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Abstract. In this work 3D simulations of impact problems in solid mechanics are presented. 

The numerical examples are simulated using a personal program developed by Bandeira, 

called CMAP (Contact Mechanics Analysis Program), that consists to solve impact problems 

using the implicit methods, [1], [2], [3], [4], [5], [6], [7]. The bodies in contact undergo finite 

deformation within an elastoplastic range, [8], [9]. The augmented Lagrangian method is used 

to solve the contact problems with friction, [10], [11], [9], [12], [13]. For the contact 

formulation within the finite element method, the matrix formulation for a node-to-surface 

element consisting of a master surface with four nodes and a contacting node is derived. Here, 

the discretised contact surfaces are not smooth, i.e. there is no continuity of the normal vector 

between the adjacent surfaces. At the edge between the surfaces the normal is not uniquely 

defined, that needs a special algorithmic treatment. These contact formulations considers the 

possible sliding of slave node from one surface to the adjacent one. The purpose of this paper 

is to present numerical examples of impact problems using the algorithms of contact 

mechanics, non-linear dynamics and elastoplasticity based on an associated von Mises yield 

function formulated in principal axes, [14]. The plasticity formulation is derived based on 

exact linearization. The nonlinear dynamic theories is applied to solve impact problems such 

that can produce stable solutions in nonlinear brick dynamics by applying standard time 

integration methods, such as the Newmark method, [15], [16], [17], [18]. Acceptable time 

step sizes or modified time integration schemes is necessary in order to produce accurate and 

computationally efficient results. Several numerical examples of impact problems in 

elastoplastic range are presented to show the algorithm ability. All numerical examples are 

modelled by using brick elements. 
 

1 INTRODUCTION 

The numerous contact formulations have been presented in the literature. Three-

dimensional node-to-surface contact formulation can be found in [2], [19], [20], [9], [21], 

[22], [3], [23], [6] and [24]. The non-penetration condition as a purely geometrical constraint 

is used to impose contact in normal direction. For the frictional response, the constitutive 

equation of the classical Coulomb’s law, like in [13], [25], [2] and [26] is used. Frictional 
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phenomena have been considered within the framework of plasticity theory. The response in 

tangential direction can be divided into two different actions. First, no tangential relative 

displacement of the two bodies occurs which is so-called stick condition. The second action is 

associated with a relative tangential movement in the contact interface, so-called slip 

condition. 

In this work a three-dimensional brick element with eight nodes is used for the treatment of 

finite elastic-plastic deformation of the contacting surfaces. Here, an associative von Mises 

plasticity of the asperities is considered by formulating an incremental stress integration 

scheme on the principal axes of the incremental stretch tensor. For more details refer [14] and 

[8]. 

An augmented Lagrangian method is applied to solve the frictional contact problems. The 

mathematical theories concerning augmented Lagrangian method in the context of 

mathematical programming problems subjected to equality and inequality constraints are well 

established by [11], [27] and [10]. Recently, in the context of finite element methods, 

augmented Lagrangian techniques have been successfully applied to frictional contact 

problems in solid mechanics by [3], [22], [9], [19], [20], [1], [2], [26], [28], [29], [30], [3], 

[23], [6], [24] and [5]. 

When large deformations occur in the contact mechanics, a large amount of sliding can 

happen within the contact interface. Two methods can be followed to discretise the contact 

interfaces. One, which applied here, is to discretise the contact interface by the isoparametric 

interpolation, where there is no continuity in the normal vector between adjacent surfaces. 

Thus, in the edge between two adjacent surfaces the normal is not uniquely defined and a 

special algorithmic treatment is needed. The other one is the smooth contact discretization, 

which allows for a smooth sliding of contacting nodes on the master surface. Within this 

approach, a Hermitian, Spline or Bézier interpolation is used to discretise the master surface 

[31]. This leads to a C
1
 or even C

2
 interpolation of the surface. In three-dimensions it is 

difficult to develop one general formulation for smooth contact. 

The node-to-surface, node-to-edge and node-to-node contact formulations are used to solve 

contact problems with large sliding. These formulations are presented in details in [9]. This 

complete formulation is characterized by algorithmic stability, short evaluation time, high 

performance and quadratic rate of convergence within a Newton equation-solving strategy, 

owing to the exact linearization employed. Here, the contact formulation will be presented 

concisely and for more details refer to [9].  

A homogenization method was presented in details in [9] to obtain by numerical 

simulation interface laws for normal contact pressure based on statistical surface models. The 

interface law is obtained taking into account the elastic-plastic behaviour of the asperities. 

The non-penetration condition and interface models for contact taking into account the 

surface microstructure are investigated in detail. 

To solve impact problems a nonlinear dynamics algorithm is needed. The most general 

approach for the solution of the dynamic response of structural systems is the direct numerical 

integration of the dynamic equilibrium equations. This involves, after the solution is defined 

at time zero, the attempt to satisfy dynamic equilibrium at discrete points in time. Most 

methods use equal time intervals at ∆�, 2∆�, 3∆� ...	�∆�. Many different numerical techniques 

have previously been presented; however, all approaches can fundamentally be classified as 

either explicit or implicit integration methods. Explicit methods do not involve the solution of 
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a set of linear equations at each step. Basically, these methods use the differential equation at 

time “�” to predict a solution at time “� + ∆�”. For most real structures, which contain stiff 

elements, a very small time step is required in order to obtain a stable solution. Therefore, all 

explicit methods are conditionally stable with respect to the size of the time step. Implicit 

methods attempt to satisfy the differential equation at time “�” after the solution at time 

“� + ∆�” is found. These methods require the solution of a set of linear equations at each time 

step; however, larger time steps may be used. Implicit methods can be conditionally or 

unconditionally stable. There exist a large number of accurate, higher-order, multi-step 

methods that have been developed for the numerical solution of differential equations. These 

multistep methods assume that the solution is a smooth function in which the higher 

derivatives are continuous. The exact solution of many nonlinear structures requires that the 

accelerations, the second derivative of the displacements, are not smooth functions. This 

discontinuity of the acceleration is caused by the nonlinear hysteresis of most structural 

materials, contact between parts of the structure, and buckling of elements.  

Therefore, only single-step of Newmark methods will be shortly presented in this paper. 

For more details see [18] and [32]. Based on a significant amount of experience in the 

literature, is possible to say that the single-step, implicit, unconditional stable methods are 

necessaries conditions for the step-by-step dynamic analysis of practical structures. A brief 

remark of the Newmark integration scheme is also presented. This algorithmic is applied to 

calculated impact problems undergoing large 3D elastoplastic deformation. 

In the end, numerical examples undergoing large three-dimensional deformation are 

presented to show the ability of these theories. 

The algorithm used in this research is derived from Laursen and Maker [4]. Here, the 

elastoplasticity and the nonlinear dynamics are introduced. 

2 FRICTIONAL CONTACT MECHANICS FORMULATION 

This section summarises the continuum formulations applied to solve multibody frictional 

contact problems undergoing large 3D deformation. The node-to-surface, node-to-edge and 

node-to-node contact formulations used in this paper is developed in details in [9]. The 

contact node-to-surface formulation was also presented in [2]. Within this reason, it will be 

not present in this paper. 

2.1 Contact Kinematics 

The normal and tangential gaps define contact contribution. The impenetrability condition 

can be formulated as  

 gN  =  ( x
s
 – x

m
 ) ·  n c  ≤  0 (1) 

and furthermore, the penetration function can be formulated in following manner 
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where the bar denotes the closest distance of a point x
s
 to the surfaces of B

m
, see also (3). The 

graphical interpretation is illustrated in Figure 1. 

 

 
Figure 1: Normal convention 

 

The sliding path of the slave node x
s
 on the contact surface Γm

 is described by the total 

tangential gap as 

 gT  =  ∫
t

t0

 || αξ& αa  || dt,  (3) 

where α = 1, 2. The parameters ξ1
 or ξ2

 are introduced to describe the surface of the solids 

and can be interpreted as convective co-ordinates. αa  are the tangents at the solution points 

1ξ  and 
2ξ  of the distance function minimization 

 d̂ (ξ1
,ξ2

,t)  =  minimum || x
s
 − x

m
(ξ1

,ξ2
,t) ||. (4) 

These tangential vectors are obtained from 

 αa  =  
α

α

ξ∂

ξ∂ t),(mx
  =  x

m
,α(

αξ ,t).  (5) 

The tangential relative slip between two bodies is related to the change of the solution 

point (
1ξ ,

2ξ ) of the minimum distance problem (4). The time derivatives of the parameters 
αξ  from (3) are obtained using the orthogonality condition of both tangent and normal vector. 

This yields 

 
βξ&  =  

αβαβ − ba   g  

1

N
  

  { [ v
s
 – v

m
 ] ·  αa  + 

N
g n c ·  v

m
,α }, (6) 

where αβa  = βa ·  αa  is the metric and αβb  = mˆ
αβ,x ·  n c is the curvature of the contact surface. 

When the frictional contact problem is solved in an exact way, the slave node moves on the 
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master surface. With this condition 
N

g  can be neglected and the equation (6) can be 

simplified as v
s
 − v

m
  =  αξ& αa . The relative tangential velocity at the contact point is defined 

by Tg&  =  v
s
 – v

m
. Then Tg&  = αξ& αa . 

2.2 Contact Contribution to the Weak Form 

The contact contribution to the weak form can be formulated in following manner 

 Wc(u,v) = ∫
∂ s

ocB

( tN n c  +  tT ) ·  ( v
s
  –  v

m
 ) dA (7) 

where tN is the contact pressure, tT is the tangential traction vector, n c is the internal normal 

at the slave node x
s
, v

s
 the velocity at the slave node and v

m
 the velocity at the master nodes. 

The variation of normal gap is defined by 

 δgN  =  ( v
s
 – v m

 − αa αξ& ) ·  n
c  +  ( x

s
 – x m

 ) ·  δ n
c  =  ( v

s
 – v m

 ) ·  n
c.  (8) 

In equation (8), the orthogonality condition αa ·  n c = 0 and the simple relationship n c ·  n

c = 1  ⇒  δ n c ·  n c = 0 are used. Following the same idea, ∆gN can be written as 

∆gN = ( ∆u
s
 − ∆ u

m
 ) ·  n c. With these results, equation (7) can be rewritten as 

Wc(u,v) =  ∫
∂ s

ocB

tN n
c ·  ( v

s
 – v m

 ) dA  +  ∫
∂ s

ocB

tT ·  ( vs – v m
 ) dA 

Wc(u,v) =  

∫
∂ s

ocB tN δgN dA  +  

∫
∂ s

ocB tT ·  δgT dA 

 Wc(u,v) =  ∫
∂ s

ocB

tN δgN dA  +  ∫
∂ s

ocB

tTα δ
αξ dA (9) 

with tTα = tT ·  αa . The linearization of the virtual work (9) is defined by 

 
u

u
∆

∂

∂
 cW

= ∫
∂ s

ocB

[∆tN δgN + tN ∆(δgN)] dA + ∫
∂ s

ocB

[∆tTα δ αξ + tTα ∆(δ αξ )] dA.  (10) 

The terms in equation (10) will be defined in the following sections. The non-symmetry 

has been encountered in the linearization of Wc for the stick case stemming only from the term 

∆tTα δ αξ  in (10). For the slip case the tangential stiffness matrix is clearly non-symmetrical. 

The algorithm used to integrate the frictional equations is completely developed in [2]. In this 

work, a simple non-associated Coulomb friction law is used. 
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3 ELASTIC-PLASTIC MATERIAL  

The Von Mises elastic-plastic constitutive law is based on the following multiplicative 

decomposition of the deformation gradient 

 

e p ,=F F F  (11) 

where the superscript e and p describe the elastic and the plastic part, respectively. The elastic 

logarithmic strain tensor is given by 

 
( )e e e e ewhere

1

2ln T= =E V , V F F
 (12) 

is the elastic left stretching tensor. The elasticity is described by the following strain energy 

function 

 
( ) ( )e e e21

: ,
2

ψ κϑ µ= +E E E  (13) 

where 

 

e e etr and Dev .ϑ = =E E E  (14) 

that leads to the following Kirchhoff-Treftz stress tensor 

 
( )e e ewhere

1
, 2 .

3
κ µ= = ⊗ + − ⊗E I I I IΣ D D I  (15) 

The logarithmic isotropic linear elastic material simplifies the volumetric-isochoric 

splitting. Note also that (15) is similar to the expression of the small strain Hooke’s Law. The 

fourth-order tangent tensor is obtained from (15) as shown in detail in [14].  

The assumed linear isotropic hardening used in this paper is presented in the Figure 2. 

 
Figure 2: Constitutive equation for steel material (Linear) 

Its function behaviour is defined as following 

 
( )

p
y yo hσ α σ ε= + . (16) 
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where yoσ  is the initial yield stress, pα ε=  is the equivalent plastic strain and h  is the linear 

hardening parameter. 

4 SOLUTION OF EQUILIBRIUM EQUATION FOR DYNAMIC ANALYSIS 

Additional problems when dealing with nonlinear dynamics is the implementation of 

suitable time integration algorithms that exhibit robustness and efficiency, since algorithms 

which are unconditionally stable for linear dynamics often lose this stability in the nonlinear 

case. Consequently, several modifications of the classical integration schemes have been 

carried out since the beginning of the 1990s in order to avoid nonconvergence. Simo and 

Tarnow [4] have been the first to design an algorithm denoted as Energy–Momentum Method, 

which guarantees unconditional stability in nonlinear dynamics of three-dimensional elastic 

bodies. As this algorithm requires a modified calculation of the stress tensor on the element 

level, a lot of research effort was directed since then to the implementation of this concept to 

different finite element concepts allowing for finite deformations and rotations. In order to 

control the numerical dissipation of high frequencies Kuhl and Ramm [17] extended the 

Constraint Energy Method by Hughes et al. [15] and the Generalized Energy–Momentum 

Method by Kuhl and Crisfield [16] to nonlinear dynamics of shells. The incentive behind 

these modifications of the classical time integration schemes were the numerical damping 

characteristics of those schemes allowing for larger time steps, see also [12] and [33]. 

Finite element methods for dynamic contact problems can be found in [34], [19] for 

explicit integrators, and [35] involving implicit integrators for frictionless and frictional 

problems. The recent works presented in [7], [36] and [37] show the current interest in the 

formulation of more robust implicit algorithms for frictionless contact. The robustness of the 

numerical scheme requires good stability properties in the limit conservative case, without 

relying in the physical dissipation introduced by frictional effects. 

In this work, the Newmark Method is used to solve the nonlinear dynamic analysis. The 

Newmark integration scheme can also understood to be an extension if the linear acceleration 

method [32]. The following assumptions are used; see [18]: 

 �	
∆	 = �	 + �1 − ��	�	 + �	�	
∆	�	∆� (17) 

 �	
∆	 = �	 + �		∆� + ����− ��	�
	 + �	�	
∆	�	∆�� (18) 

where � and � are parameters that can be determined to obtain integration accuracy and 

stability. When � = �
� e � = �

�, relations (17) and (18) correspond to the linear acceleration 

method. Newmark originally proposed as an unconditionally stable scheme the constant-

avarege-acceleration method (also called trapezoidal rule), in which case � = �
� e � = �

�, [32]. 

In addition to (17) and (18), for solution of the displacement, velocities, and accelerations, 

the equilibrium equations for nonlinear analysis at time � + ∆� are defined by: 

 �	�	
∆	 + �	�	
∆	 +  !"	#�	
∆	�$ =  	
∆	 (19) 
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where  !"	#�	
∆	�$ = %	�	
∆	 for linear elasticity. Solving from (19) for �	
∆	in therms of 

�	
∆	 and then substituting for �	
∆	 into (19), we obtain equations for �	
∆	 and �	
∆	, each 

in terms of the unknown displacement �	
∆	 only.These two relations for �	
∆	 and �	
∆	 are 

substituted into (17) to solve for �	
∆	, after which, using (17) and (18), �	
∆	 and �	
∆	 can 

be calculated as following: 

 �	
∆	� = &
'	∆	 	#�

	
∆	� − �	�$ + �1 − &
'�	�

	� + ∆� �1 − &
�'�	�

	� (20) 

 �	
∆	� = �
'	∆	( 	#�

	
∆	� − �	�$ − �
'	∆	 	�

	� − � ��' − 1�	�
	� (21) 

The variables �	�, �	� and �	� are known in the step � + ∆�. Substituting (20) and (21) in 

equation (19), the equilibrium equation is rewritten by 

�	 �		 �
'	∆	( 	#�

	
∆	� − �	�$ − �
'	∆	 	�

	� − � ��' − 1�	�
	�� 	+ 	�	 )	 &'	∆	 	#�

	
∆	� − �	�$ +
�1 − &

'�	�
	� + �∆� �1 − &

�'��	�
	�	* 	+ 	 !"	#�	
∆	�$ 	= 	 	
∆	 (22) 

The stiffness matrix is defined by deriving equation (22): 

+#�	
∆	�, �	�, �	�, �	�$ = -
-�	
∆	� .�

	
∆	�, �	�, �	�, �	�/ 

 = 0�12∆1� |�12∆1�,�1�,�1�,�1� =
�

'	∆	( 	� + &
'	∆	 	� + %!"	#�

	
∆	�$ (23) 

5 NUMERICAL EXAMPLES 

In this chapter several numerical examples are analysed. These numerical examples cover 

frictional elastoplastic contact problems and frictional elastoplastic impact problems. A finite 

element code was written by Bandeira using C++, entitled CMAP (Contact Mechanics 

Analysis Program) to model these examples. For the computational graphics the CMAP and 

GID programs are used. All cases presented here are characterised by quadratic rate of 

convergence within a Newton equation-solving strategy, owing to employed exact 

linearization. All numerical examples are based on three-dimensional calculations with finite 

elastoplastic deformation. The 8-noded brick elements are used to discretise the bodies. 

The Preconditioned Bi-Conjugate Gradient Method (PBCG) is used to solve the linear 

equations system [38]. The elastic-plastic material law presented in section 3 is used in all 

examples. 

5.1 Block and Pipe 

The following example corresponds to a contact between a block and a pipe. The 

geometrical properties and the material features are presented in Figure 3. 
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a) Initial configuration b) Equilibrium configuration 

Figure 3: Initial and final configuration 

 

In the initial configuration the pipe rests on the block without generating contact forces. 

The contact area in the initial configuration is exactly a line. The base of the block is 

restrained completely in all directions. To avoid the sliding of the cylinder along x-axis the 

displacements of the nodes on the contact line are restrained in the x-direction. A vertical 

displacement of 0.8 is applied on the top of the cylinder in 40 increments. The block is 

modelled with a mesh of 40x20x4 elements and the pipe with a mesh of 82x4x20 elements. 

The problem involves 36.099 degrees of freedom. The penalty parameters used are εN = 100 

and εT = 1.0. The friction coefficient between the contact surfaces is set to µ = 0,4. The yield 

stress is 200 MPa. Some numerical results obtained after the computational analysis are 

shown in Figure 4. 

 

  
a) � at step 1 b) � at step 32 

  
c) � at step 53 d) 4� at step 53 

Figure 4: Numerical results 
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5.2 Two pipes 

The numerical example shown in Figure 5 corresponds to a contact between two 

cylindrical shells. The geometric properties and the characteristics of the materials are 

presented in Figure 5a.  

In the initial configuration cylindrical shells lay one on another without generating contact 

forces. The base of the inferior shell is restrained in all directions. On the top faces of the 

superior shell vertical displacements of 0.35 are imposed in 70 load increments. To avoid the 

sliding in the x-direction, all nodes on the contact line are restrained. Both bodies are 

modelled by mesh of 80×4×20 elements. The problem involves 49728 degrees of freedom. 

The penalty parameters used in the analysis are εN = 100 and εT = 1.0. The coefficient of 

friction between the contact surfaces is µ = 0,4. The yield stress is 250 MPa. The initial and 

deformed configurations are shown in Figure 5. 

 

  
a) Initial Configuration b) Equilibrium Configuration 

Figure 5: Initial and final configuration 

 

Some numerical results obtained after the computational analysis are shown in Figure 4. 

 

  
a) � at step 1 b) � at step 32 
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c) � at step 73 d) � at step 97 

Figure 6: Numerical results 

5.3 Micromechanical analysis 

In this section, a numerical example is presented to obtain an interface law for rough 

surfaces numerically. In this example two blocks are considered in contact as shown in Figure 

7. This is done for three-dimensional bodies in contact. The homogenization method used was 

presented in [9]. It is important to mention that each numerical laws are statistically computed 

curves resulted by 20 different random generated contact surfaces. 

In this example, the number of master and slave surfaces is around 2.403 elements and the 

complete mesh is around 21.627 bricks elements. Each block has the same geometry of 

90mm×45mm×15mm and material properties defined by elasticity module of 70 GPa, Poisson 

coefficient of 0,3 and adopted initial yield stress of 200 MPa. The base of the master block is 

fixed and lateral displacements of both blocks are released. The hardening parameters used is 

defined by h = E / 100. The contact surfaces are modified according to the theory presented in 

[9], such that the maximum initial asperities height ξ is 0,563444 mm. A uniform 

displacement of 4 mm is prescribed at the top of the slave block in several increments. Each 

analysis ends when the current mean plane distance d approaches zero. The mean plane 

distance goes to zero in the 93
th

 increment of load. 

 

 
Figure 7: Contact with two deformable bodies 

 

After all generated surfaces were analysed, the mean value curve of the normal pressures is 

depicted in Figure 8, which represents the constitutive interface law for different hardness.  

 



12 

 
Figure 8: Penetration behaviour 

 

The plastic zone developed at the master surface can be analysed in each increment of 

loads by the equivalent plastic strain presented in the algorithmic for elastoplasticity stated in 

section 4, see Figure 9. 
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Figure 9: Plastic zone of the master surface (αi parameter) 
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5.4 Impact with two pipes 

This problem consists of two steel pipes both having a thickness of 0.01 meter, external 

diameter of 0.05 meter and length of 1.26 meter, see Figure 10. One pipe is oriented 

horizontally and completely fixed at both ends. The other pipe is above to the horizontal one 

and completely fixed at one end in a plane normal to the horizontal pipe. Both pipes have 

yield strength of 250 MPa and hardening modulus of 250 MPa. A impact force of 1 kN is 

applied at all nodes belonging the last 0.112 meter of the other end of the superior pipe. This 

load is applied in 10 times increments of 0.15 microseconds. Brick elements were used in the 

mesh. Six-hundred steps were used with a termination time of 90 microseconds. 

 

 
Figure 10: Initial and final configuration 

 

In the initial configuration the pipe rests on the block without generating contact forces. 

The contact area in the initial configuration is exactly a point. The problem involves 27.300 

degrees of freedom. The penalty parameters used are εN = 10³ and εT = 10. The friction 

coefficient between the contact surfaces is set to µ = 0,4. Results from the pipe impact are 

shown in Figure 11. 

 

  
a) Equilibrium Configuration b) Parameter � 

Figure 11: Numerical results at time 90 ms (Step 600) 

6 CONCLUSIONS 

The analysis of contact problems and impact problems in three-dimensions involving large 

elastoplastic deformations is a topic under intensive development. The contact formulations 

have been usually developed in two dimensions. For the three-dimensional analysis the 
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formulation of contact is much more complicated. One of the reasons, obviously, is the 

complexity involving space geometry when the projection of the slave node on the master 

surface is calculated. This requires a sophisticated algorithm. [2] developed the node-to-

surface contact element considering the contact between a slave node and a surface element. 

In that formulation the sliding of the slave node from a master surface to the adjacent one is 

not allowed. The contact formulation presented in [9] allows for the general sliding of a slave 

node on the master surfaces. Therefore, this formulation constitutes a general and consistent 

contribution to the contact mechanics. To achieve this, the node-to-edge and the node-to-node 

contact formulations are employed. An outstanding feature is the quadratic rate of 

convergence within a Newton equation-solving strategy, owing to the exact linearization 

employed. 

It is important to mention that the linearization of the node-to-edge contact formulation 

was performed exactly and it can also be applied in the two-dimensional contact problems. 

All numerical examples presented in this article addresses three-dimensional problems 

with large elastoplastic deformations. In the considered numerical examples it was 

numerically proven that the theories developed and used in this research work perfectly. The 

overall performance of the developed algorithms was remarkably efficient yielding good 

results and quadratic rate of convergence. The plasticity formulation is based on the Von 

Mises criterion using the integration in the principal axes. 

Future researches will model structural pavements subjected to impact generated by the 

contact between the tires and the pavement surfaces during the aircraft landing, see Figure 12. 

 

 
Figure 12 – Initial and final configuration 
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