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ABSTRACT 

It is well known that mixed finite element methods must satisfy certain criteria to provide solvability 

and stability. The latter criterion is, in the classical context of two-field saddle-point problems such 

as Stokes flow or quasi-incompressible elasticity, ensured by finite element types that satisfy the 

well-known inf-sup condition to ensure mesh-independent stability estimates. A number of finite 

element methods for novel multi-physics applications such as coupled Cahn-Hilliard-type flow in 

elastic media, extended phase-field models for fracture or topology optimization as well as gradient-

extended plasticity models have a similar saddle-point structure. However, they correspond to a 

multi-field variational principle and only some of them suffer from similar instabilities. The question 

as to whether stability estimates are satisfied in these cases for standard discretizations and, if not, 

how conditions can be obtained that satisfy these estimates is particularly challenging. 

This presentation discusses a framework for obtaining stability conditions that are purely based on 

thermodynamic considerations of a corresponding mixed-variational principle. A particular emphasis 

is put on incremental boundary value problems for irreversible processes. Several multi-physics 

problems developed in our group, that possess a similar saddle-point structure, are investigated with 

respect to this proposed method. Some of them, such as diffusion-induced fracture during the 

lithiation of silicon electrodes [1] as well as evaporation-induced polymer blending turn out to allow 

an unconstrained finite element design. On the other hand, there are cases such as models for 

gradient-extended plasticity, phase-field approaches to structural topology optimization, and 

poroelasticity that exhibit conditions that pose requirements on the finite element discretization. For 

these examples the satisfaction of the corresponding conditions is shown by means of numerical tests 

and novel element types for poroelasticity, recently proposed by our group, that are based on 

incompatible modes and subdivision methods [2-4]. 
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