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PREFACE

PREFACE

This volume contains the Technical Programme of the papers accepted for presentation 
at the XV International Conference on Computational Plasticity (COMPLAS 2017), held 
in Barcelona on 5-7 September 2017. The first fourteen conferences of the series were 
also held in Barcelona in April 1987, September 1989, April 1992, April 1995, March 
1997, September 2000, April 2003 and September 2005, 2007, 2009,  2011, 2013, 
2015 and 2017.

COMPLAS 2019 will be a special occasion as we will be celebrating the Jubilee edition of 
the COMPLAS conference.

The ever increasing rate of development of new engineering materials required to meet 
advanced technological needs poses fresh challenges in the field of constitutive modelling. 
The complex behaviour of such materials demands a closer interaction between numerical 
analysts and material scientists in order to produce thermodynamically consistent models 
which provide a response, while keeping with fundamental micromechanical principles 
and experimental observations. This necessity for collaboration is further highlighted 
by the continuing remarkable developments in computer hardware which makes the 
numerical simulation of complex deformation responses increasingly possible.

The developments that have taken place in these directions are illustrated by the 
contents of the papers included in these Proceedings. A stronger interaction between the 
phenomenological and micromechanical modelling of plasticity behaviour is apparent. 
The development of efficient and accurate computational methods for plasticity problems 
continues to be a challenging goal, while it is interesting to note the permanence of 
element modelling as a research issue. The blending of classical FEM with particle-based 
and discrete element methods and data mining procedures appears as a prominent 
area of research. Industrial forming processes, computational material design, geo-
mechanics, bio-mechanics, composites, steel, concrete and masonry structures form 
the core of the applications of the different numerical methods presented.

The organizers would like to thank all authors for submitting their contributions, as well 
as the supporting organizations for their help in making COMPLAS XV possible.

Eugenio Oñate
Michele Chiumenti

Universitat Politècnica de Catalunya
Barcelona, Spain

Roger Owen
Djordje Peric

Eduardo de Souza Neto
Swansea University

    Swansea, Wales, United Kingdom
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INVITED SESSIONSIS-Applications of Computational Methods to Product and Process De-
sign for Industry
Analysis of Spinner Straightening utilizing the Finite Element MethodK. Takashi, K. Keiichiro, K. Shohei, M. Hiromichi, O. Tetsushi and S. Hikaru

XV International Conference on Computational Plasticity. Fundamentals and Applications
COMPLAS 2019

E. Oñate, D.R.J. Owen, D. Peric, M. Chiumenti & Eduardo de Souza Neto (Eds)

ANALYSIS OF SPINNER STRAIGHTENING UTILIZING
THE FINITE ELEMENT METHOD
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Abstract. This paper presents analysis methods utilizing the Finite Element Method
for spinner straightening, and shows a guideline for optimum conditions. Two types
of analysis methods were composed. Model [F-Expl], “full actual model with explicit
scheme”, considers the rotational movement of dies as the actual process using the explicit
scheme. Model [BndCr], “a model carrying out fundamental analysis on one cross section
based on simple bending in the Finite Element Method (FEM)”, uses the FEM only for
calculation of simple bending without rotation for obtaining the deformed bar shape. A
series of experiments were conducted in an actual production line as well as the analyses
by Model [F-Expl] and [BndCr]. The examination mainly focused upon the effect of
straightening intensity by changing the die positions. The experimental and analytical
results show some mechanism of straightening and a basic guideline for the optimum
working condition.

1 INTRODUCTION

Straightening is located at the end of manufacturing process for bars and wire rods,
and determines the quality of the final product. The requirement to the dimensional pre-
cision of bars and wire rods are getting stricter due to the recent trend of requirements
to the final products which use the bars and wire rods, and then the role of straightening

1
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process is getting more important. Figure 1 shows the process line of bars. The initial bar
is unwound from the coils on the supply stand, and drawn before the line of straitening
processes. The straightening line is composed of a couple of processes, which includes
spinner, polishing and two-roll straighteners. These straightening processes would collab-
oratively determine the quality of the bars, and the spinner is located at the first of the
three processes.

There are few research works for spinner, though there are many for the final process,
like two-roll straighter. Yanagihashi et al. [1] and Mutrux et al. [2] tried to apply the
FEM to solid-bar straightening with deciding the deformed shape in advance. Furugen
composed a fundamental analysis for tube straightening considering axial deformation
at first, followed by the consideration of cross-sectional deformation [3]. Kuboki et al.
composed a FEM model applying the implicit scheme for three-stand tube straightening
[4]. Wu et al. carried out theoretical approach for analyzing the mechanism of two-roll
straightener [5]. However, all the above works focused upon the final process in the pro-
duction line without knowing phenomena in the first process, that is spinner straightening.
Although Tsurumi et al. conducted a study on a spinner-like machine, the material was
a very thin wire and the study is not so general [6].

The present study focuses upon the spinner straightening, which is the first process
and may plays an important role in the production line. Analysis methods are composed
utilizing the Finite Element Method for proposing a guideline for optimum conditions.
Two types of analysis methods are shown. Model 1, ”full actual model with explicit
scheme [F-Expl]”, considers the rotational movement of dies as the actual process using
the explicit scheme. Model 2, ”a model carrying out fundamental analysis on one cross
section based on simple bending in FEM [BndCr]”, uses the FEM only for calculation
of simple bending without rotation for obtaining the deformed bar shape. A series of
experiments were conducted in an actual production line as well as the analyses by Model
[F-Expl] and [BndCr]. The examination mainly focused upon the effect of straightening
intensity by changing the die positions for showing mechanism in spinner straightening
and a guideline for the optimum working condition.

Supply 
stand

Preliminary
straightening

Shot blast

Drawing

Spinner-1 Spinner-2

Cutting

Polishing 
straightener

Two-roll 
straightener

Bar/wire rod

Figure 1: Process line for bars and wire rods

2 CONDITION FOR SPINNER

Figure 2 shows a schematic illustration of spinner. Only the second spinner [Spinner-2]
(see Fig. 1) was used in this study. The die positions hi (i = 1 · · · 5) was defined so

2
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that the hi should be zero when the dies contact with a completely straight bar without
any load. The sign (positive/negative) of hi was defined as shown in the figure. The die
positions hi determine the bending intensity during straightening. The detailed condition
on the die positions are shown in Table 1. Condition [A] is intuitively expected to have
the strongest straightening effect.

Table 2 shows the drawing condition in advance of spinner straightening. Coils of lead-
free free-cutting steel was annealed, and drawn. Two-pass drawing was conducted under
the condition [a], and the area reduction at the second pass was set to be around 1 %
so that the residual stress should be leveled to almost zero as clarified in the literature
[7]. Conventioal one-pass drawing was employed for (b) so that the residual stress might
generate. The difference between conditions [a] and [b] would show the effect of residual
stresses on straightening. Table 3 shows other working conditions.

Figure 2: Composition of spinner straightener

Table 1: Die position for spinner straight-
ening

Position hi/mm (i = 1 · · · 5)
[A] 0 -2.25 11.0 -2.25 0
[B] 0 -1.875 10.0 -1.875 0
[C] 0 -1.55 9.0 -1.55 0
[D] 0 -1.3 8.0 -1.3 0
[E] 0 -1.1 7.0 -1.1 0
[F] 0 -0.97 6.0 -0.97 0
[G] 0 -0.92 5.5 -0.92 0

Table 2: Drawing condition before spinner straight-
ening

Initial Die inside diameter
Diameter Heat 1st 2nd
d0/mm treat d1/mm db/mm

[a] 7.0 Anneal 6.08 6.05
[b] 7.0 Anneal - 6.05

Material: Lead-free free-cutting steel
Flow stress (after spinner straightening):

σ = 855(ε+ 0.11)0.089

Table 3: Working condition

Feed pitch f/mm · rev−1 9.52
Initial cuvature c0/mm −1 8.8 ×10−5

3
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3 ANALYTICAL MODELS

3.1 Full explicit scheme model [F-Expl]

Two analytical models were composed, and the detailed settings are explained in this
section. Figure 3 shows the composition of spinner in the Finite Element Analysis (FEA).
Guides and rollers were introduced as well as the bar and the dies. Residual stresses are
assumed to be zero in the analyses in this study.

Figure 3: Model in FEA

Figure 4: Analysis steps in model [F-Expl]

The first model (F-Expl, full explicit) almost fully reproduced the movement of spinner
straightening using the explicit scheme. The analysis was carried out by two steps as
shown in Figure 4. The bar was set through Guide 1 to roller 2 via dies #1 – #5, and
the front tension T was applied. The dies gradually moved to the target position of
hi(i = 1, · · · , 5) at Step 1. At Step 2, the rotational movement was given to the dies,
while feeding movement was given to the bar end. Although Model [F-Expl] would not be
as precise as a model with the implicit scheme, it can consider the centrifugal force and
the convergence would be stable. An initial curvature c0 was given to the bar between
the Roller 1 and Die #1, and the curvature was evaluated at the same portion of the bar
during and after the spinner straightening.

The FEA was carried out using the commercial code ELFEN, which was developed
by Rockfield Software Limited, Swansea. A von Mises’ yield criterion was adopted, and

4
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the normality principle was applied to the flow rule. Constraints were dealt with by the
penalty function method. 8-node hexahedral elements were employed.

3.2 One cross section analysis following FE bending [BndCr]

The second model (BndCr, bending and cross section) was also composed of two steps
as shown in Figure 5. Step 1 is the same to that of Model [F-Expl], and the distribution
of axial strains εu(z) on the upper side and εd(z) on the down side were extracted and
transferred to Step 2. Step 2 calculated curvature distribution c(z), axial strain distribu-
tion εax(x,y,z), axial stress distribution σax(x,y,z), and Moment distribution M(z) in order.
The detailed procedure is shown in Figure 6, and the meanings of the symbols are shown
in Table 4. This model assumed that the bar shape should be kept just as the bent
shape at Step 1, and calculated the strain and stress history. Kinematic hardening and
Bauschinger effect were not taken into account. The curvatures cex and cey after spinner
straightening were determined so that the moment, which is the integration value of axial
stress σax, should be zero.

Figure 5: Analysis steps in model [BndCr]

Table 4: Notation

ϕ(k)
initial curvature
direction

z axial position zst start position

zend end position c curvature εel elongation strain
cx curvature in x cy curvature in y εax axial strain
σax axial stress Mx moment around x axis My moment around y axis
cex curvature around x axis cey curvature around y axis cS short-span curvature
cL long-span curvature db bar diameter

5
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Figure 6: Flow chart for 2nd step in model [BndCr]

Figure 7: Curvature

3.3 Evaluation of straightness

Curvature was used for the evaluation of straightness, and was defined as shown in
Figure 7. Model [F-Expl] can show curvature distribution. The curvature was calculated
for each node as shown in Figure 7(a). When the value was positive, the node was placed
on the extrados of the bar arc. When it was negative, the node was on the intrados. The
chord lengths Lsp were set to be 9.52 mm (feed pitch f) and 190.4 mm (10f) for evaluation
of short-span curvature cS and long-span curvature cL. In Model [BndCr], the short-span

6

26



T. Kuboki, K. Kawasaki, S. Kajikawa, H. Matsumura, T. Ono and H. Seimiya

curvature cS and long-span curvature cL were calculated by equations in Figure 6. The
image of cS and cL are shown in Figure 7(b). The long span curvature cE was measured
in the experiment as shown in Figure 7(c).

4 ANALYTICAL AND EXPERIMENTAL RESULTS

4.1 Results in full explicit scheme model (F-Expl)

Model [F-Expl] shows the dynamic shape change during spinner straightening. Figure
8 shows the curvature distribution during spinner straightening under the condition of
Table 1[B]. ”Initially intrados line”in (a) means the intrados line of the curved bar with
curvature of c0 in Figure 3. The bar started to be twisted at Die #3. The short-span
curvatures periodically generated at Die #3.

Figure 8: Spiral and warp during spinner straightening under the condition of Table 1[B]

Figure 9 shows the curvature distribution after spinner straightening under the condi-
tion of Table 1[B]. It is noteworthy that the extrados (red part) and the intrados (blue
part) are found to be inconsistent before and after spinner straightening by comparing
(a) and (c). In other words, the initial curvature was eliminated by spinner straightening.
On the other hand, short-span curvatures periodically exist as shown in (b). If these
curvatures cS cancel each other, the long-span curvature cL should be leveled to zero.
However, the cS did not cancel each other, and then cL appeared.

Figure 10 shows the effect of Die #3 position h3 on the curvature after spinner straight-
ening. The curvatures cL and cE increased with increase of h3. The model [F-Expl] and
experimental results qualitatively show the same results. The spinner conditions in Table
1 might be strong enough for the elimination of the initial curvature, and these conditions
would be called as “over straightening”. As the result, the large h3 caused large short-
span curvature cS, resulting in large long-span curvature cL. The experimental results
also showed that the effect of residual stress before spinner straightening on straightening
effect was small as the difference between [a] (2-pass drawing: very small residual stresses)
and [b] (1-pass drawing) was small. Figure 11 shows the effect of Die #3 position h3 on
twist in spinner straightening. The bars were twisted at Die #3. The spiral angle ϕ

7
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Figure 9: Spiral and warp after spinner straightening under the condition of Table 1[B]

increased with increase of h3.

Figure 10: Effecti of die position on curvatures
in [F-Expl] and experiment

Figure 11: Effect of die position on twist in
bar bar obtained by [F-Expl]

4.2 Results in one cross section analysis following FE bending [BndCr]

Model [BndCr] shows the results, which is obtained based on the statically bent bar.
Figure 12 shows the effect of Die #3 position h3 on the curvature after spinner straight-
ening. The analytical long-span curvature cL decreased with increase of h3 against the
experimental one cE. On the other hand, the analytical short-span curvature cS qualita-
tively show the same tendency to cE. 0.06 times cS might be used for the prediction of the
experimental long-span curvature cE. In the static model [BndCr], the local curvatures
would cancel each other, and then the long-span curvature cL decreased with increase of
h3. However, in the experiment, the local curvature do not completely cancel each other,
excessive h3 lead to large curvature cE.

The mechanism in spinner straightening would be depicted as in Figure 13. When Die
#3 position h3 is small, the initial long-span curvature should exist as (a). When h3 is
appropriate, short-span curvatures or waves periodically appears eliminating the initial
long-span curvature as (b). When h3 is excessively large, the short-span curvatures are

8
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large as (c). If the short-span curvatures cancel each other, the long-span curvature would
be kept at the small value as (c1). However, they do not cancel each other in practice,
and then the long-span curvature becomes large as (c2).

The residual axial stresses are shown in Figure 14. Under the conditions in this study,
the residual stress increased with increase of Die #3 position h3. In other words, the
residual stress increased with increase of long-span curvature cE in the experiment.

These results show a fundamental guideline for spinner straightening, i.e. it is impor-
tant to give minimum bare bending intensity to the bent part. Excessive intensity leads
to secondary increase of long-span curvature as well as residual stresses.

Figure 12: Curvatures in [BndCr] and experiment

Figure 13: Mechanism for curvature gen-
eration

Figure 14: Residual stress after spinner straightening

5 CONCLUSIONS

- This paper presents two analytical models. One is Model [F-Expl] and the other is
Model [ExplCr].

- [F-Expl] almost fully reproduced the movement of spinner straightening using the
explicit scheme.

- [F-Expl] shows the distribution of both short and long span curvatures in a visual
way.

9
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- [F-Expl] showed that long-span curvature increased with increase of Die #3 position,
or the increase of the intensity of straightening under the conditions of this study.
This analytical tendency is qualitatively the same to that in experiment.

- [ExplCr] analyzed one-cross section based on the simple and static bending of the
bar.

- [ExplCr] showed that 0.06 times calculated short-span curvature is the same level of
long-span curvature in the experiment. Therefore, the 0.06 times the value might be
used for prediction of the experimental curvature for the optimization of straight-
ening condition.

- [ExplCr] showed residual stress might increase with increase of curvature in the
experiment.

- Experimental curvature increased with increase of the bending intensity in this
study. It would be attributed to the increase of short-span curvatures, which do not
cancel each other.

- A fundamental guideline for spinner straightening was obtained, i.e. it is important
to give minimum bare bending intensity to the bent part. Excessive intensity leads
to secondary increase of long-span curvature as well as residual stresses.
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Abstract. There have some problems in the press engineering. One of the most representative 
phenomena is springback. Traditionally, a series of empirical methods were used to obtain 
target bending angle. However, such methods are relied on the ability and experience of 
engineer. Therefore, the control of springback is important. According to the viewpoint of 
plastic processing, it is considered that springback could be controlled by sheet forging method 
which was added after V-bending process used a punch with a single lump-punch. On the other 
hand, warp would occur in air bending process when the ratio of width to thickness is relatively 
small. So, it is considered that width direction deformation would affect springback control to 
some extent in case of warp is occurred. In this study, V-bending and continuous forging 
processes were conducted used FE analysis. From the analytical results, occurrence of warp 
was found. Next, model of these processes in consideration of warp was re-modified. Finally, 
it was found that the springback was controlled to some extent derived from width direction 
deformation.  

1 INTRODUCTION 
In recent decades, lightweighting has become an important subject especially in sheet metal 

industry for saving resources and reducing the emissions of the carbon dioxide. Therefore, in 
order to realize lightweighting, many strategies have been proposed [1,2]. At the same time, 
there are still some problems in press engineering. One of the  most representative is large 
springback in bending process. Traditionally, a series of empirical methods were used to obtain 
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target bending angle. However, such methods are relied on the ability and experience of 
engineer. Therefore, controlling springback is necessary. Until now, many studies on the control 
and prediction method of springback have been reported [3,4].  

It is considered that springback could be compensated through varying the mechanical state 
of bending portion. In our prior study, a sheet forging method was added after V-bending 
process [5,6]. Both of analytical results and experimental results showed that the spingback 
amount decreased with increasing forging amount. It is thought that springback could be 
quantitatively controlled by this continuous sheet forging process.  

Actually, warp would be occurred in bending process if the ratio of width to thickness 
relatively small. However, previous study didn’t consider about it. In this study, in order to 
confirm the effect of width direction deformation on springback control, V-bending and 
continuous forging processes were conducted used FE analysis. From the analytical results, it 
was found that warp was occurred. Based on it, the model of these processes in consideration 
of warp occurrence was re-modified firstly. Then, based on the analytical results, the starting 
and ending point of warp correction was identified respectively. Finally, it was also found that 
springback amount was reduced to some extent derived from width direction deformation. 

2 MECHANISM OF V-BENDING PROCESS COMPENSATED BY SHEET 
FORGING 

Figure 1 shows the mechanisms of normal bend in loading and unloading. When a sheet 
metal is subjected to normal bend, as for stress state, the inside surface of bending portion is 
under compression state and the outside surface is under tension state. Therefore, in case of 
loading, the inside and the outside of bending portion will be shrunk and stretched respectively. 
On the other hand, in case of unloading, the inside portion will be stretched, and the outside 
portion will be shrunk. This difference of deformation mechanism between loading and 
unloading is considered to be the driving power of springback.   

 
Figure 1: Mechanisms of normal bend in loading and unloading 

Figure 2 shows the schematic diagram of mechanism of sheet forging after V-bending 
process with using lump-punch. Due to the forging process, the inside of bending portion will 
be stretched locally. In case of loading, both of the inside and the outside of bending portion 
would be subjected to stretching deformation. When unloading the punch, both of the  
deformation will be changed to shrinkage. Therefore, it is considered that the springback will 
be controlled to some extent by this sheet forging method. 
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Figure 2: Mechanism of sheet forging after V-bending process with using lump-punch 

3 ANALYSIS 

3.1 Analytical conditions 
In order to investigate the bending and forging deformation behavior of specimen in this test, 

FE(Finite Element) analysis simulation was conducted. All of the model was referred from the 
information used in experiment which was in order to reproduce the process conducted in actual 
experiment. In this study, all FE analysis were carried out utilizing an explicit FE code, 
SIMUFACT 15.0. 

Table 1: Analytical condition 

Material A5052-H 
Young modulus / GPa 71 

Poisson's ratio 0.33 
n-value* 0.13 

F-value* / MPa 381 
Mesh size / mm 0.3 

Punch displacement rate / 
mm・min-1 

5 

Friction coefficient between 
punch (die) and specimen  

0.12 

*σ = Fεn 

In this present study, isotropy material model with Mises yield criterion was assumed in 
order to confirm the effect of width direction deformation on springback control only. Table 1 
lists analytical conditions used in this study. Young's modulus E and Poisson's ratio v were set 
as 71GPa and 0.33 respectively. Hollomon power law was set as work hardening rule, which 
follows the relation σ = Fεn . Here, F is plastic coefficient and n is work hardening exponent. 
They were measured from the uniaxial tensile tests used JIS 13B specimen made by Aluminum 
alloy A5052-H. They were set as 381MPa and 0.13, respectively. As for specimen model, 
Figure 3 shows the schematic diagram of specimen. Size of specimen was 70mm×12.5mm 
with thickness of 3mm. In this study, quarter-size specimen models expressed by solid elements 
were used in order to reduce computational time. Mesh size was set to 0.3mm. Figure 4 shows 
a view of FEA model of die and punch which imitated experimental ones.  Radius of the punch 
and inner diameter of the die is 4mm and 10mm. And the distance between two supporting 
position is 40mm. The punch was set to run at the constant displacement rate of 1.0mm・min-

1. During V-bending and forging process, friction coefficient between punch (or die) and 
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specimen was set as 0.12. 

 
 Figure 3: Schematic diagram of specimen                  Figure 4: View of die and punch 

3.2 Analytical procedure 
A series of schematic view of analytical procedure were shown in Figure 5. Firstly, the 

specimen was set and supported by lower die. Then punch started to push down, until the 
specimen fitted the die, it is thought that specimen was subjected to V-bending deformation. 
After that, as punch stroke developed, punch would be pushed into specimen. In this stage, 
specimen was under forging deformation. 

 
Figure 5: Schematic view of analytical procedure 

 
Figure 6: Schematic diagram of springback  

Figure 6 shows the schematic diagram of springback. In this study, degree of springback  
was evaluated by the springback amount Δθ, which was calculated by the following equation.  

   ∆θ = θafter - θbefore   (1) 
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Where θbefore and θafter means the bending angle before and after unloading respectively. 

4 ANALYTICAL RESULT 
Firstly, we investigated the deformation behavior and the variation of specimen shape with 

different punch stroke. Table 2 shows the comparison of equivalent plastic strain distribution 
of specimen with different punch stroke. The distributions in longitudinal direction and width 
direction were also compared. From these results, as for specimen start to be subjected to V-
bending process, it can be seen that warp was occurred, and the degree of warp shape became 
more and more obvious with increasing punch stroke. Moreover, it can be also found that, 
relatively strong plastic deformation had already occurred at inner bending surface of specimen. 
Next, when stroke was over 15.45mm, it can be seen that, the lowest position at the outermost 
side in the width direction of specimen contact with the die firstly. After that, as shown in the 
results of stroke = 15.70mm, it can be found that the warp shape was flattened gradually as 
punch stroke developed. Here, strong plastic deformation was also occurred at the lowest 
position of specimen. Finally, with increasing punch stroke, it can be found that the thickness 
of specimen decreased obviously. And strong plastic deformation was occurred at bending 
portion totally. It is thought that the forging process has been subjected to specimen.   

Therefore, when wrap is occurred in V-bending, it is essential to re-modify the process 
model which was shown in Figure 5. Therefore, the re-modified processes model in 
consideration of warp should have three stages as following: 

(1) V-bending (air bending) stage: In this stage, the specimen is subjected to bending 
deformation, and the degree of wrap shape become more and more obvious as punch 
stroke increased. 

(2) Warp correction stage: In this stage, the as punch stroke developed, the warp shape would 
be flattened gradually.  

(3) Forging stage: After warp shape being flattened, the bending portion in V-bending stage 
would be thinner obviously in this stage due to the compression.  

Based on this re-modified process model and results shown in Table 2, the starting and 
ending point of warp correction was identified respectively. Here, in this study, the warp starts 
to be corrected when stroke is 15.45mm. The warp correction stage will last until punch stroke 
is 15.95mm. Here, the starting point of warp correction stage also means the ending point of V-
bending stage. And the ending point of warp correction stage also means the starting point of 
forging stage.  
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Table 2: Comparison of equivalent plastic strain distribution of specimen with differnet punch stroke 

 Stroke = 10mm Stroke = 15.45mm  
 
 
 

 
 

 

 
 
Longitudinal 
direction 

  
 
 
Width 
direction 

  
 Stroke = 15.70mm Stroke = 16.50mm 
 
 
Longitudinal 
direction 

  
 
 
Width 
direction 

  
 

 
Figure 7: Relationship between pushing depth and springback amount 

Based on the results and the consideration of warp occurrence, we defined the moving 
amount of punch after V-bending stage as pushing depth. Figure 7 shows the relationship 
between pushing depth and springback amount. From this result, it was found that the 
springback amount decreased with increasing pushing depth almost linearly in the range of 
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pushing depth was 0~0.7mm. After that, the springback amount was almost 0 until pushing 
depth was 1.2mm, which means that springback has almost been controlled. Then, when 
pushing depth was over 1.2mm, springback amount would continue to be decreased. Based on 
the re-modify the process model introduced above, it can be also found that the 78% of the 
degree of springback was controlled in the warp correction stage. On the other hand, only 22% 
of springback was controlled in the forging stage. It is considered that, in case of the warp is 
occurred, the width direction deformation affects the springback control certainly. And the warp 
correction process contributes a lot more than that of forging process on springback control. 

5 CONCLUSION  
In this present study, FE analysis was conducted in order to investigate the effect of width 

direction deformation on springback control. The results obtained from this study are 
summarized as following: 

 
(1) As for the specimen used in this study, the warp occurrence was confirmed in the V-

bending range. The degree of warp shape became more and more obvious with increasing 
punch stroke.  

(2) The processes model which is combined with V-bending and forging was re-modified. 
In consideration of warp occurrence, the re-modified model was divided into three stages: 
V-bending stage, Warp  correction stage and Forging stage.  

(3) After V-bending stage, the springback amount decreased almost linearly as pushing 
depth increased. Although springback was almost controlled in the forging stage, most 
of springback was controlled in warp correction stage.  
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Abstract. Tube hydroforming (THF) is one of the plasticity processing methods. Tubular 
parts, for instance automotive components are expanded by forces such as internal pressure 
and axial compression in order to deform an objective shape. THF has less restriction on 
shape and size of workpieces owing to adopting the liquid tool. The demand of a small 
diameter magnesium alloy tubular parts have been increased for applying small medical and 
electronic devices. In this study, it was investigated that influence of process conditions such 
as processing temperature, internal pressure and axial feeding amount on formability of small 
diameter ZM21 magnesium alloy tube with outer diameter of 2.0mm and thickness of 
0.20mm. Furthermore, the processing conditions for improving the formability of material in 
THF were examined. For prior evaluation of deformation characteristics in the warm THF of 
small diameter ZM21 magnesium alloy tube, a finite element (FE) simulation was conducted. 
The FE method (FEM) code was used LS-DYNA 3D for analysis of the FE model of the tube 
and the dies. The material characteristics were obtained by tensile test and fracture test. From 
FE analysis results, it was elucidated that effect of the processing temperature, the variable 
internal pressure and the axial feeding amount on deformation behavior. The formability of 

38



H. Yasui, T. Miyagawa, S. Yoshihara, T. Furushima, R. Yamada and Y. Ito 

 2 

ZM21 magnesium alloy tube was improved by processing at 250  C. The difference of 
deformation characteristic between FE results and experimental results was compared. As the 
results, the processing condition which could improve the formability of ZM21 tube was 
clarified using this FE model. The effect of adding the straightening stage in the loading path 
after the preform on formability was investigated. The thinning of the wall thickness of the 
tube was inhibited by calibration after the axial feeding. 
 
1 INTRODUCTION 

Magnesium and its alloys have excellent strength and low density against weight ratio. 
These materials are widely applied for parts of the automotive, aircraft and 
telecommunications products. In addition, magnesium is suitable for medical devices because 
of the essential element for human health [1]. Recent developments in the bioabsorbable 
implant industry include magnesium alloys [2]. In recent years, the miniaturizations of 
electronic and medical devices have been required. The demand for manufacturing of small 
diameter tubular products has been increasing. Tube hydroforming (THF) is a plastic 
processing method which could expand the tube by loaded the internal pressure and axial 
compression force during the process. Loaded pressure and axial direction force deform the 
tubes having complex cross-section shape integrally. This characteristic leads to weight 
reduction and high strength of the product. THF has less restriction on the shape and size of 
the workpieces owing to using liquid tools. Therefore, it is expected to manufacture small 
diameter tube parts made of magnesium alloy by THF [3]. However, it is difficult to deform 
the magnesium alloy tubes because of low ductility at room temperature (RT). Warm 
processing is generally applied for improving of formability on magnesium. In previous 
studies, improvement of formability on AZ31 magnesium alloy tubes with an outer diameter 
of 22mm was investigated on warm THF. It had succeeded that expanding of the tube with 
approximately 1.5 times bulge height against the outer diameter of original tube from 
experiment and FE analysis [4]. The T-shaped AZ31 magnesium alloy tube with an outer 
diameter of 42.7mm had deformed by FE analysis and experiment         C. The 
characteristics of fracture and buckling were evaluated by valid FE model [5]. Furthermore, the 
wall thickness uniforming had studied by setting the temperature distribution in the die cavity 
[6]. However, applying the process of these studies for small diameter tube less than 10mm of 
outer diameter is impossible. There are problems such as size effect, accuracy of tool and 
friction between die and tube materials, these effect the formability of tube. In small diameter 
tubes, there is a critical problem that is the number of crystal grains relative to the thickness of 
the material [7]. This problem makes the prediction result of deformation behavior unstable. It 
is necessary to clarify the formability and deformation characteristics of the small diameter 
magnesium alloy tube in THF. In this study, the suitable processing conditions and deforming 
behavior were investigated by FEM for ZM21 magnesium alloy tube with an outer diameter 
of 2.0mm and a thickness of 0.20mm in order to achieve THF for small diameter tube in 
warm temperature. The effects of processing temperature, internal pressure and axial feeding 
amount on the formability and deformation characteristic of tube were investigated. Moreover, 
the processing conditions which could improve the formability of tube are considered. 
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2 EXPERIMENTAL SETUP AND FE MODEL 

2.1 Material characteristic and results of tensile test and bursting test 
Mechanical properties were investigated by tensile test and bursting. The specimens were 

annealed at 300  C for 24 hours. ZM21 magnesium alloy bars with an outer diameter of 6.0mm 
manufactured by hot extrusion and used for tensile tests. Table1 shows the chemical 
composition of the rod material. Table2 shows the tensile test conditions of ZM21. The 
nominal stress-nominal strain diagram which obtained from the tensile test of the ZM21 rod is 
shown in Fig.1. As the result, it was confirmed that deformation resistance decrease and 
ductility increase as test temperature increase. It is easy to deform ZM21 at      C because it 
had excellent ductility. ZM21 magnesium alloy tubes with an outer diameter of 2.0mm and a 
wall thickness of 0.2mm were tested for tensile test. Table3 shows the chemical composition 
of the tube material. The materials were manufactured by drawing process. The tensile speed 
was set on 0.6mm/min and temperature at RT and 250  C. Fig.2 shows the nominal stress-
nominal strain diagram of the ZM21 tube. The comparison of Fig.1 and Fig.2, there is a 
correlation between ZM21 bar and ZM21 tube for change in the deformation resistance and 
ductility at warm area. Furthermore, the fracture pressure of tube was measured by bursting 
test. The internal pressure was loaded as speed of 1.0MPa/s until rupturing. Fig.3 shows the 
result of bursting test of ZM21 tube.  

Table1 Composition of specimens (ZM21 magnesium alloy rod) for tensile test in mass% 

 Al Zn Mn Si Fe Cu Ni Mg 
ZM21 0.004 1.81 0.68 0.01 0.028 0.001 0.001 Bal. 

Table2 Test conditions of tensil test (ZM21 magunesium alloy rod) 

Material ZM21 
Test pease size [mm] Ф6 × L30 
Tensile speed [mm/min] 0.6 
Temperature [˚C] RT, 50, 100, 150, 200, 250, 300 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.1 Noninal stress-Nominal strain curve of ZM21rod 
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Table3 Composition of specimens (ZM21 magnesium alloy tube) for tensile test in mass% 

 Al Zn Mn Si Fe Cu Ni Mg 
ZM21 0.0035 1.83 0.7 0.015 0.0026 0.001 0.001 Bal. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.2 Noninal stress-Nominal strain curve of ZM21tube Fig.3 Bursting peressure of ZM21 tube 

2.2 FE model 
Fig.4 shows FE model for THF which is constructed by dies and tubular blank model. The 

length of tube is 20mm with an outer diameter of 2.0mm and a wall thickness of 0.2mm. The 
maximum expansion diameter in the die cavity is 4.0mm. A 1/2 model was selected owing to 
symmetrical shape. FE analyzes were conducted using the dynamic explicit FEM code LS-
DYNA 3D. Material properties are shown in Table4. The blank tube is modeled in a solid 
element with the elastic-plastic material, and the dies are rigid-body models. The model of 
tube has six elements in the thickness direction. The total number of element is192000 for 
tube blank, and for the dies, the total number of element is 1350. The dies are defined as a 
rigid body using surface contact with the tube. The coefficient of friction between the dies and 
the tube is 0.1. The analysis time is set to 0.01s.  

 
 
 
 
 
 
 
 
 
 
 
 

Fig.4 FE model for THF 
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Table4 Material properties for FE analysis 

Body Blank Die 
Material ZM21 SKD61 
Material model Multiliner plasticity Isotropic elastic 
Yield stress σy [MPa] 90.76 --- 
Young’s modulus E [GPa] 8.2017 200 
Density [kg/mm3] 1800 7850 
Poisson coeffcient 0.35 0.3 

2.3 FE analysis and experimental conditions 
The loading path of the internal pressure and the axial feeding amount is shown at Fig.5. 

Pass (1) in the figure, the pressure was loaded up to the internal pressure p without the 
applying axial feeding. The internal pressure p was set 80% on against the bursting pressure 
pB. In the FE analysis, the pressure was determined by following equation (1). Here, pB is 
bursting pressure, σB is tensile strength, t is the wall thickness, D0 is the initial outer diameter 
of the tube.  

pB = 2(t/D0)σB 
The axial feeding was loaded during maintaining the internal pressure constantly. The axial 

displacement ΔL is 0.5mm. Here, Fig.6 shows the loading mechanism of the axial feeding and 
pressure in THF machine. Fig.7 shows the die cavity. The axial feeding is performed by 
moving the distance between left and right dies to resolve the problem such as preparation of 
the high precision punch for the small diameter tube. The die cavity could be corresponding to 
a spherical expansion which has a cavity of 200% larger than the initial outer diameter of tube.  

 
 
 
 
 
 
 
 

 
Fig.5 Loading path for THF 

 
 
 
 
 

 
 

Fig.6 Axial feeding and pressure load system                               Fig.7 Die cabity 

(1) 
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3 RESULTS AND DISCCUSIONS 

3.1 Effect of temperature on the formbility 
Table5 shows the effect of the temperature on the formability of                      

                                                           C as shown in Table4. The 
conditions of processing temperature were named CASE A and CASE B. The internal 
pressure p was set  80% against the bursting pressure pB. In FE analysis, the internal pressure 
is set on p = 35MPa for CASE A and p = 16MPa for CASE B. In Table5, the von Mises stress 
was shown in FE models. CASE B has large expansion than CASE A because of high 
ductility in the warm area. The expansions were proceeded by an increase of axial 
displacement ΔL. The result of effective stress in CASE A means the fracture stress of the 
tube could be exceeded immediately after the start of axial feeding. A decrease of wall 
thickness was observed at the center of the expanded section at CASE B.  

Table5 Effect of temperature on formability at FEM 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 CASE A (RT) CASE B (250  C) 

0.0025s 

 
 
 
 
 
 
 

 

0.005s 

 
 
 
 
 
 
 

 

0.0075s 

 
 
 
 
 
 
 

 

0.01s 
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The decrease of the wall thickness during the process is predicted that the thinning leads to 
failure of tube. It is necessary to avoid the thinning part by examining the internal pressure p 
in the loading path.  

The experiments of warm THF were conducted for comparison with FE analysis results. 
ZM21 magnesium alloy tubes with an outer diameter of 2.0mm, a wall thickness of 0.2mm 
and length of 73mm were used for THF. The silicone oil was applied for loading the internal 
pressure. The surface between the dies and the tube was lubricated by MoS2 paste. Fig.8 
shows the experiment results of ZM21tube deformed by THF                C. Fig.8(a) 
shows the material bursts immediately after start of the axial feeding at RT. In the experiment, 
shear mode fracture was observed in spite of no fracture in the FE analysis in Table5. The 
initiation of this shear type of fracture could not be predicted since the fracture criterion is not 
considered in the FE simulation [5]. Fig.8(b) the experiment result of deformation and 
expansion of the tube at 250  C. It was possible to deform objective shape with expansion on 
the loading path in Fig.5 as with FE simulation. The workpiece has not excellent surface 
quality which is caused by low work hardening in the warm area. In the experiment, the 
internal pressure p for available deformation of the tube is lower than the FE analysis. The 
cause of difference could be considered that the anisotropy of the material and the mesh size 
of FE model influence the internal pressure p  for available deformation [3]. 

 
 
 
 
 
 
 
 
 
 

(a) Bursting of tube at RT                                            (b) Expansion of tube at 250  C 

Fig.8 Experimental results of ZM21 tube on warm THF (250˚C) 

3.2 Influence of internal pressure on formability 
The influence of different internal pressure p on formability was analyzed at      C with 

the three internal pressure conditions of p = 70%, 80% and 90% against the bursting pressure 
pB. Each condition was named CASE 1, CASE 2 and CASE 3. In FE analysis, the internal 
pressure is set on p = 14MPa for CASE 1, p = 16MPa for CASE 2 and p = 18MPa for CASE 
3. Table6 shows the analysis results and the experimental results of THF. The von Mises 
stress was shown in FE models. In CASE 1, wrinkles were appeared on the tube owing to not 
enough internal pressure for expansion of the tube and accumulating of material by axial 
feeding. The FE analysis was interrupted in CASE 3 because of the negative volume of 
elements in tube blank. High internal pressure leads to fracture at the thinning section of the 
wall thickness. As the experimental result of CASE 3, it was tended that tubes burst easily 
after the start of axial feeding. In experiments, high internal pressure in THF is affected by 
tube tolerances [8]. It could be difficult to deform stably.  If the experiments of THF are 

3.12mm 

44



H. Yasui, T. Miyagawa, S. Yoshihara, T. Furushima, R. Yamada and Y. Ito 

 8 

conducted by using the loading path in Fig.5, it is considerate that the internal pressure p 
setting on 80% against the bursting pressure pB is suitable for deforming stably. 

Table6 Influence of internal pressure on formability at FE analysis and experiment 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

3.3 Examination for suppress of thinning 
It was impossible that the tubes deform larger than ΔL = 1.0mm of axial displacement in 

the experiment of THF at      C. Fracture of material could be affected by the thickness 
reduction. Fig.9 shows the measurement results of thickness strain of the tube at the result of 
FE analysis and experiment of CASE 2. As the result, the decrease of wall thickness was 30% 
against the original tube was observed at the experiment of THF. In the FE analysis result, the 
highest thickness strain of thinning was 25%. It is necessary to considerate the suppression of 
the thinning to expand the tube with high bulge height. Studies have been conducted to 
expand the tube in THF using a preform with the wrinkles and calibration of the prefom [9], [10]. 
In this study, the suppression of thinning was investigated with the loading path shown at 
Fig.10. In the loading pass (1) and (2) in Fig.10, the internal pressure p set on 50% against the 
bursting pressure pB in order to accumulate the material such as the wrinkles on the tube. The 
tube is expanded by the straightening in pass (3). 

 

Condition FE analysis Experimental 

CASE 1 

 
 
 
 
 
 
 
 

 

CASE 2 

 
 
 
 
 
 
 
 

 

CASE 3 

 
 
 
 
 
 
 
 

 

 

3.12m
m 

2.24m
m 

2.84m
m 
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Fig.9 Thickness strain of FE analysis and experimental results with axial feeding amount 1.0mm 

 
 
 
 
 
 
 
 
 
 
 

Fig.10 Loading path with straightening part 

      
 
 
 
 
 
 
 
 
 

(a) Before the straightening                                                     (b) After the straightening 

Fig.11 Wrinkle and straightening in FE analysis 

Fig.11 shows the FE analysis result of THF using the straightening in the loading path. FE 
model of the tube was                  C. The effective stress was shown in FE models. 
Fig.11(a) shows the FE analysis result of the tube after completion of pass(2) at loading path 

Third wrinkle 
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in Fig.10. A third wrinkle on the tube shown in Fig.11(a) was occurred in the center of the 
tube blank by lower internal pressure p than CASE 1. Fig.11(b) shows the FE analysis result 
the deformation of the tube with the straightening part in loading path. Compared with the FE 
analysis results of CASE 2 in Table6, the tube at Fig.11(b) has a lower decrease for the wall 
thickness of the tube. The outer diameter after deformation was 2.80mm, and the highest 
thickness strain of thinning was 13% against the original tube. As the results, it could be 
considered that the tube is processed for the die cavity having a maximum expansion ratio of 
approximately 1.5 times against the original tube with suppressing the thinning of the wall 
thickness. Also, it was clarified that third wrinkle at center of the tube blank in the FE model 
was effectiveness preform for suppressing the thinning of wall thickness in THF of small 
diameter magnesium alloy tube.  

4 CONCLUSION 
FE analysis and experiment of THF were carried out for small diameter ZM21 magnesium 

alloy tube to clarify the influence of processing conditions on formability and investigate the 
deformation behavior of tube. Furthermore, the processing conditions available improve the 
formability of the tube were investigated. Results obtained in this study are summarized as 
follows. 

(1) The behavior of thinning during the processing is revealed by FE analysis. It is 
necessary for the suppression of thinning of the wall thickness to avoid the fracture of 
the tube. 

(2) In THF of small diameter magnesium alloy tube, the difference of the formability and 
the behavior of thinning are clarified by revise the loading path. 

(3) The elucidations of influence of anisotropy of material and mesh size on the 
formability of FE model are required. 
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Abstract. This paper presents a tube drawing process with diameter expansion for producing a 

thin-walled tube effectively. In this proposed process, the tube was flared by a plug pushing 

into the tube, and then the tube was expanded by drawing the plug in the tube axial direction 

with chucking the flared tube edge. Optimum plug shape, such as the plug half angle and the 

corner radius, was investigated by a series of analyses using the finite element method (FEM) 

for improving the forming limit and the dimension accuracy. At first, a friction coefficient was 

determined to 0.3 by a comparison of the flaring limit between the analysis and the experiment 

of the tube flaring. As a result of the analyses in the drawing with the diameter expansion, the 

forming limit was high when the plug half angle was set to 18~30°. The thickness reduction 

ratio increased with an increase in the expansion ratio and the plug half angle. In addition, the 

overshoot, which is a difference between the plug diameter and the tube inner diameter after 

the drawing, was prevented by using the plug with the corner radius of 20 mm. 
 

 

1 INTRODUCTION 

Drawing process is conventionally applied for manufacturing tubes for reducing thickness 

and improving dimensional accuracy and strength. The tubes, which is manufactured by the 

drawing, is used for various machine and construction components, such as plumbing 

equipment, constructional material and so on. There are many research works for the tube 

drawing. For example, Kuboki et al. proposed methods for levelling residual stress, and 

reducing thickness variation in the tube drawing [1, 2].  

In recent years, thin-walled tubes, which contribute to reduction in size and weight of various 

machine components, are required for environmental protection. However, typical thickness 
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reduction is about 20 % in 1 pass drawing [3]. Therefore, many drawing passes are required for 

manufacturing thin-walled tubes from rather thick-walled raw tubes, and the production cost 

increases with the increase of the number of the drawing passes. Another method for 

manufacturing thin-walled tube is pilgering [4]. Area reduction is over 80 %, but productivity 

and dimensional accuracy is low compared to the drawing, because the pilgering is an 

incremental processing. Furushima et al. proposed dieless drawing, which contributes to the 

large area reduction in 1 drawing pass [5]. However, the tubes, which are manufactured by the 

dieless drawing, are unsuitable for machine component which requires the dimensional 

accuracy. Therefore, effective processing method should be developed for manufacturing the 

thin-walled tube. 

2 TUBE DRAWING PROCESS WITH DIAMETER EXPANSION 

This paper proposed a tube drawing process with a diameter expansion as shown in Figure 

1. The proposed method is composed of two steps. In the first step which is tube flaring, the 

tube edge is expanded by pushing the plug into the tube as shown in Fig. 1 (a). In second step 

which is the plug drawing, the tube is expanded through the whole tube length by drawing the 

plug while the flared portion is chucked as shown in Fig. 1 (b).  

The advantage of the proposed method is the effective production of the thin-walled tube. 

Figure 2 shows the comparison of stress state between the conventional and the proposed 

method. In the case of the proposed method, the tube wall is stretched in both of the axial and 

the hoop directions, then a negative deviatoric stress is large in the thickness direction, with 

 

 

Figure 1: Schematic diagram of tube drawing process with diameter expansion 

 

 

Figure 2: Comparison of stress state between drawing with shrink and expansion 

49



S. Kajikawa, H. Kawaguchi, T. Kuboki, I. Akasaka, Y. Terashita and M. Akiyama 

 3

compared to that of the conventional tube drawing with diameter shrinkage. Thus, the proposed 

method is considered to be effective for reducing the thickness of the tube. 

In this study, optimum plug shape, such as the plug half angle and the corner radius, was 

investigated for improving the forming limit and the dimension accuracy. At first, the tube 

flaring, which is 1st step, was carried out in the experiment and the analysis by finite element 

method (FEM), and the friction coefficient μ was estimated by comparison of the flaring limit 

between the experiment and the FEM.  In drawing process, which is 2nd step, a series of the 

analyses were carried out for identifying the optimum plug shape. 

3 INVESTIGATION IN FLARING PROCESS 

3.1 Flaring method and conditions 

An elastic-plastic analysis by the FEM was carried out by using the commercial code 

“ELFEN” which was developed by Rockfield Software Limited, Swansea. Figure 3 shows the 

schematic diagram of the model for the tube flaring. The model is two dimensional with 

axisymmetry. The von Mises yield criterion was adopted, and normality principle was applied 

to the flow rule. The constraints were determined by the penalty function method, and an 

implicit scheme was adopted. Four-node rectangular elements were adopted. The F-bar method 

was applied to the element for overcoming volumetric locking [6].  

In the analysis of the tube flaring, one tube edge was flared by the plug pushing, while the 

other edge was fixed in the axial direction and the outer surface was held by the holder. The 

 
Figure 3: Schematic diagram of FEA model for tube flaring 

 

 
Figure 4: Appearance of experimental set-up and flared tube 
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Table 1: Working conditions in flaring process 

Tube 

Tube material SUS304 

Swift’s equation of SUS304 

(FEM) 
σ=1275(εp+0.01)0.39 

Initial diameter d0 [mm] 30 

Initial thickness t0 [mm] 1, 2, 3, 4 

Initial length lt0 [mm] 200 

Initial flared length ltf [mm]  100 

Element size (FEM)  
Axial 1 mm/division 

Radial 8 divisions 

Plug Half angle φ [°] 12, 24, 36, 48 

Friction coefficient μ (FEM) 0.1, 0.2, 0.3, 0.4 

Lubrication (Experiment) With lubricant 

 

flaring ratio Ef was defined as the following equation. 

Ef =
dif − di0

di0

 (1) 

where dif is the inner diameter at the flared edge, and di0 is the initial inner diameter. The 

buckling occurred as a defect by the plug pushing as shown in Fig. 3 (b). The buckling amount 

B was defined as the following equation. 

B =
db − d0

d0

 (2) 

where db was the outer diameter of the buckling portion, and d0 was the initial outer diameter. 

Maximum flaring ratio Ef_max, which means flaring limit, was defined as the maximum value 

of Ef before B reaching 0.05. The experiments were carried out in a similar way to FEM as 

shown in Figure 4. dif and db were measured every 2 mm of the plug pushing in the axial 

direction. 

Table 1 shows the working conditions for the tube flaring in the FEM and the experiment. 

The tube material was SUS304, and thickness t0 was from 1 to 4 mm. Plugs with various half 

angle φ, which were from 12 to 48°, were prepared. The experimental results were compared 

to the FEM results with various friction coefficient μ. 

3.2 Maximum flaring ratio 

Figure 5 shows the effect of the tube initial thickness t0 on the maximum flaring ratio Ef_max 

when the plug half angle φ was 12°. Ef_max increased with an increase in t0. In addition, Ef_max 

was higher under the condition of the low friction coefficient µ in FEM results. This is because 

the axial load, which causes buckling occurrence, decreases with the decrease in the frictional 

force. The experimental results almost agreed with the FEM result of µ=0.3.  

Figure 6 shows the effect of the plug half angle φ on the maximum flaring ratio Ef_max when 

the tube initial thickness t0 was 2 mm. Ef_max was low under the condition of low φ because the 

frictional force was high due to the large contact area at the plug taper portion. On the other 

hand, Ef_max was also low when φ was too large, because the axial load was high due to the large 

bending/unbending deformation of the tube wall. Therefore, the optimum φ was ranged from 
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Figure 5: Effect of tube initial thickness t0 on 

maximum flaring ratio Ef_max (Plug half angle φ=12°) 

Figure 6: Effect of plug half angle φ on maximum 

flaring ratio Ef_max (Tube initial thickness t0=2 mm) 

24 to 36°. 

The experimental results agreed with the FEM result of the friction coefficient µ=0.3 when  

the plug half angle φ was 12~24°, but the experimental results were ranged from 0.1 to 0.2 of 

μ in FEM results when φ was 36~48°. It was considered that the lubrication state changed by 

φ in the experiment. Oil film, which is between the tube wall and the plug, is easy to be lost 

when the sliding length is long with the low φ in the experiment. In addition, the tube wall 

waved at the taper portion under the condition of high φ [7]. The waved tube wall did not 

contact to the plug and held the lubricant in the experiment. Therefore, it was considered 

that µ  which the experimental results agreed with the FEM results decreased with the 

increase in φ. Base on the results as shown in Fig. 5 and 6, µ was set to 0.3 for the analysis 

of the drawing process, which is described in the next section, in order to estimate the 

forming limit in safety. 

4 INVESTIGATION IN DRAWING PROCESS 

4.1 Drawing method and conditions 

Figure 7 shows the schematic diagram of the FEM model for the drawing process. The plug 

was drawn into the tube, while one tube edge was fixed in the axial direction. Expansion ratio 

Ed, thickness reduction ratio γ and dimensional accuracy were evaluated. Ed was defined as the 

following equation. 

Ed =
di − di0

di0

 (3) 

where di is the tube inner diameter after the plug drawing, and di0 is the initial tube inner 

diameter. γ was defined as the following equation. 

γ =
t − t0

t0
 (4) 

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 10 20 30 40 50

M
ax

im
u
m

 f
la

ri
n
g
 r

at
io

 E
f_

m
a
x

Half angle of plug φ [°]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 1 2 3 4 5

M
ax

im
u
m

 f
la

ri
n
g
 r

at
io

 E
f_

m
ax

Initial thickness t0 [mm]

μ=0.1 (FEM)
μ=0.2 (FEM)

μ=0.3 (FEM)
μ=0.4 (FEM)

Experiment

μ=0.1 (FEM)

μ=0.2 (FEM)

μ=0.3 (FEM)
μ=0.4 (FEM)

Experiment

φ=12° t0=2mm

52



S. Kajikawa, H. Kawaguchi, T. Kuboki, I. Akasaka, Y. Terashita and M. Akiyama 

 6

 

  

Figure 7: Schematic diagram of FEM model for 

drawing process 

Figure 8: Appearance of local thinning (Tube initial 

thickness t0=2 mm, plug half angle φ=18°, Plug 

diameter dp=45 mm, plug corner radius rp=0 mm) 

Table 2: Working conditions in drawing process 

Tube 

Tube material SUS304 

Swift’s equation of SUS304 σ=1275(εp+0.01)0.39 

Initial diameter d0 [mm] 30 

Initial thickness t0 [mm] 1, 2, 3, 4 

Initial length lt0 [mm] 200 

Element size 
Axial 1 mm/division 

Radial 8 divisions 

Plug 

Straight length lp [mm] 15 

Half angle φ [°] 6, 12, 18, 24, 30, 36 

Diameter dp [mm] 30~47.5 

Corner radius rp [mm] 0, 10, 20, 30 

Friction coefficient μ 0.3 

 

where t is the thickness after the plug drawing, and t0 is the initial thickness. The dimensional 

accuracy was evaluated by overshoot δ, which means the difference between di and dp. δ was 

defined as the following equation. 

δ = di − dp (5) 

Table 2 shows the working conditions in drawing process. The tube initial thickness t0, the 

plug diameter dp, half angle φ and corner radius rp were changed variously. When dp was too 

high in each t0 and φ, a local thinning occurred at the tube edge, which is fixed in the axial 

direction, as shown in Figure 8. Maximum expansion ratio Ed_max was defined as the maximum 

value of the expansion ratio Ed when the plug was drawn without the local thinning. Ed_max was 

searched by increasing dp in the step of 0.5 mm until the local thinning occurred. 

4.2 Effect of plug half angle on expansion ratio and thickness reduction 

Figure 9 shows the effect of the plug half angle φ and the tube initial thickness t0 on 

maximum expansion ratio Ed_max. Ed_max increased with an increase in φ, and Ed_max was higher 

when φ was 18~30 °. However, Ed_max decreased when φ was over 30°. Forming limit was 

considered to be determined by the drawing load P. Figure 10 shows the effect of φ on the 
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drawing load P in each dp. P was higher under the condition that φ was too low or high. In the 

case that φ was too low, P became high due to the large frictional force, which is derived from 

the large contact area at the plug taper portion. In the case that φ was too high, P was higher 

because bending/unbending deformation became large by increasing φ. Optimum φ, which 

decreases P, increased with the increase in dp, and the optimum φ was 24° when dp was 42 mm, 

which was near the forming limit. This value of φ was same as φ when Ed_max was the highest 

in Fig. 9. This result suggested that P should be decreased by controlling φ appropriately for 

improving the forming limit. 

Figure 11 shows the effect of the plug half angle φ and tube initial thickness t0 on maximum 

thickness reduction ratio γmax. γmax is the thickness reduction ratio γ when the expansion ratio 

Ed was the maximum Ed_max. γmax increased drastically with the increase in φ when φ was 6~18°,  

 

 
Figure 9: Effect of plug half angle φ and tube initial 

thickness t0 on maximum expansion ratio Ed_max (Plug 

corner radius rp=0 mm) 

Figure 10: Effect of plug half angle φ and plug 

diameter dp on drawing load P (Tube initial thickness 

t0=2 mm, plug corner radius rp=0 mm) 

 
Figure 11: Effect of plug half angle φ and tube initial 

thickness t0 on maximum thickness reduction ratio γmax 

(Plug corner radius rp=0 mm) 

Figure 12: Effect of plug half angle φ and plug 

diameter dp on thickness reduction ratio γ (Tube initial 

thickness t0=2 mm, plug corner radius rp=0 mm) 
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Figure 13: Effect of plug half angle φ on distribution 

of thickness reduction ratio γ (Tube initial thickness 

t0=2 mm, plug diameter dp=42 mm, plug corner 

radius rp=0 mm) 

Figure 14: Distribution of stress in logitudinal 

direction σφ (Tube initial thickness t0=2 mm, plug 

diameter dp=42 mm, plug corner radius rp=0 mm) 

and γmax increased gradually with the increase in φ when φ was over 18°, although Ed_max 

decreased with the increase in φ when φ was over 24°. This is because γ increased by increasing 

φ in each plug diameter dp, as shown in Figure 12. 

Figure 13 shows the effect of the plug half angle φ on the distribution of the thickness 

reduction ratio γ in the case that the plug diameter dp was 42 mm. γ increased gradually with 

the tube expanding at the plug taper portion, and γ increased drastically at the portion near the 

plug corner. This drastic thickness reduction occurred due to the axial stretching with the 

bending at the plug corner as shown in Figure 14. The stress in the longitudinal direction σφ is 

large at the plug corner. Therefore, the thickness drastically decreased by stretching the tube 

wall in the hoop and the axial direction. In addition, γ increased by increasing φ, because σφ 

increased with the increase in φ as shown in Fig. 14 (a) and (b). This result means that the 

thickness could be controlled by setting φ appropriately. 

4.3 Effect of plug corner radius on dimensional accuracy 

Figure 15 shows the effect of the plug half angle φ and the expansion ratio Ed on the 

overshoot δ in the case that the tube initial thickness t0 was 2 mm, and the plug corner radius rp 

was zero. δ decreased with the increase in Ed, but δ increased with the increase in φ. Figure 16 

shows the typical appearances of the tube during the plug drawing. When φ and Ed were small, 

δ was small as shown in Fig. 16 (a). When φ was large with small Ed, δ became large because 

the bending angle was large as shown in Fig. 16 (b). When φ was large with large Ed, δ became 

small because the tube wall was stretched strongly in the axial direction due to the large drawing 

load P, and fit to the plug surface as shown in Fig. 16 (c). 

It was considered to be effective to apply the plug with corner radius rp for improving the 

dimensional accuracy by preventing the overshoot δ. Figure 17 shows the tube shape during the 

drawing in the cases that the plug with and without rp were used. The tube wall was bent with 

large bending radius, and fit to the plug surface by using the plug with rp as shown in Fig. 17  
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Figure 15: Effect of plug half angle φ and expansion 

ratio Ed on overshoot δ (Tube initial thickness t0=2 

mm, plug corner radius rp=0 mm) 

Figure 16: Appearance of tube wall during drawing 

with diameter expansion (Tube initial thickness t0=2 

mm, plug corner radius rp=0 mm) 

 

(b). Therefore, δ decreased by applying large rp to the plug.  Figure 18 shows the effect of rp on 

δ in the case that the plug half angle φ was 18°. δ decreased with an increase in rp, and δ was 

ranged around zero by setting rp to 20 mm. However, δ was negative value under the condition 

that Ed was large, such as Ed=0.61. This is because the tube wall shrink in the hoop direction 

after the plug passing, while the tube wall was stretched strongly in axial direction due to the 

large drawing load. Figure 19 shows the effect of rp on δ in the case that φ was 18, 24 and 30°, 

which was the optimum φ for improving the forming limit as shown in Fig. 9. It was possible 

to prevent δ by setting rp to 20 mm regardless of φ. 

 

Figure 17: Appearance of tube wall during drawing 

with diameter expansion (Tube initial thickness t0=2 

mm, plug half angle φ=18°) 

Figure 18: Effect of plug corner radius rp and 

expansion ratio Ed on overshoot δ (Tube initial 

thickness t0=2 mm, plug half angle φ=18°) 
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Figure 19: Effect of plug corner radius rp, plug half angle φ and expansion ratio Ed on overshoot δ (Tube initial 

thickness t0=2 mm) 

5 CONCLUSIONS 

- This paper proposed a tube drawing process with the diameter expansion for producing 

thin-walled tube effectively, and optimum plug shape, such as the plug half angle φ 

and the corner radius rp, was investigated for improving the forming limit and the 

dimensional accuracy. 

- In the tube flaring, the forming limit was higher when the tube initial thickness t0 was 

thicker, and the plug half angle φ was 24~36° for improving the flaring limit. The 

friction coefficient µ  was determined to 0.3 by the comparison of the flaring limit 

between the FEM and the experimental result. 

- In the plug drawing, the forming limit was high when the plug half angle φ was set to 

18~30°, because the axial load was low during the drawing in this range of φ. 

- The thickness reduction ratio γ increased with the increase in the expansion ratio Ed of 

the tube inner diameter. In the case that Ed was constant, γ became higher by increasing 

φ. 

- The overshoot δ, which is the difference between the plug diameter dp and the tube 

inner diameter di after the drawing, increased with the increase in the plug half angle 

φ, and δ changed by the expansion ratio Ed when the plug without the corner radius rp 

was used. 

- In the case of the plug half angle φ=18~30°, which is the optimum range for improving 

the forming limit, the overshoot was almost zero regardless of φ and the expansion 

ratio Ed by using the plug with the corner radius rp of 20 mm. 
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1 INTRODUCTION 

In this paper, we discuss the modeling and simulation results of FEM analysis for width 
rolling for hot strip mill. The number of standard widths that can be produced efficiently in a 
continuous slab caster feeding a hot strip mill is limited. This has increased the requirement for 
width reduction in the hot strip mill rolling stands. The width of a slab can be reduced using 
vertical edger rolling stands in the roughing mill section and by using a slab sizing press. 
Effective width control using the vertical edgers is important for achieving the accuracy and 
precision of slab width relative to target values. In addition, effective width control can reduce 
width fluctuation caused by non-uniform deformation in head and tail part of the slab. The slab 
sizing press, which is designed to directly press the sides of the slab within molds, can be used 
to efficiently reduce width over the entire length of the slab. However, due to the physical layout 
and to construction constraints, the addition of a slab sizing press is not possible in many of the 
hot strip mills currently in operation. If the installation of a slab sizing press is not possible, the 
requirement for large width reduction must be accomplished entirely by using the vertical 
edgers. The width reduction capability of the vertical edgers is often limited since the vertical 
edgers are normally used only during forward passes in roughing mill. It is possible to increase 
the width reduction capability by modifying mill operation to use the vertical edgers on both 
forward and reverse passes. The modified rolling operation is referred to as VVH rolling 
because of the order of the rolling sequence. First step, vertical edger rolling on a reverse pass 
(width reduction).  Second step, vertical edger rolling on a forward pass (width reduction). Final 
step, horizontal mill rolling (thickness reduction). However, the behavior of width deformation 
in VVH rolling is different from standard, forward pass only, edger rolling. 

Three-dimensional width deformation of a slab when using VVH rolling was analyzed by 
FEM (Finite Element Method). The influence of various parameters including slab width, slab 
thickness, and the distribution pattern of width draft between forward and reverse passes were 
investigated and their impact on deformation phenomena were studied. Using the results of our 
analysis, we developed an optimal distribution pattern of width draft between forward and 
reverse passes for VVH rolling. 
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2 ROLLING PROCESS IN HOT STRIP MILL AND ROUGHING MILL 
An example of conventional hot rolling mill configuration is shown in Figure 1. A slab is 

heated in the reheating furnace to around 1200 ºC then discharged onto the roughing mill 
passline and moved to the roughing mill stands using horizontal roller tables. The slab is rolled 
using several passes in the roughing mill to produce a transfer bar. Vertical edgers, located 
adjacent to the horizontal rolling stand(s), are used to reduce the slab width to the target value.  
When the slab has been rolled to the transfer bar target values for width and thickness, the 
transfer bar is then fed into the finishing mill where the thickness is reduced in each successive 
rolling stand to produce the target strip thickness. The strip is then cooled as it travels along the 
run out table to its target coiling temperature.  
 

 
Figure 1: Overview of conventional hot rolling mill 

During several passes in the roughing mill, slab width is reduced using the vertical edger 
and slab thickness is reduced using the horizontal mill. The typical width reduction sequence 
in the roughing mill is shown in Figure 2. During forward passes, slab moving in the upstream 
to downstream direction, the slab width is reduced using the vertical edger and thickness is 
reduced using the horizontal mill. During reverse passes, slab moving in the downstream to 
upstream direction, only slab thickness is reduced using the horizontal mill. 
 

 
Figure 2: Standard rolling sequence in roughing mill 

When using the VVH rolling sequence, slab width is reduced during both forward and 
reverse passes. A comparison of the standard sequence and the VVH sequence are shown in 
Figure 3 (Top view). 
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Figure 3: Roughing mill rolling sequence of standard rolling and VVH rolling 

3 WIDTH DEFORMATION MECHANISM AT ROUGHING STAND 
A considerable number of studies have been constructed on the prediction of width 

deformation in the roughing mill due to the importance of this process in achieving width 
accuracy precision. Shibahara et al. [1] had described the width deformation in a roughing mill 
with standard vertical edger rolling using equation 1: 

𝐵𝐵𝑥𝑥 = 𝐵𝐵𝐸𝐸 + ∆𝐵𝐵𝐷𝐷 + ∆𝐵𝐵𝐻𝐻  (1) 

where, 𝐵𝐵𝑥𝑥 is delivery width, 𝐵𝐵𝐸𝐸 is width after vertical edger rolling, ∆𝐵𝐵𝐷𝐷 is width spread due to 
the reduction of protrusions which appear at both width ends of the slab after vertical edger 
rolling (the protrusions are often called as “dog-bone” due to the visual appearance of the cross-
sectional shape of the slab), and ∆𝐵𝐵𝐻𝐻 is ordinary width spread caused by horizontal rolling. 

In a past, width deformation phenomena using the standard roughing mill sequence had been 
well studied [2, 3]. However, width deformation phenomena when using the VVH rolling 
sequence has received little study. 

4 ANALYSIS CONDITIONS OF FINITE ELEMENT METHOD 
An analysis of VVH rolling was done using finite element methods. The length and thickness 

of the entry slab were fixed at 4500mm and 200 mm for this analysis. Thickness reduction was 
15% of the entry slab thickness. Slab widths and total width draft is shown in Table 1. In this 
paper, “total width draft” (∆𝐵𝐵𝑟𝑟𝑟𝑟𝑟𝑟 + ∆𝐵𝐵𝑓𝑓𝑓𝑓𝑓𝑓) is defined as the total width draft achieved using 
both a forward and a reverse pass. In addition, “reverse pass distribution ratio” (𝛽𝛽𝑟𝑟𝑟𝑟𝑟𝑟 ), is 
calculated using equation 2: 

𝛽𝛽𝑟𝑟𝑟𝑟𝑟𝑟 =
∆𝐵𝐵𝑟𝑟𝑟𝑟𝑟𝑟

∆𝐵𝐵𝑟𝑟𝑟𝑟𝑟𝑟 + ∆𝐵𝐵𝑓𝑓𝑓𝑓𝑓𝑓
 (2) 
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Table 1: The conditions of entry slab width, total width draft and reverse pass distribution ratio 

Entry slab width [mm] 800, 1400, 2000 
Total width draft [mm] 50, 100, 150 

Reverse pass distribution ratio [-] 0, 0.1, 0.25, 0.33, 0.5, 0.67, 0.75, 0.9, 1.0 
 

Figure 4 shows the overview of FEM 3-dimensional modeling. Due to the symmetry of 
thickness and width over the length of the slab, quartered 3-dimensional modeling was utilized 
in the simulation. To obtain a clear analysis of the effect of total width reduction using two 
passes, a rectangular slab was fed into vertical edger in the reverse pass direction then turned 
for a forward pass. During the forward pass, width was reduced using the vertical edger and 
thickness was reduced using the horizontal with the edger mill and horizontal mill working in 
tandem. 

The work roll diameters of the vertical edger and the horizontal mill were 1200 mm. Both 
vertical edger rolls and horizontal mill rolls were defined as rigid bodies since roll deformation 
during rolling is not significant relative to the deformation of the slab. The contact between the 
surface of the slab and the vertical edger rolls and the contact between the surface of the slab 
and the horizontal mill rolls were modeled using applied penalty methods. 
 

 
Figure 4: FEM 3-dimensional modeling at a forward pass and at a reverse pass 

The mesh size, the number of mesh size, values for the slabs are shown in Table 2. The mesh 
size and the number of mesh at the edge side of the slab in the width direction, the middle part 
of the slab in the width direction, and the centerline of the slab, took the values from left to right 
at the column in 1400mm and 2000mm of the slab width. To simulate detailed behavior at the 
edge of the slab in the width direction, the mesh size at the edge of the slab was setup to be 
smaller than at the centerline of the slab. 

Table 2: A mesh size and number of mesh for a slab 

 Mesh size [mm] Number of mesh [-] 
Entry slab length 30 150 

Entry slab thickness 20 5 

Entry slab 
width [mm] 

800 25 16 
1400 25, 30, 35 11, 6, 7 
2000 25, 30, 35 14, 10, 10 
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Material properties of the slab is shown in Table 3. The slab was defined as elastoplastic 
body. The simulation accuracy might be worse if the stress propagation speed is faster as 
passing through more than a mesh during a calculation time step. So that, applying properly 
Young’s modulus and density is prefer. However, the stress propagation speed is slower than 
work speed in this process, so that the value of Young’s modulus at room temperature was used. 
Also, the density was mass-scaled as 1/10. Those allowed to shorten computation time. Strain-
hardening exponent and strain rate exponent were defined as the values calculated using 
Misaka’s equation [4]. 

Table 3: Material properites of the slab 

Item Value Unit 
Density (before mass-scaling) 7850 kg/m3 

Young’s modulus 210000 MPa 
Poisson’s ratio 0.3 - 

Deformation resistance (at 1000 ºC) 120 MPa 
Strain-hardening exponent 0.21 - 

Strain rate exponent 0.13 - 
Friction coefficient 0.4 - 

 

5 ANALYSIS RESULTS 
The FEM simulation results were evaluated according to three factors: 

(1) The amount of width spread when using VVH rolling (∆𝐵𝐵𝐷𝐷 + ∆𝐵𝐵𝐻𝐻) 
(2) The dog-bone shape 
(3) Width fluctuation at head end and tail end when using VVH rolling 

5.1 Width spread after roughing mill 
The relationship of the reverse pass distribution ratio and the width spread when using VVH 

rolling is shown in Figure 5. In Figure 5a, the entry slab width is constant at 2000 mm, and the 
total width draft changed from 50 mm to 150 mm respectively. In Figure 5b, the total width 
draft is constant at 100 mm, and the entry slab width changed from 800 mm to 2000 mm 
respectively. Width draft limits are shown as dotted lines in both Figure 5a and Figure 5b. 

Regardless of the entry slab width and the total width draft, width spread is reaches the 
maximum level when the reverse pass distribution ratio equals 0.5 (forward pass width draft 
equal to reverse pass width draft). This is affected by the highest dog-bone peak height ℎ𝑑𝑑 as 
shown in Figure 6 of section 5.2. Width spread will be reduced when the target width draft for 
the forward pass does not equal the target width draft for the reverse pass and the condition 
where they are equal should be avoided. A reverse pass distribution ratio less than 0.5 will result 
in lower width spread than a reverse pass distribution ratio greater than 0.5.  In addition, width 
spread will increase when entry slab width increases and when total width draft increases. 
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Figure 5: The relationship of the reverse pass distribution ratio and the width spread using VVH rolling (a: entry 

slab width constant at 2000 mm, b: total width draft constant at 100 mm) 

5.2 Dog-bone shape 
The dog-bone shape of the slab effects the width spread when using VVH rolling. To 

evaluate the relationship of the reverse pass distribution ratio and dog-bone shape after forward 
pass vertical edger rolling, dog-bone shape is defined using a dog-bone peak height ratio and a 
dog-bone peak position ratio. These parameters are shown in Figure 6 and calculated using 
equations 3 and 4: 

𝛾𝛾ℎ𝑒𝑒𝑒𝑒𝑒𝑒ℎ𝑡𝑡 =  ℎ𝐷𝐷
ℎ𝐶𝐶

 (3) 

𝛾𝛾𝑝𝑝𝑝𝑝𝑝𝑝𝑒𝑒𝑡𝑡𝑒𝑒𝑝𝑝𝑝𝑝 =  𝐵𝐵𝐷𝐷
𝐵𝐵𝐶𝐶

 (4) 

where, ℎ𝐷𝐷 is the dog-bone peak height, ℎ𝐶𝐶  is the slab thickness at center line of the slab, 𝐵𝐵𝐷𝐷 is 
the left edge dog-bone peak position to the right edge dog-bone peak distance (measured across 
the strip width), 𝐵𝐵𝐶𝐶 is the slab width. 
 

 
Figure 6: The cross-section shape of dog-bone and definitions of dog-bone peak height raito and dog-bone peak 

position ratio 

The relationship of the reverse pass distribution ratio and the dog-bone peak height ratio is 
shown in Figure 7. The relationship of the reverse pass distribution ratio and the dog-bone peak 
position ratio is shown in Figure 8. In Figure7a and 8a, the entry slab width is constant at 2000 
mm. The total width draft is constant at 100 mm in Figure 7b and 8b. The dog-bone peak height 

5a 5b
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ratio is the greatest when the reverse pass distribution ratio equals 0.5. The highest width spread 
using VVH rolling when the width draft for the forward pass equals the width draft for the 
reverse pass is affected by the highest dog-bone peak height as shown in Figure 6.When the 
reverse pass distribution ratio is greater than 0.5, the dog-bone peak height is less than when 
the reverse pass ratio is less than 0.5.  The greatest dog-bone peak position ratio occurs when 
the reverse pass distribution ratio equals 0.75.  This dog-bone peak position tendency affects 
the width spread when using VVH rolling to a slightly greater degree when the reverse 
distribution ratio is more than 0.5. 
 

 
Figure 7: The relationship of the reverse pass distribution ratio and the dog-bone peak height ratio (a: entry slab 

width constant at 2000 mm, b: total width draft constant at 100 mm) 

 
Figure 8: The relationship of the reverse pass distribution ratio and the dog-bone peak position ratio (a: entry 

slab width constant at 2000 mm, b: total width draft constant at 100 mm) 

5.3 Width at head end and tail end 
Unsteady width deformation in head and tail part is also an important factor to consider when 

evaluating the behavior of VVH rolling. The definitions of width fluctuation at head end and 

7a 7b

8a 8b
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tail end are shown in Figure 9. The width fluctuations at head and tail end are defined as the 
amount of width narrowing toward the body portion of the slab. The head end of the slab is the 
front edge, in the length direction, during forward passes. Figure 10 shows the relationship of 
the reverse pass distribution ratio and width fluctuation at head and tail end. Figure 10a shows 
the results for the tail end and Figure 10b shows the results for the head end. For head end, a 
greater reverse pass distribution ratio results in lower width fluctuation. The highest width 
fluctuation occurs when the reverse pass distribution ratio is equal to 0.25. For tail end, a greater 
reverse pass distribution ratio results in higher width fluctuations. 
 

 
Figure 9: top view of examples when using VVH rolling and definitions of the amount of width fluctuation at 

head and tail end (deformation 3 times as real) 

 
Figure 10: The relationship of the reverse pass distribution ratio and width fluctuation at head and tail end (a: 

tail end, b: head end) 

The following table summarizes the analysis of the results: 
Table 4: Summary of analysis results 

 Reverse pass distribution ratio 
 Low 0.5 High 

Width spread when VVH rolling Small Big Small 
Dog-bone peak height Low High Low 

Dog-bone peak position Close to center  Close to edge 
Width fluctuation at head end Big  Small 
Width fluctuation at tail end Small  Big 

10a 10b
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5.4 Evaluation of optimal distribution pattern 
Analysis results were used to determine the optimal distribution pattern of width draft 

between a forward pass and a reverse pass using VVH rolling. The conditions for better width 
shape were determined from the relationship of reverse pass distribution ratio and width spread 
when using VVH rolling, dog-bone shape, and width fluctuation at head and tail end. We 
defined scores 𝐾𝐾𝛽𝛽𝑟𝑟𝑟𝑟𝑟𝑟

𝑛𝑛  of width spread when using VVH rolling, dog-bone shape, and width 
fluctuation at head and tail end with equation 5: 

𝐾𝐾𝛽𝛽𝑟𝑟𝑟𝑟𝑟𝑟
𝑛𝑛 = 𝜔𝜔𝑛𝑛 ∙ (𝛿𝛿𝛽𝛽𝑟𝑟𝑟𝑟𝑟𝑟

𝑛𝑛 − 𝛿𝛿𝛽𝛽𝑟𝑟𝑟𝑟𝑟𝑟_𝑚𝑚𝑚𝑚𝑛𝑛
𝑛𝑛 ) (5) 

Where, 𝛽𝛽𝑟𝑟𝑟𝑟𝑟𝑟 is the reverse pass distribution ratio, 𝑛𝑛 is each width feature such as width spread 
when using VVH rolling, dog-bone shape, and width fluctuation at head and tail end, 𝜔𝜔𝑛𝑛 is 
weight parameter for each feature, 𝛿𝛿𝛽𝛽𝑟𝑟𝑟𝑟𝑟𝑟

𝑛𝑛  is feature value at each reverse pass distribution ratio, 
𝛿𝛿𝛽𝛽𝑟𝑟𝑟𝑟𝑟𝑟_𝑚𝑚𝑚𝑚𝑛𝑛
𝑛𝑛  is the worst value of the feature. A weight parameter for a feature takes the score to 

be “0” as the worst value in a feature, and to be “0.2” as the best value in a feature. 
The relationship of the reverse pass distribution ratio and each score in total width draft 100 

mm are shown in Figure 11. The scores can evaluate as below: 
- Higher width draft on a forward pass leads to lower width spread and this increases width 

reduction efficiency. 
- Higher width draft on a reverse pass decreases dog-bone peak height ratio. However, this 

increases dog-bone peak position ratio. 
- Higher width draft on a forward pass decreases width fluctuation at the head end.  Higher 

width draft on a reverse pass lowers width fluctuation at the tail end. 
 

 
Figure 11: The relationship of reverse pass distribution ratio and evalucation score for each feature (Entry slab 

width: 2000mm, total width draft: 100mm) 

Furthermore, sum of the scores can be used to determine the optimal distribution pattern 
between a forward pass and a reverse pass based on the combined effect on all the important 
width measurements. The total score for each reverse pass distribution ratio for entry slab width 
equals 2000mm is shown in Figure 12. As concern of the width draft limits, the reverse pass 
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distribution ratio around 0.25 can be identified as the optimal distribution pattern for total width 
draft equal to 100mm. 

 
Figure 12: The relationship of reverse pass distribution ratio and total evaluation score (Entry slab width: 

2000mm) 

6 CONCLUSIONS 
The width reduction process in roughing mill stand in a hot strip mill which reduces slab 

width using both forward and reverse passes was simulated using 3-dimensional FEM. The 
influence of various conditions and their deformation phenomena were studied. The results 
allowed the following conclusions:  

- The characteristic of width deformation using VVH rolling including width spread, 
dog-bone peak height and peak position, and width fluctuation at head and tail ends of 
the slab were analyzed and summarized in Table 4. 

- A little higher width draft during forward passes than during reverse passes can be 
proposed as the optimal distribution pattern based on the evaluation scores. 

- FEM analysis concerned with the temperature drop from a pass to next pass will be 
future work. 
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Abstract. The paper discusses biaxial experiments and corresponding numerical simu-
lations to analyze the effect of non-proportional loading paths on damage and fracture
behavior of ductile metals. Newly developed specimens are taken from thin metal sheets
and are tested under different biaxial loading conditions covering a wide range of stress
states. In this context, an anisotropic continuum damage model is presented based on
yield and damage conditions as well as on evolution laws for plastic and damage strain
rates. Different branches of the damage criteria are taken into account corresponding to
various damage and failure processes on the micro-level depending on stress triaxiality and
Lode parameter. Experiments with biaxially loaded specimens have been performed. Re-
sults for proportional and corresponding non-proportional loading histories are discussed.
During the experiments strain fields in critical regions of the specimens are analyzed
by digital image correlation (DIC) technique while the fracture surfaces are examined by
scanning electron microscopy (SEM). Numerical simulations of the experiments have been
performed and numerical results are compared with experimental data. In addition, based
on the numerical analyses stress distributions in critical parts of specimens are detected.
The results demonstrate the efficiency of the new specimen’s geometries covering a wide
range of stress states in the shear/tension and shear/compression regime as well as the
effect of loading history on damage and fracture behavior in ductile metal sheets.

1 INTRODUCTION

Products of modern metal forming processes have to fulfill requirements of the cus-
tomers. These are, for example, demands to enforce safety of structural elements or to
develop lightweight structures leading to cost reduction or to improvements in energy
consumption. These environmental, economic and safety aspects lead to increased in-
quiries for high quality metals like aluminum alloys or high strength and advanced high
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strength steels. On the other hand, numerical studies to optimize metal forming processes
have received remarkable attention during the last decades. Thus, highly predictive and
practically applicable constitutive models as well as corresponding efficient and accurate
numerical algorithms have to be developed to investigate damage and fracture processes on
the micro-scale causing macro-defects and fracture in materials and structural elements.
Since many industrial processes like forging and rolling undergo non-proportional loading
scenarios the analysis of damage and fracture mechanisms caused by non-proportional
loading paths is of special interest.

Nowadays it is well known that the stress state acting in a material point affects the
damage and failure processes on the micro-scale. For example, formation and growth of
nearly spherical micro-voids occur under hydrostatic stress whereas micro-shear-cracks
are caused by deviatoric stress states. To examine and to understand these different
stress-state-dependent damage and failure mechanisms and their interactions detailed
experimental and numerical analyses have to be performed on both the micro- and the
macro-scale allowing development of accurate and realistic phenomenological material
theories. These constitutive models can be used to quantify damage at different stages of
the loading processes as well as to judge the quality of metal forming processes.

In the literature various experiments with different specimens have been proposed to
study the effect of stress state on damage and fracture mechanisms as well as their influ-
ence on the inelastic deformation and macroscopic failure behavior of ductile metals. For
example, in the analysis of sheet metal behavior under positive stress triaxialities enforce-
ment of uniaxial tension tests with unnotched and differently notched flat specimens has
been proposed in combination with corresponding numerical simulations [1, 2, 3, 4, 5].
On the other hand, specimens with new geometries have been presented and tested un-
der uniaxial loading conditions to investigate their deformation, damage and fracture
behavior under nearly zero stress triaxialities leading to micro-shear-crack processes on
the micro-level in their critical parts [1, 2, 4, 5, 6]. In addition, butterfly specimens have
been developed to study the effect of different stress states on failure behavior in ductile
materials. These specimens are loaded in different directions in a special test equipment
leading to combined tensile, shear and compressive stress states [3, 6]. Alternatively,
experiments with biaxially loaded flat cruciform specimens have been developed [7]. Fur-
ther biaxial experiments with newly developed specimens have been presented [8, 9, 10].
Corresponding numerical calculations have been performed to examine the stress states
in critical specimens regions to analyze stress-state-dependent damage and fracture pro-
cesses in thin ductile metal sheets. In addition, first results of experiments with biaxially
loaded specimens undergoing non-proportional loading paths have been discussed [11].
They show remarkable influence of the non-proportional loading history on damage and
fracture mechanisms.

From theoretical point of view anisotropic continuum damage models seem to be most
qualified to predict inelastic deformations as well as stress-state-dependent damage and
fracture behavior of ductile sheet metals. On the other hand, their practical use may be
limited by large number of constitutive parameters and problems in their identification.
Thus, in the present paper an efficient phenomenological anisotropic continuum damage
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model is discussed. Results of experiments with biaxially loaded specimens under pro-
portional and corresponding non-proportional loading conditions are shown. Evolution
of strain fields are monitored by digital image correlation (DIC) technique and fracture
surfaces are visualized by scanning electron microscopy (SEM). Corresponding numerical
simulations of the experiments are used to reveal the stress states in critical regions of the
specimens allowing explanation of the failure mechanisms shown on the fracture surfaces.

2 CONTINUUM DAMAGE MODEL

The continuum damage model presented in [12, 14] is briefly discussed. With this phe-
nomenological approach inelastic deformations as well as anisotropic evolution of damage
in ductile metals are numerically predicted. Stress-state-dependent damage and frac-
ture processes on the micro-scale are accompanied by the formation of macroscopic dam-
age strains. The thermodynamically consistent continuum framework takes into account
damaged as well as corresponding fictitious undamaged configurations. The kinematic
approach is based on the introduction of elastic, plastic and damage strain rate ten-
sors. Elastic constitutive equations are based on free energy functions formulated in the
damaged and undamaged configurations, respectively, and are able to simulate the de-
teriorating effect of damage on elastic material properties. In addition, considering the
undamaged configurations isotropic plastic behavior is governed by a yield criterion and
a non-associated flow rule. In a similar way, considering the damaged configurations
anisotropic damage behavior is modeled by a damage condition and a damage rule both
depending on the stress triaxiality and the Lode parameter to take into account the effect
of stress state on damage and fracture behavior.

In particular, isotropic plastic behavior of the investigated aluminum alloy AlSiMgMn
(EN AW 6082-T6) is governed by the yield criterion

f pl = aĪ1 +
√

J̄2 − c = 0 (1)

where the first and second invariants, Ī1 and J̄2 of the effective Kirchhoff stress tensor
[12] have been used. The plastic hardening behavior of the analyzed aluminum alloy is
characterized by the power law

c = c0

(
H0 γ

n c0
+ 1

)n

(2)

taking into account the initial yield stress c0 = 163.5 MPa, the initial hardening modu-
lus H0 = 850 MPa as well as the hardening exponent n = 0.182, and γ represents the
equivalent plastic strain measure [12].

In addition, onset and continuation of damage is determined by a damage surface
formulated in stress space [12, 13]. In this context, the damage criterion

fda = αI1 + β
√
J2 − σ = 0 (3)

is expressed in terms of the first and second deviatoric stress invariants I1 and J2 of the
Kirchhoff stress tensor. In Eq. (3), the equivalent damage stress measure

σ = σ0 −H1 µ
2 (4)
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characterizes deterioration of material properties caused by micro-defect propagation [15]
with the initial equivalent stress σ0 = 250 MPa and the modulus H1 = 400 MPa where µ
denotes the equivalent damage strain measure. In Eq. (3) the variables α and β represent
damage mode parameters associated with the different stress-state-dependent damage
mechanisms acting on the micro-level: void-growth-dominated modes for large positive
stress triaxialities, shear modes for negative stress triaxialities and mixed modes (simul-
taneous growth of voids and formation of micro-shear-cracks) for moderate positive and
nearly zero stress triaxialities. In the present continuum damage model, the effect of the
Lode parameter is also taken into account because it has been shown that its influence on
the formation of the micro-structural processes can be remarkable especially in moderate
positive and negative stress triaxiality regions [14]. Hence, the damage mode parameters
α and β in the damage criterion (3) depend on the stress intensity σeq =

√
3J2 (von Mises

equivalent stress), the stress triaxiality

η =
σm

σeq

=
I1

3
√
3J2

(5)

defined as the ratio of the mean stress σm = I1/3 and the von Mises equivalent stress σeq

as well as on the Lode parameter

ω =
2T2 − T1 − T3

T1 − T3

with T1 ≥ T2 ≥ T3 (6)

expressed in terms of the principal Kirchhoff stress components T1, T2 and T3.
The dependence of α and β on stress state has been studied in detail for aluminum

alloys. Numerical analyses on the micro-scale have been performed [14] considering the
deformation and failure behavior of void-containing unit cells. Use of simplified functions
has been discussed in [9] for practical applications still allowing accurate phenomenological
modeling of inelastic deformations as well as of damage and failure behavior in comparison
with experiments with biaxially loaded specimens. With these functions the parameters
α and β are related to different stress-state-dependent damage and fracture mechanisms
acting on the micro-level.

Based on these investigations [9, 14], the parameter α is given by

α(η) =

{
0.0 for η ≤ 0
0.33 for η > 0

(7)

whereas the parameter β is taken to be the non-negative function

β(η, ω) = −1.28 η + 0.85− 0.017ω3 − 0.065ω2 − 0.078ω ≥ 0 . (8)

Furthermore, the damage strain rate tensor is given by the damage rule

Ḣ
da

= µ̇

(
ᾱ

1√
3
1+ β̄ N

)
(9)
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where µ̇ denotes a non-negative scalar-valued factor. In Eq. (9) the stress related devi-
atoric tensor N = 1

2
√
J2

devT̃ has been used and µ̇ is in the present continuum damage
model the equivalent damage strain rate measure quantifying the amount of increase in
irreversible damage. The parameters ᾱ and β̄ are kinematic variables representing the
portion of volumetric and isochoric damage-induced deformations. These parameters also
correspond to different damage and fracture mechanisms on the micro-level and, similar
to the parameters in the damage criterion (3), they have been identified by numerical
analyses with micro-defect-containing representative volume elements undergoing differ-
ent three-dimensional loading scenarios [14] as well as on comparison of experimental data
and results of numerical simulations of experiments with uniaxially and biaxially loaded
specimens [9].

In particular, the stress-state-dependence of the parameter ᾱ related to the amount of
volumetric damage strain rates caused by volume changes of micro-defects is written in
the form

ᾱ(η) =




0 for η ≤ 0
0.5714 η for 0 < η ≤ 1.75
1 for η > 1.75

. (10)

In additon, the stress-state-dependence of the parameter β̄ modeling the amount of
anisotropic isochoric damage strain rates caused by formation of micro-shear-cracks is
given by

β̄(η, ω) = β̄0(η) + (−0.0252 + 0.0378 η) β̄ω(ω) (11)

with

β̄0(η) =




0.87 for η ≤ 1
3

0.979− 0.326 η for 1
3
< η ≤ 3

0 for η > 3
(12)

and

β̄ω(ω) =

{
1− ω2 for η ≤ 2

3

0 for η > 2
3

. (13)

It can be clearly seen that the macroscopic damage rule (9) takes into account a volu-
metric part (first term in Eq. (9)) corresponding to isotropic growth of voids on the micro-
level as well as a deviatoric part (second term in Eq. (9)) associated with the anisotropic
development of micro-shear-cracks, respectively. Therefore, the basic damage mechanisms
discussed above (growth of isotropic voids and evolution of micro-shear-cracks) acting on
the micro-scale are involved in the macroscopic damage rule (9) of the phenomenological
continuum model.

3 EXPERIMENTS AND NUMERICAL SIMULATIONS

An experimental program has been developed to analyze stress-state-dependent behav-
ior in biaxially loaded specimens [10]. The experiments are performed using the biaxial
test machine type LFM-BIAX 20 kN. The specimens are biaxially loaded by four electro-
mechanically and individually driven cylinders and are clamped in the four heads of the
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Figure 1: Loading paths

cylinders. Further tests with the X0-specimen to investigate inelastic deformations as well
as damage and fracture processes on the micro-level for different proportional and non-
proportional loading histories have been performed [11]. The specimens are manufactured
from ductile metal sheets with 4 mm thickness and the central part of the geometry of the
X0-specimen as well as the acting forces are shown in Fig. 1(a). There are four notched re-
gions with minimum thickness of 2 mm where localization of inelastic strains and damage
are expected to occur. In addition to former tests [11] in the present paper the behavior
of the X0-specimen for the load ratio F1/F2 = 1/0.5 is discussed where experimental data
are compared with results from corresponding numerical simulations. Proportional (P)
and non-proportional (NP) loading paths are taken into account (see Fig. 1(b)) and the
influence of the loading history on damage and fracture processes is studied in detail. In
the non-proportional case first loading is by the load ratio F1/F2 = 1/ − 1 and at the
stage F1 = −F2 = 3.8 kN additional tensile loading by F2 occurs. When this loading
path reaches that one of the proportional case a final proportional part follows until final
fracture of the specimen occurs. In these tests with the load ratio F1/F2 = 1/0.5 the final
loads for the non-proportional loading history are about 10% larger than the final loads
of the proportional case. Thus, the loading path has an influence on the fracture force.

Corresponding numerical analysis of the specimen’s behavior during the biaxial tests
are performed to get data of the stress fields acting in the specimens allowing prediction
of damage and failure modes. The simulations are carried out using the finite element
program ANSYS enhanced by a user-defined material subroutine based on the presented
continuum damage model. The X0-specimen is discretized by eight-node-elements of type
Solid185.

Figure 2 shows load-displacement curves of experiments and numerical simulations
for loads and displacements in axis 1 (a1) and axis 2 (a2) where ∆uref represents the
displacements in axis 1 and axis 2, respectively, between the two opposite red points
shown in Fig. 1(a). Under the proportional loading case (Fig. 2(a)) the load F1 in axis 1
(a1) increases and at F1 = 6.2 kN onset of plastic yielding can be seen. Further increase
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Figure 2: Load-displacement-curves: (a) P, (b) NP
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Figure 3: Strain fields (first principal strain) in the notched region

in load is measured and the specimen fails at ∆uref1 = 0.8 mm. In axis 2 (a2) at the load
level F2 = 3.1 kN plastic yielding begins and the specimen fails at ∆uref2 = −0.2 mm.
The load-displacement curves of the experiments (Exp) and of the numerical simulation
(Sim) agree well, only at the end of the test small differences can be seen. In addition,
during the non-proportional loading path (Fig. 2(b)) the load in axis 1 (a1) increases up
to F1 = 2.4 kN where onset of plastic yielding can be observed. During further increase in
load displacements increase up to ∆uref1 = 0.9 mm. Then, load F2 increases whereas F1

remains constant and during the final proportional loading step the load F1 also increases
up to final fracture. At this point, the displacement reaches ∆uref1 = 1.1 mm which is
remarkably larger compared to the displacement after the proportional loading history.
In axis 2 (a2) in the first loading step the displacement reaches ∆uref2 = −1.1 mm and
at failure ∆uref2 = −0.9 mm is measured which again is remarkably larger than the final
displacement in axis 2 after the proportional loading path. Also in the non-proportional
case, the numerical results agree well with the experimental ones.

During the tests with the X0-specimens strain fields are monitored by digital image
correlation (DIC) technique. Distributions of the first principal strain in one notched part
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of the specimen taken from the experiments (Exp) and based on the numerical simulations
(Sim) are shown in Fig. 3. In the tests with proportional loading paths (a) a widespread
band of strains with maxima of about 28% and slight right-to-left-orientation can be seen
and results of the experiments agree very well with those predicted by the corresponding
numerical simulation concerning maxima and orientation of the localized strain field as
well as the final shape of the notched region of the X0-specimen. During the tests with the
non-proportional loading path after the first load step before axis switch (as) of the loads
(Fig. 3(b)) a very small localized band of the first principal strain with maxima of about
35% occurs. Size and orientation of the small band of strains as well as the shape of the
notched part of the specimen are well predicted by the numerical simulation whereas the
maxima of the first principal strain are only about 23%. In addition, Fig. 3(c) shows the
distribution of the first principal strain at the end of the non-proportional test (end). A
small localized band of strains with maxima of 44% can be seen with slight left-to-right-
orientation. A similar band of localized strains is predicted by the numerical simulation
but the maxima are only 26%. The final shape of the notched part of the specimen at the
end of the non-proportional test is well predicted. Analysis of the first principal strain
fields caused by the proportional and the considered non-proportional loading paths show
differences concerning the width and the size as well as the orientation of the localized
bands as well as the final shape of the notched region.

Furthermore, distribution of the stress triaxiality η (Eq. (5)) and of the Lode parameter
ω (Eq. (6)) predicted by the numerical simulations of the experiments are shown in Fig.
4. In particular, at the end of the proportional loading path (Fig. 4(a)) the distribution of
the stress triaxiality in the cross section (C) is nearly homogeneous with maxima η = 0.6
in the central part. In the longitudinal section (L) of the notched part of the X0-specimen
a widespread band of moderate triaxialities η ≥ 0.4 with larger values in butterfly-shaped
distribution in the central part with maxima η = 0.6 occurs. On the surface of the notch
(S) the stress triaxialities are smaller with nearly homogeneous distribution. In addition,
the Lode parameter shows in the notched region nearly homogeneous distribution with
values up to ω = −1.0 which is typical for tension-dominated stress states. On the
other hand, after the first step of the non-proportional loading path NP(1) before axis
switch (as) of the loads (Fig. 4(b)) the stress triaxiality η in the cross section (C) of
the center of the notch is homogeneously distributed with η = 0.0 and a large region
with this value can also be seen in the longitudinal section (L) and the surface of the
notch (S). In addition, at this loading stage the corresponding Lode parameter ω is also
homogeneously distributed in the cross section (C) with ω = 0.0 and large regions of this
value are also visible in the longitudinal section (L) and on the boundary (V), whereas
in the center of the boundary slightly higher Lode parameters up to ω = 0.3 can be
seen. These stress fields are typical for shear-dominated stress states. Different stress
parameters are numerically predicted at the end of the non-proportional loading scenario
(NP(12)) shown in Fig. 4(c). Homogeneous field of the stress triaxiality with η = 0.3 is
obtained in the notch and the corresponding Lode parameter is about ω = −1.0. The
numerically predicted distributions of the stress triaxiality and of the Lode parameter at
the end of the proportional and the non-proportional loading paths are very similar and,
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Figure 4: Stress triaxiality η and Lode parameter ω: (a) P, (b) NP (1), (c) NP (12); S = surface, L =
longitudinal section, C = cross section

thus, nearly unaffected by the loading history.
Moreover, fracture lines are shown in Fig. 5. After the proportional loading scenario

(Fig. 5(a)) nearly straight fracture lines occur with small angle with respect to the vertical
line. After non-proportional loading (Fig. 5(b)) S-shaped fracture lines can be seen
with vertical orientation. Thus, different fracture lines occur after the two investigated,
different loading histories.

In addition, fracture behavior is analyzed in more detail by images of the fracture
surfaces taken from scanning electron microscopy (Fig. 6). After the proportional loading
path (Fig. 6(a)) remarkable formation of micro-voids can be seen which are slightly
sheared. This failure behavior on the micro-level corresponds very well to the stress
states shown in Fig. 4(a) with remarkable tensile stresses superimposed by small shear
stresses in the notched regions. On the other hand, after the non-proportional loading
history micro-shear-cracks with only very small voids are visible. During the first loading
step with the load ratio F1/F2 = 1/ − 1 (NP(1)) shear behavior is predominant in the
notched sections of the X0-specimen leading to formation of micro-shear-cracks. The
subsequent increase in load F2 and the later proportional loading step (NP(12)) lead to
additional growth of few very small voids. Thus, different fracture modes are caused by
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Figure 5: Fracture: (a) P, (b) NP

Figure 6: SEM picture of the fracture surface: (a) P, (b) NP

different loading scenarios.

4 CONCLUSIONS

A continuum damage model taking into account stress-state-dependent damage con-
dition and damage rule has been discussed. The phenomenological approach has been
validated by biaxial experiments with the X0-specimen with special focus on the effect
of proportional and non-proportional loading histories as well as of different stress states
on inelastic deformation as well as on damage and fracture behavior of ductile metals.
Current strain fields in critical parts of the specimen have been monitored during the
experiments by digital image correlation. After the tests fracture surfaces have been an-
alyzed by scanning electron microscopy and showed remarkable differences depending on
the loading histories. In addition, numerical simulations of the experiments have been
performed. Numerically predicted load-displacement curves and distributions of princi-
pal strain fields as well as shapes of the deformed notched parts of the X0-specimen show
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good agreement with experimental ones. Examination of numerically obtained stress fields
are used to predict evolution of damage and fracture processes on the micro-scale which
can be justified by scanning electron microscopy of the fracture surfaces. Therefore, the
continuum damage model can be used to analyze and to optimize sheet metal forming
processes with complex loading scenarios. Biaxial experiments with the X0-specimen are
recommended to investigate stress-state-dependent damage and fracture processes in thin
metal sheets.
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Abstract. A proper set of material parameters is one of the most important aspects
for a successful simulation of metal forming processes. Several issues must be observed
when choosing the constitutive relation and corresponding material parameters, amongst
which the most important are: (i) the magnitude of the plastic deformation of the target
forming operation must be contemplated by the parameters of the constitutive model, (ii)
possibility of failure prediction in fracture-free materials, and (iii) accurate prediction of
geometrical changes caused by plastic deformation. Within this framework, the present
article discusses techniques to obtain constitutive parameters of a Lemaitre-type material
model. The strategy requires compliance of multiple tensile tests with specimens prepared
according to different technical standards. Parameter identification is regarded as an
inverse problem and solved using optimization methods.

1 INTRODUCTION

Since the pioneering works of Tresca, Huber, von Mises and Hencky [1] on modelling
inelastic deformation, many researchers have dedicated much effort to design constitu-
tive formulations able to describe several types of materials, such as polymers, metals
and composites amongst many others. Notwithstanding, the determination of the cor-
responding material parameters have constituted a real challenge. Therefore, for many
years, identification of material parameters was based only on mechanical tests assuming
uniform stress states. Furthermore, complex constitutive models involving large inelastic
deformations, non-uniform stress states and material degradation have posed new de-
mands. In recent years, optimization techniques have been proposed to identification
problems aiming at circumventing such difficulties. The present work is inserted within
this framework in which an optimization method is used to parameter identification of a
Lemaitre-type material model based on tensile tests of specimens of different geometry.
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2 MATERIAL MODELLING

The literature shows a growing number of material models able to account for me-
chanical degradation. In general, such models, known as damaged materials, include new
internal variables and evolution laws which are fully coupled to the underlying plasticity
problem. The great advantage of damaged materials is the possibility to predict fail-
ure onset in actual metal forming operations without pre-defined cracks. Availability of
damage models in commercial codes has instigated further investigations on robust and
efficient parameter identification strategies. The present work addresses a Lemaitre-type
material model, as briefly described in the next session.

2.1 Lemaitre-type damage model

A significant number of damage formulations is based upon thermodynamics of irre-
versible processes and void growth concepts. Kachanov’s [2] and Rabotnov’s [3] early
works, and Lemaitre’s [4] equivalence principle laid foundations for further developments,
giving rise to material descriptions oftentimes referred as Continuum Damage Mechanics
(CDM). The present work uses an extension of Lemaitre’s damage model that accounts
for void closure and void opening effects. The reader is referred to [5, 6, 7] for further
discussions on the damage formulation.

The present constitutive model requires identification of hardening, ph, and damage,
p l, parameters. Swift’s [8] hardening equation, σY = k(ε̄p + ε0)

n is adopted in this work,
where ε̄p is the equivalent plastic strain and ph = {k , ε0 , n} is the set of hardening
parameters. The damage parameters of the model are p l =

{
S , h+ , h− , εDp

}
. There-

fore, the set of design variables for the present formulation can be generally expressed as
p = ph ∪ p l.

3 OPTIMIZATION-BASED PARAMETER IDENTIFICATION

Parameter identification is a class of inverse problems which determines material prop-
erties from a known response. The present problem is formulated using unconstrained
optimization and accounts for experimental data obtained from tensile tests performed
with specimens of different geometry. Therefore, the first step of the optimization problem
is formulated as

Minimise g(p) =
ns∑
s=1

λsgs(p) p ∈ Rnd

Such that pinfi ≤ pi ≤ psupi i = 1, . . . , nd

, (1)

where g(p) is the global objective function (global fitness), p = [p1 p2 · · · pi · · · pnd
]T is

the design vector containing nd material parameters pi, and psupi and pinfi are lateral con-
straints. The global fitness, g(p), comprises contributions from ns individual mechanical
tests, so that λs is the weight function (

∑ns

s=1 λs = 1), and gs(p) is the individual fitness
and represents a quadratic relative error measure between the experimental, RExp

s , and

2

94



M. Vaz Jr. and M. Tomiyama

corresponding computed forming load, R (p)Num
s , of a mechanical test “s”,

gs (p) =

���� 1

Ns

Ns∑
j=1

(
RExp

s,j −R (p)Num
s,j

RExp
s,j

)2

, (2)

in which Ns is the number of experimental points of a mechanical test “s”. Particle Swarm
Optimization [9, 10] is adopted to solve the optimization problem established in Eqs. (1)
and (2) owing to the nature of damage models. Its suitability to this class of problems
was extensively discussed in Reference [11].

It is important to note that solution of the optimization problem described in Eqs. (1)
and (2) is associated with a given set of weights, λs. Inclusion of λs as design variable
would lead to a set of parameters which provide a minimum for one of the tests only.
Therefore, the best set of weights must be determined by an additional optimization
problem.

This work proposes a new strategy by comparing the best individual fitness of each
test, gmin

s , with their counterpart, gs, calculated evaluated by solution of Eqs. (1) and
(2). Therefore, the new optimization problem is solved with weight functions λs as design
variables, so that

Minimise G(λ) λ ∈ Rns

Such that 0 ≤ λs ≤ 1 s = 1, . . . , ns
ns∑
s=1

λs = 1

, (3)

in which G(λ) is the mean global error,

G(λ) =

���� 1

ns

ns∑
s=1

[
gmin
s − gs(p)

gmin
s

]2
, (4)

which expresses a quadratic relative error between the best approximation, gmin
s , for each

mechanical test and individual fitness, gs(p), obtained by solving the optimization prob-
lem established in Eq. (1). It is important to mention that there is a unique relation
between the individual fitness and weight for each mechanical test, gs(p) ⇔ λs.

Numerical experiments show that the proposed optimization scheme represented by
Eqs. (3) and (4) is convex, making possible to use the Nelder-Mead optimization algorithm
[12]. The optimization scheme establishes a polytope of ns + 1 vertices, upon which
expansion/contraction/shrinkage operations are applied. As the optimization process
advances, the polytope moves towards the minimum and decreases in size. Therefore, the
mean relative distance between the centrepoint and all vertices of the polytope is used as
convergence measure,

ϕ
(k)
d =

d(λ(k))

d(λ(0))
, where d(λ(k)) =

1

ns + 1

ns+1∑
j=1

����
ns∑
s=1

(
λ
(k)
j,s − λ̄

(k)
s

)2

, (5)
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in which (k) indicates the iterative step, λ̄
(k)
s = 1/(ns + 1)

∑ns+1
i=1 λ

(k)
s,i is the coordinate of

the centrepoint in the direction s = 1, · · · , ns, and ns + 1 is the number of vertices of the
polytope. In this work, convergence is assumed when the initial polytope reduces more
than 1,000 times its initial size, i.e. TOLd � 10−3.

4 NUMERICAL EXAMPLES AND DISCUSSIONS

The identification procedure was performed using tensile tests of cylindrical specimens
prepared according to the American ASTM E 8M [13] and Brazilian ABNT NBR ISO
6892 [14] technical standards. Extensometers with initial gauge length l0 = 25 mm or l0 =
50 mm were used according to the specimen with maximum crosshead speed 3 mm/min.
The specimens adopted in this work are referred as follows:

ASTM #1: initial gauge length l0 = 25 mm and diameter d0 = 6.0 mm,

ASTM #2: initial gauge length l0 = 50 mm and diameter d0 = 12.54 mm,

NBR #3: initial gauge length l0 = 50 mm and diameter d0 = 10.0 mm,

in which d0 is the initial diameter.
The geometrical model considers axisymmetry around the rotation axis Z − Z ′ and

symmetry about the R − R′ axis, making possible to model only 1/4 of the specimen. It
was adopted a structured, eight-noded quadrilateral finite element mesh with 200 elements
and 661 nodes with progressive refinement towards the specimen R−R′ axis. The meshes
used for ASTM #1 e NBR #3 specimens were geometrically proportional to ASTM #2
with identical element topology.

Figure 1(a) shows the evolution of the convergence index, ϕd, whereas Figure 1(b)
presents the corresponding evolution of the weights, λs, of the best vertex of the NM
polytope. It was assumed λ

(0)
s = 1/3 as initial values. After some variations in the

beginning of the iterative process, the optimization scheme quickly leads the weights to
the final values. Little change was observed after fourteen iterations and a convergence
criterion TOLd � 10−2 could have been safely adopted (the maximum difference is 0.48
% for λ1).

The final material parameters, p, weights, λ, and mean global fitness, G(λ) are pre-
sented in Table 1, whereas Figure 2 illustrates the corresponding load evolution. It is
noteworthy that the loading curves represent the best approximation to each individual
tensile test with parameters determined simultaneously. The results show that geometry
still plays a role in determining of inelastic parameters of phenomenological descriptions
of plasticity phenomena. However, from industrial viewpoint, the results constitute a
good approximation of complex phenomena as material degradation.

5 FINAL REMARKS

Tensile tests have largely been used to determine inelastic parameters. The classical
procedure accounts for plastic deformation up to necking onset in order to ensure uniform
stress states. However, such condition is achieved for relatively small plastic strains.
On the other hand, metal forming operations oftentimes involve large plastic strains.
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(a) Convergence index. (b) Weights, λs.
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Figure 1: Evolution of the convergence index and weights.

Table 1: Final material parameters, p, weights, λ, and mean global fitness, G(λ).

Symbol Value

Hardening k 1454.42 MPa
Parameters ε0 0.0461830

ph n 0.414118

Damage S 889.223 MPa
Parameters h− 0.00140679

p l h+ 1.58511
εDp 0.402607

Weights λmin
1 (ASTM #1) 0.31112

λ λmin
2 (ASTM #2) 0.35497
λmin
3 (NBR #3) 0.33390

Global error G(λmin) 5.15307

Aiming at such applications, this work uses inverse problem techniques to obtain material
parameters up to macroscopic failure. A Lemaitre-type damage model was utilised to
assess material degradation e failure.

In general, tensile tests of specimens of a single geometry is adopted. However, aiming
at better prediction of the inelastic parameters, this work requires simultaneous compli-
ance of tree tensile tests performed with specimens prepared according to two different
technical standards. The inverse problem technique used multi-objective optimization
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Figure 2: Load evolution for specimens ASTM #1, ASTM #2 and NBR #3.

with the requirement of obtaining the best possible objective function for each individual
specimen. Bearing in mind the phenomenological character of the constitutive model, the
results indicate a good approximation for all tests. The large discrepancies were found
for tensile tests involving the larger tensile loads since the individual objective function
has been defined as a relative measure.
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Abstract. In this work an automatic procedure for evaluating the axial force-biaxial
bending yield surface of reinforced concrete sections in fire is proposed. It provides an
accurate time-dependent expression of the yield condition by a section analysis carried out
once and for all, accounting for the strength reduction of the materials, which is a function
of the fire duration. The equilibrium state of 3D frames with such yield conditions, once
discretized using beam finite elements, is formulated as a nonlinear vectorial equation
defining a curve in the hyperspace of the discrete variables and the fire duration. A
generalized path-following strategy is proposed for tracing this curve and evaluating, if
it exists, the limit fire duration, that is the time of exposure which leads to structural
collapse. Compared to the previous proposals on the topic, which are limited to local
sectional checks, this work is the first to present a global analysis for assessing the fire
resistance of 3D frames, providing a time history of the fire event and taking account
of the stress redistribution. Numerical examples are given to illustrate and validate the
proposal.

1 Introduction

The evaluation of the carrying capacity of a structure implies not only situations of
normal service conditions but also exceptional loadings. An important aspect is to ensure
the overall structural integrity during fire events [2]. Usually, frame structures exhibit
a relevant overstrength, that is their ultimate capacity can be significantly higher than
the elastic limit. For this reason, the material nonlinear analysis is a necessary tool for
the structural engineer. A widely employed approach formulates the cross-section yield
criterion in terms of generalized stresses, usually axial force and bending moments. For
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steel sections, however, the strain limit is sufficiently large to allow the use the classical
plasticity theory [19, 11]. A point cloud of generalized yield stresses can be obtained by
assigning the corresponding collapse mechanisms, that is the position and orientation of
the neutral axis at the collapse states. The Minkowski sum [5] of ellipsoids represents
an interesting alternative for the approximation of particular convex shapes known as
zonoids, such as the cross-section yield surface [1, 11, 19, 14]. A few ellipsoids can be used
to describe the yield surface of homogeneous and composite cross-sections with great
accuracy, also in the case of non-smooth shapes. The yield surface at an assigned fire
duration can be obtained by simply contracting the ambient temperature yield surface
accounting for its strength reduction. The time-dependent yield criteria can be easily used
to check the building safety by means of local strength checks of the sections. However,
the significant ductility and overstrength of 3D buildings, allow a stress redistribution and
can make the sectional check extremely conservative. Although this fact is well known, a
global fire analysis accounting for the stress redistribution and the structural overstrength
has never been proposed to our knowledge. To deal with the this lack, in this work we
propose a quasi-static nonlinear analysis for assessing the global safety of 3D RC frames
in conditions of fire. It is a strain-driven incremental strategy which evaluates a sequence
of safe states for an increasing fire duration. The time-dependent yield surface together
with a finite element beam model allows us to formulate the equilibrium condition of the
structure as a nonlinear system of equations defining a curve in the hyperspace of the
discrete variables and the fire duration. A generalized path-following strategy is proposed
for solving step-by-step the global nonlinear equilibrium equations. The methodology
can be seen as an optimisation method [6], which furnishes a sequence of safe states
at increasing fire durations according to the lower bound theorem of the limit analysis
up to the limit fire duration, that is the time of exposure which leads to the structural
collapse. At each step of the analysis the nonlinear internal forces are obtained by an
elastic predictor-return mapping process based on the closest point projection (CPP)
scheme on the yield surfaces at the current fire duration [16].

2 REINFORCED CONCRETE SECTIONS IN FIRE

In this section, we describe the mechanical model for reinforced concrete sections in
fire. In particular, we define the section yield surface in terms of axial force and bending
moments corresponding to an assigned fire duration, taking account of the temperature
distribution within the section which reduces the strength of the materials.

2.1 Temperature distribution

For a generic solid body with thermal boundary conditions, the heat transfer equations
can be solved using the finite element method [10]. For the particular simple case of fire
exposed rectangular concrete sections, Wickstrom [21] proposed and validated a set of
handy formulas to calculate the 2D temperature distribution. Wickstrom’s formulas can
be applied for any type of concrete or fire scenario [18]. However, they are particularly
easy for ISO 834 standard fire and normal weight concrete.
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2.2 Strength reduction for concrete and steel

The concrete compressive strength experiences significant degradation at elevated tem-
peratures. The reduced compressive strength for concretes fcT can be estimated from its
ambient value fc [4] asfcT = kc[T ]fc. Lie et al.’s model [20] is used to predict the reduced
yield strength of reinforcing bars fyT from its ambient value fy as fyT = ks[T ]fy

2.3 Section kinematics and statics

Let us consider a cylinder occupying a reference configuration B of length � confined
by the lateral boundary denoted by ∂B and two terminal bases Ω0 and Ω�. The cylinder
is referred to a Cartesian frame (O, x1 ≡ s, x2, x3) with unit vectors {e1, e2, e3} and e1
aligned with the cylinder axis. In this system, we denote with X = se1 + x the position
of a point P , where s is an abscissa which identifies the generic cross-section Ωs of the
beam, while x = x2e2 + x3e3 is the position of P inside Ωs.

The displacement field u[X] of the model is expressed, as usual, as a rigid motion of
the section

u[X] = u0[s] +ϕ[s] ∧ x (1)

where u0[s] and ϕ[s] are the mean translation and rotation of the section and the operator
∧ denotes the cross product. The kinematics assumed in Eq.(1) allows us to evaluate,
using a linear Cauchy continuum, the stress-strain work W in terms of the generalized
strains and stresses on the section as

W :=

∫

�

(N [s]Tε[s] +M[s]Tχ[s])ds (2)

where the generalized strains ε and χ are defined as

ε[s] = u0,s [s] + e1 ∧ϕ[s], χ = ϕ[s],s , (3)

a comma stands for derivative and N [s] = {N1, N2, N3} and M[s] = {M1,M2,M3} are
the resultant force and moment. Finally, the elastic constitutive law is expressed as

[
ε
χ

]
= F

[
N
M

]
, F =

[
FNN FNM

FT
NM FMM

]
(4)

where the coefficients of the cross-section compliance matrix F can be obtained as in
[11, 8].

2.4 The cross-section yield surface

Following [1, 11, 19, 17], we denote with Ω the concrete beam section domain, with
Ai the steel rebar area and with (x2i, x3i) its coordinates. The material is assumed to
be elastic-perfectly plastic with the plastic admissibility condition expressed in terms of
normal stress only as: −fcT ≤ σ11 ≤ 0 for the concrete and −fyT ≤ σ11 ≤ fyT for
rebars, where the normal stress is assumed positive in tension. fyT and fcT depend on
the value of the temperature T and then from the point coordinates over the section and
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fire duration t. Omitting the dependence on s for a clearer exposition, we introduce the
plastic mechanism of the cross-section as

n = {ε̇1, χ̇2, χ̇3} (5)

which defines the position and orientation of the neutral axis for the collapse state from
the condition

ε̇11 ≡ ε̇1 + x3χ̇2 − x2χ̇3 = 0. (6)

The yield stress vector τ y collecting the generalized section resultants associated with n
by the Drucker condition, at a given fire duration t, is

τ y[n, t] =



Ny1

My2

My3


 with





Ny1 = fy

Ns∑
i=1

aiks[x2i, x3i, t]Ai − fc

∫

Ωc

kc[x2, x3, t]dΩc

My2 = fy

Ns∑
i=1

aix3iks[x2i, x3i, t]Ai − fc

∫

Ωc

x3kc[x2, x3, t]dΩc

My3 = −fy

Ns∑
i=1

aix2iks[x2i, x3i, t]Ai + fc

∫

Ωc

x2kc[x2, x3, t]dΩc

(7)
where Ns is the number of rebars, Ωc is the area of the compressed portion of the section
according to Eq.(6) and

ai = sign[ε̇11[x2i, x3i]]. (8)

Equation (7) allows the evaluation, for an assigned fire duration t, of the set of gener-
alized yield stress τ yk[t] ≡ τ y[nk, t] associated to the mechanism nk, simply by assuming
uniaxial stress fields reaching their maximum strength capacity in each region, either in
tension or in compression.

2.5 Construction of yield surface at ambient temperature as a Minkowski
sum of ellipsoids

The domain of the composite cross section Ωs = Ω ∪i Ai is subdivided into a grid of
sub-domains Ωs = ∪IΩI . Exploiting the properties of the integral in Eq.(7), the true yield
stress τ y[nk] at ambient temperature can be obtained as

τ y[nk] =
∑
I

τ yI [nk] (9)

where τ yI [nk] is the contribution of the Ith subdomain evaluated for concrete and of the
NsI steel reinforcements belonging to the Ith edge of the section. Equation (9) can be
interpreted as a Minkowski sum. Following [14] the stress points on the yield surface
expressed as a Minkowski sum of ellipsoids can be parametrized in a closed form in terms
of the normal vector n (see [19]), as

τ [n] =
∑
I

τ I [n] where τ I [n] = cI +
CIn√
nTCIn

.
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Concrete
fck = 20MPa
γc = 1.5
σc = fck/γc, σt = 0
Reinforcing bars
fyk = 450MPa
γs = 1.15
σc = σt = fyk/γs
concrete cover 2 cm
RS1: 12φ20mm
RS2 top and bottom: 10φ16mm
RS2 lateral: 2φ14mm

Figure 1: Rectangular RC sections: geometry, materials and subdivisions for the geometric
Minkowski sum.

2.6 Account of the time-dependent strength reduction

The reduction factors kc and ks are functions of the temperature, which depends on
the fire duration and on the point (x2, x3) within the section, that is we have kc[x2, x3, t]
and ks[x2, x3, t]. It is possible to evaluate a mean value k̄I [t] which provides an exact axial
force see [16] for details. For the concrete sub-domains, letting kI [x2, x3, t] = kc[x2, x3, t],
this means

k̄I [t] =
1

ΩI

∫

ΩI

kI [x2, x3, t]dΩI τ [n, t] =
∑
I

k̄I [t]τ I [n].

where the integral can be evaluated analytically as in [3], or numerically using, for instance,
the Gauss quadrature.

2.7 Yield surface evaluation of RC sections for beams and columns

The proposed strategy for the evaluation of the time-dependent yield surface is now
tested for two RC cross-sections, called RS1 and RS2, with steel reinforcements of diam-
eter φ typical of columns and beams respectively and reported in Fig.1.

The RS1 section is analyzed considering a fire exposure all along its perimeter. Figure
2 shows how the proposed Minkowski approximation fits the yield points of the reference
solution for different fire durations.

Finally the RS2 section is analyzed considering a fire exposure along three edges:
left, bottom and right. In Fig.3 we can observe the quality of the proposed Minkowski
approximation in fitting the yield points of the reference solution at various fire durations.

3 THE FINITE ELEMENT QUASI-STATIC ANALYSIS FOR 3D FRAMES
SUBJECTED TO FIRE

In the following the finite element beam model for the incremental fire analysis is
described.
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(a) t = 0, 2× 2 subdomains(b) t = 1h, 2×2 subdomains(c) t = 2h, 2×2 subdomains

Figure 2: RS1 section: approximation of the true yield points for different fire durations

(a) t = 0, 2× 2 subdomains(b) t = 1h, 2×2 subdomains(c) t = 2h, 2×2 subdomains

Figure 3: RS2 section: approximation of the true yield points for different fire durations

3.1 THE 3D BEAM FINITE ELEMENT

The beam finite element adopted (see [11]) uses an interpolation of the generalized
stresses [N ,M]T = Dt[s]βe, where the interpolation matrix Dt[s] is obtained satisfying
the equilibrium equations on the element for zero body forces exactly. Body load effects
are then included exactly as a ”particular solution”. This means that N and the torsional
moment component M1 are constant, while the two flexural components M2[s] and M3[s]
ofM[s] are linear with s and linked to the shear resultants so thatN2� = −(M3[�]−M3[0])
and N3� = (M2[�]−M2[0]). The internal work becomes

W ≡ N T (u0[�]− u0[0]) +M[�]Tϕ[�]−M[0]Tϕ[0] = dT
e Q

T
e βe (10)

allowing us to directly obtain the discrete form of W without any FEM interpolation
for the kinematic variables. The vectors collecting the kinematics de and static βe finite
element generalized parameters and the compatibility operator Qe are defined as

βe =




N
M2[0]
M3[0]
M2[�]
M3[�]
M1



, de =



u0[0]
ϕ[0]
u0[�]
ϕ[�]


 , Qe =

1

�




−� eT1 0 � eT1 0
eT3 −� eT2 −eT3 0
−eT2 −� e3 eT2 0
−eT3 0 eT3 � eT2
eT2 0 −eT2 � eT3
0 −� eT1 0 � eT1



. (11)
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3.2 The linear elastic problem

The linear elastic problem can be formulated as the stationarity of the Hellinger-
Reissner functional ΠHR that at the element level can be written as

ΠHR = dT
e Q

T
e βe −

1

2
βT

e Feβe − dT
e pe

where pe is the element contribution of the external loads and the elastic compliance
matrix of the element Fe is obtained from the equivalence

∫

�

([
N
M

]T [
FNN FNM

FT
NM FMM

] [
N
M

])
ds = βT

e Feβe, Fe =

∫

�

Dt[s]
TFDt[s] ds. (12)

The stationarity of ΠHR with respect to the stress variables furnishes the discrete elastic
constitutive law

βe[de] = EeQede with Ee = F−1
e (13)

which allows us to express the elastic problem in terms of displacement variables only.
The stationarity condition with respect to de furnishes the equilibrium equations on the
element as

QT
e βe[de]− pe = 0 (14)

which, in the elastic case, become

Kede − pe = 0 with Ke = QT
e EeQe.

3.3 Stress update for time-dependent yield conditions

An elastic behavior with respect to shear effects as well as torsion is assumed. The
section yield function f [s, t, τ [s]] is then defined in a 3D space involving axial force N1

and bending moments M2 and M3 collected in vector τ [s] = {N1,M2,M3}. The plastic
admissibility condition on the cross-section s then becomes

f [s, t, τ [s]] ≤ 0. (15)

The update of the stress is obtained, in a strain-driven way, by means of a closest
point projection (CPP) which corresponds to a backward Euler scheme for integrating
the constitutive law. Starting from a known state de[t0],βe[t0] the stress parameters
βe[βe[t0], t,∆de] for an assigned displacement increment ∆de and a given fire duration t
are obtained by solving, for each element, the optimization problem

minimize
1

2
(βe − β∗

e)
TFe(βe − β∗

e)

subject to f [0, t, τ [0]] ≤ 0

f [�, t, τ [�]] ≤ 0

(16)

where β∗
e = βe[t0]+EeQe∆de is the elastic predictor and, when the admissibility condition

is checked on the beam end nodes only, the generalized normal stress vectors of the two end

7
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sections are extracted directly from βe as τ [0] = P0βe and τ [�] = P�βe by the extraction
operators P0 and P�. Note that since the mixed finite element always satisfies the local
equilibrium, the stresses at both end sections are coupled with each other and, then,
the CPP has to be performed at the element level. In this case the element equilibrium
equations (14) modify as

QT
e βe[βe[t0], t,∆de]− pe = 0. (17)

A specialized stress update strategy for the Minkowski description of the yield condition
can be adopted [14]. The main idea is to reformulate the CPP problem using the normal
vector as primal unknown. This is convenient since the dimension of the problem is
fixed and independent of the number of ellipsoids used in the approximation. An elastic
predictor-return mapping scheme is used. Both the admissibility check and the finite
element return mapping are formulated as small nonlinear systems of equations of fixed
size.

3.4 Incremental nonlinear fire analysis

Once the finite element assemblage has been carried out, the equilibrium condition of
a RC building subjected to fire can be written as

r[d, t] = s[d, t]− p = 0 (18)

This system of nonlinear equations represents a curve in the hyperspace d-t, which can
be traced in a path-following manner.

The curve can exhibit a limit fire duration, that is the time of exposure which leads to
structural collapse. For this reason it is not convenient to use a time controlled scheme
since Eq.(18) could not have a solution, that is no equilibrium state, for a given fire
duration. We propose instead the use of a generalized arc-length method. The equilibrium
equations are completed with the additional constraint g[d, t] − ξ = 0, which defines a
surface in RN+1. Assigning successive values to the control parameter ξ = ξ(k) the solution
of the nonlinear system

R[ξ] ≡
[

r[d, t]
g[d, t]− ξ

]
= 0 (19)

defines a sequence of points (steps) z(k) ≡ {d(k), t(k)} belonging to the equilibrium path.
Starting from a known equilibrium point z0 ≡ z(k), the new one z(k+1) is evaluated correct-
ing a first extrapolation z1 = {d1, t1} by a sequence of estimates zj by a Newton–Raphson
iteration

{
J∆z = −Rj

zj+1 = zj +∆z
(20)

where Rj ≡ R[zj] and J is the Jacobian of the non-linear system (19) at zj or its suitable
estimate. The simplest choice for g[d, t] is the linear constraint corresponding to the

8
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�3 v Beam 
�2

�3 ,., Columns
�2 

6.00 m -Fire

6.00 m

m

Loads
vertical p0 = 15kN/m2

Reinforced concrete
Columns section: RS1
Beams section: RS2

Figure 4: Simple 3D frame: geometry, loads and cross-sections

orthogonal hyperplane

nT
d (d− dj) + nt (t− tj) = ∆ξ where

{
nd ≡ M (dj − d(k))

nt ≡ µ (tj − t(k))
(21)

M and µ being some suitable metric factors [12, 13], ∆ξ an assigned increment of ξ and

J ≡
[
∂R[z]

∂z

]

zj
=

[
Kt st
nT
d nt

]
. (22)

The time-controlled scheme can be recovered assuming g[d, t] = t, but it is not convenient
as previously discussed. The solution of Eq.(20) is conveniently performed in a partitioned
way as follows 


∆t =

nT
dKtr

j

nt − nT
dKtst

Kt∆d = ∆tst − rj
(23)

in order to exploit the symmetry and the band structure of the tangent stiffness matrix
Kt. The points z(n) evaluated by the scheme are, by definition, equilibrated and plastically
admissible at time t(n). In other words, they satisfy the hypotheses of the lower bound
theorem of the limit analysis. Furthermore, in [16], it was proven that when t(n+1)−t(n) = 0
the structure is just at the point of failure because the hypotheses of the upper and lower
bound theorems of the limit analysis are satisfied simultaneously.

4 Numerical test on 3D buildings in fire

The second example regards the simple 3D frame reported in Fig.4. The load over
the floor is uniformly distributed over the four beams. The fire scenario considered is the
columns exposed to fire at each edge while on the beams it is on the three edges excluding
the top one.

9
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(b) evolution for assigned fire durations

Figure 5: Simple 3D frame: equilibrium paths.

In Fig.5 the fire duration-displacement curve for the assigned distributed load is re-
ported. The curve is characterized by a significant inital portion with zero displacements.
This means that the load is largely inside the initial domain at ambient temperature. Two
hours are required to observe the first plastic deformations while the limit fire duration
is equal to 2.6. The structure is analyzed using the standard incremental elasto-plastic
analysis with constant yield surfaces corresponding to different fire durations. The load-
displacement paths are reported in Fig.5 for different times of exposure. It is possible to
observe how the collapse load factor is equal to one for the yield surface corresponding to
the limit fire duration evaluated with the proposed incremental strategy.

5 CONCLUSIONS

In this work, we showed a numerical procedure for constructing the axial force-biaxial
bending yield surface of sections in fire in a simple, accurate and efficient way. The strategy
is based on a particular Minkowski sum of ellipsoids. The yield conditions depends on the
fire durations. We proposed a strain-driven incremental strategy for tracing this curve in
a path-following quasi-static manner. This kind of analysis takes account of the stress
redistribution and provides the limit duration, that is the time of exposure which leads
to the structural collapse. The step-by-step procedure furnishes a sequence of safe states
at increasing fire durations according to the lower bound theorem of the limit analysis.
When a limit fire duration exists, the approach can be framed as an optimisation problem
very similar to the static limit analysis one. The main difference is that the loads are kept
constant and the fire duration, which leads to a contraction of the yield surfaces, replaces
the load factor as objective function. Future developments will focus on accounting for
other significant structural behaviors as the effects of large deformations [9].
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[7] Garcea, G. and Gonçalves, R. and Bilotta, A. and Manta, D. and Bebiano, R. and
Leonetti, L. and Magisano, D. and Camotim, D. Deformation modes of thin-walled
members: A comparison between the method of Generalized Eigenvectors and Gen-
eralized Beam Theory Thin-Walled Structures (2016) 100:192-212.
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Summary  
Paper deals with the comprehensive methodology for the numerical simulation of potentially 
unstable slopes combining engineering geological, hydrological, hydrogeological and 
geotechnical computational model for the assessment of slope stability.  

Engineering geological model based on available survey data characterizes the rock 
environment using individual quasi-homogenous units. Model is defined on the basis of 
documented lithostratigraphic units in exploration probes and field relief documented by 
advanced methods, including satellite radar interferometry and laser surface scanning.  

On the basis of engineering geological model, the hydrological model using MIKE SHE 
software (Finite Difference Method) was performed. Hydrological model includes simulation 
of surface runoff, evapotranspiration and flow in unsaturated near-surface zone. The model was 
calibrated on the basis of available field data. Outputs from this model were used as input initial 
conditions of the following hydrogeological model.   

Software FEFLOW based on the Finite Element Method was subsequently used to the 
creation of hydrogeological model focused on the water flow and distribution of pore pressures 
of groundwater in individual quasi-homogeneous units in saturated zone. The infiltration 
condition determined by the hydrological model is considered and a flow model with variable 
saturation is applied.  

Finally, the geotechnical stability model of slope following the engineering geological, 
hydrological and hydrogeological models was performed. The occurrence of plastic and failure 
zones (assuming elastic-perfectly plastic Mohr-Coulomb constitutive model) inside the slope 
was simulated by using software MIDAS GTS NX based on the Finite Element Method. 
Stability factor SSRF (Shear Strength Reduction Factor) is evaluated based on the Shear 
Strength Reduction Method) as the ratio of actual shear strength and minimum shear strength 
required to maintain stability. 
 Paper deals also with the comparison of stability factor of natural slope obtained from 3D and 
2D numerical model. Generally, in the case of natural slope the condition of plane strain is not 
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fulfil, 2D model is not realistic and 3D model is needed, especially in case of concave 
morphology of slope.   

 
 
1 INTRODUCTION 

Slope stability assessment is one of the most important tasks in geotechnical engineering 
which must consider a comprehensive approach to the modelling and combine the basic 
principles of soil mechanics, hydraulics and general engineering mechanics. Stability of slopes 
is influenced by following fundamental factors – geometrical factors (terrain morphology, 
height, inclination, …), internal factors (geological structure of rock massif, strength and 
deformational properties of soil, influence of groundwater, filtration and retention properties of 
soil material, distribution of pore pressures, degree of saturation, …) and external factors ( 
anthropogenic interventions, earthquakes, hydrodynamic effects of water, extreme 
precipitation, …). The objective implementation of previously mentioned factors into the 
numerical simulation determines the reliability of modelling results. 

Compared to other structural materials (as concrete etc.), the soil mass is more complicated 
three-phase porous media consisting of solid particles and liquids and gasses in pores. The 
proportion of water and air in the pores is variable, it depends on many factors including soil 
character and its texture, weather, surface vegetation etc. The behaviour of soil is essentially 
dependent on the grain size, the grain shape and its surface character, on the closeness of 
packing of the grains, water content and corresponding degree of saturation. In unsaturated soils 
with negative water pore pressure a change in volume, shear strength and hydraulic properties 
is significant.  

Generally, total stresses inside the soil mass can be expressed according Bishop´s theory as 
the superposition of effective stresses which are transmitted through the particle contact and 
water- pore pressure uw and air-pore pressure ua depending on saturation S:  

 tot. =ef. +(S)uw+(1-(S))ua (1) 

(S) – function of saturation S 
(S=1) =1: fully saturation  
The typical stress - strain behaviour of soil during loading is not elastic for the entire range 

of loading. In fact, real behaviour of soil is more complicated (Fig. 1), plastic irreversible 
deformations are manifested, they attain dominating influence near ultimate strength condition 
especially. No mathematical model cannot completely describe the complex behaviour of real 
soils. Each constitutive model accepts some idealization and simplification, it captures essential 
features and disregards some others.  Constitutive model of soil can work assuming associated 
flow rule (plastic potential function characterizing the plastic strain is identical to the yield 
function) or non-associated flow rule (plastic potential function is different from yield 
function).  

 The linear elastic- perfectly plastic constitutive models (no hardering/softening is assumed) 
are widely used in geotechnical practice due to their simplicity and easily determinable input 
material parameters. These constitutive models assume the linear elastic behaviour in the elastic 
range, after the yield values is exceeded, the plastic flow continues under the identical stress. 
The Mohr-Coulomb (MC) model is the most common linear elastic-perfectly plastic 
constitutive model which describes a linear relationship between the shear and applied normal 

113



Eva Hrubesova, Nada Rapantova and Pavel Pospisil 

 3 

stresses (or maximum and minimum principal stresses) of soil material. 
Yield function f for Mohr-Coulomb model in p-q space can be expressed in the following 

form (p – mean principal stress, q- deviatoric stress):  

𝑓𝑓(𝑝𝑝, 𝑞𝑞, 𝑐𝑐, 𝜑𝜑) = 𝑞𝑞 − (
(6𝑝𝑝 + 𝑞𝑞)

3 ) 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 − 2𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝜑𝜑 
(2) 

where c- cohesion, −friction angle. 
The geometric shape of corresponding yield surface in the principal stress space corresponds 

to the hexagonal cone shape, on a deviatoric plane is characterized by a hexagon shape with 
corner points, which implies singularities and difficulties during the numerical calculation. 

Drucker and Prager replaced this hexagonal shape of yield surface by a simple cylindrical 
cone, in the deviatoric plane it corresponds to a circle. Its yield function f can be expressed by 
the formula:  

𝑓𝑓(𝑝𝑝, 𝑞𝑞, 𝛼𝛼, 𝜅𝜅) = √(𝑞𝑞
2
3⁄ ) − 3𝛼𝛼𝑝𝑝 − 𝜅𝜅 (3) 

where 

𝛼𝛼 = 2𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑
√3(3 − 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑)

 (4) 

𝜅𝜅 = 6𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝜑𝜑
√3(3 − 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑)

  

This Drucker-Prager criterion is quite widely used in geotechnical analysis, but experimental 
research shows that its circular shape does not agree well with experimental data [1]. The stress-
strain response predicted by the Drucker-Prager model corresponds to the experimental results, 
but the strength value matches better with the Mohr-Coulomb model predictions.  Drucker-
Prager model predicts greater strength at lower deformation compared to Mohr-Coulomb model 
(MC model is more conservative) [2]. 

 The Drucker-Prager plasticity model may be useful to model soft clays with low friction 
angles. However, this model is not generally recommended for application to geologic materials 
[3]. 

Because the soil strength is crucial parameter determining slope stability, the Mohr-Coulomb 
constitutive model is generally more preferred to slope stability analysis than the Drucker-
Prager model.  

 

Figure 1: Characteristic stress-strain curve of soil 
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The numerical approach to the assessment of a slope stability is also significantly affected 
by the character of slope (natural, anthropogenic slope), Anthropogenic slope (embankment, 
earthfill dam etc.) has regular geometry usually, the localization of individual material units is 
usually a-priori known with high reliability, often this slope consists of one or two materials 
only, the slip zone has simpler shape and finally, the slope is artificial dewatered or the recharge 
into the slope body is eliminated.  On the other hand, the natural slopes represent complex 
phenomena to model, both in space and time. They are characterized by complicated terrain 
morphology, which consists of concave and convex parts, by complicated geological structure, 
including the orientation of geological structures with respect to slip surface, the soil material 
is significantly non-homogeneous. Previously mentioned factors, together with complicated 
hydrological and hydrogeological conditions in slope and variable shape of slip zone, affect the 
computational approaches, dimensionality of simulation and necessity of coupled 
comprehensive approach to the modelling.  The overall concept is presented in the Fig. 2. It 
provides a systematic methodology for the description and understanding of all geological and 
geomechanical processes that must be integrated for the successful assessment of potentially 
unstable slopes. 

 
Figure 2: Comprehensive concept of slope stability solution 

2 COMPUTATIONAL METHODS FOR SLOPE STABILITY ASSESSMENT  
The computational methods used for the slope stability assessment are usually divided into 

two basic groups. The first group is based on the force, resp. moment equilibrium of the part of 
slope above the predefined slip surface. This conventional simple limit equilibrium method 
(slice method) has following limitations and simplifications: 

• the predefined slip surface is required 
• a rigid-plastic constitutive model with the Mohr-Coulomb limit state surface is 

commonly 
• used in analyses (rigid slice)  
• the mobilization of shear strength along the entire slip surface is assumed 
• the deformation behaviour of slope is not involved into the calculation 
• only quantification of stability can be obtained, no displacements can be evaluated  
• stability factor is expressed as ratio of passive (anti-slip forces) and active forces 

(sliding forces)   
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Nowadays the numerical methods (including frequently used finite element method) are 
increasingly used for slope stability assessment due to many particular advantages over the 
previously mentioned limit equilibrium method. The stability slope factor based on the finite 
element calculation is very often evaluated by Shear Strength Reduction Method - SSRM using 
Mohr-Coulomb constitutive model [4]. By this technique, a series of elastic–perfectly plastic 
problems are analyzed with variably reduced shear strength parameters (cohesion and friction 
angle) obtained through dividing the actual strength parameters c and  by a series of factors 
F, checking the conditions of failure (convergence of solution). The factor F initiating failure 
is taken as the stability factor of slope. 

𝑐𝑐𝑟𝑟 =
𝑐𝑐
𝐹𝐹 , (𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)𝑟𝑟 =

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝐹𝐹  (5) 

  Zheng [5] shows that the stability factor calculated by the finite element-strength reduction 
technique are slightly greater than those obtained by the limit equilibrium method.  

3 PLANAR(2D) VERSUS SPACE(3D) SLOPE STABILITY MODEL 
Character of slope determines the numerical modelling approach to the stability analysis. 

Planar(2D) model of slope is solved under the plane strain condition and, unlike the 
anthropogenic slope, this condition is not usually filled for natural slopes because of specific 
factors mentioned in the previous chapter. Spatial(3D) model takes into account the spatial 
character of stress-strain space inside a natural slope and therefore is more realistic compared 
to a planar model.  Many studies show that evaluated stability factor F(2D) obtained by planar 
calculation is lower or equal to the stability factor F(3D) based on 3D model.  Differences 
between F(2D) and F(3D) can be more significant for natural slopes (up to 50%).  Adriano [6] 
presented that differences between the F(2D) and F(3D) range between 15%-50% for concave 
and convex slopes, higher differences are investigated for concave slopes.  Fig. 3 presents a 
comparison between stability factors Fs2D (based on the 2D model) and Fs3D (based on the 
3D model) for concave and convex slopes [7].  

 
Figure 3: Comparison of Fs2D and Fs3D stability factors for convex and concave slopes [7] 
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4 APPLICATION OF COMPREHENSIVE APPROACH TO THE NATURAL 
SLOPE STABILITY ANALYSIS 

 Brief characterization of the analyzed real natural slope: 
• extent of the landslide (approx. 200 m width, 500 m length) 
• complicated morphology of natural slope, significant concave shape of slope; 
• complicated geological profile – 8 quasi-homogeneous engineering geological units 

(fractured hard rocks covered by variably grained colluvium); 
• the slope is affected by historical landslide activities; 
• irregular shape of fully saturated shear zone of fined- grained colluvium; 
• complicated hydrogeological conditions, two regional groundwater levels observed 

(colluvium and hard rock basement), perched aquifers etc.; 
• three anthropogenic factors (railway embankment, man-made deposit, road cut) 

potentially impacted stability of the slope. 
Considering the previously mentioned characteristics, the comprehensive 3D numerical 

modelling approach is needed for the stability analysis (Fig.4). The authors critically assessed 
the available archive data (exploration boreholes, reports etc.), generated 3D models using 
various software (RockWorks, GMS), and transferred engineering geological model to 
hydrogeological model built in FEFLOW and geotechnical simulation software (MIDAS GTS 
NX). 

The engineering geological model characterized the rock environment by defining individual 
quasi-homogenous lithostratigraphic units and their associated geotechnical parameters. The 
terrain relief (DRM) was analyzed using advanced geoinformation technologies, including 
satellite radar interferometry and laser surface scanning. Engineering geological model formed 
the framework for subsequent set up of hydrogeological and geomechanical processes 
simulations. 

 
Figure 4: Scheme of comprehensive approach to the stability analysis of real natural slope 
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3D hydrological model was built in MIKE SHE software (based on Finite Difference 
Method) by DHI. The surface runoff, evapotranspiration, processes in the unsaturated shallow 
subsurface zone and in the deeper saturated zone were analyzed using available field data 
(2009-2013) for the calibration. 

The achieved results of the hydrological model were introduced as boundary conditions into 
the 3D hydrogeological model. The transient variably saturated flow including saturation, 
moisture content, and distribution of pore pressure in individual quasi-homogeneous units were 
simulated using FEFLOW software (based on Finite Element Method) – see Fig.5. 

 
Figure 5: An example of output from variably saturated flow hydrogeological model (pore pressure on shear 

zone) 

Based on the results of hydrogeological model, the 3D geotechnical stability model was 
performed. The software MIDAS GTS NX (Finite Element Method) was used for the 
assessment of stress- strain state in the analyzed slope assuming Mohr-Coulomb constitutive 
model. Due to the documented historical unstable area, the shear strength characteristics in the 
shear zone were assumed as residual. The stability factor was evaluated using Shear Strength 
Reduction Method.  

The application of presented comprehensive approach enables to determine stability 
problematic areas, location of shear zones (surfaces), and stability factor of slope stability. The 
complex analysis of the results allows evaluating the key factors of the landslide activation, 
interconnection of slip surfaces and the mechanism of landslide formation (Fig.6-7). 
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Figure 6: An example of output from geotechnical slope stability model (shear strain)- stability factor F=0.93 

 
 

Figure 7: An example of interconnection of global and local shear zones in slope 

5  CONCLUSIONS 
 • The comprehensive approach to stability analyses of slopes increases chances to avoid 

the misleading conclusions. The realistic behaviour and properties of the rock mass and its 
potential interaction with the building structure can be assessed and validated using a sequence 
of specific types of models, simulating processes affecting the rock mass stability. 

• Complicated terrain morphology, geological structure including orientation of 
geological structures relative to slip surface, hydrological and hydrogeological conditions of 
the site, complex geometry of the slip surface (shear zone) and impact of anthropogenic factors 
of nonlinear shape requires application of 3D numerical modelling. 

• The reliability of the results of numerical models is essentially determined by the 
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reliability of constitutive material model and the reliability of input data in heterogenous and 
anisotropic environment. 

• The geotechnical risk faced by an engineering project is inversely proportional to the 
level of details and accuracy of the conceptual model of site developed through ground 
investigations. The better the model reflects actual conditions, the lower the residual risk. 
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through project No. 19-11441S.  
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Abstract. The ability to obtain rigorous upper and lower bounds on collapse loads
of various structures makes finite element limit analysis an attractive design tool. The
increasingly high cost of computing those bounds, however, has limited its application
on problems in three dimensions. This work reports on a high-performance homogeneous
self-dual primal-dual interior point method developed for three-dimensional finite element
limit analysis. This implementation achieves convergence times over 4.5× faster than the
leading commercial solver across a set of three-dimensional finite element limit analysis
test problems, making investigation of three dimensional limit loads viable. A comparison
between a range of iterative linear solvers and direct methods used to determine the
search direction is also provided, demonstrating the superiority of direct methods for this
application.

The components of the interior point solver considered include the elimination of and
options for handling remaining free variables, multifrontal and supernodal Cholesky com-
parison for computing the search direction, differences between approximate minimum
degree [1] and nested dissection [13] orderings, dealing with dense columns and fixed vari-
ables, and accelerating the linear system solver through parallelization. Each of these
areas resulted in an improvement on at least one of the problems in the test set, with
many achieving gains across the whole set. The serial implementation achieved runtime
performance 1.7× faster than the commercial solver Mosek [5]. Compared with the par-
allel version of Mosek, the use of parallel BLAS routines in the supernodal solver saw a
1.9× speedup, and with a modified version of the GPU-enabled CHOLMOD [11] and a single
NVIDIA Tesla K20c this speedup increased to 4.65×.
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1 INTRODUCTION

One of the most crucial aspects in the design of ground-based structures is the stability
of the supporting material, the soil. The upper and lower bound theorems of limit analysis
provide a useful methodology to address the stability of the supporting body [7]. A lower
bound on the true collapse load can be identified by finding a stress distribution which
satisfies the equilibrium equations and stress boundary conditions, and does not violate
the yield criterion at any point (a statically admissible stress field). An upper bound
to the true collapse load can be determined by equating the external rate of work to
the internal power dissipation through an assumed velocity field, and ensuring that the
velocity boundary conditions, and the strain and velocity compatibility conditions are
satisfied (a kinematically admissible velocity field). The availability of such a precise
measure of the error sets limit analysis apart from many other forms of numerical analysis
and makes it a very useful tool in predicting soil stability. Both the lower and upper bound
problems can be formulated as a convex optimization problem [14]:

maximize α

subject to BTσ = αp+ p0 (1)

f
(
σ(e)

)
≤ 0 ∀ e = 1, 2, ..., ne,

where α is the load multiplier, B is the standard finite element strain-displacement matrix,
p are the optimized loads, p0 are the prescribed tractions, σ(e) are the elemental stresses,
f is the convex yield function, and ne is the number of elements. If the yield function
can be cast in terms of a conic constraint then the problem can be solved directly by an
interior point method for conic optimization problems. The relevant conic constraints here
are the second-order cone and the semidefinite cone which can be used to represent the
Drucker-Prager and Mohr-Coulomb yield criteria in three dimensions, respectively. The
second-order cone constraint on the n-vector x restricts the values to those that satisfy
x0 ≥

√
x2
1 + x2

2 + ...+ x2
3. The semidefinite constraint on the n × n symmetric matrix

X requires zTXz ≥ 0 ∀ z ∈ �n. This paper is restricted to the former case using the
Drucker-Prager yield criterion in three dimensions with second-order conic constraints.

The bulk of the computational effort spent by interior point methods lies in determin-
ing the search direction at each iteration by solving a set of symmetric indefinite linear
equations known as the augmented equations

[
−D AT

A 0

]{
x
y

}
=

{
p
q

}
, (2)

(note that A = BT ) which is often reduced to the symmetric positive definite Schur com-
plement equation

AD−1ATy = AD−1p+ q. (3)

In this case, the coefficient matrix defing the search direction is a very sparse and very
large positive definite matrix that is increasingly ill-conditioned as an optimum point is
approached. Thus, the majority of the effort in enhancing the performance of the IPM is
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Figure 1: Test problems.

(c, φ, γ)

(a) Square excavation
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(c, φ)

(b) Square footing
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DH

(c, φ, γ)

(c) Tunnel heading

focussed on Cholesky and Cholesky-like factorization routines. This paper steps through
the major choices in developing a state-of-the-art interior point solver for finite element
limit analysis using a simplified homogeneous self-dual embedded interior point method
[5]. The first section addresses the choice of linear solver, the second compares the two
main ordering approaches, the third section looks at improving the linear system defining
the search direction, and the fourth section compares the parallel performance against
the top commercial solver.

Figure 1 shows the three problems considered in the study. See Table 1 for details.
The problems are a square excavation in cohesive-frictional material (c = 1, φ = 1◦ and
γ = 1), a square footing on weightless cohesive material (c = 1), and a tunnel heading
in cohesive-frictional material (c = 1, φ = 10◦, γ = 0.5, cover of H = 4, diameter of
D = 2 and length L = 6). An angle of θ = 25◦ is used to determine α and k for the
Drucker-Prager criterion from c and φ. The UB2 problems use quadratic elements in their
formulation.

2 CHOICE OF LINEAR SOLVER

Because of the increasing ill-conditioning of the Schur complement as the IPM con-
verges, the use of a Cholesky solver generally requires some way of dealing with non-
positive pivots before taking the square root [18]. This can be achieved by allowing for
2× 2 block pivots as in a symmetric indefinite factorization or by using basic pivot mod-
ification strategies. For the comparisons here, a left-looking supernodal Cholesky routine
based on CHOLMOD [11] with a modified BLAS DPOTF2 subroutine that substitutes a
large value (1032 is used) for any diagonal entry that is less than or equal to zero. MA57

[9] was used for the multifrontal method and both options used the MC50 implementation
of the approximate minimum degree (AMD) ordering [9]. Free variables were split into
the difference of two linear variables. All sequential tests were run on an Apple MacBook
Pro with an Intel Core i7-3740QM 2.70GHz CPU with 16GB RAM.
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Table 1: Test problem details. The columns from left to right show the number of finite elements, the
number of velocity nodes, the number of stress nodes, nF is the number of free variables, m is the number
of equations in BT , n is the number of columns in BT , and nzB is the number of non-zero entries in B.

Problem Elements Velocity Stress nF m n nzB
sqexLB 265,632 265,632 155,136 271,488 1,034,703 1,202,304 6,123,526
sqexUB 337,920 196,608 337,920 944,064 1,517,567 2,971,584 9,477,630
sqexUB2 49,152 73,809 196,608 429,158 639,461 1,608,806 22,665,659
sqftLB 357,264 357,264 207,360 208,656 1,227,168 1,452,816 7,493,136
sqftUB 357,264 207,360 357,264 375,408 980,208 2,518,992 8,059,824
sqftUB2 51,840 77,257 207,360 219,750 439,757 1,463,910 22,945,686
tunhLB 561,240 561,240 326,016 335,736 1,998,455 2,291,832 15,051,585
tunhUB 561,240 326,016 561,240 600,984 1,549,007 3,968,424 15,794,780

The multifrontal method required a noticeable amount less storage for the factors than
did the supernodal factorization, albeit at a significant time cost. On a smaller set of the
same problems used here without the lower bound tunnel heading (which both options
failed to solve to the required accuracy), the multifrontal method had an average factor
non-zero count of 32 million entries and an average IPM convergence time of 188.7s com-
pared with the supernodal methods 38 million entries and average solution time of 78.8s.
The IPM using the supernodal solver was 27s-435s faster with a median improvement
of 46s. This is due to the better arrangement of level 3 dense BLAS operations in the
supernodal solver. The iteration counts were all the same ±2 except for the upper bound
tunnel heading where the IPM using the multifrontal solver took eight more iterations.
Based on these results, the supernodal factorization appears to be superior in terms of
computational speed and does not suffer from any severe robustness issues, although mul-
tiple problems did encounter numerical indefiniteness (i.e. very small or negative pivots
were encountered). For the remainder of the study, the supernodal factorization was used.

2.1 A note on iterative linear solvers

Iterative linear or Krylov-subspace solvers were tested on both the Schur complement
and augmented equations with a range of preconditioners [17]. The best approaches tested
used a robust incomplete Cholesky factorization preconditioner with the preconditioned
conjugate gradients solver. These approaches lacked robustness, failing to solve the lower
bound problems in most cases (and some of the upper bound problems) in the small test
set. For the problems in which the approaches were successful, the number of non-zero
entries in the preconditioner ranged from 44% to 145% (averages of 60% to 75%) of the
size of the factor computed in the approach developed below, with a total IPM runtime
8× to 181× slower (with an average around 70× slower). This improved slightly as the
problems became larger, although no improvement in the ability to solve the lower bound
problems was found [17]. The modest reduction in storage requirements did not overcome
the lack of robustness coupled with the significant increase in runtime to warrant further
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investigation of this approach.

3 SPARSITY-PRESERVING ORDERINGS

The two resources required by any factorization are storage and time. Both of these
are driven by the amount of fill-in in the factor and so good quality orderings that re-
duce fill-in can yield significant savings. The two main approaches in use for ordering
symmetric systems are the approximate minimum degree (AMD) and nested dissection
(ND) orderings. These two were compared using the supernodal Cholesky solver and split
free variables. The AMD ordering was computed by MC50 [9] while the ND ordering is
computed by METIS [13]. The number of IPM iterations, the total IPM solution time and
the number of non-zero entries in the Cholesky factor L are shown in Table 2.

The number of iterations was very similar, being identical for most problems and only
showing differences in a small number of problems where convergence had slowed. The
computation time of the ND ordering was, in general, longer than that of AMD, but this
could be amortized over the duration of the IPM and was more than compensated for in
the significant reduction in fill-in. The number of non-zeros in the Cholesky factor ranged
from 65% more to 181% more with the AMD ordering. On average, the ND ordering saved
111% over AMD. This led to the IPM with the AMD ordering running 2.4× to 7.7×, with
an average of 4.7×, that of the IPM with the ND ordering. The only problems that did
not converge to tolerance was the lower bound tunnel headings. From these results it is
clear that the nested dissection ordering is superior to AMD for these problems.

Table 2: Performance of solver improvements. nit is the number of IPM iterations, tT is the total IPM
solution time, and nzL is the number of non-zero entries in the Cholesky factor. PREG is the solver with
all improvements described.

AMD ND PREG Mosek

Problem nit tT nzL nit tT nzL nit tT nzL nit tT nzL
sqexLB 24 5,058 835 24 657 297 21 507 267 20 785 237
sqexUB 23 5,350 961 23 1,332 444 18 788 339 17 1,109 293
sqexUB2 55 6,901 556 61 1,942 270 16 248 139 24 523 128
sqftLB 24 7,834 1,079 24 1,636 503 24 1,588 485 20 3,432 564
sqftUB 25 5,947 886 25 1,721 467 21 1,114 383 23 2,031 336
sqftUB2 25 1,436 317 25 599 192 19 379 168 18 556 153
tunhLB 22 12,277 1,670 18 1,618 733 25 2,367 720 22 3,482 660
tunhUB 39 12,999 1,284 35 3,250 673 17 1,350 590 19 2,364 524
Total 469 63,429 492 14,838 328 9,496 329 16,083
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4 EXPLOITING PROBLEM STRUCTURE

4.1 Elimination of free variables

While most authors mention the difficulties posed by free variables in the FELA prob-
lem formulation, few provide beneficial methods of dealing with them. Makrodimopoulos
and Martin [15] describe how the free variables may be eliminated from a lower bound
formulation, but only achieve around 10% improvement in performance. This is likely
to be a result of Mosek being able to efficiently handle the free variables when not being
removed. In the following, an outline is given of the efficient elimination of some (pos-
sibly all) free variables from the problem before solving the optimization problem using
purely algebraic conditions. Note that a post-solve is also required if free variables are
eliminated in order to return a solution suitable for interpretation of the results by the
calling program and is included in performance comparisons.

The most general approach seeks to find a full rank row-set of as many free variables
as possible on which it is possible to block-pivot without causing too much fill-in and
eliminating as many free variables as possible. Because it may not be possible to find a
suitable sparsity-preserving and stable block pivot for all free variables, the partitioning
leads to

BT =

[
B̃ E
N Ā

]
(4)

where B̃ is the non-singular block to be pivoted on. The constraint matrix used in the
IPM is thus reduced to A = Ā−NB̃−1E. This can be achieved by using a truncated LU
factorization with the Markowitz criterion (row count less one multiplied by the column
count less one) to rank potential pivots [16]. Note that this approach does not consider the
actual fill-in, but instead uses an upper bound on the fill-in as a heuristic. An alternative
interpretation is that it minimizes the number of updates to the active submatrix when
the rank-one outer product update is made to the active submatrix upon eliminating
the free variable. The use of doubly linked lists for both rows and columns provides a
simple way to find the next pivot of lowest or low Markowitz-count subject to the stability
threshold at each step and also allows simple insertion and deletion operations [8]. The
process continues until a suitable pivot can no longer be found. The approach considered
here uses an approximate minimum local fill-count at each step. A limited number of
columns are searched in order of increasing column count [19] for a pivot satisfying the
stability threshold for some scalar which produces a minimum fill score upon elimination
of this pivot. The fill score is calculated as the amount of fill-in produced by using the
pivot less the number of entries that would be eliminated from the active submatrix. An
efficient procedure for finding such a pivot checks for stability of the potential pivot, and
then computes the amount of fill-in caused by the stable potential pivot.

The elimination of free variables will often lead to a “dense” column in the constraint
matrix, which will cause the Schur complement and its factor to contain many more
non-zeroes. This can be dealt with as described next.
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4.2 Handling dense columns

A column with a large number of non-zeros in the constraint matrix, relative to the
other columns, leads to a considerably more dense Schur complement system than would
be the case if the column did not contribute to the Schur complement system. For this
reason, various approaches for reducing the impact of dense columns have been developed
[3, 6]. The approach used here is based on Andersen’s [6] modified Schur complement
method but differs to allow dense columns associated with free variables to be treated
explicitly, without any perturbations or modification to a conic variable. In contrast,
Andersen’s method will require any dense columns associated with free variables to be to
be duplicated, increasing the amount of required work and memory requirements, as well
as introducing the numerical difficulties known to be caused by splitting free variables.

From the augmented equations (2), partitioning A = [ADAS] along with x and D to
match, and eliminating xS gives

[
−DD AT

D

AD ASD
−1
S AS

]{
xD

y

}
=

{
pD

q+ASD
−1
S pS

}
(5)

To determine x and y the process is as follows:

1. compute the Cholesky factorization LLT = ASD
−1
S AS;

2. solve LV = AD for V;

3. solve Lr = (q+ASD
−1pS) for r;

4. solve
(
DD +VTV

)
xD = VT r− qD for xD;

5. solve LTy = (r−VxD) for y; and

6. solve −DSxS = qS +AT
Sy for xS.

From the above it is apparent that an additional solve with the triangular factor plus
the solution with the coefficient system is required. Note also that there is no guarantee
that the factorization exists, but there is no more than a single dense column as a result
of the elimination of free variables for these problems, with no dense columns in the
original constraint matrices and no numerical difficulties were encountered in factorizing
the matrix without modification.

4.3 Eliminating fixed variables subject to a second-order cone constraint

In some problems, fixed variables subject to second-order cone constraint occur. Ob-
viously, if a fixed variable is free or linear, it may be substituted out of the problem
immediately (if they are linear and fixed to be negative, the primal problem is infeasible).
If, however, the fixed variable is part of a second-order cone constraint, then they may
not be substituted out so easily. If the first variable associated with the kth second-order
cone constraint is fixed, i.e. aijxj = bi (that is, the ith row of A only has an entry in
column j) and bi is non-zero, then the Schur complement may be reduced in size.
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Because the values of the unfixed variables associated with the kth second-order cone
are not known, the variable may not be removed from the problem. The fixed variables
constrained by a second-order cone may still be exploited, however, to reduce the compu-
tational effort required to compute the search direction [5]. For each of the fixed variables,
they may be easily eliminated from every other constraint. Then symmetrically permuting
(2) gives 


−D11 −D12 0 I
−D11 −D22 AT

12 0
0 A12 0 0
I 0 0 0








x1

x2

y1

y2





=





p1

p2

q1

q2





(6)

where A12 are the constraints with no fixed variables (possibly containing dense columns).
From the fourth block equation, it is obvious that x1 = q2. This can be substituted into
the second and third block equations, leading to a system very similar to (2) which can
then be solved for x2 and y1 (there is a well-known explicit inverse for D22 that can be
computed just as cheaply as for D [5]). Finally, y2 can be found from the first block
equation.

4.4 Effect of exploiting problem structure

The performance of the IPM with the free variable elimination, dense column handling
and fixed variable routine is shown in Table 2. It should be noted that this option uses
regularization instead of splitting free variables (see [17] for details). For comparison, the
top commercial solver Mosek is included as a benchmark.

The reduction in runtime over all of the problems is 36%. This is, in part, due to
the removal of most of the free variables in many of the problems which would otherwise
hamper the IPM’s performance and exhibited in the reduction in iteration counts on all
problems except the larger tunnel heading lower bound problem, where the problem is
solved to required tolerances for the first time. The square footing and tunnel heading
problems had all but one of the free variables removed, with the one remaining being
associated with a dense column in the constraint matrix. The other way in which the
solver has benefitted is through a smaller factorization in terms of dimension and non-zero
entries. The number of non-zero entries was reduced from 2% to 49% with an average
of 16%, and the most benefit occuring on both forms of the upper bound problems.
The reduction in dimension resulted from both the free variable elimination and from
exploiting the fixed variables. In the square footing problems, a 17% reduction in the
dimension of the lower bound problem and reductions of 44% and 50% on the upper
bound and quadratic formulation upper bound problems, respectively.

In addition, the solver now compares favourably with Mosek. The solver spends, on
average, an almost identical number of iterations as the commercial offering and is no-
ticeably quicker in runtime. The number of non-zero entries in the factorization is still
considerably better in Mosek across the set, suggesting that further improvement in the
ordering may be possible, and possibly further free variable eliminations in some of the
problems.
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5 PARALLELIZATION OF THE LINEAR SOLVER

In the breakdown of the IPM solution time, over 75% of the total time is still spent
in the factorization routine. While other areas are able to be parallelized and are likely
to yield some improvement [4], the benefit is not expected to be significant for FELA
problems. The main hurdle to be overcome for sparse linear equation solvers is ensuring
that the dense subproblems are large enough to fully exploit the available performance
of the hardware. Fortunately, many of the supernodes, especially as one moves towards
the root of the elimination tree, are large enough to expect a major improvement if a
machine’s parallel computing resources can be exploited. This approach also enables
pre-compiled and highly optimized BLAS libraries to be used on single machines. These
parallel libraries have been tuned for the hardware and provide a high fraction of peak
hardware performance.

The parallel Intel MKL 11.0.5 was used for the dense BLAS operations in the su-
pernodal Cholesky factorization. To exploit the highly parallel capability of recent GPU
hardware, a modified version of CHOLMOD (version 3.0.3) was used [11]. CHOLMOD was mod-
ified by discarding the functionality to restart the factorization when a non-positive pivot
is encountered and the same modified DPOTF2 routine used above is called in place of
the BLAS library routine. To benchmark the improvement in performance, the problem
set was solved using Mosek with multiple threads. Note that it is not known what specific
areas in Mosek have been parallelized, while the two parallel options considered are only
exploiting parallelism in the factorization of the Schur complement system and subsequent
solves, as well as any calls to the BLAS library. The results presented in this chapter sum-
marize simulations performed on an Intel Xeon E5-1620 @ 3.60 GHz with 64GB RAM
and an NVIDIA Tesla K20c GPU. The results are shown in Figure 2 and Table 3, while
Figure 3 shows the growth in factor size and total solution time with problem dimension
for the upper bound tunnel heading problem.

The two options compute the same objective values, with slight differences caused by
rounding in the solver with dynamically scheduled accumulation in the GPU solver when
computing the contribution from the child supernodes. As expected, the iteration counts
are almost identical between the two solvers and Mosek computes similar objective values
for the problems. The parallel version on a quad-core processor is approximately twice as
fast as the sequential version which is consistent with the behaviour of Mosek (the parallel
test machine yields a 10%-15% edge over the machine used for the sequential tests). The
GPU option is more than twice as fast as the parallel CPU-only version, even with the
additional time necessary to initialize and finalize the GPU functionality. Both solvers are
faster than Mosek across the set, with the GPU version achieving 4.65× speedup. As can
be seen in Figure 3(b), the GPU version’s performance is better as the problems become
larger, where the computation is able to better saturate the hardware’s capabilities.

6 CONCLUSIONS

The development of a state-of-the-art interior point method has been described, achiev-
ing significant gains over the best available solvers. The judicious choice of available linear
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Figure 2: Parallel performance.

sqexLB sqexUB sqexUB2 sqftLB sqftUB sqftUB2 tunhLB tunhUB
0

500

1,000

1,500

2,000

377
499

269

1,571

1,071

264

1,885

1,072

255
387

135

681

476

183

979

584

126
191

85
223

160
95

389

236

T
o
ta
l
so
lu
ti
o
n
ti
m
e
(s
)

Mosek (Parallel) Parallel GPU

Figure 3: Upper bound tunnel heading problem with varying problem size.
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Table 3: Performance of parallel solvers. tP is the initialization, ordering and presolve time spent before
the IPM starts.

Mosek (Parallel) Parallel GPU
Problem nit tT tP nit tT tP nit tT tP
sqexLB 20 377 23 21 255 4 21 126 6
sqexUB 17 499 14 18 387 2 18 191 4
sqexUB2 24 269 14 16 135 2 16 85 3
sqftLB 20 1,571 51 24 681 6 24 223 7
sqftUB 23 1,071 27 21 476 4 21 160 6
sqftUB2 18 264 12 19 183 2 19 95 3
tunhLB 22 1,885 56 24 979 9 27 389 11
tunhUB 19 1,072 25 17 584 4 19 236 6
Total 332 8,011 285 327 4,305 44 332 1,914 68

equation solver methods and attention to the nature of finite element limit analysis prob-
lems with large numbers of free and fixed variables has led to an improvement in the
reliability and efficiency with which these problems can be solved. This progress enables
finite element limit analysis to remain a viable and attractive design tool as larger and
more sophisticated problems are considered.

To continue improving the applicability of the solver, extending the solver to han-
dle semidefinite cones will enable large three-dimensional Mohr-Coulomb analyses to be
conducted. Elastoplastic analysis could also benefit from the development of a solver
specifically for the problem formulation while utilizing the developments made here. Use
of greater parallelism in the linear equation solver through multiple GPUs and/or clusters
should also be considered for extremely large problems.
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Abstract. This paper is focused on analysis and reliable computations of limit loads
in perfect plasticity. We recapitulate our recent results arising from a continuous setting
of the so-called limit analysis problem. This problem is interpreted as a convex opti-
mization subject to conic constraints. A related inf-sup condition on a convex cone is
introduced and its importance for theoretical and numerical purposes is explained. Fur-
ther, we introduce a penalization method for solving the kinematic limit analysis problem.
The penalized problem may be solved by standard finite elements due to available con-
vergence analysis using a simple local mesh adaptivity. This solution concept improves
the simplest incremental method of limit analysis based on a load parametrization of an
elastic-perfectly plastic problem.

1 INTRODUCTION

Stability of a structure is analyzed in many engineering areas. From this analysis,
one can get various safety parameters that depend on the applied loads. One can also
estimate failure zones describing collapse of the structure. Limit analysis is one of the
main methods in stability assessment and is based on a parametrization of the load by
a scalar factor. The related safety parameter is defined as a limit (ultimate) value of
this factor. Beyond this value, the structure collapses. The limit load factor can be
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determined by solving a specific optimization problem, which is called the limit analysis
problem. This problem can be formulated either in terms of stresses (the static approach)
or in terms of kinematic fields. The static and kinematic approaches are in mutual duality
and lead to lower and upper bounds of the limit load factor, respectively. For literature
survey, we refer to [6, 15].

Although limit analysis was originally developped as an analytical method [6], now it
is widely used in computations. The simplest numerical scheme is based on solution of
an elastoplastic problem by standard finite elements and incremental methods. However,
such an approach may lead to an overestimation of the limit factor caused by locking
effects. More sophisticated numerical schemes take into account two important features
of limit analysis problems: possible discontinuities of kinematical fields along surfaces and
the presence of conic contraints. The discontinuities influence a choice of finite elements
or mixed finite elements. One can also choose one type of finite elements to find upper
bounds of the limit factor and another type for lower bounds. Further, it is possible to
transform the limit analysis problem to the second order cone programming, semidefinite
programming or other conic optimization and to use convenient algorithms for such prob-
lems like interior point methods. Finally, mesh adaptivity is used to get the lower and
upper bounds close each other or to visualize expected failure zones more accurately. For
the numerical treatment, we refer to, e.g., [2, 12, 5, 11, 15].

This contribution arises from the classical theory of limit analysis which is based on
perfect plasticity and the associative plastic flow rule. Although mathematical theory for
continuous setting of the classical limit analysis problem is known for a long time, see,
e.g., [21, 7, 13], some new results have appeared quite recently [8, 9, 14, 10]. We describe
two of them and show their importance for numerical analysis and computations.

The first result is inspired by current computational experiences based on conic op-
timization, see the text above. We introduce a specific inf-sup condition related to the
conic optimization, discuss its validity for basic yield criteria and show its consequences.
In particular, by using this condition, one can prove the equivalence between the static
and kinematic approaches and derive the analytical upper bounds of the limit load us-
ing functions which need not belong to the restrictive conic set. These bounds can be
computable and used in a posteriori error analysis. The reader will find a systematic
exposition in [14, 10].

The second result is inspired by incremental methods and construction of global work-
ing diagrams describing the material response during the loading process. To construct
the global working diagram for continuous setting of the problem, we penalize the kine-
matic limit analysis problem (in order to release the conic constraints) and study the
relation between the load factor λ and the penalty parameter α. The resulting λ − α
curve is continuous, nondecreasing and tending to the limit load factor λ∗ as α → +∞.
The parameter α may be also interpreted as the work of external forces. In addition,
convergence results for standard finite elements and fixed α are available. The penalized
problem may be solved by standard elastoplastic solvers and combined with a mesh adap-
tivity in order to estimate the limit factor λ∗ from below within the kinematic approach.
For a more detailed discussion and examples we refer to [8, 9].
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This paper is organized as follows. Continuous setting the limit analysis problems and
their duality relationship are summarized in Section 2. The respective inf-sup conditions
on convex cones and their consequences are introduced in Section 3. The penalization of
kinematic limit analysis problem is discussed in Section 4. A finite element discretization
of the problem and its convergence analysis are presented in Section 5. This section
also contains brief notes concerning used mesh adaptivity, solvers and implementation.
Illustrative numerical examples to the presented solution concept can be found in recent
papers [8, 9, 14, 10, 20, 16].

2 LIMIT ANALYSIS PROBLEM: CONTINUOUS SETTINGS

Let Ω be a bounded domain in R3 representing the investigated body. Its boundary
∂Ω is split into two nonempty parts ΓD,ΓN where the body is fixed and surface tractions
f : ΓN → R3 are prescribed, respectively. The volume forces are denoted as F : Ω → R3.
Both external forces f ,F are multiplied by a positive scalar factor λ �→ λf , λF .

By M3×3
sym, we denote the space of symmetric 3 × 3 matrices (second order tensors)

equipped with the scalar product σ : ε =
∑

i,j σijεij and the norm |ε|2 = ε : ε. This space
will be used for Cauchy stress tensors and infinitesimal small strain tensors, respectively.
We assume that the Cauchy stress tensor σ belongs to a closed, convex set B ⊂ M3×3

sym.
This set is usually defined by a yield criterion and we let it independent of the space
variable x ∈ Ω, for the sake of simplicity. Other assumptions on B will be specified in
Section 3.

We use notation σ also for stress tensor fields, i.e. σ := σ(x), x ∈ Ω. These fields
belong to the space S := L2(Ω,M3×3

sym) of Lebesgue integrable functions [21]. The set of
statically admissible stress fields reads as

Qλ = {σ ∈ S | −Divσ = λF in Ω, σn = λf on ΓN} , λ ≥ 0.

where Div denotes the divergence operator, i.e. (Divσ)i =
∑

j ∂σi,j/∂xj, and n is the
unit outward normal vector to Ω. The set of plastically admissible stress fields is defined
as follows:

PB = {σ ∈ S | σ(x) ∈ B, x ∈ Ω} .
The limit load factor λ∗ is defined as the supremum over all λ, for which there exists
simultaneously a statically and plastically admissible stress field:

λ∗ := sup{λ ≥ 0 | subject to ∃σ ∈ Qλ ∩ PB}. (2.1)

Problem (2.1) represents the static principle of limit analysis. To derive its dual kinematic
form, we introduce the space of kinematically admissible vector fields:

V = {v ∈ W 1,2(Ω,R3) | v = 0 on ΓD},

where W 1,2 is standard notation for Sobolev spaces [21]. Within limit analysis, functions
v rather represent velocity fields or displacement rates because displacement fields are
unbounded as λ → λ∗. The load functional reads as:

L(v) =

∫

Ω

F · v dV +

∫

ΓN

f · v dS, v ∈ V.

3
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Using Green’s theorem, one can rewrite the set Qλ to a more convenient form [21, 7]:

Qλ =

{
σ ∈ S |

∫

Ω

σ : ε(v) dV = λL(v) ∀v ∈ V
}
, λ ≥ 0,

where ε(v) = (∇v + (∇v)�)/2 stands for the linearized strain tensor related to v ∈ V
and ∇ denotes the gradient operator. Further, it is well-known that

σ ∈ Qλ if and only if inf
v∈V

L(v)=1

∫

Ω

σ : ε(v) dV = λ.

Using this equivalence, one can write the static principle as follows:

λ∗ = sup
σ∈PB

inf
v∈V

L(v)=1

∫

Ω

σ : ε(v) dV. (2.2)

The dual (kinematic) principle arises from (2.2) by interchanging sup and inf:

ζ∗ = inf
v∈V

L(v)=1

J∞(v), J∞(v) = sup
σ∈PB

∫

Ω

σ : ε(v) dV. (2.3)

Here, J∞ denotes the dissipation potential which need not be finite on V and thus some
additional constraints on v must be taken into account, see Sections 3.1 and 3.2. The
value ζ∗ is called the kinematic limit factor. Since sup inf ≤ inf sup, we have λ∗ ≤ ζ∗,
thus ζ∗ is only an upper bound of the true limit factor λ∗. Therefore, to use the kinematic
principle correctly, it is important to study when λ∗ = ζ∗. Such a result was proven for
specific sets B, but not in general. In particular, λ∗ = ζ∗ holds for B representing the von
Mises and Tresca yield criteria [21, 7] or for bounded B [9]. In [13, 10], this equality was
established for the Drucker-Prager yield criterion provided that the slope of the Drucker-
Prager cone is sufficiently small. In the next section, we summarize recent results from
[10] enabling us to study this equality in a more general way.

It is also worth noticing that the space V is sufficient for the definition of the kinematic
limit value ζ∗ but V may not contain minimizers of (2.3), which in general belong to
an extended space BD(Ω) (BD – bounded deformations) associated with the so–called
relaxed variational problem, see [21, 7, 13] and the references therein. The space BD(Ω)
contains vector valued functions, which may have jumps along some surfaces. In limit
analysis, these discontinuities are associated with failure zones.

3 INF-SUP CONDITION FOR LIMIT ANALYSIS PROBLEM

From now on, we assume that the set B can be split as follows:

B = C + A = {σ ∈ M3×3
sym | σ = σC + σA, σC ∈ C, σA ∈ A}, A = B ∩ C−, (3.1)

where C ⊂ M3×3
sym is the largest cone with vertex at zero which is contained in B and A is

a bounded subset of the polar cone

C− = {η ∈ M3×3
sym | σC : η ≤ 0 ∀σC ∈ C}.

4
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This split of B is illustrated in Sections 3.1 and 3.2 below for the von Mises and Drucker-
Prager yield criteria, respectively. Similarly, one can also split sets B represented by
Tresca and Mohr-Coulomb yield criteria.

For B satisfying (3.1), the kinematic limit analysis problem can be written in a more
convenient form. First, we have

ζ∗ = inf
v∈V

L(v)=1

∫

Ω

j∞(ε(v)) dV, j∞(ε) = sup
σ∈B

σ : ε. (3.2)

Further, since

j∞(ε) = sup
τ∈B

τ : ε =





jA∞(ε), ε ∈ C−,

+∞, ε �∈ C−,
jA∞(ε) := max

τ∈A
τ : ε, ∀ε ∈ M3×3

sym, (3.3)

one can specify admissible kinematic fields in (3.2) by

K = {v ∈ V | ε(v) ∈ C− in Ω}, (3.4)

and write

ζ∗ = inf
v∈K

L(v)=1

JA
∞(v), JA

∞(v) :=

∫

Ω

jA∞(ε(v)) dV. (3.5)

Let us note that the functional JA
∞ is finite-valued for any v ∈ V unlike J∞. Therefore,

the setting (3.5) of the kinematic limit analysis problem is more transparent than the one
in (2.3) or (3.2). The contraint set K has a cone property. It holds that v ∈ K if and only
if
∫
Ω
σ : ε(v) dV ≤ 0 for any σ ∈ PC, where PC := {σ ∈ S | σ(x) ∈ C, x ∈ Ω}.

The other and crucial assumption for the limit analysis problem is the satisfaction of
the following inf-sup condition:

inf
σ∈PC
σ �=0

sup
v∈V
v �=0

∫
Ω
σ : ε(v) dV

‖σ‖Ω‖∇v‖Ω
= c∗ > 0, (3.6)

where ‖ · ‖Ω denotes the standard L2-norm of scalar, vector or tensor variables. The
inf-sup condition (3.6) is non-standard in literature because the infimum is taken over the
cone PC instead of a current linear space. We have the following fundamental result [10].

Theorem 3.1. Let (3.1) and (3.6) be satisfied. Then λ∗ = ζ∗.

It is well-known that inf-sup conditions are also important in numerical analysis, see,
e.g., [1]. Here, we use the inf-sup value c∗ to find computable majorants of λ∗ = ζ∗.

From (3.5), it follows that any function v ∈ K, L(v) = 1, defines an upper bound
JA
∞(v) ≥ ζ∗. In general, it is practically impossible to find v ∈ K to make this bound

sufficiently sharp. Moreover, the constraint set K has to be approximated within the
numerical process. Therefore, we have derived the following upper bound of ζ∗, which
uses a larger class of functions than the ones from K, see [14, 10].
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Theorem 3.2. Let (3.1) and (3.6) be satisfied. Then for any v ∈ V such that L(v) >
c−1
∗ ‖L‖∗‖ΠC ε(v)‖Ω, it holds:

ζ∗ ≤ JA
∞(v) + c−1

∗ ρA|Ω|1/2‖ΠC ε(v)‖Ω
L(v)− c−1

∗ ‖L‖∗‖ΠC ε(v)‖Ω
, (3.7)

where ‖L‖∗ is the norm of the load functional, ρA is the diameter of the bounded set A
and ΠC denotes the projection of M3×3

sym onto C.

Let us note that ΠC and ρA are known explicitely for classical yield criteria. Com-
putable or analytical bounds of ‖L‖∗ are standard in literature focused on a posteriori
error analysis. Computable majorants of c−1

∗ have been derived in [14, 10]. Further, for
v ∈ K, L(v) = 1, we have |ΠC ε(v)| = 0 and thus the bound on the right of (3.7) coincides
with JA

∞(v) mentioned above. In Section 5, we combine (3.7) with our solution concept
in limit analysis.

3.1 Example 1 – von Mises yield criterion

The set B corresponding to the von Mises criterion is defined by

B =
{
σ ∈ M3×3

sym | |σD| ≤ γ
}
,

where γ > 0 represents the uniaxial yield stress, σD = σ − 1
3
(trσ)I stands for the

deviatoric part of σ, trσ denotes the trace of σ and I is the unit 3× 3 matrix. This set
is an unbounded cylinder aligned with the hydrostatic axis, see Figure 1.

�

�

A = B ∩ C−

C

C−

B = C + A

B = C + A

|σD|

γ

−γ

trσ

Figure 1: Decomposition of the set B for the von Mises yield criterion.

It is easy to see that B satisfies (3.1) with

C = {σ ∈ M3×3
sym | σ = qI, q ∈ R}, A = {η ∈ C− | |η| ≤ γ}, C− = {η ∈ M3×3

sym | trη = 0}.

Hence, we arrive at the following kinematic limit analysis problem:

ζ∗ = inf
v∈K

L(v)=1

∫

Ω

γ|εD(v)| dV, K = {v ∈ V | divv = 0 in Ω}.
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Further, (3.6) becomes the well-known inf-sup condition used in incompressible media
problems:

inf
q∈L2(Ω)

q �=0

sup
v∈V
v �=0

∫
Ω
q div v dV

‖q‖Ω‖∇v‖Ω
= cΩ > 0. (3.8)

It is easy to see that cΩ =
√
3c∗ for the von Mises yield criterion, where c∗ is from (3.6).

This inf-sup condition holds if the body is fixed only on a part of the boundary (as assumed
in Section 2). Nevertheless, the equality λ∗ = ζ∗ holds even if ∂Ω = ΓD, see [21, 7, 14]. In
[14] and the references therein, there are discussed ways how to get computable majorants
of c−1

Ω . Finally, the upper bound (3.7) holds for the von Mises yield criterion with ρA = γ
and ‖ΠCε(v)‖Ω = 1√

3
‖divv‖Ω.

3.2 Example 2 – Drucker-Prager yield criterion

The set B corresponding to the Drucker-Prager yield criterion is defined by

B :=
{
σ ∈ M3×3

sym | |σD|+ a

3
trσ ≤ γ

}
, a, γ > 0.

�

�
C

C

C−

C−

�
�
�
�
�
�
�

�
�
�
�
�
��

����������

����������

A
A

����������������

����������������

B

B

|σD|

3γ
a

trσ

Figure 2: Decomposition of the set B for the Drucker-Prager yield criterion.

It is the cone with vertex at γ
a
I, see Figure 2. Again, B satisfies (3.1) with

C = {σ ∈ M3×3
sym | |σD|+ a

3
trσ ≤ 0}, C− = {η ∈ M3×3

sym | trη ≥ a|ηD|}, A = B ∩ C−.

Hence, the kinematic limit analysis problem reads as follows:

ζ∗ = inf
v∈K

L(v)=1

∫

Ω

γ

a
div v dV, K = {v ∈ V | divv ≥ a|εD(v)| in Ω}.

It can be shown that the inf–sup condition (3.6) is valid under the additional assumption
on the material parameter a defining the slope of the Drucker-Prager cone [10]:

a < (c−2
Ω − 1/3)−1/2,

7
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where cΩ is the inf-sup value from (3.8). Thus (3.6) and ζ∗ = λ∗ hold for a sufficiently
small slope of the Drucker-Prager cone. If the body is fixed on the whole boundary then
(3.6) does not hold. In this case, K = {0} and λ∗ = ζ∗ = +∞ as was shown in [13].

Computable majorants of c−1
∗ use the bounds of the inf-sup value cΩ, see [10]. Finally,

the upper bound (3.7) for the Drucker-Prager yield criterion holds with ρA = γ
α

√
3 and

ΠCε =





ε, ε ∈ C,
0, ε ∈ C−,

a|εD|−trε
3+a2

(
a εD

|εD| − I
)
, ε �∈ C ∪ C−.

(3.9)

4 PENALIZATION OF KINEMATIC LIMIT ANALYSIS PROBLEM

This section summarizes the results published in [8, 9, 18]. Recall that

ζ∗ = inf
v∈V

L(v)=1

∫

Ω

j∞(ε(v)) dV, j∞(ε) = sup
σ∈B

σ : ε, (4.1)

where j∞ may be infinite for some v ∈ V. One can penalize the problem (4.1) as follows:

ψ̃(α) := inf
v∈V

L(v)=1

∫

Ω

jα(ε(v)) dx, jα(ε) = max
σ∈B

{σ : ε− 1

2α
C−1σ : σ}, (4.2)

where α > 0 is the penalization parameter and C is a fourth order tensor representing the
Hooke law (known from elasticity). Let us note that limit analysis and also the results
summarized below are independent of elastic material parameters defining C.

It holds that jα is finite-valued, convex, smooth and jα → j∞ pointwisely in M3×3
sym as

α → +∞. It is readily seen that jα ≤ j∞ so that ψ̃(α) ≤ ζ∗ for any α > 0. In addition, the
function ψ̃ is continuous, nondecreasing and limα→+∞ ψ̃(α) = λ∗. Therefore, the values
ψ̃(α) define lower bounds of the static limit factor λ∗ although we used the kinematic
principle. For smaller values of α, the function ψ̃ is usually linear and limα→0 ψ̃(α) = 0.
The properties of ψ̃ are depicted in Figure 3.

�

��
�
�
�

�
�

�
�

λ

λe

λe

2

αe

ψ

ψ̃

ψ(α)
α→ λ∗λ∗

ψ̃(α)
α→ λ∗

α
Figure 3: Properties of the functions ψ̃ and ψ. The value αe is the threshold of purely elastic response.

Let uα denote a minimizer to the problem (4.2). To simplify the next presentation,
we assume that uα belongs to V although, in general, uα belongs to the space BD(Ω)
mentioned above. For a more general treatment, we refer to [8].
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Next, we show that the penalized problem (4.2) is closely related to a simplified
static version of the elastic-perfectly plastic problem (Hencky’s problem) and to incre-
mental limit analysis. To this end, we denote j as the function jα for α = 1. Clearly,
jα(ε) = 1

α
j(αε) for any α > 0 and any ε ∈ M3×3

sym. Let ΠB : M3×3
sym → M3×3

sym stand for
the (Fréchet) derivative of j. The function ΠB represents the elastic-perfectly plastic
constitutive operator, i.e., the projection of the elastic stress tensor Cε onto the set B of
admissible stress tensors. Notice that the value ΠB(αε) is the derivative of jα at ε. Then
(4.2) can be written as the following saddle-point problem: given α > 0, find uα ∈ V and
λα ∈ R such that L(uα) = 1 and

∫

Ω

ΠB(αε(uα)) : ε(v) dV = λαL(v) ∀v ∈ V. (4.3)

The above mentioned elastic-perfectly plastic problem reads as: given λ > 0, find uλ ∈ V:
∫

Ω

ΠB(ε(uλ)) : ε(v) dV = λL(v) ∀v ∈ V. (4.4)

We see that the equations (4.3) and (4.4) are almost identical. In particular, if λ = λα

then uλ = αuα. From this, we see that the displacement field uλ is unbounded as λ → λ∗,
i.e. α → +∞. In [8], it was shown that there exists a unique solution component λα in
(4.3) and λα =

∫
Ω
ΠB(αε(uα)) : ε(uα) dV ≥ 0. Therefore, one can introduce the function

ψ : α �→ λα. It holds that ψ ≥ ψ̃. In addition, ψ has analogous properties as ψ̃, i.e. it
is a continuous, nondecreasing function satisfying ψ(0) = 0 and limα→+∞ ψ(α) = λ∗, see
Figure 3.

Since the function ψ transforms the penalization parameter α into the load factor λ it
describes the material response during loading. The inverse mapping λ �→ α is defined
by the relation α = L(uλ). Therefore, the penalty parameter α may be interpreted as
the work of external forces. The knowledge of ψ enables us to control the loading process
indirectly through α. This idea was originally introduced in [19, 3] for a discrete setting
of the problem.

5 DISCRETIZATION AND SOLVERS

The penalized problem (4.2) is solved by standard finite elements which are conforming
with respect to V. Let Vh be the corresponding finite-dimensional subspace of V and uh,α,
ψh, λ

∗
h and ζ∗h be the discrete counterparts of uα, ψ, λ

∗, and ζ∗, respectively.
We have λ∗

h = ζ∗h. Further, ψh is a continuous and nondecreasing function satisfying
ψh(0) = 0 and limα→+∞ ψh(α) = λ∗

h. If we consider a regular system of finite element
partitions of Ω then ψh(α) → ψ(α) as h → 0+ for any α > 0. Hence, λ∗

h ≥ λ∗ ≥ ψ(α)
for any α > 0 and h > 0. These results are depicted in Figure 4 and were proven in
[8, 9, 18]. We can see that the standard discretization may lead to reliable results if we fix
the parameter α and use a mesh adaptivity. On the other hand, the discrete limit value
λ∗
h can significantly overestimate λ∗ since convergence λ∗

h → λ∗ is not guaranteed.
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h → 0

λ
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α→ λ∗λ∗

ψh(α)
α→ λ∗

h

λ∗
h

α
Figure 4: Properties of the functions ψh and ψ.

If a positive lower estimate of the inf-sup value c∗ is available, one can use the upper
bound (3.7) of ζ∗ with v := uh,α:

λ∗ = ζ∗ ≤ JA
∞(uh,α) + c−1

∗ ρA|Ω|1/2‖ΠC ε(uh,α)‖Ω
L(uh,α)− c−1

∗ ‖L‖∗‖ΠC ε(uh,α)‖Ω
. (5.1)

This bound is well-defined for larger values of α since ‖ΠC ε(uh,α)‖Ω → 0 as α → +∞.
In addition, it can be sharp and detect a possible overestimation of λ∗

h as was shown in
[14, 10, 20].

In limit analysis, the process of failure is usually localized in a vicinity of a surface
discontinuity while rigid deformations appear far from the failure. Therefore, it is quite
natural to use mesh adaptive techniques, which can significantly reduce the number of
unknowns and improve accuracy of the results. Using a mesh adaptivity, one can also
achieve convergence ψh(α) → ψ(α) as h → 0+ in order to receive a lower bound of λ∗.

We use the following simple strategy of mesh adaptation. First, a sufficiently large
value α is found by continuation on the coarsest mesh and then this value is fixed. For
the mesh level k = 0, 1, 2, . . ., we find the solution uk. Then

∫
e
jA∞(ε(uk)) dV is evaluated

for any element e and 10% of elements with the highest values is selected. Alternatively,
one can also use the criterion based on the values

∫
e
jα(ε(uk)) dV .

The discrete version of the penalized problem (4.2) is solved by a variant of the semis-
mooth Newton method (SSNM) proposed in [3]. SSNM may be interpreted as a sequen-
tial quadratic programming in context of this optimization problem. In order to receive
convergence for large α, SSNM is supplied with damping and/or regularized stiffness ma-
trices. Continuation using α also improves convergence. For more details, we refer to
[19, 3, 9, 17].

The presented numerical strategy is implemented in Matlab within our codes. Tan-
gential stiffness matrices and load vectors are assembled by vectorized codes described in
[4]. These codes are available for P1, P2, Q1 and Q2 elements in 2D and 3D. Illustra-
tive numerical examples for various yield criteria and benchmarks are presented in recent
papers [8, 9, 14, 17, 10, 20, 16]. In particular, [16] illustrates that the solution concept
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works well even for composite materials with the von Mises yield criterion for one material
component and the Drucker-Prager yield criterion for another one.

6 CONCLUSION

Two recent theoretical results in classical limit analysis have been presented: the related
inf-sup condition and its importance, and the existence of a continuous loading path
in perfect plasticity. Using these results, we have proposed a solution concept based
on a penalization of the kinematic limit analysis problem. We have shown that the
penalization method may be interpreted as an improved incremental approach and can
be solved similarly as standard elastoplastic problems. Therefore, our solution strategy
is convenient for scientists familiar with current computational plasticity. This strategy
can be realized within commercial softwares which are not specialized in limit analysis.

Acknowledgement: This work was supported by the Czech Science Foundation (GAČR)
through project No. 19-11441S.
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Abstract. We study the modeling of bilinear and quadratic systems from measured data. The
measurements are given by samples of higher order frequency response functions. These values
can be identified from the corresponding Volterra series of the underlying nonlinear system.
We test the method for examples from structural dynamics and chemistry.

1 INTRODUCTION

With the ever-increasing supply of available measurements in the study of physical processes,
the need for incorporating data in the modeling process has steadily grown. The main chal-
lenge is to use measured data to construct models that can accurately identify the underlying
dynamics. Sometimes, the models have large dimensions and are not fitted for fast simulation.

Model reduction is commonly viewed as a methodology used for reducing the computational
complexity of large scale complex models in numerical simulations. The goal is to construct
a smaller system with the same structure and similar response characteristics as the original.
For an overview of model reduction methods, we refer the reader to [1, 5].

The Loewner Framework (LF) is a data-driven identification and reduction technique that
uses measured or computed data to construct reliable surrogate models. For a comprehensive
tutorial paper on LF for linear systems, we refer the reader to [3]. The framework has been
extended and applied to classes of mildly nonlinear systems, such as bilinear systems in [2], and
quadratic-bilinear (QB) systems in [7]. These classes are of interest since nonlinear systems can
be reformulated, without any approximation, as QB systems (provided that the nonlinearities
are analytical).

The Volterra series is a mathematical description of the input/output relationship, valid for
a wide class of nonlinear systems. It is based on a functional power series expansion. Applica-
tions of this method range in areas such as fluid dynamics, electrical engineering, mechanical
engineering or biomedical engineering.

Data-driven modeling of nonlinear systems has been an active field of research over the years.
However, there are still many open challenges which can not be addressed by the classical linear
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identification theory. One of these issues is choosing a model structure from the many possible
classes, without prior knowledge of the system.

In this work, we assume that the unknown nonlinear system to be modeled has bilinear or
quadratic nonlinearities. For these classes of mild nonlinear systems, one can directly compute
generalized transfer functions in the frequency domain. This is done by means of the harmonic
probing method by identifying the leading terms of the Volterra series.

Using the Loewner framework, we first fit a linear model that matches samples of the first
(linear) transfer function. Then, from samples of the second transfer function (that includes
the nonlinear behavior), we are able to fit appropriate bilinear or quadratic terms. The data
required for this procedure can be estimated from direct numerical simulations.

The paper is structured as follows; after the introduction in Section 1, we give a brief
overview on the Volterra series in Section 2. Then, Section 3 introduces linear systems and an
overview of the Loewner framework. Afterward, Sections 4 and 5 include the derivations of
transfer function for bilinear, and respectively, for quadratic systems. The numerical examples
are presented Section 6, while Section 7 concludes the paper.

2 VOLTERRA SERIES

The Volterra series theory describes the relationship between the control input and the
observed output of a dynamical system whose dynamics is characterized by nonlinear behavior.

It provides an explicit formulation through the so-called higher-order Volterra kernels. In
time-domain, the mappings are given vy the higher-order impulse response functions (HOIRFs),
while in the frequency domain, we have the higher-order frequency response functions (HOFRFs).
The latter quantities can be derived from the HOIRFs by applying a generalized Fourier or
Laplace transformation. A method for deriving the analytical expressions of the HOFRFs was
proposed in [4]. This has since been referred to as the harmonic (input) probing method for
continuous-time nonlinear systems. It is based on the fact that a harmonic input must result
in a harmonic output.

Considerable amount of work has been employed into this direction in the 80’s. We mention
the books [11, 12] which represent exhaustive collections of theoretical results related to the
Volterra series. Afterwards, contributions were made on applications in certain fields such as
structural dynamics (see [14]), and in signal processing (see [6]).

The input-output relationship for a wide class of nonlinear systems can be expressed as a
Volterra series (here u(t) is the input while y(t) the output)

y(t) =
∞∑
n=1

yn(t), yn(t) =

∫ ∞

−∞
· · ·

∫ ∞

−∞
hn(τ1, · · · , τn)

n∏
i=1

u(t− τi)dτi. (1)

In (1), the multivariate function hn(τ1, · · · , τn) is the nth-order Volterra kernel or generalized
impulse response function of order n. The frequency domain description of this kernel can be
found by applying a generalized multidimensional Fourier transform. Hence, one can write

Hn(jω1, · · · , jωn) =

∫ ∞

−∞
· · ·

∫ ∞

−∞
hn(τ1, · · · , τn)e−j(ω1τ1+···+ωnτn)dτ1 · · · dτn. (2)

In (2), the multivariate functionHn(jω1, · · · , jωn) is the nth-order generalized transfer function.
For example, if n = 1, then H1 is the linear transfer function derived in Section 3.

2
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The harmonic (input) probing method consists in applying periodic functions as input in
the following format

u(t) =

p∑
�=1

α�e
jω� . (3)

Then, by replacing this input into (1), one can write the nth element of the output, i.e. yn as

yn(t) =

p∑
�1=1

· · ·
p∑

�n=1

α�1 · · ·α�pHn(jω�1 , . . . , jω�n)e
j(ω�1

+···+ω�n )t. (4)

For simplicity, in Sections 4 and 5, we use a single harmonic function (p = 1 and u(t) =
αejωt) to identify explicit formulas for the generalized transfer functions (in the case of bilinear
and quadratic systems). Consequently, the transfer function Hn will be evaluated at multiple
instances of the driving frequency jω.

3 LINEAR SYSTEMS

A linear system ΣL is characterized by a set of differential equations, as follows

ΣL : Eẋ(t) = Ax(t) +Bu(t), y(t) = Cx(t), (5)

where E,A ∈ Rn×n, B,CT ∈ Rn. The matrix E is considered to be invertible and hence
assimilated into matrices A and B: Ā = E−1A, B̄ = E−1B. One can explicitly write the
output y(t) in terms of the input u(t):

y(t) = CeĀtx(0) +

∫ t

0

CeĀ(t−τ)Āu(t)dτ, τ ∈ [0, t]. (6)

The linear time-domain kernel is defined as follows h(t) = CeĀtB̄ and it is referred to as the
impulse response. By considering the Laplace transform of this function, we obtain:

H(s) = L{h(t)} = C(sI− Ā)−1B̄. (7)

Alternatively, simply apply the Laplace transform directly to the differential equation in (5)

sEX(s) = AX(s) +BU(s) ⇒ X(s) = (sE−A)−1BU(s) ⇒ Y(s) = C(sE−A)−1BU(s) (8)

Hence, identify the transfer function as the ratio of the transformed output Y(s) to the trans-
formed input U(s):

H(s) =
Y(s)

U(s)
= C(sE−A)−1B. (9)

3.1 The Loewner framework

The Loewner framework is a data-driven model identification and reduction tool (see [3]).
It provides a solution through rational approximation and by means of interpolation. The
problem can be formulated as follows; given the following data

right data : (λi;wi), i = 1, · · · , k, and left data : (µj;vj), j = 1, · · · , q. (10)

find the function H(s), such that the following interpolation conditions are fulfilled:

H(λi) = wi, H(µj) = vj, (11)
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where wi, vj ∈ C, could be, for instance, S-parameters, i.e. values that could be measured
experimentally. Proceed to arranging the data (10) into matrix format. The Loewner matrix
L ∈ Ck×k and the shifted Loewner matrix Ls ∈ Ck×k are defined as follows

L =




v1−w1

µ1−λ1
· · · v1−wk

µ1−λk

...
. . .

...
vk−w1

µk−λ1
· · · vk−wk

µk−λk


 , Ls =




µ1v1−w1λ1

µ1−λ1
· · · µ1v1−wkλk

µ1−λk

...
. . .

...
µkvk−w1λ1

µk−λ1
· · · µkvk−wkλk

µk−λk


 , (12)

while the data vectors V,WT ∈ Rk are introduced below

V =
[
v1 ; v2 ; . . . ; vq

]
, W = [w1 w2 · · · wk]. (13)

Lemma 1. If the matrix pencil (Ls, L) is regular, then one can directly recover the system
matrices and the interpolation function. The Loewner model is composed of

E = −L, A = −Ls, B = V, C = W, → H(s) = W(Ls − sL)−1V. (14)

Introduce R as the generalized controllability matrix in terms of the right sampling points
{λ1, . . . , λk} and matrices E,A,B. Additionally, let O be the generalized observability matrix,
written in terms of the left sampling points {µ1, . . . , µk} and matrices E,A,C.

O =




C(µ1E−A)−1

...
C(µkE−A)−1


 , R =

[
(λ1E−A)−1B · · · (λkE−A)−1B

]
. (15)

Then, it follows that the data matrices can be factorized as follows

L = −OER, Ls = −OAR, V = CR, W = OB. (16)

In practical applications, the pencil (Ls, L) is often singular. In these cases, perform a rank
revealing singular value decomposition (SVD) of the Loewner matrix L. By setting rankL = k,
write (where Xr = X(:, 1 : r), Yr = Y(:, 1 : r), and Sr = S(1 : r, 1 : r))

L = XSY∗ ≈ XrSrY
∗
r , with Xr,Yr ∈ Ck×r, Sr ∈ Cr×r. (17)

Lemma 2. The system matrices corresponding to a compressed /projected Loewner model for
which the transfer function approximately matches the conditions in (11), can be computed as

Ê = −X∗
rLYr, Â = −X∗

rLsYr, B̂ = X∗
rV, Ĉ = WYr. (18)

and the corresponding interpolating function Ĥ(s) = WYr

(
X∗

r(Ls − sL)Yr

)−1

X∗
rV.

Remark 3.1. One can incorporate the reduced-order matrix Ê in (18) into the other system
matrices and, in this way, put together a model (Ã, B̃, C̃) in standard representation:

Ã = Ê−1Â = (X∗
rLYr)

−1(X∗
rLsYr), B̃ = Ê−1B̂ = (X∗

rLYr)
−1(X∗

rV), C̃ = Ĉ = WYr. (19)

Definition 3.1. The Kronecker product of two vectors x ∈ Cm and y ∈ Cm is given by the
vector z ∈ Cmn defined in the following way

z = x⊗ y =
[
x1y1, x1y2, . . . x1ym, x2y1, . . . , x2ym, . . . , xny1, . . . , xnym

]T
.

Note that the product is not commutative. The definition of the product for matrices follows
in an analogous way.
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4 BILINEAR SYSTEMS

We analyze bilinear systems ΣB of dimension n described by

ΣB : ẋ = Ax+Nxu+Bu, y = Cu. (20)

where A,N ∈ Rn×n and B,CT ∈ Rn. The nonlinearity, although mild, is given by the product
of the variable x with the input u in (20) (and scaled by matrix N). We introduce a numerical
tool that allows approximating nonlinear systems by means of a bilinear system. The technique
is commonly known as Carleman linearization (see [11]).

This procedure is a linearization of the initial nonlinear system and it involves approximation
techniques (Taylor series expansion and truncation) to yield a bilinear system. We demonstrate
the method through an example.

Example 4.1. Consider the following non-linear scalar system characterized by the equations:

Σ1
N : ẋ(t) = −2x(t) + sin (x(t)) + u(t), y(t) = x(t). (21)

Write the Taylor series around 0 for sinx, where c2k+1 =
(−1)k

(2k+1)!
and c2k = 0, as

sin (x(t)) =
∞∑
k=1

ckx
k(t) = x(t)− x3(t)

3!
+ . . . , ⇒ ẋ(t) = −x(t)−

∞∑
k=3

ckx
k(t) + u(t).

Truncate at N = 3 and assemble the new state vector x̂ =
[
x, x2, x3

]T ∈ R3. Rewrite the
equations in (21) as a bilinear system, exactly as in (20)

˙̂x(t) = A1x̂(t) +N1x̂(t)u(t) +B1u(t), y(t) = C1x̂(t),

A1 =




−1 0 − 1
3!

0 −2 0
0 0 −3


 , N1 =




0 0 0
2 0 0
0 3 0


 , B1 =




1
0
0


 , C1 =

[
1 0 0

]
.

4.1 Deriving transfer functions

We choose the harmonic input signal u(t) = αejωt, ω, α > 0. Next, as in [12], assume that
the solution of (20) is written as an infinite power series

x(t) =
∞∑

m=1

Gm(jω, . . . , jω)α
memjωt. (22)

Consider the DC term to be 0 (G0 = 0). By substituting the explicit solution formula (3) into
the original differential equation (1), it follows that:

∞∑
m=1

mjωGm(jω, . . . , jω)α
memjωt = A

( ∞∑
m=1

Gm(jω, . . . , jω)α
memjωt

)
+

N
( ∞∑

m=1

Gm(jω, . . . , jω)α
memjωt

)
αejωt +Bαejωt.

(23)

In what follows, we refer toGm(jω, . . . , jω) by using the condensed notation Gm(jω) (similarly,
for the transfer function Hm(jω, . . . , jω) use the notation Hm(jω) instead).
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Initiate the identification procedure by equating the coefficient of the term emjωt, ∀m � 1
from both left and right sides of equation (6).

1). The case m = 1 → coefficients of ejωt.

jωG1(jω)α = AG1(jω)α +Bα ⇒ G1(jω) = (jωI−A)−1B = Φ(jω)B, (24)

where Φ(s) = (sI−A)−1. Hence, write the first (linear) transfer function as

H1(jω) = CΦ(jω)B. (25)

2). The case m = 2 → coefficients of e2jωt.

2jωG2(jω)α
2 = AG2(jω, jω)α

2 +NG1(jω)α
2 ⇒ G2(jω) = Φ(2jω)NΦ(jω)B.

Hence, write the second transfer function as

H2(jω) = CΦ(2jω)NΦ(jω)B. (26)

n). The general case → coefficients of enjωt.

njωGn(jω)α
n = AGn(jω)α

n +NGn−1(jω)α
n ⇒ (njωI−A)Gn(jω) = NGn−1(jω) (27)

Hence, one can writeGn(jω) = Φ(njω)NGn−1(jω). In order to derive the nth transfer function
Hn(jω), just multiply Gn(jω) to the left with C, i.e.

Hn(jω) = CΦ(njω)NΦ((n− 1)jω)N · · ·NΦ(jω)B. (28)

4.2 Estimating the bilinear term N

As explained in Section 3.1, the first step is to construct a reliable reduced-order linear model
(A,B,C) of order r as in (19) for the data in (10). This set is composed of samples of the first
transfer function H1(jω) in (25).

The next step is to fit an appropriate matrix N ∈ Cr×r that supplements the linear model
as bilinear model. In this direction, it is assumed that information about the second transfer
function H2(jω) in (26) is known at 2k points {jω1, . . . , jω2k}. Introduce the following vectors
r� ∈ Cr and o� ∈ C1×r for � ∈ {1, 2, . . . , 2k}:

r� = (jω�I−A)−1B = Φ(jω�)B, o� = C(2jω�I−A)−1 = CΦ(2jω�). (29)

Note that one can write the matrices O and R in (15) in terms of the new vectors. For the
set of points {2jω1, . . . , 2jω2k}, write the observability matrix as O = [o1;o2; · · · ;o2k]. Then
write the controllability matrix as R = [r1 r2 · · · r2k] for the set of points {jω1, . . . , jω2k}.

One can write the second transfer function evaluated at jω�, for � ∈ {1, 2, . . . , 2k}, as
H2(jω�) = CΦ(2jω)NΦ(jω)B = o�Nr� (30)

Denote with vN ∈ Cr2 the vectorization of N ∈ Cr×r, i.e. vN = [N(:, 1) ; N(:, 2) · · · N(:, r)].
From (39), we can write that (rT� ⊗ o�)vN = H2(jω�), ∀1 ≤ � ≤ 2k. By collecting this 2k
equalities into a matrix format, we put together the following linear equation:

ZvN = V2, where Z ∈ C2k×r2 , V2 ∈ C2k,

{
Z(�, :) = rT� ⊗ o�

V2(�) = H2(jω�)
. (31)

One can write the solution of (31) by means of the Moore-Penrose pseudo-inverse of the matrix
Z which is denoted with Z† ∈ Cr2×2k, as

vN = Z†V2. (32)

Finally, simply put together the recovered matrix N ∈ Cr×r2 from vN.
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5 QUADRATIC SYSTEMS

We analyze quadratic systems ΣQ of dimension n described by

ΣQ : ẋ = Ax+Q(x⊗ x) +Bu, y = Cu. (33)

where Q ∈ Cn×n2
and A,B and C are as in (5). We introduce a transformation which has

been known in the literature as the McCormick relaxation (see [9]). In broad terms, this result
states that any nonlinear system characterized by elementary functions can be equivalently
recast as a quadratic system (with a possible bilinear term). This result applies, for example,
to nonlinearities such as polynomial, rational, exponential, logarithmic, trigonometric, or a
composition thereof. We again demonstrate the method through an example.

Example 5.1. Consider the same system as in Example 4.1, but without the control u i.e

Σ2
N : ẋ = −2x+ sin x, y = x.

Introduce two additional variables: z = sin x and w = cosx, and compute the time derivatives
and then substitute the given terms

ẋ = −2x+ z, ż = ẋ cos x = −2wx+ wz, ẇ = −ẋ sin x = 2zx− z2.

Let x̃ =
[
x, z, w

]T
be the new variable; recast the original system as a quadratic system

˙̃x =




−2 1 0
0 0 0
0 0 0




︸ ︷︷ ︸
A2

x̃+




0 0 0 0 0 0 0 0 0
0 0 −2 0 0 1 0 0 0
0 0 2 0 −1 0 0 0 0




︸ ︷︷ ︸
Q2

(x̃⊗ x̃), y =
[
1 0 0

]
︸ ︷︷ ︸

C2

x̃.

5.1 Deriving transfer functions

Consider the control input signal as for the bilinear case u(t) = αejωt, ω, α > 0 and make
the same assumption for the solution of (33), i.e.

x(t) =
∞∑

m=1

Gm(jω)α
memjωt. (34)

Substitute the relation (34) into the original differential equation (33), and hence write that:

∞∑
m=1

mjωGm(jω)α
memjωt = A

∞∑
m=1

Gm(jω)α
memjωt+

Q
( ∞∑

m=1

Gm(jω)α
memjωt

)
⊗

( ∞∑
m=1

Gm(jω)α
memjωt

)
+Bαejωt.

(35)

Next, as for the bilinear case, equate the coefficient of the term emjωt, ∀m � 1 from both left
and right sides of equation (35). The first transfer function is identified as H1(jω) = CΦ(jω)B.

2). The case m = 2 → coefficients of e2jωt.

2jωG2(jω)α
2 = AG2(jω)α

2 +Q[G1(jω)⊗G1(jω)]α
2,

⇒ G2(jω) = Φ(2jω)Q[Φ(jω)B⊗Φ(jω)B].
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Hence, write the second transfer function as

H2(jω) = CΦ(2jω)Q
[
Φ(jω)B⊗Φ(jω)B

]
. (36)

n). The general case → coefficients of enjωt.

njωGn(jω)α
n = AGn(jω)α

n +Q[Gn−1(jω)⊗G1(jω) + . . .+G1(jω)⊗Gn−1(jω)]α
n.

⇒ (njωI−A)Gn(jω) = Q
[ n−1∑

�=1

G�(jω)⊗Gn−�(jω)
]
.

(37)

Hence identify Gn(jω) and by multiplying it to the left with C, we get

Hn(jω) = CΦ(njω)Q
[ n−1∑

�=1

G�(jω)⊗Gn−�(jω)
]
, ∀n � 1. (38)

5.2 Estimating the quadratic term Q

The next step is to fit an appropriate matrix Q ∈ Cr×r2 for the quadratic model. It is
assumed that information about the second transfer function H2(jω) in (36) is known at 2k
points {jω1, . . . , jω2k}.

One can write the second transfer function evaluated at jω�, � ∈ {1, 2, . . . , 2k}, in terms of
the vectors r,o∗ ∈ Cr in (29), as follows

H2(jω�) = C(2jω�I−A)−1Q
[
(jω�I−A)−1B⊗ (jω�I−A)−1B

]
= o�Q[r� ⊗ r�] (39)

Denote with vQ ∈ Cr3 the vectorization of Q ∈ Cr×r2 , i.e. vQ = [Q(:, 1) ; Q(:, 2) · · · Q(:, r2)].
From (39), we can write that (rT� ⊗ rT� ⊗ o�)vQ = H2(jω�), ∀1 ≤ � ≤ 2k. By collecting this 2k
equalities into a matrix format, we put together the following linear equation:

TvQ = V2, where T ∈ C2k×r3 , V2 ∈ C2k,

{
T(�, :) = rT� ⊗ rT� ⊗ o�

V2(�) = H2(jω�)
. (40)

Finally, one can write the solution of (40) by means of T† ∈ Cr3×2k as in Section 4.2, i.e.
vQ = T†V2. Then one can directly put together the recovered matrix Q ∈ Cr×r2 .

6 NUMERICAL EXAMPLES

6.1 The Langmuir kinetics model

The first example to be analyzed is given by the Langmuir kinetic equation. We use the
same model as in [10]. There, this example is presented as a simple kinetic case for which the
adsorption process is governed by the rates of adsorption and desorption of the solute molecules
onto and from the surface. The Langmuir kinetic equation is given as follows

Q̇(t) = kaC(t)[Q0 −Q(t)]− kdQ(t), (41)

where C is the concentration in the gas phase, Q the concentration in the solid phase and Q0

the concentration in the solid phase corresponding to maximal coverage. Finally, ka and kd are
the adsorption and, respectively, the desorption rate constant.
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Equation (41) can be rewritten as in [10] by using instead variables defined as dimensionless
deviations from a stationary state

q̇(t) = k′
ac(t)[q0 − q(t)]− k′

dq(t), (42)

where the new quantities can be derived as follows

c =
C − Cs

Cs

, q =
Q−Qs

Qs

, q0 =
Q0 −Qs

Qs

, k′
a = kaCs, k′

d = kd + kaCs. (43)

Note that, because of the term c(t)q(t) in (42), the adsorption process is nonlinear. Since
q(t) is the variable and c(t) the input, the system is bilinear. In [10], the first three transfer
functions are explicitly derived.

By choosing the input of the system to be c(t) = αejωt, the functions are identified as follows:

H1(jω) =
Kq0

jωη + 1
, H2(jω) = − 1

q0
H1(2jω)H1(jω),

H3(jω) =
1

q20
H1(3jω)H1(2jω)H1(jω),

(44)

where K = k′a
k′d

and η = 1
k′d
. Then write k′

a =
K
η
.

As in [10], choose K = 0.1, q0 = 9 and η = 2. Hence, by replacing these values into (42),
one can find the system scalars as A = 1

η
= −1

2
, B = q0k

′
a = 9

20
, N = −k′

a = − 1
20
. Finally,

let C = 1 (the observed output coincides with q(t)).
Let µ1 = 1

4
j and µ2 = −1

4
j be the left sampling points. Additionally, let λ1 = 1

2
j and

λ2 = −1
2
j be the right sampling points. From (12) and (13), we put together the matrices as

L =

[
− 9

25 + 27 j
25 −27

25 − 9 j
25

−27
25 + 9 j

25 − 9
25 − 27 j

25

]
, Ls =

[
9
50 − 27 j

50
27
50 + 9 j

50

27
50 − 9 j

50
9
50 + 27 j

50

]
, V =

[
18
25 − 9 j

25

18
25 + 9 j

25

]
,W∗ =

[
9
20 + 9 j

20

9
20 − 9 j

20

]

We observe that rank(L) = 1 and hence the dimension of the underlying system is r = 1. We
choose projector vectors x∗ = y =

[
j −j

]
. Then, the recovered values characterizing the

dynamics can be found as

Â = −1

2
, B̂ =

1

2
, Ĉ =

9

10
. (45)

Then, using only one sample of the second transfer function H2, for example H2(
1
2
j) =

ĈΦ̂(j)N̂Φ̂(1
2
j)B̂, one can recover the bilinear term N̂ = − 1

20
. Note that the orginal scalar

system is hence recovered (Â = A, N̂ = N, and B̂Ĉ = BC).

6.2 The Duffing oscillator

For the next example, we consider a single degree-of-freedom Duffing oscillator under har-
monic input. It is one of the prototype systems of nonlinear dynamics and it became popular
for studying anharmonic oscillations and, later, chaotic nonlinear dynamics. It is a non-linear
second-order differential equation used to model certain damped and driven oscillators.

In the current example, the nonlinearity is characterized by quadratic and cubic stiffness as
follows (see [8]):

mẍ(t) + cẋ(t) + k1x(t) + k2x
2(t) + k3x

3(t) = u(t), (46)
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where m is the mass coefficient, c is the viscous damping, k1 is the linear damping, k2 and k3
are the quadratic and, respectively, cubic stiffness constants. Traditionally, as noted in [13],
the Duffing equation does not have a quadratic term, i.e. k2 = 0 in (46).

Additionally, in (46), the values ẍ, ẋ and x represent the acceleration, velocity and displace-
ment, respectively. The input is chosen to be u(t) = Aejωt, where A is the forcing level of
amplitude and ω the frequency of excitation.

Now, by means of the harmonic probing procedure, one can obtain expressions for the transfer
functions. By following the procedure described in [8], the first three transfer functions can be
derived as follows (using the control input u(t) = Aejωt):

H1(jω) =
1

−mω2 + cjω + k1
, H2(jω, jω) = −k2H1(jω)

2H1(2jω),

H3(jω, jω, jω) = 2k2
2H

3
1(jω)H1(2jω)H1(3jω)− k3H

3
1(jω)H1(3jω).

(47)

Next, we will introduce additional surrogate state variables in order to rewrite the second-
order cubic differential equation in (46) as a first-order quadratic equation.

The case with k3 = 0 In this case, the equation in (46) can be equivalently rewritten as:

ẍ(t) = − c

m
ẋ(t)− k1

m
x(t)− k2

m
x2(t) +

1

m
u(t). (48)

Introduce the following augmented state variable z = [x , ẋ]T ∈ R2 by putting together the
original variable x(t) and its derivative ẋ(t). By doing this, we can rewrite (48) as follows:

[
ẋ
ẍ

]

︸︷︷︸
ż

=

[
0 1

−k1
m

− c
m

]

︸ ︷︷ ︸
A

[
x
ẋ

]

︸︷︷︸
z

+

[
0 0 0 0

−k2
m

0 0 0

]

︸ ︷︷ ︸
Q

[
x
ẋ

]
⊗

[
x
ẋ

]

︸ ︷︷ ︸
z⊗z

+

[
0
1
m

]

︸︷︷︸
B

u, (49)

or in short ż = Az+Q(z⊗z)+Bu, a quadratic system. Choose to observe the original variable
x and introduce the observed output y(t) = x(t). Hence write y = Cz, where C =

[
1 0

]
.

Choose the following parameters m = 2, c = 10, k1 = 102 and k2 = 102.
Let µ1 = j and µ2 = −j be the left sampling points. Additionally, let λ1 = 2j and λ2 = −2j

be the right sampling points. From (12) and (13), we put together the matrices L,Ls and

vectors V,W. These matrices have complex entries. By using the matrix J = 1√
2

[
1 1
−j j

]
, we

compute a real-valued equivalent realization: L̃ = JLJ∗, L̃s = JLsJ
∗, Ṽ = JV,W̃ = WJ∗.

By incorporating the Ê matrix into the others, we identify the three matrices of the linear
model as

Â =

[
−5 −2
25 0

]
, B̂ =

[
3.5355

−16.2635

]
, Ĉ =

[
0.0147 0.0032

]
. (50)

Next, in order to recover the quadratic term Q̂, we use the samples of the second transfer
function H2(jω) for ω ∈ {±j,±2j}. Then, we explicitly write the vector V2 ∈ C4 as

V2 =
[
H2(j) ; H2(−j) ; H2(2j) ; H2(−2j)

]
. (51)

Additionally, we put together the matrix T ∈ C4×8 based on the recovered matrices in (50) as
described in Section 5.2. Finally, the matrix Q ∈ R2×4

Q̂ =

[
−0.1111 −0.0526 −0.0526 −0.0339
0.0462 0.0549 0.0549 0.0964

]
.
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Note that the lifted quadratic system in (49) is hence perfectly recovered. The system re-
alizations (A,B,C,Q) and (Â, B̂, Ĉ, Q̂) are equivalent (they only differ through a similarity
transformation).

The case with k3 �= 0 In this case, the equation in (46) can be equivalently rewritten as:

ẍ(t) = − c

m
ẋ(t)− k1

m
x(t)− k2

m
x2(t)− k3

m
x3(t) +

1

m
u(t). (52)

Introduce the new augmented state variable w = [x , ẋ , x2]T ∈ R3 by also including the
squared variable x. By doing this, we can rewrite (52) as follows:



ẋ
ẍ

ẋ2




︸ ︷︷ ︸
ẇ

=




0 1 0
−k1

m
− c

m
−k2

m

0 0 0




︸ ︷︷ ︸
A



x
ẋ
x2




︸ ︷︷ ︸
w

+



0 0 0 0 0 0 0 0 0
0 0 −k3

m
0 0 0 0 0 0

0 2 0 0 0 0 0 0 0




︸ ︷︷ ︸
Q



x
ẋ
x2


⊗



x
ẋ
x2




︸ ︷︷ ︸
w⊗w

+



0
1
m

0




︸ ︷︷ ︸
B

u,

or in short ẇ = Aw+Q(w⊗w)+Bu. As before, we introduce the observed output y(t) = x(t).
Hence write y = Cw, where C =

[
1 0 0

]
. Next, choose the same parameters as for the

previous case and, additionally, take k3 = 104.
Let µ1 = 1, µ2 = j and µ3 = −j be the left sampling points. Additionally, let λ1 = 2,

λ2 = 2j and λ3 = −2j be the right sampling points. From (12) and (13), we put together a
Loewner model of dimension k = 3 (with complex entries). After transforming the matrices
into real arithmetics, we note that rank(L) = 2. Based on the procedure in (18), we compress
the dimension of the model to r = 2 (by means of left and right singular vector projection
matrices). For the new compressed real-valued model, the Loewner pencil is regular. Note
that the eigenvalues of this pencil are −5

2
± 5

2

√
7, exactly as the ones of the original matrix A.

Moreover, these values are the roots of the denominator of H1(s) in (47), i.e. ms2+cs+k1 = 0.
We choose the input to be u(t) = cos(4t) and simulate the original cubic scalar system in

(52) for zero initial conditions. Additionally, we also perform a time-domain simulation of the
reduced Loewner model. The time horizon is chosen to be [0, 10]s. The first order derivative is
approximated via a Runge-Kutta 4th/5h order scheme (ode45 in MATLAB ).

We observe as before the displacement variable, i.e. the output is chosen to be y = x.
The results are depicted presented in Fig. 1. Note that the Loewner model provides good
approximation to the original cubic system.

0 1 2 3 4 5 6 7 8 9 10
Time(s)

-0.015

-0.01

-0.005

0

0.005

0.01

0.015
Original
Loewner

Figure 1: Time-domain simulation of the observed output: the displacement
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7 CONCLUSIONS

In this study, we analyze a method that can use experimental data for identifying some classes
of nonlinear systems (bilinear and quadratic). A linear model is first fitted from measurements
of the first (linear) transfer function. Then, depending on the desired class of nonlinearities, an
extra term is added to the differential equation to be modeled. The first numerical example is
bilinear while the second has a cubic nonlinearity. For the later, a reformulation as a quadratic
system is first enforced. The test cases show promising numerical results. Further research
topics include applying this approach to quadratic-bilinear systems and to systems with higher
dimension (larger number of degrees of freedom).
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Abstract. Reduced order modeling techniques proposed by the authors are assessed for
an industrial case study of a 3D reinforced composite laminate. Essentially, the main
dominant strain micro-structural modes are obtained through standard reduced order
modeling techniques applied over snapshots of a representative training strain space. Ad-
ditionally, a reduced number of integration points is obtained by exactly integrating the
main energy modes resulting from the training energy snapshots. The outcome consists
of a number of dominant strain modes integrated over a remarkably reduced number of
integration points which provide the support to evaluate the constitutive behavior of the
micro-structural phases. Results are discussed in terms of the consistency of the mul-
tiscale analysis, tunability of the microscopic material parameters and speed up ratios
comparing a high fidelity simulation and the multiscale reduced order model.

1 INTRODUCTION AND SUMMARY OF THE MODEL

In a series of papers ([1], [2]), the authors have presented a reduced order model
technique aiming at speeding-up the computational cost of multiscale mechanical problems
where materials are intrinsically heterogeneous.

In the same spirit, this work aims at simulating problems where the behavior of the
material at the structural scale is complex and can be hardly captured by means of a
phenomenological one-scale approach. This typically happens when a strong dependency
of the effective material properties with the micro-parameters governing the material
deformation phenomena at the lower scales is observed. In this scenario, the use of a FE2
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technique [4], sketched in Figure 1, or a similar procedure, is essential. In this context, the
micro-scale analysis, solved in a Representative Volume Element (RVE) Ωµ, is performed
with the present reduced model coined as Reduced Finite Element Square Technique
(RFE2).

This model is based on a Proper Orthogonal Decomposition procedure to build a
reduced basis of the primary kinematic variable at the micro-scale problem, and a reduced
optimized numerical quadrature rule to account for the constitutive behaviour of the
micro-scale formulation.

In the present work, we leave aside the detailed description of the methodology to give
particular emphasis to the numerical assessments of the RFE2 model for solving industrial
3D problems and evaluate the attained speed-ups. In the next sub-Section we summarize
the main equations describing the reduced model and the remaining part of the paper
deals with the numerical assessment.

1.1 Micro-scale Problem Formulation

Following the formulation presented in [1], here particularized for small deformations,
we can formulate the microscale problem in the RVE domain Ωµ as follows.

Given the macro-scale strain, εM , and the spaces of admissible (UE
µ ) and variational

(VE
µ ) micro-strain fluctuations defined by:

UE
µ = VE

µ := {ε̃µ | ε̃µ ∈ Eµ ∧

∫

Ωµ

ε̃µ dΩµ = 0} , (1)

where ε̃µ is the micro-strain fluctuations in Ωµ and Eµ is the space of compatible strains;
find the micro-strain εµ = ε

M + ε̃µ, with ε̃µ ∈ UE
µ , such that:

∫

Ωµ

σµ(εµ, αµ) : δε̃µ dΩµ = 0 ; ∀δε̃µ ∈ VE
µ , (2)

with σµ being the micro-stresses expressed as a function of the micro-strain and the set of
internal variables αµ whose temporal evolution has to be specified with the corresponding
equations as follows

α̇µ = g(εµ, ε̇µ, αµ) . (3)

The macro-stress, computed as the average value of the micro-stress σµ, is transferred to
the coarse scale.

1.1.1 Reduced Finite Element Square Model (RFE2)

The problem (1)-(3) is solved by introducing a low-dimensional vector space whose
elements are the admissible micro-strain fluctuations ε̃µ. Identical approach is taken for
the micro-strain variations. Both spaces are spanned by a basis of nε vectors Ψj . This
basis is computed with a Proper Orthogonal Decomposition technique from a large set of
micro-strain fluctuations that are obtained as solutions of the micro-cell problem during
an off-line sampling process. Details of this procedure can be found in [3].
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Figure 1: Structural problem involving two well-separated scales of lengths h and hµ which satisfy
hµ ≪ h. Macro-scale domain is Ω and the RVE is Ωµ. Stress and strains at Ω are denoted σ

M and ε
M .

Similar objects at the micro-scale are denoted σµ and εµ. The stress σM and strain ε
M are associated

with σµ and εµ through scale transitions equations.

Each element of the spaces is given by the linear combination:

ε̃µ (y, t) =
nε∑
j=1

Ψj (y) cj (t) = Ψ(y)c(t) , (4)

where the coefficients c denote a time-dependent parameter vector. The low dimensional
approach of ε̃µ and the corresponding variation of micro-strain fluctuation are replaced
into equation (2). Furthermore, the original Gauss quadrature rule, typically used in the
finite element technique to integrate the kernel of equation (2), is replaced by a reduced
optimal quadrature rule with Nr reduced quadrature points1:

∫

Ωµ

(•) (y)dΩµ ≈

∫ red

Ωµ

(•) (y)dΩµ =
Nr∑
k=1

(•) (zk)ωk (5)

The weights ωk and spatial position zk defining the reduced quadrature rule are defined
according to the procedure described in [1].

Thus, the equation (2) can be approached as follows:

∫

Ωµ

σµ([Ψc], αµ) : [Ψδc] dΩµ ≈

Nr∑
k=1

(σµ([Ψ(zk)c], αµ(zk)) : [Ψ(zk)δc] ) ωk(zk) = 0 ;

∀δc ∈ R
nε .

(6)

This system of nε non-linear equations is solved jointly with the evolution equations (3)
evaluated in the Nr reduced quadrature points.

1The quadrature rule is derived from a low dimensional approach of the internal energy function ψ.
A POD technique is used to extract a low dimensional basis for ψ and the reduced quadrature rule has
to satisfy the correct integration of every base of ψ. This condition can be satisfied if the number of
quadrature points Nr is equal to the number of modes taken for ψ plus 1. Hence, we assume that the
number of modes for ψ is equal to the Nr − 1.

3
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Interface materialEpoxy matrix Glass fibers

CRFC RVE (three layers)

Figure 2: Material phases of the CRFC microstructural RVE.

2 RESULTS

In the following sections a number of results are commented in order to validate and
demonstrate the industrial potential of the developed algorithms. The microstructure
modelling is introduced and the influence of the number of strain and energy modes in
the expected error is justified as well. Moreover, the RFE2 modelling is validated in terms
of consistency with respect to the macro-mesh size, the number of strain modes and the
corresponding number of energy modes or integration points. Tunability of the material
parameters is studied as well and the obtained speed-ups for microstructures with refined
discretisations is reported as well.

2.1 Microscopic modelling

The selected material is a fiber reinforced composite laminate with a microscopic rep-
resentation composed by fibers (glass fiber), an epoxy matrix and an interphase material
between matrix layers and fiber and matrix phases responsible for the delamination (be-
tween layers) and fiber pull-out (between fiber and matrix) effects. Fibers are assumed
to behave elastically and an only-traction-damage model (cf. [5]) with hardening param-
eter, H , is considered with linear hardening in the matrix and interphase phases. The
representation of the material phases and material parameters are given in Figure 2 and
Table 1 summarizes the utilized phase parameters.

Minimal kinematic constraints (cf. equation (1)) are considered during the sampling
stage of the reduction process allowing precisely to develop the observed delamination,
debonding and pull-out effects. Figure 3 shows the deformed configuration and dam-
age distribution of a sampling trajectory that involves the above mentioned physical
behaviour.

After the sampling process the strain, energy bases and integration rule are retrieved

4
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Phase E [N/mm2] ν Elastic limit σe [N/mm2] Hardening parameter H

Fiber 72000 0.25 – –

Matrix 3790 0.37 200 10−1

Interphase 3790 0.37 100 10−4

Table 1: Micro material phase parameters.

Trajectory εxx

DelaminationFiber pull-out

Decohesion

Deformed configurations

Damage contours

Trajectory εxx

Trajectory εxy

Trajectory εxy

DelaminationFiber pull-out

Decohesion

Figure 3: Deformed configuration and damage contours at trajectories εxx (left) and εxy (right).
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Figure 4: A posteriori error for the εxy sampling trajectory

which confers the reduced order microstructural model. The accuracy of the solution
obtained with the reduced order model is compared with the high fidelity computation
for a particular sampling trajectory. The obtained “a posteriori” error is plot for different
reduced RVEs considering an increasing number of strain modes and integration points
(cf. Figure 4). It is observed that 40 strain modes (nε = 40) and 200 integration points
(Nr = 200) suffice to capture the physics needed to reproduce this trajectory with a
relative error lower or equal than one percent.

2.2 Multiscale reduced order modelling

A dogbone specimen as depicted in Figure 5 is considered in which an imposed dis-
placement is applied at the basis around both extremes of the specimen. The objective
is to trigger, at the microstructural level, all delamination, fiber pull-out and debonding
mechanisms.

A deformed configuration of the dogbone together with a displacement reconstruction

6
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Macroscopic dogbone specimen

Applied boundary conditions

400 mm

Microstructural RVE

ux
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Figure 5: Multiscale analysis of a CRFC dogbone specimen under axial tension with shear: macroscopic
geometry and boundary conditions (left) and microstructural RVE (right).

at the macro structure

Deformed configuration and stress distribution τxy

with high values of τxy

Macroscopic integration point

Reconstructed deformed configuration and displacement |u| contours at the RVE

Figure 6: Deformed configuration of the macrostructure (top) and displacement reconstruction of an
RVE corresponding to a critical stress point in the macro structure (bottom).
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Figure 7: Global mechanical response upon mesh refinement.

of an RVE2 corresponding to region with high σxy is given in Figure 6. The RVE reduced
model accounts for 30 strain modes and 200 integration points.

2.2.1 Consistency tests

The multiscale analysis depicted in Figure 5 considering the same reduced RVE model
is now repeated for a number of macroscale discretizations. The global response in terms
of reaction versus applied displacement is shown in Figure 7. It is observed that the
global response shows a convergent behaviour upon mesh refinement which verifies the
consistency of the multiscale approach. Moreover, a sufficiently accurate response is
obtained for a macroscopic discretization of around 150 elements (the total dogbone mesh
being 150×4=600 elements).

Another test consists in the impact of the considered number of strain modes in the
reduced RVE bases in the global response (cf. Figure 8). It turns out that 30 strain
modes suffice to accurately capture the physics stemming out of the proposed multiscale
problem. It is unnecessary then to consider more than 30 strain modes although a highly
convergent behaviour is observed.

Finally, the number of integration points (linked to the considered energy modes) within
the reduced basis is modified to study the global multiscale behaviour. To this end, the
reduced RVE with 50 strain modes is considered and the number of integration points is

2The reconstruction stage for obtaining the micro-displacement configurations has been detailed in [1].
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Figure 8: Global mechanical response upon increasing the micro strain modes.

increased from 200 up to 1200. Results are summarized in Figure 9 where a convergent
behaviour upon increasing energy modes is observed.

2.2.2 Customization and tunability

The reduced RVE model employed in the previous sections is constructed in the bases of
the material phase parameters depicted in Table 1. In order to prove the tunability of the
methodology in terms of the micromaterial phase parameters a number of customization
tests are outlined. First, the interphase hardening parameter and elastic limit is varied
to the new values H = 0.1 and σe = 175 MPa. Figure 10 shows the resulting mechanical
behaviour of the RVE obtained through a multiscale analysis and with a high fidelity
analysis. The multiscale analysis is based on the RVE reduced bases obtained from a
sampling procedure based on the properties depicted in Table1. If the material parameters
are then modified the result is in good agreement with the response obtained from a direct
FE (high fidelity) computation using such user defined parameters. Figure 11 shows a
more extreme customization case in which the hardening parameter of the matrix material
is set to H = 0.9 which is close to an elastic behaviour. It is then observed that 80
strain modes are required for the mutliscale analysis to correctly capture the desired
behaviour. It is then concluded that a complete sampling renders a reduced basis capable
of reproducing the mechanical behaviour upon changing the material phase parameters if
enough strain modes are included in the reduced bases.
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Figure 9: Global mechanical response upon increasing the micro quadrature points.
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Figure 10: Tuning of the interphase hardening parameter (left) and interphase elastic limit (right).
Micro-stress (σµ)xx versus micro-strain (εµ)xx.
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Figure 11: Tuning of the matrix hardening parameter. Micro-stress (σµ)xx versus micro-strain (εµ)xx.

2.2.3 Computational and algorithmic Speed-up

The relative computational cost between standard FE2 and the proposed RFE2 tech-
nology is measured here through the algorithmic and computational speed-up, Sp. The
algorithmic speed-up reflects the relative complexity of both techniques in terms of the
amount of DOF to solve (DOF speed-up) and amount of quadrature points (IP speed-
up). Considering that an RVE basis with 40 strain modes and 200 quadrature points
suffice to provide errors below 1% when comparing the reduced order modelling and
high fidelity analysis, both DOF and IP speed-ups have been calculated considering 40
DOF and 200 IP in the reduced model. Figure 12 reflects the clearly growing algorith-
mic speed-ups upon increasing the RVE discretization complexity. Based on the similar
CRFC micro-structures with increasing number of layers and fibers one observes that for
RVE discretizations with around one million of integration points the relative algorithmic
speed-up is around five orders of magnitude, i.e. the reduced RVE model is expected to
perform 104 times faster than the high fidelity one. Moreover, the reduced basis inherits
the type of boundary conditions utilized during the sampling stage and, therefore, avoids
any performance overhead due to handling any multi-point constraints and their impact
in the bandwidth of the resulting system. Computation times have been compared re-
garding the high fidelity problem in one selected sampling trajectory and the reduced
order model. It is seen that the resulting computational speed-up increases even more
upon increasing the RVE discretization and can reach around 30 × 104 for RVEs with
around one million of integration points.
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Figure 12: Speed-up values upon increasing material discretization.
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3 CONCLUSIONS

The RFE2 technology is assessed in this contribution for an industrial case study of a
3D reinforced composite laminate. A number of consistency tests have been successfully
passed, i.e. convergence upon macroscopic discretization, convergence upon increasing
number of reduced strain modes and convergence upon the reduced quadrature for the
strain basis. Moreover, the technology proofs to be tunable upon the simulation needs of
the user. In other words, different material phase parameters than the ones employed to
develop the reduced bases can be adopted during the online multiscale simulation with
remarkable accuracy.

The relative performance (speed-up) with respect to standard FE2 methods increases
with increasing the RVE discretization and is found between 104 and 105 for RVEs with
around one million of integration points, e.g. around 100 − 150 × 103 hexahedral FE,
assuming an error below 1% compared to a high fidelity analysis. These qualities are seen
ideal to export the RFE2 technology to the industrial sector.
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Abstract. Residual stresses and fiber orientations in arterial walls can be approx-
imated by means of the simulation of growth and remodeling processes. In order to
enable a comparison of different approaches of combined growth and remodeling in one
framework, a method based on the optimization of model parameters is developed. The
minimization of a mechano-biologically motivated objective function permits to evalu-
ate the approaches with respect to their ability of effectively reducing stress peaks and
stress inhomogeneities in the arterial wall. This examination is performed for a simpli-
fied, one-layered, rotationally symmetric arterial segment in order to enable the analysis
of the fundamental mechanisms included in the individual model variants. Once the most
probable growth mechanism is identified, multi-layered segments can be analyzed in more
detail.

1 INTRODUCTION

The mechanical behavior of arterial tissues is considerably affected by residual stresses,
which reduce stress peaks and gradients in the arterial wall [8, 9]. Furthermore, the ar-
rangement of the collagen fibers, whose orientation is graded over the wall thickness,
strongly affects the load bearing behavior. Unfortunately, residual stresses or fiber ori-
entations can currently hardly be measured in vivo. However, they have to be known in
order to perform reliable patient-specific numerical simulations. Both phenomena can be
included by modeling the adaptation of the artery to its mechano-biological environment,
which appears as arterial growth and remodeling.

Following Hariton et al. [6], it is assumed that the collagen fibers reorient based on the
principal stress state such that they arrange symmetrically with respect to the principal
axes. The reorientation towards the target fiber orientations is here described by an
evolution equation, which assures that abrupt changes do not occur.
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If growth is simulated in tubular structures, residual stresses arise automatically as a
consequence of the growth deformation and need not to be taken into account for instance
by rather technical approaches as e. g. presented by Balzani et al. [2] or Schröder and von
Hoegen [13]. The growth model applied here is based on a multiplicative decomposition
of the deformation gradient into an elastic and a growth part as originally proposed by
Rodriguez et al. [12] and then pursued amongst others by Kuhl et al. [10] or Göktepe et
al. [5]. In order to account for the anisotropy of the growth mechanism, the growth part
itself is decomposed here into up to three individual parts, where each part is associated
to a principal direction of a stress tensor. By specifying the number and form of the indi-
vidual growth tensors and by using different growth-driving quantities, a set of different
formulations for the automatized calculation of residual stresses and fiber orientations is
obtained. A detailed description of the combined growth and remodeling framework has
been published in [14].

This contribution aims at developing a method which enables a quantitative compar-
ison of the fundamental mechanisms included in the different formulations. The growth
parameters are therefore computed by minimizing a mechano-biologically motivated ob-
jective function, which is formulated such that its minimum reflects the most efficient
reduction of stress peaks and stress inhomogeneities in the arterial layers. This system-
atic analysis is conducted for different loading scenarios applied to a simplified one-layered
artery which is idealized as a rotationally symmetric tube, enabling an efficient optimiza-
tion. By comparing the obtained minima of the individual approaches, an assessment
regarding the most probable mechano-biological mechanism is enabled.

2 GROWTH AND REMODELING FRAMEWORK

As initially proposed in [12], the growth model is based on the multiplicative de-
composition F = FeFg of the deformation gradient into a pure growth part Fg, which
involves a stress-free volume change of factor Jg = det[Fg], and a remaining elastic
part Fe, which generates stresses. The 2nd Piola-Kirchhoff stress tensor is obtained as
S = F

−1
g SeF

−T
g , where Se = 2 ∂ψ/∂Ce is the stress in the intermediate configuration,

which is defined by an appropriate strain energy function ψ and arises from the deforma-
tion tensor Ce = F T

e Fe = F −T
g CF −1

g . A polyconvex hyperelastic strain energy function
from [1] is used to describe the orthotropic material behavior. It takes two families of
fibers into account, whose orientations are given by the vectors A(1) and A(2).

2.1 General framework

Accounting for the orthotropic behavior of soft biological tissues, the growth tensor
itself is decomposed into three parts according to

Fg = F
(3)
g F

(2)
g F

(1)
g , (1)

where each part is related to one of three perpendicular directions A
(a)
g and an internal

variable ϑ(a), a = 1, 2, 3, determining the amount of growth. For the definition of the
parts of the growth tensor, it is supposed that growth is a stress-driven process which
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aims at reducing high stress values [4]. The directions A
(a)
g are therefore not meant to

represent coordinate axes or structural directions, but rather refer to the local stress state
of the tissue. Assuming that all growth and remodeling processes are driven by the same
stress quantity, the elastic part of the Mandel stress tensor, i. e. CeSe =·· Σe, is chosen
as driving quantity as proposed in [7] and the directions A

(a)
g are computed as principal

directions of this stress tensor. The evolution of the growth factors ϑ(a) is described by a
coupled set of evolution equations

ϑ̇(a) = k
(a)
ϑ (ϑ(a))φ(a)(Σe), a = 1, 2, 3, (2)

which is also formulated in dependence on the elastic part of the Mandel stress. Besides
the growth function k

(a)
ϑ from [11] with

k
(a)
ϑ (ϑ(a)) =




k+
ϑ,(a)

�
ϑ+
(a) − ϑ(a)

ϑ+
(a) − 1

�m+
ϑ,(a)

for φ(a) > 0

k−
ϑ,(a)

�
ϑ(a) − ϑ−

(a)

1− ϑ−
(a)

�m−

ϑ,(a)

for φ(a) < 0

0 for φ(a) = 0,

(3)

a driving force φ(a) is involved for each direction a. The algorithmic implementation of
the growth model within a finite element framework is explained in detail in [14].

The fiber orientation vectors A(1) and A(2) are considered as variable, adjusting au-
tomatically following local demands. Once again, the elastic part of the Mandel stress
tensor is used to define this reorientation process. Following the hypothesis in [6], the
load-bearing behavior can be improved if the fibers arrange symmetrically with respect to
the tensile principal stresses and if their orientation within the plane of the highest tensile
principal stresses is governed by the ratio of these stresses. The target fiber orientation
vectors are thus defined by

Ā
(1)
targ = �ΣI

e�eI + �ΣII
e �eII and Ā

(2)
targ = �ΣI

e�eI − �ΣII
e �eII, (4)

where eI and eII are unit vectors in the directions of the principal stresses ΣI
e and ΣII

e of
the elastic part of the Mandel stress. Use of the Macaulay brackets, which are defined as
�•� = 1/2 (| • |+ •), guarantees that only positive principal stresses are included. Since the
constitutive equations are formulated in the reference configuration, the target vectors
are pulled back and optionally exchanged and/or rotated by 180◦ to keep the remodeling

effort minimal. Finally, the vectors A
(1)
targ and A

(2)
targ are obtained as target vectors for

the fiber orientation vectors A(1) and A(2). The numerical treatment of the reorientation
process is handled as described in [14], making use of an evolution equation η̇(a) = kη(η

(a))

for each fiber family. Herein, the variable η(a) represents the angle between A(a) and A
(a)
targ

and the remodeling function kη(η
(a)) = −k+

η ln(m+
η |η

(a)|+1) (with η(a) in rad) defines the
temporal behavior.
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2.2 Variability of model components

So far, the individual parts of the growth tensor in Eq. (1) and the driving forces for
the evolution of the growth factors in Eq. (2) have not been specified in detail. Both
can be chosen based on hypotheses on the mechanism of growth and stress reduction,
but nevertheless, a variety of different approaches is imaginable. The purpose of this
contribution is to develop a method which enables an optimization-based comparison of
these approaches, such that finally an estimation regarding the most probable mechanism
is possible. Thereby, the focus is however rather on the anisotropic character of growth
than on bio-chemical aspects.

Concerning the form of the individual parts F
(a)
g of the growth tensor, three different

approaches, namely

F
(a)
g = ϑ(a)

I, (5a)

F
(a)
g = ϑ(a)

I +
(
1− ϑ(a)

)
A

(a)
g ⊗A

(a)
g , (5b)

F
(a)
g = I +

(
ϑ(a) − 1

)
A

(a)
g ⊗A

(a)
g , (5c)

are included to the examination. The first approach in Eq. (5a) describes isotropic growth.
Due to the anisotropy of arterial tissues, isotropic growth is expected not to be a realistic
model assumption. Therefore, the anisotropic forms in Eqs. (5b) and (5c) are additionally

taken into account. They describe growth perpendicular to a direction A
(a)
g as well as

growth in a direction A
(a)
g , respectively. Depending on the type of loading, both mecha-

nisms can effectively reduce stresses in the direction of A
(a)
g , either by an increase of the

cross-sectional area or by an elongation in the direction of the load.
For the driving force governing the evolution of the growth factors ϑ(a), the set of

approaches chosen for the examination is given by

φ(a)(Σe) = Σe : I, (6a)

φ(a)(Σe) = Σe : M
(a)
g , (6b)

φ(a)(Σe) =
〈
Σe : M

(a)
g

〉
, (6c)

φ(a)(Σe) =

{
1
2
Σe :

(
M

(I)
g +M

(II)
g

)
for ΣI

e > 0, ΣII
e > 0

Σe : M
(I)
g for ΣI

e > 0, ΣII
e ≤ 0

, (6d)

where M
(•)
g = A

(•)
g ⊗A

(•)
g . The indices I and II point out that the 1st and 2nd principal

directions of Σe are referred to. Besides the isotropic stress measure in Eq. (6a), a pro-

jection of the elastic part of the Mandel stress in the direction of A
(a)
g is considered as

driving force in Eq. (6b). Furthermore, the case that only positive values of these pro-
jected stresses, i. e. tensile stresses, provoke growth, is reflected in Eq. (6b). In addition,
Eq. (6d) represents the average stress state within the plane spanned by the fiber fami-
lies. In the case of only one tensile principal stress, the stress projected in the associated
direction is used and both fiber families align in this direction, cf. Eq. (4).

4

173



Anna Zahn and Daniel Balzani

In order to allow for a concise denomination of the different approaches, the numeric
identifiers “Fg-ID” and “φ-ID” are introduced for the type of growth tensor and the type
of driving force, respectively. Their values are summarized in Tables 1 and 2. Note that
it is not necessary to include each of the three parts of Fg. Purely isotropic growth

for instance is already defined by setting Fg = F
(1)
g = ϑ(1)I. The number of included

directions will be referred to as ndir in the following.

Table 1: Denomination of the different forms of the individual parts of the growth tensor.

Fg-ID type of growth F
(a)
g

1 isotropic growth Eq. (5a)

2 growth perpendicular to A
(a)
g Eq. (5b)

4 growth in the direction of A
(a)
g Eq. (5c)

Table 2: Denomination of the different driving forces.

φ-ID type of driving force φ(a)

2 isotropic stress measure Eq. (6a)

4 stress in the direction of A
(a)
g Eq. (6b)

5 stress within the plane of the fibers Eq. (6d)

6 tensile stress in the direction of A
(a)
g Eq. (6c)

3 OPTIMIZATION-BASED COMPARISON OF THE APPROACHES

With the high number of adjustable model components listed above, a multitude of
different approaches can be generated. A comparison of these approaches is made even
more difficult by the dependence of their behavior on the growth and remodeling pa-
rameters. Most of these parameters however mostly affect the velocity of the adaptation
processes and not the final result. Provided that a growth equilibrium state is attained,
the resulting stress distributions are supposed to mainly depend on the form of the indi-
vidual parts F

(a)
g of the growth tensor, the associated driving forces φ(a) and the limiting

values ϑ+
(a) of the growth factors for positive growth. In order to compare different ap-

proaches, these parameters have to be set specifically such that the best possible behavior
in a biomechanical sense is achieved. This is done by optimization of a mechano-biologi-
cally motivated objective function, which then also serves as comparative value between
the approaches.

3.1 Growth equilibrium state

Before evaluating the objective function, it has to be assured that a growth equilibrium
state is attained after application of the load. Such a state is indicated by a vanishing
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rate of all growth factors and is thus assumed to be attained if the condition

1

nele nGP ndir

∑
nele

∑
nGP

ndir∑
a=1

∣∣ϑ(a)
t+∆t − ϑ

(a)
t

∣∣
ϑ
(a)
t ∆t

< ǫ (7)

is fulfilled. Thereby nele and nGP are the numbers of elements and Gauß points and ǫ is
set to ǫ = 10−4/s = 0.01%/s. At growth equilibrium, a final stress state is reached which
is used for the evaluation of the objective function.

3.2 Definition of the objective function

For the purpose of evaluating different growth mechanisms with respect to their ability
of efficiently improving the load-bearing behavior, an objective function of the structure

fobj =
∑
i

ωi qi (8)

is defined, where qi are the arguments and ωi are weighting factors representing the
importance of the individual arguments. The arguments qi denote optimization objectives
which are claimed to be minimal at growth equilibrium, for example stress peaks or
differences and the volume change due to growth. All these objectives are normalized
such that they are unitless and of same order of magnitude, and their optimal value is
zero. By minimizing Eq. (8), the specific set of parameters is obtained that leads to the
optimal mechano-biological state reachable by the particular model variant. The explicit
expressions are

q1 =
max

r
|σϕ|

σ̃peak
, q4 =

max
r

|σϕ| −
∣∣mean

r
σϕ

∣∣
σ̃diff

,

q2 =
max

r
|σz|

σ̃peak
, q5 =

max
r

|σz| −
∣∣mean

r
σz

∣∣
σ̃diff

, (9)

q3 =
mean

r
|σϕ − σz|∣∣mean
r

σϕ

∣∣ , q6 =
∣∣mean

B
Jg − 1

∣∣,

where the stresses σ̃peak and σ̃diff are introduced as normalizing values for stress peaks and
differences. The operator “mean” denotes the volume average of a quantity over the whole
domain B or over the radial direction r, respectively. In a multi-layered model, a layer-
wise examination of the means would be more reasonable. Here, the artery is assumed to
consist of a single layer in order to keep the numerical effort low, which is justified since
the fundamental mechanism is matter of interest. The mechano-biological motivation for
the objective definitions above is as follows:

q1: In a cylindrical tube with internal pressure and moderate axial strain, the highest
stress occurs at the internal surface in circumferential direction. A reduction of this
stress peak towards a reference level σ̃peak or less might therefore be desired by the
tissue in order to increase its resilience.
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q2: The same might hold for the peak of the axial stress, which however can also become
compressive in case of intense axial growth. For this reason, the absolute value is
considered.

q3: Healthy arteries cut from the body contract in axial direction, which means that
their natural in vivo state is under axial tension. Zero axial stresses are thus not
expected and a layer-wise reduction of the average difference between circumferential
and axial stresses is potentially a more realistic goal of arterial adaptation.

q4/q5: To obtain stress distributions which are layer-wise constant over the wall thickness
as far as possible, the maximal stresses per layer have to approach the mean values.
Constant stresses might be desired since the material within a layer is assumed to
prefer a uniform exposure that does only marginally vary over the radial position.

q6: From an energetic point of view, the material is assumed to avoid an unnecessarily
high amount of grown material, i. e. to keep the volume change induced by growth,
Jg − 1, at the lowest level possible.

In the examination presented here, each of the optimization goals is supposed to be equally
important, which means that all weighting factors are set to ωi = 1. The normalizing
stresses are set to

σ̃peak = 100 kPa and σ̃diff = 50 kPa, (10)

since these values are estimated to be in the order of magnitude of average stress peaks
and differences between peak and mean values.

4 NUMERICAL EXAMINATION

The boundary value problem considered for the optimization-based comparison of dif-
ferent model approaches is a one-layered arterial segment discretized into seven rotation-
ally symmetric 2D finite elements over the wall thickness, see Fig. 1. Table 3 lists all
parameters which are set equally for all simulations. Besides the material parameters,
this also applies to the remodeling parameters and to growth parameters with minor im-
pact on the growth equilibrium state. The initial fiber angles are set to ± 30◦ with respect
to the circumferential direction.

r

z

p

ra = 7.5mmri = 6.5mm

uz

l = 1
7 mm

Figure 1: Boundary value problem of a rotationally symmetric arterial segment loaded by an internal
pressure p and an axial displacement uz.
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Table 3: Parameters of the material model from [1], adjusted to human media in [3], parameters of the

remodeling function kη and unvaried parameters of the growth function k
(a)

ϑ , set equally for all directions.

c1 ǫ1 ǫ2 α1 α2 k+
η m+

η k+
ϑ m+

ϑ ϑ− k−
ϑ m−

ϑ

in kPa in kPa in – in kPa in – in s−1 in – in s−1 in – in – in s−1 in –

17.5 499.8 2.4 30 001.9 5.1 0.6 5.0 1.0 3.0 0.95 1.0 3.0

In a first simulation step, an internal pressure of p = 120mmHg and an axial dis-
placement uz are applied without activating growth and remodeling. After reaching this
representative loading, the load is kept constant and growth and remodeling are activated.
The computation is then continued until a growth equilibrium state is attained.

To give an example for the values of the objective function in the non-growing reference
artery, its stress state for an axial displacement of uz = 0.05 l is given in Fig. 2 a and
the associated contributions ωi qi as well as the summarized value fobj are depicted in
the bar plot in Fig. 2 b. Such a plot depicts the reachable performance of an individual
model approach and thus, this case with fobj = 5.403 where no growth and remodeling
is considered, should indicate a relatively poor performance. However, note that the
absolute values of the individual objectives themselves have few meaning and can only be
evaluated by comparing them between different model approaches.

(a) (b)

Figure 2: (a) Distribution of the radial, circumferential and axial stresses over the radial position and
(b) composition of the value of the objective function in a non-growing pressurized artery with 5% axial
strain.

4.1 Optimization scenarios

For each different combination of Fg-ID and φ-ID for different numbers of growth direc-
tions ndir, the limiting values ϑ+

(a) of the growth factors are identified by minimizing fobj.
In order to also account for different loading scenarios or more specifically, to estimate
if a model variant performs insensitive with respect to load changes, the following opti-
mization scenarios are proposed:

8
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1. Optimize ϑ+
(a) by averaging over different levels of uz in order to find the best per-

formance over a range of loading situations,

2. Optimize ϑ+
(a) for a fixed value of uz in order to find the best performance for a given

loading situation,

3. Optimize ϑ+
(a) and uz in order to find the best performance of the given growth

model over all possible loads.

For the cases where the axial displacement is not an optimization variable, it is chosen
among uz ∈ [0.0 l, 0.1 l, 0.2 l]. For the least sensitive model variant, the value of the
objective function obtained in the first case should only minimally differ from the one
obtained in the third case. The minimization of the objective function is realized using
the “GlobalSearch” algorithm of MATLAB in combination with the solver “fmincon”
for constrained nonlinear minimization. Based on preliminary representative numerical
calulations, the bounds of the parameters ϑ+

(a) are chosen as [1.001, 1.5] and the axial

displacement is restricted to values within [0.0 l, 0.3 l].

4.2 Results and Discussion

Here, the optimization results of some representative model variants are given. Isotropic
growth is compared to a series of approaches where three growth directions are included
and where the same combination of growth tensor and driving force is considered for each
of these directions. An exemplary denomination like “161616” means that Fg-ID = 1 and
φ-ID = 6 for each of the ndir = 3 parts of the growth tensor. The token “12” denotes
isotropic growth, see as well Tables 1 and 2 for explanation of the numbers. For the
comparison, a performance measure P is defined as the negative relative deviation of the
optimized objective function values with respect to the reference value f ref

obj = 5.403 for
the case where no growth and remodeling is included, see Fig. 2 b. Thus, this measure is
given by

P = −
(fobj − f ref

obj)

f ref
obj

. (11)

Higher (positive) values are associated with model variants which indeed lead to stronger
improvements in the mechano-biological state. The results for the considered model vari-
ants are given in Fig. 3.

For a comprehensive evaluation and discussion, further model variants need to be ana-
lyzed and thus, the results given here can only be interpreted as representative examples
showing how the proposed methodology for the comparison of different models works.
However it can be seen that significantly increased performance measures are observed
for anisotropic growth models compared to the purely isotropic formulation. This already
indicates that the assumption of isotropic growth may not be realistic as also previously
speculated in the literature.
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(a) (b)

Figure 3: Performance measure P for a subset of different approaches when optimizing (a) the param-
eters ϑ+

(a)
by averaging over three load levels uz,i or (b) the parameters ϑ+

(a)
and the load level uz. The

tokens on the x-axis are composed of Fg-ID and φ-ID, consecutively listed for the multiplicative parts of
the growth tensor.

5 CONCLUSION

In this contribution, a new method to compare different approaches within an existing
framework of combined growth and fiber reorientation in arterial walls was proposed. It
relies on the evaluation of a mechano-biologically motivated objective function, which is
used to optimize the parameters of different growth models for different loading situations.
The objective function is defined at growth equilibrium based on stress peaks, stress
inhomogeneities and the volume change due to growth. All these quantities are supposed
to be reduced more effectively the better the approach, and hence it might be possible
to identify the most realistic growth mechanism. Even though a simplified one-layered
model of the artery with a minimized number of optimization variables is used, the results
should enable the comparative assessment of the fundamental mechanisms included in the
individual model variants. However, only a number of selected variants was analyzed so
far and thus, no final conclusion can be drawn with view to which model variant may be
most realistic.
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1 INTRODUCTION

We can find many pieces of research focusing on the behavior of voids at the microscopic
structure to predict the ductile failures of metals. It is now recognized that stress triaxi-
ality and Lode parameter strongly affect the damage evolutions, in other words, growing
behaviors of micro-voids [1][2][3]. In these researches, experimental material tests have
been made to correlate these parameters with the failure processes. However, generally
speaking, these stress states quantities are not uniform in the specimen and also in the
cross-sections, and are not measurable directly, so they are usually evaluated from de-
formed shapes or FEM simulations. In addition, it is also difficult to keep the quantities
during the loading periods of experiment [2], because these parameters always change
depending on the deformations of each material points. It should be also noted that the
“damage” quantities, such as damage parameters or void ratio, are difficult to define or
evaluate from the experiments [4].

As for the “damage” evolution mechanisms in metals, we can find several investiga-
tions, which simulates the micro void’s behaviors [5][6]. These reseaches are motivated
by the original literatures on damage mechanics, and try to understand the mechanisms
of damage occurring inside metals by arranging a void inside the whole strucuture of the
specimems and giving many variations of loading conditions. In the research, an arbitrary
stress triaxiality and Lode parameter are given to the unit cell, and the relationship be-
tween stress state and void damage is investigated [7]. In that, it is common to reproduce
an arbitrary stress state by displacement-controlled loading.

In this study, we evaluate the dependencies of void growing processes on the stress
state by loading a unit cell model while controlling the stress state using FE2 simulation
. This method can relate the macroscopic behavior of a structure and the corresponding
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behavior in the microscopic region, where the material inhomogeneities are defined [8]. We
would simulate mechanical behavior of microscopic models with spherical voids against
arbitrary stress triaxiality and Lode parameters by changing the macroscopic loading
conditions using three-dimensional FE2 procedure, and evaluate the dependency of voids
growth upon the macroscopic stress triaxiality & Lode angle.

2 Multi-scale modeling for Ductile Fracture simulations

In this section, we describe the formulation and modeling method for multi-scale anal-
ysis to simulate void growing processes. First, we describe the large deformation / elasto-
plastic two-scale boundary value problem based on homogenization methods derived for
general composite materials and define the BVP handled in this research [9]. Next, we
explain the way of expressing stress states. Finally, Problem settings and the finite ele-
ment models for Micro and Macro scales are defined to study the dependence on stress
states.

2.1 Two-scale boundary value problem

the micro-scale BVP is defined by the representative volume element(RVE) virtual
work equation, here stated in its spatial version,

∫

Y
τ 0(x,y) : ∇yη

1 dy

JY
= 0 ∀η1 ∈ W 1,p

per(Y) (1)

along with a selected constitutive equation that relates the microscopic deformation to
the microscopic Kirchhoff stress τ 0(x,y). Here, dy denotes the differential volume of
the current configuration of the RVE, i.e., dy = JY dY and W 1,p

per is the Sobolev apace of
variations of kinematically admissible displacements of the RVE. The functions of W 1,p

per

are periodic on the boundary of the RVE.
On the other hand, the macro-scale BVP is governed by the following variational

equations in spatial description:

∫

B
τ̃ (x) : ∇xη

0dx

J̃
− gext(η

0 ) = 0 ∀η0 ∈ W 1 ,p
0 (B) (2)

τ̃ (x) =
1

|Y|

∫

Y
τ 0(x,y)

dy

JY
(3)

where |Y| is the volume of the RVE in its current configuration and W 1,p
0 (B) is the space

of kinematically admissible displacement fields over the macroscopic continuum. Here,
the microscopic volumetric change is given as dy = JY dY , whereas for the macroscopic
counterpart we have dx = J̃dX.
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2.2 Characterization of the stress state

Stress states can be described by three principal stresses. There are some values rep-
resenting the stress state.

p = −σm = −1

3
tr([σ]) = −1

3
(σ1 + σ2 + σ3) (4)

q = σ =

√(
3

2
[S] : [S]

)
=

√
1

2
[(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2] (5)

r =

[
27

2
det([S])

]1/3
=

[
27

2
(σ1 − σm)(σ2 − σm)(σ3 − σm)

]1/3
(6)

Furthermore, stress states can be described by Lode angle θ and stress triaxiality T defined
by three stress invariants. The stress triaxiality T can be defined by the following equation
as an index for measuring the triaxiality at an arbitrary point of a material.

T =
−p

q
=

σm

σ
(7)

σm and σ is the average stress and the effective stress. The value of T increases with
increasing triaxiality. The Lode angle θ is defined as the angle between the deviatoric
stress on the deviatoric stress surface and the adjacent pure shear line. Lode angle is
defined by the following equation.

cos(3θ) =

(
r

q

)3

(−30◦ ≤ θ ≤ 30◦) (8)

Furthermore, Lode angle θ is normalized,

θ = 1− 6θ

π
(−1 ≤ θ ≤ 1) (9)

Normalized Lode angle θ is called as Lode parameter. From its parameter, it is possible
to know whether the current stress state is tension or pure shear or compression. In this
paper, the lode angle is defined only in the region where the relationship with σ1 ≧ σ2 ≧ σ3

holds.

2.3 Modeling of an initial void

Using models and material properties for multi-scale method are shown in Fig. 1 and
Table 1. A micro-scale cell model containing a spherical space is prepared for representing
the growth behavior of micro-voids. 3D models is used for controling triaxial stress states.
A 3D model was used to control the triaxial stress state. Similar to the assumption in
Gurson’s damage model , an isotropic spherical initial void was contained in the center of
the micro-model. In this paper, the percentage of the void volume to the volume of the
whole microstructure model was defined as the void fraction f to quantify the damage
level.
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1mm

1mm
1

m
m

0.5
0.5

0
.5

r = 0.4

pressure loading

(a) macro model (b) micro model (1/8 model)

Fig. 1. The chosen model (Macro-model and Micro-model)

Table 1: Macroscopic material parameters

Young’s modulus E [GPa] 200
Poisson’s ratio ν 0.3

Initial yield stress σY [MPa] 200
Hardening parameter 1 H [MPa] 100
Hardening parameter 2 δ 3

Maximum yield parameter 3 σ∞
Y [MPa] 800

3 Results

3.1 simulations of 3-D void growth using Multi-scale simulation

Triaxial stress states is given to the Macro-Micro models shown in Fig. 1 by Multi-
scale methods. Fig. 2 shows that the relationship between the macroscopic stress and the
macroscopic strain, and the void fraction in the micro-structure. Also, the deformation of
the microstructure and the corresponding plastic strain distribution at each feature point
in Fig. 2 are shown in Fig. 3.

• In the region before the maximum macro-stress, the whole microstructure in a micro-
model is deformed as shown in (a) and (b) of Fig. 3. Work hardening processes can
be also confirmed in the macroscopic stress-strain relationship. In addition, the void
fraction in the micro-model increases linearly, which is consistent with the behavior
assumed in general damage models.

• In the region after the peak macro-stress, deformation in a micro-model is concen-
trated in the central part of the void as shown in (c) of Fig. 3. This localized
deformation in microstructures makes softening behavior in macro stress-strain re-
lationships. In addition, the void fraction increased rapidly compared to before
the peak stress, and the rapid damage evolution can be observed as in the damage
model.

By modeling the 3-D micro-void in multi-scale simulations, we can describe the drop
of macroscopic stress level and the softening behavior of the true stress / true strain

4
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Fig. 2. Macroscopic stress, the void fraction versus Macroscopic strain for θ = 1 T =
0.3, 1.0

(a) true strain 0.10

(b)true strain 0.26 (c)true strain 0.29

Equivalent plastic strain

0.0 0.50.16 0.33
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Fig. 3. Contour plots of equivalent plastic strain for void model in micro-structure at
each feature points in Fig. 2

relationship due to necking, compared with the simulation without a void. By multi-scale
analysis assuming void in microstructure, we can obtain qualitatively the similar result
as mechanical response assumed by continuum damage mechanics such as void growth in
microstructure, stiffness reduction and softening behavior in the macroscopic response.

3.2 Stress triaxiality and Lode angle dependencies of void growing processes

As we mentioned in the previous section, the multi-scale analysis can express void
growth behavior. In this section, we would change the stress state and organize the void
growth process in each stress state.

Fig. 2 shows the stress-strain relationship in θ = 1 T = 0.3 and 1.0. From this figure,
it can be seen that the maximum stress is reached at low strain levels as the triaxiality
increases. It can be considered that this is because the void deforms in three directions
when the triaxiality is high, the hole can be expanded more easily as the result. The figure
also shows that the void increasing rate before peak stress is larger when the triaxiality
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Fig. 5. 3-D damage progress surface in the space of stress triaxiality, the Lode parameter
and the equivalent plastic strain of some damage levels

is higher. This result is also reported in the experiment by Yamashita et.al [10], and it
can be said that this analysis can properly consider the effect of stress triaxiality.

The equivalent plastic strain when reaching the same void fraction is plotted for each
stress state in Fig. 4. From this result, it can be confirmed that the equivalent plastic
strain required to reach the same void fraction decreases as the stress triaxiality increases.
In other words, it can be said that voids are easily to expand in highly stress triaxiality
states. As for Lode angle, it can be seen that the void tends to expand as θ = 1, ie, closer
to the tensile stress state. Furthermore, it can be read that void growth largely depends
on the Lode angle in the low triaxial region of T = 0.4 or less. From the above, it can
be said that the growing processes of the void depend on the stress triaxiality in the high
triaxial region, and conversely, the Lode angle in the low triaxial region.

Furthermore, in order to make it easier to understand visually the dependencies of void
growth on the stress state, Fig. 5 is a replot of Fig. 4 in three dimensions. This is a
damage progress surface formed by connecting the equivalent plastic strains at the same
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void fraction. The dotted line is the loading pass. Moreover, the damage surface is made
on the basis of the point where the void fraction reached 1.2 and 1.4 times from the initial
void fraction. From this figure, it can be seen that the void is most easily to grow in high
triaxial and tensile stress conditions, that is, the damage in materials progresses rapidly.
This tendency is consistent with the results of the previous research, and in this analysis
it can be said that the material behavior under the triaxial stress state can be correctly
represented [7].

4 CONCLUSIONS

In this study, dependencies of damage evolution on stress triaxiality and Lode angle is
organized using multi-scale analysis. The conclusions can be summarized as follows.

• By using multi-scale analysis with a micro-model containing voids, void damage
behaviors can be expressed. Moreover, void growing processes under triaxial stress
are expressed using 3D void model.

• The multi-scale simulation is able to express the situation that the void growth and
the accompanying damage evolution depend on the stress state. It is confirmed
that the damage was most easy to develop at high triaxiality and Lode angles
corresponding to tensile stress conditions. It is also confirmed that the influence of
the Lode angle is more pronounced in the low triaxiality region.
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Abstract. Power-transmitting gears are typically heat-treated, most often case-hardened, to 
improve the fatigue strength and therefore to ensure higher fatigue life. The heat treatment 
causes higher hardness in the surface area as well as compressive residual stresses in the 
hardened layer. The near-surface compressive residual stresses are compensated by tensile 
stresses in higher depths of the gear volume.  
Pitting and tooth root breakage are the most common failure modes of gears, which are well 
researched and are also addressed in ISO 6336 [14]. The assessment of these failure modes 
provides the basis for the dimensioning of gears in the design phase. However, subsurface-
initiated failures, like tooth flank fracture (TFF), can also appear at loads below the allowable 
level of loading for pitting and tooth root bending. TFF is a fatigue damage with crack initiation 
in the region of the transition between compressive and tensile residual stresses and usually 
leads to a total loss of drive.  
The existing calculation models for fatigue strength of gears with regard to TFF consider 
residual stresses differently. The base of the investigated calculation models is a local 
comparison of the occurring stresses and the strength value in the gear volume. The outcome 
of the calculation model from Oster [26] is highly influenced by the residual stress state. 
However, the material-physical model by Hertter [10] is more tolerant to slightly varying 
residual stresses. Further approaches such as Weber [34] and Konowalcyk [18] are based on 
the ideas of Oster and Hertter. 
The verification of the models is complicated due to the lack of residual stress measurements 
in larger depths under the gear flank surface. For example, residual stress measurement by X-
ray diffraction is only possible up to depths of approximately one millimeter. Therefore, tensile 
residual stresses in the inner tooth volume are considered zero in the common residual stresses 
calculation of Lang [19] and are not considered in the current calculation approach of ISO/DTS 
6336-4 [15]. 
The paper describes local calculation approaches for the fatigue strength of gears with different 
consideration of residual stresses. Furthermore, the crack initiation point, which is mandatory 
for the validation of an approach, is examined. The failure mode TFF is hereby the key.  
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1 INTRODUCTION 
  Power-transmitting gears are loaded with a torque that results in contact pressure at the 
transmitting tooth flanks. These gears are usually heat-treated to achieve higher strength in the 
surface area. A common heat treatment is case hardening. Case hardening causes higher carbon 
content in the surface area and a change in the microstructure. The change in the microstructure 
causes higher hardness and additionally compressive residual stresses in the surface layer, 
which also support the strength of the gear [9]. The depth of the microstructure change is mostly 
dependent on the time the gear is heated. For gears, the case hardening process is described 
with the case hardening depth (CHD), which is the depth of a hardness of 550 HV.  

To achieve a specified lifetime, different failure 
modes need to be prevented. The classical 
failure modes are pitting, tooth root breakage, 
micropitting, scuffing and wear. The main 
fatigue failure risks of a gear are currently 
pitting and tooth root breakage (Figure 1). Both 
failures are initiated by cracks in the near surface 

area due to cyclic loading. The calculation of the load capacity of these failure modes is well 
researched and very well manageable with ISO standards (ISO 6336 [14]). In recent years, 
subsurface-initiated failures have increased due the practice of higher loading and higher 
material strength at the surface. In addition, the adjustment of the residual stress state in the 
surface area lead to higher load capacities, which shifted the possible crack initiation in higher 
depths of the gear. Subsurface-initiated failures are for example tooth flank fracture (TFF). 

2 DEFINITION OF TOOTH FLANK FRACTURE (TFF) 
  Subsurface-initiated failures have the crack initiation point 
(PR) in higher depths where the material strength of the heat-
treated gear declines and significantly lower stresses than at 
the near surface can lead to crack initiation and growth with 
every loading cycle. The characteristics of the tooth flank 
fracture are described in various papers and dissertations [4, 7, 
8, 36]. This paper describes tooth flank fracture for case-
hardened external spur and helical gears. However, there are 
TFFs also reported for bevel and hypoid gears but not 
discussed in this paper [1, 6].  
TFF is a high cycle fatigue failure. The failure shows S-N 
curve behavior and therefore the characteristics of a limited lifetime at high loads and an 
endurance limit at lower loads. The crack growth is slower towards the surface due to the higher 
material strength. Therefore, the crack is growing internally and is not visible until breakage. 
The crack initiation is located in the area between the surface and core hardness and mostly 
where the hardness reaches the core hardness. In addition to the primary crack, secondary and 
tertiary cracks can occur [36]. The crack growth is internal and slow and under vacuum; 
therefore, a fisheye around the crack imitation is possible but not mandatory [3]. Due to varying 
loading, beachmarks indicating the crack growth are possibly visible in the fisheye as shown in 

Figure 1: Pitting, tooth root breakage, TFF 

Figure 2: TFF crack growth [4] 
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Figure 3. The crack often starts at an inclusion or irregularities in the micro-structure due to a 
possible local stress increase. [36] 
The main influences are the material strength profile , the contact stresses and the residual 
stresses in higher depths. Additional stresses due to the deformation of the tooth are considered 
as less significant and depend on the geometry of the tooth [8, 36],30]. 

Experimental results of test gears are described in the 
works of Tobie [33], Bruckmeier [8] and Witzig [36]. 
Witzig did substantial experimental research. Different 
gear geometries with different materials were tested with 
varying loading conditions up to 100 million load cycles 
in an FZG back-to-back test rig. The gear set with module 
3 mm and 67/69 teeth of these experimental investigations 
is possibly the most discussed for the evaluation of TFF 
calculation approaches. TFF is observed in a range of 1 
million up to 100 million load cycles for this gear 
geometry. In addition, a calculation approach is presented 
in Witzig based on the Superior FZG-Modell. 

Nevertheless, this failure mode is still much less researched compared to other failures such as 
pitting and tooth root breakage. 

3 STRESS CALCULATION 
  While transmitting torque, a single tooth of the gear is loaded with 
different stresses, which are responsible for a possible occurring failure 
mode.  For subsurface-initiated failure modes, the super-positioning of 
several loading stresses is possibly relevant.  
The main stresses due to loading are the contact stresses after Hertzian 
theory. Stresses due to the shear of the tooth and bending of the tooth 
strongly depend on the geometry of the gear set [8, 36]. The stresses due to 
tooth shear load are maximal in the middle of the tooth and constantly 
distributed in the tooth height under the contact point. Bending stresses 
with a maximum at the surface and near zero in the middle of the tooth decrease with increasing 
tooth height. The mentioned stresses have significantly different distributions as shown in 
Figure 4.  

The contact stresses of the rolling and sliding contact between the 
tooth flanks are described by the Hertzian theory [12]. The 
stresses depend on the loading of the flank, the local normal 
radius of relative curvature, the reduced modulus of elasticity and 
the tooth width of the pinion and the wheel. The loading and the 
radius of relative curvature depend on the contact point at the 
transverse path of contact. The normal contact force depends on 
the number of teeth in contact. Between point B and D, a 

maximum level of the normal force due the singular contact is reached. The radius of relative 
curvature is usually increasing until contact point D. This leads to a maximum contact stress 

Figure 3: Characteristics of tooth flank 
fracture, fisheye of constant loading [7], 
fisheye with beachmarksdue to the 
crack growth under varying loading [1] 

Figure 5: Theory of Hertz 

Figure 4: Tooth 
shear stresses and 
bending stresses 
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between the contact points B and D.  
The contact stresses after Hertz are described by the pressure pH on the 
contact width 2×bH and based on a half space approach, where the two 
radii are combined to a relative radius of curvature, which is forced on 
a half plane. The elliptical distribution of pressure over the contact 
width 2×bH is constant over the contact length or respectively the tooth 
width. According to the Hertzian theory, the normal stresses are 
maximal at the surface and the shear stress maximum of 0.3×pH is at a 
depth of approximately 0.8×bH (Figure 6). The dependency of pH on 
the radius of relative curvature means, that for gears with greater radius 
of curvature (such as large gears) the maximum shear stress is at a 
greater depth normal to the flank. These contact stresses can be 
calculated with the equations of Hertz or by the equations of Johnson [16] dependent on the 
Hertzian stress pH and the half contact width bH.  

4 MATERIAL STRENGTH AND CALCULATION OF HARDNESS PROFILES 
  For the calculation of the material exposure, mostly local approaches are used. The local 
approach is a comparison of the local stress and the local material strength. The material 
strength is mostly derived from the hardness profile. Additionally, in some local calculation 
approaches, the yield strength Rp, tensile strength Rm or other strength parameters such as the 
alternating strength σw are used. These material-dependent parameters are gained by testing 
specimens under a defined load.  
Different calculation approaches for the hardness profile are used in the design phase. The 
calculation is based on the CHD, the surface hardness and the core hardness, which are usually 
specified in the design phase. There are different approaches for the hardness profile for 
different heat treatment processes. In Figure 7, approaches for case hardening are compared to 
a representative measurement of the module 3 mm gear researched in Witzig [36]. 
The hardness of the material can be calculated with the equations after Lang [19], which is the 
most common approach. The approach of Lang is suitable for case hardening, induction 
hardening and nitriding. It requires the CHD, the surface hardness and the core hardness. For 
the tooth flank hardness profile, the core hardness measured at the flank area should be used 
for a better alignment with the measured hardness. Another approach for case-hardened gears 
is proposed by FZG/Thomas [32]. This approach has the ability to represent the hardness 
plateau in the near surface area, which occurs in large gears due to the case-hardening process. 
The plateau is calculated by the specification of the maximum hardness depth. Mack Aldner 
and Olsson proposed a hardness profile calculation [24]. For the approach, the carburization 
depth in addition to the surface hardness and core hardness is required. Beermann [5] proposed 
two alternatives for the approach of Lang. The two alternatives (A1 and A2) are mathematical 
corrections of the Lang equations, where the CHD is positioned at 550 HV.   
Figure 7 shows a comparison of the mentioned hardness profile calculation approaches for a 
surface hardness of 700 HV1 and a core hardness of 440 HV1 with a CHD of 0.5 mm. By all 
approaches, the hardness measurement is described quite well under the consideration of the 
uncertainty of hardness measurements. The maximum hardness in the approach of Thomas is 

Figure 6: Contact shear 
stress with maxima [18] 
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assumed to be 0.0 and 0.08 mm to show the behavior of the approach. Differences in the 
approaches only exist in the transition to the core hardness, which is the critical area for TFF. 
For different gears and gear sizes, different approaches can be suitable. Due to the high 
influence on the material exposure in some existing calculation approaches for TFF, an exact 
calculation of the hardness profile is mandatory. 

5 RESIDUAL STRESSES AND CALCULATION OF RESIDUAL STRESSES 
Lang [19] also proposed an approach to calculate the residual stress profile (Figure 7). The 
calculation is only depending on the hardness profile. Improvements of the equations were 
made by FZG [8, 11] to adjust the residual stress in the surface area when the difference between 
the hardness profile and the core hardness is higher than 300 HV. 

 

Figure 7: Hardness and residual stress calculation of different approaches compared to hardness measurement 

The residual stresses are caused due the transformation of the micro-structure due to the heat 
treatment. They can be defined as three different kinds after the influenced area [23] . The total 
residual stress state is a superposition of all three kinds. The residual stresses are self-
equilibrating stresses, which means there cannot be a resulting force or moment in the gear. 
Due to the mechanical equilibrium, compressive residual stresses must be compensated by 
tensile residual stresses. The calculation of Lang does not consider the tensile residual stresses, 
which should exist in higher depths of the tooth volume. In addition, the three-dimensional 
stress state is not considered. 
A calculation approach with consideration of the tensile stresses is difficult to prove due to the 
complicated measurement of the residual stresses at higher depths. Still, calculation approaches 
with consideration of tensile residual stress are proposed. Konowalczyk [17] and Weber [34] 
proposed a similar approach. They append a polynomic function to the Lang approach at a depth 
of 0.5×CHD. The polynomic function is calculated by specified constraints with an algorithm 
to assure the mechanical equilibrium within the tooth thickness. These two approaches have the 
disadvantage of using an algorithm that can lead to no result and is difficult for the use in a 
standard calculation method such as ISO standard. In addition, a small tooth thickness can lead 
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to a high overestimation of the residual stresses especially in the near tooth addendum area. 
Furthermore, the three-dimensional stress state is not considered and an equilibrium of the hoop 
stresses is assumed. 
For the validation of the residual stress state, measurements at great depths are necessary. 
Usually the tangential and axial residual stresses are measured with X-ray diffraction. The X-
ray diffraction is applied at the surface of the specimen. By stepwise electrochemical polishing 
and measuring, a depth profile is gained [29]. The 
reachable depth is limited by the evenness of the bottom 
of the crater. Typically, depths up to 1 mm are usually 
possible. Measurements of greater depths are possible 
with neutron diffraction. In [27,36], measurements of 
two different tooth geometries are shown. The 
measurement results of the module 3 mm gear, which is 
prone to TFF are shown in Figure 8. The measurements 
at FRM II support the assumptions of Witzig et al. 
[36,34,20] that in larger material depth the residual 
stresses in normal (hoop) direction to the flank surface 
are near zero and the axial and radial stresses show no 
significant difference with consideration of the error.  

6 CALCULATION APPROACHES FOR TFF  
  The calculation of subsurface-initiated fractures is based on a 
comparison of the local stress and local material strength. The quotient 
is defined as a local material exposure A. The local material strength 
is described by one-dimensional parameters as described earlier. For 
material strength, only one-dimensional data is generated e.g. tensile 
strength by tensile testing. The comparison to a three-dimensional 
stress state is possible with a multiaxial 
fatigue criterion. 
The loading of the part results in stresses 
at the planes of the infinite small 

spherical element. Due to the equilibrium of moment, the shear 
stresses are the same over the diagonal (symmetry). For the 
calculation of the stresses in a specific direction a transformation 
is applied. The direction can be described by a plane at the surface 
of a sphere, which is described by two angels (𝛼𝛼, 𝛾𝛾) as shown in 
Figure 10. At specific angles, the stress vector is normal to the plane and the shear stresses are 
zero. These directions are called principle stress directions. By calculation invariants of the 
stress tensor, a description of the stress state independent from the body coordinate system is 
gained. The second invariant is used in the von Mises criterion for the description of failures. 
It also allows the separation of the hydrostatic stresses and the deviatoric stresses.  
The subsurface contact stresses change due to the loading rolling and sliding contact. Also, the 
principal stress coordinate changes as shown in Figure 9. A volume element in a specific depth 
therefore has a time-dependent stress tensor. 

Figure 10: A quarter 
of sphere with 
coordinate system [15] 

Figure 9: Principal stress 
direction in rolling and sliding 
contact [15]. 

Figure 8: Residual stress measurment of 
the module 3 gear with neutron 
diffraction [24] 
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The path of the stresses is described in the planes of the infinite small spheres. The shear stresses 
change in the direction of the plane and normal stresses change normal to the plane. 

The stresses in the planes described by alpha and gamma are the 
basis of the following explanations. The hypotheses can then be 
divided into hypotheses of the critical plane and integral 
hypotheses. The critical plane approaches only take the plane 
with maximum stress into account and ignore the orientation of 
the micro-structure and assume that the maximum stress is 
occurring in a slip plane of the micro-structure. The crack 
initiation is caused by a shear stress high enough to cause plastic 
deformation when a slip plane is hit. The integral methods regard 
stresses in all planes. 
The shear stress intensity hypothesis (SIH) is an integral 
criterion. It is based on the interpretation of the von Mises 
criterion of Novožilov [25] and can be derived from the weakest 

link theory of Weibull [22, 35]. The SIH is suitable for changing principal stress directions. 
This criterion satisfies the demands of invariance of the coordinate system on the body and the 
principal stress coordinate system because all planes are taken into account. [37, 38]. Also after 
Liu [21] and the SIH after Zenner [38] are the most suitable for the endurance limit of multiaxial 
stresses with differences in frequency, phase or arbitrarily oscillating loads. The SIH is based 
on the von Mises criterion.  The distortion energy theory (GEH) and shear stress theory (SH) 
are included when the directions of the principle stresses are constant. The SIH has different 
forms: the SIH after Simbürger [28] where the failure criterion is the quadratic mean of the 
material exposure in all planes and after Zenner [38] where the quadratic mean of the effective 
shear stresses lead to the equivalent stress. The effective 
shear stress is also used in the SIH variant used by Oster. The 
SIH used by Hertter for the calculation of the maximum 
exposure is based on Liu and Zenner. The treatment of 
residual stresses in these multiaxial criteria is not discussed 
yet because the influence of residual stresses is usually 
considered as mean stresses in the material strength.  
For TFF calculation where the residual stresses considered 
the second highest impact after contact stresses also 
approaches exist with a superposition of the residual stress 
state and the loading stress state after the application of a 
multiaxial stress hypothesis. One of these approaches is after 
FZG/Oster which results in a good TFF prediction [7]. For TFF prediction with a local 
approach, the following requirements need to be fulfilled: the height of the calculated material 
exposure predicts TFF. Thereby the calculated local maximum exposure is at the experimental 
observed depth of PR and position on the contact path respectively tooth height. Additionally, 
the calculated material exposure correlates with load cycles in a limited lifetime. 
A calculation approach for surface failure and subsurface failure is stated in Oster [26]. Oster 
describes the shear stress intensity as the quadratic mean value of the maximum shear stress in 

Figure 12: Shear stress path in a 
plane. a: without compressive 
residual stress; b: with compressive 
residual stress [Her03]  

Figure 11: Stress on volume 
element in the contact area 
[11]. 
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all planes which corresponds to the procedure in [38]. 

𝜏𝜏𝑒𝑒𝑒𝑒𝑒𝑒 = √ 1
4𝜋𝜋∫ ∫ 𝜏𝜏𝛾𝛾𝛾𝛾,𝑚𝑚𝑚𝑚𝑚𝑚2 sin 𝛾𝛾

2𝜋𝜋

𝛾𝛾=0
𝑑𝑑𝑑𝑑 𝑑𝑑𝛾𝛾

𝜋𝜋

𝛾𝛾=0
 

(1) 

The maximum shear stress in the planes is composed of the normal contact stresses, the 
shear contact stresses due to friction, the thermal stresses and the residual stresses. The 
path of the shear stresses in a plane consist of the transition of the Hertzian pressure as 
shown in Figure 11. The effective stress state of the residual stresses is subtracted from 
the overall effective stress state. The local material exposure 𝐴𝐴 is the quotient of the 
effective stress state and the allowable shear stress. 

𝜏𝜏𝑒𝑒𝑒𝑒𝑒𝑒 𝐷𝐷𝐷𝐷 = 𝜏𝜏𝑒𝑒𝑒𝑒𝑒𝑒 𝐿𝐿𝐿𝐿𝑚𝑚𝐿𝐿,𝑅𝑅𝑅𝑅 − 𝜏𝜏𝑒𝑒𝑒𝑒𝑒𝑒 𝑅𝑅𝑅𝑅 

(2) 

The allowable shear stress is derived from the hardness profile. The constant of proportionality 
𝑘𝑘 is approximately 0.4 and further specified for different materials and tooth geometries in [36]. 

𝜏𝜏𝑧𝑧𝑢𝑢𝑢𝑢(𝑦𝑦) = 𝑘𝑘 ∙ 𝐻𝐻𝐻𝐻(𝑦𝑦) (3) 

The approach of FZG/Hertter [11] is an extended approach of the approach after FZG/Oster. 
Hertter separates the dynamic exposure 𝐴𝐴𝑖𝑖𝑖𝑖𝑖𝑖𝑚𝑚, which considers the amplitude and mean values 
of stress and a maximum exposure 𝐴𝐴𝑖𝑖𝑖𝑖𝑖𝑖 considering the maximum shear and normal stress. 
Results of calculations show that the maximum material exposure for the evaluation of gears in 
higher component depths is decisive. The exposure A is calculated in all planes with equation 
after Liu [21]. The residual stresses are considered in the maximum shear and maximum normal 
stresses in all planes as shown in in Figure 12. 

𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚(𝛾𝛾,𝑑𝑑) =  √
𝑎𝑎 ∙ 𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚

µ + 𝑏𝑏 ∙ 𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚
µ

𝑅𝑅𝑝𝑝0,2
µ

µ
 

(4) 

The allowable stress is defined by the yield strength, which is derived from the local hardness 
after [13]. The local material exposure is calculated by the integration of the exposure in all 
planes.  

𝐴𝐴𝑖𝑖𝑖𝑖𝑖𝑖 = √15
8𝜋𝜋 ∗ ∫ ∫ [𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚 (𝛾𝛾,𝑑𝑑)]2 ∗ sin 𝛾𝛾

2𝜋𝜋

𝛾𝛾=0
𝑑𝑑𝑑𝑑

𝜋𝜋

𝛾𝛾=0
𝑑𝑑𝛾𝛾 

(5) 

7 INVESTIGATIONS ON THE CRACK INITIATION POINT OF TFF 
  For the validation of the different calculation approaches, the primary crack starter depth and 
the corresponding load or the endurance limit need to be investigated for different gears and 
materials. Due the different depths of maximum stress of the contact, bending and tooth shear 
stresses, the primary crack initiating point (PR) also gives a hint of which stress is more or less 
responsible for TFF. In this section, the PR of TFF is further investigated; therefore, the TFF 
reference gear set with module 3 mm and 67/69 teeth is examined. 
Tobie [33] was the first to investigate TFF at the FZG back-to-back test rig for the gear set. The 
gears were made out of the material 16MnCr5 with an CHD of 0.55 mm. In Stenico [31], the 
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gear geometry was investigated referring to inclusions in the material. Bruckmeier [8] did test 
runs with gears of the material 16MnCr5 and 17CrNiMo6. The gears were also case-hardened 
with a CHD of 0.5-0.55 mm. With the experiments of Witzig [36], the first S-N curves for TFF 
were completed. He investigated the case-hardened materials 18CrNiMo7-6 and 20MnCr5 with 
a CHD of ca. 0.5 mm. The endurance limit for 18CrNiMo7-6 was 1460 Nm and for 20MnCr5 
1250 Nm. The hardness profile of the gears is comparable with a surface hardness of 690-785 
HV and core hardness of 364-440 HV.  

All mentioned authors did research on the PR. The PR is usually 
identified visually. When observing the fracture surface, a 
microscope or scanning electron microscope (SEM) can help find 
the PR. The crack surface usually shows the characteristics of a 
fatigue fracture with a smooth surface in the area of ductile 
breakage and a rough surface where the final rupture is. Usually a 
fisheye is visible in the area of ductile breakage. The PR is usually 
placed central in the fisheye. For some TFF, a PR is not 
necessarily detectable.  
For this paper, the PRs for the 67/69 gear with module 3 mm and 
a pressure angle of 20° of these works were summarized and 
further investigated. The authors [8, 33, 36] measured the PR 
optical with a digital photo station. For some teeth, the PR was 
investigated by scanning with an electron microscope with EDX 

to gain information of a possible nonmetallic inclusion in the material [36]. The depth of the 
PR was specified in the direction normal to the tooth flank. 
The crack initiation points of TFF were further investigated to find the correlation of the PR 
depth with loading or heat treatment parameters. The residual stress measurements with X-ray 
diffraction were only up to a depth of 0.32 mm. The investigated PR depth is higher and 
therefore residual stresses are not considered in the evaluation.  
Additional teeth of Witzig were measured digital with a digital photo station. First, the PR was 
identified by its characteristics. Then photos of the sides of the tooth are taken to digitally 
measure the exact position normal to the flank as shown in Figure 13. The error of the 
measurement is approximately 0.1 percent due the constraints of the digital photo station and 
the angle error due to the placement of the teeth in the digital photo station.  
For the results, a correlation between PR depth and load or load cycles is not observed. But a 
dependency on the load is expected when the contact stresses are a main influence. Due to 
higher loading the maximum contact shear stresses are in greater depths normal to the flank 
after the theory of Hertz. For correlation with loading parameters (such as the torque), a 
separation of materials is not necessary because the depth of maximum exposure depends on 
the contact stresses and the hardness which is comparable. This supports a statement of 
Konowalczyk [17], who also observed no correlation between loading and the PR depth. 
A good correlation of PR depth and the CHD was found as shown in Figure 14. The assumption 
of a normal distribution is possible with a mean of 2.57×CHD (1.29 mm) and standard deviation 
of 0.68×CHD. Other gear geometries show PRs at higher depths (up to 3.6×CHD in Stenico 
[31]) or at smaller depths 1-1.5×CHD [2].  

Figure 13: Optical-digital 
measurement of the PR. 
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Figure 14: Crack initiation depth of TFF for the module 3 mm 67/69 teeth gear set. 

8 CONCLUSIONS 
  For higher strength in gears, a heat treatment like case hardening is used. Case hardening 
improves the surface strength due to higher hardness and compressive residual stresses in the 
surface area. The mechanically required tensile residual stresses in the inner tooth are 
considered promoting crack initiation and crack growth. TFF is a subsurface-initiated fracture 
with a primary crack starter in depths of reduced strength. The PR is located deeper than the 
maximum shear stress after the theory of Hertz and therefore residual stresses are considered a 
main influence on the crack initiation. 
For TFF, several calculation approaches are proposed, which treat the residual stresses 
differently. For the validation of a local TFF calculation approach, the local residual stress state 
is required and for the validation the crack initiation point of TFF and the corresponding load 
are mandatory. This paper summarizes the documented crack initiation depth of the module 3 
mm gear set with 67/69 teeth. Also, additional TFFs of this geometry are analyzed and 
measured by optical-digital measurement. The crack initiation depth is further investigated and 
correlations with the CHD are shown. However, no correlation with load parameters is found.  
More primary crack initiation points of different gear geometries need to be investigated and 
documented with geometry, load and heat treatment parameters for a statistically verified 
statement. For the validation of the calculation approaches, further investigations of the three-
dimensional residual stress state in the inner tooth and its handling in the multiaxial criteria or 
the strength within the mean stresses are necessary. For an evaluation of the influence on the 
crack behavior of TFF in the multiaxial fatigue criteria, it is necessary to exclude additional 
influences of the microstructure such as carbon content and retained austenite content. 
Therefore, in Stahl [29], blanked representative parts are manufactured with adjustable residual 
stress state and without heat treatment. The application of the multiaxial criteria on these parts 
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will provide a further understanding of the treatment of residual stresses in the subsurface 
fracture calculation of gears. 

ACKNOWLEDGEMENTS  
Part of this work is funded by the Deutsche Forschungsgemeinschaft (DFG, German Research 
Foundation) - VO 1487/30-1; STA 1198/13-1 and is part of the DFG priority program “Targeted Use of 
Forming Induced Residual Stresses in Metal Components (SPP2013).” 

REFERENCES 
[1] Annast, R.: Kegelrad-Flankenbruch. Dissertation, Technische Universität München 

(2003). 
[2] Bauer, E.: Flankenbrüche bei Hochleistungsgetrieben Allianz Report 2/98 (1998). 
[3] Bauer, E.; Böhl, A.: Flank Breakage on Gears for Energy Systems. Gear Technology 28. 

Heft: 8, S. 36–42 (2011). 
[4] Baydu Al; Langlois, P.: Evaluation of TIFF and TFF Load Carrying Capacities and 

Comparison Against Other Failure Modes. CTI MAG (2016). 
[5] Beermann, S.: Tooth Flank Fracture - Influence of Macro and Micro Geometry. 

International Conference on Gears, Garching. VDI (2015). 
[6] Boiadjiev, I.; Stemplinger, J.-P.; Stahl, K.: New Method for Calculation of the Load 

Carrying Capacity of Bevel and Hypoid Gears regarding Tooth Flank Fracture. Conference 
on Gears, Garching (2015). 

[7] Boiadjiev, I.; Witzig, J.; Tobie, T.; Stahl, K.: Tooth flank fracture - basic principles and 
calculation model for a sub surface initiated fatigue failure mode of case hardened gears. 
International Conference on Gears, Lyon Villeurbanne, France, S. 670–80 (2014). 

[8] Bruckmeier, S.: Flankenbruch bei Stirnradgetrieben. Dissertation, Technische Universität 
München (2006). 

[9] Güntner, C.; Tobie, T.; Stahl, K.: Influences of the Residual Stress Condition on the Load 
Carrying Capacity of Case Hardened Gears Hardened Gears. AGMA (2017). 

[10] Hertter, T.: A Calculation Model for Rating the Gear Load Capacity Based on Local 
Stresses and Local Properties of the Gear Material. International Conference on Gears; 
2010; Garching (2010). 

[11] Hertter, T.: Rechnerischer Festigkeitsnachweis der Ermüdungstragfähigkeit vergüteter und 
einsatzgehärteter Stirnräder. Dissertation, Technische Universität München (2003). 

[12] Hertz, H.: Über die Berührung fester elastischer Körper (1881). 
[13] Ilg, U.: Strukturelle Änderungen in unterschiedlich wärmebehandelten Wälzkörpern aus 

100Cr6 und 20MnCr5 bei Wälz- sowie Wälz-Gleitbeanspruchung. Dissertation, 
Universität Karlsruhe (TH) (1980). 

[14] ISO 6336, 2006,2016: Calculation of load capacity of spur and helical gears. (2006,2016). 
[15] ISO/DTS 6336-4, 2018: Calculation of load capacity of spur and helical gears - Calculation 

of tooth flank fracture load capacity (2018). 
[16] Johnson, K. L.: Contact mechanics. Cambridge University Press, Cambridge 

Cambridgeshire, New York, Port Melbourne, Madrid, Cape Town (1985). 
[17] Konowalczyk, P.: Grübchen- und Zahnflankenbruchtragfähigkeit großmoduliger 

Stirnräder - Pitting and tooth flank fracture load capacity of large modul spur gears. 
Apprimus Verlag, Aachen (2018). 

[18] Konowalczyk, P.; Löpenhaus, C.; Brecher, C.: Inclusion Based Calculation Approach for 
Flank Fracture Load Capacity. 58th Conference "Gear and Transmission Research" of the 
WZL on May 10/11 (2017). 

199



Daniel Müller, Thomas Tobie and Karsten Stahl 
 

 12 

[19] Lang, O. R.: Berechnung und Auslegung induktiv randschichtgehärteter Bauteile - In: 
Grosch, J.(Hrsg.), Induktives Randschichthärten, Tagung 23, S. 332-348. (1988). 

[20] Liu, H.; Liu, H.; Zhu, C.; He, H.; Wei, P.: Evaluation of Contact Fatigue Life of a Wind 
Turbine Gear Pair Considering Residual Stress. Journal of Tribology 140-4 (2018). 

[21] Liu, J.: Beitrag zur Verbesserung der Dauerfestigkeitsberechnung bei mehrachsiger 
Beanspruchung. Dissertation, TU Clausthal (1991). 

[22] Liu, J.: Weakest Link Theory And Multiaxial Criteria 25, S. 55–68 (1997). 
[23] Macherauch, E.: Introduction to Residual Stress. Advances in surface treatments, vol. 4. 

(1987). 
[24] MackAldener, M.; Olsson, M.: Tooth Interior Fatigue Fracture - computational and 

material aspects. International Journal of Fatigue 23. Heft: 23 // 4, S. 329–40 (2001). 
[25] Novožilov, V. V.: Theory of elasticity, Oxford (u.a.), Pergamon Pr., 1961 (1961). 
[26] Oster, P.: Beanspruchung der Zahnflanken unter Bedingungen der Elastohydrodynamik. 

Dissertation, Technische Universität München (1982). 
[27] Schwienbacher, S.; Tobie, T.; Höhn, B.-R.; Hofmann, M.: Measurement of Residual 

Stresses in Case Hardened Test Gears with Neutron-Diffractometer, Proposal No. 397 
(2006). 

[28] Simbürger, A.: Festigkeitsverhalten zäher Werkstoffe bei einer mehrachsigen, 
phasenverschobenen Schwingbeanspruchung mit körperfesten und veränderlichen 
Hauptspannungseinrichtungen. Dissertation, TH Darmstadt (1975). 

[29] Stahl, J.; Müller, D.; Tobie, T.; Golle, R.; Volk, W.; Stahl, K.: Residual stresses in parts 
manufactured by near-net-shape-blanking. Production Engineering 23. Heft: 3, S. 217 
(2018). 

[30] Stahl, K.; Höhn, B.-R.; Tobie, T.: Tooth flank breakage - influences on subsurface initiated 
fatigue failures of case hardened gears. DETC2013, Portland, Oregon, USA. ASME 
(2013). 

[31] Stenico, A.: Einfluss von Einschlüssen im Werkstoffgefüge auf den 
Beanspruchungszustand und das Schadensverhalten einsatzgehärteter Zahnflanken (2001). 

[32] Thomas, J.: Flankentragfähigkeit und Laufverhalten von hart-feinbearbeiteten 
Kegelrädern. Dissertation, Technische Universität München (1998). 

[33] Tobie, T.: Zur Grübchen- und Zahnfußtragfähigkeit einsatzgehärteter Zahnräder - Einflüsse 
aus Einsatzhärtungstiefe, Wärmebehandlung und Fertigung bei unterschiedlicher 
Baugröße. Dissertation, TU München (2001). 

[34] Weber, R.: Auslegungskonzept gegen Volumenversagen bei einsatzgehärteten Stirnrädern. 
Dissertation, Universität Kassel (2015). 

[35] Weibull, W.: A Statistical Theory of Strength of Materials (1939). 
[36] Witzig, J.: Flankenbruch - Eine Grenze der Zahnradtragfähigkeit in der Werkstofftiefe. 

Dissertation, Technische Universität München (2012). 
[37] Zenner, H.; Heidenreich, R.: Schubspannungsintensitätshypothese - Erweiterung und 

experimentelle Abstützung einer neuen Festigkeitshypothese für schwingende 
Beanspruchung (1979). 

[38] Zenner, H.; Richter, I.: Festigkeitshypothese für die Dauerfestigkeit bei beliebigen 
Beanspruchungskombinationen. Konstruktion 29-1, S. 11–18 (1977). 

200



Macro- and micromechanical investigations on residual stresses in extruded componentsP. Landkammer and P. Steinmann

XIV International Conference on Computational Plasticity. Fundamentals and Applications 
COMPLAS 2019 

E. Oñate, D.R.J. Owen, D. Peric , M. Chiumenti, and Eduardo de Souza Neto (Eds) 
 
 
 

PLASTIC DISLOCATION AND INCOMPATIBILITY DENSITY  
AS INDICATORS FOR RESIDUAL STRESSES 

PHILIPP LANDKAMMER*, PAUL STEINMANN* 

* Institute for Applied Mechanics (LTM) 
Friedrich-Alexander-Universität Erlangen-Nürnberg (FAU) 

Egerlandstrasse 5, 91058 Erlangen, Germany 
e-mail: philipp.landkammer@fau.de, paul.steinmann@fau.de, www.ltm.tf.fau.de 

Key words: Incompatibility Density, Residual Stresses, Differential Geometry. 

Abstract. Residual stresses in forming simulations are typically investigated by analyzing the 
remaining stress state after removing all external loadings. However, the generation of the 
stress state during forming remains unknown. As a remedy, we use the plastic and elastic 
dislocation and incompatibility densities - derived from continuum mechanical and 
differential geometrical considerations - as indicators to track the generation of residual 
stresses through out a forming operation. Theoretical backgrounds for small and large strain 
plasticity are highlighted and practical aspects regarding implementation are provided. Two 
examples demonstrate the functionality of the approach, whereby the plastic incompatibility 
density in phenomenological, multiplicative large strain plasticity serves as indicator. 

 
1 INTRODUCTION 

During a forming process, residual stresses occur in the manufactured components. In 
general, these have a decisive influence on their forming, application and failure behaviour. 
Regarding a workpiece under cyclic bending, compressive residual stresses close to the 
surface of the workpiece improve its life-time behaviour, whereas tensile residual stresses 
promote crack initialization. In particular within cold extrusion processes, high residual 
stresses occur due to the required forming forces. Thereby, a number of forming experiments 
have been used to investigate the dependencies of residual stresses on contact and friction 
conditions and geometry changes, see [1] among others. However, a deeper understanding of 
residual stresses is required to explore the total potential of deliberately influencing the 
workpiece behaviour through forming-induced residual stresses. 

As a common definition, stresses which remain in the component after removing all 
external loadings are denoted as residual stresses. Therefore, the numerical investigation of 
residual stresses within the framework of a finite element (FE) simulation is typically based 
on the quantification and visualization of the remaining stress state within the unloaded 
component at the end of a forming operation. However, residual stresses arise during the 
whole forming process, and possibly also reduce again in case of an opposite load application. 
Since the residual stress generation during forming is not yet captured in the conventional 
procedure, a post-processing technique for an accompanying tracking of residual stresses 
would be of major interest to control them within manufacturing.  
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From a mechanical point of view, incompatible plastic strains in case of an inhomogeneous 
plastic deformation are responsible for residual stresses. In more detail, residual stresses arise 
in consequence of elastic lattice distortions, which are required to ensure that no gaps or 
overlaps occur despite the underlying incompatible plastic strains. By using differential 
geometrical considerations, Kröner [2] developed a linear continuum theory for residual 
strains with respect to additive small strain plasticity and further extended the approach also 
to nonlinearities [3]. For instance, a second order incompatibility density tensor is introduced 
therein to quantify the incompatible plastic strains.  

Our idea is to use the dislocation and incompatibility densities as indicators for residual 
stresses. The theoretical aspects are transferred even to multiplicative large strain plasticity in 
[4], which provides the applicability of these indicators also to forming simulations.  

The paper is structured as follows: Section 2 provides an overview to classify incompatible 
plastic strains within plastic deformations. Section 3 reiterates the computation of plastic 
incompatibilities in small strain plasticity and also recaptures its extension to multiplicative 
large strain plasticity. The functionality of these indicator for residual stresses is demonstrated 
by the plastic incompatibility density for two examples of a homogeneous and an 
inhomogeneous plastic deformation in Section 4. Finally, Section 5 summarizes the findings. 

2 MECHANICAL VIEW ON RESIDUAL STRAINS 
The theory of crystal plasticity is fundamental for describing the generation of residual 

stresses. Macroscopically observed plastic deformations within a forming process are the 
result of dislocation flow at the microscale. Thereby, dislocations partially get stucked within 
the periodically arranged crystal lattice and remain as additional obstacles for further 
dislocations flow, which leads to plastic hardening. 

As illustrated by the diagram in Figure 1, a classification of plastic deformations according 
to the generated dislocation structure is stated as follows: Homogeneous plastic deformations 
lead purely to the formation of so-called statistically stored dislocations (SSD), which are 
responsible for plastic hardening. In case of inhomogeneous plastic deformations, 
geometrically necessary dislocations (GND) are generated in addition. They are responsible 
for maintaining the inhomogeneous plastic deformation after removing all external 
loadings [5]. GNDs are further distinguished, whether they cause macroscopically stress-free 
lattice curvatures or lead to incompatible plastic strains. Incompatible plastic strains induce 
incompatible elastic strains as their counterparts to guarantee the continuity of the continuum. 
These elastic residual strains cause residual stresses. 

 
Figure 1: Incompatible strains in case of an inhomogeneous plastic deformation cause residual stresses  

Plastic deformation
Generation of dislocation structures

Homogeneous plastic deformation Inhomogeneous plastic deformation
Statistically stored dislocations (SSD) Geometrically necessary dislocations (GND)

Lattice curvatures
Stress-free

Incompatible strains
Responsible for residual stresses
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3 COMPUTATION OF DISLOCATION AND INCOMPATIBILTY DENSITIES 
Concepts of differential geometry and continuum mechanics allow to describe the 

classification of plastic deformations as depicted in Figure 1 and enable to quantify 
inhomogeneities and incompatibilities. Subsequently, the relationships are reiterated in detail. 

An unique deformation map 𝝋𝝋:𝑿𝑿 ∈ ℬ0 → 𝒙𝒙 ∈ ℬ𝑡𝑡  requires that no closure failure along an 
arbitrary closed material or spatial line path, 𝒞𝒞 or 𝒞𝒞0, exists. This requirement is called the 
integrability condition for the deformation gradient 𝑭𝑭: = Grad 𝝋𝝋 and is formulated based on the 
Stokes theorem as  

∮ d𝒙𝒙 =𝒞𝒞 ∮ 𝑭𝑭 ⋅ d𝑿𝑿 = 𝟎𝟎    
Stokes
⇒        𝒞𝒞0 ∫  Curl⊤ 𝑭𝑭 ⋅ 𝑵𝑵d𝐴𝐴 𝒜𝒜0

= 𝟎𝟎. (1) 

From Eq. (1), the stronger pointwise compatibility condition follows, which ensure that no 
gaps or overlaps arise within the deformation of the configuration: 

Curl⊤𝑭𝑭 =! 𝟎𝟎. (2) 

In contrast, the rotation field of purely the plastic (or elastic) part of the deformation 
gradient, called plastic (or elastic) dislocation density, only vanishes in case of a 
homogeneous deformation, but do not vanish in the presence of an inhomogeneous elasto-
plastic deformation. Thus, the plastic (or elastic) dislocation density expresses the non-
integrability of inhomogeneous elasto-plastic deformations. In a similar manner, the plastic 
(or elastic) incompatibility density, which is recaptured for additive small and multiplicative 
large strain plasticity in the subsequent sections, indicates incompatible plastic strains, which 
are responsible for residual stresses.  

3.1 Small strain 
In the linearized theory of small strain elasto-plasticity, the deformation gradient is 
approximated by 𝑭𝑭 ≈ 𝑰𝑰+ 𝜷𝜷. The displacement gradient 𝜷𝜷 ∶= Grad𝒖𝒖, also denoted in this context 
as distortion, additively decomposes into the symmetric strain tensor 𝝐𝝐 = 𝟏𝟏

𝟐𝟐[Grad𝒖𝒖+ Grad⊤𝒖𝒖] and 
the  antisymmetric rotation tensor 𝝎𝝎 = 𝟏𝟏

𝟐𝟐[Grad𝒖𝒖 − Grad⊤𝒖𝒖], whereby both additively decompose 
further into elastic and plastic parts: 

𝜷𝜷 = 𝝐𝝐 +𝝎𝝎 = [𝝐𝝐e + 𝝐𝝐p] + [𝝎𝝎e +𝝎𝝎p] = [𝝐𝝐e  +𝝎𝝎e]  + [𝝐𝝐p +𝝎𝝎p] = 𝜷𝜷e + 𝜷𝜷p (3) 

The integrability condition guarantees: 
CurlT𝜷𝜷 = 𝟎𝟎. (4) 

Since the Curl{⋅}-operator is distributive,  
Curl𝜷𝜷 = Curl(𝜷𝜷e + 𝜷𝜷p), (5) 

it follows for the plastic dislocation density 
𝒂𝒂p ≔ Curl𝜷𝜷p = −Curl𝜷𝜷e  ≠ 𝟎𝟎  (in general). (6) 

As describe above and according to the pioneering works of Kröner, see [2] among others, 
𝒂𝒂p quantifies the inhomogeneity of plastic deformations and exclusively equals to zero in case 
of homogeneous plastic deformations. 

Furthermore, the incompatibility density tensor Inc{⋅} with respect to the strain tensor of the 
total deformation requires 
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Inc𝝐𝝐 ≔ Curl⊤Curl⊤𝝐𝝐 = 𝟎𝟎, (7) 

but for its plastic and elastic parts, it yields in accordance to Eq. (6): 

𝜼𝜼p ∶= Inc𝝐𝝐p = Curl⊤Curl⊤𝝐𝝐p = [Curl⊤𝒂𝒂p⊤]sym = −Inc𝝐𝝐e ≠ 𝟎𝟎  (in general). (8) 

Here, the plastic incompatibility density 𝜼𝜼p serves as a measure for plastic strains, which 
result from the non-vanishing plastic dislocation density 𝒂𝒂p, see Eq. (6). Since 𝜼𝜼p quantifies 
incompatible plastic (or elastic) strains, the plastic (or elastic) incompatibility density serves 
as indicator for residual stresses. 
Remark 1: For the sake of implementation and according to Steinmann [10] the Curl{⋅}-
operation rewrites as: 

Curl{⋅} = [
{⋅}13,2 − {⋅}12,3 {⋅}23,2 − {⋅}22,3 {⋅}33,2 + {⋅}32,3
{⋅}11,3 − {⋅}13,1 {⋅}21,3 − {⋅}23,1 {⋅}31,3 + {⋅}33,1
{⋅}12,1 − {⋅}11,2 {⋅}22,1 − {⋅}21,2 {⋅}32,1 + {⋅}31,2

]. (9) 

3.2 Large strain 
According to Lee [6], the nonlinear large strain elasto-plasticity theory is based on the 

multiplicative decomposition of the deformation gradient into its elastic and plastic part:  
𝑭𝑭 = 𝑭𝑭e ⋅ 𝑭𝑭p (10) 

As illustrated in Figure 2, the plastic part of the deformation gradient, 𝑭𝑭p, represents the 
deformation due to the motion of dislocations (depicted as red circles) in the periodically 
arranged crystal lattice. The lattice orientation remains unchanged in the plastic intermediate 
configuration ℬ̅. The elastic part 𝑭𝑭e then causes the corresponding lattice distortion.  
 

 
Figure 2: Multiplicative elasto-plasticity modelling includes an incompatible plastic intermediate configuration 

Remark 4: Within multiplicative modelling, purely the elastic part of the deformation 
transforms the slip systems. The elastic part of the deformation gradient and the left Cauchy 
Green Tensor, 𝑭𝑭e and 𝒃𝒃e = 𝑭𝑭e ⋅ 𝑭𝑭e⊤ , allow to compute the slip direction 𝒔𝒔𝛼𝛼 and the slip plane 
normal 𝒎𝒎𝐼𝐼 in the spatial configuration in dependency of their counterparts in the plastic 
intermediate configuration: 𝒔𝒔𝛼𝛼 = 𝑭𝑭e ⋅ �̅�𝒔𝛼𝛼, �̂�𝒎𝛼𝛼 = 𝒃𝒃e ⋅ 𝒎𝒎𝛼𝛼 and 𝒎𝒎𝛼𝛼 = 𝑭𝑭e−⊤ ⋅ �̅�𝒎𝛼𝛼. The transformation 
of a slip system is additionally depicted in Figure 2. 

204



P. Landkammer and P. Steinmann 

 5 

Plastic and elastic dislocation density 
The rotation field with respect to the plastic part of the deformation gradient, which is 

again denoted as plastic dislocation density, is defined as: 
𝑨𝑨p ∶= Curl𝑭𝑭p ≠ 𝟎𝟎 (in general). (11) 

In accordance to the additive small strain theory, 𝑨𝑨p differs from zero in case of 
inhomogeneous plastic deformations. Thus, the plastic intermediate configuration ℬ̅ is in 
general incompatible and the plastic dislocation density 𝑨𝑨p is directly linked to the GNDs, 
which arise during inhomogeneous plastic deformations. An incompatible plastic 
configuration induces incompatible elastic distortions to guarantee the continuity of the 
continuum. Therefore, it follows for the counterparts in the elastic regime: 

𝒂𝒂e ∶= curl𝒇𝒇e ≠ 𝟎𝟎 (in general). (12) 

The relationship between the elastic and plastic dislocation density, 𝑨𝑨p and 𝒂𝒂e, which is 
proposed [5] and further extensively investigated by Cermelli and Gurtin [7], results in: 

1 
det𝑭𝑭p 𝑭𝑭

p ⋅ 𝑨𝑨p = 1 
det𝒇𝒇e  𝒇𝒇e ⋅ 𝒂𝒂e. (13) 

Remark 2: The plastic dislocation density 𝑨𝑨p provides further background information: Its 
diagonal entries arise with the occurrence of screw dislocations, whereby non-diagonal entries 
are linked with edge dislocations. In addition, a multiplication with a direction vector 𝒕𝒕 of an 
assumed dislocation line leads to the associated Burgers vector 𝒃𝒃, which describes the closure 
failure: 𝒃𝒃 = 𝑨𝑨p⊤ ⋅ 𝒕𝒕. 
 
 Remark 3: The plastic part of the deformation gradient, 𝑭𝑭p, which is necessary for the 
computation of the plastic dislocation density 𝑨𝑨p, is only accessible if crystal plasticity 
modelling is applied. Unfortunately, in commonly used commercial FE software packages, 
for example Marc/Mentat or Abaqus, only a phenomenological multiplicative approach for 
large strain plasticity as described in Simo and Hughes [8] is implemented and so, the plastic 
part of the deformation gradient remains still unknown. However, a possible option to 
incorporate crystal plasticity modelling in the above mentioned FE packages is the usage of 
the Fortran library DAMASK [9]. 

Plastic and elastic incompatibility density 
The compatibility relations and their correlations with dislocation densities within the 

linear theory of small strains, see Kröner [2], are extended by Steinmann [4] to the general 
nonlinear case of large strains. Applying the multiplicative large strain modelling, the 
incompatibilities of the continuum rotations contained in 𝑭𝑭e = inv𝒇𝒇e lead to stress-free lattice 
curvatures, while the incompatibilities of the elastic part of the left Cauchy-Green strain 
tensor 𝒃𝒃e cause the lattice distorsions, which result in residual stresses. 

The theories of differential geometry is exploited in [4] to show that the non-integrability 
of plastic and elastic strains metrics 𝑪𝑪p (plastic part of the right Cauchy-Green tensor) and 𝒄𝒄e =
inv𝒃𝒃e (elastic part of the left Cauchy-Green tensor) coincides with the non-vanishing plastic 
and elastic Riemann curvatures 𝑯𝑯p and 𝒉𝒉e. According to these considerations, the plastic 
incompatibility density (in Euclidean space) is computed by, 

205



P. Landkammer and P. Steinmann 

 6 

2𝑯𝑯p = Ink𝑪𝑪p ≔ Curl⊤Curl⊤𝑪𝑪p + {Grad𝑪𝑪p}⟖{Grad𝑪𝑪p} ≠ 𝟎𝟎 (in general), (14) 

whereby {⋅}⟖{⋅} describes a special product of third-order tensors, see the implementation 
guidance in the subsection 3.3. Analogously, it follows for the elastic regime, 

−2𝒉𝒉e = ink𝒄𝒄e ≔  curl⊤curl⊤𝒄𝒄e  +  {grad𝒄𝒄e}⟖{grad𝒄𝒄e} ≠ 𝟎𝟎 (in general). (15) 

As in small strain plasticity, the plastic and elastic incompatibility densities are a measure 
for the incompatibility of the plastic strains and their elastic counterparts. Since the latter 
cause residual strains, both incompatibility densities are suited as residual stress indicators. 
Remark 5: In commercial FE-software packages, for example Marc/Mentat or Abaqus, 
access to the elastic part of the left Cauchy-Green tensor, 𝒃𝒃e, is provided via subroutines in 
case of using their phenomenological large strain plasticity modelling. The plastic part of the 
right Cauchy-Green tensor then follows with 𝑪𝑪p = 𝑭𝑭⊤ ⋅ inv𝒃𝒃e ⋅ 𝑭𝑭. Consequently, the plastic and 
elastic incompatibility densities, Inc𝑪𝑪p and inc𝒄𝒄e – indicators for residual stresses, are even 
computable without using crystal plasticity. 

A relation between the elastic and plastic incompatibility densities, see Eq. (14) and (15), 
is derived in Steinmann [4] as: 

det(𝑭𝑭p−1)
det𝑭𝑭p 𝑭𝑭p ⋅ 𝑯𝑯p ⋅ 𝑭𝑭𝐩𝐩⊤ = det(𝒇𝒇e−1)

det𝒇𝒇e 𝒇𝒇e ⋅ 𝒉𝒉e ⋅ 𝒇𝒇e⊤ (16) 

Unfortunately, Eq. (16) again requires an access to the plastic and elastic deformation 
gradient, respectively. 

3.3 An implementation scheme for the plastic incompatibility density 

While in the previous subsection focus is put on the relationships between the plastic and 
elastic dislocation and incompatibility densities, some hints for implementation are given 
subsequently. 

Computation of the plastic incompatibility density from Riemann curvatures 
The steps to compute the incompatibility density is described for the plastic regime, 

whereby Einstein summation is used as in [4].  
After differentiation of the plastic part of the Cauchy Green tensor, 𝑪𝑪p, with respect to the 

material coordinates 𝑿𝑿, the plastic Riemann connection is achieved by 

ℳ𝐼𝐼𝐼𝐼𝐼𝐼
p (𝑪𝑪p): = 1

2 [𝐶𝐶𝐼𝐼𝐼𝐼,𝐼𝐼
p − 𝐶𝐶𝐼𝐼𝐼𝐼,𝐼𝐼

p + 𝐶𝐶𝐼𝐼𝐼𝐼,𝐼𝐼
p ] (17) 

Next, the plastic material Riemann curvature tensor is computed, whereby differentiation 
of the Riemann connection ℳ𝐼𝐼𝐼𝐼𝐼𝐼

p , again with respect to the material coordinates 𝑿𝑿, is required: 

𝘔𝘔𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼
p (𝑪𝑪p): = −2 [ℳ𝐼𝐼𝐼𝐼𝐼𝐼,𝐼𝐼

p + ℳ𝐴𝐴𝐼𝐼𝐼𝐼
p ℳ   𝐼𝐼𝐼𝐼

p𝐴𝐴 ]. (18) 

Finally, the plastic incompatibility tensor is obtained by 

𝐻𝐻p𝑀𝑀𝑀𝑀(𝑪𝑪p) ≔ −1
4 ℰ𝑀𝑀𝐼𝐼𝐼𝐼𝘔𝘔𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼

p ℰ𝐼𝐼𝐼𝐼𝑀𝑀 = 1
2 ℰ𝑀𝑀𝐼𝐼𝐼𝐼ℳ𝐼𝐼𝐼𝐼𝐼𝐼,𝐼𝐼

p ℰ𝐼𝐼𝐼𝐼𝑀𝑀  + 1
2 ℰ𝑀𝑀𝐼𝐼𝐼𝐼ℳ𝐴𝐴𝐼𝐼𝐼𝐼

p ℳ   𝐼𝐼𝐼𝐼
p 𝐴𝐴ℰ𝐼𝐼𝐼𝐼𝑀𝑀 , (19) 

whereby ℰ refers to the third-order Levi-Cita-Symbol with 
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ℰ123 = ℰ231 = ℰ321 = 1,  ℰ132 = ℰ321 = ℰ231 = −1 (20) 

and 0 else. Within Euclidean space the first term in Eq. (19) equals 

ℰ𝑀𝑀𝑀𝑀𝑀𝑀ℳ𝑀𝑀𝑀𝑀𝐼𝐼,𝐿𝐿
p ℰ𝐼𝐼𝐿𝐿𝐾𝐾 = Curl⊤Curl⊤𝑪𝑪p, (21) 

whereas the second term in Eq. (19) can be formulated as  

 ℰ𝑀𝑀𝑀𝑀𝑀𝑀ℳ𝐴𝐴𝑀𝑀𝐼𝐼
p ℳ   𝑀𝑀𝐿𝐿

p 𝐴𝐴ℰ𝐼𝐼𝐿𝐿𝐾𝐾 = {Grad𝑪𝑪p}⟖{Grad𝑪𝑪p}. (22) 

Thus, Eq. (14) follows from Eq. (19). The computation of the elastic incompatibility 
density ink𝒄𝒄e from the elastic part of the left Cauchy Green tensor works in an analogous way. 
For further details, the interested reader is referred to [4]. 
 
Remark 6: For the sake of implementation and according to Kaiser and Menzel [10] the 
Curl⊤Curl⊤{⋅}-operation rewrites as: 

Curl⊤Curl⊤{⋅}   =    [
{⋅}12,12 + {⋅}13,13 {⋅}11,21 + {⋅}13,23 {⋅}11,31 + {⋅}12,32
{⋅}22,12 + {⋅}23,13 {⋅}21,21 + {⋅}23,23 {⋅}21,31 + {⋅}22,32
{⋅}32,12 + {⋅}33,13 {⋅}31,21 + {⋅}33,23 {⋅}31,31 + {⋅}32,32

]

− [
{⋅}11,22 + {⋅}11,33 {⋅}12,11 + {⋅}12,33 {⋅}13,11 + {⋅}13,22
{⋅}21,22 + {⋅}21,33 {⋅}22,11 + {⋅}22,33 {⋅}23,11 + {⋅}23,22
{⋅}31,22 + {⋅}31,33 {⋅}32,11 + {⋅}32,33 {⋅}33,11 + {⋅}33,22

]. 
(23) 

Differentiation of quadrature point quantities 
For the differentiation of quadrature point quantities – for example the tensor components 

𝐶𝐶𝑀𝑀𝑀𝑀,𝐼𝐼
p  within Grad𝑪𝑪p – a two-step technique is applied as already proposed in Steinmann [5] for 

a post-processing approach with respect to the plastic dislocation density:  
Firstly, the tensor components are mapped from the quadrature points to the discretization 

nodes, see Figure 3 a. Therefore, the Superconvergent Patch Recovery Procedure (SPR) [11] 
as an alternative to the global L2-smoothing [12] is applied. The mapped tensor quantities at 
each discretization node are indicated in the following by a tilde.  

 
Figure 3: A two-step technique for the differentiation of integration point quantities 

Secondly, as illustrated in Figure 3 b, the differentiation of a tensor component is 
evaluated at quadrature points by the help of shape functions:  

Extrapolation via patch-recovery

Quadrature point

Discretization node

Differentiation via shape functions

a b
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Grad𝑪𝑪p𝑗𝑗 = ∑ [�̃�𝑪p𝑎𝑎 ⊗ 𝜕𝜕𝑁𝑁𝑎𝑎(𝝃𝝃𝑗𝑗)
𝜕𝜕𝝃𝝃  ] ⋅ [𝑿𝑿𝑎𝑎 ⊗ 𝜕𝜕𝑁𝑁𝑎𝑎(𝝃𝝃𝑗𝑗)

𝜕𝜕𝝃𝝃  ]
−1

𝑛𝑛en
𝑎𝑎=1 ,  (24) 

whereby 𝑗𝑗 refers to the quadrature point, 𝑎𝑎 refers to the elementwise discretization node, 𝑛𝑛en 
denotes the number of element nodes and 𝑁𝑁(𝝃𝝃) refers to the shape functions with respect to its 
natural coordinates. 

4 COMPUTATIONAL EXAMPLES 
The functional principle of the plastic incompatibility density Inc𝑪𝑪p as an accompanying 

indicator for residual stresses during forming simulations is demonstrated for two examples of 
a homogeneous and an inhomogeneous elastoplastic deformation. 

As a representative of FE-packages with phenomenological, multiplicative large strain 
plasticity modelling, Marc/Mentat is used for both examples. Here, the deformation gradient 
𝑭𝑭 and the elastic part of left Cauchy Green tensor, 𝒃𝒃e, are accessible for each quadrature point 
through subroutines. The plastic part of the right Cauchy Green tensor then follows as: 

𝑪𝑪p = 𝑭𝑭⊤ ⋅ 𝒄𝒄e ⋅ 𝑭𝑭      with    𝒄𝒄𝒆𝒆 = inv𝒃𝒃e  (25) 

The plastic incompatibility density as in Eq. (14) is then computed according to the 
techniques presented in subsection 3.3.    

The same elasto-plastic material modelling is applied in both examples. The elastic 
constants are set to 𝐸𝐸 = 210.000 MPa and 𝜈𝜈 = 0.3. The isotropic plastic hardening, which is 
modelled by the Hockett-Sherby function with respect to the equivalent plastic strain ϵ̅p, is 
used as follows:  

𝜎𝜎yield(ϵ̅p) = 185.2 + [577.1 − 185.2][1 − exp(−2.18ϵ̅p0.667)]  (26) 

4.1 Example for homogeneous elasto-plastic deformation: Tension 
As the first example, an elasto-plastic deformation by a pure tension is considered. In a 

two-dimensional model, a bar (height: 180 mm, length: 200 mm) is drawn force-controlled in 
𝑒𝑒1-direction until an enlargement of 100 mm is reached, see Figure 1 a. The resulting 
constant Cauchy stress equals to 473 MPa (v.Mises coincides with the 11-component) in the 
fully loaded stated and the equivalent plastic strain computes to 0.47. After reducing the 
loading back to zero, also the stresses vanish. Thus, no residual stresses are generated. In 
accordance, since tension leads to a purely homogeneous deformation, the plastic 
incompatibility density also remains zero through all stages, see Figure 1 b.  

4.2 Example for inhomogeneous elasto-plastic deformation: Bending 
Pure bending, as a benchmark for an inhomogeneous deformation, is considered in the 

second example. The two-dimensional model consists of a bar (height: 40 mm, length: 
150 mm) and is bended by a punch with a travel way of 50 mm, see Figure 5 a. The maximal 
Cauchy stress is computed to 474 MPa (v.Mises) when fully loaded and equivalent plastic 
strains are computed up to maximal 0.48. When the punch is removed, the stresses reduces 
only to 437 MPa. The remaining stresses are residual stresses, which are generated through the 
inhomogeneous plastic deformation. In contrast to the previous examples, the plastic 
incompatibility density arises (during forming) to a maximum of 0.42 in the L2-norm when 
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fully loaded. Thus, the plastic incompatibility density indicates the generation of residual 
stresses even during forming and despite application of external loading, see Figure 5 b. 

 
Figure 4: No plastic incompatibility density is computed within a homogeneous deformation 

 
Figure 5: Plastic incompatibility density arise during forming in case of an inhomogeneous deformation 
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5 CONCLUSION 
Residual stresses are of major interest in manufacturing of functional components. 

However, the generation of residual stresses is not able to be tracked during forming. 
Typically, purely the remaining stress state after removing all external loads is investigated. 
However, residual stresses are the result of incompatible plastic strains in case of an 
inhomogeneous plastic deformation. Further, the plastic dislocation density measures the 
incompatibility of the plastic intermediate configuration. Thus, the plastic and elastic 
dislocation and incompatibility densities are exploited to indicate the generation of residual 
stresses even during the application of external loadings. Theoretical aspects regarding 
dislocation and incompatibility densities in small and large strain plasticity are reiterated and 
hints for implementation are provided. Two examples with a homogeneous and an 
inhomogeneous plastic deformation demonstrated the functionality of the indicators.  
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Abstract. Residual stresses are an important issue as they affect both the manufacturing 
processes as well as the performance of the final parts. Taking into account the whole process 
chain of hot forming, the integrated heat treatment provided by a defined temperature profile 
for cooling of the parts offers a great potential for the targeted adjustment of the desired 
residual stress state. However, in addition to elastic, plastic and linear thermal strain 
components, the complex material phenomena arising from phase transformation effects of 
the polymorphic steels have to be considered in order to predict the residual stresses. These 
transformation strains account for the plastic deformation at the phase boundary between the 
emerging and the parent phase. In addition, they are strongly related to the transformation 
induced plasticity (TRIP) phenomena which depend on the stress state. The aim of this study 
is the investigation of TRIP effects and their impact on residual stresses regarding the typical 
hot forming steels 1.7225 (DIN: 42CrMo4) and 1.3505 (DIN: 100Cr6) by means of an 
experimental-numerical approach. The TRIP behaviour of the materials under consideration is 
integrated into an FE simulation model in the commercial software Simufact.forming for the 
purpose of residual stress prediction. The experimental thermo-mechanical investigations are 
carried out using a quenching and forming dilatometer. These experiments are numerically 
modelled by means of FEM which allows TRIP coefficients to be determined phase-
specifically by numerical identification. For validation of the improved FE-model, an 
experimental thermo-mechanical reference process is considered, in which cylindrical 
specimens with an eccentric hole are hot formed and subsequently cooled by different 
temperature routes. Finally, the numerical model is validated by means of a comparison 
between residual stress states determined with X-ray diffraction and predicted residual 
stresses from the simulation. 
 
 
1 INTRODUCTION 

In metal forming, the arising residual stresses influence the material behaviour during and 
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after manufacturing as well as the performance of the final component [1]. In the past, the 
focus of forming process design was on minimizing or eliminating residual stresses. However, 
the residual stress can also serve to improve the properties of the components through targeted 
use, for example with regard to distortions or wear behaviour [2]. The cost-efficient virtual 
process design of individual process steps or even an entire process chain is gaining in 
importance due to economic globalization, continuously rising energy costs and growing 
competition in the manufacturing industry. Especially in the field of hot forming, process 
design in trial and error approaches represents a substantial cost and time expenditure [3]. At 
the same time, hot forming offers great potential for energy-efficient production of 
components by integrated heat treatment in the cooling phase after forming. The parameters 
of the forming process in combination with the temperature control over the entire process 
chain of the hot forming process result in many control parameters influencing the resulting 
residual stress condition. Nevertheless, the FE simulation-supported design of hot forming 
processes using polymorphic steels is very challenging. As shown in FIGURE 1a, numerous 
influencing parameters from thermal, metallurgical and mechanical fields exist, which affect 
each other in complex interactions [4, 5]. 

 
Figure 1: Interrelated thermo-mechanical-metallurgical material phenomena during thermo-mechanical 

processing of steel [6] (a); basic principles of the additive strain decomposition method (b). 

For realistic process simulation, an appropriate mathematical model capable of consistently 
describing the polymorphic material behaviour is required. For this purpose, fully coupled 
thermo-mechanical-metallurgical FE-simulations based on the theory of additive strain 
decomposition method are often used in the literature [7, 8]. The components of such a 
method are structured in FIGURE 1b according to their physical origin. In addition to the 
elasto-viscoplastic strain increments and the thermal strain increments, transformation related 
strains occur due to the microstructural phase transformation. The transformation related 
strains are caused by volume changes due to different lattice constants of the parent and the 
emerging microstructural phase. In general, the transformation behaviour for calculation of 
transformation related strains is described by continuous-cooling-transformation (CCT) 
diagrams and time-temperature-transformation (TTT) diagrams. Thereby, CCT diagrams 
describe the transformation behaviour of the material during continuous cooling, whereas 
TTT diagrams represent the transformation behaviour after quenching and subsequent holding 
at a certain test temperature [9]. For phase transformation simulations TTT diagrams are 
required according to the mathematical approaches, while CCT diagrams provide a vivid 
diagram for reading the phase transformations occurring during continuous cooling. At a 
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given stress state, according to the definition of [10], an additional plastic strain increment in 
relation to the transformation related strains in the stress free state occurs, which is referred to 
as transformation plasticity (TRIP). The resulting strain composition acts as driving force for 
residual stresses and thermal distortions in the final components. The TRIP strains in 
particular have a special influence on the total strain and thus on the resulting residual 
stresses, since they are significantly dependent on the prevailing stress state. According to 
[11], there is a linear relationship between the applied mechanical stress and the TRIP strain. 
In addition, several authors [12, 13, 14] have shown that, besides the amount, the direction of 
the stresses also influences the magnitude of the TRIP strain. In the literature for the 
description of the transformation plasticity strain, a mathematical basic equation is assumed, 
which generally can be expressed as follows according to [15]: 

𝒅𝒅𝒅𝒅𝑖𝑖𝑖𝑖
𝒕𝒕𝒕𝒕 = 3

2∑𝐾𝐾𝑛𝑛𝑓𝑓𝑛𝑛(𝜁𝜁𝑛𝑛)𝑠𝑠
𝑚𝑚

𝑛𝑛=1
 (1) 

The total TRIP strain is calculated as the sum of the TRIP strains of the individual phases n, 
whereby m is the total number of phases involved. The stress deviator is designated by s and 
the factor Kn is the material and phase specific coefficient of the transformation plasticity. 
Some authors have already reported values for the coefficient Kn for the martensitic 
transformation. Hence, for 1.7225 K = 4.2 x 10-5 MPa-1 [16] and for 1.5528  
K = 8.68 x 10-5 MPa-1 for tensile stresses and K = 9.33 x 10-5 MPa-1 for compressive stresses 
[17], respectively, are indicated. The term fn(ζn) denotes a monotonous function depending on 
the already transformed volume fraction of the emerging phase ζn, whereby the conditions 
fn (ζn = 0) = 0 (start of transformation) and fn (ζn = 1) = 1 (end of transformation) must be 
satisfied. An outline of the approaches from the literature of this function is given in [18]. 

This article presents the design and validation of an FE-simulation model for the numerical 
investigation of residual stresses in hot forming processes regarding the materials 1.7225 
(DIN designation: 42CrMo4 [19]) and 1.3505 (DIN designation: 100Cr6 [20]). In Section 2 
particular emphasis is placed on the experimental investigation of phase transformation 
effects with respect to TRIP strains. A numerical study is used to determine the characteristic 
TRIP coefficients of the different microstructural phases in Section 3. Finally, a hot forming 
process is designed in the FE software Simufact.forming and the model is validated by 
experimental tests in Section 4. 

2 MATERIAL CHARACTERISATION 

2.1 Thermo-mechanical material data for hot forming simulation applications 
As described introductory, extensive material data are required for the fully coupled 

simulation of a thermo-mechanical forming process. In order to simulate the hot forming step, 
information on the flow behaviour of the material at corresponding temperatures and strain 
rates must be available. For this purpose, flow curves of the investigated steels were 
determined by cylinder compression tests using the servo hydraulic forming simulator 
Gleeble 3800-GTC. The cylindrical samples had the dimensions Ø10 mm in diameter and 
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15 mm in height. The tests were performed at the relevant temperatures (900, 1000, 1100 and 
1200 °C) with an equivalent plastic strain rate of 1 s−1. In addition, the tests were carried out 
at a temperature of 1000 °C with the equivalent plastic strain rates of 10 s−1 and 50s−1. The 
determined flow curves are shown in Figure 2. For a continuous description of the flow stress 
kf, multidimensional functions according to the approach of Hensel and Spittel [21] were 
calibrated with respect to equivalent plastic strain εeq, equivalent plastic strain rate εėq and 
temperature T. Equation (2) shows the formula for calculating the flow stress, with the 
regression coefficients (A, m1, m2, m3, m4) listed in Table 1. 

𝑘𝑘𝑓𝑓 = 𝐴𝐴𝑒𝑒(𝑚𝑚1𝑇𝑇)𝜀𝜀𝑒𝑒𝑒𝑒𝑚𝑚2𝑒𝑒
𝑚𝑚4
𝜀𝜀𝑒𝑒𝑒𝑒𝜀𝜀�̇�𝑒𝑒𝑒𝑚𝑚3  (2) 

Table 1: Parameters determined for the calculation of the flow stress kf of the considered steel alloys 1.7225 and 
1.3505 according to [19]. 

Material A [MPas] m1 [°C-1] m2 [-] m3 [-] m4 [-] 
1.7225 3805 -0.003458 -0.1083 0.1497 -0.04373 
1.3505 2208 -0.003068 -0.179 0.1695 -0.04383 

 

 
Figure 2: Determined flow curves of the investigated materials 1.7225 (left) and 1.3505 (right) for hot forming 
applications from the servo hydraulic forming simulator Gleeble 3800-GTC. 
 
For the numerical modelling of the phase transformations during cooling from the forging 
heat, TTT diagrams of the examined materials were generated using an experimental-
numerical approach. In order to visualise the phase transformations that occur during 
continuous cooling, CCT diagrams of the alloys are shown in Figure 3. More detailed 
information on the experimental-numerical procedure for analysing the phase transformation 
behaviour of the batches used in this study for the materials 1.7225 and 1.3505 can be found 
in [22]. 
Besides hot forming flow curves and TTT diagrams, further phase-specific material data such 
as specific heat capacity, latent heat or phase specific flow curves are required for thermo-
mechanical process simulation. In most cases, it is difficult to generate experimental material 
data for pure microstructural phases [23]. For this reason, material data has been generated 
with the thermodynamic simulation software JMatPro [24] as an initial estimation. With help 
of this software, it is possible to generate mechanical and thermal material data by means of 
thermodynamic calculation approaches from [25] and [26] based on the chemical composition 
(see Table 2) of the steel alloys. Further details on the material data can be found in [27]. 
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Table 2: Chemical composition of steel alloys 1.7225 and 1.3505 according to international standards  
[17, 18] used for material data generation with JMatPro. 

[wt%] C Si Mn P S Cr Mo Fe 
1.7225 0.42 0.25 0.75 0.025 0.035 1.10 0.22 balance 
1.3505 0.99 0.25 0.35 0.025 0.015 1.475 0.10 balance 

 

 
Figure 3: CCT-diagrams for the investigated materials 1.7225 (left) and 1.3505 (right) without and with a 
previous austenite deformation εeq. 

2.2 Experimental study on the transformation induced plasticity 
For the thermo-mechanical physical simulations of the transformation induced plasticity 

effects, a quenching-deformation dilatometer system DIL 805A/D+T (TA Instruments Inc.) 
was used. Figure 4a shows the principle test setup. A specimen is mounted in two grips, 
whereby one of them is coupled to a hydraulic system allowing tensile and compressive 
forces to be applied to the specimen. The specimen can be inductively heated by means of the 
outer coil. The integrated cooling channels in the inner coil enable the sample to be cooled 
with the medium helium. The dimensions of the specimens are shown in Figure 4b. These 
specimens were taken from the bulk material by means of electrical discharge machining 
(EDM). The experimental temperature-force-time profile is illustrated in Figure 4c for 
material 1.7225 as an example. The specimen is heated to 1000 °C with a heating rate of 
50 Ks-1 and held for a ten minutes soaking time. 

Afterwards the specimen is cooled down to room temperature according to the specified 
cooling rate θ̇. Throughout the test, the temperature is controlled by means of a type k 
thermocouple welded onto the specimen. Immediately before the start of the phase 
transformation under investigation, the force F is applied and maintained until the end of the 
test to gain a constant load LF. The change in length of the testing area from the specimen is 
detected via push rods and the total strain εtotal is calculated relative to the initial length of 
10 mm. The parameters of the experiments performed are listed in Table 3. The cooling rates 
of 30 Ks-1 and 1 Ks-1 were selected using the CCT diagrams in Figure 3. At these conditions, 
the transformation induced plasticity of the microstructural phases martensite and bainite are 
investigated for the material 1.7225, and the transformation induced plasticity of the 
microstructural phases martensite and pearlite for the material 1.3505. 
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Figure 4: Experimental setup for analyses of TRIP effects in thermo-mechanical processes (a); dimensions of 
the used specimen (b) and exemplarily temperature as well as force profile of the conducted experiments. 
 

As previous metallographic investigations of the microstructure have shown [27], these are 
the relevant phases which result from the cooling of the materials after hot forming for model 
validation in Section 3. Specifically, these microstructural phases will primarily be formed in 
the materials during the validation tests in Section 4. The temperature at which the load is 
applied was also selected for each experiment according to the CCT diagrams. The constant 
load LF of each experiment was varied in the tension and compression range according to the 
Table 3. The TRIP strain εtp was calculated as the difference of total strain from the 
experiment under consideration to the total strain from a reference experiment without load, 
subtracting the elastic strain component due to the load. The evaluation of the total strain was 
in each case carried out for the specimen after cooling down to 20°C. The results of the 
determined TRIP strains can be found in Table 3. The experimental length change 
temperature profiles served as input data for the numerical calibration of the TRIP coefficients 
in Section 2.3. 

 
 

Table 3: Parameters and results of the conducted TRIP investigations. 
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2.3 Numerical study on the transformation induced plasticity 
The experiments for analysis of the TRIP effects were numerically modelled in the 

simulation software Simufact.forming 15 based on MSC.Marc solver. The material data 
presented in Section 2.1 were implemented into the simulation model according to [27]. In the 
heat treatment module of the Simufact.forming software, a one-eighth FE-model of the test 
area on the used specimen was then created as shown in Figure 5a. The boundary conditions 
of the various tests from Table 3 were defined on the basis of experimentally measured values 
for the temperature and load profiles. Since the exact experimental test setup can be 
reproduced with this FE-model, the length change temperature profiles from experiment and 
simulation could be compared for each test. The TRIP coefficients K according to Equation 1 
were adjusted iteratively in the simulation model until the calculated curve showed a good 
agreement with the corresponding experimental curves. Figure 5b shows a comparison of the 
length change versus temperature curves for the material 1.7225 at a cooling rate θ ̇= 30 Ks-1 
under different load conditions after adjusting the TRIP coefficient. The numerically 
identified values of the TRIP coefficients per microstructural phase are listed in Table 4. The 
comparison of the length change temperature profiles from the simulated and experimental 
TRIP tests shows that the developed material model is able to accurately consider the TRIP 
effect in thermo-mechanic processes under stress conditions of various directions and 
amounts. In Section 3, to validate the model for the residual stress calculation a hot forming 
process with different cooling routes is simulated. 

 
Table 4: Numerically identified phase specific TRIP coefficients. 

1.7225 (DIN: 42CrMo4) 1.3505 (DIN: 100Cr6) 
Phase TRIP coefficient Kn [MPa-1] Phase TRIP coefficient Kn [MPa-1] 

Martensite 1.5444*10-4 Martensite 6.92011*10-5 
Bainite 1.009*10-4 Pearlite 6.17485*10-5 
 

 
Figure 5: Schematics of the FE-model used for numerical study on the transformation-induced plasticity (a) and 
comparison of experimental and numerical longitudinal dilatations under different load scenarios (b) for 1.7225. 
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3 EXPERIMENTAL UPSETTING TESTS AND FE-MODEL VALIDATION 
An experimental reference process was realized and subsequently modelled in FE 

simulations in order to validate the generated material models. Hereby, specimens with 
eccentric holes as shown in Figure 6 are heated by an oven to the forming temperature of 
1000 °C in a thermobox. After a ten minute holding time, the thermobox with the specimen 
including the tools is transferred to the servo-hydraulic forming simulator VHS8800 from 
Instron GmbH. In this way, the specimens can be compressed quasi isothermally to a final 
height of 28 mm at a punch speed of 200 mms-1. Afterwards the specimens are removed from 
the thermobox and cooled either in water or in air. Due to the asymmetrical specimen 
geometry and the different cooling media, various resulting residual stresses on the surfaces 
of the specimens are aimed at. In order to make a sufficient statistical statement on the 
residual stresses resulting, the tests for both materials were carried out five times for each 
cooling medium. Subsequently, the tangential residual stresses σt were measured on the 
surface at the mid-height of the specimen with an X-Ray diffractometer X3000G2 (Stresstech 
GmbH) according to the corresponding DIN norm [28]. As shown schematically in Figure 8 
illustrating the specimen in sectional view, there is one measuring point on the thick-walled 
(MP1) side and one measuring point on the thin-walled side (MP2) of the specimen. The 
surface of the specimen at the locus of the measuring point was electrolytically polished, in 
order to avoid the influence of scale layers on the measurement. The measuring point was 
determined by the aperture of a 2 mm collimator. Stress measurements were performed by 
varying the tilting area with a total of nine tilting positions. Afterwards the measurements 
were evaluated with the software XTronic (Stresstech GmbH). 

 
Figure 6: Principal representation of the specimen prepared with thermocouples in the thermobox (a) and shape 
of the investigated specimen with dimensions in mm (b). 
 

The previously described thermo-mechanical cylinder upsetting tests were numerically 
modelled with the commercial FE software Simufact.forming 15 based on MSC.Marc solver. 
When heated to 1000 °C, a homogeneous austenitic structure is formed in the materials, 
whereby the previously existing residual stresses are almost completely dissolved. From this 
point on, a new residual stress profile can be generated by the thermo-mechanical forming 
process. Accordingly, the process simulation is started with a thermally expanded workpiece 
at 1000 °C with the initial condition of a 100% austenitic microstructure. The FE-model for 
the simulation of the reference process including the boundary conditions is shown in Figure 
7. The tools are considered as heat conducting rigid bodies and provided with a mesh of 1 mm 
element edge length. For the tools of the material 2.4668 (DIN: NiCr19NbMo) constant 
values of the specific heat capacity cp = 435 J/kgK and heat conductivity λ = 11.4 Wm-1K-1 
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were taken from the data of the supplier [29]. The workpiece is assigned with an adaptive 
hexagonal mesh with the minimum element edge length of 0.5 mm, which was determined in 
a mesh sensitivity analysis. The simulation model consists in total of 56500 hex elements for 
the tools and 24000 hex elements of the workpiece. 

 
Figure 7: Design of the investigated FE-simulation model and the boundary conditions. 
 
The results of the FE-simulations were compared with the experimentally measured residual 
stress values. As can be seen in the Figure 8a and b, the residual stresses due to rapid cooling 
in water are higher than those after cooling in air. For cooling in water, 1.7225 tangential 
residual stresses of σt=212 MPa at MP1 and σt=192 MPa at MP2 were determined. The 
stresses resulting from the cooling in air are σt=27 MPa at MP1 and σt=19 MPa at MP2. The 
residual stresses σt=216 MPa for MP1 and σt=138 MPa for MP2 during cooling in water were 
measured on the specimens of the material 1.3505. After cooling in air, compressive residual 
stresses of σt=-83 MPa were measured for MP1 and σt=-52 MPa for MP2. At high cooling 
rates, a diffusion-free transformation of the austenitic into the martensitic phases takes place 
in the material, which leads to severe stresses in the crystal lattice. During diffusion-
controlled phase transformation, which occurs during cooling in air, comparatively lower 
residual stresses in the range of zero can be observed. 
The comparison of the experimentally measured residual stresses and the values obtained 
from simulations shows that the developed FE-model was suitable for a good prediction 
accuracy of the residual stresses. In particular, the differences in the amount of residual 
stresses during cooling in the water between the thick-walled side (MP1) and the thin-walled 
side (MP2) of the specimen were calculated properly in the simulations. In order to further 
improve the simulation model, the TRIP coefficients could be identified in additional studies 
both temperature and load dependent.  
With this experimental reference test of hot forming the developed FE simulation model could 
be validated for different cooling conditions at different measuring points of the specimen 
with eccentric hole. 
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Figure 8: Positions for residual stress evaluation on the principally depicted sectional view of the thermo-
mechanically processed specimen (a) as well as results from experiements and simulations for 1.7225 (b) and 
1.3505 (c). 

4 SUMMARY AND OUTLOOK 
In this work material models as well as simulation methods for the calculation of residual 

stresses in a hot forming process with different cooling routes were developed. In order to 
characterise the TRIP effect in the considered materials 1.7225 and 1.3505, TRIP coefficients 
were determined using an experimental-numerical approach and implemented in the FE-
model. A simplified hot forming process for the investigation of the residual stress 
development, using cylindrical specimens with eccentric holes, was experimentally realised 
and subsequently residual stress measurements on the specimen surfaces were performed 
using X-ray diffraction. These measurements finally led to validation of the developed FE-
models. 
In a next step, the influences of the residual stresses of the second and third type from the 
microscale on the macroscopic residual stresses are to be investigated using multi-scale 
simulation approaches. In this way, new insights into the effects of the local stress gradients 
in the component can be gathered and the simulations can then be further improved. Finally, 
the developed FE-models are to be verified in the context of an industrial forging process. 
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Abstract. In current research, more and more attention is paid to the understanding of
residual stress states as well as the application of targeted residual stresses to extend e.g.
life time or stiffness of a part. In course of that, the numerical simulation and analysis
of the forming process of components, which goes along with the evolution of residual
stresses, play an important role. In this contribution, we focus on the residual stresses
arising from the austenite-to-martensite transformation at microscopic and mesoscopic
level of a Cr-alloyed steel. A combination of a Multi-Phase-Field model and a two-scale
Finite Element simulation is utilized for numerical analysis. A first microscopic simulation
considers the lattice change, such that the results can be homogenized and applied on the
mesoscale. Based on this result, a polycrystal consisting of a certain number of austenitic
grains is built and the phase transformation from austenite to martensite is described
with respect to the mesoscale. Afterwards, in a two-scale Finite Element simulation the
plastic effects are considered and resulting residual stress states are computed.

1 INTRODUCTION

In the works of [1], [2] and [3], the benefits from hot forming processes in course of
generating targeted residual stress states have been established in research. Subsequent
heat treatment leads to predefined properties of the component, see [4]. In contrast,
specific cooling starting from the forging heat offers the opportunity to adjust material
parameters, such as the deformation state, the temperature profile or cooling media,
cf. [5]. During such or similar forming processes, residual stresses occur in the material.
The classification of residual stresses in three different types relies on [6]. There, the
characterization follows the scale under observation. Thus, residual stresses of first type
correspond to the complete component and are referred to as macroscopic. Residual
stresses of second and third type are in equilibrium concerning the microstructure of the
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component, i.e. stresses of second type distinguish between the mean stress of a grain and
stresses of first type. Sstresses of third type show location-dependent deviations of the
stresses within the grain and the sum of first and second type. Hence, residual stresses of
second and third type can be called microscopic.

In the last decades, residual stresses in a component, which result from the forming
process, were often minimized or even canceled out to avoid undesired influence on the
final properties regarding, for example, lifetime. But in current research, desired effects
of residual stress states are targeted, such as enhanced fatigue life, see [7]. Since it is
possible to influence the behavior of components decisively, for example with regard to
distortion or wear behavior, the overall aim of the paper is to analyze the development of
microscopic residual stresses during cooling of hot formed parts.

On that, the computational approach proposed in [8] is followed, where the combination
of a Multi-Phase-Field (MPF) model and a two-scale Finite Element (FE) simulation is
used. The MPF model enables the numerical computation of different physical phenomena
during phase transformations, in general. The theory was introduced by [9], [10] and [11],
among others. An advantage of such MPF models in contrast to dual phase-field models
is to describe martensitic transformation or grain growth. Furthermore, it is possible
to consider an arbitrary number of phases, which differ from each other by e. g. lattice
orientation or material properties. It is possible to calculate elastic stresses as well as
thermodynamic quantities in terms of phase transformations. Thus, following [12] and
[13], the austenite-to-martensite (A-M) phase transformation, which occurs during rapid
cooling, can be investigated. Further approaches and application of MPF models can
be found in [14], [15] and [16], which analyze elastic modelling of crack growth, while
plastic effects are included in [17] and [18] and a viscoplastic material is used in [19].
Additionally, elastic and plastic models for the A-M phase transformation in connection
to crack growth have been formulated in [20] and [21].

Afterwards, the two-scale FE simulation is utilized to consider effects of elastic and
plastic strains, see e.g. [22] or [23]. Such multiscale approaches provide the opportunity
to describe the macroscopic behavior of materials depending on properties of mesoscale or
microscale. Thus, thermal anisotropy or microstructural heterogeneity can be expressed.
For example, in [24] an approach to consider microstructural graded properties due to
A-M transformation in a two-scale simulation has been proposed.

Within the scope of this publication, the model for the computation of mesoscopic
residual stresses presented in [8] is used. Therefore, section 2 describes the macroscopic
experimental setup and additional simulations, which provides necessary data for the
investigation on lower scales. In section 3, a combination of a MPF and a FE simulation
is utilized to describe the A-M phase transformation due to cooling and to calculate
related residual stresses. Afterwards, section 4 concludes the paper and gives an outlook.

2 MACROSCOPIC EXPERIMENTS AND SIMULATIONS

The numerical analysis of the evolving residual stresses on minor scales depends on
macroscopic data which is obtained during the work on the project “Experimental and
numerical modeling and analysis of microstructural residual stresses in hot bulk forming
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parts under specific cooling” as part of the DFG priority program SPP 2013. This section
introduces briefly the experimental set up as well as related macroscopic simulations. For
further details, the interested reader is referred to [8].

soaking time 10 min.

cooling in water

upsetting to 28mm

Thermobox: Heating 1 000 ˝C

I35mm

I16mm

50mm

SIMULATION: JMatPro
volume fractions
87.2% martensite
12.8% austenite

martensitic start temperature:
θMs “ 185 ˝C
resulting microstructure

EXPERIMENTAL PROCEDURE

Figure 1: Experimental procedure of upsetting test for a cylindrical specimen and the related macro-
scopic Finite Element simulation with JMatPro.

The considered specimen, shown in figure 1, is a cylinder made of steel alloy 1.3505
(DIN 100Cr6). Its inital height is 50mm and the outer diameter equals 35mm. A hole
with a diameter of 16mm and an eccentricity of 3.5mm are chosen according to [25],
since thereby inhomogeneous residual stress states can be expected. Firstly, the cylinder
is heated up to 1 000 ˝C in a thermobox, such that a stress free austenitic state is formed.
After a suitable soaking time of ten minutes, the specimen is upset to a height of 28mm,
still exhibited to the high temperature, before it is rapidly cooled in water. Thus, a
diffusionless phase transformation occurs, which results in a martensitic, body-centered
tetragonal lattice structure.

In addition to the experiments, the thermodynamic simulation software JMatPro [26]
provides further material data based on the chemical composition of the steel alloy 1.3505,
given in table 1. Following [27] and [28], mechanical and thermal data such as Poisson’s
ratio or Young’s modulus are computed depending on the temperature. Moreover, the
martensitic start temperature is determined at 185 ˝C. The volume fractions after phase
transformation and the needle-like microstructure are determined as approximately 87.2%
martensite and 12.8% retained austenite.

Table 1: Chemical composition of the steel alloy 1.3505 for material data generation using JMatPro.

Chemical composition [wt%] C Si Mn P S Cr Mo Fe
1.3505 (DIN 100Cr6) [29] 0.99 0.25 0.35 0.025 0.015 1.475 0.1 balance
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3 NUMERICAL ANALYSIS OF MESOSCOPIC RESIDUAL STRESSES
DUE TO PHASE TRANSFORMATION ON THE MICROSCALE

Based on data obtained from the experimental and numerical investigations regarding
the macroscale presented in section 2, the numerical model originally proposed in [8] is
summarized. For details and further illustrations of the workflow, it is referred to the men-
tioned reference. It accounts for the austenite-to-martensite (A-M) phase transformation
during rapid cooling in water and investigates the resulting residual stress distribution on
a mesoscopic level, see section 3.4. Therefore, Multi-Phase-Field (MPF) simulations in
combination with Finite Element (FE) simulation are utilized and applied to the investi-
gated material 1.3505 (DIN 100Cr6).

3.1 Multi-Phase-Field theory

The Multi-Phase-Field (MPF) model, which is used to describe the austenite-to-marten-
site (A-M) phase transformation during rapid cooling, was introduced by [9], [10] and [11],
among others. An open source implementation is available, see [30]. A general free en-
ergy description is utilized that distinguishes between different physical phenomena. In
a domain Ω, the free energy density F can be divided into the interfacial energy density
f intf, the chemical energy density f chem and the elastic energy density f elast, thus

F “
ż

Ω

f intf ` f chem ` f elast dΩ ,

f intf “
ÿ

α,β“1,....,N,α‰β

4σαβ

ηαβ

„

´
η2αβ
π2

∇φα ¨ ∇φβ ` φαφβ



,

f chem “
ÿ

α“1,....,N

hpφαqfαpciαq ` µ̃ipci ´
ÿ

α“1,....,N

φαc
i
αq ,

f elast “ 1

2

”

ÿ

α“1,....,N

hpφαqpεα ´ ε˚
α ´ ciαε

i
αq :Cα :pεα ´ ε˚

α ´ cjαε
j
αq

ı

.

(1)

The phase-field parameter for an individual phase α is labeled as φα. The diffusion
equation

9φα “
ÿ

β“1,....,N

π2µαβ

8ηN

´ BF
Bφβ

´ BF
Bφα

¯

(2)

controls its evolution. Additional physical quantites occurring in the stated formula are
listed in table 2.

3.2 Homogenization of eigenstrains in one martenstitic grain

Rapid cooling from forging heat triggers the formation of martensite when reaching
the martensitic start temperature. Each grain changes separately due to orientation and
evolving martensite variant, i.e. it is necessary to take different martensitic variants into
account, see [31]. Moreover, the different lattice types for austenite and martensite have to
be embedded. Austenite consists of face-centered cubic unit cells, but diffusionless phase
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Table 2: Quantities governing the MPF model in equations (1) and (2).

i, j components
α, β identifier of phase-fields
N total number of phase-fields

σαβ energy of the interface between phase-fields α and β
ηαβ interface width between phase-fields α and β

fαpciαq chemical potential for phase-field α
ciα concentration of component i in phase-field α
µ̃i generalized chemical potential or diffusion potential as Lagrange multiplier

for satisfying the balance of mass for each component pci “
ř

α“1,....,N φαc
i
αq

εα total strain of phase-field α
ε˚
α eigenstrain of phase-field α

εiα strain of component i in phase-field α
Cα elasticity tensor of phase-field α

hpφαq polynomial function fulfilling hp1q “ 1 and hp0q “ 0 with hpφαq “ φα

µαβ effective interfacial mobility between phase-fields α and β

transformations result in martensite with body-centered tetragonal lattice structure. Such
shifting can be expressed by the socalled Bain-groups, which enable to describe in total
all 24 variants of martensite forming from austenite. It is to be noticed that up to now
shearing and rotation are neglected, such that only three variants are included in this
model, see figure 2a.

In a first step, this microscopic transformation in one grain is analyzed. Therefore, a
MPF simulation with following initial configuration is done. A cube made from austenite
with three martensitic nulcei is taken into account. Each nucleus represents one of the
three considered variants, I, II or III. Transversally isotropic eigenstrain tensors repre-
senting the volume change during transformation are applied according to the variant
number, which are given by

diag ε˚
I “ r´0.2 0.12 0.12s ,

diag ε˚
II “ r 0.12 ´ 0.2 0.12s , (3)

diag ε˚
III “ r 0.12 0.12 ´ 0.2s .

Due to high temperatures, it is possible to consider the occurring transformation in
the framework of small strains. The simulation follows the principle of minimizing the
total energy in the system and results in a microscopic laminate consisting of two of the
three variants, shown in figure 2b. To obtain information regarding the mesoscale and,
in particular, the mechanical energy and mechanical driving force, a partial-rank one
homogenization scheme is applied. It is described in [32], [33] and [34] and successfully
applied to OpenPhase in [35]. Thus, the static equilibrium as well as strain compatibility
condition at the interfaces are ensured. With that, the effective (homogenized) eigenstrain
tensor can be calculated by application of a volume averaging scheme
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diag ε˚
II,III “ r 0.12 ´ 0.04 ´ 0.04s ,

diag ε˚
I,III “ r´0.04 0.12 ´ 0.04s , (4)

diag ε˚
I,II “ r´0.04 ´ 0.04 0.12s .

It is assumed that the volume fraction of each variant in the laminate equals 50%.
Now, these tensors can be utilized for mesoscopic calculation, representing microscopic
effects such as the internal laminate structure of martensitic grains.

I
a

a
a

II

a
a

b

III

a

a
b

a

b

a
b)a)

Figure 2: a) Three considered martensitic variants, cf. [31], with a0 as edge length of an austenitic unit
cell and a, b as edge length of a tetragonally transformed martensitic unit cell and b) laminate consisting
of two variants of martensite, namely I+II or II+III or I+III.

3.3 Austenite-to-martensite phase transformation

The mesoscopic structure of steels such as 1.3505 (DIN 100Cr6) can be represented
by a polycrystal, which can be obtained from a MPF model. Thus, a matrix with 24
arbitrarily placed nuclei is considered in a cube of edge length 121 grid points. Those
nuclei differ by the orientations of their crystallographic lattice, which have been defined
with help of a geodesic dome leading to overall isotropic orientation of the polycrystal.
Applying a MPF simulation controlled by normal grain growth to the initial set up, which
is stopped when the matrix has vanished completely, leads to an austenitic polycrystal
of 24 grains, see figure 3a. Afterwards, this polycrystal is exposed to a linear mapping,
which reduces the height to 50% of its initial value and thus describes the experimental
upsetting, see section 2. Fulfilling volume preservation, the new grid has 171 ˆ 171 ˆ 61
grid points, illustrated in figure 3b.

b)a) c)

Figure 3: Polycrystal a) before and b) after deformation and c) after coarsening.
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In a next step, the phase transformation itself has to be depicted. The volume frac-
tions of austenite and martensite after transformation are considered as a result of the
macroscopic experiments and simulations, cf. section 2. From initially 100% austenite,
approximately 12.8% remain as retained austenite, while the other 87.2% of the volume
undergo phase transformation to martensite. Analyzing the volume fractions of all 24
grains in comparison with the total volume, four grains are taken into account as a good
fit to represent the retained austenite, since their combined volume equals exactly 12.8%.
They are not taken into account for the transformation scheme, while the other 20 grains
are considered to undergo transformation to martensite. At first, one of the effective
eigenstrain tensors ε̄˚

i , cf. equation (4), is assigned arbitrarily to each considered grain.
The set of all eigenstrain states for the 20 grains is given by

V “ tε̄˚
1 , ..., ε̄

˚
20u for ε̄˚

i P tε˚
II,III , ε

˚
I,III , ε

˚
I,IIu . (5)

Then, an iterative optimization procedure is applied grain by grain following the principle
of minimizing the elastic energy f elast in the system, which has been introduced in [8] as

Ṽ “ arg
”

min
V

rf elastpV qs
ı

, (6)

with Ṽ as optimized set of eigenstrain states leading to the minimized elastic energy.
In relation to Ṽ , a mesoscopic strain distribution εMPFpxq is obtained, which stands for
strains occurring in the A-M phase transformation in a polycrystal.

3.4 Residual stress calculation

All MPF models used here only consider elastic strains, such that the utilization of
an elasto-plastic FE simulation is inevitable. The mechanical behavior is defined by an
elasto-plastic material law with a von Mises yield criterion with exponential hardening,
cf. [36]. In table 3 the used material parameters are given for austenite and martensite
at the predefined martensitic start temperature of 185˝ C.

Table 3: Material parameters for austenite (A) and martensite (M) at temperature 185 ˝C: Youngs’s
modulus E in MPa and Poisson’s ratio ν, initial yield strength y0 in MPa, limiting yield strength y8 in
MPa, parameter for exponential hardening δ, linear hardening parameter h in MPa.

E in MPa ν y0 in MPa y8 in MPa δ h in MPa
A 186,610.988 0.301141 333.766 713.135 35 520

M 200,372.074 0.295635 2 609.125 3 057.886 20 500

Equation (7) describes how the mesoscopic strain distribution εMPFpxq resulting from
the optimal set of eigenstrain states Ṽ , representing the strains resulting from the A-M
phase transformation, is applied as driving force on finite element level. The strain state
is incrementally assigned to the total strain field over a pseudo-time t, in which tn and
tn`1 stand for the last and actual time step, respectively,

εpu,x, tn`1q ð εpu,x, tnq ´ εMPFpx, tn`1q . (7)
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εϕ “ 0, σϕ ‰ 0

εr ‰ 0, σr “ 0

εz ‰ 0, σz “ 0
ε

σ, C
macroscalemesoscale

driving force εMPFpxq

Figure 4: Two-scale boundary value problem for the incorporation of the strains εMPFpxq in the FE-
model. Macroscopic quantities are denoted by an overline.

For the incorporation of εMPFpxq and the phase-field parameter φ, a one to one mapping
of the grid points from OpenPhase to hexahedral finite elements is chosen. This voxel-like
representation accounts for an element wise constant strain distribution. Furthermore,
to obtain a better numerical performance, the MPF grid is coarsened by a factor of 5
to 35 ˆ 35 ˆ 13 elements, cf. figure 3c. This discretization of the granular structure is
utilized for a two-scale FE calculation, following e.g. [22] or [23]. On the macroscale, a
section of the cylindrical specimen with the enforced boundary conditions is considered,
see figure 4. There, r, ϕ and z indicate the radial direction, the tangential direction
and the height, respectively. For the lower scale, i.e. mesoscale, the polycrystal with the
mesoscopic strain distribution from the MPF simulation as driving force is used. This
boundary value problem is solved at each macroscopic intergration point under application
of periodic boundary conditions.

Figure 5a-c displays the radial and tangential stresses on the mesoscale as well as the
mesoscopic axial stresses with respect to the height. During the simulation, no outer forces
have been applied. Hence, these stress distribution can be interpreted as residual stresses
instead of mechanically induced stress. The tangential stresses σϕ are most relevant when
investigating the durability or strength of a component, since those are the only stresses
not enforced to be zero on average. Furthermore, it should be noticed that the other
stress components, namely σr and σz, level out over the complete domain, since it holds
σ̄r “ ´0.424 10´12 « 0 and σ̄z “ ´0.161 10´11 « 0. Additionally, the equivalent plastic
strains, the von Mises stress and the phase distribution after transformation are shown in
figure 5d-f. The retained austenite is presented as red islands in a martensitic matrix.

4 CONCLUSIONS

In this work, a model for the analysis of residual stresses on the mesoscale due to
austenite-to-martensite phase transformation was introduced. Based on experiments and
macroscopic Finite-Element (FE) simulations as well as predefined material data, a meso-
scopic model was built. Elastic Multi-Phase-Field (MPF) models in combination with
two-scale elasto-plastic FE simulation have been utilized. Based on mesoscopic stresses
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Figure 5: a) Radial stresses σr in MPa, b) tangential stresses σϕ in MPa, c) axial stresses σz in MPa,
d) equivalent plastic strains and e) von Mises stress in MPa. e) Phase distribution after transformation:
red for austenite and yellow for martensite.

due to the austenite-to-martensite phase transformation on the microscale, the develop-
ment of mesoscopic residual stresses due to phase transformation has been described.

In future steps, the MPF model for the laminates of one martenstitic grain should
be revised to be more realistic. Moreover, the relaxation of the elastic energy to find
a suitable eigenstrain distribution should be executed in a semi automated manner and
the residual stress calculation with finite elements should involve the complete thermo-
elasto-plastic cooling process. By validation of the results based on the interactions of
the thermo-mechanical investigations on all scales, an improvement of the residual stress
calculation and a prediction of targeted residual stress states should be enabled.
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Hanser Verlag, 7 edition, 2007.

[5] B.-A. Behrens and J. Schrödter. Numerical Simulation of Phase Transformation dur-
ing the Hot Stamping Process. In Thermal Process Modeling: Proceedings from the
5th International Conference on Thermal Process Modeling and Computer Simula-
tion, pages 179–190, 2014.

[6] E. Macherauch, H. Wohlfahrt, and U. Wolfstied. Härterei-Technische Mittelungen -
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Abstract. In this work we propose a novel virtual element approach for solving bound-
ary value problems in 2D linear isotropic micropolar elasticity. Following the basic idea
of the Virtual Element Method (VEM), the degrees of freedom of each material point,
i.e. the displacement and rotation fields, are decomposed into both a polynomial space,
either linear or quadratic, and a remaining space that is kept virtual in the formulation.
Generalized consistency and stabilization terms are consistently derived.
Different patch tests, properly conceived for micropolar continua, are proposed and com-
pared to reference solutions present in literature. The obtained results are in good agree-
ment with these solutions, confirming the capability of the proposed elements in the
modelling of the expected responses.
The expected applications of this methodology concern the mechanical study of mi-
crostructured materials, inherently characterized by nonlocal response, which has been
widely proven to be effectively represented by micropolar continua.

1 INTRODUCTION

A wide range of microstructured materials, commonly adopted in different engineering
applications, is strongly characterized by nonlocal response, due to the presence of in-
ternal lengths and related dispersion properties [37, 32, 30]. This behaviour is especially
evident for materials with characteristic sizes at the microstructure that are comparable
to a structural length. Examples include fiber-beam networks, polycristals, foams, cancel-
lous bones, but also metal matrix composites or masonry-like materials [34, 29, 19]. In all
such cases, the overall constitutive behaviour is influenced by scale parameters, directly
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related to the dimension of heterogeneities, that are typically non negligible with respect
to the characteristic structural size.
In this context, the micropolar continuum, that belongs to the class of generalized con-
tinua [11], is able to retain memory of an inherent microstructure, providing an enriched
constitutive behaviour, with respect to the classical Cauchy continuum. Each material
point is, indeed, provided with displacement and rotation degrees of freedom, thus result-
ing in additional strains and stresses: besides the classical components, micropolar ones
include curvatures (work conjugate to couple stresses) and skew-symmetric strains (work
conjugate to skew-symmetric stresses).
From the experimental point of view, micropolar effects have been captured and identified
in several materials ranging from natural materials [17, 28, 27, 18], up to engineered ma-
terials obtained via 3D printing techniques [26]. On the other hand, from the numerical
modelling point of view different approaches have been proposed including micromechan-
ical modelling [24, 13, 1, 4, 12, 19] and multi-scale modelling [31, 35, 16, 33, 21, 15, 36].
In most cases finite element analyses have been performed in order to solve boundary
value problems at different scales of interest [12, 19]. As an alternative to the Finite
element method, the Virtual Element Method (VEM) has been recently proposed [5, 6],
representing an extension of mimetic finite difference approaches to deal with very gen-
eral polygonal elements with generic number of nodes. The VEM is proving to be a very
effective numerical tool, characterized by high flexibility especially concerning the mod-
elling of very complex geometries, hanging nodes and very robust with respect to mesh
distortion. Many applications have been presented so far ranging from linear elasticity
[23, 22, 25, 8, 20] up to non-linear problems [10, 2, 3, 14].
In this work, we propose a virtual element approach for solving boundary value problems
in 2D linear isotropic micropolar elasticity. Following the basic idea of the method, here,
the displacement and rotation fields are decomposed into a polynomial space, either linear
or quadratic, and a remaining space that is kept virtual in the formulation. Generalized
consistency and stabilization terms are consistently derived.
Different applications are proposed [24], ranging from a patch test, properly conceived for
micropolar continua, to various engineering applications. The obtained results are in good
agreement with reference solutions, confirming the capability of the proposed elements in
modelling the expected responses.

2 VIRTUAL FORMULATION FOR COSSERAT MEDIA

In this section we recall the governing equations of 2D linear elastic Cosserat continuum
adopted in the presented study and describe the related virtual element space [5, 6], as
well as the construction of the bilinear forms resulting from the weak form.
We consider a two–dimensional domain in the space R2, where the Cartesian coordinate
system (O, x, y) is introduced. The body is subjected to the volume force, represented
by the vector f ∈ (L2(Ω)) 2, f = {f1, f2}T , and body couple represented by the scalar
m ∈ L2(Ω), m = m3, where L2(Ω) is the standard Lebesgue space. For the sake of
simplicity we use homogeneous Dirichlet boundary conditions and consider the Sobolev
spaces, Q := H1

0 (Ω) and V := [Q]2. We introduce the admissible displacement fields
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v ∈ V and the admissible rotation fields ϕ3 ∈ Q.
Under the hypothesis of small deformations, the kinematical descriptors are the dis-

placement field vector u = {u1, u2}T and the scalar rotation field ω = ω3. The corre-
sponding strain measures are the strain vector ε = {ε11, ε22, ε12, ε21}T and the curvature
vector κ = {κ1, κ2}T . The compatibility equations write:{

εij = uj,i + eji ω ,

κj = ω,j ,
(1)

where eij is the two-dimensional permutation tensor. Whereas the equilibrium equations
are: {

σij,i + fj = 0 ,

µi,i + ejk σjk +m = 0 ,
(2)

where σ is the non–symmetric stress vector σ = {σ11, σ22, σ12, σ21}T and µand the and
couple stress vector is µ = {µ1, µ2}T .

In the case of 2D isotropic linear elasticity we adopt the following constitutive equations
[24]

σij = Aijhk εhk ,

µi = 4Gl2 κi ,
(3)

where the elastic tensor of the fourth order A is:

A = G




2(1−ν)
1−2ν

2ν
1−2ν

0 0
2ν

1−2ν
2(1−ν)
1−2ν

0 0

0 0 1 + k 1− k
0 0 1− k 1 + k


 , (4)

where G is the shear modulus, ν is the Poisson modulus, and l is the length scale material
constant. k = Gc/G is the ratio between the Cosserat shear modulus Gc and the standard
shear modulus G. The weak form of the linear elastic problem reads:


Find (u, ω) ∈ V ×Q such that :
a(u,v) + b(ω,v) =< f ,v > ∀v ∈ V
b(u, ϕ) + c(ω, ϕ) =< m,ϕ > ∀ϕ ∈ Q

(5)

where:

a(u,v) =

∫

Ω

Aijhk uh,k vi,j dΩ ,

b(ω,v) =

∫

Ω

Aijhk ehk ω vi,j dΩ ,

c(ω, ϕ) =

∫

Ω

(Aijhk ehk eij ω ϕ) +
(
2Gl2 ω,nϕ,n

)
dΩ ,

< f ,v >=

∫

Ω

fi vi dΩ ,

< m,ϕ >=

∫

Ω

mϕ dΩ .

(6)
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In order to approximate the solution of the problem (5) we consider a decomposition Th

of the domain Ω into non overlapping polygonal elements E. In the following, we denote
by e the straight edges of the mesh Th and, for all e ∈ ∂E, ni denotes the outward unit
normal vector to ei. The symbol ne represents the number of the edges of the polygon E,
that coincides with the number of the element vertices.

Let k be an integer ≥ 1. Let us denote by Pk(Ω) the space of polynomials, living on
the set Ω ⊆ R2, of degree less than or equal to k.

By the discretization introduced, it is possible to write the bilinear forms (5), as in the
finite element methodology, in the following way:

a(u,v) =
∑
E∈Th

aE(u,v) ∀v ∈ V ,

b(ω,v) =
∑
E∈Th

bE(ω,v) ∀v ∈ V ,

c(ω, ϕ) =
∑
E∈Th

cE(ω, ϕ) ∀ϕ ∈ Q ,

(7)

The discrete virtual element spaces, Vh and Qh, are:

Vh :=
{
v ∈ V : v |E∈ Vh|E ∀E ∈ Th

}
,

Qh :=
{
q ∈ Q : q |E∈ Qh|E ∀E ∈ Th

}
,

(8)

where Vh|E :=
(
Vh|E

)2
and the local spaces Vh|E and Qh|E are defined as

Vh|E :=
{
vh ∈ H1(E) ∩ C0(E) : �vh ∈ Pk−2(E), vh |e∈ Pk(e) ∀e ∈ ∂E

}
,

Qh|E :=
{
qh ∈ H1(E) ∩ C0(E) : �qh ∈ Pk−2(E), qh |e∈ Pk(e) ∀e ∈ ∂E

}
.

(9)

By the definition of the local spaces (9), we can observe that, in contrast to the standard
finite element approach, the local spaces, Vh|E and Qh|E, are not fully explicit, in fact
Vh|E and Qh|E contain all the polynomials of degree ≤ k, plus other functions that, in
general, will not be polynomials. Moreover vh is a polynomial of degree k on each edge e
of E and globally continuous on ∂E.

The problem (5) restricted to the discrete spaces Vh and Qh becomes:




Find (uh, ωh) ∈ Vh ×Qh such that
ah(uh,vh) + b(ωh,vh) =< f ,vh > ∀vh ∈ Vh ,
b(uh, ϕh) + c(ωh, ϕh) =< m,ϕh > ∀ϕ ∈ Qh ,

(10)

where ah(·, ·) : Vh × Vh → R, bh(·, ·) : Vh × Qh → R and ch(·, ·) : Qh × Qh → R are
the discrete bilinear forms approximating the continuous forms a(·, ·), b(·, ·) and c(·, ·)
respectively. < f ,vh > and < m,ϕh > are the terms approximating the virtual work of
external loads.
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Table 1: Patch test: coordinates nodes

Node x y
1 0.04 0.02
2 0.18 0.03
3 0.16 0.08
4 0.08 0.08
5 0.00 0.00
6 0.24 0.00
7 0.24 0.12
8 0.00 0.12

The discrete bilinear forms are constructed element by element as:

ah(uh,vh) =
∑
E∈Th

aEh (uh,vh) ∀uh, vh ∈ Vh ,

bh(ωh,vh) =
∑
E∈Th

bEh (ωh,vh) ∀ωh ∈ Qh, ∀vh ∈ Vh ,

ch(ωh, ϕh) =
∑
E∈Th

cEh (ωh, ϕh) ∀ωh, ϕh ∈ Qh .

(11)

The local stiffness matrices can be derived, consistently with [6, 9], after introducing
the local L2-projection operators Π∇

E : Vh(E) → (Pk(E))2, Π∇
E : Qh(E) → Pk(E) and

Π0
E : Qh(E) → Pk(E).
The details on the construction of the local stiffness matrix are presented in [6, 9, 7, 22],

while are here omitted for the sake of brevity.

3 NUMERICAL RESULTS

In this section we report a patch test to prove the reliability and the performances of the
developed VEM Cosserat element. The patch test presented has been proposed by [24]
and it was specifically conceived for Cosserat finite elements.
We consider a rectangular region discretized using two type of mesh: the first type is made
by non-overlapping distorted triangular elements, Fig. 1(a), while the second by Voronoi
elements, Fig. 1(b). The coordinates of the nodes for the triangular mesh are reported in
the Tab. 1. We impose different boundary conditions (three different cases are analysed
in the following) and both strains and stresses are checked [24]. Satisfaction of the patch
tests guarantees stability and convergence of the element’s solution [38] when used for the
solution of real problems. For all tests we set the elastic constants: G = 1000, ν = 0.25,
l = 0.1 and k = 0.5.
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(a) Triangular element mesh (b) Voronoi mesh

Figure 1: Domain problem and the two relative mesh adopted

3.1 Patch Test 1

The first test is developed to check the capabilities of the element to reproduce the
linear elastic Cauchy continuum. We impose the following boundary conditions in terms
of displacements, u, and rotation, ω

u1 = 10−3 (x1 + (1/2)x2) ,

u2 = 10−3 (x1 + x2) ,

ω = (1/4) 10−3 ,

f1 = f2 = 0 ,

m = 0 ,

(12)

and the relative analytical solution are:

σ11 = σ22 = 4 ,

σ12 = σ21 = 1.5 ,

µ1 = µ2 = 0 .

(13)

The stress, σ, is constant and symmetric and the couple, µ, is identically null. In Fig.
2 we report the solution in terms of displacements for the two type of meshes adopted.
In Figs. 3 and 4 the map color of the stresses for the two different mesh adopted are
reported.

3.2 Patch Test 2

The following patch test was suited to check the capabilities to account for constant
non-symmetric stress and identically null couple. We impose the following boundary
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(a) Displacement direction 1, u1 (b) Displacement direction 2, u2

(c) Displacement direction 1, u1 (d) Displacement direction 2, u2

Figure 2: Displacement solution obtained for all tests with triangular and Voronoi meshes, respectively

conditions

u1 = 10−3 (x1 + (1/2)x2) ,

u2 = 10−3 (x1 + x2) ,

ω = (1/4 + 1/(4α)) 10−3 ,

f1 = f2 = 0 ,

m = 1 ,

(14)

where the parameter α is 1− k. The relative analytical solution in terms of stresses are:

σ11 = σ22 = 4 ,

σ12 = 1 ,

σ21 = 2 ,

µ1 = µ2 = 0 .

(15)

The solution obtained are shown in Figs. 5 and 6.
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(a) Stress σ11 = σ22 (b) Stress σ12 = σ21

(c) Couple µ1 = µ2

Figure 3: Stress solution for path test 1 with triangular mesh

3.3 Patch Test 3

The patch test 3 tests a general case of Cosserat continuum. The following boundary
conditions are imposed

u1 = 10−3 (x1 + (1/2)x2) ,

u2 = 10−3 (x1 + x2) ,

ω = (1/4 + 1/(2α)(x1 − x2)) 10
−3 ,

f1 = f2 = 1 ,

m = 2(x1 − x2) ,

(16)

and the relative solution:

σ11 = σ22 = 4 ,

σ12 = 1.5− (x1 − x2) ,

σ21 = 1.5 + (x1 − x2) ,

µ1 = −µ2 = (2l2/α) .

(17)

The contour plot of the stresses for triangular and Voronoi meshes are shown in Fig. 7
and Fig. 8 respectively. In Tab. 2 the displacements and the stresses at the point P (see
Fig. 1(a)) are reported and compared with the exact solution. All results in the Tab. 2
are refereed to the triangular mesh. The Virtual Element (VEM), here proposed, shows
improved performances compared with the MLINT (linear displacement and rotation),
MQLT (quadratic displacement and linear rotation) and MQUAT (quadratic displacement
and rotation) elements proposed by [24].
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(a) Stress σ11 = σ22 (b) Stress σ12 = σ21

(c) Couple µ1 = µ2

Figure 4: Stress solution for path test 1 with Voronoi mesh

Table 2: Patch test 3: displacements at node 2 and stresses at P = (0.0933, 0.06) using triangular mesh

u1 × 103 u2 × 103 ω × 103 σ11 σ12 µ1

MLINT 0.1944 0.2096 0.4001 3.9928 1.4634 0.0400
MQLT 0.1945 0.2097 0.4001 3.9956 1.4668 0.0400
MQUAT 0.1945 0.2097 0.3960 3.9956 1.4707 0.0392
VEM 0.1950 0.2100 0.3998 4.0000 1.4668 0.0399
Exact 0.1950 0.2100 0.4000 4.0000 1.4667 0.0400

4 FINAL REMARKS

In the present work we developed a novel formulation of the Virtual Element method-
ology for 2D micropolar linear elastic continuum. In particular we adopt linear Virtual
Element Method both for displacements and rotations. The formulation developed and
implemented is in good agreement with the patch tests presented in literature and all
tests are passed for the standard triangular mesh and for distorted Voronoi mesh.
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(a) Stress σ11 = σ22 (b) Stress σ12

(c) Stress σ21 (d) Couple µ1 = µ2

Figure 5: Stress solution for path test 2 with triangular mesh
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Abstract. In this work, a thermo-mechanically coupled constitutive model for semi-
crystalline polymers is derived in a thermodynamically consistent manner. In general, the
macroscopic material behaviour of this class of materials is dictated by the underlying
microstructure, i.e. by the distribution and structure of crystalline regimes, which form up
after cooling from the amorphous melt. In order to account for the latter, the total degree
of crystallinity is incorporated as an internal variable and its evolution is prescribed by
means of a non-isothermal crystallisation kinetics model. The numerically efficient and
robust framework is characterised based on experimental data for Polyamide 6 and shows a
promising potential to predict the hyperelastic, visco-plastic material behaviour at various
temperatures.

1 INTRODUCTION

Thermoplastic polymers are an important class of materials for many technically rele-
vant applications. In contrast to thermosets, which form irreversible chemical bonds, they
can be repeatedly reshaped after heating above the melting point. As a consequence, they
are well-suited for forming processes. A specific class of thermoplastics are semi-crystalline
polymers (e.g. Polyamide 6, which is the considered polymer in this work), which partly
crystallise after cooling from the melt. The degree and structure of the crystalline regimes
depends on the thermal conditions and applied stress. The relative degree of crystallinity
χc can be determined by the heat flow rate (dh)/(dt), which is measured by differential
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scanning calorimetry (DSC) (cf. chapter 3) and lays between zero (100% amorphous,
t < tOn) and one (at the end of the crystallisation process, t > tEnd).

χc =

∫ t

tOn

dh
dt
dt∫ tEnd

tOn

dh
dt
dt

:=
∆ht

∆hm

, χ =

∫ t

tOn

dh
dt
dt

∆h100
f

= χc

∆hm

∆h100
f

(1)

Here, the change in enthalpy during the whole crystallisation process ∆hm(θ̇) is intro-
duced, which is depending on the cooling rate. To obtain the absolute degree of crys-
tallinity χ, the material constant ∆h100

f corresponding to the specific fusion enthalpy of a
100% crystalline material, must be determined. For Polyamide 6 the latter can be com-
puted from the average of the values corresponding to the α-form (241 J/g) and γ-form
(239 J/g) as suggested by Fornes et al. [1].
Naturally, the morphology of the underlying microstructure (i.e. the degree of crys-
tallinity) has a significant influence on the mechanical behaviour of semi-crystalline poly-
mers (cf. chapter 3). Furthermore, the mechanical response of Polyamide 6 is charac-
terised by non-linear, visco-plastic behaviour, depending on the thermal conditions and
accompanied by large elastic and plastic strains (cf. section 3). In order to avoid cost- and
time-consuming trial and error approaches, a strong demand for computational models
arises, which accurately predict the complex material and structural response of parts
during and after thermoforming processes.
To this end, a continuum-mechanical, phenomenological material model is presented in
this work. The thermo-mechanically coupled, visco-plastic constitutive framework is de-
rived in a thermodynamically consistent manner (cf. chapter 2) and valid for large defor-
mation. In order to account for the underlying microstructure, the total degree of crys-
tallinity χ is treated as an additional internal variable. Crystallisation from a relaxed,
static melt is assumed and the evolution of χ is modelled by means of a non-isothermal
representation of the Avrami equation (see section 2.1). In section 3, the model is char-
acterised by isothermal and non-isothermal DSC analysis and uniaxial tensile tests for
different loading rates and degrees of crystallinity at varying temperatures .

2 MATERIAL MODEL FORMULATION

In line with e.g. the work [2] the resistance of deformation is decomposed into an in-
termolecular and a network contribution. For the intermolecular resistance, a finite strain
elasto-plastic model with non-linear isotropic hardening and non-linear kinematic harden-
ing of Frederick Armstrong type is considered. To account for the molecular orientation
and relaxation, the molecular network resistance is represented by a finite strain visco-
elastic model. Quantities corresponding to the elasto-plastic model and to the viscous
model will be denoted with index 1 and 2, respectively.
The total deformation gradient F is multiplicatively decomposed separately for both
models. For the elasto-plastic constitutive framework the classical split of the deforma-
tion gradient, F = Fe1Fp, into its elastic part Fe1 and plastic part Fp is proposed To
account for non-linear kinematic hardening, a physically motivated additional split of
the plastic part Fp = FpeFpi is performed. Noteworthy, these decompositions result in
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the intermediate plastic configuration ic1a and the so-called intermediate configuration of
kinematic hardening ic1b. The kinematic relations corresponding to the viscous model are
based on a multiplicative decomposition of the deformation gradient, F = Fe2Fi, into its
elastic Fe2 and inelastic part Fi. Thus, an additional, inelastic intermediate configuration
ic2 is introduced.
The Helmholtz free energy depends on the deformation only through the elastic right
Cauchy-Green deformation tensors Ce1, Ce2, and Cpe, in agreement with the principal of
material frame invariance.

Ce1 = F
T
e1Fe1 = F

−T
p CF

−1
p , Ce2 = F

T
e2Fe2 = F

−T
i CF

−1
i , Cpe = F

T
peFpe = F

−T
pi CpF

−1
pi

(2)
Here the right Cauchy-Green tensor C = F

T
F and the plastic right Cauchy-Green ten-

sor Cp = F
T
p Fp are introduced. The total, specific Helmholtz free energy is additively

decomposed into a contribution stemming from the intermolecular resistance ψ1, a contri-
bution from the molecular network resistance ψ2 and an energy term ψχ associated with
the crystallisation process.

ψ = ψe1(Ce1, χ, θ) + ψkin(Cpe, θ) + ψiso(κ, χ, θ)︸ ︷︷ ︸
ψ1

+ψ2(Ce2, χ, θ) + ψχ(χ, θ)
(3)

To account for the dependence of the material response on the temperature θ and the
morphology of the underlying microstructure, the energy terms are functions of the tem-
perature θ and the total degree of crystallinity χ. In this work, no differentiation between
crystal configurations nor morphology (lamella thickness) is made. Furthermore, non-
isothermal crystallisation processes from a static, relaxed melt are assumed. Consequently,
χ(θ, θ̇) is introduced as an additional internal variable and assumed to be a function of
the temperature and cooling rate θ̇. Hence, the free energy is an implicit function of the
cooling rate. In equation (3), ψe1 and ψe2 denote the elastic energy contributions of the
intermolecular and molecular network resistances, respectively. To phenomenologically
account for Bauschinger-like phenomena, ψkin, a defect-energy associated with plastic de-
formations, is introduced. The stored energy due to isotropic hardening is defined as ψiso

and is a function of the accumulated plastic strain κ.

2.1 Derivation based on the Clausius-Duhem inequality

Starting point of the thermodynamic consistent derivation of the constitutive frame-
work is the Clausius-Duhem form of the entropy inequality with respect to the reference
configuration (rc).

S :
1

2
Ċ − ρ0(ψ̇ + ηS θ̇)−

1

θ
q0 ·Grad(θ) ≥ 0 (4)

Here, S denotes the second Piola-Kirchhoff stress, ηS is the specific entropy, ρ0 is the
density in the rc and q0 the heat flux with respect to the rc. Assuming that ψe1, ψe2 and
ψkin are isotropic functions of Ce1, Ce2, and Cpe, respectively, and inserting the total time
derivative of the Helmholtz free energy (3) into the latter expression yields, after several
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mathematical transformations, the following form of the Clausius-Duhem inequality.

(S − S1 − S2) :
1

2
Ċ − ρ0

(
∂ψ

∂θ
+ ηS

)
θ̇ −

1

θ
q0 ·Grad(θ)

− ρ0
∂ψ

∂χ
χ̇+M2 : Di +

(
M1 − X̄

)
: Dp +Mkin : Dpi +Rκ̇ ≥ 0

(5)

The inequality (5) is an expression of the evolution of the internal variables (i.e. χ̇, Di,
Dp, Dpi, and κ̇) and the thermodynamic conjugated forces. Here, D(∗) = sym(L(∗))

denotes the symmetric part of the corresponding velocity gradient L(∗) = Ḟ(∗)F
−1
(∗) , with

(∗) = i, p, pi. The second Piola-Kirchhoff stress tensors corresponding to the intermolec-
ular and molecular network resistance are

S1 = 2ρ0F
−1
p

∂ψe1

∂Ce1

F
−T
p , S2 = 2ρ0F

−1
i

∂ψ2

∂Ce2

F
−T
i (6)

respectively. The Mandel stress tensors

M1 = 2ρ0Ce1

∂ψe1

∂Ce1

, M2 = 2ρ0Ce2

∂ψ2

∂Ce2

(7)

are defined with respect to the intermediate states ic1 and ic2, respectively. In addition,
the back stress X̄ in ic1a, the Mandel stress corresponding to kinematic hardening Mkin

in ic1b, and the stress-like driving force of isotropic hardening R read

X̄ = 2ρ0Fpe

∂ψkin

∂Cpe

F
T
pe, Mkin = 2ρ0Cpe

∂ψkin

∂Cpe

, R = −ρ0
∂ψiso

∂κ
(8)

In order to fulfil the first line of the inequality (5) for arbitrary processes, the following
relations for the total second Piola-Kirchhoff stress and entropy must hold

S = S1 + S2, ηS = −
∂ψ

∂θ
(9)

Fourier’s law , q0 = −JλTC
−1Grad(θ), is applied in addition for the heat flux, referring

to the rc, where λT denotes the heat conductivity and J = detF holds.
To guarantee the non-negativeness of internal dissipation (the second line in inequality
(5)), a set of evolution equations for the internal variables is presented, which fulfils the
inequality. Based on the proposed formulation of Reese and Govindjee [3], the evolution
of the inelastic deformation is given by

Di =
1

2τµ2

(
M2 −

1

3
tr(M2)I

)
+

1

9τK2

tr(M2)I. (10)

In the latter expression, the bulk modulus and shear modulus corresponding to the molec-
ular network resistance are denoted by K2(θ) and µ2(θ), respectively. The relaxation time
τ(S2,C, θ, χ) must be greater than zero and is in general a non-linear function of S2, C,
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θ, and χ.
In this work no pressure dependence, nor tension-compression asymmetry of the yield
behaviour is assumed. Hence, a yield function of von Mises type is proposed

Φ = ||dev(M1)− dev(X̄)|| −

√
2

3
(σy −R) (11)

Here, the initial yield stress σy(θ, χ) is introduced and dev(∗) denotes the deviatoric part
of a quantity. The associative plastic flow rule and the evolution equations for kinematic
and isotropic hardening are

Dp = λ̇
∂Φ

∂M1

= λ̇
dev(M1)− dev(X̄)

||dev(M1)− dev(X̄)||
, Dpi = λ̇

b

c
dev(Mkin), κ̇ = λ̇

∂Φ

∂R
=

√
2

3
λ̇

(12)
respectively, where λ̇ is the plastic multiplier. The equation for Dpi represents nonlin-
ear kinematic hardening of Armstrong-Frederick type in which b(θ) and c(θ) are material
parameters. Finally, the elasto-plastic model is supplemented by the Kuhn-Tucker condi-
tions Φ ≤ 0, λ̇ ≥ 0, and Φλ̇ = 0.
To predict the relative degree of crystallinity χc, the non-isothermal representation of the
Avrami equation by means of the modified Nakamura-Ziabicki framework [4] was found
to be a well-suited model (cf. chapter 3). Inserting the proposed form into the relation
for the total degree of crystallinity χ (cf. equation 1) and differentiating the latter with
respect to time yields the evolution equation for χ.

χ̇ ≈ χ̇c

∆hm

∆h100
f

= n Kc(1− χc)

(∫ t

ton

Kcdt

)n−1
∆hm

∆h100
f

≥ 0 (13)

The Avrami exponent n represents the nucleation mechanism and growth dimension and
is assumed to be temperature independent. The temperature and cooling rate dependent
parameter Kc is given by an empirical function proposed by [5]

Kc = Kmax exp

(
−
4 ln(2)(θ − θmax)

2

D2

)
(14)

where the Nakamura-Ziabicki crystallisation parameters Kmax(θ̇), θmax(θ̇) and D(θ̇) are
depending on the cooling rate. The starting time of the crystallisation process ton is de-
termined by the cooling rate depending onset temperature θon(θ̇).
It can be shown, that the set of evolution equations (10) and (12) fulfils the non-negativeness
requirement of the Clausius-Duhem inequality (5) (cf. [3] and [6]). The thermodynamic
consistency of the chosen evolution law for χ̇, will be discussed briefly. Concomitant with
the assumption of a crystallisation process from a relaxed, static melt, the energy terms
depending on the deformation (i.e. ψe1, ψkin, ψiso, and ψ2) are zero if χ̇ > 0. In addition,
for the energy associated with transformation ∂ψχ/∂χ < 0 holds if θ < θOn (cf. equation
(20)) and thus the remaining inequality −ρ0(∂ψχ/∂χ)χ̇ ≥ 0 is always fulfilled.
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2.2 Specific choices for energy terms

To conclude the constitutive framework, a set of volumetric energy terms Ψ is specified
in this section. For the elastic energy contribution of the molecular network resistance a
compressible version of the widely used Arruda-Boyce model [7] is chosen

Ψ2(Ce2, θ) =K2

(
J2
e2 − 1

4
− ln(Je2)

(
1

2
+ 3αT2(θ − θ0)

))
+ µ∗

5∑
i=1

Ci

λ2i−2
m

(
tr(C̄e2)

i
− 3i

)

(15)
The latter expression is a function of the isochoric part C̄e2 = F̄

T
e2F̄e2 of the elastic right

Cauchy-Green tensor, where F̄e2 = J
− 1

3
e2 Fe2 and Je2 = detFe2 =

√
detCe2 holds. The

constant parameter λm relates to the locking stretch of a fully extended chain, αT2(θ, χ)
is the coefficient of thermal expansion corresponding to the network resistance and θ0 is
a reference temperature. The parameter µ∗ and the tuple Ci are defined as

µ∗ = µ2

1

1 + 3
5λ2

m

+ 99
175λ4

m

+ 513
875λ6

m

+ 42039
67375λ8

m

, Ci =
(
1
2

1
20

11
1050

19
7000

519
67375

)
(16)

For the intermolecular resistance a Neo-Hookean material with combined linear and non-
linear isotropic hardening of Voce type and non-linear kinematic hardening of Armstrong-
Frederick type is considered. The corresponding energy terms are

Ψe1 =
µ1

2
(tr(Ce1)− 3)− µ1 ln(Je1) +

Λ1

4
(det(Ce1)− 1− 2 ln(Je1))

− 3K1αT1(θ − θ0) ln(Je1)
(17)

Ψkin =
c

2
(tr(Cpe)− 3)− c ln(Jpe) (18)

Ψiso =(σ∞ − σy)

(
κ+

exp(−βκ)

β

)
+

1

2
Hκ2 (19)

where Je1 = detFe1 is defined. The material parameters µ1(θ, χ), Λ1(θ, χ), K1(θ, χ),
αT1(θ, χ), σ∞(θ, χ), β(θ, χ), and H(θ, χ) corresponding to the elasto-plastic model, are
the Lamé constants, bulk modulus, coefficient of thermal expansion, and isotropic hard-
ening parameters, respectively. It is of note, that the specific functions for the introduced
material parameters are provided in chapter 3. The specific energy associated with crys-
tallisation, which contributes in an important manner to the heat release of fusion (cf.
equation (21)), is given by

ψχ = ∆h100
f

θ − θOn

θOn

χ (20)

2.3 Heat generation due to dissipation and crystallisation

The heat generation rt due to plastic r1 and viscous dissipation r2 and due to exothermic
crystallisation rχ is briefly discussed in this paragraph. The terms can be derived in a
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consistent manner from the local form of the energy balance and the Helmholtz free energy

rt =

(
M1 − θ

∂M1

∂θ
− X̄ + θ

∂X̄

∂θ

)
: Dp +

(
Mkin − θ

∂Mkin

∂θ

)
: Dpi +

(
R− θ

∂R

∂θ

)
κ̇

︸ ︷︷ ︸
r1

+

(
M2 − θ

∂M2

∂θ

)
: Di

︸ ︷︷ ︸
r2

+ ρ0 ∆h100
f χ̇︸ ︷︷ ︸

rχ

(21)
Noteworthy, the dissipation due to thermo-elastic coupling (∂S/∂θ) : (1/2Ċ) is assumed
to be negligibly small and is thus omitted in the latter expression.

2.4 Aspects of numerical implementation

For convenience the derivation of the constitutive equations was carried out in the
intermediate configurations. However, for the numerical implementation as an user ma-
terial subroutine UMAT into the commercial FEM software ABAQUS/Standard, the
model equations need to be represented in the current configuration. To this end, several
tensorial pull-back and push-forward operations are applied. The algorithmic implemen-
tation is based on the works of Dettmer and Reese [8] and Vladimirov et al. [6]. For
the numerical integration of the evolution equations (10) and (12) the exponential map
algorithm, which preserves plastic volume and the symmetry of the internal variables, is
applied and a local system of 16 non-linear scalar equations is solved in an efficient man-
ner. The evolution equation of the total degree of crystallinity is discretized by means of
the implicit Euler method and the trapezoidal scheme is used to numerically approximate
the integral in equation (13).

3 PARAMETER CALIBRATION

In this section, the characterisation procedure to obtain the material parameter set is
discussed briefly. During the computational solution procedure, cubic spline interpolation
is applied to interpolate between the parameters presented in the following.
In order to investigate the crystallisation kinetics of Polyamide 6 (Ultramid B40, kindly
provided by BASF), isothermal (crystallisation at 192◦C, 194◦C, 196◦C and 198◦C) and
non-isothermal DSC analysis (constant cooling rates of 5◦C/min, 10◦C/min, 20◦C/min,
40◦C/min, 60◦C/min, and 100◦C/min) are conducted with the DSC 1 from Mettler

Toledo. Based on the DSC data, the relative degree of crystallinty χc over time is com-
puted (cf. equation 1). The constant Avrami exponent n =2.38 is obtained from linear
regression of the classical double logarithmic form of the isothermal and non-isothermal
DSC data. The remaining, cooling rate dependent parameters of the non-isothermal
model (cf. equations (13) and (14)) are obtained from non-linear optimization of the
non-isothermal DSC data and are depicted in table 1. The non-isothermal experimental
data and the corresponding fit of the proposed model is shown in figure 1.
The mechanical parameters are obtained from uniaxial tensile test. Different loading
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Table 1: Parameters for modified Nakamura-Ziabicki model determined by non-linear optimization

θ̇ [K/min] Kmax [1/min] θmax [K] D [K] ∆hm [J/g]

5 9.51 348.22 102.27 56.89
10 13.73 348.46 100.48 54.57
20 9.28 351.10 109.52 54.16
40 7.77 355.17 116.97 50.48
60 5.54 362.99 128.31 48.24
100 4.80 359.49 125.64 43.92

χ
c
[-
]

Time [s]

Simulation
Experiment

5 K/min
10 K/min
20 K/min
40 K/min
60 K/min
100 K/min

Figure 1: Non-isothermal DSC data and corresponding model response

procedures (monotonic loading, cyclic loading, and relaxation tests) at different loading
rates (vmin = 1 mm/min and vmax = 10 mm/min) are performed at varying temperatures
below and above the glass transition temperature (θg ≈ 80◦C) at 20◦C, 50◦C, 120◦C,
and 160◦C. Dried specimens (type 5A in accordance with ISO 527-2:2012), which have
been produced by injection moulding, are tested for two different degrees of crystallinity
(χmin= 23 % and χmax= 28 %). Digital image correlation (DIC) is applied to obtain the
true stress (Cauchy stress σ1) over stretch λ1 relation in longitudinal 1-direction (cf. figure
2). Based on these results a staggered characterisation scheme is developed, in order to
obtain a unique set of mechanical parameters for each considered temperature (cf. table
2). It should be noted that due to the lack of compression data no information about the
Bauschinger effect is available. Consequently, only isotropic hardening is considered and
the parameters corresponding to kinematic hardening i.e. c and b are set to very small
values. Infrared thermography (IR) revealed a significant temperature increase, related
to adiabatic self-heating, accompanied by thermal softening, for higher loading rates at
moderate stretch levels of 5 %. Due to this fact, the (isothermal) material parameters
are only fitted up to this point for vmax.
The experimental data for monotonic tensile test at different loading rates and for vary-
ing temperatures and degrees of crystallinity is depicted in figure 2, together with the
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Table 2: Set of mechanical parameters at different temperatures

Function Parameter at: 20 ◦C 50 ◦C 120 ◦C 160 ◦C

E1 = χE1,0(θ) E1,0 [MPa] 5510 3923 1040 851

E2 = E2(θ) E2 [MPa] 1210 703 130 75

ν1 = ν2 ν1 [-] 0.35 0.35 0.35 0.35

σy = χσy,0(θ) σy,0 [MPa] 120 45 24 22

β = χβ0(θ) β0 [-] 2712 2021 200 195

H = χH0(θ) H0 [MPa] 239 669 181 171

σ∞ = χα(θ)σ∞,0(θ) σ∞,0 [MPa] 57.5 66.0 715.0 716.0
α [-] 0.154 0.682 2.651 2.425

τ = τ0(θ)�B�ϕ(θ)exp(�σ2�)
−δ(θ) τ0 [s] 463 220 96 72

ϕ [-] 6.624 5.014 2.525 2.425
δ [-] 0.196 0.277 0.421 0.621
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Figure 2: Monotonic, uniaxial extension - Experimental data and corresponding model response

corresponding fit of the proposed model.
The thermal material properties are obtained from the literature. Based on experimen-
tal investigations a constant heat conductivity is considered λT = 0.27 W/Km [9]. In
line with the data provided in [1], the following function for the density is assumed
ρ0 = χ 0.001195 + (1− χ)0.00109 g/mm3. For simplicity, the coefficient of thermal ex-
pansion is assumed to be constant α1 = α2=0.876·10-4 (cf. [10]). In line with the work
[11], the following relation for the heat capacity is assumed cp = 4.502θ + 138.7 mJ/gK.
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4 COMPUTATIONAL EXAMPLE

In order to investigate the crystallisation process and structural response, a thermo-
mechanically coupled boundary value problem is considered. In two separate compu-
tations, the surface of a plate is subjected to different cooling rates (80 K/min and
15 K/min) until a temperature of 120 ◦C is reached at th (cf. figure 3). Next, the
temperature is held constant for 50 s to obtain a homogeneous temperature field. Subse-
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Figure 3: Geometry, boundary conditions and applied loading procedure

0 50 100 150
0

0.05

0.1

0.15

0.2

0.25

0 50 100 150
0

0.05

0.1

0.15

0.2

0.25

192

185

162

124

θ [◦C]

θ [◦C]

χ
[-
]

χ
[-
]

θ̇ = 15 K/min
t = 57 s

θ̇ = 80 K/min
t = 57 s

th + 60 th + 120 th + 170
0

10

20

30

R
ea
ct
io
n
fo
rc
e
[N

]

Time [s]

Time [s]

Time [s]

κ [-]

0.0190.017

χ [%]

20.119.9

θ̇ = 15 K/min
θ̇ = 80 K/min

Figure 4: Reaction force, temperature θ, (evolution of) total degree of crystallinity χ and accumulated
plastic strain κ

quently, a displacement is linearly increased over time until a final value of ux = 0.3 mm is
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prescribed. In this step, the temperature boundary conditions are removed to investigate
adiabatic heating. In the last step, the displacement is held constant for 50 s to allow
for relaxation. The reaction force - time relation, the total degree of crystallinity χ, the
temperature θ, and the accumulated plastic strain κ for selected time steps are displayed
in figure 4, for the two different loading procedures.
During the cooling phase, temperature gradients and non-constant cooling rates arise,
which result in locally varying crystallisation conditions and thus in a (slightly) varying
crystallinity of the structure. Consequently, the stress distribution is heterogeneous as
well. Naturally, the different thermal treatments lead to a difference in the absolute de-
gree of crystallinity for the two considered examples. The dependence of the macroscopic
material behaviour on the underlying microstructure is clearly visible from the reaction
force - time relation (i.e. increasing stiffness, hardening and yield stress with increas-
ing degree of crystallinity). Furthermore, moderate adiabatic heating due to plastic and
viscous dissipation is observed.

5 CONCLUSION

In the present work, a thermo-mechanically coupled and thermodynamically consistent
constitutive framework at finite strains was proposed, to predict the material response
of semi-crystalline polymers in the context of thermoforming processes. To account for
the morphology of the underlying microstructure, the total degree of crystallinity was
introduced as an additional internal variable, which contributes in an important manner
to the elastic, viscous and plastic response of the material. The crystallisation kinet-
ics during cooling from the melt are modelled by a non-isothermal modification of the
Avrami model, where a static, relaxed melt is presumed. The set of material parameters
is characterized for Polyamide 6 (Ultramid B40 ) and obtained from isothermal and non-
isothermal DSC analysis and numerous, uniaxial tensile experiments. The experimental
data and simulated behaviour is in good agreement.
The model response is demonstrated in a thermo-mechanically-coupled boundary value
problem. The phenomenological approach allows to account for the complex crystalli-
sation phenomena on the micro-scale, with sufficient accuracy. In addition, the model
exhibits great convergence behaviour and numerical robustness. To the authors’ knowl-
edge, there is no comparable model available in the literature, which accounts for the
thermal, mechanical and crystallisation behaviour and the corresponding complex inter-
actions.

Acknowledgements: Financial support of the project RE 1057/41 by the German Sci-
ence Foundation (DFG) is gratefully acknowledged. Furthermore, the authors are grateful
for the provision of Ultramid B40 by BASF SE.
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Abstract. α-uranium, the stable phase of uranium up to 670◦C, has a base-centred
orthorombic crystal structure. This crystal structure gives rise to elastic and thermal
anisotropy, meaning α-uranium exhibits complex deformation and fracture behaviour.
Understanding the relationship between the microstructure and mechanical properties is
important to prevent fracture during manufacture and usage of components. The lattice of
α-uranium corresponds to a distorted close-packed-hexagonal crystal structure and it ex-
hibits twins of both the 1st and 2nd kind. Therefore, detailed examination of the behaviour
of α-uranium can also contribute to the general understanding of the interaction between
plasticity, twinning and fracture in hcp crystals. Plastic deformation in α-uranium can
be accommodated by 4 slip systems and 3 twin systems, previously identified by McCabe
et al. These deformation modes are implemented into a crystal plasticity finite element
(CPFE) material model. A temperature dependent, dislocation density based law is im-
plemented to describe the critical resolved shear stress on the different slip/twin systems.
The strong anisotropic thermal expansion behaviour is taken into account to simulate
the development of internal residual stresses following casting of the material. During
cooling, the internal stresses in α-uranium are sufficient to induce plasticity. This effect
is quantified using polycrystal simulations, in which first the temperature is decreased,
then plastic relaxation takes place, followed by application of a mechanical load. The
asymmetry between mechanical properties in tension and compression, due to the pres-
ence of twins, is investigated. The model is calibrated using stress strain curves and the
lattice strain found from published neutron diffraction experiments carried out on tex-
tured samples at ISIS. The strength of the slip systems is found to be lower than in fine

c©British Crown Owned Copyright 2019/AWE
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grained material, while the strength of the twin system is similar to single crystals. The
CPFE method allows the heterogeneity of the strain between neighbouring grains and its
influence on the evolution of the internal stress state to be investigated.

1 Introduction

α-uranium is the stable phase of uranium up to 670◦C and it is used for armour,
projectiles and radiation shielding due to its high density (19.1 g/cm3). The highly
anisotropic crystal structure of α-uranium leads to anisotropic elastic coefficients [1] and
thermal expansion coefficients [2]. Large thermal residual stresses develop during the
casting process [3] that can facilitate fracture. The lattice of α-uranium is orthorhombic.

Dislocation glide and twinning create plastic deformation in α-uranium [4], depending
on the temperature [5], loading conditions [6], grain shape [7] and size [6]. 8 active slip
systems and 10 twin variants are present, which have very different critical resolved shear
stresses (CRSS) [4, 8]. However, only the 2 variants of {130}〈31̄0〉 occupy a significant
volume fraction of the crystal [9]. Fracture parallel to {172} twin planes is observed [10],
leading to the hypothesis that twin parting, similar to some minerals, is the main fracture
initiation mechanism. However, cracks are also observed at the tip of twins and at the
intersection between twins and grain boundaries [11]. To design and manufacture safe
components, a quantitative model is necessary to predict the deformation and fracture
behaviour of polycrystalline α-uranium.

Cast α-uranium has a mixed grain size, ranging from millimetres to hundreds of mi-
crometres [12]. The grains are clustered into areas in which the misorientation is within
5◦[13]. The recrystallization kinetics during heat treatment is affected by the texture [14]
and rolling can transform the material into fine grained α-uranium [15], with grain sizes
between 15 and 25 µm [15, 9]. Therefore, the effect of the grain size, spatial arrangement
and texture needs to be quantified.

Previously, the elasto-plastic and visco-plastic self-consistent frameworks (EPSC and
VPSC) have been used to model plastic deformation in α-uranium [16, 3]. These meth-
ods approximate a grain as a spherical inclusion inside a homogenised effective medium
(HEM) [17]. In this paper, the crystal plasticity finite element (CPFE) method is used,
which is able to model strain field inhomogeneities between neighbouring grains [18, 19].
The constitutive model is calibrated using stress strain curves and in-situ neutron diffrac-
tion experiments [13] carried out at the ENGIN-X beamline of the ISIS Neutron Source,
Rutherford Appleton Laboratory, on coarse-grained α-uranium, with an average grain
size of 200 µm.

A calibration of the values of the critical resolved shear stress (CRSS) for slip and
twinning is carried out using polycrystal simulations. It shows that the CRSS for slip is
lower than in fine grained specimens [16], while the CRSS for twinning is similar to single
crystal specimens [5]. The Hall-Petch relationship turns out to be different for slip and
twinning. Simulations of the quenching process are carried out to find the magnitude of
the thermal residual stress for different textures. Finally, it is shown that grain clustering
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leads to higher axial stresses.

2 Material Model

The finite strain crystal plasticity finite element framework is used [20], in which the
deformation gradient is decomposed into elastic and plastic parts:

F = FeFp . (1)

The evolution of Fp takes into account the activity of the slip and twin systems [21]. The
plastic velocity gradient is:

Lp = ḞpF
−1
p =

(
1−

Ntwin∑
β=1

fβ

)
Nslip∑
α=1

γ̇α (σ) sα ⊗ nα +

Ntwin∑
β=1

ḟβ (σ) γ
twin
β sβ ⊗ nβ , (2)

where γ̇α is the shear rate on the slip system α, ḟβ is the rate of increase of the twin
volume fraction on the twin system β and γtwin

β is the constant shear on the twin system

β. Both γ̇α and ḟβ depend on the Cauchy stress σ. γ̇α and ḟβ are described by a power
law dependence on the resolved shear stress τα [16]. The twin volume fraction increases
only if the resolved shear stress τβ is positive. sα and nα are the slip direction and slip
plane normal of the slip system α. sβ and nβ are the twin direction and twin plane normal
of the twin system β. Table 1 contains the slip and twin systems used in the simulations
and the lattice constants of α-uranium are reported in Table 3.

The Cauchy stress increment ∆σ at every time step is proportional to the elastic strain
increment [22]. The stiffness tensor of α-uranium at room temperature is [1]:

C =




214.74 46.49 21.77 0 0 0
46.49 198.57 107.91 0 0 0
21.77 107.91 267.11 0 0 0
0 0 0 124.44 0 0
0 0 0 0 73.42 0
0 0 0 0 0 74.33




GPa , (3)

and a linear decrease of the entries with temperature is imposed, as found in single crystals
[5]. Thermal eigenstrains are considered using temperature dependent thermal expansion
coefficients, as reported in [2]. The temperature dependent critical resolved shear stress
τ cα(T ) of the slip systems is calculated using a dislocation density based model, developed
by McCabe et al. [16]:

τ cα(T ) =
[
τ 0α + 0.9 bαµα

√
ρforα − 0.086 bαµα

√
ρsub log

(
bα
√

ρsub
)]

exp

(
−(T − T0)

Bα

)
.

(4)
This represents the resolved shear stress at which the shear rate γ̇α has the same magnitude
as the externally applied deformation shear rate. ρforα is the forest dislocation density on
the slip system α and ρsub the dislocation density in the substructures [23]. The critical
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Slip system s0α n0
α bα (nm) µα (GPa)

α = 1 (wall) [100] (010) 0.285 74.330

α = 2 (floor) [100] (001) 0.285 73.420

α = 3 (chimney) [11̄0] (110) 0.651 92.255

α = 4 (chimney) [110] (11̄0) 0.651 92.255

α = 5 (roof) [11̄2] (021) 1.185 115.67

α = 6 (roof) [1̄1̄2] (021) 1.185 115.67

α = 7 (roof) [112] (02̄1) 1.185 115.67

α = 8 (roof) [11̄2̄] (02̄1) 1.185 115.67

Twin system s0β n0
β

β = 1 [31̄0] (130)

β = 2 [3̄1̄0] (1̄30)

Table 1: Miller indices of the slip and twin systems used in the model [16]. Burgers
vectors and projected shear moduli [1, 16].

resolved shear stress, τβ, of the twin systems is assumed to be constant. The time evolution
of the dislocation densities is based on a multiplication-annihilation formalism, as reported
in [16], and is calibrated to reproduce the hardening rate [16]. bα is the Burgers vector
and µα the projected shear modulus of the slip system α [23, 16]. The values are in Table
1.

Three different sets of parameters for the constant friction stresses τ 0α and τβ, for plastic
slip and twinning, are compared in the present study. They are reported in Table 2. The
fine grained parameters correspond to 12.5 µm grain size [16], while the single crystal
parameters have been obtained using specimens of length 2.5-3 mm [5]. The present
material has an average grain size of 200 µm [13] and the parameters in the present study
have been calibrated using stress-strain curves and neutron diffraction experiments. The

τ 0α (MPa) Wall Floor Chimney Roof {130} Twin
Fine grained (McCabe et al. [16]) 60 270 295 270 300
Single crystal (Daniel et al. [5]) 4 80 168 N/A 25
Coarse grained (present study) 7 10 35 235 25

Table 2: Constant friction stress for the different models.

CRSS for dislocation slip decreases exponentially with temperature, as in equation (4).
Bα is a thermal activation parameter [24] and T0 = 293 K is the reference temperature.
Model parameters are reported in Table 3.

Polycrystal simulations are carried out by assigning a different rotation matrix R to
every grain, which is used to rotate the directions and normals of the slip and twin systems
in Table 1.

The model is implemented as a UMAT (user material subroutine) for Abaqus [18],
which solves the stress equilibrium equation. The variables ρforα , ρsub and fβ are updated
at every time increment. A Newton-Raphson algorithm is used to find the plastic velocity
gradient Lp that is compatible with the stress increment and with the elasto-plastic de-
composition in equation (1). At every time step the crystal rotation matrix R is updated
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Lattice constant (a) [26] 0.2852 nm
Lattice constant (b) [26] 0.5865 nm
Lattice constant (c) [26] 0.4945 nm
Magnitude of shear due to twinning (γtwin

β ) [4] 0.299

Thermal activation parameter for slip (Bα) [24] 140 K

Table 3: Model parameters.

using the continuum elastic spin matrix [25].

3 Polycrystal simulations and elastic lattice strain

To introduce thermal residual stresses, simulations are divided into three phases: first
a polycrystal with 8000 (20 × 20 × 20) cubic grains is cooled down from 400◦C to room
temperature in 10 s [27], as shown in Figure 1 (a); then, 7000 external grains are removed
and the system relaxes for 100 s; finally, deformation is applied along the x axis on the
1000 (10 × 10 × 10) grains that are in the centre of the original geometry, as shown in
Figure 1 (b). The original size of the cubic representative volume is 6000 µm.

The boundary conditions during the three phases are the following. Given the origin O
in Figure 1 (a), the surfaces x = 0, y = 0 and z = 0 have zero perpendicular displacement
during quenching. During the relaxation phase, given the origin O in Figure 1 (b), the
newly created free surfaces x = 0, y = 0 and z = 0 have zero velocity along x, y and z
respectively. Finally, pure axial tension or compression along the x axis is applied, up to
1% strain, as shown in Figure 1 (b). The initial value of the dislocation densities ρforα and
ρsub is 1010 m−2 and no twins are present at the beginning of the simulations.

Quenching Relaxation and deformation

(a) (b) (c)

Figure 1: (a) 8000 grains representative volume and mesh during quenching. (b) 1000
grains in the inner part of the representative volume during deformation and load direc-
tion. (c) Directions �qi and �qr of the incident and diffracted neutron beam.

The Green-Lagrange elastic strain tensor is calculated in the crystal lattice coordinate
system and its diagonal components are compared with the neutron diffraction experi-
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ments. These components will be called (100), (010) and (001) lattice strain in this paper.
A grain selection algorithm is developed that selects the grains in which a specific family
of lattice planes reflects the neutron beam towards the detector area. The incident neu-
tron beam has direction �qi =

[
1/
√
2; 1/

√
2; 0

]
and it is reflected by a lattice plane towards

the direction �qr, as shown in Figure 1 (c). The direction �qd =
[
−1/

√
2; 1/

√
2; 0

]
, which

is perpendicular to the incident beam, points towards the centre of the detector. Thus,
only neutrons diffracted by lattice planes with normals approximately parallel to the load
axis are detected. The horizontal detector coverage in the x-y plane is ±14◦, while the
vertical coverage, out of the x-y plane, is ±21◦. The simulated Green-Lagrange elastic
strain tensor is averaged over the selected grains. For instance, the (100) elastic lattice
strain is averaged over grains in which the (100) lattice planes reflect the neutron beam
towards the detector.

In the present study, two specimens with different textures C1 and T1 are analysed,
as shown in Figure 2 (a) and (b). From these textures, a distribution for the orientations
of the 1000 grains in the central part of the representative volume can be obtained, as
depicted in Figure 2 (c) for the T1 texture. Each point represents the orientation of the
load direction (x axis in the sample coordinate system) in the crystal lattice coordinate
system. The outer 7000 grains have a random texture. Two types of spatial arrangement
of the 1000 central grains are investigated to understand the effect of grain clustering ob-
served experimentally [13]: the first one has a spatially random grain distribution (RGD);
in the second one (GC), the orientations belonging to the two peaks of the probability
distribution functions in Figures 2 (a)-(b) ({350} and {190} for the C1 texture, {115}
and {312} for the T1 texture) are assigned to grains with low and high z coordinates in
Figure 1 (b) respectively. In this second case, the representative volume is similar to a
bicrystal with two grains arranged parallel to the load direction.

(a) (b) (c)

Figure 2: (a) Texture of the sample C1, deformed in compression. (b) Texture of the
sample T1, deformed in tension. (c) Random distribution of grain orientations, generated
with the probability distribution function in (b).
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4 Results

4.1 Stress-strain curves

The simulated axial stress on the load surface in Figure 1 (b) is shown in Figure 3
using different material parameters. The parameters for the present study on coarse
grained α-uranium in Table 2 are calibrated to fit both the tension and compression
experiments. The fine grained parameters lead to the highest stress and also using single
crystal parameters the stress is overestimated. If the grain clustering is considered, a
higher stress is obtained for the T1 texture.

(a) (b)

Figure 3: Simulated and experimental stress-strain curves (a) for compression (C1 texture)
and (b) for tension (T1 texture).

The T1 texture shows higher stress because of the presence of the {115} grains, which
have less active slip and twin modes. The {130} twin system is active in tension for
(100)-oriented grains, prevalent in the T1 texture, and in compression for (010)-oriented
grains, prevalent in the C1 texture. In the present model, the twin system gives the
highest contribution to plastic deformation, followed by wall and floor slip.

The simulated twin volume fraction after quenching, between 5% and 6%, is comparable
to that observed by EBSD measurements on the same sample [13]. This provides another
validation for the model parameters for coarse grained α-uranium in Table 2.

4.2 Elastic lattice strain

The simulated (100) and (010) elastic lattice strain as a function of the axial stress is
shown in Figures 4 and 5. The elastic lattice strain is a measure of the microscopic stress
in a grain family; therefore, saturation of the elastic lattice strain indicates that plastic
deformation has started only in that grain family.

The present model, without the grain clustering, is the one that best fits the (100)
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elastic lattice strain data. The saturation behaviour in the T1 sample is explained with
the activation of the {130} twin system, which is not active in compression (sample C1).
No saturation of the elastic lattice strain is present if the fine grained material parameters
(McCabe et al. [16]) are used because the CRSS for twinning is higher than for slip.

(a) (b)

Figure 4: Simulated and measured (100) elastic lattice strain for (a) C1 sample (compres-
sion) and (b) T1 sample (tension).

The present model with the grain clustering is the one that best fits the (010) elastic
lattice strain of the T1 sample, as shown in Figure 5 (b); however, the saturation behaviour
of the C1 sample is not well captured. Twinning is expected in (010)-oriented grains
in compression; however, the simulations indicate that both grain families {350} and
{190} in Figure 2 (a) have similar plastic deformation due to twinning. Therefore, the
simulated mechanical behaviour of the C1 texture is more similar to a single crystal and
the microscopic elastic lattice strain is always proportional to the macroscopic stress.

4.3 Thermal residual stress

The calibrated model is used to study the thermal residual stress development during
quenching. The Von Mises stress averaged over the 1000 grains in the central part of
the representative volume is shown in figure 6 as a function of temperature. The stress
reached after cooling is enough to activate the easiest slip modes as well as twinning.
It is negligibly higher for the C1 texture and does not depend strongly on the spatial
arrangement of the grains.

5 Discussion and conclusions

The agreement between the present model and the experimental results for coarse
grained α-uranium shows that the CRSS for slip is smaller than for fine grained α-uranium
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(a) (b)

Figure 5: Simulated and measured (010) elastic lattice strain for (a) C1 sample (compres-
sion) and (b) T1 sample (tension).

(a) (b)

Figure 6: Simulated average Von Mises stress during quenching in case of (a) spatially
random grain distribution (RGD) and (b) grain clustering (GC) for the C1 and T1 tex-
tures.

[16]. As shown in Section 4.2, the activation of the {130} twin system leads to the tension-
compression asymmetry in the (100) elastic lattice strain. This asymmetry is reproduced
by the simulations only if the CRSS for twinning is smaller than for chimney and roof slip.
The calibrated value of the twinning CRSS (25 MPa) is the same as the value found in
single crystals [5] and leads to a twin volume fraction after quenching comparable to the
value measured with EBSD [13]. The saturation of the (100) elastic lattice strain in tension
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takes place at a macroscopic stress close to 115 MPa, corresponding to a resolved shear
stress on the twin system of approximately 54 MPa. This stress is higher than the CRSS
(25 MPa) for twinning and shows CPFE simulations are needed to avoid overestimation
of the CRSS when analysing neutron diffraction data.

The present simulations suggest that the Hall-Petch dependence [28, 6] is strong for
the slip and twin systems of α-uranium for grain size between 12.5 µm and 200 µm.
However, there is little grain size dependence of the CRSS for twin formation from 200
µm to millimetre sized single crystals [5].

The formation of grain clusters can significantly change the mechanical properties, as
shown by the simulated stress-strain curves in Figure 3 and by the elastic lattice strain in
figure 5. The saturation behaviour of the (010) elastic lattice strain in compression, which
is not captured by the simulations, may be due to the presence of harder grains, bearing
part of the macroscopic stress but placed outside of the neutron beam cross section. The
simulations show that the C1 texture, with two grain families at {350} and {190}, has
a behaviour similar to a single crystal and the plastic deformation distribution is almost
uniform in the two grain families.

In conclusion, a crystal plasticity model is outlined to describe slip and twinning in
coarse grained α-uranium. The model predicts not only the stress-strain curves, but
also the elastic lattice strain in textured samples, as measured by neutron diffraction
experiments. The constitutive model can be applied to find the thermal residual stress
after quenching and represents a first step towards understanding the interplay between
plasticity and fracture in α-uranium.

Acknowledgements

The authors acknowledge financial support of AWE plc for this research, program
manager: Dr John Askew. The authors would like to thank Philip Earp and Prof James
Marrow for discussion about their experimental techniques and results. ET acknowledges
support from the Engineering and Physical Sciences Research Council under Fellowship
grant EP/N007239/1.

REFERENCES

[1] E. S. Fisher and H. J. McSkimin. Adiabatic elastic moduli of single crystal alpha
uranium. Journal of Applied Physics, 29(10):1473–1484, 1958.

[2] Lowell T. Lloyd and C.S. Barrett. Thermal expansion of alpha uranium. Journal of
Nuclear Materials, 18(1):55 – 59, 1966.

[3] C.A. Calhoun, J.A. Wollmershauser, D.W. Brown, R.P. Mulay, E. Garlea, and S.R.
Agnew. Thermal residual strains in depleted α-U. Scripta Materialia, 69(8):566 –
569, 2013.

[4] R.W Cahn. Plastic deformation of alpha-uranium; twinning and slip. Acta Metal-
lurgica, 1(1):49 – 70, 1953.

10

270
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Abstract. The concept of representative directions allows one to generalize one-
dimensional uniaxial material models to more general constitutive equations, suitable
for arbitrary multi-axial loading scenarios. The procedure preserves the thermodynamic
consistency and the resulting material model satisfies the principle of objectivity. In the
current paper, the concept is modified by the introduction of new kinematics. Some fea-
tures of the resulting constitutive equations as well as the applicability of the extended
concept to real materials are discussed. For demonstration purposes, the plastic behaviour
of an electrospun polymer is modelled under large strain non-monotonic loading.

1 INTRODUCTION

The development of advanced material models is a multifaceted task, since a number of
requirements must be met. First, the developed model must satisfy the general principles
of constitutive mechanics, like objectivity, thermodynamic consistency, and preservation
of material symmetries. Second, the model must describe the real stress response with a
sufficient accuracy for a broad spectrum of loading conditions. Third, a robust identifica-
tion of material parameters must be possible based on a limited number of experiments.
Finally, the model must allow for an efficient and reliable numerics. At the conceptual
stage of constitutive modelling one may develop a simplified one-dimensional version of
the model which is suitable for uniaxial loading scenarios only. Classical examples are the
uniaxial Hooke law in elasticity and the Masing rule in cyclic plasticity [12]. Unfortunately,
these one-dimensional laws can not be used for the analysis of general application involv-
ing multi-axial loading conditions. To generalize the one-dimensional model, a number of
techniques were developed. The current paper focuses on the concept of representative
directions (see [16, 4, 15, 5]). It is based on the assumption that for each material particle
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the stress power is equal to the sum of stress powers of individual material directions (see
Section 2.1). Dealing with one-dimensional laws of hyperelastic type, this assumption
is equivalent to the “angular integrations approach” from [9] (see also [3], [10], [7], [11],
[8]). In the hyperelastic case the overall free energy is assumed as a sum of energies of
individual material directions. In order to obtain a stress tensor as a function of the strain
history, an integration over all possible directions is required which is equivalent to the
integration over a unit sphere (semi-sphere). Other approaches which also involve the
integration over a unit sphere are the micro-plane approach from [2] and the micro-sphere
approach [13], [14], [6].

In the current contribution, a modified version of the concept of representative direc-
tions is discussed. The main difference from the classical concept lies in a new definition
of the strain for each representative direction. Just as for the original approach, the
extended concept preserves the thermodynamic consistency and objectivity. It is shown
that if the representative directions are equipped with the one-dimensional Hooke law,
the new concept yields the well-known Hencky material. The applicability of the concept
to real materials is demonstrated; the behaviour of an electrospun polymer subjected to
non-monotonic loading is modelled.

2 CONCEPT OF REPRESENTATIVE DIRECTIONS

2.1 Classical method: C-approach

For simplicity, all the considerations are restricted to incompressible material be-
haviour.

det(F) ≡ 1 ⇒ detC ≡ 1 ⇒ Ċ : C−1 = 0. (1)

By C(t), t ∈ [0, T ] we denote the local deformation history described in terms of the
right Cauchy-Green tensor. Assume that each material particle consists of N fibres. In
this subsection the term “fibre” will be used along with the term “representative material
direction”. For each fibre we introduce a unit vector eα (α = 1, 2, ..., N) which is directed
along the fibre in the reference configuration. The stretch of each fibre α is computed
through

λα =

√
C : (eα ⊗ eα), C = (detC)−1/3 ·C. (2)

Assume that a one-dimensional uniaxial constitutive law is given, which provides uniaxial
true stress σα(t) as a function of the stretch history λα(t

′), t′ ∈ [0, t].
Since the true stress σα is power conjugate to the true strain εα = ln(λα) in incom-

pressible case, σα · ε̇α equals the stress power of the fibre. By T̃ we denote the second
Piola-Kirchhoff stress tensor. We assume that the stress power of the material is equal to
the average of individual stress powers of the fibres:

T̃ :
1

2
Ċ =

1

N

N∑
α=1

σα ·
d

dt
(lnλα), for all Ċ, such that Ċ : C−1 = 0. (3)

Obviously,

ε̇α =
d

dt
(lnλα) =

1

2λ2
α

(eα ⊗ eα) : Ċ. (4)
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Combining this equation with (3) we obtain the second Piola-Kirchhoff stress in the
following form

T̃ =
1

N

N∑
α=1

σα

λ2
α

(eα ⊗ eα) + p̃C−1, (5)

where p̃ ∈ R is a real number; the term p̃C−1 naturally appears due to the incompress-
ibility constraint Ċ : C−1 = 0. The method based on (5) will be called C-approach, since
the stretches λα of individual fibres are calculated using the right Cauchy-Green tensor
C.

2.2 Extended method: H-approach

By H := 1
2
ln(C) we denote the referential Hencky strain measure (logarithmic strain

tensor). Within the extended approach, we abandon the straightforward definition of the
stretch previously adopted for individual directions. A generalized true strain pertaining
to certain direction is now defined using H:

εα := HD : (eα ⊗ eα) = H : (eα ⊗ eα)
D. (6)

Now the term “representative direction” is not identical to the term “fibre” in the common
sense since material fibres and representative directions experience different strains.

The generalized true strain rate for each representative direction equals

ε̇α = (eα ⊗ eα)
D : Ḣ = (eα ⊗ eα)

D :
1

2

∂ ln(C)

∂C
: Ċ. (7)

Since the fourth-rank tensor ∂ ln(C)
∂C

exhibits the full symmetry, we have

ε̇α =
1

2

(∂ ln(C)

∂C
: (eα ⊗ eα)

D
)
: Ċ. (8)

Just as in the previous subsection, assume that σα is the uni-axial stress of a fibre-like
object and σα is power-conjugate to the generalized true strain εα. Following the general
concept, we assume that the stress power per unit volume of the material equals the
average of individual stress powers of representative directions:

T̃ :
1

2
Ċ =

1

N

N∑
α=1

σα · ε̇α, for all Ċ, such that Ċ : C−1 = 0. (9)

Combining this with (8), we obtain the second Piola-Kirchhoff stress in the form

T̃ =
∂ ln(C)

∂C
:
( 1

N

N∑
α=1

σα(eα ⊗ eα)
D
)
+ p̃C−1. (10)

Here, just as in the classical concept, p̃C−1 appears due to the incompressibility constraint;
this term stands for the unknown hydrostatic component of the stress tensor. Since the
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generalized true strains of individual representative directions are computed now using
the Hencky strain, we call this method H-approach.

In a general plastic (viscoplastic) case, σα(t) depends on the strain history εα(t
′), t′ ≤ t:

σα(t) = σ(εα(t
′), t′ ≤ t). (11)

Note that in both approaches the second Piola-Kirchhoff stress T̃ depends on the his-
tory of the right Cauchy-Green tensor C. Therefore, the objectivity constraint is a priory
satisfied. Another advantage of both methods is the automatic preservation of thermo-
dynamic consistency, if the used one-dimensional material laws are thermodynamically
consistent as well (for the C-approach it was already shown in [15]).

3 SPECIAL CASE OF LINEAR ELASTICITY

In this section we analyze the performance of the H-approach when the one-dimensional
material behaviour is governed by the linear relation between the generalized true stress
σα and the corresponding true strain εα:

σα = E · εα. (12)

Here, E ≥ 0 is the Young modulus of generalized fibres (representative directions). For
each direction we introduce the corresponding free energy function ψα. In order to ensure
that the stress power σα · ε̇α equals ψ̇α for arbitrary processes, it is necessary and sufficient
to assume that

σα =
dψα(εα)

dεα
, ψα(εα) =

1

2
Eε2α. (13)

In other words, the linear relation (12) is of hyperelastic type. Next, recall that the overall
stress power equals the average of stress powers of representative directions. Thus, we
obtain for all isochoric deformation processes

T̃ :
1

2
Ċ =

1

N

N∑
α=1

σα · ε̇α =
1

N

N∑
α=1

ψ̇α = ψ̇, where ψ =
1

N

N∑
α=1

ψα. (14)

Thus, the H-approach yields in this case a hyperelastic material with the free energy

ψ =
1

N

N∑
α=1

ψα =
1

N

N∑
α=1

1

2
Eε2α =

E

2N

N∑
α=1

(HD : (eα ⊗ eα))
2. (15)

Assume that the representative directions eα are (nearly) equally spaced and the number
of directions is large. Thus, in the limiting case as N → ∞, the right-hand side of (15)
is an isotropic quadratic form of HD. Using the representation theorem for isotropic
quadratic forms, and taking into account that tr(HD) = 0, the free energy simplifies to

ψ =
µ

2
HD : HD, (16)

where µ is a suitable constant (shear modulus). Thus, in the special case of linear elastic-
ity, the H-approach yields the well-known hyperelasticity of Hencky type, where the free
energy is a quadratic function of HD.
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Figure 1: Experimental results taken from [17] on the uniaxial deformation of the electrospun material
and corresponding simulation results obtained using the H-approach.
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Figure 2: Rheological explanation of the uniaxial material model, used to capture the mechanical
response of the electrospun polymer.

4 ELECTROSPUN POLYMER IN THE PLASTIC RANGE

Here we test the performance of the H-approach in terms of a special one-diemensional
plasticity model. As a motivation for the studies we start from the experimental results
presented in [17] dealing with a uniaxial deformation of an electrospun polymer, see Fig.
1. Clearly, the stress response of the analyzed material is inelastic with a complex form
of the hysteresis loops.

As a vivid explanation of the underlying uniaxial material model we use the rheological
device presented in Fig. 2. This one-dimensional rheological model consists of the friction
element which is attached in series to an elastic spring. We call the obtained elasto-
plastic element one-dimensional Prandtl-Reuss body. Next, the rate-independent dashpot
(shown as a box in the figure) is attached in series to another elastic spring. The obtained
element is referred to as the rate-independent Maxwell body. The overall uniaxial model
is a parallel connection of the Prandtl-Reuss body and the rate-independent Maxwell
body. Denote by σPR and σM the stresses which act in these bodies. Thus, we have

σ = σPR + σM. (17)

The behaviour of the Prandtl-Reuss body is governed by the following relations:

σPR = EPR · εe, (18)

5

277



Alexey V. Shutov

εe = ε− εp, (19)

ε̇p = |ε̇p| · sign(σPR). (20)

A linear isotropic hardening is considered:

|σPR| ≤ K0 + γs. (21)

Here, EPR, K0, and γ are material parameters; s is the accumulated plastic strain:

s(t) =

∫ t̃=t

t̃=0

|ε̇p|dt̃. (22)

Next, we use the following viscous flow rule

|ε̇p| =
1

η

〈
|σPR| − (K0 + γs)

〉
, (23)

where η is a material parameter (viscosity); �x� = max(0, x) is the Macaulay bracket.
The rate-independent case is restored as η → 0.

The equations of the rate-independent Maxwell body are the same as for the classical
rate-dependent one, the only difference is that the physical time t is replaced by the
monotonically increasing accumulated strain. Thus we have

σ̇M = EM · ε̇− b · |ε̇| · σM, (24)

where EM ≥ 0 is a fixed parameter, b ≥ 0 is a process-dependent “viscosity”. In this
study we assume

b =
b0

|σPR|2 + b1
, (25)

where b0 and b1 are fixed positive parameters. Thus, the generalized viscosity depends on
the stresses from the Prandtl-Reuss body. Simple and efficient numerical algorithms can
be constructed for the one-dimensional model (17) – (25).

Recall that within the H-approach σα and εα are (generalized) true stresses and strains.
Unfortunately, computations using the uniaxial model (17) – (25) where σ and ε are in-
terpreted as true stresses and strains were not satisfying. The accuracy of the material
modelling can be improved when σ and ε which appear in (17) – (25) are seen as engineer-
ing stresses and strains. Therefore, the following (geometric) pre- and post-processing is
used here: ε := eεα − 1, σα := σ(1 + ε).

A total number of 100 (nearly) equally spaced directions is used for testing purposes.
The unknown material parameters are identified by fitting the predicted stress response
to the available experimental data. The fitted parameters are listed Table 1. As is seen
from Fig. 1, the H-approach to the concept of representative direction reproduces the real
material behaviour with a good accuracy.
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Table 1: Identified material constants

K0 [MPa] γ [MPa] η [MPa s] EPR [MPa] EM [MPa] b0 [MPa2] b1 [MPa2]
1.38 28.9 0.0 82.5 179.9 1258.0 0.618

5 CONCLUSION

Within the classical C-approach the individual directions can be understood as fibres,
whose stretch is naturally defined by (2). Unfortunately, this simple interpretation is lost
for the generalized H-approach, since a more complex kinematics is used to define the
strain of individual directions, see Eq. (6). At the same time, this assumption is a part
of an extended approach which respects the thermodynamic consistency and objectivity.
It is shown that in the case of a linear relation between true stresses and strains in
the one-dimensional model, the H-approach yields the well-known Hencky material. It
is a hyperelastic material with the strain energy given by a quadratic function of the
referential Hencky strain. The applicability of the H-approach to a real material is tested.
The mechanical behaviour of the electrospun polymer is rendered with a good accuracy.

In the follow-up paper, second order effects like the Swift and Poynting will be discussed
and the modelling of initial isotropy will be thoroughly analyzed.
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Abstract. This paper presents analytical, semi-analytical and numerical reference ex-
amples which can be employed for code verification of elasto-viscoplastic models under
plane stress conditions. Mainly because of the overstress function the algorithms tradi-
tionally employed in elasto-plastic implementations must be rewritten to correctly impose
the plane stress state along with the viscoplastic flow. The viscoplastic formulation pre-
sented here considers the strain-rate hardening effects by means of a hardening law that
are assumed to have terms depending on the strain rate, which removed can represent
a Voce type hardening. The proposed verification tests were employed for the numeri-
cal verification of an in-house implementation of the so-called stress-projected procedure
inside the finite element method context. Although the focus of this paper is on the stress-
projected algorithms the examples presented here can be employed for the verification of
other algorithms intended to impose the plane stress state in viscoplasticity.

1 INTRODUCTION

In many engineering practical applications, depending on specific physical and geo-
metric characteristics, useful simplifications can be conveniently assumed. For example,
either axisymmetric, plane strain or plane stress assumptions can be referred to. From
a general point of view, such assumptions greatly simplifies the problem solution since
a reduced number of variables has to be taken into account. Particularly, plane stress
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conditions can be adopted in specific engineering situations in which, by suitable mathe-
matical idealization, the out-of-plane stress components are assumed to be null. Practical
applications which allow such an assumption are those involving e.g. thin membranes,
load-free surfaces, etc.

Particularly, a straightforward formulation can be obtained when isotropic linear elas-
ticity is employed. In this simple case, conditions satisfying null out-of-plane stress com-
ponents are readily imposed both on analytical and numerical frameworks. In contrast
to the linear elastic cases, imposing the corresponding plane stress conditions in inelastic
formulations is more complex from both analytical and numerical points of views. It is
worth mentioning that imposing the correct constraints to the plastic flow under plane
stress assumption is far more complicated when compared to other simplifications, as
axisymmetric or plane strain cases, or even when a full three dimensional approach is
employed.

This paper focus on development of verification examples which can be applied es-
pecially for code verification involving viscoplasticity and in some conditions elasto-
viscoplasticity problems. In a first moment, focus is given in some simple, but very
important, verification examples in which numerical results are confronted against with
analytical and semi-analytical rigid viscoplastic solutions. The term semi-analytical is
used here to enforce that some approximation is involved in the development of the evo-
lution of the viscoplastic flow. Secondly, it is presented some comparisons considering a
more sophisticated plane stress example, also considered by other researches, serving as
reference solutions.

In this paper the enforcement of the plane stress viscoplastic flow is given by a version
of the stress-project algorithm. Although the stress-projected algorithm is very common
in elasto-plasticity, the same does not appear to be true in elasto-viscoplasticity, and few
papers on the subject are found in the literature, see subsection 3.2 for more details. The
viscoplastic formulation is given in terms of an overstress function which couples viscid
and inviscid flow. It is shown that to employ the stress-projected procedure some terms
must arise in order to assure the correct evolution of the plane stress state along the
viscoplastic flow. The elasto-viscoplastic model considered in this paper is equipped with
an internal variable that accounts for the strain-rate hardening, which removed can lead
to a Voce type of hardening, thus the procedure presented here can be employed when
enforcing the plane stress state not only when using the stress-projected algorithm but
also for other algorithms in regular viscoplastic models.

This paper is presented in a very concise manner in 6 sections, including this introduc-
tion. In section 2 the formulation of the elasto-viscoplastic constitutive model is briefly
depicted. The formulation of the stress-projected algorithm is presented in section 3 and
section 4 is devoted to the numerical aspects involved in the local integration procedure
and tangent modulus derivation. Numerical results are presented in section 5. Closing
this paper we present our conclusions in section 6.
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2 CONSTITUTIVE FRAMEWORK

This section addresses the main features of the constitutive model and some important
aspects associated with the plane stress particularization. In a first step, the adopted
elasto-viscoplastic model is outlined. It is worth mentioning that this model was for-
mulated and and adjusted within a multidimensional context in previous work [1]. The
present development has the aim of emphasizing specific aspects related to both analytical
and numerical formulations to employ the whole model (whose parameters were adjusted
in a 3D setup) in a plane stress-projected framework.

2.1 Elasto-viscoplastic model

The model adopted in this work employs a von Mises material, whose yield function is
given by

f(σ, A) = ‖s‖ −
√

2

3
(σy + A)

︸ ︷︷ ︸
R(A)

,
(1)

in which σy is the initial yield stress, A = A1 + A2 is the isotropic stress hardening,
||s|| =

√
s : s =

√
sijsij, being s the deviatoric part of the σ. Assuming a linear elastic

isotropic material, σ relates to an elastic strain measure εe, by

σ = Deεe, (2)

where
De = 2µI+ λI⊗ I, (3)

being µ and λ the Lamé constants, which are related to standard elastic parameters as
the shear G and bulk K moduli by µ = G and λ = K− 2

3
µ. In Eq. (3), I is the symmetric

part of the fourth order identity tensor, and I is the second order identity tensor. In
components, they are given respectively by Iijkl =

1
2
(δikδjl + δilδjk) and (I⊗ I)ijkl = δijδkl.

Inelastic evolution equations are given in the form

ε̇vp = λ̇
∂f

∂σ
= λ̇

s

‖s‖
, Ȧ1 = δ (A∞ − A1) ˙̄ε, A2 = cA∞ε̄, (4)

where ε̇vp = ε̇− ε̇e is the viscoplastic strain-rate, δ, A∞ and c are model parameters, ε̄ is
the accumulated viscoplastic strain , whose rate is defined given by (see Eqs. (1) and (4))

˙̄ε =

√
2

3
‖ε̇vp‖ =

√
2

3
λ̇. (5)

For a constant strain-rate, from Eqs. (4)2−3 a closed expression for the hardening variable
A = A1 + A2 can be obtained

A = A∞ [1 + cε̄− exp (−δε̄)] . (6)
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Furthermore, the present model assumes rate-dependence on A∞, as presented in [2],
given by

A∞ = [1− β ( ˙̄ε)]Alwr
∞ + β ( ˙̄ε)Aup

∞ , (7)

where Alwr
∞ and Aup

∞ are model constants. Parameters (·)lwr and (·)up are related to a lower
˙̄εlwr � 1 and an upper ˙̄εup � 1 reference strain-rates, respectively. In Eq. (7), functions
β, are given by

β ( ˙̄ε) =

(
〈 ˙̄ε− ˙̄εlwr〉
˙̄εup − ˙̄εlwr

)ξ

, (8)

satisfying β ( ˙̄εlwr) = 0 and β ( ˙̄εup) = 1. The parameter ξ > 0 is a model constant. In the
last equation, operator 〈x〉 = 1

2
(x+ |x|) is the Macaulay bracket.

Within a viscoplastic framework, multiplier λ̇ ≥ 0 of Eq. (4)1 is assumed to have a
relationship with the yield function f and hardening variable A given by a constitutive
equation [3, 4]

λ̇ = Θ(〈f〉 , A) , (9)

where Θ ≥ 0 is an overstress function complying with condition Θ (0, A) = 0. Considering
a viscoplastic loading, in which f > 0 and λ̇ > 0, the Eq. (9) can be rewritten as

f = Θ−1
(
λ̇, A

)
. (10)

In this work, function Θ−1 is assumed to have the following specific form

f = R(A)

[(
1 + ϑλ̇

)1/m

− 1

]
, (11)

where ϑ > 0 and 1/m > 0 are constants. The Eq. 11 is a variation of the Perzyna model,
[3, 4], and was proposed by [5].

3 ELASTO-VISCOPLASTICITY UNDER PLANE STRESS CONDITION

3.1 Some preliminaries

Let σ ∈ S be the Cauchy stress tensor, S being the second-order symmetric tensor
space satisfying dim [S] = 6. The plane stress condition may be stated by using the
Cauchy traction vector, t, as those sections planes, for a fixed unitary normal n, where

t (n) = σn = 0. (12)

For the sake of simplification, let n = e3 and let Sp ⊂ S be conveniently defined as the
stress vector subspace satisfying the planes stress constrains such that

Sp = {σ ∈ S|σ13 = σ23 = σ33 = 0} , (13)

where dim [Sp] = 3.
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3.2 Plane stress in viscoplasticity

Appropriate procedures have been proposed in the literature to enforce the plane stress
state in elasto-plasticity following either local or global procedures, see [6, Chap. 9] for
a review. One of these approaches is plane stress-projection algorithm, apparently first
reported in [7] but well developed in [8] and especially in [9] for a von Mises yield criterion.

Due to its complexity, the plane stress-projection has been employed mainly in works
considering a J2 yield function within elasto-plasticity, where there are “uncountable”
works published so far, and also in viscoplasticity, but in contrast, here one founds very
few works [10, 11, 12, 13]. Also, few works employing such strategy using other yield
criteria are found [14, 15, 16]. From a full three-dimensional framework, [15, 16] have de-
veloped a general consistent projected return mapping algorithm for plane stress isotropic
plasticity. They have shown that, in contrast to previous approaches [7, 8, 9, 14, 17], both
the stress return algorithm and the consistent tangent operator can be obtained by par-
ticularizing the three dimensional formulation to a bi-dimensional stress space. However,
for constitutive approaches not employing the von Mises yield function, obtaining the
corresponding plane stress-projected formulation can become very complex or even im-
practicable. Thus, other procedures shall be recommended [6], [15] has pointed out that
it could be limited to isotropic plasticity theories.

Now focusing in (elasto-)viscoplasticity, one of the first reports of plane stress state
imposition in viscoplasticity was given by [11]. In this paper the authors follows the ideas
presented in [9] to reformulate the so-called Robinson’s viscoplastic model. More recently,
in [12] an elastic–viscoplastic implicit integration algorithm was presented based on the
ideas developed for elasto-plasticity. The algorithm was developed for three-dimensional
stress states but can approach the plane stress state in viscoplasticity by introducing cor-
rections in the implicit integration evolution equations. However, it is in [13] that a more
comprehensive analysis about the imposition of the plane stress state in viscoplasticity
is delivered. Different time integration schemes are investigated and compared in a con-
stitutive formulation that considers isotropic and kinematic hardening and damage. The
viscous effect is introduced by a power or an hyperbolic sine function.

3.2.1 Plane stress projection framework

In order to formulated the corresponding plane stress framework, the Voigt notation is
conveniently adopted. Thus, constitutive relation given in Eq. (2) is rewritten as1




σ11

σ22

σ33

σ23

σ13

σ12



=

E

(1 + ν) (1− 2ν)




1− ν ν ν 0 0 0
ν 1− ν ν 0 0 0
ν ν 1− ν 0 0 0
0 0 0 1−2ν

2
0 0

0 0 0 0 1−2ν
2

0
0 0 0 0 0 1−2ν

2







εe11
εe22
εe33
γe
23

γe
13

γe
12



, (14)

1Notice that σ, εe, s are second order tensors while σ, εl, and s are column matrices.
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in which E and ν are the Young modulus and Poisson ratio, respectively. To impose the
associated plane stress conditions, the in-plane stress components are assumed to be σ11,
σ22 and σ12 . Therefore, Eq. (14) reduces to




σ11

σ22

σ12


 =

E

1− ν2




1 ν 0
ν 1 0
0 0 1−ν

2






εe11
εe22
γe
12


 → σ = Deεe, (15)

with the out-of-plane strain component given by εe33 = −ν
E

(σ11 + σ22) . Seeking for a
compact notation, a plane stress vector σ ∈ Sp ⊂ S is conveniently defined

σ = [σ11 σ22 σ12]
T . (16)

Consistently, a strain vector is accordingly defined

εl = [εl11 ε
l
22 2ε

l
12]

T , (17)

where the superscript l has to be set depending on the deformation regime, elastic or
inelastic. The out-of-plane component εl33 is left to be specified along the work.

Under plane stress conditions, following the previous notation, the deviatoric stress is
assumed to belong to the vector subspace

Sd = {s ∈ S|s13 = s23 = 0, tr (s) = 0} . (18)

Being P a linear mapping P : Sp −→ Sd, it is possible to determine the deviatoric stress
vector performing

s = Pσ , (19)

where
s = [s11 s22 s12]

T , (20)

and

P :=
1

3




2 −1 0
−1 2 0
0 0 3


 . (21)

Note that the out of plane deviatoric stress is calculated as s33 = − (s11 + s22). In a
similar manner, the deviatoric strain vector, denoted by

ε = [ε11 ε22 2ε12]
T , (22)

with ε11 = ε11 −
1

3
tr (ε) and ε22 = ε22 −

1

3
tr (ε), can be obtained from the mapping

ε = Pε, (23)

where

P =
1

3




2 −1 0
−1 2 0
0 0 6


 . (24)
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3.2.2 Viscoplastic considerations

When the plane stress condition is imposed, σ ∈ Sp and s ∈ Sd, specialization of the
yield function Eq. (1) reads

fps(σ, A) =

√
2

3
(σ2

11 + σ2
22 − σ11σ22 + 3σ2

12)−R(A), (25)

which can be compactly rewritten using the operator P as

fps(σ, A) =
√
σTPσ −R(A) . (26)

It is worth mentioning that, although they have a different functional form, both the yield
functions defined in Eqs. (1) and (26) return the same numerical value for a given plane
stress state. Thus, the viscoplastic equation defined in Eq. (11) can be readily applied in
the plane stress formulation

fps = Θ−1
(
λ̇, A

)
,

= R(A)

[(
1 + ϑλ̇

)1/m

− 1

]
, (27)

or

fps +R(A) = R(A)

[(
1 + ϑλ̇

)1/m
]
. (28)

Notice that the last equation is a direct particularization of the full viscoplastic function
whose argument is the multiplier λ̇ employing model parameters (ϑ,m) adjusted in a
3D context. However, in an effort to employ the 3D adjusted model in a particular plane
stress implementation, attention is needed in the mathematical manipulation of the model
equations. Following the procedure presented in [18], it is useful to rewrite Eq. (28) as

fps +R(A) =

√
2f̃ps (σ) = R(A)

[(
1 + ϑλ̇

)1/m
]
, (29)

where 2f̃ps (σ) = σTPσ. Thus, the following relation is obtained

f̃ps =
1

3
(σy + A)2

[(
1 + ϑλ̇

)1/m
]2

. (30)

Based on the plane stress restriction and according to the adopted Voigt notation, the
evolution equation (4)1 is rewritten as (see Eq. (26))

ε̇vpps =
1√

σTPσ
λ̇Pσ, (31)

or in a convenient compact form as

ε̇vpps =
˙̃λPσ, (32)
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in which ε̇vpps = [ε̇vpps11 ε̇
vp
ps22

2ε̇vpps12 ]
T . Notice that in Eq. (32), since Pσ is not a unit vector,

the multiplier ˙̃λ does not represent the magnitude of ε̇vpps . Therefore, ˙̃λ is related to the

original (3D) viscoplastic multiplier λ̇ by means of

˙̃λ =
1√

σTPσ
λ̇ . (33)

In this context, in view of Eqs. (5) and (33), the accumulated viscoplastic strain rate ˙̄ε

can be given in terms of ˙̃λ according to

˙̄ε = ˙̃λ

√
2

3
σTPσ. (34)

Relation given in Eq. (33) is an important point to be highlighted in the present
plane stress particularization. Keeping in mind that λ̇ is the original argument of the

3D viscoplastic function given in Eq. (11), it is not possible to simply replace λ̇ by ˙̃λ, in
manner that

fps = R(A)

[(
1 + ϑ ˙̃λ

)1/m

− 1

]
.

If this direct replacement is done, the parameters adjusted in a 3D framework cannot
be used within the plane stress particularization, otherwise unexpected results will be
obtained.

4 NUMERICAL ASPECTS

4.1 Local integration algorithm

Once the constitutive equations under plane stress assumption have been obtained, this
section outlines the incremental counterpart and the corresponding integration algorithm
used to solve the numerical problem. Adopting a fully implicit integration (backward Eu-
ler) procedure, the whole time interval is subdivided into time increments ∆t = tn+1 − tn
and the time rate of each quantity (·) is calculated by an increment ∆ (·) := (·)n+1 − (·)n,
being (·)n+1 and (·)n the values at instants tn+1 and tn, respectively. In this sense, Eq.
(34) becomes

ε̄n+1 = ε̄n +∆λ̃

√
2

3
σT

n+1Pσn+1, (35)

in which ∆λ̃ ≥ 0 plays the role of a incremental viscoplastic multiplier.
Considering a viscoplastic loading

(
fpsn+1 > 0

)
, based on Eq. (29) the following par-

ticular plane stress relation is obtained

f̃ps =
1

2
σT

n+1Pσn+1 −
1

3
(σy + An+1)

2

(
1 + ϑ

∆λ̃

∆t

√
σT

n+1Pσn+1

)2/m

= 0. (36)
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In addition, the stress hardening variable A at tn+1 can be accounted for by means of
the following incremental equation obtained from Eqs. (4)2−3 (see also [1])

An+1 = An + A∞n+1c(ε̄n+1 − ε̄n)+

+
[
A∞n+1(1 + cε̄n)− An

]
{1− exp [−δ(ε̄n+1 − ε̄n)]} , (37)

in which A∞n+1 is given by

A∞n+1 = Alwr
∞ +

[
1

∆t

(
〈ε̄n+1 − ε̄n −∆t ˙̄εlwr〉

˙̄εup − ˙̄εlwr

)]ξ
(Aup

∞ − Alwr
∞ ) . (38)

4.1.1 Elastic predictor-plastic corrector algorithm in plane stress state

In order to solve the set of nonlinear algebraic equations (35)-(38), an elastic predictor-
plastic corrector algorithm is employed. The strategy solution is performed into two steps:
(i) a trial elastic state is assumed, if the condition fps(σ

trial
n+1 , A

trial
n+1 ) ≤ 0 is satisfied, the

solution at tn+1 is updated, (·)n+1 = (·)trialn+1 ; (ii) otherwise, if fps(σ
trial
n+1 , A

trial
n+1 ) > 0, a

viscoplastic correction has to be performed. The elastic deformation for plane stress
state, at tn+1, can be written as

εen+1 = εe
trial

n+1 −∆λ̃Pσn+1, (39)

or equivalently in term of stresses

σn+1 = H
(
∆λ̃

)
σtrial

n+1 , (40)

in which

H
(
∆λ̃

)
=

(
De−1

+∆λ̃P
)−1

De−1

. (41)

The nonlinear set of equations to be solved in the plastic corrector phase is composed by
(35), (36), (37), (38), and (39) for the following variables

{
εen+1 , ε̄n+1, ∆λ̃, An+1, A∞n+1

}
.

It is possible to reduce the number of equations by a simple mathematical manipulation
of Eq. 36 and Eq. (39) (or Eq. (40)). These last two equations can be reduced to one
equation having as unknown ∆λ̃. To perform such a task let us first write

σT
n+1Pσn+1 = γ

(
∆λ̃

)
, (42)

where the function γ
(
∆λ̃

)
is given in terms of the trial state as

γ
(
∆λ̃

)
=

(
σtrial

n+1

)T
HT

(
∆λ̃

)
PH

(
∆λ̃

)
σtrial

n+1 . (43)

Previous equation has to be solved in terms of a single scalar unknown: ∆λ̃. However, as
pointed out by [6], given the fact that Eq. (43) involves the multiplication and inversion of
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other matrices, its solution can lead to a cumbersome calculation. Therefore, in an effort
to avoid such operations one can take the advantage of specific characteristic associated
with an elastic and isotropic material. That means P and De share the same eigenvectors,
i.e. both have diagonal representation on the same basis, as well as De−1

and H. The
orthogonal matrix Q representing such transformation is

Q =




1√
2

1√
2

0

− 1√
2

1√
2

0

0 0 1


 , (44)

implying in the following results

P∗ ≡ QPQT =




1
3

0 0
0 1 0
0 0 2


 , (45)

De∗ ≡ QDeQT =




E

1− ν
0 0

0 2G 0
0 0 G


 , (46)

H∗
(
∆λ̃

)
≡

(
D∗e−1

+∆λ̃P∗
)−1

D∗e−1

=




3(1− ν)

3(1− ν) + E∆λ̃
0 0

0
1

1 + 2G∆λ̃
0

0 0
1

1 + 2G∆λ̃



, (47)

and the trial stress can be written as

σtrial∗

n+1 ≡ Qσtrial
n+1 =




1√
2

(
σtrial
11 + σtrial

22

)
1√
2

(
σtrial
22 − σtrial

11

)
σtrial
12


 , (48)

and Eq. (43) is rewritten as

σT
n+1Pσn+1 = γ

(
∆λ̃

)

=

(
σtrial
11 + σtrial

22

)2

6

[
1 +

E∆λ̃

3 (1− ν)

]2 +

1

2

(
σtrial
22 − σtrial

11

)2
+ 2

(
σtrial
12

)2
(
1 + 2G∆λ̃

)2 (49)
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The matrix H
(
∆λ̃

)
may be now written as

H
(
∆λ̃

)
= QTH∗

(
∆λ̃

)
Q, (50)

and using Eq. (44) and (47), one can derive a simpler form as

H(∆λ̃) =




1
2
(H∗

11 +H∗
22)

1
2
(H∗

11 −H∗
22) 0

1
2
(H∗

11 −H∗
22)

1
2
(H∗

11 +H∗
22) 0

0 0 H∗
33


 , (51)

in which

H∗
11 =

3 (1− ν)

3 (1− ν) + E∆λ̃
, H∗

22 =
1

1 + 2G∆λ̃
, H∗

33 = H∗
22. (52)

It is also possible rewrite Eq. (35) and (36) in terms of ∆λ̃ only, that is

1

2
γ
(
∆λ̃

)
− 1

3
(σy + An+1)

2

[
1 + ϑ

∆λ̃

∆t

√
γ
(
∆λ̃

)]2/m

= 0, (53)

and

ε̄n+1 = ε̄n +∆λ̃

√
2

3
γ
(
∆λ̃

)
. (54)

Moreover, by substituting Eq. (54) in Eqs. (37) and (38) one writes

An+1 = An + A∞n+1c

[
∆λ̃

√
2

3
γ
(
∆λ̃

)]
+

+
[
A∞n+1 (1 + cε̄n)− An

]{
1− exp

[
−δ∆λ̃

√
2

3
γ
(
∆λ̃

)]}
, (55)

with

A∞n+1 = Alwr
∞ +




1

∆t

〈
∆λ̃

√
2

3
γ
(
∆λ̃

)
−∆t ˙̄εlwr

〉

˙̄εup − ˙̄εlwr




ξ

(Aup
∞ − Alwr

∞ ) . (56)

In conclusion, the system of nonlinear equations related to the viscoplastic prediction

phase is (53), (55), and (56) which has to be solved in terms of
{
∆λ̃, An+1, A∞n+1

}
.
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Consequently, once the solution is obtained, the stress σn+1 and elastic strain εen+1 are
updated respectively as (see Eq. (40))

σn+1 = H
(
∆λ̃

)
σtrial

n+1 ,

and

εen+1 = De−1

σn+1.

4.2 Viscoplastic tangent operator for plane stress state

The viscoplastic tangent operator for plane stress state shall be derived Dvp
ps from the

linearization of equations (36), (39), and (55). After a straightforward mathematical
manipulation of this algebraic equations one identifies

Dvp
ps =

∂σn+1

∂εe
trial

n+1

=



De−1

+
Pσn+1 ⊗Pσn+1

−

(
a0

∂f̃ps
∂An+1

+
∂f̃ps

∂∆λ̃

) +∆λ̃P




−1

, (57)

where

a0 =
{
δexp

(
−a1δ∆λ̃

) [
A∞n+1 (1 + cε̄n)− An

]
+

+A∞n+1c
}(

a1 +
∆λ̃

3a1

∂γ

∂∆λ̃

)
+

+
{
ca1∆λ̃+ (1 + cε̄n)

[
1− exp

(
−δa1∆λ̃

)]} ∂A∞n+1

∂∆λ̃
, (58)

and

a1 =

√
2

3
γ
(
∆λ̃

)
. (59)

5 NUMERICAL RESULTS

This section has the aim to assess the corresponding constitutive and numerical aspects
associated with the present development. In this respect, with a view to evaluating the
whole finite element framework, simple cases, such as uniaxial tension, simple shear and
biaxial stretching, are simulated. Obtained numerical solutions are then compared to spe-
cific analytical solutions. A more detailed explanation on the derivation of the analytical
and semi-analytical solutions employed in this section is presented in [19]. Comparisons
consider strain-rates ranging from 10−2 s−1 to 104 s−1. In the sequence, in order to eval-
uate the present approach considering the structural response of more complex problem
with a non-homogeneous deformation field, the stretching of a perforated plate is also
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simulated. Since this case has been considered in the literature, the present framework is
adapted to reproduce the same constitutive formulation proposed in the works in litera-
ture allowing the comparison of the results with previous researches. After the numerical
verification of the present proposal, specific constitutive features associated with the con-
stitutive model employed herein can be further explored. For example, the strain-induced
hardening which is expected to play a major role during the high rate loading of metallic
materials. Thereby, specific simulations considering strain-rate hardening effects in plane
stress conditions are finally performed.

5.1 Monoelements - Homogeneous results

The material parameters to be employed in the following analysis are those adjusted
by [2], where annealed OFHC cooper samples were considered. Parameters values are
presented in Table 1. A standard Newton-Raphson method was employed for the numer-
ical solution of the nonlinear system of equations in the returning mapping phase. The
minimum error tolerance for the residue norm of 10−6 was employed. All the analysis in
this subsection were carried out considering a fixed number of iterations in time of N = 20
but varying the rates of deformation K.

Table 1: Material properties and model parameters for annealed OFHC cooper, with ˙̄εlwr = 10−4 s−1

and ˙̄εup = 104 s−1. Source: [2]

E ν σy δ c Alwr
∞ Aup

∞ ξ ϑ m
(GPa) (MPa) (MPa) (MPa) (s)
112 0.33 35 6.46 0.42 233 420 3.16 1.2× 103 105

5.1.1 Homogeneous compression

The problem addressed in this section consists in the solution of the application of a
homogeneous compression in a geometry with quadrilateral shape where the plane stress
state is imposed. The analyzed numerical model is formed by a single quadrilateral
element of equal side l0 = 6 mm of four nodes. The geometry and boundary conditions
are presented in Fig. 1. Also, just for sake of comparison, a single brick element was also
considered for analysis aiming to show that under the conditions specified in Fig. 1 the
multiaxial element will reproduce the plane stress state and the results have to remain
the same.

The analysis was performed by imposing a total homogeneous compression deformation
of ε22f = −0.5 at the final time tf , which is obtained by applying a total prescribed
displacement of ū2 = −2.3608 mm on the upper face of the element in Fig. 1. The
analytical response was derived considering the condition of a rigid-viscoplastic material,
resulting in the following stress evolution equation

|σ22| = (σy + A)

(
1 +

√
3

2
ϑ|K|

)1/m

. (60)
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Figure 1: Homogeneous compression - Finite element mesh and boundary conditions.

The comparisons for the stress evolution and hardening evolution for different defor-
mation rates are presented in Figs. 2 and 3. While analyzing the results of these figures
it is clear that there is a good approximation between the numerical results with respect
to the analytical solution. Due to the rigid-viscoplastic analytical solution, a slight devia-
tion between numerical and analytical response is evidenced at earlier deformation stages.
This difference is explained due to the significant contribution of the elastic deformation
part at the beginning of the deformation process, which is not taken into account in the
rigid viscoplastic analytical model.
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Figure 2: Comparison of flow stress-strain results for homogeneous compression.

It is also possible to observe that in the comparison between responses for the multiaxial
stress state and for the plane stress state the result found also agrees with the expected
response. Thus, the result indicates that the models developed respect the hypothesis that
in the plane, for a given field of homogeneous strain/stress, the stress responses between
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Figure 3: Comparison of hardening versus accumulated viscoplastic strain for homogeneous compression.

both cases must be the same.

5.1.2 Simple Shear

Here, we seek to find the same characteristics mentioned in the previous section, but
now in front of a problem where the shear components are preponderant with respect
to the normal components. The numerical model is formed by a single quadrilateral
element of equal side l0 = 6 mm of eight nodes. Figure 4 shows the geometry and
boundary conditions employed for this example. A brick element was also considered for
the multiaxial response.

Figure 4: Simple shear - Finite element mesh and boundary conditions.

A total shear deformation of 2ε12 = 0.5 at final time tf was imposed, obtained from
a prescribed displacement of u1 = 3.124 mm on the upper face of the element in Fig.
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4. For this case, the developed approximate2 response for the stress evolution, also for a
rigid-viscoplastic material, is

|σ12| =
√

1

3
(σy + A)

(
1 +

1√
2
ϑ|K|

)1/m

. (61)

Figures 5 and 6 show the evolution of the in-plane shear stress component versus the
shear deformation and of the hardening in terms of the accumulated viscoplastic strain,
respectively. Notice that, as for the first case, there is a very good agreement among the
results.
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Figure 5: Comparison of flow stress-strain results for simple shear.

5.1.3 Biaxial stretching with finite rotation

The case analyzed in this section consists in the application of a simultaneous biaxial
stretching and finite rotation on a single four node quadrilateral finite element of size
l0 = 1 mm, as depicted in Fig. 7 where the geometry and boundary conditions are
presented. The biaxial stretching occurs in the X1-X2 plane while the rotation is around
the X3 axis.

The displacement field applied for this case is given by

ū1 = �X2 and ū2 = −�X1 . (62)

At the final time the multiplier assumes the value of � = 0.7013 resulting in a homoge-
neous deformation state of 0.5.

2During the development of the analytical solution, under finite deformation, the normal stress com-
ponents were considered small with relation to the shear component. Therefore the normal components
were disregarded.
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Figure 6: Comparison of hardening versus accumulated viscoplastic strain for simple shear.

Figure 7: Stretching with rotation - Finite element mesh and boundary conditions.

The stress evolution equation, also under rigid-viscoplastic material hypothesis, is ap-
proximated by

|σ11,22| = (σy + A)

(
1 + 2

√
3

2
ϑ

K2t

K2t2 + 1

)1/m

. (63)

The comparisons between analytical and numerical for the stress and hardening evo-
lution for different deformation rates are presented in Figs. 8 and 9. The results depicted
in these figures show a very good agreement between the analytical and numerical data.
As for the last two subsections a brick element was considered in the analysis, see the
multiaxial solution.

17

297



Andrey Brezolin, Tiago dos Santos, Pedro Rosa, and Rodrigo Rossi

0 0.1 0.2 0.3 0.4 0.5
0

100

200

300

400

500

600

700

800

ε11|ε22

σ
1
1
|σ

2
2
(M

P
a)

Deformation Rate (s−1)
-Plane Stress Solution

Rate:10−2

Rate:1000

Rate:1002

Rate:1004

-Multiaxial Solution

Rate:10−2

Rate:1000

Rate:1002

Rate:1004

Analytical Solution

Figure 8: Comparison of flow stress-strain results viscoplastic strain for biaxial stretching with finite
rotation.
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Figure 9: Comparison of hardening versus accumulated viscoplastic strain for biaxial stretching with
finite rotation.

5.2 Stretching a perforated plate

This subsection describes an elasto-viscoplastic problem of a stretching of a perforated
plate. Unlike the simple problems analyzed previously, which develop homogeneous stress-
strain fields, in the present problem this does not happen.

5.2.1 Verification example using a rate-insensitive hardening

The idea here is to compare the numerical results achieved using the proposed frame-
work with those already published by other authors who employed different strategies to
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impose the plane stress state. After an extensive research in the bibliography, we found
the plane stress numerical results for the elasto-viscoplastic problem of a stretching a
perforated plate published by [5] and [6]. Accordingly [6] the numerical solution for this
problem was achieved by using the nested iteration algorithm to impose the plane stress
state, see [6], page 469, for more details. Therefore, such results serve as the reference
solution for the implementation using the stress-projected algorithm presented in this
work.

The model used for this analysis is shown in Fig. 10, in which the dimensions, boundary
conditions, discretization and material properties are shown. Also in this figure, the
hardening law employed by [5] and [6] is stated. The model was discretized with 576
triangular elements having three nodes per element. It was constructed by applying
appropriate boundary conditions to reproduce symmetry conditions resulting in only one
quarter of the plate. In this example the Perić overstress function was employed for
analysis.

Figure 10: Stretching of a perforated plate - Geometry, boundary conditions and finite element mesh.

For the hardening response to be compatible with the aforementioned publications, the
parameters Alwr

∞ and Aup
∞ were set to be unitary in Eq. (7), having c = 0.2 in Eq. (6).

Also, the initial yield stress was set to σy = 0.243 in Eq. (1). Regarding the overstress
function, it was necessary to multiply the parameter related to viscosity for the Perić
model, ϑ, by

√
2/3 . Such modification was necessary because the format of the equations

in the cited works differs from the constitutive model used in this work.
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The numerical analysis was carried out applying a total vertical displacement of u2 =
6.15 mm at the upper face of the plate, as shown in Fig. 10. Different constant rates
were employed by varying the velocity v2. The comparison with the works of [5] and
[6] was established in terms of the reaction force in the direction 2 where the vertical
displacement is prescribed. The total reaction force was obtained by the summation
of the nodal reaction forces in the direction 2 considering loading rates varying from
2v2/l0= 0.555E−4 to 2v2/l0= 0.555E+2 s−1 for the cases where the exponent m in Eq. 28
is 1, 10 and 100.

In order to compare the results obtained in this work with those presented by [5]
and [6], a careful digitization process was performed of the graphs presented by these
respective authors. Then, with help of a software, we have extracted some data points on
the curves from the digitization graph image. Of course, the process of digitization implies
introducing some uncertainties in relation to the data obtained in comparison with the
originals.

The comparison results for the stretching of the perforated plate are presented in terms
of the total reaction force versus edge displacement in the graphs of Figs. 11, 12 and 13.
Notice that, despite the uncertainties of the digitization process, the numerical results
obtained with the proposed stress projected algorithm are very close to those presented
by [5] and [6].

In addition to the rate dependent results we have also plotted the strain rate indepen-
dent response in Figs. 11, 12 and 13 which was found using the present implementation,
which serves as an illustrative and comparative feature of the proposed model. The rate
independent case was model by increasing the exponent m to be a large value.
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Figure 11: Results for stretching of a perforated plate - Force versus edge displacement for rate sensitivity
exponent m = 1 .
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Figure 12: Results for stretching of a perforated plate - Force versus edge displacement for rate sensitivity
exponent m = 10 .
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Figure 13: Results for stretching of a perforated plate - Force versus edge displacement for rate sensitivity
exponent m = 100 .

5.2.2 Rate-dependent hardening results

Now we turn our attention to the rate-dependent hardening effects on the response
of components and structures. For this purpose, we consider the same discretization
and boundary conditions shown in Fig. 10 but uses the full strain-rate hardening model
described in subsection 2.1 together with the Perić overstress function Eq. (11) and the
material parameters for OFHC cooper presented in Table 1.

The results for stretching of a perforated plate in terms of reaction force versus edge
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displacement, for different rates of loading, and considering hardening strain-rate depen-
dence and independence are presented in Fig. 14. Note that the higher the loading rate
the greater is the difference between the formulations that consider strain-rate dependent
hardening to that for which the hardening is insensitive to the strain-rate. For the higher
rate consider in this case, 104 s−1, this difference is high, showing the importance of such
consideration in viscoplastic analysis of structures.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
0

0.5

1

1.5

2

Displacement u2(mm)

F
or
ce

(k
N
)

Deformation Rate (s−1)
-Rate dependent hardening effects

Rate:10−2

Rate:1000

Rate:1002

Rate:1004

-Rate independent hardening effects

Rate:10−2

Rate:1000

Rate:1002

Rate:1004

Figure 14: Results for stretching of a perforated plate - Force versus edge displacement for strain-rate
dependence and independence hardening formulations.

6 CONCLUSIONS

This paper presented verification examples in elasto-viscoplasticity that shall be con-
sidered for code checking, a very important issue during the development of numerical
algorithms and further implementation in the nonlinear world. Such verification examples
were developed and used to verify the numerical accuracy and precision of an in-house
implementation of the stress projected algorithm routines inside the context of elasto-
viscoplasticity and the finite element method. During the studying and developing of own
constitutive models for elasto-viscoplasticity we faced the necessity to check the program
and noticed, quite surprisingly, that there are very few works in the literature treating
of the imposition of the plane stress state inside the context of elasto-viscoplasticity. A
version of the so-called stress-projected framework to enforce the plane stress state inside
the context of viscoplasticity is presented in details. It has been demonstrated that this
strategy can be used within the viscoplasticity approach provided that special attention
is given to the treatment of the overstress function.
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Veveř́ı 331/95, Brno, 60200, Czech Republic

e-mail: jan.elias@vut.cz

Key words: Discrete model, homogenization, elasticity, Poisson’s ratio, normal vector

Abstract. The macroscopic elastic properties of discrete assemblies are fundamental
characteristics of such systems. The contribution uses homogenization procedure based
on equivalence of virtual work between the isotropic elastic continuum and the discrete
system to develop analytical formulas for estimation of macroscopic elastic modulus and
Poisson’s ratio.

Such homogenization was recently used to derive formulas for discrete assemblies where
(i) there is no vacant space between the discrete units, (ii) the orientation of contacts is
uniformly distributed and (iii) the contact normals are parallel to contact vectors (direc-
tions connecting centers of discrete units). The third assumption is now removed, three
dimensional systems with arbitrary relation between contact vectors and contact normals
are studied here.

It is shown that the limits of Poisson’s ratio of such system depends on the relation
between contact normal and contact vector. The widest limits are however obtained when
these two vectors are parallel. This means that arbitrary manipulations with discrete
geometry cannot extend Poisson’s ratio of the system outside the known boundaries.

1 INTRODUCTION

Discrete modeling allows to explain or predict complex behavior of heterogeneous,
cohesive or granular materials. It represents material random heterogeneity and also
directly works with discrete and oriented nature of cracks. Its elastic behavior still posses
open challenges. Besides the minor issue of inevitable boundary layer [1], the major
problem lies in inability to exhibit Poisson’s ratios greater than 1/4 for three dimensional
models. The usage of the discrete models is therefore limited to materials with relatively
low Poisson’s ratio.

This paper is motivated by long belief of the author that Poisson’s ratio of discrete
systems can be increased by changing model geometry. Models described in literature
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usually use contact faces between discrete units perpendicular to contact vectors [2, 3].
This restriction is here abandoned allowing to construct model of completely arbitrary
geometry. Poisson’s ratio is then analyzed using strong assumptions about rotations
and translations in the model according to [4]. The paper unfortunately proves that
geometrical changes lead only to shrinking of the interval of achievable Poisson’s ratios.
The previously published results derived for 2D models [5] are extended here into 3D.

The studied system is composed of ideally rigid bodies filling a domain continuously
without gaps or overlapping. It is assumed that the system is isotropic in statistical sense
– there is no directional dependence. The rigid bodies interact at their borders, where
normal and tangential displacement discontinuities ∆ results in normal and tangential
forces. Critical parameter governing the macroscopic Poisson’s ratio is the ratio between
tangential and normal contact stiffness denoted α hereinafter.

Equations are derived from virtual work equality between the discrete system and
Boltzmann continuum subjected to equal straining. The discrete system yields non-
symmetric stress tensor on contrary to the Boltzmann continuum symmetric stress quan-
tity. The virtual work equivalence is therefore accomplished with help of symmetrization
of the tensor of elastic constants from the discrete model. To simplify the notation, we
introduce operation transposition Tij on arbitrary tensorA of sufficient order by swapping
indices i and j.

A
Tij

...i...j... = A...j...i... (1)

2 FUNDAMENTAL GEOMETRIC RELATIONS

Each if the rigid bodies have 6 degrees of freedom associated with translations and
rotations of some inner node, xa. The contact element between two nodes xa and xb has
contact area A, length l, unit normal vector n and contact vector t. The situation is
sketched in Fig. 1a in two dimensions.

The vector n is here defined in Cartesian coordinate system by two angles, ξ and ζ

n = (cos ξ sin ζ, sin ξ sin ζ, cos ζ) (2)

Figure 1: a) Contact between two rigid bodies, its normal and contact vector, area and volume; b)
angles determining directions of normal and contact vector.
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where ζ is angle between z axis and normal and ξ is the rotation of n around the z axis
- see Fig. 1. We assume that the system has no directional bias, therefore all normal
directions share the same probability of occurrence. Therefore, ξ must be uniform over
interval from 0 to 2π and ζ has the following probability density function

fξ(ξ) =





1

2π
for ξ ∈ (0, 2π)

0 otherwise
fζ(ζ) =




sin ζ

2
for ζ ∈ (0, π)

0 otherwise
(3)

The contact vector t is defined relatively to normal vector n by angles χ and θ -
see Fig. 1b. To ensure isotropic, directionally unbiased 3D structure θ is required to be
uniformly distributed over 0–2π interval, probability distribution of fχ can be arbitrary.

fθ(θ) =





1

2π
for θ ∈ (0, 2π)

0 otherwise
(4)

For sake of simplicity, it will be assumed now that the maximum angle between n and t
is γ ∈ (0, π) and all directions within this range are equally probable.

fχ(χ) =




sinχ

1− cos γ
for θ ∈ (0, γ)

0 otherwise
(5)

Rotation matrix is the second order tensor that provides the following relation between
n and t

t = R · n (6)

One can imagine construction of n via taking the vector
(
0 0 1

)
, rotate it along the

y axis by angle ζ and then along z axis by angle ξ (Fig. 1b). In the same way, the
construction of t is done by four successive rotations along axes y, z, y and z by angles
χ, θ, ζ and ξ, respectively.

n = Rz(ξ) ·Ry(ζ) ·
(
0 0 1

)
t = Rz(ξ) ·Ry(ζ) ·Rz(θ) ·Ry(χ) ·

(
0 0 1

)
(7)

The rotation matrix from Eq. (6) is therefore

R(ξ, ζ, χ, θ) = Rz(ξ) ·Ry(ζ) ·Rz(θ) ·Ry(χ) ·RT
y (ζ) ·RT

z (ξ) (8)

The cosine of angle χ between n and t reads

cosχ = n · t = n ·R · n = R : (n⊗ n) = R : N (9)

where the second order tensor N is according to Kuhl et al. [4] defined as N = n ⊗ n.
Since no gaps or overlaps exist between the rigid bodies, the volume of the domain is
summation over volume of individual mechanical elements

V =
∑
e

Ve =
∑
e

cosχe
Aele
3

=
∑
e

Re : Ne
Aele
3

(10)

Note that the volume of individual element is negative whenever χ > π/2.
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3 TENSOR OF EQUIVALENT ELASTIC CONSTANTS

Let us strain the discrete system in macroscopic sense by constant strain tensor ε. Ac-
cording to [4], it is assumed that all the rotations are zeros and differences in translations
are dictated by differences in position

ϕ = 0 ub − ua = ε · (xb − xa) (11)

The displacement jump on contact between cells a and b reads

∆ = ub − ua = lε · t (12)

where l and t are length and contact vector belonging to element connecting bodies a and
b. The normal and shear strain and stress directly follow

eN =
n ·∆

l
= n · ε · t eT =

∆

l
− eNn = ε · t− (n · ε · t)n (13)

sN = E0eN sT = E0αeT (14)

where E0 is the normal stiffness coefficient and α is the tangential/normal stiffness ratio
considered constant in the whole domain.

The virtual work done by single element reads

δW = Al (sNδeN + sT · δeT ) (15)

and summation of individual contributions provides the total virtual work in the discrete
system.

Let us now define two additional tensors: the fourth order tensor III vol and the third
order tensor T .

III vol =
1⊗ 1

3
(16)

T = 3n ·
(
III vol

)T13 − n⊗ n⊗ n (17)

where 1 is the identity matrix of size 3. Note that T is different from definition in [4, 1]
because the symmetry implied by equality t = n is no longer present. The transposition
T13 means that dimensions 1 and 3 are swapped. Eq. (13) can be rewritten as

eN =
(
N ·RT

)
: ε eT =

(
T ·RT

)
: ε (18)

using transposition T of the second order tensor swapping its two dimensions T = T12.
The virtual work of single element expressed in Eq. (15) can be rewritten as well

δW = Al (sNδeN + sT · δeT )

= AlE0

([(
N ·RT

)
: ε

] [(
N ·RT

)
: δε

]
+ α

[(
T ·RT

)
: ε

]
·
[(
T ·RT

)
: δε

])

= AlE0

[
ε :

(
R ·N ⊗N ·RT

)T12
: δε+ αε :

(
R · T T13 · T ·RT

)
: δε

]

= AlE0ε :
((

R ·N ⊗N ·RT
)T12

+ αR · T T13 · T ·RT
)
: δε (19)

= AlE0ε : (NNN + αTTT ) : δε

4
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where

NNN =
(
R ·N ⊗N ·RT

)T12 TTT = R · T T13 · T ·RT (20)

The total virtual work of reads

δW dis =
∑
e

δWe =
∑
e

AeleE0ε : (NNN e + αTTT e) : δε (21)

The discrete system is now related to equally strained elastic isotropic Boltzmann
Boltzmann continuum occupying the same domain of volume V . Stress in the continuum
is provided by constitutive equation σ = D : ε, where D is fourth order tensor of elastic
constants. The virtual work of the continuum is

δW con = V σ : δε = V ε : D : δε (22)

The equivalence of the discrete and continuous system implies equality of virtual works

δW dis = δW con (23)

Substituting Eqs. (21) and (22) into Eq. (23), expression for tensor of elastic constants is
derived

D =

〈
1

V

∑
e

AeleE0 (NNN e + αTTT e)

〉SYM

(24)

The symmetrization is needed because the tensors NNN and TTT do not posses the symme-
tries required for Boltzmann continuum, which are the major symmetry (derived from
equivalence of mixed derivatives of elastic potential) and the minor symmetry (derived
from symmetry of stress and strain tensors). The symmetric part can be easily obtained
using transposition T34.

〈•〉SYM =
•+ •T34

2
(25)

Thanks to assumed statistical independence between normal and contact vector and
elemental area and length, the summation in Eq. (24) can be broken into the following
expression

D =
E0

V
〈E [NNN ] + αE [TTT ]〉SYM

∑
e

Aele (26)

where E [•(x)] is the mean value of function • dependent on vector x with distribution
function fX(x)

E [•(x)] =
∞∫

−∞

· · ·
∞∫

−∞

•(x)fX(x) dx (27)

Substituting V from Eq. (10) and utilizing the statistical independence again, one
obtains

D =
3E0

E[R : N ]
〈E [NNN ] + αE [TTT ]〉SYM (28)
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4 EVALUATION OF EXPECTATIONS

The integration of mean values from Eq. (28) is tedious. It was analytically done
in [5] in two dimensions over two independent variable. For three dimensions it has to
be performed over four independent angles and the integration cannot be separated since
rotation matrixR depends on all four angles. The calculation was performed by computer
with a help of Python library for symbolic mathematics SymPy [6]. The following three
integrations were delivered.

E [R : N ] =

γ∫

−γ

2π∫

0

π∫

0

2π∫

0

R : N
1

2π

sin ζ

2

1

2π

sinχ

1− cos γ
dξ dζ dθ dχ = cos2

(g
2

)
(29)

E [NNN ] =

γ∫

−γ

2π∫

0

π∫

0

2π∫

0

NNN
1

2π

sin ζ

2

1

2π

sinχ

1− cos γ
dξ dζ dθ dχ =

=
1

3

(
III vol

)T23
+

2 cos γ + cos 2γ + 1

20

(
III vol +

(
III vol

)T24 − 2

3

(
III vol

)T23

)
(30)

E [TTT ] =

γ∫

−γ

2π∫

0

π∫

0

2π∫

0

TTT
1

2π

sin ζ

2

1

2π

sinχ

1− cos γ
dξ dζ dθ dχ =

=
2

3

(
III vol

)T24 − 2 cos γ + cos 2γ + 1

20

(
III vol +

(
III vol

)T23 − 2

3

(
III vol

)T24

)
(31)

Only the symmetric parts of these expectations are needed (Eq. 25). The symmetric
parts of involved tensors are

〈(
III vol

)T23
〉SYM

=
〈(

III vol
)T24

〉SYM

=
III

3
(32)

where the fourth order tensor III = Iijkl = (δikδjl + δilδjk)/2 with δij ≡ 1 being the
Kronecker delta is employed. The symmetric part of expectations reads

〈E [NNN ]〉SYM =
2 cos γ + cos 2γ + 21

180
III +

2 cos γ + cos 2γ + 1

20
III vol (33)

〈E [TTT ]〉SYM =
39− 2 cos γ − cos 2γ

180
III − 2 cos γ + cos 2γ + 1

20
III vol (34)

5 MACROSCOPIC ELASTIC CHARACTERISTICS

The mechanical behavior of linearly elastic isotropic solid is determined by two in-
dependent constants (here we choose elastic modulus E and Poisson’s ratio ν) defining
tensor of elastic constants

D =
E

1 + ν
III +

3Eν

(1 + ν)(1− 2ν)
III vol (35)
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Figure 2: Macroscopic elastic characteristics according to Eqs. (38) and (37).

Equation (28) along with symmetrized expectations (29), (33) and (34) provides

D = E0

[
(1− α)(2 cos γ + cos(2γ)− 39) + 60

30(cos γ + 1)
III +

3(1− α)

5
cos γIII vol

]
(36)

Equality between respective scalar multipliers of tensors III vol and III in Eqs. (36)
and (35) provides relations between macroscopic parameters E and ν and mesoscopic
parameters E0, α and γ.

ν =
3(1− α)(cos γ + cos2(γ))

(1− α)(7 cos γ + 7 cos2 γ − 20) + 30
(37)

E = E0
2 [(1− α)(cos γ + cos2 γ − 20) + 30] [(1− α)(cos γ + cos2 γ − 2) + 3]

(1− α)(7 cos γ + 7 cos2 γ − 20) + 30
(38)

These equations are plotted in Fig. 2 for range α ∈ (0, 3).
Calculation limit for γ → 0 must yield relations for discrete system with n = t.

lim
γ→0

ν =
1− α

4 + α
lim
γ→0

E = E0
2 + 3α

4 + α
(39)

Indeed, the calculation of limits provides correct expressions derived in e.g. [1] under
assumption of perpendicularity of contact vector and contact face. They are also identical
to those from microplane theory [7].

By differentiate the expression with respect to γ and search for stationary point, the
maximum and minimum possible values of Poisson’s ratio can be found. The stationary
points are γ = 0, π and arccos(−0.5) (≈ 2.09440). Plotting the Poisson’s ratio with
respect to the limit angle γ (Fig. 2 on the right hand side) shows that the maximum
range of ν is obtained for γ = 0, i.e. when the contact vector equals the normal vector.
This is the classic solution stated in Eq. (39). Increasing γ towards π/2 shrinks the
interval of achievable Poisson’s ratios to zero. The interval opens again beyond π/2 with
opposite signs; its width maximizes at γ = arccos(−0.5). The limiting values at this
point are obtained at α = 0 and α → ∞ as (−0.091, 0.034). The maximum values of
Poisson’s ratio are achieved for n = t, any deviation of the model geometry from this
relation causes narrowing of the Poisson’s ratio limits.

7
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6 CONCLUSIONS

• It has been proven that under assumption (5) one cannot increase the Poisson’s
ratio limits beyond what is provided by model with n = t in Eq. (39).

• The formulas are derived from strong and unrealistic assumption about rotations
and displacements in the model (Eq. 11). Behavior of the real model will be less
rigid, however the overall effect on macroscopic elastic constants should be qualita-
tively the same.

• The same conclusions were found for 2D models under the same assumptions in [5].

• The theory will be extended to arbitrary distribution of χ and verified by comparison
with real behavior of discrete systems.
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Abstract. The paper proposes an algorithm of the numerical integration with the modal 
analysis for computing inelastic seismic responses, and furthermore, the accuracy of the 
numerical integration with the Newmark’s =1/4 method that is most popular in the 
earthquake engineering is discussed by comparing with the response computed by the 
proposed method. 
 
 
1 INTRODUCTION 

In nations exposed by great earthquakes, the seismic proofs of structures against those 
earthquakes permit that the state of a structure may excess the yield strength by bending 
moment, but it must not reach to the collapse. Therefore, the verification in computing 
inelastic seismic responses needs the maximum of the response after excessing the yield point 
and the residual deformation of the structure. 

These inelastic analyses do not need only using a correct inelastic characteristics model but 
also adopting an accurate algorithm for numerically integrating the equation of the motion. In 
the numerical integrals for that, the Newmark’s =1/4 method is most popular and it has been 
using since before more than 30 years. The method is to obtain the incremental response in 
the incremental time from solving only the linear equation derived from the Newmark’s 
=1/4 method. However, verifying the validity of the method does not seem enough, because 
there is no comparison with the exact solution or more accurate solution. 

The authors recently developed an algorithm with the modal analysis that enabled 
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eliminating high frequency components certainly including errors from seismic response. The 
elimination of the high frequency components to advantage of the modal analysis makes the 
methods of numerical integrals giving accurate solutions usable. Those methods namely 
cannot directly solve the linear equation of the incremental response, because the linear 
equation always includes components with smaller period than the limitation of a time 
interval existing in those methods. The components with very small period do not contribute 
to the inelastic seismic response but breed divergence in those methods. 

It has been published that there were the differences between the response computed by the 
modal analysis and that by the direct method with the Newmark’s =1/4 method. The paper is 
to show more amply the differences, the case of the agreement, comparing both responses of 
acceleration and so on. 

2 THEORY OF NUMERICAL INTEGRALS WITH THE NEWMARK’S METHOD 

The motion of an inelastic structure at the time tm during an earthquake can be expressed 
by the following equation. 

. (1) 

In the equation (1), M is the mass matrix of the structure, and Cm is the damping matrix 
possible to be arbitrarily composed though the paper uses the Rayleigh damping 

where  is a constant as well as  and Km is the tangent stiffness of the structure 
at the time or the secant stiffness joining the two states at the times of and tm�1 . 
Moreover, Se,m  is the end force vector of the element e,  is the transforming matrix that 
changes the element end forces to the forces in the universal coordinates,  is to give the 
input acceleration of the ground motion to all the nodes in the structure, and  and  are 
the nodal velocity vector and the nodal acceleration vector respectively. 

The method proposed in the paper applies the modal analysis with the Newmark’s method 
to the equation (1) and then the existing methods directly apply the Newmark’s method to the 
equation (1). 

2.1 The method of modal analysis with the predictor-corrector method 
Displacement modes and natural frequencies used in the modal analysis are derived from 

the eigenvalue analysis with the mass matrix M in the equation (1) and the tangent stiffness 
matrix KTm given by differentiating the third term in the equation (1) as follows. 

 
(2) 

where  expresses the differential operator, and  is the infinitesimal displacement from the 
nodal position at the time tm . 

The generalized eigenvalue analysis using M and KTm  gives the diagonal matrix  
composed by the squared natural circular frequencies and the matrix Xm

(0)  composed by the 
displacement modes. The modes can transform the increment displacement in the time 

tm tm
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interval t between the times of tm  and tm�1 to the increment of the normal coordinates  as 
follows. 

 (3) 

where the upper suffix (0) attached to the variables means to relate with the predictor. 
Applying the equation (3) and the Newmark’s  method changes the equation (1) to the 

equation of , so that the equation of  is, 

 

(4) 

where  is the matrix composed by the participation factors, and I is the unit 
matrix.  

Since all the matrices in the equation (4) are diagonal, the normal coordinates  are 
easily obtained. Then, the increment displacement  comes from the equation (3), and the 
displacement as the predictor at the time tm�1is given by . 

Those responses predicted, however, do not ordinarily satisfy the equation of the motion in 
changing the stiffness of the inelastic structure. Therefore, iterative computations are needed 
to correct them. In the computations of the iterative time number r, the variables of the 
response are provided with the upper suffix (r), e.g. the normal coordinates as corrector , 
the matrix of the displacement modes Xm�1

(r) , the diagonal matrix of the squares of the natural 
circular frequencies  and so on. 

The normal coordinates are obtained from solving the following equation. 

, 
(5) 

where  is the unbalanced force as insufficiency in the equation of the motion at the time 
 as follows. 

. (6) 

Then, the normal coordinates are corrected by the following equation, 

. (7) 

2.2 The direct method with the Newmark’s  method 
There are the two of the typical direct methods that derive the responses fulfilling the 

equation of the motion at the time tm�1. One uses the predictor-corrector method, and the other 
uses the secant stiffness given by joining the two quantities of structural states at the times of 
tm  and tm�1 . Though the methods are popular and famous, the paper briefly describes the 

tm�1
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theories used in the computation to compare the proposed method. 
 

(1) The predictor-corrector method, hereinafter shortened to PCM 
Applying Newmark’s  method to the equation (1) gives the predictor of the 

increment displacement as follows. 

 
(8) 

The corrector is derived from the equation of the motion and the unbalanced force at the 
time tm�1 given by the predictor or the corrector at the iterative time number r-1. 

, 
(9) 

where  is the unbalanced force at the time tm�1.  
The increment of the nodal displacement is renewed by . 

 
(2) The secant stiffness method, hereinafter shortened to SSM 

First computing the response at the time tm�1 uses the tangent stiffness at the time tm , and 
then the second afterward in the iterative computation uses the secant stiffness. The increment 
of the nodal displacement in the time interval t is obtained from the following equation. 

 
(10) 

where KSm
(r )  is the secant stiffness. 

3 COMPUTATIONAL MODEL AND THE INELASTIC VIBRATION 
CHARACTERISTIC 

The paper uses the same frame structure as that used to be computed in the paper [5]. The 
structure is the steel pier for supporting the girder as shown in Figure 1. The pier fixed at the 
base plate is 11m in height and the upper part on the ground is 126kN in weight. The pier 
supports the girder of 957kN in weight and the mass is added to the top node, so that the 
structure is comparatively a top-heavy model. The computational model is axially divided to 
19 elements of the bar models that the bending behavior is only inelastic and the others are 
elastic. All the deformation of bending, shear and elongation is assumed to be uniform in the 
elements. Consequently, the element model is the simplest in various inelastic models ever 
proposed, whereas it could be allowable to use the model because the purpose of the paper is 
to discuss the accuracy of numerical integrations, and because the fine division of a structure 
by using the inelastic model keeps enough accuracy. 

The steel pier has the cross section of the box shape and the bending stiffness before/after 
the yielding are 49021.56 MNm2  and 5071.8 MNm2  respectively, and the bending moment at 
the yielding is 5MNm. The law of kinematic work-hardening applies to the bending behavior 
of the inelasticity of the computational model, as shown in Figure 2 describing the hysteresis 
of the bending moment vs. the curvature at the base in an example of seismic responses. 

When the bending stiffness in the pier changes like Figure 2, the natural frequencies of the 
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structure used in the modal analysis fluctuate as shown in Figure 3. Figure 3(a) shows the first 
natural frequency, and Figure 3(b) shows the third natural frequency. The figures indicate that 
the deterioration of the bending stiffness remarkably decreases the natural frequencies. 
Therefore, inelastic seismic computations should take care to adopt the modes that the natural 
frequencies are higher than a main frequency area of a seismic wave but the decreasing 
natural frequencies come within the frequency area. By the way, since the second mode 
relates to the vertical vibration of the structure, the natural frequency is almost flat even after 
the bending yielding and then omitted. 

The damping constant defined by the Rayleigh damping in the paper is determined by the 
tow constants of  sec�1 and sec. The values of the two constants keep the 
damping constant of 0.02 at the two frequencies of 0.5Hz and 10Hz, and then the pier has 
around 0.02 of the damping constant in a main frequency area of the seismic vibration used in 
the paper. 
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Figure 1: The steel pier used in the computation 
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Figure 4: The time history responses of the displacement at the top in the pier 

4 COMPUTATIONAL RESULTS AND DISCUSSIONS 
The input acceleration of the ground motion used in the computations is the acceleration 

record of Hyogo-ken Nanbu earthquake (1997). The acceleration of the digital data was 
recorded at the time interval of 0.02sec., and the computation applies the Fourier 
transformation to the record and the Fourier inverse transformation is used for the 
interpolation of the input acceleration. Most of the computations in the paper use the time 
interval of 0.002sec.. The reason for adopting so small time interval compared to that of the 
record is why the response displacement by the direct method with PCM converges at the 
time interval. The design criterion in Japan prescribes the convergence by the time interval. 
Additionally, the main frequency area of the input acceleration is around 0.5Hz to 5Hz. 

The time histories of the horizontal component of the displacement at the top of the pier 
are shown in Figure 4. The figure compares the three waves of the time histories that the green 
line is the result by the direct method with PCM, the blue line is the results by the direct 
method with SSM and the dotted orange line is the result by the modal analysis with PCM. 

The figure shows that the time history by the direct method with PCM is almost identical 
with that by the modal analysis and the direct method with SSM is only different from the 
others. Since the pier used for computing is a top-heavy structure, the first mode only is 
dominant and the third mode or higher mode in bending vibration does not almost affect the 
seismic response of the displacement. Therefore, although the direct method cannot filter high 
frequency components, the components may be so small that the direct method with PCM 
results in nearly equaling to the modal analysis. The reason why SSM gradually differ from 
PCM with the progress of time should be that a little difference of the bending stiffness 
affects the inelastic seismic response. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

β=1/4 PCM 

β=1/6 PCM 

β=1/4 SSM 
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β=1/4 PCM 

β=1/6 PCM 
β=1/4 SSM 

The lines in Figure 5(a) join the maximums of the horizontal component of displacement at 
all the nodes and the lines in Figure 5(b) join the maximums of the horizontal acceleration of 
all the nodes. The vertical axes in the figures indicate height in the pier. 

The maximums of the horizontal displacement indicate that the result by the direct method 
with PCM almost agrees with that by the modal analysis but differs from the direct method 
with SSM as well as the time histories of the displacement. 

The maximums of the horizontal acceleration indicate that the three results largely differ 
together except the maximums at the top of the pier. The mass at the top of the pier is 
especially so large that the top slowly oscillates, but the intermediate part of the pier vibrates 
with high frequencies. The modal analysis uses only the two modes and then the response 
does not include components of higher frequency more than around 125Hz. The response by 
direct method, however, includes the components of very high frequency and the components 
will contain errors. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

12 CONCLUSIONS 
- The paper proposed a method of the time integral with the modal analysis for 

computing seismic responses of inelastic structures. The advantage of the method is 
that the method can filter out components of high frequency from the seismic 
responses. The components of high frequency in the direct method tend to become 
errors included in the seismic responses. 

- A typical steel pier with the inelasticity of bilinear characteristic was used for 
comparing seismic responses by the proposed method with that by existing methods.  

- Since the pier was a top-heavy structure, the first mode only is dominant in the 
response, and then the displacement by the proposed method well agreed with the 
direct method with the predictor-corrector method but did not with the secant 
stiffness method. 

- The acceleration responses of the pier computed by the three methods all differed 
each other. 

Height(m) 
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4 

0 
0 1000 2000 3000 

(b) Acceleration(cm/s2) 

β=1/4 SSM 

β=1/6 PCM 

β=1/4 PCM 
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(a) Displacement(cm) 
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Figure 5: The maximums of the responce of the pier in height 
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∗ Univ. Lille, CNRS, Centrale Lille, FRE 2016 - LaMcube - Laboratoire de mécanique
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Abstract. We propose a modification of the Hamiltonian formalism which can be used for
dissipative systems, the Brezis-Ekeland-Nayroles principle. The formalism is specialized
to the standard plasticity in small strains and dynamics. We apply it to solve the classical
problem of a thin tube in plane strain subjected to an internal pressure. The continuum
is discretized with mixed finite elements.

1 INTRODUCTION

There are two types energy loss, one originated from external actions, another derived
from the internal effect. If the cause is internal, such as plasticity etc., we call them
dissipative system. Hamilton’s variational principle does not work in this case. The
proposition, the Brezis-Ekeland-Nayroles principle (in short, BEN principle) is presented
in the paper. For more detail of the BEN principle, see [1, 2, 3, 4, 5].

The symplectic version of the Brezis-Ekeland-Nayroles variational principle is proposed
in [4]: The natural evolution curve z : [t0, t1] → X × Y minimizes the functional:

Π(z) :=

∫ t1

t0

[φ(ż) + φ∗ω(ż −XH)− ω(ż −XH, ż)] dt (1)

among all the curves verifying the initial conditions z(t0) = z0 and, remarkably, the

minimum is zero.

1
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With φ dissipation potential, φ∗ω its Fenchel transform, and ω a natural symplectic
form. Observing that ω(ż, ż) vanishes and integrating by part, we have also the variant:

Π(z) =

∫ t1

t0

[φ(ż) + φ∗ω(ż −XH)−
∂H

∂t
(t, z)] dt +H(t1, z(t1))−H(t0, z0) (2)

One advantage of the BEN principle is its ability in solving a mechanical problem simulta-
neously for all time steps. It can avoid the usual computation failures in the step-by-step
method. Objective of this paper is to numerically test the feasibility of the BEN principle
by modeling a simple mechanical problem, the tube subjected to an internal pressure in
dynamics.

2 APPLICATION TO THE STANDARD PLASTICITY ANDVISCOPLAS-
TICITY IN DYNAMICS

Application of the BEN principle in statics case is discussed in [4, 5]. The small differ-
ence for the BEN principle between the case of statics and dynamics in the mechanical
sense is the consideration of the inertia term ṗ. In dynamics, the equilibrium equations

∇ · σ + f = ṗ on Ω, σ · n = f̄ on ∂Ω1 (3)

are satisfied. This expression can be transformed as follows. For sake of easiness, let us
put:

�l(t), u� =

∫

Ω

f(t) · u+

∫

∂Ω1

f̄(t) · u

Then,
∂H

∂t
(t, z) = −�l̇(t),u�

On the other hand

d

dt
[H(t, z(t))] = �

p

ρ
, ṗ�+ �σ,∇u̇− ε̇I� − �l(t), u̇� − �l̇(t),u�

For the minimizer, the kinematical conditions on ∂Ω0 and the balance of linear momentum
(3) are satisfied and using Green’s formula:

�σ,∇u̇� = �l(t), u̇�−�ṗ, u̇� (4)

that leads to
d

dt
[H(t, z(t))]−

∂H

∂t
(t, z) = −�σ, ε̇I� (5)

Putting (5) in (2) and time-integrating, we have:

Π(σ, u̇) =

∫ t1

t0

{ϕ(σ) + ϕ∗(∇u̇− Sσ̇)− �σ,∇u̇− Sσ̇�} dt (6)

among all curves u : [t0, t1] → U satisfying the kinematical conditions on ∂Ω0 and all
curves σ : [t0, t1] → E such that σ(0) = σ0 and the balance of linear momentum (3) are
satisfied.

2
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3 THE TUBE PROBLEM

We consider a tube of internal radius a and external one b within the plane strain
hypothesis. Its internal wall is subjected to an internal pressure p̃ > 0 monotonic in-
creasing from zero. The material is elastic perfectly plastic and isotropic with von Mises
model and yield stress σY . The initial stresses, displacements and velocities are null. The
problem is assumed to be axisymmetric, the stress tensor is diagonal in the local basis
of the cylindrical coordinates. The axial tensile stress being supposed as usual to be the
intermediate principal stress. We consider the elastic domain:

K = {σ such that f(σ)− σY ≤ 0}

The dissipation potential is:

ϕ(σ) =

∫

Ω

χK(σ)

In the sequel, the inelastic strain ε̇I is plastic and denoted ε̇
p. The Fenchel conjugate is

obtained conbining this rule with the expression of the dissipation power by unit volume
and the yield condition:

D = σ : ε̇p = σY ε̇
p
θθ (7)

As ε̇pθθ must be non negative, the Fenchel conjugate function is:

ϕ∗(ε̇p) =

∫

Ω

{
σY ε̇

p
θθ + χR+

(ε̇pθθ)
}

In plane strain and axisymmetry, the displacement is radial. The only non vanishing
components of the strain rate tensor are:

ε̇rr =
du̇r

dr
, ε̇θθ =

u̇r

r
(8)

In plane strain, Hooke’s law reads:

εrr =
1

Ē
(σrr − ν̄ σθθ), εθθ =

1

Ē
(σθθ − ν̄ σrr)

with: Ē = E
1−ν2

, ν̄ = ν
1−ν

. Hence the compliance operator reads:

S =
1

Ē

[
1 −ν̄
−ν̄ 1

]

In this problem, there is no supports (∂Ω0 = ∅). As the minimum is certainly finite, the
functional (6) becomes:

Π̄(σ,u) =

∫ t1

t0

{
(

∫

Ω

σY ε̇
p
θθ)− �σ,∇u̇− Sσ̇�

}
dt (9)

where ε̇pθθ is given by normality rule, among all the curves among all curves (σ,u) :
[t0, t1] → U×E such that σ(t0) = 0, u(t0) = 0, satisfying the yield condition f(σ)−σY ≤
0 and the normality rule and the balance of linear momentum:

d

dr
σrr +

1

r
(σrr − σθθ) = ρ ür for a < r < b,

σrr(a, t) = −p̃(t), σrr(b, t) = 0 (10)

3
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4 MIXED FINITE ELEMENT OF TUBE PROBLEM

The continuum is discretized with mixed finite elements. There are two methods to
model the tube problem: (i) Method A: balance of linear momentum satisfied exactly, (ii)
Method B: balance of linear momentum satisfied in Gauss points.

4.1 Method A

Displacement field. We choose the displacement field:

ur = v1 + v2r + v3r
2 + v4r

3 (11)

which provides the strain field:

εrr =
dur

dr
= v2 + 2 v3r + 3 v4r

2, εθθ =
ur

r
=

v1
r
+ v2 + v3r + v4r

2

There is two connectors:

q1 = ur |r=α, q2 = ur |r=β, (12)

Considering two intermediate equidistant nodes of position, γ = 2α+β

3
, δ = α+2β

3
, we

introduce two extra degrees of freedom internal to the element (not connected with the
other ones):

q3 = ur |r=γ , q4 = ur |r=δ

that defines a cubic Lagrange interpolation:

ur(r) =

1

16
[−(1− r̄) (1− 9 r̄2), −(1+ r̄) (1− 9 r̄2), 9 (1− r̄2) (1− 3 r̄), 9 (1− r̄2) (1+ 3 r̄) ]




q1
q2
q3
q4




(13)

where r̄ = 2 r−(β+α)
β−α

. In short, we have:

ur(r) = Ne(r) qe

The corresponding strain field can be expressed in term of the nodal displacement:

ε(r) =

�
εrr
εθθ

�
=




dNe

dr̄

dr̄

dr
Ne

r


 qe = Be(r) qe

After calculation, one has:
Be(r) =

1

16

�
J (1 + 18 r̄ − 27 r̄2) J (−1 + 18 r̄ + 27 r̄2) J (−27− 18 r̄ + 81 r̄2) J (27− 18 r̄ − 81 r̄2)

−
1

r
(1− r̄) (1− 9 r̄2) −

1

r
(1 + r̄) (1− 9 r̄2)

9

r
(1− r̄2) (1− 3 r̄)

9

r
(1− r̄2) (1 + 3 r̄)

�

with J =
dr̄

dr
= 2

β−α
.

4
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Stress field. We consider an axisymmetric element occupying a volume α < r < β
with four stress connectors:

g1 = σrr |r=α, g2 = σθθ |r=α, g3 = σrr |r=β, g4 = σθθ |r=β (14)

The choice of a polynomial statically admissible stress field is guided by the aim to avoid
the global (or structural) equations of linear momentum balance in the constrained min-
imization problem. Only remains the local yield condition. The general solution of:

∇ · σ = ṗ

is the sum of the general solution σh of the homogeneous equation and a particular solution
σd of the non homogeneous equation. Following a method due to Schaefer ([6, 7]), this
last one is of the form:

σd = 2∇w − (∇ ·w) I , (15)

where the vector potential w is solution of ∇2
w = ṗ. For the displacement field, we seek

a radial vector potential. The previous equation reduces to:

d2wr

dr2
+

1

r

dwr

dr
−

wr

r2
= ρ (v̇1 + v̇2r + v̇3r

2 + v̇4r
3)

Clearly, a solution is given by a homogeneous polynomial in r of degree five. Introducing
it in the previous equation, we obtain by identification:

wr = ρ

(
v̇1
3
r2 +

v̇2
8
r3 +

v̇3
15

r4 +
v̇4
24

r5
)

condition (15) reads in polar coordinates:

σrr = 2
dwr

dr
−

1

r

d

dr
(r wr), σθθ = 2

wr

r
−

1

r

d

dr
(r wr)

leads to the expression of σd:

σrr = −σθθ = ρ

(
v̇1
3
r +

v̇2
4
r2 +

v̇3
5
r3 +

v̇4
6
r4
)

Besides, the stress field being defined by four connectors, we choose for σh:

σrr = h1 + h2r + h3r
2 + h4r

3

Using the internal equilibrium equation in (10), the hoop stress is:

σθθ = h1 + 2h2r + 3h3r
2 + 4h4r

3

In matrix form, the total stress field in terms of stress and displacement parameters reads:
[
σrr

σθθ

]
= σe(r) = Re(r)he+Se(r) v̇e

5

326



X. Cao, A. Oueslati, A.D. Nguyen, M. Stoffel, B. Market and G. de Saxcé

=

�
1 r r2 r3

1 2 r 3 r2 4 r3

�



h1

h2

h3

h4


+ρ

�
r
3

r2

4
r3

5
r4

6

− r
3

− r2

4
− r3

5
− r4

6

�



v̇1
v̇2
v̇3
v̇4




stress connectors (14) are linearly depending on the stress and displacement parameters:

ge = Cehe+Dev̇e

with the connection matrix:

Ce =




1 α α2 α3

1 2α 3α2 4α3

1 β β2 β3

1 2 β 3 β2 4 β3


 De = ρ




α
3

α2

4
α3

5
α4

6

−α
3

−α2

4
−α3

5
−α4

6
β

3
β2

4
β3

5
β4

6

−β

3
−β2

4
−β3

5
−

4

6




Hence, one has: he = C
−1
e (ge −Dev̇e). By identification of (11) with (13), we obtain the

relation between displacement parameters and connectors:

ve = Aeq̇e

A
T
e =




1
16

�
9[ α̂

β̂
]3 + 9[ α̂

β̂
]2 − α̂

β̂
− 1

�
1
8

�
−27 α̂2

β̂3
− 18 α̂

β̂2
+ 1

β̂

�
1
4

�
27 α̂

β̂3
+ 9 1

β̂2

�
−9

2β̂3

1
16

�
−9[ α̂

β̂
]3 + 9[ α̂

β̂
]2 + α̂

β̂
− 1

�
1
8

�
27 α̂2

β̂3
− 18 α̂

β̂2
− 1

β̂

�
1
4

�
−27 α̂

β̂3
+ 9 1

β̂2

�
9

2β̂3

1
16

�
−27[ α̂

β̂
]3 − 9[ α̂

β̂
]2 + 27 α̂

β̂
+ 9

�
1
8

�
81 α̂2

β̂3
+ 18 α̂

β̂2
− 27

β̂

�
1
4

�
−81 α̂

β̂3
− 9 1

β̂2

�
27

2β̂3

1
16

�
27[ α̂

β̂
]3 − 9[ α̂

β̂
]2 − 27 α̂

β̂
+ 9

�
1
8

�
−81 α̂2

β̂3
+ 18 α̂

β̂2
+ 27

β̂

�
1
4

�
81 α̂

β̂3
− 9 1

β̂2

�
−27

2β̂3




where: α̂ = α+ β, β̂ = β − α. Eliminating the stress parameters provides the stress field
in terms of stress and displacement connectors:

σe(r) = Te(r)ge+Ue(r)q̈e

where:
Te(r) = Re(r)C

−1
e , Ue(r) = (Se(r)−Re(r)C

−1
e De)Ae

4.1.1 Space discretization of the principle

Introducing the plastic multiplier λ ≥ 0, the yield rule reads:

ε̇
p = λ

∂f(σ)

∂σ

6
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and the dissipation power (7) becomes:

D = σY λ

As usual, the integral are approximated by numerical integration on every element:

� β

α

A(r) 2 π r dr ∼=

ne�
g=1

wg A(rg) 2 π rg

In particular, the total dissipation power in the element reads:

� β

α

D(r) 2 π r dr = ΛT
e λe

where:

Λe = σY




w1 2 π r1
· · ·
wne

2 π rne


 , λe =




λ̇1

· · ·

λ̇ne




Performing the assembling thanks to the localization matrices Le,Me,Pe such that:

ge = Meg, qe = Leq, λe = Peλ

the discretized form of the functional is:

Π̄(g, q,λ) =

� t1

t0

�
ΛT

λ(t)− q̇
T (t) (Gg(t) + G̃ q̈(t))

+ g
T (t)F1 ġ(t) + q̈

T (t)F2 ġ(t) + g
T (t)F3

...
q (t) + q̈

T (t)F4

...
q (t)

�
dt

(16)

with:

Λ =
n�

e=1

P
T
e Λe,

G =
n�

e=1

� β

α

L
T
e B

T
e (r)Te(r)Me 2 π r dr, G̃ =

n�
e=1

� β

α

L
T
e B

T
e (r)Ue(r)Le 2 π r dr,

F1 =
n�

e=1

� β

α

M
T
e T

T
e (r)S Te(r)Me 2 π r dr F2 =

n�
e=1

� β

α

L
T
e U

T
e (r)S Te(r)Me 2 π r dr

F3 =
n�

e=1

� β

α

M
T
e T

T
e (r)SUe(r)Le 2 π r dr F4 =

n�
e=1

� β

α

L
T
e U

T
e (r)SUe(r)Le 2 π r dr

The Brezis-Ekeland-Nayroles claims that we have to find the minimum of (16) with respect
to the path t �→ (g(t), q(t),λ(t)) under the constrains of:

• equilibrium (on the boundary, the internal equilibrium being satisfies a priori):

gr=a(t) = −p(t), gr=b(t) = 0

7
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• plasticity (at every integration point g of every element e):

fg(g, q̈)− σY ≤ 0, λg ≥ 0 NY λg = Be(rg) q̇e − S (Te(rg) ġe +Ue(r)
...
q e)

• initial conditions:

g(t0) = 0, q(t0) = 0, λ(t0) = 0

ġ(t0) = 0, q̇(t0) = 0, q̈(t0) = 0,
...
q (t0) = 0

4.1.2 Time discretization of the functional

For the time discretization of any physical quantity a, we put:

aj = a(tj), ȧj = ȧ(tj), · · ·

On each step, we approximate the time rates at t = tj by:

ȧj =
aj − aj−1

tj − tj−1

, äj =
ȧj − ȧj−1

tj − tj−1

,
...
a j =

äj − äj−1

tj − tj−1

Considering m time step from t0 to tm and enforcing the yield condition only at the
beginning and the end of the step, we have to minimize the objective function:

Π̄(g0, · · · , gm,q0, · · · , qm,λ0, · · · ,λm) =

j=m∑
j=1

[
ΛT

λj − q̇
T
j

(
Ggj + G̃ q̈j

)
+ gj

T (t)F1 ġj(t)

+ q̈j
T (t)F2 ġj(t) + gj

T (t)F3

...
qj(t) + q̈j

T (t)F4

...
qj(t)

](
tj − tj−1

)
(17)

under the constrains of:

• equilibrium (on the boundary, at each time step):

gr=a,j(tj) = −p(t), gr=b,j(tj) = 0

• plasticity (at every integration point g of every element e and at every time step):

fg,j(g, q̈)−σY ≤ 0, λg,j ≥ 0, NY λg,j = Be(rg)Leq̇
T
j − S [Te(rg)Meġj +Ue(rg)Le

...
q j]

• initial conditions:

g0 = 0, q0 = 0, λ0 = 0, ġ0 = 0, q̇0 = 0, q̈0 = 0,
...
q 0 = 0

4.2 Method B

The balance of linear momentum is satisfied in Gauss points.

8
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Displacement field. Same as Method A.

Stress field. We choose the same position for the radial and hoop stress field.

σrr = h1 + h2 r + h3 r
2 + h4 r

3 σθθ = h5 + h6 r + h7 r
2 + h8 r

3

There are four degrees of freedom for each stress:

g1 = σrr |r=α, g2 = σrr |r=β, g3 = σrr |r=γ , g4 = σrr |r=δ (18)

s1 = σθθ |r=α, s2 = σθθ |r=β, s3 = σθθ |r=γ , s4 = σθθ |r=δ (19)

In matrix form, we have:

σrr(r) = Ne(r) ge σθθ(r) = Ne(r) se

Thus:

σ(r) =

[
σrr

σθθ

]
=

[
Ne(r) 0
0 Ne(r)

] [
ge

se

]
= Te(r) te

4.2.1 Space discretization of the principle

Same as Method A.
Performing the assembling thanks to the localization matrices Le,Me,Pe such that:

te = Met, qe = Leq, λe = Peλ

the discretized form of the functional is:

Π̄(t, q,λ) =

∫ t1

t0

(ΛT
λ(t)− q̇

T (t)Gt(t) + ṫ
T (t)F t(t)) dt (20)

with:

Λ =
n∑

e=1

P
T
e Λe,

G =
n∑

e=1

∫ β

α

L
T
e B

T
e (r)Te(r)Me 2 π r dr F =

n∑
e=1

∫ β

α

M
T
e T

T
e (r)S Te(r)Me 2 π r dr

The Brezis-Ekeland-Nayroles claims that we have to find the minimum of (20) with respect
to the path t �→ (t(t), q(t),λ(t)) under the constrains of:

• equilibrium (on the boundary, the internal equilibrium being satisfies a priori):

gr=a(t) = −p(t), gr=b(t) = 0,
d

dr
σr(rg) +

1

rg
[σr(rg)− σθ(rg)] = ρür(rg)

• plasticity (at every integration point g of every element e):

fg(t)− σY ≤ 0, λg ≥ 0, NY λg = Be(rg) q̇e − S Te(rg) ṫe

• initial conditions:

g(t0) = 0, q(t0) = 0, λ(t0) = 0, ġ(t0) = 0, q̇(t0) = 0, q̈(t0) = 0
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Figure 1: Comparison of radial displacement history of different data when p̃ = 1 MPa in elastic case
(i) analytical solution (ii) reference numerical solution (Cast3M software) with 10 time steps (iii) BEN
method A solution with 20 time steps (iv) BEN method B solution with 20 time steps

Figure 2: Comparison of radial displacement history of different data when p̃ = 1 MPa in elastic case
(i) analytical solution (ii) reference numerical solution (Cast3M software) with 30 time steps (iii) BEN
method A solution with 600 time steps

4.2.2 Time discretization of the functional

Same as Method A.
Considering m time step from t0 to tm and enforcing the yield condition only at the
beginning and the end of the step, we have to minimize the objective function:

Π̄(t0, · · · , tm, q0, · · · , qm,λ0, · · · ,λm) =

j=m∑
j=1

(ΛT
λj − q̇

T
j Gtj + ṫ

T
j F tj) (21)

under the constrains of:
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Figure 3: Comparison of radial displacement history of different data when p̃ = 10 MPa in plastic case
(i) analytical solution (ii) reference numerical solution (Cast3M software) (iii) BEN method A solution
with 400 time steps

• equilibrium (on the boundary, at each time step):

gr=a,j = −p(tj), gr=b,j = 0,
d

dr
σr(rg,j) +

1

rg,j
[σr(rg,j)− σθ(rg,j)] = ρür(rg,j)

• plasticity (at every integration point g of every element e and at every time step):

fg,j(t)− σY ≤ 0, λg,j ≥ 0, NY (rg)λg,j = Be(rg)Leq̇j − S Te(rg)Meṫj

• initial conditions:

g0 = 0, q0 = 0, λ0 = 0, ġ0 = 0, q̇0 = 0, q̈0 = 0

4.3 Simulation results

The program is coded inMatlab, the solver fmincon is applied to find the local minimum
of the constrained functional (17, 21). Material parameters are, E = 210 GPa, ν = 0.3,
σY = 360 MPa, a = 100 mm, b = 101 mm, ρ = 7.8 e−9 Kg/mm3. Simulation results
are displayed in figure (1), (2) and (3) for elastic and plastic cases. There is a good
consistence between the BEN principle solution and the analytical or numerical solution.
The BEN principle requires sufficient time steps to have a better precision than the one
step-by-step. The method A and B does not change the simulation results.

5 CONCLUSIONS AND PERSPECTIVES

Thanks to the simulation results, the BEN method is numerically confirmed in dy-
namics. The BEN method allows to have a global view of all time steps which can avoid

11

332



X. Cao, A. Oueslati, A.D. Nguyen, M. Stoffel, B. Market and G. de Saxcé

the usual difficulties in step-by-step method. As the computation time is significantly
expansive, application of the Proper Generalized Decomposition (PGD) is the concept to
obtain of a more effective program. Final objective of the present work is to apply the
symplectic BEN principle in finite displacement to observe its ability in avoiding usual
step-by-step method convergence problem.
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Abstract. Colorectal adenocarcinoma is one of the carcinogenic diseases that is increas-
ing the morbidity and mortality rates worldwide. The disease initially occurs through the
segregation of biomarker substances in the human system without manifesting symptoms
that affect the health of the carrier. Early detection would allow the application of more
effective treatments, less invasive procedures and reduce the development of cancer. The
purpose of this investigation was the elaboration of a mathematical model and the de-
velopment of computational simulations to visualize the behavior of biomarker particles
in transit through the colon. The flow conditions, properties of the viscous medium and
biological regions of interest were established. Constitutive models, numerical conditions
and solution strategies were determined. A numerical grid was used to represent the
model of the colon and the human feces that carry the bioparticles (biomarkers). The
results indicated the trajectories of the bioparticles in the fecal mass and the interactive
movement with the natural contractions of the colon. The analysis of the movement of
the biomarker particles can provide future less invasive alternatives for the detection in
real time of the cancer by means of the implantation of biosensors in the walls of the
colon.

1 INTRODUCTION

Worldwide, colorectal cancer (CRC) is one of the most frequently diagnosed degen-
erative diseases in the population [12, 10]. Despite the fact that some countries have
improved their preventive systems for the detection of the disease, a high morbidity and
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mortality rate persists due to late detection factors. [20, 18, 17]. In Colombia, for the
year 2012, the CRC ranked fourth (7.8 %) in the estimated number of cases of incidence,
being also the third cause of death (8.5 %) associated with cancer for both sexes. Glob-
ally, however, the CRC ranked third (9.7 %) in the estimated number of incident cases
and fourth (8.5 %) in the estimated number of death cases [19, 17].

CRC generally develop as a result of neoplastic progression from adenomas into ade-
nocarcinomas, which are defined as neoplasia derived from the lining of the gut. It is
widely accepted that this transformation is triggered by the accumulation of both genetic
and epigenetic alterations. The progression from an adenoma to carcinoma may take
decades, which provides an opportunity for early CRC detection. Mass screening would
therefore greatly contribute to the early diagnosis and timely treatment of CRC [7]. On
account of that it is known that CRC develops from the accumulation of genetic and epi-
genetic changes in the epithelial cells of the colon, molecular markers directed to genetic
alterations in tumor tissues and peripheral blood have been evolved [8].

Several research groups have developed mathematical modeling and computational
simulations specifically to predict the growth of the advanced middle stage tumor, as well
as to study the generation of metastases during different periods of the disease in the
patients [3, 6].

Large intestine is composed of six representative parts: Cecum and apendix, ascending
colon, transverse colon, descending colon, sigmoid colon and rectum. Rectum was selected
to perform the analysis due its easier and more secure access in case of insert a measuring
device. A complete reference image is provided in Figure 2 to identify the colorectal zone
selected in this research.

Figure 1: Complete 3D colon image and colorectal analysis section. Taken from [1]
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2 MATERIALS AND METHODS

2.1 Definition of the study region

The gastrointestinal tract comprises of several distinct organs in sequence, extending
over 7 meters in the human abdomen [13]. In this paper, a biological region of interest
has been selected: colorectal section.

The colorectal region is composed of the walls of the colon that transport the fecal
viscous mass inside. Based on the above description, a three-dimensional geometric model
was constructed to represent the shape of the colorectal region for the development of the
required studies. In the elaborated model, the folds and the biological diametral changes
of the intestinal area were considered and the dimensions and radiuses obtained clinically
indicated were incorporated.

2.2 Determination of biomaterials in colorectal region

The large intestine performs complex biological processes, such as: the absorption of
fluids, electrolytes and vitamins, and the evacuation of fecal material [14]. The biomechan-
ical properties and the geometric shape of the colon directly affect the proper behavior of
this biological organ. Different models used to characterize the biomechanical properties
of the walls of the intestine have been found, especially models of elastic-linear behavior,
however in this investigation, a model of hyperelastic Neo-Hookean material of non-linear
behavior was determined, since it would allow to reach a similarity with the natural peri-
static movement of the organ. The mathematical model of the material implemented
was:

W =
µ

2
(Ī1 − 3) +

1

d
(J − 1)2 (1)

It is the simplest form of deformation potential that exists for hyperelastic materials.
The Neo-Hookean model allows to properly characterize the behavior of the material.
Initial values of values of µ = 27104 Pa and d = 1.499e−7 Pa−1 were implemented. This
model requires the shear modulus and can only be subjected to uni-axial tension with
deformation values ranging between 30% and 40%, and pure shear stresses with values of
deformation ranging between 80% and 90%.

Human stool is modeled as a high viscous mass that is transported by peristaltic wave
and physical parameters [11] were defined in table 1.

Table 1: Stool parameters.

Parameter Symbol Value Unit
Density µ 1060.00 kg/m3

Viscosity ν 5.00 Pa s
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2.3 Biofunctionality conditions

There are several motor patterns that ensure that movements and propulsion are ap-
propriate for the breakdown of food, absorption of nutrients and excretion of waste. These
movements (peristalsis) are due to coordinated contractions and relaxations of circular
and longitudinal smooth muscle layers [13].

Peristaltic movements in rectum allows to transport the waste to store it before the
excretion process. Travelling peristaltic waves are generated in the intestinal wall and
travel in the antegrade direction. The wave consists of contraction and relaxation com-
ponents that modify the instantaneous wall tensions in each longitudinal slice [13]. This
motion may be mathematically modeled as:

h(z, t) = a− 0.5φ

[
1 + cos

2π

λ
(z − ct)

]
. (2)

Where z, t, a, φ, λ, c y h are respectively axial coordinate, time, radius of the tube,
amplitude of wave, wavelength, wave-speed and radial displacement of the walls from the
center line [16].

Figure 2: Radial displacement of the colon walls from the central line. Taken from [16].

A peristaltic wave was modeled in order to represent the pressure that travels along
colorectal wall and whose function is transport stool during 6 seconds of simulation.
Peristaltic pressure wave was plotted to represents its behavior with a pression value of
1893.17 Pa in figure 3 according to several intraluminal pressures reported in [2, 9, 4]:
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Figure 3: Pressure distribution on the entire wall (0.15 m) at t = 6.0 s.

2.4 Mesh configuration of region

The hexahedric configuration element was defined as the most adjusted and functional
to represent the behavior of the biostructure. It was also considered that the eight-
node hexahedral element met the physical and numerical conditions to represent the
phenomenon. A mesh was constructed for the fluid and a mesh for the structure inde-
pendently. The overall process of meshing was complex because of the particular shape
of the colon (see fig 4). The dimensions chosen corresponds to 15 cm of length and a max
diameter of 7 cm.

a) b)

Figure 4: Geometric model meshed inside (fecal material) and in the structure (correctal surface). a)
Front view of the geometry, b) perspective view of the geometry.

3 RESULTS AND ANALYSIS

Next, the results that indicate the dynamic behavior of the bio structure are presented,
considering the peristaltic pressure, properties of the fecal matter and the characteristics
and properties of the colorectal surface. Figure 5 represents the large deformations that
occur in the dynamics of the phenomenon in three timesteps (t = 0.5, 2.0 and 6.0 seconds)
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giving as a maximum value of radial displacement 6.34e-3 m. We observed a push behavior
generated by the peristatic wave on the walls co-assisted by the geometric shape of the
colon. There is evidence of an ease of mass displacement due to the biostructural form
to the interior, which is formed by a folds and a diametrial variability, which favors the
pushing force:

a) b) c)

Figure 5: Total mesh displacement due to peristaltic wave in colorectal section at a) 0.5 seconds, b) 2.0
seconds and c) 6.0 seconds.

The behavior of the biological mass inside the colorectal model and the generation
of mass flow orientation in time: 0.5, 2.0, 6.0 seconds, with maximum velocity values
of 3.5e-3 m/s are presented in figure 6. The results indicated a random movement of
the fecal mass into the colon where the greatest dynamic activity towards the inner wall
of the colon occurs in some moments of greater compression, which would facilitate the
capture of indicator particles of the colorectal disease. This behavior of greater pressure
and speed towards the inner walls of the colon is the one of greater interest in the present
investigation.

a) b) c)

Figure 6: Stool velocity results by peristaltic wave in rectal section at a) 0.5 seconds, b) 2.0 seconds and
c) 6.0 seconds.

In order to analyze the magnitude and direction of the mass flow, three cross sections
were established, whose generated planes allow the estimation of the flow passing through
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them. The first plane, located 0.01785 m from the inlet boundary, presents a flow that goes
to the outlet boundary during the first 1.5 seconds, however, after 2 seconds, its direction
changes towards the inlet boundary as can be observed in the figures 7-a, having as a
maximum recoil value a positive mass flow of 1.3e − 3 kg/s. In the figures 6-b and 6-c,
the vector field points in the sense of inlet boundary. It is important to note that as the
time progresses, the magnitude of the mass flow begins to decrease after 3 seconds, which
indicates that in the time after the second 6 could change the direction of flow again.

a)

c)

b)

Figure 7: a) Mass flow through transversal slice plane at 0.01785 m of rectal inlet. b)Mass flow through
transversal slice plane at 0.06 m of rectal inlet. c) Mass flow through transversal slice plane at 0.1137 m
of rectal inlet. Simulation was performed during 6.0 seconds.

The second plane, located 0.06 m from the inlet boundary, presents a flow in the
direction of outlet for a longer time, however, it also presents a backward movement from
the second 4, as can be seen in the figure 7-b. In the figure 6-b (2 seconds), a significant
decrease in the velocity of the flow can be identified because the system is approaching
the instant in which the flow changes direction. The flow value for the plane analyzed at
time t = 2 corresponds to −3.07e− 3 kg/s in the direction of outlet.

The third plane, located 0.1137 m from the inlet boundary, has a flow in the direction
of outlet permanently, as can be seen in the figure 7-c. However, a small decrease in
velocity is noted, which could become a setback at the time of maximum pressure caused
by the peristaltic pressure wave at that location.

4 CONCLUSIONS

- The Neo-Hokean model was appropiate to interact with pressure wave and it allowed
an adequate displacement of the fecal mass, obtaining as a result the vector field of
velocities in which the biomarker particles would be contained.

- Mass flow analized presents the backward behavior expected acording to pressure
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wave applied. This behavior provides information about vector field direction and
sense, and it allows identify the most interesesting region, which is located in the
narrowest zone where highest velocities were found.

- The present research provides a significant contribution to the knowledge of the
behavior of the fecal mass flow that contains biomarker particles for the search of
early detection mechanisms, such as a possible implantation of a biosensor on the
high contact areas.
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Abstract. We compare two homogenized models of the microcirculation which rely
on different assumptions. The first model has been derived by the homogenization of
the mesoscopic structure with the double-porosity medium represented by the Biot model
with large contrasts in the permeability coefficients constituting the Darcy law. The newly
developed so-called Biot-Darcy-Brinkman (BDB) model is described in the paper; it arises
from a two-stage homogenization of the fluid-structure interaction problem which requires
geometric representations of the sinusoidal and the inter-lobular vasculatures associated
with venous compartments, the portal and the hepatic veins. An illustrative example
shows a good correspondence between the two models.

1 Introduction

Understanding of liver perfusion on the multiple scales is crucial for the surgical treat-
ment (liver resections, transplantations), but also for understanding how the liver per-
fusion is modified by diffuse parenchyma diseases such as cirrhosis, steatohepatitis, or
the sinusoidal obstruction syndrome. At the macroscopic scale the liver receive blood
from the two separated vascular system (trees), one belonging to the hepatic artery and
other to the portal vein. These two vascular trees branch repeatedly, until they reach the
microcirculation at the level of so-called hepatic units, typically considered as hexagonal
lobules separated by thin vascular septum. The lobular structure can be approximated as
a “locally” periodic array of honeycomb-like cells constituted by the sinusoidal porosity
connecting the vertex and central veins which are the terminal branches of the two trees.

Here we focus on the lobular level perfusion whereby flows in vascular trees of the upper
hierarchies can be described by the multi-compartment Darcy flow model [10]. Existing
studies of the liver microcirculation [4, 3], i.e. perfusion between the portal track and
the central vein at lobular level, usually consider the conception of the regular hexagonal
liver lobule as the hepatic functional unit, see e.g. [5]. In [6], a convenient model has
been derived by the homogenization of the mesoscopic structure with the double-porosity
medium represented by the Biot model with large contrasts in the permeability coefficients

1

343



E. ROHAN, J. TURJANICOVÁ and V. LUKEŠ

constituting the Darcy law. Within this model, the macroscopic variables represent two
pressures associated with the portal and hepatic veins, representing the vertex and central
blood vessels, respectively, and the two related interconnecting networks the macroscopic
variables.

As the new contribution, in this paper we extend the so-called Biot-Darcy-Brinkman
(BDB) model to describe structures wirth two mesoscopic system of separated channels
which correspond to the lobular structure arrangement. For only one mesoscopic com-
partment, the model was derived using a two-level homogenization approach in [11] for
rigid porous structures and then extended in [12] to deal with deformable solid phase,
i.e. deformable hepatic cells.

Figure 1: Lobular porous structure parameterized by ε, the characteristic size of the
sinusoidal porosity, and δ which describes the size of the mesoscopic heterogeneities.

2 Biot-Darcy-Brinkman model

Two-level homogenization of the fluid-structure interaction with a scaling ansatz re-
lated to the viscosity has been applied to treat the geometry with two mesoscopic channels.
The macroscopic model is defined in terms of the pressure field associated with flow in
the liver sinusoids, the two velocity fields associated with the precapillary vessels of the
portal and hepatic vein systems and the displacements.

2.1 Microscopic and mesoscopic structure

The liver tissue can be described using a two-level structured porous material consisting
of the solid and fluid phases. These phases occupy an open bounded domain Ω ⊂ R3 which
can be decomposed in dual way. According to the phases, Ω splits into the fluid Ωf and
solid Ωs parts separated by the solid interface Γfs = Ωf ∩Ωs, whereby both Ωs and Ωf are
connected domains. The hierarchical structure is periodic at the micro- and meso-scopic
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scales related to two small parameters ε and δ, respectively, see Fig. 1. At the mesoscopic
scale, the periodic structure is formed by two families of fluid filled channels occupying
domains Ωδ

α, α = 1, 2, whereby Ωδ
c =

⋃
α Ω

δ
α, and by domain Ωδ

m = Ω \ Ωδ
c which is

constituted by a microporous material representing the so-called sinusoidal porosity. In
addition, domain Ωε,δ

p ⊂ Ωδ
m represents micro pores saturated by fluid, whereas Ωε,δ

s =
Ωδ

m \ Ωε,δ
p is the skeleton. To summarize the decompositions,

Ω = Ωδ
m ∪ Ωδ

c ∪ Γδ ,

solid (hepatic cells) Ωε,δ
s ⊂ Ωδ

m ,

microporosity (sinusoids) Ωε,δ
p = Ωδ

m \ Ωε,δ
s ,

fluid (blood) Ωf = Ωε,δ
p ∪ Ωδ

c ∪ Γε,δ
cp .

(1)

The mesoscopic channels Ωδ
α, α = 1, 2, are mutually disconnected by the sinusoidal poros-

ity Ωδ
m, so that also two disconnected interfaces are defined, Γδ

α = ∂Ωδ
α ∩ ∂Ωδ

m.
The sinusoidal porosity (microporous material) Ωm is generated as a periodic lattice

by repeating the representative volume element (RVE) occupying domain Y ε = εY . The
zoomed cell Y = Π3

i=1]0, ȳi[⊂ R3 splits into the solid part (hepatic tissue) occupying
domain Ys and the complementary fluid part Yfn (the sinusoids), see Fig. 1(a), thus
Y = Ys ∪ Yf ∪ ΓY , where Ys = Y \ Yf and ΓY = Ys ∩ Yf represents the sinusoidal walls on
which the chemical transport and diffusion processes take place.

At the mesoscopic level, the lobular structure is generated by the periodic cell δZ
representing the lobular unit, see Fig. 1(b). The zoomed cell Z involved in the homoge-
nized model consists of microporous part situated in Zm ⊂ Z and of the fluid channels
Zc = Z \ Zm, i.e. Zm ∩ Zc = ∅. According to the split of Ωδ

c, the two compartments
Ωδ

α are generated by the representative sub-cells Zα, α = 1, 2, whereby two interfaces
ΓZ
α = Zm ∩ Zα generate Γδ

α for a given scale δ.
By virtue of the two-level homogenization, when passing to the limit ε → 0, the

sinusoidal porosity is upscaled, thus yielding the mesoscopic model of the lobular structure.
Consequently, pursuing δ → 0 yields the macroscopic model.

2.2 Microscopic model

At the microscopic level, we consider the fluid-structure interaction problem for a
viscous incompressible fluid and elastic solid with linear material response and linear
strains; for the displacement field u(x, t) with x ∈ Ωε,δ

s and time t ≥ 0, the strain
components are eij(u) = 1/2(∂jui + ∂iuj). The elasticity tensor ID = (Dijkl) satisfies
the usual symmetries. saturating the micro- and the mesoscopic pores, see (1). Following
the works [2], cf. [11], dealing with models of the rigid double porous media, the viscosity
ηε,δ is given by piece-wise constant function according the micropore size ε:

ηε,δ =

{
ε2η̄p in Ωε,δ

p ,
ηc in Ωδ

c .
(2)
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This scaling of the viscosity in micropores (sinusoids) is the standard consequence of the
assumed non-slip boundary condition for the flow velocity on the pore wall, cf. [1].

The problem imposed in Ω at the microlevel is constituted by the following equations
and boundary and interface conditions governing the displacement u of the solid and both
the fluid pressure and velocity fields (v f , p):

−∇ · IDe(u) = f s in Ωs ,

n · IDe(u) = n · σf on Γfs ,

n · IDe(u) = g s on ∂σΩs ,

u = 0 on ∂uΩs ,

(3)

−∇ · (2ηe(v f )− pI ) = f f in Ωf ,

∇ · v f = 0 in Ωf ,

v f = u̇ on Γfs ,

v f − ˙̃u =: w = w̄ on ∂vΩf ,

(4)

where σf = ε2η̄pe(v
f )− pI is the fluid stress, f s,f denotes the volume forces in the solid,

or in the fluid, and g s is the surface traction stresses acting on the solid part.
Above, to introduce the relative fluid velocity w = v f − ˙̃u in the fluid-saturated pores

Ωεδ
f , we define a smooth extension ũ of the displacement field u from Ωs to entire Ω, such

that ũ ≡ u in Ωs.

2.3 Mesoscopic model relevant to the lobular structure

The mesoscopic model obtained by the first level asymptotic analysis of (3)-(4) with the
viscosity (2) for ε → 0, whereas δ being fixed, is constituted by the following equations,

−∇ · (AAe(u δ)−Bpδm) = φsf
s + φff

f ,

B : e(u̇ δ)−∇ ·K (∇pδm − f f ) = 0 , in Ωδ
m ,

−ηc∇2(wα,δ + ˙̃u
δ
) +∇pδα = f f , in Ωδ

β , β = 1, 2 ,

∇ · (wα,δ + ˙̃u
δ
) = 0 , in Ωβ ,

n [β] · σm,δ − pδmn
[β] = 0 , on Γβ ,

n [β] · (wm,δ −wβ,δ) = 0 , on Γ ,

n [β] · (2ηce(wα,δ + ˙̃u
δ
)− pδαI ) = −pδmn

[β] , on Γβ ,

(5)

where wm,δ = −K (∇pδm − f f ) is the mesoscopic flow in the sinusoidal microporosity and
σm,δ := AAe(u δ) −Bpδm is the total stress in the microporosity. It is worth to note that
the interface conditions are obtained as the byproduct of the 1st level homogenization
step without any restriction on the curvature of Γβ.
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2.4 Macroscopic model — BDB model for two mesoscopic channels

The macroscopic model is derived using the asymptotic analysis of (5) for δ → 0.
When compared to the model of a mesoscopic structure containing only one channel
system treated in [12], i.e. when α = 1, thus Ωδ

1 = Ωδ
c, the upscaled mesoscopic structures

involving two mesoscopic channels yield two macroscopic velocity fields w 0,α, α = 1, 2
which describe the two parallel flows associated with the portal vein and the hepatic vein
compartments.

The local mesoscopic characteristic problems are defined in terms of bilinear forms:

am (u , v) =∼
∫

Zm

AAez(u) : ez(v) ,

bm (p, v) =∼
∫

Zm

pB : ez(v) ,

cm (p, q) =∼
∫

Zm

∇zq ·K∇zp .

(6)

Characteristic responses in the matrix part Zm are defined as solutions of the four
uncoupled problems: Find ωij,ωP ∈ H1

#(Zm)/R3, and πk, ϕk ∈ H1
#(Zm) such that

am
(
ωij, v

)
= −am

(
Πij, v

)
∀v ∈ H1

#(Zm) ,

am
(
ωP , v

)
= bm (1, v)− ∼

∫

Γc

n [m] · v ∀v ∈ H1
#(Zm) ,

cm
(
πk, q

)
= −cm (zk, q) ∀q ∈ H1

#(Zm) ,

cm
(
ϕk, q

)
= ∼

∫

Γc

qn
[c]
k ∀q ∈ H1

#(Zm) ,

(7)

where Γc = Γ1 ∪ Γ2 employed in (7)2,4 includes both the interfaces and Πij = (Πij
k ) with

Πij
k = zjδik is also employed below.
In each of the mesoscopic channels Zα, the following problem must be solved. Find

(ψα,ij, ϕ̂α,ij) ∈ H1
#(Zα)/R3 × L2(Zα), such that,

2ηc

∫

Zα

ez(ψ
α,ij) : ez(ϑ)−

∫

Zα

ϕ̂α,ij∇z · ϑ = −2ηc

∫

Zα

ez(Π
ij) : ez(ϑ) ,

∫

Zα

q∇z ·ψα,ij = −
∫

Zα

q∇z ·Πij ,

(8)

for all (ϑ, q) ∈ H1
#(Zα)× L2(Zα).
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The set of HC is identified in the two-scale limit equations,

Aijkl =∼
∫

Zm

AAez(Π
kl + ωkl) : ez(Π

ij + ωij) ,

Bij = φcδij + bm
(
1, Πij + ωij

)
− ∼

∫

ΓZ

n [m] · ωij ,

Kij =∼
∫

Zm

∇z(zj + πj) ·K∇z(zi + πi) ,

M =∼
∫

Zm

M + bm
(
1, ωP

)
+ ∼

∫

ΓZ

n [c] · ωP ,

Sα
ijkl = 2ηc ∼

∫

Zα

ez(Π
ij +ψij) : ez(Π

kl +ψkl) ,

Hαβ
ij =∼

∫

Γα

ϕj,βn
[α]
i = cm

(
ϕi,α, ϕj,β

)
,

Qα
ij =∼

∫

Zm

∇zzi ·K∇zϕ
j,α = − ∼

∫

Zm

∇zπ
i ·K∇zϕ

j,α =∼
∫

ΓZ

πin
[α]
j .

(9)

The alternative expressions hold due to the characteristic problems (7) and (8). I addition,
the following coefficients are employed,

Pα
ij = φαδij −Qα

ij ,

Rα
ij =∼

∫

Zα

ϕ̂ij,α , Rα
ij = Rα

ji .
(10)

Then the average of the pressure in the α-mesoscopic channels p̂α can be expressed,

P 0
α(x, t) = φ−1

α ∼
∫

Zα

p̂α(x, ·, t) = φ−1
α Rα : e(w 0,α + u̇0) + p0 . (11)

This expression reveals that the mesoscopic pressure P 0
α deviates from the micropore

pressure p0 by the Rα-projection of the mesoscopic fluid velocity deformation.
The macroscopic model involves displacement field u0, two velocity fields w 0,α, α = 1, 2

associated with the two intralobular venous systems (the portal and the hepatic veins)
and the pressure p0 related to the sinusoidal micro-porosity . The quadruple of functions
(u0,w 0,α, p0) satisfy the following differential equations in domain Ω,

−∇ ·
(
Aex(u

0)− p0B
)
+

∑
β=1,2

h0,β = f blk ,

B : ex(u̇
0) +∇ · j 0 +Mṗ0 = 0 ,

−∇ · Sαex(w
0,α + u̇0)− h0,α = 0 , α = 1, 2 ,

(12)

where f blk is the bulk volume force (including the forces in the fluid and solid phases) the
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fluxes h0,α and j 0 are defined, as follows:

rate of momentum h0,α = −(Pα)T (∇xp
0 − f f )−

∑
β=1,2

Hαβw 0,β ,

seepage flow in the sinusoids: j 0 = −K(∇xp
0 − f f )−

∑
β=1,2

Pβw 0,β .
(13)

The boundary conditions are prescribed according to the boundary partitioning of ∂Ω,

∂Ω = ∂α
wΩ ∪ ∂α

pΩ , ∂α
wΩ ∩ ∂α

pΩ = ∅ , α = 1, 2 ,

∂Ω = ∂0
wΩ ∪ ∂0

pΩ , ∂0
wΩ ∩ ∂0

pΩ = ∅ ,

∂Ω = ∂σΩ ∪ ∂uΩ , ∂σΩ ∩ ∂uΩ = ∅ .

(14)

The Dirichlet conditions prescribed for u0, w 0,α and p0 can be imposed,

u0 = ū0 on ∂uΩ ,

p0 = p̄0 on ∂0
pΩ ,

w 0,α = w̄α on ∂α
wΩ .

(15)

The complementary Neumann-type boundary conditions can be specified through given
g , p̄0, W̄n,

n ·
(
Aex(u

0)− p0B
)
= n · σmp = −φ̄cp̄

0n + φ̄mφ̄sg on ∂σΩ ,

n · j 0 = W̄mes
n = −φ̄mφ̄f w̄

mic
n + φ̄cw̄

mes
n on ∂0

wΩ ,

n · Sαex(w
0,α + u̇0)− φ̄αP

0
αn = n · σf,α = −n φ̄α(P̄

α − p̄0) on ∂α
pΩ .

(16)

To explain the meaning of the Neumann conditions, the overall traction stress is by
summation of (16)1 and (16)3 which yields n · (σmp +

∑
α σ

f,α) = φ̄mφ̄sg − n
∑

α φ̄αP̄
0
α.

The fluid outflow W̄mes
n on ∂0

wΩ is given by w̄mes
n =

∑
α φαw̄

α · n lowered by the outflow
through the micropores.

We shall now consider special boundary conditions for which the weak formulation
will be presented. The microporosity is supposed to be nondrained so that ∂0

pΩ = ∅ and

n · j 0 = 0 on ∂0
wΩ. For the two mesoscopic compratments, only the Dirichlet conditions

will be prescribed for n · w 0,α, i.e. for the normal component of the velocity on the
entire surface ∂α

wΩ = ∂Ω. All these assumptions yield vanishing (or natural) Neumann
conditions for the flows represented by p0 andw 0,α. For the deformation field, the Dirichlet
conditions (15)1 are presscribed, whereas the surface tractions g loading the solid phase
must be complemented by the microporosity pressure extrapolated by the trace of the
solution, i.e. p̄0 = p0 on ∂σΩ. (Unfortunately, this extra term corrupts symmetry of the
entire system.)

The Dirichet conditions are respected by the function spaces,

V0(Ω) = {v ∈ H1(Ω)| v = 0 on ∂uΩ} ,

Q0(Ω) = {q ∈ H1(Ω)|
∫

Ω

q = 0} ,

Wα
0 = {ψ ∈ H1(Ω)| ψ · n = 0 on ∂α

wΩ} .

(17)
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Weak formulation for the BDB model Find (u0, p0,w 0,1,w 0,2) such that u0 ∈
ū0 + V0(Ω), p

0 ∈ Q0 and w 0,α ∈ w̄α
n +W0(Ω) satisfy

∫

Ω

(
Aex(u

0)− p0B
)
: ex(v)−

∑
α

∫

Ω

v ·

[
(Pα)T (∇xp

0 − f f )−
∑
β=1,2

Hαβw 0,β

]
=

−
∫

∂σΩ

φ̄cp
0n · v +

∫

Ω

f blk · v +

∫

∂σΩ

v · φ̄mφ̄sg ,

∫

Ω

q
(
B : ex(u̇

0) +Mṗ0
)
+

∫

Ω

∇q ·

(
K(∇xp

0 − f f ) +
∑
β=1,2

Pβw 0,β

)
= 0 ,

∫

Ω

ex(ψ) : Sαex(w
0,α + u̇0) +

∫

Ω

ψ ·

[
(Pα)T (∇xp

0 − f f )−
∑
β=1,2

Hαβw 0,β

]
= 0 , α = 1, 2 ,

(18)

for all v ∈ V0(Ω), q ∈ Q0(Ω), and q ∈ W α
0 (Ω), α = 1, 2.

(a) (b)

Figure 2: (a) Mesoscopic geometry representing lobular structure; (b) Macroscopic sample
with boundary conditions for the two models, BDB and DD. The Dirichlet conditions
defined in terms of p̄1 and p̄2 are employed for the DD model, while the normal velocities
n ·wα, α = 1, 2 are employed for the BDB model.

3 Numerical example and comments

In this section we compare steady state responses of the Biot-Darcy-Brinkman (BDB)
model presented above with corresponding responses of the two-compartment Darcy flow
model derived in [6] by the homogenization of a double-porous medium, as announced
in the introduction. Below, this model is referred as the DD model. In the steady
state associated with both the models, the flow and fluid pressure is decoupled from the
deformation which, thus, is not discussed in this example.

The effective homogenized parameters are calculated using the representative volume
element whose the structure, i.e. the geometry of the subdomains mimics the hepatic

8
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Figure 3: Macroscopic solution of BDB model. The pressure p0 is related to the sinusoidal
microporosity.

vasculature at the lobular level, see Fig. 2a. The periodic representative cell Z consists of
the solid porous part Zm reflecting the sinusoidal microporosity and two fluid parts Zα,
α = 1, 2 representing the portal and the hepatic vascular networks in the lobules. Apart
of the geometry at both the micro- and meso-scopic levels, the BDB model is defined by
the fluid (blood) viscosity, while the DD model requires the permeability tensors to be
defined for both the sinusoidal porosity and for the mesoscopic channels representing the
precapillary vessels. To be able to compare results provided by both the models, these
permeabilities are calculated from the Poiseuille law using viscosities employed in the
BDB model. The macroscopic simulation is performed on a block sample, see Fig. 2b.
On two distinct faces of the macroscopic sample, we prescribe the two pressures, in the
case of the DD model, or normal-projected velocities, in the case of the BDB model. The
other faces of the sample are assumed to be impermeable for both the models.

The macroscopic response of the BDB model, i.e. the solution of (18), is shown in Fig. 3.
It consists of the velocity in the portal system w 0,1, the velocity in the central system w 0,2

and the pressure in sinusoidal microporosity p0. In comparison, the macroscopic solution
of DD model, as shown in Fig. 4) consists of the two pressure fields p1 and p2 referring
to the pressure in the portal and central system, respectively. The velocities w 0,1

DD and
w 0,2

DD in both system have to be computed from their respective pressure fields. When
comparing the preliminary result of velocity w 0,1 to velocity w 0,1

DD and velocity w 0,2 to
velocity w 0,2

DD, the satisfactory qualitative and even quantitative agreement can be found.
Nonsteady responses of the BDB model will be reported in a forthcoming publication.

9
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Figure 4: Macroscopic solution of DD model. Velocities w 0,α
DD, α = 1, 2 in the mesoscopic

porosities are directly related to the pressures pα through the homogenized Darcy law.
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Abstract. In the design of sportswear which is expected to modify the performance of athletes, 
it is important to clarify the effects of the wear's rigidity and wearing pressure on the vibrations 
during exercise because they have been considered to reduce the vibrations of muscles. 
Therefore, in this study, the relationship between the vibration generated in cyclic movement 
of thigh with cloth and the physical properties of the wearing cloth is discussed by using a 
simple FE model of thigh [1, 2]. In the analysis, the FE model consisted of three parts of the 
thigh muscle, the femur, and the wear in the cross section of thigh. The thigh muscle is fixed to 
the femur but it is in contact with the wear cloth ignoring friction. The condition of the thigh 
cyclical movement is set assuming the athlete's 100 m run. Numerical analysis is performed 
under these conditions, and the variations of vibration behavior due to changing values of 
muscle, wear and pressure are evaluated by mechanical consideration. In the results of this FE 
analysis, it is quantitatively confirmed that more flexible cloth has the effect of restraining 
vibration, and also its effect can also be observed by applying wearing pressure to thigh. 

 
1 INTRODUCTION 

Compression wear is said to have the effect of reducing strain in human body by reducing 
muscle vibrations, and then it is also said that moderate pressure on the body can improve 
exercise performance. Here, it was reported that vibration generated in muscle of lower leg can 
be reduced by compression wear [1]. However, most of these researches are experimentally 
observed on human being which includes individual differences. 

Then, in this study, the simple FE model of the thigh [2, 3] is adopted to analyze the 
relationship between the vibration generated by the periodic movement of thigh and the 
physical properties of the clothing precisely.  
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 2 

2 FE MODELING OF HAMSTRING WITH CLOTHE 

2.1 Geometry and FE mesh 
In this paper, cross section of hamstring is considered to evaluate the deformation behavior 

of thigh muscle. Figure 1 (a) shows a geometrical model of the hamstring’s cross-section with 
3 parts of femur, muscle and cloth. Outer diameter of muscle part is 170mm and inner one is 
30mm, which is outer diameter of femur part. Half part of the round section is considered to 
simplify the analysis of defamation behavior by its geometrical symmetricity. The thickness of 
the section is considered as 5mm with plain strain condition for axis direction z. Movement of 
hamstring is modeled with the cyclic swing of the femur part which is defined by rigid body 
mechanically. Other parts of muscle and cloth are defined by elastic body for focusing the 
objective of this study on the mechanical effect of wearing pressure of cloth. Figure 1 (b) shows 
FE mesh generated in the geometrical parts, and its specification is shown in Table 1. Here, 
element type of femur and muscle parts is solid with 8 nodes, and cloth part is shell with 4 nods.  
 
 
 
 
 
 
 
 
 
 
 
 
 

(a) Geometrical condition                                          (b) FE mesh 
 

Figure 1: Geomatical condition and FE mesh for numerical evaluation. 

Table 1: FEM specification 

 
 
 
 
 
 
 
 
 
 
 

Part Femur Muscle Cloth 
Material model Rigid Elastic Elastic 

Dimension 
Young's modulus  E ― 25 kPa-200 kPa 100kPa-1 MPa 

Density ― 1000 kg/m 3 400 kg/m 3 
Poisson's ratio  ? ― 0.45 0.45 

Number of nodes 258 462 122 
Number of elements 110 200 60 

Solver 

Thickness  t =5 mm  Diameter   =170 mm 

Explicit 
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 3 

 
Numbers of nodes are 258, 462 and 122, and number of elements are 110, 200 and 60 relatively. 
FE calculation have done by using LS-Dyna with explicit solver mode.   

In the mechanical evaluation of wearing cloth, the modulus of muscle and cloth have 
changed with the pressure control of wearing cloth as shown in Table 1. The frequency of cyclic 
swing of thigh is 2.5 Hz because this movement of the swing is estimating 100m dash with 50 
steps in 10 seconds. The amplitude of thigh swing is 85mm by considering average physique 
of human. 

2.2 Simulated results  
Figure 2 shows the calculated results of FEM, and variation of shear strain due to the pressure 

caused by cloth shrinkage is compared among figures from (a) to (c). Here, shrinkage for 
wearing pressure is generated by the function of thermal strain in LS-DYNA with negative 
coefficient of linear expansion and positive thermal change. Each figure shows the situation at 
time t = 0.18 s. Here, lift of wearing cloth can be observed in a result of pressure free (p = 0 
Pa), but it is not observed in other two pressured condition of p = 20 kPa and 30 kPa. The 
increase of maximum shear strain due to the increase of wearing pressure can be observed, too. 

 
 
 
 
 
 
 
 
 
 
 

(a) p = 0 Pa                                                        (b) p = 20 kPa 
 
 
 
 
 
 
 
 
 
 

(c) p = 30 kPa 
 

Figure 2: Variation of shear strain distribution induced by wearing pressure. 

 

356



S. Ueda and A. Sakuma 

 4 

 
 

(a) Variation of strain fluctuation due to cloth rigidity 
 

 
 

(b) Frequency analysis 
 

Figure 3: Strain fluctuation and analyzed frequency in pressure p = 50 kPa. 

From the results of FEM shown in Figure 2, the fluctuation of strain is derived as shown 
Figure 3 (a) and result of frequency analysis is shown in Figure 3 (b). In the results of strain 
fluctuation, the increase of maximum shear strain and due to the increase of cloth rigidity is 
observed with decrease of minimum shear strain. In the frequency analysis, peak shift to higher 
range due to increase of the pressure is observed with gain growth in high frequency region. As 
the result of this Figure 3, not only the amount of shear strain but also the shift of frequency 
mode are observed by wearing the compression wear.  
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Figure 4: Analysis of shear strain variation 

In order to summarize the results of numerical analysis, variation of strain amplitude, which 
is the difference between maximum and minimum shear strain, is analyzed by changing muscles 
elasticity E, cloth rigidity Rc, and wearing pressure p. Here, the variation of shear strain Δ 
can be decreased by the increase of muscles elasticity E, and increase of pressure p can decrease 
the variation of shear strain Δ This decrease by the increase of muscles elasticity E can be 
explained by fundamental Hooke’s law or the change of stress wave by pressure p. 

 

3 CONCLUSIONS 
- In order to investigate the effect of wearing pressure, a simple cross section model has 

been developed for the analysis by finite element method, and then the analysis of shear 
strain in simulated results shows the complexity of deformation behavior change in 
moving process of muscle. 

- The increase of maximum strain can be observed with the decrease of shear strain 
variation by the increase of wearing pressure. 
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Abstract. The flexural stiffness of bamboo is inherently influenced by heterogeneous material 
characteristic owing to its unique hierarchical structure. In addition, low interfacial strength 
and unequal distribution of fibres lead to a complex fracture behavior in the material. This 
research study aims to probe into the limited durability of MADAKE bamboo (Phyllostachys 
bambusoides) by investigating its fracture mechanism through numerical simulation. The 
influence of functionally graded material (FGM) on the fracture behavior of bamboo culm was 
evaluated. A half-solid cylindrical model consisting of a rigid section and a 4-layered wall 
section was simulated in pure bending mode on LS-DYNA. The effects of material homogeneity 
and inhomogeneity were replicated by inputting elastic and orthotropic-elastic material data 
comprising of longitudinal to flexural stiffness ratio. These ratios were derived from 
experimental results of three-point flexural test. Analysis of results, based on maximum 
principal strain, showed that the homogeneous model displayed fracture characteristics similar 
to conventional elastic material. In contrast, the inhomogeneous model displayed maximum 
principal strain on the lateral surface corresponding to fracture mode of bamboo culms 
observed in nature. Numerical study of material heterogeneity is a step further in understanding 
the fracture mechanics of functionally graded materials.  
 
 
1 INTRODUCTION 

As an indispensable construction material to human life, bamboo has been widely used in 
buildings, bridges and other infrastructures involving structures. In modern times, despite being 
in an era of highly advanced materials, the growing trend towards sustainable development is 
reigniting the interest on greener materials. Bamboo has full potential as a sustainable material 
and could be considered as an alternative to conventional materials used in construction such 
as steel and concrete. Two factors; (1) a high-strength to weight ratio, and (2) an unrivalled 
growth rate of up to 100 cm per day, completely outclass other materials of its category [1,2].  

360



R. Ramful, A. Sakuma and H. Kimura 

 2 

The distinct morphology of bamboo culms is composed of cylindrical sections (internodes) 
reinforced with nodes. Being an organic material with a composite structure, it has been 
classified as a functionally graded material (FGM). This given structure is the result of millions 
of years of natural evolution in the natural environment. The inherence of FGM provides 
excellent material attributes, namely high strength, good stiffness and wear resistance, suitable 
for structural design. The longitudinally aligned cellulose fibres, which are immersed in a 
matrix of lignin, forms vascular bundles. These are non-uniformly distributed throughout the 
thickness resulting in a graded pattern [1].  

The vascular bundles, which are smaller and concentrated towards the outermost culm wall 
and larger and fewer towards the innermost section, account for the increase in effective section 
moment of inertia. In addition, the volume fraction of vascular bundles increases with height. 
This large volume fraction compensates for the inferior bending strength inherited by the top 
most culm section due to a reduction in diameter and wall thickness. This smart structure 
enables bamboo to withstand extreme flexural loading caused by wind and snow [1,3,4].  
 

 

 

 

 
 
 

Figure 1: Functionally graded material (FGM) 
 

Mechanical characterization has shown an asymmetric flexural behaviour in bamboo. Unlike 
fibers strand, parenchyma cells, which displays greater elasticity, can accommodate larger 
deformation, hence accounting for the substantial flexibility in the culm structure [5,6]. In 4-
point bending tests of Phyllostachys pubescens, maximum flexural rigidity was noted when the 
hardest outer part and softest inner part were strained and compressed respectively. Parenchyma 
cells were found to absorb large compressive deformation and was described as a highly 
compressible foam-like structure [7]. Recently, engineered bamboo with improved mechanical 
properties and homogeneity have been produced through advanced techniques [8].   

To maximise the integration of bamboo in further engineering application and structures, it 
is essential to consider certain steps to improve its durability. The average natural durability of 
raw bamboo culms is about 2 years and up to 7 years if protected from exterior exposure. A 
noticeable increase in the mechanical strength has been observed in bamboo specimens 
constituting a lower moisture content than the fiber saturation point (FSP) [9]. By attaining a 
new state of equilibrium through a series of shrinking and swelling processes, internal stresses 
are often induced within the material, leading to crack formation and premature split of bamboo 
culms [1]. 
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Carbonized bamboo has been used over the centuries in building construction owing to its 
excellent long term durability and preservation of its mechanical properties. In Kyoto, Japan, a 
traditional craftsmanship technique of wood preservation, known as Shou Sugi Ban, is applied 
to bamboo to carbonize the outermost layers. In the final product, termed as Yakisugi, moisture 
is drawn out of the material by thin carbon film, created during a light surface burn process. In 
the process of drying, whereby fibers gain strength but lose their toughness, bamboo becomes 
brittle and prone to premature failure by longitudinal split along culm length [1,10].  

1.1 Fracture  
The flexural stiffness of bamboo is inherently influenced by heterogeneous material 

characteristic owing to its unique hierarchical structure. Most tissues in this highly anisotropic 
biomaterial are arranged longitudinally and bound by non-cellulose component. This particular 
structure, which results in an inferior interfacial strength, surprisingly contributes to the high 
transverse toughness, making bamboo culms resistant to flexural loads. However, low 
interfacial strength and unequal distribution of fibres also lead to a complex fracture behavior 
in the material [5,7,11].  

Few research on the fracture toughness has been conducted to elucidate the crack 
propagation in bamboo. In Moso bamboo, Askarinejad et al. found cracks to propagate parallel 
to the longitudinal direction of fibers irrespective of notch direction and crack bridging was 
more pronounced in inner fibers [12]. Low fracture toughness parameter in Mode I interlaminar 
fracture investigation, showed that crack followed an easy path parallel to grain. The resistance 
against crack propagation, governed by interfacial strength was lower in the outer layer [11]. In 
Mode II numerical analysis, the interlaminar fracture toughness was found to be unrelated to 
length of original crack [13]. 

Typical fracture in bamboo occurs by splitting of culms under the action of stresses, namely 
impact loads, fatigue loads, creep, internal stresses and external factors [14]. Fracture of 
bamboo culm by cracking through time-dependent deformation results in creep. Mechano-
sorptive is a recurrent creep phenomenon experienced by natural composites as a consequence 
of cyclic moisture variation on loaded specimens. Creep behaviour of bamboo under various 
desorption conditions is influenced by; distribution of vascular bundles, density and material 
anisotropy [15-17].  

The inherent FGM structure of bamboo is well adapted to preserve its natural durability 
against external factors such as wind loadings. When the maximum bending moment threshold 
is exceeded, failure of culm structure occurs as displayed in Figure 2. Crack is observed to 
propagate longitudinally along culm length. Several studies have been conducted on the effect 
of bending moment on cross-sectional deformation of culm structure and onset of fracture [18-
20]. During bending of tubular section, cross-sectional inward forces, induced by longitudinal 
tensile and compressive stresses on the convex and concave sections respectively, have a 
tendency to ovalize the cross-section [21,20]. This ovalization is amplified by an increase in 
curvature as a maximum value of bending moment is reached [18]. 
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Figure 2: Natural fracture of bamboo – side culm failure 

 
This deformation by cross-sectional flattening, which was first reported by Brazier on the 

bending of thin-walled cylinders, leads to a decrease in the second moment of area and stiffness 
due to instability in the structure [21]. Huang et al. identified four modes of failure mechanism 
of hollow trunks caused by bending. These are Brazier buckling, cracks in the tangent 
direction/longitudinal split, typical bending failure and shear failure. Key research findings 
revealed that tangential cracking, followed by longitudinal splitting, is likely to happen as a 
result of cross-sectional flattening and are initiated at 4 vertices of the ovalized section [19].   

In view of further maximizing the external application of bamboo materials, it is essential to 
improve its durability by considering factors which contribute to its natural rate of degradation. 
Study of its failure mechanism and defining the fundamental mechanical behaviour is essential 
in the validation process of material worthiness for design construction. This paper aims to 
probe into the limited durability of Madake bamboo (Phyllostachys bambusoides) by 
investigating the root cause of material failure by fracture, through numerical analysis.  

2 METHODOLOGY 
The effects of inhomogeneous material on the failure modes of bamboo culm were 

investigated by numerical simulation. Figure 3 below, displays the test setup outline of section 
of bamboo culm model in pure bending mode. The effects of wind loadings on upper section 
of bamboo culm, were simulated by incorporating a rigid section to the model. The wall-end of 
the model was constrained in the z-direction only. The rigid section was assigned with elastic 
material data of high modulus of elasticity and constrained in the x-direction only.   

 

 
 

Figure 3: (a) Bending in real bamboo, (b) simulation of pure bending mode 

(a) (b) 
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A half-solid cylindrical model, replicating the internodal length of bamboo culm, was 

modelled to minimize computational time. The model, designed on FEMAP using existing 
literature data on Madake bamboo, consisted of a rigid solid section and a hollow cross- section 
composing of a 4-layered wall [1]. Detailed outline of the 3-dimensional model is shown in 
Figure 4. For an average internode count of 18, the internodal length, outer diameter and wall 
thickness was determined as 450, 100 and 12 mm respectively. HexMesh solid was used 
throughout and the model consisted of 24900 elements and 30096 nodes.  

 

 
 
 

Figure 4: (a) Cross-section of layered model, (b) dimensions outline of culm model 
 

The final model was exported to LS-DYNA and implicit analysis was performed by using 
appropriate simulation parameters. The effects of material homogeneity and inhomogeneity 
were replicated by inputting elastic and orthotropic-elastic material data respectively through 
FE analysis in LS-DYNA. The maximum strength in fibre direction was obtained 
experimentally through 3-point bending tests and an average value of 15 GPa was taken. Other 
engineering constants, namely Poisson’s ratios and shear moduli were determined by using 
equations (1) and (2) respectively with respect to their orthogonal directions [22].    
 

𝑣𝑣𝑖𝑖𝑖𝑖
𝐸𝐸𝑖𝑖

= 𝑣𝑣𝑖𝑖𝑖𝑖
𝐸𝐸𝑖𝑖

        i, j = 1, 2, 3     i ≠ j (1) 
 

𝐺𝐺𝑖𝑖𝑖𝑖 = 𝐸𝐸𝑖𝑖𝐸𝐸𝑖𝑖
𝐸𝐸𝑖𝑖+ 𝐸𝐸𝑖𝑖 +2𝐸𝐸𝑖𝑖𝑣𝑣𝑖𝑖𝑖𝑖

       i, j = 1, 2, 3     i ≠ j (2) 

 
The material models were reproduced by assuming a longitudinal to transverse flexural 

stiffness ratio in the fibre and radial direction respectively. Two material models were 
investigated in pure bending mode. A homogeneous material model, consisting of uniform 
isotropic properties in the radial direction, was devised with a uniform modulus of elasticity of 
15 GPa throughout as shown in Table 1. A second material model of inhomogeneous nature, 
consisting of axial reinforced transversely isotropic material, was devised with a longitudinal 
to transverse stiffness ratio of 100:1 as shown in Table 2. 

 
 

(a) (b) 
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Table 1: Engineering constants for perfectly isotropic material  
 

 
 

Table 2: Calculator of engineering constants for axial reinforced transversely isotropic material  
 

 

3 ANALYSIS OF RESULTS  
The flexural behavior of 2 material models was investigated by considering the maximum 

principal strain criterion. The fringe components of selected range of maximum principal strain 
distribution of both models are displayed in Figure 5. The strain distribution from Figure 5(a), 
which represents the perfectly isotropic homogeneous model, is found to be greatest at the 
outermost section of the convex side of the culm. On the other hand, the strain distribution of 
the axial reinforced transversely isotropic model differed throughout the outer surface of the 
cross-section. The area of maximum principal strain is located midway on the outer surface and 
on the inner surface of both convex and concave sides of the culm. From Figure 5(b), 
ovalization of the cross-section is found to increase with increasing bending moment. Buckling 
of culm is likely to occur as this cross-sectional flattening weakens the structure [20].  

 

 
 
 

Figure 5: Comparison of fringe component of selected range of max-principal strain in; (a) perfectly 
isotropic material, (b) axial reinforced transversely isotropic material  

 
A relative comparison of the maximum principal strain distribution of both material models 

was derived from Figure 5 and summarized in Figure 6. A local coordinate θ relative to the 
radial axis (Figure 3(b)) was used to describe the strain distribution across the cylinder cross-

Parameter Elastic Section
Young's Modulus E  = 15 GPa
Poisson's ratio v  = 0.3

LS-DYNA Material Parameter - MAT_001 Elastic
Rigid Section
E  = 15 × 106 GPa
v  = 0.3

Fiber Direction E z = 15,000 MPa Out-Plane v zr, v zθ = 0.3
Radial and Circumferential Direction E r, E θ = 150 MPa Out-Plane v rz, v θz = 0.003

G zr, G θz = 148 MPa In-Plane v rθ, v θr = 0.003
G rθ = 75 MPa

Young's Modulus

LS-DYNA Material Parameter - MAT_002 Orthotropic _Elastic
Defined material data for flexural stiffness ratio longitudinal/transverse - 100:1

Poisson's 
ratio

Shear Modulus 

(a) (b) 
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section. The areas more susceptible to failure by fracture in the perfectly isotropic model is 
located at 0° on the outer surface of the cross-section.  This mode of failure is comparable to 
the strain distribution exhibited by isotropic materials in pure bending mode. In contrast, the 
distribution of maximum principal strain on the inner and outer circumference of the 
transversely isotropic model was found to be greatest at 0° and 180° followed by 90° with strain 
values of 0.032, 0.037 and 0.028 respectively.  

Failure by fracture based on maximum principal strain criterion is bound to initiate from the 
inside sections followed by lateral sides of the culm. As reported in literature, cracks are 
expected to be initiated at four vertices of the circumference corresponding to the maximum 
principal strain shown in Figure 5(b) [18-20]. As bending load increases, it is assumed that 
these cracks will propagate longitudinally along culm length. This anticipated mode of failure 
corresponds to the fracture behavior of bamboo in nature as described in Figure 2.  

 

 
Figure 6: Comparison of maximum principal strain distribution 

 
Modification of the inner culm section at 0° and 180° is a possible consideration to delay the 
onset of crack initiation by altering the maximum principal strain. This is a potential measure 
to address fracture from the inside of bamboo culms without requiring modification of its 
outermost surface. Even though this analysis has been conducted on intermodal length, it is 
worth mentioning about the contribution of nodes to resist bending. By having small intermodal 
length at the base of the culm, nodes provides additional reinforcement to the culm structure to 
resist maximum bending loads. However, as the intermodal length reaches a maximum value 
in the central part of the culm, this region becomes vulnerable to cross-sectional flattening and 
buckling [1,18]. 

4 CONCLUSION  
This numerical study highlights the influence of inhomogeneous material on the fracture 

behavior of culm structure. Fracture behavior of homogeneous material model was found to be 
analogous to conventional fracture of isotropic material. Significant change in the 
circumferential distribution of maximum principal strain was observed in simulation of 
inhomogeneous model as material composition changed from elastic to orthotropic-elastic 
which comprised of axial reinforced fibres.  
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Results of this study correlates with natural failure observed in bamboo culms. Based on the 
criterion of maximum principal strain, cracks, which are likely to be initiated at four vertices of 
the circumference, are expected to propagate longitudinally.  
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Abstract. This study presents first the fabrication of a nanocomposite material based on 

Multi-Walled Carbon Nanotubes, and on a thermoplastic polymer matrix. First, a twin-screw 

mixer had been employed for preparing polypropylene nanocomposites loaded at 0.1, 1, 2, 

and 5wt% of MWCNT. Second, a characterization of rheological behavior for polypropylene 

as well as polypropylene/multi-walled carbon nanotube mixtures, at three temperatures (180, 

200, and 220 °C,) has been carried out using cone and plate rheometer. Then, its thermo-

mechanical properties have been studied. The work demonstrates how the addition of 

functionalized CNTs to a polypropylene will allow it to act as thermal conductor rather than 

as insulator. 
 

 

1 INTRODUCTION 

Incorporation of nanofiller such as carbon nanofiber, carbon nanotube (CNTs) has been 

successfully used to improve the matrix dominated and interlaminar properties [1,2]. CNTs 

exhibit unique structural properties such as exceptionally high specific stiffness and specific 

strength. Further addition of CNTs to the conventional fiber reinforced polymer composites 

has its own challenges [3,4]. The main challenge is to uniformly disperse them in the polymer 

matrix in order to obtain high interfacial area through which stress can be transferred from the 

weak matrix to the strong nanotubes [5]. Effective stress transfer through the CNTs/polymer 

interface is the key to obtain superior mechanical properties in the CNTs modified laminated 

composites [6]. In fact, polymer composites containing conducting fillers such as carbon 

black, carbon fiber, and metal fiber have been extensively investigated for various 

applications such as structural reinforcement, electromagnetic interference shielding, 

electronic packaging, radar absorption, heating element construction and high-charge storage 

capacitors [7-9]. 

Many researchers are interested in incorporating carbon nanotubes (CNTs) into polymers, 
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ceramics and metals to improve their mechanical properties by taking advantages of the 

superior physical, chemical and electronic properties of CNTs [10-12]. However, because 

CNTs have high aspect ratios and easily tangle with each other due to high surface energy and 

strong intrinsic van der Waals force [13,14], their uniform dispersion in a matrix is crucial for 

the manufacturing of sound nano-composites. The originality of the present study is the 

assessment of structural performance of these nanocomposites with a range of CNTs loading 

at various elevated temperature environments. 

2 MATERIALS AND EXPERIMENTAL METHODS 

2.1 Materials  

The polymer matrix used to elaborate the nano-composites was a semicrystalline 

thermoplastic polypropylene (PP-EP548N) produced by Sabic Company® with melt flow 

Index (MFI) = 11g/10min (230 °C/2.16 kg) and density = 0.892g/mm3 (see Table 1). 

Commercially isotactic polypropylene (PP-EP548N) were supplied Multi-walled carbon 

nanotubes (MWCNTs) - NC7000 were purchased from Nanocyl Company (Belgium) and 

were produced with purity higher than 90% and diameter range of 15-30 nm with typical 

length of 1-10 µm.  

 

Table 1: Material characteristics of Polypropylene 

Material  Polypropylene (PP), P548N 

Density [g/mm3] 0.892 

Transition temperature [°C] -10 

Melting temperature [°C] 155 

Melt flow index (MFI) [g/10min] [230°C/2.16kg]:11 

  

 
Figure 1: Dispersion of (a) 0.1%, (b) 0.5% MWCNT in nano-composite. 
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Figure 1 indicates the dispersion state of MWCNTs in the PP matrix of 0.1% and 5% nano-

composites. The MWCNTs are mostly isolated from each other and uniformly distributed 

throughout the matrix of 0.1% MWCNT-composite whereas in 5% MWCNT-composites, 

local bunches of CNTs are found which form agglomerates as shown in Fig. 1b. The 

reduction of strength at higher MWCNT content can be attributed towards formation of these 

agglomerates, reducing the total CNTs/matrix interfacial area. 

2.2 Nano-composites preparation 

All Prior to the preparation of nano-composites, all of the materials were dried in an oven 

for 24 h at 80 °C to facilitate the dispersion of CNTs particles into the PP. Firstly PP was 

introduced in the a Brabender® mixer with a pair of rotor blades (see Fig.2); after the melting 

of the PP, CNTs were then carried out in. For the melt mixing process, the rotation speed and 

temperature of the mixing chamber were set at 30 rpm and 180 °C, respectively, and the 

blending continued for 30 min. After pelletizing, blend granules will be used in the injection 

process. In order to prepare tensile specimens for measurement of mechanical properties, the 

mixture PP loaded with the CNTs was injected into a die mould cavities. 

 

Figure 2: Photograph of Brabender® mixer and its internal structure. 

2.3 Characterizations 

The morphology of CNTs nano-particles and nano-composites were examined by scanning 

electron microscopy. The rheological analyses were carried out using rheometer HAAKE 

MARS III with a cone and plate geometry with the diameter of 35 mm and the cone angle of 

2°. The test temperature is set from 180 to 220 °C beyond the melting temperature of 

polypropylene and below its degradation temperature. The shear rate has been chosen in a 

range from 10-1 to 102 s-1. Dynamic measurements of rheological properties were carried out 

using the HAAKE MARS III using parallel plate geometry (25 mm diameter and 1 mm gap). 

Frequencys weeps from 0.1 to 100 rad/s were performed. For rheological measurements, 

PP/CNTs samples were tested within the linear viscoelastic strain range. Thermo-

gravimetric/differential thermal analysis (TG/DTA) of PP/CNTs nano-composite were carried 

out using a thermobalance Setaram thermal analyzer from room temperature to 500 °C, at a 

rate of 10 °C/min in a continuous argon flow. 
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3 RESULTS AND DISCUSSION 

In this paper, different loading ratio of the CNTs have been selected to elaborate the 

PP/CNTs nano-composite by melt mixing process. The curves in figure 3 shows the final 

mixing torque variation of the PP and PP/CNTs nano-composite (loading ratio from 0.1 to 5 

wt.%), vs. mixing time. Uniform mixing is achieved when the torque reaches a steady state 

value.  From the results, it reveals that:  

 

- the addition of the CNTs can increase effectively the final mixing torque of the nano-

composites which means the addition of CNTs decreases the fluidity of the nano-

composite; 

- increasing the CNTs content can increase the final mixing torque, when the CNTs 

content is below to 1wt.%, there is no evident difference comparing to the pure PP; 

when the CNTs content is beyond 1wt.%, an evident increase of the mixing torque for 

the nano-composite is observed.               
 

 

Figure 3: Mixing torque vs. time for PP and PP/CNTs nano-composites at 180°C during 30 min. 

Figure 4 illustrates the influence of the CNTs loading ratio to the nano-composites shear 

viscosity tested at 220°C, the viscosity of composite increases clearly with a rise of the CNTs 

loading ratio from 0.1% to 1% (For the CNTs loading ratio of 10%, the viscosity is too high 

beyond the measurement range of the rheometer). Finally, the conclusion can be obtained that 

increasing the temperature and shear rate can decrease effectively the viscosity of CNTs/PP 

nano-composites and improve their capacity of filling the mould cavities, but increasing the 

CNTs loading ratio results in the rise of the nano-composites viscosity which is not conducive 

to the cavities filling. 

Figure 5, it is shown that the storage modulus and loss modulus of the CNTs/PP nano-

composites increases lightly with the increase in MWCNT up to 5 wt%. The results shown in 

Fig. 5 indicate that increasing CNTs concentration leads to a transition from convex to 

concave curves. Therefore, at sufficiently high concentrations the elastic modulus tends to 

level off as frequency goes to zero. 
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Figure 4: The shear viscosity of PP loaded respectively with 0.1 and 1wt% CNTs vs. shear rate at 220°C. 

 

 
Figure 5: Variation of the viscoelastic modulus with frequency for the indicated compositions (180 °C). 
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Thermo-gravimetric analysis (TGA) was performed on nano-composites at all 

concentrations to obtain additional confirmation of both the CNTs content and the structure of 

the nano-composite, as well as to determine the effects of the CNTs on the thermal stability of 

the nano-composite. TGA was carried out under a argon atmosphere. The resulting curves are 

shown in Fig. 6a. In the case of nano-composite, an initial 98% weight loss at > 350 °C 

revealed the oxidation of amorphous carbon present in the sample and also attributed to the 

decomposition of PP and was degraded completely at 430 °C. This method can determine the 

actual CNTs content in the nano-composites. The degradation temperature of the nano-

composites increased with CNTs content. A maximum increase of 35 °C was observed for the 

5 wt.% nano-composite. This indicates also that the thermal stability of the PP nanoparticles 

was improved by the addition of CNTs. The incorporation of nano-particles CNTs on PP 

matrix resulted in an increase in crystallization temperature (Tc). In the case of pristine PP 

matrix, the Tc was observed at 95 °C and was shifted to 120 °C for the 5 wt.% nano-

composite. Such an effect on the Tc obtained there are also observed on the glass transition 

(Tg) and melting temperatures (Tf). 
 

 

 
Figure 6: Thermal properties of the CNTs/PP nano-composite: (a) TGA and (b) DSC analysis. 
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The stress-strain plots for samples with CNTs loading at various in-situ temperatures are 

shown in Fig. 7a. The service temperature of these materials is limited in accordance with 

their melting temperature (Tf). Hence the maximum in-situ testing temperature was so chosen 

that it is under to the Tf of the nano-composites. The impact of various CNTs loading on 

nano-composites can be noticed from Fig. 7b. The properties obtained from these stress-strain 

plots are then reported in Table 2. Addition of 1% MWCNT into the nano-composites 

resulted in enhancement of both modulus and strength by 14.6% and 39.7% respectively 

when tested at room temperature as shown in Fig. 7b. This huge increment in strength might 

be attributed to the efficient stress transfer from the polymer matrix to the stiff MWCNT 

through the subtle S/polymer interface.  
 

 

 
Figure 7: Stress-strain curves for nano-composites at: (a) diffirent temperatures and (b) room temperatures 

with various CNT contents. 
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Table 2: Properties of nano-composites with varying CNT content at room temperatures 

CNT content (%)  Young Modulus  [GPa] Resistance a la traction 

[MPa] 

0.0 1.37±0.02 31.06±0.02 

0.1 1.43±0.03 31.37±0.03 

1.0 1.57±0.05 43.36±0.04 

2.0 1.63±0.04 47.53±0.02 

5.0 1.89±0.03 68.90±0.02 

 

6 CONCLUSIONS 

Homogenous multi-wall carbon nanotube/polypropylene nano-composites have been 

fabricated using a twin-screw Brabender® mixer. Based on experimental investigations of 

impact behaviour of PP filled with multi-walled carbon nano-tubes (CNTs), the following 

conclusions can be drawn: 

 

- From the results of the rheological properties of the PP/MWCNT nano-composites, the 

increase in the viscosity was observed, that may be due to the increase inhomogeneous 

dispersion of the MWCNT in the PP matrix. The rheological properties of these nano-

composites blends were investigated under shear flows. Our small-amplitude dynamic 

shear rheological studies showed that both the complex viscosity increase 

monotonically with increasing MWNT content, 

 

- Introduction of CNTs to the PP system can enhance the thermal stability of nano-

composites due to an interaction between the outer walls of the CNTs and PP lattices. 

Moreover, the formation of a barrier of CNT inhibits mass transfer and provides 

thermal insulation to shield the underlying polymer from the heat source, 

 

- Tensile test measurements show that the tensile strength and Young modulus increases 

dramatically with the nanotube loading, while the draw-down ratio (drawability) 

significantly decreases. The addition of MWNTs to PP improves the mechanical, 

thermal, and wear properties of an already low performance matrix, without harming 

important characteristics, such as thermal and chemical resistance. 
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Abstract. This paper discusses the plastic behavior of wires in metal mesh for discussing
the structure of woven warp and weft with their inhomogeneous and homogeneous by using
finite element method (FEM). In the FEM, an isotropic plasticity is adopted as constitutive
model of woven wire, but inhomogeneous between warp and weft is discussed to evaluate
the mechanical characteristic of the mesh as an industrial products. Here, fundamental
relation of power law hardening rule is adopted to represent the plasticity, but physical
parameters of it will be controlled for the discussion of plasticity on mesh weaving. The
inhomogeneous of mesh structure is one of key technology to control the product quality of
metal mesh, and the mechanics of plasticity of metal mesh should be discussed to develop
the product. In this report, the difference of material parameters and tension during
weaving process is targeted on the discussion. Some conditions on the wires of warp and
weft are examined in weaving process by FEM.

1 INTRODUCTION

Woven mesh of warp and weft wires is one of simplest materials to realize controlled
structure in industrial field. Its corresponding customer needs are also clear: neatly
shaped. According to the experience summarized in industrial production from previously
survey, a fact was known that a metal mesh manufactured by inhomogeneous weaving
tends to have a more neat appearance than by homogenous weaving method. To explore
its theoretical basis of this empirical conclusion, this paper measured the shape of a metal
mesh sample[1]. For comparison, some material model were designed, include one elastic
model, four bi-linear elastoplastic model and one power law elastoplastic model[2, 3]. And
a unit-cell corner model[4, 5] of plain woven structure was build for FEM. Using these
models, simulation was performed on both homogeneous and a inhomogeneous case in
finite element method.
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2 EXPERIMENTAL EVALUATION

2.1 Equipment and Condition

The exact shape of plain woven metal mesh was measured by using a microscope
named VR-3100 which made by KEYENCE Corporation. The specification of SUS304
mesh sample is 1.5 mm in diameter and 12.7 mm in woven pitch, which sprayed in blue
for reducing optical reflection as shown in Figure 1(a). The height data of mesh sample
obtained by using VR-3100 is shown in Figure 1(b). Here some data-lost occurred at wires
horizontal sides, but peak position is clear and this part of wire is targeted in evaluating
of deformation.

Figure 1: Scope view(a) and height observation(b)

2.2 Evaluation by Digitization

The measured shapes of mesh sample was output as STEP files, STEP files was pro-
cessed by using processing method in FEMmesh generation. Here, LS-PrePost is adopted
in mesh generation using data from both vertical directions, result is shown in Figure 2.

Figure 2: Digitization of experimental data

2
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Figure 3: Profile comparison of deformed warp and weft

The digitized data of mesh shape is shown in Figure 3. Here, the deformed shape of
warp and weft is duplicated to compare their situation. The difference of their deformation
is not significant in this case.

3 NUMERICAL EVALUATION BY FEM

3.1 Geometry of plain woven structure

To detail the shape changes of the plain woven structure in analysis, a FEM model
was performed by using corner model[4, 5] as shown in Figure 4(a). In an unit cell, wire
diameter φ = 1.5 mm and pitch length p = 12.7 mm. Diameter φ of warp and weft is
considered as same.

Figure 4: Unit-cell corner model of plain woven structure: top view(a) and sectional view(b)

The finite element is generated as shown in Figure 5. Here, it has 1296 elements,
contain hexahedral and pentahedral elements, and its number of nodes is 1848.

3
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Figure 5: FE model for analysis

3.2 Representation of Plasticity by Bi-linear Constitutive Model

To obtain sufficient data for evaluate the differences in shapes of plain woven structure,
some models of elastoplastic behavior are considered in this section.

Figure 6: Modeled relationships of stress and strain

Figure 6 shows the stress-strain relationships of 1 elastic model, and 4 elastoplastic
models which have same elastic modulus but different strain hardening modulus or yield
stress. Three of them have same strain hardening modulus.

3.3 Results of Bi-Linear Material Model in Homogeneous Weaving

Four elastoplastic models and a elastic material model described in section 3.2 was
applied in FE analysis. Its results are shown in Figure 7. Figure 7(a) shows a result of
an elastoplastic model with a yield stress of 0.5 GPa and a tangent modulus of 1 GPa.
In this result, the outermost region of the contact portion of warp and weft has a higher
von Mises stress.
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Figure 7: FEA results(a) and comparison of shapes(b)

Figure 7(b) shows the outermost shape of warp in FEM result with the sample data
shown in section 2.2. This result shows that: 1) shapes between 4 elastoplastic models
are almost same because their tangent modulus of plastic hardening is much smaller than
elastic modulus; 2) deformed profile in Hookean model has strong curve unlike the others
in Figure 7(b) because plasticity causes low bending moment in weaving process.

3.4 Representation of Plasticity by Power Law Material Model

Here, an elastoplastic model that transfer to plasticity phase with power law at its yield
strength is discussed to evaluate the availability of hi-linear model. The stress-strain curve
of power model is shown in Figure 8(a), and results of simulation is shown in Figure 8(b).

Figure 8: Modeled relationship by bi-linear and power rule (a) and its FEA results (b)

Figure 8(a) shows that power law model which tangent modulus of plastic hardening
is decreasing continuously, and bi-linear model only have one tangent modulus of plastic

5
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hardening. It caused their deformed difference as shown in Figure 8(b), and it is known
that the slope of power law one’s curve is monotonically decreasing continuously because
the tangent modulus it associated is monotonically decreasing continuously.

3.5 FEA Results of Bi-Linear Material Model in In-Homogeneous Weaving

To evaluate inhomogeneous weaving with tension will bring what visible changes, the
length of warp in corner models was reduced by 0.05mm, and then applied a forced
displacement to the boundary at the pitch center, make the length of warp increase
0.05mm before weaving. Its FE result is shown in Figure 9.

Figure 9: Comparison of Inhomogeneous Condition

The warp in Figure 9 shows less elongation in plain woven than weft. This result is
considered that the application of tension caused hardening, make warp got less plastic
strain on after woven procedure.

4 Conclusions

- On above, experimental measured result was simplified for comparison and further
discussion.

- Results of several material FE models was compared to evaluate elastoplasticity
represents in plain woven structure.

- Measured experimental data was compared with FE numerical analysis results for
further research.
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Abstract. In this study, an anisotropic viscoelastic-viscoplastic macro-mechanical model
is presented for short-fiber reinforced thermoplastics (SFRT). In injection molding of
SFRT, the fiber orientation is influenced by the flow velocity profile which varies through-
out the mold. The flow-induced orientation in the microstructure leads to anisotropy in
the mechanical response. In addition to the mechanical anisotropy, SFRTs show time
dependent behavior because of the thermoplastic matrix. The developed model captures
the effects of both material orientation and loading rate on the yield behavior. In this
study, uniaxial tests are performed at different strain rates and material orientations with
samples cut from injection molded plaques. The experimental results show that the effects
of loading rate and material orientation on the yield are decoupled. The presented model
takes advantage of this observation to simplify material characterization. An implicit
integration scheme is used for the numerical implementation of the model as a UMAT in
ABAQUS. Multiple relaxation times are used in order to capture the nonlinear pre-yield
regime. An efficient method for obtaining the model parameters for different modes is
proposed. Experimental results are used for validation of the model and a good agreement
is observed for the prediction of viscoelastic and viscoplastic behavior.

1 INTRODUCTION

Injection-molded short-fiber composites are used for a variety of load-bearing struc-
tures, especially in the automotive industry. Their fast and cost-efficient production,
light weight and better mechanical properties compared to unfilled plastics are among the
reasons for their popularity. In the injection-molding process, the flow causes the fibers
to be oriented, which leads to anisotropic mechanical properties. Also, because of the
polymer matrix, the mechanical response is time-dependent. This paper aims to propose
a reliable and accurate prediction tool for this complex mechanical response.
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In this study, a macro-mechanical continuum-based constitutive model is presented
for the components based on short-fiber reinforced thermoplastics. This model is built
upon the framework of the Eindhoven Glassy Polymer (EGP) model [1–3] which has been
successfully used for modeling time-dependent behavior of unfilled polymers. To describe
the rate-dependent plasticity this model does not use a classic explicit yield surface and
instead treats the polymer as a fluid with a very high initial viscosity which is exponentially
reduced with increasing stress. This model belongs to a class of models which follow the
pioneering work of Haward and Thackray [4]. Some other examples from this group are
the BPA model [5–7] and OGR model [8–10].

The model presented here aims to capture the anisotropic viscoelastic-viscoplastic re-
sponse of short-fiber composites. To model the rate-dependent and anisotropic yield
behavior the associated flow rule proposed by van Erp et al [11] is incorporated into the
framework of EGP. This flow rule uses Hill’s anisotropic effective stress along with an
Eyring type equation. Also, modifications to the EGP model is made to capture the
anisotropy in the viscoelastic response. The model is developed based on the observation
that the effects of orientation and loading rate on yield stress are factorizable. Experi-
mental results demonstrating this behavior are presented in the following sections.

In the next sections, first, the experimental observations and the developed constitutive
model are presented. Next, numerical implementation and material characterization are
discussed. In the end, simulations are performed to investigate the performance of the
model.

2 CONSTITUTIVE MODEL

The flow-induced fiber orientation causes anisotropy of the mechanical response of
injection-molded short-fiber composites. To investigate the dependence of the elastic
and yield behavior on the material orientation and strain rate, uniaxial tests at various
constant strain rates are performed on specimens cut from injection molded plaques. The
material used in this study is SABIC Lexan® 3412R PC (20 wt% short E-glass fiber-
reinforced polycarbonate) from SABIC Innovative Plastics, the Netherlands. Figure 1 (a)
shows measured values for yield stress at different strain rates and orientations in a double
log plot. Angle φ shows the angle with respect to the main mold flow direction at which,
the specimens are cut. In Figure 1 (b) stress-strain curves for the strain rate of 10−4 s−1

is shown. As can be seen in these figures, the mechanical response is dependent on the
specimen orientation and loading rate. In the double log plot shown in Figure 1 (a), the
curves for different angles have the same slope and only a vertical shift is observed as the
orientation is changed. This shows the effect of material orientation and strain-rate on
the yield behavior are factorizable. van Erp et al. [11] showed their proposed associated
flow rule can capture this property. This makes the characterization process simpler since
the effects of orientation and loading rate can be taken apart.

In the EGP model, total stress σ consists of two components acting in parallel. The
components are called driving stress σs which is the dominant contribution in the pre-yield
regime, and the hardening stress σr which is more important in the post-yield behavior.
The mechanical analog of the model is shown in Figure 2. The hardening stress comes
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Figure 1: (a) Measured yield stress values at different material orientations and strain
rates for polycarbonate with 20 wt% glass fiber; solid lines are guide-to-the-eye (b)

stress-strain curves for uniaxial tension tests on polycarbonate with 20 wt% glass fiber
at a constant strain rate of 10−4 s−1 for different material orientations.

from the spring with the modulus Gr and the driving stress is the sum of stress values
from all the Maxwell branches. The use of multiple Maxwell branches helps modeling of
the nonlinear and rate-dependent pre-yield regime. The total stress is written as:

σ = σr +
n∑

i=1

σs,i, (1)

where n is the number of Maxwell elements, σs,i is driving stress component from the ith
Maxwell branch and σr is the hardening stress. The hardening stress is not utilized in
the current study since samples fail at relatively low plastic strains. To model the elastic
anisotropy, linear orthotropic springs are used in each Maxwell element. To calculate
stress in each Maxwell branch, first, a second Piola-Kirchhoff type stress is calculated in
the intermediate configuration according to:

Ŝs,i =
4Ĉi : Êe,i, (2)

where Êe,i shows the Green-Lagrange strain tensor, and 4Ĉi represents the 4th order
orthotropic elastic stiffness tensor. After the stress is calculated, it is pushed back to
the current configuration and Cauchy stress is obtained. It should be noted that, the
deformation gradient in each element F i, is decomposed multiplicatively into elastic and
plastic components, where first, a rotation-free plastic deformation F p,i brings the material
to an intermediate stress-free configuration and then the elastic deformation F e,i is applied
and the material comes to its current configuration.

The plastic rate of deformation is defined in the intermediate configuration as follows:

D̂p,i = sym( ˙F p,i · F−1
p,i ). (3)
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ηn(τ̄)
4Cn

η1(τ̄)4C1

Gr

Figure 2: Mechanical analog of the constitutive model consisting of multiple Maxwell
elements.

This rate for ith Maxwell element is found through the associated flow rule proposed by
van Erp et al. [11]:

D̂p,i = ˙̄γp,iN̂ i, (4)

N̂ i =
∂τ̄i

∂Ŝs,i

, (5)

where τ̄i is calculated from Hill’s effective stress [13] and ˙̄γp,i is the equivalent rate of
plastic deformation. An Eyring type flow equation [12] is used to find this rate:

˙̄γp,i =
τ̄i
ηi
, (6)

where ηi is the viscosity and is obtained as follows:

ηi = η0,ia(τ̄), (7)

where η0,i is the zero shear viscosity, which is modified with the stress shift factor a(τ̄),
defined as:

a(τ̄) =
τ̄ /τ0

sinh(τ̄ /τ0)
, (8)

where τ0 is called characteristic stress and γ̇0 is the rate constant. It should be noted that
the same shift factor is applied to all the branches and the equivalent stress τ̄ in the above
equation is calculated from the total driving stress σs using the Hill’s effective stress [13].

For the numerical implementation of the presented model, an implicit scheme is applied.
For brevity, the index i, for the ith mode, is eliminated in the following equations. First,

4
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an initial guess is made for the plastic right Cauchy-Green deformation tensor Cpn+1 .
Using this value, the plastic right stretch tensor U pn+1 is calculated at the end of the time
step at tn+1:

U pn+1 =
√

Cpn+1 . (9)

Then, the elastic deformation gradient tensor F en+1 is obtained:

F en+1 = F n+1 ·U−1
pn+1

. (10)

Using the elastic deformation gradient tensor F en+1 the driving stress tensor can be cal-
culated from Equation (2). To obtain the stress shift factor a, the equivalent stress τ̄n+1 is
obtained from its value at tn using forward Euler explicit integration. This facilitates the
integration process since the stress tensor in each mode can be calculated independent of
the other modes at each step:

τ̄n+1 = τ̄n + ˙̄τn∆t. (11)

After calculating the stress shift factor from Equation (8), the plastic rate of defor-
mation D̂pn+1 can be obtained using Equations (4) to (8). In the next step, rate of the
plastic right Cauchy-Green deformation tensor Ċpn+1 is found as follows:

Ċpn+1 = 2U pn+1 · D̂pn+1 ·U pn+1 . (12)

The plastic right Cauchy-Green deformation tensor at the time tn+1 is then found accord-
ing to:

Cpn+1 = Cpn +∆tĊpn+1 . (13)

This set of equations is solved with the Newton-Raphson scheme. In each iteration
of the Newton-Raphson scheme, an initial estimate will be chosen for Cpn+1 and the
residual is obtained by finding the difference between this initial guess and the value
calculated from Equation (13). Using the presented implicit integration scheme, the
model is implemented in the finite element package ABAQUS as a user material subroutine
UMAT.

3 CHARACTERIZATION

Obtaining the input parameters for the proposed constitutive model is discussed in this
section. As was explained in the previous section, to obtain the plastic rate of deformation
tensor D̂p, Hill’s effective stress and an Eyring flow equation is used. One of the kinetics
parameters that need to be determined is the characteristic stress τ0, which determines the
slope of yield stress vs. logarithm of strain rate [3]. Because the effects of the loading rate
and material orientation are factorizable, this value is the same for all the orientations.
Figure 3 (a), shows yield stress vs. logarithm of strain rate for orientation of φ = 90◦. By
fitting the Eyring equation (Equation (6)) to this data, the value for τ0 is obtained (Table
1). Plastic anisotropy parameters such as R11 and R12 are required for calculation of Hill’s

5
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Figure 3: (a) Measured value for yield strength at (a) different rates for the reference
orientation of φ = 90◦ and at (b) different orientations at a strain rate of 10−4 s−1.

Table 1: Model parameters.

characteristic stress Hill parameters

τ0 [MPa] R11 R22 R12

0.8 1.26 1 1.1

effective stress [11]. The parameter R11, shows the ratio of yield in 1 direction, which here
is taken as the main direction of mold flow (φ = 0◦) which has the most amount of fiber
alignment, to yield in the reference direction. The reference yield direction is chosen as
the direction perpendicular to the main mold flow direction (φ = 90◦), which has the least
amount of fiber alignment, hence R22 = 1. The value for R12 shows, the ratio of shear
stress in 12 direction to the reference shear stress. Because of the factorizable behavior
shown in the previous section, the values for R11, R22 and R12 are independent of the
strain rate. In Figure 3 (b), Hill function is fitted to yield strength values measured for
different orientations at strain rate of 10−4 s−1. The obtained values for different Hill
parameters are shown in Table 1.

For obtaining the moduli and viscosity for each mode (Figure 2), a procedure similar
to [14] is followed. The procedure proposed in [14] is for the isotropic case. The method is
extended to the orthotropic response, by first finding the moduli in a reference direction
by the same procedure proposed in [14] and then, assuming the same distribution of the
elastic parameters between different modes as the reference direction. Here, the direction
φ = 90◦ is chosen as the reference direction and therefore E22 is found for different modes.
The obtained values for E22 and also viscosities and relaxation times are shown in Table
2. Total values for different elastic parameters are also found from the stress-strain curves
for different orientations and shown in Table 3. Sum of E22 values for different modes is

6

390



Ahmad Amiri-Rad, Leonid V. Pastukhov, Leon E. Govaert and Johannes A. W. van Dommelen

Table 2: Normal relaxation times, moduli and zero shear viscosities, fitted using using
measurements at φ = 90◦ and ε̇ = 10−4 s−1.

Mode λnorm.
i [s] E22,i[MPa] η0,i[MPa s]

1 2.07× 1022 1659 1.14× 1025

2 1.81× 1021 164 9.91× 1022

3 2.07× 1020 136 9.39× 1021

4 2.37× 1019 118 9.36× 1020

5 2.71× 1018 93 8.40× 1019

6 3.10× 1017 83 8.61× 1018

7 3.54× 1016 71 8.43× 1017

8 4.05× 1015 65 8.76× 1016

9 4.63× 1014 56 8.65× 1015

10 5.29× 1013 57 9.99× 1014

11 6.04× 1012 49 9.81× 1013

12 6.91× 1011 47 1.09× 1013

13 7.90× 1010 42 1.10× 1012

14 9.03× 109 43 1.30× 1011

15 1.03× 109 37 1.27× 1010

16 1.18× 108 36 1.41× 109

17 1.35× 107 36 1.62× 108

18 1.54× 106 27 1.40× 107

19 1.76× 105 39 2.31× 106

20 2.01× 104 28 1.86× 105

21 2.30× 103 25 1.89× 104

22 2.63× 102 44 3.84× 103

23 3.01× 101 59 5.91× 102

Table 3: Elastic parameters of the model.

E11 [MPa] E22 [MPa] G12 [MPa] ν12 = ν23

4181 2988 1184 0.26

approximately equal to the total E22 value shown in Table 3. A dimensionless vector m
can be found according to:

E22 =
n∑

i=1

E22,i =
n∑

i=1

miE22,

n∑
i=1

mi = 1.

(14)

Then using the assumption of the same distribution of elastic properties, one can write:

4Ci = mi
4C. (15)

It should be noted that values of Poisson ratio are assumed to be the same for all the
modes.

7
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Figure 4: Model predictions (solid lines) and test results (markers) for (a) yield strength
at various material orientations and strain rates and (b) stress-strain curves at different

material orientations at a strain rate of ε̇ = 10−4 s−1.

4 RESULTS AND DISCUSSION

The presented constitutive model is implemented as an ABAQUS user material sub-
routine using the implicit scheme presented in section 2. After finding the material pa-
rameters following the procedure presented in the previous section, uniaxial tension tests
are simulated in ABAQUS. As was discussed in the previous section, uniaxial test results
at φ = 90◦ for different strain rates and also results at a strain rate of 10−4 s−1 for differ-
ent orientations were used to find the model parameters. Values for yield stress for other
orientations and strain rates are obtained from ABAQUS simulations and are compared
to the experimental measurements in Figure 4 (a). In Figure 4 (b), stress-strain curves
from ABAQUS simulations are compared with the test results. As can be seen in Figure
4, there is a good match between the model predictions and experimental data for yield
strength, and with the use of a spectrum of relaxation times, the model is able to capture
the nonlinear pre-yield response with good accuracy.

Figure 5 (a) shows the results for creep simulations. Applied stress is plotted vs.
time-to-failure and model predictions (solid lines) are compared with the experimental
data (markers). Figure 5 (b) shows strain evolution in time for different stress values
from finite element simulations. The failure is considered as the point where plastic
localization happens and a very high strain rate is observed. Failure points are shown
with the markers in this figure.

The comparison of the model predictions and the experiments shows the capabilities
of the model in predicting both the yield and pre-yield behavior. The rate-dependence
and anisotropic response are modeled with good accuracy. The factorizable dependence
of the yield stress on loading rate and material orientation is also captured.

8
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Figure 5: (a) Comparison of model predictions (solid lines) and experimental
measurements (markers) for time-to-failure at different stress levels; (b) evolution of

engineering strain with time in creep simulations for φ = 0◦ with different stress values
(markers indicate the failure points).

5 CONCLUSIONS

In this paper, an anisotropic viscoelastic-viscoplastic macro-mechanical model was pro-
posed for short-fiber reinforced thermoplastics. Results for uniaxial tension tests at dif-
ferent strain rates and orientations were presented and it was shown that the effect of
strain rate and material orientation on the yield are factorizable. Hill’s effective stress
and an Eyring type flow equation were used to model the rate-dependent and anisotropic
yield behavior. The nonlinear, anisotropic and rate-dependent pre-yield regime was mod-
eled with application of a spectrum of relaxation times and orthotropic springs in each
Maxwell element. An implicit scheme was presented for the integration of the constitu-
tive model. It was shown that by use of the factorizability feature, the effects of strain
rate and orientation on the yield can be taken apart in the characterization process. An
effective method for finding moduli and relaxation times for different modes was also pre-
sented. The model predictions for constant strain rate and creep tests were compared
with experiments and it was shown that a good agreement exists between the results.
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Abstract. A full spectrum of materials responses to dynamic loading and observed temporal 
effects of plasticity from a united viewpoint are analyzed. The relaxation model of plasticity 
with characteristic time idea is capable to effectively predict the instability of the stress-strain 
dependencies on strain rates. It is shown that empirical models cannot simultaneously 
simulate the appearance and disappearance of the yield drop unlike the relaxation model of 
plasticity presented in the paper. 

 
 
1 INTRODUCTION 

The simultaneous growth of the yield point and of the whole stress-strain curve after the 
beginning of yielding is a typical evidence of the temporal nature of plastic deformation. 
However, experiments on soft steels [1,2] conducted in a wide range of strain rates exhibit 
another temporal effect, known as a yield drop phenomenon. The anomalous increase of the 
peak stress accompanied by a subsequent drop of stresses is ignored by many of existing 
models of dynamic plasticity (Fig.1.a). The availability of the yield drop phenomena cannot 
be recognized from the conventional strain rate dependencies of the yield limit. It is necessary 
to develop approaches that would allow one to consider these effects of strain rate sensitivity 
of the materials from the united viewpoint. 

The structural-temporal approach for determining both brittle strength and yield strength of 
materials based on the notion of characteristic (incubation) time of the stress relaxation 
process preceding the macro failure turned out to be an effective alternative approach for 
describing temporal effects in the high-speed deformation of metals [3,4]. This approach was 
applied in those strain rate ranges in which the classical Johnson-Cook empirical formula and 
its modifications do not work [5,6]. These theoretically calculated parameters gave a 
satisfactory correspondence to the structural-temporal plasticity model with experiment [7,8]. 
In the work [5], we compared numerical models with the structural-temporal approach 
considering initial moments of the plastic flow in metals (Fig.1). In this paper, we continue 
constructing analytical relationships for the entire deformation curve and try to establish 
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 2 

connections between parameters of empirical models and those of the relaxation model of 
plasticity [8,9]. 

In this paper, responses of some of the materials to the applied dynamic load are predicted 
based on the plasticity relaxation model [8,9]. Unlike original and modified Johnson-Cook 
models, one of the advantages of calculating the yield strength by the relaxation model of 
plasticity is a limited set of material parameters that do not require further modifications in 
conditions of high strain rates. The main result is the opportunity to describe the principal 
temporal effects of high-rate plastic deformation of metals from the united viewpoint. 

 

 
Fig.1. Stress-strain dependences of B500A steel [1] on strain rates 0.001 s–1 and 1000 s–1, predicted by the 

Johnson-Cook model (a) and the relaxation model of plasticity (b). 

 

2 THE RELAXATION MODEL OF PLASTICITY 
Many principal temporal effects of yielding influencing stress-strain relations with increase 

of the strain rate are taken into account by the incubation time concept. To construct the 
whole set of stress-strain curves in a wide range of strain rates, we proposed the generalized 
structural-temporal approach to plastic deformation, known as the relaxation model of 
plasticity previously introduced by Petrov et al [8,9] and based on the notion of incubation 
time [3].  

Let us introduce a dimensionless relaxation function 0<γ(t)≤1, defined as follows 

𝛾𝛾(𝑡𝑡) =

{
 
 
 
 1,                                             1𝜏𝜏 ∫ (𝛴𝛴(𝑠𝑠)𝜎𝜎𝑦𝑦

)
𝛼𝛼
𝑑𝑑𝑠𝑠 ≤ 1,

𝑡𝑡

𝑡𝑡−𝜏𝜏
  

1
𝜏𝜏 ∫ (𝛴𝛴(𝑠𝑠)𝜎𝜎𝑦𝑦

)
𝛼𝛼
𝑑𝑑𝑠𝑠

𝑡𝑡

𝑡𝑡−𝜏𝜏

−1/𝛼𝛼

,   1𝜏𝜏 ∫ (𝛴𝛴(𝑠𝑠)𝜎𝜎𝑦𝑦
)
𝛼𝛼
𝑑𝑑𝑠𝑠 > 1.

𝑡𝑡

𝑡𝑡−𝜏𝜏

 (1) 

The equality γ(t)=1 in (1) corresponds to the case of purely elastic deformation. Gradual 
decrease of the relaxation function in the range 0<γ(t)<1 describes a transition to the plastic 
deformation stage. During the plastic stage of deformation, t≥t*, the relaxation function γ(t) 
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satisfies the condition 

  1
𝜏𝜏 ∫ (𝛾𝛾(𝑡𝑡)𝛴𝛴(𝑠𝑠)

𝜎𝜎𝑦𝑦
)

𝛼𝛼
𝑑𝑑𝑑𝑑 = 1.𝑡𝑡

𝑡𝑡−𝜏𝜏  (2) 

Here, we suppose that the equality (2) is retained from the yield moment t=t* (the detailed 
calculation scheme for the t* is given in [9]) during the subsequent irreversible deformation 
process in the material (0<γ(t)<1). We determine the true stresses in the deformed sample at 
t≥t* in the following form: 

σ(t)=Eγ1–β(t)ε(t) (3) 

where E is the Young’s modulus and β is the scalar parameter (0≤β≤1), which describes the 
degree of hardening of the material. The case of β=0 corresponds to the absence of hardening. 
Considering the stages of elastic and plastic deformations separately, we can obtain from (4) 
the following stress-strain relation: 

𝜎𝜎(𝜀𝜀(𝑡𝑡)) = {
𝐸𝐸𝜀𝜀(𝑡𝑡),                          𝜀𝜀(𝑡𝑡)/𝜀𝜀̇ < 𝑡𝑡∗,

𝐸𝐸𝛾𝛾1−𝛽𝛽 (𝜀𝜀(𝑡𝑡)
𝜀𝜀̇ ) 𝜀𝜀(𝑡𝑡),    𝜀𝜀(𝑡𝑡)/𝜀𝜀̇ ≥ 𝑡𝑡∗. (4) 

All parameters α, τ, β are invariant to loading history and only depend on structural 
transformations in the material. The relaxation model of plasticity can be used for the 
arbitrary pulse shape, defined by the Σ(s) function.  

 

3 THE YIELD DROP PHENOMENON IN THE MATERIALS  
Introducing the independent mechanisms controlled by α, β, τ parameters makes it possible 

to predict the rate sensitivity effect of the material response and the appearance of the “yield 
drop” effect in both cases in the perfect plasticity (Fig. 2) and that with hardening (Fig. 3). 
Further materials without hardening (Material WH) and with hardening (Material H) are 
considered. The sufficiency of the three parameters to describe the effect of the "yield drop" 
follows from the fact that the effect of the yield drop contains three quantities that correspond 
to this phenomenon. These include the width of the yield drop, the upper and lower yield 
stresses. 
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Fig. 2. The responses of nanocrystalline nickel [10] and theoretical stress-strain relations at 0.004 s–1, 2082 s–1, 

5215 s–1, plotted by the relaxation model of plasticity (α=1; β=0; τ=3.3 μs; σy=2072 MPa; E= 50 GPa). 

 

 

Fig. 3. Stress-strain dependences of TRIP800 steel [2] on strain rates 0.001 s–1 and 2650 s–1, predicted by 
relaxation model of plasticity (E=150 GPa, σy=510 MPa; α=2, τ=2.8μs, β=0.13). 
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4 DIFFERENCE MATERIALS RESPONSES TO DYNAMIC LOADING 
The rate sensitivity in the material can be analyzed using the dependence of the limiting 

stress (initial point of the irreversible deformation, called the yield stress in metal) on the 
strain rate and a set of responses of the material to the applied load, characterized by different 
durations and amplitudes. Different types of the material deformation curves in a wide range 
of strain rates can be predicted from the viewpoint of the relaxation model of plasticity (Fig. 4 
and Fig. 5). Particularly, the increase of loading rate can lead to appearance of anomalies, 
called “yield drops”, at the initial stage of the plastic deformation. In this case, the transition 
to plastic deformation stage is accompanied by the presence of a pronounced maximum stress 
with a subsequent stress drop on the deformation dependence. The phenomenon of the 
maximum stress increasing with the applied load can indicate the existence of the material 
rate sensitivity. Classical dynamic models of the plastic deformation are only able to account 
for the cases shown in Fig. 6 when loading rate growth increases the yield stress and the 
stress-strain dependence remains smooth during transition to the stage of irreversible 
deformation. 

 

 
Fig. 4. Prediction of “yield drop” effect with hardening (a) and without hardening (b) using the relaxation model 

of plasticity. 

 

 

Fig. 5. Full spectrum material responses based on the relaxation model of plasticity: (a) perfect plasticity, (b) 
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appearance and (c) disappearance of the “yield drop” effect. 

 

 
Fig. 6. The increase of the yield stress with disappearance of the “yield drop” effect. 

5 CONCLUSIONS 
Characteristic (incubation time of plastic deformation) time being considered as a material 

constant can serve a principal parameter of the integral yield criterion that predicts the 
dynamic behaviour of the yield strength in a wide range of strain rates. The relaxation model 
of plasticity is able to describe experimentally observed instabilities of stress-strain 
dependencies, caused by strain rates, including the yield drop phenomenon. It was shown that 
utilizing this approach the broad spectrum of material responses to dynamic loading can be 
obtained (Fig. 4 and Fig. 5). 
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Abstract. A new theoretical method for determining the mechanics properties of ultra-thin 
elastic materials is proposed in this paper. This method is based on a full contact model and 
Poisson’s effect. This study consisted of three steps. First, FE model of indentation problem for 
ultra-thin specimen is developed by elastic constitutive relationship for precise analysis of 
problem. Second, the simplified model is used to evaluate the result of FEM, and its availability 
is discussed by comparison with extended Hertzian theory. Third, an equation is proposed after 
comparing the results of FEM, extended Hertzian theory and full contact model.  

1 INTRODUCTION 
Over the past one hundred years, the indentation technique has been adopted to measure the 

hardness and elastic modulus of various materials [1-3]. Fundamental ball indentation 
technology proposed by Heinrich Hertz is regarded as an effective method for deducing the 
physical properties of semi-infinite elastic bodies [1]. W.C Oliver et al proposed a 
nanoindentation technique applied under small-scale deformation [4]. After that, experiments 
on nanoindentation were carried out continuously [5-7]. Several researchers have theoretically 
investigated the mechanical properties for thin film materials. However, the studies of Hertzian 
theory and nanoindentation technique have limitation when one of the contacting bodies is very 
thin. A extended Hertzian theory based on nonequivalent indentation strain was proposed by 
Tani et al. to investigate the applicability in this case [8,9]. but this method is not universal and 
has a certain error when the thickness is too small.  

In this paper, therefore, a theoretical full contact theory is studied to solve this theoretically 
problem. First, the optimal experimental conditions were selected after considering the 
thickness effect and diameter effect. Then, a simplified model is formulated to derive full 
contact theory. At last, by using the result of FEM, the difference between extended theory and 
full contact theory is compared under various thickness conditions.  
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2.   EVALUATION METHOTOLOGY 

2.1 Thickness effect by FEM 
The FE model of indentation problem is developed by elastic constitutive relationship for 

precise analysis. The intent of this section is to explore the effects of various dimensions of the 
diameter and specimen on the experiment and to find optimal experimental conditions. 
Numerical experiments have been carried out by LS-DYNA and FEMAP V11.4.1. 

The boundary conditions for FE model of ultra-thin indentation problem are given in Fig.1. 

 
Figure 1: Geometry and boundary conditions of quarter finite element model 

The FE models of indenter and specimen were constructed and meshed in FEMAP. The FE 
models and its meshing at different thickness h of specimen are given in Fig.2. The diameter of 
indenter is 30mm. Since the symmetricity of this model, a quarter of specimen and a spherical 
shell of indenter are used to reduce computation time. Specimen is a rectangular parallelepiped 
with a side length of 50mm50mm. Its thickness h is prepared as 50mm, 10mm and 1mm for 
corresponding to different situations. The regional differential meshing is used for specimen. 
In particular, the model can be neglect its dimensions as shown in Fig.2 (c) when the thickness 
of the specimen is very thin. 

               

(a) Thick (Hertzian)                             (b) Thin (extended)                         (c) Ultra-thin (full contact)  

Figure 2: FE models to analyze the influence of thickness  

Fig.3 shows the thickness effect on the experimental results. It indicates that the same 
indentation depth produces different magnitudes of load force F at different thicknesses.  On 
the other hand, this difference becomes more and more noticeable when the thickness becomes 
thinner. 
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Figure 3: Thickness effect in indentation 

2.2 Diameter effect for ultra-thin specimen 
The diameter effect is discussed in this section. The FE models are shown in Fig.4. The 

indenter is a rigid sphere with a diameter of 2mm and 30 mm. Where only a portion of a 
spherical indenter is taken for the indenter model in order to reduce the simulation time. 
 

 
(a) Diameter =2mm 

 
(b) Diameter =30mm 

Figure 4: Finite element mesh of ultra-thin indentation problem at different diameter of indenter 

Table 1 represents the conditions of experiment. The Young’s modulus E and Poisson’s ratio 
ν of indenter are 200GPa and 0.29, respectively. The Young’s modulus E of specimen is 100kPa, 
and the Poisson ratio ν is 0.45.  
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Table 1: Experiment condition 

 Unit Indenter Specimen 
Materials  rigid elastic 

Young’s modulus E [Pa] 200G 100k 
Poisson’s ratio  0.29 0.45 

Diameter/ Thickness  /h [mm] 2, 30 0.05 

Fig.5 shows the diameter effect of thin specimen indentation test. It indicates that the larger 
diameter h of indenter will cause the bigger load force F under the same experimental 
conditions. The large diameter indenter is used in this study in order to facilitate the processing 
and comparison of experiment results. 

 
Figure 5: Diameter effect in thin specimen 

3.   EVALUATION FOR ULTRA-THIN INDENTATION PROBLEM 

3.1 Evaluation by extended Hertzian theory 
The relationship between the load force F and the indentation depth δ shown in the Fig.1 

(a) can be described by Hertzian contact theory [1] as following. 

𝐹𝐹 = 4
3

𝐸𝐸
1 − 𝜐𝜐2 (

𝜙𝜙
2)

1
2
𝛿𝛿
3
2 = 𝐴𝐴𝛿𝛿

3
2 

(1) 

𝐴𝐴 = 4
3

𝐸𝐸
1 − 𝜐𝜐2 (

𝜙𝜙
2)

1
2
 

(2) 

Here 𝜙𝜙, E and ν are the diameter of indenter, the Young's modulus and Poisson's ratio of 
specimen, respectively. Equation (3) is the extended Hertzian theory proposed by Tani et al. 
[8,9] as shown in Fig.1 (b). Where coefficient B is the constant determined by the curve fitting 
method numerically. 

�̂�𝐹 = 𝐴𝐴{𝛿𝛿(1 + 𝐵𝐵𝛿𝛿)}
3
2 = �̂�𝐴𝛿𝛿

3
2 (3) 

�̂�𝐴 = 𝐴𝐴(1 + 𝐵𝐵𝛿𝛿)
3
2 (4) 
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Therefore, the apparent Young's modulus �̂�𝐸 of the specimen during the experiment can be 
determined by Equation (5). 

�̂�𝐸 = 𝐸𝐸(1 + 𝐵𝐵𝐵𝐵)
3
2 (5) 

3.2   Formulation of full contact theory 
The relationship between load force F and indentation depth δ represents an important 

material characteristic. However, it is very difficult to analyses the contact mechanics when one 
of the contacting bodies is very thin. The aim of this section is to seek a theoretical method to 
express the load force F according to indentation depth δ when thickness h is very thin.  

Fig.6 shows a schematic of model named full contact model for the ultra-thin indentation 
problem. It differs from the Hertzian contact theory in the contact area radius a, which is 
denoted by  in this paper. The shaded portion in Fig.6 is considered to be the compressed area. 
A coordinate system is established with the projection point of the indenter on the bottom 
surface as the origin. Where δ is the indentation depth, h is the thickness of specimen, δi and hi 
are the indentation depth and thickness of specimen at radius ri on the r-axis, respectively.  is 
the radius of the contact area which can be determined by equation (6). 

𝛼𝛼 = √𝜙𝜙𝐵𝐵 − 𝐵𝐵2 (6) 

 

Figure 6: Schematic of full contact theory model 

The curve equation of the indenter can be expressed by the equation (7). 

𝑧𝑧 = ℎ + 𝜙𝜙
2 − 𝐵𝐵 − √𝜙𝜙

4
2
− 𝑟𝑟2 

(7) 

𝑟𝑟 ∈ [0, 𝛼𝛼]  

When the value of r increase from 0 to , the expressions of δi and hi are as shown in equation 
(8) and equation (9).  

𝐵𝐵𝑖𝑖 = 𝐵𝐵 − 𝜙𝜙
2 + √𝜙𝜙

2

4 − 𝑟𝑟𝑖𝑖2 
(8) 
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ℎ𝑖𝑖 = ℎ + 𝜙𝜙
2 − 𝛿𝛿 − √𝜙𝜙

2

4 − 𝑟𝑟𝑖𝑖2 
(9) 

According to the definition of engineering strain, the strain is the ratio of the shortening or 
elongation of the specimen to the initial value of the gauge length. Therefore, the strain εi at 
different positions can be defined by equation (10). 

𝜀𝜀𝑖𝑖 =
𝛿𝛿 − 𝜙𝜙

2 + √𝜙𝜙2

4 − 𝑟𝑟𝑖𝑖2

ℎ  

(10) 

The stress value σi at different positions ri can be obtained by Hooke's law σ = Eε, where E 
is the Young's modulus of the specimen. 

𝜎𝜎𝑖𝑖 = 𝐸𝐸
𝛿𝛿 − 𝜙𝜙

2 + √𝜙𝜙2

4 − 𝑟𝑟𝑖𝑖2

ℎ  

(11) 

In order to simplify the model, the Young's modulus of the specimen is considered as a 
constant. Therefore, the load force F can be defined by equation (12). 

𝐹𝐹 = ∫ 2𝜋𝜋𝜎𝜎(𝑟𝑟)𝑑𝑑𝑟𝑟 =
𝛼𝛼

0
2𝜋𝜋𝐸𝐸∫ 𝑟𝑟

𝛿𝛿 − 𝜙𝜙
2 + √𝜙𝜙2

4 − 𝑟𝑟𝑖𝑖2

ℎ 𝑑𝑑𝑟𝑟
𝛼𝛼

0
 

(12) 

When the sides of the object is fixed, the boundary creates an extra force on the object during 
compression process. This effect is called the Poisson effect which can be defined as shown in 
equation (13). Where ν is the Poisson’s ratio of specimen.           

𝐸𝐸′ = 𝐸𝐸 1 − 𝜐𝜐
(1 + 𝜐𝜐)(1 − 2𝜐𝜐) 

(13) 

In the ultra-thin ball indentation test, the compressed area can be approximated as the shaded 
portion in Fig. 6. Therefore, the full contact theory is proposed as shown in equation (14). 

𝐹𝐹 = 𝜋𝜋𝐸𝐸𝛿𝛿2

ℎ (𝜙𝜙2 − 𝛿𝛿
3)

1 − 𝜐𝜐
(1 + 𝜐𝜐)(1 − 2𝜐𝜐) 

(14) 

3.3   Evaluation and comparison 
Based on the full contact theory, the fundamental and extended Hertzian theories, a series of 

experiments were conducted to investigate the differences in various thicknesses h of specimen.   
The FE model used in this section is similar to that of Fig.4, and the mechanical properties 

of the material are the same as in Table.1. The diameter of the indenter is set to 30mm because 
of the diameter effect, while the thickness h of the specimen is 0.05mm, 0.1mm, 0.3mm, 1mm 
and 3mm. The direction of indenter is perpendicular to the specimen bottom surface. Since the 
thickness h of each specimen is different, the maximum indentation depth is set to 20% of the 
specific thickness h of specimen in order to visually compare the differences.  

The calculated results are shown in Fig.7. It indicated when the thickness of the specimen is 
decreasing, the results obtained by the full contact theory are getting closer to the FEM results. 
The results are almost the same when the thickness reaches 0.1mm or even 0.05mm. On the 
other hand, the extended Hertzian theory is very close to the FEM results at different thickness 
h of specimen.  
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(a) Thickness h=3mm (b) Thickness h=1mm 

  

(c) Thickness h=0.3mm (d) Thickness h=0.1mm 
  

(e) Thickness h=0.05mm  

Figure 7: Comparison of different theories 
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Fig. 8 shows the variation of E'/E0 at different thicknesses. Where E0 is the actual Young's 
modulus which the value is 100kPa. F' is the load force obtained from FE results. E' is the 
apparent Young's modulus obtained in the simulation according to the full contact theory. The 
solution of E' is as shown in equation (15). The abscissa is the thickness h, and the ordinate is 
the ratio of the apparent Young's modulus E' to the actual Young's modulus E0. It indicates that 
the apparent Young's modulus E' decreases as the thickness of the specimen increases. 

𝐸𝐸′ = 𝐹𝐹′
𝐶𝐶  

(15) 

𝐶𝐶 = 𝜋𝜋𝛿𝛿2

ℎ (𝜙𝜙2 − 𝛿𝛿
3)

1 − 𝜐𝜐
(1 + 𝜐𝜐)(1 − 2𝜐𝜐) 

 

 
 

Figure 8: Variation of Young's modulus E' at different thicknesses 
The results can be fitted with a logarithmic function as shown in equation (16). The 

coefficient of determination R2 is 0.9931. 

𝐸𝐸′

𝐸𝐸𝑜𝑜
= −0.11 ln(ℎ) + 0.7098 

(16) 

It can be obtained that when h is 0.0715 mm, apparent Young's modulus E' is equal to actual 
Young's modulus E0. Therefore, it can be considered that full contact theory is applied when 
the thickness is less than 0.0715 mm.  

𝑅𝑅𝐿𝐿 =
ℎ
𝜙𝜙 

(17) 

Here，RL is the ratio of thickness h to diameter  In this paper, the full contact theory can 
be applied when the value range of RL is 0.0017 which is threshold of applicability of equation 
(14).  
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4 CONCLUSION 
- The results of the experiment indicate that the extended Hertzian theory has good 

applicability, and the full contact theory applies only when the thickness h of specimen 
is very thin. 

- By comparing the extended Hertzian theory with the full contact theory, it can be found 
that the full contact theory can predict the result directly when h is very thin. 

- According to the principle of geometric similarity, the full contact theory can be 
applied when the ratio RL of the thickness h to the diameter   is under 0.0017 in the 
case of very thin specimen. 
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Abstract. A zero-thickness mortar/interface element formulation is briefly described and 
demonstrated. This element may be considered as an extension of traditional zero-thickness 
interface element, in order to represent material interfaces located in between subdomains with 
non-matching FE meshes. In the context of small strain analysis, these elements may be 
equipped with the same type of constitutive laws as traditional interface elements. Therefore, if 
friction or fracture-mechanics-based laws are adopted, mortar/interface elements may be used 
to represent frictional sliding or cracking following the lines (surfaces) along which they have 
been pre-inserted. Two basic verification examples of this type are presented, showing that the 
model can correctly represent uniform states of stress and deformation when connecting 
unmatched mesh subdomains. 

1 INTRODUCTION 
Since they were first proposed in the late 60s in a geo-mechanical context [1], zero-thickness 

interface elements have been a very useful tool to represent contacts and discontinuities in a 
variety of engineering fields, including concrete and other quasi-brittle materials, bone tissue, 
etc. However, as originally proposed, interface elements are subject to the limitation that nodes 
on each side must be paired and perfectly matched one-to one. That is, meshes of the continuum 
on both sides of the interface line have to be perfectly matching and conformal meshes. This 
may be not a non-trivial requirement in some cases, such as for instance in the case of complex 
problems containing different subdomains that may be more conveniently meshed 
independently, or in case of meshes initially matched that may become unmatched due to large 
opening/sliding of the discontinuities.  

One way to deal with unmatched meshes on both sides of the discontinuities, consists of the 
so called “mortar” elements. The concept was originally introduced by Bernardi et al in 1987 
in the context of spectral discretization of domain decomposition methods [2], and was later 
introduced in the FEM for large-deformation contact-friction analysis and shown to preserve 
the optimal convergence ratio and fulfil the Babuska-Brezzi condition [3]. Initially, mortar 
elements were formulated on the basis of Lagrange multipliers, although later formulations are 
also based on penalty approach [4]. The mortar formulation described here uses a penalty 
approach, which makes it similar to traditional zero-thickness interface elements and in fact, 
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the mortar formulation developed may be considered as an extension of those elements to the 
case of unmatched meshes. Another advantage of the penalty approach is the possibility of 
using the same constitutive models as used for interface elements, and in particular, the model 
of normal/shear cracking model developed in [5].  

2 STANDARD INTERFACE FORMULATION 
The departing point for the formulation of the mortar element is the classical displacement-

based zero-thickness interface element [6]. This is why this section includes a 
summary/reminder of that formulation, although it is recast in a way that is more convenient 
for the later extension to the mortar case. Figure 1 shows a linear interface element composed 
of two faces with two nodes per face. Although in the figure the faces are represented at a 
distance from each other, locations the two faces are generally coincident. A mid-plane line is 
defined at mid distance between the two faces, or if they coincide, at the same location. For 
interpolation and integration purposes, a local coordinate 𝜉𝜉𝜉𝜉 varying from −1  to 1, is defined 
along the mid-plane in such a way that nodes 1 and 3 are located just across the discontinuity 
at the point 𝜉𝜉𝜉𝜉 = −1, which is also denoted as mid-point α, and the same for nodes 2 and 4 at 
𝜉𝜉𝜉𝜉 = 1, which also denoted as mid-point β.   

 
Figure 1: Geometry of standard interface element 

Interface nodal relative displacement are then defined as: 
𝕣𝕣𝕣𝕣𝛼𝛼𝛼𝛼
𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 = 𝒖𝒖𝒖𝒖3 − 𝒖𝒖𝒖𝒖1 
𝕣𝕣𝕣𝕣𝛽𝛽𝛽𝛽
𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 = 𝒖𝒖𝒖𝒖4 − 𝒖𝒖𝒖𝒖2 

(1) 

where 𝒖𝒖𝒖𝒖1, 𝒖𝒖𝒖𝒖2, 𝒖𝒖𝒖𝒖3, 𝒖𝒖𝒖𝒖4 are the standard nodal displacements in Cartesian axes. Expression (1) 
may be written in matrix form as:  

𝕣𝕣𝕣𝕣𝑒𝑒𝑒𝑒
𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 = �

𝕣𝕣𝕣𝕣𝛼𝛼𝛼𝛼
𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥

𝕣𝕣𝕣𝕣𝛽𝛽𝛽𝛽
𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥� = �−𝕀𝕀𝕀𝕀  𝟎𝟎𝟎𝟎

  𝟎𝟎𝟎𝟎 −𝕀𝕀𝕀𝕀�
−𝕀𝕀𝕀𝕀  𝟎𝟎𝟎𝟎
 𝟎𝟎𝟎𝟎 −𝕀𝕀𝕀𝕀� �

𝒖𝒖𝒖𝒖1
𝒖𝒖𝒖𝒖2
𝒖𝒖𝒖𝒖3
𝒖𝒖𝒖𝒖4

� =  [𝚻𝚻𝚻𝚻𝐴𝐴𝐴𝐴  𝚻𝚻𝚻𝚻𝐵𝐵𝐵𝐵]  �
𝒖𝒖𝒖𝒖𝐴𝐴𝐴𝐴
𝒖𝒖𝒖𝒖𝐵𝐵𝐵𝐵� = 𝚻𝚻𝚻𝚻 𝒖𝒖𝒖𝒖𝑒𝑒𝑒𝑒 (2) 

where 𝚻𝚻𝚻𝚻 and 𝒖𝒖𝒖𝒖𝑒𝑒𝑒𝑒 are the overall transfer matrix and nodal displacement vectors, while 𝒖𝒖𝒖𝒖𝐴𝐴𝐴𝐴 and  𝒖𝒖𝒖𝒖𝐵𝐵𝐵𝐵 
are the displacement vectors containing the displacement of nodes on the upper and lower sides 
of the discontinuity surface, and matrices 𝚻𝚻𝚻𝚻𝐴𝐴𝐴𝐴 and 𝚻𝚻𝚻𝚻𝐵𝐵𝐵𝐵 are the respective transfer matrices. 
Relative displacements at any point 𝜉𝜉𝜉𝜉 of the mid-plane surface are then interpolated from their 
mid-point nodal values using the standard shape functions 𝑁𝑁𝑁𝑁𝛼𝛼𝛼𝛼(𝜉𝜉𝜉𝜉) and 𝑁𝑁𝑁𝑁𝛽𝛽𝛽𝛽(𝜉𝜉𝜉𝜉) (Fig.1), as: 
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𝕣𝕣𝕣𝕣 
𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥(𝜉𝜉𝜉𝜉) = �

𝑟𝑟𝑟𝑟𝑥𝑥𝑥𝑥(𝜉𝜉𝜉𝜉)
𝑟𝑟𝑟𝑟𝑥𝑥𝑥𝑥(𝜉𝜉𝜉𝜉)� = �𝑁𝑁𝑁𝑁𝛼𝛼𝛼𝛼

(𝜉𝜉𝜉𝜉) 0
0 N𝛼𝛼𝛼𝛼(𝜉𝜉𝜉𝜉)� �

𝑟𝑟𝑟𝑟𝛼𝛼𝛼𝛼𝑥𝑥𝑥𝑥(𝜉𝜉𝜉𝜉)
𝑟𝑟𝑟𝑟𝛼𝛼𝛼𝛼𝑥𝑥𝑥𝑥(𝜉𝜉𝜉𝜉)� + �

𝑁𝑁𝑁𝑁𝛽𝛽𝛽𝛽(𝜉𝜉𝜉𝜉) 0
0 𝑁𝑁𝑁𝑁𝛽𝛽𝛽𝛽(𝜉𝜉𝜉𝜉)� �

𝑟𝑟𝑟𝑟𝛽𝛽𝛽𝛽𝑥𝑥𝑥𝑥(𝜉𝜉𝜉𝜉)
𝑟𝑟𝑟𝑟𝛼𝛼𝛼𝛼𝑥𝑥𝑥𝑥(𝜉𝜉𝜉𝜉)� = 

= 𝐍𝐍𝐍𝐍𝛼𝛼𝛼𝛼(𝜉𝜉𝜉𝜉) 𝕣𝕣𝕣𝕣𝛼𝛼𝛼𝛼
𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 +   𝐍𝐍𝐍𝐍𝛽𝛽𝛽𝛽(𝜉𝜉𝜉𝜉) 𝕣𝕣𝕣𝕣𝛽𝛽𝛽𝛽

𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 = �𝐍𝐍𝐍𝐍𝛼𝛼𝛼𝛼(𝜉𝜉𝜉𝜉)   𝐍𝐍𝐍𝐍𝛽𝛽𝛽𝛽(𝜉𝜉𝜉𝜉)� �
𝕣𝕣𝕣𝕣𝛼𝛼𝛼𝛼
𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥

𝕣𝕣𝕣𝕣𝛽𝛽𝛽𝛽
𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥� 

(3) 

Combining equations (2) and (3) we obtain: 

𝕣𝕣𝕣𝕣 
𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥(𝜉𝜉𝜉𝜉) = �𝐍𝐍𝐍𝐍𝛼𝛼𝛼𝛼(𝜉𝜉𝜉𝜉)   𝐍𝐍𝐍𝐍𝛽𝛽𝛽𝛽(𝜉𝜉𝜉𝜉)� 𝚻𝚻𝚻𝚻 𝒖𝒖𝒖𝒖𝑒𝑒𝑒𝑒 = 𝐍𝐍𝐍𝐍(𝜉𝜉𝜉𝜉) 𝒖𝒖𝒖𝒖𝑒𝑒𝑒𝑒 = [𝐍𝐍𝐍𝐍𝐴𝐴𝐴𝐴(𝜉𝜉𝜉𝜉)  𝐍𝐍𝐍𝐍𝐵𝐵𝐵𝐵(𝜉𝜉𝜉𝜉)] �

𝒖𝒖𝒖𝒖𝐴𝐴𝐴𝐴
𝒖𝒖𝒖𝒖𝐵𝐵𝐵𝐵� 

(4) 

where 𝐍𝐍𝐍𝐍(𝜉𝜉𝜉𝜉) is the overall interpolation matrix for the interface element, which can be 
decomposed in the “upper” and “lower” interpolation matrices 𝐍𝐍𝐍𝐍𝐴𝐴𝐴𝐴(𝜉𝜉𝜉𝜉), 𝐍𝐍𝐍𝐍𝐵𝐵𝐵𝐵(𝜉𝜉𝜉𝜉), with components: 

 𝐍𝐍𝐍𝐍𝐴𝐴𝐴𝐴(𝜉𝜉𝜉𝜉) = �−𝑁𝑁𝑁𝑁𝛼𝛼𝛼𝛼
(𝜉𝜉𝜉𝜉) 0

0 −𝑁𝑁𝑁𝑁𝛼𝛼𝛼𝛼(𝜉𝜉𝜉𝜉)�
−𝑁𝑁𝑁𝑁𝛽𝛽𝛽𝛽(𝜉𝜉𝜉𝜉) 0

0 −𝑁𝑁𝑁𝑁𝛽𝛽𝛽𝛽(𝜉𝜉𝜉𝜉)�  

𝐍𝐍𝐍𝐍𝐵𝐵𝐵𝐵(𝜉𝜉𝜉𝜉) = �−𝑁𝑁𝑁𝑁𝛼𝛼𝛼𝛼
(𝜉𝜉𝜉𝜉) 0

0 −𝑁𝑁𝑁𝑁𝛼𝛼𝛼𝛼(𝜉𝜉𝜉𝜉)�
−𝑁𝑁𝑁𝑁𝛽𝛽𝛽𝛽(𝜉𝜉𝜉𝜉) 0

0 −𝑁𝑁𝑁𝑁𝛽𝛽𝛽𝛽(𝜉𝜉𝜉𝜉)� 
(5) 

The relative displacement vector in global coordinates x,y is rotated to the local normal and 
tangential coordinates n,t , by means of a local rotation matrix 𝐑𝐑𝐑𝐑: 

 𝕣𝕣𝕣𝕣 
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛(𝜉𝜉𝜉𝜉) = 𝐑𝐑𝐑𝐑 𝕣𝕣𝕣𝕣 

𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥(𝜉𝜉𝜉𝜉) = 𝐑𝐑𝐑𝐑 𝐍𝐍𝐍𝐍(𝜉𝜉𝜉𝜉) 𝒖𝒖𝒖𝒖𝑒𝑒𝑒𝑒 = 𝐁𝐁𝐁𝐁(𝜉𝜉𝜉𝜉) 𝒖𝒖𝒖𝒖𝑒𝑒𝑒𝑒 = [𝐁𝐁𝐁𝐁𝐴𝐴𝐴𝐴(𝜉𝜉𝜉𝜉)  𝐁𝐁𝐁𝐁𝐵𝐵𝐵𝐵(𝜉𝜉𝜉𝜉)] �
𝒖𝒖𝒖𝒖𝐴𝐴𝐴𝐴
𝒖𝒖𝒖𝒖𝐵𝐵𝐵𝐵� 

(6) 

where matrix 𝐁𝐁𝐁𝐁(𝜉𝜉𝜉𝜉) may also be decomposed into upper and lower side submatrices: 

𝐁𝐁𝐁𝐁𝐴𝐴𝐴𝐴(𝜉𝜉𝜉𝜉) = 𝐑𝐑𝐑𝐑 𝐍𝐍𝐍𝐍𝐴𝐴𝐴𝐴(𝜉𝜉𝜉𝜉)     ,      𝐁𝐁𝐁𝐁𝐵𝐵𝐵𝐵(𝜉𝜉𝜉𝜉) = 𝐑𝐑𝐑𝐑 𝐍𝐍𝐍𝐍𝐵𝐵𝐵𝐵(𝜉𝜉𝜉𝜉) (7) 

In order to obtain the element stiffness matrix, the classical procedure is followed. First, the 
Principle of Virtual Work (PVW) is applied along the element mid-plane surface: 

(𝛿𝛿𝛿𝛿𝒖𝒖𝒖𝒖𝑒𝑒𝑒𝑒  )𝑇𝑇𝑇𝑇𝑭𝑭𝑭𝑭𝑒𝑒𝑒𝑒 = � (𝛿𝛿𝛿𝛿𝕣𝕣𝕣𝕣 
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛)𝑇𝑇𝑇𝑇

 

𝐿𝐿𝐿𝐿
𝖙𝖙𝖙𝖙𝒏𝒏𝒏𝒏𝑛𝑛𝑛𝑛 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (8) 

Replacing the relative displacement vector 𝕣𝕣𝕣𝕣 
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 with expression (6), grouping terms around  

(𝛿𝛿𝛿𝛿𝒖𝒖𝒖𝒖𝑒𝑒𝑒𝑒 )𝑇𝑇𝑇𝑇 and eliminating this term from the equation, the weak form of equilibrium for the 
interface element is obtained as: 

𝑭𝑭𝑭𝑭𝑒𝑒𝑒𝑒 = �𝐁𝐁𝐁𝐁𝑇𝑇𝑇𝑇
 

𝐿𝐿𝐿𝐿
𝖙𝖙𝖙𝖙𝒏𝒏𝒏𝒏𝑛𝑛𝑛𝑛𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (9) 

The general format of a linear constitutive relation with stiffness 𝐃𝐃𝐃𝐃  and initial stress 𝖙𝖙𝖙𝖙0𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 is now 
considered as:  

𝖙𝖙𝖙𝖙𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 = 𝐃𝐃𝐃𝐃 𝕣𝕣𝕣𝕣 
𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 + 𝖙𝖙𝖙𝖙0𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 (10) 

Replacing (9) into (8) leads to the expressions of the element stiffness matrix 𝐊𝐊𝐊𝐊𝑒𝑒𝑒𝑒 and the initial 
force vector 𝑭𝑭𝑭𝑭𝑒𝑒𝑒𝑒0:  
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𝑭𝑭𝑭𝑭𝑒𝑒𝑒𝑒 = 𝐊𝐊𝐊𝐊𝑒𝑒𝑒𝑒
  𝒖𝒖𝒖𝒖𝑒𝑒𝑒𝑒 + 𝑭𝑭𝑭𝑭𝑒𝑒𝑒𝑒0 (11) 

𝐊𝐊𝐊𝐊𝑒𝑒𝑒𝑒 = �𝐁𝐁𝐁𝐁𝑇𝑇𝑇𝑇
 

𝐿𝐿𝐿𝐿
𝐃𝐃𝐃𝐃 𝐁𝐁𝐁𝐁 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑            ,            𝑭𝑭𝑭𝑭𝑒𝑒𝑒𝑒0 = �𝐁𝐁𝐁𝐁𝑇𝑇𝑇𝑇

 

𝐿𝐿𝐿𝐿
𝖙𝖙𝖙𝖙0𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (12) 

that may be also rephrased in terms of upper and lower B matrices:  

𝐊𝐊𝐊𝐊𝑒𝑒𝑒𝑒 = � �𝐁𝐁𝐁𝐁𝐴𝐴𝐴𝐴
𝑇𝑇𝑇𝑇

𝐁𝐁𝐁𝐁𝐵𝐵𝐵𝐵𝑇𝑇𝑇𝑇
�

 

𝐿𝐿𝐿𝐿
𝐃𝐃𝐃𝐃 [𝐁𝐁𝐁𝐁𝐴𝐴𝐴𝐴  𝐁𝐁𝐁𝐁𝐵𝐵𝐵𝐵]𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑        ,        𝑭𝑭𝑭𝑭𝑒𝑒𝑒𝑒0 = � �𝐁𝐁𝐁𝐁𝐴𝐴𝐴𝐴

𝑇𝑇𝑇𝑇

𝐁𝐁𝐁𝐁𝐵𝐵𝐵𝐵𝑇𝑇𝑇𝑇
�

 

𝐿𝐿𝐿𝐿
𝖙𝖙𝖙𝖙0𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (13) 

3 ZERO-THICKNESS MORTAR INTERFACE 

3.1 Discretization/Formulation 
Zero-thickness mortar/interface elements are defined as the contact in between two 

continuum body surfaces denoted as “Surface A” and “Surface B”, which in the general 
situation (and as the main difference with standard interface elements) will exhibit “unmatched” 
meshes (nodes on both sides will not coincide one-to-one). The contact surface itself is 
considered a separate entity and is called “Surface C”. The discretization into mortar/interface 
elements is achieved by projecting all nodes from each side, surfaces A and B, onto the mid-
plane surface C, and then defining one mortar element for each one of the resulting segments 
(Fig. 2). 

 
Figure 2. Geometry of mortar interface element  

A standard displacement-based interpolation is defined independently for each the two sides 
of the mortar-interface element, with local coordinates 𝜉𝜉𝜉𝜉𝐴𝐴𝐴𝐴 and shape functions 𝑁𝑁𝑁𝑁𝐴𝐴𝐴𝐴

(𝑖𝑖𝑖𝑖)(𝜉𝜉𝜉𝜉𝐴𝐴𝐴𝐴) for 
surface A, and local coordinates 𝜉𝜉𝜉𝜉𝐵𝐵𝐵𝐵 and shape functions 𝑁𝑁𝑁𝑁𝐵𝐵𝐵𝐵

(𝑖𝑖𝑖𝑖)(𝜉𝜉𝜉𝜉𝐵𝐵𝐵𝐵). Additionally, a third local 
coordinate 𝜉𝜉𝜉𝜉𝐶𝐶𝐶𝐶 also varying in the range [-1,1] is defined along the mid-plane surface of the 
interface/mortar element segment, as well as the corresponding interpolation functions 𝑁𝑁𝑁𝑁𝐶𝐶𝐶𝐶

(𝑖𝑖𝑖𝑖)(𝜉𝜉𝜉𝜉𝐶𝐶𝐶𝐶). 
This choice of the mortar surface along the mid-plane surface has the advantage of a symmetric 
treatment of the two sides of the discontinuity [7,8]. 

Similarly to the classical interface elements, by assuming general linear constitutive 
behavior (10), the stiffness matrix and initial force vector of the mortar/interface element may 
be obtained by direct application of the PVW along the mortar surface. This leads to an 
expression analogous to (11), in which the stiffness and initial force vector of the 
mortar/interface element 𝐊𝐊𝐊𝐊𝑒𝑒𝑒𝑒

  and 𝑭𝑭𝑭𝑭𝑒𝑒𝑒𝑒0 take the form: 
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𝐊𝐊𝐊𝐊𝑒𝑒𝑒𝑒
 = � �𝐁𝐁𝐁𝐁𝐴𝐴𝐴𝐴

𝑇𝑇𝑇𝑇(𝜉𝜉𝜉𝜉𝐴𝐴𝐴𝐴)
𝐁𝐁𝐁𝐁𝐵𝐵𝐵𝐵𝑇𝑇𝑇𝑇(𝜉𝜉𝜉𝜉𝐵𝐵𝐵𝐵)�

 

𝐿𝐿𝐿𝐿𝐶𝐶𝐶𝐶
𝐃𝐃𝐃𝐃[𝐁𝐁𝐁𝐁𝐴𝐴𝐴𝐴(𝜉𝜉𝜉𝜉𝐴𝐴𝐴𝐴)  𝐁𝐁𝐁𝐁𝐵𝐵𝐵𝐵(𝜉𝜉𝜉𝜉𝐵𝐵𝐵𝐵)]  𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝐶𝐶𝐶𝐶       ,         𝑭𝑭𝑭𝑭𝑒𝑒𝑒𝑒0 = � �𝐁𝐁𝐁𝐁𝐴𝐴𝐴𝐴

𝑇𝑇𝑇𝑇(𝜉𝜉𝜉𝜉𝐴𝐴𝐴𝐴)
𝐁𝐁𝐁𝐁𝐵𝐵𝐵𝐵𝑇𝑇𝑇𝑇(𝜉𝜉𝜉𝜉𝐵𝐵𝐵𝐵)�

 

𝐿𝐿𝐿𝐿𝐶𝐶𝐶𝐶
𝖙𝖙𝖙𝖙0𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛(𝜉𝜉𝜉𝜉𝐶𝐶𝐶𝐶) 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝐶𝐶𝐶𝐶   (14) 

Although formally similar to (13), the matrices in expressions (14) exhibit a fundamental 
difference w.r.t. those: the shape functions involved in their components are now 𝑁𝑁𝑁𝑁𝐴𝐴𝐴𝐴

(𝑖𝑖𝑖𝑖)for 𝐁𝐁𝐁𝐁𝐴𝐴𝐴𝐴, 
which is parametrized in terms of 𝜉𝜉𝜉𝜉𝐴𝐴𝐴𝐴, and  𝑁𝑁𝑁𝑁𝐵𝐵𝐵𝐵

(𝑖𝑖𝑖𝑖)for 𝐁𝐁𝐁𝐁𝐵𝐵𝐵𝐵, which is parametrized in terms of 𝜉𝜉𝜉𝜉𝐵𝐵𝐵𝐵. In 
spite of that, the integrals in (14) are performed over the domain of the mortar surface C, along 
which  the position of integration points (where and constitutive stiffness, history variables, etc. 
are evaluated) is parametrized in terms of 𝜉𝜉𝜉𝜉𝐶𝐶𝐶𝐶. Therefore, a mapping needs to be established 
between 𝜉𝜉𝜉𝜉𝐶𝐶𝐶𝐶 and 𝜉𝜉𝜉𝜉𝐴𝐴𝐴𝐴, and also between 𝜉𝜉𝜉𝜉𝐶𝐶𝐶𝐶 and 𝜉𝜉𝜉𝜉𝐵𝐵𝐵𝐵. More details of this derivation may be found in 
[9]. 

3.2 Extension to non-linear constitutive behavior 
The extension of previous elastic formulation to non-linear constitutive behavior of the 

mortar/interface contact surface may be achieved by means of an iterative process in which, at 
each iteration, 𝐊𝐊𝐊𝐊𝑒𝑒𝑒𝑒

  and 𝑭𝑭𝑭𝑭𝑒𝑒𝑒𝑒0 are recalculated to represent the new tangential stiffness and residual 
force vector, respectively. In this study, an existing and extensively verified normal/shear 
cracking constitutive model is chosen to characterize the behavior of the interface. This model 
is defined in terms of the normal and shear stresses, with a hyperbolic surface characterized by 
three geometric parameters: friction angle, cohesion and tensile strength. The evolution of these 
geometric parameters is controlled by a single history variable: the work spent on fracture 
processes. The model covers the full range of cracking from uniaxial tension to shear-
compression, including those two limit situations, i.e.: (1) cracking under pure tension with zero 
shear stresses (Mode I) when the surface is reached along the horizontal axis; and (2) cracking 
under shear and very high compression when the surface is reached in its asymptotic region, 
where the hyperbola approaches a Coulomb criterion (Mode IIa), as depicted in Figure 3. More 
details of the constitutive model are given in [5,10] 
 

  
a) Evolution of cracking surface b) Elemental modes of fracture  

Figure 3. Hyperbolic cracking model  
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4 NUMERICAL EXAMPLES 

Two simple examples are presented in this section to illustrate that the proposed mortar 
interface formulation model is capable of reproducing uniform basic stress fields in spite of 
unmatched meshes on both sides. 

4.1 Example 1: uniaxial compression test 
 The geometry and boundary conditions of the first example are shown in Figure 4. It consists 

of two horizontal layers of the same material but unmatched meshes, connected with a line of 
mortar/interface elements. A uniform normal stress is applied on the top face of the mesh while 
the bottom face remains fixed vertically, and free to expand horizontally. The parameter values 
used for the continuum elements are: E =10,000 MPa and υ = 0. The only relevant interface 
parameters in this case are normal and tangential elastic stiffness KN = KT = 1e7 MPa/m. 

 

 
Figure 4. Example 1: geometry and boundary conditions 

The results are represented in Figures 5 and 6. Fig.5 depicts the stress distribution obtained 
along the discontinuity line, and Figure 6 depicts the principal stresses in the continuum 
elements. As shown, the normal stress turns out constant and with the correct value along all 
mortar/interface elements and perfectly constant and well aligned in the continuum in spite of 
the unmatched mesh geometry. 

 
Figure 5. Compression test: normal stress along discontinuity 
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Figure 6. Compression test: principal stresses in the continuum elements.  

4.2 Direct shear under high compression 
The second example consists of a direct shear test, which is performed on the same geometry 

and as a continuation of the calculation presented in the previous example, by adding a second 
load step. This load consists of an increasing tangential displacement up to δt = 1.0e-3 m. applied 
on the nodes on the upper side of the mortar/interface line, while at the same time restricting 
the horizontal movement of the lower nodes of the same elements. The parameters used for the 
continuum and for elastic part of the interface are the same as in previous example, and the 
remaining parameters of the interface (now indeed relevant) are: initial friction angle tanφ0 = 
0.8785, initial tensile strength χ0 = 3.0 MPa, initial cohesion C0 = 4.0 MPa, fracture energy 
mode I, Gf

I = 0.2 MPaꞏm, energy mode IIa, Gf
IIa= 2 MPaꞏm and normal stress at which dilatancy 

vanishes, σdil = 0 MPa.  
 

 
Figure 7. Direct shear under high compression: Geometry and boundary conditions  

Figure 8 shows the evolution of the tangential stresses obtained at a point of the 
mortar/interface contact, as a function of the tangential displacement prescribed. The curve 
obtained directly reproduces the constitutive prediction. It has to be noted that the results show 
at all times uniform state of stress and deformation in both the continuum and the 
mortar/interface contact. Note that the results obtained are not at all trivial since, although 
tangential displacements may be applied to the mortar nodes directly, the normal stress is 
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applied on the top surface of the domain, which makes the results totally dependent on the 
overall correct structural response. 
 

 
Figure 8. Results of the shear test: shear stress vs. tangential relative displacement. 

5 CONCLUDING REMARKS 
A general zero-thickness mortar/interface formulation is described in this paper. These 

elements may be used to connect continuum elements in the general case of non-conforming 
discretization between the elements of two sides of interface. Simple numerical examples are 
proposed to test the performance of the approach, and the results obtained turn out correct, that 
is the mortar/interface element developed succeeds in transmitting properly the compression 
and shear stresses applied through the interface, even in the scenario of totally unmatched 
meshes. The results presented are a part of a wider scope research aimed at modeling the 
transition between fracture of quasi-brittle materials and contact friction between the resulting 
fragments. 
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Abstract. The numerical description of discrete cracks and their propagation remains one of 
the main difficulties in the modeling of quasi-brittle materials such as rock or concrete. An 
emerging powerful approach is the use of Configurational Mechanics concepts, in such a way 
that crack trajectory really corresponds to a structural energy minimum and is not 
predetermined by the initial mesh lines. In the implementation developed, discrete cracks, 
represented by zero-thickness interface elements, are reoriented on the basis of 
configurational or material forces, calculated in a FEM context by an integration over the 
elements of the Eshelby energy-momentum tensor. The strategy is illustrated with an 
application example for which the fracture path is known a priori, and the initial mesh layout 
is chosen such that the lines zig-zag significantly with respect to it. The results show that the 
procedure implemented works successfully, that is, mesh lines do succeed in reorienting 
themselves during configurational iterations, so that the developing crack progressively 
matches the known physical trajectory.

1 INTRODUCTION
Discontinuities such as cracks or fractures play a fundamental role in the description of 

mechanical behavior of concrete, rock and other quasi-brittle materials.  In the particular cases 
that the crack trajectory is known a priori (e.g. due to symmetry), accurate numerical 
descriptions of crack initiation and development may be obtained with the help of Fracture 
Mechanics principles e.g. using Hillerborg’s Fictitious Crack Model [1], or extensions of it 
via zero-thickness interface elements equipped with appropriate energy-driven constitutive 
models [2]. In the general case, however, the determination of the crack trajectory itself 
remains as the main challenge. One solution is to consider all the lines in the mesh as 
potential crack lines, and let them open/close depending on local stresses [3,4,5]; although 
this means that cracks can only follow the original mesh lines, which in general may lead to 
zig-zagging cracks with excessive unrealistic roughness. Alternatively, crack trajectory may 
be adjusted by modifying the mesh geometry, although the quality of the resulting crack path 
may be strongly dependent on the criterion used for determining crack orientation. 
Traditionally, local criteria were used such as direction of maximum tensile stress (e.g. [6]). 
However, it is well accepted that cracks will develop in the direction that minimizes the 
global energy of the structure, concept that may be developed and implemented in FE 
calculations with the help of Configurational Mechanics. The concepts of configurational (or 
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material) forces and configurational stresses were originally introduced by Eshelby [7]. In the 
context of the FEM, configurational forces may be understood as derivatives of the global 
structural energy with respect to the nodal coordinates [8]; thus, as a general idea, moving the 
nodes in the direction of configurational forces should decrease the global structural energy. 
Application of the above concepts to mesh optimization and crack propagation has been 
described in the literature [8-13]. In [14], the authors discussed those concepts with emphasis 
on the distinction between energy changes due to discretization error (“configurational 
noise”), and due to physical geometric changes such as dimensions or crack trajectory. In the 
present paper, recent developments in the application of configurational mechanics to crack 
propagation are summarized. In the implementation developed, cracks are represented using 
fracture-based zero-thickness interface elements. During the calculation, configurational 
forces are evaluated and nodes are relocated to optimize crack trajectory without changing the 
mesh topology.

2 FEM+Z COMBINED WITH CONFIGURATIONAL MECHANICS
A model based on combining traditional displacement-based FEM including zero-

thickness interface elements (FEM+z approach), with the contribution of Configurational 
Mechanics, is proposed to evaluate crack propagation with non-preestablished paths. FEM+z 
has been extensively used in the past to describe the behavior of fractures with a fixed 
position, while configurational mechanics provides information on how to move nodes to 
reorient interface elements when they start cracking, in order to approach a global energy 
minimum [14].

The FEM+z approach for non-linear fracture analysis is an existing and extensively-tested 
methodology. It consists of using traditional zero-thickness interface elements [15] in 
combination with a fracture-based constitutive law [16], while the continuum remains elastic 
(or visco-elastic) at all times. 

In the context of a general, large-strain formulation of the FEM, global elastic energy is a 
function of original location as well as final node position after deformation 𝐱𝐱𝐱𝐱, i.e. ψ =
ψ (𝐗𝐗𝐗𝐗, 𝐱𝐱𝐱𝐱), and configurational nodal forces may be defined as the negative gradient of energy 
with respect to the original node locations (at constant 𝐱𝐱𝐱𝐱), i.e.:

�̂�𝐟𝐟𝐟 = −  
∂ψ
∂𝐗𝐗𝐗𝐗
�
𝐱𝐱𝐱𝐱=𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜

(1)

Developing this equation with standard FE assumptions, configurational nodal forces may 
be expressed as:

�̂�𝐟𝐟𝐟 = �𝐁𝐁𝐁𝐁�𝑇𝑇𝑇𝑇𝚺𝚺𝚺𝚺 d𝑉𝑉𝑉𝑉 (2)

where 𝐁𝐁𝐁𝐁� is the non-symmetric version of the traditional “B” FE matrix, and 𝚺𝚺𝚺𝚺 is the 
“configurational stress” given by Eshelby’s energy-momentum tensor [8]:

𝚺𝚺𝚺𝚺 = W𝐈𝐈𝐈𝐈 − 𝐅𝐅𝐅𝐅T𝐏𝐏𝐏𝐏 (3)

where W is the elastic energy per unit volume of the undeformed body, 𝐅𝐅𝐅𝐅 the deformation 
gradient and 𝐏𝐏𝐏𝐏 the first Piola-Kirchoff stress.
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The method implemented basically consists of “moving” the nodes (change their 
coordinates) by certain magnitude along the directions indicated by configurational forces 
and, once moved, reevaluate configurational forces and repeat the process iteratively until 
convergence. Similar to classical deformational analysis, node relocation is subject to some 
restrictions, such as for instance boundary restrictions not to change the domain geometry. 

A peculiarity of zero-thickness interface elements is the presence of double nodes with 
(generally) the same coordinates. Each pair of nodes may become a cluster of several nodes in 
the case of interface intersections (Figure 1a). With the purpose of configurational node 
relocation, all the nodes in a cluser are treated as a single node in a mesh without interfaces 
(Figure 1b), which is subject to a configurational force equal to the sum of the forces on all 
the nodes in the cluster.

                  
(a)                                                              (b)

Figure 1: (a) Standard finite element mesh with zero-thickness interface elements in which all nodes in each 
cluster have the same coordinates, and (b) equivalent mesh without interfaces.

The simultaneous change of nodal coordinates in all the nodes subject to configurational 
forces has been shown to desestabilize the process. For this reason, only crack tip nodes are 
allowed to change their coodinates (Figure 2). Every time interface elements have been 
reoriented, a “mesh relaxation” algorithm (e.g. [17,18]) is applied to improve mesh quality 
around the modified area.

Figure 2: Detail of a deformed FE-mesh. The green arrow represents the configurational force �𝐟𝐟𝐟𝐟� direction on a
crack tip node.

The relocated nodes require a mapping and update of the corresponding nodal variables in 
order to maintain consistency of the results. This procedure is done by interpolation of the 
variables in the new position with respect to the previous mesh configuration. The details of 
this and other auxiliary procedures involved in the implementation are described in [19].
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3 NUMERICAL EXAMPLE
A three-point bending beam test of 5x1m is represented in Figure 3. The three-point 

bending test is a good example to verify simulations of cracking along non-pre-established 
path because, due to symmetry, it is known that the crack path should be vertical, along the 
plane of symmetry and starting from the bottom face of the beam. If the process works 
correctly, the initial zig-zagging mesh lines should get realigned to this vertical crack path.

Deformational boundary conditions consist of nodes at the lower vertices vertically 
constrained, and a node at the middle of the upper face with horizontal displacements 
restricted. The loading consists of vertical displacements at this point prescribed with an 
increasing value (Figure 3).

Figure 3: Boundary conditions of three-point bending test example.

The beam is discretized into triangular elements of quadratic order in order to reduce the 
discretization error (Figure 4). Due to the expected crack trajectory, and to deal with 
increasing complexity, interface elements are pre-inserted along a single line zig-zagging 
around the symmetry line of the beam (red line in Figure 4).

The continuum material is assumed linear elastic (small strain), with Young’s modulus of 
E = 15000MPa and Poisson’s ratio ν = 0.0.The constitutive model for the interface is the 
fracture based constitutive model described in [16], with the following parameter values: 
normal and tangential elastic stiffness KN = KT = 107MPa/m, friction angle tanφ = 0.7, tensile 
strength χ = 3MPa, cohesion c = 6MPa, energy mode I GIf = 10−2MPa·m, energy mode IIa  
GIIaf = 10−1MPa ·m and sigma dilatation σdil = 30MPa. 

Figure 4: Initial configuration of beam bending realignment.

Figure 5: Final configuration of beam bending realignment.
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Figure 6: Three-point bending test deformation after solving the deformational and configurational problem 
(displacement magnification x100).

As Figure 6 depicts, the crack is initiated at the center of the lower face of the beam and
propagates upwards. In Figures 5 and 6 the final state of the beam is depicted. These figures
show that the iterative configurational process succeeds in orienting the crack along the 
correct vertical direction.

In the figures, red lines correspond to the zero-thickness interface elements which have 
not started cracking yet, and therefore, in the scheme implemented they have not triggered the 
process of moving nodes (although some of them may have changed orientation if they share 
nodes with an interface which has started cracking, such is the case of the top interface in 
Figures 5 and 6). Blue lines correspond to the interface elements that have started cracking, 
and therefore configurational forces may have moved them to an optimal position.

Figure 7 displays two load-displacement curves, the one obtained for the initial 
configuration fixed (mesh with the distorted crack trajectory), and the other one obtained after 
crack realignment (solving the FEM problem with the final configuration, mesh with the 
vertical crack path). As it could be expected, the load-displacement curve obtained from the 
final configuration exhibits a lower, more realistic peak and post-peak response. This is 
because in the final configuration interface elements are better oriented and therefore the 
crack initiates and propagates with lower applied load values.

Figure 7: Three-point bending test load-displacement curves.
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4 CONCLUDING REMARKS
This article is focused on describing discrete cracks with traditional zero-thickness 

interface elements of initial random orientation, and obtaining their correct orientation for 
crack propagation on the basis of concepts of configurational mechanics. In the FEM context, 
configurational nodal forces indicate the direction in which nodal coordinates should be 
changed to minimize global energy. An iterative process based on this idea leads to 
progressive reorientation of interface elements as cracks open and propagate. An example of 
application consisting of a three-point bending beam shows that the approach proposed 
succeeds in re-orienting the initially random mesh into a well-aligned crack developing along 
the symmetry plane of the beam. 
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Abstract. According to the latest assessments made by the world health organization (WHO-
2016), the atmospheric pollution (air), has become one of the main causes of morbidity and 
mortality in the world, with a steep growth of respiratory diseases, increase in lung cancer, 
ocular complications, and dermis diseases [1,2,3]. Currently, there are governments which 
still underestimate investments in environmental care, turning their countries into only 
consumers and predators of the ecosystem [1,2,3]. Worldwide, several cities have been 
implementing different regional strategies to decrease environmental pollution, however, 
these actions have not been effective enough and significant indices of contamination and 
emergency declarations persist [1,2,3]. Medellín is one of the cities most affected by polluting 
gases in Latin America due to the high growth of construction sector, high vehicular flow, 
increase in commerce, besides a little assertive planting trees system, among other reasons 
[1,2,3]. With the purpose of providing new researching elements which benefit the 
improvement of air quality in the cities of the world, it is pretended to mathematically model 
and computationally implement the behavior of the flow of air, e.g., in zones in the city of 
Medellín to determine the extent of pollution by tightness, impact of current architectural 
designs, vehicular transport, high commerce flow, and confinement in the public transport 
system. The simulations allowed to identify spotlights of particulate tightness caused by 
architectural designs of the city which do not benefit air flow. Also, recirculating gases were 
observed in different zones of the city. This research can offer greater knowledge around the 
incidence of pollution generated by structures and architecture. Likewise, these studies can 
contribute to a better urban, structural and ecological reordering in cities, the implementation 
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of an assertive arborization system, and the possibility to orientate effective strategies over 
cleaning (purification) and contaminant extracting systems. 

 
1 INTRODUCTION 

In this research, a study was conducted on the dispersion of environmental pollution in 
several areas of the city of Medellín where there is a high traffic flow, commercial activities, 
high population density, among other incident factors. The city of Medellín has presented 
critical environmental conditions that are detrimental to the health of the population, 
especially in certain periods of the year where air flow is significantly reduced [4,5,6,7]. 

Medellín is in the region of the Aburrá Valley, composed by a extensive mountainous 
system, with high demographic density. Another component that has contributed to the 
accumulation of toxic particulate matter within the city, is the growing development of the 
construction sector that has not considered the incidence of structural designs (sizes and 
shapes) in the accumulation of toxic particles. [4,5,6,7].  

In order to represent the behavior of air flow, a mathematical-computational model was 
developed including the detection of the level of particles, the effects of recirculation of the 
flow, the sealing of the particles by zones, buoyancy of particulate material, between obtained 
results. A three-dimensional model was elaborated with the structural elements and the urban 
distribution that make up the city. Conditions such as velocities of the air flow entering the 
city of Medellín were considered, along the borders of the bored valley, the direction of the 
wind, velocity profile, sources of gas emission, among others. 

The main area where the regions were included for the analysis was established by a 
surface area of 700m2. Data and previous studies of METEOBLUE, IDEAM (Institute of 
Hydrology, Meteorology and Environmental Studies) and SIATA (Early Warning System of 
Medellín and Aburrá Valley) were collected and analyzed. [4,5,6,7]. 

 
 

(a)                                                                                  (b) 
Figure 1: Aburrá Valley (a) and pollution in the central zone of the city (b). 
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2 SYSTEM FUNCTIONALITY CONDITIONS 
The central zone of the city of Medellín has been chosen for the high automotive, 

commercial and population flow in it, among other aspects. The structures of the buildings 
were developed using satellite images and perspectives of the region [8]. 
 

(a)                                                                  (b) 
Figure 2: Modeling of the central zone of the city of Medellín, panoramic view (a), aerial view (b). 

 
The inlet conditions of the flows from the Aburrá Valley to the city of Medellín were 

determined. The levels of pm 2.5 are known for their adverse effects on human health, for this 
reason they are monitored by the municipal authorities. The SIATA has statistics of the 
increase of these particles, where it is observed that in July it is the month with the lowest 
concentration of pm 2.5, while March is the month with the highest concentration, fig. 3 
[9,10].  
 

 
(a)                                                                           (b) 

Figure 3: Levels of pm2.5 in the center of Medellín (a) and wind speed in month of July (b).  
 
It is possible to obtain the wind intensity map for each month of the year from the IDEAM 

data source. The map showing a higher average wind speed is the month of July with an 
average of between 3 and 4 m/s at a height of 10m that corresponds to the month with the 
lowest concentration of pm 2.5 [10,11,12]. 
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According to this relationship, the most desirable scenario to develop the computational 
model, was the one with the highest concentration of particulate material and lower wind flow 
velocity. In this way, the acquisition of data from the METEOBLUE global climate database 
was develop with sampling days between March 11 and 25, 2019 at a height of 10m and 80m, 
fig. 4 [10,11,12]. 

 

(a)                                                                         (b) 
Figure 4: Compass rose 10 m above ground (a) and wind speed in month of March (b). 

 
From the information obtained from METEOBLUE, it was found that the central value of 

the distribution is 2.3258 m/s at a height of 10m. This data is validated with the map provided 
by the IDEAM for the month of March in which a speed of between 2 and 3 m/s is observed. 
The data collection is made on the same date but at 80 m height, obtaining the average value 
of the distribution of 3 m/s. Once obtained these data, we proceed to modeling the change of 
speed with height, the power law is used for this purpose commonly [13]. 

 

𝑈𝑈2 = 𝑈𝑈1 (
ℎ2
ℎ1
)
𝛼𝛼
 

(1) 

 
Where U2 and U1 are the wind speeds at heights h2 and h1 respectively, and α the roughness 

index. From the data obtained from METEOBLUE for 10m and 80m, α = 0.12237 is found. 
The wind entry conditions, namely, the profile of speeds at the inlet and the wind direction of 
50° given the wind roses obtained from METEOBLUE, was determined. 

 
𝑈𝑈(ℎ) = 1.755ℎ0.12237 (2) 

 
 

3 MATHEMATICAL MODEL  
The turbulence model κ-ε, described below, was established for the development of the 

flow [14]: 
 

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜌𝜌𝜌𝜌) +

𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) =
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

[(𝜇𝜇 + 𝜇𝜇𝑡𝑡
𝜎𝜎𝑘𝑘
) 𝜕𝜕𝜌𝜌𝜕𝜕𝑥𝑥𝑗𝑗

] + 𝐺𝐺𝑘𝑘 + 𝐺𝐺𝑏𝑏 − 𝜌𝜌𝜌𝜌 
 

(3) 
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𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(𝜌𝜌𝜌𝜌𝑢𝑢𝑖𝑖) =
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

[(𝜇𝜇 + 𝜇𝜇𝑡𝑡
𝜎𝜎𝜖𝜖
) 𝜕𝜕𝜌𝜌
𝜕𝜕𝑥𝑥𝑗𝑗

] + 𝐶𝐶1𝜖𝜖
𝜌𝜌
𝑘𝑘 (𝐺𝐺𝑘𝑘 + 𝐶𝐶3𝜖𝜖𝐺𝐺𝑏𝑏) − 𝐶𝐶2𝜖𝜖𝜌𝜌

𝜌𝜌2
𝑘𝑘  

 

(4) 

Where k is defined as the kinetic energy of the turbulent flow, ϵ is the turbulence 
dissipation rate, ρ is the density, t time, xi y xj are the are the Cartesian coordinates, μi is the 
flow speed, μ is the kinetic viscosity, Gk the turbulence production parameter, Gb is the kinetic 
turbulence energy generated by buoyancy, σκ and σϵ are the turbulence coefficients. 

 
 
4 COMPUTATIONAL IMPLEMENTATIONS 

The three-dimensional architecture of the chosen area of the city of Medellín was built, 
consisting of several sectors where behavioral studies were carried out. The different 
orientations of the flow that occur in the city due to the unevenness of the surface were 
considered [15]. 

 

(a)                                                                  (b) 
Figure 5: Architecture model of the chosen area in Medellín, front view (a) and side view (b). 

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
(a)                                                                    (b) 

Figure 6: Wind direction of the area (a) and velocity profile at the inlet (b). 
 
It was implemented as a condition for the inlet of the flow in the Aburrá Valley towards the 

city by means of the elaboration of a velocity profile provided from the data collection. 
A grid with tetrahedral elements was elaborated for a total of 8'017.235 with a controlled 
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refinement in the areas where the flow was considered to develop with greater speed, it would 
present turbulence, or also where it was required to evaluate the behavior of the particulate 
material, fig. 7.  

Figure 7: Development of the numerical grid for the volume where fluid behavior was studied within the city. 
 
5 ANALYSIS AND RESULTS 

The results have indicated a significant turbulence due to the variability of the architecture 
in height and sizes and a possible accumulation of contaminating particles in some points of 
these structures due to recirculation effects. The results are presented below, especially in the 
Cámara de Comercio building and the Coltejer building. This behavior is evident in the 
slenderest buildings.  

  
 

 
 
 
 
 
 
 
 
 
 
 
 
 

(a)                                                        (b) 
Figure 8:  Simulations of turbulence behavior at specific points and spotlights with recirculation. 

Cámara de Comercio building: Cl. 53 #45 (a), Coltejer building: Cl. 52 #42 (b). 
 
Below are some points of accumulation of particulate material where you can also observe 

sealing points where the air velocity is close to zero. This behavior would not allow polluting 
emissions to flow and spread. Some streets have an appropriate air circulation (yellow) while 
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it is visible in different points of stagnation (dark blue), as shown in the fig. 9. 
 

(a) (b) 

Figure 9: Computational simulations of flow behavior. Aerial view of the area of the city with stagnation areas 
Cl. 52 # 50 (A) of the sector (a), and zone Cl. 54 # 47 (B) of the sector (b). 

 
Otherwise, streets that have greater air circulation are shown in fig. 10. Medellín city is 

composed of narrow and wide streets without a certain order. This irregular urban condition 
caused a combination in stagnation effects and appropriate circulation in nearby analysis sites. 

(a) (b) 
Figure 10: High flow areas in Cra 46 Oriental Avenue (E), sector (a) and Cra 49 Junín Avenue (F), sector (b). 

 
 
6 CONCLUSIONS 

A study of the behavior of air flow in a large area of the city of Medellín was presented. 
Stagnation areas, turbulence, and recirculation were found, among other elements that 
contributed to the high contamination index.  

It was shown that architecture and its forms hinder air circulation. It was also observed that 
even when there is a period of high air flow in the city, there are factors such as urban 
distribution, street dimensions (Cl. 52 # 50, and Cl. 54 # 47) which would not allow the 
effective dispersion of polluting gases in certain focused areas of the city. The largest 
recirculation and turbulence were found in the slenderest buildings. The streets Cra 46 
Oriental Avenue (E) and Cra 49 Junín Avenue presented appropriate flow circulation. 

Through the results of this research, it is expected to obtain a greater understanding of the 
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impact of the effects that are polluting the city of Medellín, including demographic, 
chronological, structural factors, in addition, the traditional effects such as: the effects of 
automotive flow, population effects, and commercial among other factors included. 

Based on the results, effective solutions can be provided in the future to reduce 
environmental pollution problems in the city of Medellín and its region. 
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Abstract. In recent years, the authors and co-workers have developed a diffusion-reaction
model for the degradation process of oil-well cements exposed to carbonated brines in the
context of CO2 capture and storage in abandoned oil reservoirs. The model considers
two main diffusion-reaction field variables for the concentrations of aqueous calcium and
carbon species in the pore solution of the hardened cement paste, complemented by two
diffusion-only field variables for chloride and alkalis concentrations. The volume fractions
of solid constituents evolve according to the chemical kinetics and chemical equilibrium
equations of the reactions involved, determining the diffusivity properties of the material.
In this paper, in the framework of an experimental campaign in preparation, this model
is used for assessing the effect of different specimen geometries on the kinetics and extent
of the acid attack. The results obtained will help to optimize the experimental setup and
to the interpretation of the results obtained.

1 INTRODUCTION

Geologic carbon dioxide (CO2) sequestration represents an effective mitigation action
for the stabilization of greenhouse gas concentrations in the atmosphere. The solution
consists of the capture and storage of CO2 generated by industrial processes in geological
formations [1]. Among other possibilities, depleted oil and gas fields emerge as the most
promising options, mainly because the oil and gas that originally accumulated in the
fields traps did not escape for millions of years demonstrating their integrity and safety.
However, the presence of abandoned wells that perforate the cap rock may jeopardize the
integrity of many mature reservoirs by constituting potential CO2 leakage pathways [2].
In particular, the long-term chemical stability of the oil-well cements may be affected by
the changes in the exposure conditions induced by the CO2 injections. When ordinary
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portland cements, which are alkaline in nature, are exposed to the carbonic acid resulting
from the CO2 dissolution in the water filling the depleted reservoir, a dissolution reaction
occurs leading to the decalcification of the cement, with consequent increase of porosity
and lost of mechanical strength [3, 4].

In this context, the necessity arises of experimental studies and numerical models for
an accurate assessment of the long-term sealing capacity of oil-well cements in the con-
text of carbon sequestration projects. In a previous paper, Liaudat et al. [5] presented a
diffusion-reaction model capable of successfully simulating experimental results of Hard-
ened Cement Paste (HCP) degradation of cylindrical samples, carried out by Duguid
and Scherer [6]. In a subsequent stage, this diffusion-reaction model is being coupled
with a geomechanical model, in order to study possible chemo-mechanical degradation
mechanisms of the oil-well cements. For this purpose and as part of the same research
project, the fracture mechanical parameters of the degraded HCP will be characterized by
means of laboratory experimental tests. In these experiments, prismatic HCP specimens
with a central notch will be exposed to a carbonated brine for different time lapses, after
which they will be mechanically tested in a three-point bending scheme. With the aim of
determining the best notch geometry in order to optimize the time required to produce
significant degradation of the HCP around the notch tip, a number of simulations are
performed using the model by Liaudat et al. [5]. Additionally, the simulations make
it possible to have an estimate of the rate at which calcium is released from the HCP
specimens to the chemical reactor, a result which will help to dimension the equipment to
be used in the experimental campaign. This paper presents the results obtained in this
study.

2 THE MODEL

In the following paragraphs, the diffusion-reaction model proposed by Liaudat et al. [5]
is briefly summarized.

2.1 Diffusion-reaction mechanism

As CO2 dissolves in the brine within the reservoir, carbonic acid (H2CO3) is formed and
subsequently dissociated mainly into HCO−

3 and CO2−
3 (Reactions (1) and (2)). As carbon

concentration rises, a diffusion process is generated from the brine into the HCP, increasing
the acidity of pore solution in the HCP. In this condition, the portlandite (Ca(OH)2)
in contact with the pore solution becomes unstable, dissolving into Ca2+ (Reaction (3)
towards right). As long as some portlandite remains in contact with the pore solution,
the pH will remain high and, consequently, the predominant carbon species will be CO2−

3 .
Then, the Ca2+ ions will react with the CO2−

3 ions to form solid calcite (Eq. (4) towards
left) within the pore space, locally reducing the porosity of the material. If the carbon
concentration in pore solution continues rising, portlandite will be completely depleted
and the pH of the pore solution will significantly decline. In consequence, the calcite
production will be slowed down and the CSH2.5 (cement chemistry notation) will also
become unstable, releasing Ca2+ to the pore solution (Reaction (5) towards left). For

2
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an additional increment of carbon concentration, further decline of pH will be induced,
triggering calcite dissolution (Reaction (4) towards right) and complete decalcification of
the CSH2.5 (Reaction (5) towards left). The remaining amorphous silicate hydrates SH1.5

is considered to be stable in the acidic carbonated brine. In this condition, HCP is totally
degraded exhibiting complete mechanical strength loss and high permeability.

CO2(aq) +H2O � HCO−
3 +H+ (1)

HCO−
3 � CO2−

3 +H+ (2)

Ca(OH)2(s) � Ca2+ + 2OH− (3)

CaCO3(s) � Ca2+ + CO2−
3 (4)

[Ca(OH)2][(SiO2) (H2O)1.5](s) � Ca2+ + 2OH− + (SiO2) (H2O)1.5(s) (5)

H2O � OH− +H+ (6)

2.2 Formulation and numerical implementation

The model considers two main diffusion-reaction field equations for the concentrations
of aqueous calcium and carbon species in the pore solution of the HCP, complemented by
two diffusion-only field variables for chloride and alkalis concentrations, namely:

∂ (φcca)

∂t
= ∇ (Dca∇cca) + qca (7)

∂ (φctc)

∂t
= ∇

(
Dtc∇ctc

)
+ qtc (8)

∂
(
φccl

)
∂t

= ∇
(
Dcl∇ccl

)
(9)

∂ (φcr)

∂t
= ∇ (Dr∇cr) (10)

where superscripts ca, tc, cl, and r specify calcium, total carbon, chloride, and alkali
species, respectively, φ is the total porosity, cβ [mol/m3] is the concentration of aqueous
β-species in the pore solution, Dβ [m2/s] is the effective diffusivity of aqueous β-species
in the porous medium, and qβ [mol/(m3 · s)] is the rate of production/consumption of
β-species per unit volume of porous medium, which also is a function of the concentration
of aqueous species, i.e. qβ = qβ(cca, ctc, ccl, cr), and ∇ = [∂/∂x ∂/∂y]T. The variable
ctc stands for the sum of molar concentrations of each carbonic species present in pore
solution, i.e. ctc = cc0+ cc1+ cc2, where c0, c1 and c2 stand for CO2(aq), HCO

−
3 and CO2−

3 ,
respectively. Note that the only transport mechanism considered is the Fickian diffusion
of the aqueous species. The sink/source terms qβ in Eqs. (7) and (8) are determined
by net rates of production/dissolution of the reactive solid species, namely portlandite,
calcite, CSH2.5 and SH, according to Reactions (3), (4) and (5). In turn, the volume
balance of the solid species determine the evolution of the porosity and of the effective
diffusivities Dβ of the material. The total volume of pore space filled with pore solution
includes both the volume of capillary pores and the volume of gel pores within the CSH2.5

and SH volume fractions.

3
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It is assumed that the driving force of the dissolution/precipitation reaction of reactive
solid α-species is (1 − ψα), where ψα is the dimensionless saturation index of the pore
solution with respect to the solid α-species. Depending on whether ψα > 1, ψα = 1, or
ψα < 1, the pore solution is over-saturated, in equilibrium, or under-saturated, respec-
tively, with respect to α-species. The saturation indices are functions of the activities of
the primary and secondary aqueous species involved in the corresponding chemical reac-
tion, which are estimated with the well-known Davies equation using the modification on
the second term as proposed by Samson and Lemaire [7]. In order to determine the con-
centration of secondary species, additional calculations need to be performed considering
the equilibrium equations of the dissociation Reactions (1), (2) and (6), as well as the
electric charge neutrality of the pore solution.

A modified version of the analytical formula proposed by Oh and Jang [8] is used to
compute the effective diffusivity of the primary aqueous β-species in the water-saturated
HCP (Dβ). The equation involves four parameters which describe the microstructure of
HCP: capillary porosity, percolation threshold, the normalized diffusivity of solid phase,
and the percolation exponent. Reduction of tortuosity in pore structure due to CSH2.5

dissolution is considered by assuming that the percolation exponent evolves with the
decalcification of the CSH2.5.

Isothermal and isobaric conditions are assumed at all times, as well as water saturation
of the material pores.

The model has been implemented in the Finite Element code DRACFLOW, in-house
developed by the group of Mechanics of Materials at UPC (MECMAT/UPC). Formerly,
the code has been used to model durability problems in concrete such as drying shrinkage
[9], external sulfate attack [10], Alkali-Silica Reaction [11], and high temperatures [12].

3 MODELLING RESULTS

3.1 Model geometry and parameters

For the experimental campaign described in the introduction, prismatic 40 × 40 ×
160 mm HCP specimens will be used (Fig. 1a). The specimens will have a central notch
to localize fracture in a three-point bending test. In order to optimize the experimental
setup, three different possible notch geometries are studied in this paper: 2 × 20 mm
rectangular notch, 2 × 10 mm rectangular notch, and a Chevron type notch with the
dimensions indicated in Fig. 1b. After curing, the external surfaces of the specimens will
be covered with a layer of epoxy resin in order to prevent the acid attack of these zones.
In the case of the rectangular notches, all the internal surfaces will remain uncovered,
while in the case of the Chevron notch only the ‘tip’ of the notch will remain uncovered.
Under these conditions, the acid attack process may be simulated with two-dimensional
geometries as the one schematically represented for the Chevron notch specimen in Fig. 1b,
taking advantage of the symmetry plane indicated in Fig. 1a. The models have been
spatially discretized with quadrangular linear elements representing the brine and HCP
domains, and zero-thickness interface elements representing the brine-HCP interfaces and
the internal layer of epoxy in the Chevron notch specimen (Fig. 1b). Simulations have
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been performed for a total time of 600 hours (25 days), discretized in increments of 0.2
hours.

20

40
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1

16
0

40
(a)

Hydrated Cement Paste (HCP), quadrilateral continuum FE

Refined mesh zone, quadrilateral continuum FE

Brine, quadrilateral cotinuum FE

HCP-Brine interface, zero-thickness interface FE (Tl=0, Tt → +∞)

Epoxy Layer, zero-thickness interface FE (Tl=Tt=0)

Boundary with Dirichlet conditions
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Figure 1: (a) Prismatic specimen geometry. (b) Model geometry and diffusion boundary conditions.
Dimensions given in mm.

The specimens will be prepared with cement CEM I 42,5 N-SR 5 [16] and with a water
to cement ratio of 0.45. After casting, the specimens will be cured in 0.5 M NaCl brine
at 50 oC for 28 days. The initial volume fractions in the HCP are estimated using the
expressions given by Brouwers [14, 15], and taking into account the effects of the curing
temperature on the gel porosity of the C–S–H reported by Gallucci et al. [17], obtaining
the following volume fractions: CSH2.5 = 0.206, portlandite = 0.243, Inert Cement Paste
= 0.235, Capillary Pores = 0.315, and total (gel + capillary) pores = 0.428.

It is assumed that at the beginning of the exposure to the carbonated brine, the
concentrations of alkali and chlorides are homogeneous in the specimens and equal to
that of the curing brine, i.e. cclo = cro = 500 mmol/L. The initial concentration of calcium
in pore solution is determined as the saturation concentration of portlandite in 0.5 M
NaCl solution at 20 oC, resulting in ccao = 20.95 mmol/L.

In the reactors, the specimens will be exposed to 0.5 M NaCl solution at 20 oC, satu-
rated with CO2 at a constant pressure of 1.5 MPa. The total carbon concentration in the
brine under these conditions is estimated using the semi-empirical thermodynamic model
proposed by Dubacq et al. [13], resulting in 493 mmol/L. Since the brine in the reactor
will be continuously renovated, Dirichlet boundary conditions are imposed at the ‘mouth’
of the notches with ĉca = 0 mmol/L, ĉtc = 493 mmol/L, ĉcl = 500 mmol/L, and ĉr = 500
mmol/L.

5
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The saturation product constants considered for Reactions (3), (4), and (5) are KCH
sp

= 7.515E−09, KCC̄
sp = 3.554E−09 and KCSH

sp = 7.515E−09, for activities in mol/L. The
equilibrium constants considered for Reactions (1), (2), and (6) are Kc0

eq= 4.136E−07,
Kc1

eq= 4.246E−11 and Kw
eq = 6.893E−15, also for activities in mol/L.

3.2 Results

Figures 2 and 3 show the concentrations of carbon species and calcium in pore solu-
tion, respectively, for three different exposure times and for each of the notch geometries
considered. Similarly, Figs. 4 and 5 show the volume fractions of portlandite and calcite,
respectively, for the same exposure times and notch geometries. The molar rate of cal-
cium leaving the specimen through the notch ‘mouth’, i.e. the sum of the reactions to the
Dirichlet boundary conditions imposed to the nodes at the notch mouth, is plotted as a
function of time for each notch geometry in Fig. 6.

In the specimens with rectangular notch, the degradation process progresses mainly in
the area close to the notch mouth (where the Dirichlet boundary conditions are applied)
and in the horizontal direction. The degradation of the notch tip is slowed down mainly
because of two reasons: (i) most of the carbon species flowing into the notch are captured
in the formation of calcite in the notch mouth zone, leaving only a small remnant to
attack the notch tip zone (Fig. 2); (ii) as calcium ions are released into the notch from the
lateral surfaces, the calcium concentration is locally risen reducing or even inverting the
calcium concentration gradient from the tip to the mouth of the notch (Fig. 3). These
effects are more clearly observed for the 20-mm notch, but can be also be appreciated for
the 10-mm notch. In contrast, in the specimen with the Chevron notch and the internal
lateral surfaces covered with epoxy resin, none of these mechanisms are developed and,
consequently, the degradation front at the notch tip zone progresses at a significantly
higher velocity. It must be noted that the better performance of the Chevron notch
specimen is mainly because of the layer of epoxy resin covering the internal lateral surface
rather than because of the Chevron geometry itself.

Since, from the point of view of the experimental tests that motivated this numerical
study (see Sec. 1), the main interest is maximizing the velocity of advancement of the
degradation front at the notch tip zone of the specimens, the Chevron notch emerges as
the best option. Furthermore, the rate at which calcium is released from the Chevron
notch specimen is less than a half of that of the specimens with rectangular notch (Fig. 6).
This implies that specimens with Chevron notch will require a much lower flow of fresh
carbonated brine in order to keep the calcium concentration in the reactor under a certain
maximum value.

4 CONCLUDING REMARKS

- In the context of an experimental campaign in preparation, the diffusion-reaction
model developed by Liaudat et al. [5] has been used for preliminary assessing
different possible notch geometries for 40× 40× 160 mm prismatic specimens to be
used in three-point bending tests after being exposed to carbonated brine.
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Figure 2: Concentration of carbon species in pore solution [mmol/L]. (a) 2 × 20 mm rectangular notch.
(b) 2 × 10 mm rectangular notch. (c) Chevron type notch.
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Figure 3: Calcium concentration in pore solution [mmol/L]. (a) 2×20 mm rectangular notch. (b) 2×10
mm rectangular notch. (c) Chevron type notch.
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Figure 4: Portlandite volume fraction [m3/m3]. (a) 2 × 20 mm rectangular notch. (b) 2 × 10 mm
rectangular notch. (c) Chevron type notch.
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Figure 5: Calcite volume fraction [m3/m3]. (a) 2×20 mm rectangular notch. (b) 2×10 mm rectangular
notch. (c) Chevron type notch.
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Figure 6: Molar rate of calcium ions leaving the notch at nodes with Dirichlet boundary conditions.
Results have been multiplied by 2 and by 0.40 in order to represent the calcium released by a full-size
prismatic specimen.

- The simulations have helped to identify the mechanisms determining the advance-
ment velocity of the degradation front at the zone of interest (notch tip zone) in
specimens with rectangular notches, leading to the adoption of a more convenient
Chevron type notch geometry.

- The simulations have provided an estimate of the rate at which calcium will be re-
leased to the surrounding carbonated brine. This value will be used for dimensioning
the testing equipment.
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High Temperature in Concrete. In: Oñate E., Owen D.R.J., Peric D., Chiumeti M. (eds).
XIII International Conference on Computational Plasticity. Fundamentals and Applications
COMPLAS XIII. CIMNE, Barcelona (2015), pp 346-353.

[13] Dubacq, B., Bickle, M. J. and Evans, K. A. An activity model for phase equilibria in the
H2O-CO2-NaCl system. Geochimica et Cosmochimica Acta (2013) 110: 229–252.

[14] Brouwers, H. J. H. The work of Powers and Brownyard revisited: Part 1. Cement and
Concrete Research (2004) 34:1697–1716.

[15] Brouwers, H. J. H. The work of Powers and Brownyard revisited: Part 2. Cement and
Concrete Research (2005) 35:1922–1936.

[16] AENOR, Cement-part 1: Composition, Specifications and Conformity Criteria for Common
Cements UNE-EN 197-1 (2011), AENOR, Madrid.

[17] Gallucci, E., Zhang, X., Scrivener, K.L. Effect of temperature on the microstructure of

calcium silicate hydrate (C–S–H). Cement and Concrete Research (2013) 53: 185—195.

12

446



Viscoplastic Constitutive Models for Zero-thickness Interface Elements, Formulation and Ap-
plications
I. Jaqués and I. Carol

XV International Conference on Computational Plasticity. Fundamentals and Applications 
COMPLAS 2019 

E. Oñate, D.R.J. Owen, D. Peric , M. Chiumenti, and Eduardo de Souza Neto (Eds) 
 
 
 

VISCOPLASTIC CONSTITUTIVE MODELS FOR ZERO-THICKNESS 
INTERFACE ELEMENTS, FORMULATION AND APPLICATIONS 

I. JAQUÉS* AND I. CAROL*  

* ETSECCPB (School of Civil Engineering) 
Universidad Politécnica de Cataluña 

Campus Norte UPC, 08034 Barcelona, Spain 
e-mail: ignacio.carol@upc.edu 

 

Key words: Viscoplasticity, Interface elements, Finite Element Method (FEM), Viscoplastic 
relaxation. 

 
Abstract. An energy-based work-softening visco-plastic model for zero-thickness interface elements 
has been developed as an extension of an existing elastic-perfectly-viscoplastic formulation. In the 
inviscid limit the model also collapses into a well-established fracture mechanics-based elasto-plastic 
model. The new model is verified satisfactorily for common loading cases at interfaces such as pure 
tension (mode I) opening, and shear-compression (mixed-mode) sliding, with results that in the long 
term match the predictions of the fracture mechanics inviscid model. 

 
 
1 INTRODUCTION 

Zero–thickness interface elements, sometimes also called “cohesive elements”, were 
introduced by Goodman [1] for geotechnical analysis using the FEM, and in more recent times 
are becoming popular for their many possible applications. In the simplest scenario of linear 
elastic behaviour, interface elements inserted in between standard continuum elements may be 
used to represent the presence of a thin, deformable layer without the need to use extremely 
fine meshes. If considered linear elastic but assuming sufficiently high stiffness values, 
interface elements may lead to stresses and deformations of the continuum elements practically 
identical to those that would be obtained in the same domain without any interface elements 
inserted. And that may be used as a means to obtain, besides the regular stresses and 
deformations of the continuum, also the normal and shear stress tractions transmitted across the 
planes in which interface elements have been inserted. Stress tractions may be of high interest 
for instance along interfaces in between different material layers or in between different 
materials. If equipped with non-linear constitutive laws exhibiting a maximum strength 
condition, interface elements may also be used to represent frictional sliding planes, cracks or 
fractures. For this purpose, the precise type and characteristics of the constitutive law are 
essential. A frictional contact surface may be represented with perfect plasticity, while a 
developing crack will require a constitutive model with softening which incorporates fracture 
energy parameters. In the late 90s, a model of this type was proposed by the research group [2], 
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and the same model was later developed further and improved [3].  
A useful extension of the zero-thickness interface elements and constitutive laws is in the 

field of visco-plasticity [4]. Potential applications range from representation of physical time-
dependent behavior (such as for instance failure under sustained load), to purely numerical 
strategies such as visco-plastic relaxation. In recent years, an elastic-perfectly visco-plastic 
interface model was proposed [5], together with a discussion on the schemes necessary for the 
various possible applications. In the inviscid limit (time tending to infinity) the model response 
approached an elastic-perfectly plastic version of the group’s fracture model.  

The rate-dependent (viscoplastic) formulation requires a time integration strategy to 
discretize time in increments and evaluate linearized relation between stress and strain 
increments for each time step. Usually, the algorithms proposed in the literature are strain-
driven, i.e. they are based on the initial stress scheme used in Finite Elements, in which the 
strain increments are prescribed to the constitutive equations, which then return the resulting 
stress [6-7-8].  

In contrast, stress-driven schemes are less common. After the original constant-stress 
implementation of Zienkiewicz and Cormeau [9] that may be considered the most elementary 
form of stress-driven viscoplastic schemes, to the knowledge of the authors, the only previous 
proposals of this type are [4]. The implementation of stress-prescribed schemes is conceptually 
much simpler and numerically advantageous (explicit integration of the constitutive equations 
and simple coding).  

The main objective of this paper is to describe and demonstrate an energy-based softening 
visco-plastic model for zero-thickness interface elements using a stress-prescribed integration 
algorithm for Perzyna viscoplasticity in a FE framework. In the inviscid limit the predictions 
of the model approach those of the full version of the fracture-based elasto-plastic model 
previously proposed by the group.  

 
2 ENERGY-BASED WORK-SOFTENING VISCO-PLASTIC MODEL FOR ZERO-
THICKNESS INTERFACE ELEMENTS 

As already mentioned, the new energy-based softening visco-plastic model for zero-
thickness interface elements is developed as an extension of an existing elastic-perfectly-
viscoplastic formulation [5], which is based on a hyperbolic cracking surface. This model was 
proposed originally for the behaviour of geotechnical interfaces [10], later modified for fracture 
energy-based opening and development of cracks in quasi-brittle materials (concrete, rock, etc) 
[2], and more recently extended to 3D and reformulated more efficiently [3]. 

2.1 Elasto-plastic interface constitutive model 
The existing fracture-based interface constitutive law, named Normal/Shear Cracking 

Model, is based on the theory of elasto-plasticity and it incorporates concepts of fracture 
mechanics and fracture energies. Its behavior is formulated in terms of normal and shear 
components on the interface plane � � �𝜎𝜎�, 𝜎𝜎���  and their respective relative displacements 
� � �𝑟𝑟�, 𝑟𝑟���. The interface fracture model is based on a hyperbolic cracking surface [2], Fig.1a. 
The corresponding yield (cracking) function 𝐹𝐹 is defined in terms of normal and shear stresses 
and three geometric parameters included in vector 𝒑𝒑: the strength parameters cohesion �𝑐𝑐�, 
uniaxial tensile strength �𝜒𝜒� and internal friction angle �𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�. The algebraic expression of 𝐹𝐹 
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has been changed in some versions of the model, the most convenient [3] being: 
 

��𝝈𝝈𝑐 𝒑𝒑� � ��𝑐𝑐 � 𝜎𝜎�𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� � �𝜎𝜎�2 � �𝑐𝑐 � 𝜒𝜒𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�2  (1) 

 

 
Figure  1 Interface model: (a) cracking surface and plastic potential, (b) evolution of cracking surface, (c) 

fundamental modes of fracture and (d) softening laws for 𝑐𝑐 and 𝜒𝜒. 

The hardening/softening laws (evolution laws of the surface geometric parameters 
𝑐𝑐𝑐 𝜒𝜒𝑐 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡) are formulated in terms of a single history variable, 𝑊𝑊𝑐𝑐𝑐𝑐, defined as the energy spent 
in fracture processes. These laws, represented in Fig.1d, include as parameters the classical 
fracture energy in Mode I, 𝐺𝐺𝑓𝑓Ι  (pure tension) and a second mode named Mode IIa defined under 
shear and high compression without dilatancy, 𝐺𝐺𝑓𝑓ΙΙ𝑡𝑡 (Fig.1c). The history variable work is 
defined incrementally as: 

 

𝑑𝑑𝑊𝑊�� � � 𝝈𝝈 ∶ 𝑑𝑑𝑑𝑑𝒄𝒄𝑑𝑑                                    𝜎𝜎𝑁𝑁 � 0 �𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�
�𝜎𝜎� � 𝜎𝜎�𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�𝑑𝑑𝑐𝑐���                        𝜎𝜎𝑁𝑁 � 0 �𝑐𝑐𝑡𝑡𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡� (2) 

 
Equations (2) show that, in the case of tensile-dominated cracking, all plastic work dissipated 
counts towards the history variable, while in compression-shear cracking, there is also a 
frictional part which is excluded from  𝑊𝑊𝑐𝑐𝑐𝑐 (Eq.2). Note that, with the definitions above, the 
evolution of the cracking surface is as depicted in Fig. 1b: from configuration “0” with initial 
tensile strength 𝜒𝜒0 and asymptotic cohesion 𝑐𝑐0, as the history variable reaches 𝑊𝑊𝑐𝑐𝑐𝑐 � 𝐺𝐺𝑓𝑓Ι  the 
surface  moves to configuration “1” with zero tensile strength, and as it approaches 𝑊𝑊𝑐𝑐𝑐𝑐 � 𝐺𝐺𝑓𝑓ΙIa 
the surface  moves toward configuration “2” which corresponds to a pair of straight lines of 
residual friction and no cohesion. 
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2.2 Perzyna viscoplastic constitutive model for the interface. 
The visco-plastic version of the interface model is based on the assumption that the total 

visco-plastic “strain” (relative displacements) can be split into the elastic part 𝒓𝒓𝑒𝑒𝑒𝑒 and the 
viscoplastic part 𝒓𝒓𝑣𝑣𝑣𝑣 [5]: 

𝒓𝒓 � 𝒓𝒓𝑒𝑒𝑒𝑒 � 𝒓𝒓𝑣𝑣𝑣𝑣  (3) 
   

The elastic part is assumed to be related to stresses via isotropic linear elasticity: 
 

𝒓𝒓𝑒𝑒𝑒𝑒 � 𝑫𝑫𝟎𝟎 �1 ∶ 𝝈𝝈   (4) 
 

where 𝑫𝑫𝟎𝟎 is the elastic stiffness matrix, symmetric and positive definite, and 𝑫𝑫0�1 indicates its 
inverse, which is the elastic compliance matrix and it may be also denoted as  𝑪𝑪𝟎𝟎. 

The main change with respect to the previous perfect visco-plastic model proposed [5] is 
that in the current implementation the geometric parameters of the surface will evolve in a way 
similar to the inviscid elasto-plastic model of the previous section. A history variable 𝑊𝑊𝑣𝑣𝑣𝑣 is 
defined which is similar to the previous 𝑊𝑊𝑐𝑐𝑐𝑐(except that visco-plastic “strain” replaces plastic 
strain), i.e.: 

 

𝑑𝑑𝑊𝑊�� � � 𝝈𝝈 ∶ 𝑑𝑑𝒓𝒓��                                        𝜎𝜎� � 0 �𝑡𝑡𝑒𝑒𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�
�𝜎𝜎� � 𝜎𝜎�𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�d𝑐𝑐�

��                             𝜎𝜎� � 0 �𝑐𝑐𝑡𝑡�𝑣𝑣𝑐𝑐𝑒𝑒𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�  (5) 

   
and the geometric parameters of the surface 𝒑𝒑 (composed by 𝑐𝑐𝑐 𝑐𝑐𝑐 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡) are assumed to evolve 
with 𝑊𝑊𝑣𝑣𝑣𝑣in a way identical as they did with 𝑊𝑊𝑐𝑐𝑐𝑐 in the inviscid elasto-plastic model (Fig. 1d).  

The cracking surface 𝐹𝐹�𝝈𝝈𝑐 𝒑𝒑� � 0 determines the limit between elastic state �𝐹𝐹 � 0� and the 
visco-plastic state �𝐹𝐹 � 0� state, in which a Perzyna visco-plastic “strain” rate is assumed: 

 

𝒓𝒓� 𝑣𝑣𝑣𝑣 � 1
𝜂𝜂 �𝜓𝜓 �𝐹𝐹�𝝈𝝈𝑐 𝒑𝒑�

𝐹𝐹0
�� 𝒎𝒎   (6) 

   
where 𝜂𝜂 is the viscosity of the material, 𝐹𝐹0 is a reference value of the yield surface, 𝑄𝑄 is the 
visco-plastic potential typical of non-associated formulations and the flow rule is 𝒎𝒎 �
𝜕𝜕𝑄𝑄 𝜕𝜕𝝈𝝈⁄ . 

Finally, the accumulated visco-plastic strain ∆𝒓𝒓𝑣𝑣𝑣𝑣 (Eq.3) can be obtained by integrating in 
time the visco-plastic strain rate, i.e.: 

 

∆𝒓𝒓𝑣𝑣𝑣𝑣 � � 𝒓𝒓� 𝑣𝑣𝑣𝑣𝑡𝑡1

𝑡𝑡0
𝑑𝑑𝑡𝑡 � � 1

𝜂𝜂 ��𝐹𝐹�𝝈𝝈𝑐 𝒑𝒑�
𝐹𝐹0

�� 𝒎𝒎
𝑡𝑡1

𝑡𝑡0
𝑑𝑑𝑡𝑡  (7) 

 
For the numerical integration of the new interface visco-plastic constitutive model, the 

methodology is a generalization of the procedure previously proposed for perfect visco-
plasticity [5]. In that integration scheme it is assumed that the stress increment ∆𝝈𝝈 (that takes 
place during a time increment ∆𝑡𝑡) is prescribed, and the corresponding “strain” (relative 
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displacement) is calculated. In this case, though, the geometric parameters of the yield function, 
𝒑𝒑 (composed by 𝑐𝑐𝑐 𝑐𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) are not constant, but have to be continuously updated using the 
softening laws in terms of 𝑊𝑊𝑣𝑣𝑣𝑣, which is also continuously changing. This requires a sub-
stepping scheme. In the case that for a given substep 𝜂𝜂�𝝈𝝈���𝑐 𝒑𝒑���� � 0 , the integral of Eq.(7) 
is approximated by first order expansion as: 

 

∆𝒓𝒓𝑣𝑣𝑣𝑣 � ∆𝑐𝑐
𝜂𝜂𝜂𝜂0

��� � 𝜃𝜃�𝜂𝜂�𝝈𝝈𝑖𝑖𝑐𝑐𝑖𝑖𝑐 𝒑𝒑𝑖𝑖𝑐𝑐𝑖𝑖� 𝒎𝒎�𝝈𝝈𝑖𝑖𝑐𝑐𝑖𝑖𝑐 𝒑𝒑𝑖𝑖𝑐𝑐𝑖𝑖� � 𝜃𝜃𝜂𝜂 �𝝈𝝈𝑓𝑓𝑖𝑖𝑐𝑐𝑐 𝒑𝒑𝑓𝑓𝑖𝑖𝑐𝑐�  𝒎𝒎 �𝝈𝝈𝑓𝑓𝑖𝑖𝑐𝑐𝑐 𝒑𝒑𝑓𝑓𝑖𝑖𝑐𝑐��  (8) 

   
where � � �𝜂𝜂 �𝝈𝝈⁄   and 𝜃𝜃 is a constant scalar factor that may take a fixed value between 0 
and 1. This expression, properly developed, leads to the relation between ∆𝝈𝝈 and ∆𝒓𝒓, which 
provides the constitutive tangential compliance and initial strain vector necessary for the 
iterative calculations. If 𝜃𝜃 � 0, the formula above is equivalent to the forward Euler scheme. 
The other limit case is when 𝜃𝜃 � � and the formula is equivalent to the traditional backward 
Euler scheme. Note also that, except for the case 𝜃𝜃 � 0  in which all variables are known at the 
beginning of the increment, for any other value of 𝜃𝜃 � 0 the calculation will require iterations 
at structural level, because the expression involves the stresses at the end of the increment, 
which are not known a priori. 

3 VERIFICATION EXAMPLES 
A pure tension and shear-compression simple examples have been considered in this section 

for verification purposes, and the results have been compared with those that would be obtained 
with the elastoplastic law, with which they should coincide for long visco-plastic times (inviscid 
limit of the visco-plastic model). 

3.1 Uniaxial tension opening  
The first example consists of a single interface element subject to uniaxial tension (Fig.2). 

A square continuum element has been also included in the discretization, although it does not 
play any mechanical role. Loading is composed of an alternate sequence of two kinds of steps, 
the first one consisting of a prescribed displacement increment (applied instantaneously), 
followed by the pass of a long time (which takes place at constant nodal displacements).  

 
 
 
 
 
 
 
 
 

 
 
 
 

Interface properties 

Figure  2. Geometry and properties of the uniaxial tension example. Prescribed displacements are imposed 
on nodes 3 and 4. 
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The results of the visco-plastic calculation are represented in Fig.3 in red color lines, together 
with the results obtained with the elastoplastic interface constitutive law in blue [2]. As shown 
in the figure, for each instantaneous load step, the visco-plastic response consists first of an 
elastic stress increment, which is then followed by progressive relaxation as time passes, 
leading in the long term to the same stress value as predicted by the fracture mechanics inviscid 
model for the same relative displacement. Similar behaviour is observed for each one of the 
prescribed displacement increments. Therefore, it can be concluded that in this case the 
proposed visco-plastic model in the visco-plastic limit clearly coincides with the existing elasto-
plastic model.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The formulation proposed also provides the energy spent in the fracture process. The 

following table (Table 1) shows the comparison between the energies obtained with the elasto-
plastic and with the visco-plastic models. As it can be seen, these values turn out very similar 
as expected. 
 

 
 

  Elasto-plastic model (kPaꞏm)  
𝑾𝑾𝒄𝒄𝒄𝒄 

Visco-plastic model (kPaꞏm) 
𝑾𝑾𝒗𝒗𝒗𝒗 

Energy dissipated in 
fracture processes 8.35067 ꞏ 10-6 8.34314 ꞏ 10-6 

Table 1: Comparison between energy values computed in both cases elastoplastic and viscoplastic. The total 
energy obtained in both cases are very similar as expected. 

Figure  3. Normal stress-normal relative displacement evolution curve of the interface element. Viscoplastic 
results in the long term match the predictions of the fracture mechanics inviscid model. 
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3.2 Shear-compression sliding 
The second example consists of a shear test applied on the same geometry and with the same 

material parameters as in previous section. The loading (Fig.4) consists of two parts: first, 
applying an instantaneous vertical stress on the top face of the continuum element (Fig.4a) and, 
second, applying the horizontal loading. Similarly as in example one, the horizontal loading 
(Fig.4b) is applied as a sequence of small horizontal displacements prescribed to nodes 3 and 4 
instantaneously, followed each of them by a number of time increments until stresses would be 
totally relaxed.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The results of the visco-plastic calculations are represented in Fig.5a (red color lines), 

together with the results obtained with the existing elasto-plastic model (in blue) [2]. Fig.5b 
shows the evolution of the dilatancy, also computed with both elastoplastic and viscoplastic 
models. Similar to the previous case, the results show that in the inviscid limit the visco-plastic 
formulation approaches nicely the predictions of the corresponding elasto-plasticity.  

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 5. (a) Shear stress-tangential relative displacement evolution curve of the interface element. (b) 
Evolution of the dilatancy. Viscoplastic results in the long term match the predictions of the fracture 

mechanics inviscid model. 

Dilatancy 

Step 1 Step 2 

Interface properties 

Figure  4. Geometry of the shear-compression sliding example. An instantaneous vertical stress is applied on 
the top face and also an instantaneous displacement is imposed on nodes 3 and 4. Also interface properties are 

shown. 

Shear stress – Tangential Rel. displ. 
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As in the previous example, the energy spent in the fracture process also has been calculated 
in this case. The following table (Table 2) shows the comparison between the energies obtained 
with the elastoplastic model and with the viscoplastic one, which turn out very similar as 
expected. 

 
 
 

 Elasto-plastic model (kPaꞏm) 
𝑾𝑾𝒄𝒄𝒄𝒄 

Visco-plastic model (kPaꞏm) 
𝑾𝑾𝒗𝒗𝒗𝒗 

Energy dissipated in 
fracture processes 1.56693 ꞏ 10-5 1.58374 ꞏ 10-5 

 

4 CONCLUDING REMARKS 
In the present paper, an energy-based softening visco-plastic model of the Perzyna type for 

zero-thickness interface elements has been described, as well as its basis for numerical 
implementation using a stress-prescribed integration algorithm. Numerical results have been 
also presented for two simple examples of application, the first one consisting of a uniaxial 
tensile interface opening (mode I), and the second one a shear-compression (mixed-mode) 
failure with sliding. Both may represent academic problems of rock samples with 
discontinuities. The results show that in the long term the visco-plastic results match very well 
the predictions of the fracture mechanics inviscid model. 

ACKNOWLEDGEMENTS 
This research work was partially supported by research grants BIA2016-76543-R from MEC 

(Madrid), which includes FEDER funds, and 2017SGR-1153 from Generalitat de Catalunya 
(Barcelona). The first author also acknowledges her FI doctoral fellowship (2017FI_B_00759) 
received from AGAUR-Generalitat de Catalunya. 

 
 

REFERENCES 
[1] Goodman, R.E. and Taylor, R.L. and Brekke, T.L. A model for the mechanics of jointed 

rock. ASCE J. Soil Mech. and Found. Div. (1968) 94:637-659. 
[2] Carol, I., Prat, P. and López, C.M. Normal/shear cracking model: application to discrete 

crack analysis. Journal of engineering mechanics (1997) 123(8):765-773. 
[3] Caballero, A., Willam, K.J. and Carol, I. Consistent tangent formulation for 3D interface 

modeling of cracking/fracture in quasi-brittle materials. Computer Methods in Applied 
Mechanics and Engineering (2008) 197(33):2804-2822. 

[4] Caballero, A, Garolera, D., Carol, I. and Gens, A. Viscoplastic multilaminate model for 
jointed rock with stress-prescribed using a stress-prescribed LEGI scheme. International 
Journal of Solids and Structures (2009) 45(9):2686-2705. 

[5] Aliguer, I., Carol, I. and Sture, S. Stress-driven integration strategies and m-AGC tangent 
operator for Perzyna viscoplasticity and viscoplastic relaxation: application to 

Table 2: Comparison between energy values computed in elastoplastic and viscoplastic models.  

454



I. Jaqués and I. Carol 

 9

geomechanical interfaces. International journal for numerical and analytical methods in 
geomechanics (2016) 41(6):918-939. 

[6] Hughes, T.J.R. and Taulor, R.L. Unconditionally stable algorithms for quasi-static 
elasto/viscoplastic finite element analysis. Computers & Structures (1978) 8:169-173. 

[7] Peric, D. On a class of constitutive equations in viscoplasticity: formulation and 
computational issues. International Journal for Numerical Methods Engineering (1993) 
36:1365-1393. 

[8] Ponthot, J.P. Unified stress update algorithms for the numerical simulation of large 
deformation elasto-plastic an elasto-viscoplastic processes. International Journal of 
Plasticity (2002) 18(1):91-126. 

[9] Zienkiewicz, O.C. and Cormeau, I.C. Visco-plasticity - plasticity and creep, a unified 
numerical solution approach. International Journal for Numerical Methods Engineering 
(1974) 8:821-845. 

[10] Gens, A., Carol, I. and Alonso, E.E. An interface element formulation for the analysis of 
soil-reinforcement interaction. Computers and Geotechnics (1989) 7:133-151. 

 
 

455



Zero-thickness Interface Model with Chemical Degradation by Acid Attack A. Martínez, J. Liaudat, C. M. López and I. Carol

XV International Conference on Computational Plasticity. Fundamentals and Applications 
COMPLAS 2019 

E. Oñate, D.R.J. Owen, D. Peric , M. Chiumenti, and Eduardo de Souza Neto (Eds) 
 
 
 

ZERO-THICKNESS INTERFACE MODEL WITH CHEMICAL 
DEGRADATION BY ACID ATTACK 

A. MARTÍNEZ, J. LIAUDAT, C. M. LÓPEZ AND I. CAROL 

School of Civil Engineering (ETSECCPB) 
Universitat Politècnica de Catalunya (UPC) 
Campus Nord UPC, 08034 Barcelona, Spain 

e-mail: ariadna.martinez.e@upc.edu, joaquin.liaudat@upc.edu, carlos.maria.lopez@upc.edu, 
ignacio.carol@upc.edu  

 
Key words: oil-well cement, acid attack, CO2, interface elements, constitutive law, C-M 
coupling 

 
Abstract. Carbon dioxide (CO2) storage in abandoned oil/gas reservoirs is considered a 

viable alternative to reduce greenhouse gas emissions to the atmosphere. An important element 
of the risk associated with long-term CO2 storage is the loss of integrity of the cement seals of 
the abandoned wells in the reservoir. Among others, one possible cause of loss of integrity is 
the degradation of the oil-well cement due to the acid attack of the carbonated brine in the 
reservoir. In previous studies, the authors have developed a diffusion-reaction model for 
simulating this degradation process. In order to study possible coupled Chemo-Mechanical (C-
M) mechanisms, this model will be coupled with an existing mechanical model. For this 
purpose, in this paper, an existing constitutive law for zero-thickness interface, based on the 
theory of elasto-plasticity with concepts of fracture mechanics, is modified to incorporate the 
effect of chemical degradation on the mechanical strength parameters. Preliminary results 
obtained with this new constitutive law are presented, in order to illustrate the main aspects of 
the proposed constitutive law, as well as a possible C-M degradation mechanism that should be 
considered in the long-term safety assessment of CO2 geological storage projects. 
 

1 INTRODUCTION 
Carbon dioxide (CO2) storage in depleted oil/gas reservoirs is considered a viable alternative 

to reduce greenhouse gas emissions to the atmosphere. One of the major sources of concern 
with this type of projects is the presence of abandoned wells which perforate the caprock of the 
reservoir and which may potentially constitute CO2 leakage pathways. In many cases, the 
plugging of abandoned wells began decades ago when CO2 storage was not under consideration 
and, therefore, the primary cement used for the casing and/or the plug cement in the well were 
regular Portland cements (e.g. API Class G and H oilwell cement). These cements, which are 
basic in nature, are chemically unstable in acidic environments as the one resulting from the 
injection of CO2 into the reservoir [1‒6]. 

The CO2 injected progressively dissolves in the water or brine filling the depleted reservoir, 
leading to the formation of carbonic acid, with a consequent decrease of the pH. As the 
carbonated brine reaches the oil-well cement, a number of chemical reactions occur between 
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the aqueous carbon species and the Hydrated Cement Paste (HCP). These reactions combined 
with the diffusion of aqueous species in the HCP pore solution leads to the development of a 
decalcification front, which advances into the material. In the decalcified zones of the HCP, 
only an amorphous silica gel remains, which shows practically no mechanical strength and very 
high permeability [7]. A detailed discussion of this chemical degradation process may be found 
in Ref. [8]. 

The velocity of advancement of the degradation front is relatively slow (a few millimetres 
per month) and decreases as the degradation front moves into the HCP [3, 6]. If compared with 
typical well cementation lengths of tens of meters, the advancement of the degradation front 
per se does not seem to have the potential of compromising the integrity of the well seals. 
However, if the acid attack is considered in combination with the mechanical loads acting on 
the well cement in the reservoir, the picture could be different.  

The time evolution of the pore pressure in the reservoir because of the injection/extraction 
of fluids, combined with the fact that well cementing is done in different times of the well life, 
may induce significant stresses on the well cement, including tensile stresses [9]. These stresses 
may induce the propagation of cracks, in particular in the interfaces between the cement and 
the steel case and between the cement and the rock. If the carbonated brine penetrates these 
cracks, the strength reduction due to the acid attack of the crack tip may induce subcritical crack 
growth with consequent risk for the integrity of the well. 

In order to study this Chemo-Mechanical (C-M) degradation mechanism, a numerical model 
is being developed by the authors in the context of an ongoing research project. For this purpose, 
a diffusion-reaction model for simulating acid attack on oil-well cements exposed to carbonated 
brine, recently developed by the authors [8, 10, 11], will be coupled with an existing mechanical 
model. This mechanical model has the characteristic ingredient of using zero-thickness 
interface elements with double nodes for representing cracks, e.g. [12-14].  As a necessary 
intermediate step, in this paper, a new constitutive law for the interface elements is briefly 
described which makes it possible to incorporate the effect of degradation of the mechanical 
strength by the acid attack. This constitutive law is obtained by modifying an existing one based 
on the theory of elasto-plasticity, with concepts and parameters from the non-linear fracture 
mechanics theory [12-14].  Preliminary results obtained with this new constitutive law are 
presented, in order to illustrate the main aspect of the new constitutive law, as well as coupled 
C-M degradation mechanisms that should be considered in the long-term safety assessment of 
CO2 geological storage projects. 

2 CONSTITUTIVE LAW FOR ZERO-THICKNESS INTERFACE ELEMENTS 
WITH CHEMICAL DEGRADATION 

The constitutive law is formulated in terms of the normal and tangential stress components 
in the mid-plane of the interface element � � �𝜎𝜎�, 𝜎𝜎��� and the conjugate relative displacements 
� � �𝑢𝑢�, 𝑢𝑢��� ( � = transposed). The law is based on the theory of elasto-plasticity and 
introduces nonlinear fracture mechanics concepts in order to define the softening behaviour due 
to the work dissipated in the fracture process (denoted 𝑊𝑊��). 

The fracture surface ���� � � is defined by a hyperbola of three parameters (Fig. 1a):  
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���� � ����𝑐𝑐 � 𝜎𝜎� tan𝜙𝜙� � �𝜎𝜎�� � �𝑐𝑐 � 𝜒𝜒 tan𝜙𝜙�� � �  
(1)

 

where 𝜒𝜒 is the tensile strength, 𝑐𝑐 is the apparent cohesion, and 𝜙𝜙 is the asymptotic friction angle. 
Cracking starts when the fracture surface is reached. As the fracture process and/or the chemical 
degradation progress, the fracture surface shrinks. In order to control the evolution process of 
the fracture surface, the model incorporates two parameters, 𝐺𝐺��  and 𝐺𝐺����, that represent the 
specific fracture energy in Mode I and in Mode II under high confinement, respectively (Fig. 
1b). These two parameters are reduced by the chemical degradation of the material. Total 
exhaustion of tensile strength (𝜒𝜒 � �) is reached either for 𝑊𝑊�� � 𝐺𝐺��  or for � � ��(curve “1” 
in Fig. 1c), and residual frictional strength (𝑐𝑐 � � and tan𝜙𝜙 � tan𝜙𝜙�) is obtained for 𝑊𝑊�� �
𝐺𝐺���� (curve “2” in Fig. 1c). 
 

Figure 1: Crack laws for material without chemical degradation (� � ��: (a) cracking surface and potential 
surface; (b) fundamental modes of fracture; (c) evolution of cracking surface; (d) softening laws for 𝜒𝜒, 𝑎𝑎, and 

tan𝜙𝜙. Adapted from [12, 14]. 

The work spent on the fracture process during the formation of the crack is given by: 
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𝑑𝑑𝑑𝑑�� � 𝜎𝜎� 𝑑𝑑𝑑𝑑��� � 𝜎𝜎� 𝑑𝑑𝑑𝑑��� if 𝜎𝜎� � 0 

𝑑𝑑𝑑𝑑�� � 𝜎𝜎� 𝑑𝑑𝑑𝑑��� �� � �𝜎𝜎� tan𝜙𝜙𝜎𝜎� �� if 𝜎𝜎� � 0 
(2)

These expressions imply that, in tension, all work dissipated in the crack goes into the fracture 
process, while, in compression, the contribution of 𝑑𝑑�� comes only from the shear work by 
subtracting the basic friction. 

The parameters of the fracture surface evolve by means of the following softening laws: 
� � ���� � ��𝜉𝜉����� � ��𝜂𝜂�� (3)

tan𝜙𝜙 � tan𝜙𝜙��� � ��𝜉𝜉��� � tan𝜙𝜙� ��𝜉𝜉�� (4)

𝑎𝑎 � 𝑎𝑎��� � ��𝜉𝜉��� (5)

where 𝜉𝜉�, 𝜉𝜉�, and 𝜉𝜉� are dimensionless positive internal variables which grow with 𝑑𝑑��, 𝜂𝜂 is 
the dimensionless history variable representing the chemical degradation of the material (𝜂𝜂 �
0 for  non-degraded material, 𝜂𝜂 � �  for completely degraded material). ���� is a scaling 
function which makes it possible to obtain a family of evolution curves for different values of 
the shape parameter 𝛼𝛼 (Fig. 1d). The variable 𝑎𝑎 is the horizontal distance between the vertex of 
the updated hyperbola and its asymptotes, in such a way that the updated apparent cohesion 𝑐𝑐 
is obtained from the following expression: 

𝑐𝑐 � �𝑎𝑎 � �� tan𝜙𝜙 (6)

The internal variable 𝜉𝜉� is defined in a differential form as follows: 

𝑑𝑑𝜉𝜉� � 𝑑𝑑𝑑𝑑��

𝐺𝐺���𝜂𝜂�  (7)

The specific fracture energy in Mode I evolves with 𝜂𝜂 according to: 
𝐺𝐺�� �𝜂𝜂� � 𝐺𝐺�� ��� � ��𝜂𝜂�� � 𝐺𝐺����� ��𝜂𝜂� (8)

where 𝐺𝐺�� � and 𝐺𝐺�����  are the values of 𝐺𝐺��  for 𝜂𝜂 � 0 (non-degraded material) and 𝜂𝜂 � � 
(completely degraded material), respectively.  

Similarly, the internal variables 𝜉𝜉� and 𝜉𝜉� are given by: 

𝑑𝑑𝜉𝜉� � 𝑑𝑑𝜉𝜉� � 𝑑𝑑𝑑𝑑��

𝐺𝐺�����𝜂𝜂�  (9)

Assuming that the ratio 𝐺𝐺�����𝜂𝜂��𝐺𝐺�� �𝜂𝜂� remains constant for any value of 𝜂𝜂, the following 
relationship is obtained from Eqs. (7) and (9): 

𝜉𝜉� � 𝜉𝜉� � 𝜉𝜉� 𝐺𝐺���
𝐺𝐺����� (10)

Note that the effect of the increasing chemical degradation (increasing 𝜂𝜂) on the mechanical 
strength of the material is considered in two ways: (i) by reducing the tensile strength (Eq. (3)), 
and (ii) by reducing the specific fracture energies 𝐺𝐺��  and 𝐺𝐺���� (Eq. (8)). 
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3 PRELIMINARY RESULTS  
In the following sections, a number of simple academic examples are presented in order to 

illustrate the main features of the proposed constitutive law. In these examples, three different 
mechanical loading schemes (pure tension, shear under compression, and three-point bending) 
are considered combined with chemical degradation.  

3.1 Pure tension tests 
The pure tension tests are simulated considering a single zero-thickness interface element 

with the following parameters: 𝐾𝐾� � 𝐾𝐾� � ������ MPa/mm, 𝜒𝜒� � � MPa, 𝑐𝑐� � � MPa, 
𝐺𝐺��� � ���� N/mm, 𝐺𝐺����� � ��𝐺𝐺��� , and 𝐺𝐺����� � ����𝐺𝐺��� . The results obtained for different 
sequences (“cases”) of loading and chemical degradation are shown in Figs. 2‒4. In those 
figures, Case 0 is the reference case corresponding to an interface element subjected to 
increasing normal relative displacement, without any chemical degradation. Note that because 
the adopted chemical degradation rates are arbitrary, time is given as a dimensionless variable. 

In Cases 1 and 2 (Fig. 2), an initial normal relative displacement (𝑢𝑢�� is imposed until 
reaching the initial tensile strength of the interface (𝜒𝜒�). Thereafter, 𝑢𝑢� is progressively 
increased together with the chemical degradation parameter (𝜂𝜂�, with higher degradation rate 
for Case 2 than for Case 1. It can be appreciated that a higher rate of chemical degradation 
implies a faster decrease of the tensile strength of the interface element. 

In Case 3 (Fig. 2), an initial 𝑢𝑢� is also imposed, but without surpassing the tensile strength. 
This initial 𝑢𝑢� is kept constant while the chemical degradation is increased until 𝜂𝜂 � ���. 
According with Eq. (3), this leads to a reduction of the tensile strength with consequent cracking 
(plastification) of the interface element. Thereafter, 𝑢𝑢� is progressively increased without 
additional chemical degradation.  

In Cases 4 and 5 (Fig. 3), an initial 𝑢𝑢� is imposed which cracks (plastifies) the interface. 
This initial 𝑢𝑢� is kept constant while 𝜂𝜂 is progressively increased, with a different rate in each 
case. The chemical degradation decreases the normal stress in the interface due to the 
contraction of the fracture surface. As expected, the higher the chemical degradation rate, the 
higher the decrease of the normal stress. Thereafter, 𝑢𝑢� is progressively increased without 
additional chemical degradation. 

In Cases 6 and 7 (Fig. 4), the same sequences of mechanical and chemical degradation as in 
Cases 4 and 5 are followed, with the only difference that now the interface elements are partially 
unloaded before applying the chemical degradation. Note that because 𝐾𝐾� is very high, the 
unloading of the interface implies practically no change in 𝑢𝑢�. As expected, the softening 
branch obtained for Cases 6 and 7 are exactly the same as for Cases 4 and 5, respectively.  

3.2 Shear under compression tests 
The tests with shear under compression loading are also simulated considering a single 

interface element, and with the same parameters as in the previous examples. The results 
obtained for different sequences of loading and chemical degradation are shown in Figs. 5‒7. 
In those figures, Case 0 is the reference case corresponding to an interface element subjected to 
increasing tangential relative displacement (𝑢𝑢�), without any chemical degradation. A constant 
normal stress 𝜎𝜎� � �� MPa is considered in all cases. 
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In Case 1 (Fig. 5), an initial 𝑢𝑢� is imposed reaching the initial shear strength of the interface 
(point a). Then, 𝑢𝑢� is progressively increased together with the chemical degradation parameter 
(𝜂𝜂). 

In Case 2 (Fig. 5), an initial 𝑢𝑢� is imposed in the elastic range of the interface (point b). This 
initial 𝑢𝑢� is kept constant while 𝜂𝜂 is increased until reaching complete chemical degradation 
(𝜂𝜂 � �). Then, 𝑢𝑢� is further increased until reaching the residual frictional strength. Note that 
at point c, the tensile strength of the interface is null (� � 0), but the shear strength is not 
completely degraded yet.  

In Cases 3 and 4 (Fig. 6), different initial 𝑢𝑢� are imposed, which crack the interface element. 
In Case 3, the work spent in the fracture process (𝑊𝑊��� due to the imposed 𝑢𝑢� is lower than the 
specific fracture energy in mode I, i.e. 𝑊𝑊�� � ���� , while in Case 4, the initial 𝑢𝑢� is such that 
𝑊𝑊�� � ���� . In both cases, the initial 𝑢𝑢� is kept constant while 𝜂𝜂 is increased until reaching 𝜂𝜂 �
0.6. Thereafter, in both cases, 𝑢𝑢� is increased without additional chemical degradation. Note 
that, in both cases, as 𝑢𝑢� is increased, the shear strengths tend to the residual frictional strength. 

In Cases 5 and 6 (Fig. 7), the same sequences of mechanical and chemical degradation as in 
Cases 3 and 4 are followed, with the only difference that now the interface elements are partially 
unloaded before applying the chemical degradation. As expected, the softening branch obtained 
for Cases 5 and 6 are exactly the same as for Cases 3 and 4, respectively.  

3.3 Three-point bending test 
This example is intended to simulate the propagation of an initially stable flexural crack in 

a beam due to the chemical degradation of the tip of the crack. For this purpose, a two-
dimensional (plane stress) beam of 0.6 m length and 0.1 m height is considered, with a line of 
interface elements in the central section (Fig. 8). The continuum elements are assumed linear 
elastic (� � ��000�MPa, � � 0.�) and the interface elements are equipped with the 
constitutive law presented in this paper, with the same parameters as for the other examples. 

It is considered that the chemical degradation rate is the same at all the integration points of 
the interface elements, but that it only starts if the integration point has been cracked (𝑊𝑊�� �
0). This latter assumption is made in order to mimic, in a very simplified manner, the C-M 
mechanism described in the Introduction, in which the ingress of carbonated brine in pre-
existing cracks in the well cement may lead to sub-critical grow due to the acid attack of the tip 
of the crack.  

The beam is initially loaded with a negative vertical displacement which is applied at mid-
span, on the upper face of the beam, until the first interface element from the lower face of the 
beam starts to crack. This initial vertical displacement is kept constant until the end of the test. 
The deformed mesh and the normal stresses in the interface elements corresponding to this 
initial condition are indicated with time t = 0 in Fig. 8. In this condition, the chemical 
degradation starts in the first interface element, leading to the contraction of the fracture 
(plastic) surface and the consequent reduction of the tensile strength (��. This reduction of the 
tensile strength of the first interface element leads to a stress redistribution, which increases the 
normal stresses in the interface elements above it. Eventually, this stress redistribution causes 
the cracking of the second interface element, triggering its chemical degradation. As time goes 
by, this process progresses leading to the propagation of the initial crack, as it is shown in Fig. 8. 
  

461



A. Martínez, J. Liaudat, C.M. López and I. Carol 

 7

Figure 2: Pure tension tests combined with different cases of chemical degradation described in the body of the 
text: Case 0 (grey line), Case 1 (red lines), Case 2 (green lines), and Case 3 (blue lines). Left plot, normal stress 

versus normal relative displacement. Upper-right plot, chemical degradation versus time. Lower-right plot, 
normal relative aperture versus time. The red line in the lower-right plot has been slightly shifted for the sake of 

clarity. 

 

Figure 3: Pure tension tests combined with different cases of chemical degradation described in the body of the 
text: Case 0 (grey line), Case 4 (red lines), and Case 5 (green lines). Left plot, normal stress versus normal 

relative displacement. Upper-right plot, chemical degradation versus time. Lower-right plot, normal relative 
aperture versus time. The green line in the lower-right plot has been slightly shifted for the sake of clarity. 
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Figure 4: Pure tension tests combined with different cases of chemical degradation described in the body of the 
text: Case 0 (grey line), Case 6 (red lines), and Case 7 (green lines). Left plot, normal stress versus normal 

relative displacement. Upper-right plot, chemical degradation versus time. Lower-right plot, normal relative 
aperture versus time. The green line in the lower-right plot has been slightly shifted for the sake of clarity. 

 

Figure 5: Shear under compression tests combined with different cases of chemical degradation described in the 
body of the text: Case 0 (grey line), Case 1 (red lines), and Case 2 (green lines). Left plot, normal stress versus 

normal relative displacement. Upper-right plot, chemical degradation versus time.  
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Figure 6: Shear under compression tests combined with different cases of chemical degradation described in the 
body of the text: Case 0 (grey line), Case 3 (red lines), and Case 4 (green lines). Left plot, normal stress versus 
normal relative displacement. Upper-right plot, chemical degradation versus time. The green line in the upper-

right plot has been slightly shifted for the sake of clarity. 

 

Figure 7: Shear under compression tests combined with different cases of chemical degradation described in the 
body of the text: Case 0 (grey line), Case 5 (red lines), and Case 5 (green lines). Left plot, normal stress versus 
normal relative displacement. Upper-right plot, chemical degradation versus time. The green line in the upper-

right plot has been slightly shifted for the sake of clarity.  
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t = 0.0  (initial state) 

t = 0.2 

t = 1.8 

t = 3.0 (final state) 
Figure 8: Three-point bending test. An initial vertical displacement is imposed to the mid-span point of the upper 
face of the beam, and it is kept constant while the chemical degradation of the cracked interface elements makes 

the flexural crack to grow. Left, deformed FE mesh (  at different times. Right, time evolution of the 
normal stress profile of the central section of the beam as the fracture progresses due to the chemical degradation. 

4 CONCLUDING REMARKS 
 A C-M mechanism which may lead to the propagation of cracks in oil-well cements 

exposed to carbonated brines is proposed.  
 In order to reproduce this mechanism with a coupled FE C-M model, a new 

constitutive law for zero-thickness interface elements is being developed.  
 This constitutive law makes it possible to simulate the reduction of the material 

strength parameters due to chemical degradation processes, such as acid attack of 
oilwell cements. 

 The behaviour of the new law is illustrated by a number of simple academic tests, 
including pure tensile tests, shear under compression tests, and a three-point bending 
test. 

 The preliminary results obtained seem indicate that the proposed C-M mechanism 
for sub-critical crack propagation due to acid attack can be simulated with the new 
constitutive law. 
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Abstract. Deep drawing simulation techniques reduce tool design costs and improve
tool performance and reliability. In terms of strain hardening, mixed models capturing
the kinematic effect are sometimes more accurate than isotropic models. Indeed, non-
linearity in strain paths can lead to inconsistent simulation results. However, the use of
such models requires a greater number of tests including strain path changes. Therefore,
the use of such mixed models shall be required only if the simulation includes non-linear
strain paths and the material exhibits a pronounced Bauschinger effect. New tools to
help engineers choose between models could ease the spread of more advanced models
in simulation of deep drawing processes when needed. With this in mind, an indicator
predicting the influence of kinematic effects could help to select an adequate model.

In this study, a new indicator is introduced with the idea of characterising strain path
non-linearity in order to assess kinematic hardening influence. The indicator is computed
using the forming history taken from a purely isotropic simulation – which is easier to
set up and parametrise. The ability of the indicator to predict inconsistencies within the
isotropic simulation is investigated using U-channel simulations.

1 INTRODUCTION

Simulation techniques as finite element analysis are widely spread in sheet metal form-
ing, as they can be help to enlarge process windows and to develop reliable tools within a
short period of time. Furthermore it is well known, that accurate modelling of the mate-
rial behaviour is crucial for reliable predictions of forming processes [1]. For this purpose,
numerous formulations for describing complex material flow were developed in the past,
requiring a greater number of tests including strain path changes.

Especially for forming processes where a high amount of cyclic bending is induced
by forming through draw beads, isotropic hardening models are insufficient for precise
springback prediction. Previous work already studied the influence of kinematic hardening

1
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Figure 1: Kinematic and isotropic hardening

in deep drawing processes [2] and showed the importance of this material behaviour for
the prediction of springback [3], being crucial for deep drawing tools design. In these
cases, mixed isotropic-non-linear kinematic hardening formulations in general [4], but
also special formulations of distorsional hardening as shown in [5] are able to capture the
springback phenomenon. However, the authors of [6] demonstrated that identification of
kinematic hardening behaviour is a difficult task due to ambiguity. Results often provide
good predictions, but are not reliable in all cases and, therefore, always have to be verified.
For the parametrisation of the yield surface evolution, a smart choice of experimental tests
and sophisticated numerical evaluation strategies has to be made as shown in [7]. As a
result of precise material modelling, it is subsequently possible to compensate springback
by optimisation of tool geometries [8]. In addition to conventional strategies, the recently
proposed macro-structured tools by Brosius et al. [9] are not only capable of widening
process window regarding drawing depth, but are also helpful to reduce springback angles
for specific materials, with a higher amount of kinematic hardening [10].

Despite the great potential for optimisation due to enhanced knowledge of kinematic
hardening effects in drawing operations, in industrial applications, an estimation of the
extensive efforts is often desired in advance. Additional material characterisation and
numerical analysis with these models should only be performed for forming operations
with high non-linear strain paths and for materials with a pronounced Bauschinger effect.
For this reason evaluation tools for assisting engineers in the choice of adequate material
models in simulation of deep drawing processes would be advantageous. In order to
quantify non-linearity in strain paths, diverse indicators such as shown by Herault et al.
[11] were proposed in the past. In this study, an alternative approach for the quantification
of the kinematic hardening effect is proposed and discussed for the analysis of a macro-
structured tool as used in [10].

2
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2 CONTEXT

2.1 Hardenings models

The Bauschinger effect describe a lowering of the yield stress upon strain reversal. This
change can be permanent or only transient, and the magnitude of this effect is dependent
on many parameters including material and prestrain. A model aiming at the simulation
of cyclic behaviour must be able to accurately capture the Bauschinger effect as shown in
[12]. Strain hardening consists of a yield surface evolution following an initial deformation.
The first model to capture this effect was isotropic hardening. It operates by uniformly
scaling of the yield surface on increasing plastic hardening. The parameter identification of
this hardening model can be realised using the result of simple tensile tests. However, this
model fails to capture the Bauschinger effect, as no softening on reversal can be obtained
with this family of models. Kinematic hardening was first introduced by Prager [13]. In
this model, yield stress evolution is characterised by the translation of the yield surface,
which is implemented using a backstress tensor. In Prager’s model, backstress increments
are calculated by multiplicating the strain increments by a constant c. However, the use
of a pure kinematic model, does not enable a correct simulation of the Bauschinger effect
within sheet metal, and a mixed model using anisotropic and kinematic hardening should
be used [14].

Figure 1 represents the evolution of the yield surface following a strain increment for
a isotropic hardening model and a kinematic hardening model. It is quite clear that for
non-linear strain paths, the two families of models will lead to different results, in contrast
to linear strain paths. Not only does kinematic hardening has a strong influence on stress
values, but also on the Lankford coefficient, as the translation of the yield surface will
also influence surface normals [15].

The parameter identification for non-linear, mixed models is also more complex than
for isotropic models, as tension-compression tests are required. This test is challenging
for sheet metal, as buckling might occur during the compression phase [16]. Besides the
use of anti-buckling mechanisms supporting specimens on the surface to prevent buckling,
the use of miniaturized samples, where geometry makes the tests less prone to buckling
as shown in [17], is common technique.

2.2 Kinematic hardening in deep drawing processes

Non-linearity in strain path is to be expected in a deep drawing process. Indeed, the
bending and unbending of the blank along the die edge implies strain reversal in the blank
at least near the surface (see figure 2). However, the amount of strain path non-linearity is
not easily predicted and is non-uniform in the blank for complex drawing parts. Moreover,
strain path non-linerarities can be caused by other elements of the tool’s geometry.

The influence of kinematic hardening in forming applications has already been studied
by Oliveira et al. [18]. They investigated the influences of kinematic hardening for the
U-profile and different mild and high strength steel grades (DC06 and DP600). They con-
cluded that springback behaviour depends on strain path non-linearity. In order to study
the influence of kinematic hardening, the authors compared two simulations, one imple-
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Figure 2: Strain reversal on die edge

mented a simplified isotropic model and the second used a mixed (isotropic-kinematic)
hardening model. Liao et al. [3] studied the influences of path dependent behaviour
on twist springback for P-channel and C-channel. They concluded that path dependent
behaviour has a significant influence on simulated springback results.

2.3 Kinematic indicator

Since the influence of kinematic hardening is non-uniform and difficult to predict, a few
indicators have been proposed for evaluating its influence and other strain path dependent
behaviour in drawing operations.

First, Schmitt et al. [19] studied the influence of strain path change on crystal formation
using the following equation:

θSchmitt =
ε̇p1 : ε̇

p
2

‖ε̇p1‖|ε̇
p
2‖

(1)

where ε̇p1 and ε̇p2 are two successive plastic strain increment tensors. This parameter
take values between -1 and +1, with -1 corresponding to strain reversal and +1 to strain
path linearity. Van Riel [20] studied the use of such indicators in FE simulations. He
proposed the use of an indicator based on strains increments. However, he noted that
this indicator is very sensitive to sampling frequency and converge to 1 for high enough
sampling frequencies. A more stable variant was developed:

θV anRiel =
G : ε̇p

‖G‖|ε̇p‖
(2)

where G is defined by the following differential equation:

Ġ = ε̇p − c‖ε‖G (3)

G is named strain history and the c parameter is used to quantify the influence of
previous strain states. Herault et al. [11] use this indicator to study strain reversal and
cross-hardening (where yield surface is stretched perpendicularly to the strain increment)
of DP600 for the reverse redrawing of cylindrical cups. A limit of this indicator is the

4
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absence of a method to select the right value for the parameter c. Moreover, this indicator
is not dependent on the material model.

Oliviera et al. [18] propose to use plastic strain direction and a plastic strain reference
to develop a new indicator. However, no indication is given on how to choose the plastic
strain reference. Based on this work, Clausmeyer et al. [21] introduced a cross hardening
indicator and studied the influence of cross hardening for a specific channel profile.

Another proposition was made by Tekkaya at al. [22]. The authors suggest the follow-
ing indicator:

θLWI =

∑n
i=0(∆α ∗ δE)

Eo→εpmax

(4)

where α is the angle between two consecutive strain increments, and E is the plastic
deformation energy. The variation of internal energy is used to weight the different changes
of direction according to the amount of plastification they represent. The authors linked
this indicator with kinematic influences on von Mises stress for the deep drawing of the
S-Rail using DP600 steel. This indicator presented the same flaw as the discretised version
of θSchmitt: it is converging to zero for high enough sampling frequencies.

3 A NOVEL INDICATOR

Based on the previously introduced indicators flaws, it is possible to set some specifi-
cations for a novel indicator. The output values should be a scalar; it must have a local
definition to be calculable for every element in a FE simulation. It should take values
between 0 and 1 and converge as the sampling frequency increases.

The following new indicator is proposed :

θ =

∑N
i=0 �(αest, ε̇

p) ∗ δE
π ∗ wmax

(5)

where:

• αest is the estimation of the backstress tensor

• δw is the variation of the specific plastic work for the given timestep

• wmax is the maximum of the specific plastic work in the part

The angle between the backstress tensor and the plastic strain is defined between 0 and
π. This value is meant to represent the non-linearity of the strain path at specific time
of the simulation. The use os specific plastic work increment enables to weight the most
important evolution of the strain history. The backstress estimation αest is calculated
using the strain path produced by an isotropic simulation using:

dαest = ε̇p ∗ dσ0

dεpeq
(6)

The backstress is estimated using the hardening law and the strain path, assuming
a pure kinematic model. It is therefore possible to validate the convergence condition

5
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Figure 3: Calculation of indicator and target values

without having specified a fixed reference such as Oliviera et al. [18] or a value constructed
from unspecified parameters such as Van Riel [20].

A shell element has different layers, corresponding to different integration points along
the section. The strain history depends of the chosen integration point. Therefore, the
indicator must be calculated for each integration point. With the software (LS-DYNA)
used in this work, three integration point can be used: upper, middle and lower.

4 EVALUATION OF THE INDICATOR

4.1 Evaluation framework

To validate the use of this indicator, a scheme presented figure 3 was employed. First,
two simulations are carried out using LS-DYNA; one with a full isotropic model, and a
second with a mixed model. Then the isotropic simulation results are used to calculate
the indicator. Disparities between two simulations are then used as target value: the
deviation between the two simulations is subsequently used as a measure of the influence
of kinematic hardening. Different target variables may be used. This work focus on
specific accumulated plastic work and von Mises equivalent stress. Both are dependent
on the integration point and should be compared with the corresponding value of the
indicator, i.e. calculated for the same integration point.

To evaluate the performance of this indicator, a simple U-profile shape is used at
first. To create more complex strain paths, macro-structured tools are used. Introduced
by Brosius et al. [9] to enable lubricant free deep drawing, the U-profile tool consists
of a macro-structured blank holder and die as shown in Figure 4. With this tool, the
immersion depth δ (see figure 4), which is the distance between blankholder and die
substracted from blank thickness is adjustable. Two configurations will be used in this
paper, an immersion depth of 0mm and 0.2mm. The indicator, as well a the target values,
should show a significant sensitivity to these features (macro-structured, immersion) of
the tool for materials with pronounced kinematic hardening. The material used is an
DP600 steel. Sheet thickness was mesured at 1,17mm. Drawing Depth was 90mm. Other
geometric properties are shown figure 4.

The simulation are performed using LS-DYNA 11.0.0 using MPP for parallelisation. A
high number of elements were used (around 15000 in the blank), as the used proprocessing

6
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Figure 4: Tools and blank in LS-PREPOST

Table 1: DP600 Parameter for Simulation

Parameter description Symbol Value Unit
Young’s Modulus E 185 MPa
Mass density ρ 7850 kg−3

Poisson coefficient ν 0.3 ∅
Swift parameter ε0 1.822 ∗ 10−3 ∅
Swift parameter k 1060 MPa
Swift parameter n 0.1741 ∅

Chaboche modified parameter a1 379.0 MPa
Chaboche modified parameter c1 11.40 ∅

libraries are not compatible with active remeshing. Belytschko-Tsay formulation was used
(ELFORM = 2) with 9 integration point. The material model used is a modified Chaboche
(*MAT 133 ), for both mixed and isotropic model. The Barlat 2000-2d yield criterion is
used.

Computation of the indicator is performed in Python using SciPy [23], and qd.cae1.
For the material characterisation of the DP600, tensile tests in three different rolling

directions, a bulge test and a cyclic tension compression test were carried out and used
for parameter identification.

4.2 Performance of the indicator

At first, numerical results of the macrostructured U-profile drawing with zero immer-
sion depth (δ = 0mm) depth will be investigated. The figure 5 represents the von Mises
equivalent stress for different integration points. Figure 6 represents the differences of the
von Mises equivalent stress values between the simulations implementing isotropic and

1https://github.com/qd-cae/qd-cae-python
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Figure 5: Values of the von Mises stresses values (σVM, Iso.) for different layers and with a zero immersion
depth (δ = 0mm)

Figure 6: Values of the difference between simulation for von Mises stresses values (σVM, Iso.−σVM, Kin.)
for different layers and with a zero immersion depth (δ = 0mm)

combined isotropic-kinematic hardening model. The figure 7 represents the specific plas-
tic work for the two simulation, and the difference obtained, for the upper layer. Those
results are consistent with theory: the influence of kinematic hardening is linked with
the bending and unbending along the die radius. As expected, the plastic works after
unbending is smaller for the mixed model than for the isotropic model, despite being the
same after the first bending.

The figure 8 represents the values obtained for the indicator on different layer. Results
imply the indicator is able to accurately predict differences between accumulated specific
plastic work. However, it is less suitable for predicting discrepancies concerning the von
Mises stress. This is linked to the accumulative definition of the indicator, leading to
steadily increasing or constant values, which therefore cannot predict a reduction of stress
values. Another error source is likely caused by strain path differences: this indicator can
be useful only for process simulations where the characteristics of the strain paths are

8
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Figure 7: Values of the specific accumulated plastic work in the upper layer for the simulation imple-
menting the isotropic model (a), the mixed model and differences between simulation (wpl, Iso.−wpl, Kin.)
for the Upper layer and with a zero immersion depth (δ = 0mm)

Figure 8: Values of the indicator θ for different layers and with a zero immersion depth (δ = 0mm)

relatively insensitive regarding the used material model.
When immersion depth is high enough that plastification occurs between blank holder

and die, kinematic hardening will play a major role, as bending and unbending occurs in
a significant number of times. Figure 9 represents the numerical results computed with
a non-zero immersion depth. As expected for this immersion depth, plastification occurs
within the blank, which is is visible figure 9 (a). The alternate bending in this zone result
in large differences between the two simulations, especially concerning the plastic work as
shown figrure 9 (b). Indeed, the upper and lower layers of blank are constantly submitted
to reversed loading and deformation. The indicator is able to correctly capture this effect,
as presented Figure 9 (c).

9
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Figure 9: Values of the specific accumulated plastic work in the upper layer for the simulation imple-
menting the isotropic model (a), the differences between both simulation (wpl, Iso. − wpl, Kin.) (b), and
the indicator (θ)(c) for the upper layer and with non-zero immersion depth (δ = 0.2mm)

5 CONCLUSION

In this work, the importance of the kinematic hardening influence is recalled within
deep drawing simulation. Based on previous work, a new indicator to predict the influ-
ences of kinematic hardening using isotropic simulation results has been proposed. Unlike
previous indicators, it is stable for increasing sampling frequencies, but does not require
any references or other parameter. Using the additional information provided by the in-
dicator, engineers are able to evaluate material’s choice and tool design in early stages of
process design and furthermore conclude on the necessity of extensive material character-
isation for kinematic hardening for specific forming operations.

The ability of this indicator to predict kinematic hardening has been illustrated using
FE-simulation. Future studies will focus on the confirmation of the performance of this
new indicator for different, more complex shaped parts. A method to find the smallest
sampling frequencies will be investigated. Further developments of the indicator will also
be related to springback quantification and an evaluation regarding process limits.
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Abstract. As a subproject of the DFG Research Training GroupGraduiertenkolleg 2075 -
Modelling the constitutive evolution of building materials and structures with respect to
aging (GRK 2075), the fatigue behaviour of rolled-after heat-treatment and hot-dipped
galvanized HT-bolts is examined.
Bolted joints are one of the most frequently used joining connections in mechanical and
civil engineering. HT-bolts with large diameters (M 30 up to M 72) are widely used in
wind power plants both on-shore and off-shore. During the cold-rolling process, compres-
sive residual stresses are generated at the root of the thread in combination with strain
hardening. Therefore, bolts rolled-after heat-treatment under tensile loading have a much
longer fatigue life than rolled-before heat-treatment ones. In order to calculate the fa-
tigue life of rolled-after heat-treatment bolts with a notch-strain concept, it is necessary
to calculate the residual stresses and the material state from the forming process.
A simulation of the forming process of the M 48 thread will be presented. It is investigated
if the residual stress and material state from the forming process can be captured with the
transient cyclic material model of Chaboche et al.[1] implemented in the commercial FE
program Abaqus. The forming process is simulated with remeshing and Mesh-to-Mesh-
solution-Mapping [3] on an axisymmetric model. The result will be evaluated in terms of
geometry, stress and strain state. The determined stress state is compared to measured
residual stresses in Unglaub [2] and Fares [4]
The simulation of the forming process gives a good coincidence with the thread geometry
in practice. The residual stress path corresponds qualitatively to the measured residual
stresses. The plastic equivalent strain in the thread root is overestimated because of the
chosen material model and the axisymmetric modeling.
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1 Introduction

Bolts as elements are subject to aging. High-tensile (HT) bolts with large diameters
(M 30 up to M 72) are widely used in wind power plants both onshore and offshore.
Cyclic loading can lead to fatigue failure in the thread. The manufacturing process
(rolled, cut, quenched tempered, galvanized) influences the fatigue strength. One of
the fatigue strength governing parameters is the processing method used to manufac-
ture those threads, shown in Figure 1 for an rolled-after heat-treatment (SG), hot-dip
galvanized (tZn) HT-bolt.

bar forming the head QT

◦C

forming the thread hot-dip
galvanized

Bolt

Figure 1: Manufacturing process steps for SG, hot-dip galvanized bolts [2]

During the cold-rolling process, compressive residual stresses are generated at the root
of the thread in combination with strain hardening. Nearly all cracking due to cyclic
loading occurs in this massively deformed area. Therefore, SG HT-bolts under tensile
loading have a much longer fatigue life than rolled-before heat-treatment (SV) HT-bolts.

Figure 2: Workpiece for M48x255 SG 10.9 HT-Bolt (above) and final geometry of M48x255
SG 10.9 HT-Bolt (below)

To describe the fatigue behaviour of SV HT-bolts locally, notch-strain-concepts are
frequently used [7]. The cyclic transient elastic-plastic material behaviour is estimated
with the help of experiments. Previous local concepts for SG bolts take residual stresses
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into account via phenomenological parameters [8].
The reason for this situation is the description of the complex residual stress state and
hardening condition in the thread root. In order to develop a comprehensive notch-strain-
concept for SG bolts, it is necessary in a first step to understand the cyclic transient
elastic-plastic behaviour in finite element simulation during the forming process. On this
basis a further loading behavior can be investigated.
In the following the calculation of the residual stress state is carried out by means of
forming simulation of a M48x255 SG 10.9 HT-bolt, cf. Figure 2. The result will be
evaluated in terms of geometry, stress and strain state. The determined stress state is
compared to measured residual stresses in Unglaub [2] and Fares [4].

2 Principle of thread rolling

The piercing process rolls the thread on the workpiece by shifting two thread-dies on
both sides, cf. Figure 3. The workpiece is mounted on additional rollers so that it can
rotate freely in the rolling direction. In addition, the workpiece is continuously lubricated
and cooled via suspension. The manufacturing process can be divided into two phases: In
a first step, plastic deformation takes place as a result of the displacement and rotation of
the die rollers. Once the dies have completely penetrated the workpiece, the displacement
is kept constant in a second step and a defined number of roll-overs are applied [2].
The diameter of the raw workpiece is smaller than the diameter of the actual thread, cf.
Figure 2. This can be attributed to the volume constancy and the material behaviour.
During the forming process, the thread flank is held laterally by contact with the thread-
die. Only the first thread is not held laterally. To prevent breakage, the starting area of
the raw workpiece is sloped [2].

Die

Workpiece

Die

Figure 3: Principle sketch of piercing process for threads [2]

2.1 Review

Fares [4] simulates with a three-dimensional model the forming process of SG M 10
bolt, for which an elastic-plastic material model is used, without hardening and softening
effects. Essential parameters such as element type and time step are not specified. Thus,
the quality of the simulation cannot be assessed. The axial residual stresses are validated
by comparing the calculated stress with a measured residual stress curve. The stresses
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are reproduced well in the near-surface area of the thread root, Figure 8.
Furukawa et al. [5] investigate the influence of residual stresses on the fatigue strength of
bolts. A two-dimensional FE model (plane strain state) is used to analyse the origin of the
residual stresses. In order to reduce the calculation time, only three threads are simulated.
The movement of the die is applied by 11 steps of loading and unloading. The elastic
springback in the unloading phase and the subsequent loading lead to cyclic loading of the
material. However, the used material model only considers isotropic hardening behaviour.
The results of the simulation are compared with residual stress measurements. A two-
dimensional simulation model can reproduce the residual stresses in an acceptable range.
The authors note that a three-dimensional model could reproduce a better stress state.
They assume that friction influences the material flow when the die comes into contact
with the Workpiece.
Present research mainly focuses on the development of suitable rolling tools and the
determination of parameters for bolt manufacturing machines. The correct reproduction
of the residual stress state is not the focus of research. Predominantly axial symmetric
models with elastic-plastic material behaviour are used in the simulation. Hardening and
softening of the material are usually not considered [2].

3 Modeling

3.1 Material Model

In order to describe the material state of SG HT-bolts, it is necessary to describe the
Bauschinger effect, cyclic hardening and softening as well as creep and stress-relaxation.
A widely used material model that combines these properties is the Chaboche material
model [1]. The material model implemented in Abaqus according to Chaboche requires 7
to 25 parameters to describe the material behaviour. The number depends essentially on
the number of back stresses (γi, Ci), which indicates the nonlinear kinematic hardening.
For each occuring back stress, the number of parameters has to be increased by two. A
maximum of 10 back stresses can be used. The nonlinear isotropic hardening is determined
by three parameters (σ|0, Q, b), the elastic by two (E, ν).The used parameters are listed
in table 1.

Table 1: Material Parameters [2]

E ν σ|0 C1 γ1 C2 γ2 C3 γ3 Q b
[MPa] [-] [MPa] [MPa] [-] [MPa] [-] [MPa] [-] [MPa] [-]
192263 0.28 871.69 42796 120.37 187524 1257.5 1759340 31770 -450.85 24.87

The parameters are determined with a incremental step test on un-notched specimens.
The evaluation methodology is explained in [2]. A complete adaptation of the material
model to the test data is not possible for two reasons: If the parameters are selected in
such a way that the cyclic material behaviour is described exactly, the initial load path
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cannot be represented correctly. If an adjustment is made to the initial load, the cyclic
material behaviour is underestimated. This general problem has been recognized several
times [6]. Chaboche et al. [1] publish an extended elastic-plastic material model with a
memory surface. However, this improvement is not yet implemented in commercial FE
programs such as Abaqus. The chosen parameter set represents an acceptable compromise
between monotonous and cyclic material behaviour. Since especially the cyclic behaviour
is of importance, an overestimation of the monotonous behaviour is accepted[2].

3.2 Modeling Parameters

An implicit simulation of the forming process is carried out using Abaqus with the
elastic-plastic material model according to Chaboche. An axial symmetric model is used
according to Furukawa et al.[5]. Since large deformations in relation to the element size
occur during the forming process, the model is re-meshed in specified time steps, cf.
Figure 5. With Mesh-to-Mesh Solution-Mapping (MTMSM) the solution is transferred
to the new mesh. The developed Python script for the simulation control is based on the
concept of Abbas [3].

y

x

Figure 4: Geometry and boundary condition of the axial-symmetrical model [2]

In the real production process, the thread is rolled via two die rollers using the piercing
process. In order to limit the size of calculation, a simplified process model of the forming
process is selected for the simulation, cf. Figure 4. The complete thread and the transition
area to the shank are taken into account. The die is modeled via a rigid line object.
Provided that the deformation of the die is small in relation to the deformation of the
Workpiece.

By the use of General Contact a new definition of the contact is not necessary. Since
the die is modeled as a line object with two surfaces, the contact can be detected incor-
rectly if it overlaps with the Workpiece. Therefore, the automatic elimination of contact
overlaps is omitted. The Penalty method is used for the contact kinematics problems.
The displacement in horizontal direction is constrained in the bolt center axis, as is the
vertical displacement at the bolt shank. The rigid line object is constrained at the refer-
ence point against rotation and horizontal displacement.
The parameters of the thread forming simulations are summarized in Table 2.
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Figure 5: Displacement of the die over time [2]

Table 2: Simulation Parameters [2]

Model implicit
Workpiece radius 22,5 mm

Contact General Contact
Friction coefficient 0.015

No. of elements 79,060 - 254,694
No. of nodes 86,734 - 264,740
Edge length smallest element 0.1 - 0.07 mm
Edge length largest element 1 - 0.7 mm
Element type CAX3 and CAX4

4 Results

In order to reproduce the formed geometry and residual stresses from the forming
process for a M 48 HT thread, extensive parameter studies are carried out. Essential
parameters are the radius of initial bar, the deformation path of the line object and the
friction between the thread-die and the workwpeace.
Although the dimensions of the Workpiece are known, the final geometry cannot be
adequately reproduced with this simulation model. Either the thread flank is too short in
the final state or the core diameter is too small. This phenomenon indicates an insufficient
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reproduction of the material flow due to friction between the workpiece and the die. In
reality, friction is negligible due to the continuous lubrication. In simulation, a frictionless
contact leads to instability of the model: a chink forms on the thread flank, creating a
strong local distortion. In reality, the chink is also present [2]. In order to ensure the
stability of the simulation, it is necessary to consider a very small friction. This means
that the initial diameter must be increased in order to provide sufficient material for the
flank. This phenomena is also observed by Furukawa et al. [5].
A good combination of the initial parameters is given in Figure 7. The simulation result
of the stress in bolt longitudinal axis σ22, as well as the final geometry of the HT-bolt
are given in Figure 7a. The stress in the thread root is given in Figure 7b. The thread
geometry is well reproduced both in the thread root and flank, cf. Figure 6. The transition
area from the thread to the shank is described sufficiently.

19 20 21 22 23 24
0

1

2

3

4

5

r [mm]

tolerance field bolt

tolerance field nut

forming simulation

Figure 6: Comparison: Geometry from forming simulation with the permitted tolerance
field for M 48 HT thread [2]

There are compressive stresses in the thread root which reach their maximum below
the surface. Tensile stresses are present towards the thread core. Stresses tend to change
in the direction towards the free bolt end. This is due to the axial symmetric modelling
approach: When compression is applied by the die, the material flow can only shift in the
direction of the free end. It can also be seen that the stresses vary slightly from thread
root to thread root. This behaviour cannot be detected in residual stress measurements
on M 48 HT bolts. Here, only slight fluctuations due to the measurement uncertainty
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would occur [2].
In Figure 7c the plastic equivalent strain shows a strong increase form to the thread core
to the surface. As a result of the lateral strain obstruction in the simulation, the plastic
equivalent strain is noticeably overestimated. In reality, there is no lateral strain obstruc-
tion of the boundary condition, the material flow can also develop in the circumferential
direction of the thread during compression. From hardness measurements it can be seen
that there is a hardening of the material, but not as expected from the simulation. Similar
observations are confirmed by Fares [4].

-1333 -1200 -1000 -800 -600 -400 -200 0 200 400 600 823

Stress σ22 [MPa]

y

x

(a) Stress state after forming in the M 48 HT bolt

y

x -1333
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-600
-400
-200
0
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(b) Stress σ22

y

x -1,17

-0,64

-0,12

0,41

0,94

1,47

2,00

71,36

[-]

(c) Strain εpl,eq

Figure 7: Results: Simulation of forming prosess, stress in bolt longitudinal axis and
plastic equivalent strain in the thread root [2] .

4.1 Residual Stresses

In Figure 8 a stress path in the thread root is compared with the measurements of
Unglaub [2]and the measurement of Fares [4]. The path of the axial stress component

8

486



Julian Unglaub, Hendrik Jahns and Klaus Thiele

is plotted. The horizontal axis refers to the nominal bolt diameter. It should be noted
that size effects are included, especially when compared to the small M 10 bolt. In the
simulation and measurement of the M 36 HT bolt, the maximum is located in the pressure
area beneath the surface. This is due to the elastic springback of the surface when the
dies are retracted. The strong decrease of stresses towards the thread core can be seen
more clearly in the measurement data on the M 10 thread. Both the measurements and
the simulation show moderate tensile stresses towards the thread core.
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Figure 8: Comparison of the forming simulation with own residual stress measurements
of Unglaub [2] and Fares [4]

5 CONCLUSIONS

The final geometry of the forming simulation fulfils an average tolerance field of HT-
bolts. The residual stresses from the rolling process are reproduced qualitatively. In the
thread root, there are residual compressive stresses, found with SG bolts. The plastic
equivalent strain, especially in the area close to the surface, is clearly overestimated. This
difference is caused by the drawbacks of the material model on the one hand and on the
other hand by the obstruction of the lateral strain due to the axial symmetrical modelling.
In summery:

- good achievement of the final thread geometry

- qualitative reproduction of the residual stress state in the thread root

- overestimation of the plastic equivalent strain in the thread root
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6 OUTLOOK

In order to improve the results of the forming simulation, further investigations with an
modified material model are required. The forming simulation with a three-dimensional
model can provide information about the influence of the lateral strain obstruction. A
validated simulation model can be used for investigations on fatigue strength with notch-
strain-concepts. Further investigation on crack initiation as a result of hot-dip galvanizing
and crack propagation in residual stress fields is needed.
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Schrauben, Diss., TU Braunschweig (2019).

[3] Abbas, S. M. Mesh-To-Mesh Solution Mapping in Abaqus to Simulate
Sharp Indention Using Python Scripting and User Element Subroutine,
http://swym.3ds.com/#post:42016 (2016).

[4] Fares, Y. Dimensionnement en fatigue des assemblages boulonnes a l’aide de criteres
de fatigue multiaxiale. Diss. (2006).

[5] Furukawa, A., Hagiwara, M.: Relationship Between Fatigue Strength of a Bolt and
the Residual Stress at the Thread Root. (1st Report, Residual Stress on the Groove-
Rolled Specimen). The Japan Society of Mechanical Engineers 75 (2009), p. 1049–
1055.

[6] Scheibe, H.-J. Zum zyklischen Materialverhalten von Baustahl und dessen Bercksich-
tigung in Konstruktionsberechnungen. Diss., (1990).

[7] Olveda, D., Beyer, J., Panic, D., Beier, T. H. Gewindeverbindungen örtlich II.
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Abstract. Deformation under uniaxial tensile loading with using Digital Image Correlations 
(DIC) is the easiest way to analyze the material behavior in sheet metal forming. In order to 
determine the plastic parameters such as hardening, anisotropy and strain rate sensitivity at 
higher strain level, equi-biaxial stress state is prerequisite. As reported in the literature, Bulge 
tests are frequently used for this purpose, but in this work, stack compression test is used as 
an alternative. In this experiment, deformation in the middle layer where the friction effect is 
the lowest was monitored using two pairs of DIC systems in rolling and transversal directions. 
Uniaxial tensile tests as well as stack compression tests were performed on mild ferritic steel 
DC01 at different strain rates, from 0.001 𝑠𝑠−1 to 10 𝑠𝑠−1. Strain rate sensitivity parameter was 
investigated at different level of strains for both experiments and strain rate sensitivity profiles 
were obtained. Results show a decrease of material strain rate sensitivity with increasing the 
true strain. 

 
 
1 INTRODUCTION 

In sheet metal forming, the quality of the simulation results highly depends on the input 
data and material parameters. The aim of numerical simulation is to describe the real 
experiment as accurate as possible. The main parameters for the plastic material behaviour are 
the yield curve, Lankford ratio and strain rate sensitivity which can be determined by different 
tests like tensile, Bulge and compression tests. Material hardening is a function of work 
hardening, strain rate sensitivity and temperature. Since cold forming mainly depends on 
work hardening and strain rate sensitivity, therefore, the temperature is not considered in the 
presented paper. Tensile test in sheet metal forming is well-known and frequently used for 
determination of elastic and plastic parameters. Tensile tests are frictionless and strain rate 
can be controlled by the test velocity, however, only the uniaxial material behaviour can be 
described. Therefore, equi-biaxial stress state is prerequisite for determination of plastic 
parameters at higher strain level. Jocham et al [1] determined the strain rate sensitivity profile 
for DC06 through tensile and Bulge tests. The Bulge test is a well-known biaxial experiment 
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and it is standardized in ISO-16808 [2]. In this work, stack layer compression test is used as 
an alternative to show the material behaviour from strain rate 0.001 𝑠𝑠−1 to 10 𝑠𝑠−1.  

The stack discs compression was proposed by Pawelski [3]. For stack compression test, a 
set of stacked discs must be arranged to obtain a correct alignment between the discs. This 
preserves the material orientations in the stacked discs. This experiment was mainly used to 
determine the biaxial Lankford ratio which is the division of strain in transversal direction to 
strain in rolling direction [4,5]. Merklein and Kuppert [6] proposed a method to determine the 
flow curve at high strain level from stack compression test by measuring the true area during 
the experiment. For this purpose, two pairs of DIC systems with angle 90° towards each 
other, capture the deformation in the middle layer and in rolling and transversal directions. It 
is worth noting that in the middle layer the friction effect is less due to the upper and lower 
disc layers. In this experiment, the extension of the true area can be calculated through two 
true principal strains, one in rolling and another in transversal directions. Subsequently, true 
stress can be calculated thanks to load cell and the obtained true area. Similar to Bulge test, it 
provides the plastic parameters at higher strain levels. Suttner and Merklein [7] performed 
bulge test on different materials and it was found that for some materials like aluminum and 
advanced high strength steels, the obtained flow curves are in close agreement with uniaxial 
flow curve, however, for mild steels the biaxial flow curve is different from uniaxial one and 
it has to be converted to uniaxial flow curve according to ISO-16808 [2].  In this work, stack 
compression tests are performed at different velocities for determination of plastic parameter 
at different strain rates. 

Strain rate sensitivity describes the dynamic material behavior and is defined by the 
average slopes in the logarithmic space of true stress and strain rate. Many definitions are 
available for the strain rate sensitivity in the literature. Jump test provides the instantaneous 
value of strain rate sensitivity without consideration of strain path history [8]. The concept of 
dynamic factors, i.e. the ratio of dynamic to static yield stresses was used in [8, 9]. The strain 
rate sensitivity is denoted by 𝑚𝑚 and calculated mainly in publications based on the strain rate 
dependency of flow curves [10-14] and it can be expressed in the form: 

𝑚𝑚 =  𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜀𝜀̇ (1) 

Where 𝜕𝜕 is the true yield stress and 𝜀𝜀̇ is the strain rate.  
In this work, the material under investigation is mild ferritic steel DC01 and Table 1 

represents the chemical composition of the material. In this work, uniaxial tensile tests are 
performed at different velocities at which the strain rate varies from  0.001 𝑠𝑠−1 to 10 𝑠𝑠−1. On 
the other hand, stack compression tests are performed as well at the interested strain rate 
range to provide the plastic parameters at higher strain levels. Finally, results are discussed for 
mild steel DC01. 

 
Table 1: Chemical composition of mild ferritic steel DC01 

C [%] Mn [%] P [%] S [%] 
0.12 0.6 0.045 0.045 
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2 EXPERIMENTAL AND NUMERICAL RESULTS 

2.1 Uniaxial tensile test 
Figure 1 (a) and (b) depict the geometry of standard and non-standard dog-bone specimens, 

respectively and the sheet thickness is 1.5 𝑚𝑚𝑚𝑚. Throughout this paper, all the dimensions are 
presented in terms of 𝑚𝑚𝑚𝑚. Standard specimen is used for static test with strain rate 0.001 𝑠𝑠−1, 
while non-standard one for dynamic tests with strain rates 0.1 and 10 𝑠𝑠−1.  

For static test, electro-mechanical testing system, Mayes, is used to conduct the uniaxial 
tests and the GOM AramisTM system with a 4 megapixel camera is utilized to monitor 2𝐷𝐷 
strain fields with high resolution. The data acquisition rate is set at 100 𝐻𝐻𝐻𝐻 in the testing 
system for accurate measuring of the tensile behaviour. For evaluation of the experiments, 
initial length of extensometers is chosen as 80 𝑚𝑚𝑚𝑚. Farahnak et al [15-17] performed other 
tensile tests on standard and miniature samples in transversal and diagonal directions to 
investigate about anisotropic behaviour of the material and it was observed that engineering 
stress-strain curves as well as Lankford ratios are very close to each other. Therefore, 
throughout this paper the material is assumed as an isotropic material for numerical 
simulation. 

For dynamic tests, MTS BIONIX machine with 25 𝑘𝑘𝑘𝑘 capacity was used. For strain rates 
0.1 𝑠𝑠−1 and 10 𝑠𝑠−1 velocities are adjusted to 0.5 𝑚𝑚𝑚𝑚 𝑠𝑠⁄  and 50 𝑚𝑚𝑚𝑚 𝑠𝑠⁄ , respectively. During 
experiments, 2𝐷𝐷 strain fields are captured using high speed camera Phantom with a 1 
megapixel camera. As it is shown in the Figure 1 (b), 5 𝑚𝑚𝑚𝑚 is chosen as the initial length of 
extensometer. Figure 2 (a) shows the engineering stress- strain curves at different strain rates. 
As can be seen in the figure, an increase of yield stress for different strain rates display the 
expected behaviour and the strain rate sensitivity of the material is clear. The extensions at 
strain rates 0.1 𝑠𝑠−1 and 10 𝑠𝑠−1 are bigger than static one, since the geometry is different and 
the initial length is pretty smaller as well. The strain rate sensitivity 𝑚𝑚, has to be calculated in 
terms of true stress and strain values and the range of 0.03 to 0.2 true strain is chosen for 𝑚𝑚 
profile determination. Figure 2 (b) indicates the true stress- strain curves for those strain rates. 

 
(a) 

  
(b) 

Figure 1: (a) standard dog-bone sample for static test (b) Geometry of tensile sample for dynamic test 
𝑚𝑚 Profile is determined by plotting true logarithmic stress versus true logarithmic strain at 

given true strain values and it is shown in the Figure 2 (c). As can be seen in the figure and 
according to Equation (1), 𝑚𝑚 is the gradient of linear regression of all points with the same 
true strain value and resulting 𝑚𝑚-profile obtained from tensile test is depicted in Figure 2 (d). 
Therefore, yield curves at aforementioned range of the true strain play an active role of the 
resulting 𝑚𝑚 profile. As it is shown in Figure 2 (d), strain rate sensitivity decreases with 

Auxiliarist strain 
gauge 
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increasing the true strain level.  
For static test, the flow curve is extrapolated using Abaqus FEM based software for 

numerical simulation with conventional plasticity [18] based on von Mises material. As it was 
mentioned above, standard dog-bone in Figure 1 (a) was used for numerical simulation. Mesh 
sizes in the centre of specimen was 0.8 𝑚𝑚𝑚𝑚 and in surrounding area was 1.2 𝑚𝑚𝑚𝑚.with 4 
C3D8R elements (according to Abaqus library) along the thickness. Flow curve in Figure 3 
(a), is extrapolated using El-Magd hardening law (Equation (2)) and it is calibrated through 
inverse analysis by comparing numerical and experimental force-displacement curves. Figure 
3 (b) compares the numerical and experimental force- displacement curves. As can be seen in 
the figure, a close agreement is achieved between numerical and experimental results and it 
proves the appropriate extrapolation of the flow curve. Calibrated parameters for El- Magd 
hardening law are summarized in Table 2. In next section, stack compression experiment is 
designed thanks to the characterized parameters from tensile tests. 

 

 
(a)  

(b) 

 
(c)  

(d) 
Figure 2: (a) Engineering stress- strain curves (b) True stress- strain curves at interested range (c) Logarithmic stress- 

strain rate space for 𝑚𝑚-value determination (d) 𝑚𝑚 profile 
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𝜎𝜎0(𝜀𝜀) =  𝑐𝑐1 +  𝑐𝑐2𝜀𝜀 + 𝑐𝑐3[1 − 𝑒𝑒−𝑐𝑐4𝜀𝜀] (2) 

 
Table 2: Calibrated parameters of El-Magd hardening law 

𝑐𝑐1 𝑐𝑐2 𝑐𝑐3 𝑐𝑐4 
172 375 112 24 

 

 
(a) 

 
(b) 

Figure 3: (a) Extrapolation of the flow curve (b) Experimental and numerical force-displacement curves 
 
2.2 Stack compression discs 

2.2.1 Experiment design using numerical simulation 
In this section, the experiment is designed in order to achieve highest deformation with as 

low as possible friction effects. In this experiment, a set of stacked discs must be available at 
which discs are arranged in a tool to obtain a correct alignment between the discs. The ratio of 
height (𝐻𝐻) to diameter (𝐷𝐷) should be smaller than 1.5 for stability of the stacked discs. 
Moreover, the machine load capacity must be taken into account. Therefore, two types of 
discs with diameters 15 𝑚𝑚𝑚𝑚 and 12 𝑚𝑚𝑚𝑚 are chosen for numerical simulation. The former 
diameter is simulated with 9 layers while the latter with 13 layers. As it was mentioned above 
the sheet thickness is 1.5 𝑚𝑚𝑚𝑚. For the first case of numerical simulation with 15 mm diameter 
and 9 layers satisfies the stability constrain (𝐻𝐻𝐷𝐷 ≤ 1.5), whereas for the second case the ratio a 
little bit exceeded the limit, but it is not crucial for the real experiment. It is worth noting that 
the friction effect in the middle layer is the lowest and the goal of the real experiment is to 
capture the deformation in the middle layer during the experiment using DIC system. 
Therefore, the number of layers should be odd number.  

For stack compression tests, two pairs of DIC system are required to capture deformations 
in rolling and transversal directions. Merklein and Kuppert [6] proposed a formula for 
measuring of the real area of the circular discs during the experiment using major strains in 
each pair of DIC system. Equation (3) provides the real area during stack compression test at 
which 𝜀𝜀1 and 𝜀𝜀2 are the principal strains in rolling and transversal directions, respectively: 
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𝐴𝐴 = ((𝑒𝑒
𝜀𝜀1 + 𝑒𝑒𝜀𝜀2

2 )𝐷𝐷2)
2

.𝜋𝜋 (3) 

For numerical simulations, it is assumed that friction coefficients between plate-disc and 
disc-disc are considered 0.115 and 0.20, respectively. Figures 4 (a) and (b) show the Mises 
stress contour of deformation for diameters 15 𝑚𝑚𝑚𝑚 and 12 𝑚𝑚𝑚𝑚 in the half cut view almost at 
the same level of deformation, respectively. As can be seen in the figures, the Mises stress 
distribution is more uniform in Figure 4 (b) with 13 layers. Force-displacement curves are 
presented in Figure 4 (c) in order to evaluate the maximum load level required for the real 
experiment. As can be seen in the Figure 4 (c), force amplitude can be significantly reduced 
by reducing the disc diameter. The true area is calculated according to Equation (3) in the 
middle layer, i.e. 5th and 7th layers, respectively.  Afterwards, true stress can be obtained from 
division of the force to the true area. Subsequently, elastic parts are removed and true plastic 
stress- strain curves for both curves are depicted in Figure 4 (d) and compared with 
extrapolated flow curve in section 2.1. In Figure 4 (d), it is obvious that experiments on 13 
layers discs with 12 𝑚𝑚𝑚𝑚 diameter can provide more convenient result with wider range of 
true plastic strain, however, it is worth noting that the alignment of the stacked discs in 
practice can become more difficult by reducing the diameter.  

 
(a) 

 
(b) 

 
(c)  

(d) 
Figure 4: (a) Contour of Mises stress on 9 layers stacked discs with diameter 15 𝑚𝑚𝑚𝑚 (b) Contour of Mises 

stress on 9 layers stacked discs with diameter 15 𝑚𝑚𝑚𝑚 (c) Comparison of force- displacement curves (d) 
obtained numerical flow curves and comparison with El-Magd curve  
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2.2.2 Experimental setup 
According to the obtained numerical results in Figure 4, 13 layers with 12 𝑚𝑚𝑚𝑚 diameter 

are stacked and arranged to obtain a correct alignment. As it was mentioned above, two pairs 
of GOM AramisTM DIC systems with 12 and 4 megapixels are utilized to monitor 3𝐷𝐷 strain 
fields during the experiment in rolling and transversal directions, respectively. Figure 5 (a) 
represents the experimental setup. Experiments were conducted at different strain rates 
0.001 𝑠𝑠−1, 0.1 𝑠𝑠−1 and 10 𝑠𝑠−1 which are corresponding to the velocities 0.013 𝑚𝑚𝑚𝑚 𝑠𝑠⁄ , 1.5 
𝑚𝑚𝑚𝑚 𝑠𝑠⁄  and 13.82 𝑚𝑚𝑚𝑚 𝑠𝑠⁄ , respectively. For each strain rate three experiments were performed. 
For strain rate 10 𝑠𝑠−1, two pairs of high speed Phantom cameras with 1 megapixel resolution 
were used; however, the results were not acceptable due to the low resolutions of the cameras. 
Thus, material behaviour at strain rate 10 𝑠𝑠−1  is excluded for stack compression test. For 
strain rates 0.001 𝑠𝑠−1 and 0.1 𝑠𝑠−1 frequency was adjusted to 1 𝐻𝐻𝐻𝐻 and 50 𝐻𝐻𝐻𝐻, respectively. 
Discs are glued together for better stability and it is quite useful, especially for high strain rate 
experiments in which initial machine impact on stacked discs can cause eliminate the 
alignment. As it was mentioned, the true area is calculated using Equation (3) and Figure 5 (b) 
shows true stress- strain curves for those strain rates. As can be seen in Figure 5 (b), the range 
of 0.08 to 0.6 true strains is chosen for 𝑚𝑚 profile determination. Similar to uniaxial tensile test 
in Section 2.1, 𝑚𝑚 profile is the gradient of linear regression of all points with the same true 
strain value and it is illustrated in Figure 5 (c).  

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 5: (a) Experimental setup (b) True stress- strain curves at interested range (c) Logarithmic stress- strain 
rate space for 𝑚𝑚-value determination (d) 𝑚𝑚 profile 
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Finally, Figure 5 (d) represents obtained 𝑚𝑚 profile from stack compression test. It is 
obvious in Figure 5 (d) that the material strain rate sensitivity is decreasing with increasing 
the deformation level and similar result was observed from uniaxial results (Figure 3 (d)). 

3 MATERIAL HARDENING INTEGRATED WITH STRAIN RATE SENSITIVITY  
Strain rate sensitivity has a significant influence on the material behaviour, especially 

during forming simulations. Therefore, the obtained 𝑚𝑚 profiles from uniaxial tensile and stack 
compression tests can be integrated in the material hardening model. Work hardening was 
presented in Equation (2) and Johnson-Cook (J-C) model for strain rate sensitivity can be 
utilized as well in equation (4): 

𝜎𝜎(𝜀𝜀, 𝜀𝜀̇) = 𝜎𝜎0(𝜀𝜀). (1 + 𝑐𝑐𝐽𝐽−𝑐𝑐𝑙𝑙𝑙𝑙 (
𝜀𝜀̇
𝜀𝜀0̇
)) (4) 

Where 𝑐𝑐𝐽𝐽−𝑐𝑐 is corresponding to the 𝑚𝑚 value, 𝜀𝜀̇ is the strain rate and 𝜀𝜀0̇ is the reference 
strain rate. The m-values from uniaxial tensile and stack compression tests which were 
already presented above in Figures 2 (d) and 5 (d) can be denoted by 𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝜀𝜀) and 
𝑚𝑚𝑡𝑡𝑡𝑡𝑠𝑠𝑐𝑐𝑠𝑠 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝜀𝜀), respectively. Both curves are modelled using logarithmic equations and are 
expressed in Equation (5): 

𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝜀𝜀) = 𝐴𝐴. ln(𝜀𝜀) + 𝐵𝐵 
𝑚𝑚𝑡𝑡𝑡𝑡𝑠𝑠𝑐𝑐𝑠𝑠 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝜀𝜀) = 𝐶𝐶. ln(𝜀𝜀) + 𝐷𝐷 (5) 

Table 3 summarizes the coefficient values in Equation (5). Finally, m-values from Equation 
(5) can be combined into one equation. Equation (6) takes into account work flow and strain 
rate sensitivity from tensile and stack tests.  

Table 3: Coefficients of logarithmic equations 
Tensile test Stack compression test 

𝐴𝐴 𝐵𝐵 𝐶𝐶 𝐷𝐷 
−0.0399 0.0369 −0.0190 0.0005 

 

𝜎𝜎 (𝜀𝜀, 𝜀𝜀̇,𝜎𝜎2𝜎𝜎1
) = 𝜎𝜎0(𝜀𝜀). [(1 − 𝜎𝜎2

𝜎𝜎1
) .(1 + (𝐴𝐴. ln(𝜀𝜀) + 𝐵𝐵). 𝑙𝑙𝑙𝑙 ( 𝜀𝜀̇𝜀𝜀0̇

))

+ (𝜎𝜎2𝜎𝜎1
) .(1 + (𝐶𝐶. ln(𝜀𝜀) + 𝐷𝐷). 𝑙𝑙𝑙𝑙 ( 𝜀𝜀̇𝜀𝜀0̇

))] 
(6) 

Where 𝜎𝜎1 and 𝜎𝜎2 are the principal stresses. Equation (6) describes the material hardening 
depending on true strain, strain rate and loading condition with consideration of 0 < 𝜀𝜀 ≤ 0.6. 
It is clear that for uniaxial tensile 𝜎𝜎2 = 0 and for equi-biaxial 𝜎𝜎1 = 𝜎𝜎2, therefore, Equation (6) 
can be reduced according to the loading condition to the relevant form.  

4 CONCLUSIONS AND FUTURE RESEARCH 
In this work, strain rate sensitivity of mild ferritic steel DC01 was investigated under 

uniaxial tensile and stack compression tests. Uniaxial tensile tests were performed at different 
strain rates and 𝑚𝑚 profile was discovered, however, at low strain level. In order to observe the 
material strain rate sensitivity at higher level of deformation, stack compression test was used 
as an alternative for Bulge test in the present work. First, stack compression test was designed 
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thanks to the numerical simulation to specify the number of layers, disc’s diameter and force 
amplitude. It was observed that experiment with 13 layers and 12 mm disc’s diameter can 
provide uniform deformation along the stacked disc’s height. Therefore, stack compression 
experiments were conducted at different strain rates. Similar to uniaxial tensile test, 𝑚𝑚 profile 
was obtained, but at higher strain level and it was observed that for both experiments, material 
strain rate sensitivity decreases with increasing the deformation level. Finally, strain rate 
sensitivity profiles from both tests, were integrated with material hardening. 

In this work, the constant velocity was applied to the stacked discs during the experiment. 
However, the strain rate during experiment had a little variation. Therefore, for further 
investigations, the authors would like to impose the velocity profile to keep strain rate 
constant during the experiment.  
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Abstract. The authors present a new ring rolling variant that combines a semi-warm forming 
process of a bearing ring with controlled cooling directly followed by a cold forming process. 
The aim is to produce near net shape rings with a selected microstructure and high strength 
without additional consecutive heat treatment. To achieve this, a new and fast control strategy 
is necessary that not only controls the geometrical forming of the ring, but also considers 
temperature development and microstructure formation. The proposed control strategy is based 
on the application of a fast semi-analytical simulation model with a very short response time in 
combination with a FE-analysis of the thermomechanical ring rolling process. The semi-
analytical model is used as a predictor and a parallel FEA or experimental results as a corrector 
for the control model. The aim is to correctly identify transient process parameters needed to 
achieve defined product properties as a basis for a later implementation in a non-linear model-
predictive-control of thermomechanical ring rolling. The new approach will be described in 
detail and demonstrated numerically and experimentally. 

1 INTRODUCTION 
A new process variant of the well-established ring rolling process with a new approach to 

apply closed-loop control in order to produce rings with selected specific product properties is 
presented in the following. A short introduction both into the process itself with current control 
strategies as well as into thermomechanical processes in general will be given in the following. 

1.1 Ring rolling 
Ring rolling is an incremental process for bulk metal forming for the production of seamless 

rings which includes a wide range of process variants that can be classified according to the 
resulting geometry, process route, machine layout, and process temperature [1]. Cold ring 
rolling is generally suitable to form near net shape metal rings, e.g. for bearings, that have an 
advantageous microstructure, desired surface hardness and high strength. Ring rolling also 
offers the possibility of producing hybrid ring-shaped components [2]. The production of hybrid 
rings has been proven both numerically and experimentally at the RWTH Aachen within the 
framework of a hot forming process [3]. In contrast, Küsters et al. have demonstrated the 
feasibility of producing force-locked brass-steel composite rings by cold ring rolling [4]. Within 
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the scope of these investigations, a radial ring rolling machine, based on the machine concept 
of PROFIROLL TECHNOLOGIES GMBH, is used originally designed to manufacture outer roller 
bearing rings. The principle of radial ring rolling is shown in Figure 1. Here, the ring is formed 
between a main roll and a mandrel in radial direction while two calibration rolls are used to 
control the ring growth and shaping.  

 

1 ........... Main roll 
2 ........... Mandrel 
3 ........... Calibration roll 
4 ........... Blank 

 

Figure 1: Principle test setup (left) and experimental ring rolling machine (right) 

Like all processes, hot and cold ring rolling are subject to uncertainties, which are mainly 
caused by the cooling conditions and heat generation during forming [5]. Coupled with the 
forming stages over the process time, these uncertainties not only influence the geometric prop-
erties of the manufactured rings, but also the formation of the microstructure and the resulting 
material properties. For the control of the ring rolling processes, there are various approaches, 
most of which are exclusively concerned with the geometric shape of the rings produced. In-
dustrial plants usually use a controller based on a kinematic model of Koppers [6] as described 
by [7]. For radial-axial ring rolling, Choi and Cho [8] present an approach to control the ring 
geometry adaptively by controlling the infeed of the working roll and the conical support rolls 
to increase the final accuracy. Due to the non-linear behavior and the uncertainty of the input 
parameters, they design an adaptive control that can map the dynamic changes over the process 
time. In further work, the approach for force control of the guide rollers is transferred [9]. By 
default, hot ring rolling mills do not have thermal actuators such as cooling or heating, only the 
forming speed can be actively influenced by the roll infeed [5]. Process models must take the 
transient boundary conditions of the forming into account and thus become too slow to be used 
for control, so that controllers are essentially used to maintain the tool path [10]. In the field of 
sensor technology, development is moving towards the use of camera-based geometry acquisi-
tion and evaluation, as well as the use of thermographic cameras [11]. FE models show that the 
influences of the adjustable control variables speed, roll infeed and position of the guide rolls 
show strong interdependence, although the influenced areas in the ring are very different [5]. 
Therefore, strongly simplified models appear to be unsuitable for an adequate process analysis. 
Currently, existing control algorithms within FE models are used to investigate the influence of 
geometric control on temperature distribution and microstructure, as for example presented by 
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Jenkouk [12]. An extension of the ring rolling mills with thermal actuators opens up possibili-
ties for setting a desired microstructure, even under interference [5].  

1.2 Thermomechanical processes 
Due to a large number of manufacturing processes in which both thermal and mechanical 

processes are interlinked, it is necessary to define thermomechanical manufacturing processes 
as applied by the authors. Sometimes they are also summarized under the term Thermomechan-
ical Treatment (TMT) and include those processes which "during the process, by means of a 
targeted combination of temperature and forming conditions, give the end product material 
properties which are superior to or at least equivalent to those properties which exist after con-
ventional production" [13]. In [14] thermomechanical rolling is defined as "a rolling process 
with final forming in a certain temperature range which results in a material condition with 
certain properties which cannot be achieved by heat treatment alone and which cannot be re-
peated". For the TMT, "temperature and deformation in their temporal sequence" must be con-
trolled according to Stahl-Eisen-Werkstoffblatt 082 (steel iron material data sheet) [15]. The 
objective here is to achieve a homogeneous microstructure state with defined properties by a 
targeted combination of temperature and forming conditions, using certain metallurgical mech-
anisms and phase transformations in the material [13]. The temperature range, degree of form-
ing and cooling speed between 800 °C and 500 °C are relevant process variables for setting 
lasting effects by thermo-mechanical forming [16]. Multiphase microstructures of ferrite and 
martensite or ferrite, bainite and retained austenite can be adjusted by material-adapted cooling. 
Using this method, very good material properties with high tensile and good impact strength 
can also be achieved on the basis of low-alloy steels [17]. Due to the low carbon content, the 
weldability remains completely intact, while tensile strengths of up to 1100 MPa can be reached 
[18]. Von Hehl [13] has demonstrated this in principle for the ring rolling of large rings at high 
temperatures with guided cooling. The basis for the increase in strength is a temperature treat-
ment according to the transformation-time-temperature diagram of 100Cr6. Based on the state 
of the art the authors propose the application of a thermomechanical ring rolling process in 
order to control and improve selected material properties while also expanding the process win-
dow and lowering process forces. 

2 CONCEPT 
The presented approach, similar to [13], is a combination of semi-warm ring rolling with 

guided cooling with a directly subsequent cold rolling process in order to produce near-net-
shape rolling bearing rings with advantageous microstructural properties at high strength with-
out additional heat treatment steps. Due to the relatively low component volume of the rings, 
active cooling ensures sufficiently rapid cooling for the formation of a martensitic microstruc-
ture. Compared to a pure cold rolling process, the advantages lie in the achievement of higher 
degrees of forming and reduced process forces. The prerequisite for this combined process route 
is the use of a suitable material and the development of a control system in order to achieve the 
set microstructure and the resulting work hardening by means of the forming process and cool-
ing curve. The resulting combined process of a first stage of semi-warm rolling directly fol-
lowed by a cold rolling calibration is significantly shorter than a conventional process chain to 
achieve the same combination of microstructure and geometry, see Figure 2. 
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Figure 2: Different manufacturing strategies for rolled rings according to [13] 

A prerequisite to fully implement a thermomechanical ring rolling process to specifically 
choose microstructure and corresponding part properties is a fast process model as a basis for 
the integration of a closed-loop predictive control. This closed-loop control is necessary for a 
robust process, because of the numerous interdependent thermal and mechanical parameters. 
The approach proposed by the authors is a combination of suitable soft-sensors and semi-ana-
lytical models to achieve a closed-loop control, depicted in Figure 3. Soft-sensors are aimed at 
deriving current material properties and process states from secondary measurements. For ex-
ample, the temperature development in the ring core cannot be measured during the process 
and therefore has to be modelled via soft sensors from the surface temperature and amount of 
forming energy induced into the workpiece. Eddy-current sensors can be used to observe mi-
crostructure development during the process. This sensor information is then fed into the fast 
analytical process model which in turn is used for the closed-loop control of the thermal and 
mechanical process actuators. 

 

 
Figure 3: Principle scheme of the control loop with analytical models 

The process model to be implemented will consist of the semi-analytical model based on the 
theory of plasticity for ring rolling as developed by Küsters et al. [4] for hybrid ring rolling. 

a) Conventional process

Heating   Rolling    Cooling    (Storage)  Heating  Quenching  Tempering

Forming process Heat treatment

b) Thermomechanical Treatment

Heating   Rolling   Quenching   Tempering

Thermomechanical Treatment

c) Modified Thermomechanical Treatment

Heating  Rolling  In-process quenching  Calibration (cold)

Thermomechanical Treatment
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Specifically, it will be adapted to consider additionally the temperature dependency of the cur-
rent flow stress as provided by the advanced material and temperature models. In combination 
with all necessary semi-analytical models for the soft-sensors and control-loop, parameter iden-
tification and functional integration, it will serve as the central model for the control-loop. The 
microstructure model delivers the necessary input for an adaptive material model, the soft-sen-
sor models for temperature and microstructure in the ring core, as well as a model to describe 
temperature development during forming will feed into the process model. The connection be-
tween these models is schematically summarized in Figure 4. 

 

 
Figure 4: Context of the all interacting models 

3 EXPERIMENTAL INVESTIGATION OF THE ROLLING PROCESS 
The two main goals of the experimental investigations are to show the feasibility of the pro-

posed process regarding process stability and ability to significantly influence final material 
properties in the same final near net shape ring geometry via Thermomechanical Treatment. 
Secondly, the experimental analysis is used to verify the fast process model proposed in the 
next chapter. As a first step, the influence of the combined forming and cooling on the strength 
and hardness of the ring will be demonstrated by means of experimental and numerical inves-
tigations.  

3.1 Experimental set-up 
Basic comparative tests are carried out between different process temperature routes. The 

initial workpiece temperature at the start of the rolling process is varied between room temper-
ature and a semi-warm temperature of about 600 °C. As a second variable, the semi-warm pro-
cess is carried out with and without additional cooling using liquid nitrogen (LN2) or com-
pressed air (0.8 MPa) after a certain expired process time. A thermal camera Im-
ageIR® 8340 hp (company INFRATEC GMBH, detector format 640 x 512 pixels, thermal reso-
lution of 20 mK, frame rate up to 1 kHz) is used to visualize the surface temperature of the ring 
over the process time in order to evaluate the effect of the workpiece cooling, see Figure 9. 

The cooling of the workpiece starts after the forming of the ring has begun in order to exploit 
the reduced flow stress of the material at higher temperatures at the beginning of the process. 
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The amount of deformation induced during this phase also has an influence on the microstruc-
ture evolution during the cooling phase due to the resulting microstructural dislocations and 
additional heat input from forming energy. Despite the very short process time of five seconds, 
the heat treatment of the workpieces is expected to result in a change in structure and hardness 
compared to the ring rolled conventionally at room temperature. Table 1 shows an overview 
over the selected process parameters for different specimen as well as the final geometry. 

Table 1: Process parameters 

Specimen 
Initial rolling  

temperature in °C 
Cooling Max. plastic strain 

φ 
0 (Blank) - - - 

1  20 None 0.248 
2 600 None 0.237 
3 600 Compressed air / 

Liquid N2 
0.250 

 
The roller bearing steel 100Cr6 (1.3505) is used for the thermomechanical ring rolling. The 

ring geometry is a simple symmetrical ring with a ball track as the inner contour. The geometry 
of the finished part and the blank are shown in Figure 5. Based on the ttt-diagram, a workpiece 
temperature of 800 °C is required for austenitization of the workpiece material. In order to 
achieve the high cooling rate required for martensite formation, cooling with liquid nitrogen 
(about -200 °C) is used. Due to the experimental conditions, a workpiece temperature of 600 °C 
can currently be achieved. However, this temperature is sufficient to investigate the cooling 
strategy with regard to the cooling rate and to influence the microstructure. 

 

    
Figure 5: Blank (left) and final ring (right) 

3.2 Evaluation 
In the following, the results of the thermomechanical investigations compared to conven-

tional cold and semi-hot rolled rings are presented and discussed. Figure 6 shows the different 
rolling strategies, cold formed, semi-warm formed and thermomechanical formed (semi-warm 
forming and cooling). On average, the rings have an outside diameter of 69.80 mm and an inside 
diameter of 56.7 mm for the ball track. In comparison, cold and thermomechanical rolled rings 
show no significant differences in the geometric dimensions, compare Figure 6. In addition to 
the geometric dimensions, the surface roughness over the width of the rings is measured. Dif-
ferences are shown with regard to the average roughness Ra achieved, see Figure 6 (right). In 
general, the roughness of the blank is reduced by the forming process. The smallest measured 
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roughness, however, is with the cold-rolled ring at approx. 0.6 µm. The hot-rolled ring, on the 
other hand, has a roughness value of 1.0 µm, which is still significantly lower than that of the 
blank (specimen 0). The increase compared to the cold rolled rings is at least partially due to 
some scaling occurring during the heating process. Thermomechanical rolled rings have a mean 
roughness of 0.8 µm. These results show that the rolling process improves surface roughness 
and the effects of scaling can be limited. Additionally, these results give a first indications that 
the process is suitable for influencing the material properties. 

 

  

 

  

a) Blank b) Cold rolled 

  
c) Warm rolled d) TMT 

Figure 6: Final ring geometrie (left) and mean surface roughness (right) 

The decisive criterion for the approach presented is the development of the microstructure 
and the hardness of the ring material as a result of thermomechanical ring rolling in contrast to 
conventional cold ring rolling. In general, it can be said that an increase in hardness occurs just 
as a result of forming. While there is a uniform hardness of 206 to 212 HV0.1 over the cross-
section of the blank, the hardness increases to values between 260 and 272 HV0.1 for the cold-
formed ring. As explained and aimed for in the concept chapter, there is an additional increase 
in the hardness values as a result of the combination of heat treatment and forming. While the 
cold formed ring achieves an average hardness of 265 HV0.1, the value is even increased up to 
314 HV0.1 as a result of the in-process heat treatment during ring rolling.  

  
Figure 7: Cross section of final ring and hardness 
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The distribution of the hardness over the cross section after forming and thermomechanical 
forming is shown in Figure 8. The increase in hardness as a result of the work hardening is 
clearly visible, whereby regions with higher forming strain also exhibit greater hardness. The 
influence of simultaneous heat treatment during forming can also be seen in form of an addi-
tionally increased hardness, shown in Figure 8 b) and c) compared to Figure 8 a). However, 
there are no differences in the hardness values when comparing the hot-rolled and thermome-
chanical rolled rings, Figure 8 b) and c).  

   

 
   

a) Cold rolled b) Warm rolled c) TMT 

Figure 8: Distribution of hardness in different formed rings 

The main reason for this is the insufficient cooling rate of the workpiece core, so that no 
thermal transformation of the microstructure across the cross section of the ring occurs due to 
the cooling. The initial and final temperature of the thermomechanical rolled rings are shown 
in Figure 9. Only for air-cooled rings a change in temperature of approx. 90 K during the ring 
rolling process can be detected on the outer diameter, which results in a structural change, as 
already mentioned. The change in microstructure manifests itself in a change in strength or 
hardness of the material, particularly in the edge area, as shown in the Figure 9. The numerical 
results show a similar distribution of the strength compared to the experimental determined 
hardness. 

    
a) Initial condition b) Final state of com-

pressed air cooling 
c) Final state of 

LN2-cooling 
 

Figure 9: Temperature development due to chosen cooling strategy 
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4 PROCESS MODEL 

4.1 FE-Modelling 
In order to investigate the relevant mechanisms and effects during this thermo-mechanical 

transient deformation process, a simplified finite-element-model was build using the FE-code 
msc.marc v2013.1 with an implicit time integration schema. To achieve a short simulation time, 
a 2D model was generated using the plane strain assumption. Therefore, the model neglects the 
cross section deformation at the inner side of the ring caused by the mandrel. Nevertheless, the 
effects of the local and time depending cooling, realized by pressurized air or liquid nitrogen 
can be observed. For this reason, a subroutine is implemented to ensure a constant heat transfer 
coefficient of 3·10-3 W·m-2·K-1 at a defined single position at the outer diameter and a heat loss 
due to the contact to the roll with a heat transfer coefficient of 10-4 W·m-2·K-1. Friction was 
realized by the shear factor model with the friction coefficient m = 0.9. The material behavior 
is modelled temperature dependent by the equation of Johnson-Cook: 

,   504	MPa  370	MPa ∙ . ∙ 1  0.025 ∙   1	s1     20°  20°
. (1) 

Figure 10 shows the geometry of the model (a) and the results of the temperature distribution 
at the process time of 0.25 sec, 0.50 sec, and 1 sec (b to d). 

 
Figure 10: FE results of the temperature distribtion during thermo-mechanical ring rolling  

As can be seen, the process runs without any instabilities the might occur during warm ring 
rolling. The local heat flux is realized by the contact on the right position and the location of 
applied fluid at the left position. The observed temperature drop is in the range of 110°C at a 
process time of 1 sec, which ensures the desired effects of thermo-mechanical ring rolling. 
Starting from an initial yield stress of 260 MPa, an increase in strength is achieved throughout 
the ring, with a significant increase in the outer ring area. The results of the numerical simula-
tion show a similar distribution of the degree of deformation and the yield stress over the ring 
cross-section as the distribution of the hardness values in the experimental investigations. The 
highest strength is achieved at the outer diameter. The results are summarized in Figure 11. 
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a) Plastic strain b) True strain 

Figure 11: Distribution of plastic strain and true strain in the final ring 

5 Conclusion and Outlook 
In the course of the experimental and numerical investigations on thermomechanical ring 

rolling, an approach was implemented which enables the material properties to be influenced 
as a result of a forming process and simultaneous thermal treatment. A comparison of the ex-
perimentally measured micro hardness and the numerically determined strength in the ring 
cross-section shows that the areas with the largest deformation and highest strength also have 
the greatest hardness values and a comparable distribution exists. It can be shown that not only 
geometrical dimensions of the ring but also roughness as well as strength and hardness values 
can be adjusted by targeted Thermomechanical Treatment. 

Further work concerns the development of a soft sensor in order to deduce the core temper-
ature from the measured surface temperature of the ring during the ring rolling process. This 
soft sensor in combination with a fast simulation approach provides the basis for a later inline 
process control. Additionally, the cooling strategy will be improved in order to realise a higher 
cooling rate and thereby an improved control of the microstructure formation. 
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Abstract. A criterion of sheet metal localized necking under plane stress was established
based on the bifurcation theory and the characteristics theory of differential equation. In
order to be capable to incorporate the directional dependence of the plastic strain rate
on stress rate, Ito-Goya’s constitutive equation which gave a one to one relationship
between stress rate component and plastic strain rate component was employed. The
hydromechanical deep drawing process of a cylindrical cup part was simulated using the
commercial software ABAQUS IMPLICIT. The onset of breakage of the part during the
forming process was predicted by combining the simulation results with the local necking
criterion. The proposed method is applied to the hydro-mechanical deep drawing process
for A2219 aluminum alloy sheet metal to predict the breakage of the cylindrical cup part.
The proposed method can be applied to the prediction of breakage in the forming of the
automotive bodies.
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1 INTRODUCTION

Due to weight reduction, the application of aluminum alloy sheet metal in automobile
industry and aerospace field has been increased. As aluminum alloy is low in r value,
breakage defect is easy to occur in the forming process. Hydromechanical deep draw-
ing(HDD) process is paid attention as a process to raise its formability in industry. In
HDD, the die design, material properties, friction condition, and process parameters such
as pre-bulging pressure, forming pressure, and loading path, and etc. have great influence
on the forming results. In order to obtain the adapted process condition, it is needed to
predict breakage defect accurately.

Breakage is a phenomenon of material seperation and can’t be treated using the con-
tinuum mechanics. Therefore, the precursors of sheet breakage i.e. local necking and
diffusion are taken as the forming limit. The representative work includes Hill’s local
necking theory[1], Swift’s diffusion necking theory[2], the theory proposed by Marciniak
and Kuczynski[3] in which the limiting strain of the sheet metal was analyzed under biax-
ial stretching, and the theory proposed by Stören and Rice[4] which considers the location
of the deformation mode.

Although by using some commercial software, forming limit diagram(FLD) can be
given, it is produced under proportional loading condition. However, in industry, the
loading condition is complicated. In this study, based on the Hill’s bifurcation theory[5]
and the characteristics theory of differential equation, a criterion of localized necking of
sheet metal under plane stress was given. Ito-Goya’s constitutive equation, which gave a
one to one relationship between stress rate component and plastic strain rate component
was used. By combining the simulation results of HDD with the criterion, the occurrence
and location of breakage are predicted.

2 CONDITION OF LOCALIZED NECKING

Localized necking which is taken as the precursor of sheet metal breakage, is treated as
bifurcation from basic deformation mode to local deformation mode in plastic mechanics
and mathematics. Based on Triantafyllidis’s analaysis method, bifurcation is considered
by general boundary value problem in incremental form. Due to sheet metal forming
endures large deformation, the updated Lagrange formulation is used. The incremental
equilibrium equation using nominal stress can be expressed by

∇ · Π̇ = 0 in V (1)

Boundary conditions are expressed by

Π̇ · n = ḟ on SF

v = V on SV (2)

where V denotes the region of body in initial configuration, SF the surface on which the
rate of traction force f is prescribed, SV the surface on which the velocity v is prescribed,
n the unit normal to the surface SF , and Π̇ denotes nominal stress rate, which is related
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to Cauthy stress as shown in Eq. (3).

Π̇ =
▽
σ +w · σ − σ ·w −L · σ

= A : L (3)

where σ denotes Cauchy stress,
▽
σ the Jaumann rate of the Cauchy stress, L the velocity

gradient tensor, w the spin tensor. The components of A are given as Eq. (4):

Aijkl = Dijkl +
1

2
(σilδjk − σjlδik − σikδjl − σjkδil) + σijδkl (4)

Substituting Eq.(3) into Eq.(1) and (2), the incremental boundary value problem of elasto-
plastic material can be written as

∇ · (A : L) = 0 in V

(A : L) · n = ḟ on SF

v = V in SV (5)

From the first equation of Eqs. (5), we can obtain

∇ · (A : ∆L) = 0 in V (6)

where ∆(· · · ) denotes the difference of two solution sets. Using AL as the tensor for the
linear comparison solid of A[5], we obtain

∇ ·
(
AL : ∆L

)
= 0 in V (7)

Considering the deformation of sheet metal under plane stress, denoting the velocity
components corresponding to rectangular coordinate system xα (α = 1, 2) within the sheet
plane as vα, (α = 1, 2), Eq. (7) can be written as following differential equations[6]:

b1
∂2 (∆v1)

∂x2
1

+ b2
∂2 (∆v1)

∂x1∂x2

+ b3
∂2 (∆v1)

∂x2
2

+

b4
∂2 (∆v2)

∂x2
1

+ b5
∂2 (∆v2)

∂x1∂x2

+ b6
∂2 (∆v2)

∂x2
2

+ ϕ1 = 0

c1
∂2 (∆v1)

∂x2
1

+ c2
∂2 (∆v1)

∂x1∂x2

+ c3
∂2 (∆v1)

∂x2
2

+

c4
∂2 (∆v2)

∂x2
1

+ c5
∂2 (∆v2)

∂x1∂x2

+ c6
∂2 (∆v2)

∂x2
2

+ ϕ2 = 0 (8)

whereis ϕα (α = 1, 2) are the function of ∂ (∆vα) /∂xβ (α, β = 1, 2) and ∂σαγ/∂xβ (α, β, γ = 1, 2).
The values of bi(i = 1, 6) and ci(i = 1, 6) are dependent on stress components, strain
components, work-hardening coefficient and tangential stiffness tensor of constitutive e-
quation.
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When non-zero solution for Eq.(8) exists, it is possible that bifurcation occurs[5]. The
occurrence condition of local bifurcation mode is same as that of existence of characteristic
curve of the second-order simultaneous differential equations Eq.(8). Denote the angle
between the tangent line of the characteristic curve and x1-axis by α . Using λ = tanα,
the existence condition for characteristic curve of the simultaneous equations Eq. (8) can
be expressed by ����

b1λ
2 − b2λ+ b3 b4λ

2 − b5λ+ b6
c1λ

2 − c2λ+ c3 c4λ
2 − c5λ+ c6

���� = 0 (9)

From Eq.(9), we can obtain the following 4th degree algebraic equation related to λ:

A1λ
4 + A2λ

3 + A3λ
2 + A4λ+ A5 = 0 (10)

where Ai(i = 1, 5) are related to bi(i = 1, 6) and ci(i = 1, 6). After gaining the distribution
of stress and strain by FEM simulation, the value of Ai(i = 1, 5) can be determined. By
combining Eq. (10) and the results of FEM simulation, we can predict the occurrence of
local necking(breakage) in sheet metal forming.

3 CONSTITUTIVE EQUATION

The classical J2-flow rule is not suitable for bifurcation analysis. To use the constitutive
rule in which there is a one-to-one relationship between stress rate affects and plastic strain
rate affects critical point[7]. A constitutive rule which incorporates the characteristics that
the direction of deviatoric stress rate affects the direction of plastic strain rate has been
proposed by Goya and Ito[8]. In this study, we use the constitutive rule.

dεp =
3

2H ′

{
Kcdσ

′
+

3

2
(1−Kc)

[
σ

′

σ̄
⊗ σ

′

σ̄

]
: dσ

′
}

(11)

where H
′
denotes the tangential modulus on the stress-strain curve, Kc is the material

coefficient, which denotes the direction dependency degree of plastic strain increment on
deviatoric stress increment. For plane stress problem, from Eq.(11) we can obtain




▽
σ11
▽
σ12
▽
σ22


 =




α11 α12 α13

α21 α22 α23

α31 α32 α32







ε̇11
ε̇12
ε̇22


 (12)

where
▽
σαβ denotes the component of Jaumann rate tensor of Cauchy stress; ε̇αβ is the

component of strain rate tensor; and αij denotes the tangential stiffness tensor introduced
into the constitutive relation.

4 APPLICATION OF THE LOCAL NECKING CRITERION

The local necking criterion obtained in the previous section is programmed and com-
bined with FEM simulation results. The occurrence of local necking during HDD is
investigated.
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Figure 1: A schematic diagram of the hydromechanical deep drawing

4.1 Finite element model

A schematic diagram of the hydromechanical deep drawing is shown in Fig. 1. The
sheet is 200mm in diameter and 1.5mm in thickness. The gap between the die and the
holder is constant and is 1.2t(=1.8mm). The diameter of the punch is 100mm and the
clearance between the punch and the die is 2mm. The radiuses of the punch, the die and
the holder are 10mm respectively. Sheet material A2219 is used. The material parameters
are E = 70.7× 103MPa, ν = 0.3, σy = 107MPa,C = 634.7MPa, n = 0.3.

FEM simulation is conducted using commercial software ABAQUS IMPLICIT. The
simulation model of HMD is shown in Fig. 2. 3-node and 4-node shell elements S3R and
S4R are used. Die and holder are analytical rigid bodies. Since the part and load are
axis-symmetrical, 11.25◦ sheet is used in the model. The friction coefficients between the
blank and the holder and the die is 0.01 respectively and the friction coefficient between
the blank and the punch is 0.15.

4.2 Loading path

The hydromechanical deep drawing consists of two steps. In the first step, the punch is
fixed above the blank. The distance between the punch and the top of blank is 2.25mm.
Apply 4MPa chamber pressure linearly onto the bottom of the blank. In the second step,
apply maximum chamber pressure of 5MPa and 10MPa respectively onto the bottom of
the blank while moving the punch down by 70mm. The pressure-stroke curve is shown as
Fig. 3.

4.3 Prediction results and analysis

When the maximum chamber pressure is 5MPa and 10MPa, the stress results of the
blank after hydromechanical deep drawing are shown in Fig. 4 .

Bifurcation analysis is conducted by combining the stress and strain results obtained
by the simulation of HDD and the local necking criterion. The simulation results are
input into self-made Matlab program in which the local necking is predicted according to

5

514



H. Lu, W. Huang, H. B. Yu and S. J. Qin

Figure 2: The simulation model of HDD

the criterion obtained in section 2.
When forming pressure is 5MPa, after the HDD, the breakage occurs. The predicted

local necking results is shown in Fig. 5. Here coefficient Kc = 0.3. When forming pressure
is 10MPa, the breakage doesn’t occur. The predicted local necking results are compared
with experiments[9]. The experiment shows good agreement with the analysis.

5 CONCLUSIONS

- The criterion of localized necking for plane stress has been given by using bifurcation
theory. The existing condition of characteristic curve of equilibrium equation in
rate form is used. The Ito-Goya’s constitutive equation is employed, which gives
one-to-one relationship between plastic strain increment component and the stress
increment component.

- Combining the proposed criterion that is programmed in Matlab with simulation
results of HDD for A2219 aluminum alloy sheet, the occurrence of localized necking is
analyzed. The breakage occurs when maximum forming pressure is 5MPa during the
analysis. Here, the coeficient Kc is 0.3. The analysis results show good agreement
with the experiment.
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Figure 3: The pressure-stroke curve during forming stage
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Figure 5: The predicted local necking occurred after HDD(maximum forming pressure is 5MPa)
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Abstract. Profile overheating and surface defects during hot aluminum extrusion can
occur when seeking higher productivity rates at increased ram speed velocities. The in-
corporation of cooling channels in the die-design allows overcoming this process limitation
by keeping the profile temperature below the melting point of the alloy used [1]. Selective
laser melting (SLM) of conformal cooling channels provides, in contrast to conventional
manufacturing techniques, the opportunity to place the cooling circuit inside the mandrel
of a porthole-die in a well-defined position to the critical bearing region [2].

In the framework of this study, a preliminary numerical investigation on the extrusion
process under the assumption of liquid nitrogen cooling is analysed. The results show,
that by combining conformal cooling channels with liquid nitrogen as a cooling media
high cooling rates, which are well beyond the state of the art of conventional dies, can be
achieved.

In a hybrid extrusion die set-up, a part of the mandrel, that is additively manufactured,
is either joined [3] or directly selective leaser melted onto the conventionally manufactured
parts [4]. For a proper implementation in the extrusion process, material testing of the
welded joint are needed. Thus, in the current study, tensile tests performed at room
temperature for hybrid specimens, partially consisting of conventionally processed tool
steel 1.2343 and partially additively manufactured 1.2709, will be presented. Moreover,
four different heat treatment sequences of the hybrid specimens will be discussed. In
addition, for each configuration, micro-structural images are taken to investigate failure
at the bonding region. Finally, an optimal manufacturing sequence for a hybrid die with
the described material combination is proposed.
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1 INTRODUCTION

As for other industrial processes, the main optimization goal is to raise productivity
rates by increasing ram speed. During the extrusion process, however, the temperature
development in the profile needs to remain below the melting point of the alloy in use,
thus, limiting the maximal possible velocity [5, 6]. Therefore, as studied amongst others
by Ward et al. [1], to manage the temperature increase in the extruded profile, cooling
channels for nitrogen tempering are implemented in the tool design.

During aluminum extrusion, the highest temperatures are encountered in the forming
region (see Figure 1), also known as the bearing region, where the material flow reaches its
final profile shape [6]. In order to efficiently position the cooling channels inside the tools
as close as possible to the bearing region, conformal cooling channels manufactured by
selective laser melting (SLM) are implemented in the die design, as proposed by Hölker et.
al [2, 7]. The difference to channels conventionally manufactured by milling and drilling
operations is that the conformal pipes can follow the contour of the of the heated surfaces
and enhance a homogeneous cooling effect.

Profile

Container

Mandrel
Die

Backer

Material
Flow

Figure 1: Exemplary critical temperature distribution of a tube profile for a four chamber porthole die

2 MANUFACTURING CONCEPTS FOR HYBRID EXTRUSION DIES

Selective laser melting of a complete extrusion tool set-up would be very cost and
time intensive and also difficult to produce due for example to the restricted building
chambers of the existing SLM machines, therefore, a hybrid die concept is introduced.
Figure 2 pictures two possible ways of building hybrid extrusion tools. As it can be
seen, to overcome the manufacturing and cost constraints, the tools can consist of both:
additively and conventionally manufactured components. Moreover, the parts can either
be joined or welded together. A simplified cost analysis for the production of the additively
manufactured parts can be seen in Table 1. The costs are calculated under the assumption
of: AC70/kg for the material costs and AC120/h for the machine costs. It is clear from this

2

520



C. Bertoli, P. Stoll and P. Hora

table, that to manufacture the entire mandrel by selective laser melting would not be
acceptable in the industrial framework.

Table 1: Cost estimation of additive manufactured parts

Mass Time Material Machine Total Costs
kg h AC AC AC

Insert (joined) 0.64 10 50.30 1’200 1’250.30
Insert (welded) 0.32 5 25.15 600 625.15
Mandrel (full) 16.75 262.98 1’322.86 31’557.60 32’880.46

Hybrid Tool Conventional Parts AM Parts

Different constructive concepts
Joined Welded

Die

Mandrel

Backer

SLM
Insert

SLM
PartDie

Mandrel

Backer

Material Flow

Figure 2: Design concepts for hybrid tools applied on a porthole-die for a tube profile.

There are various arguments in favor and against the hybrid constructive concepts
pictured in Figure 2. The joined tool design has the advantage, that the several parts
can be manufactured and heat treated separately and therefore, it has a greater flexibility
regarding the material choice. However, there are more geometrical constraints because
the additively manufactured insert has to fit into the mandrel and therefore, the geomet-
rical freedom, given by the additive manufacturing technique, is more limited than in the
welded tool set-up. The welded tool version, on the other hand, is more sensitive to the
material selection. When the powder material for the SLM part differs from the material
for the conventional part, material tests are needed to ensure the structural integrity of
the insert subjected to the extrusion loads. Therefore, after a thermo-mechanical assess-
ment of the extrusion process with and without tool cooling, introduced in Chapter 3, the
results of hybrid tensile tests for the analysis of the welded tool set-up will be presented
and discussed.
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3 NUMERICAL INVESTIGATION OF THE EXTRUSION PROCESS

In this chapter, the results of numerical extrusion simulations are presented to show the
potential and discuss the constraints of nitrogen cooling. The simulations are performed
for a tube profile with a thickness of 5mm extruded through a five chamber porthole-
die. The simulations of the extrusion process are computed with the commercial code
HyperXtrude of Altair based on the ALE approach. The tools are assumed to be rigid
bodies, therefore no tool deflection is computed. For the temperature dissipation into
the tools a convective heat transfer coefficient of 11′000W/m2K between the aluminum
and the tool surfaces is defined. The workpiece material is set to a AW6060 aluminum
alloy for which the Sellars-Tegart material model, implemented in HyperXtrude, is used.
The model description is given by Equation 1, where n is the stress exponent, A is the
reciprocal strain factor, Q is the activation energy, R is the universal gas constant, α is a
constant and T is the reference temperature. The used parameter values can be seen in
Table 2. These have been fitted based on material data of compression tests performed
for a previous project at the institute on a dilatometer-machine.

σ =
1

α
sinh−1

([
Z

A

](1/n))
where Z = ε̇ exp(Q/RT ) (1)

Table 2: Parameters for the Sellars-Tegart material model

n A Q R α
- - J/mol J/molK 1/Pa

2.6543 1.0989e+012 209631 8.314 1.096e-007

The preliminary study is performed on the joined tool set-up pictured in Figure 2 on the
left, where 1.2709 tool steel is used for the additive manufactured insert and 1.2343 tool
steel is used for the conventional parts. Since only a thermal evolution is computed for the
tools, the relevant material parameters for the simulations are the thermal conductivities
of the two steels used. Their values are λ = 20 W/mK for 1.2709 and λ = 28.5 W/mK
for 1.2343. The billet length is considered to be 1′000mm, however to save computational
time only about 400mm of the entire billet length are simulated. The billet preheat is set
to 485◦C whereas the container and the tools are at 495◦C. Finally, three simulations at
3mm/s ram speed with and without cooling are conducted.

For the simulation with tool cooling, the cooling channels are positioned as pictured
in Figure 3. As it can be seen, the main inlet channel goes through the mandrel and the
insert and is divided in five smaller channels with the ration di/d = 0.45 at the bearing
starting location, where the highest temperatures in the insert occur.

For the planned extrusion experiments, liquid nitrogen will be used as a cooling media
for the tools. It is important to consider, that the liquid nitrogen undergoes a critical
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LN2 - Inlet

𝑑𝑑𝑖𝑖 = 0.45 𝑑𝑑

Figure 3: Cooling channel position and geometry for a five-chamber porthole die

phase-change during the cooling process caused by the very high temperature differences
between the saturation temperature of the liquid (ca. −196◦C at 5bar) and the wall tem-
perature of the solid (ca. 500◦C). In the case of the extrusion process this temperature
change can reach values of about 600◦C, that normally leads to boiling heat transfer char-
acteristics. In the literature for cryogenic machining, several values for the boiling heat
transfer coefficient of liquid nitrogen are proposed. However, as mentioned in the work
of [8], they change the order of magnitude from 1 · 101 W/m2K [9] up to 1 · 104 W/m2K
[10, 11] depending which physical state of the coolant is assumed for the calculations.
In the case of aluminum extrusion, most of the studies on liquid nitrogen tool cooling,
are based on experimental tests [12, 13, 14] rather than computational temperature pre-
diction. Thus, no knowledge about the possible location of the phase-change or the real
physical state of the fluid inside the channels is known. For this reason, while considering
the studies on cryogenic machining, two simulations with a heat transfer coefficient of
1′000 W/m2K and 10′000 W/m2K, assuming cold gas and cold liquid respectively, with
a bulk temperature of −150◦C are computed.

An exemplary temperature distribution for the tool and workpiece can be found in
Figure 4. The extracted temperature values are for the same nodes at the same time-
step for the simulation without (left) and with (right) cooling. As it can be seen, the
temperatures of the workpiece differ mostly from each other in the profile region. Due
to the tool cooling, the heat generated at the bearing location dissipates towards the
cooling channels (heat sink), allowing the profile to cool down about 9◦C. A temperature
reduction of about 5◦C is computed instead for the simulation with the surface heat
transfer coefficient of 1′000W/m2K. The average cross-sectional profile exit temperatures
are plotted in Figure 5. According to this figure, it can be observed, that the average
profile temperature development without tool cooling reaches values above the critical
temperature (ca. 560◦C) of the alloy used (AW-6060). Therefore, it can be concluded,
that to keep profile quality at the given productivity rate without encountering profile
softening, an appropriate tool cooling is necessary. In order to better quantify the cooling
capacity and the heat transfer characteristics, a comparison with experimental data will
be conducted in a further study. Nevertheless, the potential of nitrogen cooling, more
precisely of additively manufactured conformal cooling channels, could be predicted.
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Figure 4: Temperature distribution for the tool and workpiece at a press stroke of 400mm

0 100 200 300 400 500
Ram Displacement [mm]

520

540

560

580

600

T
em

pe
ra

tu
re

 [°
C

]

No cooling HTC = 1'000 W/m2 K HTC = 10'000 W/m2 K

578 °C
572 °C
565 °C

Figure 5: Average profile exit temperature development for the simulations computed with no cooling,
1′000 W/m2K and 10′000 W/m2K heat transfer coefficient as a boundary condition

4 EXPERIMENTAL INVESTIGATION OF THE HYBRID SPECIMENS

In Chapter 3, the potentiality of conformal cooling channels has been discussed. The
simulations are performed only for the joined tool set-up, because from a computational
point of view, under the described model assumptions, the results would not change for
the welded tool set-up.

From the manufacturing side however, there are some aspects of the welded tool set-up
that need to be addressed. In fact, when using different materials for the additively and
the conventionally manufactured parts, the heat treatment strategy plays a relevant role in
the manufacturing process of the die-set. Furthermore, the quality of the bonding region
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between the two welded parts needs to be investigated. Therefore, in this Chapter: the
results of tensile tests performed at room temperature on hybrid specimens for different
heat treatment strategies will be presented together with micro-graphs of the bonding
regions.

Figure 6 shows the four tested versions of hybrid tensile specimens. The conventional
part of the tensile bar is either made of hardened or not hardened 1.2343 tool steel. The
additively manufactured parts are then selective laser melted out of 1.2709 metal powder
directly onto the conventional manufactured round bars. Afterwords, the specimens, three
for each variant, are heat treated as follows:

HT1: specimens are hold at 510◦C for 8 hours, which is the heat treatment strategy
normally used for additively manufactured 1.2709 tool steel

HT2: the other samples undergo a 35 minutes hardening process at 1′020◦C followed by
two times tempering for 2 hours at 600◦C, which is the heat treatment strategy for
(forged) 1.2343 tool steel

BONDING REGION

Conventional Parts

AM Parts

1.2343
NOT hardened

1.2709

Heat treatment strategies before testing

1.2343
hardened

1.2709

1

1.2343
hardened

1.2709

3 4

8h at 510°C 35min at 1020°C ; 2x 2h at 600°C

1.2343
NOT hardened

1.2709

2

Figure 6: Tested hybrid specimens partially additively (1.2709) and partially conventionally (1.2343)
manufactured

In the end, the round bars undergo turning operations to get to the final tensile bar
geometry, accordinf to DIN 50125-A, and to remove possible geometry distortions induced
by the heat treatment. The results of the tensile tests performed at room temperature
are shown in Figure 7. The specimens that were treated based on the first strategy (HT1)
show a rather ductile behavior (curves 1 and 2) compared to others (curves 3 and 4).
The specimens for curves 1 and 2 show necking at the fracture surface, which lies in the
conventional part of specimen made of 1.2343 and not in the selective laser melted part.
For the specimens that followed the HT2 strategy, the fracture surfaces lie instead near
the bonding region in the selective laser melted part. Figure 8 shows the micro-graphs
taken at the bonding region after performing the tensile tests. None of the specimens
directly fractured at the bonding layer, hence fulfilling a relevant requirement for the
implementation of the welded tool set-up in the industrial framework.

Considering the fact, that the hybrid tool is mainly under tensile loading during the
extrusion process, the best results regarding the industrial application are achieved by the
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Figure 7: Tensile tests results for hybrid specimens tested at room temperature
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Figure 8: Micro-graphs of the bonding region after tensile testing

manufacturing strategy represented by curve 1 in Figure 7. Thus, for the hybrid tool set-
up the conventional parts should be manufactured and hardened as usual. The additively
manufactured part should then be directly selective laser melted onto the conventional
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parts and in the end the entire hybrid tool should undergo the HT1 strategy in order to
reach the required hardness of about 55 HRC for the selective laser melted material.

5 CONCLUSIONS

In this study, the use of two hybrid tool set-ups has been discussed. Simulations with
and without liquid nitrogen cooling have been presented. These show promising results
for the utilization of the hybrid tools in the industrial framework. However, due to the
complexity of the tool cooling caused by the inevitable phase-change of the liquid nitrogen,
a further study on the heat transfer characteristics coupling extrusion experiments with a
numerical analysis should be performed. Material tests for hybrid tensile specimens, for
which two different heat treatment strategies were analyzed, are presented and discussed.
The specimen following the HT1 strategy and the first manufacturing sequence pictured
in Figure 7 show the most promising performance. Moreover, for each specimen micro-
graphs show that failure is not occurring at the bonding region between the two tool steels
used for the hybrid tool set-up.
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1 INTRODUCTION 

Artificial intelligence and machine learning algorithms have known an increasing interest 
from the research community, triggering new applications and services in many domains. In 
geotechnical engineering, for instance, neural networks have been used to benefit from 
information gained at a given site in order to extract relevant constitutive soil information 
from field measurements [1]. The goal of this work is to use machine (supervised) learning 
techniques in order to predict the behaviour of a sheet pile wall excavation, minimizing a loss 
function that maps the input (excavation’s depth, soil’s characteristics, wall’s stiffness) to a 
predicted output (wall’s deflection, soil’s settlement, wall’s bending moment).  

Neural networks are used to do this supervised learning. A neural network is composed of 
neurons which apply a mathematical function on their input (see Figure 1, left) and synapses 
which take the output of one neuron to the input of another one. For our purpose, neural 
networks can be understood as a set of nonlinear functions which can be fitted to data by 
changing their parameters. In this work, a simple class of neural networks, called Multi-Layer 
Perceptron (MLP) are used. They are composed of an input layer of neurons, an output layer, 
and one or several middle layers (hidden layers) (see Figure 1, right). A neural network learns 
by adjusting the weights and biases in order to minimize a certain loss function (for instance: 
the mean squared error) between the desired and the predicted output. Stochastic gradient 
descent or one of its variations are used to adjust the parameters and the gradients are 
obtained through backpropagation (an efficient application of the chain rule). 
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The interest in neural networks comes from the fact that they are universal function 
estimators, in the sense that they can approximate any continuous function to any precision 
given enough neurons. However, this can lead to over-fitting problems where the network 
learns the noise in the data, or worse, where they memorize by rote each sample [2]. 

                         
Figure 1: (left) Graph of a neuron with activation (a), bias (b) and weight (w) - (right) MLP graph 

2 CREATION OF THE DATASET 
For a neural network to learn, a dataset of excavations must first be compiled. The size of 

the dataset should be in hundreds or thousands of samples, and we do not have at hand such a 
large number of real excavation results. Thus, the dataset is obtained through numerical 
simulation using ZSWalls [3], a simple 2D deep excavation retaining wall analysis software 
based on the finite element method (FEM) program ZSOIL.  

ZSOIL has been successfully used throughout the last three decades predicting the 
behaviour of large excavations in urban environments [4, 5].  

In this first attempt to prove the feasibility of the method, the following simplifications 
have been taken into account: the support system is a free standing sheet pile wall (no anchors 
or struts), we only consider one soil, without water (unit weight = 20 kN/m3, Poisson ratio and 
dilatancy angle are fixed), and the excavation width is proportional to its depth. The 
remaining meaningful variables (and their ranges, in brackets) are (see Figure 2 left): 

- soil’s parameters: loading E50 modulus [10 MPa; 100 MPa], friction angle phi [28°; 45°] 
and cohesion c [0 kPa; 10 kPa]. We use here the Hardening soil constitutive model with small 
strain extension [6], and assume Eur = 4 x E50 and E0 = 10 x E50 

- excavation’s depth H [2 m; 8 m] 
- wall’s length L [1.1; 3.0] x excavation’s depth 
- sheet pile’s characteristics (defining its moment of inertia I): 20 samples from the Arcelor 

Mittal catalogue [7]. We assume Esteel = 2 x 108 kN/m2 
From the background ZSOIL computation (Figure 2 right), the results extracted are: the 

wall’s stability (with the hypothesis that a computation that does not converge means that the 
support system does not hold) and if convergence is obtained, the maximum settlement 
behind the wall, the maximum horizontal wall’s displacement (or deflection) and the 
maximum bending moment in the sheet pile wall (Figure 3). 
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Figure 2: (left) ZSWalls input: definition of the excavation properties – (right) results of ZSOIL background 

calculation: bending moment and deformed mesh (x50) 

   
Figure 3: ZSWalls output: wall’s deflection, soil’s vertical settlement, wall’s bending moment 

3 ARCHITECTURE OF THE NEURAL NETWORK 
The logical choice for the input of the neural network is the set of meaningful variables 

that defines the sample (soil’s parameters, excavation’s depth, wall’s length and sheet pile’s 
characteristics). Every other variable is either dependent on these ones - and this dependence 
is left to the neural network to learn, or should not influence the results. As for the output, it is 
simply the convergence status (yes/no), and three continuous outputs: the maximum 
settlement, the maximum horizontal wall displacement and the maximum bending moment in 
the sheet pile wall. Since the continuous outputs don’t make sense if there is no convergence, 
the task should be separated in two: first a classification where the neural network predicts the 
convergence status, and then, if the convergence status is good, a regression can be done on 
the continuous variables. 
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All input values are scaled in order to have an expected value of 0 and a variance of 1. 
This, associated with the Glorot normal initialization of the weights, helped the network to 
learn faster. As for the output values, the convergence status is simply represented by a binary 
variable 0 or 1, and the continuous variables are linearly scaled between 0 and 1. This is 
necessary since a sigmoid activation function is used. 

As mentioned before, a MLP neural network is built. The number of input and output 
neurons are defined by the number of inputs and output features. Thus, only the number of 
hidden layers and the number of neurons in each layer have to be decided. When the number 
of layers and neurons is augmented, the representational power of the network is also higher, 
but this comes with an increased number of parameters and a bigger risk of over-fitting. 

The Tensorflow library for Python as well as the Keras API were used for all the 
experiments reported here. 

4 RESULTS 

4.1 Classification 
The complete dataset contains 5000 random samples, of which 37% did not converge. 
The first task to accomplish is to predict whether the excavation is stable, i.e. evaluate the 

convergence of the FEM model. The architecture used is a simple MLP with one hidden layer 
of 10 neurons and a sigmoid activation function. No regularization technique is used. The 
output of the network is a real number between 0 and 1. An output close to 0 means a non-
convergence prediction, and the opposite if the output is close 1. While there is a class 
unbalance, it did not create difficulties in the learning convergence. However, it reduces the 
meaning of accuracy (percentage of correct predictions) as 63% could be achieved with a 
network that only predicts convergence. 

A preferred measure of the quality of prediction is the Positive Predicted Value (PPV) and 
the Negative Predicted Value (NPV) which corresponds to the ratio between correct predicted 
positive (resp. negative) over total predicted positive (resp. negative). Since, in civil 
engineering, false positives should be most avoided, it is possible to set the cut-off point 
higher to reduce them, at the cost of an overall decrease of accuracy.  

The Receiver Operator Curve (ROC, see Figure 4, left) plots the False Positive Rate (FPR: 
fraction of negatives classified incorrectly) against the True Positive Rate (TPR: fraction of 
positives classified correctly). It is useful to show the tradeoff between correctly classifying 
positives and negatives cases when changing the cut-off point (see Figure 4, right). The Area 
Under the Curve (AUC) should be the closest possible to 1. It can be interpreted as the 
probability of correctly classifying a random positive case higher than a random negative 
case. 
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Figure 4: Receiver Operator Curve (ROC) and effect of cut-off point on PPV and NPV 

4.3 Regression 
The regression models were trained on the converged subset of the dataset (3141 samples), 

with 20% reserved for testing. Several models of increasing complexity were trained and 
evaluated: “10”, with one hidden layer of 10 neurons, “30”, with one hidden layer of 30 
neurons, and finally “30red” or “30-20-10”, with three hidden layers of neurons, containing 
respectively 30, 20 and 10 neurons.  

As stated before, a more complex system has more representational power, as it can learn 
more complex functions. However, it becomes prone to over-fitting and care should be taken 
when training and evaluating the network. In this work, to avoid over-fitting, training was 
stopped when validation performance started to degrade.  

As can be seen in Table 2, the performance of the model increases with its complexity: 
results are given for the different models with the coefficient of determination (R2), mean 
absolute error (MAE), mean relative error (MRE), 95 percentile of the relative error (RE95), 
mean relative error truncated (MRE_tr) and 95 percentile of the relative error truncated 
(RE95_tr). Note that truncation has been applied when absolute errors are below 2 mm 
(maximal settlement or wall’s displacement) or 5 kNm/m’ (maximal bending moment). 

 
Table 2: Prediction results for the different models in terms of errors 

 

Cut-off PPV NPV
- % %
0.5 94.5 90.3
0.9 98.7 77.7
0.95 99.2 72.4
0.99 100 64.2
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Figure 5 shows the behaviour of the three different models: the predicted values for 
settlement, deflection and bending moment given by the neural network are compared to the 
“correct” computed values. 

It can be noticed that there is a tendency to predict lower values. This probably comes from 
the choice of the relative error as a criterion for model selection: smaller predictions are 
bounded by 100% whereas bigger predictions are unbounded. 

   
Figure 5: Predicted against computed soil’s settlement, wall’s horizontal displacement and bending moment 

534



Stéphane Commend, Sacha Wattel, Jean Hennebert, Pierre Kuonen and Laurent Vulliet 
 
 

 
 
 

7 

5 CONCLUSIONS 
The resulting model can predict accurately if an unsupported excavation is stable. Soil’s 

settlement, wall deflection and maximum bending moment in the sheet pile wall can also be 
predicted with small relative errors (less than 5%). 

In future work, we would like to generalize this approach to real-life cases, building a tool 
capable of predicting the behaviour of an excavation support (slurry or sheet pile wall, with 
anchors or struts) for a given set of data (stratigraphy, groundwater table, excavation’s depth), 
without calculating it with conventional engineering software (finite element method), but 
rather using an existing dataset.  

Once this tool will be functional, it could also be used in order to find an optimal 
excavation design in terms of costs or planning, under constraints (maximal acceptable 
horizontal displacement for instance). 
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Abstract. Dynamic strength tests published in literature have been analysed by structural-
temporal damage criteria. Parameter τ - incubation time - describing material stability be-
haviour under high-rate influences have been estimated for Kimachi sandstone, Inada granite
and Tage tuff. Two types of dynamic tensile experiments have been used: split Hopkinson pres-
sure bar and spalling. Purely dynamic effect of fracture delay have been observed in the case of
Kimachi sandstone and discussed.

1 INTRODUCTION

Nowadays geoscience and mining industry problems require consideration of new physical effects
for accurate modelling of flowing processes. Area of rock formation stability problems includes
both long-lasting quasistatic processes and rapid influences. Last ones are related with effect of
dynamic strength.

It was empirically observed that material under dynamic impulses is able to withstand stresses
much bigger than its static strength in both compression and tension. Moreover increasing of
loading rate leads to rising of maximum stress went through material at the moment of rupture.
Such behaviour was named ”dynamic strength effect”.

In surrounding world this effect may occur when elastic waves produced by earthquake or charge
detonation propagate across rock medium. If characteristics of wave enough to cause destruction
than change of material state behind the front should be expected. Another example of dynamic
rock strength is fracturing near free surfaces inside tunnels and mines due to spalling.

In laboratory conditions there are several techniques how to measure dynamic strength of rocks
under different strain rates [1]. Servo-controlled and pneumatic machines are used to make
measurement in relatively small speed range. For higher rates drop-weight machine or modified
split Hopkinson pressure bar method are applicable. Extremely big velocities (up to 106 s−1)
are reached by spall or plane shock wave technique approach.

This work is dedicated to analysis of dynamic destruction tests published in [2, 3] of three types
of rocks: Kimachi sandstone, Inada granite and Tage tuff. First material was investigated by
two different methods - SHPB and spalling - to obtain dynamic tensile strength. Structural-
temporal approach [4, 5, 6] have been chosen as damage criteria. According it every medium
is characterized by additional material parameter - incubation time, describing its strength
properties under dynamic conditions. Basing on experimental results range of incubation time
variation for each rock type have been estimated. Curios dynamic effect of fracture delay when
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destruction occurs after phase of stress increasing in rupture plane is discussed.

2 LABORATORY STUDY OF DYNAMIC STRENGTH

Several experimental techniques are used to measure the dynamic strength of materials at
present. The most popular is modified split Hopkinson pressure bar (SHPB) allowing to pro-
duce loading strain rates up to 104 s−1. To get higher rates method of spall is required. A brief
overview will be given here, for comprehensive description look [1, 7, 8].

2.1 Split Hopkinson pressure bar

Application of given technique extends classic compression and tensile strength tests to dynamic
case. Sample of studying material is put between two metal bars (as demonstrated on fig.1) which
dynamic and static mechanical properties well known. Stress impulse produced by striker inside
incident bar propagates to bar-sample interface where partially reflects and partially passes
through the test material into transmitted bar. Deformations of bars record by strain gauges
and easily convert to stresses from both sides of sample. Typical curves of incident, reflected
and transmitted signals have shown on fig.2(a).

Figure 1: Scheme of split Hopkinson bar installation

Important part of experiment is to reach balance between different sides of sample (see fig.2(b)).
If given condition is satisfied then the stress variation along investigated material can be ne-
glected and quasistatic formulas may be used for measurement interpretation.

(a) Signals from incident and transmitted bars (b) Stress balance

Figure 2: Stress curves obtained through experiment from [3]

In the cases of direct compression or tension test analysis of the loading history allows to
determine: dynamic strength as a peak value reached through loading process, fracture time
corresponding dynamic strength and stress rate as a slope of the tangent to the graph of the
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stress history. For indirect measurements stress curves from bars should be converted previously
to internal stress at estimated point of destruction. In the case of Brazilian disc method such
point corresponds to disc center, tensile stress σt here depends on external load σ by formula

σt(t) =
2 · πR2

πLD
· σ(t) (1)

where D - diameter of sample, L - its thickness and R is radius of metal bar. Easy to see
that maximum tensile stress in the middle of disc will be calculated from peak value of external
loading.

2.2 Spalling

Effect of spall appears when elastic wave propagates near the free boundary of material: com-
pression wave reflects as tension wave and causes occurrence of cracks inside body. Although
wave analysis can be quite complex laboratory conditions allow to consider one-dimensional
problem.

Figure 3: Scheme of spall experiment

For classical spall test extended cylindrical sample uses. Laboratory installation schematically
shown on fig.3. Striker produces a stress impulse which propagates toward free end through
studying material. Because of all materials significantly stronger in compression then tension
damage arises when reflected impulse becomes dominant. Velocity of sample free end U(t) is
registered by laser interferometry (fig.4(a)).

(a) Free surface velocity profiles from [2] (b) Stress history at some distance from free surface

Figure 4: Data from spall experiments

According to classical approach it ”copies” acting compression stress profile σ(t) and following
formula is valid:

σ(t) = − 1

2
ρc · U(t). (2)
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The place and time of fracture appearing may be fixed independently. Stress history reconstruc-
tion (fig.4(b)) in crack plane may be done using (2):

σ(x, t) = σ(t− x/c)− σ(t+ x/c) =
1

2
ρc ·

(
U(t− x/c)− U(t+ x/c)

)
(3)

here t is measured from the moment when stress impulse first came to free boundary, x - distance
from free boundary. Obtained stress curve can be analyzed like in previous case of SHPB.

3 STRUCTURAL-TEMPORAL DAMAGE CRITERIA

Fracture formation in rocks, which lead to a partial or complete loss of material bearing capacity,
occurs due to accumulation of damages at the micro level, fused with each other. Processes of
growth and coalescence of micro destructions require some time to reach macro effect. By
its nature ones close to relaxation process and may be characterized by temporal parameter
reflecting the tendency of material to develop microdefects.

In Yu.V. Petrov and N.F. Morozov works have been introduced the notion of incubation time
of material and proposed structural-temporal damage criteria based on this parameter. This
concept has been successfully used for describing of dynamic strength phenomenon. Let σ(x, t)
be the stress function in point x inside elastic body subjected external loading. According incu-
bation time criteria rupture of material in x at moment t will observe when following condition
satisfied:

1

τ

t∫

t−τ

1

d

x∫

x−d

(
σ(y, s)

σst

)α

dyds � 1. (4)

Where τ - incubation time of material, d - length parameter describing scale level and σst is
static strength of material. Parameter α is dimensionless and characterizes reaction of medium
on external stress impulse amplitude.

If external influence changes slowly enough, i.e. σ ≈ const, then condition (4) reduces to well-
known quasistatic one. At the same moment with rising strain rates time to fracture decreases
to τ and even less. Pursuant to relation (4) amplitude of stress acting at given point should
grow to cause damage as it is observed in experiments. So it may be said that incubation time
controls strength behavior of material under dynamic conditions.

Analysis of experimental results to estimate incubation time of material requires a detailed
reconstruction of elastic wave propagation through the sample. For stress impulses close to
model, i.e. triangular or trapezoidal, theoretical relation based on condition (4) between dynamic
strength σdyn observed in experiment and external impulse stress or strain rate (σ̇ or ε̇) (see
[9, 10]). This curve depends on value of incubation time τ as on parameter and may be used to
define parameter τ from comparison with measured data.

Samples for laboratory investigations are always limited in sizes. Most of them have dimensions
from units to tens centimeters. All measured for such samples parameters should be related
with this scale level.

Concept of structural-temporal damage criteria based on incubation time has been successfully
applied to rock dynamic destruction problem understanding [11, 12].

4 INCUBATION TIME OF ROCKS

4.1 SHPB tests analysis

Brazilian method have been used to obtain tensile strength of three rocks in [3]. Laboratory
setting consists of incident bar 2600 m in length and 1600 m transmitted bar. They diameters
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equal 37 mm. Incident stress impulse was produced by striker with length 200 mm and diameter
27 mm. Its approximate velocity was 7 m/s. Pulse shaper have been used to reach stress balance.

Tests samples have been made in the form of disc with diameter 50 mm and thickness 24 − 26
mm. Mechanical properties of studying materials collected in table 1.

Table 1: Mechanical properties of rocks

Rock type
Density, Compression, Young mod., St. tensile Total
g/cm3 velocity, m/s GPa str., MPa porosity

Kimachi sandstone 2.00 2710 6.5 4.82 17%
Inada granite 2.58 3950 56.8 7.3 0.5%
Tage tuff 1.76 2380 4.5 2.29 29%

For our work signal records from setting bars have been used. Incident and reflected impulses
have been summed to get acting stress from the left side of the sample. After comparison with
transmitted signal peak stress σp, corresponding time t∗ and stress rate σ̇ have been found for
every dynamic test as was described in section 2. Then value of dynamic tensile strength σt

dyn

have been calculated using peak stress and equation (1). Figures 2(a) and 2(b) demonstrate this
procedure for Kimachi sandstone sample with number SB-1.

Series of high-rate measurements supplemented by static strength have been analysed to estimate
incubation time for each rock type. Stress acting inside sample during experiment may well
approximate by line function: σ(t) ≈ const · t. Such relation united with incubation time
criteria (4) allows to obtain theoretical dependence of dynamic strength σt

dyn from stress rate σ̇
[5]. Last one have been matched with experimental points to get value of τ .

Table 2: Interpretation of rock dynamic experiments

Rock type
Sample

t∗, µs σ̇, GPa/s σp, MPa σt
dyn, MPa τ , µs

number

Kimachi sandstone
SB-1 85 108 16.7 9.2

91
SB-2 88 125 20.2 11.1

Inada granite
GB-1 76 340 47.2 25.8

107
GB-2 64 282 32.6 17.9

Tage tuff
TB-1 94 81 13.9 7.6

150
TB-2 93 74 12.6 6.9

Theoretical curves based on structural-temporal approach (see fig. 5) approximate dynamic test
results with accuracy 0.6 MPa for Kimachi sandstone, 3 MPa for Inada granite and 0.2 MPa for
Tage tuff.

4.2 Spall tests analysis

Kimachi sandstone. Spall test is different from previous case where whole sample is always
destroyed after experiment. Due to extended size of sample for spalling fracture plane may
occur in various point along the length of the rod depending on produced wave parameters.
Sometimes several consecutive cracks are formed dividing the original sample into fragments.
So fracture position is additional experiment parameter which should be taken into account for
correct results interpretation.

Main data measured in spall test is free surface velocity (see fig. 4(a)) which helps to reconstruct
stress impulse produced in experiment and to get some additional information. Whole curve may

540



6

Figure 5: Incubation time curve and experimental data for: Kimachi sanstone (red), Inada
granite (blue), Tage tuff(green)

be divided into two parts: trapezoid-like before fracture and oscillations after [7, 8]. First one
uses to calculate stress history during experiment and last one to specify the time of destruction.
Because of fracture occurred some impulse turns out to be locked in breakaway fragment and
circulates between two surfaces which causes oscillations. Its period uses to estimate fracture
time.

Author of [2] made several spall tests with Kimachi sandstone samples 60 mm in diameter and
300 mm in length using underwater shock waves. For every type of loading parameters typical
free surface velocity and variation of fracture position have been measured. This data together
with incubation time criterion is analysed in present work to estimate parameters of dynamic
destruction of given rock.

Figure 6: Example of temporal character-
istics estimation from test results

Table 3: Spall fracture parameters

Charge
to, µs T , µs t∗, µs x, cm

lenght

50 72.8 19.3 63.2 4-6.5
70 68.7 38.1 49.6 4.5-6
100 81.5 37.5 62.8 5-8
200 119.6 39.6 99.8 9-11

First minimal value on surface velocity after rapid drop reflects fracture initiation and fact that
wave produced in that process has reached free border. Corresponding time is marked for to.
Then this wave goes through sample fragment from free surface to fracture and back that causes
fluctuations in the velocity of the free surface. Period of such oscillations T is equal to double
time of wave propagation from fracture to surface. Values of to and T are used to get moment t∗
when spall fracture occurs. Obtained temporal parameters accompanied with fracture location
data from [2] for different loading conditions are contained it the table 3.
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(a) Surface velocity profile reconstruction (b) Stress history at different cross sections

Figure 7: Stress analysis of spall experimental data

To determine magnitude and rate characteristics of stress acting in fracture plane recorded curve
should be corrected. In considered case initial impulse continues with a ”tail” as on fig. 7(a).
Stress curve have been calculated by (2). Negative sign corresponds to compression.

Comparison of stress histories for different cross sections with fracture data shown on fig. 7(b).
Case of 50 mm charge length is presented here. Blue and green solid curves describe stress
behaviour in sections 4 and 6.5 cm from free end correspondingly, yellow point marks the occur-
rence of extension, red vertical line is fracture time indicator. Dotted orange and purple lines
show stresses in sections 2 and 8 cm. According to experimental results crack arises at any point
of the interval 4 − 6.5 cm equally likely, and stress calculation demonstrates that destruction
has come after intensive stress raising when load kept almost constant.

Fig. 7(b) demonstrates the difference in stress histories along laboratory sample: tensile forces
arise earlier near the free end, but their magnitude as bigger as they are farther from the
edge until it reach the amplitude of the shock pulse. It is also curious that, according to the
calculations, destruction in this case occurs after the phase of stress growth when the load
in fracture plane is kept at approximately the same level. Such effect is inconsistent with
quasistatic representations of failure at a given stress threshold and requires analysis using the
dynamic strength criterion.

According to structural temporal approach effect of fracture delay may be considered if ampli-
tude of trapezoid load impulse quite close to value of limiting stress that material is able to
withstand at given dynamic conditions. Easy to see that increasing of loading amplitude with
constant stress rate will cause the shift of crack plane toward free surface. It follows from relation
(4) that signal close to limit value will lead to the situation when integral corresponding some
cross section will accumulate due to the stress ”shelf”. This effect can be measured accurately if
every dynamic destruction test will be accompanied by independent fracture location and time
measurements.

Because of uncertainty in rupture plane it is not possible to specify the exact value of the
incubation time for Kimachi sandstone. Variation of parameter τ in (4) have shown that any
value from 55−70 µs can be taken as given material characteristic. Static strength was assumed
to be 3.7 MPa according to [2].

5 CONCLUSIONS

Dynamic rock stability behaviour may be successfully described by structural-temporal approach
based on incubation time notion. Last one is effective tool for assessing material strength under
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high-speed loads.

Incubation time τ for three types of rock have been obtained using SHPB experiment results.
These values are 91 µs for Kimachi sandstone, 107 µs for Inada granite and 150 µs for Tage tuff.

Spall test analysis have shown interesting dynamic effect of fracture delay. Experimental ob-
servation of given effect is related with accurate analysis of destruction time and stress curve
acting in crack cross section. Temporal characteristic τ obtained through spall tests for Kimachi
sandstone is less than obtained previously. It may be caused by different stone properties as
indicated by static strength.
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Abstract. The paper presents an interpretation of the full-scale ALC1604 in situ heating test 
carried out in Callovo-Oxfordian claystone (COx) in the Meuse/Haute-Marne underground 
research laboratory (MHM URL). The MHM URL is a site-specific facility planned to study 
radioactive waste disposal in the COx. The thermo-hydro-mechanical (THM) behaviour of the 
host rock is significant for the design of the underground radioactive waste disposal facility and 
for its long-term safety. When subjected to thermal loading, the Callovo-Oxfordian claystone 
of low permeability (~10-20-10-21 m2) exhibits a strong pore pressure response that significantly 
affects the hydraulic and mechanical behaviour of the material. The observations gathered in 
the in situ test have provided an opportunity to examine the integrated thermo-hydro-
mechanical (THM) response of this sedimentary clay. Coupled THM numerical analyses have 
been carried out to provide a structured framework for interpretation, and to enhance 
understanding of THM behaviour of COx. Numerical analyses have been based on a coupled 
theoretical formulation that incorporates a constitutive law specially developed for this type of 
material. The law includes a number of features that are relevant for a satisfactory description 
of the hydromechanical behaviour. By performing the numerical analysis, it has been possible 
to incorporate anisotropy of material parameters and of in situ stresses. The performance and 
analysis of the in situ tests have significantly enhanced the understanding of a complex THM 
problem and have proved the capability of the numerical formulation to provide adequate 
predictive capacity. 

 
 
1 INTRODUCTION 

Argillaceous rocks provide the geological background to many civil engineering projects. 
They exhibit favourable characteristics, such as low permeability, a degree of self-healing 
capacity when fractured, significant retardation properties for solute transport, and no 
foreseeable economic value (Gens 2003). This paper concentrates on the response of Callovo-
Oxfordian claystone (COx) to thermal loading in the context of the ALC1604 in situ heating 
test performed in the Meuse/Haute-Marne underground research laboratory. Special attention 
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is given to the interplay between the thermal, hydraulic and mechanical aspects of the COx 
behaviour. Callovo-Oxfordian claystone exhibits a strongly bedded structure that results in a 
distinct anisotropy of several thermo-hydro-mechanical (THM) properties. The observations 
are interpreted using a coupled THM analysis that accounts for the main features of the 
generalised COx behaviour, including its anisotropy. 

2 APPLICATION TO HA-ALC1604 IN SITU HEATING TEST 
The ALC1604 experiment is an in situ heating test performed in the MHM URL where the 

host rock is Callovo-Oxfordian claystone. It aims to test the 2009 emplacement concept for 
vitrified HLW in dead-end, horizontal micro-tunnel with an excavated (drilled) diameter of 
approximately 0.7m and a steel casing (Armand et al. 2017). The micro-tunnel is composed of 
a body section for package disposal and a head section for cell closure, also called insert. They 
are favourably aligned with respect to the stress field (Figure 1a).  

To prevent rock deformation and enable potential retrieval of waste containers during the 
reversibility period, both cell body and cell head sections have a non-alloy steel casing 
(Bumbieler et al. 2015). The diameter of the casing in the body is slightly smaller than that in 
the insert (Figure 1b).  shows the concept of the experiment, with the 25m long micro-tunnel 
and surrounding boreholes for THM measurements. The excavation rate was around 0.3-0.5 
mh-1 and the excavation was completed in seven days. The power applied in the deepest 15m 
was constant and equal to 220 W/m, in order to reach around 85 ºC in two years and continues 
up to the present. 

 

 
Figure 1: a) 3D view of the demonstration test of HLW cells b) 2009 concept of HLW disposal cell (Armand et 

al. 2017). 

(a)

(b)
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3 MAIN FEATURES OF THE NUMERICAL MODEL 
The coupled THM formulation employed herein for the solution of the analysed boundary 

value problem is a particular case of the general formulation presented in Olivella et al. (1996). 
It is completed by a special mechanical constitutive law adopted for the description of the 
stress/strain behaviour of the Callovo-Oxfordian claystone (see Mánica et al. 2016 for more 
details). The model, developed within the framework of elastoplasticity, includes a number of 
features that are relevant for a satisfactory description of their hydromechanical behaviour: 
anisotropy of strength and stiffness, behaviour nonlinearity and occurrence of plastic strains 
prior to peak strength, significant softening after the peak, time-dependent creep deformations 
and permeability increase due to damage. Both saturated and unsaturated conditions are 
handled. 

The mesh and main boundary conditions (B.C.) are illustrated in Figure 2a. The model 
includes the geometry of the steel casings, the gap formed between the casings and the COx, 
and the host rock domain (Figure 2b). For computational purposes, the gap will be dealt with as 
a continuum provided with the bi-linear elasticity model to represent gap opening and closure. 
According to the experiment arrangement, the casing is supported at the bottom of the 
excavation and is thus eccentric with respect to the centreline of the micro-tunnel (Figure 2b). 

 

 
Figure 2: a) Finite element mesh, main boundary conditions b) Geometry and materials. 

4 THERMAL RESULTS 
Purely thermal analysis has been performed to back-analyse the value of thermal 

conductivity that achieves the closest agreement between computed and measured 
temperatures. The observed evolution of temperatures at the three sensors located in section a 
(depth of 17.5 m, see Figure 3b) are shown in Figure 3a together with the computed results 
from the 2D and 3D analysis.  Along this section, located at mid-length, that is in the symmetry 
plane of the heater, results of both 3D and 2D analyses are close to the measurements for all the 
three sensors, whatever is their orientation (parallel or perpendicular) with respect to bedding 

50.0 m
σ 12 MPav  p 4.7 MPal 
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plane. Maximum temperatures reach values just above 56°C after 1200 days of the heating 
stage. 

 
Figure 3: (a) Evolution of temperatures at section a (b) Location of observation points at section a (c) Evolution 
of pore pressure in section a at points PRE_1616 and PRE_4001 (c) Evolution of pore pressure in section a, at 

point PRE_4001 

Anisotropic effects are noticeable in the temperatures measured in the rock mass (Figure 4a). 
Take, for instance, points TEM_1616, TEM_400 and TEM_1617: the first two are oriented in 
a plane parallel to the bedding with respect and passing through the centreline of the micro-
tunnel, while the third is perpendicular to the bedding. They reach different temperatures, about 
40, 50 and 55 °C respectively. The anisotropic temperature distribution is apparent, with higher 
temperatures being reached in the direction of the bedding planes. However as stated above, 
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the casings are supported at the bottom of the excavation, higher temperature is concentrated at 
a lower part of the casing (Figure 4b). 
 

 
 

Figure 4: (a) Computed contours of equal temperature (°C) in a cross-section across Heater 3 (b) Three-
dimensional view of computed contours of equal temperature (°C) at the end of the computation. 

6 EXCAVATION DAMAGE ZONE 
The experiments have revealed that excavation operations induce damage and fracturing 

around the galleries (Armand et al. 2014), creating a zone known as the excavation damaged 
zone (EDZ), where significant changes in flow and transport properties take place (Tsang et al. 
2005). The observed configuration of the EDZ depends on the orientation of the excavation 
with respect to the anisotropic in situ stress state. The EDZ is identified as one of the key issues 
affecting the long-term behaviour of the tunnel near-field (Blümling et al. 2007). Major efforts 
have been thus made to simulate these experimental excavations (Seyedi and Gens 2017) and 
to gain insights into the design of the actual repository.  

As stated above, the ALC1604 cell is drilled in the direction of the major horizontal stress 
σH has a nearly isotropic stress state in the plane normal to the tunnel axis. Despite of that, the 

(a) 

(b) 
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EDZ extends further in the horizontal direction (Figure 5), suggesting strong anisotropic 
characteristics of the rock mass. An estimate of the configuration of the excavation-damaged 
zone can be obtained by plotting contours of the cumulative plastic multiplier as it is directly 
related to the magnitude of irreversible strains (Figure 6). Model results suggest that a plastic 
zone up to 0.7 m away from the micro-tunnel wall is formed, which agrees with the lateral 
extension of the shear fractures zone observed in smaller openings (close to 1 diameter, Armand 
et al. 2014). At the point with the higher plastic multiplier, greater mechanical effects will be 
noticed on the deformability of rock and hydraulic diffusion. It can be seen that the 
configuration of the damaged zone is similar to that observed in the previous micro-tunnels 
with the same orientation, extending more in the horizontal direction (Armand et al. 2014, 
2017).  

 

 
 

Figure 5: Extension of the damaged zone around a full-scale HLW cell parallel to major horizontal stress. 

Observed extension of the EDZ
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Figure 6: Obtained configuration of the EDZ in terms of plastic multiplier in the section a at the end of 

excavation. 

5 PORE PRESSURES 
As expected, temperature increases triggered a large upsurge of pore pressures. A typical set 

of observations is presented in Figure 3c and Figure 3d where the pore pressure recorded in 
sensors PRE_1616, PRE_1617 and PRE_4001 are plotted. The hydromechanical impact of the 
cell excavation monitored on the peripheral boreholes is consistent with the measurements 
taken during the excavation of the previous cells parallel to the major horizontal stress. Indeed, 
the excavation leads to pore pressure increase in the horizontal plane (Figure 3c) of the cell and 
to pore pressure drops in the vertical plane (Figure 3d). As was observed in the TED experiment 
(Garitte et al. 2014), the influence of heating upon the pore pressure firstly results in thermal 
pressurisation (controlled by the difference between the thermal expansion coefficients of the 
pore water and of the rock), followed by the dissipation of the overpressure when the speed of 
the temperature rise decreases. Anisotropic effects are also here noticeable: although the 
overpressure peak was observed in the cell’s horizontal plane (Figure 3c) in the 140 days after 
the start of heating, peak had not yet been reached in the vertical plane (Figure 3d) after more 
than 800 days. The difference between the times taken to reach the overpressure peak in the 
vertical and horizontal planes can be explained by the anisotropic thermal and hydraulic 
properties of the rock.  

A comparison between the results of the 2D analysis and observations, in terms of pore 
pressure increases, for various points in section “a” is presented in Figure 3c and Figure 3d.  It 
is apparent that the maximum pore pressure value at peak is reasonably well captured by the 
formulation and parameters used. The evolution of pore pressure is also reproduced well, with 
the noticeable exception of borehole PRE_1616, located in a horizontal plane. This is due to 
the fact that pore pressure after excavation is not well-captured by the model, which shifts of 
the further evolution during heating. In Figure 3c and Figure 3d, the time at which the maximum 
pore pressure increase is calculated is indicated for each measurement point. Time is longer as 
the distance to the main borehole increases. This comes from the combined effect of the lower 
temperature rise and lower pore pressure dissipation as the distance from the drainage/heating 
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condition prevailing at micro-tunnel wall increases. 

7 CONCLUSIONS 
A full-scale in situ heating test has been performed to simulate the conditions of high-level 

radioactive waste disposal in a deep geological repository excavated in Callovo-Oxfordian 
claystone (COx). The test has provided, for a period of up to five years, a large amount of 
information concerning the thermo-hydro-mechanical behaviour of the COx, sleeve and the air 
gap. When COx claystones are subjected to thermal loading, they may develop a strong pore 
pressure response. In turn, the generated pore pressures will affect subsequent thermo-hydro-
mechanical behaviour. The performance of a heating test in the Meuse/Haute-Marne 
underground research laboratory (MHM URL) has provided the opportunity to observe in situ 
the development of the coupled THM behaviour in this type of material. A priori, the strongly 
bedded nature of the COx suggested that anisotropy effects could be significant. Performance 
of three-dimensional thermal analysis has proved very useful in providing a structured 
framework for interpretation. A 3D simulation has allowed the interpretation of the temperature 
field obtained during the heating experiment and the determination of the optimum thermal 
parameters. By comparing the results of the 3D thermal computations with those of 2D 
analyses, it is possible to conclude that the anisotropic effects are certainly noticeable although 
not large. The mechanical behaviour of the material has been described by a constitutive model 
that explicitly developed for this type of material. It is of interest to note that the predicted 
damaged zone appears to be quite consistent with the test observations. Overall, the theoretical 
formulation adopted and the analysis performed have been able to provide a satisfactory 
reproduction of in situ test observations, even from a quantitative point of view. 
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Abstract This paper proposes modifications to the phenomenological model formulation 
called CDPM2, developed by Grassl et al. [1]. The proposed modifications are designed to 
enhance model performance with coupling to temperature effects. A very strong coupling 
between nonlinear elasticity, plasticity, nonlocal damage evolution and temperature gradient 
is used to simulate arbitrary crack propagation. The use of FVM to model solid damage is a 
numerical challenge. This approach presents some advantages such as: ensuring that 
discretization is conservative even when the geometry is changing; providing a simple 
formulation that can be obtained directly from a difference method; and employing 
unstructured meshes. Most authors have neglected the nonlinearity of concrete in the elastic 
domain from the start of loading to the plastic domain. In this paper we confirm that concrete 
rheology is not linear even under low loading. Also, since the so-called fracture energy is a 
key parameter needed to determine the size of cracks and how they propagate in space, we 
consider that the fracture energy is both material and geometrical parameter dependent.  For 
this reason, we developed a new approach which includes adaptive mesh, nonlinear rheology 
and thermal effects to re-calculate fracture energy at each time step. Many authors use a 
constant value obtained from experiments to calculate fracture energy; others use a 
numerical correlation. In this study, the fracture energy parameter is not constant and can 
vary with temperature or/and with a change in geometry due to concrete failure. As is well 
known, the mesh quality of complex geometries is very important for making accurate 
predictions. A new meshing tool was developed using the C++ programming language. This 
tool is faster, more accurate and produces a high-quality structured mesh. The predictions 
obtained were compared to a wide variety of experimental data and showed good agreement.  
 
1. Introduction  
 

Concrete is difficult to model because of its quasi-fragility, heterogeneity, porosity 
and thermal dilation. The literature contains several constitutive models developed to 
simulate crack formation and propagation. Among them is CDPM2, developed by Grassl et 
al. [1], which combines damage mechanics and plasticity theory in order to analyze the 
failure of concrete structures. In the present study, the concept of inelasticity is used instead 
of plasticity. Inelasticity is close to reality and contains the plastic, elastic and thermal 
strains, as well as strains due to the effect of time, such as creep. Concrete degradation 
models are based on the concept of damage, which is often formulated on the basis of 
mechanical tests on a macro level. However, damage is only one physical parameter and 
cannot adequately represent crack behavior and random propagation. Crack behavior 
depends mainly on the damage, crack number and size, mechanical and thermal loading, the 
initial concrete mix, its age, and the dimensions of the structure. To date, no constitutive 
models have included all these parameters in the formulation of the damage variable.  
In theory, concrete stress has two main causes: damage (highly solicited zones, cracks, 
microcracks, coalescence problems, aggregate segregation) and plasticity, a mechanism that 
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is not well understood, especially since plasticity theory was developed from models applied 
to hyper elastic materials such as plastic and metal. Damage and plasticity are described by 
continuum mechanics, and their coupling is necessary for concrete degradation modeling. 
When the thermal gradient is added, the coupling becomes more complex in terms of the 
discretization of differential equations using, for example, the finite-element method. In the 
present study, an open-source tool based on the finite-volume method was developed by 
integrating an algorithm for solving a set of mathematical equations. This tool, coded in 
OpenFOAM, is in the form of a solver that uses a new library developed specifically for 
concrete degradation problems.  
The finite volume method, recommended by Fryer et al. [2], Demirdzic and Muzaferija [3], 
Ivankovic et al. [4], Maneeratana [5], and Tukovic et al. [6] for problems related to solid 
mechanics, was used in the present study to discretize the calculation domain and differential 
equations. It was chosen because of the complexity of the problem, i.e., the appearance of 
cracks, their random propagation and the subsequent damage to the structure. Originally 
developed for fluid mechanics, the finite-volume method has been adapted, with several 
modifications, to solid mechanics. The work of Menétrey [7]; Grassl et al. [8] and Cervenka 
and Papanikolaou [9] explains plasticity models based on stress and fracture mechanics. 
However, as shown in testing, plasticity models are not capable of representing the 
material’s loss of rigidity after cracking. Other researchers, in particular Mazars [10,11]; 
Grassl and Jirasek [12]; Cicekli et al. [14]; Voyiadjis et al. [13]; and Grassl et al. [1,8], have 
combined plasticity models with damage mechanics. The present study is based mainly on 
the work of Grassl et al. [1]. This model is complete enough to be applied to cases involving 
lower loads (compression or traction) while considering isotropic damage during the 
deformation process. The damage model, used by Grassl and Jirasek [12], is based on a 
single parameter for both load types (compression and traction). Those authors nevertheless 
recognized that their model was inadequate for dealing with a deformation following biaxial 
compression-traction tests, and recommended using other damage models with several 
parameters. Recently, Grassl et al. [8] used the model known as CPDM1 (Concrete Plasticity 
Damage Model 1) to develop an improved version by adding a two-parameter isotropic 
damage model. In the present work, a damage law was developed based on the work of 
Mazars [10, 11] and Oliver et al. [15].  
 
2. Mathematical modeling  
 
The general formulation for elasto-plastic with damage is written as follows:   
 

�̇�𝜎 = (1 − 𝐝𝐝)�̇̅�𝜎 = (1 − 𝐝𝐝)𝐃𝐃𝐞𝐞: (𝜀𝜀̇ − 𝜀𝜀�̇�𝑝)    (1) 

Where �̇�𝜎 and �̇̅�𝜎 represent the total and effective stresses, respectively, and (d) is the isotropic 
damage variable (d=0: healthy structure; d=1: damaged structure). In OpenFOAM, d is 
written as follows: 

𝐝𝐝 = d[cell]       (2) 

The term “cell” defines the index of a finite volume in the mesh. Effective stress is expressed 
by the following equation:  

�̇̅�𝜎 = 𝐃𝐃𝐞𝐞: (𝜀𝜀̇ − 𝜀𝜀�̇�𝑝)       (3) 

The terms (𝜀𝜀̇) and (𝜀𝜀�̇�𝑝) represent the total and plastic deformation rates, respectively. Plastic 
deformation, 𝜀𝜀�̇�𝑝 , is determined using the concept of plasticity governed by a set of equations 
and conditions, as follows:  

𝜀𝜀̇ = 𝜀𝜀�̇�𝑒 + 𝜀𝜀�̇�𝑝 , �̇̅�𝜎 = 𝐸𝐸𝜀𝜀�̇�𝑒 , 𝜀𝜀�̇�𝑝 = �̇�𝜆𝑝𝑝𝑚𝑚(�̇̅�𝜎, �̇�𝜅𝑝𝑝) , �̇�𝜅𝑝𝑝 = �̇�𝜆‖𝑚𝑚‖
�̇�𝑋ℎ(�̅�𝜎)

(2𝑐𝑐𝑐𝑐𝑐𝑐�̅�𝜃)2        (4) 
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Where 𝐸𝐸 is the initial Young modulus, 𝑚𝑚(�̇̅�𝜎, �̇�𝜅𝑝𝑝) represents the plastic flow vector, and �̇�𝜆𝑝𝑝 is 
the plastic multiplier rate calculated under the following conditions: 

𝐹𝐹𝑝𝑝(𝜎𝜎, 𝜅𝜅𝑝𝑝) ≤ 0,      �̇�𝜆𝑝𝑝 ≥ 0,    et   �̇�𝜆𝑝𝑝𝐹𝐹𝑝𝑝(𝜎𝜎, 𝜅𝜅𝑝𝑝) = 0       (5) 

2.1 Failure interface function  
 
Function 𝐹𝐹𝑝𝑝(𝜎𝜎, 𝜅𝜅𝑝𝑝) defines the failure interface, which is a line separating the elastic domain 
and the cracked area.  

𝐹𝐹𝑝𝑝(𝜎𝜎, �̇�𝜅𝑝𝑝) = {[1 − 𝑞𝑞ℎ1] ( �̅�𝜌
√6𝑓𝑓𝑐𝑐

+ �̅�𝜎𝑉𝑉
𝑓𝑓𝑐𝑐

)
2

+ √3
2

�̅�𝜌
𝑓𝑓𝑐𝑐

}
2

+ 𝑚𝑚0𝑞𝑞ℎ1
2 (𝜅𝜅𝑝𝑝)𝑞𝑞ℎ2(𝜅𝜅𝑝𝑝) [ �̅�𝜌

√6𝑓𝑓𝑐𝑐
𝑟𝑟(𝑐𝑐𝑐𝑐𝑐𝑐�̅�𝜃) + �̅�𝜎𝑉𝑉

𝑓𝑓𝑐𝑐
] − 𝑞𝑞ℎ1

2 (𝜅𝜅𝑝𝑝)𝑞𝑞ℎ2
2 (𝜅𝜅𝑝𝑝)

                (6) 
With  �̅�𝜎𝑉𝑉 = 1

3
𝑡𝑡𝑟𝑟(𝜎𝜎)          

  
The work of Grassl et al. [1] provides more detail about the CDPM2 model.  
 
2.2 Concrete elasticity 
 
Figure 2 shows the change in the Poisson coefficient and Young modulus based on the work 
of Ottosen [16]:  
 
 
 
 
 
 
 
 
 
                              (a)                                   (b) 

Figure 1 : Change in rheological properties of concrete: (a) Poisson coefficient (b) Influence of 
parameters A and B (Ottosen [16]) 
 

L'évolution du coefficient de Poisson, 𝜈𝜈, est donnée par la relation suivante: 

𝜈𝜈 = {
𝜈𝜈0                                                    𝑐𝑐𝑠𝑠 𝛽𝛽 ≤  𝛽𝛽0              

        
𝜈𝜈𝑓𝑓 − (𝜈𝜈𝑓𝑓 − 𝜈𝜈0)√1 − (𝛽𝛽−𝛽𝛽0

1−𝛽𝛽0
)

2
          𝑐𝑐𝑠𝑠 𝛽𝛽 >  𝛽𝛽0                    

        (7) 

For any type of concrete or load 𝜈𝜈𝑓𝑓 = 0.36 and 𝛽𝛽0 = 0.8. Parameter 𝜈𝜈0 represents the initial 
Poisson coefficient. Variable 𝛽𝛽 defines the ratio of the equivalent stress over the 
compression withstand limit:  

𝛽𝛽 = 𝜀𝜀𝑒𝑒𝑒𝑒
𝑓𝑓𝑐𝑐′

        (8) 

Absence of a load (𝜀𝜀𝑒𝑒𝑒𝑒 = 0) implies that 𝛽𝛽 = 0, and only in that case is the concrete 
response considered elastic-linear. The variation in the elasticity modulus is expressed by the 
following non-linear equation: 

𝐸𝐸𝑛𝑛𝑛𝑛 = 1
2 𝐸𝐸0 − 𝛽𝛽 (1

2 𝐸𝐸0 − 𝐸𝐸𝑓𝑓) + √[1
2 𝐸𝐸0 − 𝛽𝛽 (1

2 𝐸𝐸0 − 𝐸𝐸𝑓𝑓)]
2

− 𝛽𝛽𝐸𝐸𝑓𝑓
2[𝐴𝐴(1 − 𝛽𝛽) − 1]      (9) 

If 𝛽𝛽 = 0, equation (33) will give: 𝐸𝐸𝑛𝑛𝑛𝑛 = 𝐸𝐸0 (linear response).  
The term 𝐸𝐸𝑓𝑓 represents the Young modulus at the fracture point, and is defined as follows: 
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𝐸𝐸𝑓𝑓 = 𝐸𝐸0

1+4(𝐵𝐵−1)(√𝐽𝐽2
𝑓𝑓𝑐𝑐

− 1
√3)

        (10) 

A and B are parameters of the model (A=1 and B=2 according to Desayi and Krishnan [17]). 
𝑓𝑓𝑐𝑐 is the compression withstand limit, and 𝐽𝐽2 represents the plasticity criterion defined by: 

𝐽𝐽2 = 1
3 (𝐼𝐼1

2 − 3𝐼𝐼2)        (11) 

2.3 Concrete plasticity 
 The deformations resulting from mechanical loading are shown in Figure 3.  
 
   
 
 
 
 
 
 
 
 
 
 
 

   
 Figure 3: Change in concrete deformation under compression 
 

It can be seen that there are several mathematical formulations in terms of equivalent 
deformations and in the form of increments for small displacements: 

𝜀𝜀̇ = 𝜀𝜀�̇�𝑒 + 𝜀𝜀�̇�𝑖        (12) 

𝜀𝜀�̇�𝑖 = 𝜀𝜀�̇�𝑝 + 𝜀𝜀�̇�𝑑        (13) 

𝜀𝜀�̇�𝑖 is the increment of inelastic deformation; 𝜀𝜀�̇�𝑑 is the increment of deformation due to elasto-
plastic damage. In analyzing concrete structure performance, the use of inelastic deformation 
is the approach closest to reality. Based on Figure 3, deformation due to elasto-plastic 
damage can be defined. This new parameter is expressed by the following equation:  

𝜀𝜀�̇�𝑑 = 𝜀𝜀�̇�𝑑,𝑒𝑒 − 𝜀𝜀�̇�𝑒        (14) 

With  𝜀𝜀�̇�𝑑,𝑒𝑒 = 1
(1−𝑑𝑑) 𝜀𝜀�̇�𝑒            

 �̇�𝜀𝑑𝑑,𝑒𝑒 define the deformation after concrete damage while remaining in its elastic domain. 
Finally, Equations (13) and (14) give this result: 

𝜀𝜀�̇�𝑑 = 𝑑𝑑
(1−𝑑𝑑) 𝜀𝜀�̇�𝑒        (15) 

By definition, elastic deformation is given by the following equation: 

𝜀𝜀�̇�𝑒 = �̇�𝜎
𝐸𝐸0

          (16) 

The increment of total stress is expressed as a function of inelastic deformation, as follows: 
�̇�𝜎 = 2𝜇𝜇(𝜀𝜀̇ − 𝜀𝜀�̇�𝑖 − 𝜀𝜀�̇�𝑇) + 𝜆𝜆𝐈𝐈𝑡𝑡𝑡𝑡(𝜀𝜀̇)        (17) 

Parameters 𝜇𝜇 and 𝜆𝜆 are the Lamé coefficients, defined by the following equations: 

{
𝜇𝜇 = 𝐸𝐸

2(1+𝜈𝜈)          

𝜆𝜆 = 𝜈𝜈𝐸𝐸
(1+𝜈𝜈)(1−2𝜈𝜈)

        (18) 
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Consequently, Equations (12), (14) and (15) give the following analytical solution:  

𝜀𝜀�̇�𝑝 = 𝜀𝜀̇ − 1
1−𝐝𝐝 𝜀𝜀�̇�𝑒         (19) 

Equations (12) to (19) are expressed in terms of equivalent deformations in order to calculate 
the equivalent plastic deformation, which is approximately equal to the plastic multiplier �̇�𝜆𝑝𝑝.  
The following equation may therefore be concluded: 

𝜀𝜀�̇�𝑒𝑒𝑒
𝑝𝑝 ≅ �̇�𝜆𝑝𝑝         (20) 

Equations (4) and (20) therefore yield this equivalence:  
𝜀𝜀̇𝑝𝑝 = 𝜀𝜀�̇�𝑒𝑒𝑒

𝑝𝑝 𝑚𝑚(𝜎𝜎, 𝜅𝜅𝑝𝑝)        (21) 
The plastic normal (or plastic flow vector), 𝑚𝑚(𝜎𝜎, 𝜅𝜅𝑝𝑝), is defined by:  

𝑚𝑚(𝜎𝜎, 𝜅𝜅𝑝𝑝) = 𝜕𝜕
𝜕𝜕�̅�𝜎 𝐺𝐺𝑝𝑝(𝜎𝜎, 𝜅𝜅𝑝𝑝)       (22) 

2.4 Influence of temperature on concrete degradation   
Temperature variations affect rheological parameters (E, ft, and fc) as well as the dilation 
coefficient and thermal conductivity. In this study, the correlations established by Shoukry et 
al. [23] were incorporated into the numerical tool as follows:     

𝑓𝑓𝑡𝑡(𝑇𝑇) = 0.55√�́�𝑓𝑡𝑡 − 0.018(𝑇𝑇 − 20),  𝑓𝑓𝑐𝑐(𝑇𝑇) = 𝑓𝑓�́�𝑐 − 0.13(𝑇𝑇 − 20) and 𝐸𝐸(𝑇𝑇) = 𝐸𝐸0 − 0.10627(𝑇𝑇 − 20) 

The concrete dilation coefficient was assumed to be fixed at 𝛼𝛼 = 6.8×10-6 1/Co according to 
ACI (2019). The rheological parameters are in MPa for (ft, fc) and in GPa for Young’s 
modulus. To determine thermal conductivity, the model of Kim et al. [24] was used.  

𝑘𝑘𝑐𝑐 = 𝑘𝑘0[0.293 + 1.01𝑉𝑉𝑔𝑔] [0.8 (1.62 − 1.54 (𝑊𝑊
𝐶𝐶 )) + 0.2𝑅𝑅ℎ]     (23) 

                                        × [1.05 − 0.0025𝑇𝑇][0.86 + 0.0036𝑉𝑉𝑠𝑠]            

Where 𝑘𝑘0 is the reference conductivity of concrete (at T=20Co), 𝑉𝑉𝑔𝑔 the volume fraction of the 
large aggregate, (w/c) the water/cement ratio, 𝑅𝑅ℎ the humidity and 𝑉𝑉𝑠𝑠 the volume fraction of 
the sand. Thermal damage is calculated according to the following correlation, Jirasek and 
Bazant [25]:  

𝐷𝐷𝑇𝑇 = 1 − (0.03931 + exp (−0.002𝑇𝑇))      (24) 

Equation (24) does not take elastic or plastic deformation into account. This equation is used 
to correct mechanical damage, as follows:      

𝐷𝐷𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 = (1 − 𝐷𝐷𝑀𝑀)(1 − 𝐷𝐷𝑇𝑇)       (25) 

2.5 Analytical solution proposed to determine plastic deformation 
The iterative algorithms proposed in the literature [11,12,27] to calculate the plastic 
multiplier and deduce the plastic deformation have a number of disadvantages, including 
high effort calculation and high residuals. The contribution of the present study is of a 
theoretical nature; it is based on a mathematical development for determining plastic 
deformation. For concrete, the inelastic definition is used, in which plastic deformation is 
implicitly included. Figure 3 shows the definition of each variable in terms of stress-
deformation curve. Moreover, the following condition was developed and verified:  

1
2 𝜀𝜀̇ ≤ 𝜀𝜀�̇�𝑝 ≤ 𝜀𝜀̇        (26) 

Thus, based on the following equations:   
𝐸𝐸𝑝𝑝 = (1 − 𝐝𝐝)𝐸𝐸        (27) 
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And 

𝜀𝜀̇ = 𝜀𝜀�̇�𝑒 + 𝜀𝜀�̇�𝑝        (28) 

Using the total stress rate applied as follows: 
�̇�𝜎

𝐸𝐸𝑒𝑒𝑒𝑒
= �̇�𝜎

𝐸𝐸 + �̇�𝜎
𝐸𝐸𝑒𝑒

         (29) 

From Equation (29) it may be deduced that:  

𝐸𝐸𝑒𝑒𝑝𝑝 = 𝐸𝐸𝐸𝐸𝑒𝑒
𝐸𝐸+𝐸𝐸𝑒𝑒

        (30) 

Given that: 

𝐸𝐸𝑒𝑒𝑝𝑝 = �̇�𝜎
�̇�𝜀         (31) 

Equations (27) and (30) give: 

𝜀𝜀�̇�𝑝 = 𝐸𝐸
𝐸𝐸+𝐸𝐸𝑒𝑒

𝜀𝜀̇         (32) 

By combining Equations (27) and (32), the following result was obtained: 

𝜀𝜀�̇�𝑝 = 1
2−𝐝𝐝 𝜀𝜀 ̇        (33) 

Using extreme conditions of damage, the following system is found: 

{𝜀𝜀�̇�𝑝 = 1
2 𝜀𝜀̇   𝑠𝑠𝑠𝑠 𝑑𝑑 = 0

𝜀𝜀�̇�𝑝 = 𝜀𝜀̇      𝑠𝑠𝑠𝑠 𝑑𝑑 = 1
       (34) 

Based on equation system (34), it may be deduced that the following equation is true at all 
times:  

1
2 𝜀𝜀̇ ≤ 𝜀𝜀�̇�𝑝 ≤ 𝜀𝜀̇         (35) 

This new condition was implemented into the numerical toolbox developed in the present 
study. Computational stability and convergence are observed during simulation.    
  

2.6 Components of damaged concrete  
Mazars’ two damage laws [10,11], in their original and modified versions, have been widely 
used in the study of concrete degradation. In the present work, an exponential law was 
incorporated into the numerical code (please see those studies for more details). 
Mathematically, Mazars’ laws have exponential form; however, in this model, the 
exponential law is written explicitly as follows:  

𝐝𝐝𝐭𝐭 = 1 − 𝑒𝑒𝑒𝑒𝑒𝑒 (− 𝜀𝜀𝑒𝑒𝑒𝑒,𝑡𝑡
𝜀𝜀𝑓𝑓

)        (36) 

𝐝𝐝𝒄𝒄 = 1 − 𝑒𝑒𝑒𝑒𝑒𝑒 (− 𝜀𝜀𝑒𝑒𝑒𝑒,𝑐𝑐
𝜀𝜀𝑓𝑓

)         (37) 

This new formulation makes implicit use of fracture energy in the term 𝜀𝜀𝑓𝑓 = 𝐺𝐺𝑓𝑓/(𝑓𝑓𝑡𝑡ℎ𝑒𝑒). 
Mazars’ laws do not use this important parameter, considered to be both a physical and 
geometric property of the material. The overall damage rate is given by the same equation as 
the one developed by Mazars [10]: 

𝐃𝐃 =  ∝𝑡𝑡 𝐝𝐝𝑡𝑡 + (1 −∝𝑡𝑡)𝐝𝐝𝑐𝑐        (38) 

The present work uses the following equation from Grassl et al. [1]: 

∝𝑐𝑐= ∑ �̅�𝜎𝑐𝑐,𝑖𝑖(�̅�𝜎𝑡𝑡,𝑖𝑖+�̅�𝜎𝑐𝑐,𝑖𝑖)
‖�̅�𝜎𝑒𝑒‖2

3
𝑖𝑖=1              (39) 
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Where 
𝛼𝛼𝑡𝑡 = (1 − 𝛼𝛼𝑐𝑐) ;  𝜀𝜀𝑒𝑒𝑒𝑒,𝑡𝑡 = √∑ < 𝜀𝜀𝑖𝑖 >+

23
𝑖𝑖  ; 𝜀𝜀𝑒𝑒𝑒𝑒,𝑐𝑐 = √∑ < 𝜀𝜀𝑖𝑖 >−2

3
𝑖𝑖  ;  𝜎𝜎𝑝𝑝 = 1

3 𝑡𝑡𝑡𝑡(𝜎𝜎) 𝜎𝜎𝑡𝑡,𝑖𝑖 =< 𝜎𝜎𝑖𝑖 >+  ; 𝜎𝜎𝑐𝑐,𝑖𝑖 =< 𝜎𝜎𝑖𝑖 >−   

Equations (36) and (37) are based on the work of Oliver et al. [53], whose model had limits 
in terms of biaxial and shear loading. Equivalent deformation is uniform, whether for mode I 
or mode II. The concept of this development is based on the use of Mazars’ laws [10,11], 
because of their advantages in biaxial tests, and on the exponential law of Oliver et al. [53], 
which includes fracture energy. Combining these two laws yielded Equations (36) and (37).     

2. 9 Cohesive forces on the concrete-concrete interface 
According to Xu and Needleman [18], normal and tangential cohesive forces are expressed 
as follows:   
 
Normal traction: 

𝑇𝑇𝑛𝑛 = − Φ𝑛𝑛
𝛿𝛿𝑛𝑛

𝑒𝑒𝑒𝑒𝑒𝑒 (− Δ𝑛𝑛
𝛿𝛿𝑛𝑛

) {Δ𝑛𝑛
𝛿𝛿𝑛𝑛

𝑒𝑒𝑒𝑒𝑒𝑒 (− Δ𝑡𝑡
2

𝛿𝛿𝑡𝑡
2) + 1−𝑒𝑒

𝑟𝑟−1 [1 − 𝑒𝑒𝑒𝑒𝑒𝑒 (− Δ𝑡𝑡
2

𝛿𝛿𝑡𝑡
2)] [𝑡𝑡 − Δ𝑛𝑛

𝛿𝛿𝑛𝑛
]}    (40) 

Tangential traction : 

𝑇𝑇𝑡𝑡 = − Φ𝑛𝑛
𝛿𝛿𝑛𝑛

(2 𝛿𝛿𝑛𝑛
𝛿𝛿𝑡𝑡

) Δ𝑡𝑡
𝛿𝛿𝑡𝑡

{𝑞𝑞 + (𝑟𝑟−𝑒𝑒
𝑟𝑟−1) Δ𝑛𝑛

𝛿𝛿𝑛𝑛
} 𝑒𝑒𝑒𝑒𝑒𝑒 (− Δ𝑛𝑛

𝛿𝛿𝑛𝑛
) 𝑒𝑒𝑒𝑒𝑒𝑒 (− Δ𝑡𝑡

2

𝛿𝛿𝑡𝑡
2)      (41) 

The parameters are defined in Xu and Needleman [18]. However, the characteristic lengths, 
𝛿𝛿𝑛𝑛 and 𝛿𝛿𝑡𝑡, were determined using the equation proposed by Hillerborg et al. [19]:  

𝛿𝛿𝑛𝑛 = 𝛿𝛿𝑡𝑡 = 𝐺𝐺𝑓𝑓𝐸𝐸
𝑓𝑓𝑡𝑡

2          (42) 

𝐺𝐺𝑓𝑓 is the fracture energy expressed by the equation of Bazant and Becq-Giraudon [26]: 
𝐺𝐺𝑓𝑓 = (0.0469ℎ𝑒𝑒

2 − 0.5ℎ𝑒𝑒 + 26)𝑓𝑓𝑐𝑐
0.7       (43) 

2.10 Estimation of crack opening  
Based on the work of Bazant and Oh [27], crack thickness is expressed as follows: 

𝑤𝑤𝑐𝑐 = 𝑙𝑙𝑐𝑐ℎ𝜀𝜀𝑐𝑐         (44) 

𝑙𝑙𝑐𝑐ℎ is the characteristic length defined by Equation (42), and 𝜀𝜀𝑐𝑐 is the deformation in the 
crack area. By combining Equations (42) and (44): 

 𝑤𝑤𝑐𝑐 = 𝐺𝐺𝑓𝑓𝐸𝐸
𝑓𝑓𝑡𝑡

2 𝜀𝜀𝑐𝑐         (45) 

It should be noted that in the present work, the term 𝜀𝜀𝑐𝑐 has been replaced by equivalent 
deformation, 𝜀𝜀~, because of its involvement in the damage parameter calculation. In addition, 
crack thickness is proportional to equivalent deformation. The following equation was 
developed and incorporated into the numerical tool:   𝑤𝑤𝑐𝑐 = 𝐺𝐺𝑓𝑓𝐸𝐸

𝑓𝑓𝑡𝑡
2 𝜀𝜀̃  

 
3. Development of an open-source toolbox for concrete cracking  
As part of this study, a meshing tool was developed. The mesh generated contained two 
main volume types: hexahedron and prism. Table 1 provides some of the mesh 
characteristics in the case of beam.  
Table 1: Mesh generation and characteristics   

Geometry (cm) Number of 
FVs 

Type of mesh Time (s) Max. 
Skewness 

Max. aspect 
ratio 

Beam 20(𝑊𝑊) × 40(𝐻𝐻) ×
420(𝐿𝐿) 

0.9 × 106 Hex. (96.5%) / 
Prism (4.5%) 

         32        0.78 7.95 
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Figure 8: Flowchart of the developed toolbox  

4. Experimental validation 
To assess the validity of the proposals developed in this work, the numerical simulation 
results were compared with lab test results. In this way, the model’s ability to reliably predict 
the response of reinforced concrete to various types of loading was determined. The 
experimental results used for the validation were those of Kupfer et al. [28] in Figures 11 
and 12, of Nooru [20] in Figure 13, of Imran [21] in Figure 14, and of Mirzazadeh and Green 
[22] in Figure 15. It can be seen that the model’s results are very similar to those obtained 
experimentally, regardless of the type of loading the concrete samples were subjected to.  
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2
5

4.1 Kupfer’s biaxial tests 
 

 
      
 
 
 
 
 
 
 
 
 

            (a)               (b) 
Figure 11: Comparison between experimental result and model (a) Biaxial compression (b) Compression-
Traction  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   
               (a)                              (b) 
Figure 12:  (a) Uniaxial and biaxial compression (b) Biaxial compression: Axial deformations        
 
4.2 Nooru’s shear tests 
 
 
 
 
                        

 
 
 
 
 
 
 
 

 
  

 
 

 
 Figure 13: Nooru-Mohamed’s shear tests [20] and numerical result  

 

2

2

5
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4.3 Imran’s confinement tests 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

Figure 14: Confinement test on saturated concrete with E/C=0.75 

4.4 Mirzazadeh and Green four-point beam [22] 

                               
 
               (Experiments) 
 
 
    (Simulation)  
 
   

Figure 15: Beams with no stirrups (average temperature inside beam: 30Co) 
 
 
6. Conclusion 
 
The proposals developed were validated based on experimental results obtained from the 
literature. The mathematical model resulting from the present work may be considered 
generic and scalable for the study of concrete degradation. The model also takes into account 
concrete expansion due to thermal gradient. The effect of fracture energy on fracture 
behavior is considered to be the most important factor. A number of nonlinear laws and 
analytical solutions were introduced with the aim of simulating concrete response to 
cracking but also to reduce calculation effort. The following points were noted during the 
numerical simulations performed by means of parallel calculations: 
 The damage variable has more influence on cracks in compression mode than in strain 

mode.  
 Plastic deformations have a considerable effect on crack direction and opening.  
 Plastic deformations are more numerous in mode I (strain) than mode II (compression).  
 Nonlinear response was observed in the elastic part (see Kupfer’s biaxial tests). 
 The degradation of the concrete’s Young modulus starts well before its compression or 

traction withstand limit. 
 The following equation applied at all times, regardless of the type of loading: 
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1
2 𝜀𝜀̇ ≤ 𝜀𝜀�̇�𝑝 ≤ 𝜀𝜀 ̇

 Fracture energy depends on geometry, coarse aggregate size and the material’s 
rheological properties. 

 Some of the samples had gouges in them, which accelerated the appearance of cracking.  
 Crack thickness is strongly influenced by fracture energy.  
 The cohesive forces at the concrete-concrete interface depend on the fracture energy. 

Consequently, the fracture energy value determines whether or not new cracked surfaces 
will form.  
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Abstract. In the transport of heat in porous media, diffusion generally dominates over 
advection due to slow fluid velocities imposed by low permeability. This is the reason why 
standard Galerkin formulation leading to extra non-symmetric matrix terms may be still used 
successfully. However, in the presence of fractures the situation may be different. Fractures 
constitute preferential flow paths where fluid velocities may be significant and advection may 
become dominant over diffusion (“large advection” with Péclet number >1). This paper 
focuses on the formulation, numerical implementation and verification of a model to solve the 
steady-state heat transport problem with large advection along geomechanical discontinuities 
represented by zero-thickness interface elements. The fluid velocity field is considered as 
known input data (no hydraulic coupling). The existing SUPG method is modified for its 
application to zero-thickness interface elements, and the resulting formulation is implemented 
in an existing FE geomechanical code. An example of application is presented with large 
advection along a discontinuity crossing a low permeability domain. The results show that the 
proposed approach leads to stable results, in contrast to standard Galerkin. 
 
 
1 INTRODUCTION 

The two main mechanisms of heat transport in saturated porous media are diffusion and 
advection. In the numerical formulation of the problem via the FEM, it is well known that, if 
advection dominates over diffusion (Péclet number Pe > 1), traditional Galerkin formulations 
cease to work [1]. In many practical engineering situations, however, such as in the case of 
geological materials, average fluid (Darcy) velocities may remain small due to the low 
permeability and tortuosity of the pore system, and this problem may be ignored. 

But this situation may change in the presence of open fractures or cracks, because these 
may become preferential paths for fluid circulation with fluid velocities significantly higher 
than those found in the surrounding porous medium, and therefore exceeding the limit 
condition Pe > 1. Thus, it is important to establish a methodology to solve the large advection 
problem, especially for fractures or cracks.  

1.1 Governing equations 
The three-dimensional transient heat conduction-advection differential equation may be 

written as follows [1]: 
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𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌 �
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+ [𝐯𝐯𝐯𝐯]⊤ 𝛁𝛁𝛁𝛁𝜕𝜕𝜕𝜕� − [𝛁𝛁𝛁𝛁]⊤ 𝐃𝐃𝐃𝐃𝑇𝑇𝑇𝑇 𝛁𝛁𝛁𝛁𝜕𝜕𝜕𝜕 − 𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇 = 0       in       Ω  (1) 

with Dirichlet and Neumann boundary conditions: 

𝜕𝜕𝜕𝜕 = 𝜕𝜕𝜕𝜕�(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑥𝑥𝑥𝑥, 𝜕𝜕𝜕𝜕)      on      Γϕ (2) 
𝑞𝑞𝑞𝑞𝑛𝑛𝑛𝑛 𝑇𝑇𝑇𝑇 = 𝑞𝑞𝑞𝑞�𝑛𝑛𝑛𝑛 𝑇𝑇𝑇𝑇(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧, 𝜕𝜕𝜕𝜕)      on      Γq (3) 

where 𝜕𝜕𝜕𝜕 is the nodal variable (temperature [ 𝐶𝐶𝐶𝐶 o ]), 𝜌𝜌𝜌𝜌 and 𝜌𝜌𝜌𝜌 are the density [𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘/𝑚𝑚𝑚𝑚3] and the 
thermal capacity [𝐽𝐽𝐽𝐽/(𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 𝐶𝐶𝐶𝐶 o )] of the material, 𝑄𝑄𝑄𝑄(𝑇𝑇𝑇𝑇) is a thermal source term, 𝐯𝐯𝐯𝐯 is the average 
fluid velocity field (e.g. Darcy’s velocity of the fluid transporting heat), 𝑞𝑞𝑞𝑞𝑛𝑛𝑛𝑛 𝑇𝑇𝑇𝑇 is the flow normal 
to the boundary, 𝐃𝐃𝐃𝐃𝑇𝑇𝑇𝑇 is the constitutive matrix of the conduction problem [𝐽𝐽𝐽𝐽/(𝑠𝑠𝑠𝑠 𝑚𝑚𝑚𝑚 𝐶𝐶𝐶𝐶o )], which 
is a diagonal matrix if the material is thermally isotropic, 𝛁𝛁𝛁𝛁 is the gradient operator vector 
𝛁𝛁𝛁𝛁 = � 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
�, and [   ]⊤ denotes the transposed of a vector or a matrix (not to be confused 

with super index T which stands for “thermal”). 

1.2 FEM standard formulation for the advection problem 
Performing the spatial discretization of Eq. (1) in the context of the Finite Element Method 

(FEM), applying the Divergence Theorem to the first term of the equation, applying the 
Galerkin weighing (𝑤𝑤𝑤𝑤 = 𝑁𝑁𝑁𝑁(1),𝑁𝑁𝑁𝑁(2), …) and performing the time discretization using the Finite 
Difference Method (FDM), the following algebraic system of equations is obtained: 

�
1
∆𝜕𝜕𝜕𝜕
𝐂𝐂𝐂𝐂 + 𝜃𝜃𝜃𝜃 (𝐊𝐊𝐊𝐊 + 𝐊𝐊𝐊𝐊𝐜𝐜𝐜𝐜)� Δ𝛟𝛟𝛟𝛟𝑛𝑛𝑛𝑛+1 = −(𝐊𝐊𝐊𝐊 + 𝐊𝐊𝐊𝐊𝐜𝐜𝐜𝐜)𝛟𝛟𝛟𝛟𝑛𝑛𝑛𝑛 + 𝐟𝐟𝐟𝐟  (4) 

where 𝛟𝛟𝛟𝛟 is the nodal temperature vector, 𝐂𝐂𝐂𝐂 is the thermal capacity matrix, 𝐊𝐊𝐊𝐊 is the thermal 
conduction matrix, 𝐊𝐊𝐊𝐊𝐜𝐜𝐜𝐜 is the thermal advective matrix and 𝐟𝐟𝐟𝐟 is the thermal force vector, which 
are obtained by the assembly of the contribution of each element of the mesh and are defined 
by: 

𝐂𝐂𝐂𝐂 = �𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌 [𝐍𝐍𝐍𝐍]⊤ 𝐍𝐍𝐍𝐍
 

Ω
 dΩ (5) 

𝐊𝐊𝐊𝐊 = � [𝛁𝛁𝛁𝛁𝐍𝐍𝐍𝐍]⊤ 𝐃𝐃𝐃𝐃𝑇𝑇𝑇𝑇 𝛁𝛁𝛁𝛁𝐍𝐍𝐍𝐍
 

Ω
 dΩ  (6) 

𝐊𝐊𝐊𝐊𝐜𝐜𝐜𝐜 = �𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌 [𝛁𝛁𝛁𝛁𝐍𝐍𝐍𝐍]⊤ 𝐯𝐯𝐯𝐯 𝐁𝐁𝐁𝐁
 

Ω
 dΩ (7) 

𝐟𝐟𝐟𝐟 = � [𝐍𝐍𝐍𝐍]⊤ 𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇
 

Ω
 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 − � [𝛁𝛁𝛁𝛁𝐍𝐍𝐍𝐍]⊤ 𝐪𝐪𝐪𝐪�𝑇𝑇𝑇𝑇

 

Γq
 dΓ (8) 

1.3 Large advection: Péclet number and numerical instabilities 
It is well known [1] that the standard Galerkin weighting in FEM is very well suited for 

diffusion-dominated problems, but it performs badly when transport effects dominate over the 
conduction (large advection). Determination of whether the fluid velocities are high or low is 
generally based on the so-called Péclet number [3], a non-dimensional number that relates the 
velocity of advection and the rate of diffusion, and it is defined for thermal problems as: 
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𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌 
𝑣𝑣𝑣𝑣 ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

2𝑘𝑘𝑘𝑘𝑇𝑇𝑇𝑇
 

(9) 

where 𝑣𝑣𝑣𝑣 is the average fluid velocity value in the porous medium (i.e Darcy velocity), ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 is 
the characteristic length of the element (length of the element in the direction of the flow) and 
𝑘𝑘𝑘𝑘𝑇𝑇𝑇𝑇 is the thermal conduction of the material. 

A simple academic example in 1-D is presented in order to demonstrate that the standard 
Galerkin weighting leads to oscillatory results when Pe > 1. The geometry (Figure 1) consists 
of a horizontal rod element divided in 8 segments of equal length L. Boundary conditions are: 
prescribed temperature to 0℃ at the left-hand side node of the rod, prescribed temperature to 
80℃ at the right-hand side node of the rod, and a constant velocity from left to right. With the 
only variation of the velocity magnitude, four results are obtained with different Péclet 
numbers (Figure 2), where it is observed that the solutions exhibit oscillations when Pe > 1. 
Thus, when the fluid velocities are high enough and the advection dominates the problem it is 
necessary to use a more appropriate numerical method that does not result in oscillatory 
solutions. 

 
Figure 1: Geometry of the domain and boundary conditions. 

 

Figure 2: Solutions of the simple academic example for different velocities using the traditional Galerkin 
weighting method in FEM. Oscillations appears when Pe > 1. 

2 STEADY-STATE LARGE ADVECTION USING THE SUPG METHOD 
The most common method used in order to stabilize the diffusion-advection steady-state 

problem is the Streamline Upwind Petrov-Galerkin (SUPG) method [1]. The first upwind 
approach was proposed and applied in 1976 [4,5,6]. Then a new weighting function was 
proposed leading to the Streamline Upwind (SU) method [7], further developed as the SUPG 
method [8]. This method is based on the modification of the stiffness matrix by using 
modified weighting functions (𝑤𝑤𝑤𝑤 ≠ 𝑁𝑁𝑁𝑁(1),𝑁𝑁𝑁𝑁(2), …), that are defined (in indicial notation) as: 

𝑤𝑤𝑤𝑤 = 𝑁𝑁𝑁𝑁(𝑐𝑐𝑐𝑐) +
𝛼𝛼𝛼𝛼𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

2
𝑣𝑣𝑣𝑣𝑖𝑖𝑖𝑖
|𝐯𝐯𝐯𝐯|

𝜕𝜕𝜕𝜕𝑁𝑁𝑁𝑁(𝑐𝑐𝑐𝑐)

𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖
 

(10) 

where 𝛼𝛼𝛼𝛼𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 is the optimal value of 𝛼𝛼𝛼𝛼 that must be used in order to obtain exact nodal values 
for any Péclet value [1]:  
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𝛼𝛼𝛼𝛼𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 = coth|𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃| −
1

|𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃|
 

(11) 

Performing the spatial discretization of Eq. (1) by using the FEM, applying the Divergence 
Theorem to the first term of the equation and applying the Petrov-Galerkin weighing defined 
by Eq. (10), the following system of equations is obtained: 

(𝐊𝐊𝐊𝐊 + 𝐊𝐊𝐊𝐊𝐜𝐜𝐜𝐜 + 𝐊𝐊𝐊𝐊𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒) 𝛟𝛟𝛟𝛟 = (𝐟𝐟𝐟𝐟 + 𝐟𝐟𝐟𝐟𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒) (12) 

where 𝐊𝐊𝐊𝐊𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒 and 𝐟𝐟𝐟𝐟𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒 are the thermal stabilization matrix and the thermal force stabilization 
vector from the SUPG method. These matrices and vectors are obtained by the assembly of 
the contribution of each element of the mesh and are defined by: 

𝐊𝐊𝐊𝐊 =  � [𝐁𝐁𝐁𝐁]⊤ 𝐃𝐃𝐃𝐃𝑇𝑇𝑇𝑇 𝐁𝐁𝐁𝐁
 

Ω
dΩ (13) 

𝐊𝐊𝐊𝐊𝐜𝐜𝐜𝐜 =  �𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌 𝐍𝐍𝐍𝐍 [𝐯𝐯𝐯𝐯]⊤ 𝐁𝐁𝐁𝐁
 

Ω
dΩ  (14) 

𝐊𝐊𝐊𝐊𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒
 =  � �𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌 � 

𝛼𝛼𝛼𝛼𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2|𝐯𝐯𝐯𝐯|  [𝐯𝐯𝐯𝐯]⊤ 𝐁𝐁𝐁𝐁� [𝐯𝐯𝐯𝐯]⊤ 𝐁𝐁𝐁𝐁 + �

𝛼𝛼𝛼𝛼𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2|𝐯𝐯𝐯𝐯|  [𝐯𝐯𝐯𝐯]⊤ 𝛁𝛁𝛁𝛁𝐁𝐁𝐁𝐁�𝐃𝐃𝐃𝐃𝑇𝑇𝑇𝑇 𝐁𝐁𝐁𝐁�

 

Ω
dΩ (15) 

𝐟𝐟𝐟𝐟 =  � [𝐍𝐍𝐍𝐍]⊤ 𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇  dΩ 
 

Ω
−  � 𝐍𝐍𝐍𝐍 𝐪𝐪𝐪𝐪�𝑇𝑇𝑇𝑇

 

Γq 
 dΓ   (16) 

𝐟𝐟𝐟𝐟𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒 =  � ��
𝛼𝛼𝛼𝛼𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

2|𝐯𝐯𝐯𝐯|
 [𝐯𝐯𝐯𝐯]⊤ 𝐁𝐁𝐁𝐁�  𝑄𝑄𝑄𝑄𝑇𝑇𝑇𝑇� dΩ 

 

Ω
 (17) 

where 𝐁𝐁𝐁𝐁 = 𝛁𝛁𝛁𝛁𝐍𝐍𝐍𝐍 is the matrix containing the first-order derivatives of the shape functions. It 
must to be noted that the SUPG method is only applicable to steady-state regime. 

2.1 Simple academic example: continuum medium in 2-D using the SUPG method 
In order to verify that the SUPG method provides stable solutions when Pe > 1, a simple 

2-D verification example is presented. The geometry consists of three horizontal layers of two 
different continuum materials (Figure 3 left). A constant flow velocity field from left to right 
(Figure 3 left) is imposed in the intermediate layer of the domain. The initial state of the 
thermal problem is shown in Figure 3 (right) and consists of a linear distribution of 
temperatures from left to right of the domain. The parameters for the numerical analysis are:  
heat capacity 𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌 = 1 · 10−3 𝐽𝐽𝐽𝐽/(𝑚𝑚𝑚𝑚3 𝐶𝐶𝐶𝐶 o ) and thermal conductivity 𝑘𝑘𝑘𝑘𝑇𝑇𝑇𝑇 = 2.5 · 10−4 𝐽𝐽𝐽𝐽/
(𝑠𝑠𝑠𝑠 𝑚𝑚𝑚𝑚 𝐶𝐶𝐶𝐶o ). 

            
Figure 3: (left) Imposed velocities in the intermediate layer and (right) initial temperature distribution at t=0 

(after velocity application). 
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In the first calculations (Figure 4), the standard Galerkin weighting is used for a small 
advection problem, with Péclet numbers of 0.3 (𝑣𝑣𝑣𝑣 = 0.006𝑚𝑚𝑚𝑚/𝑠𝑠𝑠𝑠) in the left diagram, and 0.9 
(𝑣𝑣𝑣𝑣 = 0.017𝑚𝑚𝑚𝑚/𝑠𝑠𝑠𝑠) in the right diagram. In both cases the SUPG and the standard FEM method 
both lead to the same stable solution depicted in the figure. Finally, the calculations are 
repeated using higher fluid velocities corresponding to Pe = 7.2 (𝑣𝑣𝑣𝑣 = 0.135𝑚𝑚𝑚𝑚/𝑠𝑠𝑠𝑠). In that 
case, Figure 5 (left) shows that the solution becomes oscillatory using the standard Galerkin 
weighting. However, using the SUPG method, the solution is stabilized (Figure 5 right).  

     
Figure 4: (left) Temperature distribution due to the applied velocities and Pe = 0.3. (right) Temperature 

distribution due to the applied velocities when the Péclet number increases but Pe < 1 (Pe = 0.9). 

    

    
Figure 5: (left) Oscillatory distribution of temperatures using the standard Galerkin weighting when Pe = 7.2 in 

the intermediate layer (the rest of the domain Pe = 0). (Right) Correct distribution of temperatures using the 
SUPG method for the same problem. Lower graphs represent the temperature distributions along the horizontal 

symmetry axis of the figures. 
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3 STEADY-STATE HEAT TRANSFER PROBLEM WITH LARGE ADVECTION 
FOR ZERO-THICKNESS INTERFACE ELEMENTS IN 2-D 

In a 2D continuum, fractures and discontinuities may be represented individually by using 
double-nodded zero-thickness interface elements [9]. In this type of elements, one of the 
dimensions is collapsed to become 1-D line elements of “zero-thickness”, and the integration 
is consequently reduced also by one order. The formulation of zero-thickness interface 
elements is composed of two parts (Figure 6): the formulation of the longitudinal flow along 
the interface and the formulation of the transversal flow across the interface, as described by 
[10,11]. The longitudinal flow is formulated along the mid-plane of the interface, and the 
nodal temperatures of the element are obtained by assuming that the temperature at each mid-
plane node is the average of the temperature of the two nodes of the corresponding pair of the 
interface. Additional to the longitudinal flow, the existence of a discontinuity may also 
represent a resistance to the temperature flow in the transversal direction, which would result 
in a localized temperature drop across the interface. It is important to note that the large 
advection affects only the longitudinal flow. More details of the variables and geometry 
aspects that involve the double-nodded zero-thickness interface elements formulation can be 
found in [10,11,12]. 

 
Figure 6: Zero-thickness elements used in the FE formulation with regard to longitudinal flow (left) and 

transversal flow (right). 

3.1 Longitudinal flow 

The longitudinal heat flow intensity 𝑞𝑞𝑞𝑞L𝑇𝑇𝑇𝑇 along the mid-plane of a discontinuity, 
corresponding to the accumulation of conduction (Fick´s law) plus advection flows in the 
transient regime, may be written as: 

𝑞𝑞𝑞𝑞L𝑇𝑇𝑇𝑇 = −𝑘𝑘𝑘𝑘L𝑇𝑇𝑇𝑇  
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+  𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜕𝜕𝜕𝜕𝑣𝑣𝑣𝑣L (18) 

where 𝑘𝑘𝑘𝑘L𝑇𝑇𝑇𝑇 is the longitudinal thermal conductivity coefficient and 𝑣𝑣𝑣𝑣L is the longitudinal 
velocity at the mid-plane of the interface element. The above 𝑞𝑞𝑞𝑞L𝑇𝑇𝑇𝑇 has the meaning of heat flow 
per unit area; by multiplying it by the interface aperture, 𝑟𝑟𝑟𝑟𝑁𝑁𝑁𝑁, one obtains the total heat flowing 
along the discontinuity (in 2-D per unit “depth” in the out-of-plane direction): 

𝑄𝑄𝑄𝑄L𝑇𝑇𝑇𝑇 = 𝑟𝑟𝑟𝑟𝑁𝑁𝑁𝑁 𝑞𝑞𝑞𝑞L𝑇𝑇𝑇𝑇 = −𝑟𝑟𝑟𝑟𝑁𝑁𝑁𝑁𝑘𝑘𝑘𝑘𝐿𝐿𝐿𝐿𝑇𝑇𝑇𝑇
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

 + 𝑟𝑟𝑟𝑟𝑁𝑁𝑁𝑁𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜕𝜕𝜕𝜕𝑣𝑣𝑣𝑣L (19) 

By enforcing heat conservation in a differential section of the interface element mid-plane 
(Figure 7), the continuity equation is obtained: 
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−
𝜕𝜕𝜕𝜕𝑄𝑄𝑄𝑄L𝑇𝑇𝑇𝑇

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
= 𝑟𝑟𝑟𝑟𝑁𝑁𝑁𝑁𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

 (20) 

where source terms have not been considered for simplicity.  

 

Figure 7: Thermal flow through a differential interface element. 

Substituting now (19) into (20), leaving out transient terms, and taking into account that 
underlying flow is incompressible, leads to: 

𝑟𝑟𝑟𝑟𝑁𝑁𝑁𝑁𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌 �𝑣𝑣𝑣𝑣L
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
� − 𝑟𝑟𝑟𝑟𝑁𝑁𝑁𝑁

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
�𝑘𝑘𝑘𝑘𝐿𝐿𝐿𝐿𝑇𝑇𝑇𝑇

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
� = 0       in     Ω𝐽𝐽𝐽𝐽 (21) 

where 𝑑𝑑𝑑𝑑𝐽𝐽𝐽𝐽 denotes the interface mid-plane domain. The boundary conditions are described by 
equations analogous to (2) and (3). 

In order to stabilize the numerical solution of the steady-state large advection problem, the 
SUPG method defined in the previous section is used for zero-thickness interface elements. 

Performing the spatial discretization of Eq. (21) along of the mid-plane of the interface by 
using the FEM, applying the Divergence Theorem to the first term of the equation, applying 
the Petrov-Galerkin weighing defined by Eq. (12), the following expression for the 
longitudinal flow along the mid-plane is obtained: 

𝐐𝐐𝐐𝐐Lmp = �𝐊𝐊𝐊𝐊Lmp + 𝐊𝐊𝐊𝐊𝐜𝐜𝐜𝐜,Lmp + 𝐊𝐊𝐊𝐊Lmp
SUPG�𝛟𝛟𝛟𝛟mp   (22) 

where 
𝐊𝐊𝐊𝐊Lmp = 𝑟𝑟𝑟𝑟𝑁𝑁𝑁𝑁 � ��𝐁𝐁𝐁𝐁𝐽𝐽𝐽𝐽  �

⊤ 𝑘𝑘𝑘𝑘𝐿𝐿𝐿𝐿𝑇𝑇𝑇𝑇 𝐁𝐁𝐁𝐁𝐽𝐽𝐽𝐽 �
 

Ω𝐽𝐽𝐽𝐽
dΩ𝐽𝐽𝐽𝐽  (23) 

𝐊𝐊𝐊𝐊𝐜𝐜𝐜𝐜,Lmp = 𝑟𝑟𝑟𝑟𝑁𝑁𝑁𝑁𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌�  𝐍𝐍𝐍𝐍𝐽𝐽𝐽𝐽   𝑣𝑣𝑣𝑣L 𝐁𝐁𝐁𝐁𝐽𝐽𝐽𝐽   dΩ𝐽𝐽𝐽𝐽
 

Ω𝐽𝐽𝐽𝐽
   (24) 

𝐊𝐊𝐊𝐊Lmp
SUPG = 𝑟𝑟𝑟𝑟𝑁𝑁𝑁𝑁𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌 � �

𝛼𝛼𝛼𝛼𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2|𝑣𝑣𝑣𝑣L|

𝑣𝑣𝑣𝑣L𝐁𝐁𝐁𝐁𝐽𝐽𝐽𝐽  � 𝑣𝑣𝑣𝑣L𝐁𝐁𝐁𝐁𝐽𝐽𝐽𝐽 
 

Ω𝐽𝐽𝐽𝐽
dΩ𝐽𝐽𝐽𝐽 + 𝑟𝑟𝑟𝑟𝑁𝑁𝑁𝑁 � �

𝛼𝛼𝛼𝛼𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2|𝑣𝑣𝑣𝑣L|

𝑣𝑣𝑣𝑣L𝛁𝛁𝛁𝛁𝐽𝐽𝐽𝐽𝐁𝐁𝐁𝐁𝐽𝐽𝐽𝐽  �  𝑘𝑘𝑘𝑘𝐿𝐿𝐿𝐿𝑇𝑇𝑇𝑇 𝐁𝐁𝐁𝐁𝐽𝐽𝐽𝐽 
 

Ω𝐽𝐽𝐽𝐽
dΩ𝐽𝐽𝐽𝐽  (25) 

𝐁𝐁𝐁𝐁𝐽𝐽𝐽𝐽 =
𝜕𝜕𝜕𝜕𝐍𝐍𝐍𝐍𝐽𝐽𝐽𝐽 

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
                𝛟𝛟𝛟𝛟mp

 = �𝜕𝜕𝜕𝜕𝑚𝑚𝑚𝑚𝑜𝑜𝑜𝑜
  (1)  𝜕𝜕𝜕𝜕𝑚𝑚𝑚𝑚𝑜𝑜𝑜𝑜

  (2) �
⊤

 (26) 

In order to obtain the final FEM formulation related to the nodes of the mesh (and not to 
the mid-plane nodes), it is assumed that the temperature at the mid-plane is the average of the 

571



A. Pérez, I. Carol and P. Prat 

 8 

temperature at the corresponding nodes of the element. Thus, the mid-plane temperatures of 
two-dimensional interfaces can be written in terms of the element’s nodal temperatures 
(Figure 6) as: 

𝛟𝛟𝛟𝛟mp 
 = �

𝜕𝜕𝜕𝜕𝑚𝑚𝑚𝑚𝑜𝑜𝑜𝑜
  (1)

𝜕𝜕𝜕𝜕𝑚𝑚𝑚𝑚𝑜𝑜𝑜𝑜
  (2)� =

⎣
⎢
⎢
⎡𝜕𝜕𝜕𝜕

(1) + 𝜕𝜕𝜕𝜕(3)

2
𝜕𝜕𝜕𝜕(2) + 𝜕𝜕𝜕𝜕(4)

2 ⎦
⎥
⎥
⎤

= �
1
2

    
1
2
�  𝛟𝛟𝛟𝛟e

 = 𝕋𝕋𝕋𝕋�L 𝛟𝛟𝛟𝛟e
  (27) 

where 𝕋𝕋𝕋𝕋�L = �1
2

   1
2
�  is the longitudinal transference matrix and 𝛟𝛟𝛟𝛟e

  is the element temperature 
vector defined by: 

 𝛟𝛟𝛟𝛟e = �𝜕𝜕𝜕𝜕(1)    𝜕𝜕𝜕𝜕(3)   𝜕𝜕𝜕𝜕(2)    𝜕𝜕𝜕𝜕(4)�⊤  (28) 

Additionally, using the Principle of Virtual Work (PVW) in a discrete form leads to: 

[𝛿𝛿𝛿𝛿𝛟𝛟𝛟𝛟e
 ]⊤ 𝐐𝐐𝐐𝐐Le = �𝛿𝛿𝛿𝛿𝛟𝛟𝛟𝛟mp

 �⊤ 𝐐𝐐𝐐𝐐Lmp  (29) 

𝐐𝐐𝐐𝐐Le = �𝕋𝕋𝕋𝕋�L �
⊤𝐐𝐐𝐐𝐐Lmp  (30) 

All the matrices and vectors defined at the mid-plane of the interface have to be 
transformed using the transference matrix, in order to obtain the similar relations between full 
element vectors including the pairs of nodes that appear in the FEM mesh. Substituting Eqs. 
(27) and (30) into Eq. (22) those relations are obtained as follows: 

𝐐𝐐𝐐𝐐Le =  �𝐊𝐊𝐊𝐊Le + 𝐊𝐊𝐊𝐊𝐜𝐜𝐜𝐜,Le + 𝐊𝐊𝐊𝐊Le
SUPG� 𝛟𝛟𝛟𝛟e (31) 

where 

𝐊𝐊𝐊𝐊Le + 𝐊𝐊𝐊𝐊𝐜𝐜𝐜𝐜,Le + 𝐊𝐊𝐊𝐊Le
SUPG = �𝕋𝕋𝕋𝕋�L �

⊤  �𝐊𝐊𝐊𝐊Lmp + 𝐊𝐊𝐊𝐊𝐜𝐜𝐜𝐜,Lmp + 𝐊𝐊𝐊𝐊Lmp
SUPG�  𝕋𝕋𝕋𝕋�L  (32) 

3.2 Transversal flow 
Additional to the longitudinal flow, the existence of a discontinuity may also represent a 

resistance to the temperature flow in the transversal direction, which would result in a 
localized temperature drop across the interface (Figure 8). It is assumed that this temperature 
drop 𝜕𝜕𝜕𝜕�𝑁𝑁𝑁𝑁 is related to the transverse heat flow 𝑞𝑞𝑞𝑞𝑁𝑁𝑁𝑁𝑇𝑇𝑇𝑇  by a simple discrete version of Fick's law, in 
which the temperature drop plays the role of the temperature gradient: 

𝑞𝑞𝑞𝑞𝑁𝑁𝑁𝑁𝑇𝑇𝑇𝑇  = 𝑘𝑘𝑘𝑘�𝑁𝑁𝑁𝑁𝑇𝑇𝑇𝑇   𝜕𝜕𝜕𝜕�𝑁𝑁𝑁𝑁 (33) 

where 𝑘𝑘𝑘𝑘�𝑁𝑁𝑁𝑁𝑇𝑇𝑇𝑇  is the transversal thermal conductivity of the interface. 
The mid-plane potential thermal drop across the discontinuity is defined by the temperature 

difference between the two sides of the interface (Figure 8) as follows: 

𝜕𝜕𝜕𝜕�𝑁𝑁𝑁𝑁 =  𝜕𝜕𝜕𝜕𝑏𝑏𝑏𝑏𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 − 𝜕𝜕𝜕𝜕𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜  (34) 

𝛟𝛟𝛟𝛟�Nmp
 = �

𝜕𝜕𝜕𝜕�𝑁𝑁𝑁𝑁𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
(1)

𝜕𝜕𝜕𝜕�𝑁𝑁𝑁𝑁𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
(2) � = �𝜕𝜕𝜕𝜕

(1) − 𝜕𝜕𝜕𝜕(3)

𝜕𝜕𝜕𝜕(2) − 𝜕𝜕𝜕𝜕(4)� = [1   − 1] 𝛟𝛟𝛟𝛟e
 = 𝕋𝕋𝕋𝕋�N 𝛟𝛟𝛟𝛟e

  (35) 
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where 𝕋𝕋𝕋𝕋�N = [1   − 1] is the transference transversal matrix. That means that the potential 
thermal drop at the mid-plane node is the difference of potential between the two actual 
nodes.  

 
Figure 8: Scheme of the potential thermal drop across a differential interface element. 

The FEM formulation for the mid-plane is obtained using the Principle of Virtual Work, 
which can be expressed for the transverse thermal flow problem as: 

�𝛿𝛿𝛿𝛿𝛟𝛟𝛟𝛟�Nmp
     �

⊤
𝐐𝐐𝐐𝐐Nmp = � 𝛿𝛿𝛿𝛿𝜕𝜕𝜕𝜕�Nmp

  𝑞𝑞𝑞𝑞𝑁𝑁𝑁𝑁mp
𝑇𝑇𝑇𝑇  dΩ𝐽𝐽𝐽𝐽

 

Ω𝐽𝐽𝐽𝐽
           ∀𝛿𝛿𝛿𝛿𝛟𝛟𝛟𝛟�Nmp

  (36) 

And substituting Eq. (33) into (36), 

𝐐𝐐𝐐𝐐Nmp =  𝐊𝐊𝐊𝐊Nmp𝛟𝛟𝛟𝛟�Nmp
  (37) 

𝐊𝐊𝐊𝐊Nmp = �  �𝐍𝐍𝐍𝐍𝐽𝐽𝐽𝐽  �
⊤ 𝑘𝑘𝑘𝑘�𝑁𝑁𝑁𝑁𝑇𝑇𝑇𝑇  𝐍𝐍𝐍𝐍𝐽𝐽𝐽𝐽  dΩ𝐽𝐽𝐽𝐽 

 

Ω𝐽𝐽𝐽𝐽
 (38) 

where 𝐊𝐊𝐊𝐊Nmp is the transversal thermal conductivity matrix at the mid-plane. The vector of 
temperatures is defined by the same equation as in the longitudinal flow, Eq. (26). 

Operating analogously to the longitudinal problem, the transversal thermal conductivity 
matrix at the nodes of the element is obtained: 

𝐊𝐊𝐊𝐊Ne = �𝕋𝕋𝕋𝕋�N �
⊤𝐊𝐊𝐊𝐊Nmp𝕋𝕋𝕋𝕋�N  (39) 

3.3 Integrated formulation: longitudinal and transversal flow  
To obtain an integrated conductivity matrix it is necessary to combine the longitudinal and 

the transversal flow as a sum of both, obtaining the final algebraic system of equation for each 
element as follows: 

�𝐊𝐊𝐊𝐊Le + 𝐊𝐊𝐊𝐊𝐜𝐜𝐜𝐜,Le + 𝐊𝐊𝐊𝐊Le
SUPG + 𝐊𝐊𝐊𝐊Ne

 �𝛟𝛟𝛟𝛟e
 = 0 (40) 

where  𝐊𝐊𝐊𝐊Le, 𝐊𝐊𝐊𝐊𝐜𝐜𝐜𝐜,Le, 𝐊𝐊𝐊𝐊Le
SUPG and 𝐊𝐊𝐊𝐊Ne

  are the longitudinal and transversal thermal conduction-
advection matrices of the element defined by: 
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𝐊𝐊𝐊𝐊Le = �𝕋𝕋𝕋𝕋�L �
⊤ �𝑟𝑟𝑟𝑟𝑁𝑁𝑁𝑁 � ��𝐁𝐁𝐁𝐁𝐽𝐽𝐽𝐽  �

⊤ 𝑘𝑘𝑘𝑘𝐿𝐿𝐿𝐿𝑇𝑇𝑇𝑇 𝐁𝐁𝐁𝐁𝐽𝐽𝐽𝐽 �
 

Ω𝐽𝐽𝐽𝐽
dΩ𝐽𝐽𝐽𝐽�𝕋𝕋𝕋𝕋�L (41) 

𝐊𝐊𝐊𝐊𝐜𝐜𝐜𝐜,Le = �𝕋𝕋𝕋𝕋�L �
⊤ �𝑟𝑟𝑟𝑟𝑁𝑁𝑁𝑁𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌 �  𝐍𝐍𝐍𝐍𝐽𝐽𝐽𝐽   𝑣𝑣𝑣𝑣L 𝐁𝐁𝐁𝐁𝐽𝐽𝐽𝐽   dΩ𝐽𝐽𝐽𝐽

 

Ω𝐽𝐽𝐽𝐽
�𝕋𝕋𝕋𝕋�L (42) 

𝐊𝐊𝐊𝐊Le
SUPG =  �𝕋𝕋𝕋𝕋�L �

⊤ �𝑟𝑟𝑟𝑟𝑁𝑁𝑁𝑁𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌 � �
𝛼𝛼𝛼𝛼𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

2|𝐯𝐯𝐯𝐯L |
𝑣𝑣𝑣𝑣L𝐁𝐁𝐁𝐁𝐽𝐽𝐽𝐽  � �𝐯𝐯𝐯𝐯L 

 �⊤𝐁𝐁𝐁𝐁𝐽𝐽𝐽𝐽 
 

Ω𝐽𝐽𝐽𝐽
dΩ𝐽𝐽𝐽𝐽 + 𝑟𝑟𝑟𝑟𝑁𝑁𝑁𝑁 � �

𝛼𝛼𝛼𝛼𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2|𝐯𝐯𝐯𝐯L |

𝑣𝑣𝑣𝑣L𝛁𝛁𝛁𝛁𝐁𝐁𝐁𝐁𝐽𝐽𝐽𝐽  �  𝑘𝑘𝑘𝑘𝐿𝐿𝐿𝐿𝑇𝑇𝑇𝑇 𝐁𝐁𝐁𝐁𝐽𝐽𝐽𝐽 
 

Ω𝐽𝐽𝐽𝐽
dΩ𝐽𝐽𝐽𝐽�𝕋𝕋𝕋𝕋�L (43) 

𝐊𝐊𝐊𝐊Ne
 = �𝕋𝕋𝕋𝕋�N �

⊤ �� �𝐍𝐍𝐍𝐍𝐽𝐽𝐽𝐽  �
⊤ 𝑘𝑘𝑘𝑘�𝑁𝑁𝑁𝑁𝑇𝑇𝑇𝑇  𝐍𝐍𝐍𝐍𝐽𝐽𝐽𝐽  dΩ𝐽𝐽𝐽𝐽 

 

Ω𝐽𝐽𝐽𝐽
�𝕋𝕋𝕋𝕋�N (44) 

Finally, the global matrices of the system of Eq. (40) are obtained by the assembly of the 
contribution of each element of the mesh.  

3.4 Simple academic example: steady-state large advection thermal problem in 2-D for 
interfaces using the SUPG method 

The objective of this example is to compare some numerical results obtained with the 
standard Galerkin FEM method and the SUPG method, and verify that the latter provides 
stable solutions when Pe >1 in a 2-D simple example using interfaces. 

The geometry of this example consists of three horizontal layers with an interface at the 
symmetry axis (Figure 9 left), composed of 600 continuum elements and 20 interface 
elements. In order to visualize the heat transport, a known and constant velocity field from left 
to right (𝑣𝑣𝑣𝑣L = 0.057𝑚𝑚𝑚𝑚/𝑠𝑠𝑠𝑠, Figure 9 left) is imposed along the discontinuity, as a preferential 
path through the continuum medium.  

The initial state of the thermal problem is shown in Figure 9 (right) and consists in a linear 
distribution of temperatures from left to right of the domain. 

The numerical parameters for the continuum media are 𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌 = 1 · 10−3 𝐽𝐽𝐽𝐽/(𝑚𝑚𝑚𝑚3 𝐶𝐶𝐶𝐶 o ) and 
𝑘𝑘𝑘𝑘𝑇𝑇𝑇𝑇 = 7 · 10−4 𝐽𝐽𝐽𝐽/(𝑠𝑠𝑠𝑠 𝑚𝑚𝑚𝑚 𝐶𝐶𝐶𝐶o ), and for zero-thickness interfaces 𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌 = 5 · 101 𝐽𝐽𝐽𝐽/(𝑚𝑚𝑚𝑚3 𝐶𝐶𝐶𝐶 o ), 𝑘𝑘𝑘𝑘𝐿𝐿𝐿𝐿𝑇𝑇𝑇𝑇 =
1 · 101 𝐽𝐽𝐽𝐽/(𝑚𝑚𝑚𝑚 𝐶𝐶𝐶𝐶 o  𝑠𝑠𝑠𝑠) and 𝑘𝑘𝑘𝑘�𝑁𝑁𝑁𝑁𝑇𝑇𝑇𝑇 = 1 · 10−03 𝐽𝐽𝐽𝐽/(𝑚𝑚𝑚𝑚2 𝐶𝐶𝐶𝐶 o  𝑠𝑠𝑠𝑠) . 

     
Figure 9: (left) Imposed velocities along the discontinuity (right) steady-state temperature distribution at t=0 

(after velocity application). 

In the first calculations, standard Galerkin weighing is used for the steady-state large 
advection problem (Pe = 3.8), leading to oscillatory results as shown in Figure 10 (left). 
However, using the new numerical solution (Petrov-Galerkin weighting, SUPG method) for 
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the interface element, the steady-state solution is stabilized, as shown in Figure 10 (right). In 
both cases the characteristic length of the element ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 is taken as the length of the element in 
the direction of the velocities. 

               

     
Figure 10: (left) Oscillatory distribution of temperatures using the standard Galerkin weighting when Pe = 3.8 

along the discontinuity (the rest of the domain Pe = 0). (Right) Correct distribution of temperatures using SUPG 
method for the same problem. Lower graphs represent the temperature profiles along the mid-plane of 

discontinuity located in the symmetry axis of the problem. 

4 CONCLUDING REMARKS 
This paper describes the numerical FEM solution of the steady-state problem of heat flow 

in a porous medium, where a known Darcy velocity field of the pore fluid produces thermal 
transport with large advection. First, the traditional formulation using the standard Galerkin 
weighting has been reviewed. In this case a simple academic example shows that the solution 
becomes unstable when the advection dominates over the conduction (Pe > 1). Then, the 
SUPG method has been introduced, showing that this methodology stabilizes the solution 
when Pe > 1. Finally, the SUPG method has been formulated for 2-D zero-thickness interface 
elements. A verification example has been presented to show that this method is suitable for 
this type of elements when the advection is dominant for steady-state problems. Current work 
aims at the extension of the formulation presented to the transient problem with large 
advection, on the basis of the Taylor-characteristics method [1]. 
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Abstract. The aim of this work is to optimize the relative and the absolute Critical
Resolved Shear Stress (CRSS) of slip mechanism in α-phase of Ti-6Al-4V titanium alloy.
The influence of grain size is then modeled through a local Hall-Petch relationship. A
slip trace analysis technique coupled with statistical reasoning were used to identify the
CRSS ratios of basal 〈a〉, prismatic 〈a〉 and pyramidal 〈c+ a〉 slip systems. The multi-
scale transition rule of Berveiller-Zaoui was then used to determine the absolute CRSS in
three different microstructures; Ti-6Al-4V with ultra fine grains (UFG), fine grains (FG)
and standard grains (SD). Finally, the local Hall-Petch relationship was optimized. As
expected, plastic deformation is mainly accommodated by prismatic and then basal slip
systems. Due to their high CRSS, sliding in pyramidal systems is more difficult. Grain
size shows a significant role on the activation of slip systems. By increasing the grain size,
the CRSS of each slip system type decreases and thus sliding becomes easier in coarse
grains.

1 INTRODUCTION

The multi-scale modeling of mechanical behavior of materials essentially requires to
identify the local parameters. An accurate prediction of the material properties at differ-
ent scales strongly depends on the local model formulation as well as the identification
procedure of its parameters .

1
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In Hexagonal Closed Packed (HCP) materials such as pure titanium, the plastic be-
havior is mainly accommodated by twinning and crystallographic sliding mechanisms.
However, addition of some alloying elements such as aluminum limits the role of twin-
ning mechanism [1–4] which is the case of Ti-6Al-4V alloy. In this alloy, three several
types of slip systems namely basal 〈a〉, prismatic 〈a〉 and pyramidal 〈c+ a〉 can accom-
modate the plastic strain. The Critical Resolved Shear Stress (CRSS) varies from a type
to another [5]. Therefore, the identification of this parameter for titanium and its alloys
remains difficult and only the relative values have been estimated in most of previous
works [5–9]. Moreover, the CRSS not only depends on the HCP material (Ti, Zr, Mg ...)
or the type of slip systems but also on the morphology features such as the grain size.

The present contribution aims to identify the CRSS of basal 〈a〉, prismatic 〈a〉 and
pyramidal 〈c+ a〉 slip systems types in three microstructures of Ti-6Al-4V titanium alloy.
Hence, the Hall-Petch relationship can be optimized. In order to achieve this goal, a slip
trace analysis technique was proposed to identify the slip systems by comparing their
observed traces with those given by the theoretical rules. Then, a statistical methodology
adapted from the work of Li et al. [6] was used to estimate the CRSS ratios. Finally,
a multi-scale numerical optimization was proposed to determine the absolute CRSS and
therefore the local Hall-Petch relationship.

2 OPTIMIZATION PROCEDURE

Four microstructures of an equiaxed Ti-6Al-4V reported in Tab.1 were used in the
optimization procedure. T2-SD is characterized by a weak crystallographic texture and
coarse grains, that allows identifying the slip traces of sliding systems after tensile tests
and thus estimate their CRSS ratios with lesser effects of crystallographic texture. T1-
UFG, T1-FG and T1-SD are characterized by ultra fine grains, fine grains and standard
grains microstructures respectively and the same crystallographic texture (all are strongly
textured). Consequently, the effects of the grain size on the activation of sliding systems
and therefore optimization of their absolute CRSS in relationship with the grain size can
be addressed. The morphology as well the crystallographic texture of these Ti-6Al-4V
microstructures are illustrated in Fig. 1 and 2.

Table 1: grain size and crystallographic texture of the investigated microstructures of
Ti-6Al-4V.

Microstructure grain size Crystallographic
(µm ) texture

T1-UFG 0.6 Strong
T1-FG 3 Strong
T1-SD 7.5 Strong
T2-SD 7.5 Weak

Tensile test until 5% of strain was performed for T2-SD. Then, experimental slip traces
were then observed by Scanning Electron Microscopy (SEM) and identified using the ori-

2
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20 µm
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Figure 1: Ti-6A-4V microstructures of (a)T1-UFG, (b) T1-FG, (c) T1-SD and (d) T2-SD

(0001) (011̄0)

(a)

(0001) (011̄0)

(b)
(0001) (011̄0)

(c)

(0001) (011̄0)

(d)

Figure 2: (0001) and {101̄0} pole figures of different Ti-6Al-4V microstructures (a) T1-
UFG, (b) T1-FG, (c) T1-SD, (d) T2-SD.

entation data (i.e. Euler angles) provided by Electron Backscatter Diffraction (EBSD)
analysis and ImageJ software. The prediction of the most likely slip systems to be ac-
tivated was carried out by comparing the results from theoretical slip trace with the
experimental results. An algorithm was developed to calculate the Schmid factor and slip
trace angle of each theoretical slip system relative to the orientation of a single grain.
The activation of the actual and theoretical slip system was then recorded as a function
of slip system type and the Schmid factor as shown in Tab. 2. 3.

230 grains were analyzed, 134 of them present a slip traces (58%). The Schmid factor
of 3 basal 〈a〉, 3 prismatic 〈a〉 and 6 pyramidal 〈c+ a〉 systems was computed for each
yield grain. 1608 values are therefore determined (Tab. 3). The statistical procedure
proposed by Li et al. [6] was adapted in this paper for identifying the CRSS ratios. The
experimental observed slip systems were compared with those given by the theory by
dividing each pair in Tab. 2 designed by Oij with the corresponding theoretical pair Tij

in Tab. 3 as:
Rij = Oij/Tij (1)

Where i is the slip systems type, it can be: basal 〈a〉 (i = 1), prismatic 〈a〉 (i = 2) and

3
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Table 2: Distribution of experimental observed slip systems Oij as function of their schmid
factor

Schmid factor Basal 〈a〉 Prismatic 〈a〉 Pyramidal 〈c+ a〉
(34%) (44%) (22%)

0-0.05 1 3 0
0.05-0.10 0 5 0
0.10-0.15 1 5 0
0.15-0.20 0 8 0
0.20-0.25 3 7 1
0.25-0.30 3 9 2
0.30-0.35 4 8 4
0.35-0.40 7 10 6
0.40-0.45 13 10 9
0.45-0.50 28 12 16

pyramidal 〈c+ a〉 (i = 3) and j is the Schmid factor range (1 ≤ j ≤ 10). The obtained
results are presented in Tab. 4. If all the slip systems represented in Tab. 2 are actually

Table 3: Distribution of theoretical slip systems Tij as function of their Schmid factor for
134 yield grains

Schmid factor Basal 〈a〉 Prismatic 〈a〉 Pyramidal 〈c+ a〉
0-0.05 43 75 114

0.05-0.10 39 65 108
0.10-0.15 55 57 102
0.15-0.20 39 42 88
0.20-0.25 29 31 72
0.25-0.30 45 35 73
0.30-0.35 33 33 66
0.35-0.40 45 24 68
0.40-0.45 30 24 67
0.45-0.50 44 16 46

activated in the experiment, the value of each pair Rij in Tab. 4 would be 1. However,
the activation of slip systems depends on their Schmid factor. Thus, slip systems with
small Schmid factor is less likely to be activated than those with large Schmid factor (Tab.
4). By comparing the ratios Rij of the same row in Tab. 4, it can be clearly observed
that the critical resolved shear stress (CRSS) is different from a family to another. The
representation of these ratios follows a cubic distribution (See Fig. 3), thus, using this
table as a reference, the theoretical values presented in Tab. 3 can be formulated with
cubic weighting function [6] as:

wij = Tij × ((j − 1)/9)3 (2)

This function allowed to reduce the values of theoretical sliding having a small Schmid
factor. In this step, the effects of crystallographic texture were eliminated. However,

4
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Table 4: Distribution of the ratios Rij between observed and theoretical slip systems

Schmid factor Basal 〈a〉 Prismatic〈a〉 Pyramidal〈c+ a〉
0-0.05 0.023 0.04 0

0.05-0.10 0 0.077 0
0.10-0.15 0.0181 0.087 0
0.15-0.20 0 0.1904 0
0.20-0.25 0.10 0.22 0.014
0.25-0.30 0.067 0.027 0.028
0.30-0.35 0.121 0.29 0.061
0.35-0.40 0.56 0.417 0.089
0.40-0.45 0.43 0.42 0.13
0.45-0.50 0.64 0.75 0.34
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Figure 3: Evolution of the ratios R for each slip system type as function of Schmid factor
range.

the CRSS of the different sliding types is not yet taken into consideration. The results
obtained using Eq. 2 are presented in Tab. 5.

The probability density function of each pair of Tab. 5 is given as:

pij =
wij∑3

i=1

∑10
j=1 wij

(3)

Hence, the prediction of the number of slip systems which can be observed experimentally
was possible. It can be performed by multiplying the obtained probability density function
by the total number N of observed sliding Oij presented in Tab. 2 as:

Eij = pij ×N (4)

The results were then reported for each pair (slip system-Schmid factor) in Tab. 6.
It was observed that the results of the expected slip systems (Tab. 6) were significantly

different from those experimentally observed (Tab. 2). Noted that until this step, the

5
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CRSSs are always assumed the same for all the slip systems types. The next step of
this methodology consists to minimize the difference between the observed and expected
values by identifying the CRSSs ratios. The expected number of slip systems Eij can be

Table 5: Distribution of weighted theoretical slip systems wij for the 134 yielding grains

Schmid factor Basal 〈a〉 Prismatic 〈a〉 Pyramidal 〈c+ a〉
0-0.05 0 0 0

0.05-0.10 0.053 0.089 0.1481
0.10-0.15 0.603 0.625 1.119
0.15-0.20 1.445 1.556 3.259
0.20-0.25 2.546 2.721 6.320
0.25-0.30 7.716 6.001 12.517
0.30-0.35 9.778 9.778 19.555
0.35-0.40 21.173 11.292 31.994
0.40-0.45 21.069 16.855 47.059
0.45-0.50 44 16 46

thus modified by introducing the CRSS of each type i designated by τ ci as:

Mij =
a

τ ci
Eij (5)

Where a is a unknown parameter, it can be found if at least one of the CRSSi is de-
termined. However, in the most of previous investigations, only the relative CRSSs were
identified (see [6]). The optimal values of CRSS can be estimated by minimizing the

Table 6: Distribution of the expected slip systems Eij as function of their Schmid factor

Schmid factor Basal〈a〉 Prismatic〈a〉 Pyramidal〈c+ a〉
0-0.05 0 0 0

0.05-0.10 0.0274 0.0457 0.0759
0.10-0.15 0.309 0.320 0.573
0.15-0.20 0.740 0.797 1.671
0.20-0.25 1.305 1.395 3.241
0.25-0.30 3.956 3.077 6.418
0.30-0.35 5.013 5.013 10.027
0.35-0.40 10.857 5.790 16.406
0.40-0.45 10.804 8.643 24.129
0.45-0.50 22.562 8.204 23.588

cumulative error Er between the number of observed Oij slip systems and the expected
ones Mij. This can be performed using the square difference equation as:

Er =
√

d2(Oij,Mij) =

√√√√
3∑

i=1

10∑
j=1

(Oij −Mij)2 (6)
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By replacing Mij with
a
τci
Eij, Er can be rewritten:

Er =

√√√√
3∑

i=1

10∑
j=1

(Oij −
a

τ ci
Eij)2 (7)

The optimal τ ∗ci was therefore obtained by solving the first-order derivative equation as:

∂Er

∂τ ci
= 0 → τ ∗ci = a

∑10
j=1(Eij)

2

∑10
j=1 OijEij

(8)

The unknown parameter a vanishes by calculating the ratio between τ ∗c. The relative
CRSS are therefore given by:

τ ∗c1
τ ∗c2

:
τ ∗c2
τ ∗c2

:
τ ∗c3
τ ∗c2

= 1.36 : 1 : 2.84 (9)

for basal 〈a〉:prismatic 〈a〉:pyramidal 〈c+ a〉 respectively. The obtained results were com-
pared with some results found in the literature (Tab. 7).

Table 7: Estimated relative CRSS in comparison with those found in the literature for
Ti-6Al-4V titanium alloy.

Basal 〈a〉 Prismatic 〈a〉 Pyramidal 〈a〉 Reference
1.36 1 2.84 the present study
1.05 1 1.68 [10]
1-1.5 1 3-5 [8]

0.93-1.3 1 1.1-1.6 [5]
1.43 1 4.23 [9]

In order to investigate the effects of grain size on the CRSS, tensile tests were performed
until the beginning of plastic behavior (about 1 to 1.3% of total strain) for all T1-UFG, T1-
FG and T1-SD microstructures presented in Tab. 1. A multi-scale numerical optimization
of absolute CRSS was then carried out using the obtained CRSS ratios, the tensile curves,
the crystallographic orientations of 500 grains, a local behavior model and scale transition
rules available in Z optim library as summarized in Fig. 4. Noted that the same procedure
was repeated for each microstructure. The local behavior model of Méric-Cailletaud
[11]was used. It gives a phenomenological description of each slip system behavior. In
this model, the slip strain rate γ̇s of system s is given as a form of power function of the
resolved shear stress τ s as:

γ̇s = v̇ssign(τ s − χs) (10)

With:

v̇s =

〈
|τ s − χs| − rs

K

〉n

(11)

7
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Figure 4: Methodology for optimizing the absolute CRSS: (a) the followed procedure
uses a local behavior model of Méric-Cailletaud [11], Berveiller-Zaoui model [12] (BZ) for
transition Scale and model parameters of Dick et al [10]. (b) The experimental tensile
curves.

Where χs and rs are the kinematic and the isotropic hardening variables of slip system
s respectively, τ s is the resolved shear stress of systems s , K and n characterize the
material viscosity. The isotropic hardening rs was considered constant and equal to the
absolute Critical Resolved Shear Stress CRSS (τ sc ).

rs = τ sc (12)

Moreover, the hardening nonlinearity can be expressed by the nonlinear kinematic hard-
ening of slip systems according to the Armstrong-Frederick equation: [13]:

χs = Cαs (13)

With:
α̇s = γ̇s − dαsχ̇s (14)

Where αs is a state variable describing the evolution of kinematic hardening in slip system
s. C and d are the material parameters. The kinematic hardening and the viscosity
parameters determined by Dick et al. [10] were used. Berveiller-Zaoui model [12] (BZ)
was chosen as a scale transition rule for the identification procedure. For this model, the
localization of the stress tensor is given by Eq. (15):

σg = Σ+ 2µα(1− β) : (Ep − εg,p) (15)

8
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with:
1

α
= 1 +

3

2
µ
Ep

eq

Σeq

(16)

and

β =
2(4− 5ν)

15(1− ν)
(17)

where σg and Σ are respectively the stresses at mesoscopic (grain) and macroscopic
(global) scales, εg,p and Ep are respectively the local and global plastic strain, ν is the
Poisson ratio, µ the shear modulus and ρ stands for a non linear accommodation param-
eter whose formulation is a function of the Von-Mises equivalent inelastic strain Ep

eq and
stress Σeq at the macroscopic scale.

The comparison between the identification results of CRSS provided by the Meric-
Cailletaud model using the Berveiller-Zaoui transition rule and the experimental tensile
results is illustrated in Fig. 5.
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Figure 5: Comparison between experimental strain-stress curves and those provided using
the identified CRSS and BZ transition scale rule for each Ti-6Al-4V microstructure

For each Ti-6Al-4V microstructure, the absolute CRSSs of slip systems types were
reported in Tab. 8. they can be then formulated as a function of the inverse square root
of the average grain size (Fig. 6) according to the Hall-Petch relationship [14,15]:

τ ci = Khp
i

1√
D

+ τ 0i (18)

Where Khp
i and τ 0i are the Hall Petch slope and the friction lattice stress of slip systems

type i respectively and D is the average grain size.
The local Hall-Petch slope was found to be 146, 114 and 225 MPa.m−1/2 for basal 〈a〉,

prismatic 〈a〉 and pyramidal 〈c+ a〉 systems respectively. The increase of grain size leads
to decrease the CRSS and therefore facilitates the accommodation of the plastic strain in
coarse grains. The Hall-Petch slope of pyramidal 〈c+ a〉 systems is very high compared

9
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Table 8: Absolute Critical Resolved Shear Stress (CRSS).

Material Absolute
CRSS

(MPa)

Basal Prismatic Pyramidal
T1-UFG 390 290 790
T1-FG 320 240 570
T1-SD 240 170 580
T1-SD 240 170 580
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Figure 6: Effect of grain size on CRSS of slip systems types

with those of prismatic and basal systems which can lead to a significant decrease of
pyramidal 〈c+ a〉 CRSS in large grains.

3 CONCLUSIONS

A slip trace analysis followed by a statistical reasoning and a multi-scale numerical
optimization were utilized in order to identify the critical resolved shear stress CRSS
of basal 〈a〉, prismatic 〈a〉 and pyramidal 〈c+ a〉 systems in three microstructures of
Ti-6Al-4V alloy. A significant role of grain size was shown; by increasing the average
grain size, the CRSS decreases . This effect was correctly modeled by the Hall-Petch
relationship. Moreover, the dependence of CRSS on grain size varies from a type of
sliding to another. Pyramidal 〈c+ a〉 systems type shows the highest Hall-Petch slope,
this leads to a significant decreasing of pyramidal CRSS in large grains which justifies its
activation although its relative CRSS is more than 2.5 times of prismatic CRSS.
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