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Abstract. Direct numerical simulation (DNS) of turbulent Rayleigh-Bénard convection
in an air filled (Pr = 0.7) rectangular cell of squared cross-section with periodic boundary
conditions in the span-wise direction, has been carried out at Ra = 108. A fourth-order
energy-conserving discretizations have been used that ensure non-physical dissipative ef-
fects introduced usually in other numerical schemes. The two sensitive fine-scales kinetic
and thermal dissipation rates have been studied statistically to reveal high correlation
within the thermal boundary layers and equilibrium zones of the two dissipations at
strong thermal and kinetic interactions. It has been found that the foregoing zones could
mark the plumes since these last reflect significant correlation regions of the kinetic and
thermal fields. Afterwards, a novel class of symmetry-preserving regularization models
that restrain the convective production of small scales of motion in unconditionally stable
manner, have been applied on the studied problem. The obtained results are compared
directly with the DNS ones to show a reasonable correspondence with and without model
at this kind of moderate turbulence.

1 INTRODUCTION

Intensive information that unravel the dynamics of turbulent Rayleigh-Bénard convec-
tion (RBC), have been accomplished in the last years. This phenomenon that identified
as a driven natural convection in a fluid layer heated from below and cooled from above
[1, 2], has engrossed many researchers in its complex heat transport mechanism. As well,
numerous applications in nature and technology like ventilation of indoor spaces, cooling
of electronic devices, convection in solar collectors and oceans, can be classified under the
paradigm of RBC. Its dynamics is characterized by the Rayleigh Ra = gα∆T̃H3/(νκ)
and the Prandtl Pr = ν/κ numbers as essential parameters. Here H is the height of the
fluid layer or the convective cell, ν is the kinematic viscosity of the fluid and κ its thermal
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diffusivity. ∆T̃ = T̃b − T̃t is the difference between the imposed temperatures at the bot-
tom T̃b and top T̃t walls of the convective cell, α is the thermal expansion coefficient and
g is the gravity acceleration. As a result, the Nusselt number Nu is emerged and defined
as

Nu =
H

κ∆T̃

[
〈w̃T̃ 〉A,t̃ − κ

∂〈T̃ 〉A,t̃
∂z̃

]
(1)

where w̃ is the vertical component of velocity and 〈·〉A,t̃ denotes the average over plane at
position z̃ and time. DNS for RBC nowadays is in high progression and provides a fully
controlled picture that unravels in details the dynamical and statistical features of the
involved turbulent fields ( [3, 4] and recently [2, 5], as instances) in comparison with the
experiments. However it still sustaines high costly computational demands at high Ra
numbers since all the small Kolmogorov dissipation scales should be resolved. As well,
the complex picture that characterizes RBC in the BLs and the bulk where significant
fluctuations of highly sensitive fine-scales kinetic and thermal dissipation rates are dis-
persed differentially–depending on Pr–over these regions, which in turn requires a good
resolution in both areas [3] in order to properly characterize the flow. On account of that,
an accurate turbulent model that modulates the energetic dissipative effect of turbulence
in both the near-wall and bulk regions, is of great concern. Large-Eddy Simulation (LES)
as the most popular model has been adopted in turbulent RBC by many authors ( [4, 6]
for instances) therein, different subgrid scale stress (SCS) models were used and behaved
in such a difference between the core and near-wall regions. Alternatively, in the present
work, we dedicate our intention to firstly perform a complete DNS of turbulent RBC
at moderate Ra = 108 in which, the governing equations will be discretized in such a
manner that the (skew-) symmetries of the underlying continuous differential operators
are preserved (see [7]). Refinement tests in the view of Grötzbach criterion [8] are carried
out and the obtained results are discussed globally and statistically where the interactions
between the velocity and temperature fields and the probability density function (PDF)
of the dissipation rates are shortly analyzed. Afterwards, symmetry-preserving regular-
izations of the convective terms [9] that regulate their non-linearity in such a way thereby
the production of the small scales of motion will be reduced, are applied. These regular-
ization models have shown a successful resolution of the flow structure in differentially
heated cavity carried out by [10] with fairly good agreement among the DNS results.

2 DIRECT NUMERICAL SIMULATION

2.1 Governing equations and numerical methods

We perform simulations of the Boussinesq Navier-Stokes (NS) and thermal energy equa-
tions for RBC in a cavity of squared cross-section of aspect ratio Γ = W/H = 1, where
H and W are the height and width of the cavity respectively. The third longitudinal di-
mension is imposed with periodic boundaries and length of L = πH (see figure 1b). The
cavity is filled of an incompressible Newtonian fluid of Pr = 0.7 (air) and negligent ther-
mal radiation is considered. Under these assumptions the set of governing dimensionless
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equations is inscribed as following

∂tu + C(u,u) = −∇p+Du + f , (2)
∂tT + C(u, T ) = Pr−1DT (3)

All quantities are written in non-dimensional characters. The velocity vector u =
(u, v, w) in reference of free-fall velocity Uref = (αg∆T̃H)1/2, the dynamic pressure field p
in ρU2

ref unit (ρ is fluid density). The temperature field T and time t in ∆T̃ and H/Uref
units respectively, and Lref = H regarding to the length. The convective and diffusive
terms are defined respectively by C(u,u) = (u · ∇)u and Du = (Pr/Ra)1/2∇2u. f =
(0, 0, T ) is the body force vector (Boussinesq approximation) and the incompressibility
constraint reads ∇ · u = 0. The fluid therein is subjected to a temperature difference
∆T = Tb − Tt across the horizontal isothermal walls (T (x, y, 0) = 0.5 for the hot bottom
wall and T (x, y,Γ) = −0.5 for the cold top one) while the vertical walls are adiabatic.
No-slip conditions are imposed on the velocity at the solid walls but periodic boundaries in
the longitudinal x direction are applied. The governing equations are discretized spatially
on staggered Cartesian grid using fourth-order symmetry-preserving scheme [7], thereby
the convective operator is defined as a skew-symmetric matrix and a symmetric, positive-
definite matrix formulates the diffusive one. Regarding the temporal discretization and
the resolution algorithms the reader is referred to [10] where the same steps are adopted.

2.2 Resolution requirements and validation

The two substantial features that demonstrate high sensitivity to the fine scales and
thus to poor insufficient resolution, are the kinetic energy dissipation ε and thermal dis-
sipation εT rates. Their definitions are related directly to the gradients of velocity and
temperature fields and translated in non-dimensional form as

ε(x, t) = (Pr/Ra)1/2(∇u +∇ut)2 and εT (x, t) = (RaPr)−1/2(∇T )2 (4)

(superscript t indicates to the transpose), the averaged values of both dissipations are
found to be related to the central flow parameters Ra, Pr and the resultant Nu numbers
by exact equations derived from the balances of the turbulent kinetic energy and the
scalar variance. They are given in

〈ε〉V,t =
Nu− 1

(RaPr)1/2
and 〈εT 〉V,t =

Nu

(RaPr)1/2
(5)

(where 〈·〉V,t denotes the ensemble volume-time average and x = (x, y, z)). Relatively,
Grötbach [8] had made use of these exact equations and estimated the mean grid spacing
ηGrö. required to solve the mean dissipation where his criterion states that

ηGrö ≤ π

(
Pr2

(Nu− 1)Ra

)1/4

for Pr ≤ 1 (6)

ηGrö ≤ π

(
1

(Nu− 1)Ra

)1/4

for Pr > 1 (7)
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Under these criteria, Cartesian structured grids of equidistant spacing in the periodic
direction x and clustered wall-normal points following a hyperbolic-tangent function in
their distribution spacing, have been implemented at various refinement ratios of ηGrö.
These last are defined in particular as the ratio of the maximum grid spacing applied in
the bulk ∆li,max (where the cell is cubic) in relation to ηGrö estimated in conditional of Nu
values provided by scaling theories and experiments. The Nusselt number as an essential
feature of the convective heat transport is compared in posteriori within its BL-based
value, its estimations based on the global averaging dissipation rates Eq. (5) and the
global heat flux that can be rewritten from Eq. (1) in averaged-dimensionless form as

NuV = 1 + (RaPr)1/2〈wT 〉V,t (8)

Table 1: Results of refinement tests around Grötzbach criterion at Ra = 108, ref.
ratio=∆li,max/ηGrö

ref. ratio Nx ×Ny ×Nz Nu NuV /Nu (〈ε〉V,t(RaPr)1/2 + 1)/Nu (〈εT 〉V,t(RaPr)1/2)/Nu
1.1 256× 150× 150 31.44 0.997 0.966 0.983
1.0 288× 158× 158 31.10 0.997 0.971 0.985
0.9 320× 174× 174 31.00 0.999 0.976 0.988
0.8 342× 192× 192 30.93 0.999 0.982 0.991
0.7 400× 208× 208 30.86 1.001 0.984 0.993
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Figure 1: Two-point correlation of the spanwise velocity u, at two monitoring locations in
(a) and (b) is a schematic representation of the studied convective cell in Rayleigh-Bénard
outline.

The averaged Nusselt number obtained at the finest grid Nu = 30.86 is in very good
agreement with [4] therein, a scaling law of Nu ∼ Ra0.284 was introduced. Weak pre-
dictions of BL-based Nu number and hence a bad averaged resolution of the dissipation
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terms can be noted in the coarse grids since εT detects its fine scales of high-amplitude
occurrence in the thermal BLs, whereas ε detect them in both near-wall and core areas
with dominant events at the walls (where viscous effects are bearing). Therefore higher
discrepancy related with the kinetic dissipation in comparison with the thermal one, can
be evident in respect to the averaged Nu solution, and becomes smaller at finer grids,
as shown in table 1. But note that the convergence of the balances (Eq. (5)) is only
related with the satisfactory temporal averaging in case of well spatial resolution. Here
the statistics are averaged over 500[TU] that is considered fairly enough to capture the
flow structure. So it concludes that the Nu number converges earlier than the dissipa-
tion rates [3] and these slight discrepancies between the dissipation-based Nu and its
BL’s value could be reduced with longer averaging time period as the spatial resolution
is accurately predicted with 4th-order symmetry preserving discretization. The span-wise
length in x direction was set to π that is sufficiently long to ensure the uncorrelation of
turbulence fluctuations. This has been approved in the two-point correlation analysis of
the spanwise velocity component Ru,u = 〈u′(x, y, z)u′(x + r, y, z)〉/〈u′2〉, at two different
locations (y, z) in the bulk and BL, as showed in Fig.1. It can be noted that the correla-
tion values fall to zero at separations lower than one-half period and the periodic distance
is adequate.

2.3 Interactions between temperature and velocity fields

In Figure 3d, a snapshot of the temperature field is taken at Ra = 108. The evolu-
tion of the buoyant thermal plumes is viewed at the thermal BLs where tightly coupled
fluctuations of temperature and velocity occur together. That provoke the formation
of small thermal outlets with high magnitude correlated gradient of the both fields (see
Figs. 3a, 3b). These thermal pockets arise as small structure plumes far away the isother-
mal walls toward the bulk region where they undergo to a good mixing thereby, the two
fields become decorrelated unless at rare high-amplitude events of the two gradient fields.
At this high Ra number, small and many thermal plumes are being shedded in the bulk
with high frequency and accumulated in large-scale circulation because of the existence of
the lateral side walls. These large-scale circulations are breaking down on account of the
high fluctuations in this fully developed turbulence yielding to small structure appearance
of the flow as can be identified in the instantaneous temperature field. Figure 3c displays
the ratio of kinetic dissipation in relation to the thermal one. Interestingly, the balanced
zones of the two fields highlight the limits of the plumes since these zones present strong
interactions and correlations between temperature and velocity fluctuations that support
the feeding action of thermal forces to the momentum in the bulk and bring in dominant
kinetic dissipation through the core.
In order to give more illustration of the different thermal and kinetic behaviour, energy
spectra Eφφ(kx, y, z) = 〈φ̂kx(y, z)φ̂∗kx(y, z)〉 ( (·)∗ is the complex conjugate and kx is the
frequency) for T and w are extracted along the periodic x direction from many averaged-
time instantaneous files and at various wall distances. The kinetic energy spectra are
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found to approach the −5/3 power of the Kolmogorov-law in the inertial subrange with
continuously increasing toward the center of the cavity (figure 2b), however the thermal
spectra showed −7/5 Bolgiano scaling with increased energy within the BL but decreasing
behaviour toward the center (figure 2a). This coincides exactly with the findings in [4],
where we have analyzed our results in the same way that emphasizes the unlike actions of
the temperature and velocity in the bulk and BLs. The thermal plumes are arisen from
the thermal BLs and tossed through the bulk transforming their portable thermal energy
into kinetic one and causing a thermal energetic reduction across the bulk but gaining for
the velocity. On the other hand, all energy spectra showed numerous drops at high wave
numbers that indicates to the adequate resolution of all relevant turbulent scales.
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Figure 2: One-dimensional energy spectra in the periodic x direction extracted at y = 0.5
horizontally and various heights z ≤ 0.5 for T (a) and w (b), the solid dark grey line refers
to the spectrum inside the BL while the dashed one represents it at the BL thickness and
the solid grey line represents the energy spectrum at the center of the cavity.

2.4 Thermal and kinetic energy dissipation rates

Further understanding for the different behavior of the thermal and kinetic dissipation
rates, can be enlightened by plotting their spatial PDF. It revealed that both dissipation
rates have non-Gaussian PDF distribution with stretched-exponential tails exposing the
small-scale intermittency in both the bulk and the BL regions (Fig. 5a), one can note
the domination of the thermal dissipation rate beyond the mean quantities with higher
probability events in comparison with the kinetic one. The two dissipations become
overlapped at the largest events (Fig. 5a) to show the high correlation in the thermal BLs
which can be seen in figure 4a. It displays the correspondence zones of the two dissipations
within the thermal BLs and related plumes exceeding the averaged values, where the grey
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(a) (b)

(c) (d)

Figure 3: Snapshot of kinetic ε and thermal εT dissipation rates (a,b) and its ratio ε/εT
(c) in log scale together with the temperature field (d) at Ra = 108.

contours represents ζT = εT/〈εT 〉V,t > 1 and the black ones for ζ = ε/〈ε〉V,t > 1 together
with the instantaneous temperature. In the bulk region, ε and εT tend to decorrelate and
conversely the kinetic dissipation become the dominant with more Gaussian and sharper
PDF distribution (Fig. 5b). Again therein, the two dissipations are overlapped at the
rare largest values beyond the means indicating to small correlation related to the plume
chunks that travel far a way the BL through the bulk. These rare correlations are showed
also in figure 4b, where the joint statistics of normalized PDF for both dissipation rates
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(as in [5]) is plotted and given by Π(ζ, ζT ) = P (ζ, ζT )/(P (ζ)P (ζT )). Its values greater
than unity indicate the correlation zones and a peak joint of high-amplitude events is
observed similarly to [5].

(a) (b)

Figure 4: Vertically cut plane of instantaneous temperature together with contours of ζT =
εT/〈εT 〉V,t > 1 (grey lines) and ζ = ε/〈ε〉V,t > 1 (black lines) in (a), and normalized joint
statistics Π(ζ, ζT ) in the bulk region, where the grey lines refer to the mean dissipations.

3 TURBULENCE MODELING

Regarding the no potentiality of performing DNS at high Rayleigh numbers, a dynam-
ically less complex mathematical formulation than the original (NS) equations has been
thought. Respecting to that, a novel class of regularization models are proposed by [9]
that are based mainly in their function on alerting the convective terms modifying their
non-linearity effect in order to restrain the production of smaller and smaller scales in an
unconditionally stable manner, meaning that the velocity cannot blow up in the energy-
norm (in 2D also:enstrophy-norm). By doing so, the convective term in (NS) equation (2)
C(u,u) is replaced by the following O(ε4)-accurate and symmetric smooth approximation
C4(u,v) given by

C4(u,v) = C(u,v) + C(u,v′) + C(u′,v) (9)

where the prime indicates the residual of the filter, e.g. u′ = u−u, which can be explicitly
evaluated, and (·) represents a symmetric linear filter with filter length ε. The key feature
in these regularizations is the type of the filter defined since its length should be wary
to capture well the flow characters (near-wall behavior, laminar, 2D flow ...), as well, the
discretization of the filter itself F should attain basic properties. Namely,(i)Symmetry,
ΩF = (ΩF)t (Ω a diagonal matrix of control volume sizes), (ii)Normalization F1h = 1h,
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Figure 5: Spatial PDF of normalized thermal dissipation rate ζT = εT/〈εT 〉V,t (grey)
and ζ = ε/〈ε〉V,t (black), through the whole cavity (a) and the bulk (volume limited by
[0.2 → 0.8]Γ in z and y directions)(b) taken of some independent snapshots and using
exponential bin width divisions where the solid blue lines indicate the fitted Gaussian
distributions and the dashed lines are the mean dissipations.

(iii)Given an incompressible velocity field Muh = 0h(M the discrete divergence operator
and φh is the discrete form of vector φ), (iv)Low-pass filtering and (v)The damping
effect of all triadic interactions at the smallest scale must be virtually independent of the
interacting pairs, i.e. f4(Ĝkc , Ĝp, Ĝq) ≈ f4(Ĝkc) here, kc = π/ε and f4 is the coefficient of
the convective regularization in spectral space, this last is arisen in the equation of the
vortex-stretching term

C4(ω,u)kc =
∑

p+q=kc

f4(Ĝkc , ĜpĜq)ω̂piqûq and (10)

f4(Ĝkc , Ĝp, Ĝq) = ĜkĜp + ĜkĜq + ĜpĜq − 2ĜkĜpĜq (11)

where ω = ∇×u is the vorticity. The last property is crucial in order to control the subtle
balance between convection and diffusion and hence stop the vortex-stretching mechanism
that is given by the unbalance

1

2

(ω̂kc · C4(ω,u)∗kc + C4(ω,u)kc · ω̂
∗
kc)

ω̂kc · ω̂∗kc
6

√
Pr

Ra
k2c (12)

Thus, the overall damping effect at the smallest grid scale, f4(Ĝkc), follows

f4(Ĝkc) =
(2
√
Pr/Ra)k2c ω̂kc · ω̂∗kc

(ω̂kc · C4(ω,u)∗kc + C4(ω,u)kc · ω̂
∗
kc)

(13)
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with the condition that 0 < f4(Ĝkc) 6 1 (for details see [10] and references therein).
After determining the value of the damping factor f4(Ĝkc), the transfer function of the
smallest scale Ĝkc is decided and used in constructing the filter. Linear filters that are
based on polynomial functions of the discrete diffusive operator D, were proposed in [11]
and accomplish the requirements aforementioned, they are given as

F = I +
M∑
m=1

dmD̃m with D̃ = −(Pr/Ra)1/2Ω−1D (14)

The algorithms following are explained clearly in [10] that provide the resolution steps of
the regularization implements, here also the filter length is decided similarly.

3.1 Results and comparisons

Less fine grids are checked with and without modeling where the concentration factors
near the walls are modified to capture approximately the BLs. The overall Nu number
(table 2) and profiles of two averaged turbulent components in time and periodic direction,
that extracted along the vertical mid-width line (figures 6a, 6b) are presented. The results
revealed a not so bad prediction in case of no model using, where it gives better results than
the models’ ones on coarse meshes. This could be related with the dynamics of the thermal
plumes where the regularization models smooth the production of the smallest scales in
such a way that less dissipation takes place and thereby, further traveling of thermal
plumes (near side walls) happens leading to higher heat transport at this moderate Ra
number. Note that the dissipative effect plays a major role in determining the structure
of the plume dynamics that are 3D and related basically to strong vertical vorticities.
At finer grids the regularizations work better since smaller dissipative scales of motion
are appeared and their production will be reduced without affecting the dynamics of the
plumes that are of larger scales and consequently, they will be resolved in appropriate
manner closer to DNS. At higher Ra number, when the flow become hard turbulent and
the sizes of plumes become so decreased, while the turbulent background region increases
dominantly, our regularization models befit more effectively.

Table 2: Obtained results of the overall averaged Nu number at DNS and coarser grids.

DNS Mesh A Mesh B
Mesh 400× 208× 208 112× 60× 60 168× 110× 110

No model C4 No model C4
Nu 30.86 40.06 43.9 35.6 35.13

4 CONCLUDING REMARKS

A turbulent RBC of air flow at Ra = 108 in rectangular cell of aspect ratio unity and π
length, has been investigated. Firstly, a DNS study at various refinement tests in the view
of Grötzbach criterion has done and found a good convergence of the averaged Nu number
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Figure 6: Temperature variance 〈T ′T ′〉 (a), and averaged turbulent kinetic energy 〈k′〉
(b), along the vertical mid-width line of the averaged periodic spatially and temporally
plane. The profiles are highlighted with closer view regarding to the symmetry and the
bold dashed line in (a) refers to the thermal BL thickness δT = H/(2Nu).

precisely to the scaling law in the references. We have analyzed our results statistically
by drawing the PDF of the two sensitive fine-scales kinetic and thermal dissipation rates
as essential contributions in RBC. All the studies have emphasized the high correlation
between the two dissipations in the thermal BLs and their tendency to be decorrelated
through the bulk. This become a result of hardly fluctuated and correlated temperature
and velocity fields in the BLs that provoke the evolution of the thermal plumes ascendant
toward the bulk. In succession, these plumes undergo to a shedding action in the bulk
transforming their portable thermal energy into kinetic one and exposing transitional
zones, at which the kinetic dissipation rate begins to bear the thermal one in contrast to
the case within the BLs. Consequently, it has been presumed that these zones could mark
the limits of plumes regarding the feeding action to the momentum that performed by
the plumes in the bulk. Afterwards, symmetry-preserving regularization models are used,
which are based on restraining the production of the small scales in stable manner where
a filter constructed on vortex-stretching stopping requirements is adopted. Weaker reso-
lution in comparison with the no model case, is arisen using the regularization modeling
on coarse grids. This lack can be returned to the bad resolution of the plumes dynamics
by manipulating the vortical dissipation at this moderate Ra number. But it was noted
that the more dissipative scales of motion are appeared the model works more effectively
and we think that at higher Ra number when the flow become hard turbulent and the
sizes of plume fragments become so small and being shedded rapidly in the bulk, the reg-
ularization models befit more effectively at coarser meshes. This will be our future work
where higher Rayleigh number will be looked in the view of the regularization techniques.
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