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Abstract. The paper deals with the beam finite element, which is made from Function-
ally Graded Material (FGM) core and piezoelectric layers. In order to obtain effective
material properties, homogenization of FGM core and homogenization of core and piezo-
electric layers are used. In the paper, there is presented the derivation of individual
submatrices of local stiffness matrix, where concept of transfer constants is used. Func-
tionality of new FGM finite beam with piezoelectric layers is presented by numerical
experiments.

1 INTRODUCTION

New materials have been introduced in the area of mechanisms and mechatronic ap-
plications. Contemporary mechanical systems are focusing on minimizing size, active
control and low energy consumption. All these attributes can be incorporated into term
Micro Electro Mechanical System (MEMS). MEMS applications usually contain multi
layers structure and some of these layers can have piezoelectric properties. Piezoelectric
structures offer facilities to make motions or they can be used to damp vibrations as an
active damper or as an active sensor. For better understanding all these applications, it
is inevitable to model such structures.

2 PIEZOELECTRIC CONSTITUTIVE EQUATIONS

Piezoelectric constitutive equations describe the relationship between mechanical and
electrical quantities [1]. This relationship is derived in tensor notation, but for practical
usage it can be rewritten into matrices notation.
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2.1 Tensor notation of piezoelectric constitutive equations

The form of the constitutive equations depends on chosen mechanical and electrical
quantities and can be expressed in two basic configurations [2]. The first configuration is
expressed by mechanical stress tensor components σkl and vector components of electric
intensity Ek and has a form

Di = ǫσikEk + diklσkl (1)

εij = dijkEk + sEijklσkl (2)

where εij are strain tensor components, Di are components of electric displacement vector,
dikl are tensor components of piezoelectric constants, ǫσik are components of permittivity
tensor on conditions constant mechanical stress and sEijkl are components of compliance
tensor on conditions constant electric intensity.
The constitutive equations can be also expressed by strain tensor components εkl and
vector components of electric intensity Ek and has a form

σij = cEijklεkl − eijkEk (3)

Di = eiklεkl + ǫεikEk (4)

where new quantities are components of stiffness tensor cEijkl and components of piezo-
electric modulus tensor eijk.

2.2 Matrix notation of piezoelectric constitutive equations

If we use symmetric properties of individual tensor in constitutive tensor equations, we
can rewrite constitutive equations into matrix notation [3]. Then equations (1) and (2)
have a form

Di = ǫσikEk + diqσq (5)

εp = dpkEk + sEpqσq (6)

and equations (3) and (4) can be rewritten in the form

σp = cEpqεq − epkEk (7)

Di = eiqεq + ǫεikEk (8)

Di and Ek are vectors with three components, σq and εq are vectors with six components,
matrices sEpq and cEpq have dimension 6× 6, matrices diq and epk have dimension 3× 6 and
matrix ǫεik has dimension 3× 3.

3 BASIC FEM EQUATIONS FOR PIEZOELECTRIC MATERIAL

To obtain basic FEM equations for piezoelectric material, the principle of virtual work
is used. For static system, virtual work of internal and external forces can be expressed
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in the form
∫

V

δεTσdV = δueTFe (9)

Fe is a vector of nodal forces and has a form

Fe =
[

Fx1 . . . Fxn Fy1 . . . Fyn Fz1 . . . Fzn

]T
(10)

Virtual work of electric field (internal work) and electric charge (external work) can be
expressed in the form [3]

−

∫

V

δETDdV = δφeTQe (11)

Qe is a vector of nodal electric charges and has form

Qe =
[

Q1 . . . Qn

]T
(12)

Constitutive equations (7) and (8) written in a component form can be rewritten as

σ = cEε− eTE (13)

D = eε+ ǫεE (14)

Using shape functions, we can write relationship between components of strain and com-
ponents of nodal displacements

ε = Buu
e (15)

Similarly relationship between components of electric field intensity and components of
nodal potential can be written as

E = −Bφφ
e (16)

Using equations (15) and (16) constitutive equations (13) and (14) can be rewritten in a
form

σ = cEBuu
e + eTBφφ

e (17)

D = eBuu
e
− ǫεBφφ

e (18)

Virtual strain and virtual electric field intensity can be expressed as

δε = Buδu
e (19)

δE = −Bφδφ
e (20)

Equations of virtual work (9) and (11) using equations (17) – (20) can be rewritten in the
form

δueT

∫

V

(

BT
uc

EBuu
e +BT

ue
TBφφ

e
)

dV = δueTFe (21)

δφeT

∫

V

(

BT
φeBuu

e
−BT

φǫ
εBφφ

e
)

dV = δφeTQe (22)
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From equations (21) and (22) we obtain finite element equations for static piezoelectric
analysis

[

Ke
uu Ke

uφ

Ke
φu Ke

φφ

] [

ue

φe

]

=

[

Fe

Qe

]

(23)

where

Ke
uu =

∫

V

BT
uc

EBudV (24)

Ke
uφ =

∫

V

BT
ue

TBφdV (25)

Ke
φu =

∫

V

BT
φeBudV (26)

Ke
φφ = −

∫

V

BT
φǫ

εBφdV (27)

4 BEAM FINITE ELEMENT WITH PIEZOELECTRIC LAYERS

2D beam element with piezoelectric layers, where beam core is made from functionally
graded material is shown in Fig. 1, where only electrical degree of freedom (electric
potentials φi on 4 electrodes) are depicted. Mechanical degrees of freedom in each node
are two displacements (in direction x a y) and rotation (in plane x − y) [6]. The height
of beam core made from FGM is h, the height of piezoelectric layer is hp, the depth and
the length of the beam element are b and L, respectively.
Material properties of FGM core are function of longitudinal and transversal coordinate
x and y, material properties of piezoelectric layers are constants.

L

i jx

y

h

hp

hp

φ1

φ2

φ3

φ4

electrodes FGM beam

piezoelectric material

Figure 1: Electric DOF in 2D beam element

In order to derive individual submatrices of the beam element with piezoelectric layers
and FGM core, two steps in homogenization process have to be performed. At first,
homogenization of material properties of FGM core have to be performed, where direct
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integration method is used [6]. In the next step, homogenization of piezoelectric layers and
homogenized FGM core (from step one) is performed. After this two step homogenization,
material properties of the beam vary through the length of the beam as a function of
longitudinal coordinate x and are constant in transversal direction.

4.1 Equations for structural analysis

The structural submatrix Ke
uu for the beam element with piezolayers can be expressed

in a form

Ke
uu =

















k
′

u 0 0 −k
′

u 0 0
k

′

v2 k
′

v3 0 −k
′

v2 kv2
S k

′

v33 0 −k
′

v3 kv3
Y k

′

u 0 0
M k

′

v2 −kv2
kv23

















(28)

where individual components contain the influence of FGM core stiffness and also the
influence of piezolayers stiffness. The calculation of components is identical for classical
multilayer or FGM beam without piezoelectric layer and is described in [6].

4.2 Equations for electric analysis

Electric field intensity in piezoelectric layer is constant and for top layer can by ex-
pressed as [4, 5]

E1 = −

∂φ

∂y
=

φ2 − φ1

hp

(29)

and for bottom layer as

E2 = −

∂φ

∂y
=

φ4 − φ3

hp

(30)

Both components of electric field intensity can be written in a form

E =

[

E1

E2

]

= −

[

1/hp −1/hp 0 0
0 0 1/hp −1/hp

]









φ1

φ2

φ3

φ4









= −Bφφ
e (31)

For 1D problems the matrix of material properties for electric field – permittivity is
reduced to only one material property ǫε, but because the beam element contains two
identical layers, we can write

ǫε =

[

ǫε 0
0 ǫε

]

(32)

Then the equation (27) has a form

Ke
φφ = −

∫

V

BT
φǫ

εBφdV = −

∫

L

BT
φǫ

εBφApdx (33)
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where Ap is cross-section of one piezoelectric layer, i.e. Ap = bhp.
After some mathematical manipulations the equation (33) can be expressed as

Ke
φφ =

























−

ApLǫ
ε

h2
p

ApLǫ
ε

h2
p

0 0

ApLǫ
ε

h2
p

−

ApLǫ
ε

h2
p

0 0

0 0 −

ApLǫ
ε

h2
p

ApLǫ
ε

h2
p

0 0
ApLǫ

ε

h2
p

−

ApLǫ
ε

h2
p

























(34)

4.3 Coupling of structural and electrical analysis

Piezoelectric material properties express coupling between mechanical and electrical
field - matrices e or d. The relationship between these two matrices can be expressed
by elasticity matrix. In 1D problem in x − y plane (in index notation x1 − x2) we have
only one material property – e21 or d21, where index 2 represents direction of piezoelectric
layer polarization and also the direction of electric field intensity vector and index 1 de-
fines direction of mechanical deformation. The relationship between these two quantities
is reduced to expression e21 = d21Ep [7, 8], where Ep is Young modulus of elasticity of
piezoelectric material. In reality, relationship between matrices e and d is more compli-
cated and the quantity e21 computed from matrix d and elastic matrix for 3D system and
the quantity e21 computed from d21 and Ep have different values. Therefore if we have
quantities e21 and d21 computed from matrix relationship, it is better to used them then
simplified relationship.
Piezoelectric material properties of both piezoelectric layers are defined as

e =

[

e21 0 −ye21
e21 0 −ye21

]

(35)

The expression eTE defines mechanical stress caused by piezoelectric effect. In the beam
elements, internal quantities are not mechanical stress but internal forces and moments,
then the first and the third column of matrix (35) multiplied by corresponding components
of Bu and Bφ as well as corresponding components of displacement u and potential φ
represents axial forces and bending moments, respectively.
Description of piezoelectric behavior by e21 is more suitable for sensor equation – matrix
Ke

φu, description by d21 is more suitable for actuator equation – matrix Ke
uφ, i.e.

e =

[

d21Ep 0 −yd21Ep

d21Ep 0 −yd21Ep

]

(36)

6
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Using equations (35) and (36) we can write (25) and (26) in form

Ke
uφ =































−

Apd21Ep

hp

Apd21Ep

hp

−

Apd21Ep

hp

Apd21Ep

hp

0 0 0 0
Ayd21Ep

hp

−

Ayd21Ep

hp

Ayd21Ep

hp

−

Ayd21Ep

hp

Apd21Ep

hp

−

Apd21Ep

hp

Apd21Ep

hp

−

Apd21Ep

hp

0 0 0 0

−

Ayd21Ep

hp

Ayd21Ep

hp

−

Ayd21Ep

hp

Ayd21Ep

hp































(37)

and

Ke
φu =























−

Ape21
hp

0
Aye21
hp

Ape21
hp

0 −

Aye21
hp

Ape21
hp

0 −

Aye21
hp

−

Ape21
hp

0
Aye21
hp

−

Ape21
hp

0
Aye21
hp

Ape21
hp

0 −

Aye21
hp

Ape21
hp

0 −

Aye21
hp

−

Ape21
hp

0
Aye21
hp























(38)

where parameter Ay represents first moment of cross-section of piezoelectric layer

Ay =
1

2
Ap(h + hp) (39)

4.4 FEM equations for the beam element with piezoelectric layers

FEM equations for beam element with piezoelectric layer and FGM core for static
analysis have classical form

[

Ke
uu Ke

uφ

Ke
φu Ke

φφ

] [

ue

φe

]

=

[

Fe

Qe

]

(40)

where individual submatrices are defined by (28), (34), (37) and (38), vector of nodal
unknowns is defined as

[

ue

φe

]

=
[

ui vi ϕi uj vj ϕj φ1 φ2 φ3 φ4

]T
(41)

and vector of nodal loads is defined as
[

Fe

Qe

]

=
[

Fxi Fyi Mi Fxj Fyj Mj Q1 Q2 Q3 Q4

]T
(42)

where Q1, Q2, Q3 and Q4 are electric charge on electrodes 1, 2, 3 and 4, respectively.
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5 NUMERICAL EXAMPLES

Efficiency of the beam element with piezoelectric layers and FGM core will be pre-
sented in two simple examples. In both examples Young modulus E(x, y) of FGM core is
characterized by following function of coordinate x and y

E(x, y) =
58000000000x3y2

3
−

580000x3

3
− 2900000000x2y2+

+ 29000x2 + 5800000y2 + 255 [GPa]
(43)

After the first homogenization step of FGM core using direct integration method, which is
described in [6], we can write for homogenized Young modulus for axial loading ENH

L (x)
and for bending EMH

L (x) of FGM core

ENH
L (x) = −

290000x3

9
+

14500x2

3
+

910

3
[GPa] (44)

EMH
L (x) =

290000x3

3
− 14500x2 + 342 [GPa] (45)

PZT5A was chosen as piezoelectric material with following orthotropic material prop-
erties (polarization of piezoelectric material is in z direction):

• mechanical properties:

– Young modulus: E1 = 61GPa, E2 = 61GPa, E3 = 53.2GPa

– Poisson’s ratio: µ12 = 0.35, µ13 = 0.38, µ23 = 0.38

– shear modulus : G12 = 22.6GPa, G13 = 21.1GPa, G23 = 21.1GPa

• piezoelectric properties: d31 = −171 × 10−12C/N, d33 = 374 × 10−12C/N, d15 =
584× 10−12C/N, d24 = 584× 10−12C/N

• relative permittivity under conditions of constant mechanical stress: ǫσ11 = 1728.8,
ǫσ22 = 1728.8, ǫσ33 = 1694.9

We can transform all these material parameters into suitable forms (e.g. polarization of
beam is in direction 2) and for the beam element we get: Ep = 61GPa, e21 = −6.102C/m2,
d21 = −171× 10−12C/N, ǫε = 8.111× 10−9F/m.

For homogenization of whole beam, i.e. FGM core and piezoelectric layers with material
properties mention above, we have to use second homogenization by multilayer method
and we can write for homogenized Young modulus for axial loading and for bending of
whole beam

ENH
L (x) = −

725000x3

27
+

36250x2

9
+

4733

18
[GPa] (46)

EMH
L (x) =

4531250x3

81
−

453125x2

54
+

48301

216
[GPa] (47)

Geometry parameters of the beam are: L = 0.1m, h = 0.01m, b = h, hp = 0.001m – Fig.
1.

8
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5.1 Example 1 – model of actuator

Fig. 2 shows piezoelectric actuator, where the core made from FGM material and
material of piezoelectric layers were defined above. Left side of beam is clamped and
right end is free. Action motion is performed by different voltage between electrodes.
Because the goal is to determine the deformation caused by voltage on electrodes, we can

i jx

y

φ1

φ2

φ3

φ4

Figure 2: Example 1 – model of actuator

use only one part of equation (40)

Kuuu+Kuφφ = F (48)

Equation (48) describes the whole system, which can be modeled by only one element.

Longitudinal actuator

Inner electrodes are grounded, i.e. φ2 = φ3 = 0V. In order to obtain longitudinal (axial)
deformation, top and bottom electrodes have to have electric potential with different
sign - we have chosen for top electrode electric potential φ1 = −100V and for bottom
electrode electric potential φ4 = 100V. For these electric and mechanical conditions and
after formation of matrices Kuu and Kuφ we get:

uj = −6.449× 10−8m (49)

In order to verify obtained results, the same example was modeled by FEM program
ANSYS, where piezoelectric plane element PLANE223 was used. Modeling of FGM core
by plane elements requires relatively fine mesh – total number of elements of FGM core
was 5200 and the whole system contains 6400 elements. The end point of beam actuator
has deformation in ANSYS model uj = −6.05×10−8m. The difference between our beam
model and ANSYS model was caused by fact, that in 2D or 3D elements not only d21
constant but the whole piezoelectric matrix is included into the computation.

9
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Bending actuator

Inner electrodes are grounded, i.e. φ2 = φ3 = 0V. Now, outer electrodes have to
have the same electric potential, we have chosen φ1 = φ4 = 100V. For these electric and
mechanical conditions we get for displacement and rotation at node j:

vj = −1.853× 10−6m (50)

ϕj = −3.809× 10−5rad (51)

The same problem was modeled also by program ANSYS and for end point we get vj =
−1.85 × 10−6m. As we can see from obtained results, our beam element results are
comparable with ANSYS plane element results.

5.2 Example 2 – model of sensor

Fig. 3 shows model of sensor, which is loaded by external forces Fx and Fy. Material
parameters are identical as in Example 1. The goal is to determine electric voltage, that
is induced on electrodes caused by mechanical deformation of piezoelectric material. The

i jx

y

φ1

φ2

φ3

φ4

Fy

Fx

Figure 3: Example 2 – model of sensor

whole procedure can be divided into two steps. In the first step the deformation of system
is computed from equation

Kuuu+Kuφφa = F (52)

where φa represents electric potential, where system works as actuator. Because both
layers work like sensor and induced voltage is very small, we can equation (52) rewrite
into the equation

Kuuu = F (53)

and after solution we get nodal displacements u of system.
To obtain electric potential, we use following equation

Kφuu+Kφφφs = 0 (54)

where φs is electric potential of sensor, e.q. φs = φ.
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Axial force

Inner electrodes are grounded, i.e. φ2 = φ3 = 0V. System is loaded by axial compression
force 100N. From equation (53) we can calculate unknown displacement

uj = −3.09 × 10−9m (55)

then the nodal vector of displacements has the form

u =
[

0 0 0 −3.09× 10−9 0 0
]

(56)

By equation (54) we get unknown electric potential (and also voltage) φ1 and φ4

φ1 = 0.0232V (57)

φ4 = −0.0232V (58)

The same problem was solved by code ANSYS where plane element PLANE223 was used
with the following results: φ1 = 0.0227V a φ4 = −0.0227V (mesh density was the same
as in Example 1).

Transversal force

Inner electrodes are grounded, i.e. φ2 = φ3 = 0V. Direction of transversal force is −y
and its magnitude is 100N.
Computational process was the same as in first case and the nodal vector of displacements
has form

u =
[

0 0 0 0 −1.062× 10−6
−1.615× 10−5

]

(59)

In the second step, unknown electric potential are computed

φ1 = −0.668V (60)

φ4 = −0.668V (61)

Results by code ANSYS with the same mesh and the same element are: φ1 = −0.688V a
φ4 = −0.688V.

6 CONCLUSIONS

The paper presents new beam finite element with piezoelectric layers, where core of the
beam can be made of FGMmaterials. Such combinations of materials is very attractive for
machatronic applications, because material composition of FGM core can be optimized for
design stress state and deformation can be controlled by voltages on electrodes. The beam
finite element can be used for analysis of such systems very effectively and accurately.
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