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Abstract. The objective of this study is to develop a method of multi-scale crack prop-
agation analysis to assess the residual strength of the structure subjected to chemical at-
tack. The macro-scale crack growth rate is determined by both the micro-scale cracking
with plastic deformations and the change of the hydrogen concentrations. The micro-
scale crack propagation is simulated by the crystal plasticity model and the cohesive zone
model induced by the change of the surface energy to account for the hydrogen effect. A
polycrystalline aggregate is regarded as a representative volume element (RVE) for micro-
scale analyses and the macroscopic strength is estimated from this result. The macro-scale
crack growth simulation is conducted using the cohesive zone model with the parameter
the strength reflected the micro-scale analysis and the damage evolved by the fatigue.
The proposed method enables us to simulate the crack propagation with the evaluation
of fatigue and the effect of hydrogen.

1 INTRODUCTION

Cohesive zone model is widely utilized for the crack propagation analysis. The dif-
ference from the linear fracture mechanics is that the cohesive zone model modifies the
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singular stress at crack tip to the more realistic nonlinear condition of material response.
In this regard, Elliots [1] propose the original idea by the development of the Griffith the-
ory [2] and introduces an attractive force per unit area between atomics. Barenblatt [4]
presents more specific model to account for finite strength and then Dugdale [3] investi-
gates the size of plastic size using a similar model, so-called strip-yield model. Needleman
[5] introduces the cohesive element technique in the finite element framework for frac-
ture study. Now the cohesive zone model becomes a popular tool for simulating fracture
processes in materials and structures due to the computational convenience.

In a polycrystalline aggregate, micro crack propagation is simulated by the microscopic
cohesive zone model. One of them is based on an atomic potential and provides the rela-
tionship between binding energies and separation of materials. Rice and Wang [6] employ
universal binding energy proposed by Rose et al. [7] to derive their model. They introduce
the surface energy in the frame work of Griffith theory and discuss the change of the in-
tergranular fracture by the chemical effect. Rimoli and Ortiz [8] simulate the propagation
of the intergranular hydrogen-assisted crack using the similar cohesive zone model and
the grain boundary diffusion of the hydrogen. Recently, the parameter of cohesive zone
model is investigated actively using modular dynamics [9] and discrete dislocation model-
ing [10]. On the other hand, numerous cohesive zone models are proposed in macro-scale
and various fracture process in various materials are simulated using them. For example,
Hillerborg et al. [11] simulate quasi-brittle fracture in concrete using a linear softening
model. Jin et al. [12] propose a phenomenological traction-based cohesive zone model for
metal-ceramic functionally graded materials. Fatigue fracture is studied by the introduc-
tion of the damage model into cohesive zone model. Nugyen and Reppeto [13] propose
this kind of cohesive zone model and compare with the experimental data inside the Paris
regime. The fracture process outside this regime is simulated, such as short cracks and
overloading. Bouvard and Chaboche et al. [14] develope the cohesive zone coupled with
creep fracture.

The present work provides multi-scale crack propagation analysis by the estimation of
macroscopic fracture parameters from the micro-scale analysis. A polycrystalline aggre-
gate is regarded as a representative volume element (RVE) for micro-scale analyses. We
utilize the cohesive zone model based on the atomic potential and introduce impurity-
dependency according to the Griffith theory. The parameter of macroscopic one is inves-
tigated from the microscopic analysis. Moreover, the damage variable is added to this
macroscopic cohesive zone model and the fatigue crack probation is simulated with the
parameter.

2 CRYSTAL PLASTICITY MODEL

In this section, crystal plasticity model, which is utilized as the microscopic material
response, is explained.
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2.1 Multiplicative decomposition of deformation gradient: Elasticity and
plasticity deformation

The total deformation gradient is assumed to be decomposed into the two parts as
shown in eq. (1). One is the elastic deformation due to distortion of crystal lattices, and
the other is plastic deformation due to crystallographic slip,

F = F eF p, (1)

where F e is the elastic deformation gradient and F p is the plastic deformation gradient,
respectively. The velocity gradient is expressed as the additive decomposition as follows:

l := Ḟ F−1 = le + lp, (2)

where the velocity gradients due to elastic deformation le and crystallographic slip and lp

have respectively been defined as{
le := Ḟ eF e−1

lp := F eḞ pF p−1F e−1.
(3)

Further, denoting the symmetric and antisymmetric components of the second-order ten-
sor • respectively by sym[•] and skw[•], we decompose the rate-of-deformation tensor d
and the spin tensor w additively into the corresponding elastic and plastic components
as follows:

d := sym[l] = de + dp := sym[le] + sym[lp], (4)

w := skw[l] = we +wp := skw[le] + skw[lp]. (5)

2.2 Flow rule for crystallographic slip

Let s
(α)
0 be the unit vector that defines the slip direction and m

(α)
0 be the unit vector

that defines the normal direction of the slip surfaces at the initial or reference configuration
of a certain slip system α. On the assumption that the crystal lattice is not distorted by
the slip-deformations, the vectors of slip and normal directions, which are assumed to be
mutually-perpendicular, are defined as follows:

s∗(α) = F eF ts
(α)
0 , m∗(α) = m

(α)
0 F t−1F e−1. (6)

Also, the resolved shear stress on slip system α is defined as

τ (α) = (s∗(α) ⊗m∗(α)) : Jσ, (7)
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where σ is the Cauchy stress and J is the determinant of F . Since the overall plastic
power is equivalent to the summation of the plastic powers of all the slip systems, the
following relationship is postulated:

Jσ : lp =
n∑

α=1

τ (α)γ̇(α) (8)

where n is the number of slip systems of the crystal lattice of a hcp metal, lp is the plastic
deformation gradient defined in eq. (2) and γ̇(α) is the slip rate in slip system α. By the
substitution of eq. (7) to this identity, the plastic velocity gradient can be related to the
slip rate as

lp =
n∑

α=1

(
s∗(α) ⊗m∗(α))γ̇(α), (9)

which is the flow rule for a crystal plasticity model. With this definition, the plastic
rate-of-deformation tensor and the plastic spin tensor of the crystallographic slip can be
expressed as follows:

dp =
n∑

α=1

µ(α)γ̇(α), wp =
n∑

α=1

ω(α)γ̇(α). (10)

Here, µ(α) and ω(α) are the symmetric and anti-symmetric components of (s∗(α)⊗m∗(α)),
which are defined as

µ(α) := sym[s∗(α) ⊗m∗(α)], ω(α) := skw[s∗(α) ⊗m∗(α)]. (11)

2.3 Slip rate

Although various models for crystallographic slip have been proposed in the litera-
ture, the following visco-plastic evolution law of exponential form, which was originally
presented by Asaro et al. [15], is employed in this study:

γ̇(α) := ȧ

∣∣∣∣τ (α)g(α)

∣∣∣∣nv

sign

(
τ (α)

g(α)

)
,

(12)

where ȧ is the reference slip rate, g(α) is the slip resistance of slip system α and nv a
parameter that controls the strain rate dependency. The relevant hardening law, which
is the evolution equation of slip resistance g(α), is given as

ġ(α) :=
n∑

β=1

hαβγ̇
(β), (13)
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where hαβ represents the hardening moduli. In this study, we employ the following hard-
ening function presented by Asaro et al. [15]: hαα := h0sech

2

∣∣∣∣ h0γ

τs − τ0

∣∣∣∣
hαβ := qhαα (α ̸= β),

(14)

where hαα (no sum) and hαβ are the self-hardening and latent hardening moduli with q
being the ratio of the latter to the former. Also, h0, τ0 and τs are the initial hardening
modulus, the initial CRSS and the stage-I (saturation) stress, respectively. Here, each
hardening modulus is assumed to be a function of the total amount of accumulated slip,
defined as:

γ :=
n∑

α=1

∫ t

0

|γ̇(α)|dt. (15)

3 COHESIVE ZNONE MODEL

In this section, micro-scale and macro-scale cohesive zone models are expressed re-
spectively. Microscopic model is formulated from atomic potential and then the damage
variable is introduced to macroscopic model within the framework of thermodynamics.

3.1 Microscopic model

Rose et al. [7] gather numerous results of the first-principle calculations and analyze
the cohesive energy of various kinds of atomics, and then present the relationship of the
binding energy as a function of separation which is called universal binding energy Ψm as
follows,

Ψm = −(1 + l) exp(−l), (16)

where l is the scaled separation associated with the Thomas-Fermi screening length. Rice
and Wang [6] propose the exponential type of cohesive zone model from this relationship.
As the additional revision, Needleman [5] introduce the cohesive potential and expresses
exponential potential model. We also assume that the cohesive potential is the exponential
function and it is defined by

Ψm = −Amδm,c

(
1 +

δm
δm,c

)
exp

(
− δm
δm,c

)
,

(17)

where δm is the separation displacement, δm,c is the critical state of δm and Am is the
initial modulus. The normal traction to crack surface cohesive is given by the differential
equation of the potential,

Tm =
∂Ψm

∂δm
= Am

δm
δm,c

exp

(
− δm
δm,c

)
.

(18)
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This interfacial cohesive traction Tm initially increases until the interface separation δm
becomes δm,c as shown in Fig. 3, and then it decreases asymptotically to zero. In the
Griffith theory, the critical energy release rate Gc given by

Gc =

∫ ∞

0

Tmdδ = Amδc = 2ωc, (19)

where ωc is the critical energy per unit required to make new crack surface. Irwin and
Orowan [17] assumed that ωc is devided into two parts, the surface energy ωs and the
plastic work ωp (ωc = ωs+ωp). On the other hand, Jokl et al. [18] demonstrate these two
parts interact with each other; the increase of ωs involves the rapid increase of ωp. Rice
et al. [6] and Rimoli et al. [8] allow the existence of ωp but ωp is neglected (ωc ≈ ωs), and
we also utilize same formulation.

Equation (19) is substituted in the cohesive potential (eq. (17)) and traction (eq.
(18)) and these are expressed by the surface energy ωs. The potensial and traction can
be rewritten as

Ψm = −2ωs

(
1 +

δm
δm,c

)
exp

(
− δm
δm,c

)
,

(20)

Tm =
∂Ψm

∂δm
=

2ωs

δm,c

(
δm
δm,c

)
exp

(
− δm
δm,c

)
.

(21)

The surface energy ωs is changed by the chemical attack and the hydrogen in particular
involves the decreases of ωs. Jiang et al. [19] investigate the influence of hydrogen and
Rimoli and Ortiz. [8] approximate this data by quadric equation as shown Fig. 2, and it
gives,

ωs (θ) =
(
1− 1.0467θ + 0.1687θ2

)
ωs0, (22)

where θ = Γ/Γs is the coverage, Γ is the surface concentration, Γs is the saturation value,
and ωs0 is the surface energy when Γ = 0. By the decrease of the surface energy ωs,
maximum value of the cohesive traction is decrease as shown in Fig. 1.

3.2 Macroscopic model

The various fracture process in each material is simulated by each cohesive zone model
based on the phenomenological theory. One of the famous macroscopic cohesive zone
models is the exponential type such as eq. (17) and (18). In the next section, we estimate
the macroscopic parameter of the cohesive zone model from the micro boundary value
problem (BVP). Fatigue crack propagation is simulated using the cohesive zone model
with the damage theory. In this study, we apply the damage variable D to the cohesive
potential eq. (17),

ΨM = − (1−D)AMδM,c

(
1 +

δM
δM,c

)
exp

(
− δM
δM,c

)
.

(23)
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Figure 1: Comparison of the cohesive traction curves with hydrogen converge fraction
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Figure 2: Surface energy with hydrogen converge fraction
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where the lower index M indicates the variable at macroscopic level in this section. The
macroscopic cohesive traction is given by

TM =
∂ΨM

∂δM
= (1−D)AM

(
δM
δM,c

)
exp

(
− δM
δM,c

)
.

(24)

The thermodynamic force Y associated with the damage variable can be written as the
derivative of eq. (23) and means the dissipation of the cohesive potential by the damage
progress,

Y = −∂ΨM

∂D
= −AMδM,c

(
1 +

δM
δM,c

)
exp

(
− δM
δM,c

)
.

(25)

In this model, the damage begins after then Y exceeds the threshold value Yth and the
damage accumulates as crack opening increases under loading (Ẏ ≥ 0),

Ḋ = C(1−D)m⟨
√
Y −

√
Yth⟩n∥

˙δM
δM,c

∥ (if Ẏ ≥ 0), (26)

Ḋ = 0 (otherwise), (27)

where C,m, and n are the material constants. Fig. 3 shows a sketch for the macroscopic
model response under cyclic loading. The cohesive traction TM goes back to the origin
with linear path under unloading condition while it shows nonlinear path under reloading.

TT
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δ
δ
c
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Max. loading
Min. loading

σ

N

1
2 3 n

Max. loading

Min. loading

Figure 3: TM − δM cohesive traction under cyclic loading
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4 Numerical example

The RVE shown as Fig. 4 is used for the micro-scale analysis displacement is dis-
tributed on the upper and lower edge of the plate and left side of the. The right side of
the plate is fixed to x-direction and movable to y-direction. The RVE is assumed to be
a stainless alloy, which consists of 14 crystal grains. The material properties are given in
Fig. 4. The cohesive zone is given in the crystal grain boundary and the parameter is
assumed as δm,c = 0.003[mm]. The effect of the hydrogen is calculated as the following
ratio of the surface concentration; θ = 0.0, 0.2, 0.4. Fig. 5 shows the relationship between
the traction and the displacement associated with the constrain point. The maximum
traction decreases by the effect of hydrogen and may be smaller than actual material
response because of the neglect of ωp. We assume that the whole response of the RVE
is similar with the response of the macroscopic cohesive zone model. The macroscopic
TM,c and δM,c are estimated from this load displacement curve using the renormalization
procedure, such as Nuguyen and Ortiz [20].

The fatigue crack growth problem is analyzed through 1CT specimen under the as-
sumption of the linear elastic condition. Considering the symmetry of the problem, the
computational domain can be restricted to the quarter model as shown in Fig. 6. The
parameter of the fracture toughness is calculated from the micro-scale result and the fa-
tigue parameter is estimated as shown Fig. 6. The relationship between crack growth
length and the number of cycles is shown as Fig. 7 and the crack growths rapidly by the
effect of the hydrogen.

ε = 1.0 [%]

Young’s modulus:

Poisson’s ratio:

Reference slip rate:

Strain rate dependency:

Initial hardening modulus:

Stage-I stress :

Initial CRSS :

Ratio of the hardening modulus:

30Yn =
0.001a =ɺ

0 220h =

300[MPa]sτ =

0 93[MPa]τ =
1qαβ =

206[GPa]E =

0.3ν =

x
y

z

Figure 4: The micro-scale numerical model and conditions
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Figure 5: Relationship between the transition and the displacement in the micro-scale analysis
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Figure 6: Macro-scale numerical model and conditions

5 CONCLUSIONS

- We estimated the macroscopic strengh of the polycrystalline structure material from
the micro-scale analysis. The change of it was calculated from the decrease of the
surface energy because of the hydrogen, although we need to reconsider of the plasic
work ωp.

- The fatigue crack propagation considering the effect of hydrogen was simulated using
the parameter evaluated from the micro-scale analysis.

10



Y. Shintaku, K. Terada, J. Kato, T. Kyoya, S. Takase and S. Tsutsumi

θ = 0.0

θ = 0.2

θ = 0.4

10

0

σ
z [M

P
a
]

Figure 7: Crack growth lengh under cylcic loading
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