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Abstract. In recent papers, the authors have presented Generalized Beam Theory
(GBT) formulations specifically designed for performing efficient (i) linear analyses of
steel-concrete composite bridges [1] and (ii) elastoplastic collapse analyses of thin-walled
steel members [2, 3]. This paper presents an extension of these previous formulations
that includes non-linear reinforced concrete material behaviour, aiming at analysing, ac-
curately and efficiently, steel-concrete composite beams. In particular, steel beam and
rebar plastification is implemented, together with concrete cracking/crushing and shear-
lag effects. Several illustrative examples are presented and discussed. For validation and
comparison purposes, results obtained with shell/solid finite element models are provided.

1 Introduction

The Generalized Beam Theory (GBT), first proposed by Schardt [4], may be viewed
as an extension of Vlasov’s prismatic bar theory that takes into account cross-section in-
plane and out-of-plane (warping) deformation through the consideration of pre-determined
“cross-section deformation modes”, whose amplitudes along the beam axis constitute
the only problem unknowns. It has been widely demonstrated that GBT constitutes a
powerful, elegant and clarifying tool to solve a wide range of structural problems involving
prismatic thin-walled members (e.g., [5]).

Recently, in the field of steel-concrete composite bridge linear analyses, very promising
results have been obtained with GBT, due to its straightforward capability of including



David Henriques, Rodrigo Gongalves and Dinar Camotim

Figure 1: Arbitrary thin-walled member geometry and local coordinate ystems.

shear-lag and shear connection flexibility effects [1]. In addition, elastoplastic GBT formu-
lations (either geometrically linear or non-linear) have also been developed [2, 3]. In this
paper, an extension of these previous formulations is presented, which aims at modelling
the materially non-linear behaviour of steel-concrete composite beams. In particular, a
GBT-based finite element is presented, which incorporates (i) reinforced concrete non-
linear behaviour, (ii) shear-lag effects and (iii) steel beam plasticity. A trade-off between
accuracy and computational efficiency is achieved by taking advantage of the inherent
features of GBT: shear deformation is allowed for through the inclusion of appropriate
deformation modes, while the stress and strain fields are constrained in order to limit
the number of d.o.f. involved and also to make it possible to employ a simple concrete
material model.

2 Fundamental aspects of the GBT-based beam finite element

The beam finite element corresponds to the geometrically linear version of the element
presented in [3]. Making reference to Fig. 1, where z, y and z are wall mid-surface local
axes, the GBT wall displacement vector U (z,y, z) is given by

U(z,y,2) = (Buly) + 28u(y)) {j;((xw))l ; (1)
) 0 u 0
Ey(y)= |0 0], Eyly)=-|w), 0], (2)
w'! 0 0O O

where ¢(z) is a column vector containing the deformation mode amplitude functions along
x (the unknowns), the comma indicates a differentiation and u(y), v(y), w(y) are column
vectors containing the deformation mode displacement components of the cross-section
mid-line along z, y and z, respectively.

The non-null small strain components are given by &' = [e,, €y, Vay], Which may be
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subdivided into membrane/bending terms, obtained from the matrix equations

(0
e=eV 1 ef = (B 1+ 2EP) | 6 |, (3)
¢,mc
0 0 u' 0 0 w
2 = |7, 0 0,8 =—|w,, 0 0]. (4)
0 (uy,+9) 0 0 2w’ 0
The non-null stresses are given by vector o' = [0, Oyy Ozy) and are calculated from

the particular constitutive relations adopted. However, with the purpose of avoiding the
use of complex constitutive models, the stress and strain fields are constrained through
Oyy = afy =0 and ¢, = ny = 0. These constraints also have the advantage of limiting
the number of deformation modes (i.e., d.o.f.) necessary to achieve accurate results. As a
consequence, besides the usual axial extension and Fuler-Bernoulli bending deformation
modes, only a reduced set of warping modes needs to be included in the analyses, which
the purpose of capturing shear deformation in the steel web and concrete slab.

For elastic strains, a St. Venant-Kirchhoff material law is assumed, with o,, = Eec,,
and 0,y = Gy, where E and G are Young’s and shear moduli. For the steel beam, the
Mises yield function with associated flow rule is employed. The stresses at the end of each
iteration are updated using the backward-Euler return algorithm for plane stress with the
oy, = 0 constraint and the related consistent constitutive matrix is employed (see, for
example, [6]). The longitudinal steel rebars are smeared, along y, at any given layer z of
the slab and a perfect bond is assumed. In this case, an uniaxial elastic-perfectly plastic
material law is employed. For concrete, an uniaxial law is adopted for o,,, without tensile
strength and a non-linear compressive branch. This implies that cracks always develop
along the y direction. The shear stresses are given by 0,, = G4y, unless cracking occurs
and, in this case, 0,y = 8G7,y, where [ is the shear retention factor.

The beam finite element is obtained by interpolating the amplitude functions ¢ = ¥d,
where matrix ¥ contains the interpolation functions and vector d contains the unknowns
(nodal values of the amplitude functions). Both Hermite (cubic) and Lagrange quadratic
functions are employed, with the latter used only for the warping deformation modes.
The out-of-balance force vector g, the tangent stiffness matrix K; and the incremental
load vector Af are given by
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where @ are forces acting along the walls mid-surface 2 and C; is the (consistent) tangent
constitutive matrix. Numerical integration is performed using 3 Gauss points along x and
y, in each wall, and 2 Gauss points along z (except where mentioned).

3 Illustrative examples
3.1 Example 1

The first example provides evidence of the accuracy of the proposed element in the
determination of elastic longitudinal normal stresses (o,,) due to shear-lag. Two simply
supported twin-beams are analysed, with length L equal to 6 and 8 m — the cross-section
geometry and the material parameters are given in Fig. 2(a). The beams are subjected
to sagging bending, induced by 1 kN/m uniformly distributed loads acting in the plane of
the steel webs. Due to the problem double symmetry, only a quarter of the twin-beams
is modelled (half of the length/cross-section).

The GBT analyses are carried out with 7 deformation modes, which are determined
using the cross-section “frame” shown in Fig. 2(b) and correspond to (see Fig. 2(c)):
(1) axial extension, (2) bending, (3) warping associated with bending, (4-5) linear and
(6-7) quadratic warping in each concrete flange. The longitudinal discretization involved
8 equal length finite elements, which amounts to 112 d.o.f..

For comparison purposes, a refined shell finite element model is also analysed, using
ADINA [7] — the mesh is shown in Fig. 2(d).

The GBT analysis yielded vertical displacements at mid-span equal to 1.27/3.39 x107°
(L = 6/8 m), which are within 1.6% of the shell model results (1.29/3.34 x107°). Further-
more, Figs. 3(a-b) show the GBT-based deformed configurations and o, distributions in
the concrete flanges — note that, naturally, the shear-lag effect is more pronounced for
the shorter span (L = 6 m). The graphs (c) in the figure detail the o,, distributions at
mid-span, making it possible to conclude that there is an excellent match between the
GBT and shell model results.

Finally, the graphs (d) in Fig. 3 plot the mode amplitude functions along z. It is
observed that, for the shorter span, there is a significant participation of the bending
warping mode, which reveals shear deformation of the steel web near the support. Con-
cerning the shear-lag modes, it is concluded that, for both spans, the linear modes are
the most relevant. One final word to mention that the participations of the axial mode
are non-null due to the fact that the shear-lag modes introduce axial force.

3.2 Example 2

The second example includes concrete cracking, although the materials are otherwise
assumed elastic. A 8.0 m length composite beam is considered, with one end simply
supported and the other built-in — the cross-section geometric and material parameters
are shown in Fig. 4(a). As in the previous example, a 1 kN/m uniformly distributed load
is applied in the plane of the steel web.
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Figure 2: Example 1: (a) cross-section geometry, loading and material parameters, (b) equivalent
“frame” for the GBT cross-section analysis, (¢) deformation modes and (d) shell finite element model.
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For the GBT analyses, due to the cross-section symmetry, only two shear-lag deforma-
tion modes are considered, with linear and quadratic warping functions in the concrete
flanges (see Fig. 4(b)). Two discretisation levels are adopted, using 8/64 equal length
elements. In each case, two values for § are considered: 1/3 and 1.0.

For comparison purposes, the standard finite element model shown in Fig. 4(c) is also
analysed, which involves (i) shell elements for the steel beam, (ii) truss elements for the
individual steel rebars and (iii) 3D-solid elements for the concrete slab with the ADINA
concrete material model and § = 1/3.

Table 1 provides the obtained vertical displacements at mid-span. Clearly, the GBT re-
sults are virtually unaffected by the 8 value (differences below 0.4%) and 8 finite elements
already lead to satisfactory results — with 64 elements the displacement increases by only
1.5%. The shell/truss/solid element model is slightly stiffer, yielding a displacement which
is about 6% below the GBT solutions.

Table 1: Example 2: Vertical displacement at mid-span

GBT, 8 FE GBT, 64 FE Shell /Solid
B=1.0 B=1/3 B=1.0 B=1/3 B=1/3
2.206x 1077 | 2.304x1077° | 2.331 x107° | 2.332x10~° | 2.183x10~°

Fig. 5 provides detailed GBT results, namely the deformed configurations and the
stress distributions in the concrete (discretization with 8 elements and g = 1), as well as
the mode amplitude functions for the two discretizations and [ values considered. The
stress distributions clearly show cracking near the built-in support and shear-lag effects.
Concerning the mode amplitude function graphs, it is observed that the beam behaviour
is mainly governed by bending, but web shear deformation also plays a significant role.
Of the two shear-lag modes, the quadratic one (SL2) has the most relevant participation.
This mode exhibits a rather complex variation near the built-in end, which can only be
adequately captured using 64 elements. Finally, note that a reduction of the g value leads
to an increase of the participation of the shear-lag modes in the hogging region.

3.3 Example 3

A two-span beam tested by Ansourian [8] is now analysed. This example was also
examined in [9], using a beam finite element. The loading and geometric/material pa-
rameters are indicated in Fig. 6(a). In this case, shear-lag and web shear deformation are
not relevant, but steel plasticity and concrete non-linear behaviour must be taken into
consideration, in order to obtain the non-linear load-displacement curve up to collapse.

The GBT analyses only require including two deformation modes, bending and axial
extension. As in [9], the uniaxial law for concrete in compression is given by (all values
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Figure 4: Example 2: (a) cross-section geometry, loading, material parameters and equivalent “frame”
for the GBT cross-section analysis, (b) deformation modes and (c) shell/truss/solid finite element model.

assumed positive)
E.e

o= 5 (8)
14+ (E./(0c/ec) —2)e/e. + (g]/ec)
In this case, numerical integration in the concrete flange is performed with 5 Gauss points
along z.

The graph in Fig. 6(c) plots the GBT results (18 equal length elements), as well as
those reported in [8, 9], showing a very good match, although the collapse load obtained in
the test is underestimated by 2.6%. For illustrative purposes, the deformed configurations
of the beam at the maximum load are shown in Fig. 6(b).

3.4 Example 4

The last example combines non-linear material behaviour and shear deformation. The
beam previously analysed in example 2 is again analysed, with the non-linear material
parameters indicated in Fig. 7(a).

The GBT analyses are carried out with 8 equal length finite elements, § = 1 and
considering either (i) only the axial extension and bending modes (no shear deformation,
31 d.o.f.) or (ii) all modes shown in Fig. 4(b) (with shear deformation in the concrete
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Figure 5: Example 2: (a-b) deformed configuration and stresses in the concrete slab, (c-f) mode ampli-
tude functions along z, for 8/64 finite elements and 8 = 0.333/1.0.
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Figure 6: Example 3: (a) loading and geometric/material parameters; (b) deformed configurations at
collapse; (c) load-displacement graph.

and steel web, 111 d.o.f.). The concrete material law is given by Eq. (8). Again, 5 Gauss
points along z were considered in the concrete flange.

The ADINA model with shell/truss/solid elements did not provide an adequate load-
displacement path, due to convergence problems at very early stages of the loading. This
motivated the use of ATENA [10], which is specifically towards reinforced concrete struc-
tures and contains shell elements capable of incorporating concrete material behaviour
and smeared reinforcement. The finite element model adopted is shown in Fig. 7(c) and
involves over 8000 d.o.f., even though advantage was taken of the cross-section symmetry.

The deformed configurations at collapse, obtained with GBT and ATENA, are shown
in Fig. 7(b) and (d), respectively, and a reasonable good agreement between them is
observed. Note that significant shear deformation in the steel web occurs near the built-
in end (see also the mode amplitude graph), illustrating the usual bending/shear plastic
interaction in built-in supports.

The load-displacement curves obtained with ATENA and GBT (with all modes) show
an excellent agreement, although the latter extends further, thus predicting a higher
load-carrying capacity. The GBT analysis without shear modes lead to completely wrong

10
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results.
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Figure 7: Example 4: (a) loading and geometric/material parameters, (b) GBT deformed configurations

at collapse, (¢) ATENA shell model, (d) ATENA deformed configuration at collapse, (e) load-displacement

graph and (f) mode amplitude functions along x.

4 Concluding remarks

This paper presented a GBT-based finite element which is capable capturing the mate-
rially non-linear behaviour of steel-concrete composite beams, namely concrete non-linear
behaviour under compression and cracking, shear deformation effects in the concrete flange
(shear-lag) and in the steel beam, as well as plasticity in the steel beam. Several illus-
trative examples were presented, where the GBT-based results were compared with those

11
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obtained using shell /solid finite element models and also with available experimental re-
sults. In all cases, a very good agreement was found, even though only a relatively small
number of deformation modes were included in the GBT analyses.
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