite elements with embedded discontinuities are based on a displacement functional 
[2][20][27][36], given as: 
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which the elastic stress,   , is defined by: 
:  C

  (4) 
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2.2 Finite element approximation 

It is not possible to prescribe the boundary conditions, u* , in only one of the displacement 

fields, i.e., u  or [|u|], a difficulty overcame, according to [21], defining the displacement as in 
Eq. (5) shown in Figures 1Figure 1a and b: 

 u u x uˆ ( )SM é ù= + ë û   (5) 

Then, the strain field is defined by: 
 u u x uˆ ( )S S S

SM é ù=  =  +  ë û   (6) 

where û  is the regular displacement field and x( )SM  is a function given by: 

 ( ) ( ) ( )S SM H f= -x x x   (7) 

Where x( )f  is a continuous function such that: 
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The function SM , has two properties: ( ) 1SM x x S= " Î  and ( ) 0SM x x - += " Î W È W  as 

shown in Figure 1. 

 
Figure 1: Graphic representation of : a) continuus, b) regular displacements and c) function SM . 

The continuous displacement field is defined as: 
 u u x uˆ ( )f é ù= - ë û   (9) 

In the continuous part of the solid, which may be linear elastic, the continuous strain field, 
  is given by: 

 S=  u   (10) 
Substituting Eq. (9) into Eq. (10), 
 
 u x u x uˆ ( ) ( )S S Sf fé ù é ù=  - - ë û ë û   (11) 

If the displacement jump is constant in Eq. (11), the continuous strain field may be 
rewritten as: 

 u x uˆ ( )S Sf é ù=  - ë û   (12) 
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2.3 Approximation of the displacement and strain fields 

The regular displacement field is approximated by: 
 ˆ =u Nd   (13) 
where N  is the standard vector of shape functions of the element 

 ( )
1

i n e
ii
N

=

=åN    (14) 

and, d, is the nodal displacement vector. The function, MS(x), is defined in the finite 
element approximation as: 

 ( )( )e e e
S SM H f= -x x   (15) 

where ef  is constructed by: 
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where i
N +  are the shape functions corresponding to the nodes placed on +W  of the finite 

element which contains the discontinuity, in agreement with the definition of f  in Eq. (8). 
The displacement field defined in Eq. (5) is given by 
  ,
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e
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The continuous strain field in Eq. (12) is approximated as: 

 
B
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where B , is the standard strain interpolation matrix, containing the derivatives of the 
standard shape functions Nd Bd( )¶ = . 

The equilibrium equations corresponding to this formulation are obtained by substituting 
Eqs. (17) and (18) into the energy functional of Eq. (1), and setting the derivatives with 
respect to the variables (d and [|u|]) to zero, 
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As in Eqs. (19) and (20), ( )   and , ,x y zT  are nonlinear, their respective linearizations with 

Taylor series give [21]: 
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where R has the direction cosines, R1 and R2 are defined as: 
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To reduce the size of the system given in Eq. (21), the additional degree of freedom, Δ[|u|], 
may be condensed. In Eq. (22), R1 means the equilibrium between the external and the 
internal forces in the domain \ SW , whereas R2, in Eq. (23), the equilibrium between the 

forces in the domain \ SW  and forces in the discontinuity SG . 

Tractions at the discontinuity are: 

 B, ,

\

1 T
x y z c

d S

d
A

W

= Wò T   (24) 

which expressed in the local system becomes 

 R B, ,

\

1 T
n s t c

d S

d
A

W

= WòT    (25) 

The definitions of the traction vector in Eqs. (24) and (25) are dependent on the discontinuity 
area, Ad, and the direction cosines to the normal vector n, as shown in Figure 2.  

 
Figure 2: Finite element: a) discontinuity area and b) displacement jumps  

This finite element with embedded discontinuity was implemented in the finite element 
analysis program (FEAP) [33]. This element capture a discontinuity surface at is geometric 
center, the discontinuity surfaces between surrounding elements are not aligned as [31] did in 
2D problems. The jump displacements are constant into the element, although there are others 
formulation which consider linear jumps inside such as [2] and [6]. 

3 CONSTITUTIVE MODEL 

The discrete damage model for concrete, considering different threshold values under 
tension and compression is defined by the following equations: 
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wheref is the discrete free energy density, T  is the traction vector. The damage variablew  

is defined in terms of the hardening/softening variable 
_

q

, which is dependent on the 

hardening/softening parameter. The damage multiplier l determines the loading-unloading 
conditions, the function (f T , )q , bounds the elastic domain defining the damage surface in the 
tractions space. The tangent constitutive equation, in terms of rates from the model in Eq. 
(26), is: 

 C uT
d

é ùë û  T   (27) 

where CTd  is the tangent constitutive operator, relating the traction and the jump 

displacement of the nonlinear loading interval, which is defined by 

 ( ) ( )e e eC Q Q u u Q
3

1 q HT
d

a

a
w - é ù é ù- ë û ë û       (28) 

and for the elastic loading and unloading interval ( 0d =  and 0w = ): 
 ( ) eC Q1T

d w-   (29) 

4 NUMERICAL EXAMPLES 

In the three presented examples, the reinforcement was meshed with 3D linear elements 
with two nodes, which have three degrees of freedom each. The constitutive behavior of the 
steel reinforcement was modeled with a plasticity model with hardening. The steel elements 
were placed on the boundary of the solid elements, coupling the degree of freedom of both 
kinds of elements and then perfect bond was considered. Perfect bonding between steel bars 
and concrete was throughout assumed, as the failure of this type of slabs occurs mainly on 
flexure without evidence of debonding. 

The model of finite elements with embedded discontinuities and the assumed constitutive 
behavior are validated by the numerical replication of the experimental results reported by 
[13]. The test specimen, shown in Figure 3a, was a square slab of sides 1.829 m long and a 
thickness 0.044 m. The vertical loads were applied at the top of the slab using four jacks with 
loading trees distributed to 16 load plates, as shown in Figure 3b. The mechanical properties 
for the concrete were: Young´s modulus Ec=19.90 GPa, Poisson ratio =0.2, ultimate tensile 
strength ftu=3.1026 MPa, ultimate compressive strength fuc=31.026 MPa and fracture energy 
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density Gf=0.098 N/mm and for the reinforcing steel: Young´s modulus Es=206 GPa, Poisson 
ratio =0.3, yield stress σy=330.95 MPa and hardening modulus H=2.871GPa. 
 

a)  b)  
Figure 3: Experimental test: a) geometry and applied loads (adapted from [13]) 

The load vs. displacement at the center of the span curves are shown in Figure 4. These 
curves show numerical results congruent with the experimental reported by [13], both 
showing ultimate loading different to that calculated using the yield line theory. 
 

 
Figure 4: Comparison between experimental and numerical results 

Two other slabs of square and rectangular geometry were also analyzed, 4x4m and 2x4m; 
both slabs were 10 cm thick and subjected to increasing uniform distributed loading. Two 
boundary conditions were considered: simply supported and fully fixed. As reinforcement, 
3/8 in diameter steel bars spaced 20 cm in both orthogonal directions were used as shown in 
Figure 5. For both slabs, the plots of distributed load intensity vs. displacements at the center 
of the spans are shown in Figure 6. Here, it may be observed that for equal displacements, the 
intensities of the distributed loading for the fixed slabs are approximately five times larger 
than for the simple supported slabs.  
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b)

 

Figure 7: Cracking propagation of a fixed square slab on the: a) top and b) bottom surface 

 
a)

 

 
b)

 

Figure 8: Cracking propagation of a simple supported square slab on the: a) top and b) bottom surface 

In the fixed rectangular slabs, cracking simultaneously started on the top surface along its 
large borders. Then, cracking appeared along its short borders, growing to the center until a 
ring is formed as shown in Figure 9a. On the bottom surface of the slab, cracking started 
along a strip at the center, parallel to the long borders, growing to the corners and the borders, 
as shown in Figure 9b. In the simple supported slab, cracking started along a strip at the 
center, parallel to the long borders as shown in Figure 10a; some cracks appeared on the top 
surface at the corner of the slabs as shown in Figure 10b. The cracking paths on the bottom 
surface of the slab are similar to the obtained with the yield line theory as well as the 
experimental results reported by [4]. 
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a)

 

 
b)

 

Figure 9: Cracking propagation of a fixed rectangular slab on the: a) top and b) bottom surface 

 
a)

 

 
b)

 

Figure 10: Cracking propagation of a simple supported rectangular slab on the: a) top and b) bottom surface 

5 CONCLUSIONS  

The coupling of solid elements with embedded discontinuities and bar elements is 
validated with the comparison of the load vs displacement curve between the numerical 
results and the reported in the literature. Although the experimental curve shows a recovery of 
the displacement, it is considered that it was a result of a slipping of the measurement 
equipment, as under an increasing vertical load it is not possible a recovery of the 
displacement at the center of the span. 
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