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Abstract. The harmonic balance method has been shown to be a capable and efficient
tool to capture unsteady effects in turbomachinery with computational fluid dynamics. A
frequently occurring problem are spurious oscillations resembling the Gibbs phenomenon.
Particularly vulnerable to this is the ω-equation of turbulence models such as Wilcox
k − ω or Menter SST k − ω due to the large values of ω close to the wall. This adversely
affects both the obtained solution and the stability of the solver. As a solution, we
propose the use of a logarithmic version of the ω-equation. This approach was previously
used to address similar problems in discontinuous Galerkin solvers. We implemented two
logarithmic model variants based on Wilcox k − ω and Menter SST k − ω, respectively.
The models are validated with a flat plate and an infinite channel. Additionally a grid
convergence study on a turbine aerofoil is performed. The modified models show similar
results to their base models, as expected for mathematically equivalent formulations of
the same equation. On the turbine aerofoil differences arise on the suction site and in
the wake especially for lower resolution grids. The impact of the Gibbs phenomenon
on the flow is reduced, improving the transportation of the turbulent quantities through
interfaces and stabilising the solution process.

1 INTRODUCTION

Flows in turbomachines are highly periodic and can, with limited loss in accuracy, be
described by a superposition of a small number of harmonic oscillations. This is used in
a frequency domain solver to investigate unsteady flow phenomena with considerably re-
duced computational effort [6]. Instead of solving for the flow quantities at a specific point
in time, a set of Fourier coefficients is computed. This turns an unsteady problem into a
steady state problem in the frequency domain. The Harmonic Balance (HB) method, as
proposed by McMullen et al. [10], is one such approach. Although this method solves the
equations in the frequency domain, the flow residuals, i.e. fluxes, source terms etc., are
calculated in the time domain. A discrete Fourier transformation then translates them
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into the frequency domain. On the one hand, this simplifies their calculation since the
known equations and pre-existing solver routines can be used. On the other hand, several
solutions at different points in time are now required, which have to be reconstructed
from the Fourier coefficients.

Errors in this repeating transformation between the time and frequency domain can
not only reduce the accuracy of the simulation, but also disrupt the solution process.
Most relevant to this paper is a problem resembling the Gibbs phenomenon. The dis-
cretised functions behave similar to jump discontinuities in regions with large gradients.
When the solution is transformed from the frequency domain back into the time domain,
oscillations appear. These oscillations are aggravated by the use of only a few harmon-
ics to resolve the flow. Therefore, a straightforward solution would be to increase the
number of harmonics considered in the simulation. This would, however, compromise the
computational efficiency gained with the HB method, since more points in time would be
necessary to avoid aliasing.

Figure 1: Spurious oscillations of the specific dissipation rate in the wake

Commonly used turbulence models, such as Wilcox k−ω [15] or Menter SST k−ω [11],
are especially susceptible to this problem. The ω-equation of these turbulence models
generates considerable gradients close to the wall, where the analytical solution tends
towards infinity. This is contrasted by freestream values several orders of magnitude
lower, resulting in large gradients not only at the wall, but also in the wake of aerofoils.
Figure 1 illustrates this effect for the T106C low pressure turbine profile [13]. The specific
dissipation rate ω is transported downstream in the wake until it crosses an interface
to a rotating empty duct. Here it is unsteady in the rotating frame of reference and
several unphysical oscillations appear at the interface. Next to the wake the undershoot
approaches values close to zero, especially compared to a turbulent dissipation rate several
orders of magnitude higher in the wake itself. Overshoots are also present, but are less
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relevant to the stability of the solver.
Instead of increasing the considered number of harmonics, we propose the use of a

logarithmic version of the ω-equation as a less computationally expensive solution. This
approach was used by Bassi et al. [1] to address very similar problems in their discon-
tinuous Galerkin solver. In this paper we discuss the basic effects of this mathematically
equivalent formulation when used in the Wilcox k − ω and Menter SST models. A flat
plate and an infinite channel are used as baseline validation test cases for a steady state
simulation. Additionally, the grid convergence behaviour of the turbulent quantities is
examined in the case of the T106C turbine aerofoil. Finally, the effects on the HB solver
are discussed.

2 NUMERICAL METHODS

In the following section a brief overview of the harmonic balance method and its in-
tegration into the DLR solver TRACE will be given. More detailed information can be
found in [4] and [2], respectively. TRACE uses the finite volume approach to solve the
Reynolds-averaged Navier-Stokes (RANS) equations. The density based, compressible
solver attains second order accuracy using Roe’s upwind scheme and a MUSCL extrap-
olation. A van Albada type flux limiter is used to smooth large gradients, e.g. in the
vicinity of shocks. For the solution of turbulence equations a conservative, segregated
method is used.

2.1 The Harmonic Balance method

The aim of the HB method is to solve the RANS equations for time periodic solutions.
Those equations can be written as

dq(x, t)

dt
+R(q(x, t)) = 0 (1)

with the vector of conservative variables q, the discretised residual vector R and the
physical time t. For a time periodic flow field, q can also be expressed as a Fourier series

q(x, t) = Re

K∑
k=0

q̂k(x)eikwt (2)

where q̂k(x) are complex valued Fourier coefficients, w is the fundamental angular fre-
quency and Re is the real part. In the case of turbomachinery flows, this could for
instance be chosen based on the rotational frequency of the spool. Equation (1) can then
be formulated in the frequency domain with equation (2):

ikwq̂k + R̂(q)k = 0 (3)

Only a finite number of harmonics, k = 0, . . . , K, are considered. Due to the inherent

nonlinearity of the NS equations R̂(q)k may depend on all harmonics. Several methods
with varying degrees of complexity and accuracy have been developed to solve equation
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(3). The simplest is to linearise the equation with the intention of completely decoupling
the different harmonics from each other [5]. In a related approach, nonlinear correction
terms are added to model the nonlinearity [7, 14]. In the HB method the nonlinear
residuals are computed in a different manner. They are first calculated in the time domain
and then transformed into the frequency domain via a discrete Fourier transformation
(DFT). Based on equation (3) this leads to

ikwq̂k + F (R(F−1q̂)) = 0 (4)

with F the DFT and F−1 its inverse. The HB method is, therefore, a hybrid between
time and frequency domain methods. Before the residual in the frequency domain can be
calculated, an inverse DFT reconstructs several solutions for different points in time from
the Fourier coefficients qk. Once the residuals are calculated, the K + 1 equations given
in equation (3) are solved by a pseudo-time-stepping scheme.

2.2 The logarithmic ω-equation

A logarithmic ω-equation was used by Bassi et al. [1] in a discontinuous Galerkin
solver. Large gradients, particularly at solid walls, were causing severe stability problems.
A logarithmic formulation has two beneficial effects: Firstly, it will compress high values
of ω stronger than low ones, thereby smoothing peaks. Secondly, negative values can no
longer be produced when transforming back to standard ω. These attributes are also
advantageous for a turbulence model used in a HB solver.

Starting from Wilcox’s k − ω equations [15]

∂

∂t
(ρk) +

∂

∂xj
(ρujk) = Pk − βkρωk +

∂

∂xj

[
(µ+ σkµT )

∂k

∂xj

]
(5)

∂

∂t
(ρω) +

∂

∂xj
(ρujω) = α

ω

k
Pk − βωρω2 +

∂

∂xj

[
(µ+ σωµT )

∂ω

∂xj

]
with the turbulent kinetic energy k, the specific dissipation rate ω, and the production
term Pk. To obtain the k − log(ω) equations a new variable ω̃ is introduced:

ω̃ = log(ω)⇐⇒ ω = eω̃ (6)

Starting from equation (5), ω can be substituted by ω̃. The resulting expression can be
simplified, made dimensionless and brought into a form resembling equation (5):

∂

∂t
(ρk) +

∂

∂xj
(ρujk) = Pk − Reβkρke

ω̃ +
1

Re

∂

∂xj

[
(µ+ σkµT )

∂k

∂xj

]
(7)

∂ρω̃

∂t
+
∂ρujω̃

∂xj
=
αPk

k
− Reβωρe

ω̃ +
1

Re

∂

∂xj

[
(µ+ σωµT )

∂ω̃

∂xj

]
+

1

Re
(µ+ σωµT )

(
∂ω̃

∂xj

)2

The complete ω̃-equation is divided by eω̃ and now contains a new term. This term is a
result of the variable transformation in the diffusion term. Since it will never be negative,
it could have a destabilising effect in regions with large gradients.
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Spurious oscillations can also appear in the k-equation, but the effects are less severe
since it has a smaller value range and no singularities. Additionally both k and ω variables
are limited to positive values which helps stabilise the simulation for confined drops below
zero. Nevertheless, a logarithmic k-equation might be beneficial for the DFT and help
stabilise the HB method. However, this would introduce a new singularity at the wall,
where a logarithmic k would tend towards minus infinity [1].

In addition to the transformation of ω in the governing equations, the boundary con-
ditions also have to be considered. TRACE uses Menter’s ω boundary condition [11]

ωwall = 10 · 6µ

βωρy2
(8)

with the wall distance y. Since TRACE works with cell centred values, an appropriate
value is prescribed into the first outer cell to attain the desired value at the wall. We
implemented two versions of this boundary condition for the logarithmic model. The first,
boundary condition A, is a straightforward conversion of the value in the outer cell. The
second one, boundary condition B, is intended to replicate the gradient of ω and thereby
mimicking the diffusion into the domain of the original models:

∂ω

∂y

∣∣∣∣
wall

= eω̃wall · ∂ω̃
∂y

∣∣∣∣
wall

(9)

In addition to the Wilcox k−ω-model, Menter’s SST model [11] can also be transformed
into a logarithmic formulation in a similar manner. Again, the only new term comes
from the diffusion of ω and a formulation equivalent to equation (7) can be found. The
boundaries are treated the same way in both models.

2.3 Geometries and grids

Three different geometries are considered. The first two, used for a validation of the
logarithmic models against their base versions, are an infinite channel and a flat plate
with zero pressure gradient, each with four different grid resolutions. The channel flow is
additionally divided into one case with a Reynolds number of 180 and one with 2003. In
both cases the reference length is half the channel height. Grids and boundary conditions
for the flat plate are taken from NASA’s turbulence modelling resource [3]. The third case
is the T106C low pressure turbine profile [13] at a Reynolds number of about 155,000. A
y+ value of about one allows the use of the low-Re boundary condition described above.
The Kato-Launder stagnation point anomaly fix is used. For a grid refinement study two
additional resolutions are considered, with four and sixteen times the nodes. No transition
model is used to simplify the comparison of the model variants. The same 2D case is used
in a HB simulation as well, where an empty duct is rotating behind the aerofoil. Since the
flow is stationary relative to the aerofoil, only a time mean flow is needed to fully resolve
it. The wake is unsteady relative to the duct and a time mean solution and three higher
harmonics are used to resolve it.
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3 RESULTS

Generally the results of the logarithmic model variants are very similar to those of
the base models for high resolution grids. On lower resolution grids differences arise, as
discussed in detail in the following section. The logarithmic formulation has a negligible
impact on the convergence rate of the steady state simulations.

3.1 Channel flow

Differences in the turbulence model will be visible in the boundary layer velocity pro-
file. Figure 2 shows this profile by plotting the dimensionless velocity u+ against the
dimensionless wall distance y+. The results of the k − ω and SST turbulence models are
compared to each other as well as to a reference DNS solution [9]. The grid levels are
identified by the number of cells resolving the wall normal direction, i.e. 64 marks the
coarsest level and 1024 the finest. This also reduces the y+ with every refinement, down
to 0.02. The base model variants are shown in green to blue, with dashed lines. The
logarithmic variants are shown in yellow to red. The grid resolution has almost no effect
for a Reynolds number of 180. Only the coarsest resolution with the standard k−ω model
shows some differences compared to the bulk of the results. These results are mirrored by
the SST model variants. In general, agreement between all model variants and the refer-
ence data is adequate. Except for the coarsest grid level, there is almost no discrepancy
between the logarithmic models and their base variants for this Reynolds number.

For Re = 2003 this grid independence is lost for both k − ω and SST. The standard
models and the logarithmic variants show a significant grid dependency. The dimension-
less velocity increases with the grid resolution for the logarithmic model variants, while it
decreases for the standard models. For high grid resolutions the variants converge against
a common solution. The grid dependency itself is caused by the boundary condition de-
scribed by equation (8), which is directly dependent on the wall distance y. Since the
grid is refined by dividing the existing cells, y changes with every refinement. This leads
to slightly different results for each grid, a shortcoming of the ω boundary condition [8].
Why the sign of this grid dependent error is different for the logarithmic models could
not yet be determined. A grid refinement affects the model variants differently. The
logarithmic variants show substantial changes when the grid is refined for the first time.
However, the changes are smaller compared to the standard variants for each successive
grid refinement.

3.2 Flat plate

The flat plate testcase gives similar results compared to the channel flow. Again, the
iterative convergence shows little differences between the modified and the base models.
Figure 3 shows the boundary layer profile at different locations on the plate, characterised
by their momentum thickness Reynolds number ReΘ. The base model variants are shown
in green to blue, with dashed lines. The logarithmic variants are shown in yellow to red.
’4lev’ marks the coarsest grid resolution, ’1lev’ the finest. Additionally DNS results are
given [12]. As for the infinite channel, the differences between k − ω and k − log(ω) are
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Figure 2: Comparison between boundary layer velocity profiles in an infinite channel

very similar to those between SST and SST-log(ω). The log(ω) model variants show a
significantly reduced grid dependency compared to their base variants. With increasing
grid resolution the results converge from opposite sides, mirroring the results of the chan-
nel flow in figure 2. The logarithmic variants tend to overpredict the turbulence, while
the standard models tend to underpredict it compared to a grid converged solution. The
grid converged solution generally agrees well with the reference DNS data.

3.3 T106C profile

In contrast to the previously discussed geometries, the flow on the T106C aerofoil
encounters both a streamwise pressure gradient and a curvature. This has a negative
impact on the grid dependency and causes more significant differences between the two
boundary conditions. Figure 4 shows a comparison of the eddy viscosity ratio µT/µ in the
wake between the standard k − ω model and k − log(ω) with both boundary conditions.
Even though the grid has a resolution with y+ ≈ 1, it is not yet sufficient for grid
independence. The logarithmic model variants tend to overpredict the eddy viscosity on
lower resolution grids for the flat plate and infinite channel test cases. Therefore, higher
values can also be expected on aerofoils. The logarithmic variant indeed shows higher
maximum values and a wider wake in general for both boundary conditions. Between
those two, boundary condition B shows higher peaks in the wake and higher levels of µT
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Figure 3: Comparison between boundary layer velocity profiles on a flat plate

in the suction site boundary layer. Since boundary condition B consistently demonstrates
this higher deviation from the standard models on all grid levels, it is unsuitable for the
goal of closely replicating the behaviour of the standard models.

The differences in grid dependency are visible in the maximum eddy viscosity ratio in
the wake. This value is quite sensitive, but effectively concentrates all differences between
the models into an easily comparable number. Figure 5a shows this value for every grid
level and both k − ω model variants. Additionally a Richardson extrapolation is given.
The logarithmic variant produces a 13% higher eddy viscosity ratio at the coarsest grid
level. It consistently overpredicts the turbulence compared to the standard model, but
increasing the grid resolution reduces the difference. The logarithmic variant produces
larger changes than the standard model between the first two grid levels, but smaller
changes for the following refinements.

Figure 5b gives a different picture of the grid dependency. The shear stresses on the
profile for the two k−ω model variants are plotted for the medium and coarse grid levels.
There are only minor discrepancies visible on the pressure site, both between grid levels
and between the model variants. However, several differences develop on the suction
site. Starting from the leading edge, a large peak occurs at the stagnation point. For a
short distance the model does not yet predict a fully developed turbulent boundary layer,
therefore the shear stress values quickly drop off before they start to rise again. In this
region the logarithmic model variants predict higher shear stress values. A grid refinement
results in higher stresses for both model variants. Continuing along the profile the flow
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Figure 4: Comparison of eddy viscosity ratios in the wake of the T106C profile

is accelerated resulting in an increasing velocity gradient. This raises the shear stress for
all models, however it differs with grid level and model variant. As seen before, a grid
refinement leads to an increase in turbulence for the standard models and a decrease for
the logarithmic variants. To a degree, this closes the gap between the model variants, but
the changes are much more pronounced for the logarithmic ones. The standard model
shows almost no grid dependency in the shear stress behind about 25% of cord length,
while the differences grow for the logarithmic variant as long as the flow is accelerating.

(a) Maximum eddy viscosity ratio in the wake (b) Surface shear stresses for first two grid levels

Figure 5: Grid refinement study of the T106C profile

There are several changes due to the variable transformation that can affect the bound-
ary layer development. The production term Pk itself is unaffected by the variable trans-
formation. As discussed in the methods section, simply transforming the Menter boundary
condition to a formulation in ω̃ can lead to a different diffusion of ω across the wall. But,
any significant difference in the boundary conditions between the model variants should
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also be evident on the channel and the flat plate. However, e.g. figure 3 shows little dif-
ference in the boundary layer profile and a decreased grid dependency for the logarithmic
models. Another difference between the logarithmic and the base model variants is the
additional term in equation (7). This additional term can be removed by not transform-
ing the diffusion term to a formulation in ω̃. However, this results in an increase in eddy
viscosity ratio in the wake, aggravating the problems seen in figure 4.

The increased width of the wakes can partially be attributed to the van Albada flux
limiter. It is active in the wake for the standard model variants and causes an increased
dissipation. This restricts the wake towards the pressure side, as visible in figure 3. The
flux limiter is not active for the logarithmic models, while it is necessary for the stability
of the standard models. The effect of the limiter is mainly confined to within three cells
from the wall. This may influence the grid dependency of the standard models, but can
offer no explanation for the behaviour of the logarithmic variants. However, the increase
in turbulence on the suction site is more important for the overall shape of the wake. This
results in higher maximum eddy viscosity values and a thicker boundary layer also causes
a wider wake.

3.4 T106C Harmonic Balance

The reason for using a logarithmic ω-equation lies solely in the expected benefits for the
HB solver. Figure 6 compares the ω values of the standard k−ω model and its logarithmic
variant. The logarithmic ω values are translated back to standard ω. Undershoots are
present in both model variants, but to a very different extent. Three distinct undershoots
are visible for the standard model while only one is for the logarithmic variant. The
magnitude of those undershoots is drastically reduced, the values are more than ten times
the previous minimum. This minimises the risk of undershoots reaching values below zero.
Additionally, the logarithmic model reproduces the width of the wake before and behind
the interface better. The convergence rate is better for the logarithmic model variant,
although this improvement remains small for the case considered here. There are no over-
or undershoots severe enough to disrupt the solution process. On the other hand, this
allows for the direct comparison of the accuracy of the two model variants.

4 CONCLUSIONS

A logarithmic ω-equation has been tested in Wilcox’s k − ω and Menter’s SST tur-
bulence models to improve the stability and accuracy of the harmonic balance solver.
Nevertheless, the new model variants still have to give accurate results in a time domain
simulation. Although the logarithmic and standard model variants are mathematically
equivalent formulations, they show several differences when used discretised in a flow
solver. In all considered cases a grid independent solution shows almost no differences be-
tween the logarithmic and the standard formulations. However, significant discrepancies
arise for the T106C aerofoil with a y+ ≈ 1. A difference of about 13% in eddy viscosity
values precludes a simple replacement of the standard model variants in HB simulations.
Still, grid convergence is achieved earlier with the logarithmic model variants, though
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Figure 6: Comparison of ω between k − ω and k − log(ω) behind the T106C profile

initial changes are larger. The considerable grid dependency partially stems from the
use of the Menter boundary condition, which is directly affected by the first cell wall
distance. The Curvature and the pressure gradient on the aerofoil affect the development
of the boundary layer differently for the two model variants. No cause of this behaviour
is immediately apparent and different formulations of the ω-equation and the boundary
condition did not result in an improvement.

The logarithmic model variants increase the accuracy of the HB solver. In the case
of the T106C profile with a rotating duct the logarithmic k − ω model variant limited
spurious oscillations. This effect can only be present where the standard turbulence
models show deficits. This means that the logarithmic ω-equation can help in many
cases, but will not solve every stability problem in HB simulations. However, it can allow
for an increased CFL number, thereby speeding up the solution process for cases that are
already stable with the base turbulence models. In general, the logarithmic ω-equation
seems a promising approach, but a thorough validation with more complex flows could
provide valuable insight in the differences between the formulations and how to mitigate
them. Particularly a ω boundary condition not directly dependent on the grid resolution
might help in bringing the model variants closer together.
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