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Abstract

Model reduction techniques can alleviate the cost of repeated simulations with limited computational
resources and is directly based on the underlying high-dimensional model that results from standard finite
element, finite volume or finite difference formulation. However, model reduction restricts the solution to
be contained in a subspace of the underlying high-dimensional space. This subspace is determined by an
optimal reduced basis that is determined in a training phase. Thus, a large number of degrees of freedom
(say millions) are represented by only a few number of coefficients in the representation of the full solution
in terms of the reduced basis vectors, leading to important computational savings.

Up to our knowledge, few existing methods are able to deal efficiently with hyperbolic problems (scalar
and systems), and in particular in the case of unsteady problems. For example, the case of a ROM based on
a POD approach, and the simplest case of a transport problem on [0, 1]:
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where the number of the POD modes needed to have a reasonable accuracy is of order of the number of grid
points.

In this work, we propose a novel model reduction approach for the approximation of nonlinear hyperbolic
equations in the scalar and the system cases based on the minimization of the L1-norm of the residual. Its
advantages are demonstrated in conjunction with a dictionary approach for reducing problems with sharp
gradient and shocks.

We show why the L1-norm minimization is a natural framework for hyperbolic problems and we present
several algorithms for the computation of it, both in the case of linear and of nonlinear residuals. We are
also providing an error estimate (in the scalar case, for monotone schemes) between the solution obtained
by projection on the dictionary and the solution of the original scheme. This error estimate is just another
way to justify the method.

To illustrate the ability of the reduced model, we consider numerical experiments in 1D for the nonlinear
unsteady case such as Burgers’ equation and the one-dimensional Euler equations involving shocks and
discontinuities and for the steady case, the nozzle flow. For the 2D case, we are presenting the nonlinear
steady NACA 0012 airfoil case.

Our results indicate that the method has the potential of being accurate when involving only very few
modes, generating physically acceptable, oscillation-free solutions. There are explored two main ideas: a)
approximate the mapping using a dictionary procedure and b) explore the behavior of L1 minimization
procedure. We have explored some hyper-reduction techniques in order to minimize the computational cost
and also some theoretical results that indicate how to choose the dictionary for scalar problems.
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