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Abstract. For the elastodynamic simulation of a geometrically exact beam, a variational
integrator is derived from a PDE viewpoint. Variational integrators are symplectic and
conserve discrete momentum maps and since the presented integrator is derived in the Lie
group setting (unit quaternions for the representation of rotational degrees of freedom), it
intrinsically preserves the group structure without the need for constraints. The discrete
Euler-Lagrange equations are derived in a general manner and then applied to the beam.

1 INTRODUCTION

Instead of deriving and subsequently discretizing the equations of motion for a mechan-
ical system, variational integrators are derived from a discrete variational principle. The
resulting integrators inherit the symplectic structure of the continuous Euler-Lagrange
equations and a discrete Noether theorem can be proven. Furthermore, they show very
good energy behaviour, i.e. for conservative systems there is no drift in total energy,
though the energy is not exactly preserved. Variational integrators are developed and
their properties have been studied by Marsden et al. [I].

Rotational degrees of freedom can e.g. be described by elements of the Lie group SO (3)
or, alternatively in this case, by unit quaternions. Unit quaternions reduce the number
of unknowns from nine to only four and give rise to the possibility that computing time
might be reduced due to fewer computer operations and smaller memory requirements
during the time integration. By applying structure preserving variations on the Lie-group
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in order to derive the equations of motion, the need for constraints is eliminated and the
resulting integrator falls into the class of variational Lie-group integrators.

In geometrically exact beam dynamics, see e.g. Simo [2], the need to represent rotational
degrees of freedom, computing time concerns, as well as the desire to simulate accurately
come together. Recent works dedicated to a Lie-group formulation in multibody dynamics
are [3] and [4] and in beam dynamics are [5] and [6]. Quaternions have been used to
describe the rotational degrees of freedom in beam dynamics by Lang et al. [7].

2 QUATERNIONS AND ROTATIONS

The group of quaternions H consists of four dimensional tuples. Their basis is given
by

{1,i,5,k} it =2 =k =ijk=—1

and thus a quaternion can be written as p = py + p1t + p2j + psk where p, € R for
n =0,1,2,3. The group operation is quaternion multiplication which we denote by por,
p,r € H and results in

por = (po+pii+ paj +psk) (ro + rii + roj + r3k)
= (poro — p1T1 — P2ty — P3T3)
+ (por1 + p17o + pars — para) i
+ (pora + paro + p3r1 — pi73) j
+ (pors + paro + pira — par1) k
We write R for the real part and & for the imaginary part of a quaternion. A quaternion
can thus be written as p = Rp + Sp. The conjugate of a quaternion is denoted by
p = Rp — Sp. The Lie-group of unit quaternions is defined as

H':={peH | [p| =1}

and it can be used to represent rotations. In case of the rotation of a three dimensional
vector s € R3, we consider s as a purely imaginary quaternion and write

A(p)s=posop

where A (p) € SO (3) represents the rotation matrix corresponding to the unit quaternion
p € H'. The Lie-algebra of H' is defined as the purely imaginary quaternions

b':={neH | Rn=0}

with the exponential map expn = cos (H;?H) + HnH sin (H;}H) € H' which represents
Ui

the rotation around the unit vector n = Tl with rotation angle © = ||n|.
n

2
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3 GROUP STRUCTURE PRESERVING VARIATIONS

When computing the variation of a function f : H! — R in terms of the variation
of the group element, special care has to be taken in order not to violate the group
structure. The group structure is inherently respected by performing variations in terms
of the group operation, namely quaternion multiplication. Consequently, the variation of
p € H! is given by

p o 0p.
e=0

d

op= —

b de

where dp. can be expressed by the exponential map of a purely imaginary quaternion en

in the Lie algebra h! where ¢ € R is a small parameter. Using n = On, where © € R is

the rotation angle and n € H' is a purely imaginary unit quaternion, the variation of the
rotation dependent function is given by

-2 s o)) 1= )
e=0

Here we use the fact, that the scalar product of a real number with a purely imaginary
quaternion is zero, and thus only the imaginary part, denoted by &, remains. Using the
above, the variation of functions of the angular velocity w = 2pop and the angular strain
Q =2poyp (to be introduced in Section [4)) can be found as

5 @)= 5L (x4 5 (9) = 0

4 CONTINUOUS EULER-LAGRANGE EQUATIONS

Qxn+1n)

Consider a one dimensional reference configuration space variable s € [0,¢] C R, the
time variable ¢ € [0,7] C R and the deformation map ¢ : (s,t) — (p,x) € H' x R®. The
Lagrange density L (p,w, €, x,%,2’) is a function of the configuration (p,z) being com-
posed by orientation and position in the ambient space, the angular velocity w = 2pop € h*
and bending and torsional strain Q = 2pop’ € h! as well as the translational velocity &
and the shear and elongational strain z’, where

(=" (y =

The action functional is defined as the integral of the Lagrange density over space and

time
T ¢
Sy = / / Ldsdt
0 0
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Following Hamilton’s principle, the action is stationary with respect to all variations while
holding the boundaries of space and time fixed, i.e. dp =0,0x =0fort=0,t=T,5s=0
and s = £. The resulting Euler-Lagrange equations are

lC‘ _Oa_L — Xa_L_g 8_L _Qxa_L_i 8_L
2 \P%ap ) Y 0w T @t \ow 90 ds \ 00

oL d (oL\ d (oL
Oor dt \ 0z ds \ 0z’

S OO O oo

This coupled system of partial differential equations represents a local balance of angular
and linear momentum. The temporal and spatial Legendre transforms for the rotational
and translational part represent the conjugate momenta of time and space

0L
 Ow

oL oL oL

m ~ ¥ 0 o O

r

In classical mechanics, II and I' are angular and linear momenta per unit length while
Y represents bending and torsional torques and ¢ are normal and shear forces, see also
Section [6] on geometrically exact beam dynamics.

5 DISCRETE EULER-LAGRANGE EQUATIONS

In order to derive a variational integrator, space time is discretized on a regular grid as
shown in Figure[I] This grid is not necessarily equidistant in space, though the time step
is kept constant in order to allow backward error analysis [8]. Thus, all spatial elements
advance in time synchronously in contrast to asynchronous integrators developed by Lew
[9] and for the beam by Demoures et al. [5]. The discrete Lagrangian is an approximation
of the continuous action for one space time element K7, i.e.

' ti+1 Sat1
i~ / / Ldsdt (3)
tJ Sa

and it is generally a function of all four nodes of the space time element K7
: o , S , -
L{z = LZL (pr pzb+17pé+17 ajrla xfp ‘x{erla ${1+17 Ifzil) (4>

Thus, the discrete action is the sum over all discrete Lagrangians

2
S

-1

Sa = L (5)

~
I
o
)
I
o
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Figure 1: Regular discretization of the space time for variational integrators.

The discrete Hamilton’s principle states, that the discrete action is stationary for all

variations vanishing on the boundary of space and time, i.e. 7 = 0 and 27 = 0 for a = 0,
a=A, j=0and j = N. This leads to the discrete version of

1\ (., ori . oLi7' . oLl . 0L}

— 7 © = + 7 © — -+ 7, © — 4 7, © -

53 (pj o P v . o p. vl
oL, , oL oL’ . oLt

a
orl, oxl, orl, oxl,

O O OO oo

which has to be supplemented by appropriate boundary conditions.

5.1 Solving the discrete Euler-Lagrange equations

For the quadrature rules introduced in Section[5.2] the system decouples to independent
sets of six equations for each node a =0,..., A

RE (pih, ™) =0 eR°

In any case, there are seven unknowns and only six discrete Euler-Lagrange equations
for each node in the grid, if one regards the orientation quaternion naively as a four-
dimensional vector. In order to avoid normality constraints to ensure that p/™! € H!, we
use the reparametrization p/*! = pJ o Cay f7 where Cay : h! — H! is the Cayley map
and fJ € h' is the increment. The singularity of the Cayley map is avoided by the fact
that the rotation increment Cay f7 is close to the identity for small time steps and thus
far away from rotation about the angle w. The nodal discrete Euler-Lagrange equations
are transformed to

RI(f],2it") =0€RS

a
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The equations can be solved for f/ and 2™ by a Newton-Raphson scheme and the new
orientation is recovered by p/™' = pl o Cay f7. The quaternion Cayley map is defined as

B 1+ f
W= A

5.2 Quadrature rules

In order to derive the integrator, we have to be more specific in terms of choosing

the discrete Lagrangian . Let the generalized coordinate ¢ represent x and p and the
o (- o (- 1 o (-
partial derivatives % comprise ﬁ and 5% (po %), respectively. Note that we
q P
denote the discrete Lagrangian in the element K7 by Lj (instead of L}) from now on.
Furthermore, time nodes associated with this element are denoted by t7. As shown in
and , the discrete Lagrangian Lj is an approximation of the action integral over
the space time element, and can generally depend on four nodes. In the following, we
introduce a choice of approximation based on four nodes. To this end, we partition the
space time element K J into four parts denoted by roman numerals as shown in Figure .
With At = tf:”l — 13, = const. for all j,k and Asp = 5,11 — 4, the time derivatives il
and space derivatives 2’/ are approximated by a forward difference quotient that takes
the form
RN At i Tar1 — T ™
. At @ ASk
for the translational degrees of freedom. The temporal and spatial derivatives for the
rotational degrees of freedom are given by

2

. 2
J = —
“ ASk

i =S hon™) Q AR (8)

The discrete Lagrangian is decomposed into

L o™ o) =" L T L

a

where the four parts consist of evaluations of the Lagrangian at different nodes and dif-
ference quotientd]

; AtAS]g . > i1 : AtASk : L i1
IVL?C = 4 L ( (Jz+17 qu q,fz—i_ ) IIIL?q = 4 L (qg::j? Qi—i-l: qlff )
N C AtAs.

'L = — L (Qi, Ay q’i) "= 1 L (qiﬂ, Gag1s q'i)

LOf course, other evaluations of the Lagrangian depending on a different number or combinations of
nodes are possible, as e.g. an evaluation at midpoints of nodes in the first argument of L (cf. [10]).
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Figure 2: Partitioning of the space time element K/ for the integrator and the general case of L =
L(q.4,q")-

The discrete Euler-Lagrange equations @ for this specific quadrature are

j j j j—1 j—1 j—1
'Ly, 9"L} afVL;) 1 (afL; Lot oy >

1
- : : : 4+ ; : .
4 ( O O Oqa 4\ oq Oqa Oqa
1 aIL‘;,l . aIIL‘;,l . aI]IL‘i,1 N l aIIL‘ijill N a]II[J:]i:ll N 8IVL'17€:11 (9
s, oqa dqa 4 oqa q oq)

1 )

Quadrature rules of this type lead to an integrator with independent sets of six non linear
equations for each spatial node in one time step.

6 GEOMETRICALLY EXACT BEAM DYNAMICS

Modeling geometrically exact beams as a special Cosserat continuum (see e.g., [I1]) has
been the basis for many discrete formulations starting with [2} [12] 13| [14]. Its Lagrangian
dynamics is an example of the formulation described in Section [

6.1 Continuous Euler-Lagrange equations

The beam model consists of a central line z(s,t), a curve in the three dimensional
space, along which rotation matrices A, = A(p(s,t)) represent the orientations of the
local beam cross sections. Consequently, the cross sections are assumed to stay plane.
Hereby, the curve parameter is s € [0, /], where ¢ denotes the length of the beam in the
reference configuration. As mentioned in Section [4] in addition to the configuration, the
Lagrange density is a function of the angular velocity w = 2p o p € h* and bending and
torsional strain 2 = 2pop’ € h* as well as the translational velocity # and the shear and

7
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elongational strain

1
L(p,w,9,2,8,2) = 5 (p )+ Jw)

1
—5 [ =) G (A2 — ) + Q70| +p @) (10)

Here, the kinetic energy density contains the mass density p, the mass moment of in-
ertia density tensor J, while the gravity potential energy density depends on the grav-
ity constant g. In the potential deformation energy density, the diagonal matrix C; =
Diag (GA GA FEA) contains the shear and elongation stiffness, while the entries of
Cy = Diag(El; FEI, G(I;+ 1)) are the bending and torsional stiffness. Here, A is
the cross section area, I, Iy are the principal area moments of inertia of the cross section,
and the elastic properties are represented by Young’s modulus £ and the shear modulus
G. Insertion into yields the Euler-Lagrange equations for the beam

(AL2") x (C1 (A2 —e3)) —w x (Jw) — Ji 4 Q x (C22) + C2 =0
—pg + pi+ A, (2 x C (Agx’ —e3)) + A0 ((A;,)Tx' + x”) =0

The conjugate momenta are given by

oL oL )
oL oL ,
Y= a_Q :—CQQ g = % = —Apcl (AZ.Z' —63)

They can be identified as angular momentum per length II, linear momentum per length
I', and X represents the bending and torsional momenta while ¢ comprises shear and
elongation forcesﬂ. In case of the beam, in addition to prescribing the position or orienta-
tion at specific nodes, further boundary conditions in space are the momenta >, >4 and
forces 0y, 04 on the end nodes of the beam. Further boundary conditions in time are the

angular momenta Ily, Il in the beginning and the end of time, as well as linear momenta
Lo, T

7 NUMERICAL RESULTS

The integrator is implemented in Matlab® using the discretization discussed above.
The discrete Euler-Lagrange equations are derived using Matlab®’s symbolic toolbox and
automatic code generation.

J
2The unit of the Lagrangian density is — = N, i.e. energy per length. Therefore, the units for the
m
conjugate momenta are

kgm? kgm
N ) Ns
=" = 5 r=-—=-2 %] = Nm o] =N
m m m m
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In order to illustrate the performance of the integrator, the dynamics of a beam with
the physical parameters shown in Table [I] is simulated according to Section [5} The first
node of the beam is translationally fixed and the initial configuration consists of the
beam hanging downward (in the negative es-direction). During the first two seconds of
the simulation time, a torque is applied to the first node. During that timeframe, the
energy and the linear and angular momenta of the beam are expected to change, while
after two seconds, we expect the total energy to be nearly constant and the ez-component
of the angular momentum Hé to be exactly preserved, since the Lagrangian is invariant
with respect to time and rotations around the es-axis. Figure [3] illustrates the expected
behavior in the plots for the energy and the linear and angular momenta, while Figure [4]
presents snapshots of the configuration of the beam at different times. Figure |5 shows the
evolution of the conjugate momenta at the nodes a = 0, a = 5 and a = 11. The torque X
at node a = 0 is the actuation that decays after 2 seconds. Afterwards, the orientation at
this node is free and thus the reaction momentum is zero. However, the position of node
a = 0 is fixed, thus, the reaction force is non zero. This is in contrast to node a = 11,
since at the free end of the beam, reaction forces and momenta are always zero.

Comparing this implementation to a similar implementation using orthonormal matri-
ces, i.e. elements of SO (3), for the representation of rotational degrees of freedom, the
computation time is reduced by approximatly 20% for the same model and simulation
parameters.

length 2m
cross section 0.0lm x 0.0Im number of elements 11
2

k i S—
mass density 1000 _gg spatial element Asy, 11m

m

N time step size At =4-10""s

Young’s modulus 5-100—;

m simulation time 10s
Poisson ratio 0.35

Table 1: Simulation parameters.

8 CONCLUSIONS

Group structure preserving variations based on the representation of rotational degrees
of freedom by unit quaternions is derived in the first part of this paper. It is then used
to derive continuous and discrete Euler-Lagrange equations from a PDE point of view.
The discrete Euler-Lagrange equation are applied to geometrically exact beam dynamics
and the resulting variational integrator shows all of the expected properties of these
types of integrators. The implementation using quaternions shows a significantly reduced
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Figure 3: Energy, linear and angular momenta for the simulation of the beam.

t = 0.0s t =0.3s t = 0.6s t = 0.9s

Figure 4: Snapshots of the beam configuration. The color gradient indicates the absolute torque.

computation time compared to a similar implementation using orthonormal matrices,
i.e. elements of SO (3), for the representation of rotational degrees of freedom.

10
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Figure 5: Forces and torques as stress resultants at nodes 0, 5 and 11.
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