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Abstract. The optimization of a structural-acoustic problem where structures are im-
mersed in a fluid is of main importance for passengers’ comfort in transportation vehicles
in terms of interior noise. Based on the finite element method, this work aims at reduc-
ing the computational time. The first idea is to keep the same fluid mesh of the cavity
for all the structure configurations and to enrich the pressure approximation by using
the extended finite element method (XFEM). The enrichment is based on a Heaviside
function completed at the structure tip by a continuous ramp function. The second idea
is to build reduced basis. The structure basis is composed of its eigenmodes whereas a
component mode synthesis with a fixed interface is used to build the fluid basis. The
interface degrees of freedom (dof) are the enriched dof of the XFEM while the internal
domain correspond to the acoustic cavity with no structure. These two combined ideas
enable to minimize the computational time in the study of the influence of the structure
positions in an acoustic cavity. The method is implemented for shell structures embedded
in a 3D fluid.

1 INTRODUCTION

Noise reduction of passenger acoustic compartment in transport industry becomes a
more and more important factor to be taken into account during the design process [1].
Moreover, it is shown for instance in [2] that the car seats of a vehicle have significant
influences on both the amplitude of the sound pressure level and the resonant frequency
shifts. These flexible and absorbing structures have to be included in the model in order
to predict a realistic noise mapping in the cavity. Using numerical tools as the finite
element method, engineers can study several configurations of the equipments in the
passenger acoustic compartment, as well as optimize the proportion and the localization
of absorbing materials in order to reach the expected noise level. In order to catch the
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complexity of the 3D geometry of both fluid and flexible structures, the meshes may be
very fine, involving a large number of degrees of freedom.

In this work, the acoustic cavity is considered with no variation in the overall optimiza-
tion process. Since the flexible structures are generally thin compared to the size of the
cavity, the structures are modeled as shells. For simplicity reasons, the dissipation is only
introduced in this work as a modal structural damping. These structures are localized
arbitrarily in the acoustic cavity, which enables to study several configurations (different
number of structures, change of the size and the positions of the structures) with no fluid
remeshing. In order to catch the pressure discontinuity around the structures in the con-
text of incompatible meshes, the extended finite element method (XFEM [3]) is used to
enrich the acoustic pressure field around the structures as in [4]. Since the structures are
considered as shells, the normal to the structure, and so the pressure, is not defined at
the structure tip: it varies continuously from one side of the structure to the other one.
This effect is taken into account in the enrichment function while it is harder to model
with a compatible mesh.

Based on this approach, a reduction of the structural part using a standard modal
basis is proposed. Concerning the fluid part, the reduction approach is based on a modal
synthesis method [5]. The XFEM discretization of the fluid part provides a natural
separation between the internal and the interface degrees of freedom (dofs): the interface
dofs are the enriched additional unknowns while the internal dofs correspond to the cavity
with no structure inside. The advantage is that the modal basis of the fluid part is the
same for all the configurations and then it can be computed only once. This modal basis
is enriched by static modes which correspond to the response of the fluid to unit pressure
imposed successively to the interface dofs. These static modes have to be compute for
each configuration. The size of the problem is finally reduced to the number of enriched
fluid nodes plus the number of both structure and fluid modes, leading to a significant
reduction of the number of degrees of freedom.

2 DISCRETIZATION OF THE COUPLED PROBLEM USING XFEM

2.1 Description of the problem

The acoustic fluid domain and the thin flexible structures are respectively denoted by
ΩF and ΩS (Fig. 1). The problem is studied in the frequency domain for a permanent
harmonic response at angular frequency ω. The fluid is assumed to be compressible and
inviscid, it satisfies the classical Helmholtz equation, the pressure fluctuation is used as
variable. It is characterized by the constant speed of sound c0 and by the density ρF .
The structural domain is assumed satisfying the elastodynamic linearized equation, the
displacement field is used as variable.

The thin structures are modeled as shell structures meaning that they are seen by the
fluid as surfaces. These surfaces are described in the fluid domain by the zero-contour of a
level-set φ(M) which is the signed distance to the closest structure (Fig. 1). By denoting
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Figure 1: Description and notations of the structural-acoustic interaction problem
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Figure 2: XFEM mesh at the interface

d the distance of a point M in the fluid domain to the structure, the level-set is defined
as:

φ(M) = ±d, (1)

where d is the minimal distance to the structure; the sign is determined using a conven-
tional unit normal vector ~n pointing outward of one side of the structure to the arbitrarily
chosen positive domain.

2.2 Discretized fluid pressure fluctuation and structural displacement fields

2.2.1 Fluid pressure fluctuation discretized space

A thin structure placed in a fluid separates locally the fluid into two parts, meaning that
the pressure is discontinuous from one side of the structure to the other one. The classical
discretization strategy is to make the different meshes compatible at the interface where 3
nodes are localized at the same geometrical point: 2 nodes for the two fluid domains and
1 node for the structure. At the structure tip, since the normal to the structure is not
defined in a shell theory, the pressure varies continuously from one side to the other side of
the structure. The classical discretization, having one fluid node and one structure node
at the same place, can not represent correctly the local pressure field at the structure tip.
On other drawback of the classical discretization is that a remeshing is needed for each
position of the structure in the fluid domain.
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The alternative strategy used in this work is to embed the structure arbitrarily in the
fluid mesh of the empty cavity (Fig. 2-a) and to use XFEM to taken into account the
discontinuities in the fluid [6, 7, 8, 3]. In order to correctly catch the pressure jump from
one side of the structure to the other one, the Heaviside function is completed at the
structure tip by a continuous ramp function. The pressure approximation becomes:

p(M) =
∑
i∈F

N i
F(M)Pi +

∑
i∈A

ψ(M)N i
F(M)Ai, (2)

where F is the set of nodes of the whole fluid mesh, N i
F (M) is the standard shape function

associated to the fluid node i, Pi is the standard nodal pressure value, A is the set of
enriched nodes, ψ(M) is the enrichment function and Ai is the additional nodal unknown
coming from the enrichment. The set of enriched nodes are those which are connected to
the elements cut by the structures (Fig. 2-b) or in other words, cut by the zero-contour
of the level-set. The enrichment function ψ is defined by:

ψ(M) = sign(φ(M)) if |θ| > π

2
,

ψ(M) =
2

π
θ if |θ| < π

2
,

(3)

where θ is defined on Figure 2: θ has the same sign as the level-set, it is egal to zero in
the continuation of the structure.

The full approximation containing both the standard part and the enrichment can be
written from Eq. (2) as:

p(M) =
[
NF(M) ψ(M)NF(M)βFA

] [PF

PA

]
(4)

where NF is the shape function matrix of the fluid, PF contains the nodal pressure of the
standard part and PA contains the nodal additional unknowns coming from the enrich-
ment. The boolean localization matrix βFA is used to extract enriched set of nodes A
from the set of nodes F .

The tridimensional fluid domain is discretized by 4-node tetrahedral elements in this
work.

2.2.2 Structural displacement discretized space

The thin structures are discretized using shell elements, three-node DKT triangles in
this work (Kirchhoff-Love theory) [9]. The structure dofs are collected in US which is
linked to the structural displacement by:

uS = NSUS, (5)

where NS is the shape function matrix. The stiffness and mass matrices of the structure
are respectively denoted by KSS and MSS. A structural damping matrix DSS is introduced
in the following using a modal damping.
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2.3 Discretized weak form of the coupled problem

The continuous weak form of the equations of the structural-acoustic coupled problem
at a given angular frequency ω 6= 0 gives a linear system of equations in the discretized
fluid and structure spaces. Since a structural damping is considered, the solution is
complex and the imaginary unit number j is introduced (j2 = −1). The following system
is obtained:KFF KFA 0

KT
FA KAA 0
0 −CT

AS KSS + ωjDSS

 − ω2

MFF MFA 0
MT

FA MAA CAS

0 0 MSS

PF

PA

US

 =

ω2UF

0
FS

 (6)

where FS is the discretized external load on the structure, UF is the discretized particle
displacement. The coupling between the fluid and the structures is only realized between
the structural displacement US and the pressure enrichment PA through the coupling
matrix CAS. The details of the numerical implementations of the above matrices are
given in [4].

3 MODAL REDUCTION OF THE STRUCTURE

The structure reduced basis is chosen as the modal basis enriched with the static mode.
Each vector φi

S of the modal basis ΦSm, composed of the m first eigenmodes, is the solution
of the following structural eigenvalue problem:

(KSS − ωi
S

2
MSS)φi

S = 0, (7)

where the boundary conditions on the structure are taken into account. The modes are
normalized according to the mass matrix.

The static solution ΨS is the solution of the following system of equations:

KSSΨS = FS (8)

where ΨS satisfies the boundary conditions. In the case of a singular stiffness matrix, an
arbitrary shift using the mass matrix can be introduced. This vector is made orthogonal
to the modal basis ΦSm by using a Gram-Schmidt procedure. It is finally normalized
according to the mass matrix. Using the combination of the modal basis and the static
mode, the structural reduced basis is denoted by ΦSn:

ΦSn = [ ΦSm ΨS ], (9)

where n = m + 1 is the number of columns of ΦSn. The structural displacement vector
expressed in the reduced basis ΦSn is denoted by αn. The projected stiffness of the
structure in this reduced basis is:

Knn =

[
Ωmm 0m

0T
m ΨT

SKSSΨS

]
(10)
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where 0m is a column of zeros of size m and where Ωmm is the stiffness matrix projected
on the modal basis.

Due to the fact that a modal damping is introduced, the projected structural damping
matrix Dnn is diagonal. Its ith term corresponds to the modal damping 2ξiω

i
S where ξi is

the modal damping factor.
The coupling matrix between the fluid and the pressure enrichment is defined by CAn =

CASΦSn and the generalized structural force is given by Fn = ΦT
SnFS.

4 MODAL SYNTHESIS REDUCTION OF THE FLUID DOMAIN

A restrained-interface component mode synthesis method is chosen in order to condense
the acoustic domain on the fluid-structure interface following the classical strategy used
in structural mechanics, known as Craig-Bampton method [10]. This strategy is applied
in [5] for a structural-acoustic problem using compatible meshes between the fluid and
the structures, it is shown that the computational time is significantly reduced.

The structural-acoustic problem written as the system of Eqs. (6) provides a natural
separation between the fluid dofs coupled to the structure (interface dofs) and the un-
coupled ones (internal dofs): in the present work, the interface dofs are those denoted
by the subscript A whereas the internal dofs are those denoted by the subscript F . An
acoustic reduction basis of the internal dofs is built using a truncated low frequency modal
basis. It is completed by static modes taking into account mobility of the interface dofs,
contribution of higher order modes to the response, and separations of the fluid cavity by
the structures. Static modes are computed with pressure degrees of freedom “restrained”
at interface (PA = 0), and are solution of the following eigenvalue problem:

(KFF − ωi
F

2
MFF)φi

F = 0. (11)

The p first modes are collected in the ΦFp matrix. The modes are normalized according
to the mass matrix. The diagonal generalized stiffness matrix Ωpp is equal to Ωpp =
ΦT

FpKFFΦFp. It is noteworthy that the internal dofs are the ones corresponding to the
empty acoustic cavity with no immersed structure inside.

The interface static modes are computed as successive responses of the empty cavity
to a unit prescribed enriched pressure value. For the ith enriched node, the corresponding
static mode Ψi

F is the solution of the following system

[
KFF KFA

] [Ψi
F

1i
A

]
=
[
0F

]
(12)

where 1i
A denotes a column vector of 0 with a 1 located at the ith row. The obtained static

modes are collected in the matrix ΨFA which can also be written from a mathematical
point of view as ΨFA = −K−1FFKFA. In the case of a singular stiffness matrix, an arbitrary
shift using the mass matrix can be introduced.
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Algorithm 1 XFEM reduced approach

• Build structure meshes

• Build empty cavity fluid mesh

• Compute the structure and fluid matrices KSS, MSS, KFF, MFF

• Compute the structure modal basis ΦSn

• Compute the fluid modal basis ΦFp

• Loop over the configurations

– Compute the level-set φ(M)
– Get set of enriched nodes A
– Compute static modes ΨFA

– Compute coupling matrix CAn

– Compute matrices K̂AA and M̂AA

– Loop over the frequency range

∗ Solve the reduced system of Eqs. (15)
∗ Get fluid pressure using the reduced basis Ξ
∗ Get structure displacement using the reduced basis ΦSn

The discretized fluid pressure field uses both the modal basis and the static modes as[
PF

PA

]
=

[
ΦFp ΨFA

0Ap 1AA

] [
αp

PA

]
(13)

where [ αT
p PT

A ]T is the pressure field expressed in the reduced basis Ξ defined as:

Ξ =
[
NF(M)ΦFp NF(M)ΨFA + ψ(M)NF(M)βFA

]
. (14)

The reduced coupled system of equations can be thus written by replacing Eq. (13)
into Eq. (6) asΩpp 0 0

0 K̂AA 0
0 −CT

An Knn + ωjDnn

 − ω2

 1pp MpA 0

MT
pA M̂AA CAn

0 0 1nn

αp

PA

αn

 =

ω2ΦT
FpUF

0
Fn


(15)

where the matrices are defined by: K̂AA = KAA+ΨT
FAKFA, M̂AA = ΨT

FA

?

MFA+MT
FAΨFA+

MAA, MpA = ΦT
Fp

?

MFA and
?

MFA = MFFΨFA + MFA. This system of equations is solved
for each frequency step. The αp unknowns can be eliminated using the first line of
the system but the numerical tests have shown no significant improvement in terms of
computational time because, in this work, the number of interface degrees of freedom is
usually much larger than the number of fluid modes.

The algorithm of the proposed reduced method is presented on the Algorithm 1.

7



A. Legay

L1

L2

H

a
b

R

h

load

Figure 3: Two structures in an acoustic cavity

Point x (m) y (m) z (m)

1 0.8 0.0 0.0
2 0.8 0.0 0.6
3 0.9 0.0 0.6
4 0.8 0.0 0.7
5 0.2 0.0 0.7
6 0.2 0.0 0.8
7 0.1 0.0 0.8
8 0.0 0.35 1.4
9 0.0 0.0 1.6
10 0.5 0.35 0.7

x y

z z
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2
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l
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Figure 4: Description of one structure

Table 1: Data of the acoustic cavity with two structures

Fluid Structure

L1 (m) 5 E (Pa) 75000×106

L2 (m) 2 ν 0.33
H (m) 2 ρS (kg.m−3) 2700
h (m) 1.6 e, thickness (m) 15×10−3

R
√

(H − h)2 + L2
2/4 l (m) 0.7

c0 (m.s−1) 340
ρF (kg.m−3) 1.2
a, b (m) variable
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(a) Fluid (b) Structure (c) Enriched elements

Figure 5: Details of the meshes

(a) Pressure field iso-values at 27.1Hz (b) Pressure field iso-values at 168.6Hz

Figure 6: Pressure field (for simplicity reasons, the enrichment is not taken into account in the plots)

5 APPLICATION

5.1 Definition of the geometry and the meshes

The acoustic cavity is described on Figure 3 and the numerical values are given in Table
1. Two identical structures are immersed in this cavity. Their geometries are defined on
Figure 4 in a local coordinate system. The two structures are arbitrarily localized in the
cavity according to the a and b parameters which give the positions of point number 1 for
each structure in the cavity. An harmonic load is applied in z direction on point number
10 of the structure localized by the parameter a. The fluid mesh (22,473 nodes; 125,327
tetraedral elements) is shown on Figure 5(a) while the structure mesh (1,894 nodes; 3,613
DKT elements]) is plotted on Fig. 5(b). These two meshes have been chosen after a
convergence study, they are fine enough to compute correctly the solution in the studied
frequency range. A modal damping factor of 0.02 is introduced to all structure modes.
The pressure field is shown for 2 frequencies on Figure 6.
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5.2 Convergence study

The convergence study in terms of number of modes taken into account into the reduced
basis is realized for one specific configuration: a = 2 m and b = 4 m. The enriched elements
(771 nodes; 1,917 elements), used as the interface between the fluid and the structure,
are presented in Fig. 5(c). The number of enriched nodes is 771, meaning that the size
of the reduced problem is of this order. This represents a significant reduction compared
to the number of nodes of the empty cavity mesh (22,473 nodes). Three reduced basis
are used in order to show the convergence of the method, involving 38 fluid modes and 24
structure modes, 102 fluid modes and 32 structure modes, and finally 250 fluid modes and
44 structure modes. These three cases are denoted respectively 38F-24S, 102F-32S and
250F-44S. The eigenfrequency of the last mode in the basis corresponds approximatively,
for each case, to 1, 1.5 and 2 times the observed frequency (200 Hz in this application).

The frequency response functions in terms of the mean quadratic pressure expressed in
dB in the acoustic cavity for the 3 basis are plotted on Figure 7(a). They are compared to
a reference solution obtained with no reduction in the fluid whereas 44 structure modes
are taken into account in the structure basis. The differences are more important for large
frequencies: basis 38F-24S shows differences from 100 Hz to 200 Hz, basis 102F-32S gives
good results up to 150 Hz while basis 250F-44S is accurate up to the highest observed
frequency (200 Hz). The mean dB-difference is shown on Figure 7(b) for the three basis,
which confirms the fact that the more modes are taken into account in the basis, the more
accurate are the results. The computational time are plotted on Figure 7(c), this time
is normalized to the reference time to compute 500 frequency steps. The computational
time is divided by a factor of 10 for basis 250F-44S which gives very accurate results in
the frequency range of interest.

5.3 Variation of the parameters

In order to show the ability of the method to perform a parametric study of the
structure positions, the two structures are placed arbitrarily in the fluid cavity. Parameter
a varies from 2 to 3 while parameter b varies from 3 to 4. Eleven values of each parameter
are chosen (a ∈ [2.0, 2.1, ... , 3.0] and b ∈ [3.0, 3.1, ... , 4.0]) which leads to a total of
121 studied configurations. The fluid mesh as well as the structure mesh are the same as
in the previous section. The reduced basis 250F-44S is chosen for all the computations,
it is computed only once. A parallel computing strategy is used: 8 processors computes
8 different configurations at the same time, leading to an additional computational time
saving. The envelope curves of the 121 frequency response functions are presented on Fig.
8.
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(a) Frequency response function

(b) Mean dB-difference (c) Computational time comparison

Figure 7: Results of the three different used basis

Figure 8: Frequency response function enveloppe of the parametric study
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