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Abstract. Allen-Cahn (AC) and Cahn-Hilliard (CH)-type diffuse-interface advection
equations based on a phase-field model (PFM) are evaluated for computational fluid
dynamics (CFD) simulation of motions of microscopic immiscible incompressible isothermal
two-phase fluid contacting solid surface. For solving a conservation-modified AC equation, a
lattice-Boltzmann method (LBM) based on fictitious mesocsopic particle kinematics is
adopted. The modified AC and CH equations without interfacial curvature-induced diffusion
flux are tested through a benchmark problem of interfacial advection. It is confirmed that both
the volume and the shape of fluid with diffusive interface are well conserved during the
advection. In addition, for developing a novel micro-fabrication process of flexible and large-
area sheet display device, immiscible liquid-liquid two-phase slug droplets formation in T-
junction microchannel with square cross section and hydrophilic solid walls is investigated
through CFD simulation using a PFM-based method. It adopts the semi-Lagrangian LBM
scheme to second-order accuracy in both space and time for solving the modified AC
equation with Navier-Stokes equations. The ratio of volumetric flow rate of dispersed phase
to that of continuous phase is fixed at 1.0 within low capillary, Reynolds and Weber numbers
for silicone oil-pure water system with hydraulic diameter of 100 um, kinematic viscosity of
1.0 cSt. and interfacial tension of 41.6 mN/m. The major findings are as follows: (1) the PFM-
CFD method predicts well pressure increase inside spherical droplet proportional to interfacial
curvature in agreement with the Laplace-law solution; (2) the continuous-phase (water) and
dispersed-phase (oil) slug droplets become shorter at nearly-constant length difference
between them as their flow rates are increased; (3) the length and volume fraction of the
droplet in the simulation agree well with experimental data.

1 INTRODUCTION

Microscopic gas-liquid and liquid-liquid flows with a fluid-fluid interface on a
heterogeneously or homogeneously wettable solid surface are widely encountered in various
science and engineering fields. It is often difficult to experimentally observe such flows and
measure the velocity and the pressure simultaneously in three dimensions or to analyse
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theoretically them by the classical continuum dynamics approach based on a sharp-interface
model. Computational fluid dynamics (CFD) simulations facilitate the understanding and
prediction of the two-phase flows for flexible and accurate control of fluid-particle motion
and position; as its result, micro-fluidic devices and micro-electro-mechanical-systems
(MEMS) device fabrication processes can be optimally designed [1,2].

In this study, we have examined the applicability of two types of diffuse-interface
advection equation based on a phase-field model (PFM) [3] to the simulation of two-phase
fluid motion on solid surface. PFM has recently been attracting much attention from many
researchers as one of mesoscopic models which efficiently simulate behaviour of multi-phase
system. Based on the free-energy theory, PFM describes an interface as a finite volumetric
zone between different phases, across which physical properties vary steeply but continuously.
Two-phase coexistence is allowed by a free-energy functional which has a double-well
potential of an order parameter and its squared local gradient term, without imposing
topological constraints on interface as phase boundary. The contact angle, depending on the
energy balance among three types of interfaces, is obtained from a potential of the solid
surface through a simple boundary condition of the gradient of the order parameter on the
surface. As a result, the PFM-based CFD method does not necessarily require conventional
elaborating algorithms for advection and reconstruction of interfaces [4-7]. The method
therefore has an advantage over other methods of easy calculation of multiple-interface
advection with deformation on a partially-wettable solid surface.

This paper is organized as follows. In the next section, we outline a PFM-based CFD
method that we have proposed for simulation of immiscible liquid-liquid two-phase flow [8,
9]. The method adopts a conservation-modified diffuse-interface advection equation [7] and a
numerical solution scheme based on a lattice-Boltzmann method (LBM) [10, 11]. In the third
section, we present benchmark test results on two-dimensional linear translation of a circular-
shaped interface by use of two kinds of PFM-based advection equation [8] and the CFD
simulation result of a mono-dispersed two-phase slug flow in a micro channel with a T-
shaped junction [9, 12, 13]. The conclusions are described in the last section.

2 BASIC EQUATIONS IN PHASE-FIELD MODEL (PFM)

The PFM-based methods for simulating incompressible isothermal viscous two-phase fluid
flows adopt the following set of mass and momentum conservation equations with an
interface advection equation [3-9, 11]:

V-u=0 (M
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where u denotes the velocity; ¢, the time; p, the density; p, the pressure; T, the viscous stress
tensor; F;, the interfacial-tension force; ¢, the order parameter which indicates each phase and

interfacial regions with its continuous values; and D(¢), the diffusivity. In well-known Cahn-
Hilliard (CH) form [3-6, 11], the diffusion term of Eq. (3) includes the following coefficient:
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where M¢y denotes the mobility; 7, the chemical potential; s, the double-well potential on
¢ ; and xy the capillary coefficient which is related with interfacial width and tension. In
contrast to the CH form, a conservation-modified Allen-Cahn (AC) form [7] adopts the
following diffusion coefficient in Eq. (3):
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where M, denotes the mobility; and & the signed distance in the direction normal to the
interface from the central position at & = 0. The profile of ¢ across a flat interface in an
equilibrium state is theoretically expressed by use of Eq. (7).

In each of the CH and AC forms, the diffusion term of Eq. (3) disappears in an equilibrium
state. The AC equation, Eq. (3) plus Eq. (6), is equivalent to a conservative level-set equation
[12] in one-step form by which both of interfacial re-initialization and advection calculation
are done at the same moment [7]. The idea for removing the interfacial-curvature dependency
on diffusion of ¢ from the original AC equation is also applicable to the coefficient Eq. (4) for
the CH equation [8].

3 NUMERICAL METHOD FOR TWO-PHASE FLOW

For solving the above-mentioned set of Egs. (1), (2) and (3) with Egs. (6) and (7), we have
proposed a numerical scheme [8, 9] based on lattice Boltzmann method (LBM) [10, 11].
LBM assumes that a macroscopic fluid consists of fictitious mesoscopic particles repeating
collisions with each other and linear translations with a set of isotropic discrete velocities. The
main variables in LBM are distribution functions of number density of the particles grouped
with their velocities. Time evolutions of the distribution functions, f, and g,, at position x and
at time ¢ are expressed by

a]iz a»ﬂ — 1 — e
aga _ 1 e
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g

where e, is the particle velocity vector; the subscript a, index of the velocity set; zrand 7, , the
relaxation times for f, and g, respectively in the BGK approximation collision operator; and
the superscript eq denotes a local equilibrium state.
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In this study, Equations (8) and (9) are discretized respectively into the semi-Lagrangian
forms with second-order accuracies in both space and time as follows [8, 9]:

10
fa(x,t.)=fa(X_eaAt,t)_ﬂ[fa(x—eaAt,t)_f;‘f(x—eaAt,t)] (19
Ty
e, -F
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where At is the constant increase in time, x+e,At denotes the position neighboring x in the
direction of the vector e,, and w, is the weight parameter. In three-dimensional Cartesian
coordinate system (x, y, z), the space is divided uniformly into unit cubic cells with sides:

Ax=Ay =Az =cAt (13)
where c is the lattice constant. The particles are set to be rest or to move according to three-

dimensional 15-velocity model [10, 11]. The scalar and vector variables of two-phase fluid, p,
u, p and ¢, are co-located at each of the spatial cell centers, and defined with f, and g, by

WA Wh 1
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The kinematic viscosity v and the constant part of the diffusion coefficient Eq. (6), Dy =
M cxy, are defined by the following equations, respectively [8, 9]:

v—i(r —ﬁj (18)
307 2
D, =T¢’ (rg —%) (19)

where I is the parameter to control the number densities of the moving and rest particles in a
stationary equilibrium state of g,”.

The semi-Lagrangian LBM scheme possesses the advantage over conventional others for
directly solving the differential equations, the simple particle-kinematic operation in the
discrete conservation form on an isotropic spatial lattice, which is useful for high-performance
computational multi-phase fluid dynamics.
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4 NUMERICAL RESULTS

4.1 Benchmark test on advection of interface

A benchmark test problem of linear translation of a single circular interface in two
dimensions (x, ) was solved for evaluating the LBM schemes that we have proposed for the
conservation-modified AC and CH equations [8]. The computational domain was uniformly
divided into square cells of 200Ax x200Ay in a periodic uniform flow with velocity u = (u, v).
The numerical results were obtained under the conditions of Ax = Ay =1, At=1,u=v =
2><10'2, and x4 = 1; this resulted in a Courant number C = uAt/Ax = 2x10™ and theoretical
interfacial thickness 4K¢1/ 2 = 4. The value of M 4c was selected to be on the same order as that
of C for the above Ax, Ar and x, to balance the diffusion with the speed of MACK¢1/ 2 and the
advection with |u|. To set the initial distribution of ¢(x,0), Equation (3) was iteratively solved
under the tentative condition of ¢ = 1 and 0 inside and outside the circular region with
diameters d = 64, respectively, to obtain the stationary equilibrium solution. For calculating
the interfacial curvature, the gradient of ¢ at each cell center was calculated using a second- or
fourth-order central difference scheme (CDS).

The numerical results obtained with the LBM schemes for the modified AC and CH
equations are shown in Figs. 1 and 2. In each case of the modified equations, the fluid region
advected retains almost its initial shape with the constant interfacial thickness. The initial area
of the fluid A4y has been conserved within 1% error in the modified advection equations better
than those in the original equations [7, 8, 14] until dimensionless time ¢ = sxu/d = 50. It has
been also confirmed that the result obtained with the LBM for the modified AC equation is
better than those obtained with finite volume methods adopting second-order central
difference schemes in time and second-order Runge-Kutta time-advance scheme [8§].

e

0] (0] (0]
(a) LBM for AC eq. with (b) LBM for AC eq. with  (¢) LBM for CH eq. with  (d) LBM for CH eq. with
2nd-order CDS in grad.¢ 4th-order CDS in grad.¢ ~ 2"-order CDS in grad.¢  4th-order CDS in grad.¢

X Y,
U LS

Figure 1: Interface-profile solutions of conservation-modified AC and CH equations solved with LBMs after
linear translation at dimensionless time ¢ = #xu/d = 50 at Courant number C = uA#/Ax = 2x107 for d = 64Ax [8]
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Figure 2: Area conservation error in linear translation using LBMs for modified and original AC and CH
equations at C = uAt/Ax = 2x107 for d = 64Ax [7, 8, 14]

4.2 Two-phase slug flow in rectangular microchannel with T-junction

In advance of two-phase flow simulation, the interfacial tension y was verified through a
preliminary three-dimensional simulation of single droplet neutrally-buoyant in a quiescent
continuous liquid phase [9]. In the simulations, the density p was initially set at 1.0 uniformly
in the whole computational domain, where the continuous and dispersed phases were regarded
as the regions with ¢ = 0 and 1 respectively. Figure 3 shows the difference in pressure Ap
between the inside and outside of the suspended spherical droplet with radius R under no
gravity. The numerical results agree well with the theoretical predictions by the Laplace’s law
Ap =2y/R and the definition of y.
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Figure 3: Laplace pressure of spherical droplet with a radius R suspended in quiescent liquid [9]

For developing a novel micro-fabrication process of flexible and large-area sheet display
device [1], immiscible liquid-liquid two-phase slug droplets formation in a T-junction
microchannel [13] with square cross section and hydrophilic solid walls was investigated
through CFD simulation using the PFM and LBM-based method [8, 9]. The continuous and
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dispersed phases were assumed as pure water and silicone oil respectively at room
temperature, which flow in the channel with square cross section and fully-hydrophilic solid
wall surfaces. The volumetric flow rates of the continuous and dispersed phases, Qw and Qo,
were set in the range of low capillary, Reynolds and Weber numbers respectively, for the two-
phase fluid system with hydraulic diameter w of 100 um, kinematic viscosity vof 1.0 cSt. and
interfacial tension y of 41.6 mN/m. As shown in Fig. 4, mono-dispersed slug flow pattern is
formed in the channel. Figure 5 shows the variation in length and interval of the droplets, Lo
and Ly, for the continuous-phase capillary number Cay = pv(Qw/w?)/y, where uy = pvis the
viscosity. The droplets and their intervals become shorter as both the continuous and
dispersed-phase flow rates are increased at a constant ratio of the flow rates Qo /QOw = 1. It is
also confirmed that both the droplet lengths and their intervals in the present simulation agree
well with experimental data [9].

\\ W W LW Lo l E;o o
/ O YL C )ié ) @O

«— ¥ Water

Figure 4: A snapshot of two-phase slug droplets formation in microchannel with T-junction and with square
cross-sectional area w” at volumetric flow rate ratio Qo /Qy = 1 for Cay = 2.53x10™ [9].
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Figure 5: Variations in length of silicone oil L, and water Ly for capillary number Cay at Qo /Oy =1 [9].

5 CONCLUSIONS

In this study, Allen-Cahn (AC) and Cahn-Hilliard (CH)-type diffuse-interface advection
equations based on a phase-field model (PFM) [3] were evaluated respectively for
computational fluid dynamics (CFD) simulations of motion of microscopic two-phase fluid
on solid surface. The PFM-CFD method [8, 9] adopting a lattice Boltzmann method (LBM)
[10, 11] for solving Navier-Stokes equations with an AC equation [7, 12] was applied to an
immiscible liquid-liquid two-phase slug flow problem in a T-junction microchannel [1, 13]
with square cross section and hydrophilic solid-wall surfaces.

The following major findings were obtained:
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- The use of the LBM schemes allows the initial interfacial shape and volume of a fluid
to be adequately retained during translation of the fluid on a spatial structured grid.

- The modified AC and CH advection equations improve the volume-of-fluid
conservation much better than the original equations, respectively, by eliminating the
interfacial curvature-induced volume flux from the diffusion term which causes the
autonomous diffuse-interface formation.

- The PFM-CFD method predicted well the increase in pressure proportional to
interfacial curvature inside neutrally-buoyant spherical droplet in agreement with the
theoretical prediction according to the Laplace law.

- The method predicted the mono-dispersed slug flow patterns in the channel in good
agreement with the experimental data, in terms of decreasing in the length and the
interval of the dispersed-phase droplets as increasing both the continuous- and
dispersed-phase flow rates at the ratio = 1.

The above-mentioned results prove that the conservation-modified advection equations and
the PFM-CFD method [8, 9] will be useful for numerically analyzing the two-phase fluid
motions in various micro-fluidic devices and microfabrication processes for MEMS-IC
integration [1, 2].
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