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Abstract 
Nonlinear preconditioning refers to transforming a nonlinear algebraic system to a form for 
which Newton-type algorithms have improved success through quicker advance to the domain 
of quadratic convergence. We place these methods, which go back at least as far as the Additive 
Schwarz Preconditioned Inexact Newton (ASPIN, 2002), in the context of a proliferation 
distinguished by being left- or right-sided, multiplicative or additive, and partitioned by field, 
subdomain, or other criteria. We present the Nonlinear Elimination Preconditioned Inexact 
Newton (NEPIN, 2021), which is based on a heuristic “bad/good” splitting of equations and 
corresponding degrees of freedom. We augment basic forms of nonlinear preconditioning with 
three features of practical interest: a cascadic identification of the “bad” discrete equation set, 
an adaptive switchover to ordinary Newton as the domain of convergence is approached, and 
error bounds on output functionals of the solution. Various nonlinearly stiff algebraic and model 
PDE problems are considered for insight, and we illustrate performance advantage and scaling 
potential on challenging two-phase flows in porous media.   
 
Bibliography 
Nonlinear Preconditioned Inexact Newton Algorithms, X.-C. Cai & D. E. Keyes, 2002, SIAM J. Sci. 
Comput. 24:183-200. 
Field-split Preconditioned Inexact Newton Algorithms, L. Liu & D. E. Keyes, 2015, SIAM J. Sci. 
Comput. 37:A1388-A1409. 
Analysis for the Multiplicative Schwarz Preconditioned Inexact Newton Algorithm, L. Liu & D. E. 
Keyes, 2016, SIAM Journal of Numerical Analysis 54:3145-3166. 
A Note on Adaptive Nonlinear Preconditioning Techniques, L. Liu, D. Keyes & R. Krause, 2018, 
SIAM J. Sci. Comput. 40:A1171-A1186. 
A Multi-layer Nonlinear Elimination Preconditioned Inexact Newton Method for a Steady-state 
Incompressible Flow in 3D, L. Luo, X.C. Cai, Z. Yan, L. Xu & D. Keyes, 2020, SIAM J. Sci. Comput. 
42:B1404-B1428. 
Nonlinear Preconditioning Strategies for Two-phase Flows in Porous Media Discretized by a Fully 
Implicit Discontinuous Galerkin Method, L. Luo, X.-C. Cai & D. Keyes, 2021, SIAM J. Sci. Comput. 
43:S317-S344. 
Error Bounds on Solutions of Nonlinearly Preconditioned PDEs, L. Liu & D. Keyes, 2021, SIAM J. 
Sci. Comput. 43:A2526-A2554. 
A Nonlinear Elimination Preconditioned Inexact Newton Algorithm, L. Liu, F.-N. Hwang, L. Luo, X.-
C. Cai & D. E. Keyes, 2022, SIAM J. Sci. Comput. (to appear). 


