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Abstract. Amultiple marker level-set (MLS) method is introduced for Direct Numerical
Simulation of bubbles and droplets, which is integrated in a finite-volume framework
on collocated unstructured grids of arbitrary element type. The MLS method is based
on the idea of describing separate interfaces in the disperse phase with different level-
set functions to prevent numerical and potentially unphysical coalescence of bubbles or
droplets without excessive refinement. Thus, bubbles or droplets are able to approach each
other closely, within the size of one grid cell, and can even collide, while artificial merging
of the interfaces is prevented. The accuracy of the computational method implemented is
examined for the problem of a single bubble rising in quiescent liquid. For the validation
of the multiple marker level-set method we study the gravity-driven impact of a droplet
on a liquid-liquid interface and finally it is applied on simulation of gravity-driven bubbly
flow in a vertical pipe.

1 INTRODUCTION

Gravity-driven bubbly flow is a complex phenomenon which is difficult to understand,
predict and model. The practical implications of a better understanding and predictive
capabilities of this kind of flows is enormous [11]. For instance, in the two-phase bub-
bly flows in vertical columns, the spatial distribution of the phases controls the pressure
drop and the wall heat transfer, therefore its prediction is important for the design of
engineering systems. Thus, numerical modelling can help us to shed light on the coupled
physical mechanisms of the bubble drift velocity (due to gravity), the turbulence of the
liquid phase, the dynamics of the bubbles and the vicinity of a wall. Indeed, the main
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emphasis of this work is on the most fundamental level of modelling, namely the Direct
Numerical Simulation (DNS) of multiphase flows. In this regard, there are a large choice
of interface capturing techniques used in DNS of bubbles and drops, for instance the front
tracking (FT) method, the volume-of-fluid (VOF) method, and level-set (LS) methods.
A review of advantage and disadvantages of the different techniques used for simulation
of multi-fluid flows with sharp interfaces is given in [10]. In this work the conservative
level-set (CLS) method introduced by [7] has been selected for interface capturing. Im-
portant advantages of CLS method are: mass conservation of fluid phases, a relatively low
computational cost, automatic handling of topology changes and efficient parallelization.
However, a drawnback of interface tracking methods (VOF, LS and CLS) when they are
applied on simulation of bubble swarms is the numerical coalescence of interfaces (see
[10]). To overcome this issue, a multiple marker level-set (MLS) method is introduced
for simulation of bubbles and drops, which is based on the idea of describing separate in-
terfaces with different level-set functions to prevent numerical and potentially unphysical
coalescence of bubbles or droplets without excessive refinement. Thus, bubbles or drops
are able to approach each other closely, within the size of one grid cell, and can even
collide, while artificial merging of the interfaces is prevented. Therefore, the volume of
the bubbles or drops remains constant throughout the simulation. Especially for bubble
swarm simulations this is an important aspect (see [11]). As we can infer from previous
discussion, the emergence of thin films between interfaces when bubbles or drops collide is
a ubiquitous feature in two-phase flow, and the development of an accurate and efficient
numerical methodology to simulate this phenomenon without numerical coalescence, us-
ing an approach that do not increases the mesh resolution is the main motivation of this
work. This paper is organized in the following order: The governing equations employed
in this study are given in section 2. Section 3 is devoted to a description of the numer-
ical method, while the simulation results are presented in section 4 Finally, concluding
remarks are given in section 5.

2 GOVERNING EQUATIONS

2.1 Incompressible two-phase flow

The Navier-Stokes equations for the dispersed fluid in Ωd and continuous fluid in Ωc

can be combined into a set of equations in an entire domain Ω = Ωd ∪Ωc, with a singular
source term for the surface tension force at the interface Γ:

∂

∂t
(ρv) +∇ · (ρvv) = −∇p+∇ · µ

(

∇v + (∇v)T
)

+ ρg + fσ (1)

where v and p denote the fluid velocity and pressure field respectively, ρ is the fluid density,
µ is the dynamic viscosity, g is the gravitational acceleration, and fσ is the surface tension
force. Because of incompressibility, the velocity field is divergence-free:

∇ · v = 0 (2)
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Néstor Balcázar, Llúıs Jofre, Oriol Lehmkuhl, Jesús Castro, Assensi Oliva

Physical properties change discontinuously across the interface:

ρ = ρdHd + ρc(1−Hd) (3)

µ = µdHd + µc(1−Hd)

with ρd, ρc and µd, µc the densities and viscosities of the disperse and continuous fluids,
respectively, and Hd the Heaviside step function that is one in Ωd and zero elsewhere.

2.2 Multiple marker level-set method

In level-set methods, merging of interfaces happens automatically whenever two in-
terfaces come within one grid cell of each other. To circumvent this issue, we introduce
multiple markers φi (see Eq. 4) to represent each subdomain Ωi of the disperse phase
Ωd = {Ω1, ...,Ωnd

}, where nd is the number of separate regions included in Ωd. Thus,
the inclusion of separate markers will permit to solve two or more interfaces Γi at the
same grid cell. Furthermore, in order to limit mass conservation issues, CLS method pro-
posed by [7] is employed for interface capturing. Instead of the signed distance function
di(x, t) used to represent the interface in the classical level-set method [9], [7] employed a
regularized indicator function, φi, in the context of their CLS method:

φi(x, t) =
1

2

(

tanh

(

di(x, t)

2ε

)

+ 1

)

with i = 1, .., nd (4)

where ε is a tunable parameter that sets the thickness of the profile. With this profile the
interface Γi is defined by the location of the φi = 0.5 iso-surface, Γi = {x | φi(x, t) = 0.5}.

The conservative level-set function φi is advected by a vector field v that is, in case
of two-phase flows, the solution of the Navier-Stokes equations (Eqs. 1 and 2). The
interface transport equation can be written in conservative form provided the velocity
field is solenoidal, ∇ · v = 0, namely,

∂φi

∂t
+∇ · φiv = 0 (5)

Furthermore, an additional re-initialization equation is introduced to keep the profile and
thickness of the interface constant,

∂φi

∂τ
+∇ · φi(1− φi)ni|τ=0 = ∇ · ε∇φi (6)

This equation is advanced in pseudo-time τ , it consists of a compressive term, φi(1 −
φi)ni|τ=0, wich forces the level-set function to be compressed onto the interface along the
normal vector ni, and of a diffusion term ∇ · ε∇φi that ensure the profile remains of
characteristic thickness ε. Geometrical information on the interface Γi, such as normal
vector ni or curvature κi, is obtained through:

ni(φi) =
∇φi

‖∇φi‖
(7)
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κi(φi) = −∇ · ni (8)

The accurate computation of the surface tension (fσ in Eq. 1) is one of the most critical
elements of any method designed to follow the motion of the interface between immisci-
ble fluids. Implementing surface tension in a numerical scheme involves two issues: the
curvature κi needs to be determined, and the resulting pressure jump must be applied ap-
propriately to the fluids. Because finite-volume method will be used for discretization of
governing equations, the aforementioned problems can be conveniently addressed through
the continuous surface force (CSF) method [3], which has been extended to include mul-
tiple markers in the same grid cell. Thus, the singular term, fσ in Eq. 1, is converted to
a volume force as follows,

fσ = σ
∑

i

κi(φi)∇φi (9)

where κi is given by Eq. (8) and σ is the surface tension coefficient. In addition, the fluid
properties are regularized by employing a global level-set function φd for the disperse
phase,

ρ = ρdφd + ρc(1− φd) µ = µdφd + µc(1− φd) (10)

where,
φd(x, t) = max{φ1(x, t), ..., φnd−1(x, t), φnd

(x, t)} (11)

3 NUMERICAL METHOD

The governing equations have been discretized on a collocated unstructured grid ar-
rangement by means of the finite-volume method, hence, all computed variables are stored
at cell centroids. In order to avoid unphysical oscillations in the level-set function, a TVD
Superbee limiter, is used to discretize the convective term in advection Eq. (5). Central
difference scheme, is used to discretize both the convective and compressive terms of mo-
memtum Eq. (1) and re-initialization Eq. (6), respectively. A distance-weighted linear
interpolation is used to find the face values of physical properties and interface normals,
while gradients are computed at cell centroids by using the least-squares method.

The velocity-pressure coupling has been solved by means of a classical fractional step
projection method. Momentum Eq. (1) is decomposed into two steps:

ρv∗ − ρvn

∆t
= −

3

2
Ah(ρv

n) +
1

2
Ah(ρv

n−1) +Dh(v
n) + ρg+ σ

∑

i

κi∇h(φi) (12)

and

vn+1 = v∗ −
∆t

ρ
∇h(p

n+1) (13)

where ∇h represents the gradient operator, Dh(v) = ∇h · µ
(

∇hv +∇T
hv

)

represents the
diffusion operator, and Ah(ρv) = ∇h · (ρvv) is the advection operator. The resulting
velocity v∗ from Eq. (12), which does not satisfy the continuity Eq. (2), is corrected by
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Eq. (13). Substituting Eq. (12) into the continuity Eq. (2) yields a Poisson equation for
pressure,

∇h ·

(

1

ρ
∇h(p

n+1)

)

=
1

∆t
∇h · (v

∗) (14)

Poisson Eq. (14) discretization, leads to a linear system; the system matrix is symmetric
and positive definite. We have developed a preconditioned conjugate gradient method in
our code, wich is used to solve Eq. (14). In order to avoid pressure-velocity decoupling
when the pressure projection is made on collocated meshes [8], a cell face velocity vf is
defined so that ∇h ·v = 0 (see Eq. 2) in each control volume. Namely in discretized form:

vf =
∑

q∈{P,F}

1

2

(

vn+1
q +

∆t

ρ(φn
q )
(∇hp

n+1)q

)

−
∆t

ρf
(∇hp

n+1)f (15)

where P and F are denoting the adjacent cell nodes to the face f . This velocity is used to
advect the markers and momentum in Eq. 5 and Eq. 12 respectively. For the temporal
discretization, explicit Adams-Bashforth scheme is used for the momemtum Eq. (12),
while for the corrector Eq. (13) an explicit first-order scheme has been used. Advection
Eq. (5) and re-initialization Eq. (6) are integrated in time with a 3-step third-order
accurate TVD Runge-Kutta method. Solving Eq. (6) to steady-state results in a smooth
transition of φ at the interface that depends of the diffusion coefficient ε. In this paper,
all numerical simulations were performed by setting ε = 0.5h where h = (Vcell)

1/3 is the
characteristic size of the grid cell. Therefore, ε is chosen to be as small as possible in
order to limit mass conservation errors, while maintaining reasonable resolution of the
conservative level-set function to avoid numerical issues. In our simulations two or three
iterations per physical time step of re-initialization Eq. (6) are sufficient to keep the profile
of the level-set function. Thus, our computational approach for simulation of bubbles and
drops without numerical coalescence can be summarized as follows:

1. Initialization of vP (P ≡ cell centroid), vf (f ≡ face centroid), and φi for i = 1, .., nd.

2. Advection (using vf) and re-initialization of φi for i = 1, .., nd

3. Computation of ni, κi for i = 1, .., nd, and φd, ρd, µd

4. Computation of vP and p by solving Eq. 12, Eq. 14 and Eq. 13.

5. Computation of vf by Eq. 15.

6. Repeat steps 2-5 until time step required.

The described numerical methods were implemented in an in-house solver called Ter-
moFluids, wich is a code designed for Direct Numerical Simulation and Large Eddy Sim-
ulation of turbulent flows. The reader is referred to [5] for details on the TermoFluids
framework that are beyond the scope of this paper.
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Figure 1: Comparison of numerical results (top) against experiments from [2] (bottom), each case has
been identified with capital letters.

Case Eo M Reexp Renum ǫr
A 116 848 2.47 2.29 7.29%
B 116 266 3.57 3.54 0.80%
C 116 41.4 7.16 6.94 3.03%
D 116 5.51 13.3 12.86 3.38%
E 116 1.31 20.4 19.38 5.00%

Table 1: Comparison of numerical results (Renum) with experiments (Reexp) from Bhaga et al. [2].
Here, ǫr = 100 · Re−1

exp|Reexp −Renum|

4 RESULTS AND DISCUSSION

4.1 Rising bubble

Preliminary computations were performed in order to test the accuracy of the imple-
mented numerical methods. The experiments of [2] and others provide a fairly detailed
picture of the motion of bubbles and droplets through a quiescent viscous liquid. The
relevant physical quantities in their experiments can be summarized in the next parame-
ters:

M ≡
gµ4

c∆ρ

ρ2cσ
3

Eo ≡
gd2∆ρ

σ
Re ≡

ρcUTd

µl

ηρ ≡
ρc
ρd

ηµ ≡
µc

µd

(16)

where, ηρ and ηµ are respectively the density and viscosity ratio; M is the Morton number,
∆ρ = ρc − ρd, specifies the density difference between the fluid phases; Eo is the Eötvös
number, Re is the Reynolds number and UT is the vertical velocity of the bubble. All
numerical experiments were performed on a cylindrical domain with diameter DΩ =
8d and height HΩ = 8d, where d is the spherical volume equivalent diameter of the
bubble. Periodic boundary conditions were applied at the top and bottom boundaries,
and Neumann boundary condition at the side wall. For gravity-driven bubbly flows in
periodic domains, it is necesary to ensure that the net resultant force in the direction of
gravity is zero. Hence, a force equal to the space-averaged density times the gravitational
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Figure 2: Computational set-up and initial condition for (a) Drop impact on a liquid-liquid interface
and (b) Free bubble array used as initial condition for gravity-driven bubbly flow in a vertical pipe

acceleration, ρ0g where ρ0 =
∫

Ω
(φdρd + (1− φd)ρc) dV , is subtracted from the right hand

side of Eq. 1. The computational domain was discretized with 1.5 × 106 hexahedral
control volumes, which is equivalent to 30 CV/d (control volumes per bubble diameter).
All numerical experiments were performed setting Eo = 116, ηρ = 100, ηµ = 100 and
1.0 < M < 103. Fig. 1 compares numerical results with previous experiments reported
by [2]. The final bubble shape is given by the relative strength of the flow forces and
the surface tension force, which are given by Re and Eo, respectively. Indeed, numerical
predictions and experimental findings of [2] are in close agreement, as shown in Fig. 1
and Table 1.

4.2 Drop impact on a liquid-liquid interface

In this section, the gravity-driven impact of a single drop onto a liquid-liquid interface
is studied in order to validate the accuracy of the MLS method against experimental and
numerical data reported by [6] y [4] respectively. Numerical simulations were performed
for a set of parameters corresponding to conditions of experiments in [6]: Eo = 6.4,
M = 8.822 × 10−8, ηρ = 1.189 and ηµ = 0.332, namely, water as dispersed phase and
silicon oil as continuous phase. For the sake of comparison, we also introduce the following
non-dimensional time, t∗ = t/ti, where ti = d/Ui and Ui is equivalent to the drop terminal
velocity. The computational set-up is schematically indicated in Fig. 2a. The size of the
cylindrical domain is fixed to DΩ × HΩ = 8d × 10d, where d is the initial diameter of
the spherical drop. Thus, confinement effect is minimized, while the droplet has enough
approach distance to reach terminal velocity before impact. No-slip boundary conditions
are imposed at the top (y = HΩ) and bottom (y = 0) walls, and free-slip boundary
condition is used at the lateral boundary (r = 0.5DΩ). Fig. 2b shows the mesh used in
numerical simulations. The domain was divided in 6× 106 hexahedral control volumes.
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Figure 3: Snapshots of the drop impact onto a liquid-liquid interface, Eo = 6.4, M = 8.822 × 10−8,
ηρ = 1.189 and ηµ = 0.332.

Figure 4: Comparison of numerical results (top) against experiments reported by [6] (bottom).

Fig. 3 shows the time evolution of the drop collision. Prior to the impact, the approach
is nearly linear in time (see Fig. 5) until the collision between the drop and liquid-liquid
interface is achieved. Before the collision, the droplet decelerates and the trapped fluid
near the free surface is drained radially outward, while the gap between the drop and the
interface is reduced until a thin fluid layer remains. Indeed, coalescence is inhibited by the
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Figure 5: Comparison of numerical (lines) and experimental (symbols) results for the normalized
locations of the interface, lower drop surface (dashdot, squares), and upper drop surface (dashed, line)
on the centerline relative to the quiescent liquidliquid interface.

thin film of continuous fluid trapped between the drop and the interface. In experiments
reported by [6] a direct analysis of the flow images showed that the film thickness is of order
400µm when the macroscopic steady state is achieved. After collision, oscillations were
observed on the interfaces. The drop then streches horizontally as it touches the interface.
With time, the remaining inertia inside the drop deflects the interface to a maximun while
the drop extends vertically at the same time. The interface continue to deform until they
reach a steady state approximately 7ti after impact. In Fig. 4, a comparison of the
numerical and experimental drop/interface topologies at time t/ti = {0.0, 0.9, 1.4, 3.0}
are shown. The agreement between the simulation and experiment is excellent. In Fig. 5,
the normalized locations z/d of the numerical upper and lower drop surfaces are shown
as a function of dimensionless time t/ti. Numerical results are very close to experimental
data reported by [6], as shown in Fig. 4 and Fig. 5. Similar results were reported also by
[4].

4.3 Gravity-driven bubbly flow in a vertical pipe

With the confidence that MLS method has been validated in previous section, a nu-
merical experiment is carried out to predict the gravity-driven bubbly flow in a vertical
pipe. The computational set-up is specified as a circular channel bounded by a rigid wall
(see Fig. 2b). The size of the domain is DΩ ×HΩ = 5d× 4d, which has been discretized
by 1.2× 106 hexahedral volumes. Thus, the equivalent bubble diameter, d, is resolved by
25 mesh cells. Imposed boundary conditions are non-slip at the rigid wall and periodic
on the streamwise (y-direction). In this way bubbles go out of the domain on the top
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Figure 6: The 8 bubbles with Eo = 0.5, M = 1 × 10−8,ηρ = 10,ηµ = 10 at time t∗ = 15. Velocity
vectors in a plane cross-section is shown at z = 0.

side, and they come back in the domain again from the opposite side. A free bubble
array of 8 bubbles are initially placed following a random pattern. This corresponds to a
dilute bubbly flow, with an overall volumetric fraction of α = 2.7%. Since both fluids are
assumed to be incompressible , α is constant throughout the simulation. We do not allow
coalescence of bubbles, so that statistics can be obtained for a constant number of bubbles.
Physical parameters are fixed to Eo = 0.5, M = 1 × 10−8, ηρ = 10 and ηµ = 10, which
corresponds to nearly spherical bubbles. As initial condition, both bubbles and liquid are
quiescent. Individual bubble trajectories are presented at Fig. 7b. It can be seen that the
bubbles move, not only in streamwise direction, both also in radial direction. These radial
movements of bubbles tend to align bubbles at aproximately constant distance from the
wall making a bubble curtain between the symmetric axis of the domain and a downward
fluid liquid layer next to the wall (see Fig. 7c and Fig. 7d). Even though the individual
bubble motion show a transient behaviour due the wake interaction, the whole swarm
of bubbles reaches a steady state at approximately t∗ = 15 (see Fig. 7a). Bubbles also
tend to align themselves horizontally, phenomenon which is known as the bubble rafting
[1]. When all bubbles are at approximately the same vertical position, the probability
of collision increases. A collision of a bubble with the wall was observed at t∗ = 33. At
this instant, simulation was stopped, because especial treatment for interaction between
bubble and wall has not been considered in the current work.

5 CONCLUSIONS

In this paper we have presented a multiple marker level-set method for simulation of
bubbles and drops without numerical merging of interfaces. The numerical method has
been applied on simulation of the drop impact on a liquid-liquid interface, and gravity-
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Figure 7: (a) Time evolution of Reynols number, Re =
ρddUy

µd
, with Uy =

∫

Ω
φdvydV (b) Radial

trajectories of the bubbles. (c) Average void fraction of the bubbles from t∗ = 15. (d) Average liquid
velocity from t∗ = 15

driven bubbly flow in a vertical column. Numerical results are in close agreement with
experiments, and they show that multiple marker level-set method is a suitable tool for
simulation of bubble swarms.
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