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ABSTRACT

The classical continuum mechanics theories are originally supposed to determine deformations
in ranges from millimeter to meter, the so-called macroscopic scales. In fact, these models are
approximations of physical systems neglecting the underlying microstructure. For instance, a
Cauchy continuum, i.e. a continuum with an elastic energy determined as a function of the gra-
dients of its macroscopic displacement, can only approximate the behavior of a physical system
sufficiently as long as the microstructure has a much smaller length-scale than the macrostruc-
ture [1]. Although these models were exploited in studies for large and small scales, experiments
have shown that the classical models are not able to properly cover the smaller scales; In par-
ticular, problems in micron- and nano-dimensions are frequently observed. Size-effects, which
cannot be captured exploiting these theories, seem to be the source of this issue. On top of
that, the appearance of local singularities at the crack tips (or more broadly, in the presence
of point and line loads) is one of the known limitations of the classical continuum mechanics
theory [2]. Generalizing these models by introducing additional kinematic terms to consider
the underlying microstructure effects at macroscopic levels is one way of overcoming the already
mentioned problems. In 1964, Mindlin [3] published his original article on a new elasticity theory
for continua with microstructures. This broad-spectrum framework simplifies to strain gradient
elasticity theories by introducing the relation between the micro-deformations and gradients
of the macro-deformations. In the strain gradient theory, the strain energy function contains
both the strain terms and their gradients, which leads to stresses depending on higher-order
derivatives of the displacement field. One can regularize the stress field and therefore remove
the negative effects of the singularities by exploiting these strain gradient models [4, 5].

Recently, the phase-field modelling of fracture is becoming very popular among the researchers
due to facilitating the process of tracking the crack surfaces. All the current phase-field based
models of fracture mechanics are based on the classical continuum mechanics theory, where sin-
gular stress fields are inevitable at the crack front. Although the so-called degradation function
regularizes the problem under consideration and thus mitigates the effects of a singularity, the
singular behavior is still present in the mathematical model and therefore exerts a notable effect
on the final results. The goal of the current contribution is two-fold: first, the recognition of the
adverse effect of the singularity, and second, the combination of the strain gradient theory with
phase-field-based fracture mechanics models in order to remove the spurious effects.
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