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Summary. In the present study a three-dimensional finite element model was used in order to 

evaluate the tensile and bending rigidities and, subsequently, Young’s moduli of non-chiral 

and chiral single-walled carbon nanotubes. A comprehensive study on the influence of the 

nanotube wall thickness on the Young’s modulus results was also carried out using data 

reported in the literature. 

1 INTRODUCTION 

Carbon nanotubes (CNTs) have attracted great research interest, because of their 

extraordinary mechanical, optical, thermal properties 1. Although extensive experimental 

studies have been carried out to evaluate the mechanical properties of CNTs, there is a big 

inconsistency concerning the experimental results reported in the literature, owing to the 

complexity in performing the characterization of nanomaterials at the atomic scale. As a 

result, research in this field has been mainly driven by modelling and simulation of the 

behaviour of CNTs. 

The theoretical approaches for modelling the CNTs behaviour can be divided into three 

categories: the atomistic approach, the continuum approach and the nanoscale continuum 

approach. A comprehensive critical review concerning the modelling of mechanical behaviour 

of carbon nanotubes has been undertaken in 2. The atomistic modelling comprises classical 

molecular dynamics (MD) (see, for example, 3), ab initio 4, tight-binding molecular 

dynamics (TBMD), local density, and the Morse potential model method. Atomistic 

modelling approaches are reliable and provide good predictions of the CNTs mechanical 

properties, but they are inappropriate for the simulation of the large systems, they are time-

consuming and involve complex mathematical formulation. In recent years, the atomistic 
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methods have been progressively replaced by continuum methods, which are indicated for 

effective simulation of large atomic systems. The basic supposition of the continuum 

mechanics-based approaches (CM) is the modelling of CNT as a continuum structure (see, for 

example 5). The nanoscale continuum modelling (NCM) can be considered as an adequate 

compromise to overcome the disadvantages of MD simulations, i.e. enormous computational 

efforts, and sensitivity of CM modelling in the precise evaluation of the CNTs mechanical 

properties. Moreover, in the NCM modelling, the discrete nature of the CNT lattice structure 

is preserved through replacing the carbon-carbon (C-C) bond by a continuum element, such as 

a truss, rod, spring or beam (see, for example 6-9). The beam elements have received the 

most consideration in the research community because they are more convenient to use than 

other elements employed to substitute the C-C bond in NCM, and the models involving 

equivalent beams have led to more accurate results 9. 

It has been established by various researchers (see for example, 9, 10) that the carbon 

nanotube configuration (diameter and chirality of CNT) influences the value of the Young’s 

modulus. Although the reported outcomes of the analytical and numerical studies towards the 

evaluation of the elastic properties of CNTs are encouraging, there are some divergences 

between the Young’s modulus values reported in the literature 2. Analysing these different 

results, it is seen that the discrepancies can be attributed to the use of different models, 

potential functions, force field constants, nanotube wall thickness, and even different modes 

of the definition for Young´s modulus. For this reason, the study of the CNTs mechanical 

properties remains an important topic and needs further investigation. 

The present study aims to contribute towards the study of the mechanical behaviour of 

single-walled carbon nanotubes (SWCNTs) using the equivalent continuum beam approach 

9, i.e. each C-C bond in the nanoscale continuum model is replaced by a 3D beam element. 

The 3D FE model was used in order to evaluate the tensile and bending rigidities, and 

subsequently, Young’s moduli of various SWCNT structures, as non-chiral (zigzag,       , 

and armchair,        ) and the most numerous family of chiral (       ) ones, for a wide 

range of diameters. 

2 ATOMIC STRUCTURE OF SWCNTS 

There are several ways to view a single-walled carbon nanotube (SWCNT). A simple way 

to describe SWCNT is as a rolled-up graphene sheet, forming a hollow cylinder with end caps 

11. The cylinder is composed by hexagonal carbon rings, the end caps having pentagonal 

rings. The hexagonal pattern is repeated periodically leading to binding of each carbon atom 

to three neighbouring atoms with covalent bonds, which are very strong and play a significant 

role in outstanding mechanical properties of CNTs. The atomic structure of SWCNTs 

depends on the tube chirality, which is defined by the chiral vector   ⃗⃗⃗⃗  and the chiral angle  . 

A schematic illustration of an unrolled hexagonal graphene sheet is shown in Figure 1. The 

chiral vector is defined by the line connecting two crystallographically equivalent sites on a 

two-dimensional graphene structure. Mathematically, the chiral vector   ⃗⃗⃗⃗  is defined by a pair 

of the lattice translation indices (n, m) and the unit vectors   ⃗⃗⃗⃗  and   ⃗⃗⃗⃗  of the hexagonal lattice 

as follows : 

  ⃗⃗⃗⃗     ⃗⃗⃗⃗     ⃗⃗⃗⃗  
(1) 
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where n  and m are integers. 

The length of the unit vector    is defined as   √      with the equilibrium carbon-

carbon (C-C) covalent bond length      normally taken to be 0.1421 nm. The nanotube 

circumference, L, and diameter, d are defined as 11: 

  |  ⃗⃗⃗⃗ |   √ 
        (2) 

    ⁄   

The chiral angle,  , is given by 11: 

       
√  

 √        
 

(3) 

 

Figure 1: Schematic representation of the hexagonal lattice of the two-dimensional graphene sheet along with 

the definition of the chiral vector and description of SWCNTs formation 

Generally,     is used. Three main symmetry groups of SWCNTs exist. When    , 

the structure (n, n) is called armchair configuration; when    , the structure (n, 0) is called 

zigzag; when    , the structure (n, m) is chiral. These three major categories of SWCNTs 

are defined based on the chiral angle,  , whose range lies between 0 and 30º, having exactly 

these values for CNTs referred to as armchair and zigzag, respectively. For   different from 0 

and 30 , the nanotubes are designated as chiral. 

3 NUMERICAL SIMULATION AND ANALYSIS 

3.1 FE modelling and configurations of SWCNTs 

In the current work, the 3D FE model, which is able to assess the mechanical properties of 

SWCNTs, as proposed by Li and Chou 6 and developed by Tserpes and Papanikos 9, was 

adopted. The displacement of individual atoms of CNT under an external force is constrained 

by the C-C bonds. Therefore, the total deformation of the nanotube is the result of the 
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interactions between interatomic bonds. Since the C-C bonds are considered as connecting 

load-carrying elements, and the carbon atoms as joints of connecting elements, CNTs can be 

simulated as space-frame structures (see Figure 2). The modelling establishes the equivalence 

of the bond length,     , with the equivalent beam length,  , and the equivalence of the 

nanotube wall thickness,   , with the beam element thickness. Assuming the cross-sectional 

area of the beam element to be circular, the wall thickness,   , corresponds to the beam 

element diameter.  

 

Figure 2: Modelling of SWCNT as a space-frame structure with beam elements substituting C-C bonds 

The meshes for SWCNT structures used in finite element analyses were constructed using 

the academic software CoNTub 1.0 12, which permits building the CNT structures for 

designing and investigation of new nanotube-based devices. This code is able to generate 

ASCII files, describing atom positions, which can be entered as input in available commercial 

or in-house FEA codes, in order to perform the simulation of mechanical tests. In order to 

convert ASCII files, from the CoNTub 1.0 program, into the format usable by the commercial 

FEA code ABAQUS®, the in-house application InterfaceNanotubos was developed. 

3.2 Molecular interactions and equivalent properties of beam elements 

As originally proposed 7, and subsequently developed 6, the elastic properties of the 

beam elements are determined by establishing the link between inter-atomic potential energies 

of the molecular structure and strain energies of the equivalent continuum structure 

comprising frame members (beams) undergoing axial and bending deformations. From the 

molecular point of view, CNTs can be envisaged as large molecules composed of carbon 

atoms. Thus, the atomic nuclei are considered as material points, and their movements are 

governed by a force-field produced by electron-nucleus and nucleus-nucleus interactions. The 

force-field is expressed in the form of the total potential energy, which is uniquely defined by 

the relative positions of the nuclei composing the molecule. 

According to molecular dynamics, the total inter-atomic potential energy of a molecular 
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system is expressed as the sum of energy terms due to bonded and non-bonded interactions 

13: 

     ∑   ∑   ∑   ∑   ∑     (4) 

where   ,   ,   ,    are energies associated with bond stretching, bending (bond angle 

variation), dihedral angle torsion, out-of plane torsion, respectively, and      is the energy 

associated with non-bonded van der Waals interaction. In the covalent system, which is the 

carbon nanotube, non-bonded interactions are negligible in comparison with bonded ones, and 

the main contribution to the total potential energy is from the first four terms of Eq. (4). The 

contributions of dihedral angle torsion and out-of plane torsion to total inter-atomic potential 

energy are insignificant, compared with contributions of other bonded interactions for a 

graphene subjected to small deflections, and the main contribution to inter-atomic potential 

energy is due to bond stretching and bending, as outlined in Figure 3. Consequently, under the 

assumption of small deformation, the energies associated with bond stretching and bending 

can be approximated by using harmonic functions 14: 

   
 

 
  (  )

  
(6) 

   
 

 
  (  )

  
 

where   ,   , are the bond stretching and bond bending force constants, respectively, and    

and    are the bond stretching increment and bond angle variation, respectively. 

 

 

Figure 3: Equivalence between interatomic interactions in CNT and beam elements 

Relationships between the sectional stiffness parameters in structural mechanics and force 

field constants in molecular dynamics are required for determination of the elastic properties 

of the beam elements. When a space-frame structure is subjected to deformation, strain 
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energies change. Thus, by establishing the equivalence of the energies associated with the 

interatomic interactions, through Eq. (6), and the energies associated with deformation of the 

structural elements (i.e. beams) of the space-frame structure, the elastic properties can be 

determined. 

Classical mechanics gives the following expression for the strain energy,   , of a uniform 

beam with length, l, and cross-section area, A, under a pure axial force, N: 

   
 

 
∫

  

    

 

 

   
 

 

   

    
 
 

 

    
 
(  )  

(7) 

where    is the axial stretching deformation and    is the Young’s  modulus of the beam. 

The strain energy,   , of a uniform beam under a pure bending moment, M, according to 

classical mechanics, is expressed as: 

   
 

 
∫

  

    

 

 

   
 

 

    
 
(  )  

(8) 

where  is the rotational angle at the ends of the beam and    is the moment of inertia of the 

beam. 

The parameters    and    are stretching energies in molecular and structural systems, 

respectively, while    and    represent the bending energies. Comparing Eqs. (6) with Eqs. 

(7) and (8), and assuming the equivalence of the rotational angle, 2, to the total variation of 

the bond angle,   , as well the equivalence of    to   , direct relationships can be established 

between the structural mechanics parameters,     ,     , and the force field constants,   , 
  , 6: 

    
 

    
(9) 

    
 
    

 

Eq. (9) establishes the basis for the application of continuum mechanics to the analysis of 

the mechanical behaviour of CNTs, and provides the input for simulation of the CNTs as 

space-frame structures. The values of force constants and input data for the FE model are 

given in Table 1. 

Table 1: Input parameters for FE model of SWCNTs. 

Parameter Value Formulation 

Force constant,    15 6.52×10-7 N nm
-1

 – 

Force constant,    15 8.76×10
-10

 Nnmrad
-2

 – 

C-C bond/beam length (      ) 0.1421 nm – 

Diameter (d) 0.147 nm    √    ⁄  

Cross section area,    0.01688 nm
2
      

  ⁄  

Moment of inertia,     2.26910
-5

 nm
4
      

   ⁄  

Young’s modulus,    5488 GPa      
      ⁄  

Tensile rigidity,      92.65 nN          
Bending rigidity,     0.1245 nNnm

2
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3.3 Young’s modulus of SWCNTs 

The nanotube rigidities, (  )   and (  )  , are required for the evaluation of the nanotube 

Young´s modulus,    . Considering a hollow cylindrical profile for the equivalent beam, 

which is appropriate because the CNT cross-sectional area is circular, the cross-sectional area 

of the equivalent hollow cylinder and secondary moment of inertia can be written as follows 

16: 

    
 

 
[(       )

 
 (       )

 
]          

(10) 

    
 

  
[(       )

 
 (       )

 
] 

 

where     and     are the mean diameter and the thickness of the equivalent hollow cylinder, 

respectively. Assuming       , the expression for     can be derived from Eqs. (10): 

(  )  (  )  ⁄  (   
    

 )  ⁄  (11) 

    √( (  )  (  )  ⁄ )    
  

 

Thus, the Young´s modulus of the equivalent beam can be calculated using the following 

expression taking into account the rigidities in tension and bending: 

     (  )     ⁄  (  )     √( (  )  (  )  ⁄ )    
 ⁄  

(12) 

Whilst theoretical work has given values for the nanotube wall thickness that range from 

0.066 to 0.69 nm (see, 3 and 7 respectively), in the current study the most widely used 

value   = 0.34 nm (which is equal to the interlayer spacing of graphite; see for example [19]) 

is adopted for the SWCNT wall thickness in order to enable comparison of the results with 

those available in literature. 

4 RESULTS AND DISSCUSSION 

Different SWCNTs structures, such as chiral and non-chiral ones were assembled 

considering a wide range of chiral indices and diameters in order to cover a broad range of 

SWCNTs. The geometrical characteristics of SWCNTs used for the present FE analyses are 

summarised in the Table 2. 

4.1 Rigidities of SWCNTs 

As known from previous studies (see for example 16), the mechanical behaviour of 

CNTs is length-independent, with the exception of very small lengths, so that modelling of 

the true length of the nanotube is not necessary. Thus, the evolution of the equivalent 

rigidities of SWCNTs was studied for the beam length at which the rigidities become stable,   

= 20 nm. Figure 4a shows the evolutions of the equivalent tensile, (  )  , and bending, 

(  )  , rigidities as a function of the chiral indices, n, non-chiral SWCNTs, and the sum of 

chiral indices, (n+m), for chiral SWCNTs. It is seen that the values of the tensile, (  )  , and 

bending, (  )  , rigidities of zigzag nanotubes are lower than the corresponding values for 

armchair nanotubes, and (  )   and (  )   of chiral nanotubes are lower than the values for 
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zigzag nanotubes. In order to clarify these trends, the values of the rigidities as a function of 

the SWCNT diameter,   , are plotted in Figure 4b. The FE results concerning the evolution of 

tensile and bending rigidities with nanotube diameter can be fitted by a quasi-linear trend for 

the case of tensile rigidity, (  )  , and close to a cubic power for the case of bending rigidity, 

(  )  , described by simple expressions as follows: 

(  )    (     ) (13) 

(  )    (     )
   

These equations are of the same type as the ones previously proposed [16], but using the 

SWCNT diameter,   , instead of the chiral index,  . 

Table 2: Geometrical characteristics of SWCNTs studied 

SWCNT 

type 

(n, m)   , 

nm 

   

n
o

n
-c

h
ir

a
l 

a
rm

c
h

a
ir

 (3, 3) 0.407 

30 

(5, 5) 0.678 

(10, 10) 1.356 

(15, 15) 2.034 

(20, 20) 2.713 

z
ig

z
a
g

 (5, 0) 0.392 

0 
(10, 0) 0.783 

(15, 0) 1.175 

(20, 0) 1.566 

c
h

ir
a
l 

fa
m

il
y

  
=

1
9

.1
 

(4, 2) 0.414 

19.1 

(6, 3) 0.622 

(8, 4) 0.829 

(10, 5) 1.036 

(12, 6) 1.243 

(14, 7) 1.450 

(16, 8) 1.657 

(18, 9) 1.865 

(20, 10) 2.072 

(22, 11) 2.279 

(24, 12) 2.486 

The fitting parameters α, β and    are given in Table 3, for the current work, along with 

those calculated based on the results of previous work (16 and [17]). Eqs. (13) permit 

accurate determination of the rigidity values for the chiral and non-chiral SWCNTs. For 

SWCNTs with diameter     0.4 nm, the mean difference between the values of (  )  , 

obtained from Eq. (13) and the values obtained from FE analysis, is 0.05% for armchair, 

0.03% for zigzag and 0.07% for chiral SWCNTs. The differences between the values of 

(  )   estimated by Eq. (13) and those obtained from FE analysis are slightly higher due to 

the cubic power of   , viz. 3.02% for armchair, 2.21% for zigzag and 1.70% for chiral 

SWCNTs. The larger deviation from FE results is observed for SWCNTs with smaller 

diameters. The maximum differences in the bending rigidity of SWCNTs with     0.4 nm 
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are 7.52%, 5.85% and 5.34 for armchair, zigzag and chiral nanotubes, respectively. 

  

Figure 4: Evolution of the tensile, (  )  , and bending, (  )  , rigidities as a function of the chiral index, n, or 

(n+m) (a) and nanotube diameter,    for armchair, zigzag and chiral θ = 19.1° SWCNTs 

Table 3: Fitting parameters 

Parameter 
Current study Papanikos et al. 16 Chang and Gao 17 

armchair zigzag chiral armchair zigzag armchair zigzag 

α (nN/nm) 1140.6 1133.7 1131.4 1119.2 1137.1 1135.5 1147.1 

β (nN/nm) 137.91 146.59 143.27 139.05 146.00 – – 

D0 (nm) 5.210
-8

 6.010
-8

 1.710
-7

 0 0.03 – – 

4.2 Young’s modulus of SWCNTs 

Using relations (13) for the tensile and bending rigidities, Eq. (12) can be transformed into 

the equation: 

     (  )     ⁄   (     )    √  ( (     )
 )⁄    

  ⁄  
(14) 

which allows easy assessment of the Young’s modulus of the equivalent beam, knowing the 

SWCNT diameter, wall thickness and fitting parameters from Table 3. 

The wall thickness plays an important role in predicting the elastic modulus of SWCNTs 

(see, for example 9). The influence of the value of SWCNT wall thickness on the value of 

the Young´s modulus was performed in order to assess the accuracy of the FE model used in 

the present work in comparison with the results of the parametric studies reported in the 

literature. Figure 5a presents the effect of the nanotube wall thickness (for the    values 

available in the literature) on their Young’s modulus, evaluated by Eq. (14), for the case of 

armchair SWCNTs. 

It can be seen that the Young’s modulus is strongly dependent on the tube wall thickness: 

the greater the wall thickness,   , the smaller the Young’s modulus, as previously observed 7, 

9, 18. For comparison purposes, Figure 5b shows the variation of the Young’s modulus of 

the (10, 10) SWCNT (   1.356 nm), evaluated by the current FE model, with the inverse 

wall thickness, plotted along with the Young’s modulus values available in the literature and 

a b 
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obtained by different methods, i.e. using the MD approach 3, 4, 18, CM method 5, and 

NCM models 7, 9, 19 where the C-C bonds were simulated using truss, non-linear 

connectors and beam elements, respectively. 

  

Figure 5: Comparative study: (a) evolution of SWCNTs Young’s modulus with nanotube diameter for different 

wall thicknesses, (b) evolution of the Young’s modulus of (10, 10) SWCNT with inverse wall thickness (values 

of     and fitting parameters from Tables 2 and 3, respectively 

Good agreement between the current Young’s modulus results and the Young’s modulus 

obtained by all of the other methods is observed. Figure 5b shows that the Young’s modulus 

value, as described by Eq. (14), is closely proportional to the inverse of the wall thickness as 

was previously stated 9. 

As reported in the literature 9, 10, 16, the SWCNT Young’s modulus depends on the 

diameter and chirality. In Figure 6, the Young’s modulus results in the form of the 

product    , the assessment of which facilitates comparison of the results, are shown as a 

function of the nanotube diameter. For all SWCNT configurations studied, the Young’s 

modulus values decrease with increasing nanotube diameter for small CNT diameters,     

0.828 nm, then, with increase of nanotube diameter, the rate of decrease of the Young’s 

modulus slows down and for     1.221 nm, the Young’s modulus converges to an almost 

constant value of about 1.08 TPa. 

Reviewing the data available in the literature, concerning the prediction of the CNTs 

elastic moduli, it can be seen that there are some discrepancies not only in the Young’s 

modulus values, but also in the trend of the Young’s modulus variation with the nanotube 

diameter. Three different trends are reported: (i) the Young’s modulus decreases with 

increasing nanotube diameter (Figure 6a); (ii) the Young’s modulus is independent of the 

nanotube diameter and (iii) the Young’s modulus increases with increase of the nanotube 

diameter (Figure 6b). Inconsistencies in trends appear for small SWCNT diameters, and for 

big diameters, the Young’s modulus approaches the value established for graphene sheets, 

whatever the evaluation method used. The differences in the trends observed can be attributed 

to dissimilar analytical and modelling approaches used by different authors. 

a b 
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Figure 6: Comparative study of the evolution of the averaged SWCNTs’ Young’s modulus with the nanotube 

diameter: (a) “decreasing” trend; (b) “steady” and “increasing” trends 

Concerning the effect of the nanotube chirality on the Young’s modulus, the current results 

show identical tendencies in its evolution for armchair, zigzag and chiral SWCNTs, the 

Young’s modulus of armchair SWCNT being slightly higher than that of chiral SWCNT. 

5 CONCLUSIONS 

- The tensile and bending rigidities of non-chiral and chiral SWCNTs are sensitive to 

the nanotube chirality and equations allowing direct relation of both rigidities with 

the nanotube diameter have been obtained. The accuracy of these relationships was 

verified using results available in the literature. 

- These relationships, obtained for the tensile and bending rigidities, permit rapid 

evaluation of the SWCNT Young’s modulus. 

- The Young’s modulus values for different nanotube wall thicknesses are inversely 

proportional to the wall thickness, the trend and quantitative values being in good 

agreement with the results published by other authors. Thus, this study also provides 

data for benchmark models. 

- A “decreasing” trend of the Young’s modulus variation with increasing SWCNT 

diameter was found. It can be concluded that the uncertainty associated with the 

Young’s modulus results for SWCNTs with small diameters requires development of 

appropriate methodology for such cases. 
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