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PREFACE

PREFACE

This e-book is the edited proceedings of SMART2019, the 9th ECCOMAS Thematic 
Conference on Smart Structures and Materials that held from 8 to 11 July at Paris (France). 
This biennial (odd years) series, has started in 2003 and progressed successfully over 
the years. Its earlier editions were located in Poland (2003, 2007), Portugal (2005, 
2009, 2015), Germany (2011), Italy (2013) and Spain (2017). 

The present edition aimed to: i) increase participants number, ii) raise contributions 
quality, iii) increase international (non-European) participants, iv) bring industrials, v) 
involve effectively the scientific committee (SC) in the organization, and vi) provide a 
good social program. To reach these goals, the SC has been revised according to the 
earlier edition active members and successful mini-symposia (MS) organizers’ responses 
to a priori ‘intended active participation’ questionnaire. The general topics, meant for 
later general sessions (GS), were focused on seven only and hot ones, in the form of MS 
and Special Sessions (SS), have been introduced with the help of active members of the 
SC and experts in the suggested up-to-date topics. The technical program resulted in 
5 GS, 13 MS and 2 Poster session (PS). In details, 195 contributions were presented in 
37 sessions of which are 7 plenary lectures (PL), 28 oral sessions and 2 PS. From these, 
176 full papers were submitted in order to be included in the present e-proceedings. 
Out of the PLs, for which full papers were not expected, this represents ~94% of the 
188 talks (170) and Posters (18). Some of the missing 12 papers, related to talks (9) 
or Posters (3), were expected as they concern industrial (1), Keynote (1) or very late 
(3) submissions.

SMART2019 was supported by the 3 chairmen’s affiliations (Ensam, Le Cnam and 
Supméca) and by 3 prestigious journals: Smart Materials and Structures (SMS), Journal of 
Intelligent Material Systems and Structures (JIMSS) and Journal of Vibration and Control 
(JVC). Presenting authors of a selection of papers from the present e-proceedings will 
be invited to  revise and extend their contributions in order to be potentially published, 
after the journals regular review processes, in SMART2019 devoted special (JIMSS, 
JVC) or regular (SMS) issues. The organizers are then very thankful to their affiliations 
and to the editor-in-chiefs (Daniel J. Inman for JIMSS, Mehdi Ahmadian for JVC and 
Christopher S. Lynch for SMS) and JIMSS special issues’ editor (Norman M. Wereley) 
for their valuable supports. The present proceedings editors are also very thankful 
to the authors for their contributions, to the SC active members for their effective 
involvement, to the MS organizers, chairwomen and chairmen for their help, to Mr. 
Alessio Bazzanella (CIMNE) for the present proceedings administrative edition, and to 
the local organization help from Mr. Christophe Canu, our colleagues, Post-Docs and 
PhDs.
As a closure, the editors wish sincerely that these proceedings will be very useful to 
academic and industrial researchers, and to engineers in this highly active topic of 
smart structures and materials.

Ayech BENJEDDOU, Nazih MECHBAL and Jean-François DEÜ (Editors)
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Abstract. Recently, a new approach for cellular robots has been presented. The single elements
of the robot are triangular cells, which can change their shape by means of linear actuators at
each edge. The novelty concerns the connection of autonomous cells at their edges rather than
at the vertices. In this way, unstructured triangular meshes can be formed. The robot can
self-reconfigure and thus can reproduce almost arbitrary planar shapes. The self-reconfigurable
system shall serve as a basis for programmable matter. The present paper presents ways to assess
and to compensate positioning errors of triangular cells. A mechanical model is developed, which
considers compliance of links and joints by introducing axial and bending stiffness of according
members of the model. In order to enable a fast computation and an integration of the actuators,
a simplified discrete model is developed. A calibration and a comparison with accurate motion
and force measurements shows the validity of the model. In the future, an extended model shall
be used in order to optimize the mechanical parameters.

1 Introduction

Modular self-reconfigurable mechanisms have been investigated since the 1980s [1]. Self-
reconfigurable mechanisms which are able to change their shape autonomously are classified as
metamorphic robotic systems [2]. Only few such systems are available and they consist mostly of
rigid cubical [3] or spherical [4] cells with an active or passive connection mechanism and are able
to self-reconfigure by means of moving around on the other cells. However, these systems can
only reconfigure, but not additionally change shape after reconfiguration. Since the development
of metamorphic robotic systems, researchers improved the single components of the systems
such as actuators, connection mechanisms, electronics and algorithms for self-reconfiguration [5].
Furthermore, spherical cells have been proposed for a possible approach to programmable matter
[6], but no concrete areas of application have yet been identified [7].

The present paper deals with a simplified model of an extremely versatile cellular, adaptive and
reconfigurable robotic system. The Planar Adaptive Robot with Triangular Structure (PARTS)
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COMBINING OPTIMAL CONTROL AND SHAPE OPTIMIZATION
FOR AN ADAPTIVE ENGINEERING STRUCTURE WITH

PARAMETERIZED REDUCED ORDER FINITE ELEMENT MODELS
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Abstract. This contribution proposes a workflow for simultaneous structural and control design for adap-
tive engineering structures. It allows to optimize the shape and the control in accordance with each other
in order to obtain an overall optimized system. Its main idea is to solve a subordinate optimal control
problem in every iteration of a superordinate shape optimization. Additionally, the workflow combines
geometrically parameterized finite elements with parametric model order reduction. This allows to con-
duct the necessary transient simulations during the solution of the optimization problem numerically
efficient with models of low order. Next, it enables an efficient sensitivity analysis. An exemplary
adaptive engineering structure which diminishes displacements by an actuation is used to illustrate the
workflow. In this example, the structure is subjected to a dynamic, moving load. The corresponding
actuation is determined by an optimal control law. The objective is to optimize the shape and the control
input such that the actuation energy is minimized.

1 INTRODUCTION

The construction sector plays a major role in the worldwide consumption of resources and in the
production of emissions, see [9]. In view of limited resources, a decrease of the material consumption and
the emissions in the civil engineering sector is, therefore, essential. Adaptive engineering structures are
one way to achieve a weight reduction, [11]. It is the idea to combine the actual engineering structure with
actuators, sensors, and a control concept to manipulate for example stresses or deformations. Thereby,
the load carrying behavior can be improved and a weight reduction of the structure can be achieved.
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[8] goes significantly beyond the technology of existing cellular robots and is intended to be used
in a wide range of applications. Considering cell sizes in the range from meters to millimeters,
possible applications range from large adaptive and self-constructing scaffolds to small adaptive
’material’. One of the disadvantages of the existing system are the six-bar-linkages, which cause
a low stiffness of the cells. In order to determine the stiffness, a test rig was designed which allows
the determination of a force-displacement curve by means of two orthogonally applied forces. A
mechanical model was developed which takes into account the bending stiffness of the six-bar-
linkages. The model is highly important for the further development of the self-reconfigurable
system, as it aims to predict the size of positioning errors which can be used to estimate possible
connection faults. As compared to earlier works on the triangular cells, positioning errors can
be predicted qualitatively given the parameters of a single cell only.

2 A planar cellular robot

The recently developed self-reconfigurable mechanism PARTS with adaptive triangular cells
(ATC) and active connection mechanism as shown in Figure 1a), can reconfigure itself au-
tonomously. Specifically, this can be achieved with the advantage that general triangular meshes
can be exactly recreated. This is possible because the kinematic rotation axes of the vertices
are located outside of the assembly space due to the use of six-bar linkages as shown in Fig-
ure 1b). Thus, all polygons with according edge sizes and angle limitations can be built with
this method. In contrast to all other existing systems, the above mentioned features of PARTS
allow that the whole structure can still move and, e.g., grip something, nearly independent of
the reconfiguration of the structure. In other words, the programmable structure PARTS com-
bines self-reconfiguration with adaptronics. Furthermore, programmable matter can be realized
if using tetrahedral cells [9] together with miniaturization.

In order to transform the self-reconfigurable mechanism from one to another meshed structure,
the cells are moving, e.g., along the outer edges of the current structure, cf. Figure 2. However, the
real cells show a significant amount of deformation at the realized joints, such that a deviation of
the real mesh from the idealized triangular mesh occurs. As the individual ATCs have no sensors
for absolute positioning, the error between actual and target positions should be computed from
a calibrated model of the deformable mechanism.

3 Positioning accuracy

The main part of the present contribution concerns the modeling of the cells, specifically of
the six-bar-linkage joints as shown in Figure 1b) [8], which lead to a deviation of the real cells
as compared to the idealized prescribed movements of the underlying triangular mesh due to
compliance, bearing clearances and actuator inaccuracies. A first approach to modeling posi-
tioning errors due to compliance, clearance and friction has been based on a simplified mechanical
model using elastic trusses of the triangular mesh to predict the positioning errors [8]. To get
an accurate prediction of the positioning error, the current model is extended, by modeling ev-
ery six-bar-linkage with elastic trusses and rods (for bending) and the whole self-reconfiguration
mechanism resulting as a multibody system with changing constraints. In the present contribu-
tion, the modeling of the joints is improved by means of an additional bending related compliance
in the six-bar-linkages. Modeling of bending stiffness follows the finite segment method, which
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Figure 1: a) Top view of an ATC prototype with six-bar-linkages, electronics and measuring
points. b) Schematic representation of a six-bar-linkage with center of rotation outside of the
assembly space [8].

a) b) c)

d) e) f)

g) h) i)

Figure 2: Proof of concept of self reconfiguration of PARTS with six ATCs. Steps a) to i)
show the reconfiguration of PARTS by adapting the surrounding ATCs and by releasing and
connecting the ATCs at the side edges.
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Figure 3: a) Schematic of the deflection of a beam. b) Sketch of a linearized three-point torsion-
spring.

allows to use only rigid bodies and springs for the whole model [10].

3.1 Deformation of a beam through bending

Bending stiffness has not been considered within the first model of the ATCs [8], which is
why the model error becomes very large with the number of added ATCs. The maximum of the
elastic deflection, denoted as yc, of a simply supported beam loaded at a distance a and b from
the support, see Figure 3a), is given by

yc =
Fl3

3EI

a2

l2
b2

l2
(1)

with the force F acting on the beam, the young’s modulus E, the area moment of inertia of
cross section I and the length l of the beam between the supports. The above formula can be
rewritten as

F =
3EIl

a2b2
yc. (2)

The supporting forces FA and FB are calculated as follows

FA = F
b

l
and FB = F

a

l
. (3)

Modeling of bending stiffness follows the finite segment method, which allows to use only rigid
bodies and torsion springs for the whole model as shown in Figure 3b). Note that within the
finite segment method, small deformation assumptions of the underlying beam are utilized, but
the method could even tackle geometrically nonlinear deformations.
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The maximum bending moment of the beam shown in Figure 3a), which is collocated with
the point of maximum deflection yc, is given by

M(ϕ) = FF · e⊥13
ab

l
(4)

with
FF = Fe⊥13

ab

l
(5)

and the unit vector e⊥13 perpendicular to e13. The index gives the direction of the unit vector e.g.
from node 1 to node 3, see Figure 3b). In the discrete model Figure 3b), a linearized relation
between the deflection yc and the angle ϕ can be derived. Assuming that the distance a = b, the
maximum deflection is

yc =
ϕ l

4
. (6)

Inserting equation (2) in equation (5) and using equation (6), an according bending stiffness
can be derived for the discrete model, see Figure 3b), which is given by

M(ϕ) =
3EIl

a2b2
ϕ l

4

ab

l
=

3EIl

4ab
ϕ = ctϕ. (7)

Herein, the torsion stiffness parameter is given by

ct =
3EIl

4ab
. (8)

As our nodal-based model does not include rotations, the angle ϕF results from flexible bending
as given by the relative displacements of the three nodes, reading

ϕF = arctan

(
e⊥12 · e23
e12 · e23

)
. (9)

In order to apply a torque MF due to (flexible) bending,

MF = ctϕF (10)

we apply appropriate forces FF , FFA and FFB. The force FF follows from equation (4),

FF = M(ϕ)
l

ab
e⊥13 = ctϕF

l

ab
e⊥13 (11)

and the forces FFA and FFB at the supports are calculated as follows

FFA = FF
b

l
and FFB = FF

a

l
. (12)

The resulting discrete model is used to approximate the bending effect and is denoted as ’new
model’ in the experimental results.
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Figure 4: Truss model with friction to represent the edges of the ATC.

3.2 Modeling of positioning errors due to compliance, clearance and friction

In the ATC the parallel six-bar linkage with the two bars DFH and GFE, see Figure 1b), have
been identified as components with high compliance and clearance. Clearance is not considered
here, because clearance effects will be significantly reduced in the future design with compliant
joints. The basic idea of the current truss model with friction is to represent the edges of the
ATCs with trusses as shown in Figure 4. Every actuator is represented by means of a truss with
stiffness kA. The friction in this model is based on a spring element and a Coulomb friction
element put into series. The values for the simulation are listed in Table 1. For details on the
truss model without bending, see [8].

To get an accurate prediction of the positioning error, the current truss model with friction is
extended, by modeling every six-bar-linkage with elastic trusses and rods (for bending) as shown
in Figure 5a). The modeling of the joints is improved by means of an additional bending related
compliance EI in the six-bar-linkages as described above. For the second moment of area I0 and
the area of the C-shaped profile A, the cross-section of the bar CE as shown in Figure 5b) was
used. The resulting stiffness parameters of all truss elements, as given in Figure 5b), are listed
in Table 1.

4 Laboratory measurements and experiments

Two laboratory scale experiments have been performed. The first experiment with one tri-
angular cell is used to identify the stiffness of a single cell. In particular, the measurements are
used to identify the bending stiffness parameter EI for the model as described in Section 3.

The second experiment is carried out with four connected ATCs and detailed measurements
are used to validate the model.

4.1 Experiment to identify the bending stiffness parameter

A test bench has been developed, see Figure 6, which allows the precise application of dis-
placements and forces along almost any direction. Within the present setup, one edge is rigidly
connected to a ground plate while the opposite vertex of the ATC can freely move on ground.
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Figure 5: a) Extended truss model with elastic trusses and rods. b) Enlarged representation of
one edge.

Table 1: Parameters of the truss model.

parameter value unit
actuator stiffness kA (calibrated) 1.048 N/mm

reference length L0 229 mm
friction normal force FN 0.597 N

static friction coefficient (ATC/ground) µ 0.18 −
max. friction force Fmax = µ · FN 0.107 N
max. friction spring length dmax 2 mm

friction spring constant kFr 0.054 N/mm
young’s modulus VisiJet Navy E 735 N/mm2

second moment of area of C-shaped profile I0 84.42 mm4

area of C-shaped profile A 17 mm2

bending stiffness EIact 8 · EI Nmm2

bending stiffness EIcon 8 · EI Nmm2

axial stiffness EAact1 8 · EA Nmm2

axial stiffness EAact2 8 · EA Nmm2
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Figure 6: Test bench for measuring force and displacement of an ATC to identify the bending
stiffness parameter EI of the model. The actuator is in position 1) in axial direction of the ATC
and in position 2) normal to axial direction.

The actuator stroke of the PI ’M-235 High-Resolution Linear Actuator’ is prescribed by an ac-
cording controller with a nominal velocity of 1 mm/s. A force sensor ’U9C’ which is attached at
the tip of the actuator measures the force along the axis. Note that the center of the actuator
can freely rotate using a ball bearing (friction neglected) between the mounting on the base plate
and the actuator. The center of gravity of the actuator and the force is carefully balanced such
that almost no gravitational force is transferred to the ATC. As the actuator allows no simple
synchronization, we measure the actuator displacement with a laser range-finder ’LK-H157’. Two
representative orientations of the actuator have been chosen, being the ’axial’ direction of the
ATC (position 1, tangential to the edge of the ATC) and normal to the first direction (position
2). The diagram of the force path for the two mounting positions is shown in Figure 7a).

Retro-reflective markers were applied to the cells and the relative movements of the markers
at given actor strokes were measured with a motion tracking system (Vicon) and compared with
the results of the model by an identified force of f = 14 N. The location of Vicon measuring
points is given in Figure 6a) and also highlighted red in Figure 6b). The error over all Vicon
measuring points, which is computed as the distance between measured and computed (model)
points, is shown for the two actuator positions in Figure 7b). For model calibration, a factor
is used against the nominal bending stiffness EI0, which is determined from the material and
geometry parameters of the respective arms of the six-bar-linkages. By visual inspection, the
optimal bending stiffness parameter is determined as EIopt = 1.3 EI0, which is used in the
simulation with the model.
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Figure 7: a) Force path diagram for the two measuring positions as shown in Figure 6; b) Error
over all measured and calculated points for position 1) (black) and for position 2) (blue).

Table 2: Desired actuator strokes of the first experiment (mm); the strokes are interpolated with
20mm steps.

step ATC act. stroke step ATC act. stroke
1) 1 A11 0 4) 1 A11 80

4 A42 0 4 A42 80
2) 4 A41 80 5) 4 A41 0
3) 1 A13 80 6) 1 A13 0

4.2 Motion tracking experiments

In order to verify the model on a larger scale with four ATCs, the measurement points in
Figure 8a) are recorded with the motion tracking system Vicon for every ATC. The desired
strokes of the 4 ATC experiment are given in Table 2, which have been prescribed in steps
of 20 mm. Figure 8b) shows snapshots of the motion of the real system. The newly developed
model is compared against a simpler model [8] in which, however, an adjustment actuator stiffness
parameter has been calibrated using the data of the 4 ATC setup itself, while in the present model
a reference measurement with one ATC is used. Figure 9b) depicts the distance of the points
between measured and desired trajectory and between computed model and desired trajectory.
The large deviation between desired (ideal) and real position of point P6 is obviously reduced by
the new model. Larger deviations at the beginning of the movement could be attributed to the
unknown pre-stress in the system. Concludingly, the model predictions could be used to reduce
the positioning errors significantly.
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Figure 8: a) Initial position of four ATCs with centre of rotation P1 - P6, parallel six-bar linkages,
retroreflective markers (red measuring points), connection mechanism (green) and actuators A11-
A51. b) Snapshots of the motion of PARTS for the first experiment, using steps 1) – 6) in Table 2.
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5 Conclusions

The use of simplified models of the real kinematics of the adaptive self-reconfigurable mech-
anism delivers the possibility to correct the linear actuators to minimize the positioning errors
and to directly set the desired triangular shapes. Furthermore, the laboratory setup opens the
possibility to optimize the design and to search for kinematic designs with much higher stiff-
ness. Due to the corrections applied, the general triangular structure based on a given network
can be easily programmed, which enables the implementation on an embedded system. A self-
reconfiguration algorithm of PARTS is currently under development [11]. At the moment only
a static model is considered because motion is slow and dynamic effects are small, which should
be extended in further research in order to simulate effects during connection and release. The
disruptive potential of the presented adaptive robot is dependent on a realization at the micro-
scale, leading to a smart material. Even though such a realization is not expected in the near
future, the present approach can be seen as a top-down attempt to obtain a fully programmable
matter or a self-healing material.
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Abstract. This contribution proposes a workflow for simultaneous structural and control design for adap-
tive engineering structures. It allows to optimize the shape and the control in accordance with each other
in order to obtain an overall optimized system. Its main idea is to solve a subordinate optimal control
problem in every iteration of a superordinate shape optimization. Additionally, the workflow combines
geometrically parameterized finite elements with parametric model order reduction. This allows to con-
duct the necessary transient simulations during the solution of the optimization problem numerically
efficient with models of low order. Next, it enables an efficient sensitivity analysis. An exemplary
adaptive engineering structure which diminishes displacements by an actuation is used to illustrate the
workflow. In this example, the structure is subjected to a dynamic, moving load. The corresponding
actuation is determined by an optimal control law. The objective is to optimize the shape and the control
input such that the actuation energy is minimized.

1 INTRODUCTION

The construction sector plays a major role in the worldwide consumption of resources and in the
production of emissions, see [9]. In view of limited resources, a decrease of the material consumption and
the emissions in the civil engineering sector is, therefore, essential. Adaptive engineering structures are
one way to achieve a weight reduction, [11]. It is the idea to combine the actual engineering structure with
actuators, sensors, and a control concept to manipulate for example stresses or deformations. Thereby,
the load carrying behavior can be improved and a weight reduction of the structure can be achieved.
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However, the design of adaptive engineering structures is not a trivial task. It requires to design the
structure, the control concept including actuator and sensor placement, see [13], and the control law.

The novel contribution of this paper is a workflow in which both the shape and the control of an adap-
tive engineering structure are optimized simultaneously. As a result, an adaptive engineering structure is
derived in which the shape and the control are optimized in accordance with each other yielding an opti-
mized overall system. Furthermore, the entire simulation and optimization is done using parameterized,
reduced order finite element models, see [7]. Including reduced order modeling in the workflow allows
very efficient yet accurate reruns of the dynamic, transient simulations and therewith an efficient solution
of the simultaneous optimization problem.

This paper is structured as follows. Section 2 describes the adaptive engineering structure used as an
illustrative example which is followed by the introduction of the control concept. Simulation results are
shown both for the passive and the active structure. Section 3 states the simultaneous shape and con-
trol optimization problem and illustrates the proposed optimization workflow. Parametric model order
reduction is applied and the optimization problem is solved. The results are interpreted and discussed.
The conclusion can be found in Sec. 4.

2 MODELING AND CONTROL OF THE ADAPTIVE ENGINEERING STRUCTURE

This section introduces the adaptive engineering structure which is used as an example in this con-
tribution. The exemplary structure is a simplified model of a bridge. It compensates external loads, for
example caused by cars or trains, by an actuation. The structure is first introduced in [12]. For a better
understanding, its functionality will be shortly described below.

The structure with material properties and dimensions is illustrated in Fig. 1. The beam-like structure
has two supports where the left support constrains displacements in all directions. The right support only
constrains displacements in x- and y-direction allowing a horizontal movement of the right support.
Two displacement fields, one of the passive, one of the active structure are shown in Fig. 2 for a loading
in vertical direction. The passive structure shows clear bending. For the active structure, an actuation
force in z-direction is applied at the right support to compensate the bending. It can be seen that the
displacement at the loading position is reduced to zero. The displacement along the rest of the structure
is also diminished significanctly. A more elaborated analysis of this particular adaptive engineering
structure including a shape optimization can be found in [7]. However, the authors of [7] only investigate
static load cases and a static compensation. In the following, a dynamic, moving load case is considered
and transient simulations are conducted. Consequently, the control concept has to be extended to this
problem type. First, the governing equations and the modeling of the moving load will be illustrated.
Second, an optimal control concept is stated and applied to the structure.

5 m 1 m 5 m 1 m 10 m

1.5 m 12.75 m

0.75 m

5 m

0.5 m

E = 30 ·109 N/m2, ρ = 2400 kg/m3, ν = 0
thickness: 0.5 m

pinned node (x, y, z) pinned node (x, y)

z-axis

y-axis

Figure 1: Adaptive structure with pinned nodes (black), the actual element size is two times smaller.
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Figure 2: Passive and active structure for an exemplary static loading in y-direction.

2.1 Modeling of the dynamic load case

The structure is discretized with the finite-element-method (FEM), see for example [15], with 5504
hexahedron elements with linear interpolating ansatz functions. This results in a system with 36 200
degrees of freedom. Note that the FEM mesh shown in Figs. 1-2 is a coarse mesh for illustration,
the actual mesh size is two times smaller. The dynamic load is modelled as a moving force where its
loading position η(t) ∈ [−21.3m, 21.3m] is a function of time. The load on the structure is written as
the product

fload = e(η(t))w(t) (1)

where the disturbance w(t) ∈ R is distributed along the structure with help of the time dependent dis-
turbance input vector e(η(t)) as a 1.4m wide surface load around η(t). The control force acting on the
right support is written as the product

fctrl = bu(t) (2)

with the constant control input vector b ∈ RN and the control input u(t) ∈ R. Hence, the governing set
of second order differential equations is given as

Mq̈(t)+Dq̇(t)+Kq(t) = bu(t)+ e(η(t))w(t) (3)

ydisp(t) = eT (η(t))q(t)

where M ∈ RN×N , D ∈ RN×N , K ∈ RN×N are the mass, damping, and stiffness matrix, respectively. The
nodal displacements are described by q ∈ RN . Additionally, system (3) includes the system output of
interest ydisp(t) describing the displacement in vertical direction at the time dependent loading position
η(t). In the following, the disturbance force is set to be constant with w = 1000kg ·9.81 m/s2 = 9810N.
Two loading position trajectories, a forward and a backward trajectory, are considered where both trajec-
tories

η(t)forw,backw =±21.3m± t9.7 m/s (4)

describe a linear movement with constant velocity, see Fig. 3. The inital conditions are set to zero with
q(t = 0) = 0 and q̇(t = 0) = 0. From now on, the time dependency of q(t),u(t),w(t),η(t) and ydisp(t)
will be only written if there is a benefit for the reader.

Solving system (3) in time for the backward loading position trajectory and u = 0 yields the displace-
ment ydisp of the passive structure, see Fig. 4. The loading position η is marked for some time steps.
The displacement ydisp increases as the load moves along the structure since the structure becomes more
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Figure 4: Displacement at loading position for passive
structure over time and corresponding z-coordinates of
loading position.

flexible for a loading in the center. In the static case, one would expect the maximum displacement for
a loading position directly in the center of the structure at η = 0m. However, the moving load excites
an oscillation such that the maximum displacement of ydisp ≈ 1.21 · 10−3 m occurs at t = 2.43s at the
loading position η = −2.2m. Small displacements can be observed when the moving force is acting
over the supports, for example at η = 13.5m, as the system is stiffer here.

2.2 OPTIMAL CONTROL DESIGN

Assuming the disturbance is known a priori, the input u(t) which minimizes ydisp(t) over the simula-
tion time can be determined by an optimization. In order to do this, system (3) is rewritten in state space
notation and discretized in time as

xk+1 = Ãxk + b̃uk + ẽkwk,

yk = ẽT
k xk

(5)

with

Ã = eATs , A =

[
0 I

−M−1K −M−1D

]
(6)

and

ẽk =
∫ Ts

0
eA(Ts−τ)

[
0

e(kTs)

]
dτ, b̃ =

∫ Ts

0
eA(Ts−τ)

[
0
b

]
dτ. (7)

The initial condition is given by xk=0 = 0 and the sample time is Ts. The optimization problem can now
be formulated as

min Jctrl = xT
KHxx,KxK +

K−1

∑
k=0

xT
k Hxx,kxk +ukHuuuk, subject to system (5). (8)

Here, K is the number of time steps considered. This means that the time span over which the input uk is
optimized is given by tctrl = KTs.

It can be seen that the cost function Jctrl weights and penalizes both the control input uk and the
deviation of the state xk from the equilibrium. The weighting matrix Huu is chosen to be constant. In
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order to only penalize the displacement at the actual loading position but not the entire state including
velocities, the weighting matrix Hxx,k is written as

Hxx,k = ẽkHxxẽT
k (9)

such that
xT

k Hxx,kxk = xT
k ẽkHxxẽT

k xk = ydisp,kHxxydisp,k. (10)

The scalar weighting matrix Hxx is chosen to be constant, as well. The optimization problem (8) can be
analytically solved by backward iteration as depicted in Alg. 1. A more elaborative derivation can be
found in [10].

Algorithm 1 Backward iteration
1: Wxx,K = Hxx,K

2: for k = K −1 to 0 do
3: Gxx,k = Hxx,k + ÃTWxx,k+1Ã
4: Gxu,k = ÃTWxx,k+1b̃
5: Guu,k = Huu + b̃TWxx,k+1b̃
6: Gx,k = ÃT (Wxx,k+1ẽkwk +Wx,k+1)

7: Gu,k = b̃T (Wxx,k+1ẽkwk +Wx,k+1)

8: Rux,k = (Guu,k)
−1 (Gxu,k)

T

9: Ru,k = (Guu,k)
−1 Gu,k

10: Wxx,k = Gxx,k −Gxu,kRux,k
11: Wx,k = Gx,k −Gxu,kRu,k
12: end for

The optimal control problem is now solved with Alg. 1. Afterwards, the complete input signal is
obtained by forward simulation along with system (5) using the control law uk = −Rux,kxk −Ru,k. The
input signal for the backward loading position trajectory is shown in Fig. 5. The corresponding displace-
ment ydisp of the controlled structure is illustrated in Fig. 6. The maximum displacement decreases to
ydisp ≈ 1.38 ·10−4 m. The mean displacement over the entire simulation time is also much smaller com-
pared to the mean displacement of the passive structure. The proposed optimal control strategy seems,
therefore, to be appropriate for disturbance compensation in this dynamic load case example.
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Figure 5: Control input at right support.
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and active structure.

5



48
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3 SIMULTANEOUS CONTROL AND SHAPE DESIGN

This section illustrates the design approach in which the control input and the shape of the adaptive
engineering structure are optimized simultaneously. First, the design parameterization and the exemplary
optimization problem is stated. Second, parametric model order reduction (PMOR) is applied to enable
an efficient computation of the objective function during the optimization. Finally, the simultaneous
optimization process will be outlined and numerical results will be shown.

3.1 Formulation of the Optimization Problem

Figure 7 shows the structure where quadratic Beziér curves at the upper part and linear Beziér curves
at the supports are added to manipulate its shape. This yields 15 Beziér control points gathered in
the parameter vector p ∈ R15 which are used to describe the shape parameterization. The objective of
this contribution is to optimize the shape of the structure such that the actuator energy for the active
control from Sec. 2.2 is minimized. In this particular example, the optimization is conducted for a given
loading position trajectory η and a given disturbance w. The actuation energy is both influenced by the
control input u and the operating displacement at the right support yact. The latter can be written with the
transpose of the control input vector as yact = bTq. The time dependent power output is therefore given as
P(t) = ẏact(t)u(t). It is the goal of this optimization to minimize the integral of the squared power output
over the simulation time and thereby to minimize the energy required to run the control. Two loading
position trajectories, the forward and the backward trajectory from Fig. 3, are considered to achieve a
symmetric load. They are treated in two separate simulations starting with zero initial conditions such
that the objective function reads

J(p) = Jforw(p)+ Jbackw(p) =
∫ tend

0

(
ẏforw

act (t)uforw(t)
)2

dt +
∫ tend

0

(
ẏbackw

act (t)ubackw(t)
)2

dt. (11)

The optimization problem can therewith be written as

min
p∈P

J(p) = min
(
Jforw(p)+ Jbackw(p)

)

with P := {p ∈ R15 |plower ≤ p ≤ pupper |m(p)−m(p0)≤ 0, c(p)− c(p0)≤ 0}.
(12)

The first nonlinear inequality condition m(p)−m(p0)≤ 0 ensures that the mass of the structure m(p)
does not exceed the initial mass m(p0). The second nonlinear inequality condition c(p)− c(p0) ≤ 0
guarantees that the mean squared displacement

c(p) =
1

tend

∫ tend

0
y2

disp(y)dt (13)

at the loading position does not exceed the mean squared displacement at the loading position for the
initial geometry. The second inequality c(p)−c(p0)≤ 0 is necessary to make sure that the trivial solution
with u(t) = 0 resulting in a zero actuator energy is excluded from the feasible design space.

Figure 7: Adaptive structure with Bézier curves (red) and Bézier control points.
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3.2 Parametric Model Order Reduction

The shape parameterization introduced in Sec. 3.1 and illustrated in Fig. 7 makes the linear, second
order system (3) a linear, parameter-variant, second order system

M(p)q̈+D(p)q̇+K(p)q = bu+ e(η)w (14)

y = [e(η), b]Tq

since the system matrices clearly depend on the parameterized geometry. Due to the parameter depen-
dency, the system outputs y= [ydisp, yact] implicitly depend on the parameter vector p as well. This means
that the parameter dependent system (14) has to be solved in every iteration of the optimization process.
However, the large number of degrees of freedom with N = 36200 makes the subsequent solution of
system (14) numerically expensive. This results in very long and unacceptable computation times to
solve the optimization problem.

Parametric model order reduction (PMOR) is an efficient way to overcome this problem. PMOR
seeks to replace the parameterized, full order system by a parameterized, reduced order system. For that,
the solution is approximated as q ≈ Vq̄ in a lower dimensional subspace V spanned by the columns of
the base V ∈RN×n with n � N, see for example [1, 5]. Inserting the approximation into system (14) and
left multiplying with VT to perform a Galerkin projection yields the parameterized reduced order system

VTM(p)V ¨̄q+VTD(p)V ˙̄q+VTK(p)Vq̄ = VTbu+VTe(η)w (15)

ȳ = [e(η), b]TVq

with the reduced system matrices

M̄(p) = VTM(p)V, D̄(p) = VTD(p)V, K̄(p) = VTK(p)V, b̄ = VTb, ē(η) = VTe(η).

This contribution uses so-called interpolatory projection methods, see [2], to derive the base V. For
that, the transfer behavior from the system inputs to the system outputs of system (14) is described in
Laplace domain with the frequency response function

H(s,p) = [b, span(e(η))]T
(
s2M(p)+ sD(p)+K(p)

)−1
[b, span(e(η))], (16)

where s ∈ C denotes the Laplace-variable. Choosing the base

span(V) = span([σ̂2M(p̂)+ σ̂D(p̂)+K(p̂)]−1[b, span(e(η))]r) (17)

yields a reduced order system with a reduced order transfer function interpolating the full order transfer
function at the frequency expansion point σ̂ and the parameter expansion point p̂ along the tangential
direction r such that

H(s,p)r = H̄(s,p)r for s = σ̂, p = p̂. (18)

It is also possible to construct a base V such that the gradient of the reduced order transfer function
can be matched to the gradient of the full order transfer function. This property is especially helpful in
an optimization context as it allows to preserve sensitivity information in a reduced oder model and to
conduct a meaningful sensitivity computation with reduced order models. The approximation quality of
the parameterized, reduced order model can be further improved by concatenating the result of Eq. (17)
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for multiple frequency and parameter expansion tuple [(σ̂1, p̂1), (σ̂2, p̂2), . . .] in one representative base
as

V = span
[(

σ̂2
1M(p̂1)+σ1D(p̂1)+K(p̂1)

)−1
[b, span(e(η))]r1,

(
σ̂2

2M(p̂2)+σ2D(p̂2)+K(p̂2)
)−1

[b, span(e(η))]r2, . . .
] (19)

to ensure interpolation conditions at the tuple [(σ̂1, p̂1), (σ̂2, p̂2), . . .]. The reader is refered to [8, 2, 5,
14, 3] for more details concerning interpolatory projection methods for non-parameterized and parame-
terized systems. The PMOR in this contribution is done using the MOR-toolbox Morembs, see [6].

This contribution uses geometrically parameterized finite elements as presented in [7] for discretiza-
tion. They allow to derive the system matrices for a parameterized geometry in an affine representation.
For example the parameterized, full order stiffness matrix can be explicitly written as

K(p) =
M

∑
m=1

θm(p)Km (20)

with the scalar weight functions θm(p) and the constant and pre-computable matrices Km. Combining
the parameterized finite elements from [7] and PMOR has several advantages in an optimization context.
Instead of solving the full order system, a reduced order system of much smaller dimension can be
solved. Second, the affinely parameterized, reduced system matrices from Eq. (20) can be efficiently
evaluated as

K̄(p) = VT

(
M

∑
m=1

θm(p)Km

)
V =

M

∑
m=1

θm(p)VTKmV =
M

∑
m=1

θm(p)K̄m, (21)

where the coefficient matrices K̄m = VTKmV are precomputable after the reduction step. Finally, the
analytic description of the parameterized system matrices allows to differentiate the system matrices
with respect to the parameters and, therefore, enables an efficient sensitivity analysis. In this particular
work, 100 frequency and parameter expansion tuples are selected yielding a base with V ∈ R36200×100.
This means that the parameterized system can be reduced from 36200 to 100 degrees of freedom.

3.3 Simultaneous Optimization Workflow

The optimal control input signal derived in Sec. 2.2 is based on the system model of the structure in
its reference shape described by p0. Hence, it is possible that the input signal u(t,p0) is not appropriate
to compensate the moving load if the shape of the structure is modified during the iterative solution of
the shape optimization problem (12). The control and the shape design should be, therefore, conducted
simultaneously.

A possible workflow in which both the control and the shape are optimized is illustrated in Fig. 8.
First, the system is modelled to obtain the parameterized, full order system. PMOR is applied to derive
the parameterized, reduced order system for which the necessary reruns of the simulation can be per-
formed efficiently during the optimization process. The actual optimization starts with the evaluation
of the reduced system matrices for the discrete parameter sample p̃. The resulting reduced system is
used to derive the input signal u(t, p̃). The controlled system is then simulated to derive ydisp(t, p̃) and
yact(t, p̃) and the objective function and the nonlinear inequality conditions are evaluated. The sensi-
tivites are computed using the adjoint variable method, compare [4]. The process is repeated until the
optimizer converges. To summarize, the underlying optimal control problem from Eq. (12) is solved in
every iteration of the superordinate shape optimization. The control input signal is therefore optimized
in accordance with the optimization of the shape yielding an optimized overall system.

8
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modeling and parameterization ⇒ M(p),D(p),K(p)

parametric model order reduction ⇒ M̄(p), D̄(p),K̄(p)

evaluation of system matrices for p̃ ⇒ M̄(p̃), D̄(p̃),K̄(p̃)

solution of optimal control problem ⇒ uforw(p̃), ubackw(p̃)

simulation of controlled system ⇒ ẏforw
act (p̃), ẏbackw

act (p̃)

evaluation of objective function ⇒ J(p̃)

calculation of sensitivities ⇒ ∂J/∂p
con-

verged?
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Figure 8: Workflow of simultaneous control and shape optimization.

Note that the workflow in Fig. 8 is separated in two stages. The offline stage (marked grey) covers the
model preparation and the reduction. The online stage (marked blue) deals with the actual optimization
problem. The computations of the online stage can all be done with the parameterized, reduced order
model such that they are numerically cheap to conduct. The computations of the offline part have to
be done only once. Therefore, it is possible to re-use the parameterized, reduced order models to solve
diverse optimization problems.

3.4 Numerical Results

The optimization problem is now solved according to the previous section with a sequential quadratic
programming optimizer. The objective function is J(p0) = 1.06 (Nm)2

/s for the initial design and it is
J(popt) = 0.148 (Nm)2

/s for the optimized design. The corresponding shapes of the structures are shown
in Fig. 9. The optimal shape forms a flexible joint in the center. This solid-body like joint allows
the structure to act like a kinematic mechanism and to compensate the external disturbances with less
activation energy.

The displacements, the optimal control input and the objective function over time are shown in Fig. 10
for the initial and the optimal design for the backward loading position trajectory. In the optimized
design, both the mass inequality constraint and the mean displacement inequality constraint are active.
The displacements at the loading positions ybackw

disp for the initial and the optimized design show a similar
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Figure 9: Outer shape of inital and optimal design.
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0 1 2 3 4
−1

0

1

2 ·10−4

time (in s)

di
sp

la
ce

m
en

t
yba

ck
w

di
sp

at
lo

ad
in

g
po

sit
io

n
(in

m
)

initial optimum

0 1 2 3 4
−2,000

−1,000

0

1,000

time (in s)

op
tim

al
co

nt
ro

l
in

pu
t

uba
ck

w
(in

N
)

initial optimum

0 1 2 3 4

−2

0

2

·10−4

time (in s)

op
er

at
or

di
sp

la
ce

m
en

t
yba

ck
w

ac
t

at
su

pp
or

t
(in

m
)

initial optimum

0 1 2 3 4
0

0.2

0.4

0.6

0.8

time (in s)

sq
ua

re
d,

in
te

gr
at

ed
en

er
gy

Jba
ck

w
(t
,p
)

initial optimum

Figure 10: Displacement at loading position and support, control input and objective function over time for initial
and optimal design.

behavior confirming that the mean displacement constraint is active. The input signal ubackw for the
optimized structure shows a similar behavior as for the initial design. In contrast, the required operating
displacement ybackw

act is smaller for the optimized design than for the initial design. This is also the reason
leading to a much smaller, squared activation energy Jbackw(t,p) =

∫ t
0
(
ẏbackw

act ubackw
)2 dt.

An interesting fact is that the optimized shape is not symmetric to the y-axis. Instead, the left part
of the structure is thinner compared to right part. Conducting the optimization repeatedly for different
velocities of the moving load shows that this effect arises less distinct for smaller velocities, see Fig. 11.
The smallest velocity of 1.9 m/s describes a more quasi-static load case. Here, the optimal shape becomes
almost symmetric to the y-axis. A purely static load case, as in [7], would finally lead to a symmetric
optimal shape. It can be shown by investigating the frequency response function, see Fig. 12, that the
transfer behavior from the right support to the ends of the structure is indeed symmetric for the static case
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Figure 11: Outer shape of optimized design for different velocities of moving load.
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Figure 12: Frequency response function from right support to right and left end of structure.

meaning for a zero exciting frequency. However, for non-zero exciting frequencies the transfer behavior
from the right support to the ends of the carrier is not symmetric anymore. This causes the non symmetric
optimal shape for the dynamic load case problem.

4 CONCLUSIONS

This article demonstrates the application of adaptive engineering structures as a promising approach
to improve the load carrying behavior of classical engineering structures. This is useful for example to
save resources or to decrease emissions in the civil engineering sector. To this end, a design approach
is suggested supporting engineers in the simultaneous shape and control design for adaptive engineering
structures. First, the modeling of a dynamic moving load case for an exemplary structure is described. An
optimal control strategy is applied which efficiently compensates the disturbance forces in the dynamic
load setup. The optimal control concept is combined with a shape optimization where it is the objective to
minimize the actuation energy. For that, an optimization workflow is suggested which both considers the
control and the shape design. This is meaningful as it yields an overall system in which the control and
the shape are optimized in accordance with each other. Due to the large number of degrees of freedom
parametric model order reduction is employed. This allows a significant reduction of the degrees of
freedom while retaining the parameter dependency and enables an efficient solution of the optimization
problem with reduced order models.

Further research could include the investigation of the robustness of the optimized structure or the
simulation of more realistic loading position trajectories and loadings. Furthermore, an interesting topic
would be the estimation of unknown loads or unknown loading positions.
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Abstract.  
The suspension strut cap is the major component of automobile, which attaches the suspension 
strut to the vehicle body. In addition, it insulates the tire noise & vibrations from the vehicle for 
generated due to rough road profile and speed breakers. The suspension cap is mounted at the 
top of suspension strut, where one side bolts to the vehicle (i.e. cap is directly attached to the 
body) and the other side to attached to the steering pivots of wheel. So as the vehicle moves 
and goes over bumps, the up & down impact pushes and pulls at the mount. The caused 
vibration can be transmitted into the vehicle if routine inspection has not been done and can 
cause wear and tear in bearing part of the mount (loosening of bolts). The damaged suspension 
cap can lead to clunking noises, noisy steering, excessive movement, tire alignment etc. Hence, 
conditional health monitoring of a suspension strut cap is vital in vehicles.  For this study, the 
utilizations of dual sensing mechanism of piezo sensor has made for Structural health 
monitoring (SHM) technique i.e. Electro-Mechanical Impedance Technique.  Different state of 
damage has been induced by loosening the bolts to different torque range and compared with 
pristine stage (when bolts are tightened to highest force). The admittance signature are plotted 
to verify the damage condition raised due self-loosening. The RMSD plots were drawn to 
quantify the level of damage. Finally the FE coupled simulation has done for the suspension 
strut mound with surface bonded PZT patch for different damage levels and results are 
compared with experimental results. The promising results for this study sets a new paradigm 
for SHM technologies. 

 
 
1 INTRODUCTION 

A Suspension System is essential in an automobile as it provides steering stability and good 
handling of the vehicle. It also absorbs and counteracts the vibrational forces or shock caused 
due to the irregularities on the road surface. It consists of a spring which absorbs the energy 
caused due to the vibration and a strut which consists of a shock absorber (which is a damping 
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system) to dissipate the absorbed energy. A shock absorber, basically consists of an oil pump 
which could be either compressed or extended using a piston arrangement. The upper part of 
the shock absorber is connected the vehicular frame and the lower part is attached the axle, near 
the wheel. The piston rod of the shock absorber is connected to the upper strut mount through 
bolt joints, which in turn is connected to the piston, which sits in a tube filled with hydraulic 
fluid. The Upper Strut Mount used for this study is of the front suspension of MacPherson type, 
which is the most widely used front suspension system (Earle S. MacPherson in 1947) 

 
Upper Strut mount, also referred to as bearing plate, is an important linking component in 

the vehicle as it connects the vehicle’s suspension system to the body of the vehicle. Strut 
mounts have to be flexible enough to handle slight angle changes in order to be able to transfer 
vehicle load to the spring of the suspension system (Huynh et al., 2018). Due to high impulsive 
loading, brittle failure or small fractures can be observed on the surface of the upper strut 
mounts. Due to excessive vibrations experienced due the vehicle travelling on a rough road 
profile, caused the self-loosening of the bolts, which connects the suspension strut to the 
vehicular body is also termed as a damage criterion for the suspension system. It must be 
ensured that the bolts remained tightened and maintain the preload conditions (Wang et al., 
2013). Also, Failure to replace a worn upper strut mount will cause it to deteriorate very quickly, 
which will have a knock-on effect to other components, such as the shock absorbers and even 
the tyres (Huynh et al., 2018). 

 
From the above detailed study, it can be observed that the continuous monitoring of upper 

strut mount ensure the reduction in maintenance and more passenger safety and comfort. Hence, 
the authors attempts to monitor the self-lessening effect of bolts on suspension mount for 
different level lessening state (different torque moment) using piezo sensor for Electro-
mechanical impedance technique. For damage quantification statistical interpretation are done. 
The experimental details and results are discussed in upcoming section.   

 
 

The process of implementing a damage detection strategy for a civil, mechanical or 
aerospace infrastructure is known as Structural Health Monitoring (SHM). The damage is 
defined as changes to the material and/or geometric properties of these systems, including 
changes to the boundary conditions and system connectivity, which adversely affects the 
system’s performance (Farrar & Worden, 2006). SHM systems are denoted as a reliable system 
with the ability to detect and interpret adverse changes in a structure due to damage (Kessler et 
al., 2002). Typically, such a system consists of sensors, actuators, amplifiers and signal 
conditioning circuit. There are a large variety of methods and evaluation tools used to 
implement structural health monitoring on a system. (Bhalla, 2004a and 2004b).These methods 
can be classified as either global or local methods. Global methods study the structure as a 
whole whereas local methods are used to detect damages in a localized part of the structure. 
Condition Monitoring is analogous to Structural Health Monitoring, but it addresses to rotating 
and reciprocating machinery instead of large infrastructures.  
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2. BASICS OF EMI TECHNIQUE  
In general, SHM or damage detection techniques based on the vibration response of the 

structure can be classified into two categories: model based (which require a model of the 
structure to start with) and non model based (in which model is not pre requisite). The 
impedance-based technique belongs to the non model based category. Most of the current work 
in the impedance based SHM is focused on adapting the EMI technique for application on real 
world structures. This involves miniaturization of the data acquisition hardware, combination 
with wireless telemetry and addressing powering issues including energy harvesting techniques. 
 

The basic concept of the EMI technique for SHM is to monitor the integrity of the structure 
by measuring the electrical admittance via the PZT transducer bonded on the surface of the 
monitored structure. Because of the direct and the converse piezoelectric effects, any change in 
the mechanical impedance of the structure caused by damage modifies the electrical admittance 
of the PZT transducer bonded to it. Usually, the electro-mechanical admittance signature, 
comprising of the conductance (real part) and the susceptance (imaginary part) is acquired in 
the healthy condition of the structure and used as the reference baseline for future decisions on 
structural integrity. Any occurrence of damage on the structure modifies the admittance 
signature, thereby providing a signal to the end user. Bhalla and Soh (2004a,b) developed a two 
dimensional piezo-impedance approach based on the concept of effective impedance to model 
the PZT-structure interaction manifesting active and passive part of coupled admittance 
signature. Any damage to the structure will cause these characteristics to change and hence 
changes the structural impedance (Zs,eff),  which in turn alters the admittance (Y ) as given by 
the following expression  

   
2 22

,31 31
33

, ,

2 2 tan4
1 1

E E
a effT

s eff a eff

Zd Y d YI l klY G Bj j
h Z Z klV

 
 

                       (1)      
where ω is the angular frequency, l the half-length and h the thickness of the patch,

 33 33 1T j     the complex piezoelectric permittivity (  being the dielectric loss factor), 

 1E EY Y j   the complex Young’s modulus  ( being the mechanical loss factor), Zs,eff  and 
Za,eff  respectively the effective impedances of the structure and the PZT patch and k the wave 
number. This equation couples the mechanical impedance of the structure with the electrical 
admittance ,Y which means that any damage to the structure (change of Zs,eff) will reflect itself 
as change in .Y Furthermore, a continuum approach has recently been developed with rigorous 
inclusion of the bonding effect on the coupled admittance signature (Moharana and Bhalla, 
2014, 2015). Recently, the EMI technique has been increasingly tested on civil and mechanical 
structures (Varadan and Varadan, 2002; Park et al., 2000a, b; Soh et al., 2000; Bhalla, 2001) as 
well as aerospace structures (Chaudhary et al., 1995; Giurgiutiu, 2000; Giurgiutiu and Zagrai, 
2002; Ghoshal et al., 2001). Bhalla and Soh (2004a, b) proposed a damage quantification 
approach, based on identifying the equivalent system parameters from signatures. This 
approach utilized both real and imaginary components of the signature and paved way for 
identifying the system parameter from experimental data, enabling parametric damage 
quantification. 
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3. EXPERIMENTAL PROCEDURE  
 
A PZT patch is bonded to the surface of the upper strut mount near the bolt connection using 

high strength epoxy adhesive as shown in Figure 1. The LCR meter is connected to bonded  
PZT patch. For EMI technique, the PZT patch is excited with 1.41 volt and coupled admittance 
response has recorded for 30-300kHz through VEE-PRO software.  

 

  
 

Fig.1 Experimental set up (a) Suspension strut sample connected to both system and 
system (b) Digital torque wrench used for loosening bolts 

 
As per the Hyundai specification sheet for suspension strut systems, the upper strut mount 

nuts have to be fastened by providing torque of 20 Nm for our sample, i.e, the upper strut mount 
of a Hyundai Accent. So all the nuts were fastened by applying torque of 20 Nm by using a 
torque wrench and this is considered as the pristine or undamaged state. Five sets of impedance 
response signatures were recorded by the using the LCR meter to perform the repeatability test 
of the pristine state.  For inducing damages the bolts are loosened to certain torque value as 
mentioned in Table-1. The coupled admittance signatures were recorded for damaged sates 
aand compared with pristine values. 

 
 

Table 1: Different damage level details for the bolt connections. 
Pristine Condition All bolts tightened to 

20 Nm 
Intact 

Damage Level 1 Bolt 1 ΔT = 5 Nm Incipient damage 
Damage Level 2 Bolt 1 ΔT = 10 Nm Moderate damage 

Damage Level 3 Bolt 1 ΔT = 15 Nm Severe damage 

 

Statistical quantification methods can be used to detect the changes of the preload in the bolted 
connections. Two common methods used to quantify damages in the structures or machines are 
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Correlation Coefficient Deviation (CCD) and Root Mean Square Deviation (RMSD) indices. 
(Huynh et al., 2018). The CCD can be computed  

 
𝐶𝐶𝐶𝐶𝐶𝐶 = 1 −  1

𝜎𝜎𝑧𝑧𝜎𝜎𝑧𝑧∗
𝐸𝐸{[𝑅𝑅𝑅𝑅(𝑍𝑍(𝜔𝜔𝑖𝑖) −  𝑅𝑅𝑅𝑅(�̅�𝑍)] [𝑅𝑅𝑅𝑅(𝑍𝑍∗(𝜔𝜔𝑖𝑖) −  𝑅𝑅𝑅𝑅(�̅�𝑍∗)]}             (2) 

where E[·] is the expectation operation; 𝑍𝑍(𝜔𝜔𝑖𝑖) and 𝑍𝑍∗(𝜔𝜔𝑖𝑖) are the impedance responses at the 
𝑖𝑖th frequency value before and after damage, respectively; �̅�𝑍 and �̅�𝑍∗ are the mean values of 
those responses; and 𝜎𝜎𝑧𝑧 and 𝜎𝜎𝑧𝑧

∗ are the standard deviations of the corresponding impedance 
responses. 
The Root Mean Square Deviation (RMSD) index can be computed as  

𝑅𝑅𝑅𝑅𝑅𝑅𝐶𝐶 =  √∑ [𝑍𝑍∗(𝜔𝜔𝑖𝑖) −  𝑍𝑍(𝜔𝜔𝑖𝑖)]2 ∑ [𝑍𝑍(𝜔𝜔𝑖𝑖)]2𝑁𝑁
𝑖𝑖=1⁄𝑛𝑛

𝑖𝑖=1                 (5) 

where n denotes the number of reading 
 

4. RESULTS AND DISCUSSION 
 
For damage identification, conductance signature is more sensitive and widely used for 

localised SHM techniques. Hence for this study only conductance plot for sensor reading are 
studied and analysed. The conductance signatures for suspension mount plotted for 30-300 kHz 
for baseline and damage state (see Fig 2 and Fig 3). The repeatability of sensor signature 
towards system identification is quite robust, can be seen from Figure 2.  

 
 

 

Fig.2 Plot of Conductance versus Frequency in Pristine State 

The is shifting resonance peaks and decrease in conductance values in conductance signature 

of specimen for damage State-3 and State-4, when bolts are loosened to 10Nm and 15Nm torque 

(see Fig. 3). For better visibility and clarification, closer  views of  conductance signature for 
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selective frequency range has plotted in Figure 4. In Figure 4a to 4f, it can be seen that self-

loosening effect (loosened to certain torque value) has significantly changed/ shifted the 

conductance peak values.  

 

Fig.3  Experimental conducatnce signature ( Pristine Vs Damag states) 

 

 

(a) The frequency range of 70-75 kHz  (b) The frequency range of 95-100 kHz 
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(c) The frequency range of 190-195 kHz  (d) The frequency range of 230-240 kHz 

 

(e) The frequency range of 208-218 kHz  (f) The frequency range of 268-272 kHz 

Fig.4  Experimental impedance signatures under bolt-loosening cases obtained from      

From Figure 4, it can be concluded that the impedance peaks tend to shift to downwards to the 

right as bolts are loosened torque values siginificantly. So, in order to quantify the measured 

coupled admittance responses, damage-sensitive features were extracted from the impedance 

data, the correlation coefficient deviation (CCD) and root-mean-square deviation (RMSD) 

indices. While the CCD index mainly quantifies the frequency shift of the impedance 

signatures, the RMSD index quantifies both the frequency and magnitude. Figure 5 presents  

the RMSD and CCD indices that was plotted according to the torque-loss level for all of the 

loosening cases of Bolt. 
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Fig. 5  (a) RMSD Variation for different level of torque loss (b) CCD variation for level of torque loss 

The RMSD (%) is plotted against the damage state for clearer understanding of the increasing 

trend of damage with respect to the preload loss or self-loosening of the bolted connections. 

The damage progress is plotted against the frequency and the peak conductance value and is 

shown in Fig.6. We can see that the damage progress is higher at high frequencies and at lower 

peak conductance values. 

 

Fig. 6  variation in conductance peak value and frequency with respet to damage progress  
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6. CONCLUSION 
The road roughness leads to excessive vibrations of the suspension system which in turn causes 

the self-loosening of bolts that connects the suspension strut to the vehicular body through the 

upper strut mount. This paper comprise the SHM of suspension strut  using piezo sensor for  

the Electro-Mechanical Impedance Technique. The conductance signatures were acquired 

through impedance analyser for pristine state  (tightened to highest torque) and damage state ( 

gradual decrease of torque value for self loosening). The experimental results were compared 

for both pristine and damaged for comparison and it is found that for increase in loss of torque 

value there is decrease in conductance peak value and shift in frequency. The statistical 

quantification of damage has done by evaluation of RMSD and CCD. The results were 

encouraging and imply with nature of piezo impedance based structural health monitoring.  
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Abstract. Sports facilities have high energy requirements and therefore, presents a great opportunity for
energy savings. In fact, people generate a significant sensible and latent heat because of high activity
level and the amount of moisture released through exercising activities and showers. These buildings
are more challenging to control because of the specific occupants requirements. In this effort, dynamic
control of roof top units subject to external weather predictions is implemented on a case study of a
gymnasium. The control model is an an optimal controller based on a reduced order model of CFD
simulations of the indoor air, coupled to an envelope model.

1 INTRODUCTION

In 2017, about 40% of total U.S. energy consumption was consumed in residential and commercial
buildings [1]. Comprehensive efforts are put in place to optimize the energy use in these buildings.
The focus of this paper is on sports facility buildings. This class of buildings features high ventilation
rates and cooling power requirements to guarantee the indoor air quality falls within the comfort range
of the occupants. Recently, recreational/sports centers have been studied for energy reduction purposes
[2, 3, 4, 5].

1
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In sports buildings, adequate control factors like air flow, thermal, and moisture conditions, are cru-
cial since they affects the performance of athletes. These factors are hard to control because of the large
spaces. Thus the well-mixed assumption is not realistic because spots maybe asymmetric in loading and
ventilation. Consequently, a more developed model taking into account the details of the asymmetry in
the loads and the provided air is necessary for better control results.
In this work, we investigate the thermal and moisture performance of the HVAC system in a gymna-
sium for dynamic control purposes. For that, computational Fluid Dynamics (CFD) simulations are
performed to capture the thermal fluxes across the building. For that, a linear time-invariant (LTI) model
is developed to approximate the input-output behavior observed in computational fluid dynamic (CFD)
simulations. Various approaches to couple prediction codes for fluid dynamics and solid conduction
have been studied in [6, 7, 8]. Our reduced order model is applied to produce a computationally efficient
iterative optimization. Several previous works have used the same method [9, 10, 11].
This modeling approach is now applied to a sports facility where the moisture component is very impor-
tant. After combining the CFD reduced order model with the envelope model, the Berkeley Library for
Optimization Modeling (BLOM) is used to solve the optimization problem of setting the supply RTU
temperatures that yield minimum electrical cooling power for the assumed operating conditions. Dy-
namic control is then implemented to assess the effects of eventual weather variations on the optimal
consumed power.

2 CFD MODELING

2.1 Gymnasium geometry and mesh

The gymnasium we studied is located in Knoxville, Tennessee, USA. It is a 30.5m×22.8m rectan-
gular area. This open area is cooled using four RTUs, having ceiling-mounted supply vents (at a 6m
height). Each RTU is connected to a wall mounted thermostat placed on the WNW and ESE walls.
The short outside wall faces WNW. Other walls of the gymnasium are interior to the building. For the
purpose of creating CFD simulations for the space, we define the origin on the floor at the corner of the
WNW and NNE walls. ’X’ is along the the WNW wall, ’Y’ is along the NNE wall, and ’Z’ is along
the ascendant vertical. They are labeled Xmin, Xmax, Ymin and Ymax. For mesh generation, we use
the open source software tool, GMSH, developed by C. Geuzaine and J.-F. Remacle [12, 13]. The final
geometric configuration of the interior space is described using 310 points, 412 lines, 164 surfaces and
9 volumes. In addition to the three spatial coordinates, each point included a mesh spacing variable that
could be used to selectively refine the mesh where needed. The 164 surfaces included the floor, ceiling,
and walls but also included a number of internal details such as an elevated track, the entrance doors,
16 diffusers and 4 returns. The final mesh, resulting in approximately 737k tetrahedral cells with 129k
vertices (Figure 1), had no cells with worse than a three to one aspect ratio.

2.2 Reduced Order Model

The reduced order model needed for the energy optimization procedure requires the analysis of a
specific nominal configuration in which we specify the source terms and the boundary conditions. This
nominal configuration is generally chosen based on average operational loads and conditions. The en-
velope conditions, namely the average wall temperatures, are found from an energy balance taking into
account different modes of heat transfer as shown by [7]. The openings to other spaces like the locker
and weight rooms are modeled as uniform velocity inlets, with a prescribed temperature and moisture.

2
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Figure 1: A global view of the mesh

The Ymax wall has two entry doorways. These openings are simulated with a pressure outlet boundary
condition and have a prescribed gauge pressure according to the appropriate elevation.
Concerning the air supply, each RTU controls two round diffusers of about 0.5 m radius and two 0.6
m x 0.25 m rectangular vents. The air supply from all the round diffusers is at 19.0 oC temperature, at
8.0g/kg water vapor mass fraction.

Apart from the boundary conditions specified on the above surfaces, source terms are used to account
for the occupants, namely the players on the court and the track, and the audience in the bleachers. The
heat source corresponds to that generated by 20 players on the basketball court, 8 supporters on the
bleachers, and 2 runners on the track. The occupants’ sensible and latent produced loads are adopted
from ASHRAE Handbook [14].

The system was subjected to fixed boundary and source conditions chosen to represent a mean con-
dition in the space. FLUENT was run in unsteady mode to simulate more than five hours. Figure 2 shows
the mass-averaged temperature over the entire gym space. It proves that the nearly steady state flow is
established about half an hour of flow time after the simulation was started. We construct a Linear Time
Invariant (LTI) model that approximates the perturbed CFD responses generated by FLUENT simulations
as done by [9, 10, 11, 15, 7]. The objective is to reduce the complexity of the CFD simulations to save
in computational time, and allow for real-time implementation of a model-based control. The LTI model
is written as a first-order state space system in the form

ẋ(t) = −1
τ

x(t)+bu(t) (1)

y(t) = C x(t)+Du(t) , (2)

The coefficients are obtained through 23 CFD simulations, each one is obtained by assigning a step

3
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Figure 2: Average temperature

function to the perturbed input. These 23 inputs consist of the wall temperatures, the RTU temperatures,
water vapor fraction and mass flow rates, and the occupancy loads. The reactions to these inputs are
stored into 44 outputs consisting mainly of the envelope fluxes, the return properties, thermostats tem-
peratures and averaged thermal quantities over different subvolumes. In the state space system, τ and b
are respectively the time constant and the scaling factor.
Figure 3 compares the FLUENT data (raw and filtered) to the ROM response. Here the volume averaged
temperature of Court 1, which corresponds to the quarter of the court underneath RTU 1, is respond-
ing to a 5oC increase in the RTU 1 supply temperature. The first-order ROM response provides a good
approximation to the filtered data.

3 DYNAMIC CONTROL

The LTI model developed above is coupled to the dynamics of the envelope model and used to com-
pute the cost function and the comfort constraints (See Figure 4). The coupled model is represented by
a single State Space system. For an optimal operation of the facility, we are controlling the RTU supply
temperatures Ts|i(i = 1 : 4). For every other input, we are applying the nominal value to the weather pa-
rameters, supply water vapor fractions, supply mass flow rates, and occupancy loads. The model outputs
are the return and zone thermodynamic properties in terms of temperature and moisture. Some are re-
quired for the cost function and some others are required to formulate the constraints. The cost function
is defined as the total power used to run the space cooling under the condition that each of the zones
has a set point temperature of 22oC. The cooling power also includes the ventilation load resulting from
mixing the recirculated indoor air with sufficient outdoor air 20%.

Then, the total cooling load at each RTU is divided into sensible Qs|i and latent Ql|i loads as shown
in the following equations

4
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Figure 3: Court 1 temperature response to RTU 1 supply temperature

Qs|i =Cpṁs|i(Tm|i −Ts|i), (3)

Ql|i = L(ṁr|iλ fr|i + ṁoa|i foa − fsṁs|i), (4)

Pt |i =
Qs|i +Ql|i

cop
. (5)

The Berkeley Library for Optimization Modeling BLOM 2.0, which is a MATLAB/SIMULINK based
tool, is used to solve the optimization problem over a finite horizon ([0,T ]). Since the tool is restricted
to discrete-time dynamics, the continuous state space system is discretized. The optimal control formu-
lation needs to take into account the uncertainties due to the dynamics of the model like the occupants’
loads, weather, etc. In this study, the focus is on the external temperature variation. A dynamic control
procedure is implemented here. For instance, to launch an optimization at a certain point in time, the
weather predictions are updated for the whole time horizon. Naturally, the weather data at a point of time
is subject to more error as we approach the end of the time interval. Applying the disturbances to the
temperatures in the weather signal: the outdoor air temperature, the ground temperature and the sky air
temperature for long wave, and using a maximum error of 10%, we compare two cases. We denote by
Method 1, our solution to the optimal control problem for a 12 hour horizon resulting in only one opti-
mization, and by Method 2 an algorithm resulting in a total of 12 optimization problems, and correcting
the prediction at each time step. Table 1 shows that the dynamic controller is about 3% more precise in
calculating the consumed energy than the optimal controller.

4 CONCLUSIONS

To summarize, a LTI model for the indoor-air is created using Fluent simulations and optimization of
model parameters. The interior air model is coupled to the exterior envelope model as an approximation
of a Dirichlet-to-Neuman dynamic map. Specifically, the envelope model provides surface temperatures
(Dirichlet data) as boundary conditions for the interior fluid dynamics, and the interior-air model provides

5
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Figure 4: Inputs/Outputs map for control purposes

Table 1: Effects of perturbed weather on total power for a maximum prediction error of 10%.

Weather error 0 error -10% error +10%
Method 1 (kJ) 284322 273137 295513
Method 2 (kJ) 284322 283470 285174

resultant wall fluxes (Neuman data) to the envelope. Cooling equipment is also coupled: supply air
enters the space at temperature, humidity, flow-rates specified by the equipment (inputs to the indoor-air
model) and return air properties are outputs from the model. The output of the reduced-order model
is constructed as a nominal steady value plus a perturbation which is realized as a linear time-invariant
system.The coupled CFD-ROM/Envelope model is used to study the optimal control problem using
BLOM. Dynamic control is also implemented to assess the effects of inaccuracies in weather forecasts.
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Abstract. Adaptive structures can modify their shape and internal forces through sensing and 
actuation in order to maintain optimal performance under changing actions. Substantial whole-
life energy can be saved with respect to traditional passive designs through well-conceived 
adaptive design strategies; the whole-life energy comprises an embodied part in the material 
and an operational part for structural adaptation. Controlled large shape changes allows a 
significant stress redistribution so that the design is not governed by rare and extreme loadings. 
A design process based on optimization of the structural geometry and actuator placement has 
been formulated. A method that considers geometric nonlinearity is employed for shape and 
force control. Experimental testing on a small-scale prototype adaptive structure produced by 
this design process is presented. The structure is a planar truss. Shape adaptation is achieved 
through controlled length changes of turnbuckles that replace some of the elements. Stress 
redistribution through shape adaptation is in good accordance with numerical values, with a 
minimum Pearson correlation coefficient of 0.86. Results show that stress homogenization 
through controlled large shape changes is feasible.

 
 
1 INTRODUCTION 

Civil structures are designed to meet strength and deformation criteria for extreme and thus 
rarely occurring loads. Consequently, the structural capacity is not fully utilized for most of the 
service life of the structure. If the structure can counteract the effect of loads through active 
control, it can be designed to maintain optimal performance as the external load changes [1]. 
The potential of using adaptation to design structures with a better material utilization has been 
investigated [2, 3]. A new design criterion for adaptive structures has been introduced [4], 
which is ‘whole-life’ energy comprising a part embodied in the material and another part for 
adaptation. Through the methods formulated in [4], it was shown that adaptive structures are 
more energy efficient than conventional structures. Instead of relying on passive resistance 
provided by material and form, strategically placed actuators change the shape and internal 
forces at the occurrence of strong loadings. This way, material embodied energy is reduced at 
the cost of a small increase in control operational energy. Whole-life energy savings as high as 
70% have been achieved for slender structures [5, 6].  
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Shape optimization is usually employed to optimize the geometry of structures under worst 
case loadings [7, 8]. When applied to reticular structures, shape optimization can lead to large 
modifications of nodal coordinates, so that the internal forces are altered significantly [9]. From 
this process, shapes resembling arch, catenary and lenticular configurations were found to be 
efficient in terms of material utilization [7]. However, the geometry obtained through these 
methods is fixed, the structural capacity is only partially utilized under peak demands.  

Shape control involving large shape changes has been studied for deployable and tensegrity 
structures [10, 11]. In this context, however, large shape changes have been achieved through 
mechanisms based on moving parts. This often results in increased weight of the joints and 
control complexity [12]. Shape control of reticular structures, which relies mostly on flexibility, 
has received little attention both theoretically and experimentally. Shape and force control of a 
reticular adaptive structure has been successfully tested in [13]; however, geometric 
nonlinearity was not accounted for. Formulations of geometrically non-linear shape and force 
control exist [14], nonetheless experimental validation is still lacking. 

The efficacy of structural adaptation through large shape changes has been studied 
numerically [15]; a substantial embodied energy savings with respect to structures that are able 
to adapt through small shape changes was shown to be possible. Though large geometry 
reconfiguration, the internal forces can be redistributed effectively and thus, the design is not 
governed by extreme loading. This paper gives details of the experimental testing of a small-
scale prototype adaptive structure produced by the methods formulated in [15]. Shape control 
is achieved through length changes of turnbuckles that replace some of the structural elements. 
Element stress and nodal displacements are monitored through strain sensors and optimal 
tracking respectively. Results will inform future research on larger scale adaptive structures.  

 

2 DESIGN METHOD 
The design method consists of two parts: (1) optimization of the geometry, internal forces 

and element cross-section areas to minimize the embodied energy, (2) optimal actuator 
placement to control the structure into the shapes obtained in (1) through quasi-static, nonlinear 
geometric shape and force control. The design process is formulated for reticular structures and 
this study deals only with such structures. Linear actuators are integrated into the structure by 
replacing selected elements. Figure 1 gives a schematic flowchart of the design process. 

The first step of the design process can be thought of as a mapping between external load 
and target shapes as well as internal forces that are optimized to minimize the embodied energy 
of the structure. This process is subject to force equilibrium and stress constraints including 
element buckling. The design variables include the element cross-section areas, which remain 
constant during control; as well as optimal forces and target shapes for each load case. 

The second step of the design process is to obtain an actuator layout that is optimal to control 
the structure into the target shapes. This is a combinatorial problem and thus, when the number 
of structural elements is large, a full enumeration is impossible. Instead, optimal actuator 
placement is carried out using constrained simulated annealing (CSA) [16]. A heuristic based 
on a measure of efficacy for each element to contribute towards the attainment of the optimal 
shapes via its length changes [4] is employed to generate the initial candidate solution and to 
define the neighborhood structure i.e. the set of feasible solutions ‘close’ to the current solution. 
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Figure 1: Design method flowchart 

The structure has to be controlled though control commands that cause a change of internal 
forces and nodal displacements which approximate the target ones. Because shape adaptation 
does not rely on mechanisms with defined kinematics, there are generally infinite solutions to 
approximate a required shape change though element length changes. A possible strategy is to 
find the minimum actuator length changes that deform the structure into a required shape. Since 
large shape changes modify equilibrium conditions, control commands must be computed 
through an iterative scheme. In this work, shape and force control are implemented using a 
geometric non-linear force method based on singular value decomposition of the equilibrium 
matrix [14, 17].  

3 NUMERICAL CASE STUDY 
The prototype structure tested in this study is a planar simply-supported truss beam which is 

shown in Figure 2. The truss is thought of as part of a roof system whose lateral stability is 
assumed to be provided by other means. The structure has a span of 1000 mm and a 20:1 span-
to-depth ratio. It consists of 19 elements connected through 11 nodes. All elements have a 
circular section and are made of aluminum with a Young’s modulus of 72.4 GPa. 
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Figure 2: Planar-truss beam 

Due to the small scale of this structure, its self-weight is negligible. Two live loads (LL) are 
considered: (1) a uniformly distributed load of 10 N applied on all top chord nodes (LL1); (2) 
a moving load of 20 N applied on each node of the top chord in turn (LL2a−LL2d). All nodes 
except the supports can shift vertically within  ±15 mm. The lower bound for the element radius 
is set to 1 mm. The first step of the method outlined in Section 2 produces a structure whose 
embodied energy is reduced by 17% compared to an identical weight-optimized passive 
structure. 

A low number of actuators is generally preferred to reduce monetary cost and control 
complexity. A minimum number of actuators is determined by applying sequentially the layout 
optimization process (outlined in Section 2); each time decreasing the number of actuators until 
no feasible solution can be obtained. Figure 3 shows the layouts obtained for 19, 14, 10, 7, 5 
and 4 actuators. No feasible solution (ULS satisfied) can be found for layouts made of less than 
5 actuators. The layout shown in Figure 3f is an infeasible solution for 4 actuators; the 
maximum element demand/capacity ratio is 1.26. With 5 actuators the maximum element 
demand/capacity ratio is 0.83, and thus this layout was chosen as the optimal actuator layout 
(Figure 3e). This solution was obtained after 413 iterations at an average of 651 seconds. The 
global optimality has been verified through a full enumeration (11628 candidate solutions) 
which has taken approximately 5 hours on an Intel Core i7, 3.60 GHz. 

(a) 19 actuators (all elements) (b) 14 actuators

(c) 10 actuators (d) 7 actuators

(e) 5 actuators (f) 4 actuators, not feasible  
Figure 3: Optimal actuator layouts for 19, 14, 10, 7, 5 and 4 actuators 

The optimal shapes obtained in the first part of the design process are shown in Figure 4a. 
Figure 4b shows the controlled shapes with the element stress mapped onto the geometry. 
Optimal shapes and controlled shapes are very similar but not identical. There is a maximum 
distance of 11.8 mm for node 8 between target and controlled shape under LL2b. 
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Figure 4: Optimal shapes and controlled shapes 
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Figure 5: Element stress in passive (a) and adaptive (b) structure 

The adaptive solution is compared to an identical weight-optimized passive structure to show 
stress redistribution through active control. Stress homogenization is understood as a reduction 



77

Arka P. Reksowardojo, Gennaro Senatore and Ian F.C. Smith. 

 6

of magnitude and variability. Figure 5 shows bar charts of the element stress for the passive (a) 
and adaptive (b) structures. LL2c and LL2d are not shown because they are mirror of LL2b and 
LL2a. Tensile and compressive stress are indicated in red and blue, respectively. The mean for 
each data set is shown as a horizontal dashed line. Stress variability is quantified though 
standard deviation. The width of the shaded band, whose centerline is the mean value of each 
data set, is twice the standard deviation. The element stress in the adaptive structure is 
consistently lower than that of the passive structure. The maximum mean reduction for tensile 
and compressive stress are 33% and 34%, respectively (both in LL1). LL1 and LL2b have the 
smallest variability through shape control for compressive and tensile stress, respectively. 
Stress homogenization can be appreciated the most in LL1. The stress of element 8, 9, 12 and 
13 remains similar to that of the corresponding elements in the passive structure. However, the 
stress of element 1~7 and 14~19 decrease. Similarly, in LL2a, the stress of element 6, 7 and 16 
decrease significantly while the stress for the other elements remain practically the same. There 
is no stress reversal between the passive and adaptive structure. 

4 EXPERIMENTAL TESTING 
A prototype structure was built based on the model described in Section 3. The active 

elements are five turnbuckles, fitted according to the 5-actuator layout (Figure 4e). The joints 
are fabricated via additive manufacturing using a polymer-based material with a Young’s 
modulus of 82 MPa. This material was chosen to ease shape reconfiguration, which in this case 
is manually operated through the turnbuckles. 

17 18

2 3 4

Monitored
Turnbuckle, controlled

1 5

16 19

 
Figure 6: Prototype and supports 

Only 8 out of 19 elements are instrumented with strain sensors, namely element 1, 2, 4, 5, 
16, 17, 18 and 19 (Figure 6). It was not practical to install strain gauges on the 5 mm diameter 
bracing elements and on the turnbuckles. The static response under loading is measured and 
compared to the numerical predictions obtained in Section 3. Element strains and nodal 
positions are measured before and after shape control. Table 1a gives the maximum Euclidean 
distance between the nodes of simulated and measured controlled shapes as well as the norm 
of the shape difference between simulation and measurement. 
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Table 1: Discrepancy between measurement and simulation 

(a) Nodal coordinates 

Load case No load LL1 LL2a LL2b LL2c LL2d 

Norm difference of 
measurement and simulation (mm) 19.8 21.9 19.6 22.4 23.5 23.4 

Max. node distance (mm) 7.9 10.6 11.5 12.2 11.7 12.1 

(b) Change of stress 

Load case No load LL1 LL2a LL2b LL2c LL2d 

Pearson correlation measure - 0.99 0.86 0.93 0.94 0.90 

 
The measured response under shape control is consistent with the numerical predictions 

(Section 3); an overall reduction of tensile and compressive stress is observed. The reduction is 
caused by the increase in depth in proximity of point of application of the external load. Table 
1b shows the Pearson correlation between measured and predicted change of stress i.e. change 
before and after control. There is a strong correlation between measurement and prediction for 
all load cases. 

To implement a control system based on the process outlined in Section 2, the external load 
has to be sensed. This is because a target shape can be computed only after knowing where the 
load is applied. To infer the external loading, the internal forces and the shape of the structure 
have to be known. Since only 8 out of 19 elements are instrumented with strain gauges, the 
forces in non-instrumented elements are obtained through nodal equilibrium. However, it is not 
possible to compute the force in element 3 through nodal equilibrium because it connects node 
3 and 4 where the external load is applied. Instead, the force in element 3 is inferred through 
linear regression. 

-30
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Figure 7: External load on node 2 (load case LL2a) 
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Figure 7 shows the comparison between applied and predicted values for the external load 
when the structure is subjected to a constant 20 N load on node 2 (LL2a), before and after shape 
control. Using a linear regression model that considers only internal forces as the independent 
variables, prediction of the external load was not accurate during and after shape control, with 
a maximum error of 4 N as shown by the grey scatter plot in Figure 7. Load prediction was 
more accurate when the length changes were also included in the independent variables in order 
to obtain the forces in non-instrumented elements. As shown by the black scatter plot in Figure 
8, the predicted load is close to the applied one even after shape control with a maximum error 
of 0.6 N. 

5 CONCLUSIONS 
The results of this study lead to the following conclusions: 

 Experimental testing on a small-scale prototype has demonstrated that stress 
homogenization through large-shape changes is feasible. This enables an adaptive 
structure to operate closer to design limits maximizing material utilization and thus 
saving embodied energy with respect to a passive structure. The maximum mean 
reduction for tensile and compressive stress are 25% and 32%, respectively. 

 The geometrically nonlinear force method offers an efficient way to control the shape 
of a reticular structure under quasi-static loading as shown by good accordance 
(Pearson correlation of 0.86) between simulation and measurement. 

 Detection of the applied loading is necessary for non-linear shape and force control. 
The external load was inferred from sparse strain measurements combined by an 
optical tracking system. The optical system was essential to close the information 
gap caused by sparse instrumentation, especially in situations where nodal 
coordinates were varying due to shape control. 

Similar conclusions are expected from tests on similar reticular structures designed using the 
design method outlined in this work. However, it was not possible in this work to appreciate 
the effect of node stiffness on internal forces and nodal displacements and how this effect 
behaves with the scale. In addition, the use of machine vision may pose a reliability risk as the 
monitoring of nodal coordinates may fail when multiple reflective markers are occluded. Future 
work will involve testing on a larger scale prototype adaptive structure. 
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Abstract. This paper investigates the nonlinear bending of graphene platelets (GPLs) 
reinforced composite (GPLRC) plate with dielectric permittivity. Effective-medium theory 
(EMT) is adopted to determine tensile modulus and dielectric while rule of mixture is adopted 
to determine Poisson’s ratio. Governing equations for nonlinear bending of the GPLRC plate 
are established based on first-order shear deformation plate theory and numerically solved 
through differential quadrature method (DQM). The dependency of the bending behaviors of 
the GPLRC plates on the attributes of plate geometry, GPL concentration and electrical field 
are comprehensively investigated. The analysis reveals that by adjusting several parameters the 
performances of the GPLRC plate can be designed and actively tuned. 
 
1 INTRODUCTION 

The current paper will be the first concentration on nonlinear bending behaviours of 
graphene reinforced composite plate with considering the dielectric property of the composite 
material. For case study, PVDF and GPL are chosen as constituent components for the 
composite plate. The top and bottom surfaces of the plate are coated with conductive paste 
serving as the compliant electrodes to accommodate the applied electrical voltage. Effective-
medium theory (EMT) and rule of mixture will be employed to calculate the composite’s 
material properties as required for structural analysis. Parametric study on the bending of the 
GPLRC plate is conducted through numerically solving the governing equations, which are 
derived by first-order shear deformation plate theory taking account of von Kármán geometrical 
nonlinearity. 

 
Figure 1 Schematic configuration of GPLRC plate. 
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2 EFFECTIVE MATERIAL PROPERTIES OF GPLRC 
Rule of mixture could determine the effective Poisson’s ratio of GPLRC with random and 

uniform dispersion, as 
 e m m f f       (1) 
where the subscripts “m”, “f” and “e” denote matrix, reinforcing fillers and effective composite, 
respectively, and ν and φ refer to Poisson’s ratio and volume fraction, respectively. In the 
current paper, the Poisson’s ratio of GPL and PVDF are 0.175 and 0.35, respectively. 

In the current paper, effective medium theory (EMT) is employed to evaluate the Young’s 
modulus and dielectric permittivity of GPLRC. After some mathematical derivation, the 
effective property of graphene reinforced composites could be determined by the following 
scalar equation as 
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where Lk (k = 1, 2, 3) is the component of concerned moduli tensor and Skk (k = 1, 2, 3) is the 
component of Eshelby’s tensor of GPL filler in its local coordinate system. 

2.1 Effective dielectric permittivity 
The moduli components in Eq. (2) can be complex electrical conductivity components of the 

effective medium. Substituting the corresponding moduli components, one can have 
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where σ* is the complex electrical conductivity which contains two parts, i.e. σ* = σ+2πfACεj, 
wherein σ is the DC (direct current) conductivity and the second imaginary term is the AC 
conductivity with fAC being AC frequency of electrical field and ε the dielectric permittivity of 
the material. 

This theory could be improved by taking the imperfect bonding/interaction between 
reinforcements and matrix into consideration. This is achieved by introducing an interphase 
surround the filler. As investigated in [1], the effective electrical conductivity and dielectric 
permittivity of the coated reinforcing fillers, i.e.  c

k  and  c
k , can be estimated by 
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with  int
0 and  int

0  being the electrical conductivity and dielectric permittivity of the 
interphase, respectively. All the electrical conductivity and dielectric permittivity of the GPL 
fillers involved in Eq. (3) should be substituted by the ones in Eq. (4). φint in Eq. (4) denotes the 
volume fraction of the interphase in the coated GPL, which is 
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where tint is the thickness of the interphase. 
D 
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Choosing GPLs and PVDF as the reinforcing fillers and the polymer matrix, respectively, 
the EMT model on predicting the dielectric permittivity of GPL/PVDF composites was 
validated by Xia et al. [2]. 

2.2 Effective elastic modulus 
Replacing the parameters with components of stiffness tensor gives the following equation 
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where Ee is the elastic modulus of the homogeneous GPLRC. Taking the imperfect bonding 
between fillers and polymer into account, the effective elastic modulus of coated GPL is 
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with  int
0E  being the elastic modulus of the interphase. Ek in Eq. (7) would be substituted by 

the elastic modulus of coated GPLs. In the current study, the Young’s modulus of the PVDF is 
1.44 GPa and the in-plane and out-plane Young’s modulus of GPL are 1.01 TPa and 101 TPa, 
respectively. The thickness of the interlayer is 3 nm and the average thickness of GPLs is 50 
nm. 

3 PROBLEM FORMULATION 
Employing first-order plate theory, the displacement field is given as 
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where  1 1 2, ,0U X X ,  2 1 2, ,0U X X  and  3 1 2, ,0U X X  are the displacement components of 

the middle plane in X1, X2 and X3 directions, respectively,  1 1 2, ,0 X X  and  2 1 2, ,0 X X  are 
cross-sectional rotations in the 103 and 203 planes. For convenience, the following conventions 
would be introduced 
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The strain field could be given by von Kármán geometrical nonlinearity as 

 

 

 

 

 

 

 

 

 

 

 

 

 

20 1
1,1 3,111 11

11
0 1

22 22 222
2,2 3,20 1

33 33 33
30 1

23 23 23
2 3,20 113

13 13
1 3,10 112

12 12
1,2 2,1 3,1 3,2

1
2
1
2

0

 
 

  
  

  


 

                                     
     

     
            

     

U U

U U
X

U
U

U U U U

1,1

2,2

3

1,2 2,1

0
0
0




 


  
  
  
       

   
   
   

    
  

X  (10) 

The stress field could be given as 
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where  110 220 330 230 130 120      T is the prestrain vector,  1,2,4,5,6ijQ  are the elastic 
stiffness of the plate given as 
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The last vector on the right hand side of Eq. (11) denotes the electrostatic stress produced by 
the voltage due to the dielectric property of the plate. V is the voltage applied across the plate. 
The voltage applied consists of two parts, i.e. V = VDC+VACsin(2πfACt), in which VDC and VAC 
are the amplitudes of DC and AC voltage, respectively, and fAC is the AC frequency of the 
voltage in Hertz. Here it should be noted the AC voltage is normally used for actively tuning or 
periodic excitation and its magnitude is usually much smaller than DC component [3]. 
Therefore, the magnitude of DC voltage will be used in Eq. (11) to calculate the axial stress. 

Integrating the normal and shear stresses over corresponding domains, the internal forces 
and moment in the plate are derived as 
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where ijA  and ijD  are coefficients determined as 

 
   

 

2 2
3 3

2 2

2
22
3 3 11 22 33 2

2

, 1,2,3,6 , 4,5

, 1,2,3,4,5,6 

 



   

    

 



H H

H Hij ij ij s ij

H
E E E

Hij ij

A Q dX i j A k Q dX i j

VD X Q dX i j N N N t
H

 (15) 

with ks being the shear correction factor. 
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Based on energy method, the governing equations for bending of the plate can be obtained 
with the following boundary conditions: 
CCCC: 

  1 2 3 1 2 1 20 , 0,1      U U U X X  (16) 
SSSS: 
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4 SOLUTION 
To normalize the governing equations, the following dimensionless quantities are defined 
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where A110 and I10 are the corresponding values of A11 and I1 of plate made of pure polymer, 

respectively.  

The dimensionless governing equations can be solved numerically with the aid of differential 

quadrature method (DQM). First, the following displacements of the plate and their derivatives 

are introduced 
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where  1 2 3 1 2, , , , mn mn mn mn mnu u u  is the displacement vector at position 1 1 mx x , 2 2 nx x ,

 1ml x  and  2nl x are the Lagrange interpolation polynomials and  1k
imC  and  2k

jnC are the 

weighting coefficients of the k1th derivative at 1 1 mx x  and the k2th derivative at 2 2 nx x , and 

M and N are the total numbers of grid points distributed along the x1 and x2 directions. In present 

work, the following expression for the distribution of the grid points are used [4] 
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Substituting Eq. (20) into dimensionless governing equations will yield the discretized 

governing equations which could be simplified as the following matrix equation 

  L NL   K K d d q  (22) 
where KL denotes linear stiffness matrix, KNL denotes the nonlinear stiffness matrix depending 

on displacement vector expressed as 

                1 2 3 1 2, , , , d
TT T T T T

ij ij ij ij ijvec u vec u vec u vec vec  (23) 

M denotes mass matrix and q denotes force vector expressed as 

              1 20 , 0 , , , 0 , 0 1, 2, , , 1, 2, ,  q  
TTT T T T

i jMN MN MN MNMN
q x x i M j N  (24) 

Eq. (24) can be solved by direct iteration method for nonlinear bending. 

5 RESULTS AND DISCUSSION 

5.1 Convergence and validation study 
Table 1 validates the results of the current method by comparing with those obtained using 

other methods from literature for an elastic isotropic homogeneous rectangular plates. The 

present solution is realized for a quadratic plate, with the following parameters: L = 1, W = 1, 

E = 1, Q = 1, ν = 0.3 and three values for the plate thickness: H = 0.01, H = 0.03, and H = 0.1. 

It is found that present results agree very well with the results from reference 
Table 1 Dimensionless deflections of isotropic homogeneous plates 

H Classic [5] 
3-D [6] 

Ref [7] Present 
In mid-plane Average 

0.01 44360.9000 44384.7000 44383.9000 44383.8400 44383.8765 
0.03 1643.0000 1650.9400 1650.6600 1650.6460 1650.6578 
0.10 44.3609 46.7443 46.6586 46.6548 46.6594 

Table 2 presents dimensionless deflection of GPL/PVDF composite plates with different 

numbers of grid points and boundary conditions. The concentration of GPL in the composites 

is 1.5 vt%. The dimensions of the plate are L = W = 0.01m and H = 0.0005 m, respectively. No 

electrical field are applied on the plate. The initial prestrain are set to be 0.01 in both 1 and 2 

directions. The number of grid points M and N in both 1 and 2 directions increases from 5 to 



87

First A. Author, Second B. Author and Third C. Coauthor. 

 7

15. It could be concluded that 15 grid points in both 1 and 2 directions are enough for 

computational accuracy. 
Table 2 Dimensionless deflection of GPLRC plate with various boundary conditions 

M=N 
CCCC SSSS CCSS 

Linear Nonlinear Linear Nonlinear Linear Nonlinear 
5 0.3094 0.3310 0.3769 0.3635 0.3453 0.3388 
7 0.2195 0.2163 0.3516 0.3371 0.2760 0.2693 
9 0.2226 0.2201 0.3531 0.3386 0.2774 0.2712 
11 0.2226 0.2200 0.3530 0.3386 0.2774 0.2712 
13 0.2226 0.2200 0.3530 0.3386 0.2774 0.2711 
15 0.2226 0.2200 0.3530 0.3386 0.2774 0.2711 

5.2 Parametric study 
A simply supported GPL/PVDF plate is considered for parametric study. Unless sated 

otherwise, the size of the plate are L = W = 0.01m and H = 0.0005m. The prestrain in the 1 and 

2 direction are 0.01. The GPL volume fraction is 1.5 vt%. The properties of PVDF are  

PVDF 1.44GPaE , PVDF 0.35  , 9
PVDF 3.5 10 S m   , 12

PVDF 5 8.85 10 F m     and the properties of 

GPL are GPL _1 GPL _ 2 1010GPa E E , GPL _ 3 1010TPaE , GPL 0.175  , 4
GPL _1 GPL _ 2 8.32 10 S m    , 

GPL _ 3 83.2S m  , 12
GPL _1 GPL _ 2 15 8.85 10 F m      , 12

GPL _ 3 0.6715 8.85 10 F m    . 

The plate geometry affects the bending behaviours of GPLRC plate, as presented in Fig. 2. 

It is found in Fig. 2 the increase of length-to-thickness ratio and the decrease of length-to-width 

ratio increase the deformation of the plate. The effect of plate geometry on the deflection also 

depend on the applied electrical voltage and length-to-width ratio. 
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Fig. 2. Variation of dimensionless deflection with thickness of GPL/PVDF plate. 
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Fig. 3 plots the variation of the dimensionless deflection of the GPL/PVDF plate with the 

GPL concentration. The decrease of the dimensionless deflection is observed when GPL 

concentration reaches a critical value, i.e. fGPL = 1.1 vt%. When GPL concentration further 

increases, the deflection becomes highly dependent on the electrical voltage. Similar trend of 

the dependency of the deflection on GPL weight fraction is found in Fig. 3. In Fig. 3b, the 

magnitude of DC voltage is fixed as 100 V while the AC frequency varies from 0 Hz to 106 Hz. 

A snap-through phenomenon is observed for the deflection when the GPL concentration 

exceeds the critical concentration. 
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Fig. 3. Variation of dimensionless deflection of GPL/PVDF plate with GPL volume fraction (a) 

fAC = 0 Hz; (b) VDC = 100 V. 
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Fig. 4. Variation of dimensionless deflection of GPL/PVDF composite plate with voltage. 



89

First A. Author, Second B. Author and Third C. Coauthor. 

 9

Fig. 4 plots the variation of the dimensionless deflection of GPL/PVDF plate with electrical 

voltage. The dimensionless deflection increases as the electrical voltage grows and the 

variation of the dimensionless deflection is more evident as the GPL concentration increases. 

The different of the two figures in figure 4 also indicates that the decrease of AC frequency 

magnify the effects of DC voltage. 

6 CONCLUSIONS 
Nonlinear bending of GPLRC dielectric plate are studies by numerically solving governing 
equations, which are derived based on first-order deformation theory and von Kármán 
geometrical nonlinearity. The analysis demonstrates that the bending behaviors of the 
GPL/PVDF plate could be artificially tuned by adjusting several parameters, i.e. plate size, GPL 
concentration and external electrical field. 
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Abstract. Adaptive civil engineering structures aim at saving material and energy in the
construction and operation of buildings. Such structures incorporate sensors, actuators and a
control unit to instantly adapt their response to external dynamic and static loads to guarantee
an optimal material utilization all times. These structures are often modeled using a linear
approach, however some nonlinear aspects cannot be neglected, but need to be captured by
the governing equations. Tension-only elements can bear tension forces but collapse completely
under compression. In this contribution, a nonlinear model of a civil engineering structure
incorporating tension-only elements is introduced and a model order reduction by means of
proper orthogonal decomposition is conducted. The controller design for this nonlinear system
is carried out in two steps. First, the closed loop dynamics are forced to follow a linear target
dynamic by applying a nonlinear input transformation including a virtual input. Second, this
new input is used to control the linear target dynamic with methods from linear control theory
with the aim of oscillation damping. The proposed method is applied to an exemplary adaptive
high-rise structure. The results illustrate the effectiveness of the introduced control strategy,
due to a strong impact of the nonlinearities on the structure’s behavior.

1 INTRODUCTION

The introduction of adaptivity in structural engineering enables a way to build lightweight
and sustainable and therefore save material in the construction sector by actively influencing
the structure. Adaptive engineering structures guarantee their structural stability by combining
sensors and actuators with a control unit [21,32]. Therein, a control algorithm processes sensor
signals to provide actuator inputs for compensating static and dynamic loads and ensuring a
comfortable usage and a secure functioning of the structure. Research in control of adaptive
civil engineering structures goes back to the 1970s [37]. Classification of such structures and
control approaches can be looked up in [17,33].

Civil engineering structures often make use of tension-only elements, e. g. ropes used as
stiffening elements. If such an element is being compressed it gets slack and (temporarily) loses
its load bearing behavior and therefore its function in the structure [2]. A high pretension of
these elements can prevent slackness. However, if high pretension forces are applied, additional

1
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Figure 1: Rendering of an adaptive high-rise building (right), which will be built on the site of the
University of Stuttgart. The left building is the access and supply tower (source: ILEK).

stress is put on the structure, which is not desirable due to the increased need of material and
construction costs, which is contrary to our goal of a sustainable and lightweight construction.

Tension-only elements are state-of-the-art in finite element (FE) tools (e.g. ANSYS), however
their use results in a loss of linearity. Nevertheless, many control approaches for such large
structures are based on linear equations of motion due to its simplicity and the need of low order
design models that can easily be derived for linear systems, e. g. by modal transformation [13,28].
Even though this often results in a reasonable control performance, a large number of nonlinear
elements might require a nonlinear modeling and control approach to further improve the closed
loop system dynamics. However, this impedes the usage of classical workflows, in which linear
FE models are extracted and reduced for control design purposes. State-of-the-art light-weight
engineering structures typically incorporate a high number of tension-only elements. Despite
these local nonlinearities, some of these structures express an almost linear behavior with respect
to the global structural modes. Therefore, a proper orthogonal decomposition can be applied to
capture the main components of the nonlinear model and to be able to reduce it for simulation
and control design purposes.

A lot of research concerning tension-only elements in civil engineering is directed towards
tensegrity structures [31]. These consist of tensioned cables and compressed struts. Using
activated struts, a control algorithm that manipulate the eigenfrequencies of the structure to
minimize vibrations is proposed by [3], whereas in [8] an optimal controller is designed for a
tensegrity structure with actuated cables. However, these systems are different to the system in
this contribution because the bars in tensegrity structures do not bear bending moments and
high pretension of the cables is required.

Structures relying heavily on cable networks can be found in suspension bridges, cable roofs,
and transmission lines [19]. The more general concept of tension systems, in addition to cable
systems, also includes membranes [5, 23]. For modeling and control of single cables, slackness
is considered in many contributions [1, 14], often in the context of hybrid systems [7]. Hybrid
systems are not applicable for the high number of tension-only elements typically found in civil
engineering structures, due to the combinatorial explosion of the number of discrete states.

For control of nonlinear system equations, a linearizing input transformation renders the
closed-loop dynamics into an integrator chain, an established method in the context of flat
systems [11]. The applied control concept is a linearizing input transformation [15, 22] forcing

2



92

Julia L. Wagner, Michael Böhm, Oliver Sawodny

the nonlinear system to the dynamics of a target system. The nonlinear system can then be
controlled by controlling the target system with common linear control theory.

To demonstrate the research concerning adaptive civil engineering structures, an experimental
adaptive high-rise building will be installed on the site of the University of Stuttgart (see Fig. 1
and details in [36]). A simplified model of this structure’s geometry is presented in section 5.1
and used to illustrate the nonlinear effects of tension-only elements and the proposed algorithm.

The main contribution of this article is the modeling and control of nonlinear effects of
tension-only elements in the context of adaptive engineering structures, where possibly a high
number of tension-only elements can be available. Furthermore, a linearizing input is stated,
transforming the nonlinear system into a desired closed-loop target dynamics, which can be
controlled with linear control theory.

In the following, the linear model equations are stated in section 2 as the basis for including
nonlinear tension-only elements. A nonlinear model order reduction is conducted by means of
POD in section 3 and a model for control purposes is derived. In section 4, a linearizing input
transformation, which is applied to the nonlinear system, forces the closed-loop system onto a
desired target dynamic. Simulation results for the application of the introduced methodology
to a numerical high-rise structure are given in section 5.

2 SYSTEM MODELING

This section concerns modeling of linear and nonlinear effects in mechanical structures arising
in special civil engineering structures. In the following, the linear equations of motion are intro-
duced as a basis for further nonlinear modeling and for the sake of evaluation and comparison
of both model types and the selection of a target system in section 5.

2.1 Linear Equations of Motion

A common technique to model mechanical structures is the application of the finite element
method (FEM). This framework discretizes the infinite number of degrees of freedom (DOFs)
of flexible structures. The resulting equations of motion with the DOF vector q(t) ∈ Rn are
described by the second order differential equation

Mq̈(t)+Dq̇(t)+Kq(t) = F u(t), t > 0, q(0) = q0, q̇(0) = q1 (1)

with the positive definite matrices for mass M ∈ Rn×n, stiffness K ∈ Rn×n and damping D ∈
Rn×n. Manipulation of the system can be realized by actuator forces u(t) ∈Rm on the right side
of (1). The input matrix F ∈ Rn×m distributes these forces among the DOFs. The mass and
stiffness matrix are directly obtained by an FE analysis of the underlying structure, whereas the
damping matrix is chosen as Rayleigh damping in the following form:

D = α1M +α2K. (2)

The coefficients α1 and α2 can be determined by experimental identification or from literature.
Rayleigh damping is classified as proportional damping, which is accompanied by the advantage
that eigenmodes of the model remain unchanged [26,29].

2.1.1 Modal Analysis

A modal analysis is a powerful tool to characterize and reduce – solely – linear models.
Therefore, the harmonic solution q(t) = ϕi exp(jωit) is plugged in the undamped system, which

3
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leads to the generalized eigenvalue problem (K − ω2
i M)ϕi = 0. The n eigenvalues ωi represent

the oscillation frequencies of the ith eigenmode and the eigenvectors ϕi collect the respective
mode shape. Equation (1) can be transformed by q(t) = Φη(t) with Φ = [ϕ1, ...,ϕn], where η(t)
represent the modal amplitudes. This along with left multiplying of (1) by Φᵀ yields the modal
dynamics:

η̈(t)+Dηη̇(t)+Kηη(t) = F ηu(t), t > 0, η(0) = Φ−1q0, η̇(0) = Φ−1q1. (3)
The eigenvector matrix Φ is unique besides a scaling factor and therefore normalized such that
ΦᵀMΦ = I, where I is the identity matrix. The modal stiffness matrix Kη = diag([ω2

1, ...,ω2
n]) is

diagonal and includes the squared eigenfrequencies on the main diagonal. Model order reduction
can be conducted by applying the transformation above with a reduced set of eigenvectors Φ =
[ϕ1, ...,ϕnr].

2.2 Model with Tension-only Elements

In order to model the tension-only elements properly, an adaption of the linear equations of
motion is necessary. A qualitative description of the system’s behavior shall make the reader
comfortable with the effect before the corresponding equations are given. If tension is applied
to a tension-only element of the structure, a linear force-displacement relation is assumed (see
Fig. 2) and the system can be described as in 2.1. If a tension-only element is at its initial length
(or potentially below), the contribution of this element to the stiffness of the structure vanishes.
A two-dimensional visualization is given in Fig. 3. The stiffness k of the ith diagonal element
for i = 1, ...,nt with nt tension-only elements is given by

ki(q(t)) =
{

ki, ∆li(q(t)) ≥ 0
0, ∆li(q(t)) < 0

i = 1, ...,nt. (4)

The absolute length ∆li(q(t)) of a tension-only element i is calculated via the distance of the
two nodes the element is attached to. These nodes are referred to as endpoint nodes 1,2.
The initial length of a tension-only element equals the initial distance between these nodes:
li,0 =

√
∆qᵀ

i,0 ∆qi,0 with ∆qi,0 = qi,1,0 − qi,2,0, where qi,1,0 and qi,2,0 are the initial positions
of the endpoint nodes. In the equation of motion, the DOFs q(t) represent a relative motion
around the equilibrium state. The absolute position of a node is given by q̃i,1(t) = qi,1,0 +
qi,1(t) and analogously q̃i,2(t) = qi,2,0 +qi,2(t). The relative displacements of the endpoint nodes
are a subset of the DOFs vector qi,1(t) ⊂ q(t), respectively qi,2(t) ⊂ q(t). After determining
the absolute position of the endpoint nodes, the direction vector between the two nodes is
∆qi(t) = q̃i,1(t) − q̃i,2(t). The distance between the nodes equals the absolute length of the
tension-only element and can be calculated via the scalar product. Subtracting the initial
length yields ∆li(q(t)) =

√
∆q̃ᵀ

i (t) ∆q̃i(t) − li,0 for evaluating the inequality conditions in (4).
Tension-only elements under small pretension can be treated by adjusting li,0 according to the
pretension value.

Based on (4), the stiffness matrix is state-dependent and changes to K(q(t)). The tension-
only elements contribute to the stiffness matrix according to the orange graph in Fig. 2 as
opposed to a linear stiffness behavior (Fig. 2 gray). Therefore, the stiffness matrix is reassembled
in the FE toolchain every time a tension-only element changes in the sense of (4) [6, 30]. The
equation for the model with tension-only elements changes to

Mq̈(t)+D(q(t))q̇(t)+K(q(t))q(t) = F u(t), t > 0, q(0) = q0, q̇(0) = q1, (5)

4
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∆li(q(t))

F

compression
∆li(q(t)) < 0

tension
∆li(q(t)) ≥ 0

1

k

Figure 2: The force in a tension-only element is
depicted over the element length (orange). The el-
ement force is zero for the element under compres-
sion, and linearly increasing with slope k under ten-
sion; linear element for comparison (gray).

a) b)

F

1 2

1 l1(q(t)) < 0, k1(q(t)) = 0

2 l2(q(t)) ≥ 0, k2(q(t)) = k2

Figure 3: 2D-Sketch with tension-only elements
in orange and common linear elements in black. a)
Undisplaced structure and b) structure displaced
by a force F , which leads to a tension-only element
under compression, marked with a dashed line.

with the damping matrix D(q(t)) ∈ Rn×n. It is derived according to (2), where the state-
dependency is inherited by K(q(t)). As can be seen in (5), the mass matrix is equivalent to the
linear version because tension-only elements still contribute inertia to the structure. Any effects
of a changed mass distribution are assumed to be small and therefore negligible.

3 Proper Orthogonal Decomposition and Model Order Reduction

The kind of systems, introduced in section 2.2, incorporate many local nonlinearities in form of
tension-only elements. However, looking at the overall system, almost linear oscillation behavior
is observed that motivates the application of proper orthogonal decomposition (POD) for model
order reduction and generation of a model for control design. POD is a method to achieve a
low-dimensional approximation of a high dimensional space [4]. After the theorem of Eckart-
Young-Mirsky, POD is the best low-rank approximation [9, 25] for this task. It is also referred
to as Karhunen-Loeve transformation or principal component analysis and is well-established in
statistical analysis [24].

The POD is realized by the singular value decomposition, also referred to as the generalization
of the eigenvalue problem (see 2.1.1) for rectangular matrices. Performing the singular value
decomposition, a general matrix A ∈ Rn1×n2 is factorized in three matrices

A = V ΣW ∗ (6)

where V ∈Rn1×n1 is a unitary matrix and the columns are the left eigenvectors of A. Σ ∈Rn1×n2

is a diagonal matrix with non-negative real numbers [σ1,σ2, ...,σmin(n1,n2)] on the diagonal, called
the singular values of A. W ∗ ∈ Rn2×n2 is the conjugate transpose matrix of the unitary ma-
trix W and the column vectors of W are the linear independent right eigenvectors of A. If A
is quadratic, the singular values are equal to the squared eigenvalues.

The singular values quantify the importance of a corresponding POD vector for the data set.
Therefore, the column vector corresponding to the highest singular value has highest share in
the approximation. Selection of nr < n eigenvectors in the orthonormal POD basis to transform
the nonlinear system can be quantified by

∑nr
k=1 σ2

k/
∑n

k=1 σ2
k > κ, where κ is a defined tolerance.

This fraction is referred to as the cumulative energy captured by nr modes [34]. A physical
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interpretation of the POD modes, specifically for mechanical systems, can by found in [10,20].
POD is a method in model order reduction and can be applied to nonlinear systems. Often,

simulation of nonlinear systems is computationally intensive, leading to long simulation times
which is even worse in online evaluations for control application. A requirement for the appli-
cation of POD is the availability of a data set representing the dynamics of a system. In turn,
this points out the need of proper data recording. Using the dimensions such that n2 equals
the number of simulation steps and n1 = n, the number of DOFs, the transformation matrix
yields Vr = [v1,v2, ...,vnr ] ∈ Rn×nr . A POD is conducted on simulated data set of the nonlinear
model (5) which leads to a POD basis V . The system is reduced by means of a reduced POD
basis Vr under the transformation law q(t) = Vrζ(t), followed by a left multiplication with V ᵀ

r ,
which yields

M rζ̈(t)+V ᵀ
r D(Vrζ(t))Vrζ̇(t)+V ᵀ

r K(Vrζ(t))Vrζ(t) = F ru(t), t > 0,

ζ(0) = V −1
r q0, ζ̇(0) = V −1

r q1.
(7)

The coordinates of the nonlinear reduced order model are ζ(t) ∈Rnr . The reduced POD basis Vr
is normalized such that M r = V ᵀ

r MVr ≈ I ∈ Rnr×nr , with the unit matrix I. Furthermore, the
reduced order input matrix is F r = V ᵀF ∈Rnr×m. As can be seen in (7), the nonlinear evaluation
is not eliminated by the transformation and must still be conducted in the original dimensions.
For reduction of computation time, the model order reduction with a POD basis is useful despite.

3.1 Design Model for Control

For control design, models of usually low dimension are used, such that the main charac-
teristics of the system can be controlled. Therefore, the complexity in control design and the
computation effort remain acceptable. In linear control theory, a modal controller is designed
based on the primary modes as can be derived from section 2.1.1 [13]. Higher order modes can be
neglected due to a high natural damping of these modes and a limited bandwidth of actuators.
However, the selection of the primary modes is delicate and is done based on experience as well
as practical relevance and the control engineer must be aware of effects like spillover [16, 28].
This model for control design for the nonlinear system is generated similarly to the reduced
order model (7), but a different transformation matrix Vc ∈ Rn×nc is chosen, where nc < nr < n
and the transformation law q(t) = Vc ζ(t). The input affine system for control design is now
written in general state space form with the state x = [ζ, ζ̇]ᵀ

ẋ(t) = f(x(t))+g(x(t))u(t), t > 0, x(0) = x0, (8)

f(x(t)) =
[

0 I

−V ᵀ
c K(Vc ζ(t))Vc −V ᵀ

c D(Vc ζ̇(t))Vc

]
x(t) and g(x(t)) = g =

[
0

F c

]
. (9)

4 CONTROL

A similar behavior between the linearly modeled structure and the nonlinear system is ob-
served. To control nonlinear systems, feedback linearization can be applied, which transforms
the system such that a chain of integrators is resulting [11], of which control is fairly simple.
This would be an option for the introduced system with tension-only elements, however, due
to similarities to linear systems the following approach is proposed. A linearizing input trans-
formation is performed, where the target system is modeled by linear second order equations
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of motion. Therefore, the control effort to linearize the system can be kept low because the
dynamics of original and target system are similar. The target system is chosen that the desired
properties are achieved. A control strategy is applied to the nonlinear system (5) based on the
nonlinear model for control design (8).

4.1 Linearizing Input Transformation

In order to control the nonlinear system, a nonlinear input transformation is conducted, which
forces the nonlinear system to follow the dynamics of the target system. Under the assumption
of local controllability of system (8), a general target system is

ẋ(t) = fd(x(t))+gd(x)w(t), t > 0, x(0) = x0, (10)

where a new virtual input w(t) ∈ Rm for the linear target system is defined. For w(t) = 0
the system is required to be stable and show desired decay properties. The target system
incorporates desired dynamics and system properties, which are parameters in design. A clever
selection of the target system simplifies further control design, e. g. if a linear target system is
chosen. The dynamics of the general nonlinear control system (8) are set equal to the dynamics
of the target system (10). Solving for the input u(t) of control system, yields

u(t) = g+(x)
(
fd(x(t))−f(x(t))

)
+g+(x)gd(x)w(t). (11)

If g(x) is quadratic, the Moore-Penrose pseudo inverse [27] g+(x) will be the inverse. This is
the case for an equal number of inputs and states, which is generally not valid. Plugging (11)
into (8) makes the nonlinear closed-loop system follow the dynamics of the target system. The
quality of this approach is highly depending on the pseudo-inverse of g(x).

4.2 Target System for Mechanical Structures

For the application in structural dynamics, the desired system (10) is chosen as linear second
order system in state space form

ẋ(t) = fd(x(t))+gd(x(t))w(t), t > 0, x(0) = x0, (12)

fd(x(t)) = Adx(t) =
[

0 I
−Kd −Dd

]
x(t) and gd(x(t)) = Bd =

[
0

F d

]
(13)

with fd(x(t)) ∈ R2nc and gd(x(t)) ∈ R2nc , where the system still shows the structure of a second
order mechanical system and Ad consists of a desired stiffness and damping matrix Kd ∈Rnc×nc

and Dd ∈ Rnc×nc . The structure of system matrix Ad is Hurwitz [18] and is therefore stable.
For control of the linear target system a linear quadratic (LQ) controller is applied as a state
feedback [12,28].

5 NUMERICAL RESULTS

The introduced methodology is applied to an exemplary high-rise structure. The order reduc-
tion over the POD basis is evaluated and the POD modes are interpreted physically. A reduced
order simulation model is stated and the performance of the control strategy is illustrated.
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Figure 4: Sketch of the high-
rise building with tension-only el-
ements (orange) and the DOF for
depiction of results (light blue).

Description Formula sign Value Unit

Density ρ 7850 kg/m3

Young’s modulus E 210 × 109 N/m2

Columns, quadratic hollow profile
Length Lv 3 m
Width wv 0.3 m
Wall thickness tv 0.01 m
Poisson’s ratio ν 0.3

Horizontal links, 2 rectangular hollow profiles
Length Lh 4.75 m
Width wh 0.2 m
Height hh 0.12 m
Wall thickness th 0.008 m

Horizontal diagonal links
Length Lhd 6.72 m
Width hhd 0.01 m
Height hhd 0.06 m

Diagonal tension-only elements
Length Lvd 10.18 m
Width wvd 0.15 m
Height hvd 0.012 m

Table 1: Geometry and material parameters of the structure.

5.1 High-rise Structure

To illustrate the proposed modeling and control strategy, an adaptive high-rise structure
is introduced. This structure (Fig. 1) will be built on the site of the University of Stuttgart
and consists of 12 stories, which are summarized in 4 modules comprising 3 stories each. The
diagonal bracings are tension-only elements spanning over one module, two on each side, which
leads to a total amount of 32 such elements (4 modules with 8 diagonals each). The tension-
only elements are realized with flat steel. A sketch of the structure is given in Fig. 4 with
tension-only elements in orange. All other elements can withstand compression and tension.
The columns in the corner of a story are modeled as beams that are connected by horizontal
links on the joints. The horizontal ceilings are approximated by links connecting diagonally
opposing nodes. All geometry and material parameters can be taken from Tab. 1. The system
incorporates 24 actuators, 8 actuators are in the columns of the lower two modules and the
remaining actuators are placed in the diagonal bracings. All diagonals in the first module are
equipped with actuators and in the second and third module 4 diagonals elements each [16,35].
For the linearizing input transformation and the control, the actuators in the columns are used
because the effect of the nonlinear bracings is examined in this contribution without interference
of actuation. This results in a model with n = 288 DOF which are distributed over 48 nodes
with 6 DOF each. The DOF at the 4 boundary nodes at the bottom are fixed.

5.2 POD Modes

For the determination of the POD modes by means of (6), the 24 actuators are activated
successively with a white noise signal to excite the dynamics of system (5). The POD modes are

8
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Figure 5: DOF of node 45 at the top left in x-
direction of the original nonlinear model (dashed
gray) and reduced order (blue) system.
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Figure 6: The POD modes of the nonlinear
model (blue) are compared to the linear modal
modes (gray). a) 1. order torsion mode, b) 1.
order bending mode, c) 2. order bending mode.

analyzed regarding their shape with decreasing singular values. The first POD vector represents
a first order torsion mode, followed by two first order bending modes. The two bending modes
are reasoned in the symmetry of the structure, where one goes in x-direction and the second one
in y-direction. The fourth POD vector is the second order torsion mode before two second order
bending modes. The shape of the POD modes already indicates similarities to the linear modal
analysis. Therefore, the identified POD modes of the nonlinear system are compared to the
modal modes of the structure, modeled as a linear system according to (1), where all diagonals are
modeled as links, which can bear tension and compression. The comparison results are depicted
in Fig. 6, where the frequencies corresponding to the POD modes are determined by fast Fourier
transform from the simulation data. Sorting the eigenmodes by increasing frequencies the order
of the linear system’s modal modes differs from that of the POD modes. In the linear model,
both first order bending modes correspond to the lowest eigenfrequencies, followed by the first
order torsion mode, two second order bending modes, two third order bending modes and the
second order torsional modal mode. The different order regarding mode shapes and frequencies
can be explained by the drastically reduced stiffness of the nonlinear model concerning torsional
motions. Due to the ineffectiveness of the stiffness component of the tension-only elements
under compression, torsion modes get more important, which is captured by the simulation
of the nonlinear model. A comparison of the corresponding normalized mode shapes, however,
shows high alignment of the POD modes and the modal modes (Fig. 6). Depicted are a) the first
order torsion and b) the first and c) second order bending modes in x-direction. As expected,
the alignment decreases for higher mode order. However, the good alignment motivates the
application of the introduced control approach with linearizing input.

5.3 Reduced Order Simulation Model

The reduced order simulation model is composed of nr = 18 POD modes. This leads to
κ = 99.08%, which means that the residual modes contribute less than 1% to the cumulative
energy with respect to the data set used for the POD analysis. The approximation quality is

9
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illustrated in numerical results in Fig. 5, where the simulation is conducted with a non-zero
initial condition. The time series is depicted for node 45 at the top left in x-direction, which is
marked in Fig. 4. This node is selected because the largest displacements are found at the top
of the building. The data of the full model is depicted in dashed gray needing 49.9s simulation
time and the reduced order model in blue with 7.6s. The reduced order model approximates
the dynamics of the full model with high accuracy, thus justifying its use to drastically save
simulation time of 84%.

5.4 Control Performance

In a first step, the linearizing input (11) is applied to the nonlinear system with the target
system (12) as described in section 4. The eight actuators in the columns of the first and
second module are used for the linearizing input and control. The model for control design is
of order nc = 4, where the first and the second order bending modes are captured in Vc. The
torsional modes are left out because they are not controllable with the selected set of actuators.
This selection is justified due to the specific investigation of the nonlinear effect concerning the
tension-only elements and the torsion mode is not excited in this numeric experiment.

The target system’s matrix Ad is chosen such that the desired stiffness matrix Kd = 1
4K(Vc0)

is equal to a quarter of the nonlinear system’s stiffness matrix evaluated at zero. The damp-
ing matrix is chosen equivalently to Dd = D(Vc0) with increased coefficients in the Rayleigh
damping of α1d = 0.1 and α2d = 0.01. The target input matrix Bd is set to g from (9) since
there is no nonlinearity in the input and the input affinity of the system can preserved. The
result is illustrated in Fig. 7, where the reduced nonlinear system is shown in dashed gray and
the effect of the uncontrolled linearizing input in dark blue, where both times the same initial
condition is applied. The system with linearizing input shows an altered oscillation behavior
with a decreased oscillation frequency. Due to the increased damping coefficients of the linear
target system, the nonlinear system with linearizing input already express a higher damping
rate. According to the chosen target matrix, the frequency of the system with linearizing feed-
back is not a quarter of the original system’s frequency because the nonlinearity already leads
to decreased oscillation frequencies. Compared to simulating purely the linear target system,
small deviations are visible due to the residual modes. With application of the LQ controller
the damping of the system is increased further which proofs the effectiveness of the linearizing
input transformation. The control algorithm as described in section 4 transforms the nonlinear
system to a desired target system with the designed closed-loop dynamics. Thus, control design
is simplified drastically through the nonlinear input transformation of such nonlinear systems.

6 CONCLUSION

In this contribution, the nonlinear equations of motion for tension-only elements were de-
rived. A POD was conducted, which captures the main characteristics of the nonlinear system.
Properties were compared to the nonlinear system evaluated at zero, where similar behaviors
were discovered. The mode shapes of the POD and the eigenmodes are almost equal, whereas
the frequencies have changed. The nonlinear system was reduced to achieve acceptable calcu-
lation times with high model accordance at the same time. The effect of nonlinearities from
tension-only elements have high impact on the systems behavior and need to be considered in
modeling. A low dimensional model for control and a linearizing input transformation for the
nonlinear model were derived, which drives the system states according to the dynamics of a
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Figure 7: The input-transformed nonlinear system with LQ-controller (light blue) in comparison to
the input-transformed nonlinear system without additional feedback control (dark blue) and the original
open-loop nonlinear system (gray). The displacement in x-direction of node 45 at the top left is depicted.

linear target system. With this linearizing input, the nonlinear system can simply be controlled
by controlling the linear target system, where the wide methods of linear control theory can be
applied. The results promise applicability to structures with tension-only elements.

For further research, any other target system or controller can be chosen to achieve a different
closed-loop behavior. An integration of actuators in the tension-only elements can be useful to
further generalize this method. After construction of the experimental high-rise structure is
finished, the presented algorithm will be applied.
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Abstract. Within the frame of the Smart Blades and the SmartBlades2 projects, different 
technologies for developing smart rotor blades for wind turbines have been developed and are 
still being studied and tested. These cover the three following technologies: bend-twist 
coupled rotor blades; rotor blades with trailing edge flaps and rotor blades with leading edge 
slats. In addition, cross-technology topics that need to be considered for successfully 
implementing all three technologies as well as for evaluating their performance within a wind 
turbine system are being studied. 
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This paper will present an overview of the results of the project focusing in the following: 
- Rotor blades with geometrical Bend Twist Coupling (BTC): summary of the blade design 

and manufacturing processes, summary of the results of modal tests, and selected 
preliminary results of field tests (on a turbine) with an introduction of a specially 
developed blade tip sensor for the measurement of the torsional deformation angle at the 
blade tip. 

- Rotor blades with trailing edge flaps: summary of the concept and design of the 
demonstrator as well as fatigue tests, summary and highlights of the controller design 
activities, overview of the possibilities for upscaling as well as for developing alternative 
concepts. 

- Rotor blades with leading edge slats: summary of three different concepts and the available 
results regarding wind tunnel tests as well as controller development with an emphasis on 
an active and a passive concept. 

- Introduction to the evaluation method that will be used for evaluating the different 
technologies. 

 

1 INTRODUCTION 

The use of renewable energies is constantly growing and one of the fastest expanding 
sectors is wind [1]. In order to satisfy the resulting demand, the tendency in the wind energy 
sector is going towards building larger rotor blades [2], since the electrical power output that 
can be generated by a turbine is proportional to the square of the blade’s radius. However, 
increasing the blade’s size also means rapidly increasing their weight, proportional to the cube 
of the blade’s radius, and substantially increasing the critical loads at the blade’s roots [3]. 

 
The Smart Blades and SmartBlades2 projects, funded by the German Federal Ministry for 

Economic Affairs and Energy (BMWi), explore three different approaches for alleviating 
these loads increments: using bend-twist coupled rotor blades, using trailing edge flaps and, 
finally, using leading edge slats. This paper presents an overview of the proposed concepts as 
well as selected results of the first tests. 

 
2 BEND-TWIST-COUPLED ROTOR BLADES 

The first concept focuses on a passive principle that uses geometrical bend-twist coupling. 
The geometry of the blades allows them to bend and simultaneously twist increasingly across 
their span when strong wind and loading conditions are present, such as during gusts. This 
reduces the wind exposed area and angles of attack of the blades, leading to an overall loading 
reduction. This helps to prevent damage while keeping a high energy yield [4]. 
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2.1 Design and manufacturing 

One method for reducing loads along a rotor blade is sweeping. Local sweep variations can 
decrease heterogenic aerodynamic loading conditions caused by higher loads from effects 
such as gusts. A parametric study of the blade geometry for an 80 m blade was realized during 
the Smart Blades project, aiming to achieve an optimal sweep for bend-twist coupling. The 
parameters taken into account were the vertical displacement of the tip to the pitch axis, the 
distance of the sweep starting point from the blade root and the projected length of the blade 
at the pitch axis (Figure 1–Top). Aeroelastic simulations under quasi-static inflow conditions 
were performed in a discretized blade model (Figure 1–Bottom) to investigate the coupling 
behavior. A section coupling coefficient calculated by dividing the torsional moment over the 
flapwise bending moment was introduced to account for the structural coupling effects [5]. 

 

 

  
 

Figure 1: Top: Parameters for the determination of sweep; Bottom: Discretized model of the straight and 
swept blade [5] 

 
The results were scaled down to a 20 m blade design and focused on manufacturability [6]. 

At the end of Smart Blades and based on the new design, a Glass Fiber Reinforced Plastic 
(GFRP) mold with an integrated heating system was built and, during SmartBlades2, used for 
the production of four blades. The manufacturing process based on a prefab concept and 
followed a semi-shell sandwich construction method: two half shells were individually 
produced and then fused together to form each blade. Some internal components, such as the 
slab, consist of sandwich panels that were manufactured separately in a vacuum infusion 
process and then cut to the designed shapes. Other components, such as the flange, are made 
of GFRP. For their manufacturing each inlay was precut using a CNC cutter and manually 
laid in and infused in the appropriate area of the shell tool. For ensuring positioning precision 
and monitoring the infusion, a laser and a thermographic system were respectively used. The 
half shells were produced once the prefab components were ready. The flange inlays were 
positioned first and then the two layer outer laminate was laid up. The spar caps and sandwich 
material, consisting of balsa wood and foam, were then integrated. Once the inner laminate of 
the blade, which also comprised two layers, had been laid up, the blade halves were vacuum-
infused. The final prefabricated part, the base, was then positioned in the shell of the suction 
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side. In a final step, the pressure and suction sides were bonded to form the finished rotor 
blade [4]. 

2.2 Modal tests overview 

Once manufactured, all blades were subjected to modal testing and their eigenfrequencies 
and damping were determined under two different boundary conditions: clamped to a test rig 
(blade #1) and free-free, hanging on elastic suspensions (all blades). In addition, the modal 
shapes were measured using a high sensor density array attached to the blades’ surfaces. The 
acquired data is being used for updating self-developed finite element models. To choose an 
appropriate distribution of the measurement points and excitation locations, a pretest analysis 
incorporating an FE shell model was carried out. During the modal tests, response signals 
were recorded via uniaxial accelerometers and force input was provided either by an impulse 
hammer or through electrodynamic shakers. Table 1: summarizes the eigenfrequency and 
damping values resulting from the two different test scenarios. Global modes are sorted from 
lower to higher frequencies as they appear for a clamped rotor blade. The structural dynamic 
similarity of the three blades can be recognized in the free-free tests results. Furthermore, 
local eigenforms illustrating cross-sectional vibrations attributed to the deflection of the blade 
shells could also be identified. Compared to the global results, the local modes correlate 
poorly with FE predictions [7]. In the forthcoming progress of the project the acquired data 
will serve as a basis for updating the FE model towards modal parameters. 

 
Table 1: Eigenfrequencies and damping values of blade #1 being clamped to a test rig and arithmetic 

averages of blades #2 - #4 from free-free tests. 
 

no. mode description test rig  free-free 

  
eigenfrequency 

in Hz 
damping 

in % 
 eigenfrequency 

in Hz 
damping 

in % 
coefficients of 
variation in % 

1 1st bend. flapwise 2.20 0.29  4.72 0.26 0.2/12.4 
2 1st bend. edgewise 3.07 0.14  9.81 0.38 0.8/26.1 
3 2nd bend. flapwise 6.84 0.41  11.87 0.23 0.6/5.3 
4 2nd bend. edgewise 10.86 0.53  26.68 0.42 0.5/9.5 
5 3rd bend. flapwise 13.57 0.31  20.58 0.36 0.6/8.7 
6 1st torsion 18.78 1.08  17.14 0.56 1.1/3.7 
7 4th bend. flapwise 21.65 0.61  31.21 0.76 0.5/11.4 
8 3rd bend. edgewise 26.49 0.69  48.24 0.65 0.6/22.2 
9 5th bend. flapwise 28.78 0.95  - - - 

10 2nd torsion 31.49 1.04  28.69 0.60 0.6/13.0 

 
2.3 Wind turbine tests 

In addition to the modal tests, test rig tests (not within the scope of this paper) were 
performed and turbine tests are being performed. The test rig tests covered extreme loading 
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testing for different static and dynamic conditions, including fatigue, and were accomplished 
successfully. The results allowed proceeding towards the turbine tests. The main goal of these 
is to measure the behavior and performance of the rotor blades under real conditions. Several 
sensors have been integrated in the blades’ structure and on their outer skin to measure their 
behavior in detail, including strain gauges, torsion sensors, digital image correlation (DIC) 
foils and a Light Detection and Ranging (LiDAR) system. The Controls Advanced Research 
Turbine 3 (CART 3) [8] and the National Wind Technology Center (NWTC) [9] site of the 
National Renewable Energy Laboratory (NREL), where the tests are being performed, are 
also equipped with a wide range of sensors, allowing obtaining more detailed measurements 
of the turbine itself as well as of the surrounding environmental conditions. 

2.4 Tip pitch Sensor 

Even though the blades are instrumented with strain gauges and equipped with an optical 
deformation measurement system using a stereo camera system, detecting torsion deformation 
near the tip remains challenging. Strain gauges only detect local strains. Connecting them in 
Wheatstone bridges and proper calibration allows the measurement of bending and torsion 
moments at discrete radial positions. To derive the torsion deformation at the tip (θtip), the 
moment distribution (Mt(x)) needs to be inter- and extrapolated from the discrete 
measurement locations, divided by the distribution of torsional stiffness (GI(x)) and then 

integrated over the length of the blade - equation ���� = ∫
��(�)

��(�)
��

����

�����
   

  (1). 
 

���� = ∫
��(�)

��(�)
��

����

�����
     (1) 

 

This procedure is prone to uncertainties and needs several measurement points as well as a 
very precise a priori knowledge of the stiffness distribution to deliver accurate results. The 
optical deformation measurement system installed within the blades cannot measure along the 
whole length either. The taper of the inner cross section and the elastic deformation of the 
blades limit the optical markers observability and restrict the measurement range. To solve 
these problems, an additional sensor capable of detecting torsional motion was developed and 
placed near the blade tip. The solution is based on a concept developed for active twist 
helicopter rotor blades [10][11] and was adapted to wind turbine rotor blades. 

 
The new sensor detects rotational accelerations around one rotation axis. An inertia mass is 

connected to the blade tip via a flexible element. Under acceleration, the mass generates 
inertia moments that deform the flexible element. The flexible structure is soft in torsion and 
stiff for all other deformations. The deformation of the flexible element is captured by 
semiconductor strain gages, which are connected in a Wheatstone bridge that compensates for 
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temperature and suppresses sensor signals due to unintended deformations (e.g. bending). A 
tailored design of the inertia mass in combination with static accelerations in the centrifugal 
field of the rotor allows the detection of static pitch angles. The concept uses the propeller 
moments that occur in the centrifugal field (Figure 2). 

 
The mass connected to the flexible element at point P consists of two punctual masses m. 

When the rotor spins with the frequency frotor, the force F is necessary to counteract the 
centrifugal force. F has two components: one parallel to the blade, Fparallel, and one orthogonal 
to the blade, Forthogonal. If the pitch angle of the inertia mass, θmass, is zero, both mass points lie 
on a plane that is orthogonal to the rotor axis. Consequently, the orthogonal components of 
the forces do not generate any moment around P. However, if θmass increases, the mass points 
move out of the plane that is orthogonal to the rotor axis and contains P, the Forthogonal 
components generate a moment around P. This propeller moment deforms the flexible 
element even in case of static pitch angles. 

 

f  rotor

m

m
For tho Fparallel

F

Δym

R

θmass

P P

 
 

Figure 2: Formation of propeller moments 

 
The location of the sensor near the blade tip brings an increased risk for lightning strike, 

meaning an electrical conductive connection between the sensor and the blade root needs to 
be avoided. To fulfill this requirement the sensor was connected with both a fiber optical data 
and energy transmission system. The system consists of a class 4 laser that couples 2 W of 
optical power into a fiber optic cable. At the other end of the cable a photovoltaic power 
converter delivers approx. 500 mW of electrical power, sufficient to operate the sensor and 
the module that transmits the data to the blade root. Figure 3 shows the major components of 
the sensor as CAD model and during installation. 
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Figure 3: Sensor and its components (left), sensor during integration (right) 

The flexible element (1) connects the mass (2) with the blade tip. To protect the sensor 
from foreign objects, the sensor is capsuled in a housing (3). The photovoltaic power 
converter (4) provides the power supply for the circuit board that drives the sensor (5) and the 
data transmission module (6). The latter two are capsuled by the electronic box (7). 

 

3 TRAILING EDGE FLAPS 

The second smart blades concept focuses on using trailing edge flaps for active flow 
control. The flaps function in a similar way to aircraft ailerons, components used to control 
the aircraft’s movement. Even though the aerodynamic effects of trailing edge flaps are very 
similar, it is important to consider other design aspects for wind turbine rotor blades, such as 
the rotational operating conditions, maintenance and the environment at low altitudes [3]. 

3.1 Design concept and demonstrator 
 
A flexible trailing edge structure design was chosen as a solution for the trailing edge flap 

and was developed during the Smart Blades project. The concept uses a rib like structure with 
a central support (Figure 4). By pushing or pulling, as the forces F1 and F2 show, the 
structure can be deformed and the desired flap deflection can be achieved, which allows to 
influence the airflow [3]. 

 
 

Figure 4: Flexible trailing edge concept [3] 
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Since the structure is flexible and is destined to morph under aerodynamic loads, the effect 
of aerodynamic pressure acting on the flap’s surface needs to be considered in the structural 
design phase. An iterative process covering structural and aerodynamic factors was followed. 
The first step consisted on the creation of a structural model, followed up by the calculation of 
the actuation induced deflections. Once this done, the aerodynamic pressure distribution of 
the deflected flap was calculated and input back to the structural model to recalculate loading. 
The structure was then re-evaluated and optimized. The process stopped when the deflection 
values remained constant, reaching structural and aerodynamic stability [3]. 

 
3.2 Testing of the trailing edge 

Three types of tests of the trailing edge flaps have taken place: laboratory tests to analyze 
its general behavior, fatigue tests and rotational test-rig tests. 

The main goal of the laboratory tests was to validate the developed FE models and to 
demonstrate that the structure could achieve the desired deflection. Angles between -8° and 
+12° could be measured via DIC. The differences between the deflections expected from the 
simulations and the experimental results are small (Figure 5 – left). A similar behavior was 
measured for strain values (Figure 5 – right) [3]. 

 

  
 

Figure 5: Left: Comparison of simulated and measured trailing edge deflection angle; Right: Comparison of 
simulated and measured strains [3] 

 
To test the behavior of the structure under realistic conditions, a second demonstrator was 

designed and built for a measurement campaign on the rotational test bed of the Technical 
University of Denmark (DTU) (Figure 6). Several sensors were implemented on the 
demonstrator, including accelerometers, strain gauges and pressure taps. The demonstrator 
was installed on an adapter airfoil section which was then mounted on DTU’s rotational test 
bed. The goal of the campaign was to measure aerodynamic performance, as well as relevant 
environmental effects, such as turbulences and centrifugal loads [3]. The measurement 
campaign was successful and the aerodynamic effects of the flap could be measured. The 
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results of these tests are not within the scope of this paper. 
 
 

 
 

 

Figure 6: Left: Trailing Edge mounting on Airfoil Section; Right: DTU’s rotational test bed with 
demonstrator mounted [3] 

3.3 Flap Controller design and tests 
 
To study control mechanisms for the flap, a model of a movable trailing edge with a 10 m 

spanwise length was introduced on the blades of a generic three-bladed 7.5 MW wind turbine 
model with 80 m blades [12]. The chord length of the trailing edge flap is 25 % of the blade’s 
chord length, with 5% flexible and 20% rigid. Deflection angles vary between ±10°, with a 
maximum angular rate of 20°/s. The pitch angular rate is limited to 3°/s for Individual Pitch 
Control (IPC). Due to the rotational sampling effect, the blade samples inhomogeneous wind 
fields with a frequency determined by the rotor speed and the dynamic blade loads are 
concentrated at multiples of the rotational frequency. IPC is capable of reducing once per 
revolution (1P) loads [12]. 

 
A feedforward-feedback control structure based on the H∞ loop shaping method [14] was 

chosen for the study, with a special focus on uncertainty quantification and a robust control 
performance [15]. Since the flap/blade area ratio is small, the operation is close to the actuator 
limits and needed to be considered in the controller structure [16]. A series of algorithms with 
the same baseline controller (REF) for collective pitch and torque control were developed. All 
additional control loops used flapwise blade root bending moments as a feedback signal: a) 
individual pitch control acting on 1P (IPC 1P), b) individual flap control acting on 1P (IFC 
1P), c) individual flap control acting on 2P (IFC 2P), d) individual flap control acting on 1P 
and 2P (IFC 1P 2P), and e) individual pitch control acting on 1P and individual flap control 
acting on 2P (IPC 1P IFC 2P). Time domain simulations were carried out between cut-in wind 
speed (3 m/s) and cut-out wind speed (25 m/s), using the high fidelity aero-elastic simulation 
code HAWC2 [17] with the ATEFlap dynamic stall engineering model[18]. The turbulent 
wind conditions were chosen in accordance with [19], where the turbulence intensity is 41% 
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at 3 m/s and 15% at 25 m/s. Wind shear and tower shadow were also taken into account and 
no yaw misalignment was considered. For each wind speed, six 10-minute simulations were 
carried out, each under different turbulent wind speeds. 1 Hz damage equivalent loads (DEL) 
were calculated. The obtained DEL were weighted with the Rayleigh probability function 
with an average wind speed of 10 m/s to determine the lifetime damage equivalent loads. 

 
The power spectral density (PSD) of the flapwise blade root bending moment for the hub 

height mean wind speed of 13m/s is plotted in Figure 7 (left). It can be seen that 1P and 2P 
harmonics are the most dominant load components and that all control algorithms are capable 
of reducing the desired frequencies. Furthermore, the highest load reduction at 1P is achieved 
with individual pitch control, since it can influence the entire blade. Active flap control only 
influences parts of the blade and achieves lower reductions at 1P. However, due to its higher 
dynamics, it is more suitable for reduction of 2P load components. Because of the limited 
surface and the actuator limitations, the active flap control targeting both 1P and 2P load 
components (IFC 1P 2P) does not lead to any satisfactory load reductions. The best results 
can be achieved with IPC targeting 1P loads and individual flap control targeting 2P loads 
(IPC 1P IFC 2P). The same is valid for the reduction of lifetime damage equivalent loads. 
Figure 7 (right) summarizes these results for blade root flapwise bending moment, hub yaw 
and tilt moments and tower top and tower bottom fore-aft and side-side bending moments. 

 

 
 

Figure 7: Left: PSD of the flapwise blade root bending moment under different algorithms. Right: Reduction 
of lifetime damage equivalent loads 

 
3.4 Upscaling Flaps 

The SmartBlades2 project is also investigating flap upscaling concepts for their application 
in larger wind turbines. Different simulation models have been developed and cover overall 
blade simulation as well as structural optimization. They are also capable of integrating the 
flap structure and perform sizing and analysis processes. One of the goals of these 
simulations, as an example, is to find a concept that enables load transmission around the flap 
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cutout. Some results with this focus are presented in Figure 8. As it can be seen, in 
comparison to the reference blade [12], the second main spar is shifted in trailing edge 
direction to the cutout and serves as a connection spar for the flap. The flap cutout lays 
between 66 m and 75 m in spanwise direction and has a 30% profile depth. Even though the 
total blade weight increases from 21,7 t to 24,5 t under this configuration, the flap-wise 
deflection and the induced twist decrease respectively from 11.06 m to 9.95 m and from 
0.65°/2.09° to 0.61°/-1.54°. The diminishing values can be explained by the spar cap’s area 
enlargement in blade tip direction. By shifting the rear spar towards the rear edge flap, the 
chordwise position changes from 40% to 65% of the chord. The absolute spar cap area is 
therefore increased, leading to a higher flapwise and torsional stiffness and an increment in 
the overall blade mass. Since the present study does not consider flap aerodynamic forces and 
moments and the role of the flap is to reduce aerodynamic loads, the total weight could be 
reduced by considering the complete set of loads. 

 
While this study focuses on the structural aspects, aspects such as costs need to be 

considered for further development: the total cost of the flap itself and its control mechanism 
must be lower than the cost reduction that can be achieved by material and weight savings. 

 

   
 

Figure 8: Blade design for the 80m Smart Blade (IWT 7.5 MW) with flap cut-out 

3.5 Alternative multistable flap concept overview 

Recently, there has been an increased interest in multistable structures. These structures are 
characterized by two or more stable states with distinct geometrical shapes [20][21] and can 
remain in these states without requiring any external energy or force input. Force or energy is 
only required to snap from one shape to another. 

 
A rectangular bistable plate capable of yielding a curved and a flat shape was designed as 
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an alternative concept for a morphing flap based on [22][23]. The design ensures that the 
edges of the two stable shapes remain as flat as possible in order to facilitate the flap’s 
embedding. Two sets of actuators were placed on top and bottom of the plate to enable snap-
through and snap-back. A nonlinear FE analysis was performed to simulate the proposed 
concept and a multi-objective non-gradient based optimization was carried out to find the 
optimal location of the actuators. The objectives were to minimize the snapping voltages 
while maximizing the curvatures in order to maximize the morphing action. A separate FE 
analysis was carried out on the optimized rectangular plates to introduce thermal residual 
stresses. As the plate cools down, it displays a curved stable shape generated by the residual 
stresses. This curvature defines the flap’s deflection angle. The cooled structure can be 
embedded in its curved form as a deflected flap. Once the voltages are applied to the 
actuators, strains develop on the plates and they snap to the neutral configuration. When 
voltage is removed, the flap maintains its new shape. The main advantage of this multi-
stability approach is that it obviates the need for a continuous power supply, which is often 
required in conventional actuation methods. 

 

4 LEADING EDGE SLATS 

The third approach for load reduction being investigated within the projects is the use of 
leading edge slats, particularly for their influence on the aerodynamic behavior of the blades 
under turbulent inflow conditions. Since turbulences happen at small time scales and because 
of the large inertia of the blade, turbulences cannot be handled by common pitch control 
systems. When implemented, these devices allow the airfoil to operate at higher angles of 
attack, improving its aerodynamic performance compared to an unequipped wind turbine and 
also help the turbine system to react better against sudden wind changes [24]. Three 
approaches for this kind of system are being considered: an active, a passive and a rigid one. 
The active leading edge, as the name says, is actively controlled by a motor. The motor can 
move the slat in or outwards according to the wind conditions and so change the angle of 
attack experienced by the blade. The passive concept automatically moves from its retracted 
to its deployed position by only using the present aerodynamic loads. Finally, the rigid 
concept stays in a constant rigid position. The gap between the blade and the slat is what 
allows improving the overall flow conditions. 

 
4.1 Slat controller design and tests 

 
Turbulent wind tunnel tests of a deformable active slat were performed to study the effects 

of the slat on the blade damage equivalent load due to fast local inflow angle fluctuations 
[25]. The gap size between the slat trailing edge and the main body of the airfoil could be 
varied by moving the slat. The aim of the work was to characterize the active slat and to 
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gauge its initial capabilities under the influence of sinusoidal inflow conditions. It was 
observed that varying the gap size has an influence on the aerodynamic polars of the airfoil: 
different aerodynamic coefficients for the same angle of attack could be achieved by moving 
the slat to different positions and modifying the gap size (Figure 9). 

 

 
Figure 9: Static lift coefficients 	C� for laminar inflow with Re = 	0.6 × 10� for different gap sizes 	g� 

compared to the clean airfoil without slat [25]. 
 

The airfoil was exposed to an inflow with sinusoidal variation of the angle of attack at 
5Hz. The amplitude of the inflow angle variation was of 3°. A “TIM control” (Timed Inflow-
angle-coupled Motion control) strategy was developed to reduce the resultant fluctuating load. 
This involved the synchronized variation of the gap size with the wind tunnel’s active grid 
motion. Measurements for different phase shifts between slat motion and inflow angle 
fluctuations were performed and as much as 20% of the standard deviation of lift force 
fluctuation could be reduced compared to the case where the slat wasn’t deployed (Figure 10). 
 

 
Figure 10: Lift coefficients 	C� time series for static slat and TIM controlled slat with phase shifts 	ψ = 36° 

and 	216°	 (a) and standard deviation of lift coefficient σ�� of static slat and TIM controlled slat for different 

ψ	with inflow angle fluctuations (b) [25] 
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5 TECHNOLOGIES’ EVALUATION CONCEPT AND PERSPECTIVES 

To compare the performance of the different smart blades technologies, a detailed 
evaluation is being carried out throughout the project and an economical and a technical 
assessment according to VDI 2225 [26] is being performed. 

 
The economic performance (P_e) of a technology is based on a comparison of the leveled 

cost of energy. The included projected costs are calculated using detailed cost models for the 
reference rotor blade, technology add-ons and the reference wind turbine itself. This way 
additional material, labor and investment costs as well as differences in annual energy 
production are taken into account for each technology. Furthermore cost differences occurring 
from altered operation and maintenance schemes are estimated and implemented in the cost 
model. 

 
The evaluation of the technical performance (P_t) is done in a utility analysis consisting of 

44 criteria, e.g. load reduction, rotor blade mass and reliability. The assessment of the criteria 
is conducted using customized functions which correlate the respective result with a specific 
utility value. The resulting utility value is weighted, whereat the weight and the assignment of 
utility values to certain results are based on a questionnaire handed out to all project partners. 

 
In order to compare the economic and technical performance of the technologies visually 

P_e and P_t can be normalized and plotted in a diagram as shown in Figure 11. 
 

 
 

Figure 11: Exemplary visualization of the technical performance, P_t, and economical performance, P_e, of a 
technology. 

 

So far, each technology has proven its potential within the expected range of the numerical 
models. In the meantime, validation experiments, such as a field test at the NREL CART3 
wind turbine (Section 2.3), are carried out to confirm the results. 
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11 CONCLUSIONS 

Three different approaches for reducing loads in wind turbine blades are being 
investigated: bend twist coupling, trailing edge flaps and leading edge slats. All three 
approaches have proven their potential at different scales and under different testing 
scenarios, such as in test rigs or wind tunnel tests, however further concept development and 
larger scale tests still need to be performed in order to be able to provide an accurate 
evaluation of the technologies, especially concerning factors relevant to the industry, such as 
costs and upscaling. Future work will focus on the detailed results of the projects’ tests as 
well as on the concepts’ detailed evaluation based on these results. 
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Abstract. Tensegrity structures are self-stressed frameworks composed of elements in 
compression and elements in tension. Their stability is attributed to a state of self-equilibrium 
in the system. Tensegrity structures are thus statically indeterminate. Many tensegrity systems 
are also kinematically indeterminate including motions other than the rigid-body motions that 
can occur without changes in their element lengths (infinitesimal mechanisms). Since not 
change in element lengths are required, infinitesimal mechanisms have been identified as 
advantageous control paths. Although tensegrity systems have been proposed for active 
applications in science and engineering, existing form-finding and design methods do not 
address or provide any insight regarding sensor and actuator placement in tensegrity structures. 
In this paper, self-stress and infinitesimal mechanisms are investigated through cellular 
morphogenesis to identify appropriate sensor and actuator placement strategies.  

 
 
1 INTRODUCTION 

Tensegrity describes a system composed of elements in tension (cables) and compression 
(struts) in stable state of self-equilibrium [1-2]. Although the concept originates from art work 
of Kenneth Snelson, it quickly found applications in science, engineering and architecture [3-
6]. Tensegrity structures are materially and mechanically efficient structures that can integrate 
sensors and actuators within their structural elements [2]. They are thus especially advantageous 
for active applications. However, in most applications, sensors and actuators are placed in 
tensegrity systems based on engineering judgement resulting to solutions that are closely related 
to specific applications and contexts. Sensory applications have employed both dynamic and 
static measurements for structural identification and damage identification in tensegrity 
structures [7-10], while adaptive application using both active struts and active cables have been 
proposed [11-13]. Active struts allow tensegrity structures to be stiff for a limited range of 
configurations, while active cables enable them to remain stable and stiff throughout large shape 
transformations [14]. Moreover, shape transformations along the directions of infinitesimal 
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mechanisms (displacements that can occur without changes in the element lengths) have been 
identified as ideal motion-control paths as no element deformation is required [15]. This paper 
explores cellular morphogenesis, a bio-inspired generative process for the combined topology 
identification and form finding of tensegrity structures, as a strategy for identifying 
advantageous sensor and actuator placement solutions in active tensegrity structures.  

2 CELLULAR MORPHOGENESIS 
De Guzman and Orden [16] proved that tensegrity structures can be decomposed into 

elementary units (cells) defined as the complete graphs on d+2 nodes with d being the space 
dimension. Figure 1 illustrates the topology of three-dimensional tensegrity cells. Tensegrity 
cells have one self-stress state and no infinitesimal mechanism. Aloui et al. [17-18] analytically 
described the self-stress of tensegrity cells based on their topology and nodal coordinates. 
Tensegrity structures can thus be seen as multicellular organisms composed of tensegrity cells. 
Furthermore, in an analogy with biological organisms, starting form a tensegrity cell more 
complex tensegrity structures can be generated through the multiplication mechanisms of 
cellular adhesion and fusion. Aloui et al. [17-18] studied the effects of adhesion and fusion on 
the self-stress of a tensegrity structure being generated through cellular multiplication. They 
showed that a basis of the self-stress space can be analytically constructed based on the cell 
topology. Moreover, they showed that with adhesion that represents the gluing of two cell 
graphs along one or more shared edges and vertices, the number of self-stress states in the 
composing structure increases, while with fusion which is the removal of one or more of the 
shared elements between the two cells the number of self-stress states in the composing 
structure decreases. Consequently, the resulting basis reflects a vector collection of the self-
stress states of the constitutive cells and stable sub-structures resulting from their interaction 
having thus a direct physical interpretation with each state reflecting the contribution of a sub-
system of the structure.  

 

 
Figure 1: Three-dimensional tensegrity cells 

The Simplex (or Triplex) is perhaps the most well-known three-dimensional tensegrity 
structure. The structure includes 6 nodes, 9 elements in tension and 3 elements in compression 
in an equilibrium configuration geometrically described by a twisted prism consisting of two 
equilateral triangular bases rotated by 𝜋𝜋𝜋𝜋

6
. Figure 2 illustrates the cellular morphogenesis of the 

3D Tensegrity Cells

Type I Type II



120

Omar Aloui and Landolf Rhode-Barbarigos. 

 3 

Simplex as the fusion of tensegrity cells ABCDE and BCDEF, and the removal of elements BD 
and CE. The combination of the two cells results first into a structure with two self-stress states 
and no infinitesimal mechanisms which with the removal of elements BD and CE leads to the 
Simplex structure. The removal of elements BD and CE decreases the number of self-stress 
states to one creating also one infinitesimal mechanism. The self-stress in the Simplex can thus 
be obtained through cellular multiplication by identifying a combination of self-stress 
components that set the self-stress in the elements to be removed equal to zero [19].  
 

 
 

Figure 2: Cellular morphogenesis of a Simplex (dashed lines illustrate removed elements) 

The removal of the edges BD and CE during the fusion of the two cells that compose the 
Simplex introduces an infinitesimal mechanism (Figure 3). This non-trivial infinitesimal 
mechanism can be described by a direction that is orthogonal to the trivial mechanisms. For a 
Simplex with unitary height and a triangular base with edge length of √3, the direction of the 
infinitesimal mechanism is described by the nodal displacements: 
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Figure 3: Illustration of the nodal directions of the infinitesimal mechanism in a Simplex  

Member Self-stress
AB 1.155
BC 1.155
AC 1.155
AD 2.000
BD 0.000
CD -2.000
AE -2.000
BE 2.000
CE 0.000
DE 1.155
BF -2.000
CF 2.000
DF 1.155
EF 1.155
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3 SENSOR PLACEMENT AND SELF-STRESS IDENTIFICATION 
Structural identification and thus sensor placement in tensegrity systems starts with self-

stress identification. The self-stress w in a tensegrity structure corresponds to a solution of the 
equilibrium in the absence of external loads: 

 

Aw = 0 (2) 

 
where A is the equilibrium matrix [20]. The set of possible solutions to equation (1) is given by 
the nullspace of A. The vectors of the basis given by the nullspace of A reflect the self-stress 
states of the structure and can be grouped to compose the self-stress matrix = [𝑤𝑤𝑤𝑤1 𝑤𝑤𝑤𝑤2⋯𝑤𝑤𝑤𝑤𝑠𝑠𝑠𝑠] 
that is by definition full rank. The self-stress in the structure is always a linear combination of 
the self-stress states. This gives:  
 

w =Wα (3) 

 
where 𝛼𝛼𝛼𝛼 is a vector of 𝑠𝑠𝑠𝑠 real coefficients and 𝑠𝑠𝑠𝑠 is the dimension of self-stress space. Since matrix 
𝑊𝑊𝑊𝑊 is full rank, determining the vector 𝛼𝛼𝛼𝛼 requires minimum 𝑠𝑠𝑠𝑠 self-stress values. Consequently, 
the number of sensors required to characterize the self-stress in a tensegrity structure 
corresponds to its number of self-stress states 𝑠𝑠𝑠𝑠. Following the principles of structural 
morphogenesis, this number corresponds also to the minimum number of constitutive 
unicellular sub-structures (cells and stable sub-structures resulting from their interaction) 
composing the structure as each cell and sub-system composing the structure have one self-
stress state. Consequently, for the Simplex, one sensor is enough to characterize its self-stress 
assuming that the nodal positions are known. The method can be extended for structural 
identification and damage assessment [21]. 

4 ACTUATOR PLACEMENT AND CONTROL 
Tensegrity structures can be actuated through the integration of active elements (struts and/or 

cables) with the actuation configuration (number and placement) depending on the topology of 
the system and the desired change in shape or behavior. However, for applications that require 
large changes in the length of the elements (large nodal displacements), cable actuation is 
typically preferred [14]. With cable actuation, a given set of nodal displacements in tensegrity 
structure can be obtained through a set of cable-length changes applied on different groups of 
cables. De Guzmán and Orden [16] proved that a node in a tensegrity system in general position 
can be in a state of self-equilibrium if and only if it has at least four incident members. 
Consequently, nodal displacements can be expressed as a combination of the change in length 
of a set of three incident elements with independent directions, which according to de Guzmán 
and Orden [16] is always satisfied for a system in self-equilibrium. This confirms that to 
generate any nodal motion in a tensegrity structures, each controlled node should be attached 
to minimum three active elements.  
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Let P be a node in a tensegrity structure with PP1, PP2 and PP3 three incident members to P 
with independent directions. The displacement at P can be expressed as: 

 
1 1 2 1 3 3Pd PP PP PPα α α= + +

   

 
(4) 

 
where 𝛼𝛼𝛼𝛼1, 𝛼𝛼𝛼𝛼2 and 𝛼𝛼𝛼𝛼3 are real coefficients reflecting the motion of the node in each member 
direction. The displacement of the node in each member direction can be calculated through the 
projection of dP in the basis 𝛽𝛽𝛽𝛽𝑃𝑃𝑃𝑃(𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃1,𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃2,𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃3). Let MP be the non-singular matrix described 
𝛽𝛽𝛽𝛽𝑃𝑃𝑃𝑃. Then, the coefficients 𝛼𝛼𝛼𝛼1, 𝛼𝛼𝛼𝛼2 and 𝛼𝛼𝛼𝛼3 can be calculated by: 
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Assuming n nodes P1,P2,…,Pn are moving in the structure with assigned displacements 
𝑑𝑑𝑑𝑑𝑃𝑃𝑃𝑃1,𝑑𝑑𝑑𝑑𝑃𝑃𝑃𝑃2,…,𝑑𝑑𝑑𝑑𝑃𝑃𝑃𝑃𝑛𝑛𝑛𝑛 and the basis matrices 𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃1,𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃2,…,𝑀𝑀𝑀𝑀𝑃𝑃𝑃𝑃𝑛𝑛𝑛𝑛 , the displacements of the nodes along 
the active elements can be calculated as: 
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(6) 

 
where 𝛼𝛼𝛼𝛼𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖 is a 3 × 1 vector of projection coefficients of the displacement 𝑑𝑑𝑑𝑑𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖 on the basis 𝛽𝛽𝛽𝛽𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖 
and blkdiag() is the function forming a block diagonal matrix from a set of square matrices. 
Consequently, any displacement in space including the advantageous paths given by the 
infinitesimal mechanisms [15] can be decomposed in element-length changes. For a cable-
actuated Simplex with only rigid body motions restrained and a desired change in the height of 
0.01m, the changes in the length to be applied correspond to: 

 

 

 
 

Cable Change in length [m] 
AB 0.0089 
BC 0.0089 
AC 0.0089 
AD -0.1000 
BE -0.1000 
CF -0.1000 
DE 0.0000 
DF 0.0000 
EF 0.0000 

(7) 
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5 CONCLUSIONS 
Although tensegrity systems have been employed for active applications, there are no widely 

accepted design guidelines regarding sensor and actuator placement. In this paper, sensor and 
actuator placement is discussed through cellular morphogenesis highlighting that: 

- the number of sensors required to characterize the self-stress in a tensegrity structure 
corresponds to its number of self-stress states  

- the number of sensors required to characterize the self-stress is also given by the 
minimum number of constitutive unicellular sub-structures composing the structure 

- the number of actuators required to control a tensegrity structure depends on the 
configuration and the desired change in shape or behavior 

- nodal displacements can be expressed as a combination of the change in length of a set 
of three incident elements with independent directions. 

The aforementioned statements imply that for an active tensegrity Simplex one sensor and 9 
actuators are sufficient. 
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Abstract. The high thermal mass of conventional buildings is an important factor for main-
taining comfortable indoor conditions. The building itself serves as a heat storage and damps
the effects of changing outdoor temperatures or varying solar loads. Moving away from heavy-
weight to ultra-light-weight buildings allows to rethink the conventional design of facades as sole
thermal or noise insulation. Intelligent facade structures with integrated capability for thermal
actuation can be used to control indoor conditions in order to reduce the energy demand. In-
flatable membrane facades allow for a variation of heat capacity by introducing air and thus
increasing the thermal mass of a facade element. This can be used to control the heat ex-
change between the building interior and the environment depending on the outside conditions.
Furthermore, introducing connections between adjacent wall elements enables the transport of
thermal energy from one side of the building to another. This allows for intelligent distribution
of solar loads by transferring heated air from the south- to the north-facing side of the building.

In this work, a thermal network model of a building using inflatable membrane wall elements
is developed. The numerous couplings of element-specific mass and temperature dynamics intro-
duce various effects on the thermal conditions and the related energy demand. The theoretical
potential of this type of actuation is determined through a detailed simulative study. Recordings
of the temperate climate in Germany are combined with a geometrical solar irradiation model
to determine the environmental disturbances. Subsequently, an analysis of different operational
conditions is performed to identify the energy saving potential of rewarding use cases. While
the energy demand rather depends on system design parameters (e.g. solar absorption), the re-
duction of radiant temperature asymmetry and demand-oriented heat transfer from unoccupied
to occupied zones are promising applications.

1



126

Janine Guenther, Marius Oei, Nadine Harder and Oliver Sawodny

1 INTRODUCTION

The growth of the world population creates the need for an increasing amount of living
space. This need clashes with the goal of reducing our environmental footprint: today, the Eu-
ropean building sector makes up about 50 % of the resource consumption and 42 % of its energy
demand [1]. A large portion of the energy that is consumed over the lifecycle of a building
is embodied energy. Therefore, one of the primary approaches to both resource and energy
consumption reduction is lightweight construction using sustainable materials. The public ac-
ceptance of such significant changes constrains their implementation where one driving factor is
the occupant’s comfort. Hence, it is mandatory for novel building constructions to maintain or
even improve the quality of the internal thermal environment compared to conventional building
types while reducing the environmental footprint.

The superior indoor comfort of conventional heavy building structures compared to passive
lightweight construction is well known, particularly in climates with large daily temperature
variations [2, 3]. The lower thermal capacity of light-weight buildings incorporates faster dy-
namics and results in a more extreme reaction to outside conditions. This leads to a higher
energy demand of the heating, ventilation and air conditioning system to ensure the thermal
comfort of the occupants. Researchers have devised a number of ways to overcome this limita-
tion, one of which is adaptation of the building’s facade to changing environmental conditions.
An overview can be found in [4].

Membrane facades are a type of lightweight construction that gained popularity in the past
years. They usually consist of fabric or ethylene tetrafluoroethylene (ETFE) films [5]. Mem-
branes made of ETFE can consist of one or more layers and have high light and UV permeability.
ETFE offers low soiling due to the smooth surface and low surface tension. Dust and other par-
ticles can adhere poorly [6]. It has a low weight and is stable in extreme climatic conditions. A
number of exemplary buildings using ETFE cushions are described in [7].

Various efforts have been made to take advantage of the elasticity and durability of membrane
materials by introducing adaptivity into the structures. Cardoso et. al. proposed using an
electrochromic layer to locally adapt a cushion facade’s opacity based on touch-feedback from
occupants [8]. Adaptive shading may also be provided by adjusting the inflation of printed multi-
layer cushions as described in [5]. Shading and power generation are combined in membrane-
integrated photovoltaics, as proposed in [9]. An approach for adaptive membrane facades that
is inspired by the human thermoregulatory system are water-filled cushions for active thermal
control [10].

In this work, a novel building facade system comprised of inflatable membrane elements
is introduced. The facade consists of membrane cushions filled with air. The cushions can
be actively inflated or deflated and air can be exchanged between facade elements to achieve
varying thermal mass and resistance for each wall and to transport thermal energy. This allows
for intelligent distribution of solar loads, e.g. by transferring heated air from the south- to the
north-facing side of the building to equalize thermal conditions or transport energy through the
building envelope. The following work analyzes the saving potential of this kind of actuation
regarding its energy demand for maintaining comfortable conditions. The effect of the inflation
state on the building dynamics, the sensitivity to system parameters as well as the impact of
air circulation through the facade elements are evaluated for the identification of a meaningful
system design and future applications.

2
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Table 1: List of Symbols

Symbol Description Value Unit

Ai Surface area of i-th wall element - m2

Cfloor Heat capacity of floor elements kJ/K
cp Specific heat capacity of moist air 1.020 kJ/kgK
ca Specific heat capacity of dry air 1.004 kJ/kgK
cw Specific heat capacity of water vapor 1.860 kJ/kgK
dmem Thickness of membrane 0.5 mm
dwall Thickness of wall (= inflation state) 1 m
Fsol Solar view factor - -
h Heat transfer coefficient - W/m2 K
Idir Direct solar radiation - W/m2 K
Idif Diffuse solar radiation - W/m2 K
ma Mass of dry air - kg
mw Mass of water vapor - kg
nadj Number of adjacent elements of wall or zone - -
nflow Number of connected elements for mass exchange - -
R Thermal resistance - m2 K/W
σ Stephen-Boltzmann constant 5.67 ·108 W/m2 K4

α Solar absorption 0.2 -
ε Emissivity of surface 0.8 -
λmem Thermal conductivity of membrane 0.24 W/mK

2 MODEL DESCRIPTION

In the following section, the simplified thermal network model is derived based on heat
and mass balance equations. The goal is to achieve a quantitative description of the thermal,
hygrothermal and energetic effects within the system that allows conclusions about the energy
saving potential of the proposed approach. At the same time, the description is kept as simple
as possible to achieve a low complexity for the analysis and numerical simulation as well as good
interpretability.

2.1 System Description

A schematic representation of the building is given in Figure 1. The sketched two story build-
ing is considered in the following analysis where each level consists of one zone which is enclosed
by four inflatable wall elements (light shaded). The intermediate floor that separates two zones
is considered as ceiling for the lower level and as floor for the upper level simultaneously. The
need for a stabilizing floor layer is ignored for simplicity. Each external facade element can be
in- or deflated, either by outside air or by exchanging air with adjacent elements. This allows
for arbitrary heat transport over the whole building structure. Zones and floors have a constant
mass (dark shaded) to avoid a change of the interior volume and consequent implications for
the occupants.

Through the described adaptivity, the properties of the membrane facade can be changed.
Heat flows can be used selectively to increase the air permeability of the facade to adjust interior

3
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Zone 1 (Z1)

Zone 2 (Z2)

In-/Deflation
Variable mass

Mass exchange ṁ

Constant mass

Figure 1: Sketch of inflatable building design for variable insulation state and heat transfer by
mass exchange.

surface and room air temperatures. For the following analysis, the material properties of the
membrane facade are set based on an exemplary ETFE film as stated in [11] and given in Table 1.
It is assumed that a facade element consists of 5 membrane layers with a thickness of 0.2 mm
which are cumulated to an inner and outer surface for a simplified reference model. Hence,
the total thickness results in dmem = 0.5mm. For further simplification, an opaque membrane
without solar transmission is considered.

2.2 Physical Modeling

The dynamic equations to represent the building dynamics are obtained by the heat and mass
balance of the facade and zone elements [12] under the assumption of well mixed conditions
within the zones and wall components. Each element can be modeled as an air cushion with a
temperature T , a mass m and a relative humidity RH. For simpler equations, relative humidity
RH is substituted by the mass fraction of water XH2O = mw

mw+ma
. The temperature and inflation

are defined by the heat and mass balance

cp(T,XH2O)(mṪ + ṁT ) =
nadj∑
i=1

Ti −T

Ri(T,Ti, Q̇sol)
+

nflow∑
j=1

Ḣj + Q̇demand (1a)

ṁ =
nflow∑
j=1

ṁj (1b)

ẊH2O = ṁw − ṁXH2O
m

(1c)

where cp is the specific heat capacity of moist air, Ḣj denotes the enthalpy flow due to the
mass transfer from or to an adjacent element j, Q̇sol defines the effective solar load and Q̇demand
represents the required heating or cooling demand to maintain comfortable indoor temperatures.
The j-th enthalpy flow between adjacent wall elements is defined by [13]

Ḣj = ṁj

(
caTj(1−XH2O)+XH2O

(
cwTj +2501 kJ

kg

))
, (2)
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Figure 2: Thermal resistance of the membrane.

where ṁj denotes the corresponding mass flow and Tj depends on the direction of the flow. The
effective solar heat load depends on the sun position as well as direct and diffuse solar radiation:

Q̇sol = FsolIdir + Idif. (3)

The view factor Fsol is calculated based on the wall’s facing angle, the azimuth and elevation of
the sun and the absorptivity α as stated in Table 1. Besides mass exchange, heat is transferred
by a combined effect of conduction, convection and radiation. These are summarized in the
non-linear thermal resistance Ri that is calculated by [14]

Ri =
2∑

k=1

Rconv
ik Rrad

ik

Rconv
ik +Rradi1 +Rcond

i , (4)

where

Rcond
i = dmem

λmemAi

Rrad
ik = 1

hrad
k (Tmem,Tk)Ai

=
1
ε1

+ 1
ε2

−1
σAi(T 2

mem +T 2
k )(Tmem +Tk)

Rconv
ik = 1

hconv
k (Tmem,Tk, Q̇sol)Ai

hconv
k =





1.31|Tmem −Tk|
1
3 for a vertical wall

1.52|Tmem −Tk|
1
3 for (floor∧Tmem < Tk)∨ (ceiling ∧Tmem > Tk)

0.76|Tmem −Tk|
1
3 for (floor∧Tmem > Tk)∨ (ceiling ∧Tmem < Tk)

Tmem = R1(Tmem)R2(Tmem)
R1(Tmem)+R2(Tmem)

(
T1

R1(Tmem) + T2
R2(Tmem) + α

Ai
Q̇sol

)
.

The convectional heat transfer coefficient hconv
k is computed based on the TARP algorithm [15,

16].
The building dynamics are highly influenced by external conditions due to the thin membrane

layers without additional insulation. The main impacting factors are outside temperature Tout
and direct and diffuse solar radiation, Idir and Idif respectively. Solar energy is absorbed by the
facade cushions and can either be used as heat source or needs to be removed depending on the
required indoor conditions. Although relative humidity changes the heat capacity of the air,
simulations showed that the thermal impact is rather low within the occurring humidity range.

5
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3 SIMULATIVE ANALYSIS

The building dynamics are analyzed for different initial inflation states. Multiple simulations
based on typical weather conditions in Stuttgart are compared in relation to their energy de-
mand for maintaining comfortable conditions. The applied weather data are taken from the
German Weather Service [17]. The desired operative temperature is set to a constant value
of T des

op = 24◦C for simplicity and comparability. This corresponds to a reasonable compromise
between comfortable conditions during winter and summer time as well as different clothing
levels [18]. The required operative and mean radiant temperature are approximated by [19]

Top = Tair +Tmr
2 , Tmr =

∑nwalls
i AiTi∑nwalls

i Ai
. (5)

The considered building has a floor area of 10 m by 10 m and a room height of 3 m. The
northern facade faces directly to the north such that the building has a clear north (N), east
(E), south (S) and west (W) facade which are referred to by the corresponding letter and story
number (e.g. N1). The thermal capacity of the floor elements is increased compared to the purely
air-filled facade cushions to account for potential interior equipment. Table 2 summarizes the
applied system parameter changes that are discussed in the following.

First, the impact of different wall thicknesses is evaluated for typical winter and summer
conditions to demonstrate the possible effects and dynamics. The results are given for a period of
48 h and depicted in Figure 3. Comparing the required, time-dependent cooling or heating power
for three different inflation states (dwall = {0.1m,1m,10m}) reveals the potential of changing
wall volumes. Generally, a fast response to varying outside conditions and a strong dependency
on solar influences can be noted for all setups. Furthermore, the upper zone has a significantly
higher energy consumption compared to the lower zone. This is due to the larger external wall
area and consequently an increased energy loss through the ceiling/roof. The larger external wall
area also implies a lower/higher mean radiant temperature in winter/summer and consequently
affects the operative temperature directly. However, only a negligible difference between a wall
thickness of 0.1 m and 1 m can be noted on an hourly scale. A notable change of the building
dynamics can only be achieved by a high (but presumable physically infeasible) increase to 10 m.
The corresponding daily and annual energy demand

QI
demand =

∫

I
|Q̇demand(t)|dt (6)

over the examined time interval I is listed in Table 2 and supports the outcome of the graphical
analysis. The energy consumption for the first two setups is almost identical. The higher thermal
capacity of the walls in setup 3 slows down the building’s response and can make better use of
the internally stored heat or cold. This effect is even more beneficial during the summer than
the winter time due to the damped impact of solar radiation. The lower wall temperatures
reduce the zonal mean radiant temperature and hence the impact on the operative temperature
as described in (5).

However, instead of increasing the external wall capacity, an opposite change of the internal
characteristic, thus decreasing the internal heat capacity, can lead to a similar reduction of the
energy consumption. In setup 4, the wall thickness dwall is again set to 1 m while the thermal
capacity of the interior is reduced by factor 10 (which corresponds to an air-filled floor element
with dwall = 1m). Comparing the energy demand of setup 2 and 4 directly shows that heating

6
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Table 2: Energy demand of the inflatable building for different inflation states and system
parameter configurations.

Setup Unit 1 2 3 4 5 6 7 8

C
on

fig
.

dwall m 0.1 1 10 1 1 1 1 1
Cfloor

kJ
K 1241 1241 1241 124 124 124 124 124

α - 0.2 0.2 0.2 0.2 0.8 0.2 0.2 0.2
dmem mm 0.5 0.5 0.5 0.5 0.5 5 0.5 0.5
Mass exchange - no no no no no no hor ver

En
er

gy
de

m
an

d QJan,1
demand kWh 205.41 205.32 204.95 205.16 203.80 198.95 205.17 208.86

QJan,2
demand kWh 213.67 213.72 213.62 213.66 211.37 207.12 213.47 217.43

QJul,1
demand kWh 20.66 20.60 19.46 19.66 27.26 19.36 19.73 20.41

QJul,2
demand kWh 18.77 18.67 18.30 18.59 15.62 18.10 18.48 18.95

Qyear,Z1
demand MWh 12.58 12.58 12.56 12.54 12.23 12.17 12.54 13.54

Qyear,Z2
demand MWh 24.33 24.33 24.31 24.31 23.82 23.67 24.31 24.03

Qyear,Z1+Z2
demand MWh 36.90 36.90 36.87 36.85 36.06 35.84 36.85 37.57

but particularly cooling power is lowered as a result of the smaller internal heat storage. This
results in faster dynamics and less required power to keep the desired temperature as shown
in Figure 4. Although small variations can be noted, the energy demand is comparable for all
facade widths that are within a building-physically meaningful range due to the equal stationary
system behavior. Therefore, the impact of other system parameters is further analyzed.

Since solar radiation is a main contributor to the thermal conditions of the light-weight build-
ing structure, a higher solar absorption coefficient α leads to a more significant change. The
impact of radiation on the operative temperature is clearly demonstrated by the temperature
difference between the two zones as shown in Figure 4. Wall temperatures below the desired
set-point increase the required air temperature while higher wall temperatures involve lower
interior air temperatures. As a consequence, the low wall temperatures during the winter result
in a higher temperature set-point (> 1◦C) for upper zone (Figure 4a). The smaller temperature
differences during the summer time reduce this effect (Figure 4b). Hence, an increase of α to 0.8
according to configuration 5 results in a significant impact on the cooling demand in Figure 4b.
The upper zone acts like a greenhouse and requires a very high cooling power due to the consid-
erable temperature increase of the air-filled walls. However, this effect can be beneficially used
during winter time to reduce the heating demand by a higher mean radiant temperature and
thus operative temperature. This lowers the annual energy consumption because of the higher
heating demand on a yearly basis of the considered building location.

For the given modeling assumptions, insulation is only provided by the membrane. Increas-
ing its thickness dmem (or number of layers) directly amplifies the conductive resistance. The
resulting system dynamic for dnew

mem = 10 ·dold
mem is also pictured in Figure 4. In particular during

the winter time (Figure 4a), the larger insulation is visible as a reduced heating demand due
to a smaller heat loss and hence allowing lower wall temperatures. For warmer periods, when
the air temperature difference between indoor and outdoor conditions is relatively small, the
additional insulation does not results in a notable change of the building dynamics.

So far, only stationary system configurations were analyzed where no mass exchange was

7
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Figure 3: Effect on energy demand of different air volumes of the facade elements.
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Figure 4: Effect on energy demand and wall temperatures of varying system parameters.
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Figure 5: Analysis of the effect of mass exchange between adjacent facade elements.

involved. The impact of air circulation is exemplary analyzed based on two rotational patterns
as sketched in Figure 5a and 5b. The resulting power consumption and wall temperatures are
shown in Figure 5c. The horizontal mass exchange (Figure 5a) does not change the building
dynamics noticeable. Due to the small floor area of the considered building with one zone on
each level surrounded by external walls only, the temperature differences between the walls are
already relatively small such that an additional mixing does not lead to a significant change.
However, a small reduction of the overall energy demand can be achieved.

A larger impact is obvious for the vertical rotation, as pictured in Figure 5b. The rotational
mass flow around the building results in an energy exchange between the first and second floor
as well as the north and south facade. The air is heated by circulating through the floor and
then cooled down on its way around the building. Consequently, the wall N1 is the warmest
and S2 the coldest for the simulated winter conditions. The heat transfer from the first to the
second level results in a small reduction of the required heating power of the upper zone Z2.
However, the consumed heating power of Z1 is increased by a larger amount. This results in a
higher energy demand of the building, as stated in Table 2. The detailed results for July are
not shown due to smaller effects originating from the lower temperature differences compared
to the heating period during winter. Nevertheless, a similar tendency can be noticed for the
corresponding energy consumption. In particular the annual demand emphasizes the previous
observations. While the consumption of zone 2 can be lowered by approx. 2 %, zone 1 requires
8 % more energy which leads to a total increase of about 2 %.

10
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4 LIMITATIONS AND POTENTIAL

The previous results point to some limitations that are introduced by model assumptions
and simplifications. The model approach uses the assumption of perfect mixing within the
zones and wall elements. While this is a common assumption for medium-sized spaces, it can
entail characteristics which diminish the insulation property of an inflatable facade structure.
The perfect-mixing assumption leads to equivalent stationary behavior for all inflation states. A
multilayer design, that separates the air volume in several thinner air layers, can reduce convec-
tional effects such that the insulation property of air can be used more efficiently. Particularly
for the stationary case with still air, conduction should be more dominant and a larger air vol-
ume could improve the building’s insulation remarkably. As shown by simulation setup 6, this
property will have a significant impact on the energy demand.

Moreover, the facade is assumed to be opaque and transmission is completely neglected for
the presented results. Using ETFE as facade material allows for bright indoor conditions without
adding large-scale glazing. Including this property to the model also changes solar impacts and
can lead to lower heating demand during the cold period as indicated by the results for increased
solar absorption in setup 5.

Modified results are also possible when internal disturbances, like occupancy, lightning and
electrical devices, are considered in the analysis. The prerequisite that all zones must maintain
comfortable conditions 24 h per day, is often not necessary and changing occupancy can introduce
a great potential. Although the results for vertical mass circulation showed that heat transfer
between zones entails energy losses, it could be efficiently used for transferring conditioned air
from an unoccupied zone to occupied building sections. A mass exchange can be even more
advantageous when considering a larger building with multiple zones on one level, where solar
influences have a more local effect on thermal conditions.

Another potential benefit originates from a reduction of radiant temperature asymmetry to
improve thermal comfort [19]. Circulating the air and thus equalizing wall temperatures reduces
asymmetric conditions and enhances thermal comfort.

5 CONCLUSION

The presented analysis revealed potential but also some problems regarding the use of inflat-
able membrane facades. While pure inflation does not change the building dynamics significantly,
greater impact can be achieved by mass exchange and intelligent selection of system parameters
during the design phase. The right choice for a final building setup depends strongly on the
building type, utilization and the corresponding occupancy and internal disturbance profiles.

Therefore, further work will analyze the impact of transmission, internal disturbances and
varying occupancy as well as different building configurations. Interpreting thermal comfort not
only as an operative temperature implies additional potential of this approach.
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Abstract. Smart structural systems with piezoelectric actuators and sensors are considered 
as an effective manner to reduce structural vibration for avoiding possible damage of a structure 
or degradation of system performance. Piezoelectric actuators are often used for providing 
active damping in the active vibration control system. It is clear that the active control effect 
can be promoted by optimizing the numbers and positions of piezoelectric actuators. Topology 
optimization of piezoelectric smart structures has also received increasing attention. 

This study presents a topology optimization formulation for optimizing the piezoelectric 
actuator and sensor layout optimization to suppress the structural dynamic response under 
active vibration control. The structure is excited by an external harmonic load. For controlling 
the dynamic response, each sensor patch is connected to a charge amplifier, and the CGVF 
control algorithm is adopted to convert the sensor output to feedback control voltage in the 
corresponding actuator patch. Here, the control effect can be treated as active damping of the 
dynamic system. The structure is discretized with finite element model, and the structural 
response is evaluated with a time-integration method. In the optimization model, an integral-
type performance function in a given time interval is to be minimized. The pseudo-densities of 
piezoelectric elements (sensor and actuator) with penalization for indicating the presence or 
absent are taken as design variables. The sensitivity analysis scheme is derived with the adjoint-
variable method and the optimization problem is solved with a gradient-based mathematical 
programming algorithm. 

 
 

1 INTRODUCTION 
Since large vibrations are harmful to structural safety and functionality, many studies have 

been devoted to the control of structural vibration. According to the control mechanisms, 
structural vibration control methods can be divided into three categories: active control, passive 
control, and semi-active control. Herein, the active control approach focuses on reducing the 
structural vibration by arranging control transducers in the vibrating structure. Active control 
strategies have been proved effective in reducing the structural vibration level. Many studies 
on active vibration control of thin-shell structures focus on arranging the spatial distribution of 
control transducers (e.g. piezoelectric actuator/sensor patches). To achieve the best control 
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performance, however, finding the optimal layouts of the piezoelectric actuators/sensors 
patches in accordance with the employed control algorithms becomes highly important. 

Optimization of piezoelectric smart structures has received increasing attention. Genetic 
algorithms[1], particle swarm optimization algorithms[2] or other heuristic algorithms[3], have 
been used to seek the optimal size and location of piezoelectric actuators. In addition, more and 
more scholars use the method of topology optimization to study the layout of piezoelectric 
materials(e.g. Kögl and Silva[4] , Carbonari et al.[5], Kang et al.[6] , Luo et al.[7] and Kang and 
Tong[8]). Some authors also considered topology optimization of piezoelectric structures under 
active control. For example, Wang et al.[9] optimized the distribution of piezoelectric 
actuators/sensors for suppressing the structural vibration with classical constant gain velocity 
feedback(CGVF) control and genetic algorithms. Drenckhan et al.[10] proposed the piezoelectric 
actuators distribution optimization method in a beam structure. Donoso and Sigmund[11]  
studied the mechanism of the piezoelectric bimorph actuators and proposed a parametric 
optimization method for optimizing the thickness and width profile of the piezoelectric layers.  

This paper mainly studies the optimal layout of the piezoelectric sensor layer and actuator 
layer, which aims at reducing the vibration level of the structure under external harmonic 
excitation. The classical CGVF control algorithm is adopted as the active control algorithm. 
The topology optimization problem with the structural dynamic compliance response at the 
specified harmonic excitation is considered. Numerical examples are given to verify the 
accuracy and effectiveness of the proposed method. 

2 ESTABLISHMENT OF FINITE ELEMENT MODEL  
Here, the piezoelectric actuator layer and the sensor layer are attached to the top and bottom 

surfaces of the host structure (as shown in Figure 1). 

 
Figure 1: Schematic diagram of active control of laminate structure with surface-attached piezoelectric 

sensor layer and actuator layer 
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The mechanical properties of the sensor layer, the actuator layer, and the host layer are 
considered to be linear elastic. Thus, the constitutive equation for the piezoelectric layer can be 
written as[12] E T= −σ D ε e E  . Here, σ  and ε  are the mechanical stress vector and the 
mechanical strain vector, respectively; HD  and ED  are the elasticity matrices of the host 
layer and piezoelectric layer, respectively. e  is the piezoelectricity matrix, E  is the vector 
of electric field. 

The electric potential functions are assumed to have linear variations across the thickness of 
the piezoelectric actuator and sensor layers. The electric voltage in the actuator layer 

 e
T1 2,  ,  ... , N=   Φ .In the active vibration control of plate with piezoelectric layer, the 

voltage is applied only in the thickness direction. We assume that the electric potential varies 
linearly across the actuator layer. Thus the electric field vector for the thi   actuator patch 

 T
0,  0,  -  i i h= E  ( =1, 2, ... , N )ei , h  is the thickness of the actuator layer. 

We consider the optimal layout of a given volume of piezoelectric material in the actuator 
and sensor layer. The governing equation of piezoelectric laminate based on finite element 
discrete can be given as: 

 ( ) ( ) ( ) ( ) ( )at t t t t++ + =My Cy Ky F F  (1) 

where n nM R , n nC R  and n nK R  (n is the number of degree of freedom) are the 
mass matrix, the damping matrix and the stiffness matrix of the whole structure, respectively; 

( ) i tt e =F f  is the vector of excitation force with a frequency   and amplitude f . ( )tF  is 
the vector of time-varying equivalent nodal forces of the piezoelectric actuator that can be 
express as a uΦ a( ) ( )t t=F K Φ . Here, a ( )tΦ  is the actuator voltage vector and depends on the 
sensor voltage s ( )tΦ  of the sensor layer; T T

uΦ uu u d
= K B e B  is the structural 

electromechanical matrix of the actuator layer. uuB  and uB  are the strain-displacement 
matrix and the matrix relating the electrical field with the actuation voltage, respectively; and 
they depend on the geometry of the actuator layer. 

3 ACTIVE CONTROL MODEL BASED ON CGVF CONTROL ALGORITHM 
In this study, the CGVF control algorithm is adopted to convert the sensor output to feedback 

control voltage in the corresponding actuator patch. Therefore, the actuator voltage vector 
a ( )tΦ  can be obtained by using the output sensor voltage s ( )tΦ  as: 

 a a s a s Φu( ) ( ) ( )t t t= − = −Φ G Φ G G K y  (2) 

where aG  is a constant gain diagonal matrix. 
The system equations with active damping can be obtained as: 

 ( ) ( ) ( ) ( ) ( )At t t t++ + =My C C y Ky F  (3) 

where A uΦ a s Φu=C K G G K  is the active damping matrix. 
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It is noted that the active damping matrix AC  is not positive definite and is not symmetric. 
Thus the damping matrix A( )+C C  of the structure is still not a positive definite matrix. 

4 TOPOLOGY OPTIMIZATION PROBLEM FORMULATION  
We consider the optimal topological layout of the piezoelectric actuator layer and the 

piezoelectric sensor layer in a piezoelectric laminate structure as shown in Figure 1 with a given 
volume fraction. Thus, the topology optimization problem can be expressed as: 

 

( ) ( )
( )

( )

e e

2 2T R T I

2
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v
1 1

e

min.  ( )
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e
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i
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Here, the objective function is the dynamic compliance defined by Ma[13] et al. The vector 

 e

T

1 2, ,..., Nx x x=x  collects the element-wise density design variables used to describe the 

material layout of the piezoelectric actuator layer and sensor layer, eN  denotes the total 
number of finite elements in the design domain. The symbol vf  denotes the volume fraction 
ratio, and eV  is the volume of the the  element. The lower bound of the relative density x  
is set as 610−  in this study. 

A penalization 1p   on the piezoelectric property is needed to be introduced, the choice of 
the penalization factors in piezoelectric material topology optimization has been discussed in 
many studies. Following the suggestion of Noh and Yoon[14], we set 3p = . With this 
penalization the piezoelectric coefficient matrix of piezoelectric materials and active damping 
matrix can be written as: 

 ( )piezo p
e ex x=e e  (5) 

 ( )A uΦ a s Φu
1

eN
p e e e e

e
e

x
=

=C K G G K  (6) 

5 NUMERICAL EXAMPLES 
The optimization program is implemented on the MATLAB platform, and the optimization 

problem is solved with the globally convergent method of moving asymptotes (GCMMA) for 
treating highly nonlinear behavior functions in the considered dynamic optimization model.  

In all numerical examples, we consider the composite plate as shown in Fig. 1. Here, the 
host structure (aluminum) has Young’s modulus h 10 26.9 10  N/mE =  , Poisson’s ratio 

h 0.3 = , and the mass density h 32700 Kg/m = ; and the properties of the piezoelectric 
material (PZT) are piezo 10 27.1 10  N/mE =  , piezo 0.35 =  and piezo 35000 Kg/m = . The 
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piezoelectric stress coefficients are 2
31 32 5.2 C/me e= = − , 2

33 15.1 C/me =  and 
2

15 25 12.7 C/me e= = . The damping coefficients of the host structure are 45 10  −= =  . The 
gain value of the current amplifier is 6

c 1 10 V/AG =  , and the negative feedback control gain 
is a 50G = . 

We first consider the topology optimization of the piezoelectric actuator and sensor layers 
attached to a cantilever laminate plate, the geometric properties of the plate are 1.5 ma = , 

1mb =  and 3
h 4 10 mt −=   as shown in Figure 2. The sensor layer and the actuator layer, both 

with the thickness 3
s a 0.5 10 mt t −= =  , are attached to the bottom surface and the top surface 

of the host structure, respectively. A time-harmonic external force ( ) ei tf t F =  (with 
200F = N, p2 f =  and pf =37 Hz) is applied at the midpoint of the free edge. The design 

domain is discretized by 75×50 uniform-sized four-node Mindlin shell elements. 

 

Figure 2: A cantilever plate excited by a time-harmonic load 
 

In the optimization model, the volume fraction ratio of the piezoelectric material in the 
design domain is restricted by v 0.5f = , and only the first 40 eigenmodes are considered in the 
computation. The optimization program converges after 65 steps, and its iteration history is 
shown in Figure 3. The optimal layout of the piezoelectric material is shown in Figure 4. In 
addition, the active control actuation voltage amplitude applied to the structure is as shown in 
Figure 5. It can be found that the actively controlled actuation voltage is almost zero in the 
region without the piezoelectric material.  
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Figure 3: Iteration histories of objective function value and volume fraction ratio 
 

 

Figure 4: Optimization result of actuator/sensor distribution. 
 

 

Figure 5: Actuator voltage amplitude distribution for the optimal configuration 
 
To further examine the dynamic performance of the optimized design, we perform the 

calculation of the structural dynamic compliance for the initial design and optimal design in the 
excitation frequency range 29-60 Hz, as shown in figure 6. It can be found that, in the excitation 
range [33, 40] Hz, the dynamic compliance value of the optimal design under active control is 
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significantly smaller than the value of the initial design, which proves the effectiveness of the 
proposed optimization model. 

 

 

Figure 6: Dynamic compliance sweep in a specified excitation frequency range for the initial design and the 
optimal design  

 
The effect of volume fraction ratio on the optimization results is also examined. Here we 

select the same structure and boundary conditions as the previous example, but the volume 
fraction ratios are taken as v 0.3,  0.35,  0.4,  0.45f = . The optimization results under different 
volume fraction ratios are shown in Figure 7. It can be seen that as the increasing of the volume 
fraction ratios, more areas the piezoelectric material occupies, but the shape of the optimization 
results does not change so much and the topology of the design changes very little. 

 
 
 

  

 

(a) (b) 
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(c) (d) 

 

 

(e)  
 

Figure 7: Optimization results for actuator/sensor layers obtained under 37 Hz excitation with different 
volume fraction ratios. (a) v 0.3f = ; (b) v 0.35f =  ; (c) v 0.4f = ; (d) v 0.45f = ; (e) v 0.5f =  

6 CONCLUSIONS 
This study mainly studies the optimal topological layout of piezoelectric laminate based on 

active control under harmonic excitation. The globally convergent method of moving 
asymptotes (GCMMA) is employed as the optimizer. In the optimization problem, an artificial 
piezoelectric material model that simultaneously punishes the piezoelectric material stiffness 
and the piezoelectric effect are proposed, and dynamic compliance is an taken as the objective 
function in the optimization model. The validity and accuracy of the proposed method are 
verified by numerical examples. At the same time, it can be found that the dynamic compliance 
under harmonic excitation can be effectively reduced by topology optimization. 
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Abstract. Earthquake is an inevitable natural disaster. How to improve the seismic resistant 
capacity of structures is an important issue in the field of seismic engineering research. In this 
study, a new type of control mechanism, the neutral equilibrium mechanism, is proposed for 
buildings with insufficient seismic resistance. The neutral equilibrium mechanism is formed by 
connecting an unstable balance mechanism and a stable balance mechanism in series to achieve 
the effect of the power amplifier. This mechanism provides a reliable and efficient structural 
shock absorption with virtually no additional energy supply. This study proposes a prototype 
of a neutral balance control mechanism and passes functional verification. The experimental 
results show that the neutral balance mechanism only needs to exert a force of 1/500 of its 
output force when changing its output size and direction, and does not need to increase the force 
acting distance, so its power amplification rate has reached 500. With the neutral balance 
mechanism as the source of control, we then explore how to effectively use this mechanism to 
control the deformation of structures. Because this mechanism can achieve excellent energy-
saving effects, we do not need to consider additional control laws that take into account energy 
consumption and control effects, such as the optimal control. This study intends to use the PID 
controller commonly used in automatic control technology because it has good tracking 
performance and stability. In this study, numerical analysis is used to investigate the effects of 
Gain coefficient of displacement and Gain coefficient of velocity on control effects and control 
stability. The analysis results show that the structure will not cause the acceleration 
amplification effect of the structure when it is subjected to the earthquake force after the 
installation of the mechanism. In addition, when the velocity gain coefficient and the 
displacement gain coefficient are larger, the structural displacement response is smaller. 
However, when the amount of time-delay increases, it may cause divergence of control. The 
last focus of this paper is to explore the convergence interval of the above two gain coefficients. 
We found the dimensionless parameters corresponding to these two parameters. When using 
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the dimensionless parameter, regardless of the mass, natural frequency and damping ratio of 
the structure, and regardless of the amount of time delay, the convergence interval has its 
consistency. The mechanism can provide a stable control effect by accurately providing the 
appropriate speed gain coefficient and displacement gain coefficient. In the future, the 
mechanism can increase the predictive control to achieve better control effects. 

 
 
1 INTRODUCTION 

The frequency and intensity of earthquakes have gradually increased in recent years. For 
example, on December 26, 2004, a large earthquake of magnitude 9.0 occurred in Sumatra, 
Indonesia, which caused a tsunami in South Asia, killing more than 200,000 people. Then, on 
March 11, 2011, an earthquake occurred in the north-eastern part of Japan, near the Pacific 
Ocean. With an intensity of 9, it was the most violent earthquake in the past years, causing a 
severe tsunami that exceeded 10 meters of high waves. A large amount of seawater flooded into 
coastal areas and washed away a lot of buildings. The number of deaths and missing persons 
exceeded 20,000, and the economic losses were heavy. Then on September 24, 2013, the 
magnitude 7.7 earthquake occurred in Pakistan, because the buildings were not earthquake-
resistant, causing many buildings to fall, killing 825 people and injuring more than 700 people. 
In April 2015, a massive earthquake with a magnitude of 7.8 was observed in Nepal. In May of 
the same year, the 7.3 aftershocks of the earthquake occurred again, causing many casualties. 
In 2016, there were major earthquakes in Japan’s Kumamoto and Fukushima offshore and the 
Great New Zealand earthquake. 

Taiwan is located in the Pacific seismic belt and is at the junction of the Eurasian plate and 
the Philippine sea plate. There are quite many earthquakes that occur every year. A strong 
earthquake of 7.3 in the central part of Taiwan occurred 20 years ago, causing buildings and 
bridges located near the Chegongpu fault that stretched for more than 100 kilometers[1,2]. The 
Ministry of Science and Technology also announced the "earthquake hazard potential map" in 
Taiwan. In the next 30 years, the probability of earthquakes with a magnitude of 6.5 or higher 
in South Taiwan is as high as 64%, and that in East Taiwan is about 20% [3]. Therefore, the 
threat of earthquakes cannot be ignored. How to improve the earthquake resistance of a large 
number of old buildings is a subject that must be actively faced. 

The basic concept of structural seismic design is: under the premise of not endangering life 
safety, as long as it meets the principles that the building is easy to repair by small earthquakes, 
and does not collapse by severe earthquake, some degree of damage is allowable. After the 
earthquake, some buildings need to be reinforced as soon as possible, so as to avoid more 
serious damage to the structure or collapse caused by aftershocks after a strong earthquake. 
How to quickly reinforce components and improve the seismic capacity of such buildings is the 
main goal of this study. Structural control is an emerging structural reinforcement technology 
for nearly three decades. Structural control can be divided into passive control (isolation, shock 
absorption and energy dissipation [4-5]), active control [6-8], and semi-active control [9-11]. 
This study proposes a new state control mechanism, Neutral Equilibrium Mechanism NEM, 
which can be applied to active control methods. The mechanism is connected in series with an 
unstable balance system and a stable balance system to obtain a neutral balance mechanism. 
This structure, through a cleverly matched connecting rod, spring, and guide rail system, can 
generate powerful control forces with little energy supply to control the deformation of the 
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structure under earthquake action. 
Firstly, based on the theoretical analysis of the neutral equilibrium mechanism, this paper 

deduces the design parameters of the mechanism, and designs the prototype of the neutral 
equilibrium mechanism according to the design parameters, and then verifies the change of the 
mechanism after the force is applied. By real-time active control, the control force of the 
mechanism is determined by the displacement, velocity, acceleration and other factors of the 
structure. Therefore, the neutral equilibrium mechanism is equipped with a PID controller, but 
the PID controller is subjected to influence of the Gain coefficient of displacement and the Gain 
coefficient of velocity. Therefore, the dynamic analysis of the structure of the structure is 
performed to investigate the relationship between the gain coefficients and the damping effect 
of the neutral equilibrium mechanism. The correlation of the critical Gain coefficient of 
displacement and velocity and the time delay are also studied. 

 

2 DESIGN CONCEPT OF NEUTRAL EQUILIBRIUM MECHANISM 

2.1 Neutral Equilibrium Mechanism 
The neutral balance mechanism includes an unstable mechanism, one that has potential 

energy and releases energy when it loses balance, and a stable spring that stores energy by 
deformation. In order to maintain the balance of energy, the parameters of the mechanism must 
be skillfully matched. Based on this, the neutral equilibrium mechanism as shown in Fig. 1 was 
designed.  
 

 
 
 
 
 
 
 

 
 

Fig.1 Construction of the Neutral Equilibrium Mechanism 
 
 
 

Fig.1 Construction of the Neutral Equilibrium Mechanism 
 
This figure shows the interaction between the mechanism and the structure, and the linear 

spring element can satisfy this concept. If the linear spring is pressed, it is in an unstable state. 
Therefore, the structure can be retrofitted with the above unstable mechanism in a statically 

B C 
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stable state, and is connected in series with the structural bracing. When the bracing is under 
stress, the unstable balance of the linear spring element is broken to exert a force on the structure, 
and the force can be used to offset the diagonal brace force generated by the deformation of the 
brace. 

The free-body-diagram of the joint B and C in Fig.1 are shown in Fig. 2. 
 

 

 
 
 
 
 

(a) F.B.D Joint B               (b)F.B.D Joint C 
 

Fig.2 Free-Body Diagram of Joint A and B of NEM in Fig.1.  
Take the spring-link free body diagram as shown in Figure 2(a), (b), and take the static 

balance of point B and C to get the following formula: 
For Joint B: 

  0yF   sin 0LR F              (1) 

  0xF   cos 0L SF F          (2) 

Where,  

LF  is the axial force of rigid link, SF  is the spring force, and R  is the reaction force. 

After rearranging the equations,  

cosS LF F         (3) 

For joint C: 

  0yF   2 sin 0e L bF F F         (4) 

By substituting equation (3) into equation (4) yields: 

2 tane b SF F F             (5) 

Where, 

bF  is the bracing force in idea state, that no structural displacement exists. 

eF  is the actuating force to balance bF  and SF , the smaller the value, the better, and 
ideally close to zero. 

Assuming   is equal to 90 , the springs 1S  and 2S  just return to the original length L  , 
that is, when 0   , the compression of the spring is exactly equal to the length L  of the 
rigid link. So for any angle,   

B C 
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0( )secL L L          6) 

Substituting equation (6) into equation 0sin 2 ( ) tane b SF K L K L L     yields, 

( 2 ) sine b SF K K L                          (7) 

When the stiffness of the bracing is exactly two times of the stiffness of springs, as 
following 

2b SK K                   (8) 

Then the required actuating force Fe equals to zero. No power supply is required for driving 
the joint C。 

Therefore, a set of parameter values that make the neutral equilibrium mechanism true can 
be obtained: 

I. The bracing stiffness is equal to 2 times the spring stiffness; 
II. The spring is in an unstressed state when the internal angle θ of the mechanism is 

equal to zero. 

2.2 Force balancing sates of the NEM 
The change of the force balance of the neutral equilibrium mechanism can be explained by 

the change of the force behavior in Fig. 3: (1) The horizontal spring reaches the horizontal state, 
at which time the vertical spring is not deformed and the horizontal spring reaches the maximum 
compression, but the horizontal resultant force is zero and the vertical spring has no force, so 
the node driving force is zero, as shown in Figure 3(a); (2) The horizontal spring is deformed 
and the deformation of the left and right sides is the same  and so as the angle, and the vertical 
spring is deformed. Therefore, the combined force of the horizontal and vertical directions on 
the node is zero, so the node driving force is still zero, as shown in Fig. 3(b); (3) the horizontal 
spring reaches the original length without deformation, and the vertical spring reaches the 
maximum amount of compression. However, because of the angle of the links is perpendicular 
to the guide of horizontal springs, the resultant force at the intermediate node is zero, so the 
node driving force is still zero, as shown in Fig. 3(c). 

 
Fig.3 Changing of the equilibrium states 

Therefore, to change the output of the vertical spring, it only needs to be based on the 
magnitude of the seismic force, without the need to provide any driving force to achieve the 
effect of shock absorption. That is to say, in an ideal state, the control force can be arbitrarily 
changed without exerting actuating force. 
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3 CONTROL LAW OF THE NEM ACTUATOR 
An active control with NEM can use the common active control law, and this NEM can be 

said that it does not need to consume a large amount of control energy. Therefore, it is not 
necessary to pay attention to the control force expenditure, and the deformation of the structure 
should be minimized, that is, the displacement between the structure and the NEM should be 
as near to the minimum as possible. Therefore the PID controller is used in the NEM controlled 
system. That is, using the PID control law to determine the reaction force of the stiffening 
element, the displacement signal of the structure can be used as the error signal, and the 
following formula determines the reaction force that the stiffening element should generate, 
and determines the amount of push/pull displacement of the micro actuator. 

3.1 PID Controller 
The magnitude of the control force is determined by the displacement, velocity, acceleration, 

etc. of the structure. The common relationship is as follows:  
 

0
( ) ( ) ( ) ( )

t

P I Du t G x t G x t dt G x t          (9) 

Where, ( )u t  is the control force exerted by bracing, ( )x t  is the displacement of structure, 
and , ,P I DG G G  are the proportional, integral and differential gain respectively.  

Changing the gain factor ( , ,P I DG G G ) can change the structural control effect. A relatively 
large coefficient can achieve a better damping rate, but it can lead to loss of control. The main 
reason for the loss of control is the “time delay”. The time when the control force occurs always 
lags behind the time when the control force should occur. The difference between the two is the 
“time delay”. 

This study explores the impact of time delay on NEM and can be modeled using the 
GENDYN program which is developed in our lab. 

The control parameters of the PID controller can be divided into three parts: proportional 
port P, integral part I, and differential part D. Where: (1) Proportional control term P = error 
value multiplies with positive constant GP. When the proportional control gain value increases, 
there will be a larger output under the same error amount, but if the proportional control gain 
value is too large, it will make the system unstable. Conversely, if the proportional control gain 
value is small, the output is small at the same amount of error, so the controller is less sensitive. 
When external disturbances occur, the control signal may not be large enough to quickly correct 
the effects of external interference. (2) Integral control term = past error multiplies with positive 
constant GI. There are problems such as unavoidable friction and minimum starting command 
value in the system, causing a residual error to be eliminated by the comparison control. The 
integral control term is used, and the error is added up to generate a larger control command 
value, which can eventually eliminate small errors. (3) Differential control term = derivative of 
error multiplies with positive constant GD. While the proportional control will cause the system 
to oscillate back and forth around the predetermined value, applying differential control can 
eliminate oscillation and improve system stability. When the system parameters are adjusted 
properly, PID control can be very good, but when the parameter is not carefully adjusted, the 
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effect will be very poor. The impacts of changes on shock absorption benefits induced by GP, 
GD are discussed in this study.  

3.2 Influence of the proportional and differential gain on the displacement of structure 

3.2.1 Motion equation 
Author's affiliation should be written centered, in 11pt Roman, 12pt below the list of authors. 

A 12pt space should separate two different affiliations. 
A SDOF structure equipped with an active control system can be expressed as the following 

equation: 
( ) ( ) ( ) ( ) ( )mx t cx t kx t p t u t           (10) 

Where, x  is structural displacement, m  is the mass, c  is the damping coefficient, k  is the 
stiffness, ( )p t  is external force and ( )u t  is the control force. 

When the control force is determined based on PID controller with considering a time delay, 
the control force ( )u t  can be expressed as, 

( ) ( ) ( )P Du t G x t t G x t t             (11) 
Where, pG  is the proportional gain, DG  is the differential gain and t  is the time delay. 
In case of free vibration, equation (1) can be transformed as, 

 ( ) ( ) ( ) ( ) ( ) 0D Pmx t cx t G x t t kx t G x t t               (12) 

3.2.2 Linearized equation of motion 

When the amount of time delay is not large, the motion during time interval t  can be 
considered as constantly accelerated, and the terms ( )x t t  and ( )x t t  can be rewritten as 
follows:  

 
( ) ( ) ( )x t t x t x t t               

 (13) 
2( ) ( ) ( ) 0.5 ( )x t t x t x t t x t t              

 (14) 
Substitute equation (13) and (14) into equation (12), the equation of motion becomes 

( 0.5 ) ( ) ( ) ( ) ( ) ( ) 0D P D P Pm G t G t x t c G G t x t k G x t              (15) 
It can be seen from equation (15) that the effective mass of the structure is reduced and the 

structural damping is increased by the differential gain DG , while the effective mass of the 
structure and the damping of the structure are reduced by the proportional gain pG , the stiffness 
of the structure is increased by pG . Overall speaking, the effective mass of the structure is 
reduced and the stiffness of the structure is increased, and the structural damping has the effect 
of time delay in addition to the influence of DG  and pG , and does not necessarily increase or 
decrease. From the results of the above derivation, it can be found that: (1) When DG  and pG  
are extremely large, the effective mass of the structure may approach zero, and the frequency 
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of the structure increases and tends to be unstable. (2) When the time delay is too large, or DG  
is too large to reduce the effective mass of the structure and increase the structural frequency, 
equation (13) and (14) is not applicable, so the above inference is not valid. 

4. RESULTS AND DISCUSSIONS OF NUMERICAL SIMULATIONS 
When the mechanism proposed by the research institute is used for the damping control of 

the structure, it is affected by the amount of time delay and the displacement gain coefficient 
and the speed gain coefficient of the neutral equilibrium mechanism. To explore the effects of 
these parameters, a numerical simulation of over one million parameter combinations was 
performed in this study.  

In addition to verifying the correctness of the numerical model derived from the equation of 
motion, this study responds to the corresponding relative displacements of different structural 
frequencies, damping ratios, frequencies and time delays, and discusses the critical DG  and 
critical pG  to understand the critical pG  and critical DG  relationship. 

4.1 Analysis results 
In order to investigate the influence of structural characteristics, time delay, proportional 

and differential gain on the displacement response of the shear building equipped with NEM, 
some characteristic responses should be defined. The Displacement response ratio is defined 
as follows: 

The Maximum Relative Displacement of Building under PID ControlDisplacement Response Ratio
The Maximum Relative Displacement without Control

  

Selected analysis results are shown in Fig.7~8. 

  
(a) Time Delay= 0.00005 seconds  (b) Time Delay= 0.00105 seconds 

  
(c)Time Delay =0.00505 seconds  (d) Time Delay=0.01005 seconds  

 
Figure 7. Analysis results of 0 =0.02, n =0.5 Hz with various time delay and control gains  
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(a)Time Delay= 0.00005 seconds  (b)Time Delay= 0.00105 seconds 

  
(c)Time Delay =0.00505 seconds  (d) Time Delay=0.01005 seconds  

 
Figure 8. Analysis results of 0 =0.05, n =1.0 Hz with various time delay and control gains 
 

4.2 Discussion 

4.2.1 Performance of reduction of vibration and acceleration response 
Comparing the trends in Fig. 7~8, it can be clearly found that when the amount of time delay 

increases, the interval of PG  and DG  which contribute good damping effect decreases, and 

even some of the intervals produce amplification benefits, that is, the mechanism fails. The 

damping ratio of the frame can improve the damping efficiency of the mechanism; when it is 

known from Fig. 7(a)~8(a) that the time delay is low, as long as the differential gain DG  reaches 

about 10 or more, the displacement damping effect is very good. But as the natural frequency 

of the structure increases, the DG  also increases to achieve a good damping effect. If the 

differential gain coefficient DG  is less than 10, the proportional gain coefficient GP must be 

higher than 1000~10000. Comparing Fig. 7 with Fig. 8 it can be found that the damping effect 

is affected by the time delay when the 1st modal frequency is the same.  

The following conclusions can be summarized from Figures 7  and 8: 
(1) When both of the differential gain DG  and the proportional gain pG  are large,  the 

displacement response is small,. But when the value DG  and pG  are large and  the amount 
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of time delay increases, it is easy to cause divergence. Therefore, it is necessary to pay 
attention to the value  DG  and pG  to avoid divergence. 

(2) If only the differential gain coefficient is used, i.e. pG =0,  the relative displacement of the 
structure can be effectively reduced. But if the time delay can be precisely controlled, and 
the simultaneous use of DG  and PG  can achieve better results; 

(3) If DG  exceeds a certain value, it will unconditionally diverge, and this critical value will 
decrease with the increase of time delay; 

(4) As the differential gain DG  increases, the value PG  can be larger and larger, and good 
shock absorption can be achieved without causing divergence. 

4.2.3 Regression relation of critical  DG  and critical  pG  

PG , DG  and time delay are three factors that influence the stability of the system. In this 
section, we will explore the interaction of the three on the stability interval of the control system. 
Here, we have a structure with a natural frequency of 1 Hz and a damping ratio of 0.02 as a 
controlled structure. When the time delay is 0.01005 seconds, the relationship between the 
critical proportional gain and the differential gain is shown in Fig. 9. 
 

 
Fig. 9 Relationship of critical proportional gain and critical differential gain for structure with 

natural frequency = 1.0Hz and damping ratio = 0.02 
 

According to the linear regression results of the effective critical pG , the regression line 

formed by the critical DG  and critical pG  has a slope of about 1
t

 and the intercept is about 
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value pG  should also be dimensionless, )(1ˆ 2 tctG
m

G PP  , so that the relationship critical 

DG  and critical can be clearly understood.  
After the differential gain and the proportional gain are dimensionless, we find that the 

relationship between the critical differential gain and the proportional gain of all the analysis 
results coincides, regardless of structural damping, structural frequency, and time delay. Fig. 
10 shows the above relationship. 

 

 
Fig.15 Relation of critical dimensionless proportional and differential gain 

5  CONCLUSION 
This study uses theoretical and experimental verification and numerical analysis to explore 

the theoretical assumptions of NEM. The relationship between the critical differential gain and 
the critical proportional gain is also discussed. The results of the experiment and analysis are 
summarized as follows: 
1. According to theoretical derivation and experimental verification, the condition of this 

mechanism is that the stiffness of the diagonal bracing is equal to 2 times the spring 
stiffness; the spring is in an unstressed state when the internal angle θ of the mechanism is 
equal to zero; 

2. By introducing the dimensionless proportional gain, )(1ˆ 2 tctG
m

G PP  , and 

differential gain, 2 t
D DG G

m


 



, all relation curves of the control coincide, regardless of 

structural mass, stiffness, damping coefficient and among of time delay. 
3. NEM can be considered as a power amplification mechanism. When it is mounted on a 

structure, it can exert shock absorbing efficiency without generating acceleration 
amplification benefits. 

4. NEM is susceptible to the amount of time delay. Stable control effects can be achieved by 
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accurately providing the appropriate speed gain factor and displacement gain factor. In the 
future, this organization can increase the predictive control mechanism to achieve better 
control effects. 
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Abstract. This paper considers damping of torsional beam vibrations by active control of the axial

warping displacements. A beam element with active positive position feedback (PPF) is set up with

an additional flexibility parameter. This arises from partial restraining of warping caused by discrete

actuators. The flexibility lowers the frequency associated with an infinite actuator gain and thereby the

attainable damping ratio. It is shown how it furthermore affects the stability limit. Results are compared

with three-dimensional finite element results, with multiple actuators acting on an end cross-section of

the beam. The accuracy of the beam model is justified by an example which shows that substantial

damping ratios may be achieved by active warping control.

1 INTRODUCTION

Slender structures like long bridge decks, aircraft wings, wind turbine blades and general thin-walled

beams may be prone to vibrations due to loads like wind, traffic etc. If the loads act with an eccentricity

relative to the shear center or if the cross-section lacks double symmetry, torsional vibrations may be

induced. For some structures the aerodynamic instability phenomenon flutter may occur where flexural

and torsional vibrations couple. To potentially avoid flutter or to reduce fatigue stresses, structural mass

or accelerations, supplemental damping may be required.

Torsion of thin-walled beams generates out-of-plane, axial warping displacements that are often signifi-

cant at the boundaries of beams with open cross-sections. Thus, for these types of thin-walled beams the

restraining of warping results in an often considerable increase in the natural frequency and change in vi-

bration characteristics as described by Gere [1]. The localized effect of restrained warping is used in [2]

to introduce a substantial amount of supplemental damping by applying an energy dissipating boundary

condition. In [3] discrete viscous dampers constituting a pure bimoment are placed on the beam cross-

section of a three-dimensional finite element model, showing convincing agreement with the governing

transcendental equation.

For beams with closed cross-sections or when torsion couples with flexure, viscous dampers may

not be sufficient or even practically applicable. Thus, in the present work an active damping concept is

used for damping of pure torsional vibrations. A positive position feedback (PPF) [4] signal is passed

by a sensor through a simple linear filter to an actuator which produces an active force. The damping

1
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Figure 1: a) beam with degrees-of-freedom and b) thin-walled cross-section with coordinate system.

concept is applied with a beam element and compared with a full three-dimensional finite element (FE)

analysis. In an actual structure the actuators are placed as discrete actuators on a beam cross-section,

thus only partially restraining the warping. This is associated with an additional flexibility that lowers

the frequency obtained when the actuators completely lock - which in control theory typically is refered

to as a zero - and thereby also the maximum damping ratio determined as the relative imaginary part of

the natural frequency. This flexibility is incorporated into the beam element as a Maxwell-type boundary

condition, and is calibrated by dedicated finite element results. The system is solved in state-space form

and it is shown that substantial damping ratios may be obtained for the lowest torsional mode. For the

position feedback the control gain is limited by stability yielding a gain as derived in [5]. At a certain

point the actuator will eliminate the structural stiffness at the location of the actuator and the response

becomes unbounded. This limit, however, is based on a static condition and it is shown how the additional

flexibility from restraining warping partially affects this limit.

2 STRUCTURAL EQUATIONS

In this section the governing structural equations are presented. First the differential equation gov-

erning pure torsion is presented and then the beam is discretized with beam elements, resulting in the

governing multi-degree-of-freedom equations.

2.1 Uncoupled torsional vibrations

Consider the beam in Fig. 1a with length ℓ, longitudinal axis z and transverse axes {x1,x2}. For a

cross-section like the one in Fig. 1b with double symmetry, the elastic and shear centers coincide and

the torsional and flexural vibrations thereby uncouple. The rotation with respect to the shear center is

denoted θ(t,z) and the warping intensity is the spatial derivative of the rotation θ′(t,z). The differential

equation governing pure torsional vibrations may be derived as [1, 3, 6],

EIψθ′′′′(t,z)−GKθ′′(t,z)−ρIψθ̈′′(t,z)+ρJθ̈(t,z) = 0 (1)

where E is Young’s modulus, G is the shear modulus, ρ is the mass density, Iψ is the warping moment of

inertia, K is the torsion stiffness parameter, ()′ = ∂()/∂z denotes partial differentiation with respect to z

and (̇ ) = ∂()/∂t denotes partial differentiation with respect to t. The third term is the inertia associated

with the axial warping [6] and is often neglected due to its limited importance.

2
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2.2 Discretization with beam elements

The torsion problem is now implemented in a finite element setting and the structure is discretized

with beam elements. As pure torsional vibrations are considered the beam element only contains the two

torsional degrees-of-freedom as depicted in Fig. 1a, that is the rotation and warping intensity. The four

degrees-of-freedom for the beam element are interpolated as,

θ = N
�

θA , ℓθ′A , θB , ℓθ′B
�T

(2)

where the displacement interpolation array N contains the Hermitian shape functions,

N =
�

2s3 −3s2 +1 , s(s−1)2 , −2s3 +3s2 , s2(s−1)
�

(3)

where s = z/ℓ is a local element coordinate. The element stiffness matrix K and mass matrix M are asso-

ciated with the elastic and kinetic energy respectively. Setting up the energies and assuming a prismatic

beam element leads to the explicit expression for the stiffness matrix

K = EIψℓ
−3




12

6 4

−12 −6 12

6 2 −6 4


+GKℓ−1 1

30




36

3 4

−36 −3 36

3 −1 −3 4


 (4)

with contributions from homogeneous and inhomogeneous torsion through GK and EIψ respectively.

The mass matrix takes a similar form,

M = ρJℓ
1

420




156

22 42

54 13 156

−13 −3 −22 4


+ρIψℓ

−1 1

30




36

3 4

−36 −3 36

3 −1 −3 4


 (5)

The first term in (5) contains the torsional inertia and the second term contains the warping inertia. The

latter is usually of limited importance and often discarded but may in this format easily be implemented

through the submatrices. The local elements are easily assembled and transformed to a global structure

[7].

2.3 Multi-degree-of-freedom system

As the model is discretized with beam elements the equations of motion are given in terms of the

displacement vector q(t) of the linear system and the corresponding stiffness matrix K and mass matrix

M from Section 2.2. Neglecting any inherent structural damping the system has the general form,

Mq̈(t)+Kq(t) =−wBd(t) (6)

where Bd(t) represents the effect of the external actuator on the system in the form of a bimoment [6].

The corresponding connectivity vector w identifies the point on the structure connected to the actuator

for the beam with a single actuator. The vector has the structure w = [0, ...,1, ...,0]T with the single entry

defining the degree-of-freedom associated with the actuator.

The actuator is assumed linear and collocated and may be formulated by a frequency transfer function

H(ω) and gain g in the form

Bd(t) = gH(ω)wT q(t) (7)

3
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Figure 2: a) magnitude and phase angle and b) real and imaginary part of the transfer function H(ω).

The frequency function may take several different forms based on the particular control law. By intro-

ducing (7) in (6) the equations of motion may be written in the frequency domain as

(
−ω2

nM+K+gH(ω)wwT
)

q̃n = 0 (8)

where (̃ ) indicates the amplitude. If g = 0 the actuator does not influence the structure and the solution to

the eigenvalue problem in (8) will give real-valued solutions in form of the undamped natural frequencies

ω0,n. If, on the other hand, g→∞ the actuator will lock and prohibit displacement at its location, whereby

the solution to the eigenvalue problem provides the infinitely damped frequencies ω∞,n, associated with

infinite gain. The frequencies ω0 and ω∞ are typically denoted pole and zero respectively within control

theory.

3 Active control by position feedback

Active control is now introduced by a positive position feedback. The control system detects the axial

warping displacement at the end cross-section during the torsional motion, passes it through a simple

linear first order filter and feeds it positively back to the structure. The position feedback is deemed

appropriate as the warping displacements are small and easily measured by e.g. a piezoelectric sensor or

a laser device. The filter is mathematically formulated as [8]

Bd(t)+ τḂd(t) = gθ′g(t) (9)

where θ′g = wT q is the displacement at the actuator which in this case constitutes the warping intensity,

Bd is the actuator force constituting a bimoment which is energy conjugate to the warping intensity and

τ is a filter constant which defines the cut-off frequency at 1/τ. Based on the displacement θ′g(t) the

equivalent actuator force Bd(t) is fed back to the system. The transfer function for the filter in (9) is

hereby obtained as

gH(ω) =
g

1+ iωτ
(10)

The corresponding phase angle and magnitude are determined as

tan ϕ =−ωτ , |H|=
1√

1+(ωτ)2
(11)

The phase angle and magnitude are seen in Fig. 2a. This specific filter ensures large damping in the

low-frequency range below the cut-off frequency, while attenuating noisy high-frequency components

4
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which may be badly represented. By the punctured curve in Fig. 2a it is evident that this is achieved as

the magnitude of the transfer function vanishes above the cut-off frequency. The major benefit of active

control is the possibility of greater damping performance when the actuator leads velocity with a phase

angle ϕ > π/2. Especially in the low-frequency range this filter exhibits a phase angle close to π as

indicated by the solid curve, and therefore has a force component in phase with negative stiffness.

In order for the actuator to dissipate energy and not amplify the vibrations, it is required that Im[gH(ω)]>
0. In Fig. 2b the solid curve represent the imaginary part of the transfer function. As this is negative, it

means that g < 0.

3.1 Warping-restrained flexibility

In practice warping control may be realized by axial actuators, acting on the cross-section as shown

in Fig. 3a. In a situation with concentrated axial actuators applied at a cross-section the actuators will

only fully restrain the warping displacements at the location of the actuators. At infinitely high gain,

i.e. when g → ∞, the axial movement at the actuator location will be completely prevented. However,

the cross-section may still able to warp in between the actuators and leave an altered warping function

as illustrated in Fig. 3b. This is associated with an additional flexibility compared to a fully restrained

cross-section [3]. At vanishing damping (g = 0) the additional flexibility must however disappear. This

additional flexibility may therefore be modelled as a spring in series with the actuator, as seen in Fig.

4. The warping works through the gradient of the angle of twist and therefore so does the spring. It is,

however, an artificial spring as it is not physically present, but merely describes the additional flexibility

due to the partial warping of the cross-section for g > 0. Thereby it may conveniently be modelled

as a Maxwell-type boundary condition. The total gradient of the angle of twist, θ′d , is the sum of the

contribution from the actuator and spring as seen in Fig. 4,

θ′d(t) = θ′k(t)+θ′g(t) (12)

where it works through the actuator bimoment Bd . The bimoment produced by the spring is

Bk(t) = kθ′k(t) (13)

and the bimoment produced by the actuator is given by (9). Introducing (9) and (13) into (12) yields the

modified control equation, to be used for calibration of g and identification of the stability limit,

(
1

g
+

1

k

)
Bd(t)+

τ
g

Ḃd(t) = θ′d(t) (14)

5
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Figure 4: Maxwell-type boundary condition with an active element with gain g in series with a spring

with stiffness k.

The determination of k requires in this case knowledge about the actual structure either from a full three-

dimensional finite element model, from experiments or from real measurements. The stiffness k in the

flexibility format reduces the infinitely damped frequency ω∞ as the cross-section is now able to warp in

between the actuator locations. However, due to the active nature of the actuator there will be a stability

limit, see Section 3.3, where the response becomes unbounded. In the complex plane, however, the root

locus will trace towards the correct infinitely damped frequency, as the controller equation (14) in the

limit describes only the additional flexibility,

�
1

g
+

1

k

�
Bd(t)+

τ
g

Ḃd(t) = θ′d → Bd(t) = kθ′d for g → ∞ (15)

This means that the structural equations are merely supplemented with a spring, incorporated in flexibility

format, when establishing the state-space equations in the following section. The stiffness k is calibrated

in the unstable situation where g → ∞, but this is equivalent with a situation where the actuators are

replaced with supports and may thus be used for calibration.

3.2 State-space formulation

The properties of the dynamic system with damping is conveniently demonstrated in the frequency

domain. The equations of motion are therefore set up in a state-space format including the feedback

force from (14). With the state-vector z(t) = [q(t) , q̇(t) , Bd(t)]
T the system is

d

dt




q(t)
q̇(t)

Bd(t)


=




0 I 0

−M−1K 0 −M−1w

g/τwT 0 −g/τ
�

1
g
+ 1

k

�






q(t)
q̇(t)

Bd(t)


 (16)

where I is the identity matrix. The presence of the actuator leads to generally complex-valued solutions

of ω,

ωn = |ωn|

��
1−ζ2

n + iζn

�
(17)

where n denotes the various eigensolutions. The damping ratio is given by the imaginary part of (17) as

ζn =
Im[ωn]

|ωn|
(18)

The mode shapes obtained from (16) are in general also complex, with the real part representing the

physical vibration form and the imaginary part representing the spatial phase shift due to the presence of

the energy dissipating actuator.

6
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3.3 Stability and gain limit

When solving (16) varying the gain in the interval g ∈ [0; ∞[ the damped frequency will trace a root

locus in the complex plane between the undamped frequency ω0 and the infinitely damped frequency

ω∞ as shown in Fig. 5. However, as mentioned in Section 3.1 after a certain gain the response becomes

unbounded. With a single actuator present, a single eigenvalue will be purely imaginary. Instability

occurs when this eigenvalue becomes zero. In order for the response not to become unbounded the

stability of the system must therefore be considered. This is mainly to set a limit for the gain g. The

stability of the system may be checked with the Routh-Hurwitz criterion. For larger systems this typically

requires determination of the Routh arrays and may not be convenient to determine an explicit limit for

the gain. An alternative is to write the full system consisting of the structural equations (6) and the

controller equation (14) in a block format. The structural equations and controller equation are pre-

multiplied with −gν−1 where ν =
(
1+ g

k

)
, and the original structural displacement vector q is replaced

by the modified set of variables in q∗ =−gν−1q. The equations then take the form

[
M 0

0 0

][
q̈∗

B̈d

]
+

[
C 0

0 −gν−2τ

][
q̇∗

Ḃd

]
+

[
K −gν−1w

−gν−1wT −gν−1

][
q∗

Bd

]
=

[
0

0

]
(19)

It is noted that if |g| < k then ν > 0. The mechanical energy is defined by the first and last matrix.

The equivalent mass matrix is always positive semi-definite, and as τ > 0 the equivalent damping matrix

will be positive definite if the original structure has positive definite damping and is otherwise positive

semi-definite. The stability is therefore entirely governed by the equivalent stiffness matrix and the

corresponding reduction in stiffness caused by the actuator with the added warping-restrained flexibility.

The potential energy associated with the stiffness matrix can be expressed as

Ve =
[
q∗T Bd

]
[

K −gν−1w

−gν−1wT −gν−1

][
q∗

Bd

]
(20)

After some rearranging it takes the form

Ve =
1
2
q∗T

[
K+gν−1wwT

]
q∗+ 1

2

(
Bd

(
gν−1

)1/2
−
(
gν−1

)1/2
wT q∗

)2

−Bdgν−1Bd −q∗T gν−1q∗
(21)

7
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The time derivative of this functional is given by the second matrix in (19) as

V̇e =−
[
q̇∗T Cq̇∗ − Ḃdgν−2τḂd

]
≤ 0 (22)

The second term in (21) is a quadratic form and thus always positive, while the third and fourth terms

are also positive as g < 0. Stability is therefore governed by the first term of which the matrix must be

positive definite for the combined system to be stable. If the matrix becomes singular it corresponds to

the stiffness component of the actuator eliminating the structural stiffness at the location of the actuator

and instability occurs. This corresponds to the requirement

det
(
K+gν−1wwT

)
> 0 (23)

Thus the matrix in the parentheses must be invertible and the limit of the gain, gstab, may be found by

considering the invertibility of the matrix. The result follows from the Sherman-Morrison formula [9] as

(
K+gν−1wwT

)−1
= K−1 −gν−1K−1w

(
1+gν−1wT K−1w

)−1
wT K−1 (24)

When rigid body motion is accounted for, the stiffness matrix will be fully positive definite. Thus, if

the term in the parenthesis on the right side of (24) becomes zero, the term may not be inverted. This

determines the gain limit as
1

gstab

=−wT K−1w−
1

k
(25)

The above expression leaves a direct way of determining the maximum gain, which is at the same time

seen to be negative. A gain that exceeds the above limit will result in an unbounded response.

4 Comparison with a 3D FEM model

The beam model is compared with a full three-dimensional FE model with isoparametric elements.

The elements used are bi-cubic-linear elements for flange parts and bi-linear-cubic elements for corners

and junctions. For details on the elements and discretization of the beam see [3]. The beam is discretized

with 30 length-wise elements, half of them being concentrated over ℓ/25 of the beam near the end, and a

single bi-cubic-linear element per flange part as in Fig. 3a. In the three-dimensional model, actuators are

applied in the corners as in Fig. 3a, and as they are placed asymmetrically they are balanced according

to [3, 10]. Thus, m actuators are present and the feedback filter now contains several equations written

in vector format as

fd + τḟd = GWT q (26)

This equation resembles (9) but without the flexibility k. In order not to damp other modes than

those associated with torsion, each connectivity vector w j contains contributions from exactly four ac-

tuators constituting a pure bimoment. These four actuators are placed symmetrically in the corners

with respect to the principal axes of the cross-section in Fig. 1, and thus only one of the four ac-

tuators in each corner as indicated in Fig. 6b enters each connectivity vector. Thus the structure is

w j = [0 , ... ,−
√

1/4 ,
√

1/4 ,−
√

1/4 ,
√

1/4 , ... , 0]T . The collective array W = [w1 , w2 , ..., wm/4]
contains m/4 connectivity vectors and G = diag[g1 , g2 , ... , gm/4] = g3D diag[α1 , α2 , ..., αm/4] is a diag-

onal matrix with all gains. The actuators are in this case not balanced equally due to the asymmetric

location of the actuators in Fig. 6. Balancing factors α j are therefore introduced according to [3] and

g3D is a common gain. The stability requirement is derived in the same way as for the beam model with

8
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Figure 6: a) ’simple-simple’ beam with damping treatment at z = ℓ and b) order of actuator gains at

cross-section corner.

a single actuator, but the final condition is not an explicit expression for the gain. The following matrix

may be derived,

H = G−1 +WT K−1W (27)

which is m/4×m/4 and will be negative definite for small values of g3D and thereby have all negative

eigenvalues λi < 0. Instability occurs exactly when the first eigenvalue of H becomes positive. As the

beam model and three-dimensional model are inherently different, the gain at instability will not be the

same as the actuators are tuned differently. However, by setting up the virtual work produced by the

actuator in the beam model and the actuators in the three-dimensional model, a convertion factor can be

derived as

g3D =
g

∑m
j α jψ2

j

(28)

where ψ j is the sector-coordinate of the j’th actuator. In the next section it will be shown that instability

occurs at the same frequency and damping ratio in the two models.

5 Damping of a ’simple-simple’ beam

The accuracy of the beam model is now demonstrated by investigating the damping properties of

the lowest torsional mode of the ’simple-simple’ beam with length ℓ as shown in Fig. 6a. The support

conditions restrain rotation but allow warping. The cross-section of the beam is shown in Fig. 1 and

has thickness t = a/40, Young’s modulus E = 210 GPa, Poisson’s ratio ν = 0.3 and density ρ = 7850

kg/m3. The ratio between the cross-section height and the length of the beam is ℓ/a = 30 and a = 1 m,

for which the inherent distortion of the cross-section is minimal [3]. The beam model is compared with

results from a three-dimensional finite element analysis. In this finite element model four actuators are

placed at each corner as shown for a single corner in Fig. 6b, and balanced according to Table 1. This is

done in order to avoid unnecessary distortion of the cross-section. For the beam model the first objective

is to adjust the infinitely damped frequency ω∞ to account for the partial restrainment of the warping at

z = ℓ. This is done by performing a real analysis of the 3D FE model by solving the full system in (16)

with g → ∞ and afterwards calibrating the flexibility parameter k by a numerical search routine to ensure

that the frequency locus terminates at the correct frequency. To create the root locus the gain is varied

in the interval g ∈ [0; gstab[ where the stability limit is given by (25) or (27) for the beam and 3D model

respectively.

The root loci for both models are seen in Fig. 7a. The solid line with black circles ( ,◦) are results

from the beam model, the red markers (+) are results from the 3D model and the blue box marker (�)

indicates the stability limits. Furthermore, the punctured line indicates results for the beam model with

k = ∞ associated with complete restrainment of the warping of the entire cross-section. For comparison,

9
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Figure 7: a) root locus and b) damping ratio for the beam analysis ( ,◦), FE analysis (+), gain limit (�)

and k = ∞ ( ).

the smaller half-circular root locus is with pure viscous damping, and the asterix (∗) indicates optimal

tuning. Clearly the partial restrainment of the warping associated with the flexibility parameter k given in

Table 2 results in a significant difference, lowering the relative frequency increment (ω∞ −ω0)/ω0 from

0.481 to 0.365 and the damping ratio at instability from 0.572 to 0.480 for the beam model. The damping

ratio as may be seen in Fig. 7b also indicates large damping. The damping ratios at instability and the

frequency increments for the two models are very similar as seen in the table, and the small deviation

is due to distortional effects in the 3D model, which causes slightly different undamped frequencies ω0.

Due to the different nature of the two models and actuator configurations, the limit gains gstab and g3D
stab

are not identical. The factor between these two is gstab/g3D
stab = 50.4 as seen in the table, and this is

approximated well with (28) as seen in the last column in the table. Lastly it may be observed that the

gain limit for the beam model is higher if not taking the partial warping restraining into account. This

may wrongfully lead to instability.

6 CONCLUSION

In this paper a computationally efficient way of investigating the properties of damping the torsional

vibrations in a simple beam with active control is considered. A beam element is set up with a single

actuator acting on the warping degree-of-freedom. The actuator consists of a simple linear filter in the

form of positive position feedback (PPF). It acts on the axial warping displacements, and is on an actual

structure placed discretely as a set of actuators constituting a pure bimoment. This partially restrains the

warping and allows for an additional flexibility in the beam model. This flexibility lowers the infinitely

damped frequency and correspondingly reduces the gain limit at the point of instability. The beam model

is compared with a full three-dimensional finite element model which has a set of actuators applied at

discrete locations, all constituting pure bimoments. In this way only torsional modes are damped. The

system equations are similar to the beam model, and instability is determined by the gain which makes

the combined stiffness matrix singular. Considering a simple-simple beam as an example and plotting

the root loci and damping ratios, very similar results between the two models are obtained. Only minor

Table 1: Balancing factors.

ga gb gc gd

α j [−] 1.0 7.5 70.0 141.4

10
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Table 2: Results of analysis.

k (ω∞ −ω0)/ω0 ζstab gstab gstab/g3D
stab ∑m

j α jψ2
j

Beam model
∞ 0.481 0.572 −7.27 ·107 – –

3.89 ·108 0.365 0.480 −6.13 ·107

50.4 51.0
3D model − 0.368 0.484 −1.22 ·106

differences are observed, which may be corrected by accounting for the inherent distortion of the three-

dimensional model. It is furthermore demonstrated, that the flexibility k is necessary for the beam model

to reflect the 3D model. If not included, a gain exceeding the gain limit may wrongfully be chosen.

The gain at instability is inherently different in the two models, but may easily be estimated considering

the position of the discrete actuators. The benefits with the active filter is clear, as the beam is damped

effectively, with a damping ratio of almost ζ = 0.5.
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Abstract. Damage of structures can raise concerns about safety issues to users. Minor damage 
in structures may not be critical to structural safety; however, users may not exactly know the 
severity of damage in structures. Thus, structural health monitoring (SHM) becomes a strategy 
that can estimate current performance and safety of structures. Users can be informed regarding 
the levels and locations of damage in structures before the damage has been turned into a serious 
problem. To achieve this goal, dynamic characteristics such as natural frequencies and mode 
shapes can be employed to derive associated damage indices that inform structural integrity. 
These characteristics are typically obtained from vibrational measurements of structures 
through operational modal analysis. Then, damage of structures can be diagnosed from mode 
shapes. Therefore, the objective of this study is to assess multiple mode shapes based methods 
for the capability of detecting damage levels and locations.  First, mode shapes of buildings are 
numerically calculated. Because the first mode shape is mostly available from operational 
modal analysis, the mode shape is then employed in all of mode shapes based damage detection 
methods. The damage detection methods considered in this study include the mode shape 
curvature method, the bending energy damage index method, the strain energy damage index 
method, the continuous wavelet transform method based on mode shape curvatures, and the 
method of changes in the first mode shape slopes. The capability of these methods for damage 
location detection is investigated, while the sensitivity of damage levels from these methods 
are also studied to understand the relationship between the derived damage indices and damage 
severity. Some modifications are made to the existing methods for better representing damage 
levels. Moreover, multiple damage locations are considered in this study, and these damage 
locations are assumed to sequentially occur. A detailed comparison among these methods is 
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carried out. As seen in the numerical results, second derivatives of mode shapes (i.e., mode 
shape curvatures) can well represent damage of buildings in terms of damage locations and 
levels.  

 
 
1 INTRODUCTION 

Damage of structures can raise concerns about safety issues to users. Minor damage in 
structures may not be critical to structural safety; however, users may not exactly know the 
severity of damage in structures. Thus, structural health monitoring (SHM) becomes a strategy 
that can estimate current performance and safety of structures. Users can be informed regarding 
the levels and locations of damage in structures before the damage has been turned into a serious 
problem. 

One of the commonly seen methods in the field of SHM is to regularly obtain dynamic 
characteristics of structures through operational modal analysis. These dynamic characteristics 
include natural frequencies, damping ratios, and mode shapes over a number of vibrational 
modes. If structures suffer some damage or have some defects, these dynamic characteristics 
will have some changes. These changes provide a source to determine and localize the damage 
or defects. For examples, cracks which occur in a structure result in decreased stiffness. The 
decreased stiffness lowers natural frequencies in the first few modes. The mode shapes would 
have corresponding variations as compared to those of the undamaged structure. If features can 
be extracted from these changes in natural frequencies and mode shapes, the damage in a single 
or multiple spot(s) can be determined and localized. 

In this research, six mode shapes-based damage detection methods are investigated. The 
objective of this study is to exploit these methods for damage detection by means of the first 
mode shapes only. For example, Pandey et al. (1991) employed mode shape curvatures to 
successfully localize damage regions of a structure [1]. Stubbs et al. (1995) utilized mode 
shapes to derive strain energy and computed the energy ratio of a structure before and after the 
occurrence of damage [2]. This energy ratio can identify the locations of damage [3]. Allemang 
and Brown (1982) applied mathematical approach to analyzing the relationship between the 
mode shapes of a structure before and after the occurrence of damage [4]. Lieven and Ewins 
(1998) advanced this mathematically comparative approach and proposed a coordinate modal 
assurance method that can improve the accuracy of damage detection using mode shapes [5]. 
Mallat (1998) facilitated the wavelet transform to find the singular points in mode shapes that 
can identify damage locations [6]. Zhu et al. (2011) found that use of first mode shapes can 
directly locate damage of a structure by means of the dynamic characteristic equation. All the 
aforementioned methods are numerically explored in this study for damage detection in terms 
of occurrence and localization. This numerical example consists of a ten-story shear-type 
building with two damage scenarios. In each scenario, the damaged story has three levels of 
reductions in stiffness. By comparing the successfulness, the six damage detection methods are 
evaluated. 

2 DAMAGE DETECTION METHODS 
This section briefly introduces six mode-shape based damage detection methods including 

the mode shape curvature (MSC) method, bending energy damage index (BEDI) method, the 
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modal assurance criterion (MAC) method, strain energy damage index (SEDI) method, 
continuous wavelet transform (CWT) method, and the method of changes in the first mode 
shape slopes (CFMSS). 

2.1 Mode shape curvature 
The variations of mode shape curvatures are correlated with damaged regions of a structure 

because curvatures are associated with the bending stiffness of the structure [1]. A mode shape 
curvature can be presented by 

𝜙𝜙”(𝑥𝑥) = 𝑀𝑀
𝐸𝐸(𝑥𝑥)𝐼𝐼(𝑥𝑥)  =  𝜙𝜙(𝑥𝑥 + ℎ) + 𝜙𝜙(𝑥𝑥 − ℎ) − 2𝜙𝜙(𝑥𝑥)

ℎ2  
(1) 

where  𝜙𝜙”(𝑥𝑥) denotes the curvature calculated from the mode shapes 𝜙𝜙(𝑥𝑥) at location x; M is 
the bending moment; E(x) is the Young’s Modulus at location x; I(x) is the moment of inertia; 
h is the height of each story. If the building has damage, the reduction of E(x)I(x) will result in 
changes of the mode shape curvatures. The changes can be indicated by 

𝑀𝑀𝑀𝑀𝐶𝐶𝑗𝑗 = ∑ |𝜙𝜙′′𝑖𝑖,𝑗𝑗
∗ − 𝜙𝜙′′𝑖𝑖,𝑗𝑗|

𝑁𝑁

𝑖𝑖=1
 

(2) 

where 𝜙𝜙′′𝑖𝑖,𝑗𝑗 and 𝜙𝜙′′𝑖𝑖,𝑗𝑗
∗  are the mode shapes before and after the occurrence of damage; i and j 

indicates the i-th mode and j-th location in a structure; N is the number of modes of interest.  

2.2 Bending energy damage index 
The bending energy damage index method calculates a damage index based on the mode 

shape curvatures [2]. This index can be represented by 

𝐵𝐵𝐸𝐸𝐵𝐵𝐼𝐼 = ∑
(∑ (𝜙𝜙′′𝑖𝑖,𝑗𝑗

∗)2𝑚𝑚
𝑗𝑗=1 + (𝜙𝜙′′𝑖𝑖,𝑗𝑗

∗)2) ∑ (𝜙𝜙′′𝑖𝑖,𝑗𝑗)2𝑚𝑚
𝑗𝑗=1

(∑ (𝜙𝜙′′𝑖𝑖,𝑗𝑗)2𝑚𝑚
𝑗𝑗=1 + (𝜙𝜙′′𝑖𝑖,𝑗𝑗)2) ∑ (𝜙𝜙′′𝑖𝑖,𝑗𝑗

∗)2𝑚𝑚
𝑗𝑗=1

N

i=1
 

(3) 

where 𝜙𝜙′′𝑖𝑖,𝑗𝑗 and 𝜙𝜙′′𝑖𝑖,𝑗𝑗
∗  are the mode shapes before and after the occurrence of damage; i and j 

indicates the i-th mode and j-th location in a structure; N is the number of modes of interest. 

2.3 Modal assurance criterion 
The modal assurance criterion is a method to present the correlation between two mode 

shapes, and this criterion can also provide the information of damage existence [4]. To further 
detect damage locations, the coordinate modal assurance criterion (COMAC) can be employed 
[5]. Thus, both MAC and COMAC indices are written by 

𝑀𝑀𝑀𝑀𝐶𝐶𝑖𝑖,𝑘𝑘 =  
|∑ (𝜙𝜙𝑖𝑖,𝑗𝑗  ∙  𝜙𝜙𝑘𝑘,𝑗𝑗

∗ )𝑚𝑚
𝑗𝑗=1 |2

(∑ ‖𝜙𝜙𝑖𝑖,𝑗𝑗‖2𝑚𝑚
𝑗𝑗=1 ) (∑ ‖𝜙𝜙𝑘𝑘,𝑗𝑗

∗ ‖2𝑚𝑚
𝑗𝑗=1 )

，𝐶𝐶𝐶𝐶𝑀𝑀𝑀𝑀𝐶𝐶𝑗𝑗 =  
|∑ (𝜙𝜙𝑖𝑖,𝑗𝑗  ∙  𝜙𝜙𝑖𝑖,𝑗𝑗

∗ )𝑁𝑁
𝑖𝑖=1 |2

(∑ ‖𝜙𝜙𝑖𝑖,𝑗𝑗‖2𝑁𝑁
𝑖𝑖=1 ) (∑ ‖𝜙𝜙𝑖𝑖,𝑗𝑗

∗ ‖2𝑁𝑁
𝑖𝑖=1 )

 
(4) 

where ∙ indicates the dot product of two vectors; i and k represents the i-th and k-th modes; j 
denotes the j-th locations; m is the total number of stories; N is the number of modes of interest. 
Moreover, 𝑀𝑀𝑀𝑀𝐶𝐶𝑖𝑖,𝑘𝑘 represents the i-th mode shape of the undamaged structure and the k-th mode 
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shape of the damaged structure. 𝐶𝐶𝐶𝐶𝑀𝑀𝑀𝑀𝐶𝐶𝑗𝑗 indicates the j-th location with respect to damage 
levels.  

2.4 Strain energy damage index 
The strain energy damage index generates the damage index based on the strain energy 

variations before and after the occurrence of damage in a structure. The stiffness matrix is 
formed by a shear-type structure, then the strain energy damage index can be derived as 

𝛽𝛽𝑗𝑗 =
([𝜙𝜙𝑖𝑖

∗]T[𝑈𝑈𝑗𝑗][𝜙𝜙𝑖𝑖
∗] + ∑ [𝜙𝜙𝑖𝑖

∗]T[𝑈𝑈𝑗𝑗][𝜙𝜙𝑖𝑖
∗])𝑁𝑁

𝑖𝑖=1
([𝜙𝜙𝑖𝑖]T[𝑈𝑈𝑗𝑗][𝜙𝜙𝑖𝑖] + ∑ [𝜙𝜙𝑖𝑖]T[𝑈𝑈𝑗𝑗][𝜙𝜙𝑖𝑖]𝑁𝑁

𝑖𝑖=1 )
[𝜙𝜙𝑖𝑖]T[𝑈𝑈𝑗𝑗][𝜙𝜙𝑖𝑖]
[𝜙𝜙𝑖𝑖

∗]T[𝑈𝑈𝑗𝑗][𝜙𝜙𝑖𝑖
∗] 

(5) 

where  𝑈𝑈𝑗𝑗 denotes the j-th local stiffness contribution (i.e., the j-th story) with respect to the 
global stiffness matrix. 

2.5 Continuous Wavelet transform 
The continuous wavelet transform can present instant frequency components over time [6]. 

This wavelet transform can be applied to the difference of mode shape slopes before and after 
the occurrence of damage in a structure such as 

W𝜙𝜙𝑖𝑖
′(𝑢𝑢 , 𝑠𝑠) =  〈𝜙𝜙𝑖𝑖

′, 𝜓𝜓𝑢𝑢,𝑠𝑠〉 = 1
√𝑠𝑠

∫ 𝜙𝜙𝑖𝑖
′(𝑥𝑥)𝜓𝜓 (𝑥𝑥 − 𝑢𝑢

𝑠𝑠 ) d𝑥𝑥
+∞

−∞
 

(6) 

where 𝜓𝜓  is the mother wavelet function. This position-frequency representation of the 
difference of the i-th mode shape slopes shows the discontinuousness in high frequencies. To 
highlight this discontinuousness, a marginal spectrum can be used by accumulating the 
amplitudes in Eq. (6) over frequencies. 

2.6 Changes in the first mode shape slopes 
The method of changes in the first mode shape slopes exploits the dynamic characteristic 

equation to verify that the first mode shape slopes can be a good indication of structural damage 
[7]. The mode shape slopes are given by 

 𝐶𝐶𝐶𝐶𝑀𝑀𝐶𝐶𝐶𝐶 = (𝜙𝜙1𝑗𝑗
∗ −𝜙𝜙1(𝑗𝑗−1)

∗

ℎ𝑗𝑗
) − (𝜙𝜙1𝑗𝑗−𝜙𝜙1(𝑗𝑗−1)

ℎ𝑗𝑗
) (7) 

where  ∆𝜙𝜙1𝑗𝑗
′  represents the difference of the first mode shape slopes at the j-th location. This 

method is only valid for a cantilever-type structure.  

3 NUMERICAL EXAMPLE 
In this research, a ten-story shear-type building is employed to evaluate six mode shapes-

based damage detection method. For all these methods, only the first mode shape are taken into 
account to examine performance of damage detection. This building consists of a 100-kg mass, 
1 m high, and 15,800-N/m stiffness per story. Two scenarios are considered: a) only the second 
story has damage and b) both second and fifth stories have damage. Structural damage is 
mimicked by a stiffness reduction, and three levels of reductions are considered including 15%, 
45%, and 75%. Fig. 1 illustrates the damage locations in simulation. 
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Figure 1: Illustration of two damage scenarios in the ten-story shear-type building 

To determine damage locations, each method has a different criterion. The MSC method 
needs to be normalized by 

(𝑀𝑀𝑀𝑀𝑀𝑀)n =  𝑀𝑀𝑀𝑀𝑀𝑀/max (|𝑀𝑀𝑀𝑀𝑀𝑀|) (8) 

where max (𝑀𝑀𝑀𝑀𝑀𝑀) denotes the maximum entry in the difference vector of the first mode shape 
curvatures. When  (𝑀𝑀𝑀𝑀𝑀𝑀)n exceeds 0.5, the damage is viewed to be detectable. In the BEDI 
method, the building is damaged if the index is greater than 1. In the MAC-COMAC method, 
if the MAC is lower than 0.7, the structure is viewed to be damaged. Meanwhile, the COMAC 
is employed to determine the damage locations. The SEDI method assesses damage by the same 
approach as the BEDI method. In the CWT method, the marginal spectrum is normalized by a 
norm. Then, the damage location is determined by the normalized marginal spectrum exceeding 
0.5. The CFMSS method detects damage when the ratio of the first mode shape slopes is greater 
than 0. 

3.1 Single damage location 
As seen in Fig. 1, the single damage location is at the third floor and the fifth floor. Table 1-

2 shows the damage detection results for the two scenarios of the single damage location. In 
this table, 1 means that damage has been detected by the method, while blanks mean that no 
damage is detected. Most of damage detection methods used in this study is capable of 
identifying the damage locations except for the MAC-COMAC method. Moreover, the MSC 
and BEDI methods introduced some faulty detections in the first floor. 

Table 1: Damage detection results of a single damage location (3F): 15%, 45%, and 75% stiffness reduction 
from top to bottom 

(Method), 15% 1 2 3 4 5 6 7 8 9 10 
MSC  1 1        
BEDI  1 1        
MAC        1 1  
SEDI   1        
CWT   1        

CFMSS   1        

N = 10

N = 9

N = 2

N = 1

N = 3

…
…

N = 10

N = 5

N = 2

N = 1

…
…

N = 4…

N = 10

N = 7

N = 2

N = 1

…
N = 6…

N = 3
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(Method), 45% 1 2 3 4 5 6 7 8 9 10 
MSC  1 1        
BEDI  1 1        
MAC        1 1  
SEDI   1        
CWT   1        

CFMSS   1        
(Method), 75% 1 2 3 4 5 6 7 8 9 10 

MSC  1 1        
BEDI  1 1        
MAC        1 1  
SEDI   1        
CWT   1        

CFMSS   1        
Table 2: Damage detection results of a single damage location (5F): 15%, 45%, and 75% stiffness reduction 

from top to bottom 

(Method), 15% 1 2 3 4 5 6 7 8 9 10 
MSC    1 1      
BEDI         1      
MAC           
SEDI     1      
CWT     1      

CFMSS     1      
(Method), 45% 1 2 3 4 5 6 7 8 9 10 

MSC    1 1      
BEDI    1 1      
MAC        1 1  
SEDI     1      
CWT     1      

CFMSS     1      
(Method), 75% 1 2 3 4 5 6 7 8 9 10 

MSC    1 1      
BEDI    1 1      
MAC           
SEDI     1      
CWT     1      

CFMSS     1      

3.2 Multiple damage locations 
When the building has two damage locations at the third and seventh floors, the results are 

presented in Table 3. Similarly, 1 means that damage has been detected by the method, while 
blanks mean that no damage is detected in this table. As seen in the results, the MSC and BEDI 
methods introduce some faulty detections of damage, while the SEDI, CWT, and CFMSS 
methods can exactly locate the damage. Therefore, this numerical investigation concludes that 
the SEDI, CWT, and CFMSS methods are applicable for damage detection of shear-type 
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buildings based only on the first mode shapes. 
Table 3: Damage detection results of multiple single damage locations: 15%, 45%, and 75% stiffness 

reduction from top to bottom 

(Method), 15% 1 2 3 4 5 6 7 8 9 10 
MSC  1 1   1 1    
BEDI  1 1    1    
MAC           
SEDI   1    1    
CWT   1    1    

CFMSS   1    1    
(Method), 45% 1 2 3 4 5 6 7 8 9 10 

MSC  1 1   1 1    
BEDI  1 1    1    
MAC           
SEDI   1    1    
CWT   1    1    

CFMSS   1    1    
(Method), 75% 1 2 3 4 5 6 7 8 9 10 

MSC  1 1   1 1    
BEDI  1 1        
MAC           
SEDI   1   1 1    
CWT   1    1    

CFMSS   1    1    

 4 CONCLUSIONS 
This study investigated six mode shape-based methods for damage detection of a shear-type 

building. All these methods included the mode shape curvature method, bending energy damage 
index method, the modal assurance criterion method, strain energy damage index method, 
continuous wavelet transform method, and the method of changes in the first mode shape slopes. 
These methods derived associated indices based on the 1st mode shapes or their derivatives. A 
shear-type building with two damage scenarios were introduced to evaluate effectiveness of 
these damage detection methods. As found in the results, most of the methods were able to 
identify the damage existence and to locate the damage. The SEDI, CWT, and CFMSS methods 
were capable of providing an accurate indication of damage when only a single damage location 
occurred. For multiple damage locations, the CWT and CFMSS methods had better 
performance because other methods could introduce some faulty detections. 
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Abstract. This study is intended to investigate how the local damage and varying temperature 
affect changes in modal frequencies of a steel plate girder bridge. A damage experiment on an 
actual bridge was conducted, and acceleration responses of the bridge under vehicle loading 
were monitored. Artificial fatigue cracks were introduced to the lower flange and the web plate 
near the base plate in the damage experiment. The longitudinal displacement of the bridge at 
supports were also monitored to investigate structural behaviors of supports under local damage 
and the varying temperature. Observations showed that frequency of the 1st bending mode 
increased due to artificial damage though frequencies of the 2nd bending mode and 3rd bending 
mode decreased. On a finite element model, changes in stiffness of spring which models the 
cantilever steel pivot bearings at support due to the damage as well as temperature change are 
considered to examine the reason why the frequency of the first bending mode increased while 
those of the second and third bending modes decreased. A sensitivity analysis to investigate 
influences of the changes in the stiffness of the girders and the stiffness of the spring at the 
support. The sensitivity analysis demonstrated that the changes in the stiffness of the spring at 
the support resulted in the increase of the first bending frequency. 

1 INTRODUCTION 
Vibration-based structural health monitoring (SHM) has been developed as one of the 

efficient ways for maintenance of civil infrastructures including bridges. Many studies for 
damage detection by means of SHM examined the change in modal parameters of bridges such 
as frequency, damping ratio and modal shape since changes in these modal parameters are 
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relevant to damage or deterioration of bridges [1-3]. One of the typical modal parameters of 
bridges is the frequency. Modal parameters are identified from vibrations of the bridge.  

This study investigates the feasibility of the vibration-based SHM to detect damage on an 
actual steel plate girder bridge. Especially, changes in frequencies due to fatigue cracks in steel 
girder near the base plate of supports are examined. Stochastic subspace identification (SSI) is 
used as a modal identification method [4].  

In the finite element (FE) model, an eigenvalue analysis for the bridge is also conducted. For 
the eigenvalue analysis, structural parameters were calibrated by the model-updating using the 
identified modal parameters. By comparing the frequencies identified from the vibration 
responses between the undamaged bridge and damaged bridge, this study investigates the 
feasibility of damage detection by means of the vibration-based SHM. In addition, the 
eigenvalue analysis results are also compared to system identification results from experimental 
data so as to confirm the feasibility of the FE model for the eigenvalue analysis. Reasons of 
changes in modal parameters for each damage scenario are discussed utilizing results from 
eigenvalue analysis and sensitivity analysis. 

In order to clarify possible reasons for the disagreement in the frequency for the first bending 
mode between the FE analysis and the field experiment, changes in the structural behaviour 
associated with each damage scenario are discussed using the displacement and temperature 
obtained from the field experiment. 

2 FIELD EXPERIMENT 
The field experiment was conducted on an actual steel plate girder bridge shown in Figure 1, 

whose span length was 40 m long and width was 4.0 m wide. Figure 1 also shows sensor 
deployment during the field experiment. Ten accelerometers were installed on the lower flanges 
of the bridge to measure vertical vibrations. Longitudinal displacements at the both ends of the 
bridge were measured utilizing displacement sensors. Artificial fatigue cracks (hereafter called 
artificial damage) at the girder end near the base plate of supports are considered in the 
experiment by severing the lower flange and the web plate by an Oxyacetylene cutting torch. 
The location of the artificial damage is on the main girder near the support of upstream-side on 
Ab1 abutment as shown in Figure 1. The artificial damage comprises two damage levels. One 
is the lower flange cut (hereafter called DMG1) and the other is the web plate cut (hereafter 
called DMG2) as seen in Figure 2. The bridge condition before the artificial damage was 
assumed as the intact condition (hereafter called INT). Types of supports at Ab1 and Ab2 are 
shown in Figure 3: the Ab1 abutment adopted a line bearing, and the Ab2 abutment adopted a 
cantilever pivot bearing. It should be noted that the line bearing at the Ab1 abutment was fixed 
due to corrosion. 

Modal parameters of the bridge were identified from the accelerations of the bridge for each 
bridge condition. The vehicle used for the moving vehicle test was a passenger car and the 

Table 1: The envrironmental condition during each damage scenario 

Damage Scenario Time and Date  Weather Temperature of bridge  
INT 17:45-18:45 28th August 2017 Cloudy 28℃ 

DMG1 13:30-14:30 29th August 2017 Clear 38℃ 
DMG2 14:45-15:45 29th August 2017 Clear 43℃ 
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speed of the car was about 20km/h. The moving vehicle test was conducted 30 round trips for 
the intact condition, and 15 round trips per damage condition. Sampling rate and length of the 
vibration data set were 200Hz and 15s, respectively. The environmental condition during the 
field experiment is summarized in Table 1. Temperatures measured from the thermocouples 
installed at the center of the plate girder were 28ºC, 38ºC and 43ºC during INT, DMG1 and 
DMG2 experiments, respectively. 

The mechanical properties of the bridge were also examined through static-loading test. The 
loading was given by a large sized vehicle whose axle weight on front and rear axles were 
21.66kN and 54.88kN, respectively. In the loading test, the loading vehicle entered from Ab2 
side, and located the rear axle with 6750mm intervals. The loading test was operated two times 
for each scenario, and each of the displacement was also measured twice. Hereinafter, the 
averaged displacement is used in discussions. 

3 FE MODEL ANALYSIS 
To investigate the dynamic characteristics of the bridge, the eigenvalue analysis using the 

FE model of the bridge was conducted utilizing ABAQUS 6.14. The bridge model, shown in 
Figure 4, was built based on the documents of periodic inspection and information obtained 

 
Figure 2: Artificial damage location and each damage scenario. 
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Figure 1: Observation bridge and sensor deployment. 
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from the field experiment as the original design documents of this bridge are not available. The 
concrete deck, main girder, vertical stiffener and horizontal stiffeners were modelled with shell 
element, and cross frame and lateral bracing were modelled with beam element. According to 
the results obtained from the static loading test which will be mentioned in Section 4.1, the 
boundary conditions were given as follows: fixed boundary condition for the Ab1 abutment, 
and boundary condition with roller supports with elastic longitudinal springs for the Ab2 
abutment. As shown in Figure 3, the supports at Ab2 abutment are the cantilever-like steel pivot 
support which deforms elastically and act as if springs in the longitudinal direction, which is 
the reason why the longitudinal spring was introduced at the Ab2 in the FE model as seen in 
Figure 4. 

Specific gravities of steel and concrete were assumed as 7.85 and 2.40 respectively. Young's 
moduli of steel and reinforced concrete were assumed as 210 GPa and 22.02 GPa, respectively.  

 
Figure 4: Finite element model. 

 

 
Figure 3: Types of bearing at each support. 
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However, since the bridge model has some differences from the actual bridge due to 
deterioration and differences between design and construction and so on, the bridge model 
needs a model updating to calibrate structural parameters of the FE model. The cross entropy 
(CE) method was applied to update the bridge model so that the eigen frequencies of the FE 
analysis are fit to those monitored from the actual bridge [5]. The spring constant which 
idealizes the cantilever steel pivot bearing on Ab2 abutment was also calibrated by means of 
the model update. The artificial damage was modelled as pseudo cracks in the FE model to 
realize damage scenarios. This crack was created by removing the connection of elements. The 
eigenvalue analysis was conducted for each of the damage scenarios. It is noteworthy that, in 
the model calibration, using the experiment data of INT scenario as reference, the initial finite 
element model is tuned towards frequencies. 

The static longitudinal displacement at the supports is also investigated utilizing the updated 
FE model for each of the damage scenarios. For the FE analysis, the thermal expansion is evenly 
considered on each of the elements in the FE model for each damage scenario considering 
temperature in Table 1. The thermal conductivity of steel and reinforced concrete was assumed 

 

Ab1 side 

 
Ab2 side 

Figure 5: Horizontal displacement of bridge girder at each point. 
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as 45W/m ∙ K  and 1.6W/m ∙ K , respectively. Thermal expansion coefficient of steel and 
reinforced concrete was assumed as 1.0 × 10-./K.  

4 RESULTS AND DISCUSSION 

4.1 Static loading test 
To examine static responses of the bridge under vehicle loadings, longitudinal displacements 

from the static-loading test were examined. Figures 5a and 5b show longitudinal displacements 
measured at each of the upstream and downstream sides of the girder on Ab1 and Ab2 
abutments, respectively. The horizontal axis represents the loading position from the Ab2, and 
the vertical axis shows the relative displacements taken from the static deformation under the 
dead load. The displacements adopted in the curves are obtained from the displacement sensors 
installed nearby the lower flange of each girder at supports (see Figure 1). For each damage 
scenario, the vehicle loading tests were performed twice, and average displacements are shown 
in Figure 5.  

Figure 5a shows that the supports on Ab1 abutment allows little displacement, while 
Figure 5b shows that the supports on Ab2 abutment allows longitudinal displacements of the 
bridge girder. The downstream-side girder showed larger displacements than that of the 
upstream-side. Focusing on damage scenarios, the relative displacement due to the vehicular 
loading from the static deformation gets smaller when the damage propagates. This observation 
will be discussed again in Section 4.3 to clarify why the relative displacement gets smaller when 
the damage propagates. 

4.2 Identified modal properties 
The three bending modes and the two torsional modes were stably identified by means of 

SSI. Histograms of the identified frequencies for each of bridge conditions are shown in Figure 
6 with normal distribution fits, where the bin width was chosen as 0.01Hz. The histogram was 
created utilizing 30 samples of the identified frequencies. The statistical distributions show that 
frequencies for the 2nd and 3rd bending modes and the 2nd torsional mode tend to decrease as 
the damage becomes severe, i.e., in the order of INT, DMG1 and DMG2. This result indicates 
the decrease of bending stiffness of the plate girder due to the artificial damage. However, the 
frequencies of the 1st bending mode and the 1st torsional mode tend to increase as damage 
becomes severe. The reasons why the frequencies of these two modes were increased will also 
be discussed in Section 4.3. 

In addition, temperature change on the plate girder is taken into consideration. As shown in 
Table 1, temperature change was 10ºC from INT to DMG1 and 5 ºC from DMG1 to DMG2 

Table 2: Frequency (Hz) and MAC obtained from eigen value analysis (MAC value is in the parenthesis) 

 INT DMG1 DMG2 
1st bending mode 3.13 (-) 3.13 (1.000) 3.11 (0.990) 
1st torsional mode 5.03 (-) 4.97 (1.000) 4.65 (0.989) 
2nd bending mode 9.36 (-) 9.33 (1.000) 9.23 (0.985) 
2nd torsional mode 10.69 (-) 10.66 (0.998) 10.45 (0.917) 
3rd bending mode 22.06 (-) 22.00 (0.999) 21.82 (0.896) 
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during the field experiment, respectively. However, temperature change was not considered in 
the eigenvalue analysis in this study. 

4.3 Comparison between FE analysis and field experiment 
Frequencies and mode shapes from the eigenvalue analysis utilizing the calibrated FE model 

are compared to those identified from monitoring data. Frequencies obtained from the 
eigenvalue analysis with the pseudo cracks and values of modal assurance criterion (MAC) are 

 
Figure 6: Histograms of identified frequencies associated with bridge condition. 
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summarized in Table 2. The spring constant at Ab2 supports was also calibrated referring the 
frequencies identified in INT. The calibrated FE model of the bridge led to eigen-frequencies 
of 3.13Hz, 9.36Hz, 22.06Hz, 5.03Hz and 10.69Hz for the 1st, 2nd and 3rd bending modes and 
1st and 2nd torsional modes, respectively as shown in Table 2.  

MAC values between mode shapes from the eigenvalue analysis and those identified from 
experimental data were 0.96 for the 2nd torsional mode and more than 0.99 for the other modes. 
This result means that the mode shapes from the eigenvalue analysis and ones from the 
experiment were comparable with each other. The frequencies for all modes of the FE analysis 
decreased as the damage gets severe. The decrease of the 1st bending frequency was much less 
than the frequencies of the other modes. MAC values for these modes in Table 2 also decreased 
as the damage gets severe. Changes in the frequencies due to the damage obtained from the 
eigenvalue analysis showed similar tendency as ones from experiment data except the 1st 
bending and torsional modes.  

Considering the observation of smaller relative longitudinal displacement due to severer 
damage as seen in Figure 5b that, it can be said that elastic behavior of the pivot bearing 
becomes stiffer as the damage propagates. In other words, the spring at the support on Ab2 
becomes stiffer associate with damage condition. This means the damage might cause not only 
stiffness reduction on the bridge girder, but also increase stiffness of the spring at the support, 
so called stiffness hardening effect occurred. However, it should be noted that between damage 
experiments such as between INT and DMG1 scenarios and DMG1 and DMG2 scenarios 
temperature changes were observed. Therefore, both damage and temperature should be 
considered in the discussion for the stiffness hardening effect occurred at the pivot bearing on 
Ab2 abutment.  

To investigate the relationship between the boundary condition and the modal parameters, a 
sensitivity analysis is performed utilizing the FE model for INT scenario. Figure 7 shows the 
results of the sensitivity analysis, in which the horizontal axis represents the spring constant for 

 
Figure 7: Sensitivity analysis for spring constant at support. 
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the pivot bearing, and the vertical axis represents each of the modal frequencies. Observations 
from the sensitivity analysis demonstrated that the spring constant has stronger influences on 
the change in frequencies of the 1st bending and torsional modes than on the other frequencies. 
On the other hands, the other modes were strongly influenced by changes in the stiffness of the 
girder rather than increase of stiffness of the spring at the support. According to the above 
discussions, the 1st bending and torsional modes were strongly influenced by changes in the 
boundary condition, rather than changes in stiffness of the girder. 

4.4 Structural behavior in longitudinal direction 
In this section, longitudinal displacements at girder ends are examined.  

The relative longitudinal displacements between INT and DMG1 scenarios and DMG1 and 
DMG2 scenarios are shown in Figure 8 where “D” indicates displacement sensor shown in 
Figure 1.  

Observations from the upstream girder showed that the upper flange elongated due to DMG1 
in comparison with the longitudinal displacement under INT condition. Similar trends were 
observed between DMG1 and DMG2 conditions in the upstream girder. For the downstream 
girder, a similar trend with that of the upstream girder was observed between INT and DMG1 
conditions. However, under the DMG2, the lower flange of the downstream girder on Ab2 
abutment was largely elongated than that on the upper flange.  

In general, when a damage is propagated on a plate girder, dead load of the bridge increases 
the deflection of the girder as the stiffness of the girder decreases. Therefore, the upper flange 
of the girder is expected to compressed when a damage is propagated. Different behaviors were 
observed in the bridge. One reason might be elongation due to temperature change during the 
experiment which will be discussed in Section 4.5. For the elongation of the lower flange of the 
downstream girder on Ab2 abutment under the DMG2, it might be caused by torsional behavior 
of the bridge under the severe damage DMG2. 
 

 
Figure 8: Changes in longitudinal behavior of plate girder bridge associate with damage scenarios. 
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4.5 Thermal expansion 
As discussed in Section 4.4, those structural behaviors of the bridge in the longitudinal 

direction under propagation of damage might be caused by thermal expansion due to the 
temperature change. There were non-negligible temperature changes between INT scenario and 
DMG1 scenario as well as between DMG1 scenario and DMG2 scenario as summarized in 
Table 1. According to the long-term monitoring for this bridge, displacement obtained from D2 
sensor showed about 2.5mm changes in the longitudinal direction by changing 5ºC as shown in 
Figure 9. The red line in Figure 9 indicates the linear regression line between temperature 
change and longitudinal displacement.  

In order to investigate the thermal expansion of the bridge, an FE analysis is conducted. In 
this analysis, temperature changes were 10ºC from INT to DMG1 and 5ºC from DMG1 to 
DMG2, and artificial damage for each damage scenario was also considered. The deflection of 
the bridge from the FE analysis is shown in Figure 10, which shows deflection in upward 
direction as observed from the field experiment. It is noted that the analytical deflection shapes 
under the different temperature changes and damage scenarios showed same configuration as 
seen in Figure 10. This result demonstrated that the thermal expansion affects the structural 
behavior of the bridge. In addition, the shape after thermal expansion is similar to the end girder 
shape in Figure 8a, so thermal expansion due to temperature change has more effect on the 
structural behavior at supports than the artificial damage during DMG1 experiment. However, 
compared with the end girder shape in Figure 8b, the shape in Figure 10 is so different from the 
shape in Figure 8b. When it comes to the severe damage such as DMG2, the girder should be 
much more affected by artificial damage rather than by thermal expansion. Thus, the girder can 
twist as shown in Figure 8b. On the other hand, such behavior cannot be observed in the FE 
analysis when DMG2 is propagated. One possible reason for the failure of simulating the 
structural behavior under DMG2 is that the FE model is not able to simulate different structural 

 
Figure 9: Correlation between temperature and displacement obtained from D2 sensor. 
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behaviors of the upstream and downstream girders observed in the experiment. 

5   CONCLUSIONS 
This study investigated feasibility of damage detection of an actual steel plate girder bridge 

utilizing identified modal parameters from vehicle induced vibrations of the bridge. Especially, 
the frequency was considered as damage sensitive features of the bridge.  In addition, the cause 
of the frequency changes is considered using results of the static-loading test. 

Frequencies identified from the experimental data were changed due to the artificial damage. 
Frequencies of the 2nd and 3rd bending modes and 2nd torsional mode decreased as the damage 
gets severe. However, the frequency of the 1st bending and torsional modes increased due to 
damage.  

The FE model is constructed using the results of the static-loading test and the model 
updating based on the observed frequencies. The eigenvalue analysis utilizing the FE model 
showed that frequencies for three bending and two torsional modes decreased due to the 
artificial damage. Tendency of changes in the frequency due to the artificial damage obtained 
from the eigenvalue analysis were similar to ones from experiment data except the 1st bending 
and torsional modes.  

Observations from this study showed that the 1st bending and torsional modes were strongly 
influenced by stiffness hardening effect in the cantilevered pivot bearing rather than changes in 
stiffness of the girder. On the other hand, the other modes were strongly influenced by changes 
in the stiffness of the girder rather than influence of stiffness hardening effect in the cantilevered 
pivot bearing. 

To investigate the stiffness hardening effect in the cantilevered pivot bearing due to damage, 
FE analysis adopting spring element as the cantilever pivot bearing and considering thermal 
expansion was conducted. Comparison of the deflection configurations from FE analysis with 

 
Figure 10: Change in structural behavior due to thermal expansion and artificial damage. 
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those from the experiment showed that one of the main reasons of the stiffness hardening effect 
in the cantilevered pivot bearing is thermal expansion due to temperature changes between 
damage experiments. However, it was unsuccessful to simulate the static behavior under the 
most severe damage scenario (DMG2) that might be caused by torsional behavior.  

The next step for this study is to clarify the static behavior under the most severe damage 
scenario (DMG2). 
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Abstract. This paper describes the work developed by CONSTRUCT – ViBest research group 
in the area of new solutions of instrumentation of Civil Structures aiming its long term dynamic 
monitoring. It identifies the main challenges in this area, and focus the discussion around power 
options and data transmission solutions. The architecture of the developed measurement 
systems is described, and a few practical examples of monitoring of bridges is presented. 

  
1 INTRODUCTION 

The continuous dynamic monitoring of structures is an area that has lately assumed great 
importance in Civil Engineering.  The main reason is related to the subject of Operational Modal 
Analysis (OMA), which aims to identify the modal parameters of a structure in operating 
conditions (particularly with regard to natural frequencies, damping ratios and mode shapes) 
taking into account the measured ambient vibrations at critical points.  

In these cases, the measurement of vibrations is performed without disturbing the normal 
functioning of the structures, which may be implemented in buildings, bridges (railway, 
roadway, highway), dams and offshore structures. Given the importance of this subject, the 
Laboratory of Vibrations and Structural Monitoring FEUP (ViBest) has carried out consistent 
work in this area, both in the development of numerical tools for identifying modal parameters 
and in the continuous measurement of vibrations in actual structures (see www.fe.up.pt/vibest).  

Parallel to this area, ViBest has also developed and implemented vibration measurement 
techniques that enable to solve specific problems of current systems and to evolve toward a new 
generation of measurement systems. In particular, the difficulties that are to be overcome 
include: a) excessive cost of traditional measurement systems; b) excessive dependence on 
external power supply; c) frequent failures in data acquisition attributed to heavy operating 
systems; d) difficulty in being physically integrated into structures, taking up too much space 
and being barely manageable, and; e) when using cables, the number of sensors is limited due 
to the exponential complexity of the acquisition system.  



190

C. Moutinho and A. Cunha. 

 2

In contrast, data acquisition systems based microcontrollers and MEM sensors offers the 
following advantages: a) cost attractive; b) enable wireless solutions; c) autonomous and small 
size (easily integrated into structures); d) possibility of installation of high number of sensors; 
e) low power consumption (can run on batteries or solar panels); f) simplicity of functioning 
and robustness; g) low maintenance, and; h) may be easily customized.  

In this context, this paper intends to divulge the instrumentation solutions that have been 
used by CONSTRUCT - ViBest in the continuous dynamic monitoring of some structures using 
this technology. The architecture of the developed sensors is described, as well as the power 
solutions used to guarantee long periods of measurement. In order to illustrate the efficacy of 
these solutions, a few practical examples of monitoring of bridges is presented. 

2 CONTEXT OF THE RESEARCH 

The interest of the research in the area of measurement systems emerged from the 
technological evolution of the last decades in the topic of sensors and data acquisition systems 
based on microcontrollers. This was encouraged by the easy access to this technology and by 
the easy access to information available in the internet. In fact, the quantity of tutorials and 
blogs around this topic is immense. 

At same time, researchers who work in actual structures with data acquisition systems, often 
face many challenges and problems. The lack of robustness of some traditional instrumentation 
solutions is one of these difficulties. The failure of these systems when working for long periods 
is not the only cause of that lack of robustness. Sometimes there also external causes like power 
failures and adverse weather conditions, beyond to other causes of diverse origin. Some data 
acquisitions systems are also too complex, involving too many cables and connections. The 
high cost of measurement systems is another factor that hinders the widespread use of these 
systems in common Civil Structures. 

In this context, the objective of the research in this area is to develop instrumentation that 
meets the following characteristics: i) wireless and compact size, for easy integration and 
installation in structures; b) robust, allowing the functioning of the system for long periods with 
no crashes; c) long autonomy; d) flexible, by allowing a variety of different sensors in several 
mounting schemes; e) accurate, and; f) cost attractive. 

The role of these systems is not certainly to substitute the traditional systems. However, there 
are many applications where these instruments have the same effectiveness as the traditional 
ones, with additional advantages. In fact, they can simplify the process of installation and 
operation; they can be custom-made, including the use of 3D printing; maintenance and 
replacement is facilitated, and; more interesting, their attractive cost may allow the 
generalization of dynamic monitoring systems in Civil Structures. 

Nevertheless, the implementation of these new data acquisition systems also raises some 
challenges. Particularly with regard to the following issues: a) power supply; b) data 
transmission; c) reduced energy consumption; d) miniaturization of the systems, and; e) 
reliability. In this paper, special attention is given to the issue of power supply and data 
transmission solutions.   

Probably the main question about these new systems, most of them base on distributed sensor 
networks, is how to power them. If they need external electrical energy materialized by a cable, 
then the wireless functionality do not make any sense. In this case, the power and data 
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transmission are provided by the physical connection. If they are fully wireless, they need to 
have a power supply. Its worth to mention that sleep modes in dynamic monitoring are not 
useful, since the frequency rates are usually high. In addition, many energy-harvesting solutions 
do not provide enough power for continuous measurement systems.  

In parallel to this issue, it is necessary to consider how and how often data is transmitted. It 
is generally accepted that Civil Engineering structures do not need continuous online 
observation, with the exception of special cases. Therefore, the continuous data transmission 
maybe is not useful in the most applications. This will save a lot of energy and will increase 
autonomy and the robustness of the system. So, it is suggested that data may be accessed by 
several ways. Probably the most interesting is to access data physically by visiting the structure 
periodically, say, every 3 or 4 months. This visit is generally needed for inspection of the 
condition of the whole monitoring system. Data also may be transmitted wirelessly, but in this 
case it should be selected a limited period of the day to do that. In this case, the wireless 
connection is stablished, the data is transmitted, and in the end the wireless is disconnected. 
This means that the transmission only work for a few minutes each day, saving a lot of power. 
Another possibility is saving data locally and program the system to send a daily message with 
some reference parameters in order to check if the acquisition system is functioning properly.      

                    

3 DEVELOPED INSTRUMENTATION 

In the context of what was said in the previous section, during last years the CONSTRUCT 
– ViBest research group at FEUP, developed some instrumentation for dynamic monitoring of 
structures. There are basically two kinds of sensors: those that are powered by batteries, and 
those that are powered by solar energy.  

The earliest developments were based on portable battery-powered devices. In figure 1a) is 
shown the system here designated by “Portable 1” which was used for the first measurements 
in 2014, in particular to measure the “lock-in” effect in Luiz I bridge over Douro River in Porto.    
This device is a little bigger than the size of a credit card, being possible to adapt it to metal 
structures by powerful magnets. It incorporates a unidirectional MEM accelerometer, 
antialiasing filters, a 16-BIT ADC and a micro-sd card for saving data. All this hardware is 
controlled by a 5-V microcontroller powered by one 9-V battery which ensures run time of 
about 6 hours. 

In order to improve system autonomy, another compact system, designated by “Portable 2” 
was used to measure simultaneously vertical and horizontal vibrations at same section (see 
Figure 1b). This device, a little smaller than the previous one, also comes with magnets. This 
model comprises a tri-axis MEM accelerometer, antialiasing filters, independent 16-BIT ADCs 
and a micro-sd card to save data. Here, the microcontroller is 3.3 V logic level and works with 
3 AA batteries allowing the system to work continuously for close to a month. This model is 
clearly geared to higher periods of measurements. 

More recently, these battery-powered devices evolved to a more reduced energy 
consumption system (“Portable 3”), incorporating a much better tri-axial MEM accelerometer. 
It uses 3D printing to optimize the shape and space occupied by the device. Figure 2a) represents 
a very compact model endowed with magnets for fixation to structures, which has an autonomy 
of 15 days using a battery of 2500 milliamps. The autonomy of these systems may be increased 
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by adding more batteries. For instance, Figure 2b) represents a model with an autonomy of 6 
months using 9 batteries of 3400 milliamps of capacity.      

Aiming long periods of data acquisition for enabling the long-term dynamic monitoring of 
structures, two solar-powered solutions were developed and implemented. The first one (“Solar 
1”), was installed in two structures in 2014. It comprises a 10-W 40×28-cm  solar  panel  which  
 

a)           b)  

Figure 1: Battery-powered devices: a) “Portable 1” ; b) “Portable 2” measurement system 

a)           b)  

Figure 2: Battery-powered “Portable 3” devices: a) 15 days autonomy ; b) 6 months autonomy 

a)           b)  

Figure 3: Solar-powered devices: a) “Solar 1” ; b) “Solar 2” 
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is also used to cover and protect the system against weather conditions (See Figure 3a). The 
solar controller manages the power to the 5-V acquisition system and, during the daytime, 
charges 3 × 12-V batteries to maintain the system working during the night and on cloudy days. 
The data is acquired by a system integrating a tri-axis MEM accelerometer and is processed 
using the pieces of hardware described in the other previous devices. 

However, “Solar 1” has some issues that needed to be improved upon: i) external dimensions 
are relatively high, which hinders its integration in the structure; ii) it is inefficient in terms of 
power consumption because it is based on a 5-V logic level and is powered by 12-V batteries, 
and: iii) there is no way to check if the system is working properly without being physically 
accessed. For these reasons, a new version of a solar powered device was developed (“solar 
2”). This one is significantly smaller than the previous one (11×14 cm plan view) and the panel 
has a power of 2W that feeds a 3.3-V system (Figure 3b). The solar controller allows charging 
a lithium-polymer battery that can run for as much as one week on a single charge. This device 
consists of a digital tri-axis MEM accelerometer integrating programmable antialiasing filters 
and programmable ADC frequency rates, and a micro-sd card to save data. In order to monitor 
the functioning of the acquisition system, this particular model periodically sends a report to an 
RF serial receiver including the following information: i) device ID; ii) current date and time; 
iii) current file name; iv) total number of files; v) temperature inside the box, and; vi) battery 
voltage. This information may be collected locally, for instance, using a smartphone, and allows 
checking if the system is working properly. Access to the data is only available using a physical 
connection. 

 

4 EXAMPLES OF MONITORING OF BRIDGES 

The first two significant implementations of the developed instrumentation in actual 
structures are based on solar-powered systems, aiming the long term monitoring of vibrations. 
One of these structures is a pedestrian bridge located in Porto (Figure 4). It comprises two spans 
of 30m each, simply supported at the ends with hinges and at mid-length by means of a concrete 
column. The deck is 3.5 m wide and has an inclination of 6% starting with a lower elevation at 
the green park and ending in the Transparent Building at a higher level. The cross-section is 
composed of two lateral steel girders type IPE600, 600 mm high, connected by a secondary 
steel structure which, in turn, gives support to a wood floor.  

 
Figure 4: General view of the footbridge 
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Given the “lively” behavior of the structure when subjected to pedestrian loads, it was 
decided to install a dynamic monitoring system in order to characterize the levels of vibration 
experienced by this structure during long periods of time [1]. One sensor was adopted and 
positioned at the mid-span close to the green park at the south-west side. This way, it was 
possible to install a solar-powered acquisition system similar to “Solar1” described before, by 
means of a solar panel installed on the outside of the lateral girder (see Figure 5a). The other 
pieces of hardware are inside a box, which may be accessed using the bridge itself (see Figure 
5b). The system produces data files lasting 10 minutes, which results in 144 files or 16.1 MB 
per day of information, considering a sampling frequency of 40 Hz. 

In order to evaluate the autonomy of the solution, Figure 6 shows the periods where valid 
data exist or do not exist. The horizontal axis represents the total period of 178 days from 5th 
October 2014 to 31st March 2015, and the vertical axis represents one day divided into 144 
intervals of 10 minutes. The failures (dark spots) occurred exclusively due to power issues, 
especially during the night or on dark days. No problems were detected in the acquisition system 
itself. This shows that the system worked 90.5% of the time, corresponding to a very good 
performance of hardware solution, specially taking into account that the acquisition included 
the winter period.   
 

a)           b)  

Figure 5: Data acquisition system: a) Solar panel; b) Box with microcontroller, battery and solar controller 

 
Figure 6: Failures on the signal acquisition detected for 6 months 
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The data collected by this system allowed characterizing the levels of vibration of the 
footbridge over time. For instance, Figure 7 shows a map of the amplitude of vibrations during 
6 months. It can be seen that the maximum vibration levels induced be pedestrians often reach 
values between 0.5 and 1.5 m/s2 approximately, which highlights the “lively” behavior of the 
structure. In more specific cases, the structure may experience vibration levels higher than 2.5 
m/s2 attributed to intentional resonant loads, inducing intolerable vibrations from the human 
comfort point of view.  

For that reason, it was decided to install two Tuned Mass Dampers (TMDs) to control 
vibrations of the first vibration mode of the footbridge. The solar-powered system was then 
updated to include the measurement of four accelerometers and two displacement sensors. Two 
accelerometers measures the vibration of the footbridge at each side of the deck, and the other 
two measures the acceleration of the TMD masses. The displacement sensors measures the 
relative motion between the structure and the TMD masses. By using this instrumentation, it 
was possible to evaluate the efficiency of the control devices in reducing the vibrations of the 
structure. Figure 8 represents the maximum vibration levels of the deck before and after the 
installation of TMDs, where is clear that TMDs reduced significantly the vibrations associated 
with the first vibration mode of the structure.       

 
Figure 7: Maximum vibration levels during 6 months 

a)  b)  
Figure 8: Maximum vibration levels of the footbridge: a) before TMDs; b) after TMDs  
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The second example of the implementation of solar-powered systems is related to the work 
developed at Luiz I bridge (Figure 9), which is extensively described in reference [2]. This 
structure is frequently subjected to extreme events, including crowds of pedestrians walking 
along the lower and upper deck, as well as pedestrians in athletic races. In the first case, 
vibrations are lateral and are triggered by a phenomenon known as “lock-in”, characterized by 
a situation in which a pedestrian crowd, with frequencies randomly distributed around an 
average value and with random phase shifts, will gradually coordinate at a common frequency 
(that of the bridge) and enter in phase with the structure motion [3]. In the case of athletic races, 
the vibrations are essentially vertical, and occur due resonance phenomena between the 
frequency of the vertical loads directly applied by pedestrians to the pavement and the 
structure’s natural frequencies. 

Because of the unusual levels of vibrations occurred in those situations, there was great 
interest in installing a dynamic monitoring system in order to quantify those phenomena. 
Although battery-powered systems have been installed in certain periods, like “Portable 2” 
devices, this structure has been monitored mainly using solar-powered systems. In particular, 
“Solar 1” system was used from December 2014 to May 2018, having two “Solar 2” devices 
measured the vibrations since June 2018.  

As an example, figure 10a) shows a time signal of lateral accelerations recorded at mid-span 
of the lower deck by “Solar 1” system during the feast of St. John 2015. The maximum vibration 
level reached 0.89m/s2, which is which is substantially greater than the recommended maximum 
value of 0.10m/s2. Regarding vertical direction, Figure 10b) shows the measurements made by 
a “Solar 2” system installed at the lower deck of the bridge. In this case, vibrations reached a 
maximum value of 3.54 m/s2, which is clearly excessive regarding human comfort.       
 

 
Figure 9: General view of Luiz I bridge 

a) b)  

Figure 10: Examples of measurements during extreme events: a) Lateral direction; b) Vertical direction 
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The use of battery-powered devices in the long term monitoring of structures is relatively 
more recent.  This is because the development of the solution of type “Portable 3” was only 
finished in 2017. Figure 11a) shows the Arrabida Bridge over Douro River in Porto. It is an 
arch concrete structure located just down the Luiz I bridge. Since December 2017, two 
“Portable 3” devices (Figure 11b)) are acquiring dynamic data at Sections S1 and S2 marked in 
Figure 12. These devices are programed to acquire data in lateral and vertical directions at 60 
Hz frequency rate. The batteries allows a continuous functioning for 2 months, which is a period 
that is adequate to check regularly the condition of the system. 

This bridge was studied in past in the context of a rehabilitation that took place in 2003 [4], 
and since then no dynamic studies were developed. The implementation of this monitoring 
system is useful to collect data that allow the long term behavior of the structure, as well as to 
identify modal parameters after the mentioned rehabilitation.  

For instance, in Figure 13 the waterfall diagram containing the spectra calculated during one 
month at section S2 in vertical direction is represented. The natural frequencies can be clearly 
identified, and the daily variation of some of them, probably due to temperature effects, may be 
observed.  The variation of the traffic intensity may also be noted, which is dependent on the 
day of the week and the night or day period.   

       
 

     
Figure 11: Arrabida Bridge: a) General view; b) Sensor at one measurement section 

 

 
Figure 12: Location of measurement sections over the deck 
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Another interesting application is the case of the dynamic monitoring of the Ferradosa 
Railway bridge (Figure 14). Located in Douro, in the north of Portugal, this structure was also 
submitted to a recent rehabilitation of its concrete piers. The data collected by two “Portable 3” 
measurement systems located at points 6 and 14 (see Figure 15), will allow understanding how 
the dynamics of the bridge changed since the previous measurement campaign occurred in 2016 
[5].      

 
Figure 13: Waterfall diagram during May 2018 – section S2 vertical direction  

 
Figure 14: Ferradosa railway bridge  

 
Figure 15: Location of measurement points  
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5 CONCLUSIONS 

This paper describes the work developed at CONSTRUCT – ViBest research group located 
in FEUP, on the topic of a new generation of dynamic monitoring systems applied to Civil 
Structures. It was pointed out that some traditional systems have some drawbacks, particularly 
related to the lack of robustness, complexity, and high cost. In the other hand, simpler systems 
based on microcontrollers may substitute that classical systems in certain applications, offering 
some advantages like the ease of installation and operation, less maintenance and attractive 
cost. 

In this context, this document presents several generations of measurement devices based on 
battery-powered solutions and solar-powered solutions. In any case, the concern in minimizing 
the power consumption of the systems is always present, aiming longer autonomies. Therefore, 
the data transmission process needs to be adequate, depending on the objectives of the 
monitoring.  

Some examples demonstrates the utility and the feasibility of using such systems in actual 
structures. In many practical situations, the results obtained with these systems can be 
comparable to those obtained with traditional systems. 
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Abstract. In the last few decades, strong research efforts have been devoted to the continuous 
structural condition assessment for the civil engineering infrastructure. Structural Health 
Monitoring (SHM) traditionally refers to the process of implementing monitoring systems to 
measure structural responses in real-time and to identify anomalies and/or damage at early 
stages. 
Within the field of strengthening of reinforced concrete (RC) structures with fiber reinforced 
polymer (FRP) composite materials, some previous studies have been devoted to the 
identification of damage at their earliest stages on externally bonded (EB) FRP reinforcement. 
However, until now, to the knowledge of the authors, no previous SHM work was focused on 
the near surface mounted (NSM) technique using FRP. In the NSM-FRP methodology, the FRP 
reinforcement is installed into slits cut into the concrete cover using cement mortar or epoxy as 
bonding materials. Its use has several advantages over the EB FRP technique such as protection, 
improved bond, better aesthetics and surface preparation; because of it, it has become an 
attractive method as an effective alternative for strengthening RC structures.  
In this work, some relevant cluster-based methods and their adaptation to electromechanical 
impedance (EMI) based damage detection in NSM FRP strengthened structures SHM are 
developed. 

 
 
1 INTRODUCTION 

Over the last years, extensive research has been conducted on the strengthening of reinforced 
concrete (RC) structures using externally bonded fiber-reinforced polymer (FRP) laminates; the 
technology has also been implemented in a large number of practical projects world-wide and 
different structural health monitoring (SHM) approaches to identify prematurely the more 
critical brittle failure modes have also been proposed [1, 2]. More recently, near-surface 
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mounted (NSM) FRP reinforcement has attracted an increasing amount of research as well as 
practical applications [3]. In the NSM method, grooves are first cut into the concrete cover of 
an RC element and the FRP reinforcement is bonded therein with an appropriate groove filler 
(typically epoxy paste or cement grout). NSM FRP reinforcement has a number of advantages 
over externally bonded FRP reinforcement, such as more reduced risk of debonding and damage 
due to accidental impact and vandalism. However, although debonding failures are less likely 
a problem with NSM FRP compared with externally bonded FRP, they may still significantly 
limit the efficiency of this technology and, therefore, the implementation of SHM techniques 
able to detect bar-concrete interfacial debonding at their earliest stages results crucial to avoid 
catastrophic failures. 

SHM based on the electromechanical impedance (EMI) provided by piezoelectric ceramic 
(PZT) sensor-actuators has been used in numerous applications to detect damage [4-7]. The 
electrical impedance of the PZT can be directly related to the mechanical impedance of the host 
structural component where the PZT transducers are attached. Since the structural mechanical 
impedance will be affected by the presence of structural damage, comparisons of admittance 
(inverse of impedance) spectra at various times during the service period of the structure can 
be used as damage indicator. Any change in the spectra might be an indication of a change in 
the structural integrity. This technique appears to be very interesting for our application since 
the electrical impedance is measured at high frequencies which means high sensitivity to minor 
damage as desired for our purpose. Additionally, due to their size and lightness PZT sensors 
are non-intrusively attached and do not affect the performance of the structure.  
Therefore, impedance signatures changes captured with PZTs might be used for debonding 
identification in NSM FRP reinforcement. The use of different statistical metrics, such as the 
root mean square deviation (RMSD), might be applied to characterize damage from changes of 
the impedance signatures. However, the use of a single type of metric for EMI based 
identification has some limitations regarding damage location and severity. Clustering is an 
interesting technique within the domain of unsupervised learning which can become very useful 
for anomaly detection. By using a clustering approach, data points that are similar tend to be 
grouped in different subsets in such a way that the normal condition of a structure is 
characterized as clusters and the damage detection strategy is based on an outlier detection 
approach. Hierarchical clustering analysis has been explored in this work as a tool for 
debonding detection in RC beams with NSM FRP using the EMI technique. 

2 IMPEDANCE-BASED STRUCTURAL HEALTH MONITORING 
PZT patches are used as high-frequency actuator/sensors in SHM. Electrical signals from the 

sensor attached to structure are measured using the coupling effect between the electrical and 
mechanical impedance of system. Any change in the stiffness of the structure such as damage, 
material properties, modifies mechanical impedance of structure and consequently affects the 
electrical impedance of sensor. Therefore, by monitoring the variation of the electrical 
impedance of the PZT patch, information about the damage of the structure can be obtained. 

The impedance signature (or admittance Y) at each sensor is obtained using the one-
dimensional analytical model proposed by Liang et al. [8] as follows 

  2
33 31 11

( )
( )= ( )

( ) ( )
T EsPZT PZT

PZT s a

Zb lY j d Y
e Z Z


  

 



 (1) 



202

First A. Author, Second B. Author and Third C. Coauthor. 

 3 

where  is the frequency, d31 is the piezoelectric strain constant between the z and x directions 
at zero stress, 11 11 (1 )E EY Y i   is the complex Young’s modulus of the PZT in the 1-1 (x) 
direction,   denotes the mechanical loss factor 33 33(1 )T T j     is the complex electric 
permittivity of the PZT at constant stress, δ is the dielectric loss factor, j is the imaginary unit 
and bPZT, lPZT and ePZT are the length, the width and the thickness of the PZT sensor, respectively. 
Furthermore, Za() and Zs() represent the mechanical impedances of the PZT and the host 
structure. The first one depends mainly on the PZT properties. Besides, the mechanical 
impedance of the structure is computed as follows [6] 

  
2
31 ( )

( )=-
( )

p PZT
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where the axial displacement, ( )su  , of the structure in frequency domain is obtained 
numerically. 

Such as observed in Eq.(2), mechanical impedance of a structure is related to the mode 
functions and natural frequencies of the structure. 

Eq.(1) corresponds to a 1D model of PZT and cannot be applied or generalized for all cases. 
Therefore, we will restrict our study to simplified 1D models. 

Conventionally, SHM based on EMI assesses the integrity of a mechanical structure by 
observing some of the changes in the electromechanical impedance of the PZT between two 
different stages. For it, a scalar metric such as the root mean square deviation (RMSD) is used 

  𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅(%) = √∑ [Re(𝑍𝑍0(𝜔𝜔𝑖𝑖))−Re(𝑍𝑍1(𝜔𝜔𝑖𝑖))]
2𝑛𝑛

𝑖𝑖=1
∑ Re(𝑍𝑍0(𝜔𝜔𝑖𝑖))

2𝑛𝑛
𝑖𝑖=1

· 100 (3) 

where 𝑍𝑍0(𝜔𝜔𝑖𝑖) is the impedance of the PZT measured at the healthy condition of the structure 
and 𝑍𝑍1(𝜔𝜔𝑖𝑖) is the corresponding value at a subsequent stage, which might agree with a post-
damage stage, at the ith frequency point; n is the number of frequency points. From Eq.(3), the 
larger the difference between the baseline reading and the subsequent reading, the greater the 
value of the RMSD index denoting changes of structural dynamic properties which can be due 
to damage. 

3 CLUSTERING ANALYSIS 
Different alternatives exist to perform the clustering. In this work, we will use a hierarchical 

clustering. By using a hierarchical clustering approach, each one of the different observations 
is initially treated as a single cluster. Subsequently, using an iterative procedure nearby 
observations are merged into a new bigger cluster; then, successively, new nearby points are 
added to the nearest group and so on. In this sense, the algorithm uses a bottom-up or 
agglomerative strategy. The goal of this strategy is to generates a hierarchy of clusters organized 
into different levels of membership [9] by using the average-linkage method [10]. The steps to 
follow with this algorithm are: 

 
i. Find the similarity or dissimilarity between every pair of objects in the data set. This 
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is done by computing the distance between objects. 
ii. Group the objects into a binary, hierarchical cluster tree using their distance as 

criterion. The clusters generated previously are then linked again by pairs under the 
same criterion, forming a new hierarchical tree. The procedure is continuously repeated 
until all the dependencies are established. 

iii. Cut the hierarchical tree into clusters. A threshold is assigned to each branch of the 
tree, so that all the objects below that threshold are grouped into the same cluster, which 
creates a partition of the data. 

 
In the first step, there are several ways to calculate the distances between every pair of 

objects. In this work, the Euclidean distance has been used 
  𝑑𝑑𝑠𝑠𝑠𝑠

2 = (�̃�𝑥𝑠𝑠 − �̃�𝑥𝑠𝑠)(�̃�𝑥𝑠𝑠 − �̃�𝑥𝑠𝑠)′ (4) 

where �̃�𝑥𝑠𝑠 and �̃�𝑥𝑠𝑠 are vectors containing different data sets. 

4 APPLICATION 

4.1 Description of the experimental test 
An experimental study was carried out on one NSM-FRP RC specimen. In the test 

programme performed, the strengthened beam was subjected to a series of four-point increasing 
static load tests with the purpose of gradually introduce deterioration into the specimen (Figure 
1). The material properties were assigned as follows: (a) for concrete, the elastic moduli and 
the compressive strength were taken to be E = 26 GPa and 𝑓𝑓𝑐𝑐 = 30 MPa; (b) for steel 
reinforcement, the elastic moduli and elastic limit were taken to be E = 210 GPa and 𝑓𝑓𝑦𝑦 =
510 MPa; (c) for the reinforcement, one CFRP bar with E = 170 GPa and tensile strength of 
2500 MPa was inserted into the concrete cover. 

Impedance measurements were captured from an array of eight PZT transducers once the 
beam has been unloaded after each static test and before loading it again. Two different 
transducers’ types and technologies of integration into the test specimens were applied. Two P-
876.A12 DuraAct Patch transducers of dimensions 61 mm x 35 mm x 0.5 mm and six P-
876.SP1 transducers of dimensions 16 mm x 13 mm x 0.5 mm, both made by Piceramic, were 
used [11]. P-876.A12 transducers (PZT1 and PZT2) were bonded directly to the external face 
of concrete beam (Figure 2). Additionally, from the six smaller tranducers, two were attached 
to the concrete surface (PZT3 and PZT4) while the other four were embedded into the structure 
by bonding them directly on the FRP bars/laminates (PZT6 to PZT9).  

Impedance tests were performed by sweeping a wide frequency band of 10–100 kHz. From 
the healthy initial stage (D0), five different loading stages were considered (D1 to D5). Before 
measuring the impedances, the beam was previously unloaded after each loading stage. 

4.2 Results 
Figure 3 shows the hierarchical trees obtained with the hierarchical clustering analysis for 

the eight sensors. From this figure, it is clear that, considering their performance during the 
analysis, five groups of sensors might be defined, PZT1+PZT2, PZT3+PZT4, PZT6+PZT9, 
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PZT7 and PZT8. The first group, PZT1+PZT2, corresponds to the bigger sensors which are 
located more distant to the loading points. The variability of these two sensors according to the 
different damage stages is due to the appearance and growth of the external cracks in the 
concrete surface. For the second group, PZT3+PZT4, damages D3 and D4 are linked together 
and clearly distinguished from the remaining damage stages. which means they are identified 
with a similar severity. It is due the growth of a long crack near to these two sensors in the last 
two loading stages. For sensors 6 and 9, D5 is distinguished from the previous stages and the 
remaining damages in this region; additionally, D0 and D1 stages are clustered together and 
independently of D2, D3 and D4. Big cracks were identified in D5 very close to these sensors. 
Close to sensor 7, from the second load step, some cracks concentrate and grow progressively 
with the subsequent load steps. Failure was originated from this area. The area surrounding 
sensor 8 is, in general, little damaged. 
 

 
 

Figure 1: Experimental set-up 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2: PZT sensor location for the strengthened beam 
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. 

 
Figure 3: Hierarchical trees 

 

5 CONCLUSIONS 
A clustering approach has been proposed to detect brittle debonding in NSM FRP-

strengthened RC beams. The approach extracted information from the electromechanical 
impedance spectrum measured with PZT sensors distributed in different locations of the 
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inspected beam. The measured information from the entire frequency range is used as the input 
to a clustering algorithm in order to identify subtle differences between the normal signals and 
distorted ones. These differences can be associated to abnormal behaviours derived of the 
appearance of minor damage or debonding. With this method, the evolution of the damage in a 
complex structure as that used in this work can be tracked in a fast and visual way. 
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Abstract. Accurate detection and characterization of flaws are very important in the assessment of
structural integrity of critical structures in aerospace and nuclear industry. In this paper, an effective
ultrasonic imaging technique based on least-squares reverse time migration (LSRTM) is developed for
imaging flaws. Reverse time migration (RTM) is a powerful wave-equation-based approach and it has
the ability to account for rapid spatial velocity variations and to utilize all wavefront information. It
is based on cross-correlating the forward wavefield with the back-propagated wavefield scattered from
flaws. To achieve images with better quality, the solution can be obtained by iteratively finding an
image generating the modeled data which can best match the measured data in a least-squares sense,
i.e. least-squares migration (LSM). Combining RTM and LSM, the LSRTM algorithm is applied to the
measured data from the virtual experiment and the physical laboratory experiment, and the results show
high-quality reconstructed images for flaw identification.

1 INTRODUCTION

Reliable inspection of flaws is very important in the assessment of structural integrity of critical parts
in aerospace and nuclear industry. The type, size and shape of the flaw can assist with the prediction
of the remaining life of the parts. A lot of ultrasonic non-destructive evaluation techniques have been
shown to be useful for characterising flaws [1].

There are different ultrasonic sizing techniques, e.g. amplitude, temporal, inversion and imaging,
which have been reviewed in detail in [2]. In this paper, only imaging methods are presented. Ultrasonic
imaging is usually based on ultrasonic arrays, which can be operated by using physical beam forming
or full matrix capture (FMC), where the data obtained from all source-receiver pairs is captured [3].
With the FMC data, beam forming or focusing can be used in post-processing [4]. For example, the
popular post-processing methods can be used to size an embedded flaw with a regular shape by mea-
suring the distance between two tips in a focused image [5], or specular reflections from the surface of
the surface-breaking flaw [6]. However, characterizing irregularly shaped flaw remains challenging as
singly-scattered, refraction and diffraction waves from the flaw have to be considered.

1
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In this paper, the least-squares reverse time migration (LSRTM) proposed in geophysics [7] is intro-
duced in ultrasonic imaging to size the flaw with irregular shapes. Reverse time migration (RTM) tech-
nique is based on a two-way wave equation, which forward extrapolates the wavefield from the source
and backward extrapolates the scattered wavefield from the receiver. Extrapolating the time-reversed
scattered wavefields by using the finite difference method focuses the wave energy toward damaged re-
gions. With the cross-correlation imaging condition [8], the flaw image can be formed via extrapolation.
To reduce the artifacts and improve the quality of the image, least-squares migration (LSM) is proposed
to match the amplitudes of the modeled data with the measured data via an iterative inversion scheme
[9]. Compared with conventional methods based on the signal diffracted from the flaw tip, the LSRTM
algorithm uses the full wavefield with correct amplitude and phase information, and thus it is capable to
characterize irregular-shaped flaws.

This paper is organized as follows. The theory of the LSRTM algorithm based on the acoustic approx-
imation is described in Section 2. Finite element modeling and experimental procedures are presented in
Section 3. In Section 4, the LSRTM algorithm is applied to the measured data from a virtual experiment
as well as a physical laboratory experiment. Conclusions are summarized in Section 5.

2 LEAST-SQUARES REVERSE TIME MIGRATION

The process of reverse-time migration (RTM) contains three steps: (1) the forward wavefield extrap-
olation from the source, (2) the extrapolation of time-reversed scattered wavefield from the receiver, and
(3) imaging using cross-correlation. Details of the three steps are included in [10]. To improve the image
quality, the least-squares migration (LSM) is used to match the amplitudes of the modeled data with the
measured data. Combining RTM and LSM, the LSRTM algorithm based on 2D acoustic equation in
frequency-domain with the constant density is presented in this work.

The forward Born modeling can be compactly given by a matrix-vector multiplication [11]

d = Lm, (1)

where L is the forward Born modeling operator which linearly relates the reflectivity model m to the
measured scattered data d. Here, each element of the reflectivity model mv can be defined as

mv(x) =
δv(x)
v0(x)

. (2)

The migrated reflectivity model mmv can be calculated by using the adjoint LT of the forward Born
modeling operator to the measured data d [12]

mmv = LT
v d, (3)

where the adjoint LT
v is the migration operator related to velocity.

The aim of LSM is to obtain the reflectivity model mv by minimizing the difference between the
forward modeled data Lvmv and the measured data d in a least-squares sense

f (mv) =
1
2
‖Lvmv −d‖2. (4)

The minimum of f (mv) is achieved when the reflectivity model mv satisfies

mv = (LT
v Lv)

−1mmv, (5)

2
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Table 1: Conjugate gradient approach for solving Hδmv0 = mmv.

1. Starting from initial δmv0 and setting the residual vector r0 = Hδmv0 −mmv, initial search
direction q0 is set as r0, i. e. q0 =−r0 and k = 0.
2. The scalar α(k) is calculated by using the relationship α(k) = rT (k)r(k)

qT (k)Hq(k)
.

3. The calculation of δm(k+1)
v is expressed as δm(k+1)

v = δm(k)
v +α(k)q(k).

4. Then, the next residual vector r(k+1) is expressed as r(k+1) = r(k) +α(k)Hq(k).
5. The next step is to compute β(k+1), which is used to search the next direction β(k+1) =
rT (k+1)r(k+1)

rT (k)r(k)
.

6. The next search direction q(k+1) is obtained by using this scalar β(k+1), q(k+1) =−r(k+1) +
β(k+1)q(k).
7. Then, k = k+ 1, the next scale α(k+1) is computed by using the obtained search direction
q(k+1) and this process is repeated.

where LT
v Lv is the migration Green’s function (or Hessian matrix H). The Hessian matrix of LT L or H

is usually not an identity matrix, and the main diagonal elements are nonuniform and the off-diagonal
elements are nonzero [13].

Directly solving equation (5) needs to explicitly store the Hessian matrix and calculate its inverse,
which is memory-consuming and computationally expensive. Equivalently, mv can be iteratively ob-
tained by solving

Hmv = mmv, (6)

using a conjugate gradient approach. The implementation flowchart is shown in Table 1. In this paper,
implementing the frequency domain LSRTM algorithm with constant density depends on the improved
scattering-integral method [11]. The forward Born modeling and the adjoint migration model are based
on matrix-vector multiplications, which are carried out by accumulating decomposed vector-scalar prod-
ucts without explicitly constructing or storing matrices.

3 TESTING APPROACH

3.1 Finite element simulation

As a first step for validation of the approach instead of a physical experiment, a ’virtual’ experiment
is conducted. To this end, 2D finite element simulations implemented in ABAQUS are performed in an
aluminum sample (longitudinal wave velocity=6190 m/s, density=2700 kg/m3 and Poisson’s ratio=0.33)
with the dimension of 200 mm × 50 mm, as shown in Figure 1. Four-node plane strain elements with
the size of 0.1 mm are used in the mesh. A flaw with V shape is modeled by removing elements from the
mesh. The linear array with 64 elements is placed on the top surface, which are spaced at a fixed pitch
of 1.5 mm. A 2-cycle Hann-windowed tone-burst signal with a centre frequency of 2 MHz is excited by
the array. The FMC data are collected from this sample.

In this case, the signals from the scattering of the flaw will overlap with the reflection from the
backwall, and therefore likely to be shadowed. In the virtual experiment, one possible way of extracting
scattered field from the flaw is to obtain the backwall reflection from a flaw-free sample and then subtract
it from the overall signal, which is often called the baseline subtraction. However, this way is not practical
in real case, and thus another method will be described in the real physical experiment in Section 3.2. It

3
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Figure 1: The configuration of an array and a V shaped flaw. The unit is mm.

should be noted that only longitudinal waves are considered in this work, and they can be easily gated
from time of arrivals.

3.2 Experimental setup

As a second step for validation a physical experiment is investigated. The experimental setup is shown
in Figure 2. The real physical experiment was carried out in a 25 mm thick aluminum block with the
height of 50 mm and the width of 200 mm. A V shaped flaw with the width of 1 mm and the through-wall
extent of 6 mm was machined in the block, as shown in Figure 2. The ultrasonic array with a central
frequency of 2 MHz manufactured by Guangzhou Doppler Electronic Technologies Co., Ltd was used to
generate and measure signals. A 5-cycle Hann-windowed tone-burst signal centered at the frequency of
2 MHz was generated from a phased array controller (Lecoeur Electronique, France).

In real inspection, the method of baseline subtraction is not practical because it is not possible to
obtain a flaw-free copy of the structure. Therefore, FMC subtraction developed by Zhang et al. [14] is
used to remove the backwall reflections when flaw signals overlap with backwall reflections. In FMC
subtraction, when the element pairs are with the same lateral separation, the length of ray paths of
backwall reflections are the same but ray paths of flaw signals are different (see Figure 4(a) in [14]).
This means that signals from the backwall have the same arrival time and amplitude compared with
the ones from the flaw. Therefore, by subtracting the estimated backwall reflection from the total field,
the signal scattered from the flaw can be extracted. Figure 3(a) shows a typical contour plot of the
displacement signals measured over all receivers in the aluminum block with the flaw in the physical
laboratory experiment. The scattering of longitudinal waves caused by the flaw is separated from the
measured signals by removing Rayleigh waves with the gating function and by eliminating backwall
reflections with FMC subtraction, as shown in Figure 3(b). The extraction of the flaw signals (see Figure
3(b)) achieved by gating function and FMC subtraction is used in the LSRTM technique to directly image
the structure.

4
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Figure 2: Experimental setup.
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Figure 3: (a) Contour plot of measured displacement excited in the array element 32 shown in Figure 2. (b)
Scattered signals caused by the V shaped flaw after time gating and backwall subtraction.
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4 RESULTS

The sample with a V shaped flaw is considered in this work, as shown in Figure 1. Post-processing of
the LSRTM images after 10 iterations is done by Laplacian filtering, which is applied to suppress low-
wavenumber artifacts. Figures 4(a) and (b) show final images obtained from the virtual experiment and
the physical laboratory experiment, respectively. The LSRTM algorithm is performed for 15 frequencies
from 0.6 MHz to 3.4 MHz in the virtual experiment, and for 8 frequencies from 1.3 MHz to 2.7 MHz in
the physical laboratory experiment, with a frequency interval of 0.2 MHz. The forward model is built by
using homogeneous background.

(a)

(b)

Figure 4: LSRTM images of a V shaped flaw from (a) the virtual experiment and (b) the physical laboratory
experiment.

It can be seen from figures that high-quality images are achieved by using LSRTM algorithm, with
good reconstruction of the location and the shape of the V shaped flaw in both cases. A clear image is
obtained in the virtual experiment, however, the reconstructed width of the flaw is slightly wider than
the true model. The reason could be that scattered signals which overlap with mode conversions cannot
be accurately separated by using time gating and mode conversions are not considered in the LSRTM
algorithm based on the acoustic approximation in this work. In the physical laboratory experiment, the
LSRTM image shows a good agreement with the image based on virtual experiment, although some
artifacts and wider flaw width are observed. Besides the reason mentioned above, the main reason is the
difference between the input waveform used in the LSRTM algorithm and the actual excited waveform
in the real physical experiment, which would produce some artifacts to the image. The remaining dis-
crepancy there can be attributed to less frequencies used in the LSRTM imaging from the real physical
experiment compared to that from the virtual experiment.

The V shaped flaw was produced in the controlled laboratory environment and have nominal through-

6
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wall extents of 6 mm. The through-wall extent is determined by measuring the vertical distance between
the tip and the root of this flaw and is found to be 6.1 mm in the virtual experiment. The through-wall
extent is measured to be 6.3 mm from the LSRTM image obtained from the real physical experiment, as
shown in Figure 4(b).

5 CONCLUSIONS

In this paper, the least-squares reverse time migration (LSRTM) algorithm is investigated for charac-
terizing irregularly shaped flaw. This algorithm is a two-way wave-equation-based approach and attempts
to find the best fit reflectivity model by minimizing the mismatching between the measured and modeled
data. The LSRTM has been successfully used in the measured data from the virtual experiment as well
as the physical laboratory experiment, and the results have shown good accuracy in determining the size,
location and shape of the V shaped flaw.
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Abstract. This contribution presents an approach for indirect identification of the 2D path of 
a moving load. A multicriterial formulation is proposed, where one objective function 
quantifies the mismatch between the measured and the simulated structural response. The 
second objective function expresses the natural expectation that the paths of moving loads are 
continuous and relatively smooth, and it expresses thus a certain spline-based measure of the 
geometric regularity of the path. The Pareto front is determined in a local evolutionary search 
and used to strike the balance between the response fit and the geometric regularity of the path. 
The approach is tested in a laboratory experimental setup of a plate loaded by a line-follower 
robot. It is found that the implementation of the smoothness-based objective has a regularizing 
influence on the identification results: it reveals and emphasizes the actual geometrical 
character of the identified paths. 
 
1 INTRODUCTION 

This contribution is devoted to the problem of indirect identification of a moving load based 
on the measured mechanical responses of the loaded structure. In general, such a problem 
belong to the class of load identification problems, which is an inverse problem that has been 
intensively studied, and with a certain number of published reviews [1–4]. Load identification 
problems are typically characterized by  

 a very large number of the structural degrees of freedom that can be excited by the 
moving load and  

 a limited number of sensors that are used to measure the response.  
In effect, the naïve formulation based on minimization of the norm of the response residuum is 
underdetermined (that is, there are much more unknowns than equations), and the 
corresponding identification problem has an infinite number of exact solutions. Therefore, in 
order to guarantee the uniqueness of the solution, it is typical to limit the generality of the load 
being considered by assuming that the trajectory of the moving load is known (most often, the 
problem is reduced to the case of a single vehicle moving over a 1D bridge at a constant 
velocity [5–7]) and that only the magnitude of the load is a subject to identification.  

In contrast, our aim is to identify more general loads, and in particular loads that are freely 
moving on 1D structures like beams and on 2D structures like plates. In an earlier approach [8], 
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we have used the sparsity-based optimization [9,10], constrained using the l1 norm, which 
guarantees the uniqueness of the solution. It has been found that it is possible to reliably identify 
the trajectory of transient loads moving on a 1D structure (beam), including its timing 
(decelerations, stops, accelerations, etc.). For related research, see also [11,12]. 

In this contribution, the aim is to qualitatively identify the trajectory of a single moving load 
that excites a 2D structure. To limit the generality of the search space, we notice that 2D 
trajectories of such loads are expected to be relatively smooth. Therefore, in analogy to the 
object tracking approaches developed in the computer vision community [13], we use the 
assumption of smoothness in a multicriterial-type optimization, which weights the norm of the 
measurement residuum vs. a certain spline-based measure of the smoothness of the interpolated 
trajectory. Such a formulation allows the apriorical knowledge to be included in the 
identification process in order to  

1. limit the sensitivity of the solution to measurement and modelling errors, and/or  
2. account for a limited instrumentation.  

In experimental investigations, we have used a 1 m x 1 m plate, loaded by a line follower robot, 
and instrumented with a limited number of strain gauges. Due to the relatively slow motion of 
the robot, the quasi-static case is assumed, which allows the computationally costly 
deconvolution to be avoided. 

 

2 EXPERIMENTAL SETUP 
The laboratory experimental setup consists of a pointwise supported, 1 m x 1 m steel plate 

of 0.5 mm thickness, see Fig. 1. The plate is loaded vertically by a line-follower robot (approx. 
0.3 kg) that moves at a constant velocity of approximately 10 cm/s and follows one of the three 
closed-loop trajectories marked with thick black lines: a square, a circle and a triangle. The 
mechanical response of the plate is measured with a set of 8 strain gauges (sensors No 2, 3, 5, 
6, 8, 9, 11 and 12, as shown in Fig. 1). The sampling frequency of 50 Hz is used. 

    
Figure 1: Scheme of the plate (left). The experimental setup (right). 
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The raw recorded measurements are shown in Fig. 2. As clearly seen from the plots, each 
path is followed by the robot two times, that the robot follows the respective line approximately 
two times around the plate. 

                                                            

 
 

 
 

 
Figure 2: Measurements of the eight strain sensors for the three considered robot paths  

(top to bottom : the square, the circle, and the triangle). 

3 THE INVERSE PROBLEM 
Typical formulations of the inverse problem of load identification rely on minimization of 

the norm of the residuum, which amounts to finding the best fit between the measured response 
of the structure and its simulated response to the load being identified. Such a structural, 
response-based objective function is employed also here and described in Section 3.1. However, 
approaches that are exclusively based on such a formulation suffer often from two problems:  

1. Nonuniqueness of the solution, which is related to insufficient instrumentation: in 
most practical scenarios there are much more potentially loaded points than sensors, 
so that the inverse problem has more unknowns than equations and is thus 
underdetermined. 
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2. Ill-conditioning, that is a large sensitivity of the results to the inaccuracies of the 
input data, which arise due to inevitable measurement errors and model errors (for 
example, possible nonlinearities of the sensors in a linear formulation). 

Here, the first problem is addressed by the assumption of load sparsity, which is formulated as 
the requirement that in each time instance the “l0 norm” of the load vector equals exactly one, 
that is that in each time instance the load vector has only one nonzero element. Effectively, it 
corresponds to the assumption that a single load is being identified. The second problem is 
addressed by employing a certain apriorical knowledge in a regularization-like approach. 
Namely, it is noted that the 2D paths (trajectories) of the moving loads are expected to be 
relatively smooth. A respective, spline-based objective function is proposed to quantify the 
smoothness of the trajectory, and it is used concurrently with the response-based objective 
function in a multiobjective optimization problem. These two objective functions are used to 
form the Pareto front and find the moving load path that strikes the balance between the 
response fit and the expected characteristics of moving loads. 

3.1 Measurement-based objective function 
The measurements shown in Fig. 2 are relatively smooth and do not exhibit any apparent 

transient effects. It suggests that the considered problem has a quasi-static character. Therefore, 
the response analysis is decoupled with respect to time: the impulse response functions 
degenerate to points and the operation of deconvolution reduces to a series of simple time point 
by time point multiplications: 

𝜺𝜺(𝑡𝑡𝑖𝑖) = 𝐁𝐁𝒇𝒇(𝑡𝑡𝑖𝑖),               𝑖𝑖 = 1,2, … , 𝑁𝑁t (1) 

where 𝜺𝜺(𝑡𝑡) is the 8-element vector of the responses of the strain gauges, as recorded in time 
instance 𝑡𝑡, the matrix 𝐁𝐁 is a compliance matrix reduced to the strain sensors and potential load 
positions that correspond respectively to its rows and columns, and 𝑁𝑁t is the number of the 
considered time steps. The path of the moving load is discretized to the 100 points numbered 
00 to 99 in Fig. 1 (left), and the vector 𝒇𝒇(𝑡𝑡) collects the corresponding vertical loads in the time 
instance 𝑡𝑡. Notice that the elements of the vector 𝒇𝒇(𝑡𝑡) can be assumed to be nonnegative. 

Given the matrix 𝐁𝐁 and the measurement vectors 𝜺𝜺(𝑡𝑡𝑖𝑖), the structural objective function 
quantifies (in the logarithmic scale) the fit between the expected response and the 
measurements, as expressed in terms of the squared norm of the residuum vector, 

𝐹𝐹1(𝒇𝒇) = ln∑‖𝜺𝜺(𝑡𝑡𝑖𝑖) − 𝐁𝐁𝒇𝒇(𝑡𝑡𝑖𝑖)‖2
𝑁𝑁t

𝑖𝑖=1
. (2) 

3.2 Smoothness-related objective function 
The second objective function is employed to enforce the assumption that the paths of the 

moving load is expected to be smooth. Due to the assumption of sparsity, the vector 𝒇𝒇(𝑡𝑡𝑖𝑖) for 
each time instance 𝑡𝑡𝑖𝑖 has only one nonzero element, which corresponds to one of the points 
numbered 00 to 99 in Fig. 1 (left). Therefore, each point 𝒇𝒇 of the search space defines a certain 
2D path 𝒙𝒙(𝑡𝑡𝑖𝑖) on the plate, discretized to the time instances 𝑡𝑡𝑖𝑖 and the plate points 00 to 99. The 
proposed objective function quantifies the smoothness of this path by: (1) calculating 
a continuous, spline-based interpolation 𝒙𝒙(𝑡𝑡) = (𝑥𝑥1(𝑡𝑡), 𝑥𝑥2(𝑡𝑡)) of the path; (2) computing the 
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following weighted sum of two terms: 

𝐹𝐹2(𝒇𝒇) = 𝛼𝛼 ∫ ln (1 +
(�̇�𝑥1�̈�𝑥2 − �̇�𝑥2�̈�𝑥1)2

10−3 + (�̇�𝑥1
2 + �̇�𝑥2

2)2) d𝑡𝑡
𝑡𝑡𝑁𝑁t

𝑡𝑡1

 

           +𝛽𝛽
√∫ (‖𝒙𝒙‖ − ∫ ‖𝒙𝒙‖d𝑡𝑡𝑡𝑡𝑁𝑁t

𝑡𝑡1
)

2
d𝑡𝑡𝑡𝑡𝑁𝑁t

𝑡𝑡1

∫ ‖𝒙𝒙‖d𝑡𝑡𝑡𝑡𝑁𝑁t
𝑡𝑡1

, 

(3) 

which respectively quantify the variability of the angular velocity of the path and the 
(normalized) variability of its linear velocity. The weights 𝛼𝛼 and 𝛽𝛽 are selected to equalize the 
mean magnitudes of both terms on a random sample of several hundreds of paths that are near-
optimal according to 𝐹𝐹1. 

3.3 The optimization procedure 
A multiobjective optimization problem is considered, in which both objective functions are 

minimized concurrently by means of the Pareto front. In the first step, the starting path is 
determined by minimizing only the structural objective function 𝐹𝐹1. Then, an evolutionary local 
search is performed: the operation of mutation is defined and extensively used to generate 
iteratively new search points. In this way, the neighborhood of the starting point is 
probabilistically explored. In comparison to genetic algorithms, the operation of cross-over is 
neglected due to the intended local character of the search: a meaningful load path should be 
relatively smooth, but it must also provide a certain fit to the measurements, and therefore it 
must be placed in a certain vicinity of the starting point. The employed operation of mutation 
shifts a small, randomly selected, number of points of the discretized path to their randomly 
selected neighboring points (for example, point 23 can be shifted to point 34) or a point that 
provides a slightly better/worse value of the objective function 𝐹𝐹1. 

5 EXAMPLE RESULTS 
Since the considered case has a quasi-static character, the measurements have been 

downsampled to one point per 2 seconds, which corresponds to the distance of approximately 
20 cm between successive path points and 34, 25 and 29 points for the three considered paths. 
Figures 3–5 show the computed Pareto fronts and the load paths corresponding to its few 
selected points, respectively for the three considered paths: the square, the circle and the 
triangle. The actual paths are shown in Fig. 1 (left). 

The results confirm that the proposed smoothness-based objective function has 
a regularizing influence on the identified load path. In all three cases, the geometric regularity 
and smoothness of the path are considerably improved. The trajectories that are identified based 
on the response fit only (case A in each figure) clearly illustrate the detrimental effect of data 
inaccuracies: even though the considered problem is not underdetermined, the identified paths 
are highly noisy, which is especially pronounced in case of Fig. 5. Implementation of the 
smoothness-based objective reveals and emphasizes the actual geometrical character of the 
identified paths.  
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      A  

B          C          D  

Figure 3: Example identification results: the Pareto front and the identified paths that correspond to its few 
selected point. The actual path is the square shown in Fig. 1 (left). 

      A  

B          C          D  

Figure 4: Example identification results: the Pareto front and the identified paths that correspond to its few 
selected point. The actual path is the circle shown in Fig. 1 (left). 
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      A  

B          C          D  

Figure 5: Example identification results: the Pareto front and the identified paths that correspond to its few 
selected point. The actual path is the triangle shown in Fig. 1 (left). 

 

6 CONCLUSIONS 
This contribution proposed a multiobjective approach to indirect identification of 2D paths 

of moving loads. The formulation employs two objective functions: one is response-based and 
the other quantifies the geometric regularity of the path. The approach is successfully tested in 
a laboratory example of a 1 m x 1 m plate loaded by a line-follower robot. The research is 
ongoing to (1) increase the spatial resolution of the identified paths, to (2) consider multi-load 
cases, and to (3) automatize the determination of a proper segment on the Pareto front. 
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Abstract. The inspection and maintenance of underground structures built in rocks poses 
difficulties to the concerned engineers due to the complex behaviour of rocks. Some of the 
underground regions are inaccessible for the inspection team or might warrant special clearing 
arrangement, leaving the structure out of service. The complexity of their design, construction 
and the conditions encountered during service life necessitate the deployment of a dedicated 
structural health monitoring (SHM) system. It is very crucial to identify the damage in the 
surrounding rocks in its incipient stage to prevent its further propagation and safeguard the 
structure built over it. The damage detection in rocks require an efficient SHM system which 
can monitor them on a regular basis. In the present study, lead zirconium titanate (PZT) patches 
are used to monitor the condition of rocks under various forms of loadings using electro-
mechanical impedance (EMI) technique together with Acoustic Emission (AE) technique. In 
EMI technique, the vibrations generated by the actuation of PZT patch are sensed by the same 
PZT patch and is recorded in the form of conductance and susceptance signatures. These 
signatures can be quantified using root mean square deviation (RMSD) method.  The same 
smart sensors were checked for their potential to be used for AE monitoring of rocks. The AE 
technique is demonstrated for monitoring acoustic events happening within the rock specimens 
under uniaxial compressive loading. The study clearly establishes the potential of the EMI and 
AE technique in detecting and quantifying load induced damages in rocks surrounding the 
underground structures, opening avenues for its applications in real-life situations.  
 



224

Prateek Negi, Tanusree Chakraborty and Suresh Bhalla.  

 2 

1 INTRODUCTION 
The monitoring of the structures built on rocks or soils requires a timely inspection with the 

aid of instruments and expert judgment [1]. A structure constructed in rocks or rock mass can 
fail due to unforeseen geological and weathering conditions or seismic activities. Hence, a 
continuous systematic health monitoring system is required for timely detection of insipient 
damages. These damages can be rectified in time instead of letting them progress into a 
catastrophic failure. Rocks may either fail spontaneously after excavation or may take 
significant time to fail depending upon its type and surrounding conditions, like overburden 
pressure.  
Health monitoring is a continuous process which is needed at the time of construction and after 
the operational starting of the structure. A monitoring system should be simple in deployment, 
should take less time in instrumentation and should cover both accessible and inaccessible areas 
of the structure. The monitoring methods available are classified into surface and sub-surface 
methods.  
Piezo based sensors are studied extensively for condition monitoring of metallic and concrete 
structures. However, its applications for SHM of rocks around the underground structures is 
unexplored yet. The present research aims to explore the potential of piezo sensors in the field 
of SHM of rocks. The use of smart sensors in condition monitoring of rocks and underground 
structure has a great possibility. In near future, a smart integrated system can be developed for 
the automatic monitoring of rocks and structures, especially in remote locations. 

2 WORKING PRINCIPLES  
This section discusses the working principles of the EMI technique and AE technique in 

brief.  
 
2.1 The EMI Technique  

The underlying principle of EMI method is based on the electro-mechanical interaction 
between the mechanical impedance of the host structure and the electrical impedance of the 
piezoelectric sensor which is bonded to the structure. A schematic configuration is shown in 
Figure 1. The figure shows a square PZT patch that is bonded to the host structure. Here, the 
data acquisition system excites the PZT patch by sending excitation signals of frequency (ω) 
and simultaneously measures the corresponding electrical impedance (ZE (ω)) as the response 
of the patch. The actuation signals are given as a range of frequency and step interval of 
frequencies. The electrical impedance signature is acquired in the same frequency range within 
which the excitation signal is given. 

The actuation and sensing behavior of a piezoelectric element can be understood from the 
following two equations [2] 

mjmi
E
jij EdTsS   (1) 

k
E
kmjmm ε ETdD j   (2) 
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Figure 1: Acquiring EMI signatures of a host structure using PZT patches (a) PZT patch bonded on host 

structure (b) Impedance signature of the damaged and undamaged structure 

The equations (1) and (2) shows the converse and direct piezoelectric effects, where,  mD (3×1) 
(C/m2) is the electric displacement vector,  jS (6×1) is the second order strain tensor,  E (3×1) 
(V/m) is the applied external electric field vector and [T] (6×1) (N/m2) is the stress tensor. 
Accordingly,  E

kmε (F/m) is dielectric permittivity tensor under constant stress,  jmd (C/N) and 
 mjd (m/V) is the piezoelectric strain coefficient tensors for direct and converse piezoelectric 
effects, respectively, and  E

jis (m2/N) is the elastic compliance tensor under constant electric 
field. 
 
In the EMI method, a PZT patch is bonded to the surface of the host structure to be monitored 
using a high strength epoxy adhesive, as shown in the Figure 1. Electrical terminals are attached 
to the PZT patch and are then connected to the impedance analyser. The PZT patch can be 
assumed as a thin axial bar which is vibrating with the host structure. Hence, the mechanical 
impedance of the structure is the resistance offered to the harmonic vibrations by the PZT patch. 
Mechanical impedance is a measure for a structure’s resistance to movement when subjected 
to a harmonic force or vibration. It relates the applied force with the velocity of the structure 
due to the application of the force. The mechanical impedance of a point on a structure is the 
proportion of the force applied at a point to the subsequent velocity. Mechanical impedance is 
the opposite of mechanical admittance or mobility. The mechanical impedance is a function of 
the applied force frequency and can change incredibly over a frequency range. At resonant 
frequencies, the mechanical impedance is lower. It means less force is expected to cause a 
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structure to move at a given velocity [3, 4]. Equation (3) shows the relation between the 
electrical impedance of the PZT patch and the mechanical impedance of the host structure. 
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Here, Za is the mechanical impedance of the PZT patch, Z is the mechanical impedance of the 
host structure. Width length and thickness of the patch is denoted by w, l and h respectively. 

)η1(EE jYY  is the complex Young’s modulus of elasticity of the PZT patch, 31d  is the 
piezoelectric strain coefficient, )δ1(T

33
T
33 j  is the complex electric permittivity in direction-3 

(z) of the piezo material at constant stress and 1j , η and δ are the mechanical loss factor and 
the dielectric loss factor of the PZT material, respectively, κ  is the wave number, which is 
dependent on the angular frequency of excitationω . 
 
So, any variation in the mechanical impedance of the host structure due to any damage or 
change in the environment reflects a change in the electrical impedance of the PZT patch. 
Hence, we can visualize any incipient damage in the host structure which is not visible to the 
naked eyes. In EMI technique the frequency range of excitation is generally in kilohertz (kHz). 
As the frequencies are very large in comparison to the natural frequency of the structure (which 
is in the range of 1-100 Hz only), the stress wave generated due to actuation of PZT transducers, 
are of very small wavelength. Hence, only local structural modes are excited near the PZT patch 
instead of the global modes. The very high frequency range gives us two advantages. First, 
small wavelengths can detect incipient damages and second, the sensing zone becomes 
localized. Hence, we can monitor small crucial areas very well. 
 
 
2.2 The AE Technique  
 
The same PZT patches can be utilized to acquire AE signals from rocks in a very cost-effective 
manner. The AE technique is demonstrated for monitoring acoustic events happening within the 
rock specimens under uniaxial compressive loading. The conventional AE technique has been 
improved with the advancement in sensor technologies and computing capacities. The present 
study aims to record acoustic emissions from Kota sandstone rock specimens under unconfined 
compressive loads. PZT based patches were used as the AE transducers and commercially 
available sound card of a personal computer (PC) was used for data logging of the AE signals. 
The proposed technique is found to be very easy and very much cost effective in capturing low 
frequency AE signals within the targeted range as given by Hardy, 1972 [5] (Figure 2). The 
recorded data was processed and different AE parameters like the cumulative AE count, the 
relative energy of the event and the event rate were determined. The results are compared with 
the conventional stress-strain plots of specimens under uniaxial compressive load.  
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Figure 2: Frequency ranges for various AE and other related studies [5] 

The conventional AE equipment are capable of recording AE signals in MHz range which is 
essential for delicate laboratory studies like monitoring of micro crack propagation. However, 
for field monitoring the AE system should be economical as more number of sensors are required 
to cover larger area, must be easy to install and rugged for long duration monitoring. 

In the present study the PZT patches were bonded directly on the specimens using epoxy adhesive 
whereas, in the conventional AE technique, the piezo transducers are bonded using a couplant 
like natural wax and silicon grease. The use of couplant increases the signal losses by damping 
the signals. Moreover, no signal conditioner or amplifier were used herein to condition the 
signals, thus rendering the whole data acquisition process simple and cost effective. A schematic 
diagram of the acquisition process is shown in Figure 3. 

 

Figure 3: Schematic diagram of AE recording system used in the present study 

 

 
Figure 5.1: Frequency ranges for various AE and other related studies (Hardy, 1972). 
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The frequency range of 16-32 kHz comprises the maximum concentration of AE activities [6]. 
The present study considers a range of 20-20000 Hz, which falls in the range of AE lab and field 
studies on geological materials as illustrated in Figure 2. With the latest advancement in data 
acquisition techniques, AE events in the range of 1-2.5 MHz range, which is more suitable for 
metals than rocks, can also be recorded. However, the amplitude of such a high frequency signal 
is very small and occurs in the range of surrounding noise. Liu et al. (2014) tested four different 
types of rocks i.e. granulite, limestone, granite and siltstone, and plotted the energy spectrum 
coefficient of the AE signals with different frequency ranges, on a wavelet scale [7]. They 
observed that the energy of the events decreased in a parabolic manner with linear increase in the 
event frequency. The amplitude of the signal falling under the frequency band of 1.0-2.5 MHz 
was in the range of 0.02 mV and of those falling under 0-200 kHz were of the order of 2-10 mV, 
which is nearly 100 times higher than the megahertz amplitudes.  

Generally, the data logging is done through multiple channels at moderate to high sampling rate 
creating a huge volume of data. Multiple sensors are used for the source localization of the AE 
event. Brantut, et. al. (2014) used multiple sensors for monitoring sandstone specimen under 
triaxial loading with a constant strain rate of 10-5 s-1 and under constant stress condition [8]. In 
order to analyze such a huge volume of data, high speed processing computing with adequate 
data storage facility is required. The data can be recorded in the raw form, i.e. in time vs amplitude 
form, and can be processed later to compute various parameters like the event rate and the event 
energy. If the computing capacity of the data logger is fast enough, the AE parameters can be 
determined simultaneously while recording the AE events. The AE waveform is recorded 
through an inbuilt analog to digital (A/D) convertor.  

The AE application uses the direct piezoelectric effect (sensor application) to acquire the low 
frequency waves generated due to AE activities (Equation 1). The sensing region for AE 
activities of a piezo based sensor depends upon the geometry and material of the host structure 
(rock in the present study) and the nature of the structural discontinuities like pores and fissures. 
These discontinuities are the main causes of attenuation in the propagation of a stress wave signal 
[9].  

3 EXPERIMENTATION DETAILS AND RESULTS 
This section discusses the experimentation details used in condition monitoring of rocks 

under static and dynamic loading conditions using EMI technique and setup used for acquiring 
AE signals from rocks using a very cost-effective technique. Cylindrical Kota sandstone 
specimens of diameter 54 mm and length 108 mm were used in all the studies. The experimental 
setup used for conducting tests in static and dynamic loading conditions is shown in Figure 4.  
The conductance signatures were recorded after every loading stage also mentioned here as 
Load Ratio (LR). A typical variation in the conductance signatures with different load ratios 
can be seen in Figure 5. The conductance signatures in the range 300-600 kHz are very much 
capable of capturing the occurrence of damage in both dry and saturated conditions [10]. It is 
to be noted that this range is specific for the size of PZT used in the study. For larger patches 
the range is lesser. The change in the position of the peaks in the conductance signatures are 
the first indicators regarding the development of any damage in the rock. The PZT patches have  
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Figure 4: Experimental setup showing compression testing machine and LCR meter for acquiring EMI 

signatures. 
 
 

 
Figure 5: (a) Conductance signatures of rock specimens under under different Load Ratio (LR) (b) Non-linear 

curve fitting for the variation in RMSD with LR 
 
worked properly until the loading reached eighty percent of the peak load value in the dry rock 
testing and up to hundred percent of peak load in saturated testing conditions. This could be 
verified based on the consistency of slope in the susceptance signatures. The RMSD index has 
shown good capability in the quantification of the changes in the conductance signatures and 
hence damage quantification.  
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Figure 6: The complete experimental setup for recording acoustic emissions (AE) 
 

 
Figure 7: A typical (a) cumulative AE count plot (b) relative energy plot (c) event rate plot 
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Figure 6 shows the complete experimental setup for acquiring AE signals from the rock 
specimen under compression. The recorded events were further processed in MATLAB for 
calculating cumulative event count, relative event energy and event rate. A typical example of 
recorded parameters is shown in Figure 7. All the parameters are plotted against stress-strain 
plot of the specimen for better understanding. Based on the test results, it has been found that 
the PZT patches can record good low frequency AE emissions in rocks. For traditional AE 
systems, the cost of the complete AE equipment i.e. the transducers, data acquisition system, 
amplifiers, data cables, signal conditioners is around USD 40000-60000. Whereas, the present 
study needed only PZT patches and a PC with a sound card for data acquisition costing less 
than USD 1000 including the cost of PC. The cost of traditional AE transducers varies between 
USD 300-600, whereas the cost of PZT patch is USD 5-15. Further, the cost of the present AE 
system is subjected to the complexity and nature of the monitoring process. The small patches 
can be easily instrumented on smaller diameter specimens as less as 38mm, hence are suitable 
for laboratory demonstration of AE method. Using strong epoxy for bonding the patches 
provides a dual advantage of less signal attenuation and stable fixity in rough field conditions. 

4 CONCLUSIONS 
- The EMI technique can be conveniently used as damage monitoring technique in rocks 

under dry and saturated/ moist underground conditions. Any incipient damage can be 
detected easily in the initial stage and hence can be taken care of before it advances to 
a severe condition. The EMI technique can be alongside the conventional monitoring 
equipment like load cells and extensometers in the initial stage of development for the 
monitoring of underground structures. There is a huge scope of further research in 
finding the optimum size of the piezoelectric sensors for extracting more sensitive 
signatures. There is also a scope of developing a remote monitoring system which can 
monitor the underground structures remotely in a convenient manner. A standard 
procedure for using this technique can be developed and then can possibly be followed 
during construction of the underground structures. 

- The PZT patches were found to be good in taking AE signals from rocks under 
unconfined compressive load. The proposed system aims to drastically reduce overall 
cost of the whole AE system.  

- As sensors were bonded to the rock specimen directly, the emissions have been 
recorded with a good signal to noise ratio. Once bonded and sealed with epoxy, they 
are durable and can withstand the rough handling while testing. Hence, they can be 
used in the site conditions which are generally not suitable for conventional AE 
sensors. 

- The attenuation of the AE signal was negligible as there is absence of air/ couplant in 
between the host structure and the sensor. The data was recorded straight forward from 
a PC sound card making the data logging further easier and economical in comparison 
to the commercially available AE systems. 

- As the bonding conditions of every sensor may vary, the acquired data from one 
specimen testing varies in absolute terms. However, the technique can be further 
improvised with a higher quality control in bonding the terminals to the PZT patches at 
manufacturing level. 
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Abstract. Seismic isolation is a common technique used for the protection of structures and 
equipment from earthquakes. There are several types of devices providing seismic isolation. 
One of the most popular and commonly used is a friction pendulum bearing (FPB). The main 
idea behind a FPB is based on sliding movable spherical surfaces in respect to fixed spherical 
surfaces. A slider in between the surfaces makes this possible. Since there is some friction 
associated with the slider’s performance, the restoring force is not enough to bring the slider to 
its zero position and as such, there is a possibility of a residual displacement after a seismic 
event. Monitoring these displacements is essential to ensure that the isolation can still 
accommodate a displacement demand of a future earthquake. A technique of on-demand 
monitoring of this displacement is developed in this paper. A short range LiDAR is used and 
the feasibility of the approach is validated by tracking geometric shapes with precisely known 
displacements. Due to recent explosive developments of LiDAR and laser scanning 
technologies driven by demand for collusion detection for autonomous car and robotic 
industries, the cost of these devices is decreasing dramatically. The device utilized in this 
approach is competitively priced and allows mass installation on all FPBs used in any particular 
project without a significant cost increase.  In addition, the residual displacements can be 
measured simultaneously on all devices that allow instantaneous assessment of all FRB after 
an earthquake. The benefits of this approach are validated in the tests conducted on a full-scale 
FPB with a full stroke of ±81.3 cm. The accuracy of the technique developed herein is compared 
against more accurate conventional instruments and a terrestrial laser scanner.  

 
 
1 INTRODUCTION 

The concept of Smart City is defined as an urban area that utilizes various types of electronic 
Internet of Things (IoT) sensors to collect data and use these data to manage assets and 
resources efficiently [1]. The data can be collected from citizens, devices, and assets that is 
processed and analysed to monitor and manage traffic and transportation systems, power plants, 
water supply networks, waste management, crime detection, information systems, schools, 
libraries, hospitals, and other community services. The objective of this paper is to introduce a 
novel system for monitoring seismic isolators. The seismic isolation is a common technique for 
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seismic protection of buildings and structures of high importance: hospitals, emergency service 
buildings, bridges and others. Periodic assessment of the seismic isolators is beneficial for 
structural integrity of the building and structures, especially right after a major seismic event. 
This paper presents a discussion of a device enabling this monitoring in near real-time or on-
demand configuration. In anticipation of a mass application, it is based on usage of inexpensive 
2D LIDAR [2]. A special procedure is developed to access the location of the slider in plane, 
which was verified by a 3D laser scanner [3]. The data manipulation of all collected point clouds 
was conducted in a Matlab environment [4]. 

 

2 EXPERIMENTAL SETUP FOR COMPONENT TESTING  
There are several types of seismic isolation. One of the most commonly used is the Friction 

Pendulum Bearing (FPB). In the most basic case, the FPB consists of a spherical surface on 
which a slider slips. Since the radius of the spherical surface is predefined by the design 
requirement of the isolator, it controls the resonant frequency of the isolator, which is based on 
a pendulum theory (see [5], for example).  

There are several implementations of this basic idea, and the FPB studied in this paper was 
a representative of the so-called triple FPBs [6]. It consists of two dishes with polished 
conceived spherical surfaces and a slider pack between them as presented in Figure 1a. In 
addition, the slider pack consists of two conceived spherical surfaces with a rigid slider inside. 
This type of isolation provides several advantages. A few advantages are listed here. First, triple 
FPB is more compact than FPB with a single sliding surface designed for the same seismic 
displacement demand. Second, due to the presence of several surfaces there is a possibility of 
having several resonant frequencies of the isolator depending on which surface is involved in 
the sliding action. Third, due to the presence of several contact surfaces, the overall damping 
depends on the friction of the slider’s liner, which can be selected in the most beneficial way to 
meet the design requirements of the isolator.  The full-scale isolators used in this study are 
shown in Figure 1b. 

 

 

 
a) Schematic drawing  b) Photo of FPBs used in the study 

 
Figure 1: Triple FPB 

Since the main mechanism of the FPB is based on friction, there is a possibility of residual 
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displacement after an earthquake event. The measurement of this displacement in respect to the 
remaining travel clearance on the sliding surface is important to ensure that the slider’s 
displacement remains within the seismic displacement demand. The monitoring of the precise 
location of the slider pack is also important for the validation of the theoretical modelling of 
the FPB’s performance (see [7], for example).  

A special experimental setup was developed at the University of California, Berkeley to 
conduct component testing on seismic isolators [8]. A full-scale triple FPB was studied in this 
setup by imposing incrementally increasing cyclic horizontal displacements while keeping the 
vertical load constant. The setup was intended for the performance evaluation of FPBs under 
relatively low vertical load and feasibility study of their application as a seismic isolation of 
high-voltage equipment. The setup is presented in Figure 2a. To mimic a real-life installation, 
where the top and bottom dishes remain parallel to each other, a special linear bearing system 
was introduced to keep the top dish horizontal while allowing its movement up and down as 
shown in Figure 2b. The bottom dish was attached to a shaking table platform capable of 
delivering ±813 mm displacement. 

 

  
a) Setup b) Top dish remains parallel to bottom one 

during large displacement 
 

Figure 2: Expérimental setup for component tests of full-scale FPBs 

In order to study the feasibility of using a 2D scanner for these measurements and their 
accuracy, the following study was conducted.  

3 FEASIBILITY STUDY WITH 2D SCANNER 
Prior to the laser scanner measurements on the actual FPB, the 2D LiDAR scanner’s 

performance and accuracy was evaluated in a simple experimental setup inside of a small test 
room. Objects of different geometry were placed on a linear bearing system as presented in 
Figure 3. Different cases of geometric shapes were considered: prismatic shapes, globes and 
cylinders. To study texture and color effects on the results of the laser scanning measurements 
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the objects were made from different materials: wood, concrete, and spray-painted glass. Some 
of the examples of the objects used in the study are presented in Figure 3.  

Some of the objects remained stationary and were not moved in respect to the 2D scanner. 
Another object, the so-called movable object, was installed on the carriage of the linear bearing 
system and was displaced in respect to the stationary object (reference object). The 
displacements were imposed in an incremental way. The accuracy of the displacements was 
controlled by high-precision gage blocks [9] as presented in Figure 4. The 2D scanner was used 
to collect point clouds of all objects at each displacement. The laser scans were conducted from 
about 0.6 m away from the setup and the laser scanner was not moved during the experiments.  

 

  
(a) Test with globes (close range ~ 0.6 m) (b) Test with prismatic blocks (mid-range ~ 1.2 m)  

Figure 3: Expérimental setup for feasibility study 

  
(a) Shift at 0.8 inches (20.3 mm) (b) Shift at 1.5 inches (38.1 mm)  

Figure 4: Examples of how the incremental displacement was imposed 

Due to the size limitations of the paper, only discussion related to the globes is presented 
herein. These results were selected for one additional reason, which is as follows. The 
horizontal sections of the vertically oriented cylinders and globes will result in circles. Since 
the slider pack of the FPB consists of many cylinders, the approach with globes can be utilized 
in tracking the position of the slider pack.  

A typical point cloud collected in one of the steps of incrementally applied displacements is 
presented in Figure 5a. It shows the cross section of the test room and objects used in the study. 
The scanner’s location coincides with the origin of the local coordinate system of the scanner. 
In the case of the globes, each cross section will be a portion of a circle with only the front side 
collected by the scanner. The rear side will be in a shadow zone and as such, is not visible to 
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the scanner. The number of the collected points will depend on the proximity of the scanner to 
the globe and the density of the laser scans. Point clouds for all positions of the movable globe 
are presented in Figure 5b. 

  
(a) Overall view of a single scan (b) Cross sectiuons of the globes displaced by high-

precision blocks 
Figure 5: Typical laser scan data 

The point clouds of the globe at different displacements were best fitted to circles as 
presented in Figure 6a. The estimations of the cross sections radii are presented in Figure 6b. 
The plot also shows the nominal radius of the globe at its center. As can be observed from the 
plot, there is about 3.5 mm difference between the estimates and the nominal radius. This result 
has a simple explanation. The radius of the cross section will depend on the elevation of the 
horizontal section plate and will be close to the nominal radius only at the elevation coinciding 
with the elevation of the globe’s center. All other sections will yield lower estimates. Although 
originally there was an attempt to scan at the elevation of the globe’s center, it was difficult to 
achieve, resulting in this relatively large difference between the radii.     

  
(a) Point cloud and its best fit to a circle (b) Radii of best fit circles in respect to nominal radius 

of the globe 
Figure 6: Best fitting of point clouds 

An estimate of the circle’s centers produced better results, as was expected from the 
beginning. A comparison between the measured displacement and the estimated location of the 
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circle's center in respect to its original estimate is presented in Figure 7a. Figure 7b shows an 
error between the actual displacement and the estimates from the laser scans. As can be 
observed from the plot, the error does not exceed 2.1 mm, which is considered acceptable for 
the application of this approach to tracking the slider pack’s location inside of FPB. 

 

  
(a) Measured (red) vs. estimated from point clouds 

(blue) 
(b) Error between measured and estimated from point 

clouds 
Figure 7: Comparison results for diplacements 

4 EVALUATION STUDY ON FULL-SCALE FPB 
The final evaluation of the approach discussed herein was completed with the utilization of 

a 3D laser scanner [3]. The point cloud reduction was conducted by using Trimble RealWorks 
[10] and Cyclone [11]. The 3D scanner and 2D scanner were installed in close proximity to the 
FPB as presented in Figure 8a. Figure 8b shows the point cloud collected by the 3D scanner. 

 

 
(a) Setup’s photo (b) Point cloud collected by 3D scanner 

Figure 8: Experimental setup for final evaluation by comparing 3D scanner and 2D scanner results 

As presented in Figure 8, the load to FPB was applied via lead blocks. The shaking table 
platform was incrementally displaced along a single axis. The displacement was incremented 
14 times and the displacement of the shaking table was measured by a position transducer. 
Displacements of the slider pack were monitored by both the 2D and 3D scanners. Due to size 
limitations of the paper, only some typical results are presented herein. 



239

Shakhzod M. Takhirov. 

 7

The 2D scanner was installed slightly out of plum to make sure that the scanner will capture 
the rib of the bottom dish and the slider pack. The point cloud of the bottom dish’s rib was also 
collected by the 3D laser scanner. The tests were conducted in a quasi-static setting. The 
scanners were installed outside of the shaking table and they were stationary during the tests. 

Figure 9 presents the results for the best fitting of the point clouds to circles. The point cloud 
with its best fit for the bottom dish is presented in Figure 9a and the point cloud with its best fit 
for the slider pack is presented in Figure 9b.  

  
(a) Bottom dish (b) Slider pack 

Figure 9: Typical best fits of corresponding point clouds to circles 

Figure 10a presents the small variability of a few millimeters in the estimation of the dish’s 
radius and Figure 10b shows the displacement of the bottom dish’s center in respect to the top 
dish. Both results were obtained by utilizing point cloud data of the 2D scanner. 

  
(a) Variability of estimation of dish’s radius (b) Displacement 

Figure 10: Results of 2D scan data for bottom dish of FPB 

Figure 10 shows the comparison of the results from the 3D and 2D scanners. The 
displacement of the bottom dish is presented in Figure 10a. The displacement is based on the 
same approach of best fitting the point clouds to circles. In the case of the point cloud collected 
by the 3D laser scanner, only horizontal slices of the point clouds were considered. The error 
between the displacements estimated from point clouds of the 3D and 2D scanners are presented 
in Figure 10b. The latter shows that the error between the two scanners is relatively small and 
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does not exceed 4 mm. This accuracy is very close to the accuracy measured in the feasibility 
test conducted on the globes (see Section 3). Hence, the accuracy of the inexpensive 2D scanner 
is very close to that of the 3D scanner of surveying grade accuracy. The results obtained from 
the point clouds of the 2D scanner can adequately describe the displacements of the bottom 
dish. 

 
(a) Displacement (b) Error 

Figure 11: 3D scanner versus 2D scanner comparison 

The point cloud of the slider pack captured by the 3D scanner was quite noisy because of its 
high sensitivity to the black color as presented in Figure 12a. It was noticed earlier [12] when 
surveyor grade scanners from different manufacturers were compared against each other. On 
the other hand, the point cloud of the slider pack collected by the 2D scanner had very small 
variations as shown in Figure 9b. A final comparison showing the slider and bottom dish 
displacements is presented in Figure 12b. Both displacements were estimated from the point 
clouds collected by an expensive 2D scanner, which is shown to have about the same accuracy 
as the 3D laser scanner. The plot presented in Figure 12b shows that the slider’s displacement 
is about two times less than that of the bottom dish. This is related to the fact that the sliding 
occurs on both spherical surfaces of the top and bottom dishes, which is one of the main features 
of the triple FPB.  

 
(a) Noisy point cloud of black colored slider pack 

collected by 3D scanner (b) Displacement estimates by using 2D scans 

Figure 12: Noisy data of 3D scanner and displacement estimates by using 2D scans 
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As discussed above, the 2D scanner offers the following advantages. First, it provides an 
adequate accuracy of the slider pack’s position tracking when compared to a 3D laser scanner 
with a surveyor grade accuracy. Second, it is much more compact and lightweight, which makes 
it possible for use in permanent installations on a FPB. Third, the price range of the 2D scanner 
is significantly lower than that of the 3D scanner. The price of a 2D scanner is about 0.2% of 
the 3D scanner’s price. Fourth, low sensitivity of the 2D scanner to the color of the object was 
observed. Based on all these results, the 2D scanner can be used as one of the sensors in the 
Smart City’s network.    

5 CONCLUSIONS 
- A smaller sensitivity to the slider’s black color was observed for 2D scanner when 

point clouds from 2D and 3D scanners were compared. 
- The approach discussed herein delivers adequate accuracy for monitoring relative dish 

and slider pack displacements inside of the FPB. Although the advantages of the 
approach are shown in a static setting, it can be easily extended to a dynamic setting. 
The sampling rate of the 2D scanner is 10 Hz, which is sufficient for tracking low 
frequency systems. For example, the FPB used in the study had a frequency close to 
0.5 Hz. The approach can be extended to objects of other shapes, which is ongoing. 

- Since the approach is based on the utilization of an inexpensive 2D laser scanner with 
a relatively high sampling rate, it is intended for mass installation to serve as a one of 
the near-real time sensors in the Smart City network. The approach discussed herein is 
going to be utilized in a standalone device comprised of a 2D scanner and Arduino [13] 
or similar boards, which is ongoing. 
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Abstract. This paper aims at developing a fully automated crack monitoring system for concrete struc-
tures, based on embedded piezoelectric transducers. The essential elements of the monitoring system are
the embedded transducers, the interrogation unit, the post-processing method, and the determination of a
threshold for automated alarm triggering. The paper starts with the description of the sensors and inter-
rogation unit, followed by a presentation of the test setup which consists in a short concrete beam with a
pair of embedded piezoelectric transducers subjected to a three-point bending test to induce progressive
damage. Continuous monitoring is performed throughout the test and the methodology to compute a
damage indicator and compensate for the acoustoelastic effect is described. The last section deals with
the determination of the threshold for alarm triggering based on statistical analysis of the damage indi-
cator. Two approaches are compared, the first one which relies on the assumption of normality of the
damage indicator, and the second more general one based on extreme value statistics.

1 INTRODUCTION

Concrete is the most widely-used construction material in the world; it is a complex material whose
mechanical properties evolve continuously from the time of casting until the end of its lifetime. Over
time, when the structure is in-service, the mechanical properties of concrete can deteriorate due to several
mechanisms, such as the loss of prestress in prestressed concrete or chemical attacks such as alkali-silica
reactions or delayed ettringite formation. In order to ensure the safety of the infrastructure, it is important
to be able to assess its state of health. Destructive compressive tests can be performed on sampled cores
extracted from the structure. For obvious reasons however, non-destructive techniques are preferable.
Among these, the ultrasonic pulse velocity method (UPV) is currently one of the most widely used tech-
niques. This is an established technique described in different national norms including the European

1
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standard EN 12504-4 [1] and the ASTM norm C 597 – 02 [2], and used in many commercial systems.
The technique consists in exciting the emitter by a short pulse signal and measuring the time of propa-
gation of the wave from the emitter to the receiver. Knowing the distance between the transducers, the
velocity of the fastest wave (the compressive wave, also called the P-wave) can be measured. The P-wave
velocity is related to the mechanical properties (Young’s modulus and Poisson’s ratio) of the concrete
and can therefore be used to assess the uniformity and relative quality of concrete [3]; it can also indi-
cate the presence of voids and cracks [4] and can be used to evaluate the setting time in fresh concrete [5].

Over the last ten years, several researchers have studied the possibility of embedding the ultrasonic
probes directly inside the concrete [6]. The first and obvious advantage of the technique is the potential
automation of ultrasonic monitoring. Additional advantages are an enhanced coupling (without coupling
agents) with the concrete for stronger wave generation over longer paths, the protection of the transduc-
ers from environmental and accidental attacks, the possibility to perform measurements in the presence
of formworks, and an added flexibility of transducer arrangements which allows for direct wave propa-
gation paths. A major requirement with such transducers is however, their low-cost, as they will be lost
in the structure.

At ULB-BATir, there has been development of tailored embedded transducers to measure the P-wave
velocity at early-age [7] and monitor cracking in several laboratory tests [8, 9, 10] (pull-out, three-point
bending and compressive tests). In particular, based on the measured received wave, there has been
developed a damage indicator able to track the appearance of micro-cracking in concrete. The aim of
the present paper is to go one step beyond the definition of the damage indicator by proposing robust
techniques to set appropriate thresholds for automated damage detection.

2 SPECIMENS AND MONITORING SYSTEM

Experiments we performed on two short non-reinforced concrete beams in which a pair of transducers
had been embedded with a spacing of 14.3 cm. The beams are made of ordinary concrete. The geometry
and the components of the beams are given in Table 1.

The embedded transducers have been developed at ULB-BATir and are made of a thin Lead Zirconate
Titanate (PZT) patch which is a piezoelectric material [11] and surrounded by several coating materials
(Fig. 1).

Conductive coating

PZT patch

Waterproof coating

Expansion direction

20mm

8mm

Fig. 1: Embedded piezoelectric transducers designed and manufactured at ULB-BATir.

The ultrasonic monitoring system is described in Fig. 2a; it is composed of a data acquisition board NI
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PXI-6115 ( 10MHz sampling rate) and a variable-gain preamplifier SmartPre (+18− 60 dB, band-pass
1 kHz−1MHz) designed by SMARTMOTE which are controlled by an in-house program based on the
LabView programming environment. The system is able to perform up to 150 ultrasonic measurements
per second while the signal which is generated is a short pulse of 5µs corresponding to a frequency band
up to 200 kHz (−6dB at 120 kHz). For the present experiments, the ultrasonic measurement rate has been
set to 25Meas./s. The duration of each measurement is 3ms which allows for a complete attenuation of
the ultrasonic wave before the next measurement.

The excitation signal is a low-voltage short pulse (10 V , 5 µs). Due to the very high measurement
rate in this test and the occurrence of damage, some recorded signals are polluted with acoustic emission
events which have to be filtered out. Acoustic events are waves generated by the sudden release of energy
due to cracking events [12, 13]. In the present study, it was decided to remove these signals from the data,
with the procedure described in [10]. This is not problematic as there are enough non-polluted signals
due to the very high measurement rate. The measurements which are presented in section 3 correspond
to an average of the last 10 sane signals (i.e. without acoustic emission events).

3

5

10V

5µs

1 DAQ 2

3

Emitter

Receiver 4 Ampli�er 5 DAQ

OUT

IN

≤150 
Meas./s

1

2 4

5
+18...60dB

(a) Fast (≤ 150 ultrasonic measurement per second)
and low-voltage (≤ 10 V ) data acquisition system.

(b) Embedded transducers in a prismatic mold.

3 DAMAGE MONITORING

A three-point bending test is performed on one of the two non-reinforced concrete beams after 28
days. An overview of the test setup is shown on Fig. 3. The loading machine is a 200 kN hydraulic
jack bending testing machine. The force and the displacement have been recorded on a computer using a
National Instruments DAQ system (NI PXI-4461). The vertical displacement at the center of the beam
is measured by an inductive displacement transducer (±5 mm LVDT, HBM W5TK) wired to the DAQ
through a specific signal conditioner. The ultrasonic monitoring system is described in Fig. 2a. During
the bending test, short low-voltage pulses are sent at regular interval (5 µs, 10 V , 25 Signals/s).

3.1 Loading Procedure

Since the beam is not reinforced, the maximum load which can be applied is reached at the initiation of
the crack. The loading machine is controlled in displacement thanks to an inductive linear displacement
transducer (LVDT) as shown in Fig. 3. In order to make sure that the crack is initiating at the center of
the beam, a notch of 1 cm of depth is sawed (Fig. 4). The loading procedure and the force-displacement
curve are displayed in Fig. 4 where different pictures allow tracking the crack opening. The beam is
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Table 1: Composition of the concrete and geometry of the Non-Reinforced Concrete (Mini) Beams

Geometry of the Non-Reinforced Beam
L× l ×h cm 40×10×10
Distance between transd. cm 14.3

Concrete components Density
CEM I 52.5 N PMES CP2 (Saint Vigor, FR) kg/m3 340
Sand 0/4 (Bernières, FR) kg/m3 739
Gravel 8/22 (Bernières, FR) kg/m3 1072
Total water kg/m3 184

Total wet density kg/m3 2335
Total dry density kg/m3 2250

Mechanical Properties
Young’s Modulus∗ Ecm GPa 36
Compressive Strength (cube)∗ fck,cube MPa 38.04
Compressive Strength (cylinder)∗ fck MPa 30.05
Tensile Strength† fctm MPa 0.3 f 2/3

ck = 2.89
Flexural Strength† fctm, f l MPa (1.6− h(m)

1000 ) fctm = 4.63
Expected Maximum Load† kN 8.1
∗ Measured
† Estimated from EUROCODE EN 1992-1-1:2004

LVDT

Non-Reinforced Beam
200 kN Hydraulic Jack

Emi�er

Receiver

14.3 cm

40 cm

a
b
c

a 10 cm

10 cm

b

c

Fig. 3: Overview of the test setup for the bending test. The geometry of the specimen is given in Table 1.
The loading machine is a 200 kN hydraulic jack bending testing machine.

unloaded right after the crack visually appears. The different pictures are numbered (from 1 to 3) in
order to relate them to a) the force-displacement and force-time curves in Fig. 4, and b) the evolution of
the damage index in Fig. 6. The crack visually appears when the maximum load is already exceeded (see
2 in Fig. 4). It is important to note that the sudden load decreases which can be observed in the loading
phase are due to technical features of the loading machine.

3.2 Damage indicator

For real-time monitoring, it is important to be able to distinguish between the effects of damage and
operational conditions. As the wave velocity varies due to the appearance of damage as well as changing
operational conditions, it is not a robust indicator of damage. The previously-used damage indicator, the
early wave damage index, has also been shown to be sensitive to operational conditions [9]. In this paper,
the time stretching with DWI [10] is used in order to filter out operational conditions before computing

4



255

A. Deraemaeker, C. Dumoulin, N. Dervilis, E. Cross AND K. Worden

0 0.05 0.1 0.15 0.2

0

1

2

3

4

5

6

Displacement (mm)

Fo
rc

e 
(k

N
)

14' 15'40"7'40'' 6.8

0 5 10 15 20
Time (min)

Force-
Displ.

Force-
Time

321
14' 15'40"7'40''

Pictures of the crack opening Loading Procedure 

321

Crack

1

2

3

Fig. 4: Loading procedure and force-displacement curve related to the visual appearance of the crack.
The three-point bending test is controlled in displacement using a LVDT.

the damage index.

The damage index DI is expressed as

DI j =

√√√√√√√

∫ t2

t1

(
S j

(
t (1− εmax)

)
−S0 (t)

)2
dt

∫ t2

t1
S2

0 (t) dt
(1)

where S j(t) corresponds to the amplitude of the damaged signal, S0(t) is the amplitude of the healthy
signal, t1 is the time of arrival of S0, and t2 − t1 corresponds to the duration of the first half-period. This
is represented in Fig. 5, where an example of a healthy signal and one with cracking are presented. εmax

corresponds to the value of time stretching which maximizes the correlation coefficient CC defined by,

CC(ε) =

∫ t f

t0
S (t)S0

(
t (1+ ε)

)
dt

√∫ t f

t0
S2 (t) dt

∫ t f

t0
S2

0

(
t (1+ ε)

)
dt

(2)

Fig. 6 shows that if no time stretching is applied to the measured signals, the DI is affected by these
small velocity changes (see the small increase of the DI around point 1 which can be attributed to the
acoustoelastic effect as explained in [10]). Applying time stretching allows removal of the small velocity
changes due to operational perturbations, at the cost of a slightly lower sensitivity to the damage.
The damage indocators presented in Fig. 6 are obtained after averaging ten ultrasonic signals. This
allows to reduce the noise and therefore potentially to increase the sensitivity to damage. In the next
section, the methodology to set a robust threshold to distinguish between the healthy and damaged state
in an unsupervised manner is discussed. The case where no average is performed on the signals before
computing the damage index is also discussed. If no averages are performed, the threshold will most
likely be higher and the sensitivity to damage should decrease, but more data is available for the statistical
analysis.
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Fig. 5: Example of a healthy and a damaged signal and definition of the quantities used for the computa-
tion of the damage index (with and without time stretching).
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Fig. 6: Evolution of the damage indicator as a function of the time (DWD: direct wave decorrelation,
CWD: coda wave decorrelation).

4 Extreme value threshold calculated with differential evolution

The first stage in the analysis is to define an alarm threshold regarding the damage index. Tradition-
ally, the warning levels can be defined by n̄+aσ, where n̄ and σ are respectively the mean and standard
deviation of all the values of the novelty index (damage indicator as defined in equation (1)) over the
training data. In statistical terms, the parameter a controls the percentage of false-positives. For exam-
ple, if the distribution is purely Gaussian, then a value of 1.96 will give estimates within warning levels
of 95% probability. In this paper, a is set equal to 2.58 giving a 99% confidence limit. In Figures 7, 8,
9 and 10 one can see if the normal/healthy condition of the data as defined before is following a normal
distribution. For this reason plots in Figures 7, 8, 9 and 10 show a histogram of values of healthy data
and fit a normal density function. Note that as expected, the standard deviation of the data with 10 av-
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erages is lower than with no average. It can be seen that the distribution is close to normal but weakly
right-skewed with a longer right tail (positive-skew distribution).
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Fig. 7: Histogram with a normal distribution fit of the damage indicator without time stretching (no
average).
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Fig. 8: Histogram with a normal distribution fit of the damage indicator with time stretching (no average).
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Fig. 9: Histogram with a normal distribution fit of the damage indicator without time stretching (10
averages).
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Fig. 10: Histogram with a normal distribution fit of the damage indicator with time stretching (10 aver-
ages).

For this reason, xxtreme value statistics (EVS)[14] was used in order to establish more robust thresh-
olds. The assumption of a Gaussian distribution (chi-square regarding the distances), although very
common and very attractive, may not be very appropriate in cases where the problem is concerned with
tails of a distribution. In those cases extreme value statistics may be more suitable [15, 16]. In order to
study the tails of an arbitrary parent distribution, the maximum of the samples should be used for the
right tail and the minimum for the left. According to Fisher and Tippet extreme value theorem (EVT)
[17], the induced distribution on the maxima of the samples can only take one of three forms: Gumbel,
Weibull, or Frechet [15, 16].

The EVT in statistics is a good analog of the well known central limit theorem (CLT). The core idea
of the CLT is that the average of many independently and identically distributed (iid) random variables
converges at the end to a normal distribution provided that each random variable has a finite mean and
variance. In the exact same sense the EVT is dealing with the central tendency that the maximum of a
sample of iid random variables can only converge in distribution to one of three possible distributions as
mentioned before. The distribution used here is the Gumbel and it can be seen in equation (3) for the
maxima, and (4) for the minima,

H(x) = e−e−
x−λ

δ (3)

L(x) = 1− e−e
x−λ

δ (4)

where λ and δ are model parameters to be estimated from the data. It has to be noted that the central point
in this study is that in such situations one would fit models to parts of the parent distribution’s tails, as
they should follow one of the three possible distributions, and identify thus a parametric model. Once the
parametric model is obtained, a threshold can be calculated based on the fitted distribution. The chosen
approach for the modelling here was differential evolution (DE) [18].

DE belongs to the family of evolution-based algorithms where an initial random population of solu-
tions is propagated through a repeated cycle of mutation and crossover operations until an optimal (or
near optimal, according to desired criteria) solution is obtained. The process is explained in more details
in [19] and [20]. Naturally, an evolution process needs the calculation of a cost function, which in the
particular problem here is to fit a parametric model to a given cumulative distribution function (CDF). A
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well known normalised mean squared error, was applied here.

Here, all three distributions were tried, with the Gumbel providing the best results. The parameters
of the DE were crossover ratio 0.5, scaling factor in the mutation vectors 0.9 and a population size of
30. A fixed number of maximum generations was set at 100, as it has been noted that the rate of change
of MSE was stabilising before actually reaching this number [15, 16]. Figure 11 shows an example of a
Gumbel distribution curve-fit after the DE was left to run and fit to the healthy condition data set from
the parent distribution.

Figures 12, and 13 show the alarm thresholds when the EVS was used. The level of confidence
used was 99 % meaning that 1 % of outliers was expected to be indicated. Results are shown when
the evolution of the damage indicator includes two variants, with and without time stretching, in order
to compensate for the acoustoelastic effect. The size of the portion of the data from the training test
(assumed healthy state) which was used for fitting a Gumbel distribution was set at 10%. Readers should
be aware [15, 16] that there can be a difference in the curve-fits with the size of the portion of the
data which is used for fitting (something that is expected). In addition in [15, 16] was observed that
variability on the curve-fit and the NMSE values can occur when the process is repeated with different
random samples. This can be dealt by using a validation set in order to increase the consistency of the
selection of the EV parameters. Here the first 60% of the baseline data was used to do the curve-fit.

0 0.02 0.04 0.06 0.08
Order Statistics

0

0.5

1

Cu
m

ul
at

iv
e 

D
is

tr
ib

ut
io

n
Fu

nc
tio

n

Empirical cumulative 
distribution curve-�t (CDF) Points used

Fitted Gumble cumulative 
distribution curve-�t (CDF)

Fig. 11: An example of a Gumbel distribution curve-fit after the Differential Evolution algorithm was
left to run,fitting on 10% of data.

It is clear from the figures that time stretching is successful in removing the acoustoelastic effect from
the features which is responsible for a high number of false alarms around sample 1000 (10000 without
average). When 10 averages are used, this effect can however not be fully removed resulting in a few
false alarms before the actual damage occurs. The use of no average results in a higher variance in the
data, and therefore this effect is masked and there is no false alarm before the actual damage, but the
damage is detected slightly later (around sample 1600 compared to 1500 when averaging is used). This
shows that there is a compromise between the noise reduction and the sensitivity to operational condition,
as well as to damage.

The approach for the calculation of robust thresholds in the damage index made use of EVS and
showed a significant similarity with the assumption of a normal condition threshold. This was expected
as the damage index is weakly skewed. However, the approach that was followed here using EVS is
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more accurate as there are some heavy tails.
The results shown in this section were presented for thresholds under an assumption of Gaussian

statistics and using EVS distributions. It is shown that the EVSs provide the appropriate thresholds for a
given confidence level as it nicely fits a Gumbel distribution (see Figure 11).
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Fig. 12: Alarm threshold of the damage indicator with and without time stretching (no average).
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Fig. 13: Alarm threshold of the damage indicator without time stretching (no average).

5 Conclusion

Based on previously obtained results of a crack monitoring system with ultrasonic sensors embedded
in a small concrete beam, we have presented a methodology to set a threshold for automated damage
detection. The monitoring systems consists in an a pair of transducers embedded in the beam. One of
the transducers is used as emitter and the other as receiver. The measured signals are used to build a
univariate damage indicator. Due to the very high interrogation rate of the system, the data obtained
contains a large number of samples both in the healthy state and during the cracking of the specimen.
This allows to perform a sound statistical analysis of the indicator in order to set a meaningful threshold
for early damage detection.

Two approaches have been used to determine the value of the threshold: (i) simple threshold based
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on the normality assumption and (ii) threshold based on extreme value statistics. The data consists in
raw data which is sensitive to the acoustoelastic effect, and data compensated using time stretching in
order to remove as much as possible this effect. Due to the fact that the baseline data is shown to follow
a distribution very close to normal, extreme value statistics gives very similar results than the ones based
on the variance of the baseline data.

Two sets of data are also compared, the first one in which ten averages of the measured signals are
used to compute the damage indicator, and the second one where no average is performed on the mea-
sured signals. The results show that when averaging is performed, the standard deviation on the baseline
is lower, so that damage can be detected earlier, but at the same time, as the acoustoelastic effect is not
removed completely, there are a few false positives associated to it. On the other hand, without averag-
ing, the damage is detected slightly later, but the acoustoelastic effect does not cause false alarms as it is
mainly covered by the higher noise on the data.

The interesting result of this study is that, at least for the present test, the statistical distribution of the
univariate damage indicator is Gaussian, so that extreme value statistics is not essential to set a proper
threshold. Further studies will focus on theoretical developments to investigate if this result can be
generalized to any type of test using this specific damage indicator.
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Campus Diagonal-Besòs (CDB), Eduard Maristany, 16, 08019 Barcelona, Spain
e-mail: ervin.hoxha1990@gmail.com Web page: http://https://codalab.upc.edu

Key words: Condition Monitoring, Fault Classification, Wind Turbine, SCADA, Data Based, Machine
Learning

Abstract. The reliability requirements of wind turbines have increased significantly in recent years in
the search for a lower impact on the cost of energy. In addition, the trend towards larger wind turbines
installed in remote locations has significantly increased the cost of repair or replacement of the compo-
nent. In the wind industry, therefore, condition monitoring is crucial for maximum availability [1]. This
contribution makes a review of supervised machine learning classification techniques for wind turbine
condition monitoring using only SCADA data already available. That is, without installing extra sensors
or costly purpose-built data sensing equipment. Although there has been extensive research into the use
of machine learning techniques for wind turbine monitoring, the more recent trend in this type of litera-
ture is to focus on a specific WT sub-assembly: the bearings and planetary gearbox [2], the generator and
power converter [3], the blades [4], etc. Oil debris systems can detect pitting failures but cannot detect
cracking faults. Vibration based systems can detect both pitting and cracking, but most cannot determine
the health of components in the planetary section. This work approaches condition monitoring of various
wind turbine components (torque actuator, pitch actuator, pitch sensor, and generator speed sensor) with
a unique strategy. In particular, for this purpose, a review of supervised machine learning classification
techniques is performed and analyzed.

SMART 2019 Conference.

1 INTRODUCTION

Wind energy is a renewable energy, this means that as long as the sun continues to shine we will have
wind to generate electricity. Wind energy is also clean and green. At the moment developed countries
generate most of their energy from fossil fuels like coal, natural gas and oil. However burning fossil
fuels creates green house gases that are through to contribute to the global climate change. In order to
make wind energy profitable, the global wind industry has been witnessing an increase in average turbine
size over the years. In this regard, offshore wind farms can increase energy production, as bigger wind
turbines (WT) can be installed and they take advantage of higher and more uniform wind speeds.

The operation and maintenance of wind turbines is difficult and costly, especially for offshore wind
turbines. Thus, condition monitoring is essential to reduce the energy cost. The faults must be anticipated
before the break down takes place, and it is crucial to know what type of fault is, and where is it taking
place.

1
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Reference [5] reports a wide variety of faults in wind turbines. However, the latest research trend
is to target only one specific parts of the wind turbine. For example, reference [6] target conditiom
monitoring approaches of WTs with focus on gearbox, generator, blade, braking system, and rotor. The
latest tendency in this type of literature review is to focus on a specific WT sub-assembly: the bearings
and planetary gearbox [7], [8]. Reference [9] focuses on the generator and power converter, reference
[10] targets the blades, etc. These type of localized strategies require almost always to install extra (an
costly) sensors. However, there is already a huge amount of data from the existing sensors in the wind
turbine (SCADA-Supervisory Control and Data Acquisition) that could be used for condition monitoring.
The reason it is not actually used is that SCADA data is typically recorded at 10-minute intervals to
reduce transmitted data bandwidth and storage. This low-frequency resolution negatively affects the
diagnosis capabilities, and may hide short-lived events. On the other hand, high-resolution (but feasible)
SCADA data should allow the dynamic turbine behavior to be identified with higher fidelity and thus
improve detection efficiency. Following what is stated in [1], in this work a research framework is
proposed that takes SCADA data with an additional high but feasible (1 s) frequency from the sensors.
That is, the only requirement is to increase the frequency rate in the SCADA data from the already
available sensors. Thus, this work approaches condition monitoring of various wind turbine components
(torque actuator, pitch actuator, pitch sensor, and generator speed sensor) with a unique strategy and
using only SCADA data.

Machine learning has been essential in the condition monitoring research arena. For example, ap-
plication of machine learning method in bridge health monitoring[11], health monitoring of aeroplane
structural component based on K-means clustering [12], etc . However, machine learning for condition
monitoring of WT is still an incipient research area. In this work different machine learning strategies
are used to monitor the condition of a 5 MW wind turbine using only SCADA data and taking into ac-
count faults in various WT components (torque actuator, pitch actuator, pitch sensor, and generator speed
sensor).

This work is organized as follows. In Section 2, we describe the fault detection and classification
methodologies. We discussed and analyzed the results in Section 3. In Section 4, some conclusions
about the current challenges and future work are given.

2 FAULT DETECTION AND CLASSIFICATION METHODOLOGIES

2.1 Model overview

The simulated model stated in [13] is utilized in this work. It integrates a 5 MW wind turbine mod-
elled using the FAST software (National Renewable Energy Laboratory, Golden, Colorado, USA), see
[14]. The model proposes to simulate the sensors in the block diagram environment Simulink by adding
signals from band-limited white noise blocks that are parameterized by noise power to the actual vari-
ables provided by the FAST software, see Table 1.

The fault scenarios, that comprehend sensors and actuators, are displayed in Table 2. The interested
reader can find a comprehensive description of these faults and their importance in [15].

2.2 Data collection

A total of 260 simulations were conducted in this work: 100 with a healthy WT, and 20 simulations
for each studied fault. The simulations have a duration of 400 seconds. Observe that the wind sequence is
not used as a known measurement. It is also noteworthy that the data used by the fault detection strategy
has a sampling period of 1 second. As noted in the introduction, following what is stated in [1], in this
work a research framework is proposed that takes SCADA data with an additional high but feasible (1
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Table 1: Available sensors (measured data).

Number Sensor Type Symbol Unit Noise Power
S1 Generated electrical power Pe,m W 10
S2 Rotor speed ωr,m rad/s 104
S3 Generator speed ωg,m rad/s 2 ·104
S4 Generator torque τc,m Nm 0.9
S5 Pitch angle of first blade β1,m deg 1.5 ·103
S6 Pitch angle of second blade β2,m deg 1.5 ·103
S7 Pitch angle of third blade β3,m deg 1. ·103
S8 Tower top fore-aft acceleration a f a,m m/s2 5 ·104
S9 ower top side-to-side acceleration ass,m m/s2 5 ·104

Table 2: Fault scenarios.

Number Fault Type
F1 Pitch actuator (High air content in oil) Change in system dynamics
F2 Pitch actuator (Pump wear) Change in system dynamics
F3 Pitch actuator (Hydraulic leakage) Change in system dynamics
F4 Generator speed sensor Gain factor (1.2)
F5 Pitch sensor Stuck value ( β3,m = 5 deg)
F6 Pitch sensor Stuck value ( β3,m = 10 deg)
F7 Pitch sensor Gain factor (1.2)
F8 Torque actuator Offset value (2000 Nm)
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second) frequency from the sensors.

2.3 Data reshape

Our goal is to minimize the detection time (Td) and at the same time to obtain a high accuracy. Td
specifically means the time from when the fault occurs till it is detected. It is proposed to organize the
available data from the simulations in samples of only three time steps (this will lead to a detection time
of approximately three seconds). In reference [13] the faults detection requirements are given in terms
of the sampling time. Fault 8, related to the torque actuator, requires to achieve Td < 3s. This is the fault
that requires the fastest detection time. The other faults have a slower dynamic. Fault 1 requires to be
diagnosed in less than 8s and Faults 4 to 7 require a Td less than 10 seconds. We will organize our data
in 3 time steps. As mentioned before, we used only 400 seconds duration of 260 simulations, from 9
available sensors. Since we will organize the data in 3 time steps, and 400 is not divisible by 3, we will
use only 399 seconds. Recall that initially the data was stored as below:




x(k)1,1 x(k)1,2 ... x(k)1,399

x(k)2,1 x(k)2,2 ... x(k)2,399

... ... ... ...

x(k)260,1 x(k)260,2 ... x(k)260,399




∈ M(k)
260×399(R) (1)

where k is linked to different sensors k = 1,2,3...9, so there is one matrix associated to each sensor.
There are 260 simulations, therefore the matrix has 260 rows. In order to minimize the detection time,
instead of using this matrix, we reshape the data in a matrix with only 3 columns (J = 3):




x(k)1,1 x(k)1,2 x(k)1,J

x(k)1,J+1 x(k)1,J+2 x(k)1,2J
...

...
...

x(k)1,400−J+1 x(k)1,400−J+2 x(k)1,399

x(k)2,1 x(k)2,2 x(k)2,J

x(k)2,J+1 x(k)2,J+2 x(k)2,2J
...

...
...

x(k)2,400−J+1 x(k)2,400−J+2 x(k)2,399
...

...
...

x(k)260,1 x(k)260,2 x(k)260,J

x(k)260,J+1 x(k)260,J+2 x(k)260,2J
...

...
...

x(k)260,400−J+1 x(k)260,400−J+2 x(k)260,399




∈ M (k)
260· 399

3 ×3
(R), (2)

As each sample has 3 seconds, the number of total samples is I = 260 · 399
3 = 34580. Finally, the
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matrices coming from all sensors (k = 1,2, ...9) are concatenated the obtain the data matrix X as follows:

X =
(

M (1)|M (2)| · · · |M (9)
)

2.4 Preprocess

As the data comes from different sensors and has different magnitudes, it is columnwise normalized.
Then, principal component analysis is used to reduce the dimensionality of the data. In this work, the
number of principal components is selected based on keeping 99.98% of the variance. In particular, from
a total of 27 components, 99.98% of the variance is accomplished by the first 16 components.

2.5 Supervised classifiers

In this work, two well known classifiers have been studied: k-nearest neighbour and support vector
machines. It is not the purpose of this work to review these techniques, however the interested reader
can find a comprehensive description of these methods in [17] and [18]. In this work, the parameters of
both classifiers have been optimized using the 5-fold cross-validation technique. Cross-validation is a
resampling procedure used to evaluate machine learning models on a limited data sample. The procedure
has a single parameter called k that refers to the number of groups that a given data is to be split into.
The choice of k is usually 5 or 10, but there is no formal rule. As k gets larger, the difference in size
between the training set and the resampling subsets gets smaller. As this difference decreases, the bias
of the technique becomes smaller [19]. In this paper we used 5-fold cross-validation.

3 RESULTS, ANALYSIS, AND DISCUSSION

3.1 k-NN

In order to choose the number of neighbours in k-NN, we test the overall accuracy for different
numbers of neighbours. As shown in the Fig. 1, we get the highest accuracy when the number of
neighbours is 1. Finally, the results for k = 1 and k = 5 are shown. Confusion matrices show us a
comprehensive decomposition of the error between the true classes and predicted classes, see Figures 2
and 3 (an empty blank square means 0 %). In these matrices, each row represents the instances in a true
class while each column represents the instances in a predicted class (by the classifier). In particular,
the first row (and first column) is labeled as 0 and corresponds to the healthy case. The next labels (for
rows and columns) correspond to each fault (from Fault 1 to Fault 8). From the confusion matrices, the
following issues can be highlighted.

When the number of neighbours is k = 1 (Fig. 2), the overall accuracy is 95.7 %. In this case, the
healthy class has a true positive rate (TPR, the percentage of correctly classified instances) higher than
99% and a false negative rate (FNR, the percentage of incorrectly classified instances) smaller than 1%.
Fault 1 (related to the pitch actuator fault with high dynamics) has a TPR of 91% and an FNR of 9%.
This FNR percentage was mainly obtained from 2% missing faults, 1% misclassified as Fault 3, 5, 6, 7
or 8, and 6% confusion with Fault 2, which is also a fault located in the pitch actuator. Fault 2, related to
pitch actuator (pump wear), has a TPR of 89% and an FNR of 11% . It was misclassified as healthy 4%
of the time, 2% of the time it was confused with Fault 1, and 5% of the time it was confused as Fault 3, 5,
6 ,7 or 8. Fault 6 (related to the pitch sensor) was the most difficult to be classified, it had a TPR of 88%,
4% was misclassified as Fault 5 (related also to pitch sensor), 3% missing fault, and 5% misclassified as
Fault 1,2,3,4,7 or 8. We can see from the confussion matrix that all the Faults, except Fault 2 and Fault
6, have a TPR higher than 91%.

5



268

Ervin Hoxha, Yolanda Vidal, Francesc Pozo

0 5 10 15 20 25 30 35 40 45 50

Number of Neighbours

60

65

70

75

80

85

90

95

100

O
v
e

ra
ll 

a
c
c
u

rr
a

c
y

Figure 1: Number of neighbours with respect to overall accuracy.
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Figure 2: Confusion matrix when the number of neighbours is selected 1

7



270

Ervin Hoxha, Yolanda Vidal, Francesc Pozo

Figure 3: Confusion matrix when the number of neighbours is selected 5
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When the number of neighbours is k = 5 (Fig. 3), the overall accuracy is 87.2 %. Fault 4 (related
to the generator speed sensor) as in the previous case has a TPR of 99%. All the other classes decrease
their TPR. The most affected classes are Fault 1 and Fault 2, in particular, Fault 1 decreases its TPR to
70% and Fault 2 to 61%.

3.2 SVM

The 5-fold cross-validation technique is used to select the following parameters: box constraint and
kernel scale of the Gaussian kernel, see [20]. The results are presented in Fig. . The highest accuracy is
95% and it is achieved when the kernel scale is equal to 1/4 and the box constraint is 75 or 100.
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Figure 4: Box constraint value and kernel scale with respect to overall accuracy

Fig. 5 shows the confusion matrix when the box constraint is equal to 75 and the kernels scale is 1/4.
In this case Fault 1 (the most difficult to classify) has a TPR of 77%, 17% of the times is misclassified
as no fault and 6% is misclassified as Fault 2. Fault 6 has a TPR of 89% and an FNR of 11%. The FNR
is mainly obtained from 4% missing fault, 2% misclassified as Fault 2, 3% as Fault 5 and remaining
percentage 2% is a misclassification to Fault 1,3,4 or 7. The rest of the faults has a TPR above 90%.
Note that Fault 8 has a TPR of 100%.
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Figure 5: Confusion matrix, SVM with box constraint value 75 and kernel scale 1/4.
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4 CONCLUSIONS

In this paper, it was presented a strategy to monitor the condition of a wind turbine.Eight different
faults were studied and the model was able to detect and classify the type of the fault. That is, without
installing extra sensors or costly purpose-built data sensing equipment. Supervised machine learning
classification techniques were essential for wind turbine condition monitoring using only SCADA data
already available. Two different classifiers were used, KNN and SVM. It was achieved an overall accu-
racy of 95.7% when KNN was used and 95% with SVM.

As a future work, we will try to optimise the model, and also include other faults.
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Abstract. The problem of identifying small damages in beam-like structures is studied by defining a
suitable inverse problem with different modal quantities including frequencies, mode shapes and modal
curvatures. With the aim of making a critical analysis of the different approach followed in the literature,
we study a prototype problem of a free-free beam with single and multiple damages. The attention is
mainly devoted to modal curvatures. It is shown that by making use of a perturbative solution of the
equation of motion of a damaged beam, it is possible to obtain a closed form relationship between the
modal curvature differences due to damage and the damage distribution itself. This information is added
to the contributions of other modal quantities, frequencies and mode shapes, to improve the inverse
problem of damage identification and to eliminate possible redundant solutions. On the other side, the
variations of the curvature due to damage is concentrated at damage location and this circumstance can
lead to difficulties in its detection. The results of the proposed approach are validated by using the results
of an experimental campaign carried out by the authors.

1 INTRODUCTION

Vibration-based damage identification techniques have recently been the subject of much research,
with particular emphasis on natural frequencies [1, 2]. As a global structural property, they are easily
and reliably measured and their variation with damage is clearly monotonic. Unfortunately, due to them
being a global characteristic, frequencies offer a modest sensitivity to local damage, mainly when the
damage intensity is limited [3]. As such, variations of temperature or humidity could cause changes in
frequencies sometimes as large as those induced by damage.

With the increasing availability of more affordable experimental techniques, other modal quantities –
modal shapes and modal curvatures – have been the focus of an increasing attention by researchers, with
the aim of detecting low intensity damages [4, 5].

In particular, modal curvatures are known to considerably change in the neighbourhood of the dam-
age [6, 7]. However, their evaluation is not simple mainly for two reasons: (i) their variations due to
distributed damage could spread over the entire structure [8]; (ii) in the presence of sharp damages, the
evaluation of the modal curvature requires sensors placed in close proximity of the damage. For this
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reason, this work starts with a critical review of the different approaches for damage identification, with
a special focus on those using modal curvatures.

Making use of a perturbative solution of the equation of motion of a damaged beam, it is possible to
obtain a closed form relationship between the modal curvature differences due to damage and the damage
distribution itself [9]. Such a result suggests that a proper filtering of the modal curvature variations must
be carried out for using them in damage localization or in damage assessment techniques when used with
other modal quantities, such as frequencies and mode shapes as shown in [10].

The validation of the procedure that makes use of the modal quantities measured by an experimental
setup, able to record frequencies, modal shapes and modal curvatures, is performed by means of nu-
merical investigation with pseudo-experimental data and of an experimental laboratory campaign. The
experiments deal with a free-free beam. Several damage cases are considered with different intensities.
The contribution of using the modal curvature differences in the identification of damage position and
intensity is evidenced.

2 MODAL CURVATURES

2.1 Filtering technique

In this section, we briefly review the main results in [8, 9] which concern the localization of damage
through modal curvature. The transverse motion of a cracked beam is studied by exploiting the perturba-
tive solution of the dynamic Euler-Bernoulli equation. The procedure is fully described in [8] and very
shortly recalled here.

The dimensionless equation governing the i-th transverse mode of a damaged beam is:

d4φi(x)
dx4 − ε

d2

dx2

[
η(x)

d2φi(x)
dx2

]
−ω2

i φ∗
i (x) = 0 (1)

where x = s/L ∈ [0,1] is the dimensionless abscissa, ε is damage intensity, φ(x) is the transverse dis-
placement and η(x) is a smooth function representing the damage shape, such that ‖η(x)‖ = 1. The
eigenfunctions φi and eigenvalues ω2

i can be expanded as a power series in terms of ε, i.e.,

φi(x) = φ̃i(x)− εφi(x)+O(ε2), ω2
i = ω̃2

i − εω2
i +O(ε2) (2)

where φ̃i and ω̃2
i are respectively the ith eigenfunction and eigenvalue of the undamaged beam, and vi

and ω2
i are their first order variations. By taking into account only the contributions up to the first order

in ε, the following system of ordinary differential equations is obtained

0-th order:
d4φ̃i(x)

dx4 − ω̃2
i φ̃i(x) = 0 (3)

1-st order:
d4φi(x)

dx4 − ω̃2
i φi(x) = λiφ̃i(x)−

d2ηi(x)
dx2 (4)

where the function ηi(x) is the modal damage shape weighted through the ith modal curvature, i.e.
ηi(x) := η(x) d2φi/dx2. Eq.(3) is simply the governing equation of the undamaged system.

The damage shape function η(x) can be expressed in terms of the modal quantities of the undamaged
system and of the difference between the modal curvature of the damaged and undamaged beams, ∆ψk,
as in [8], i.e.,

ηk =−∆ψk +
∆ω2

k

ω̃2
k

ψ̃k

‖ψ̃k‖
+∑

l �=k

ω̃2
k

ω̃2
l

∫ 1

0
ψ̃T

l (x)∆ψk(x)dx
ψ̃l

‖ψ̃l‖2 , (5)
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Figure 1: Modal displacement difference (left) between the damaged and undamaged system for the damage case
D1 for the first three modes (right). Corresponding modal curvature differences. The dashed red line shows the
actual position of the damage.

where ∆ω2
k = ω̃2

k −ω2
k is the modal frequency variation, between the k-th modal frequency of the undam-

aged and damaged systems. For the sake of brevity, we have indicated the k-th modal curvature, i.e., the
second derivative of the k-th mode shape, as ψk(x) := φ′′

k (x).
Equation (5) highlights that the function ηk, i.e., the product of the damage shape with the k-th

modal curvature, is, as a matter of fact, the observable quantity of the inverse problem based on modal
curvatures rather than the modal curvatures themselves. As such, if the damage occurs in a region where
the k-th modal curvature vanishes, the damage shape can not be reconstructed from the k-th modal
curvature. In addition, Eq. (5) shows that the damage shape can be evaluated only after the k-th modal
curvature difference is filtered as that equation suggests; interestingly, all quantities that appear on the
right hand side of the equation are indeed easy to measure: ∆ψk is the difference between the k-th modal
curvatures of the damaged and undamaged beam, ∆ω2

k is the difference of the corresponding modal
frequencies, ψ̃l is the l-th undamaged modal curvature divided by its norm ‖ψ̃l‖.

2.2 Numerical evaluation of modal shapes and modal curvatures

In the case of sharp damages, modal curvatures are known to be localized quantities even if not prop-
erly filtered. In this respect Fig. 1a shows the first four mode displacement differences obtained by a
numerical model of the free-free beam experimentally tested by the authors, whose mechanical and ge-
ometric characteristics are shown in Fig. 2 for damage cases D1 (Fig. 3). For the sake of comparison,
Fig. 1b shows the corresponding modal curvature differences. It is seen from the figure that multiple
peaks appear in the difference when considering modal displacements whereas a more localised infor-
mation can be extracted from the modal curvature difference. In the case of mode shapes, these peaks
are located in a region close to but not correspondent with the actual damage position (represented by a
dashed red line). As already pointed out, such a circumstance makes the solely use of eigenmode differ-
ence in the damage localization problematic and potentially leading to false indications. However, their
use in the objective function together with the eigenfrequencies variation can lead to a more accurate
evaluation of the damage parameters with respect to the use of frequencies only.
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Figure 2: Geometry of the undamaged free-free (FF) beam and steel material properties.

2.3 Experimental evaluation of modal curvatures

Much care must be devoted when extracting modal curvatures from experimental data. When strain
gauges are used to measure the structural response, the frequency response function measured at the
abscissa si for a point force applied at the abscissa s j is

Hi j(ω) =
Gi j(ω)
G j j(ω)

(6)

where Gi j(ω) is the cross-power spectral density between input and output, and G j j(ω) is the auto-power
spectral density of the input. In particular, when strains are measured, Eq. (6) can be written as:

Hi j(ω) =
∞

∑
k=1

ψk(xi)φk(x j)/ρLω2||φk||2
1− (ω2

k + iηrω2
k)/ω2 . (7)

The experiments were carried out at the laboratory of the Department of Structural and Geotechnical
Engineering, Sapienza University of Rome, on a steel beam whose geometric and mechanical charac-
teristics are reported in Fig. 2. The beam was dynamically excited by a point force generated by an
electrodynamic shaker, that was driven by a white noise input signal up to a frequency of 2500/3000
Hz. To measure the proper frequency response function, the input force was recorded with a load cell
installed at the base of the shaker stinger, which was realized with a thin steel bar with circular cross
section. The response was measured using seven strain gauges equally spaced along the beam axis, in
the damaged and undamaged cases.

The investigated damage cases are reported in Figure 3. Case D1 includes a notch localized below
the strain gauge #1 with a residual height of the damaged cross-section equal to hD = 3h/4, case D2 has
the same localization, but a residual height equal to hD = h/2, case D3 the same damage as D2, plus a
second notch of residual height hD = 3h/4 located between strain gauges #5 and #6.

A reduction of natural frequencies with increasing damage is observed. This is shown by the shift
of the peaks in Figure 4, which compares the modulus of the frequency response function in terms of
strains in the undamaged and damaged (D2) cases. The frequency response function H1P( f ) is measured
in channel #1 for the forcing function applied at point P. The values of the first four natural frequencies
are reported in Table 1 for the undamaged (U), and the three cases of damage under investigation (D1,
D2, D3, Figure 3).

Figure 5 shows the modal curvatures for the first four identified modes, in the undamaged and dam-
aged states. Figure 6, which reports the variation of modal curvatures between the undamaged and
damaged states, normalized so that the maximum equals one, shows that the local increase in curvature

4
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Figure 3: Damage cases for the steel free-free beam.
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Figure 4: Component H1P of the Frequency Response Function in terms of strains in the undamaged (U) and
damaged (D2) cases.

f1 f2 f3 f4

U 293 808 1559 2546
D1 292 794 1539 2548
D2 284 744 1478 2535
D3 281 732 1470 2503

Table 1: Natural frequencies in the undamaged and damaged cases [Hz] - FF beam.
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Figure 5: Experimental modal curvatures for the first (a), second (b), third (c), and fourth (d) modes in the
undamaged and damaged cases.

where damage is located is very clear when damage is placed just below strain gauge #2 (all cases). On
the contrary, when damage is located between strain gauges #5 and #6 (D3), the presence of damage is
less evident from the increase in curvature.

3 DAMAGE IDENTIFICATION

The analysis in previous paragraphs has shown that, in case of sharp damages, modal curvature can
directly give information on the location of damage. However, the assessment of the damage intensity
requires the definition of an inverse problem based on the comparison between the undamaged and
damaged state responses. To do that, a finite element model of the beam in Fig. 2 is implemented in
Ansys with n=520 elements (BEAM 189). The damage is schematically represented as a concentrated

s s s

Figure 6: Curvature differences for the three damage states of the FF beam. Mode 1 - dashed grey line; Mode 2 -
dashed black line; Mode 3 - grey thick line; Mode 4 - thin grey line.
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Figure 7: Top line: contour plot of the objective function G f (k,s) calculated with three (left) and four (right)
frequencies in the case of damage D2. Bottom line: function G̃ f (k,s)

spring at position s with dimensionless stiffness k = 2L
hU

1−β
β with β = (EIU −EID)/EIU , and EIU and

EID respectively the flexural rigidities of the undamaged and damaged cross sections [11]. An optimal
estimate of the parameters k and s is obtained by minimizing an objective function which is built as
the sum of differences between selected response quantities. As a first step, we consider an objective
function which depends only on the first m frequency differences, i.e.,

G f (k,s) =
m

∑
i=1

(
∆ωi(k,s)

ωU
i

− ∆ωei

ωU
ei

)2

(8)

which is the sum of the squares of the differences between the numerical ∆ωi(k,s) and experimental
∆ωei frequency variations between the undamaged and the damaged states, normalized with respect to
the frequencies of the undamaged beam, ωU

i and ωU
ei . Since the ∆ωi(k,s) are not observable in closed-

form, they are evaluated at discrete values of k and s, which enables to calculate the function (8) on a
grid.

The G f (k,s) is shown in Fig. 7 (top) by using three (m=3) and four (m=4) frequencies for the damage
case D2; as expected, the function is symmetric with respect to the mid span, since the use of frequencies
only cannot distinguish between symmetric locations of damage. The curves on the bottim line are the
function G̃ f (s), which, for each possible damage position, is the minimum of G f (k,s) with respect to k.
The insets in the figure report the values of the parameters s and k at the position of the minimum, to be
compared with the real position of the damage s = 0.130 and damage parameter k = 10. These results
show that already with three frequencies a good estimate of the damage position can be achieved despite
having a 20% error on the damage intensity.

In order to verify the possible improvement of the identification using modal curvature differences,
the following enhanced objective function is considered

G f c(k,s) = G f (k,s)+α Gc(k,s) (9)

7
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Figure 8: Top line: contour plot of the objective function G f c(k,s) calculated with four frequencies and the first
mode curvature difference in the case of damage D2. Bottom line: plot of the function G̃ f c(s) .

where α is a positive scaling constant, assumed equal to 0.3 in the present case, and Gc is the function
based on the modal curvature differences

Gc(k,s) =
n

∑
i=1

(
∆ψi(k,s)
‖ψU

i ‖
− ∆ψei

‖ψU
ei‖

)2

(10)

with ∆ψei the experimental modal curvatures and ∆ψi the corresponding numerical value, normalized
with respect to the norm of the undamaged modal curvature. Since a robust localization of damage was
already obtained with the first modal curvature difference (see Fig. 6), only the first modal curvature is
included in the objective function (n = 1). The results in Fig. 8 show that the minimum of the enhanced
G f c is much sharper and the correct values of the parameter are obtained, confirming the important role
played by modal curvatures.

4 CONCLUSIONS

The great part of damage identification techniques used in the literature are based on the differences
of the modal frequencies of the damaged and undamaged system. In this work, to enhance the solution
of the inverse problem and to have a better estimate of damage parameters, we have examined the use
of both frequencies and modal curvatures. The latter have always been considered strictly related to the
damage region but some drawbacks have been highlighted:

• modal curvature differences are influenced by the damage distribution in a more significant way
than modal shape differences;

• if the damage is extended compared to the characteristic dimensions of the structure, the use of
modal curvatures in a damage identification technique requires them to be properly filtered;

• for sharp damages, modal curvature differences are also very sharp and this could make their
experimental evaluation difficult.

8
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With reference to an experimental campaign carried out on a free-free beam, we have shown the fea-
sibility of using modal curvature variations, experimentally measured through strain gauges, together
with modal frequency variations. For a certain damage scenario, we have compared the results of the
identification obtained with an objective function weighing only the modal frequency differences and
an enhanced function with both frequency and curvature variations. In the latter case, a more accurate
estimate of the damage parameter was achieved and, in addition, the symmetric solution, which can not
be distinguished by using only the frequency difference, was eliminated.
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Abstract. Recent progress in sensing technology and measurement techniques allows a 
growing number of critical infrastructures to be equipped with Structural Health Monitoring 
(SHM) systems. Sensors in such SHM systems should be placed in a proper way to facilitate 
extracting valuable information from the structure under investigation. In the case of 
relatively simple spatial truss structures, sensors can be located with the aid of classical 
methods such as Effective Independence (EI) method proposed by Kammer. However, in the 
case of large structures, which are intended to be equipped with hundreds if not thousands of 
sensors, other sensor placement methods may be needed.  

The goal of this study is to extend a topology optimization based approach for sensor 
placement (proposed originally by Mariani and co-workers) to the case of real bridge 
structures represented by finite element models with a few thousand degrees of freedom. 
Structural topology optimization aims to find the optimum material distribution in order to 
minimize the mass of the structure while maintaining mechanical properties (load capacity, 
displacements, etc.). A similar concept can be used to determine the optimal placement of 
sensors in a structure to identify its dynamic characteristics. The sensor positions are 
determined in such a way that estimation error of modal coordinates is minimized. The 
effectiveness of the proposed methodology is demonstrated on an example of a detailed FE 
model of a tied-arch bridge.  

 
 
1 INTRODUCTION 

One of the earliest works on optimal sensor placement (OSP) over a multi-degree of 
freedom (MDOF) flexible structure was presented by Shah and Udwadia [1]. They proposed 
time domain sensitivity analysis and its application to sensor placement intended to minimize 
the error of structural parameter estimation. The second important work in that field was the 
paper by Kammer [2] introducing the frequently used method called Effective Independence 
(EFI). The analysis was conducted in modal domain and the concept of Fisher information 
has been introduced. The EFI method tends to maximize the amount of information in the 
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measurement signals and it was shown that such a problem is closely related to maximization 
of the determinant of the Fisher matrix. Next, Cobb and Liebst [3] introduced modal 
sensitivities into the process of sensor placement optimization. Additionally, they proposed 
co-linearity metrics for comparing different sensor network configurations. These metrics 
were used to distribute a sensor network for damage identification in a spatial truss structure. 
Another interesting concept for optimal sensor placement has been proposed by Papadimitiou 
[4]. He utilized Bayesian statistical framework for sensor placement over large structures with 
many DOFs. In particular, information entropy (IE) has been suggested to be efficient in 
sensor placement for identification of uncertain structural parameters. 

All the above mentioned methods treated the problem of sensor placement as a discrete 
optimization problem, i.e. assumed that candidate locations for a set of sensors, most 
frequently in form of accelerometers, are discrete variables. An alternative approach has been 
proposed by Mariani et al. [5]. They formulated sensor placement as continuous optimization 
and employed numerical methods used in structural topology optimization, where discrete 
variables are replaced with continuous ones ranging from zero to unity. 

A comparison of four different approaches for optimal sensor placement, including: mode 
shape difference, effective independence, information entropy and modal energy method, has 
been published by Zhou et al. [6]. A new method for sensor placement based on Virtual 
Distortion Method has been proposed by the team of Professor Holnicki (Blachowski et al. 
[7]). In this method, a ranking of sensors has been created and its effectiveness in the 
selection of optimal sensor locations has been demonstrated on an example of a six-bay planar 
truss structure. Finally, Blachowski [8] proposed a method for optimal sensor placement and 
damage identification under sparsity constraints. He applied this method to two engineering 
examples: one related to a spatial truss girder and the second one to an upper-deck arch 
bridge. 

The purpose of this study is to extend the topology optimization based approach for sensor 
placement to the case of real bridge structures represented by finite element models with a 
few thousand degrees of freedom. 

 

2 SENSOR PLACEMENT AS A DISCRETE OPTIMIZAITON PROBLEM 
Before solving the optimal sensor placement problem, appropriate metrics have to be 

defined. One of the most frequently used is the determinant of the Fisher information matrix. 
The basic information about this metric and formulation of the sensor placement as a discrete 
optimization problem will be briefly recalled in the following two sections. 

2.1 Estimation error and metrics for optimal sensor placement 
We start the derivation of the topology optimization method for sensor placement with 

equations representing the response vector of the structure 

 𝒚𝒚(𝑡𝑡) = 𝚽𝚽𝜼𝜼(𝑡𝑡) (1) 

where 𝒚𝒚 ∈ ℝ𝑛𝑛𝑑𝑑, 𝚽𝚽 ∈ ℝ𝑛𝑛𝑑𝑑×𝑛𝑛𝑚𝑚 and 𝜼𝜼 ∈ ℝ𝑛𝑛𝑚𝑚. Indices 𝑛𝑛𝑑𝑑 and  𝑛𝑛𝑚𝑚 denote the number of DOFs and 
the number of modes, respectively. 
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Equation (1) describes structural response in the absence of measurement noise. In reality, 
however, signals from sensors are always corrupted by noise and the corresponding equations 
take the following form 

 𝒚𝒚𝑠𝑠(𝑡𝑡) = 𝚽𝚽𝑠𝑠𝜼𝜼(𝑡𝑡) + 𝒘𝒘(𝑡𝑡) (2) 

where 𝒚𝒚s ∈ ℝ𝑛𝑛𝑠𝑠, 𝚽𝚽s ∈ ℝ𝑛𝑛𝑠𝑠×𝑛𝑛𝑚𝑚 and 𝒘𝒘 ∈ ℝ𝑛𝑛𝑠𝑠. Matrix 𝚽𝚽s denotes measured components of the 
modal matrix 𝚽𝚽, vector 𝒘𝒘 represents measurement errors and index 𝑛𝑛𝑠𝑠 is the number of sensors.  

Assuming that the number of sensors is equal to or greater than number of modal 
coordinates to be identified, i.e. 𝑛𝑛𝑠𝑠 ≥ 𝑛𝑛𝑚𝑚, we can determine the least square estimate of modal 
coordinates using equation (2), namely 

 �̃�𝜼(𝑡𝑡) = (𝚽𝚽𝑠𝑠
T𝚽𝚽𝑠𝑠)−1𝚽𝚽𝑠𝑠

T𝒚𝒚𝑠𝑠(𝑡𝑡) = 𝚽𝚽𝑠𝑠
+𝒚𝒚𝑠𝑠(𝑡𝑡) (3) 

where matrix 𝚽𝚽𝑠𝑠
T𝚽𝚽𝑠𝑠 is called the Fisher information matrix (FIM) and constitutes an essential 

part of eqn.(3). Using equation (3), an estimate of the structural response can be determined as 
follows 

 �̃�𝒚(𝑡𝑡) = 𝚽𝚽�̃�𝜼(𝑡𝑡) = 𝚽𝚽𝚽𝚽𝑠𝑠
+𝒚𝒚𝑠𝑠(𝑡𝑡) (4) 

The difference between the structural response obtained from equation (1) and its estimate 
from equation (4) gives the estimation error 

 𝒆𝒆(t) = �̃�𝒚(𝑡𝑡) − 𝒚𝒚(𝑡𝑡) = 𝚽𝚽𝚽𝚽𝑠𝑠
+𝒚𝒚𝑠𝑠(𝑡𝑡) − 𝚽𝚽𝚽𝚽𝑠𝑠

+[𝒚𝒚𝑠𝑠(𝑡𝑡) − 𝒘𝒘(𝑡𝑡)] = 𝚽𝚽𝚽𝚽𝑠𝑠
+𝒘𝒘(𝑡𝑡) (5) 

and the covariance matrix of the estimation error takes the following form 

 𝐸𝐸{𝒆𝒆(t)𝒆𝒆(t)T} = 𝚽𝚽𝚽𝚽𝑠𝑠
+𝐸𝐸{𝒘𝒘(t)𝒘𝒘(t)T}(𝚽𝚽𝚽𝚽𝑠𝑠

+)T (6) 

Assuming that the components of the measurement noise have zero mean 𝐸𝐸{𝒘𝒘(𝑡𝑡)} = 𝟎𝟎 and 
uncorrelated covariance matrix 𝐸𝐸{𝒘𝒘(𝑡𝑡)𝒘𝒘(𝑡𝑡)𝑇𝑇} = 𝜎𝜎𝑤𝑤

2 𝑰𝑰, the above covariance matrix takes the 
following form 

 𝐸𝐸{𝒆𝒆(t)𝒆𝒆(t)T} = 𝜎𝜎𝑤𝑤
2 𝚽𝚽𝚽𝚽𝑠𝑠

+(𝚽𝚽𝑠𝑠
+)T𝚽𝚽T (7) 

where 𝜎𝜎𝑤𝑤
2  represents the noise variance specific to a selected type of sensors.  

From the formula (7) it can be easily observed that by selection of proper measurement 
locations we can influence the overall estimation error. To compare two different sensor 
configurations, certain metrics should be defined first. Two such metrics are frequently used 
in the literature. The first one is based on a trace of the covariance matrix (7) 

 𝜎𝜎𝑒𝑒,avg
2 = 1

𝑛𝑛𝑠𝑠
trace (𝐸𝐸{𝒆𝒆(t)𝒆𝒆(t)T})   (8) 

Formula (8) gives information about average estimation error.  



287

Bartlomiej Blachowski, Piotr Tauzowski, Andrzej Swiercz and Łukasz Jankowski 

 4 

The second metric is related to the maximal element on the diagonal of the covariance 
matrix 

 𝜎𝜎𝑒𝑒,max
2 = max{diag (𝐸𝐸{𝒆𝒆(t)𝒆𝒆(t)T})}  (9) 

and corresponds to the component of the response vector with the largest estimation error for 
a given sensor configuration. The above metrics (eqns. 8 and 9) can be incorporated into the 
optimization process for finding the best achieveble sensor locations. 

2.2 Combinatorial methods for optimal sensor placement 

The number of ways in which 𝑛𝑛𝑠𝑠 sensor positions can be chosen from among 𝑛𝑛𝑑𝑑 candidate 
locations is given by the well-known formula 

 (𝑛𝑛𝑑𝑑
𝑛𝑛𝑠𝑠

) = 𝑛𝑛𝑑𝑑!
𝑛𝑛𝑠𝑠! (𝑛𝑛𝑑𝑑 − 𝑛𝑛𝑠𝑠)! (10) 

This formula shows that in the case of real engineering structures with many degrees of 
freedom, complete enumeration of possibilities for finding the optimal location of sensors is 
impractical if not impossible. For that reason a number of approximate methods have been 
proposed, among which the Effective Independence and Information Entropy methods are the 
most prominent ones. Both methods are operating in an iterative manner sequentially 
removing or adding sensors at subsequent iterations. Such an approach related to discrete 
optimization methods may not be efficient in the case of structures with a large number of 
degrees of freedom. Therefore, in the next section of this paper, an alternative approach for 
finding optimal positions of sensors is proposed which assumes that design variables are 
continuous. 

3 THE PROPOSED TOPOLOGY OPTIMIZATION BASED SENSOR PLACEMENT 
For the purpose of continuous optimization we introduce the function of sensor density 

𝝆𝝆(𝒙𝒙) , which takes values between 0 and 1. Then, instead of removing individual rows from 
the full modal matrix we will multiply it by the value of the sensor density function at a given 
location 𝒙𝒙 

 𝚽𝚽𝑠𝑠 = diag(𝝆𝝆(𝒙𝒙))𝚽𝚽 (11) 

Using the above relation we can replace the combinatorial problem related to sensor 
placement with its continuous version. Additionally, depending on the requirements, two 
continuous formulations are possible.  

In the first one the goal is to optimize estimation error under a constraint on the volume (or 
equivalently - a number) of sensors:  

 Minimize     𝒥𝒥1 = ‖𝐸𝐸{𝒆𝒆(t)𝒆𝒆(t)T}‖ 

subject to             ∫ 𝝆𝝆(𝒙𝒙)𝑑𝑑𝑑𝑑𝑉𝑉 ≤ �̅�𝑑 
(12) 
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The second formulation aims at minimizing the number of sensors, while limiting the 
resulting estimation error 

 Minimize             𝒥𝒥2 = ∫ 𝝆𝝆(𝒙𝒙)𝑑𝑑𝑑𝑑𝑉𝑉  

subject to         ‖𝐸𝐸{𝒆𝒆(t)𝒆𝒆(t)T}‖ ≤ 𝜀𝜀 ̅
(13) 

 

4 ILLUSTRATIVE EXAMPLE 

4.1 The structure under investigation 
The effectiveness of the proposed methodology for optimal sensor placement has been 

demonstrated on an example of a real tied-arch bridge located in Poland (figure 1). The 
bridge’s main span is 76,6-meter long and consists of an arch box girder supporting the bridge 
deck using 13 vertical members (hangers). The arch and hangers are made of steel with the 
following material properties: E = 210 GPa, ν = 0.2, ρ = 7850 kg/m3. The bridge deck is made 
of concrete and is additionally supporting a railway track. 

 

 

 

 

 

 

Figure 1: General view of the investigated arch bridge 

A numerical model of the bridge was created with the aid of commercial finite element 
software Abaqus 3DEXPERIENCE R2016x. The model consists of three types of finite 
elements including brick, shell and beam elements. The total number of  finite elements is 
68195 and the number of nodes is 76792. The task is to find a distribution of sensors for 
optimal estimation of the first five modal coordinates of the structure shown in figure 2. 

4.2 Optimal sensor distribution 
The optimization problem was stated as follows: 

 Maximize       det ((diag(𝜌𝜌𝑖𝑖)𝚽𝚽)T(diag(𝜌𝜌𝑖𝑖)𝚽𝚽))     

subject to         ∑ 𝜌𝜌𝑖𝑖
𝑛𝑛𝑛𝑛
𝑛𝑛=1 ≤ 𝑛𝑛𝑠𝑠, 

(14) 

where 𝜌𝜌𝑖𝑖 is the value of the sensor density function at the 𝑖𝑖-th node’s location. The sensor 

76,60 m 

15,04 m 

1,792  m 

1,534  m Φ 100 mm 
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density function takes values within the range (0,1). The remaining symbols have the 
following meanings: 𝑛𝑛𝑠𝑠 is the number of sensors, 𝑛𝑛𝑒𝑒 is the number of finite elements. In our 
approach it is assumed that the sensor density function can be represented as a linear 
combination of coefficients 𝑥𝑥𝑗𝑗 and 𝑦𝑦𝑗𝑗 together with some prescribed basis functions �̅�𝜌𝑖𝑖𝑗𝑗: 

 
𝜌𝜌𝑖𝑖 = ∑ 𝑥𝑥𝑗𝑗 �̅�𝜌𝑖𝑖𝑗𝑗

(𝑥𝑥)
𝑛𝑛𝑐𝑐

𝑗𝑗=1
+ ∑ 𝑦𝑦𝑗𝑗 �̅�𝜌𝑖𝑖𝑗𝑗

(𝑦𝑦)
𝑛𝑛𝑐𝑐

𝑗𝑗=1
 (15) 

where 𝑛𝑛𝑐𝑐 is the number of candidate locations; in this example 𝑛𝑛𝑐𝑐 = 26. The design variables for 
the horizontal and vertical direction are 𝐱𝐱 = {𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛𝑐𝑐} and 𝐲𝐲 = {𝑦𝑦1, 𝑦𝑦2, … , 𝑦𝑦𝑛𝑛𝑐𝑐}, respectively. 

Each function’s value is equal to 1 at nodes connecting vertical hangers with the arch 
girder and deck of the bridge. The basis function approaches zero at nodes located farther than 
a certain distance away from the connection. 

 
1st in-plane mode, frequency = 1.84 Hz 

 
2nd in-plane mode, frequency = 3.15 Hz 

 
3rd in-plane mode, frequency = 6.93 Hz 

 
4th in-plane mode, frequency = 9.51 Hz 

 
5th in-plane mode, frequency = 14.28 Hz 

Figure 2: Mode shapes of the investigated arch bridge 

The sensor arrangement dedicated to optimal identification of the five modal coordinates 
described above is presented in figure 3 (red circles in this figure indicate candidate 
locations). 

 
Figure 3: Optimal sensor arrangement for the investigated arch bridge 
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5 CONCLUSIONS 
- In the present study the problem of sensor placement over a large structure with 

thousands of DOFs has been formulated as continuous optimization similarly to the 
methods for finding optimal structural topology. 

- A real-scale arch bridge had been selected as a numerical example for which the 
problem of sensor placement for five vibration modes was considered.  
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Abstract. Vibration-based structural health monitoring (SHM) has been successfully applied 
to damage detection for a specific type of bridges. However, it is still a challenging task to 
assess structural integrity or structural performance by means of SHM. This study is intended 
to examine changes in load resistance capacity and modal parameters of an actual PC girder 
bridge through a bridge collapse-test. In the static loading test, the PC girder bridge was put 
under several loading and unloading levels until failure. Besides, forced vibration tests from 
both impact hammer test and moving-vehicle test were carried out along the static loading test 
in order to assess the changes in the dynamic properties of the PC girder bridge with different 
health conditions. An energy performance which is a function of energy dissipation and 
potential energy of the PC bridge is adopted as a feature relevant to structural performance. 
Observations demonstrated that changes in the frequency of the second bending mode was more 
strongly correlated with the changes of load resistance capacity than the first bending mode. 

 
 
1 INTRODUCTION 

Prestressed concrete (PC) girder bridges have been constructed since 1970s in Japan, and 
various damages due to deterioration such as a corrosion of PC tendon have been reported. 
Many methods have been proposed to evaluate soundness of bridges, and visual inspection is 
one of the most popular approaches to assess integrity of the PC bridge. In the PC bridge, the 
compressive stress introduced by the PC tendon cancels the tensile stress generated by applying 
load, and the crack occurs when the tensile stress reaches crack strength. Occurrence of cracks 
on the concrete girders is associated with higher possibility of excessive stresses and less margin 
of strength in the PC bridge. 
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In addition, damages caused by different phenomena have different effects on load resisting 
capacity of the PC bridge, and it is desirable to evaluate soundness of the PC bridge not only 
from external appearance but also from physical index.  

Vibration-based structural health monitoring (SHM) thus has been developed as an approach 
providing physical index on soundness of bridges. Natural frequencies from deteriorated 
concrete girders have shown to be a sensitive feature for the strength reduction when evaluating 
the residual strength in bridges with 50 years of service life [1]. At the same time, it rises the 
likelihood of using natural frequencies as a symptom to be monitored in order to estimate the 
structural reliability [2]. Literatures also show that the modal damping ratio can be a damage 
sensitive feature for reinforced and prestressed concrete structures. Moreover, researches 
indicate that a trend of getting higher value of modal damping ratios with the age of the bridges 
could be a sign of possible deterioration, which is a strong reason to investigate the relationship 
between damping parameter and degree of damage [3]. However more evidences are required 
to validate residual strength models of deteriorating bridges [4] and to prove the link between 
structural resistance and information for SHM [5].  

Inconsistencies between experiment and theoretical models occur due to different reasons 
that should be clarified [6]. Damage in structures is interpreted as a decay of its mechanical 
properties, or a decrease in stiffness. However, the tendency of natural frequencies to the 
development of damage shows an abnormal increase/decrease from one configuration to 
another, even experimentally [7].  

The natural frequency of the first vertical mode showed to rapid decaying tendency, but little 
change in the damping was observed in the failure process of a PC bridge [1]. It was noticed 
that the small changes in modal parameters, regardless the large presence of cracks in concrete 
structures, might be due to the cracks closing by effective prestressing when the structure is 
unloaded. The decrease of prestressing force should increase the natural frequencies in a 
concrete element theoretically because a reduction in the axial compressive load would stiffen 
the element. However, an opposite trend was observed in a PC bridge under test [8] where the 
frequencies had a small decrement after the decrease of prestress force. Moreover, researches 
also show that no substantial change was detected in the modal parameters after cutting the 
prestressing tendons at specific locations of a concrete bridge [9].  

This study is intended to examine changes in load resistance capacity and modal parameters 
of an actual PC girder bridge through a bridge collapse-test. In the static loading test, several 
loading and unloading levels until failure were considered. Forced vibration tests were carried 
out along with the static loading test in order to estimate the relationships between modal 
parameters and structural performance. 

2	 STATIC LOADING TEST AND VIBRATION TESTS 

2.1 Target bridge 
Figure 1 shows the target bridge with a static loading device. The bridge is a five-span 

simply-supported PC girder bridge with four main girders. The length of each span is 34.3 m 
and width of 7.2 m. 12 pairs of PC steel strand (12φ7) were utilized as a PC tendon for each 
girder. The bridge is about 170 m away from the coastline and had been operated over 50 years 
since its construction. Therefore, chloride attack to the main girder was significant, and cracks 
of the main girder caused by corrosion of the internal steel rebar and spalling of the concrete 
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were observed by visual inspection. Figure 2 shows the damage location map of the bridge 
obtained from the periodic inspection before the experiment. Damage was distributed 
throughout the span, and exposure of the reinforcing bar due to concrete peeling was observed 
at three locations. In considering the inspection result, high possibility of reduced load carrying 
capacity was expected. 

2.2 Static loading test 
The static loading test was carried out by using two 3000kN center hole type hydraulic jacks 

installed on the loading beam with a loading block. Figure 3 shows the loading device installed 
on the PC bridge. The load was given statically and monotonously.  

As a reaction device for the static loading, two tendons having a loading capacity of 2500kN 
for each are anchored to the underground sandstone layer. The applying load was monitored by 
the load cell and the jack stroke was also monitored during loading. The loading point was set 
at the span center of the G1 girder shown in Figure 2.  

Sensor deploying map is shown in Figure 4. The vertical displacement of each observation 

 
 

Figure 2 Damage location map. 

Type of damage Type of damageShape Shape

Crack
Spalling and exposed reinforcement Free lime

damage to repairing material

G1

G2

G3

G4

 
 
 
 

 
 

 
 

Figure 1 Target bridge. 
 

Figure 3 Loading device. 
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point was measured by laser displacement meters (LDS-7H, Murakami Giken) and the tape 
measure type displacement meter (DP-500E, Tokyo Sokki) installed under the girder.  

The loading test was conducted over three days, and repeated five stages of loading tests 
(Loading-1 to Loading-5) until collapse of the upper surface of the loaded PC girder which is 
assumed as the final state. Loading-1 shows a loading up to 600kN where bending cracks occur 
to the main girder. Loading-2 shows a loading up to 1200kN which is the yield load of tensile 
rebars. In Loading-3, as with Loading-2, loading of 1200kN was applied again but the loading 
was kept for about 2 hours. Loading-4 is loading up to 2400kN which is the failure load 
predicted in a preliminary structural analysis. Loading-5 was planned to load up to collapse of 
the upper flange of the loaded PC girder that is the final state, but before the final state, the 
loading test was terminated under the load of about 3200kN as the jack stroke reaches its 
admissible length of 50cm prior to the whole collapse of a superstructure. The loading progress 
is shown in Figure 5 in which “Stage n” indicates the time of vibration test. 

2.3 Vibration test 
In order to estimate the vibration characteristics of each state, forced vibration tests were 

conducted at each unloading state as shown in Figure 5. Stage 1 is the initial state before the 

 
 

Figure 4 Observation span and location of sensors. 
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static load test. Stage 2 is the unloaded state after the Loading-1 (600kN) test, and Stage 3 is 
the unloaded state after the Loading-2 (1200kN) test. Stage 4 is the unloaded state after the 
Loading-3 test which was the state of being loaded by 1200kN for two hours. Stage 5 indicates 
the state which was left overnight after the Stage 4. Stage 6 shows the unloaded state of 
Loading-4 (2400kN). Stage 7 shows the state when it is left overnight after Stage 6. Finally, 
Stage 8 shows the unloaded state of Loading-5 (3200kN).  

Two kinds of vibration tests were carried out. One is the moving-vehicle test which is 
practical as traffic loads are used as excitation sources without traffic regulation for the 
experiment. Traffic-induced vibrations of the bridge at each stage are measured by strain gauge 
type accelerometers (ARS-10A, Tokyo Sokki). The location of accelerometers is shown in 
Figure 6. As a test vehicle, a heavy vehicle is desirable as it is expected to provide greater 
excitation force. However, a smaller vehicle, van type vehicle (HIACE, Toyota Motor 
Corporation), was used because of the restriction of the vehicle passageway due to the static 
loading device on the bridge. The speed was approximately 30km/h. Three runs for Stage 1, 
and five runs for other stages were carried out. 

Another vibration test is the impact hammer test whose identification accuracy is higher than 

 
Figure 5 Loading process of the experiment. 

 

 
Figure 6 Location of impact points and accelerometers. 
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that from moving-vehicle test. The equipment used for this test consists of an impact hammer 
Brüel & Kjær type 8210 – Modal sledge hammer 12 pounds head with a maximum compressive 
force of 44.4 kN and a sensitivity of 0.225 mV/N. The same accelerometers as moving-vehicle 
test were used during the impact hammer test. In each stage, the bridge was hit 10 times in each 
impact point by using two different types of impact tip (medium and tough tips), and the total 
hitting times was 40 per each stage. The hitting points are also shown in Figure 6. 

3 STRUCTURAL PERFORMACE OF PC BRIDGE 

3.1 Load-displacement relation 
The load-displacement curve observed at the span center of the G1 girder is shown in Figure 

7 in which no clear residual displacement was observed until Loading-3. It indicates the bridge 
behavior was elastic until Loading-3. After Stage 5, the bridge was loaded up to 2500kN, which 
is the maximum design load (Loading-4), and unloaded. The maximum design load resulted in 
the residual displacement of around 16mm. Moreover, when the bridge is reloaded, the load-
displacement curve traces the unloading point (point A in Figure 7), which showed enough 
restoration performance. The gradient of reloading was almost the same as that of the Loading-
1 to Loading-4 until the tensile stress is generated at the lower edge of the concrete (point B in 
Figure7). This proved that the prestressed force remains in order to keep the entire section 
effective. Therefore, when the load level is low it can be said that the vibration characteristics 
are hardly changed as the initial stiffness was about the same as those of Stage 1 to 5. 
Relationships between structural performance and vibration characteristics are discussed in 
Section 4. 

3.2 Load-strain relation 
Load-strain curves of rebar and PC tendon observed near the span center of the G1 girder 

are shown in Figures 8 and 9 respectively. Figure 8 shows that the load 1100kN in the load-
strain curve under Loading-2 (see point C in Figure 8) is close to the yield load calculated by 
the preliminary analysis, and the behavior also seems to be the yield of the bar. However, the 
residual displacement after unloading hardly occurred, so this is not an actual yielding. This is 
because the adhesion force decreases due to the crack development. The same behavior can 
also be observed in the load-strain curve of PC tendon as shown in Figure 9. From Figure 9, it 
can be inferred that PC tendon yields at Loading-4 since residual strain occurs. After that, when 
the strain exceeds 4000μ at Loading-5, it is considered that the rupture of PC tendon occurs. 

3.3 Energy-based bending performance 
As performance feature (Z) is introduced to normalize bending performance of PC bridges 

utilizing the potential energy and energy dissipation in each load step of the experiment. 
Equation (1) shows the performance feature at n loading stage with function of the energy 
dissipation (ΔW) and the potential energy (W). The energy dissipation (ΔW) is the enclosed 
area in the load- displacement graph when the concrete structure is tested in a specific loading-
unloading step as shown in Figure 10(a). On the other hand, the potential energy (W), or work 
applied, is the area below the curve in the same graph, but this time without considering the 
unloading process as shown in Figure 10(b). Once the dissipated and potential energy are 
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calculated in a specific stage, the performance Z can be defined as: 
 

	𝑍𝑍# = %1 − ()*
)*
+ ∙ 100  (%) 

 

 

(1) 

where, “n” represents the loading stage.  
 

 
    

  
 

Figure 7 Load vs. displacement curve. 
 

 

Figure 8 Load vs. strain curve of rebar. 

  
 

Figure 9 Load vs. strain curve of PC tendon. 
 

 

Figure 11 Energy performance w.r.t. stages. 

 
(a)                                         (b) 

 

Figure 10 Energy dissipation and potential energy. 
 

0 100 200 300 400 5000

500

1000

1500

2000

2500

3000

3500

 Loading-1
 Loading-2
 Loading-3
 Loading-4
 Loading-5

Displacement [mm]

Lo
ad

 [k
N

]

A

B

0 5000 10000 15000 20000 250000

500

1000

1500

2000

2500

3000

3500

 Loading-1
 Loading-2
 Loading-3
 Loading-4
 Loading-5

Strain [μ]
Lo

ad
 [k

N
]

C

-6000 -4000 -2000 0 2000 4000 60000

500

1000

1500

2000

2500

3000

3500
 Loading-1
 Loading-2
 Loading-3
 Loading-4
 Loading-5

Strain [μ]

Lo
ad

 [k
N

]

Rupture of 
PC tendon

30
40
50
60
70
80
90

100

1 2 3 4 5 6 7 8

En
er

gy
 P

er
fo

rm
an

ce
 Z 

(%
)

Stage

Lo
ad

Lo
ad

Displacement Displacement

Energy
   dissipation

(ΔW)

Potential  
     energy

(W)



298

Yosuke Kondo, Yoshinobu Oshima and Chul-Woo Kim. 

 8 

When the concrete structure behaves elastically and no damage has occurred, the energy 
dissipation would be zero and the performance would remain 100%. On the contrary, if damage 
is introduced or the beam reaches its plastic range, the energy dissipation should be different 
from zero and the performance feature shows lower value than 100%.  
   Figure 11 shows the change in the performance with respect to each stage. It can be seen from 
Figure 11 that the performance Z has been drastically decreased when the static load is larger 
than the yielding load. 

4 MODAL PARAMETERS FROM VIBRAITON TESTS 

4.1 Natural frequency and damping ratio 
Modal parameters of the PC bridge such as natural frequency and damping ratio are 

identified from the vibration data as representative vibration characteristics. Stochastic 
subspace identification (SSI) [10] is adopted as a system identification method for the 
acceleration response obtained from moving-vehicle test. For vibration data from the impact 
hammer test, modal parameters are estimated using the frequency response function.  

Changes in identified frequencies for the 1st and 2nd bending modes corresponding to 
structural integrity are plotted in Figure 12 which shows that the frequency for the 2nd bending 
mode obtained from impact hammer test resulted in stronger relationship with structural 
integrity. The precision of the natural frequency identified from moving-vehicle test was poor 
due to the weak excitation. 

Figure 13 shows changes in damping ratio corresponding to the 1st and 2nd bending modes. 
Existing researches [11,12] suggests that decrease of the prestressed force causes increase of 
damping ratios. Similar phenomena on increase of damping ratio for the 2nd bending mode due 
to decrease of the prestressed force was observed: the rupture of the PC tendon was confirmed 
in Stage 8, and the damping ratio for the 2nd bending mode increased as shown in Figure 13. 
However, change in damping ratio for the 2nd bending mode was unclear comparing to that 
change in the frequency for the 2nd bending mode.  

In summary, the frequency for the 2nd bending mode showed stronger relationship with 
structural integrity of the PC bridge. This result is similar to the PC girder damage experiment 
in laboratory [13]. 

4.2 Energy performance and natural frequency 
The relationship between changes in energy performance and changes in natural frequency 

is shown in Figure 14. The natural frequency obtained from impact hammer test is examined as 
quality of the data from the impact hammer test was better than that from the moving-vehicle 
test. The dotted line shows a linear regression between frequency and energy performance from 
Stage 1 to Stage 7. Stage 8 was not considered to the regression since Stage 8 is close to the 
ultimate condition which rarely occurs in real bridge monitoring. From the linear regression 
curve, a strong correlation was observed between the 2nd bending modal frequency and the 
energy performance. 
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5 CONCLUSIONS 
This study investigates the relationship between bridge performance and modal frequencies. 

In regard to natural frequency, the 2nd bending mode showed stronger correlation with energy 

  
 

(a) 1st bending mode 
 

(b) 2nd bending mode 
Figure 12 Change in bending modal frequency. 

 

  
 

(a) 1st bending mode 
 

(b) 2nd bending mode 
Figure 13 Change in bending modal damping ratio. 

 

  
  

(a) 1st bending mode (b) 2nd bending mode 
Figure 14 Energy performance vs. Frequency. 

 

3.0

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

4.0

St 1 St 2 St 3 St 4 St 5 St 6 St 7 St 8

1s
t b
en
di
ng
 m
od
al
 fr
eq
ue
nc
y (
H
z)

Moving vehicle test (1st) Impact hammer test (1st)

11.6

11.7

11.8

11.9

12.0

12.1

12.2

12.3

12.4

12.5

12.6

St 1 St 2 St 3 St 4 St 5 St 6 St 7 St 8

2n
d 
be
nd
in
g 
m
od
al
 fr
eq
ue
nc
y (
H
z)

Moving vehicle test (2nd) Impact hammer test (2nd)

0%

2%

4%

6%

8%

10%

12%

14%

St 1 St 2 St 3 St 4 St 5 St 6 St 7 St 8

m
od
al
 d
am
pi
ng
 ra
tio
 (%
)

Moving vehicle test (1st) Impact hammer test (1st)

0.0%

0.5%

1.0%

1.5%

2.0%

2.5%

3.0%

3.5%

4.0%

St 1 St 2 St 3 St 4 St 5 St 6 St 7 St 8

m
od
al
 d
am
pi
ng
 ra
tio
 (%
)

Moving vehicle test (1st) Impact hammer test (2nd)

0

0.5
1

1.5
2

2.5
3

3.5
4

4.5

30 40 50 60 70 80 90 100

1s
t b
en
di
ng
 m
od
al
 fr
eq
ue
nc
y 
(H
z)

Energy performance (%)

Stage 8

11.2

11.4

11.6

11.8

12.0

12.2

12.4

12.6

30 40 50 60 70 80 90 100

2n
d 
be
nd
in
g 
m
od
al
  f
re
qu
en
cy
 (H
z)

Energy performance (%)

Stage 8



300

Yosuke Kondo, Yoshinobu Oshima and Chul-Woo Kim. 

 10 

performance than the 1st bending mode. For the damping ratio, the 2nd bending mode showed 
an increase from Stage 7 to Stage 8 due to the rupture of PC tendon. However, modal damping 
ratio for the 1st bending mode barely changed from Stage 7 to Stage 8. Observations 
demonstrated the usefulness of the 2nd bending mode in vibration-based bridge health 
monitoring of the PC bridge. However, it is still a challenge to estimate the structural 
performance of the PC bridge from changes in the natural frequency of 2nd bending mode. As 
a next step for this research, comprehensive investigations on structural performance of the PC 
bridge will be carried out even utilizing strains measured at concrete and rebar. Moreover, 
effectiveness of the correlation between the bridge performance and vibration characteristics 
will be investigated by numerical analysis. 
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Abstract. This paper investigates numerically the potential of ground floor linear tuned inerter 
damper (TID) to mitigate floor acceleration causing occupants’ discomfort in wind-excited 
multi-storey buildings due to vortex shedding (VS) effects while generating electric energy. To 
this aim, TID stiffness and damping properties were optimally designed to minimize root mean 
square (RMS) floor acceleration at the top occupied floor for wide range of fixed inertance 
values, while an electromagnetic motor (EM), modelled as an ideal damper, was added to 
endorse energy harvesting capabilities to the TID. Numerical data pertaining to a 15-storey steel 
moment resisting frame structure with square floor plan, deficient to occupants’ comfort (OC) 
code-prescribed criteria under moderate wind action, are furnished. Wind excitation is by a 
spatially-correlated across-wind force field accounting for VS effects. It is found that optimally 
designed ground floor TID can readily meet OC criteria without any structural modification 
(stiffening) which for the case-study building would require 67% increase of steel weight. It is 
further shown that increasing EM damping coefficient increases energy harvesting potential at 
the expense of increased floor accelerations. However, increasing TID inertance enhances 
simultaneously floor acceleration and energy harvesting performance. Hence, it is concluded 
that it is possible to increase energy generation in ground floor TID-equipped wind-excited 
multi-storey buildings without necessarily relaxing performance requirements in terms of floor 
accelerations through judicial changes to EM damping coefficient and/or inertance. 
 
1 INTRODUCTION 

Design and construction of slender high-rise buildings in congested modern city centers have 
been gaining popularity in recent decades mostly due to ever-increasing cost of land associated 
with urbanization. Satisfying the structural integrity criteria under gravitational and wind design 
loads at the ultimate limit state is relatively straightforward in such structures using high 
strength materials and stiff lightweight structural components [1]. However, it is found that 
slender buildings with rectangular floor plan are prone to excessive oscillations in the across-
wind direction (i.e., within the normal plane to the wind direction) due to vortex shedding (VS) 
effects generated around their corner edges [2]. These oscillations may generate floor 
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accelerations trespassing occupants’ comfort thresholds under moderate wind action (i.e., at the 
serviceability limit state) [3-4] leading to loss of functionality and to downtime. Increasing the 
lateral stiffness of VS prone buildings cannot efficiently address serviceability performance 
associated with floor accelerations [5]. Therefore, dynamic vibration absorbers, with most 
representative the tuned mass damper (TMD), are widely used in practice for vibration 
mitigation in wind-excited slender buildings to meet floor accelerations thresholds prescribed 
by building codes and guidelines [6]. In its simplest form, the classical linear passive TMD 
comprises an oscillating mass attached towards the building top via linear stiffeners and viscous 
dampers. Stiffness and damping properties of the TMD are optimally designed/tuned to the 
dominant building mode shape for fixed attached mass. This provision facilitates the transfer 
of kinetic energy from the wind-excited building to the TMD secondary mass and, eventually, 
its dissipation through the dampers. Recently, the potential of TMDs to harvest energy from 
wind-induced oscillations in slender buildings has been explored by employing electromagnetic 
motors (EMs) coupled with energy harvesting/storage circuitry to replace viscous dampers in 
connecting the TMD mass to the host structure [7-8]. In this manner, part of the kinetic energy 
of the host structure is transformed into usable electric energy instead of being “lost” at the 
dampers in the form of heat. Moreover, Giaralis and Petrini [9-10] demonstrated that by 
coupling the TMD with an inerter device in the so-called tuned mass-damper-inerter (TMDI) 
configuration reduces significantly floor acceleration in tall/slender buildings subject to VS 
effects for the same attached mass. This improved vibration control efficiency of the TMDI is 
attributed partly to the mass-amplification effect and partly to higher-modes-damping effect 
endowed to the TMD by the inerter: a device developing acceleration proportional force by a 
coefficient termed inertance [11]. Further, Petrini et al. [12] added an EM to the TMDI and 
showcased significant gains in the available energy for harvesting by varying the inertance 
and/or the damping property of the TMDI. 

Notably, all the above dynamic vibration absorbers are installed towards the top floor of 
buildings occupying high premium space. To address this issue, herein, the potential of a tuned 
inerter damper (TID), that is a TMDI with no mass property, [13] installed at the ground floor 
of wind-excited buildings is explored to mitigate floor accelerations at the upper floors. This 
consideration is inspired by several studies [13,14,15] demonstrating the high efficiency of 
ground floor TIDs to control earthquake-induced vibrations in multi-storey buildings. In this 
work, a ground floor TID is considered for the first time to control wind-induced vibrations. 
Furthermore, the TID is coupled with an EM to gauge its potential for harvesting energy from 
wind-induced oscillations. To this aim, a planar dynamical model of a 15-storey benchmark 
building with square floor plan deficient to floor acceleration thresholds due to VS effects is 
considered. Attention is focused on quantifying savings in the total weight of the structure 
achieved by adding a ground floor TID optimally designed for top floor acceleration reduction 
as opposed to increase the lateral floor stiffness. Additionally, energy harvesting potential is 
quantified as inertance and EM damping are let to vary.   

2 BENCHMARK STRUCTURE AND WIND MODELLING 

2.1 Benchmark structure description and reduced order modelling 
The benchmark building considered in this paper is a doubly symmetric, 15-storey, 3-bay 

steel moment resisting frame (MRF) structure with 16.5m-by-16.5m footprint. It totals 49.8m 
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of height: ground floor is 5.0m high, while the rest of the floors are 3.2m high. The structure 
comprises four parallel planar MRFs along each principal axis with all beam-to-column joints 
taken as rigid as shown in Figure 1(a). Columns have hollow square sections with varying outer 
dimensions and thickness along the building height ranging between 0.48m and 0.32m, and 
0.024m to 0.016m respectively. Beams are of various welded wide flange sections with section 
height and flange width varying between 0.5m and 0.3m, and 0.3m and 0.18m, respectively. 
Horizontal perfectly rigid diaphragm constraints are imposed at the height of each floor in 
developing a detailed finite element (FE) linear model of the structure. By deactivating the out-
of-plane DOFs, the first three natural frequencies of the building and corresponding modal mass 
participating ratios in parentheses are 0.548Hz (0.7118), 1.391Hz (0.1675), and 2.342Hz 
(0.0593). The building is designed to all serviceability and ultimate limit state requirements for 
static design load combinations including gravitational loads and mean wind component forces 
acting in the along-wind direction. The required steel tonnage (MRFs self-weight) is 471tons. 

To expedite computational work in later sections, a low-order planar dynamic model with 
15 degrees of freedom (DOFs) corresponding to the lateral in-plane translations of the rigid 
slabs is derived from the detailed FE model of the benchmark building using the modal-based 
procedure detailed in [9]. The 15-DOF model is defined in terms of a diagonal mass matrix, 
and full damping matrix and stiffness matrices. Building mass including nominal gravitational 
loads is lumped at each floor as shown in Figure 1(b), while modal damping ratios for the j-th 
mode are taken as: ξj=1%, for j= 1,2,3; ξj= 2% for j= 4,5,6; ξj= 4% for j= 7,8,9; ξj=8% for j= 
10,11,12; and ξj=16% for j= 13,14,15. The first three mode shapes obtained by the detailed FE 
model and the 15-DOF system match very well as shown in Figure 1(c).  

 
Figure 1: Benchmark building structure: (a) Detailed FE model, (b) lumped floor mass distribution along 

building height, (c) First three mode shapes obtained by the detailed FE and by the low-order models.  

2.2 Across-wind loading model 
The input wind action to the 15-storey (15-DOF) low-order model is herein represented by 

the stochastic across-wind force model developed in [2] for buildings with rectangular footprint. 
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This wind forcing model is based on experimental data from a comprehensive wind tunnel 
testing campaign and accounts for both the turbulence and the VS components of the wind force 
in the across-wind direction, the latter being critical for occupants’ comfort. It is defined by a 
zero-mean stationary Gaussian spatially correlated random field represented in frequency 
domain by a full power spectral density (PSD) matrix. For the 15-DOF dynamic model, a 

15 15 15FFS  wind force PSD matrix is determined upon spatial discretization of the wind random 
field at each building floor. Throughout this work, the logarithmic mean wind velocity profile 
of Eurocode 1 [3] is assumed for rough/urban terrain and for a (moderate) basic wind speed of 
20m/s (i.e., 10mins mean wind velocity at 10m height above open flat terrain) plotted in Figure 
2(a). For this wind profile, wind force PSDs at three different floor slab heights are plotted in 
Figure 2(b) following [2]. It is seen that the dominant VS frequency increases with floor height. 
The same happens for the wind force amplitude except from the last floor whose tributary height 
is only 1.6m. That is, half of the tributary height of typical floors. 

 
Figure 2: Assumed wind excitation model: (a) mean wind velocity profile, (b) power spectral density 

functions (PSDs) of across-wind forces acting at different floor levels of the benchmark structure. 

2.3 Optimal re-design of benchmark structure for occupants’ comfort 
Whilst the case-study building in Figure 1 satisfies all requirements for static design load 

combinations, it is found to be deficient for the occupants’ comfort serviceability limit state for 
the wind action defined in Figure 2 according to the ISO Standard 6897 [3] criteria. Figure 3(a) 
reports the root mean square (RMS) accelerations developing at each floor of the structure 
(initial structure) along its height together with the ISO 6897 occupants’ comfort threshold: it 
is seen that RMS acceleration is over the threshold at the top two floors.   

To this end, the structure is herein re-designed to satisfy the ISO6897 occupants’ comfort 
criteria. This is achieved by using the optimal design method in [16] for MRFs with fixed layout 
which is based on the optimality criteria (OC) formulation in [17]. The method seeks to 
minimize the total structural weight while satisfying design constraints including RMS floor 
acceleration being below the ISO6897 threshold at all floors below the top one (roof) which is 
not occupied. Figure 3(b) shows the MRF self-weight variation (steel tonnage of lateral load 
resisting system) throughout the iterations of the optimization starting with the initial deficient 
design with total weight of 471tons and fundamental frequency 0.548 Hz. The iterative 
optimization process converges at 786tons of MRF self-weight with fundamental frequency 
increased to 0.920Hz after 20 design cycles. Consideration of further cycles does not improve 
much the self-weight. Figure 3(a) plots RMS floor accelerations of the final optimally designed 



305

Zixiao Wang and Agathoklis Giaralis. 

 5 

structure along with the corresponding ISO6897 threshold. The latter has increased since the 
re-designed structure is stiffer. It is confirmed that in the re-designed structure code-prescribed 
threshold for RMS floor acceleration is satisfied in all occupied floors, while floor accelerations 
reduce noticeably compared to the initial structure. However, this is achieved at the expense of 
using an additional 315tons of steel (i.e., 67% increase of steel tonnage). In following sections, 
an optimally designed ground floor TID is considered to meet occupants’ comfort requirements 
without without any stiffening of the MRF load-resisting system of the initial structure. 

 
Figure 3: (a) root mean square floor accelerations of initial and optimally re-designed structures with occupants’ 

comfort thresholds (b) Variation of total weight of structure throughout the optimal re-design process.  

3 TID-EQUIPPED STRUCTURE AND FREQUENCY-DOMAIN ACROSS-WIND 
RESPONSE ANALYSIS 

The tuned inerter damper (TID) is a linear passive dynamic vibration absorber introduced in 
[13] for suppressing the lateral motion of seismically excited multi-storey buildings. Herein, a 
TID installed at the ground floor of the ISO6897 deficient structure in Figure 1 is considered to 
mitigate wind-induced accelerations in the across-wind direction. TID modelling and its 
incorporation to the adopted structure is graphically shown in Figure 4(a) depicting the low-
order 15-DOF model discussed in section 2.1 as a planar 15-storey frame-like building with 
lumped floor masses mk, k=1,2,…,15, and lateral floor displacements xk. The TID consists of a 
visco-elastic link, modelled as a linear spring with kTID stiffness in parallel with a dashpot with 
damping coefficient cTID, which connects one terminal of an inerter device, highlighted in red 
in Figure 4(a), with the first building slab. The second inerter terminal is fixed to the ground. 
The inerter device is idealized by a mechanical element resisting relative acceleration at its two 
ends through the inertance coefficient b [11]. In this regard, the inerter element force reads as 

b TIDxF b=  (1) 

where xTID is the lateral TID displacement shown in Figure 4(a) and a dot over a symbol signifies 
differentiation with respect to time. Therefore, the (control) inerter force depends on the 
inertance which may be interpreted as a “weightless mass” [11]. 



306

Zixiao Wang and Agathoklis Giaralis. 

 6 

 
Figure 4: (a) Ground floor TID-equipped lumped-mass planar frame model of the wind-excited case-study 

building in the across-wind direction, and (b) Considered energy harvesting enabled TID with EM. 

In this regard, it is important to note that inertance is readily scalable. Indeed, supplemental 
damping devices for seismic protection of building structures incorporating inerters with 
several hundred thousand tons of inertance have been prototyped and experimentally verified 
in recent years [18]. To shed further light on this issue, consider a commonly used inerter device 
embodiment employing a rack-and-pinion mechanism to transform the translational motion into 
rotational motion of a flywheel (i.e., a solid spinning disk) through a gearbox [11]. It can be 
readily shown that the inertance of such device is given as [19]  

2 2

2 21
( )

n
f q

f
qpr q

r
b m

pr

 =

=  , (2) 

where mf and γf  are the mass and radius of the gyration of the flywheel, respectively, γpr is the 
radius of gyration of the flywheel pinion, rq/(prq) is the gearing ratio of the q-th stage/gear of 
the gearbox with n stages. Clearly, the inertance can be scaled by orders of magnitude through 
changing the gearing ratios and/or the number of gears. Along these lines, Brzeski et al. [20] 
demonstrated experimentally the feasibility of inerter devices with continuously varying 
transmission gearbox, rather than stepped gearing changes, leading to inerters that may achieve 
any desired inertance value within the gearbox effective range of transmission. 

Mathematically, the mass, M, damping, C, and stiffness, K, matrices of the TID-equipped 
lumped-mass 15-DOF model in Figure 4(a) are given as  
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respectively, where ck,p and kk,p with k=1,…,15 and p=1,…,15 are the damping and stiffness 
coefficients of the low-order 15DOF system representing the benchmark building. Response 
displacement, velocity, and acceleration PSD matrices of the TID-equipped structure subject to 
the wind force PSD matrix defined in section 2.2 can be obtained as 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )* 2 4, , and         = = =xx FF xx xx xx xxS B S B S S S S  (4) 

respectively. In Eq. (4), SFF is the wind force PSD matrix 15
FFS  augmented by an upper zero row 

and a left-most zero column corresponding to the xTID displacement DOF as the TID is internally 
housed and not subjected to any wind load. Further, the “*” superscript denotes complex matrix 
conjugation, and the transfer matrix B is given as 

( )
12 i  
−

  = − +B K M C  (5) 

where, 1i = − , and the “-1” superscript denotes matrix inversion. The RMS response velocity, 
and acceleration of the k-th DOF for the TID-equipped structure are obtained as 

  ( )   ( )
max max

0 0

RMS and RMS
k kk k k kx xk x x k x xx S d x S d

 

     = = = =   (6) 

respectively. That is, by integrating the response auto-spectra in the main diagonal of the 
response velocity and acceleration PSD matrices in Eq. (4) to a cut-off frequency, ωmax, above 
which the energy of the underlying processes is negligible. Further, the relative RMS velocity 
between two different DOFs k and j is obtained as 

  ( )
max

2 2

0

2RMS
qkq k k qk q x x x x xx x S d



   − = = + −   (7) 

where the integrand is the response velocity cross-spectra between k and q DOFs.  

4 OPTIMAL TID DESIGN FOR VIBRATION CONTROL 
In this section, the properties of the ground floor TID in Figure 4(a) are optimally designed 

to mitigate floor accelerations in multi-storey buildings subject to VS effects associated with 
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occupants’ comfort. To this aim, an optimal design problem is formulated aiming to minimize 
the RMS floor acceleration of the highest occupied floor taken as the objective function (OF). 
This is because RMS acceleration increases monotonically with building height in the across-
wind direction of typical multi-storey buildings prone to VS effects (see e.g. Figure 3(a)). The 
problem design variables (DVs) are the non-dimensional TID parameters defined as  

TID TID
TID TID

1 TID

, and 
2

,
tot

k b c
k b

b
M

  


= = = , (6) 

namely, inertance ratio, frequency ratio, and damping ratio, respectively. In the last equation, 
Mtot is the total mass of the building (including design dead and live loads), while ω1 is the first 
natural frequency of the uncontrolled (no TID-equipped) structure. The optimization problem 
is solved numerically using the pattern search algorithm [21] to determine optimal primary DVs 
frequency ratio, νTID, and damping ratio, ξTID, which minimize the OF for fixed building 
structure, wind excitation, and inertance ratio β treated as secondary DV. 

To exemplification of the above TID optimal design problem, Figure 5 furnishes results from 
application to the 15-storey structure discussed in section 2.1 under the wind force PSD matrix 
in section 2.2 to minimize 14}RMS{x computed by Eq.(6). In doing so, practically meaningful 
range of values for the primary DVs are searched: νTID is bounded in the [0.9, 1.1] range based 
on real-life TMD installations in high-rise buildings tuned to the first natural frequency ω1, 
while ξTID is bounded in the [0.0, 0.2] range to ensure realistic viscous damping coefficients. 
Strong convex behavior of the OF on the primary DVs, νTID-ξTID, plane is noted with a single 
global optimal design point readily identified for inertance ratios β ranging within [0,1] interval. 
For illustration, 14}RMS{x surface of the TID-equipped structure normalized by 14}RMS{x of the 
uncontrolled structure is plotted in Figure 5(a) on the νTID-ξTID plane for β=0.2. Further, optimal 
DV values are plotted in Figure 5(b) as functions of β. 

 
Figure 5: Optimal TID design for structure in Figure 1 subject to wind excitation in Figure 2: (a) Objective 

function and optimal design point for β=0.20, and (b) optimal primary DV values with β. 

5 PERFORMANCE ASSESSMENT OF OPTIMAL TID-EQUIPPED BENCHMARK 
STRUCTURE 

5.1 Vibration suppression efficiency of ground-floor TID 
In this section, the potential of ground-floor TID to satisfy occupants’ comfort criteria with 

no further structural modification in wind-excited multi-storey buildings sensitive to VS effects 
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is numerically assessed. Attention is focused on demonstrating that ground floor TID can 
support lightweight slender building designs compliant to occupants’ comfort serviceability 
criteria leading to reduced steel usage. To this aim, optimally designed TIDs obtained as 
detailed in the previous section are considered for the 15-storey structure of Figure 1 which was 
found to be deficient to the ISO6897 occupants’ comfort criteria, as seen in Figure 3(a), for the 
moderate across-wind excitation in Figure 2. 

 
Figure 6: Normalized RMS floor acceleration at penultimate floor and available RMS energy for harvesting for 

TID-equipped structure in Figure 1 subject to wind forcing of Figure 2. 

Figure 6 plots RMS acceleration at the penultimate (last occupied) floor of the optimal TID-
controlled structure, 14RMS{ }x , normalized by the corresponding value of the uncontrolled 
structure, as a function of inertance ratio. In this graph, the limiting case of β = 0 corresponds 
to the uncontrolled structure. It is seen that floor acceleration reduces monotonically with the 
inertance though performance improvement saturates as inertance ratio increases. Notably the 
inertance values examined in Figure 6 are realistic: even the case of β= 100%, which reduces 
floor acceleration by 44.8% compared to the uncontrolled structure, is achievable. Indeed, this 
inertance ratio corresponds to inertance b=Mtot=3285tons which is below the inertance achieved 
by the hydraulic inerter device discussed in [18]. However, a reduction of 14.2% in 14th floor 
RMS acceleration is required for the considered benchmark structure to meet ISO6879 
occupants’ comfort criteria. This is achieved by equipping the initial structure with an optimally 
tuned TID with β= 6% (or b=197tons), as indicated in Figure 6, without altering in any other 
way the MRF lateral load-bearing system. Recalling that meeting ISO6879 criteria through 
structural modification would require 315tons of additional steel to stiffen the initial MRF if no 
TID is installed, as discussed in section 2.3, one concludes that optimal ground-floor TID is 
quite efficient in meeting occupants’ comfort criteria in wind excited buildings leading to 
lightweight designs and material savings.  

5.2 Energy harvesting potential for TID with varying inertance and damping coefficient 
Having established the benefits of the TID for suppressing floor accelerations in wind-

excited tall buildings, the attention is now turned to explore its potential for harvesting energy 
from wind-borne building oscillations. To this aim, a standard linear translational EM coupled 
with an energy harvesting (EH) circuit is added in parallel to the visco-elastic TID element as 
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shown in Figure 4(b). The considered EM consists of a moving magnet travelling within a coil 
while the EH circuit is equipped with a rectifier to ensure unidirectional electric current flow 
irrespective of the magnet direction of motion [22]. The resistance of the EM is equal to RC 
while EM inductance is negligible for the motion frequencies in the application at hand [22]. 
Moreover, the EH circuit is assumed to be purely resistive with resistance RL: a simplification 
deemed sufficient for the comparative quantification of the available energy for harvesting as 
TID properties are let to vary (see also [8]). Under the above assumptions, the 
electromechanical damping coefficient of the EM coupled with the EH circuit is given as [22] 

2

( )EM
C L

Jc
R R

=
+

 (8) 

where J is the magnetic field in the EM with constant flux density, and the resisting damping 
force contributed by the EM element to the structure in Figure 4 reads as 

1( )EM TIDEMF x xc −=  (9) 

Then, structural analysis to wind excitation remains the same as in section 3 by setting 
0

TID TID EMc c c= +  (10) 

where 0
TIDc  is the TID viscous damping coefficient, as shown in Figure 4(b) and the RMS value 

of the available energy for harvesting, EHpot, is quantified as 

( )2

1RMS{EHpot} RMS{ }EM TIDc x x= −  (11) 

making use of Eq.(7).  
Figure 6 plots the RMS of EHpot for optimal TID-controlled case-study building against the 

inertance ratio normalized by the value attained for β=1. In obtaining this data, it is assumed 
that the EM contributes to half of the (optimal) TID damping, that is, 0

TID EMc c=  in Eq.(10), 
following optimal EH criteria [22]. It is seen that EHpot increases monotonically with inertance 
and, therefore, increasing inertance is beneficial for both vibration suppression and for energy 
harvesting in ground floor TID optimally designed for vibration suppression.  

 
Figure 7: Normalized EH potential and performances of the EH-TID for vb = 20m/s, β=0.05, 0.10, and 0.15, and 

for (a) RMS relative velocity, (b) RMS EH potential, and (c) RMS acceleration at the last occupiable floor. 

Moreover, Figure 7 quantifies RMS EHpot and penultimate RMS floor acceleration for non-
optimal TID-equipped structure as cEM in Eq.(9) is let to vary for fixed kTID and 0

TIDc , and for 
three different β values. Values of kTID and 0

TIDc  are optimal for TID with β=15% and all plotted 
quantities are normalized to the attained values for this optimal TID design including the value 
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of cEM. This investigation is motivated by the fact that both the cEM in Eq.(9) and the inertance 
b in Eq.(2) can vary in a passive-adaptive mode by changes to the EH circuit and to the inerter 
gearing, respectively. It is seen in Figure 7(b) that ncreases with cEM until it reaches a plateau 
due to reduction of 2

1 2RMS{ }x x−  with cEM in Figure 7(a). At the same time, as expected, RMS 
floor acceleration in Figure 7(c) increases as EMc  deviates from its optimal value. Nevertheless, 
for a fixed, possibly non-optimal, cEM, simultaneously enhanced vibration suppression 
performance and increased EHpot is achieved by increasing inertance. These observations 
suggest that it is possible to increase energy generation in ground floor TID-equipped wind-
excited multi-storey buildings without necessarily relaxing performance requirements in terms 
of floor accelerations through judicial changes to EM damping coefficient and/or inertance. 

6 CONCLUDING REMARKS  
The efficacy of a ground floor TID to achieve occupants’ comfort performance and to harvest 

kinetic energy in wind-excited multi-storey buildings susceptible to VS effects has been 
numerically established. To this aim, a 15-storey steel structure, deficient to occupants’ comfort 
code-prescribed criteria for moderate wind action, has been equipped with optimal TID stiffness 
and damping properties minimizing floor acceleration in the across-wind direction, being 
critical for occupants’ comfort, for fixed inertance. Further, the TID was coupled with a 
standard EM modelled as a damper and allowing for energy harvesting. Major conclusions in 
view of the herein furnished numerical results are: (1) Optimally tuned TID for floor 
acceleration minimization is a potent retrofitting measure to meet occupants’ comfort criteria 
without structural modifications leading to considerable increase of steel usage (up to 67% 
increase for the considered structure), (2) Increasing TID inertance is beneficial for both 
suppressing floor accelerations and for increasing available energy for harvesting in both 
optimal and non-optimal TID for floor acceleration mitigation, and (3) Increasing the EM 
damping coefficient increases the available energy for harvesting at the expense of increased 
floor accelerations. Overall, it is concluded that ground floor TID is a promising dynamic 
vibration absorber configuration for occupants’ comfort criteria which govern the design of 
slender multi-storey buildings with square floor plan under wind excitation while allows for 
generating energy from wind-induced building oscillations. Still, further numerical and 
experimental work is warranted to examine ground-floor TID efficiency for different wind 
excitation intensity in a performance-based design context and to compare it to alternative 
widely used solutions such as top-floor TMDs.   
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Abstract. This study is intended to discuss feasibility of a long-term scour monitoring for an 
in-service railway bridge by means of a remote microtremor monitoring. In the context of the 
structural health monitoring, vibration-based approach might be a promising technique for the 
scour monitoring of railway bridges, as it is well known that changes in the vibration 
characteristics of the railway bridge pier under scour is obvious. Japanese railway companies 
make decisions on occurrence of scour investigating changes in a target frequency. Therefore, 
the impact test on the railway bridge pier to identify changes in frequencies has been adopted 
as a promising scour detection method in Japan. However, the impact test is a laborious and 
time-consuming method, and is inapplicable for the real time monitoring to make a proper 
decision on the train operation control during heavy rains. This study investigates feasibility of 
vibration-based scour monitoring as an alternative method for the impact test. A railway bridge 
with high potential of scour was monitored utilizing a smart sensing unit which includes 
functions of vibration measurement, data processing and remote control. Observations showed 
that target frequency was slightly decreased under increase of water surface during flood. 
However, the decreased frequency recovered once water surface level decreased after flood. 
Scour assessment following a Japanese guideline showed an extremely low probability of scour. 
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1 INTRODUCTION 
Scouring is the erosion of the riverbed caused by fluctuation in the flow of river, turbulence, 

etc. The number of bridges with scoured piers is increasing due to the deterioration, heavy rain, 
and the reduction of sediment supply volume [1]. If scouring occurs around the foundation 
ground, the substructure may settle, incline, or fall, and thus, train operation should be 
suspended during flood.  

Many Japanese railway companies have adopted an impact test on the railway bridge pier as 
a promising scour detection method focusing on changes in frequencies. However, the impact 
test is a laborious and time-consuming method, and is inapplicable for the real time monitoring 
during heavy rains to make a proper decision on the train operation. Therefore, a remote 
monitoring system and a decision rule to detect scouring are desired. 

This study aims to propose a way to monitor scour of piers of railway bridges efficiently and 
quantitatively without approaching the target bridge especially during flood. A bridge under 
operation is monitored as a case study. To estimate the natural frequency of the target bridge, 
accelerometers are installed on the top of the bridge pier and the connected girders for the 
impact test, and two sensors on the pier top were left for scour monitoring in terms of long-term 
ambient vibration monitoring. In modal identification of the bridge, this study utilizes time 
domain method called stochastic subspace identification (SSI) [2,3,4] that is effective for forced 
vibrations of bridges. Bayesian operational modal analysis (BAYOMA) [5,6,7] is also adopted 
for the modal identification from microtremor measurement during flood. 
 
2 METHODOLOGY 

2.1 Mode Identification by Stochastic Subspace Identification (SSI) 
The dynamical system representing the pier vibration is modeled as the following state space 

model. 
𝒙𝒙(𝑘𝑘 + 1) = 𝑨𝑨𝒙𝒙(𝑘𝑘) + 𝒘𝒘(𝑘𝑘) (1) 

𝐲𝐲(𝑘𝑘) = 𝐂𝐂𝐂𝐂(𝑘𝑘) + 𝐯𝐯(𝑘𝑘) (2) 

Therein, 𝐂𝐂(𝑘𝑘) and 𝐲𝐲(𝑘𝑘) denote the state of structure and measurement at each time step 𝑘𝑘, 
respectively. Also, 𝐰𝐰(𝑘𝑘)  and 𝐯𝐯(𝑘𝑘)  respectively denote the process noise and measurement 
noise vectors which are assumed to be stationary white noise. System matrix 𝐀𝐀 comprising 
modal information is estimated using least-squares method for the minimal prediction error of 
the state 𝐂𝐂(𝑘𝑘) given by the forward Kalman filter. The poles of the dynamical system provide 
modal properties of the dynamical system. 

The algorithm for the SSI is described briefly as follows. First, we obtain the projection 
matrix 𝑶𝑶1, as estimated from Eq. (3). 

𝑶𝑶1 = 𝐘𝐘3𝐘𝐘456𝐘𝐘4𝐘𝐘457
8𝐘𝐘4 (3) 

Therein (∙)8denotes the Moore-Penrose pseudo-inverse matrix. 𝐘𝐘3 and 𝐘𝐘4 represent the block 
Hankel matrices of the future and past outputs as shown in Eq. (4) and Eq. (5). 
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𝐘𝐘4 = :

𝐲𝐲(0) 𝐲𝐲(1) … 𝐲𝐲(𝑗𝑗 − 1)
… … … …

𝐲𝐲(𝑖𝑖 − 2) 𝐲𝐲(𝑖𝑖 − 1) … 𝐲𝐲(𝑖𝑖 + 𝑗𝑗 − 3)
𝐲𝐲(𝑖𝑖 − 1) 𝐲𝐲(𝑖𝑖) … 𝐲𝐲(𝑖𝑖 + 𝑗𝑗 − 2)

B 

(4) 

𝐘𝐘3 = :

𝐲𝐲(𝑖𝑖) 𝐲𝐲(𝑖𝑖 + 1) … 𝐲𝐲(𝑖𝑖 + 𝑗𝑗 − 1)
… … … …

𝐲𝐲(2𝑖𝑖 − 2) 𝐲𝐲(2𝑖𝑖 − 1) … 𝐲𝐲(2𝑖𝑖 + 𝑗𝑗 − 3)
𝐲𝐲(2𝑖𝑖 − 1) 𝐲𝐲(2𝑖𝑖) … 𝐲𝐲(2𝑖𝑖 + 𝑗𝑗 − 2)

B	

(5) 

The singular value decomposition (SVD) is then applied to factorize 𝑶𝑶1 as follows. 

𝑶𝑶1 = 𝐔𝐔𝐔𝐔𝐕𝐕𝐓𝐓 ≃ (𝐔𝐔𝟏𝟏𝐔𝐔𝟐𝟐) K
𝐔𝐔𝟏𝟏 𝟎𝟎
𝟎𝟎 𝟎𝟎M

(𝐕𝐕𝟏𝟏𝐕𝐕𝟐𝟐)𝐓𝐓 = 𝐔𝐔𝟏𝟏𝐔𝐔𝟏𝟏𝐕𝐕𝟏𝟏𝐓𝐓	 (6) 

where, 𝐔𝐔 and 𝐕𝐕 are unitary matrices with appropriate size; 𝐔𝐔 is a diagonal matrix with non-
negative elements. The diagonal elements of 𝐔𝐔 are known as singular values of 𝑶𝑶1. Singular 
values in 𝐔𝐔 are listed in descending order. Therefore, the components in 𝐔𝐔𝟏𝟏𝐔𝐔𝟏𝟏𝐕𝐕𝟏𝟏𝐓𝐓 include most 
of the information defining the elements in 𝑶𝑶1. Components in 𝐔𝐔𝟐𝟐𝐔𝐔𝟐𝟐𝐕𝐕𝟐𝟐𝐓𝐓 are regarded as trivial 
components. The optimal state sequence predicted by the Kalman filter in a least squares sense 
is obtained as shown below. 

𝐗𝐗1 = 𝐔𝐔𝟏𝟏
𝟏𝟏/𝟐𝟐𝐕𝐕𝟏𝟏𝐓𝐓	 (7) 

where 𝐗𝐗1 = [𝐱𝐱(𝑖𝑖) 𝐱𝐱(𝑖𝑖 + 1) … 𝐱𝐱(𝑖𝑖 + 𝑗𝑗 − 1)]. 
The system matrices are obtainable from 𝐗𝐗1. The number of poles corresponds to the number 

of singular values in Eq. (6). In other words, we can extract the modal response of the bridge 
from the measured acceleration data by the SVD. 

2.2 System Identification based on Bayesian Approach 

Assume that the acceleration was collected under ambient condition. Let {�̈�𝐱TU ∈ 𝑅𝑅X: 𝑗𝑗 =
1,… ,𝑁𝑁} denote the measured acceleration data at n degrees of freedom (DOFs) of a structure, 
abbreviated as	{�̈�𝐱TU}, where 𝑁𝑁 is the number of samples collected in the time domain. The jth 
acceleration response can be modelled as follows: 

�̈�𝐱TU = �̈�𝐱U + 𝐞𝐞U	 (8) 

where �̈�𝐱U ∈ 𝑅𝑅X denotes the model acceleration response; 𝐞𝐞U ∈ 𝑅𝑅X denotes the prediction error 
between the measured and theoretical responses, mainly consisting of the electronic noise of 
the data acquisition system, environmental noise and modelling error.  

The FFT of {�̈�𝐱TU} is defined as follows: 

𝐹𝐹T_ = `
a∆c
d
∑ �̈�𝐱TUexp	[−2𝜋𝜋𝐢𝐢

(Uk𝟏𝟏)(_k𝟏𝟏)
d

]d
Ulm               (𝑘𝑘 = 1,2, …𝑁𝑁)	

(9) 

where the FFT corresponds to the frequency f_ = (𝑘𝑘 − 1)/𝑁𝑁∆𝑡𝑡 for	𝑘𝑘 = 2,3, …𝑁𝑁p, with 𝑁𝑁p =
𝑖𝑖𝑖𝑖𝑡𝑡[𝑁𝑁/2] + 1, being the frequency index at the Nyquist frequency, and 𝑖𝑖𝑖𝑖𝑡𝑡[. ]is the integer part; 
∆𝑡𝑡 denotes the sampling interval; 𝐢𝐢𝟐𝟐 = −1. 

For well-separated or closely spaced modes, they should be included in a series of specified 
frequency bands. Let 𝐷𝐷1 denote the FFT data in the 𝑖𝑖th selected frequency band containing the 
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possible modes. According to Bayes’ Theorem, the posterior PDF of 𝛉𝛉1 for given data, where 
𝛉𝛉1 denotes the modal parameters in the 𝑖𝑖th selected frequency band, can be expressed as: 

𝑝𝑝(𝛉𝛉1|𝐷𝐷1) =
𝑝𝑝(𝛉𝛉1)𝑝𝑝(𝐷𝐷1|𝛉𝛉1)

𝑝𝑝(𝐷𝐷1)
	 (10) 

where 𝑝𝑝(𝐷𝐷1|𝛉𝛉1) is the likelihood function; 𝑝𝑝(𝐷𝐷1) is a constant; 𝑝𝑝(𝛉𝛉1) is the prior PDF.  
The likelihood function 𝑝𝑝(𝐷𝐷1|𝛉𝛉1)  can be obtained as follows. Define a vector 𝐙𝐙T1_ =

[Re𝐹𝐹T1_; Im𝐹𝐹T1_] ∈ 𝑅𝑅aX  consisting of the real and imaginary parts of the FFT data in the 𝑖𝑖th 
selected frequency band at frequency f_; Let 𝐷𝐷1 = {𝐙𝐙T1_} which includes all the FFT data in the 
𝑖𝑖th selected frequency band. For large N and small	∆𝑡𝑡, the vector 𝐙𝐙T1_ is shown to be independent 
at different frequencies and follow a Gaussian distribution with zero means and covariance 
matrix 𝐂𝐂𝒊𝒊𝒊𝒊 . Therefore, the likelihood function 	𝑝𝑝(𝐷𝐷1|𝛉𝛉1)  in the 𝑖𝑖 th frequency band can be 
constructed by a Gaussian distribution, i.e.,  

	𝑝𝑝(𝐷𝐷1|𝛉𝛉1) =~
𝟏𝟏

(𝟐𝟐𝟐𝟐)𝒏𝒏det(𝐂𝐂𝒊𝒊𝒊𝒊)𝟎𝟎.𝟓𝟓
exp[−

𝟏𝟏
𝟐𝟐𝐙𝐙
T1_5 𝐂𝐂1_k𝟏𝟏𝐙𝐙T1_]

𝒊𝒊

	 (11) 

in which, det(. ) denotes the determinant; 𝐂𝐂𝒊𝒊𝒊𝒊, the covariance matrix of 𝐙𝐙T_, is given by   

𝐂𝐂1_ =
1
2 „
𝚽𝚽1

𝚽𝚽1
† „Re𝐇𝐇1_ −Im𝐇𝐇1_
Im𝐇𝐇1_ Re𝐇𝐇1_

† ˆ
𝚽𝚽1‰

𝚽𝚽1‰
Š +

𝑆𝑆Œ1
2 𝐈𝐈aX	

(12) 

where 𝚽𝚽𝒊𝒊 = [𝚽𝚽1m,𝚽𝚽1a, … ,𝚽𝚽1Žè] ∈ 𝑅𝑅
XŽè denotes the mode shape matrix in a selected frequency 

band; 𝐈𝐈aX  is an 2𝑛𝑛 × 2𝑛𝑛  identify matrix; 𝑆𝑆Œ1 ∈ 𝑅𝑅  is the PSD of prediction error in the 𝑖𝑖 th 
frequency band;  𝐇𝐇1_ is a transfer function, whose element can be expressed as:  

𝐇𝐇1_(𝑢𝑢, 𝑣𝑣) = 𝑆𝑆“”[(1 − 𝛽𝛽1“_a ) + 𝐢𝐢(2𝜁𝜁1“𝛽𝛽1“_)]km[(1 − 𝛽𝛽1”_a ) − 𝐢𝐢(2𝜁𝜁1”𝛽𝛽1”_)]km	 (13) 

where 𝛽𝛽1“_ = 𝑓𝑓1“/f_ ; 𝑆𝑆“”  denotes the cross spectral density between the 𝑢𝑢th and 𝑣𝑣th modal 
excitation. Define 𝛉𝛉1 = {𝑓𝑓1“, 𝜁𝜁1“, 𝑆𝑆1“,𝚽𝚽1“: 𝑢𝑢 = 1,… ,𝑚𝑚1, 𝑆𝑆Œ1}, where 𝑓𝑓1“ ∈ 𝑅𝑅 is the 𝑢𝑢th natural 
frequency in the 𝑖𝑖th frequency band; 𝜁𝜁1“ ∈ 𝑅𝑅 is the 𝑢𝑢th damping ratio in the 𝑖𝑖th frequency band; 
𝑆𝑆1“ ∈ 𝑅𝑅 is the 𝑢𝑢th power spectral density (PSD) of modal force in the 𝑖𝑖th frequency band; 
𝚽𝚽1“ ∈ 𝑅𝑅X is the 𝑢𝑢th mode shape of the measured DOFs in the 𝑖𝑖th frequency band; 𝑚𝑚1 is the 
number of modes included in the 𝑖𝑖 th frequency band. It is more convenient to write the 
likelihood function in term of the ‘log-likelihood function’, i.e., 

𝐿𝐿(𝛉𝛉1) = −ln	 𝑝𝑝(𝐷𝐷1|𝛉𝛉1)	 (14) 

𝑝𝑝(𝐷𝐷1|𝜽𝜽1) = 𝑒𝑒𝑒𝑒𝑝𝑝	[−𝐿𝐿(𝜽𝜽1)]		 (15) 

Note that the log-likelihood function can be well approximated by a second-order Taylor 
expansion, and so it can be expressed as 

𝐿𝐿(𝛉𝛉1)~𝐿𝐿6𝛉𝛉 17 +
1
2 (𝛉𝛉1 − 𝛉𝛉

 1)‰𝐇𝐇 ¡(𝛉𝛉1 − 𝛉𝛉 1)	
(16) 

where 𝐇𝐇 ¡ denotes the Hessian matrix of 𝐿𝐿(𝛉𝛉1) when the MPV 𝛉𝛉 1 is evaluated. Substituting (16) 
into (15), the likelihood function can be given by: 

𝑝𝑝(𝐷𝐷1|𝛉𝛉1)~exp	[−
1
2 (𝛉𝛉1 − 𝛉𝛉

 1)‰𝐂𝐂T𝛉𝛉è
k𝟏𝟏(𝛉𝛉1 − 𝛉𝛉 1)]		

(17) 
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with  
𝐂𝐂T𝛉𝛉è = 𝐇𝐇 ¡

km	 (18) 

denotes the covariance matrix of the modal parameters.  
The likelihood function in an individual frequency band can be determined according to 

equation (11). In the damage detection, usually all the possible identifiable modes will be used 
and the data in all the related frequency bands will be included. Assuming the data in 𝑛𝑛¢ 
frequency bands are available, the likelihood function considering all these frequency bands 
can be given by: 

𝑝𝑝({𝐷𝐷1}|{𝛉𝛉1}) =~𝑝𝑝(𝐷𝐷1|𝛉𝛉1)
𝒏𝒏𝒃𝒃

𝒊𝒊l𝟏𝟏

=~ ~
𝟏𝟏

(𝟐𝟐𝝅𝝅)𝒏𝒏𝐝𝐝𝐝𝐝𝐝𝐝(𝐂𝐂𝒊𝒊𝒊𝒊)𝟎𝟎.𝟓𝟓
exp[−

𝟏𝟏
𝟐𝟐𝐙𝐙
T1_‰ 𝐂𝐂1_k𝟏𝟏𝐙𝐙T1_]

_è¦

_l_è§

𝒏𝒏𝒃𝒃

𝒊𝒊l𝟏𝟏

	
(19) 

where {𝐷𝐷1:	𝑖𝑖 = 1,… , 𝑛𝑛¢	} is a collection of the data in all the frequency bands, abbreviated as 
{𝐷𝐷1} ; {𝛉𝛉1:	𝑖𝑖 = 1,… , 𝑛𝑛¢}  denotes a collection of the modal parameters in all the selected 
frequency bands, abbreviated as {𝛉𝛉1}; 𝑘𝑘1m and 𝑘𝑘1a denotes the start and end frequency indexes 
in the 𝑖𝑖th selected frequency band, respectively.  

The prior PDF of 𝛉𝛉1 can be constructed as follows. The identified modal parameters can be 
modelled as  

𝛉𝛉 1 = 𝛉𝛉1 + 𝛆𝛆𝒊𝒊	 (20) 

where 𝛉𝛉1 is the theoretical modal parameters and 𝛆𝛆𝒊𝒊 is the prediction error of modal parameters 
between identified value and theoretical value. Assuming 𝛆𝛆𝒊𝒊 follows a Gaussian distribution, 
then the prior PDF of 𝛉𝛉1 can be given by  

𝑝𝑝(𝛉𝛉1) =
𝟏𝟏

(𝟐𝟐𝝅𝝅)𝒏𝒏𝐝𝐝𝐝𝐝𝐝𝐝(𝐂𝐂𝛉𝛉è)𝟎𝟎.𝟓𝟓
exp[−

𝟏𝟏
𝟐𝟐 (𝛉𝛉1 − 𝛉𝛉

 1)‰𝐂𝐂𝛉𝛉è
k𝟏𝟏(𝛉𝛉1 − 𝛉𝛉 1)]	

(21) 

where 𝐂𝐂𝛉𝛉è denotes the covariance matrix of the modal parameters 𝛉𝛉1 in the 𝑖𝑖th frequency band. 
Since the modal parameters in different frequency bands can be taken to be independent, the 
prior PDF considering all these frequency bands can be given by: 

𝑝𝑝({𝛉𝛉1}) =~𝑝𝑝(𝛉𝛉1)
X©

1lm

=~
𝟏𝟏

(𝟐𝟐𝝅𝝅)𝒏𝒏𝐝𝐝𝐝𝐝𝐝𝐝(𝐂𝐂𝛉𝛉è)𝟎𝟎.𝟓𝟓
exp[−

𝟏𝟏
𝟐𝟐 (𝛉𝛉1 − 𝛉𝛉

 1)‰𝐂𝐂𝛉𝛉è
k𝟏𝟏(𝛉𝛉1 − 𝛉𝛉 1)]

X©

1lm

	
(22) 

 

3 TARGET BRIDGE AND MONITORING INFORMATION 
The target bridge is a single railway track steel plate girder bridge. The height of target pier is 
11m and width is 2.5m. As there is high potential risk of scouring on the target pier, a long-
term scour monitoring has been carried out. The photo of the target bridge pier is shown in 
Figure 1. The elevation and plan views of the target bridge are shown in Figure 2. Eight triaxial 
sensors were installed on the top of the pier and connecting girders for the impact test as shown 
in Figure 2 a). All sensors except two sensors installed upstream and downstream of the pier 
top were removed after the impact test. Two sensors left on the pier top (see Figure 2b) are for 
the long-term ambient vibration monitoring. The sampling frequency of the measurement was 
200Hz. A laser water level meter is installed on the target bridge. 
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Figure 1: Photo of target bridge pier.  

a)  b)  
Figure 2: Elevation view and plan view of the acceleration sensor installation position: a) for the impact test, and 
b) for the long-term ambient vibration monitoring. 

4 MODE IDENTIFICATION OF TARGET BRIDGE 
Modal characteristics of the bridge pier were identified from the vibration data excited 

during the impact test. Stability criteria are used to decide stable vibration modes [11]. Figure 
3 shows the stabilization diagram (SD) in which the horizontal and vertical axes respectively 
stand for the frequency and model order. The black dots indicate modal frequencies associated 
with each model orders. The red circles indicate stably estimated modes that satisfy predefined 
deviation tolerances of the modal properties, i.e. the natural frequencies, damping ratio, and 
mode shapes. This study adopted the frequency deviation tolerance of 0.25 Hz, the damping 
deviation tolerance of 0.1 %, and the lower bound of Modal Assurance Criteria (MAC) of 0.95.  

The vertical blue broken lines show dominant modes that appear stably throughout a wide 
range of model order and satisfy the deviation tolerances. The dominant frequency was 
identified at 9.2Hz. Figure 4 shows the mode shape of the dominant mode. As shown in 
Figure 4, this mode shape is relevant to the transversal rocking mode of the pier.  

5 SYSTEM IDENTIFICATION DURING FLOOD 
On September 30 in 2018, typhoon no.24 was approached and daily precipitation was 

114mm, and ambient vibrations monitored on September 30 and October 1 were investigated 
to identify dominant frequency of the target pier during the flood. 
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Figure 3: Stabilization Diagram (SD).                                           Figure 4: Identified mode shape (9Hz). 
 

(a)  

(b)  

Figure 5: Monitoring data: (a) 30th September 2018; and (b) 1st October 2018. 
 
Plots of the identified frequency per every minute are shown in Figure 5 with observed wind 

speed and water level. It should be noted that “water level” represents the distance between 
water surface and lower flange of the bridge girder: i.e. as the water surface goes up, the “water 
level” gets smaller. In Figure 5, the horizontal axis indicates time, and the vertical axis indicates 
frequency (Hz), wind speed (m/s), and water level (m) from the top respectively. From 0:00 to 
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20:00 on September 30 before flood, identified frequencies varied widely between 8.5 Hz and 
10Hz. However, during flood from 20:00 on September 30 to 6:00 on October 1, variation in 
frequency was quite small. One reason for scattering of identified frequency is the quality of 
acceleration. Before flood only microtremor measurement whose amplitude was around 0.1 gal 
was examined. On the other hands during the flood the bridge pier was vibrated by water flows 
and the maximum amplitude was around 1gal.   

Histograms of identified frequency for different water level are shown in Figure 6. Assuming 
all distributions follow normal distributions, the mean and variance values are estimated as also 
seen in Figure 6. The frequency decreases as the water surface level rises (water level 
decreases), the variance of the identified frequency also decreases. The influence of the 
additional mass due to flood might be a reason for the decrease of the frequency during flood 
[12]. The results show that the natural frequency of the bridge pier is identified with high 
accuracy during the flood condition.  

Figure 7 shows that the histogram of identified frequencies during flood: i.e. the water level 
between 4m and 5m. The blue solid line is the approximate curve of the distribution of the 
identified frequency. Occurrence of scour during flood is examined following the guideline of 
Japanese government [13]. The guideline is shown in the Table 1. The soundness index x is 
calculated by Eq. (23) [13]. 
 

x = (monitored frequency) / (frequency of healthy condition) (23) 

 

Table 1: Soundness assessment [13] 

Soundness Index x Category Assessment 
x≦0.70 A1 Abnormal condition: repair or reinforcement are needed 

0.70＜x≦0.85 A2 Need to check progress of deterioration: e.g. decrease of frequency, etc. 
0.85＜x≦1.00 B Low possibility of abnormal condition 

1.00＜x S Healthy 

 
 

 
Figure 6: Identified frequency distribution: (a) water level more than 6m (before flood); (b) water level between 
5m and 6m; and (c) water level between 4m and 5m (during flood). 
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Figure 7: Histogram of identified frequency from ambient vibration (during flood). 

 

 

Figure 8: Distribution of natural frequency before and after the flood. 

 
In the guideline, occurrence of scour is decided if it is observed that 85% or less than the 

natural frequency in the health condition. Therefore, the frequency of 85% of the natural 
frequency in the health condition is adopted as a threshold of occurrence of scouring. The 
vertical red solid line in Figure 7 shows 85% of the natural frequency in the healthy condition. 
It is noted that the mean frequency observed before flood was assumed as healthy condition in 
scour assessment. The probability of exceeding the threshold was lower than 0.001%, which 
indicates extremely low possibility of scour occurrence during this flood.  

Figure 8 shows the distributions of the identified frequencies before and after the flood. 
Considering mean values of the identified frequencies 9.23Hz and 9.19Hz for healthy condition 
and flood condition respectively, the soundness index takes x = 0.996 according to Eq. (23), 
and categorized as B (Low possibility of abnormal condition) according to Table 1. 
Observations showed low possibility of scouring due to flood. 

6 CONCLUSIONS 
This study investigates a way of scour detection by means of ambient vibration monitoring 

of the bridge pier during flood. The natural frequency of the bridge pier was identified with 
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high accuracy from the ambient vibration during the flood condition. The probability of 
exceeding the threshold for the scour was lower than 0.001%. Moreover, the soundness index 
was 0.996 which is categorized as B indicating low possibility of abnormal condition. 
Observations, thus, demonstrated extremely low possibility of scour occurrence during this 
flood. This study also demonstrated that it is possible to evaluate scour by using the ambient 
vibration data during the flood. 
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Abstract. This contribution presents an experimental analysis of the control system 
configuration for a semi-active frame structure. The structure is equipped with a system that 
implements a Prestress Accumulation Release strategy for mitigation of vibration. A proper 
distribution of the sensors for monitoring the actual state of the structure is the key factor that 
determines the overall effectiveness of the applied strategy. The results and findings presented 
here reveal a set of basic rules dedicated to solving this crucial issue.  

 
 
1 INTRODUCTION 

Prestress Accumulation Release (PAR) is a recently developed control strategy for 
mitigation of structural vibrations [1,2], which belongs to the class of semi-active control 
approaches [3]. It utilizes an extremely effective approach, based on the concept of controllable 
structural constraints, which assumes that it is possible to introduce short lasting modifications 
of the local effective stiffness of vibrating structures. In practice, the method requires dedicated, 
semi-actively controllable fuses to be implemented in the structure, which allows local 
mechanical properties to be modified in a controllable way [4]. 

The investigations published until now revealed, both numerically and experimentally, 
a superior effectiveness of the PAR-based vibration control approach, which stems from an 
optimization procedure and a basic mechanical analysis of the control problem [2]. The 
experimental verification of the previous results was focused on testing of the control law and 
on implementing the control algorithm [5], and it prepared the ground for developing 
a methodology for the optimal distribution of the semi-active fuses within the structure [6]. 

The idea of the localised control algorithm assumes that internal energy level is monitored 
locally in a structure and dissipated accordingly [7]. Therefore, it is preferable that the semi-
active joints are collocated with the sensors. This is an essential advantage of the concept in 
comparison to the control systems with the global response monitoring approach. It can be 
achieved due to the fact that the span of the sensor placement is limited to the direct 
neighbourhood of the semi-active elements and therefore such a compact installation may be 
characterised with low complexity and be less expensive. Nonetheless, the exact localisation of 
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the sensor needs to be determined precisely. The experimental survey presented in this 
contribution aims at determination of sensors placement of such a type that a system 
observability is sufficient for the performance of the controller. 

 

2 EXPERIMENTAL INVESTIGATION METHODOLOGY 
The examined structure is a frame in a cantilever configuration as depicted schematically in 

Figure 1. The general dimensions of the frame are 1200 mm length and 300 mm width. The 
cross-section of the structural members is a square tube 30 mm in height and 15 mm in width. 
The thickness of the wall is 2 mm. An internal part of the frame is the semi-active member 
consisting of  two joints with an interconnecting element positioned in between. The semi-
active member is located between the branches of the structure in a distance of 600 mm from 
the support, which is half of the total length of the frame. The utilized sensors are strain gauges 
in a half bridge connection type and configured for measurements of the in-plane bending in 
the frame members. The coordination system adopted for this investigation is depicted in 
Figure 1.  

 
Figure 1: Scheme of the experimental frame and location of sensors #1 – #6 

The frame under examination has the eigenfrequencies determined in a spectral testing. The 
parameters of the structure are given in Table 1. 

Table 1: Eigenfrequencies of the in-plane modes 

Mode No. 1 2 3 
Eigenfrequencies 13.6 38.8 125.3 

The testing procedure for this investigation is following. Firstly, six potential sensing 
locations are determined and evenly distributed on the structure. There are two locations per 
each of the frame branches, as depicted in Figure 1. Due to symmetry of this particular structure, 
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the locations are chosen in the neighbourhood of only one of the semi-active joints. Secondly, 
in order to reveal the sensor locations with satisfactory system observability of the structural 
eigenfrequencies, spectral tests of the frame in a passive mode (not activated semi-active joints) 
are carried out. Thirdly, the influence of the sensor location on the overall algorithm 
effectiveness is assessed by means of quality tests. 

The locations of the sensors are evaluated on the basis of the following three criteria:  
1. the highest possible level of system observability of the modal vibrational forms 

exhibited on the structure, 
2. the lowest possible level of disturbances created by the semi-active member,  
3. a satisfactory level of the overall control procedure quality. 
The quality of the vibrational response of the system is tested in a SISO (Single Input Single 

Output) setup. The FRF accelerance functions are calculated and the resulting amplitudes are 
compared. The input is a swept sinusoidal force signal in a defined driving location and the 
output is a vibration level in a defined reference location. The two locations on the structure are 
determined as constant for the test:  

1. Driving Point, which is the point through which vibrational excitation is introduced to 
the structure by means of a modal shaker (Figure 1). 

2. Reference Point, which is the point of acceleration measurement and which is dedicated 
for assessment of control algorithm quality (Figure 1). 

 

3 RESULTS 
The results of the experiments are presented in three groups. The first group introduces the 

spectral characteristics of the Driving Point and Reference Point. The second group of results 
presents the spectral responses of the sensors in a passive state of the structure (not activated 
semi-active joints). The third group reflects how the operation of the activated joints influences  

3.1 Spectral characteristics of Driving Point and Reference Point 
The quality reference case for the study are accelerance functions (Figure 2) obtained as an 

effect of an FRF calculation in a passive system. Measurement of acceleration and force is 
conducted along direction OX (as defined in Figure 1).  

The Driving Point response, depicted in colour red in Figure 2, indicates three clear 
resonances, which suggests that the exciter is connected in a right location to excite the first 
three in-plane modal forms. The in-plane modal forms are the only properly excited ones in this 
particular configuration of the experimental setup. It is due to the fact that the signals have been 
measured in accordance to the chosen excitation direction and measurement direction (OX). 
The other line on the graph (colour green) depicts the frequency response of the Reference 
Point, which is positioned on the free tip of the tested frame (Figure 1). The presented FRF 
graph proves that the Reference Point reflects the mechanical response of the structure in all of 
the considered in-plane modal forms and can be utilized as a control quality indicator and for 
assessment purposes.  
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Figure 2: Accelerance functions of the tested system 

3.2 Spectral responses of the sensors 
Sensor placement is tested on the example of six locations of the strain gauges. The location 

scheme of the sensors is presented in Figure 1 and denoted as #1 – #6. The sensors are 
distributed in defined distances from the semi-active node. The graphs in Figures 3–5 present 
the FRFs of the signals acquired with the particular sensors. The objective of this study is to 
determine the responsiveness of the particular locations and reflecting it on the FRF graphs. 
High amplitudes of resonances, exhibited on the particular graphs, indicate that a particular 
sensor generates a signal, which is characterised by a sufficient SNR (signal to noise ratio) for 
the control purposes. The criterion for assessing the particular sensor locations is based on the 
spectral modes observability in the system determined on the basis of the FRF functions. A 
sufficient location is characterised by a defined level of the FRF amplitude and the threshold is 
established on level 1 uE/N.  

Figure 3 presents the data acquired for locations #1 and #2. These location are characterised 
by a high observability of the in-plane modes of the structure and therefore satisfy the demands 
of the system design. Figure 4 depicts the FRFs that characterise the responses in locations #3 
and #4, which indicate that both sensor #3 and sensor #4 exhibit lacks in system observability 
of modes 3rd and 1st respectively. Figure 5 presents that the sensor localised in position #5 
allows for observations of all three vibrational modes, which predestines it for adopting in the 
control system design.  

In summary, two locations #2 and #5 seem to exhibit the most favourable features from the 
point of view of the signal quality. One of them is positioned on the semi-active member of the 
structure and the other one is positioned on the structural element. Further analysis of the 
locations is provided in the next section. 
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Figure 3: Accelerance functions of the tested system 

 
Figure 4: Accelerance functions of the tested system 
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Figure 5: Accelerance functions of the tested system 

3.3 Effectiveness of the control procedure 
The following section discusses the third group of the results, in which the influence of the 

activated joints on the structure is studied. The tests are configured in order to carry out an 
experiment with each of the six tested sensor locations. The experiments are sweep tests of the 
frame in the control mode. Each experiment is conducted with a specific sensor. The algorithm 
applied for the test is described in [1] and it follows a rule, in which the joints reduce their 
torque transmission periodically for a 3 millisecond periods. The time instants for the 
transmission reduction are determined as the instants of the maximal value of the local internal 
energy of the structure. The results of the system operation in the controlled mode are presented 
in Figures 6–8. All of the sensors provide a signal that is functional in the tested control system. 
The results related to the specific sensors are summarised in Table 2. 

Table 2: Accelerance amplitudes under the control procedure 

Control case 

1st mode shape 2nd mode shape 
Absolute 
amplitude 

Relative 
amplitude Gain Absolute 

amplitude 
Relative 

amplitude Gain 

[g/N] [%] dB [g/N] [%] dB 
Passive 0.187 – – 0.533 – – 
Controlled with sensor #1 0.026 13.9 -17.1 0.321 60.2 -4.4 
Controlled with sensor #2 0.056 29.9 -10.5 0.298 55.9 -5.0 
Controlled with sensor #3 0.03 16.0 -15.9 0.304 57.0 -4.9 
Controlled with sensor #4 0.044 23.5 -12.6 0.339 63.6 -3.9 
Controlled with sensor #5 0.034 18.2 -14.8 0.282 52.9 -5.5 
Controlled with sensor #6 0.075 40.1 -7.9 0.243 45.6 -6.8 
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Figure 6: Accelerance function - control based on sensor locations #1 and #2 

 
Figure 7: Accelerance function - control based on sensor locations #3 and #4 
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Figure 8: Accelerance function - control based on sensor locations #5 and #6 

4 DISCUSSION 
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comparison to location #6. Another important factor is the fact that the semi-active joints 
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introduce self-vibration during operation. This can disturb the sensor readings in the direct 
neighbourhood of them. In the analysed case the most endangered sensor location is #5. 
However, the control effectiveness results disprove this thesis. 

5 CONCLUSIONS 
The presented results provide a contribution over a specific case, in which a frame is excited 

in the described, unique, in-plane configuration. That gives a specific results related to the 
particular configuration of the sensor placement. However, the objective of this work is to 
derive knowledge about general rules of the sensor placement in the localised control approach. 
The following clues can be drawn from the conducted research: 

1. The basic conclusion coming from the study is that a control system based on the PAR 
algorithm is sensitive to local distribution of the sensors which makes the study crucial 
from the point of view of the system preliminary configuration.  

2. An improper determination of a sensor location can decrease the effectiveness of the 
control procedure even by 200%. 

3. The system governed by the PAR algorithm exhibits a significant effectiveness of the 
vibration control (Gain: 13–17 dB). 

4. Even suboptimal distribution of the sensors results in an effective vibration reduction, 
which suggests that the system is robust to slight incorrectness in the final sensors 
positioning. 

5. Vibration induced by the joints by themselves do not interfere with the control input 
signal and the procedure can be performed successfully. 

6. A satisfactory level of correlation is observed between the system observability in the 
particular locations and the control effectiveness. The method of observability 
assessment in the sensor locations can be considered as a potential solution in the case 
of practical implementations. 
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Abstract. In this paper we investigate mechanical speed variator for novel tuned mass damper (TMD)
application equipped with inerter. In such application inerter consist continuously variable transmission
(CVT). Hence the motion of the transmission is oscillatory and we test it for the actual working con-
ditions. We derive the mathematical model of the mechanical speed variator. We analyse the actual
transmission ratio, internal motion resistances and identify the inertia of mechanical speed variator com-
ponents and validate further. We apply actual working conditions and compare the experimental and
numerical exciting torques of the CVT. We obtain good agreement between them, hence the proposed
model is robust and gives reliable results. Finally, we apply model of the mechanical speed variator into
our TMD and propose possible application.

1 INTRODUCTION

The idea of tuned mass dampers (TMD) has more then one hundred years. It is a device designed
to reduce undesired oscillations of a structures by addition of a additional body to the system instead
of changing its support properties. The first solution was proposed by Frahm in 1909 [1]. The simple
device consisted of a mass and a spring. Its natural frequency was tuned to natural frequency of the
damped body. Despite impressive performance in resonance and its close neighborhood it was poorly
efficient outside the narrow range. The improvement was made by Den Hartog [2] by adding dash-pot
between the TMD and damped structure which causes significant increase of TMD efficiency range.
Alternative idea concerns interchange the linear spring of TMD by the nonlinear one (with the linear and
nonlinear parts of stiffness) [3, 4] or with purely nonlinear characteristic [5, 6, 7]. Further studies led to
applications with multiple TMD instead of one [8, 9, 10, 11] able to work with more complex system
with multiple natural frequencies. Recently, a novel concept of varying the tuned mass damper natural
frequency has been applied using TMD with variable inertia [12, 13].

One of crucial part in solution presented in [13] is continuously variable transmission (CVT). Authors
in [14] use belt driven CVT for inertia change. Nowadays CVT is well know transmission design, firstly
presented by Leonardo da Vinci. Mechanical designers can select from many realizations of it, following
the best type for the chosen application. Currently the most popular types are variable-diameter pulley
(VDP), toroidal and speed variators. The first, belt driven transmission consists two pulleys divided into

1
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two sheaves each and a V-belt. Depending on application a steel reinforced rubber V-belt or a chain
can be used . Another type is toroidal CVT transmitting power between discs through system of rollers.
Transmissions that type can be be partial or full toroidal. Similarly to the belt driven CVTs, efficiency
requirements determine the design . The last group are mechanical speed variators. They are designed
to provide a variable speed drive. Its main advantage is mechanical and continuously change of the
transmission ratio. Such devices are mainly used for production purpose and design to work in specific
direction of motion.

According to the main research of our group concerns tuned mass dampers (TMDs) we decided to ex-
amine variator as a potential part of a inerter and TMD [13, 14]. We modify CVT produced by Motovario
in order reduce internal motion resistance what is a critical factor in case of TMD performance[15, 16].
Considering that type of the CVT as a part of TMD makes difference in operating conditions. Instead of
typical one directional motion such application demands bidirectional rotations.

To examine properties of modified variator we create its mathematical model and perform several
experimental tests. We study the actual transmission ratio, internal motion resistances and identify the
inertia of mechanical speed variator components and validate further. We conduct test with actual work-
ing conditions and compare the experimental and numerical exciting torques of the CVT. Obtained good
agreement between them, we prove proposed model robustness. We simulate actual working condi-
tions of the mechanical speed variator as a part of complete TMD system. We present results for our
laboratory rig showing limitations due to internal motion resistance. Finally, we modify parameters of
the damped construction and TMD showing good system performance and proving mechanical speed
variator application.

2 INVESTIGATED DEVICE

2.1 Description and model of the modified variator

In this section we introduce the model of the modified CVT produced by Motovario. Our version of
this CVT is modified for our specific propose and its properties vary from original one. The schematic
model is shown in Fig. 1. The divide is symmetric, hence we draw its half and we neglect all parts that
are not involved in the kinematic chain. In panel (a) we show a schematic cross-section of the device
with numbering of all parts. Then, in panel (b) we show the front view with geometrical dimensions and
we mark all characteristic points. The last panel (c) includes the back view of plate (No. 3). Now let
us describe the operation of the device. The output shaft (No. 1f) has velocity ω1 and it rotates with all
parts attached to it (Nos 1a-e). Parts Nos 1a and 1b are internal fixed and mobile tracks respectively. The
planet (No. 2) is placed and between them. The necessary pressure to transfer the motion between tracks
and planet without slips is ensured by four Belleville springs (No. 1c) which are tensioned in respect to
the shaft (No. 1a) via stop ring belleville springs (No. 1d) and Seeger ring (No. 1e). The performed
modification concerns reduction amount of Belleville washers by one.The planet (No. 2) is in contact
with inertial tracks in point B and with external fixed and mobile tracks (Nos. 4a,b) in point C. It can
rotate in planet bush and slide radially according to paths in the input shaft part No. 3b . One of the
external tracks is fixed to the body of CVT (No. 4b) and do not perform any motion. The second external
track control gear ratio by its linear movement caused by tension in spring - part No. 4c. Point C is a
instantaneous center of zero velocity (VC = 0.0 [m/s]). The planet performs the plane motion in respect
to external tracks.

2
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Figure 1: Schematic model of the modified variator.

Now, let us introduce the kinematic relation between all parts of the CVT. The output angular velocity
in respect to point O1 is ω1, so VB = ω1r1. The same velocity can be calculated in respect to point C:
VB = ω2a, where a = (r3 − r1). This let us calculated the angular velocity of planet: ω2 = ω1r1

a . The
distance between points C and O2 is the difference (r3 − r4), so the velocity of planet in its center (O2)
is VO2 = ω2(r3 − r4). The same velocity has plate (No. 3) VO2 = ω3r4 so the relation between output and
input angular velocities are given as follow:

ω1 = ω3
ar4

r1(r3 − r4)
= ω3i, (1)

where i is gear ratio. The values of parameters are as follow: r1 = 0.0359, r3 = 0.0630 and r4 is control-
ling parameter.

The next step is the dynamical model of the CVT. We assume that the motion is without slips, so the
device has one DoF. We divide the moving parts into three groups: input shaft and all connected parts
(Nos 1a-f) with total moment of inertia I1, planet with moment of inertia I2 and output shaft with moment
of inertia I3. The total kinetic energy is as follow:

T =
1
2

I1ω2
1 +4

(
1
2

I2ω2
2 +

1
2

MpV 2
O2

)
+

1
2

I3ω2
3 (2)

where Mp is mass of planet (there are four planets in the CVT). We use kinematic relations for ω1, ω2
and VO2 to find the equivalent moment of inertia Ieqof the system:

Ieq = I1i2 +4

(
I2

(
r4

r3 − r4

)2

+Mpr2
4

)
+ I3. (3)

Hence, the equation of motion is as follow:

Ieqϕ̈1 + f (ϕ̇) = Mext (4)

where f (ϕ̇) is the internal resistance function which is dependent on the current ratio of the CVT. Mext

is external torque applied to the input shaft.
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2.2 Laboratory rig

We examine mechanical speed variator in order to find the gear ratio characteristics and value of the
inertial motion resistances. While, the first parameter is important from control point of view the second
affects overall system performance. Tests are carried out on small laboratory rig designed and build for
this particular task. We use structure of the variator (see Fig. 1) and additional parts creating system
presented in Fig. 2.

Figure 2: Isometric views of the test rig for the modified CVT (a) project (b) practical realization. Parts presented
in the figure: 1 - Supporting profiles, 2 - Angle brackets, 3 - Servo plate, 4 - Servo motor, 5 - Two claw clutches, 6
- Torque sensor, 7 - Sleeve, 8- Motovario supporting plate, 9 - Motovario, 10 - Flywheel.

Therefore, the additional parts are placed on the supporting aluminum profiles (parts Nos. 1) which
is a base for an angle brackets (parts Nos. 2) and for a servo plate (part No. 3). Servo motor (part No.
4) is screwed to the servo plate and it drives the CVT with two claw clutches (parts Nos. 5) and torque
sensor (part No. 6) mounted between them. The connection between the second clutch and the variator
(part No. 9) is realized by the sleeve (part No. 7). Variator is mounted on supporting profiles through
supporting plate (part No. 8). At the output shaft of the variator the flywheel (part No. 10) is mounted.
The servo motor is driven by a driver controlled from the PLC.

3 TEST OF CVTs CRUCIAL PARAMETERS

3.1 Gear ratio in dependence on rotations of the control knob

Gear ratio for modified variator vary from 1.55 [−] to 3.15 [−] achievable with 10 rotations of the
control knob. In this case the results are shown in Fig.3 where we can see the nonlinear dependence
on angular position of the control knob. Such characteristic exists due to construction of the CVT.
Nevertheless there is no hysteresis effect proving transmission robustness and ease in control. According
to measured variator parameters we obtain numerical correlation between the control knob rotations and
position of r4. One can see good correctional between numerical model and the experimental results.

4
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Figure 3: Gear ratio in dependence on rotations of the control knob for the modified variator.

3.2 Internal motion resistance

In next step, we examine the inertial motion’s resistance. We choose five specific points equally
distributed on the gear ratio characteristic plot. The test rig is equipped with the torque sensor which
allows to create the torque versus angular velocity plots. Plots are created with respect to the input
velocities of CVTs. In measurements we assume that the input velocity vary in range from −350 [rpm]
to 350 [rpm], hence we run the servomotor with constant velocity in counterclockwise and clockwise
direction respectively. The internal resistance of the modified variator varies in 〈0.8, 2.0〉 [Nm] range
(see Fig. 4). The highest values are observed for low speed of the output shaft and values of internal
resistance significantly decrease with increase of the CVT’s velocity. The reason of this phenomenon is
the oil distribution over the cooperating tracks and planets. The lubrication is achieved by motion of the
planets which distribute the oil over all moving elements. In case of the low rotational speed the oil drips
into the sump being integral port of the transmission body. According to that the oil cannot be properly
distributed to the higher parts of transmission which cause the increase of the internal resistance. Another
aspect of observed phenomenon is that the increase of the gear ratio causes the increase of the velocity
of the planets and better oil distribution which results in reduce of the resistance. Hence, the general
conclusion is that the higher velocity causes better distribution of the oil and decreases the internal
resistance.

We also prepare mathematical model of the internal motion resistance. It is formulated as follows:

1
2

(
−2

π
arctan

(
105ϕ̇

)
+1

)
(p1arctan(p2ϕ̇)+ p3)+

1
2

(
2
π

arctan
(
105ϕ̇

)
+1

)
(p4arctan(p5ϕ̇)+ p6) = f (ϕ̇) .

(5)

It is based on arctan function, consists shape parameters, namely from p1 to p6 and depends from
the shaft rotational velocity. It allows different characteristic for negative and positive shaft velocities.
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Hence parameters from p1 to p3 represents negative values of the shaft rotational velocity. Contrary
parameters from p4 to p6 represents positive direction of the shaft rotations. In result we are able to
precisely replicate experimental results from laboratory rig. We identify friction parameters according to
the model. Tests are curried out for three transmission ratios i = 1.55 [−], i = 2 [−] and i = 3.15 [−]. In
result, blue curve in Figure 4 is generated. Basing on experimental data we fit internal motion resistance
model parameters. In result we obtain a curve fitted to the direction of the shaft velocity. The modeled
internal motion resistance model is marked red in Figure 4. For all cases we receive sufficient agreement
between the model and the experiment.

Figure 4: Internal motion resistance as a function of input shaft velocity. Blue curve correspond to experimental
data, whereas friction model is marked blue. Three subplots represents gear ratios: (a) i = 1.55 [−], (b) i = 2 [−]
and (c) i = 3.15 [−].

3.3 Oscillatory trapezoidal test

The trapezoidal velocity path is controlled with the PLC and the programmed trajectory is presented
in Fig. 5. The plot is exemplary, but the values of its parameters given in text correspond to values used in
measurements. The motion starts with a small jump to the initial velocity equals s0 = 0.3 [rad/s] followed
by acceleration to a target speed st = 31.42 [rad/s] in ta = 300 [ms]. The system performs six rotations
(the controlled target value) of the input shaft with constant velocity and decelerates in td = 300 [ms]
to the final velocity s0. Next stage is a stop followed by change of the rotation direction which takes
ts = 1 [ms] and is restricted by the motor driver. Then, the same sequence is repeated for the opposite
direction of motion.

6
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Figure 5: The exemplary trapezoidal velocity path.

We subject to this test transmission for selected transmission ratios. The results obtained for trans-
mission ratio equals to i = 1.55 [−] are presented in Fig. 6. Figure poses three subplots corresponding
to the angular positions and the angular velocities of the input and output transmission’s shafts marked
with blue and red lines respectively. Last subplot presents the torque needed to be applied to achieve
the desired velocity path. The diagrams starts during acceleration to the constant negative value of the
rotational velocity. Hence it starts with decreasing value of driving torque which levels at constant value
equals transmission internal motion resistance. After motion with constant velocity system beginning
deceleration stage with reduction of driving torque. Amount of internal motion resistance makes decel-
eration process too quick and in order to follow velocity path drive controller reacts by adding additional
negative torque. After the stop system starts to accelerate to the target speed in clockwise direction which
is possible by increase of positive torque. Than, torque stabilizes at target level. We observe minor fluc-
tuations of the velocity during the motion with constant velocity caused by the unbalance of the output
shaft. The six rotations are followed by deceleration which leads to the system stop followed by accel-
eration with negative torque. Presented sequence is repeated in a same way in the second period. We
perform same test for transmission ratio equals to i = 2 [−] and i = 3.15 [−]. We validate mathematical
model, comparing experimental toque-time traces with numerical results. For all transmission ratios we
obtain good agreement. Moreover we divide the equivalent moment of inertia into input and output shaft
moment of inertia. We use obtained results to study possible application of mechanical speed variator
for the TMD.
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Figure 6: Three subplots represents positions (a), velocities (b) and torque (c) for input (blue) and output (red)
transmission shafts in oscillatory motion test. Test is performed with ratio equals to i = 1.55 [−] and obtained by
trapezoidal forcing.

4 Application of analyzed CVT to TMD

In this section we present application of the studied CVT to TMD with inerter that enables changes
of inertance. Inerter is a two terminal device in which force is proportional to the relative acceleration
between its ends [17]. Typically, inerter is attached to oscillating bodies. It is a mechanical device
where the linear motion is changed into rotational via mechanical gear, hence the energy of vibration is
accumulated in the rotating flywheel [18, 19]. In our realization between gear and flywheel we placed
CVT, hence we are able to change inertia of inerter. We introduce such device in 2015 [13]. The changes
of inertia is realized via change of the gear ratio of the CVT which cause increase or decrease of inertia
of the CVT. If we divide the inertia by pitch radius we obtain inertance (In [kg]) which is added to total
mass of TMD, hence the equivalent mass of TMD is as follow: (m+ In). Thanks to variable inertance we
are able to vary equivalent mass of TMD, thus we are able to change its natural frequency and tune it to
current frequency of excitation. In our previous papers we present such TMD with CVT designed in our
lab. In this paper we analyze out of shelf CVT with modifications. The main difference in compare to our
CVT is larger internal motion resistance, which is crucial to proper operation of TMD (the lower internal
motion resistance causes better damping properties). CVT investigated in this paper has approximately
two times larger internal motion resistance. In this section we show how it affect damping properties.

4.1 Mathematical model of TMD

In this subsection we present the mathematical model of TMD with inerter attached to damped body
presented in Fig. 7. Such system has two DoF and its motion is described by two generalized coordinates:
the position of the main oscillator by coordinate x, while the displacement of the TMD by coordinate
y. The main oscillator is characterized with the following parameters: M is its mass, K is the stiffness
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of the single spring that connects the main mass to the ground, C = ξ12
√

7KM is the viscous damping
coefficient of dash-pot that links mass M and the support and ξ1 is its damping ratio. The system is
forced kinematically via a spring of stiffness K with the displacement a(t) = Acos(ωet).

x

M

k c

m
y

dI

C6K
K

a t( )

Figure 7: Physical model of the system.

To characterize TMD we use the following parameters values: the moving mass is given by m, the
stiffness of the spring that connects it to the main oscillator is described with parameter k. The viscous
damper that connect mass m with M is an active device and its damping coefficient c = ξ22

√
km can be

changed according to controlling function. In this study we use two options, i.e., small ( ξ2 = 0.0222) and
large damping (ξ2 = 0.2). The dry friction force function f (ϕ̇) corresponds to internal motion resistance
of the CVT and for simplicity we use values for i = 3.15 [−] (the lowest internal resistance). Inertnace
I(i) is calculated based on formula ??. Inertia of CVT with flywheel is calculated based on Eq. (3) for
ranges of ratio described in subsection 3.1. When we divide inertia by pitch radius rp = 0.42 [m] we
obtain the inertance in range I(i) =∈ (3.01, 17.2) [kg]. Values of other parameters correspond to real
existing rig described in our previous papers (see [14, 16]) and are as follow: M = 102.66 [kg], K =
8181.0 [N/m],ξ1 = 0.0041, m = 11.26 [kg], k = 10448 [N/m], A = 0.0148 [m] and ωe ∈ (10, 30) [rad/s].
To show how proposed device is working for larger total mass of main system and TMD we introduce
the scaling factor α. Thus, the dynamics of the system presented in Fig. 7 is governed by the following
equations of motion:

αMẍ+α7Kx+Cẋ+αI(i)(ẍ− ÿ)+αk (x− y)+ c(ẋ− ẏ)+ f (ϕ̇) = αKa(t), (6)

αmÿ−αI(i)(ẍ− ÿ)−αk (x− y)− c(ẋ− ẏ)− f (ϕ̇) = 0. (7)

As it easy to see we do not scale internal motion resistance of the CVT because it does not change
with change of inetance. Damping coefficients (C and c) are described as factors (ξ1 and ξ2) of critical
damping, hence they also scale with varying α.

9
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Figure 8: FRCs for different masses of main system.

In Fig. 8 we present the FRCs (frequency response curves) of main body for different configuration
of the TMD. In Fig. 8 we present the response of the main system for α = 1 without TMD (black line)
and with TMD for α = 1(red line) and α = 3 (blue line). The inertance for cases with TMD is equal
to I = α× 10.56 [kg]. The amplitude for case without TMD reaches 0.255 [m] (we cut this plot above
0.05 [m] for better visibility). One can see that system with TMD for α= 1 reduces amplitude of the main
system but the internal motion resistance of the transmission limitates amplitude reduction. TMD with
controlled CVT for such configuration is not beneficial in comparison to a classical optimized TMD.
Contrary system with TMD for α = 3 reduces influence of the internal motion resistance. Hence one can
see significant decrease of the amplitude of the main system.

5 CONCLUSIONS

In this paper we show the comprehensive experimental investigations of the CVT. We modify variator
produced by Motovario in order to validate it application for the novel TMD [13, 14]which can be tuned
to the current frequency of external excitation to efficiently mitigate vibrations. We perform several tests
of the CVT to assess its performance and validate its simplified mathematical model. We examine gear
ratio in dependence on rotations of the control knob, internal motion resistance and inertias of transmis-
sion shafts. We also create mathematical model of the transmission. Identified parameters allow us to
validate the prepared model with satisfactory results. Furthermore we implement modeled variator into
our model of the TMD. We restricted considered case to constant inertance in order to trace application
for the modified TMD. In case of application to the TMD and inerters the internal motion resistance is
critical factor. Hence we prove that internal motion resistance in the modified variator is too large for
application in our laboratory rig. Nevertheless we show that it is possible to scale the system by three
times and obtain proper working conditions. We prove that variator type transmission can by used for
damping oscillations of a large constructions with TMDs.
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Abstract.  This contribution proposes a semi-active control approach for a directed energy 
transfer between structural vibrational modes. The motivation is the intended localization of 
the vibration energy in a selected mode for the purpose of energy harvesting and mitigation of 
structural vibrations. The proposed control strategy aims at the instantaneous maximization of 
the energy transfer to the target mode. It is based on an untypical approach of dynamic 
structural reconfiguration and implemented using a semi-actively controllable node: a 
lockable joint. Such a joint, depending on the control signal, can act as a hinge or as a typical 
frame node. Effectively, it provides thus an on/off ability to control the transfer of bending 
moments between the adjacent structural elements. The effectiveness of the approach is 
demonstrated in a numerical example of a plane frame structure. 

 
 
1 INTRODUCTION 

Attenuation of vibrations is a well-known problem [1] with a range of possible optimal 
control formulations [2]. The topic of vibration reduction by accumulation of the related 
energy, which is known as energy harvesting, is relatively less explored [3]. Usually, the 
structural excitation cannot be directly controlled nor easily predicted; it may have a broad 
frequency spectrum or take the form of rare impulsive shocks that result in free vibrations. 
The uncertain characteristics of the excitation can affect the efficiency of the energy 
harvesting process, because the energy-harvesters are usually designed for a single vibration 
frequency. This problem has motivated the development of a semi-active control strategy that 
allows the vibration energy to be transferred between selected vibrational modes, so that the 
energy-harvesters can be efficiently excited. 

Controlled energy transfer between vibrational modes can be also used for the related 
purpose of attenuating the vibrations. Transferring the energy to a mode with a large 
amplitude at the position of the energy dissipator can speed up the process of vibration 
reduction. Besides, such an approach can be used to transfer the energy of vibrations to such 
modes that do not interfere with the intended operation of the structure. The method proposed 
in this contribution is formulated in a relatively general way, which makes it potentially 
applicable and implementable with a wide range of semi-active damping devices [4][5][6][7].  
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This contribution deals with a semi-active control strategy for a directed transfer of the 
mechanical energy between structural vibration modes. The considered structure is equipped 
with lockable joints, which enable or disable the transmission of bending moments between 
the neighbouring structural members in a controlled manner. Such devices have been 
successfully developed for attenuation of vibrations by stimulating energy transfer to higher-
order modes that provide quick material damping [8]. The approach relies on semi-active 
control, which has several advantages compared to active control, including no need to 
generate large external control forces. Consequently, as no high-performance power source is 
required, the strategy is relatively easy to be applied, including large structures [9] and 
decentralized control [10]. 

The proposed semi-active control strategy aims to maximize the instantaneous mechanical 
energy transfer to the target vibrational mode. In the case of free vibrations, the energy of the 
target mode will increase only at the expense of other modes, which justifies the notion of 
energy transfer. A mathematical description of the mode mixing and energy transfer between 
vibrational modes, as well as a respective measurement technique, are proposed. The model is 
based on coupling the modal equations by coefficients that depend on the control signals, 
mode shapes and the placement of the lockable joints. 

As a demonstrative example, a three-bar frame structure is used. Two different kinds of 
finite element models of such a structure are analysed: a crude one (with one finite element 
per beam only) and a refined one (with four elements per beam). The first model is very 
simple and clearly introduces and illustrates the semi-active control strategy. The second 
model allows the participation of the higher modes and their influence on the modal energy 
transfer to be studied. It is shown that the proposed methodology can be used for controlling 
the modal energy transfer, but a part of the vibration energy is lost due to the inevitable 
natural material damping of higher modes. 

2 SYSTEM DYNAMICS AND CONTROLLABLITY 

2.1 Dynamics of a structure with lockable joints 
The proposed lockable joint acts as a pin connection, which can be temporarily 

dynamically locked to transmit the bending moment between the suitable rotational degrees of 
freedom (DOFs). This concept is illustrated in the Figure 1. 

 
Figure 1: Model of the structural lockable joint in the locked state 
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In the locked state of the connection, an internal moment 𝑓𝑓𝑘𝑘 of a suitable magnitude acts at the 
attachment points in order to maintain constant the angle between the joined structural 
elements. 

Assuming small displacements, the structure is described by the linear equation of motion: 

𝐌𝐌�̈�𝐪(𝑡𝑡) + 𝐂𝐂0�̇�𝐪(𝑡𝑡) + 𝐊𝐊𝐪𝐪(𝑡𝑡) = 𝐋𝐋𝐋𝐋(𝑡𝑡) + 𝐰𝐰(𝑡𝑡) (1)   
where 𝐪𝐪(𝑡𝑡) is the vector of the configuration coordinates, 𝐌𝐌 is the mass matrix, 𝐂𝐂 is the 
material damping matrix, 𝐊𝐊 is the stiffness matrix, 𝐋𝐋(𝑡𝑡) = [𝑓𝑓1 ⋯ 𝑓𝑓𝑁𝑁𝑘𝑘]𝑇𝑇 is the vector of the 
generalised internal forces at the joined DOFs, 𝐋𝐋 is the matrix that selects the DOFs for the 
individual lockable joints, and 𝐰𝐰(t) denotes the vector of the external excitation forces. The 
matrix 𝐋𝐋 can be expressed in the following form: 

𝐋𝐋 = [𝐋𝐋1 ⋯ 𝐋𝐋𝑘𝑘 ⋯ 𝐋𝐋𝑁𝑁𝑘𝑘] (2)   

𝐋𝐋𝑘𝑘 = [0 ⋯ 1 ⋯ 0 ⋯ −1 ⋯ 0]𝑇𝑇  

where nonzero are only these elements of 𝐋𝐋𝑘𝑘 that are related to DOFs involved in the 𝑘𝑘-th 
lockable joint.  

To describe the energy transfer between vibrational modes, modal analysis is performed. 
The eigenvalue problem for all joints in the unlocked state takes the well-known form 

(𝐊𝐊 − 𝜔𝜔𝑚𝑚2𝐌𝐌)𝛟𝛟𝑚𝑚 = 𝟎𝟎 (3)    
where 𝜔𝜔𝑚𝑚 is the 𝑚𝑚-th natural frequency and 𝛟𝛟𝑚𝑚 is the corresponding eigenvector. The 
eigenvectors are collected in the modal matrix 𝚽𝚽 and constitute the basis for the modal 
coordinates 𝜂𝜂𝑚𝑚. In the matrix notation 

𝐪𝐪(𝑡𝑡) = 𝚽𝚽𝚽𝚽(𝑡𝑡), (4)    
where 𝚽𝚽(𝑡𝑡) = [𝜂𝜂1 ⋯ 𝜂𝜂𝑚𝑚 ⋯ 𝜂𝜂𝑁𝑁𝑚𝑚]𝑇𝑇 is the vector of the modal coordinates. Additionally, 
the eigenvectors are normalized with respect to the mass matrix. After substitution of (4) into 
(1) and a left-side multiplication by 𝚽𝚽𝑇𝑇, the following form of the equation of motion is 
obtained: 

𝚽𝚽𝑇𝑇𝐌𝐌𝚽𝚽⏟    
𝐈𝐈

�̈�𝚽(𝑡𝑡) + 𝚽𝚽𝑇𝑇𝐂𝐂0𝚽𝚽⏟    
𝚪𝚪0

�̇�𝚽(𝑡𝑡) + 𝚽𝚽𝑇𝑇𝐊𝐊𝚽𝚽⏟    
𝛀𝛀2

𝚽𝚽(𝑡𝑡) = 𝚽𝚽𝑇𝑇𝐋𝐋⏟
𝐋𝐋ϕ

𝐋𝐋(𝑡𝑡) +𝚽𝚽𝑇𝑇𝐰𝐰(𝑡𝑡), (5)   

where 𝐈𝐈 is the identity matrix, 𝚪𝚪0 is the diagonal damping matrix, 𝛀𝛀𝟐𝟐 denotes the diagonal 
matrix of the squared natural frequencies. Finally, the equation can be expressed as follows: 

�̈�𝚽(𝑡𝑡) + 𝚪𝚪0�̇�𝚽(𝑡𝑡) + 𝛀𝛀2𝚽𝚽(𝑡𝑡) = 𝐋𝐋ϕ𝐋𝐋(𝑡𝑡) + 𝚽𝚽𝑇𝑇𝐰𝐰(𝑡𝑡) (6)   

2.2 Controllability of modes 
A controllability measure is introduced in order to quantify how easily a mode can be 

controlled. The form of equation (6) allows the controllability measure of vibrational modes 
to be calculated before employing any joint model or proposing any control law. The 
controllability measure 𝐺𝐺𝑚𝑚 of the 𝑚𝑚-th mode is defined as the ℓ2 norm of the vector contained 
in the 𝑚𝑚-th row of the matrix 𝐋𝐋ϕ: 
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𝐺𝐺𝑚𝑚 = √∑ 𝑙𝑙ϕ𝑚𝑚𝑚𝑚
2𝑁𝑁𝑘𝑘

𝑚𝑚=1
= √∑ (𝛟𝛟𝑚𝑚

𝑇𝑇𝐋𝐋𝑚𝑚)
𝟐𝟐𝑁𝑁𝑘𝑘

𝑚𝑚=1
 (7)    

The measure 𝐺𝐺𝑚𝑚 is very simple and it provides information about the expected level of modal 
accelerations for mode 𝑚𝑚. 

2.3 Mechanical model of the lockable joint 
Lockable joints are usually friction-based. For the purpose of vibration attenuation, 

advanced friction models such as the LuGre model are used [7][11]. It is required for proper 
calculation of the dissipated energy. However, in this contribution, the lockable joints are not 
intended to dissipate energy, but rather to transfer the energy between the selected modes. The 
model of the joint considered here can be thus significantly simplified. 

The locked state of the joint is modelled by a viscous damper of relative rotations with 
a large constant. In transient analysis, such a model simulates a rigid connection. The moment 
𝑓𝑓𝑚𝑚 in the 𝑘𝑘-th joint takes thus the form: 

𝑓𝑓𝑚𝑚 = 𝑢𝑢𝑚𝑚𝑐𝑐𝑀𝑀𝑀𝑀𝑀𝑀�̇�𝜑𝑚𝑚 = −𝑢𝑢𝑚𝑚𝑐𝑐𝑀𝑀𝑀𝑀𝑀𝑀𝐋𝐋𝑚𝑚𝑇𝑇�̇�𝐪 (8)   

where 𝑢𝑢𝑚𝑚 ∈ {0,1} is the control signal that locks or unlocks the 𝑘𝑘-th lockable joint, 𝑐𝑐𝑀𝑀𝑀𝑀𝑀𝑀 is a 
large viscous damping coefficient, and �̇�𝜑𝑚𝑚 is the relative angular velocity between the DOFs 
involved in the 𝑘𝑘-th lockable joint. Taking into account equation (4) and (8), formula (6) takes 
the following bilinear form: 

�̈�𝛈 + 𝚪𝚪0�̇�𝛈 + 𝛀𝛀2𝛈𝛈 = −∑𝑢𝑢𝑚𝑚𝚪𝚪𝑚𝑚�̇�𝛈
𝑁𝑁𝑘𝑘

𝑚𝑚=1
+ 𝚽𝚽𝑇𝑇𝐰𝐰 (9)   

𝚪𝚪𝑚𝑚 = 𝑐𝑐𝑀𝑀𝑀𝑀𝑀𝑀𝚽𝚽𝑇𝑇𝐋𝐋𝑚𝑚𝐋𝐋𝑚𝑚𝑇𝑇𝚽𝚽  

The terms under the sum in equation (9) couple the modal equations. The equation of motion 
of the 𝑚𝑚-th mode reads as follows: 

�̈�𝜂𝑚𝑚 + 2𝜇𝜇𝑚𝑚𝜔𝜔𝑚𝑚�̇�𝜂𝑚𝑚 + 𝜔𝜔𝑚𝑚2𝜂𝜂 = − ∑ 𝑢𝑢𝑚𝑚𝛾𝛾𝑚𝑚𝑚𝑚
(𝑚𝑚)�̇�𝜂𝑚𝑚

𝑁𝑁𝑘𝑘,𝑁𝑁𝑚𝑚

𝑚𝑚,𝑚𝑚=1
+∑𝜙𝜙𝑚𝑚𝑚𝑚𝑤𝑤𝑚𝑚

𝑁𝑁𝑖𝑖

𝑚𝑚=1
 (10)   

where 𝛾𝛾𝑚𝑚𝑚𝑚
(𝑚𝑚) denotes the 𝑚𝑚,𝑛𝑛-th element of the matrix 𝚪𝚪𝑚𝑚, and 𝜙𝜙𝑚𝑚𝑚𝑚 is the 𝑖𝑖-th element of the 𝑚𝑚-

th eigenvector. Coupling of modal equations by lockable joints allows the mechanical energy 
to be transferred between selected vibrational modes. 

2.4 Energy transfer between the vibration modes 
In this section, the physical basics on the modal energy transfer are presented. The total 

energy of the system 𝑉𝑉 is equal to the sum of the kinetic and strain energies: 

𝑉𝑉 = 1
2 (�̇�𝐪

𝑇𝑇𝐌𝐌�̇�𝐪 + 𝐪𝐪𝑇𝑇𝐊𝐊𝐪𝐪). (11)   
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Substituting equation (4) into equation (11) the total energy is represented by: 

𝑉𝑉 = 12(�̇�𝛈
𝑇𝑇 𝚽𝚽𝑇𝑇𝐌𝐌𝚽𝚽⏟    

𝐈𝐈
�̇�𝛈 + 𝛈𝛈𝑇𝑇 𝚽𝚽𝑇𝑇𝐊𝐊𝚽𝚽⏟    

𝛀𝛀2
𝛈𝛈). (12)   

The matrices 𝐈𝐈 and 𝛀𝛀2 are diagonal, therefore the total energy 𝑉𝑉 is equal to the sum of the 
energies of each mode: 

𝑉𝑉 = ∑ 𝑉𝑉𝑚𝑚
𝑁𝑁𝑛𝑛

𝑚𝑚=1
= 12 ∑(�̇�𝜂𝑚𝑚2 + 𝜔𝜔𝑚𝑚2𝜂𝜂𝑚𝑚2)

𝑁𝑁𝑛𝑛

𝑚𝑚=1
. (13)   

From (13) it follows that if modal equations are coupled, then any modal energy can increase 
only at the expense of the other ones. Applying 𝑚𝑚-th modal energy differentiation its increase 
represented in watts is obtained: 

�̇�𝑉𝑚𝑚 = �̇�𝜂𝑚𝑚(�̈�𝜂𝑚𝑚 + 𝜔𝜔𝑚𝑚2𝜂𝜂𝑚𝑚). (14)   

Respecting equation (10), the terms in brackets in (14) can be replaced by 

∑𝜙𝜙𝑚𝑚𝑚𝑚𝑤𝑤𝑚𝑚
𝑁𝑁𝑛𝑛

𝑚𝑚=1
− 2𝜇𝜇𝑚𝑚𝜔𝜔𝑚𝑚�̇�𝜂𝑚𝑚 − ∑ 𝑢𝑢𝑘𝑘𝛾𝛾𝑚𝑚𝑚𝑚

(𝑘𝑘)�̇�𝜂𝑚𝑚
𝑁𝑁𝑘𝑘,𝑁𝑁𝑛𝑛

𝑘𝑘,𝑚𝑚=1
. (15)   

From (15) it follows that the increase of any 𝑚𝑚-th mode energy is equal to work performed by 
external forces reduced by dissipated energy in material damping and modified by term 
derived from coupling of the modal equations. The last term in (15), caused by modal 
equations coupling, is equal to the sum of energy transfers from all modes through each joint 
and is denoted by �̇̂�𝑉𝑚𝑚. It is described in the formula below. 

�̇̂�𝑉𝑚𝑚 = ∑ �̇̂�𝑉𝑚𝑚𝑚𝑚
(𝑘𝑘)

𝑁𝑁𝑘𝑘,𝑁𝑁𝑛𝑛

𝑘𝑘,𝑚𝑚=1
= −�̇�𝜂𝑚𝑚 ∑ 𝑢𝑢𝑘𝑘𝛾𝛾𝑚𝑚𝑚𝑚

(𝑘𝑘)�̇�𝜂𝑚𝑚
𝑁𝑁𝑘𝑘,𝑁𝑁𝑛𝑛

𝑘𝑘,𝑚𝑚=1
 (16)   

Equation (16) refers to any mode 𝑚𝑚 when vibrational modes are coupled. 
Let us denote by 𝑝𝑝 an index of mode selected to maximization. Then, function �̇̂�𝑉𝑝𝑝 described 

analogously to formula (16) becomes the objective function which is to be maximized at each 
time instance. It is studied in detail in the following section. 

3 INVERSE LYAPUNOV BASED METHOD FOR SEMI-ACTIVE CONTROL  
The semi-active control strategy is called “inverse Lyapunov based method” since some 

ingredients of the total energy are to be maximized while traditionally only minimization is 
pursued. Joint can take two states in the assumed model: locked and unlocked. It follows that 
the control has the bang-bang form. In the last section, it has been shown that for the free 
vibration, the energy of a selected mode can increase only at the expense of the others. The 
controller is of the semi-active type, and thus the energy transfer imposed by maximization of 
the target mode 𝑝𝑝 cannot destabilize the system [10]. 
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3.1 Instantaneous optimal semi-active control law 

The instantaneous optimality has been pursued by maximization 𝑝𝑝-th modal energy 
increase at each time instant, namely: 

𝐮𝐮∗ = arg max
𝐮𝐮∈𝑈𝑈

�̇̂�𝑉𝑝𝑝 , (17)   

In (17), 𝑝𝑝 – is the index of maximized mode 𝐮𝐮 = [𝑢𝑢𝑘𝑘 ⋯ 𝑢𝑢𝑁𝑁𝑘𝑘]𝑇𝑇, 𝑈𝑈 = {0,1}𝑁𝑁𝑘𝑘 – is the set of 
admissible controls. The substitution of equation (16) into equation (17) yields: 

𝐮𝐮∗ = arg min
𝐮𝐮∈𝑈𝑈

�̇�𝜂𝑚𝑚 ∑ 𝑢𝑢𝑘𝑘𝛾𝛾𝑚𝑚𝑚𝑚
(𝑘𝑘)�̇�𝜂𝑚𝑚

𝑁𝑁𝑘𝑘,𝑁𝑁𝑛𝑛

𝑘𝑘,𝑚𝑚=1
. (18)   

Formula (18) can be written in the following matrix form: 

𝐮𝐮 = arg min
𝐮𝐮∈𝑈𝑈

�̇�𝜂𝑝𝑝∑𝑢𝑢𝑘𝑘𝚪𝚪𝑘𝑘,𝑝𝑝-th row�̇�𝛈
𝑁𝑁𝑘𝑘

𝑘𝑘=1
. (19)   

From equation (19) it follows that it is profitable to lock the 𝑘𝑘-th joint when energy 
transfer through this join is positive. Otherwise, it is supposed to be unlocked:  

𝑢𝑢𝑘𝑘 = {
0, when: �̇�𝜂𝑝𝑝𝚪𝚪𝑘𝑘,𝑝𝑝-th row�̇�𝛈 > 0
1, when: �̇�𝜂𝑝𝑝𝚪𝚪𝑘𝑘,𝑝𝑝-th row�̇�𝛈 < 0 . (20)   

The control law as in (20) requires that the modal velocities must be measured globally but 
each lockable joint can be controlled independently on each other. It is valuable property for 
large-scale structures, since each joint can have an individual controller.  

In general, the matrices 𝚪𝚪𝑘𝑘 are coupling all modes. It follows that any joint locked in a 
suitable instant can excite a broad range of vibrational modes including higher ones. 
Participation of higher modes can cause high frequency lockable joins switching. 
Furthermore, in real situation, the actuators in lockable joints may have some time delays, and 
thus, the control of the higher modes may not be feasible. This problem can be solved by 
applying the measurement with so called modal filtering, which is required to measure modal 
velocities. The higher vibration modes can be rejected during this process. 

3.2 Measurements – sensor placement and modal filtering 
In this section, the method for measurement employing the modal filtering is presented. 

The modal filtering is used to extract modal velocities from the measured motion of the 
structure. This technique has been initially proposed by Meirovitch [12] to reduce the effect of 
observation spillover in actively controlled systems. Mode shapes of the controlled structure 
need to be known a priori. When a limited number of sensors is used in measurement, the so 
called spatial aliasing arises of the measured modes with the higher modes [13]. In order to 
avoid it, in the first step, the sensor placement optimisation should be performed. In the 
second step, the matrix extracting modes participation from sensor data is designed. 

Step I – sensor placement. In this contribution, sensor placement optimization is to select 
the sensor locations from a candidate set (nodes of the FE mesh) for which the determinant of 
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the Fisher information matrix achieves the maximum value. This method has been verified in 
many works, e.g., in modal identification [14] and structural damage identification [15]. 
Maximization of the norm of the Fisher information matrix minimizes the norm of the 
covariance matrix of the error between the real values of measured modal coordinates and the 
estimated ones when gaussian, uncorrelated noise affects the measurement. This property also 
allows avoiding influence of the higher modes on the accuracy of the measurement. The 
sensor placement satisfies the following equation: 

𝐼𝐼𝑆𝑆∗ = arg max
𝐼𝐼𝑆𝑆⊂𝐼𝐼DOF

det(�̂�𝚽𝑇𝑇�̂�𝚽) , (21)   

where 𝐼𝐼𝑆𝑆 = {𝑖𝑖1, 𝑖𝑖2 … , 𝑖𝑖𝑆𝑆} is the searched set of locations (indices of the FE model DOFs), 
which is a subset of all possible locations 𝐼𝐼DOF, 𝑆𝑆 is the number of sensors, 
�̂�𝚽 = �̂�𝚽(𝑖𝑖1, 𝑖𝑖2 … , 𝑖𝑖𝑆𝑆) is the matrix that contains 𝑖𝑖1, 𝑖𝑖2 … , 𝑖𝑖𝑆𝑆 rows of the modal matrix and the 
columns related to the measured modes. Matrix �̂�𝚽 for the optimal placement of sensors is 
denoted by �̂�𝚽opt. 

Step II – weighted matrix design. The weighted matrix 𝐅𝐅ϕ is computed taking into account 
the orthogonality criteria. The rows of 𝐅𝐅ϕ should be vectors as close to vectors of matrix �̂�𝚽opt 
as possible and they simultaneously should be orthogonal to the eigenvectors of the 
unmeasured modes (known from the mathematical model). Some compromise is required to 
satisfy these criteria. The computation is performed in two steps: 

1. Solving least-squares problem for each row of the matrix 𝐅𝐅ϕ: 

�̅�𝐅ϕ = arg min‖�̃�𝚽opt
𝑇𝑇�̃�𝐅ϕ

𝑇𝑇 − �̃�𝐈‖
𝐹𝐹

, (22)   

where �̃�𝚽opt arises from the matrix �̂�𝚽opt by attaching additional columns related to the 
unmeasured modes, �̃�𝐈 is the identity matrix with attached rows of zeros to obtain a proper 
size, and ‖∙‖𝐹𝐹 is Frobenius norm. 

2.  Rows of �̅�𝐅ϕ are scaled by coefficients to obtain the matrix 𝐅𝐅ϕ that fulfils the condition that 
each element on the diagonal of 𝐅𝐅ϕ�̂�𝚽opt is equal to one. 

The measured modal velocities �̇�𝛈𝑀𝑀 = [�̇�𝜂𝑀𝑀1 ⋯ �̇�𝜂𝑀𝑀𝑁𝑁𝐹𝐹]𝑇𝑇 are given by: 

�̇�𝛈𝑀𝑀 = 𝐅𝐅ϕ �̃�𝚽opt�̇�𝛈⏟  
�̇�𝐪𝑀𝑀

 (23)   

Here �̇�𝐪𝑀𝑀 = [�̇�𝑞𝑖𝑖1∗ ⋯ �̇�𝑞𝑖𝑖𝑆𝑆∗ ]𝑇𝑇 is the vector of data collected from sensors, {𝑖𝑖1∗, 𝑖𝑖2∗ … , 𝑖𝑖𝑆𝑆∗} = 𝐼𝐼𝑆𝑆∗. 
The control law taking into account the measurement process is as follows: 

𝑢𝑢𝑘𝑘 = {
0, when: �̇�𝜂𝑀𝑀𝑀𝑀𝚪𝚪𝑘𝑘,𝑀𝑀-th row

𝑀𝑀 �̇�𝛈𝑀𝑀 > 0
1, when: �̇�𝜂𝑀𝑀𝑀𝑀𝚪𝚪𝑘𝑘,𝑀𝑀-th row

𝑀𝑀 �̇�𝛈𝑀𝑀 < 0
. (24)   

In (24),  𝚪𝚪𝑘𝑘,𝑀𝑀-th row
𝑀𝑀  is of the size 1 × 𝑁𝑁𝐹𝐹. 
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4 NUMERICAL EXAMPLES 
The proposed inverse Lyapunov method for semi-active control has been examined on a 

three-bar structure. The beams of this structure are connected by means of two lockable joints 
as demonstrated in Figure 2.  

 
Figure 2: The considered structure with 

lockable joints 

Table 1: Physical parameters of the controlled structure 

Young modulus 
(steel) 

𝐸𝐸  [Pa] 210·109 

Material density 
(steel) 

𝜌𝜌  [kg m–3] 7860 

Cross section area 
(square) 

𝐴𝐴  [m2] 10–4 

Moment of inertia 𝐼𝐼  [m4] 8,33–10 
 

 
The vertical beams are clamped in the ground. For the beam model, we assume small 

deflections and employ the Euler–Bernoulli beam equation. The assumed parameters of the 
structure are summarized in table 1.  

We consider two FE models of structure. The first one is to justify the semi-active modal 
control and the second one is to demonstrate the influence of the higher vibration modes on 
measurement. Each of the presented simulation has been performed by using the Newmark 
integration method. 

4.1 Illustrative 5-DOF FE model 
In this example, the model consists of only one FE element per beam to clearly show the 

basic properties of the presented semi-active control method. The employed finite elements 
have cubic shape functions. In such a case, the entire model has only five DOFs: 1 horizontal 
displacement of the top beam and 4 rotational DOFs of beam ends in the lockable joints. 
There are also 5 vibrational modes which have natural frequencies listed in Table 2 and the 
shapes shown in Figure 3. 

Table 2: Natural frequencies of the considered structure 

No. Natural frequency 𝜔𝜔𝑚𝑚 [Hz] Time period 𝑇𝑇𝑚𝑚 [s] 
1 1.198 0.835 
2 6.504 0.154 
3 12.168 0.083 
4 13.678 0.073 
5 29.804 0.034 

2 m 
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Figure 3: Mode shapes for the 5-DOF model 

The controllability measure 𝐺𝐺𝑚𝑚 for each mode is shown in the form of a bar plot in Figure 4. 

 
Figure 4: Controllability measure for the modes of the 5-DOF model  

The initial condition is defined by the potential (strain) energy: 0.5 J in the second mode 
and 0.5 J in the third mode. The case of a free vibration is considered. The fourth vibrational 
mode is the target mode, with its energy to be maximized. The time histories of the control 
signals 𝑢𝑢𝑘𝑘, the modal energies 𝑉𝑉𝑚𝑚 and the modal coordinates 𝜂𝜂𝑚𝑚 are shown in Figure 5. 

The first (left) joint is locked immediately at the beginning of the simulation. It results in 
excitation of all 5 vibrational modes, but after a short time the most pronounced is the target 
(fourth) mode. Notice that the modal energies change only when at least one joint is locked. 

The stepwise changes of the total energy 𝑉𝑉 and the modal energies 𝑉𝑉𝑚𝑚 are the results of a 
small number of FE elements per beam. A beam with only one relatively massive FE element 
cannot immediately bend in the way which should follow from the action of the joints; the 
beam ends rotate thus during joint lock, which results in a slight local energy dissipation. This 
problem disappears in the model with a finer mesh of FE elements. 

4.2 Refined 23-DOF FE model 
Next example concerned three-bar structure discretized with 4 elements per beam resulting 

in 23 DOFs. Damping of 1.5% of critical value for each mode was assumed. First 3 modal 
velocities were measured with aid of 7 sensors. Measurement signals were subjected to the 
process of modal filtering. Optimization of sensors placement and filter design was performed 
according to the procedure described in subsection 3.2. 

Numerical simulation of energy transfer has been performed for the structure with initial 
strain energy of the 2nd mode equal to 1 J. The structure was released from the initial state 
performing free vibration. The goal of the control was maximization of energy in the first 
vibration mode. Time histories of control signals 𝑢𝑢𝑘𝑘, modal energies 𝑉𝑉𝑚𝑚 and corresponding 
modal coordinates 𝜂𝜂𝑚𝑚 are shown in Figure 6. 
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Figure 5: Time histories of the control signals (blue colour means ON), modal energies, modal coordinates 

It was assumed that data coming from sensors is not filtered in time domain, so even with 
modal filtering the influence of higher modes is visible. It resulted in high frequency of 
oscillation of the control signal. This problem can be avoided by applying e.g. low pass filter 
or predictor within the control algorithm, which can check averaged energy transfer in finite 
time horizon and based on this information make decision about locking or unlocking of joint 
under consideration. 

Numerical results in Figure 6 show that presented semi-active modal control is efficient 
even when limited set of modes is measured – only three modes in this case. It is valuable 
property for many realistic structures. 

Dissipation rate of the total energy V changes during control process, because different 
modes – with different damping – are excited by lockable joints. This phenomenon is 
undesirable in the case of energy-harvesters. When targeted mode (the first one) has dominant 
participation energy dissipation is slower. 
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Figure 6: Time histories of the: control signals (blue colour means ON), first five modal energies, first five 

modal coordinates 

5 CONCLUSIONS 
This contribution proposes a semi-active control approach for energy transfer between 

vibrational modes of a frame-like structure. The control method is based on an instantaneous 
maximization of the momentary energy transfer to the target mode and the other modes. It is 
implemented by means of a specific actuator that takes the form of a lockable joint, which 
allows a controllable imposition and configuration of structural constraints. Effectively, such 
a joint allows the bending moment to be transferred between the adjacent structural elements 
to be controlled according to the control signal. The work is ongoing mainly to (1) include a 
more physical models of actuators and to avoid the chattering effect, (2) perform experimental 
verification, and (3) include energy harvesting devices (dissipators). 
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Abstract. Semi-active control systems are investigated for more than 40 years [1, 2], and despite the
great progress in this research area, they are still considered to be a complex topic in both theoretical
and technical terms. However, their advantages ensure that these control systems remain an extremely
attractive subject of scientific and technological development.

In this contribution, we present a semi-active strategy for mitigation of vibration, which utilizes an
energy management approach called Prestress-Accumulation Release [3] and is based on controllable
activation and removal of selected structural constraints. Here, it is implemented by means of controllable
structural nodes of a specific design that allow the transmission of moments between adjacent structural
elements to be controlled in an on/off manner. The developed control strategy turned out to be very
effective in damping of free structural vibrations of planar frame structures [4]. Extension of the research
to other types of vibrations has shown that the proposed control algorithm is versatile and stays efficient
in a range of applications and different configurations of the investigated structures. This work is focused
on mitigation of vibrations excited by a randomly generated force load.

Decentralization, understood here as controlling the employed actuators based on locally measured
structural response [5], results in a decisive reduction of the complexity of the data acquisition and
control systems, which is crucial for actual implementations in real structures, and which facilitates an
ad hoc reconfiguration and expansion of the control system if necessary. It also provides the possibility
of considering selected structural elements as separate energy dissipative devices, which in our approach
act effectively as vibration dampers. This feature, provided by the decentralization, enables to take the
advantage of two complementary, interrelated mechanisms of material damping: global dissipation of
vibration energy by the PAR and local dissipation in single involved elements.

Numerical and experimental analyses indicate a high degree of effectiveness in alleviation of the
amplitude of vibrations induced by a random transient force excitation. The proposed control strategy
can be thus utilized not only in the case of momentary impulsive loads that result in predominantly free
vibrations [4], but also in the case of transient random force excitation. It significantly extends the range
of possible modes of operation of a structure equipped with the proposed damping system.

1 INTRODUCTION

The wide range of possible applications and ways of implementation makes semi-active vibration
control systems a very attractive subject of engineering and scientific considerations. Such an approach

1
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to control is recently becoming more and more popular, as evidenced by the ever-growing number of
publications on the subject. Applications have been studied in a large number of engineering fields, such
as suspension bridges [6], vehicle seat suspension [7], seismic response reduction [9], wind turbines
under wind, wave and earthquake loads [10], rotating machinery drivetrains [11], landing gears [12],
and many others. The technologies used are also diverse, i.e., MR fluids [8], tuned mass dampers [10],
MEMS [13], special valves controlling the fluid flow between two absorber chambers [14], etc.

Semi-active vibration damping systems bridge the gap between passive and active damping systems.
They make use of active force generation, but only to the extent necessary to enable the structure to
adapt itself in a way that would lead to the mitigation of vibration energy. Such a design philosophy
causes semi-active vibration damping systems to be generally very reliable. High reliability is a property
that brings semi-active systems close to passive systems. The efficiency of a well-designed semi-active
vibration damping system can be comparable to the active one, but the main advantage of the semi-active
control systems, over the active ones, is their very low demand for the energy. However, these advantages
are usually achieved at the cost of a much higher level of the technical and theoretical complexity.

Semi-active control systems typically employ a technique of reconfiguration of the controlled system
to achieve the desired dynamic behavior. This could be, for example, a temporary “freezing” of a certain
deformation in a selected part of the system in order to resist the inertial forces. Another approach
may be to temporarily reconfigure the system to change its mechanical characteristics, such as effective
stiffness [3] or, as often related to a change in stiffness, the number of the degrees of freedom.

One of the simplest ways to achieve such a goal is to utilize piezoelectric stacks in bolted joint
connections [15]. It allows the normal pressure between the joint interfaces to be controlled so that
control of the rotational motion of the structural members can be achieved. The approach pursued here is
similar, but the energy dissipation mechanism is focused on global and local dissipation in beams rather
than exclusively on local friction-based dissipation in controllable joints. The presented work is focused
on vibration mitigation of 2D frame structures with the use of some especially designed semi-active
nodes which can switch their state of operation from frame-like to truss-like on demand in a matter of
milliseconds. When used in pairs, as joints connecting selected beams to the rest of the structure, they
allow the developed control algorithm to be utilized in order to mitigate structural vibrations.

The effectiveness of the proposed algorithm in mitigation of vibrations turned out to be very high
for free structural vibrations [4]. This contribution briefly presents the performance of the control al-
gorithm in the case of randomly excited vibrations. Its effectiveness is confirmed both numerically and
experimentally.

2 NUMERICAL MODEL OF THE SEMI-ACTIVE NODE

The mathematical model of the semi-active node used to simulate its behavior has been selected based
on the criterion of the ease of implementation in numerical calculations. The cost of its simplicity is that
its applications are limited to dynamic simulations only.

Numerical model of the considered structure consists of beam finite elements with three degrees
of freedom (DOFs) in each node. Typically, the appropriate local DOFs in the coinciding nodes are
aggregated to the same global DOF, but in order to create a semi-active node, a different procedure
of aggregation is pursued: The translational DOFs are aggregated in the same way as in the typical
finite element model; however, the rotational DOFs have to be uncoupled. It is achieved by employing
additional rotational DOFs in the nodes that are turned into semi-active ones. In this way, the selected
nodes have four global DOFs: two translational and two rotational. The two rotational DOFs are then
coupled to each other with a rotational damper with a controllable, high damping coefficient, which

2
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prevents their relative movement in transient, dynamic simulations. The described technique leads to the
following equation of motion:

Mẍ(t)+

(
C+

N

∑
i=1

γi(t)Ci

)
ẋ(t)+Kx(t) = f(t) (1)

where M is the mass matrix of the structure, C is the damping matrix and K is the stiffness matrix. All
of them include the additional rotational DOFs. The vector of external forces applied to the structure is
denoted by f and γi is the control function which is responsible for coupling and uncoupling the rotational
DOFs in the ith semi-active node. When γi is set to 0, the node is in its truss-like state in which it does
not transfer any moments. When γi is set to a value large enough, then the semi-active node is in its
frame-like state with the maximum moment transfer capability. The matrices Ci model the rotational
relative dampers which in the 2D case are of the following form:

LT
i

[
1 −1
−1 1

]
Li (2)

where Li are the global–local transformation matrices.
Such an approach does not introduce any non-linearity into the numerical model, which greatly facil-

itates the theoretical investigations, control and the simulation of the dynamic behavior of the structure.

3 CONTROL ALGORITHM

The control algorithm is designed to mitigate various types of vibrations, such us free vibrations and
vibrations excited by a harmonic or a random force. The structures, for which it is best suited, are frames
with slender elements, such as the one presented in Figure 1.

500
1500

10
0

Semi-active node

Q

P

Figure 1: Exemplary frame structure equipped with semi-active nodes

The semi-active nodes are used pairwise, on two ends of selected beams. The control algorithm uses
the (strain-based) measurements of the potential energy accumulated in the beams. It indicates the point
in time, when the state of operation of the semi-active nodes shall be switched from their default frame-
like state to the truss-like state, in which the relative in-plane rotation of the beams joined in the node is
temporarily allowed. The switching takes place when the strain energy achieves its local maximum. The
energy is measured only locally in selected parts of the controlled structure, for example in the single
beam between the nodes.

Such a control strategy is completely local, but it affects the entire structure. Instantaneous local
reconfiguration of the structure results in the excitation of the high-frequency vibration modes, which
are usually very efficiently damped by means of the standard mechanisms of material damping. The
same logic of transferring the energy from low-frequency to high-frequency vibration modes, however
at the global level and based on global measurements, was introduced in [16], where it was named the
Prestress–Accumulation Release (PAR) strategy.

3



360

B. Poplawski, G. Mikułowski and Ł. Jankowski

Knowing the general characteristics of the globally optimal open-loop control, derived with the Pon-
tryagin’s minimum principle, which is of the bang-bang type, a heuristic control algorithm has been
proposed in [4] for mitigation of vibrations. It can be briefly described in the three simple steps:

1. Semi-active nodes are in their default frame-like state as long as the local strain energy (for exam-
ple of the involved beam) raises due to the growing deflections of the structure.

2. When the local maximum of the measured energy is achieved, the nodes switch to the truss-like
state, in which they do not transfer any moments (only normal and shear forces are transferred).

3. When certain conditions are met, nodes are switched back to their default frame-like state of
operation.

The period of time for which the semi-active node stays in truss-like state can be determined on the
basis of different conditions. For example, it can be:

1. an arbitrarily set percentage decrease of the strain energy or simply

2. a predetermined period of time.

The first condition seems the most intuitive indicator of the coupling moment of the rotational DOFs
in a semi-active node. The condition refers directly to the current state of the controlled object and it
can be easily calculated in numerical simulations. However, in the case of a real structure, the condition
becomes problematic: the strain energy can be only approximated in terms of the signal obtained from
strain gauges, and the high frequency of the induced local vibrations would require a very fast control
system. In such a case, the second condition can be used, and it was shown that the control algorithm
remains effective over a wide range of time in which the nodes remain open [4]. It can be also utilized
as an additional safety condition, in order to avoid long-term weakening of the structure in case of a
failure of the data acquisition system. Maintaining the high efficiency of vibration mitigation over a
wide range of time period, when the semi-active nodes stay in the truss-like state, in conjunction with the
second condition, is very significant for experimental research. Due to some delays in data acquisition
and processing, as well as the inertia of piezoelectric stacks and semi-active node casings, the control
algorithm is characterized by a certain time shift. Thanks to the aforementioned feature, it is possible to
achieve good damping performance even with these control delays.

4 NUMERICAL SIMULATION

Numerical analyses were conducted for the structure presented in Figure 1. It is a slender planar
frame, made of steel beams with a cross-section of 5x5 [mm] each, equipped with two semi-active
nodes, which make the middle vertical beam a dissipative device. The DOFs of the left-hand side nodes
of the frame are fixed, while the exciting force, which is applied at point Q, is a realization of the white
noise process with an appropriate amplitude.

The comparison of the results obtained when the control algorithm is activated (controlled, semi-
active case) and when it is turned off (passive case) is presented in Figure 2. The graph presents the
comparison of the vertical tip displacements in time of the investigated structure (point P in Figure 1).
It is clearly visible that the vibration mitigation algorithm is effective even when the exciting force is
random. In this case, the mean amplitude of the absolute value of the tip displacement is reduced by
almost 25%. The displacement amplitude is reduced, when compared to the passive case, almost in the
entire time range of simulation.

4
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Figure 2: Time courses of the vertical tip displacements of the investigated structure

The results obtained in numerical simulations are very promising. Together with the previously in-
vestigated cases of free and harmonic vibrations, they confirm the effectiveness of the proposed control
algorithm in a wide variety of structural load conditions.

5 EXPERIMENTAL RESULTS

The effectiveness of the control approach was also studied experimentally. The investigated lab frame
structure is presented in Figure 3. The geometry is not exactly the same as in the numerical simulations,
but the overall topology resembles the numerical case very closely.

Figure 3: Geometry of the experimental stand
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Similarly as in the computer simulation, a random force load is applied in the midpoint of the lower
horizontal beam to the left of the semi-active node.
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Figure 4: In-plane accelerations of the tip: experimental results

The data presented in Figure 4 are the time courses of the in-plane frame tip accelerations. Even
a superficial observation indicates that the obtained result is very good. Application of the control algo-
rithm significantly reduces the tip accelerations in the entire time range. The presented comparison of
the dynamic response of the examined real structure is even better than in the numerical analyses.

6 CONCLUSIONS

This work investigates the problem of semi-active mitigation of vibration by local structural reconfig-
uration. The scope of applicability of a previously proposed control algorithm has been extended to new
cases beyond free vibrations. The effectiveness of the proposed algorithm for random force excitation
has been confirmed numerically and, more importantly, experimentally.

The results obtained show that the created control algorithm is versatile and at the same time it remains
effective in all investigated cases of vibration mitigation. Experimental analyses are promising and allow
to believe in successful implementation of such vibration damping systems in real engineering structures.
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Abstract. This paper describes the layout of an innovative adaptive tuned mass damper based 
on shape memory alloys able to change more than one eigenfrequency at the same time with a 
given level of independency. Therefore, the adaptive TMD is multi-modal, in the sense that it 
is able to damp more than one mode of the primary system, and it can also recover the possible 
changes of the different eigenfrequencies considered for the primary system. 

The paper explains how to model such a new device, provides details about how the multi-
mode working principle is achieved and, finally, shows the experimental tests which prove the 
reliability of this type of device. 

 
 
1 INTRODUCTION 

The use of Shape Memory Alloys (SMA) to damp vibrations is a promising approach. 
Indeed, different SMA-based devices have been proposed in the literature in the last years (e.g. 
[1–4]) with the aim of attenuating vibrations and different real applications have been shown to 
be solvable by using SMAs (e.g. [5,6]). Moreover, many research works demonstrated the 
possibility to develop SMA-based adaptive Tuned Mass Dampers (TMD) able to change their 
dynamic features thanks to the special and advantageous characteristics of SMAs. This makes 
possible for the adaptive TMDs to change their dynamics and thus to stay tuned on the primary 
systems to be damped in case they change their dynamics as well (e.g. due to thermal shifts). 

Different layouts of SMA-based adaptive TMDs have been proposed in the literature. The 
two main configurations proposed were cantilever beams [7–10] and strings with a central mass 
[11,12]. This work focuses on this latter configuration, whose working principle is described in 
the next section, because of its advantages: 
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- it allows changes of its first eigenfrequency (which is the one tuned on the eigenmode 
of the primary system to be damped) of more than 100% of its initial value; 

- it requires low power consumption for the adaptation process; 
- it easily allows to couple devices for adapting also the damping (e.g. using eddy-

current devices); 
- it does not require any special feature for the SMA used. 

 
All the adaptive TMDs relying on the mentioned principles are mono-modal, meaning that 

they are able to adapt just a single eigenfrequency at time, and thus to damp a single eigenmode 
of the primary system. The aim of this paper is to show that the layout of adaptive TMD 
presented in [11,12] can be also used to develop a multi-mode adaptive TMD able to adapt 
more than one eigenfrequency at the same time with a given level of independency. This would 
allow to follow the changes of more than one eigenmode of the primary system at the same 
time. 

The structure of this paper is as follows: Section 2 recalls the basics of SMAs and their use 
in the adaptive TMD presented in [11,12]. Then, Section 3 discusses the layout of the new 
multi-mode adaptive TMD, together with an introduction about how to model it. Section 4 
shows the adaptation capabilities of the new device and Section 5 presents some experimental 
tests demonstrating the effectiveness and the reliability of the new device. 
 

2 BASICS OF SMA AND THEIR USE IN AN ADAPTIVE TMD 
SMA materials can be in three different phases: twinned martensite (TM), detwinned 

martensite (DM) and austenite (AU) [13]. Once the SMA is stressed over a given stress value 
at environmental temperature and the transformation from TM to DM is completed, it is then 
possible to change the shape of the SMA between the strained and unstrained shapes by 
changing the temperature (temperature-induced transformation) or changing the stress at high 
temperature (pseudoelasticity) [12,13]. 

The basic idea behind the work presented in [11,12] is the use of SMA wires with a central 
mass and elastic elements connecting the SMA wires to the primary system. These springs, 
together with the mass and the SMA wires, constitute the adaptive TMD (see Figure 1a). When 
the eigenfrequency of the TMD must be increased, it is possible to heat the SMA wires passing 
from DM to AU. Hence, the SMA wires undergo to a length decrease, thus causing and increase 
of the axial load (thanks to the elastic elements) in the wires and, therefore, the eigenfrequency 
increases. The heating is obtained increasing the current made flow into the SMA wires. 
Conversely, a decrease of this current allows to pass from AU to DM and, thus, to have a 
decrease of the eigenfrequency value. More details about this working principle are available 
in [12]. 

Relying on this layout, this paper will present how it is possible to extend this working 
principle in order to make the TMD able to change more than one of its eigenfrequencies with 
a given level of independency (multi-modal adaptive TMD). This is accomplished in the next 
sections. 
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Figure 1: Original adaptive TMD based on SMAs (a) and the new multi-modal adaptive TMD (b). PS means 
primary system (i.e. the system to be damped). 

3 THE MULTI-MODAL ADAPTIVE TMD 
If other masses are added to the layout of Figure 1a, a device like that in Figure 1b is 

obtained. The first modes of this new device (i.e. those with a significant vertical deflection in 
correspondence of the masses) are those considered here. 

If the current flowing in each SMA wire is set independently from that flowing in the other 
SMA wires, a double effect can be exploited in order to change the eigenfrequencies of the 
adaptive TMD: 

 
- the axial load into the wires is changed, exactly as previously; 
- the geometry of the device is changed. As an example, suppose to start from a 

configuration where all the wires have the same length (see Figure 1b). Then, the 
first wire (that on the left side) is heated more than the others. This causes a decrease 
of its length higher than for the other wires, causing a loss of symmetry of the whole 
device. Therefore, a change of the device geometry is obtained. 
 

The mentioned double effect is expected to allow for changing two (or more, according to 
the number of masses used in the device) eigenfrequencies of the adaptive TMD with a given 
level of independency. 

The new multi-modal adaptive TMD can be modelled in order to analyse its behavior and 
quantify its capability of changing at least two eigenfrequencies with a given level of 
independency. Such a model must link the input to the TMD (i.e. the currents flowing in the 
different SMA wires, which are set by a user/controller) and the desired output (i.e. 
eigenfrequencies and mode shapes of the TMD). This model is, actually, composed by three 
different models: a thermal model, a model of the material and a dynamic model. They are 
briefly discussed in the next subsections. More details about the models can be found in [14]. 

3.1 Thermal model 
This model links the current flowing in a wire to its temperature. Such a model, which is 

written for each of the SMA wires, is based on a power balance which equals that produced by 
the Joule’s effect and that dissipated towards the surrounding environment by means of 
convection. 

3.2 Model of the material 
This model takes as input the wire temperatures provided by the thermal model and gives in 

output the axial stress into the wires and the length of the wires. This is accomplished by 
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exploiting the one-dimensional (1D) material model [13], in its modified version able to account 
for partial transformations [12]. The knowledge of the axial stress in the SMA wires allows to 
estimate also the axial load acting on the whole device. More details about his model can be 
found in [14]. 

3.3 Dynamic model 
Once the length of the wires and the axial load are known, it is possible to write the equations 

of motion of the strings (i.e. the SMA wires) with the hypotheses that the masses are 
concentrated [15] and that the vibration amplitude is small enough to neglect geometrical non-
linearity. The solution of the system dynamics leads to the knowledge of the system 
eigenfrequencies and the related mode shapes. Also in this case, more details on this model are 
available in [14]. 

4 SIMULATIONS 
This section investigates the performances of the new multi-mode adaptive TMD. At first, 

an analysis is carried out in order to show how it is possible to change the initial values (i.e. at 
environmental temperature and with no current flowing in the SMA wires) of the 
eigenfrequencies of the TMD (see Section 4.1). Then, in Section 4.2, the adaptation capability 
is investigated, evidencing that it is possible to tune two (or more) different eigenfrequencies 
of the TMD with a given level of independency by supplying the different wires independently. 

4.1 The tuning of the initial eigenfrequency values 
It is well known that there are different parameters for tuning the initial values of the TMD 

eigenfrequencies: an increase of the mass values and of the length of the whole TMD cause a 
decrease of the eigenfrequency values. The same effect can be also achieved by decreasing the 
initial axial load in the TMD. The initial axial load can be tuned by changing the elastic constant 
of the elastic elements connecting the TMD to the primary system (see Figure 1b) [12]. 

Another factor able to change the initial values of the device eigenfrequencies is the 
geometry of the device: the eigenfrequencies change by changing the positions of the masses 
in the TMD (e.g. passing from a symmetric configuration to a non-symmetric one or vice versa). 

If the initial percentage change of the eigenfrequencies (named Δ𝑖𝑖, where 𝑖𝑖 indicates the 𝑖𝑖-
th eigenfrequency), caused by a change of the positions of the masses along the TMD, is 
calculated by using the model described in Section 3, the plot of the percentage changes of two 
different eigenfrequencies can be obtained. As an example, Figure 2a, Figure 2b and Figure 2c 
show such a plot for a TMD with two masses in case of equal masses (each dot of the plots is 
related to given positions of the two masses). These plots revel that their shapes do not change 
once the ratio between the masses is kept constant and either the length of the TMD or the mass 
values are changed. A change of the plot can be obtained by changing the mass ratio [14]. 

Figure 2 shows that it is possible to have a large number of possible combinations between 
two different eigenfrequency values tuning the different parameters. Therefore, it is possible to 
tune the initial values of the eigenfrequencies in order to have tuning between the TMD and the 
primary system. More details about this analysis can be found in [14]. 
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Figure 2: Relationship between Δ1 and Δ2 for a TMD with two masses and three wires: length of 20 cm and 

masses of 100 g (a), length of 40 cm and masses of 100 g (b) and length of 20 cm and masses of 200 g (c). Axial 
stress into the wires equal to 50 MPa. 

4.2 Adaptation capability 
This section investigates whether it is possible to have a given level of independency for 

changing the first eigenfrequencies of the TMD when each of the wires is heated/cooled 
independently. Simulations, relying on the model of Section 3, were carried out to investigate 
how different combinations of the temperatures of the wires (e.g. in the case of the mentioned 
adaptive TMD with two masses, thus having three wires) can change the eigenfrequency values. 
The percentage change of each eigenfrequency due to temperature changes of the wires are here 
indicated as Θ𝑖𝑖. Plots like those of Figure 3 are then obtained. The span, which is evident in the 
middle of the plot, shows that it is possible to have a given level of independency in tuning the 
first eigenfrequencies of the adaptive TMD. This allows to recover different changes of the 
corresponding eigenfrequencies of the primary system. 

The span evidenced in Figure 3, which is related to the mentioned level of independency, 
can be changed by changing the SMA material (particularly, changing the value of the current 
maximum transformation strain [13]), the initial geometrical configuration of the masses (i.e. 
position of the masses along the whole TMD), the number of the masses and their relative 
values. A detailed analysis of these effects is available in [14], where it is also shown that the 
achievable level of independency is enough for real applications. 
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Figure 3: Relationship between Θ1 and Θ2 for a TMD with two masses of 100 g, a length of 20 cm and an 

initial configuration at environmental temperature with the first wire length equal to the 25% of the total TMD 
length, the central wire with a length equal to the 30% of the total length and the last wire with a length equal to 

the 45%. 
 

5 EXPERIMENTAL TESTS 
A test-set-up was built in order to experimentally validate the possibility of having a given 

level of independency in tuning two different eigenfrequencies by heating/cooling the different 
SMA wires of the device independently. A TMD made of three wires and two masses was thus 
built. The total length of the device was about 35 cm and the two masses had a value of 18 g 
and 25 g (see Figure 4). The elastic elements were built through cantilever beams. The whole 
device was excited by means of an electro-dynamic shaker providing a random disturbance. 
The currents flowing into the wires (and, therefore, the temperatures of the wires) were changed 
test by test, estimating each time the first two TMD eigenfrequencies (𝜔𝜔1 and 𝜔𝜔2) by measuring 
the vibration of the masses with an accelerometer and a laser velocimeter. The experimental 
results were superimposed to the plot built by using simulations, where many numerical results 
were reported. The experimental results were in the same area of the plot covered by the 
numerical results, proving the reliability of the model developed. Furthermore, different 
experimental points of the plot show the same value for the first eigenfrequency for different 
values of the second one (e.g. at about 18.75 Hz on the horizontal axis, see Figure 5) and vice 
versa (e.g. at about 30.8 Hz on the vertical axis, see Figure 5). These results prove that it is 
actually possible to have a given level of independency in the tuning of at least two different 
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eigenfrequencies and this makes possible to design and build multi-modal adaptive TMDs 
based on SMAs. 

 

 
Figure 4: Experimental set-up. 

6 CONCLUSIONS 
The paper has dealt with the use of SMA wires to build adaptive TMDs able to change with 

a given level of independency more than one eigenfrequency at the same time thanks to the 
special features of SMA materials. This allows to build a multi-modal adaptive TMD able to 
follow the changes of different eigenfrequencies of the primary system in order to avoid 
mistuning and a worsening of the attenuation performance provided by the TMD. 

The layout of this new TMD is based on the use of different masses and SMA wires to build 
the TMD. Each wire is heated/cooled independently from the others and this allows to obtain 
the mentioned level of independency. 

The effectiveness of the proposed approach is demonstrated experimentally by means of a 
TMD made from two masses and three SMA wires. 
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Figure 5: Experimental (red crosses) and numerical (blues asterisks) results. 
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Abstract. In this paper we study the dynamics of two degree freedom system, which is consisted of main
body and tuned mass damper with inerter (TMDI) and dash-pot with nonlinear damping characteristic.
We study influence of non-linear dash-pot on efficiency of proposed device. The non-linear characteristic
of the dash-pot is dependent on control parameters which let us change freely its characteristics. To
compare response of main system with TMDI with linear and non-linear damper.

1 INTRODUCTION

In this paper, we focus on mitigation of vibrations using a tuned mass damper (TMD). The TMD
was patented by Frahm in 1909 [1]. His device is a linear oscillator that consists of a mass and a linear
spring with the same natural frequency as the damped system. When both frequencies match, one can
avoid the resonance of the main system, but the decrease in the amplitude is observed only around the
resonant frequency. There are a lot of modifications of the TMD which lead to the increase in the range
of effectiveness. The most fundamental one was the addition of a dash-pot to the TMD [2]. Such TMD
can be efficient in much wider range of excitation’s frequencies than the Fraham’s device. Nowadays,
the passive TMDs are used in many systems to mitigate the oscillations, e.g., they prevent damage of
buildings due to seismic excitation [3, 4], suppress vibration of tall buildings subjected to wind [5, 6],
achieve the best properties of cutting processes [7, 8], decrease vibration of floors or balconies [9, 10],
reach stable rotations of rotors [11, 12, 13], stabilize drilling strings [Viguie2009b], etc. Despite the fact
that scientists and engineers are working on designing the best passive device, there are also many efforts
to improve properties of the TMDs by control (hybrid, semi-active and active systems) [15, 16].

Inerter - introduced in early 2000s by Smith [17] - is a two terminal element which has the property
that the force generated at its ends is proportional to the relative acceleration of its terminals . Its constant
of proportionality is called inertance and is measured in kilograms. The first studies of this device have
been devoted to the possible application as an element of cars’ suspensions [17]. It has been shown that
oscillations induced by road imperfections and load disturbances can be reduced more effectively using
suspensions with inerters. Then, in 2004 Smith and Wang [18] studied several simple passive suspen-
sion struts, each containing at most one damper and inerter. The theoretical results are confirmed with
experiment showing that suspension layouts with inerter are more effective than classical designs with

1
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dampers and springs only. Wang and Su [19] present how the performance of suspension is influenced by
the non-linearities which appear due to inerters’ construction including friction, backlash and the elas-
tic effect. They show that the performance benefits are slightly degraded by the inerter non-linearities
but still the overall performance of suspension with a nonlinear inerter is better than traditional ones,
especially when the stiffness of suspension is large. In 2005 the inerter was profitably used as a part of
suspension in Formula 1 racing car under the name of J-damper [20].

In our previous papers we combine TMD with inerter (TMDI) and nonlinear damper and we test its
efficiency in comparison to TMDI with linear damper.

2 Non-linear damper

2.1 Model of non-linear damper

Let us introduce the non-linear damper with piecewise quadratic damping characteristic proposed
by Y. Starosvetsky i O.V. Gendelman [21]. Such dampers are often considered for hydraulic damping
devices [22] that are based on a flow of fluid through orifices in a moving piston. The force in damper
is dependent on the square of relative velocity Ẋ |X | between the terminals of device and is given by
following equation:

f =




λ1Ẋ |Ẋ |, if X < acr

λ2Ẋ |Ẋ |, if X > acr

λ2 >= λ1

(1)

where λ1,2 are damping coefficients and acr is critical value of deflection |X | for which the damping
change its characteristic (rapid increase or decrease of damping coefficient’s value). This type of damp-
ing characteristics is typical in hydraulic dampers based on the same principle of orifice flow with the
addition of semi-active control [23]. It can be realized in the hydraulic dampers containing several on/off
orifice valves in a moving piston. State of the valves can change during the work as soon as the piston
reaches critical value of deflection acr that is defined by the designer. When this value is reached, some
of the orifices are closed and this results in the increase of damping coefficient. When the piston hits the
critical value acr in the opposite direction, it simply reopens the closed orifices, thus brings the damp-
ing coefficient to its original value. The idea behind this type of non-linear damper is simple, but also
powerful and with correctly chosen parameters such device can solve the problem of the increase of the
amplitude for large deflections.

Figure 1: Free response of one DoF system for different values of damping

2
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2.2 Response of one DoF system with nonlinear damper

To compare the response of classical linear damper with considered nonlinear damper we perform
simple test on one DoF system. For simplicity we assume λ = λ1 = λ2. The equation of motion of test
system is as follow:

mẍ1 + kx+ cẋ1 + k(x1 − x2)+ cẋ1 +λ(ẋ1)|(ẋ1|) = 0, (2)

where m = 10 [kg], k = 9600 [N/m]. Damping coefficients c and λ are controlling parameters. The
critical damping for this system is as follow: ckr2

√
km and we use as a reference value for λre f = ckr

parameter. The results are presented in Fig. 1. The dashed line corresponds to c = ckr and lambda = 0,
while continuous lines of different color to c = 0 [Ns/m] and λ = 0.25λre f , λ = 0.5λre f , λ = 1.0λre f ,
λ = 1.5λre f respectively.

As it is easy to see the response of system with nonlinear damper is closest to system with critical
damping for λ = 0.25λre f . For higher values of λ system reaches equilibrium after significantly longer
time.

3 Model of the system

In this section we introduce model of the considered system. It is presented in Fig. 2. It consists
of two oscillators that can move in vertical direction. The first oscillator is forced by external harmonic
excitation. It is used as a model of the structure which vibrations should be mitigated and will be called
base oscillator. The second oscillator is connected to the first one and represents the TMD.

The motion of the system is described by two generalized coordinates: the vertical position of the base
oscillator by coordinate x1, while the vertical displacement of the TMD by coordinate x2. The notation
of parameters used to characterize the base oscillator is as follows: M is the mass of the oscillator, k1
and k2 are the linear and non-linear parts of the base oscillator spring stiffness and its viscous damping
coefficient is given by parameter c. To describe the TMD itself we use the following parameters: m is
the mass, k describes spring stiffness, cT is a viscous damping coefficient and I represents the inertance
of the inerter. Parameter m describes the total mass of the elements which can perform movement with
respect to the base oscillator and will be called the mass of TMD.

Figure 2: Model of the system

The model of the system is given by:

3
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Mẍ1 + k1x1 + k2x3
1 + cẋ1 + k(x1 − x2)+ cT (ẋ1 − ẋ2)+λ(ẋ1 − ẋ2)|(ẋ1 − ẋ2)|+

+I(ẍ1 − ẍ2) = F sinω0t
mẍ2 − k2(x1 − x2)− cT (ẋ1 − ẋ2)−λ(ẋ1 − ẋ2)|(ẋ1 − ẋ2)|− I(ẍ1 − ẍ2) = 0.

(3)

with following parameters: M = 100 [kg], k1 = 24000 [N/m], k2 = 0 [N/m3], c= 124 [Ns/m], F = 192 [N],
m = 10 [kg], k = 9600 [N/m], cT = 30.98 [Ns/m] and I is one of control parameters.

We perform calculations in Auto07p. It is toolbox for continuation of smooth problems, so we had to
smooth the damping function by following formula:

λ = λ2 +(λ2/2−λ1/2)[tgh(γ(x1 − x2 −acr))− tgh(γ(x1 − x2 +acr)],

where γ = 400.
Then, we rewrite equations to dimensionless form introducing τ = ωrt, reference length l0 = 1[m] and

natural frequency of main body ωr =
√

k1/M:



ẍ
′
1 + x

′
1 + k2Dx

′3
1 + cDẋ

′
1 + kD(x

′
1 − x

′
2)+ cT D(ẋ

′
1 − ẋ

′
2)+λD(ẋ

′
1 − ẋ

′
2)|(ẋ

′
1 − ẋ

′
2)|+

+ID(ẍ
′
1 − ẍ

′
2) = FD sinωτ

mDẍ
′
2 − k2D(x

′
1 − x

′
2)− cT D(ẋ

′
1 − ẋ

′
2)−λD(ẋ

′
1 − ẋ

′
2)|(ẋ

′
1 − ẋ

′
2)|− ID(ẍ

′
1 − ẍ

′
2) = 0.

(4)

where: x
′
1,2 = x1,2/l0, ẋ

′
1,2 = ẋ1,2/l0ωr, ẍ

′
1,2 = ẍ1,2/l0ω2

r ,k2D = k2l2
0/Mω2

r ,cD = c/Mωr, kD = kl2
0/Mω2

r ,cT D =

cT/Mωr,mD = m/M,FD = F/Ml0ω2
r ,λD = λ/M,ω = ω0/ωr, ID = I/M. For simplicity primes in dimen-

sionless equations will henceforth be neglected.

4 Results

In this section we present results for obtained for TMD and TMDI with nonlinear and linear dampers.

4.1 Response of TMD with nonlinear damper

Let us study first the influence of nonlinear damper on response of the system mitigated with TMD
(I = 0.0 [kg]). First we equate values of λ1 and λ2 to selected fractions of λre f . Results are presented
in Fig. 3(a). We plot FRC of main body for varying frequency of excitation. Dashed line corresponds
to FRC of the system without TMD and continuous lines to FRCs with applied TMD for λ = 0.25λre f ,
λ = 0.5λre f , λ = 1.0λre f , λ = 1.5λre f . As we can see for low values of λ we observe similar response as
for TMD with linear damper. However, for λ = 1.5λre f (large damping) we observe the non-linear trace
of FRC (black line). In panel (b) we plotted FRC for optimal values of λ = 0.62λre f and cT D = 0.62
which corresponds to minimum L2 norm (optimization procedure is not presented in this paper) for FRC
plot. As one can see both FRC are similar, so we can obtain significant reduction of amplitude using
both types of dampers.

Next, we fixed damping coefficients λ1 = 0.05λre f , λ2 = 0.6λre f and we vary the switching distance
acr. Thus, the damping coefficient is small for small relative amplitude and large for large relative
amplitude. In Fig. 4(a) we show response with just nonlinear damping, while in Fig. 4(b) we combine
nonlinear damper and linear one (cT D = 0.02). In panel (a) we see typical change of response of system
damped by TMD with increasing of damping in the system. The interesting observation is in panel (b)
where with increase of acr we see decrease of minimum amplitude in valley while maximum values of
amplitude preserve the same.

4
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Figure 3: (a) FRC of system for with nonlinear damper and FD = 0.008; mD = 0.1; cD = 0.08; kD = 0.08;
cT D = 0; acr = 0.02; (b) FRC for system with nonlinear damper λ1 = λ2 = λre f - continuous damper and linear
damper cT D = cT Dopty - dotted line. Dashed line corresponds to response of the system without TMD.

4.2 Response of TMD inerter

In this subsection we perform calculation for system with TMDI and both types of dampers. We
introduce control of inertance to tune natural frequency of TMDI to current frequency of excitation. We
change inertance according to formula as follow: ID = kD

ω2 −mD which changes equivalent mass of the
TMDI. For details of this procedure see our previous papers where we preset it in details [24, 25, 26].
Such assumption let us follow response of the main system for varying value of inertance and find
minimum amplitude for given equivalent mass of TMDI. In this paper we do not consider control of
inertance value, but such theoretical study gives us fast answer about its efficiency. In Fig. 5 we can see
four plots and reference dashed line which corresponds to response of the system without TMDI. There
are two pairs of lines. In each pair we study TMDI with linear and nonlinear damper. The bottom lines
are for low damping coefficients, while top lines for larger values of damping coefficients. As we can
see, we obtain the same level of mitigation of vibrations in both cases. Thus, we can use two damper
interchangeably.

5 CONCLUSIONS

In this paper we present the properties of TMDI with liner and nonlinear damper. We investigate
properties of non-linear damper with piecewise quadratic damping characteristic using one DoF system
and compare its free oscillations with response of system with linear viscous damper. Then, we applied
TMDI with both types of dampers and we show their FRC plots. Finally, we applied control to inerter
which let us change the inertance to tune natural frequency of TMDI to current frequency of excitation.
In such configuration obtained FRC have similar amplitude, thus we show that both dampers are com-
parable. In further studies we will investigate influence of nonlinear damper parameters on response of
damped body. We will prepare control algorithm which will change their values based on current state
of the system to increase efficiency of TMDI.

5
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Figure 4: FRC of system for different values of acr with following parameters of the system: (a) FD = 0.008;
mD = 0.1; cD = 0.08; kD = 0.08; λ1 = 0.05 λre f , λ2 = 0.6 λre f , cT D = 0; (b) FD = 0.008; mD = 0.1; cD = 0.08;
kD = 0.08; λ1 = 0.05 λre f , λ2 = 0.6 λre f , cT D = 0.02. Dashed line corresponds to response of the system without
TMDI.
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Abstract: Composite materials are now commonly used in various industries ranging from 
building to space science. The damage analysis in composites is an important task to ensure 
safe use and prevent failures. Structural health monitoring (SHM) approaches are developed to 
identify the damage in various structures. This research focuses on the guided wave-based 
SHM. The guided waves propagate throughout the material and get reflected at the damage or 
after reaching the boundaries. This is the basis for the damage detection method. The group 
velocity, RMSD, amplitude variation, the time of flight for the healthy, damage cases are 
analyzed. The frequency range of 50 kHz is used with a periodic cycle of 5 to analyze the wave 
pattern over the surface of the composite material. Thus, the change in the signals can be 
extracted through the developed algorithms and the damage location can be indicated.  
The studies comprised of scanning laser measurements. A composite GFRP plate with  
an L-stiffener was studied. The damage localization algorithms are employed for simulated 
damage in the form of stiffener debonding. The study comprised of analyzing the results from 
the laser Doppler vibrometer (LDV). The analysis of the LDV results and processing it provides 
further information about the damage location and its influence on the wave propagation. 

1 INTRODUCTION: 

Fiber reinforced composite materials are more and more popular in the industry. Such 
composite structures are lightweight, have large strength and are easy to form. However, they 
are prone to damage like debonding and delamination very often hidden inside the structure. 
Therefore the structural state of composite structures needs to be assessed. This allows for 
increasing the safety of composite structures exploitation. Very popular is the elastic wave 
propagation method. Many research works towards the development of damage assessment 
methods for composite structures using elastic wave propagation were published. There was 
the numerical and experimental study of elastic wave propagation in composite laminate 
conducted by Gresil, et al [1]. Authors investigated the dispersion curves and wave propagation. 
This is useful knowledge for the development of elastic wave based damage detection methods 
for composite structures. Very important is the problem of the debonding in the adhesive joints. 
Such problems were analyzed with the help of energy propagation RMS methods by Rucka, et 
al [2]. Gaul, et al [3] paper deals about the surface bonded transducers inspecting a large testing 
area. The paper is related to early warning maintenance of the structures with the help of built-
in sensor network arrangements. LDV helps in the detailed analysis of various anisotropic 
materials. The interaction of Lamb waves with a T-stiffener has been analyzed by Allen, et al 
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[4]. Visualization of the damage in the bonding area between the composite plates was analyzed 
by Sohn, et al [5]. The delamination location between the composite plates was analyzed by 
Duflo, et al [6]. LDV analysis in the contactless observation in the anisotropic plate was 
presented by Owens, et al [7]. The damage observation depends on the area of the defect [8] 
and thus Kehlenbach, et al showed that the numerical and experimental results were analyzed 
together with it. Use of RMS in damage detection was shown by Radzienski, et al [9]. The 
delamination detection in the composite plate based on the change in Lamb wave response 
amplitudes was analyzed by Staszewski, et al [10]. 

This paper uses guided wave propagation with the help of laser Doppler vibrometer (LDV). 
The research in this paper focuses on processing the data obtained from the LDV using various 
methods of analysis guided wave propagation in a composite plate with stiffener. 

2 EXPERIMENTAL PROCESS 

 In this paper, the Lamb wave propagation utilized for bond assessment in the composite 
plate is analyzed. The plate is of dimension 50x50x0.3 cm3 and includes bonded L-stiffener 
with a length of 50 cm (figure 1). The plate is made of 12 layers of VV 192T 202 IMP503 
prepreg. The L-stiffener is bonded by 3M AF3109 2U bonding agent. The stiffener is not 
bonded in the middle part with the length 15 cm what simulating its debonding. The 
piezoelectric transducers (PZT) are attached at 3 different locations. One at the bottom and 
others to the right and left corner of the plate respectively (figure 1). The LDV with laser heads 
as shown in figure 2 is used for measuring the guided wave (GW) signals on the flat side of the 
plate. 
 

     

        

 
     Figure 1: Composite plate and PZT arrangement                                 Figure 2: Scanning laser heads 
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2.1 Setup 

The elastic wave excitations are performed in 3 PZT across the plate as shown in figure 3. 

1. PZT 3 is placed at the bottom of the plate. 
2. PZT 2 is placed at the left end of the plate/flat side. 
3. PZT 1 is placed at the right end of the plate/stiffened side. 

 
The signals are registered with the help of only one LDV head (an out-of-plane component of 
velocity). Fine mesh area of about 61503 scanning point where elastic waves are registered is 
considered in the research. The very dense mesh allows correct space sampling for the shortest 
wave propagating in the structure. 
 
 

 

                      Figure 3: PZT positions – view from the top 

 

3 RESULTS  

In the research analysis of the time of arrival (ToF) of the elastic wave is performed. The 
ToF of the elastic waves is identified based on analyzing the time instances between the wave 
packets. In this case, the first time instant related to the arrival time of the waves is noted. This 
is performed by using Hilbert transformation which allows creating the envelope of the signal. 
Higher the TOF value the larger the time taken for the waves to reach the same set of location. 
The obtained ToF values help to analyze the changes in the group velocities of the propagating 
wave modes. In figure 4, the time of arrival of the first wave packet is calculated by identifying 
the highest peak value (marked in the red spot). In a similar way, the time of arrival for other 
scanning points is calculated and noted down in table 1.  
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Figure 4: Time of arrival extraction 

 

Figure 5 shows the different snapshots from the animation of the propagation of waves for 
50 kHz excitation. At figure 5a the waves get excited from the PZT location to propagate in the 
plate. Then waves reached the middle stiffener region as shown in figure 5b. At figure 5c the 
propagating waves reaching the L-stiffener region and starts to separate indicating the region 
of damage. This is followed by the reflection of the waves after reaching the edges of the 
composite plate as shown in figure 5d. Table 1 shows the time of the first arrival of waves of 
various scanning points. It is understood that the time of arrival of the first wave packet is 
related to fundamental symmetric S0 wave mode which is faster than the fundamental 
antisymmetric A0 wave mode (also termed as slow waves in general). 

 
 

a) b) 
 

c) 
 d) 

 
Figure 5: Wave propagation for 50 kHz frequency in an L-stiffened GFRP plate recorded at a) 70 μs, b) 210 μs, 
c) 281 μs, d) 296 μs 

Waves excited from the 
PZT location 

Waves reached the 
stiffener 

Waves passing through 
the stiffener 

Wave reflects after 
reaching the boundary 
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Point location First arrival point (μsec) 
1 70 
2 210 
3 281 
4  296  

 
Table 1: Time of arrival values of the S0 mode for varying scanning point 

 
 

3.1 1D plot analysis: 
 

In this section, a one-dimensional analysis is performed.  The graphs are plotted by selecting 
points in two configurations as presented in figure 6a for case 1 and figure 6b for case 2 
(focusing on the debonding zone). These analysis are carried out to understand the wave 
propagation from the results of the LDV measurements at different time points. In this study, 
the excitation with frequency 50 kHz is applied to PZT 3.  

a)

 

b)

 
 
            Figure 6: Scanning point distribution a) Case 1-angular distribution b) Case 2-linear distribution 
 
 
Figure 7 indicates the wave propagation for case 2 of points distribution (i-vi) respectively. The 
case 2 analysis reveals that at the stiffener region which is at the mid-section of the plate occurs 
larger disruption of the signals indicating the damage region. Figure 7e indicates the wave 
propagation where it interacts with the stiffener region and passes through it. We have noticed 
the decrease in the wave amplitude as shown in table 2 is due to structural damping and 
reflection of the waves after striking the boundary. The case 2 plot informs about the waves and 
its propagation at various linear paths. We have found the change in the wave pattern happening 

A 

B 

C 

D 

E 
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in the particular region as shown in figure 7d,e after it passes through the damage stiffener 
region. Figure 6a case1 is used to understand the propagation of the waves in an angular fashion 
before the debonding zone. There occurs a change in the amplitude and velocity values before 
and after the disbond region as shown in table 2 and table 3 respectively. 
 
 
a) Points Amplitude difference drop 

(%) 
 b) Points Amplitude difference drop 

(%) 
A-B 83.80 i-ii 54.63 
B-C 55.21 ii-iii 38.44 
A-D 83.33 iii-iv 75.59 
D-E 44.41 iv-v 29.93 

 
Table 2: Amplitude variation a) Case 1-angular distribution b) Case 2-linear distribution 

 
 

a) b) c) 

d) e) f) 

 
 

Figure7: Case 2 analyzed at a) 78 μs, b) 130 μs, c) 180 μs, d) 250 μs, e) 0.29 μs, and f) 340 μs 
 
The velocity of the waves is analyzed as shown in table 3. This table shows the result for the 
case 1 and shows that higher velocity mode S0 mode that propagates from the PZT travels along 
the line and strikes the debonding region.  Thereby an increase in velocity is noted at the path 

Waves reach the 
stiffener location 

Waves excited from the 
PZT location 

Waves reflect after 
reaching the boundary 

Waves reaches the 
boundary region 

Waves crosses the 
damage stiffener region 

Waves propagating 
with higher amplitude 
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between points B and C. Also from case 2, the velocity of the waves drops after crossing the 
debonded stiffener region as shown in points (iii-iv) and then the velocity increases which may 
be due to higher reflection from the boundary surfaces that results in the overlapping and 
interfering in the wave movement. 
 
 

a) Case 1 A-B B-C A-D D-E 
Velocity (m/s) 702.459 875 702.459 875 

 
b) Case 2 i-ii ii-iii iii-iv iv-v v-vi 
Velocity (m/s) 1076.26 1328.27 995.73 1790.28 1328.27 

 
Table 3: Velocity distribution a) Case 1-angular distribution b) Case 2-linear distribution 

 
We have also used the root mean square deviation (RMSD) index for signal analysis in this 
paper [11]. The time signal is limited to 208 μs to understand the change in the signals before 
and after the debonded region. Figure 8 is made with the RMSD formulation as shown below 
in equation (1): 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = √∑((a𝑖𝑖 − b𝑖𝑖)2
(a𝑖𝑖)2

)
N

i=1
                          (1) 

                                 
where: a - amplitude values for reference scanning point, b - amplitude values for final scanning 
point, N - no of time samples 

 
 

a) 

 
 

b)

 

 
Figure 8: RMSD values a) Case 1-angular distribution b) Case 2-linear distribution 
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From figure 8a, the RMSD results are analyzed for situation waves have not reached the 
stiffener region yet. It shows symmetrical values of RMSD index values for two paths of wave 
propagation. By analysing results presented in figure 8b it could be noted that the RMSD index 
values drop in a linear fashion and between points i, ii it shows higher wave signal difference. 
The RMSD values for case 2 do not indicate the influence of the stiffener disbond. 

4 CONCLUSION 

The paper shows the experimental approach for assessing the influence of stiffener 
debonding on wave propagation in the composite plate. The methodology is based on analysing 
the amplitude changes in the wave patterns before it reaches the debonding zone (L-stiffener) 
and the amplitude change after it crosses the debonding region. The process done may be 
concluded that the approaches used helps to assess the L-stiffener region. The amplitude gets 
reduces at the stiffener region indicating a decrease in the energy of the propagating waves. The 
use of LDV helps in measuring the wave measurements and velocity. In most of the cases, the 
basic symmetric and antisymmetric modes (A0 and S0) are detected. The excitation signals help 
to map the damage L-stiffener zone well. The 50 kHz maps the damage region well and thus 
chosen to be studied further. 
 

The final conclusion is that the amplitude graphs from plotting distributed scanning points 
help to locate the damage region in the composite plate. The identification of the distributed 
waves at the L-stiffener region gets identified by the excitation frequency 50 kHz which 
produce shorter wave movements. These waves pass through the other side of the stiffener and 
reflect back after touching the boundary. 
 
ACKNOWLEDGMENT: 
 
The authors would like to acknowledge the support funding provided by the National Science 
Center, Poland under SONATA BIS project titled: Study of piezoelectric sensors placement 
and their interaction with structural elements (2016/22/E/ST8/00068). 
Acknowledgment also provided to Task-CI for allowing the use of computational resources. 
 
 
REFERENCES 
 
[1] Gresil, M. Giurgiutiu, V. Guided wave propagation in carbon composite laminate using 
piezoelectric wafer active sensors. Proc. of SPIE. (2013) 86: 1-13. 
[2] Rucka, M. Wojtczak, E and Lachowicz, L. Detection of debonding in adhesive joints using 
Lamb wave propagation. MATEC Web of Conferences, Krynica 2018. (2018) 262: 1-6. 
[3] Gaul, L. Bischoff, S. Sprenger, H. Haag, T. Numerical and experimental investigation of 
wave propagation. Eng. Fract. Mech. (2010) 77: 3532–3540. 
[4] Allen, C.  Owens, C. T.  Swenson, E. D.  Lamb Wave interaction with a T-Joint in Structural 
Health Monitoring, Trans Tech Publications, Stanford. (2011), 2231–2236 
 
[5] Sohn, H. Dutta, D.Yang, J. Delamination detection in composites through guided wave field 
image processing, Compos. Sci. Technol. (2011) 71: 1250–1256 



389

K. Balasubramaniam, T. Wandowski and P. Malinowski 
 
 

9 
 

 
[6] Duflo, H. Morvan, B and Izbicki, J.L.  Interaction of Lamb waves on bonded composite 
plates with defects, Compos. Struct. (2007)79: 229–233. 
 
[7] Owens, C. T.  Swenson, E. D.  and Allen, C.  Visualization of Lamb wave interaction with, 
in: Structural Health Monitoring, Trans Tech Publications, Stanford (2011), 2260–2266. 
 
[8] Kehlenbach, M. Kohler, B. Cao, X. and Hanselka, H.  Numerical and Experimental 
Investigation of Lamb Wave Interaction with Discontinuities. In Proceedings of the 4th 
International Workshop on Structural health monitoring: (2003), 421-428. 
 
[9] Radzieński, M. Doliński, Ł. Krawczuk, M. Żak, A and Ostachowicz, W. Application of 
RMS for damage detection by guided elastic waves. J. Phys.: Conf. (2011) 305: 1-10. 
 
[10] Staszewski, W.J. Mahzan, S. and Traynor, R. Health monitoring of aerospace composite 
structures. Composites Science and Technology. (2009) 69: 1678-85. 
 
[11] Su, Z.Ye, L. Identification of damage using Lamb waves.Vol:48(2009) Springer. 
 
 
 



390

Damage assessment in composite powerboat using electromechanical impedance method W. Ostachowicz, T. Wandowski, P. Malinowski and B. Puchowski

IX ECCOMAS Thematic Conference on Smart Structures and Materials 

SMART 2019 
A. Benjeddou, N. Mechbal and J.F. Deü (Eds) 

 

 
 

DAMAGE ASSESSMENT IN COMPOSITE POWERBOAT USING 

ELECTROMECHANICAL IMPEDANCE METHOD  

W. OSTACHOWICZ
*
, T. WANDOWSKI

*
, P. MALINOWSKI

*
,  

B. PUCHOWSKI
**

AND J. MOLL
†
 

* 
Institute of Fluid-Flow Machinery Polish Academy of Sciences  

Fiszera 14, 80-231 Gdansk, Poland 

e-mail: wieslaw@imp.gda.pl, web page: http://www.imp.gda.pl 

 
**

 CreeYacht 

Platynowa 16, 84-123 Rekowo Gorne, Poland 

email: bartosz@creeyacht.pl, web page: http://www.creeyacht.pl 

 

† Goethe University of Frankfurt am Main,  

Max-von-Laue-Straße 1, 60438 Frankfurt am Main, Germany  

email: moll@physik.uni-frankfurt.de, web page: https://www.uni-frankfurt.de/ 

Key words: Electromechanical Impedance, Composite Materials, Debonding, Temperature 

Influence. 

 

Abstract. In this paper authors present results of application of electromechanical impedance 

(EMI) method based on resistance spectra for damage assessment in composite materials.  

The EMI method is based on measurements of electrical parameters of piezoelectric 

transducer bonded on the structure. Due to electromechanical coupling structural changes are 

seen in electrical characteristics of the piezoelectric transducer. Authors investigated influence 

of bonding transducer on structural parts with different material and geometrical properties on 
the resistance spectra. Authors investigated also influence of changing temperature and 

damage (stiffener debonding) existence on resistance spectra. Results showed that 
temperature compensation is needed for the purpose of damage detection. Authors proposed 

temperature compensation algorithm based on signal correlation. Research was conducted for 
model of structure of composite powerboat. Preliminary measurements were also conducted  

for the powerboat.  
 

 

1 INTRODUCTION 

 Fibre reinforced polymer (FRP) composite structures are very popular in many branches of 

industry like aviation, automotive and maritime. Application of these materials allows a 

reduction of weight ensuring high strength to weight factor. Beside the advantages there are also 

disadvantages related to application of such materials. Important one is related to vulnerability 

of FRP composites to hidden/barely visible delamination caused by impact loading. Such a 

hidden damage could cause serious failure of the structure resulting in human injury or even 
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dead. In order to increase safety of exploitation of FRP composite structures non destructive 
testing (NDT) or structural health monitoring (SHM) techniques are utilised. Such methods like 

ultrasound testing (UT) [1], thermography [2], elastic waves propagation [2],[3] and 

electromechanical impedance [4], [5] are utilised.  

 The research reported in this paper is related to electromechanical impedance. The authors 

focused attention on damage detection under the temperature influence for complex composite 

structures utilised in real maritime structures, i.e. a powerboat. Such structures are manufactured 

using curved composite laminates with varying thickness, sandwich composite with honeycomb 

or foam filled and bonded stiffeners. Research was mainly focused on the model of composite 

structure utilised in powerboat construction. Preliminary research was related to real powerboat. 

The research that results are presented in this paper is related to development of structural health 

monitoring system based on electromechanical impedance method for assessment of composite 

powerboat. 

 

2 ELECTROMECHANICAL IMPEDANCE METHOD 

 The electromechanical impedance (EMI) method is based on measurements of electrical 

parameters of piezoelectric transducer coupled with the investigated structure. Due to 

electromechanical coupling of piezoelectric transducer with the structure the mechanical 

resonant characteristics of structure could be indentified based on electrical characteristics of 

piezoelectric transducer. This method is suitable for damage detection and transducer self-

diagnosis. 

 In the research presented in this paper measurements for EMI were realised using 

impedance analyser HIOKI IM3570 and piezoelectric transducers in the form of discs with 

diameter 10 mm and thickness 0.5 mm. Transducers were manufactured by NOLIAC using 

NCE51 piezoelectric material and had a wrap-around electrodes. Spectra of real part of 
impedance (resistance) were registered in this research. 

 

3  EXPERIMENTAL RESEARCH 

Experimental research was related to two objects. First object was a model of composite 

structure of powerboat (Figure 1). Model includes all the structural features related to real 

composite powerboat: curved sandwich GFRP honeycomb structure with thickness 4 mm 

(location of transducer PZT1), composite sandwich of GFRP structure filled with the foam 

with thickness 12 mm (location of PZT2), bonded stiffeners (e.g. CFRP stiffener with 

thickness 3mm – location of PZT3). 

Second object was composite powerboat. In the Figure 2 the rear part of powerboat 
including structure where the engine is mounted was shown. This structure was equipped with 

piezoelectric transducer PZT4. Transducer was located near bolted joints connecting engine to 
the powerboat. 
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Figure 1: Model of composite structure of powerboat 

in climate chamber 
Figure 2: Demonstrator of composite powerboat 

3.1 Influence of structure of EMI characteristics 

First step was related to study the influence of bonding of piezoelectric transducer on 

structures with different material and geometry properties on EMI resistance spectra. All 

measurements were performed in the room temperature.  

In the Figure 3a) resistance spectrum for free (not bonded) piezoelectric transducer was 

presented. Peak with largest amplitude at frequency 220 kHz is related to radial resonance of 

transducer which could be estimated using frequency constant of NCE51 piezoelectric 

material. In the Figure 3b) resistance spectrum for the piezoelectric transducer PZT1 bonded 

on the curved part of model of composite structure (Figure 1) was presented. Model was 

installed in the climatic chamber (Figure 1). Influence of bonding on structure is clearly 
visible. Peak with frequency 220 kHz is much wider and its amplitude was reduced. 

Frequency of small peak at 500 kHz for free transducer after bonding remains almost the 
same. Frequency of small peak at 800 kHz for free transducer after bonding increased to 

about 850 kHz. Additionally after bonding new peak at frequency around 100 kHz could be 
noticed. In the Figure 4a) magnification of frequency band up to 150 kHz for bonded 

transducer PZT1 was presented. Peaks related to resonant frequencies of the structure with 
bonded transducer could be noticed.  

In the Figure 3c) resistance spectrum for transducer PZT2 bonded on the thicker part of 

composite model filed with the foam is presented. There are large peaks about frequencies 

250 kHz and 550 kHz and peak at frequency 50 kHz. In the Figure 4b) low frequency region 

of resistance spectrum was presented. Resonant peaks bellow frequency 25 kHz have smaller 

amplitudes than for transducer PZT1. 

In the Figure 3d) resistance spectrum for transducer PZT3 bonded on CFRP stiffener (100 

mm x 100 mm x 3 mm) bonded to the composite model was presented. Additional peaks in 

the region about 200 kHz – 350 kHz are visible.  
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a)    

b)     

c)     

d)     

e)     

Figure 3: Resistance spectra for piezoelectric transducers: a) free, b) PZT1, c) PZT2, d) PZT3, e) PZT4 

Moreover, resonant peaks for frequencies lower than 100 kHz are visible. This could be 
clearly visible in the Figure 4c). There are clear and strong peaks related to the resonant 

frequencies of this stiffener. 



394

W. Ostachowicz, T. Wandowski, P. Malinowski, B. Puchowski and J. Moll 

 5

 In the Figure 3e) resistance spectra for transducer PZT4 bonded on the powerboat (Figure 
2) was presented. There are two large peaks at frequencies about 250 kHz and 550 kHz. 

Resonant peaks for frequencies below 150 kHz are clearly visible in Figure 4d). Amplitudes 

of those peaks are very low. Summarising all presented results, it could be noticed that 

amplitudes for resonant peaks for frequencies bellow 150 kHz decrease with increase of the 

thickness of the structure. 

a)  

b)   

c)  

d)  

Figure 4: Low frequency region of resistance spectra for piezoelectric transducers:  

a) PZT1, b) PZT2, c) PZT3, d) PZT4 
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3.2 Influence of temperature on EMI characteristics 

 In next step analysis of influence of changing temperature on resistance spectra for 

piezoelectric transducer PZT3 bonded on the composite model of structure of powerboat 

(Figure 1) was investigated. This is very important problem, because changing temperature is 

source of change of resistance spectra and it can result in false alarms in the SHM systems. 
Therefore temperature compensation needs to be performed. Measurements for this part of 

research were performed in climatic chamber under 5 stable temperatures 30, 20, 10, 0  
and -10oC . 

 In the Figure 5 results in the form of resistance spectra for two selected frequency bands 
were presented. In the Figure 5a) resistance spectra for frequency band 8–17 kHz was 

presented. As referential resistance spectrum for temperature 30 
o
C is taken. With decreasing 

temperature resonant peaks shift rightwards. In the Figure 5b) resistance spectrum for 

frequency range 200–350 kHz was presented. In this case the same effect is observed. 

Resonant frequencies shift rightwards with decreasing temperature. Such effects were 

observed in the whole investigated frequency band 1 kHz –1 MHz. 

 a)  

b)  

Figure 5: Influence of changing temperature on resistance spectra for frequency band:  

a) 8–17 kHz, b) 200–350 kHz 
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3.3 Influence of debonding on EMI characteristics 

 Next part of research was related to influence of debonding of CFRP stiffener on resistance 

spectra. In this case measurements were also taken by transducer PZT3 bonded on the 

stiffener (Figure 1). Artificial debonding was simulated by 10 mm long cut of bonding layer 

joining stiffeners with the model (Figure 6). 

Figure 6: Artificial debonding of stiffener 

 

Figure 7: Relative frequency shift as a function of 

relative temperature change for pristine and damaged 

structure (D) 

 Investigations started from analysis of temperature influence on frequency shift for pristine 

(healthy) and damaged structure. Few resonant peaks were selected from the resistance 

spectra for both cases. Then the frequency shifts for both cases (pristine and damaged) were 

extracted taking as a reference spectra gathered at temperature 30 oC. Relative frequency 

shifts for pristine and damaged structure in the function of relative temperature change are 

plotted in Figure 7. It could be noticed that relative frequency shifts for pristine and damaged 
structure differ.  

 For detailed analysis resonant peak from frequency band 3.6-4 kHz (peak with frequency 
3.776 kHz for pristine and 3.756 kHz for damaged structure) was considered. Debonding of 

the stiffeners caused leftward shift for the selected peak. In Figure 8a) comparison of 
resistance spectrum for pristine structure (R30) and structure with deboned stiffener (D30) 

both measured at temperature 30 
o
C were presented. It could be noticed that in the case of 

debonding resonant peak was shifted leftwards in respect to the one from healthy structure. 

In the same figure, also the spectrum for the pristine structure taken at temperature 20 
o
C was 

presented. In this case rightwards shift of peak in pristine structure for decreasing temperature 

is observed. Decrease of temperature by 10 
o
C for pristine structure caused similar value of 

frequency shift like debonding but direction of the shift is opposite.   
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 a)  b)  

      c)  d)  

Figure 8: Influence of temperature and debonding on selected resonant peak, deboned stiffener measured at:  

a) 30 
o
C, b) 20 

o
C, c) 10 

o
C, d) 0 

o
C 

 In the Figure 8b) resistance spectra for pristine structure taken at referential temperature  

30 
o
C (R30) and at temperature 20 

o
C (R20) are compared with resistance spectrum for 

deboned structure at temperature 20 
o
C (D20). It could be noticed that resonant peak for 

deboned structure measured at decreased temperature 20 
o
C (D20) has similar frequency to 

the pristine spectrum taken at referential temperature 30 oC (R30). So a damage indicator 

based on the shift of resonant peak would not distinguish differences between pristine and 

damaged structure. Influence of debonding together with decrease of temperature by 10 oC 

caused that resonant frequencies for pristine and damaged structure are almost the same.  

 In the Figure 8c) effects of further decrease of temperature for deboned stiffener could be 

observed. Resistance spectrum for deboned structure at temperature 10 
o
C (D10) was plotted. 

Moreover resistance spectra for pristine structure taken at temperatures 30 oC (R30) and 20 oC 

(R20) were plotted. Resonant peak for debonded structure (D10) was further shifted rightward 

due to temperature decrease However, its shift is still lower than for the peak at temperature 
20 oC for pristine structure (R20). Further decrease of temperature to 0 oC for deboned 

structure caused further shift of resonant peak (D0) what is presented in Figure 8d). Resonant 
peak for deboned structure at temperature 0 oC (D0) is more shifted than resonant peak for 

pristine structure at temperature 20 
o
C (R20). This analysis shows that effects of changing 

temperature need to be compensated for the problem of damage detection. 
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3.4 Compensation of changing temperature influence 

 In the purpose of compensation of temperature influence formula (1) is utilised. This 

allows comparing the correlation of resistance spectra at referential and changed temperature 

conditions. 

( )[ ] ( )[ ]
∑

=

−−
−=

n

i σσ

RiRRiR
CCD

1 10

1100
1  (1) 

where: ( )0iR – is the i-th sample of resistance spectrum in signal at referential temperature,  

( )1iR – is the i-th sample of temperature influenced resistance spectrum, 0R , 1R – mean values 

of respectively referential and temperature influenced spectra, 0σ , 1σ  – standard deviations 

for referential and temperature influenced spectra. Temperature influenced resistance 
spectrum is shifted in such a manner in order to obtained the minimum value of CCD index 

indicating maximum correlations of the signals. As results frequency shift needed to obtain 
best match of analyzed signals is registered.  

 This approach was utilized for resistance spectra including selected resonant peak for 

pristine structure for temperatures: 20, 10, 0 and -10 oC. In the Figure 9 frequency shift in the 

function of temperature was plotted for the investigated temperature change.  

  

Figure 9: Frequency shift in the function of 
temperature for pristine structure 

Figure 10: Results of temperature compensation for 
pristine structure 

  

It could be noticed that this shift is linear for investigated temperature range. In the Figure 10 
result of temperature compensation algorithm for selected peak was presented. In this figure 

spectra for pristine structures taken at temperature 30 
o
C (R30) and 10 

o
C (R10) were 

presented. Frequency shift due to temperature decrease is clearly visible. Moreover, 

compensated spectrum (RC10->30) which was shifted based on relation presented in Figure 9 

was shown. It could be noticed that frequency shift was removed. In the Figure 11a) values of 

CCD index for comparison of signals for pristine structure at different temperatures were 

presented. In this case referential resistance spectrum at temperature 30 
o
C was compared 

with the spectra taken at temperatures 20, 10, 0 and -10 oC. CCD index values for those cases 

were marked respectively as R20, R10, R0 and R-10.  
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 In the Figure 11b) results of influence of compensation of temperature change on CCD 
index were plotted. CCD index values for compensated spectra were marked respectively as 

RC20->30, RC10->30, RC0->30, RC-10->30. It could be noticed that values of CCD index 

decreased significantly after the compensation. This indicates the fact that frequency shift 

caused by temperature change was removed. 

a)    b)  

Figure 11: The CCD index values for comparison of referential spectrum with temperature influenced spectra 

for pristine structure: a) before compensation, b) after compensation (see descriptions in the text) 

Then such approach was utilised for the spectra for deboned stiffener registered at different 

temperatures. In this case spectrum for pristine structure taken at temperature  

30 
o
C was compared with spectra registered at different temperatures for damaged structure. 

Results in the form of values of CCD index were presented in the Figure 12. First value (R20) 

is related to comparison with the spectra for pristine structure at temperatures 30 and 20 
o
C. 

Next results of comparison were presented of spectrum for pristine structure at temperature  

30 
o
C with spectra for damaged structure at temperatures 50, 30, 20, 10, 0 and -10 

o
C in the 

form of CCD index values. Measurement at temperature 50 oC for damaged structure was 

utilised for the purpose of verification temperature compensation algorithm. CCD index for 

this case is the largest. Analysing further values of CCD index it could be noticed that 

decrease temperature to 20 
o
C for pristine structure has larger influence on CCD than 

debonding for structure at referential temperature 30 
o
C. Decreasing the temperature of 

damaged structure to 20 caused that CCD is even smaller than for temperature 30 
o
C. Then 

slightly CCD is increased for temperature 10 
o
C. In the case of temperature 0 

o
C CCD value 

for damaged structure is higher than CCD valued for pristine structure at temperature 

decreased to 20 
o
C. This is related to frequency shift of signal due to temperature and 

debonding disused in for the Figure 8. In the case of damage structure at temperature -10 oC 

CCD index further increased. This shows that without temperature compensation correct 
damage assessment is not possible. Therefore procedure of temperature compensation for 

spectra taken for damaged structure at different temperatures was performed. In this case 
frequency shifts for compensation were taken from the case of analysis performed for pristine 

structure. In the case of temperature 50 
o
C (lack of spectrum for pristine structure) frequency 

shift was extrapolated based on linear relation presented in Figure 9. Results of temperature 

compensation were presented in Figure 12. The CCD index values for compensation cases 

were marked as DC50->30 – DC-10->30. The values of CCD index for compensated spectra 

for damaged structure at temperatures: 20, 10, 0, -10 and 50 oC are similar like for damaged 

structure at 30 
o
C. It could be noticed that CCD for the case DC50->30 related to damaged 

structure measured at 50 oC and compensated to 30 oC is much larger than for the rest 

compensated cases. 
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Figure 12: The CCD index values for comparison of referential spectrum with temperature influenced spectra for 

damaged structure before and after compensation (see descriptions in the text) 

 In the Figure 13 results of temperature compensation for spectra measured for damaged 

structures at temperatures 10 and 50 
o
C were presented. In the Figure 13a) spectra for 

damaged structure measured at temperatures 30 oC (D30) and 10 oC (D10) were presented. 

Moreover spectrum measured at temperature 10 
o
C and compensated to temperature 30 

o
C 

was presented. It could be noticed that spectrum after temperature compensation (DC10->30) 

does not perfectly match the spectrum measured at temperature 30 
o
C (D30). 

 The same approach was performed for the spectrum for damaged structure taken at 

temperature 50 
o
C. Results are presented in the Figure 13b). In this figure spectra at 

temperatures 30 
o
C (D30) and 50 

o
C (D50) were presented. Moreover, compensated spectrum 

from 50 
o
C to 30 

o
C (DC50->30) was presented. This compensated spectrum also does not 

match the spectra measured at temperature 30 
o
C (D30). This could be caused by fact that for 

compensation frequency shift was extracted from the case of pristine structure. Damage 

changed slightly the influence of temperature on frequency shift (see Figure 7). This could 

also be caused by fact that value of frequency shift for temperature 50 oC was extrapolated 

due to the lack of value of frequency shift for pristine structure.  

 Moreover, analyzing results in the Figure 13 it could be noticed that decreasing 

temperature from 30 to 10 
o
C caused rightward frequency shift (Figure 13a) while increasing 

temperature from 30 to 50 oC  caused leftward shift (Figure 13b). 

a)  b)  

Figure 13: Results of temperature compensation for damaged structure at temperature: a) 10 
o
C, b) 50 

o
C 

CONCLUSIONS 

 In this paper influence of bonding of piezoelectric transducer on composite structures with 

different material and geometrical properties on resistance spectra for EMI method was 
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discussed. It was noticed that amplitudes of resonant peaks for frequencies below 150 kHz 
were smaller for the thicker structures. 

 Detailed analysis of influence of changing temperature on resistance spectra was also 

investigated. Changing temperature caused leftward shift with decreasing temperatures 

observed for frequency range 1 kHz – 1 MHz. For selected resonant peak in low frequency 

range (3.5-4 kHz) linear frequency shift was noticed for the changing temperature. Authors 

investigated positive and negative temperatures. 

 Moreover influence of debonding of stiffener on change of resistance spectra was 

investigated. In this case additional influence of temperature on damaged structure was 

investigated. It was shown that compensation of changing temperature influence is needed for 

the purpose of damage detection. Temperature compensation algorithm based on cross-

correlation was proposed. Application of this algorithm allowed compensating the influence 

of temperature. 

 Further work will be related to similar test for the transducers installed on a powerboat. 

Measurements will be also caried out on the water in the real operational conditions. 
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Abstract. Commercial composite aerospace structures are required to be designed and life 
cycle managed under the damage tolerant principle, while the airworthiness is maintained 
through the process of scheduled inspection, repair or replacement [1]. In that sense, the 
scheduled inspection of a structural component is addressed by visual and if needed by non-
destructive inspection (NDI) techniques. However, this current practice accounts for more than 
27% of the total cost of an aircraft [2], where this cost is mainly due to the high degree of human 
interaction, and the fact that the structural components which are difficult to access have to be 
disassembled. To reduce the maintenance cost, Structural Health Monitoring (SHM) has 
emerged in the inspection strategies, where the health state of the structure is monitored using 
in-situ sensors [3]. Along with sophisticated data management and multiphysics modeling, the 
actual state of the structure can be assessed (in sense of reliability), and its remaining useful can 
be prognosed. 

The objective of this study is the development of a damage detection methodology based on 
principal component analysis, applied to composite coupons that have undergone different 
impact energies and delaminated area. 

2 EXPERIMENTAL SETUP 

The test set-up consists of ‘’49’’ composite coupons of dimensions: 400 × 400 × 2 []. 
Six single-lead zirconate titanate (PZT) were surface-mounted on each coupon using an 
adhesive (cf. Figure 1). The employed PZT emitters/receivers are ‘’10	’’ in diameter and ‘’0.5	’’ in thickness. An SHM hardware/data acquisition were used to carry out the 
experiments using a pitch–catch setup. A pulse with a duration of 100  was driven the PZT 
in round-robin mode with sampling frequency acquisition of 5	MHz. 

After the baseline signals were recorded on each coupon, impact testing with different 
energies were carried out in order to obtain different size of delaminated area (cf. Figure 2-3). 
It is to be noted that impact energies were defined from 8 to 13 J, with different location on the 
coupons. 
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Figure 1: Layout of the PZT sensors/actuators 

Figure 2: Impact testing set-up 

Figure 3: Raw data: healthy and damaged state  
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3. DAMAGE DETECTION APPROACH 

3.1 Blind Source Separation 

Let  be a zero mean measurement vector from  PZT sensors at time index : 

 = 	…  (1) 

The measurement matrix  ∈ ℝ× gathering  samples  = 1,… , is defined as 

follows: 

 = 1⋯ (2) 

The linear Blind source separation (BSS) is defined as [4-5]: 

 =  +  (3) 

where  is the mixing matrix,  = 	… is the sources vector and  =
	… represents all the uncertainties and perturbation effects (modeling 

uncertainty and noises). In the present study, we consider the noise-free model (4): 

 = k (4) 

BSS is an estimation problem, and it is accomplished by finding simultaneously an estimated 
sources vector  and a separation matrix noted  only from the observed data : 

 =  =  (5) 

where  =  ⋯ ∈ ℝ× and  ∈ ℝ× are respectively the estimated sources 

vector at instant  and the separation matrix. Equation (5) is called the separation model. 

Clearly, without additional assumptions, the BSS problem (equation (5)) is ill-posed. 
Cardoso [4] has shown that the BSS problem can be resolved using assumptions done on the 
nature of sources. In this paper, we assume that the sources are temporally identically and 
independently distributed (iid) and Gaussian, which leads to the principal component analysis
method. 

3.2 Principal component analysis 

The separation of sources relies on the basic knowledge of the mutual independence of 
source components. It is then natural to resolve the BSS problem by minimizing a dependence 
criterion between these components. In our study, we adopt the mutual information as the 
separation criterion [5]. From equation (5), the solution is to find the matrix , so that the 
mutual information is zero. In the case where the sources are assumed to follow Gaussian 
distribution, the mutual information 	is given by: 
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 = 12 ln∏ det (6) 

If the components  of the vector  have to be statistically independent, mutual information 
defined in (6) is equivalent to: 

 = 0				 ⇒ 					



= det (7) 

Knowing that covariance matrix  is symmetric, equality (7) is satisfied if the covariance 
matrix  is diagonal: the sources are uncorrelated and statistically independent. Principal 

component analysis of a measurement vector  is defined as a pair of matrices ,  such 

that the covariance matrix  is factorized: 

 =  (8) 

where  =  ⋯ ∈ ℝ× is the matrix of eigenvectors and  is the diagonal matrix 

of eigenvalues. The separation matrix, noted now , is given by: 

 = 	 (9) 

In order to reduce the number of principal components (PCs), we use the cumulative percent 
variance (CPV). It is a measure of the percent variance captured by the first  PCs: 

CPV = 100∑ 	λ∑ 	λ
(10) 

3. Damage Index and Results  

We seek to detect changes in the structure by monitoring specific features estimated from 
baseline observation set (referred by the exponent "s") and observation set of an unknown state 
(referred by the exponent "u"). We note , , respectively, the measurement matrix of the 
structure in a healthy and unknown state. To define the feature, we use the separation matrices   and  . From (9), we have: 

 = 				 (11) 

 = 				 (12) 

Using a fixed CPV, the separating matrix   and   can be rewritten as follows [7]: 

 = × = × ×    [ ]
=  + (13) 



406

  
RAFIK HADJRIA, OSCAR D’ALMEIDA

5

where:  = diag ⋯,  =  ⋯  ∈ ℝ× and  ∈ ℝ× are respectively the 
matrix of singular values, the matrix of right singular vectors and the separation matrix 
associated to the principal subspace of the healthy structure.  = diag  ⋯	,	 =  ⋯  ∈ ℝ×	 and  ∈ ℝ×	 are 

respectively the matrix of singular values, the matrix of right singular vectors and the separation 
matrix associated to the residual subspace of the healthy structure. 
In the same way, we define the matrix   using the following equation: 

 = × = × ×    [ ]
=  + (14) 

The presence of a damage will modify the measurement matrix , and consequently the 
separation matrix  , compared to the matrix  . Therefore, the subspaces generated by   are deflected to those of  . The idea here is to monitor changes of specific subspaces. 
Let, ,  be respectively the range subspace of a matrix  ∈ ℝ× and its transpose. ,  correspond to the orthogonal projection of the range subspace  and . 
One way to define orthogonal projections is to use SVD, i.e. 

 =  = diag ⋯	 (15) 

The orthogonal projections ,  are respectively defined as follow: 

 = 		,  =  (16) 

From the definition of the separating matrices   and  , the matrix of left singular 
vectors is equal to the identity matrix: 

 =  =  (17) 

Therefore, no information can be derived from the matrix of left singular vectors, thus we will 
use the matrix of right singular vectors as a feature. To build our proposed damage index, we 
will use projections on the transpose of matrices   and   as a damage feature. This 
is the subject of the following subsection. 

The proposed damage index is based on the he calculation of the principal angle vectors 
between the range subspace of the matrix   and  . We note [ ,  ], the principal angle vectors between the range subspace   and  . Using the SVD tool, the Euclidean norm of the sinus angle is 
defined as follow [8-6]: 

sin[ ,  ] =   =  −    
(18) 
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Let be a smart structure with  sensors, and define equations (13), (14) and (18). 
Damage could be detected by monitoring the following damage index: 

DI = sin[ ,  ] (19) 

where  is the number of principal components retained.  

Figure 4 depicts the DI behavior in term of impact energies. One can see that there exist a 
sensitivity of the DI regarding the magnitude of the impact energy. 

Figure 4: Damage detection results  

SUMMARY 

The presented paper has addressed a damage detection approach based on principal 
component analysis, where a a damage index based upon the change of the principal angle 
vectors between subspaces has been proposed. The effectiveness of the proposed approach has 
been tested on a batch of monolithic composite coupons that have undergone different impact 
energies and locations with different size of delaminated area. For work under progress, a 
reliability methodology is underway in order to derive Probability of Detection (POD) for the 
proposed SHM approach in a fashion that agrees with current nondestructive inspection (NDI) 
validation requirements. 
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Abstract: The increasing application of CFRP calls for a Structural Health Monitoring 
(SHM) system for adhesively bonded CFRP joints. Optical glass fibres carrying Fibre Bragg 
Gratings (FBG) are a promising technology for such a SHM system. This study investigates 
the effect of embedding optical glass fibres carrying FBGs directly in the adhesive on the 
adhesive bond quality and the fibre embedding. Embedding the optical glass fibres in the 
adhesive bond poses the risk of significantly reducing the bond strength. Optical glass fibres 
with different cladding diameters (50 µm, 80 µm, 125 µm) and coatings 
(polyimide (3 - 8 µm) and acrylate (~ 35 µm)) are embedded in structural and repair film 
adhesives. Without embedded optical glass fibres the film adhesives has a bondline thickness 
of ~ 90 µm (structural) and ~ 100 µm (repair). The influence of embedding optical glass 
fibres directly in the adhesive is visually inspected in glass-slate adhesive bonds and 
microscopically investigated in cross-sectional cuts (CFRP adherents). It is found that 
embedding optical glass fibres with a total diameter < 100 µm (cladding + coating diameter) 
doesn’t increase the number of air inclusions in the adhesive in a visually detectable amount. 
Also, the adhesive fully encloses embedded optical glass fibres with a total diameter 
< 100 µm. When embedding optical glass fibres with total diameter ~ 145 µm it is found that 
the structural film adhesive responds with an increased number of air inclusions. It is 
concluded that the optical glass fibres with total diameter ~ 200 µm (standard 
telecommunication glass fibre) is too thick for embedding in the tested film adhesives. 
Furthermore, it is found that polyimide coatings are suited better for embedding in the tested 
film adhesives than acrylate coatings. 

1. INTRODUCTION
The importance of CFRP in aircraft construction has increased over the past years [1]. 

Adhesive bonding is better suited for joining CFRP materials than conventional joining 
technics like riveting or bolting [2,3]. The aeronautic industry however requires high security 
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standards. Without a method to identify the condition of an adhesive bond in service adhesive 
bonding will not be approved by the airworthiness authorities for primary aircraft structures 
[3]. A structural health monitoring (SHM) system to identify the condition and remaining 
lifetime of an adhesive bond would be a strong support for reaching airworthiness approval. 
Due to the dimensions and characteristics of optical fibres carrying Fibre Bragg Gratings 
(FBGs), they are suitable for structural health monitoring in composite adhesive bonds 
[4,5,6,7,8,9,10,11]. As shown in Fig. 1 an optical glass fibre consists of a very fragile glass 
core and cladding that are protected by a polymer coating [12]. The FBG sensor itself is a 
small portion of the glass fibre core with a periodic variation of the effective refractive index 
that senses fibre elongation and bending [12,13]. 

Fig. 1: Schematic sketch of the structure of an optical glass fibre with Fibre Bragg Grating (FBG) 
(adapted from [14]).

In earlier studies by Jones and Galea [4], Capell et al. [5] and Palaniappan et al. [6,7] the 
optical fibres carrying the FBGs were embedded in the adherents and standard 
telecommunication optical glass fibres with a 125 µm cladding diameter were employed. 
Disbond initiation and crack growth in the adhesive was successfully monitored [5,6,7,8]. In 
2014 two studies were published [9, 11] that embedded the optical glass fibre carrying the 
FBG directly in the adhesive bond. This has the advantage of directly monitoring the stress 
distribution in the adhesive without signal distorting CFRP layers in between [9]. But 
embedding the optical fibre directly in the adhesive bears the risk of significantly influencing 
the bond characteristics and thus strength [10,11]. The intrusive effect of the embedded glass 
fibre sensor should be minimal. So far, only little attention has been paid to the effect that 
embedding an optical glass in the adhesive has on the bondline characteristics and quality. 
Initial investigations were carried out by Da Silva et al. [11] and Canal et al. [10] with SL 
tensile shear tests. Da Silva et al. [11] investigated the effect of embedding optical glass fibres 
in SikaForce®-7888 L10 adhesive (steel adherents). The authors concluded that embedding 
optical glass fibres directly in the adhesive can cause a significant reduction of the bond 
strength. Canal et al. [10] compared the effect of embedding multiplexed FBG arrays in 
different positions in two component epoxy adhesive Araldite 420 A/B: 1) between the 1st 
and 2nd CFRP ply, 2) in the adherent-adhesive interface, 3) in the adhesive. No negative 
effect on joint performance was detected in this study (n = 4). Since the possible intrusive 
effect of embedding optical glass fibres in the adhesive has major impact on reaching 
airworthiness approval it was decided to pay detailed attention to this problem. In this study, 
the research is focussed on structural and repair film adhesives commonly used in the 
aeronautic film industry for bonding load bearing primary structures in the aeronautic 
industry. Film adhesives pose unique challenges for embedding optical glass fibres. 
Especially the thin film layer thickness and the fabric carrier in the film adhesive should be 
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given special attention [15,16]. This paper investigates visually and microscopically the 
effects of embedding optical glass fibres with different cladding diameters and coatings in 
structural film adhesive bonds. The visual bondline inspection is performed with the help of 
transparent glass slate adhesive bonds, the microscopic investigation with cross-sectional cuts 
from CFRP adhesive bonds. In a consecutive paper the effects of embedding optical glass 
fibres with different cladding diameters and coatings on the tensile shear strength of structural 
film adhesive bonds will be investigated and the results will be related to the results from this 
paper.

The indicators for visually evaluating the bond quality in this study are:
• Fully developed interface between the adhesive and both adherents. 
• Even adhesive distribution in the bondline. 
• Number of air inclusions in the adhesive.

Air inclusions in the adhesive are related to a significant reduction in bond strength [17]. 
Bascom and Cottington [17] discovered a difference in bond strength of up to 30% between 
specimens with entrapped air in the adhesive in comparison to specimens without entrapped 
air [17]. 

The indicators for visually evaluating the fibre embedding in this study are:  
• Fibre position in the bondline. 
• Full enclosure of the optical glass fibre with adhesive. 
• Undamaged fibre and coating after autoclave curing.  

The listed factors are critical for the functionality of the FBG sensor. 

2. MATERIALS AND METHODS 
2.1. Optical glass fibre coatings 

The employed fibres are tested with acrylate and polyimide coatings because these are 
common and commercially available optical glass fibre coatings. Acrylate has a Young’s 
modulus of approximately 100 MPa (compare Tab. 1). It is only deposited on the glass fibre 
surface and therefore easy to remove [18]. The main drawback is the relatively low thermal 
stability [19] and distortion of the matrix strain information [18]. Polyimide on the other side 
has a Young’s modulus of approximately 3 GPa, a high thermal stability [20] and is 
chemically bonded to the glass fibre surface [18]. An advantage is the excellent adhesion of 
the coating to the glass fibre surface and a relatively precise information transfer from the 
surrounding host material to the FBG in the glass fibre core [18]. A drawback is the 
complicated removal of the coating for cleaving and splicing of the fibre [20]. 

Tab. 1: Comparison of the characteristics of acrylate and polyimide coatings (adapted from [18,19,20]). 

Characteristics Acrylate Polyimide 
Young’s modulus 100 MPa 3 GPa 

Operating temperature +85°C/+150°C +300°C 
Bonding to fibre surface only deposited chemical bond 
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2.2. Optical glass fibres 
The employed optical glass fibres are manufactured at RISE Acreo Fiberlab (Hudiksvall, 

Sweden) and have cladding diameters of 50 µm, 80 µm and 125 µm. The protective acrylate 
or a polyimide coating is applied directly after cooling. Depending on the fibre diameter the 
acrylate coating is applied with a thickness of 35 – 40 µm, the polyimide with a thickness of 
3 – 8 µm. The total fibre diameters resulting from the combination of different cladding 
diameters and coating types (coating thicknesses) are presented in Tab. 2: 

Tab. 2: Glass fibre types employed in this study. Different glass fibre diameters in combination with either 
polyimide or acrylate coating lead to the listed total fibre diameters. 

Glass fibre type P50 P80 P125 A80 A125 
Cladding diameter  50 µm 80 µm 125 µm 80 µm 125 µm 
Coating material Polyimide Polyimide Polyimide Acrylate Acrylate 
Total diameter 54 – 59 µm 95 µm 140 µm 145 µm 200 µm 

2.3. Adhesives
The employed adhesives are the industrially available structural film adhesive FM® 300K 

(film thickness: 200 µm) and repair film adhesive FM® 300-2M (film thickness: 250 µm) by 
Cytec Industries Inc. FM® 300K is distributed on a wide-open-knit fabric carrier [15]. 
FM® 300-2M is distributed applied on a random matt fabric carrier [16]. The material 
properties of these film adhesives are stated in the data sheets provided by the manufacturer. 
The film adhesives are processed and cured according to manufacturer specifications at 121°C 
(FM® 300-2M) and 175°C (FM® 300K). After curing the film adhesives have a bondline 
thickness of ~ 90 µm (FM® 300K) and ~ 100 µm (FM® 300-2M). 

2.4. Glass slate bonds preparation: visual inspection of the adhesive distribution, the 
number and size of air inclusions and the interface in samples with different 
embedded optical glass fibres

Specimens are manufactured by bonding two transparent glass slates (100 x 100 x 4 mm) 
with FM® 300-2M and FM® 300K film adhesives and embedding one glass fibre per 
specimen. Specimens are manufactured for all glass fibre diameter and coating combinations. 
Also, reference specimens without an embedded glass fibre are manufactured. The film 
adhesive is cut exactly according to the dimensions of the glass slates. The adherents are 
cleansed with 2-Propanol. After, the pre-cut film adhesive is placed on the lower glass slate 
(compare Fig. 2). The glass fibre is placed on top of the film adhesive along the centre lines of 
the glass slate. The second glass slate is placed on top. To achieve an even distribution of the 
adhesive in the bondline, pressure plates are placed on each specimen. The curing of the 
specimens takes place in a hot-air autoclave by Scholz Maschinenbau (Coesfeld, Germany) 
according to the adhesive manufacturer’s specifications. 

2.5. CFRP slate bonds and cross-sectional cuts preparation: microscopic investigation of 
the glass fibre position in the bondline and the influence of the glass fibre diameter 
on the bondline thickness 

Specimens are manufactured by bonding two CFRP slates (100 x 100 x 2 mm) with 
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FM® 300-2M and FM® 300K film adhesives and embedding one glass fibre per specimen as 
described in 2.4. Specimens are manufactured for all glass fibre diameter and coating 
combinations. Also, reference specimens without an embedded glass fibre are manufactured. 
Deviating from the description in paragraph 2.4 the CFRP specimens are hand sanded prior to 
bonding and the curing of the specimens takes place under vacuum bagging. Pressure plates 
are not applied. The cross-sectional cuts are cut from the position indicated by the red dashed 
line in Fig. 2a with a diamond cutting disc and embedded in two-component epoxy resin 
EpoFix by Struers GmbH, (Hannover, Germany). The embedded cross-sectional cuts are first 
grinded with grit sizes ranging from 80 to 4000 and then polished in the following steps: 
1. buff MD- Largo, 3 µm suspension + lubricant (300 U/min + 25 N + 3 min); 2. polishing 
cloth MM414, 1 µm suspension BioDiamant MM 140 (300 U/min + 35 N + 5 min); 
3. polishing cloth MD-Chem, 0.25 µm Siliziumoxidsuspension OP-S ( 150 U/min + 25 N + 
2,5 min). Photos are taken with a DMRX Leica light microscope at 25x, 50x, 100x, 200x and 
500x magnification. 

                
Fig. 2: a) Schematic sketch of the lay-up of a bonded joint specimen with an optical glass fibre embedded 
in the adhesive. The red dashed line indicates the position where the cross-sectional cuts in paragraph 2.5 
are taken from; b) Photography (top view) of a bonded joint glass specimen manufactured as described in 
paragraph 2.4 with an embedded optical glass fibre. The glass slate adherents allow a visual evaluation of 
the bonded joint quality. 

3. RESULTS 
3.1. Glass slate adherents: visual inspection of the adhesive distribution, the number and 

size of air inclusions and the interface in samples with different embedded optical 
glass fibres 

Photographs of the manufactured bonds between glass slates carrying the different glass 
fibre diameter and coating combinations are presented in Fig. 4. The FM® 300-2M specimens 
A1, A2 and A4 all show a good adhesive distribution with a small number of air inclusions 
despite different fibre diameters. The air inclusions are evenly distributed across the bondline. 
Only the specimens with the polyimide and acrylate and coated 125 µm glass fibres 
(specimen A3 and A5) show a slightly higher number of air inclusions (compare Fig. 4). On 
the contrary, in the FM® 300K specimens the number and size of air inclusions increase with 
increasing total optical glass fibre diameter. The FM® 300K specimens carrying the polyimide 
coated 50 µm and 80 µm fibres (B1 and B2) show a good adhesive distribution with a small 
amount of air inclusions and the air inclusions are evenly distributed across the bondline. In 

a) b)
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the FM® 300K specimens carrying the polyimide coated 125 µm fibre (B3) and the acrylate 
coated 80 µm fibre (B4) the number of air inclusions increase in comparison to the specimens 
B1 and B2 and the distribution of the air inclusions across the bondline is more uneven 
(compare Fig. 3). A higher number of air inclusions is visible on one side of the embedded 
glass fibre and a higher number on its other side. This is especially pronounced in the B3 
specimen where a higher number of more uneven distributed air inclusions than in B4 are 
visible and a small darker green patch is found in the lower right corner of the specimen. The 
described development is even more pronounced in the specimen carrying the acrylate coated 
125 µm fibre (B5). This specimen shows a high amount of highly unevenly distributed air 
inclusions and large dark green patches.

3.2. CFRP slate bonds and cross-sectional cuts: microscopic investigation of the glass 
fibre position in the bondline and the influence of the glass fibre diameter on the 
bondline thickness 

Photomicrographs of the cross-sectional cuts of the FM® 300-2M and FM® 300K 
specimens are presented in Fig. 5. In some of the photomicrographs (A1, A2, A4, A5, B0, B1, 
B4), fabric carrier fibres from the film adhesive are visible. The cross-sectional cuts (A1, A2, 
B1, B2) indicate that in both adhesives the polyimide coated 50 µm and 80 µm fibres are 
intact and enclosed by adhesive. The glass fibre is not positioned in the middle of the 
bondline but in the upper half of the bondline. The cross-sectional cut of the polyimide coated 
125 µm glass fibre in the FM® 300K (B3) shows that the glass fibre completely fills the 
bondline. The polyimide coated 125 µm glass fibre in the FM® 300-2M (A3) nearly fills the 
entire bondline. The cross-sectional cuts of the specimens carrying the acrylate coated glass 
fibres (A4, A5, B4, B5) indicate that in both adhesives the acrylate coating completely 
separated from the glass fibre during curing and that the glass fibre itself is damaged. Hollow 
spaces are visible around the fibre. Fig. 3 pictures a photomicrograph of a larger detail of a 
FM® 300K cross-sectional cut with an embedded polyimide coated 50 µm fibre. The 
photomicrograph also shows fabric carrier fibres. It is visible that in this cross-sectional cut 
(as in A1, A2, A5, B1) the optical glass fibre is situated on top of a fabric carrier fibre. 
Furthermore it is visible that the air inclusions are not located close to one of the interfaces 
but fill the whole bondline. 

Fig. 3: Photomicrographs (100x) of a FM® 300K cross-sectional cut (compare Fig. 2a) with an embedded 
polyimide coated 50 µm fibre. Fabric carrier fibres and air inclusions are visible. 



415

Neele Grundmann, Hauke Brüning, Kai Brune, Bernd Mayer 

7

Fig. 4: Photographs (top view) of bonded glass slate 
joints with different embedded glass fibre types. 
Visual inspection of the bondline through the glass 
slate adherents allows the evaluation of the adhesive 
distribution, air inclusions and fibre position. The 
left column shows specimens manufactured with 
FM® 300-2M film adhesive and the right column 
specimens manufactured with FM® 300K film 
adhesive. The total fibre diameter increases from the 
top of to the bottom of both photo columns. 
Photographs are taken as shown in Fig. 2b. 

Fig. 5: Photomicrographs (200x) of cross-sectional 
cuts. The cuts are taken from the position indicated 
in Fig. 2a. Left column: samples of all fibre types 
embedded in FM® 300-2M adhesive bonds between 
CFRP adherents: Polyimide 50 µm (A1), Polyimide 
80 µm (A2), Polyimide 125 µm (A3), Acrylate 
80 µm (A4) and Acrylate 125 µm (A5). A0 is a 
reference sample without an embedded optical 
glass fibre. Right column: samples of all fibre types 
are embedded in FM® 300K adhesive bonds 
between CFRP adherents: Polyimide 50 µm (B1), 
Polyimide 80 µm (B2), Polyimide 125 µm (B3), 
Acrylate 80 µm (B4) and Acrylate 125 µm (B5). B0 
is a reference sample without embedded optical 
glass fibre. 
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4. DISCUSSION 
Tab. 3 summarizes the results from the visual inspection of the adhesive bondlines in the 

glass slate samples and the cross-sectional cuts. The evaluation of the results is indicated by 
the colouring of the table. Green colour indicates a good result. Yellow indicates an 
acceptable result: the result is not optimal but doesn’t impede the employment of the 
respective fibre type in an SHM system for FM® 300-2M and FM® 300K film adhesives. Red 
indicates a not acceptable result: the result impedes the employment of the respective fibre 
type in an SHM system for the investigated adhesives. 

Tab. 3: Results from the visual inspection of the adhesive bondlines in the glass slate samples and the 
cross-sectional cuts. The colouring of the fields indicates the results achieved in the different categories:  
green = good result; yellow = acceptable result; red = not acceptable result. 

 
Sample  Fibre type 

Fully 
developed 
interface 

Even 
adhesive 

distribution 

Number 
of air 

inclusions 

Fibre 
position 

Full 
enclosure 
of fibre 

Fibre 
damage 

FM
®  3

00
‐2
M
  A0  /             

A1  P50             
A2  P80             
A3  P125             
A4  A80             
A5  A125             

FM
®  3

00
K 

B0  /             
B1  P50             
B2  P80             
B3  P125             
B4  A80             
B5  A125             

4.1. Polyimide coated 50 µm and 80 µm fibres (A1, A2, B1, B2); total diameter < 100 µm 
In both adhesives the best results are achieved by the polyimide coated 50 µm and 80 µm 

optical glass fibres. Both optical glass fibres achieve in most categories a good result (green). 
Since the interface between the adherents is fully developed, the adhesive distribution is even 
and no visible increase in number and size of air inclusions is detected it is expected in 
accordance with Bascom and Cottington [17] that the presence of the optical glass fibres 
doesn’t affect the bond strength significantly. Therefore, these categories are evaluated green. 

The fibre position is not centred and therefore evaluated yellow. The tendency of the 
embedded glass fibre to position itself closer to one side of the bond is likely to be caused by 
the specimen production process where the fibre is placed on top of the film adhesive. The 
presence of the fabric carrier is suspected to prevent the fibre from moving to the centre of the 
bondline (compare Fig. 3). It has to be investigated in future experiments how the sensor 
performance is influenced by the fibre position. 

Since both fibres are fully enclosed with adhesive and the fibre remains undamaged after 
curing the two factors are expected to not affect the sensors functionality and therefore these 
categories are evaluated green. 
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4.2. Polyimide coated 125 µm fibres (A3, B3); total diameters ~ 145 µm 
The polyimide coated 125 µm fibre achieves acceptable results in the FM® 300-2M 

adhesive bonds (A3). The interface is fully developed and the adhesive evenly distributed. 
Therefore both categories are rated green. Since a slight increase in air inclusions is visually 
detectable this category is evaluated yellow. According to Bascom and Cottington [17] this 
might cause a reduction in bond strength. It will be investigated in a consecutive paper if a 
reduction in tensile shear strength is detectable in samples with an increased amount of air 
inclusions. The category fibre position is also rated yellow because the fibre completely fills 
the bondline. Big changes in adhesive layer thickness lead to changes in the stress distribution 
and might thus provoke changes in the crack growth and propagation as described by Lee at 
al. 2004 [21] for adhesives with included rubber particles. This might cause preliminary 
interlaminar failure. Therefore, the category fibre enclosure is rated yellow. Since the 
polyimide coated 125 µm fibre remains undamaged the category fibre damage is rated green. 

For the FM® 300K adhesive bonds (B3) the results are evaluated as not acceptable. A not 
fully developed interface, an uneven adhesive distribution and a high increase of air 
inclusions are detected visually. According to Bascom and Cottington [17] these factors are 
expected to reduce the bond strength and therefore the categories air inclusions and adhesive 
distribution are evaluated red and the category fully developed interface yellow. The 
categories fibre position and enclosure are evaluated yellow for the same reasons as for the 
FM® 300-2M adhesive bonds. Since the polyimide coated 125 µm fibre remains undamaged 
the category fibre damage is rated green. 

4.3. Acrylate coated 80 µm and 125 µm fibres (A4, A5, B4, B5); total diameters 
145 µm - 200 µm 

The results for embedding the acrylate coated 80 µm and 125 µm fibres in both tested film 
adhesives are evaluated as not acceptable.  

For the FM® 300-2M adhesive bonds, the A4 samples receive a green evaluation in the 
categories fully developed interface, adhesive distribution and air inclusions. No changes in 
comparison to the other samples are detected visually. The A5 samples receive a green 
evaluation in the categories fully developed interface and adhesive distribution and a yellow 
evaluation for the detected increase of air inclusions.

In the FM® 300K adhesive bonds the category fully developed interface is rated green for 
the acrylate coated 80 µm fibre samples (B4). The B5 samples are the only samples evaluated 
red in the category fully developed interface. The not fully developed interface is indicated by 
the dark green patches visible in B5. B4 and B5 show both an increased number of air 
inclusions and an uneven adhesive distribution. This leads to a yellow (B4) and red (B5) 
evaluation of the categories even adhesive distribution and number of air inclusions. The 
formation of the dark green patches and the uneven distribution of air entrapments between 
the areas left and right of the centrally placed glass fibre indicate that the embedded glass 
fibre acts as a wedge. Thus, air is entrapped in the interface between the film adhesive and the 
adherent on that side of the film adhesive where the glass fibre was placed. According to 
Bascom and Cottington [17] the air entrapped between the film adhesive and the adherents 
during bonding is displaced into the resin during the heated curing process. This is confirmed 
by the findings in Fig. 3.
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The embedding in both film adhesives damaged the acrylate coated fibres (acrylate coated 
80 µm and 125 µm glass fibre) beyond functionality. In the specimens B4 and B5 (compare 
Fig. 5) the coating has completely separated from the fibre. It is concluded that the low 
thermal stability and the non-chemical bond to the glass fibre surface (compare Tab. 2) make 
the acrylate coating unsuited for embedding in FM® 300K and FM® 300-2M film adhesives.  
All fibre-related categories are evaluated red for the acrylate coated fibres. The separation of 
the acrylate coating might explain why specimen B4 (acrylate coated 80 µm fibre) has a 
slightly lower number of air inclusions than sample B3 (polyimide coated 125 µm fibre) and 
although both glass fibres have a similar total diameter of approximately 155 µm before 
curing. After the separation the acrylate coated 80 µm glass fibre does not have a total 
diameter of 155 µm anymore and the fibre most likely doesn’t wedge open the bond as 
unevenly as the intact polyimide coated 125 µm fibre in specimen B3. 

5. CONCLUSIONS 
1) The cross-sectional cuts demonstrate that the tested film adhesives fully enclose the 

embedded glass fibre during the curing process as long as the embedded glass fibre 
diameter does not exceed a certain total diameter (< 100 µm). The not centred position of 
the optical glass fibre in the bondline leads to a thinner adhesive layer on one side of the 
optical glass fibre. 

2) When the embedded optical glass fibre does not exceed a total diameter < 100 µm no 
increase in air inclusions is detected visually. In FM® 300-2M adhesive bonds no increase 
in air inclusions are detected visually for embedded glass fibres not exceeding total 
diameters < 145 µm. 

3) The results suggest that the standard telecommunication glass fibre (acrylate coating) 
with a total diameter of 200 µm is too thick for embedding in FM® 300 film adhesives. It 
causes a significant increase in air inclusions in both adhesives and leads to a not fully 
developed interface in FM® 300K adhesive bonds. 

4) It is concluded that the acrylate coating is unsuited for embedding in FM® 300 film 
adhesive since it separates from the optical glass fibre during the curing procedure. 
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Abstract. Multifunctional composites as means of structural health monitoring can parallelly 
carry structural loads and detect potential damage to the structure. The importance arises from 
enhanced lifetime and service interval estimations. Via inkjet printed and electrically 
conductive paths, as integral part of a carbon fibre reinforced plastic, damage assessment is 
possible by resistance measurements. A promising novel approach is to use carbon nanotubes 
as conductive elements in an epoxy-based matrix. In the current work, the effect of printed 
electronics from such materials on the mechanical damage behavior of the multifunctional 
composites is investigated. Conclusions are drawn from interlaminar fracture toughness values 
and failure mode distributions obtained from different loading modes applied to precracked 
specimens. The results create primal understandings of the damage behavior of such 
multifunctional composites and conclusion how to realize further improvements to this specific 
printed electronics material. 

1 INTRODUCTION 
Since most engineering structures, i.e. buildings, aircrafts and wind turbines, are designed to 

withstand loads over decades, they are subjected to an ageing process [1]. This leads to 
structural damage which limits the lifetime of the structures. In order to extend the operational 
life, damage tolerant designs are frequently used [1]. To prevent damage growth and 
catastrophic failure, visual inspections intervals for the structures are defined in parallel with 
the design [2]. A major drawback is the interruption of structure’s operation. 

To overcome this disadvantage, the damage state can be continuously observed by means of 
structural health monitoring (SHM). Via electronical sensors as integral part of the structure 
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and through-thickness electrical resistance measurements, information about existence, 
location and extent of damage are obtained during operation. Fundamental for this approach is 
the effect of the damage on the electrical properties. Recorded data are transferred via wired or 
wireless configurations to analysers which evaluate the criticality [3]. Since mass, space and 
costs are objectives during design, wireless conductive paths are more and more frequently 
applied to lightweight structures [3]. 

With respect to the location of the sensors, two different arrangements are possible. Heinrich 
has shown in [4], that electronics on the surface of a carbon fibre reinforced plastic (CFRP) 
stiffener can be used to determine a critical damage state. The positioning of the sensors in 
between the single layers of composite structures is another relevant approach [4]. This has a 
major effect on the structural damage behavior, since the conductive material becomes an 
integral part. It must be ensured, that it does not become the starting point for delaminations or 
other damage.  

For both applications, an inkjet printing process is appropriate for additive manufacturing of 
sensor configurations. Wide ranges of materials are printable in arbitrary patterns on 3D 
surfaces combined with a small ink consumption [5]. Besides operational requirements like 
electrical conductivity and suitable mechanical properties, the printability of the ink is a main 
objective during ink composition.  

Since CFRP structures are prone to develop internal non-visible damage, they are highly 
applicable to the SHM technology. Further, an ink based on carbon nanotubes (CNT) was found 
appropriate since Huang et. al. [6] proved their high electrical conductivity in epoxy resins. 
Hedia et. al. [7] found their reinforcing effect on the mechanical properties. Resulting 
multifunctional composites are appropriate for SHM of engineering structures.  

In the current research the mechanical damage behavior of such multifunctional composites 
from CFRP laminates and printed CNT-based inks is tested. Results are obtained from two tests 
in a double cantilever beam (DCB) and an end notched flexure (ENF) configuration. Objectives 
for evaluation are the interlaminar fracture toughness and the failure mode distribution. Due to 
the novel character of the investigated multifunctional composites, first comparisons to the 
previous work of Heinrich [8], who used an ink based on silver nanoparticles, can be made. 
Furthermore, required modifications of the current ink composition can be derived. 

2 MECHANICAL DAMAGE BEHAVIOR 
As the printed electronics become part of the structure, they form a bonding interface with 

the CFRP substrates. It is characterized by cohesion forces of the single materials and by 
adhesion forces along the interface, which directly depend on the interaction between the joined 
materials [9]. In order to assess the quality of the interface, its peel strength and shear strength 
are main objectives. DCB and ENF specimens with intentionally precracked interfaces can be 
used for evaluation. The test procedures are representative for most common crack opening 
modes in structure operation. In the DCB test the crack is opened with a peeling  
mode I, see Figure 1 in accordance with Campbell [10]. The crack opening with shear mode II 
is tested with the ENF specimens. A tearing mode III is typically neglected in research since it 
is only relevant for thick laminates and torsional loads [11]. 
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As outlined in [12] and [13], both referenced tests base on the assumption of a linear elastic, 
cracked specimen. According to Sharpe [14], the total elastic energy of the quasi-static loaded 
system includes the work of external forces, the internal stored energy and the fracture energy 
per area of crack surface. In case of a constant crack length, the system is in equilibrium and 
the total elastic energy is extremal [14]. Thus, any crack propagation leads to a loss of the 
systems elastic energy. The critical loss of energy for an infinitesimal small crack propagation 
is defined as the interlaminar fracture toughness [12]. The higher this value the better is the 
multifunctional composites resistance to crack propagation. It can be calculated from the 
specimen geometry, the applied forces and recorded displacements in the DCB and ENF tests, 
see [12] and [13].  

As the precracked interfaces are most likely the weak point, crack propagation is supposed 
along the adhesive bond. Depending on adhesion and cohesion forces, the crack propagates in 
areas with the smallest internal strength. Since both forces can vary along the interface due to 
inhomogeneities, the crack potentially alternate between the substrate surfaces (AF - adhesion 
failure) and the printed electronics material (CF - cohesion failure). In a subsequent 
fractography process, CF is characterised by the presence of ink on both fractured surfaces, 
whereas the ink is absent on one surface in case of AF [15]. The allocation as CF assumes an 
ideal dispersion of the components in the sintered ink. Since CNT tend to form agglomerations 
due to high van der Waals forces [16] when the ink is not fully cured, a decomposition 
potentially occurs during sintering and forms clusters of single ink components [17]. This 
results in varying cohesion forces and needs to be considered for failure mode identification. 
Thus, the CF is subdivided as follows: cohesive agglomeration failure (CAF) with CNT 
agglomerations on both fracture surfaces, cohesive interface failure (CIF) with CNT 
agglomerations on only one surface and cohesive resin failure (CRF) where no CNT are present 
on both surfaces. Additionally, unwetted areas (UA) must be recorded. The outlined failure 
modes are visualised in Figure 2. 
 

Figure 1: Modes of crack opening displacements according to [10] 
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Figure 2: Potential failure modes for multifunctional composites from CNT ink 

Any AF is not acceptable as the low corresponding fracture toughness increases the risk of 
in-service delamination which leads to a catastrophic failure of the multifunctional composite. 
It must be prevented by means of surface treatment. In contrast, the cohesion forces can be 
improved by use of a modified ink composition and application processes. 

3 EXPERIMENTAL SETUP 
The following experimental setup describes the methods which are used to prepare and 

execute the mechanical tests and to evaluate the obtained data. 

3.1 Ink formulation 
The used inks base on single-walled CNT with an outer diameter of 1.8 ± 0.4 nm  

and > 5 µm in length. Furthermore, ethyl cellulose (EC) as stabilizing polymer,  
N,N-dimethylacetamide (DMAc) with a purity of ≥ 99.8 % as dispersion medium and an epoxy 
resin with an associated hardener are added. An overview of the CNT content in the formulated 
ink is given in Table 1. 

Table 1: Weight fractions of CNT in the formulated inks 

ink label CNT [wt.%] 
RED01 0.000 
CNT08 0.044 
CNT02 0.087 

The materials are introduced to each other in a three-step procedure. First, EC (~2.5 wt.%), 
resin and hardener (~10.0 wt.%) are fully diluted in DMAc. Second, CNT are added to the clear 
solution and then vigorously stirred for 10 minutes. Third, the mixture is homogenized in an 
ice bath using an ultrasonic probe Sonopuls HD 2070 for 120 minutes at power amplitude of  
32 % and cycle value of 8. The dispersed suspension is kept on stirrer plates. Before each 
printing session, the dispersion is ultrasonicated for 60 minutes under the same conditions.  
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After homogenization, the ink is filtered in a PTFE (polytetrafluorethylene) membrane with a 
pore size of 5 µm and then filled into the printing reservoir for inkjet printing. 

3.2 Specimen preparation 
CFRP laminates from HexPly M21/35%/268/T800S prepreg material are fabricated from 

Hamburg University of Technology in a [0/902]s configuration. The substrates are cured for two 
hours at 180 °C under 7 bar autoclave pressure and 750 mbar vacuum pressure. Following, the 
laminates are cut to the required geometry of 125 x 10 mm (see Figure 3) using a circular saw 
with a diamond blade. 

The formulated inks are deposited on the surface of CFRP specimens using a piezo-driven 
inkjet printhead MD-K-140 from Microdrop Technologies GmbH with an inner nozzle diameter 
of 100 μm. Prior to application, the substrates are cleaned using isopropyl alcohol. Since two 
substrates are required per specimen, the ink is applied to both substrates to achieve better 
adhesion. Per substrate, 5 layers of the ink are printed with a drop spacing of 100 μm over an 
area of 98 x 8 mm which allows the ink to flow during the sinter process without leaking from 
the bonding gap. About 10 minutes after printing the final layers, the substrates are placed on 
top of each other so that the printed sides come together. A PTFE parting film of 30 µm 
thickness is used to assure the precrack. Subsequently, the specimens are placed in a  
custom-made PTFE fixture, which prevents the substrates from misalignments. A constant 
pressure is applied via 1 N weight elements. Following, the specimens are sintered for 4 h at  
90 °C, 2 h at 110 °C and finally 4 h at 170 °C in a programmable oven. 

After the sinter step, the preparation of ENF specimens is finished. For the DCB specimens, 
according to Figure 3, piano hinges need to be installed to the precracked side. The bonding 
surfaces are cleaned with isopropyl alcohol. A two-component epoxy glue is mixed and applied 
to the CFRP side using a paintbrush. The hinges are centrally aligned and the glue is cured at 
room temperature for 12 h. Additionally, polystyrene stripes are glued on the counterpart of the 
hinges to improve clamping properties during the test execution [4]. In the last step of the 

Figure 3: Exploded, schematic setup with the precrack on the right side for the DCB 
specimen in accordance with [12]. The ENF specimen in accordance with [13] is 

similar but without piano hinges. All measures are given in mm. 
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experimental preparation, the width b of each specimen is measured at four equidistant 
distances. The mean value is used for further calculations. 

3.3 Experimental procedure 
For both experiments a tensile testing machine TIRA TEST 2810 is used. The loads are 

applied via a moveable upper crosshead with a 100 N load transducer in DCB configuration 
and a 1 kN load transducer in ENF configuration. 

For the DCB test, two clampings are installed to the test apparatus. The prepared specimen 
is mounted almost horizontally to the clampings using the piano hinges, see Figure 4.  
For test preparation, the upper crosshead is slowly moved upwards until the crack tip becomes 
visible with an optical microscope Keyence VHX-5000. The initial crack tip position a0 is 
marked using a red fineliner and the current displacement δ0 is recorded. Following, the 
displacement is set to 0 mm again and a cyclic boundary condition is programmed: The cyclic 
load is applied via a constant crosshead velocity of 1 mm/min until a first increment of  
δ0 + 0.1 mm is reached [8]. A potential new crack tip is marked using a blue fineliner and the 
displacement is set again to 0 mm. The cycle is repeated with increasing increments ∆δ until a 
final fracture of the interface occurs. Since crack propagation is expected to slow down with 
progressive crack lengths, ∆δ is 0.1 mm for the first 10 increments, 0.2 mm for the next  
5 increments and finally 0.3 mm for higher increments. During the complete test, the applied 
force and the displacement are logged [12]. 

For the ENF test, setup and procedure are adopted from Heinrich [8]. The lower clamping is 
substituted by two rigid supports with a radius of 2 mm and 100 mm distance. A mandrel with 
a radius of 5 mm is installed to the moveable upper crosshead. The ENF specimen is mounted 
centered in a three-point bending configuration, see Figure 5. The initial crack tip and the 
bearing point on the precracked side are marked with a red fineliner. To force crack 
propagation, the specimen is loaded via a constant mandrel displacement. The velocity is set to 
a value of 1 mm/min. The end of the test is reached when the crack has propagated and then 
stagnated. The specimen is unloaded and the new clearly visible crack tip position af, identified 
using an optical microscope, is marked with a blue fineliner. Besides the initial fracture test, 
additional calibration measurements are required [13]. Therefore, five equidistant positions 
with approximately 5 mm distance are additionally marked with the blue fineliner on the 
cracked side of the specimen. They serve as new bearing points and thus change the effective 
crack length. All calibration measurements are carried out equivalently to the fracture test, but 
with a maximum load of 30 N. The velocity of the mandrel is 1 mm/min. For calculation of the 
GII,C value, the force and displacement values are logged during all measurements [13].  
Since no complete failure of the printed interface occurs, both substrates are separated manually 
after the test, to observe the present fracture modes. 
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3.4 Postprocessing 
For the calculation of the interlaminar fracture toughness GC, a data reduction method needs 

to be applied. Since only the compliance calibration method is available for both tests, it is used 
for further calculations [4]. 

In case of the DCB test in accordance with [12], a plot of the compliance log(δi/Pi) over the 
initial crack length log(ai) per increment i is created for every specimen. Therein, only 
increments are considered where the crack has propagated. Via the least-squares fit method a 
linear regression is obtained. The slope of the function is defined as parameter n. It is required 
to determine the mode I interlaminar fracture toughness using equation (1) from [12].  
Since applied force P for advancing the crack, displacement δ and initial crack length a are 
recorded for each increment, multiple GI,C values for one specimen can be obtained resulting in 
a final median value [18].  

𝐺𝐺𝐼𝐼,𝐶𝐶 =
𝑛𝑛𝑛𝑛𝑛𝑛
2𝑏𝑏𝑏𝑏 (1) 

In difference, for the ENF test analysis in accordance with [13] a plot of the compliance 
(δi/Pi) versus the cubed crack length (ai)3

 is required including the results of the calibration 
measurements. A linear regression using a least-square fit leads to the slope m.  
With equation (2)1 from [13], the fracture load Pmax, the initial crack length a0 and the specimen 
width b, it is used to calculate the interlaminar fracture toughness under a pure mode II loading. 
Only one GII,C value is obtainable per specimen.  

𝐺𝐺𝐼𝐼𝐼𝐼,𝐶𝐶 =
3𝑚𝑚𝑛𝑛𝑚𝑚𝑚𝑚𝑚𝑚

2 𝑏𝑏02
2𝑏𝑏  (2) 

Beside the calculation of fracture toughness values, a fracture mode analysis is executed. 
Therefore, microscopic images of both fracture surfaces are taken with a 20x magnification. 
Diverse appearing areas are allocated to the characteristic fracture modes. In this context, areas 
with agglomerations of CNT appear darker than adjacent areas, see Figure 6a) and b). They are 
located, recorded and surveyed via brightness evaluation of the microscope. By use of the image 
processing program ImageJ, such areas from related fracture surfaces can be converted to 
                                                           
1 Designation of the force is changed compared to the referenced ASTM specification in order to achieve 
consistency with the DCB test. 

Figure 4: Mounted DCB specimen  Figure 5: Mounted ENF specimen 
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binary images with only white and black pixel color values. An overlay of both images shows 
the overall agglomeration area in black (c). White areas in the overlay are CRF, provided that 
no UA and AF occurs. CAF areas, with agglomerations on both fracture surfaces, can be 
determined via multiplication of the binary images (d). Finally, CIF areas follow from 
subtracting the CAF color properties from the overlay image (e). 

 
Figure 6: Representative evaluation of failure modes: a), b) conversion of fracture surfaces into binary images, 

c) overlay via addition of pixel color values, d) CAF via multiplication of pixel color values,  
e) CIF via difference of overlay and CAF 

Since observed fracture of the ENF specimens is limited to the length between a0 and af, 
evaluation of the fracture mode is restricted to this certain area. For the DCB specimens the 
fracture modes are evaluated for a representative length of 45 mm, which is the largest 
continuous observable dimension of the used microscope. 

4 TEST RESULTS AND DISCUSSION 
First test results are obtained from three DCB and ENF specimens fabricated from the  

inkjet printed CNT02 composition. The resulting interlaminar fracture toughness values are 
shown in Figure 7. As multiple results are obtainable from a single DCB specimen, GI,C values 
are displayed as boxplots outlining the median value, the total range and the interquartile range 
with 75 % of all values. For both tests, the majority of the median interlaminar fracture 
toughness is within a relatively low range from 2 to 6 N/m. On the other hand, values from a 
third specimen are significantly higher by a factor of 2 in case of DCB03, respectively factor 5 
for ENF01. Allocated to their characteristic failure mode distribution, these specimens correlate 
with a higher portion of CRF. 

Several conclusions are drawn from these results. First, a decomposition of the CNT 
enriched ink can be observed on the fracture surfaces. This results in clearly visible 
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agglomerations and in resin rich areas on 30 % to 50 % of the fracture zone. Therefore, the 
printed interface is found inhomogeneous with a wide range of interlaminar fracture toughness 
values. The larger the agglomerations, the smaller the CRF portion and the smaller both GI,C 
and GII,C values. Thus, a weakening effect of the agglomerated CNT is shown. 

 
Figure 7: Interlaminar fracture toughness values and correlation with portion of CRF for valid DCB & ENF 

specimens for ink composition CNT02 

This hypothesis is confirmed by results of two additional test series where the CNT are 
excluded (RED01) respectively reduced (CNT08). Without CNT the forming of agglomerations 
during the sinter process is precluded. A complete CRF of the printed interface can be observed, 
but with inhomogeneities with respect to the thickness distribution due to the DMAc 
evaporation. Results for each three valid DCB and ENF specimens of the RED01 series show 
significantly higher interlaminar fracture toughness values as in the previous tests. The median 
GI,C value is increased by 88 %, the corresponding value for a mode II load is increased  
by 271 % (see Figure 8). 

Diverse results are obtained from the CNT08 series. The halving of the CNT content, 
compared to CNT02, does not lead to a reduction of the agglomeration area on the fracture 
surfaces. Contrary, the mean portion is found slightly increased from 62 % to 65 %. Therefore, 
the CNT fraction inside the agglomerations needs to be decreased and mitigate the local 
weakening effect. Due to this fact, the median GII,C value, obtained from only two valid 
specimens, is about 154 % higher than for the CNT02 series. The results from the DCB 
specimens show a different behavior. The change of the median value is negligible. Since the 
behavior of the agglomerations can be assumed to be transversal orthotropic with poor  
out-of-plane properties, the effect of the reduction of the CNT content vanishes for the 
corresponding mode I load.  
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Figure 8: Interlaminar fracture toughness values of all ink compositions obtained from DCB specimens (left)  

and ENF specimens (right) 

5 CONCLUSIONS 
The CNT enriched inks were found to be prone to form agglomerations. The extent does not 

vary significantly with the added CNT content which causes several problems.  
First, the conductive path is very likely to be interrupted by resin rich areas. Further, the 
intended strengthening effect for the epoxy resin is inverted. Cohesion forces in agglomerations 
are smaller than in neat resin, which was confirmed with results from the RED01 series.  

Furthermore, a negligible effect of the CNT content on the interlaminar fracture toughness 
value in DCB tests was shown. Since CNT are assumed to be mainly distributed in plane with 
the printed interface, transversal orthotropic properties are predominant. Thus, an effect was 
found for the in-plane shear mode II. A local reduction of CNT in the agglomerations improved 
the corresponding fracture toughness.  

Nevertheless, the medians of the fracture toughness values were higher than the average 
values from Heinrich et. al. [8] investigating a silver particle-based ink, applicable to in-situ 
monitoring of damage [4]. Thus, the current results have shown the potential of CNT-based 
printed electronics regarding their enhanced damage behavior.  

The objective for future works is the prevention of agglomerations by use of suitable 
chemical additives. This is fundamental for improved mechanical properties. The fracture 
toughness from the RED01 series shall be exceeded. 
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Abstract. Shape memory alloys (SMA) are well known for the high stress and the large strain 
that they can achieve simultaneously and, therefore, have been widely used as actuators in 
different shape-adaptable structures. While most of the adaptive structures found in the 
literature using SMAs as actuators have been designed to accomplish only a single type of 
deformation, we present in this work a novel structural concept able to achieve multiple shapes. 
The concept consists of a modular sandwich panel composed of rigid cells connected by active 
joints hosting SMA wires, which are used as actuators. Thanks to their geometry, the joints act 
both as stroke amplification systems and as bias springs, allowing for multiple actuations of 
one-way SMA wires. The active joints are placed in pairs both on the upper and on the lower 
face sheet of the panel and control the distance as well as the orientation of neighbouring panel 
cells. As a result, it is possible to deform the panel both in-plane and out-of-plane. In this paper, 
we present the working principle of the proposed concept and of its actuation system. The 
mechanical behaviour of the active joints is investigated both numerically and experimentally 
and the results obtained are implemented in a finite element model of the shape-adaptable 
sandwich panel. Four actuation strategies of the active joints are investigated and the achieved 
deformations returned by the corresponding simulations are compared with the experimental 
measurements carried out on a demonstrator.  
 
1 INTRODUCTION 

Sandwich panels are a type of construction widely used in lightweight structures due to the 
high specific stiffness and specific strength and the possibility to integrate additional functions 
such as thermal or acoustic insulation [1] or even liquid storage [2]. In this work, we want to 
make a step forward introducing the concept of shape-adaptable sandwich panels. This step is 
motivated by the growing interest in shape-adaptable lightweight structures by the aerospace 
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and the automotive industry, which see morphing structures as a possible way to realize 
reconfigurable lightweight systems or active aerodynamic surfaces able to improve 
performance and efficiency of the current technologies [3-6]. 

As underlined by Campanile et al. [7], the design of shape-adaptable lightweight structures 
tackles an inherent contradiction, since a certain compliance is required in order to 
accommodate for the changes in shape but, simultaneously, enough stiffness has to be provided 
to carry operational loads without undergoing excessive deformations and, at the same time, 
the weight constrain has to be met.  In opposition to traditional technologies, which rely on 
rigid-body mechanisms to solve this problem, novel approaches take advantage of the 
combination of compliant structures and smart materials [8-12] or deploy a regular arrangement 
of unit cells and small, distributed actuators to create programmable structures capable of 
achieving complex changes in shape [13-14]. 

In this work, we merge these two principles to realize a shape-adaptable sandwich panel. 
The concept presented is based on the two dimensional arrangement of rigid cells connected 
with active compliant joints. Each joint hosts an actuation system based on shape memory 
alloys (SMA), which can be controlled independently. This fact allows us to selectively actuate 
only specific joints and to obtain multiple shapes from a single panel design.  

 
 

 
 
Figure 1: Geometry (a) of the shape-adaptable sandwich panel investigated, (b) of the active compliant joints 

and (c) of the stiff cells. 
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2 INVESTIGATED DESIGN CONCEPT 
The shape-adaptable sandwich panel concept presented in this work is depicted in Fig. 1-a 

and consists of two deformable face sheets made of stiff square platelets connected though 
active compliant joints (Fig. 1-b). Corresponding platelets on opposite face sheets are connected 
by truss elements, which form the core of the panel, and, all together, form stiff cells (Fig. 1-c). 
In this arrangement, each cell is connected to its neighbours through two active compliant joints, 
which are placed, respectively, between the platelets of the upper and those of the lower face 
sheet (see Fig. 2-a). The joints consist of leaf springs hosting a pre-strained, one-way SMA 
wire, which acts as an actuator. When heated up, the SMA wire contracts, deforming the leaf 
spring, which in turn pushes the neighbouring platelets apart. This actuation principle is similar 
to the ‘Fish-mouth’ actuator presented by Campanile et al. [15] and relies on the leaf spring to 
pull back the SMA wire to its initial state, while the latter cools down, allowing us to obtain a 
result similar to a two-way shape memory effect with a one-way SMA wire.  

The morphing capability of the presented concept is based on the placement of the active 
compliant joints between the platelets of the panel cells and on the possibility of their selective 
actuation. These two features allow for the control of the distance and of the angle α between 
neighbouring cells (see Fig. 2) and, therefore, they enable us to obtain both in-plane and out-
of-plane deformations according to the actuation strategy of the SMA wires implemented. For 
example, if we consider two adjacent panel cells, we notice that, when both the upper and the 
lower active joint are actuated, the displacement between the upper and the lower cell platelets 
is equal and, therefore, the cells experience an in-plane translation (Fig. 2-a). On the other hand, 
if only the upper (Fig. 2-c) or the lower (Fig. 2-b) joint is actuated, the relative motion of the 
platelets is no longer equal and, consequently, the panel cells undergo an out-of-plane rotation. 
This effect, combined with the periodic arrangement of the panel cells in two dimensions, gives 
us the possibility to achieve complex 3D shapes, such as half pipes (Fig. 2-d), domes (Fig. 2-
e), as well as shapes with multiple curvatures (Fig. 2-f). 
 

 
 

Figure 2: Behaviour of two neighbouring cells (a) when both active joints are actuated, (b) when only the 
upper joint is actuated and (c) when only the lower joint is actuated. Examples of possible shapes achievable 

by the shape-adaptable sandwich panel concept: (d) half pipe, (e) dome and (f) multi-curvature. 
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3 METHODS 
In order to evaluate the capability of the presented concept to vary its shape, we considered 

a sandwich panel composed by 3x3 cells (Fig. 3-a). We first investigated the mechanical 
behaviour of the active compliant joints and we created a simplified numerical model that was 
later extended to the entire panel. This model was used to compute the deformations of the 
panel for different actuation strategies of the active joints under the assumption that no external 
load was acting on the panel. Finally, a demonstrator was manufactured and tested for four 
selected types of deformations to verify the numerical results. 

We considered a design of the active compliant joints based on leaf springs of height hl = 32 
mm, width wl = 52 mm, thickness tl = 6 mm and arm thickness wa = 2 mm. The leaf springs 
were 3D printed (Indimatec) in polyether ether ketone (PEEK) (Zyex, VICTREX PEEK 1.75 
mm) with a single outer layer and a 60% rectangular infill. We opted for this material due to its 
high glass transition temperature, which lies above 140° C [16], in order to reduce the risk of 
thermal degradation and softening during the actuation of the SMA wires (SAES Group, 
SmartFlex05). The latter had a diameter dw = 0.5 mm and were fixed to the outer side of the leaf 
springs using crimps (SAES Group, T Type Crimp) (see Fig. 3-b). Before the definitive fixation 
of the crimps, leaf springs were compressed of 5 %, so that their spring back could pre-strain 
the SMA wires and enable their actuation. 

 

 
 

Figure 3: (a) Demonstrator of the shape-adaptable sandwich panel and (b) one of the compliant active joints 
tested. 

 
Five identical active joints were tested in order to identify their average strain. The SMA 

wires were heated up with a current of 3 A applied with a DC power supply (Keysight, E3631A) 
for 30 s and then cooled down with a ventilator for 1 min. The contraction of the SMA wire 
was measured with a digital image correlation (DIC) system (Correlated Solutions, VIC-3D) 
and the difference between the maximum strain achieved by the SMA when heated up and the 
minimum strain achieved when cooled down was registered. Each actuation cycle was repeated 
six times but only the strains achieved in the last five cycles were considered for the calculation 
of the average strain. The average strain measured was used to estimate the force F generated 
by the SMA wires to be implemented in the numerical model. Five leaf springs were tested 
under compression in a universal testing machine (Zwick/Roell, Z005) and the force-strain 
diagram obtained was compared with the average deformation of the five actuators previously 
measured in order to estimate the value of F.   

A linear FE model of the leaf spring was created in COMSOL Multiphysics® v. 5.4 
assuming the material as isotropic and using solid 3D elements with a mesh of size of 1 mm. 
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The Young’s modulus of the 3D printed PEEK was determined following the standard ASTM 
D790-10, while a Poisson’s ratio value of 0.4 was chosen. This FE model was used to assess 
the force necessary to deform the leaf spring and to establish a comparison with the 
experimental results of the compression test. The model was then expanded to reproduce the 
entire panel. The panel cells were modelled as rigid bodies and the actuation of the panel was 
implemented by applying the previously estimated force F on the selected active joints at the 
fixation points of the SMA wires. Four different actuation strategies of the active joints were 
investigated (see Fig. 4). Each of them corresponds to a different type of deformation of the 
panel: a planar expansion (Fig. 4-a), an out-of-plane deformation with a single curvature (Fig. 
4-b), an out-of-plane deformation with a double curvature (Fig. 4-c) and an out-of-plane 
deformation with both a positive and a negative curvature (Fig. 4-d).  

The changes in shape obtained by the numerical model were compared with the 
measurements carried out on a demonstrator. 24 active compliant joints were printed and 
assembled to nine panel cells. For the sake of simplicity, the latter were 3D printed (Ultimaker, 
Ultimaker 2+) in polylactide (PLA) (Swiss 3D Tec, PLA filament, 3 mm) since in this work we 
did not apply any external load to the panel but only investigated the achievable shapes. The 
cell’s platelets had an edge l = 46 mm and a thickness ts = 6 mm. Moreover, they were endowed 
with four anchor points for the interlocking of the active joints, to which we added two dove 
tail elements (see Fig. 3-b). The truss core had a thickness tc = 20 mm. Finally, the SMA wires 
of the active joints were connected in series according to the type of deformation investigated 
and a speckle pattern was applied on the upper surface of the cell platelets in order to track the 
deformation of the panel using a DIC system (Correlated Solutions, VIC-3D).  

 

 
 

Figure 4: Actuation strategies of the active compliant joints for the four cases considered: (a) planar 
expansion, (b) single curvature, (c) double curvature and (d) positive and negative curvature (d). The joints 

actuated are marked in red. 
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4 RESULTS 
The strains achieved by the SMA wires in the active joints tested are reported in Table 1. 

The average strain achieved was (1.57 ± 0.22)%, to which it corresponds a standard deviation 
of 14.01%. Fig. 5-a shows the results of the 3 points bending tests performed to characterize 
the 3D printed PEEK. The characterisation returned a Young’s modulus of 2.859 GPa with a 
standard deviation of 19.55%. Fig. 5-b compares the results of the simulations of the 
compression behaviour of a single leaf spring with the results of the mechanical tests. By 
reading from this figure the values of the force corresponding to the previously determined 
average strain achieved by the SMA wires, an average force of 22.3 N generated by the SMA 
wires was estimated and used later in the simulations of the entire panel. 

 
Table 1: Strain difference achieved by the active joints tested. 

Sample Cycle 1 Cycle 2 Cycle 3 Cycle 4 Cycle 5 
1 1,47% 1,45% 1,43% 1,42% 1,41% 
2 1,42% 1,40% 1,38% 1,37% 1,36% 
3 2,01% 2,00% 1,97% 1,96% 1,96% 
4 1,66% 1,66% 1,62% 1,61% 1,61% 
5 1,44% 1,43% 1,41% 1,41% 1,40% 
      

Average (1.57 ± 0.22)%   
 

  
 

Figure 5: (a) Results of the 3 points bending tests performed on the 3D printed PEEK samples and (b) 
comparison of the simulated force necessary to compress the leaf spring with the experimental tests. 

 
As far as the panel is concerned, Fig. 6 establishes a comparison between the numerical and 

the experimental results for the four cases considered. In the following subsections, each type 
of deformation investigated is treated separately and numerical and experimental results are 
presented. 
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Figure 6: Comparison of the FE results (left) and the DIC measurements (right) for the four cases 
investigated: (a, b) planar expansion, (c, d) single curvature, (e, f) double curvature and (g, h) positive and 

negative curvature. 



440

Oleg Testoni, Sampada Bodkhe, Andrea Bergamini and Paolo Ermanni 

 8 

4.1 Planar expansion 
The panel undergoes planar changes in shape when corresponding active joints on the upper 

and on the lower face sheets are actuated at the same time. As it is possible to notice in Fig. 6-
a, no rotation of the panel cells occurs but only their planar translation. Moreover, the degree 
of this translation increases with the increasing distance of the cells from the centre of the panel. 
These effects can be seen as well in the DIC measurements (Fig. 6-b), which are in good 
agreement with the numerical results for most of the panel cells. 

4.2 Single curvature 
In order to obtain a single positive curvature of the panel, only the active joints on the lower 

face sheet aligned in the same direction were actuated. As a result, the lower face sheets expands 
in a single direction, introducing a moment in the panel cells, which rotate lifting the 
neighbouring cells. Both the simulation (Fig. 6-c) and the DIC measurements (Fig. 6-d) show 
how the central cells of the panel do not displace, while the external cells rotate slightly upwards 
giving a positive curvature to the panel. 

4.3 Double curvature 
When all active joints in the lower face sheets are actuated, the latter expands uniformly in 

both planar directions introducing two perpendicular moments into the structure. Fig. 6-e and 
Fig. 6-f show how this actuation strategy results in a double curvature of the panel both in the 
simulation as well as in the DIC measurements, respectively. 

4.4 Positive and negative curvature 
The results of the numerical calculations and of the DIC measures obtained for the last type 

of deformation investigated are plotted in Fig. 6-g and Fig. 6-h, respectively. If we consider the 
profile of the edges of the panel, we notice how the cells on the vertices of the panel rotate in 
pairs towards the centre or towards the outside of the panel, while the cells in the middle of the 
edges rotate in pairs around an axis parallel to the x or to the y-axis. As results, the edges of the 
panel assume a slight s-shape, which witnesses the presence of both a positive and a negative 
curvature. 

5 DISCUSSION 
The results of the tests conducted on the active joints demonstrate the proper working of the 

concept and the possibility to obtain multiple actuation cycles using one-way SMA wires like 
in [15] but with an easier manufacturing process. On the other side, the results also show that 
the strain achieved by each active joint tends to slight decrease with the increase in actuation 
cycles and that the deviation in the strain achieved by different joints tested is about 14%. This 
deviation might be justified considering the deviation in the Young’s modulus of the 3D printed 
PEEK, which amounts to almost 20%. The difference in stiffness of the 3D printed PEEK can 
be also distinguished in the results of the compression tests carried out on the leaf springs. In 
Fig. 5-b, we can clearly notice the difference in the slope of the curves of the different leaf 
springs tested. Similar leaf springs, printed with the same 3D printer and with the same process 
parameters, were used to assemble the active joints tested. Therefore, we can expect that the 
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variation in the Young’s modulus of the 3D printed PEEK has a major effect on the performance 
of the active joints, since the stiffness of the leaf springs affects both the maximum strain that 
the SMA wires can achieve and the capability of the leaf springs to act as a bias spring. On the 
other side, Fig. 5-b shows also that for the given geometry of the leaf spring and for the strains 
achieved by the SMA wires, we can assume a linear behaviour of the active joints and, therefore, 
the use of a linear model in the simulations of the entire panel is justified. 

Considering the observed variance in strain achieved by the active joints, the simulations of 
the deformation of the entire panel and the DIC measurements carried out on the demonstrator 
were in good agreement. As is it possible to notice comparing the left and the right column of 
Fig. 6, some misalignments in the displacement of the panel cells are present and they make the 
final shape not always perfectly symmetric. Nevertheless, the deformations measured are 
always close to the numerical predictions and the targeted final shape is clearly distinguishable 
in all cases investigated. Only in the case of positive and negative curvature the difference 
between simulations and measurement is larger, but this fact might be attributed to the smaller 
displacements involved. Indeed, since the out-of-plane deformation shown in Fig. 6-g and Fig. 
6-h is an order of magnitude lower than in the other cases and in the range of tenths of 
millimetre, this higher difference might be related also to small imperfections in the manual 
assembly of the panel.  

6 CONCLUSIONS AND OUTLOOK 
The results presented in this paper demonstrate the capability of the presented concept to 

achieve multiple changes in shape involving both in-plane and out-of-plane deformations with 
a single design. This versatility derives from the high number of degrees of freedom provided 
by the distributed actuation system and by the disposition of the active joints on both on the 
upper and on the lower face sheets of the panel. The results achieved suggest that this concept 
might find application in highly variable environments, where multiple shapes might be 
beneficial to optimize the structural performance at the different conditions. As possible 
applications, we envisage active surfaces for morphing wings or car body panels, or even 
reconfigurable modular structures for space antennas. When considering possible applications, 
further specific constraints, such as maximum weight or load carrying capability, have to be 
taken into account and their effect on the morphing capability of the proposed concept have to 
be evaluated. Moreover, a robust manufacturing process has to be selected, in order to reduce 
the variance on performance of the active joints and a suitable control system assuring the 
independent actuation of each joint has to be developed. 

Further work will focus on the improvement of the manufacturing process and particularly 
on the optimisation of the mechanical properties of the 3D printed components. Moreover, the 
design of the leaf spring and of the active joints will be optimized selecting a specific 
application and taking into account the specific requirements. Finally, a proper control system 
able to actuate each active joint independently will be developed and integrated into the panel 
design. 
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Abstract. This paper deals with morphing and energy harvesting analysis of new innovative 
multifunctional hybrid composite beam structure consisting of conventional fiber reinforced 
composite as substrate layer, a shape memory alloy fiber reinforced composite layer for the 
purpose of morphing actuation and a piezoelectric composite layer for the purpose of energy 
harvesting. One dimensional Tanaka type model using Reuss scheme with multi variant 
martensite is adopted to model SMA behavior and transformation model of SMA solved 
numerically as Young’s modulus depends on martensite fraction. Multicell micromechanics 
approach is adopted to calculate effective properties of fiber reinforced composites. The 
objective of the present work is to analytically investigate the free and forced vibration of this 
newly proposed hybrid composite beams in pre/post-buckled domains and also to analytically 
estimate energy harvesting capability.   

 
 
1 INTRODUCTION 

Morphing is defined as the ability of certain wing to change its geometrical form during 
flight. Morphing concept is inspired from bird wings that are able to change wing shapes during 
flight at varied surrounding conditions. Such wing will enable the aircraft to accommodate 
multiple flight regimes and obtain better flight performance [1-3]. There can be several types 
of morphing possible viz. span, chord, sweep, chord-wise, span-wise and twist etc. Several 
mechanisms are also reported in literature to achieve particular type of morphing viz. tendon 
actuated compliant cellular truss, lattice based cellular structure, Parker variable camber wing, 
number of flap and slat mechanisms, variform wing, compliant mechanism, piezoelectric 
actuated wing, SMA actuated wing, reconfigurable wing and smart wing [4-13]. Of late 
multifunctional smart materials are being developed to achieve several functionalities 
simultaneously. Apart from multiple functionalities these materials can reduce weight of the 
structure thus enable fuel savings [14]. Shape memory alloy (SMA) and piezoelectric actuators are 
used for wing morphing in different flight regimes and are reported in literature [15-19]. 
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Similarly, SMA strips and wires in laminated composites structures are also used for 
mechanism of morphing in aircraft wing structure [20]. In literature many researchers addressed 
the investigation of camber morphing mechanism [21]. The implementation of an actuator that 
enables smooth deformation is achieved through the use of SMAs. SMA components not only 
accommodate but actually induce the chord-wise axial strains in the skin needed for camber 
changes while preserving structural integrity and providing high stiffness. Many studies focus 
on analysis of pre/post buckling behaviour, bending behaviour and vibration behaviour of 
laminated composite structures embedded with SMA wires [22-32]. Modeling of SMA wire 
can be found in literature [33, 34]. Effective properties of piezoelectric fiber reinforced 
composites is investigated by Mallik and Ray [35] by strength of materials and method of cells 
approach. An elaborated demonstration of energy harvesting technologies including vibration 
based technologies can be found in book by Priya and Inman [36]. 

Investigation of laminated composite structure embedded with SMA wire for morphing 
capability and energy harvesting capability is scarce in literature. Hence, morphing and energy 
harvesting analysis of new innovative multifunctional hybrid composite beam structure 
consisting of conventional fiber reinforced composite as substrate layer, a shape memory alloy 
fiber reinforced composite later for the purpose of morphing actuation and a piezoelectric 
composite layer for the purpose of energy harvesting. One dimensional Tanaka type model 
using Reuss scheme with single variant martensite is adopted to model SMA behavior and 
transformation model of SMA solved numerically as Young’s modulus depends on martensite 
fraction. Strength of materials approach is adopted to predict effective properties of 
piezoelectric composite. The objective of the present work is to analytically investigate the free 
and forced vibration of this newly proposed hybrid composite beams in pre/post-buckled 
domains and also to analytically estimate energy harvesting capability. 

 

2 GENERAL SPECIFICATIONS 
Present paper deals with morphing and energy harvesting analysis of new innovative 

multifunctional hybrid composite beam structure consisting of conventional fiber reinforced 
composite as substrate layer, a shape memory alloy fiber reinforced composite layer for the 
purpose of morphing actuation and a piezoelectric composite layer for the purpose of energy 
harvesting. 

3 METHODOLOGY 
One dimensional Tanaka type model using Reuss scheme with single variant martensite is 

adopted to model SMA behavior and transformation model of SMA solved numerically as 
Young’s modulus depends on martensite fraction. Strength of materials approach is adopted to 
predict effective properties of piezoelectric composite. The objective of the present work is to 
analytically investigate the free and forced vibration of this newly proposed hybrid composite 
beams in pre/post-buckled domains and also to analytically estimate energy harvesting 
capability. 

3.1 SMA constitutive model 
One dimensional constitutive model proposed by Brinson is adopted in the presented study. 
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Based on this constitutive model quantities stress (𝜎𝜎), strain (∈) and temperature (𝑇𝑇) are related 
through martensite fraction (𝜉𝜉) as: 
 

                            𝜎𝜎 − 𝜎𝜎� = 𝐸𝐸(𝜉𝜉)(∈ −∈�) + 𝛺𝛺(𝜉𝜉)𝜉𝜉� − 𝛺𝛺(𝜉𝜉�)𝜉𝜉�� + 𝜃𝜃(𝑇𝑇 − 𝑇𝑇�)                                 (1) 
 

Where, 𝜃𝜃 is thermoelastic modulus related to thermal expansion coefficient 𝛼𝛼; 𝛺𝛺 is phase 
transformation modulus; 𝐸𝐸(𝝃𝝃) is Young’s modulus dependent on martensite fraction (𝜉𝜉); 
subscript 0 denotes initial conditions. Young’s modulus is predicted using Reuss scheme as 
 

                                                          𝐸𝐸(𝜉𝜉) = ��

��(��
��

��)�
                                                                       (2) 

 

Where, 𝐸𝐸� and 𝐸𝐸� are Young’s modulus of austenite and martensite phases, respectively. 
According to multiple variant model, martensite fraction (𝜉𝜉) is represented as 
 

                                                                  𝜉𝜉 = 𝜉𝜉� + 𝜉𝜉�                                                               (3) 
 

Where, 𝜉𝜉� and 𝜉𝜉� are fraction of stress induced martensite or detwinned martensite and fraction 
of temperature induced martensite, respectively. The transformation modulus is related to 
Young’s modulus as given below and can be determined experimentally by converting all 
austenite to detwinned martensite at a temperature less than austenite start temperature. 
 

                                                               𝛺𝛺 = −∈� 𝐸𝐸(𝜉𝜉)                                                             (4) 
 

Where, ∈� is the maximum residual strain. As proposed by Brinson and Huang after 
simplification Tanaka type constitutive model can be obtained as 
 

                                   𝜎𝜎 − 𝜎𝜎� = 𝐸𝐸(𝜉𝜉)(∈ −∈� 𝜉𝜉�) + 𝛺𝛺(𝜉𝜉)𝜉𝜉� + 𝜃𝜃(𝑇𝑇 − 𝑇𝑇�)                                (5) 
 

Based on Brinson model, in martensite to austenite conversion phase for 𝑇𝑇 > 𝐴𝐴�, 𝑑𝑑𝑇𝑇 > ��
��

 and 
𝐶𝐶�(𝑇𝑇 − 𝐴𝐴�) < 𝜎𝜎 < 𝐶𝐶�(𝑇𝑇 − 𝐴𝐴�), the resultant equation for thermally induced martensite 
fraction (𝜉𝜉� = 𝜉𝜉��

�
��

) and stress induced martensite fractions ( 

𝜉𝜉� = 𝜉𝜉��
�

��
) can be written in terms of cosine function as 

 

                                       𝜉𝜉 = ��
�

�cos � �
�����

�𝑇𝑇 − 𝐴𝐴� − �
��

�� + 1�                                       (6) 
 

Similarly, for austenite to martensite conversion phase for for 𝑇𝑇 < 𝑀𝑀�, 𝑑𝑑𝑇𝑇 < ��
��

 and 𝐶𝐶�(𝑇𝑇 −
𝑀𝑀�) < 𝜎𝜎 < 𝐶𝐶�(𝑇𝑇 − 𝑀𝑀�), the resultant equation for thermally induced martensite fraction ( 
𝜉𝜉� = 𝜉𝜉��

�
��

) and stress induced martensite fractions ( 

𝜉𝜉� = 𝜉𝜉��
�

��
) can be written in terms of cosine function as 

 

                                    𝜉𝜉 = ����
�

cos � �
�����

�𝑇𝑇 − 𝑀𝑀� − �
��

�� + ����
�

                                     (7) 
 

As Young’s modulus is dependent on martensite fraction same is calculated numerically. The 
composite effective properties are calculated based on multicell micromechanics approach []. 



446

Nilanjan Mallik 
 

 
 

4

The effective properties of the composite are listed below: 
 

                                                    𝐸𝐸�� = 𝐸𝐸��(𝜉𝜉)𝑣𝑣�� + 𝐸𝐸��𝑣𝑣�                                                  (8) 
 

                                   𝐸𝐸�� = 𝐸𝐸�� ��1 − �𝑣𝑣��� +
����

��������
���
���(�)

�
�                                          (9)   

     

                            𝐺𝐺�� = 𝐺𝐺�� = 𝐺𝐺��� ��1 − �𝑣𝑣��� +
����

��������
����
���(�)

�
�                                  (10) 

 

                                                       µ�� = µ����𝑣𝑣�� + µ���𝑣𝑣�                                              (11) 
 

                                                  𝛼𝛼� =
���������(�)���������

���
                                           (12) 

 

               𝛼𝛼� =
���
���

�𝛼𝛼��(1 − �𝑣𝑣��) +
�����������(�������)

���������
���
���(�)

�
�                         (13) 

 

                                                     𝐺𝐺��(𝜉𝜉) =
���(�)

�(��µ����)
                                                       (14) 

 

                                                           𝜌𝜌 = 𝜌𝜌��𝑣𝑣�� + 𝜌𝜌�𝑣𝑣�                                                    (15) 
 

                                                                𝑣𝑣�� + 𝑣𝑣� = 1                                                          (16)  

3.2 Analysis of hybrid beam 
Based on first order shear deformation theory, the displacement components of a material 

point within the domain of hybrid composite can be expressed as 
 

                                                  𝑢𝑢(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = 𝑢𝑢�(𝑥𝑥, 𝑡𝑡) + 𝑧𝑧𝑧𝑧(𝑥𝑥, 𝑡𝑡)                                             (17) 
 

                                                           𝑤𝑤(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = 𝑤𝑤�(𝑥𝑥, 𝑡𝑡)                                                     (18) 
 

Where, 𝑢𝑢� and 𝑤𝑤� are midplane displacements and 𝑧𝑧 is the rotation of the mid-plane. Non-
linear Green-Lagrange strain tensor is taken for analysis and represented as under 
 

                                                    ∈�=
���
��

+ �
�
����
��
�
�
+ 𝑧𝑧 ��

��
                                                  (19) 

 

                                                               𝛾𝛾�� = 𝑧𝑧 + ���
��

                                                           (20) 
 

The linear thermo-elastic constitutive relation for a general 𝑘𝑘�� layer of the hybrid beam with 
fiber orientation 𝜃𝜃� can be written as: 
 

                                         𝜎𝜎�� = 𝑄𝑄���� ∈��− 𝑄𝑄���� 𝛼𝛼��∆𝑇𝑇 + 𝑐𝑐𝑐𝑐𝑐𝑐�(𝜃𝜃�)𝑣𝑣��𝜎𝜎��                                  (21) 
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                                                                 𝜏𝜏��� = 𝑄𝑄���� 𝛾𝛾���                                                            (22) 
 
                                                 𝛼𝛼�� = 𝑐𝑐𝑐𝑐𝑐𝑐�(𝜃𝜃�)𝛼𝛼� + 𝑐𝑐𝑠𝑠𝑠𝑠�(𝜃𝜃�)𝛼𝛼�                                           (23) 
 

Where, superscript 𝑘𝑘 indicates layer number; 𝑄𝑄����  are transformed reduced stiffness; 𝛼𝛼�� are the 
co-efficient of thermal expansion; ∆𝑇𝑇 is the temperature difference with respect to reference 
temperature where there is no thermal strain and 𝜎𝜎� is the recovery stress generated by the 
temperature induced reverse phase transformation of the pre-strained SMA fibers from 
detwinned martensite to austenite.  

In order to derive the equation of motion of the hybrid beam the extended Hamilton’s 
principle is applied given as: 
 

                                                    ∫ (𝛿𝛿𝛿𝛿 − 𝛿𝛿𝛿𝛿 − 𝛿𝛿𝛿𝛿)𝑑𝑑𝑑𝑑��
��

= 0                                                (24) 
 

Where, 𝛿𝛿 represents the variational symbol; [𝑑𝑑�, 𝑑𝑑�] describes arbitrary time interval; 𝛿𝛿, 𝛿𝛿 and 
𝛿𝛿 are respectively kinetic energy, strain energy and applied external work, defined as below: 
 

                           𝛿𝛿𝛿𝛿 = ∫ ∫ 𝜌𝜌{�̇�𝑤�𝛿𝛿�̇�𝑤� + (�̇�𝑢� + 𝑧𝑧�̇�𝑧)(𝛿𝛿�̇�𝑢� + 𝑧𝑧𝛿𝛿�̇�𝑧�)}
� �⁄
�� �⁄� 𝑑𝑑𝑧𝑧 𝑑𝑑𝑑𝑑                     (25) 

 

                                        𝛿𝛿𝛿𝛿 = ∫ ∫ (𝜎𝜎�𝛿𝛿 ∈�+ 𝛿𝛿�𝜏𝜏��𝛿𝛿𝛾𝛾��)
� �⁄
�� �⁄� 𝑑𝑑𝑧𝑧 𝑑𝑑𝑑𝑑                                   (26) 

 

                                                            𝛿𝛿𝛿𝛿 = ∫ 𝑞𝑞𝛿𝛿𝑤𝑤�� 𝑑𝑑𝑑𝑑                                                      (27) 
 

Where, 𝛿𝛿� is the shear correction factor to compensate for parabolic transverse shear stress; 𝑑𝑑 
is the surface area of the beam; 𝑞𝑞 = 𝑞𝑞(𝑥𝑥, 𝑑𝑑) is the external load per unit area. By using equations 
(17 – 23) and (25 – 27) into extended Hamilton’s principle and integrating over the beam 
thickness, equations of motion of the beam are obtained and given as under: 
 

                                                            ���
��

= 𝐼𝐼��̈�𝑢� + 𝐼𝐼��̈�𝑧�                                                        (28) 
 

                                                        𝑄𝑄�� −
���
��

= 𝐼𝐼��̈�𝑢 + 𝐼𝐼��̈�𝑧                                                    (29) 
 

                                                �
��
�𝑁𝑁�

���
��
� + ����

��
+ 𝑞𝑞 = 𝐼𝐼��̈�𝑤�                                                (30) 

 

Where, (𝑁𝑁�,𝑀𝑀�, 𝑄𝑄�) = ∫ (𝜎𝜎�, 𝑧𝑧𝜎𝜎�, 𝛿𝛿�𝜏𝜏��) 𝑑𝑑𝑧𝑧
� �⁄
�� �⁄  and (𝐼𝐼�, 𝐼𝐼�, 𝐼𝐼�) = ∫ 𝜌𝜌(1, 𝑧𝑧, 𝑧𝑧�) 𝑑𝑑𝑧𝑧� �⁄

�� �⁄ . The 
quantities are expressed as below: 
 

                                  𝑁𝑁� = 𝑑𝑑�� �
���
��

+ �
�
����
��
�
�
� + 𝐵𝐵��

��
��
− 𝑁𝑁� + 𝑁𝑁�                                   (31) 

 

                                  𝑀𝑀� = 𝐵𝐵�� �
���
��

+ �
�
����
��
�
�
� + 𝐷𝐷��

��
��
− 𝑀𝑀� +𝑀𝑀�                                 (32) 

 

                                                       𝑄𝑄�� = 𝛿𝛿�𝑑𝑑�� �𝑧𝑧 + ���
��
�                                                    (33) 

Where,  
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(𝑁𝑁�,𝑀𝑀�) = ∑ ∫ �𝑄𝑄���� 𝛼𝛼���∆𝑇𝑇(1, 𝑧𝑧) 𝑑𝑑𝑧𝑧
��
����

�
��� , (𝑁𝑁�,𝑀𝑀�) = ∑ ∫ 𝜎𝜎��𝑣𝑣��𝑐𝑐𝑐𝑐𝑐𝑐�(𝜃𝜃�)(1, 𝑧𝑧) 𝑑𝑑𝑧𝑧

��
����

�
��� , 

 
(𝐴𝐴��, 𝐵𝐵��, 𝐷𝐷��) = ∑ ∫ 𝑄𝑄���� (1, 𝑧𝑧, 𝑧𝑧�) 𝑑𝑑𝑧𝑧

��
����

�
��� , 𝐴𝐴�� = ∑ ∫ 𝑄𝑄���� 𝑑𝑑𝑧𝑧��

����
�
��� . 

3.3 Buckling domain 

The resultant force in pre and post buckling domains are expressed respectively as 𝑁𝑁�∗ =
−�𝑁𝑁�∗ − 𝑁𝑁�∗� and 𝑁𝑁�∗ = − ������

�������
 

 

Where, 
 

𝑁𝑁�∗ = 𝑁𝑁�∗ + ������
�������

, 𝑁𝑁�∗ = ��

��
����

, 𝑁𝑁�∗ = ��

��
����

, 𝑓𝑓� =
���
��
����

, 𝑓𝑓� =
���

��
�����

, 𝑓𝑓� =
���

��
������

,  
 

𝑔𝑔� =
���
��
����

, 𝑃𝑃� =
��������

��
, 𝑃𝑃� = 𝑔𝑔�. 

3.4 Vibration analysis 

Vibration analysis is performed assuming harmonic solution and solving eigen value 
problem and non-trivial solution is obtained by setting determinant to zero. 

3.5 Energy harvesting 

Strain on the surface of the piezoelectric patch at a distance of 𝑦𝑦 from the neutral axis can 
be obtained from following relation: 
 

                                                         ∈ (𝑥𝑥) = −𝑦𝑦 ���(�,�)
��

                                                         (34) 
 

Where, 𝑤𝑤(𝑥𝑥, 𝑡𝑡) = 𝜑𝜑�(𝑥𝑥)𝜑𝜑�(𝑡𝑡) and the output voltage and power from the patch can be 
expressed as follows: 
 

                                                       𝑉𝑉 ��
�
� = 𝑔𝑔��𝐸𝐸� ∈ ��

�
� 𝐿𝐿�                                                    (35) 

 

                                                                     𝑃𝑃 = ��

��
                                                                 (36) 
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4 RESULTS AND DISCUSSIONS 

 

 
Figure 1: Variation of Young’s modulus with respect to martensite fraction 

5 CONCLUSIONS 
Present paper demonstrates capability of hybrid sma/piezoelectric composite structure for 

morphing and energy harvesting. 
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Abstract.  

The actuation system of morphing aircraft plays an important role in any promising morphing 
design. If the structure of the morphing wing needs to be deformed elastically, the actuation 
system will be required to provide an adequate actuation force while the weight and cost added 
to the morphing aircraft should be limited to the extent that the performance of the morphing 
aircraft will not be compromised.  

The spiral pulley negative stiffness concept, which uses its stored elastic energy and a negative 
stiffness mechanism to passively balance the energy requirements of the morphing device, is a 
promising solution to design the actuation system. The negative stiffness is achieved by the 
spiral pulley with a spooling cable, which is connected to a pre-stretched spring. The rotation 
of the spiral pulley can release the energy stored in the spring, and generate the torque to deform 
the morphing structure. Due to the geometric configuration of the spiral pulley and the 
kinematic tailoring it provides, negative torque of increasing magnitude is generated as rotation  
increases, such that the mechanism shows a ‘negative stiffness’, which will balance the positive 
stiffness of the morphing structure. Geometry optimisation of the spiral pulley is used to achieve 
the cancellation. By adopting the negative stiffness mechanism, it is expected that the energy 
requirement will be balanced, which can significantly reduce the input of external energy and 
therefore the weight and cost of the actuation system. 

In the current study, the spiral pulley negative stiffness mechanism is integrated into a morphing 
wing employing the Fish Bone Active Camber (FishBAC) morphing concept. The FishBAC 
wing is actuated by a torque to enable its elastic shape change. The torque requirement to 
deform the FishBAC wing is measured to identify the positive stiffness. The corresponding 
negative stiffness is then realised by the optimisation of the geometry configurations of the 
spiral pulleys, which shows the potential of saving energy of the actuation mechanism. 
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1 INTRODUCTION 
Morphing aircraft have been an important research subject for the last few years. The overall 

performance of the aircraft can be enhanced by changing the aerodynamic shape actively 
according to the flight conditions [1-3] .  

The idea of changing the aerodynamic shape is not new, indeed it can be traced back to the 
early period of the aviation age. For example, the wing-warping design was adopted by the 
Wright brothers’ Flyer I for the lateral control [4]. The shape-changing can be achieved through 
the elastic deformation of the aircraft structure or making use of the novel properties of the 
smart materials [5, 6], such as the shape memory alloys [7-9] or the piezoelectric materials [10-
12] . The wing-warping design is a typical instance of the elastic shape-changing, although it 
was replaced by the aileron due to the increased flight speeds and the requirement for stiffer 
structures to avoid aeroelastic failures. The requirement to keep the balance between the 
flexibility to change shape and the stiffness to carry loads is one of the key factors of a 
promising morphing aircraft, especially when the weight of the aircraft is also taken in account 
[13]. A promising morphing aircraft should be capable of changing shape when the aircraft is 
subject to the corresponding aerodynamic loads, and the morphing structure is usually designed 
to tailor its stiffness for this purpose.  

The actuation system must provide high output force/torque for the minimal system weight, 
and a high energy efficiency, especially when the shape-changing is achieved by the elastic 
deformation of the morphing structure. A reduction in actuator mass can potentially be achieved 
by integrating a negative stiffness mechanism into the structure [14-17]. The negative stiffness 
mechanism can release the energy stored in a pre-stretched spring and drive the rotation of the 
spiral pulley, which will provide a negative torque of increasing magnitude against the rotation. 
The structural stiffness can be balanced by the negative stiffness of the spiral pulley mechanism, 
which will lead to the zero-stiffness mechanism of the overall system. Since the entire system 
is balanced and energy is stored in the pre-stretched spring, the energy consumption from 
external resources can be reduced significantly, which has the potential to reduce the weight of 
the actuation system and its associated power supply system. 

While previous studies have demonstrated this principle in desktop demonstrators [16-18], 
it has not previously been demonstrated this principle in a true aerodynamic structure. In the 
current study, the negative stiffness mechanism is integrated into the Fish Bone Active Camber 
(FishBAC) morphing wing [19-21]. The FishBAC morphing wing is a camber morphing design, 
which can provide a smooth surface change, and has the potential to increase the lift-to-drag 
ratio [22, 23]. The shape-changing of FishBAC is generated through the elastic deformation of 
the bending spine, and servo motors have been adopted to drive the structure. Integration of the 
negative stiffness mechanism has the potential to improve the performance of the actuation 
system. 

The integration is undertaken in the following steps: 
1) Initial wing design: considering the installation of the spiral pulley mechanism; 
2) Measurement of the FishBAC structure stiffness; 
3) Optimisation of the spiral pulley geometry; 
4) Static and wind tunnel test. 
In this paper, Section 2 gives a brief discussion of the FishBAC design and the spiral pulley 

based negative stiffness mechanism. Section 3 discusses the experimental setup to measure the 
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structural stiffness of FishBAC wing, which is used in Section 4 to optimise the geometry of 
the spiral pulleys, and lays the foundation of the development of a demonstration model. 

2 MODEL DEFINITION 
Figure 1 shows the schematic of the FishBAC design, which was driven by servo motors 

[19, 24]. Two tendons are attached to the solid trailing edge section, and the torque generated 
by the servo motors is transferred onto the spine, which will cause the deformation of the spine. 
The design, analysis and manufacturing methods have been developed as introduced in the 
literature and the current study is focused on the integration of the negative stiffness mechanism 
rather than the FishBAC itself.  

 
Figure 1: Schematic of FishBAC wing actuated by servo motors [21] 

A NACA23012 aerofoil section is selected for the integration, and the chord and span are 
270mm and 250mm respectively. One of the difficulties of the integration is the space available 
in the wing, which is very limited due to the low thickness of the aerofoil. The current approach 
uses the cable from the load pulley to drive the tendons on the FishBAC directly as shown in 
Figure 2, which simplifies the mechanism but can still demonstrate the potential of the spiral 
pulley.  

 
Figure 2: Concept of the integration 

The negative stiffness concept used is the bidirectional concept described by Zhang et al. in 
[17, 18], to assist both positive and negative flap deflections. The drive spring connected to the 
spiral pulley is pre-stretched with the extension L0 to store the energy before it is integrated into 
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the wing. If the stiffness rate of the drive spring is denoted as K, the entire energy stored in the 
drive spring is then 2

00.5KL ; this quantifies the maximum amount of available work that can be 
provided by the mechanism to assist actuation. Two spiral pulleys are mounted onto one centre 
shaft, and the bidirectional motion can be achieved through the rotation of the pulleys in the 
opposite directions. 

The planar geometry of the spiral pulley is shown in Figure 3.  

 
Figure 3: Geometry of the spiral pulley 

The radius, r, about point O, which is the centre of the rotation shaft can be defined as an 
exponential function  

  2 0
1

k
or r k e        (1) 

where δ is the rotation angle of the spiral pulley and θ is an associated angle. The parameters 
k1, k2 are the pre-exponent and exponent terms of the spiral pulley. And the coordinate 
components of point A, ,off offx y , are also needed to fully define the pulley geometry, together 
with the initial pulley radius r0 and the initial rotation angle δ0. 

The drive torque output by the spiral pulley is given by 
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The expression of the drive torque has been derived in [15, 17]. The force caused by the 
drive spring, Fd, is determined by the rotation angle, the parameters of the spiral pulley 
geometry and the drive spring. The moment arm, lm, also varies with the rotation of the spiral 
pulley. It can be seen that the drive torque is influenced by the geometry parameters of the spiral 
pulley and the drive spring stiffness and the initial extension. A decreasing torque can be 
provided against the rotation of the pulley, which leads to the so-called negative stiffness. In 
the meantime, the load torque, Tl, is required to deform the structure. If the stiffness of the 
structure can be balanced by the negative stiffness of the spiral pulley mechanism, a zero-
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stiffness system can be designed, which means the energy required to deform the structure is 
provided by the energy stored in the pre-stretched drive springs, and no external energy is 
needed to deform the structure.  

3 STRUCTURE STIFFNESS MEASUREMENT 
To design a zero-stiffness mechanism, the relationship between the load torque and the 

corresponding rotation angle needs to be obtained. The experimental setup is shown in Figure 
4. As the focus is the integration of the negative stiffness mechanism, the structure components, 
including the FishBAC spine, are 3D printed. A baseline load pulley is installed, and the cables 
from the load pulley are bonded to the tendons of the FishBAC. The baseline load pulley is 
used to transfer the load torque onto the FishBAC structure in the measurement, and is installed 
at the same location of the spiral pulley to ensure the integration can be realised. By applying 
the torque directly onto the load pulley with a torque wrench, the FishBAC spine will be 
deformed under the specific torque, and the rotation angle is recorded using a protractor.  

 
Figure 4: Schematic of the wing platform for the measurement of the FishBAC structure stiffness 

As shown in Figure 5(a), both the upward and downward deflections of the FishBAC are 
achieved. An external load, which is in the opposite direction of the deflection, is applied to on 
the structure. The relationship between the measured load torque and the rotation angle is shown 
in Figure 5(b).  

    
Figure 5: (a) Downward and upward deflection of the FishBAC subject to the load torque, (b) Measured load 

torque vs the rotation angle of the baseline pulley 
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The positive torque and rotation angle are defined when they correspond to the upward 
deflection of the FishBAC tip. It can be seen that the upward and downward deflection of the 
FishBAC have different stiffnesses, which could be caused by the direction the tendon is 
aligned, the offset due to the bonding of the tendon, etc. The measurement indicates an 
approximately linear relationship between the load torque and the rotation angle, although the 
first data point with the minimum rotation angle is neglected due to measurement errors.  

4 OPTIMISATION OF THE SPIRAL PULLEY 
To provide a zero-stiffness system, the geometry of the spiral pulley needs to provide the 

drive torque that can balance the load torque. The geometry parameters are optimised to find 
the maximum objective defined as 

 max o
e

r

E
E

    (3) 

where the energy output by the spiral pulley system, Eo, and the energy required by the 
FishBAC structure, Er, can be obtained as 
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The Matlab nonlinear programming solver, ‘fmincon’, is used to perform the optimisation 
[25]. Two optimisation cases are performed to find the optimal geometry of the two spiral 
pulleys for the upward and downward deflections separately, and the optimisation results are 
summarised in Table 1.  

The influence of the spiral pulley on the stiffness is shown in Figure 6. It is found that in 
both spiral pulleys, the drive torque Td, can balance the load torque Tl, and the net torque is 
close to zero, which indicates the zero-stiffness of the mechanism.  
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Table 1. Optimised parameters of the spiral pulley negative stiffness mechanism 

Name of the 
variable For the upward deflection For the downward deflection Unit 

Initial pulley 
radius r0 

-0.029 -0.030 m 

Pre-exponent 
term k1 

0.005 0.016  

Exponent term 
k2 

0.991 1.000  

Drive spring 
extension L0 

0.170 0.218 m 

Drive spring 
rate K 567.153 910.891 N/m 

Initial rotation 
angle of the 

spiral pulley δ0 
-0.814 -0.758 rad 

x coordinate to 
define point A 

xoff 
-0.019 -0.064 m 

y coordinate to 
define point A 

yoff 
0.069 0.012 m 

 

 
Figure 6: Effect of the optimised spiral pulley on the torque (a) For the upward deflection, (b) For the downward 

deflection 

The influence on the required energy is shown in Figure 7. Obviously, with the spiral pulley 
mechanism, the external energy, which is required to deform the structure, is reduced 
significantly, as the energy stored in the pre-stretched spring can drive the mechanism.  
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Figure 7: Effect of the optimised spiral pulley on the required energy (a) For the upward deflection, (b) For the 

downward deflection 

5. CONCLUSION 
In this paper, the negative stiffness mechanism based on the spiral pulley is integrated into 

the FishBAC morphing wing.  
The load torque, which is required to deform the FishBAC morphing structure, is measured 

first to obtain the structure stiffness. The geometry parameters of the spiral pulley are then 
optimised to provide an energy balancing system. The optimisation results indicate that the 
spiral pulley mechanism is able to provide a negative stiffness against the structure stiffness, 
which induces a net zero-stiffness of the entire system.  

Optimisation work has shown that the spiral pulley is able to provide a high energy efficiency 
for the morphing structure, and future work will demonstrate a functional model for the static 
and wind tunnel test.  
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Abstract. To enable the return to flight of civil supersonic transport (SST) aircraft, configurations must 
be developed that meet noise and efficiency requirements across a range of operating conditions. A team 
of researchers, led by Texas A&M University, is investigating real-time geometry changes, driven by 
compact and lightweight Shape Memory Alloy (SMA) actuators, to minimize boom signatures across 
all flight phases in response to changing aircraft configurations and environmental conditions. Since 
2005 Boeing and Texas A&M, along with numerous industry, academic, and government partners have 
made significant advances in the area of SMA technology, including improved materials, design and 
modeling tools, and approved test methods. Many of these advances in SMA technology and tools are 
now being applied to the development of adaptive aircraft structures as part of NASA’s University 
Leadership Initiative (ULI) led by Texas A&M University titled Adaptive Aerostructures for 
Revolutionary Civil Supersonic Transportation. In this paper the ULI program is described, including 
its goals and objectives. Strategies for integrated SMA design and design optimization are discussed. 
Examples of hardware demonstrations of morphing structures for shock wave control in supersonic wind 
tunnel tests and structural shape control are shown. 

1. INTRODUCTION 
For years the promise of Shape Memory Alloy (SMA) actuators as an enabling technology has seemed 
poised to revolutionize the design of adaptive structures and smart systems for aircraft. As far back as 
2005 Boeing successfully integrated SMA actuators into the fan nozzle of a 777-300ER GE-115B engine 
to modify nozzle geometry in flight for community and cruise noise reduction [1-2]. Shape Memory 
Alloys were an ideal choice for the actuation mechanism for the Variable Geometry Chevron (VGC) 
flight test.  Shape Memory Alloys are active materials that convert thermal energy into mechanical 
energy. Heating the material above its Austenitic transition temperature activates a crystalline structural 
phase change causing the material to revert to a previously “remembered” shape. When cooled below 
the transition temperature the SMA transforms into its more compliant (lower modulus) Martensitic 
form.  It can be easily deformed when a load is applied during transition from Austenite to Martensite 
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or when in the final Martensite state.  The concept for using an SMA to morph the shape of the VGC is 
shown in Fig. 1. The VGC was designed for two modes of operation. Autonomous operation utilizes 
changes in the ambient temperature from take-off to cruise to activate the chevron shape change.  In 
powered mode internal heaters are used to individually control the VGC temperatures enabling variable 
immersions and the ability to test a variety of chevron configurations. 

Figure 1: Variable Geometry Chevron Design Concept  

2. TECHNOLOGY GAPS, DEVELOPMENT, AND DEMONSTRATIONS  
While the Variable Geometry Chevron (VGC) flight tests clearly demonstrated that SMA technology 
can enable solutions for challenging aerospace applications, it also exposed critical technology gaps and 
needs that would be essential to advancing SMA technology. Identified needs included: 

 Improved tools for modelling, simulation, and design optimization. 

 Alloy compositions, processing, and fabrication to increase stability, fatigue, and work output. 

 High temperature alloys for stable operation in worldwide thermal environments. 

 Improved controller for precise and repeatable load displacement control. 

A critical part of the technology development since the VGC program has been regular laboratory and 
flight demonstrations showing a high technology readiness level (TRL). Key applications and 
demonstrations are shown in Fig. 2.  

2.1. The Adaptive Trailing Edge (ATE) 
The ATE program was part of a Boeing and Federal Aviation Administration (FAA) 
collaboration [3]. The ATE program combined advances in SMA actuation and control with the 
aerodynamic understanding of transport aircraft wing design to demonstrate deployable and 
controllable trailing-edge elements that improve aircraft performance at all flight conditions. 
Small SMA actuated control surfaces (miniature flaps) were placed along the wing trailing edge 
of a 737-700 aircraft demonstrating a simple and effective way to improve aerodynamic 
performance at multiple configurations that vary with flight segments. Flaps could then be 
deployed for enhanced takeoff, cruise, or approach performance, and retracted when not needed. 
Closed loop control of the flap’s position, using the SMA actuators, was demonstrated at 
multiple flight conditions during flight tests. 
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Figure 2: SMA Applications and Tests Demonstrating Boeing Tools for Design, Simulation, and 
Control. (a) Actuated Wind Tunnel Models (b) Spanwise Adaptive Wing UAV (c) FAA Adaptive 

Trailing Edge and (d) F-18 Wing Ground Fold. 

2.2. The Spanwise Adaptive Wing (SAW) Flight Test 
The SAW project included the development, integration, and test of a compact integrated SMA actuator 
system to fold the outboard wing sections of the PTERA UAV during flight. High temperature NiTi-
20Hf SMA torsional components were processed by Boeing to produce stable actuation at loads up to 
45 N*m (400 in-lbs) and 88° of angular range. The SMA components were incorporated into a hinge 
assembly that mechanically coupled the inboard wing and the outboard folding winglet. Instrumentation 
was installed to provide position, load, and temperature feedback. A compact on-board control system 
used angle, torque, and temperature readings to maintain a range of commanded wingtip angles over a 
wide range of flight and test conditions. An integrated simulation of the SMA actuators was developed 
to aid in the design of the actuator control system and for preflight performance predictions. The 
simulation was deployed using compact electronics and integrated into NASA’s PTERA flight 
simulator. This complete actuator system was tested using a combination of bench and wind tunnel 
testing prior to integration into the PTERA vehicle and flight tests. The performance of the actuator 
control system, the SMA actuation, and the actuator simulation model were validated during flight tests. 
Prefight Simulations compared to flight data are shown in Fig 3. 

2.3. The Spanwise Adaptive Wing (SAW) Ground Test  
The SAW ground test demonstrated scale-up of SMA actuators to 2260 N*m (20,000 in*lbs). High 
temperature NiTi-20Hf SMAs, developed at NASA Glenn, was used for these actuators due to their high 
strength and high transition temperatures suitable for wing applications. Simply increasing the size of 
the SMA components may not be a viable solution for larger torques. The cost of manufacturing, limited 
existing design data, and increased heating and cooling rates can make large tubes impractical. Boeing 
has demonstrated an SMA actuator design that overcomes the limitations of very large SMA tubes by 
combining multiple smaller tubes into a single assembly. The design is modular and adaptable, trading 
output forces and displacements through a simple gearing mechanism. For the large multi-tube actuators 
material was produced in large scale (>120 lbs batches) and processed into rods from which torque tubes 
with outer diameters ranging from 0.75 to 1.5 inches were produced. These tubes were used to design 
and build integrated large scale actuation mechanisms for folding the outer wing section of an F/A-18 
wing. The mechanism was tested on a F/A-18 surplus outer wing and was shown to operate at loads up 
to 2260 N*m (20,000 in*lbs) and angular displacements of up to 90 degrees. 

(c)

(d)

(a)
(b)



465

James H. Mabe, Dimitris C. Lagoudas, and Darren J. Hartl 

 4 

Figure 3: Spanwise Adaptive Wing Model and Flight Test Data Comparison. 

2.4. SMA Actuated Wind Tunnel Models 
SMA actuated wind tunnel modes enable efficient test methods and improved data. Compact 
and precisely controller SMA actuators have been integrated into models used in high pressure 
cryogenic wind tunnels. Using traditional fixed parts is expensive due the high cost of tunnel 
shut down, parts swap, and tunnel restart. Remote actuation can greatly increase productivity 
and data quality while reducing cost. Shape Memory Alloy technology has been demonstrated 
as a simple actuator that enables efficient remote actuation of cryogenic wind tunnel models. 
Previous testing at the European Transonic Wind Tunnel and NASA transonic Cryogenic 
Tunnel demonstrated actuation under representative loads, precise control and repeatable 
control as shown in Fig 4. Collaboration with leading High Speed wind tunnels has been key 
to validating the technology and developing new operational methods that will greatly improve 
testing productivity. 

Figure 4: Angle Increment Control at -100°C, Mach 0.7, and 3.35 mega Pascal 
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3. University Leadership Initiative (ULI)  
Renewed interest in sonic boom noise mitigation in recent years has brought attention to 

technology development for quiet supersonic aircraft. A multidisciplinary team headed by 
the Department of Aerospace Engineering at Texas A&M University and Boeing Research 
& Technology (BR&T) in St. Louis, Missouri, is investigating commercially viable civil 
supersonic transport aircraft that can modify their shape during flight under a range of 
conditions to meet noise and efficiency requirements for overland flight. This project is 
sponsored under NASA’s University Leadership Initiative (ULI) program. [4] 

Overland flight of supersonic aircraft is limited by the over-pressure on the ground 
caused by the propagation and coalescence of shock waves generated by the aircraft. The 
perceived loudness of the resultant sonic boom, depends on many factors including the 
shape of the aircraft, the aircraft’s flight conditions such MACH, angle of attack, and 
altitude, and atmospheric conditions such as humidity. 

The calculation of the sonic boom’s perceived loudness (PLdB) is completed in a multi-
step process. The various stages of sonic boom loudness calculation are shown in Fig. 5. 
First the pressure signature at a certain distance from the body of the aircraft in what is 
termed the near-field region is determined. The near-field pressure signature is determined 
by using a computational fluid dynamics (CFD) solver. The near-field pressure is then 
propagated through the atmosphere, accounting for relevant atmosphere conditions, to the 
ground. The ground pressure signature is further analyzed to determine the perceived 
loudness that results from the over-pressure. 

Figure 5: Strategy for Perceived Noise Calculation Based on Aircraft Geometry 
Previous studies have shown that small changes in flight conditions, such as Mach 

or angle of attack, can have an adverse effect on the boom signature [5]. However, to be 
commercially viable, a supersonic transport must be able meet low boom noise limits for 



467

James H. Mabe, Dimitris C. Lagoudas, and Darren J. Hartl 

 6 

all flight conditions. This will require the ability for aircraft to adapt and reconfigure to 
changing flight conditions to maintain a low boom signature. 

As an example, the same near-field pressure was propagated to the ground through two 
measured atmospheric conditions, one in a humid location, Jacksonville Florida, and one in 
a dry location, Las Vegas Nevada. The ground pressure signature and the resultant perceived 
noise is shown in Fig 6. A 6 PLdB difference is calculated for the identical aircraft 
configuration.  

Embedded shape memory alloy (SMA) actuators can provide small real-time geometric 
reconfigurations to the outer mold line (OML) of the aircraft to impact the boom signatures 
and enable optimal low-boom and low-drag configurations across all environments and 
flight conditions. The Texas A&M ULI team is combining improved supersonic 
computational fluid dynamic (CFD) methods, SMA actuator design and optimization tools, 
and boom propagation models into a multidisciplinary design framework. Modeling and 
designs are initially being validated in small scale supersonic wind tunnel tests. 

Figure 6: Perceived Noise increase due to propagation through high humidity 

3.1. Low Boom Predictions and Off Design Flight Conditions. 
Initial ULI studies of the off-design low-boom performance have focused on the NASA 
25D configuration. A methodology for identifying potential surface morphing locations 
where SMA solutions can likely improve boom signature under adverse conditions is being 
developed. CFD studies have shown that Mach number and angle-of-attack can adversely 
impact perceived boom noise. Additionally atmospheric conditions, particularly humidity, 
can also adversely impact perceive sonic boom noise on the ground. 
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. 

The resulting change in ground signature loudness for an initial set of Mach and angle of 
attack perturbations is shown in Fig. 7. It is evident that small perturbations in Mach and 
angle of attack degrade the designed boom loudness for the NASA 25D model. This implies 
that appropriate vehicle modifications should be studied to enable greater boom robustness 
when encountering off-design flight conditions. In this initial analysis the loudness 
sensitivity to ΔM is more severe than its sensitivity to Δα. Mach number variations due to 
temperature gradients and angle of attack variations due to gusts at the design altitude were 
estimated to within the bounds of Fig. 7 perturbations [6]. 

Figure 7: Perceived Noise Increase due to Mach and Angle of Attack Changes. 
A full simulation including near-field CFD with Cart3D, followed by atmospheric wave 

propagation with sBOOM and noise assessment with LCASB, was utilized to create a model 
for PLdB off-design conditions including varying Mach and angle of attack. A surrogate 
was also created to model the location of maximum ground-signature sensitivity to near-
field perturbations. Target regions and areas where surface morphing could improve boom 
signature in adverse conditions were identified. In particular, a region of the vehicle nose 
was found to be sensitive to Mach perturbations and an aft region was sensitive to angle of 
attack perturbations as shown in Fig. 8. These results provide insight into the appropriate 
allocation of SMA actuators for the NASA 25D model. 

Both of these regions on the model are therefore candidate locations for SMA actuators 
to have the most impact on off-design signatures. Future work will explore what type of 
SMA deformation is best suited for these regions to accomplish robust boom performance. 
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Figure 8: Identified Morphing Regions of Interest 

3.2. Actuated Supersonic Wind Tunnel Model 
To explore the feasibility of using SMA actuation to control shock wave characteristics 

in supersonic flow a SMA-actuated wind tunnel model was designed, built, and tested. The 
wind tunnel model hardware consists of two coupled panels mounted in the floor of a Mach 
2.2 wind tunnel at Texas A&M’s National Aerothermochemistry and Hypersonics 
Laboratory (NAL). SMA torque tubes were integrated into the hinge assemblies and were 
used to articulate each panel up into the flow. Shock wave formation, location, and 
characteristics were measured using a Schlieren image system [7]. 

Figure 9: SMA-actuated wind tunnel model. Torsional actuators are integrated into the hinge between 
the forward model support and the forward panel and into the hinge between the forward panel and the aft 

panel. 

The wind tunnel model was designed by a Texas A&M undergraduate team. A drawing 
of the model is shown in Fig. 9. The two actuated panels use SMA torsional tube actuators, 
each independently controlled. Cartridge heaters are used to heat the SMA, varying the 
actuator’s temperature, tube twist, and the panel’s angle. The SMA actuators act as hinge 
pins connecting the forward panel to the forward model support and the aft panel to the 

Forward Morphing Region of Interest Aft Morphing Region of Interest

Output Distribution of 
Sensitive Regions
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forward panel. One end of each tube is attached to the element upstream of the tube, and the 
other is attached to the part downstream of the tube as shown in Fig 10. The forward panel’s 
angle is directly correlated to the rotation of the forward SMA actuator. The aft panel is 
mechanically coupled to the forward panel and its angle is the sum of the forward panel 
angle and the aft SMA actuator’s rotation. 

The SMA torsional actuators are made from equi-atomic NiTi trained and stabilized to 
have approximately 5% two-way shear strain shape memory effect (SME). There are no 
restoring springs or other forces in this actuation design, relying on the two-way SME on 
cooling to reduce the panel angle.  

Figure 10: SMA torsional actuator and cartridge heater left. SMA tubes integrated into wind tunnel model 

The model was mounted in the floor of the tunnel as shown in Fig 11. Closed loop control 
of angle was demonstrated on the bench, Fig 12, however angle sensor issues limited closed 
loop control under high Mach conditions, so open loop heating of the SMA was used to 
control the angle of each ramp. Schlieren images of the shock characteristic for a range of 
ramp angles is shown in Fig 13. Shocks are easily seen originating at the leading edge of 
each panel. The shock angles vary with ramp angles and the feasibility of controlled the 
shock waves was demonstrated. 

Figure 11: Dual Ramp SMA Actuated Wind Tunnel Model, flow is right to left. 
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Figure 12: Closed loop angle control of the forward and aft panel during bench-top testing. 

Figure 13: Schlieren images of the shock characteristic for a range of ramp angles 
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An improved wind tunnel model design is currently being fabricated and will be tested 
summer of 2019. Improvements include accurate angle sensing for closed loop control, 
measurement of SMA hinge loads, and pressure taps for validation of CFD models. 

4. CONCLUSIONS 

 Demonstrations of SMA actuator design tools, advanced materials, precise control 
methods, and aircraft integration have verified the high TRL of SMA actuation. 

 The return of commercial supersonic overland flight can be enabled by lightweight SMA 
actuation to modify aircraft geometry in flight and minimize sonic boom noise in 
adverse conditions. 

 SMA actuated surfaces have been tested in MACH 2.2 flow and the feasibility of 
controlling shock characteristics has been demonstrated.  
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Abstract. Traditional ways to achieve the desired motion of mechanisms or deformation of 
morphing structures require external energy for actuation. Frequently the use of these actuators 
to drive the system can cost noteworthy energy for each cycle of operation and the spent energy 
cannot be recovered. This work investigates a passive energy balancing concept for linear 
motion systems by strategically using a negative stiffness mechanism. The energy balance 
concept is achieved by employing a negative stiffness system to couple with the positive 
stiffness mechanical system to create zero stiffness which can be driven with smaller actuators. 
The negative stiffness mechanism proposed here uses a pre-tensioned spring to produce a 
passive torque and therefore to transfer the passive torque through a crankshaft for linear 
motion. The kinematics of the negative stiffness mechanism is first developed to satisfy the 
required linear motion and its geometry is then optimised to achieve minimal energy 
requirements. The performance of the optimised negative stiffness mechanism is evaluated 
through the net force and the total required energy. Exploiting the negative stiffness mechanism 
has a significant benefit in the field of energy sensitive applications. 
 
1 INTRODUCTION 

Traditional mechanisms and smart structures are designed by using actuators or smart 
materials to overcome the internal (e.g. structure deformation) resistance and external (e.g. 
aerodynamic) loads to generate motion of the system. These integrated systems allow shape 
changes of the structure, and thus control its motion with acceptable precision. In particular, 
morphing requires deformation against the internal loads, and the frequent use the actuators to 
drive the system can cost noteworthy energy for each cycle of operation and the spent energy 
cannot be recovered. In other words, the work done to reach the target state requires the input 
of energy, while the subsequent dissipation of that energy to recover the initial state generates 
waste heat. Traditional actuators, such as electromechanical actuation, can be used as linear and 
rotary actuators, combined with mechanisms to provide a powerful tool for morphing [1]. 
Moreover, with the development of smart materials, many traditional actuation systems based 
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on electric motors, hydraulics, or pneumatics may be replaced by smart material systems. For 
example, piezoelectric materials have been used as actuators to control wing panels [2,3], 
spanwise deflection [4] and trailing-edge flaps [5,6]. Concepts have been proposed to reduce 
the required force or torque and therefore to allow smaller and lighter actuators, or even no 
actuator, to be employed to drive the system. For some typical cases, such as gravity 
equilibrators, a weight can be carried throughout its range of motion without any external 
energy by using spring mechanisms or counterweights [7–9]. Such static balancing is described 
as “zero stiffness” or “neutral stability”, as the system can be moved without operating energy. 
In general, many systems have force that is purely a function of displacement, as shown in Fig. 
1(a), known as an elastic force response. In order to produce a static balancing for such systems 
with a zero stiffness property, negative stiffness is required to assist the imposed deformation. 
Figure 1(b) shows a representative nonlinear stiffness property, which has a completely 
nonlinear behaviour compared to the positive stiffness system and helps to construct an energy 
balancing system in a certain working range shown in Fig. 1(c). As the actuation is returned to 
zero, the elastic energy stored in the driven structure will force the negative stiffness system 
back to its original state, again at zero net actuation force. Therefore, Figure 1 shows that for a 
system assumed to be perfectly elastic, the negative stiffness can drive required actuation force 
to zero. Of course, many real systems include significant inelastic forces, which can be rate or 
history dependent, or due to external disturbances, and these cases represent a more complex 
problem that will be the subject of future work. In what follows, it is assumed that the driven 
structure has a purely elastic force displacement response.  

 
Figure 1. Schematic of the energy balancing system force curve. 𝑘𝑘𝑝𝑝 is the stiffness of the load system and 𝑘𝑘𝑛𝑛 

is the negative stiffness system. (a) Increasing force system. (b) Nonlinear stiffness system. (c) Energy balancing 
system in a certain working range. 

The negative stiffness mechanism can be coupled to the target positive stiffness system to 
produce an energy balancing system and the energy required to actuate the existing system can 
be balanced by the stored energy in the negative stiffness system. Figure 2 shows that a net zero 
stiffness device may be achieved by adding the negative stiffness system to a positive stiffness 
system, and the coupled system can therefore be considered as an energy balancing system. 
Figure 2(a) shows that a traditional way to actuate a system with internal stiffness 𝑘𝑘𝑝𝑝 and the 
external load 𝐿𝐿, which requires a high power actuator. However, by coupling the negative 
stiffness mechanism, the total stiffness of the whole system becomes 𝑘𝑘𝑝𝑝 + 𝑘𝑘𝑛𝑛 and a key benefit 
is that a small actuator can be used to determine the same output with regards to the same 
external load L, as shown in Fig. 2(b).  
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Figure 2. Minimalistic model of a negative stiffness mechanism for energy balancing. 𝐿𝐿 denotes the external 
load, 𝑘𝑘𝑝𝑝 is the internal stiffness of the load system and 𝑘𝑘𝑛𝑛 is the negative stiffness system. (a) Traditional 

actuated system. (b) Energy balancing system by adding the negative stiffness mechanism. 

It can be assumed that if the required input, such as force or torque, can be completely 
eliminated by the negative stiffness system, then in principle no energy is required to move the 
system, other than to overcome dissipation. Therefore, the use of negative stiffness systems is 
likely to benefit energy constrained systems, such as those present in the aerospace and 
automotive industries.  

Many applications have been proposed that use a negative stiffness for passive energy 
balancing. Clingman and Ruggeri [10] described a negative stiffness nonlinear over-centre 
linkage used on a tilt-rotor blade for active twist. This negative stiffness linkage mechanism 
uses the stored energy of a compressed spring to rotate the output shaft, resulting in an 
effectively softened blade that requires 70% reduction in torque for morphing. In addition, a 
pulley based balancer has been proposed with a varying radius pulley to preserve moment 
equilibrium between a constant load and a varying spring length [11,12]. By using such a spiral 
pulley negative stiffness mechanism, the required torque for the morphing actuation can be 
satisfactorily matched to create a nearly zero stiffness which requires minimal energy. A 
bidirectional torsional negative stiffness mechanism by using a series of pre-compressed 
springs has investigated for energy balancing systems [13]. This integrated BTNS mechanism 
was then verified to tailor the kinematics of the required torque driving the active camber and 
the results showed a similar torque-rotation profile can be generated. The proposed device 
provides actuation to change the state of the system, such as deforming a structure or lifting a 
mass; hence the energy provided by the actuator transforms into an increased potential energy 
in the system. Once the system returns to its original state, all of the energy provided by the 
actuator will be recovered, if the system is conservative. In other words, the work done to reach 
the target state require the input of energy, while the subsequent dissipation of that energy to 
recover the initial state generates waste heat.  

In a previous work [14], an energy efficient concept for bidirectional morphing aircraft 
actuation was investigated by using a negative stiffness mechanism. The torsional negative 
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stiffness with an off centre spring (TNSOCS) mechanism was proposed that uses a pre-
tensioned spring to convert the decreasing spring force available in the spring into an increasing 
output balanced torque. A significant contribution can be provided by the negative stiffness 
mechanism to balance the positive stiffness rotation motion system. This work extends [14] by 
applying the torsional negative stiffness mechanism to a linear motion actuation. This paper 
proceeds as follows. Firstly, a prototype of this energy balancing device is proposed and the 
kinematics of the bidirectional torque shaft, the linear motion mechanism and rotation angle are 
investigated. Then, the characteristics of the negative stiffness mechanism is proposed and a 
linear spring is chosen as the positive stiffness load system for investigation. Finally, the design 
parameters are optimised to exactly match the requirements of the linear motion requirement.  

2 KINEMATIC ANALYSIS 
The prototype of this energy balancing device is shown in Fig. 3 with the detailed geometry 

definition of two mechanisms. The torsional negative stiffness with an off centre spring 
(TNSOCS) mechanism [14] is developed to produce the actuating force and the slider-crank 
mechanism is designed to transfer the torque to linear motion actuation. The shaft is centred at 
𝑂𝑂 and 𝜃𝜃 is the shaft rotation angle. A pre-stretched spring is fixed on the shaft and point 𝐵𝐵 is 
the off centre point for the spring. Then, the slider-crank mechanism is connected to the 
torsional negative stiffness mechanism and point 𝐸𝐸 is the joint. Therefore, when the pulley 
rotates, the slider can move in the horizontal direction as denoted by 𝑞𝑞𝑚𝑚. 
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Figure 3. Schematic representation of a variable stiffness cam mechanism. In this mechanism k denotes the 

stiffness of the linear spring, 𝑞𝑞 is the extra output position, 𝜃𝜃 is the input angle, while 𝑞𝑞𝑚𝑚 denotes the motion of 
the slider. 

 
In order to investigate the tailored nonlinear negative stiffness mechanism for linear motion, 

the kinematics of the system should be derived. Two springs are shown here, one is designed 
as an energy storage device for the negative stiffness system and the other represents the load 
system. Therefore, the potential energy function of this mechanism is given by:  

 𝑉𝑉(𝜃𝜃, 𝑞𝑞) = 1
2 𝑘𝑘1(𝑙𝑙 − 𝑙𝑙0)2 +

1
2 𝑘𝑘2(𝑞𝑞𝑚𝑚 − 𝑞𝑞)2  (1) 
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where 𝑙𝑙0 is the initial length of the spring and 𝑙𝑙 is the length of the spring at its current 
position. 𝑘𝑘2 is the stiffness of the output system and can be considered as a linear system when 
𝑘𝑘2 is constant. Then, the additional required moment imposed by the negative stiffness 
modulating mechanism is 

 𝑀𝑀𝑖𝑖𝑖𝑖(𝜃𝜃, 𝑞𝑞) =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜃𝜃 = 𝑘𝑘1(𝑙𝑙 − 𝑙𝑙0)

𝜕𝜕𝑙𝑙
𝜕𝜕𝜃𝜃 + 𝑘𝑘2(𝑞𝑞𝑚𝑚 − 𝑞𝑞) 𝜕𝜕𝑞𝑞𝑚𝑚𝜕𝜕𝜃𝜃  (2) 

O

θ 
R

L
qm

D

E

θ0 

 
Figure 4. The slider-crank mechanism: displacement 𝑞𝑞𝑚𝑚 of the slider for different 𝜆𝜆 and 𝜃𝜃. 

Moreover, the displacement 𝑞𝑞𝑚𝑚 of the slider can be determined as 
 𝑞𝑞𝑚𝑚 = 𝐿𝐿 ((√1 − 𝜆𝜆2 sin2 𝜃𝜃 − 1) + 𝜆𝜆(1 − cos 𝜃𝜃)) (3) 

where 𝜆𝜆 = 𝑅𝑅 𝐿𝐿⁄  denotes the ratio of the radius of the crank shaft and the length of the 
connecting rod. Figure 5 shows the displacement of the slider for different 𝜆𝜆 when the crank 
shaft rotates. It can be seen that the larger the value of 𝜆𝜆, the higher the displacement that can 
be achieved.   

 
Figure 5. Displacement 𝑞𝑞𝑚𝑚 for different 𝜆𝜆 and  .  
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The kinematics of the torsional negative stiffness shaft is now investigated. Figure 6 shows that 
the cable is fixed on the shaft and point 𝐵𝐵 is the off centre point for the spring. The Cartesian 
coordinates can then be defined with the origin at 𝐴𝐴 and the coordinates of any point 𝐵𝐵′ are then 
defined as   

 𝑥𝑥𝐵𝐵 = −𝑙𝑙𝑜𝑜𝑜𝑜𝑜𝑜 − 𝑏𝑏 cos 𝜃𝜃 (4) 

 𝑦𝑦𝐵𝐵 = 𝑏𝑏 sin 𝜃𝜃 (5) 

where 𝑟𝑟 is the length of the vector 𝑂𝑂𝐵𝐵̅̅ ̅̅  and 𝑙𝑙𝑜𝑜𝑜𝑜𝑜𝑜 is the length of the vector 𝑂𝑂𝐴𝐴̅̅ ̅̅ .  

C
lm

l

loff
x

yb
γ 

O

θ 

A

B 

B

 
Figure 6. Torsional negative stiffness shaft geometry analysis with moment arm details.  

Therefore, the length of the vector 𝐴𝐴𝐵𝐵′̅̅ ̅̅ ̅ is equal to  

 𝑙𝑙 = √𝑥𝑥𝐵𝐵2 + 𝑦𝑦𝐵𝐵2 = √(𝑏𝑏 sin 𝜃𝜃)2 + (𝑙𝑙𝑜𝑜𝑜𝑜𝑜𝑜 + 𝑏𝑏 cos 𝜃𝜃)2 (6) 

The change of the length 𝑙𝑙 with the shaft rotation angle 𝜃𝜃 can be calculated as  

 
𝜕𝜕𝑙𝑙
𝜕𝜕𝜃𝜃 = −𝑙𝑙𝑜𝑜𝑜𝑜𝑜𝑜 𝑏𝑏 sin 𝜃𝜃 √(𝑏𝑏 sin 𝜃𝜃)2 + (𝑙𝑙𝑜𝑜𝑜𝑜𝑜𝑜 + 𝑏𝑏 cos 𝜃𝜃)2⁄  (7) 

The motion of the slider can also be calculated as  

 
𝜕𝜕𝑞𝑞𝑚𝑚
𝜕𝜕𝜃𝜃 = 𝐿𝐿 (𝜆𝜆 sin 𝜃𝜃 − 𝜆𝜆2 sin 𝜃𝜃 cos 𝜃𝜃 (√1 − 𝜆𝜆2 sin2 𝜃𝜃)⁄ ) (8) 

Therefore, the additional required moment can be obtained by substituting Eqs. (7) and (8) into 
Eq. (2), to give 

 

𝑀𝑀𝑖𝑖𝑖𝑖(𝜃𝜃, 𝑞𝑞) =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜃𝜃 = 𝑘𝑘1 (√(𝑏𝑏 sin 𝜃𝜃)2 + (𝑙𝑙𝑜𝑜𝑜𝑜𝑜𝑜 + 𝑏𝑏 cos 𝜃𝜃)2 − 𝑙𝑙0)

× (−𝑙𝑙𝑜𝑜𝑜𝑜𝑜𝑜𝑏𝑏 sin 𝜃𝜃 √(𝑏𝑏 sin 𝜃𝜃)2 + (𝑙𝑙𝑜𝑜𝑜𝑜𝑜𝑜 + 𝑏𝑏 cos 𝜃𝜃)2⁄ )

+ 𝑘𝑘2𝐿𝐿2 ((√1 − 𝜆𝜆2 sin2 𝜃𝜃 − 1) + 𝜆𝜆(1 − cos 𝜃𝜃) − 𝑞𝑞)

× (𝜆𝜆 sin 𝜃𝜃 − 𝜆𝜆2 sin 𝜃𝜃 cos 𝜃𝜃 √1 − 𝜆𝜆2 sin2 𝜃𝜃⁄ ) 

(9) 

In Eq.(9), for an ideal energy balancing system, we require 𝑀𝑀𝑖𝑖𝑖𝑖(𝜃𝜃, 𝑞𝑞) = 0, where 𝑘𝑘1, 𝑏𝑏, 𝑙𝑙𝑜𝑜𝑜𝑜𝑜𝑜, 
𝐿𝐿, 𝑙𝑙0, 𝑞𝑞, 𝜆𝜆, 𝑘𝑘2 are system constants. For a potential actuation system with known 𝑘𝑘2 and 𝑞𝑞, the 
parameters can be optimised for passive energy balancing. Moreover, Eq. (9) can be modified 
by employing 𝑘𝑘1 = 0 and 𝑞𝑞 = 0 to obtain the ordinary required moment to actuate the system 
without the proposed negative stiffness mechanism as 
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𝑀𝑀𝑟𝑟 = 𝑘𝑘2𝐿𝐿2 ((√1 − 𝜆𝜆2 sin2 𝜃𝜃 − 1) + 𝜆𝜆(1 − cos 𝜃𝜃))

× (𝜆𝜆 sin 𝜃𝜃 − 𝜆𝜆2 sin 𝜃𝜃 cos 𝜃𝜃 (√1 − 𝜆𝜆2 sin2 𝜃𝜃)⁄ ) 
(11) 

Figure 7 shows the required moment and actuation force for the different input angle, and 
demonstrates that the required moment has a strong nonlinearity. Moreover, the system will be 
turned from positive stiffness to negative stiffness at a specific angle. 

 
Figure 7. Required moment and actuation force as a function of input angle. 

Therefore, in order to improve the performance of the total system, an initial established 
angle 𝜃𝜃0 of the bar mechanism is proposed as an additional parameter, as shown in Fig. 4. Then, 
the displacement 𝑞𝑞𝑚𝑚 of the slider becomes 

 𝑞𝑞𝑚𝑚 = 𝐿𝐿 ((√1 − 𝜆𝜆2 sin2(𝜃𝜃 + 𝜃𝜃0) − 1) + 𝜆𝜆(1 − cos(𝜃𝜃 + 𝜃𝜃0))) (12) 

Moreover, the turning point 𝜃𝜃𝑡𝑡 of the system can be obtained by solving 

 
𝜕𝜕𝑀𝑀𝑟𝑟
𝜕𝜕𝜃𝜃 = 0 (13) 

In order to evaluate the performance of the energy balancing system, it is useful to establish 
a force metric. As the system is continuous with limited constants, it is hard to construct a 
perfect energy balancing system using finite unknown constants. Therefore, an error metric is 
established to evaluate the performance of the energy balancing system. Figure 8 shows the 
schematic diagram of the actuation force error for different input angles. The error metric could 
theoretically integrate this actuation error from a zero angle to the current position and is written 
as 

 𝜂𝜂𝑒𝑒𝑟𝑟𝑟𝑟 = ∫|𝑀𝑀𝑖𝑖𝑖𝑖|
𝜃𝜃

0

𝑑𝑑𝜃𝜃 (14) 
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Figure 8. Schematic diagram of the actuation force error for the input angle. 

This is a meaningful metric to evaluate the error for the passive energy balancing (PEB) 
system, as this implies the additional energy required during actuation. With this actuation force 
error metric, the performance of the energy balancing system can be obtained, and the geometric 
parameters of the system can be optimized using the fmincon function in Matlab. The energy 
conversion efficiency metric 𝜂𝜂𝑒𝑒𝑒𝑒𝑒𝑒 is used as the objective function to make the torque available 
from the negative stiffness mechanism match as closely as possible the requirement to actuate 
the linear motion system over the entire prescribed rotation range.  

3 DESIGN CASE 
In order to investigate how to use this negative stiffness mechanism for linear motion 

actuation, a linear spring stiffness 𝑘𝑘2 = 69 N/m is chosen as the drive load for study and the 
rotation input angle is between 0 and 𝜃𝜃𝑡𝑡 − 𝜃𝜃0. The resulting optimised parameters are shown in 
Table 1. All the components used here are ubiquitous and already manufactured over a very 
broad range of scales. The intention of this initial study is therefore to show the considerable 
energy storage achievable in a moderate size demonstrator.  

Table 1. Design parameters for the NS mechanism for linear motion optimisation.  

Parameter Lower bound Upper bound Optimised value Units 
Drive spring rate, 𝑘𝑘1 0.01 1 0.0238 N/mm 

Drive spring length, 𝑙𝑙0 10 500 146.186 mm 
Off centre length, 𝑙𝑙𝑜𝑜𝑜𝑜𝑜𝑜 10 500 124.270 mm 

Link bar length, 𝐿𝐿 10 500 100.000 mm 
Shaft length, 𝑏𝑏 10 500 125.146 mm 
Ratio 𝑅𝑅 𝐿𝐿⁄ , 𝜆𝜆 0.1 1 0.2709 - 

Initial established angle, 𝜃𝜃0 0 90 78.9890 degree 
 
With the optimised parameters shown in Table 1, the effectiveness of the optimal negative 

stiffness mechanism to construct an energy balancing system for the proposed target positive 
stiffness linear motion spring system can be investigated. Figure 9 shows the linear motion 
displacement along with the rotation angle provided by the negative stiffness mechanism. While 
there is a strong nonlinearity in the moment function, the output displacement presents a linear 
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relationship with respect to the rotation during the optimised operation interval, which can also 
be seen in Fig. 7. Hence this characteristic implies that the negative stiffness mechanism can 
provide a suitable linear motion output by careful design and optimisation.  

 
Figure 9. Predicted actuation displacement with rotation. 

The performance predicted for the optimised torque shaft profile shows satisfactory 
matching of the linearised torque requirements. Figure 10 shows that the evolution of torque 
with rotation for the spring and the linear motion system and the net torque of the whole system. 
The torque provided by the negative mechanism matches the torque required closely to provide 
a linear motion, and the maximum torque required by the extra actuator is approximately zero. 

 
Figure 10. Predicted torque with optimised negative stiffness mechanism. 
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Integrating both the torque versus the rotation angle provides the mechanical energy required 
to actuate the target spring, and is shown in Fig. 11. By comparing the energy required with and 
without the negative stiffness mechanism, the negative stiffness mechanism shows a strong 
ability to passively balance the required torque. Figure 11 shows that the predicted energy 
reduction is almost 98%, with the energy required reduced from 0.032 J to 0.0005 J. This is the 
contribution of the energy stored in the extended spring in the initial position. 

 
Figure 11. Comparison of the predicted energy required with and without the negative stiffness mechanism. 

The objective error function plotted in Fig. 12 shows that the optimised configuration of the 
negative stiffness mechanism provides significant benefits in terms of energy efficiency.  

 
Figure 12. Evolution of efficiency with rotation. 
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Based on this study, it can be seen that the negative stiffness mechanism provides a 
significant contribution to balancing the positive stiffness system, and can provide a suitable 
linear motion output by careful design and optimisation. High energy conversion efficiency can 
be provided by the extension spring and a smaller actuator can be used in the system. 

4 CONCLUSION 
A new concept using a torsional negative stiffness with an off centre spring (TNSOCS) 

mechanism for linear motion actuation has been presented. The proposed negative stiffness 
device is designed to have the capability to passively balance the actuation requirement of 
systems displaying positive stiffness. The motivation for using such a mechanism was presented 
and the kinematics of the tailored nonlinear negative stiffness mechanism was introduced. An 
error metric function was introduced to provide a basis for evaluation and also act as the 
objective function to optimise the geometry of the tailored nonlinear negative stiffness 
mechanism. The optimised tailored nonlinear negative stiffness mechanism was shown to be 
able to generate a torque that matches the required force of a linear spring closely, which means 
a significant contribution can be provided by the tailored nonlinear negative stiffness 
mechanism to convert the torque to linear actuation and balance the positive stiffness system. 
The concept shown here can be extended to many potential actuation design applications which 
need frequent state switching to reduce the mean power consumption and waste heat 
dissipation. While the example used in this paper is relatively simple, it provides an insight into 
the low energy actuation design problem, both in the field of bidirectional morphing aircraft 
and other fields.  
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Abstract. For over two decades, inerter-based devices are a subject of research papers, 
patents and engineering reports. Since 2002, when the inerter was introduced as the missing 
element of mechanical networks, various applications of the inerter have been proposed. They 
include solutions for earthquake engineering, suspensions of vehicles, aircraft landing gears 
and even systems improving walking performance of humanoid robots. In contrast to majority 
of the inerter-based systems, which are mainly developed for vibration mitigation problems, 
this paper concerns the inerter as the shock-absorber protecting objects excited by the impact. 
In particular, adaptive performance of the ball-screw inerter with variable moment of the 
flywheel inertia is investigated. In order to ensure efficient adaptation of the inerter to various 
excitation conditions, the single reconfiguration technique, which was successfully applied for 
pneumatic absorber, is now adjusted and implemented in the proposed inertial system. The 
contribution consists of the concept introduction, discussion of the mathematical model of the 
system, theoretical as well as numerical analyses. Results of the presented study show that 
optimal impact absorption can be obtained in semi-passive manner. The properly adjusted 
geometry of the surface guides for the inertial elements ensure appropriate variability of the 
flywheel moment of inertia. Variable moment of the flywheel inertia provides optimal 
deceleration of the amortized object. The calculated moment of inertia depends on the mass of 
amortized object and friction but it is independent of the impact velocity. 

 
 
1 INTRODUCTION 

Although smart materials and advanced control systems are commonly known and even 
implemented in commercially produced systems, e.g., magnetorheological suspensions of cars 
[1], there are some applications for which passive solutions are still preferable, e.g., base 
isolations for earthquake protections of buildings [2]. As a result, the currently conducted  
research concerns both design of passive devices [3] and elaboration of control methods for 
active devices [4, 5]. In recent years the research of many scientists from all over the world was 
focused on the application of passive mechanical system, which is called the ‘inerter’ [6]. 
Typically the inerter is implemented in the tuned mass dampers (TMD) and used for mitigation 
of the forced vibrations amplitudes [7, 8]. Nevertheless, other practical applications of the 
inerter have been proposed and they include also suspensions of vehicles, aircraft landing gears 
and even systems improving walking performance of humanoid robots. Moreover, there appear 
contributions in which inerter-based devices are used for absorption of mechanical impacts [9]. 
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Similarly, this paper relates to the problem of adaptive impact absorption and presents further 
development of the idea introduced in [10], where the ball-screw inerter is designed in such a 
way that the optimal deceleration of the amortized object is obtained. 

Presented contribution reveals a conceptual solution which is based on two promising ideas: 
passive system with parameters dependent on the displacement of working element and single 
reconfiguration technique, which allows to obtain semi-passive, optimal performance of the 
system. Variable moment of the flywheel inertia is obtained by equipping the inerter flywheel 
with additional weights, whose position depends on the geometry of the surface mounted in the 
inerter housing. Shape of the surface varies with the displacement of the screw relative to 
housing and as a result the moment of the flywheel inertia changes also as a function of the 
screw displacement. In case the inerter is used for mitigation of impacts exciting objects of 
different masses the single reconfiguration technique is applied by reshaping of the guiding 
surface to the identified impact conditions. 
 

2 BALL-SCREW INERTER AS THE SHOCK-ABSORBER 

2.1 Problem formulation 
Let us consider simple 1-DOF system described by classical equation of motion: 

𝑚𝑚�̈�𝑥 + 𝐹𝐹𝑎𝑎𝑎𝑎𝑎𝑎(𝑥𝑥(𝑡𝑡)) = 𝐹𝐹𝑒𝑒𝑥𝑥𝑡𝑡(𝑡𝑡) (1) 

with initial conditions: �̇�𝑥(0) = 𝑣𝑣0, 𝑥𝑥(0) = 0. 
The first l.h.s. term of (1) is the inertia force of the decelerated object under impact conditions 
(Fig. 1), 𝐹𝐹𝑎𝑎𝑎𝑎𝑎𝑎 is the value of absorber reaction force, 𝐹𝐹𝑒𝑒𝑒𝑒𝑒𝑒 is the value of external force acting 
on the excited system. 

 

As shown in the free body diagram, in this paper the ball-screw inerter is analyzed and applied 
to the problem of optimal impact absorption, which can be formulated in general form: 

{
 

 max𝐮𝐮(𝑥𝑥(𝑡𝑡))
(𝐹𝐹𝑎𝑎𝑎𝑎𝑎𝑎(𝑥𝑥(𝑡𝑡)) − 𝐹𝐹𝑒𝑒𝑥𝑥𝑡𝑡(𝑡𝑡)) = min

∫𝐅𝐅𝐚𝐚𝐚𝐚𝐚𝐚𝑑𝑑𝐚𝐚
 

𝑑𝑑
= 𝐸𝐸𝑖𝑖𝑖𝑖𝑖𝑖𝑡𝑡 + ∫𝐅𝐅𝐞𝐞𝐞𝐞𝐞𝐞𝑑𝑑𝐚𝐚

 

𝑑𝑑

  
(2) 

where 𝐮𝐮 is the control vector, d is the inerter stroke and 𝐸𝐸𝑖𝑖𝑖𝑖𝑖𝑖𝑒𝑒 is the initial kinetic energy of the 
object amortized by the inerter. The inerter includes a screw with the thread lead 𝑃𝑃 and a nut 
with a flywheel of the total moment of inertia 𝐼𝐼𝑎𝑎. We assume that the housing of the inerter is 
fixed so additional degrees of freedoms have not be introduced. In presented study the control 

Figure 1: Free body diagram of the object decelerated with the use of the ball-screw inerter. 
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will be performed by variable moment of the flywheel inertia 𝐼𝐼𝑏𝑏 which will be changed in 
passive manner and it will be the function of displacement 𝑥𝑥. 

2.2 Reaction force and optimal change of the moment of the flywheel inertia 
In order to obtain adaptive and optimal performance of the ball-screw inerter the problem 

(1) should be solved for every impact conditions. Nevertheless, it will be shown further that the 
optimal response of the system is independent from impact velocity and only adaptation to 
different values of amortized object mass has to be performed. In presented study it is assumed 
that the control of the moment of flywheel inertia is realized by autonomous mechanism, which 
utilizes several weights mounted on arms of variable length and guiding surface. Geometry of 
the surface results in specified change of the distance between weights and the axis of the screw. 
As a result, it provides change of the flywheel moment of inertia being a function of the screw 
displacement. The shape of guiding surface should be calculated for predicted or identified 
online impact conditions in order to ensure appropriate variability of the flywheel moment of 
inertia. If the guiding surface is appropriately reshaped just before or at the very beginning of 
the impact absorption process, the optimal response of the inerter will be obtained. 

Now, let us derive the model of the ball-screw inerter with variable moment of inertia. 
Geometric constraints of the ball-screw connection result in kinematic relation between the 
velocity of impacting object �̇�𝑥 and angular velocity of the flywheel �̇�𝜑: 

�̇�𝜑 = 2𝜋𝜋
𝑃𝑃 �̇�𝑥 

(3) 

The torque acting on the flywheel is equal to the time derivative of the flywheel’s angular 
momentum: 

𝑀𝑀 = d
d𝑡𝑡 (𝐼𝐼𝑏𝑏(𝑥𝑥)�̇�𝜑) = 2𝜋𝜋

𝑃𝑃 (𝐼𝐼𝑏𝑏(𝑥𝑥)�̈�𝑥 + d𝐼𝐼𝑏𝑏
d𝑥𝑥 �̇�𝑥2) 

(4) 

Simultaneously, the torque is derived from the balance of forces acting on the ball-screw 
connection and it equals: 

𝑀𝑀 = D
2

sin 𝛽𝛽 − 𝜇𝜇 cos 𝛽𝛽
cos 𝛽𝛽 + 𝜇𝜇 sin 𝛽𝛽 𝐹𝐹𝑎𝑎𝑏𝑏𝑎𝑎 

(5) 

where 𝜇𝜇 is the friction coefficient, 𝐷𝐷 is the diameter of the ball-screw connection and 𝛽𝛽 is the 
inclination angle described by simple relation: 

tan 𝛽𝛽 = 𝑃𝑃
𝜋𝜋𝐷𝐷 

(6) 

The reaction force 𝐹𝐹𝑎𝑎𝑏𝑏𝑎𝑎 generated by the inerter with the variable moment of the flywheel inertia 
𝐼𝐼𝑏𝑏(𝑥𝑥) is described by the following equation: 

𝐹𝐹𝑎𝑎𝑏𝑏𝑎𝑎(𝑥𝑥) = 4𝜋𝜋
𝐷𝐷

𝜋𝜋𝐷𝐷 + 𝜇𝜇𝑃𝑃
𝑃𝑃2 −  𝜋𝜋𝜇𝜇𝐷𝐷𝑃𝑃  (𝐼𝐼𝑏𝑏(𝑥𝑥)�̈�𝑥 + d𝐼𝐼𝑏𝑏

d𝑥𝑥 �̇�𝑥2) 
(7) 
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3 ADAPTATION TO THE IMPACT CONDITIONS 

3.1 Adaptation technique 
In Fig. 3. the general block diagram describing operation of the proposed ball-screw inerter 

with variable moment of the flywheel inertia is presented. The adaptation to actual impact 
conditions is performed according to the principles of Adaptive Impact Absorption (AIA) [11] 
and the inerter ensures so-called ‘adaptable’ performance [12], which is obtained by adaptation 
to the identified impact conditions and passive realization of the impact absorption process. 
 

 
Figure 2: Block diagram of the adaptable system. 

Inserting (7) into (1) and assuming that impact conditions are defined by initial velocity 𝑣𝑣0 and 
any external force is not acting on the decelerated object, the particular form of the equation of 
motion is obtained: 

�̈�𝑥 ( 𝑚𝑚
𝐼𝐼𝑏𝑏(𝑥𝑥) + 4𝜋𝜋

𝐷𝐷
𝜋𝜋𝐷𝐷 + 𝜇𝜇𝜇𝜇

𝜇𝜇2  −  𝜋𝜋𝜇𝜇𝐷𝐷𝜇𝜇) + 4𝜋𝜋
𝐷𝐷

𝜋𝜋𝐷𝐷 + 𝜇𝜇𝜇𝜇
𝜇𝜇2  −  𝜋𝜋𝜇𝜇𝐷𝐷𝜇𝜇  d

d𝑥𝑥 ln 𝐼𝐼𝑏𝑏(𝑥𝑥) �̇�𝑥2 = 0 (8) 

Assuming that globally optimal response of the system is feasible, the constant value of the 
object deceleration �̈�𝑥 = − 𝑣𝑣02

2𝑑𝑑 is introduced to (8) and by its solving the optimal change of the 
flywheel moment of inertia is obtained in the closed-form: 

𝐼𝐼𝑏𝑏(𝑥𝑥) = √ 𝑑𝑑
𝑑𝑑 − 𝑥𝑥 (𝑚𝑚𝐷𝐷𝜇𝜇(𝜋𝜋𝜇𝜇𝐷𝐷 − 𝜇𝜇)

4𝜋𝜋(𝜋𝜋𝐷𝐷 + 𝜇𝜇𝜇𝜇) − 𝐼𝐼𝑏𝑏0) + 𝑚𝑚𝐷𝐷𝜇𝜇(𝜋𝜋𝜇𝜇𝐷𝐷 − 𝜇𝜇)
4𝜋𝜋(𝜋𝜋𝐷𝐷 + 𝜇𝜇𝜇𝜇)  

(9) 

It should be pointed out that the obtained solution is independent from the impact velocity 𝑣𝑣0. 
For calculated optimal changed of the flywheel moment of inertia 𝐼𝐼𝑏𝑏(𝑥𝑥) the shaped of 

guiding surface can be calculated. The particular formula depends on practical implementation 
of the systems so it will not be discussed in this contribution.  
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3.2 Numerical case study 
In Tab. 1 parameters of the inerter, which were used for numerical simulations are presented. 

Table 1: Parameters of the inerter assumed for numerical simulations. 

inerter stroke 200 [mm] 
diameter of the ball-screw connection 20 [mm] 
initial flywheel moment of inertia 100 [kgmm2] 

Fig. 3 and Fig. 4 present variability of the flywheel moment of inertia, which ensures optimal 
impact mitigation (minimal, constant deceleration of the object at the entire stroke), for different 
values of the object mass and dry friction coefficients, respectively. 

 
Figure 3: Moment of the flywheel inertia as a function of screw displacement for different values of the 

amortized object mass, dry friction coefficient 𝜇𝜇 = 0.01. 

 
Figure 4: Moment of the flywheel inertia as a function of screw displacement for different values dry friction 
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coefficient, object mass 𝑚𝑚 = 10 kg.  

It can be easily noticed that for small values of impacting mass and small values of dry friction 
coefficient the variability of the flywheel moment of inertia does not change significantly. 
Nevertheless, for higher values of these parameters the optimal moment of the flywheel inertia 
becomes noticeably different. 
 

4 CONCLUSIONS 
The paper briefly discusses the concept of adaptable ball-screw inerter, which is designed 

for impact mitigation. Adaptation mechanism is based on the guiding surface, which regulates 
the distance of the weights mounted on the inerter flywheel and as a result controls the flywheel 
moment of inertia. Appropriate shaping of the guiding surface is based on the solution of the 
inverse dynamics problem, in which change of the flywheel moment of inertia is a function of 
displacement and it is calculated for different values of amortized object’s mass. In case of 
various initial velocities of the impacting object, any additional action is not required because 
system response is independent from the impact velocity. Presented study is illustrated by 
numerical example reveling influence of the impacting object mass, as well as influence of the 
dry friction coefficient  appearing at the ball-screw connection. 
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Abstract. The paper considers the properties of damped flexible structures and dedicated 

methods of control. The main tool is an accurate, infinite dimension, transfer function (TF), 

from actuation to measurement. . In case of undamped systems, or systems with boundary 

damping, the TF consists of pure time delays and low order rational terms. The paper 

considers also two types of domain boundary and in those cases the TFs are fractional order in 

both the delays and the "rational parts". The time domain, e.g. delays and frequency domain, 

e.g. poles of the systems are investigated. Absolute vibration suppression (AVS) is a 

dedicated control method for flexible structures which is based on the TFs. The paper gives 

the resulting AVS controller for each case and discusses the differences between the cases. 

 

1 INTRODUCTION 

Spatially continuous flexible structures appear in diverse engineering applications, ranging 

from MEMS actuators and sensors on the small scale to cranes, air and space systems, robotic 

arms and even bridges and buildings on the large scale. The main advantage of flexible 

structures is their light weight. It should be kept in mind that flexible is a relative term, 

depending both on the excitation bandwidth and the accepted level of vibration. Higher 

performance (faster maneuvers, better accuracy) requires therefore acknowledging the 

flexibility in systems that could otherwise be considered as rigid.  

The classical models of flexible structures are energy conservative, and this is the basic 

assumption of the comprehensive modal theory where the notions of natural frequencies and 

modeshapes are central to the analysis of the time domain behavior [1]. The same is true for 

the traveling wave approach [2]. However, in practice, the free vibration decays with time due 

to the presence of damping, both at the supports, and throughout the structure [3].  

In a series of publications by the author, [4-8] a comprehensive modeling and control 

method for flexible structures was presented. The model for a system without domain 

damping is given in terms of infinite dimension transfer functions, consisting of delays and 

low order rational terms. Models that recognize domain damping include in their transfer 

functions elements that are not integer powers of "s" - the Laplace operator [7,8]. These 

elements represent fractional order differentiation and integration It turns out that fractional 

calculus is known almost since the development of the integer order calculus (first credit is 
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assigned to Leibniz and L'Hospital, 1695). In recent years, fractional calculus has been 

applied to many fields of science, engineering and mathematics [9,10].  

Feedback control has two important tasks in flexible structure design: adding ”artificial 

rigidity” for tracking systems, and absorbing energy. A flexible, light weight, system with 

carefully designed controller can exhibit the same behavior as a rigid system with larger and 

heavier damping devices.  

The paper uses the Absolute Vibration Suppression (AVS) controller [4,5,7] which belongs 

to the family of dedicated control approaches, e.g. [11, 12] that use the physical properties of 

flexible structures. In particular the control strategy can be related to the traveling wave 

approach [13]. This is in contrast with the approach of generic mathematical control laws that 

in theory can be applied to all dynamic systems, regardless of their physical origin. In 

mathematical terms the key point is the infinite dimension transfer functions. In previous 

publications these transfer functions, were used to design a dedicated control law with 

boundary actuation that stops the wave reflections, thus achieving absolute vibration 

suppression (AVS) in the system. Having fractional order models requires the extension of the 

AVS method and of standard dead time compensation algorithms to such cases.  

2 THE MODEL 

The case that is used in this proposal to demonstrate the modeling and control 

methodologies is the taut string shown in Fig. 1 where w is the traverse displacement and  is 

the distributed load. Clearly the same model applies to a rod in tension or in torsion as well. It 

was also shown that is applies also each mode of a membrane after a modal decomposition in 

one dimension [7]. The damping shown in the figure is what we call external distributed 

domain, but in this paper we consider other configurations as well.  

 

Figure 1: Model of a taut damped string. 

The model that is used in the paper is as follows. 

 
2 2( , ) ( , ) ( , ) ( , ) ( , ) ( , )xx tt t xt xxtc w x t w x t x t w x t w x t c w x t           (1) 

The left-hand side is the classical, undamped wave equation with c=(T/)1/2
 where T is the 

tension and  is mass per unit length and =1/.  The right hand side includes three times of 

(potentially) domain damping mechanisms. It can be shown obvious, based on energy 

considerations that such the mixed term wxt(x,t) does not provide damping into the system 

(actually it represents a situation where the progressive and regressive waves have different 

speed). Therefore it will not be discussed in the sequel. The linear boundary conditions (BC) 
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consist of lumped inertia, spring and damper and an external point force (later on this will be 

identified as the control force) at each end. 

 
          

          
0 0 0 00, 0, 0, 0,

, , , ,

x tt t

x L tt L t L L

Tw t J w t D w t K w t f t

Tw L t J w L t D w L t K w L t f t

    

   
 (2) 

To show the essentials of the problem a simpler model is used in this paper. The disturbance 

is assumed to decompose into a product of spatial and time functions, i.e. ( , ) ( ) ( )x t x d t  . 

The BC, except for the case of boundary damping will be either free-free (Neumann BC) or 

free-fixed (mixed Neumann and Dirichlet BC). 

2.1 The undamped wave equation with general boundary conditions 

This case was treated in detail before in [4,6] and is given here in a concise manner as it 

forms the basis for the system with domain damping. To derive the transfer functions from the 

end force f(t) and the domain load d(t) we solve first an auxiliary problem where the only 

external excitation is a point force p(t) acting at x=.   

 
2 ( , ) ( ) ( ) ( , )xx ttc w x t x p t w x t      (3) 

Applying Laplace transform with respect to time to (3), assuming zero initial condition, as 

in the definition of a transfer function, gives  

   2

2
( , ) ( , ) ( ) ( )s

xx c c
w x s w x s x p s

       (4) 

This is an ODE in x and its general solution is  

 

0 0

1 2

( )
( , ) ( ) ( ) ( )

4

s x x s x x sx sx

c c c c
p s

w x s e e C s e C s e
cs

  
 

       (5) 

Applying the (homogeneous!) boundary conditions (2) the coefficients C1(s), C2(s), which 

are linear in p(s) are found. Rearranging, the transfer function from p(s) to a displacement 

w(x,s) is given by 

 

   

 
 2   2  ( )

0 0

 2

0

( ) ( ) ( ) ( )( , )
( , , )

( ) 2 1 ( ) ( )

xxx x
sss s

L L

s

L

e R s e R s e R s R s ew x s
G x s

p s s R s R s e

         






       



  
 


 (6) 

Where  

 c , / , / , /xL c x c c            

And 

 

2

2

( )
( ) , 0,

( )

i i i

i

i i i

s J s D s K
R s i L

s J s D s K




  
 

  
 (7) 

 

Physically the exponents represent delays, resulting from the wave motion at velocity c.  

The transfer functions Ri(s) can be thought of a dynamic reflection coefficients. It is easily 
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seen that for a free end Ri =1, and for a fixed end, setting either one of the parameters to 

infinity, Ri = -1. By setting =0 we obtain the transfer function from f(s) and using (6) as a 

Green function the one from the load d(t) is found. Hence 

 ( , ) ( ,0, ) ( ) ( , ) ( )dw x s G x s f s G x s d s   (8) 

Where 

 
    

 
 2 

0

 2

00

1 ( ) ( )
( ,0, ) , ( , ) ( , , ) ( )

1 ( ) ( )

xx
ss L

L

ds

L

R s e R s e
G x s G x s G x s d

s R s R s e

 


   



 



 
 

   (9) 

The transfer function leads to many observations regarding the system, as well as tools for 

analysis and design [4-8]. In this work we use the fact that the poles can be easily computed 

from    

 
 2

01 ( ) ( ) 0s

LR s R s e
   (10) 

The pole at s=0 exists if there is a rigid body motion, otherwise it is cancelled out by a zero 

of the transfer function.  

2.2 Boundary damping 

This is a particular case of the general one in the previous sub-section. If the only element 

in the BC is a lumped damper, the reflection coefficients in this case become a constant   

 ( ) , 0,i

i

i

D
R s i L

D





 


 (11) 

 In terms of traveling waves that means that each time the wave hits the boundary it is 

reflected scaled by that value. Notice that Ri ranges between -1 (fixed) and +1 (free) and that 

in case the damper has the value  then Ri=0, which means no reflection at all. This property, 

known as impedence matching is discussed in detail in [4,5] and is utilized in the design of 

the AVS controller. 

The poles of the system are easily computed as  

 

  

    

0 0

0 0

1
ln 2 0

2
; 0, 1,...

1
ln 2 1 0

2

L L

n

L L

R R n i R R

p n

R R n i R R







    
   


 (12) 

They all share an identical real part and their imaginary parts are exactly the natural 

frequencies of a free-free or a fixed-free undamped system. 

2.3 External domain damping 

To concentrate of the effect of domain damping we assume in this sub-section that he BC, 

are either free-free (Neumann BC) or free-fixed (mixed Neumann and Dirichlet BC) 

            0, , , 0 0, , , 0x x xTw t f t Tw L t or Tw t f t w L t        (13) 
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The three terms on the RHS of Eq. (1) have different effect and will be treated separately. 

We start with the “distributed skyhook damping” term wt(x,t). To derive the transfer 

functions in this case we set up an auxiliary problem similar to eq. (3). 

 
2 ( , ) ( ) ( ) ( , ) ( , )xx tt tc w x t x p t w x t w x t        (14) 

Applying Laplace transform gives  

  2
( )

( , ) ( , ) ( ) ( )
s

xx c
w x s w x s x p s

       (15) 

Where 

 2( )s s bs     (16) 

The general solution of this ODE is  

 
0 0( ) ( ) ( ) ( )

1 2

( )
( , ) ( ) ( ) ( )

4 ( )

s x x s x x s x s x

c c c c
p s

w x s e e C s e C s e
c s

   


 
 

       (17) 

Since the BC that are used in this sub-section do not include any expression containing 

explicitly the Laplace variable s, the situation is similar to the case with no domain damping 

with (s) replacing ‘s’ everywhere.  

 

   

 
 2  ( ) 2 ( ) ( )  ( ) ( )

0 0

 2 ( )

0
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xxx x
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L L
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L

e R e R e R s R s ew x s
G x s

p s s R R e

             






       



  
 


 (18) 

Where  

 01/ c , / , / , / , 1 , 1x LL c x c c R R               

The transfer function from f(s) is given now as (Gd is given by the same integral) 

 

 

 
 2 ( ) ( )

 2 ( )
( ,0, )

( ) 1

xx
ss

L

s

L

e R e
G x s

s R e

   



 







 (19) 

In the undamped case (s) =s, the exponents become pure time delays,  and the transfer 

function coincides with that given in Eq. (7). Most of the components, such as the time 

constants , x  and ,  the impedance , the reflection coefficients R0 and RL and the wave 

propagation velocity c are independent of the damping . The components of G(x,,s) that 

depend on  are the exponents. For  > 0 they become nonlinear in s, and the system is of 

fractional order. Since the exponents are no longer pure delays, they not only shift the input 

but also distort it. 

The denominator roots of G(x,0,s) are the roots of (s), which are s = 0 and s = -, and 

those of  

 
 2 ( )

01 0s

LR R e
   (20) 
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In the free-fixed case the limit of G(x,0,s) at the roots of (s) is finite, hence s = 0 and - 

are not open loop poles. In other words, they are cancelled by zeros in the numerator. The 

poles of G(x,0,s) are therefore given by 

  
 
 

2
(2 1) 21 1

2 2

2 221 1
2 2

, 0,1,...

m

m

m

j free fixed
p m

j free free







 

 

    
    

 (21) 

In the free-free case m=0 yields two real poles, p01=0 and p02=- . All open loop poles of 

G(x,0,s), except for the pole at the origin (rigid body dof), have a negative real part and are 

thus located in the open left half plane (OLHP). Most of the poles are complex valued with 

the same real part. In both settings, as m becomes larger (or for small ) the distance between 

the imaginary parts approaches / , as for undamped systems. Comparing the real parts, 

which dictate the convergence rate, we have for a free-free configuration with one relatively 

small damper on the far side  

  1 1 1
2 2 2

ln ln
eq

L

eq

D
R

D 






 
      

 (22) 

Which gives 

 
1

1

eqD e

e













 (23) 

And for small damping 

 eqD   (24) 

At high frequencies, where the influence of the damping on the imaginary part becomes 

negligible, the poles’ matching is complete.  
 

2.3 Internal domain damping 

We consider now the internal damping (the term ‘structural damping’ is usually reserved to 

yet another model) term 2 ( , )xxtc w x t . To derive the transfer functions in this case we set up an 

auxiliary problem similar to Eq. (14). 

 
2 2( , ) ( ) ( ) ( , ) ( , )xx tt xxtc w x t x p t w x t c w x t        (25) 

Applying Laplace transform gives  

  2
( )

( , ) ( , ) ( ) ( )
s

xx c
w x s w x s x p s

       (26) 

Where 

 ( )
1

s
s

s






  (27) 



498

Yoram Halevi. 

 7

Though the physical nature and the resulting properties are very different than the internal 

case the derivation is the same with (s) replacing (s).  

 

 

 
 2 ( ) ( )

 2 ( )
( ,0, )

( ) 1

xx
ss

L

s

L

e R e
G x s

s R e

   



 







 (28) 

While we kept the format identical with the previous case, due to the nature of (s) the 

time constants , x and , are no longer proportional do the delay, as will be shown in section 

3. The first indication comes from the poles. The denominator roots of G(x,0,s) are the root of 

(s), which is s = 0 (same situation regarding free or fixed) and those of  

 
 2 ( )

01 0s

LR R e
   (29) 

Straightforward calculation gives the poles for a free-free as 

   2 2 2 2 2 2

2 2 2

2

2 2
, 0,1,...

m m m
mp m

    
  

      (30) 

For fixed-free m is replaced by (m+1/2). Here too all open loop poles of G(x,0,s), except 

for the pole at the origin (rigid body dof), are in the OLHP. However the situation is different 

from the previous cases. First, the system may have a finite number of complex poles at low 

frequencies (may not have them at all for a large enough ) but from a certain index m on all 

the poles are real with one branch approaching - proportional to m
2
 while the other 

approaches zero proportional to m
-1

. Contrary to external domain damping, similarity to 

lumped damping is only at low frequencies but even then the real part is not constant.  

3 RESPONSE PROPERTIES AND ANALYSIS 

To illustrate the wave motion which is closely related to the structure of the transfer 

function we consider first a system which is free at the actuating side and has a lumped 

damper at the other. By long division the transfer function can by written as the infinite series  

 
   2  (2 - )  (4 - )21

( ,0, ) xx x x
ss s s

L L L
G x s e R e R e R e

s

     


         (31) 

Since |RL| < 1, the series consists of repeated scaled down versions of the fundamental 

function which is the integral of the force. If the input is finite, with duration 2( - )xT   the 

waves do not coincide at point x and each wave can be seen clearly as in Fig. 2. Apart from 

timing, the response is identical at all points along the domain.  

One can perform the same expansion for a system with external domain damping. 

 
   2 ( )  (2 - ) ( )  (2 - ) ( )21

( ,0, )
( )

xx x x
ss s s

L L L
G x s e R e R e R e

s

        


         (32) 

Where RL now is either 1 or -1. The question is whether the situation is the same, in other 

words is there a constant wave speed c and therefore real delays. except for the different. The 

inverse Laplace transform of each expression, with a general ‘delay’  is given by [14] 
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Figure 2: Response at x=0.6L to finite duration force at x=0. 

  12
21 2 21

0 22

1
( , ) ( )

ts st L e e I t U t
s s

     


       
 

  (33) 

U is the Heaviside function and it indicates that the response in (33) is indeed delayed by . 
I0 is the zero order modified Bessel function of the first kind. I0(0) = 1, which means that for 

 = 0, the term reduces to pure delay. Detailed analysis leads to the conclusion that for t >> , 
 , 1 /t t   . This means that each term is decaying at a rate inversely proportional to the 

square root of time.  Figure 3 shows the wave reflection process through the velocity response 

of fixed end. For  = 0 the input is simply shifted, but for  > 0 it undergoes a distortion as 

well. The response is shown at four time instants, t/  = 0.2, 0.7, 1.2 and 1.7. In the last two 

the response is after reflection from the fixed end and is therefore flipped. 

Seemingly exactly the same procedure can be applied to a system with internal damping, 

with ( )s instead of ( )s . While we do not present an explicit inverse Laplace transform in 

that case, simulations show that the wave phenomenon is practically destroyed with different 

parts of the input moving at different speed according to their frequency content.  

4 ABSOLUTE VIBRATION SUPPRESSION (AVS) CONTROL 

The AVS control law [4,7] is a dedicated control methodology for control of flexible 

structures. It is a collocated rate feedback at x=0 with a concentrated force actuation. 

    ( ) ( ) 0;f s Mr s H s w s    (34) 

The collocation is essential since non-collocated controllers destabilize the system (move 

the poles into the RHP) [4]. The actuation at an end enables the main feature of the AVS 

which is the elimination of a block with infinite number of poles, to be shown below.  The 

controller transfer function is given by 
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Figure 3: Wave motion in a free-fixed string with (left) and without (right) external domain damping. 

  
Boundary damping
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( ) Internal domain damping

s

H s s

s






 



  (35) 

The closed loop transfer function is then  

 
   

   
  2 ( )( ); ;

( ) 1 0; 2 ( )

xx
A sA s

L

w x s MG x s M
e R e

r s H s G s A s

 


   


  (36) 

A(s) stands for s, (s) or (s) according to the case.  Hence with the special form of H(s), 

the AVS controller eliminates all the exponents (delays in the undamped case) from the 

characteristic equation and the closed loop system. Physically that means that there are no 

reflections from the left end.  M is a scaling factor to guarantee unity gain. The physical 

interpretation of the action of the AVS controller is impedance matching. It creates, by means 

of the feedback, an equivalent BC that is identical with the impedance of the domain. Since 

there is no discontinuity the wave is not reflected and the actuating end becomes a sink.  

While the derivation here focused on tracking, i.e. following a reference signal r(t), it can 

be shown that the controller suppresses, in a similar way, the response to non-steady 

disturbances and non-zero initial conditions. An example is given in Fig. 4 which depicts the 

closed versus the open loop responses to a disturbance of finite time duration, for various 

values of external domain damping. The vibration is absolutely suppressed in closed loop, 

where for  = 0 it happens in finite time. 

The controller (35) can be looked at as a rate feedback and that solves the issue of 

properness. With boundary damping it reduces into a constant rate feedback with a very 

specific gain. The controller in the two other cases is non-rational which poses theoretical and 

practical difficulties. Table 1 gives the properties of the normalized rate controllers

( ) ( ) /H s H s s  and Figure 5 shows their bode plots. Practically, the controllers should be 

approximated by a rational transfer function.  
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Figure 4: Open (top) and closed (bottom) loop responses to disturbance. 

 
Figure 5: Bode plot of ( )H s  for systems with external (blue) and internal (red) domain  
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5 CONCLUSIONS 

The paper considered the problems of modeling and control of systems with damping. 

Three configurations were investigated, boundary damping and two mechanisms of domain 

damping. It was shown that for boundary damping the model is a transfer function that despite 

being infinite dimension is easy to implement and use since it involves only pure time delays 

and low order rational terms that act like reflection coefficients. In domain damping those 

elements become fractional order with irrational terms for both the delays and the coefficient. 

It is shown that with external domain damping the response and properties are somewhat 

similar to boundary damping. Internal domain damping on the other hand results in 

fundamentally different response. The absolute vibration suppression (AVS) controller, which 

is closely related to the model transfer function is affected by the damping in a similar 

manner. It is a constant rate feedback for boundary damping but assumes non-standard 

fractional order forms in the cases of domain damping.   
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Abstract. Advanced audio applications are more and more demanding with respect to the visual impact
of loudspeakers while still requiring more channels for high quality spatial sound rendering. The use of
arbitrary plate-like structures driven by electromagnetic actuators or by piezoelectric elements appears
as a promising solution to tackle both issues. However, to meet spatial rendering audio constraints
(omnidirectional piston-like sources), the generated bending waves must be focused to a certain extent
within the host plate. Theoretically, this means being able to invert the spatio-temporal wave propagation
operator for the generated bending waves to fit a given target shape. Several methods are here investigated
to perform this task depending on the available knowledge of wave propagation in the plate (theoretical,
partial spatial and full spatial knowledge) and using several projection bases (modal basis and eigenvalue
basis). The various methods are presented in a unified theoretical framework and their performances are
compared by means of two key performance indexes (focus localization error and spatial contrast).

1 INTRODUCTION

In the past decades, several studies were performed on the sound restitution using an array of loud-
speakers. The main idea is to calibrate each loudspeaker of the array to reproduce with high fidelity
the physics and the acoustics of the primary source [1]. Historically, spatial rendering methods such as
stereophony (VBAP), binaural rendering or holophony (ambisonic or Wave Field Synthesis (WFS)) are
used with electromagnetic loudspeakers. There are many constraints imposed by such methods for them
to work properly: a flat and omnidirectional response for the speaker, and several piston-like actuators to
avoid spatial aliasing and to cover the whole restitution area [2]. Distributed Mode Loudspeakers (DML)
were introduced as a new kind of loudspeaker with a low visual profile [3]. The idea is to produce sound
waves by exciting the bending waves of a thin stiff plate trough an actuator. This technology was used
to render spatial sound by the WFS Method [4, 5]. However, this technology suffers from some draw-
backs because of the aliasing caused by joint panels and the modal behaviour at low frequency of the
plate which causes distortions of the signal and does not meet spatial audio requirements. Therefore,
a new technology using larger plates called MultiActuator Panels (MAP) or much larger called Large
MultiActuator Panels (LaMAP) has been designed to overcome these limitations. The main idea is to
excite the plate with several actuators driven by different signals to reproduce different sound sources [6].

1
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This technology was successfully used in the context of the wave field synthesis to render spatial sound
[7, 8, 9]. However, some drawbacks such as the modal behavior at low frequencies and the interferences
between sources causing sound distortions and poor sound quality still exists with this technology.

Particularly in the automotive industry, using spatial sound rendering coupled with flat panel loud-
speaker will be very interesting. Indeed, it will allow to alert the users from several dangers and provide
high quality spatial sound. Moreover, this approach will decrease weight by replacing electrodynamical
loudspeakers with piezoelectric actuators and improve design purposes and visual impact. However, the
reconstitution zone is small, with a very limited number of canals and with very complex operational
conditions. Considering the previous observations, the focusing of the bending waves on arbitrary plate-
like interior parts of the car to create independent sound source appears as the best way to create an array
for spatial sound rendering.

In the literature, there are various methods that allow to focus bending waves in a media. The first
method called modal control (MC) is based on modal superposition [10]. Indeed, it allows to focus
a monochromatic vibro-tactile peak on plates [11, 12], or an audio source on a rectangular plate by
computing FIR filters of order 3 [13]. The method is based on a simple approach and is sensitive to
modeling error. The second method available in the literature is based on the time reversal (TR) principle,
initially described by Fink et al. in [14]. It allows to focus a wave at a specific point in the space
by learning partially the waves received at the actuators positions and initiated at the focusing point.
Besides, the same author shows that this method can be adapted for acoustic purposes to control precisely
acoustic wave propagation in reverberating cavities or in waveguides [15]. Additionally, this method is
also used in [16] to focus an audio impulse in a room. Finally, the ease of implementation of the time
reversal encouraged many researchers to use it in haptic feedback applications [17]. The third method
studied in this paper is the spatio-temporal inverse filtering (STIF), initially studied by [18] and [19]
to find a solution to the lack of robustness of the time reversal method. Firstly, the method consists in
learning the propagation of the waves in the whole media, then, an inverse filter is created and used as
input for each actuator. Then, the method was extended to the time domain [20], and after experimentally
applied in heterogeneous, absorbing and highly reverberating medias such as a human skull [21], or to
focus acoustic waves in rooms [22]. Finally, another method based on the learning of the large band
dynamic behavior of the structure, using the maximization of the contrast between the radiating zone
and the whole media. It was initiated for room acoustics in [23], and applied on a plate structure in [24].

The objective of this study is to propose an approach enabling for the localization of bending waves
in a defined area of a geometrically complex structure and with arbitrary boundary conditions to make it
vibrate as a piston. First of all, this approach should be precise in terms of spatial focusing. Moreover,
this method must operate in a wide frequency range and be suitable for the audio restitution. Besides,
the method used should also be insensitive to noise and model error. Finally, the method should not
rely on too much experimental measurements for practical reasons as the automotive is targeted as the
applicative field. Several methods inspired by the previous analysis will be investigated in this study and
adapted to perform the focusing task in the audio context. These methods will be presented in a unified
formalism and compared numerically to highlight advantages and drawbacks of each method.

2 PROBLEM STATEMENT

Let S denote a plate-like structure of arbitrary shape and with arbitrary boundary conditions. Assum-
ing that this structure lies in the (x,y) plane, the positions of the N piezoelectric actuators bonded on
S are given by {(xn,yn)}n∈[1,N] and the out-of-plane displacement of the bending wave velocity field is
denoted u(x,y, t).

2
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Figure 1: Arbitrary shaped-like structure with piezoelectric actuators and localized audio sources

The objective is now, for any input audio signal a(t), to focus the bending wave field u(x,y, t) to fit
a given target shape φ(x,y) using the N actuators through N FIR filters rn(t) applied to the audio input.
Mathematically, this means that we would like to achieve:

∀t u(x,y, t) = φ(x,y)a(t) (1)

Or equivalently in the frequency domain, with U(x,y, f ) and A( f ) the Fourier transforms of the dis-
placement and the audio signal respectively:

∀ f U(x,y, f ) = φ(x,y)A( f ). (2)

Assuming the system is globally linear, the contributions un(x,y, t) of all the N actuators generating
the field u(x,y, t) sum up and can be written as:

∀t u(x,y, t) =
N

∑
n=1

un(x,y, t) =
N

∑
n=1

hn(x,y, t)∗ rn(t)∗a(t), (3)

where “∗” stands for the convolution product and hn(x,y, t) is the spatiotemporal impulse response of
the nth actuator. Or equivalently in the frequency domain:

∀ f U(x,y, f ) =
N

∑
n=1

Un(x,y, f ) =
N

∑
n=1

Hn(x,y, f )Rn( f )A( f ). (4)

By combining both expressions (2) and (4) of U(x,y, f ), the objective to achieve is then expressed in
the frequency domain and independent of the audio input signal a(t) as:

Find {Rn( f )}n∈[1,N] such that ∀ f ,φ(x,y) =
N

∑
n=1

Hn(x,y, f )Rn( f ). (5)

This means that the spatiotemporal propagation operators Hn(x,y, f ) associated with the N actuators
needs to be inverted to design the N FIR filters Rn( f ) able to focus the bending wave field on the target
shape φ(x,y) whatever the frequency f .

3 BENDING WAVES FOCUSING METHODS UNIFIED THEORETICAL DESCRIPTION

In this section, several methods able to in invert the spatiotemporal propagation operators Hn(x,y, f )
are presented. The methods differ depending on the available knowledge of wave propagation in the
plate they rely on (theoretical, partial spatial and full spatial knowledge) and on the projection basis they
use (modal basis and eigenvalue basis). They are all presented within a unified theoretical framework for
comparison purpose.

3
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3.1 Methods relying on a theoretical knowledge of Hn(x,y, f )

The first class of methods presented here assumes that a theoretical knowledge of wave propagation
within the host structure is known. For bending wave, the out-of-plane displacement u(x,y, t) of the host
structure subject to the external point load p(x,y, t) can be expressed as [33]:

D∇4u(x,y, t)+ρhü(x,y, t)+ cu̇(x,y, t) = p(x,y, t) with D =
Eh3

12(1−ν2)
. (6)

In the above equations, E, ν, and ρ are the Young’s modulus, Poisson’s ratio, and density of the panel
respectively. Additionally, c is the damping constant and h is the panel thickness.

Let θm(x,y) be the theoretical orthogonal modes associated with the structure under study which can
be computed analytically or through FEM models. The displacement can be written as a decomposition
in the mode shape basis:

u(x,y, t) =
∞

∑
m=1

um(t)θm(x,y), (7)

where the coefficients um(t) denote the modal amplitudes. By reinjecting the displacement expression
(7) in the movement equation (6), and by projecting the obtained equation on the M first modes, the
orthogonality property allows to get the decoupled equation for each modal displacement um(t):

∀m ∈ [1,M], üm(t)+ cu̇m(t)+(2π fm)
2um(t) =

1
Sm

pm(x,y, t) with fm =
1

2π

√
D
ρh

k2
m (8)

In the above equation, fm is the eigen frequency corresponding to the mth mode and k2
m the wave

number depending on the geometry. Additionally, Sm is the projection term and pm(x,y, t) the modal
force given by:

Sm =
∫∫

S
ρhθm(x,y)2dxdy and pm(x,y, t) =

∫∫

S
p(x,y, t)θm(x,y)dxdy. (9)

We can then write in the frequency domain, and at the nth actuator:

∀m ∈ [1,M],∀ f , Un,m( f ) =
1

Sm((2π fm)2 +(i2π f )c+(i2π f )2)
Pn,m(x,y, f ). (10)

In case of piezoelectric actuation (where the area is denoted SPZT ), the modal force is given by :

Pn,m(x,y, f ) =
[∫∫

SPZT

bn(x,y)θm(x,y)dxdy
]

Rn( f )A( f ) = BnRn( f )A( f ), (11)

where bn(x,y) is a shape function characterizing the spatial distribution of each actuator.
Finally, by summing over all modes and actuators, one obtains:

∀ f , U(x,y, f ) =
N

∑
n=1

[
M

∑
m=1

Bnθm(x,y)
Sm((2π fm)2 +(i2π f )c+(i2π f )2)

]
Rn( f )A( f ) =

N

∑
n=1

Hn(x,y, f )Rn( f )A( f ) (12)

This constitutes a theoretical expression of the spatiotemporal bending wave propagation operator
Hn(x,y) that needs to be inverted.

Now, by decomposing the target φ(x,y) on the host structure mode shapes θm(x,y) as:

φ(x,y) =
M

∑
m

φmθm(x,y) with φm =
∫∫

S
φ(x,y)θm(x,y)dxdy. (13)

4
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We can write the following equation after projecting on each mode φm:

∀ f ,∀m φm =
N

∑
n

[ ∫∫
S Bn(x,y)θm(x,y)dxdy)

Sm((2π fm)2 +(i2π f )c+(i2π f )2)

]
Rn( f ). (14)

with the number of modes M chosen equal to the number of actuators or superior (potential matrix
conditioning problem during the inversion). Moreover, it can be shown [13] that such equation can be
easily inverted and expressed in the discrete-time domain as follows:

Rn(z) = Jn +Knz−1 +Lnz−2. (15)

Where Jn, Kn and Ln can be expressed using the modal parameters (km,θm(xn,yn)) as well as the target
shape parameters φm.

The method described above offers the advantage of not needing any prior experiments. Indeed,
only the analytical knowledge of the model is needed. In addition, the computation cost is low because
the FIR filter order is 3 and the method is not sensitive to noise, because no prior measures are done.
Finally, the method allows to reproduce arbitrary target shapes. However, the advantages listed before
are available only for very simple structures. Indeed, only simple structures as rectangular or circular
plates with boundary conditions known analytically can be used. Additionally, for an audio purpose
the frequency bandwidth is in general large and the number of modes to be addressed might be high.
However, the theory assumes that the number of modes controlled is equal to or a bit higher than the
number of actuators so that the matrix can be inverted, or pseudo-inverted and matrix conditioning issues
can be avoided, but it will not be the case practically.

3.2 Methods relying on a partial spatial knowledge of Hn(x,y, f )

Let us now assume that a partial spatial knowledge of the propagation operator is available. More
precisely, it is assumed here that the spatiotemporal operator is known for an excitation located at one
spatial position (xi,yi) and measurements performed at actuator positions {(xn,yn)}n∈[1,N]. Mathemati-
cally, what is known in the frequency domain is

{
Ĥ(xn,yn, f )

}
n∈[1:N]

such that:

∀n ∈ [1,N] Ĥ(xn,yn, f ) = con j[Hn(xk,yk, f )], (16)

according to the spatial reciprocity principle [15]. Thus, by choosing:

Rn( f ) = con j[Ĥ(xn,yn, f )]. (17)

One should be able to focus the bending waves in the neighborhood of the location (xi,yi). Using pre-
vious notation, this means that the target shape to be reconstructed corresponds here to a Dirac function
located at (xi,yi), i.e., φ(x,y) = δ(x− xi,y− yi).

According to the theory, this method is based on the time invariance principle of partial derivative
equations in a non-dispersive media. Moreover, this method is also based on the principle of spatial
reciprocity of frequency response functions. Indeed, if a structure is excited at a point A and the wave
measured at the point B, therefore the excitation at B and measurement at A gives the same response
function. Those two invariances ensure the filter robustness. However, this method maximizes the am-
plitude at a point in the space, but it does not act on secondary lobes which are in general emphasized.
One must extend the method to a wider target shape because for the moment there is no control of the
width. Finally, the computation cost must be discussed. Theoretically, impulse responses must be mea-
sured between each focus point and actuator. Although it could cost many storage capacities. If the
position of the focus area location is known, the number of initial measurements will be very low. The
method may also be sensitive to the experimental noise.

5
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3.3 Methods relying on a complete spatial knowledge of Hn(x,y, f )

Let us now assume that a complete spatial knowledge of the propagation operator is available. More
precisely, it is assumed here that the spatiotemporal operator is known for any actuator n ∈ [1,N] and that
measurements are performed over a complete grid of K points on the structure for positions {(xk,yk)}k∈[1,K].
Mathematically, what is known in the frequency domain is {Hn(xk,yk, f )}n∈[1:N],k∈[1,K].

The problem to be solved can then be rewritten on the measurement spatial grid as:

φ(xk,yk) =
N

∑
n=1

Hn(xk,yk, f )Rn( f ). (18)

Thus, in the matrix form:

Φ = H( f )R( f ). (19)

The resulting matrix can first be directly pseudo-inversed in the frequency range of interest by keeping
only large enough eigenvalues. This leads directly to the FIR filters Rn( f ):

R( f ) = H( f )+Φ, (20)

where “+” denotes the pseudo-inversion operator.
It is important to note that the pseudo-inversion step is sensitive to noise. Hence, during the pseudo-

inversion step, the lowest singular values are canceled to deal with those matrix conditioning issues.
More details are available in [21].

This method offers several advantages in comparison with the others evoked previously. Firstly, the
method is robust because it allows to acquire information about the wave propagation in the whole media.
Additionally, the filters size is chosen by the user. Hence, the model takes into account the real structure
and its complexity, with eventual losses, and the notion of modal density is not crucial. Finally, this
method is very interesting for its ease of implementation. Nevertheless, the points evoked above are also
sources of drawbacks. Indeed, it is necessary to realize several experiments between all the points of the
structure and the actuators, this complicates numerically the method. Moreover, the model is sensitive
to the noise, mainly during the pseudo-inversion step. Thus, it will need a regularization step which is
numerically heavy.

4 NUMERICAL STUDY OF THE INVESTIGATED FOCUSING METHODS

4.1 Structures under study

In order to test the previous methods and to compare their performances, a simple and a ribbed
clamped polypropylene plate are chosen, a material often used for car passenger garnishments. The
dimensions of the plate are given in Figure 2a. Besides, ribs which length of 1 cm and thickness of 3 mm
are added to approach as much as possible the surfaces used in the automotive industry. Indeed, the ribs
are stiffening the plate, shifting the eigenmodes to higher frequencies and introducing localized modes
around the ribs. The goal is to see which method deals best with this configuration.

The material used is polypropylene, with a Young modulus of E = 1.1GPa, a Poisson’s ratio of
ν = 0.33 and a density of ρ = 990 Kg/m3. Mode shapes of the structures with piezoelectric actuators
glued on it are computed thanks to a finite element model implemented on the software SDT [25] and
an experimental modal analysis was performed jointly to identify modal dampings, available in Table 1.
The plate is modeled with shell elements. The control algorithms are developed and implemented in
Matlab with SDT jointly. The meshes are available Figure 2b and Figure 2c.
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(a) (b) (c)

Figure 2: (a) Dimensions of the plate and (b) meshes of the studied plate and (c) ribbed plate.

The target shape consists of a rectangle measuring (0,15Lx;0,2Ly) and centered at (0,3Lx;0,55Ly).
Moreover, the audio signal to be reconstructed is a sweep sine with a duration of 2 seconds, from 100
Hz to 800 Hz, sampled at 40 kHz. The chosen frequencies allow to excite the 6 first modes. In addition,
a set of ”NCE51” piezoelectric actuators developped by Noliac are used, with a diameter of 25 mm
and a thickness of 1 mm. Indeed, there are 6 used for the simple plate and 9 between each rib for
the second structure, placed quasi randomly, and equally spaced along y. One should notice that the
number of actuators and their disposition change the final results. Here, an example with few actuators
is studied, because in the real applications as in automotive industry, only a small number of actuators
can be embedded for reasons of compactness.

Table 1: First eigen frequencies and damping coefficients of the plate

Index Eigen frequency (Hz) Damping (%)
Mode (1,1) 120 3,35
Mode (2,1) 212 2,19
Mode (1,2) 277 3,5
Mode (2,2) 350 4,59
Mode (3,1) 360 1,59
Mode (3,2) 476 2,25

4.2 Indicators for the parametric study

Let u(x,y, t) be the out-of-plane displacement of the plate and U(x,y, f ) its Fourier transform. Two
criterions will be used and described below:

Localization error: given a reconstructed target shape, the first criterion is the measurement between
the center of the target shape and the maximum amplitude of the reconstructed shape. Thus, the lower
the distance is, the more the shape is localized precisely from a spatial point of view.

Spatial contrast: the second criterion is the computation of the contrast between the energy in the
reconstructed area (SR) and energy of the total area (ST = Lx ×Ly), so that:

C( f ) =

∫
SR
|U(x,y, f )|2dS

∫
ST
|U(x,y, f )|2dS

. (21)

If C( f ) = 1, then all the energy is present in the target shape and nothing outside, and if C( f ) = 0,
then all the energy is outside the target shape.
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5 NUMERICAL RESULTS

5.1 Results localization on a simple structure

The three methods described previously are applied numerically, and compared to a case where no
control is imposed, with only the nearest actuator to the target shape actuated.

The spot error and the contrast in the frequency band [100 Hz;800 Hz] for each method are plotted
in Figure 3. Firstly, we can observe that the STIF method allows to achieve a very high localization
performance, in comparison with others. Indeed, it shows a very low spot error, which is around 12% of
the total length in the [100 Hz;210 Hz] region, and lower than 10% above 210 Hz approximately until
540 Hz (Figure 3a). It is important to notice that this frequency corresponds to the limit where the modal
density (number of modes/Hz) is very high. Thus, above this frequency the plate could not be described
with a modal behavior anymore [7]. Moreover, the contrast drops drastically at modal frequencies, with
a peak of the error at 208 Hz and a small around 360 Hz (Figure 3b). It corresponds to the eigenmodes
which influences the target shape pattern. Therefore, the STIF method can achieve a precise localization
from 100 Hz to 540 Hz, after the algorithm does not focus vibrations anymore. It is interesting to
notice that there is the same behavior around 120 Hz and 208 Hz for the MC and for the case without
control, also influenced by eigenmodes. Besides, according to the spot error and contrast curves, the MC
method can only focus on a narrow bandwidth between 100 Hz and 350 Hz. The time reversal (TR) also
operates in a narrow band, around 130 Hz to 300 Hz approximately, with a high influence of the first
mode shape. Finally, it is also interesting to note that without any control strategy, the plate localizes
vibrations around the actuator even at low frequency, given the material and properties of this example
(high damping particularly).
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Figure 3: (a) Spot error and (b) contrast for the simple plate.

The results of localization obtained at the frequency band of interest are plotted in Figure 4. Thus, the
normalized mean quadratic displacement amplitude of bending waves in the frequency range of interest,
defined by:

< |U(x,y)|2 >=
1

fmax − fmin

∫ fmax

fmin

|U(x,y, f )|2d f , (22)

is plotted. The MC induces several analytical steps to focus the target shape. However, the Figure 4c
shows that it localizes very poorly the bending waves with this actuators configuration. Indeed, the
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method is very sensitive to the mode shapes of the structure, and the deformation mode of the PZT. On
the other side, the STIF is based on the learning of the propagation operators between each observation
point and actuator. Hence, this method is easier to implement than the MC but requires much more
computation time. This means that the STIF allows to focus far better bending waves in the frequency
band of interest, as shown in Figure 4a. In contrast, the TR based on a partial knowledge requires less
computation time than the STIF, but in this case is less performing and gives poorer localization precision
(Figure 4b). Indeed, the TR needs to be used in a high reverberating media to catch the whole dynamics,
here the plate is very damped. Finally, when there is no control, the energy stays around the actuator
due to the high damping ratio (Figure 4d). It is very important to point out that the results depend on the
number of actuators. With more actuators, the STIF can localize more effectively. This parameter must
be taken into account to obtain the best compromise.

(a) (b)

(c) (d)

Figure 4: Reconstructed shapes with (a) STIF, (b) TR, (c) MC and (d) without control.

5.2 Results localization on a structure with ribs

The studied structure is now the plate as introduced above with ribs fixed on it. The main idea is
to see which method will still work on a more complex structure. Moreover, the modal frequencies are
higher than before, from 154 Hz to 590 Hz, and the modal amplitudes are localized between ribs.

The Figure 5 shows the spot error and the contrast. On the frequency band between 100 Hz and
800 Hz, the STIF localizes the energy on the target area, compared to the simple case with 6 actuators
(Figure 6a). Additionally, the contrast drops at frequencies where modes appear. However, the higher
values of the error between 270 and 380 Hz correspond to high amplitude vibrations on actuators around
the target area but the shape is still reproduced with high contrast. In addition, the TR can focus the
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Figure 5: (a) Spot error and (b) contrast for the plate with ribs.

waves in the frequency band (Figure 6b), but it does not maintain the target shape for each frequency.
Similarly, the MC localizes the energy alternatively next to the target shape and between ribs (Figure 6c),
but does not work well since the mode shapes are not conventional flexural modes but a mixture of global
and local modes. Finally, without control strategy, the energy is also confined between the ribs near the
target shape and shows better precision than MC and TR (Figure 6d). The initial learning of the dynamic
behavior allows to have better focusing precision by considering the local modes in the dynamics, in a
wider frequency band. When the number of actuators is higher, it increases the localization capabilities.

(a) (b)

(c) (d)

Figure 6: Reconstructed shapes with (a) STIF, (b) TR, (c) MC and (d) without control.
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N. Benbara, M. Rébillat and N. Mechbal

6 CONCLUSION

To conclude, three focusing wave methods were tested and adapted for bending wave in the case of
sound reproduction. Within the context of automotive industry and spatial sound rendering, it is obvious
that the spatio-temporal inverse filtering method is easier to implement and gives better results compared
to others, even on a complexe structure. Indeed, the filters are computed without prior knowledge about
boundaries or theoretical dynamic behavior. However, the computation cost is higher, because the struc-
ture dynamic must be learned before. Above a certain frequency where the methods focus poorly, only
exciting the actuator located near the target shape would be enough. Mainly for higly damped structures
and at high frequencies. Finally, several parameters as the number of actuators and the boundary condi-
tions have been studied but not presented here, influence the localization results, and must be taken into
account, regardless of the complexity of the structure.
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Abstract. In the field of haptic, some researches focus on localized stimulations on screens. To that
end, a velocity field is generated, where high velocities are produced within a chosen region at a given
time. Time reversal or phased array have been studied on screens equipped with piezoelectric ceramics.
However, these solutions can lack robustness or sharpness.
Closed loop (CL) control of the mode transients may address these issues. Therefore, we propose to
use the modal basis to reproduce a specified velocity field with a predefined transient. In this paper, a
preliminary proof of concept toward CL is presented. We propose a methodology to select the modes
and practically synthesize the voltages to achieve an open-loop controlled focusing in a prescribed time.
The experimental results show the versatility of the method and a good agreement with the theory. Both
realization of the field distribution and localization are observed. Moreover, preliminary haptic tests
shows a consistent detection thresholds for a simulated button click despite the open loop conditions.

1 INTRODUCTION

Tactile displays are now ubiquitous, e.g smartphones or tablets, but they also have a great potential to
realize virtual control panel for such machine tools or automotive applications. At the moment though,
the main feedback channel toward the user is visual, which can be uncompatible with secure operations.
So far, tactile or auditive feedback are crude, although it is commonly admitted and demonstrated that
multiple sensory channels can enhance task performances and usability [1, 2]. Hence, part of the re-
searches aim at reducing the cognitive overload induced by visual confirmation during human machine
interaction by stimulating the fingertip [3].
For that purpose, elastic waves are interesting in the sense that they propagate, and thus, the actuators
may not be colocated to the active region, which is an obvious constraint in the case of a screen. More-
over, if the actuators are glued piezoelectric patches, the modification to the whole design is minimal
thanks to good factor form. Some applications already exploit standing or traveling waves to modulate
friction on a screen [4, 5, 6], in such examples, the whole surface is active. In the case where localized
stimuli are required, such as in virtual button or switches, several approaches using wave focusing have
been proposed such as phased array [7, 8] or time-reversal[9, 10]. In these techniques however, the focus
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pattern and its transient are not controlled, moreover external parameters can mitigate the effects [11].
In this paper, a truncated modal decomposition is used to design a specified velocity field. By defining,
high low speed regions, an approached focusing is obtained which has been proven to generate stimuli
[12]. First, we present the method to specify the time evolution to specify a given velocity field. The
second part, voltages are optimized to avoid saturation of the power supply. In the third part, we demon-
strate experimentally the validity and present evidences that a ”click” effect can be produced. Finally,
the last section is devoted to conclusion.

2 PRINCIPLES

2.1 Projection

The general set-up consists in an elastic media, on which piezoelectric patches are glued. Considering
that low deformation are used, the approach relies on the well-known results of linear elasticity. In
particular, noting Ti j the stress tensor components and uuu the displacement vector, it is well known that
the elastic vibration problem of an elastic body occupying volume Ω at rest given by [13]:

Ti j, j = ρüi (1)

with specified kinematic conditions on some portions Γk on the boundary:

uuu = 0 (2)

and no load applied defines a Sturm-Liouville problem. Therefore it admits an infinity of so-called
eigenfrequencies ωk, each corresponding to a mode shape (the degenerate cases are not considered here).
Denoting the later ϕ̄ϕϕk after mass normalization (the index k ∈ N∗ denotes the kth solution), the main
result used here is the orthogonality of the modes, and the decomposition theorem [14] which states that
any arbitrary shape that fulfils the kinematic constraints (2) can be given by the following infinite time
varying linear combination:

uuu(xxx, t) =
∞

∑
k=1

ϕ̄ϕϕk(xxx)ηk(t) (3)

This equation implies that the modal shapes ϕ̄ϕϕk form a basis.The ηηηk(t) are referred to modal coordinates
in the sequel, and the method described here aims at defining their evolution as a function of time. More
precisely, we are interested in reaching a specified configuration at a given time t f , that is:

uuu(t f ) = uuu� (4)

Since the modes shapes are orthogonal and normalized, they satisfy:
∫

ρϕ̄ϕϕ j · ϕ̄ϕϕkdΩ = δ jk (5)

where δ jk is the kronecker symbol. Hence, combining (3) and (5) one can obtain the modal coordinates
of the target shape using the inner product:

η�
k =

∫

Ω
ρϕ̄ϕϕkuuu�dΩ (6)
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2.2 Time evolution and modal forces

In the case of a mechanical loading ppp(xxx, t) on a subset of the boundary Γp , projecting the equation
(1) on the modal basis results in eliminating the spatial dependence of the equation and the problem is
transformed into an infinite set of dynamic ordinary differential equation of the second order [13]:

η̈k +ω2
kηk = ψk(t) (7)

with
ψk(t) =

∫

Γp

ppp(xxx, t) · ϕ̄ϕϕk(xxx)dΓ (8)

the modal forces.
The deformed configuration being known, it remains to specify the time evolution of the modal coor-
dinates. Since the objective is to simulate a ”click”, in other word, a fast transient leading form rest
configuration to the specified one must be realized to suggest the behavior of a pressed button. It should
be noted though that the objective here is not a realistic rendering. It is rather a metaphor that the user
can accept as a mechanical confirmation at the tip of his finger when interacting via an interface (the
tactile screen). It has been nobserved in previous works [12] that the velocity is more relevant for that
purpose. So the choice here is to impose η̇k(t). Since u̇uu = ∑∞

k=1 ϕ̄ϕϕk(xxx)η̇k(t), the procedure discussed
above remains valid.
Considering the eq. (7), and modifying to take into account the modal damping ξk, one gets:

η̈k +2ξkωkηk +ω2
kηk = ψk(t) (9)

Taking the Laplace transform of the equation:

(s+ak)
2 +b2

k
s

L [η̇k] (s) = L [ψk] (s) (10)

with ak = ξkωk and bk =
√

1−ξ2
kωk. The core idea is to compute by ”inverse filtering” in the modal

basis by specifying L [η̇k] (s). To compute a causal modal force, attention must be paid when specifying
the modal velocities, namely degD(s)≥ degN (s) where D(s) and N (s) denote respectively the denom-
inator and numerator appearing on the left hand sign of the previous equation. In this work, the modal
velocity are defined as a modulated envelop, at the mode frequency ωk:

η̇k(t) = fk(t)sin(ωkt) (11)

The consideration behind this choice is that the energy supplied to the system is minimized since it is at
resonance. By setting, for instance:

fk(t) = Ak eγkakt

where γk is a scaling factor introduced to tune the growth of the mode, and Ak, the amplitude, will be
used later to realize the initial condition.
Using the Laplace transform, one can write:

(s+ak)
2 +b2

k
s

L [ fk(t)sin(bkt)] = L [ψk(t))]

yielding:

L [ψk(t))] = Ak
(s+ak)

2 +b2
k

(s− γkak)
2 +b2

k

3
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So the modal force is:

ψk(t) = Ψkeakξkωkt [Ck sin(bkt)+Dk cos(bkt)]+Ek (12)

with :

Ψk = Ak
ak (γk +1)
a2

kγ2
k +b2

k

Ck =
(
a2

kγk (γk +1)+2b2
k
)

Dk = akbk (γk −1)

Ek = bk
a2

k +b2
k

a2
kγ2

k +b2
k

To compute the various constants above, we finally set the transient duration. Defining ∆tk = t f − tk
where tk is the time when the excitation for a given mode is started, we set ωk∆tk = π

2 + 2πNk. This
condition ensure that a focusing time t f , all the modal forces are synchronized at their maximum. Ak is
such that:

η̇�
k = Ak eγkξkωk∆tk

Similarly, the differential equation could also be directly used for more general envelop.

2.3 Practical considerations

The actual device is supposed to be an elastic structure with several piezoelectric patches glued on its
surface. In such case, the modal forces are actually the superimposition of the contribution of each patch.
Each contribution is proportional to the voltage applied to the ceramic considered. Hence, supposing that
the devices features np patches, the modal force corresponding the kth is given by:

ψk =
np

∑
i=1

αikUi (13)

The coefficient αik depend on the geometry and the material properties of the considered patch i but also
on its location relatively to the mode shape k [15, 16]. It is thus theoretically possible to choose the
various parameters to have a decoupling such that one voltage controls directly one mode. In practice
however, it is a difficult task given the standard dimensions of patches available. So, the approach here
is to take advantage of all the voltages. To do so, the voltages Ui are rewritten as a linear combination of
the modal forces calculated by eq. 12, and assuming that nm are used to realize a given vector field:

Ui(t) =
nm

∑
k=1

mikψk(t)

where the weights mnk are used to allocate the desired modal force among the ceramics. Thus, the modal
dynamic equation is now:

η̈k +ω2
kηk =

np

∑
i=1

αki

(
nm

∑
k=1

mikψk(t)

)
(14)

Assuming that the modes can be excited separately owing to the frequency selectivity, we require the
conditions:

Nb

∑
i=1

αkimik = 1 for k = {1, . . . ,nm} (15)
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to ensure that the necessary modal force is are indeed applied. Then, the weight can be tuned to reduce
the voltages Ui actually applied to the ceramics by stating the following optimization problem:

minimize
mmmik

‖MMMΨΨΨ‖

subject to |Ui| ≤Umax, i = 1, . . . ,np.

and to
np

∑
i=1

αkimik = 1 for k = {1, . . . ,nm}
(16)

where MMM is the matrix of the weights (which coefficients are the mik, dim(MMM) = np ×nm). Ψ is a matrix
which k-th row vector is constituted by ordered samples of the modal forces ψk(nTs + t0). The number
of samples Ns and the sampling should be chosen such that NsTs + t0 = t f , and to cover a time interval
where the modal forces ψk become large with respect to the voltages rating. In this work, the Frobenius
norm was used.

3 EXPERIMENTAL RESULTS

3.1 Experimental set-up

Figure 1: Picture of the experiment: A) Staple shaped aluminum beam, the velocity is controlled within a rect-
angular region on the upper part; B) Fixture of the beam to realize clamp-clamp boundary conditions; C) Mirror
showing the ceramics; D) Reflection revealing some of the ceramics fixed beneath the beam. The second ceramic
from the left is split as explained in the text; E) Electrical connections of transducers allowing the reconfiguration
according to the set of ceramics used; F) Laser spot positioned at one of the corner of the studied region.

The demonstrator is a clamped staple-shaped aluminium beam equipped with piezoelectric patches
Noliac NC51 with dimensions (9×5×0.5)mm3 as visible on the picture in fig. 1. This peculiar shape
was chosen because i) it reduces the surface to be scanned hence the velocities cartography are consid-
erably faster to realize; ii) it demonstrates that the method is usable even if actual solutions to the eigen
problem are not known. As discussed above, the ability of a voltage Ui to excite the k-th mode depends
on the αik coefficient eq (13) which depends on the geometry and location of the patches. To avoid to
use several ceramics geometries, the electrodes were actually splitted (e.g second ceramic from the left).

5
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By properly chosing these cuts, it is possible to evenly excite the modes.
The identification was realized using a white noise identification procedure. The surface of the staple is
scanned by fixing the set-up on a x-y positionning table and measuring the velocities thanks to laser vi-
brometer (OFV 505 Polytec). The velocity vs input voltage frequency response fonction was recorded at
points defined on a regular grid on the upper part of the beam. The mapped region was defined between
the limits of the curved parts, with a step small enough with regard to the smallest spatial wavelength.
During the process the end ceramics were used in conjunction (same voltages) or in opposition (opposite
voltages), to excite the even and odd modes respectively, because they are able to excite all the bending
modes in the 100 Hz-80 kHz band. During these measurements, the other ceramics are in short-circuit
conditions. Modes were selected using the resonance peaks. Knowing the phase and amplitude at reso-
nant frequencies at each measured point, the mode shapes were reconstructed. When the signal to noise
ratio was too low, the mode shapes were more precisely mapped at resonance choosing ceramics with
more effective participation coefficients.
The orthogonality of the measured modes, however, is only approximatively verified because the scan-
ning cannot cover the whole structure, but only a rectangular area on the top. Indeed, finite element
simulation shows that for low frequency modes (having large wavelength) the corners of the staple
where acting as clamps, i.e. the modes are located on the top of the staple only. As the frequency
increases, modes progressively tend to occupy the whole staple. To address this problem, the modes are
re-orthogonalized using a Gram-Schmidt procedure to construct a truncated basis. The time synthesis of
the voltages discussed previously requires a fair knowledge of the damping of a mode, which was done
by measuring the −3 dB bandwith. It was verified that the quality factor were high enough to validity the
frequency selectivity of modes assumption. Finally, the participation coefficients were estimated from
the measurement of the velocity at resonance obtained when supplying each ceramic individually (the
other being short-circuited).

3.2 Validation of the voltages assignement

First, the effectiveness of the methodology to assign the voltages and excite the mode independently
is illustrated. As explained, the voltages deduced from the prescribed modal forces given by eq. (12)
can be ”mixed” between the patches using a linear combination (15). Here, the scenario examined is to
control modes 1 and 3 (with resonant frequencies f =364, and 2240 Hz) simultaneously, and reach at a
prescribed focusing time velocities of 20 mms−1 for the modes ϕ1 and ϕ3 at the center of the experimen-
tal set-up (i.e a total velocity of 40 mms−1 at focusing time). Moreover, a speed up of γ1 = 4 and γ3 = 1
over the natural decaying speed of modes ϕ1 and ϕ3 is imposed. Finally, ϕ1 and ϕ3 should achieve the
focusing within N1 = 10 and N3 = 25 oscillations respectively. For the purpose of the demonstration,
two set of patches were selected. The first one (denoted set 1 in the sequel) has a strong effect on ϕ1, but
a very weak effect on the second, while the second set is more balanced with a prominent effect on ϕ3.
This results in the voltages depicted in fig. 2 (bottom).
To assess the effect of ”mixing” the voltages, a second run consisted in applying the optimisation proce-
dure in order to conceal the voltages amplitude below 50 V as long as possible during the transient. The
resulting voltages (named case 2), depicted in fig. 2 (middle graph), are indeed respecting the constraint
as far as possible. Due to the poor ability of patch 1 to energize the second mode, the optimization pro-
cedure favors the use of the second patch to reduce the voltage amplitudes. This is clearly visible on the
spectra of fig. 3. This figure also confirms that the bandwidth of the excitation signal is well controled
since the second, 4th and 5th modes (at f =963, 3907 and 5719 Hz) are not excited. The transients are
still very similar as expected, and the velocity at focusing time is still realized.

6
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Figure 2: Validation of the voltages allocation strategy: (a) velocity measurement with ”one mode one patch”
strategy (case 1 black) and mixed voltages between patches (case 2 dark grey). The corresponding voltages applied
to the patches set are depicted in the case 1 (b) and case 2 (c).
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Figure 3: Spectra of the voltages and velocity at the center for case 2: since set 1 of ceramics is poorly coupled to
the 3rd mode, the optimization requires that the set 2 is used also to excite mode 1, hence reducing the voltages as
shown in fig. 2

3.3 Velocity field control

The main experiments presented here aimed at testing the viability of the approach to reproduce a
specified shape on the top of the ”staple”. As an illustration, the velocity map for the out of plane
component of the velocity is defined as follows:

ẇ(t f ) =




Aexp
(
− 1

1−( x−xc
a )

2

)
if x ∈ (−a+ xc,a+ xc)

0 otherwise
(17)

known as the bump function and where A is a scaling factor, xc the center coordinate, and a controls the
width. This function has interesting continuity properties and its Fourier transform is rapidly decaying
[17]. Intuitively, there exists an analogy between the Fourier transform and the modal projection, hence
a limited number modes is expected. The reference field is windowed with a Kaiser window having a
sharp transition to ensure a nil value at the boundary as required by the kinematic constraints at the end
of the beam.
For practical reason, the modal projection must be truncated. To select the modes, a criterion is defined.
Considering that twice the kinetic energy is given by:

K =
∫

Ω
ρu̇uu · u̇uudΩ =

∫

Ω
ρϕϕϕ�ϕϕϕdΩη̇2

k =
∞

∑
k=1

η̇2
k (18)

one can define the τ-score criterion for a truncation order Nm:

τ =

(
1−

Nm

∑
k=1

η̇2
k

K 2

) 1
2

(19)

where K can be determined directly from the specified velocity field ẇ. The τ-score is thus a measure of
the residue resulting from the truncation.

8
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For each test, the velocity field was measured, projected on the modal basis and compared to the specified
modal coordinates resulting from the truncation. The criterion υ-score, used to assess the ”misaligne-
ment” of the obtained shape compared to the specified one, is defined as:

υ =
cov [ẇww� (xm) , ẇww(xm, t f )]√

var [ẇww� (xm)]×var [ẇww(xm, t f )]
(20)

where var and cov are the variance and the covariance respectively, xm are the location where the ve-
locities are sampled. ẇww� and ẇww are considered as vectors of reference an measurement of the out of
plane component in this case. The criterion is chosen to evaluate the discrepencies between the truncated
modal projection and the experimental modal projection, regardless of the error on the amplitude which
can be due to some miscalibration. In this way, one can appreciate whether the obtained shape is similar
to the (truncated) reference up to a scaling factor.
Five different focusing locations, equidistantly distributed on the beam, were tested at xc =−46, −24, 0,
24 and 46 mm of the high velocity zone (25 mm of width at mid-height of the active area) are presented
in fig. 4. For each test, the specified, the approached and the measured velocities at focusing time along
the center line in the y direction are presented (left column). The approached reference velocity field
results from the truncation of the actual modal decomposition. The τ-score, which dictates the choice for
the truncation, and the υ scores, which validate the experimental focused velocity field, are summed up
in Tab. 1. The results demonstrate the validity of method. Note that the poorer τ-scores on the outermost
points are due to the trade-off on the number of modes used in the truncation.

Pulse center P1 P2 P3 P4 P5

τ-score 0.8285 0.9727 0.9544 0.9816 0.8717
υ-score 0.9877 0.9953 0.9911 0.9609 0.9973

Table 1: Effect of the truncation (τ-score) and synthesis accuracy (υ-score) for the various location studied.

3.4 Haptic evaluation

To mimic a ”click, the previous set-up is fixed to a force sensor that measure the force applied in the
vertical direction. The hypothesis tested in this experiment is that the user can be lured by trigerring the
focus at a consistent level of pressure. By doing so, it is expected that an unconscious association with
the real-life experience ”pressure implies movement of the button” can be suggested.
Data were collected from 15 healthy volunteers aged between 22 and 62 (4 females). Participants were
wearing noise-cancelling headphones in order to prevent potential interference from auditory cues. All
participants gave written informed consent. The investigation conformed to the principles of the Declara-
tion of Helsinki and experiments were performed in accordance with relevant guidelines and regulations.
The purpose of this experiment was 1) to assess the proposed idea 2) to evaluate the detection threshold.
To do so, the participants were first asked to answer ”yes” or ”no” to the question ”Do you feel a click
when pressing on the surface of the device ?” when they pressed at the center of the beam. As a prelimi-
nary tuning, different levels of the velocity field between 0 mms−1 up to 240 mms−1 using a dichotomy.
The procedure was repeated 4 times to ensure the consistency of the results, and then confirmed by a
one-down two-up procedure. In all cases, the threshold for each participant could be confirmed within
10 %. Based on these preliminary test, a set of samples was generated and presented randomly. During a
test, 6 levels around the participant anticipated threshold were tested, as well as the extreme values, each
level appearing five times. The test was repeated three times for a participant.

9
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Figure 4: Test results of approximated bump velocity profiles at location points −46, −24, 0, 24 and 46 mm,
on the left velocity fields for the references, the approached ones and the measured velocities (resp. red, black
and blue) and their respective modal projection (right). The truncation includes 7 modes, based on the distortion
criteria.
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For each level tested, the probability of detection is estimated supposing a binomial law. Then, a log
normal cumulative probability density was fitted between the previously obtained probabilities to yield a
”per-level” detection probability. The result of the procedure is depicted on the graph of fig 5 for seven
of the participant (for clarity). The detection threshold is clear for every participant and generally lying
between 10 mms−1 and 50 mms−1. Only one outlier had a treshold of 140 mms−1. It should also be
noted that all the participant were able to detect the ”click”.
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Figure 5: Estimation of the 50 % probability detection threshold.

4 CONCLUSIONS

A methodology to realize a reference velocity field in an elastic equipped with piezoelectric patches
has been presented. Unlike previous methods, such as time reversal, the velocity field can be arbitrarily
defined as long as it verifies the kinematic conditions. Since the study was in open loop, the voltages are
computed, and an optimization procedure has been proposed to mix the voltages among the patches in
order to respect the technological limitation (saturation).
Experimental were verified against newly defined criteria and the effectivenes of the methodology has
been verified both for the ability to synthesize a given velocity field and to efficiently distribute the
voltages.
Finally, a preliminary study to assess the ”click” haptic rendering has showed that most participant do
have a clear detection threshold within a consistent velocity interval. This latest result is surprising and
promising since closed loop should improve repetability by mitigating the perturbation introduced by the
participants finger.
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Abstract. This paper describes the comparison of three different types of piezoelectric actuators 
for application in sound emitting panels so-called load-bearing surface loudspeaker. The first 
actuator is a piezoelectric ring glued directly to a polypropylene surface of dimension 300 x 
200 x 3 mm3. The other two are mechanically amplified piezoelectric actuators of the flat and 
the cymbal flextensional-type tested in a reactive configuration on the same sized 
polypropylene panel. Those actuators are compared in terms of vibration response measured 
with a laser vibrometer and audio response measured with a microphone. 
 
 
1 INTRODUCTION 

In the foreseeable future, the adoption of multifunctional car structure (MCS) will offer the 
potential to radically upgrade the abilities of vehicles in terms of ecological requirements 
emerging from the social and legal environment. Integrating car structures with functional 
systems that monitor structural integrity and aging, change shape at local level, act as sound 
sources and tackle noise vibration harshness issues will eliminate many of the weight, volume, 
and signature penalties associated with the current approach of designing, manufacturing and 
maintaining vehicles and functional systems separately. One type of MCS that appears as very 
promising and which we propose to investigate in this paper is a Load-bearing Loudspeaker 
Structure (LLS). A LLS refers to structures that are equipped with active elements such as 
piezoelectric elements that allow for music reproduction and 3D sound spatialization. We 
consider the fact that the passenger cabin of cars consists of many large surrounding surfaces 
such as door panels, roof trim panel, trims and dashboards, which can act as membranes. The 
objective is thus to design surface loudspeaker able to efficiently reproduce sound in the low, 
medium and high frequency range depending on the sound panel size. Piezoelectric transducers 
chosen because of their small size, low weight and high force output are investigated in this 
paper. They are coupled to mechanical amplification units to increase displacement amplitudes 
to overcome the lack of low frequency sound production [1,2] and are compared to a 
piezoceramic ring. The goal is to efficiently excite the full audio spectrum. 
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2 PIEZOELECTRIC ACTUATORS 
Piezoelectric materials used in this work are ceramic perovskite materials made from lead 

zirconate titanate (PZT) that expands or contracts when an electrical charge is applied, 
generating motion and force called the inverse piezoelectric effect. Piezoelectric actuators use 
this motion to provide very short high force strokes with high frequency and fast response times 
at small size giving them a significant power-to-size ratio. Bulk piezo ceramics with external 
electrodes provide deformations in the range of 300 ppm with fields of 600 kV/m requiring 
high driving voltages. Multi-layer piezoelectric ceramics have been developed with the aim to 
reduce the required voltage by reducing the PZT layers to 50 to 100 µm thickness placed 
between internal electrodes. Those materials can be driven with a maximum electric field up to 
2 MV/m with a voltage of less than 200 V achieving a deformation of about 1000 ppm.  

Depending on the application, piezoelectric ceramics can be glued directly to a surface or a 
structure introducing a bending-type deformation. Alternatively, the high output force can be 
transformed into an amplified deformation at the expense of the size of the actuator due to the 
required amplification unit. If the amplification unit is rigidly coupled to the piezoceramic, 
these actuators are called flextensional actuators. Three different actuator types are described 
in the next sections: 

• Piezoelectric rings 
• Flat flextensional piezoelectric actuators 
• Cymbal-type flextensional piezoelectric actuators 

3.1 Piezoelectric ring 
The first prototype of a sound-emitting panel uses a piezoceramic ring of dimension 

OD50 mm, ID20 mm, and TH 0.5 mm. It is made of a hard Navy I-type material called Pz26 
from Meggitt Ferroperm with good coupling factors, high Curie temperature, high mechanical 
quality factor, low dielectric loss and very good stability over time. Table 1 shows the material 
characteristics. This piezoceramic ring is glued centered to a 300 x 200 x 3 mm3 plate made of 
polypropylene, a material often used for car passenger garnishments. The plate is screwed via 
a spacer (thickness 6.7 mm) to another stiffer plate made of Delrin creating a closed housing. 
The final assembly is shown in Figure 1. 

 
Table 1: Material parameters Meggitt Pz26. 

Relative dielectric permittivity k33 - 1300 
Curie temperature °C 230 
Piezoelectric charge coefficient d33 pC/N 300 
Density kg/m3 7700  
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Figure 1: Polypropylene plate with centered piezoelectric ring (left) and prototype speaker with housing (right).  

3.2 Flat flextensional piezoelectric actuator 
Flat flextensional piezoelectric actuators transform the high output force of piezoelectric 

ceramics into an amplified displacement. The actuator used in this work is called “Amplified 
Piezoelectric Actuator” (APA) developed by Cedrat Technologies based on a low voltage 
piezoelectric ceramics stack. The mechanical amplification is obtained due to an external 
monolithic shell of elliptic shape made of stainless steel, which magnifies the stack deformation 
in normal direction. This elliptical frame preloads the piezoelectric ceramic stack and protects 
it from tensile force. This kind of mechanical amplifiers is especially well-suited for dynamic 
drive conditions and provide relatively high force and large displacement while being compact 
in size. The APA400MML model has been chosen because of its good compromise between 
force and displacement output. Characteristics are given in Table 2. For the experimental tests, 
the actuator has been screwed in a reactive configuration centered between two plates. The 
sound emitting membrane of size 300 x 200 x 3 mm3 is made of polypropylene and the back 
plate is made of Delrin (thickness 6.7 mm) as shown in Figure 2.  

 
Table 2: Characteristics of an APA400MML from Cedrat Technologies. 

Max. no load displacement µm 295-434 
Blocked force N 171-231 
Stiffness N/µm 0.547 
Resonance frequency (blocked-free) Hz 634 
Capacitance µF 10 
Drive voltage V 0-120 
Dimensions HxLxW in mm 24x78x11.5 
Mass g 47.5 

 

    
Figure 2: APA400MML from Cedrat Technologies (left) and surface speaker prototype with centered actuator 

(right). 
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3.3 Cymbal-type flextensional piezoelectric actuator 
The cymbal transducer consists of a piezoelectric or ceramic disc (either in single layer or 

multilayer form) sandwiched between two metal endcaps, each having a truncated conical 
shape. These metal endcaps serve as a mechanical transformer for converting and amplifying 
the lateral displacement of the ceramic into an axial motion of the endcaps. Both the d33 and 
d31 piezoelectric coefficients contribute to the axial displacement of the composite. 
Displacement increases exponentially with increasing cavity diameter and increases linearly 
with increasing cavity depth. Displacement is inversely proportional to the endcap thickness. 
Displacement and generative force show a position dependent behavior.  

TDK PowerHap™ piezoelectric actuators provide high performance in terms of 
acceleration, force, and response time. They are made of multilayer piezo plates with copper 
inner electrodes. This allows the actuators to be driven with relatively low operating voltages 
up to 120V. Once activated, the piezo plates only expand minimally in the z axis, but due to the 
constant volume of the piezo effect contract simultaneously in both the x and y axes. The 
actuators employ cymbals on both sides of the plate as levers to amplify the contraction by a 
factor of 15 in the z axis. The biggest actuator of the PowerHap™ series, the PowerHap™ 15G, 
is used in this paper with its characteristics given in Table 3. The actuator is also fixed in a 
reactive configuration between two plates of dimensions 300 x 200 mm3. 
 

Table 3: Characteristics of the TDK PowerHap 15G actuator. 

Max. no load displacement µm 200 
Blocked force N 20 
Stiffness N/mm 100 
Resonance frequency (blocked-free) kHz 8 
Drive voltage V 0-120 
Capacitance µF 3.6 
Dimensions LxWxH in mm 26x26x2.4 

 

 
Figure 3: TDK PowerHap piezoelectric actuators. 

4 EXPERIMENTAL TEST SET-UPS 
Dynamic displacement measurements have been carried out using a laser vibrometer to 
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investigate the dynamic behavior of the actuators. Figure 4 shows the experimental test set-up 
using a Polytec OFV-5000 laser vibrometer with an OFV-534 laser head mounted on a 3-axes 
cartesian robot. This experimental set-up allows to measure the dynamic displacement response 
of a single point on an actuator or a surface as well as the scanning of a complete surface to 
determine the mode shapes of the vibrating plate. 

Acoustic characterizations are carried out in a semi-anechoic chamber (i.e. whose floor is 
not covered with foam) in order to not alter the acoustic signal recorded by the microphone 
(Figure 4). The prototype plate is on a stand, at the same height and a distance of 1 m from the 
microphone, itself on a tripod (1 m from the ground). An APEX220 microphone from Apex 
Electronics is used for the measurements connected via an XLR cable to a Focusrite Scarlet2 
6i6 soundcard connected via USB to the computer. Each set of measurements begins with a 
"blank" measurement of the room, with a sound level meter, to determine the sound level (about 
29 dB within the room in general). The amplified piezoelectric actuators in this paper are driven 
with a Piezomechanik LE 150/100 EBW amplifier. It generates voltages between 0 V and 
150 V to be obtained with a preset offset voltage from a 0 V to 5 V input. The gain is x30 and 
its no load bandwidth extends up to 70 kHz. The amplifier can supply up to 350 mA 
continuously and 1200 mA peak. This leads to a rapid decrease in its bandwidth with increasing 
load. The piezoceramic ring is driven with an ELBATEC T-500 symmetrical high-voltage 
amplifier. It generates voltages of ±200 V from a ±10 V input. The maximum current is 400 mA 
and the no-load bandwidth extends up to 100 kHz. 

 

   
Figure 4: Set-up for displacement measurements with a laser vibrometer (left) and acoustic measurements in a 

semi-anechoic chamber (right). 

5 MEASUREMENT RESULTS 

5.1 Piezoelectric ring 
First, the displacement behavior at the center of the plate is measured with the laser 

vibrometer. Therefore, a 400 Vpp sine sweep is applied to the piezoelectric ring element. The 
loudspeaker is screwed to the base of the scanning table as shown in Figure 4 to prevent any 
unintended movement. Figure 5 shows the result for an excitation frequency from 50 Hz to 
20 kHz. It can be seen that the absolute displacements are in the low micrometer range from 
0.3 µm to 25 µm decreasing towards higher frequencies. 
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Next, the sound pressure level of the piezoelectric ring speaker has been characterized from 
100 Hz to 20 kHz for a driving voltage of 400 Vpp. The sound pressure level (SPL, the 
reference level corresponds to the threshold of hearing, 20 μPa) is shown in Figure 6 measured 
in the semi-anechoic chamber. A 1/12 octave filter has been applied to the SPL curve. Due to 
the low capacitance of the ring actuator, high frequencies with relatively low power 
consumption can be attained. However, the low frequency range is quite limited. Despite of a 
few acoustic holes an average SPL of 80 dB is emitted up to 20 kHz. The lower cut-off 
frequency with this polypropylene plate is around 400 Hz reaching a SPL of 75 dB. 

 

 
Figure 5: Displacement response of the PZT ring 

speaker measured at the center of the plate. 

 
Figure 6: SPL of the PZT ring speaker measured at 

1 m at 400 Vpp. 

5.2 Flat flextensional piezoelectric actuator 
As for the piezoelectric ring, laser vibrometer displacement measurements have been carried 

out for the APA400MML actuator. First, the frequency response has been measured for 
frequencies from 20 Hz to 20 kHz for the actuator only. A 7.5 Vpp sine sweep (offset 3.75 V) 
was applied to the piezoelectric actuator with a duration of 2 s. The result is shown in Figure 7. 
It can be seen that the APA400MML actuator has linear displacement behavior up to its first 
resonance frequency indicated at 634 Hz by the supplier. Figure 8 shows the displacement 
frequency response for a 150 Vpp (offset 75 V) sine sweep from 100 Hz to 500 Hz. This is the 
maximum driving voltage that can be applied to the actuator. At those driving voltages, the 
actuator cannot be actuated on its first resonance, which would cause failure to the ceramic due 
to excessive tensile stress. The supplier indicated a mean maximum peak to peak displacement 
amplitude of 368 µm up to the first resonance frequency. It has to be noted that one of the three 
piezoelectric ceramics composing the APA400MML actuator was electrically damaged and has 
been electrically removed from the actuator. Driven with only two ceramics the measured peak 
displacement amplitude is around 150 µm before the first resonance frequency but the voltage 
amplifier can now fully charge the actuator up to 500 Hz.  

Next, the Cedrat Technologies APA400MML speaker has been characterized in the semi-
anechoic chamber. A 7.5 Vpp sine sweep of 5 s has been applied to the actuator and measured 
with the microphone. In Figure 9, the 1/12 octave filtered sound pressure level from 100 Hz to 
20 kHz is shown. It can be seen that even at very low driving voltages relatively high levels can 
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be attained in the range from 400 Hz to 2 kHz. For higher frequencies, the membrane material 
as well as the characteristics of the actuator induce damping lowering the maximum sound 
pressure level. Figure 10 shows the transfer function for a 150 Vpp (75 V offset) sine sweep 
excitation from 100 Hz to 500 Hz. As described earlier, this kind of actuator cannot be driven 
in resonance, which would lead to breakdown of the ceramics. It can be seen that SPLs 
exceeding 75 dB can be achieved from 1500 Hz to 600 Hz using this kind of actuators and the 
current surface size. It may be convenient to increase the size of the membrane to achieve higher 
levels at lower frequencies. 

 

 
Figure 7: Displacement amplitude frequency 

response of the APA400MML actuator for a 7.5 
Vpp driving voltage (2 s sine sweep) from 10 Hz to 

20 kHz. 

 
Figure 8: Displacement amplitude frequency 

response of the APA400MML actuator for a 150 
Vpp driving voltage (2 s sine sweep) from 100 Hz 

to 500 Hz. 

 
Figure 9: SPL from 100 Hz to 20 kHz of the 

APA400MML speaker at 7.5 Vpp. 

 
Figure 10: SPL from 100 Hz to 500 Hz of the 

APA400MML speaker at 150 Vpp. 

4.3 Cymbal-type flextensional piezoelectric actuator 
Finally, the displacement amplitude of the TDK PowerHap 15G actuator has been measured. 

Figure 11 shows the peak displacement amplitude from 100 Hz to 20 kHz with an almost linear 
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zone below the first resonance frequency around 8 kHz. The mean peak amplitude at 7.5 V is 
around 10 µm. Figure 12 shows the frequency response for a 2 s sine sweep from 100 Hz to 
1 kHz at 120 Vpp with an offset of 60 V (maximum driving voltage). The almost horizontal 
plateau has a peak displacement amplitude of 80 µm. This actuator can be fully charged up to 
1 kHz by the amplifier used in this paper.  

The sound pressure level of the TDK PowerHap 15G speaker has been characterized in the 
semi-anechoic chamber. A 120 Vpp (offset 60 V) sine sweep of 5 s has been applied to the 
actuator and measured with the microphone. Figure 13 shows the sound pressure level from 
100 Hz to 20 kHz. Relatively high SPLs are achieved between 500 Hz and 2.5 Hz. There is a 
small hole present in the transfer function from 1.2 kHz to 1.6 kHz due to the insufficient 
charging of the actuator by the amplifier (limited to 1 kHz for this actuator). Next to the APA 
actuators, this actuator is an interesting candidate to excite the car structures because of its 
compact geometry, relatively low power consumption and high displacement amplitude. 

 

 
Figure 11: Displacement amplitude frequency 

response of the TDK PowerHap 15G actuator for a 
7.5 Vpp driving voltage (2 s sine sweep) from 

100 Hz to 20 kHz. 

 
Figure 12: Displacement amplitude frequency 

response of the TDK PowerHap 15G actuator for a 
120 Vpp driving voltage (2 s sine sweep) from 

100 Hz to 1 kHz. 

 
Figure 13: SPL of the TDK PowerHap 15G speaker at 120Vpp. 
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6 DISCUSSION 
The study revealed that the piezoceramic ring can be used for exciting the medium to high 

frequency audio range. In practice, lower maximum voltages will be applied reducing the sound 
pressure level and thus affecting primarily the lower end of the excited frequencies. This will 
shift the addressable audio range to higher frequencies. This can be partially compensated by 
using multiple piezoceramic actuators. The advantage if these actuators is their minimal size 
requirement and surface conform integration. 

The amplified piezoelectric actuators can address the medium low frequencies from 150 Hz 
to 2.5 kHz. The APA series can easily be adapted to a targeted audio range but may introduce 
actuators of bigger size. The PowerHap actuators stand out by their small size and relatively 
high output displacement. Output force may be an issue depending on the LLS stiffness. In both 
cases, the voltage amplifiers are the main limitation factor for speaker applications. Using 
different membrane materials with higher Young’s modulus and lower damping than the 
polypropylene material used in this paper can increase the sound pressure level but may 
introduce coloration to the created sound. In general, to achieve a proper radiation efficiency 
and radiated sound power, the Young’s modulus cannot be too low. A tradeoff between 
Young’s modulus and the density needs to be found to design efficient LLS.  

Compared to classical electrodynamic speaker, the piezoelectric actuators are not visible and 
can be applied to structures that have initially other functions than creating sound. After 
equalization, LLS performance could be similar to electrodynamic speaker, at least 
subjectively. The process of equalization basically cancels out the lack of certain frequency 
band, and thus, is no longer affecting the performance. The use of sophisticated control schemes 
applied by a digital signal processor when using multiple actuators could significantly improve 
sound quality even on complex structures. The implementation of piezoelectric actuators is then 
a good choice because they can be more easily controlled then electrodynamic exciter 
technology. 

 

7 CONCLUSIONS 
Three different actuators have been compared in this paper in terms of maximum 

displacement amplitude and maximum sound pressure level on 300 x 200 x 3 mm3 speaker 
surfaces. A flat piezoelectric ring glued to a surface is compared to amplified piezoelectric 
actuators. The ring actuator produces good sound pressure levels at frequencies higher than 
400 Hz but excites confuse mode patterns due to the stiff ceramic glued to the surface making 
control schemes more challenging. The other two actuators have been tested in a reactive 
configuration (fixed between two plates) to overcome the diffuse mode patterns created by a 
piezoceramic disc or ring glued to a surface. Highest output displacements can be obtained with 
the APA400MML flextensional actuator from Cedrat Technologies, which is limited to a 
maximum frequency of around 500 Hz due to its first mechanical resonance. Due to the high 
capacitance, this actuator is relatively power consuming. It’s maximum output force of 200 N 
is not necessary for the speaker surface used in this paper but gives much design space for 
applications with complex and stiff structures. A smaller piezoceramic stack could be used to 
reduce power consumption. The flat cymbal actuator from TDK named PowerHap 15G 
produces a force of 20 N, which is enough to displace the membrane. Good acoustic power is 
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produced between 500 Hz and 2.5 kHz. Power consumption is reduced by a factor of three 
compared to the APA400MML actuator because of the lower capacitance (3.6µF compared to 
10µF). The very compact design (26 x 26 x 2.4 mm3) could make this actuator a good choice 
for medium frequencies in car applications. The limiting factor for high frequency sound 
generation using those amplified piezoelectric actuators is the availability of high-power 
electric amplifiers. In order to cover a large audio spectrum, the combination of simple 
piezoelectric ceramics with amplified piezoelectric actuators on the same loudspeaker panel 
can be advantageous to maintain low power consumption. 
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Abstract. This article is devoted to space truss-like structures commonly used for solar panel 
installations or telecommunication antennas. Such structures have obvious advantage of 
beneficial ratio of their stiffness to mass. One of challenges in satellite engineering is focused 
on special design of ultra-light structures, compacted during transportation to the orbit, able to 
deploy into large cantilever with e.g. photovoltaic panels (being on the orbit). This approach 
allows for better withstands the launch loads in compact configuration. The proposed smart 
topology (SMARTOP) of the structure enables for easy, zero-energetic transformation from the 
compact, two-dimensional form into the final, tree-dimensional configuration, making use of 
stored pre-stress energy, released with use of specially controlled clutches. Main innovations 
are in specially design topology and so-called smart clutches performing controlled release of 
stored strain energy in a proper timing. Numerical simulations of the SMARTOP structure 
functionalities are presented. 

 
1 INTRODUCTION 

The aim of this paper is to present specially designed, self-deployable rod-cable structure, 
applicable in satellite engineering, where the structure has to be launched into the orbit in a 
compact form (due to protection against high accelerations) and then, deployed into the very 
extended, flexible form (due to low gravitation and mass saving). 

The structures on the orbit are subjected to thermal loads or can oscillate shortly after self-
deploying. Therefore, an effective technique, in order to suppress the transient vibrations in low 
frequency range, is a very appealing solution. To this end, active (for example utilizing a force 
feedback control algorithm presented in [1]) and semi-active approaches (e.g. friction-based 
dampers [2-3]) have been developed by researchers. Mitigation of vibrations in the presented 
structure can be done utilizing by control of slacking and prestressing the cables embedded into 
the truss. 
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2 GENERAL CONCEPT OF THE DEPLOYABLE STRUCURE 
The structural topology (Fig. 1a), according to the patent pending claim [4], allows switching 

from the stable, functional form (as a supporting isostatic truss structure) into the collapsed, 
compact form (Fig. 1d) ready for transportation with high overloading. Both configurations are 
switchable. The compact form of the structure can be fixed due to prestressed actuators and 
blocking devices, where release of them causes automatically structural development into the 
flexible truss form. Stability of this final form is guaranteed by strings located inside, along 
selected rod-tube elements (1 and 2) and by blocking of hinge devices (3). 
 

(a) 

 
(d) 

 

(b) 

 
 
 
 
(c) 

 
Figure 1: The SMARTOP configuration forms during sequential folding: (a) operational (initial) 

configuration; (b) configuration with folded the lower section; (c) configuration with folded the lower and 
middle sections; (d) fully folded configuration. 
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The truss topology (Fig. 1a) allows applying three pars of rod-cable elements: A3B4–B3C4, 
B2A3–C2B3 and A1B2–B1C2 (one pare in each segment), realization of the planned modification 
of structural configuration. Rods (1) contain cable strings  (2) inside and the controllable hinge 
mechanism (3) – blocked or released. When cables are pre-tensioned and hinge mechanism 
released, the sections collapse. After section collapsing, the hinge mechanism becomes blocked 
again. The structural configuration, after bottom section collapsing (deactivation of hinge 
mechanisms Q1 and P1 needed) is shown in Fig. 1b, while after bottom and middle section 
collapse (deactivation of hinge mechanisms Q1–P1 and Q2–P2 necessary) – on Fig. 1c. Finally, 
deactivation of all hinge mechanisms leads to the configuration shown on Fig. 1d. The sequence 
of collapsing sections to the 2D format can be arbitrary planned. 

Simultaneous release of trigger springs initiating vertical movement up of all three levels of 
the structure together with deactivation of hinge mechanisms for pairs: Q1–P1, Q2–P2, and Q3–
P3, lead to rebuilding of the functional configuration of the structure. However, fixing of this 
configuration requires again initiation of cable pre-tensioning and hinge mechanisms 
reactivation. 

Finally, three properly controlled smart devices: triggering springs, prestressing cables and 
blocking hinges allow automatic realization of two scenarios: controlled collapse and 
deployment of the structure. 

 

3 BASIC DYNAMIC ANALYSIS 
The vibrations of the structure were numerically tested. Firstly, the influence of the 

presterssing state in cables on modal parameters was investigated, and next the dynamic 
behaviour during unfolding was simulated. To this end, in both cases the following structural 
parameters were assumed: 

 The truss structure composed with carbon fibers elements have pipe cross-sectional 
area with the wall thickness of 1mm and the outer diameter 10 mm. The applied 
elements have length: 0.60 m (horizontal element in the unfolded structure) and 0.85 
m (remaining elements). The Young's modulus and density are equal to 60 GPa and 
2100 kg/m3, respectively. 

 The steel cable elements, placed inside selected truss elements (Fig 1a), with circular 
cross-section area with radius of 3 mm. The Young's modulus and density are equal 
to 200 GPa and 7850 kg/m3, respectively. 

 Free-free structure only for modal analysis. 
The numerical model and analyses were performed utilizing Abaqus software.  

 

3.1 Eigenfrequencies and eigenmodes 
Modal analysis was preceded by the computations of the statically loaded truss structure 

caused by the prestressed cables located as shown in Fig 2a (red lines). There were considered 
three prestressing states in the cables (out of structure): 20 kPa, 50 MPa and 200 MPa. The 
longitudinal stresses in the truss elements computed for the prestressed cables at level of 50 
MPa are presented in Fig 2b. It is clearly visible, that the most loaded elements are co-located 
with the cables, whereas the remaining elements are slightly stressed. The displacement map of 
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the structure along the vertical axis (Z-axis) determined for this case is illustrated in Fig. 2c.  
Next, taking into account the above mentioned prestressing levels, the modal analyses were 

performed. The obtained eigenfrequencies for the different prestressing states in the cables are 
shown in the Tab. 1. The first six modes corresponding to the rigid motions were omitted. For 
comparison, the results calculated for slackened cables were also included in the Tab. 1. The 
gathered results show the significant influence of the presence of prestressed state in the cables 
for the structural eigenfrequencies. On the other hand, the initial prestressing level is of 
secondary importance. Comparison of the overlapped corresponding mode shapes obtained for 
non-tensioned structure (black lines) and prestressed one (50 MPa, blue lines) are presented in 
Fig. 3.  

 
                         (a)                                         (b)                                          (c) 

 
Figure 2: Statically prestressed structure (initial stress in the cable: 50 MPa): (a) tendon locations (red lines); 

(b) axial stress in the truss elements; (c) displacement map along Z-axis. 
 

Table 1: List of the first six eigenfrequencies (corresponding to non-rigid mode shapes) obtained for non-
tensioned and prestressesed structures. 

Mode 
number 

Eigenfrequencies [Hz] 

Non-tensioned Prestressed 
20 kPa 

Prestressed 
50 MPa 

Prestressed 
200 MPa 

7 178.45 188.02 188.06 188.18 
8 191.60 194.80 194.93 195.30 
9 224.52 234.48 234.49 234.51 
10 300.15 301.33 301.30 301.21 
11 311.27 340.50 340.67 341.17 
12 368.62 381.33 381.45 381.81 
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              (a)                  (b)                     (c)                     (d)                    (e)                   (f) 

 
 

Figure 3: The eigenmodes (7-12) obtained for the non-tensioned and prestressesed (50 MPa) structures. 
 

3.2 Unfolding-induced vibrations 
For testing purposes of the unfolding dynamics a single section of the structure was 

considered. Additionally, the structure was simply supported at the nodes (nos. 1, 2, 3) in the 
bottom section as shown in Fig. 4. Initially, the remaining nodes of  the structure was clamped 
in the folded mode (Fig. 4a). Releasing the clamped nodes (nos. 4-8) and simultaneously 
imposing initial velocities at nodes of upper section (nos. 4-6) the structure is transformed into 
the operational form. The transformation requires a change of pin-joints (nos. 7, 8) into a rigid 
joints in a proper time. This approach generates excessive structural vibrations as well as 
bending moments and transversal forces in the elements adjacent to the switchable joints. 
Therefore, these elements have to be considered as beams during the transformation process. 

For mitigation such effects an appropriate strategy during unfolding of the structure has to 
be applied. The further research work will be focused on: 

 damping of unfolding-induced vibrations utilizing the switchable cable between the 
slackened and prestressed states, 

 minimization of the bending moments and transversal forces in the structural 
elements caused by a status change of the switchable joints. 

 

4 CONCLUSIONS 
In this article a concept of a deployable truss structure was presented. The structure has 

a special designed topology allowing for easy transformation from folded mode (transportation 
mode) into operational mode as well as allowing for damping vibrations. The structural mode 
change is possible tanks to application of switchable joints blocked at the final stage of the 
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unfolding process. The second attribute – damping vibration – can be performed utilizing on–
off  switching the prestressed states in the cables. The presented numerical results show the 
significant modification of the modal parameters of the structure. 

 
                                     (a)                                                                (b) 

 
Figure 4: Two stages of the single section unfolding: (a) initial stage, (b) close to final stage. 
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Abstract. There is currently an increased interest in extending the application of McKibben
actuators for a range of working fluids. Extensive efforts have already established force re-
sponse models for pneumatically driven McKibben actuators that are independent of working
fluid material properties, however the model’s independence to working fluid choice has yet to
be validated with empirical evidence. This paper experimentally investigates the effect of work-
ing fluid choice on the quasi-static pressure dependent force-contraction response of McKibben
actuators, and tests the hypothesis that FAM actuation force is dependent on inflation pressure
while being independent of all other working fluid properties. Using air or water as the working
fluid, characteristic isobaric force-contraction response curves are compared for a small scale
McKibben actuator. To ensure truly isobaric force-contraction characterizations, hydraulic and
pneumatic pressure systems were developed to provide precise and accurate control of pressure.
Experimental testing showed that using air or water as a working fluid resulted in nearly iden-
tical isobaric force-contraction response curves, and demonstrated that the quasi-static force of
McKibben actuators is independent of working fluid. This establishes that the previously de-
veloped force response models for pneumatic McKibben actuators can now be easily extended
to use with other permissible liquid or gaseous fluids. With the conclusion of this research,
McKibben actuators can be readily adapted to a wider range of uses with working fluid choice
catered to application requirements independent of their force response.

1 INTRODUCTION

An increasingly diverse number of applications are utilizing McKibben actuators due to their
many desirable characteristics. Previous work established McKibben actuators as an ideal form
of actuator when compliant, high force-to-weight ratio actuation is desired [4, 5, 14]. McKibben
actuators, known more generally as fluidic artificial muscles (FAMs), have often been operated
using air (PAMs). Research efforts have also been focused on the accuracy and fidelity of
modeling pneumatic FAMs for control purposes. Using empirical test data, semi-mechanistic
models that achieve a high degree of accuracy have been developed for pneumatic FAMs.

1
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Research efforts for FAMs have recently expanded to use with different working fluids as the
FAM’s source of internal pressure. Although FAMs have typically been operated pneumatically,
applications of FAMs also include water [6, 15], and aerospace applications [2, 9] making it
necessary to study working fluids that are best suited to these environments.

Few researchers have studied hydraulically powered FAM actuators [1, 6, 8, 10, 11, 12] while
even fewer have directly compared FAM actuators pressurized with air or water [3, 7, 13]. Ti-
wari tested the assumption made in pneumatic FAM (PAM) models that indicate pneumatic and
hydraulic powered FAMs should provide the same force response independent of the choice of
working fluid in quasi-static operation. Tiwari used a 3.18 mm (1/8 in) FAM to conduct con-
stant pressure tests with water and air, with results showing substantial discrepancies between
their force response. The difference in the force response of the two working fluids was cited
as likely being a result of inaccurate control of the fluid pressure.

This research describes the effect of working fluid selection on the quasi-static pressure de-
pendent force-contraction response of FAMs. Testing either air or water as the working fluid,
characteristic isobaric force-contraction response curves are compared for a small scale McK-
ibben actuator. Improving upon the work done by Tiwari, where inaccurate pressure control
resulted in an inconclusive comparison between pressurization using air or water, in this study
hydraulic and pneumatic pressure systems were developed to provide precise and accurate con-
trol of pressure to ensure a dependable comparison between the two working fluids. Consec-
utive testing using water and then air is conducted to show the independence of working fluid
choice on the quasi-static response of FAMs, and demonstrates that pressure is the independent
variable.

Pneumatic FAM models have been developed and refined through the years to provide an
accurate representation of their quasi-static force response. A semi-mechanistic model based
on a force balance approach was recently updated to include empirically fit coefficients that
represent the material properties of the elastomeric bladder [9]. This force response model is
a function of the working fluid pressure, P, and the PAM actuator length, L, and is given as
follows:

F(P,L) = P
4πN2 (3L2 −B2)+σz

(
Vb
L

)
−σc

(
tL2

2πRN2

)
(1)

where the number of turns of a single braid fiber about the actuator’s diameter, N, the length of
that braid fiber, B, and the volume of the incompressible bladder, VB, are set values that describe
the geometry of the FAM actuator. The thickness of the bladder, t, radius of the actuator, R, and
the longitudinal bladder stress, σz, and circumferential bladder stress, σc, are values that are
functions of the instantaneous actuator length, L. Inspection of this model shows that actuation
force is a function of only the PAM’s geometry, materials, and working fluid pressure. With no
reliance on fluid properties other than pressure, it is assumed that this model can be transferrable
to use with FAMs for other working fluids besides air. This study was performed to validate the
accuracy of this assumption, and to then extend the use of the force response models used for
PAMs more generally to use with FAMs independent of the chosen working fluid.

2
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2 EXPERIMENTAL TEST SETUP

The FAM was experimentally tested with either air or water as the working fluid. The routine
of characterizing the actuator’s isobaric force-contraction response was adopted from previous
PAM characterization testing [4]. The FAM is slowly stroked at 5.1 mm/sec (0.2 in/sec) from
its resting length to its zero force length at constant pressure. The FAMs were stroked at set
pressures of 138-689 kPa (20-100 psi) in 138 kPa (20 psi) increments.

Testing for this study was conducted in a MTS material testing machine that strokes the
FAM while recording inputs from a pressure transducer (Omega PC209-200G5V) and load cell
(Honeywell Model 31 Mid). The FAM is tested with each working fluid consecutively to ensure
retention of the FAMs reference length state and alignment. Fixtures to connect the FAM to the
MTS machine were fabricated to be adaptable to the hardware necessary for either air or water
testing without requiring removal of the FAM from the testing machine.

2.1 FAM Test Specimens

A small scale FAM (4.8 mm (3/16 in) diameter) was fabricated for comparison testing of
air and water powered actuation to ensure size independence of observed phenomenon (Fig. 1).
This FAM typically produces a maximum force in the blocked force condition of about 222 N
(50 lbf), and can achieve a maximum/free contraction of 25-35%.

Figure 1: 22.2 mm FAM (top) versus the 4.8 mm FAM (bottom) used in this test

2.2 FAM Test Specimens

An accurate comparison between air and water working fluids requires precise and accurate
control of the pressure supplied to the FAM to maintain a true isobar for each stroke cycle test
of the FAM. Careful regulation of pressure is required to ensure that any difference between the
FAM force response for each working fluid could be correctly attributed to the working fluid
and not by any imprecision in feed pressure. This drove the decision to develop pressure control
systems for water and air. The water pressure systems for each working fluid are detailed in the
following sections.

2.2.1 Pneumatic Pressure System

The air pressure system for pneumatic FAM testing, shown in Fig. 2, is the same as what has
been used for previous PAM testing with the addition of a proportional valve to more precisely
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regulate airflow. An air compressor (DeWalt D55146) was used to store and provide pressurized
air. A pressure regulator (Excelon R73G) was used to set a constant supply pressure of 793 kPa
(115 psi), 103kPA (15 psi) above the maximum pressure to be tested. A proportional control
valve (Enfield Technologies LS-V05s) was used to directly control FAM pressure. An Arduino
was used as a controller to direct proportional valve actuation to control pressure. The Arduino
received pressure state values for controller feedback through a pressure transducer (Omega
PX209-200G5V) mounted to the fixture just above the air inlet of the FAM. A 4448 N (1000
lbf) load cell (Honeywell Model 31 Mid) was placed in line with the FAM to measure the
contraction force of the FAM.

Figure 2: Pneumatic pressure system schematic

2.2.2 Hydraulic Pressure System

Testing the FAM with water required the development of a hydraulic pressure system (Fig. 3).
The incompressibility of water, as well as the limited number of water compatible components,
resulted in a hydraulic system that is very different in nature from the pneumatic system. The
hydraulic system uses a continuously running, variable-speed pump. A fixed displacement gear
pump (Fluid-o-Tech FG204) uses a fluid reservoir as the water source. To avoid damaging
hydraulic hammer effects from requiring the motor to constantly switch directions about a pres-
sure set point, the FAM was made open at each end to allow continuous flow of water in a single
direction through the FAM. To buildup pressure in the system, flow is restricted downstream of
the FAM using a needle valve. An adjustable relief valve (Watts LF 530-C STD) was positioned
between the pump and FAM to relieve pressure if it exceeds 758 kPa (110 psi). Pump speed is
controlled using an Arduino to achieve the desired isobaric pressure.
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Figure 3: Hydraulic pressure system schematic

2.3 Pressure Control System

A proportional-integral (PI) closed-loop feedback controller was used to regulate each pres-
sure system to the desired isobar. The controller input acts to minimize the error, e(t) between
the desired set pressure, Pset , and the actual pressure, Pmeas. The controller receives a pressure
sensor voltage as input, and outputs a control signal in the form of a 5V pulse width modulation
(PWM) signal. The Arduino produces a command value of 0-255 as a digital representation of
the PWM output that translates to a 0-100% duty cycle. This enables the digital based Arduino
to output the 0-5V analog input values required for control of the proportional valve and pump.
The controller was tuned for the pneumatic and hydraulic pressure circuits for the FAM result-
ing in two gains, the proportional gain, Kp and the integral gain, Ki, which were tuned through
iterative testing.

3 TEST RESULTS

Accurate pressure control was achieved for both the hydraulic and pneumatic pressure sys-
tems, resulting in a high fidelity comparison of the response of the two tested working fluids.
The results of the pressure control, as well as the characterization of the FAM response with air
and water working fluids are detailed in the following sections.

3.1 Pressure Control Results

Results for the measured pressure during characterization testing are given in Table 1 below.
Average pressure and standard deviation values are given for both air and water testing. To-
gether, these values provide a depiction of how well the pressure systems provided a true isobar
for each set pressure test to enable a good comparison between each working fluid. Although
there is a slight offset in the set pressure versus the test pressures, the average pressures when
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using air or water correlated very closely with one another with a minimum deviation from the
set pressures.

Table 1: Average pressure and standard deviation for the force response characterization test at each test pressure

Commanded Set Pressure 138 kPa 276 kPa 414 kPa 552 kPa 689 kPa
Average Pressure, Air (kPa) 145.17 284.37 422.34 561.16 699.82
Average Pressure, Water (kPa) 145.13 284.17 422.13 560.55 699.18
Standard Deviation, Air (kPa) 1.58 1.24 1.42 1.77 1.99
Standard Deviation, Water (kPa) 1.04 1.02 1.52 1.97 1.41

3.2 Characterization Results

Figure 4: Results of each isobaric force-contraction characterization test for the 4.8 mm FAM

Characterization testing of the FAM with each working fluid showed nearly identical results
when using either air or water for all tested pressures. Results from each characterization test are
plotted in Fig. 4. To provide a quantitative comparison of the force response difference between
the two working fluids, the root mean squared error (RMSE) between the two responses was
calculated for each pressure. The root mean squared error was calculated using the following
equation:

RMSEavg =
√

1
Ni

∑
i
((Fi)air − (Fi)water)2 (2)
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where F is the experimental force for each test, and N is the total number of data points of each
test with i representing each respective measurement point from 1 to N. RMSE values for both
working fluids at each pressure are given in Table 2.

Table 2: Root-mean-square error (RMSE) at each test pressure

138 kPa 276 kPa 414 kPa 552 kPa 689 kPa Overall Average
4.8 mm Dia. (N) 0.85 1.20 2.00 2.05 3.34 1.82

4 Conclusion

This study examined the effect of working fluid choice on the quasi-static force response of
FAMs. Past studies showed that the working fluid can affect the dynamic behavior and effi-
ciency of FAMs, but none conclusively demonstrated the assumption that the quasi-static force
response is independent of the working fluid used to power it. To study this assumption, a small
scale FAM was fabricated, and had its force response characterized using water and air as the
working fluid. To ensure an accurate comparison between using air and water, control systems
were developed to precisely control fluid pressure for each isobaric force-contraction character-
ization test. Testing of each working fluid resulted in nearly identical isobaric force-contraction
response curves. This confirms that the FAM’s quasi-static force response is independent of
working fluid, allowing force response models previously developed for PAMs to be adopted
for use with FAMs with any working fluid, and motivates the use of FAMs with an expanded
range of application dependent working fluids.
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Abstract. This research deals with computer modelling in finite element software ACELAN-COMPOS
of multiscale two-phase magnetoelectric (piezomagnetoelectric) bulk composites that consist of piezo-
magnetic and/or piezoelectric fractions of irregular structures. The proposed technique is based on the
models of micro- and nanoscale materials with interface or surface effects, the effective moduli method,
the modelling of representative volumes, and the use of finite element technologies for solving the prob-
lems in the representative volumes.

1 INTRODUCTION

In the present paper, as active materials we will understand the materials in which sufficiently notice-
able deformations can be caused by external nonmechanical influences. Such materials are piezoelectric,
magnetoelectric, pyroelectric and other materials with coupling between mechanical fields and fields of
a different nature: electric, magnetic or thermal. These materials are widely used in modern engineering
as active elements of transducers, sensors, actuators and other devices. Recently, new materials with
improved characteristics are being intensively developed to improve the efficiency of these devices. Es-
pecially important are the problems of developing active composite materials consisting of materials of
different phases. Methods of mathematical and computer modelling help us to predict the effective prop-
erties of composite materials depending on the characteristics of the initial phases, their percentage ratio
and the peculiarities of the internal structure.

The problems of determining effective properties, also called homogenization problems, can be solved
on the basis of various approaches known in the mechanics of composite materials. For active materials
whose behavior is described by a sufficiently complicated system of differential equations, it is conve-
nient to use the method of effective moduli. For example, for piezoelectric composites according to this
method, it is necessary to solve a set of boundary-value problems of piezoelectricity (electroelasticity)
with special boundary conditions providing for homogeneous materials the exact solutions with constant
field gradients (strains, stresses, electric field and electrical induction). In a non-uniform representative
volume, these gradients, naturally, will not be constant, but their averaged integral characteristics will
permit to determine the effective moduli of the composite material [14, 15].

For nanostructured composites, in which inclusions or pores have nanodimensions, the nanoscale
effect can be taken into account in the framework of the theory of surface stresses ([4, 6, 22, 23], et al)
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and its generalizations to the problems with coupling fields ([3, 5, 19, 24], et al). In the theory of surface
stresses for the interfaces of materials with different phases, the special equations are written that relate
stress jumps in volumes with fields for surface stresses. Finally, in recent years, the technologies have
been proposed for creating the new materials composed of piezoelectric matrix and of inclusions from
other materials or pores, on which interface boundaries the particles of third type materials are deposited
[20].

To solve the homogenization problems for all active composites described in this paper, the special-
ized software was developed, which is based on the finite element solution of boundary problems in
representative volumes and takes into account the main features of the internal structure of composites.

Namely, the program systems written in the APDL ANSYS language were created, which allow in
the automated mode to solve in the ANSYS package the homogenization problems for active compos-
ites of various types and determining their effective moduli. To generate the structures of representative
volumes in addition to the simple random ANSYS algorithm, external programs that implement vari-
ous algorithms were created [14, 15, 16]: 3–x algorithm implemented by S.V. Bobrov, supporting the
connectivity of finite elements of the first phase, up to 90 % of inclusions of the second phase; 3-0 algo-
rithm with a regular structure of connectivity of the first phase in three axial directions and with a closed
structure of the elements of the second phase; cluster algorithms implemented by V.V. Remizov (Witten-
Sander method, cluster of the second phase method; method of ”growth out of the plane”; method of
initial concentration, etc.)

However, in the ANSYS package there were no basic means for solving the problems of magneto-
electricity and there were no piezoelectric and magnetoelectric shell finite elements. In this regard, at
the Department of Mathematical Modelling of Southern Federal University, a specialized finite element
package ACELAN-COMPOS was developed. The ACELAN-COMPOS package is focused on solv-
ing the homogenization problems with coupled mechanical and electromagnetic fields. In this package,
implemented new algorithms 3–3 connectivity [9, 12], supporting the connectivity of the two phases;
algorithm 3–0 connectivity, creating the granular structures [10, 12]; and algorithm 1–3 connectivity,
creating the structures with rod elements in a matrix [11, 12].

For all these models of representative volumes, the algorithms have been developed for the automated
search for finite elements located at the interphase boundaries and placing shell elements on them that
simulate the presence of surface effects for nanoscale inclusions or pores. For transversely isotropic
materials, an algorithm was additionally implemented for the plate surface elements, parallel to the
coordinate axes, with the material properties that inherit the anisotropy structure of the neighboring
volume elements.

The models of magnetoelectricity and the models of representative volume elements of the ACELAN-
COMPOS package are briefly presented in this paper. Other means of ACELAN-COMPOS and a more
detailed presentation of models, algorithms and results are presented in [8, 9, 10, 11, 12, 17], et al.

2 SETTING OF HOMOGENIZATION PROBLEMS

The technology of homogenization problem solving implemented in ACELAN-COMPOS is applica-
ble for a fairly wide class of composite materials of various stochastic structures with coupling physico-
mechanical fields. It is only important that linear stationary equations of divergent type should be con-
sidered. For example, let Ω be the representative volume of a piezomagnetoelectric (magnetoelectric)
composite body consisting of two materials. We assume that this volume is filled with materials of two
types (phases): Ω = Ω(1) ∪Ω(2). These phases can have various coupled fields. Thus, the phase Ω(1)

can have piezoelectric properties, while the phase Ω(2) can be piezomagnetic. Another case is the active
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materials with inclusions or pores. Then, the first phase of the main fills up the volume or set of volumes
Ω(1), and the second phase (inclusions or pores) fills the volume or set of volumes Ω(2). Here, for a
porous material, the phase Ω(1) should be connected.

For modelling of nanoscale effects in the framework of the Gurtin–Murdoch theory and its gener-
alizations, surface fields are set on the interfaces of the two phases Γs = ∂Ω(1) ∩ ∂Ω(2). The external
boundary of the representative volume Γ = ∂Ω will be used to specify the boundary conditions in the
homogenization problems.

In accordance with the effective moduli method, we will consider in the volume Ω the following
boundary value problem of the static theory of magnetoelectroelasticity with respect to the displacement
functions u(x), the electric potential ϕ(x)and the magnetic potential φ(x):

L∗(∇) ·T = 0, ∇ ·D = 0, ∇ ·B = 0, x ∈ Ω, (1)

T = c ·S− e∗ ·E−h∗ ·H, D = e ·S+κκκ ·E+ααα ·H, B = h ·S+ααα∗ ·E+µµµ ·H, (2)

S = L(∇) ·u, E =−∇ϕ, H =−∇φ, (3)

L∗(∇) =




∂1 0 0 0 ∂3 ∂2
0 ∂2 0 ∂3 0 ∂1
0 0 ∂3 ∂2 ∂1 0


 , ∇ =




∂1
∂2
∂3


 , (4)

L∗(n) · [T] = L∗(∇s) ·Ts, n · [D] = ∇s ·Ds, n · [B] = ∇s ·Bs, x ∈ Γs, (5)

Ts = cs ·Ss − es∗ ·Es −hs∗ ·Hs, Ds = es ·Ss +κκκs ·Es +αααs ·Hs, Bs = hs ·Ss +αααs∗ ·Es +µµµs ·Hs, (6)

Ss = L(∇s) ·us, us = A ·u, A = I−n⊗n, Es =−∇sϕ, Hs =−∇sφ, ∇s = ∇−n(∂/∂n), (7)

u = L∗(x) ·S0, ϕ =−x ·E0, φ =−x ·H0, x ∈ Γ. (8)

Here T = {σ11,σ22,σ33,σ23,σ13,σ12}, S = {ε11, ε22, ε33, 2ε23, 2ε13, 2ε12} are the arrays of the stress
components σi j and the strain components εi j; D and E are the vectors of the electrical induction or the
electric displacement and of the intensity electric field; B and H are the vectors of magnetic induction
and of the intensity magnetic field, respectively; c= cE,H is the 6×6 matrix of stiffness moduli; e= eH is
the 3×6 matrix of piezomoduli; h = hE is the 3×6 matrix of magnetostriction moduli or piezomagnetic
moduli; κκκ= κκκS,H = εεεS,H is the 3×3 matrix of dielectric permittivity moduli (dielectric constants); ααα=αααS

is the 3× 3 matrix of magnetoelectric coupling coefficients; µµµ = µµµS,E is the 3× 3 matrix of magnetic
permeability moduli; S0, E0 and H0 are constant six-dimensional array, and three-dimensional vectors,
respectively; the superscripts of the moduli indicate for which constant fields they were calculated; (...)∗

is the transpose operation.
Interface relations (5)–(7) on the interphase surface Γs are used only for modelling of composites

at the nano-level. In (5)–(7), the surface fields and moduli are marked with superscript s; [(...)] =
(...)(1)− (...)(2) is the jump of the corresponding quantity across the interphase boundary; n is the unit
normal vector to Γs, external to the domain Ω(1).

If the interface boundary conditions (5)–(7) are missing, then the problem (1)–(4), (8) is the homog-
enization problem for piezomagnetoelectric composite with usual phase sizes (inclusions or pores).

In the case of a composite of arbitrary anisotropy class to determine the full set of its effective moduli
ceff

βζ , eeff
iζ , eeff

iζ , κeff
i j , αeff

i j , µeff
i , it is required to solve the twelve problems (1)–(8), differing in boundary

conditions (8), in which only one of the components S0γ, E0k, H0k (γ = 1, ...,6; k = 1,2,3) should be set
not equal to zero:
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— cases I – VI (ζ = 1,2, ...,6)

S0γ = S0δζγ, E0 = 0, H0 = 0 ⇒ ceff
βζ = 〈Tβ〉/S0, eeff

iζ = 〈Di〉/S0, heff
iζ = 〈Bi〉/S0, (9)

cases VII – IX ( j = 1,2,3)

S0 = 0, E0 j = E0δ jk, H0 = 0 ⇒ eeff
j β =−〈Tβ〉/E0, κeff

i j = 〈Di〉/E0, αeff
ji = 〈Bi〉/E0, (10)

cases X – XII ( j = 1,2,3)

S0 = 0, E0 = 0, H0 j = H0δ jk ⇒ heff
j β =−〈Tβ〉/H0, αeff

i j = 〈Di〉/H0, µeff
i j = 〈Bi〉/H0, (11)

where β = 1,2, ...,6; i = 1,2,3;

〈(...)〉= 1
|Ω|

(∫

Ω
(...)dΩ+

∫

Γs
(...)s dΓ

)
. (12)

As we can see from (9)–(12), taking into account the interface conditions leads to the necessary of
calculation of the averaged field characteristics not only by the volume Ω, but also by the interface bound-
ary Γs. Since the interface boundaries complicate the internal structure of the representative volume, it is
possible to solve boundary-value homogenization problems only numerically, for example, by the finite
element method described below.

3 FINITE ELEMENT APPROXIMATIONS

In order to solve the problems of magnetoelectroelasticity I - XII for an inhomogeneous composite
material in a representative volume Ω, one can proceed to their weak statements and use the classical
technique of finite element approximations. Let Ωh be the region occupied by a finite element mesh,
Ωh ⊂ Ω, Ωh = Ω(1)

h ∪Ω(2)
h , Ω( j)

h ⊂ Ω( j), Ω( j)
h = ∪kΩ( j)

ek , where Ω( j)
ek is a separate finite element with the

number k and with the material properties of the phase j = 1,2. Let also Γs
h be a grid of the surface

finite elements, conforming with the volume mesh Ωh, Γs
h = ∂Ω(1)

h ∩ ∂Ω(2)
h , Γs

h = ∪mΓs
em, while Γs

em is
a separate surface finite element with number m, which is a common face of the corresponding volume
elements Ω( j)

ek on the phase interface (Γs
h ≈ Γs).

We will use Lagrangian or serendipity finite elements with degrees of freedom of nodal displacements,
electrical potentials and magnetic potentials. It is important that, due to the structure of the surface fields
(5)–(7), we can use membrane elements with degrees of freedom of nodal displacements, electrical
potentials and magnetic potentials (without degrees of freedom of the rotation angles). Then approximate
solutions of uh ≈ u, ϕh ≈ ϕ, φh ≈ φ on the finite element mesh Ωh can be searched in the form

uh = N∗
u ·U, ϕh = N∗

ϕ ·ΦΦΦ, φh = N∗
φ ·ΨΨΨ, (13)

where N∗
u is the matrix of basis or form functions for displacements; N∗

ϕ, N∗
φ are the row vector of basis

functions for electric and magnetic potentials; U, ΦΦΦ, ΨΨΨ are the vectors of nodal displacements, electric
potentials and magnetic potentials.

In accordance with the classical finite element technique, we approximate the continual weak for-
mulation of the problems I - XII in the finite dimensional spaces associated with the basis functions
from (13). Substituting (13) and similar representations of the projection functions uh, ϕh, θh into weak
statements of magnetoelectroelastic problem, we obtain the following finite element system

K ·a = F, (14)
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K =

[
Kuu Kub
K∗

ub −Kbb

]
, a =

[
U
b

]
, F =

[
Fu

−Fb

]
, (15)

Kbb =

[
Kϕϕ Kϕφ
K∗

ϕφ Kφφ

]
, K∗

ub =

[
K∗

uϕ
K∗

uφ

]
, b =

[
ΦΦΦ
ΨΨΨ

]
, Fb =

[
Fϕ
Fφ

]
, (16)

Vectors Fu, Fϕ, Fφ in (15), (16) appear when taking into account the essential boundary conditions
(8), and they are differ for various boundary conditions from (9)–(11).

In (14)–(16) the matrices contain both usual for the problems of the magnetoelectroelasticity the
matrices, calculated on the volumes of finite element mesh, and the additional matrices, calculated on
the interface boundaries. For example, the stiffness matrix Kuu has the following structure:

Kuu = KuuΩ +KuuΓ, KuuΩ =
∫

Ωh

B∗
u · c ·Bu dΩ, KuuΓ =

∫

Γs
h

Bs∗
u · cs ·Bs

u d Γ, (17)

Bu = L∗(∇) ·N∗
u, Bs

u = L∗(∇s) ·A ·N∗
u. (18)

Note that the matrix K of the system of linear algebraic equations (14) is symmetric. In addition, by
virtue the properties of positive definiteness of the volume and surface energies, the matrix Kuu and Kbb
will be at least non-negative definite. Therefore, the symmetric matrix K in (14) will have the properties
of a quasi-defined matrix, typical for the problems with a saddle point.

In this connection, in ACELAN-COMPOS package we use an effective algorithms for symmetric
positive definite and quasi-definite matrices for solving the system of linear algebraic equations (14)
[1, 2, 21]. All basic procedures that we need in finite element manipulations, such as the degree of
freedom rotations, mechanical, electric and magnetic boundary condition settings, etc., we can also
provide in a symmetric form.

4 MODELS OF REPRESENTATIVE VOLUMES AND SOME RESULTS

In ACELAN-COMPOS package the representative volume element (RVE) is simulated in the form
of a cubic array of finite elements, where the elements also have cubic shapes. In accordance with the
accepted structure of second phase, we assign the properties of the skeleton material of the first phase to
some part of the finite elements, and assign the properties of the second phase to the remaining part of
the elements.

In ACELAN-COMPOS there are the opportunities to create different types of representative vol-
umes. Examples of representative volumes, created by different algorithms of the ACELAN-COMPOS
package, are shown in Fig. 1–4. In all cases, the percentage of occurrence of the second phase was
approximately the same (about 15 %), and the order of RVE is the same and equal 16×16×16. Every-
where in Fig. 1–4, a) the whole RVE is shown, in Fig. 1–4, b) the elements of the first phase are shown,
in Fig. 1–4, c) the elements of the second phase are shown, and in Fig. 1–4, d) the surface elements are
shown.

In the first case, the finite elements of second phase are selected by a random number generator
(Fig. 1). It is obvious that the model created by using a simple random number generator is easy to build.
However, such model does not support the connectivity of the elements for the first phase and does not
reflect the connectivity structure of the elements for the second phase.

Two other algorithms in ACELAN-COMPOS create the structures of the two-component materials
with the connectivity for both phases (3–3 connectivity) [9, 11, 12]. In the case of porous composites, the
3–3 connectivity algorithms generate materials with open porosity. In these algorithms, the representative
volumes consist of domains with 8× 8× 8 finite elements. Number 8 for the domain size was chosen
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Figure 1: Example of RVE of with a random arrangement of the elements of the second phase

for the convenience of implementing numerical procedures to verify the phase connectivity and generate
different data structures. In a direct version of the 3–3 algorithm, the process of the domain generation
is implemented in such way that the connectivity of the elements of the first phase is maintained through
the domain vertices, and the connectivity of the structure of the second phase is maintained through the
elements located approximately in the midpoints of the domain edges. In the inverted version of this
algorithm, the first phase and the second phase are interchanged.

Each domain is created by a partially random way, and the representative volumes of 8n× 8n× 8n
order are formed as a result of generating the sequence of n domains along each of three coordinate axes.
Thus, generally speaking, each resulting domain differs from the other. Nevertheless, it maintains the
connectivity of both phases and the connectivity of the total volume structure, being formed either by a
direct 3–3 algorithm or by an inverse 3–3 algorithm.

Figure 2: Example of RVE with 3–3 connectivity (direct algorithm)

A detailed description of these algorithms is given in [9, 12]. Some examples of the representative
volumes with the porosity p≈ 15 % for n= 2 (eight domains) are shown in Fig. 2 for direct algorithm and
in Fig. 3 for inverse algorithm, respectively. As can be seen from Fig. 2, the direct algorithm distributes
a significant amount of the framework elements (elements of the first phase) near the domain edges. On
the contrary, the inverse algorithm gathers the most part of the framework elements (elements of the
first phase) in the central part of the domain. For a larger number of domains (n = 3, n = 4, etc.), these
effects are leveled, since some parts of the domain boundaries become located inside of the representative
volume.

For simulate the element of second phase as granules, consisting of one or more structural elements
not connected with other granules, in ACELAN-COMPOS package the 3–0 algorithm exists [10, 11, 12].
In the case of porous composites, the 3–0 connectivity algorithms generate materials with closed porosity.

6
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Figure 3: Example of RVE with 3–3 connectivity (inverse algorithm)

In this algorithm, the representative volumes also consist of domains with 8×8×8 elements. The input
user data are the granule size and the maximum quantum of inclusions. Random choice of the supporting
elements for the granules ensures in the result the partially stochastic distribution of the elements of
second phase in the RVE. The granule grows in the domain according to an algorithm that allows the
granule to be shaped as possible close to the ball, while avoiding highly elongated elements.

As in 3–3 algorithms, each domain in 3–0 algorithm is created by a partially random way, and the rep-
resentative volumes of 8n×8n×8n order are formed in the result of generating the sequence of domains
along three coordinate axes. Thus, here each resulting domain differs from the other. Nevertheless, it
maintains the connectivity of the elements of the main first phase. A detailed description of the 3–0
algorithm is contained in [10, 12]. One example of the RVE for n = 2 (eight domains), constructed by
the 3–0 algorithm, is shown in Fig. 4.

Figure 4: Example of RVE with 3–0 connectivity

In 1–3 (3–1) algorithm of the ACELAN-COMPOS package, the representative volume contains rods
placed in the skeleton of the main material. This is a simple algorithm based on placing two-dimensional
pattern on the bottom of the volume and extruding it through the body [8, 12].

For nanostructured composites, for all variants of representative volumes, it is possible to automat-
ically find the interphase boundaries Γs and place on them the shell (membrane) finite elements that
simulate the surface effects (Fig. 1–4, d). For the shell elements it is necessary to insure the anisotropy
type, which corresponds to the anisotropy of the volume finite element. This correspondence was im-
plemented only for transversely isotropic phases and for elements parallel to the Ox1x2 plane (painted in
light green in Fig. 1–4, d) or x3 axis (painted in crimson in Fig. 1–4, d).

For representative volumes shown in Fig. 1–4, we will present here as an example the calculation
results of solving the homogenization problem for a porous piezoceramic material without taking into
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account the surface effects (Table 1) and taking into account only uncoupled surface stresses according
to the methodology presented in [7, 13] (Table 2). For RVE of this composite the domain Ω(1) occupied
by the dense piezoceramics and the domain Ω(2) occupied by the pores: cαβ = cE(i)

αβ , e jβ = e(i)jβ , κ j j = εS(i)
j j

for x ∈ Ω(i), i = 1,2.
In Tables 1, 2 we give the relative values of the effective material moduli r(cαβ) = ceff

αβ/cαβ, r(e jβ) =

eeff
jβ /e jβ, r(κ j j) = κeff

j j /κ j j and r(d jβ) = d eff
jβ /d jβ for porous piezoceramics PZT-5. Here cαβ = cE(1)

αβ ,

e jβ = e(1)jβ , κ j j = εS(1)
j j and d jβ = d(1)

jβ are the corresponding values for the dense piezoceramics, d= e ·c−1.
For dense piezoceramics PZT-5 we take the following mechanical, dielectric and piezoelectric con-

stants: cE(1)
11 = 12.1 ·1010; cE(1)

12 = 7.54 ·1010; cE(1)
13 = 7.52 ·1010; cE(1)

33 = 11.1 ·1010; cE(1)
44 = 2.11 ·1010

(N/m2); e(1)33 = 15.8; e(1)31 = −5.4; e(1)15 = 12.3 (C/m2); εS(1)
11 = 916ε0; εS(1)

33 = 830ε0; ε0 = 8.85 · 10−12

(F/m). For the pores, we set negligibly small elastic moduli cE(2)
αβ = ηcE(1)

αβ , η = 1 · 10−10, piezomoduli

e(2)jβ = η (x1 C/m2) and εS(2)
j j = ε0. For the case of nanoporous piezoceramics with uncoupled surface

stresses we accept the size of cube finite element a = 10−10 (m), cs
αβ = acE(1)

αβ , es
jβ = 0, κs

j j = 0.

Table 1: Effective moduli of porous piezoceramics PZT-5 without surface stresses

Material SR, 3–3 (direct), 3–3 (inverse), 3–0,
moduli p = 14.99 p = 14.84 p = 15.21 p = 15.04
r(c11) 0.76 0.71 0.69 0.66
r(c12) 0.72 0.65 0.62 0.61
r(c13) 0.71 0.64 0.61 0.58
r(c33) 0.75 0.69 0.68 0.64
r(c44) 0.81 0.79 0.78 0.77
r(e31) 0.73 0.66 0.64 0.56
r(e33) 0.84 0.83 0.83 0.81
r(e15) 0.80 0.77 0.77 0.74
r(κ11) 0.85 0.85 0.84 0.84
r(κ33) 0.84 0.83 0.83 0.83
r(d31) 0.95 0.92 0.92 0.88
r(d33) 0.99 0.98 0.99 0.98
r(d15) 0.98 0.98 0.98 0.96
|Γs|/|Γ| 1.91 1.32 1.13 0.68

It can be noted that even with the same porosity for the simple random (SR) algorithm, the area of
interface boundaries |Γs| is larger than for the 3–3 connectivity direct algorithms, the area of interface
boundaries for the 3–3 direct algorithms is larger than for the 3–3 inverse algorithms, and the area of
interface boundaries for the 3–3 inverse algorithms is larger than for the 3–0 algorithms. So, as we can
conclude from Tables 1, 2, for the representative volumes with SR distribution of inclusions and with
3–3 or 3–0 connectivity for various interphase areas we obtain different values of the effective moduli,
moreover the SR model is slightly stiffer and more electromechanical active than the 3–3 models, and
the 3–3 connectivity models are stiffer and more electromechanical active than the 3–1 model.

Accounting for surface stresses here is equivalent to the placement of elastic membrane elements on
the interface boundaries. Therefore, when taking into account surface stresses, the size of the interface

8
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Table 2: Effective moduli of porous piezoceramics PZT-5 with surface stresses

Material SR, 3–3 (direct), 3–3 (inverse), 3–0,
moduli p = 14.99 p = 14.84 p = 15.21 p = 15.04
r(c11) 1.09 0.98 0.93 0.77
r(c12) 0.93 0.85 0.80 0.70
r(c13) 0.92 0.84 0.79 0.66
r(c33) 1.09 0.98 0.92 0.75
r(c44) 1.08 1.00 0.98 0.88
r(e31) 0.84 0.78 0.74 0.63
r(e33) 0.84 0.83 0.83 0.81
r(e15) 0.83 0.80 0.79 0.76
r(κ11) 0.84 0.83 0.83 0.83
r(κ33) 0.83 0.82 0.82 0.82
r(d31) 0.59 0.63 0.66 0.75
r(d33) 0.60 0.66 0.69 0.83
r(d15) 0.76 0.80 0.81 0.87
|Γs|/|Γ| 1.91 1.32 1.13 0.68

area has a very significant effect on the effective stiffness moduli (Table 2). Thus, we can be conclude that
the internal structures of nanoporous composites can have a significant effect on the effective stiffness
moduli values. Meanwhile, from a comparison of Tables 1 and 2, we can infer that the uncoupled
surface stresses have much less effect on the effective piezomoduli eeff

jβ and almost do not influence on
the dielectric permittivities κeff

j j .
Note that using the described approaches in [7, 8, 9, 10, 14, 15] et al, the of homogenization problems

were solved for different structures of representative volumes. Anisotropic elastic and piezoelectric
composites were investigated, both on ordinary scale levels and on nanoscale. It was found that the types
of connectivity and the internal structure of a composite can have a significant influence on effective
moduli (see also Tables 1, 2), and taking into account surface or interface effects can even lead to a
change in the decreasing properties of moduli on their growth and even lead to superiority of effective
moduli compared to moduli of initial phases (Table 2).

An analysis of the advantages and disadvantages of various algorithms for the formation of represen-
tative volumes is given in [12]. Additionally, it can be noted that the piezoceramic finite elements of all
types of representative volume structures can be automatically equipped with their elemental coordinate
systems rotated relative to the initial Cartesian coordinate system in accordance with the direction of
the non-uniform polarization fields [14, 15, 18], and for 3–0 connectivity models the algorithms for the
account of electrode surfaces for metallized interfaces have been developed [17, 18].
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Abstract. Dual lead zirconate titanate (PZT) transducers have recently been developed for 
structural health monitoring (SHM) applications. These transducers have been shown to be a 
suitable option for decomposing a guided Lamb wave response that contains a mixture of the 
fundamental symmetric (S0) and antisymmetric (A0) modes. This ability to decompose the 
wave response, or more accurately, to highlight an individual mode, is applied in this 
experimental work for damage localization using a sparse transducer array. For this paper, 
studies were performed on a section of an aluminum alloy skin plate of a Piper Cherokee wing. 
The skin plate is supported by structural features common to most aircraft such as stringers, 
ribs, and rivets. Such features often pose a challenge to guided wave SHM over a large area due 
to scattering effects, mode conversion, and attenuation of the guided waves. Damage was 
simulated using magnets of various strengths and shapes placed on either side of the wing skin. 
Sparse array images were constructed using baseline-subtracted signals from all possible sensor 
actuator pairs using ellipse summation and correlation algorithms. This work shows that dual 
PZTs can potentially be used to improve sparse array imaging techniques due to the transducers’ 
mode decomposition capability. Specifically, preliminary results suggest that the decomposed 
S0 mode can be used at certain frequencies and farther damage locations where neither the A0 
or S0 mode are as effective with single element transducers. Also, this study provides a general 
comparison between the A0 and S0 modes and their damage localization capability with the 
given experimental setup. Furthermore, this work demonstrates that if a baseline is used, 
structural features such as stringers and ribs in the present configuration do not significantly 
affect the localization capabilities of the proposed sparse array method. 
 
1 INTRODUCTION 

Structural health monitoring (SHM) refers to the broad field regarding topics such as 
autonomous detection and characterization of damage in a system, usage monitoring, remaining 
life calculation, and autonomously prescribed maintenance. This work focuses on the 
autonomous detection and characterization of damage category of SHM and particularly 
emphasizes localization of damage. One class of damage detection and localization methods 
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makes use of Lamb waves, or in real structures, guided Lamb Waves (GLW). These elastic 
waves are a type of vibration in plates and have been well studied for their potential applications 
in SHM particularly for aircraft [1,2]. In order to excite and measure Lamb waves in a practical 
structure, in-situ transducer networks must be installed as part of the system. Use of lead 
zirconate titanate (PZT) transducers as the excitation and sensing devices are common due to 
their simplicity, efficiency, and relatively well-understood properties. Given an excitation 
voltage and a relatively low excitation frequency, for an isotropic material such as aluminum, 
a PZT bonded to the surface will excite both the fundamental symmetric (S0) and antisymmetric 
(A0) Lamb wave modes. However, for many GLW localization algorithms, a structural 
response consisting of one mode is ideal. One solution to this is to bond collocated transducers 
on either side of a plate in order to selectively excite or decompose a mode of interest [3]. But 
it is difficult to collocate transducers accurately, and this practice is impractical for aerospace 
applications where sensors interfering with an aircraft’s outer mold line are not ideal. One could 
also take advantage of the PZT tuning curve to excite the guided waves at frequencies where 
one mode is dominant, but this cannot perfectly generate only one mode, and it limits the 
excitation frequencies which can be used significantly [4]. As an alternative to collocated PZTs, 
a dual PZT transducer concept was developed [5,6]. These transducers are constructed from a 
pair of concentric ring and disc PZT-5A elements and thus can be mounted on one side of a 
plate and allow for highlighting of the constitutive A0 and S0 modes in a GLW signal. 

The sparse array GLW method makes use of a large, spatially distributed network of 
transducers and is ideal for monitoring a large surface area, such as the skin of an aircraft. This 
method usually requires a baseline or pristine condition dataset. Baseline-free methods have 
been developed due to the drawbacks of relying on a baseline such as varying temperature 
environments and other unknown operating conditions [7,8]. However, due to the complexity 
of as-built aircraft structures, methods employing a baseline provide better localization 
capability if environmental influences can be controlled. Lamb wave theory depends on infinite 
flat plates, so the introduction of structural features such as stringers, ribs, and rivets creates 
significant challenges. Riveted structures and plate edges cause a GLW scattering effect, and 
reflections from plate edges and other features make GLW signals in these structures complex 
[9,10].  

In this study, a sparse array was constructed using dual PZT transducers and was installed 
on a section of a Piper Cherokee skin plate. Damage to this structure was simulated with 
magnets in various cases. The GLW signal S0 and A0 modes were highlighted using the dual 
PZT mode decomposition process, and signals were compared to a baseline set of data. Sparse 
array imaging techniques were employed, and the damage localization results are shown here. 
An analysis of the impacts of mode decomposition and complex structural features is also 
presented. 

2 METHODOLOGY 

2.1 Dual PZT Transducers and Mode Decomposition 
The basis for using dual element PZT transducers for GLW SHM applications is rooted in 

the tuning curves of PZT wafers. Specifically, lamb wave amplitudes change at different rates 
for different sized PZT wafers. Manipulation of this property allows for Lamb wave mode 
decomposition without requiring collocated sensors on two sides of a plate. For this work an 
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array of five dual PZTs was constructed. The placement of this array is explained in further 
detail in the experimental setup section. In order to decompose the fundamental Lamb wave A0 
and S0 modes for a given transducer pair and excitation frequency, two types of pitch-catch 
signals are needed. For the first signal, 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡), the ring portion of the ith transducer is excited 
with a 4.5 cycle Hanning windowed toneburst and the inner disc section of the jth transducer 
measures the GLW response. The other signal, 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡), is formed when the inner disc portion 
of the ith transducer is excited and the inner disc section of the jth transducer measures the GLW 
response. Figure 1 shows the dimensions of the PZT-5A transducers used for this work as well 
as a diagram illustrating the signal nomenclature. 

 
Figure 1 : Dual PZT dimensions and signal nomenclature (the active PZT elements are highlighted above). 

For this work, only these two signals were necessary for adequate highlighting of the 
constitutive modes however a total of 9 signals can be collected if desired. In order to 
decompose the individual A0 and S0 modes, the ring and disc signals were combined and scaled 
according to equations 1 and 2. 

𝐴𝐴𝐴𝐴0𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) = 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) − 𝐶𝐶𝐶𝐶𝐴𝐴𝐴𝐴0,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) (1) 

𝑆𝑆𝑆𝑆0𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) = 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) + 𝐶𝐶𝐶𝐶𝑆𝑆𝑆𝑆0,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) (2) 

The scaling factors, 𝐶𝐶𝐶𝐶𝐴𝐴𝐴𝐴0,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 and 𝐶𝐶𝐶𝐶𝑆𝑆𝑆𝑆0,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 were determined experimentally by comparing the 
magnitudes of particular modes in the ring and disc signals. For example, the scaling factor 
𝐶𝐶𝐶𝐶𝐴𝐴𝐴𝐴0,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 was determined by measuring the ratio of the magnitudes of the S0 mode first arrivals 
for 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡) and 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑡𝑡𝑡𝑡). Thus, applying equation 1 with this scaling factor essentially 
removes the S0 mode from the signal, and the opposite is true applying equation 2. An 
example of this decomposition is shown in Fig. 2. Here the signal, 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅12(𝑡𝑡𝑡𝑡), is used as the 
reference undecomposed signal since it is essentially equivalent to a signal that would be 
found using more common single element PZT discs. The figure shows that the dual PZT 
processing method is at a minimum able to highlight the first arrival and edge reflections of a 
particular mode. 
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Figure 1 : Actuator-sensor pair 1-2 undecomposed (black) and decomposed A0 (red) and S0 (blue) mode signals 

with an excitation frequency of 100 kHz. 

2.2 Sparse Array Technique 
Damage maps were constructed using the sparse array technique. This method relies on an 

approximation of the group velocities for the item under test which can be obtained 
experimentally or analytically if the material properties are known a priori. This method is also 
dependent on baseline subtraction of damage signals due to the complexity of the aircraft 
structure. Baseline subtraction highlights the scattered portions of the signal from any damage 
introduced after the baseline was taken. These portions of the signal are then converted from 
the space domain to the time domain using the group velocity of a particular mode. The signal 
must be assumed to predominantly consist of only one mode for this conversion to be 
successful. In our case, the decomposed signals are used providing a potentially more accurate 
result. This space domain conversion is repeated for all points in time and all sensor-actuator 
pairs yielding a triangulation effect at points of damage. 

For this work, two triangulation methods were used, these being summation and correlation 
algorithms. These algorithms are described in more detail in [11,12]. The correlation algorithm 
provides greater clarity by focusing more on ellipse intersections; however, it can be prone to 
false alarms and missed detections if faux intersections outweigh the intersection at an actual 
damage location or if there are multiple damage locations present in the inspection area. A 
higher number of transducers tends to produce a better result for both methods. For the 
localization algorithms, the experimentally determined group velocities shown in Fig. 3 were 
used. For the frequency range of interest (40-200 kHz), a PZT bonded to an aluminum plate 
will excite only the A0 and S0 modes. 

2.3 Experimental Setup 
Experimental work for this study used a Piper Cherokee wing section as the test specimen. 

The panel of interest was constructed from a 1-mm thick aluminum alloy skin plate and was 
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built up with various stringers, ribs, and a spar. These features were generally riveted to the skin 
plate, and no other bonding materials were used. The five-element transducer array was 
constructed in the shape of a spiral as a non-axisymmetric distribution was desired for optimal 
performance. The array was positioned on the bottom of the wing just aft of the leading edge 
as shown by Fig. 4. Damage was simulated to the wing skin using a strong pair of magnets 
placed on either side of the skin. This generates a localized force on the plate which is strong 
enough to produce GLW scattering similar to an actual crack. 

        
Figure 3 : Experimental and theoretical group 
velocities assuming typical properties for 1 mm Al 
2024. 

Figure 4: Bottom view of Piper Cherokee wing with 
a 5-element dual PZT array. 

3 RESULTS AND DISCUSSION 
A series of studies assessed the capabilities and limitations of the mode decomposition 

technique combined with the sparse array method. Three case studies are presented here, each 
testing different aspects to the present method including range, individual mode effectiveness, 
and the influence of complex structural features such as ribs, stringers, and lap joints. 

3.1 Case Study 1 - Damage Distant from the Array 
The first study examined the range of damage detection and potential influences of a rib 

mounted to the skin plate by placing simulated damage over 0.5 m from the center of the sparse 
array with a rib joint in the direct path to the damage. Due to the dispersion of the A0 mode and 
the relatively long distance of the damage from the array, this mode did not accurately locate 
damage as its reflections were likely too weak. Thus, the decomposed S0 mode summation and 
correlation images are shown in figure 5. Both algorithms show damage at the appropriate 
location using the experimentally determined S0 mode group velocity. This figure also 
highlights the difference between the two algorithms for a single damage location case. 
Henceforth, only the correlation algorithm images are shown since the summation algorithm 
images are typically similar but less clear. In general, this study demonstrates the advantage of 
using the S0 mode for maximum inspection range, and it shows that using the decomposed 
signal, reflections from damage are not too attenuated at over 0.5 m from the array. 
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Figure 5: S0 Decomposed 140 kHz excitation summation algorithm image (left) and correlation algorithm image. 
The damage location is represented by a white circle. 

3.2 Case Study 2 - Damage within the Array 
For the next case study damage was placed near the center of the array, as this could pose 

potential problems with first arrival packet interference. Additionally, the proximity to the array 
implies that both the S0 and A0 reflections should be relatively strong, and an assumption that 
the signal is predominantly one mode may not provide ideal results in all frequency cases. 
Figure 6 demonstrates this by showing the damage maps for the undecomposed and 
decomposed S0 mode signals using the S0 mode group velocity. On the left, the undecomposed 
signal has dominant A0 mode reflections, so use of the faster S0 mode group velocity provides 
an inaccurate damage location. By using the decomposed S0 signal, the spurious A0 mode 
reflections are clearly removed, and use of the S0 group velocity yields a damage image that 
accurately locates damage. This case study demonstrates that the decomposed S0 mode signal 
can be used for damage detection close to the array where A0 reflections are typically dominant. 
Mode decomposition removes these spurious reflections if using the S0 group velocity. 

 
Figure 6: S0 undecomposed 120 kHz excitation correlation algorithm image (left) and S0 decomposed correlation 
algorithm image (right). The damage location is represented by a white star. 
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3.3 Case Study 3 - Damage Across Lap Joint 
The third case study examines the influence of a lap joint on damage detection capabilities. 

This lap joint connects two skin plate sections with rivets, and this discontinuity is expected to 
reduce the amplitude of GLW reflections. To study this, simulated damage was placed just 
below the lap joint on a separate plate section from the array. Due to the distance from the array, 
the A0 mode decomposed signal was not effective in locating this damage, so figure 7 examines 
the effectiveness of S0 mode decomposition. In this figure, the solid line parallel to the dashed 
stringer line represents the lap joint, and the star represents the damage location. Without mode 
decomposition, the S0 mode reflections due to introduced damage are not strong enough to 
locate this damage. With mode decomposition, the image correctly shows damage at the 
damage location with a few spurious reflections. This case study suggests that the decomposed 
S0 mode signal can increase the damage detection sensitivity, and that mode decomposition 
makes damage detection across lap joints possible. 

 
Figure 7: S0 undecomposed 120 kHz excitation correlation algorithm image (left) and S0 decomposed correlation 
algorithm image (right). The damage location is represented by a white star. 

4 CONCLUSIONS 
In this paper, a previously developed damage decomposition method using dual element 

PZT transducers [5,6] was applied to a sparse array GLW damage localization scheme. 
Experimental studies were performed with an aluminum Piper Cherokee wing since it imposes 
additional, realistic challenges that are not present when testing with an ideal simple plate. 
Several cases showed that the sparse array method using dual PZTs to decompose the GLW 
modes was effective at localizing simulated damage. It was shown that the S0 mode was more 
effective in localizing damage in cases farther away from the array (greater than 0.5 m) likely 
due to its lack of dispersion. Additionally, the results suggest that the decomposed S0 mode 
may be used in almost all cases, and this signal is more sensitive to damage at long distances 
when compared to the undecomposed signal. Finally, the results suggest that if a baseline data 
set is used and measurements are made in a consistent environment, structural features do not 
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significantly influence the damage localization results. The only significant influence is signal 
attenuation over longer distances and transmission through multiple lap joints. For the cases 
shown, no structural features prevented damage from being localized accurately. Thus, these 
results suggest that the presented method can be used to locate crack-like damage in a relatively 
large section of a wing, likely greater than 1 m2. An array that is distributed over a larger area 
and not restricted to a featureless section of the plate as presented here may allow for damage 
detection over an even larger area. 
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Abstract. Fabric-reinforced shape memory polymer composite plate (FSMPCP) with high 
levels of stiffness, strength and shape memory property are important stimuli-controlled smart 
materials which have significant potential to be applied in large size smart structures. Shape 
memory property and the corresponding mechanical constitutive model of FSMPCP are the 
essential issues to be addressed before utilizing the material. In this work, a long carbon-fiber 
reinforced FSMPCP was developed via vacuum infiltration molding process (VIMP) to 
investigate the shape memory process and further to establish the constitutive model. 
Mechanical experiments including tension and compression were carried out firstly, where the 
anisotropy and the tension-compression asymmetry were detected. Then, the thermal shape 
memory property in bending case was investigated through a typical four-step shape memory 
experiments. To establish an effective shape memory constitutive model of FSMPCP, a bi-
phasic description was used where the stiffness was considered to be contributed by an active-
phase and a frozen-phase. A homogenization process using representative volume element 
(RVE) was conducted to obtain the effective elastic properties. Besides, a linear two-modulus 
model was applied to depict the asymmetry of tension-compression. To validate the constitutive 
model, numerical simulation method was also developed based on the UMAT in ABAQUS. 
Finally, finite element simulations of bending shape memory experiments were carried out 
using the proposed constitutive model. The comparison between numerical and experimental 
results revealed that the constitutive model was effective to depict the anisotropy, the tension-
compression asymmetry and the shape memory process of the FSMPCP. 

1 INTRODUCTION 
Fabric-reinforced shape memory polymer composite plates (FSMPCPs) have drawn a wide 
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range of interests due to its superior performance in stiffness, strength and the special shape 
memory ability. Compared with the shape memory ceramic composites, FSMPCPs behave 
better in larger deformation and could be easily fabricated. Compared with the shape memory 
alloy, FSMPCPs are more economical and have more design flexibility. In this case, FSMPCPs 
can be applied in composite hinges [1], morphing skins [2] and large space deployable 
structures [3, 4]. Before the utilization of FSMPCs, shape memory property and corresponding 
constitutive model are fundamental issues to be addressed.  

There are usually two method to take the shape memory effect (SME) and heterogeneity of 
FSMPCPs into account when considering the constitutive model. The first method is directly 
numerical method, where the composite structure of FSMPCPs including the fabrics and matrix 
is directly built in finite element model, then the SME is introduced by assigning the matrix as 
shape memory viscoelastic polymer [5, 6]. The second method is homogenization method, 
where the heterogeneity is considered by a homogenization process, then the material is 
regarded as anisotropic material and the SME is introduced by regarding the homogenized 
material as viscoelastic material [7, 8]. The first method could depict the mechanical properties 
accurately but is very limited to be used in analysis of large scale structures since the number 
of element is too big to be processing in a normal finite element analysis program. The second 
method has reduced the size of global matrix by homogenization across scales, however, the 
FSMPCPs are not viscoelastic material but elastic material [9, 10]. Therefore, this work will 
utilize homogenization method to evaluate the heterogeneity of FSMPCPs. Then a bi-phasic 
description of the material constituent will be used to consider the SME effect in order to 
establish effective constitutive model for FSMPCPs which is nearly elasticity, where the 
stiffness was considered to be contributed by an active-phase and a frozen-phase.  

The work was organised as follows, the material introduction and experiments were 
presented firstly, based on which the shape memory constitutive model was established and 
then validated through finite element simulation. At last, future works and conclusions were 
briefly listed. 

2 MATERIAL AND EXPERIMENT 

2.1 Specimen preparation 
Carbon fiber FSMPCPs lamina with thickness of 0.8mm was manufactured by vacuum resin 

transfer molding (VRTM) process, where the mixture of epoxy monomer E44 and poly-bis-
ether [11] were poured into the mold to infiltrate the T800-12 K carbon-fiber cloth with 3-up-1-
down woven pattern. Then the air was evacuated through the exit of the mold and the infiltrated 
carbon fiber cloth was cured at 100℃. The woven patterns were plotted in Figure 1 (planform 
view) and Figure 2 (cross section view) while the geometrical parameters of the elliptic yarn 
were listed in Table 1. As the glass transformation point ( gT ) was determined to be 56.5℃ for 
warp direction and 56.2℃ for weft direction, the mechanical experiments of tension and 
compression were chosen to be 25℃ and 85℃, which were corresponded to glassy state and 
rubbery state of the material, respectively. The initial FSMPCPs was processed to be rectangle 
specimens using the milling machine with high smoothness processing level. Tension and 
compression experiments were carried out using UTM-4000 universal testing machine 
(Produced by Shenzhen SANSI). Dimensions of specimen for tension experiment was 
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. When considering the compression experiment, the length-width ratio was 
reduced to avoid buckling effect during the test. Therefore, the dimension for compression 
experiment was   
 

Table 1: Geometrical parameters of the elliptic yarn 

Direction 2a/mm 2b/mm 

Warp 1.72 0.36 

Weft 1.71 0.33 

 

 
Figure 1: Graphical illustration of the woven pattern of the broken twill FSMPCPs in planform view 

 
Figure 2: Yarn distribution of the broken twill FSMPCPs in cross section view 

2.2 Mechanical and shape memory experiments 
(1) Tension experiments 
In the uniaxial tensile experiments, the clamped length of specimens was 50mm in each side 

and the gauge length was 100mm. Specimen was firstly clamped on the fixtures and the tank 
temperature was set to be the expected value. Then the heat module was started and all the 
heating and loading devices were hold about 40 minutes to make the thermal field steady in the 
tank room. After which, the extension was applied to the specimen with constant rate of 
1mm/min. Tensile displacement, force and time were recorded in the experiment. The stress-
strain curves were plotted in Figure 3 using nominal strain and nominal stress. As presented in 
the stress-strain curves, the response was nearly linear elasticity in both glassy state and rubbery 
state. However, the tensile modulus in warp direction was always larger than that in weft 
direction. Meanwhile, the modulus in rubbery state was significantly smaller than that in glassy 
state. As a result, the average tensile-modulus in warp and weft directions were 16.5 GPa and 
13.7 GPa at 25℃ of glassy state. For the rubbery state, the average tensile modulus in warp and 
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weft directions were 4.9 GPa and 3.3 GPa at 85℃. 
 

0.000 0.002 0.004 0.006 0.008 0.010 0.012
0

50

100

150

200
 weft-1
 weft-2
 weft-3
 warp-1
 warp-2
 warp-3

St
re

ss
/M

Pa

Strain    
0.000 0.004 0.008 0.012 0.016 0.020
0

20

40

60

80

100

 Weft-1
 Weft-2
 Weft-3
 Warp-1
 Warp-2
 Warp-3

St
re

ss
/M

Pa

Strain  
(a) Glassy state at 25℃                                    (b) Rubbery state at 85℃ 

Figure 3: Stress-strain of uniaxial tension experiments in warp and weft directions 

(2) Compression experiments 
Uniaxial compression experiments were carried out using a dedicated compression test 

fixture for the local buckling effect using conventional ASTM test fixture. The compression 
test fixture was consisted by two housing blocks and two matched cover plates, used to prevent 
the thin woven composite from premature buckling. One could see the details of the fixture in 
our former work [12]. The temperature control steps were same to the tension experiments, 
where a thermal balance time of 40 minutes were adopted before loading and the compression 
rate was also 1mm/min. In this case, the average compression modulus in warp and weft 
directions were 5.6 GPa and 4.4 GPa at 25℃, while the values were 1.5 GPa and 1.1 GPa at 
85℃. Overall, the compression modulus were about one third of tensile modulus for both warp 
and weft directions. 
 

  
(a) Glassy state at 25℃                                    (b) Rubbery state at 85℃ 

Figure 4: Stress-strain of uniaxial compression experiments in warp and weft directions 

(3) Shape memory experiments 
Shape memory experiments in three-point bending mode were carried out using DMA-Q800 
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equipment according to the typical four step shape memory process: i. Apply the deformation 
at temperature above gT ; ii. Cool down the temperature with the displacement constraints; iii. 
Release the constraints at temperature blow gT  and most of the deformation would retain except 
for the elastic bounce; iv. Heat the specimen and the shape would recovery to the original state.  
In the experiments, the heating and cooling rates were set to be 3℃/min. Dimension of 
specimens were , where the span of the supporting in three-point bending was 
20mm. Except for free recovery, the constraint recovery case was also measured, where the 
displacement freedom degree was constrained in the heating step. The experiment results were 
plotted in Figure 5, where the force value of unit width was plotted as Z axis.  
 

 
Figure 5: Deflection and loading force during the shape memory process 

3 CONSTITUTIVE MODELLING 
There are two issues in the shape memory modelling of FSMPCPs, the mechanical 

modelling which considering the composite properties and the thermal modelling which 
considering the memory process. Here the mechanical modelling was carried out by a 
homogenization process, where the inner-fabric-structure was considered. The thermal 
modelling was carried out by a phase-transition concept proposed by Liu at al. [13].  

3.1 Homogenization and tension-compression asymmetry 
Two scale linear elasticity homogenization analysis was firstly carried out to evaluate the 

anisotropic properties caused by the inner-composite-structure of FSMPCPs. Details of the 
homogenization process were referred to Fish [14], where the analysis was divided into two 
steps. Firstly, a unit cell problem with multiple right-hand sides was solved and the stress 
influence functions were obtained. Then the overall constitutive tensor components were 
evaluated by volume averaging. When conduct the homogenization process, properties of the 
yarn were firstly calculated and inputted as initial parameters with the properties of the polymer 
matrix, which were listed in Table 2. In this case, the matrix was considered to be isotropic 
material and yarns were assumed to be transversely isotropic homogenous material. The overall 
constitutive tensor components D  were obtained in Table 3. According to the stiffness matrix 
D , the tensile modulus could be calculated to be 17.2GPa and 14.35GPa, with deviation of 3.8% 
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and 4.6% with the results in tensile experiments at 25℃. 
Table 2: Material properties (25℃) used in homogenization analysis 

Parameters 𝐸𝐸�/GPa 𝐸𝐸�/GPa 𝐺𝐺�/GPa ν 

Matrix 1.41 0.52 0.34 

Fiber 294.0 113.1 0.30 

Yarn 158.1 4.98 1.85 0.32 

Table 3: Overall constitutive tensor components 

Indices 1 2 3 4 5 6 

1 18.37 2.53 1.95 0.00 0.00 0.01 

2 2.53 15.47 1.93 0.00 0.00 0.00 

3 1.95 1.92 3.78 0.00 0.00 0.00 

4 0.00 0.00 0.00 1.18 0.00 0.00 

5 0.00 0.00 0.00 0.00 1.06 0.00 

6 0.02 0.00 0.00 0.00 0.00 1.05 

Then it came to the tension-compression asymmetry, a linear two-modulus model as plotted 
in Figure 6 was utilized here, where the compression modulus was about 1/3 of the tensile 
modulus. In the calculations, material stiffness matrix was inputted as initial parameters and the 
stress state of the material point was firstly judged, if the point was in compression state, the 
corresponding characters in stiffness matrix would be reduced with a reduction coefficient of 
1/3.  

 
Figure	6: Linear two-modulus model for FSMPCPs 
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3.2 Shape memory effect 
The concept of two-phase material model of Liu [13] was utilized here, where the material 

was regarded as anisotropic homogeneous material with frozen phase and active phase. When 
temperature was at high temperature (˃> gT ), the material would be made up by the frozen 
constituent. When temperature was at low temperature (<< gT ), the material would be made up 
by the active constituent. In the phase transition process, both active and frozen constituents 
would coexist in the material and transfer to each other according to the thermal environment. 
In the shape memory process, total strain ε  was divided into elastic strain   Eε , storage strain 

Sε  and thermal strain Tε . The overall stress components can be calculated by equation (1). The 
storage strain which control the shape storage and recovery was related to the temperature by 
equation (3), where sf  was a volume ratio of the frozen constituent and a function of 
temperature. In order to make the model more flexibility and accurate to depict the shape 
memory process, the material stiffness tensor was also split into two part as equation (4), where 
the subscript "f" and "a" denoted the frozen and active constituents, respectively. 

 S T   σ D ε ε ε                                            (1) 

E S T  ε ε ε ε                                               (2) 

 S T sf  ε ε ε                                              (3) 

 1f f a ff f   D D D                                     (4) 

Both sf  and ff  were temperature-dependent functions. In a typical four-step free recovery 
shape memory process, by inserting the constitutive model into the boundary and thermal 
conditions, the stress and strain evolution in shape memory process could be calculated [15]. 
Then sf  could be obtained from the strain evolution of the recovery step, while the ff  could be 
obtained from the stress evolution of the cooling step. In this work, the above constitutive model 
was coded into ABAQUS as a UMAT, based on which we can carry out the simulation of shape 
memory process.  

4 FINITE ELEMENT SIMULATION 
Shape memory experiments were simulated using the above constitutive model, where the 

specimen was meshed with 3D cubic element named as C3D8. All the thermal conditions and 
displacement boundaries were same to the experiments, where the temperature revolution 
inputted in the model was measured from the experiments. Both free and constrained recovery 
shape memory process were simulated. Results with derivation less than 10% were obtained as 
plotted in Figure 7. Due to the linear elastic assumption was utilized in modelling the 
mechanical response of FSMPCPs, the nonlinear response in loading step was not considered 
here. As indicated in the loading step, bending stiffness was appropriately considered using the 
tension-compression asymmetry model.   
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Figure	7: Simulation results using the constitutive model 

5 CONCLUSIONS 
FSMPCPs would behavior both heterogeneity and shape memory properties, of which the 

constitutive modelling could be divided into two steps, including the homogenization and the 
thermal modelling. As inducted in this research, the RVE homogenization analysis and phase-
transition concepts could be successfully adopted to established the shape memory constitutive 
model of the FSMPCPs in elastic regime.  
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Abstract. This paper addresses vibration and noise reduction in laminated sandwich plates using both
viscoelastic and piezoelectric elements, using the capabilities of the commercial software programme
ANSYS. In the low frequency range, noise and vibration damping is accomplished through piezoelectric
patches bonded to the surfaces of the sandwich panels, using passive RL damping circuits. For higher fre-
quency ranges, damping is obtained from viscoelastic materials that are used as the core of the sandwich
panels. The sound transmission characteristics of the panels are evaluated by computing their radiated
sound power, using the Rayleigh integral method. Optimization of thicknesses, fibre orientation of the
composite layers and location of the piezoelectric patches is also conducted for minimization of weight
and radiated sound power. Results are presented to illustrate the performance of the optimized sandwich
panels in terms of weight and noise reduction efficiency.

1 INTRODUCTION

In the transportation industry, sandwich composite panels may represent an optimized solution for
both sound radiation and structural vibration in most frequency ranges. Viscoelastic materials are an ef-
ficient way of reducing structural vibrations and providing noise attenuation, which allied to piezoelectric
elements may lead to broader control capabilities regarding acoustic emissions. The use of commercial
software programmes allows for an acceleration in the design cycles, but due to some limitations in these
codes when dealing with material viscoelastic behaviour combined with piezoelectric elements, it is
sometimes necessary to develop user codes that can overcome these limitations [1]. Recently, Iurlova et
al. [2] developed an algorithm that solved the natural frequency problem of electro-viscoelastic structures
with electric circuit through the extraction of global FE matrices from ANSYS. Control of vibrations and
noise reduction have also been addressed recently by Larbi et al. ([3], [4]), with the use of RL shunt cir-
cuits.
In the present work thicknesses, fibre orientation of the composite layers and location of the piezoelec-
tric patches are optimized in an electro-viscoelastic sandwich panel with the objective of noise reduction.
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Commercial software ANSYS is used together with Matlab to achieve this purpose.

2 STRUCTURAL MODEL

2.1 Electro-viscoelastic sandwich panel

The addressed structure is a sandwich plate. The core is made of a viscoelastic material, and the top
and bottom faces are made of carbon fibre composite laminates. Piezoelectric patches are bonded to the
top of the plate, and a shunted RL circuit is connected to each patch. This forms the electro-viscoelastic
sandwich panel as shown in Figure 1.

Figure 1: Electro-viscoelastic sandwich panel

2.2 Orthotropic elastic material

Each lamina of the composite laminated faces of the sandwich plate can be modelled as an orthotropic
elastic material. The constitutive equation of an orthotropic material, in its principal material directions
is
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(1)

where εi j are the elastic strain components, σi j are the corresponding stress components in the principal
material directions and si j are the components of the compliance matrix, also represented in terms of the
usual engineering moduli Ei, Gi j and νi j.

2.3 Viscoelastic material

Using the elastic-viscoelastic equivalence principle, a problem with viscoelastic materials in the fre-
quency domain can be solved as an elasticity problem [5], where the complex moduli are given by

Ei ( jω) = E
′
i (ω)(1+ jηEi (ω)) (2a)

Gi j ( jω) = G
′
i j (ω)

(
1+ jηGi j (ω)

)
(2b)

νi j ( jω) = ν
′
i j (ω)

(
1+ jηνi j (ω)

)
(2c)
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and where primed (’) quantities denote storage moduli and η denotes the material loss factor. The prod-
uct between the storage modulus and the loss factor is the loss modulus.

2.3.1 Fractional derivative models

Classical viscoelastic models deal only with spring and dashpot elements, meaning integer order
time derivatives are involved, while fractional derivative models are a more powerful way to describe
viscoelastic behaviour since they allow the use of non-integer derivatives. Therefore, more accurate
behaviour of viscoelastic materials can be captured with the use of these models.
A model that describe well the overall behaviour of a viscoelastic material is the five parameter fractional
model developed by Pritz [6]. According to this model, the frequency dependent shear modulus for a
viscoelastic isotropic material becomes

G( jω) = G0 +G0(d −1)
( jωτ)α

1+( jωτ)β (3)

where d = G∞
G0

is the ratio of high-frequency limit value of the dynamic shear modulus, G∞, to the static
shear modulus, G0, the order of the derivatives of strain and stress are α and β, respectively, and τ is the
relaxation time. For more details the reader is referred to reference [6].

2.4 Piezoelectric material

For a transversely isotropic piezoelectric material the constitutive equations are given by
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in which σi j are the components of the stress vector, cE
i j are the components of the elasticity matrix

evaluated at constant electric field, ei j are the components of the piezoelectric coefficient matrix (which
couples the structural and electric fields), Ei denotes the components of the electric field vector, εi j are
the components of the strain vector, Di are the components of the electric displacement vector and ∈S

i j
are the components of the dielectric matrix, evaluated at constant strain.

2.5 Shunted damping

Shunted damping is a type of structural damping that consists of an electrical circuit, with a resistance
R and an inductor L, connected to the electrodes of a piezoelectric material. In this work an RL resonant
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shunt is used, consisting of an RL circuit with the resistance and the inductor in series. This circuit
is then connected to the piezelectric patch, which acts as a capacitor, as depicted in Figure 1. This
assembly forms the well known LRC circuit, that one can take advantage of by tuning its resonant
electrical frequency to the mechanical resonant frequency of the system. Knowing the system natural
frequency of interest ωn, the inductor value L can be calculated by

ωn =
1

LiCS
pi
⇔ Li = ω2

nCS
pi (5)

where CS
pi is the capacitance of the piezoelectric patch. In [7], Hagood et al. derived and expression for

the resistance to obtain the optimal system damping:

Ri =

√
2K2

i j

CS
piωn

(
1+K2

i j

) (6)

where Ki j is the generalized electromechanical coupling coefficient, which can be calculated easily
through the short-circuit (SC) and open-circuit (OC) natural frequencies, using the following expres-
sion:

K2
i j =

(
ωOC

n
)2 −

(
ωSC

n
)2

(ωSC
n )2 (7)

2.6 Radiated sound power

When subjected to external excitation, the sound power that is radiated through an area S of the
sandwich panel in a semi-infinite rigid baffle is given by:

Π =
1
2
R

{∫

S
p(G)vH

n (G)dS
}

(8)

where S is the area of the radiating panel, G is a point on the plate surface, p is the sound pressure
in the fluid and vH

n is the complex conjugate of the normal velocity of the surface of the plate. While
the velocity can be obtained almost automatically from the displacement (nodal solution) of the finite
element model, if the fluid is not discretized one can use the Rayleigh integral to calculate the pressure
[8]:

p(ω,M) = ρ0
iω
2π

∫

S
vn(ω,G)

e−ikr

r
dS (9)

where ρ0 is the fluid density, k is the wave number given by ω
c0

, c0 is the sound speed in the fluid
domain, M is a point inside the external acoustic domain and vn(ω,G) is the normal velocity at point G.
One way to calculate this integral is through the elementary radiators method. Using this technique,
the plate is divided into elementary subdomains (as in the finite element method) and the velocities and
pressures used in the calculations are the ones in the center of the elements. Equation (8) becomes:

Π =
Se

2
R
{

vH
n p

}
(10)

where Se is the area of each elementary radiator. Expanding the pressure, the last equation becomes

Π = vH
n RvH

n (11)
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where the radiation resistance matrix is given by:

R =
ω2ρ0S2

e

4πc0
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(12)

and ri j is the distance between the centers of elements i and j.

2.7 ANSYS finite element model

The material used for the face layers of the sandwich is carbon fibre, with properties: E1 = 130.8
GPa, E2 = 10.6 GPa, E3 = 10.6 GPa, ν12 = 0.36, ν23 = 0.767, ν13 = 0.36, G12 = 5.6 GPa, G23 = 3.0
GPa, G13 = 4.2 GPa and ρ = 1543 kg/m3. Three layers are considered for each face of the sandwich,
with symmetric layup.
The parameters for the viscoelastic core material are: d = 570, α = 0.566, β = 0.558, τ = 7.23×10−10,
G0 = 0.8MPa, the Poisson’s ratio is ν = 0.49 and the mass density is ρ = 1300 kg/m3.
Regarding the piezoelectric material, its properties are: c11 = 126 GPa, c22 = 126 GPa, c33 = 117 GPa,
c13 = 84.1 GPa, c23 = 84.1 GPa, c12 = 79.5 GPa, c44 = 23 GPa, c55 = 23 GPa, c66 = 23.3 GPa; e15 = 17
C/m2, e24 = 17 C/m2, e33 = 23.3 C/m2, e31 = −6.5 C/m2, e32 = −6.5 C/m2; ∈11= 150.3×10−10 F/m,
∈22= 150.3×10−10 F/m, ∈33= 130×10−10 F/m; ρ = 7500 kg/m3.
The sandwich has fixed in-plane dimensions of 200×300 mm2 and is modelled in ANSYS with a solid-
shell element, SOLSH190, and the piezoelectric elements are modelled with SOLID5 elements. Both
elements have 8 nodes. SOLSH190 has 3 degrees of freedom at each node (3 translations) and SOLID5
has 4 nodal degrees of freedom (3 translations and 1 electric potential). To model the electric circuit
elements CIRCU94 is used, which is a line element with 2 nodes and 1 degree of freedom at each node
(electric potential). Different element options are used depending on the type of electric component
(resistance or inductance).
The sandwich plate structure is simply supported, and has a pressure load of 200 Pa applied to the bottom
face.

3 SANDWICH PANEL OPTIMIZATION

With the aim of reducing the levels of acoustic emission of the sandwich structure a first optimization
will be conducted. With the objective of reducing the acoustic levels without the addition of any external
elements (e.g. without piezoelectric patches), the radiated sound power (RSP) will be minimized in a
given frequency range. This will be accomplished by choosing the objective function to minimize as
the length of the radiated sound power curve in that frequency range. The design variables in this first
optimization will be the thicknesses of the core and laminated carbon fibre layers and also the orientation
angles of the layers of the carbon fibre plies.
Mathematically, the optimization problem can be formulated as

min
x∈Ω

f (x)

s.t. 1.016mm ≤ xCoreT hickness ≤ 10.030mm;

0.17mm ≤ xPlyT hickness ≤ 1.02mm;

−89◦ ≤ xAngle ≤ 90◦;

(13)
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where f is the length of the RSP curve and the vector x is the vector of design variables. The design
variables include the three angles and three thicknesses corresponding to the three plies of carbon fibre
in each face, plus the thickness of the viscoelastic core (see Figure 2). In total, 7 design variables are
considered. Note that the number of plies of the carbon fibre is fixed to three and a symmetric stacking
sequence is kept.
The constraints are the lower and upper limits of the angles: -89◦and +90◦respectively; the lower and
upper limits of the thicknesses: 0.17 mm and 1.02 mm for the carbon fibre, and 1.016 mm and 10.03 mm
for the viscoelastic core.

Figure 2: Sandwich structure to be optimized: geometry, boundary conditions and loads.

3.1 Implementation

A Matlab program was developed to control the optimization process through the patternsearch
function. To use this function, it is necessary to provide the value of the length of the RSP curve, given
the values of the design variables. Initial point and constraints are optional. At the end of the optimiza-
tion, the patternsearch function outputs the optimum set of design variables and the respective value
of the objective function.
Besides the lower and upper limits that were imposed to these variables, in order to reduce the com-
putational time, the design variable space was transformed from continuous to discrete. Basically, the
thickness of the core varies in multiples of 0.127 mm and the thickness of the carbon fibre in multiples
of 0.170 mm. In the case of the angles, they are set to take integer values between -89◦and 90◦.
In using the pattern search algorithm, it is important to assure that all the variables are properly scaled.
For instance, it would be inadequate to have the algorithm using angle values in degrees mixed with
lengths in millimeters. Hence it was decided that each of the 7 design variables would be scaled to vary
between 0 and 1.
To scale the objective function, the length of the RSP curve is multiplied by a large number (in the present
work, 106). Then a residual number is subtracted, the length of the frequency range multiplied by 106.
For example, if the range of the curve is from 2 Hz to 500 Hz, the value to be subtracted is 498×106.
Due to the different order of magnitudes of the sensitivities of the objective to the design variables, a
three step optimization approach is taken. The first step is the optimization of only the angles. After
this an optimization of the thicknesses is made, starting from the optimal angle values from the first
step. Finally, starting with the optimum of the last optimization step, all 7 variables were considered
simultaneously in the last optimization stage. The results and details can be observed in the next section.
Regarding the finite element mesh, a 20×30 in-plane discretization is used with three elements through
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the thickness, one for each different sandwich component (one for each face and one for the core).

3.2 Results

A summary of the optimization results can be found in Table 1. It can be seen that the design variable
vector x has a different number of entries depending on the optimization. In the last optimization it has
7 entries, with the first three being the angles and the last 4 the thickness multiplication factors, the first
three corresponding to the thickness of the cabron fibre plies and the last one to the thickness of the core.
Note that the thickness is obtained by multiplying the multiplication factors by 0.170 mm for the carbon
fibre and by 0.127 mm for the core. For the initial point the objective function value is fob j = 1240.535

Table 1: Sandwich optimization results

Optimization Design Variables Initial Point Final Point fob j

1st Step [θ1,θ2,θ3] [0◦,90◦,45◦] [-85◦,19◦,-1◦] 461.213
2nd Step [t1,t2,t3,tc] [3,3,3,20] [2,2,2,79] 10.134
3rd Step [θ1,θ2,θ3,t1,t2,t3,tc] [-85◦,19◦,-1◦,2,2,2,79] [-86◦,21◦,-1◦,2,2,2,79] 10.132

The RSP curves resultant from each optimization stage can be found in Figure 3.

Figure 3: Comparison of the final points of each optimization.

Just by looking at the values in the table, one is able to see that the optimization is much more sensitive
to changes in values of the thicknesses. The changes in fibre orientation introduced some improvement
in the first optimization, but when compared with optimization of the thicknesses, the latter allowed a
larger change in the shape of the curve. It is visible that the value of the thickness of the viscoelastic
core reached its highest possible value in the first time that the thicknesses are optimized, which was
expected due to the fact that this increase in the core thickness promotes the damping capabilities of the
sandwich. In Figure 3 it can be seen that the change in the thicknesses had an effect of reducing the
resonant frequencies as well as reducing its the amplitudes.

4 OPTIMIZATION OF THE PIEZOELECTRIC MATERIAL DISTRIBUTION

In this section the performance of the previously optimized sandwich plate with respect to attenuation
of acoustic emissions will be further improved by using piezoelectric patches with RL shunt circuits
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tunned to the first resonant frequency. The problem is formulated as determining the optimal distribution
of the piezoelectric patches in order to reduce the length of the RSP curve, with all the RL circuits
targeted for the first resonant frequency. This optimization problem is a binary problem in which, using
a finite element mesh, each sandwich shell element can have a piezoelectric element above it (1) or not
(0), depending on the optimizer output. Figure 4 illustrates this idea.

Figure 4: Correspondence between design variables matrix and the sandwich structure

While adding more piezoelectric material will decrease the radiated sound power response, the mass of
the structure will increase. A compromise between mass and acoustic response can be achieved by using
multiobjective optimization. The number of piezoelectric regions can also be taken into account and
minimized, as each region represents one electroded patch with equipotential conditions imposed on the
electrodes, having its own RL circuit. Hence, minimizing the number of regions or patches is the same
as minimizing the number of RL circuits. This results in 3 objectives to minimize: the added mass of the
piezoelectric patches, the acoustic response and the number of regions. This problem can be formulated
as follows:

min
x∈Ω

F(x)≡ ( f1(x); f2(x); f3(x))T

s.t. xi ∈ {0,1}
(14)

in which f1 is the length of the RSP curve in a given frequency range, f2 is the total mass of the structure,
and f3 is the number of different piezoelectric patch regions.

4.1 Implementation

Regarding the optimization of the piezoelectric patches, a Matlab program was developed to con-
trol the optimization process, in which the function paretosearch was used. Similarly to the single-
objective optimization described before with the patternsearch function, the optimization is controlled
by this function, with the user having to supply only the objective function values for each point in the
design space and, if needed, initial points and some constraints. The dimension of the design variables
vector is the number of elements of piezoelectric finite elements in the model. For instance, if the struc-
ture is discretized with a 10× 10 mesh, the design variables vector will have dimensions 100× 1, in
which each entry can take values between 0 and 1 (1 means there is a piezoelectric element and 0 its
absence). The majority of the times, the values will not be integer, since the algorithm works with con-
tinuous variables. Therefore, if the value is below 0.5 it gets rounded to 0, and otherwise, it is rounded
to 1. Figure 5 represents a flowchart describing the procedure used to calculate the objective function
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values.
Due to the fact that a RL shunt circuit is implemented, the values of the resistance and inductance

need to be known a priori. Using Equations (5) and (6), the optimal values of the resistance and in-
ductance for a particular resonance can be obtained from the values of ωOC

n , ωSC
n and Cpi. Therefore,

before conducting the harmonic analysis, two modal analysis have to be done (one with the piezoelectric
patches in short-circuit and another in open-circuit) to get the natural frequencies, and a static analysis
has to be done in order to get the capacitance. Note that due to the fact that in modal analysis viscoelastic
materials are not allowed in ANSYS, a programming loop takes place to get the converged properties of
the viscoelastic material at the natural frequency to be obtained, as can be observed in Figure 5.
The added mass is obtained simply by counting the number of piezoelectric elements and then multi-
plying this number by the volume of each element and the respective density. The calculation of the
RSP curve length is conducted as before and the number of regions can be calculated by considering the
elements that are adjacent to one another.

Some approaches were used in order to reduce the computational time. For instance, whenever the
number of regions was equal or higher than 5, the value of the objective functions were increased several
orders of magnitude above the normal values, penalizing these solutions. This avoids running ANSYS to
evaluate these points. Another approach to decrease computational time was the reduction of the range
of the harmonic analysis: it was decided that only the neighborhood of the targeted frequency would
be analysed: fOC −20 < fOC < fOC +20 Hz, where fOC is the fundamental resonant frequency in open
circuit, in Hz. Also, in this work, a mesh of 6×6 elements was used to generate a first approximation of
the solution. The generated solutions were then used as initial points for an optimization using a 12×12
mesh. Then, the resultant points were used as initial points for the final optimization using the most
refined 24× 24 mesh discretization. This procedure allows the faster convergence of the solutions for
larger patch regions. It was also taken advantage of the symmetry of the problem. In fact, by looking
at the first mode of vibration of the sandwich, it can be seen that it is symmetric. Hence, the design
variables were reduced to 1

4 of the maximum number of piezoelectric elements.

4.2 Results

As a result of the multiobjective optimization, a set of non-dominated points was obtained, forming
the Pareto front. Having 3 objective functions, resulted in a 3D Pareto surface. The evolution of the
Pareto front with the different meshes is shown in Figure 6. It is clear that the Pareto front moves to
improved solutions with the refinement of the mesh.

A more detailed analysis can be made by choosing 11 distinct Points of the Pareto front, as a better
understanding of the behavior of the structure can be inferred in this way. In Figure 7(a) these points
can be observed in the projection of the Pareto front in the plane formed by Objectives 1 and 2. Their
RSP curves are displayed in Figure 7(b). These selected points and their design parameters are shown in
Table 2. Looking at the results, it can be seen that for less mass the region that starts to be covered by the
piezoelectric elements is the centre of the plate which was expected, given the high strain energy in that
location for the first mode. It is also important to note that, generally, with more piezoelectric elements a
tendency of the frequencies to increase is observed. This is explained by the fact that the stiffness effect
introduced dominates the added mass effect. For the configurations with lower mass the R and L values
presented are really high, even impracticable in the case of inductance. This changes when the added
mass increases and the values become more feasible. Even though the first mode was the original target,
the other modes get influenced by the added mass. In fact, for configurations 50, 52 and 29, the peak of
the second resonant frequencies is almost as high as the magnitude of the first resonant frequency.
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Figure 5: Flowchart of the multiobjective optimization of the piezoelectric patches.
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(a) Pareto front (b) Projection in Objective 1 and 2 plane

Figure 6: Evolution of the Pareto Front with the different meshes. (Objective 1 is the RSP curve length, Objective
2 is the added mass (number of piezoelectric elements) and Objective 3 is the number of regions

(a) Selected points in the Objective 1 and Objective 2 plane. (b) RSP vs frequency curves of the selected points

Figure 7: Selected solution points for analysis.

5 CONCLUSIONS

With the aim of reducing its acoustic response a sandwich structure was optimized with respect to
the laminate fibre orientation and ply thicknesses, as well as to its viscoelastic core thickness. To further
reduce the acoustic response, piezoelectric patches with resonant RL shunts were introduced in a mul-
tiobjective optimization. The location of the piezoelectric elements were the design variables and the
objective functions were the mass, the acoustic response, and the number of shunt circuit regions. The
implementation was described and the results were analysed, allowing us to conclude that the proposed
methodologies and implementations are efficient and adequate to solve the problem.
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Table 2: Chosen solutions from the multiobjective optimization

# Mass No.Regions R [Ω] L [H] fSC[Hz] fOC[Hz]

56 12 4
36603
18306

3521
1760

77.04 77.05

58 40 2 5827 408 71.92 71.93
7 64 1 1793 139 68.68 68.70

19 52 3
96971
4031

2815
214

86.43 86.51

3 112 1 1987 22.68 128.15 128.53
50 196 1 2027 18.96 105.18 105.86
17 256 1 1426 11.84 116.66 117.43

52 228 3
22535
2125

217.3
20.5

102.2 102.86

29 280 1 838.8 5.44 164.5 165.4
27 384 1 529.38 3.36 178.8 179.67
33 512 1 303.65 1.8 211.9 212.8
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Abstract. Lead-free piezocomposites represent an environmentally friendly route for sensing 
mechanical stimuli and for interconversion of electrical and mechanical energy. Current lead-
free composites lag state-of-the-art lead-based composites in terms of performance. A major 
approach to bridge this gap is to devise design strategies to enhance the piezo-response of lead-
free composites. Fundamental to this is the understanding of the roles of various physical 
processes which are conventionally overlooked. From a modelling perspective, it is necessary 
to develop refined models which account for non-local and non-linear effects, which could have 
significant roles in deciding the response of the composite. This paper develops such refined 
electro-elastic models considering the flexoelectric and electrostrictive contributions to the 
piezo-response in addition to the linear piezoelectric response. The roles of these non-local and 
non-linear contributions are studied on a simple architecture consisting of a BaTiO3 inclusion 
within a polymer matrix. Insights obtained through this model will be further used to develop 
efficient piezoelectric composites.  
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1 INTRODUCTION 
Piezoelectric composites generally consist of piezoelectric crystalline inclusions embedded 

in a polymer matrix. This enables the optimal combination of electrical and elastic properties 
of both the matrix and the filler, resulting in a composite material that can be designed to suit 
specific application needs. For example, by embedding highly rigid piezoelectric crystalline 
inclusions, such as BaTiO3, PZT and so on, with polymer matrices, it is possible to make 
piezoelectric composites which are flexible [1]. The recent interest in such composite materials 
stems from the fact that there is a need to develop lead-free materials which can perform at par 
with the state-of-the-art lead-based composites [1]. The development of such materials is 
important from the point of view of sustainable green technology, with current materials posing 
long-term ecological threats [1, 2]. A second motivation to study such materials is the ease with 
which the associated devices can be fabricated using the emerging scalable methods such as 3D 
printing which offer detailed resolutions down to the micrometer scale in the material 
distribution [3]. The gap in the performance between these two classes of materials is due to 
the intrinsic properties of the piezoelectric inclusions and therefore most design strategies 
involve tuning the electro-elastic properties of the surrounding matrix to enhance the 
piezoelectric response. These approaches involve either hardening the matrix [4] to improve 
the coupling of mechanical stimuli to the embedded inclusions or improving the permittivity of 
the matrix [5] to allow easy flow of the generated electric flux to the electrodes enclosing the 
composite. Recent efforts in material design and modelling have explored these avenues to tune 
these electro-elastic properties of the matrix to improve the piezo-response. However, these 
models overlook some physical processes which could significantly control the piezoelectric 
response. Some of these processes include (a) flexoelectricity – non-local generation of electric 
flux by strain-gradients as opposed to linear piezoelectricity where a homogeneous strain 
generates electric flux and (b) electrostriction – non-linear coupling between the strain and the 
electric field. Flexoelectricity can occur even in non-centrosymmetric materials [6] and 
electrostriction is a common process in most dielectrics [7]. Alhough such effects might often 
be negligible at the macroscopic level, they can influence the overall design principles of 
composite materials, created on the basis of hierarchically architectured microstructures, for 3D 
printing and subsequent applications. Moreover, possible defects and agglomerations of added 
nanoparticles in such composite materials under certain conditions may create an environment 
for flexoelectricity to play a more pronounced role. Both these aspects hint the possibility of 
even the matrix materials contributing to the piezoelectric response. Further, lead-free materials 
such as BaTiO3 have flexoelectric coefficients which are relatively larger compared to other 
piezoelectric materials [8], thus offering a possible route to enhancing the performance of the 
composite. Therefore, our focus in this contribution is on the design and modelling issues of 
lead-free piezoelectric composites, amenable to 3D printing, in order to achieve their higher 
performance. Although the developed modelling framework is quite general and can be applied 
to other materials, as an example, our results are discussed in the context of barium titanate 
piezoelectric inclusions embedded into a polymeric matrix. In what follows, we will first 
provide the details of the electro-elastic model which includes these non-local and non-linear 
effects. Following this, we will discuss some preliminary results which can provide important 
insights relating to the contributions of these effects to the overall material performance. 
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2 ELECTRO-ELASTIC MODEL 
In this section, we will provide the details of the mathematical framework that describes the 

electroelastic behavior of piezoelectric composites, accounting for flexoelectric (strain-
gradient) and electrostrictive contributions. The constitutive relations are obtained from the 
electrical Gibbs free energy density defined as follows [6, 9, 10]:  

𝐺𝐺 𝐺 �
�

𝑐𝑐����𝜀𝜀��𝜀𝜀�� − �
�

𝜖𝜖��𝐸𝐸�𝐸𝐸� − 𝑒𝑒���𝐸𝐸�𝜀𝜀�� − �
�

𝐵𝐵����𝐸𝐸�𝐸𝐸�𝜀𝜀�� −  𝜇𝜇����𝐸𝐸�𝜀𝜀�,��                      (1) 

The terms on the right-hand side of (1) are contributions to the free energy density from the 
elastic, electric, linear piezoelectric, electrostrictive, and flexoelectric processes, respectively. 
Here, 𝑐𝑐����, 𝜖𝜖��, 𝑒𝑒���, 𝐵𝐵����, and 𝜇𝜇���� are the elastic, permittivity, piezoelectric, electrostrictive, 
and flexoelectric coefficients. Additionally, the field variables include the strain tensor 
components 𝜀𝜀��, the electric field components 𝐸𝐸� and the strain-gradient components 𝜀𝜀�,��.  
The constitutive relations describing electro-elastic behavior are obtained as follows: 

𝜎𝜎�� 𝐺 ��
����

𝐺 𝑐𝑐����𝜀𝜀�� − 𝑒𝑒���𝐸𝐸� − �
�

𝐵𝐵����𝐸𝐸�𝐸𝐸�,                                           (2) 

𝜎𝜎���� 𝐺 ��
����,�

𝐺  𝜇𝜇����𝐸𝐸�,                                                                                                                        

𝐷𝐷� 𝐺 − ��
���

𝐺  𝜖𝜖��𝐸𝐸� + 𝑒𝑒���𝜀𝜀�� + 𝐵𝐵����𝐸𝐸�𝜀𝜀�� + 𝜇𝜇����𝜀𝜀��,�. 

In (2),  𝜎𝜎���� and 𝐷𝐷� are the higher order stress components and electric flux density components, 
respectively. These constitutive relations are further subjected to the governing balance laws 
given by: 

�𝜎𝜎�� − 𝜎𝜎����,��
,�

+ 𝐹𝐹� 𝐺 0,                                                                   (3) 
𝐷𝐷�,� 𝐺 0, 

where Fi represent the components of the body forces, which are assumed to vanish in our 
model. This model is applied to a simple architecture consisting of a BaTiO3 inclusion within 
a PDMS polymeric flexible matrix, illustrated in Figure 1. The boundary conditions applied to 
the composite architecture are also schematically illustrated in the Figure 1. The model is 
reduced to two dimensions in the x1-x3 plane [5, 11]. 

 
Figure 1 – The schematic of the RVE studied here along with the boundary conditions used. 
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The material properties adopted for this study are summarized in Table 1.  It is to be noted 
that the electrostrictive coefficients entered in the table need to be transformed into a different 
form before using them in the constitutive equations. This transformation is given by [B] =
[C][M], where the matrix [M] has the electric field-related electrostrictive coefficients [12]. 
Typically, experimental values of these coefficients are in terms of the polarization density, the 
conversion into the electric-field-related version of which requires the following transformation 
[13]: 

𝑀𝑀���� = 𝑄𝑄����𝜂𝜂��𝜂𝜂��,                                                                        (4) 

where Qopkl represent the polarization-related electrostriction coefficients in the units of m2C-4, 
Mijkl represent the electric-field-related electrostriction coefficients in the units of m2V-2, and 
the 𝜂𝜂��  are the components of the dielectric susceptibility tensor of the material.  
 
Table 1 – Electro-elastic material properties used in the simulations. Typical values of electrostrictive coefficients 
are considered for the polymer matrix (𝑀𝑀�� ≈ 1 × 10���m�V�� in conjunction with equation 4)   

Material property Values for BaTiO3 Values for PDMS matrix 
Elastic coefficients (Moduli in Pa) 

𝑐𝑐��  275.1 × 10�  [14] 𝜆𝜆� + 2𝜇𝜇�  
𝑐𝑐��  151.55 × 10�  𝜆𝜆�  
𝑐𝑐��   164.8 × 10�  𝜆𝜆� + 2𝜇𝜇�  
𝑐𝑐��   54.3 × 10�  𝜇𝜇�  
Young’s modulus, Em N.A. 2 × 10�  [15] 
Poisson’s ratio, 𝜈𝜈� N.A. 0.499     [15] 

Relative permittivity 
𝜖𝜖��/𝜖𝜖�  1970 [14] 2.72 [15] 
𝜖𝜖��/𝜖𝜖�  109  2.72  

Piezoelectric coefficients (Cm-2) 
𝑒𝑒��  21.3 [14]  

Matrix is non-piezoelectric 𝑒𝑒��  −2.69  
𝑒𝑒��  3.65  

Flexoelectric coefficients (Cm-1) 
Longitudinal, 𝜇𝜇�� 10 × 10�� [8] 1 × 10��� [6] 
Transverse, 𝜇𝜇�� 10 × 10��  1 × 10���  
Shear, 𝜇𝜇�� 0 0 

Electrostrictive coefficients, 𝒃𝒃𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊 (m4C-2) 
Longitudinal, 𝑏𝑏�� 0.1 [16] 1.7242𝑒𝑒 + 08 [7] 
Transverse, 𝑏𝑏�� −0.034  0  
Shear, 𝑏𝑏�� 0.029  0  

 

3 RESULTS AND DISCUSSION 
The current analysis in this paper centers around miscroscale inclusions in a polymer matrix. 

Under such conditions, the flexoelectric effect has negligible effect. The plots of the volume 
averaged electric flux density in the x3 direction, shown in Figure 2(a), demonstrate this with 
the two curves obtained from the linear piezoelectric model alone and the model with 
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flexoelectric contributions almost coinciding. However, the contributions due to the non-linear 
effects are non-trivial. Although non-linear effects due to electrostriction have contributions to 
the generated electric flux which are negligible at small strains (𝜀𝜀��� ≈ 10��) but show 
considerable increases at larger strains (for example at 𝜀𝜀��� = 10��). This is illustrated in the 
volume averaged electric flux density plotted in the Figure 2(a), with and without the 
electrostrictive contributions. This shows that as the applied strain increases, while the linear 
piezoelectric model predicts a constant response, the presence of non-linear effects shows an 
increased volume averaged flux generation. This increase stems from the electrostrictive 
contributions in both the matrix and the inclusion, as seen from the increased flux density D3 
both in the inclusion and in the matrix (Figure 2(b) and (c)). These initial results clearly 
demonstrate the role of non-linear and non-local effects in deciding the electro-elastic response 
of lead-free piezoelectric composites.   

 

 
Figure 2 – (a) The volume averaged x3-component of the generated electric flux density with (i) linear 

piezoelectric model (Lin), (ii) linear model with flexoelectric contributions (Lin+Flex), (iii) Linear model with 
flexoelectric model and non-linear electrostrictive contributions (Lin+Flex+ES), (b) and (c) show the distribution 

of the D3 flux density component with and without non-linear contributions, respectively. 
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4 CONCLUSIONS 
We have developed a modeling framework for piezo-composites which accounts for the non-
local flexoelectric effects and non-linear electrostrictive effects, with specific focus on lead-
free BaTiO3 based piezocomposites with polymer matrices, which are amenable to scalable 3D 
printing and additive manufacturing. On studying the implication of these effects in lead-free 
piezocomposites, we see that with microscale inclusions, while the flexoelectric effect has only 
negligible contributions, the non-linear electrostriction has considerable contributions which 
are more pronounced at higher operational strains. These findings clearly emphasize the need 
to consider these physical effects in the modelling-based design of high-performance 
environmentally friendly piezoelectric composite materials.  
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Abstract. This paper focuses on implementation of the sampling surfaces (SaS) method for 
the 3D vibration analysis of laminated piezoelectric plates. The SaS formulation is based on 
choosing inside the layers the arbitrary number of SaS parallel to the middle surface to 
introduce the displacements and electric potentials of these surfaces as basic plate variables. 
Such choice of unknowns allows the presentation of the laminated piezoelectric plate 
formulation in a very compact form. The feature of the proposed approach is that all SaS are 
located inside the layers at Chebyshev polynomial nodes that improves the convergence of the 
SaS method significantly. The use of outer surfaces and interfaces is avoided that makes 
possible to minimize uniformly the error due to Lagrange interpolation. Therefore, the strong 
SaS formulation based on direct integration of the equations of motion and the charge 
equation can be applied efficiently to the obtaining of exact solutions for laminated 
piezoelectric plates, which asymptotically approach the 3D solutions of piezoelectricity as the 
number of SaS tends to infinity. 

1 INTRODUCTION 
The exact vibration analysis of laminated piezoelectric plates was first carried out by 

Heyliger and Brooks [1], and Heyliger and Saravanos [2] using the Pagano approach. The 
most popular state space approach was utilized for the free vibration of simply supported 
electroelastic plates in works [3-7]. Messina and Carrera [8] proposed to employ the transfer 
matrix method to solve the ordinary differential equations in terms of the displacements and 
electric potential derived from the system of partial differential equations through the 
separating variable procedure. The dynamic response of laminated piezoelectric plates by a 
Taylor series expansion through the thickness was studied in papers [9-11]. The SaS approach 
was also used for the free vibration analysis of piezolaminated plates [12]. 

The SaS method [13] has been applied effectively to the 3D stress analysis of laminated 
piezoelectric structures by Kulikov and Plotnikova [14-17]. According to this method, we 
choose the arbitrary number of SaS throughout the layers parallel to the middle surface and 
located at Chebyshev polynomial nodes in order to introduce the displacements and electric 
potentials of these surfaces as basic plate unknowns. Such choice of unknowns with the 
consequent use of Lagrange polynomials in the through-thickness distributions of 
displacements, strains, electric potential and electric field leads to a robust laminated 
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piezoelectric plate formulation. The above works are based on the variational SaS 
formulation, which requires including the interfaces into a set of SaS. However, it is 
important to take all SaS located at Chebyshev polynomial nodes due to the convergence 
criterion [18]. 

The present paper is intended to extend the variational SaS formulation for the free 
vibration of laminated piezoelectric plates [12] to the strong SaS formulation. The latter is 
based on the choice of all SaS inside the layers at Chebyshev polynomial nodes and direct 
integration of the equations of motion and the charge equation. The use of interfaces is 
avoided that allows one to minimize uniformly the error due to the higher-order Lagrange 
interpolation [19-22]. Thus, the strong SaS formulation can be applied efficiently to the 3D 
vibration analysis of piezolaminated plates. 

2 BASIC ASSUMPTIONS 
Consider a laminated piezoelectric plate of the thickness h. Let the middle surface   be 

described by Cartesian coordinates 1x  and 2x . The coordinate 3x  is oriented in the thickness 
direction. According to the SaS concept, we choose inside the nth layer nI  SaS 

nInnn )(2)(1)( ,...,,   parallel to the middle surface (see Figure 1), where Nn ,...,2,1 ; N is the 
number of layers and 3nI . The transverse coordinates of SaS of the nth layer located at 
Chebyshev polynomial nodes (roots of the Chebyshev polynomial of order nI ) are written as 
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n xxh  is the thickness of the nth layer; the index 1,...,2,1  Nm  identifies the 

belonging of any quantity to the interface; the indices nnn Iji ,...,2,1,   identify the belonging 
of any quantity to the SaS of the nth layer. 

 
Figure 1: Geometry of the laminated piezoelectric plate 
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The through-thickness SaS approximations can be expressed as 
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3 STRONG SAS FORMULATION 
For simplicity, we consider the case of linear piezoelectric materials given by 
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where )(n
ijklC , )(n

kije  and  n
ik  are the elastic, piezoelectric and dielectric constants of the nth layer. 

Here, the summation on repeated Latin indices is implied. 
The equations of motion and the charge equation of the laminated piezoelectric plate are 

written as 
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where nρ  is the mass density of the nth layer; )(n
iu  is the second order derivative of 

displacements with respect to time t; the symbol   i,  stands for the partial derivatives with 
respect to coordinates ix . 

The boundary conditions on bottom and top surfaces are defined as 
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where  Qpw ii ,,,   and  Qpw ii ,,,   are the prescribed displacements, surface tractions, 
electric potentials and electric charges at the bottom and top surfaces. 

The continuity conditions at interfaces are 
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Satisfying equations of motion (6) and charge equation (7) at inner layer points nmnx )(
3  by 

using the SaS approximations (2), the following differential equations are obtained: 
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where nn inin LM )(
3,

)(   are the derivatives of the Lagrange basis polynomials whose values at 
SaS nmn)(Ω  are presented in papers [14, 15]; 1,...,3,2  nn Im . 

Next, we satisfy the boundary conditions on bottom and top surfaces 
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Thus, the proposed strong SaS formulation deals with SaS4N  governing equations (12)-(17) 
for obtaining the same number of SaS displacements nin

iu )(  and SaS electric potentials nin)( , 
where NIIIN  ...21SaS  is the total number of SaS. These differential and algebraic 
equations have to be solved to describe the dynamic response of the laminated piezoelectric 
plate. 

4 FREE VIBRATION OF SIMPLY SUPPORTED PIEZOELECTRIC PLATE 
In this section, we consider a laminated piezoelectric rectangular plate with simply 

supported edges. The boundary conditions on the edges are written as 

,and0at0 11
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where a and b are the length and width of the plate. 
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To satisfy boundary conditions (18), we seek the analytical solution of the problem in the 
following form: 
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where bssarr /,/   ; r and s are the half-wave numbers in x1 and x2 directions; nin
irsu )(  

and nin
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)(   are the amplitudes of displacements and electric potentials of SaS; rs  is the 
circular frequency; 1i   is the imaginary unit. 

Using (19) in relations between the SaS variables [12], one finds 
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In the case of the piezoelectric material with 4mm symmetry, the constitutive equations (4) 
and (5) can be written in terms of SaS variables 
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For the vibration analysis of piezoelectric plates with stress-free and voltage-free external 
surfaces, the boundary conditions (14) and (15) are used with 0

ip  and 0 . Substituting 
(19)-(23) in governing equations (12)-(17), we arrive at the homogeneous system of linear 
equations 
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where uu
rsK , u

rsK , T)(  u
rs

u
rs KK   and 

rsK  are the mechanical, piezoelectric and dielectric 
stiffness matrices; rsM is the mass matrix; rsU  is the SaS displacement vector of order SaS3N ; 

rsΦ  is the SaS electric potential vector of order SaSN  given by 



604

G. M. Kulikov, N. P. Merkusheva and S.V. Plotnikova 
 

  6 

  ,
TT

3
T
2

T
1 rsrsrsrs UUUU                                                     (25) 

       ,......
T2)(1)(22)2(1)2(12)1(1)1( 21 NIN

irs
N

irs
N

irs
I

irsirsirs
I

irsirsirsirs uuuuuuuuu U  

       .......
T2)(1)(22)2(1)2(12)1(1)1( 21 NIN

rs
N

rs
N

rs
I

rsrsrs
I

rsrsrsrs  Φ                   (26) 

Eliminating the vector rsΦ  from (24), one gets 
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Inserting (27) in the first row of (24), the following reduced homogeneous system is obtained 
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which has a non-trivial solution only if 
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 KKKKK 1)(   is the stiffness matrix of order SaSSaS 33 NN  . 
The polynomial equation (29) has to be solved to obtain the circular frequencies 
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 ωωω  arranged in an increasing order. The number of frequencies 
)(q

rsω  for each set of SaS depends on the number of zero rows in a mass matrix M , where the 
superscript NNq 63,...,2,1 SaS   stands for the number of through thickness modes. The 
eigenvectors )(q

rsU  associated with the corresponding eigenvalues 2)()( )( q
rs

q
rs    can be 

evaluated by using the linear system (28). 

5 FORCED VIBRATION OF SIMPLY SUPPORTED PIEZOELECTRIC PLATE 
Here, we study forced vibrations of the simply supported laminated piezoelectric 

rectangular plate with boundary conditions on the bottom and top surfaces 
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Consider time-harmonic loading distributed on the top surface as follows: 
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where   is the forcing frequency. 
To satisfy boundary conditions (18), we seek the analytical solution of the problem in the 

following form: 
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where nin
iu )(
0  and nin)(

0  are the amplitudes of displacements and electric potentials of SaS of 
the nth layer. 

The described algorithm was performed with the Symbolic Math Toolbox, which 
incorporates symbolic computations into the numeric environment of MATLAB. This makes 
possible to obtain the analytical solutions for free and forced vibrations of the simply 
supported laminated piezoelectric rectangular plate in the framework of the SaS formulation, 
which asymptotically approaches the 3D exact solutions of electroelasticity as the number of 
SaS goes to infinity. 

As a numerical example, we consider a simply supported two-ply square plate [0/90] made 
of the graphite epoxy composite and covered with PZT-4 piezoelectric layers at the bottom 
and at the top. Therefore, we deal here with a hybrid four-layer plate [PZT/0/90/PZT] with 
ply thicknesses [0.25h/0.25h/0.25h/0.25h]. The material properties of the PZT-4 [12] 
polarized in the thickness direction are E1=E2=81.3 GPa, E3=64.5 GPa, G12=30.6 GPa, 
G13=G23=25.6 GPa, ν12=0.329, ν13=ν23=0.432, e311=e322=-5.2 C/m2, e333=15.08 C/m2, 
e113=e223=12.72 C/m2,  2211 13.06 nF/m, 33 11.51 nF/m and ρ=7600 kg/m3. The material 
properties of the graphite epoxy [12] are E1=172.5 GPa, E2=E3=6.9 GPa, G12=G13=3.45 GPa, 
G23=1.38 GPa, ν12=ν13=0.25, ν23=0.35, 11 0.031 nF/m,  3322 0.027 nF/m and ρ=1800 
kg/m3. 

To evaluate the results effectively, we introduce the dimensionless frequency [12] 

hEa // 00
2                                                          (34) 

and dimensionless basic variables at crucial points as functions of the thickness coordinate 

,/),2/,2/(,/),2/,2/(10 011113
9

3 pzaahzaauu    
,/),2/,2/(,/),2/,0( 0333301313 pzaapza                               (35) 

,/,/),2/,2/(10,/),2/,2/( 3030
9

30 hxzapzaaDDzaa    

where a=1 m, h=0.1 m, E0=81.3 GPa, ρ0=7600 kg/m3, p0=1 Pa and 0 1 V. 
Figures 2 and 3 display the distributions of displacements, stresses, electric potential and 

electric displacement (35) through the thickness of the plate for the forcing frequencies 
00 95.0,8.0,0    and 005.1   using seven SaS inside each layer, where 0 6.0932 is 

the fundamental frequency in the case of stress-free and voltage-free external surfaces [12]. It 
is seen that the boundary conditions on bottom and top surfaces for the transverse stresses and 
the continuity conditions at interfaces for the transverse stresses and electric displacement are 
satisfied correctly. Note also that the displacements and stresses become larger as the forcing 
frequency approaches the fundamental frequency. 
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Figure 2: Through-thickness distributions of transverse displacement, stresses, electric potential 
and electric displacement for the four-layer plate subjected to mechanical loading (problem A) 
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Figure 3: Through-thickness distributions of transverse displacement, stresses, electric potential 

and electric displacement for the four-layer plate subjected to electric loading (problem B) 
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Abstract. The present paper presents a multidimensional model for the global-local analysis of smart

layered structures. The use of the Carrera Unified Formulation has lead to a general framework for the

development of one-, two- and three-dimensional models. The use of the node-dependent kinematic

approach makes it possible to easily connect elements with incompatible kinematics, that is, refined

kinematic elements can be connected with classical elements without the need of ad hoc connection

strategies. The capabilities of this numerical model have been exploited to develop enhanced global-

local models for smart layered structures where high-fidelity models are used only in those areas where

complex phenomena appear, e.g. around a piezo-patch. The results show the accuracy and efficiency of

the present approach and make it suitable for future applications in the design of smart structures.

1 INTRODUCTION

The design of smart structures requires numerical models able to deal with complex phenomena with

reasonable computational cost. Smart structures, such as piezoelectric devices, are usually built by a

classical structure, acting as a substrate, with a number of patches or layers locally applied to provide

sensor/actuator capabilities. Finite element models are widely used for the design of such complex struc-

tures but the accuracy required to catch the behavior of the active material may lead to very expensive

models. 3D brick elements for piezoelectric modeling were presented by [1], and [2]. Since solid ele-

ments are computational costly when used to model thin piezoelectric layers, various 2D and 1D models

were proposed as alternative choices. As shown by Kim et.al. [11] the use of global-local approaches

may lead to an efficient modeling approach that uses the refined models only in those areas where it is

necessary, exploiting the efficiency of the classical finite elements approach elsewhere. This approach

requires to couple elements with different kinematic fields such as beam or plate elements with three-

dimensional elements. Different coupling approaches have been presented in literature. Surana [15, 16]

proposed an approach to couple three and two-dimensional elements. The connection between solid and

shell elements was also investigated in [12] and [7]. The work by Gmur [9] deals with the connection of

solid isoparametric and super-parametric shell elements, while the connection between one- and three-

dimensional elements was investigated in [10]. McCune et.al. [13] and Monaghan et.al. [14] introduced

a mixed-dimensional coupling scheme, based on geometrical assumptions, while Garusi and tralli [8]

used a transition element to develop solid-to-beam and plate-to-beam connections.

The present work aims to extend the use of the multi-dimensional modeling approach presented by

the authors in [17, 4] to refine locally those models that could not provide an adequate accuracy level

1
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for multi-field analyses. The structural models have been derived in the frameworks of the Carrera

Unified Formulation [3] that allows the kinematic field to be refined in a unified and efficient fashion.

The node-dependent kinematic approach presented in [5] and recently extended to the piezo-electric

problem [6], will be exploited to switch between models with different kinematics without the need on

any ad hoc formulation or compatibility equations. The results obtained from the solution of well known

benchmarks show that the present approach may be used to reduce the computational costs without

affecting the accuracy of the solution.

2 NODE-DEPENDENT KINEMATIC ELEMENTS

The development of refined one- and two- and three-dimensional finite element models requires to

derive the stiffness/mass matrix for each kinematic approximation adopted. Moreover, the introduction

of the node-dependent kinematics formulation would ask for an ad-hoc formulation of the matrices for

each element. A general and unified approach for the derivation of the matrices for any kinematic model

has been proposed by [3] and will be used to derive the NDK elements formulation.

The generic three-dimensional solution of the problem can be written as follows:

u = u(x,y,z). (1)

where u(x,y,z) is a three-dimensional function solution of the problem. The vector u contains the three

displacement components when the mechanical problem is considered. The if piezo-mechanical problem

is considered u has four components, the three-displacements and the electric potential:

u(x,y,z)T = {ux,uy,uz,φ} (2)

When all the three dimensions of the structure are comparable it is not possible to reduce the dimension of

the problem, that is, a three-dimensional problem should be solved. When the structure has a dimension,

z, which can be neglected with respect to the others, x and y, it is possible to introduce a plate/shell

model, in this case the Equation 2 can be reduced to:

u = uτ(x,y)F
1D

τ (z), τ = 1 . . .M, (3)

where F1D
τ represents a generic function expansion used to approximate the displacement field through

the thickness, and M is the number of terms in the expansion. If two dimensions, x and z, are negligible

with respect to the other, y, it is possible to reduce Equation (2) in the form:

u = uτ(y)F
2D

τ (x,z), τ = 1 . . .M (4)

where F2D
τ represents the function expansion used to approximate the solution over the cross-section of

the beam model, and M is the number of terms in the expansion. Whatever is the problem considered,

one- or two-dimensional, the functions Fτ can be assumed a priori. The choice of Fτ depends on the

structural model to be used in the analysis. The function uτ is the unknown of the structural problem. The

solution of the problem can be obtained introducing the FE model. Therefore the domain is discretizated

in a finite number of elements where the solution is approximated using the shape functions, Ni. The

generic displacement field can be written as:

u = uiτNiFτ, τ = 1 . . .M; i = 1 . . .Nn. (5)

Where the index i comes from the FE model and the index τ comes from the kinematics used in the

structural model approximation. Nn is the number of nodes in the finite element. uiτ is the coefficient of
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Figure 1: A three-node one-dimensional element with node-dependent kinematics.

the expansion and it is also the unknown of the problem. The indicial form showed in Equation (5) is

common for all the structural models, the choice of Ni and Fτ makes the difference:

3D −→ u =uiN
3D
i (x,y,z) · 1 (6)

2D −→ u =uiτN2D
i (x,y)F1D

τ (z) (7)

1D −→ u =uiτN1D
i (y) F2D

τ (x,z) (8)

Where N2D
i and N1D

i are the FEM shape functions of the two- and one-dimensional model respectively,

while F1D
τ and F2D

τ are the expansion used thorough-the-thickness of the two-dimensional element or

over the cross-section of the one dimensional model. The choice of Fτ depends on the structural model

used. In the following sections are reported the kinematic assumptions used in the present paper for the

one- and two-dimensional model while the three-dimensional model does not require any approximation

other than the FEM. In the case of node-dependent kinematics models, NDK, each node of the FEM

discretization can assume a different kinematic, see Figure 1.

The displacement field of an element with node-dependent kinematics can be written including two

main novelties:

Fτ(x,z) −→ Fi
τ(x,z) (9)

M −→ Mi (10)

The first equation, Eq. 9, states that the function expansion is not a property of the element, but of the

nodes, that is, the index i is included in the notation. Eq. 10 remarks that the number of terms in the

expansion, M, can be different at each node, and the notation Mi is used to underline this aspect. The

generic displacement field can be written as:

3D −→ u =uiN
3D
i (x,y,z) · 1, i = 1 . . .Nn. (11)

2D −→ u =uiτN2D
i (x,y)Fi,1D

τ (z), τ = 1 . . .Mi; i = 1 . . .Nn. (12)

1D −→ u =uiτN1D
i (y) F

i,2D
τ (x,z), τ = 1 . . .Mi; i = 1 . . .Nn. (13)

3 MULTI-DIMENSIONAL MODELS

The assembly of multidimensional models required to impose the displacement continuity at the

interface. In this work the capabilities of Lagrange models have been exploited to easily connect mdoels

3



613

Zappino E. and Carrera E.

ui =u11

u12

u13

u14 u21

u24

u22

u23

u1 u3

u2

u4

u6

u7

u8

i=1

i=2

Beam nodes

=1 =2

=3=4

Cross-section 
nodes

Re ned 1D model

3D model
FEM modelPhysical model

Figure 2: Example of a multi-dimensional model: connection between a beam and a solid elements.

with incompatible kinematics. When Lagrange models are used, does not matter if a one-, two- or three-

dimensional model is considered, the unknown vector contains only pure displacements and the electric

potential as unknown. This property make it possible to connect plate, beam and solid elements without

any ad hoc technique.

3.1 The assembling procedure

To explain the assembling procedure, the simple configuration shown in Figure 2 is considered. A

prismatic structure has to be modelled with a beam and a solid element. The beam uses a four node

Lagrange element over the cross-section and a two node beam element along the axis. Figure 2 shows that

the refined beam model has four node in each cross-section where the displacements are the unknown,

u11 to u14 in the section on the first axial node and u21 to u24 in the second node. At the same time, the

solid element has eight nodes in which the displacements have to be defined.

Since both models have the same unknowns, the imposition of compatibility between the shared nodes

is straightforward:

u21 = u1, u22 = u2, u23 = u3, u24 = u4; (14)

The conditions shown in Equation 14 can be used during the assembly procedure to identify the nodes

that have to be connected. The matrices of the two elements can be used to build the global matrix of the

whole structure simply summing the contributions of the shared nodes.

3.2 Governing Equations

The governing equations can be derived by applying the principle of virtual displacement (PVD).

Consider the energy of the system:

δLint =

∫

V
δε̄εεT σ̄σσdV = δLext (15)

where V is the volume of the integration domain, and δLint is the internal energy and δLext is the

external work. ε̄εε and σ̄σσ are the generalized strain and tress vectors that include both the mechanical and

the electrical quantities. By considering the geometrical relations, constitutive equations, end the generic

displacement field, the internal work can be written as:
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FULL 3D

1D NDK

1D CLASSICAL MODEL

3D

Figure 3: Example of a global-local modeling of a beam with a piezo-patch.

δLint = δqqq js

∫

V
NjF

j
s DDDT H̃HHDDDFi

τ NidV qqqiτ (16)

In a compact form, the above expression can be written as:

δLint = δqqqT
jskkki jτsqqqiτ (17)

where kkki jτs represents the electromechanical fundamental nuclei (FNs), which is a core unit of the

generalized stiffness matrix:

kkki jτs =

∫

V
NjF

j
s DDDT H̃HHDDDFi

τ NidV (18)

Actually, kkki jτs can be further written as:

kkki jτs =

[
kkkuu kkkuφ

kkkφu kkkφφ

]

i jτs

(19)

in which the mechanical stiffness FN kkkuu
i jτs is a 3× 3 matrix, while the electromechanical coupling

FNs kkk
uφ
i jτs and kkk

φu
i jτs are 3×1 and 1×3, respectively. The dimension of the pure electric part kkk

φφ
i jτs is 1×1.

3.3 Global-local models for layered smart structures

The capability to build multidimensional models, as well as, the possibility to vary the kinematic

within the same element make it possible to derive efficient global-local approaches. The present work

proposes to use the NDK approach to refine the kinematic where required and to impose a compatible

kinematic at the interface between elements with different dimensions. A cantilevered beam with a piezo-

patch is considered as an example. Figure 3 shows two different modeling approach. The first uses a

full three-dimensional model that ensure a high-fidelity solution but could require a large computational

cost. The second approach aims to preserve the three-dimensional model accuracy in the patch area but,

through the 1D NDK element, allows classical beam elements to be used for the substrate where the

patch is not present.

4 NUMERICAL RESULTS

A simple beam clamped at both the ends has been considered to assess the present approach. The

geometry is reported in Fig. 4. The substrate is built in aluminum while the piezoceramic material PZT-

H5 has been used for the patch. Three different modeling approaches have been used. The first approach

5



615

Zappino E. and Carrera E.

FULL 3D 3D-2D 3D-1D

0.965 mm

226 mm

25 mm
0.5 mm

34 mm

Figure 4: Geometry and models description.

Model uz ×10−6 [m] DOFs ∆uz(%)

Full 3D 1.919 1026 -

3D-2D 1.923 858 0.21

3D-1D 1.923 618 0.21

Table 1: Vertical displacement at the beam mid-span.

considers a full three-dimensional model. The second approach uses a three-dimensional model in the

patch area and a plate model elsewhere, a FSDT model has been considered. The third model beams,

based on a Taylor expasnion of the first order, instead plate elements in the area where the patch is not

applied. The deflection due to a potential of 5V applied to the patch has been evaluated.

Table 1 reports the displacements at the mid-span of the beam. It can be seen that the models that used

plate and beam elements are able to reproduce the three-dimensional solution. The use of a global-local

approach leads to a reduction of the computational costs and, in the case of the 3D− 1D model, 618

DOFs are required instead 1026, that is a reduction of the 40% is guaranteed.

Figure 5 report the maps of the vertical displacement field for all the three models considered.

Full 3D
3D-2D

3D-1D

Figure 5: Vertical displacement evaluated with the three models.
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5 CONCLUSIONS

The present paper present an innovative approach in the global-local analysis of layered smart struc-

tures. The capabilities of the node-dependent kinematic models, developed in the framework of the

Carrera Unified Formulation, have been successfully exploited to connect classical 1D and 2D structural

models to 3D models. The approach has been assessed considering a beam under the action of a piezo-

patch. The results obtained with the present global-local approach can be considered as accurate as the

full-three-dimensional solution but a significant reduction in the computational cost has been obtained.

The use of the present approach does not require any ad hoc connection technique and ensure a contin-

uous displacement field even int eh transition zone. The present approach could find future applications

in the design of smart devices such as energy harvester, sensors or MEMS.
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Abstract. This paper addresses the issue of vibration and noise reduction in laminated sandwich plates
using piezoelectric patches with passive shunted damping. A finite element implementation of a lami-
nated sandwich plate with viscoelastic core and surface bonded piezoelectric patches is used to obtain the
frequency response of the panels. The sound transmission characteristics of the panels are evaluated by
computing their radiated sound power using the Rayleigh integral method. RL (Resistor and Inductor)
shunt damping circuits are used to add damping to the sandwich panels. The optimal location of the sur-
face bonded piezoelectric patches is then obtained, along with the RL circuits resistance and inductance,
using Direct MultiSearch (DMS) optimization to minimize added weight, number of patches and noise
radiation. Trade-off Pareto optimal fronts and the respective optimal patch configurations are obtained.

1 INTRODUCTION

The generalized introduction of lightweight composites in the automotive and aerospace industries,
while leading to significant weight reductions and associated fuel savings, pose a serious problem of low
acoustic performance when these structures are subjected to mechanical or acoustic excitations. Passive
damping technologies are nowadays frequently used to control sound and vibration levels through the use
of viscoelastic materials, while active devices such as surface bonded piezoelectric patches can also be
effectively used to control these undesired sound and vibration levels in lightweight composite structures.
Sandwich composite panels may represent an optimized solution for both sound radiation and structural
vibration for most frequency ranges. Viscoelastic materials are an efficient way of reducing structural
vibrations and providing noise attenuation, which allied to piezoelectric elements may lead to broader
damping capabilities regarding acoustic emissions.

The open literature regarding the subject of vibration and sound radiation from passive or active
composite and sandwich structures is quite scarce. Regarding the vibration control using passive tech-
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Figure 1: The sandwich plate with the piezoelectric patch and associated RL circuit

nologies, previous works have been presented for mechanical vibration suppression [1] and sound level
attenuation [2–5]. The vibrocoustic problem has been recently addressed by Larbi et al. in smart piezo-
electric composite and sandwich plates [6, 7] and also in double-wall sandwich panels [8].

In the present work we apply a layerwise sandwich finite element model, previously developed by
the authors [9], with frequency dependent viscoelastic core, composite laminated skin layers and piezo-
electric patches with associated RL circuits. The model is used to calculate the frequency response of
sandwich panels and the structural results from the model are then used to calculate the radiated sound
power of the panel.

In this paper we present a multiobjective approach for the optimal distribution of surface bonded
piezoelectric patches in composite laminated panels. The objective is to obtain designs that simultane-
ously minimize weight and maximize damping using the minimum number of RL circuits. A topological
optimization approach is used along with the DMS (Direct MultiSearch) solver. DMS [10] is a solver for
multiobjective optimization problems which does not use any derivatives of the objective functions. It is
based on a novel technique called direct multisearch, developed by extending direct search from single
to multiobjective optimization. It was recently used to solve the problem of minimum weight and maxi-
mum damping of a viscoelastic sandwich plate [11], simultaneously minimizing weight and material cost
and maximizing modal damping [12] and to find the optimal positioning of surface bonded piezoelectric
sensors and actuators for active damping maximization in a given frequency range [13]. An application
to a clamped rectangular sandwich panel is described and some Pareto front solutions are analyzed.

2 SANDWICH PLATE MODEL

The layerwise sandwich finite element model is briefly described here, to analyze sandwich laminated
plates with a viscoelastic (v) core, two composite laminated face layers (e1, e2) and piezoelectric patch
or layer (p) bonded to the top outer surface of the plate (Figure 1).

The basic assumptions in the development of the sandwich plate model are: The origin of the z axis
is the medium plane of the core layer; No slip occurs at the interfaces between layers; The displacement
is C0 along the interfaces; Elastic and piezoelectric layers are modeled with first order shear deformation
theory (FSDT) and viscoelastic core with a higher order shear deformation theory (HSDT); All materials
are linear, homogeneous and orthotropic and the elastic layers (e1) and (e2) are made of laminated com-
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posite materials; For the viscoelastic core, material properties are complex and frequency dependent; The
top piezoelectric layer has an RL circuit attached to its top and bottom electroded surfaces, consisting of
a resistance and an inductor in series (Figure 1).

After enforcing displacement continuity at the layer interfaces we retain 17 mechanical unknowns.
For more details on the model and its validation, the reader is directed to [9].

2.1 Constitutive relations

We consider that fibre-reinforced laminae in elastic multi-layers (e1) and (e2), viscoelastic core (v),
and piezoelectric (p) layer are characterized as orthotropic. However, due to the different nature of the
displacement fields in the face layers and in the core, the constitutive relations are going to be different.

For the laminas in the elastic laminated face layers or in the piezoelectric layer, constitutive equations
for each lamina may be expressed in the principal material directions, assuming zero transverse normal
stress as in [14].

For the viscoelastic core, a full 3D orthotropic stiffness matrix is used in the principal material direc-
tions [15] and the stiffness coefficients are complex quantities, since the complex modulus approach was
used in this work, using the elastic-viscoelastic correspondence principle [16].

2.2 Finite element formulation

The equations of motion for the plate are obtained by applying the extended Hamilton’s principle,
the solution of which was obtained through the finite element method, using an eight node serendipity
element with 17 mechanical degrees of freedom per node, and one electric potential degree of freedom
per piezoelectric layer. The system equilibrium equations are obtained in the usual way through assembly
of the element equations, yielding:

[
Muu 0

0 0

][
ü
φ̈

]
+

[
Kuu Kuφ
KT

uφ Kφφ

][
u
φ

]
=

[
Ft

Qt

]
(1)

where u, ü, φ and φ̈ are mechanical degrees of freedom and corresponding accelerations, electric potential
and corresponding second time derivatives, respectively. Muu and Kuu are the mass and complex stiffness
matrices, respectively, corresponding to purely mechanical behavior, while Kφφ is the dielectric stiffness
matrix, Kuφ is the stiffness matrix that corresponds to the coupling between the mechanical and the
piezoelectric effects, Ft is the externally applied mechanical load vector, and Qt is the electrical charge
vector, both in the time domain.

The electric potential difference φi across the electrodes of the piezoelectric patch i can be related to
the the resistance Ri and inductor Li values as:

φi =−RiQ̇i −LiQ̈i (2)

where Q̇i and Q̈i are the first and second time derivatives of the surface charge Qi of patch i, respectively.
Assuming harmonic vibrations, this relation can be written for all the potential degrees of freedom of all
np patches in vector form as:

φ =−GQ (3)

where Q is the vector of charge amplitudes and G is a diagonal matrix:
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G =




jωR1 −ω2L1 0 · · · 0
0 jωR2 −ω2L2 · · · 0
...

...
. . .

...
0 0 · · · jωRnp −ω2Lnp


 (4)

where j is the imaginary unit.
By condensing the degrees of freedom of electric potential in the system equilibrium equations (1)

and using equation (3), the final equilibrium equation, assuming harmonic vibrations, can be written as:

[
K∗(ω)−ω2Muu

]
U = F (5)

where the condensed stiffness matrix is given by:

K∗(ω) = Kuu(ω)−KuφG
[
I+KφφG

]−1 KT
uφ (6)

where Kuu(ω) is a complex matrix, I is the identity matrix, and U and F are the vectors of the amplitudes
of displacement and applied mechanical force, respectively.

It is worthwhile noting that when electroded surfaces exist in a given patch or layer, equipotential
conditions should be imposed before condensing the electric degrees of freedom.

The forced vibration problem is solved in the frequency domain, which implies the solution of the
following linear system of equations for each frequency point:

[
K∗(ω)−ω2Muu

]
U(ω) = F(ω) (7)

where F(ω) = F (Ft(t)) is the Fourier transform of the time domain force history Ft(t).

3 ACOUSTIC INDICATOR

When subjected to external excitation, the sandwich plate radiates noise into the surrounding acoustic
medium. For a light fluid, the fluid mass may be neglected and both acoustic and structural problems
can be solved independently, whereas for heavy fluids the problem is more complex owing to strong
acoustic radiation damping and added mass effects which may significantly change the inertia of the
coupled structure. In the present work we are concerned mainly with radiation involving light fluids such
as air. Hence, the fluid loading is neglected in the present approach, and in order to evaluate the acoustic
performance of the active sandwich panels, the radiated sound power (Π) is the acoustic indicator chosen
in this work.

The sound power that is radiated through an area S of the panel is given by:

Π =
1
2

ℜ
(∫

S
p(G)v∗n(G)dS

)
(8)

where G is a point on the plate surface, p is the sound pressure applied as an external loading and vn is
the normal velocity. The complex conjugate is denoted by ∗ and ℜ denotes the real part of the integral.

For a flat plate embedded in an infinite rigid plane baffle and radiating in a semi infinite fluid, the
pressure p can be obtained using the Rayleigh Integral [17]:

p(ω,M) = ρ0
iω
2π

∫

S
vn(ω,G)

e−ikr

r
dS (9)
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where ρ0 is the mass density of the external acoustic domain, k = ω/c0 is the wave number, where c0
is the speed of sound in air, M is a point inside the external acoustic domain and vn(ω,G) is the normal
velocity at point G, which is easily obtained from the finite element formulation presented in the previous
sections.

In this work, the finite element method is used to obtain the normal velocity distribution, assuming
a sufficient number of discrete radiating elements, according to the smallest wavelength to be observed.
The transverse vibration of the plate is specified in terms of the normal velocities at the center positions
of each one of the rectangular finite elements in the mesh. We assume that the dimensions of these
elements are small when compared to the structural and acoustic wavelengths, so that the total radiated
sound power in Equation (8) can be expressed as the sum of the powers radiated by each element:

Π =
Se

2
ℜ
(
vH

n p
)

(10)

where the superscript H denotes the hermitian transpose, vn and p are the vectors of complex amplitudes
of the normal velocity and acoustic pressure in all elements, respectively, and Se is the area of each
element. The pressure on each element is generated by the vibrations of all elements of the panel. The
vector of sound pressure can therefore be obtained using the impedance matrix:

p = Zvn (11)

where Z is the (symmetric) impedance matrix with components Zi j = (iωρ0Se/2πri j)e−ikri j and ri j is the
distance between the centers of elements i and j. Substituting Equation (11) in Equation (10), we obtain:

Π =
Se

2
ℜ
(
vH

n Zvn
)
=

Se

4
ℜ
(
vH

n
[
Z+ZH]vn

)
= vH

n Rvn (12)

where R is the radiation resistance matrix for the elementary radiators which is given by:

R =
ω2ρ0S2

e

4πc0




1 sin(kr12)
kr12

· · · sin(kr1R)
kr1R

sin(kr21)
kr21

1 · · · sin(kr2R)
kr2R

...
...

. . .
...

sin(krR1)
krR1

sin(krR2)
krR2

· · · 1




(13)

This method can be applied to any plane surface in an infinite baffle, independently of the boundary
conditions, as it only requires the knowledge of the surface geometry, the properties of the fluid and the
normal velocity field distribution.

4 PROBLEM STATEMENT

A laminated hybrid sandwich plate is considered with a viscoelastic core described by a fractional
derivative constitutive law. The plate is a 300 mm × 200 mm laminated sandwich with all edges clamped
and made of carbon fibre plies and a central isotropic viscoelastic damping material core. The stacking
sequence for carbon fibre laminates is [0◦/90◦/+45◦] for (e1) and [+45◦/90◦/0◦] for (e2). The thickness
of each carbon fibre ply is 0.5 mm, and the viscoelastic core is 2.5 mm thick.

Material properties for the isotropic viscoelastic damping polymer are described by a five parameter
fractional derivative constitutive model [18], where ν = 0.49 and ρ = 1300 kg/m3, have been assumed
here. The expression for the complex shear modulus is as follows:
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G( jω) = G0 +G0(d −1)
( jωτ)α

1+( jωτ)β (14)

where G0 = 0.8 MPa is the static shear modulus, d = 1, α = 0.566, β = 0.558, and τ = 7.23×10−10 s is
the relaxation time.

For the carbon fiber plies, material properties are E1 = 130.8 GPa, E2 = 10.6 GPa, G12 = 5.6 GPa,
G13 = 4.2 GPa, G23 = 3.0 GPa, ν12 = 0.36, and ρ = 1543 kg/m3.

Surface electroded 0.9 mm thick piezoelectric patches are also bonded to the upper surface of the
plate. Material properties for these piezoelectric patches are E1 = 50.9 GPa, E2 = 46.1 GPa, G12 =
14.3 GPa, G13 = 8.0 GPa, G23 = 20.6 GPa, ν12 = 0.29, ρ = 7800 kg/m3, e∗31 = −17.0 N/Vm, e∗32 =
−12.2 N/Vm, and ε∗ε

33 = 1.549×10−8 F/m.
A 100 Pa incident pressure wave is applied at t = 0 to the bottom surface of the plate.
The optimization problem is defined in terms of five objectives. The first objective is to minimize the

added mass of the patches f1 = ∑i mi, where mi is the mass associated to the patch of element i. The
second objective is to minimize the number of equipotential zones f2 at the surface of the plate. This
allows for the minimization of the total number of individual RL circuits needed for each equipotential
zone. In this work we also minimize simultaneously the amplitude of the response of the first three modes
of vibration in the radiated sound power response curve. Thus, objectives f3, f4 and f5 correspond to the
largest 3 peaks of the radiated sound power curve defined through Eq. (12).

min F(x)≡ ( f1(x), f2(x), f3(x), f4(x), f5(x))
�

s. t. xi ∈ [xl
i ,x

u
i ]

(15)

Two types of design variables are defined: the patch position design variables and the design variables
associated to the values of each resistance and inductor of the RL circuits. The position design variables
take values of 0 or 1, where the zero value means that there is no patch and a one represents a patch at that
particular element. Since DMS uses real valued design variables and our problem has discrete variables,
we consider a vector of real variables in the interval [0,1] with length equal to the number of elements in
the mesh. If a design variable value is greater or equal to 0.5, we consider that the patch exists, otherwise
the patch is not present at that particular element. Regarding the values of the resistances and inductors
for each RL circuit, the resistance varies from zero to 1 MΩ in intervals of 100 Ω and the inductors vary
between 0 and 1 H in intervals of 10 mH.

For the application described in this paper, symmetry conditions on the distribution of the piezoelec-
tric patches is considered. The finite element mesh will be a 6× 6 mesh with a total of 36 elements.
Hence we are considering only 9 position design variables, corresponding to a quarter of symmetry.

The optimization problem is solved using Direct MultiSearch (DMS) [10] which is a solver for mul-
tiobjective optimization problems, without the use of derivatives and does not aggregate any components
of the objective function. It essentially generalizes all direct-search methods of directional type from sin-
gle to multiobjective optimization. DMS maintains a list of feasible non-dominated points (from which
the new iterates or poll centers are chosen). The search step is optional and when included it aims at im-
proving numerical performance. DMS tries, however, to capture the whole Pareto front from the polling
procedure itself. At each iteration, the new feasible evaluated points are added to this list and the domi-
nated ones are removed. Successful iterations correspond then to changes in the iterate list, meaning that
a new feasible non-dominated point was found. Otherwise, the iteration is declared as unsuccessful.

When a point is infeasible, the components of the objective function F are not evaluated, and the
values of FΩ are set to +∞. This approach allows to deal with black-box type constraints, where only

6
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Figure 2: The problem of optimal distribution of piezoelectric patches on the sandwich laminated plate

a yes/no type of answer is returned. A number of details of the algorithm are omitted and the reader is
referred to [10] for a complete description. The authors in [10] prove under the common assumptions
used in direct search for single objective optimization that at least one limit point of the sequence of
iterates generated by DMS lies in (a stationary form of) the Pareto front.

5 RESULTS

We present in this section some of the results obtained for the multiobjective optimization described
in the previous section. There are a total of 155 nondominated solutions, from which we have retained
solutions number 43, 34, 9 and 118, represented in Figure 3. Solutions 43, 34 and 9 correspond to the
best possible values of objectives f3, f4 and f5, respectively, and solution 118 is the best for the sum of
f3, f4 and f5. It should be noted that in Figure 3 the values of f1 correspond to the number of added
piezoelectric elements, which are directly proportional to the added mass and objectives f3 to f5 are
scaled by a factor of 106.

Figure 4 displays the radiated sound power curves for the three selected solutions, where the baseline
curve corresponds to the sandwich plate with no added piezoelectric patches. The effect of the noise
reduction can be clearly noticed from these response curves. The optimal values of the resistors and
inductors for each solution can be found in Table 1.

It is worthwhile mentioning that these are preliminary results, in the sense that convergence has
not yet been obtained. Further iterations of the optimization algorithm are necessary to guarantee that
these solution in fact represent optimal configurations. Fully converged results will be presented at the
conference.

6 CONCLUSIONS

A vibroacoustic optimization of laminated sandwich panels with surface bonded piezoelectric patches
has been addressed in this paper. The radiated sound power has been calculated for a sandwich panel
with a viscoelastic core and RL circuits have been used to implement the additional damping using
the piezoelectric patches. The optimal location of the piezoelectric patches has been obtained for five
objectives: minimum added mass, minimum number of RL circuits and minimum radiated sound power
response amplitudes for the first three modes of vibration. This methodology proved to be efficient in
maximizing damping over this frequency range.

7
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Figure 3: Nondominated solutions 43, 34, 9 and 70
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Figure 4: Radiated sound power curves for solutions number 43, 34, 9 and 118, along with the baseline solution
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Table 1: Optimal values of resistance R and inductor L for each patch and for the different solutions

Solution R [kΩ] L [mH]
8.0 1
8.0 1

43 1.6 1
8.0 1
8.0 1

34 0.5 0
9 0.5 0

8.0 1
8.0 1
8.0 1
8.0 1
8.0 1

118 8.0 1
8.0 1
8.0 1
8.0 1
8.0 1
8.0 1
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[12] J. F. A. Madeira, A. L. Araújo, C. M. Mota Soares, C.A. Mota Soares, and A. J. M. Ferreira.
Multiobjective design of viscoelastic laminated composite sandwich panels. Composites Part B,
77:391–401, 2015.

[13] A. L. Araújo, J. F. A. Madeira, C. M. Mota Soares, and C. A. Mota Soares. Optimal design for
active damping in sandwich structures using the direct multisearch method. Composite Structures,
105:29–34, 2013.
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Abstract. This article investigates the Liquid Resin Infusion (LRI) manufacturing of glass 
fiber/polyester composite plates embedding a thin piezoelectric (PZT) disk. The real-time in-
situ Process Monitoring (PM) of this technique is performed using the electrical capacitance 
signature of the embedded PZT transducer. To help with the understanding of capacitance 
variations, an internal/external multi-instrumentation (Infrared Thermography, thermocouples, 
Acoustic Emission, Z-displacement sensing, pressure sensing) was set on the infusion systems, 
so that it was possible to make couplings between the various obtained measurements and the 
PZT capacitance curves. Rheological tests were also performed on resin samples to find 
correlations between the matrix chemo-physical transitions during curing and PZT capacitance 
inflections during its final decrease. It was shown that the PZT capacitance is sensitive to 
several key moments of the infusion process, such as the end of preform impregnation, the 
isolation of the system at the end of resin injection, and the different resin curing stages such as 
gelation and vitrification. It is therefore a cheap and quite powerful in-situ Non-Destructive 
Testing device for the PM of the LRI manufacturing. 

 
 
1 INTRODUCTION 

In the Polymer-Matrix Composite (PMC) materials industry, the parameters of Liquid 
Composite Moulding (LCM) manufacturing processes such as mould filling rate, fiber 
impregnation quality, resin curing kinetics or internal temperature gradients are relatively 
difficult to evaluate, especially in real time. Knowledge of these parameters can be of great help 
in order to optimize these processes and thus obtain parts having better mechanical properties 
and good dimensional tolerances. Various research teams have already undertaken the study 
and control of these parameters, called “Process Monitoring” (PM), ([1] - [5]). However, there 
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is still little work on PM using Non Destructive Testing (NDT) techniques, the latter being 
mainly used for monitoring the life in service of composite structures already manufactured ([6] 
- [8]). Current contributions to the PM of PMC by NDT use a variety of techniques, both internal 
and external. External (or ex-situ) techniques, which are more common, may involve the use of 
pressure sensors [9], thermocouples [10], electrical measurements ([11] - [13]) or ultrasound 
([14] ] - [17]). In-situ techniques, on the other hand, allow the measurement to take place at the 
heart of the part being manufactured, by inserting the NDT system inside the composite. It is 
thus possible to integrate them with optical fibers ([18], [19]), piezoresistive systems ([20], 
[21]) or also dielectric analysis sensors (DEA) ([18], [22] ]). 

In the continuity of the works related to in-situ PM of PMC, this paper focuses on the 
insertion of a thin piezoceramic disk (PZT) inside a fiberglass / polyester matrix composite 
plate realized by infusion, with the objective of real-time follow-up of this process thanks to 
the PZT electrical capacitance information. To understand the evolution of this capacitance 
during manufacturing, a multi-instrumentation with both internal (2 thermocouples) and 
external (1 infrared camera, 4 acoustic emission sensors, 1 pressure sensor and 2 vertical 
displacement sensors) NDT systems is set around the infusion system, allowing to highlight the 
potential multi-physical couplings existing between these data and those provided by the PZT. 
The sensitivity of the PZT to the state transitions of the resin during its curing was also 
investigated using oscillatory rheology tests performed aside on the polyester resin alone. The 
details of the experiments are explained in the next section. 

 

2 MATERIAL AND METHODS 
PZT discs (Wealthland - China) of 25mm diameter and 0.135mm thickness were used for 

this study. Their static capacitance was measured and compared to the manufacturer's 
information before integration into the fibrous preform consisting of 6 fiberglass (twill weave 
2/2) plies of dimensions 150 * 150mm², as shown in Figure 1. The wiring of the PZT is made 
using tinned copper wires with a diameter of 210μm. 

 

 
(a) 

 
(b) 

Figure 1: (a) PZT location inside the fiber stack, (b) Wiring of the PZT 
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The infusion is then performed at room temperature using an unsaturated polyester resin 
mixed at fixed concentration (1% wt) with a Methyl Ethyl Ketone Peroxide (MEKP) type 
hardener. During infusion, both internal and external multi-instrumentation is used to retrieve 
real-time information on the manufacturing process. This multi-instrumentation composed of 1 
infrared thermography (IRT) camera, 4 acoustic emission (AE) sensors, 1 pressure sensor, 2 
vertical displacement sensors (LVDT) and 2 thermocouples (1 at the heart of the preform, 1 on 
its surface) is shown schematically in Figure 2 a. A digital multimeter is used to measure the 
electrical capacitance of the in-situ PZT. The injection of the resin conditions the simultaneous 
triggering of all the instrumentations, to be able to work on the same time base. The stop of the 
acquisitions and the demolding of the plate are carried out 6 hours after the injection, to have 
the certainty of the quasi-complete curing of the resin. The complete experimental setup is 
presented in Figure 2 b. Three plates were made to ensure the repeatability of the experiment. 

 

 
(a) 

 
(b) 

Figure 2: (a) Sketch of the multi-instrumentation system, (b) Complete setup before resin injection 
 
The oscillatory rheology tests (3 repeatability) were carried out at room temperature on resin 

samples mixed with the same MEKP hardener with a concentration identical to the one used 
for the infused composite plates. The test consists of a dynamic shear of the mixture between 
two parallel planar plates held at a constant distance (1mm) from each other, at a constant shear 
strain γ = 1% and at a constant oscillation frequency f = 1Hz. The test is conducted until the 
complex viscosity modulus |η *| is stabilized. To be able to plot the rheology and infusion curves 
together and detect the potential couplings, a constant Δt was maintained between the resin + 
hardener mixing and the start of the test for both types of experiments. 

3 RESULTS AND DISCUSSIONS 

3.1 Multi-instrumented infusion: couplings between in and ex-situ signatures 
Typical results obtained for the multi-instrumented infusion are shown in Figure 3 a. 
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(a) 

 
(b) 

Figure 3: Results of the multi-instrumented infusion: (a) full experiment, (b) resin injection step (plate 1) 
 
It is easy to see on Fig. 3. a) that the signatures of the TC placed at the heart of the preform 

and the IRT ones taken in the virgin zone of the plate are similar. It is therefore justified to trust 
IRT to measure thermal phenomena inside the plate, and this will be the case for the rest of this 
work. However, it is necessary to perform IRT measurements on a virgin zone (no 
instrumentation placed on it), not to disturb the camera with parasitic reflections and differences 
in thermal emissivity, which results in underestimated temperature measurement when it is 
taken on the full plate. Several couplings are observable between the various in and ex-situ 
signatures. The beginning of each curve appears chaotic, which corresponds to the step of resin 
injection into the infusion system. Figure 3 b allows highlighting the various phenomena 
occurring during this stage. The arrival of the resin in the preform causes a fall in the vacuum 
created by the vacuum pump, associated with an increase in the electrical capacitance (ΔC) of 

End of preform 
impregnation 

Closure of 
injection taps 
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the PZT and a descent of the LVDTs. The behavior of the capacity is explained by the 
progressive release of the pressure applied on the PZT by the vacuum during the impregnation 
of the preform [23], whereas the fall of the LVDT is due to their sliding in one of the cavities 
of the draining fabric positioned under the vacuum bag. A stabilization of these signatures is 
then observed, corresponding to the end of the impregnation of the fibrous stack (red 
demarcation on the Figure 3 b): a steady state begins then, during which the resin continues to 
flow through the preform to eliminate potential air bubbles as much as possible. The end of the 
injection is associated with the closing of the two resin inlet and outlet taps, which isolates the 
preform from the vacuum pump (green demarcation on the Figure 3 b). This results in an 
immediate response of the 3 signals, related to a gradual stabilization of the pressure in the 
isolated system: the PZT reacts to the closure (peak) and is then gradually compressed again, 
this reasoning going hand in hand with the reaction of the LVDTs. The rest of the manufacturing 
(Figure 3 a) shows new behaviors and couplings. The IRT (virgin zone) shows a progressive 
exothermal behavior associated with the curing of the resin, which decreases thereafter once 
the reaction on its end. After a plateau, the capacitance drops continuously until the end of the 
experiment. The beginning of this fall being associated with the rise in temperature, it is clear 
that the PZT is sensitive to the start of the curing of the polyester matrix. Indeed, the more a 
PZT is constrained in its environment (here the progressive contraction of the curing resin), the 
more its electrical capacitance drops [23]. The signature of the LVDTs provides information on 
the vertical displacement of the vacuum bag on which they are positioned: it is notable that 
when the resin contracts during curing, the associated shrinkage causes a negative Z-
displacement of the plate, and therefore a reaction of LVDTs. However, it should be noted that 
LVDTs are less sensitive to the start of the crosslinking than the PZT, their fall occurring later 
in time than the one of ΔC. This is due to the fact that the PZT is directly surrounded by the 
resin, which makes its measurement much more local and sensitive than those of the LVDTs. 
The capacitance and LVDTs signatures appear to stabilize after the end of the exothermal peak, 
which means that the curing is not complete yet at the temperature peak. The AE signals are 
also rich in information: after some signals initially sensed corresponding to the passage of the 
resin front during the injection step, no signal is noticed until the exothermal peak, from which 
the acoustic activity reappears in the form of an increase in the cumulative absolute energy 
(CAE) of detected AE bursts. This behavior is associated with the variation of the physical 
properties of the resin during manufacturing: before the exothermal peak, the resin attenuates 
the acoustic signals too much so that they can be detected by the 4 AE sensors on the surface. 
It is necessary to wait for a sufficient degree of cure for the signals to be transmitted through 
the plate, which suggests that the exothermal peak / CAE rise coupling corresponds to a major 
state transition of the resin. The acoustic activity related to the rise of the CAE is mainly due to 
the vibration of the PZT, this being confirmed by the location of the corresponding AE bursts 
in the integration zone of the PZT (Figure 4). Two slopes are observable in the CAE curve, the 
transition from one to the other occurring at the beginning of the temperature decrease. Given 
the quasi-constancy of the second CAE regime , it is clear that at this stage the properties of the 
resin are stabilized, thus providing information on the end of the curing matrix curing.  
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Figure 4: Location of AE events on a plate being cured (AEwin software) 

 
The pressure variation can finally be combined with the other measurements: it follows the 

trend of the capacitance and LVDTs signals, thus linking the curing of the resin to a progressive 
depression in the infusion system. A point of interest corresponds to a not negligible increase 
in pressure at the end of the test, correlated with the previously described temperature drop and 
second EAC regime, thus confirming the existence at this stage of another transition in the resin 
curing. 

 
The multi-instrumentation has shown the reaction of the PZT to the resin curing and the 

existence of state transitions inside it, the next part focuses on the sensitivity of the PZT to 
detect these transitions. 

3.2 Sensitivity of the PZT to the state transitions of the curing resin 
The capacitance decrease being related to the crosslinking of the polyester matrix, the study 

focused on the analysis of this decrease. The observation of Figure 5 reveals three regimes, 
separated by inflections (regime changes). The existence and the temporal appearance of these 
regimes and inflections being repeatable for each manufactured plate, the hypothesis was 
emitted that these inflections corresponded to state transitions of the resin during its curing, and 
that they therefore framed different chemo physical states (stable or unstable) of the resin. 
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Figure 5: Methodology for the measurement of regime changes (inflections) of the PZT electrical capacitance 

 
These inflections were subsequently correlated with the signatures coming from the multi-

instrumentation for each of the manufactured plates. The first inflection had already been 
attributed to the start of resin curing in § 3.1. The second inflection appears just before the 
exothermal peak and the increase in the CAE, which confirms the hypothesis emitted earlier 
that a major state transition of the resin occurs at this time. The third capacity inflection occurs 
after the exothermal peak, following the start of the second (almost constant) growth regime of 
the CAE associated with the final pressure re-increase described above: it therefore corresponds 
to another transition state, this one leading to the near-final state of the resin (chemical reaction 
substantially completed). At this time, the resin is almost completely cured, which is also 
confirmed by the progressive stabilization of the plate retraction measured by the LVDTs. 

Since strong hypotheses have been put forward on the sensitivity of the PZT to the resin 
curing and to the various transitions that compose it, it remains to characterize these transitions 
and to confirm their direct link with the inflections and regimes detected on the decay of PZT 
electrical capacitance. Consequently, chemo physical characterization tests of the resin alone 
by oscillatory rheology were undertaken. A thermoset such as the polyester resin passes through 
different states during its curing, the two main ones being gelation and vitrification [24]. 
Gelation allows the resin to change from a liquid state to a gel state, then this gel gradually 
hardens until it becomes a glass (vitrification stage). After the vitrification stage, the chemical 
reaction slows down (even stops), even if the system temperature is increased [24]. Other 
events, such as devitrification or phase separation may occur during curing, but these do not 
occur in this study. The objective is to characterize these two main states, to be able to correlate 
them with the signatures obtained during infusion. Since the chemo physical characterization 
of the infused plates is not possible in real time, several pure resin samples (with MEKP) were 
tested in oscillatory rheology as detailed in section 2. The tests were carried out under 
conditions as close as possible from those used during infusion manufacturing, namely at room 
temperature and shear and oscillations as low as possible to reproduce the stable state of the 
resin when it cures in the plate. These dynamic tests, highlighting the viscoelastic behavior of 
the resin, make it possible to reveal the gelation by the crossing of the storage modulus (G’) 

1st regime 

2nd regime 

3rd regime 
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and loss modulus (G’’) curves if the test is conducted at constant oscillation frequency ([25] - 
[27]); this crossing goes hand in hand with an increase in the viscosity complex modulus |η*|. 
The vitrification is determined by the maximum of G’’ [28], and each result is normalized with 
respect to its own mass. The tests are conducted until the appearance of a plateau of |η*|, 
associated with a significant slowing of the curing reaction. This plateau is considered as the 
end of the vitrification, knowing that it is associated with a drop of G’’ meaning that the resin 
(reticulated) no longer has viscous properties (elastic solid with a maximized G '). The obtained 
results being repeatable, only those of sample 1 are presented below. These results were then 
correlated with those obtained in infusion, as shown in Figure 6. Analysis of the latter makes it 
possible to associate the first inflection of electrical capacitance with the G '/ G' ' crossing, that 
is to say gelation. This confirms that when the resin goes from the liquid state to the gel state, 
it begins to compress the PZT transducer, effectively lowering its capacitance. In the gel state, 
the resin is a medium in which the acoustic waves are strongly attenuated (and thus not 
transmitted to the external AE sensors), which is why the CAE signal is flat during this period. 
The pressure is decreasing at the first inflection because the resin is gradually curing (increased 
exothermal behavior), consequently the depression of the infusion system is increased. At the 
beginning of the vitrification (maximum of G’’), the second inflection of capacitance appears. 
This coupling is coherent because the vitrification makes the resin go from a gel state to a much 
more rigid glass state, which increases the compression seen by the PZT and thus induces a 
change in the decrease of its capacitance. This second inflection also sees the temperature 
coming close to its peak, while the CAE prepares to enter its first rise. These other couplings 
are also consistent: since the chemical curing reaction generates heat throughout its duration, 
the associated temperature will be close to its maximum when the appearance of the final state 
change (vitrification) of the resin will occur. Moreover, since the resin gradually transforms 
into a glass state, its physical properties become more and more similar to those of a sufficiently 
continuous propagation medium able to transmit the acoustic waves generated by the vibration 
of the PZT, explaining the rise of CAE to come. However, the resin still being cured at this 
stage, the depression continues its decline. The third capacitance inflection occurs more than 
three hours after the resin injection step: at this point, the G ' has already converged to a final 
plateau, and the G’’ has returned to zero. It should be noted, however, that this last inflection 
always happens at a time never reached in rheology, due to the risk of breakage of the rheometer 
when a very rigid sample is tested too long. The behavior of G 'and G’’ indicates that the resin 
is almost completely cured at this stage because as a purely vitreous solid, it has only an elastic 
behavior and no more viscous properties. This third inflection of electrical capacitance is 
associated with the change in slope of the CAE (previously mentioned) towards a quasi-linear 
behavior until the end of the infusion manufacturing, which confirms the hypothesis that at this 
stage the resin possesses its final properties and therefore always transmits acoustic waves in 
the same way. A correlation with the temperature drop following the exothermal peak as well 
as with the final rise in pressure is also observable. This means that since the resin is almost 
completely cured, the almost complete chemical reaction releases practically no more heat 
(hence the gradual decrease in temperature), and that the opening made in the vacuum bag to 
perform the pressure measurement has partially obstructed by the vitrified resin. An important 
point is the continuity of the decay (albeit much slower than before) of the electrical capacitance 
after this last inflection, a sign that the curing, although practically complete, is still active. 
There are still some residual percentages of resin to be cured at this stage. 
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It is henceforth possible to associate each of the three inflections of the in-situ PZT electrical 

capacitance with the start of a chemo physical transformation of the polyester resin in 
crosslinking: gelation, vitrification and finally the slow transformation of a small amount of 
residual resin still uncured after the end of vitrification. 

 

 
Figure 6: Comparison of the infusion and rheological measurements 

 

4 CONCLUSION AND OUTLOOK 
This article studies the interest of inserting a thin piezoelectric ceramic disc (PZT) inside a 

PMC preform in order to carry out an in-situ and real-time monitoring of its infusion 
manufacturing. Several in and ex-situ NDT instrumentations are used in addition to the PZT to 
obtain correlations between the different signatures. Multiple couplings are observed, providing 
information both on the impregnation of the preform during the injection stage and on the curing 
of the resin. The electrical capacitance signal of the PZT has three different inflections during 
its final decay phase, and these have been studied thanks to the multi-instrumentation data 
associated with oscillatory rheology measurements made on resin samples alone. These last 
tests made it possible to associate the first capacitance inflection with the beginning of gelation 
of the resin, the second with the beginning of its vitrification and the last with the curing of the 
last resin percentages still not transformed at the end of vitrification. The in-situ PZT giving 
repeatable and relatively accurate information about the various major transitions (chemo 
physical or not) occurring during the infusion process, its potential is obvious. The end of 
vitrification (third capacitance inflection) is particularly interesting because it can be used in 
industrially to determine when to unmold composite parts without risk of damaging them, and 
thus increase production rates. These information on transitions can also be very useful for 
processes using closed molds, such as Resin transfer Molding (RTM), where it is impossible to 
visualize the progress of manufacturing. This work has also demonstrated the interest of using 
a multi-instrumentation to monitor this process in real time, and in particular the use of the PZT 
(transducer) - AE (sensors) couple to detect the presence of the vitrification phase by the 
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acousto-ultrasonic method. The ultimate interest of this study lies in obtaining a "smart" 
composite material with an embedded and functional PZT transducer after manufacturing. The 
PZT can then be used for health monitoring applications of composite structures in use, when 
the latter are subjected to various physical loads. Finding thresholds to know when to stop the 
structure to control it more accurately or replace it completely, all without having to use the 
external and cumbersome NDT techniques available on the market, would be a major 
breakthrough in the composite materials industry. 
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Abstract. The paper presents a prototype of a system for monitoring the deformed state of a 
typical part of an aircraft engine – an outlet guide vane (OGV) made of composite materials. 
The system includes: fiber optic sensors (FOS) based on Bragg gratings, an ASTRO X327 
interrogator, and software interrogating and recording data from the FOS. In addition, the 
system includes a module for calculating the stress-strain state and comparing the calculated 
strains with the readings of the FOS. The results of approbation of the system for the control 
of stress-strain state in laboratory tests of OGV are presented. The results of mathematical 
modeling of the mechanical behavior of the OGV in the software package ANSYS are given. 
A comparison of experimental data and numerical simulation results was made.  

1 INTRODUCTION 
Polymer composite materials (PCM) are increasingly used in the manufacture of elements 

of aircraft propulsion systems. Previously PСM were used for the manufacture of lightly 
loaded body parts, such as, fairings, casings, engine nacelle shells. Currently, PCM are used 
in the manufacture of power parts, working in conditions of complex stress state, for example, 
the outlet guide vanes and fan blades [1-4]. Periodic monitoring, evaluation of the 
performance and residual strength of such parts during long-term operation is an important 
task, which causes interest in developing systems for monitoring the state of such parts. 

In the civilian sector, there are many examples of existing monitoring systems. The 
Austrian group of companies belonging to the association NBG Holding GmbH developed 
systems for monitoring the condition of various structures and infrastructure, such as bridges, 
tunnels, roads and railways [5]. The monitoring systems described in the literature include the 
long-term monitoring system of a historic building of the 16th century [6], the stinger 
condition monitoring system when laying deep-water pipes [7], the monitoring and assessing 
system for the condition of the wind generator, which makes it possible to make a decision on 
extending the service life or replacing blades. [eight]. 

A number of systems have been developed for monitoring composite structures. In [9, 10], 
the types of damage to composite structural elements arising from the operation of aircraft 
and the options for building monitoring systems for these structures are considered. In these 
monitoring systems, it is proposed to use various types of sensors: piezoelectric, acoustic 
emission, fiber-optic, as well as a non-contact method of monitoring the infrared field emitted 
by the object. The papers propose the use of these systems for monitoring the condition of 
airframe elements. The described systems make it possible to record deformations, 
accumulation of damage, or destruction of controlled elements during the entire life cycle. 

Recently, fiber-optic sensors (FOS), which allow to measure temperature and deformation, 
are increasingly being used as sensitive elements of condition monitoring systems. FOS, 
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possessing dimensions of the order of 0.15 mm, are capable of withstanding deformations 
comparable to those of a composite, they are immune to electrical interference, are highly 
sensitive and can be installed on the surface of a controlled object or embedded in the 
structure of a composite material to control the structure during the entire life cycle [11,12]. 
Interrogators, which are part of such systems, depending on the maximum sampling 
frequency of the sensors, can be used to monitor the state of the object in the quasi-static or 
dynamic loading mode. 

2 Conceptual diagram of the developed monitoring system prototype 
Traditionally, systems for monitoring the state of aircraft engines estimate integral 

indicators such as temperature, pressure, exhaust gas velocity, turbine speed, etc. [13]. 
Modern systems are aimed at assessing structural damage to structural elements using various 
sensors. This approach is used along with traditional methods of non-destructive testing and 
allows you to quickly assess the state of integrity of composite structures. Early detection of 
defects increases safety and allows for less capital and costly repairs, and also minimizes the 
problem of human factors in the process of flaw detection [14]. 

Since 2006, for example, Sandia National Laboratories has been actively working in this 
direction in collaboration with the Structural Monitoring System, Sykorsky, Boeing, AEM, 
Acellent, and others [15]. The main line of research is related to automated data analysis for 
the detection of delaminations and cracks in composite structures using piezoelectric and 
vacuum sensors.The main task of the prototype system for monitoring structures made of 
PCM considered in this paper is to monitor the stress-strain state of aircraft engine parts 
during bench or flight tests. The various elements of such a monitoring system have their own 
requirements. In particular, sensitive elements placed on the surface or in the structure of the 
monitoring object should remain operable under complex dynamic and static loading. The 
sensors must withstand temperatures from -55 to +150 C, and in the case of sensors embedded 
in the structure of the composite material, and the maximum temperature of technological 
processing of the material, for example, +160 within 4 hours. The interrogator and 
information processing modules should be located on board the aircraft, therefore, mass and 
dimensional restrictions are imposed on them. 

The composition of the monitoring system developed in this article includes: a monitoring 
facility, fiber-optic sensors, peripheral measuring equipment, a computer with software. 
Fiber-optic sensors can be located on the surface of the monitoring object or be embedded in 
its structure. The introduction of FOS into the structure of a controlled object is preferable, 
therefore, in previous studies [16], the technology of introducing FOS into the structure of 
PCM, obtained by hot pressing and autoclave molding, was developed. Figure 1 shows an 
outlet guide vane manufactured using autoclave molding technology and the corresponding 
layout of glued and embedded fiber-optic sensors. The layout of the FOS on the OGV surface 
(Figure 1, b) was chosen to test the operation of the prototype system based on the results of 
numerical simulation. Sensors S001-203 are located in areas of large deformations and 
deformation gradients, and sensors S301-302 are located in the zone of the most probable 
primary delamination of the OGV structure under quasistatic loading. In the case of placing 
FOS into the structure of the material (Figure 1, d), the scheme is more convenient from a 
technological point of view. This scheme allows you to embed 3 lines of four sensors FOS 
with the formation of 4 groups of FOS with different orientations (0, ± 45) relative to the 
longitudinal axis, in order to calculate the total deformations based on the readings of these 
groups in different sections. 
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                              a                                   b                              c                         d 
Figure 1. OGV with the FOS lines pasted on the surface (a) and embedded (c). Layout of FOS on the surface 

(b) and in the construction of the OGV (d). 
 

The peripheral measuring equipment (interrogator) receives information about the resonant 
wavelengths of Bragg gratings and transmits it to the software module for further processing. 
The frequency of his work determines the dynamic range of effects that the system can 
measure. 

The system contains two levels of software. The lower level software includes modules 
that perform primary data processing. In the case of the introduction of FOS into the structure 
of the PCM, technological factors cause the initial deformation of the fibers, which leads to 
the birefringence effect and the appearance of noise in the spectrum of the signal of FOS. The 
lower level software filters noise by a specially developed algorithm, calculates the deviation 
of the resonant wavelength from the base for each grating, calculates the deformations and 
transfers these values to the upper level software for further processing.  

The upper level software consists of modules with mathematical models of controlled 
objects for calculating stress-strain state. These programs allow you to compare the 
deformations recorded by the sensors at specific points in the structure with the calculated 
values and, in case of compliance, determine stresses and deformations at all points of the 
object. Indirectly, the simulation results allow us to assess the nature and level of loads acting 
on the object. It is intended to develop an information analysis module for assessing the safety 
margin of a structure under a given stress-strain state and a module for detecting the 
occurrence of defects such as cracks, delaminations or break of layers in a structure during 
long-term operation or abnormal effects. In addition, it is planned to develop a wrapper 
program that provides output of various information to the operator interface. The block 
structure of the monitoring system being developed is shown in Figure 2.  

 

 
Figure 2. Block structure of the system for monitoring the state of structures 

 
The use of the system implies monitoring both in real time of the structure operation (in 

flight) and in the post-analysis mode (on the ground) based on the data collected in flight. The 
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structure of the system implies the possible inclusion of other blocks, for example, by 
determining the stress-strain state at shock loads or artificial (post-flight) loads, to analyze its 
deformed state in order to search for possible defects. 

3 PCM OGV monitoring system prototype 
The object of control in the monitoring system being developed is the outlet guide vane 

(OGV) of an aircraft engine (Figure 1). The blade is made of carbon-fiber plastic according to 
pre-peg technology with autoclave molding at a temperature of 160 C. In the design of the 
blade, can be seen feather and shelves, by means of which the blade is fixed, both in the 
propulsion system and in the rigging equipment. 

As sensitive elements of the monitoring system prototype, fiber-optic sensors with resonant 
wavelengths were used for: 
S001=1565.069nm, S002=1535.032nm, S003=1505.020nm, S101=1564.929nm, 
S102=1535.032nm, S201=1565.040nm, S202=1534.985nm, S203=1504.986nm, 
S301=1534.990nm,         S302=1505.043nm.  

Below are considered the results of testing the OGV sample with sensors pasted on the 
surface (Fig. 1, b). The gluing scheme of the sensors is shown in figure 1, c, where A is the 
base of longitudinal dimensions, B is the point for the orientation of the inclined line. 

The sensors were polled by the ASTRO X327 interrogator. The interrogator generates and 
transmits a broadband optical signal ψ (λ) through an optical fiber (λ is the wavelength). On 
the Bragg grating part of this signal is reflected. The main part of the reflected optical signal 
occurs at the resonant wavelength λ, the value of which is directly proportional to the 
effective refractive index n and the Bragg grating period L. The polling of the sensors can 
determine the difference of the resonant wavelengths of the reflected spectrum Δλ = λ – λ * in 
the current λ and initial λ * time. The relative difference of the resonance wavelength of the 
reflected spectrum Δλ / λ will be proportional to the relative change in the period ΔL / L of 
the Bragg grating, which makes it possible to evaluate its relative mechanical deformations ε 
and temperature change ΔT [17]: 

 Δλ/λ = Kε ε + KT ΔT, (1) 
where Kε, KT are the deformation and temperature coefficients, respectively. These 
coefficients depend on the optical and mechanical properties of the optical fiber and are 
known constants. 

In the developed monitoring system, information on the change in the resonant wavelength 
was transmitted to the software module of the lower level. When placing the FOS on the 
surface of the monitoring object, changes in the spectrum were not observed in the FOS 
signal. This made it possible not to perform additional signal processing and filtering. The 
constant temperature during the tests allows not to take into account the influence of the 
second term of the formula (1) on the signal of the ESP. The software of the lower level 
received information about the resonant wavelengths of each WATER, carried out the 
calculation of the deviations of the wavelengths, the calculation of deformations for each 
sensor using the formula (1). In the upper level software, the monitoring object's stress-strain 
state was calculated under laboratory loads, the calculated and experimental deformations 
were compared, and under the condition of satisfactory agreement, the structure's safety 
margin was estimated from the calculated stress values.  

4 Testing a monitoring system prototype  
The tests of the developed system were intended to check the operation of all its 

components under quasi-static loading and to compare the deformations recorded by FOS 
with the results of the numerical calculation of the stress-strain state of the OGV under study. 
The OGV was loaded in a specially designed metal tooling through a rubber gasket 20 mm 
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thick onto the surface of the vane blade. The sensors were attached to another surface of the 
feather free of load. The tests were carried out on a Zwick Z100 servo-hydraulic machine with 
a cylinder of 90mm diameter (complex of equipment of the “Unique Scientific and 
Technological Complex of Automated Layout” PNRPU) at a constant temperature. During 
the tests, load monitoring and registration of fiber-optic sensors with a sampling frequency of 
100 Hz were carried out. The general scheme of the tests is presented in figure 3.  

To process the sensor signal and calculate the strain, the software described above was 
used. Tests have shown that the chosen technology of gluing sensors ensures their reliable 
fixation on the surface of the object, this, in turn, ensures the registration of the signal with 
minimal distortion.  

Deformations obtained according to the indications of the FOS, depending on the 
applied load, are shown in figure 4. The analysis of these dependences shows the non-linear 
nature of the deformation, which is especially pronounced with the S201-S203 sensors 
oriented at an angle to the OGV axis. Further, the readings of the sensors are compared with 
the results of the OGV numerical simulation. 

 

 
Figure 3. Test scheme of the OGV monitoring system. 

 
 

 
Figure 4. Dependence of the strain on the applied load, obtained from FOS, placed on the free surface of the 

OGV, the sensor numbers are shown in Figure 1a.  
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5 Numerical modeling and comparison of results 
For the numerical simulation of mechanical deformation of the OGV, a three-

dimensional computer model was developed. The model explicitly describes the vane 
reinforcement scheme in the form of a set of anisotropic CFRP layers with different 
geometries. The loading scheme corresponded to the laboratory test conditions. On the top 
shelf of the vane, rigid fastening was set on the bolt joint holes, on the bottom shelf the 
absence of movements in two directions UX, UY was set. A proportionally increasing 
distributed load was applied to the vane tip through the rubber plate (Figure 5). The rubber 
plate was deformed nonlinearly, the deformation of carbon fiber was considered linear, the 
elastic properties of the material of the layers in the coordinate system of the OX1X2X3 layer 
are given in (Table 1). 

 
 

Figure 5. The design scheme of OGV 1 is rigid attachment, 2 is the prohibition of UX, UY movements, 3 is the 
load.  

 
Table 1. Elastic properties of composite material. 

Material E11, 
GPa 

E22, 
GPa 

E33, 
GPa 

G12, 
GPa 

G13, 
GPa 

G23, 
GPa 21 13 32 

Equal Strength 
Carbon Fiber 63,9 63,9 5,0 19,5 2,7 2,7 0,04 0,3 0,3 

The solution of the nonlinear three-dimensional problem of mechanics of inhomogeneous 
media for the vane under consideration with an explicit description of the reinforcement 
scheme requires large computational resources. Therefore, in the present work, the simulation 
of mechanical deformation of a vane was carried out for a homogeneous anisotropic material 
with effective elastic properties of a layers package. The effective elastic properties of a layers 
package were calculated separately on the basis of the reinforcement scheme and the 
properties of the layers (Table 1). The problem was solved in the ANSYS Workbench 
software package using the spatial finite elements SOLID 86. The load was set from the initial 
total load of 100 N to the load of 1500 N with a step of 100 N.  

Figure 6 shows deformation fields of the free of loading vane surface obtained as a result 
of the calculation for a load of 1500 N. It also shows the values of deformations in the vicinity 
of the location of the FOS in directions that coincide with the axis of sensitivity of the FOS. 
Calculations show that the deformation fields are non-uniform, and there are areas of 
compressive and tensile deformations on the surface of the blade. It should be noted that 
FOSs were installed in the most dangerous zones of compressive deformations.  

Table 2 for load values of 500, 1000, and 1500 N presents a comparison of the 
deformations determined from the FOS readings and the calculated values of the deformations 
at the sensor locations.  
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a 

 
b 

 
c 

Figure 6. The field of axial deformations on the free surface of the OGV feather in the area of mounting the FOS 
at 1500H in the local layer coordinate system in the directions a) ε  b)    c)       
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TABLE 2. Comparison of deformations determined by the FOS indications, and calculated values of 
deformations at the sensor locations under loads of 500, 1000 and 1500 N 

Parameter  Longitudinal direction Cross direction At 45° angle 

 
Load

, N S001 S002 S003 S101 S102 S301 S302 S201 S202 S203 

Deformations  
FOS*,10-4. 

500 -0,88 -1,38 -1,52 -2,23 -1,26 -0,07 -0,09 -0,42 -0,35 -0,21 
1000 -1,56 -2,34 -2,64 -3,85 -2,24 -0,16 -0,27 -0,18 -0,03 -0,04 
1500 -2,27 -3,31 -3,77 -5,21 -3,41 -0,23 -0,48 0,45 0,69 0,64 

Calculated 
deformations 

·10-4. 

500 -0,86 -1,10 -1,26 -1,13 -1,42 -0,08 -0,09 0,78 0,94 0,90 
1000 -1,51 -2,13 -2,41 -2,91 -2,76 -0,16 -0,22 1,55 1,85 1,73 
1500 -2,11 -2,98 -3,84 -4,19 -4,38 -0,22 -0,48 2,34 2,74 2,54 

Deviation, % 

500 2,12 25,04 20,30 98,55 11,66 9,22 8,77 154,6 137,3 123,0 
1000 3,63 9,53 9,80 32,55 12,58 5,74 21,27 111,8 101,3 97,65 
1500 7,69 11,18 1,94 24,41 22,13 4,89 -0,23 80,75 74,62 74,79 
  4,48 15,25 9,39 51,83 15,46 0,47 9,94 115,7 104,4 98,51 

  Mean deviation 

Table 2 data analysis shows that the deformations in the longitudinal and cross 
directions detected by the sensors S001, S002, S003, S102, S301, S302 are close to the 
calculated values. The difference in strain at a point is from 2 to 25%, the average difference 
in strain in the three measurement options (calculations) is from 4.5 to 15.5%.  

The lateral deformations detected by the S101 sensor differ from the calculated 
deformations by 24.5-98.5%. Deformations at an angle of 45 °, recorded by the sensors S201, 
S 202, S203, differ from the calculated deformations by 74.6-154.6%. It should be noted that 
the sensors S201, S202, S203, S301 and S302 record the strain values that are included in the 
equipment error zone (0.5 10-4). In this case, the readings of the sensors S301 and S302 are in 
satisfactory agreement with the calculation, and the readings of the sensors S201, S202, S203, 
differ significantly.  

The difference between the calculated and experimentally obtained values of 
deformations using FOS is apparently due to the error in the simulation of the deformation of 
the vane using the effective material properties and the error in determining the Poisson 
coefficients for the material layer.  

In further studies, it is planned to obtain an updated solution to the problem of 
mechanical deformation of the vane with a complete description of its reinforcement scheme 
and an updated value of the Poisson’s ratio of the layers material. After a satisfactory 
coincidence of the calculated and experimental values of deformations, it is planned to obtain 
a calculated estimate of the strength margin of the vane under laboratory load and to 
experimentally verify the accuracy of this estimate. 

6 Conclusion 
A technology has been developed for introducing and gluing fiber optic sensors into a 

composite material structure, manufactured using prepreg technology of hot pressing. A 
prototype of a system for monitoring the stress-strain state of outlet guide vane made of 
composite materials using fiber-optic sensors on Bragg gratings and a mathematical model of 
the structure has been developed. The prototype of the monitoring system was checked in 
laboratory tests of the vane. A satisfactory coincidence (calculated on average to 15.5%) was 
obtained for the calculated and experimental FOS registered deformation values at six control 
points of ten. The significant (over 100%) difference in deformations at four control points is 
explained by the error of calculations due to the use of a simplified mathematical model of the 
structure and the error in determining the Poisson’s ratio of the layers material. In further 



648

Aleksandr N. Anoshkin, Gleb S. Shipunov, Andrey A. Voronkov, Konstantin A. Pelenev, Rustam T. Murzakaev 
and Aleksandra A. Tikhonova 

studies, it is planned to obtain an updated solution of the problem of mechanical deformation 
of the vane for a satisfactory agreement between the calculated and experimental values of the 
deformations at all control points. Next, it is planned to obtain a calculated estimate of the 
safety margin of the vane under laboratory load and to experimentally test the accuracy of this 
estimate. This will test the possibility of using a monitoring system prototype for assessing 
the safety margin of a structure during testing. 
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Abstract. In this paper we discuss modeling of electrostrictive polymer plates and shells as
electro-elastic material surfaces. A complete direct approach is developed without the need
to involve the three-dimensional formulation. Electrostatic forces as well as constitutive cou-
pling by means of electrostriction are accounted for. We propose a rational formulation for
the augmented free energy of electro-elastic material surfaces incorporating electrostriction by a
multiplicative decomposition of the surface stretch tensor and an additive decomposition of the
surface curvature tensor into elastic and electrical parts. Results computed within the frame-
work of this complete direct approach are compared to results computed with a method that
requires the numerical integration of the three-dimensional constitutive relations through the
thickness of the plate or shell.

1 INTRODUCTION

Elastic dielectrics, such as piezoelectric materials and electro-active polymers, belong to the class
of electro-active materials, which are materials with an inherent electromechanical coupling due
to electrostatic forces as well as constitutive coupling resulting from e.g. ferroelectricity, piezo-
electricity and electrostriction. Electro-active polymers are divided into two types, ionic and
field-activated electro-active polymers, of which we are solely interested in field-activated electro-
active polymers in this paper. The latter can further be sub-divided into dielectric elastomers,
electrostrictive polymers and ferroelectric polymers; see Pelrine et.al. [1] or Bar-Cohen [2]. Di-
electric elastomers are actuated through electrostatic and ponderomotive forces only, ferroelec-
tric polymers exhibit an electrostrictive effect in a non-poled virgin state, but show piezoelectric
behavior in the poled state, and electrostrictive polymers are actuated by both, electrostatic and
ponderomotive forces as well as through a molecular alignment resulting into electrostriction;
see e.g. Zäh and Miehe [3]. Constitutive modeling in field-activated electro-active polymers is
based on a proper specification of the Helmholtz free energy, see Dorfmann and Ogden [4] and

1
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Vu et.al. [5]. When it comes to ferroelectric polymers and electrostrictive polymers, coupling by
means of electrostriction becomes involved. In such a case a multiplicative decomposition of the
deformation gradient tensor for finite strains is typically applied, in which the electrostrictive
and the piezoelectric part of the deformation is accounted for by means of a purely electric part
of the deformation gradient tensor. In the context of electro-active polymers we refer to Skat-
ulla [6] and Zäh and Miehe [3] and our own previous work, Staudigl et.al. [7], and for reversible
piezoelectric materials see Humer and Krommer [8].

In many cases structures with integrated electro-active materials can be assumed as thin
plates and shells, such that the theories of structural mechanics come into play. A common ap-
proach in nonlinear structural mechanics - often denoted as direct approach - is to consider these
structures as two-dimensional material surfaces with specific mechanical degrees of freedom for
each material point of the surface - typically translations and rotations. Dealing with plates and
shells with integrated electro-active materials electrical degrees of freedom must be introduced
for the material surface as well and the modeling must be completed by consistently incorpo-
rating electrostatic and ponderomotive forces as well as the appropriate two-dimensional form
of the Helmholtz free energy on the structural level of the material surface. In contrast to the
direct approach, various other approaches to the modeling and analysis for electro-elastic plates
and shells are reported in the literature in the context of piezoelectric materials; see Vetyukov
et.al. [9] and the literature cited there. Concerning electro-elastic plates and shells made of
field-activated electro-active polymers the literature is by no means exhaustive. Typically, such
plates and shells are either modeled based on the implementation of three-dimensional solid
plate or shell elements (e.g. Klinkel et al. [10] and Bishara and Jabareen [11] for dielectric
elastomer plates) or on the full three-dimensional formulation (e.g. Vu et.al. [5], Skatulla [6]
and Zäh and Miehe [3]). So far, a direct approach to the modeling of the nonlinear behav-
ior of electro-elastic plates and shells was applied to piezoelectric shells by Vetyukov et.al. [9]
and to dielectric elastomer plates by Staudigl et.al. [12]. In this latter reference the direct
approach was only concerned with the geometry of deformation and forces; yet, the specific
form of the structural two-dimensional augmented free energy was not discussed, but rather
the three-dimensional form was numerically integrated through the thickness by making a-priori
assumptions on the thickness distribution of the deformation. A first account for a complete
direct approach for dielectric elastomer plates was presented by Krommer and Staudigl in [13].

In the present paper we summarize the material independent equations for electro-elastic
material surfaces. Then, we focus on proposing a rational formulation for the augmented free
energy of such surfaces for the case the underlying plates and shells are made of an electrostrictive
polymer. Electrostriction will be accounted for by a multiplicative decomposition of the surface
stretch tensor and an additive decomposition of the surface curvature tensor into elastic and
electrical parts. Finally, the proposed theory is validated.

2 ELECTRO-ELASTIC PLATES AS MATERIAL SURFACES

In this section we discuss the governing equations of thin plates modeled as a two-dimensional
electro-elastic material surface with mechanical and electrical degrees of freedom. In particular,
we consider the plate as a two-dimensional continuum with five mechanical degrees of freedom,
three translations and two rotations. Concerning the electrical degrees of freedom, we use only
the dominant one, i.e., the electric potential difference V .

2
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2.1 Strain measures

The material surface is plane in the reference configuration, and it is denoted as reference surface.
In the deformed or actual configuration the material surface is denoted as actual surface. The
first metric tensor of the plane reference surface A = I is the two-dimensional identity tensor
and the second metric tensor is zero, B = 0. For the actual surface the first and second metric
tensors are a and b. The reference configuration and the actual configuration of the material
surface are related to each other by means of a deformation gradient tensor F = (∇0r)

T with
the differential operator ∇0 of the reference surface and the position vector r of points of the
material surface in the actual configuration. Also note that the second metric tensor of the
actual surface is b = bT = −∇n with the unit normal vector n of the actual surface, and
a = ∇r = I3−nn with the three-dimensional identity tensor I3 holds for the first metric tensor.
The differential operators ∇0 and ∇ with ∇0 = FT ·∇ refer to either the reference surface or the
actual surface. We introduce two tensor valued Green strain measures for the material surface,
which are defined as the difference between the two metric tensors in the two configurations,
with the proper transformation by means of F,

ε =
1

2

(
FT · F− I

)
, κ = −FT · b · F. (1)

Both strain measures remain constant if and only if the motion of the material surface is a
rigid body motion, see [14] for a discussion. A theory with these strain measures is denoted as
Kirchhoff-Love theory.

2.2 Material independent equations

A variational principle is introduced for the electro-elastic material surface as
∫

A0

(δΩ− (p · δr −m× n · δn+ σδV )) dA0 − δAe,b = 0, (2)

with the area A0 of the reference surface, the external electric charge σ per unit area of the
reference surface and the voltage V . p andm are purely mechanical external forces and moments
per unit area of the reference surface and Ω is the plate augmented free energy. External
forces and moments acting at the boundary, which involve both, mechanical and electrical
contributions, are accounted for by means of the virtual work δAe,b. Due to the fact that
external forces and moments p and m are assumed purely mechanical, ponderomotive forces
must be accounted for by means of Ω. With ease on can show that the plate augmented free
energy per unit reference area of the plate has the form Ω = Ω(ε,κ, V ). Formally computing
the variation of this energy to

δΩ =
∂Ω

∂ε
· · δε+

∂Ω

∂κ
· · δκ+

∂Ω

∂V
δV, (3)

and noting the general relation δΩ = τ · · δε + µ · · δκ − qδV finds the constitutive relations of
the electro-elastic material surface to

τ =
∂Ω

∂ε
, µ =

∂Ω

∂κ
, q = −∂Ω

∂V
. (4)

Here, τ and µ are two second Piola-Kirchhoff type stress tensors and q is the internal charge
per unit area of the reference surface.

3
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2.3 Constitutive modeling for isotropic dielectric elastomer plates

The present approach to modeling of plates as electro-elastic material surfaces involves two
strain measures, ε and κ. Talking about hyperelastic plates, we rather work with the right
Cauchy-Green tensor C than with ε; hence, we recall the definitions

C = FT · F , κ = −FT · b · F. (5)

Next, we introduce the polar decomposition of the deformation gradient tensor as F = R ·U, in
which R is an orthogonal tensor with n = R ·N and U = UT is the symmetric stretch tensor
of the material surface. Then, the two strain measures may as well be written in the form

C = U2 , κ = −U ·RT · b ·R ·U. (6)

For the purpose of constitutive modeling, we involve the alternative second strain measure

K = U−1 · κ ·U−1 = −RT · b ·R, (7)

which we denote as curvature tensor. Then, Ω = Ω(C,K, V ) holds.

2.3.1 Augmented free energy

The bottleneck in our formulation is the specific form of the augmented free energy Ω =
Ω(C,K, V ); in particular, when it involves hyperelastic material laws. In this paper, we will
only concern ourselves with thin plates with thickness h made of isotropic and incompressible
hyperelastic materials, for which the material is assumed homogenous through the thickness and
obeys a neo-Hookean law. In order to introduce the specific form of the plate augmented free
energy we start with an additive decomposition of Ω = Ω(C,K, V ) into a mechanical part and
a total electrical part,

Ω = η0Ψme(C,K) + η0Ψel,tot(C,K, V ). (8)

Strain energy We start with a discussion of the mechanical part, i.e., the strain energy, for
which the polar decomposition F = R ·U enables an additive decomposition into a membrane
and a bending part, η0Ψme(C,K) = Wm(C) + Wb(C,K). The membrane part is taken in
analogy to a plane stress incompressible neo-Hookean strain energy as

Wm = η0wm =
1

2

A

4

(
trC+ (detC)−1 − 3

)
. (9)

Here, A = Y h(1 − ν2)−1 is the membrane stiffness well known from linear plate theory. With
ν = 0.5 we have Young’s modulus as Y = 3µ and A = 4µh holds. η0 is the mass per unit reference
area and wm the membrane energy per unit mass. In order to introduce the bending energy, we
recall the polar decomposition F = R ·U, by means of which the deformation gradient tensor
is multiplicatively decomposed into a plane part U and an orthogonal part R. As the first part
does not contribute to the bending deformation, the bending energy must not directly depend on
the stretch tensor U, and the corresponding intermediate configuration must be free of bending
stresses. Therefore, the bending energy should be formulated in terms of the curvature tensor
only, and be referred to the mass η per unit area in the intermediate configuration with a plate

4
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stiffness D̃ accounting for the thickness of the plate in the intermediate configuration. Hence,
we write the bending energy per unit area in the intermediate configuration in analogy to the
one of an isotropic incompressible Kirchhoff plate as

ηwb =
1

2
D̃

(
(trK)2 − detK

)
. (10)

Here, we have taken the standpoint that the curvature tensor is of an order of smallness that
justifies the use of an incompressible Saint-Venant Kirchhoff strain energy. With the area change
from the reference configuration to the intermediate configuration J = detU = detF, η =
J−1η0 holds; obviously, η also represents the mass per unit actual area. Noting in addition
the three-dimensional incompressibility condition J3 = 1 = JF33 with the thickness stretch
U33 ≡ F33 = λ3, the plate stiffness in the intermediate configuration is D̃ = J−3D, in which
D = Y h3/12(1−ν2)−1 is the classical plate stiffness, which is D = µh3/3 for ν = 0.5. Therefore,
we have

Wb = η0wb =
1

2
(detC)−1D

(
(trK)2 − detK

)
. (11)

Total electrical energy In a homogenous plate with a homogenous electric field through
the thickness, the contribution from the total electrical free energy is written in analogy to a
capacitor as 2ηψel,tot = −c̃V 2, with the voltage V and the capacity c̃ and mass η per unit actual
area; the latter is identical to the mass per unit area in the intermediate configuration emerging
by means of U. c̃ is related to the capacity per unit reference area c by c̃ = Jc. Therefore, we
have

Ωel,tot = η0ψel,tot = −1

2
cV 2(detC) (12)

for the electrically homogenous case. In such a case, the total electrical free energy only con-
tributes to the membrane part of the augmented free energy, which only depends on C. In
the more general scenario of a non-homogenous electric field through the thickness of the plate,
the total electrical free energy must also contribute to the bending part of the augmented free
energy; therefore, it must depend also on K. In order to introduce this contribution, we propose
the overall bending part of the augmented free energy in the form

ηωb =
1

2

(
D̃

(
(trK)2 − detK

)
− 2m̃∗trK

)
, (13)

which formally constitutes the classical bending energy of an isotropic Kirchhoff plate with a
so-called Eigenspannungsquelle m̃∗; the second term represents the bending part of the to-
tal electrical free energy. Here, we have naturally extended our previous standpoint, that
the curvature tensor is of an order of smallness that justifies the use of an incompressible
Saint Venant–Kirchhoff strain energy to the electrical energy. Keeping in mind that m̃∗ is an
Eigenspannungsquelle per unit area in the intermediate configuration, it relates to the Eigenspan-
nungsquelle per unit area in the reference configuration m∗ by virtue of m̃∗ = Jm∗. Therefore,

η0ωb =
1

2

(
(detC)−1D

(
(trK)2 − detK

)
− 2(detC)m∗trK

)
(14)
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holds. The first part is the bending energy from above, whereas the second part can be combined
with the electrical energy introduced for a homogenous electric field to

Ωel,tot(C,K, V ) = η0ψel,tot = −1

2
cV 2detC− 1

2
2(detC)m∗trK. (15)

As m∗ must be proportional to V 2 and the capacity per unit reference area c is a constant, we
write m∗ = cαV 2 and obtain the final form of the total electrical contribution to the augmented
free energy as

Ωel,tot(C,K, V ) = η0ψel,tot = −1

2
cV 2detC (1 + 2αtrK) , (16)

in which α is a parameter characterizing the non-homogenity of the electric field through the
thickness.

Summarizing our result, the augmented free energy of an isotropic, elastically homogenous
and incompressible hyperelastic neo-Hookean electro-elastic plate is proposed as

Ω(C,K, V ) =
1

2

A

4

(
trC+ (detC)−1 − 3

)
+

1

2
(detC)−1D

(
(trK)2 − detK

)

− 1

2
cV 2detC (1 + 2αtrK) . (17)

Finally, we note that the relations trK = tr(U−1 · κ · U−1) = tr(C−1 · κ), detK = det(U−1 ·
κ · U−1) = det(C−1 · κ) and C = I + 2ε enable us to write the augmented free energy as
Ω = Ω(ε,κ, V ), which closes the theory of of electro-elastic material surfaces for the case of
plates and in the absence of constitutive coupling by means of electrostriction.

2.3.2 Electrostrictive coupling

The augmented free energy as proposed in the previous section accounts for electrostatic forces,
but not for constitutive coupling by means of electrostriction. A straightforward extension is
obtained by replacing the strain measures C and K by their elastic counterparts Ce and Ke in
the strain energy part of the augmented free energy. Hence, we write

Ω(Ce,Ke,C,K, V ) =
1

2

A

4

(
trCe + (detCe)

−1 − 3
)
+

1

2
(detCe)

−1D
(
(trKe)

2 − detKe

)

− 1

2
cV 2detC (1 + 2αtrK) . (18)

It remains to define the elastic strain measures. For this sake we introduce a multiplicative
decomposition of the total stretch tensor and an additive decomposition of the total curvature
tensor in the following.

First, we use a multiplicative decomposition U = Ue ·Uel for the symmetric stretch tensor
U of the material surface into an electrical part Uel = Uel(V ) and an elastic part Ue. Analo-
gous multiplicative decompositions have been introduced by different authors for electro-active
polymers but also piezoelectric materials in a three-dimensional framework, see [6], [3] and [8].
Introducing the multiplicative decomposition for the stretch tensor rather than for the deforma-
tion gradient tensor restricts the electrical part to be symmetric, which in the present paper is
fully justified. Moreover, due to isotropy we consider the electrical part as spherical, Uel = λelI

6
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with λel = λel(V ). With the decomposition at hand, the right Cauchy-Green tensor of the
material surface is

C = Uel ·Ce ·Uel = λ2
elCe. (19)

Here, Ce = U2
e is the elastic right Cauchy-Green tensor, which can also be written as

Ce = λ−2
el C. (20)

Concerning the curvature tensor we use an additive decomposition K = Ke +Kel, from which
the elastic curvature tensor follows to

Ke = K−Kel = U−1 · (κ− κel(V )) ·U−1. (21)

Eventually, λel(V ) and κel(V ) must be properly specified. With Ce and Ke at hand, the
augmented free energy is Ω = Ω(Ce,Ke,C,K, V ), in which Ce = λ−2

el (V )C and Ke = K−Kel =
U−1 · (κ− κel(V )) ·U−1 = U−1 · κe ·U−1 hold.

2.3.3 Electrical part of the stretch tensor and the curvature tensor

To complete the constitutive modeling for plates, we must introduce the electrical stretch tensor
Uel(V ) as well as the electrical part of the curvature tensor Kel(V ). Concerning the latter we
note the relation Kel = U−1 · κel ·U−1 and rather introduce κel = κel(V ). Due to the specific
material structure, we have

Uel = λelI , κel = κelI. (22)

The electrical stretch and the material electrical curvature are taken as functions of the square
of the voltage, λel = λel(V

2) and κel = κel(V
2). In general, one must identify these functions

from experiments. In the present paper, we will discuss the specific form of λel and κel only for
the example presented in the final section.

3 EXTENSION TO SHELLS

In contrast to plates the reference surface of a shell is not plane; hence, the two metric tensors
of the reference surface are A = I3 −NN and B = BT = −∇0N . In this case the total strain
measures become

ε =
1

2

(
FT · F−A

)
, κ = −

(
FT · b · F−B

)
. (23)

As in the plate theory we introduce the curvature tensor K as

K = −
(
RT · b ·R− B̄

)
(24)

with B̄ = U−1 · B · U−1. Using again the additive decomposition of the curvature tensor
K = Ke +Kel, we obtain the elastic part of the curvature tensor to

Ke = −
(
RT · b ·R− B̄

)
−Kel = −

(
RT · b ·R−Bel

)
, (25)

in which we have introduced an effective second metric tensor Bel of the intermediate configu-
ration, which evolves through the total stretch tensor U from the reference configuration; note

7
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that Bel is not an actual metric tensor, as it is not necessarily the negative gradient of some
unit normal vector. This effective second metric tensor Bel with

Bel = B̄−Kel = U−1 · (B− κel) ·U−1 (26)

takes the role of B̄, which is present in the total curvature tensor, in the definition of the elastic
curvature tensor. Therefore, we can write the augmented free energy for a shell as

Ω(Ce,Ke,C,K, V ) =
1

2

A

4

(
trCe + (detCe)

−1 − 3
)
+

1

2
(detCe)

−1D
(
(trKe)

2 − detKe

)

− 1

2
cV 2detC (1 + 2αtrK) , (27)

with Ce = λ−2
el C and Ke = U−1 · (κ− κelI) · U−1, which is formally identical to the plate

formulation, with the only difference being the presence of B in the definition of the strain
measure κ.

4 VALIDATION

Having proposed a novel form for the augmented free energy of electro-elastic thin plates and
shells made of incompressible isotropic electrostrictive polymers, we proceed with a first valida-
tion of the theory. We validate the theory against an alternative approach, for which numerical
solution computed with Finite elements are available. This formulation is based on the three-
dimensional augmented free energy for an incompressible neo-Hookean electro-elastic material,
which is

Ω3 =
µ

2
(trC3,e − 3)− 1

2
εE ·

(
C−1

3 · E
)
. (28)

The three-dimensional elastic right Cauchy-Green tensor

C3,e = F−T
el,3 ·C3 · F−1

el,3 (29)

follows from a multiplicative decomposition of the deformation gradient tensor at the three-
dimensional level with F3 = Fe,3 · Fel,3; here Fel,3 is the electrical part of the deformation
gradient tensor, which already accounts for incompressibility. Hence, we write

Fel,3 = λel,3 (I3 −MM) + λ−2
el,3MM , (30)

in which λel,3 = λel,3(E2) is the stretch in any direction perpendicular to the direction M of
the material electric field vector E = EM . Specific forms for λel,3 have been proposed in the
literature as

λel,3 = (1 +
3k

2
E2)1/3 , λel,3 = e

k
2
E2
, (31)

in which the first law was suggested by Zäh and Miehe [3] and the second one by Skatulla et al. [6].
Identifying the direction of the electric field with the thickness direction, M = N , and assuming
a plane stress condition for the total second Piola-Kirchhoff stress tensor together with the
incompressibility condition detC3 = 1, the plane stress augmented free energy becomes

Ω2 =
µ

2

(
λ−2
el,3trC2 + λ4

el,3 (detC2)
−1 − 3

)
− 1

2
εdetC2E2. (32)

8
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C2 is the plane part ofC3. Eventually, C2 is approximated withC2 = 2(ε+Zκ)+I = C+Zκ. A
numerical integration through the thickness then finds the plate augmented free energy, see e.g.
[7] or [15]. For the case of problems without constitutive coupling by means of electrostriction,
this type of modeling is already well tested against results from the literature in [12] using Finite
Elements within the geometrically exact formulation.

4.1 Bi-morph bending actuator

As a numerical example, we study a bi-morph rectangular homogenous plate with dimensions
L × b × h = 100mm × 50mm × 1mm with two identical layers made of polyurethane with the
material parameters εr = 8.8, k = 6.86×10−16m2V−2 and µ = 1.2×106Pa, which are taken from
[16]. However, only the bottom layer is used for actuation and the top layer is short-circuited.
Accordingly, a bending actuator is obtained. Before we proceed to the results, we must first
discuss the electrical stretch λel and the electrical curvature κel, the capacity c and the geometry
parameter α in the augmented free energy. As a starting point, we note that the material electric
field E = V (h/2)−1 acts only in the bottom layer, such that the electric field is not homogenous
through the thickness. Then, λel,3 = 1 holds in the top layer, whereas

λel,3 = e
k
2
E2

(33)

is true in the bottom layer. We compute the plate electrical stretch as the mean value and the
electrical curvature as the first moment of the stretch λel,3 to

λel =
1

h

∫

h
λel,3dZ , κel =

12

h3

∫

h
λel,3ZdZ. (34)

The capacity per unit reference area of the bottom layer is c = ε(h/2)−1 and the geometry
parameter α is taken as α = h/4, which is the thickness center of the bottom layer. The plate
is clamped at x = 0 and free on the other three edges and a voltage V is applied between the
electrodes of the bottom layer. In this problem, the augmented free energy of the plate is

Ω =
1

2

A

4

(
λ−2
el trC+ λ4

el(detC)−1 − 3
)

+
1

2
λ4
el(detC)−1D

(
(tr

(
C−1 · (κ− κelI)

)
)2 − det

(
C−1 · (κ− κelI)

))

− 1

2
cV 2detC

(
1 + 2αtr

(
C−1 · κ

))
, (35)

because trK = tr
(
C−1 · κ

)
, trKe = tr

(
C−1 · κe

)
and detKe = det

(
C−1 · κe

)
hold. Hence, with

C = 2ε+ I we have Ω = Ω(ε,κ, V ). In this conservative problem with a prescribed voltage, the
principle of virtual work reduces to a stationarity principle,

δΣ = 0 with Σ =

∫

A0

Ω(ε,κ, V )dA. (36)

As we are mainly interested in verifying the proposed form of the augmented free energy, we
compute solutions with a simple Ritz approximation within the framework of the Novozhilov
nonlinear plate theory (see Amabili [17]) rather then for the fully geometrically nonlinear theory.
Therefore, the strain measures ε and κ are approximated as

ε =
1

2

(
∇0u

S + (∇0u∇0u+∇0v∇0v +∇0w∇0w)
)
, κ = −∇0∇0w, (37)
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in which w is the deflection of the plate, u = [u v 0]T is the in-plane displacement vector and
∇0u

S denotes the symmetric part of the plane displacement gradient tensor. For the Ritz-Ansatz
we set

u(x, y) =

3∑
i=1

1∑
j=0

xiy2juij , v(x, y) =

2∑
i=1

1∑
j=0

xiy2j+1vij , w(x, y) =

4∑
i=1

1∑
j=0

xi+1y2jwij . (38)

We use this Ansatz and the Novozhilov kinematics for the present theory as well as the one based
on the three-dimensional augmented free energy; results computed with the latter approach will
be denoted with Gauss in the figures.

We increase the voltage in the bottom layer starting with V = 0V up to V = 2000V and
show results for the non-dimensional end point deflection wh−1 and the non-dimensional end
point axial position xh−1 in the center of the free end in Fig. 1. Clearly, our complete direct
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Figure 1: Non-dimensional end point deflection wh−1 and non-dimensional end point axial position
xh−1 for the bending actuator.

approach results into a solution, which is hardly to be distinguished from the approach based
on the three-dimensional augmented free energy.

Finally, we use the three-dimensional approach to compute numerical solutions of the fully
geometrically nonlinear plate formulation using plate Finite elements. A comparison between
the present theory and the Finite element solution for the non-dimensional end point deflection
wh−1 and the non-dimensional end point axial position xh−1h in the center of the free end is
shown Fig. 2. The solid line corresponds to the Finite elements and the circular markers to the
present theory. A reasonable agreement is found up to the voltage V = 2000V. Finally the end
point position is presented in Fig. 3.

5 Conclusions

In the present paper we have proposed a complete direct approach to modeling of thin plates and
shells made of electrostrictive polymers. In particular, an electro-elastic Kirchhoff-Love theory
as a special case of a Cosserat surface was developed, in which the augmented free energy was
directly introduced for the material surface. Electrostriction was incorporated by means of a
multiplicative decomposition of the surface stretch tensor and an additive decomposition of the
surface curvature tensor. The resulting formulation was tested against a theory derived from the
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Figure 2: Non-dimensional end point deflection wh−1 (left) and non-dimensional end point axial position
xh−1 (right) for the bending actuator: Finite Element solution (solid line) vs. Ritz approximation
(circular markers).
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Figure 3: Non-dimensional end point position for the bending actuator: Finite Element solution (solid
line) vs. Ritz approximation (circular markers).

three-dimensional formulation based on a plane stress assumption and an a-priori assumption
concerning the distribution of the strain through the thickness. An excellent agreement was
observed.
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Abstract. Shape memory alloys (SMA) are used for smart devices due to their mechanical-thermal cou-
pling properties. Because of the high costs, SMAs are currently employed only in special applications.
One possibility is to use them in combination with a low-cost matrix material. From a numerical point
of view, such composite materials require a considerable additional effort in the simulation. Especially
with regard to the nonlinear behaviour of SMA, and with respect to thermal and mechanical coupling,
the computational effort increases considerably. A multi-scale simulation offers a possibility to consider
the deformation and thermal dependent material properties of SMA composites. The macroscopic ma-
terial properties are determined with an accompanying homogenization on the micro level. Commonly,
the accompanying homogenization is performed at each Gaussian point of the macroscale. In the frame
of FE2 method the accompanying homogenization results in an exponential growth of the equations de-
pending on the macroscopic/microscopic discretization. This contribution is concerned with a method
to reduce the computational cost of the nested homogenization within an FE2 formulation. The SMA,
however, shows constant material properties within a certain range of deformation, therefore the material
properties of the macroscopic material parameters do not change. Here, an indicator on the macroscale
is introduced, which indicates if an accompanying homogenization is necessary or not. The indicator is a
function of the the strain and in addition of the temperature state of the material point. It detects whether
the material behaves linearly on the microscale or not. In case the microstructure behaves linear, no ac-
companying homogenization is necessary. The computational savings are discussed in several numerical
simulations of SMA composite structures.

1 INTRODUCTION

Shape memory alloys are materials which are able to restore the current permanent deformations to
their original state when heated. These properties follow from the different crystal lattice structures at
different temperatures, see e.g. [1]. This paper deals with Ni-Ti alloys and a large number of other
alloys such as ceramics or polymers. The rearrangement of atoms are induced by variable temperature
and electric fields. The structural phases of SMAs depend on the material temperature and are known as
martensitic (low temperature) and austenitic (high temperature) phase. In addition to the shape memory
effect, superelasticity is also a remarkable property of the material. SMA are expensive, hence there-
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fore they are often embedded in a composite material. The result is a new material, from which the
material properties can be determined either from cost-intensive experiments or alternatively with nu-
merical methods such as homogenization. The micro-scale, which represents the heterogeneous material
structure, is modeled by a representative volume element (RVE) to calculate the effective macroscopic
material properties. The definition of the RVE is a crucial task, for further details the reader is referred
to e.g. [2]. One possibility is to model the RVE by the finite element method, which leads to a numerical
homogenization. Since the macro-structure is also modeled by finite elements, an accompanying nested
finite element analysis is observed. The advantage of a nested finite element method is remarkable in
the in situations of non-linear material behavior, where a homogenization is provided for the current
deformation state and load step, respectively. The so-called FE2 or multilevel finite element method
is discussed in e.g. [3]. Since the iterations are nested, an extremely high computational capacity is
needed. In the present contribution, an indicator for an adaptive FE2 method is developed by considering
a SMA-matrix composite, where the matrix material is assumed to be linear elastic. It is remarked that
an accompanying homogenization is only necessary for non-linear material behavior. Hence, the indica-
tor on the macroscopic scale needs to predict the non-linear behavior, which depends on the stress and
temperature field on the microscopic scale. A limit strain state associated with the phase-transition stress
of the SMA is employed. In case the indicator is reached, an accompanying numerical homogenization
is performed.

2 Macro and Micro Boundary Value Problem

Let Ω̄ be an arbitrary macroscopic body with the two mechanical boundaries ∂Ωσσσ for the tractions t̄tt
(Neumann) and the displacements ∂Ωuuu (Dirichlet) in the mechanical BVP, the whole boundary is defined
as ∂Ω = ∂Ωσσσ

⋂
∂Ωuuu, the thermal BVP is given with the two thermal boundaries ∂Ωqqq for the heat flux q̄qq

and the temperature θ as the Dirichlet boundary condition ∂Ωθ. The description of the kinematics is in
the context of small strains and described by the gradient of the macroscopic displacement ūuu, resulting
in the macroscopic strain

ε̄εε = ∇̄symūuu(X̄XX), (1)

where ∇̄sym = 1
2(∇̄+ ∇̄T ).

The governing equations for the mechanical macro-problem are the balance of linear and angular mo-
mentum. The balance of linear momentum yields

div σ̄σσ+ b̄bb = 0 in Ω̄0 and ttt0 = σ̄σσNNN, (2)

with b̄bb denoting the body force density and σ̄σσ the macroscopic stress. The symmetry of the stress σ̄σσ = σ̄σσT

follows from the balance of angular momentum. The thermal field in the body Ω̄ can be defined as

γ̄γγ = ∇θ̄(X̄XX), (3)

where ∇̄ denotes the gradient operator and θ̄ the temperature at point X̄XX . The governing balance law for
the thermal sub-problem excluding heat sources appear with Fourier’s law as

ρ̄c̄V
˙̄θ+div q̄qq = 0, (4)

where ρ̄ is the macroscopic density and c̄V the volumetric heat capacity of the macroscopic body. For
the microscopic body, due to the ansatz of scale separation the volume forces can be neglected and the
linear balance of momentum on the micro-scale reads

divσσσ = 0 with σσσ = σσσM +σσσF . (5)
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Hereby, the stress σσσ refers to the matrix or to the fiber, denoted as σσσM and σσσF , respectively. Fourier’s
law in the microscopic body is given as

ρcV θ̇+divqqq = 0. (6)

2.1 Boundary conditions of the micro-scale

When solving the BVP at the micro-scale, the definition of the boundary condition is needed. In
the classical strain-driven-homogenization process, the conditions are a direct consequence of the Hill-
Mandel condition [4]. To incorporate the thermal part, we introduce a generalized macro-homogeneity
condition based on the work of [5] and [6] as

ψ̄ = 〈ψ〉RV E ,

σ̄σσ : ε̄εε− q̄qq · γ̄γγ = 〈σσσ : εεε〉RV E −〈qqq · γγγ〉RV E ,
(7)

where 〈•〉RV E := 1
V

∫
V (•)dV denotes the average over the RVE. The solution of the BVP on the lower

scale must satisfy the generalized macro-homogeneity condition. The two parts, the mechanical and the
thermal one, have to hold independently. Thus,

σ̄σσ : ε̄εε︸︷︷︸
ψ̄mech

= 〈σσσ : εεε〉RV E︸ ︷︷ ︸
ψmech

, q̄qq · γ̄γγ︸︷︷︸
ψ̄therm

= 〈qqq · γγγ〉RV E︸ ︷︷ ︸
ψtherm

. (8)

Hill’s lemma transforms the right side in terms of a surface integral over the boundary of the RVE and
leads to the following equations.

σ̄σσ : ε̄εε−〈σσσ : εεε〉RV E =
∫

∂Ω
[ttt − σ̄nnn][uuu− ε̄εεxxx]da, q̄qq · γ̄γγ−〈qqq · γγγ〉RV E =

∫

∂Ω
[θ− γ̄γγ · xxx][Q− q̄qq ·nnn]da. (9)

In equation (9), the right-side should identically clear out to fulfill the Hill-Mandel condition. The
following conditions satisfy the Hill-Mandel condition.

ttt = σ̄σσ ·nnn, uuu = ε̄εε · xxx,
Q = q̄qq ·nnn, θ = γ̄γγ · xxx, (10)

where Q is the thermal surface flux density. For the sake of completeness there is also the possibility
of periodic Dirichlet boundary conditions and antiperiodic Neumann conditions for the RVE. Due to the
considered random micro-structure, this approach cannot be used and it is not further discussed.

3 Material Model of the SMA

The model for the fiber is described as one-dimensional. For the assumption of small deformations
the geometric field equation reduces to linear strains ε = ∂u

∂x = u′. Due to the fact that for applications
in civil engineering, e.g. shape memory fiber reinforced concrete, only small deformations occur small
strains with an additive decomposition ε = εe + εi, into an elastic and plastic part are assumed.

3.1 Free energy equation

The material model is derived on the basis of a free Helmholtz energy function. A certain form for
this energy function

ψ = z ·ψM +(1− z) ·ψA (11)

3
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is proposed in [7]. Here, the overall free energy is additively decomposed in a free energy part for
the martensitic and the austenitic fraction. The proportion of each phase is controlled via the martensite
volume fraction z. Due to the balance of mass the latter one is of scalar type and takes values between zero
and one (0 ≤ z ≤ 1). The martensitic ratio is spilt into z = z//+ z〉〉 whereby the oriented martensite z//
is stress-induced and the twinned martensite z〉〉 depends on the change of temperature. The martensitic
and the austenitic energy part are given as

ψA/M =
1
2

εeEA/Mεe +
1
2

αKA/Mα

+ cA/M
d (θ−θ0)+uA/M

0 −θ
[

cA/M
d ln

θ
θ0

+ηA/M
0

] (12)

and have the same form. It consists of an elastic, a plastic and a calorian energy part. The last term can
be interpreted as an additional term to classic plasticity models. Assuming the same material parameters
for each phase and inserting equation (12) into equation (11) yields the simplified free energy function

ψ =
1
2

εeEεe +
1
2

αKα+ z// · (∆u0 −θ∆η0)

+ z〉〉 · (∆u0 −θ∆η0)−θ ·
[

cd ln
θ
θ0

+ηA
0 − cd

]
− cdθ0 +uA

0 .
(13)

In this equation the elastic energy part can be recognized by the use of Young’s modulus E and the elastic
strain εe. Further, the plastic energy part incorporates the hardening modulus K with the inelastic, inner
variable α and the energy difference (∆u0 −θη0) with the oriented martensite fraction z//. The last term
to be found in equation (13) is a calorian function. In addition to the martensite volume fraction z the
temperature θ and the effective heat capacity cd occur. The variable u0 stands for the inner energy and η0
for the entropy in unloaded conditions. ∆ indicates the difference of the inner energy u and respectively
the entropy η between the austenitic and the martensitic phase.

3.2 Constitutive equations

The constitutive equations are derived by taking the partial derivative of the free energy function with
respect to the inner variables εe, α and ∆ψ. The cauchy stress σ is defined as

σ =
∂ψ
∂εe = E · εe = E ·

(
ε− εi) . (14)

In the same way, a quantity p is derived by

p =−∂ψ
∂α

=−K ·α . (15)

This quantity is also of stress type. In comparison to classical plasticity, p is similar to a ”backstress”,
well known from the kinematic hardening rheological model. At least, the derivation with respect to the
martensitic volume fraction z reads

∆ψ = ∆ψ(θ) =
∂ψ
∂z

= ∆u0 −θ∆η0 . (16)

∆ψ is very important for the phase transition of the presented model. In literature it is referred to as
driving force or thermodynamic force.
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3.3 Phase transition conditions

Classical plasticity theory uses one yield condition to differentiate between the elastic and plastic
range. The elastic range defines the set of the admissible stresses. Shape memory alloys provide a more
complex stress-strain-behavior due to the temperature dependency. The ”yield condition” for the SMA
arises from the phase transition condition. Here, only the loading case is regarded, which leads to the
following phase transition condition, where the loading is bonded by

→
Φ (σ, p,∆ψ) =

∣∣∣∣σ− p− 〈∆ψ〉
β

· sign(σ− p)
∣∣∣∣−σy ≤ 0 . (17)

The Macaulay-bracket 〈. . .〉 is defined as 〈x〉 = (|x|+ x)/2. The description of phase transitions in the
case of loading necessitates a stress criterion which is given as

σ
!
≥ σctrl = |σ− p|− 〈∆ψ〉

β
. (18)

In comparison to classical plasticity the yield condition has the additional term ∆ψ which is like an offset,
scaled by the material parameter of maximum hysteresis width β. It always refers to the center of each
hysteresis. The driving force ∆ψ is the most important quantity for the transformation of the material
from pseudoplasticity at low temperature to pseudoelasticity at the high temperature range, see Fig. 1.

Mixed behavior
Pseudoelasticity

Pseudoplasticity

∆ψ
β (AF ≤ θ)> 0

σy

σy

ε
∆ψ
β (θ ≤ ∆u0

∆η0
) = 0

∆ψ
β (AS ≤ θ ≤ AF)> 0

σ

βA↔M

Figure 1: Off-set properties of ∆ψ and other material parameters

4 Adaptive FE2 method

4.1 Nested mechanical finite element formulation

The nested finite element formuluation is only needed for the mechanical part of the coupled prob-
lem. This results from the non-temperature-dependent thermal properties of the composite, which only
requires initial homogenization, see section 4.3. A strain-driven homogenization is used for the accompa-
nying homogenization, see e.g. [8], [9] and the references therein. In the strain-driven homogenization
the Dirichlet boundary condition (DBC) results directly from the Hill- Condition. Here, every single
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node on the surface of the RVE is constrained for both degrees of freedom. The displacements ûuu of the
boundary nodes of the RVE are prescribed. They are defined via the macroscopic strain state as

ûuu = DDD ε̄εεi =

[
ûx

ûy

]
=

[
x 0 y
0 y x

]


ε11
ε22

2ε12


 , (19)

where x and y are the coordinates of the RVE boundary. Equation (19) transforms the macro-strain to
the micro-deflection on the surface of the RVE. An explanation of the governing macro and microscopic
equations is presented in Section 2.1 and 2.2. In the following, the static field equations for the global
and local BVP are summarized with the neglection of volume forces for the sake of simplicity.

Div σ̄σσ = 0 in Ω̄ , (20)

Divσσσm +Divσσσs f −Divσσσm f +bbb = 0 in Ωi. (21)

For the sake of brevity, the derivation of the linear system is omitted. For further details, the reader is
referred to e.g. [8], [10].

L[g(v̄vvh,δvvvh),∆v̄vvh] =
numel

∑
e=1

[
δv̄vv δεεε1 . . . δεεεi . . . δεεεNGP

]
e ·







k̄kk(C̄i) 0
... 0

... 0

0 C1
... 0

... 0

. . . . . .
. . . 0 . . . . . .

0 0 0 Ci 0 0

. . . . . . . . . 0 . . . . . .
0 0 . . . 0 . . . CNGP







∆v̄vv
∆εεε1

...
∆εεεi

...
∆εεεNGP



+




f̄ff (σ̄σσi)
σσσ1
. . .
σσσi

. . .
σσσNGP







e

(22)

It turns out that the two scales are coupled in σ̄σσi, C̄i and the strains εεεi. The non-linear system of equations
is then solved with a Newton-Raphson-scheme simultaneously. Equilibrium in a load-step is achieved
when each micro-problem in each Gauss point and the macro problem have attained equilibrium, see
Fig. 2.

4.2 The adaptive FE2 approach

The previous Section describes the standard FE2 deformation-driven method. One of the main disad-
vantages is the high computational effort due to the accompanying homogenization in every Gauss-point
on the macro scale. The adaptive approach arises from the idea, that a accompanying homogenization
is only needed in the case of non-linear behavior on the lower scale. The macroscopic material answer
remains linear-elastic until the first fiber reaches the phase-transition condition, see equation (17). After-
ward, the homogenization of the micro-scale results in a different macro-stress σ̄σσ and material tangent C̄.
The aim of the adaptive approach is to predict the non-linear material behavior of the fibers in the RVE.
From [11] or [12] it is well known, that a traction boundary condition (Neumann) for the mechanical
problem and a heat flux condition for the thermal one [6] (NBC) of the lower scale leads to a softer
material stiffness prediction than the displacement or temperature boundary condition (Dirichlet). Con-
sidering the Voigt and the Reuss bound it follows, for the Eigenvalues of the different material tangents
or the overall heat conductivity tensor,

C̄Neu. ≤ C̄≤ C̄Dir. H̄HHNeu. ≤ H̄HH ≤ H̄HHDir., (23)
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Ω̄

Ω0Ω

ε̄εε
θ̄∇θ

σ̄σσ
C̄DBC

q̄qq
H̄HHDBC

uuu(XXX)

θ(XXX)

Figure 2: FE2 scheme for strain driven RVEs. Every Gauss points of the macro-structure is associated to a RVE.
The macroscopic strain ε̄εεi is applied as the displacement boundary condition on the micro-scale BVP. Solving the
BVP on the micro-scale leads to the macro-stress σ̄σσ and material tangent C̄i

see e.g. [11]. This relation is used for the adaptive approach. Instead of the classic strain-driven formu-
lation, the initial homogenization is realized by traction boundary conditions in a stress free reference
configuration. The resulting material tangent C̄Neu. underestimates the stiffness and is employed for the
macroscopic constitutive equation of the macro problem,

σ̄σσ = C̄Neu. : ε̄εε. (24)

The finite element analysis by Neumann boundary conditions leads to an overestimation of the displace-
ment and thus the strain rate. The accompanying homogenization is not needed in the linear elastic
regime. An indicator for an accompanying homogenization is introduced by utilizing the phase transi-
tion condition of the fiber model. The prediction of the nonlinear behavior is done via the reformulation
of the phase transition condition, see equation (17) in the so called ”phase transition strain” εs f ,pt

εs f ,pt =
σF,y +

∆ψ
β

Es f
. (25)

Equation (25) shows the temperature dependence of the strain-based indicator for the macro-scale. The
relation of the actual macroscopic strain ε̄εε and the fiber strain in the RVE needs to be defined. Here a
randomly distributed fiber contribution is given. In this case, the principal strains are calculated via the
Eigenvalue problem,

(ε̄εε−λIII)nnn = 0. (26)

The principal strains are assumed to coincide with the direction of the fibers which will yield first. The
indicator for the accompanying homogenization, in case of randomly distributed fibers, reads

max(ε1,ε2)≥ εs f ,pt . (27)

Accordingly, the algorithm frame for the adaptive FE2 scheme can be described by the flowchart depicted
in Fig.3.

7
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macroscale

t̄tt = 0; Q̄ = 0
first

homogenization ε̄ > 0

BVP on microscale
with NBC

σ̄σσ; C̄; q̄qq; H̄HH

fiber
distribution

ε̄s f = Tεε̄εεG ε̄s f = max(ε1,ε2)

ε̄s f < εs f ,pt

BVP on microscale
with DBC

Yes

random

NoYes

No

anisotropic

Figure 3: Flowchart of the adaptive FE2 approach

4.3 Initial homogenization for the mechanical and thermal problem

As described in Section 4.2, the adaptive FE2 needs an initial homogenization with Neumann bound-
ary conditions for the mechanical and the thermal problem. Therefore the first homogenization is per-
formed by the application of traction and heat flux boundary conditions, see e.g. [13], [14], [15]. The
algorithm in the present approach is based on the variational formulation. The advantage of this method
is given by the possibility to incorporate the macro-strains ε̄εε or rather of the macro temperature gradient
γ̄γγ as the input quantity for the traction and heat flux boundary condition. The discretized boundary value
problem needs the definition of the nodel area vector aaai, see [12]. This nodal area vector is defined for
the 2D case as

aaai =
1
2
[xxxi+1 − xxxi−1]× eee3. (28)

The effective macroscopic material tangent and the heat conduction tensor are determined by elimi-
nating the interior degrees of freedom by a static condensation as

C̄NBC = [ΞΞΞK̃KK−1
bb ΞΞΞT ]−1 with K̃KKbb = KKKbb −KKKbaKKK−1

aa KKKab,

H̄HHNBC = [ΞΞΞth(K̃KKbb,th)
−1ΞΞΞT

th]]
−1 with K̃KKbb,th = KKKbb,th −KKKba,thKKKaa,th

−1KKKab,th.
(29)

In equation (29) C̄NBC denoting the overall material tangent with traction boundary conditions, ΞΞΞ is the
assembled nodal vector components area matrix, K̃KKbb is the static condensed stiffness matrix. The sub-
scripts a stand for the inner nodes and b for the boundary nodes of the RVE. The resulting macroscopic
heat conduction tensor with zero heat flux is H̄HHNBC, in the equation the introduced subscript th denotes the
thermal subproblem with the thermal assembled nodal vector components area matrix ΞΞΞth and stiffness
matrix KKKth.

8
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5 Numerical Example

In the following example the ability of the presented approach is demonstrated. The example employs
a random fiber orientation on the microscale. On the macroscale a variation of different temperature load
cases are considered. For the matrix and the fiber, the set of material parameters is given in Tab.1.

Table 1: material parameters for the SMA-Matrix composite

Material parameter Notation Unit Value
Young’s modulus (SMA) Es f MPa 60000

Hardening modulus (SMA) Ks f MPa 2000
Half hysteresis height σy MPa 120
Max. hysteresis width β 0.05
Diff. of inner energy ∆e0 MPa -204.00
Diff. of inner entropy ∆η0 MPa/◦K -0.8

Martensite-finish MF
◦K 241.25

Martensite-start MS
◦K 247.50

Austenite-start AS
◦K 256.25

Austenite-finish AF
◦K 262.50

fiber proportion ρ f % 10
fiber diameter ds f m 10−3

Young’s modulus (matrix) Em MPa 100
Poisson ratio (matrix) νm 0.0

5.1 Cook’s membrane with random fiber distribution

The Cook’s membrane with an uniformly distributed load, with a magnitude of F = 0.25 ·λ is ana-
lyzed, see Fig. 4. The thermal boundary conditions for the cook’s membrane are given as follows. The
bottom and upper side has a zero heat flux, while we distinguish between different Dirichlet boundary
conditions on the left and right side, see Tab. 2. The micro-structure of the composite is defined by a

Table 2: Thermal boundary conditions for Cook’s
Membrane

Localisation case I case II case III
Left side 255◦K 270◦K 255◦K

Right side 255◦K 270◦K 270◦K

unit cell with a length of 2. The RVE is generated by 1000 randomly distributed fibers under the con-
straint of an orientation distribution which approximates isotropic material behavior. The macro-domain
is discretized by 400 elements and the RVE by 400 elements. To show the adaptivity for the random
fiber distribution, the stationary temperature field in the membrane is given. A comparison between the
standard and the adaptive FE2 method is performed for the three cases. Within the standard FE2 the
accompanying homogenization is performed at each integration point. The deviation in the displacement
response is displayed on the left side in Fig. 5. The maximum deviation of 5% for a very small load
step is observed in all three cases. It occurs due to the different boundary conditions for the RVE. The
standard FE2 method employs Dirichlet boundary conditions whereas the adaptive FE2 approach utilizes
Neumann boundary conditions for the initial homogenization. The colored lines shows the deviation,

9
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F ·λ

48 m

44
m

16
m

A

Figure 4: Cook’s membrane with a uniform distributed load λ at the free end tip of the structure. The micro-
structure consists of a random fiber distribution.

which is getting smaller with the increasing load factor. The decrease of the deviation is getting smaller
due to the higher temperatures which arises from a longer simulation with the softer material tangent
from the initial homogenization. The number of elements which reach the indicator and therefore re-

(a) (b)

Figure 5: Left: The deviation of point A for the displacement in y-direction. Right: The representation of mul-
tiscale elements (green) which are triggered by the FE2 indicator in dependency of the temperature boundary
conditions and λ.

quire an accompanying homogenization are represented as columns in Fig. 5 on the right side. In order
to compare the different cases with regard to the numerical effort and to demonstrate the development of
the multiscale elements, Fig. 6 shows the multiscale elements for the load factors λ= 10 and λ= 20. The
color of the tetragon indicates if the indicator for FE2 is fulfilled and an accompanying homogenization is
necessary. In case of an accompanying homogenization, the tetragons are denoted as multiscale elements
and are marked with green color. Otherwise, the points are denoted as single scale element and marked
with blue color. Like in the previous example, one can see the temperature dependency with respect
to the number of multiscale elements. The computational saving at load factor λ = 10 for the adaptive

10
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(a) Case I and λ = 10 (b) Case II and λ = 10 (c) Case III and λ = 10

(d) Case I and λ = 20 (e) Case II and λ = 20 (f) Case III and λ = 20

Figure 6: Representation of multi-scale elements (green) which are triggered by the FE2 indicator in dependency
of the fiber orientation and λ.

approach is hereby for case I: csI = 36.96%, for case II: csII = 99.89% and for case III: csII = 87.40%,
respectively.

6 CONCLUSIONS

The adaptive approach shows a significant reduction of the computational effort without loss of accu-
racy with respect to the standard FE2 approach and the method has the potential to be applied to many
other applications in the context of heterogeneous micro-structures.
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Abstract. We are concerned with the mathematical modeling of the polarization process in ferroelectric
media. We assume that this dissipative process is governed by two constitutive functions, which are the
free energy function and the dissipation function. The dissipation function, which is closely connected to
the dissipated energy, is usually non-differentiable. Thus, a minimization condition for the overall energy
includes the subdifferential of the dissipation function. This condition can also be formulated by way of a
variational inequality in the unknown fields strain (or displacement), dielectric displacement, polarization
and, for remanent straining models, remanent strain. We are concerned with analyzing the mathematical
well-posedness of this problem, and try to give an existence result for a solution of the time-dependent
incremental variational inequality. We propose to solve the update equation in a single Newton iteration
for all unknowns at once. We propose to use mixed finite elements, where displacement, dielectric
displacement and polarization are unknowns. Gauss’ law of zero free charges is satisfied exactly. We
present numerical examples gained in the open source software package Netgen/NGSolve.

1 INTRODUCTION

A thermodynamical framework for the description of ferroelectric materials based on the Helmholtz
free energy was originally provided in the series of papers [1, 2, 3, 4] by Bassiouny, Ghaleb and Maugin.
Their theory allows to describe multiaxial electromechanical loading procedures. The introduced notions
are similar to elasto-plasticity, including internal variables, yield (or switching) criteria and hardening
moduli. Explicit choices of energy and switching criteria were provided by Cocks and McMeeking [8] for
the one-dimensional case. The multi-dimensional case follows in [14, 13]. In the former reference, the
remanent polarization vector is the only internal unknown, and the polarization stress is linked directly to
the remanent polarization. Contrarily, in the latter work remanent polarization and strain are independent
of each other, but are determined by a common switching condition. With these theories, not only
hysteresis loops can be tracked, but also butterfly hysteresis loops are predicted correctly. The models
were validated against measurements provided by Huber and Fleck [10] for non-proportional loading
procedures.

Miehe, Rosato and Kiefer [15] introduced an incremental variational principle for the even more
general case of coupled electro-magneto-mechanics. They distinguish between energy-based and en-
thalpy-based models. For the latter, the independent unknowns are strain and electric field, whereas for
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the former, strain and dielectric displacement are independent. While most finite element formulations
use enthalpy-based models discretizing the electric potential, we provide theory for an energy-based
setting with an independent dielectric displacement.

Semenov et al. [16] present an energy-based formulation using a vector potential for the dielectic
displacement. Then, the dielectric displacement vector satisfies Gauss’ law of zero divergence automat-
ically. Contrarily, we propose to use H(div) conforming finite elements as can be found in the context
of mixed methods [5]. Gauss’ law is then introduced as a constraint enforced exactly by a Lagrangian
multiplier. This way accuracy of the electric unknowns is improved, as no derivatives have to be taken.
In some sense, the approach by Klinkel [12] may be seen as diametrically opposed, where an irreversible
electric field is introduced instead of the remanent polarization vector.

In the current paper, we aim at proving existence and uniqueness of a solution to the problem of
finding an update solution in the polarization process of ferroelectric media. To this end, we describe the
polarization of ferroelectric media as a dissipative process in the mathematical framework of variational
inequalities. We start from an energy-based model of the problem, from which we derive time-dependent
variational equations and inequalities. The independent unknowns are then strain (or displacement), di-
electric displacement, remanent polarization, and, if included in the model, remanent polarization strain.
We provide an abstract mathematical framework for this problem. We see that, under the standard as-
sumption of convexity of the free energy function, existence and uniqueness of a solution can be shown.
These results fit well with the findings in [17, 6], where stability issues are discussed.

2 ENERGY-BASED CONSTITUTTIVE MODELING

In the following, we present a variational inequality that describes the problem of polarization of
ferroelectric media. We postpone mathematical exactness concerning solution spaces, (weak) differen-
tiability and other issues to Section 3, in order not to complicate matter too much. Let Ω ⊂ Rd, d = 2, 3
denote the body of interest. Concerning the mechanical quantities, we use u for the displacement field
and T for the total stress. We assume small deformations, thus we identify deformed and undeformed
configuration, and use the linear strain S = 1

2(∇u + ∇uT ). Additionally, we assume to be in the
quasistatic regime. The electric part of the problem is then characterized by the electric potential φ,
while E = −∇φ is the electric field. The dielectric displacement vector shall be denoted as D. We are
interested in finding the remanent polarization Pi and the remanent strain Si.

We assume the material is characterized by a Helmholtz free energy function

Ψ = Ψr(D,Pi,S,Si) + Ψi(Pi,Si), (1)

which consists of a reversible or stored part Ψr, and a part Ψi that is associated only to the internal
variables of remanent polarization and strain. This part may tend to infinity as the polarization approaches
saturation. For a similar characterization we refer to [13].

The independent reversible unknowns are strain and dielectric displacement, where the latter addition-
ally has to satisfy Gauss’ law, divD = 0. Electric field and mechanic stress are dependent quantities,
and defined as derivatives of the free energy with respect to dielectric displacement and strain,

E =
∂Ψ

∂D
, T =

∂Ψ

∂S
. (2)

As strain and dielectric displacement are not constrained, or constrained to the linear subspace of
divergence-free functions in the latter case, there holds the following variational equality,

E · δD+T · δS = δWext for all δD, div δD = 0 and δS = S(δu). (3)
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In (3), all virtual strains and divergence-free virtual dielectric displacements are considered, where δD
and δu have to satisfy the respective boundary conditions. On the right hand side, all virtual work by
external forces is summarized as δWext. This formula is well-known as principle of virtual works.

Polarization of ferroelectric materials is a dissipative process. The dissipative driving forces are

Ê = − ∂Ψ

∂Pi
, T̂ = − ∂Ψ

∂Si
. (4)

The dissipation is then given by the inner product of these driving forces and the dissipative fluxes Ṗi

and Ṡi,

D = Ê · Ṗi + T̂ : Ṡi. (5)

The dissipation function Φ relates the driving forces Ê, T̂ to the driving rates Ṗi, Ṡi. Typically, the
dissipation function is not smooth, but weakly lower semicontinuous and allows for a subdifferential1.
The driving forces are contained in the respective subdifferentials, i.e.

Ê ∈ ∂ṖiΦ(Ṗ
i, Ṡi) and T̂ ∈ ∂ṠiΦ(Ṗ

i, Ṡi). (7)

By definition of the subdifferential, eq. (7) is equivalent to the variational inequality

−Ê · (P̃i − Ṗi)− T̂ · (S̃i − Ṡi) + Φ(P̃i, S̃i)− Φ(Ṗi, Ṡi) ≥ 0 ∀P̃i, S̃i. (8)

To arrive at one single variational inequality, we add up (3) and (8). In (3), we use the admissible virtual
dielectric displacement δD = D̃− Ḋ, where div D̃ = div Ḋ = 0. The virtual strain is defined from the
admissible displacement update ũ and u̇ by δS = S(ũ) − S(u̇). With these choices, we deduce for all
ũ, D̃, P̃i and S̃i,

E · (D̃− Ḋ) +T : (S(ũ)− Ṡ)− Ê · (P̃i − Ṗi)− T̂ : (S̃i − Ṡi) + Φ(P̃i, S̃i)− Φ(Ṗi − Ṡi) ≥ δW ext.
(9)

3 A MATHEMATICAL FRAMEWORK

We define the variational inequality that describes the polarization process in a mathematical frame-
work. Therefore, we introduce compact notation, which is compatible with the literature on variational
inequalities, especially the monograph [9]. We use

w = [S(u),D,Si,Pi]T for the reactions (10)

z = [S(ũ), D̃, S̃i, P̃i]T for admissible rates. (11)

A priori, we assume the different quantities to live in the following Sobolev spaces, and use compound
spaces for compact notation,

u ∈ U := {u ∈ [H1(Ω)]d : u = 0 on Γfix}, (12)

D ∈ D0 := {D ∈ D : divD = 0} with D := {D ∈ H(div) : D · n = 0 on Γins}, (13)

Si ∈ S := [L2(Ω)]d×d
sym, (14)

Pi ∈ P := [L2(Ω)]d, (15)

H := U× D× S× P, and H0 := U× D0 × S× P. (16)

1The subdifferential of some function j with respect to u is denoted by ∂uj and represents a set, namely

z ∈ ∂uj(u) ⇐⇒ j(v)− j(u) ≥ z · (v − u) for all v. (6)
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Depending on the definition of the irreversible energy Ψi, the free energy Ψ may tend to infinity as
Pi approaches saturation. We introduce the effective domain of Ψ by (cf. [9, p 73])

X := {z ∈ H : Ψ(z) < ∞}, X0 := X ∩H0. (17)

We define the nonlinear operator A : X → H∗ mapping reaction to forces,

〈A(w), z〉 :=
〈∂Ψ

∂w
(w), z

〉
, A(w) = A(S(u),D,Si,Pi) = [S(u),D,−Si,−Pi]T . (18)

The work of external forces δW ext shall be represented by the linear functional � ∈ H∗. Note that,
for the present choice of independent unknowns u and D, the external work also contains boundary
conditions on the electric potential. In the exemplary case of a body under mechanical volume load f ,
surface tractions t on the boundary part Γtrac, and a prescribed potential φ0 on the electrodes Γel, this
functional is defined as

〈�, z〉 :=
∫

Ω
f · ũ dx+

∫

Γtrac

t · ũ ds−
∫

Γel

φ0 D̃n ds. (19)

Thus, the variational inequality (9) translates to the abstract variational inequality of the form: Find
w : [0, T ] → X0 such that

〈A(w), z− ẇ〉+Φ(z)− Φ(ẇ) ≥ 〈�, z− ẇ〉 for all z ∈ H0. (20)

The variational inequality can be extended to hold for all z ∈ H, i.e. also for dielectric displacement
updates with non-zero divergence. To this end, the dissipation function needs to be augmented by this
restriction, see [9]. Indeed, the augmented dissipation maps all dielectric displacements with non-zero
divergence to infinity. In the following, it shall be denoted by j : H → R+

:= R∪ {+∞} and is defined
as

j(z) := Φ(z) + sup
φ∈L2(Ω)

∫

Ω
div D̃φ dx. (21)

Note that, when restricted to H0, j(·) and Φ(·) are equivalent. Therefore, we will use j(·) in the follow-
ing, and consider the variational inequality (equivalent to (20)),

〈A(w), z− ẇ〉+ j(z)− j(ẇ) ≥ 〈�, z− ẇ〉 for all z ∈ H. (22)

3.1 Assumptions

We collect assumptions on the various functionals, that we need to proof existence and uniqueness of
the update in a time-discrete scheme. In Section 4, we show whether these assumptions are satisfied for
some standard material models. The following definitions are taken from Brezis [7].

Definition 1. Let E be a Hilbert space. A functional φ : E → R+
is called convex iff for all ρ ∈ [0, 1],

u1, u2 ∈ E,

φ(ρu1 + (1− ρ)u2) ≤ ρφ(u1) + (1− ρ)φ(u2). (23)

The functional φ is called lower semicontinuous iff for all u ∈ E, and all sequences un → u,

lim inf φ(un) ≥ φ(u). (24)
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It is weakly lower semicontinuos if (24) holds for all weakly convergent sequences un ⇀ u.
An operator A : X → E is called hemicontinuous on a convex subset X ⊂ E if for all x, y ∈ X the

mapping

[0, 1] → R, t �→ 〈A((1− t)x+ ty), x− y〉 (25)

is continuous.

As a minimal assumption on the Helmholtz free energy we demand it to be lower semicontinuous and
convex. Its Frechet (or full) derivative shall exist and define the operator A,

Ψ : X → R is convex, lower semicontinuous and Frechet differentiable. (26)

To get convergence estimates and stability bounds, we need further that A : X0 → H∗ is strongly
monotone, i.e. there exist m > 0 such that for all w1,w2 ∈ X0,

〈A(w1)−A(w2),w1 −w2〉 ≥ m‖w1 −w2‖2H. (27)

The dissipation function Φ : H → R as well as its augmented counterpart j : H → R+ need not be
differentiable, but non-negative, proper, and positively homogeneous,

j(w) ≥ 0 for all w, z ∈ H, and it exists at least one w ∈ H with j(w) < ∞, and

j(αz) = αj(z) for all α > 0, z ∈ H.
(28)

Additionally, we assume

j : H → R+ is convex and lower semicontinuous. (29)

3.2 Time discrete update equation

We use a uniform partitioning of the time interval [0, T ] into N sub-intervals,

0 = t0 < t1 < · · · < tN−1 < tN = T with tn − tn−1 = ∆T = T/N. (30)

For N fixed, we will define a sequence {wn}Nn=0 ∈ [H0]
N+1 as consecutive solutions to (spatial but

time-independent) variational inequalities. We use the backward difference ∆wn = wn − wn−1 and
n = (tn). We show that this sequence is defined uniquely, and that stability estimates are satisfied. We
use the following existence result by Brezis:

Theorem 1 (Corollaire 30 in [7]). Let E be a reflexible Banach space, and let X ⊂ E be closed and
convex with 0 ∈ X . Let A : X → E∗ be weakly pseudo-monotone and φ : X →]−∞,+∞] be convex
lower semicontinuous with φ(0) < ∞. If

lim
‖x‖→∞

〈A(x), x〉+ φ(x)

‖x‖ = ∞, (31)

then for  ∈ E∗ there exists a solution u ∈ X to

〈A(u), v − u〉+ φ(v)− φ(u) ≥ 〈, v − u〉 ∀v ∈ X. (32)

If A is additionally strongly monotone, the solution is unique.

5
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The main result of this section is the following:

Theorem 2. Let Ψ : X → R be convex, lower semicontinuous and Frechet differentiable as in (26),
and let A : X → H∗ be its derivative. Let j : H → R+

be non-negative, proper, convex, positively
homogeneous and lower semicontinuous as in (28) and (29). Let moreover A : X0 → H∗ be strongly
monotone on X0 as in (27).

Then, for N fixed and any given {�n}Nn=0 with �n ∈ H∗ and �0 = 0, there exists a unique sequence
{wn}Nn=0 such that wn ∈ X0 and ∆wn ∈ H0 and

〈A(wn), z−∆wn) + j(z)− j(∆wn) ≥ 〈�n, z−∆wn〉 ∀ z ∈ H. (33)

The set of test functions can be equivalently restricted to z ∈ H0. For m the constant of monotonicity in
(27), the solution satisfies the stability estimate

‖∆wn‖H ≤ 1/m‖∆�n‖H∗ . (34)

Proof. We use Theorem 1 from convex analysis to show existence and uniqueness of the solutions. For
the stability estimates, we progress along the lines of proof of [9] and see that some of their assumptions
can be weakened. To show existence and uniqueness of the sequence {wn}Nn=0, we proceed inductively
from w0 = 0, assuming wn−1 known. We rewrite the variational inequality (33) in terms of the unknown
∆wn and wn−1,

〈A(∆wn +wn−1), z−∆wn〉+ j(z)− j(∆wn) ≥ 〈�n, z−∆wn〉 ∀ z ∈ H0. (35)

We show that we can apply Theorem 1 to obtain existence of a solution ∆wn. As solution space
we choose E = H0. We see that admissible updates are in the set X0,wn−1 := X0 − wn−1 = {z :
z + wn−1 ∈ X0} where saturation is not reached. From [7, Proposition 1] we know that convexity of
Ψ implies monotony and hemicontinuity of A on the open set X0,wn−1 , which further implies pseudo-
monotony of A. But still we cannot use X0,wn−1 directly for X in Theorem 1, as this set is not closed.
Instead, we use the parameter-dependent closed sub-set

X0,wn−1(c) := {z ∈ X0 : 〈A(wn−1 + z), z〉 − 〈�, z〉 ≤ c‖z‖}, (36)

with the choice of c > 0 still to be determined. We show that this set is closed: Assume a sequence
zk ∈ X0,wn−1(c) that converges strongly to some z ∈ H. To show closedness of X0,wn−1(c) we need to
prove that z ∈ X0,wn−1(c). Starting from the defining condition of (36) applied for zk,

〈A(wn−1 + zk), zk〉 − 〈�, zk〉 ≤ c‖zk‖, (37)

we apply lim infk→∞ on both sides. Proposition 6 in [7] and continuity of � ensure that

〈A(wn−1 + z), z〉 − 〈�, z〉
[7]
≤ lim inf

k→∞
〈A(wn−1 + zk), zk〉 − 〈�, zk〉 ≤ c lim inf

k→∞
‖zk‖ = c‖z‖. (38)

Thus we have shown z ∈ X0,wn−1(c) due to (36), and further that X0,wn−1(c) is closed for any fixed
c > 0.

The functional φ = j satisfies the conditions of Theorem 1. With all assumptions of Theorem 1
satisfied, there exists a solution ∆wc

n to the parameter-dependent variational inequality

〈A(∆wc
n +wn−1), z−∆wc

n〉+ j(z)− j(∆wc
n) ≥ 〈�n, z−∆wc

n〉 ∀ z ∈ X0,wn−1(c). (39)

6
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The solution is unique if A is strongly monotone.
It remains to show that the variational inequality holds also for test functions z ∈ H0\X0,wn−1(c)

provided c is larger than some fixed value not depending on the solution. Additionally we have to show
that no w ∈ X0\X0,wn(c) can be an additional solution to preserve uniqueness.

For the first task, choose cn−1 = c(wn−1) depending on the previous iterate such that

〈A(wn−1), z〉 − 〈�, z〉 ≤ cn−1‖z‖ ∀z ∈ H0. (40)

This constant exists since for wn−1 ∈ X0 fixed, the derivative A(wn−1) is a continuous linear operator.
Now set c = 2cn−1, and let z ∈ X0\X0,wn−1(2cn−1), i.e.

〈A(wn−1 + z), z〉 − 〈�, z〉 > 2cn−1‖z‖. (41)

From the hemicontinuity of A we deduce that there exists some t0 > 0 such that for all t ∈ [0, t0]

〈A(wn−1 + tz), tz〉 − 〈�, tz〉 ≤ 2cn−1 t‖z‖, (42)

i.e. tz ∈ X0,wn−1(2cn−1). But then the variational inequality (39) is satisfied for tz, and due to linearity
and positive homogeneity of j, it is thus satisfied also for test function z ∈ H.

On the other hand we have to show that there cannot exist any ∆w ∈ X0\X0,wn−1(2cn−1) that is also
solution to (35). But for such a ∆w we know

−〈A(wn +∆w),∆w〉+ 〈�n,∆w〉 < −2cn−1‖w‖ < 0. (43)

Together with the positivity of dissipation, one immediately obtains that the variational inequality (35) is
not satisfied for z = 0. Thus ∆wn is the only solution to (35).

We proceed to the stability estimates (34). We additionally assume strong monotonicity of A as in
(27). Note that in this case, condition (31) is trivially satisfied. In (35), we set z = 0 to obtain

〈A(∆wn +wn−1),∆wn〉+ j(∆wn) ≤ 〈�n−1 +∆�n,∆wn〉. (44)

Next, in (33) at time step n − 1, we use z = ∆wn +∆wn−1 ∈ H0. By algebraic manipulations, using
convexity and positive homogeneity of j(·), we see

〈A(wn−1),∆wn〉+ j(∆wn +∆wn−1)− j(∆wn−1)︸ ︷︷ ︸
≤j(∆wn)

≥ 〈�n−1,∆wn〉. (45)

Subtracting (45) from (44) and applying strong monotonicity on the one and continuity of ∆�n on the
other hand we arrive at the desired result (34),

m‖∆wn‖2H ≤ 〈A(∆wn +wn−1)−A(wn−1),∆wn〉 ≤ 〈∆�n,∆wn〉 ≤ ‖∆�n‖H∗‖∆wn‖H. (46)

4 APPLICATION TO SPECIAL FERROELECTRIC MATERIAL MODELS

The assumptions from the previous section are reasonable ones. We motivate this for the example of
the ferroelectric material model for non-remanent straining as proposed by Landis [13]. We will see that
all assumptions of the previous section are satisfied if material parameters are in common ranges. We
derive the form of the dissipation function Φ(Ṗi) when given the switching surface depending on Ê.

7
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We use the reversible part of the energy as proposed by [13],

Ψr :=
1

2
(S− Si) : c : (S− Si)− (S− Si) : h · (D−Pi) +

1

2
(D−Pi) · β · (D−Pi). (47)

For non-remanent straining, one supposes Si = 0 and c,h and β depend on the remanent polarization.
Quite similarly, one might introduce a kinematic assumption for the remanent strain Si = Si(Pi), as
done in [14, 15]. For simplicity, we do not consider this case in the analytical deductions below, but in
our numerical examples. The irreversible part of the energy is assumed as [13, Section 5]

Ψi =
H0P

2
0

(m− 1)(m− 2)

(
1− |Pi|

P0

)2−m

− H0P0

m− 1
|Pi| if m �= 2 and (48)

Ψi = −H0P
2
0 log

(
1− |Pi|

P0

)
−H0P0|Pi| if m = 2. (49)

In [13], it has been shown that the free energy is differentiable, and all differentiations are provided
analytically. We assume that the material constants are such that the compound material tensor has
positive eigenvalues bounded away from zero independently of Pi. This issue has been treated in detail
by Stark et al. [17], conditions on the material parameters are given there. Considering the special form
of Ψr, then its derivative Ar := ∂Ψr/∂w is strictly monotone in the sense that

〈Ar(w)−Ar(z),w − z〉 ≥ c1(‖S− S̃‖2L2 + ‖D−Pi − D̃+ P̃i‖2L2) (50)

The irreversible and saturation part Ai := ∂(Ψi +Ψs)/∂w are strictly monotone in the remanent polar-
ization,

〈Ai(w)−Ai(z),w − z〉 ≥ c2‖Pi − P̃i‖2L2 . (51)

Thus, for the sum A = Ar +Ai, one immediately deduces that

〈A(w)−A(z),w − z〉 ≥ 1

2
min(c1, c2)(‖S− S̃‖2L2 + ‖D− D̃‖2L2 + ‖Pi − P̃i‖2L2). (52)

The last, essential ingredient to strict monotonicity is the fact that we restricted the full space of all
dielectric displacements D to those which are divergence-free, divD = 0, and that this space D0 is
closed. In this case, the L2 norm is equivalent to the full H(div) norm on D0, and (52) is sufficient for
strict monotonicity of A on H0.

As a second task, we show that the assumptions on the dissipation function are satisfied. To this end,
we first characterize the dissipation function in detail. Usually, it is defined by a threshold or switching
surface, i.e. a condition on the forces Ê and T̂. We assume a condition of the form ϕ(Ê) = |Ê|/E0−1 ≤
0. Then the dissipation function Φ is then given as

Φ(Ṗi) = sup
{∫

Ω
Ṗ · Ê dx : ϕ(E) ≤ 0

}
=

∫

Ω
E0|Ṗi| dx. (53)

In [9] it is shown that dissipation functions of the above format satisfy all assumptions such as convex-
ity, lower semicontinuity and positive homogeneity. Indeed, in case of elasto-plasticity the dissipation
function is of the same abstract form, where the coercitive electric field E0 resembles the yield stress.

8
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5 FINITE ELEMENT IMPLEMENTATION

5.1 Finite element spaces

We propose to use conforming finite element spaces for the discretization of the variational inequality.
For a simplicial finite element mesh T = {T}, we use the nodal space for the displacements, the Raviart-
Thomas space RT 0 for the divergence-conforming dielectric displacement (see e.g. [5]), and piecewise
constant remanent polarizations,

u ∈ Uh := {u ∈ [H1(Ω)]d : u|T ∈ [P 1(T )]d,u = 0 on Γfix} ⊂ U, (54)

D ∈ Dh := RT 0 ⊂ D, (55)

Pi ∈ P := {P ∈ [L2(Ω)]d : P|T ∈ [P 0(T )]d} ⊂ P. (56)

Gauss’ law of divergence free dielectric displacements is enforced by a Lagrangian multiplier in the sense
of (21), which resembles the electric potential φ and is discretized also by piecewise constant functions,

φ ∈ Wh := {φ ∈ L2(Ω) : φ|T ∈ P 0(T )}. (57)

Note that it is essential to choose dielectric displacement and its Lagrangian multiplier in a stable com-
bination of spaces, such that not only

∫

Ω
divDφ dx = 0 for all φ ∈ Wh implies divD = 0, (58)

but also the discrete inf-sup condition holds independently of the mesh size,

inf
D∈Dh

sup
φ∈Wh

∫
Ω divDφ dx

‖D‖H(div)‖φ‖L2

≥ c. (59)

This condition is satisfied for the pair RT 0 and piecewise constants. For a thorough theoretical back-
ground we refer the interested reader to the exhaustive monograph [5] on mixed problems.

5.2 Regularization of the dissipation function

For solving variational inequalities, different numercal algorithms are proposed in the literature. Well-
known for dual variational inequalities is the return-mapping algorithm in different variants. There, after
a predictor step, in the corrector step the generalized stress is projected back to the admissible set in
a consistent way. Also for primal variational inequalities, as derived in this work, predictor/corrector
iterations have been analyzed e.g. in the application of elasto-plasticity [9, Section 12.2].

In contrast, we propose to regularize the non-differentiable dissipation function, such that the prob-
lem can be solved “all at once” in a single Newton iteration. This regularization technique has been
analyzed for convergence and accuracy in [9, Section 12.4]. Briefly, for some given parameter ε, the
non-differentiable dissipation j is replaced by a smooth function jε, which differs from j only by ε (see
Section 6 for a special choice). If the findings from [9] can be transferred to the ferroelectric polarization
problem, one can expect that the solution wε converges to w in H, and ‖w −wε‖H ≤ c

√
ε. However,

we do not aim at proving these convergence estimates for the present problem. In the present manuscript,
we used the following regularized version of the dissipation,

jε(Ṗ
i) :=

∫

Ω
E0|Ṗi|ε dx with |Ṗi|ε :=

{
|Pi| − ε/2 if |Pi| ≥ ε,
1/(2ε)|Pi|2 else.

(60)

9
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Figure 1: Loadcase electric polarization and depolarization: Hysteresis of dielectic displacement (left) and strain
(right).

6 NUMERICAL RESULTS

We provide a patch test example, where we reproduce known hysteresis effects and mechanical de-
polarization on a ferroelectric cube. In the second example, a ferroelectric cantilever is polarized by an
applied electric field, and partially depolarized in bending. In both examples, we use the energies Ψr

and Ψi as described in (47), (48) and (49). We assumed the permittivity at constant strain β = ε−1I
to be independent of Pi. The piezoelectric tensor d depends on Pi in the standard way as given in
[13, eq. (4.3)]. Then the coupling tensor h and the stiffness at constant dielectric displacement can be
computed algebraically by β, d and the (assumed constant) stiffness at constant electric field, cmp. [13].

We use the open source all-purpose finite element code Netgen/NGSolve2, where high-order hierar-
chical finite elements for all element types (segments, triangles, quadrilaterals, tetraderda, hexahedra,
prisms, . . . ) and many different spaces (continuous or discontinuous, curl or div conforming, . . . ) are
implemented. Via a python interface, variational equations or even energies can be entered symbolically.
In a nonlinear problem, the (symbolic) equations are differentiated automatically, and a Newton iteration
can be realized in a straightforward manner, without need to implement tedious tangent stiffnesses etc.
by hand for each formulation.

6.1 Patch test

Consider a cube of side length 2mm whose normal displacement is fixed at the three coordinate
planes. The cube is electroded on top and bottom, the other faces are electrically insulated. We use ma-
terial constants derived from the dimensionless constants proposed by [14]. We set E0 = 1MV/m, P0 =
0.3C/m2, S0 = 0.002, m = 2, ε = 12nC/(Vm), EY = 30GPa, ν = 0.3, d31 = −2.1× 10−10N/(Vm),
d33 = 4.2× 10−10N/(Vm), H0 =

1
3 MVm/C. The regularization parameter from Section 5.2 is set to

ε = 10−6P0.
We provide hysteresis curves for the standard load case of electric polarization and depolarization by

an electric field of 1.5E0 in Figure 1. Moreover, Figure 2 shows the effect of mechanical depolarization
by a compressive load of 200N/mm2 applied to the top surface of the cube.

6.2 Ferroelectric cantilever

The second example is that of a ferroelectric cantilever beam of length 10mm and cross section
2× 2mm, which was proposed by [18]. The clamped end as well as the tip of the beam are electroded.

2available at https://ngsolve.org

10
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Figure 2: Loadcase mechanic depolarization: Remanent polarization as a function of the applied electric field
(left), stress evolution over dielectric displacement (center) and over strain (right).

Figure 3: Mechanical depolarization of a polarized cantilever beam under a vertical tip force – absolute value of
remanent polarization |Pi| (left) and stress distribution Txx.

First, the beam is polarized applying an electric potential to the beam tip while keeping the other electrode
grounded. The electric field is raised in 12 load steps amounting to 3E0, then lowered back to zero.
Afterwards, a vertical tip force of 16N is applied to the tip surface. Due to the compression in the upper
part of the beam, the material depolarizes mechanically in this section.

The obtained values cannot be compared directly to the original work of [18], as in this reference
a different material model based on Kamlah’s work [11] is used. We chose material constants close to
their values, using E0 = 1MV/m, P0 = 0.3C/m2, S0 = 0.002, m = 1.1, ε = 15nC/(Vm), EY =
10GPa, ν = 0.3, d31 = −2.74× 10−10N/(Vm), d33 = 5.93× 10−10N/(Vm), H0 = 1MVm/C.
The d15 effect was neglected in the current implementation, the regularization parameter is ε = 10−6P0.

The absolute value of the remanent polarization |Pi| after bending, and the corresponding stress dis-
tribution Txx, are depicted in Figure 3. As observed in [18], the cantilever depolarizes in the region close
to the clamped end where compressive stresses arise. This depolarization reduces the stess level there
to a maximum of −123.771 N/mm2, which compares well to the values listed in the original reference.
However, due to the different description of the ferroelectric material, the region of depolarization is
much larger.
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Abstract. This work presents a numerical simulation of a TiNi shape memory alloy (SMA) 
beam performance in the mode of pure bending with the use of Bernoulli-Euler hypotheses. 
The beam is subjected to an action of a bending torque, an axial force and temperature 
variations. Thickness distributions of the stress and strain as well as the beam deflection for 
various stages of thermomechanical loading are obtained. The formulation of the boundary-
value problem includes the equations describing the mechanical equilibrium and the 
constitutive behavior of an SMA representative volume, for which two models - a 
microstructural and a macroscopic ones are used. They account for the deformations due to 
elasticity, thermal expansion and phase transformation. It is noted that since the 
microstructural model automatically accounts for the tension-compression asymmetry of TiNi 
the use of this model for the description of the SMA behavior predicts that the neutral line of 
the bent beam does not pass through its center and the beam performance in the mode of 
bending differs from that in the mode of tension.  

 
 
1 INTRODUCTION 

In many applications shape memory alloy (SMA) parts are used as working bodies of 
actuators, force elements [1,2], medical staples [3], endovascular stents [4], etc., in which they 
experience strain accumulation and recovery in the mode of bending. This mode of 
deformation is distinguished by an inhomogeneous stress and strain fields. Moreover the 
tensile stress has different signs on the inner and outer surfaces of the bent beam. Keeping in 
mind that some SMA, such as the widely used TiNi-based alloys, demonstrate the tension-
compression asymmetry [5, 6], one can conclude that the functional properties of a bent SMA 
beam cannot be the same as the properties of a rod, subjected only to tension or only to 
compression.  

To find the dependences of the beam curvature and deflection under the action of the 
bending torque as well as the martensite phase and stress distributions over the beam cross-
section one must solve a boundary-value problem. Such an attempt is made in this work. 
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 2 

2 CONSTITUTIVE RELATIONS: MICROSTRUCTURAL MODEL 
Microstructural models have significant advantages, since they can account for the 

structure of SMA and the specific features of their mechanical behavior. Most well developed 
models are [7,8]. In this work an earlier developed microstructural model [9-11] was used to 
describe the deformation of the SMA. The equations are formulated for the physical 
processes, producing micro-strain in the micro-regions and the macroscopic strain of a 
representative volume is calculated by averaging of strains of micro-regions constituting this 
volume. The primary structural elements of martensite are considered to be Bain's variants 
(domains) originated from the parent phase in each grain by different but crystallographically 
equivalent variants of Bain’s deformation. Therefore, the internal variables in this model are 
the volume fractions of the Bain’s variants. Note that another choice of these elements used in 
[12] and leading to similar results is the martensitic plates bearing the martensitic shift on a 
habit plane.  

The representative volume V of a SMA (fig.1) consists of a set of grains, each 
characterized by the orientation  of its crystallographic axes.  

 
Fig.1. Scheme of the representative volume of SMA 

 
The A. Reuss’ hypothesis is accepted according to which the macroscopic strain can be 
calculated as the average of all micro-strains. In this model the spatial averaging of the 
micro-strains, is substituted by the orientation averaging, thus expressing the macroscopic 
strain  and the volume fraction Фм of martensite by the formulae: 

gr( ) ( )f


     ,  gr
M ( ) ( )f



          

where the sum is taken over all grains, f() is the volume fraction of the grains with 
orientation  (a discrete analogue of the orientation distribution function), gr() andgr() 

Grain 

austenite

Grain 1

Grain 

martensite
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are the strain tensor and the volume fraction of martensite in a grain with orientation  (in 
this article small deformation tensors are used).  

In each grain there exist N orientational variants of martensite obtained from austenite by 
different but crystallographically equivalent Bain’s deformations Dn (n = 1 ,…, N). For the 
transformation of cubic phase into monoclinic one N=12 (shuffles are not considered since 
they do not change the homogeneous part of the Bain’s strain). Thus, martensite is 
characterized by the internal variables n (n = 1 ,…, N), such that (1/N)n is the volume 
fraction of the domain occupied by the n-th orientational variant of martensite. For the phase 
deformation of this grain one has:  

gr gr A M

1

1(1 )
N

n n
nN 

      
      

The superscripts A and M denote austenite and martensite, A and M are the 
deformations of the austenitic and martensitic phases. In general, each of the strains A and 
M can be expressed as the sum of the elastic strain e, thermal expansion strain T, 
dislocation slip plastic strain P, phase strain Ph (strain due to the phase transformation) and 
the micro-plastic strain MP, which is the strain occurring by the localized dislocation slip 
under the action of the inter-phase stresses. In the present work we consider the case when 
MPP = 0. Elastic and thermal strains are calculated by commonly known formulae, 
which we do not write down here. Since the phase strain is the strain, which occurs as the 
result of the transformation of austenite to martensite we put that for the austenite PhA = 0 
and for the n-th variant of martensite PhM

n nD  . So, the total phase strain of a grain is 

Ph gr

1

1 N

n n
n

D
N 

   .       

The evolution equations for n is formulated in terms of the generalized thermodynamic 
forces, which are derived from the Gibbs’ potential. G . For a unit volume: 

eig mixG G G  ,   eig gr A M

1

1(1 )
N

n n
n

G G G
N 

    ,         
 
 
∑         
      

where GA, Gn
M, Geig are the potentials of non-interacting austenite and martensite and their 

average value; Gmix is the potential of the interaction equal to the elastic energy of the internal 
stresses. In the work [13] this potential is referred to as the “phase interaction energy 
function” (PIEF). The eigenpotentials GA and Gn

M at temperature T and stress  can be 
expressed by the formula: 

a 2
a a a 0a a0

0 0 0
0

( ) 1( ) ( ) : : :
2 2

c T TG G S T T T Q
T

 
        , a = A, M  

where T0 is the temperature of the thermodynamic equilibrium of austenite and martensite at 
zero stress, G0

a and S0
a are the values of the Gibbs’ potential and of the entropy at T=T0 and 

=0, ca is the specific heat (per unit volume), 0a(T) is the strain at =0, Qa is the tensor of 
elastic compliances, symbol “:” denotes double scalar product of tensors.  



689

First A. Author, Second B. Author and Third C. Coauthor. 

 4 

Potential Gmix is estimated by a quadratic form of the internal parameters describing the 
phase deformation. The matrix Amn of this quadratic form accounts for the interactions 
between the different variants of martensite. The matrix Amn of this quadratic form accounts 
for the interactions between the different variants of martensite. In TiNi the transformation is 
from cubic B2 phase into monoclinic B19 phase. For this transformation there exists 12 
different Bain's deformations. These variants group into pairs called the Corresponding 
Variants Pairs (CVP) [14-16]. This martensite structure allows lowering the elastic energy of 
the interphase stresses. The tendency of the Bain's variants for grouping is taken into account 
by the matrix Amn . Enumerating the Bain's variants in a proper order the following structure 
of the matrix Amn  was suggested: 

  (
    
    
    

),      (
   
   

   
   

   
   

   
   

)   

  
where α is a material constant (0 <=  < 1/2) measuring the degree of the interaction between 
the Bain's variants forming one CVP. 

The evolution equation for the internal variables is deduced from the condition of 
equilibrium of the thermodynamic forces, which are obtained as the derivatives of the Gibbs’ 
potential. 

    
  
   

   (    )
  

       ∑     
      ,    

Here q0 is the latent heat of the transformation (q0 < 0 ); T0 is the phase equilibrium 
temperature, for which the approximation    (     )   suggested in [17] is used;  is a 
material constant. The transformation does not occur at the equilibrium state, i.e. at Fn = 0, 
but rather at a state apart from equilibrium, when there is an excess of the driving force. So, 
the condition of the transformation can be formulated in the form: 

Fn = ± Ffr ,        

Sign “+” must be taken for the direct and “–” for the reverse transformation; material constant 
Ffr  determines the extent of the deviation from equilibrium and it is responsible for the 
temperature – phase hysteresis of the transformation. 

To describe the reorientation (twinning) of martensite three hypotheses are accepted: (1) 
any variant of martensite can be transformed in any other variant; (2) reorientation occurs 
along the direction in the space 1,…,N , which corresponds to the fastest decrease of the 
Gibbs’ potential; (3) reorientation starts when the thermodynamic force reaches some critical 

value. To find the direction of the reorientation we use vector 
1

,...,n
N

G GF
  

     
 and 

take its projection L onto plane 1+…+N =const. Then if for some n it holds that n=0 and 
Ln<0 we substitute L for its projection L onto intersection of planes n=0 and 
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1+…+N =const, repeating this procedure for other components of Ln if necessary. Finally 
we obtain the direction l, which does not lead to a violation of conditions 1+…+N  <1, 
n>0, n=1,…,N. For this direction we postulate the condition of reorientation: 

tw fr tw( )F l F ,        

where tw

1 1
( )

N N

n n n
n nn

G GF l l l F
l  

 
    

   ,        is a material constant, characterizing the 

critical driving force for reorientation. From hypotheses 1 and 2 it follows that the increments 
dn  are proportional to ln :  dn = ln d, where d is the proportionality factor. 

There are rather few material constants in the model for the deformation of a SMA 
accounting only for the elastic thermal and phase deformation. The values for most of the 
constants are found from independent experiments: the Bain’s strain is determined from the 
X-ray diffraction data and the scheme of the crystal lattice deformation; values for Ffr  and µ 
are derived from the values of the characteristic temperatures Mf, Ms, As, Af, and the latent 
heat q0 (all of them can be measured on the differential scanning calorimeter). The adjustable 
parameters are Ffr tw  and , The first of them is related to the phase yield limit of martensite 
and is easily found from the tensile test. The second controls the value of the reversible phase 
strain accumulated on cooling of the specimen under a constant stress: with the growth of  
the tendency of the Bain’s variants to form self-accommodated configurations becomes more 
pronounced and the macroscopic phase strain decreases. The number of grains N is the model 
parameter, which affects the anisotropy of a simulated SMA. For a single crystal (N=1) the 
material is anisotropic, becoming almost isotropic when N exceed 300. So, this parameter 
must correlate to the ratio of the grain diameter to the characteristic dimension of the 
specimen. For TiNi the values of the constants were determined in the previous works [9-11]. 

This microstructural approach proved to be efficient for simulating the deformation of a 
specimen in different states (martensitic, two-phase and austenitic) as well as strain 
accumulation on cooling and heating under a constant or varying load. 

3 BOUNDARY-VALUE PROBLEN FOR BENDING OF AN SMA BEAM 
Consider the boundary problem of bending of an SMA beam (fig.2). We assume that 

loading is made in isothermal conditions, which means that the rod is in contact with the 
thermostat over its entire surface and, besides, the cross-sectional shape is such that heat 
transfer processes occur fast, so that the temperature is distributed over the section uniformly.  
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Fig.2. Scheme of pure bending. 

 
For simplicity, we consider a beam with a rectangular cross-section with width b and a 

small thickness h, loaded by a bending torque M and thus, experiencing pure bending, in 
which the plane of the bending moment coincides with the plane of the curvature of the beam. 
For pure bending, the Bernoulli plane-sections hypothesis and the hypothesis of non-
compression of layers are valid. In this case, the distribution of relative deformations over the 
cross section of the rod can be calculated by the formula 

   ( )       ̅,      (1) 
where  is the curvature of the central layer of the beam and   ̅is the relative elongation of 
this layer. The only non-vanishing stress is zz. Further, for simplicity notations  and  are 
used for zz and zz. The Hook’s law gives:  

 = E( – ne)      (2) 
where E is the Young’s modulus and ne is the non-elastic strain.  

For a given distribution (z) the equilibrium conditions are valid: 
 

∫   ( )     
      ,  ∫   ( )      

      .    (3) 
In this work we do not consider thermal expansion, thus, the non-elastic strain consists only 
of the phase strain, the increment of which as well of the increments of the internal parameters 
as well as the increments of the internal variables are given by the microstructural model 
described in section 2, and which can be schematically expressed as 
 

    ( )    (     ( ), X(y)) ,    ( )    (     ( )  ( ))  (4) 
 
where the functions F1 and F2 are defined by microstructural model and by X is denoted the 
set of internal variables n(), that is the volume fractions of martensite for each variant n in 
each grain .  

To solve the problem specified by equations (1) – (4) we use the discrete scheme, dividing 
the interval [–h/2 , h/2] into K equal segments and search for the values j,= (yj), j,= (yj), 
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where yj = (jh/K), j = 0,…,K). 
Then we split the whole problem into two parts. The first problem is the problem of the 

mechanical equilibrium and it is to find the “vector” {j} for given torque M and “vector” 
{j

ne} using formulae (1) – (3). Denoting the operator solving this problem by Mech, we write  
 

{j} = Mech(M, {j
ne})      (5) 

 
The second (“rheological”) problem is to find the increments of the non-elastic strains 

{j
ne} for known increments T and {j} using the microstructural model (4). Denoting 

this operator by Rheo, we write: 
{j

ne} = Rheo(T, {j})    (6) 
 

Now it is possible to formulate the scheme of passing from the “vector” {j
ne(t)} 

corresponding to the time instant t to the “vector“ {j
ne(t+t)}, where the time increment t 

corresponds to the increments T and M of the temperature and of the bending torque. This 
scheme is as follows.  

1. Choose the 0-th approximation {j
ne}(0) =0 for “vector” {j

ne}. 
2. Find {j}(1) = Mech(M + M, {j

ne}(0)).  
3. Find the 1-st approximation {j

ne}(1) = {j
ne}(0) +(1–) Rheo(T, {j}(1)). 

4. Repeat steps 1 – 3 until  maxj({j
ne}(i+1) – {j

ne}(i+1)) < e, 
where  is the iteration parameter (0<≤1) and e denotes the admissible error. 

Thus, for given regime of the thermomechanical loading specified by the values of 
temperature Ti and bending torque Mi corresponding to time instants ti, one can find the 
values {j

ne(ti) }and {j(ti) } as well as the values i of the curvature.  

4 SIMULATION RESULTS 
For simulation the following beam dimensions were chosen: length l = 50 mm, width 

b = 10 mm, thickness h = 2.8mm. The characteristic temperatures Mf , Ms, As, Af ,were 300, 
315, 350 365 K, and the latent heat q0 = –150.0 J/cm3. The diagram of bending is presented on 
Fig.3 (the deflection measured at the center of the bent arc) and the height distributions of the 
stress and phase are presented on fig.4.  

 

 
 
Fig.3. The dependence of the bending torque on the deflection of the beam during its deformation at 375 K. 
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a)

 
 

b) 

 

Fig.4. Distribution of the normal stress (a) and of the volume fraction of martensite (b) along the height of the 
pseudoelastic beam loaded at 375 K by a bending torque 12 Nm 
 

Since the microstructural model automatically takes into account the asymmetry of TiNi 
properties with respect to tension – compression, the simulation using this model predicts that 
the neutral line of the bent beam does not pass through its center, but rather is shifted towards 
the compressed beam layers. The maximum absolute value of the compressive stress is bigger 
than the tensile stress. This circumstance should be taken into account when assessing the 
functional properties of the SMA tested in bending mode. 

Analogous dependences of the maximum deflection on the bending moment are obtained 
during isothermal bending of the beam in the pseudoplastic (martensitic) state. 

 

 
 
Fig.5. The dependence of the bending torque on the deflection of the beam during its deformation at 295 K 
 

a)

 

b) 

 
Fig.6. Distribution of the normal stress along the height of the beam loaded at 295 K by a bending torque 
12 Nm (a) and  after unloading (b). 
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Again one can see that distribution of the stress is not symmetric and the compressive 
stress is much higher than the tensile one. The asymmetry of the distribution of stress is 
present also after unloading of the beam. 
 

11 CONCLUSIONS 
- Microstructural modeling allows solving simple boundary-value problems for 

thermomechanical loading of SMA in the pure bending mode, revealing the 
inhomogeneity of the distributions of the stress. 

- The tension – compression asymmetry of SMA leads to the asymmetric distribution 
of the stress, at which the compressed side of the bent beam is under a higher stress 
than the stretched side. 

This work was supported by the Russian Foundation for Basic Research, grant number 18-
01-00594. 
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Abstract. The paper presents a robust nonlinear exact geometry or geometrically exact (GeX) 
laminated piezoelectric four-node solid-shell element using the method of sampling surfaces 
(SaS). The term GeX reflects the fact that the parametrization of the middle surface is known 
and, therefore, the coefficients of the first and second fundamental forms and Christoffel 
symbols are taken exactly at element nodes. The SaS method is based on choosing inside the 
nth layer nI  SaS parallel to the middle surface in order to introduce the displacements and 
electric potentials of these surfaces as basic shell unknowns. Such choice of unknowns with 
the consequent use of Lagrange polynomials of degree 1nI  in assumed approximations of 
displacements, strains, electric potential and electric field through the layer thickness yields 
the efficient higher-order piezoelectric shell formulation. The inner SaS are located inside 
each layer at Chebyshev polynomial nodes that makes it possible to minimize uniformly the 
error due to Lagrange interpolation. The nonlinear GeX solid-shell element formulation 
utilizes the Green-Lagrange strain tensor that exactly represents the arbitrarily large rigid-
body motions of a shell in any curvilinear coordinate system. This permits one to calculate the 
transverse components of the second Piola-Kirchhoff stress tensor with a high accuracy. The 
developed solid-shell element is based on the hybrid-mixed method and allows the use of load 
steps, which are much larger than possible with existing displacement-based solid-shell 
elements. The tangent stiffness matrix is evaluated by efficient 3D analytical integration. As a 
result, the GeX/SaS solid-shell element exhibits a superior performance in the case of coarse 
meshes. It can be useful for the 3D stress analysis of thick and thin doubly-curved laminated 
piezoelectric shells undergoing finite rotations. 
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1 INTRODUCTION 
In recent years, a considerable progress has been achieved on the development of 

continuum-based finite elements that can handle the geometrically nonlinear analysis of 
laminated piezoelectric shells satisfactorily [1-5]. These elements are typically defined by two 
layers of nodes on the bottom and top surfaces of the shell with three displacement degrees of 
freedom (DOFs) and one electric potential DOF per node and known as isoparametric 6-
parameter piezoelectric solid-shell elements taking into account the number of only 
displacement DOFs. However, the 6-parameter piezoelectric solid-shell element formulation 
based on the complete constitutive equations of piezoelectricity is deficient because thickness 
locking occurs. This is due to the fact that the linear displacement field in the thickness 
direction results in a constant transverse normal strain, which in turn causes artificial 
stiffening of the shell element in the case of non-vanishing Poisson's ratios. It should be 
mentioned that the errors caused by thickness locking do not decrease with the mesh 
refinement because the reason of stiffening lies in the shell theory itself rather than the finite 
element discretization. To prevent thickness locking, the transverse normal strain is enriched 
in the thickness direction by a linear term [6]. 

In a more general 9-parameter piezoelectric solid-shell element formulation, three layers of 
nodes located on the bottom, middle and top surfaces with three displacement DOFs and one 
electric potential DOF per node are introduced [7, 8]. Such choice of sampling surfaces (SaS) 
with the use of Lagrange polynomials of the second degree in the through-thickness 
approximations of displacements, strains, electric potential and electric field leads to a very 
compact form of the 9-parameter piezoelectric solid-shell element formulation. Moreover, this 
model allows one to derive the Green-Lagrange strain tensor, which exactly represents 
arbitrarily large rigid-body motions of the shell in convected curvilinear coordinates. 
Considering that the displacement vectors of SaS are resolved in the middle surface basis, the 
higher-order shell formulation with nine displacement DOFs is very suitable to develop the 
exact geometry or geometrically exact (GeX) piezoelectric solid-shell elements. The term 
GeX means that the parametrization of the middle surface is known a priori and, therefore, the 
coefficients of the first and second fundamental forms and the Christoffel symbols are taken 
exactly at element nodes. 

It should be noted that the 6- and 9-parameter solid-shell elements do not describe 
correctly the transverse components of the second Piola-Kirchhoff stress tensor and electric 
displacement vector in laminated piezoelectric shells. To evaluate them, the advanced 
computational techniques should be invoked. The present paper is intended to overcome this 
gap in the finite element literature and develop the four-node solid-shell element for 
calculating the second Piola-Kirchhoff stresses in laminated piezoelectric shells. For this 
purpose, the GeX nonlinear solid-shell element in the framework of the SaS formulation [9] is 
proposed. The SaS laminated shell formulation is based on choosing inside each layer nI  SaS 
parallel to the middle surface in order to introduce the displacements and electric potentials of 
these surfaces as fundamental shell unknowns. Such choice of unknowns with the consequent 
use of Lagrange polynomials of degree 1nI  in the through-thickness approximations of 
displacements, strains, electric potential and electric field of the nth layer yields a robust 
higher-order layerwise shell formulation, in which all basic variables including strains, 
stresses, electric field and electric displacement are related to SaS. Recently, the SaS 
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formulation has been employed to analyze analytically and numerically the electroelastic and 
thermoelectroelastic response of laminated and functionally graded piezoelectric shells [10-
14]. However, the nonlinear solid-shell elements for the analysis of laminated piezoelectric 
shells through the SaS formulation have not been developed yet. 

 
Figure 1: Geometry of the laminated piezoelectric shell 

 

2 HU-WASHIZU VARIATIONAL SAS FORMULATION 
Consider a laminated piezoelectric shell of the thickness h. Let the middle surface Ω  be 

described by orthogonal curvilinear coordinates 1  and 2 , which are referred to the lines of 
principal curvatures of its surface. The coordinate 3  is oriented along the unit vector ),( 213 e  
normal to the middle surface. Introduce the following notations: ),( 21 e  are the orthonormal 
base vectors of the middle surface; ),( 21 A  are the coefficients of the first fundamental 
form; ),( 21 k  are the principal curvatures of the middle surface; 31  kc   are the 
components of the shifter tensor; nn inin kc )(
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)( 1),(     are the components of the shifter 

tensor at SaS; nin)(
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where ]1[
3

][
3

 nn
nh   is the thickness of the nth layer; ][

3
m  are the coordinates of interfaces 

][m  depicted in Figure 1; the index n identifies the belonging of any quantity to the nth layer 
and runs from 1 to N, whereas the index m identifies the belonging of any quantity to the 
interface and runs from 1 to 1N ; N is the number of layers; the indices nm  running from 2 
to 1nI  describe the inner SaS of the nth layer, whereas the indices ni , nj , nk  running from 1 
to nI  describe all SaS of the nth layer; nI  is the total number of SaS of the nth layer; Latin 
indices lkji ,,,  range from 1 to 3, whereas Greek indices  ,  range from 1 to 2. 
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It is seen from equation (2) that the transverse coordinates of inner SaS nmn)(
3  coincide 

with Chebyshev polynomial nodes (roots of the Chebyshev polynomial of degree  2nI ). This 
fact has a great meaning for a convergence of the SaS method [9-12]. 

The SaS approximations through the thickness [9] can be written as 
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n
i ESu   are the displacements, Green-Lagrange strains, second Piola-

Kirchhoff stresses, electric potential and electric field of the nth layer; 
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i ESu )()()()()( ,,,,   are the displacements, Green-Lagrange strains, second Piola-

Kirchhoff stresses, electric potential and electric field of SaS of the nth layer; )( 3
)( ninL  are the 

Lagrange basis polynomials of degree 1nI  related to the nth layer: 
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In the orthonormal basis ie , the relations between strains and displacements of SaS of the 
nth layer are written as 
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where nin
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  are the strain parameters of SaS of the nth layer; nin

i
)(  are the values of the 

derivative of displacements with respect to thickness coordinate on SaS defined as 
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In equation (5) and below, the summation on repeated Latin indices is implied. 
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In the orthonormal basis ie , the relations between the electric field and electric potentials 
of SaS of the nth layer [9] are expressed as 
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The proposed hybrid-mixed piezoelectric solid-shell element is based on the Hu-Washizu 
variational equation of electroelasticity in which displacements, strains, stresses and electric 
potential are utilized as independent variables [7, 8]: 
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where )(n
ij  are the displacement-independent strains of the nth layer; )(n

ijklC , )(n
kije  and  n

ij  are 
the elastic, piezoelectric and dielectric constants of the nth layer; 3212121  dddccAAdV   is the 
infinitesimal volume element; W is the work done by external electromechanical loads. 

According to the SaS technique, we introduce the through-thickness approximation of 
displacement-independent strains choosing them similar to the displacement-dependent strain 
approximation (3): 
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Substituting the through-thickness distributions (3) and (10) in variational equation (9) and 
introducing 
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one can write the Hu-Washizu variational equation in terms of only SaS variables as 
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3 HYBRID-MIXED FOUR-NODE SOLID-SHELL ELEMENT FORMULATION 
The finite element formulation is based on a simple interpolation of the shell via GeX four-

node piezoelectric solid-shell elements 
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nnnn NuNu ,, )()()()(                                          (15) 

where  21,rN  are the bilinear shape functions of the element; nin
iru )(  and nin

r
)(  are the 

displacements and electric potentials of SaS of the nth layer at element nodes; 21,   are the 
normalized curvilinear coordinates 21,   (Figure 2); the nodal index r runs from 1 to 4. 

 
Figure 2: Biunit square in  21 , -space mapped into the middle surface of the GeX piezoelectric solid-shell 

element in  321 ,, xxx -space 
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To implement the efficient analytical integration throughout the element, the extended 
ANS method is employed: 
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where nin
ijr

)(  and nin
irE )(  are the displacement-dependent strains and electric field of SaS of the 

nth layer at element nodes. The main idea of such approach can be traced back to the ANS 
method developed by many scientists [1-6] for the isoparametric solid-shell element 
formulation. In contrast with above formulation, we treat the term ANS in a broader sense. In 
the proposed GeX four-node solid-shell element formulation, all components of the 
displacement-dependent strain tensor and electric field vector are assumed to vary bilinearly 
throughout the biunit square in ),( 21  -space. 

Further, it is convenient to rewrite the ANS interpolation (16) in the following form: 
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where the indices 1r  and 2r  run from 0 to 1. 

Using equations (5), (6), (8) and (18), one obtains 
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  are the nodal matrices [15] of order SaS126 N  corresponding to 

linear and non-linear strain-displacement transformations; nin
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21B  are the nodal piezoelectric 

matrices [13, 14] of order SaS43 N ; q  and Φ  are the displacement and electric potential 
vectors of the shell element defined as 
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where ]0[
iru  and ][N

iru  are the nodal displacements of bottom and top surfaces; ][m
iru  are the nodal 

displacements of interfaces ][m ; 1SaS  NIN
n

n  is the total number of SaS. 

To circumvent shear and membrane locking and have no spurious zero energy modes, the 
robust stress interpolation [15] is utilized 
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The similar interpolation [15] can be used for the displacement-independent strains, that is, 
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Substituting finite element approximations (15), (17), (21) and (23) into the Hu-Washizu 
variational equation (12), one can integrate analytically throughout the finite element. As a 
result, the following equilibrium equations of the GeX hybrid-mixed solid-shell element are 
obtained: 

   ,2for 21
)()(T)(
21212121

 rrnnn in
rr

in
rrrr

in
rr qqBQη                                (24) 

  ,2for)( 21
)(T)()()(T)(

2121212121
 rrnnn in

rr
nin

rrrr
n

rr
in

rr ΦBeηQCQS                     (25) 

   ,2
3

1Λ
2

)(T)()()(

21
2121212121 u

n i j rr

jn
rrrr

in
rr

in
rrrr

jin

n n

nnnnn FSQqB  


                      (26) 

  ,)(
3

1Λ
2

)()()()(T)()(

21
2121212121  FΦBηQeB  




n i j rr

jn
rr

njn
rrrr

nin
rrrr

jin

n n

nnnnn           (27) 

where uF  and F  are the element-wise mechanical and electric surface vectors. 
Because of equilibrium equations (24)-(26) are nonlinear, the Newton-Raphson method is 

employed to linearize them 
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where NIter,...,1,0k ; NIter  is the total  number of iterations. 
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By using a standard technique, we arrive at the linearized equilibrium equations. 
Eliminating then stresses ][)(
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nS  and displacement-dependent strains ][)(
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element level, the following system of equations are obtained: 
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where T ,)(,,  KKKKK uuuuu   are the displacement, piezoelectric and dielectric stiffness 
matrices of the element. 

The equilibrium equations (29) for each element are assembled to form the global 
equilibrium equations. These equations should be performed until the required accuracy of the 
solution is reached employing the displacement-based convergence criteria as follows: 

      ,ΔΔΔ 1 kkk UUU                                                (30) 

where ...  stands for the Euclidean norm; UΔ  is the global vector of nodal displacements and 
electric potentials;   is the prescribed tolerance. 

 

4 NUMERICAL EXAMPLE 
The performance of the developed GeX/SaS laminated piezoelectric four-node solid-shell 

element, called the GeXSaS4 element, is evaluated with the help of the nonlinear 
isoparametric 5-parameter piezoelectric shell element [16] and 20-node SOLID226 element 
from the software package ANSYS [17]. 

Consider a cantilever square plate composed of the T300/976 graphite/epoxy composite 
with the PZT G1195 actuators attached to its bottom and the top surfaces. The direction of 
fibers coincides with the y-axis. The actuators are polarized in opposite directions parallel to 
the thickness direction and subjected to opposite electric potentials ̂  and ̂ , as shown in 
Figure 3, to induce the bending actuation. The electrodes on the interfaces are assumed to be 
grounded. The mechanical properties of materials are 

,C/m18.50,C/m37.44,3.0GPa, 23.24GPa, 63:[1] G1195 2
333

2
322311  eeeGE    (31) 

F/m;105.1F/m,1053.1,C/m15.14 8
33

8
2211

2
223113

  ee  

,3.0GPa, 5.2GPa, 1.7GPa, 9GPa, 150:[16] T300/976 TTLTTTLTTL  GGEE    (32) 
F/m.107.2 11

332211
  

To compare the results with the finite element solution [16], the geometrical parameters are 
taken to be mm 0.15mm, 40 31  hhba and mm. 0.22 h  

Due to symmetry of the problem, only one half of the plate is modeled by regular meshes. 
Table 1 lists results of the convergence study via longitudinal and transverse displacements of 
the middle surface 1u  and 3u  at point A(a, 0) choosing three and four SaS for each layer. A 
comparison with the SOLID226 element [17] is also given. It is seen that only one load step 
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and five Newton iterations are needed to find the converged solution with the chosen criterion 
and tolerance, where NStep denotes a number of load steps employed to equally divide the 
maximum load. Note that the GeXSaS4 element allows the use of coarse meshes. 

Figure 4 shows the displacements of the middle surface at point A of the three-layer plate 
versus the applied voltage using three SaS for each layer compared to those obtained by the 5-
parameter isoparametric piezoelectric shell element [16] and SOLID226 element [17]. As can 
be seen, all results agree closely but the developed GeXSaS4 element is less expensive due to 
3D analytical integration that leads to the economical computation of its tangent stiffness 
matrix. Figure 5 presents the through-thickness distributions of second Piola-Kirchhoff 
stresses, electric potential and electric displacement at points B(a/2, b/2) and C(a/2, b/4) for 
the three-layer plate under applied voltage V2000ˆ   employing four SaS for layers and a 
fine 3264  mesh compared to those obtained by the SOLID226 element [17] using 

23264   mesh for each layer. One can see that the SOLID226 element leads to a worse 
prediction for the transverse stresses. It should be noted that it is impossible for this solid 
element to satisfy the boundary conditions on outer surfaces and the continuity conditions at 
interfaces choosing a more number of elements in the thickness direction. 
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Figure 3: Cantilever three-layer square plate: geometry and deformed configuration corresponding to the applied 
voltage V2000ˆ   (modeled by three SaS inside each layer and 1616  mesh) 
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Table 1: Convergence study for the three-layer square plate under applied voltage V 2000ˆ   using the 

displacement-based criterion with 410  

 3321  III   4321  III  

Mesh 48  816  1632  3264  SOLID226 
13264    48  816  1632  3264  SOLID226 

23264    

 A3u , mm 17.53 17.15 16.98 16.90 16.82  17.53 17.15 16.98 16.90 16.82 

 A1u , mm 5.585 5.380 5.294 5.254 5.206  5.584 5.379 5.293 5.253 5.208 

NStep 1 1 1 1 4  1 1 1 1 4 
NIter 5 5 5 5 37  5 5 5 5 37 
 

 

Figure 4: Voltage applied to the bottom and top surfaces versus displacements of the middle surface at point 
A(a, 0) for the three-layer plate: GeXSaS4 element using three SaS inside each layer and 1632  mesh (──), 

Marinkovic et al. [16] (□) and SOLID226 element [17] using 13264   mesh for each layer (○) that 
corresponds to a chosen number of SaS 
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Figure 5: Through-thickness distributions of the second Piola-Kirhhoff stresses, electric potential and electric 
displacement at points B(a/2, b/2) and C(a/2, b/4) for the three-layer plate under applied voltages V2000ˆ  : 
GeXSaS4 element using four SaS inside the layers and 3264  mesh (──) and SOLID226 element [17] using 

23264   mesh for each layer (○) 
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Abstract. This study aims to predict the nonlinear dynamics of elastic structures equipped with piezo-
electric devices, for application such as reduction vibration, energy harvesting or design of nonlinear
resonant M/NEMS such as ultra-sensitive sensors. In this context, reduced-order model (ROM) based
on a modal expansion are used to compute the response of the structures, including both geometrical
nonlinearities and the electromechanical (EM) coupling. This approach results to a system of coupled
oscillators, in which geometrically nonlinear and electromechanical terms appear separetely, along with
less classical terms stemming from both effects. This system is solved in the frequency domain with the
Harmonic Balance Method associated with an Asymptotic Numerical Method. The parameters of the
ROM are computed thanks to a non-intrusive method and a finite element commercial code. This study
focuses first on the computation of these coefficients, which is separately performed in the EM and non-
linear cases. The EM coefficients are validated by comparison with the effective and modal EM coupling
factors (EEMCF, MEMCF). A validation of the procedure is proposed by studying the nonlinear dynam-
ics of an elastic circular plate equipped with eight piezoelectric patches equally spaced and placed along
an inner circonference. This configuration enables to excite and measure several vibration modes, either
axisymmetric or asymmetric. Curved frequency responses are obtained, both in free nonlinear vibrations
(backbone curves) and under voltage forcing. In the case of asymmetric modes, 1:1 internal resonances
are obtained, showing the coupling between both companion modes. Experimental validations are also
proposed.

1 INTRODUCTION

The prediction of the geometrically nonlinear mechanical behavior of electrically driven structures
is an issue of great interest in the context of Micro- or Nano-ElectroMechanical Systems (M/NEMS)
developments [1, 2, 3, 4] or energy harvesting [5]. The geometrical nonlinearities are due to the large
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amplitude of the displacements of the structures. In this framework, the investigated structures present
often complex geometries, such that multilayered thin systems, for which a finite element approach offer
great flexibility in modelling. To solve the nonlinear dynamical system, the model must be reduced in
size. The modal basis is used to identify the reduced-order models because of its efficiency to capture the
relevant displacement components of the structures, particulary when the targeted application focuses
on resonant phenomena. An original approach to estimate efficient reduced-order models (ROM) and
validate them by comparison with experimentalal results is proposed in this study. The approach to
identify the ROM parameters is based on non-intrusive methods, which suppose to compute the nonlinear
components of the proposed problem without modifying the source of a finite element code. The present
paper proposes first a generalization of the use of non-intrusive methods - initially devoted to study only
geometrical nonlinearities of dynamical systems [6] - to electromechanical systems. Secondly, the article
presents in detail an experimental procedure to identify the geometrically nonlinear parameters of a
vibrating structure with an electric actuation and detection, by taking into account the electromechanical
coupling.

2 MODEL REDUCTION

2.1 General formulation of the problem and modal expansion

Here is considered an elastic structure equipped with P piezoelectric patches denoted with indice (p).
The governing equations of the free, undamped, piezoelectric and nonlinear problem is written as :

MMMmüuu+KKKmuuu+ fff nl +
P

∑
p=1

[
fff (p)

c +PPP(p)
c uuu

]
V (p) = 0, (1a)

C(p)V (p)− [
fff (p)

c +
1
2

PPP(p)
c uuu

]T uuu = Q(p). (1b)

where KKKm, MMMm, uuu and fff nl denote respectivly the mechanical stiffness and mass matrices, and the me-
chanical displacements and the geometrically nonlinear internal force vectors. V (p), C(p) and Q(p) are
the voltage, the electrical capacitance and the electrical charge contained in one of the electrodes of the
pth patch. Finally, fff (p)

c and PPP(p)
c denote the electromechanical forcing vector and the electromechanical

coupling matrix related to geometric nonlinearities.
The expansion basis consists of Nm mechanical linear eigenmodes ΦΦΦk :

uuu(t) =
K

∑
k=1

ΦΦΦkqk(t). (2)

where qk(t) is the k-th. unknown modal coordinate. The eigenmodes are solutions of:

(KKK −ω2
kMMM)ΦΦΦk = 0. (3)

Multiplying Eq.(1) by a linear mode ΦΦΦT
k yields the following system of coupled oscillators :

q̈k(t)+ω2
kqk(t)+

K

∑
i=1

K

∑
j=i

ak
i jqiq j+

K

∑
i=1

K

∑
j=i

K

∑
l= j

bk
i jlqiq jql +

P

∑
p=1

χ(p)
k V (p) +

P

∑
p=1

K

∑
i=1

Θ(p)
ik qiV (p) = 0, (4a)

C(p)V (p)−
K

∑
k=1

χ(p)
k qk +

K

∑
i=1

K

∑
j=1

1
2

Θ(p)
i j qiq j = Q(p), (4b)
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The nonlinear stiffnesses ak
i j, bk

i jl , and electromechanical linear and nonlinear coupling coefficients χ(p)
k

and Θ(p)
i j characterize the nonlinear system. In order to compute nonlinear responses with this reduced

order model, these coefficients must be estimated at an initial stage. In the next paragraph, they constitute
the unknows of the problem.

2.2 Estimation of the ROM coefficients

2.2.1 Presentation of the non-intrusive approach

The system of equations (4) gives the possibility to study separately the purely mechanical geometri-
cally nonlinear (NL) effects, the linear electromechanical (EM) coupling and finally the electromechan-
ical nonlinear coupling (EM-NL).

Following this partition of the different effects, an original approach proposes to compute these coef-
ficients in three successive steps :

(i) the identification of the nonlinear stiffness coefficients by solving a set of geometrically nonlinear
problems. In this case, there is no electrical equation and the expanded system writes

q̈k +ω2
kqk +

K

∑
i=1

K

∑
j=i

ak
i jqiq j +

K

∑
i=1

K

∑
j=i

K

∑
l= j

bk
i jlqiq jql = Fk. (5)

A family of non-intrusive methods initially proposed in [7] enables to estimate the nonlinear coefficients
ak

i j and bk
i jl by prescribing static displacement fields as linear combination of eigenmodes, and computing

the resulting internal forces.

(ii) the estimation of the linear coefficients χ(p)
k . The new approach proposed here consists in imposing

the static displacement fields with short-circuited piezoelectric patches, as combinations of eigenmodes,
and computing the resulting electric charge on the electrodes of the piezoelectric patches. In the linear
case, the linear terms of the electrical equation (6) are computed :

−
K

∑
k=1

χ(p)
k qk = Q(p). (6)

This method allows to estimate the linear coefficients χ(p)
k of all patches p of a given vibration mode k.

(iii) Finally, the previous procedure generalized to a geometrically nonlinear problem leads to :

−
K

∑
k=1

χ(p)
k qk +

K

∑
i=1

K

∑
j=1

1
2

Θ(p)
i j qiq j = Q(p). (7)

Just as in the case of the coefficients ak
i j and bk

i jl , the coefficients Θ(p)
i j can be computed by prescribing as

many static loads than coefficients Θ(p)
i j contained in the ROM.

When the ROM has been built, the resulting nonlinear system can be solved thanks to a asymptotic
numerical method associated with a harmonic balance method, which allows allows to equally compute
the forced as well as the free response of the plane structures [9]. The interested reader can refer to [8]
for a detailed procedure and a validation of the computation of the mechanical nonlinear coefficients ak

i j

and bk
i jl , which includes also the computations of the nonlinear free and forced response computed from
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the ROMs of mechanical structures. Note that in order to estimate all the coefficients of the ROM with
this non-intrusive approach, the finite element code used for the computations must possess for a same
computation electromechanical and geometrically nonlinear abilities. In our case the 3D finite element
formulation of Abaqus is used. The validation stage of only the electromechanical linear coefficients is
presented in detail in this article. The validation stage of the computation of the EM-NL coefficients Θ(p)

i j
is still under progress at the present time.

2.2.2 Case study: estimation of the linear electro-mechanical coefficients χ(p)
k

The validation of the linear EM coefficients is performed on a bi-layered beam shown on the figure
1, and made on an elastic material and a piezoelectric material. The validation step founds on a com-
parison with an analytical model with an Euler-Bernoulli kinematics, presented in [10]. The dimensions
and material properties used for the numerical model are presented in the Tab. 1: the isotropic elastic
material is characterized with a Young Modulus Ye and a Poisson’s ratio νe, whereas the transversely
isotropic piezoelectric material requires more coefficients, the values assigned here are deduced from a
piezoelectric constitutive law and values of the provider PI Ceramic available in the public domain [11].
The finite element model consists of 30 elements in the length of the beam, 4 elements in the width, and
3 and 2 elements in the thicknesses, respectively of the elastic and piezoelectric layers. 20-noded cubic
elements are used in this model.

f1 = 4.238 Hz

Figure 1: Presentation of the cantilever bi-layered test-case: geometry, mesh and shape of the first eigenmode

Ye (GPa) νe C11 =C22 (GPa) C33 C12 C13 =C23 C44 =C55 C66 ρe (kg.m-3) ρp

72.0 0.3 107.6 100.4 63.12 63.85 19.62 22.24 2700 7760

L (m) b (m) he (m) hp (m) d31 (pm.V-1) d33 d15 εε
33 = εε

22 (nF.m-1) εε
33

1 0.02 0.005 0.001 -214 423 600 9.83 7.54

Table 1: Set of the parameters of the beam test case. In order of appearance: elastic constants and densities of the
elastic (e) and piezoelectric (p) layers, dimensions, piezoelectric and dielectric coefficients.
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To validate the coefficients, the EM coupling factor is written on an dimensionless form defined by:

kmod,k =
χk

ωk,sc
√

C
, (8)

known as the Modal ElectroMechanical Coupling Factor (MEMCF) [12]. In this equation, ωk,sc denotes
the kth eigenpulsation of the short-circuited system, and C refers to the capacitance of the patch. The
physical interpretation of the MEMCF is that it measures the energy that can be exchanged between the
coupled electrical circuit and the mechanical structure in a given modal motion. It is often considered as
equal to Efficicient ElectroMechanical Coupling Factor (EEMCF), which is computed from the following
expression [12, 13]:

keff,k =

√√√√ω2
k,oc −ω2

k,sc

ω2
k,sc

(9)

where ω2
k,oc is the eigenpulsation of the open-circuited system. The comparison between numerical and

analytical values of the MEMCF and the computed values of the EEMCC obtained with the finite element
modesl are plot in the Tab. 2. The values of the numerical MEMCF are validated by comparison with

Bending mode number 1 2 3 4 5 6
ωk (numeric) 4.238 26.55 74.332 145.61 240.62 359.30
ωk (analytic) 4.229 26.50 74.20 145.41 240.37 359.07
χk (numeric) 0.002837 -0.009698 0.01640 -0.02199 0.02996 -0.03418
kmod,k (numeric) -0.1926 0.1051 -0.06346 0.04346 -0.03582 0.02737
kmod,k (analytic) -0.1858 0.1030 -0.06038 0.04317 -0.03357 0.02747
keff,k (EEMCF) 0.2047 0.1123 0.06787 0.04689 0.03869 0.02890

Table 2: Comparison of the numerical and analytic computations of short-circuited pulsations and modal electro-
mechanical coupling factor. The Effective EMCF is also presented.

analytical ones. The EEMCF slightly overestimates the coupling. It can be explained by the assumption
of modal truncation, which is necessary to compute the EEMCF [12]. More details on the models and
computations are needed to explain the small difference between analytical and numerical MEMCF:
it can be due to the numerical approximation, or because of the assumptions on the kinematics or the
electric field in the analytic model.

3 EXPERIMENTAL INVESTIGATION

An elastic circular plate made of brass and equipped with eight piezoelectric patches, has been consid-
ered for these experiments. The piezoelectric material is the PIC151, the patches are equally spaced and
placed along an inner circonference, following the configuration presented on the figure 2. Three holes
of small radius are equally spaced near the outer edge of the structure to hang up the plate with nylon
threads and thus to set up experimental free boundary conditions. This plate has been built by gluing the
piezoelectric patches to the elastic plate: preliminary capacitance measurements verified that the layer
of glue is sufficiently thin in order that the electric potential at the lower electrode of all patches equals
to the potential of the plate. Consequently, the voltage applied to the patches is imposed by connecting
the electric ground to the lower electrode of only one patch, and imposing the potential at the upper elec-
trodes of the other patches. An experimental continuation procedure detailed in [14] is performed, which
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f1 = 131.1 Hz

Piezoelectric patchs (x8)

a

Circular plate (brass)
Radius 0.11 m

Thickness 0.0015 m
Piezoelectric patches (PIC 151)

Length 0.04 m
Width 0.02 m

Thickness 0.001 m
Distance center - piezo. patch

a 0.06 m

Figure 2: Characteristics of the piezoelectric circular plate: overview, shape of the first eigenmode computed from
a finite element model and dimensions of the plate and piezoelectric patches.

enables to measure the equivalent of the free response as well as the forced responses of the system.
The principle is founded on the adjustement of the excitation frequency of the forcing signal, in order to
control the phase lag between the forcing and the output response, which can be controlled in real-time.
This procedure consists of three blocks: first a phase detector estimates the phase lag between the forcing
and the response signals thanks to a synchronous demodulation. Secondly, a controller corrects the fre-
quency excitation compared with the initial one. Finally, the adjusted frequency is used as the input of a
Voltage Control Oscillator which generates the excitation signal. These three main steps are computed in
a Simulink sheme and performed in real-time via a MicroLabBox dSPACE, with a frequency step fixed
at 50 kHz. High values of the integral and proportional gains are used for the experimental continuation,
in order to avoid the instability regions of the control system in closed-loop case. It has been shown
that for mechanical systems the equivalent of free undamped responses - called also backbone curves or
nonlinear modes - can be measured by locking the phase at φ = π/2 between the displacement and the
excitation, and by increasing the forcing. Moreover the forced responses are measured by imposing a
phase variation from φ = 0 to φ = π between the excitation and the displacement signals, and by keeping
the excitation amplitude constant.

3.1 Experimental set-up

The figure 3 shows the experimental set-up to investigate the dynamical and nonlinear behavior of
the free circular plate with piezoelectric actuation and detection. The vibrating circular plate (a) and the
PLL performed via the dSpace MicroLabBox (c) are the main blocks of the set-up. By electromechanical
coupling, the piezoelectric patches can generate a voltage with potentially high amplitude values. Since
the dSpace can not support input voltage bigger than 10 V, the input signals are attenuated thanks to two
resistances connected in serie (b): in these experiments the values of the two resistances are choosen at
R1 = 680 kΩ and R2 = 10 kΩ, thus the input signals Vm = R2

R1+R2
Vin are attenuated with a gain close to

69. Since the dSpace changes the excitation signals Vexc with potential discontinuities in amplitude and
frequency, a low-pass filter (d) is applied to theses signals in output of the dSpace. This filter consists
in a RC-circuit with a resistance value fixed at Rl p = 750 Ω and a capacitor Cl p = 69 nF, such that the
cut-off frequency fl p =

1
2πRl pCl p

≈ 3 kHz of the filter is larger than the frequency of interest.
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(a)
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(d)

Dynamical system

(e)

Ground
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(a) Investigated plate

Figure 3: Experimental set-up: the upper part shows the main steps of the global loop, with (a) the circular plate,
(b) the attenuators of input signals Vin measured at piezoelectric patches, (c) the Phase-Locking Loop (PLL), (d)
the low-pass filter of the excitation signal Vexc and (e) the amplification.
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Finally, a power amplifier (e) PZD700A-M/S dedicated to piezoelectric actuation enables to amplify
the filtered excitation signal Vl p to inject in the piezoelectric patches a voltage Vp with a maximum
amplitude value at 700 V. A preliminary modal analysis has been performed from velocity measurements
measured and processed thanks to a scanning laser vibrometer and its software environment.

3.2 Case of an axisymmetric mode

1

2

3
4

5

6

7
8

(e)
(m)

PLL, L-P filter,Vm =V (8)
m Vp =V (1)

p

Piezo Amplifier

(c) - (d) - (e)

f01 = 212.2 Hz

Figure 4: Operational shapes of the plate at frequencies of the (0,1) mode and connection of the patches for the
excitation (e) and measurements (m).

The configuration around the first axisymmetric mode of the circular plate is studied: the modal
analysis identified the frequency of this mode at f01 = 212.2 Hz. The notation (01) means that the mode
shape presents no nodal diameter and one nodal circle, as shown on the operational shape of the figure
4. The application of the procedure described in section verifies that the linear EM coupling coefficients
of the eight patches are theorically equal. Thus this configuration can equally be studied by forcing and
measuring with any configuration of patches.
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Figure 5: Amplitudes and phases of the measured voltage Vm during an amplitude sweep (Backbone) and phase
sweeps (Forced) at different electric excitation levels Vp.
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In the present case, the patch 1 is used for the excitation whereas patch 8 is connected for the mea-
surements. The curves in amplitude (on the Fig. 4 - left) presented on the figure 5 show that the forced
responses at different excitation levels lie around the backbone curve (undamped free response, in black),
with a main hardening effect, indeed the frequency increases with the amplitude. A very slight softening
effect is noticeable at the low amplitudes of the free response, which could be explained by the effects of
material nonlinearities. The phase differences (on the Fig. 4 - right) are increasing from 0 to π, which is
consistent with the command applied to the system.

3.3 Case of a pair of asymmetric modes: 1:1 internal resonance
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Vm201 =
V (4)

m +V (8)
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Piezo Amplifier
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+

Vp =V (2)
p =V (5)

p =V (6)
p

V (2)
p

V (5)
p

V (6)
p

Vm202 =
V (1)

m +V (8)
m

2

(e)

(e)

(e)

(m)

(m)

(e)

(e)

(e)

(m)

(m) × 1
2

Figure 6: Operational shapes of the plate at frequencies of the (0,1) mode and connection of the patches for the
excitation (e) and measurements (m).

The two first mode of the circular plate are companion modes of similar shapes: they have both two
nodal diameters and no nodal circle. The two configurations present a spatial dephasing with their nodal
diameters, in accordance with the Fig. 6 -. They theoretically have the same frequencies, which differ
in experimental conditions because of unavoidable imperfections of the structure. They are referred to
as (2,0,1) and (2,0,2) modes where the last indice denotes the lower (indice 1) and upper (indice 2)
frequency. In order to observe energy exchange between two preferential configurations, magnets are
placed as additional lests on the anti-nodes of the (2,0,2) mode to reduce its frequency and bring it
nearer from the frequency of the (2,0,1) mode: in this case the frequency has been reduced from 133.1
Hz to f202 = 125.9 Hz. With the present disposition of the mode shapes, the nodal diameter are placed
between the patch. Thus linear EM coupling coefficients are either quasi-equal, or quasi-opposed for each
of the two companion modes. To capture the modal components of the two configurations, the averages
between two pairs of patches are computed in real-time, one for each of the configuration: the voltage
at patch 4 and 8 are added for the (2,0,1) mode, whereas the sum of the voltage at the patch 1 and 8 is
computed for the (2,0,2) mode. The gains of the input voltage of the PLL are adjusted at low amplitudes
such that the signals are perfectly either equal, or perfectly opposed. Three patches are connected in
parallel for the excitation - at patches 2, 5 and 6 - to force effeciently the (2,0,1) configuration.

The figure 7 shows the amplitude responses of the average voltage Vm201:as for the (0,1) mode,
the forced responses lie around the backbone curve, with a hardening behavior, and a slight softening
behavior at low amplitudes which could be due to material nonlinearities. At the right hand side of the
resonances, some forced responses make appear a discontinuity or a secondary resonance curve which
could be explained by the influence of a possible interaction with the (2,0,2) mode.
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Figure 7: Amplitudes of the measured output voltage Vm1 during an amplitude sweep (Backbone) and phase
sweeps at different electric excitation levels Vp.

To ensure this point, the amplitude and phase of only one forced response at the Vm201 and Vm202
measurement signals are presented on the figure 8: the amplitude responses highlights the emergence of
a second resonance in the Vm202 which was not noticeable on the voltage Vm201. When the amplitude of
this last one continues to increase, with a slight change of curvature when the resonance in the Vm202 was
activated. Moreover, this resonance curve lies around the free response measured at the Vm202 signal.
The activation of the second resonance is partially confirmed on the phase response curves (Fig. 8 - left),
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Figure 8: Amplitudes and phases of the measured voltage Vm1 and Vm2 corresponding to the modes (2,0,1) and
(2,0,2) during an amplitude sweep (Backbone) and a phase sweep (Forced) at constant excitation level Vp = 240 V.
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indeed the phase follows a path which decreases with a detuning with the phase of the Vm201 signal, and
reaches a maximum in frequency when the signal is in phase with the excitation.

4 CONCLUSIONS

This paper presented an original procedure to compute the nonlinear dynamical responses of systems
with an electromechanical coupling and a piezoelectric device for the actuation and detection. Different
appoaches are proposed to validate the numerical computations : analytical models are used to validate
the finite element ROMs at the coefficient’s level, and an experimental procedure to measure the non-
linear free and forced responses on a laminated piezoelectric structure has been set up. To complete the
validation process, the perspectives include the computation of the last family of coefficients of the ROM
and the comparison of the computed responses with the experimental results. The approach could then
be applied to a large range of application.
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Abstract. Smart materials respond to external stimuli as, e.g., electric fields, which enables their
usage as actuators and, possibly, also as sensors. The electromechanical coupling of the direct and
converse piezoelectric effects, for instance, is used for both actuation and sensing in diverse engineering
applications. The response of ferroelectric materials depends on their state of remanent polarization and
the presence of an external electric field. To extend the operational range of sensors and actuators, an
accurate understanding of the evolution of the material’s state of polarization is required, which requires
both physical and geometrical non-linearities to be taken into account. Moreover, polymeric materials
as PVDF allow significantly larger deformation as compared to conventional piezoelectric ceramics.
The electro-mechanical coupling in piezoelectric materials manifests in ferroelectric and ferroelastic
hystereses, which are related to both reversible and irreversible processes. Focusing on the latter, we
transfer phenomenological models for domain switching in ferroelectric materials to the geometrically
non-linear regime. For this purpose, we follow related concepts of geometrically non-linear elasto-
plasticity, where the concept of a multiplicative decomposition of the deformation gradient plays a key
role. Accordingly, an additional deformation path that describes the evolution of the poled state from the
unpoled referential configuration is introduced. The constitutive response of the material to mechanical
and electrical loads is discussed and dissipative internal forces that drive the evolution of the remanent
polarization are derived within a thermodynamical framework and the principle of maximum dissipation.

1 INTRODUCTION

Ferroelectric materials have been adopted as sensors and actuators in diverse fields of applications,
which range from microelectromechanical systems (MEMS) for high-precision positioning to vibrational
and structural noise control. Typically, ferroelectric ceramics as, e.g., PZT, are used due to their com-
paratively high coupling coefficients. These polycrystalline ceramics are characterized by a relatively
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high brittleness, which is why they do not admit large strains. For this reason, their constitutive mod-
els are usually formulated within the range of small (linearized) strains, which gives Voigt’s linearized
theory of piezoelectricity for the reversible response, see, e.g., [1, 13]. The response of ferroelectric
materials is intrinsically related to their state of remanent polarization, which is assumed to be constant
for most applications. Electro-mechanical loadings beyond so-called coercive electric fields or coercive
stresses, however, induce an irreversible re-orientation of dipoles in the material and therefore a change
of the remanent polarization [3]. These mechanisms are referred to as “switching” and result in ferro-
electric and ferroelastic hystereses. The mathematical modeling and the computational approximation of
switching phenomena in ferroelectric materials shares many aspects with well-established approaches in
elasto-plasticity, see, e.g., [4].

Unlike ceramic materials, ferroelectric polymers as, e.g., PVDF, can be subjected to comparatively
large strains well beyond the linear range. Based on the modeling of the reversible electro-mechanically
coupled response presented in [2], we propose a first attempt towards the continuum modeling of the
ferroelectric hysteresis in the geometrically non-linear range of deformation. For this purpose, we re-
peatedly adopt the concept of a multiplicative decomposition of the deformation gradient, which has
successfully been applied to the modeling of inelastic processes, see [6] for an overview. The idea of
multiple multiplicative decompositions is discussed in [8]. In the present approach, the deformation gra-
dient is decomposed into three parts: the irreversible part governs the evolution of a poled (intermediate)
configuration from the unpoled reference configuration. The second part describes the reversible local
response of a poled volume element subjected to an electric field, which deforms into a second inter-
mediate configuration, which can be regarded as de-stressed, i.e., the current configuration is relieved
from stresses. Third part accounts for the mechanical stress response of the material. The modeling of
the dissipative response follows the concepts of finite strain elasto-plasticity [10, 11, 12], where ideas
of damage modeling are included to incorporate changes of the material parameters due to poling [5].
The evolution equation for the dissipative internal forces follow as an associative flow rule from the con-
strained optimization problem that is obtained from the principle of maximum dissipation [10, 9]. In
our first approach, we want to restrict ourselves to the ferroelectric hysteresis, i.e., the mechanisms of
mechanical depolarization are not accounted for.

2 BALANCE EQUATIONS OF NON-LINEAR ELECTRO-MECHANICS

We start our considerations recalling fundamental ideas of reversible electro-mechanics, in which no
changes of the state of remanent polarization takes place. In the quasi-static case, the local balance of
linear moment gives the spatial representation of the equilibrium relation as

divσ + f + fE = 0, fE = (grad e) · p = divσE . (1)

The Cauchy stress tensor is denoted by σ, and f are mechanical body forces; e and p denote the electric
field and the polarization vector, respectively. A dielectric material body that is subjected to an electric
field experiences additional body forces fE , which can be represented by means of the divergence of the
electrostatic stress tensor σE . The balance of angular moment yields the symmetry of the sum of the
Cauchy stresses and the polarization stresses σP

σ + σP =
(
σ + σP

)T
, σP = ep. (2)

We obtain the total (Cauchy) stress tensor as the sum of the (mechanical) Cauchy stress and the (non-
symmetric) electrostatic stress tensor,

σtot = σ + σE , σE = ed− 1

2
ε0 (e · e) I, (3)

2
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where d denotes the dielectric displacement. The dielectric displacement is related to the electric field
and the polarization p through

d = ε0e+ p. (4)

We note that the (mechanical) Cauchy stress tensor is not symmetric due to electrostatic couples in-
duced in a dielectric body. We further observe that the definition of the electrostatic stress tensor is not
unique since any divergence-free tensor can be added without changing the electrostatic body forces fE .
The electrostatic stress tensor, in turn, can be represented as the sum of polarization stress σP and the
Maxwell stress tensor σM

σM = σE − σP = ee− 1

2
ε0 (e · e) I. (5)

From Maxwell’s equations, we have Gauss’ law of conservation of charge, which reduces to

divd = 0, (6)

for the case of dielectric materials, for which the free charge density vanishes. The quasi-static form of
Faraday’s law of induction yields

curl e = 0 ⇔ e = − gradφ, (7)

where φ denotes the electric potential. The electro-mechanical power density (per unit volume in the
current configuration) p is immediately related to the rate of the specific free energy ψ, for which the
local form of the balance equation reads

p = ρ ψ̇ = σ : gradv − p · ė. (8)

The velocity field is denoted by v; ρ is the mass density per unit (current) volume. The spatial velocity
gradient can be expressed in terms of the (material) deformation gradient tensor F as gradv = Ḟ ·F−1.

Note that the current configuration is the natural configuration in problems of electrostatics, in which
a deformation of the material is neglected. On the other hand, we often prefer to relate mechanical
quantities to the known referential state of the body rather than the unknown current configuration which
may significantly deviate from the referential state in general. Material quantities associated with the
reference configuration and their spatial counterparts associated with the current configuration are related
by push-back and pull-forward operations, see, e.g., [7]. We can introduce material fields corresponding
to the electric quantities. The respective pull-back operations are defined by the nature of the global
balance equations, see, e.g., [13], which preserves the structure of the local balance laws. The Piola
transformation is used for the dielectric displacement and the polarization. The electric field is pulled
back using the deformation gradient, which relates and material gradients. In what follows, we stick with
the spatial formulation for the sake of brevity.

To determine the constitutive equations for the total stresses and the dielectric displacement, the free
energy is augmented by the vacuum contribution

ψtot = ψ + ψaug, ψaug = −ε0
ρ
e · e. (9)

By direct computation, we can show that the total electro-mechanical power follows to

ptot = ρ ψ̇aug = σtot : d− d · ė, (10)

3
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where d denotes the symmetric part of the spatial velocity gradient, i.e., gradv = d+w, with

d = (Ḟ·F−1)s =
1

2

(
Ḟ · F−1 + F−T · ḞT

)
, w = (Ḟ·F−1)a =

1

2

(
Ḟ · F−1 − F−T · ḞT

)
. (11)

Comparing the balance law (10) with the rate of the augmented free energy ψtot = ψtot(F, e),

ψ̇tot =
∂ψtot

∂F
: Ḟ+

∂ψtot

∂e
· ė, (12)

we can identify the constitutive relations as

σtot = ρ
∂ψtot

∂F
· FT , d = −ρ

∂ψtot

∂e
. (13)

Well aware of the abuse of notation, we omit all superscripts “tot” in what follows, since we only use
total stresses and the dielectric displacement as primary dependent variables subsequently.

Next, we consider the constitutive equation for the case of a dissipative response that occurs once we
admit the state of remanent polarization to change. We adopt the concept of internal variables to describe
the dissipative response of the material. In the simplest case, the remanent polarization itself plays the
role of an internal variable. We then assume the free energy to additionally depend on the remanent
polarization, i.e.,

ψ = ψ(F, e,pi), ψ̇ =
∂ψ

∂F
: Ḟ+

∂ψ

∂e
· ė+

∂ψ

∂pi

· ṗi. (14)

The dissipation density d (per unit current volume) is introduced in (10),

p = ρ ψ̇ + d. (15)

The second law of thermodynamics requires the energy that is dissipated into heat to be positive, i.e.,

d = p− ρ ψ̇ ≥ 0. (16)

For a given electro-mechanical power p = σ : d− d · ė, we obtain the relation

d =

(
σ − ρ

∂ψ

∂F
· FT

)
: d−

(
d− ρ

∂ψ

∂e

)
· ė− ρ

∂ψ

∂pi

· ṗi ≥ 0. (17)

With the stresses and the dielectric displacement being defined as in the reversible case (13), the dissipa-
tion follows to

d = f i · ṗi ≥ 0, f i = −ρ
∂ψ

∂pi

, (18)

where f i denotes the internal forces conjugate to the remanent polarization pi, which can be regarded as
dissipative driving forces.

3 MULTIPLICATIVE DECOMPOSITION

To begin with, we briefly recall the underlying physical processes and the phenomena observed when
a ferroelectric material is irreversibly polarized. A polarizable material is characterized by the presence
of microscopic structures (unit cells) that posses a spontaneous polarization, i.e., the centers of positive
and negative charges do not coincide and an electric dipole is formed. The unit cells may form so-called
domains in which the spontaneous polarization of the unit cells is oriented in the same direction. Due to

4
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the random orientation of dipoles/unit cells, the net polarization on the macroscopic level vanishes in the
unpoled state. Ferroelectric materials can be polarized by exposing them to a sufficiently strong electric
field. Beyond the so-called coercive field, the dipoles of the unit cells re-orient (“switching”) themselves
along the applied field and maintain that orientation once the field is removed again, i.e., the process is
irreversible and a hysteretic behavior is observed (ferroelectric hysteresis). From a mechanical point of
view, we note the following phenomena that need to be accounted for by appropriate phenomenological
models:

• A change of remanent polarization is accompanied by (irreversible) deformation due to the rotation
of the dipoles. The poling induced deformation is isochoric.

• Both the electrical and the mechanical response depend on the state of polarization. In fact, the
piezoelectric effect is only present if a material is polarized. The poling process induces a principal
direction along the poling direction in ferroelectric materials. Initially isotropic materials therefore
exhibit a transversally isotropic behavior once they have been poled.

• A poled specimen can be irreversibly de-poled by sufficiently strong mechanical loadings that
exceed the so-called coercive stress (ferroelastic hysteresis). In this case, the dipoles switch into
the plane perpendicular to the applied force vector. Note that the mechanical de-polarization is not
addressed in the present approach.

From a mechanical point of view, the polarization process bears a close resemblance to phenomenolog-
ical models of elasto-plasticity, which is reflected in both the structure of the constitutive models and
numerical methods used for the construction of approximate solutions. This observation is the starting
point for our attempt to translate constitutive models from finite-strain plasticity to non-linear electro-
elasticity.

If we leave the range of infinitesimal deformations, the conventional additive decomposition of stresses
and strain measures into reversible and irreversible parts lacks a physical underpinning. For this purpose,
we begin our considerations by multiplicatively splitting the deformation gradient F into an irreversible
part Fi and a reversible part Fr,

F = Fr · Fi. (19)

Such multiplicative decomposition introduces the notion of an intermediate configuration that enters the
deformation path. The irreversible part of the deformation gradient Fi describes the evolution of the
poled intermediate configuration from the unpoled state of the material due to changes of the state of
remanent polarization, whereas Fr describes the response due to reversible processes induced by me-
chanical or electric loadings. Owed to the electro-mechanical coupling, the reversible response involves
an inelastic electric part and an elastic mechanical part, for which we want to adopt a second multiplica-
tive decomposition, i.e.,

Fr = Fr,m · Fr,e. (20)

The electrical part Fe governs the local response of a poled material due to the presence of an electric
field. The current state of stress, in turn, is determined from the mechanical part Fm. In the proposed
model, the total deformation F is consequently composed from three parts,

F = Fr,m · Fr,e · Fi, (21)

hence, a second intermediate configuration is introduced into the deformation path.

5
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In the constitutive modeling, we assume that the free energy is split into three parts that are associated
with the individual paths related to three components of the deformation gradient:

ψ = ψe + ψr,m = ψi + ψr, ψe = ψi + ψr,e, ψr = ψr,e + ψr,m. (22)

The stress response is governed by the (reversible) mechanical part of the free energy ψr,m, which is
associated with the deformation path from the second intermediate configuration to current configuration.
The (second) intermediate configuration can be regarded as a configuration that is obtained from the
current configuration upon de-stressing at a constant electric field. Note that de-stressing does not imply
that the total stresses vanish in the intermediate configuration, see [2] for a discussion.

We can choose any suitable strain energy function of non-linear elasticity, as, e.g., a Neo-Hookean
material or the physically linearized St. Venant-Kirchhoff law, where the right Cauchy-Green strain in
the (second) intermediate configuration serves as Lagrangian deformation measure. As the material
properties generally change in the course of poling, we also need to include a dependence on the remanent
polarization pi. Following concepts proposed for the modeling of damage in large-strain plasticity [5],
we can adopt the notion of a second-order structural tensor a(pi) to describe anisotropy induced by the
poling process. Relating the structural tensor to the remanent polarization in the current configuration,
we may define it as

a =
‖pi‖
psat

nn, n =
pi

‖pi‖
, (23)

where psat denotes the saturation polarization. Transversal isotropy can be described by augmenting the
integrity basis by invariants of the structural tensor and mixed invariants of the structural tensor and the
respective strain measure. The free energy of the mechanical part of the deformation gradient therefore
can be introduced as a function of the corresponding right Cauchy-Green tensor Cm and the structural
tensor ¯̄a, which is pulled back from the current configuration,

ψr,m = ψr,m(Cm, ¯̄a), ¯̄a = J2
mF−1

r,m · a · F−T
r,m, Jm = detFr,m. (24)

The (total) Cauchy stresses are obtained from the derivative of the mechanical pure energy with respect
to Cm upon a push-forward to the current configuration,

σ = ρFr,m · ∂ψr,m

∂Cm
· FT

r,m + ρ
∂ψe

∂F
· FT , (25)

where the dependence of the electrical parts on the deformation gradient is also regarded. We have intro-
duced double over-bars to distinguish quantities that are related to the second intermediate configuration.
We will use a single bar if quantities are related to the first intermediate configuration.

The reversible part of the electric deformation gradient Fr,e describes the evolution of the poled (first)
intermediate configuration into the de-stressed (second) intermediate configuration in the presence of an
electric field. For this reason, it is constitutively defined as a function of the electric field in the poled
intermediate configuration, ē = e · Fr = E · F−1

i , e.g., a series expansion of the form

Fr,e(ē, ā) = I+ ē · 3d̄(ā) + ēē : 4b̄(ā) + . . . , (26)

where 3d̄ and 4b̄ represent coefficients describing piezoelectric and electrostrictive coupling, respec-
tively. The reversible part of the electric free energy is related to the permittivity, which includes the
vacuum contribution (9) and a term governed by the susceptibility χ of the material. For the present

6
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choice of dependent variables, we have an additional term that couples the electric field and the rema-
nent polarization,

ψr,e = ψr,e(e,a) = −1

2
ρ−1e · (χ(a) + ε0I) · e− ρ−1e · pi. (27)

If the irreversible part of the electric free energy ψi depends on the remanent polarization pi only, the
constitutive relation for (spatial) dielectric displacement follows as

d = −ρ
∂ψr,e

∂e
+ ρ

∂ψr,m

∂Fr,e
:
∂Fr,e

∂e
, (28)

where the mechanical part of the free energy generally depends on the electric field through the (re-
versible) electric part of the deformation gradient Fr,e.

The evolution of the poled state from the unpoled, undeformed reference configuration is governed
by the irreversible part of the deformation gradient Fi, for which we have to provide a constitutive
definition. As the deformation induced by the poling is typically isochoric, we may use a stretching type
deformation with a saturation strain Ssat as proposed in [14]:

Fi(pi) =

(
1− 3

2
Ssat

‖pi‖
psat

)−2/3{(
1− 3

2
Ssat

‖pi‖
psat

)
I+

3

2
Ssat

‖pi‖
psat

NN

}
, N =

P i

‖P i‖
. (29)

where the material polarization is defined as

P i = J pi · F−T , J = detF. (30)

The poled (first) intermediate configuration can be regarded as a configuration that is stress-free and in
which no (external) electric field is present. Due to the deformation induced by the poling, the interme-
diate configuration is incompatible in general. The corresponding part of the free energy ψi related to
the poling process can exemplarily be assumed as quadratic function in the remanent polarization,

ψi = ψi(pi) =
1

2
(ρ J)−1 cpi · pi, (31)

where c denotes a kinematic hardening parameter. By introducing the (constant) density in the reference
configuration ρ0 = ρ J , we avoid a dependence on the deformation gradient F, i.e., ∂ψi/∂F = 0. The
dissipative internal forces conjugate to the remanent polarization are obtained from the individual parts
of the free energy as

f i = −ρ
∂ψi

∂pi

− ρ
∂ψr,e

∂pi

− ρ
∂ψr,m

∂pi

. (32)

Analogously to a rate-independent elasto-plastic response, we use the principle of maximum dissipa-
tion to derive the evolution equations of the remanent polarization. We expect the dissipation to assume
a maximum, i.e., the dissipative forces f i are determined such such that

d = sup
f i∈E

f i · ṗi, (33)

where E denotes the reversible domain, which is defined by a threshold (switching) function f ,

E =
{
f i ∈ R3 | f(f i) ≤ 0

}
. (34)

7
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For example, if we require the norm of the dissipative forces to be constrained from above by a so-called
coercive field ec, we can use the threshold function

f = ‖f i‖ − ec ≤ 0. (35)

The constrained maximization problem can be solved using a Lagrange multiplier λ, i.e.,

d = sup
f i,λ≥0

(f i · pi + λ f(f i)) , (36)

from which we obtain an “associative flow rule” that governs the evolution of the remanent polarization
as the necessary condition

ṗi = λ
∂f(f i)

∂f i

, (37)

as well as the classical Kuhn-Tucker conditions for loading/unloading:

λ ≥ 0, f ≤ 0, λ f = 0. (38)

Unlike plasticity, in which plastic strains can accumulate until a material eventually breaks, the remanent
polarization saturates as the reservoir of switchable dipoles/domains is finite. Saturation can be accounted
for, e.g., by means of a harding parameter that depends on the (norm of the) remanent polarization, i.e.,
c = c(‖pi‖/psat).

4 CONCLUSION

In the present paper, we have discussed a constitutive framework for the modeling of both the re-
versible and the irreversible response of ferroelectric materials in the geometrically non-linear domain.
Our approach is based on the concept of the multiplicative decomposition of the deformation gradient
into three parts that are associated with the irreversible poling, the (local) electric response and the elastic
stress response. The individual parts of the free energy are related to the respective configuration in the
deformation path. The constitutive equations for the stresses, the dielectric displacement and the dissipa-
tive forces follow from standard arguments of thermodynamics. The evolution equation for the remanent
polarization is obtained from the principle of maximum dissipation.
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Abstract. In this paper a theoretical and computational framework are presented for analyzing 
the nonlinear electromechanical response of shallow doubly curved laminated shells with 
attached piezopolymer film sensors, undergoing elastic snap through instability and eventually 
a transition between at least two stable equilibrium paths. The computational framework is 
based on nonlinear mechanics, incorporating full coupling between mechanical and electric 
fields and encompassing geometric nonlinearity effects due to large displacements and 
rotations. The governing equations are formulated explicitly in orthogonal curvilinear 
coordinates and are combined with the kinematic assumptions of a multi-field shear-layerwise 
shell laminate theory. A finite element methodology is adopted to yield the discrete coupled 
nonlinear equations which are linearized and iteratively solved, using the Cylindrical Arc 
Length Method in combination with the Newton-Raphson iterative technique. Numerical results 
demonstrate the capability of the method to predict the complex sensory electromechanical 
response of shallow cylindrical shells that transit between two stable equilibrium states. At the 
same time the generated sensory electric potential, electric charge and the stored electric energy 
in the piezoelectric films during the nonlinear bistable loading and unloading paths is predicted. 
The feasibility to detect and monitor the onset of snap-trough instability, and to enhance the 
electromechanical energy conversion efficiency of the system for improved energy 
dissipation/harvesting systems, is also investigated. The influence of shell thickness, curvature 
and laminate configuration on the electromechanical conversion is finally investigated 
 

1 INTRODUCTION 
Shallow shell structures under external transverse loads (mechanical pressure, point load) 

exhibit a complex nonlinear multi-stable behavior, manifested as instantaneous snap through 
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instability, which transits the shell between two stable equilibrium configurations, via an 
unstable equilibrium state, that is associated with large deflections and shape changes. Various 
mostly experimental studies have explored the active multi-stability of shell for developing 
morphing structures [1-8]. On the other hand, it is highly desirable to detect the onset of snap 
through instability, through the sensor signals that describe the local response of piezoelectric 
sensor patch and eventually the global structural response. Additionally, the nonlinear 
electromechanical conversion of the attached piezoelectric elements prior and during to the snap 
through instability associated with electric charge generation and stored electric energy for 
improving energy harvesting/dissipation systems must be thoroughly modelled and understood.   
The current work represents an extension of the previous authors work [6] for analyzing the 
snap through buckling instability of smart shell structures, with emphasis on the equation of 
electric charge conservation and electromechanical coupling. Building upon the nonlinear 
multifield mechanics an eight-node shell finite element is developed to yield the coupled 
nonlinear equations of motion in discrete form, which are subsequently linearized and solved, 
using the Cylindrical Arc Length Method in combination with the Newton-Raphson iterative 
method. Numerical results illustrate the capability of the present model to predict the complex 
sensory electromechanical response (electric potential, electric charge, electric energy) of 
multi-stable cylindrical smart shells, during the bistable loading and unloading paths. The 
feasibility of smart shells to detect the onset of snap through instability, via the monitoring of 
sensory voltages, as well as to enhance the electromechanical energy conversion efficiency is 
also investigated. The influence of geometric parameters (thickness, curvature) on the 
electromechanical conversion efficiency is finally quantified.  

2 PIEZOELECTRIC LAMINATED SHALLOW SHELL 
All governing equations for doubly curved piezoelectric laminated shells are described and 

derived on an orthogonal curvilinear coordinate system Oξηζ with ξ, η axes lying on reference 
mid-surface Ao, while ζ axis remains straight and perpendicular on Ao. The material of each ply 
of the piezoelectric laminate is assumed to remain within the range of linear piezoelectricity: 

 
              , 1,...6

               , 1,..3

E
i ij j ik k

S
l lj j lk k

C S e E i j

D  e S E k l





  

  
    (1) 

σi, Si are the mechanical stresses and Green’s engineering strains in extended vectorial notation, 
Cij is the elastic stiffness tensor in structural coordinates, eik is the piezoelectric tensor, Ek is the 
electric field vector, Dl is the electric displacement vector and εlk is the electric permittivity 
tensor of the material. Superscripts E and S indicate constant electric field and strain conditions, 
respectively.  
The theory combines linear displacement field with a linear layer-wise electric potential field 
consisting of N-1 discrete segments, thus representing all state variables through the piezo-
laminate thickness. According to the previous kinematic assumptions, the mechanical strain and 
generalized electric field approximations through the laminate thickness are given below: 



732

Dimitris S. Varelis and Dimitris A. Saravanos 

 3 

 

22 2

2

22 2

11, 11, , ,
1 , , 2 2

11 22 1 11 22 1 1 1 1111

22, 22, ,
2 , , 2 2

22 11 2 22 11 2 2

1 1[ ( ) ] [ ] [ 2 ]
2

1 1[ ( ) ] [ ] [
2

o o o o oo o o
o o o o o

o o o o oo

o o oo o o
o o o o o

o o o o

g g w u ww w uS u v       
g g R g g R R R gg

g g ww w vS v u     
g g R g g R R





   
  

  
  

  

  

        

        2
,

2 2222

3

11, 22,
6 , ,

11 22 22 11

11, 22, , , , ,
, ,

11 22 22 11 11 22 1 2 1 22 2 11

4

2 ]

0

1 1[ ( ) ( )]

[ ( ) ( ) [ ]

o o

oo

o

o o
o o o o o

o o o o

o o o o o o o oo o
o o o o

o o o o o o o o

o

v w
  

R gg
S

g g
S v u   u v

g g g g
g g w w u w v wu v   

g g g g g g R R R g R g

S

 



 
 

     
   

    





    

      

 ,

22 2

,
5

11 1

1 1
1 , ,

1 11

1 1
2 , ,

1 22

1
3 m

1( , , , ) ( ( , ) ( )+ ( , ) ( ))

1( , , , ) ( ( , ) ( )+ ( , ) ( ))

( , , , ) ( ( , ) ( , )) h

o o
o

o

o o
o o

o

N
m m m m

o
m

N
m m m m

o
m

m m

m

w v      
g R
w uS    
g R

E t
g

E t
g

E t







 

 





        

        

      

 



 





 

  

     

     

   





1
 

N




 (2)  

where in Eqs. (2) the in-plane strains consist of both linear and nonlinear strains while the out 
of plane strains consist only of linear terms; hm = ζm+1-ζm is the thickness of the layer within a 
piezoelectric layer, Φm+1 and Φm denote the electric potentials at the corresponding thickness 
points, respectively. Using the divergence theorem, neglecting both the inertia effects and the 
free body charge density, and integrating through the piezolaminate thickness, the stress 
equilibrium and electric charge conservation can be obtained over the whole piezolaminated 
medium by the following variational form: 
 

 

        =0   at equilibrium

        =0   at equilibrium
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  (3) 

The focus in this work is placed on the second equation of Eqs. (3), which describes the balance   
of electric charge in the piezoelectric elements. The vectors Ψu, Ψe represent generalized 
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imbalances between internal and external multifield forces and electric charges, respectively, 
which both vanish at equilibrium; ,q  are the applied surface tractions and electric charges on 
the bounding surfaces Γτ and Γq, respectively; b are the body forces over the volume V. 
Substituting Eqs. (1)-(2) into Eqs. (3) and making substantial calculations the individual 
electromechanical terms of the coupled system are derived [6]. 

3 COUPLED NONLINEAR SHELL FINITE ELEMENT 

3.1 Discrete Generalized Equations of Motion 
An eight-node coupled shell finite element, encompassing the previous generalized coupled 

mechanics was developed, in order to yield the discrete coupled nonlinear equations. The 
electromechanical state variables are approximated by the nodal values on the reference surface 
Ao with local interpolation functions: 
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  (4) 

where W is the number of element nodes; P denotes Co continuous shape functions. Combining 
Eqs. (1)-(2) with Eq. (4) and substituting into Eqs. (3), after collecting the common elastic and 
electric nodal terms, the coupled system of nonlinear equations is finally derived: 

 
( , ) [ ( )] [ ( )] [ ( )] =0   at equilibrium
( , ) [ ( )] [ ] [ ] =0   at equilibrium

A S
u uu ue ue

A S
e eu ee ee

u K u K u K u
u K u K K




    

    





u F   
u Q    

 

 
  (5) 

where u(u, v, w, βξ, βη) is the nodal displacement vector; φA is the applied nodal electric 
potential at actuators and φS is the free nodal electric potential at sensors. Kuu is the actual 
stiffness matrix including linear and nonlinear (dependence on u) terms, Kue, Keu are the actual 
piezoelectric matrices including linear and nonlinear (dependence on u) terms; Kee is the actual 
electric permittivity matrix including only linear terms: 
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  (6)  

In the first of Eqs. (5), the piezoelectric matrix ( )ueK u multiplying by the electric potential 
vector φΑ represents the piezoelectric force (consisting of both linear and nonlinear terms) 
imposed on the laminate additionally to external mechanical forces F; in the second of Eqs. (5) 
the piezoelectric matrix ( )euK u  multiplying by the displacement vector u represents the electric 
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charge (consisting both of linear and nonlinear terms) generated at piezoelectric electrodes, 
additionally to external applied electric charge Q, given by the following form: 

 [ ]Gen euKQ u   (7) 

Combining Eqs. (5)-(6), the following expressions for the elastic strain energy (ES), 
piezoelectric energy (PE), for both mechanical force equilibrium and electrical charge 
conservation, and stored electric energy (EE), over the whole volume of the piezoelectric 
laminate, are derived: 
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  (8) 

where in the above energy expressions the first and second RHS terms denote linear and 
nonlinear energy components, respectively. It must be also noticed that in case of open electric 
circuit conditions all the generated piezoelectric energy is converted and stored as electric 
energy into the piezoelectric sensor films.      

3.2 Solution Scheme for Coupled Nonlinear Equations 
In order to solve the coupled nonlinear Eqs. (5), the Cylindrical Arc Length method (CAL) 

is extended to enable the simultaneous solution for the mechanical force and electric charge 
imbalance equations, capturing eventually both the stable and unstable trajectory paths. The 
applied external loads may include combinations of mechanical loads (concentrated force or 
pressure) and applied electric potentials at actuators. The Newton-Raphson iterative technique 
is also adopted and combined with the CAL method such that the coupled nonlinear equations 
linearized and iteratively solved, until the electromechanical equilibrium Ψu=Ψe=0. The 
coupled nonlinear system for the ith iteration can be described more analytically below: 
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u F
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  (9) 

where, λ is the mechanical (force or pressure) loading multiplier. In effort to achieve the 
convergent solution point (Ψu=Ψe=0) the imbalance force and charge vectors are written for 
the next iteration (i+1) using the Taylor series expansion (considering only sensory voltage 
variation i.e δφ=δφS and δφA=0 and keeping only the first derivative: 
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  (10) 

Substituting Eqs. (9) into Eqs. (10) and making the extended derivatives, substantial 
calculations and collecting the common elastic and electric nodal terms the coupled linearized 
system of equations is derived: 
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where , , ,uu ue eu eeK K K K   are the tangential stiffness, piezoelectric, piezoelectric and electric 
permittivity matrices respectively, associated directly with the actual matrices [6]. The Eqs. (11) 
includes three unknown variables 

11 1, ,
ii S i  
 u   and are combined with a third additional 

equation known as Cylindrical Arc-Length equation described as: 

 1 1 2T Ti i i i l       u u u u   (12) 

where the quantity Δu express incremental displacement vector; Δl is the radius of the specified 
norm, which is calculated from an initial incremental load value Δλο [9]. The cumulative (u, λ) 
and incremental (Δu, Δλ) quantities are updated at each iteration by the following expressions: 

 
1 1 1 1
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  (13) 

The sensory electric potential is updated at each iteration by the following form: 

 
1 1i i iS S S
 

      (14) 

4 NUMERICAL RESULTS 

4.1 Electromechanical Response of Low-Curvature Cylindrical Aluminum [p/Al/p] Strip 
The nonlinear electromechanical response of a hinged-hinged cylindrical (θ=5o) Aluminum 

[PVDF/Al/PVDF] strip, centrally covered with a pair of piezopolymer film sensors, each 
attached on the upper and lower surface was analyzed. The hoop length of the core and the 
piezopolymer film were Lξ=400mm and Lpξ=50mm respectively, while the widths were equal 
to Lη=Lpη=20mm. The Aluminum and piezopolymer layer thicknesses were hAl=3mm and 
hp=0.1mm, respectively. An increasing lateral uniform mechanical pressure was applied at the 
outer surface of the strip, with direction towards the center of curvature. The inner terminals of 
each film were assumed to be grounded while the outer remained free. Fig. 1 shows the 
predicted radial center deflection of the strip versus the applied pressure. Initially, mechanical 
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Figure 1: Center radial deflection of a hinged-hinged cylindrical piezopolymer Aluminum [PVDF/Al/PVDF] 

strip (θ=5o) under uniform mechanical pressure   

compressive membrane stresses are induced on the strip resulting in a reduction on the flexural 
stiffness, due to membrane- flexural stiffness coupling, until the limit point A is reached where 
the tangential stiffness vanishes. Beyond the point A the strip enters into an unstable path AB 

 
Figure 2: Sensory electric potential at bottom and top piezopolymer films centrally bonded on a hinged-

hinged cylindrical Aluminum [PVDF/Al/PVDF] strip (θ=5o)  

which is accompanied by a “negative” tangential stiffness, and finally reaches a second 
equilibrium stable state starting at inflection point B. After this point, the radial deflection has 
been increased enough such as to activate the membrane stiffening effects and transition of the 
shell to second stable path. Fig. 2 shows the predicted electric potential in the bottom and top 
piezofilms versus the center deflection. Initially, the two signals are increased until the point A 
receiving opposite polarity due to induced compressive membrane stresses, while beyond A the  
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Figure 3: Predicted electric charge generated at both piezopolymer films centrally bonded on a hinged-hinged 

cylindrical Aluminum [PVDF/Al/PVDF] strip (θ=5o) 

two signals behave highly nonlinearly and tend to converge in the same value due to dominant 
bending stresses as the strip enters into the new stable path BC. Finally, the two electric signals 
are distinguished again beyond the point C due to large membrane stiffening effects. Fig. 3 
shows the predicted electric charge generated in both of films versus the deflection, which is 
initially increased until a maximum value and following an opposite path is reduced until point 

 
Figure 4: Predicted electric energy stored at both piezopolymer films centrally bonded on a hinged-hinged 

cylindrical Aluminum [PVDF/Al/PVDF] strip (θ=5o) 

C, where beyond that point is increased again accompanied by a conversion of polarity. The 
predicted electric energy stored in both of piezofilms is shown in Fig. 4, where is monotonically 
increased passing from an inflection point B, due to redistribution of stresses during the stable-
unstable-stable trajectory paths. Fig.5 illustrates the elastic strain energy stored in the whole 
piezolaminated strip which follows a similar trajectory path with the pressure-deflection curve 
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Figure 5: Predicted elastic strain energy stored in a hinged-hinged piezopolymer cylindrical 

[PVDF/Al/PVDF] strip (θ=5o) 

The switching from positive to-negative and again to positive values is due both to the 
redistribution of stresses and the electromechanical energy conversion takes place during the 
snap through instability. 

 
Figure 6: Predicted electric charge, for various piezopolymer film coverages, of a hinged-hinged cylindrical 

Aluminum [PVDF/Al/PVDF] strip (θ=5o) 

Effect of piezopolymer film coverage on electromechanical response. Figs. (6)-(7) show the 
predicted electric charge and energy, respectively, for various piezofilm coverages, where both 
of two electric quantities are increased for piezofilm coverage enhancement, due to higher 
electromechanical conversion of distributed mechanical strains to electric potential along the 
shell circumferential. Both the predicted electric charge and stored electric energy are 
efficiently increased with the higher electromechanical conversion rate occurred during the 
unstable path.  
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Figure 7: Predicted electric energy, for various piezopolymer film coverages, of a hinged-hinged cylindrical 

Aluminum [PVDF/Al/PVDF] strip (θ=5o)  

Effect of core thickness on electromechanical response. Figs. (8)-(9) illustrate the predicted 
electric charge and energy, respectively, for various core thicknesses. The thicker shell snaps 
under higher pressure values (following the trajectory path ABC for both of two graphs) due to 
higher membrane-flexural stiffness coupling and eventually higher amount of potential energy   

 
Figure 8: Predicted electric charge, for various core thicknesses, of a hinged-hinged cylindrical piezopolymer 

Aluminum [PVDF/Al/PVDF] strip (θ=5o)  

is converted both to stored electric and strain energy. Instead of the above, the electric charge 
is weakly depended on the thickness enhancement.   

Effect of skin lamination on electromechanical response. The predicted electric charge and 
energy, for various skin laminates, are shown in Figs. (10)-(11), respectively. The higher 
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electromechanical conversion efficiency is corresponding to composite laminates due to their 
higher membrane-flexural stiffness coupling with the cross ply laminate being more proper, as  

 
Figure 9: Predicted electric energy, for various core thicknesses, of a hinged-hinged cylindrical piezopolymer 

Aluminum [PVDF/Al/PVDF] strip (θ=5o)  

 it snaps under larger pressure values. are converted to electric than elastic energy.  

 
Figure 10: Predicted electric charge, for various skin laminates, of a hinged-hinged cylindrical piezopolymer 

laminated strip (θ=5o) 

5 CONCLUSIONS 
A computational framework based on coupled nonlinear mechanics was presented to predict 

the nonlinear electromechanical response of shallow cylindrical shells with attached 
piezopolymer films, undergoing to snap through instability under mechanical loads. The results 
illustrated the highly nonlinear sensor signal prediction in both of stable and unstable regions. 
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- The feasibility of smart shells to detect the onset of snap through instability, via the 
monitoring of sensory voltages is represented. 

- The electromechanical energy conversion efficiency through the snap through 
buckling instability is quantified and the influence of thickness, laminate configuration 
and piezofilm coverage is finally investigated. 

 
Figure 11: Predicted electric energy, for various skin laminates, of a hinged-hinged cylindrical piezopolymer 

laminated strip (θ=5o) 
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Abstract. In this study, we present an approach for the optimum material-orientation design 
of a laminated composite shell structure using the parameter-free optimization method. It is 
assumed that the fiber in a structure consisting of orthotropic materials can be arbitrarily 
oriented layer by layer, and the each optimum free-orientation is determined. We introduce 
the square displacement error norm between the thermal displacements on specified points 
and their target values as an objective functional, and minimize it under the equilibrium 
equation constraint. This makes it possible to tailor the deformation of a composite shell. The 
optimum design problem is formulated as a distributed-parameter optimization problem, and 
the sensitivity function is derived based on the variational method. The optimum orientation 
variation is determined by the H1 gradient method with Poisson’s equation, a parameter-free 
optimization method. This approach makes it simultaneously possible both to reduce the 
objective functional and to maintain the smooth material orientation of this large scale 
optimization problem. The design example shows the effectiveness of the proposed approach 
for tailoring the deformation of a laminated composite shell structure, or for designing a high-
performance laminated composite shell structure with the optimum material orientation. 
 
1 INTRODUCTION 

Laminated composite shell structures are used in a variety of industrial products, especially 
in vehicles for their lightweight design, where the usage of carbon-fiber-reinforced plastics 
(CFRP) in shell structures has been increasing, since they have higher specific mechanical 
performances compared to metals. Moreover, “Automated fiber placement (AFP)” has 
enabled the manufacture of curvilinear-distributed material orientation, which can pulled out 
their potential and improve the mechanical performances more sufficiently. Most of the 
proposed optimization methods for the curvilinear-distributed material orientation design 
consider maximizing the stiffness to an external force as their design objective. In the 
practical design of laminated shell structures, deformation tailoring, (or controlling the 
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displacements to the desired values) to external loading is needed to achieve high quality, and 
to maintain mechanical performances and functions required. We focus on thermal loading in 
this study, since most of the industrial products are exposed to severe temperature 
environments. Especially, laminated composite shell structures deform unusually due to the 
coupling and the cross-elasticity effects. It is extremely important for designers to avoid this 
problem, or to tailor the thermal deformation of the laminated composite shell structures.  

The deformation tailoring was called “homology design” or “compliant mechanism design” 
in the previous papers. The concept of homology design was presented for the design of large 
radio telescopes by Hoerner [1], where the deformation of the structure was defined as 
homologous if a given geometrical relation holds for the deformation. Liu and Shimoda 
developed an optimization method to solve a shape identification problem of linear elastic 
free-form shells with the purpose of achieving a desired deformation under external forces [2]. 
However, studies on the homology design and the compliant mechanism are limited and not 
reported for laminated shell structures. 

Focusing on material orientation optimization, many methods and their application 
techniques for plates or shells have been reported. The representative optimization methods 
are a sensitivity based gradient method [3], a direct material optimization method (DMO) [4], 
a normal distribution fiber optimization method (NDFO) [5] and genetic algorithm (GA) 
based methods [6]. The sensitivity based gradient approach has the advantage of solving 
large-scale structure optimization problems mechanically. However, it may cause multiple 
local minima including the unsmooth distributions, and it is highly dependent on the initial 
material orientation distribution. On the other hand, DMO and NDFO methods are 
ameliorations for simple-gradient methods, in which the element-based penalization 
coefficient is used to force the candidate orientations to only one candidate. These methods 
are categorized into a parametric method. The design variable parameterization is effective for 
reducing the design freedom, for reducing the risk of obtaining local minima and results in a 
lower computational cost; however, the obtained mechanical performance is limited since the 
optimal solution is highly dependent on the pre-defined parameters. GA is also expected to 
find some local minima and has the potential to provide the global minimum solution, where 
sensitivity analysis is unnecessary. On the other hand, the application of GA to practical 
structural problems is limited since Finite Element analyses of large-scale structures with a 
large number of design variables, especially with every element in every layer of a laminated 
shell results in a significant calculation cost problem. In addition, considering a parameter-
free orientation design problem, or an enormous design degrees of freedom design problem, it 
is not easy to control their behaviours. Without a countermeasure, the ill-condition like the 
checkerboard problem of topology optimization or the jagging problem of shape optimization 
may happen. 

On the contrary, the authors proposed a parameter-free gradient-based material orientation 
optimization method, or the H1 gradient method with Poisson’s equation, for compliance 
minimization problem [7], in which the optimal material distribution can be obtained without 
design variable parameterization such as the candidate material orientations or the 
polynomials to express the material distribution. In other words, the materials are varied 
freely over the entire region with enormous design degrees of freedom. The proposed method 
overcame the issues including the ill-condition risk aforementioned. The main advantages of 
the proposed method are that it can conventionally determine the smooth distribution of the 
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design variables and decrease the objective function simultaneously without design variable 
parameterization. 

Under these backgrounds, we present an approach for the optimum material-orientation 
design using the H1 gradient method with Poisson’s equation for tailoring thermal 
displacements of laminated composite shell structures in this study. The approach is applied 
to a shell design example to confirm the effectiveness of the proposed approach. 

2 FORMULATION OF MATERIAL ORIENTATION OPTIMIZATION PROBLEM  

2.1 Governing equation for a laminated shell structure 
As shown in Fig. 1, a laminated shell structure consists of N layers, and the thi  ply of a 

laminated shell structure has an initial design domain i , middle surface iA  with boundary 
iA , and thickness it . The bounded domain of each layer is composed of a set of infinitesimal 

flat surfaces idA . For simplicity, we assume that a laminated shell structure consists of N  
layers. 

It is assumed that the mapping of the local coordinate system  1 2, ,0x x , which gives the 
position of the global mid-surface of the laminated shell structure, to the global coordinate 
system  1 2 3, ,X X X  is piecewise smooth. The Mindlin-Reissner plate theory is employed for 
plate bending. Using the sign convention on the small triangle domain ( )i i id dA t    in Fig. 1, 
the displacements of thi  ply expressed by the local coordinates  ( ) ( )

1,2,3

i i
ku


u  are considered 

by dividing them into the displacements in the in-plane direction  ( )

1,2

iu 
 and the 

displacements in the out-of-plane direction ( )
3
iu , shown as 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 2 3 0 1 2 3 1 2( , , ) ( , ) ( , ),i i i i i i i i i i iu x x x u x x x x x     (1) 

( ) ( ) ( ) ( ) ( ) ( ) ( )
3 1 2 3 1 2( , , ) ( , ),i i i i i i iu x x x w x x  (2) 

where  ( )
0 1,2

iu  
, ( )iw  and  ( )

1,2

i
 



 express in-plane displacement, out-of-plane displacement 

and rotational angles of the mid-area of the thi  ply of the laminated shell structure,  

 

Figure 1: Laminated shell with N layers as a set of infinitesimal flat surfaces. 

(i)

(i)

(i) (i)

Global mid-surface

X1
X2
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respectively. Then, the weak form state equation with respect to ( ) ( ) ( ) ( )
0( , , ),   ( 1, , )i i i iw i N u u   

can be expressed as Eq. (3) by substituting Eq. (4) and (5) into the variational equation of the 
three-dimensional linear elastic body, considering ( )

33 0i   and eliminating ( )
33

i . 

        (1) (2) ( ) (1) (2) ( ) (1) (2) ( ) (1) (2) ( ),, , , , , , , , , , , , , ,N N N Na l U  u u u u u u u u u u u u  

                                                             ( ) ( ) ( ) ( )
0( , , )   ( 1, , )i i i iw U i N  u u   

(3) 

where ( )( ) ( ) ( )
0 , ,

Tii i iw 
  

u u  , and ( ) expresses a variation. In addition, the bilinear form a  ( , )  
and linear form l ( )  for the state variables 0( , , )wu   are respectively defined as 

    

 

 

(1) (2) ( ) (1) (2) ( )

( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

0 0 0 0 0
1

( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

0 0 0 0

, , , , , , ,

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

i

N N

iN
gi T T B i i i T T i M i i

mA
i i

i
gi T T C i i i T C i i i

m
i

a

t

t









   

   



  
 
  

  
 
  



u u u u u u

E u u E u

E u E u

       

       

 



( )
( ) ( ) ( ) ( ) ( ) ( ) ( )
0 0 0 0

( ) ( ) ( )

( ) ( ) ( ) ( )

( , ) ( , ) ,

i
gi T T i C i i i T C i i

m
i

i T S i i
i

t

w w dA


  



  
 
  

u E u E

E

      

   

 

(4) 

 
   

(1) (2) ( )

( ) ( ) ( ) ( ) ( ) ( )
0 0

1

, , ,

.
i i

N

N
T i T i i T i T i i

i iA A
i

l

qw dA Qw ds




      
    

u u u

f u m N u M 
 

(5) 

The external loadings with respect to the local coordinate system 1 2( , ,0)x x  are defined as f , 
m , q , N , M , and Q , which denote in-plane load, out-of-plane moment, out-plane load on 
the global middle surface, in-plane load, bending moment, and shearing force on the global 
sub-boundaries, respectively. The notations ( )B iE , ( )M iE , ( )C iE  and ( )S iE express the orthotropic 
elastic matrices with respect to bending, membrane, coupling and shear component of the thi  
ply, respectively.  

, 1,2ij ij i j
 


  , ( )i

mT  and ( ) /i
g iT t  indicate coefficients of thermal expansion, 

mean temperature difference and temperature gradient, respectively. Additionally,
 ( )( )

, 1,2

ii
  



 ,  ( )( )

, 1,2

ii
  




 ,  ( )( )
0 0 , 1,2

ii
  




  and  ( )( )
3 1, 2

ii
 



 express strain tensor, 

curvature tensor, in-plane strain tensor and transverse shear strain vector on the middle 
surface of the thi  ply, respectively; and they are defined by the following equations: 

 ( ) ( ) ( )
, ,

1 ,
2

i i iu u        (6) 

( ) ( ) ( ) ( )
, 0 , 3 , ,i i i iu u x        (7) 

( ) ( ) ( )
, ,i i iw      (8) 
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 ( ) ( ) ( )
, ,

1 ,
2

i i i
         (9) 

 ( ) ( ) ( )
0 0 , 0 ,

1 .
2

i i iu u        (10) 

The displacement continuity and the Cauchy stress vector between each layer are satisfied 
as  

( ) ( 1) ,i bottom i topu u  (11) 

( ) ( 1) ( ) ( ) ( 1) ( 1) ,,i bottom i top T i bottom i bottom T i top i top   =n n n n   (12) 

where ( )( ) i bottom  and ( 1)( ) i top  indicate the value on the bottom surface of the thi  ply and the top 
surface of the ( 1)thi   ply, respectively. In addition, n  and   are the unit outward normal 
vector and the Cauchy stress tensor, respectively. Note that, in this paper, the subscripts of the 
Greek letters are expressed as 1, 2   and the tensor subscript notation uses Einsteins 
summation convention and a partial differential notation with respect to the spatial 
coordinates ,( ) ( ) /j jx     . 

  It will be also noted that U and U  in Eq. (3) are the spaces of the kinematically 
admissible displacements given by the following equations: 

   


5( ) ( ) ( ) ( ) ( ) 1
01 02 1 2, , , , ( ) satisfying theconstraint conditon appropriately on the 

Dirichlet boundary ,

i i i i iU u u w H A 



 
 

(13) 

   5( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1
01 02 1 2 01 02 1 2, ( 1, , ) = 0, , , , ( )

                                                                                        on each Dirichlet su

i
i i i i i i i i i ii NU u u w H A  u u w

       

     


    

bboundary ,
 
(14) 

where 1 1,2( )H W  is the Sobolev space of square integrable and differentiable of order 1. 

2.2 Formulation of controlling problem of thermal or static deformation 
We aim at tailoring the thermal displacements of a laminated shell structure to desired 

target values by optimizing the material orientations of every layer. Using the state equation 
as the constraint condition, and square displacement error norm between the displacements 
and the target values as the objective function to be minimized, a distributed-parameter 
optimization problem for determining the optimal distribution of the material orientation is 
formulated as 

Find       ( ) ( )i x  (15) 

                                   that minimizes       ( ) ( ) ( ) ( )ˆ ˆ( , )M M M Md  u u u u  (16) 

subject to        Eq. (3) (17) 

where ( ) ( ), ( )i
iA x x  is the variation of the material orientation from its original material 

orientation function ( ) ( )i x  of ( )
1

iE  on the thi  ply, and the updated material orientation function 
( ) ( )i
S x  is described as ( ) ( ) ( )( ) ( ) ( )

i i i
s   x x x  (shown in Fig. 2). ( )Mu and ( )ˆ Mu indicate the 

actual displacement and the target displacement at the global mid-surface of laminated shell 
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structure, respectively. Eq. (16) shows the square displacement error norm between ( )Mu and 
( )ˆ Mu .  

 

 

Figure 2: Variation of material orientation ( )
1

iE  in orthotropic material of the ith ply. 

2.3 Derivation of sensitivity function 
The Lagrange multiplier method is used to transform this constrained material orientation 

optimization problem to a non-constrained material orientation optimization problem. Letting 
( ) ( ) ( )
0( , , )i i iwu   denote the Lagrange multiplier with respect to the strong-formed state equation, 

the Lagrange functional L  associated with this problem is expressed as 

      
    

(1) (2) ( ) (1) (2) ( ) ( ) ( ) ( ) ( ) (1) (2) ( )

(1) (2) ( ) (1) (2) ( )

ˆ ˆ, , , , , , , ( , ) , , ,

                                                                          , , , , , , , .

N N M M M M N

N N

L d l

a

   



u u u u u u u u u u u u u

u u u u u u
 

(18) 

Using the variation of ( ) ( )i x , i.e. the design variable field ( ) ( )i x  to represent the amount 
of the material orientation variation, the first variation L  of the Lagrange functional L  with 
respect to the material orientation variation can be expressed as  

      
      
(1) (2) ( ) (1) (2) ( ) (1) (2) ( )

(1) (2) ( ) (1) (2) ( ) ( ) ( ) ( ) ( ) ( )

, , , , , , , , , ,

ˆ, , , , , , , 2 , , ,

N N N

N N M M M i i

L l a

a d G 





      

     

u u u u u u u u u

u u u u u u u u u
 

(19) 
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and where ( )  indicates the first variation with respect to the design variable field ( ) ( )i x .  
  When Eqs. (21) and (22) are satisfied,  

      
   

(1) (2) ( ) (1) (2) ( ) (1) (2) ( )

(1) (2) ( ) (1) (2) ( )

, , , , , , , , , , ,

, , , , , , , ,

N N N

N N

a l

U U

     

    

u u u u u u u u u

u u u u u u
 

(21) 

      
   

(1) (2) ( ) (1) (2) ( ) ( ) ( ) ( )

(1) (2) ( ) (1) (2) ( )

ˆ, , , , , , , 2 , ,

, , , , , , , ,

N N M M M

N N

a d

U U

    

    

u u u u u u u u u

u u u u u u
 

(22) 

then Eq. (19) becomes 
( ) ( )i iL G , . 

   (23) 

Eq. (21) is the governing equation for the state variable ( ) ( ) ( ) ( )
0( , , ), ( 1,2,3, , )i i i iw i N u u  and 

coincides with the state equation (Eq. (3)). Eq. (22) is the adjoint equation for the adjoint 
variable ( ) ( ) ( ) ( )

0( , , ), ( 1,2,3, , )i i i iw i N u u  .  Finally, the material orientation sensitivity function 
( )iG  of this problem is derived as 
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Eu
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(24) 

The each term in Eq. (24) is calculated by Eqs. (21) and (22), and the finite element 
method can be employed to solve those equations. The components of the elastic matrices  on 
the right side of Eq. (24) is introduced in [7, 8]. Note that the material orientation sensitivity 
function for static deformation can be obtained by neglecting the thermal expansion terms of 
Eq. (24).  

The derived material orientation sensitivity function ( )iG  will be applied to the H1 gradient 
method with Poisson’s equation in Section 3. 

3 H1 GRADIENT METHOD WITH POISSON’S EQUATION FOR FREE-
MATERIAL ORIENTATION OPTIMIZATION  

The original H1 gradient method called traction method at first was proposed for shape 
optimization of a linear elastic structure by Azegami and Wu [9]. and Shimoda and Liu 
extended it for free-form optimization of shells [10], which is a gradient method in the Hilbert 
space, and is theoretically possible to treat infinite design degrees of freedom. In these 
methods, the optimal distribution of the vector design variable can be determined via a linear 
elastic equation. In addition, the H1 gradient method is further extended to size optimization 
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[11]. The extended H1 gradient methods can determine the optimal distribution of the scalar 
design variable via Poisson’s equation. The authors extended this method moreover for the 
material-orientation optimization problem [7]. The H1 gradient method with Poisson’s 
equation proposed for the optimal material-distribution is as follows: 

When the state and the adjoint equations are satisfied, the perturbation expansion L  of Eq. 
(23) can be expressed as 

( ) ( )i i .L G , s     (25) 

where Δs is a sufficient small positive value. 
In order to obtain the optimal material orientation variation field ( ) ( )i x  of the thi  ply, the 

following weak-formed Poisson’s equation for ( ) ( )i x  is introduced. 
(1) (1) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

(1) (1) ( ) ( ) ( ) ( )
, ,

1

( , , , , ) , , ,  , ,

( , , , , ) ,
i

N N i i i i i i
v

N
N N i i

i ij j iAi

b v v v G v v C C

b v v k v dA

   

 

(26) 

where ( ) ( )i x denotes the material orientation field to be determined. The notations ( 0)   
and ijk  are equivalent to the heat transfer coefficient and the thermal conductivity matrix in the 
heat transfer analysis, respectively. C  is the function space of the kinematically admissible 
temperatures that satisfy the Dirichlet conditions for material orientation variation ( ) ( )i x , 
and vC  is the function space of the kinematically admissible temperatures defined as 

( ) 1 ( ){ H = 0  on theDirichlet boundaries}.i i
vC v v   (27) 

   The Dirichlet conditions can be arbitrarily defined by only considering the design 
requirement for the material orientations. Substituting Eq. (26) into Eq. (25) and considering 
the arbitrariness of ( )iv  in Eq. (26), we obtain 

 ( ) ( ) (1) (1) ( ) ( ) ( ) ( ), ( , , , , ) , .i i N N i iL G s s b               (28) 

Furthermore, considering the positive definitiveness of ( ) ( ), 0i i  and 
(1) (1) ( ) ( )( , , , , ) 0N Nb v v  in Eq. (28), we have 0L  . This relationship holds true in a 

piecewise convex design space. As above-mentioned, the sensitivity function is not applied 
directly to update the material orientation variation but it is once replaced by a fictitious 
internal heat generation and applied to the design domain. Then, the material orientation 
variation is determined as the temperature field obtained by the Poisson’s equation. This 
makes it possible both to reduce the objective functional and to maintain the smoothness of 
the material orientation distribution, simultaneously.   has a role of smoothing filter for 
controlling the influence range of the sensitivity function at a point. With larger  , the 
influence area of the material orientation sensitivity function is smaller. With smaller  , the 
influence area of the material orientation sensitivity function is larger, and then the material 
orientation distribution becomes smoother, or the curvature change of the material orientation 
flow becomes smaller. Generally, there is a trade-off relationship between them. 

Fig. 3 shows the schematic flowchart with the concept illustrations of the optimization 
system developed in this study. The material orientation optimization process is summarized 
as: (1) Stiffness and adjoint analyses by Eqs. (21) and (22), and evaluation of objective 
function; (2) Calculation of material orientation sensitivity function by Eq. (24) using Eqs. 
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(21) and (22); (3) The negative material orientation sensitivity function ( )iG  is applied layer 
by layer as a distributed internal heat generation to a fictitious elastic shell structure to the 
design surface of the thi  ply. The material orientation variation field ( ) x  is obtained as the 
temperature field solved by the Poisson’s equation; (4) Updating of the material orientation 
by ( ) x . This process is repeated until the convergence or the given iteration number. A 
commercial FEM code is used for the processes in orange. The optimization system can be 
easily constructed in combination with a commercial FEA code because the proposed method 
does not need to manipulate the stiffness matrix in each process. 

 

 

Figure 3: Schematic flowchart with concept illustration of optimization system. 

4 NUMERICAL EXAMPLE 
From a practical point of view, most of the industrial products are exposed in thermal 

environments, and it is important to maintain the required mechanical performances under 
thermal stress. Here, consider a 3-layer square shell illustrated in Fig. 4, which is loaded 60 K 
temperature difference between the top and bottom surfaces. The four corners are simply 
supported. The design domain, which has 200 mm length in each span and the unit thickness 
for each layer, has 1600 triangular elements. The initial material orientation of E1 is parallel to 
x-axis. Young’s moduli of each orthotropic element 1E  and 2E  are 210 GPa and 21 GPa, 
respectively. Transverse elasticity modulus is 12 65GPaG   and Poisson ratio is 12 0.3v  . The 
thickness of each layer is set as 1 mm, and the ratio of each of coefficients of thermal 
expansion 1  and 2  is set as 1:7. 

The objective of this problem is to reduce the overall thermal displacements to 1/10 of the 
initial displacement at each node. Fig. 5 shows the optimal material orientation of E1 on each 
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layer, which has a different optimal material orientation while maintaining its smooth 
distribution. The iteration history of the square displacement error norm is shown in Fig. 6, 
and it is confirmed that it is monotonically decreased to 94 %. Fig. 7 shows the comparison of 
the thermal deformations between the initial and the optimized. It is confirmed that the 
thermal deformation is globally reduced by the optimization.  

 

 

Figure 4: Boundary conditions of three-layer square shell. 

  

Figure 5: Optimal material orientation of E1 on each layer.  
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Figure 6: Iteration history of objective function normalized to the initial value. 

 

Figure 7: Comparison of thermal deformations ( indicated by 10 times). 

5 CONCLUSIONS 
In this study, we presented an approach for the optimum material-orientation design of a 

laminated composite shell structure using the H1 gradient method with Poisson’s equation. It 
was assumed that the fiber in a structure consisting of orthotropic materials could be 
arbitrarily oriented layer by layer, and the each optimum free-orientation was determined for 
tailoring the thermal deformation to the desired values. The square displacements error norm 
was used as the objective function. The optimization problem was formulated and the 
sensitivity function for material orientation variation was theoretically derived using the 
Lagrange multiplier method and the adjoint variable method.  

With the proposed approach, the arbitrary and smooth optimal distribution of the material 
orientation of a laminated anisotropic shell structure could be conventionally created for 
tailorling the thermal deformation. The proposed approach is especially effective for large-
scale material orientation design problems of complicated-shape structures with multi-layer, 
and will become an effective tool for designing a high-performance laminated composite shell 
structure. 
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Abstract. Superelastic shape-memory alloys (SMAs) are unique smart materials with a considerable en-
ergy dissipation potential for dynamic loadings with varying strain-rates. The energy dissipation arises
from a hysteretic phase transformation of the polycrystalline atomic grid structure. In fact, the nucle-
ation from austenite to martensite phase and vice versa exhibits a strong thermomechanical coupling.
In particular, the hysteresis depends on the latent heat generated by the austenitic-martensitic transfor-
mation and the convection of that heat. High strain-rate interferes with the release of the latent heat to
the environment and reduces the hysteresis surface. However, the degree of atomic disorder and accord-
ingly the change in entropy influences the reverse phase transformation from martensite to austenite. In
other words, the stability of the martensitic state affects the stress-level of the reverse transformation.
Consequently, in phenomenological material models for SMAs, the effects of the rate-dependent entropy
change must be considered to describe the energy dissipation behavior.

To incorporate the rate-dependent entropy change, we improved a one-dimensional numerical model
by introducing an additional control variable in the free-energy formulation for solid-solid phase trans-
formation in superelastic SMAs. In the present model, the observed effects of the strain-rate on the
reverse transformation are taken into account by calculating the rate-dependent entropy change. A com-
parison of the numerical results with the experimental data shows that the model calculates the dynamic
superelastic hysteresis of SMAs more accurate.

1 INTRODUCTION

The application field of polycrystalline shape-memory alloys (SMAs) with initial superelasticity cov-
ers aeronautic, automtotive and civil engineering as well as biomechanics. Most SMA-based engineer-
ing applications experience strain-rate variated and cyclic loadings. Especially in civil engineering both
seismic events and wind cause dynamic loading on structures. Hence, researchers have investigated nu-
merous structural control strategies to mitigate structural vibrations. Commonly used damping systems,
such as steel-hysteresis-dampers, dissipate structural vibration energy by inelastic deformations. How-
ever, inelastic damping devices cannot recover deformations and thus suffer loss of damping effects. This
problem motivates research into SMA-damping devices. In fact, superelastic SMA-damping devices can
reduce structural vibrations significantly without irreversible deformation due to unique hysteretic be-
havior. The superelastic hysteretic material behavior of NiTi-SMA is thermomechanically triggered and

1
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includes both martensitic transformation and reverse transformation. The phase transformation depends
on strain-rate and loading history. On the macroscopic level the nucleation from austenite to martensite
is composed by the formation of martensitic transformation bands.

Knowledge of the strain-rate dependent evolution of macroscopic transformation bands is essential
to consider strain-rate effects in constitutive modeling of superelastic SMAs. A primary investigation on
the macroscopic formation of phase transformation fronts in NiTi was conducted by Shaw [1]. Another
seminal study regarding both the macroscopic and microscopic behavior of NiTi under cyclic loading
was operated by Otsuka [2]. Based on these investigations, Feng [3] used electromechanical-opting
testing machines and high resolution optical recorders to capture images of the material surface during
varying strain-rate loadings. Pieczyska [4], furthermore used differential scanning calorimetry (DSC) to
record the thermal evolution of the macroscopic phase transition bands, while additionally using infrared
cameras to obtain thermograms. Moreover, Xiao [5] investigated the strain field and the temperature
field of NiTi specimen with 3D strain field cameras and infrared cameras. Thus, state-of-the art research
offers numerous experimental and numerical investigations on the strain-rate dependency formation of
transformation bands in NiTi.

The strain-rate dependent constitutive modeling of superelastic SMA for civil engineering applica-
tions is predominantly formulated as macroscopic material models. On the macroscopic level, Brinson
[6] and Auricchio [7], among others, investigated fundamental macroscopic models. In the last decades,
researchers developed several thermomechanical constitutive models for superelastic SMAs. One such
example is Ozbulut’s numerical model based on neural networks and fuzzy logic, that covers both the
rate- and temperature dependent behavior of SMAs [8]. Moreover, numerically simpler macroscopic and
thus computationally more efficient models were developed. Auricchio [9] developed a thermomechani-
cal rate-dependent, one-dimensional model based on his primary research.

Superelastic hysteresis is thermomechanically coupled. Accordingly, the dynamic character of ex-
citations strongly influences the thermal evolution and the hysteretic behavior. However, constitutive
models developed so far do not explicitly consider the strain-rate dependent phase stability. In particular,
the evolution of martensitic transformation bands is influenced by the strain-rate of the excitation. Si-
multaneously, martensitic phase stability modifies with the rate-dependent evolution of transition fronts.

This work proposes a one-dimensional numerical model that allows integrating changes in phase
stability that depend on strain rate. More specifically, the change in phase stability is calculated with
the rate-dependent entropy change in the superelastic SMA. In addition, experimental uniaxial tensile
shaking-table tests on trained NiTi SMA wires validate the numerical model.

The following is subdivided into three sections. Section 2 includes both the experimental setup and the
dynamic behavior of SMA. Subsequently, Section 3 presents a constitutive model for superelastic SMA.
Finally, the validation of numerical calculations with the experimental results is presented in Section 4.

2 PRELIMINARY

2.1 Dynamic material properties

The superelastic behavior of NiTi is thermomechanically coupled. For superelastic NiTi, the austenite
grid structure is energetically more effective. Thus, energy such as tensile stress has to be applied to
initiate a phase transition. Auricchio [9] defines in detail, the stress-induced phase transformation as
indicated by the critical martensitic transformation start and finish points RAM

s and RAM
f and inversely by

RMA
s and RMA

f . Superscript AM indicates a transformation from austenite to martensite and MA vice versa.
To incorporate the thermomechanical coupling, the critical transition point R depends on the stress level

2
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(a) (b)

Figure 1: Schematic martensitic transformation induced band evolution for a quasi-static (a) and a dy-
namic (b) excitation. Martensite-fraction in the NiTi specimen illustrated as transformation bands.

σ and the thermal level T .

R = σ−T (η) (1)

SMAs thermal evolution depends on the latent heat generation during the exothermic process when the
atomic grid restructures from a austenitic cubic to a martensitic monoclinic grid. Indeed, both the latent
heat generation and the convection of generated heat depend on the transformation-rate. As a result,
especially the critical transformation points RAM

f and RMA
s shift upwards for a higher material temperature

and consequently the slope of the hysteretic transformation area increases.
The strain-rate and transformation-rate dependent thermal evolution during phase transition has an

essential influence on the hysteresis surface. However, the martensitic phase stability influences addi-
tionally the reverse transformation. For instance, Figure 1 illustrates the evolution of the martensitic
transition fronts for both a quasi-static (a) and a dynamic excitation (b). In a quasi-static load-state, the
growth of localized martensite bands determines the phase transition [5]. In general terms, for quasi-
static excitation the stress field specifies the position of the transition fronts; hence they are located next
to the fixture points [1]. Evolution of quasi-static martensite bands leads to wider bands and comparative
phase-stable martensitic modes. In contrast, a higher strain-rate causes a homogeneous distribution of
small transformation bands all over the specimen. An increase in the band quantity concurrently implies
a decrease in the band width. The martensitic phase stability reduces as a result, even if the amount
of martensite-volume in the specimen is comparable to the quasi-static case. In addition, the higher
transformation-rate raises the degree of atomic disorder and hence the motion of atoms. Indeed, a more
unstable atomic state is concomitant with increasing entropy in the material [10]. As a consequence, the
reverse transformation process is initiated on a higher stress level, since the martensitic phase becomes
too unstable and the material strives for the energetically more effective and more stable austenite grid
structure.
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Figure 2: Utilized experimental setup, side-view. (1) shaking table, (2) test rig, (3) NiTi-wire, (4) load
cell, (5), uniaxial strain direction, (6) pulley, (7) weights.

2.2 Experimental setup

Figure 2 shows the utilized shaking table for uniaxial cyclic-tensile tests. The uniaxial horizontal
shaking table is 0.50 m x 0.50 m in size and can simulate both cyclic and stochastic loadings. The major
constituents òf the experimental setup are the shaking table (1) and a fixed test rig (2). For the tensile tests,
NiTi wires (3) are attached to a vertically installed load cell (4) at the test rig. The distance from load cell
to the right side fixture is 150 mm and thus sets the NiTi wire length for the experimental investigations.
The uniaxial direction movement (5) causes tensile and pressure stress on the NiTi wire. Indeed, uniaxial
tests are representative for SMA-braced structures, where only tensile loads excite the SMA-wires. To
avoid buckling, which is owing to pressure, a pulley (6) redirects the SMA wire and ensure centric load
application to the load cell. Additionally, weights (7) pre-stress the NiTi wire to induce martensitic
transformation in a both faster and controlled manner. Moreover, two T-Type thermocouples (8) are
installed 5 mm and 60 mm distanced from the right-side fixture. This position enables local temperature
evolution measurement and the identification of local thermal differences. To control the table and to
record the measurements data a MATLAB/Simulink environment is used. A CAN-hub connects the
MATLAB/Simulink code with the shaking table and introduces the excitation signals. Finally, all sensors
are connected with BNC-wires via a National Instruments ’NI USB-6210’ A/D converter to a target PC.

3 RATE-DEPENDENT CONSTITUTIVE SMA MODEL

This section introduces briefly the rate-dependent constitutive model of Auricchio [9] and describes
further advancements developed in this study. To cover the thermomechanical behavior of superelastic
SMAs, the constitutive model is based on thermodynamic potential state laws. In general, the internal
variable ξ, representing the martensitic volume fraction in the material, is expressed for martensitic
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transformation in term of the following evolutionary equation

ξ̇ = βAMξ
Ḟ(

F −RAM
f

)2 , (2)

as a function of the external variables; the Temperature T and the uniaxial strain ε and can further be
controlled with the speed-parameter βAM. This cubic evolutionary depends moreover on the driving
force F and the thermo-coupled limit stress level for martensitic transformation RAM

f where both are
depend on σ and T according to Auricchio [9]. To take into account the thermomechanical coupling,
the constitutive model is based on a free energy for formulation ψ. In particular, the derivation of ψ
originates from Raniecki and Bruhns thermo-elastic free energy formulation for single-phase materials
[11] and reads

ψ = ψ0(T )+ψe (εe)− (T −T0)ηe (εe,T )+C
[
(T −T0)−T ln

T
T0

]
. (3)

In this case, ψ0 states the temperature-dependent free energy connection to the materials internal energy u
and entropy η in the reference state and ψe states the free energy dependency on elastic strain. Moreover,
C is the material heat capacity and T0 the reference temperature. Based on Eq. 3, Auricchio and Sacco
proposed a free energy formulation [7] for solid-solid phase transformation in superelastic SMAs as,

ψ = [(uA −T ηA)−ξ(∆u−T ∆η)]+C
[
(T −T0)−T log

T
T0

]
+

1
2

Eεe2 − (T −T0)εeEα , (4)

where the subscript −A defines the austenite, ∆ the difference between austenite and martensite values,
α the thermal expansion and E the elastic modulus, which follows the Reuss-scheme. Accordingly, the
stress σ and the temperature T are defined to the corresponding derivations of the free-energy formula-
tion. Hence, we define the σ and T , which is based on the heat equation as

σ =
∂ψ
∂εe = Eεe −Eα(T −T0) (5)

and

CṪ = T
∂2ψ

∂T ∂εe ε̇+T
∂2ψ

∂T ∂ξ
ξ̇+σε̇− ∂ψ

∂ε
ε̇− ∂ψ

∂ξ
ξ̇− γ(T −Text) . (6)

To incorporate the rate-dependent entropy change, we rewrite the free-energy formulation by way of
introducing the initial entropy difference ∆η0 to define ψ as

ψ = [(∆u0 −T ∆η0)−ξ(∆η)]+C
[
(T −T0)−T ln

T
T0

]
+

1
2

Eεe2 − (T −T0)εeEα (7)

Since we deal with thin wires, we neglect the thermal expansion factor α subsequently. Thus, we intro-
duce

η =−∂ψ
∂T

= ∆η0 +ξ(∆η)+C ln
T
T0

(8)

as an additional control variable. Here, ∆η defines the difference between the current entropy level η
and the initial entropy level ∆η0. The rate-dependent entropy change calculation enables to consider
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observed strain-rate effects on the reverse transformation. The rate-dependency of the calculation arises
directly from ξ, which depends on the phase transformation-rate, and from T . To consider the strain-rate
effects both on the initial reverse transition stress level and on the martensitic-austenitic hysteresis slope,
we reformulate the thermo-coupled initial stress level for reverse transformation and the speed parameter
as

RMA
s = σMA

s −TR
η
εL

(9)

and

βMA =
η

∆η0
. (10)

The thermal-coupled initial stress level RMA
s determines the initial reverse transformation strain εMA

s (η)
and thus also the linear-elastic part of the austenitic-martensitic phase transition. In brief, the free-energy
reformulation enables a rate-dependent calculation of the entropy change and hence the introduction of
both the entropy dependent speed parameter βMA(η) and the entropy dependent initial reverse transfor-
mation strain εMA

s (η).

4 RESULTS AND DISCUSSION

The experimental results in Figure 3 visualize the strain-rate effects during cyclic-tensile excitation
with a strain amplitude of 4% on trained 0.2 mm Ni-55.8%-Ti-43.55%-SMA wires, produced by ’SAES
Getters S.p.A.’ (SAES). While comparing the whole hysteresis surface for frequencies of 0.05, 0.1, 0.5,
1.0 and 2.0 Hz, we also visualize both the linear-elastic and the transformation section of the reverse
transition. In fact, we focus on the first loading cycle of each cyclic tensile test. Therefore, the de-
crease of linear-elastic reverse transformation for increasing strain-rates becomes evident, as marked
in the plots. The decreasing linear-elastic section and the resulting reverse transformation on a higher
stress level strongly influence the shape of the reverse transition hysteresis. This strain-rate dependent
reverse transition shape is triggered by the decreasing martensitic phase-stability. However, state-of-the-
art constitutive models do not consider these strain-rate dependent changes in reverse transformation.
Subsequently, we present the effect of the entropy-change dependent calculation step by step, both of the
initial reverse transformation strain εMA

s (η) and the adjusted speed parameter βMA. More precisely, the
results are presented in the following order: no rate-dependent entropy change, entropy change adjust-
ment of εMA

s (η), entropy-change adjustment of εMA
s (η) and βMA(η).

We selected the material parameters, apart from the thermodynamic parameters, on the basis of quasi-
static tensile tests taken both from the SAES data-sheet and self-conducted experimental results. The
thermodynamic parameters were not determined experimentally. Accordingly, we chose the following
thermodynamic parameters appropriately the behavior of the constitutive model and physically consis-
tent, see Table 1. The material parameter εL is the maximum residual strain, γ is a heat convection
coefficient and Text and TR are the external and the reference temperatures, respectively. The chosen
values for ∆u and ∆η differentiate from Auricchio’s parameter sets, but allow for the entropy calculation.
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Figure 3: Cyclic-tensile-tests on Ni-55.8%-Ti-43.55%-SMA wires. Red-marked solid line: martensitic
linear-elastic section. Dashed line: reverse transformation. Strain amplitude: ε = 4 %. Excitation
frequency: f = 0.05/0.1/0.5/1.0/2.0 Hz. Wire length: L = 150 mm. Wire diameter: ∅ = 0.2 mm.
Pre-stress: σ0 = 432 N/mm2. Ambient temperature: T = 22.5 ◦C

Table 1: Material parameter for constitutive model

Parameter Value
EA 32350 MPa
EM 18550 MPa
εL 3.34 %
σAM

s 85 MPa
σAM

f 305 MPa
σMA

s 225 MPa
σMA

f 200 MPa

Parameter Value
∆u 1320 MPa
∆η0 = ∆η 0.0093 MPaK−1

γ 0.1 -
C 4.0 MPaK−1

Tu 573 K
Text = T0 = TR 293 K

To show the influence of the rate-dependent entropy change on εMA
s (η), we first compare the numer-

ical results, excluding the entropy calculation, with the experimental results, see Figure 4. The linear-
elastic part of the calculation is again separately marked. Indeed, the calculation of the martensitic-
transformation is highly plausible for the three frequencies of 0.05, 0.1 and 0.5 Hz. Although the cal-
culation of the rate-dependent thermal evolution is only qualitatively correct, the model can represent
the thermomechanical coupling for austenitic-martensitic transition. However, the linear-elastic reverse-
transformation section does not change and the reverse-transformation shape remains nearly the same.
Figure 5, shows the included entropy-change effect on εMA

s (η). To illustrate the effects of the entropy
change on εMA

s (η), we compare Figure 5 to Figure 4 to conclude that the linear-elastic section decreases
for increasing strain-rate when entropy-change effects are included in the numerical model. Nevertheless,
the reverse transformation shape remains uniform even though the phase transformation is introduced on
a higher stress level. Accordingly, further entropy dependent adjustments are necessary for a more accu-
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rate calculation of martensitic phase stability.
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Figure 4: Comparison of experimental data with with numerical results excluding entropy-change effects.
Red-marked solid line: martensitic linear-elastic section. ε = 4 %. f = 0.05/0.1/0.5 Hz.
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Figure 5: Comparison of experimental data with numerical results including entropy-change effects on
εMA

s (η). Red-marked solid line: martensitic linear-elastic section. ε = 4 %. f = 0.05/0.1/0.5 Hz.

To incorporate the change in reverse transformation curve, we introduce the rewritten speed parame-
ter βMA as a function of η. In fact, βMA(η) defines the shape of the cubic evolutionary equation for the
reverse transformation and increases with increasing entropy, see Eq. 10. Figure 6 shows the numerical
results both including and excluding entropy changes, and further compares the numerical with the exper-
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imental results. The inclusion of the rate-dependent entropy change for the reverse transition improves
the calculation accuracy. On the one hand, the austenite transformation changes for higher strain-rate
from a convex to a slightly concave curve due to the entropy dependent calculation of βMA(η). On
the other, the initial level for reverse transformation rises for increasing strain-rates. Consequently, the
advancements on the one-dimensional material model cause – especially for high strain-rates – a more
accurate calculation of the hysteresis surface without negative impact on the numerical efficiency of the
algorithm.
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Figure 6: Comparison of experimental data with numerical results both excluding and including entropy
change. Thin solid line (blue): experimental investigation. Width solid line (black): numerical results;
including entropy change. Dotted line: numerical results; excluding entropy change. Entropy-change
effects on εMA

s (η) and βMA(η). ε = 4 %. f = 0.05/0.1/0.5/1.0/2.0 Hz.

5 CONCLUSION

In this paper, the influence of rate-dependent phase-stability during martensitic transformation of
superelastic SMA-wires on the hysteresis surface is investigated. To consider rate-dependent phase-
stability in a numerical model, we advanced a one-dimensional constitutive model by way of an adjusted
free-energy formulation for phase transition in superelastic SMAs. The rewritten free-energy formulation
Eq. 4 enables the rate-dependent entropy change calculation in the material to consider the decreasing
martensitic phase-stability for increasing strain-rates. In brief, the entropy change calculation enables
a strain-rate dependent calculation of the initial strain level for reverse transformation. The advance-
ment further influences the reverse evolutionary equation and thus the shape of martensitic-austenitic
transformation. Hence, the change from a convex to a concave reverse transition shape for increasing
strain-rates can be calculated. The significant influence of strain-rate on the reverse transformation was
observed by experimental investigations. In particular, we performed cyclic-tensile tests with varying
strain-rates on NiTi-wires, using a uniaxial horizontal shaking table. In further process, the dynamic ma-
terial was analyzed according to state-of-the-art research on the evolution of martensitic transformation
bands. Thus, both the relationship between strain-rate and martensitic phase stability and the need for nu-
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merical inclusion of this relationship have been noted. Furthermore, the experimental results validate the
modified one-dimensional model. In conclusion, the rate-dependent thermomechanical modeling of en-
tropy change in superelastic SMAs enables considering martensitic phase stability effects on the reverse
transformation. Hence, we calculate the hysteresis surface more accurately with neither impairment of
the numerical models simplicity nor the robustness of the solution algorithm.
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ABSTRACT  

This paper presents the mechanical characterization of several specimens of magnetorheological 

elastomers (MRE), under shear stress, up to failure. The specimens were designed and manufactured 

with different ratio of ferromagnetic particles, curing conditions and applied magnetic field. The MRE 

elastomer is composed by two main ingredients: a base elastomer and carbonyl iron powder, which are 

mixed in the desired weight ratio, following a structured experiment plan. The PDMS elastomer, is 

polymerized by mixing the base material with a curing agent and the iron particles at the same time. We 

decide to characterize the shear behaviour of the bulk MRE in a condition quite close to a typical 

application such as an isolation mount. This requires the design of a special rig to apply both the load to 

the cylindrical specimens and the magnetic field at the same time. This method, compared to the use of 

a traditional rheometer as already present in technical literature, grants the possibility to test the 

specimen in large deformation and up to failure.  The specimens were manufactured and tested according 

to a Design of Experiment method, in order to obtain a statistically significant influence of the variables 

considered: particles volume fraction, isotropicity and applied field. Moreover, the MRE was tested both 

at low shear rate, in order to avoid the viscoelastic effects as well as at high shear rates, in order to 

evaluate the dynamic effects. An analysis of variance performed on the test results is used to highlight 

which are the most important variables that affect the output responses and could be exploted to build a 

simplified phenomenological model of the MRE shear behaviour. 

 

  INTRODUCTION 

The magnetorheological elastomers (MRE) are a class of smart materials which modifies their 
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mechanical properties due to an external stimulus, the magnetic field. These materials are gaining 

increasing popularity nowadays, since the possibility to have free shape MREs could lead to the design 

of smart components or sensors, which exhibits full integration with the structure. Therefore, the proper 

design of a MRE system first requires the knowledge of the magneto-mechanical properties of the MRE 

material. These materials have already gained the attention of the researcher, but still some open 

questions remain in technical literature. One of the first MRE ever produced was created due to the 

curiosity towards a toy, the Silly Putty (Cross, 2012; Marc Hartzman, 2013) a viscoelastic material 

which can be found also in a magnetic sensitive form (Golinelli et al., 2015). Silly Putty is extremely 

stiff when subjected to high deformation rates, while it is more than soft in case of quasi-static applied 

stress (Cross, 2012), reaching a quasi-fluid behaviour.  This very strong viscoelastic behaviour makes 

Silly Putty unsuitable for engineering applications: it cannot keep a predefined shape it tends to collapse 

under its own weight, its behaviour changes dramatically according to the loading rate. More interesting 

performances are offered by the magnetorheological elastomers (MREs), which are similar to the Silly 

Putty, but consist of a non-magnetic elastomeric matrix with ferromagnetic micrometric particles in a 

non colloidal suspension (Davis, 1999; Guan et al., 2008; Ruddy et al., 2008) such that the elastomeric 

matrix maintains its shape and does not exhibit a fluid-like behaviour. The magnetic interaction between 

the particles in these composite materials depends on the spatial arrangement of the particle and their 

volume fraction and this feature leads to an interesting number of magneto-mechanical phenomena (de 

Vicente et al., 2011; Ginder et al., 2000; Kallio, 2005). The technical literature reports several studies 

in compressive behaviour, considering both dynamic and quasi static conditions, but scarce information 

are retrieved in shear and especially regarding the ultimate failure stress (Schubert and Harrison, 2015) 

since the shear test requires an ad hoc design of the gripper system. 

The purpose of this work is is to expand the applicability of MREs towards the more industrialized field 

of magnetorheological fluids (MRFs) which are based on the same concept but exploiting a fluid matrix 

which makes them suitable for vibration damping and shock absorbers (Carlson and Jolly, 2000; Chen 

et al., 2007; Shen et al., 2004; Spaggiari et al., 2016; Yang et al., 2015). Compared to MRFs, 

magnetorheological elastomers show an always solid behaviour, i.e. they do not pass from fluid to quasi-

solid state, however their mechanical characteristics in terms of stiffness and damping are a function not 
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only of the external mechanical loads, but also of the applied external magnetic field. On the one hand 

the solid matrix prevents the ferromagnetic particles to move and therefore the MR effect is limited, on 

the other hand the very same solid matrix cancels the problem of confinement and compatibility with 

standard gaskets damage typical of MRF (Güth et al., 2013; Wiehe and Maas, 2012). Moreover, having 

the matrix lead to the possibility to make MREs both in isotropic and anisotropic configurations. This 

feature could be done during the manufacturing of the samples, by applying a magnetic field when the 

elastomer is still liquid. Figure 1a (Chen et al., 2007) show the or they can be forced to form chain-like 

column structures, as as shown in  Figure 1b with higher magnification. 

 

 
 

Figure 1. SEM image with 200 times magnification of MRE prepared in 800 mT (b) SEM image 
with 1600 times magnification of MRE prepared in 800 mT (Chen et al., 2007) 

 
 
This paper investigates a custom MRE made by a PDMS elastomeric matrix, which can be cast in 

various shapes, it undergoes large deformations under shear tests and exhibits a interesting behaviour 

for a potential use as smart controllable mount. 

 

1. MATERIALS AND METHODS 

 
The manufacture of the specimens was carried out following a Design of Experiment procedure 

(Montgomery, 2004). We considered as design variables three different volume fractions of 

ferromagnetic particles, the isotropicity of the specimens and the application of an external magnetic 

field, which is provide with permanent supermagnets. For each configuration we manufactured 2 

samples for a total of 14 specimens. Subsequently, the shear tests, with or without an external magnetic 

field with cyclic and monotonic loading up to failure are applied.  
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2.1 Experimental apparatus 

The elastomeric matrix is a commercial two-component PDMS (Polydimethylsiloxane) base, Sylgard 

184 (Dow Corning Sylgard 184 TDS | Krayden, 2013), which is a material which is widely used in 

electronic applications, especially for encapsulation of microelectronics circuits. This material shows 

very interesting properties as an electret (Kachroudi et al., 2017) and it was already described and studied 

in (Kachroudi et al., 2015), where its viscoelastic, thermal and dielectric properties can be found. Its 

behaviour as MRE Matrix was already tested in compression in a previous authors’ work (Bellelli and 

Spaggiari, 2019).  The aim of this paper is to study and discuss its magnetorheological properties when 

enriched by various volume fractions of ferromagnetic particles. The elastomeric base was mixed with 

carbonyl iron particles with an average size of 45 μm - Ferchim RI 63/3.2 by Pometon (Pometon, n.d.). 

The three ingredients (curing agent, silicone base and iron powder), after being weighted to obtain the 

desired volume fraction, were deposited and mixed in a 3d printer mold designed to obtain two desired 

specimens at one time. The mold was made out of nylon reinforced with microparticles of carbon and 

is shown in Figure 2. All the parts are kept in position and securely tightened through stainless steel 

screws, which do not disturb the magnetic field, when applied. 

 
Figure 2. – 3d Printed mold. 

 

Counter mold 

Main body 

Upper 
cap 

Rotating shaft coupling 
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 The specimens are cylindrical with a diameter of 16mm and a height of 31mm. The mold was designed 

in order to facilitate the extraction of the specimen and to improve the degassing phase. This phase is 

mandatory to avoid air bubbles inside the specimen, since the manual mixing always introduces air 

inside the mold. The top cover was thus equipped with a set of holes which allowed gas extraction, 

obtained by using a vacuum chamber at -0.8 bar. The mold, containing the reagents still in the liquid 

phase, was left for 15 minutes in the vacuum chamber to ensure a proper elimination of air bubbles and 

then the curing step started. The mold was placed in rotation through a stepper motor in order to avoid 

the settling of the iron particles due to the gravity and it was kept for six hours in a climatic chamber at 

45°C to ensure the complete polymerization of the elastomeric matrix. Without this procedure the 

specimens particles are going to settle and the volume fraction in the specimen changes, as shown in 

Figure 3a. The rotating system and the specimen filling operation need to be carefully done, otherwise 

inner formation of air bubbles could occur. This issue is particularly difficult to be spotted, since the 

centripetal acceleration on the air bubbles lead al the porosity to coalesce in one big cavity in the center 

of the specimens, which can be seen only by halving the specimen as show in Figure 3b. 

 
 

  
(a) (b) 

 
Figure 3. Specimen without the rotating system, effect of gravity (a), specimen with high rotation 

speed, effect of centripetal acceleration on air. 
 

 

A total of 14 specimens were manufactured according to the previously described procedure. First, the 

isotropic specimens were obtained, with different percentages by weight of ferromagnetic material (60% 

Almost pure matrix zone 

High concentration zone 
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- 70% -80%), three samples for each volume fraction considered. In order to produce the other 8 

anisotropic specimens, a couple of Nd-Fe-Br permanent magnets were placed around the mold when the 

system was still uncured. The mold was designed to kept the magnet in place while rotating, proving a 

constant magnetic field inside the specimens. The effect of the magnetic field led to the formation of an 

aligned arrangement of particles inside the specimens. The magnetic induction field provided by the 

magnets, measured experimentally through a Gaussmeter (in air), was around 200 mT, enough to obtain 

particle movement and chain formation. In the end, the last 2 control specimens of pure PDMS, with no 

ferromagnetic particles, were manufactured to estimate the base material properties under the same test 

conditions of the magnetorheological samples. The specimens were tested in shear, by means of a 

classical pin and fork rig, as shown in Figure 4. This configuration allows a quasi pure shear on the 

MRE without any need of other fixtures or adhesives. The shear stress in the cylinder can be easily 

determined, according to following equation and to the dimensions in the sketch reported in Figure 4a. 

𝜏𝜏 = 𝐹𝐹
2𝜋𝜋𝑑𝑑2 4⁄

 

 
The shear strain is, using a small strain approach 
 

𝛾𝛾 = 𝑑𝑑
ℎ 

 
Being h the gap between the two rigid fixtures, which is equal to 0.2mm. 
 
The complete system is reported in Figure 4b. The elastomeric matrix is very soft and the stiffness of 

the 3D printed system is nearly two times higher, so that the deformation measure is not disturbed by 

the test rig. The tensile test was not taken into consideration because the gripping of elastomers causes 

severe stress concentrations, which undermine the test results, and in addition the elastomers do not 

perform well under tensile stresses. The shear stress test procedure was divided in two parts. The first 

set of tests were non-destructive since we decided to limit the test to the elastic properties of the material 

and no plasticization is expected for a hyper elastic material. The desired test conditions were ensured 

by limiting the maximum force to 100 N and applying a cyclic displacement. This limit values were 

calibrated after a set of preliminary tests, in order to avoid possible damage of the specimen. The tests 

have the aim to register the loading/unloading curve in order to estimate the viscoelastic effect. The 
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experimental plan included the execution of the compression and the three-point bending tests on 18 

specimens. Table 1 reports a synthetic representation of the variables considered.  

 

 

 

 

(a) (b) 
Figure 4. Schematic of the test rig with dimensions (not to scale) and 3d printed test rig with pure 

elastomeric specimen. 
 
 
 

Table 1. Specimens considered in the design plan 

Variable Number 
of Levels 

% ferromagnetic 
material 3 levels 0 60 70 80 

Isotropicity Boolean N/A YES NO YES NO YES NO 
Replicates 2 2 2 2 2 

Total specimens 14 2 4 4 4 
 

The output responses to be computed on the basis of the experimental curves are: 

• Tangential stiffness, as the slope of the first elastic part of the stress-strain curves (MPa) 

• Specific dissipated energy (mJ/mm3) 

• Maximum tangential stress at failure (MPa)  

• Maximum tangential strain at failure (%) 
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2. PRELIMARY RESULTS  

Figure 5 shows the 𝜏𝜏-γ curves for the isotropic specimens without the applied field (a) and with the field 

applied during the compression test (b). The curves in red represents the pure elastomer specimen, which 

is the same for both the charts, while the three brownish curves in Figure 5a represents the isotropic 

specimens while the three blu curves in Figure 5b show the anisotropic ones. The other destructive test 

are under analysis at the moment and will be added to the complete presentation of the results during 

the Eccomas – Smart Conference. 

 
 

  
(a) (b) 

Figure 5. Shear test on isotropic specimens, without (a) and with the field applied (b). 
 
 

3. DISCUSSION AND CONCLUSION 

The discussion and the conclusion of the present work are undermined by several experimental issue 

occurred during the experimental tests, which drastically stopped the test campaign. The main cause of 

was an unexpected failure of the control board of the machine needed to carry out the cyclic test, which 

prevented the experimental campaign to be completed. The selected statistical analysis of the results 

make little sense with only partial results. The authors believe the test machine will be restored in time 

to present a proper discussion of the results during the conference. 

 
 



772

 

9 
 

REFERENCES 

Anderson MJ and Whitcomb PJ (2007) DOE Simplified: Practical Tools for Effective Experimentation, 

Second Edition. DOE Simplified: Practical Tools for Effective Experimentation, Second Edition. 

Productivity Press: Productivity Press; 2 edition. 

Bellelli A and Spaggiari A (2019) Magneto-mechanical characterization of magnetorheological 

elastomers. Journal of Intelligent Material Systems and Structures. SAGE PublicationsSage UK: 

London, England: 1045389X1982882. DOI: 10.1177/1045389X19828828. 

Carlson JD and Jolly MR (2000) MR fluid, foam and elastomer devices. Mechatronics 10(4–5): 555–

569. DOI: 10.1016/S0957-4158(99)00064-1. 

Chen L, Gong XL and Li WH (2007) Microstructures and viscoelastic properties of anisotropic 

magnetorheological elastomers. Smart Materials and Structures 16(6): 2645–2650. DOI: 

10.1088/0964-1726/16/6/069. 

Cross R (2012) Elastic and viscous properties of Silly Putty. American Journal of Physics 80(10). 

American Association of Physics Teachers: 870–875. DOI: 10.1119/1.4732086. 

Davis LC (1999) Model of magnetorheological elastomers. Journal of Applied Physics 85(6): 3348. 

DOI: 10.1063/1.369682. 

de Vicente J, Klingenberg DJ and Hidalgo-Alvarez R (2011) Magnetorheological fluids: a review. Soft 

Matter 7(8). The Royal Society of Chemistry: 3701. DOI: 10.1039/c0sm01221a. 

Dow Corning Sylgard 184 TDS | Krayden (2013). Available at: https://krayden.com/technical-data-

sheet/dow_corning_184_technical_data_sheet/ (accessed 13 September 2018). 

Ginder JM, Nichols ME, Elie LD, et al. (2000) Controllable-stiffness components based on 

magnetorheological elastomers. SPIE’s 7th Annual International Symposium on Smart Structures 

and Materials 3985: 418–425. DOI: 10.1117/12.388844. 

Golinelli N, Spaggiari A and Dragoni E (2015) Mechanical behaviour of magnetic Silly Putty: 

Viscoelastic and magnetorheological properties. Journal of Intelligent Material Systems and 

Structures: 1045389X15591655-epub ahead of print July, 8 2015. DOI: 

10.1177/1045389X15591655. 



773

 

10 
 

Guan X, Dong X and Ou J (2008) Magnetostrictive effect of magnetorheological elastomer. Journal of 

Magnetism and Magnetic Materials 320(3–4): 158–163. DOI: 10.1016/j.jmmm.2007.05.043. 

Güth D, Wiebe A, Maas J, et al. (2013) Design of shear gaps for high-speed and high-load MRF brakes 

and clutches. Journal of Physics: Conference Series 412(1). IOP Publishing: 012046. DOI: 

10.1088/1742-6596/412/1/012046. 

Kachroudi A, Basrour S, Rufer L, et al. (2015) Piezoelectric cellular micro-structured PDMS material 

for micro-sensors and energy harvesting. Journal of Physics: Conference Series 660(1). IOP 

Publishing: 012040. DOI: 10.1088/1742-6596/660/1/012040. 

Kachroudi A, Basrour S and Sylvestre A (2017) Thermal Stability of Micro-Structured PDMS Piezo-

Electrets under Various Polymeric Reticulation Ratios for Sensor Applications. Proceedings 1(4): 

310. DOI: 10.3390/proceedings1040310. 

Kallio M (2005) The elastic and damping properties of magnetorheological elastomers, PhD Thesis. 

Vtt Publications. VTT Technical Research Centre of Finland. 

Marc Hartzman (2013) A Touch of Knowledge: The Very Serious History of Silly Putty | HuffPost. 

Available at: https://www.huffingtonpost.com/marc-hartzman/a-touch-of-knowledge-the-

_2_b_1308405.html?guccounter=1 (accessed 13 September 2018). 

Mead R (1990) The Design of Experiments: Statistical Principles for Practical Applications. Cambridge 

University Press. Available at: 

https://books.google.com/books?hl=it&lr=&id=CaFZPbCllrMC&pgis=1 (accessed 3 November 

2015). 

Montgomery DC (2004) Design and Analysis of Experiments. Design and Analysis of Experiments. 

Wiley: John Wiley and Sons. 

Pometon (n.d.) Metal granules production iron powders supplier - POMETON POWDER. Available at: 

http://www.pometon.com/materialsScheda_eng.php/prodotto=selefer/id_prod=17/from=search 

(accessed 13 September 2018). 

R. Mead, S. G. Gilmour AM (2012) Statistical Principles for the Design of Experiments: Applications 

to Real Experiments. Available at: http://www.amazon.com/Statistical-Principles-Design-

Experiments-Probabilistic/dp/0521862140 (accessed 3 November 2015). 



774

 

11 
 

Ruddy C, Ahearne E and Byrne G (2008) A REVIEW OF MAGNETORHEOLOGICAL 

ELASTOMERS: PROPERTIES AND APPLICATIONS. Available at: 

http://www.ucd.ie/mecheng/ams/news_items/Cillian Ruddy.pdf (accessed 8 March 2017). 

Schubert G and Harrison P (2015) Large-strain behaviour of Magneto-Rheological Elastomers tested 

under uniaxial compression and tension, and pure shear deformations. Polymer Testing 42. 

Elsevier Ltd: 122–134. DOI: 10.1016/j.polymertesting.2015.01.008. 

Shen Y, Golnaraghi MF and Heppler GR (2004) Experimental Research and Modeling of 

Magnetorheological Elastomers. Journal of Intelligent Material Systems and Structures 15(1): 27–

35. DOI: 10.1177/1045389X04039264. 

Spaggiari A, Castagnetti D, Golinelli N, et al. (2016) Smart materials: Properties, design and 

mechatronic applications. Proceedings of the Institution of Mechanical Engineers, Part L: Journal 

of Materials: Design and Applications 0(0): 1–29. DOI: 10.1177/1464420716673671. 

Wiehe A and Maas J (2012) Large-scale test bench for the durability analysis of magnetorheological 

fluids. Journal of Intelligent Material Systems and Structures 24(12): 1433–1444. DOI: 

10.1177/1045389X12453960. 

Yang C, Fu J, Yu M, et al. (2015) A new magnetorheological elastomer isolator in shear–compression 

mixed mode. Journal of Intelligent Material Systems and Structures 26(10). SAGE 

PublicationsSage UK: London, England: 1290–1300. DOI: 10.1177/1045389X14541492. 



775

Variational inequalities for ferroelectric constitutive modelingM. Meindlhumer, A.S. Pechstein and A. Humer

∗ ∗

∗

∗



776

Ω ∈ R3 ∂Ω

u φ PI

E = −∇φ
ε = 1

2

(
∇u+∇uT

)

− divσ = f

− divD = 0

σ D

u = u0 Γ1 σ · n = σ0 Γ2 = ∂Ω\Γ1,

φ = φ0 Γ3 D · n = ρ0 Γ4 = ∂Ω\Γ3.

σ D ε
E PI

εR = ε− εI = SE · σ + dT ·E
DR = D−PI = d · σ + εσ ·E.



777

SE εσ

PI

dkji (PI) =
PI

Psat

[
dpe

P
i e

P
j e

P
k + dn

(
δij − ePi e

P
j

)
ePk + dt

1

2

((
δki − ePk e

P
i

)
ePj +

(
δkj − ePk e

P
j

)
ePi

)]

eP =
PI

|PI |
,

δij =

{
1, i = j,

0, i �= j.

PI dp dn dt
d33 d31 d15

e3

εI =
3

2

Ssat

P 2
sat

(
PI ⊗PI − 1

3
I |PI |2

)
,

SSat εI

PI

EC

Ê Ê
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λP λ̄P ≥ 0

λ̄P fP

(
Ê
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dÊ
+∆PI)

)
≤ 0

λP

fP = 0 λP
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Abstract. Iron-based Shape Memory Alloys (Fe-SMAs) present a specific behavior compared to NiTi
and Cu-based SMAs related to a high coupling between plastic sliding and phase transformation inducing
only a partial recovering of inelastic strain during heating. Few models in literature describe such specific
behavior. However, they are formulated with the framework of small perturbations. Therefore, they
cannot predict the effect of an applied high loading level inducing large deformations and rotations.
Against this background, a new thermomechanical behavior law for Fe-SMAs, is developed with the
framework of finite transformations. This law is an extension of Khalil et al. [1] small-strain model. Two
important characteristic behaviors of the Fe-SMA, the phase transformation and the plastic sliding, are
considered in the development of this model. Two internal variables, the martensite volume fraction and
the accumulative plastic strain, have been defined to integrate those latter specific behaviors. This model
considers the classical multiplication of the kinematic deformation gradient into elastic and inelastic
parts. The inelastic part is also decomposed into phase transformation and plastic slip related ones. The
corresponding constitutive equations are solved with the Newton-Raphson method combined with an
implicit integration scheme. Further, an exponential map approach is carried out to integrate the evolution
equations. In order to validate this model, the numerical results have been compared with experimental
results of Khalil el al. [2]. Obtained results are in a good agreement with the experimental data and
enhance the small-strain model [1] by enhancing the prediction of the nonlinear plastic hardening at
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high strain levels. Additional simulations with higher loading levels, showed that the present model well
predict the Fe-SMA thermomechanical behavior in finite-strain.

1 INTRODUCTION

Since their discovery [3, 4], Iron-based Shape Memory Alloys (Fe-SMAs) have drawn the attention
for their good quality / price ratio. Their thermomechanical behavior is different, than NiTi and Cu-based
SMAs, by a high coupling between phase transformation and plastic sliding. The Shape Memory Effect
(SME) for Fe-SMAs comes from mechanically induced forward phase transformation, austenite phase
to martensite phase, and from the reverse phase transformation activated after heating, martensite phase
to austenite phase [5, 6]. Also, and unlike Cu-SMAs and Ni-Ti SMAs, the plasticity activates only in the
scale of austenite [2, 7].

There are several nuances of Fe-SMAs, different in chemical composition : Fe-Mn-Si, Fe-Pt, Fe-Ni-
Co-Ti, Fe-Mn-Si-Cr ... Manganese (Mn) and Silicon (Si) are the two most important elements because of
their positive effects on the SME and the resistance to corrosion. According to the literature, manganese
helps the austenite formation [5] and silicon increases the activation stress of plastic slip [2], improves
resistance to corrosion [8], facilitates the reversible movement of dislocations [9] and improves the SME
[7].

The phase transformation-plasticity diagram of yield stresses, giving an inelastic deformation, as a
function of temperature [7] describes the Fe-SMAs behavior. Two domains, Phase transformation and
plasticity, are differentiated by a temperature that will be noted T0 (labeled Mσ

s in [7]). If the the material
temperature is lower than T0, the phase transformation of the austenite to martensite has priority, if not,
the activation of the plasticity in the austenite will take place preventing the nucleation of the martensite.

In order to predict an Fe-SMA behavior, tremendous researchers investigated the material behavior
and formulated constitutive laws describing Fe-SMA response [10]. Jemal et al. [11] developed the first
3D behavior law for this material. They defined, two internal variables which are χ, for the martensite
volume fraction, and γ, for the accumulative plastic strain, and two control variables which are the stress
Σ and the temperature T . A Gibbs energy has been used to describe different Fe-SMA specific behaviors
(Phase transformation, Plasticity and their interactions). Khalil et al. [1] model present an enhancement
for the latter one. They kept the same internal and control variables but with some modification to
be more faithful to the material behavior. They defined a new loading function for the reverse phase
transformation and change the plasticity yield force to make it temperature dependent. Recently, Cissé
et al. [12] developed a behavior law for Fe-SMAs inspired from Zaki and Moumni Ni-Ti Behavior law
[13]. An expression of Helmholtz energy has been defined as the sum of energies in austenite, martensite
and an interaction one. All these models are developed in the small strain hypothesis. But, Fe-SMA can
reach high deformation levels due to their plastic hardening. For this, a small strain behavior law is not
suitable to predict material large strain response. This was the main idea to develop a new finite strain
behavior law for Fe-SMAs.

In this present work, a finite strain thermomechanical behavior law based on an extension of Khalil
et al. small strain model has been proposed. In order to describes the phenomena of phase transfor-
mation and plasticity, a Helmholtz free energy Ψ has been used and driving and yield forces has been
defined. This new thermomechanically behavior law is based on the multiplicative decomposition of
the total deformation gradient F into elastic, Fel , and inelastic, Fine, deformation gradients. This latter
is decomposed into phase transformation and plasticity gradients, Ftr and Fpl , respectively. This model
constitutive equations have been implemented using MATLAB software. The constitutive equations are
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solved with a Newton-Raphson method mixed with prediction correction method. This model param-
eters have been set with Khalil et al. experimental results [2]. The model present a good agreement
with experimental results and it is able to predict plastic hardening better then Khalil et al. model [1].
After that, large strain simulations have been done to predict Fe-SMA response for higher loading levels.
Obtained results show a concordance with the expected Fe-SMAs response in large strain loading.

The paper organized as follows: Section 2 details the constitutive model derivation. In section 3 a
model validation with Khalil et al. experimental results [2] in order to validate it, and a large strain
simulations have been taken into account to predict Fe-SMA response in finite strain. Finally, Section 4
draws the conclusion of this work and some prospects.

2 IRON-BASED SMAs LARGE STRAIN THERMOMECHANICAL BEHAVIOR LAW

2.1 Deformation gradient

Fe-SMAs present a high coupling between the phase transformation and the plasticity. For that, an
assumption of a tripartite multiplicative decomposition of the deformation gradient into elastic, phase
transformation, and plastic components as follow:

F = FelFine = FelFtrFpl (1)

where Fel is defined with respect to an intermediate configuration, Ftr with respect to the reference
configuration, and Fpl with respect to a phase transformed configuration, if the temperature is less than
Mσ

s . Else, Fpl is defined with respect to the reference configuration, and Ftr with respect to plasticized
configuration.

2.2 Inelastic strain rate

Phase transformation and plasticty coupling occur whatever is the material temperature, and it is
difficult to justify the procedure to separate phase transformation and plastic deformation gradients for
a Representative Volume Elementary (RVE). In this case, additive decomposition of inelastic strain rate
[14] into phase transformation and plastic components is more appropriate:

Dine = Dtr +Dpl (2)

with

Dtr = χ̇ε̄tr
maxNtr (3)

Dpl = (1−χ) γ̇Npl (4)

where ε̄tr
max is the equivalent maximal transformation strain, Ntr and Npl are the transformation and plastic

flow direction vectors.

2.3 Free energy function

The Helmholtz free energy Ψ is the sum of elastic Ψel , inelastic Ψine and inner potential ΨIC energies.
The Helmholtz free energy depends on the elastic right Cauchy-Green Cel , martensite volume fraction χ,
accumulative plastic strain γ and the temperature T :

Ψ = Ψel +Ψine +ΨIC (5)

3
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with

Ψel =
µ
2
(ICel −3)−µ lnJ+

λ
2
(lnJ)2 (6)

Ψine = cv

[
(T −T0)−T ln

(
T
T0

)]
+B(T −T0)χ+Gg (Eine)+ [Gv (χ)+(1−χ)Gs (γ)+Gsv (γ,χ)] (7)

ΨIC =−�1χ− �2(1−χ) (8)

where:
For the elastic energy, µ and λ are equivalent Lamé constants by assuming an isotropic elastic behavior

with the same properties at the martensitic and austenitic states. ICel is the first cauchy invariant of Cel
and J = det(F) is the deformation Jacobian (third invariant of F).

For the inelastic energy, T is the current temperature, cv, B and T0 are the material parameters,
Gg (Eine) is the intergranular interaction energy and Gv, Gs, Gsv are, respectively, the interaction func-
tions between martensite variants, between plastic slip systems and between martensite variants and
plastic slip systems. They are defined as follow:

Gg (Eine) =
Hg

(ng +1)
(Eine : Eine)

ng+1 (9)

Gv (χ) =
Hv

nv +1
χnv+1 (10)

Gs (γ) =
Hs

ns +1
γns+1 (11)

Gsv (γ,χ) =
Hsv

nsv +1
(γχ)nsv+1 (12)

with Hg is a material parameter characterizing intergranular interactions and ng is a coefficient charac-
terizing the interaction non linearity evolution. The coefficients nv, ns and nsv reflect the nonlinearities
of these interactions. The terms Hv, Hs and Hsv are respectively the interaction coefficients between the
martensite variants, the slip systems, and the martensite variants and the slip systems.

For the inner potentiel �1 and �2 are a Lagrangian multipliers reflect the reality that the martensite
volume fraction is always between 0 and 1. This two multipliers obey the Kuhn-Tucker conditions :

{
�1 ≥ 0 and �1χ = 0

�2 ≥ 0 and �2(1−χ) = 0
(13)

2.4 Constitutive equations

Substituting The Helmholtz free energy in the Clausius-Duhem inequality and taking into account
mathematical processing:

Λχ
drχ̇+Λγ

dr γ̇ ≥ 0 (14)
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with Λχ
dr and Λγ

dr are respectively the phase transformation and plasticity driving forces defined as follow:

Λχ
dr = ε̄tr

max
(
M+Hg(Eine : Eine)

ngFineEineFT
ine
)

: Ntr −B(T −T0)−Hvχnv

+
Hs

(ns +1)
γns+1 −Hsvγ(χγ)nsv + �1 − �2 (15)

Λγ
dr = (1−χ)

(
M+Hg(Eine : Eine)

ngFineEineFT
ine
)

: Npl − (1−χ)Hsγns −Hsvχ(χγ)nsv (16)

where M present the Mandel stress, Eine is the inelastic Green-Lagrange tensor.
The yield forces for, forward and reverse phase transformation, and plastic slip are defined respec-

tively as follow:

Λtr,m
y = σm

y ε̄max
tr +ζm (T0 −Ms)−Hγγ2 (17)

Λtr,a
y = σa

y ε̄max
tr +ζa (T0 −As)−Hχχ (18)

Λpl
y = σγ

y −KT T (19)

with σm
y , σa

y and σγ
y are respectively the yield stress of, forward and reverse phase transformation and

plasticity, ζa and ζm are control parameters, Ms is the start forward martensitic transformation tempera-
ture, As is the start reverse martensitic transformation and KT represents the evolution slope of the yield
plastic stress with the temperature.

In addition, we emphasize that the evolution equations satisfy the loading functions for the direct
phase transformation , reverse phase transformation and plasticity.

ϒm
tr = Λχ

dr −Λtr,m
y (20)

ϒa
tr =−Λχ

dr −Λtr,a
y (21)

ϒa
pl = Λγ

dr −Λpl
y (22)

The solving of equations (20) to (22) for a given loading increment allow to determine the kind of
behavior and the evolution of the unknown variables.

3 RESULTS AND DISCUSSIONS

The model constitutive equations has been solved using, a Newton-Raphson method implicitly in-
tegrated throw MATLAB software, and, an elastic predictor inelastic corrector technique to manage
nonlinear responses. The Fe-SMA loading function have been calculated in every increments iterations.
Based on their values, the Fe-SMA behavior is distinguished. To test the model validatality, a com-
paraison with khalil et al.[2] experimental results have been done. Then, a presentation of large strain
response is discussed.
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3.1 Small Strain results

This subsection presents the numerical results for tensile loading-unloading at different constant tem-
perature followed by a heating. These results are compared to experimental ones from [2] regarding
the alloy Fe-Mn31.6-Si6.45-C0.018(wt%). The adopted model parameters are calibrated from experimental
results and their values are illustrated in table 1.

Table 1: Model parameters

Parameter Value Parameter Value
σm

y (MPa) 137.7 As (◦C) 96
σa

y (MPa) 125.2 T0 (◦C) 79.4
σγ

y (MPa) 210 Hv (MPa) 27.2
ν 0.3 Hs (MPa) 632.5

µ (MPa) 65385 Hsv (MPa) 1000
λ (MPa) 98077 Hg (MPa) 627

ε̄tr
max 0.048 nv 0.44

ζm (MPa/◦C) 0.086 ns 0.55
ζa (MPa/◦C) 0.036 nsv 0.45
B (MPa/◦C) 0.104 ng 3.07

KT (MPa/◦C) 0.45 Hχ (MPa) -3
Ms (◦C) -25 Hγ (MPa) 500

6
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(c) Stress-Strain curve at 130◦C

Figure 1: Comparison with Khalil et al. [2] experimental results

Figure 1 present comparisons, respectively for, 20◦C, 50◦C and 130◦C. Figures show, as observed
experimentally, that only phase transformation is occurring at 20◦C, a coupled phase transformation and
plasticity are observed at 50◦C and only plasticity is activated at 130◦C. The current model is able to
predict different temperature behavior.

3.2 Finite Strain results

Large strain simulations have been carried out at different temperature to predict Fe-SMA tensile test
response. Figure 2 presents loading-unloading-heating cycle for 20, 50 and 130◦C, respectively, at 20%
of strain. Results show that the plasticity dominates the Fe-SMA behavior for higher loading levels.
These results are very faithful to experimental diagram seen in Bouraoui et al. work [7].
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(c) Stress-Strain curve at 130◦C

Figure 2: Stress-Strain curves for 20% of strain loading followed by unloading and heating

The evolution of the internal variables (χ and γ) shows that in 20◦C (figure 3.a) the volume fraction
of martensite begins to evolve first, then, the accumulative plastic strain activates. At this point, the
martensite volume fraction slope evolution decreases until getting stabilized when it reachs 52%. At this
range, the accumulative plastic strain slope evolution increases until the end of loading. Even at 50◦C
(figure 3.b), it is remarkable the same evolution of internal variables, but, at this range the martensite
volume fraction stabilized at 26%. Figure 3.c shows the evolution of the internal variables with the strain
at 130◦C. At this temperature, the accumulative plastic strain starts first and only 5.5% of martensite has
been created.

Fe-SMAs are a particular class of material, they are distinguished by a high coupling form between
phase transformation and plasticity. High level strain simulations show that, going forward in loading
favorite the plasticity and even the recovered strain due to the reverse phase transformation is so small in
comparing with the plastic one. This model present good results and gives a prediction for an Fe-SMA
high level loading response.
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Figure 3: Evolution of the martensite volume fraction and the accumulative plastic strain function of
strain

4 CONCLUSIONS

In this paper, a nonlinear finite strain model was proposed for Fe-SMAs. The model starts with a
kinematic hypothesis that the deformation gradient is splitted in a multiplicative decomposition into,
elastic, phase transformation and plastic sliding. The model constitutive equation was derived from the
Helmholtz free energy. This latter, Helmholtz energy, is the sum of elastic, inelastic and inner potential
energies. Using MATLAB software, time-discrete equations have been integrated implicitly.

This new model presents a good agreement with experimental results [2]. Also, it is able to predict
finite strain response. The Large strain simulations show a consistent behavior of this type of materials.

As prospect, this model will be integrated in a finite element software via routine(UMAT). This
UMAT will be used in order to predict complex configurations response in finite-strain.
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ABSTRACT. Magnetic Shape Memory Alloy (MSMA) is a promising candidate for high-
frequency large-stroke actuators applications as it is able to provide a large recoverable 
deformation with high-frequency magnetic-field-induced martensite reorientation. Recent 
experiments revealed that thermo-magneto-mechanical coupling effect needs to be considered 
to obtain a reliable performance of MSMA actuators. Particularly, the heat generation from the 
energy dissipation of the high-frequency martensite twin-boundary motions causes a 
temperature rise in the material, which influences the temperature-dependent martensite 
reorientation process and/or triggers the temperature-induced martensite-austenite phase 
transformation so that the output strain can be influenced significantly. Therefore, besides the 
usual magneto-mechanical conditions (such as the magnetic field frequency, the applied 
mechanical stress and the system mechanical stiffness), the ambient heat-exchange efficiency 
between MSMA actuator and the ambient (which counteracts the temperature rise) is important 
in controlling the output strain amplitude under the high-frequency magnetic actuation. In this 
paper, we study the strain amplitude modulation of MSMA actuator by controlling the ambient 
heat transfer efficiency by applying an ambient airflow (the airflow velocity can be tuned via a 
compressed air source). The results are helpful not only for the optimization design of the large-
stroke MSMA actuators, but also for the insight into the principles of the multi-physics coupling 
in similar smart materials. 

 
1. Introduction 

Magnetic Shape Memory Alloy (MSMA) is a kind of smart material with thermo-magneto-
mechanical coupling, which has capability to output a high-frequency large recoverable strain 
(up to 10%) through magnetic-field-induced martensite reorientation [1–4]. This advantage 
makes MSMA a very promising candidate for high-frequency large-stroke actuators [5–8], 
where the large output strain amplitude is one of the most important performances. So far, 
various studies have been attracted to investigate the governing factors on the high-frequency 
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strain of MSMAs, such as the applied magnetic-field frequency, the initial compressive stress, 
and the system stiffness [9–13]. Moreover, recent experiments revealed that thermo-magneto-
mechanical coupling effect needs to be considered to obtain a reliable strain performance of 
MSMA actuators[4,14]. Particularly, the heat accumulation from the energy dissipation of the 
high-frequency frictional twin-boundary motions causes a temperature rise in the material, 
which influences the temperature-dependent martensite reorientation process and is likely to 
trigger the temperature-induced martensite-to-austenite phase transformation so that the output 
strain can be influenced significantly[4,14,15]. Therefore, besides the well-known magneto-
mechanical conditions (such as the magnetic field frequency, the applied mechanical stress and 
the system mechanical stiffness) [9–13], the heat transfer efficiency between MSMA actuator 
and the ambient (which counteracts the temperature rise) should be an important factor in 
controlling the output strain amplitude under the high-frequency magnetic actuation. 

In this work, during the magneto-mechanical actuation on MSMA, the ambient heat 
transfer efficiency is controlled by applying an ambient airflow (whose velocity can be tuned 
via a compressed air source) to study the heat transfer effects on the output strain amplitude of 
the MSMA actuator. The experimental results demonstrate that the strain amplitude of MSMA 
depend on the heat transfer efficiency non-monotonically due to two competing (opposite) 
aspects of the thermal effect. On the one hand, the temperature rise triggers the phase 
transformation from martensite to austenite in some parts of the specimen, reducing the output 
strain amplitude (as austenite has no reorientation and the specimen has less martensite 
reorientation); On the other hand, the temperature rise reduces the dissipative force (twinning 
stress) of martensite reorientation so that the dynamic strain oscillation can be increased, 
leading to larger output strain amplitude. Therefore, changing the ambient heat transfer to 
control the temperature rise (or the specimen working temperature) can modify these two 
compting aspects. At certain critical ambient heat transfer efficiency, the compromise between 
these two aspects leads to a maximum output strain amplitude. Based on this study, an actuator 
with strain amplitude modulated by the heat exchange efficiency can be designed.  

2. Material properties and experiment process 
A Ni50Mn28Ga22 (at. %) single crystal MSMA specimen (from ETO Magnetic GmbH) was 

used in the experiments. The specimen was cut to a rectangular bar with dimensions in 10×5×2 
mm from an ingot, with all faces of the specimen parallel to the {100} planes of the parent 
cubic austenite (with a lattice parameter of a0). The specimen is in the state of 10M martensite 
phase at room temperature. Note that the martensite variants are slightly monoclinic in this 
material, but in this work it is assumed that they are tetragonal with two long axes “a” and one 
short axis “c” for the simplicity of the analysis. The material characteristic phase transformation 
temperatures Ms, Mf, As and Af were obtained as 38.6 °C, 36.3 °C, 44.8 °C and 46.8 °C 
respectively from a DSC test (differential scanning calorimetry). 

To experimentally investigate the MSMA actuator performances, a magneto-spring 
loading system is developed as shown in Fig. 1(a). Before each test, the martensite specimen is 
fully compressed along y-axis (by applying a large mechanical compression stress, > 10 MPa) 
to obtain a single variant state with the short-axis (c-axis) along y-direction (so-called stress-
preferred variant, shown as M1 in Fig. 1(b)), so that all the tests can take the same reference  
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Figure 1. Experimental setup 

state (i.e., zero strain) for calculations of the specimen deformation strain in this work. The 
specimen is installed between two magnetic poles with the long side along y-direction by two 
lightweight plexiglas holders. At the beginning of each test, an initial compressive stress σini is 
applied on the specimen along y-direction by a compressed spring. Then a magnetic field (with 
magnetic flux density B cyclically varying between [-0.78, 0.78] Tesla with a triangular 
waveform) of frequency fmag is applied horizontally by the electro-magnet to drive the 
martensite reorientation from M1 to M2 (so-called magnetic field preferred variant with the short 
axis along x-direction and the long axis a along y-direction) as shown in Fig. 1(b). During this 
martensite reorientation process, the macroscopic specimen length Ly changes due to the 
microscopic difference between lattice parameters a (for M2) and c (for M1) along y-direction, 
which changes the spring length so that the spring compressive stress along y-direction changes 
at the same time. Thus, the interaction between the cyclic magnetic field (along x-direction) and 
the correspondingly evolving compressive stress (from the spring along y-direction) eventually 
leads to a cyclic deformation strain of MSMA (by cyclic martensite reorientation between the 
variants M1 and M2). In this experimental system, during the magneto-mechanical cyclic 
loading, the ambient heat transfer efficiency of the MSMA specimen can be controlled by 
forcing an ambient airflow of different velocities to pass through the specimen.  

During the actuation, the deformation of the specimen along y-direction is measured by a 
laser displacement sensor (Keyence LK-H027) at the upper holder, and the average temperature 
of the specimen is monitored by a thermocouple (K-type, 0.5 mm sheath diameter) at bottom 
of the specimen. Because the specimen holders are made of plexiglas of low thermal 
conductivity to reduce the heat conduction from the specimen ends to the fixtures, it is assumed 
that the heat convection via the specimen surface is the most dominant path of the heat exchange 
rather than the heat conduction via the specimen ends. The heat transfer efficiency can be 
quantified by a characteristic heat transfer time th which depends on the ambient airflow 
velocities (this method has been employed in previous studies [4,16,17]). That means, a large 
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airflow velocity leads to a high heat transfer efficiency corresponding to a short characteristic 
heat transfer time th. 

3. Experimental results and discussions 
To investigate the heat transfer effect on the high-frequency strain amplitude of MSMA 

actuator, a magnetic actuation test is conducted under a stepwise increasing heat transfer 
efficiency (controlled by applying an airflow with increasing velocity step by step). The 
frequency of the applied field (fmag) is 110 Hz, and the applied initial compressive stress (σini) 
is 0.4 MPa. Under these loading conditions, the MSMA actuator is capable to achieve a large 
strain amplitude (with the strain oscillation frequency fstrain = 2 fmag = 220 Hz). The strain and 
the temperature evolutions of the MSMA actuator are shown in Fig. 2(a) and the magnified 
strain curves for typical instants are shown in Fig. 2(b). It is seen that, at the beginning of the 
actuation (< 26 s) where the specimen is in the still air ambient, a large strain amplitude ∆ε (the 
strain difference between the maximum and the minimum nominal strains) around 4.0% can be 
obtained. At the same time, the specimen temperature increases rapidly corresponding to the 
high-frequency large deformation, until a significant reduction in the strain amplitude at around 
t ≈ 27 s (so-called strain drop phenomenon[4], marked by a red arrow in Fig. 2(a)), which is 
caused by the martensite-to-austenite phase transformation (non-active austenite phase appears 
in the specimen, as shown by the schematic of t1 in Fig. 2(b)). After the strain drop, both the 
output strain amplitude ∆ε and the specimen temperature T reach stable states with strain 
amplitude of 1.3% and temperature of 37.8 oC, see the evolutions of the strain and the 
temperature at t1 ≈ 40 s in Fig. 2.  

Generally, the strain drop phenomenon is harmful for engineering applications as the 
output strain is significantly reduced. To overcome this drawback, during the test, the heat 
transfer time th is decreased stepwise by increasing the velocity of the ambient airflow passing 
through the specimen (note: for each step, the airflow changes rapidly in less than 1 second). It 
is seen that, when th decreases from  80.0 s to 14.9 s stepwise, the strain amplitude increases to 
3.8% gradually, while the stable temperature only slightly decreases (see Fig. 2(a)). For 
example, at t2 ≈ 100 s where the th is 25.4 s, the strain amplitude increases to 2.6% and the 
stable temperature slightly decreases to 37.3 oC. When th is decreased to 14.9 s, the strain 
amplitude increases to 3.8% while the specimen temperature decreases to 36.7 oC (see the 
evolutions of the strain and the temperature at t3 ≈ 180 s); This recovered strain amplitude is 
close to that before the strain drop (4.0%). The temperature evolutions in these situations are 
within the material characteristic phase transformation temperatures, particularly Mf < Tspecimen 
< Af, which allows the coexistence of martensite and austenite. According to the ambient change 
(changing th), the MSMA specimen adjusts its volume fractions of the two phases so that the 
dissipative martensite reorientation (dissipative strain oscillation) generate a proper amount of 
heat that can be efficiently transformed to ambient without causing further temperature rise, see 
the schematics of the local phase evolution at the instants t1 and t2 in Fig. 2(b). In the case of th 
= 14.9 s, the specimen is almost fully occupied by martensite and the strain amplitude recovers 
to a large value (with large dissipation heat in the specimen). 

However, when the heat transfer time th is further decreased, both the strain amplitude and 
the temperature decrease significantly as shown in Fig. 2(a). For example, when th decreases to 
10.0 s, the strain amplitude and the specimen temperature decreases to 2.1% and 26.4 oC 
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Figure 2. (a) The strain and temperature responses of MSMA under continuously increasing 
airflow velocities; (b) the nominal strain evolutions and sketches of the local phase/variant 
evolutions at 5 typical time instants (t1 ~ t5). 

respectively (see the responses at t4 ≈ 330 s). When th is further decreased to 8.0 s, the strain 
amplitude and the stable temperature decrease to 1.4% and 22.0 °C respectively (t5 ≈ 480 s). 
The temperature evolutions in these situations are well below Mf, which means only martensite 
exists. But not all the martensite take reorientation to contribute to the strain oscillation as 
shown in the schematics of t4 and t5 of Fig.2(b) where there are some zones in the specimen 
with unchanged martensite states, fixed M1 or M2 (so-called non-active martensite zones). The 
volume fractions of the non-active zones change with the ambient condition (with the changing 
th). The reason for the existence of non-active martensite zone might be that, at strong ambient 
heat transfer making specimen temperature lower, the temperature-depedent dissipative force 
(twinning stress) increases [18,19], i.e. martensite reorientation becomes difficult; in other  
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Figure 3. The stable strain amplitude and the stable temperature of MSMA under different heat 
transfer time th. The dashed lines are for guiding eyes. 

 

words, higher damping in the dynamic oscillating system leads to lower output oscillation 
amplitude. 

The stable temperature and the stable strain amplitude at all the steps of the heat transfer 
time th are summarized in Fig. 3 where the output strain amplitude Δεstable changes non-
monotonically while the stable temperature Tstable decreases monotonically. For the cases under 
weak ambient heat transfer condition (th = 80.0 s ~ 14.9 s), the strain amplitude increases with 
decreasing th while the temperature decreases slightly, keeping higher than Mf. In contrast, for 
the cases under strong heat transfer condition (th = 14.9 s ~ 8.0 s), the increasing heat transfer 
efficiency (i.e. decreasing th) significantly reduces the output strain amplitude and the 
temperature simultaneously. Therefore, to achieve the maximum output strain amplitude, a 
proper ambient heat transfer condition is needed (here th < 14.9 s) to make the specimen 
working temperature is close to (but lower than) Mf so that all the specimen is occupied by 
martensite phase and the temperature depedent twinning stress is relatively low. 

4. Summary and conclusions 
In this work, the experiments of high-frequency magnetic field actuation of MSMA are 

performed under the stepwise increasing heat exchang efficiency. It is found that the heat 
exchange between the MSMA actuator and the ambient influences the actuator working 
temperature monotonically (i.e. stronger ambient heat transfer leads to lower stable working 
temperature), but changes the strain oscillation amplitude non-monotonically (i.e. there is an 
optimal thermal boundary condition to achieve the maximum output strain amplitude). This 
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study enables us to tune the strain amplitude of MSMA actuator by controlling the ambient heat 
transfer efficiency without changing the magneto-mechanical loading condition. More 
systematic experiments and the associated modelling are on-going to further understand the 
thermo-magneto-mechanical coupling behaviors of MSMA. 
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Abstract. A new model is proposed for composite laminate beams comprising multiple 
alternating shape memory alloy (SMA) and elastic layers. The model fully considers asymmetry 
in SMA behavior, which is found to significantly influence the behavior of the laminates. 
Moreover, the equations governing the response of the SMA-reinforced beams are derived for 
a complete loading-unloading cycle considering a Timoshenko beam model combined with 
well-established constitutive relations for SMAs. The derivation procedure involves first 
identifying the solid phase structure of the beam for a given applied load, followed by 
integration of the stress and strain in a cross section to obtain moment and shear force equations.  

 
 
1 INTRODUCTION 

Because of their superelasticity and shape memory effect, shape memory alloys have been 
utilized for innovative applications in aerospace [1], automotive engineering [2], robotics [3] 
and in the biomedical field [4].  In particular, SMA-reinforced composite materials were 
successfully used for shape adaptation and control [5], enhancement of resistance to buckling 
[6], structural frequency tuning [7], damage repair [8], vibration control [9], and for reducing 
impact stress and energy [10, 11]. Research into smart SMA-reinforced composites, in 
particular, has been the focus of extensive theoretical and experimental research.  From an 
experimental point of view, Lee et al. [12] investigated the use of SMA reinforcement to enable 
self-healing of cracked cement mortar beams; Alebrahim et al. [13] analyzed the behavior of a 
smart composite beam comprising SMA elements and subjected to quasi-static loading; Kim et 
al.[14] reported on the use of SMAs for improving resistance to low-velocity impact in 
composite plates; Han et al. [15] studied the response of SMA-glass fiber woven composites 
for shape morphing of UAV winglets; Thomson et al. [16] utilized SMA actuators to improve 
the post-buckling behavior of a composite panel; Wang et al. [17] showed improvement in 
average strain at failure and tensile and compressive strengths in laminates reinforced with 
SMA layers; etc. In conjunction with experimental work, a great deal of effort has been 
dedicated to modeling and simulating the response of SMA composites. In this regard, Hamada 
et al. [18] investigated the thermomechanical behavior of smart composites consisting of 6061 
Al matrix reinforced with multiple SMA fibers; Viet and Zaki [19] introduced an analytical 
model for concrete beams comprising multiple SMA wires; Taya et al. [20] designed a 
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reversible bending actuator comprising an SMA core bonded to two shape memory polymer 
(SMP) layers; Park et al. [21] analytically and experimentally investigated the deflection of 
SMA-SMP laminates subjected to loading at the tip, etc. For the case of SMA-reinforced 
composite beams in particular, existing analytical and semi-analytical solutions present a 
number of limitations, including the assumption of uniform SMA layer thickness [18] and 
material properties of the matrix [21], the limitation of detailed analytical derivations to 
monotonic loading [22], the consideration of identical elastic stiffness for the austenite and 
martensite phases, and the assumption of symmetric SMA response in tension and compression 
[22,23]. These limitations are addressed in this work, in which a semi-analytical model is 
derived to describe the behavior of laminated composite cantilever beams with multiple 
embedded SMA layers. The proposed derivations are based on the ZM constitutive model [24] 
for SMAs and on Timoshenko beam theory. The model accounts for asymmetric behavior in 
tension and compression of the SMA elements and provides analytical and semi-analytical 
relations governing the behavior of the beam during a complete loading-unloading cycle.  

. 

2 MATHEMATICAL DERIVATIONS 
The dimensions and boundary conditions of the beam are illustrated in Fig. 1 below.  

 
Fig. 1 Dimensions and boundary conditions of the laminated beam (a) layered structure; 

(b) 3D model. 
 

As shown in the insert, the beam consists of alternating layers of SMA and elastic materials. 
The structures are such that the central, top and bottom layers are SMA. The total number of 
layers is therefore 𝑛𝑛 + 𝑛𝑛’ + 1 SMA and 𝑛𝑛 + 𝑛𝑛’ − 1 elastic. An elastic layer above (resp. below) 
the midplane is denoted 𝑒𝑒' (resp. 𝑒𝑒'

( ), where the index ℎ is the layer number, starting from the 
midplane. The SMA layers are designated by 𝑚𝑚' and 𝑚𝑚'

( . The distance from the midplane to 
the bottom (resp. top) of SMA layer 𝑚𝑚' is denoted 𝑑𝑑', (resp. 𝑑𝑑'-). The elastic stiffness of 
elastic layer 𝑒𝑒' is 𝐸𝐸/' . 

2.1 Constitutive SMA relations 
                 The behavior of the SMA is represented using constitutive equations from the ZM 

model [25], for which the evolution of the volume fraction 𝑧𝑧 of martensite is governed by the 
following loading functions in the case of uniaxial tension/compression: 
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                                                           (1)  

In Eq. (1), 𝑗𝑗 is 𝑙𝑙 during loading, in which case 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(×) is 1, or 𝑢𝑢 during unloading, in which 
case 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(×) is −1; the sign ± is −  for compression or + for tension; 𝑃𝑃<=, 𝐸𝐸𝑙𝑙<=, 𝜉𝜉@ , a, b,  𝛼𝛼, 
𝛽𝛽 , and 𝐺𝐺 are material parameters; 𝐶𝐶(𝑇𝑇) is an expression of temperature written 𝐶𝐶(𝑇𝑇) =
	𝜉𝜉@H𝑇𝑇 − 𝐴𝐴J

KL + 𝑘𝑘@, where T  is temperature, 𝐴𝐴J
K is the austenite finish temperature, and 𝑘𝑘@ is a 

material constant; 𝑘𝑘' and 𝑐𝑐' are parameters accounting for asymmetric hardening; 𝜀𝜀KP and 𝜀𝜀KQ 
are the maximum transformation strains in tension and compression. The Young’s moduli of 
austenite and martensite are denoted EA and EM respectively and both phases are considered to 
have the same Poisson ratio 𝜈𝜈. A detailed introduction of the material parameters can be found 
in [25].  

The uniaxial stress-strain relation for the SMA is written  

                                                                           (2) 

which can be rearranged to get 

                                                                                               (3) 

The stress-strain relation in the region of mixed austenite and martensite can be shown to 
obey [26, 27] the following equality: 

                                                                           (4) 
where  

;  

                                     

Eq.(4) gives the explicit stress-strain relation  
                                                            (5) 
where the different coefficients are defined as follows: 
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Eq. (5) is used to plot the experimental curves used in characterizing the parameters of the 

SMA model in [25]. As shown in Fig. 2, the equation provides a good representation of the 
asymmetric behavior of the SMA.  

 
Fig. 2 Model versus experimental data considering tensile-compressive asymmetry. 

2.2 Moment and shear force relations 
 

      The Timoshenko theory gives the following equations for the beam: 
                                                                                                                    (6) 

where 𝜃𝜃 is the slope,  is the vertical displacement of the beam, 𝛾𝛾 is the shear strain, 𝑘𝑘 =
𝑑𝑑𝜃𝜃/𝑑𝑑𝑑𝑑  is the curvature and Y is the vertical coordinate measured from the neutral axis.  
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                              (7) 

 
To enable the derivation of the equations governing the deformation of the beam throughout 

a monotonic loading case, it is important to distinguish the different solid phase structures that 
develop within the beam as the load varies [26]. Indeed, different distributions of solid phase 
regions are possible, corresponding to the situations in Fig. 3. 

 

  

                    
Fig. 3 Solid phase structure within the beam as the load is monotonically varied. 

 
In the figure, austenite is shown in blue, martensite in red, and the regions of phase mixture 

are shown in yellow. Each longitudinal portion in which the number and order of solid phase 
structures in the vertical direction does not change is denoted 𝑠𝑠Y [26], where 𝑖𝑖 is an index equal 
to one toward the free end and takes increasing integer values as one approaches the fixed end. 
For the problem addressed here, 𝑖𝑖 can be anywhere between 1 and 4 (see figure). In each 
longitudinal section 𝑠𝑠Y, the moment, axial force, shear force, curvature, and deflection of the 
neutral axis are respectively denoted 𝑀𝑀[Y, 𝐹𝐹[]Y, 𝑄𝑄[Y , 𝑘𝑘[Y and ∆[Y. Equivalent normalized properties 
are indicated with a hat symbol  ` , so that �̀�𝑀[Y = 	𝑀𝑀[Y/𝑤𝑤, 𝐹𝐹b[]Y = 	𝐹𝐹[Y/𝑤𝑤, and 𝑄𝑄b[Y = 	𝑄𝑄[Y/𝑤𝑤.  

The vertical coordinate of the interface between adjoining solid phases in 𝑠𝑠Y (Fig.4) are given 
by the relations 
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in which  𝛿𝛿d± = 𝜎𝜎±
<J/𝐸𝐸= and 𝛿𝛿e± = (𝜎𝜎±

<J + 𝜀𝜀K±𝐸𝐸<)/𝐸𝐸<.  
For the beam cross section containing boundary 3 (Fig. 3), the neutral surface is located 

using the following system of equalities: 

(9) 
In the above system, 𝑌𝑌egP is the 𝑌𝑌	coordinate of line 3, ΔgiX  is the deviation of the neutral 

axis, 𝐹𝐹g]iX is the axial force, and 𝑘𝑘giX  is the curvature. The following constraints must 
simultaneously be enforced: 

                                                                                                       (10) 

The bending moment 𝑀𝑀giX  is then obtained by integration. It is worth noting that a correct 
solution requires proper determination of the correct sequence in which new solid phases form 
and evolve within the beam as the load is applied (Fig. 4).  
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Fig.4 Solid phase distribution within the beam during stage 3 of loading. 

 
The mathematical details of this procedure are not presented here in the interest of brevity. 

In Fig. 4, each of the sections 𝑠𝑠d, 𝑠𝑠e and 𝑠𝑠i requires separate mathematical treatment because 
of different solid phase structure resulting in different governing equations. In section 𝑠𝑠i, the 
conditions of force and moment equilibria are given by 

                                                               (11) 

where the indices 𝑒𝑒, 𝑎𝑎, 𝑚𝑚 and 𝑡𝑡 indicate elastic, austenite, martensite and active phase 
transformation regions, respectively. Moreover, the tensile region is denoted with a + and the 
compressive region with a – symbol. By integration, the total force and moment acting on the 
section are such that 
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(12) 
where the volume fraction of martensite is given by 

                                                                                (13) 

In Eq. (15), ,  [26]. The total shear force is then 
written 

                                                                                      (14) 
which can be fully developed into the following form:   
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(15) 
where 𝐺𝐺=, 𝐺𝐺< and 𝐺𝐺/m are the shear moduli of martensite, austenite, and the elastic layer, 𝛾𝛾K± =
√3𝜀𝜀K±/2 [26,27],	𝐾𝐾X = 5/6 is a correction factor and 𝛾𝛾gdis the shear strain. The shear stiffness 
𝐺𝐺 is such that [24]: 

                                                                                                               (16) 

 
2.3 Solution during unloading 
In the general case, unloading proceeds according to the following 4 stages, in sequence: 

elastic unloading, reverse transformation in part of the mixed region, reverse transformation in 
the entire mixed phase region until complete transformation to austenite, and elastic unloading 
of austenite. Because of space limitations, the corresponding derivations could not be 
reproduced here. The reader is referred to [26] for a complete discussion. The key complication 
in this case comes from the initial state of the beam, post-loading, which may comprise a non-
homogeneous distribution of martensite. 

3. CONCLUSION 
A new analytical treatment of the problem of a multilayered elastic-SMA beam was 

proposed using a combination of the ZM constitutive relations for asymmetric SMAs and the 
Timoshenko theory. The procedure for deriving the governing equations of the beam was fully 
detailed for the case of monotonic loading and closed-form analytical formulations were 
pursued to the extent possible. A guide was also provided on the process to follow for solving 
the same problem during unloading. The model allows, in particular, the analytical 
determination of the bending moment, axial force and shear force in a cross section. It also 
allows finding the location of the neutral surface throughout the length of the beam as well as 
the beam deflection. 
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Abstract. The magnetorheological (MR) performance of MR elastomers mainly depends on 
the types of matrix and magnetic particles. Whether the MR effect of MR elastomers can be 
enhanced by using flower-like particles as the active phase was left unknown. In this study, 
flower-like cobalt particles and sphere cobalt particles with similar particle size were 
synthesized and used as the active phase to prepare MR elastomers. The experimental results 
indicated the MREs with flower-like cobalt particles present higher crosslink density and 
enhanced interfacial bond strength, which leads to their higher storage modulus and higher loss 
modulus with respect to the MREs with sphere cobalt particles. More meaningfully, the field-
induced storage modulus tunable range was also improved by using flower-like cobalt particles 
as the dispersing phase.  
 
1 INTRODUCTION 

Magnetorheological (MR) elastomers are smart materials whose dynamic viscoelasticity can 
be tuned and modified reversibly within a few milliseconds by applying an external magnetic 
field.[1-4] The magnetic field dependent dynamic viscoelasticity is defined as MR effect. Such 
unique effect makes MR elastomers have a wide range of engineering applications, such as 
suspension bushings, seismic protection, engine mounts, adaptively tuned vibration absorbers, 
stiffness tunable isolators and so on.[5-10] Typical MR elastomers are composed of magnetizable 
particles and non-magnetic polymer matrix. The MR performance of MR elastomers mainly 
depends on the types of matrix and magnetic particles. In the past decades, most studies focused 
on matrix, and various kinds of polymer, such as silicone rubber, natural rubber, polyurethane, 
and polybutadiene rubber have been used to prepare MR elastomers with different properties.[11-

15 In contrast to plenty choices of matrix, limit kinds of particles can be used as the active phase; 
besides carbonyl iron particles, which were widely used due to their excellent soft magnetic 
properties and low cost, only cobalt particles and nickel particles[16~17] have the penitential to 
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be used to prepare MR elastomers.  
In terms of composition, MR elastomers can be considered as a kind of particles filled 

polymer-based composites (PFPCs). Therefore, it can be expected that the interaction between 
particles and polymer matrix also has non-negligible effect on their MR effect as well as 
mechanical properties. Gong et al. used silane coupling agents to improve the interaction 
between the carbonyl iron particles (CIPs) and silicone rubber, and obtained an enhanced MR 
performance.[19] Yu et al studied the effect of PANI-modified CIPs on improving the interfacial 
interactions of MR elastomer based on PU/EP IPNs matrix, which indicated that the strong 
interfacial interactions of PANI-MRE improved the MR effect and reduced the loss factor.[13] 

Although the influence of matrix, particles composition, and particle/matrix interface on MR 
properties of MR elastomers have been fully investigated, to the best of our knowledge, few 
studies analysed the effect of particles morphologies; in previous studies, sphere CI particles 
were the most widely used active phase of MR elastomers.[20-22] By contrast, the influence of 
particles morphology on properties of MR gels and MR fluids, which are another two branches 
of MR materials, have been reported recently. Yang et.al synthesized a magnetorheological gel 
based on the conventional CIPs and flower-like CIPs. The experimental results indicate that, 
with flower-like CIPs, the maximum dynamic yield stress and magneto-induced shear yield 
stress of MR gel were 1.39 and 1.37 times of the MR gel with conventional sphere CIPs.[23] We 
prepared a magnetorheological fluid with flower-like cobalt particles. Compared with the MR 
fluid with sphere cobalt particles, the flower-like cobalt particles based MR fluids showed 
higher yield stress and better sedimentation stability.[24] However, whether the MR effect of 
MR elastomers can be enhanced by using flower-like particles as the active phase was left 
unknown. In this study, we designed experiments to find the detail influence of particles’ 
flower-like morphology on MR effect of MR elastomers.  

2   EXPERIMENTAL 
The flower-like cobalt particles (FCPs) and the sphere cobalt particles (SCPs), which 

used to prepare different MR elastomers were prepared by a typical solvothermal 
reaction according to our previous report.[24] The main reagents used were cobalt 
chloride hexahydrate (CoCl2·6H2O), sodium hydroxide (NaOH), ethylene glycol, 1,3-
propanediol. All reagents were of analytical grade and used without further purification. 
Silicon rubber RTV-2 and catalyst were obtained from Zhuhai COCA New Material Co., 
Ltd. Dimethyl silicon oil (ƞ=100 mPa·s, 25 °C) was bought from Beijing Hangping 
Silicon and Chemical Co., Ltd. To prepare MR elastomers, the silicon rubber and 
dimethyl silicon oil with equal weight were mixed at room temperature by using a stirrer 
bar. After 10 min, they were mixed with cobalt particles. All the ingredients were mixed 
at room temperature during 30 min by a stirrer bar. Subsequently, the homogeneous 
mixture was placed into a mold with a cylinder cavity of ϕ20 mm×1 mm. The curing 
process was performed in a 240 mT orientation magnetic field along the thickness of the 
sample for about 6 h.[25] The orientation filed could make the particles align to form 
column-like structures, and obtain anisotropic MR elastomers. A number of studies have 
proved that anisotropic MR elastomers have more excellent MR response than isotropic 
composites with random distributed particles.[26,27] The percentage of cobalt particles 
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were 10% in volume for all the samples. The samples with sphere cobalt particles and 
flower-like particles are named as SCP-MRE and FCP-MRE for short, respectively.  

The brittle fraction sections of MR elastomers were cryogenically fractured in liquid 
nitrogen and the fracture surfaces of the MR elastomers after a swelling treatment were 
cut off by a knife. All the samples were coated with a thin layer of gold prior to SEM 
(ZEISS SUPRA 55) observation. Magnetic measurements were carried out using a 
vibrating sample magnetometer (JDM-13T).  

The crosslink densities of the MREs were obtained from a swelling measurement. 
First, pre-weighted dry MRE samples were immersed in 80 mL of toluene at 30 °C for 
72 h in a vacuum case. The toluene was replaced once at 36 h to make sure all the MREs 
achieved swelling equilibrium. The MRE samples were taken out after 72 h and the 
toluene on their surface was dried with filter paper. After recording the swollen mass of 
these MRE samples, they were transferred to a vacuum at 80 °C for 24 h, which was 
prepared for the SEM observation. For each type of MRE, three specimens were 
measured and the average values were calculated. According to the Flory–Rehner 
equations, the crosslink density of MREs can be estimated[28, 29]. 

The dynamic viscoelasticity of MR elastomers under various conditions were 
measured by a Physica MCR301 rheometer (Anton Paar, Austria) fitted with a magneto-
rheological module (MRD180), which can apply different magnetic fields on the 
parallel-plates system (PP20) by changing direct current. The test gap was 1 mm. The 
dynamic viscoelasticity of MR elastomers was tested by an oscillatory mode. In order to 
get the appropriate amplitude and frequency of shear strain, the changes of storage 
modulus and loss modulus with strain amplitude (0.001~100%) and frequency (0.1~50 
Hz) under different magnetic flux density (0, 115, 234 and 456 mT) were tested. 
Thereafter, the influence of the magnetic flux density on dynamic viscoelasticity was 
measured by setting the measured appropriate constant strain amplitude and frequency. 
All measurements were performed at 25 °C.  

3    RESULTS AND DISCUSSIONS 

3.1  Characterization of cobalt particles 
Figure 1 shows the crystal phase, magnetic properties and SEM images of the cobalt 

particles with different morphologies. It indicates that the two kinds of particles have 
similar crystal structures, similar magnetic properties, and similar diameters (2~5 μm). 

3.2  Structures of MR elastomers  
The section SEM microphotographs of the FCP-MRE and SCP-MRE samples used in 

the swelling measurements are shown in Figure 2. As shown in Figure 2a and Figure 2b, 
both sphere cobalt particles and flower-like cobalt particles form chain-like structures 
along the direction of the orientation magnetic field applied during the preparation 
process. As expected, the silicon oil in the matrix has not participated in the crosslinking 
reactions of the MR elastomers. The dissolving of silicon oil and the swelling of the 
silicon rubber proceeded in toluene, and the weak connections between the particles and 
the matrix was destroyed during this treatment. By contrast, as shown in Figure 2c and 
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Figure 2d, some bridging structures are observed between particles and rubber matrix, 
indicating strong connections between the particles and the rubber. Figure 3 shows the 
crosslink density of the MREs filled with the two kinds of cobalt particles. It indicates 
the crosslink density of the FCP-MRE is about 30% higher than that of the SCP-MRE.  

 
Figure 1: (a) Crystal phase, (b) magnetic properties and (c, d)SEM images of the sphere cobalt particles 

and flower-like cobalt particles 

 
Figure 2: SEM microphotographs of (a) SCP-MRE and (b) FCP-MRE and (c, d) the magnification 

images of (a, b) 
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Figure 3: Crosslink densities of SCP-MRE and FCP-MRE 

3.3 Dynamic viscoelasticity of MR elastomers 
Figure 4 shows the storage modulus and loss modulus of the MRE samples as a 

function of applied strain amplitude under constant frequency (5 Hz) and different 
magnetic flux densities (0, 115, 234 and 456 mT). In absence or present of a magnetic 
field, as shown in Figure 4a, their storage modulus keeps unchanged at low strain 
amplitude and then decreases with increasing strain amplitude when it reaches a critical 
value (~0.1%). Below the critical strain amplitude, the MR elastomers are considered in 
their linear viscoelastic (LVE) region. As particles filled rubber-based composites, the 
particles form a microscopic network structure. At low strain amplitude, the structure is 
stable, while over the critical value, the structure is destroyed, which is the Payne effect. 
In addition, the low magnitude of the Payne effect factor can reflect the strong interaction 
in particle-particle and particle-matrix.[30] From Figure 4a, the Payne effect factor in 
absence of magnetic field was calculated[31]. The Payne effect factors are 77% for SCP-
MRE and 72% for FCP-MRE, respectively. It indicates the particle-particle and particle-
matrix interaction in FCP-MRE is stronger than that in SCP-MRE. When the shear 
amplitude exceeds the critical value, the network structure formed by the particles 
become unstable, it consumes more energy than when no magnetic field is applied. This 
corresponds to the larger loss modulus value shown in Figure 4b when the strain 
amplitude exceeds ~0.1% in different magnetic field strengths. Furthermore, the storage 
modulus and the loss modulus of the two samples increase with increasing magnetic 
field strength, which can be attributed to the stronger network structure at higher 
magnetic field. It indicates both SCP-MRE and FCP-MRE present significant 
magnetorheological effect. 

Figure 5 shows the dependence of the storage modulus and loss modulus of the MR 
elastomers on magnetic flux density at a constant strain amplitude of 0.01% and constant 
frequency of 5 Hz. As the magnetic flux density rises, the storage modulus of the two 
MRE samples increases. It means both SCP-MRE and FCP-MRE present typical MR 
effect, which can be attributed to the increasing magnetic attractive interaction between 
the adjacent particles along the field direction. Besides, the storage modulus of the FCP-
MRE is much higher than that of the SCP-MRE in absence and present of magnetic field,. 
The initial enhancement of the storage by using flower-like particles with respect to 
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sphere particles can be attributed to the higher crosslink density due to the larger specific 
surface area. Under an applying magnetic field, the attractive interaction between the 
neighboring flower-particles is stronger than that between the neighboring sphere 
particles due to the improved interface transferring properties. As a result, the storage 
modulus of FCP-MRE is higher than that of SCP-MRE. For the same reason, the loss 
modulus of FCP-MRE is higher than that of SCP-MRE. Interestingly, the loss modulus 
curve in Figure 6b first increases and then decreases. This can be explained by Chen's 
research.[32] Loss modulus reflects the dissipation of material energy during deformation. 
The magnetic interaction (Fm) between particle and matrix is accordingly increased with 
the increase of the magnetic field. The larger Fm will lead to more energy dissipated on 
the interface slipping of the MR elastomers. In these conditions, the loss modulus 
increases with the increase of the magnetic field. On the other hand, the slip displacement 
is not a constant but a function of the Fm. It is easy to understand that if large normal 
force is applied, the slipping will become difficult, and the displacement of interfacial 
slipping will be reduced. As the increase of the magnetic field and the magnetic force, 
the slip displacement is reduced. Accordingly, the loss modulus declines. For those 
reason, the loss modulus initially increases at low field levels but decreases at high field 
levels. 

 

Figure 4: Storage modulus G’ (a) and loss modulus G’’ (b) of SCP-MRE and FCP-MRE under different 
magnetic flux densities as a function of strain amplitude 

 
Figure 5: Storage modulus G’ (a) and loss modulus G’’ (b) of SCP-MRE and FCP-MRE at a constant 

strain amplitude and frequency as a function of magnetic flux density 
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The magnetic field-induced storage modulus ΔG’ is an important indicator to evaluate 
the properties of MR elastomers, which is defined as the value of the storage modulus at 
each magnetic flux density G’ minus zero-field storage modulus G0’. Figure 6 shows the 
dependence of the magnetic field induced storage modulus of the two MR elastomers on 
magnetic flux density. As it is shown, the field-induced storage modulus tunable range 
was enlarged by using flower-like particles. In Figure 6, when the magnetic field exceeds 
50 mT, both SCP-MRE and FCP-MRE present a sharply increasing ΔG’ with rising 
magnetic field, hereafter, the increases in ΔG’ of both samples tend to be gentle after the 
magnetic flux density reaches about 400 mT. Taking into account the similar magnetic 
properties of the two MRE samples, the difference between their ΔG’ is mainly due to 
their different particle morphology. During the shear process, the particles in MREs tend 
to keep a linear structure along the magnetic field, while the rubber matrix easy to move 
along the shear direction. If the adhesion between rubber matrix and particles is weak, 
there will be gaps presenting at the interface between the particles and rubber matrix due 
to the debonding. This will cause the microstructure of MREs become unstable and 
reduce the storage modulus of MREs. Flower-like particles can increase cross-linking 
with the rubber matrix and the adhesion due to the undulating surface. This may be the 
reason that FCP-MRE shows higher magnetic field-induced storage modulus during the 
shear stress.  

 
Figure 6: Magnetic field induced storage modulus of SCP-MRE and FCP-MRE as a function of 

magnetic flux density 

4 CONCLUSIONS 
Flower-like cobalt particles and sphere cobalt particles with similar particle size were 

used to prepare different MREs, whose dynamic viscoelasticity was tested and compared 
to verify the mechanism model. The experimental results indicated the flower-like cobalt 
particles based MREs presented enhanced storage modulus in absence and present of 
magnetic field with respect to sphere cobalt particles based ones. More meaningfully, 
the field-induced storage modulus tuneable range was also improved by using flower-
like cobalt particles as the dispersing phase.  
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Abstract. In this work, a fatigue/failure analysis of Nitinol stents such as those employed in endovascu-
lar aneurysm repair (EVAR) is presented. The study is conducted for one billion hemodynamic cycles,
that is more than 15 years of service life. The strain-stress curves are obtained using the fluid-structure
interaction (FSI) analysis in Abaqus/Simulia and the high-cycle loading fatigue analysis is done on An-
sys.

The stent we use for the study is a honeycomb closed-cell structure. It our own design. The geometry
of the aorta is a cylindrical shell with three concentric layers. The aorta is modelled with the Holzapfel-
Gasser-Ogden (HGO) hyperelastic equations which account for the anisotropy of the aorta. We use
Nitinol superelastic property to study the stent structural fatigue. This is done with the Smith-Watson-
Topper (SWT) model which takes into account the mean stress on the structure. The fatigue behaviour is
obtained from fatigue life, fatigue damage, fatigue safety factor and a biaxiality indication contour plots.

Results indicate that the stent can withstand 10 years of pulsatile hemodynamic load, as recommended
by the US Federal Food & Drug Administration (FDA). The fatigue safety factor (FSF) decreases as the
number of cycle increases. Increasing the load by 25% decreases the stent life by approximately half
(down to 5.61e8 cycles) and doubling the load results in the stent failing. Areas of the stent struts
subjected to pure uniaxial load are shown to be most prone to failure.

This study can give insights into the optimal design of self-expanding stents in addition to new direc-
tions to improve their functionality.

1 INTRODUCTION

Aortic aneurysm (AA) is characterized by an enlargement of the aorta to at least 1.5 times its initial
size. It causes the walls to weaken and possibly rupture, resulting in over 10,000 people in the United
States to die each year. Among possible surgical treatments, endovascular aneurysm repair (EVAR)
using stents or stent-grafts require only minor incision. The patient can return to daily activities faster
than with open-heart surgeries so EVAR procedures have become increasingly popular during the last
fifteen years. Typically, arteries pulse at 72 times a minute, that is some 40 million times per year. This
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causes significant stresses and strains on the stent, which can lead to fatigue and ultimately device failure
[1, 2]. Thus, it is important to keep this in mind when designing stent, particularly that the US Food &
Drug Administration (FDA) recommends that stents be able to withstand between ten and fifteen years
of pulsatile loading cycles during testing before failure, that is between 400 to 600 million loading cycles
[3, 4, 5, 6]. It is true that in comparison to blocked stent due to the body endothelial cells growth on the
device (in-stent restenosis), stent fracture may not be the most common type of device failure but even so,
the potential for the stent to fracture does not seem to be widely recognised and is largely underestimated
[7].

Among stent materials, stainless steel is common and cheap but wires are thick which can prevent
designing stents with complex geometries. In addition, the material is not completely biocompatible with
human tissues. On the other hand, Nitinol (NiTi) is an alloy of Nickel and Titanium belonging to the
family of smart material alloy (SMA). The material is expensive but with an excellent biocompatibility
and a good resistance to fatigue and corrosion, it is widely used in the manufacturing of self-expanding
endovascular stents and other medical devices [8].

Nitinol possesses a superelastic and a shape memory effect (SME) property. Superelasticity refers
to the ability of the material to stretch extraordinarily, up to 10 times the original length and return to
its original length when the loads are removed. SME involves the material crystallographic structure
reacting to a temperature change and causing the material to return to its original shape when unloaded.
However, these very same properties are also responsible for causing a complex fatigue behaviour, in
contrast to conventional metals [8].

Typically for an healthy adult, the hemodynamic load can be described as oscillating between 80
mmHg and 120 mmHg. Such loading pattern generates a mean stress (average of maximum and min-
imum stress) and an alternating stress (difference between max and min stress/2) which need to be
accounted for. The stress cycle is also not completely reversed because of the different max and min
values of stress. Another thing to consider is that for Nitinol and other SMAs, the failure criterion is
strain-based in contrast to most metals, where a particular combination of stresses serve as a criterion for
failure [9, 10]. In [11], the authors show that the alternating strain plays a major role in predicting the
life of Nitinol as opposed to the mean strain.

Generally speaking, structural fatigue can occur as a result of high cycle loadings (HCF between 104

to 108 cycles) or low cycle loadings (LCF) which is the term used when failure occurs for less than 104

cycles. In high-cycle loading, material fatigue is stress-based and is characterized by a stress-cycle (S-N)
curve. In low-cycle loading, accounting for the stress is not as relevant but instead, the strain can provide
more accurate information. Strain-based fatigue life can also be used when dealing with HCF and be
used in determining if crack initiates in the structure [12].

Finally, Nitinol has a structural and a functional fatigue component. The structural fatigue refers to
the physical failure of Nitinol stents while the term functional fatigue is used to describe some loss of
superelasticity and shape memory properties during cyclic loading [13].

In this paper, numerical simulations are used to understand the structural fatigue of Nitinol and to
predict the life of the stent subjected to ten years of blood flow. We do not evaluate the life of the
aorta. Two commercial finite element packages Abaqus/Simulia (Version 6.13 [14]) and Ansys (Version
18.2 [12]) are used. That is because Abaqus/Simulia possesses a low-cycle fatigue but not a high-cycle
fatigue analysis scheme. On the other hand, Ansys does not have in it library of materials, the constitutive
equations for anisotropic materials which are needed to accurately describe the aorta. Abaqus/Simulia
does.

The methodology is thus two-fold: we first conduct a fluid-structure interaction (FSI) analysis of
a stented-aorta structure subjected to blood flow using the built-in capability in Abaqus/Simulia. We
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generate stress-strain curves for three cardiac cycles. The stress-strain curves are then exported to Ansys
and we proceed to a strain-based fatigue analysis of the material using mean and alternating strains.

The fatigue analysis is based on the Smith-Watson-Topper (SWT). This model takes into account the
mean stress on the structure and the amount of strain it generates. With that strain vs. number of cycle
(E-N) curves can be manipulated to predict the number of cycles at which the structure will fail.

Details of the methodology are included in Section 2. We present the results of the analysis in Section
3 before ending with some conclusive comments in Section 4.

2 METHODOLOGY

The first part of the analysis deals with the interaction of the fluid (blood) on the structure (stented-
aorta) and generates stress-strain curves.

2.1 FSI

We use the built-in fluid-structure interaction (FSI) analysis in Abaqus/Simulia. The FSI analysis
assumes that the walls are deformable, not rigid as in the elementary theory. This is indeed the case since
during a cardiac cycle, the aortic walls can deform between 10% -15% [15]. The basis for FSI is to insert
a fluid domain into the solid domain of the same dimensions provided conditions at the interface are
enforced. FSI combines a finite element (FEM) solution for the solid to a computational a fluid dynamic
(CFD) analysis for the fluid.

Figure 1: Aorta and stent model used in the numerical simulation

Table 1: Dimension and material properties of human aorta [16, 17]

Material Thickness Fiber
orientation µ k1 k2 Poisson’s

t θ ratio
(mm) (deg) (kPa) (kPa)

Human
Aorta Intima 0.33 18.8 ± 8.2 20.30 182.59 228.58 0.49

(3 layer, hy-
perelastic, Media 1.32 37.8 ± 20.6 2.31 8.45 12.84 0.49

anisotropic) Adventitia 0.96 58.9 ± 14.8 6.16 32.89 167.31 0.49

The geometry of aorta is a cylindrical structure 6.2 cm long, 2.54 mm inner diameter and 2.61 mm
thick with three layers representing the intima, media and adventitia aortic layers (Fig. 1). The aorta is
meshed with 153849 modified quadratic tetrahedral hybrid elements (C3D10MH). The aorta is modeled
with the Holzapfel-Gasser-Ogden (HGO) equations that were developed in year 2000 to describe human

3
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tissues [18]. This is a powerful hyperelastic model which takes into account the anisotropic behaviour of
the aorta due to the layers, each having its own stiffness.

The geometry of the stent is generated with the 2015 × 64 Edition of Solidworks (Fig. 1). It is 6.2 cm
long, 25 mm in inner diameter and 0.3 mm thick. The stent diameter is slightly below the diameter of the
aorta. This in order to provide complete sealing upon expansion and prevent the stent from migrating.
It is meshed with 38840 modified quadratic tetrahedral elements (C3D10M). We use the superelastic
constitutive model developed by Auricchio and Taylor (1997) for Nitinol [19]. The material properties
of the human aorta and Nitinol are shown in Table 1 and Table 2 respectively.

Table 2: Nitinol material’s properties[14]

Properties Symbol Values
Density ρ 6450 kg/m3

Austenite elasticity EA 68 GPa
Austenite Poisson’s νA 0.33
Martensite elasticity EM 36 GPa
Martensite Poisson’s νM 0.33
Transformation strain εL 0.041

δσ/δT loading
(

δσ
δT

)
L

6.5

Start of transformation
loading σS

tL 520 MPa

End of transformation
loading σE

tL 635 MPa

Reference temperature T0 37oC

δσ/δT unloading
(

δσ
δT

)
U

6.5

Start of transformation
unloading σS

tU 180 MPa

End of transformation
unloading σE

tU 26 MPa

Blood is assumed to be an incompressible, Newtonian and turbulent medium. These are chosen to
represent physiological human conditions. In Abaqus/Simulia, the equations for such a flow can be
solved with standard Navier-Stokes equations [20]. Blood flow has a time-dependent profile (Fig. 2).
The blood dynamic viscosity is 0.003 Pa.s and its density is 1050 kg/m3. We use the Spalart-Allmaras
(SA), one of the two turbulent models available in Abaqus/Simulia. This model is recommended when
solving problems with pressure gradients. The blood is meshed with 29610 linear wedge elements of
type FC3D6. There are three boundaries: inlet, outlet and a surface with outer normal in the positive Z
direction (Fig. 3).

Figure 2: Blood physiological pressure profile
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Figure 3: Blood model used in the numerical simulation

Contact is assumed between the aorta and the stent. It is implemented in Abaqus/Simulia via an
algorithm that uses the inner wall of the aorta as the master surface and the stent outer diameter is the
slave surface. A contact friction coefficient of 0.2 is also needed to guard against slipping between the
surfaces and to prevent the stent from migrating. Displacement in the axial and the radial directions is
allowed but it is constrained in the circumferential direction.

2.2 Fatigue analysis

With the stent being subjected to that many loading and unloading cycles, it is inevitable that material
weakening will occur and alter the stent intended functions. In this work, the fatigue analysis is done
on Ansys. It is based on a strain-life method as should be the case for Nitinol. In addition, cyclic
loading fatigue tests often assume completely reversed loading with constant amplitude. This is not the
case here. The cyclic hemodynamic load generates a mean stress on the stent, which is always tensile
(positive difference in pressure). Smith-Watson-Topper (SWT) proposed an equation to account for the
mean-stress in strain-life prediction. This model adequately predicts fatigue due to tensile stress.

SWT is expressed as,

σmax
∆ε
2

=
(σ f )

2

E
(2Nf )

2b +σ f ε f (2Nf )
b+c (1)

where the various symbols are fatigue strength coefficient σ f , number of reversals to failure 2Nf ,
fatigue ductility coefficient ε f , fatigue strength exponent b, fatigue ductility exponent c, modulus of
elasticity E to measure the maximum stress σmax and total strain amplitude (∆ε/2).

The strain-life fatigue properties of Nitinol are taken from reference [8] and have been generated
experimentally. They are summarized in Table 3. It shows that the number of cycles to failure (Nf ) of
Nitinol is 1e9.

Table 3: Strain-life fatigue properties of Nitinol[8]

Properties Symbol Values
Fatigue strength coefficient σ f 1335 MPa
Fatigue ductility coefficient ε f 2.11
Fatigue strength exponent b -0.085
Fatigue ductility exponent c -0.679

Fatigue strength factor k f 0.42
Loading ratio Rε εmin/εmax

Cycles 1e9
Ultimate stress σu 1040 MPa

In Ansys, the fatigue analysis returns four contour plots: fatigue life, fatigue damage, fatigue safety
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factor and biaxiality indication.
Fatigue life is an indicator of how long the structure will last before it fails. It is a measure of the

number of loading cycles a structure can sustain before it fails. The material, structure, geometry and
temperature are factors that influence the fatigue life of a component. The methodology for obtaining the
fatigue life from SWT model can be summarised as follows: first, we input the coefficients from Table 3
in Eq. 1 and get the strain amplitude. The strain values obtained from the FSI simulations in Abaqus are
exported to Ansys to serve as input to the fatigue analysis. We compare the strain values obtained from
the fatigue analysis with the strain amplitude calculated from the SWT model (Eq. 1). If the numerical
strain is less than the value calculated from Eq. 1, the stent will last 10e8 cycles (fatigue life).

Fatigue damage is expressed as the ratio of design-life to available life. Here the design-life of the
stent is 10e8 cycles. The value of available life is obtained from the simulations. Damage is irreversible.
A value greater than 1 indicates that the structure will fail before the design life is reached.

Fatigue safety factor (FSF) relates the maximum stress to the design stress (aka allowable stress or
working stress). A FSF equal to 1 means the structure (stent) experiences the same amount of stress as
the design stress. The structure cannot support any additional load. Any additional increase of the load
on the structure will result in failure.

Biaxiality indication shows how accounting for a multi-state of stress, not just a uniaxial stress, affects
the material fatigue. It is defined as the ratio of minimum principal stress to maximum principal stress.
A 0 value of biaxiality indication corresponds to a uniaxial stress, a -1 value corresponds to pure shear,
and a 1 value corresponds to a pure biaxial state of stress. Principal stresses close to zero are neglected.

3 RESULTS

3.1 FSI

We obtained the stress-strain response of the stented aorta for three cardiac cycles using the FSI
analysis capability in Abaqus/Simulia. The blood pressure profile used in the simulations is shown is
Fig. 2. One can recognise the 120 mmHg peak value and the 80 mmHg minimum value corresponding
to the systole and diastole blood pressure. The principal stress contours on the stented aortic region
obtained from the simulations are shown on Fig. 4 and the principal strain contours on Fig. 5. It shows
that the maximum stress experienced by the stent is 145 MPa (red color) while it is approximately 0.7
MPa for the aorta (blue color). On the other hand, the stent undergoes about half the strains (0.6%)
compared to the aorta (1.5%) (Fig. 5). Simulations have been conducted assuming a 37oC temperature
for Nitinol was maintained.

Figure 4: Principal stresses on the aorta and the stent. (Recorded at systolic pressure, Units are Pascals)
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Figure 5: Principal strains on the aorta and the stent. (Recorded at systolic pressure)

Figure 6 shows the strain experienced by the stent during three cardiac cycles. It is clearly oscillating.
Relevant computed quantities shown on the figure are: maximum strain (εmax = 0.6%) and minimum
strain (εmin = 0.48%), from which the other quantities, mean strain (εm), alternating strain (εa) and a
strain range (εr) can be calculated using

εm =
εmax + εmin

2
(2)

εa =
εmax − εmin

2
(3)

εr = εmax − εmin (4)

Figure 6 shows that the maximum strain (εmax) occurs during the systole stage and the minimum (εmin)
strain, during the diastole. Here εmax and εmin are both tensile. Using these values, one can compute εm,
εr and εa as 0.53%, 0.143% & 0.072% respectively. These values are used in the fatigue analysis.

Figure 6: Principal strains experienced by the stent during three cardiac cycles

3.2 Fatigue

3.2.1 Fatigue life

Figure 7 shows the fatigue life contours on the stent obtained on Ansys. The red color indicates that
the stent can withstand one billion (10e8) cycles without failure. There is no indication from the contours
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obtained that some parts of the stent are more prone to failure than others. On the contrary, every part of
the stent has the same life and it can sustain 400 million cycles, the equivalent amount of cycles for 10
year-operation.

Figure 7: Stent fatigue life contour

Figure 8 shows the loading cycles vs. the loading history as described in Ansys. On the figure, the
range for the horizontal axis is 0.5 to 2.5. These represent the % of the current load. For instance, 0.5
means that the load is 50% of the current load, 2.5 means that the load is 250% of the current load and 1
refers to the current loading (100%). The curves shows that increasing the load by 25% (i.e. 1.25) will
result in the stent-life decaying rapidly until the stent is subjected to approximately twice the load (i.e.
2), value at which the stent will fail (zero).

Figure 8: Stent available life vs. loading history

3.2.2 Fatigue Damage

Figure 9 shows the fatigue damage of the stent obtained for one billion (10e8) cycles, which is above
the 400-600 million cycles threshold recommended by the FDA. The fatigue damage contour was gen-
erated using the design life (10e8 cycles) and the available life of the stent (also equal to 10e8) obtained
from Fig. 9. The blue contours on the stent are equal to one, which can be interpreted as meaning that
the stent will not fail until the design life value is reached.

3.2.3 Fatigue Safety Factor

Figure 10 shows the fatigue safety factor (FSF) contours obtained from the FEM simulations. With
sufficient zooming, one can see that the stent struts are orange, indicating a fatigue factor of safety above

8
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Figure 9: Stent fatigue damage contour

to one, even though these regions can fail first due to the curvatures. The other regions are either blue
or green, which correspond to a very high factor of safety (10-15) or 5-10, respectively. There is no
red-color contours, where FSF is less than one. Red color contour would mean failure of the stent before
the time it has been designed to operate is reached. Thus, our stent as designed, can safely operate for 10
years.

Figure 10: Stent fatigue safety factor contour

Figure 11 shows the FSF as a function of the loading history. The loads range from 0.5 to 2.5 which
correspond to loading the sent at a 50% and 250% increase of the original load, respectively. The value
1 (i.e. 100%) represents the life of the stent at the current level of loading. The results indicate that when
the original load is increased by 25% or more (i.e. 1.25 value), FSF drops below 1 and the stent cannot
be deemed safe to operate.

Figure 11: Stent fatigue safety factor vs. loading history

9



834

Raja Jayendiran, Bakr Nour and Annie Ruimi

3.2.4 Biaxiality Indication

Figure 12 shows the biaxiality indication on the stent due to the hemodynamic load. The color coding
is such that red, orange, yellow are positive values less than one and the others are negative values
between zero and one. Green coding has some positive and some negative values close to zero, which
means that most regions of the stent are in pure uniaxial stress, although not completely. Again, with
enough image zooming, one can see that the struts curvatures experience some pure shear (blue color)
and that the end cells are in a pure biaxial state of stress (red color). Combined with the fatigue safety
factor contours, we can say that the most vulnerable regions of the stent are those experiencing pure
uniaxial stresses. This indicates that uniaxial stress is the primary mode of failure for the stent.

Figure 12: Stent biaxiality indication contour

4 CONCLUSIONS

In this work, we analysed the fatigue/failure behaviour of a Nitinol stent used in endovascular aneurysm
repair (EVAR) procedures. The analysis assumed that the stent was subjected to one billion cycles (de-
sign life), representing more than twenty years of cycling hemodynamic loading.

The fluid-structure interaction (FSI) analysis in Abaqus/Simulia was first employed to generate the
stress-strain curves of a stented aorta during three cardiac cycles. The aorta was modeled as an anisotropic
material. The stress-strain curves were exported to Ansys for a strain-based high-cycle fatigue life anal-
ysis using the Smith-Watson-Topper (SWT). This model takes into account the mean stress on the struc-
ture.

Four contour plots were generated on Ansys: fatigue life, fatigue damage, fatigue safety factor and a
biaxiality indication.

Results indicated that the stent was able to sustain 10e8 cycles without failing. The fatigue factor of
safety decreased exponentially as the number of cycles increased. Increasing the load by 25% decreased
the stent life by approximately half (5.61e8 cycles) and doubling the load will result in the stent failing.

The biaxiality indication showed that the pulsatile hemodynamic load mostly caused the stent to
experience a pure uniaxial state of stress. Area of the struts subjected to pure uniaxial loading were most
prone to failure.

This fatigue analysis showed that our honeycomb stent design was capable of withstanding 10-15
years of pulsatile hemodynamic load, as recommended by the FDA.

This study can provide insights into optimal design of self-expanding stents as well as giving new
directions to improve their functionality.
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Abstract 
This paper discusses new findings on fatigue crack growth in an NiTi shape memory alloy. 

Despite the importance of the topic, there are very few papers that systematically studied fatigue 
crack growth with investigation of measurements of effective stress intensity at crack tips. It 
has become clear that one must account for the crack tip wake closure forces in modeling of 
crack tip stress intensity as they could produce net forces that are substantial. The tractions in 
the crack wake can reduce the driving forces but the calculation is rather complicated. Instead, 
we present stress intensity determination based on experimental displacement measurements at 
crack tips. We utilize digital image correlation to establish vertical and horizontal displacements 
in NiTi. We then compare the stress intensity determination based on regression of 
displacement results, which is termed the effective stress intensity range, with that of the stress 
intensity range based on LEFM. We find that the effective stress intensity range is lower than 
that based on classical LEFM solution, the difference being more significant at longer crack 
lengths. 

1 INTRODUCTION 
Since their discovery in the early 1960s, the NiTi shape memory alloys (SMA) have 

captivated the attention of the materials science community with potential for a multitude of 
applications ranging from biomedical stents to advanced instruments in space exploration. Two 
characteristic properties of SMAs are often exploited in applications: the shape memory effect, 
where large levels of deformation are recovered upon heating, or the superelastic effect, where 
again large levels of deformation are spontaneously recovered upon unloading. Despite 
significant advances in SMA research, knowledge gaps still persist particularly under fatigue 
loading conditions, motivating further research [1]. 
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Various shape memory material compositions have been developed over the years in 
addition to NiTi, such as NiTiCu, CuZnAl, CuNiAl, NiFeGa, CoNiAl, CoNiGa, NiTiHf,  
FeNiCoTi and FeMnSi among others [1]. However, NiTi continues to be the most important 
SMA, partly because of its biocompatibility. It also exhibits large transformation strains and 
better functionality compared to other alloys especially in polycrystalline form. It is important 
to note that large number of fundamental studies have been undertaken on single crystals; 
however, it is important to report on polycrystalline properties as they are relevant to 
applications.   

The most comprehensive previous work on fatigue crack growth in NiTi has been  
undertaken by Ritchie et al.[2-4]. More recently there has been efforts to report on NiTi single 
crystals. One must note that the compositional effects, texture effects, grain sizes and heat 
treatments are all expected to affect the results so direct comparison of results is difficult.  In a 
recent study, effective stress intensity calculations accounting for closure forces were compared 
to stress intensities measured via regression of displacements with excellent agreement [5]. This 
provides a justification for the present approach of determining the stress intensity from the 
measured displacements. Extracting the effective stress intensity by measuring the normal 
and horizontal displacement fields at the crack tip and fitting them to the elasticity theory 
solutions resulted in 10- 30% reduction in maximum stress intensity in NiFeGa [5, 6]. 
Therefore, our current paper builds upon these novel experimental techniques outlined 
previously and applied them to investigate the NiTi fatigue crack growth behavior in the 
temperature regime where superelastic conditions prevail. We note that only preliminary 
findings are presented in this paper.  

 

2 EXPERIMENTAL TECHNIQUES 
The current investigation considers polycrystalline NiTi samples, of composition with an  at. 

Ni of 50.8%. The material is the same NiTi that is reported in our early studies with an aging 
treatment of 450°C for 1.5 hours[7, 8]. The transformation temperatures were As = 21°C ; Af 
=38°C ; Ms=0°C;  and Mf=-20°C.The specimens were of the dog-bone geometry with a gauge 
section of 10 mm in length, 1.5mm thickness and 3mm in width. Edge notches 0.5 mm in length 
are introduced using EDM. Prior to testing, all specimens were polished using SiC paper, after 
which a fine speckle pattern was applied for full-field strain and displacement measurements 
using Digital Image Correlation (DIC). 

Fatigue crack growth experiments were conducted with an R ratio of 0.05 and a 3 Hz 
frequency. The tests were run at a temperature of 45°C, at which the behavior was confirmed 
to be superelastic by uniaxial tension experiments. A constant stress amplitude of 142 MPa was 
employed. Optical images were collected during each loading cycle allowing for extraction of 
displacement fields, from which the stress intensity factor was calculated via regression which 
will be further explained in the next section. 



839

J. Yaacoub, H. Sehitoglu 

 3 

3 EXTRACTION OF STRESS INTENSITY FACTOR FROM DISPLACEMENTS 
USING ANISOTROPIC ELASTICITY VIA REGRESSION 

The displacement fields determined with Digital Image Correlation (DIC) are fitted to the 
crack tip displacement fields. These solutions are available by Sih et. al [6]. It is then possible 
to extract the stress intensity by regression fit to the following equations: 

   (1) 

  

   (2) 

 
                 (3) 
  

 
Where Re represents the real part of a complex number, T is the T-stress, A is the rigid 

body rotation, 𝐵𝐵" and 𝐵𝐵# are the rigid body translations in 𝑢𝑢% and 𝑣𝑣% directions, respectively. 
The terms 𝑎𝑎%%, 𝑎𝑎%), 𝑎𝑎%*, 𝑎𝑎)), 𝑎𝑎)*	and 𝑎𝑎** are the compliance components in the coordinate 
system of the crack, 𝑟𝑟 and 𝜃𝜃 are the polar coordinates with their origin at the crack tip. 𝜇𝜇% and 
𝜇𝜇) are the roots of equation (3). The 𝑝𝑝0 and 𝑞𝑞2 in equations (1) and (2) are the anisotropic 
terms defined as: 

   (4) 

 
The formulation above is general but for purposes of simplicity the fitting was conducted 

for isotropic case. In the above formulation we allow for provision of Mode II stress intensity 
levels as well. The details of the methodology have been published earlier [5, 9-11]. 

4 EXPERIMENTAL RESULTS 
The regression-extracted stress intensity is plotted against that acquired with a classical 

handbook calculation for a single edge notch case. The results are seen in Figure 1. The results 
in the Paris regime can be described with the following equation  

where  is measured in m/cycle and is measured . 
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It is evident that the material’s effective stress intensity levels (red) are substantially lower 
compared to that determined from LEFM solution (black). The LEFM solution is the product 
of stress range and square root of crack length and the correction for an edge crack for finite 
width effects.  The effective threshold stress intensity is reduced by about 2 MPa√𝑚𝑚  compared 
to the LEFM value using the entire stress range. The threshold stress intensity based on LEFM 
is 9 while it is 7  upon fitting the experimental displacement fields. This 
difference increases substantially as evident from Figure 1. Many factors play a role in the 
reduction of the crack tip stress intensity compared to the external loading based levels. The 
residual stress induced transformation zone is verified in the crack wake and ahead of the crack 
tip based on comparing the strains from digital image correlation at different stages of crack 
growth. Additional closure effects associated with plastic flow in the form of slip further 
contribute to the reduction of stress intensity levels.  

The regression window is outlined on the left of Figure 2 with a dashed red box. It is 
approximately centered at the crack tip. The crack tip is marked with a large dot  and the 
displacements are measured with respect to the crack tip. Because the crack front is normal to 
the applied loading direction the zero displacement contours are horizontal along the crack line. 
Experimentally measured and regression determined displacement fields are superimposed on 
the same plot on the right of Figure 2. It is evident that experiment (blue) and theory (red) are 
in very good agreement increasing the confidence in the measurement of effective stress 
intensity. The regression-based results represent a more accurate measure of the crack tip 
driving forces as all possible crack tip phenomena such as plasticity and stress induced 
transformation are reflected in the results. Further analysis of the results is needed to confirm 
the evolution of the residual displacements and strains that are responsible for shielding effects. 
This is a topic that is far from resolved in shape memory alloys.  

 
 

MPa m MPa m
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 5 

 
Figure 1 – 

56
57

 vs ΔK plot. The red data points are acquired via regression (also termed the effective 
stress intensity range), while the black points represent the classical handbook solution for the single 
edge notch case calculated using the full range of applied stress. The reduction in stress intensity due 
to shielding effects is indicated with an arrow and increases (the difference between the two curves) 

with increasing crack length. 
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Figure 2 – Regression and experimental displacement contours overlay. The displacements are given in 
microns and the extracted stress intensity is 7.6 in this case. 

5 CONCLUSIONS 
The work supports the following conclusions: 

1) The superelastic NiTi, undergoing  reversible stress induced martensitic 
transformation, exhibits an effective threshold stress intensity level of 7  
based on the present work. The experimentally determined effective stress intensity 
range is substantially lower than the stress intensity range calculated based on stress 
intensity handbook (LEFM) solutions particularly at longer crack lengths. Also, the 
experimental results produce a Paris exponent of 1.73, which is rather small  and 
indicative of fatigue crack growth resistance. These results suggest potentially 
significant shielding effects, ie. reduction of crack tip stress intensity ranges. 

 
2) The determination of effective stress intensity based on crack tip displacements 

encompasses the cumulative role of various shielding mechanisms that are rather 
complex. These effects include the role of transformation induced slip and residual 
transformation strains. In this study, an experimental determination of the effective 
stress intensity range based on regression of crack tip displacements during loading 
and unloading was undertaken which provides insight into the role of shielding 
effects on crack tip driving forces.   

  

MPa m

MPa m
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† Boğaziçi University
Bebek Mah., 34342, Besiktaş/Istanbul, Turkey
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Abstract. Porous NiTi’s mechanical behaviour is similar to the human bone’s and it shows good bio-
compatibility which make it an attractive material for biomedical applications. In this study, the aim is
to develop a macro-scale phenomenological model to describe the mechanical behavior of porous NiTi
SMAs within the framework of generalized standard materials with internal constraints including the
porosity as an additional internal variable. The model includes the effect of hydrostatic pressure due
to the presence of porosity. The constitutive equation obtained is used to simulate the pseudoelastic
compressive response of a porous NiTi. In addition to stress-strain behaviour, evolution of phase trans-
formation and porosity are also calculated. Numerical results show a qualitative agreement with the
experimental results in the literature.

1 INTRODUCTION

Similar to the bulk NiTi SMA, porous form of NiTi which possesses the shape memory effect, pseu-
doelasticity and good biocompatibility is an attractive material in many applications including energy
absorption or light-weight actuators, and most commonly the biomedical applications [1]. In addition,
porous NiTi has some additional benefits superior to classical metallic foams (e.g., Ti or stainless steel),
such as low density, high specific surface area and high permeability [2, 3], and it shows a mechanical
behavior similar to the human bone as a result of its unique pseudoelastic characteristic near ambient
temperature [4]. Especially with the low density and elastic modulus, achieved by controlling the poros-
ity, porous NiTi is one of the most widely used materials for hard-tissue implantation [4].

In the literature, there are some experimental studies to observe the mechanical behaviour of porous
NiTi produced by different powder metallurgy techniques [5–11]. Since porous NiTi is mainly exposed
to compressive loadings under operation, researchers focus on the mechanical behaviour under compres-
sion. Zhao et al. [7] presented the stress-strain diagrams of 13% and 25% porous NiTi produced by spark
plasma sintering, under uniaxial compression. It is observed that the stress plateau shifts down and the
slope of the elastic portion decreases significantly with increasing porosity. They also stated that the

1
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phase transformation has decreased with increasing porosity due to the weak interconnection between
NiTi powders. Namet et al. [8] showed the superelastic loop of 12% porous NiTi and observed 1% resid-
ual strain after unloading of the specimen which was loaded upto 6% global strain. Bram et al. [9] and
Guo et al. [10] performed studies on the compressive behaviour of high porosity NiTi SMAs and showed
that the amount of superelastic strain is lower under high porosity. More recently, Saedi et al. [11] tested
the NiTi under compression with different porosity and observed the effect of porosity. From the exper-
imental results in the literature, the effects of porosity on pseudoelastic compressive behaviour of NiTi
can be summarized as the decrease in critical stresses for phase transformation, elastic modulus and the
amount of transformation.

Due to the unusual behavior of SMAs such as pseudoelasticity, modeling of porous SMAs is not a
simple procedure. Some researchers used the micromechanical averaging techniques or unit cell finite
element method as reviewed by Yuan et al. [2]. Although these techniques can give estimates of the
stress-strain curves, they are not sufficient to observe the evolution of phase transformation or porosity.
In the literature, there are only a few studies where the porosity is introduced as a parameter into the
analytical model. Since porous materials are pressure sensitive, Olsen and Zhang [12] proposed the
Gurson [13] type yield function, which includes the hydrostatic part of the stress tensor, to calculate the
transformation strain of porous SMAs. Similarly, Ashrafi et al. [14] introduced the effect of hydrostatic
pressure by using a yield function which was originally proposed by Deshpande and Fleck [15] based
on their experimental studies on metallic foams. It is seen that there is a limited number of studies on
analytical modeling of the mechanical behaviour of the porous SMAs, thus the subject is open to further
contributions.

In this study, a macro-scale phenomenological modeling to describe the mechanical behavior of
porous SMAs is presented. The original ZM (Zaki-Moumni) model [16] for dense SMAs within the
framework of generalized standard materials with internal constraints [17] is modified to include the
porosity as an additional internal variable. The constitutive equation obtained is then used to simulate
the 1D compressive behaviour of porous NiTi SMA in Matlab. In addition to the stress-strain curve,
the phase transformation and the evolution of porosity are also observed. Numerical results have shown
that the present model is capable of qualitatively representing the effect of porosity on the pseudoelastic
behaviour of porous NiTi under compression.

2 ANALYTICAL MODELING

In the following, the analytical modeling of the porous SMAs which is a generalization of the phe-
nomenological ZM model for SMAs is presented. More details regarding the original ZM model can be
found in [16].

2.1 State variables and free energy formulation

The phenomenological ZM model [16] for dense SMAs is modified including the effect of porosity.
The representative elementary volume (REV) is a combination of the solid SMA matrix and the porosity
as shown in Figure 1, which is called the skeleton. In this study, the porous region is assumed to be con-
nected and the occluded porosity which is usually small compared to the amount of connected porosity
is neglected.

2
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Figure 1: Skeleton particle [18]

The free energy density, ψ, of the REV is formulated as a function of the following variables:

ψ = ψ(εεε
′
,θ,T,εεε

′
A,εεε

′
M,εεεori,z,φ) (1)

where εεε′
and θ are the deviatoric and hydrostatic parts of the strain tensor of the skeleton (εεε = εεε′

+ θ
3 III),

T is the temperature, εεε′
i is the local deviatoric strain tensor of the corresponding phase (A for austenite,

M for martensite), εεεori is the orientation strain tensor of martensite, z is the volume fraction of martensite
and φ is the porosity which is defined as the porous volume divided by the total volume of the REV. In
short, the porosity is introduced into the ZM model as an additional internal variable.

In classical ZM model for bulk SMAs, the free energy density of a REV is constructed as follows;

ψ = (1− z)ψA + zψM + Iz (2)

where ψi is the free energy density of the corresponding phase and Iz is the interaction energy between
the phases or martensite variants. For the porous SMA, the free energy density of the skeleton particle is
formulated as follows:

ψ = (1−φ)
[
(1− z)ψA + zψM + Iz

]
+

1
2

Hθ2 (3)

where H is a material parameter related to hardening and θ is the inelastic volumetric strain due to the
change in porosity. It is assumed that the volume change of the matrix is negligible compared to the one
of the porosity (θA = θM = 0).

The energy terms in Equation 3 are written as follows:

ψA = µA(εεε
′
A : εεε

′
A) (4)

ψM = µM
[
(εεε

′
M − εεεori) : (εεε

′
M − εεεori)

]
+C(T ) (5)

Iz = G
z2

2
+

z
2
[
αz+β(1− z)

][2
3

εεεori : εεεori
]

(6)

where µi is the shear modulus, C(T ) is the latent heat density due to phase transformation and G, α and
β are material parameters.

2.2 Constraint equations and Lagrange potential

The state variables must obey some physical rules as stated below:

(1− z)εεε
′
A + zεεε

′
M − εεε

′
= 0 (7)

3
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z ≥ 0; (1− z)≥ 0 (8)

ε0 −
√

2
3

εεεori : εεεori ≥ 0 (9)

φ−φ0 −θ = 0 (10)

φ ≥ 0; (1−φ)≥ 0 (11)

where εεε0 is the limit for transformation strain and φ0 is the initial porosity. Using the constraint equations
above, a Lagrange potential is constructed as follows,

ψl =−λλλ :
[
(1− z)εεε

′
A + zεεε

′
M − εεε

′]−ν1z−ν2(1− z)−µ
[
ε0 −

√
2
3

εεεori : εεεori
]

−λ1
[
φ−φ0 −θ

]
−ν3φ−ν4(1−φ) (12)

where λλλ, µ, µ1 and νi are Lagrange multipliers. ψ and ψl together construct the Lagrangian L = ψ+ψl ,
which is then used to obtain the state equations:

L =(1−φ)
[
(1− z)

(
µA(εεε

′
A : εεε

′
A)

)
+ z

(
µM

[
(εεε

′
M − εεεori) : (εεε

′
M − εεεori)

]
+C(T )

)
+G

z2

2

+
z
2
[
αz+β(1− z)

][2
3

εεεori : εεεori
]]

+
1
2

Hθ2 −λλλ :
[
(1− z)εεε

′
A + zεεε

′
M − εεε

′]−ν1z−ν2(1− z)

−µ
[
ε0 −

√
2
3

εεεori : εεεori
]
−λ1

[
φ−φ0 −θ

]
−ν3φ−ν4(1−φ) (13)

2.3 State equations

State equations below are obtained based on the Clausius-Duhem inequality for a solid medium:

sss =
∂L
∂εεε′ = λλλ (14)

tr(σσσ)
3

=
∂L
∂θ

= λ1 +Hθ (15)

000 =
∂L
∂εεε′

A
= (1− z)

[
2µAεεε

′
A(1−φ)−λλλ

]
(16)

000 =
∂L

∂εεε′
M

= z
[
2µM(εεε

′
M − εεεori)(1−φ)−λλλ

]
(17)

−Aφ =
∂L
∂φ

=−
[
(1− z)µA(εεε

′
A : εεε

′
A)+ z

(
µM(εεε

′
M − εεεori) : (εεε

′
M − εεεori)+C(T )

)
+G

z2

2

+
z
2
[
αz+β(1− z)

][2
3

εεεori : εεεori
]]

−λ1 (18)

−Az =
∂L
∂z

= (1−φ)
[
−µA(εεε

′
A : εεε

′
A)+

(
µM

[
(εεε

′
M − εεεori) : (εεε

′
M − εεεori)

]
+C(T )

)
+Gz+

[αz+β(
1
2
− z)][

2
3

εεεori : εεεori]

]
−λ(εεε

′
M − εεε

′
A) (19)

−AAAori =
∂L

∂εεεori
= (1−φ)z

[
2µM(εεεori − εεε

′
M)+

2
3

εεεori
(
αz+β(1− z)

)]
+

2
3

µ
[

εεεori√
2
3 εεεori : εεεori

]
(20)

4
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where Az, Aφ and AAAori are the thermodynamic forces associated with phase transformation, volume
change and orientation of martensite, respectively.

The constitutive relation between deviatoric stress and strain is obtained from the state equations as
shown below:

sss = 2(1−φ)µeq
[
εεε
′ − zεεεori

]
(21)

where

µeq =

(
1− z
µA

+
z

µM

)−1

. (22)

The thermodynamic forces can be rewritten as follows:

Az =
1
3

σ2
V M

(1+ν)
(1−φ)

( 1
EM

− 1
EA

)
+ sss : εεεori +(1−φ)

(
−C(T )−Gz

− [αz+β(
1
2
− z)][

2
3

εεεori : εεεori]
)

(23)

Aφ =
1
3

σ2
V M

(1+ν)
Eeq

+ zC(T )+Gz2 +
z
2
[αz+β(1− z)][

2
3

εεεori : εεεori]+
trσσσ
3

−H(φ−φ0) (24)

AAAori = zsss− 2
3

z(1−φ)(αz+β(1− z))εεεori −
2
3

µ
[

εεεori√
2
3 εεεori : εεεori

]
(25)

where

Eeq =

(
1− z
EA

+
z

EM

)−1

. (26)

2.4 Dissipation pseudo-potential and evolution of internal variables

In the framework of generalized standard materials, evolution of internal variables is obtained from a
dissipation pseudo-potential which is a function of the rates of dissipative variables, D(ż, ε̇εεori, φ̇).

Assume;

D = (1−φ)[a(1− z)+bz]|ż|+ z2Y

√
2
3

ε̇εεori : ε̇εεori +P(1−φ)|φ̇| (27)

where a, b, Y and P are positive materials constants. The dissipation pseudo-potential is related to
thermodynamic forces as follows:

Az ∈ ∂żD; Aori ∈ ∂ε̇εεoriD; Aφ ∈ ∂φ̇D (28)

which give the set of yield functions:

F1
z ≤ 0, F2

z ≤ 0, Ftr ≤ 0, F1
φ ≤ 0, F2

φ ≤ 0 (29)

associated to the forward martensitic transformation, reverse martensitic transformation, martensite ori-
entation, increase in porosity and decrease in porosity, respectively. The yield functions are given below:

F1
z =

1
3

σ2
V M

ElMA

(1−φ)
+ sss : εεεori +(1−φ)

(
−C(T )−Gz− [αz+β(

1
2
− z)][

2
3

εεεori : εεεori]

)

− [a(1− z)+bz] (30)

F2
z =− 1

3
σ2

V M
ElMA

(1−φ)
− sss : εεεori − (1−φ)

(
−C(T )−Gz− [αz+β(

1
2
− z)][

2
3

εεεori : εεεori]

)
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− [a(1− z)+bz] (31)

Fori =
Ftr

z
=

∣∣∣∣
∣∣∣∣sss−

2
3
(1−φ)(αz+β(1− z))εεεori −

2µ
3z

[ εεεori√
2
3 εεεori : εεεori

]∣∣∣∣
∣∣∣∣
V M

− zY (32)

F1
φ =

1
3

σ2
V M

(1+ν)
Eeql

+ zC(T )+Gz2 +
z
2
[αz+β(1− z)][

2
3

εεεori : εεεori]+
trσσσ
3

−H(φ−φ0)−P(1−φ) (33)

F2
φ =− 1

3
σ2

V M
(1+ν)

Eeql
− zC(T )−Gz2 − z

2
[αz+β(1− z)][

2
3

εεεori : εεεori]−
trσσσ
3

+H(φ−φ0)−P(1−φ)

(34)

During evolution of the internal variables, the yield functions must satisfy the following conditions:

F = 0, Ḟ = 0 (35)

where F is the corresponding yield function; ż, ε̇ori and φ̇ are calculated using Equation 35.

2.5 Parameter identification

The material parameters listed in Table 1, except for P and H, can be calculated from orientation
and pseudoelastic uniaxial experiments performed on a dense SMA as explained in [16]. For now,
transformation temperatures are assumed to be constant under different porosity.

P and H are the additional material parameters to be determined for a porous material. For now, P
is chosen to be 10 MPA and H is assumed to depend on porosity as H = H0(1− φ0)

2 to observe the
evolution of porosity in the simulations.

Table 1: Material parameters used in the simulations [16]

Parameter Value Parameter Value

EA 39100 MPa a 28.94 MPa

EM 18000 MPa b 27.46 MPa

ν 0.33 ε0 0.102

Y 265 MPa G 37.3 MPa

α 539 MPa β 3137 MPa

ζ 0.4775 MPa ◦C−1 κ 13.9 MPa

A0
f 40 ◦C T0 50 ◦C

P 10 MPa H0 10000 MPa

3 NUMERICAL STUDY ON COMPRESSION OF POROUS NiTi

Since the experimental studies in the literature are devoted to compressive behaviour of the porous
NiTi, the present model is simplified to simulate uniaxil compression.

6
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3.1 Simplification of the model to uniaxial compression (1D)

The equations above are simplified to their 1D version in order to observe the pseudoelastic behavior
of the porous SMAs under uniaxial compression; the stress-strain relation can be written as follows:

σ = 3(1−φ)µeqv
[
ε− (φ−φ0)

3
− zεori

]
(36)

For the ease of simplicity, it is assumed that the martensite is completely transformed if the temperature
is well above austenite finish temperature A0

f , and under this condition εori = ε0. In addition, the volume
change is assumed to be totally irreversible, therefore there is no increase in volume during unloading.

For uniaxial compression, the yield functions are obtained as follows:

F1
z =

3
4

ElMA

(1−φ)
s2 +

3
2

sε2
0 +(1−φ)

(
−C(T )−Gz− ε2

0[αz+β(
1
2
− z)]

)
− [a(1− z)+bz] (37)

F2
z =−3

4
ElMA

(1−φ)
s2 − 3

2
sε2

0 − (1−φ)
(
−C(T )−Gz− ε2

0[αz+β(
1
2
− z)]

)
− [a(1− z)+bz] (38)

Fφ =−3
4
(1+ν)

Eeq
s2 − zC(T )−Gz2 − z

2
[αz+β(1− z)]ε2

0 −
s
2
+H(φ−φ0)−P(1−φ) (39)

3.2 Algorithm and numerical results

The phenomenological model for 1D compression test is programmed in Matlab following the algo-
rithm below. Here, exponent test indicates an estimate for the step i+1 by using the values of z and φ at
step i.

Input: model parameters, ε, T, z0, φ0

Output: z, φ
While i<n

divide the loading path into n intervals: εi+1 ← εi +∆ε

• compute σ(i+1),test using εi+1,zi,φi

• compute F1,(i+1),test
z , F2,(i+1),test

z , F(i+1),test
φ

• if F1,(i)
z > 0 and F1,(i+1),test

z > F1,(i)
z and 1− z > 0

forward phase transformation

• if F2,(i)
z > 0 and F2,(i+1),test

z > F2,(i)
z and z > 0

reverse phase transformation

• if F(i)
φ > 0 and F(i+1),test

φ > F(i)
φ and φ > 0

porosity change

• if no active transformation and porosity change

∆z = 0, ∆φ = 0

• if forward phase transformation only

Ḟ1
z = 0 gives ∆z, ∆φ = 0

7
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• if reverse phase transformation only

Ḟ2
z = 0 gives ∆z, ∆φ = 0

• if porosity change

Ḟφ = 0 gives ∆φ, ∆z = 0

• if forward phase transformation and porosity change

Ḟ1
z = 0, and Ḟφ = 0 give ∆z, ∆φ

• if reverse phase transformation and porosity change

Ḟ2
z = 0, and Ḟφ = 0 give ∆z, ∆φ

z(i+1) ← z(i) +∆z, φ(i+1) ← φ(i) +∆φ, compute σ(i+1) with z(i+1) and φ(i+1)

i ← i+1, compute F1,(i)
z

End while

Fig. 2 shows the comparison of the stress-strain curves of dense and 25% porous NiTi under uniaxial
compression. Numerical results demonstrate that the porous NiTi shows a similar hysteresis loop with
some differences when compared to the one of the dense NiTi. As expected, elastic modulus, critical
stresses for forward and reverse phase transformation and hysteresis area decrease under porosity. It is
also observed that there is a residual strain at the end of unloading due to the irreversible volumetric
strain resulting from the evolution of porosity.
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Figure 2: Numerical results of the stress-strain behaviour of dense and 25% porous NiTi under com-
pression

The effects of porosity explained in the previous paragraph are more pronounced in Figures 3, 4a
and 4b where the results are compared for different porosity levels. Fig. 3 shows that the amount of
residual strain is increasing with increasing the porosity as observed by Saedi et al. [11]. The same result
can also be seen by looking at Fig. 4a where the evolution of porosity is presented. Fig. 4b shows
the evolution of martensitic phase transformation by following the volume fraction of martensite. It is

8
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observed that the phase transformation is recovered back, but the amount of martensite phase produced
decreases by increasing the porosity which is also stated by Zhao et al. [7] according to their experimental
results. This result can also be related to the decrease in the hysteresis area which is a sign of martensitic
transformation.
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Figure 3: Numerical results of the stress-strain behaviour of 25%, 50% and 75% porous NiTi under
compression
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Figure 4: Numerical results of the evolution of (a) porosity and (b) martensitic volume fraction of 25%,
50% and 75% porous NiTi under compression

The numerical results show that the present phenomenological model is able to represent qualitatively
the effect of porosity on the compression behaviour of NiTi SMA, and continuing research on the model
holds a great promise. In order to achieve a quantitative agreement with experimental results, the material
parameters in the model must be determined precisely. The dissipation potential will also be formulated
more precisely after performing a few experiments on a porous NiTi.
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4 SUMMARY

In this paper, a macro scale phenomenological model of porous SMAs is presented. The analytical
model is a generalization of the ZM model which represents the mechanical behaviour of dense SMAs
within the framework of generalized standard materials with internal constraints. The porosity is in-
troduced into the ZM model as an additional internal variable and the effect of hydrostatic pressure is
taken into account. The model is then simulated numerically using Matlab for uniaxial behaviour of a
porous NiTi SMA under compression. The stress-strain behaviour of the NiTi SMA is presented and the
evolution of martensitic phase transformation and porosity are calculated for different porosity levels.
The numerical results have qualitative agreement with the experimental results available in the literature
and it shows that the present model is able to represent the effect of porosity on the pseudoelastic uni-
axial compression behaviour of a porous SMA. Experiments on porous NiTi are needed to characterize
additional material parameters and to obtain a quantitative agreement between the analytical model and
experiments.
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Abstract. Several applications use superelastic shape memory alloys (SMA) parts in order to benefits
from there large recoverable strain. These structures are generally subject to cyclic loadings, which can
lead to fatigue rupture. Unfortunately, the fatigue of SMA has not been much studied and their fatigue is
not taken into account in the dimensioning of SMA structures.

In this study, we begin to determine fatigue properties of the material by using a fast method based
on self-heating measurements firstly proposed for steels.

A model describing the probabilistic apparition of superelastic inclusion in an elastic matrix is devel-
oped based on a macroscopic model of SMA behavior. It permits to reproduce self-heating results and
then, by choosing an adapted fatigue criteria, is able to predict fatigue properties of the samples. These
results have been validated using classic fatigue tests on the hourglass samples.

1 INTRODUCTION

The shape memory alloys (SMA) are materials able to recover a large elastic deformation under ther-
momechanical loading. These properties are due to a very particular aspect of the mechanical behavior:
the superelasticity. When these materials are loaded at a temperature higher than the A f temperature
(Austenite Finish), an reversible strain occurred and can reach 6% to 10%. The strain mechanism at the
origin of this phenomena is based on a solid-solid phase transformation [1]. The properties of these alloys
make them interesting for innovative applications. For example they are used for biomedical applications
or in transport. The thermomechanical behavior of these alloys has been studied since several years. Sev-
eral models have been developed to describe the behavior. Unfortunately, the fatigue property of these
alloys remains an unexplored area. Currently in the design phase of structures using SMA, fatigue is not
considered. This is the reason for which we try to determine fatigue properties of nickel-titanium (NiTi)
is studied in this study. However fatigue tests are time consuming, thus we proposed a fast method to
determine fatigue properties of SMA. This study begins by conducting self-heating measurements on
samples. They permit to empirically estimate the mean endurance limit of the material. Then a two-scale
probabilistic model has been developed. It permits to simulate the temperature evolution in the material
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during self-heating tests and to identify some fatigue related parameters of the material. Finally a fatigue
criterion has been used in oder to predict the fatigue curves associated to probability of failure. The
results have been validated by comparison with classic fatigue tests on the same samples.

2 EXPERIMENTAL SELF-HEATING

In this section, the material and the geometry of specimens are presented. Then, the loading conditions
of self-heating tests are explained and the resulting self-heating curves are shown and analyzed. Finally,
an empirical analysis, allowing the prediction of the mean endurance limit corresponding to a failure
probability of 50% at 2 million cycles, is applied.

2.1 Material and geometry of specimens

The shape memory alloy used in this study is an as-received medical graded NiTi (50.8 at.% – 49.2
at.%). The alloy is superelastic at room temperature.

The specimens are obtained from cold-drawn wires of 1 mm diameter. In order to avoid influence of
limit conditions in the grips on fatigue life, to force localization of martensitic transformation in a specific
spot and then to make the study of self-heating feasible, an hourglass shaped notch has been realized on
the samples using same manufacturing process as the one used for the fabrication of endodontic files.

The mechanical behavior in traction of these samples have been determined using an extensometer
with an initial length of 10 mm which covers more than the entire hourglass shape. The identified Young
modulus, E, transformation yield stress, σ0, hysteresis size, δ, and slope of transformation plateau, C,
are reported in table 1. The results on figure 1 show a classic NiTi shape memory alloy behavior with
a transformation plateau. The transformation limit is high compared to the ones observed in other tests
from literature which doesn’t take precaution about localization of transformation in the jaws like we did
by the use of the hourglass shape of the specimen.

Table 1: Behavior characteristics of the specimens.

E (GPa) σ0 (MPa) δ (MPa) C (MPa/%)
72 770 410 0.17
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Figure 1: Stress-displacement behavior of NiTi hourglass specimens at 20 ◦C.

2



857

L. Saint-Sulpice, S. Arbab Chirani, S. Calloch, C. Doudard and V. Legrand

2.2 Loading and measurements conditions

Self-heating loadings consist of several steps with increasing maximum stress. During each step, a
sinusoidal cyclic loading is applied between 10 MPa and given maximum stress for 100 seconds at 30 Hz,
followed by a pause during another 100 seconds to let the specimen cool down to ambient temperature.

During a step, the temperature of each points of the central part of the specimen is registered using
the infrared camera using a frequency of 100 Hz. The spatial mean temperature of the notched zone for
each frame is calculated. To this temperature is subtracted the mean temperatures of the grips to obtained
the mean temperature elevation. Then, a temporal mean temperature is determined from this one to give
the mean cycle temperature elevation. Finally, the stabilized value of this temperature elevation during
each cyclic loading step is extract to give the stabilized mean cycle temperature elevation, θ0D

cycle.
The result of self-heating tests is the self-heating curve that represent for each step the stabilized mean

cycle temperature elevation, θ0D
cycle, versus the corresponding maximum stress (figure 2).

2.3 Empirical identification of the mean endurance limit

As it is proceeded for metallic materials like in [2], we performed an empirical identification of the
mean endurance limit using the self-heating results, Σsh

∞ . It consists of a linear regression on last points
of the self-heating curve. Then the mean endurance limit correspond to the intersection of this line with
the x-axis (see figure 2). The results are shown in table 2.
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Figure 2: Temperature elevation versus maximum stress, with empirical determination of mean endurance limit.

If self-heating is related to fatigue behavior, then this value should correspond to the mean endurance
limit determined by classic fatigue tests, Σ f at

∞ .

2.4 Experimental fatigue

In order to validate the self-heating results, classic fatigue tests have been realized using the same
type of specimens, set-up and experimental conditions that were used for self-heating tests.

2.4.1 Whöler curves

The tests were carried up to two millions cycles if not rupture occurs. The obtained Whöler curves are
shown on figure 3. The dashed green line represent the least squares power law fitting, and the dashed
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red line, the corresponding mean endurance limit.
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Figure 3: Maximum stress versus number of cycles to rupture.

We observe a large dispersion of the fatigue results, which is normal for high cycle fatigue tests.

2.4.2 Mean endurance limit comparison

The comparison of the mean endurance limit between classic fatigue tests and self-heating tests has
been realized in table 2. It shows a good agreement between the mean endurance limits determined by
the two methods.

Table 2: Comparison of mean endurance limits determined with classic fatigue tests and empirical determination
using self-heating.

Σ f at
∞ (MPa) Σsh

∞ (MPa) ∆ (%)
501 574 14.5

This results show that the self-heating of SMA is probably related to the fatigue behavior. This first
empiric approach permits to determine the mean endurance limit of an SMA from self-heating curve, but
it only use a small part of the informations that self-heating curves contain. To extract this informations
we need to develop a model permitting to simulate the self-heating during cyclic tests.

3 TWO-SCALE PROBABILISTIC MODEL

In order to simulate self-heating curves of SMA we need a two-scale probabilistic model. Indeed,
firstly, the self-heating curves are realized in elastic part of the behavior of SMA as maximum stress is
lower than transformation yield stress. So we assume that some phase transformation occurs at a lower
scale and generate heat. Secondly, the shape of the self-heating curve suggest a probabilistic behavior
since a deterministic one should leads to a two-slope curve of self-heating instead of a curved curve [3].

Then we consider a Representative Elementary Volume (REV) constitute of an elastic matrix contain-
ing inclusions presenting phase transformation at a lower stress than the apparent transformation yield
stress of material (see figure 4). The probabilistic behavior is taken into account into the distribution of
the transformation yield stress of inclusions.
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Figure 4: Representation of an inclusion in the matrix.

3.1 Behavior of an inclusion

In this part we present the behavior of an inclusion by describing the thermodynamic framework and
calculate the induced dissipation.

As self heating tests consist of stress driven cyclic uniaxial loadings, we can write the evolution of
the stress tensor in the matrix as

σ = f̃ (t)N (1)

with f̃ (t) a time periodic function that must observe f̃ (0) = 0, and N =




1 0 0
0 0 0
0 0 0


.

3.1.1 Thermodynamic framework

An inclusion is considered to have a low transformation yield stress and then present phase trans-
formation at studied stress amplitudes. We propose to take the following specific free energy for an
inclusion

ρψi(ε,T,εtr,H) = ρW i
elast +ρzW i

chem +ρW i
int (2)

with W i
elast the elastic work in the inclusion

ρW i
elast =

1
2
εe : C : εe +ρCα

(
T −T0 −T ln

T
T0

)
(3)

W i
chem the chemical work in the inclusion due to transformation

ρW i
chem = µ0(T −T∗)εtr : N ′ (4)

W i
int the work induced by interactions between martensite variants

ρW i
int = γH (5)

ε the total strain tensor in the inclusion, εtr the transformation strain tensor, H an internal variable, z
the martensite volume fraction, εe the elastic strain tensor in the inclusion, µ0 the slope of the evolu-
tion of forward transformation (austenite to martensite) yield stress versus temperature, T∗ the reference
temperature for forward transformation, N ′ the deviatoric part of N and γ the maximum transformation
strain.

In the inclusion, we assume the strain decomposition into elastic strain, transformation strain and
thermal strain

ε= εe +εtr +λθI (6)

5
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Thermodynamics forces are the stress tensor in inclusion, σ, associated to the total strain tensor in
inclusion

σ = ρ
∂ψi

∂ε
=C :

(
ε−εtr −λθI

)
(7)

the entropy in inclusion, s, associated to temperature

s =−∂ψi

∂T
=

Eλ
ρ(1−2ν)

tr(ε−εtr)+Cα ln
T
T0

− µ0

ρ
εtr : N ′ (8)

a thermodynamic force tensor, π, associated to the transformation strain tensor

π =−ρ
∂ψi

∂εtr =C :
(
ε−εtr −λθI

)
−µ0(T −T∗)N ′ = σ−µ0(T −T∗)N ′ (9)

and a thermodynamic force, P, associated to the internal variable H

P =−ρ
∂ψi

∂H
=−γ (10)

The thermoelastic coupling term is then

ρT
∂2ψi

∂T ∂ε
: ε̇=− EλT

1−2ν
tr(ε̇) =−λT ˙̃f (t)− 3Eλ2T

1−2ν
θ̇ (11)

The thermo-mechanical transformation coupling term is

ρT
∂2ψi

∂T ∂εtr : ε̇tr = T
(

Eλ
1−2ν

I+µ0N
′
)

: ε̇tr (12)

As martensitic transformation in SMA is almost isochoric [4, 5], it is often assumed that transforma-
tion strain is deviatoric. Furthermore, normality rule implies that the direction of transformation strain is
identical to elastic strain direction (in the deviatoric plan) for uniaxial loadings. And finally transforma-
tion strain is proportional to martensic volume fraction. The transformation strain can then be express
as

εtr =
3
2

γzN ′ (13)

So

ρT
∂2ψi

∂T ∂εtr : ε̇tr = µ0T γż (14)

The thermo-mechanical interaction coupling term is

ρT
∂2ψi

∂T ∂H
: Ḣ = 0 (15)

The transformation dissipation term is

ρ
∂ψi

∂εtr : ε̇tr =−π : ε̇tr =−
(

f̃ (t)−µ0(T −T ∗)
)

γż (16)

And the interaction dissipation term is

ρ
∂ψi

∂H
: Ḣ = γḢ (17)
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In order to include this terms in the heat equation and resolve it, we need to express ż and Ḣ in terms
of θ, θ̇ and t.

In order to express ż, we use a simplified version of the thermo-mechanical model developed in [6],
which give

ż =
˙̃f (t)−µ0θ̇

γC
(18)

Using the assumption that the intrinsic dissipation is the same during loading and during unloading
we then obtain

H(z) =
γCz−δ

2
z (19)

and then

Ḣ(z) =
(

γCz− δ
2

)
ż (20)

3.1.2 Dissipation during cyclic loading

The purpose of this modeling is to determine the stabilized mean cycle temperature elevation, θ0D
cycle

during cycling loading. We have then to calculate the mean dissipation of an inclusion during a stabilized
cycle as a function of the transformation yield stress of the inclusion. The dissipation in an inclusion is
defined as

∆i = σ : ε̇−ρ
(
ψ̇i + sṪ

)
(21)

Then

∆i =−ρ
∂ψi

∂εtr : ε̇tr −ρ
∂ψi

∂H
Ḣ = (σ−µ0(T −T∗)) : ε̇tr − γ

(
γCz− δ

2

)
ż (22)

Self-heating curves correspond to the stabilized temperature during a cyclic loading. We can then
integrate the dissipation during a thermodynamical cycle to obtain the cyclic dissipated energy

Di(σ0) =
∮

∆idt =
∮

σ : ε̇trdt +
∮

µ0(T −T∗) : ε̇trdt −
∮ (

γCz− δ
2

)
dz (23)

Since we integrate on a thermodynamic cycle, the last two integrals are equal to zero

∮
µ0(T −T∗) : ε̇trdt =

∮ (
γCz− δ

2

)
dz = 0 (24)

The expression of the first one and then of the cyclic dissipated energy depends on the value of the
transformation yield stress, σ0, in the inclusion

Di(σ0) =
δ
C
(σmax −σ0) (25)

3.2 Activation and dissipation of inclusions

As said previously, the probabilistic behavior is taken into account into the distribution of the trans-
formation yield stress of inclusions. For this, a Point Poisson Process (PPP) is used [7, 8]

N(σmax) = λV (26)

7
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with N the quantity of active inclusions (i.e., with a transformation yield stress σ0 lower or equal to
the maximum stress, σmax) in the considered domain of volume V , and λ the mean density of active
inclusions. The evolution of this mean density with maximum stress is assumed to be a power law

λ(σmax) =
1

V0

(
σmax

S0

)m

(27)

with m and V0S0
m two material parameter or set of parameters.

Then, the quantity of inclusions with a transformation yield stress of σ0 can be expressed as the
derivation of the quantity of active inclusions for a maximum stress σmax equal to the transformation
yield stress

N′(σ0) =
dN

dσmax

∣∣∣∣
σmax=σ0

(28)

The density of inclusions with a transformation yield stress of σ0 is then

λ′(σ0) =
dλ

dσmax

∣∣∣∣
σmax=σ0

(29)

In order to obtain the total dissipated energy, we have to integrate the dissipated energy of the to-
tal population of inclusions versus their transformation yield stress. The total dissipated energy for
inclusions with a transformation yield stress of σ0 is the dissipated energy for one inclusion with this
transformation yield stress, Di(σ0) (expressed in equation 25) multiplied by the quantity of inclusion
with this transformation yield stress, N′(σ0)

D =

∞∫

σ0=0

Di(σ0)N′(σ0)dσ0 =

∞∫

σ0=0

Di(σ0)λ′(σ0)V dσ0 (30)

Using equation 25, we obtain

D =
δV

CV0S0
m(m+1)

(
(δ+σmin − γC)m+1 − (δ+σmin)

m+1 − (σmax − γC)m+1 +σmax
m+1) (31)

As γC (stress increase during the plateau) is very low for NiTi, this equation can be simplified using
a Taylor decomposition as

D =
δV γ

V0S0
m (σmax

m − (δ+σmin)
m) (32)

3.3 Description of self-heating curves

The heat conduction equation on a specimen is given by

ρCα

(
θ̇+

θ
τeq

)
=− fvρ

∂ψi

∂εtr : ε̇tr − fvρ
∂ψi

∂H
Ḣ + fvρT

∂2ψi

∂T ∂εtr : ε̇tr

+ fvρT
∂2ψi

∂T ∂H
Ḣ + fvρT

∂2ψi

∂T ∂ε
: ε̇+(1− fv)ρT

∂2ψm

∂T ∂E
: Ė

(33)

with τeq the characteristic time of the specimen and fv the volume fraction of inclusions.

8
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If we integrate this equation on a thermodynamic cycle, the temperature elevation, θ, becomes the
mean cycle temperature elevation, θ0D

cycle, the coupling terms become zero, and the dissipation terms
become the cyclic dissipated energy D multiplied by the loading frequency, fr

ρCα

(
θ̇0D

cycle +
θ0D

cycle

τeq

)
= fv frD (34)

And since self-heating tests represent the stabilized mean cycle temperature elevation, we can just
consider the stabilized solution of this equation

ρCα

τeq
θ0D

cycle = fv frD (35)

And, using equation 32, as a function of the maximum stress, σmax

θ0D
cycle =

fv frτeqδV γ
ρCαV0S0

m (σmax
m − (δ+σmin)

m) (36)

Since δ has already been identified on macroscopic behavior curves (see table 1), and σmin is constant,
there is only two parameter or set of parameters to identify: m and fv frτeqδV γ

ρCαV0S0
m . Their values are presented

in table 3.

Table 3: Identified parameters of the self-heating model.

fv frτeqδV γ
ρCαV0S0

m (K·MPa−m) m (–)
6.23×10−19 6.31

The self-heating curve is compared to the experimental one on figure 5 with, in orange, the simulated
self-heating curves plus or minus the precision error of the thermal measurements with the infrared
camera (±25 mK).

200 300 400 500 600 7000

0.1

0.2

0.3

0.4

Maximum stress, σmax (MPa)

Te
m

pe
ra

tu
re

el
ev

at
io

n,
θ0D cy

cl
e

(K
)

experimental
model

±25 mK

Figure 5: Temperature elevation versus maximum stress, with parameters identification.
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3.4 Prediction of fatigue properties

Assuming that the inclusion activation governs the physical process of fatigue initiation, the developed
self-heating model can then be used to predict the fatigue properties of the material.

In order to determine the fatigue life of the material from the model, a fatigue criterion is also needed.
For our material, it is assumed that failure initiation occurs when a given critical energy, Ec is dissipated
in an inclusion. As dissipated energy is constant between each stabilized cycles, the critical energy can
be expressed in function of the number of cycles to failure, N, and the dissipation in the inclusion, Di

Ec = N(σmax,PF)Di(Σ∞(PF)) fvV (37)

where the dissipation can be expressed as

Di(Σ∞(PF)) =
δ
C
(σmax −Σ∞(PF)) (38)

with Σ∞(PF) the fatigue limit for a given probability of failure

ln(1−PF)

ln(1−1/2)
=

(
Σ∞(PF)

Σ∞(1/2)

)m

(39)

and Σ∞(1/2) = Σ∞
ln(2)

1
m

Γ(1+ 1
m)

≈ Σ∞ = Σsh
∞ .

The number of cycles to failure is then

N(σmax,PF) =
EcC

f vV δ(σmax −Σ∞(PF))
(40)

with parameter EcC
fvV δ identified using number of cycles to failure of highest maximum stress loading.

The corresponding curves are plot and compared to experiment results on figure 6. We can observe
a very good agreement between classic fatigue tests results and probability curves determined with self-
heating tests and modeling.
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Figure 6: Expected maximum stress versus number of cycles to rupture curves with several probability of failure.
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4 CONCLUSION

In this paper we describe a method that permits to determine the fatigue properties of NiTi shape
memory alloys (mean endurance limit and SNP curves). The benefits of this method are that it only
need one sample and results can be obtained in a few hours of tests and post-processing of data, when
classic fatigue method would require at least a month of continuous testing. The method is based on a
self-heating test and a dedicated modeling of self-heating that permits to identify material parameter m
and to relate the number of cycles to failure to the loading maximum stress, the probability of failure and
the critical energy.

A validation of the method has been realized by comparing its results from two types of NiTi SMA
samples with results of classic fatigue tests.
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Abstract. We have developed a method to integrate sensor functionality into metal castings during the 
casting process. The method allows for cost efficient total integration into the foundry production 
process, for both iron and aluminium castings. The sensors are added to the casting mould before the 
molten metal is poured into the mould. Several sensor functionality tests have been performed on the 
resulting cast metal component. Tests verify that the signals from the integrated sensor have a clear 
relationship to static or dynamic forces applied to the castings. Tests also indicate that the integrated 
sensors do not have significant effects on the mechanical properties of the castings, though this need to 
be tested for each new application. It is expected that specific guidelines for integrated sensor may need 
to be developed. Our method has advantages compared to both after mounted sensors and more 
advanced sensors, particularly with regards to cost and robustness, but particularly since they allow for 
integration in high scale serial production. Hereby these integrated sensors enable any piece of cast 
metal to be equipped with sensors, which in practice establishes sensor equipped cast metal as an 
innovation platform for digital business innovation on and for metal components. 

The development has been achieved as a spearhead innovation and development project (Smart castings, 
Dnr 2017-01973) between the RISE - Rise Research Institutes of Sweden, Husqvarna and SKF, with 
financial support from Vinnova - Sweden's innovation agency.  
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1  INTRODUCTION 
This paper presents the verification of a uniquely new method to integrate sensor 

functionality into metal castings during the casting process. The verification and method is 
based on our previous reported work [1-3]. The method allows for cost efficient total integration 
of sensors into the casting during the foundry casting process while the metal is liquid, in both 
iron and aluminium castings.  

The goal has been to achieve effective and robust digitally active cast metal components, 
that are low weight and cost efficient. The technology has many potentials, including effective 
contributions to several of the UN sustainability goals, as well as allows for a revolution of 
metal-based industry, and for entirely new and widespread applications for embedded robust 
and cost-efficient sensor systems in machinery, equipment and constructions.  

The advantages of adding sensors during the casting, compared to both after mounted 
sensors and more advanced sensors, regards not only cost and robustness, but particularly 
because the technology allows for integration in high scale serial production. Hereby these 
integrated sensors enable any piece of cast metal to be equipped with sensors. In practice this 
establishes sensor equipped cast metal as an innovation platform for digital business innovation 
on and for metal components, and not only an innovation in itself. 

Technically a full sensor system consists of several subsystem including both the sensor 
itself as well as signal amplification, filtering and signal analysis in order to obtain the total 
output signal (see figure 1). The sensor element (sensor material) reacts on an external stimulus 
(e.g. force) that can be measured using an appropriate sensor method. In order to obtain the 
total output signal the raw sensor signal generally needs to be amplified and filtered, as well as 
be processed by some signal analysis (e.g. calibration). 

 

  
Figure 1: Schematic picture of full sensor system showing the sensor element (including the sensor element and 
integrated electronics in case of active sensors) and amplification, filtering and signal analysis in order to obtain 

the total sensor output signal. 
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    In order to measure mechanical properties such force and strain in metal systems several 
sensor methods can be used, such as strain gauges, fiber-optics, magnetoelastic and 
piezoelectric sensors.  
     Commercial products and previous studies have shown integrated sensors in metal parts after 
production of the metal parts, for instance of measuring tension in bolts using commercial strain 
gauge sensors [4] and using piezo-sensors in rock-bolts [5]. Some sensors have been 
implemented in production processes in ultrasonic 3D printing of the metal parts and, in this 
case, using fiber-optics [6] for monitoring force and strain. Of course there are sensor methods 
to monitor the mechanical state by measuring from outside the metal to inside of the metal using 
no integrated metal parts in the cast metal, i.e. non-destructive evaluation methods (NDE), for 
instance using eddy-currents [7], or acoustic resonance spectroscopy (ARS) [8] or acoustic 
emission (AE) [9], but in these cases it is hard to exactly know from where the signal originates 
from the metal part, as compared to integrated sensor elements at a specific positions and 
orientations. 

To succeed with actually integrating a sensor system in a casting metal during the high 
temperature casting process (ca 650 Co for aluminium and ca 1500 Co for iron) it is only the 
sensor element (i.e. sensor material) that can be integrated in the casting metal. The electronics 
and signal analysis are instead placed outside the cast metal, after the casting and its post-
processing is completed. This is the key to this innovative technology. In this paper we present 
how we have verified that this innovative technology also works in practice, by summarizing 
how we have developed and verified it.  

The work has been achieved as a spearhead innovation and development project between the 
RISE - Rise Research Institutes of Sweden, and the companies Husqvarna and SKF, with 
financial support from Vinnova - Sweden's innovation agency.  

 
2 PRINCIPLE  

Figure 2 presents a schematic picture of the prototype system together with the integrated 
thread and its dimensions.   

 
 

Figure 2: Schematic picture of the integrated metal thread in the aluminium or iron cast metal. The dimensions 
of the circular part of the prototype and the metal thread are also shown in the figure. The prototypes were 
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mounted in a tensile testing system that creates a force (F) on the prototype. In the end and start of the above 
shown cylindrical part of the prototype, mounting parts to the tensile testing system was also constructed (part in 
the casting process). The signal S is actuated into the metal thread and the resulting force dependent signal S’(F) 

is measured. 

The general approach is to create internal solidified structures for both sensing and traversing 
sensor signals. Such structures may be introduced as threads of gradually deviating material 
integrated during the casting process, or as identifiable boundaries between differently 
solidified areas that are either induced or that naturally arise during the casting process within 
the cast metal structure.  The signal S is any physically induced signal appropriate for the 
combination of choices of cast metal and thread material and of the application. It is not 
necessary that S and S’(F) are at opposite ends of the thread. S’(F) may as well be the reflected 
signal. In this paper we show how we have verified that this simple approach has a 
technologically large potential. This will enable cast metal components to provide data about 
e.g. the component’s elongation, shear, temperature and vibrations, with purpose to monitor 
and control systems based on one or several of these components. 
 
3 METHODS 

3.1 Metal casting and sensor integration 
The sensors are added to the casting mould before the molten metal is poured into the mould. 

Metallurgical and mechanical tests indicate that the integrated sensors do not have significant 
effects on the properties of the castings, though this need to be tested for each new application. 
It is expected that specific guidelines for integrated sensor may need to be developed.  

Metal threads are integrated in the casting protypes during the casting process. The choice 
of integrated metals was chosen from the melting temperature of the casting material relative 
to the metal threads. Further, the metal threads were placed in the centre of the prototype and 
the thread was sticking out a few cm from the cast metal on each side of the integrated thread 
to be used for actuation and oscillation detection of the threads. Figure 3 shows a set of 12 
aluminium prototypes while still in the 3D-printed sand mould, all equipped with different 
threads of different materials and different casting/thread properties to be tested.   
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Figure 3: Photo of a set 12 prototype castings with different integrated threads, not yet taken out of the 3D-
printed sand mould and rinsed from excessive material.  

3.2  Actuation and measurement system 
From one side of the integrated metal thread (S in Figure 2) the thread was actuated with 

mechanical sinusoidal oscillations within a specific frequency range that creates elastic 
oscillations in the mechanically coupled cast and metal thread system. On the other outer part 
of the thread from the cast metal (S’(F) in Figure 2) we detected the amplitude of oscillations 
by a dedicated detection unit that was specially developed in the project. The signals from the 
detection unit was measured with a lock-in amplifier (LIA) that used the actuating oscillation 
frequency as a reference signal (see figure 4). The prototypes were mounted in a tensile testing 
system, so it was possible to subject the casting metal/integrated metal thread system with 
different forces (F). At sequentially applied force steps the amplitude distribution over a 
frequency spectrum around the actuation frequency were detected by the Detection unit and the 
frequency at the peak amplitude was logged. 

 
Figure 4: The different parts in the meaurement unit to actuate and sense the oscillations of the cast metal and 

integrated metal thread. The actuation unit and the lock-in-amplifier (LIA) are all controlled by a computer 
(Labview pogram). 

Furthermore, the developed measurement system was correlated with a laser doppler 
vibrometer (LDV) system and we found similar result when comparing with the measurement 
system.   

4 RESULT AND DISCUSSION 
In Figure 5 oscillation amplitude versus frequency of the aluminium and iron cast metal can 

be seen at different applied forces to the cast metal system. 
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Figure 5: Oscillation amplitude versus excitation frequency for aluminium casting (top) and the iron cast metal 
(below) at different applied forces to the prototypes (as listed in the legends). The figure shows the spectra were 
all of the resonance peaks are located in the frequency plane. At lower and higher frequencies compared to the 
frequencies shown in the figures, no resonance peaks could be found for both aluminium and iron cast metal. 

As can be seen in figure 5 at specific frequencies there is an increase in the oscillation 
amplitudes that is due to mechanical resonances and also that the coupled system cast metal 
and integrated metal thread, shows a very complex shaped mechanical resonance spectrum. The 
obtained resonance frequencies at zero applied force correspond somewhat to the frequencies 
of standing waves in the prototype, using the sound velocities of the cast metal (longitudinal 
and transversal sound velocities) and wavelengths that corresponds to multiples of the length 
of the prototype. However, as seen in Figure 3 the resonance frequencies are not evenly spread 
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in the frequency plane that have been expected if it was an ordinary standing wave phenomenon 
in the prototype systems.  
   We noted the similarities between these resonance frequency spectrums and the resonance 
frequency spectrums of Acoustic Resonance Spectrums (ARS) [8]. We therefore performed 
experimental tests with discontinual threads (i.e. the thread is cut off inside of the casting, 
disconnecting the two ends of the integrated thread from each other by a gap that contains only 
the cast metal) not traversing complete through the cast metal. These results showed that the 
resonance spectrums were damped in oscillation amplitude as well as constituted by a very 
different resonance spectrum indicating that the integrated metal thread enhance the resonances 
and probably that the induced elastic waves is somewhat concentrated to the integrated metal 
thread. These verifications are not presented in this paper.    

When we zoom in on the resonance spectra around 38.4 kHz for the aluminium cast metal 
and around 36.2 kHz for the iron metal casting the result is shown in Figure 6 and Figure 7. 
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Figure 6: Oscillation amplitude versus excitation frequency for the aluminium casting (top) around frequencies 

of 38.4 kHz and the difference in resonance frequencies relative to the resonance frequency at zero force (below) 
at different applied forces (listed in the legend). The resonance frequency is defined as the frequency where the 

oscillation amplitude peaks. 
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Figure 7: Oscillation amplitude versus excitation frequency for the iron casting (top) around frequencies of 36.2 

kHz and the difference in resonance frequencies (relative to the resonance frequency at zero force) (below) at 
different applied forces (listed in the legend). The resonance frequency is defined as the frequency where the 

oscillation amplitude peaks. 

As can be seen in Figure 6 and Figure 7 the resonance frequency increases with applied force 
for both aluminium and iron cast metal, in a linear behaviour at low forces and a slight non-
linear behaviour at higher forces.  The resonance frequency change for a specific force change 
in the linear range is larger for aluminium than compared to iron casting (0.34 kHz/kN for 
aluminium and 0.1 kHz/kN for iron), which scales almost to the inverse of the elastic modulus 
for respective cast material (60 GPa for aluminium and 200 GPa for iron). Further, the onset of 
the non-linearities occurs at lower forces for aluminium than compared to the iron cast metal. 
In fact, the non-linearities starts at lower forces when comparing to the onset of the non-
linearities in the stress-strain curves for respective prototype system. The large amount of 
increase in resonance frequency when the force is increased cannot be explained by just 
studying the relative length change of the prototype (i.e. the obtained strain from the applied 
stress divided with the elastic modulus) and also that the resonance frequency increases for 
increasing applied forces. From modelling of the prototype (force applied to a cylinder 
performing transversal oscillations) and Finite-Element (FE) analysis of the prototype we have 
obtained a linear increase in resonance frequency when increasing the applied force but the 
change in resonance frequency per applied force is much lower than compared to the 
experimental obtained values. This can probably be explained by that the change in resonance 
frequency when the force is applied, is enhanced by the integrated metal thread and that several 
resonance modes take part in the total resonance process. 

At the moment of writing this we are working with decreasing the measurement time using 
optimal pulsed actuation, continuing the FE analysis in order to understand the resonance 
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phenomena in more detail and also how to develop the sensing system in more complex casting 
structures. In this spirit we have implemented the sensing system in an aluminium prototype 
cast component of a Husqvarna AB product, see Figure 8. Measurements on this cast metal 
component is in progress. 

 

 
 

Figure 8: Implementation of the sensing system where the actuation and detection unit are integrated in the 
chassis that is connected to the cast metal product. 

5 CONCLUSIONS 
We have shown that it is possible to integrate metal threads during the cast metal process 

that together with the host cast metal can be used in a sensing system for measuring mechanical 
forces in cast metal systems. From the experimentally obtained resonance spectra we have seen 
that in some parts of the spectrum the change in resonance frequency correlates well with the 
applied force and can be used to monitor the force in the prototype. Analyzing all measurements 
presented in figures 5 to 7, the theoretical modelling and the measurements made with a 
discontinual thread, we believe that we have verified that the large shift in resonance frequency 
to the applied force shown in figures 5 to 7 is likely to result from the integrated metal thread. 
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Abstract.Since their discovery, Iron based Shape Memory Alloys (Fe-SMA) have 
attracted much attention ofresearchers and industrials thanks to their low cost and excellent 
workability combined to smartproperties such as SME (Shape Memory Effect) and damping 
capacity [13] due to pseudoelasticity [7]. In this paper, the damping capacity of the Fe-30Mn-
6Si-5Cr is investigated throughpseudoelasticity characterization by cyclic tensile tests using a 
tensile machine and a Dynamic Mechanical Analyzer (DMA). Specimens underwent a 
specific heat treatment in order to improvetheir properties.At ambient temperature, the studied 
alloy can be found at different microstructures. In order to definethe best alloy initial 
conditions guaranteeing maximum damping capacity, different types of the 
alloymicrostructures were investigated: purely austenitic state and biphased states (austenite + 
stressinduced and/or thermal martensite).Specimens were studied under different parameters 
such as vibration frequencies (0.1 Hz, 0.5 Hz, 1 Hz and 5 Hz), pre strain amount (4%, 8% and 
14%) and stress amplitudes at different temperatures.  

1 INTRODUCTION 

High performance and low cost Fe-Mn-Si based alloys are known to be a prospective 
candidate in civil applications. When deformed, iron based Shape Memory Alloys (SMA) can 
recover their initial shape by simple heating until a strain amount of 2-4% .This behaviour, 
called the Shape Memory Effect (SME) [1] or the one way SME, is due to a martensitic 
transformation stress induced from parent phase austenite FCC (Face Centred Cubic) to 
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martensite HCP (Hexagonal Close Packed) that can be reversed by heating. In addition, this 
class of materials has been found to exhibit internal friction and thus have a noticeable 
damping capacity. These excellent properties combined to good mechanical properties, low 
cost and excellent workability [2] and weldability[3] made of iron based SMA a good 
alternative in civil applications. 
Authors, with slight differences, have agreed that damping capacity in iron based SMA, 
arising from internal friction, is associatedto εγ reverse transformation [4] and precisely to 
the reversible motion of ε/γ interfaces attributed to ε martensite and stacking faults in 
common [5] which is accomplished by the reversible movement of Shockley partial 
movement at the tip of the martensite variant[6]. It was also found that pseudoelasticity also 
called partial super-elasticity is attributed to the reversibility of the γ/ ε transformations [7] by 
the reversible motion of Shockley partial dislocation [8-9].Besides, some authors attributed it 
to the existence and formation of stacking faults and the reversible movement of their 
associated partial dislocations [10]. Thus, damping capacity for iron based SMA can be linked 
and resulting from pseudoelastic behavior of the material. 
The present work aims to assess the damping behaviour arising from the alloy 
pseudoelasticity. Tensile sinusoidal loading unloading cycles were realised using an electro 
dynamic testing machine. Hysteretic loops area resulting were measured to characterize the 
damping behaviour of the studied alloy under different conditions. 
The contribution targeted in this study is an optimization establishment of the Fe-30Mn-6Si-
5Cr damping behaviour for civil purposes. In this context, and in order to define conditions 
guaranteeing good damping capacity at service conditions, test were realised under several 
parameters: Temperature (from ambient to 70 °C), frequency (0.2 Hz to 5 Hz), static pre-
strain (4%, 8% and 12%) and stress amplitude. 
In this paper, the material, experimental equipment and tests conditions will be described first. 
Then results and interpretation will be detailed. 

2 MATERIAL AND METHODS 

The studied alloy is the Fe-30Mn-6Si-5Cr an iron based shape memory alloy obtained from 
Awaji Company1. Its precise chemical composition given in table 1 has been determinated by 
an EDS (Energy Dispersive spectroscopy) analysis whose spectrum is illustrated in figure 1. 
In order to guaranty a homogeneous austenite structure, the conventional heat treatment that 
iron based shape memory alloys are subjected to is a 1 hour an annealing for 1 hour at 600°C 
followed by water quenching. When applied to the as received alloy, shape memory effect 
was not so good. Besides, its martensite start transformation temperature point is a bit low. In 
order to ameliorate these deficiencies, the alloy has been subjected to a 1 hour annealing at 
1050°C followed by water quenching then a second annealing at 600°C for 30 min followed 
by an air quenching.  

                                                
1 AWAJI MATERIA CO., LTD.: a Japanese company with a capital of 80 million yen and specialized in shape 
memory alloys products manufacturing 



879

M

  

Table 1. Chemical composition of the studied SMA iron based in weight percent

Element
Wt (%) 

Specimens of 1 mm thickness 
dimensions are as schematised in figure 2.
to eliminate any possible microstructure modification due to machining. 

Tests were realised using a Zwick/Roell LTM1 (1KN) electro dynamic testing machine 
equipped with a heating cell. As illustrated in figure 3, first phase is a tension loading until a 
strain percentage of 4, 8 or 12 at a strain rate of 10
sinusoidal cycles of loading unloading between 
0.5Hz, 1Hz and 5Hz). In each set, 
tension loading rate of 4%: σmax1

study the damping behaviour at service conditions, tests were done in a variety of temperature 
from ambient to 60 °C (20, 30, 40, 50 and 

Figure 

Figure 2.
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Chemical composition of the studied SMA iron based in weight percent

Element Fe Mn Si Cr 
(%)  59 29.7 5.9 5.4 

thickness were cut by wire EDM (Electrical Discharge Machining
dimensions are as schematised in figure 2. They were subsequently heated for 30min at 600°C 
to eliminate any possible microstructure modification due to machining. 

Tests were realised using a Zwick/Roell LTM1 (1KN) electro dynamic testing machine 
equipped with a heating cell. As illustrated in figure 3, first phase is a tension loading until a 
strain percentage of 4, 8 or 12 at a strain rate of 10-4.s-1. The second consists in 3 sets of 20 
sinusoidal cycles of loading unloading between σmax and 0MPa at a given frequency (0.2 Hz, 
0.5Hz, 1Hz and 5Hz). In each set, σmax is 100 MPa less than previous one. For example, for a 

max1 = 350MPa, σmax2=250 MPa and σmax3=150 MPa.In order to 
study the damping behaviour at service conditions, tests were done in a variety of temperature 
from ambient to 60 °C (20, 30, 40, 50 and 70°C). 

Figure 1.EDS spectrum of the alloy studied

Figure 2.Test specimen geometry

Chemical composition of the studied SMA iron based in weight percent

were cut by wire EDM (Electrical Discharge Machining). Their 
They were subsequently heated for 30min at 600°C 

Tests were realised using a Zwick/Roell LTM1 (1KN) electro dynamic testing machine 
equipped with a heating cell. As illustrated in figure 3, first phase is a tension loading until a 

The second consists in 3 sets of 20 
and 0MPa at a given frequency (0.2 Hz, 

is 100 MPa less than previous one. For example, for a 
=150 MPa.In order to 

study the damping behaviour at service conditions, tests were done in a variety of temperature 
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3 ANALYSIS CONCEPT 

Among several metric characterization methods of damping capacity in literature, in this 
paper, the energy loss during loading unloading cycles [11] that is in our case revealed by 
hysteretic loops areas has been adopted. Therefore, we used this method in order to 
characterize the damping capacity of the studied alloy at different parameters. The loops area 
resulted during loading unloading cycles have been measured at each cycle in all tests. In fact, 
it represents the energy dissipated during loading unloading due to the alloy pseudoelasticity.

4 RESULTS AND DISCUSSION 

4.1. EFFECT OF FREQUENCY  

As illustrated in figures (4, 5 and 6), loops area decrease while cycling progressing up to a 
stable average of 75% of first loop area (frequency 0.2Hz and 0.5Hz in figure 4).  

Tension loading 

σmax1

σmax2

σmax3

Unloading 

3 cyclic sinusoidal 
loading unloading 
sets 

Figure 3.Test phases diagram

Figure 4. Loops area measures during 19 sinusoidal tension loading 
unloading (400 MPa) cycles at ambient temperature for 0.2 Hz and 0.5 
Hz test frequency on 4% pre strained specimen 
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Cycling tests of tension loading unloading (σmax=320 MPa) performed on a 4% tensile pre 
strained specimen at ambient temperature with different frequencies: 0.2 Hz and 0.5 Hz 
showed respectively stabilised loops area values of 14.6 (MPA.%) and 9 (MPa.%). Hence, the 
frequency affects noticeably the damping behaviour of the alloy. It decreases with frequency 
increase. 

4.2. EFFECT OF STRESS AMPLITUDE 

Tests performed at 4% tensile pre strained specimen at ambient temperature and 0.5 Hz 
cycling frequency showed that loops area increase with stress amplitude increase. Tests with 
different stress amplitudes (350 MPa, 250 MPa, and 150 MPa) realised on the same specimen 
revealed that the loops area stabilised value is respectively 19, 4.3, and 0.5 (MPa.%) (see 
figure 5). Likewise, tests done separately with same frequency, pre strain and temperatures 
values with different stress amplitude showed that loops area value increases with stress 
amplitude: 19 and 21.5 (MPA.%) for respectively 400 MPa and 350 MPa (see figure 6).  
In fact, when stress is above a critical value, the damping capacity of iron based shape 
memory alloys is coming from the breaking away of Shockley partial dislocations. Therefore, 
with the stress increasing, the amount of Shockley partial dislocations that possibly can break 
away from pinning points increases quickly, thus the alloy internal friction increases sharply 
[12]. Consequently, the damping behaviour is enhanced by stress amplitude increase as shown 
in figure 5 and 6. 

Figure 5. Loops area measures during 19 sinusoidal tension loading 
unloading cycles at ambient temperature for 0.5 Hz test frequency on 4% 
pre strained specimen with 3 stress amplitudes: 350 MPa, 250 MPa and 
150 MPa during the same test (internal loops). 
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5 CONCLUDING REMARKS:

From this preliminary study, it was found that the pseudoelastic damping behaviour of the Fe-
30Mn-6Si-5Cr assessed from loops area tensile cycles during dynamic test decreases until 
stabilizing at 75% of its first cycle value.
Furthermore, it increases considerably with cycles stress amplitude increase. 
Moreover, it was clearly observed that frequency has a determinate impact on the damping 
behaviour of the studied alloy, it decrease obviously with frequency increase. 
This preliminary study is been actually continuing experimentally with more details: 
frequencies higher, various microstructures and temperature influence and will be joined very 
soon.This study will allow setting an optimization of the pseudoelastic damping behaviour of 
the studied alloy. 
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Abstract. Several solutions for multimodal vibration damping of thin mechanical structures based on
piezoelectric coupling have been developed over the years. Among them, piezoelectric network damping
consists in using piezoelectric transducers to couple a structure to an electrical network, where the
transferred electrical energy can be dissipated. In particular, the effectiveness of coupling rods, beams
and plates to networks which are their electrical analogues has been proven. This work is the first step
going towards more complex structures. After defining and experimentally validating a new electrical
analogue of a simply-supported plate, the study is extended to the damping of a non-periodic plate.
Experiments show that in this case, a broadband damping is achieved once the piezoelectric transducers
are coupled to an adequate analogous network. A finite element model of the structure coupled to its
analogous network is concurrently developed and validated.

1 INTRODUCTION

Single mode damping of mechanical vibrations using the piezoelectric coupling goes back to the 1990s,
when the resonant shunt was described by Hagood and Von Flotow [1]. The concept of piezoelectric
damping has then been extended to multimodal damping. Some passive solutions consider connecting a
multi-branch shunt to a piezoelectric transducer [2, 3]. While adding only one piezoelectric transducer
to the structure is barely intrusive, its position and dimensions cannot simultaneously maximize the
electromechanical coupling for all modes [4]. For these reasons, the damping performance might be
limited. Other solutions include several independent piezoelectric transducers, each one being shunted in
order to damp one mode of the structure. However, the resulting electromechanical coupling coefficients
are inferior to the ones that would be induced by interconnecting all piezoelectric transducers.

In the early 2000s, the idea of interconnecting piezoelectric transducers with electrical components
emerged. The concept of achieving broadband damping by coupling a structure to an electrical network
was first proposed by Vidoli and dell’Isola [5]. Meanwhile, the electrical analogues of mechanical
structures, as defined by MacNeal and Benscoter [6, 7] in the early 1950s, have been revived for
multimodal vibration attenuation purposes [8]. As a consequence, piezoelectric network damping of
plates has been studied [9, 10], and implemented recently [11, 12]. The next objective is to study the
multimodal damping of complex structures coupled to their electrical analogues. To study the case of a
non-periodic plate is considered as the first step towards this goal.

1
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Moreover, a predictive model of the dynamics of the coupled system would be helpful to investigate
the limits of the analogy between the structure and its electrical analogue. It could also be used to find
the resistive components to add to the network to get an optimized damping performance. To develop
such a model, the work of Thomas et al. [13] concerning a structure covered by thin piezoelectric patches
is taken as the starting point.

Section 2 explains how to define a plate electrical analogue. It is applied to a practical setup of
a simply-supported plate, and validated by comparing mechanical and electrical measurements. In
section 3, we develop a finite element model of the plate coupled to its electrical analogue. The model
is validated by comparing simulated and experimental results. Finally, the case of a non-periodic plate
is addressed in section 4. A mass is added on the plate to break its symmetry. The designed electrical
analogue is experimentally validated and passive broadband damping is still achieved.

2 PLATE ELECTRICAL ANALOGUE

In this first section, the direct electromechanical analogy is applied to a finite difference model of
a square plate. The resulting set of equations can be represented by an electrical circuit with lumped
elements. The electrical analogue of a square plate is then assembled to produce a plate electrical
analogue, which is implemented and validated. The validation is conducted by comparing the operational
shapes of the plate and of its electrical analogue.

2.1 Finite difference model of a square plate

The motion of a plate of thickness h, mass density ρ and bending stiffness D is described by the
Kirchhoff-Love plate theory, so that

−D
(
∂4w

∂x4 +2
∂4w

∂x2∂y2 +
∂4w

∂y4

)
= ρh �w. (1)

In harmonic motion at angular frequency Ω, Eq. (1) is equivalent to



∂Qx

∂x +
∂Qy

∂y = −
m
aΩ

2w

M = aD
(
∂θx
∂x +

∂θy
∂y

) where Qx = −
∂M
∂x
, Qy = −

∂M
∂y
, θx =

∂w

∂x
, θy =

∂w

∂y
. (2)

With these notations, w is the displacement in the direction normal to the plate, a is the side of the square
plate, m = ρha2 is its mass, Qx and Qy are the shear forces in the plate, θx and θy are the angles along the
principal directions, and M is a linear combination of the bending moments along the x and y directions
defined by Timoshenko in [14]. A finite difference pattern, as represented in Figure 1, is then applied to
the plate model. The resulting system of equations obtained from Eqs. (2) is expressed by

{
QT −QB+QR −QL = −mΩ2wI

MI = D (θT − θB+ θR − θL)
,

a
2

����
�

−QB
−QL
QR
QT

����
�
=

����
�

MI − MB
MI − ML
MI − MR
MI − MT

����
�
,

a
2

����
�

θB
θL
−θR
−θT

����
�
=

����
�

wI −wB
wI −wL
wI −wR
wI −wT

����
�

(3)

2.2 Design of the plate electrical analogue

The direct electromechanical analogy, such as presented by Bloch in [15], allows the representation
of mechanical structures with passive electrical components. In the case here studied, this means that the
electrical analogue of a square plate is defined by replacing mechanical quantities in Eqs. (3) by electrical
quantities, according to the analogy in Table 1. The first two equations in the system of Eqs. (3) can

2
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B

L R

T

I

x

y

a

Figure 1: Discretization grid, where I, B, L,
R, T refer to the central, bottom, left, right

and top positions, respectively

Mechanical quantities Electrical quantities
Force Q Voltage Vw

Moment M Voltage Vθ

Linear velocity �w Electrical current �qw
Angular velocity �θ ⇐⇒ Electrical current �qθ
Compliance 1/D Capacitance C

Mass m Inductance L
Lever arm a/2 Transformer ratio â/2

Table 1: Direct electromechanical analogy

VθI

VθB

VθL VθR

VθT

VwB

VwL

VwR

VwT

�qθB

�qθL

�qθR

�qθT

�qwB

�qwL �qwR

�qwT

1:1

â/2:1

â/
2:

1

â/2:1

L

C

VL

�qwI

Figure 2: Scheme and picture of the electrical analogue of a square plate, which highlight the central
transformer in red, a side transformer in blue, the inductance in green, and the capacitance

connection in yellow

be understood as constitutive equations of an ideal inductor of inductance m and an ideal capacitor of
capacitance 1/D. The remaining equations can be interpreted as constitutive equations of transformers
of ratio a/2. Hence, the Figure 2 represents the unit cell of the plate electrical analogue. The electrical
analogue of a rectangle plate can then be defined by assembling this unit cell along the x and y directions.

Moreover, the boundary conditions of the plate should be reproduced in the electrical network. In
particular, the simply-supported and clamped edges have direct equivalent electrical connections. Indeed,
if for example the left edge of the unit cell is a boundary, then the simply-supported condition is equivalent
to command that VθL = 0 and �qwL = 0, while the clamped condition is equivalent to command �qθL = 0
and �qwL = 0 [12].

Finally, the electrical components should be tuned so that the natural frequencies of the network
are equal to the natural frequencies of the plate [11]. This ensures identical bending wave propagation
properties in the two media. In this case, the modal coupling condition is

1
a2

D
m
=

1
â2

1
LC
. (4)

3
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(a) Shape
at 102 Hz

(b) Shape
at 223 Hz

(c) Shape
at 268 Hz

(d) Shape
at 389 Hz

(e) Shape
at 543 Hz

Figure 3: Measurement of five operational deflection shapes of the plate

(a) Shape
at 101 Hz

(b) Shape
at 218 Hz

(c) Shape
at 250 Hz

(d) Shape
at 376 Hz

(e) Shape
at 468 Hz

Figure 4: Measurement of five operational electrical current shapes in the network

2.3 Validation of the plate electrical analogue

The considered setup is a simply-supported aluminium plate of dimensions 420×360×3 mm3. It is
periodically covered with 42 square piezoelectric patches of dimensions 50×50×0.5 mm3. The objective
is to develop the electrical analogue of this structure. Hence, a network made of 42 identical unit cells
has been assembled. The structure and its analogous network are shown in Figure 7, while one unit cell is
shown in Figure 2. A way to validate the plate electrical analogue is to compare its operational electrical
current shapes to the deflection shapes of the plate.

Since the network should be tested alone for validation, the piezoelectric patches are replaced by
ceramic capacitors which have a nominal capacitance of 145 nF. Then, following the method described
in [16], the inductors are made by winding conductive wire around a RM10 core of N48 ferrite material
from Epcos TDK. The nominal inductance and series resistance of the produced inductors are L = 244 mH
and RsL = 13.7 Ω. Finally, the ratio of the transformers is â = 4, and their nominal series resistance is
16.8 Ω when used with a 1:1 ratio. An inductor and several transformers are pictured in Figure 2.

By analogy with an exciting external force, an external voltage is applied between two unit cells of the
network. The voltage Vex is applied through an isolation transformer of ratio k, such as represented in
Figure 5. At the same time, the voltage drop VL across each inductor of the network is measured. Dividing
VL by the impedance RsL + jLΩ leads to the electrical current �qwI flowing through each inductor. As a
consequence, plotting the shapes of �qwI/kVex is equivalent to plotting the operational deflection shapes
of a plate excited by a point load. Several operational deflection shapes of the plate have been measured
using a laser vibrometer and are represented in Figure 3. These can be compared to the operational
current shapes in Figure 4. Plotted shapes look alike, even though some shapes are slightly different, such
as in Figure 3c and Figure 4c. This can be explained by the heavy damping due to resistive components
in the electrical network. Hence, operational electrical current shapes may spill over onto each other.
It is the case in Figure 4c, where the measured current distribution looks like a combination of modes
(1,2) and (2,1). For this reason, further investigations could include the experimental modal analysis to
separate the contributions of modes. Anyway, comparing operational shapes offers a first validation of
the plate electrical analogue.
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Vex

kVex

1:
k

Figure 5: Schematic representation
of the excitation setup for the

measurement of network modes

Figure 6: Experimental and simulated FRFs, with VL measured
across the inductor of the unit cell highlighted in blue in Figure 5

Furthermore, we developed a lumped model of the entire network. The unit cells, as schematised in
Figure 2, are put together following an assembly process. The boundary conditions are then set such
as described in section 2.2. The numerical Frequency Response Functions (FRFs) VL/kVex can thus
be compared to measurements. As an example, a comparison is plotted in Figure 6 for VL measured
in the unit cell highlighted in blue in Figure 5. The simulated FRFs fit with the the measured ones.
The remaining differences can be reduced by taking other parasitic elements of the transformers into
account, such as the magnetizing branch and the winding capacitance. These kinds of refined models are
not presented for the sake of conciseness, and because the correlation between the proposed model and
experiments is considered good enough to validate the concept of the plate electrical analogue.

3 FINITE ELEMENT MODEL OF A STRUCTURE COUPLED TO ITS ELECTRICAL ANA-
LOGUE

The main steps to model the dynamics of a mechanical structure covered by piezoelectric patches are
recalled. Then, the effect of the interconnections between patches via an electrical network is accounted
for. The simulated results are finally compared to experiments in order to validate the approach.

3.1 Finite element formulation

To model the vibrations of a continuous medium covered with piezoelectric patches, we follow the
method described by Thomas et al. in [13]. Though all equations are not detailed in this paper, the main
steps to develop a finite element model of the structure are recalled.

The electric field is denoted E. The electric displacement is denoted D. Using the Voigt notation, the
linearized stress and strain vectors are respectively denoted σ and ε. The electro-mechanical constitutive
equations linking these quantities are

σ = CEε− eTE,
D = eε+ εεεεεεE, (5)

where CE is the matrix of elastic coefficients at constant electric field, e is the matrix of piezoelectric
coefficients, and εεεεεε is the matrix of dielectric permittivities at constant strain. The structure is modelled
as an isotropic homogeneous linear elastic medium in which e = 0. Furthermore, the piezoelectric
transducers exhibit transverse isotropic properties and are polarized in their transverse directions n(j). The
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patches thickness’s, denoted h(j), are considered small when compared to their longitudinal dimensions.
Hence, the electrical field E(j) in the j-th piezoelectric patch is supposed uniform and normal to the
electrodes. It can be expressed as a function of the potential difference V (j) between electrodes of each
patch:

E(j) = −V (j)

h(j) n(j). (6)

To derive the mechanical equation of the variational formulation, the elastodynamic equation, in which
prescribed body forces are neglected, is considered. To derive the electrical equation, it is Gauss’s law
involving no free charges which is considered. These equations are then multiplied by test functions
and integrated over the entire volume of the structure. The prescribed surface forces and free charge
densities are taken into account as boundary conditions. Then, the constitutive equations of the medium
are applied to get the variational formulation in terms of displacement u and electric potential V (j).

The equations of the variational formulation are then discretized. Following an assembly process, we
obtain a finite element formulation of the coupled problem:(

Mm 0
0 0

) ( �U
�V

)
+

(
Km Kc
−Kc

T Ke
−1

) (
U
V

)
=

(
F
Q

)
, (7)

where U contains the nodal values of the displacement field u and V contains the voltage values
(V (1), ... ,V (P)) on the upper electrodes of the piezoelectric patches. F represents the external me-
chanical forces applied to the structure, while Q are the electrical charges on the upper electrodes of the
piezoelectric patches. Kc is the coupling matrix, and Mm and Km are the mass and mechanical stiffness
matrices. Ke is a diagonal matrix in which the j-th term is the inverse of the blocked piezoelectric
capacitance C(j) of the j-th patch, which is

C(j) =
ε33

εS(j)

h(j) , (8)

where S(j) is the j-th patch surface and εε33 is the transverse permittivity of a piezoelectric medium with
no strain. In the case of plate bending, this quantity can be estimated with materials constants. More
details are available in [11].

3.2 Coupling of a structure to its electrical analogue

The piezoelectric patches bound to the structure are interconnected via the plate electrical analogue.
Hence, using the notations in Figure 2, V contains in fact the voltage values (V (1)

θI , ... ,V
(P)
θI ), while the

j-th element of Q is equal to the charge q(j)
θB − q(j)

θT + q(j)
θL − q(j)

θR flowing through the capacitance C(j). As
a consequence, the network is a passive electrical controller that commands a relationship between V
and Q. We choose to express these vectors in terms of the 42 electrical charges qwI flowing through
the inductors of the network, whose values are contained in the vector Qw. Using a symbolic solver, we
obtained these relations:

V = −
(
Me �Qw +De �Qw

)
, (9)

Q = PQw,

which leads to the finite element formulation of the mechanical structure coupled to its electrical analogue:(
Mm 0
0 Me

) ( �U
�Qw

)
+

(
0 0
0 De

) ( �U
�Qw

)
+

(
Km+KcKeKc

T KcKeP
KeKc

T KeP

) (
U

Qw

)
=

(
F
0

)
. (10)
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Figure 7: Setup including the plate covered with
piezoelectric transducers, a shaker, a laser

vibrometer and the plate electrical analogue
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Figure 8: Meshing of the mechanical structure
and location (in red) of both the excitation and

the velocity measurement

The expressions of the electrical "mass" matrix Me, the electrical damping matrix De, and the transfer
matrix P are not detailed in this work for the sake of conciseness. We just precise these three matrices
depend on the transformer ratio â. Moreover, Me is a function of the inductance value L, while De is a
function of the series resistance of the inductors RsL and the series resistance of the transformers.

3.3 Validation of the finite element model

Numerical simulations are compared to practical measurements to validate the finite element model
developed in the previous sections. The experimental setup is presented in Figure 7. The simply-supported
plate periodically covered with piezoelectric patches is suspended. A shaker applies a point load and a
force transducer measures it. A laser vibrometer measures the velocity on the other side of the plate.
The red marker in Figure 8 represents the location of both the excitation and the velocity measurement.
Moreover, the upper electrodes of the patches are either connected to the ground or to the network thanks
to switches, which can be spotted in Figure 2.

The structure is modelled with 20-node hexahedral elements. Both the plate and the piezoelectric
patches are meshed with one element in depth. In the other directions, the piezoelectric patches as well as
the plate beneath them are meshed with nx ×ny elements. Taking nx = ny = 3 leads to converged values
for natural frequencies of the undamped structure up to 1 kHz. As a consequence, the Figure 8 represents
the mesh used to obtain all the following numerical results.

The plate is made of duralumin. Its Poisson’s ratio and density are respectively set at 0.346 and
2800 kg/m3. Its Young’s modulus is set at 68.8 GPa to adjust the eleventh natural frequency of the plate
calculated with short-circuited piezoelectric patches to the corresponding resonances in the experimental
measurement. This corresponds to the last peak before 900 Hz as plotted in Figure 9. The piezoelectric
patches are made of the PIC 153 PZT material. The coefficients of matrices in Eq. (5) are either taken
from manufacturer’s data when available, or extrapolated from datasheets of other PZT materials.

The case of short-circuited patches is simulated by imposing all voltage values in V to ground potential
in Eq. (7). The plotted results in Figure 9 show that the numerical simulation forecasts the dynamics
of the structure up to 900 Hz rather well. Moreover, the remaining differences between numerical and
experimental results could be reduced. First of all, the plate is linked to a rigid frame via thin supports.
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Figure 9: Experimental and simulated FRFs with short-circuited piezoelectric patches

Figure 10: Experimental and simulated FRFs when the plate is coupled to its electrical analogue

The plate is the only part of the assembly that is modelled. Since the peak at 687 Hz is a frame mode,
it can not be predicted. Furthermore, the gaps between the first simulated and measured peaks can be
attributed to the non-ideal experimental boundary conditions. This has been explained by Robin et al.,
who designed a first version of the setup in [17]. Finally, the structural damping has been neglected,
which explains the amplitude differences at resonances.

The case of the structure being coupled to its passive electrical analogue is then considered. As seen
in Figure 10, a broadband vibration damping is achieved. Meanwhile, the frame mode at 687 Hz is
barely affected by the connection to the network, which was expected. Besides, the model in Eq. (10)
is able to predict the dynamics of the structure coupled to its electrical analogue. The modelling limits
highlighted in Figure 9 remain true in this case. Hence, this model could be used to find the optimal
resistive components to be added to the network in order to optimize the damping performance.
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Figure 11: Experimental and simulated FRFs with short-circuited piezoelectric patches and an added
mass

4 BROADBAND VIBRATION DAMPING OF A NON-PERIODIC PLATE

In this section, the broadband damping achieved by coupling a structure to its electrical analogue is
extended to the case of a non-periodic plate. A mass is locally added on the plate, and its influence on
the dynamics of the system is modelled. We then define the non-periodic plate electrical analogue and
verify that the first few modes of the structure are significantly damped.

4.1 Non-periodic plate electrical analogue and validation

Designing the electrical analogue of a non-periodic plate is the first step towards more complex
structures. As a consequence, we decided to add a mass which is a 22 mm thick, 40 mm diameter
cylindrical rod of 207 g. This mass is added on the side of the plate which is not covered by piezoelectric
patches, on the hatched position in Figure 8.

The mass is added in the finite element model as well, in the form of a 22 mm thick patch covering
the same surface as a piezoelectric patch. Its Young modulus is set at 325 MPa. This way, the seventh
simulated natural frequency of the plate with short-circuited patches is adjusted to the seventh peak on
the measured FRF. The correlation between numerical and experimental results in this case is shown in
Figure 11. When compared to the results in Figure 9, one can notice that the natural frequencies of the
plate have been lowered, that the contact with the added mass induces damping in the measured FRF, and
that a frame mode at 203 Hz is now excited. Since the structural damping and the frame are not taken into
account, their effects are not foreseen by our model. The simulated FRF fits quite well with the measured
one nonetheless.

The non-periodic plate here considered is obtained by locally adding some mass and some stiffness
to the structure. To get its electrical analogue, the first natural frequency of the electrical network should
be adjusted to the first natural frequency of the non-periodic plate. The first simulated resonance in
Figure 11 is used as a reference value for the structure. In other words, Eq. (4) should remain true, while
a and â have set values and D and m are locally modified. Thus, one should modify the product of the
capacitance C by the inductance L of the corresponding unit cell of the network. Not to deteriorate the
electromechanical coupling [18], only L is modified to adjust the first natural frequency of the electrical
network. The calculations, which are not detailed here, show in this case that the initial inductance of
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(a) Shape
at 93 Hz

(b) Shape
at 199 Hz

(c) Shape
at 244 Hz

(d) Shape
at 361 Hz

(e) Shape
at 417 Hz

Figure 12: Measurement of five operational deflection shapes of the plate when a 207 g mass (in black)
is added

(a) Shape
at 92 Hz

(b) Shape
at 193 Hz

(c) Shape
at 230 Hz

(d) Shape
at 341 Hz

(e) Shape
at 384 Hz

Figure 13: Measurement of five operational electrical current shapes in the network when a 1.34 H
inductance (in black) replaces a 244 mH inductance of the network

244 mH should be replaced by an inductance of 1.34 H.
As previously explained in section 2.3, one way to validate the non-periodic plate electrical analogue

is to compare the mechanical and electrical operational shapes. The measurements are still made with
the setups presented in Figures 7 and 5. The results are shown in Figures 12 and 13. Since the plotted
shapes look alike, we consider that the non-periodic network is the electrical analogue of the modified
structure.

4.2 Multimodal vibration damping

The non-periodic plate is now coupled to its passive electrical analogue. The FRF measurement is
made with the same setup as described in section 3.3. As seen in Figure 10, broadband damping is
achieved in this case as well. This result validates the approach of coupling a non-periodic structure to
its fully passive electrical analogue for multimodal damping purposes.

Moreover, the simulated results fit rather well with the measured ones. The remaining differences
are due to the differences already spotted in Figure 11, and hence could be reduced by modelling the
structural damping. As it is, it seems that the finite element model developed in this work can be used to
predict the dynamics of a complex structure coupled to its electrical analogue. It could also be used to
forecast where resistive components could be added in the network to improve the damping performance.

5 CONCLUSION

The first objective of this work is to develop a finite element model of a structure coupled to an electrical
network interconnecting piezoelectric transducers. A structure covered with thin piezoelectric patches
is considered. The electrical network is viewed as a passive controller that commands a relationship
between the voltages and the charges on the upper electrodes of the piezoelectric transducers. The
numerical results show a good agreement with measurements, even though the model could be improved.
In the case here studied, the possible improvements include taking into account the structural damping
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Figure 14: Experimental and simulated FRFs when the non-periodic plate is coupled to its electrical
analogue

of the plate and the non-ideal boundary conditions of the setup. Anyway, the actual model can predict
the dynamics of the coupled system. It could also be used to validate the analogy between a mechanical
structure and its electrical analogue.

The other objective of this work is to extend to non-periodic structures the concept of coupling to an
electrical analogue for passive multimodal damping purposes. To do that, the electrical analogue of a
simply-supported plate is designed and its dynamics is experimentally validated. Finally, we measure the
damping performance that is attainable by connecting the plate electrical analogue to the structure. These
steps are repeated in the case of a plate on which a mass has been added in order to make it non-periodic.
The final measurements highlight the achievable damping performance with a fully passive electrical
network connected to the non-periodic structure. It is a first step towards trying to couple a complex
structure to its electrical analogue for multimodal damping purposes.
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Summary: In this study, we address the topic of the reduction of structural vibrations by means
of an electromagnetic shunt damper (EMSD) made up of a voice coil actuator (VCA) with an
electronic circuit. The classical resistive and resonant shunt solutions are studied. The main
goal of this paper is to estimate the damping performance of shunts combined with a tuned mass
damper (TMD), in the case of forced vibrations, for an arbitrary resonant elastic host structure.
Two architectures, that differs with the placement of the EMSD with respect to the TMD, are
tested. It is shown that the EMSD enhances the vibration control for a specific combination
of TMD and EMSD. If the TMD parameters cannot be changed, the performance of vibration
reduction is affected by one free parameter: the Electromechanical Coupling Factor (EMCF).
This factor conditions the optimal mitigation of a mechanical vibration mode. Experiments
are proposed and a good agreement with the theoretical model is obtained, validating it. For
these experiments, a digital signal processor (DSP) generates the EMSD (the tuning parameters
depend on the VCA and the DSP itself as well). A cantilever beam with a mass clamped at its
free end serves as the TMD, whose tuning parameters include the bending stiffness and the
clamped mass.

1 INTRODUCTION

The conception and the optimisation of an electromagnetic shunt damper (EMSD) are stud-
ied. The EMSD is used to obtain a dissipation of mechanical energy by converting mechanical
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vibrations into electrical energy through a magnetic interaction realised by a voice coil actuator
(VCA). This transducer is composed of a coil, connected to the shunt circuit, which oscillates
in a magnetic field created by a permanent magnet. Like piezoelectric materials, VCA has a
fundamental electromechanical reversibility. So, the EMSD can be compared to a mechanical
damper [1], e.g. the traditional Frahm damper, also called the tuned mass damper (TMD) [2],
or the traditional piezoelectric shunt [3, 4]. Optimum tuning parameters have been defined for
classic passive dampers by Den Hartog [5] on the one hand and for equivalent shunt systems
[3, 6] on the other hand.
In comparison to a piezoelectric transducer, the VCA can be advantageously oversized in order
to increase the Electromechanical Coupling Factor (EMCF). Actually, the effective EMCF, as a
function of the actuator mass for both electromagnetic transducers and piezoelectric transduc-
ers, has allowed to show that, for an equivalent actuator mass, piezoelectric transducers depend
only on the material properties and do not depend on transducer size in rst approximation, while
the coupling factor of the VCA increases with its mass [7]. Some studies have used the combi-
nation of piezoelectric shunt damper and the EMSD in order to reduce the vibrations and/or to
harvest it in electrical energy [8, 9, 10, 11, 12].
The objective of this paper is to apply an EMSD in order to enhance the vibration control of
a TMD in the case of forced vibrations, for an arbitrary resonant elastic host structure. Two
architectures, that differ with the placement of the EMSD with respect to the TMD [13, 14],
are tested in the conservative case. In the first section of this paper, we present the global sys-
tem made up of a combination of the primary system, the TMD and the EMSD for the two
kinds of combinations only for conservative system. In the following section, we discuss and
comment the experiments and their results. Finally, the last section leads to the conclusion that
experiments give a good agreement with the theory.

2 MODELS

We consider a primary system like a single degree of freedom (SDOF) coupled with a TMD
and with an EMSD with two architectures possible seen in Figure 1. m1, c1, k1 are the mass, the
viscous damping coefficient and the stiffness coefficient of the primary system, respectively. An
external force F sets in motion this system, which its displacement is x1. The natural frequency

of the primary system is ω1 =
√

k1
m1

and the damping ratio is ξ1 = c1
2
√

k1m1
. The TMD [2] is

designed by a mass m2, a viscous damping coefficient c2 and a stiffness coefficient k2. The
displacement of m2 is x2. However, we prefer to use xd , the relative displacement x2 in relation

to x1 (xd = x2 − x1). The natural frequency of the TMD is ω2 =
√

k2
m2

and the damping ratio
is ξ2 =

c2
2
√

k2m2
. The mass ratio between the TMD and the primary system µ = m2

m1
is the cou-

pling factor of both systems. We consider the EMSD also like a resonant conservative system
composed by an electrical circuit with the inductance of the VCA L and an impedance in serial
connection made up by a capacitance C and a resistance R. This system is named the RC-shunt
[4]. An electric charge Q flowed through the shunt. The natural frequency of the RC-shunt is

2
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ωe =
1√
LC

and the damping ratio is ξe =
R
2

√
C
L . The EMSD is coupled with the primary system

by the means of the VCA that induced a Lorentz force ΦQ̇ on the primary system and an elec-
tromotive force Φẋ1 on the shunt circuit, such as Φ is the force factor of the VCA [15] and (̇ )
the derivate with respect to time. The force factor is the coupling factor between the primary
system and the EMSD. It depends on the coil displacement, the coil geometry and the magnetic
flux density generated through the air gap of the VCA, but it could be considered as a constant
[16].
The dampers can be designed as conservative (ξe = ξ2 = 0) or dissipative. The optimum cri-
teria from these two systems are different. For the conservative resonant dampers, we want
to design an antiresonance at the resonance of the primary system and also take away the two
news resonances from the antiresonance designed. These two optimisation criteria are gathered
by the knowledge of the frequency distance ∆ω. It corresponds to the difference between the
resonant frequency of the primary system alone with the new resonant frequency generated by
the coupling of both systems: the primary system and the damper. This optimisation is suited
to mono-frequency excitation. For the dissipative system, we want to reduce the spectrum
magnitude of the primary system. This method is called H∞ optimisation [1]. We loose the an-
tiresonance with this method but we benet from a weak resonant magnitude. This optimisation
is suited to a large frequency range.
Den Hartog has dened the resonance frequencies in the case of two Degrees Of Freedom (2DOF)
conservative mechanical system composed by a primary system and a TMD [5] as :

ωr1 = ω2

√
1+

µ
2
−
√

µ+
µ2

4
, ωr2 = ω2

√
1+

µ
2
+

√
µ+

µ2

4
, . (1)

If ω2 is tuned on ω1, we obtain an antiresonance frequency at ω1 and the frequency distance is,
in the case of a TMD, for µ � 1 :

∀µ � 1, ∆ω,T MD � ω1

√
µ

2
. (2)

x1
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Figure 1: Schematic of primary system coupled with a TMD and an EMSD : a) Architecture I : EMSD placed
between the primary system and the TMD (on the left), b) Architecture II : EMSD placed between the primary
system and its building (on the right).
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In regards to equation (2), we see the mass ratio µ is the parameter which defines the frequency
distance.

2.1 EMSD between the primary system and the TMD

The governing equations of this first architecture (Arch. I) shown in Figure 1.a is made up
of the mechanical equation of motion and the Kirchhoff’s voltage law :

(1+µ)ẍ1 +µẍd +2ξ1ω1ẋ1 +ω2
1x1 =

F1

m1
, (3)

ẍd + ẍ1 +2ξ2ω2ẋd +ω2
2xd +κ2ω2

˙̄Q = 0, (4)
¨̄Q+2ξeωe

˙̄Q+ω2
eQ̄−κ2ω2ẋd = 0, (5)

with Q̄ the equivalent electrical charge and κ2 the EMCF of Arch. I :

Q̄ =

√
L

m2
Q, , κ2 =

Φ
ω2

√
m2L

. (6)

The Frequency Response Functions (FRFs) associated to equations (3) (4) (5) for conservative
systems (ξ1 = ξ2 = ξe = 0) are :

x̂1 =
F1

m1

(−Ω2 +ω2
e)(−Ω2 +ω2

2)−κ2ω2
2Ω2

D2(Ω)
, (7)

x̂d =
F1

m1

−Ω2(−Ω2 +ω2
e)

D2(Ω)
, (8)

ˆ̄Q =
F1

m1

jκ2ω2Ω3

D2(Ω)
, (9)

with :

D2(Ω) =−Ω6 +
[
ω2

1 +(1+µ)(1+κ2
2)ω

2
2 +ω2

e
]

Ω4

−
[
(1+κ2

2)ω
2
1ω2

2 +ω2
1ω2

e +(1+µ)ω2
2ω2

e
]

Ω2 +ω2
1ω2

2ω2
e ,

(10)

with x̂1, x̂d , ˆ̄Q the complex amplitude of x1, xd , Q̄ respectively defined by x1(t) = ℜ
(
x̂1e jΩt)

and in the same way for xd , Q̄, and Ω the frequency of external force. The complex amplitude
of the electrical current Î that flows through the shunt circuit is thus Î = jΩQ̂. In the case of
conservative systems, we want to generate an antiresonance instead of the resonance frequency
of the primary system ω1. Therefore, we need to determinate the antiresonance frequencies of
x̂1 from equation (7), as follows :

ωar,I− =
1√
2

[
(1+κ2

2)ω
2
2 +ω2

e −
√
[(1+κ2

2)ω
2
2 +ω2

e ]
2 −4ω2

2ω2
e

] 1
2

, (11)

ωar,I+ =
1√
2

[
(1+κ2

2)ω
2
2 +ω2

e +
√
[(1+κ2

2)ω
2
2 +ω2

e ]
2 −4ω2

2ω2
e

] 1
2

. (12)
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So, we impose ωar,I− and ωar,I+ equal to ω1. It allowed for the determining of the tuning terms
of ωe, and the following solutions are obtained :

ωe =

√
ω4

1 − (1+κ2
2)ω

2
1ω2

2

ω2
1 −ω2

2
, (13)

if ω2 < ω1, for κ2 ≤
√

ω2
1 −ω2

2

ω2
2

, (14)

else-if ω2 > ω1, ∀κ2. (15)

However, the tuning frequency in equation (13) prevents the tuning of the TMD with the pri-
mary system ω2 = ω1, because it requires in practice the de-tuning of the TMD.
To check the efficiency of Arch. I, we use the FRFs corresponding to the primary system
coupled with the TMD like references in relation with several FRFs related to these architec-
ture. When looking at Figure 2, the criteria described in equations (13), (14) and (15) enable

HostHost + TMD

κ2 = 0.2
κ2 = 0.2

κ2 = 0.4
Arch. I
ω2 = 0.9ω1

Arch. I
ω2 = 1.2ω1

Arch. I
ω2 = 1.2ω1

Figure 2: Frequency response functions of the architecture I (Arch. I) for some values of both natural frequencies
of the TMD ω2 and the EMSD ωe, and the EMCF κ2. The mass ratio is µ = 0.05.

to generate an antiresonance at ω1. However, the nearest resonance of this antiresonance is
systematically observed in return compared to the reference case with the coupled system of
both primary system and the TMD, the reference case seen in Figure 2. The dynamics of this
architecture is governed by three resonances and it is difcult to take them away from the an-
tiresonance frequency. In the conservative case, Arch. I seems unsuitable to reduce largely the
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vibration of the primary system owing to the EMSD placement, which is between the primary
system and the TMD. This is a wrong option when considering to enhance the performance of
a TMD in conservative case. However, this kind of architecture is seen in the study of energy
harvesting systems because of it can improves the harvesting power can be improved when used
in relation to a traditional SDOF energy harvester (i.e. shunt damper) [13, 17].

2.2 EMSD between the primary system and its support

The governing equations of this second architecture (Arch. II) shown in Figure 1.b is made
up of the mechanical equation of motion and the Kirchhoff’s voltage law :

(1+µ)ẍ1 +µẍd +2ξ1ω1ẋ1 +ω2
1x1 +κ1ω1

˙̄Q =
F1

m1
, (16)

ẍd + ẍ1 +2ξ2ω2ẋd +ω2
2xd = 0, (17)

¨̄Q+2ξeωe
˙̄Q+ω2

eQ̄−κ1ω1ẋ1 = 0, (18)

with Q̄ the equivalent electrical charge and κ1 the EMCF of Arch. II :

Q̄ =

√
L

m1
Q, , κ1 =

Φ
ω1

√
m1L

. (19)

So, the FRFs of the equations (16)-(17)-(18) for conservative systems (ξ1 = ξ2 = ξe = 0) are :

x̂1 =
F1

m1

(−Ω2 +ω2
e)(−Ω2 +ω2

2)

D1(Ω)
, (20)

x̂d =
F1

m1

Ω2(−Ω2 +ω2
e)

D1(Ω)
, (21)

ˆ̄Q =
F1

m1

jκ1ω1Ω(−Ω2 +ω2
2)

D1(Ω)
, (22)

with :

D1(Ω) =−ω6 +
[
(1+κ2

1)ω
2
1 +(1+µ)ω2

2 +ω2
e
]

Ω4

−
[
(1+κ2

1)ω
2
1ω2

2 +ω2
1ω2

e +(1+µ)ω2
2ω2

e
]

Ω2 +ω2
1ω2

2ω2
e .

(23)

In order to generate an antiresonance at ω1, we need to determine the antiresonance frequencies
of x̂1 from equation (20), as follows :

ωar,II− = ω2, ωar,II+ = ωe, (24)

When looking at the equation (7), the condition to generate an antiresonance at ω1 is possible
by the tuning of ωe = ω1 and ω2 = ω1, and creates a double antiresonance. In regards to the

6



914

Michel A. Auleley, Olivier Thomas, Christophe Giraud-Audine and Hervé Mahé

application of this double antiresonance tuning, the expression of the resonance frequencies,
obtainable by equation (23), is in ascending order :

ωp− = ω1

√√√√2+µ+κ2
1 −

√
(2+µ+κ2

1)
2 −4

2
, (25)

ωp0 = ω1, (26)

ωp+ = ω1

√√√√2+µ+κ2
1 +

√
(2+µ+κ2

1)
2 −4

2
, (27)

In this case, we note ω1 is at the same time an antiresonance frequency and an eigenfrequency,
implying that the associated eigenmode has a motionless primary system. To check the effi-
ciency of Arch. II, we use the FRF corresponding to the primary system coupled with the TMD
like references in relation with several FRFs related to these architecture. In Figure 3, we notice

Host

Host + TMD

κ1 = 0.25

κ1 = 0.35

κ1 = 0.5Arch. II

Arch. II

Arch. II

Figure 3: Frequency response function of the architecture II (Arch. II) for some values of both natural frequencies
of the TMD ω2 and the EMSD ωe, and the EMCF κ1. The mass ratio is µ = 0.05.

that the EMSD adds efciency to the TMD. For Arch. II, we see that the increase of the EMCF κ1
upgrades the frequency distance of this architecture II. Besides the mathematical expression of

7
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the resonance frequencies (25) (27) in comparison to the resonance frequencies with a conser-
vative TMD see in [5], in tuning the dampers on ω1, the role of µ and κ2

1 are similar, so that we
can define a coupling factor as the sum of both factors for this system. In regards to equations
(25) and (27), the frequency distance following for µ,κ1 � 1 is :

∀µ,κ1 � 1, ∆ω,II � ω1

√
µ+κ2

1

2
. (28)

Therefore, tuning ωar,II− and ωar,II+ on ω1 produces a larger frequency distance compared to
the frequency distance for the primary system plus TMD tunes on ω1 in equation (2). Moreover
the graphic of x̂d shows more the EMCF increases more x̂d at the vicinity of ω1 decreases. The
dynamics of this architecture is ruled by three resonances, including one that can be avoided.
Another possible option with this architecture is to create an antiresonance at any frequency Ω
by the tuning of the EMSD eigenfrequency at this Ω. Indeed if the antiresonance frequency
ωar,II− = ω1, then ωar,II+ could be equal to any other frequency. That is possible because
the EMSD tuning is uncoupled with the TMD tuning in this architecture. However, a third
resonance will appear because there is no more degenerated eigenmode.
In the following section, the experimental setup of Arch. II is described then the results with
this architecture are commented.

3 EXPERIMENTS

3.1 Experimental setup

We design a host structure made up of two equals aluminium plates sustained by four equals
aluminium beams. Through geometric and mechanical properties, the two first eigenmodes of
this structure are configured as the two first bending eigenmodes Bx1 and Bx2 in the direction
called −→ex . Figure 4 shows the studied model and its equivalent model considered with m the

k m k m

−→ex

−→ey−→ex

−→ez

Figure 4: Schematic of the studied model equivalent at a Two Degrees Of Freedom (2DOF).

mass of a plate and k the bending stiffness of four parallel cantilever beams in the direction −→ex .

8
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We obtain the eigenfrequencies :

ωBx1 =

√√√√ k
m

(
3−

√
5

2

)
, ωBx2 =

√√√√ k
m

(
3+

√
5

2

)
. (29)

The dimension of the host structure is chosen thanks to the equations (29), and a Finite Ele-
ment Method (FEM) through a CAD software (Catia, Dassault Systèmes, France) in order to
determine the two first torsional mode of this structure T1 and T2. The established setup for the
host structure are plates of 240mm long, 200mm wide, 12mm thick, and beams of 200mm long,
40mm wide and 5mm thick.
A laser Doppler vibrometer (PSV-400, Polytec, Germany) with its acquisition computer or an
accelerometer (352C65, PCB Piezotronics, USA) with acquisition cards (NI 9234, National In-
struments, USA) are used for measuring the FRFs. A function generator, from the vibrometer
equipment, is used in order to emit an excitation chirp signal amplified by a power amplifier
(Amplifier type 2719, Brüel and Kjaer, Denmark) and transmitted to a magnetic exciter. This
exciter made up of a coil and a neodymium cylindrical magnet, small enough to ignore its mass,
put in movement the host structure. The exciter magnet is set on the larger face of one upper
beam, near to the upper plate. The exciter coil is radially centring near to the magnet, and the
half of the magnet is set at the interior of the coil. The signal emitted to the coil is controlled
in current and the interaction between the magnetic ux density of the magnet and this current
generate a stress on the host structure. As the magnetic exciter is placed in order to create a
force excitation in the direction of the bending modes Bx1 and Bx2 (−→ex ), the bending modes
corresponding to the two others direction are not excited. Only the bending mode like Bx1, Bx2,
and the torsional modes like T1, T2, are sensed (shown in Figure 5). The FRF in Figure (5) is
obtained with the laser Doppler vibrometer. The eigenfrequencies and the damping ratio asso-
ciated to one eigenmode are the Bx1 mode with a frequency of 34.9Hz and a damping ratio of
0.0096, the Bx2 mode with a frequency of 85.0Hz and a damping ratio of 0.0014, the T1 mode
with a frequency of 118.8Hz and a damping ratio of 0.0029 and the T2 mode with a frequency
of 460.3Hz and a damping ratio of 0.0011. These eigenmodes are weakly damped (less 1%).
So we can used a TMD made by aluminium in order to design an experimental TMD with a
weak damping ratio. This TMD is a cantilever beam with a mass clamped at its free end as seen
in Figure 6. This TMD is tuned thanks to the beam length La in using the eigenmode reliant
on the mass clamped ma and the bending beam deflection va in the case of a concentrated load
at the free end Fa which defined the stiffness coefficient associated ka. The tunable resonance
frequency is :

ωa =

√
3Ebah3

a
12maL3

a
, (30)

with E the Young’s modulus, La the beam length, ba the beam width and ha the beam thickness.
The tuning is mainly done with the beam length adjustment.
The EMSD consists of a VCA (AE30-01-01, Pack’Aero, France) without guidance made up of

9
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a magnetic field assembly attached to an aluminium hollow structural section clamped to the
host structure frame and a coil placed at the bottom of the upper plate of the host structure.
Naturally, this VCA is placed in order to work in the direction −→ex such the coil go through
the air gap of the magnetic field assembly. We determine the force factor at 2.98N/A, which
is an important constant for the vibration reduction, the coil inductance of 664µH and the coil
internal resistance of 3.4Ω. In order to produce a conservative EMSD, we need a total resistance
circuit of 0Ω. However, in this case we get a short circuit that we cannot generate. So we need
to reduce this resistance as closely as possible to zero. Then, this shunt is resonant in adding a
capacitor to the circuit. The tuning of ωe (24) on bending eigenmodes of the primary structure
requires a capacitance of :

C =
1

Lω2
1
, (31)

such as ω1 is one bending eigenfrequency. As we consider the Bx1 mode, its eigenfrequency is
34.9Hz and the determined capacitance is 31.3mF . This capacitance value is high for a standard
capacitor. It is why a digital signal processor (MicroLabBox DS1202, dSPACE, Germany) is
used so as to synthesize the RC-shunt. The DSP works on a sampling frequency of 30kHz that is
enough for the measuring and the application in the range frequency [0−400]Hz. An interface
circuit connect the VCA to the DSP, made of two operational amplifiers (Op-Amp). The first
(OPA 445, Texas Instruments, USA) is used for measuring the current I by an inverting amplifier
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Figure 5: Frequency response function of the host structure on a top left measurement point.
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with a gain Ginv = −1 and a measuring resistance Rm = 28.4Ω. So the current measured is
Im = 1

Rm

(
1

Ginv
Vin

)
with VADC the ADC input voltage. The second (OPA 547T, Texas Instruments,

Etats-Unis) is used for a voltage follower with a gain G f ol = 1. The two Op-Amp are supplied
by a DC power supply (FI 1333, Française d’Instrumentation, France). The DSP is designed to
be equivalent to an impedance Zsh in order to generate a resonant shunt :

Zsh(Ω) = Rsh +
1

jΩCsh
, (32)

with the shunt resistance and capacitance, Rsh and Csh respectively. The shunt resistance is in
fact chosen negative to cancel the internal coil resistance rL, in order to obtain a fully conserva-
tive resonant shunt and an antiresonance as perfect as possible.

3.2 Host structure coupled with a tuned mass damper and a digital resonant shunt

Now the TMD and the EMSD are used and tuned on the Bx1 eigenmode of the host structure
alternately then simultaneously like seen in Figure 6. The accelerometer measures the FRFs

Figure 6: Photograph of the host structure, the TMD (on the top). For the EMSD : the VCA (on the top), the
interface circuit (on the left bottom) and the DSP (on the right bottom).

of the host structure dynamics. For the purpose of tuning the TMD, we use a beam of 300mm
long, 20mm wide and 3mm thick with a mass clamped of 0.15kg and we tuned La = 160mm,
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which is considered as the distance between the clamped mass ma and the TMD support. The
tuning of the RC-shunt is realised by the application of the numerical values Rsh = −3.35Ω et
Csh = 31.3mF . We note the EMCF of the Bx1 mode κBx1 . By the correlation between models
and experimentals measured, we can determine the mass ratio µ and the the EMCF κBx1 for the
combination of the host structure with the TMD and the EMSD respectively. Then the model
for the host structure coupled with the TMD and the RC-shunt is used with the previous values
determined of µ and κBx1 . Finally, Figure 7 shows the FRFs of experimental measurements
and numerical modelling for the host structure alone, coupled with the TMD, coupled with the
EMSD and coupled with the both damping systems. In Figure 7, experiments gives ξBx1 =

Figure 7: Magnitude of the frequency responses functions in the vicinity of the Bx1 eigenmode

0.00728, µ = 0.05 and κBx1 = 0.24. The theoretical models are computed ((th) in Figure 7) and
present a good agreement with the experiments ((exp) in Figure 7). The superposition effect
of the EMSD on the TMD are clearly made an enhancement on the vibration reduction of the
host structure, even if these systems are weakly damped. In fact, the frequency distance is
approximately gone from 3Hz to 5Hz. So, these experimental results validate the theory on the
enhancement of the vibration reduction in the conservative case. However, limitations on these
experiments are the fact we need EMSD and TMD weakly damped in order to apply efficiency
this method. This is why using a DSP as a digital shunt enables the reducing of the resistance
in the RC-shunt, especially the coil resistance.
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4 CONCLUSION

In this paper, an elastic host structure, a TMD and a shunt circuit which composed two kinds
of architectures, Arch. I and Arch. II, are studied. The goal was to enhance the vibration
reduction induced by the TMD in using the EMSD. We determined optimum parameters of the
TMD and the EMSD systems in these architectures for a SDOF system, which corresponds
to an eigenmode of the elastic host structure. It demonstrated Arch. II is more pertinent in
comparison of host structure and TMD combination for conservatives dampers.
The vibration reduction is obtained by means of the TMD and/or the EMSD and conclusions
attest of the correlation between theoretical models and experimental tests. For conservative
systems, we observe that the application of these two damping systems is optimum when we
apply the both same tuning parameters for the TMD and for the EMSD, when each is coupled
with the host structure.
We have made a RC-shunt using a DSP in order to make a synthetic shunt. On the contrary
of an analog shunt, the digital shunt has an advantage of tuning the RC-shunt by numerical
inputs. The DSP generate a negative resistance aiming at reducing the total resistance induced
by resistors and the VCA coil, and generate a capacitance aiming at create a resonant EMSD.
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Abstract. The use of resonant piezoelectric shunts is a well-established solution to mitigate vibrations
in flexible mechanical structures. However, very large inductance values are required in the shunt. These
values are difficult to obtain for passive inductors and therefore, inductance values are often synthesized
with operational amplifiers (OpAmp). The downside is that standard OpAmps can only handle op to
30V peak-to-peak and the state of the art amplifiers up to 100Vpp. Piezoelectric materials typically
generate high voltages even for low vibration levels. With the increasing push towards lighter and more
slender mechanical structures, the increased vibration levels result in even higher voltage levels such that
even the most advanced OpAmps fall short. In this research, a synthetic inductor is proposed and built
by combining the bridge amplifier configuration and the output voltage boost configuration, effectively
quadrupling the range of the synthetic inductor to 400Vpp. The synthetic inductor is then employed to
shunt a piezoelectric patch bonded on a cantilever beam.

1 INTRODUCTION

Excessive vibrations in mechanical structures are typically reduced by adding another mechanical
oscillator on the structure, called a tuned mass damper (TMD) [1]. With addition of a well-designed
TMD, the vibrations are relocated from the original structure to this oscillator where they are dissipated,
significantly decreasing vibrations in the mechanical structure. Piezoelectric (PE) materials can convert
mechanical into electrical energy and vice versa. Therefore, bonding PE material to a vibrating structure
and shunting it with a resonant electrical circuit will have the same effect as a TMD [2]. However, very
large inductance values are required in the shunt such that resonance in the electrical shunt matches one
of the mechanical vibration frequencies. It is impractical to design a wirewound inductor coil with such
a very large inductance and a low resistance at the same time. Therefore, this large inductance is often
realized as a synthetic inductor. i.e., an active electronic circuit which mimics the electrical impedance of
an inductor. A synthetic inductor consists of one or more operational amplifiers (OpAmps) and a number
of passive resistors and capacitors. Another advantage of this approach is that the inductance can easily
be made modified.

A well-known feature of piezoelectric material is its typically high-voltage and low-current operation.
As OpAmps are limited in the voltage which they receive on their inputs, researchers have employed
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”high voltage” OpAmps. The state-of-the-art high voltage OpAmps are the OPA445 (90V peak-to-peak)
[3], used in many shunts which synthetize an inductor [4, 5], or more advanced, a negative capacitance
[6] and more recentely digital impedance [7]. The OPA454 (100Vpp) is another high-voltage OpAmp
with better specifications and an exposed metal pad for cooling the chip [8].

As mechanical structures nowadays tend to be more light and slender, the magnitude of vibration
during resonance can reach levels that induce much higher voltages than 100Vpp in a PE patch. Sim-
ilar concerns were raised in [9], were it was claimed a shunt was build which could handle 350 Vpp.
However, the design of the circuit was not disclosed.

In the field of analogue electronics, several techniques are known to boost the output voltage range of
an amplifier. The most straightforward technique is the “bridge amplifier configuration”, where two sim-
ilar amplifiers are driven anti-phase. The load is connected between the two amplifier outputs, effectively
doubling the output voltage range.

Another, less common technique is the “output voltage boost configuration”, where the positive and
negative power supply voltages of the main amplifier are delivered by supply boost amplifiers. By se-
lecting the proper boost amplifier supplies and gain factors it is possible to create a set of power supply
voltages for the main amplifier, of which the average tracks the desired output signal, effectively doubling
the output voltage range in an alternative way.

Employing a combination of both techniques, it is possible to quadruple the output voltage range. A
new circuit has been designed and built, employing 6 high-voltage operational amplifiers, successfully
synthesizing an inductor for a voltage range up to 400V. The circuit is tested experimentally as a shunt
to mitigate the vibrations of a small flexible cantilever beam. The measured deflection of the beam under
resonance with and without shunt confirms the expected mitigation even when the shunt is subjected to
higher voltage levels than 100Vpp.

2 HIGH VOLTAGE SYNTHETIC INDUCTOR

2.1 High-voltage gyrator

The high-voltage synthetic inductor is built around a high-voltage gyrator of which the circuit diagram
is shown in Fig. 1. This gyrator employs an OPA454 OpAmp, produced by Texas Instruments, which is
to our knowledge the OpAmp with the highest voltage of operation commercially available. The OPA454
is specified at 100V (or +50V and -50V) supply voltage, with an absolute maximum rating of 120V.

The simulated input impedance is given by Ohm’s law as

Zin =
Vin

Iin

The OpAmp is configured as a voltage buffer, delivering an output voltage

Vout =Vin ·
R

R+ 1
jωC

=Vin ·
jωRC

1+ jωRC

Hence the voltage drop across RL is equal to the difference between the input voltage and the OpAmp’s
output voltage. Therefore the current through RL can be found from Ohm’s law. As the components are
chosen in order to make RL � R, the input current is approximately equal to the current through RL:

Iin ≈
Vin −Vout

RL
=

Vin −Vin · jωRC
1+ jωRC

RL
=

Vin

RL (1+ jωRC)

2
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Iin

Vin

RL

C R

−

+

Iin

Vin

R

L=RLCR

Figure 1: High-voltage gyrator with OPA454 OpAmp

The resulting simulated impedance is

Zin =
Vin

Iin
≈ jωRC ·RL +RL

This means the gyrator simulates an inductor with a value of C ·R ·RL Henry, in series with a small
resistor RL.

If the gyrator circuit in employed as a shunt to attenuating mechanical vibrations with piezo trans-
ducers, a series resistor larger than RL often required so the presence of RL does not compromise the
performance of the vibration damping. Therefore it is not necessary to employ gyrator circuits without
series resistance but with a higher OpAmp component cost, such as the stanard Antoniou circuit, used in
mant resonatn shunts [4, 5, 10].

2.2 Power supply boost configuration

It is possible to extend the voltage range of an amplifier by dynamically modifying the power sup-
ply voltages depending on the desired output voltage. The power supplies Vpos and Vneg of the central
amplifier, used for the gyrator circuit, are now delivered by two similar OPA454 OpAmps, one supplied
with a positive voltage and one with a negative voltage, referred to ground. By means of an equal-resistor
voltage divider between the OpAmp’s output and the positive or negative power supply voltage, followed
by a voltage buffer, the supply boost OpAmps deliver

Vpos =
Vout +100V

2

Vneg =
Vout −100V

2

The principle is schematically drawn on Figure 2, where both left and right a gyrator is supplied this way.
Therefore the central amplifier’s output voltage range is now extended to 200Vpp as the power supply

voltages track the output voltage when referring to ground level, whereas the total supply voltage accross
the central OpAmp always remains equal to

Vsupply =Vpos −Vneg = 100V

3
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+100V
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2

−

+

Figure 2: Extending the voltage range of a synthetic inductor with Power Supply Boost and Bridge
configuration. Voltages determined based on antisymmetric excitation by the central piezo element PE.

The principle of operation is illustrated by means of the waveforms in Fig. 3. In this graph the power
supply boosted gyrator is driven to its full output voltage range on a ±100V symmetric power supply.
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Gyrator output
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Figure 3: Power supply boost operation

2.3 Bridge configuration

The Bridge Tied Load (BTL) configuration is well-known in the field of amplifier design to be able
to deliver an output amplitude which is twice the voltage range of an individual amplifier. To achieve
this range extension, two amplifiers are driven antiphase and the load is connected between the two
outputs. On Figure 2, the left and right gyrators are indeed driven antiphase, with the piezo element
PE functioning as a source in between the two outputs, sourcing current in one terminal and sinking the
same current from the other terminal.

4
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This approach is used to provide a second doubling of the voltage range of the gyrator. Basicaly two
simulated inductors with voltage boost configuration are employed in series, effectively quadrupling the
output voltage range to 400Vpp. Because the piezo transducer is connected between two gyrator outputs,
the gyrators appear in series with respect to the piezo transducer, doubling also the simulated impedance.
Using similar component values in both gyrator circuits, the resulting impedance is equal to

Z = 2 jωC ·R ·RL +2RL

Practical component values are C = 1µF , R = 1MΩ and RL = 100Ω, resulting in an inductance of
200H in series with a 200Ω resistor. In the implementation R is determined by a 1MΩ potentiometer,
allowing the inductor to be adjusted from 0 to 200H. On Figure 5a and Figure 5b show the experimentally
contructed circuit.

3 ELECTROMECHANICAL SYSTEM

3.1 Theotical model and tuning

The vibrating mechanical structure of the experiment is a cantilever beam, bonded with 2 PE patches
near its fixed end, as shown on Figure 4. The first PE patch will be used to excite the beam, while the
other patch on the opposite side will be shunted by the RL shunt, synthesized by the circuit presented in
the previous section.

R
q

L

Vin

PE1

PE2

ux

Figure 4: The considered dynamical system, a cantilever beam with PE1 used as an actuator and PE2
shunted with a RL shunt

By decomposing the dynamic deflection of the beam in a mode shape and a modal time coordinate
u(x, t) = ϕ(x)r(t), the dynamical equation of the full system can be written as [11]

{
r̈+2ζωnṙ+ω2

nr−θ2V2 = θ1Vin

Cp,2V2 +θ2r = q
(1)

with ωn the short circuit natural frequency, ζ the modal damping, θ1 and θ2 the modal coupling
coefficient of each PE patch and Cp the capacitance of the second PE patch. The equation (1) can be
seen as a mechanical oscillator excited by the first piezo and an electrical interaction with the second
piezo, depending on shunt circuit. When shunted by an RL shunt, V2 = −Rq̇−Lq̈, the R and L can be
optimised in such a way that the vibrations at the resonance conditions of the mechanical oscillator are
minimized, while also avoiding to create other significant resonances. In this research, the optimizing

5
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procedure is based on how mechanical TMD’s are optimized [1], applied to resonant shunts [10]. The
optimal electrical parameters are :

ωe = ωn

√
1+ k2 ζe =

√
3
8

k

with ωe =
1√

LCp,2
the electrical natural frequency, ζe =

RCp,2ωe
2 the electrical damping

and k =
√

ω2
n−ω2

n,CC

ω2
n,CC

the effective coupling coefficient with ω2
n,SC the resonance frequency of the mechan-

ical oscillator when V2 = 0, meaning when the second patch is shorted over its terminals.

3.2 Experiment

The optimization described above is very practical as only the open and closed-circuit resonances are
needed, two parameters which are easily found experimentally.

A 166 mm long, 35 mm wide and 0.2 mm thick aluminum beam was fitted with two PIC255 piezo-
electric patches which are 30 mm wide, 50 mm long and 0.2 mm thick and have a Cp of 103 nF . Further
material constants are found on [12]. To identify the closed and open circuit resonances, a sine sweep
with amplitude 100 V was applied to the actuating PE-patch with the other patch first in closed circuit,
then open circuit, and finally with the optimized circuit. The deflection of the beam at the free end
is measured with a laser vibrometer and both the applied voltage and measured deflection are used to
construct an experimental frequency response function as shown on Figure 6a. The experimental open-
circuit resonance frequency is 67.68 Hz and the closed 67.33 Hz. The generalized coupling coefficient
is k = 0.1021 resulting in an optimal R = 2.9kΩ and L = 54 H. As expected, the FRF when using the
shunting PE patch, seen on Figure 6a, shows a significant, almost 10-fold decrease of the vibrations near
the resonance of the mechanical oscillator.

To verify the high voltage over the RL shunt during vibration damping, the open circuit resonance
frequency is applied to PE1 as a 200Vpp sine wave, while the voltage over PE is measured, once in open
circuit and once when the RL shunt is applied, Figure 6b. The synthetic inductor can easily handle the
measured voltage over the shunt (178Vpp), which would not be possible with conventional OpAmps,
or with a single high-voltage OpAmp. Note that the applied voltage, 100V, corresponds to only 7 mm
amplitude at the tip of the beam, Figure 6a when PE2 is in open or closed circuit.

4 CONCLUSIONS

This research presented a high-voltage synthetic inductor consisting of 6 operational amplifiers, with
an increased range from 100Vpp up to 400Vpp. This way, resonants shunts used to mitigate vibration
of mechanical structures are able to deal with the increasingly high vibration levels which induce high
voltages in these shunts. By supplying a single gyrator circuit by output voltage boost configuration,
where the supply of operational amplifiers depend on their output, the voltage range of the gyrator was
doubled. Another doubling was achieved by then supplying two of these gyrators in an anti-phase man-
ner. The circuit was designed and used as a shunt for a piezoelectric patch bonded to a cantilever beam.
The vibration in the beam induced voltages up to 178Vpp in the shunt, a voltage level where previous
implementations of synthetic inductors are not able to deal with.
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(c)

Figure 5: The case of the 400Vpp synthetic inductor, closed (a) and open (b). The variable resistor is
seen at the bottom center. The beam with PE patch bonded (c) on both sides.
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Figure 6: Frequency response function with PE2 open, closed circuit and shunted (a) and resonant voltage
applied to PE1 and generated by PE2 (b).
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Abstract. Resonant shunt circuit applied on a transducer such as a piezoelectric element or a voice coil
is widely used as a passive control technique to damp a specific vibration mode. While very simple and
robust, the damping capability is proportional to the electromechanical coupling of the transducer. On the
other hand, one of the major difficulties that arises in practical implementation of purely active vibration
control is the power consumption required for conditioners and control units. The idea of using a hybrid
control system is proposed in this study to combine the passive shunt device with an active control in
order to improve the performance with low power consumption. Both active voltage source and active
current source are proposed and compared. The method of maximum damping, i.e. maximizing the
exponential time-decay rate of the response subjected to the external impulse forcing function, is used
to optimize the parameters of the passive and hybrid control systems. The advantage of using an hybrid
control configuration in comparison with purely active control system is also investigated in terms of
power consumption.

1 INTRODUCTION

Recently, the electromagnetic shunt damper has been proposed as a very simple and effective pas-
sive control technique. The key idea of this technique is to connect a capacitor of capacitance C and
a resistor of resistance R to the electromagnetic transducer of inductance (L) to form a resonant R-L-C
circuit. The absorber dissipates the vibrational energy by the resistor when the resonance of the circuit
is tuned close to the resonance of the primary system thanks to the tuned capacitor [1]. Many optimiza-
tion methods have been proposed to optimize the parameters R and C. de Marneffe [2] optimized the
parameters through the root-locus analysis and H∞ minimization when the system is under base excita-
tion. He has also compared the resonant R-L-C shunt with a resistive shunt. Inoue et al. [3] derived
the optimal parameters by using the fixed point theory for the mechanical vibration absorber proposed
by Den Hartog [4]. In [5], the optimal parameters have been obtained analytically using both the H2
and H∞ optimization methods which consist in minimizing the root-mean-square (RMS) vibration under
random excitation and the peak amplitude in the frequency domain, respectively. Moreover, Zhu et al.
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[6] studied the analogy between the electromagnetic shunt damper and a tuned mass damper (TMD).
Then, the optimal parameters of an electromagnetic shunt have been adapted from the optimal parame-
ters of the TMD (obtained by Ormondroyd and Den Hartog [7]) by using an equivalent mass, stiffness
and damping coefficient for the electromagnetic shunt damper. The main shortcoming of this method is
that the optimal parameters can be used only when the equivalent mass ratio is small enough because a
full dynamic analogy does not exist.
The hybrid control system may be an effective control configuration by combining the advantages of
both active and passive control systems [8]. In other words, the active part of a hybrid system requires
much less power than a similar purely active system, while providing better vibration suppression than
the passive system alone. Despite this interest, no one to the best of our knowledge has studied the hy-
bridization of the passive electromagnetic shunt damper with an active control system for the purpose of
vibration damping improvement.
In the literature, there are a number of studies on active-passive hybrid piezoelectric network (APPN).
In 1994, Agnes [9] proposed the concept of APPN and Tsai et al [10] presented more insight and fun-
damental understandings to the APPN configuration. Basically, the APPN integrates piezoelectric shunt
damping with an active voltage or charge source to improve the control performance of the structure
[11]. Morgan et al. [12] used active coupling feedback to enhance the electromechanical coupling of the
transducer. In most studies about the APPN, a collocated piezoelectric sensor has been used to generate
the feedback signal. However, MingMing el al. [13] employed a velocity feedback control for the appli-
cation of the APPN by using a displacement sensor. The optimal values of the resistance and inductance
could be quite different from those of the purely passive system in the case of APPN. Therefore, Tsai el
al. [14] proposed a methodology to determine the optimal values of the resistor and inductor simultane-
ously with the control law.
In the present study, the active-passive hybrid electromagnetic shunt damper is proposed. This paper is
organized as follows. First, a purely passive electromagnetic shunt damper is studied and the parameters
of the R and C are optimized according to the method of maximum damping in Section 2. Then in
Section 3, the hybrid configuration is modeled by combining either active voltage source in series and
current source in parallel with the designed RC circuit. The power which flows between the structure
and the transducer thanks to the application of an active control system with an hybrid configuration is
discussed in Section 4. The conclusions are drawn in Section 5.

2 PASSIVE CONTROL SYSTEM

Figure 1 shows the system under consideration. It is an undamped single-degree-of-freedom (SDOF)
oscillator with a mass m, spring k and an electromagnetic device connected to a resistor of resistance
R and a capacitor of capacitance C. The system is excited by a disturbance force fd ; in particular, and
the impulse response of the SDOF system is of interest. The electromagnetic device which is made of a
permanent magnet and a coil has the following parameters: coupling constant T , coil inductance L and
coil resistance Rcoil . It can generate a force fa which is proportional to the current i flowing inside the
coil. In addition, the voltage across the transducer V is proportional to the velocity of the mass. The
governing equations of motion are written as:

mẍ+ kx = fd + fa (1a)

fa =−Ti =−T q̇ (1b)

V = Lq̈+Rq̇+
1
C

q = T ẋ (1c)
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where q is the charge flowing inside the coil. For the sake of simplicity, R is considered as the total re-
sistance of the circuit (Figure 1b). The above equations are normalized with respect to the dimensionless
time τ = ω0t where ω0 =

√
k/m as below:

x′′1 + x1 = f −β1ω0x′2 (2a)

x′′2 +2ξαx′2 +α2x2 = β2/ω0x′1 (2b)

where the normalized parameters are:

τ = ω0t, x1(τ) = x(t), x2(τ) = q(t), Ω = ω/ω0, f =
1
k

fd , β1 =
T
k

β2 =
T
L
, β = β1β2, ω f =

1√
LC

, α =
ω f

ω0
, ξ =

R
2

√
C
L

(3)

The transfer function of the system from the normalized external force f to the normalized displacement
of the mass x1 is then given by:

x1

f
=

s2 +2ξαs+α2

(s2 +1)(s2 +2ξαs+α2)+βs2 (4)

where s= jΩ is the Laplace variable. According to Eq. (4), the passive control system adds another DOF
to the system which makes the closed-loop response having two complex poles. In order to obtain the
optimal parameters, the method of maximum damping, i.e. minimizing the settling time of the transient
response of the system to the impulse disturbance, is used. This can be achieved by realizing equal
damping ratio and tuning the frequency of both poles of the closed-loop response. In other words, two

m

k

fd

fa

R C

xç

(a)

R

C
Rcoil

Lcoil

+

à

m

k

fd
xç

(b)

Figure 1: Single-degree-of-freedom (SDOF) oscillator combined with the electromagnetic shunt damper.
(a) Mechanical model and (b) Electrical equivalent model of the transducer
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poles are merged together. In this case, the normalized transfer function can be simplified as:

x1

f
=

s2 +2ξαs+α2

(s2 +2ηγs+ γ2)2 (5)

where η is the damping ratio, ωc, and γ = ωc/ω0 are the resonance frequency and the normalized
resonance frequency of the closed-loop response function, respectively. By matching the polynomial
coefficients of the denominators of Eq. 4 and Eq. 5, the set of equations can be obtained as below:

4ηγ = 2ξα (6a)

4η2γ2 +2γ2 = α2 +β+1 (6b)

4ηγ3 = 2ξα (6c)

γ4 = α2 (6d)
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Figure 2: For the attached passive RC circuit, (a) root-locus of the system for a specific value of the
resistance R and capacitance C, (b) frequency response as well as (c) the impulse response for different
values of R
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From Eqs. (6a), (6c) and (6d), it can be concluded that

γopt = αopt = 1 (7)

which means that the optimal frequency of the circuit and the closed-loop resonance frequency of the
system are equal to the resonance frequency of the primary system. Considering the above equation and
Eq. (6b) yields:

ξopt =
√

β (8)

As a consequence, the optimal parameters of resistance and capacitance can be obtained as:

Copt =
1

Lω2
0

(9a)

Ropt =
2T√
kCopt

(9b)

In the remaining of the paper, the following numerical values are used: m=1kg, k = 104N/m, T =1N/Amp,
L = Lcoil = 10−3H, and Rcoil = 0Ω (the resistance of the coil is included in R). The root-locus of the
system with an attached passive RC shunt circuit is shown in Figure 2a. The locus consists of two loops
(red and blue) starting from the pole of the primary system (red pole) and the pole of the resonant shunt
(blue pole), respectively. One of the loop goes to the origin and the other one goes to infinity. Both
loops are intersecting at one point when using the optimal values of resistance Ropt and capacitance Copt .
Figure 2b shows the frequency response for five different values of the resistance R. All the curves are
intersecting at two points which are called fixed-points. For R < Ropt , two resonances with equal peaks
appear in the vicinity of the resonance frequency of the primary system. The controller is no longer
effective in the terms of amplitude reduction when R → 0. In addition, the performance degradation can
also be observed when R > Ropt . Especially when R → ∞, the controlled system acts like a primary
system with no additional damping. The impulse response in the time domain is also shown in Figure
2c for three different values of R. As it can be seen, the minimum settling time can be achieved by
considering the designed optimal value of R obtained in Eq. (9b)

3 HYBRID CONTROL SYSTEM

From Eqs. (6)-(8) and (3), it can be concluded that the optimal closed-loop damping is ηopt =
T/(2

√
kL). This shows that the stiffness of the structure as well as the coupling constant and the induc-

tance of the transducer limit the maximum achievable damping obtained by the passive control system.
The potential of using active control to improve the control performance of the system in terms of mag-
nitude of the response is investigated.
In the present study, two different configurations for the hybridization of the passive resonant shunt with
an active control are considered (Figure 3). In the first configuration shown in Figure 3a, the electro-
magnetic transducer is connected in series with RC elements and an active voltage source. The active
voltage source is proportional to the velocity of the structure. The total voltage across the transducer
(V ) is then obtained by the summation of the active input voltage (Vin) and the voltage across the RC
shunt circuit (Vshunt). Furthermore in the second configuration shown in Figure 3b, the electromagnetic
transducer is connected in series with the RC circuit, and the active current source is in parallel with the
shunting elements. Considering this configuration, the total current flowing in the transducer (i) is given
by the summation of the input active current (iin) and the current flowing inside the RC shunt circuit
(ishunt = q̇shunt).

5



935

A. Paknejad, G. Raze, G. Zhao, M. Osée, A. Deraemaeker, F. Robert, G. Kerschen, and C. Collette

R C

Vin

m

k

fd

fa

xç

C1â T

(a)

R C

iin

m

k

fd

fa

xç

C2=T

(b)

Figure 3: Schematic of a SDOF oscillator attached to an hybrid control system consisting of an electro-
magnetic transducer connected to the passive RC shunt (a) in series with an active voltage source and (b)
in parallel with an active current source

3.1 Hybridization with an active voltage source

Considering the active voltage source, the equations of motion are modified as:

mẍ+ x = fd + fa (10a)

fa =−T ∗q̇ (10b)

Lq̈+Rq̇+
1
C

q+Vin = T ẋ (10c)

Vin =−C1T ẋ (10d)

By substituting Eq. (10d) into Eq. (10c), it can be seen that the active voltage source directly affects
the effective coupling constant of the transducer. It is assumed that the transducer is ideal and there is
a perfect balance between the electrical energy and the mechanical energy which means that there is no
energy to be stored in the transducer [15]. According to the concept of energy conservation principle
[16], the variation of the stored energy is the sum of the external power input and the internal power
generation. This concept can be written for the electromagnetic transducer in the presence of the active
voltage source when there is no shunt as:

dW =V dq+ fadx = T (1+C1)
dx
dt

idt +T ∗idx (11)
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where d and W are the derivative operator and the stored energy, respectively. By equating the above
equation to zero, T ∗ can be obtained as:

T ∗ = T (1+C1) (12)

Figure 4a shows the root locus of the system, shunted with a RC circuit and the active voltage source
in series, for the variation of feedback gain C1. One sees that the system is stable because the poles are
always placed in the left half plane of the locus for all values of the feedback gain C1. The locus has two
complex poles and two zeros at the origin. By increasing the value of the feedback gain C1, one pole goes
toward the origin and the other one goes to infinity. It makes the system having two different resonances
in the vicinity of the primary ones with the lower values of the damping than the damping of the passive
control system. According to the Eq. (9b), the optimal values of the resistance R is proportional to
the coupling constant of the transducer. Considering the new constant of the transducer (Eq. (12)), the
optimal value of the resistance can be modified as:

R∗
opt =

2T√
kc

(1+C1) (13)

Figure 5a compares the frequency response of the system with the passive control system combined with
the active voltage source for two different values of the feedback gain C1. For each value of C1, the result
is shown with and without correction of the resistance R according to Eq. (13) and Eq. (9b), respectively.
By updating the value of the resistance in this case, more energy can be dissipated in the resistor which
leads to increase the damping of the system. A larger value of resistance is required by the application
of the active voltage source than the purely passive system. In order to have a fail-safe and optimum
design, the value of resistance should be changed to the lower one when the active control is turned off.
For a specific value of the feedback gain C1, the impulse response is shown in Figure 5b when the value
of the resistance R is modified based on Eq. (13). It can be seen that the exponential time-decay rate is
maximized by updating the value of the resistance.
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Figure 4: Root-locus of the system shunted with RC circuit combined with (a) active voltage source
under and (b) active current source
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Figure 5: With the application of the passive control system combined with the active voltage source, (a)
the frequency response of the system for different values of the feedback gain C1 as well as the resistance
R and (b) the impulse response with and without the correction of the resistance R

3.2 Hybridization with an active current source

The equations of motion with the application of the active current source read:

mẍ+ kx = fd + fa (14a)

fa =−T (q̇+ iin) (14b)

iin =
C2

T
ẋ (14c)

Lq̈+Rq̇+
1
C

q = T ẋ (14d)

The corresponding root locus of the system is shown in Figure 4b for the variation of feedback gain
C2. The system is always stable by the application of the active current source because the closed-
loop poles are always in the left half plane. Two poles are moving on the blue and red branches. The
optimal feedback gain C2 can be obtained when the two loops are intersecting at one point. Considering
λ =C2ω0/k and Eqs. (3), (7), as well as (8), the normalized equations of motion are written as:

x′′1 + x1 = f −β1ω0x′2 −λx′1 (15a)

x′′2 +2
√

βx′2 + x2 = β2/ω0x′1 (15b)

The closed-loop transfer function from the normalized disturbance force f to the normalized displace-
ment x1 is obtained as:

x1

f
=

s2 +2
√

βs+1

(s2 +λs+1)(s2 +2
√

βs+1)+βs2
(16)

When the two poles of the system have the same damping µ and normalized resonance frequency δ, the
closed-loop transfer function can be re-written as:

x1

f
=

s2 +2
√

βs+1
(s2 +2µδs+δ2)2 (17)

8
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The following equations are obtained by equating the polynomial coefficients of the denominator of the
fraction on the right hand side of Eqs. (16) and (17):

4µδ = 2
√

β+λ (18a)

4µ2δ2 +2δ2 = 2
√

βλ+β+2 (18b)

4µδ3 = 2
√

β+λ (18c)

δ4 = 1 (18d)

The optimal value of the normalized tuning frequency δ is obtained from Eq. (18d) as:

δopt = 1 (19)

which shows that the closed-loop system has the same resonance frequency as the resonance frequency
of the primary one. The optimal value of the normalized feedback gain can be realized by substituting
the damping ratio µ obtained from Eq. (18a) and Eq. (19) into Eq. (18b):

λopt = 4
√

β (20)

which yields:

Copt
2 = 4

T
ω0

√
k
L

(21)

It should be mentioned that the parameters of the passive RC circuit do not change. Figure 6a compares
the frequency response of the passive control system combined with the active current source for two
different values of the feedback gain C2. The optimal value is first used for the feedback gain C2 = 126.49
and then it is increased to C2 = 200 when a closed-loop pole touches the real axis and the other one
merges with the zero. In this case, the zero cancels one of the poles and the other one adds damping
to the system. This gain (C2 = 200) can be defined as the second optimal value due to the fact that it
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Figure 6: With the application of the passive control system combined with the active current source,
(a) the frequency response and (b) the impulse response of the system for two different values of the
feedback gain C2
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has almost the same settling time (Figure 6b) as the one corresponding to the first optimal value. For
more than this value of the gain, the settling time is no longer minimized although it might realize lower
magnitude of response than the magnitude of response obtained with the optimal values of the feedback
gain. It should be mentioned that by the application of the active current source, the hybrid control system
is fail-safe because it will continue to behave as the passive electromagnetic shunt damper described in
Section 2 when the controller is turned off. The controller behaves like a direct-velocity-feedback (DVF)
which is able to damp several modes as well. This topic is proposed for future studies

4 POWERFLOW ANALYSIS

In the previous section, it was shown that the hybrid control system can improve the control perfor-
mance of the system in terms of the amplitude of response at the resonance frequency. A question may
arise here is what is the main advantage of using a hybrid control system compared to a purely active
control system. To answer this question, it is proposed to analyze the powerflow between the device and
the primary structure due to the fact that an active control system requires an external power source for
its operation. The less external power required, the better. The power which flows at the interface of the
structure and the actuator device can be written as:

P(s) = Faa(s)× ẋ∗(s) (22)

where P, Faa and ẋ are the power, the control force applied by the active control system, and the velocity
of the mass, respectively. The superscripts ′′∗′′ represents the complex conjugate transpose. Considering
s = jω, the real part of P is called the active power which corresponds to the dissipative behavior and
the imaginary part is named the reactive power which corresponds to the energy exchanging between the
device and the structure [17]. The average active power Pac and the reactive power Pre can be written as:

Pac = 1/2ℜ(P(s)) =
f 2
d
2

ℜ(G f (s)×GCL(s)×G∗
CL(s)) (23a)

Pre = 1/2ℑ(P(s)) =
f 2
d
2

ℑ(G f (s)×GCL(s)×G∗
CL(s)) (23b)

where G f (s) and GCl(s) are the transfer function from the velocity of the structure to the control force
and the transfer function from the input force disturbance to the velocity.
For a unit forcing amplitude, Figure 7a compares the active and reactive power at a specific value of
the closed-loop damping for purely active control system and the hybrid control system using active
voltage source and current source, separately. DVF is used for the purely active control system. One can
be observe that the active power for all configurations is always positive through the entire frequency
range. This means that the device does not deliver energy in the system and it is hyperstable. The
reactive power for the hybrid control system when active voltage source is applied is positive before the
resonance frequency and negative after that. This shows the amount of energy exchanged between the
structure and the transducer. The total positive and negative reactive power is almost zero.
Figure 7b compares the H2 norm of the active power as a function of the closed-loop damping ratio.
One sees that the active power is zero for 16% damping ratio and below. This is because the passive
control system is doing the job. While there is no external power required to realize 16% damping ratio
by the passive control system, a similar purely active control system requires a large amount of external
power. In addition, the active power for the hybrid control systems is always less than purely active
control system. However, for high values of the closed-loop damping, the active power for the hybrid
configurations is close to the active power for the purely active control system. The is because most of
the work is done by the active portion of the hybrid systems.
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Figure 7: Comparison between the purely active control system (DVF) and Hybrid control systems using
active voltage source and current source separately. (a) active and reactive power for a specific closed-
loop damping ratio, (b) the H2 norm of the active power

5 CONCLUSIONS

The hybridization of the passive electromagnetic shunt damper with the active control systems has
been proposed and analyzed in details. The RC shunt has been used in series with an electromagnetic
transducer as the passive control system and its parameters have been optimized based on the method
of maximum damping. Both the active voltage source in series with RC elements and the active current
source in parallel with it have been proposed for the hybrid configurations. It was shown that the sys-
tem ”electromagnetic device + active voltage source” can be seen as an equivalent transducer with an
enhanced coupling constant T ; equivalence formulae have been presented. In this case, it was shown that
the optimal value of the resistance R is modified to a larger value as a function of the feedback gain C1
in order to improve the damping of the system. In addition, it was shown that the active current source
behaves like a DVF. In this case, the feedback gain C2 has been optimized based on the method of maxi-
mum damping while there is no need to change the parameters of the passive RC circuit. The fact that R
does not need to be changed in this configuration is a major advantage compared to the implementation
of the active voltage source, as it is much easier to implement a fail-safe system. Moreover, the power
consumption was highlighted to compare the hybrid control systems and purely active control system
(using DVF). As a consequence, it has been demonstrated that both hybrid control systems can improve
the control performance of the purely passive system while it has less power consumption in comparison
with the purely active control system.
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Abstract. In previous work we have described the use of piezoelectric elements as means to obtain
variable connectivity between the elements of a phononic crystal by exploiting the frequency dependent
stiffness of resonantly shunted piezoelectric elements. There, piezoelectric disks were intercalated be-
tween an aluminum plate and aluminum stubs and were used to effectively disconnect the stubs creating
a phononic structure from the substrate. Given the function of the investigated object, no special struc-
tural requirements were set to the piezoelectric disks. Here, we present work related to the structural
integration of piezoelectric elements in a load bearing structure. The goal of the integration is to exploit
frequency dependent stiffness properties of resonantly shunted piezos to modify the stiffness matrix of
a simple truss structure. In order to demonstrate the proposed approach, a ring-shaped piezo-stack is
axially mounted into the diagonal strut of a square frame. In order to guarantee the function of the piezo-
electric element under the expected load conditions, axial pre-compression needs to be applied. This
contribution describes the design, implementation and initial investigation of the dynamic response of a
variable connectivity truss structure.

1 INTRODUCTION

The use of shunted piezoelectric elements for vibration damping purposes has now been demon-
strated [1] for four decades, further developed and divulged in innumerable contributions [2, 3, 4, 5] and
represents in some ways the golden standard in integrated multi-field vibration mitigation treatments.
However, the implementation of this type of treatments implies the ability to correctly tailor the position
and frequency response of the piezoelectric device and is subject to detuning or incorrect placement of
the shunted piezoelectric element due to varying operational conditions, deterioration of the integrity
of the structure or environmental effects. As such, in spite of their undoubted efficacy, their practical
application is still limited to very specific cases. Recent research indicates that under certain condi-
tions, the implementation of distributed elements for the mitigation of mechanical vibrations can offer
substantial advantages in terms of robustness of the system. In this sense, with the understanding that
structural vibrations are nothing else than the expression of the interaction of low frequency waves prop-
agating through a structure and interacting with its boundaries and the imposed conditions, the focus of
research is shifted to avenues for the manipulation of the propagation of mechanical waves. Here, the
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groundbreaking work of Liu [6] has successfully demonstrated the wavenumber-independent attenuation
of mechanical waves at a specific frequency using sub-wavelength features, employing local mechani-
cal resonators and providing for robustness against the misplacement of the energy absorbers within the
structure. Inspired by these findings, elegant implementations of local resonators based on electrome-
chanical systems were devised, such as the ones presented by Spadoni [7], and Casadei [8], among others.
This approach to wave propagation control offers the undoubted advantages of wavenumber independent
attenuation of waves and orthogonality to structural properties [9] originating from the local nature of the
resonators, however at the cost of a very narrow band effect. Wu [10] has demonstrated the realization
of complete Bragg bandgaps in macroscopic systems, echoing the seminal work of Brillouin [11] on the
propagation of waves in periodic media. Here it has been shown that in periodic arrangements of mass
and spring elements the propagation of waves in certain ranges is suppressed by scattering phenomena.
This effect can cover wide frequency ranges [12, 13, 14]. As long as the modulus, density, unit cell
size of the phononic crystal allow for it, the position of the bandgaps can be positioned at arbitrarily
low frequencies. However, it should be noticed that there are limits to what can be achieved in these
terms [15]. In previous work we have shown a possible use of electromechanical resonators as variable
stiffness elements to modify the connectivity in phononic crystals [16]. There, we introduced resonantly
shunted piezoelectric disks between the stubs and the plate of a stubbed plate as described in [10]. If the
resonance frequency of the piezoelectric element was position within the Bragg type bandgap created by
the lattice created by the periodically arranged stubs, we could observe the appearance of a passband.
We interpreted this observation as due to the effective modification of the connectivity of the stubs and
the plate, due to the frequency dependence of the effective modulus of the piezoelectric disk around the
electric resonance of the LC shunt. In this contribution we explore the implementation of frequency
dependent stiffness elements (embodied by resonantly shunted piezoelectric elements) in lattice-type
phononic crystals, as a way to adaptively modify the connectivity of the lattice, with the expectation that
some useful property would emerge from this. The baseline expectation is that, the adaptive connectivity
of the lattice can be used to strongly affect its response to dynamic loads. Here we present a numerical
investigation of dynamic properties of a lattice structure with adaptive connectivity trusses and of the
unit cell it is made of. Finally, we show the state of advancement of our effort to experimentally verify
the behavior predicted by our models.

2 STRUCTURES WITH FREQUENCY-DEPENDENT STIFFNESS ELEMENTS

The implementation of active elements in truss structures has been presented in [17], where the ef-
fectiveness of discrete piezoelectric elements in an active vibration suppression scheme is outstandingly
demonstrated. Here, we will discuss a passive approach, in which piezoelectric elements are imple-
mented as frequency dependent stiffness elements. First, we will investigate the frequency response of
the base element of the two-dimensional structure, that we will consider as the unit cell of a periodic
structure and assess the frequency dependent stiffness of the unit cell (see fig. 1). Then we will show the
effect of distributed frequency dependent elements in a periodic structure (see fig. 2) on its frequency
response. The frequency dependent stiffness elements are represented by bulk piezoelectric elements in
the numerical models presented in the following sections, for the sake of simplicity. Accordingly, the
inductance values selected to obtain the electrical resonance of shunts at the frequencies of interest are
very high. In the practical implementation, briefly discussed at the end of this work, piezostacks are
chosen, over piezoelectric patches as a more effective way to exploit the electromechanical coupling in a
load carrying structure. The simplification made in the numerical models does not affect the validity of
the general findings they provide.
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Figure 1: Base unit of the truss structure with frequency dependent stiffness elements, consisting of a diagonal
brace, in which a piezoelectric element shunted over an inductor L is integrated, horizontal beams, and vertical
beams to close the frame. In the model, the unit cell is fixed along its left edge.

2.1 Unit Cell

In two dimensions, a square frame with a diagonal shear stiffening element represents a very simple
component from which a larger structure can be created by simple symmetry operations such as trans-
lation, rotation, and mirroring. The properties of such a structure are known to carry the imprint of its
constituting components [18]. So, we are interested in understanding the effect of the electrical resonance
in the shunted piezo on the dynamic properties of the unit cell. Assuming that the shunted piezoelectric
element provides the frequency dependent stiffness postulated in [16], we can expect the shear stiffness
of the truss to strongly vary as a function of frequency, around the resonant frequency of the piezoelectric
resonator. The host structure is modeled in COMSOL Multiphysics as a two-dimensional object, assum-
ing plain strain conditions, with an assigned thickness (z-direction) of 3.3mm. The host structure (grey)
is modeled as an aluminum alloy, the piezoelectric element representing a piezoelectric stack is taken to
have the properties of PZT-5H. The dimensions and the mechanical boundary conditions are shown in
figure 1. A point force in -y direction is applied to top right corner of the unit cell.

2.2 Structure

The structure we consider is inspired by the unit cell discussed above. The diagonal braces with the
integrated piezoelectric element are identical with the one implemented in the unit cell. The horizontal
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Figure 2: Structure that includes diagonal braces as discussed in the previous section. Additionally some horizontal
beams are added to maintain the free length of the braces. The width of the outer frame is the same as in figure 1.
The figure shows only one electric shunt (inductor L=210.5H), implying that each piezoelectric element is shunted
individually over identical circuits. The numbers in blue color, next to the piezos, indicate the numbering scheme
for the piezoelectric elements.

trusses have the same width as the quadratic frame of the unit cell, while the frame of the structure is
slightly wider. In order to be able to include periodic arrays of braces with the same length as in figure
1, horizontal elements were included. The resulting structure is presented in figure 2. As in the model
presented in the previous section, the left edge of the structure is fixed both in x- and in y-direction. The
materials considered in the 2-dimensional model of the structure are the same as for the unit cell. The
model also assumes plain strain conditions and has an assigned thickness of 3.3mm. A point force in
y-direction is applied to top right corner of the unit cell.

The frequency response of the two structures described in the sections above, represented as the
displacement amplitude for a unit force applied to the structure and the time average of the electric
energy density within the piezoelectric elements will give us information about the effect of the the
integrated variable stiffness elements on the dynamic response of the two structures.

3 RESULTS and DISCUSSION

In the following we report the displacement-amplitude recorded at the position where the point force
is applied as a function of frequency for three different electrical boundary conditions applied to the
piezoelectric elements: open circuit, where no current can flow in the shunt, short circuit, where the
potential between the electrodes is zero and where the impedance of the shunt is determined by an ideal
inductor with L = 210.5H. The reported quantity represents the compliance of the structure, with the
units [mm/N]. For the same boundary conditions, we report also the time averaged electrical energy
density in the piezoelectric elements, as a measure of the energy exchanged by the structure with the
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Figure 3: Overview of the frequency response (green, displacement amplitude) of the unit cell under open circuit,
short circuit and inductively shunted (L = 210.5H) conditions, the color figures show the modal shapes for the
corresponding eigenfrequencies, the insert shows a detail of diplacement and electrical energy density (black) in
proximity of the eigenfrequency of the LC resonator (shunted piezo).

shunted piezos.

3.1 Unit Cell

The frequency response of the unit cell, expressed as its compliance, well agrees in its essence with
the results reported in [16]: The stiffness of the piezoelectric element is known to drop at frequencies
immediately below the resonance frequency of the LC shunt and to increase again as the frequency
exceeds it, accordingly the compliance of the structure increases and decreases again to values similar
to the ones far away from resonance. Also the comparison between open and short-circuit boundary
conditions confirms what we know: It is reasonable to state that -unsurpriingly- also in the configuration
presented in this work, piezoelectric elements can be regarded as elements that can change their effective
stiffness as a consequence of the electric boundary conditions.

3.2 Structure

The integration of shunted piezoelectric elements in a larger, periodically arranged structure is ex-
pected to carry in itself to a large extent the footprint of its constitutive elements. If in the piezoelectric
elements a variation of the stiffness of the components occurs at a specific frequency, the effect of this
variation can be expected to affect also the behavior of the larger structure. Now, since under the ideal
conditions offered by a numerical model, we were able to tune all LC circuits composed of the piezo-
electric element and the inductor to the same frequency (approximately 484Hz for the given piezos and
an inductance value of L = 842H), the expectation would be to see an increase in compliance, i.e. of
displacement amplitude in correspondence to the electric resonance, similar to what we see for the unit
cell comprised of one piezoelectric element. This corresponds also to the observation made for local

5
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Figure 4: Frequency response (displacement amplitude, black, and time-averaged electric energy density in the
piezoelectric elements, colors) of the unit cell under inductively shunted (L = 842H) conditions at frequencies
below the first global, structural eigenfrequency (968.5Hz).

piezoelectric resonators, as discussed in [8, 7], where a dip in the transmissibility of waves through the
structure. Here, however, we observe phenomena that qualitatively and quantitatively deviate from the
response of a single or of an array of local resonators: in stead of a single peak and subsequent dip in
compliance, the frequency response of the structure at hand shows a much richer behavior, spanning over
a fairly wide range of frequencies, and characterized by a series of local displacement amplitude peaks
and valleys. Interestingly, the electric energy density in the piezoelectric elements shows a rich frequency
dependent behavior around the electric resonance, whereas, farther below and above it, this quantity only
slightly differs among different piezos, and has a smooth behavior, as a function of frequency.

The plots of figures 5 and 6 show how the structure behaves, when the nominal resonance frequency
of the shunted piezoelectric resonators is tuned to a structural eigenfrequency. Also here, if the array of
tuned piezoelectric resonators were to act as local resonators, or if there where only one piezoelectric
element coupled to the structure, the expected response would be the one of a two degrees of freedom
(2DOF) system with two resonance peaks and one antiresonance, as shown in [1, 2]. However, the
complexity that we have seen emerge from the presence of multiple resonators, tuned at the same nominal
frequency, is visible also here. Globally, two resonance peaks at the edge of the frequency range in which
the multi-resonator behavior is observed, are given (fig 5).

4 CONCLUSIONS and OUTLOOK

The numerical investigations of a structure comprised of multiple, tuned, piezoelectric resonators
presented in this work, point to the emergence of phenomena originating from the interaction between
mechanically coupled piezoelectric resonators: It appears that in spite of all being electrically identical,
the shunted piezoelectric elements display inhomogenous frequency responses among them, as clearly
indicated by plots of the electrical energy density for the individual elements. An interpretation for this

6
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Figure 5: Overview of the frequency response (displacement amplitude) of the truss structure under open circuit
(red), short circuit (blue) and inductively shunted (green, L = 210.5H) conditions, around its first mechanical
resonance.
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Figure 6: Frequency response (time-averaged electrical energy density in the piezo. for each peizo) of the truss
structure under open circuit (red), short circuit (blue) and inductively shunted (green, L = 210.5H) conditions,
around its first mechanical resonance. The shade of the respective color indicates the piezo number the line refers
to: black →1, color→, see figure 2 for the piezo numbering scheme
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observation can be found in the fact that not only do the mechanical properties of piezoelectric materi-
als depend on the electric boundary conditions, but also the dielectric properties of the material depend
on the mechanical boundary conditions. Out of this coupling arise complex interactions between the
piezoelectric elements, mediated by the structure that lead to the rich response of the array of mechan-
ically coupled resonators. Thanks to these emergent phenomena, distributed, coupled variable stiffness
elements realized via shunted piezos, appear to qualitatively distinguish themselves from discrete piezo-
electric treatments. The mechanisms that lead to the interesting dynamic behavior of the described
structure will need further investigation.

4.1 Experimental verification and challenges

The next challenge of this work will be the experimental verification of these findings. For this
purpose a way to properly integrate piezoelectric elements has to be devised. Unlike in the numerical
model, the integration in a real setting presents a few practical challenges:

• Piezoelectric elements come in discrete sizes and designs, the structure needs to be designed
around the best suitable candidate for the purpose

• To guarantee proper function, thick piezoelectric transducers need to be pre-compressed

• First investigations based on the numerical model appear to indicate that the system is sensitive to
material damping and that the described phenomena are most easily observed in a weakly damped
system. For this reason the use of conventional polymer based adhesives does not seem to be idea.

The challenges listed above have lead us to design a ’dry mounted’ system in which load transfer relies
on clamping a ring stack actuator within the diagonal brace. This should allow to meet the requirements
we have recognized as relevant so far. However, the realization of a clamped, pre-stressed structure, as
the one shown in figure 7, requires high precision components and careful assembly. First experimental
results to confirm the findings of the numerical model of the unit cell are expected soon. The preparation
of a multi-resonator structure will be tackled once the technique for the preparation of the unit cell will
have been refined.
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Abstract. Marine lifting surfaces undergo flow-induced vibrations leading to shorter life cycles 
due to structural fatigue and reduced acoustic performances. As such, accurate understanding 
of the fluid-structure response of marine structures, as well as vibrations control and damping, 
are critical to many maritime applications. In particular, this work investigates the potential of 
the electromechanical coupling inherent to piezoelectric materials for passive vibration 
damping of hydrofoils under hydrodynamic flows. An aluminium flat plate equipped with 
piezoelectric patches connected to a resonant shunt is considered. The structure is first tested 
under hydrodynamic flows for various Reynolds numbers to investigate its flow-induced 
vibrations. This allows to determine the natural frequency of interest to test the control solution. 
Second, an experimental modal analysis is carried out to determine the open and short circuit 
natural frequencies in order to compute the piezoelectric coupling factor. Indeed, the latter is 
related to the expected performance of the passive vibration damping strategy. Third, the values 
for the resistive and inductive components of the RL-shunt are inferred from the coupling factor 
and the natural frequencies. Last, the control solution is tested in still air and water in open and 
short circuits configurations. Comparisons of these two configurations are realised and the 
resonant shunt performance for vibration reduction of hydrofoils is estimated. 

 
 
1 INTRODUCTION 

Applications for high-speed ships fitted with hydrofoils, such as fast passenger-ferries and 
racing sailing boats, are progressively expanding and gaining economic importance. This leads 
to a renewed interest in the physical understanding of flow-induced vibrations of light flexible 
structures subjected to strong fluid-structure interactions. There is also a growing demand for 
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vibration control and damping solutions. Indeed, flow-induced vibrations may trigger a sharp 
increase in the vibration amplitude when there is a coincidence between a natural frequency of 
the structure and a hydrodynamic excitation frequency. The consequences of such high-
amplitude vibrations are reduced acoustic performances (e.g. hydrofoil singing), and shorter 
life cycles [1,2]. As such, it is of prime importance to develop methods for vibration damping. 

Several researches have been completed on the high potential of piezoelectricity for 
vibration control and damping. In particular, Lossouarn et al. [3] and Thomas et al. in 2012 [4] 
in 2017 successfully demonstrated the ability of passive piezoelectric shunts to reduce the 
amplitude of the vibrations of structures in air. Academic research is now turning to the 
application of this solution to the maritime domain [5]. The purpose of this work is to provide 
a first experimental prototype for the application of vibration damping using a resonant 
piezoelectric shunt in water. The methodology used to assess the performance of the solution 
and design the electrical components of the resonant shunt (inductance and resonance) from the 
natural frequencies in open circuit and closed circuit is first described. We then present a case 
of application on a flat aluminium plate. 

 

2 VIBRATION DAMPING USING A RESONANT PIEZOELECTRIC SHUNT 

Vibration damping using piezoelectricity consists in converting part of the vibratory 
mechanical energy into electrical energy, which is then dissipated through a resistor R. 
Moreover, it is possible to create an electric resonance with the addition of an inductance L to 
the electrical circuit. When this electric resonance matches one of the natural frequencies of the 
structure the energy transfer is increased. As a consequence, a passive resonant piezoelectric 
shunt behaves similarly to a tuned mass-damper [3]. Figure 1 represents a model for a mass-
spring system (mass m and stiffness K) coupled to a resonant piezoelectric shunt and subjected 
to a force F. U represents the displacement of the mass, q represents the electric charge 
displacement, C the capacitance of the piezoelectric patch, and e is the piezoelectric constant, 
R and L respectively being the resistance and the inductor of the shunt.  

 
Figure 1: Purely mechanical model of a structure coupled to a resonant piezoelectric shunt 

Important electrical conditions and their corresponding natural frequencies are the “short 
circuit” and “open circuit” conditions. The former corresponds to zero voltage across the 
piezoelectric patch and a natural frequency ωsc, while the latter corresponds to zero electric 
charge displacement (q = 0) and to a natural frequency ωoc. The performances of the vibration 
damping solution are only dependant on the coupling factor kc defined by the short circuit and 
open circuit natural frequencies:  
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 kc= √ωoc2-ωsc2

ωsc2  (1) 

Once the coupling factor is known, the electrical inductor and resistor of the resonant shunt 
have to be designed according to:  

L=
1

Cωoc
2 (2) 

𝑅𝑅= √3
2

 1
𝐶𝐶𝜔𝜔𝑜𝑜𝑜𝑜 2 (3) 

These conditions correspond to the optimal values of L and R in order to set the electrical 
resonance on the mechanical resonance of interest [5].  Passive inductors are then produced 
according to these specifications using copper wire and appropriate magnetic circuits. 

 

3 EXPERIMENTAL SETUP AND TECHNIQUES 

3.1 Experimental Facility and Sensors 
Experiments were carried out in the hydrodynamic tunnel at the Institut de Recherche de 

l’Ecole Navale (IRENav) in Brest, France, illustrated on Figure 2. The tunnel test section is 1 
m long with a 192 mm square section. Available operational velocities in the test section range 
from 0 m/s to 12 m/s and available pressures range from 0.1 bar to 3 bar. Both are set up using 
a regulation system. Moreover, a honeycomb grid upstream of the test section allows for a 2% 
free stream turbulent intensity at the mid-section. Vibration measurements are realised using a 
scanning Doppler laser vibrometer located above the structure and a single point Doppler laser 
vibrometer located below the structure. For more information about the hydrodynamic tunnel 
and the experimental techniques, the interested reader may refer to [1,6]. 

 

 
Figure 2: Hydrodynamic tunnel at IRENav, [6] 

3.2 Geometry and Materials 
The structure considered in this work is a flat plate made of aluminium 5083 and equipped 

with four piezoelectric patches (two patches on each side of the plate). Base dimensions of the 
plate are 191 mm x 100 mm x 6 mm, with a 80 mm x 31 mm x 10 mm extension at its base, as 



955

L. Pernod, B. Lossouarn, J.-A. Astolfi and J.-F. Deü 

 4 

illustrated on Figure 3. This extension is used to clamp the structure to the tunnel wall. 
Furthermore, the piezoelectric patches are embedded in the structure via two pockets machined 
on both sides of the plate (Figure 3 and Figure 4). Indeed, embedding the patches in the structure 
avoids creating local roughness, which may cause added turbulence or flow detachment if the 
roughness size is in the order of the boundary layer thickness. The piezoelectric patches are 
vacuum-glued in the pockets using epoxy, then a layer of paraffin is added to fill the residual 
depth of the pocket. Pathways are also machined in the plate and the extension to allow the 
passage of cables from the electrodes (two on each patch) to the components of the electrical 
control circuit. 

Figure 5 presents the geometry and dimensions of the piezoelectric transducers, in which a 
PIC 255 piezoelectric ceramic (black rectangle) is encapsulated. The dimensions of the patch 
are 61 mm long, 35 mm wide and 0.8 mm thick, for a piezoelectric part 50 mm long, 30 mm 
wide and 0.5 mm thick.  

 
Figure 3: Geometry and dimensions of the structure 

 
Figure 4: Flat plated equipped with the piezoelectric patches 

 
Figure 5: Geometry and dimensions of the piezoelectric patches 
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4 RESULTS 

4.1 Test Cases Under Hydrodynamic Flows 

Experiments are first carried out with the plate placed in water at an incidence of 0º, and 
incident flow velocities ranging from 1 m/s to 10.5 m/s, i.e. moderate Reynolds numbers from 
105 to 1.05x106. The objective is to investigate the flow-induced vibrations of the structure in 
order to determine the natural frequency of interest to test the control solution. Indeed, as 
detailed in Section 2, one has to know the value of the frequency to be controlled to guide the 
design choices of the electrical circuit (inductor and resistor). Therefore, piezoelectric patches 
are inactive in this first series of tests. Figure 6 shows the vibration spectra of the plate for the 
range of incident velocities considered. The first three natural frequencies are visible for 
respective values of 26.4 Hz, 174.1 Hz and 265.6 Hz. The spectra also exhibit additional 
components with a strong dependence to the Reynolds number: the local maximum close to 50 
Hz for a Reynolds number of 1.5x105 is progressively shifted towards the high frequencies 
when increasing the Reynolds number. This phenomenon is characteristic of a vortex shedding 
process associated to Von Kármán alleyways [1,2,7,8]: The boundary layer is developing on 
both sides of the plate but meets with a singularity at the trailing edge. The boundary layer then 
starts to shed alternatively from both sides of the plate, leading to the formation of a vortex 
street in the turbulent wake. This alternate shedding causes a periodic fluctuation of the 
hydrodynamic loads applied on the plate and is thus a source of excitation associated to a 
shedding frequency fshed. In the present case, we can observe a strong fluid-structure interaction 
between the second mode of the structure (corresponding to the first torsion mode) and the 
shedding frequencies when their respective values coincide (around 174 Hz). This strong fluid-
structure interaction is characterised by a sharp increase of the vibration amplitude. 

 
Figure 6: Vibration spectra under hydrodynamic flow for different incident velocities 

Figure 7a presents the corresponding Reynolds-frequency diagram, which clearly highlights 
the linear evolution of the hydrodynamic excitation frequency with the Reynolds number, and 
therefore the velocity of the incident flow. This linear evolution is given by (4), with a constant 
Strouhal number close to 0.2 when vortex shedding occurs (d is the thickness of the plate and 
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U0 the incident velocity) [7,8].  

Sh=
fshedd
U0

 (4) 

The linear evolution of the shedding frequencies with the Reynolds number according to 
Strouhal’s law is also highlighted on Figure 7b, where the experimental data points correspond 
to the local maxima of the spectra presented on Figure 6. One can see that in the present case 
the Strouhal number is constant to 0.194, confirming the existence of vortex shedding. 
However, for some Reynolds numbers between 4x105 and 6x105 the shedding frequencies no 
longer follow Strouhal’s law, but instead keep a constant value of 174 Hz, despite the increase 
in the number of Reynolds. This is the phenomenon of frequency lock-in around the first mode 
of torsion: Von Kármán's turbulent wake no longer evolves with its own dynamics (4) but is 
organized around the natural frequency of the structure [8,9]. As a consequence, the strong 
fluid-structure interaction previously mentioned corresponds to this lock-in phenomenon. 

                 

(a) 

                                                                                   
(b) 

Figure 7: (a) Reynolds-frequency diagram and (b) shedding frequency vs Reynolds number and lock-in 
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4.2 Test Cases in Still Air and Water 

The first series of tests highlighted the existence of a strong fluid-structure interaction 
between the first torsion mode and the hydrodynamic excitation frequencies due to Von Kármán 
vortex shedding, resulting in a large increase in the vibration amplitude. As a consequence, this 
structure is an interesting test case for the application of the vibration damping solution 
(described in Section 2) to the first torsion mode. The objective is to reduce the amplitude of 
the vibrations thanks to a passive resonant piezoelectric shunt adjusted on the natural frequency 
of the structure where the strong fluid-structure interaction occurs. As a first attempt for 
vibration damping in water using a piezoelectric shunt, this solution is indeed easier to setup 
than a Reynolds-dependent shunt that would follow the frequency shift of the hydrodynamic 
excitation.  

For this purpose, a second series of tests is carried out both in air and then in still water in 
order to determine the open and short circuit natural frequencies and evaluate the performances 
of the control solution in a simplified case. Since the flow no longer provides the excitation of 
the structure, an alternative source of excitation is used: an electrical voltage is imposed on one 
of the patches (using a function generator) which then generates a vibratory excitation on the 
structure through the inverse piezoelectric effect. The other three patches are for the moment 
kept inactive. The main advantage of this method lies in its ability to provide the frequency 
responses functions (FRF) of the structure as both the input (voltage imposed on the patch) and 
output (velocity measured by the vibrometer) are known. On the contrary, when the excitation 
is generated by the hydrodynamic flow, the input is unknown. Here, a sinus excitation swept 
across the entire frequency band between 1 Hz and 100 Hz is applied on one of the patches. 
The temporal signal of this excitation is shown on Figure 8a and the corresponding temporal 
signal of the in-air and in-water responses are shown on Figure 8b. 

                                                    

(a)                                                                                    (b) 

Figure 8: Temporal signals associated to (a) the excitation by sweep and (b) the in-air and in-water vibrations of 
the structure 

The frequency responses derived from the temporal signals are presented on Figure 9, where 
the first two modes of the structure are visible in air and the first three modes are visible in 
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water. Corresponding values are reported in Table 1: the comparison of the natural frequencies 
in air and in water shows significant added mass effects, with a reduction of the in-air natural 
frequencies up to 58.8%. 

 
Figure 9: In-air and in-water frequency responses (without flow) 

 

Table 1: Comparison of the in-air and in-water natural frequencies and added mass effects 

 f1  f2 f3 
fair [Hz] 63.3 295.9 - 

fwater [Hz] 26.4 174.1 265.6 
% fair 58.3 41.2 - 

 
Last, a third series of tests was performed to evaluate the performances of the coupling 

solution with one of the patches providing the excitation, and the other patches activated for 
vibration damping. However, the coupling factors obtained (of the order of 3% for the first 
torsion mode) did not allow to observe a significant reduction of the amplitude of vibration. 
Such low coupling factors may be explained, on the one hand, by a problem of water sealing 
on the cables, and on the other hand by a poor placement of the patches to control the first 
torsion mode. To tackle this issue, two solutions may be considered. First, smaller patches could 
be used. This way, the location of the patches would be better suited for the control of the first 
torsion mode. Another solution is to control the first bending mode instead of the first torsion 
mode, as the coupling factors are more favourable for the bending. However, in order to get an 
electrical signal that is strong enough for clear measurements, it is preferable to increase the 
frequency of the first bending mode, for instance by decreasing the length of the plate from 191 
mm to 100 mm.  This second solution is currently under investigation.  

5 CONCLUSIONS 
This work presents the testing in water of an aluminium flat plate equipped with four 

piezoelectric patches. It constitutes a first experimental assessment of vibration damping in 
water using a resonant piezoelectric shunt. The dynamic response of the structure under 
hydrodynamic flow was first studied for various incident velocities, then the performances of 
the control solution were estimated. Prior characterization of the dynamic response of the 
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structure is indeed needed to determine the short and open circuit natural frequencies in order 
to compute the coupling factors and the optimal values for the inductance and resistance 
components of the piezoelectric shunt.  

Results showed a strong fluid-structure interaction phenomenon between the natural 
frequencies of the structure and the hydrodynamic excitation frequencies due to Von Kármán 
vortex shedding in the turbulent wake. In particular, the hydrodynamic excitation frequencies 
present a linear dependence to the Reynolds number, with a constant Strouhal of 0.194, with 
the exception of a frequency lock-in around the first torsion mode (around 174 Hz). An original 
method for obtaining the frequency responses of the structure (FRF) in still water has also been 
implemented using one of the patches to provide the excitation of the structure, which allow 
non-contact excitation and measurement. However, the coupling factors obtained during these 
first tests to control the first torsion mode were too low to observe a significant reduction of the 
vibration amplitude, in particular due to a non-optimal placement of the piezoelectric patches. 
New tests are currently underway with a modified structure to ensure a better placement of the 
piezoelectric patches. A numerical analysis is also being carried out in order to numerically 
estimate the coupling factors before testing in water. 
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Abstract. The analytical framework of a semi active tuned mass damper (SATMD) is 

developed for the reduction of low-frequency aerodynamic vibrations in aeronautics structures. 
The SATMD entails a shunted piezoelectric connected in series to an RL electric circuit. 
Initially, the theoretical model of the SATMD is presented, including the equivalent electrical 
RL circuit, applied on a simplified system consisting of two structural modes. Subsequently, 
the SAMTD concept is evaluated experimentally on a scaled-down simplified aircraft prototype 
constructed for this purpose. Finally, the simulated model is correlated with experimental 
measurements. In summary, both experimental and numerical results, illustrate that by choosing 
an appropriate auxiliary mass for the SATMD a specific mode can be targeted and can be 
substantially damped using a properly tuned shunt resistor. Subsequently the inductance can 
retune the system to another mode of interest. The obtained results indicate capabilities to 
reduce the structural acceleration of the main structure up to 20dB. 
 

1 INTRODUCTION 
Excessive vibrations may lead to material fatigue and structural failure. In addition, 

regarding their repercussions on aeronautic structures may cause discomfort both to the 
passengers and the pilots. A well-established method of passive vibration absorption is the 
inclusion of a device to reduce vibration levels of the main structure [1],[2]. Such devices are 
called dynamic vibrations absorbers (DVA) or tuned mass dampers (TMD). The classic TMD 
consists of a mass-spring-damper system tuned on a specific frequency of interest in the manner 
that the kinetic energy of the main mass is transferred to the auxiliary mass of the TMD and 
subsequently dissipated through the dashpot. However, a passive TMD is hindered by a 
phenomenon called ‘detuning’ caused by deterioration of the mechanical properties of the 
structure for example mass change due to fuel consumption. In such cases a passive TMD seizes 
to be effective until it is retuned. Another method to enhance the damping of the structure [3] 
has been proposed by Hagood and Von Flotow in 1991 [4], where a piezoelectric patch is 
attached on a beam connected with a resistive and inductive shunts [5]-[7]. Part of the 
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mechanical energy due to the piezoelectric effect is transformed to electric energy which causes 
charge to flow through the electric circuit and is dissipated by the resistor. This circuit is 
equivalent to adding a spring-mass-damper, with the inductor adding virtual mass, the resistor 
being the damper and the material capacitance being the spring. Optimal tuning of the RL values 
can be obtained using the Den Hartog method [9]. 

Taking into consideration the aforementioned crucial drawback of a passive TMD, a semi 
active tuned mass damper [10],[11] (consisted of an auxiliary mass and a piezoelectric stack 
connected in series with an RL electric circuit) is proposed. The SATMD offers tuning 
flexibility while retaining the robustness of the passive system. That is to say, the baseline 
vibration reduction of the SATMD at a single frequency is provided by the tuned auxiliary 
mass, while the introduction of electromechanical inertia by the inductor provides additional 
vibration reduction by dissipation of the electric energy through a resistor. 

The rest of the paper is organized as follows: Initially, in Section 2 the equations of motion 
for the baseline structure modeled by two structural modes whose modal characteristics are 
predicted by modal analysis of a detailed Abaqus FEA model. Then the theoretical framework 
of the coupled electromechanical system (the structure with the SATMD attached and the RL 
network) is presented. Subsequently on Section 3 the SAMTD concept is evaluated on a scaled-
down simplified aircraft prototype manufactured for this purpose. Furthermore, the 
experimental validation with the numerical predictions are presented in Section 4. Finally, in 
Section 5 are entailed the concluding remarks of the proposed work along with suggestions for 
future work.  
 

2 FORMULATION 
2.1 Baseline structure model  

Considering the fact that the simplified structure is modelled by two structural modes, as 
shown in Figure 1, the modal displacements can be derived by the following second order 
differential equation,  

 
T T T T[ ] [ ] [ ] q( ) [ ] [ ] [ ] q( ) [ ] [ ] [ ] q( ) F( )

[ ] q( ) [ ] q( ) [K] q( ) ( )

m t c t k t t

M t C t t P t

     +      +      =  

 +  +  =
 (1) 

where  1 2q( ) ( ), ( ) Tt q t q t= is the vector of modal displacements,    is the 2 2 modal matrix 
of the eigenvectors,  [ ]m ,[ ]c  and [ ]k  are the mass, damping and stiffness matrices respectively, 
while ( )F t  is the applied force., [ ]M , [ ]C and [ ]K  are the 2 2 modal mass, modal damping 
and modal stiffness matrices respectively and ( )P t  is the modal force vector. Finally, the 
transformation back to physical coordinates can be performed as follows 

  
 ( ) [ ] ( )x t q t=    (2) 
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c 

Figure 1: Baseline Structure Modal Representation 

 
The baseline model parameters [ ],[ ],[ ]nM    are shown in Table 1, which were extracted 

from a detailed Abaqus FEA model of the Lab scale prototype presented in Section 3. 
 

Table 1: Modal Data 

 1i =  2i =   
iM  4.09 4.38 [ ]kg  

n
i  48.8 65.3 [ ]Hz  
i  0.1 0.1 [%]  

 
2.2 Structure with SATMD attached model 

Assuming that the auxiliary mass and the piezostack stiffness are too small to change the 
mode shapes of the baseline structure, the new system (as shown on Figure 2) equations can be 
formulated. 

S

 
Figure 2: Structure with SATMD attached Representation 
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Therefore, one more degree of freedom is added as the displacement of the auxiliary mass, 
as well as one more degree of freedom for the electrical charge that flows from the external 
network. Hence, the electromechanical system can be described by the following second order 
differential equation: 
 

 

2 2

2

0
0
0 0 0 0

0
0 0

01

T T T T
n a n n a n n

a a a n a a

T T
a n n a n

a n a a

n
p p p

q qM e L C c c e R
m e L x c c e R x

L Q R Q

qK k k P
k k x
e e Q

C C C

    


  




      −   +    −  
       +   +      
            

 
 +     
   +  =        −    







 (3) 

Where ax  is the physical displacement of the auxiliary mass, ,a am c and ak is the auxiliary 
mass, actuator damping and stiffness respectively, e is the piezoelectric coefficient and pC is 
the stack capacitance. 

 
Table 2: SATMD Properties 

ak  87 [ / ]kN m  

am  574 [ ]g  

a  1.4 [%]  

e  0.73 [ / ]N V  

pC  40 [ ]F  

 
The SATMD properties shown in Table 2 were experimentally identified by a series of tests 

on the device solely. 
 

3 EXPERIMENTS  
3.1 Experimental Setup 

The manufactured scaled-down simplified aircraft weights approximately 112 kg and 
consists of the following components: 

▪ a 3m steel tubular beam representing the fuselage of the aircraft 
▪ two aluminum plate-strips for the wings and the horizontal tail and 
▪ Three plastic connectors made of ACETAL, for the mounting of the wings, the horizontal 

tail and the SATMD of the horizontal tube. All the aforementioned components are 
illustrated in Figure 3. 
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a) 

 
b) 

Figure 3: Design of Lab scale Aircraft Prototype; a) FEM model; b) Actual prototype 

 
3.2 Experimental procedure 

In order to simulate realistic testing flight conditions, the model was suspended with elastic 
belts from the modal points of the first bending modal frequency (L/4 and 3L/4). The SATMD 
anti-vibration setup is placed on the Lab Prototype tip with the mechanism facing downwards. 
An electromechanical shaker was mounted at the middle of the rear horizontal tail, under the 
fuselage to excite the structure. The shaker was equipped with a load cell to measure the applied 
force on the prototype. A pair of accelerometers were used to measure the response located. 
One on the tip on the top of the tubular beam, while the second was located at the tip and the 
middle of the horizontal aluminium beam simulating the aircraft wing. The applied actuation 
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signal was a swept sine within the range of 1 to 200 Hz. The generated acceleration at the 
measuring locations as well as the applied force were collected via a National Instruments DAQ 
board, digitized and the corresponding frequency response functions were prepared. 

This procedure was repeated with and without the SATMD attached to compare the system 
performance. Figure 4 presents the critical modal frequencies for the performed experimental 
analysis of the baseline, which are the 1st bending wing mode at 36Hz, the 1st bending modal 
frequency across the length of the fuselage at 48Hz and the 2nd bending modal frequency across 
the length of the fuselage at 65Hz. 

 
 

Figure 4: Baseline Prototype Acceleration Response 

4 EXPERIMENTALRESULTS  
4.1 Mass Tuning at the 1st Bending Frequency (48 Hz) 

Initially, an auxiliary mass of 1027 g was used to tune the SATMD at the first bending 
frequency of the structure (48Hz), in order to study its performance for various resistance levels 
connected to the SATMD terminals. Initially, the response of the structure was measured 
without the presence of the SATMD as baseline, then the resistance was gradually increased 
and finally the case of the open circuit was examined (passive operation). Figure 5 shows the 
experimental results while in Figure 6  the formulated model is presented which appears to be 
in good agreement with the experimental measurements. In both cases the optimal resistance 
was found to be at50 . Increasing the resistance beyond that value the response of the structure 
starts to increase again. 
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Figure 5: Measured Response for Variable Resistance levels Tuned at 48Hz 

 
Figure 6: Simulated Response for Variable Resistance levels Tuned at 48Hz 
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Figure 7, presents a more complete 
picture of the reduction in dB of the 
acceleration compared to the baseline 
system achieved by various resistance 
levels in the neighbour of 40 to 50 Hz. 

Both the experiment and the 
simulation present the same trends 
with the optimal value being at 50 . 
However the analytical model 
predicts a reduction of 28dB  in 
comparison to the measured reduction 
of 26dB  from the baseline at the 
experiment. This difference is 
negligible considering that in both 
cases the remaining oscillation is   

 
 

4.2 Mass Tuning at the 2nd Bending Frequency (65 Hz) 
For the case of the 2nd bending mode, the SATMD was tuned by using a mass 574 g. 

Consequently, a shunt resistor was connected on the SATMD terminals while multiple 
resistance levels were examined up to the case of an open circuit (passive operation). A 
maximum reduction of 23 dB was achieved at the optimum resistance level of 91  as shown 
on Figure 8. Simultaneously, a 9 dB reduction on the first mode was observed. In Figure 9, the 
predictions of the analytical model are presented, whose results are in line with the experimental 
measurements. 

 

 
 

Figure 8: Measured Response for Variable Resistance levels Tuned at 65Hz 

 

Figure 7: Effect of Resistance at the neighbour of 48 Hz 
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Figure 9: Simulated Response for Variable Resistance levels Tuned at 65Hz 

 
 
Figure 10 presents the reduction of 

acceleration in dB compared to the 
baseline system in the neighbour of 60 
to 75 Hz for various resistance levels. 

Both the experiment and the 
simulation illustrate the same trends 
with the optimal value being at. 
However there is a discrepancy since 
the simulation predicts a reduction of 
30dB  in comparison to the measured 
reduction of 24dB  from the baseline at 
the experiment.  
 
 
4.2.1 Operation under variable inductive loads. 

Furthermore, the effect of inductance to the system performance was examined, aiming to 
retune the SATMD from the 1st bending frequency to the 2nd. Thus, we mounted on the tip of 
the fuselage the SATMD with 574 gr auxiliary mass providing tuning of the mechanism at 
65Hz. The performance of the lab prototype was measured with various inductance-resistance 
levels connected on the terminals of the SATMD. The mentioned resistance was the one 
measured at the terminals of the actuator when the inductor was connected. Figure 11 presents 
the measured FRFs at the neighbour of the tuning frequency (65Hz), while Figure 12 illustrates 
the FRFs of the response at the neighbour of the 1st bending modal frequency at 48Hz. 
Significant reduction is achieved simultaneously at both modal frequencies as the inductive 
load increases. 

Figure 10: Effect of Resistance at the neighbour of 65 Hz 
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Figure 11: Measured Response for Variable Inductance levels in the neighbour of 65Hz 

 
Figure 12: Measured Response for Variable Inductance levels in the neighbour of 48Hz 

The overall performance of the anti-
vibration setup with various inductive 
loads is illustrated in Figure 13. The 
achieved reduction on the 1st modal 
frequency as the inductance increases, 
while the mechanism is mechanically 
tuned at the 2nd modal frequency at 65Hz. 
The measured performance illustrates a 
reduction up to the level of 16dB for 
inductance values of 150mH    

Figure 13: Effect of Inductance at the neighbour of 48 Hz 
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5 CONCLUSIONS 
The scope of the present work was to develop an antivibration setup capable to tune at 

different frequencies. The proposed solution, the Semi-Active Tuned Mass Damper (SATMD) 
based on the support of the auxiliary TMD mass on a piezoceramic stack actuator, while a 
resistance and an inductor are connected parallel to the actuator. The presence of the resistance 
on the system adds damping via dissipation of the oscillation energy as the form of heat to the 
resistance terminals. Additionally, the dynamic characteristics of the inductor add virtual inertia 
on the oscillated mechanical system providing the flexibility to the SATMD to be tuned at 
various modal frequencies. Multiple tuning cases were examined and compared to the 
performance of the baseline system. Initially, the performance of a system while having solely 
adaptive resistance and concluding with the application of a R-L external network. 

The manufactured lab-test prototype confirmed the analytical assumptions and the predicted 
dynamic characteristics were measured and validated. Two critical modal frequencies were 
identified, the 1st bending frequency at 48Hz and the 2nd bending at 65Hz. 

Consequently, the assembled SATMD was attached on the prototype and tested under 
external mechanical excitation. The system was tested under various resistances, elucidating an 
optimal resistance of maximum performance of 91  with 23dB reduction at the tuned 
frequency, while at the same time the other resonance peak introduced a reduction of 9dB . 

Furthermore, by keeping the resistance constant, various values of inductance were applied. 
The outcome of this specific test was, that while changing the inductance the performance of 
the system could be tuned to a different frequency, resulting at an optimum value of 150mH
with 16dB maximum reduction.  

Finally, analytical simulations using the developed reduced-order mode superposition model 
were performed and correlated to the experimental measurements in order to validate the model. 
The correlations indicate that the analytical model is able to replicate very well the measured 
results concerning the effect of resistance. Regarding the effect of inductance discrepancies 
were observed, this specific issue seems to be quite complex and requires further investigation 
possibly due to nonlinearities of the piezoelectric stack thus requiring further investigation.  

To sum up, the measured semi-active vibration reductions on the tested prototype has 
successfully demonstrated the feasibility of the proposed concept. The developed modelling 
tools produced reasonably good predictions of the measured prototype response. 

REFERENCES 
[1] J.Q. Sun, M.R. Jolly, M.A. Norris, Passive, adaptive and active tuned vibration absorbers: 

a survey, ASME J. Mech. Des. 117 (1995) 234–242 
[2] C. Du, L. Xie, Modeling and Control of Vibration in Mechanical Systems, Taylor & 

Francis Group, LLC, 2010. 
[3] G.A. Lesieutre, Vibration damping and control using shunted piezoelectric materials, 

Shock and Vibration Digest 30 (1998) 187–195 
[4] Hagood, N.W. and Von Flotow, A. Damping of structural vibrations with piezoelectric 

materials and passive electrical networks. Journal of Sound and Vibration (1991) 
146:243-268 



984

K. Georgopoulos-Bosinas, N. Chrysochoidis, C. Rekatsinas and D. Saravanos 

 12 

[5] Moheimani, S. O. R., 2003. “A survey of recent innovations in vibration damping and 
control using shunted piezoelectric transducers”. IEEE Transactions on Control Systems 
Technology, 11(4), pp. 482–494 

[6] C. Davis, G. Lesieutre, An actively tuned solid-state vibration absorber using capacitive 
shunting of piezoelectric stiffness, Journal of Sound Vibration 232 (2000) 601–617 

[7] Plagianakos TS and Saravanos DA (2003) Hybrid multidamped composite plates with 
viscoelastic composite plies and shunted piezoelectric layers. Journal of Intelligent 
Material Systems and Structures 14(1): 57–66. 

[8] C.L. Davis, G.A. Lesieutre, A modal strain energy approach to the prediction of 
resistively–shunted piezoceramic damping, Journal of Sound and Vibration 184 (1995) 
129–139. 

[9] Neubauer, M., Oleskiewicz, R., Popp, K. and Kryzynski, T. Optimization of damping and 
absorbing performance of shunted piezo elements utilizing negative capacitance. Journal 
of Sound and Vibration (2006) 298:84-107 

[10] N. Jalili, A comparative study and analysis of semi-active vibration-control systems, J. 
Vib. Acoust. 124 (2002) 593–605 

[11] Hrovat D, Barak P, Rabins M. Semi‐active versus passive or active tuned mass dampers 
for structural control. J Eng Mech.1983;109(3):691‐705. 



985

Stick-slip oscillations in an electromechanical systemR. Lima and R. Sampaio



986



987



988



989



990



991

Suppression of delay-induced instabilities of digital piezoelectric vibration absorbersG. Raze, A. Paknejad, G. Zhao, V. Broun, C. Collette and G. Kerschen

IX ECCOMAS Thematic Conference on Smart Structures and Materials
SMART 2019

A. Benjeddou, N. Mechbal and J.F. Deü (Eds)
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Abstract. Digital piezoelectric vibration absorbers synthesizing passive shunt circuits may be subject to
instabilities. This work investigates the cause for these instabilities, and highlights the role of sampling
delays in their onset. If for practical reasons the sampling frequency cannot be increased, a stabilization
procedure which anticipates the sampling delays is proposed. The theoretical developments in this work
are experimentally validated on a piezoelectric beam.

1 INTRODUCTION

Engineering structures from various disciplines tend to be lighter or more slender. This trend usually
goes along with smaller structural damping and increased susceptibility to vibrations. This in turn may
shorten their lifespan, lower their performance or undermine their safety. Piezoelectric shunt damping
is often considered as one potential solution to this issue. It was originally proposed by Forward [1],
and formalized by Hagood and von Flotow [2]. The working principle of piezoelectric shunt damping
is based on the transduction capability of piezoelectric materials: a piezoelectric transducer is able to
convert a part of its mechanical energy into electrical energy. The latter can be dissipated by connecting
a so-called shunt circuit to the electrodes of the transducer. A common type of shunt circuit is a resonant
one, composed of a resistor and an inductor, arranged either in series or in parallel. The realization of
this circuit may be challenging for several reasons. The first one is that the required inductance may be
impractically large. A common workaround is to use virtual inductors or girators made up of analog
electronics. Designing inductors with high inductances is not impossible though, as demonstrated by
Lossouarn et al [3]. However, such components are not widely available and require some expertise to be
built. The second reason is that the performance of the piezoelectric shunt is highly sensitive to the values

1
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of the electrical components. Any misevaluation or time-variation of the system characteristics will result
in sub-optimal performance, rectified by time-consuming modifications of the electrical parameters.

Fleming et al [4] introduced the concept of synthetic impedance as an alternative solution. The
combination of a digital signal processor with a current source makes it possible to realize an arbitrary
impedance. The synthetic impedance is an attractive option to realize shunt damping circuits owing to
its flexibility. This nonetheless comes at the expense of the need for powering the digital unit and its
associated electronics.

It was noted by the authors that instabilities of a system composed of a structure controlled by a
synthetic impedance may arise. This work discusses the cause of these instabilities, namely, sampling
delays, and proposes a stabilizing methodology. This paper is organized as follows. First, a digital
vibration absorber is presented in Section 2. A simplified model is developed in Section 3, and the
onset of instabilities is studied. Section 4 proposes a simple stabilization method to suppress these
instabilities. The method is experimentally validated on a cantilever piezoelectric beam in Section 5.
Finally, conclusions are drawn.

2 DIGITAL PIEZOELECTRIC VIBRATION ABSORBER

Connecting an electrical circuit to the electrodes of a piezoelectric transducer is equivalent to impos-
ing a prescribed relation between the voltage across the electrodes and the current flowing through this
transducer. This relation may be described by the impedance (voltage over current) or its inverse, the
admittance. From the point of view of the transducer, any circuit which is able to impose this relation is
equivalent to the original circuit.

The goal of the digital vibration absorber used in this work is to mimic a piezoelectric shunt circuit
by measuring the voltage of a piezoelectric transducer and inject the desired current back into it. The
voltage-to-current relation, i.e. the admittance, is programmed into a digital processing unit (DPU). The
circuit layout of the digital vibration absorber used in this work is given in Figure 1, which is the same
as that used by Matten et al [5].

R1

R2

αVin

−

+

OA1

−

+

OA2
∆Vin

−

+

OA3

αVin +∆Vin

DPU

Vout +∆Vout

−

+

OA4

−

+

OA5
−∆Vout

−

+

OA6

Vout

Ri

−+

OA7Yp

Figure 1: Layout of the digital absorber; the gray box represents a piezoelectric transducer.

The voltage divider composed of R1 and R2 is connected to the follower operational amplifier (Op-
Amp) OA1, whose output is a scaled-down version of the piezoelectric voltage Vin by a factor α =
R2/(R1 + R2). OA2 follows a constant offset voltage ∆Vin which is added to the input by the summing
amplifier OA3 before being fed to the analog to digital converter of the DPU. The DPU computes the

2
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desired input-output relation and outputs via its digital to analog converter a voltage signal Vout +∆Vout ,
which is followed by OA4. A constant negative offset −∆Vout followed by OA5 is added to the output
by the summing amplifier OA6. This signal is applied to one pole of the resistor Ri, while the other
is maintained to a virtual ground by OA7. Given the very high input impedance of OA7, the current
injected into the piezoelectric transducer is thus Vout/Ri.

The input and output offset voltages are generated because the DPU used in this work can only work
with positive input and output voltages. They are internally compensated for in the DPU software.
An internal gain g is also applied to the transfer function programmed into the DPU for consistency.
Indeed, if the desired relation between the piezoelectric voltage Vp and the current Ip is given by Hd, the
digital absorber links these two quantities in the following way (assuming that the offsets are perfectly
compensated)

Ip(s) =
Vout (s)

Ri
=

g

Ri
Hd(s)Vin(s) =

αg

Ri
Hd(s)Vp(s) (1)

where s is the Laplace variable. Assuming for now that the DPU is able to synthesize Hd(s) exactly, a
consistency relation is then derived

αg

Ri
= 1. (2)

Typically, g can be computed from the measured values of α and Ri.

3 MODEL OF THE SYSTEM

3.1 Hardware model

The diagram shown in Figure 1 may be simplified while retaining the essential dynamical features
of the digital absorber. Because of their large bandwidth (of the order of MHz), the followers and sum-
ming amplifiers (OA1 to OA6) are considered as ideal Op-Amps [6]. OA7 is modelled as a differential
amplifier with one pole. This leads to the simplified circuit layout shown in Figure 2(a), which can be
modelled according to Figure 2(b).

−

+

OA7

V− Yp(s) Vo

VmVi

Ri

gHd(s)

(a)

0 -
+ A(s)

V−(s)
Vo (s)

Vo

(b)

Figure 2: Feedback model of the voltage controlled current injector: simplified circuit layout (a) and
equivalent block diagram (b).

From Figure 2(b), the following open-loop transfer function is derived

Y (s) = A(s)V−(s)
Vo(s)

=
AOL
s

2π f0 +1
V−(s)
Vo(s)

, (3)

3
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where AOL is the Op-Amp open-loop gain, f0 is its open-loop bandwidth, V− is the voltage applied to its
inverting input and Vo is its output voltage. Using Kirchhoff’s voltage and current laws, the following
relation can be derived

V−(s)
Vo(s)

=
Hd(s)+Yp(s)

1
Ri
+Yp(s)

(4)

where Hd is the transfer function synthesized by the DPU and Yp is the admittance of the piezoelectric
transducer, derived in the next subsection.

3.2 Piezoelectric admittance

The system composed of a structure coupled to a piezoelectric transducer may be modelled with the
following set of equations {

Hsc(s)x(s)+γBVp(s) = f(s)
Cε
pVp(s)−γBTx(s) = qp(s)

, (5)

where x is the vector of generalized degrees of freedom, f is the vector of conjugated generalized forces,
Hsc is the structural dynamic stiffness matrix when the piezoelectric transducer is short-circuited, Cε

p

is the piezoelectric capacitance at constant strain, qp = Ip/s is the electric charge flowing through the
transducer and γB is an electromechanical coupling vector [7]. The piezoelectric admittance is then
found as

Yp(s) =
sqp(s)
Vp(s)

����
f=0
= sCε

p + sγ2BTH−1
sc (s)B. (6)

The dynamic stiffness matrix may be expanded as

H−1
sc (s) = Φsc

(
s2I+ sZΩsc +Ω2

sc

)−1
ΦT

sc (7)

where Φsc is the matrix of mass-normalized mode shapes when the piezoelectric transducer is short-
circuited, I is an identity matrix, Z is a diagonal modal damping matrix and Ωsc is a diagonal matrix
containing the short-circuit resonance frequencies ωsc,i. The vector of modal strains in the piezoelectric
transducer is given by

BTΦsc = [φ1, · · · , φN ] . (8)

Equations (6)–(8) give the following modal expansion

Yp(s) = sCε
p

(
1+
γ2

Cε
p

N∑
i=1

φ2
i

s2+2ζiωsc,is+ω2
sc,i

)
. (9)

It is not straightforward to obtain the modal strains featured in Equation (9) experimentally. Further
simplifying assumptions may be made to facilitate the experimental identification of the piezoelectric
admittance. From Equation (5), the dynamic stiffness matrix when the piezoelectric transducer is open-
circuited can be found to be

Hoc(s) =Hsc(s)+
γ2

Cε
p

BBT (10)

Equation (10) indicates that Hoc and Hsc only differ by a matrix independent of s. Assuming that this
matrix is also diagonalized by the congruence transformation with Φsc,

ΦT
sc (Hoc(s)−Hsc(s))Φsc =

γ2

Cε
p

ΦT
scBBTΦsc ≈ Ω2

oc −Ω2
sc (11)

4
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where Ωoc is a diagonal matrix containing the open-circuit resonance frequencies ωoc,i. Equating the
diagonal entries in Equation (11) leads to the following relation

γ2

Cε
p
φ2
i ≈ ω2

sc,iK
2
c,i (12)

where

K2
c,i =

ω2
oc,i −ω2

sc,i

ω2
sc,i

(13)

is the square of the effective electromechanical coupling factor (EEMCF) [8]. Inserting Equation (12)
into Equation (9), one gets the approximate piezoelectric admittance

Yp(s) ≈ sCε
p

(
1+

N∑
i=1

ω2
sc,iK

2
c,i

s2+2ζiωsc,is+ω2
sc,i

)
(14)

Near the resonance frequency of a structural mode, the contribution from non-resonant modes may be ne-
glected provided that the natural frequencies are well-separated. In this case, the piezoelectric admittance
may be approximated as

Yp(s)
��
s≈jωsc, i

≈ sCε
p

(
1+

K2
c,iω

2
sc,i

s2+2ζiωsc,is+ω2
sc,i

)
(15)

3.3 Sampling delays model

The use of a DPU incurs delays associated with the sampling of input and output signals, as well as
the clock frequency of the processor. The former (associated with frequencies of the order of kHz) being
usually much slower than the latter (associated with frequencies of the order of MHz), only the delays
induced by the sampling procedure are taken into account. They are simply modelled by a zero-order-
hold operator [9]:

Hd(s) =
1− esTs

sTs
H(s), (16)

where Ts is the sampling time and H(s) is the synthesized transfer function. This model assumes that the
DPU is able to compute the output instantaneously from the input, and keeps this output constant for one
sampling period.

Now that all the terms involved in the open-loop transfer function (Equation (4)) are known, it is
possible to assess the effect of these delays on the performance of the closed-loop system.

3.4 Delay-induced instabilities

As can be seen in Equations (3) and (4), the sampling delays only affect the zeros of the open-loop
transfer function. As is well-known in feedback control theory [9], the zeros of the open-loop transfer
function are asymptotic positions for the poles of the closed-loop transfer function as the open-loop gain
tends to infinity. Hence, knowing their position is of paramount importance to assess the stability of the
closed-loop system.

As an illustrative example, Figure 3 compares the poles and zeros of an ideal (i.e. without delays)
transfer function and a delayed one. These transfer functions are computed from the characteristics of
the experimental system described in Section 5, for which a shunt circuit is synthesized to mitigate the
first then the second structural mode.

5
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Figure 3: Poles (×) and zeros (◦) of an ideal open-loop transfer function, and poles (+) and zeros (�) of
a delayed open-loop transfer function: mode 1 (a) and mode 2 (b).

Figure 3(a) indicates that the delays effect is quite low for the first mode, although a small effect
is visible on the zeros. In contrast, as seen in Figure 3(b), the delays cause a large shift of the zeros
associated with mode 2 toward the right-half of the complex plane. The zeros almost become non-
minimum phase, which signifies that the closed-loop system could be conditionally stable. As will be
shown in Section 5, this estimate of the zeros is somewhat optimistic, and the closed-loop system is
actually unstable.

3.5 Discussion

As the previous Subsection highlighted, the delays induced by the sampling procedure may lead
to a destabilization of the vibration absorber, defeating completely its purpose. This destabilization
is somewhat counter-intuitive, given that the DPU should synthesize a fully passive circuit, and that the
sampling frequency is two orders of magnitude greater than the frequencies of interest. It should however
be emphasized that this issue is solely hardware-related. A simple solution to this problem would be to
increase the sampling frequency to a high enough value, but this is not always desirable for two reasons.

The first reason is linked to the power consumption of the DPU. The dynamic power consumption of
an embedded system can be estimated by [10]

P = βCLV2
cc fCPU (17)

where γ is the activity factor, CL is the load capacitance, Vcc is the supply voltage and fCPU is the clock
frequency at which the DPU is operating. Increasing the sampling frequency will increase β and/or
fCPU , leading to a higher power consumption. Moreover, if fCPU is increased, Vcc will also have to be
increased, which leads to an actual power consumption proportional to f 3

CPU
[10].

The second reason is that the DPU sampling frequency may only be increased up to the hardware
limits, which may be quickly reached. There could be the possibility to buy more powerful hardware,
but the financial cost of such equipment could become prohibitive.

For these reasons, a stabilization method working for a given sampling frequency is proposed in the
next section.

6
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4 STABILIZATION PROCEDURE

The model developed in the previous section highlighted the role of sampling delays in the onset of
instabilities. In this section, an anticipative method is proposed to cure the instability by placing the zeros
of the delayed open-loop transfer function near or at the same location as those of the open-loop transfer
function without delays.

The ideal transfer function of a hypothetical DPU without delays may be expressed as a rational
transfer function

H(s) =
∑N

n=0 bnsn
∑M

m=0 amsm
(18)

and the zeros of the open-loop transfer function without delays satisfy

H(zk)+Yp(zk) = 0, ∀k ∈ [1, · · · ,K] (19)

The stabilization procedure consists in finding the modifications ∆am and ∆bn to the coefficients am
and bn, respectively, such that the modified transfer function given as

H̃(s) =
∑N

n=0(bn +∆bn)sn∑M
m=0(am+∆am)sm

(20)

synthesized in the DPU give the same zeros as the idealized open-loop transfer function. In other words,
the modifications should be such that the following equations are satisfied

Hd(zk)+Yp(zk) = ezkβTs H̃(zk)+Yp(zk) = H(zk)+Yp(zk) = 0, ∀k ∈ [1, · · · ,K]. (21)

Using Equations (18) and (20), this equation becomes

ezkβTs
∑N

n=0(bn +∆bn)znk∑M
m=0(am+∆am)zmk

=

∑N
n=0 bnzn

k∑M
m=0 amzm

k

, ∀k ∈ [1, · · · ,K]. (22)

Carrying simple algebraic manipulations, Equation (22) can be recast into a linear system

M∆ = r (23)

in which the unknowns are gathered in one vector

∆ = [∆a0, · · · ,∆aM,∆b0, · · ·∆bN ]T (24)

and M and r are deduced from Equation (22). Usually, K � m+ n+ 2 and the system is not square. A
simple way of solving Equation (23) is to take its optimal solution in the least-squares sense

∆∗ =
(
MTM

)−1
MT r. (25)

The coefficients of a transfer function defined as in Equation (18) can all be multiplied by an arbitrary
constant and still represent the same transfer function. This lack of unicity can lead to numerical issues.
This can be fixed by setting one of the components of the vector ∆ to an arbitrary value. A simple choice
is to choose one of the coefficients to be zero, which amounts to suppressing the corresponding column
in the matrix M.

7
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5 EXPERIMENTAL VALIDATION

An experimental validation of the proposed approach is described in this section. A picture of the
experimental setup is given in Figure 4. The structure is a cantilever beam with a thin, clamped lamina
attached to its free end. The beam is covered with ten pairs of piezoelectric patches along its length.
It is excited at midspan by an electrodynamic shaker (TIRA TV 51075) to which is also attached an
impedance head (DYTRAN 5860B). An acquisition system (LMS SCADAS MOBILE) is used to record
the signals. A more detailed description of the experimental setup can be found in Lossouarn et al [11].

Shaker

Impedance head

Power supplyBeam

Digital absorber

Figure 4: Picture of the experimental setup.

Five of the ten pairs of patches are connected in parallel to the digital absorber. The two first bending
mode of the beam are sequentially targeted for shunt damping. To identify the system, the frequency
response functions (FRFs) when the patches are short-circuited and when they are open-circuited are
measured. These FRFs, noted x/ f , are obtained with a low-level broadband excitation and are displayed
in Figure 5.
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Figure 5: Experimental FRF of the beam when the piezoelectric patch are short-circuited (—) and
open-circuited (-·-): close-up on mode 1 (a) and close-up on mode 2 (b).

The short-circuit and open-circuit resonance frequencies as well as the damping ratios are estimated
by fitting the FRFs in Figure 5. The piezoelectric capacitance is measured with a multimeter (FLUKE
177). The parameters of the shunt circuit are then computed according to Soltani et al [12]. All these
parameters are gathered in Table 1.

The DPU used in the digital absorber is an Arduino Due. The division ratio is given by α = 0.033

8
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Table 1: Identified and computed parameters.

Mode fsc (Hz) foc (Hz) ζ (-) Cε
p (nF) L (H) R (Ω)

1 30.35 30.47 0.24% 257 109.15 2,241.4
2 144.01 144.10 0.17% 257 4.8791 195.97

and the resistance of the current source is measured as Ri = 265Ω. The series RL shunt circuit transfer
function, theoretically given by

H(s) = 1
Ls+R

(26)

is programmed into the DPU after discretizing it with Tustin’s method, with a sampling frequency of
fs = 10kHz. The stabilizing method is used assuming that the approximation given in Equation (15)
holds since the two modes are well-separated in frequency. The FRFs are compared when the transfer
function is unmodified and when it is modified, with the coefficient of the numerator unchanged (i.e.,
∆b0 = 0 is fixed). The open-loop transfer functions and experimentally obtained FRFs of the controlled
structure are given in Figure 6, and the modified shunt circuit parameters are given in Table 2. Compared
to the values given in Table 1, the synthesized inductances were empirically increased by 2% and 1% for
mode 1 and 2, respectively, to obtain FRFs that exhibit equal peaks.

Table 2: Modified shunt circuit parameters.

Mode L̃ (H) R̃ (Ω)
1 109.09 2,440.1
2 4.868 395.49

As can be observed with the first mode in Figure 6(a), synthesizing the unmodified transfer function
results in an already stable system which behaves as expected. The stabilization procedure brings negli-
gible changes, as can also be observed in Figure 6(c). In contrast, a digitally synthesized shunt circuit for
the second mode results in an unstable system, which is cured by the proposed procedure. The instability
is confirmed by looking at the structural response in Figure 7: even when the structure is unforced, a
significant acceleration is recorded. The system is thus self-excited, and its response is solely bounded
thanks to the saturation of OA7. Figure 6(d) and Table 2 indicate that the physical action of the stabiliza-
tion procedure is to increase the resistance in the shunt circuit, so as to bring the unstable poles back into
the left-half complex plane.

6 CONCLUSIONS

Digital piezoelectric vibration absorbers are subject to instabilities caused by sampling delays. In the
event of impossibility to increase the sampling frequency, a stabilization procedure was proposed. This
method was experimentally validated on a piezoelectric beam. Future works may extend this method to
discrete Laplace transform in order to work directly on the discretized transfer function.

9
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Figure 6: Experimental FRF for mode 1 (a) and mode 2 (b), and synthesized transfer function for mode
1 (c) and mode 2 (d): unmodified transfer function (—) and modified transfer function (-·-).

50 100 150
Time (s)

-30

-20

-10

0

10

20

30

A
cc

el
er

at
io

n 
(m

/s
2
)

Figure 7: Recorded accelerations with a digital shunt circuit targeting mode 2: unmodified transfer
function (—), unmodified transfer function and unforced structure (—) and modified transfer function

(—).
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Abstract. This paper is devoted to the construction of an electric analog for 
electromechanical systems, which contain elements made of viscoelastic energy dissipating 
materials and elastic piezoelectric elements. Two options of an electric analog in the form of 
an electric circuit are considered: a circuit made of elements with real-valued parameters of 
resistance inductance and capacitance and a circuit made of elements with complex-valued 
parameters. With these electric analogs it is possible to take into account the energy losses in 
an electromechanical system. The constructed electric analogs are used to find complex 
natural vibration frequencies, which are the dynamic characteristics of electro-viscoelastic 
systems. In this study the emphasis is placed on determining the values of such parameters as 
resistance, inductance and capacitance of the elements comprising the electric circuits. 

 
 

1 INTRODUCTION 

The  analysis of the dynamic behavior of different engineering structures is associated with 
the evaluation of their dynamic characteristics, which can be determined by solving a number 
of relevant problems, such as the problem of steady-state vibrations, the problem of natural 
vibrations and the dynamic problem with initial conditions (tarnsient analysis). The statement 
that the problem of natural vibrations is the most convenient and informative one from the 
viewpoint of the effectiveness of modeling the dynamic properties of a structure and 
optimisation of its dissipative characteristics has been considered and substantiated in [1]. 
Complex eigenvalues obtained by solving this problem define the frequencies of natural 
vibrations and their damping indices characterizing the  damping rate of vibrations. The 
efficiency of the problem under consideration for optimization of the dynamic behavior of the 
structure can be juded by the independence of the obtained dynamic propertis on  the loading 
conditions. 

Due to some peculiarities of the mathematical statement of the problem on natural 
vibrations of electro-viscoelastic bodies (viscoelastic structure with piezoelectric element), the 
numerical implementation of the algortihm for its solution using the finite element method is 
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a nontrivial task [2], and the search for the problem solution is a time-consuming process  due 
to a large dimension of the resolving system of equations. At the same time, the mathematical 
equations, describing vibrations in the mechanical systems and current oscillations in the 
electric circuits demonstrate  certain similarity. By this is meant that inductance is the analog 
of mass, resistance is the anlogue of viscosity and capacitance is the anlogue of stiffness. The 
coincidence of the mathematical descriptions suggests that in some cases we can use the 
electrical system instead of the mechanical one by substituting the equations for current 
oscillations in the equivalent electric circuit for the mechanical equations of motion [3-6]. In 
electrodynamics, there are also a number of well-defined approaches, for example,  such as 
presented in [7-10], which are used to model the behavior of piezoelectric devices with the aid 
of their electric analogs in the form of equivalent electric circuits. However, in order to 
simulate the bahavior of piezoelectric element attached to the structure, it is necessary to use a 
model, which can describe all resonant frequencies within a wide frequency range. This 
certainly generates the need for creating another model of electric circuit (equivalent circuit). 

Representation of an electromechanical system in the form of discrete analog composed of 
the elements with lumped parameters allows us to singnificantly simplify the procedure of 
determining its dynamic properties. Nowadays, an approach, in which the structure is replaced 
by its electric analog in the form of equivalent electric circuit, is widely used especially in 
such applications, in which the undersatnding of the system performance determined by the 
interaction of its electrical and mechanical components is a questuion of utmost importance 
[11-12]. 

In the literature, there is a large number of options of electric analogs in the form of 
electric circuits, which are used for describing the electromechanical systems. In such 
systems, the parameters of the elemets of electric circuits are represented both by the real 
(capacitance, inductance, resistance) and complex (complex inductance and capacitance) 
quantities [9]. 

The main problem is how to determine the values of the parameters for the elements of the 
electric circuit corresponding to the electric analog of the examined electro-viscoelastic 
system.  The parameters of the elements comprising the examined electric circuit can be 
evaluated on the following basis: from the additional theoretical conditions and assumptions 
[5], from the data obtained from special experiments on the measurement of electric 
impedance of the system under consideration [3], or using the properties of the material, 
which are taken into account in designing an electric analog of the piezoelectric element with 
complex parameters [8]. 

It should be noted that the variety of existing approaches is explained by the complexity of 
the stated problem, the diversity of requirements specified for the electric analog being 
created, the necessity of an adequate description of  the processes occurring in the system  as 
well as the conformity to its dynamic characteristics 

In this paper, we consider a method for construciting an electric analog for the examined 
electro-viscoelastic system and propose an approach for determining the parameters of the 
elements of electric circuit  corresponding to the electric analog being created. The proposed 
techniques are based on the complex natural vibration frequencies, which are obtained from 
the experiment or by solving the natural vibration problem in a complete mathematical 
formulation. 
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2 MATHEMATICAL STATEMENT OF THE PROBLEM 

The problem of natural vibrations for piecewise-homogeneous electro-viscoelastic bodies 
in the complete coupled mathematical formulation is considered in papers [13-14]. This 
problem is described by the following variational equation: 

   
1 2

0
iij ij i ij ij i i i i

V V

u u dV D E u u dV                (1) 

Here, the volume 1V  is related to a viscoelastic part of the structure; the volume 2V  is related 

to a piezoelectric part; ,i iD E  are the components of the vectors of electric flux density and 

electric field intensity , respectively; ij  are the components of the symmetric Cauchy stress 

tensor; ij  are the components of the linear strain tensor; iu  are the components of the 

dispacement vector. The constitutive relations for the piezoelectric part of volume 2V  are 

written as follows: 

ij ijkl kl ijk k

k ijk ij ki i

C E

D э E

  

 

  


  
 (2) 

where Cijkl  are the components of the tensor of elastic constants; ijk  and kl  are the 

components of the tensors of piezoelectric coefficients and dielectric coefficients, respectively 
( , , , 1, 2, 3i j k l  ). Within the framework of this paper, we use the assumption that the 

behavior of viscoelastic material is described in terms of the complex dynamic moduli, as it 
was made in [14]. The dissipative mechanisms operating in the body of volume 1V  are 

described based on the model of linear heriditary viscoelasticity. The constitutive relations of 
this model can be written as 
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  are the 

complex dynamic shear and bulk moduli;   is the mean stress;  is the volumetric strain; 
,g b   are the mechanical loss tangents for the shear and bulk moduli, respectively; ,ij ijs e  are 

the components of  deviatoric parts of the stress and strain tensors. 
Let us consider the case, in which damping characteristics of the structure specified by the 

visoelastic properties of the material it is made of are independent on the frequency, i.e. the 
shear and bulk moduli Re Re,G B  and the mechanical loss tangents ,g b   are constants. The 

solution to the problem of natural vibrations is sought in the form of    , e j tu x t u x  , 

where  1 1 2 3 2 1 2 3 3 1 2 3 1 2 3( ) ( , , ), ( , , ), ( , , ), ( , , )u x u x x x u x x x u x x x x x x  is the generalized state 

vector containing the components of mechanical displacements 1 2 3, ,u u u  and electric 

potential  ; Re Imi     is the complex natural vibration frequency where Re  denotes the 
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angular natural frequency of vibrations and Im  is the damping index characterizing the 

damping rate of vibrations. 
The numerical implementation of the formulated problem is based on the finite element 

method (FEM). The application of the standard FEM procedures allows us to reduce the  
variational problem of natural vibrations described by equations (1-3) to the following matrix 
equation: 

       2 0K M    (4) 

where the stiffness matrix  K  contains complex-valued coefficients [14].  

The equivalent electric models including the elements with lumped parameters, such as the 
van Dyke model [4], are widely used for describing the dynamic behavior of piezoelectric 
element as an object with distributed parameters. The van Dyke model is represented by a 
series-connected elements of capacitance C , inductance L  and resistance R  and also the 
capacitance of the piezoelectric element 0C  connected in parallel to them (fig.1). This electric 

analog has a single resonance frequency of vibrations, which corresponds to the resonance 
frequency of mechanical vibrations of the piezoelectric element. 

Let us consider each element of this model in detail. Here 0С С  is the inherent 

capacitance of piezoelectric element. The series-connected inductance element L  and 
capacitance element C  describe the resonant character of the process. The resistance  element
R  describes losses, which occur due to the flow of electric current through the conducting 
elements [4]. 

 

Figure 1: Equivalent circuit of the quartz resonator proposed by van Dyke [4]. 

In paper [13], the van Dyke model was expanded to an elastic structure with a piezoelectric 
element attached to its surface (fig.2a). Here, the method proposed in [13] for constructing an 
electric analog for the electroelastic system makes it possible to take into account several 
natural vibration frequencies of the structure. However, in this case the energy losses which 
may occure in real structures made of viscoelastic materials are ignored. 

To take into account the energy losses caused by vibrations of viscoelastic structures, the 
equivalent circuit represented in fig.2a is modified by introducing the resistance iR  in each 

resonant branch ,i iC L   (see fig.2b). This additional resistance is responsible for the energy 

dissipation in the vicinity of resonance.  Here also 0 0,n nC R  are the capacitance and the 

resistance in the non-resonant branch. 

0С

L

R

C
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a b 

Figure 2: Equivalent circuits for electric analog of an electromechanical system without dissipation (a) and with 
dissipation (b) 

Accoding to the Kirghoff second law, the mathematical statement of the problem for the 
circuit represented in fig.2b is described by the following system of differential equations 
[13]: 

2

02
1 10

1
0, 1,

n n
i i i k

i i n k
k ki n

d q dq q dq
L R R q i n

dt C dt Cdt  

        (5) 

Here n  is the number of elementary closed electric circuits formed by the branch 0 0,n nC R  

and each of the resonant branches i i iR L C ; 1n   is the total number of parallel branches in the 

circuit. Representing the solution to the problem as 0
j t

i iq q e  , where 2 –1j   is the 

imaginary unity, we reduce the system of differential equations (5) to the following form 

2 0
0 0 0 0 0

1 10

1
0, 1,

n n
i

i i i i n k k
k ki n

q
L q j R q j R q q i n

C C
  

 

         (6) 

Further, we construct the characteristic equation with respect to the unknown complex natural 
vibration frequency  . The solution of this characteristic equation gives the spectrum of n  
complex natural vibration frequencies of the structure operating in the open circuit (o/c) 
mode. The spectrum of n  complex natural vibration frequencies of the structure operating in 
the short circuit (s/c) mode can be obtained provided that each parallel branch of the circuit 
represented in fig.2 is short-circuited. In this case, each parallel branch is a closed oscillatory 
circuit. As a result, the terms containing multipliers 01 nC

 
and 0nR  are excluded from the 

systems of equations (5-6). Taking into account that the solution is represented as 0
j t

i iq q e  ,  

the system of equations for determining the complex natural vibration frequencies of the 
structure operating in the short circuit mode can be written as: 

2 0
0 0 0, 1,i

i i i i

i

q
L q j R q i n

C
       (7) 

The problem of determining the parameters 0, , , ,i on i i nR R L C C  entering into the systems of 

equations (6-7) is discussed in Section 3. In the following, the values of complex natural 
vibration frequencies obtained on the basis of the complete mathematical formulation (1-4) 
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are denoted as  . The values of complex natural vibration frequencies determined with the 
aid of the equivalent electric model (5-7) are denoted as  . 

3 THE CONSTRUCTION OF AN ELECTRIC ANALOG FOR ELECTRO-
VISCOELASTIC SYSTEM 

3.1 The circuit of an electric analog with real-valued coefficients 

In order to determine the values of parameters 0 0, , , ,i i i n nR L C C R  (fig.3) for the electric 

analog of  electro-viscoelastic system, we consider the part of the circuit, which corresponds 
to the vibration frequencies in the vicinity of the i-th resonance. In this case, in the short 
circuit mode at the i-th frequency, the electric current flows only through the , ,i i iR L C  

branch, whereas in the open circuit mode at the i-th frequency the current flows both through 
the  branches , ,i i iR L C  and 0 0,i iR C  ,which in this case are connected in series. 

 

Figure 3: A part of the electric circuit corresponding to the system vibrations in the vicinity of the i-th 
natural vibration frequency. 

By analogy with [13], the equations of balance of voltages are constructed according to the  
Kirghoff laws [15]. Here, the total capacitance of the electric circuit is assumed constant and 
equal to sС : 

0
1

n

s i i
i

С C C


   (8) 

2

2

1
0i i

i s i

i

d q dq
L R q

dt Cdt
    – short circuit mode (9) 

 
0

2
0 0

0 02

1 1
0

i i

s s
i

i s i

d q dq
L R R q q

dt C C Cdt
    


 – open circuit mode (10) 

where iq  is the variable charge in the i-th branch of the electric circuit. 

The analysis of the solution of the natural vibration problem for electro-viscoelastic bodies 
obtained in the framework of a complete mathematical formulation (1-4) shows that when 
viscoelastic properties of the material are independent of frequency, the values of damping 
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indices are linearly dependent on the frequency of vibrations. Consequently, the damping 

coefficients i i
i Im Re     have the same value for all frequencies. It means that the resistance 

of the electric circuit should be a variable quantity, i.e. should take different values at 

different frequencies of vibrations. Let this quantity be defined as S
i i iR R  , 0 0

S
n n iR R  . 

 From condition (10) the following relation is obtained: 

0i s iC С С   (11) 

The solution to equations (9-10) is sought in the form of 0
j t

i iq q e   , where 2 1j    is the 

imaginary unity. In view of  equation (11), the equations (9) and (10) take the following form: 

2
0

1
0i i i

i

L jR q
C


 
    
 

 (12) 

 2
0 0

1 1
0i i i i

i s i

L j R R q
C C C


 
      

 
 (13) 

In this case, the solution we are searching for are the eigenvalues      Re Imk k k
j    , 

which have positive imaginary parts  Im 0
k

  . 

The values of complex natural vibration frequencies of unloaded electro-viscoelastic 
structure (in the case when the external circuit is absent) operating in the short circuit 

     / Re Im
s s

s c i i i
j     and open circuit      / Re Im

o o
o c i i i

j     modes are assumed to 

be known, since they can be obtained from the solution to the problem on natural vibrations 
of electro-viscoelastic system in the framework of a complete mathematical formulation of 
solid mechnics (1-4) [2]. Accordingly, the results of solution of equations (12) and (13)  are 

expected to be the natural vibration frequencies  /i s c i
   and  /i о c i

  . 

It is necessary to detrmine four parameters: ,i iR L  and 0 ,i iR C , which sould be done with 

reference to condition (8). Equations (12) and (13) are the equations with complex-valued 
coefficients. Equality of the complex number to zero means that real and imaginary parts of 
this number must be equal to zero. Thus, we have four equations for four unknowns. 

Let us consider  equation (12), describing the short circuit mode at the i-th frequency. With 
regard to the relations for the known complex natural vibration frequencies, we can 
differentiate between the real and imaginary parts of the equation:  

    
   

2 2

Re Im

Re Im

1
0

2 0

s s
ii i

i

s s
i ii i

L
C

L R

 

 


   

   


 (14) 

 From this it follows that: 

   
    

Re Im 2 2

1 Re Im

1
2 s s

i i ii i s s

i i

R L L
C

 
 

 


 
(15) 
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By analogy, for the open circuit mode at the i-th frequency, after distinguishing the real 
and imaginary parts in the equation (13) we get: 

    
     

2 2

Re Im

Re Im 0

1 1
0

2 0

o o
ii i

i s i

o o
i i ii i

L
C C C

L R R

 

 


     

    


 (16) 

Substituting in (16) the relations for ,i iR L  from (15) we obtain the relations for 0iR  and iC  

        
    
    

2 2

Re Im

0 Re Im Re Im 2 2

Re Im

2 1

s s

i io o s s
i i i si i i i o o

i i

R L C C
 

   
 

 
 

    
 

 

 (17) 

Thus, in the case when n  resonant branches are retained in the numerical modeling, all 
parameters of the elements of the equivalent electric cicuit can be evaluated using the 
relations (15) and (17). Here, the above parameters are determine in terms of the components 
of complex natural vibration frequencies, which are defined by the electric boundary 
conditions for the piezoelectric element of the system operating in the short circuit and open 
circuit modes. 

Figure 4: Equivalent electric circuit of the electro-viscoelastic system containing an element with variable 
resistance   

However, it remains to be seen how the elements with additional resistance should be fit 
into the electric circuit, to make sure that the latter could be described by the equations in the 
form of (17). Obviously, the resistive elements with lumped parameters are not suitable for 
this purpose, since they cannot describe the dependence of resistance on frequency. In order 
to provide the equivalent circuit with the resistance required for realization of the open circuit 
mode, it was decided to use the option, at which the resistive element has a variable resistance 
[15]. As the result, the diagram of the equivalent electric circuit with real-valued coefficients 
is of the form shown in figure 4. This electric circuit corresponds to an electric analog of the 
electro-viscoelastic system. The element with variable resistance is colored red.  

3.2 The circuit of an electric analog with complex-valued parameters 

Let us consider the second option of constructing an electric analog for the electro-
viscoelastic system, in which the external circuit is absent. In this option, the parameters of 
the elements comprising the electric circuit (capacitance and inductance) take complex values. 
In this case, the electric circuit is of the form represented in fig.1a, which corresponds to the 
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examined electroelastic structure. The parameters of the elements included into this circuitry 
are determined by analogy with the technique described above: 

   
 

2 2
/ /

2
/

o c s ci i
i s

o c i

C C
 




 , 

 2
/

1
i

i s c i

L
C 




, 0
1

n

s i n
i

С C C


     (18) 

The difference is in fact that the frequencies of vibrations  /o c i
 ,  /s c i

  and the values of 

parameters of the elements 0, ,i i iC L C   included into the equivalent circuit, describing an 

electric analog for the examined electro-viscoelastic system without the external electric 
circuits, are the complex numbers, except for the total capacitance of the piezoelectric element 

sС . Note however, that all parameters of the electric elements 0, ,i i iC L C   are determined on 

the basis of the complex natural vibration frequencies of the electro-viscoelastic system, 
which operates in the open circuit and short circuit modes and is not connected to any external 
electric circuit. 

The systems of equations, which describe oscillations of the charge in the electric circuit,  
corresponding to the electric analog of the electro-viscoelastic system with the attached piezoelectric 
element, which is not connected to an external circuit, take the same form as for the case of 
electroelastic system:  

2

2
0, 1,i i

i

i

d q q
L i n

dt C
  


 - open circuit mode; 

2

2
1 0

0, 1,
n

ji i
i

ji n

qd q q
L i n

dt C C

   
 

 - short circuit mode 

(19) 

4 DETERMINATION OF NATURAL VIBRATION FREQUENCIES OF ELECTRO-
VISCOELASTIC STRUCTURE USING ITS ELECTRIC ANALOG 

In this section, the efficiency and reliability of  both options of the electric analogs (with 
real parameters and with complex parameters) will be demonstrated by solving the problem of  
determining complex natural vibration frequencies of the cantilever viscoelastic plate with the 
attached elastic piezoelectric element, which operates in the open circuit and short circuit 
modes (figure 5). The cantilevered plate has the following dimensions: 1 210l   mm, 1 26b   

mm, 1 0.5h  mm. The material of the plate has the following viscoelastic properties: 

instantaneous moduli are 11
Re 1.5385 10G   Pa, 11

Re 1.6667 10B   Pa; tangents of mechanical 

losses are 0.01g  , 0b  ; mass density is 7800   kg/m3. 

The piezoelectric element has a rectangular form with the following dimensions: 50pl   

mm, 20pb  mm, 0.36ph   mm. It is located symmetrically about the longitudinal axis at a 

distance of 12 mm from the rigidly clamped end. The piezoelectric element is made of 
piezoceramics PZT-4 polarized along the z-axis, which has the standard physical and 
mechanical properties similar to those presented in [2]. The upper and lower surfaces of the 
piezoelectric element are covered with electrodes and the lower surface is grounded. 
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Figure 5: Computational model of the cantilever plate with attached piezoelectric element 

Now let us calculate the complex natural vibration frequencies of the system under 
consideration for two limiting cases of boundary conditions specified for the piezoelectric 
element - the short circuit operating mode (s/c, zero-valued electric potential on both 
electrode surfaces) and open circuit operating mode (o/c, zero-valued electric potential on the 
lower electrode surface and the upper one is free of loads). Table 1 represents the values of 
complex natural vibration frequencies of the structure for the s/c and o/c modes obtained on 
the basis of the finite element solution of the coupled problem on natural vibrations of electro-
viscoelastic bodies, on the basis of the electric analogue with real-valued parameters and on 
the basis of the electric analogue with complex-valued parameters. 

The following notations are used in the table : / 2o
o cf   , / 2s

s cf   . In table 1, 

from all possible natural vibration frequencies we peresent only those frequencies, at which 
the electric potential is generated on the electrodes of piezoelectric element (coupled 
frequencies). These frequencies of vibrations are numbered in the ascending order of 
magnitude. For the calculations made on the basis of the electric analogs the number of 
retained branches n is equal to 10. This number corresponds to the frequencies of the 
examined system ranging from 0 up to 3100 Hz. However, only the first five frequencies of 
the frequency range from 0 to 700 Hz are presented. All eigenvalues, which have positive 

imaginary parts  Im 0, 1,
i

i n    are the sought solutions of the problem. 

The analysis of the obtained results allows us to conclude that the electric circuits with real 
and complex parameters, which correspond to the electric analog of the examined electro-
viscoelastic system without the external electric circuit, are quite reliable from the viewpoint 
of obtaining values of natural vibration frequencies. What is also important, one of the 
advantages of the proposed option of the electric circuit with complex parameters is that there 
is no need to supplement the circuit of the electric analog with additional resistance.  

Table 1: Complex natural vibration frequencies of the structure under study for the s/c and o/c modes obtained 
on the basis of the solution to the coupled problem of continuous media mechanics; using the electric analog 
with real-valued parameters or using the electric analog with complex-valued parameters. 

Number of 
frequency Re

Sf  Im
Sf  Re

Of  Im
Of  

The coupled problem of continuous media mechanics 

1 13.5753 0.0467 13.8618 0.0491 
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2 72.1492 0.2895 72.3338 0.2903 
3 197.8998 0.7906 198.3253 0.7949 
4 399.7958 1.5119 404.1591 1.5420 
5 665.4567 2.4731 674.9684 2.5090 

The electric analogue with real-valued parameters 

1 13.5753 0.0467 13.8617 0.0487 
2 72.1492 0.2895 72.3417 0.2902 
3 197.8999 0.7906 198.3415 0.7945 
4 399.7958 1.5119 404.3084 1.5389 
5 665.4567 2.4730 675.7152 2.5067 
The electric analogue with complex-valued parameters 

1 13.5753 0.0467 13.8617 0.0490 
2 72.1492 0.2895 72.3416 0.2904 
3 197.8990 0.7906 198.3415 0.7951 
4 399.7958 1.5119 404.3084 1.5404 
5 665.4567 2.4730 675.7152 2.5159 

 
Moreover, the proposed model allows for such peculiarities of viscoelastic material of the 
structure as the dependence of material properties on frequency in the case when the external 
electric circuit is absent. However the question as to the advantages of using the electric 
circuit with complex parameters in the system connected to an external shunting electric 
circuit is still open to further investigation and discussion. 

5 CONCLUSIONS 

In this paper, we consider two options of constructing an electric analog in the form of 
electric circuits with real and complex-valued parameters for electro-viscoelastic systems. The 
both options of electric analogs allow describing the vibrations of electro-viscoelastic systems 
in the open circuit and short circuit operating modes. It is proposed that the element of an 
electric circuit with variable resistance should be used to describe the mechanism of energy 
dissipation in the framework of the model of linear hereditary viscoelasticity with complex 
dynamic moduli. This element allows taking into account the dissipative properties of the 
system, operating in the open circuit and short circuit modes. The results of numerical 
calculations showed the efficiency and reliability of the proposed method for determining the 
values of complex natural vibration frequencies of an electromechanical system including the 
elements of energy dissipation based on the construction of the electric analogs in the form of 
equivalent electric circuits. 
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Abstract. This paper addresses the use of piezoelectric shunt for suppressing vibrations. The focus of
the work is on the coupling between the classical resonant shunt and negative capacitances. General
formulations are provided for the tuning of the elements composing the shunt impedance and the con-
sequent vibration attenuation performances are investigated. Moreover, the paper explains which issues
could be encountered in practical applications and how to overcome them. The theoretical results are
validated by means of an experimental campaign.

1 INTRODUCTION

This paper addresses the use of negative capacitances (NC) for improving the vibration attenuation
provided by the piezoelectric resonant shunt. Piezoelectric resonant shunt is a way of attenuating vibra-
tions of the structures based on the shunt of a piezoelectric actuator, bonded to the structure, with an
electrical impedance Zsh made from a resistance R and an inductance L connected in either parallel or
series (see Fig. 1a) [1, 2, 3, 4, 5, 6, 7, 8].

The attenuation performance provided by the shunt of piezoelectric actuators can be improved by
adding in the shunt circuit one [9, 10, 11, 12, 13] or two [14, 15] NCs. NCs do not exist in nature but
they can be built synthetically by means of operational amplifiers (OP-AMP) [16, 17]. Different works
in the literature treat the coupling between NCs and resistive shunt impedances (e.g. [11, 18]), while few
address the coupling with resonant impedances (e.g. [19]).

The purpose of this paper is to show how to optimise the values of L and R when NCs are added in
the shunt circuit, giving general formulations. Furthermore, the consequent attenuation performance is

1
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Figure 1: Piezoelectric shunt without NCs (a), with an NC (−C1) connected in parallel (b), with an NC (−C2)
connected in series (c), with two NCs (−C1 and −C2) connected in series+parallel (SP) (d)

quantificated and analysed.
The second part of the paper then discusses the effect of the practical implementation of NCs on the

stability of the whole system and hints are given to overcome possible problems. Therefore, the structure
of the paper is as follows: Section 2 briefly describes the model employed in this paper to describe
the electro-mechanical system. Then, Section 3 shows how to optimise the shunt circuit and provides
estimates of the attenuations achievable with this type of vibration control strategy. Section 4 discusses
practical issues related to the coupling bewteen resonant shunt and NCs and explains how to solve them.
Finally, Section 5 discusses an experimental campaign performed to validate the theoretical results.

2 MODEL OF THE ELECTRO-MECHANICAL STRUCTURE

The model used in this paper to describe the behaviour of the electro-mechanical system was devel-
oped in the works of Thomas et al. [20, 21] and Ducarne et al. [22] and then refined in the work of
Berardengo et al. [18], where a detailed description of the dynamics of the electrical part of the sys-
tem improves the accuracy of the whole model. These referenced works show that the dynamics of the
electro-mechanical system in presence of NCs in the shunt circuit and in case of low modal density is
described by the following equations at Ω � ωi (where Ω is the angular frequency and ωi is the i-th
eigenfrequency of the system with the piezoelectric actuator short-circuited):

q̈i +2ξiωiq̇i +(ωoc
i )2qi −ωik̃iQ̄sh = Fi (1)

V̄sh − Q̄sh +ωik̃iqi = 0 (2)

Equation (1) describes the motion of the system, while Eq. (2) describes the dynamics of the electrical
part of the system. Here, ξi is the non-dimensional damping ratio associated to ωi and Fi is the modal
forcing. ωsc

i and ωoc
i are the eigenfrquencies of the structure coupled to NCs when Zsh is zero (SC) or +∞

(OC), respectively; they can be written as functions of ωi, −C1, −C2 (i.e. the NCs, see Fig. 1) and the
capacitance of the piezoelectric patch (see [18]). Furthermore, qi is the modal displacement. Q̄sh and V̄sh
are the normalised charge and voltage seen by the impedance Zsh (Q̄sh = Qsh/

√
Ceq and V̄sh =Vsh

√
Ceq),

2
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respectively (see Fig. 1). Since the capacitance of the piezoelectric patch depends on the frequency, a
particular capacitance value appears naturally in the equations: Cpi, which is the blocked capacitance
corrected by a static term accounting for the higher modes (see [18]). Ceq is Cpi modified by the NCs.
The expressions of Ceq, which are dependent on the type of connection of the NCs (see Fig. 1), can be
found in [18]. k̃i is the enhanced modal electro-mechanical coupling factor and it can be estimated as
[18]:

|k̃i| �
√

(ωoc
i )2 − (ωsc

i )
2

ω2
i

(3)

It is important to mention that, considering the elastic structure coupled to the NCs, the enhanced modal
electro-mechanical coupling factor k̃i appears naturally in the dynamical equations of the coupled system.
k̃i is the classical modal electro-mechanical coupling factor ki increased by the effect of the NCs [9, 18]).
This similarity enables to write the same model than for a classical shunt (see Eqs. (1) and (2)), with the
effect of the NCs taken into account by k̃i, ωsc

i and ωoc
i .

If the proper link between V̄sh and Q̄sh is derived, according to the type of connection between L and
R (either parallel or series, see [5]), the frequency response function (FRF) of the system can be derived
starting from Eqs. (1) and (2). The FRF in case of parallel connection between L and R is:

Hpar
i (Ω) =

qi

Fi
= (−Ω2 +ω2

e +2jξeωeΩ)

·[Ω4 −Ω2(ω2
e +4ξiξeωiωe +(ωoc

i )2)+(ωsc
i )

2ω2
e

+jΩ[2ξeωe((ωsc
i )

2 −Ω2)+2ξiωi(ω2
e −Ω2)]]−1 (4)

while, for the series link, it is:

Hser
i (Ω) =

qi

Fi
= (−Ω2 +ω2

e +2jξeωeΩ)

·[Ω4 −Ω2(ω2
e +4ξiξeωiωe +(ωoc

i )2)+(ωsc
i )

2ω2
e

+jΩ[2ξeωe((ωoc
i )2 −Ω2)+2ξiωi(ω2

e −Ω2)]]−1 (5)

ωe and ξe are the eigenfrequency and the non-dimensional damping ratio of the electrical circuit, respec-
tively. They can be expressed as functions of L and R. The relationships, in case of parallel connection,
are:

ωe =
1√
LCeq

, ξe =
1

2R

√
L

Ceq
(6)

while, in case of a series link, they are:

ωe =
1√
LCeq

, ξe =
R
2

√
Ceq

L
(7)

These FRFs are valid for all the types of NC connections, provided to use the proper formulation of
the terms ωsc

i and ωoc
i , which are functions of the type of NC connection. The expressions of these two

parameters for all the three NC links (parallel, series, and series+sparallel (SP), see Fig. 1) can be found
in [18, 19].

3
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3 OPTIMISATION OF THE SHUNT AND ATTENUATION PERFORMANCES

To optimise the control system, the shunt network parameters (L, R and the NC) must be set. Accord-
ing to [18, 19], the value of the NC (in absolute value) must be set as close as possible to Cpi. However,
a perfect equality between the NC (in absolute value) and Cpi is not possible because there are stability
limits on the values of the NC. These stability limits are provided in [19]. It is noticed that the closer
the value of the NC (in absolute value) is to the value of Cpi, the higher the value of |k̃i| is and, thus,
the higher the attenuation performance is. High values of |k̃i| can be achieved thanks to the fact that the
presence of NCs in the shunt circuit make the short- and open-circuit farther and farther (see Eq. (3), and
refer to [18] for more details).

Relying on the FRFs of Eqs. (4) and (5), it is possible to optimise the values of L and R. The method
used here is, indeed, a well-established approach already employed for optimising tuned mass dampers
and passive (i.e. without NCs) piezoelectric shunts (e.g. [7, 21, 23, 24]), based on considerations on the
shape of the transfer function of the controlled system. The value of L is set noticing that there exist two
points of the FRF amplitudes, at ωF− and ωF+ , respectively, at which all the curves obtained changing
the ξe value, for a given value of ωe, cross. Imposing the equality of the FRF amplitudes at ωF− and ωF+ ,
the optimal value of ωe (named here ωopt

e ) is derived, as well as that of L.
Then, the optimal value of ξe (named here ξopt

e ), and thus that of R, can be found by imposing that the
FRF amplitudes have a maximum first at ωF− and, then, at ωF+ . The first condition allows to find a value
of ξe named ξ−e , while the second condition allows to find a value of ξe, named ξ+e . Then, the value of
ξopt

e is derived as:

ξopt
e =

√
(ξ+e )2 +(ξ−e )2

2
(8)

The expressions of ωopt
e and ξopt

e are provided in Table 1. Thanks to the general formulation used to
model the system, these expressions are valid for all the NC configurations.

Table 1: Expressions of ωopt
e and ξopt

e

parameter L and R connected in parallel L and R connected in series

ωopt
e =

√
3(ωsc

i )2−(ωoc
i )2

2 ωoc
i

ξopt
e =

√
3

2

√
(ωoc

i )2−(ωsc
i )2

3(ωsc
i )2−(ωoc

i )2

√
3

2

√
(ωoc

i )2−(ωsc
i )2

(ωoc
i )2+(ωsc

i )2

The attenuation performance achievable by the optimised shunt can be measured by means of an
index named AdB and expressed in decibel, defined as:

AdB = 20log10
Hsc

Hshunt
(9)

where Hsc is the maximum FRF amplitude value of the uncontrolled system (i.e. when the piezoelectric
actuator is short-circuited without any NCs), while Hshunt is the FRF amplitude at ωF− (this index is used
because of the flat shape of the FRF amplitude around ωi with the optimised shunt, see [21]).

Figure 2 shows the trend of AdB as a function of the value of |k̃i| for an NC in either parallel or series.
As for the SP configuration, the trends are not reported here because they are always between those of

4
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Figure 2: Trend of AdB as a function of |k̃i| for an NC in parallel (a) and an NC in series (b) for different values of
ξi. ki = 0.01. Solid lines for R and L connected in series and dashed lines for R and L connected in parallel.

the parallel and the series. They slightly change according to the value set for the ratio Cpi/C1 (where C1
is the absolute value of the NC in parallel in the SP configuration, see Fig. 1).

The attenuation curves are close each other for all the NC layouts and the types of connection between
L and R when the value of k̃i is low. Conversely, when it increases, some differences become evident:

- the series connection between L and R offers higher attenuation levels compared to the parallel
one;

- the NC in parallel offers slightly higher attenuations compared to the series NC. However, it is
noticed that the parallel NC is usually used to attenuate high-order modes, while the series NC is
employed for low-order modes. Thus, they must not be directly compared. Conversely, the SP
configuration is suitable for all the modes;

- the curve of the NCs in series (and SP), when L and R are connected in parallel are stopped at
k̃i � 0.8 because, over this threshold, the value of [3(ωsc

i )
2−(ωoc

i )2] (see Tab. 1) becomes negative
and ωopt

e becomes imaginary;

- the AdB values depend mainly on the values of |k̃i| and ξi and show a very small dependence on
the ratio between the NCs and Cpi.

4 PRACTICAL ISSUES

This section analyses two different aspects related to possible issues which can arise in practical
applications where piezoelectric shunt damping with NCs is employed. The two following subsections
analyse them one by one.

4.1 The static gain for NCs in series and SP

When the value of |k̃i| is increased over about 0.8 using NCs in either series or SP, the curves shown in
Fig. 2 can become non-accurate in describing the value of the actual attenuation provided by the shunt.
Indeed, in these cases, the static gain of the FRF amplitude can become high, and even higher than the
resonance peak (see, as an example, Fig. 3). Nevertheless, the curves of Fig. 2 are still able to properly
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Figure 3: |Hi| for |k̃i| equal to 0.7 and 0.9. ki=0.3, ωi/(2π)=30 Hz and ξi=0.1%

Figure 4: The electrical scheme for implementing a pure NC in series (a), the scheme with addition of R̂, and the
use of the compensation resistance Rs (c).

describe the attenuation if the interest is in the behaviour of the system at frequency values around ωi.
However, since the peak of the FRF amplitude is no more there, the AdB curve is no more related to the
maximum attenuation (which is worse). However, it must be highlighted that in many practical cases,
like those discussed in this paper, the static gain is not so important and, thus, often this issue can be
neglected.

Figure 3 also allows to evidence an important aspect: the use of NCs coupled to resonant shunt is
potentially able to completely cancel a resonance peak. As an example, the curve related to k̃i = 0.7 is
almost flat up to about 40 Hz. This point will be addressed again in Section 5, where it will be shown
that resonance cancellation is actually possible in practical applications.

4.2 The stability of NCs in series and SP

When NCs in either series or SP are used, sometimes the circuit used to build pure NCs (see, as an
example, Fig. 4a) cannot be used because of electrical problems like bias currents. This requires the
addition in the series NC, and in the NC in series in the SP configuration, of an additional resistance R̂
(see Fig. 4b). This additional component in the impedance makes it behave like the parallel of an NC

6
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Figure 5: Trend of the attenuation as a function of |k̃i| for a system with ωi/(2π)=30.5 Hz, ξi=0.1%, ki=0.2 and
different values of Req: -1 MΩ (solid curves), -10 MΩ (dashed curves) and -75 MΩ (dash-dotted curves). Thick
lines for a series NC and thin lines for NCs in SP (with C1/Cpi=0.5). The trends of the theoretical AdB curves are
not reported because they have negligible differences compared to the curves with Req=-75 MΩ.

and a negative resistance [18]. This negative resistance has an influence on the attenuation performance
at low frequency (e.g. below 20 Hz), thus changing the behaviour of the curves in Fig. 2b. However, the
major problem caused by this layout is related to the fact that it has destabilising effects on the system
[25]. Therefore, the theoretical stability limits do not hold anymore and the value of the NC must be
moved away from that of Cpi to guarantee system stability. This implies a worsening of the attenuation
performance, even in case the vibration control is performed at high frequency.

There are two ways to prevent such a problem. The main one is the use of a compensation resistance
Rs in parallel to the negative resistance (see Fig. 4c). If the values of Rs is chosen so that the total
equivalent resistance becomes negative and with a high absolute value (e.g. -75 MΩ), then the problems
related to the worsening of the attenuation performance at low frequency and the additional possibility
of having system instability tend to disappear. This is because, with such a value of the total equivalent
resistance, the electric circuit of Fig. 4c tends to behave like a pure NC.

The other way to overcome the mentioned problems is the use of the SP NC in place of the series
NC. Indeed, with the same value of k̃i and the same value of the equivalent resistance, the SP shows to
be farther from instability than the series NC [19] and the achievable attenuation performance is higher
(see Fig. 5, as an example).

5 EXPERIMENTS

This section aims at validating the previous theoretical outcomes by means of an experimental cam-
paign. The set-up was made from a stainless steel cantilever beam (length 18 cm and thickness 1.1 mm)
with two piezoelectric patches bonded at the clamped end (on opposite sides of the beam) and electri-
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Figure 6: Numerical (dashed curves) and experimental (circles) for an NCs in parallel (a), series (b) and SP (c).

cally connected in series. The excitation to the structure was provided by a contacless electro-magnetic
actuator [26] and the structural response was measured by means of a laser velocimeter. The NCs were
built with OPA445 OP-AMPs, always supplied with a voltage of ±30V, as well as the inductance of the
shunt due to its high values [27]. The layout used to build the inductance was the Antoniou’s circuit
[19, 21, 28].

The eigenmode chosen to carry out the tests was the first. Its modal parameters were estimated by
means of an experimental modal analysis and their values for all the tests carried out are gathered in Tab.
2.

Table 2: Modal parameters identified experimentally

parameter Test A Test B Test C
ωi/(2π) [Hz] 34.42 34.45 34.50

ξi [%] 0.39 0.36 0.36
ki 0.2618 0.2662 0.2603

Figure 6 shows the values of the AdB index for NCs in parallel (plot a, test A), series (plot b, test B)
and SP (plot c, test C) as a function of the value of |k̃i|. The highest values of |k̃i| tested for the NCs in
series and SP were much higher than in the case of the NC in parallel. This is due to the fact that, as
mentioned, the parallel NC is used to control high order modes, while here the first mode is accounted
for. This implies that it is not possible to achieve high values of |k̃i| with an NC in parallel due to stability
limits, as demonstrated in [18, 19].

The plots of Fig. 6 show good agreement between theoretical expectations and experimental results.
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Figure 7: Experimental FRFs for test B: piezoelectric patch in SC without any NCs (dashed line) and shunted
(solid line, NC in series, k̃i = 0.69)

This demonstrates the reliability and the accuracy of the model used. Furthermore, the same plots show
that the attenuation achievable by coupling NCs to the classical resonant shunt is very high. More details
about the test campaign can be found in [19].

Finally, Fig. 7 shows some experimental FRFs in the case of test B. The main outcome of this figure is
that it is actually possible to achieve resonance cancellation, as already mentioned in Section 4.2. Indeed,
the curve in the figure related to k̃i=0.69 is almost flat up to about 40 Hz. This demonstrates the great
potentiality of the coupling between resonant shunt and NCs in practical application, because it allows
to achieve very high attenuation levels, even allowing for resonance cancellation.

6 CONCLUSIONS

This paper has addressed the use of piezoelectric shunt for attenuating mechanical vibrations. Partic-
ularly, the shunt impedance treated in the paper is made from the classical resonant shunt impedance (an
inductance and a resistance connected in either series or parallel) coupled to one or two NCs.

Optimisation formulas are provided for all the possible layouts of the shunt impedance. This allows
to have general formulations for the tuning of the values of the inductance and the resistance. With
these optimisation formulae, it is shown that the attenuation achievable by using this type of suppression
approach can be very high. Basically, the attenuation for the optimised shunt is function of the values of
the enhanced electro-mechanical coupling coefficient and of the mechanical non-dimensional damping
ratio.

Furthermore, the paper shows which practical problems could occur in real applications and provides
methods for overcoming them.

The theoretical results have been validated by carrying out experimental tests on a cantilever beam
provided of two piezoelectric actuators electrically connected in series. One of the main outcomes of the
experiments is that the coupling between resonant shunt and NCs is able to achieve resonance cancella-
tion in real applications, thanks to the very high achievable attenuation levels.
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Abstract. Theoretical and experimental results tracing non linear behaviors of an electro-mechanic

beam are presented. Two configurations for the beam are studied: a homogeneous beam with a single

piezoelectric patch (the unilateral configuration (1)) and a homogeneous beam with two piezoelectric

materials patched symmetrically on each side of the beam (the bilateral configuration (2)). It is shown

that by changing the position of the piezoelectric materials, internal resonances 1 : 2 and 1 : 3 between

two modes can be achieved for both configurations. Tracing the mode shapes of the composite beams

demonstrate their modification due to the presence of the piezoelectric patches. The configurations

are supposed to present quadratic and cubic non linearities, when the configuration (1) posses more

quadratic non linear terms than configuration (2). This conclusion is made through the theoretical part

and experimental results traced for the direct excitation of one mode. Experimental results when the

configuration (2) is set in its 1 : 3 internal resonance and excited on its lower mode are presented and an

energy transfer toward the upper mode is exhibited.

1 INTRODUCTION

Piezoelectric materials can be used for the aim of control [1] and energy harvesting [2]. Several

studies showed the interest of using non linear circuit with those materials to enhance the efficiency of

control process by the piezoelectric materials [3, 4, 5, 6].

On the contrary of linear systems, nonlinear systems can present mode coupling(s) and energy ex-

change(s) between different modes due to internal resonances. This phenomenon can be used for pas-

sive control and/or energy harvesting [7]. The creation of internal resonances in non linear systems is

influenced by the degree of nonlinearity of the considered system: in systems which present cubic non-

linearities, the internal resonance can happen if we have: ωq ≃ ωr, ωq = 3ωr, ωk ≃ |±2ωq ±ωr|, whre
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Figure 1: Schemes of the unilateral configuration (1), composed of one piezoelectric material patched on an homo-

geneous beam, and the bilateral configuration (2) consisting in two piezoelectric materials patched symmetrically

on an homogeneous beam. The beam is supposed clamped-free of length Lb, and the piezoelectric materials are

patched between the positions x = x1 and x = x2.

ωi is the ith natural frequency of the system. In systems with quadratic non linearity, besides the above

conditions, the internal resonance can emerge if ωq ≃ 2ωr and ωk ≃ ωq ±ωr, ...[8, 9]. When an internal

resonance is reached, a strong energy exchange between the modes can happen depending on the non-

linear coefficients of the system.

The aim of this work is to use the energy exchanges between modes of a multi-physics system (an

homogeneous beam and piezoelectric materials), due to internal resonances, for control and/or energy

harvesting. For our study two configurations of beam with piezoelectric materials are studied: a con-

figuration with only one piezoelectric material patch on an homogeneous beam, called as the unilateral

configuration (1), the other one is named the bilateral configuration (2), it consists of two piezoelectric

materials placed symmetrically on each side of the beam, as seen in Fig.1. While both configurations

present cubic and quadratic non linearities, the effect of quadratic terms in configuration (1) is more evi-

dent compare to the configuration (2). From the theoretical developments it is deduced that the position

of the piezoelectric patches on the beam can be used to create internal resonances between modes[10].

For example, internal resonances 1 : 2 and 1 : 3 can be achieved as: ω3 ≃ 3ω2 and ω3 ≃ 2ω4. The focus

of this paper is studying the 1 : 3 internal resonance happening between the second and the third mode.

The paper is structured as it follows: theoretical developments are presented in Section 2. In detail, after

presenting governing system equations, spatio-temporal variables of the system are separated leading to

detection of frequency and mode shapes of the composite beams. Then governing system equations are

projected on: (i) one mode when the system doesn’t have any internal resonances and (ii) two modes

presenting an internal resonance 1 : 3, and are treated via a multiple scale method. In Section 3 experi-

mental results are provided: First, natural frequencies and mode shapes are detected and compared with

the theoretical results. Then results of two cases are presented and commented, (i) a single mode excita-

tion traced via a Phase-Locked-Loop (PLL) [11] method and (ii) we set the bilateral configuration in its

1 : 3 internal resonance, and we detect the equilibrium points through a synchronous detection method.

2 THEORETICAL DEVELOPMENTS FOR THE DIFFERENT CONFIGURATIONS

Let us denote by v(x, t) the displacement in the �ey direction as seen in Fig.1. The piezoelectric

materials (PIC151) are supposed to be polarized in the �ey direction and they are positioned between

x = x1 and x = x2. Then their free electrical enthalpy H(ε,E), with εxx and Ey the strain and the electrical

2
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field in the direction�ex and�ey respectively, is expanded until the order 3 [10, 12] in its variables as:

H(εxx,Ey) =
s11

2
εxx +d31εxxEy +ξ33

E2
y

2
+ r331εxxE2

y +d311ε2
xxEy +ξ333

E3
y

3
+

s111

3
ε3

xx (1)

where s11, d31, ... are some constants coming from the piezoelectric materials non linear behavior.

Then, the electro-mechanical equations of the 2-dimensional multi-physics system can be written as [10]:

µ(x)v̈+ cvv̇−Qv = EI(x)[−v(iv)− (v′(v′v′′)′)′]+ [v′
∫ Lb

x
(−µ(x)/2)

¨� �� �
[
∫ 0

x
v′2 dx] dx]′ (2)

+
∫ hb

2
+hp

hb
2

∫ bp
2

−bp
2

��
(H (x1)−H (x2))v

′′2 +2(δ(x1)−δ(x2))2v′′v′′′+(δ′(x1)−δ′(x2))v
′′2

�
y3s111

+

�
(H (x1)−H (x2)v

(iv) +2(δ(x1)−δ(x2)v
′′′+(δ′(x1)−δ′(x2))v

′′)

�
2d311

hp

y2V +

+(δ′(x1)−δ′(x2))(
−d31

hp

yV +
r331

h2
p

yV 2)

�
dydz

Q =

∫ x2

x1

∫ bp
2

−
bp
2

(d31yv′′ −ξ33Ey +2r331yEy −2d311y3v′′2 −ξ333E2
y )dx dz

when˙and ′ stand for time and space derivations of a variable respectively, and cv is the damping of the

system, H and δ are the Heaviside and Dirac functions and s111 is a nonlinear piezoelectric coefficients

[12, 13], taking into account a nonlinear stiffness behavior of the piezoelectric materials, and:

µ(x) =

�
µ1(x) = µb x ∈ [0,x1[U ]x2,Lb]
µ2(x) = µb +χ µp x ∈ [x1,x2]

(3)

where µb and µp are the mass densities of the beam and the piezoelectric materials respectively, and χ = 1

or 2 depending if the unilateral or bilateral configuration is considered, and:

EI(x) =





EI1(x) = Eb

bbh3
b

12
x ∈ [0,x1[U ]x2,Lb]

EI2(x) = Eb

bbh3
b

12
+χ Ep

bph3
p

12
x ∈ [x1,x2]

(4)

Eb, bb, hb and Ep, bp, hb are the Young modulus, the width and the thickness of the beam and the

piezoelectric materials respectively.

2.1 Treatment of spatial system equations

A separation of the spatio-temporal variables of the displacement v(x, t) is done, as it follows:

v(x, t) = φ(x)r(t) (5)

To detect the natural frequencies of the system, the linear part in time of Eq. (2) is taken:

µ(x)r̈(t)φ(x) = EI(x)r(t)φ(iv)(x) (6)

µ(x) and EI(x) are defined by parts as seen in Eqs.(3) and (4), because of the position of the piezoelectric

materials, this is why the mode functions φ(x) are written as:

3
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φ(x) = (1−H (x1))φ1(x)+ (H (x1)−H (x2))φ2(x)+H (x2)φ3(x) (7)

Then the following differential equations arise:

µ1(x)φ1(x) = EI1(x)φ
(iv)
1 (x) with x ∈ [0,x1[ (8)

µ2(x)φ2(x) = EI2(x)φ
(iv)
2 (x) with x ∈ [x1,x2]

µ1(x)φ3(x) = EI1(x)φ
(iv)
3 (x) with x ∈]x2,Lb]

where:

φ j(x) = A j cos(Kjx)+B j sin(Kjx)+Cj cosh(Kjx)+D j sinh(Kjx) (9)

with j = 1, 2 and 3.

The beam is supposed to be clamped-free, as seen in Fig. 1. Moreover, since piezoelectric materials are

fully patched on the beam, one should impose continuity conditions on the system modes at x = x1 and

x = x2.

Those conditions allow us to access a critical equation to find the natural frequencies and the mode

functions of both configurations of the multi-physics system [14, 5, 10].

2.2 Treatments of temporal system equations

From the section 2.1, the mode functions of the system are found. To solve the problem in time,

Eq. (2) is projected on the mode(s) of interest(s), and the following equations in time are solved with

a Multiple Scale method [9]. Two different cases are considered: (i) we suppose that only one mode is

excited by the external excitation, (ii) we suppose that two modes are in a 1 : 3 internal resonance and

the lower one is directly excited by the external excitation.

2.2.1 Case (i): a single mode excitation

For the case (i), let us suppose the dth mode is directly excited, this way v(x, t) is expanded as:

v(x, t) = φd(x)rd(t) (10)

Eq.(2) projected on the mode dth can be written as:

0 = T0r̈d +T1ṙd +T2Ω2 cos(Ωt)+T3rd +T4r3
d +T5rd

¨︷︸︸︷
r2

d +T6r2
d +T7rdV +T8V +T9V

2 (11)

0 = S1rd +S2V +S3rdV +S4r2
d +S5V

2

T0, T1, ...,T9, S1, ... and S5 are some constants coming from the projection on the dth mode and Ω is

the frequency of the external excitation. It should be noted that for the configuration (2), T6 = T9 = 0,

removing most of the quadratic non linear terms for this configuration.

The Multiple Scale hypothesis are written as follow:

T1 = T2 = T4 = T5 = T6 = T7 = T8 = T9 = O(ε) (12)

rd = rd0 + rd1ε+ rd2ε2

V = V0 +V1ε+V2ε2n

Ω = ωd + εσ

∂

∂t
= D0 + εD1 + ε2D2

4
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Figure 2: Theoretical curves for the second mode of |A2
21+B2

21| from the Cardano equation for both configurations:

unilateral (1) (in green, on the left) and bilateral (2) (in blue, on the right). Nonlinear piezoelectric coefficients are

taken from [15].

with σ a detuning parameter and ωd the dth frequency of the multi-physics system.

We then suppose that rd0 is expanded as:

rd0 = Ad +Ad1 cos(Ωt)+Bd1 sin(Ωt) (13)

Studying system equations until O(ε), a Cardano equation in A2
d1 +B2

d1 is obtained that can be solved

and shows a Duffing behavior, and the quadratic nonlinear terms only allow to go from softening to

hardening behavior [10] if those are high enough. Theoretical curves for both configurations are traced

for the second mode in Fig. 2, nonlinear piezoelectric coefficients are taken arbitrarily from [15]. For the

configuration (1), the effects of the quadratic non linear terms are not activated yet, but, [16, 17] show

that the quadratic terms can be responsible for a change of curvature.

2.2.2 Case (ii): two modes in a 1 : 3 internal resonance with the lower one directly excited

For this problem, we suppose the nth and the mth modes to be in a 1 : 3 internal resonance (ωm = 3ωn),

thus we suppose v(x, t) expanded as:

v(x, t) = φn(x)rn(t)+φm(x)rm(t) (14)

Projecting Eq. (2) on the nth and the mth modes, the following equations are found:

0 = N0r̈n +N1ṙn +N2Ω2
2 cos(Ω2t)+N3rn +N4r3

n +N5r2
nrm +N6rnr2

m +N7r3
m +N8rn

¨︷︸︸︷
r2

n (15)

+N9rn

¨︷︸︸︷
r2

m +N10rn

¨︷︸︸︷
rnrm +N11rm

¨︷︸︸︷
r2

n +N12rm

¨︷︸︸︷
r2

m +N13rm

¨︷︸︸︷
rnrm +N14r2

n +N15rnrm +N16r2
m

+N17rnV +N18rmV +N19V +N20V
2

0 = M0r̈m +M1ṙm +M2Ω2
2 cos(Ω2t)+M3rm +M4r3

n +M5r2
nrm +M6rnr2

m +M7r3
m +M8rn

¨︷︸︸︷
r2

n

+M9rn

¨︷︸︸︷
r2

m +M10rn

¨︷︸︸︷
rnrm +M11rm

¨︷︸︸︷
r2

n +M12rm

¨︷︸︸︷
r2

m +M13rm

¨︷︸︸︷
rnrm +M14r2

n +M15rnrm +M16r2
m

+M17rnV +M18rmV +M19V +M20V
2

0 = L1V +L2rn +L3rm +L4V
2 +L5r2

n +L6r2
m +L7rnrm +L8rnV +L9rmV

5
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where N0, N1, ... ,N16, M0, M1, ...,M16 and L1, ... L9 constants from the projection on the nth and mth

modes respectively and Ω2 is the frequency of the external excitation.

The hypothesis made for the Multiple Scale method are as follow:

N1 = ε2N1p (16)

N2 = ε3N2p

M1 = ε2M1p

M2 = ε3M2p

N19 = εN19p

M19 = εM19p

rn = rn1ε+ rn2ε2 + rn3ε3

rm = rm1ε+ rm2ε2 + rm3ε3

Ω2 = ωn + ε2σ2

ωm = 3ωn + ε2σ3

∂
∂t

= D0 + εD1 + ε2D2 (17)

where σ2 and σ3 are detuning parameters.

We suppose rn1 and rm1 are expanded as:

rn1 = An1 cos(Ω2t)+Bn1 sin(Ω2t) (18)

rm1 = Am3 cos(3Ω2t)+Bm3 sin(3Ω2t)

(19)

At O(ε3), the solvability condition gives the following system of coupled equations:

0 = F1(An1,Bn1,Am3,Bm3) (20)

0 = F2(An1,Bn1,Am3,Bm3)

0 = F3(An1,Bn1,Am3,Bm3)

0 = F4(An1,Bn1,Am3,Bm3)

(21)

This way, the amplitudes of rn1 and rm1 are coupled, meaning that although the nth mode is directly

excited, the mth mode respond as well due to the mode coupling. From [10], supposing the piezoelectric

materials linked to a resistor and an internal resonance 1 : 3 between the second and the third mode, we

have Fig. 3, it shows that the first harmonic of the second mode and the third harmonic of the third

mode are the ones responding as expected from the hypothesis Eq. (19). We can see that |A2
21 +B2

21| ≃
10|A2

33 +B2
33|, showing that the nonlinear coefficients are not large enough to have a real exchange of

energy between the modes.

3 EXPERIMENTAL RESULTS FOR BOTH CONFIGURATIONS

For the experimental set up, the multi-physics beams are fixed through a clamping system that is

screwed on a shaker. The shaker is excited via an amplifier. An accelerometer is glued on the clamping

system allowing us to monitor the input excitation given to the structure. Then, the velocity of a given

6
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Figure 3: Theoretical curve for a problem with coupled modes and a electrical circuit solved with Manlab for rn

and rm with three harmonics.

point of the structure is detected by a laser vibrometer. The software used allows us to find the different

natural frequencies of the configuration and also to trace the modal deformations. A Phase-Locked-Loop

(PLL) method [11] is also used, exciting one mode of the structure. Finally, a synchronous detection

is performed on configuration (2) when set to present a 1 : 3 internal resonance between its second and

third natural frequencies.

3.1 Experimentally results detected: frequencies and modal deformations

First, the Young Modulus Eb of the homogeneous beam is fixed thanks to a scaling between its

theoretical and experimental frequencies. On both considered configurations, the piezoelectric mate-

rials are patched at a fixed position from the free end of the beam as ∆ = Lb − x2 and their length is

x2 − x1 = 0.05 m. For the unilateral configuration (1), ∆ is set equal to 0.06 m, as for the bilateral config-

uration (2), we have ∆ = 0.07 m.

From the mechanical properties of the homogeneous beam and the piezoelectric materials (PIC151), de-

tailed in Table 1 and 2, and knowing x1 and x2 for both configurations, theoretically and experimentally

obtained frequencies of the fourth mode are compared in Fig. 4, for different length of the beam Lb.

In Figs. 4 and 5, it is seen that experimental results are in a reasonable agreements with the theoretical

ones.

Table 1: Mechanical properties of the homogeneous beam

µb (kg.m−3) Eb (Pa) hb (m) bb (m)

7.8104×103 1.78881×1011 0.5×10−3 13×10−3

Furthermore, the experiments showed that a 1 : 2 and 1 : 3 internal resonances can be created between

the third and fourth modes and the second and third modes respectively, for a special length of the beam

Lb. Figure 5 shows that mechanical (stiffness and mass addition) of the piezoelectric materials have an

effect on the modal deformation, it also confirmes that the function is different from the one of the beam

only.

As a summary, the hypothesis that the modal deformation are modified by the presence of the piezoelec-

7
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Table 2: Mechanical properties of the piezoelectric materials PIC151

µp (kg.m−3) Ep (Pa) hp (m) bp (m)

8.5×103 66.7×109 0.5×10−3 10×10−3
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Figure 4: Theoretical (continuous line) and experimental (o) points where obtained for the fourth natural frequency

of the unilateral configuration (1) (in green, on the left) and the bilateral configuration (2) (in blue, on the right)

respectively, for different values of the length of the beam Lb.

tric patches and should be written by parts accordingly, is confirmed experimentally. Moreover, it is seen

that the piezoelectric materials positions can help the creation of internal resonances.

3.2 Experimentally detected forced responses of the system

Two methods are used to study the behavior of the system excited around some of its natural frequen-

cies by the shaker.

The first method is the PLL method [11]. For this method, the phase between the excitation and the

vibration of the system is set to stay constant equal to 0 or −Π, depending on where the vibrometer laser

is pointed on the structure. Then, starting around one of the natural frequency of the system, the forcing

is gradually increased while the system keeps the difference of phase at 0 or −Π.

As for the synchronous detection, a loop is made to control the intensity given at the shaker in order

to have the same excitation while a sweep in frequency is performed around a natural frequency of the

system. For this excitation, the configuration (2) is set at a disposition where a 1 : 3 internal resonance is

created between the second and third mode.

3.2.1 Single mode excitation, the Phase-Locked-Loop method

The PLL method is used to have the results for both configurations, at Lb = 0.17, assuring the config-

uration’s natural frequencies are not in any internal resonances disposition.

It can be seen from Fig. 6, that for the unilateral configuration, there is a change of curvature that

is not seen for the bilateral configuration. This can be explained by the presence of quadratic nonlinear

terms in the unilateral configuration, that are less important for the bilateral configuration [16, 18], as it is

supposed in the theoretical model, since T6 = T9 = 0 for the bilateral configuration in Eq. (12) removing

most of the quadratic non linear terms.

8
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Figure 5: Experimental points (o) and theoretical curves (-) of the modal deformations of the fourth mode are

presented for different configurations at Lb = 0.17. In black is the modal deformation of the homogenous beam, in

green the one of the unilateral configuration (1) and in blue the one of the bilateral configuration (2).
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Figure 6: Forced response curves obtained via the PLL started around the second natural frequency of each

configuration, the unilateral (in green, on the left) and the bilateral (in blue, on the right), respectively.

3.2.2 The 1 : 3 internal resonance with the lower mode excited, using a synchronous detection

method

Here the second and the third mode are supposed to be in a 1 : 3 internal resonance, thus, from Eq.

(17), v(x, t) is expanded as:

v(x, t) = φ2(x)r2(t)+φ3(x)r3(t) (22)

(23)

We develop r2(t) and r3(t) in Fourier Series of Ω2 the frequency of excitation, as:

r2(t) =
∞

∑
s=1

(A2s cos(sΩ2t)+B2s sin(sΩ2t)) (24)

r3(t) =
∞

∑
s=1

(A3s cos(sΩ2t)+B3s sin(sΩ2t))

Experimentally, we set the configuration (2) at a length Lb = 0.12 m allowing a resonance 1 : 3 between

the second and the third mode. To compare the results of the experiment with what was expected from

9
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Figure 7: Experimental points of the synchronous detection method around the second natural frequency of the

bilateral configuration at Lb = 0.12 m, allowing a 1 : 3 internal resonance between the second and the third mode.

The experimental points (*) of the first harmonic of the second mode at x = x f 3, are traced for different amplitude

of excitation of the system, on the left. The experimental points (+) of the first harmonic of the third mode (at

x = x f 2), are traced for the same different amplitude of excitation of the system, on the right.
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Figure 8: Experimental points of the synchronous detection method around the second natural frequency of the

bilateral configuration at Lb = 0.12 m, allowing a 1 : 3 internal resonance between the second and the third mode.

The experimental points (*) of the third harmonic fo the second mode (at x= x f 3), are traced for different amplitude

of excitation of the system, on the left. The experimental points (+) of the third harmonic of the third mode (at

x = x f 2), are traced for the same different amplitude of excitation of the system, on the right.

the Multiple Scale Method, the experiments are conducted at two different points on the system: x = x f 2

a node of the second mode and x = x f 3 a node of the third mode. This way, it can be written:

At x = x f 2 v(x = x f 2, t)≃
∞

∑
s=1

(A3s cos(sΩ2t)+B3s sin(sΩ2t)) (25)

At x = x f 3 v(x = x f 3, t)≃
∞

∑
s=1

(A2s cos(sΩ2t)+B2s sin(sΩ2t))

(26)

Thus, at x = x f 2 we trace the third harmonic of the response which correspond to |A2
33 +B2

33| from the

Multiple Scale comparison, and at x = x f 3 the first harmonic of the response which relates to |A2
21 +

B2
21|. In Fig. 7, we trace the first harmonic of the second (at x = x f 3) and third mode (at x = x f 2)

and in Fig. 8, we trace the third harmonic of the second (at x = x f 3) and third mode (at x = x f 2) ,

respectively for the bilateral configuration. Figures 7 and 8 shows that |A2
33 +B2

33| > |A2
31 +B2

31| and

|A2
21 +B2

21| > |A2
23 +B2

23| confirming the hypothesis from Eq. (17) that the first harmonic of the second

mode and the third harmonic of the third mode are the one that are mainly responding. We also have

|A2
21 +B2

21| ≃ 6×|A2
33 +B2

33|, this confirms the behavior from Fig. 3. Thus, we confirmed that the 1 : 3

internal resonance is activated but there is no extreme exchange of energy between the modes. This

assumption could be verified by trying to see which of the theoretical equations found from the Multiple

10
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Scale method, with one mode excited or two modes in a 1 : 3 internal resonance is the best fit with the

experimental results.

4 CONCLUSIONS

Experimental and theoretical results of dynamics and modal interactions of a multi-physics system,

an homogeneous beam with piezoelectric materials, are presented. Two configurations are considered:

the configuration (1) consists of an homogeneous beam with a single piezoelectric patch, and the config-

uration (2) has two piezoelectric materials patched symmetrically on the beam.

After separation of spatio-temporal variables of governing system equations, the equations in space pro-

vided natural frequencies and mode shapes of the system showing possibilities of 1 : 2 and 1 : 3 internal

resonances, corresponding to ω4 ≃ 2ω3 and ω3 ≃ 3ω2 for both configurations ((1) and (2)) as investigated

in experimental tests. As for the modal deformations, experimental results confirmed that the presence of

the piezoelectric materials changes the mode shapes, and that the theoretical formulation of the functions

expressed by parts for each segment of the beam, coupled to each other via continuity conditions are

relevant.

As for the effects of the coefficients of the piezoelectric material, it is shown that non linear coefficients

are responsible of the quadratic terms in the unilateral configuration, that decreased for the bilateral con-

figuration, from the theoretical part. Tracing the responses of both configurations excited on one of their

mode, a change of curvature in the frequency response curve is observed for the unilateral configuration,

due to the quadratic non linear terms confirming their presence for configuration (1) and their almost

absence for configuration (2).

Investigating the internal resonance 1 : 3, the bilateral configuration set on its resonance showed that

although the lower mode is excited, the higher mode is also responding. Thus, the non linear coupling of

those modes exist and is expressed.

To conclude, this paper highlighted that the presence of the piezoelectric materials on the beam play an

important role on the creation of internal resonances and energy exchanges between modes. Meanwhile,

in our experimental studies, the non linear coefficients of the piezoelectric material weren’t sufficient

to create visible energy exchanges between the modes. Thus, the experiments will be used to re-scale

the theoretical model. Then, the model will be studied to enhance the non linear terms and design the

exchange of energy between the modes.
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[5] Ducarne, J., Thomas, O. and Deü, J.-F. Placement and dimension optimization of shunted piezo-

electric patches for vibration reduction. Journal of Sound and Vibration. (2012) 221:3286–3303.

11



1036

V. Guillot, A. Givois, M. Colin, O. Thomas, A. Ture Savadkoohi and C.-H. Lamarque

[6] Badel, A., Sebald, G., Guyomar, D., Lallart, M., Lefeuvre, E., Richard, C. and Qiu, J. Piezoelectric

Vibration Control by Synchronized Switching on Adaptive Voltage Sources: Towards Wide Band

Semi-Active Damping. The Journal of the Acoustical Society of America. (2006) 119:2815–2825.

[7] Mook, D.T., Plaut, R.H. and HaQuang N. The influence of an internal resonance on non-linear

structural vibrations under subharmonic resonance conditions. Journal of Sound and Vibrations.

(1985) 102:473–492.

[8] Nayfeh, A.H. and Balachandran, B. Modal Interactions in dynamical and structural systems. Ap-

plied Mechanics Review. (1989) 42:175–201.

[9] Nayfeh, A.H. and Mook, D.T. Nonlinear Oscillations. Wiley-VCH (1995).

[10] Guillot, V., Ture Savadkoohi, A. and Lamarque, C.-H. Analysis of a reduced order nonlinear model

of a multi-physics beam. Nonlinear Dynamics. Submitted (2019).

[11] Denis, V., Jossic, M., Giraud-Audine, C., Chomette, B., Renault, A. and Thomas, O. Identification

of nonlinear modes phase-locked-loop experimental continuation and normal form. Mechanical

Systems and Signal Processing. (2018) 106:430–452.

[12] Abdelkefi, A., Nayfeh, A.H. and Hajj, M.R. Global nonlinear distributed-parameter model of para-

metrically excited piezoelectric energy harvesters. Nonlinear Dynamics. (2012) 67:1147–1160.

[13] Samal, M.K., Seshu, P., Parashar, S.K., Von Wagner, U., Hagedorn, P., Dutta, B.K. and Kyshwaha,

H.S. Nonlinear behaviour of piezoceramics under weak electric fields. Part-II: Numerical results

and validation with experiments. (2006) 43:1437–1458.

[14] Maurini, C., Porfiri, M. and Pouget, J. Numerical methods for modal analysis of stepped piezoelec-

tric beams. Journal of Sound and Vibration. (2006) 298:918–933.

[15] Abdelkefi, A. Global nonlinear analysis of piezoelectric energy harvesting from ambient and aeroe-

lastic vibrations. Blacksburg, Virginia. (2012).

[16] Kovacic, I. and Brenan, M. J. The Duffing Equation: Nonlinear Oscillators and their behaviour.

John Wiley and Sons (2011).

[17] Alamo Vargas, V., Gourdon, E. and Ture Savadkoohi, A. Nonlinear softening and hardening behav-

ior in Helmholtz resonators for nonlinear regimes. Nonlinear Dynamics. (2018) 91:217–231:

[18] Shivashankar, P. and Kandagal, S.B. Characterization of elastic and electromechanical nonlineari-

ties in piezoceramic plate actuators from vibrations of a piezoelectric-beam. Mechanical Systems

and Signal Processing. (2019) 116:624–640.

12



1037

Vibration control of smart composite plates using shunted piezoelectric elementsG.K. Tairidis, K. Marakakis, P. Koutsianitis, G. Foutsitzi, J. F. Deü, G. E. Stavroulakis and R. 
Ohayon

IX ECCOMAS Thematic Conference on Smart Structures and Materials 
SMART 2019 

A. Benjeddou, N. Mechbal and J.F. Deü (Eds) 
 

 
 

VIBRATION CONTROL OF SMART COMPOSITE PLATES USING 
SHUNTED PIEZOELECTRIC ELEMENTS 

GEORGIOS K. TAIRIDIS*, KONSTANTINOS MARAKAKIS*, PANAGIOTIS 
KOUTSIANITIS*, GEORGIA FOUTSITZI†, JEAN-FRANÇOIS DEÜ‡, GEORGIOS 

E. STAVROULAKIS* AND ROGER OHAYON‡ 

* Computational Mechanics and Optimization (CoMecO) 
School of Production Engineering and Management 

Technical University of Crete 
University Campus, GR-73100 Chania, Greece 

e-mail: tairidis@gmail.com, gestavr@dpem.tuc.gr, web page: http://www.comeco.tuc.gr 
 

† Department of Informatics & Telecommunications 
University of Ioannina 

Kostakioi, GR-47100, Arta, Greece 
e-mail: gfoutsi@uoi.gr  

 
‡ Structural Mechanics and Coupled System Laboratory (LMSSC) 

Conservatoire National des Arts et Métiers, 
2 Rue Conté, FR-75003 Paris, France 

e-mail: jean-francois.deu@cnam.fr, roger.ohayon@cnam.fr, web page: http://www.lmssc.cnam.fr 

Key words: Vibrations, Smart Structures, Piezoelectrics, Shunt Circuits. 

Abstract. Smart structures, in general, have the ability to respond and reduce vibrations which 
are caused by external forces. The self-monitoring capability of smart structures is due to the 
properties of the involved materials, such as piezoelectric sensors or actuators. Passive damping 
of vibrations using shunted piezoelectric elements is quite common for structures such as 
beams, plates, smart panels, etc. In fact, shunted piezoelectric circuits can consume the kinetic 
energy of the controlled system by transferring it to a suitably defined electric impedance. The 
present investigation focuses on the control of the oscillations of a smart composite plate 
equipped with shunted piezoelectric transducers. Namely, resonant shunt circuits, i.e. circuits 
with a resistor and an inductor, which can deteriorate the vibrations near the resonant 
frequencies, are considered. The structural model of the plate is discretized by using the finite 
element method yielding to a smart laminate composite model with elastic and piezoelectric 
layers. For a laminate composite plate, a parametric analysisis was performed to evaluate 
optimal locations along the plate plane (xy) that maximize the effective modal 
electromechanical coupling coefficient. Then, the particle swarm optimization (PSO) method 
was used to find the optimum values of resistance and inductance of each circuit for a network 
of optimally located shunted piezoelectric patches bonded to the plate. Numerical examples 
validate and demonstrate the potential of the proposed approach for the design of piezoelectric 
shunt devices. A vibration amplitude reduction for the first four vibration modes was observed. 
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1 INTRODUCTION 
As piezoelectric effect is called the phenomenon where electrical voltage is produced under 

the application of mechanical stress or pressure. Etymologically, the term piezoelectricity is of 
Greek origin and namely, it is derived from words piezo (πιέζω), which means to press, and 
electron (ήλεκτρον), which stands for amber. This phenomenon was discovered in Paris at 
August the 2nd 1880 by Pierre and Jaques Curie [1] and it mainly appears on certain crystal-
like materials and ceramics, which, in turn, are called piezoelectric and piezoceramic materials 
respectively. Among others, the Quartz crystal (SiO2), the Rochelle salt (Potassium Sodium 
Tartrate), the Ammonium Dihydrogen Phosphate (NH4H2PO4), the Lithium Sulphate 
(Li2SO4), the Tourmaline, the Polyvinylidene Difluoride polymer (CH2CF2)n) and the 
ceramic Lead Zirconate Titanate (PZT) are known materials which present piezoelectric 
properties. The piezoelectric effect can be explained by the transfer of free electric charge to 
the edges of the crystalline grid. The reverse phenomenon also exists, and it is realized with the 
appearance of deformation of the material when it is subjected to an electric voltage. 

Shunt piezoelectric damping is a vibration suppression method, suitable for the control of 
smart flexible structures. The method is mainly characterized by the connection of an electric 
impedance (e.g. an electric resistance, an inductance or a capacitance) to a piezoelectric 
transducer. Thus, the concept behind these systems lies to the construction of an electric 
network, which can reduce mechanical vibrations on smart structures, such as beams [2,3], 
plates [4], smart panels [5], etc. An advantage of this method is that it does not need external 
sensoring, and, if designed properly, it can guarantee the stability of the whole system [6]. 

The simplest shunt circuits -however, of low efficiency- are the so-called resistive shunts, 
which consist of an electric circuit of one or more resistors in series or in parallel. On the other 
hand, resonant shunts, i.e. circuits of one or more resistors and inductors in various 
combinations, are very powerful in terms of vibration suppression near resonant frequencies. 
These two techniques were introduced by Hagood and Von Flotow, in a pioneering work [7]. 
Of course, there are several more complicated systems, capable of multi-mode damping. In this 
case, the shunt circuits consist of combinations of resistors, capacitors and inductors, either in 
series or in parallel. These systems include, among others, online tuned systems, current block 
circuits and Hollkamp current flow circuits [8]. A detailed literature review on the several types 
of shunt circuits is available in [9]. 

The performance of shunt circuits, designed for vibration suppression, is discussed in [10]. 
Namely, A reduced-order model is considered, and both resistive and resonant shunt circuits 
were tested. Numerical, along with experimental results, showed that both circuits are efficient, 
especially for low structural damping cases, which means that, as the damping increases, the 
performance of such circuits deteriorates. In a recent work which is described in [11], the 
optimization of the parameters of absorbers, which consist of shunted piezoelectric circuits is 
presented. A hybrid system, which is based on piezoelectric shunts in combination with 
conventional tuned-mass dampers is proposed in [12]. 

In this work the finite element model of laminate composite plates with bonded piezoelectric 
patches or layers that are connected to passive resonant shunt circuits is presented. The model 
is based on an equivalent single layer theory combined with FSDT. For a Graphite-Epoxy 
laminate composite plate, a parametric analysis is performed to evaluate optimal locations along 
the plate plane (xy) that maximize the effective modal electromechanical coupling coefficient. 
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Next, the optimum values of resistance and inductance are obtained for maximum reduction of 
vibration level at the first four target excitation frequencies using particle swarm optimization. 

2 THE PLATE MODEL 
The host structure consists of a smart composite plate based on the first-order shear 

deformation theory for laminated composite plates (FSDT), simply known as Mindlin theory. 
The elastic core of the plate is made of T300/976 graphite-epoxy composite material, which 
stacking sequence is antisymmetric angle-ply ([-45o /45o/-45o/45o]) as seen in Figure 1. The 
structure is discretized by using the finite element method. The plate is of square shape and the 
length of each side is 0.2 m. The model is also equipped with piezoelectric elements, which are 
made by PZT G1195N material and they can be placed on one or more finite elements at a time. 

 
Figure 1: The plate model 

The detailed material properties are given in Table1. More information about this model can 
be found in [13,14]. 

Table 1: Material properties 

Property T300/976 PZT 
Young’s moduli (GPa)   

E1 150 63 
E2 = E3 9.0 63 

Shear moduli (GPa):   
G12 = G13 7.1 24.2 
G23 2.5 24.2 

Poisson’s ratio: ν12 = ν13 =ν23 0.3 0.3 
Density:  ρ (kg/m3) 1600 7600 
Piezoelectric constants (m/V): d13= d32  - 254∙10-12 

Electrical permittivity (F/m):   
ξ11= ξ22 - 15.3∙10-9 

ξ33  15.0∙10-9 
Ply thickness (mm) 0.25 0.1 
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By using a set of practical assumptions (see ref. [3]) we can obtain an original variation 
formulation and then an efficient finite element formulation of the electromechanical problem: 

0

0 0
uu u m

u

T

K KM w w F
K K q

+ =
−

        
               



 
 (1) 

where  w  is the column vector of nodal values of mechanical displacement of length N (N 

is the number of mechanical degrees of freedom);  M  and  uuK  are the global mass and 

mechanical stiffness of the system of size N×N and mF  is the column vector of mechanical 

force of length N. Moreover,   ( ) ( ) ( )1 2, , ,
TPq q q q =    and   ( ) ( ) ( )1 2, , ,

TP =       are the 
column vectors of electric charges (contained in the upper electrode) and potential differences 
in each patch; uK   is the electromechanical coupling matrix of size N×P; and 

( ) ( ) ( )( )1 2, , , PK diag C C C  =   
is a diagonal matrix filled with the P capacitances of the 

piezoelectric patches where ( ) ( ) ( )
33 /p p pC S h=  , 33  being the piezoelectric permittivity in the 

direction normal to the electrodes and ( )pS  the area of the patch electrodes surfaces.  
The above discretized formulation (1) can be used to the case where the piezoelectric patches 

are ‘shunted’, that is to stay connected to a passive electrical network. In this case, neither    

nor  q  is prescribed by the electrical network but the latter imposes only a relation between 
them [7], where for the case of a resonant shunt composed of a resistor R and an inductor L in 
series, connected to the pth patch, can be written as 

( ) ( ) ( ) 0p p pLq Rq− − =  (2) 

Combining equations (1) and (2) and considering a mechanical viscous damping in the 
system, we finally obtain the general FE formulation of the electromechanical spectral problem 
when the piezoelectric patches are shunted 

1 1

1 1

0 0 0

0 0 0
muu u u u

ue e

M w w w FK K K K K K

L Rq q qK K K

− −

− −

+
+ + =

           
                       

    

  

 (3) 

where [Re] and [Le] are the diagonal matrices filled with the electrical resistances R and the 
electrical inductances L of the shunt circuits.   

There exist two possible configurations for the piezoelectric patches, namely the short-
circuit  ( {0}) = and open-circuit    ( 0 )q =  configurations. The electromechanical coupling 
coefficient (EMCC) of the piezoelectric patches is defined as:  

𝐾𝐾𝑗𝑗2 =
𝑓𝑓𝑜𝑜𝑜𝑜𝑗𝑗

2 − 𝑓𝑓𝑠𝑠𝑜𝑜𝑗𝑗
2

𝑓𝑓𝑜𝑜𝑜𝑜𝑗𝑗
2  (4) 

where 𝑓𝑓𝑜𝑜𝑜𝑜𝑗𝑗  and 𝑓𝑓𝑠𝑠𝑜𝑜𝑗𝑗  is j-th eigen-frequency of the plate in open- and short-circuit respectively. 
The EMCC is used here as a metric to perform the positioning of four symmetric pairs of 
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patches throughout the plate, via parametric analysis, such that each patch maximizes the 
EMCC of one of the first four vibration modes of the laminate plate.   

3 PARTICLE SWARM OPTIMIZATION 
For the optimization of the parameters of the resonant shunt circuit, i.e. for the values of the 

resistance R and the inductance L, the particle swarm optimization (PSO) method was 
considered. More specifically, this nature-inspired algorithm imitates the movement of 
particles, i.e. birds or fish, towards the search of food, i.e. the optimal solution. PSO is a very 
powerful optimization method and it has been used in vibration suppression of smart structures 
[15]. The optimum is reached through an iterative process, until a criterion of performance is 
met. Several variations of the classical PSO method have been proposed. One of the most 
efficient is called inertia PSO and it was introduced by Shi and Eberhart in [16]. The main 
feature of this method is that it includes an inertial weight, influencing this way the convergence 
of the algorithm. 

Inertia particle swarm optimization algorithm can be modeled considering the position and 
the velocity of the particles. The position is given by: 

𝑥𝑥𝑖𝑖𝑖𝑖(𝑡𝑡 + 1) = 𝑥𝑥𝑖𝑖𝑖𝑖(𝑡𝑡) + 𝑢𝑢𝑖𝑖𝑖𝑖(𝑡𝑡 + 1) (5) 

The velocity of the particles, in the case of inertia PSO is given by: 

𝑢𝑢𝑖𝑖𝑖𝑖(𝑡𝑡 + 1) = 𝑤𝑤 𝑢𝑢𝑖𝑖𝑖𝑖(𝑡𝑡) + 𝑐𝑐1𝑟𝑟1 (𝑝𝑝𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑖𝑖𝑖𝑖 − 𝑥𝑥𝑖𝑖𝑖𝑖(𝑡𝑡)) + 𝑐𝑐2𝑟𝑟2 (𝑔𝑔𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑖𝑖 − 𝑥𝑥𝑖𝑖𝑖𝑖(𝑡𝑡)) (6) 

where r1 and r2 are random values in the interval [0, 1] and c1 and c2 are the so-called 
cognitive and social parameters respectively. The values of these parameters can be calculated 
through modal analysis. The inertia w reads: 

𝑤𝑤 = 𝑤𝑤𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑤𝑤𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑤𝑤𝑚𝑚𝑖𝑖𝑚𝑚
𝑚𝑚𝑚𝑚𝑥𝑥 _𝑖𝑖𝑡𝑡𝑖𝑖𝑟𝑟𝑚𝑚𝑡𝑡𝑖𝑖𝑖𝑖𝑖𝑖 𝑡𝑡 (7) 

where typical values of wmax and wmin are 0.99 and 0.01 respectively. 
The personal best of each particle and the global best of the whole swarm are also kept: 

𝑝𝑝𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑖𝑖𝑖𝑖 = {𝑥𝑥𝑖𝑖𝑖𝑖(𝑡𝑡 + 1),   𝑖𝑖𝑖𝑖   𝑖𝑖 (𝑥𝑥𝑖𝑖𝑖𝑖(𝑡𝑡 + 1)) < 𝑖𝑖 (𝑥𝑥𝑖𝑖𝑖𝑖(𝑡𝑡))
𝑝𝑝𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑖𝑖𝑖𝑖,   𝑖𝑖𝑒𝑒𝑒𝑒𝑖𝑖𝑤𝑤ℎ𝑖𝑖𝑟𝑟𝑖𝑖

 
(8) 

𝑔𝑔𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑖𝑖 = 𝑚𝑚𝑖𝑖𝑖𝑖{𝑖𝑖(𝑝𝑝𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 1𝑖𝑖), 𝑖𝑖(𝑝𝑝𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 2𝑖𝑖), … , 𝑖𝑖(𝑝𝑝𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑚𝑚𝑖𝑖)}  

where with n is denoted the total number of the iterations of the algorithm. 

4 NUMERICAL RESULTS 
As mention above, the optimal position of the piezoelectric patches is found taking into 

account the value of the EMCC [4]. Namely, a parametric investigation is carried out in order 
to find the positions where the coupling coefficient is maximized for each eigen-frequency. The 
optimal positions for the piezoelectric patches and the system response for the first four eigen-
frequencies are given schematically in Figure 2 and 3 respectively. 

The parameters of a resonant shunt circuit, i.e. the values of resistance R and inductance L 
are optimized using the inertia variation of the particle swarm optimization algorithm. The 
objective is the maximization of the attenuation, due to the electric circuit. The results for the 
optimal R, L values, along with the best position for the PZT patches is given in Table 2. 
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Figure 2: Optimal positions of piezoelectric patches 

 

 
Figure 3: Frequency response of the system prior to the connection with the shunt circuit 

Table 2: Position of PZT and optimized values for shunt parameters R, L using inertia PSO method 

Eigen-freq. PZT position Frequency range (Hz) R (Ω) L (H) 
1st  19th element 0-50 18707 595 
2nd  31st element 100-150 1999.28 15.32 
3rd  25th element 150-250 642.09 7.22 
4th  22nd element 350-450 535.02 1.272 

 
The design parameters for optimization are the values of the resistance R with bounds [0Ω, 

100kΩ] and the inductance L with bounds [0H, 1000H]. The parameters of the PSO algorithm 
are given in Table 3.  

Table 3: Parameters of the PSO algorithm 

Parameters of PSO Numerical values 
Number of iterations  100 

Population 25 
Inertia 1 

Inertia weight damping 0.99 
Acceleration factors c1=1.5 c2=2 
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The results of the application of each of the four optimized resonant shunt circuits on the 
frequency response of the system for the first four eigen-frequencies, along with the 
convergence of the particle swarm optimization algortihm are depicted in Figures 4-7. 
 

 
Figure 4: (a) Response of the system for the first eigen-frequency and (b) convergence of PSO algorithm 

 
Figure 5: (a) Response of the system for the second eigen-frequency and (b) convergence of PSO algorithm 

 
Figure 6: (a) Response of the system for the third eigen-frequency and (b) convergence of PSO algorithm 
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Figure 7: (a) Response of the system for the fourth eigen-frequency and (b) convergence of PSO algorithm 

5 CONCLUSIONS 
Resonant shunt circuits are proved to be very efficient in vibrational control of smart 

composite plates with piezoelectric elements. However, the calculation and fine-tuning of the 
values of the electrical parameters, i.e. the resistance and the inductance, is not always an easy 
task to perform. 

From the numerical results of the present investigation, it is clearly shown that the inertia 
particle swarm optimization method is very powerful in terms of estimating the optimal values 
of the electric parameters of the resonant shunt circuit. More specifically, the occurrence of a 
second peak near each eigenfrequency, due to the presence of an extra electrical equation, along 
with the maximization of the attenuation, validate the feasibility and the effectiveness of the 
method. In most cases, the inertia PSO algorithm converged quite fast, i.e. before 20 iterations, 
except of the fourth case, where nearly 40 generations were required. It is possible to achieve 
faster convergence with modification of optimization parameters or by using other variations 
of the PSO algorithm. The selection of the positions of the PZT patches was also efficient, 
however, it could be further optimized in future investigations, by its inclusion as an extra 
design variable in the optimization scheme. 
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Abstract. The objective of this works is to investigate the interest of analogous piezoelectric networks
for vibration mitigation of multiple nonlinear resonances. An electrical network providing a similar dy-
namics as the considered structure is first designed according to linear considerations. Then, a nonlinear
electrical component is added to the network to ensure both a spatial analogy and a principle of simi-
larity regarding the mathematical form of the mechanical nonlinearity. Once the electrical network and
the mechanical structure are coupled through an array of piezoelectric elements, it is shown that such
an analogous coupling offers strong benefits for vibration mitigation over a broad frequency range and a
broad range of excitation amplitudes.

1 INTRODUCTION

Tuned vibration absorbers [1, 2] usually provide effective solutions for passive vibration mitigation.
However, mechanical nonlinearities generate a detuning that seriously affects damping performance.
A solution to this issue consists in the introduction of an additional nonlinearity in the absorber [3].
The interest of nonlinear piezoelectric shunts has already been proven for vibration mitigation of single
nonlinear resonances [4, 5]. The concept was then extended to the design of a nonlinear and multi-branch
piezoelectric shunt [6]. The present work addresses the development of a multimodal and fully passive
piezoelectric analogous network that mitigates several resonances of a nonlinear structure.

An electrical network can be assembled to reproduce the dynamics of a cantilever beam in the linear
regime of motion. In this case, several electrical resonances are simultaneously tuned to the mechanical
resonances, thus providing the equivalent of a multimodal vibration absorber from electromechanical
coupling through an array of piezoelectric patches [7, 8]. This allows broadband vibration mitigation
at low forcing amplitudes. Yet, higher amplitudes still lead to a serious detuning of the absorber when
considering nonlinear structures.

By extending a principle of similarity to spatial considerations, a nonlinear component is placed in the
electrical network in order to mimic the dynamics of the mechanical structure. The electromechanical
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analogy is thus ensured beyond the linear regime. In this work, the use of a nonlinear capacitor generates
an autonomous adjustment of the electrical resonances for a wide range of excitation amplitudes. The
interest of this method is investigated numerically and experimentally by focusing on structural vibrations
over a broad frequency range that covers the first three modes of a beam with localized cubic nonlinearity.

2 SINGLE MODE DAMPING WITH A PIEZOELECTRIC TUNED VIBRATION ABSORBER

2.1 For linear and nonlinear resonances

The resonant piezoelectric shunt, also called piezoelectric tuned vibration absorber, is commonly used
to reduce the vibration amplitude of a single linear resonance. It is made of a piezoelectric transducer of
capacitance C at zero strain connected to an inductor and a resistor whose values are typically obtained
from

L =
1

Cω2
O

and R =

√
3
2

kc

CωO
, where kc =

√
ω2

O −ω2
S

ω2
S

. (1)

The angular frequencies ωS and ωO corresponds to the resonances in short- and open-circuit, respec-
tively. This formulation highlights a coupling factor kc, which is usually considered for the positioning
of the piezoelectric elements. Indeed, since kc is directly related to damping performance [9], maximiz-
ing the coupling factor implies minimizing vibration amplitude for an adequate tuning of the electrical
circuit. As seen in Eq. (1), part of the tuning procedure is to ensure that the electrical resonance at angular
frequency 1/

√
LC matches the open-circuit natural frequency. As a consequence, it is clear that a me-

chanical nonlinearity altering the angular frequency ωO would deteriorate the tuning of the piezoelectric
shunt and thus the damping performance.

A solution to overcome the influence of mechanical nonlinearities on piezoelectric tuned vibration
absorbers is to introduce nonlinearities in the electric shunt itself. Following a principle of similarity, the
added nonlinearity should possess the same mathematical form as the one in the mechanical system. For
example, if a nonlinear force is modeled by a cubic function of the displacement u,

fNL = KNLu3, (2)

it has been shown that the required additional voltage in the shunt is also a cubic function of the electric
charge q [4, 5]:

vNL =
1

CNL
q3 with

1
CNL

= 2
(

L
m

)2

KNL, (3)

where m corresponds to the modal mass of the mechanical structure. This theoretical nonlinear capaci-
tance in series with the inductor would ensure an adequate tuning of the resonant shunt by maintaining
an equal-peak condition over a broader range of excitation amplitudes [4]. While the nonlinear voltage
in Eq. (3) could be synthesized with a numerical controller, find a passive electrical component able
to satisfy this purely nonlinear condition is not obvious [10]. In order to circumvent this limitation, it
has been proposed to rather introduce the nonlinearity in the inductor [5]. Indeed, a one-term harmonic
balance approximation shows that Eq. (3) is close to

vNL = L
(
1−αq̇2) q̈ with α = 6

LKNL

m2ω4
O
. (4)

While no passive inductors seems to be able to precisely satisfy this nonlinear relation, the next experi-
mental section still shows that it is possible to benefit from saturation of magnetic circuits to approximate
the required nonlinearity.
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Figure 1: Beam covered with an array of piezoelectric patches; half of the patches are connected to a
single resonant shunt for vibration damping of the first mode [5].

Figure 2: Piezoelectric tuned vibration absorber – (a) physical inductor, (a) experimental frequency
response function around the first mechanical resonance, with short circuit (· · · ), with open circuit (· · · )
or with an optimal linear shunt (—).

2.2 Experimental validation of the principle of similarity

The experimental setup is based on a cantilever beam involving a cubic nonlinearity. As shown in
Fig. 1, a thin lamina is clamped at the left end of the beam, which generates the hardening nonlinear-
ity. The structure is covered with an array of piezoelectric patches in order to mitigate vibration with a
piezoelectric tuned vibration absorber. The passive inductor in Fig. 2(a) is realized by winding copper
wire around a magnetic circuit in ferrite material. When connected to the piezoelectric patches, Fig. 2(b)
demonstrates that the passive inductor allows a strong reduction of the vibration amplitude at low excita-
tion levels. However, Fig. 3(a) shows that an increasing forcing amplitude leads to a complete detuning
of the resonant shunt because of the mechanical nonlinearity.

As mentioned previously, a solution to overcome this effect is to introduce in the absorber a nonlin-
earity similar to that of the primary structure. Here, the electrical circuit is made of an inductor whose
inductance value depends on the current flowing through it. An approximation of the nonlinear rela-
tion in Eq. (4) is obtained by choosing a magnetic circuit that provides an adequate magnetic saturation.
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Figure 3: Experimental frequency response functions for various forcing amplitudes, F = 0.2 N (—),
F = 0.4 N (−−), F = 0.6 N (−·−) and F = 0.8 N (· · · ) – (a) linear shunt, (b) nonlinear piezoelectric
tuned vibration absorber [5].

Restraining the analysis to the first harmonic, a decrease of the equivalent inductance value leads to an
increasing electrical resonance frequency that follows the increase of the mechanical natural frequency
due to the cubic stiffness. As shown in Fig. 3(b) this solution is able to maintain vibration mitigation
performance compared to a case involving a linear shunt.

3 MULTIMODAL DAMPING WITH AN ANALOGOUS PIEZOELECTRIC NETWORK

3.1 Broadband damping in the linear regime

The extension of resonant piezoelectric shunts to multimodal structures consists in designing a multi-
resonant circuit whose electrical natural frequencies are sufficiently close to the mechanical resonances
to be controlled. With a single piezoelectric transducer, the most direct approach is the so-called multi-
branch shunt [11, 12] made of inductors and capacitors organized with just as many branches as the target
mechanical resonances. The main limitation is that this solution does not optimize the coupling factor kc

for all the considered modes. The first reason concerns the addition of external capacitors in the shunt
which decreases electromechanical coupling [13]. The second reason is related to the positioning of the
single piezoelectric patch that is generally not optimal for different mode shapes.

Another solution for multimodal damping is based on analogous piezoelectric coupling. This requires
several piezoelectric transducers that are interconnected with electrical components so as to build a multi-
resonant network with modal properties similar to that of the considered structure. The analogy is no
more restrained to the natural frequencies as with the multi-branch shunts because similar mode shapes
are also ensured. The design of the electrical analogue of a beam has been fully described in Ref. [8].
The first step consists in discretizing the bending wave differential equation from a finite difference
approximation. Then, a direct electromechanical analogy is applied to find the unit cell of the electrical
network. The complete network is built by reproducing this unit cell along one direction, taking into
account that the number of unit cells per wavelength has to be sufficiently large to approximate the
continuous mechanical medium. For the case of a beam, the electrical unit cell is made of an inductance
L� representing the analogue of a point mass, a capacitance C� that represents the inverse of a bending
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Figure 4: Electrical analogue of a cantilever beam.

Figure 5: Beam coupled to its electrical analogue through an array of piezoelectric patches.

stiffness and a transformer of ratio â that is analogous to a mechanical lever of length a.
A beam electrical analogue involving 10 unit cells is represented in Fig. 4. In order to approximate

the mode shapes of a cantilever beam, we need to ensure analogous boundary conditions. This is realized
by short-circuiting one end of the network (equivalent to zero force and moment), while leaving open
the other end (equivalent to zero displacement and angle). Another critical condition is the tuning of
the dispersion relation in the electrical waveguide. From the discrete model, it can be shown that the
electrical parameters need to satisfy

1
â2

1
L�C�

=
1
a2

K�
θ

m�
, (5)

where K�
θ is the bending stiffness of the mechanical unit cell, m� is its mass and a its length [8].

Considering the practical example described in the last section, one wants to couple a clamped beam to
its analogous electrical network with an array of piezoelectric patches. Thanks to the inherent capacitance
C� of the piezoelectric patches, there is no need for external capacitors for the analogue of the bending
stiffness. Only transformers and inductors satisfying Eq. (5) are required for the analogue of a clamped
beam. In the present case, however, one has to take into account the clamping through the thin lamina.
In the linear regime, the lamina can be modeled by a linear spring of stiffness Kend. So, its analogue
is a capacitor to be placed at the end of the electrical network, as shown in Fig. 5. Considering the
nondimensionalized equations in the two domains when no coupling occurs, one can find a relation
between the end capacitance and its analogous linear stiffness:

Cend =
K�

θ
Kend

â2

a2C�. (6)

A last step consists in introducing appropriate damping in the electrical network. Coming back to Eq. (1),
remark that the optimal electrical quality factor at ωO is Q = LωO/R =

√
2/3/kc. A similar damping

ratio can be obtained with a resistance RL� in series with the inductance L� or a resistance RC� in series
with the capacitance C� when

RL� =

√
3
2

kcωOL� or RC� =

√
3
2

kc

ωOC�
. (7)

The dependence on ωO in those equations shows that using a resistance RL� that is optimal for the first
mode of the structure would be too low for the next modes leading to an underdamped case. On the other
hand an optimal resistance RC� for the first mode would lead to overdamped highest modes. In the present
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Figure 6: Simulated frequency response function of the beam with short-circuited patches (· · · ) and with
the analogous electrical network (—).

case focusing on the first three modes of the beam which are fully separated, it is decided to benefit from
both damping configurations by tuning RL� for the first mode and RC� for the third mode. This requires
the computation of individual coupling factors for each modes by comparing natural frequencies when
L� = 0 and when this inductance tends to infinity. In the end, both resistances are reduced by 10% to
be closer to the optimal damping because RC� still has a slight influence on the damping of the first
mode. The resulting linear frequency response functions of the beam are represented in Fig. 6 with and
without coupling. One can see the simultaneous vibration mitigation of the first three modes of the beam
through the equivalent of a multimodal tuned mass damper. Note that damping of the second mode is not
optimized (underdamped) because the considered tuning of two electrical quality factors on L� and C�

only allows optimal damping at two specific frequencies around the first and third modes. A last remark
concerns the third mode which does not ensure an equal peak condition. This is directly due to the fact
that the discrete network only involve 10 unit cells inducing a slight mismatch between the mechanical
and electrical resonances.

3.2 Damping of multiple nonlinear resonances

Although analogous piezoelectric coupling provides broadband damping in the linear regime, higher
vibration amplitudes still lead to the undesired behavior illustrated in Fig. 3(a) if only linear electrical
components are considered. The next objective is thus to find the adequate nonlinearity to be introduced
in the electrical network. Here, contrary to the previous experimental validation involving a nonlinear
inductor [5], a nonlinear capacitor is incorporated at the end of the electrical network to ensure a strict
analogy with the nonlinear stiffness at the end of the beam. This actually combines the principle of
similarity used for nonlinear control [3] and the spatial analogy used for multimodal damping [8].

Still, it remains the question of the numerical value for the nonlinear capacitance. Focusing on Eq. (3),
it can be remarked that the nonlinear capacitance depends on the ratio of the inductance L over the modal
mass m, which can be seen as a mass ratio between the absorber and the main structure. Using a single
mode piezoelectric shunt L/m = 1/CK where K is the open-circuited modal stiffness, which depends
on the considered mode. However, considering two modal systems with similar mode shapes, all modal
mass ratio L/m becomes equal to the same local mass ratio L�/m�, which does not depend on the mode
of interest anymore. This is a critical point because Eq. (3) then leads to a tuning of the capacitance
nonlinearity at the end of the network that does not depend on frequency:

1
CNL

= 2
(

L�

m�

)2

KNL. (8)
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Figure 7: Simulated frequency response function of the nonlinear beam for F = 0.8 N without nonlinear
capacitance (· · · ) and with nonlinear capacitance (—).

(a) (b) (c)

Figure 8: Simulated frequency responses for the first three modes – (a) mode 1 for F = 0.8 N, (b) mode 2
for F = 80 N, (c) mode 3 for F = 1800 N.

With the proposed nonlinear capacitor, the analogy is not only valid in the linear regime but also in
the nonlinear regime. Damping performance is thus maintained over an extended range of forcing am-
plitudes. This is first observed in Fig. 7 which compares frequency responses with and without nonlinear
capacitance. The results are obtained from a harmonic balance with three harmonics and a forcing am-
plitude equal to 0.8 N. This level of excitation does not induce a significant nonlinearity for the second
and third modes but the first mode is seriously affected. In Fig. 8, the excitation amplitude is set inde-
pendently for all three modes so as to provoke the merging of the right local maximum with a detached
resonance curve when no nonlinearity is introduced in the electrical network. The addition of the non-
linear capacitance in Eq. (8) significantly reduces the vibration amplitude of all the considered modes.
While we are close to an equal peak condition for mode 1, the responses for modes 2 and 3 are further
from the linear case. Those differences are definitely due to the lack of damping for mode 2 and to the
imprecise linear tuning for mode 3.
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Figure 9: Electrical analogue of the cantilever beam with passive inductors, transformers and capacitors.

V I

Figure 10: Experimental (—) and simulated (−−) frequency response functions of the electrical network.

3.3 Development of the multi-resonant network

Starting with the linear case, assembling the previously described electrical network requires 9 induc-
tors, 10 transformers and one capacitor as shown in Fig. 5. The magnetic components are specifically
designed for this application. In order to first validate the electrical dynamics alone, the piezoelectric
patches are replaced by ceramic capacitors. Then, an impedance meter is placed at the end of the net-
work in order to measure the frequency response function of the current over the voltage that actually
corresponds to the end admittance of the circuit.

Figure 10 shows the good agreement between the experimental results and the numerical simulations
computed from the discrete set of equations that describe the electrical circuit. Note that the resistance of
copper wire in the inductors and transformers has been added to the model because of its strong influence
on the electrical quality factor. Even so, one can easily detect the three resonances corresponding to the
first three modes of the electrical network. The distributions of the electrical current are then plotted at
frequencies corresponding to those three maxima of admittance. As represented in Fig. 11, the electrical
distributions are similar to mode shapes of a clamped beam which definitely validate the topology of the
analogous network.

While those results validate the analogue of a beam that is clamped at one end, one has to remember
that we also need to take into account the weak clamping through the thin lamina at the other end. As
it can be modeled by a capacitor in the electrical domain, the influence of such a passive component at

8
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(a) (b) (c)

Figure 11: Experimental distributions of the electrical current – (a) mode 1 , (b) mode 2, (c) mode 3.

Figure 12: Choice of the capacitor at the end of the electrical network – (a) experimental frequency
response function of the electrical network for various end-capacitors: 166 µF (−·−), 266 µF (—) and
infinite capacitance (· · · ), (b) objective for the nonlinear capacitor (· · · ) and measurement on a physical
capacitor (—).

the end of the electrical network is investigated. The experimental admittance around the first resonance
is plotted in Fig. 12(a) for various end capacitors. We note that a capacitance equal to 266 µF places the
electrical resonance around the first natural frequency of the beam, which is consistent with Eq. (6).

While the considered end capacitor ensures modal coupling at low excitation level, it should also
offer a nonlinear contribution in order to ensure a similarity with the nonlinear lamina. This contribution

has to satisfy Eq. (3) whose first-harmonic approximation is VNL =
3

4CNL
Q3, where VNL is the amplitude

of the nonlinear voltage contribution and Q is the amplitude of the electric charge. Supposing that the
component that provides this nonlinear voltage is in series with a linear capacitor Cend, the equivalent
variable capacitance is defined as

Cend
NL (Q) =

1
1

Cend +
3Q2

4CNL

. (9)

The variation of this capacitance as a function of the electrical charge is plotted in Fig. 12(b). This
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Figure 13: Experimental setup involving the beam coupled to its analogous electrical network.

Figure 14: Frequency response functions at low excitation levels with short-circuited patches (· · · ) and
with coupling to the analogous electrical network: model (−−), experiment (—).

provides the objective function when looking for an appropriate nonlinear capacitor. Some multilayered
ceramic capacitors offer saturation at relatively low voltage levels leading to a decrease of the equivalent
capacitance. Unfortunately, up to now, no passive component has been found to correctly approximate
the prescribed nonlinear function. Investigations are in progress to define if a non-passive numerical
impedance is required or if a fully passive component can still be found.

3.4 First experimental results on multimodal damping of the nonlinear beam

The electrical network in Fig. 9 is coupled with the nonlinear beam through the array of piezoelec-
tric patches. The full setup is seen in Fig. 13 that also shows the electromechanical shaker and the
impedance head used for drive-point measurement at the end of the beam. The experimental and numer-
ical frequency response functions appear in Fig. 14. First, the experimental response with short-circuited
patches clearly shows the first and second modes of the beam but the third mode comes after two unpre-
dicted resonances. Those extra resonances are finally related to the mounting system and this point will
be corrected in the next version of the setup. In any case, multimodal damping is clear for the first three
modes of the beam, which also validates the numerical model.

Concerning the tuning of the electrical network, note that it is slightly underdamped for modes 2 and 3
but it is overdamped for the first mode. This excessive damping is clearly observed on the first response
in Fig. 15 that does not offer the local minimum normally observed with optimized tuned vibration
absorbers. This shows a limit of the present analogous network whose copper losses in the magnetic
components are not optimal for a broad frequency range. A new design of the electrical circuit will
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Figure 15: Experimental frequency response functions around the first mode for various forcing ampli-
tudes, F = 0.05 N (—), F = 0.1 N (−−), F = 0.2 N (−·−) and F = 0.4 N (· · · ).

address this issue by providing optimal damping for the first mode and external resistors will be used to
slightly lower the electrical quality factor at higher frequencies.

Another limitation of the present network is the lack of an adequate nonlinear capacitor. Conse-
quently, the effect of the mechanical nonlinearity on the tuning of the piezoelectric vibration absorber
is observed in Fig. 15. Increasing the forcing amplitude moves the mechanical resonance to higher fre-
quency without similar adjustment of the corresponding electrical resonance. This results in an increase
of the vibration amplitude similar to what has been observed in Fig. 3(a) for single mode control with
optimized damping. The next step thus consists in finding an adequate nonlinear capacitor and place it
in an optimally damped electrical network so as to retrieve similar results as in Fig. 3(b).

4 CONCLUSIONS

This work aims to show that the principle of nonlinear similarity can be extended to multimodal
damping with piezoelectric networks. To this end, an analogous electrical circuit is proposed in order to
reproduce the dynamics of the considered structure. A multimodal coupling offers vibration mitigation
over a wide frequency range. For higher forcing amplitudes, however, a mechanical nonlinearity leads
to a serious increase of the vibration amplitude. A nonlinear capacitor is thus placed in the electrical
network at an analogous position. Numerical results show that using an electrical nonlinearity similar to
the mechanical one can lead to a substantial gain in terms of damping performance around several modes
of the mechanical structure. This definitely proves that broadband damping of a nonlinear structure can
be achieved with a fully passive vibration absorber. Experiments will be conducted to obtain further
results with an improved analogous electrical network.
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A MULTI-SCALE REINFORCED SANDWICH PANEL FOR
VIBROACOUSTIC APPLICATIONS: SHEAR TRANSITION EFFECTS

R. PALUMBO∗,†, D. IVANOV∗, C. DROZ†, F. SCARPA∗, O. BAREILLE† AND M.N.
ICHCHOU†

∗ Bristol Composites Institute (ACCIS)
University of Bristol

Queen’s Building, University Walk, BS8 1TR Bristol, United Kingdom
e-mail: work-with-accis@bristol.ac.uk - Web page:

http://www.bristol.ac.uk/research/institutes/composites/

† Vibroacoustics Complex Media Research Group (LTDS - CNRS UMR 5513)
Ecole Centrale de Lyon
69130, Ecully, France

e-mail: sandrine.bec@ec-lyon.fr - Web page: http://ltds.ec-lyon.fr

Key words: Sandwich panels, renewable materials, nanocomposites, shear core transition, vibroacous-
tics

Abstract. Sandwich panels exhibit outstanding mechanical performances due to their high bending-
stiffness-to-weight ratio. However, a high specific rigidity has usually negative impact on vibroacoustic
performances. In the current industrial scenario, acoustic comfort is a fundamental quality criterion and it
is vital to start to include vibroacoustic design rules at early stages of products development. The aim of
this work is the design of a sandwich panel with enhanced vibroacoustic performances in the low-to-mid
frequency range. Novel materials and manufacturing techniques are adopted to develop the sandwich
panel: flax fibers in poly furfuryl alcohol for the square-cell core and the skins; carbon-nanotube rein-
forced resin as viscoelastic inserts. The results of material characterization tests are presented in this
work, as well as the application of a design procedure for the viscoelastic inclusions.

1 INTRODUCTION

Object of this work is the design of a sandwich panel with enhanced vibroacoustics characteristics.
More in detail, the main target is to delay the panel’s bending-shear transition frequency, ωt , towards
higher values by embedding viscoelastic depositions within the core, with the main limitation of keep-
ing the added mass to low percentages. The bending-shear transition identifies the shift from the low
frequencies range, where sandwich panels dynamic behaviour is governed by the whole section bend-
ing stiffness, to higher frequencies, where core shear effects become dominant [1]. The latter regime is
usually associated with a lower transmission loss, leading to unsuitable acoustic comfort. Shifting ωt

towards higher frequencies mirrors an improvement in the sound transmission loss through the panel in
the mid frequencies range [2] and allows an easier control of the acoustic transmission e.g. by adopting
porous inclusions. This is why ωT is becoming a vibroacoustic indicator of great interest [3] [4]. Figure
1 shows typical dispersion curves of sandwich panels, highlighting the above-mentioned transition.

1
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Figure 1: Typical sandwich panels dispersion curve [1]

Novel materials and manufacturing techniques are adopted to develop a multi-scale reinforced sand-
wich panel: flax fibers in poly furfuryl alcohol (PFA) resin for core walls and skins; carbon-nanotube
(CNT) reinforced bio-resin for the viscoelastic depositions. Natural fibers provide lower environmental
impact, higher vibration damping and lower density than traditionally used materials, i.e. polymers, alu-
minium. PFA is an eco-friendly, 100% bio-derived resin. Finally, viscoelastic inserts are deposited at the
square-cell core walls junctions by means of a Liquid Resin Printing (LRP) technique. Other than of-
fering core strengthening and vibration damping, their main purpose is increasing the out-of-plane shear
stiffness of the sandwich panel, which has a direct impact on ωt . Figure 2 shows the Finite Element
model of a quarter of unit cell with no skins and the resin deposition at the corner [5].

This paper is structured in two main sections: firstly, the results of materials mechanical characteri-
zation tests are shown; then, the design procedure of viscoelastic inclusions described in [5] is applied to
our case, taking into account the actual measured properties of core, skins and inserts’ materials.

2 MATERIALS MECHANICAL CHARACTERIZATION

2.1 Core and skins: Biotex Flax

As introduced in the previous paragraph, the material chosen for the core walls and skins of the sand-
wich panels consists of natural fibers in a bio-derived epoxy resin. More in detail, the composite is a
prepreg provided by Composites Evolution Ltd, Biotex Flax 400 g/m2 2x2 twill pre-impregnated in PFA
resin. Flax fibers provide good performance, together with a combination of sustainability and process-
ability. Moreover, they offer reduced weight, lower environmental impact, higher vibration damping and
safer handling compared to traditionally used fibers, such as glass. On the other hand, PFA is a ther-
mosetting bioresin derived from crop waste. It resembles phenolic resins, but with lower volatile organic
compounds (VOC) emissions. Indeed, PFA presents fire retardant properties equivalent to phenolics,
other than very good temperature and chemical resistance.

Laminates consisting of four layers of prepreg were cured in autoclave at a temperature of 140o

2
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Figure 2: FE model of one-quarter unit cell in case of hyperbolic insert profile [5] - ANSYS R© Mechanical APDL

degrees and a pressure of 100 psi. Two fibers orientations were considered: one with the twill at 0/90
degrees, the other at 45 degrees. Tensile tests specimens were cut from the final 2.2-mm-thick laminates
according to the ASTM D3039 standards. Tensile tests were performed by means of a Shimadzu testing
machine with 10 kN load cell. Emery cloth was used for the gripping of the samples, once checked
that it was a valid and more practical substitute to end tabs. Finally, a video gauge was adopted for the
measurements of longitudinal and transverse strains.

Data were post-processed in Matlab. Linear regression curves were calculated from the video gauge
data in the material’s elastic range and were used to evaluate the Poisson’s ratio. The in-plane shear
modulus was found by post-processing the data of tensile tests on specimens with fibers orientation at 45
degrees (ASTM D3518). All data underwent the Chauvenet criterion, in order to define the outliers to be
discarded in the evaluation of the batches’ statistic properties.

Figures 3 and 4 show the curves of tensile tests on the 0/90 degree and 45 degree fiber orientation
samples.

Table 2.1 reports a summary of the Biotex Flax average in-plane mechanical properties, together with
the statistic characteristics of data.

Table 1: Summary of in-plane elastic properties of autoclave-cured Biotex Flax laminates

Mean Value Standard deviation Coefficient of variation
Elastic Modulus 0/90 deg 4.03 GPa 0.121 GPa 3.01%

Poisson’s ratio 0.336 0.114 33.9%
Shear Modulus 0.957 GPa 0.0656 GPa 6.86%

Elastic Modulus 45 deg 2.93 GPa 0.100 GPa 3.42%

2.2 Viscoelastic inserts: CNT-reinforced resin

As mentioned in the first paragraph, viscoelastic inclusions will be injected at the junction corners of
the sandwich core’s walls. Their main purpose is increasing the bending-shear transition frequency, by
increasing the shear stiffness of the core itself. However, they also contribute to strengthen the panel and

3
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Figure 3: Tensile tests on flax fibers and PFA resin composite. Twill fabric, fibers orientation 0/90 degrees.

Figure 4: Tensile tests on flax fibers and PFA resin composite. Twill fabric, fibers orientation 45 degrees.

to the vibration damping and energy absorption.
The resin adopted for the inserts is SuperSap (SS) CLV, a special formulation of the highly regarded

SuperSap resin system from Entropy Resins. SS CLV is a bio-derived epoxy resin, combining good
mechanical properties with high levels of UV stability, clarity and a low viscosity. The low viscosity
made it ideal for our purposes. Indeed, the inserts will be injected at the corners by means of a specifically
designed injection mould applied to a medical syringe, and the narrow channels through which the resin
flows made low viscosity a requirement. On the other hand, as the resin itself is reinforced with Carbon
Nanotubes, it is also enough viscous so that once applied to the corners it does not flow too much
under the effect of gravity. The resin was mixed to EPOCYL 128-06, a multi-walled-carbon-nanotube
(MWCNT) Bis-A epoxy resin concentrate for high mechanical performances provided by Nanocyl SA,
by means of a high shear rotor/stator laboratory mixer at 50 rpm. The heat generated in the stirring
process helped to obtained a more homogeneous resin. The CNT weight percentage in the final resin is
0.477 wt%.

Specimens of the CNT-reinforced resin for tensile characterization were cured in a silicone mould
for dumbbell-shaped specimens according to ASTM D638-14. Once again, tensile tests were performed

4
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Figure 5: Tensile tests on CLV SS resin reinforced with MWNTs.

using a Shimadzu testing machine with 10 kN load cell and all data underwent the Chauvenet criterion,
in order to define the outliers. The results of the tensile tests show a Young Modulus of 1.99 GPa, with a
good statistic relevance (0.0655 GPa standard deviation and 3.29% coefficient of variation) - Figure 5.

The same tests were performed on pristine resin samples and in this case the results show a Young
Modulus of 1.82 GPa.

In Figure 6, the experimental results are compared to the analytic prediction according to Halpin-Tsai
formulation [6] with Thostenson correction [7]. For the resin of interest (Young Modulus of pristine resin
of 1.82 GPa and 0.477 wt% - 0.0027 Volume fraction) the formulation predicts a Young Modulus of the
resulting composite resin of 1.92 GPa, showing in fact a small error with respect to the measured value.

3 SANDWICH PANEL DESIGN PROCEDURE

The design steps of the viscoelastic inclusions follow the procedure developed in [5]. However, while
in [5] the materials properties were assigned from literature values, the analytic and numerical models
were here updated with the actual properties measured experimentally, so that the final curves of added
mass and transition frequency in function of the inserts dimension are different from those presented in
[5] - Figures 7 and 8. Furthermore, the transition analytic expression that was used in this work is the one
derived in [8], where the transition phenomenon’s definition results from the conversion of the flexural
waves in the sandwich panel waveguide. Thus, the transition frequency formulation used here is:

ωT =
2S√
3µD

(1)

where

S = hcGc

(
1+

hs

hc

)2

(2)

and

D = Eshs

(
h2

c

2
+hchs +

2h2
s

3

)
(3)
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Figure 6: Halpin-Tsai prediction of the composite material’s Young Modulus, YC, in function of the MWCNTs
Volume fraction, VNT, and the pristine resin’s Young Modulus, Eresin.

are the transverse shear rigidity of the plate and its bending stiffness, respectively, and µ its mass
per unit area. On the other hand, in [5] Guillaumie formulation was adopted [9], where the transition
frequency is defined from the geometric intersection of the asymptotic bending and shear wavenumbers.
This results in a further difference of the graphs presented here from those presented in [5].

Following, a summary of the sandwich panel design steps:

1. The insert’s thickness is set to 1.4 mm by defining a limit on the desired added mass to 5% and by
considering a cylindrical shape for the insert itself - Figure 7;

2. The inserts resin Young Modulus is a result from the Young Modulus of the pristine resin and
the percentage of CNTs dispersed in it - about 2 GPa (3.9% error with the analytic prediction) -
Figures 5 and 6;

3. Following the first two steps, the transition frequency is estimated according to [8], with the value
of Gc evaluated numerically. Figure 8 shows the ratio between the transition frequency of the
reinforced panel and the one of the bare panel. For our configuration, it is expected to be 1.07
(increment of 6.58% with respect to the base configuration).

4 CONCLUSIONS AND FUTURE WORK

This work presented the design of CNT-reinforced inserts of a sandwich panel for vibroacoustic pur-
poses, following its constituent materials mechanical characterization. The design steps developed in a
previous work were here updated according to the measured core, skins and inserts’ materials proper-
ties. The design procedure aims to increase the sandwich panel’s transition frequency by means of the

6
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Figure 7: Estimated percentage of added mass in function of the insert dimensions.

viscoelastic inclusions, but at the same time setting limits to the added mass. Indeed, the final inserts
thickness is set to 1.4 mm by taking into account a limit of 5% on the added mass to the panel, and an
increment of about 7% to the transition frequency is estimated from the numerical/analytic models.

Future work will include the manufacturing of two large-scale sandwich panels of 700 ∗ 700 mm2 -
one with the viscoelastic inserts and one control panel without - and vibroacoustic numerical investiga-
tion and testing. Finally, samples for out-of-plane flatwise compression tests will be manufactured in
order to define the inserts contribution to the strength of the panel.
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Abstract. Metamaterials are artificial, engineered materials with properties that are not found 
in nature. They are typically formed by an assembly of reoccurring patterns whose scale is 
(generally) smaller than the phenomena they influence. In the vibro-acoustic community 
metamaterials are mostly known for their stopband behavior that can be used to reduce noise 
and vibrations beyond what is dictated by the mass law. This behavior can be predicted during 
the design stage using unit cell modeling techniques such as the Wave Finite Element Method 
(WFEM) and the Shift Cell Operator Method to compute the propagation constants of the 
relevant waves. As a consequence, most design optimization schemes have focused solely on 
maximizing the spatial attenuation of targeted waves. However, dispersion characteristics alone 
cannot predict the performance of metamaterial solutions once deployed because they neglect 
their operating environments, finiteness and boundary conditions applied. For instance, the 
presence of edge modes may result in increased and localized vibration energy, deteriorating 
the effect of the treatment. This paper presents a second order optimization scheme based on 
the 1D WFEM framework enabling the optimization of the response of finite metamaterial 
solutions. The proposed methodology is validated on a simple model updating case and 
subsequently applied to the design of a resonant metamaterial.  

 
 
1 INTRODUCTION 
As constraints on the weight and volume of vibro-acoustic packages become more important, 
the interest in metamaterial based solutions increase. This is interest is mostly driven by the 
stopband behavior exhibited by some periodic structures enabling attenuation properties that 
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go beyond the mass law. So far, the Wave Finite Element Method and the Shift Cell Operator 
Method have been the most popular tools to study and engineer smart structures based on this 
concept because they allow the computation of the dispersion characteristics of a periodic 
medium by the discretization of a single unit cell (UC). Studies based on the analysis of 
dispersion curves and band diagrams have become standard and designs including 
perforations or resonant add-ons have been used to open bandgaps around targeted 
frequencies [1]–[3]. More recently, numerical methods have been used to obtain bandgaps 
with maximal width and attenuation properties in phononic crystals [4], [5] or specific 
anisotropic behavior in meta-structures [6]. However, most of the studies in the literature stop 
their analysis at the stop band level without investigating the impact of boundary conditions, 
operating environment, load characteristics and finite size effects on the performance of 
metamaterial solutions. While research targeted those topics from a theoretical or qualitative 
point of view [7]–[10], not many studies deal with those topics applying detailed numerical 
modeling [11]. This paper presents a second order optimization scheme based on the 1D 
WFEM framework that accounts for load characteristic, boundary conditions and finiteness of 
metamaterial solutions. 
 
2 FORCED RESPONSE OF A 1D WAVEGUIDE USING THE WFEM 
Given the unit cell of a 1D periodic structure, its mass, damping and stiffness matrices, 𝐾𝐾, 𝑀𝑀 
and 𝐶𝐶 are considered. A partition of its degrees of freedom (dofs) 𝑈𝑈 is also established 
following the spatial structure of the UC: 

𝑈𝑈 = [
𝑈𝑈𝐿𝐿
𝑈𝑈𝐼𝐼
𝑈𝑈𝑅𝑅

] (1)  

The subscripts 𝑅𝑅, 𝐿𝐿 and 𝐼𝐼 are used for variables associated with the right, left and internal dofs 
of the UC. Additionally, the subscript 𝐵𝐵 will be used for quantities associated to all interface 
dofs. 
 
The first step in the direct WFEM scheme is to form the dynamic stiffness matrix 𝐺𝐺 for a 
given circular frequency 𝜔𝜔: 

𝐺𝐺 = 𝐾𝐾 + 𝑖𝑖 𝜔𝜔𝐶𝐶 − 𝜔𝜔2𝑀𝑀 (2) 
 
The internal dofs of the UC are then condensed in order to form 𝐷𝐷 the condensed dynamic 
stiffness matrix: 

𝐷𝐷 = 𝐺𝐺𝐵𝐵𝐵𝐵 − 𝐺𝐺𝐵𝐵𝐼𝐼𝐺𝐺𝐼𝐼𝐼𝐼
−1𝐺𝐺𝐼𝐼𝐵𝐵 (3) 

 
Applying the Floquet-Bloch boundary conditions leads to an eigenvalue problem with 
propagations constants and waveshapes as solutions: 
 

(𝜆𝜆𝐷𝐷𝐿𝐿𝑅𝑅 + (𝐷𝐷𝐿𝐿𝐿𝐿 + 𝐷𝐷𝑅𝑅𝑅𝑅) + 1
𝜆𝜆 𝐷𝐷𝑅𝑅𝐿𝐿) Ψ = 0 (4) 
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The eigenvalue problem of equation (4) yields the wave shapes Ψk and propagation constants 
𝜆𝜆𝑘𝑘 of free waves in the periodic medium at the circular frequency 𝜔𝜔. It should be noted that 
the propagation constants come in pairs (𝜆𝜆𝑘𝑘, 1

𝜆𝜆𝑘𝑘
) with eigenvectors (Ψ𝑘𝑘

+, Ψ𝑘𝑘
−) that correspond  

to waves traveling in the positive and negative direction. Using this information, it is possible 
to compute the forced response of a finite waveguide comprised of 𝑁𝑁 UCs by relating the 
wave amplitudes to the excitations and boundary conditions. In case of a Clamped-Free 
waveguide, the following equations are given: 

( Ψ+ Ψ−Λ𝑁𝑁

𝐷𝐷𝑅𝑅𝑅𝑅Ψ+Λ𝑁𝑁−1 + 𝐷𝐷𝑅𝑅𝑅𝑅Ψ+Λ𝑁𝑁 𝐷𝐷𝑅𝑅𝑅𝑅Ψ−Λ + 𝐷𝐷𝑅𝑅𝑅𝑅Ψ−) [𝑞𝑞+

𝑞𝑞−] = [𝑈𝑈𝑅𝑅
𝐹𝐹𝑅𝑅

] (5) 

 
The displacement at the ith section of the waveguide being given by: 

𝑉𝑉𝑖𝑖 = Ψ+Λ𝑖𝑖𝑞𝑞+ + Ψ−Λ𝑁𝑁−𝑖𝑖𝑞𝑞− (6) 
 
3 SECOND ORDER NON-LINEAR OPTIMIZATION 
This Section describes the second order optimization strategy used in the examples presented 
in Section 4. The strategy is developed to account for two characteristics of the WFEM. 
Firstly, obtaining accurate derivatives by numerical differentiation is very hard because of the 
low numerical accuracy of the WFEM as compared to usual FEM modeling [12]. Secondly, 
computing the response of a waveguide is relatively cheap because all computations are done 
on a single UC. It follows that semi-analytical gradients and Hessians of ∁2 objective 
functions can be computed at an acceptable cost. Making use of the available second order 
information, an algorithm that combine both line search and trust region methods is proposed. 
 
Let’s note 𝑓𝑓 an objective function and 𝑝𝑝 ∈ ℝ𝑛𝑛 the vector of optimization variables. The 
variables may be subject to a set of 𝑛𝑛𝑒𝑒 convex equality constraints ∀𝑖𝑖 ∈ ⟦1, 𝑛𝑛𝑒𝑒⟧𝐸𝐸𝑖𝑖(𝑝𝑝) = 0 and 
𝑛𝑛𝑐𝑐 convex inequality constraints ∀𝑗𝑗, ⟦1, 𝑛𝑛𝑐𝑐⟧, 𝐶𝐶𝑗𝑗(𝑝𝑝) ≤ 0. For a starting point 𝑝𝑝0, the function 
value 𝑓𝑓(𝑝𝑝0), the gradient 𝛻𝛻𝑓𝑓(𝑝𝑝0) and the Hessian 𝛻𝛻2𝑓𝑓(𝑝𝑝0) are computed. A surrogate 
function 𝑓𝑓 that approximates 𝑓𝑓 arround 𝑝𝑝0 is then used. 

𝑓𝑓(𝑝𝑝) ≈ 𝑓𝑓(𝑝𝑝) = 𝑓𝑓(𝑝𝑝0) + 𝛻𝛻𝑓𝑓(𝑝𝑝0)(𝑝𝑝 − 𝑝𝑝0) + 1
2 (𝑝𝑝 − 𝑝𝑝0)𝑇𝑇𝛻𝛻2𝑓𝑓(𝑝𝑝0)(𝑝𝑝 − 𝑝𝑝0) (7) 

If the Hessian is positive definite. A line search method is used: 
 

𝑣𝑣 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑖𝑖𝑛𝑛{𝑓𝑓(𝑝𝑝0 + 𝑣𝑣),  𝐸𝐸𝑖𝑖(𝑝𝑝0 + 𝑣𝑣) = 0, 𝐶𝐶𝑗𝑗(𝑝𝑝0 + 𝑣𝑣) ≤ 0} (8) 
 
Equation (8) can be solved using the interior point method [13] or analytically when there are 
no constraints. Once the search direction 𝑣𝑣 is obtained. 𝑓𝑓 is minimized in the 𝑣𝑣 direction: 
 

𝛼𝛼𝑚𝑚 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑖𝑖𝑛𝑛{𝑓𝑓(𝑝𝑝0 + 𝛼𝛼𝑣𝑣), 𝛼𝛼 ∈ [0 ; 1]} (9) 
 
Defining the next iteration: 
 

𝑝𝑝1 = 𝑝𝑝0 + 𝛼𝛼𝑚𝑚𝑣𝑣 (10) 
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When the Hessian is not positive definite, a trust region method [13]–[16] is used. The first 
step is to define |𝛻𝛻2𝑓𝑓(𝑝𝑝0)|. This matrix is obtained by keeping the eigenvectors of 𝛻𝛻2𝑓𝑓(𝑝𝑝0) 
and taking the absolute value of all its eigenvalues. A supplementary constraint is then 
introduced: 
 

𝑇𝑇(𝑝𝑝) = (𝑝𝑝 − 𝑝𝑝0)𝑇𝑇|𝛻𝛻2𝑓𝑓(𝑝𝑝0)|(𝑝𝑝 − 𝑝𝑝0) − 𝑅𝑅02 ≤ 0 (11) 
 
The trust region’s radius 𝑅𝑅0 is updated at each iteration to make sure that the surrogate 
function can be trusted. In practice it is adjusted so that decreases or increases in the objective 
function are correctly predicted by the surrogate model: 

∀𝑝𝑝 ∈ ℝ𝑛𝑛, 𝑇𝑇(𝑝𝑝) ≤ 0, 𝑓𝑓(𝑝𝑝) − 𝑓𝑓(𝑝𝑝0)
𝑓𝑓(𝑝𝑝) − 𝑓𝑓(𝑝𝑝0)

> 1
4 (12) 

 
Guidelines and algorithms about how to update the trust region radius 𝑅𝑅𝑖𝑖 at each iteration can 
be found in [13]. Summarized, the optimization algorithm consists of the following steps: 
 

1. Select an initial point 𝑝𝑝0. 
2. Compute 𝑓𝑓(𝑝𝑝0), 𝛻𝛻𝑓𝑓(𝑝𝑝0) and  𝛻𝛻2𝑓𝑓(𝑝𝑝0) 
3. Assume:  𝑓𝑓(𝑝𝑝) ≈ 𝑓𝑓(𝑝𝑝) = 𝑓𝑓(𝑝𝑝0) + 𝛻𝛻𝑓𝑓(𝑝𝑝0)𝑇𝑇(𝑝𝑝 − 𝑝𝑝0) +

1
2 (𝑝𝑝 − 𝑝𝑝0)𝑇𝑇𝛻𝛻2𝑓𝑓(𝑝𝑝0)(𝑝𝑝 − 𝑝𝑝0) 

4.a If 𝛻𝛻2𝑓𝑓(𝑝𝑝0) > 0 use line search with Newton direction 𝑣𝑣. 
Find an approximate the minimizer 𝛼𝛼𝑚𝑚 of : {𝑓𝑓(𝑝𝑝0 + 𝛼𝛼𝑣𝑣), 𝛼𝛼 ∈ [0 ; 1]} 
Define 𝑝𝑝1 = 𝑝𝑝0 + 𝛼𝛼𝑚𝑚𝑣𝑣 

4.b Else a trust-region method is used to take the step: 
Define 𝑝𝑝1 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎{𝑓𝑓(𝑝𝑝), 𝑇𝑇(𝑝𝑝) ≤ 0, 𝐸𝐸𝑖𝑖(𝑝𝑝) = 0, 𝐶𝐶𝑗𝑗(𝑝𝑝) ≤ 0 } 

5. Iterate steps 2 to 4 until convergence. 

 
4 NUMERICAL EXAMPLES 

4.1 Application to parameter identification 
In this subsection the method is used in a parameter identification scheme as mean of 
validation. A 1m meter long beam with a 1cm by 3cm rectangular cross-section and unknown 
material properties is considered. Assuming a Poisson’s ratio of 0.3, the cross section of a 
beam with unitary density 𝜌𝜌 and unitary Young’s modulus 𝐸𝐸 is modeled using ANYS APDL 
17.0 to serve as the basis for a parametric model. The corresponding UC is shown in Figure 1. 
The mass matrix 𝑀𝑀0 and stiffness matrix 𝐾𝐾0 are then used in a model for which the density, 
the real part and the imaginary part of the Young’s modulus are the parameters as specified in 
equation (13). 
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{
  
  
𝐾𝐾(𝑝𝑝) = (𝐸𝐸𝑟𝑟 + 𝑖𝑖𝐸𝐸𝑖𝑖)𝐾𝐾0

𝑀𝑀(𝑝𝑝) = 𝜌𝜌𝑀𝑀0

𝑝𝑝 = [
𝐸𝐸𝑟𝑟
𝐸𝐸𝑖𝑖
𝜌𝜌
]

(13) 

 
Figure 1: Unit cell for the cross-section of the beam (1cm by 3cm by 0.556mm) 

Clamped-Free boundary conditions are used and a unit force of 1N is applied at the free end 
of the beam. The direct forced response is computed on the 10𝐻𝐻𝐻𝐻-1000𝐻𝐻𝐻𝐻 frequency range 
for material parameters values corresponding to those of aluminum: 

 Real part of the Young modulus 𝐸𝐸𝑟𝑟0 = 69. 109 𝑃𝑃𝑃𝑃 
 Hysteretic damping 𝜂𝜂0 = 0.3% 
 Imaginary part of the young modulus: 𝐸𝐸𝑖𝑖0 = 𝐸𝐸𝑟𝑟0𝜂𝜂0 = 2,07. 109 𝑃𝑃𝑃𝑃 
 Density 𝜌𝜌0=2700 
 Poisson’s ratio 𝜈𝜈 = 0.3 

This response, 𝑋𝑋0(𝜔𝜔), is used to build an error function 𝑓𝑓 that evaluates the difference 
between the reference and a response obtained using a material property vector 𝑝𝑝. 

𝑓𝑓(𝑝𝑝) = 1
𝜔𝜔+ − 𝜔𝜔−∫ ‖log(|𝑋𝑋0(𝜔𝜔)|) − log(|𝑋𝑋(𝜔𝜔, 𝑝𝑝)|)‖2dω 

𝜔𝜔+

𝜔𝜔−
(14) 

In equation (14) the logarithm ensures that the objective function is sensitive to the 
information available on the full frequency range. Without this precaution, modal frequencies 
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would dominate the error evaluation because this is where most of the signal’s energy is 
located. 
The optimization process is started with material properties 𝜌𝜌 = 1300 𝑘𝑘𝑘𝑘. 𝑚𝑚−3, 𝐸𝐸𝑟𝑟 =
90.109𝑃𝑃𝑃𝑃 and 𝐸𝐸𝑖𝑖 = 1,08.109𝑃𝑃𝑃𝑃. The optimization path of each variable is given in Figure 2. 

 
Figure 2: Evolution of the material properties and the objective function 

Convergence to the original material properties is reached in 24 iterations validating the 
method and its implementation. 
 

4.2 Optimization of a metamaterial design 
In this subsection, the wave-based methodology is applied to the optimization of the mean 
square velocity of a 1 m long steel beam with a square section of side length 1cm and 
Clamped-Free boundary conditions, subjected to a 1N force applied on its free side. The 
optimization variables are the mass, stiffness and damping parameters of the periodic resonant 
add-ons used to treat the host structure. The length of the UC is decided beforehand and fixed 
to 5cm, hence the beam contains 20 UCs. 
The variables of the problem are: 

 The added mass to the UC (cannot be negative and shall not exceed 20% of the host 
structure). 

 The stiffness of the spring (cannot be negative) 
 The damping of the spring (cannot be negative and shall not exceed 10%) 
 The position of the resonator in the UC (should be between 5mm and 4.5cm). The 

corresponding optimization variable is normalized to be in the [0 , 1] interval. 

The objective function takes the form: 
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𝑓𝑓(𝑝𝑝) = 1
𝜔𝜔+ − 𝜔𝜔−∫

1
𝑁𝑁∑𝜔𝜔2|𝑋𝑋𝑖𝑖(𝑝𝑝, 𝜔𝜔)|2

𝑖𝑖
𝑑𝑑𝜔𝜔

𝜔𝜔+

𝜔𝜔−
 

Where 𝑋𝑋𝑖𝑖(𝑝𝑝, 𝜔𝜔) is the frequency forced response of the 𝑖𝑖𝑡𝑡ℎsection of the waveguide for a 
unitary load on the free side and 𝑁𝑁 is the number of UCs. 

The derivatives of the resonator’s position are computed by taking advantage of the fact that 
length appears explicitly in the formula for Euler-Bernoulli elements. However, elements size 
do not change at each iteration. Instead, re-meshing occurs when different parameter values 
are used. For the optimization, the 5th mode of the bare structure around 712Hz is targeted. 
The frequency band of optimization, 648Hz-919Hz, is defined by the two anti-resonances 
surrounding the 5th mode in the direct forced response of the bare structure. The second order 
optimization methodology described in Section 2 is applied for a random starting 𝑝𝑝0 in the 
design space and the results obtained are presented in Figure 3 and Figure 4. 

 
Figure 3: Response of the bare structure (direct), starting point (direct and far field) and optimum (direct and far 

field). The vertical dashed lines indicate the frequency band of optimization 

 
In Figure 3 the direct forced response for the bare structure, the starting point of the 
optimization, and the optimum are shown. Additionally, the response at section 1 (near the 
clamped side) is presented for the starting point and the optimum so that the stopband 
behavior can be evaluated in both cases. The value of the optimization variables at each 
iteration can be observed in Figure 4. 
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Figure 4: Optimization path in the design space 

 
Unsurprisingly, maximizing the added mass and loss factor results in optimal performances. 
However, having the tuned resonance frequency on the targeted mode or at the center of the 
targeted frequency band does not. Similarly, the resonator’s position in the UC is not a neutral 
parameter. These observations cannot be predicted from simple dispersion analysis and 
highlight the need to account for boundary conditions, finiteness and source location 
properties during the design phase. 
 
5 CONCLUSIONS 
A second order optimization scheme for 1D WFEM  analysis was presented. The scheme 
accounts for both strong and weak points of the WFEM namely the decoupling of the 
computation cost from the size of the waveguide and the lower accuracy of the WFEM as 
compared to FEM. The method is versatile and can be used in a range of applications 
including parameter identification, homogenization, model updating and design optimization. 
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Abstract. In this paper the possibility of enhancing the absorption coefficient of a poro-elastic material
using small, elastic mass inclusions in frequencies lower than the quarter-wavelength resonance of the
porous material is discussed. We show that absorption peaks can be achieved not only by what is known
in literature as the trapped mode effect, but also by the resonance of small elastic inclusions at low
frequencies, which can be interpreted as a mass-spring effect. In this work, the inclusion and the porous
skeleton is considered elastic and fully coupled to each other, therefore accounting for all types of energy
dissipation i.e. viscous, thermal, and structural losses and energy dissipated due to the relative motion
of the fluid phase and the frame excited by the resonating inclusion. Additionally, the inclusions are
also modeled as motionless and rigid to distinguish between the trapped mode and/or the modified frame
mode effect and the mass-spring effect. Moreover, the distinction between these two effects are explained
in more detail by comparing the dissipated energy by each mechanism (viscous, thermal and structural
effect).

1 INTRODUCTION

Porous materials are proved to be efficient absorbers in the mid- and high-frequencies, where their
thickness is equal/higher than quarter wavelength in the medium. On the other hand, they suffer from
lack of efficiency in low-frequencies. A common solution to this problem is to use multi-layered struc-
tures, which is, however, limited by the allowable thickness [1]. In the past years, many researchers
have been seeking to find alternative solutions to improve the absorption of poro-elastic materials at
low-frequencies. One example is using periodic rigid inclusions with the size in the same order of the
acoustic wavelength Groby et al. [2] proved that by trapping the energy between the motionless inclusion
and the rigid backing, perfect absorption can be achieved under the quarter-wavelength limit. Another

1
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alternative solution was suggested by Lagarrigue et al. [3], who used periodic array of rigid split-ring
resonator inclusions to create a meta-porous system to increase the absorption coefficient of the foam
with motionless frame significantly near the resonant frequency of the inclusions.
Complementary to the works mentioned above, Zieliński [4] showed that the absorption coefficient of
the porous materials can also be improved by small periodic mass inclusions. Inspired by [4], in this
paper we investigate the absorption enhancement of poro-elastic materials with small mass inclusions
due to the mass-spring effect. Moreover, it is shown that at the resonant frequency of the inclusions,
the elastic frame of foam is excited leading to an increase in the phase difference of the solid and fluid
part, which results in viscous loss increase at low-frequency. The mass-spring effect is demonstrated
by decomposing the absorption coefficient into the three different energy dissipation mechanisms [5] (
the viscous, thermal, and structural loss). It is worth mentioning that this effect can be captured, when
the targeted frequency lies in the viscous region, and therefore is only applicable to the foams with high
value of flow resistivity and/or very small characteristic viscous length.
This paper is structured in four sections. In the second section, the modeling technique used for the
porous material and the inclusion is explained. The third section is focused on describing the mass-spring
effect by introducing the inclusion in the foam and comparing the acoustic behavior of the homogeneous
porous foam layer to the foam layer with inclusion. At last, the paper is concluded in the forth section.

2 Modeling technique

This section consists of two parts. The first part explains the modeling technique used for the poro-
elastic material, while the second part describes the models used for the inclusion.

2.1 Poro-elastic material modeling

As mentioned in the previous section, the mass-spring effect can be captured in foams with high
viscous loss at low-frequencies, which translate to high value of flow resistivity. Therefore, the effect
appears under the decoupling frequency, which requires using the theory of Biot [6] to model the porous
material. In this paper the classical u− p formulation [6] of the Biot theory , where the field variables
are the displacements of the elastic frame (u) and the pressure in the pores (p), is used. The Biot poro-
elasticity equations in terms of u− p variables are given in the equations below:

∇.σσσ+ω2(ρ̃11 −
ρ̃2

12
ρ̃22

)u+ γ̃∇p = 0, (1)

∇2 p+ω2 ρ̃22

R̃
p−ω2γ̃

ρ̃22

φ2 ∇.u = 0, (2)

with

γ̃ = φ(
ρ̃12

ρ̃22
− Q̃

R̃
). (3)

The total inertial and viscous energy dissipation due to relative motion of the two phases is described by
ρ̃11, ρ̃12, and ρ̃22, see [6]. Moreover, σσσ is the stress tensor of the solid phase for the frame in vaccum;
therefore, it is independent on the displacement (nor rather volumetric strain) in the fluid phase and
related purely to the strain of the solid phase:

σσσ = (A− Q̃2

R̃
)tr(εεε)I+2Nεεε, (4)

2
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where εεε is the solid phase strain tensor, N is the second Lamé coefficient (the shear modulus of the
material of visco-elastic frame), and I is the second-order identity tensor.. Additionally, the fluid stress
dependency on the solid displacement and respectively the opposite is accounted for with the diatational
coupling factor i.e. Q̃. Moreover, R̃ can be described as the fluid phase bulk stiffness at zero frame
dilatation. The detail description of A, Q̃, and R̃ can be found in [6].

2.2 Inclusion modeling

In this paper the inclusion is modeled in three different ways to differentiate between the different
effects which may play a role, being the mass-spring effect and the trapped mode effect and/or modified
mode of the frame. In the first approach the inclusion is considered as point mass, therefore accounting
only for the effect caused by the concentrated mass (m0) addition to the frame. As a result, it is modeled
by adding an inertial weak contribution to the variational formulation of the poro-elastic material:

WF p +
∫

Ωp

ω2m0δ(x−x0)u.w = 0. (5)

WF p is the weak form for a poro-elastic material in the domain Ωp, m0 is the point mass of inclusion at
the point x0, δ is the Dirac delta function, and w is the test function for u.
In the second approach, the inclusion is considered as rigid and motionless, however, now it has a finite
(small) volume, and the interface between the rigid motionless inclusion and the poroelastic domain
Ωp is denoted by Γp−r. The presence of such inclusion is modeled simply by applying the fixed-frame
boundary conditions on this interface, i.e.:

u = 0 on ∂Γp−r. (6)

Considering the inclusion as motionless results in capturing the trapped mode effect and/or modified
mode of the frame with rigid backing.
In the third approach, which is the most complete one of all, the inclusion is considered to be elastic and it
is fully coupled to the poro-elastic material accounting for the inertial, trapped mode effect, and modified
mode of the frame all together. Therefore, the inclusion is modeled as an isotropic elastic medium and its
displacement is fully coupled to the frame’s displacement at the interface Γp−e between the both media,
namely,

u−ue = 0 on ∂Γp−e. (7)

3 Results and discussion

In this section the absorption enhancement of a poroelastic foam layer due to the mass-spring effect
is illustrated by investigating three cases: the foam without inclusion and the foam with inclusion at
two different positions. For each case, the three modeling approaches mentioned in previous section
are applied. In the first and second part of this section the partial absorption coefficient due to each
dissipation mechanism is shown for the three cases. The third part elaborates more on the dynamic
behavior of the meta-porous system and its connection with the increase in sound absorption. In the third
part, the average phase difference between the fluid and solid phases is calculated over the frequency
range of interest and the results discussed.

3.1 Sound absorption for the foam without inclusion

A polyurethane foam with poro-elastic parameters given in Table 1 is used in these investigation.
Firstly, a 24 mm layer of the foam (case 0) is considered, which is shown in Figure 1, as a reference in
order to compare to the cases of the foam with inclusion.

3
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Figure 1: Schematic view of the cases considered in this paper.

E[kPa] η ν ρ[kg/m3] φ α∞ Λ[µm] Λ′[µm] σ[Pa.s/m4]

143 0.055 0.3 31 0.97 2.52 37 119 87000

Table 1: The Biot parameters of the foam. E, η - the Young modulus and loss factor of the material of
frame, ν - the bulk Poisson ratio, ρ - the bulk density, φ - the porosity, α∞ - the tortuosity, Λ, Λ′ - the
viscous and thermal characteristic lengths, σ - the airflow resistivity.
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Figure 2: Partial absorption coefficient for different dissipation mechanisms for the foam without inclu-
sion.

A 2D model of the foam is considered and it is clamped at the base in the y direction, and is excited
by a plane wave at the other end in the normal direction.The foam is assumed periodic in the x direction,
which is modeled as sliding boundary condition due to symmetry. The partial acoustic absorption coef-
ficient of the foam due to three different energy dissipation mechanism (viscous, structural, and thermal)
are calculated according to the expressions given in [5], and are shown in Figure 2.

To better understand Figure 2, the resonance frequency of the frame with rigid backing [6] is calcu-

lated, i.e. fr =
1
4l

√
Re(Kc)

ρ1
≈ 820 Hz, where l is the layer thickness (see Figure 2, Kc =

2(1−ν)N
(1−2ν) , and ρ1 is

the bulk density of the solid phase. Figure 2 shows that at the resonance frequency of the frame there is a
dip in the viscous loss, and simultaneously there is a peak in the structural loss. The mentioned behavior
is due the fact that the viscous loss depends on the out-of-phase movement of the fluid and solid phase,
while the structural loss depends on the solid phase strain. At the resonance frequency of the frame, the
frame is excited and moving in-phase with the fluid part, therefore there is a decrease in phase difference
of the solid and fluid part. Additionally, the dip is followed by a peak in viscous loss, which is due to the

4
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out-of-phase displacement of the frame and the fluid part above the resonance of the frame.

3.2 Sound absorption for the foam with inclusions

Next, two cases of a foam with steel rod inclusions of diameter of 0.8 mm periodic in the x direction
with the periodicity length of 8 mm are studied. In the first case (case A) the inclusion is located at
y1 = 4 mm from the rigid backing, while in the second case (case B) the inclusion is located at y2 = 20 mm
from the rigid backing, see Figure 1. The partial absorption coefficient for each case is calculated using
the three different models for the inclusion i.e. elastic, rigid, and point mass, see Figure 3.
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Figure 3: Partial absorption coefficients for different mechanism for case A(left) and case B(right),
considering the inclusion as rigid(top), point mass(middle), and elastic(bottom).

Several conclusions can be drawn based on Figure 3. Firstly, different models of case A are compared
to each other. It is clear that the rigid inclusion model misses the effect of inclusion, when it is close to
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rigid backing. The only difference between the absorption coefficient of the rigid inclusion compared to
the foam without inclusion (cf. Figure 3 (top) to Figure 2) is that the foam is slightly stiffened and the
resonance frequency of the frame shifted to higher frequency (from 820 Hz to 910 Hz). Comparing the
point mass inclusion model to the elastic inclusion model, it is observed that the effect is more localized,
and is less pronounced, which is due to the fact that in the elastic inclusion model the effect of the
inclusion size is also considered. Another remark is that the modified mode of the frame due to elastic
inclusion is higher in frequency as compared to the point mass inclusion (from 1000 Hz for point mass
inclusion to 1250 Hz for elastic inclusion) because the elastic inclusion model accounts for the stiffness
of the inclusion, which leads to stiffening of the frame.
Secondly, different models of case B are compared to each other. In this case, the larger distance of
inclusion and rigid backing leads to a shift of the frame mode to higher frequencies (from 820 Hz to
1600 Hz). The rigid inclusion model shows an absorption improvement, which is also noticeable in the
point mass and elastic inclusion models (at 1500 Hz for point mass inclusion, and at 1850 Hz for the
elastic inclusion). Moreover, in this case absorption enhancement is achieved over a broader frequency
range because the two effects (the mass-spring effect and the modified mode of frame) are located further
apart in frequency, creating a combined effect. On the other hand, since the modified mode of the frame
is shifted to higher frequencies, the frequency at which the perfect absorption is reached is also moved
to higher frequencies, creating a zone (from 980 Hz to 1750 Hz) with absorption reduction of maximum
17%. This behavior is the trade off between enhancing the absorption coefficient at lower frequencies
and creating a zone of absorption reduction at higher frequencies.
Thirdly, when case B is compared to case A, we can see that the resonance frequency of the inclusion (the
first peak of in the structural loss for the two cases) is shifted down, since the elastic foam between the
inclusion and the rigid backing wall acts as the spring in the so-called mass-spring system. Therefore,
by increasing the length of the foam below the inclusion, the stiffness of the spring is decreased, and
consequently the resonance frequency is decreased.
At last, to show that the absorption improvement at higher frequencies for both cases, A and B, is due to
the modified mode of the frame and not the trapped mode effect, we draw readers’ attention to the peak
appearing in structural loss at those frequencies (around 1000 Hz to 1250 Hz for case A, and around 1500
Hz to 1850 Hz for case B). A peak in structural loss relates to a resonance of the frame, while the trapped
mode effect corresponds to trapping of the energy between the rigid backing and the inclusion, which
is also apparent under the motionless frame assumption when the equivalent-fluid model is used instead
of the poro-elastic one.. To further illustrate this reasoning, the absorption curve of the two cases are
calculated using the equivalent fluid model with the same transport parameters (φ,α∞,Λ,Λprime, and σ)
from Table 1 and representing the inclusion with rigid boundary conditions. As expected, the equivalent
fluid model doesn’t capture the mass-spring effect of the inclusion, and the shift in the frame resonance
frequency due to the inclusion.

3.3 Phase difference of the fluid and solid part

The phase difference between the motion of the solid and fluid phase is calculated as follows:

phase(U f −u) = imag(log(
φ

ρ̃22ω2 ∇p− ρ̃12
ρ̃22

u

u
)), (8)

in order to demonstrate the increase in viscous loss due to the presence of inclusions. In the equation
above φ

ρ̃22ω2 ∇p− ρ̃12
ρ̃22

u is the fluid displacement. For the sake of completeness, also the amplitude differ-
ence of the fluid and solid phase motion i.e.

∫
Ωp

|U f −u| is shown in Figure 6.
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Sepide Ahsani, Elke Deckers, Tomasz Zieliński, Lukasz Jankowski, Claus Claeys, and Wim Desmet

0 500 1000 1500 2000 2500 3000

f [Hz]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

α
Case A, Eqfluid

Case B, Eqfluid

Case A, Biot

Case B, Biot
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Figure 5: Average phase difference between the fluid and solid part for the case A(left) and B(right).
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Figure 6: Amplitude difference between the fluid and solid phase motion for the case A(left) and B(right).

Considering the phase difference and the amplitude difference in case A and case B, it is clear that
the peaks in Figure 5 and 6 corresponds to the peaks appearing in the partial absorption coefficient due
to the viscous loss. Moreover, there is an additional peak for the point mass and elastic inclusion model
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as compared to the rigid-motionless inclusion model for both cases, which is induced by the resonating
inclusion, which creates an additional mode in the frame, therefore increasing the out-of-phase movement
of the frame with fluid part.

4 Conclusion

In this paper, the absorption enhancement of poro-elastic material with small rod inclusions is stud-
ied. It is shown that the absorption coefficient can be improved under the quarter-wavelength frequency
exploiting a mass-spring effect of the inclusions, when the porous medium is considered viscoelastic and
fully coupled to the inclusion. By decomposing the absorption coefficient into energy dissipated by three
mechanisms (viscous, structural, and thermal), it is illustrated that the resonating mass excites the frame
and increases the out-of-phase movement of the frame and fluid, and consequently leads to an increase in
viscous loss. Moreover, the inclusions were modeled using three different assumptions i.e. elastic, rigid,
and point mass to differentiate between the mass-spring effect and what is known in literature as the
modified mode of the frame. As it was expected, while the rigid model was able to illustrate the modified
mode of frame effect, it came short in showing the mass-spring effect. Moreover, it was shown that by
changing the location of the inclusion, which translates to changing the spring stiffness, the resonance
frequency of the inclusion is changed, and therefore the absorption peak is shifted in frequency. This
behavior shows that such meta-porous systems can be tuned to improve absorption coefficient at targeted
frequencies below the quarter wavelength frequency, which can be also effectively used in active sound
absorbing meta-porous treatments [7].
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Abstract. The vast majority of structures introduce symmetry in one or two dimensions, which can be
a periodicity in the case of constructing several identical unit cells. Periodic structures have found a big
interest in engineering applications because they introduce frequency band effects, due to the impedance
mismatch generated by periodic discontinuity in the geometry, which can improve the vibroacoustic per-
formances. However, the presence of imperfections i.e. (defects, irregularity) in the structure, leads to
a partial lost of regular periodicity (called quasi-periodic structure) that can have a noticeable impact on
the vibrational and/or acoustic behaviour of the elastic system. The tailored irregularity, which is a de-
signed loss of periodicity, can be used, therefore, to improve the dynamic behaviour of structures. In the
present paper numerical studies on the vibrational analysis of two-dimensional non-planar periodic and
quasi-periodic structures have been performed. The content deals with finite and infinite systems. The
finite element models of solid structures focused on the band diagram analysis of the infinite systems and
the forced responses of the finite structures. The quasi-periodicity is defined by invoking the Thue-Morse
sequence for building the assigned variations (geometry) along the domain of finite element model. The
wave characteristics in quasi-periodic panels, present some elements of novelty and could be considered
for designing structural filters and controlling the properties of elastic waves.

1 INTRODUCTION

Periodic metamaterials are one of the central topics in vibration and acoustics domain. A degree of
regular periodicity in arrays of engineered metamaterials, always leads to design and create frequency
stop bands (i.e. waves cannot freely propagate in these frequency ranges). One of the main features
associated with the periodic distribution of mechanical devices is the ability of the system to block the
propagation of waves in specific frequency ranges [1]. Such structures behave as filtering systems, since
in some ranges of frequencies waves propagate without attenuation (if damping is neglected), while in
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others decay exponentially [2, 3]. They are also very well known metamaterials and phononic materi-
als for exhibiting frequency band gaps, that can improve the vibroacoustic response of structures [4, 5].
Recent studies show interesting topics on architectured material like phononic crystals, metamaterials,
and auxetic sandwich cores [6] to control the propagation of elastic waves. These architectured material
rely on two mechanisms for forming band gaps. Phononic crystals can form Bragg type band gaps, but
are limited in the low-frequency regimes because their unit cell size scales with wavelength. In contrary
metamaterials overcome this size, because they rely on resonances, but the resulting band gaps are nar-
row [7, 8].

Numerical analyses lead to the design of nominally perfect periodic structures. However, the presence
of imperfections i.e. defects or irregularities in post-manufacturing are highly likely to be occurred in
regular periodic designs. Recent studies show that there are effects on random variability due to the
additive manufacturing process on the performance of the elastic band gap behaviour in creating a stop
band effect in the forced response of the waveguide [9]. On the contrary, the present work is focused
on tailored irregularities, which is called (quasi-periodicity), which are considered to have impacts on
dynamical behaviour of the structures. The first challenge is how to predict the frequency band gap in
infinite quasi-periodic systems. In fact, the design of periodic configurations is usually based on the use
of Floquet-Bloch (FB) theorem which considers a single cell with adequate boundary conditions[10, 11].

To design an enhanced quasi-periodic structure and analyse the impact of this design in terms of dy-
namics response, two methods are under investigation. A forced response of the finite quasi-periodic
structure and a periodic panel which has commonality in terms of in-plane dimensions. In the second
method in order to predict the frequency stop band zones a dispersion analysis of the infinite periodic
structure is designed. In this design two meso-scale unit cells, which represent the dispersion analysis of
the infinite periodic structures are considered. The predicted dispersion curves can be directly compared
with its finite periodic counter parts for frequency band gaps prediction. In the forced response, those
two meso-scale cells are combined using Thue-Morse morphism series in order to tailor a quasi-periodic
panel. The FRFs of the quasi-periodic panel show effective results compared to strictly periodic panels
in terms of band gaps width enlargement and level of attenuation.

2 MODEL AND LEXICON

2.1 Infinite structure

The model consists of a metamaterial waveguide. Metamaterials in the present investigation are an en-
gineered sets of multiple elements to show some filtering properties. The waveguide consists of two
different unit cells in meso-scale. The unit cells are made of polymers materials and the mechanical
properties are given in Tab.1.

The unit cell is made of two sub-parts, on-board panel, and a resonator. The dimension of the meso-scale
wave-guide is detailed in the Fig.1. The information of the control volume of the both unit cells are taken
into account for modelling a lightweight, easy-to-manufacture metamaterial [12]. The on-board panel
has a thickness of 2mm with an area of 35× 35 mm2. The resonator shape has a height of 17.5mm and
a lateral and horizontal span of 30mm. Cell A and cell B have two different shapes with approximated
equal control volumes. The wall thickness of the cell A is 4.8mm and the circular hole in cell B has a
radius of 8mm.
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Figure 1: Meso-scale unit cells of infinite periodic panels

Table 1: Material properties of the metamaterial

Material Polymer
Modulus of elasticity(Pa) 2.32×109

Density (kg ·m−3) 1050
Poisson’s ratio 0.34

2.2 Finite structure

In the finite panel two perfectly periodic and two quasi-periodic structure are considered. In the last two
models specific Thue-Morse sequences are used to generate impedance mismatches in the view of desired
degree of quasi-periodicity. The degree of quasi-periodicity might be controlled with mathematical rules
that are introduced in the next section.

2.2.1 Thue-Morse sequence

A Thue-Morse sequence is binary sequence (an infinite sequence of 0s and 1s). The sequence starts with
0 then 01, 0110,01101001, and so on, [13]. For the simplicity, let us define the Thue-Morse morphism
to be the function s from the set of binary sequences to itself by replicating every 0 in a sequence with
01 and every 1 with 10 [14]:

s(x,y) = s(x)s(y) (1)

Eq.1 defines a map s for all strings x,y. Defining the Thue-Morse morphism s(0) = 01, s(1) = 10 leads
to the relations for increasing the quasi-periodicity pattern in two directions:

s(0) = 01 = AB
s2(0) = s(s(0)) = 0110 = ABBA
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s3(0) = s(s(s(0)) = 01101001 = ABBABAAB

Each 0 and 1 represents cell A and cell B respectively. In the present finite element model only 8 com-
bined unit cells are used, it means that the Thue-Morse morphism map stops at s3.

Two types of quasi-periodic finite panels are considered. The first one is a pure quasi-periodic panel
(8×8 unit cells) and the second quasi-periodic panel is designed similar to the first one with an addition
of two bare panels without resonators in the right and left sides of the quasi-periodic one. These two bare
panels are used as an input zone in the left and output zone in the right side of filtering domain shown in
Fig.2.

Figure 2: Quasi-periodic panel with the combination of cell A and B

2.2.2 Periodic sequence

The two periodic panels have a repetition of single cell A for first panel, and single cell B for second
panel respectively with the dimensions of 8×8 shown in Fig.3.
According to the Fig.3, the panel has a thickness of 2 mm, and the hallow resonator has a wall thickness
of 4.8 mm.
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Figure 3: Two strictly periodic panels, left with cell A periodicity and right with cell B

3 STRUCTURAL DYNAMICS

3.1 Dispersion analysis

Classical FB method is used for the band diagram analysis of the strictly periodic infinite panel. The
Floquet-periodicity is defined in the four side boundaries of the unit cell. The unit cell represents a
bi-directional spatial periodicity in the given infinite structure. The band diagram is computed along
the three symmetry directions of the first Brillouin zone shown in Fig. 4. Classical (FB) Floquet-
Bloch theory is used as a periodic boundary condition using COMSOL Multiphysics for the analysis of
dispersion curves. The periodicity boundary conditions in four sides of the lattice are

µR = e− jkxLµL (2)

µU = e− jkyLµB (3)

where, µR and µL are the displacement in the right and left side of the x axis and µU and µB are the
displacement in the upper and bottom of the y axis. L is the length of reciprocal element, kx and ky are the
wavenumers in the x and y directions. Band diagrams are analysed by setting up eigensolver analysis as
a parametric sweep using one parameter, k, which varies from 0 to π. The range of the k parameter spans
three wave vectors starting from (A to R to S and back to A), covering the edges of the first irreducible
Brillouin zone Fig. 4.
Two different unit cells are considered for the dispersion analysis. First cell A and second cell B. Both
cells have commonalities in terms of mass, volume fraction, material and structural properties in order
to be useful periodic tool to be compared with the quasi-periodic counter part. The results predicted
by these two cells could lead to design a quasi-periodic lattice, which is a finite panel with a tailored
irregularity that is invoked by Thue-Morse morphism deterministic approach. The results of the band
diagram is plotted in Fig. 5 There are two complete frequency band gaps in each sub-figure. The first
band gaps with small ∆ω = 570 Hz that represents the (resonance band gaps) following the larger Bragg
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Figure 4: Diagram of the first irreducible Brillouin zone for a square lattice

band gaps ∆ω = 2.9 kHz around 11 kHz is predicted for the cell A. Cell B in the right hand side of the
Fig.5 shows almost similar dispersion behaviour but with a wider resonance band gaps ∆ω = 754 Hz
around 4 kHz and a slight wider Bragg band gaps 3.1kHz compared to cell A. According to a sensitivity
analysis on both cells, the compromised wall thickness of the cell A = 4.8 mm and radius of the resonator
shape cell B = 8 mm is selected to isolate the maximum vibration level.
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Figure 5: Band diagram of infinite panels with a representative, left cell A and right cell B

3.2 Finite element analysis

In this part, four types of investigations, on periodic and quasi-periodic panels; specifically, the aim
is to apply on a finite structure the results obtained with a infinite periodic sequence.
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Fig. 6 show three curves; by focusing on the Bragg type band gaps zone, the blue curve with dash
lines corresponds to the cell B. It has thinner stop band wide compared to the other curves and there
is also a slight shift in the stop bands towards the higher frequencies compared to the two cell A and
combined (A, B). Despite of that cell A has a shift of the same band gaps zone towards the lower fre-
quency ranges. Paying attention to the dark green solid curve that corresponds to the combined cell A
and cell B, it has wider band gaps compared to both blue dash curve and dotted orange curve almost
around 10.5− 14.2 kHz. Also it should be mentioned that in the velocity amplitude response it has the
lowest pick in comparison of two other curves. The highest picks could be seen at around 8.25 kHz, and
the orange has the highest pick with the amplitude of 20dB.
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Figure 6: FRFs of three finite structures in terms of velocity amplitude in dB response

In conclusion of the first part, it could be predicted that the combination of two unit cells in finite quasi-
periodic panel (8×8 unit cells) is a compromise model and it has impacts on the dynamic behaviour of
panel compared to the two other strictly single periodic panels in terms of wide of band gaps and lower
attenuation level.
In the second part of the finite element analysis, an FRF of the quasi-periodic structure with (840×280×
2 mm3) is taken into account. This meta-structure shown in Fig.7 is made of three sub-parts. The middle
part is a quasi-periodic panel of combined cell A and cell B and the two other parts in the left and right
hand side bare panels with no resonators on it.
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The panel has a cantilever constraint (fixed boundary condition) marked blue in Fig.7. A unit white
spectrum force is applied to the input zone right left hand side bare panel (marked with red arrow) and
the response is observed in terms of Root Mean Square (RMS) with the average node points in the input
and output zones.
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Figure 7: Geometry of meta-structure (filter)

Fig.8 shows FRF response in terms of velocity amplitude in dB. Practically, this type of panel is used as
a junction filter between two bare panels. The induced vibration energy transfers through this junction,
and it acts as a meta-material filtering property to the elastic waves due to the impedance mismatch in
the shape of resonators embedded in the bare panels.

The FRF shows two types of curves, the blue one corresponds to the the average of the 64 nodes in
the input zone, where all the elastic waves are confined in the zone and there is no sign of frequency stop
bands. The orange curve corresponds to the response of the output zone. The frequency stop bands starts
from 10.36 kHz and continues to 13.6 kHz. There are some picks around 12 kHz inside the band gap
in shaded area. Three frequencies are chosen inside the shaded area and their operative modes or forced
deflections are plotted in Fig. 9.

A similar procedure for the numerical modelling of filtering effects has been done in the paper of
Billon et al [10]. They basically selected 4 points in the FRFs. Two points are located in the inside the
predicted band gap and two outside the band gap. One point inside the band gap does not really reflects
good response despite of being in the predicted band gaps. In fact, in the present FRFs only three points
are considered, two of them are on the lower and upper bound of the band gaps and the third one is taken
in the middle of the attenuation zone.
As it can be seen from the results in the paper of Billon et al [10], the average squared amplitude velocity
around 43.3 kHz which is inside the predicted band gap zone, has visible deformed shapes over −20dB.
In contrary, although there are some picks in the middle of band gap in the present result but they are
bellow −25dB with less deflections.
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Figure 8: FRFs of the meta-structure in terms of RMS of velocity amplitude in dB

The operative modes in Fig.9 shows the deformation of the panel in 10.36 kHz, the start point of band
gaps, 11.36 kHz middle of the band gaps, and 13.12 kHz almost at the finishing point of the band gaps.
It can be seen that the panel has an efficient filtering effects by using quasi-periodic pattern.

	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	

(a) 10.36 kHz (b) 11.36 kHz

(c) 13.12 kHz

Figure 9: Operative modes of the meta-structure with three selected frequencies in the upper, lower and middle
position of the attenuation level
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4 CONCLUSIONS

The first aspect is formulating fundamental procedures to design a quasi-periodic meta-structure using
Thue-Morse morphism sequence. The second aspect is dedicated to analysis of the impact of this design
in terms of dynamical behaviour. The results of FRFs and dispersion analysis shows that quasi-periodic
pattern have impact on dynamic behaviour of panels, especially in terms of isolating unwanted vibrational
behaviour all over the metamaterial part of the span, specifically inside the attenuation level.
In this analysis, the presented tailored irregularity, which in higher extent is a designed loss of periodicity
in finite structure has influential access to extend the attenuation level to lower velocity amplitude-dB and
slightly increase the wide of the band gaps. These impact came due to the impedance mismatch of the
combined (resonators) embedded on the bare panel. There are some points to be highlighted in the below:

The quasi-periodicity (Thue-Morse morphism) in two directions shows lower frequency band gaps
compared to the one direction ones like Fibonacci sequences. Quasi-periodic panel in the present article
has an efficient impacts on the vibrational analysis compared to the single periodic panels. In general
quasi-periodic pattern is capable of confining the energy in some modes, and in higher extends there are
possibilities to shift those localised modes in desired frequency bands.
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Abstract. Experimental vibroacoustic measurements are very common for the study of emitted 
noise reduction and vibration energy isolation of structures. The most important case is when 
structures are subjected to an aerodynamic excitation as Turbulent Boundary Layer (TBL). In 
this paper, a preliminary study is performed on the energy transmission between subsystems of 
a structure subjected to TBL. A numerical test is developed on a three-plates-in-row system at 
high frequencies, through the application of Statistical Energy Analysis (SEA).  Parameters 
such as surface dimensions, thickness and damping loss factor are evaluated in different 
configurations for a first design of a testbench used for vibroacoustic measurements in a wind 
tunnel.  
 
1 INTRODUCTION 

In the aerospace engineering field, the study of vibroacoustic behaviour of complex 
structures is very popular as academic research, as well as for industrial purposes. 

In fact, main topics are the emitted noise and the structural vibration of systems which are 
subjected to an aerodynamic excitation (i.e. Turbulent Boundary Layer, TBL), with the aim of 
guarantee a good comfort in terms of reduced emitted noise and isolation of structural vibration. 
Focusing the attention on the effect of a TBL at high flow speeds, it is important to have a 
relevant testbench, mounted in the wind tunnel that, for this specific excitation, can guarantee 
the quality and robustness of the measured experimental data. In other words, it is required that 
ideally no contamination effects, related to the impedance breaks between testbench and sample 
panel, affect the measurements.  

For this reason, the decoupling of energy transmission between subsystems of a structure is 
the main topic of this paper. A similar work is done by Finnveden in [1,2]. The wind tunnel, at 
KTH laboratories, consists in a suspended flow duct in which an air flow is blown; the test 
panel is mounted on the wall of the above-mentioned duct. The validation of the wind tunnel, 
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which Finnveden [1,2] proposed through the application of the Statistical Energy Analysis 
(SEA), assumed that it is possible to consider the vibration of the test panel decoupled by the 
vibration of the flow duct.  

In the present paper, a verification of the prior assumption is made, followed by a numerical 
procedure based only on SEA. The procedure uses the description of an aerodynamic excitation, 
such as TBL, as an equivalent “rain on the roof” excitation in the mid-high frequencies [3,4].  

The following sections are organized in this order: first, the presentation of the adopted SEA 
method, second, the presentation of the Equivalent TBL model, and finally the presentation of 
results per categories: influence of surface, thickness and damping, respectively 

2 STATISTICAL ENERGY ANALYSIS 
Statistical Energy Analysis is based on the principle of energy balance between subsystems 

which are assumed to be linearly coupled. This energetic method has been studied and theorized 
by Lyon [5]. Among the assumptions thus theorized, it is considered the one for which the 
excitation spectrum is broadband, and the excitation forces are statistically independent: there 
are no pure tones in the input spectra. 
     The energy balance between two subsystems i and j can be expressed as 
 

𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖,𝑖𝑖 = 𝑃𝑃𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑,𝑖𝑖 + (𝑃𝑃𝑖𝑖𝑖𝑖 − 𝑃𝑃𝑖𝑖𝑖𝑖) (1) 

𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖,𝑖𝑖 = 𝜔𝜔𝜂𝜂𝑖𝑖𝐸𝐸𝑖𝑖 +∑𝜔𝜔𝜂𝜂𝑖𝑖𝑖𝑖𝑛𝑛𝑖𝑖 (
𝐸𝐸𝑖𝑖
𝑛𝑛𝑖𝑖
−
𝐸𝐸𝑖𝑖
𝑛𝑛𝑖𝑖
)

2

𝑖𝑖=1
 (2) 

 

where 𝜂𝜂𝑖𝑖𝑖𝑖  is the coupling loss factor (CLF), 𝑛𝑛𝑖𝑖 is the modal density, Ei and Ej are the uncoupled 
total subsystem energies (Fig. 1).  

 
Figure 1: Simple SEA system. 

     SEA affirms that power always flows from the subsystem which has a higher energy to the 
one having lower energy 
 

𝑃𝑃𝑖𝑖𝑖𝑖 = 𝜔𝜔(𝜂𝜂𝑖𝑖𝑖𝑖𝐸𝐸𝑖𝑖 − 𝜂𝜂𝑖𝑖𝑖𝑖𝐸𝐸𝑖𝑖) = 𝜔𝜔𝜂𝜂𝑖𝑖𝑖𝑖𝑛𝑛𝑖𝑖 (
𝐸𝐸𝑖𝑖
𝑛𝑛𝑖𝑖
−
𝐸𝐸𝑖𝑖
𝑛𝑛𝑖𝑖
) 

(3) 

𝜂𝜂𝑖𝑖𝑖𝑖𝑛𝑛𝑖𝑖 = 𝜂𝜂𝑖𝑖𝑖𝑖𝑛𝑛𝑖𝑖  (4) 
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For a complex structure, the relation between the injected powers and the modal energies can 
be written as follows 
 

{
𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖,1

⋮
𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖,𝑠𝑠

} = 𝜔𝜔

[
 
 
 
 
 
 𝜂𝜂1𝑛𝑛1 + ∑𝜔𝜔

𝑠𝑠

𝑖𝑖=1
𝜂𝜂1𝑖𝑖𝑛𝑛1 ⋯ −𝜂𝜂1𝑠𝑠𝑛𝑛1

⋮ ⋱ ⋮

−𝜂𝜂𝑠𝑠1𝑛𝑛𝑠𝑠 ⋯ 𝜂𝜂𝑠𝑠𝑛𝑛𝑠𝑠 + ∑𝜔𝜔
𝑠𝑠−1

𝑖𝑖=1
𝜂𝜂𝑠𝑠𝑖𝑖𝑛𝑛𝑠𝑠

]
 
 
 
 
 
 

{
𝐸𝐸𝑚𝑚,1

⋮
𝐸𝐸𝑚𝑚,𝑠𝑠

} (5) 

{𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖} = 𝜔𝜔[𝐿𝐿]{𝐸𝐸𝑚𝑚} (6) 
 

The energy distribution inside the subsystems of a complex structure is the result of a simple 
algebraic matrixial equation in which it is needed to know only three parameters, which are the 
injected powers in terms of Power Spectral Densities (PSD), the modal densities and the CLFs. 
     However, SEA presents some limitations of applicability, defined by Mace in [6,7]. It is here 
mentioned the modal overlap factor  
  

𝑚𝑚(𝜔𝜔) = 𝜂𝜂𝜔𝜔𝑛𝑛(𝜔𝜔) (7) 
 

as instrument for SEA validity. If 𝑚𝑚 ≫ 1 for all subsystems of the structure, in fact, it can be 
said that it is possible to use SEA. The frequency for which the modal overlap factor is equal 
to unity, is the limit frequency for SEA validity. 

3 EQUIVALENT TBL EXCITATION 
With the aim of designing a testbench for vibroacoustic measurements in wind tunnel, it is 

necessary to describe the effect of an aerodynamic load as a TBL excitation. But, as mentioned 
in the previous section, the type of excitation applied to a structure in SEA method should be a 
broadband statistically independent excitation, such as ‘rain on the roof’ excitation (ROF). For 
this reason, the Equivalent TBL presented by Ichchou in [3] is considered. 

Referring to the Corcos model described as 

𝐶𝐶(𝑥𝑥 − 𝑥𝑥′, 𝑦𝑦 − 𝑦𝑦′;𝜔𝜔) = 𝑒𝑒−𝛿𝛿𝑥𝑥|𝑥𝑥−𝑥𝑥′|cos(𝛾𝛾𝑥𝑥(𝑥𝑥 − 𝑥𝑥′))𝑒𝑒−𝛿𝛿𝑦𝑦|𝑦𝑦−𝑦𝑦′| (8.a) 

{ 𝛾𝛾𝑥𝑥 = 𝜔𝜔 𝑈𝑈𝑐𝑐⁄
𝛿𝛿𝑥𝑥,𝑦𝑦 = 𝑎𝑎𝑥𝑥,𝑦𝑦𝛾𝛾𝑥𝑥

 (8.b) 

where 𝑈𝑈𝑐𝑐 is the convective speed and 𝑎𝑎𝑥𝑥,𝑦𝑦 are empirical coefficients, it is possible to define the 
Equivalent TBL auto-spectrum (Eq. 10) in function of an equivalent correlation function 
𝐶𝐶𝑒𝑒𝑒𝑒(𝜔𝜔) (Eq. 9) and ROF auto-spectrum  

𝐶𝐶𝑒𝑒𝑒𝑒(𝜔𝜔) = ∫ ∫ 𝑒𝑒−𝛿𝛿𝑥𝑥|𝜁𝜁|cos(𝛾𝛾𝑥𝑥𝜁𝜁)𝑒𝑒−𝛿𝛿𝑦𝑦|𝜒𝜒|𝑑𝑑𝜁𝜁𝑑𝑑𝑑𝑑
+∞

−∞

+∞

−∞

= 4𝛿𝛿𝑥𝑥
𝛿𝛿𝑦𝑦(𝛿𝛿𝑥𝑥2 + 𝛾𝛾𝑥𝑥2)

 (9) 

𝑆𝑆𝑝𝑝𝑝𝑝
𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝜔𝜔) = 𝐶𝐶𝑒𝑒𝑒𝑒(𝜔𝜔)𝑆𝑆𝑝𝑝𝑝𝑝

𝑅𝑅𝑅𝑅𝑅𝑅(𝜔𝜔) = 4𝛿𝛿𝑥𝑥
𝛿𝛿𝑦𝑦(𝛿𝛿𝑥𝑥2 + 𝛾𝛾𝑥𝑥2)

𝑆𝑆𝑝𝑝𝑝𝑝
𝑅𝑅𝑅𝑅𝑅𝑅(𝜔𝜔) (10) 
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In this way, it is possible to describe at high frequencies, the effect of an aerodynamic load on 
a structure as vibration levels, thanks to the application of Equivalent TBL (ETBL) excitation 
in a SEA approach. 

4 NUMERICAL APPLICATIONS OF EQUIVALENT TBL (ETBL)  

4.1 Generalities 
Ref. [2] shows how to evaluate the modal density of a flow duct. Particularly at high 

frequencies, it has been observed that the dispersion curves of the flow duct follow the 
analytical thin-plate theory. At high frequencies, this means that it is possible to approximate a 
complex structure as an ensemble of thin plates.  

According with this assumption, the energy transmission between a flow duct and a test 
panel can be described as an energy transmission among simple plates: the energy transmission 
between a testbench and a test panel can be also simplified as said before. Therefore, the 
preliminary study of energy transmission between three plate in a row (Fig. 3) is carried out.  

 

 
Figure 2: Equivalent SEA model. 

Three is the lowest number of plates that can be chosen for the first study of energy flow 
direction among subsystems: the energy transmission referred to a test panel would be analyzed 
between more than one interface.  

The plates of equivalent SEA system (Fig. 2) have the characteristics described in Table 1. 
 

Table 1: Geometry and physical properties of the plate. 

Geometry: Plate Material: Aluminium 
𝐿𝐿𝑥𝑥 = 1.5𝑚𝑚 𝐸𝐸 = 7.1𝑒𝑒10𝑃𝑃𝑃𝑃 
𝐿𝐿𝑦𝑦 = 0.9𝑚𝑚 𝜐𝜐 = 0.33 
ℎ = 5𝑚𝑚𝑚𝑚 𝜌𝜌 = 2500 𝑘𝑘𝑘𝑘 𝑚𝑚3⁄  

 𝜂𝜂 = 0.005(0.5%) 
The energy transmission analysis of the equivalent SEA system is organized as follows.  
A first solution has been evaluated keeping all three plates with the same identical properties; 

the other solutions calculated for different configurations would be compared with this as 
reference case (‘case 0’). The SEA frequency limit for this configuration is 2500Hz. The first 
comparison is in function of difference of surface: the middle plate – which represents the test 
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panel – would have a reduced length 𝐿𝐿𝑥𝑥 = 0.5𝑚𝑚, having a consequential reduction of surface 
of 33% respect to the side plates surfaces. 

The second comparison is in function of difference of thickness: the middle plate would have 
a reduced thickness ℎ = 1𝑚𝑚𝑚𝑚, 1/5 of the side plates thickness. 

The third and last comparison is in function of the damping loss factor: the side plates would 
present an increase of damping from 0.5% to 7%. 

 
All the cases described above will be compared with ‘case 0’ in terms of: (i) Vibration 

velocity levels 𝑆𝑆𝑉𝑉𝑉𝑉 , in order to obtain a velocity gap between middle plate and side plates of at 
least 20 dB; (ii) Powers levels which act on subsystem ‘plate 2’, in order to understand how the 
energy spreads inside the system. The power levels are not presented as absolute values, but as 
ratio with the injected power on ‘plate 2’.  

4.2 SEA Test-Cases 

4.2.1 Surfaces 

As first case, the length of middle plate is reduced from the initial value 𝐿𝐿𝑥𝑥 = 1.5𝑚𝑚 to 𝐿𝐿𝑥𝑥 =
0.5𝑚𝑚, as mentioned above. The reduction of surface applied at the middle plate changes its 
modal overlap factor and, consequently, increases the value of SEA frequency to ≈7000 Hz. 
The velocity gap obtained for a surface reduction of 33% is only of 6 dB (Fig. 3), which is too 
low for an energy isolation of the middle plate in terms of vibration velocity. 

 

 
Figure 3: Vibration velocities of three plate in row subjected to an Equivalent TBL: same properties (-), 

subsystem ‘plate 2’ with 𝐿𝐿𝑥𝑥 = 0.5𝑚𝑚 (--). 

The consequences of surface reduction of the middle plate can be seen in Fig. 4: the 
dissipated power, 𝑃𝑃𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑,2 = 𝜔𝜔𝜂𝜂2𝐸𝐸2 = 𝑓𝑓[〈𝑣𝑣2〉2], of ‘plate 2’ has reduced, while the transmitted 
energy of side plates has increased. This is not an acceptable configuration, because the aim is 
the reduction of the transmitted power from the other subsystems to the test panel, not the 
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opposite.  
 

 
Figure 4: Difference of powers calculated in function of injected power acting on the subsystem 'plate 2': same 

properties (-), subsystem ‘plate 2’ with 𝐿𝐿𝑥𝑥 = 0.5𝑚𝑚 (--). 

4.2.2 Thicknesses 

In this second configuration, the middle panel had a reduction of thickness from ℎ = 5𝑚𝑚𝑚𝑚 to 
ℎ = 1𝑚𝑚𝑚𝑚. With this change of thickness, the modal overlap factor of the middle plate leads to 
a wider frequency range in which the SEA method is valid. But, because it must be considered 
the modal overlap factors of all the subsystems, the SEA frequency limit still remains over 
2500Hz. The reduction of thickness leads also to a velocity gap between the middle plate and 
the side plates of 20 dB and more (Fig. 5), which can ensure an energy isolation of the middle 
plate from the side plates. 
     Observing Fig. 6, it is possible to notice that the dissipated power of ‘plate 2’ reaches almost 
the same value of the injected power; this could mean that the energy flows inside the middle 
plate and then it is directly dissipated without almost any transmission to the near subsystems. 
Moreover, the values of the transmitted energy by side plates is consistently reduced, which 
could mean that the velocity response of the middle plate it is a direct effect of the TBL.  
     Hence, it can be said that a change of thickness can ensure the energy isolation of a test panel 
from its testbench. 

4.2.3 Damping loss factors  

     The last comparison refers to a change of damping loss factor; this has been increased in 
side plates, to see the effect of energy transmission between a high damped subsystem with a 
low damped subsystem. The increase of damping loss factor in a subsystem has a direct effect 
on the modal overlap factor, which even this time ensures a wider frequency range of SEA 
validity. But, because the modal overlap factor of the middle plate must be considered too, the 
SEA frequency limit still remains 2500 Hz. 
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     In Fig. 7, a velocity gap of nearly 4 dB is shown. While the vibration velocity of the middle 
plate remains the same, the side plates present a reduction of vibration velocity. Considering 
the case of the testbench, it means that a damped frame system does not ensure a huge difference 
of vibration velocities between itself and the test panel. On the other hand, it is shown in Fig. 8 
that an increase of damping loss factor in the side plates ensures a reduction of transmitted 
energy from them to the middle plate. As expected, the dissipated power of ‘plate 2’ seems not 
changed.  
 
 

 
Figure 5: Vibration velocities of three plate in row subjected to an Equivalent TBL: same properties (-), 

subsystem ‘plate 2’ with ℎ = 1𝑚𝑚𝑚𝑚 (--). 

 

 
Figure 6: Difference of powers calculated in function of injected power acting on the subsystem 'plate 2': same 

properties (-), subsystem ‘plate 2’ with 𝑡𝑡 = 2.5𝑚𝑚𝑚𝑚 (--). 
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Figure 7: Vibration velocities of three plate in row subjected to an Equivalent TBL: same properties (-), 

subsystems ‘plate 1’ and ‘plate 3’ with 𝜂𝜂 = 0.07(7%) (--). 

 

Figure 8: Difference of powers calculated in function of injected power acting on the subsystem 'plate 2': same 
properties (-), subsystems ‘plate 1’ and ‘plate 3’ with 𝜂𝜂 = 0.07(7%) (--). 

5 CONCLUSIONS 
     From the above numerical tests based on SEA, it can be seen that there are different ways 
of changing the energy transmission between subsystems of a structure. Reducing the surface 
of the middle plate does not ensure its energetic isolation, but it implies only an increase of the 
energy transmission from the side plates to the middle one. On the other hand, the reduction of 
thickness is the best solution for a large velocity gap between the subsystems; in fact, the change 
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of thickness influences directly the impedance values of the subsystems, which consequently 
alters the way the energy is transmitted. Finally, modifying the damping loss factor only leads 
to a reduction of the transmitted energy; it could be taken in consideration as final option for 
the optimization of the structure in terms of energy isolation of the test panel. 
     This is only a preliminary study which can be conducted for a first design of a testbench. As 
following step, it is necessary to consider the indirect energy transmission between subsystems 
which are not physically connected each other. This second test can be carried on through the 
utilization of SEA-like method, which not only is able to estimate the indirect CLF, but it can 
also extend the study of energy transmission in the middle frequency range. 
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Abstract. The exploitation of non-trivial topological properties of band structures in Phononic Crystals
has recently proved to be a proficient way to obtain robust waveguides showing immunity to backscatter-
ing at defects and capability to overcome sharp bends without reflections. This manuscript shows how it
is possible to design an elastic waveguide that exploits the promising features of topological protection
and at the same time achieves reconfigurability in the path followed by the carried signal. This is accom-
plished by integration in the structure of piezoelectic smart devices with negative capacitance shunting
circuits. Moreover, the design of a mechanism to switch between different edge channels to convey at
need elastic energy to distinct points of the structure is presented.

1 INTRODUCTION

The design of engineered periodic lattices has become of great interest during the past decades as a
means to obtain wave propagation control in elastic structures [1]. The exploitation of Bragg scattering at
periodic discontinuities or the use of patterns of resonators are now established ways to shape phononic
dispersion branches. In this context, the opportunity to observe and take advantage of topological phases
in elastic systems has recently driven a growing interest to the subject. Such topological properties
where firstly introduced in quantum systems of condensed matter [2, 3, 4] and have quickly spread
to other fields of studies such as optics [5] and acoustics [6, 7] for the new promising ways of wave
manipulation they offer. Indeed, the systematic study of the geometrical properties of band structures
is now a powerful tool to predict the occurrence of efficient energy transport showing certain degree of
immunity to backscattering. As a matter of fact, each topological phase can be indexed by a topological
invariant. Moreover, the bulk-edge correspondence principle ensures that at the shared edge between
two distinct phases a number of topologically protected states equal to the difference of their topological
invariants will occur. In particular, in the following we will consider periodic mechanical structures
establishing analogy with the quantum valley Hall effect (QVHE). This phenomenon can be obtained
exploiting the valley degree of freedom as a pseudospin, given that inter-valley scattering is suppressed.
Valley Hall phases have been successfully observed both in discrete mechanical lattices [8, 9, 10], and in
continuum periodic structures [11, 12, 13]. A profitable way to obtain such Valley edge states is to lift the
Dirac degeneracy occurring in Kagome lattices by break of spatial inversion symmetry (SIS). Exploiting

1
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this design procedure, the aim of this paper is to show how it is possible to combine the unique features
of topologically protected edge waves with adaptivity, achieved introducing piezoelectric inserts in the
unit cell. Indeed, such patches are adopted to locally alter the stiffness of the unitary elements, using
series negative capacitance shunting circuits [14, 15, 16]. In this way, the designed elastic structure is
capable to route elastic energy along different paths, in addition to showing all the interesting features of
topological protection. The manuscript is organized as follows: in the second section the design of the
unit cell of the proposed structure is discussed. The occurrence of a topological phase transition when the
elastic properties of the unit cell are smoothly changed by use of the shunting circuits is also underlined.
In section 3 an analysis of the edge states occurring at interfaces created between topologically distinct
lattices is performed. The design of a quantum point-like device capable of redirecting elastic energy in
different directions is also added. Conclusions are drawn in the last section.

2 UNIT CELL ANALYSIS

A sketch of the Kagome geometry is provided in Figure 1(a) along with the selected unit cell of direct
lattice and a drawing of its Brillouin zone. In its discrete version it can be obtained joining lumped masses
with linear springs. By lowering the symmetries of the lattice it is known that the Dirac degeneracy
occurring at K/K’ points can be lifted and a topological bandgap opened [8]. This can be done by
alternating soft and stiff springs as highlighted with different colors in Figure 1(a). This consideration
provides the guidelines for the design of the unit cell that is employed in the following to realize the
tunable waveguide.

r1
r2 KMK

K K'

K'
K'

(a)

-CNQ

VVt

R1 R2

C

a

d

w

L

(b)

Figure 1: 1(a): Spring-mass discrete Kagome lattice, unit cell and Brillouin Zone. 1(b): Sketch of the
continuum implementation of the tunable unit cell. Scheme of synthetic negative capacitance shunting
circuit.

A schematic of such unit cell is shown in Figure 1(b): it is made by an Aluminum substrate and
comprises three circular mass-elements connected by beam-elements acting as springs. Piezoelectric

2
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Physical prop. Substrate PZT-5A Geometrical prop.

E 70 MPa 61.9 MPa d 27.5 mm
ν 0.33 0.33 L 23 mm
ρ 2700 kg/m3 7750 kg/m3 w = t 6 mm
k31 0.34 a 100 mm
εs

33 13.3 ·10−9 F/m hs = hp 1 mm

Table 1: Unit cell physical and geometrical properties.

Figure 2: Dispersion diagram for Kagome lattice: β = 0 (Left), β =±0.14 (right).

patches are attached on both sides of the connecting elements, resulting in a bimorph configuration: hs

and hp are the substrate and piezo thickness respectively (see Table 1 for all physical and geometric
properties). Each patch is connected to a series negative capacitance shunting circuit. The resulting
effective elastic modulus reads as [15, 16]:

EE∗
p = EE

p

(
CN −CT

p

CN −CS
p

)
(1)

considering EE
p as the Young’s Modulus at constant electric field and Cn the negative capacitance (NC)

value. CT,S
p are the equivalent capacitance under free and blocked conditions, respectively:

CT
p = εT

33
A
hp

CS
p = εS

33
A
hp

(2)

being A the surface of the piezo patch and hp its thickness. The piezoelectric coupling coefficient k31
relates εT

33 and εS
33:

εT
33 =

εS
33

(1− k2
31)

(3)

The equivalent properties of the sandwich are obtained by the nominal ones of its sub-elements:

Eeq = δEE∗
p +(1−δ)E ρeq = δρp +(1−δ)ρ (4)

with δ =
2hp

hs
=

2
3

. Positive and negative modulation of the equivalent stiffness of the beam elements are

3
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K'K

Figure 3: Band structure evaluated for the super cell depicted in Figure 4. Gap-less states are highlighted
with different colors: red one appears at a Hard (H) interface, yellow ones a Soft (S) interface

achieved upon the application of a negative capacitance such as:

CN

CT
p
= 1.25(1±β) (5)

where the constant 1.25 is required for stability reasons [15]. The value of β is tailored to obtain alternate
soft and stiff spring elements, in analogy with the discrete case [8]. In particular, +β is used for the three
internal beams, and −β for the remaining three. Figure 2 shows the dispersion diagram of the unit cell
along the irreducible Brillouin zone, for β = 0. When no bias in the stiffness of the connecting elements
is introduced, a degeneracy can be observed between the eighth and ninth branches at the high symmetry
point K. Switching from β = 0 to β = ±0.14 , a bandgap is opened between approximately 16 and 17
KHz, as a consequence of SIS break. In particular, the same stop band is obtained for β =±0.14: despite
representing two different unit cells (one has three internal soft springs, the other has three internal stiff
springs) when repeated in infinite patterns the two lattices cannot be distinguished. Nevertheless, the
band structures for β > 0 and β < 0 show different topological invariants: lattices with positive value
of β cannot be smoothly deformed in ones with negative β without band-gap closing and reopening at
β = 0. This witnesses the occurrence of a topological phase transition [8, 9]. That is, adjusting the value
of the negative capacitance by switching from β > 0 to β < 0 causes the topological order of the structure
to be changed.

3 TUNABLE TOPOLOGICALLY PROTECTED WAVEGUIDE

x

y

Figure 4: Finite strip made of 15 unit cell of type A followed by 15 B type elements. A so called Hard (H)
interface is created in the middle: two hard connectors (highlighted in red) are facing at the discontinuity.

According to the bulk-edge correspondence principle, localized edge states are expected to occur at
the interface between topologically distinct lattices having β=±0.14. To observe their occurrence, a rib-
bon is made by N1 = 15 unit cells with β = 0.14 (type A) and N2 = 15 ones characterized by β =−0.14
(type B). This means that two halves built with different topological phases are joined together. If A-type
unit cells are followed in the strip by B ones, a domain wall (DW) is created comprising two subsequent

4
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(a) (b)

Figure 5: Figure 5(a): Frequency response function evaluated when two edge channels are kept apart.
Seven rows of A type unit cells constitute the slice. Loading point is indicated with a red dot. K and
K′-polarized modes are indicated with arrows. Figure 5(b): Energy is transferred between upper and
lower edge channels if the number of rows in the slice is reduced.

stiff elements (Figure 4). A second kind of DW can be created reversing the order of the unit cells in the
ribbon. This latter will be called S interface, consisting of two consequent soft connectors, while the for-
mer type will be indicated as H (hard) interface. The dispersion analysis of the super-cell is conducted
letting the wave-vector vary between κx ∈ [0,π/a]. The resulting band structure is depicted in Figure
3. S-interface state is represented by the continuous yellow curve, while the red one describes the H-
interface mode. In accordance with the bulk-edge correspondence principle, only one mode is obtained
at each valley for each type of DW, being each phase indexed by a Valley Chern number Cv =±1/2 [8].
Moreover, as long as inter-valley scattering is forbidden, forward and backward propagating modes can-
not couple. This makes the topological waves protected against backscattering. As a consequence, the
interface created facing two distinct phases constitutes an ideally perfect waveguide. It is worth noticing
that the shape of such waveguide only depends on the spatial arrangement of A and B-type of unit cells
inside the structure. Adaptivity is thus achieved considering that a topological phase transition from A
cells to B ones and vice-versa can be induced manipulating the shunting circuits, upon variation of the
parameter β which defines the value of the negative capacitance [16].
An interesting way to exploit such adaptivity is to design switch mechanisms in analogy with the quan-

tum point-like devices developed in the context of QSHE [17]. Indeed, the coupling between topological
states at different DWs can be exploited to switch edge channel. Consider a narrow bar made by A units
surrounded at both sides by B elements: an H interface is obtained above such slice, while an S one is
produced below (Figure 5(a)). On the former interface, the K polarized state is characterized by pos-
itive group velocity (forward propagation), while it exhibits negative group velocity on the other edge
channel (backward propagation, see red arrows in Figure 5(a)). Upon tuning of the NC value inside
the narrow slice, its width can be reduced or increased by inducing a phase transition of rows of unit
cells. Until the width of the point contact is sufficiently opened, the two edge channels cannot couple,
thus if excitation is applied to the H domain wall the forward propagating wave can reach the other end
of the structure (Figure 5(a)). On contrast, a reduction of the width of the slice induces the forward
state propagating on a DW to couple with the one which possesses the same valley index on the other,
and the elastic signal is stirred back to the same side of the device ( Figure 5(b)). In this way a switch is
obtained between two possible paths, involving a reduced number of unit cells which need to be adjusted.

5
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4 CONCLUSIONS

In this manuscript the design of a tunable topological waveguide was discussed. Adopting piezo-
electric inserts it was possible to obtain semi-active control on the stiffness properties of the unit cell
of the Kagome lattice, thus giving the opportunity to switch a topological phase into another at need.
This allows to re-shape the interface constituting the waveguide itself. An example of switch mechanism
between edge channels that exploits valley coupling was also shown, in analogy with quantum point-like
structures.
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Abstract: The main advantage of designing sound packages with periodic arrangements is that 
they can provide a combination of absorption effects, resonance effects and wave interferences 
effects. This offers different applications in transportation (aeronautics, space, automotive, 
railway), energy and civil engineering sectors, where both weight and space, as well as 
vibroacoustic quality of performance and comfort, still remain as critical issues. The application 
of shift cell technique is presented and discussed for periodic porous media described with 
equivalent fluid models: it consists in a reformulation of classical Floquet-Bloch (F-B) 
conditions, whose major advantage stands in allowing the introduction of any frequency 
dependence of porous material behavior, through the resolution a quadratic eigenvalue problem, 
providing an efficient way to compute the dispersion curves of a porous material modelled as 
an equivalent fluid. The central part of this work shows the results, in terms of absorption 
coefficient and transmission loss curves, obtained through a numerical test campaign involving 
different melamine and polyurethane foams. The 48 test cases involve a cubic unit cell of porous 
material with a cylindrical inclusion. Furthermore, some absorption coefficient and 
transmission loss comparisons are shown, between a homogeneous unit cell and a unit cell with 
a perfectly rigid inclusion; the comparisons are carried out at fixed dimensions, then at fixed 
mass and then at fixed performance in the periodicity peak range. The results clearly point out 
the advantage of designing foam layer with periodic inclusion patterns in order to improve the 
performances in a specific range of frequencies, allowing a save both in terms of thickness and, 
most of all, mass, respect to a classical homogeneous foam layer. 

1 INTRODUCTION 
The inclusion of vibroacoustic treatments at early stage of product development, through the 

use of porous media with periodic inclusions, is a powerful strategy for the achievement of 
lightweight sound packages and represents a convenient solution for manufacturing aspects. 

Indeed, although porous materials are commonly used for vibroacoustic applications, they 
suffer from a lack of absorption at low frequencies compared to their efficiency at higher ones; 
this difficulty is usually overcome by multi-layering [1]. However, while reducing the 



1113

 D. Magliacano, M. Ouisse, S. De Rosa, F. Franco and A. Khelif  

2 
 

impedance mismatch at the air-material interface, the efficiency of such devices relies on the 
allowable thickness [2]. 

A more efficient way to enhance the low frequency performances of sound packages consists 
in embedding periodic inclusions in a porous layer [3] in order to create wave interferences or 
resonance effects that may play a positive role in the dynamics of the system. 

The classical approach, known as Floquet-Bloch (F-B) theory, provides a strategy to analyze 
the behavior of systems with a periodic structure. 

In layered systems, due to the heterogeneity of the relevant elastic properties or to particular 
geometric features, or to both, only certain wave modes can physically propagate inside the 
structure. Each of these modes can be identified by a determined (generally nonlinear) function 
relating the time frequency and the spatial frequency (or wave number). These relationships are 
called dispersion curves and they summarize all the dynamic behavior of the system [4]. 
Therefore, dispersion curves offer a better perspective to explain the wave field behavior inside 
bodies. 

For instance, the Helmholtz equation is a known example of equation describing the spatial 
behavior: there, the physical periodic structure of the studied object translates into spatial 
periodicity of its coefficients. Therefore, the F-B theory can be applied to obtain the dispersive 
properties of different mechanical periodic systems, reducing the problem to the calculations 
performed in the so-called unit cell under to certain specific boundary conditions derived from 
the F-B theory itself [5]. 

In order to develop efficient numerical techniques to handle the problem, the shift cell 
operator technique is presented. It allows the description of the propagation of all existing 
waves from the description of the unit cell through the resolution of a quadratic eigenvalue 
problem, in which the phase shift of the boundary conditions related to wave propagation is 
integrated into the partial derivative operator; consequently, the periodicity is included in the 
overall behavior of the structure, while continuity conditions are imposed at the edges of the 
unit cell. This is done through a 𝑘𝑘(𝜔𝜔) (wave number as a function of the angular frequency) 
method, which allows computing dispersion curves for frequency-dependent problems; instead 
of using the classical 𝜔𝜔(𝑘𝑘) (angular frequency as a function of wave number) that leads to non-
linear eigenvalue problems. 

Similar techniques, which use a modified F-B approach in order to handle a 𝑘𝑘(𝜔𝜔) problem, 
can be found in literature ([6]–[8]). The main reason why the shift cell method differs from 
them is that it consists in a reformulation of classical F-B conditions, in which the phase shift 
of the boundary conditions related to wave propagation is integrated into the partial derivative 
operator; consequently, the periodicity is included in the overall behavior of the structure, while 
continuity conditions are imposed at the edges of the unit cell. This technique has been 
successfully applied for describing the mechanical behavior of periodic structures embedding 
visco-elastic materials ([9], [10]) or piezoelectric materials [11]. Here it is proposed an 
extension to equivalent fluid models: this makes possible to overcome the limits of existing 
approaches by a more specific design of the system, through a process of optimization and 
testing of different inclusions, in order to obtain a device whose frequency efficiency 
outperforms existing designs. 

The behavior of the porous materials is described by Johnson-Champoux-Allard (JCA) 
model ([12], [13]) in the following sections, but one can identically use any other equivalent 
fluid model ([14]–[16]). 
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2 SHIFT CELL OPERATOR TECHNIQUE 

In this paper, a periodic arrangement of porous materials is considered. For a more detailed 
discussion, one can refer to [17]. The behavior of each material is described by an equivalent 
fluid model in the frequency domain, i.e.: 
 𝜌𝜌 𝜔𝜔2

𝐾𝐾 𝑝𝑝 + ∆𝑝𝑝 = 0, (1) 
where 𝑝𝑝 = 𝑝𝑝(𝒙𝒙, 𝜔𝜔) is the acoustic pressure, 𝒙𝒙 = (𝑥𝑥, 𝑦𝑦, 𝑧𝑧) is the coordinate vector, 𝜔𝜔 is the 

angular frequency, 𝜌𝜌 = 𝜌𝜌(𝒙𝒙, 𝜔𝜔) is the equivalent fluid density and 𝐾𝐾 = 𝐾𝐾(𝒙𝒙, 𝜔𝜔) is the bulk 
modulus [18]. The periodicity is described by 𝜌𝜌(𝒙𝒙 + 𝒓𝒓𝒓𝒓) = 𝜌𝜌(𝒙𝒙) and 𝐾𝐾(𝒙𝒙 + 𝒓𝒓𝒓𝒓) =
𝐾𝐾(𝒙𝒙), ∀𝒙𝒙 ∈ 𝛺𝛺, where 𝒓𝒓 is a vector of integers normal to the face considered, 𝒓𝒓 = (𝒓𝒓𝟏𝟏, 𝒓𝒓𝟐𝟐, 𝒓𝒓𝟑𝟑) 
is a matrix containing the three vectors defining the cell periodicity directions and lengths, and 
𝛺𝛺 is the domain of interest. 

For the purpose of the shift cell technique development, considering Eq. 1 and applying the 
Bloch theorem such as 𝑝𝑝(𝒙𝒙, 𝜔𝜔) = 𝑝𝑝(𝒙𝒙)𝑒𝑒𝑗𝑗𝒌𝒌𝒙𝒙, where 𝒌𝒌, for a 3D application, is 

 𝒌𝒌 = 𝑘𝑘 (
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
) (2)

one can obtain 
 𝝆𝝆 𝝎𝝎𝟐𝟐

𝑲𝑲 𝒑𝒑 + (𝜵𝜵 + 𝒋𝒋𝒌𝒌)𝑻𝑻(𝜵𝜵 + 𝒋𝒋𝒌𝒌)𝒑𝒑 = 𝟎𝟎. (3)
𝑝𝑝(𝑥𝑥) being periodic, the Dirichlet boundary conditions imply 𝑝𝑝(𝐿𝐿) = 𝑝𝑝(0). 

 
Figure 1: Reciprocal lattice vector in a 3D unitary cell. 

2.1. Weak formulation 
The aim of this section is the development of the weak formulation of the problem, in order 

to obtain a matrix equation that fully describes what happens inside a periodic unit cell of 
equivalent fluid. A weak formulation of Eq. (3) consists in finding 𝑝𝑝 such that ∀𝑝𝑝, which obeys 
to the periodic boundary conditions, one has: 
 𝝎𝝎𝟐𝟐 ∫ 𝟏𝟏

𝑲𝑲 �̃�𝒑𝒑𝒑Ω 𝒅𝒅Ω + ∫ 𝟏𝟏
𝝆𝝆 �̃�𝒑𝜵𝜵𝑻𝑻𝜵𝜵𝒑𝒑Ω 𝒅𝒅Ω + 𝒋𝒋𝒌𝒌 ∫ 𝟏𝟏

𝝆𝝆 �̃�𝒑𝜵𝜵𝑻𝑻𝒑𝒑Ω 𝒅𝒅Ω + 

 +𝒋𝒋𝒌𝒌𝑻𝑻 ∫ 𝟏𝟏
𝝆𝝆 �̃�𝒑𝜵𝜵𝒑𝒑Ω 𝒅𝒅Ω − 𝒌𝒌𝑻𝑻𝒌𝒌 ∫ 𝟏𝟏

𝝆𝝆 �̃�𝒑𝒑𝒑Ω 𝒅𝒅Ω = 𝟎𝟎. (4)

After several passages, considering that 𝝋𝝋 is the eigenvector, the equation can be written in 
its matrix form 

 (𝑲𝑲 + 𝒋𝒋𝒌𝒌𝒋𝒋 + 𝒌𝒌𝟐𝟐𝑯𝑯 − 𝝎𝝎𝟐𝟐𝑴𝑴)𝝋𝝋 = 𝟎𝟎 (5)
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with the following matrices: 

 𝑲𝑲 ∝ ∫ 1
𝜌𝜌 ∇𝑝𝑝∇𝑝𝑝𝛺𝛺 𝑑𝑑𝑑𝑑; 

 𝑳𝑳 ∝ ∫ 1
𝜌𝜌 (∇𝑝𝑝𝑝𝑝 − 𝑝𝑝∇𝑝𝑝)𝛺𝛺 𝑑𝑑𝑑𝑑; 

 𝑯𝑯 ∝ ∫ 1
𝜌𝜌 𝑝𝑝𝑝𝑝𝛺𝛺 𝑑𝑑𝑑𝑑; 

 𝑴𝑴 ∝ ∫ 1
𝐾𝐾 𝑝𝑝𝑝𝑝𝛺𝛺 𝑑𝑑𝑑𝑑. 

Here, 𝑴𝑴 and 𝑲𝑲 are respectively the standard symmetric definite mass and symmetric semi-
definite stiffness matrices, 𝑳𝑳 is a skew-symmetric matrix and 𝑯𝑯 is a symmetric semi-definite 
positive matrix. In this formulation, all matrices are frequency dependent. 

3 NON-RIGID INCLUSIONS NUMERICAL TEST CAMPAIGN 
Herein, all results are related to a 3D unit cell constituted by a cube with side equal to 2 cm 

(homogeneous case) and with a 0.5 cm radius cylindrical inclusion (cases with inclusion). 
The analyses are carried out in the frequency range 0–17000 Hz. It is well known that the 

parameters of the equivalent fluid models can have a strong impact on the performances of the 
acoustic device [19], hence they should be determined in a confident way. 

In the current case, the characteristics of the materials called “Melamine” and “Black PU” 
are experimentally determined, while those of the materials called “P1” and “M10” are taken 
from the work performed by Doutres et al. [20] and those related to “Melamine 173” and “P60” 
from a paper by Deckers et al. [21]. Except for the “Melamine” and “Melamine 173” materials, 
all the others are polyurethane foams. While dispersion curves are computed for an infinite 
repetition of unit cells, absorption coefficient and transmission loss are calculated for a finite 
repetition of five unit cells, using the same domain and boundary conditions of the infinite 
periodic system. This, in a first approximation, allows comparing the dispersion relations and 
the acoustical characteristics of the equivalent finite medium. Indeed, it has been noted that a 
further increasing in the number of repeated cells would lead to a change in the mean value of 
absorption coefficient and transmission loss respectively below 2% and 20% compared to the 
usage of a repetition of five unit cells. 

The general definition of the sound absorption coefficient is the fraction of incident energy 
propagating into a sample material versus the energy propagating out. A part of the incident 
energy will be absorbed into the sample material, or rather dissipated inside it. The absorption 
coefficient 𝛼𝛼 can be computed starting from the reflection coefficient 𝑅𝑅 as 

 𝛼𝛼 = 1 − |𝑅𝑅|2, (16)
where 𝑅𝑅 depends on the surface impedance 𝑍𝑍𝑠𝑠. The surface impedance of the material is 

often presented in real and imaginary terms respectively; the real part describes the energy 
losses whereas the imaginary part describes the phase changes caused by the material [22]: 

 𝑍𝑍𝑠𝑠 =
𝑝𝑝(𝐿𝐿)
𝑉𝑉(𝐿𝐿) = 𝑍𝑍0

1+𝑅𝑅
1−𝑅𝑅. (6)

This technique is only valid for plane waves impinging upon homogeneous media, and just 
at low frequencies for non-homogeneous ones. In a more general way, that is always correct, 
the absorption coefficient can be computed as [23] 
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 𝛼𝛼 = 𝛱𝛱𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝛱𝛱𝑑𝑑𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖𝑑𝑑

 (7)

where 

 𝛱𝛱𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝛱𝛱𝑑𝑑ℎ𝑑𝑑𝑒𝑒𝑒𝑒𝑑𝑑𝑒𝑒 + 𝛱𝛱𝑣𝑣𝑑𝑑𝑑𝑑𝑣𝑣𝑣𝑣𝑣𝑣𝑑𝑑 (8)
The terms can be expressed as [23] 

 𝛱𝛱𝑑𝑑𝑖𝑖𝑣𝑣𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖𝑑𝑑 = 𝑆𝑆|𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖|2

2𝜌𝜌0𝑣𝑣0
, (9) 

  𝛱𝛱𝑑𝑑ℎ𝑑𝑑𝑒𝑒𝑒𝑒𝑑𝑑𝑒𝑒 = 1
2 ℑ (−𝜔𝜔 ∫ 𝜙𝜙2

𝐾𝐾 𝑝𝑝𝑝𝑝∗𝑑𝑑𝑑𝑑𝛺𝛺𝑑𝑑
), (10) 

  𝛱𝛱𝑣𝑣𝑑𝑑𝑑𝑑𝑣𝑣𝑣𝑣𝑣𝑣𝑑𝑑 = 1
2 ℑ (∫ 𝜙𝜙2

𝜔𝜔�̃�𝜌22
𝛻𝛻𝑝𝑝. 𝛻𝛻𝑝𝑝∗𝑑𝑑𝑑𝑑𝛺𝛺𝑑𝑑

), (11) 

where 
 𝑆𝑆 = surface interested by incident pressure; 
 𝑝𝑝𝑑𝑑𝑖𝑖𝑣𝑣 = amplitude of the excitation mode (incident pressure); 
 𝜌𝜌0 = density of the interstitial fluid (air); 
 𝑐𝑐0 = sound speed in the interstitial fluid (air); 
 𝑑𝑑 = poro-elastic volume; 
 𝑝𝑝∗ = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑝𝑝); 
 𝛻𝛻 𝑐𝑐𝑝𝑝𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑐𝑐𝑜𝑜 = gradient. 

The transmission loss is numerically computed as 
 𝑇𝑇𝑇𝑇 = 10 𝑙𝑙𝑐𝑐𝑙𝑙10

𝛱𝛱𝑑𝑑𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖𝑑𝑑
𝛱𝛱𝑑𝑑𝑟𝑟𝑑𝑑𝑖𝑖𝑑𝑑𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

 (12) 
where 𝛱𝛱𝑑𝑑𝑖𝑖𝑣𝑣𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖𝑑𝑑 and 𝛱𝛱𝑑𝑑𝑒𝑒𝑑𝑑𝑖𝑖𝑑𝑑𝑒𝑒𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 represent the incident and transmitted power, respectively.  
 

Table 1: Non-acoustic parameters of the foams used for the numerical test campaign. 

 Porosity Tortuosity Resistivity 
[Pa*s/m^2] 

Viscous 
characteristic 
length [mm] 

Thermal 
characteristic 
length [mm] 

Melamine 0.99 1.02 8430 0.138 0.154 
P1 0.956 1.06 3490 0.187 0.250 

Black PU 0.96 1.075 5815 0.102 0.269 
M10 0.982 1.25 3670 0.240 0.310 

Mel. 173 0.98 1.01 9500 0.166 0.249 
P60 0.98 1.17 3750 0.110 0.742 

 
 
These values are obtained using an implementation of the plane wave forced response of the 

periodic cell accounting for fluid loading [24]. For a plane wave configuration, the value 
computed through Eq. (12) for homogeneous flat configurations is equivalent to the one 
obtained  with the Transfer Matrix Method [1]: 
 𝑇𝑇𝑇𝑇 = 10 𝑙𝑙𝑐𝑐𝑙𝑙 (1

4 |𝑇𝑇11 + 𝑇𝑇12
𝜌𝜌0𝑣𝑣0

+ 𝜌𝜌0𝑐𝑐0𝑇𝑇21 + 𝑇𝑇22|
2

), (13) 
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 with [𝑇𝑇11 𝑇𝑇12
𝑇𝑇21 𝑇𝑇22] = [

𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑘𝑘) 𝑗𝑗 𝑐𝑐𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘) 𝑍𝑍0
𝑗𝑗 𝑠𝑠𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘)

𝑍𝑍0
𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑘𝑘) ]. (14) 

3.1. Results 
The JCA-modeled 3D unit cell that is described in the previous sections can be tested with 

some perfectly rigid and non-rigid inclusions. In particular, 48 setups are discussed here (Table 
2), whose fundamental parameters are reported in Table 1. 
 

Table 2: Combinations of foams and inclusions used for the numerical test campaign. 

Configuration Foam Inclusion Configuration Foam Inclusion 
1 

Melamine 

none 25 

M10 

none 
2 rigid 26 rigid 
3 air 27 air 
4 PU 1 28 PU 1 
5 PU black 29 Melamine 
6 M10 30 PU black 
7 Mel. 173 31 Mel. 173 
8 PU 60 32 PU 60 
9 

P1 

none 33 

Melamine 
173 

none 
10 rigid 34 rigid 
11 air 35 air 
12 Melamine 36 PU 1 
13 PU black 37 Melamine 
14 M10 38 PU black 
15 Mel. 173 39 M10 
16 PU 60 40 PU 60 
17 

PU black 

none 41 

P60 

none 
18 rigid 42 rigid 
19 air 43 air 
20 PU 1 44 PU 1 
21 Melamine 45 Melamine 
22 M10 46 PU black 
23 Mel. 173 47 M10 
24 PU 60 48 Mel. 173 
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Figure 2: Comparison between absorption coefficient (on the left) and TL (on the right) curves for cases 1-8. 

 
Figure 3: Comparison between absorption coefficient (on the left) and TL (on the right) curves for cases 9-16. 

 
Figure 4: Comparison between absorption coefficient (on the left) and TL (on the right) curves for cases 17-24. 
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Figure 5: Comparison between absorption coefficient (on the left) and TL (on the right) curves for cases 25-32. 

 

Figure 6: Comparison between absorption coefficient (on the left) and TL (on the right) curves for cases 33-40. 

 

Figure 7: Comparison between absorption coefficient (on the left) and TL (on the right) curves for cases 41-48. 
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In Figures 2-7, some comparative absorption coefficient and transmission loss plots are 
shown for each of the 48 cases of study: in particular, each of the six foams is tested using eight 
different inclusions, according to the combinations reported in Table 2. 

It can be noticed that, for what concerns the transmission loss, the effect of the inclusion is 
not particularly advantageous in these situations: in the case of the air, indeed, there is a drop 
of performances at all frequencies while, in the case of a foam inclusion, only a slight change 
of the values can be seen, as well as a very small effect of the periodicity when this is equal to 
half of the wavelength (around 7000 Hz). 

Anyway, some different cases, that may be more interesting from the practical point of view, 
can be studied by modelling the foam unit cell through the use of the Biot model [25], instead 
that as an equivalent fluid; doing so, indeed, allows to take into account the elasticity of the 
skeleton and the entire problem formulation depends not anymore only on the pressure, but on 
the skeleton displacements too: this means that it should possible to properly write the coupling 
conditions between the foam and an eventual (non-perfectly rigid) solid inclusion. 

4 COMPARISON OF ACOUSTIC PERFORMANCES BETWEEN A 
HOMOGENEOUS UNIT CELL AND AN UNIT CELL WITH INCLUSION WITH 
FIXED MASS 

In the previous sections, all the comparisons between homogeneous cases and cases with 
inclusions are made considering unit cells with the same dimensions; in other words, it means 
that the performances of a layer with periodic inclusions are estimated assuming that is has the 
same thickness of the related homogeneous one. 

One may want also to compare absorption coefficient and transmission loss plots for the case 
in which the unit cell with inclusion has the same mass (and therefore different dimensions) 
respect to the homogeneous one. For example, considering an unit cell made of Melamine and 
with a perfectly rigid inclusion (Configuration 2 of Table 2), when comparing it to the 
homogeneous case with fixed dimensions, it obviously has a slower mass (75.56% of the 
homogeneous unit cell value); therefore, in order to perform a comparison with fixed mass 
respect to the homogeneous case, one should increase each dimension of the unit cell with 
inclusion of a certain quantity that, for the specific case, is equal to the 7.56%. 

At this point, making some considerations based on the results shown in Figures 8 and 9, 
one may notice that the curve with fixed mass, respect to the one with fixed dimensions, has a 
performance peak caused by periodicity effect that is shifted at lower frequencies (this is due 
to the different dimensions between the two cases with inclusion) and also of different 
amplitude (due to the different mass of the compared unit cells). 

Furthermore, in order to obtain the same transmission loss performances in the periodicity 
peak range (between 6000 and 8000 Hz, for the specific cases considered) by the use of a simple 
homogeneous layer made of the same foam, one should use a thickness that is around twice the 
one required for the cases with inclusion, therefore leading to an increment of the mass of about 
100%. This clearly point out the advantage of designing foam layer with periodic inclusion 
patterns in order to improve the performances in a specific range of frequencies, allowing a 
save both in terms of thickness and, most of all, mass, respect to a classical homogeneous foam 
layer. 
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Figure 8: Comparison of absorption coefficient curves between the homogeneous case, the case with inclusion 

with fixed dimensions and the case with inclusion with fixed mass. 

 
Figure 9: Comparison of transmission loss curves between the homogeneous case, the case with inclusion with 
fixed dimensions, the case with inclusion with fixed mass and the homogeneous case with fixed performance in 

the 6000-8000 Hz frequency range. 
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5 CONCLUSIONS 

The shift cell technique has been presented, providing details on its numerical formulation. 
Numerical results have been shown, in terms of absorption coefficient and transmission loss 

curves obtained through a test campaign involving 48 different JCA-modelled melamine and 
polyurethane foam unit cell configurations. 

Furthermore, it has been shown the comparison between absorption coefficient and 
transmission loss plots for the case in which the unit cell with inclusion has the same mass (and 
therefore different dimensions) respect to the homogeneous one. 

Further developments of the work will include the implementation of the shift cell technique 
using Biot model, for both 2D and 3D geometries, as well as the design and experimental tests 
of a specific unit cell configuration, chosen accordingly to an optimization process that will 
involve geometry, foam and inclusion material. 
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Abstract. The effects of embedded resonators on the sound transmission loss of sandwich curved struc-
tures is investigated. The simulated loading is aerodynamic (turbulent boundary layer excitation), to
simulate in-flight operational conditions for fuselages and nacelle fairings. The study is conducted nu-
merically on double wall panels and auxetic-cored sandwiches, with periodic embedded resonant ele-
ments. A two-dimensional wave finite element method is used to model the metamaterial with a single
periodic cell. The resonant elements are analysed in different tuning combination to investigate the effect
on the aerodynamic coincidences and the ring frequency of the shell. The advantages regarding the sound
transmission and the cost associated to the added-masses of the periodic resonators, are also discussed.

1 INTRODUCTION

While it is hard to renounce to the lightness of sandwich panels, proper counter-measures must be
adopted to avoid high vibrational and noise levels which characterise this type of structures.

Many authors in the literature tried to optimize pre-existent sandwich panels’ designs for acoustic
purposes. For example, the shear-core effects on the larger acoustic radiation of sandwich panels, has
been investigated by describing the panel using an equivalent shear core.1–5 Palumbo et al.6 and Grosveld
et al.,7 for example, experimentally studied honeycomb-cored sandwich plates with periodic voids in the
core original geometry. Even though this creates a localised reduced bending stiffness, a strong benefit
is observed in the sound transmission loss.

On the other hand, with the rise of modern numerical techniques as the Wave Finite Element Method
(WFEM), detailed investigations on shear-core transitions and the acoustic radiation of sandwich struc-
tures, have been conducted easily by working with single elementary cells.8–10 In this context, the core
geometry effects on the shear-core transition and sound transmission loss of honeycomb sandwich plates,
were investigated in.11 Zergoune et al.11 showed the transmission loss sensitivity to most of the classic
topological parameters of honeycomb cored sandwich panels, such as angles between walls, thickness
and deformation of hexagonal core cells.

1
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Alternative approaches, are connected to the use of periodically distributed resonant elements on a
host plate.12–15 Even though, in this case, the addition of mass can not be avoided, some difficulties
persist in targeting broadband enhancements of the acoustic performance of the panels. Particularly
interesting is the work from Liu et al.14 which focuses on tuning spring-mass elements (the resonators)
around the first coincidence region of the original panel to avoid the transmission loss drop typical in
that regions. However, the work is mainly conducted, as for other works in the literature, for simplified
excitation models or single acoustic plane-waves. Differently, the resonators are also used to target the
ring frequency of shells, which is typically a tonal problem.15

In this work, some simple models of mechanical resonators embedded in curved sandwich/double-
wall host plates are analysed under a turbulent boundary layer excitation. The idea is to approach more
realistic operation conditions for curved sandwich plates commonly used in aerospace and in automotive
industry. Simplified studies are also presented to understand how to set the first resonator’s resonance
frequency depending on the excitation model assumed.

The paper is structured as follows: Section 2 describes the numerical approach followed; Section 3
discusses about the use of embedded resonant elements to target acoustic and convective coincidences,
as well as ring resonances and shows the different resonators designs used here; Section 4 shows the
results in terms of dispersion curves and sound transmission loss.

2 NUMERICAL APPROACH

A 2D periodic structure is composed by an assembly, along arbitrary, even curved, directions, of
identical elementary cells. The procedure used here is WFE-based and makes use of periodic links
among degrees of freedom of finite element models of elementary cells. The mass and stiffness matrices
of the cell, modelled with meshing convergence considerations for appropriate wavelengths description,
can be extracted and post-processed. With reference to Fig. 1, the dynamic stiffness equation of the
segment can be written as

[K−ω2M]q = Dq = f+ e (1)

where q, f and e are respectively the nodal vectors of degrees of freedom (DoFs), internal and external
forces; K, M and D are the stiffness, mass and dynamic stiffness matrices. The vectors and matrices
are ordered as in Fig. 1. The wave motion through a periodic media can be analysed by imposing
the Bloch-Floquet conditions8, 9 to the finite element (FE) of a periodic cell, assuming time and space
harmonic excitation. The periodicity conditions are translated in a magnitude and phase link among
each point belonging to the periodic pattern, using a complex propagation constant for each wave type.
Displacements and forces at any point of the cell can be connected, as follows (see Fig. 1):

qA = IλY qF ; qR = IλX qL; q2 = IλX q1; q3 = IλY q1; q4 = IλX λY q1; (2)

with
λX , j = e−ikX , jLX λY, j = e−ikY, jLY (3)

where kX , j and kY, j are wavenumbers of the propagating wave-type j in the periodicity directions X and
Y , while LX and LY represent the cell lengths along the same directions; I is the identity matrix. In
general a periodicity matrix Λ (see Eq. 2) can be built to link the whole set of degrees of freedom to a
specific subset; i.e. the ones in one corner. Pre-multiplying Eq.1 by ΛH, where H stands for the hermitian
operator, the dynamic stiffness matrix of the reduced model is given by Eq. 4.

DS = ΛH[K−ω2M]Λ (4)
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Figure 1: Example of a FE cell model with periodicity along the X-Y directions. a) Isometric view; b) Top view
with nodes’ subsets.

For the equilibrium of the internal forces between neighbouring cells, only external forces are considered
(e in Eq. 1). At this stage, different eigenvalue problems can be solved, if the target is the estimation of
the dispersion curves of the periodic structure.10

2.1 Curvature Simulation

Being interested here in curved structures, with reference to Fig. 2, the idea is to rotate the local
reference for each node belonging to the cell finite element model. This way, imposing the periodicity
conditions, as shown in Eq. 3 and 4, the wave propagation is automatically analysed along the imposed
curved path. Each translational DoF is rotated depending on its distance from the axis of rotation. In
order to achieve the model of the curved cell, a rotational matrix r is defined and assembled in a block

Figure 2: Rotation of the local system of reference for each node of the periodic cell FE model

3
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Figure 3: Scheme of the acoustic field and load approximations used within the numerical method described in
section 2

diagonal matrix, Rot. The mass and stiffness matrices of the curved waveguide are obtained as:

Mc = RotTMflRot

Kc = RotTKflRot.
(5)

where Rot is the rotation matrix, while the subscript f l refers to the FE matrices of the periodic cell
being modelled as flat and the subscript c to the ones calculated simulating the curvature of the system.
Forcing wavenumbers, imposed after Eq. 5, represent, in general, helical waves exciting the semi-infinite
cylinder (see Fig. 3).

2.2 Fluid-Structure Coupling

Let us assume a forcing wave impinging on one face of the structure, with an amplitude pI . The
structure, as a result, transmits and reflects waves in the fluid adjacent to the top and bottom surfaces. On
the excited side (subscript 1), the sound field is the superposition of the incident and reflected acoustic
sound waves, while, in the receiver side (subscript 2), it is given by the transmitted waves assuming
a semi-infinite fluid termination (see Fig. 3). Here, in the case of curved surfaces, as described also in
subsection 2.1, the assumed plane wave is approximated through its projection components on the locally
curved surface (Fig. 3):

HW = pIe−i(kX ′X ′+kYY−kZ′,1Z′) ≈ pIe−i(kθθ+kYY−kRZ′); (6)

where kX ′ kY and kZ′ are the wavenumber components in the new locally rotated reference (see Fig. 2) and
are directly proportional to the circumferential, axial and radial wavenumber components, respectively.
It is worth to emphasize that a typical decomposition in cylindrical waves, implying the use of Bessel
functions, is not necessary when using a locally rotated reference system as the one in Fig. 3: Eq. 6
depicts helical waves in cylindrical coordinates and the equivalent plane waves in Cartesian coordinates,
respectively.10, 16–18 When non-homogenised periodic cells are considered, multiple harmonics are added
to the kX and kY terms;19 these are numerically accounted in the structural response of the radiating side
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(subscript 2). In fact, when applying the WFE, discrete periodic conditions are applied for the forcing
wavenumbers couple kX and kY (Eq. 6) and a semi-infinite fluid termination is assumed to the domain 2
(see Fig. 3)

To express the nodal forces on the periodic cell as a function of the pressure amplitudes in the forcing
and radiating side of the structure, the dynamic stiffness of the fluids can be used. From continuity of the
normal particle velocity on the excited and radiating surfaces:




ered
T

ered
I

ered
B


=




S · (pI +pR)
0

S ·pT


=




S · (2pI −D f ,1qinc)
0

−S · D f ,2qrad


 (7)

where:

D f ,1 =
−iρ1ω2

kZ,1
; D f ,2 =

−iρ2ω2

kZ,2
, (8)

where S is vector of the free nodal surface of each excited node and pI , pR and pT are the nodal
pressure vectors, ρ1 and ρ2 are the fluid densities, D f ,1 and D f ,2 the dynamic stiffness of the fluid in
the incident and radiating domains; qin and qrad are the out-of-plane displacements, respectively of the
incident and radiating surfaces.20 The lumped-on-nodes forces act on the degrees of freedom of out-
of-plane displacements, identified with the subscript T (top) and B (bottom), while all other degrees of
freedom (not excited) are identified by I (internal).

The dynamic stiffness matrix and the reduced displacement vector can be rearranged in the same way
as in Eq. 7, condensing all the non-excited (internal) nodes.21 Including the relations of Eqs. 4, 7 and
8, in the initial dynamic stiffness equation, the problem can be solved in pR and pT obtaining the power
transmission coefficient τ associated with the couple of forcing wavenumbers kX and kY .

τ(kX ,kY ) =
(kZ,2/ρ2)S|p2

T |
(kZ,1/ρ1)S|p2

I |
. (9)

Finite size effects, can be included through correction factors, in order to increase the accuracy at
low frequencies.22, 23 The sound transmission to plane wave excitation, as discussed in Sec. 2, is not
sufficient for many applications. A wavenumber-space load approximation to take into account a general
type of excitation is proposed in20 and is used here. The final sound transmission coefficient will be
given by a weighted integration scheme:20

τTOT (ω) =
∫ ∫

τ(kX ,kY )×WA(kX ,kY ,ω)dkX dkY∫ ∫
WA(kX ,kY ,ω)dkX dkY

(10)

where WA is the matrix of the normalized amplitude function, of the wall surface waves, for all the
wavenumber couples involved in the integration process.20

3 STRUCTURAL DESIGNS ANALYSED

3.1 Resonators’ Efficiency for Different Excitation Models

Depending on the excitation model assumed, the sound transmission loss of a panel changes. Sim-
ilarly, the exotic nature of some excitation models might reduce the efficiency of the use of resonators.
With reference to Eq. 10, each couple of forcing wavenumbers kX and kY , contributes to the final trans-
mission coefficient as a function of the weighting factors WA(kX ,kY ,ω). For a diffuse acoustic field, the
integration scheme is equivalent to integrating all plane-wave inclinations.21 In Fig. 4a, some acous-
tic plane-wave trace wavenumbers versus frequency are plotted with the flexural ones of a 2mm-thick
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Figure 4: Dispersion Curves - The bending wavenumbers of a flat isotropic plate with: a) acoustic wavenumbers
for different plane wave angles. b) convective wavenumbers for different flow speeds

aluminium plate; the coincidences shift depending on the inclination angle and the final coincidence we
would obtain from integrating on every angle (Eq. 10), thus simulating a diffuse acoustic field, is the one
give by assuming the acoustic wavenumber ω/c0, where c0 is the speed of sound in the media analysed.

This means that tuning a single resonator on a specific coincidence/inclination, even if the global one,
means, then, averaging its increased sound transmission losses over a large number of cases where the
resonator is ”mis-tuned” and thus induces a lower transmission loss, as shown in.14 The global advan-
tages in using the resonant elements are attenuated (cancelled, in the worst cases), by the diffusiveness
of the loading model.

Differently, for a turbulent boundary layer model, the aerodynamic coincidence (or critical frequency;
see Fig. 4b) is stream-wise filtered by the physical nature of the load itself. Similarly, the structural-
induced acoustic drops, as for the ring frequency of shells/curved panels, are not dependent on any
inclination. For these reasons, the use of simple resonant elements (as beams) to contrast these frequency-
fixed issues, can be a valid approach; the resonators ”mis-tuning” effects are somewhat damped with
respect to the ones integrated for a diffuse acoustic field.

3.2 Metamaterial Designs Analysed

The original panel designs analysed in this work are a double-wall with mechanical link (see Fig.
5a) and an auxetic-cored sandwich (see Fig. 6a). In both cases resonant laminas/beams are attached
to the core walls (see Figs. 5b and 6b,c) and case-by-case tuned considering the first cantilever-beam-
like mode. Both the models are made with skins in aluminium. The double-wall panels have a core in
aluminium too and both skins and core walls are 0.6mm-thick, while the global thickness is 15mm. The
auxetic core of the sandwich plates, which have a total thickness is 14mm, is instead made of an isotropic
material with the following properties: E = 1.45 GPa, ν = 0.27, ρ = 1100 Kg/m3. In this case, the skins
are 1mm-thick and the core walls are 0.5mm-thick.

Depending on the tuning and the number of the resonant elements, different configurations are stud-
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Figure 5: The periodic cell extracted from the double-wall panel with mechanical links. a) Standard design; b)
Designs with Resonant Elements.

Figure 6: The periodic cell extracted from the Auxetic-Cored Sandwich Plate. a) Standard design; b) Designs with
single Resonant Elements; c) Designs with triple Resonant Elements.

ied: for the double-wall plate three configurations are analysed and reported in Table 1; for the auxetic-
cored sandwich panel four configurations are analysed instead and are reported in Table 2.

Considering the mass ratio influence, as discussed in,14 the effects of the resonant elements should
be strongly visible for the double-wall panels, where the added masses are largely superior to the ones
added in the auxetic-core configurations (see Tables 1 and 2)

4 RESULTS

The approach described in Sec. 2 is applied to simulate the sound transmission loss of the panel
designs described in Sec. 3 under a turbulent boundary layer excitation (TBL). The Corcos model24, 25 is
used in these cases; the flow data are: δ = 0.027 m, α = 0.125 and β = 0.83.

Table 1: Double-Wall plate with mechanical links: Configurations Info

ID Number of Added Mass Target Curvature
Resonant Elements [%] Coincidence [m]

Standard 0 0 N/A 1.6
Resonant (Ring) - D1 1 6 Ring Mode 1.6
Resonant (Aero)- D2 1 15 Aerodynamic 1.6

Doubly-Resonant (Aero)- D3 2 18 Aerodynamic 1.6

7



1131

F. Errico et al.

Table 2: Auxetic-Cored Sandwich Plate: Configurations Info

ID Number of Added Mass Target Curvature
Resonant Elements [%] Coincidence [m]

Standard 0 0 N/A 1.0
Resonant (C1) 1 0.78 Ring Mode 1.0
Resonant (C2) 3 2.36 Ring Mode 1.0
Resonant (C3) 2 1.49 Ring Mode 1.0
Resonant (C4) 1 0.52 Aerodynamic 1.0

Figure 7: Dispersion curves for the double-wall panel with a 1.6m curvature. With reference to Table 1: a) D2; b)
D3; c) D1. Legend: Or) Standard Configuration; .b) Resonant Configurations; -) Convective Wavenumbers for Uc
= 160 m/s.

4.1 Dispersion Curves

First, the dispersion curves of the panel designs described in Sec. 3 are plotted in Figs. 7 and 8. In
Fig. 7, the double-wall panel with mechanical links is analysed imposing a 1.6m curvature; due to the
typical low core-shear stiffness of these types of structures, the presence of the resonant beam (see Fig.
5) seems to strongly influence even the ring frequency zone and, as shown late for the transmission loss,
this will cause a shift of the ring frequency to lower values. For the resonant configurations targeting the
aerodynamic coincidence (see Table 1 and Figs. 7a,b), resonance-induced band-gaps appear around the
critical frequency.

Differently, in Fig. 8, the dispersion curves of three configurations presented in Table 2 for the auxetic-
cored sandwich plate with a 1.0m curvature, are compared to the standard circumferential waves. In these
cases, the presence of the resonant beams embedded in the auxetic core, does not influence the wave
propagation in the original structure in frequency regions outside the resonance modes of the beams, as
happens for the double-wall panel. This effect is connected to the reduced mass addition of this test-cases
(see Table 2).

4.2 Sound Transmission Loss

Here, the sound transmission loss is finally calculated and compared, for all the configurations anal-
ysed, using the approach of Section 2. Infinite shells made with the elementary cells of Figs. 5 and 6 are
simulated under an axial turbulent boundary layer flow. As a rule of thumb, the lower the mass addition

8
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Figure 8: Dispersion curves for the Auxetic-cored sandwich panel with a 1.0 m curvature. With reference to
Table 2: a) C1; b) C2; c) C4. Legend: Or) Standard Configuration; .b) Resonant Configurations; -) Convective
Wavenumbers for Uc = 285 m/s.

the lower should be the advantages of the resonant elements around their frequency of resonance, in
terms of sound transmission loss; with reference to Table 1 and 2 the addition of mass is between 6-18%
for the double wall panel and between 0.5-2.4% for the auxetic-cored sandwich panel.

In Fig. 9 the sound transmission loss for the double-wall panel under a 160 m/s flow is presented.
As evidenced also in the dispersion curves, the presence of the resonators shifts the ring frequency of
the modified configurations and, thus, a mis-tuning of the resonance frequency of the embedded beams
appears when targeting the original ring frequency of the shell. Differently, for the other configurations
targeting the aerodynamic coincidence, a strong increase of the sound transmission loss is observed; a
narrower band is targeted when using a single resonant beam, while a larger one, with a reduced peak
of STL, is targeted when using two beams with a slightly different natural frequency. It is worth notice
that the bands of increase of the sound transmission loss, when targeting the aerodynamic coincidence,
are larger than expected by looking at the free wave propagation of the dispersion curves. This effect is
attributable to the flow-induced increase of damping around the critical frequency (typical of TBL;20, 26),
usually larger than the one observed for the acoustic coincidences.

On the other hand, in Fig. 10 the sound transmission loss for the sandwich panel with auxetic core,
under a 285 m/s flow, is presented. Differently from the previous case, the increases of the STL are
reduced because of the minimum addition of mass. Still, the configurations C1, C2 and C3 (see Table 2)
induce a non-negligible increase of performance around the ring frequency region, as observed in Fig.
10. The use of three resonant elements with slightly shifted first natural frequencies (see C2 in Table
2 and Fig. 6c) helps in enlarging the coverage in frequency of the resonance-induced band-gaps and,
thus, also the region of STL increase. Differently, the resonant configuration targeting the aerodynamic
frequency (see C4 in Table 2) gives a relatively good increase of sound transmission loss even being
single-element based and adding less that 1% of mass to the system.
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Figure 9: The sound transmission loss of the panel design in Fig. 5, with a 1.6 m curvature, under a TBL excitation
at Uc = 160 m/s. Comparison between design configurations in Table 1.
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5 CONCLUDING REMARKS

The effects of embedded resonators on the sound transmission loss of two types of sandwich cylindri-
cal structures is numerically investigated under a turbulent boundary layer excitation. A two-dimensional
wave finite element method is used to model the metamaterial with a single periodic cell, including the
configurations with embedded resonant elements. The curvature of the models is simulated rotating the
translations degrees of freedoms of the finite element model of the cells. A set of helical waves is used
instead to simulate the random external pressure fluctuations and relate them to the periodic structural
scale.

The resonant elements are analysed in different resonance tuning combination to investigate the effect
on the aerodynamic coincidences and the ring frequency of the shell. A discussion on the use of such
devices to target specific coincidences or resonances is also given. The effects of the resonant structural
configurations with respect to the wave propagation, sound transmission and added-masses are observed
and discussed.
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Abstract. The physical characteristics of periodic structures are employed to analyze the vibro-
acoustic response of several complex structures in the wavenumber domain. This work is fo-
cused on the analysis of elastic periodic structures, designed in order to obtain a wave atten-
uation in certain frequency bands, generating the so-called band-gaps (mainly related to the
Bragg’s effect), and on the identification of the material properties of complex structures. In
this context, an inverse wavenumber correlation method is developed to obtain the dispersion
characteristics and the damping information of complex periodic structures. The wavenumbers
and the damping loss factor are identified exciting the structure by a unit harmonic force and
using the complete vibrational field as primary input.

1 INTRODUCTION

In literature, the complex wavenumber recovery of a vibrating structure is an open issue.
Several methods are available to correctly extract the real part of the wavenumber, but the esti-
mation of the related damping information is still an open challenge. In the domain of punctual
harmonic excited structures, McDaniel et al.1, 2 developed a semi-analytical approach based
on damped plane wave propagation (1D guided waves), using an expression of the plane wave
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of type e±ikx, where i is the imaginary unit, k is the complex wavenumber and x is the spatial
coordinate. Different methods based on Prony series have been developed over the past years;
Grosh et al.3 applied their method on cylindrical shells subjected to point harmonic excitation,
obtaining a good estimation of the dispersion relation. Using a similar approach presented by
Grosh et al.,3 another method, called Inhomogeneous Wave Correlation (IWC) method has been
developed by Berthaut et al.;4 the proposed approach estimates the flexural wavenumber and
the dispersion relation of a vibrating plate under punctual harmonic excitation, correlating the
complete displacement field and a damped traveling plane wave, of the type e±ik(xcosθ+ysinθ),
where θ is the propagation angle of the inhomogeneous wave. An interesting application of
the IWC method is presented in Ichchou et al.,5 obtaining the complete θ-dependent dispersion
relation of a ribbed plate. The presented approaches based on plane waves propagation suffered
of a disadvantage related to plane wave hypothesis: the vibrational field should be acquired in
a steady state condition, trying to avoid the excitation region where the plane wave assumption
is not valid. One of the main advantage of the IWC method is the estimation of the complex
wavenumber, with the related damping information; Cherif et al.6 applied the IWC method to
an aluminum panel and to a two different laminated composite panels with honeycomb core,
correlating the measured vibrational field and the damped inhomogeneous wave; the flexural
wavenumber and the damping loss factor are both successful estimated. Van Damme et al.7, 8

obtained the dispersion relation and the complex wavenumber for complex 1D structures, show-
ing a good description of the Bragg’s band gaps, adopting a 1D formulation of the IWC method.
An enriched formulation of the IWC method is shown in Van Belle et al.,9 where they obtained
the dispersion relation of a metamaterial plate with periodic resonators; this formulation takes
in account the location of the force to have a better estimation of the wave attenuation. An IWC
formulation for curved and axial-symmetric structures is shown in Tufano et al.,10 obtaining a
good description of the k-space domain.
To describe the vibrational field of a structure subjected to punctual harmonic excitation, the
Green’s functions and the related image source method are widely used in literature. An appli-
cation of the method of images is shown in Gunda et al.11 ; the authors used this approach to
describe the harmonic response of beams and rectangular plates. Based on the method of the
images, Cuenca et al.12 described the vibrational field of a finite plate with simply supported
boundary conditions by the reconstruction of the Green’s function of a point excited plate. The
same method has been applied by Cuenca et al.13 to estimate the equivalent material properties
of a plate covered by a viscoelastic layer. Recently, Roozen et al.14 used the Green’s function of
a point excited plate, by using a set of Hankel’s functions, into a complex wavenumber fit pro-
cedure, making a comparison between the acquired vibrational field and the Green’s function;
the procedure here described allows to retrieve the complex wavenumber and the equivalent
material properties.
All the methods based on plane wave assumption are affected by some limitations due to the
nature of the plane wave itself. The vibrational field should be acquired in a steady-state con-
dition, sufficiently far from the excitation location (this is a singularity point where the plane
wave hypothesis is not valid) and trying to distinguish between the direct, reflected and evanes-
cent fields. In this paper, a method is proposed to combine advantages of the IWC method and
of the image source method, which uses a set of Hankel’s functions to obtain the vibrational
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field of a point excited structure. The main advantage of this approach is the possibility to be
close the excitation region, avoiding the problems related to the plane wave assumption. The
proposed approach estimates the complex wavenumber and the dispersion relation of several
complex structures, showing a good description of the periodicity effect (Bragg’s band gaps);
the damping loss factor is also well estimated.

2 METHODOLOGY

The complex dispersion relation of different structures is here estimated by a wave correla-
tion method. The presented approach estimates, at each frequency f0, the complex wavenumber
as the point of best agreement between the acquired vibrational field and the Green’s function
of the point excited structure. The Green’s function is derived by the classical Kirchhoff’s thin
plate theory15 ; according to this theory, for an isotropic, homogeneous plate and of a constant
thickness h, the flexural vibration, in terms of transverse displacement w, is expressed as follows

D∇4w(�x, t)+ρh
∂2w(�x, t)

∂t2 = P(�x0, t) (1)

where D = Eh3

12(1−ν2)
is the bending stiffness, E is the Young’s modulus, ν is the Poisson’s

coefficient, ρ is the mass density, ∇4 is the biharmonic operator, t is the time variable, P is the
force per unit area and �x, �x0 are the position vectors of the acquisition and excitation points,
respectively. Assuming an harmonic point excitation, the expression of the force becomes
P(�x0, t) = F(�x0)eiωt , being ω the angular frequency; consequently, the steady state response
of the transversal vibrational field is w(�x, t) = u(�x)eiwt . Substituting these two expressions in
Eq. 1, the governing equation assumes the following form

D∇4u(�x)− k4u(�x) = F(�x0) (2)

where k4 = ρhω2/D is the flexural wavenumber.
For a plate of infinite lateral dimensions, the solution of Eq. 2 is given by

G∞(x,y) =
1

8k2D

[
H1

0 (kr)−H1
0 (ikr)

]
(3)

with G∞ the Green’s function of the infinite plate, H1
0 the Hankel’s function of first kind

and order 0 and r = ‖x− x0,y− y0‖ is the distance between the acquisition (x,y) and excitation
(x0,y0) points.

At each frequency f0, the complex flexural wavenumber is found as the point of best agree-
ment between the measured vibrational field and the Green’s function expressed in the Eq. 3.
Considering an acquisition region of area S in the plane (x,y), indicating with w̃ and w the mea-
sured vibrational field and the one described by Eq. 3, respectively, the normalized correlation
function has the following expression

F (kR,kI) =

∣∣∫∫
S w̃ ·w(kR,kI)∗ dxdy

∣∣
√∫∫

S|w̃|2 dxdy · ∫∫S|w(kR,kI)2 dxdy|
(4)
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where * denotes the complex conjugate. For discrete points measurement, the integrals in Eq.
4 are replaced by summations over the entire domain. The complex wavenumber is identified
as the location of the maximum of the correlation function. From the estimated wavenumber
amplitude, an estimation of the damping loss factor can be obtained, at each frequency, by the
following relationship2

η =

∣∣∣∣∣
ℑ(k4)

ℜ(k4)

∣∣∣∣∣ (5)

By choosing a proper direction of propagation, Eq. 3 can be applied to a narrow beam
subjected to punctual harmonic excitation. Keeping the same notation and indicating with L the
length of the acquisition region, the correlation function showed in Eq. 4 becomes

F (kR,kI) =

∣∣∫
L w̃ ·w(kR,kI)∗ dx

∣∣
√∫

L|w̃|2 dx · ∫L|w(kR,kI)2 dx|
(6)

The dispersion curves of the different structures have been validated using the Wave Finite
Element Method (WFEM)16–18 ; this method is not here described.

3 NUMERICAL RESULTS AND VALIDATIONS

The proposed approach is applied on different structures. Firstly, two different beams are
taken in account: isotropic and periodic (with varying material and cross-section along the
length). Then, application cases on two different plates are shown, taking in account an isotropic
and homogeneous plate and a composite one, made of three different layers in the thickness
direction.

3.1 Isotropic and periodic narrow plates

The first application of the proposed approach has been conducted on a simple isotropic
beam. The total length of the beam is 1.0 m and the cross-section has dimensions 10 x 1 mm2;
the finite element model of the beam is shown in Fig. 1a. The employed material is a general
thermoplastic polymer (ABS) with Young’s modulus E = 1.0GPa, density ρ = 980.0kgm−3

and Poisson’s coefficient ν = 0.35; two constant values of structural damping η are assumed:
2% and 4%. An analytical expression of the dispersion relation can be derived using Timo-
shenko’s model for vibrating beams, resulting in

EIk4 −ρAω2 −
(

ρI +
EIρ
KG

)
k2ω2 +

ρ2I
KG

ω4 = 0 (7)

where G is the shear modulus, I = bh3/12 is the second moment of area, A is the beam’s
cross-section area and K = 5/6 is a constant to take in account the shear force variation.

A periodic beam is also investigated, to prove the feasibility of the proposed approach in
describing the band-gaps due to the geometric periodicity of the structure. The finite element
model of the unit cell of the considered structure is shown in Fig. 1b. The unit cell has total
length of 0.04 m and it’s characterized by a double periodicity: material and cross-section. The
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(a) Isotropic beam (part). (b) Periodic beam (unit cell).

Figure 1: Finite element models of the isotropic and periodic beams
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(a) Dispersion curve.
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(b) Damping Loss Factor η.

Figure 2: Dispersion curve and Damping Loss Factor estimation for the isotropic beam
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(a) Dispersion curve (WFEM).
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(b) Dispersion curves (IWC).

Figure 3: Real and imaginary dispersion curves of the periodic beam
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employed materials are a standard aluminum alloy, with Young’s modulus E = 70.0GPa, den-
sity ρ = 2700.0kgm−3 and Poisson’s coefficient ν = 0.33, and the ABS previously described.
The aluminum part has a cross-section of dimensions 10 x 2 mm2; the ABS part has dimensions
20 x 2 mm2. The propagative part of the dispersion curve for the isotropic beam is shown in
Fig. 2a; the proposed IWC approach exhibits a very good agreement with the analytical model
(cfr. Eq. 7) and the WFE method. In Fig. 2b is shown the damping loss factor estimation; in
both cases, the identified complex wavenumbers give a reasonable estimation of the structural
damping previously introduced.
The dispersion curve of the periodic beam are shown in Fig. 3; the dispersion curve calculated
with the WFE method are limited to the first Brillouin zone, where the wavelengths are longer
than one period of the structure (Fig. 3a). The real part of the wavenumber has periodicity π/∆,
with ∆ the length of the unit cell, showing multiples band-gaps, but always with kℜ ∈ [0,π/∆].
The dispersion curve estimation with the proposed approach is shown in Fig. 3b, being in good
agreement with the one calculated with the WFE method, identifying the same wide band-gaps
zone. The proposed IWC approach takes in account the whole structure, avoiding the periodic-
ity issue previously described in the wavenumbers estimation.

3.2 Isotropic and laminated plates

The proposed approach has been extended to 2D structures, an isotropic plate, made of ABS,
and a composite one, constituted of three layers: aluminum-ABS-aluminum, of thickness 1 -
8 - 1 mm, respectively; both plates have geometrical dimensions 1.0 x 0.6 x 0.01 m3. The finite
element models of the two unit cells are shown in Fig. 4; both unit cells are used in the WFE
method to validate the results obtained with the proposed IWC approach. For both test cases,
two different constant values of structural damping η are assumed: 2% and 5%.
For what concern the isotropic plate, an analytical expression of the dispersion relation can
be derived by Kirchhoff’s thin plate theory, obtaining the following expression for the flexural
wavenumber

k =
√

ω
(

ρh
D

)1/4

(8)

The propagative part of the dispersion curve is shown in Fig. 5a; the proposed approach is in
good agreement with the analytical formulation of Eq. 8 and the WFE method, showing a low
overestimation in the high-frequency region. In Fig. 5b, the damping loss factor estimations are
shown; the relation of Eq. 5 is used, based on the estimated complex wavenumbers.

The propagative part of the dispersion curve for the composite plate is shown in Fig. 6a; a
good agreement between the proposed approach and the WFE method is obtained in the whole
frequency band of investigation. A very good identification of the damping loss factor is per-
formed, and shown in Fig. 6b. Using an inverse approach based on the estimated wavenumber,
the equivalent bending stiffness and the equivalent Young’s modulus of the structure have been
calculated by the following formulas, directly derived from Eq. 2

Deq =
ω2ρh

k4 and Eeq =
Deq12(1−ν2)

h3 (9)
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(a) Isotropic plate (unit cell). (b) Composite plate (unit cell).

Figure 4: Finite element models of the isotropic and composite plates
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(a) Dispersion curve.
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(b) Damping Loss Factor η.

Figure 5: Dispersion curve and Damping Loss Factor estimation for the isotropic plate
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(a) Dispersion curve.
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Figure 6: Dispersion curve and Damping Loss Factor estimation for the composite plate

The equivalent plate properties are shown in Fig. 7.
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(a) Equivalent bending stiffness, D.
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Figure 7: Dispersion curve and Damping Loss Factor estimation for the composite plate

4 CONCLUDING REMARKS

In this work, different ideas are successfully implemented in this extended IWC approach,
showing a very good prediction of the complex dispersion relation of periodic narrow plates
and laminated structures. An estimation of the damping loss factor is obtained; the calculated
values of η fast converge to the structural damping introduced. The feasibility of this method in
estimating the wave attenuation in a structure is successfully demonstrated.
The proposed approach allows to identify the resonance zones (stop-bands) due to the geomet-
rical periodicity of the structure, showing a good agreement with the WFE method, based on
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the unit cell theory, avoiding some limitations related to the latter method.
The proposed approach can be used in an inverse way to estimate the frequency dependent
equivalent material properties of complex structures, when analytical models are not available
or difficult to obtain.
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Abstract. The emergence of metamaterials as an alternative concept for the mitigation of structural vi-
bration is increasingly attracting the interest of scientists and engineers. Recent studies confirm that the
development of periodic structures assembled on the basis of unit cells of favourable properties, results in
a filtering effect, preventing the propagation of vibration lying within a specific frequency band. The, so
called, meta-structures are thus characterized by a frequency bandgap. For the purposes of structural vi-
bration attenuation, two main interrelated challenges are currently associated with the conceptual design
of such structures: the first corresponds to the feasibility of reducing the lower threshold of the band gap
within a practical setting, while the second pertains to increasing the breadth of the bandgap. One ap-
proach to addressing these challenges lies in the use of the so-called “rainbow traps”, i.e., meta-structures
consisting of unit cells with different properties. An alternative strategy pertains to use of nonlinear unit
cells. Both schemes are so far little unexplored in terms of applicability for structural vibration miti-
gation. This study attempts to contribute to this research path, by exploring the nonlinear approach, by
assessing the properties of finite lattices with unit cells composed of impact dampers. These devices
have already demonstrated their attenuation potential, yet, their investigation has been mostly limited to
systems of single, or two-degrees-of freedom. To this end, a one-dimensional finite lattice is herein con-
sidered, and the analysis is conducted over critical structural parameters, including the number and the
individual stiffness properties of unit cells, the mass ratios, etc. The preliminary results demonstrate the
potential of meta-structures composed of properly-designed impact dampers for vibration attenuation.

1 INTRODUCTION

Engineering vibration has traditionally comprised a very active research area, motivated by the abun-
dance of associated technological applications. In this domain, the safety margins associated with the
protection of humans, machines and structures, from undesired/uncontrolled motions of diverse fre-
quency characteristics dictate design.
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The attenuation of engineering vibration has been mostly treated using a mix of linear, passive, active
and even semi-active methods. Passive vibration control typically dominates its active counterpart, for
being simple, mature and of sufficiently lower lifecycle costs. Since structures are usually characterized
by light damping (0.5% to 7%), the majority of actions for passive vibration control aims at integrating
additional damping mechanisms that increase damping capacity up to 30%-40%. These include vis-
cous and hysteretic energy dissipaters [1, 2, 3], friction dissipaters [4], oil dampers [5], visco-elastic
dampers [6, 7, 8, 9], as well as tuned-mass and tuned-liquid dampers [10, 11, 12, 13, 14]. An inher-
ent disadvantage, however, of passive devices is their inability to adapt, or at least to perform on par in
wide frequency ranges; their properties remain fixed to their initial design and implementation. Tuned-
mass dampers are a notable example of such a limited performance. To address this issue, semi-active
and hybrid methods have been introduced, with promising results [15, 16, 17]. The effectiveness of
active control is considerably improved with respect to its passive counterpart, as it can be adapted to
an arbitrary set of specifications. However, they are significantly more expensive, they require contin-
uous maintenance, and they are amenable to own faults, while the introduction of external energy to
the structure raises stability issues. To cope with this, among available alternatives, devices relying on
semi-active control schemes, such as magnetorheological dampers, are drawing increasing attention in
real-time vibration mitigation and structural control [18, 19, 20, 21, 22, 23]. The increasing adoption of
such systems may be attributed to the fact that semi-active control devices seem to gather the best fea-
tures of both passive and active control systems and seem able to match adaptability of the active class
without the associated large power requirements.

As an alternative to active control, a new concept for passive vibration mitigation has emerged by
the exploration of metamaterials [24, 25]. The latter comprise a special class of periodic structures,
characterized by fascinating filtering effects: when the frequency of the incoming excitation falls into
their blind zone, the propagation of motion is arrested in any direction, thus forming a “band-gap”. An
associated challenge, however, lies in the size of the band-gap, as well as in the arbitrary selection of the
low-frequency threshold, which is critical in many engineering applications [26, 27, 28, 29, 30, 31]. In
general, low wave speeds are required for obtaining a low-frequency band-gap, which may be succeeded
via heavy inclusions in a soft medium and/or a large lattice constant [32, 33]. Weight, low stiffness and
large size are unfavorable for lattices that are to be used for practical purposes.

In addressing this challenge, this study introduces strong nonlinearities to the finite lattice. In more
detail and relying on the local resonator approach, a novel nonlinear neutralizer is thus proposed herein
for passive vibration control. The envisaged periodic structure comprises an impact damper [34, 35, 36]
as the unit cell. Impact dampers are studied since many years and their favorable properties have been
already demonstrated [37, 38, 39, 40]. Still, their behavior in periodic configurations remains largely
unexplored. To this end, a one-dimensional finite lattice is herein considered as a mean for the vibration
attenuation of a linear oscillator that is amenable to harmonic excitation.

2 THE META-IMPACTOR

2.1 The impact damper

Figure 1 displays a schematic layout of an impact damper. It consists of an external mass, henceforth
referred to as the container, which is attached to linear elastic and dissipative elements, of equivalent
stiffness k and viscous damping c, respectively. Within the container, an auxiliary mass µ, herein corre-
sponding to a frictionless solid particle, is constrained to oscillate with clearance D. The total length of
the impact damper is L.

The nonlinearity of the impact damper stems from the successive impacts between the auxiliary mass
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Figure 1: The impact damper (top view).
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Figure 2: A periodic finite lattice of impact dampers attached to a linear oscillator (top view).

and the container, every time the former reaches the clearance limits of the latter. Under the assumption
that the impulse duration is sufficiently smaller, compared to the natural frequency of the system, it can
be deduced that the displacements of the container and the auxiliary mass right before and after the
impact remain the same, while their velocities are discontinuously changed (see below). It is noted that,
under the harmonic excitation that is considered in the current study, no prior assumption on the number
of impacts per cycle at the steady state is adopted.

2.2 A finite lattice of impact damper unit cells

Consider now a structure that can be effectively described by a single degree of freedom linear oscil-
lator of mass M, stiffness K and damping C, excited by a harmonic input force F(t) = Asin(2π f t). In
reducing the effects of the external excitation, a periodic, finite lattice of N identical impact dampers is
integrated as illustrated in Figure 2.

The equations of motion for the first (e.g. far left) unit cell of the lattice are

mẍ1(t) =−kx1(t)− cẋ1(t)− k[x1(t)− x2(t)]− c[ẋ1(t)− ẋ2(t)] (1a)

µÿ1(t) = 0, |x1 − y1|< D/2 (1b)

Similarly, the equations of motion for the i–th unit cell, i = 2, . . . ,N −1, read

mẍi(t) = k[xi−1(t)− xi(t)]+ c[ẋi−1(t)− ẋi(t)]− k[xi(t)− xi+1(t)]− c[ẋi(t)− ẋi+1(t)] (2a)

µÿi(t) = 0, |xi − yi|< D/2 (2b)

while the ones for the last (N–th) unit cell of the meta–impactor and the linear oscillator are

3
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mẍN(t) = k[xN−1(t)− xN(t)]+ c[ẋN−1(t)− ẋN(t)]−K[xN(t)−X(t)]−C[ẋN(t)− Ẋ(t)] (3a)

µÿN(t) = 0, |xN − yN |< D/2 (3b)

and
MẌ(t) = K[xN(t)−X(t)]+C[ẋN(t)− Ẋ(t)]+ f (t) (4)

respectively.
Under the assumptions adopted in Sec. 2.1, the states of the i–th unit cell, i = 1, . . . ,N, immediately

after the impact are calculated as

x+i = x−i , y+i = y−i (5a)

ẋ+i − ẏ+i =−r[ẋ−i − ẏ−i ] (5b)

where the superscripts ± refer to time immediately after and before the impact, respectively, and r is the
coefficient of restitution. Moreover, the conservation of momentum implies

mẋ+i +µẏ+i = mẋ−i +µẏ−i (6)

From Eqs. 5b, 6, it follows that the velocity states of the i–th unit cell are computed from the following
system of linear equations [

m µ
1 −1

][
ẋ+i
ẏ+i

]
=

[
mẋ−i +µẏ−i
−rẋ−i + rẏ−i

]
(7)

2.3 Simulation

For the parametric analysis that is carried out in the next section the system is brought into the form
ξ̇ξξ(t) = g

(
ξξξ(t), f (t)

)
, where ξξξ(t) is the state vector defined as (temporal variable is temporarily omitted

for clarity)

ξξξ =
[
x1, ẋ1,y1, ẏ1 | . . . | xN , ẋN ,yN , ẏN | X , Ẋ

]T
[4N +2×1] (8)

Based on Eq. 8, the equations of motion are now transformed as

ξ̇1(t) = ξ2(t) (9a)

ξ̇2(t) =− k
m

ξ1(t)−
c
m

ξ2(t)−
k
m
[ξ1(t)−ξ5(t)]−

c
m
[ξ2(t)−ξ6(t)] (9b)

ξ̇3(t) = ξ4(t) (9c)

ξ̇4(t) = 0, |ξ1 −ξ3|< D/2 (9d)

for the first unit cell, as

ξ̇4(i−1)+1(t) = ξ4(i−1)+2(t) (10a)

ξ̇4(i−1)+2(t) =
k
m
[ξ4(i−2)+1(t)−ξ4(i−1)+1(t)]+

c
m
[ξ4(i−2)+2(t)−ξ4(i−1)+2(t)]

− k
m
[x4(i−1)+1(t)−ξ4i+1(t)]−

c
m
[ξ4(i−1)+2(t)−ξ4i+2(t)] (10b)

ξ̇4(i−1)+3(t) = ξ4(i−1)+4(t) (10c)

ξ̇4(i−1)+4(t) = 0, |ξ4(i−1)+1 −ξ4(i−1)+3|< D/2 (10d)

4
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for the i–th unit cell, i = 2, . . . ,N −1, and as

ξ̇4N−3(t) = ξ4N−2(t) (11a)

ξ̇4N−2(t) =
k
m
[ξ4N+1(t)−ξ4N−3(t)]+

c
m
[ξ4N+2 −ξ4N−2(t)]

− K
m
[ξ4N−3(t)−ξ4N+1(t)]−

C
m
[ξ4N−2(t)−ξ4N+2(t)] (11b)

ξ̇4N−1(t) = ξ4N(t) (11c)

ξ̇4N(t) = 0, |ξ4N−3 −ξ4N−1|< D/2 (11d)

and

ξ̇4N+1(t) = ξ4N+2(t) (12a)

ξ̇4N+2(t) =
K
M
[ξ4N−3(t)−ξ4N+1(t)]+

C
M
[ξ4N−2(t)−ξ4N+2(t)]+

1
M

f (t) (12b)

for the last (N–th) unit cell of the meta–impactor and the linear oscillator, respectively. The post-impact
velocity states of the i–th unit cell are computed by

[
m µ
1 −1

][ξ+4(i−1)+1
ξ+4(i−1)+2

]
=

[
mξ−4(i−1)+1 +µξ−4(i−1)+2
−rξ−4(i−1)+1 + rξ−4(i−1)+2

]
(13)

3 PARAMETRIC ANALYSIS

The behaviour of the meta-impactor is studied in the MATLAB� environment using the ode45 func-
tion (AbsTol=eps, RelTol=eps(2/3), Refine=4 and MaxStep=0.01/sqrt(K/M), with eps correspond-
ing to the machine epsilon). Impacts are being detected by an appropriate multiple event function. For
each such impact, the simulation halts, the post-impact velocity states of the corresponding unit cell are
calculated and the simulation continues from the same time instant by keeping all other states unaltered.
A linear oscillator with M = 1 kg, fn = 1 Hz and ζn = 2% is chosen, subject to a harmonic excitation of
unit amplitude (A = 1 N). For all the individual investigations the meta-impactor damping is selected to
be zero (c = 0 Ns/m), while the coefficient of restitution remains constant (r = 0.6). Unless otherwise
specified, the clearance is set at D = 0.1 m.

Following the findings of Dertimanis et al. [31], regarding the significance of the mass and stiffness
ratios in the vibration attenuation performance of a linear, periodic, mass–in–mass lattice, a first insight
is gained by varying these quantities of the meta-impactor. In specific, the ratios µ/m and K/k are varied
within [0.1,1.0] and [10,100], respectively, at three fixed m/M ratios (namely, 1%, 50% and 100%) and
for N = 1,2,5 and 10. For each realization, the maximum absolute vibration displacement response of
the linear oscillator is recorded for a 10 s simulation time and an excitation frequency f = fn = 1 Hz.

The results are expanded over Figs. 3– 6 and show that when m/M = 0.01 (e.g. far left plots in
Figs. 3– 6), the performance of the meta-impactor is mainly dominated by the stiffness ratio. This is
confirmed by the distinct vertical zones of the corresponding surf plots, inside which the variation of
the vibration response due to different µ/m ratios is negligible. The addition of unit cells increases the
vibration displacement response amplitude, as can be observed by the relative colobars on the right of
each plot. This is attributed to the introduction of additional degrees of freedom, which most likely lead
to higher transient response times (recall that the simulation is only 10 s). Yet, regardless the unit cell
number, the vibration displacement response reaches its lowest levels (below 0.1 m) when m/M = 1 and
for low µ/m and K/k ratios.
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Figure 3: Maximum absolute displacement at 1 Hz for N = 1 and varying masses/stiffness ratios.
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Figure 4: Maximum absolute displacement at 1 Hz for N = 2 and varying masses/stiffness ratios.
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Figure 5: Maximum absolute displacement at 1 Hz for N = 5 and varying masses/stiffness ratios.
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Figure 6: Maximum absolute displacement at 1 Hz for N = 10 and varying masses/stiffness ratios.
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Figure 7: Maximum absolute acceleration of the linear oscillator for various unit cells of the meta-
impactor, as a function of the frequency ratio. The red lines correspond to |Ẍ |= 1.

Based on these findings, a subsequent series of simulations is carried out for m/M = 1, µ/m = 0.1,
K/k = 10 and for the same number of unit cells as before. The simulation time is now increased to 50 s
and the vibration acceleration response (maximum absolute value) of the linear oscillator is calculated
for a frequency ratio f/ fn that varies in [0.1,4.0]. As Fig. 7 indicates, there’s a certain suppression of
the response up to around 1.2 Hz (recall that the damping of the meta-impactor is zero). Increasing the
number of unit cells does not significantly alters the suppression properties of the meta-impactor, yet, it
is shown that when N = 1 there’s a distinctive peak at 0.2 Hz, which does not appear in higher unit cell
numbers.

A final investigation pertains to the coefficient of restitution. Figure 8 illustrates the maximum ab-
solute vibration acceleration response of the linear oscillator for an excitation frequency f = 1 Hz, as a

7
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function of r ranging from 0.1 (almost plastic collision) to 1 (perfectly elastic). It can be observed that the
response is not much sensitive to low values of the coefficient of restitution, yet it is getting larger when
the collision goes close to the perfectly elastic range, while at the limit it is even amplified, compared to
the excitation amplitude.
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Figure 8: Maximum absolute acceleration of the linear oscillator for various unit cells of the meta-
impactor, as a function of the coefficient of restitution. The red lines correspond to |Ẍ |= 1.

4 CONCLUSIONS

This study investigated a nonlinear device for vibration attenuation, the meta-impactor, consisting of
impact dampers as unit cells. Critical parameters of the structure, including mass and stiffness ratios,
as well as the coefficient of restitution and the number of unit cells were explored. The results indicate

8
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a certain degree of effectiveness, yet, they have also shown that proper tuning of the meta-impactor is
a highly non trivial problem. The authors are currently performing research on this direction, trying to
gain more insight on the theoretical and design aspects of this nonlinear device, yet also to establish a
series of experiments for assessing more thoroughly its actual behaviour.
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Abstract. In the last decades, the main issue concerning structures is related to weight 
constraint. Many solutions are available as composites or sandwich panels. Nevertheless, it 
seems that metamaterials such periodic structures focus a specific attention nowadays. In this 
field, honeycomb structures remain wide used solutions especially in the aerospace industry, 
but they exhibit a high stiffness-to-weight ratio leading to poor acoustic properties. 
Consequently, some new designs are created to obtain better acoustic indicators. In this context, 
this paper proposes to study a new kind of periodic structures using multi-layer core topology 
systems consisting on stacking layers made of different geometry of cores (auxetic, hexagonal, 
rectangular…). Several new parameters should be considered to fully understand the dynamic 
and acoustic behaviour. In this paper we will limit the study to rectangular core combined with 
a random core located in between. Consequently, we will stack 3 kind of cores: Rect-Random-
Rect. The main objective of this study is to analyse the results of the parametric survey. All 
configurations are constraint to have the same surface density. The chosen acoustic indicator is 
the Sound Transmission Loss (STL). The transition frequency will be also investigated as well 
as the compression and shear modulus and the bending waves. Modelling these structures is 
possible using either Wave Finite Element Method (WFEM) only or combining WFEM and the 
Transfer Matrix Method (TMM). We assume an infinite panel, real wavenumbers and that the 
structure is excited by plane waves with the angles of incidence and reflection equal. The model 
is implemented using MATLAB and ANSYS apdl. Because such structures are made using a 
3D printer, the ABS is used as the material for the study. From the parametric study, it turned 
out that multi-layer core systems correspond to relevant solutions to highly improve the STL. 
Moreover, it is possible to find out an optimized design giving the best STL. However, as it 
will be shown, it goes along with less efficiency in terms of mechanical properties and thus 
should be relevant for some specific applications. 
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 2 

1 INTRODUCTION 
Lightweight structures including composite panels, sandwich panels or porous media are 

still widely used in the industry due their low mass. Besides, sandwich panels made of periodic 
cores exhibit a great interest having a low stiffness to weight ratio but leading to unsatisfactory 
acoustical properties. Many researches are carried out to provide them better mechanical and 
acoustical performances according to the industrial application. Proposed designs in the 
literature begin from simple cases as composite panels, studying the stacking sequences 
between layers to improve their mechanical efficiency [1,2], up to more complex structures 
using more exotic shapes and/or adding add-ons [3,4,5,6], especially within the periodic media 
field. More recently, multi-layer core topology systems have been developed by stacking 
different layers of cores (auxetic, hexagonal, rectangular, random geometry) to operate with 
new parameters. A double-layer honeycomb panel has been studied in [7] to drastically reduce 
the effect of the critical frequency of the Sound Transmission Loss (STL). Besides, corrugated 
and truss cores are stacked for building applications [8,9,10] trying to reach a more desirable 
impact resistance. Most of time, authors add damping layers separating the cores. These last 
designs are mainly considered for their capacity to absorb energy for specific mechanical 
applications but not employed as concerns acoustics. It is then clearly expected that more 
complex structures will continue to be investigated in the future to obtain improved properties. 
Consequently, this paper intends to analyze multi-layer core topology systems within the 
framework of periodic structures and to perform a parametric survey with the involvement of 
new parameters. Such approaches have been already completed for vibroacoustic properties in 
standard cases using honeycomb cores [11,12] or by changing gradually the core from a 
honeycomb to an auxetic unit cell [13, 14]. They have shown up the influence of geometrical 
parameters on vibroacoustic indicators (transition frequency, the modal density, the group 
velocity) and the STL. All these indicators reveal a better comprehension of the phenomenon 
leading to the improvement of the acoustical performances. In this paper, the parametric survey 
will be characterized by a study of the geometrical parameters of one layer over three opening 
new configurations and new perspectives not limited as one-core unit cell structures and leading 
to a high improvement of the STL. 

2 MULTI-LAYER CORE TOPOLOGY SYSTEMS 

2.1 Description 
Multi-layer core topology systems are made of several layers of periodic structures 

(hexagonal, auxetic, rectangular, …), Fig. 1. 
 

 
Figure 1 : Multi-layer core topology systems 
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 3 

Such structures involve new parameters to be considered to figure out the dynamic and the 
acoustic behavior. These parameters are listed as following: 

1. The phase shift between layers 
2. The rotation between layers 
3. The interaction between geometrical parameters of each layer giving the possibility to 

modify the shape of the unit cell for each layer. 
4. The size of the unit cell for each layer. 
5. The periodicity of each layer. 

 
The phase shift and the rotation make occur lower rigid contacts between layers leading to new 
phenomena which tend to affect the transition frequency and decrease the compression modulus 
of the structure. Nevertheless, their impact on the STL still need to be verified. The phase shift 
is possible along the direction x and y. In addition, the rotation between layers produces a non-
periodic structure. The existing methods using the Wave Finite Element Method (WFEM) for 
the calculation of vibroacoustic indicators are not applicable. Finally, they offer a great added 
value by keeping the mass constant. 
Changing the geometrical parameters for each layer turns out the possibility to have different 
shape for each layer, and then, combining a hexagonal core with an auxetic or a rectangular 
core, or more generally random cores and increasing the number of possibilities and the 
complexity of the unit cell. 
Ultimately, the size of the unit cell and the periodicity for each layer are linked. Indeed, the 
only way to extract a unit cell in this configuration comes out when each layer has a unit cell 
size multiple to each other and without rotation. 
Resulting from these parameters, it is then not always possible to extract the unit cell through 
the depth of the structure. The entire sandwich panel must be modeled and a high computational 
is expected. Therefore, some listed parameters will be constrained to have the opportunity to 
use the WFEM and to apply the model allowing to obtain the STL. 

2.2 Parametric model 
The illustrated parametric model (Fig. 2) will be used for the study. Each layer has the same 

unit cell size and no rotation is considered. The main purpose in this study is to identify the 
geometrical influence of the shape of the core. The thickness of the core and the skins as well 
as the height of each layer will be not altered since it is shown in [4] that they have a strong 
influence on the mechanical and acoustical properties. Thereby, by keeping the mass constant, 
only parameters defined in the parametric model influence the STL. An algorithm, developed 
in the lab, gives the possibility to obtain all configurations having the same surface density for 
a given size of unit cell. Since the size of the unit cell is maintained and the depth of each layer 
are equal and the parameter n is set to 1/2, only 5 parameters are modified: a1, a2, a3, α and β. 
However, to represent correctly the result coming from the parametric survey it is necessary to 
reduce the number of parameters. Consequently, it is decided that a1 = a2. 
The size of the unit cell is fixed to Lx = 15 mm and Ly = 15 mm. A sandwich panel with 3 layers 
is considered. The top and bottom layers correspond to a rectangular core while the middle core 
is a random core defined by the set of parameters. The depth of each layer is 5 mm. The 
thickness of the skins and the core is 0,6 mm. The sandwich panel is made of ABS since the 3D 
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printing technic is commonly used to manufacture these structures, with E = 1,8 x 109 Pa,  
ρ = 985 kg/m3 and υ = 0,33. The damping η is evaluated at 2 %. These values were acquired 
using a DMA test. From the algorithm, the number of configurations is obtained (Fig. 3) given 
a certain range of surface density with a3 = Lx /4. They will be compared to a standard periodic 
structure with a rectangular core whose surface density is equal to 0,57 kg/m². Thereby, 216 
configurations are possible. The parameter a3 is then used to be shifted in the along x with 6 
different values between 0 and Lx. Consequently, 1296 configurations in total will be computed. 
For each configuration the STL is calculated. A wise choice for the model must be done to 
avoid high computational cost.  

 

 
Figure 2 : Parametric model 

 

 
Figure 3 : Number of configurations with Lx = 15 mm and Ly = 15 mm and a3 = Lx/4. 
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By taking this range of surface density and having all the possibilities for each parameter, it 
is possible to plot each parameter as a function of others. It occurs that the angle α and β are 
linked by a logarithmic function as shown in Fig. 4. Consequently, the set of parameters could 
be reduced to a1, a3 and α since α = f(β).  

 
Figure 4 : α = f(β) 

 

3 MODELLING 
During the last decade many models were developed to calculate vibroacoustic indicators. 

This paper is mainly focused on the STL as the acoustic indicator. Considering an incident 
plane wave impinging a structure with a specific angle, this will create 3 other waves 
corresponding to a reflected, transmitted and absorbed wave as illustrated in Fig 5. The STL is 
defined with the ratio τ = | Wt / Wi | which is the ratio between the acoustic power of the 
transmitted and incident wave and could be obtained for specific angles (Eq. 1).  

 

𝑆𝑆𝑆𝑆𝑆𝑆(𝜃𝜃, 𝜙𝜙, 𝜔𝜔) = −10 log10
𝑊𝑊𝑡𝑡
𝑊𝑊𝑖𝑖

                                                      (1) 

 
The STL is also calculated for a diffuse field by the integration over all angles θ ∈ [0°, 90°] and 
φ ∈ [0°, 360°] and yield to Eq. 2. 

𝑆𝑆𝑆𝑆𝑆𝑆𝑑𝑑(ω) =
∫ ∫ τ(ω, θ, ϕ) sin(θ) cos(θ)θ𝑚𝑚𝑚𝑚𝑚𝑚

0
2π

0  𝑑𝑑θ 𝑑𝑑ϕ
∫ ∫ sin(𝜃𝜃)θ𝑚𝑚𝑚𝑚𝑚𝑚

0 cos(θ)2π
0  𝑑𝑑θ 𝑑𝑑ϕ

                                  (2) 

 
In 2016, two methods released [15, 16] using the nodal surfaces and the Transfer Matrix Method 
(TMM) concept combined with the WFEM respectively. They allow to model complex 
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structures without homogenization. More recently, [17] added their contribution by developing 
a hybrid wave-based method with finite element to add more complexity to the structure as 
resonators. It is possible to model other type of fluid on both sides of the structure such as strong 
fluid-structure interaction. In this paper, the method developed in [16] will be used. Indeed, the 
computational cost is drastically reduced since the skins are modeled using the analytical 
formulation for simple plate. The core is modeled with Ansys apdl using SHELL elements and 
MATLAB for post processing. It is assumed an infinite panel, real wavenumbers and that the 
structure is excited by plane waves with the angles of incidence and reflection equal. The 
principle of this method is illustrated in Fig. 6. 
 

 
Figure 5 : Plane wave incidence, reflection, transmission and absorbed at the interface of a sandwich panel. 

 
Figure 6 : Procedure for applying the method developed in [16] 

 
Finally, to perform the parametric analysis two options are chosen for simplification. Firstly, 
due to the orthotropy of the structure resulting from the honeycomb core, it is not necessary to 
calculate the diffuse field. From the dispersion curves of the standard case corresponding to the 
rectangular core, bending waves reveals the direction x as critical to determine the acoustic 
efficiency of the structure. It is shown that the intersection with the acoustic wavenumber and 
bending waves occurs in the direction x. Thus, the STL will be calculated for an angle φ = 0° 
and θ = 45° exciting the structure in its x-direction only. In addition, the target indicator is 
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defined as the integration of the STL over the frequencies as it is done in [18]. The more the 
value is high the more the structure is considered acoustically efficient. 

 
Figure 7 : Bending waves of the standard case (rectangular core) 

3 PARAMETRIC SURVEY 
The first result was obtained having all configurations with different values of a3. It is shown 

in Fig. 8 that a quasi-symmetry occurred related to the chosen parametric model.  As it can be 
noticed, the parameter a3 has a strong influence on the STL and the highest values of STL is 
obtained when a3 = Lx/4. The next steps of the parametric analysis are carried out with  
a3 = Lx/4. 

 
Figure 8 : Effect of the parameter a3 on all configurations 
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Fig. 9 shows the effect on the STL of the angles α and β for different values of a1. The influence 
of the angles is highly dependent on the value of the parameter a1. The angles α and β become 
critical parameters when a1 = Ly/4. Consequently, for such configuration it is necessary to make 
a wise choice on the angles. The highest values of the STL are obtained with a1 = 1,25 mm and  
a1 = 6,25 mm. 

 
Figure 9 : Effect of the angles of the core α and β with specific values of the parameter a1. 

 
Finally, the effect of the pair (α, β) is illustrated in Fig. 10. It is shown that depending on the 
value of the STL, the pairs (α, β) correspond to a linear function in which the value of the 
intercept has a critical influence. The highest value of STL occurs when the intercept is the 
lowest and the pairs (α, β) are highlighted in Fig. 10. 
 
From this parametric study the optimized configuration can be listed in the following Tab. 1. 
with a1 and a2 equal to 1,25 mm or 6,25 mm and a3 = Lx/4. Since the unit cell size is 15 mm by 
15 mm, the angles are almost neglectable and could be considered as 0°. Nevertheless, the 
optimized unit cell with the highest STL value correspond to (1,4°, 0°). 
 

Table 1: Pairs of (α, β) for the optimized unit cell. 

α (°) -4,9 -3,3 -1,6 0 1,4 3 4,8 
β (°) -6,5 -4,9 -3,2 -1,6 0 1,4 3 

 



1165

N. Guenfoud, C. Droz, M. Ichchou, O. Bareille, E. Deckers, W. Desmet. 

 9 

 
Figure 10 : Influence of the pair (α, β) given with a1 = 1,25 mm and  

a1 = 6,25 mm. 

4 OPTMIZED VS STANDARD STRUCTURE 
Thanks to the parametric survey, it is then possible to compare the optimized structure with the 
standard rectangular core. The Fig. 11. shows the great improvement obtained with the multi-
layer core system in all the frequency range. The coincident frequency is shifted to higher 
frequencies. 

 
 

Figure 11 : Comparison of the STL (θ = 45 ° and φ = 0°) of the optimized structure with the standard case. 
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This result is confirmed with the comparison of bending waves in Fig. 12. The multi-layer core 
has lower equivalent mechanical properties in both direction x and y and lead to an intersection 
with the acoustic wavenumber to a higher frequency. The acoustic wavenumber is calculated 
for a diffuse field and the intersection correspond to the critical frequency. Consequently, the 
optimized structure should be still acoustically efficient in a diffuse field.  
 

 
Figure 12 : Bending waves comparison of the optimized and standard structure. 

 
Finally, the mechanical and acoustical properties for both structures are summarized in the 
following table (Tab. 2). 

Table 2: Mechanical and acoustical properties. 

 standard optimized 
Compression 

modulus (MPa) 
227 92 

Transition 
Frequency (Hz) 

(ftx, fty) 

(2910, 1694) (1388, 251) 

STL integration 
(dB) 

26,71 32,88 

 
The compression modulus is calculated along z-axis. As it is noticed, the improvement of the 
STL goes along with a reduction of the compression modulus and the transition frequency in 
both directions. Multi-layer core systems show a great interest in terms of acoustic properties 
while mechanical properties seem to be lower than a standard one core unit cell. These results 
were obtained without altering the mass which is a critical parameter especially in the aerospace 
industry.  
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5 CONCLUSIONS 
This paper has been focused on the study of multi-layer core topology systems made of 3 

layers with a top and bottom rectangular core and a random middle core. It has been shown that 
this new kind of structure involves new geometrical parameters to be considered. A parametric 
survey has been suggested to study the influence of this geometrical parameters on the random 
core. The parameter a1 and a2 were considered equal. The STL has been chosen as the target 
acoustic indicator and a WFEM combined with the TMM method has been used to model the 
unit cell. 
It occurs through the analysis that all parameters seem to have an interaction with the other and 
could become critical in some configurations. The parameter a3 have a strong effect on the STL 
and is maximum when a3 = Lx/4. In addition, the pair (α, β) have an impact on the STL when 
a1 = a2 = Ly/4 and their influence decrease when a1 get close to 0 or Ly/2. Moreover, after fixing 
a1 = 1,25 mm or 6,25 mm, it was shown that the pair (α, β) turned out a linear relationship 
according to the value of STL. Thereby, the optimized pair (α, β) corresponded to the equation 
with the lowest intercept. Consequently, an optimized structure with the same surface density 
of the standard rectangular core was obtained as well as the comprehension of the influence of 
each parameter of the parametric model.  
Ultimately, the parametric analysis may introduce new target indicators as mechanical and 
vibroacoustic indicators. In addition, this parametric model proposes some tools to verify the 
influence of each parameter and could be applied to other standard structure as hexagonal and 
auxetic core widely spread in the industry. Finally, some vibroacoustic indicators as the 
transition frequency seems to be strongly influenced by the geometry of the multi-layer core 
and should be studied. 
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ABSTRACT 

To predict the wave characteristics of the periodic media in the presence of fuzzy 
uncertainties, the wave finite element method in conjunction with fuzzy logic and algebra has 
been applied. For one-dimensional wave propagation, firstly, the most significant input 
parameters such as Young’s modulus and mass density are identified and then fuzzified using 
the membership functions. Then, the fuzzy variable is propagated through the numerical 
model of interval analysis. The dispersion curves for flexural and longitudinal waves with 
fuzzy parameters have been used to illustrate the generality of the proposed approach also 
looking at the possibility to have frequency region in which those waves cannot propagate 
(frequency band gaps). The triangular membership functions have been used in the numerical 
examples and the obtained results are compared against the classical Monte Carlo simulations 
(MCS). The approach was presented for very simplified test-cases but it is found to be more 
efficient when compared with the conventional MCS approach in terms of computational cost.  

Key words: WFEM, uncertainty modeling, periodic media, bandgap, fuzzy analysis.  
 

1 INTRODUCTION 

In recent years the propagation of elastic waves in periodic media with periodic material and 
geometrical properties has been extensively studied. These periodic media offer property 
known as band gaps where the propagation of the elastic wave is restricted in all the 
directions. Such properties are demanded for the vibroacoustic performance and dynamics of 
the structure and especially sought in aeronautics, transport, energy and space for vibration 
reduction, acoustic blocking, acoustic channeling and acoustic cloaking [1].  
Three different frequency ranges identified: at the low-frequency range, because of the low 
order modes and low sensitivity to variability generally, the finite element approaches are 
applicabe; and high frequency, energy-based methods (e.g. Statistical Energy Analysis (SEA)) 
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are well suited because of the involvement of many high order modes; finally  the mid-
frequency range affected by the variability of the model parameter and wave-based 
approaches has been developed by increasing computational efficiency [2].  
The design of periodic media is generally based on deterministic models without considering 
the effect of intrinsic uncertainties existing in these media. In general, the design is aimed at 
controlling as much as possible the mechanical waves; however, inherent uncertainty may 
affect their characteristics. Periodic media are diffused in all the transportation engineering 
and demand a high level of robustness, which can be ensured with the careful consideration of 
the presence of uncertainty in the numerical models. The uncertainties, in terms of material 
properties and geometrical parameters, are mostly exhibited in both the manufacturing and 
assembly processes. To address this unavoidable actuality, the effects of uncertainties need to 
be considered when analyzing band structures (pass and stop bands). Generally, the stochastic 
characteristics of the periodic media can be determined by studying the design parameter 
uncertainties which are often modeled by random variables with consideration for spatial 
variability of the material and geometrical properties.  
Manohar et al. studied the randomness in the wave propagation in waveguides using spectral 
element analysis [3]. Ichchou et al. proposed a numerical approach using the Wave Finite 
Element Method (WFEM) considering spatially homogeneous variability in waveguides using 
a first and second order perturbations are proposed [4][5]. Recently Rayleigh quotient method 
introduced to investigate the symplectic eigenvalue problem of random symplectic matrix [6]. 
The material or geometrical uncertainty often displays spatial correlation, in layered 
structures. There, random fields theory can be used to model spatially distributed variability 
with probability measure [7]. Also, this would be an approximate representation for the 
spatially varying system  [8]. 
The probabilistic models to account for these uncertainties employ probabilistic methods 
which require a wealth of data on probabilistic parameters. The exact sources of uncertainty 
are rarely found since their identification represents a difficult task. Furthermore, even small 
inaccuracies in the data can lead to large errors in the computed probability of response [9].  
When faced with incomplete information such as, “Young’s modulus of the material lies 
between  70 GPa to 72.4 GPa,” “mass ration is about 4%,” and “lenght of side slightly larger 
than 1.2m,” cannot be accomdated by deterministic model[10]. In fact, statements as ‘‘the 
mean are approximately equal to.. .” and ‘‘the variance lies in the range.. .” are typical when 
handling real mechanical data and by virtue of their subjective nature they deal with fuzzy 
uncertainties[11]; the adoption of the probabilistic approach can result in very challenging 
evaluations. In this scenario, the fuzzy set theory offers a way to approximating the 
uncertainty distribution in the form of the confidence interval through fuzzy membership 
functions. These are equivalent representations for the characterization of the linguistic, vague 
and missing data uncertainties.  
The work reported so far in the literature with the best of the author's knowledge, is limited to 
wave propagation in elastic media and random media with probability method. In this work, a 
possibilistic method developed for the fuzzy uncertainty modeling and propagation in 
conjunction with WFEM and named as FWFEM (fuzzy wave finite element method). The 
approach was presented for a very simplified test-case 1D periodic bar and beam model with 
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fuzzy uncertainty. It is modeled using triangular membership function and uncertainty bound 
are computed with fuzzy arithmetic steps and α-cut method. The results of FWFEM 
formulation are compared to those obtained from MCS. 

2 FORMULATION OF FWFEM 

Firstly the definition of the fuzzy membership function is revisited [12].  Let U is a classical 
set of objects, it is called the universe. The generic elements of U are denoted u. Then the 
membership in a classical subset A of U can be viewed as a characteristic function A from U 
to {0, 1} such that 

1, if
( )

0, ifA

u A
u

u A


 
=                 (1) 

The set {0, 1} is called a valuation set. A set A is called a fuzzy set if the valuation set is 
allowed to be the real interval [0, 1]. The fuzzy set A is characterized by the set of pairs  

 [ , ( )],AA u u u U=    

where  ( )A u  is called the grade of the membership function.  

Figure 1: Triangular membership function 

α - Cuts: When an element . The α-cut Aα of A, which is a fuzzy set of crisp values U 
and is the original set of membership values greater than some threshold α [0 1].  

If triangular fuzzy set A shown in Fig.1 is denoted by A= < a, b, d > then the α-cuts of the A 
can be shown as: 

 ( ), ( ) , [01]a b c d d b  + − − −              (2) 
To propagate the fuzzy uncertainty in the dynamic model, the α-cut method is adopted. In this 
method, fuzzy membership function is descritized to different iInterval using α-cut level 
concept. For each α-cut, the interval analysis is performed with Sobol sequence to get the 
máximum and mínimum bound of the response.  
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One dimensional periodic media obtained by formulating the unit cell and then repeating in 
the propagation direction. Then, the study of this media can be converted into a study of unit 
cell based on the Floquet-Bloch theorem [13]. The schematic representation is shown in Fig. 
2.  
 
 
 
 
 
 
 
 
 
 
The WFEM is used to study the behavior of periodic media. This is extended to apply the 
WFEM for the fuzzy uncertainty modeling. This starts with consideration of the fuzzy 
membership function as a supplementary dimension through the fuzzy arithmetic using fuzzy 
set theory. Which start from the discretization of one sub-element of length (d). This 
discretization leads to fuzzy dynamic equilibrium of any substructure. The imprecise or vague 
variables are modeled using the triangular membership function, such that the dynamical 
equilibrium is expressed as: 

 
(3) 

The  (.) symbol denotes the fuzzy arithmetic.  
The dynamic stiffness matrix is condensed into the left and right side denoted by L and R 
respectively. 

 
 

(4) 

By defining two state vectors in the left and right side of each element and are related by 
symplectic matrix S as: 

 (5) 
Where  

 
Then using the periodicity and Bloch’s theorem, spectral eigenvalue problem is expressed as 

 
                                                        (6) 

The solution of the above equation leads to identify the propagation constant and mode 
shapes. The considered structure is dissipative and the wave classified as incident ( ) 
and reflected ones ( ). Considering the above classification the wave basis 𝜱𝜱 
composed by eigenvectors in following form: 

A  B   A     B 

Cell k   Cell k+1 

 
  

 
  

Figure 2: Schematic representation of periodic structure 
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        (7) 

Where q and F are the displacement and force component of eigenvectors with  
, , , of  the size of  matrices. 

To obtain the harmonic responce, The amplitude of wave at the first element obained using 

 
Projection of kinematic variable on wave basis and compute the displacement at the mth 
element by relation 

   (8) 

3 RESULTS 

This section shows the validation of FWFEM formulation presented in the previous section. 
The analysis is performed for the periodic rod and beam. Periodic rod and beam consist of 
section A of length  and section B of length   with different materials as depicted in the     
Fig. 3. Firstly, the longitudinal wave studied for the band gap and frequency response 
function (FRF) then flexural wave in the beam is studied. 

3.1 Periodic rod with fuzzy uncertainty 

In this subsection, the FWFEM is used to study the effect of fuzzy parametric uncertainty on 
the band diagram and FRF of a longitudinal wave in the periodic rod. The section of periodic  

rod namely A and B made of aluminum and steel respectively. The length of section A is  
and section B is  with 1m each with circular cross section of radius of 0.0644m.  
To validate FWFEM results, a comparison made between the result from the proposed 
method and upper and lower bound obtained from MCS. 
The uncertainty effect is studied considering fuzzy uncertain material properties modeled with 
triangular fuzzy membership function with lower and upper variation fixed at ±10 percent of 
the nominal value. The considered frequency range for the numerical experiment from 1 Hz 
up to 5500 Hz. This frequency range considered to get the four complete band gap. The MCS 

A  B 

Unit cell 

 
  

 
  Figure 3: Symmetric unit cell 
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with 10000 samples is used to get the reference wave characteristics lower and upper bound 
of wave number.  
  
In FWFEM formulation, stiffness and mass matrix of the two-node rod elements are 
considered. 
The global stiffness and mass matrices formed with 100 elements in the unit cell of periodic 
rod in the MATLAB environment.  The input material and geometric properties are shown in 
Table 1. It is to be mentioned that the material properties are choosen artibiary for the test 
case. 

Table 1: Geometric parameters and material properties of periodic rod 

 
 
 
 
 
 
 
 
 
 
 
The variation of fuzzy Young’s modulus of section A (material 1) and section B (material 2) 
is considered as furnished in Fig.4.   
FWFEM result at α-cut=0 (largest interval) in terms of upper and lower bounds of the wave 
number is compared with sampling upper and lower bound with 5000 samples. The 
comparison is shown in Fig.5. The results are in good agreement. The band gap envelops for 
each value of the fuzzy elasticity in every α-cut can be extracted shown in Fig.6. It is visible 
that the effect of uncertainty (at the fixed level of uncertainty) on band gap bound is 
increasing with increasing frequency. The variation bound of the wave number at α-cut=0 is 
shown in Fig.7 and it can be inferred that the response membership function is not always 
symmetric about mean/crisp value. The upper bound of wave number is more sensitive to the 
uncertain elasticity. 

Geometrical and Material property Nominal value 
Rod length (A) 1 m 
Rod length (B) 1 m 
Radius of rod 0.0644 m 
Young’s modulus (A)  210 Gpa 
Young’s modulus (B)  70 Gpa 
Mass density (A) 7800 kg/m3 
Mass density (B) 2700 kg/m3 
Loss factor (A) and (B) 0.001 
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Figure 4: Membership function for the fuzzy parameter 

 
 

Figure 5: Upper and lower bound comparison 
 
 The FRF of a periodic rod of the finite extent of 20 m excited by unit force on the left end is 
furnished in Fig. 8 indicating the upper and lower bounds comparison at α-cut=0 (maximum 
bound). In Fig. 9 fuzzy bound of the FRF for the different value of α-cut is plotted. It can be 
seen that as the value of α-cut increase the fuzzy bound of FRF also decreases and finally at 
α=1, without any simulation bound as expected, α=1 represent the deterministic value. 
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3.2 Periodic beam with fuzzy uncertainty 

In this subsection, the study of the fuzzy uncertainty effect on the flexural wave in the 
periodic beam is performed. For numerical simulation, Euler-Bernoulli beam theory is 
considered. The input material and geometrical properties are listed in Table 2.  
For the fuzzy uncertainty propagation, the elasticity of material 1and material 2 is fuzzified 
using triangular membership function and shown in Fig.4. 
   
A two-node beam element with two degrees of freedom per node is considered. The global 
matrices (stiffness and mass) formed with 20 elements in the unit cell of the periodic beam in 
the MATLAB environment with input material and geometric properties given in Table 2. 
FWFEM result at α-cut=0 is computed and compared with upper and lower bound obtained 
with MCS sampling (10000 samples) of the WFEM result and shown in Fig. 10. The 
frequency range of computation is 1-2000 Hz. The results are in good agreement. The 
variation bound of the wave number at a different frequency for the 11 α-cut levels is shown 
in Fig.11. it showed that at the same level of the α-cut upper bound of wave number is more 
sensitive to the uncertain elasticity. 

Table 2: Geometric parameters and material properties of the periodic beam 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Geometry/Property Value 
Beam length 0.5m 
Height of beam 0.003m 
Width of beam 0.003m 
Young’s modulus (A) 210 Gpa 
Young’s modulus (B) 70 Gpa 
Mass density (A) 7800 kg/m3 
Mass density (B) 2700 kg/m3 
Loss factor (A) and (B) 0.01 
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Figure 6: Band gap bound 
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Figure 7: Variation bound of wave number at 11 α-cut level 

.  
Figure 8: Upper and lower bound comparison of FRF 
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Figure 9: Fuzzy bound of FRF for the different value of α-cut 

Figure 10: Upper and lower bound comparison 
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The FRF bound is shown in Fig. 12 representatives the bound at the different α-cut level. As            
α-cut value increase the fuzzy bound of FRF is expected to decrease.  same can be seen from     
Fig. 13 as the value of membership increase the fuzzy bound is decreasing and lowest at 
α=0.9. 
For the computation cost comparison, elapsed time for the MCS and FWFEM obtained using 
homemade WFEM code which exploits the resources of the workstation with following 
characteristics, Intel® Core™i7 7820 HQ CPU@2.90GHz with 32 GB RAM and data storage 
using solid state drive. The comparison is presented in Table 3. 

Table 3: Elapsed time comparison 
 

Figure 11: Variation bound of wave number at 11 α-cut level 

CONCLUSION 

This paper provides a computationally inexpensive possibilistic numerical method for 
uncertainty propagation in 1D periodic media in conjunction with WFEM. This study 
proposes a new approach to predict uncertainty bounds of the band gap and FRF of periodic 

 WFEM MCS  (10000 Samples) FWFEM(11 α-cut 
evaluation) 

Elapse time (Seconds) 3840 234 
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rod and beam with fuzzy variations. The uncertainty quantification of wave number and 
frequency response function with fuzzy variables are derived using WFEM.  
The approach was presented for very simplified test-cases, but it is found to be more efficient 
when compared with the conventional MCS approach in terms of computational cost. The 
present study can be extended for the future investigation for the complex unit cell and a large number 
of fuzzy variables.  

 
Figure 12: Fuzzy bound of FRF for the different value of alpha-cut 
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WAVE-DIODE EFFECT EXPLOITING DISCRETELY MODULATED
PHONONIC WAVEGUIDES

E. Riva∗, G. Cazzulani, J. Marconi, F. Braghin

Department of Mechanical Engineering
Politecnico di Milano

Via La Masa, 1, 20156, Italy
e-mail: emanuele.riva@polimi.it, gabriele.cazzulani@polimi.it

Key words: Acoustic diode, Nonreciprocal wave propagation, Time-varying metamaterials, Bandgap,
Plane Wave Expansion Method

Abstract. Space-time varying phononic materials have drawn great interest in the research community,
due to their ability to break time reversal symmetry, therefore achieving one-way wave propagation in
elastic structures. In analogy with their electric counterparts, these new devices are generally referred as
acoustic wave diodes. In this manuscript we study discretely modulated beams, whose spatiotemporal
unitary cells are made of sub-cells with time-varying elastic modulus. This new class of materials is
able to break the mirror symmetry in the momentum space, which is necessary to achieve the acoustic
wave-diode effect. Non-reciprocal Bloch diagram is computed using a generalization of the Plane Wave
Expansion Method (PWEM) which can be applied to any modulation that can be written in a space-
time Fourier basis. In this context, we show that the frequency spectrum is characterized by full and
directional bandgaps, that are linked with the harmonic content of the spatiotemporal unit cell.

1 INTRODUCTION

Phononic crystals (PnCs) and acoustic metamaterials have been widely studied during the past years
[1]. The growing interest in this field is motivated by the possibility to manipulate wave propagation in
elastic media. That is, PnCs are characterized by spatial periodicity able to generate frequency bands - or
bandgaps - in which waves cannot propagate. This feature can be exploited to design acoustic insulators
[2], waveguides [3] and super-lenses [4], to name a few.
All these examples comply with the reciprocity principle, which means that waves propagate in the same
manner from a point A to B and vice-versa. One possibility to achieve one-way wave propagation is to
combine space and time varying material properties, mimicking the propagation of a wave [5, 6, 7, 8].
This new modulation concept is able to break the mirror symmetry in the momentum space, therefore
generating bandgaps at different frequencies for left and right traveling waves. Although several works
explain how time-space modulated waveguides support one-way wave propagation, there is no efficient
and generally accepted method for the computation of the band diagram. Two valid alternatives are finite
element Bloch-based method [9] and the Plane Wave Expansion Method (PWEM) [10]. If on the one
hand the former, based on FEM, can be applied to a wide class of modulations (but to the expenses of
computational resources and times), on the other hand the latter, based on PDEs, is faster but limited to
plane wave modulations of material properties.

1
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The first goal of this paper is to extend the formulation of the PWEM in order to make it applicable to
a more general class of spatiotemporal materials, involving all the possible modulations in space and
time. Once this new analysis tool is available, the second target of the work is to exploit the generalized
PWEM for the analysis of discretely modulated periodic structures. In this context, we demonstrate that
this new class of materials is characterized by full (reciprocal) and directional (non-reciprocal) bandgaps
[11]. Specifically, linking the harmonic content of the unit cell to the symmetric and asymmetric parts in
the frequency-momentum space.

2 Analytical procedure for band diagram computation

Consider an Euler-Bernoulli beam whose elastic and physical properties are spatially and temporally
periodic, such that:

E (x, t) = E (x+λm, t +Tm)

ρ(x, t) = ρ(x+λm, t +Tm)
(1)

where λm and Tm are spatial and temporal periods respectively. The governing equation describing lon-
gitudinal and transversal wave propagation writes:

∂
∂x

{
E (x, t)

∂u(x, t)
∂x

}
=

∂
∂t

{
ρ(x, t)

∂u(x, t)
∂t

}

Rg
∂2

∂x2

{
E (x, t)

∂2w(x, t)
∂x2

}
=− ∂

∂t

{
ρ(x, t)

∂w(x, t)
∂t

} (2)

being Rg = J/A the radius of gyration and u(x, t), w(x, t) longitudinal and transversal displacement fields.
The wave propagation characteristics of the medium can be computed exploiting a generalization of the
PWEM. That is, material properties are written in terms of exponential functions:

E (x, t) =
M

∑
m=−M

N

∑
n=−N

Êm,ne−j(mκmx−nωmt)

ρ(x, t) =
M

∑
m=−M

N

∑
n=−N

ρ̂m,ne−j(mκmx−nωmt)

(3)

where the Fourier coefficients are computed performing a double integration in the time
[
−Tm

2 , Tm
2

]
and

space
[
−λm

2 , λm
2

]
domains:

Êm,n =
1

Tm

1
λm

∫ λm
2

− λm
2

∫ Tm
2

− Tm
2

E (x, t)ej(mκmx−nωmt)dxdt

ρ̂m,n =
1

Tm

1
λm

∫ λm
2

− λm
2

∫ Tm
2

− Tm
2

ρ(x, t)ej(mκmx−nωmt)dxdt

(4)

The wave solution is therefore sought with the same associated periodicity, thus:

u(x, t) =
P

∑
p=−P

Q

∑
q=−Q

Ûp,qej(pκmx−qωmt)ej(κx−ωt)

w(x, t) =
P

∑
p=−P

Q

∑
q=−Q

Ŵp,qej(pκmx−qωmt)ej(κx−ωt)

(5)

2
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(a) (b) (c)

(d) (e) (f)

Figure 1: Plane Wave modulation 1(a) and corresponding 2D Fourier transform 1(d) in the wavenumber-frequency
µ−Ω plane. Here µ = κλm and Ω = f λm/c0 are dimensionless quantities. Spatially discrete and temporally
continuous unit cell 1(b) and associated spectral content 1(e), which includes more wavenumber components
compared to plane wave modulation. Fully discrete space-time modulation 1(c) and 1(f). The spectral content is
characterized by multiple wave components, which propagate along different directions.

Merging Eqs. 2-5 and enforcing orthogonality of exponential functions, the dispersion relation ω=ω(κ)
yields:

(
L̃LLu

0 (κ)+ L̃LL1 (κ)ω+ L̃LL2 (κ)ω2) ũuu = 0
(
L̃LLw

0 (κ)+ L̃LL1 (κ)ω+ L̃LL2 (κ)ω2) w̃ww = 0
(6)

which is a Quadratic Eigenvalue Problem (QEP) of size γ = (2P+ 1)(2Q+ 1) being P,Q the Fourier
series truncation orders.

3
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Figure 2: Bloch diagram for spatially discrete and temporally continuous unit cell 2(a) and comparison between
generalized PWEM (blue line) and FE Bloch procedure (green line) 2(b). µ = κλm and Ω = ωλm/2πc0 are the
dimensionless wavenumber and frequency respectively. Directional and full gaps are highlighted with colored
bands.

3 Wave propagation in discretely modulated beams

Consider the longitudinal wave propagation problem in a discretely modulated beam, whose elasticity
comply the following law:

E (x, t) = E0

{
1+αm cos

[
−ωmt +(k (x)−1)

2π
Rs

]}
k (x) =




1 i f 0 ≤ x <
λm

Rs

2 i f
λm

Rs
≤ x <

2λm

Rs
...

Rs i f
(Rs −1)λm

Rs
≤ x < λm

(7)

that is, spatially discrete and temporally continuous function. E0 is the mean Young’s Modulus value,
αm is the dimensionless modulation amplitude, Rs is the number of sub-elements constituting the spatio-
temporal unit cell (αm = 0.4 and Rs = 3 in the remainder of this section). ν = ωmt/(κmc0) is the di-
mensionless modulation speed which is set to 0.1 and c0 =

√
E0/ρ. The elasticity profile is represented

in Figure 1 and compared with plane wave and fully discrete modulations, in terms of time-space and
frequency-wavenumber domains. It is worth mentioning that discrete modulation is characterized by
more spectral components having different propagation speed and direction. Specifically, one space-
time harmonic for plane wave modulations and more components for discrete profiles.
The corresponding filtered 1 dispersion relation (blue line) is represented in Fig. 2 which shows good
agreement with the FE-based method (green line) described in Ref. [9]. Interestingly, the frequency
spectrum is characterized by many directional gaps as the number of spatiotemporal harmonics owned
by the unit cell Fourier decomposition in Fig. 1(e). Indeed, directional bandgap and unit cell spectral
content share same periodicity, suggesting a direct relationship between them. The interaction between

1i.e. only the leading component of the dispersion branches is plotted

4
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(a) (b) (c) (d)

Figure 3: Filtered Bloch diagram for a plane wave modulation (1st harmonic only) 3(a). As a result, only a pair of
directional gaps is supported by the media. Bloch diagram for a modulation given by the superposition of 1st and
4th unit cell spectral components 3(b). In addition to the first bandgap pair, full and directional gaps are present in
the frequency domain. 1st and 5th 3(c). 2st and 5th 3(d).

spectral components - instead - generates full gaps at given frequencies. This is confirmed upon evalua-
tion of the band diagram associated with a unit cell characterized by two plane wave components picked
up from Fig 1(e). The result is shown in Fig. 3. When the unit cell is characterized by the first and
fourth harmonics (both negative traveling pump waves), one gets two directional gaps at Ω = 0.5 and
Ω = 2, plus one full gap centered at Ω = 1.5, as shown in Fig. 3(b). Similar behavior is observed for the
remaining pairs: first and fifth harmonics (which have negative and positive velocity sign respectively)
generate first and fifth gaps, which are flipped to each others, see Fig 3(c) and one full gap for Ω = 3.

4 Conclusion

In this work we presented a generalization of the PWEM which allows to study a wider class of spa-
tiotemporal material. This new analysis tool has been exploited to study wave propagation in discretely
modulated waveguides, demonstrating that this class of materials support one-way wave propagation at
bandgap frequencies. Moreover, we demonstrated that the unit cell spectral content can be decomposed
in plane waves, responsible for the generation of directional gaps. Their interaction instead lead to the
formation of full bandgaps.
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Abstract. Artificial intelligence methods have been successfully used to solve complex problems in
a wide variety of engineering fields. Support Vector Machine (SVM) is recognized as a reliable and
efficient tool among current machine learning techniques, and is here adopted to automatize a Structural
Health Monitoring (SHM) method aiming to detect and isolate the onset of damage. In a supervised
learning approach, an experimental dataset is used to train the SVM algorithm so it would be able to
predict the structural integrity of a target by means of new input data obtained during the inspection
phase. A Lamb wave based effective monitoring uses the pitch-catch approach to generate the signals,
and the SVM algorithm assesses the structures’ integrity. The inspection is performed by means of
an arrangement of piezoelectric transducers forming a circular array of eight sensors with a centered
actuator, dividing the monitored area into eight regions. Damage presence causes waves scattering, which
influences the amplitude of the measured signals, which differs from its respective regular behaviour.
Discrete wavelet and Hilbert transform are applied to the raw signals in order to minimize noise and
dispersion effects, and to propitiate clear damage indicators. Processed peak amplitudes from each of
the eight signals are used as attribute axis for an eight-dimension SVM algorithm based on a Gaussian
Radial Basis Function (RBF) kernel. Using a punctual mass placed on different positions inside the plate
regions to simulate damage, a set of labeled measurements is obtained in order to train and test the SVM
algorithm. Posterior experimental application of the classifier shows its effectiveness to automatically
isolate the respective a damaged region.

1
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1 INTRODUCTION

SHM systems aim at the continuous monitoring of structure areas prone to damage in order to detect,
isolate and assess the severity of the damaged region. In this way, it is possible to repair or replace
parts of the structure before any type of fault occurs. One has applied composite materials in a wide
range of engineering systems, such as aircraft, automobiles and trains , due to their durability, strength
and low density. This type of material may have defects inherent to their manufacturing process, such
as delamination and voids, or damage like chemical corrosion and cracks that may arise during its use.
Thus, many research has been conducted to develop reliable SHM systems to assess the integrity of
structural parts made of composite material. Non-destructive evaluating (NDE) techniques are a key part
in SHM systems. One of the most used approaches to assess the integrity of structures is through the
Lamb waves propagation. These waves can be generated and received using piezoelectric transducers,
which may be installed temporarily or permanently in the structure to be monitored. The information
about the presence of damage, its location and its severity can be obtained by analyzing the parameters
of the reflected and transmitted waves resulting from the interaction between the incident wave and the
damage. Wang et al[1] investigated the behavior of a glass fiber reinforced epoxy composite laminate
plate subjected to damage like chemical corrosion, impact hole and crack, using Lamb waves to inspect
and Gaussian Mixture Model to classify such kinds of damages. Huang et al.[2] used the time reversal
method to detect impact damage on CFRP plate. An image of the plate showing the damage location was
built using damage indexes based on the deviation between the reconstructed and the excitation signals.

Lamb waves propagation in composites exhibit a complex behavior, due to anisotropic properties and
inhomogeneous composition of these materials. In order to properly evaluate structural integrity, some
type of intelligence is necessary to analyze the extracted parameters of the signals obtained from the NDE
technique applied. Recently, a new approach has been developed, with the use of artificial intelligence
to automate the diagnosis of the structure. There are various artificial intelligence techniques, such as
neural networks, fuzzy logic, deep learning, pattern recognition, machine learning. Among data driven
techniques, machine learning has shown great potential to increase efficiency of SHM systems. This AI
branch deals with the design of algorithms that can learn about the structural behavior from data and make
predictions from learned data[3]. In the supervised learning approach, the model is built using samples
that represent classes, and future inputs will be classified in one of them. Otherwise, in an unsupervised
learning model, the objective is to cluster samples from the dataset that exhibits a high level of proximity.
There is no labels for samples from the dataset. SVM is a suitable supervised machine learning technique
to classify data. Gangsar and Tiwari[4] developed a methodology to classify ten different fault conditions
of induction motors using SVM.

This paper proposes an effective methodology based on Lamb waves and support vector machine
algorithm to assess the integrity of a composite plate. The inspection is performed by means of an ar-
rangement of piezoelectric transducers forming a circular array of eight sensors with a centered actuator,
dividing the monitored area into eight regions. Discrete wavelet and Hilbert transform are applied to the
raw signals in order to minimize noise and dispersion effects as well as to improve the peak amplitude es-
timation. Damage indexes obtained from the acquired data are used as input to an eight-dimension SVM
algorithm based on a grid search function to determine the best kernel and optimum kernel’s parameters.

2 STRUCTURAL ASSESSMENT

Lamb waves have been widely used on non-destructive evaluation techniques to assess the structural
integrity on SHM systems [5]. Piezoelectric transducers attached to the structure under inspection, gen-
erate and measure these waves. Information about the presence of damage, its location and its severity
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are obtained by analysing the parameters of the reflected and transmitted waves resulting from the in-
teraction between the incident wave and the damage. There are two methods for using Lamb waves to
detect damage, known as pitch-catch and pulse-echo [6]. The simplest pitch-catch approach uses at least
two transducers to inspect the region between them, as illustrated in Figure 1. It is seen in this figure an
actuator and a sensor, both piezoelectric patch, where the actuator generates a burst signal captured by
the sensor, which incorporates the medium characteristics. Damage onset on this region causes scattering
of the waves, which modifies some measured signal parameters. Comparison between a known signature
of the healthy structure and an recently measured signal may conduct to detection and identification of
damage. Figure 2 shows how the signal may be affected by damage localized between the sensor and
actuator. In this case, signal amplitudes measured by the sensor decreases due to attenuation of incoming
wave on the damage. A different change of parameters may also occur if the damage is not in the direct
line between the transducers.

Figure 1: Positioning of transducers to the pitch-catch approach

Figure 2: Acquired signals using the pitch-catch approach for damage and undamaged cases

Signals from the measuring system need to be processed by specific algorithms to separate informa-
tion from noise, regular reflections and other interferences in the system. The wavelet transform is a
signal processing technique used to represent signal features in time and frequency domains simulta-
neously. It has the ability to detect aperiodic short-time events, unlike the Fourier transform which is
particularly useful for the analysis of periodic signals. These transient events are detected through the
similarity between its shape in time domain and a waveform known as mother wavelet. This approach fits
well to analyze non-stationary signals, because its spectral components vary along time. The propaga-
tion of Lamb waves is an example of signal with punctual occurrences. Mallat [7] presented an efficient
method to implement the wavelet transform in discrete time, through multi-resolution analysis and digital
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filter banks. This theory relates the Discrete Wavelet Transform (DWT) with a filter bank composed by
high and low pass quadrature mirrored filters, through which the signal is decomposed into details and
approximations. The approximation is obtained as the output of the low pass filter and is related to the
smoothed signal. The output of the high pass filter provides the details of the signal, related to transient
events contained in the signal. Figure 3(a) shows the layout of the filter bank, composed by high pass
filter (H1) and low pass filter (H0), for two levels of resolution.

The symbol ↓ 2 represents a down-sampling or decimation of the filtered signal. Each decomposition
level separates the spectral components at frequency bands, which depends of the sampling frequency
(fs) of the signal acquired. Figure 3(b) shows the frequency response of high and low pass ideal filters
for two level decomposition DWT.

Figure 3: Two level analysis filter bank for DWT and frequency range of high and low pass filters

Higher frequency signal components are located at lower level details. Analysing the decomposed
signal into several details provides information that could be hidden in the original signal, probably
masked by noise from the measurement system. Considering a tone burst containing five cycles of a 40
kHz sine wave multiplied by a Hanning window applied to the actuator to excite Lamb waves at structure,
the main component of the signal measured by sensors with a sample rate of 1,21MHz corresponds to
the fourth level detail coefficients of DWT.

Hilbert transform can be used to highlight some specific points of the processed signal, for example,
the amplitude and the instants that peaks occurs. This signal processing technique creates an analytical
signal from a real signal[8]. The absolute value of the analytical signal corresponds to signal envelop.

In order to illustrate the effect of applying these signal processing techniques, Figure 4 shows the raw
signal measured by a sensor, the detail coefficients of fourth level of its DWT with the mother wavelet
Daubechies 40 and its envelop. It clearly minimizes the noise and eliminates the continuous voltage level
present in the measurement system, enhancing the desired signal attributes. The peak amplitude and the
instant they occur are much more evident on the signal envelop. These parameters can be used to monitor
the integrity of the structure.

As shown in Figure 5, the onset of damage changes envelop peak amplitudes of signal measured
by the sensor. Thus, a damage index (DI) could be defined by the percentage difference between peak
amplitudes of the processed signals obtained from the healthy structure (Ah) and the damaged structure
(Ad), given by:

DI% =
Ah −Ad

Ah
∗100 (1)

According to Equation (1), a decrease on the signal amplitude results in a positive DI. On the other
hand, a negative DI indicates an increase on the signal amplitude.
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Figure 4: Raw signal measured by a sensor, DWT detail coefficients (cd4) and Hilbert transform (Hcd4)

Figure 5: DWTs envelops coefficients of measured signals for an undamaged and a damaged structure

3 SUPPORT VECTOR MACHINE

3.1 The optimal hyperplane (linear SVM)

This section describes basic SVM concepts that can be found in [9], [10] and [11].
Having in hands a training set of instance-label pairs (xi,yi), i = 1,2, ,m where xi ∈ Rn and yi+1,−1,

for the linearly separable case, a correct data points classification is given by:

〈w.xi〉+b ≥+1 f or yi =+1 (2)

〈w.xi〉+b ≤−1 f or yi =−1 (3)

One set of inequalities can be achieved combining Equations (2) and (3) .

yi(〈w.xi〉+b)1 ≥ 0 ∀i = 1, ...,m (4)

Solving the following optimization problem leads to the hyperplane with the maximum margin:

Min(w,b)
1
2

wT w sub ject to : yi(〈w.xi〉+b)1 ≥ 0 (5)
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To solve this problem one must find the saddle point of the Lagrange function:

Lp(w,b,a) =
1
2

wT .−
m

∑
i=1

(αiyi(〈w.xi〉+b)−1) (6)

On Equation (6) αi represents the Lagrange multipliers, hence αi ≥ 0. An optimal saddle point is
needed because the Lp must be minimized with respect to the primal variables w and b and maximized
with respect to the non-negative dual variable αi. By differentiating Lp with respect to w and b:

∂
∂b

= 0 , w =
m

∑
i=1

αiyi (7)

∂
∂b

= 0 ,
m

∑
i=1

αiyi = 0 (8)

The Karush KuhnTucker (KTT) conditions for the optimum constrained function are necessary and
sufficient for a maximum of Equation (6). The corresponding KKT complementarity conditions are:

αi[yi(〈w.xi〉+b)−1] = 0 ∀i (9)

Substituting Equations (7) and (8) into (6), then Lp is transformed to the dual Lagrangian LD(α):

MinαLD(α) =
m

∑
i=1

(αiα jyiyl〈xi.x j〉) Sub ject to : αi ≥ 0 i = 1, ...,m and
m

∑
i=1

(αiyi) (10)

The LD(α) must be maximized with respect to non-negative αi to find the optimal hyperplane. In
order to determinate the dual optimization problem parameters w∗ and b∗ of the optimal hyperplane, one
must find the solution αi. Finally, we obtain an optimal decision hyperplane f (x,α∗,b∗) Equation (11)
and an indicator decision function sign [ f (x,α∗,b∗)].

f (x,α∗,b∗) =
m

∑
i=1

[(α∗
i yi(〈xi.x〉+b∗) =

m

∑
(i∈sv)

α∗
i yi(〈xi.x〉+b∗) (11)

Only small subsets of the Lagrange multipliers αi usually tend to be greater than zero in a typical
classification task. These vectors are the closest to the optimal hyperplane, regarding geometrically
aspects. The support vectors are the respective training vectors having nonzero αi, given that the optimal
decision hyperplane f (x,α∗,b∗) depends on them exclusively.

3.2 Non-linear SVM

For a higher dimensional problem, the nonlinear SVM maps the training samples via a mapping
function , which are also called kernel function. In the dual Lagrange (Equation (10)), the kernel function
(Equation (12)) replaces the inner products, and the non-linear SVM dual Lagrangian LD(α) (Equation
(13)) is similar with that in the linear generalized case.

(Φ(xi).Φ(x j)) = k(xi,x j) (12)

LD(α) =
m

∑
i=1

αi −
1
2

m

∑
i=i

αiα jyiy j(xi.x j) (13)
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Subject to: 0 ≤ αi ≤C , i = 1, ...,m and ∑(i=1)
mαiyi = 0

Using the method for solving the optimization in the separable case, one can solve this optimization
model. Thus, the optimal hyperplane takes the form Equation (15). Including the bias term within the
kernel function, the nonlinear SV classifier can be shown as Equation (16).

f (x,α∗,b∗) = ∑
i=1

myiα∗
i 〈Φ(xi),Φ(x)〉+b∗ (14)

f (x,α∗,b∗) =
m

∑
i=1

yiα∗
i k(xi,x)+b∗ (15)

f (x,α∗,b∗) = m
i=1yiα∗

i 〈Φ(xi),Φ(x)〉= m
i=1yiα∗

i k(xi,x) (16)

Some kernel functions include polynomial, radial basis function (RBF) and sigmoid kernel [12],
which are represented by the functions Equations (17), (18), and (19). In order to improve the accuracy
of the classification, these kernel parameters in the kernel functions should be properly set.

Polynomial kernel: k(xi,x j) = (1+ xi.x j)
d where: d=polynomial degree (17)

Radial Basis Function (RBF): k(xi,x j) = exp (−γ || xi − x j ||2) (18)

Sigmoid function: k(xi,x j) = tanh(k.xi.x j −δ) (19)

4 EXPERIMENTAL PROCEDURE

The experiments were conducted on a carbon fiber square plate of 300 mm x 300 mm x 1 mm to
experimentally assess structural integrity. The experimental setup, shown in Figure 6 consists of nine
circular buzzers of 20 mm diameter forming a circular arrangement with a centered actuator with 100mm
radius. A Labview R© instrumentation system were developed to apply a tone burst containing five cycles
of a 40 kHz sine wave, multiplied by a Hanning window, to the central actuator. This system was also
used to acquire the signals measured by the eight sensors, with a sample frequency of 1.2 MHz. Raw data
were processed and analyzed using MatLab R©. Mother wavelet Daubechies 10 was adopted in the DWT
for all signals and the detail coefficients of fourth level corresponds to the Lamb wave propagation. A pair
of magnetic cubes with 5x5x5 mm were used to obtain a punctual mass change on the plate, which may
represent damage. This artificial damage was placed randomly within a monitored region to demonstrate
the ability to isolate the damaged region inside the circular area, with each region tested separately.

Damage indexes extracted from the processed signals were used as input for a nine-dimension SVM
algorithm implemented in Python using sklearn package [13]. The algorithm parameters were chosen
using a technique called grid search. It tests the algorithm implementation with different values for the
function parameters. The parameters tested were:

• Kernel Trick: RBF, Polynomial and Sigmoid;

• C-Parameter: a range from 1e-3 to 1e3;

• Gamma-Parameter: a range from 1e-7 to 1e3.

In this set up, several experiments were made using different combinations of parameters and, with
every test made, the closer it was getting from the optimum combination.
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(a) Array of transducers and monitored
regions

(b) Experimental setup

Figure 6: Plate’s disposition of transducers and experimental setup

To reduce the variance problem, it was also used the K fold cross validation technique, with K equal
to 5. In this technique, the data is divided in K-folds. Out of K folds, K-1 sets are used for training while
the last set is used for testing. The algorithm is trained and tested K times and, with every loop, a new
set is used as testing set while the others are used as training. The results obtained by the K fold cross
validation technique is the average of the results obtained by each set.

For better understanding, Figure 7 shows a block diagram that visually explains the technique.

Figure 7: First instance of the 5-fold cross validation technique

The dataset was divided into 5 sets. The algorithm is trained and tested 5 times. In the first instance,
SET A to SET D were used as training sets and SET E was used as testing set. The second instance used
SET A as testing set while the remaining sets were used as training. The process continues until every
set is used as testing set and as training set at least once.

Finally, the best results were optimized utilizing the RBF kernel, C-parameter value of 127 and
gamma-parameter value of 3e-3.

The experimentally gathered dataset was compounded by 900 measurements divided equally by all
the 9 SVM algorithm classes, being R1 to R8 for damaged regions and R0 for the healthy structure

8



1197

R. B. M. Santos, P. R. Souza, N. R. Inocente-Junior and E. G. O. Nobrega

class. The test-train split was made utilizing 80% of the total data for training and the remaining 20% for
testing.

5 RESULTS AND DISCUSSION

The algorithm had an accuracy of 70.5% , and its confusion matrix is shown in Table 1. Also, the
bar chart presented on Figure 8 shows, in percentage, the accuracy of the classifier per class. Observing
Table 1, one can see that, regarding the presence or absence of damage, out of 180 tests, the algorithm
had a performance of no false positives and 0.3% (6 cases) of false negatives.

Table 1: SVM algorithm’s confusion matrix

R0 R1 R2 R3 R4 R5 R6 R7 R8

R0 20 0 0 0 0 0 0 0 0

R1 0 12 2 0 3 1 0 0 2

R2 0 1 16 1 2 0 0 0 0

R3 2 0 2 11 2 1 0 0 2

R4 1 0 0 0 18 0 0 0 1

R5 0 0 1 1 3 12 2 1 0

R6 1 0 0 0 1 1 13 4 0

R7 1 0 0 0 0 0 3 12 4

R8 1 3 0 1 0 0 1 1 13

Figure 8: Algorithm’s accuracy per class

A visual analysis of the classifiers behaviour can be a challenge as the algorithm works with an eight-
dimension input. Even though one cannot clearly see the hyperplane that divides all the SVM classes,
some patterns can still be identified observing the set of polar plots presented on Figure 9.
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(a) Region 1 (b) Region 2

(c) Region 3 (d) Region 4

(e) Region 5 (f) Region 6

(g) Region 7 (h) Region 8

Figure 9: Damage indexes for correct and incorrect test predictions
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The plots show the behaviour of the tests regarding the damage indexes (Equation (1)) of all the
eight sensors, which were the input of the classifier. The radial axis corresponds to the DI while angular
coordinates to its respective sensor. For an easier comprehension, the angular coordinate of each sensor
were placed according with its real disposition on the plate, already showed on Figure 6.

The polar graphics to the left of each damaged region shows the behaviour presented by the correctly
classified tests while the graphs to the right shows the incorrectly ones. The legend box next to the
incorrect cases lists the true damaged region in each test.

It is worth mentioning that in most of the incorrect prediction cases, the classifier predicted damage in
the neighbour region. For instance, for the eight wrong predictions of region 7, three indicated damage
in region 6 and four indicated damage in region 8. Thus, despite giving a wrong classification, in a real
situation it would at least give the user informations of damage presence and a direction of in which
region it might be.

Another important aspect that can be mentioned is that, even though the DI of most regions present
an expected behaviour, like the ones observed by Souza and Nobrega[14], they differ from the expected
outcome in some regions, forming patterns that have not been yet identified. These changes in the
expected behaviour could be attributed to the materials anisotropy. Despite these unexpected behaviours,
the classifier still works its ways to automatically identify a pattern and predict the plates damaged region
in most cases.

6 CONCLUSION

In this paper, the use of statistical indicators and machine learning methods were used as a strategy to
detect structural changes in a composite material plate. The proposed approach used a SVM algorithm
to identify the presence of damage and, if damage indeed exists, classify it in 8 pre defined regions.

In general, the method obtained good results even with the additional difficulty generated by the
material’s anisotropy, achieving a classification rate greater than 70%.

In practice, the main advantage of the proposed approach is to develop an continuous monitoring
system that automatically identify and locates damage.

Even though statistical parameters do not show meaningful visual variation in some cases, they are
still able to point out subtle differences among the vibration signals. These differences allow artificial
intelligence methods to detect structural alterations caused by the presence of damage.

The good results achieved by the classifier emphasizes the effectiveness of the presented approach and
motivates the continuous work on the development of the computer aided statistical analysis for SHM.
In spite of the good results, the method using SVM, as in all methods based on supervised learning, has
some limitations such as the large amount of data to train the models and the need of prior knowledge of
the structural behaviour.

Future work will keep on investigating and developing supervised and unsupervised learning ap-
proaches as means to continuously increase their effectiveness and introduce new attributes such as
automatically identify new target regions that were not pre defined.
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Abstract. Thanks to their high strength to mass ratio, composite materials are now widespread in the
aerospace industry. Nevertheless, this type of material is subject to various internal damages and it is
mandatory to monitor in real time their structural integrity. Structural Health Monitoring (SHM) is a pro-
cess based on embedded sensors whose aim is to detect, locate, classify and quantify potential damages
appearing in a structure in order to avoid structures catastrophic failures and to estimate their residual
life. The most widely used technique to perform SHM of aeronautical structures made up of composite
materials is based on the use of ultrasonic Lamb waves. However, even if robust and precise SHM algo-
rithms exist for damage detection and localization, there is still a huge need for reliable algorithms for
damage quantification. In this paper, a damage quantification strategy based on a post-processing step
of the results of damage imaging method is presented. Such a method allows for damage size assess-
ment of a delaminated area by post-processing the images produced by damage localization algorithms.
Localization methods take raw signals from sensor as input and return a map of index representing the
likelihood of presence of a damage over the surface of the structure under study. From this spatial proba-
bility map, region of high localization index can be identified around the estimated damage location and
the area this region can be computed. A data-driven model representing the mathematical relationship
between the computed area and the actual size of the damage is then inferred. The proposed method is
successfully validated on numerical simulation data carried out on CFRP plate samples equipped with a
stiffener and of a piezoelectric sensor-actuator network with several configurations of damage size.

1 INTRODUCTION

Maintenance is a great cost for airlines since structure checks require to ground an aircraft for several
days [1]. These inspections are fixed-interval with a rate provided by the constructor. Nevertheless, as
the current state of the structure is unknown, this rate is not condition-based. That is why real time
monitoring of structures is of high interest in the industry and in particular in aeronautics. This research
field is known as Structural Health Monitoring or SHM.

Various techniques are used to monitor possible damage apparition in a structure. The most used is
the emission and reception of ultrasonic Lamb waves [2, 3]. Such waves are easy to generate at high
frequencies using ultrasonic transducers (such as piezoelectric elements called PZT) making them able
to interact even with small damages [4]. Moreover, Lamb waves can propagate in large structures with
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low dissipation thanks to their small attenuation ratio. Structures are usually equipped with a network of
PZT components acting both as actuators and sensors [5]. A classical SHM process can be decomposed
in four distinctive steps [6]:

• Detection: evaluation of presence of a damage in the structure under study;

• Localization: estimation of the position of damage;

• Classification: identification of the damage type (crack, delamination, etc.);

• Quantification: assessment of the damage’s size.

However, even if robust and precise SHM algorithms exist for damage detection and localization,
there is still a huge need for reliable algorithms for damage quantification. Several methods dedicated
to this issue have already been proposed in the literature. One method consists in computing a relevant
damage index that varies with the size of the damage [7]. Another approach is to train an Artificial Neural
Network (ANN) on simulated data. The size of a damage is then estimated using experimental data as
an input of this ANN [8]. Statistical methods have also been investigated. Bayesian updating techniques
have been applied to crack size assessment [9] and delamination [10]. Multi-class classification for
damage quantification with a support vector machine have been successfully validated on a beam [11].
These methods are interesting but do not take into account spatial information available at the end of the
localization step of the SHM process that may be relevant also for quantification purposes.

Localization methods are on the basis of the damage quantification approach proposed here. These
methods have been extensively studied in the literature. Time-of-arrival (TOA) [12] method is a triangu-
lation algorithm used for localization. The idea is to compute the time of flight of the wave between the
actuator and the sensor and to compare this time to the one taken by the wave scattered by the damage.
It gives a locus of possible positions of the damage under the form of an ellipse. This process is used
with at least 3 PZTs in order to get a unique damage localization estimate. Difference time-of-arrival
(DTOA) [12] are based on the same principle. In this approach difference of time of arrival of the wave
scattered by the damage are computed at two sensors. This gives a hyperbola of possible positions. As
in the TOA algorithm, 3 PZTs or more are necessary to assess a unique position of the estimated damage
location. In the delay-and-sum method (DAS) [13] for each point of the structure under interest and
each actuator-sensor path, time of arrival of the Lamb wave are computed as if there was a damage at
this position. Then, the residual of the signal is computed (i.e. the difference of magnitude between the
reference signal and the one that is tested). For each tested point, the resulting damage index map is
averaged over each actuator-sensor path. This method showed great results on an aluminum plate [14]
and on a composite plate [15, 16]. RAPID (Reconstruction Algorithm for the Probabilistic Inspection of
Damage) [17] algorithm consists in computing the probability of a defect occurrence using the relative
amplitude of the signal change on each actuator-sensor path. This probability is computed using the
signal difference coefficient and a ratio representing how far is the point from the direct path. The defect
distribution probability within the sensor network is then expressed as a linear summation of all the sig-
nal change effects of every pair. For each point the signal is averaged between all path. This method has
been successfully tested on aluminum plates [15].

Some attempts to post-process the results of the damage imaging methods mentioned above for dam-
age size quantification purposes have already been tried in the literature. TOA algorithm has been used
to quantify the size of an impact damage on a composite panel [18, 19]. This method has been validated
on experimental and numerical data. Damage imaging methods results have also been applied to assess
the position of crack tips. The size of the crack is then estimated from the area computed between the
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tips position [20, 21]. However, none of these methods addressed the case of a delamination type damage
which is crucial in composite structures.

In this paper, an alternate damage quantification strategy based on a post-processing step of the results
of damage imaging method and focusing on delamination-type damage is presented. Such a method
allows for damage size assessment of a delaminated area by post-processing the images produced by
damage localization algorithms. Localization methods take raw signals from sensor as input and return
a map of index representing the likelihood of presence of a damage over the surface of the structure
under study. From this spatial probability map, region of high localization index is identified around the
estimated damage location and the area of this region is computed. A data-driven model representing the
mathematical relationship between the computed area and the actual size of the damage is then inferred.
As more and more aeronautic structures are made of composite [22], SHM processes have to be tested
on this type of material. That is why the proposed method is validated on numerical simulation data
carried out on CFRP plate samples. These samples are equipped with a stiffener and of a piezoelectric
sensor-actuator network with several configurations of damage size. The proposed method is detailed
in Sec. 2 and validated on numerical data coming from simulation of a composite plate equipped with a
stiffener described in Sec. 3. Results are shown and discussed in Sec. 4.

2 METHOD

The workflow of the damage size quantification algorithm based on the post processing of damage
imaging algorithms is divided in two steps. The first one is the learning step. It consists in building
a data-based model from numerical or experimental data. These data are raw signals from actuator
and sensor placed on the structure under study for multiple sizes of damages. In the second step, the
size of an unknown damage is predicted with the model previously built. The overview of the method
is depicted in Figure 1. Nsens stands for the number of sensors, Nrep corresponds to the number of
repetitions of the measure, Ndam represents the number of damage cases and Ncon f stand for the number
of PZTs configurations. A PZTs configuration is a subset of all the transducers glued to the structure.
For example in a case where a sample is equipped with 3 PZTs, measures can be done with 4 different
PZTs configurations: [1,2], [2,3], [1,3] and [1,2,3].

2.1 LEARNING STEP

For any localization algorithm, raw signals are first denoised, filtered and time-aligned for each dam-
age case (i.e. for each different size of damage available in the data base used for learning). The group
velocity of the ultrasonic Lamb waves is then computed to be used in the localization method picked by
the user: TOA, DTOA, RAPID or DAS. Once the localization process is done, a damage localization
index (DLI) map is obtained for each damage case. Next, the resulting DLI maps are post-processed for
all damage cases. A threshold function is applied to the image to extract a binary map. Then an image
segmentation algorithm is used to partition the binary DLI map in several regions of interest and to select
the one surrounding the estimated damage position. This region is called “high DLI region” and its area
is computed. At this point, the area of the “high DLI region” has been computed for multiple sizes of
damage. The idea is now to learn the mathematical relationship existing between the “high DLI region”
areas and the actual damage sizes. A regression is then performed on these data in order to infer the
damage size quantification model.
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Figure 1: Overview of the damage size quantification algorithm based on the post processing of damage
imaging algorithms. Description of the learning step (a) and the prediction step (b).
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Figure 2: FEM model of the stiffened panel used for simulation

2.2 PREDICTION STEP

Now that a quantification model has been built, it can be used to estimate the size of an unknown
damage. In this prediction process, raw signals coming from the structure in an unknown damaged
state are denoised, filtered and time-aligned. Then the same localization algorithm and damage imaging
process used for the learning step are applied. Finally the estimated size of the unknown damage is
computed from the quantification model using the high DLI area computed.

3 STRUCTURE UNDER STUDY

The method described in this paper is validated using numerical data. The structure under consid-
eration is a stiffened composite panel. The structure is made of graphite-epoxy plies with the stacking
sequence [45◦/0◦/45◦/90◦/-45◦/0◦] in the skin. The properties of one ply are given in Table 1.

Table 1: Material properties

Density [g/cm3] E(0◦) [GPa] E(90◦) [GPa]
Unidirectional 1.57 163 10

Woven 1.56 85 79

The structure is equipped with five PZTs components that can be used both as sensor and actuator. The
FEM model with the PZT and damage position is shown in Figure 2. Coordinates of these piezoelectric
elements and of the simulated damage can be found in Table 2.

Table 2: Coordinates of PZT elements and damage center

PZT1 PZT2 PZT3 PZT4 PZT5 Damage
x(mm) 50 25 275 275 200 150
y(mm) 25 98.8 140 66.3 82.5 66.25

Damages have circular shape with a radius varying between 1mm and 10mm by step of 0.5mm leading
to 19 damage cases. The damage is represented by a decrease of the Young modulus of 90% in the
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Figure 3: Sensitivity of the RAPID method to β parameter (a) and threshold (b).

damaged area. A healthy case i.e. without damage is used as reference for comparing the signals.
Simulation have been conducted using the Matlab toolbox SDTools [23]. Signal used is a 5-cycles tone
burst of 160 kHz central frequency with random noise in order to introduce variability in the data. The
signal to noise ratio, as defined in Eq. (1), is 70dB.

SNR = 10log10

(
Psignal

Pnoise

)
(1)

where Psignal and Pnoise are signal and noise power respectively. For each damage case 10 repetitions
have been performed. The sampling frequency is 2 MHz. Localization algorithm can be performed in
two running mode. The first one is called “test”. It means that only the first repetition of the healthy
state and the first repetition of the damage case will be compared. In the other mode called “full” each
repetition is compared of the healthy state is compared with each repetition of the damage case in order
to take the take the variability of the measure into account.

4 RESULTS AND DISCUSSION

4.1 PARAMETERS

The damage quantification method proposed in this paper has been tested with several localization
algorithms: TOA, DTOA, RAPID and DAS. Each of these algorithms depend on a parameter. In the
TOA and DTOA algorithms, a decay rate of an exponential windowed function applied is introduced to
reduce secondary reflections [12]. DAS depends on the number of samples over which time integration
is performed [13]. In the RAPID approach the user can set a parameter called β corresponding to the the
spread of the ellipses around each path [15]. Moreover, the damage quantification method itself also has
one parameter which is the threshold level. To show the influence of the parameters tuning, sensitivity
of the RAPID algorithm to β parameter and threshold is depicted Figure 3.

Thus, for each localization method the best set of parameters has to be found in order to get the
damage size regression with the minimum error. Computations were performed for a range of parameters
in order to find the best set of parameters in this range. These computations were run in “test” mode.
Table 3 provides the best sets of parameters that have been found. One can notice that the best threshold

6
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value hardly varies between each method. For TOA and DTOA the ellipse or hyperbola shape of the
high DLI region implies changeability of the high DLI area computed, leading to irregular variation of
the goodness of fit over the decay parameter. Thus, finding a value of this parameter that minimize the
error of the regression for any threshold value cannot be achieved efficiently. On the opposite, DAS
method shows no influence of its specific parameter in the regression. RAPID algorithm gave better
regression results with a β parameter slightly greater than 1 as noticed in [15].

Table 3: Parameters and best set of parameters for each localization method

Localization parameter Best localization parameter Best threshold value
TOA Decay rate of an exponential win-

dowed function applied to reduce sec-
ondary reflections.

6.0 10−6 0.22

DTOA Decay rate of an exponential win-
dowed function applied to reduce sec-
ondary reflections.

7.0 10−6 0.22

DAS Number of samples over which time
integration is performed.

11 0.46

RAPID Parameter set to adjust the spread of
the ellipses around each path.

1.125 0.22

Once these best parameters have been selected, results are shown in Fig. 4. It appears that DAS and
RAPID show a clear correlation between high DLI area computed and the actual size of the damage.
However, results obtained with TOA and DTOA demonstrated poor regression quality.

Once these parameters have been found, the method was run in full mode. The quantification model
was inferred using the first 14 damage cases i.e. from 1mm to 7.5mm. Next, the size of the damage for
greater sizes are estimated as depicted in the Figure 1a. In an industrial context it corresponds to building
a model from small size of a damage and use this model to estimate future size of the damage.

The estimated sizes are compared with the actual size of the damages in the Table 4. From this table it
appears that quantification model built with DAS or RAPID methods give accurate results whereas model
inferred with TOA or DTOA show poor precision when the size of the testing damage move away from
the learning range. It could be explained by the difference between these two types of method. In one
hand, TOA and DTOA only deal with time of arrival of the signal which is not influenced by the size of
the damage. On the other hand, DAS and RAPID take amplitude of the signals into account which make
the results more influenced by the size of the damage. Another reason of this difference could also be
the shape of the high DLI region which has great influence on the quality of the regression. In the TOA
and DTOA, high DLI region is made up of ellipse or hyperbola which area does not clearly vary with the
damage size as discussed in the previous subsection. On the contrary high DLI region in the DAS and
RAPID methods is circular and the high DLI variation is monotonic over the size of the damage which
lead to a more accurate model. Another point is that in DAS and RAPID method high DLI computed
is equal to zero for damage size under 4mm. It means that can only be build with damage greater than
this value. Nevertheless this limitation is not an issue since in aeronautical applications only damages of
20mm of radius or more are sought. Finally, DAS method results is constant for each predicted damage
size.
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Figure 4: Results with best set of parameters for TOA (a), DTOA (b), DAS (c) and RAPID (d) methods.
The line is the linear regression relation between high DLI area and damage size.

5 CONCLUSION

In this paper, a damage quantification strategy based on a post-processing step of the results of damage
imaging method has been presented. Such a method allows for damage size assessment of a delaminated
area by post-processing the images produced by damage localization algorithms such as TOA, DTOA,
DAS and RAPID. From these images, region of high localization index can be identified around the
estimated damage location and the area of this region can be computed. A data-driven model representing
the mathematical relationship between the computed area and the actual size of the damage is then
inferred. The proposed method has been successfully validated on numerical simulation data carried out
on CFRP plate samples equipped with a stiffener and of a piezoelectric sensor-actuator network with
several configurations of damage size. Results using RAPID method showed particularly promising
results.
Future work will be focus on the validation of this method using experimental data.
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Table 4: Error between the size estimated with the quantification model and the actual size of the
damage in full mode.

Localization
method

Actual damage
size [mm]

Predicted damage
size [mm]

Mean relative
error (in%)

Standard deviation
error (in %)

TOA
8.00 7.44 7 4.15 10−2

9.00 6.83 24 6.19 10−2

10.00 7.01 30 4.83 10−2

DTOA
8.00 6.92 13 7.03 10−2

9.00 3.69 59 5.40 10−1

10.00 11.83 18 1.90 10−2

DAS
8.00 7.37 8 9.76 10−15

9.00 7.37 18 2.79 10−15

10.00 7.37 26 4.46 10−15

RAPID
8.00 7.47 7 1.52 10−3

9.00 7.45 17 1.67 10−3

10.00 7.60 24 3.25 10−3
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Abstract. A simple data-driven AutoRegressive (AR) model may be used to assess a model to describe
and to predict the time-series outputs of the PZT sensors receiving Lamb waves for different operating
conditions in composite structures. Thus, this paper presents the potentiality of the use of a set of AR
models to detect, locate, and, manly, to extrapolate a damage sensitive index based on changes in one-
step-ahead prediction errors. To illustrate this proposal, an aeronautical composite panel with bonded
piezoelectric elements, that act both as sensors and actuators, is used to study the relationship between
the variation of the parameters of the identified model and the presence of various simulated damage.
A damage progression evaluation by extrapolating the AR parameters is also suggested and examined
based on cubic spline functions to verify the future state and to observe how the damage could evolute,
based on some simplified assumptions. This step could help to make a decision about a possible required
repair without adopting a complicated and costly physical model.

1 INTRODUCTION

The structural health monitoring (SHM) approaches seem to be in a mature stage in the steps of
detecting and localization of possible damages in structures with several powerful methods proposed and
validated in the last decades. One way to adress this issue may be using data-driven model identification
based on guided wave propagation or random inputs. For example, Nardi et al. [1] using an auto-
regressive (AR) model were able to detect delamination in a carbon-fiber-reinforced-plastic laminate
plate excited by random input using a couple of piezoelectric patches as actuator and sensors. Kim et
al. [2] also showed a possible data-driven system identification through a state-space model to capture
the wave motion in metallic structures. da Silva [3] applied autoregressive with exogenous input (ARX)
model to perform predictions and a waveform generator in a 10 layers carbon-epoxy plate excited by
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guided waves assuming different central frequencies and environmental conditions1 and noted some
benefits and disadvantages of the possible performance of this strategy for SHM.

However, to reach a high level in an SHM’s hierarchy2 numerous drawbacks need to be overcome
yet. One of them is that it is essential to have an adequate mathematical model if the user wants to
predict a future state based on previous past data to interrogate about the existence and evolution of
damage propagation. So, these models demand to incorporate information about the damage behavior
in its dynamics to gain a comprehensive physical insight of the monitored structure; consequently, this
model should be most physical possible. However, to construct numerical models, for example, using
finite element models with damages in an initial stage, require much time and may have a high cost
for a real-time monitoring system in the industrial field, even modeling in its healthy state. Another
limitation is that the behavior of damage evolution usually is much complicated to be modeled in a real-
world application because complex types of damage can appear coincidentally with several confounding
effects, like noise, uncertainties, temperature changes, operational variability, etc..

An identified data-driven model, as suggested by Nardi et al. [1] or da Silva [3], could be attractive
to be adopted to extrapolate or to quantify a damage progression as a surrogate model to reach a sub-
sequent application of higher forms of SHM’s hierarchy. Thus, this paper is a first effort of the authors
in this direction seeking to extrapolate AR polynomials through spline functions to extend how damage-
sensitive index could evolute based on simplified assumptions. The proposed procedure has two steps
to be implemented. First, damage detection and location using an index extracted by predictions errors
filtered with a reference AR model is performed. To classify the structural states an analysis of variance
is utilized [4]. Next, when damage is detected a new set of models, named by initial damaged models,
is captured to extrapolate a projected state. A carbon-epoxy laminated plate with controlled progressive
structural change similar to a real damage is used to exemplify the method. Next sections describe these
steps and final remarks.

2 DAMAGE DETECTION USING PREDICTION ERRORS

Assuming a discrete time-series y(k) measured by a PZT sensor in a healthy state, a normalization is
conducted to remove offset and have mean 0 and scaled to have standard deviation 1:

ŷ(k) =
y− ȳ
σ(y)

(1)

where ŷ(k) is the normalized signal, ȳ is the mean and σ(y) is the standard deviation. For simplicity,
hereafter y is used to denote ŷ. Now, a simple AR model can be described by a compact difference
equation [5]:

A(q)y(k) = ere f (k) (2)

where ere f (k) is the one-step-ahead error prediction in a healthy condition assumed to be a white noise
and A(q) = ∑na

i=0 aiq−i is the healthy AR polynomial3 with the coefficients ai with a lag-order na, e. g.,
y(k)aiq−i = aiy(k− i), where q−i is a lag operator and k is the time sample. The order can be estimated
using Akaike information criterion (AIC) and the polynomial A(q) may be identified through a least
squares or Yule-Walker approach, fully available in Matlab or Octave software. When a new normalized

1temperatures changes.
2for example, quantification and prognosis.
3Usually the coefficients ai are normalized such that a0 = 1.
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data, x(k), in an unknown state is measured, one can try to predict using the corresponding reference
model:

A(q)x(k) = eunk(k) (3)

where eunk(k) is the unknown error prediction to be classified in a healthy or damaged state. Various
papers have been using a simple damage-sensitive index DI based on a comparison of the variance σ2(·)
of prediction errors [6]:

DI =
σ2 (eunk)

σ2 (ere f )
(4)

If DI belongs a F −distribution4 there is no damage and the unknown condition is associated to
healthy state (null hypothesis H0 is true). On another hand, if the structure presents a damaged state, the
probability distribution of the unknown error changes and the alternative hypothesis H1 is true [7, 6].

To classify the cluster of damages states, a one-way analysis of variance (ANOVA) can be also used to
test the hypothesis that the samples in the running tests DI belong to a population with the same means
(null hypothesis H0), i.e., the systems is classified as healthy state, against the alternative hypothesis H1
that the population means are not all the same, i. e., damaged state [8, 4]. A Tukey’s multiple comparison
test to decide whether the results of ANOVA are statistically significant is also performed to enable us
visible to distinguish the clusters correlated with different damages.

3 EXTRAPOLATION OF AR COEFFICIENTS

After clustering using ANOVA5, a new set of AR models for each initial damage recognized is esti-
mated since the reference model given by Eq. (2) is not anymore accurate. This initial damaged model
is described to predict the current state output x j(k) by:

A j(q)x j(k) = ed j(k) (5)

where A j(q) = ∑na
i=0 A jiq−i is the AR polynomial with coefficients A ji and ed j(k) is the prediction error

(white noise) in the damaged state j = 1, · · · ,nd classified by ANOVA, where nd is the number of initial
damaged states. An important simplifying assumption is considered here: this classified initial damage
is an early state and do not change abruptly comparing with reference (healthy state). Consequently,
the same regressive order na and framework (AR model) may be employed and the change is smooth
between the coefficients, i.e., A(q) ≈ A j(q), once |ai −A ji |< δ for all i and δ is a small value. It is
essential to observe that the damage index given by eq. 4 is sensitive to the changes to detect damage,
but the specific changes in the coefficients are in general smooths when this structural variation is in the
initial states.

Rearranging the coefficients of reference model A(q) and damaged A j(q) as:

A =




a0 a1 · · · ana

A10 A11 · · · A1na

A20 A21 · · · A2na
...

...
. . .

...
And0 And1 · · · Andna




(6)

4i.e., eunk and ere f have a normal distribution
5Different classifiers can provide adequate results; the requirement here is to have the initial damage well classified to

estimate a model for extrapolating.
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where the first line of the matrix A ∈ Rnd+1×na is formed by the reference coefficients and the next one
by the initial damage states. To enable to perform adequate extrapolations of the AR coefficients in
the reference and damaged conditions, the number of states needs to be nd ≥ 3; otherwise, only linear
extrapolation is plausible. So, it was assumed nd = 3 structural states in damage clusters to permit to
use cubic splines. This piecewise polynomials can be used to extend each polynomial coefficient λi

associated to a future state through [9]:

λi(z) = fi(z)+ξi, i = 0,1, · · · ,na (7)

where z0 < · · ·< zna are defined intervals associated with the order na, fi(z) a smoothing spline estimate
by some minimizer of a penalized criterion, and ξi is an independent random error. More details to find
the spline fi can be seen in [10].

The important issue here is to recognize that now it is possible to have a future model to predict the
data x j(k), when j = nd +1 represents a future state. This model is given by:

Λ(q)x j(k) = ε j(k) (8)

where Λ(q) = ∑na
i=0 λiq−i is the extrapolated AR model in a future damage condition. The basic premise

is that the damage progression occurs as previously captured by evolution in the lines of matrix A. Thus,
a new index and hypothesis tests can also be estimated to evaluate the progression and the changes of
distribution of the extrapolated prediction error ε j(k) and in the damage index DI .

4 EXPERIMENTAL EXAMPLE

Figure 1 shows a carbon-epoxy laminated with layup containing 10 plies unidirectionally oriented
along 0◦ with four PZTs SMART Layers from Accelent Technologies, with 6.35 mm in diameter and
0.25 mm in thickness with a free-free boundary condition. PZT 1 is used as an actuator with a five-cycle
tone burst input signal applied with 35 V of amplitude and center frequency of 250 kHz. The outputs
are collected in PZT 2, PZT 3 and PZT 4 with a sampling rate of 5 MHz and timespan of 200 µs. Data
acquisition was controlled by Labview using a NI USB 6353 from National Instrument (NIDaq) and an
oscilloscope DSO7034B Keysight assuming a controlled temperature of 30◦C with all tests conducted
inside a thermal chamber from Thermotron.
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Figure 1: Illustration of the experimental setup with details about the geometry and instrumentation utilized.
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Figure 2: Healthy output time-series when PZT 1 acts as an actuator with a central frequency of 250 kHz.

Figure 2 illustrates the output time-series measured by PZTs in a healthy state normalized by Eq. 1.
An industrial adhesive putty was glued on the plate surface to simulate gradual damage by an additional
mass increasing progressively the coverage area in the path between PZT 1 and PZT 2. This change
modifies local material properties with a similar effect to the real damages in composites structures as
performed by Lee et al. [11]. In each structural state, 100 tests were repeated for an adequate statistical
characterization of the proposed damage detection.

4.1 AR model identification

The AIC order selection with a focus of prediction indicates that order of na = 40 is sufficient to give
an adequate validation for all paths of propagation, as seen in fig. 3. A raffle is performed to sort within
100 realizations randomly the signals in the PZT 2, PZT 3 and PZT 4 to be used as a reference and a
specific healthy model A(q) is identified in each path using the least square method. This is executed to
reduce computational processing time. Other realizations were filtered using this reference model by Eq.
2 to estimate the prediction error in the healthy state.

Figure 4(a) shows the comparison between the measured versus predicted assuming one validation
data. The analysis of the autocorrelation function of residuals also indicates that the prediction errors are
white noises, i. e., the model has identified adequately, as observed in the fig. 4(b).

4.2 Damage detection

Once a reference model, named by H, is correctly identified, it is used to detect some possible struc-
tural change. Only half of the data in the healthy state is utilized, and the next 50 is applied to evaluate
the presence of false positive using the hypothesis test. A set of blind tests using three different structural
states associated with damage is performed, named by D1, D2 and D3 with progressive damage severity
associated with area covered given by 490 mm2 (0.19%), 707 mm2 (0.28%) and, 962 mm2 (0.38%),
respectively. Each structural condition was also measured by 100 realizations in each path. It is worth
noting that the algorithm admits that all these data are assumed in unknown condition to be classified
initially in two groups: healthy or damage. The prediction errors of these unknown conditions are com-
puted using Eq. 3 and then the damage index DI is estimated by each test using the Eq. 4. The Lilliefors
test is used to warranty that the variance of the prediction errors σ2(·) in healthy states have normal

5
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Figure 3: AIC order selection with focus in prediction.

(a) − Measured vs · · · Predicted. (b) Whiteness test criteria within of 95% confidence
bound patch.

Figure 4: Healthy output predicted by healthy model AR(40).

distributions, i. e., the DI trends to have a F − distribution in the reference condition [6].
Figure 5(a) illustrates the index DI , where is possible to observe, as presumed, that the sensor PZT

2 is sensible to the presence of damage while other PZTs the distinction between the different situations
is not possible. Figure 5(b) displays the evolution of the indices with the increase of the damage using a
box-and-whisker plot assuming known each damage state. A superposition in the upper quartile of the
indices computed in the healthy state and the lowest quartile (even the median value) of damage states
are also observed in PZT 3 and PZT 4.

Figure 6 illustrates the receiver operating characteristics (ROC) curve to detect damage against refer-
ence condition considering all PZTs sensors. The line (0,1) designates the correct classification that is
achieved by PZT 2, that is the path where the damage is located. Additionally, the ANOVA procedure is
computed to classify if the means are different or not, combined with a Tukey multiple comparisons to
see whereby statistically significant the clusters are.

6
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(a) DI . (b) Boxplot of DI .

Figure 5: Damage index DI . (a) Damage index DI : Healthy - training data (o), Healthy - test data(�) and
Damaged (o). −− is the threshold line assuming a significance level of 5%. (b) Box plots to observe the median,
quartiles and outliers in the index distribution.

Figure 6: Receiver Operating Characteristics (ROC) curve: � PZT 2, o PZT 3 , and ∗ is PZT 4.

Figure 7 presents this plot for PZT 2, where the circle is the mean value of the cluster with a 95%
confidence interval. Three groups, nd = 3, are distinctly separated and correlated with three possible
structural states. After clustering, a new set of AR models in each damage group for PZT 2 is identified
for monitoring the structural state and to implement the extrapolation explained in the next section.
Other PZTs are not used here to identify new models because none variations are observed permitting
the identification of a new polynomial A j(q) in Eq. 5.

4.3 Prevision of future AR damaged model

Three damaged models are estimated using one of the conditions presents in the clusters in fig. 7 after
detecting and clustering. Combined with the reference model, a matrix given by Eq. 6 is formed with
nd = 3 and na = 20 to help the extrapolation. A cubic spline polynomial created with the data in matrix

7
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Figure 7: Classification of the clusters of different damage’ states using ANOVA of DI . 3 groups (in red) have
means significantly different from healthy H.

A permits to estimate an extrapolated model Λ(q) to use Eq. 8 to predict future states.
More eight future damage conditions are simulated by increasing the covered area to prove the bene-

fits of the extrapolated model. First, a damage D4 with a surface area covered of 0.5% is used to predict
the future state. Figure 8(a) presents the comparison between the measured and predicted by the extrap-
olated model in damage condition D4. Figure 8(b) shows the residual analysis by the autocorrelation
function to confirm an adequate prediction.

(a) − Measured vs · · · Predicted. (b) Whiteness test criteria.

Figure 8: Output predicted by the extrapolated model AR(40) for damage condition D4.

When the damage condition is measured a model can be identified, and one can compare the DI
obtained by model identified by extrapolation and when the damage happens, now assuming the new
reference as D4. The box-plot is also presented in fig. 9(a) for the other damage conditions to observe its
similarity comparing the real data measured and extrapolated. It is possible to observe a similarity, where
the DI using the prediction errors filtered by extrapolated model presents a more significant dispersion.
Figure 9(b) illustrates the predictions obtained by the filtered model using the real data (measured) and

8
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extrapolated model. It is found a more significant dispersion to a broad horizon when the damage (surface
area covered by the adhesive) is supposed severe and the model is not validated for this situation. This
choice here of the validated horizon of prediction is correlated with the level of severity of the damage,
once the extrapolation is done considering does not modify the framework and order of the AR model.
Additionally, it is fundamental to observe that usually when damage is alerted in a monitored system,
a repair or visual inspection can be performed to evaluate the structural safety. Thus, assuming a short
horizon with initial damage, this extrapolated model has a nice feature almost equal to a real model
identified when the damage increases and is helpful to make decisions.

(a) Boxplot of DI . (b) DI .

Figure 9: Damage index DI for PZT 2: (a) Box plots of the damage index DI in extrapolated condition
D4 to observe the median, quartiles and outliers in the index distribution assuming the extrapolated model and
damaged model. (b) o real damage D4 represents the new reference, ∗ extrapolated damaged D4 (extrapolated new
reference), ∗ extrapolated damage, and real Damaged (o) is the future damaged condition.

Figure 10 shows the ROC curve comparing the similar performance between the extrapolated and the
real model to detect all future damage conditions. The extrapolated model in structural state D4 also
allows dividing the clusters associated with the other damages using ANOVA, as seen in fig.11.

5 CONCLUSIONS

This paper demonstrated that multiple AR identified models in the healthy and in the initial damaged
conditions could be helpful to perform an extrapolation to a future state if the damages progress in a
similar way. This kind of technique combined with a Bayesian approach for extrapolating, seeking to
reach high levels of SHM’s hierarchy, may provide a significant physical insight if we compare with the
trend curves computed by damage-sensitive index with some machine learning approach. First, a model
is identified associated with parameters that can predict future states or conditions before the occurrence.
Of course, the basic premise is that the evolution of the initial damage is not abrupt and does not happen
in different points. Investigations regarding these issues are necessary because in a real-world scenario
the behavior of a damage evolution is complex.

To identify with other input signals, for example, random input, and with different temperatures and
operational conditions is required to be able to conduct tests with a focus in a simulation and not the only
prediction. Other models can also be employed, in particular, Gaussian Process (GP) combined with
AutoRegressive models because of the ability of these models to predict with band confidence and admit

9
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Figure 10: Receiver Operating Characteristics (ROC) curve: � Extrapolated, and o Real.

Figure 11: Classification of the clusters of different damage’ states using ANOVA of DI assuimg extrapolated
model. 3 groups (in red) have means significantly different from healthy H.

a priori probability identified to extrapolate a future state. Numerical simulation using finite element
models are further beneficial to correlate more intense and complicated damage progression with an
extrapolated data-driven model, and some studies are started in this direction.
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Abstract: One of the most important issues in engineering is the monitoring and the early 
detection of structural damages to prevent catastrophic failures. This process is referred to as 
Structural Health Monitoring and is expected to provide considerable improvements with 
respect to safety and maintenance costs. More particularly, the focus is here put on composite 
structure representative of aeronautic applications and the damages to be monitored are of 
“delamination” type. Nonlinear features generated by Lamb wave/damage interaction were 
employed for the detection of the delamination damage. Experiments are conducted on 
composite plates made of carbon fiber reinforced polymer equipped with two piezoelectric 
transducers. One plate is calibrated with a delamination damage at the center using laser shock 
wave technique. Nonlinear features of Lamb waves are observed in the experimental results. 
Finite element method is here used for investigating the nonlinear wave properties as well as 
the wave/damage interaction. Two damage models are studied and implemented at 
delamination area: a spring model and a contact model. An undamaged plate is also presented 
as reference in both finite element simulations and experiments.  Results show that higher 
harmonics can be used as identification of the existence of delamination damage in a composite 
structure. A contact interaction model can represent the mechanical behavior of delamination 
damage and can be used for a real delamination modelling.   
 
Key words: Structural Health Monitoring (SHM), Lamb wave, delamination, Finite Element 
method 
 
 

1. INTRODUCTION  
One of the most important issues in engineering is the monitoring and the early detection of 

structural damages to prevent catastrophic failures. This process is referred to as Structural 
Health Monitoring (SHM) and is expected to provide considerable improvements with respect 
to safety and maintenance costs [1]. In SHM, the first stage and the most important part is 
damage detection.  

In the past decades, various techniques for damage detection have been investigated. Among 
them the wave propagation-based method has become the most commonly used method for its 
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convenience and low costs. Specifically, Lamb waves are widely used in beam- and plate-like 
structures due to the high sensitivity to multiple defects with high precision of identification, 
the ability to cover entire cross-sectional area, convenience for usage, cost-effectiveness and 
low energy consumption [2], [3]. With a high susceptibility to interference on a propagation 
path, e.g. damage or a boundary, Lamb waves can travel over a long distance even in materials 
with a high attenuation ratio, such as carbon fiber-reinforced composites, and thus a broad area 
can be quickly examined [4].  

So far, most of the existing Lamb wave damage detection methods are based on linear wave 
propagation properties, such as time of flight, reflected waves, transmitted waves and mode 
conversion information at the excitation frequency [5]–[8]. However, these methods are only 
sensitive to large defects such as an open crack, but for tiny damages nonlinear techniques are 
required [9]. Compared to linear techniques, nonlinear Lamb waves are more sensitive to 
smaller, even barely visible damages such as delaminations in composite structures or cracks. 
Generally, the nonlinear phenomena are induced mainly due to two types of physical 
mechanisms. One mechanism is related to the nonlinear relationship between strain and stress 
of materials in structures and components [10], [11]. The other mechanism is the so-called non-
classical nonlinearity, which is often due to other mechanisms such as, for example, a contact 
acoustic nonlinearity (CAN) [10]. Here in this paper, a delamination type damage is focused, 
where nonlinearities are induced due to the second mechanism, that is, the contact between the 
interfaces of the delamination in composite structures.  

Generally, when the incident wave passes through the damage, the damage interfaces tend 
to move towards each other under compressive pressure, and opposite each other under tensile 
pressure [10]. This may lead to the interaction between damage interfaces. In this case, when 
Lamb wave interacts with contact-type of damage, such as delamination damage, higher 
harmonics can be generated due to the contact between damage interfaces [11]–[13]. 

Several studies focused on the higher harmonics generated by CAN in plate-like structures. 
Finite element (FE) simulations and experiments were conducted to investigate the nonlinear 
Lamb wave/damage interaction as well as the wave propagation. Yang et al [11] carried out a 
three-dimensional (3D) simulation and also experiments on an aluminum plate to investigate 
the second harmonic generation due to a fatigue crack. The investigations were conducted using 
S0 and A0 Lamb waves generated by eight piezoceramic discs. Delrue et al [14] built a 3D 
model for a composite rectangular plate containing a circular delamination for the investigation 
of its nonlinear behavior. The excitation was applied by out-of-plane nodal displacement. 
Ramadas et al [15] the mode conversion of Lamb waves due to the presence of delamination. 
The delamination was modelled by de-merging the nodes at delamination region. The excitation 
was modelled by giving out-of-plane displacements on the surface of the composite plate. Hong 
et al [16] developed a solid model for simulating the generation of the nonlinearities when 
ultrasonic waves traverse a fatigued medium. The excitation was applied by piezoelectric 
wafers on an aluminum plate. Soleimanpour et al [12] studied the potential of a baseline-free 
structural health monitoring techniques based on higher harmonics resulting from the 
interaction of guided wave with a delamination. They employed a 3D FE model to simulate the 
delamination damage behavior in a composite beam, with a displacement excitation.  

From the above stated studies, it can be observed that in FE simulation study, a common 
way to generate Lamb waves is to apply an out-of-plane displacement excitation on plate 
structures. This is only a simplification of the excitation by piezoelectric transducers, which are 
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commonly used in experiments. However, the electro-mechanical behavior of piezoelectric 
transducer excitations and directly displacement excitations can be quite different, and thus the 
wave/damage interaction may be also different from experiments. Some scholars used 
piezoelectric wafers to induce Lamb waves in simulation, but mostly on aluminum plates. In 
this study, piezoelectric elements are employed to generate Lamb waves in composite plates. 

In order to test and verify the nonlinear Lamb wave/damage interaction theories and the 
proposed finite element models, experimental investigations are necessary, and particularly, 
physical supports are firstly needed. Generally, Teflon inserts [12], [17], [18], attaching 
industrial putties [19] and convention impacts [20][21] are the major existing techniques used 
for delamination generation. The main weakness with these techniques is that they do not allow 
for an effective control of the induced damage. For example, the calibration of delamination 
using impacts may induce other types of damage. As for Teflon insert technique, the problem 
is that it remains far from a realistic delamination damage.  

As an alternative to conventional damage generation techniques, a new method named Laser 
Shock Wave Technique (LSWT) [22] is used to calibrate delamination damages in composites. 
In this paper, studies are conducted using the composite specimens with delaminations 
generated by laser shock. Two damage models are presented to investigate the interaction 
between Lamb wave and a well-controlled real delamination damage. An undamaged model is 
used as baseline.  

This paper is organized as follows. First, the experimental configuration and results are 
presented in section 2. Then the FE model of a composite plate and the delamination region as 
well as the simulation results are illustrated in section 3. In section 3, the comparison between 
FE simulation and experiments are also presented. Finally, the paper is concluded in section 4.  

2. EXPERIMENTAL STUDY 
In this section, experiments are performed for the detection of delamination damage in 

composite plates.  

2.1 Experimental system  
The experiments are conducted using a SHM system developed by author’s team. The 

experimental setup is shown in Figure 1(a). The specimen is suspended to the workbench in 
nearly free boundary conditions in order to prevent the specimen from interacting with other 
supports (e.g. test bench). Two composite plates made of carbon-fiber reinforced polymer 
(CFRP) are employed for testing: a damaged plate and an undamaged plate. The plates are in 
the size of 315×100×2.24mm3, constituting of 16 plies with a stacking sequence of [0°/90°]8. 
The material properties of this plate are listed in Table 1.  

Each composite plate is equipped with two PZT disks (diameter 25 mm, thickness 0.5 mm) 
produced by Noliac, as shown in Figure 1(b). One PZT is used as transmitter for signal 
generation and the other is used as signal receiver. The excitation signals are transmitted from 
the signal generator through the amplifier to PZT1 to generate elastic waves inside the plate. 
The waves propagate inside the plate and arrive at PZT2. Then PZT2 transforms the elastic 
waves to electrical signals, and the signals are collected by the data acquisition system. The 
input signal is a sine wave signal at the frequency of 109kHz with its amplitude of 10V after 
amplification. The sampling frequency of data acquisition is 106Hz.  
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The damaged plate contains a circular delamination damage at the center. Damage was 
introduced into samples in a calibrated way using laser shock wave technique. The specimen 
was subjected to a symmetrical laser impact of two laser beams. This resulted in a 7 mm 
diameter nearly circular delamination at midplane of the composite plate [23]. 

2.2 Experimental results  
Figure 2 shows the experimental signals received by the PZT2 from both healthy and 

damaged plates. The results in Figure 2(a) are calculated by converting the time signal into the 
frequency domain using a fast Fourier transform (FFT) which includes the incident waves and 
the reflected waves from the plate edges and the delamination. From the signal amplitudes 
obtained from the undamaged plate, only one peak can be observed at 109kHz, which 
corresponds to the fundamental frequency.  In contrast, the signal amplitudes obtained from the 
delaminated plate show the existence of second and third order harmonics in frequency domain. 
In addition, the subharmonics at 0.5 and 1.5 times of the fundamental frequency also appear. 
Figure 2(b) shows the short time Fourier transform of the received signal from the damaged 
plate. In this diagram, the subharmonics and superharmonics are also apparent. This is evidence 
that a delamination damage generated by laser shock induces nonlinear features of Lamb waves, 
and this phenomenon can be used as identification for real delamination damages in composite 
structures.  

Table 1: Materials properties used in FE model (1 ply) 

Density(kg/m3) E11(GPa) E22(GPa) G13=G12(GPa) ν12 
1594 140 9 4.5 0.3 

 

      
Figure 1: (a) Experimental system; (b) Specimen: composite plate equipped with two PZTs 
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                                       (a)                                                                       (b)  

Figure 2: Experimental results: (a) comparison of the responses in frequency domain for the undamaged plate 
and the damaged plate. f0 is the fundamental frequency. (b) Time-frequency distribution of the experimental 

signal received from the damaged plate 

3. FINITE ELEMENT SIMULATION  
In order to investigate the nonlinear phenomena appearing in the experiments, FE 

simulations are conducted. Two damage models are employed and compared, representing 
different interaction mechanisms between delamination interfaces.  

3.1 Model of composite plate 
In this section, the FE method is used to simulate the propagation of Lamb waves in a cross-

ply laminated composite plate. Figure 3 shows the FE model built in the commercial software 
ABAQUS. In this model, the composite plate is modeled by bonding two shell layers using 
“tie” interaction except the delamination region. Each layer contains 8 plies. Eight-node shell 
elements (S8R) are used to avoid a high aspect ratio between length in the in-plane direction 
and thickness in through-thickness direction of the solid elements.  

Two piezoelectric transducers (PZT) are bonded to the surface of the plate for transmitting 
and receiving electrical signals. The PZTs are modelled using quadratic solid piezoelectric 
elements (C3D20E). The meshes at the contact surfaces of piezoelectric elements and the plate 
are identical, which assures the coupling between PZT and the plate. The electrical potential of 
the bottom surfaces of the PZT elements are set to be 0. The input signal is exerted on the top 
surface of PZT1, and the electrical potential on the top surface of PZT2 is measured. A 
sinusoidal wave at the frequency of 109kHz is used as the excitation signal.  

3.2 Element size and time step  
It was shown previously [24] that in simulation of wave propagation temporal and spatial 

resolution should be small enough to satisfy the convergence requirements. In general, the time 
increment required for a dynamic analysis is  

Δ𝑡𝑡 < 1
10𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚
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where Δ𝑡𝑡 is the time increment in the analysis procedure, and 𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚 is the highest frequency of 
interest. In this study, the higher harmonics in the received signals are of interest, which reflect 
the existence of delamination damage. Therefore, the highest frequency to be detected is the 
frequency of the third harmonics, i.e. 3 × 109kHz = 327kHz. Then the time increment can be 
expressed as Δ𝑡𝑡 < 3 × 10−7s. In order to achieve better accuracy, the time step is set as 0.2μs.  

In a wave propagation study, the element size is usually associated with the investigated 
minimum wave length 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚. It is generally recommended that more than 10 nodes per wave 
length should be used, and this criterion can be expressed as [24] 

𝑙𝑙𝑒𝑒 <
𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚
10  

where 𝑙𝑙𝑒𝑒 is the element length.  
Since the number of nodes in a single wavelength can influence the accuracy of wave 

propagation simulation, a convergence study for element size is conducted. The model used 
here is the same plate model illustrated previously but with a smaller size (300mm×30mm).  
The excitation is a 5-circle tone-burst displacement excitation applied as a boundary condition 
to the left edge of the plate. Two types of excitation are considered here: the out-of-plane 
displacement excitation for approximation of A0 wave and the in-plane displacement excitation 
for approximation of S0 wave [25]. Five cases of different element sizes are studied: 5mm, 
2.5mm, 2mm, 1mm and 0.5mm. The time of flight (ToF) of the amplitude is measured in the 
convergence study.  

The effects of element sizes on ToF for both in-plane displacement excitation and out-of-
plane displacement excitation are depicted in Figure 4. A straight line parallel to x-axis is shown 
in Figure 4(a), indicating that the ToF curve may converge at element size larger than 5mm. 
Thus, 5mm is accurate enough for simulating S0 wave. Meanwhile, Figure 4(b) shows a 
monotonic increase in ToF by decreasing the element size. The ToF first increases drastically 
when element size decreases from 5mm to 2.5mm, and then it shows a slight increase with 
element size decreasing from 2.5mm to 0.5mm. The ToF converges to 0.1803ms at element 
size of 1mm. However, the ToF at 2mm is 0.1801ms, showing only 0.1% difference with 
respect to the convergent value. Therefore, in this study, the global element size is set to be 
2mm along the in-plane direction to achieve a trade-off between the simulation accuracy and 
computational costs. In the delamination region the local element size is set to be 0.4mm. 

 
Figure 3. FE model of the composite plate using quadratic shell elements 
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3.3 Damage model  
In this section, two damage models are presented: the spring model and the contact model. 

In the spring model, delamination is modelled by adding a set of linear spring elements. These 
spring elements connect the nodes distributed on the delamination interfaces, as shown in 
Figure 5. The relative movement between delamination interfaces are controlled by the spring 
stiffness, which is defined along the axial direction of the spring elements, that is, the through 
thickness direction of the plate.  

In reality, no penetration will happen between contact surfaces; however, in finite element 
analysis, hypothetical penetration is possible. If the spring stiffness is too small, penetration 
may happen between the delamination interfaces, while with a spring stiffness far too large, 
there won’t be any interaction between the interfaces. Therefore, an appropriate spring stiffness 
is needed. A sensitive analysis of spring stiffness was conducted. Several spring stiffnesses 
were investigated, and results show that the sensitive zone happens between 103N/m ~ 106N/m, 
as shown in Figure 6. Therefore, in this study, the spring stiffness is 5 × 104N/m.  

The contact damage model is implemented by applying a surface-to-surface contact to the 
delaminated region. Figure 7 shows two types of relationship between contact pressure and 
overclosure (interpenetration) between the surfaces: “hard” contact interaction and the free 
boundary condition at contact surfaces. When the contact interfaces are separated, no pressure 
is exerted onto the surfaces, and if contact interfaces are in contact, the penetration is 0. This 
avoids the hypothetical penetration in FE simulation, at the cost of longer computational time.  

The delamination is a circular area located in the mid-plane of the plate, i.e. between the 8th 
and 9th ply. The diameter of the delamination region is 7mm. The centroid of the delamination 
is located at the center of the plate. An undamaged plate is also investigated for reference. 

 
Figure 4: Effect of element size on ToF when the FE model subject to a displacement excitation at the left edge: 

(a) in-plane displacement excitation, (b) out-of-plane displacement excitation.  
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Figure 5: Schematic of the spring model at delamination region. The spring elements connect the nodes 

distributed on the delamination interfaces. kspr is the spring stiffness. 

 
Figure 6: Sensitivity analysis of spring stiffness in the spring damage model. 𝚫𝚫𝑼𝑼𝑼𝑼 indicates relative out-of-plane 

displacements between delamination interfaces. kspr is the spring stiffness.  

 
Figure 7: Schematic of the contact pressure-overclosure relationship in the surface-to-surface contact model at 

delamination region [26] 
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Figure 8: Simulation results: comparison of the models’ responses in frequency domain for the undamaged plate 

model (healthy), damaged plate model with contact interaction (contact) and damaged plate model with spring 
elements (spring) at delamination region. f0 is the fundamental frequency.  

3.4 Simulation results  
A comparison of the amplitudes of the received signals in frequency domain is shown in 

Figure 8 for the undamaged model, the spring model and contact model respectively. The 
signals are obtained by measuring the electrical potential at the receiving PZT and transforming 
into frequency domain. As shown in Figure 8, besides the fundamental frequency, the higher 
harmonics can be observed clearly from the contact model, including second, third, fourth and 
fifth order harmonics. However, in the healthy model and spring model, the peak amplitudes 
only appear at fundamental frequency. It can be concluded that a contact interaction model can 
be used to characterize the nonlinear features of Lamb wave/damage interaction, while a linear 
spring model is not appropriate for the representation.  

3.5 Comparison between finite element simulation and experiments  
Comparisons of the amplitudes of the received signals in frequency domain from 

experiments and FE simulations are shown in Figure 9. The results are obtained after baseline 
subtraction, i.e. subtract the signals from the healthy plate. Significant difference is observed in 
Figure 9(a), between experimental results and FE results from the spring model. From the FE 
results, no super-harmonics or subharmonics can be observed in the signal amplitudes, leading 
to a disagreement between experiments and FE results. 

In contrast, it is possible to observe from Figure 9(b) that results from contact model show 
good agreement with the experimental results. Both show the second and third harmonics in the 
amplitudes. However, in case of FE simulation data many higher harmonics are observed. On 
the other hand, in case of experimental data second and third harmonics as well as subharmonic 
at half of the fundamental frequency are distinctly alongside the other harmonics. This 
discrepancy between FE simulation and experimental observations may be due to the effect of 
the experimental system and the presence of environmental noise. From the above discussion, 
it can be concluded that results from the contact model shows better agreement with those from 
experiments, compared to the linear spring model.  
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Figure 9: Comparison of amplitudes of receiving signals from experiments and FE simulations in frequency 

domain after baseline subtraction: (a) experiments and nonlinear damaged model (with contact interaction), (b) 
experiments and linear damaged model (with linear spring elements). f0 is the fundamental frequency. 

4. CONCLUSION  
Nonlinear phenomena induced by delamination damage in composite structures are 

investigated in this paper. Experiments are conducted on a healthy plate and a plate with 
delamination damage generated by the laser shock technique. Fourier transform is used to 
transform the time signals into frequency domain. Experimental results from the damaged plate 
show superharmonics and subharmonics, while only fundamental frequency component 
appears in the healthy case. An analysis of the interaction between Lamb waves and 
delamination damage is performed using FE simulation method. Two damage models, the 
spring model and the contact model, are employed and calculated. The simulation results show 
that super-harmonics can be observed from the contact model, while only fundamental 
frequency exists in the spring model and healthy model. A comparison was conducted between 
experiments and FE simulations, showing that results from the contact model achieved good 
agreement with experimental results. In can be concluded that a contact interaction model is 
appropriate for characterizing the interaction between Lamb wave and a real delamination 
damage, and that it can be used to simulate nonlinear interaction between delamination 
interfaces. 
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Abstract. The inspection and detection of damage in composite materials using Lamb waves 
are particularly effective because Lamb wave can propagate over relatively large distance and 
hence can cover a large area with few testing time and equipment. However, comparing to the 
dispersion features that have been investigated systematically in the literature, predicting 
simply and reliably the spatial attenuation, which is the decrease of the amplitude of the 
propagating wave with distance, is still a challenge especially for structures large enough to 
industrial scale. In this paper, a simple model able to predict Lamb wave attenuation for 
different frequencies, which takes three damping models, Hysteretic, Kelvin-Voigt and Biot 
models into account, is derived directly from dispersion equations. Experiments on a practical 
aeronautical component, a Fan Cowl Structure, are carried out to validate the developed 
model. The merits of the proposed method lie in the fact that it is derived directly from 
dispersion equations instead of relying on complex finite element models and are thus simple 
to compute. Despite its simplicity, it is still effective when predicting attenuation coefficient 
for geometrically complex structures such as the Fan Cowl Structure. 

1 INTRODUCTION 
One of the most important issues in engineering concerns the monitoring and the early 

detection and localization of structural damages in order to prevent catastrophic failures. This 
process is referred to as Structural Health Monitoring (SHM) and is expected to provide 
considerable improvements with respect to safety and maintenance costs. Over half a century, 
modern SHM techniques have attained maturity in engineering practice, playing a significant 
role in evaluating the integrity and durability of engineered structures and assets [1]. With 
efficient, continuous and automated SHM techniques it is possible to identify structural 
damage at an early stage so as to prevent further failure occurring, producing huge economic 
and human benefit [2]. A SHM system generally focuses on three aspects: i) identifying the 
existence, location and classification of damage, ii) evaluating the severity of damage and iii) 
predicting the residual service life of structure.  

Monitoring the health and integrity of complex aeronautical structures at the operation 
condition is mandatory. Among all kinds of SHM techniques, ultrasonic wave strategy based 
on Lamb waves is particularly effective in accomplishing this task because Lamb waves are 
able to propagate over relatively large distances and thus can cover a large with short testing 
time and few sensors. This benefit results in reduced labor and time to perform a test, and 
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makes long range inspection possible [3]. 
The dispersion and attenuation property of Lamb wave are two essential factors that need 

to be considered carefully when inspecting a structure by means of Lamb waves. Contrasting 
with dispersion which is the velocity change with frequency and that has already received 
sound exploration over the past decades, understanding and modeling the attenuation of Lamb 
wave in composite materials is still an open challenge. Existing efforts are limited to 
simulation and small-scale experiments. Recently, the damping effect on dispersion curves in 
plates was investigated theoretically [4]. The theoretical model to calculate the attenuation 
coefficient in viscoelastic anisotropic lamina was established based on linear 3D elasticity [5]. 
Two alternatives for this purpose were achieved via semi-analytical finite element method [6] 
and spectral collocation method [7]. The Rayleigh damping model was adopted to investigate 
the attenuated Lamb wave propagation in composite structures [8,9]. This model was also 
adopted to investigate damage detection of composite structures [10]. 

However, the investigation of Lamb wave attenuation in practical aeronautical structures 
caused by viscoelastic damping has been scarcely studied after the authors made an overall 
literature survey. This is owing to the complicated service conditions of aeronautical 
structures, including complex geometry and boundary of the structure itself, varying 
environment temperature and noise contamination etc. However, knowledge of in situ 
attenuation of Lamb waves for these structures is very desirable to deploy SHM strategies to 
monitor them. To solve this issue, this paper establishes a predictive model of Lamb wave 
attenuation for practical aeronautical structures and the experiment on a large-scale structure 
has been conducted to validate the model. Being able to predict spatial attenuation in such 
complex aeronautic structures paves the way for potential applications such as transducer 
network design optimization and amplitude-based damage localization algorithms 
development. 

2 PREDICTIVE MODEL OF LAMB WAVE ATTENUATION 

2.1 Attenuation representation of Lamb wave 
When a Lamb wave mode is excited and propagates in a thin plate with infinite width, the 

displacement formula of the plate along the propagation direction can be expressed as follows 
[1]. 

𝑢𝑢𝑥𝑥(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴𝑒𝑒𝑗𝑗(𝑘𝑘𝑥𝑥−𝜔𝜔𝑡𝑡)                                                   (1) 
where, 𝐴𝐴 is the amplitude of wave at the origin point in temporal and spatial domain; 𝑘𝑘 and 𝜔𝜔 
are wavenumber and circular frequency respectively; 𝑥𝑥 and 𝑡𝑡  are the sensing distance and 
wave propagation time respectively; 𝑗𝑗 = √−1. 

It is supposed that as long as damping is considered the wavenumber is complex-valued, 
𝑘𝑘∗ = 𝑘𝑘𝑟𝑟 + 𝑗𝑗𝑘𝑘𝑖𝑖                                                        (2) 

where, both 𝑘𝑘𝑟𝑟  and 𝑘𝑘𝑖𝑖  are real positive number. The superscript “*” denotes that the term 
correlated belongs to complex numbers space in this paper. 

Substituting Eq. (2) into Eq. (1) can result in the following formula. 
𝑢𝑢𝑥𝑥(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴𝑒𝑒−𝑘𝑘𝑖𝑖𝑥𝑥𝑒𝑒𝑗𝑗(𝑘𝑘𝑟𝑟𝑥𝑥−𝜔𝜔𝑡𝑡)                                                (3) 

Comparing Eq. (3) to Eq. (1), if the wavenumber is a complex number, the magnitude 
decays exponentially over the propagation distance, and this phenomenon is the so called 
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attenuation behavior of Lamb wave. Thus, 𝑘𝑘𝑖𝑖 is defined as the attenuation coefficient in unit 
Np/m. Lamb wave attenuation is mainly caused by viscoelastic damping [6]. Hence, the 
damping models should be expounded firstly. 

2.2 Damping effects on Lamb wave attenuation 
There are generally two classical damping models to describe the viscoelasticity: 

Hysteretic (HR) model and Kelvin-Voigt (KV) model [11]. For both models, the Young 
modulus becomes a complex number 𝐸𝐸∗ presented in Eqs. (4) and (5) respectively, in which 
the real part is defined as the storage modulus 𝐸𝐸 representing the storage of energy and the 
imaginary part reflects the loss of energy. Besides the two models, a less common damping 
model named Biot (BT) model is used to investigate the damping effect on Lamb wave 
attenuation as presented in Eq. (6). This model is mainly applied to highly damped aerospace 
structures [12]. 

𝐸𝐸∗ = 𝐸𝐸(1 − 𝑗𝑗𝛾𝛾𝐻𝐻𝐻𝐻) for Hystetetic model                                  (4) 
𝐸𝐸∗ = 𝐸𝐸 (1 − 𝑗𝑗𝛾𝛾𝐾𝐾𝐾𝐾

𝑓𝑓
𝑓𝑓0

) for Kelvin − Voigt model                            (5) 

𝐸𝐸∗ = 𝐸𝐸 [1 + 2
𝜋𝜋 𝛾𝛾𝐵𝐵𝐵𝐵 ln √1 + (2𝜋𝜋𝑓𝑓

𝜖𝜖 )
2

− 𝑗𝑗 2
𝜋𝜋 𝛾𝛾𝐵𝐵𝐵𝐵 arctan (2𝜋𝜋𝑓𝑓

𝜖𝜖 )] for Biot model      (6) 

where, 𝛾𝛾𝐻𝐻𝐻𝐻, 𝛾𝛾𝐾𝐾𝐾𝐾 and 𝛾𝛾𝐵𝐵𝐵𝐵 are the damping ratio for HR, KV and BT model respectively; 𝜖𝜖 is 
the scaling factor for BT model; 𝑓𝑓0  is the reference frequency of KV model and it is set 
arbitrarily to be 250kHz in this paper. As this parameter is just a normalization parameter, 
setting arbitrarily its value is not an issue. If 𝛾𝛾𝐾𝐾𝐾𝐾 = 𝛾𝛾𝐻𝐻𝐻𝐻 and 𝑓𝑓 = 𝑓𝑓0, KV model is equivalent 
to HR model at the frequency 𝑓𝑓0 [11]. 

In light of the complex Young modulus, no matter which damping model being used, the 
classical dispersion equations become complex equations: 

{

tan(𝛼𝛼𝑇𝑇
∗ ℎ)

tan(𝛼𝛼𝐿𝐿
∗ ℎ) = − 4𝑘𝑘2𝛼𝛼𝐿𝐿

∗ 𝛼𝛼𝑇𝑇
∗

(𝛼𝛼𝑇𝑇
∗2−𝑘𝑘2)2 for symmetric modes

tan(𝛼𝛼𝑇𝑇
∗ ℎ)

tan(𝛼𝛼𝐿𝐿
∗ ℎ) = − (𝛼𝛼𝑇𝑇

∗2−𝑘𝑘2)2

4𝑘𝑘2𝛼𝛼𝐿𝐿
∗ 𝛼𝛼𝑇𝑇

∗ for anti − symmetric modes
                    (7) 

where, ℎ  is the half thickness of plate. 𝛼𝛼𝐿𝐿
∗ = √𝜔𝜔2

𝑐𝑐𝐿𝐿
∗2 − 𝑘𝑘2  and 𝛼𝛼𝐵𝐵

∗ = √𝜔𝜔2

𝑐𝑐𝑇𝑇
∗2 − 𝑘𝑘2 ; 𝑐𝑐𝐿𝐿

∗ = √𝜆𝜆∗+2𝜇𝜇∗

𝜌𝜌  

and 𝑐𝑐𝐵𝐵
∗ = √𝜇𝜇∗

𝜌𝜌  are the velocity of longitudinal and transverse mode respectively. 𝜆𝜆∗ =
𝐸𝐸∗𝜈𝜈

(1+𝜈𝜈)(1−2𝜈𝜈) and 𝜇𝜇∗ = 𝐸𝐸∗

2(1+𝜈𝜈) are the Lame constants. 𝜈𝜈 and 𝜌𝜌 are the Poisson ratio and density 
respectively.  

The phase velocity 𝑐𝑐𝑝𝑝 is the quotient between circular frequency and real wavenumber. 
The group velocity 𝑐𝑐𝑔𝑔 is the partial derivative of circular frequency to real wavenumber. 

𝑐𝑐𝑝𝑝 = 𝜔𝜔
𝑘𝑘𝑟𝑟

                                                           (8) 

𝑐𝑐𝑔𝑔 = 𝜕𝜕𝜔𝜔
𝜕𝜕𝑘𝑘𝑟𝑟

= 𝑐𝑐𝑝𝑝2

𝑐𝑐𝑝𝑝−𝜔𝜔𝑑𝑑𝑐𝑐𝑝𝑝
𝑑𝑑𝑑𝑑

                                                    (9) 
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2.3 Numerical algorithm of predicting Lamb wave attenuation 
The solution of the real-valued dispersion equation forms the dispersion curve, which is 

usually expressed as two pairs (𝜔𝜔, 𝑐𝑐𝑝𝑝) and (𝜔𝜔, 𝑘𝑘). However, the task of solving the complex 
dispersion equation is more complicated in the damped case because for the solution pair 
(𝜔𝜔, 𝑘𝑘∗) there are actually three real variables (𝜔𝜔, 𝑘𝑘𝑟𝑟, 𝑘𝑘𝑖𝑖) given that 𝑘𝑘∗ = 𝑘𝑘𝑟𝑟 + 𝑗𝑗𝑘𝑘𝑖𝑖.  

In order to overcome this issue, a two-step approach is proposed to work out the solution 
of the complex dispersion equation. In step 1, the solution pair (𝜔𝜔, 𝑘𝑘) for the real-valued 
equation 𝑓𝑓(𝜔𝜔, 𝑘𝑘) = 0 is obtained, which can be easily achieved via many mature algorithms 
[13]. In step 2, the first three points of (𝜔𝜔, 𝑘𝑘∗) are acquired by directly solving the complex-
valued equation 𝑓𝑓∗(𝜔𝜔, 𝑘𝑘∗) = 0, during which the first three points of (𝜔𝜔, 𝑘𝑘) are taken as the 
initial guess because the real and complex solutions in (𝜔𝜔, 𝑘𝑘𝑟𝑟) plane mutually overlap at the 
initial stage of the dispersion curve. This is true since the effect of damping is relative low, 
such that |𝑘𝑘𝑖𝑖| ≪ |𝑘𝑘𝑟𝑟|  and the strategy of searching the solutions of complex case in the 
neighborhood of the real case is working. For subsequent solutions, a curve tracing technique 
should be used in order to avoid branch crossing of different modes and thus guarantee a 
stable solution [13]. Specifically, the initial guess for the current solution is quadratically 
extrapolated from the previous three accurate solutions firstly, and then the current solution is 
obtained by directly solving the complex-valued dispersion equation. The presented two-step 
procedures form the numerical algorithm of predicting attenuation coefficient as summarized 
in Figure 1. 

It should be noted that a strong complex equation solver is necessary for this algorithm. 
The authors hence employ the Levenberg–Marquardt based approach which is generally more 
efficient than Gauss-Newton method for solving a highly nonlinear equation to iteratively find 
the root of a complex equation from an initial guess [14]. 

3 DATA-DRIVEN BASED STRUCTURAL PARAMETERS ESTIMATION METHOD 
It is evident from Figure 1 that in order to run the algorithm, the nine parameters should be 

provided in the first place. Normally, the thickness 𝑑𝑑, density 𝜌𝜌 and reference frequency 𝑓𝑓0 
can be obtained easily. The other six parameters should be estimated from the collected Lamb 
wave signals, by which the group velocity and attenuation coefficient can be identified easily. 
Thus, the approach to identify the two parameters is described firstly. 

3.1 Linear regression to identify group velocity and attenuation coefficient  
3.1.1 Identification of group velocity 
Under a specified frequency, a certain Lamb wave mode propagates in an isotropic plate or 

in an anisotropic plate but along a fixed direction with constant group velocity. Thus, the 
time-of-arrival (ToA) of Lamb wave is proportional to the sensing distance. 

𝑡𝑡𝑎𝑎 =
𝑥𝑥
𝑐𝑐𝑔𝑔
+ 𝑡𝑡0                                                           (10) 

where, 𝑡𝑡𝑎𝑎  is the ToA; 𝑡𝑡0 is the initial time of wave excited from actuator; 𝑥𝑥 is the sensing 
distance; 𝑐𝑐𝑔𝑔 is the group velocity for the propagating mode. 

A series of 𝑡𝑡𝑎𝑎  versus propagation distance 𝑥𝑥 can be extracted from collected signals by 
indicating the time moment at the peak of the specified wave packet. If the scatter diagram 
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(𝑥𝑥𝑖𝑖, 𝑡𝑡𝑎𝑎,𝑖𝑖)  is plotted, these scatter points should align with a straight line. Thus, linearly 
regressing these scatter points can be used to identify group velocity that is the inverse of the 
slope of the regressed line according to Eq. (10). 

 

 
 

Figure 1: The flowchart of the numerical algorithm for predicting the attenuation coefficient 

 
3.1.2 Identification of attenuation coefficient 
Based on Eq. (3), the amplitude of wave exponentially decreasing over propagation 

distance is stated as following. 
𝑢𝑢𝑚𝑚 = 𝐴𝐴𝑒𝑒−𝑘𝑘𝑖𝑖𝑥𝑥                                                      (11) 

Making logarithm operation at two sides of Eq. (11) results in the linear formulation. 
ln 𝑢𝑢𝑚𝑚 = −𝑘𝑘𝑖𝑖𝑥𝑥 + ln 𝐴𝐴                                               (12) 

This equation manifests that the attenuation coefficient 𝑘𝑘𝑖𝑖 can be identified from recorded 
signal by linearly regressing logarithmic amplitude of wave versus propagation distance, in 
which the attenuation coefficient is the negative of the slope of the regressed line. 

The characteristic 
function 

𝑓𝑓(𝜔𝜔,𝑘𝑘) = 0 

Solutions (𝜔𝜔,𝑘𝑘) 

The characteristic 
function 𝑓𝑓∗(𝜔𝜔,𝑘𝑘∗) = 0 

The first three initial 
guess (𝜔𝜔1,𝑘𝑘1), 

(𝜔𝜔2,𝑘𝑘2), (𝜔𝜔3,𝑘𝑘3) 

The first three 
solutions (𝜔𝜔1,𝑘𝑘1

∗), 
(𝜔𝜔2,𝑘𝑘2

∗), (𝜔𝜔3,𝑘𝑘3
∗) 

The previous three 
solutions  

(𝜔𝜔𝑛𝑛−1, 𝑘𝑘𝑛𝑛−1
∗ ), (𝜔𝜔𝑛𝑛−2, 𝑘𝑘𝑛𝑛−2

∗ ), 
(𝜔𝜔𝑛𝑛−3, 𝑘𝑘𝑛𝑛−3

∗ ) 

The initial guess 
(𝜔𝜔𝑛𝑛, 𝑘𝑘𝑛𝑛′∗) via the 

quadratic extrapolation 

Choose a damping 
model 

Sweep 𝑘𝑘 to solve 
𝜔𝜔 

The solution (𝜔𝜔𝑛𝑛,𝑘𝑘𝑛𝑛∗ ) 

𝑛𝑛 = 𝑛𝑛 + 1 Solve 𝑓𝑓∗(𝜔𝜔, 𝑘𝑘∗) = 0 

Solve 𝑓𝑓∗(𝜔𝜔, 𝑘𝑘∗) = 0 

𝑛𝑛 ≤ 𝑛𝑛𝑚𝑚𝑚𝑚𝑚𝑚  ? 
Yes No 

𝑛𝑛 ≤ 3 ? 
Yes 

No 

Input parameters: 𝐸𝐸, 𝜈𝜈, 𝑑𝑑, 𝜌𝜌, 𝛾𝛾𝐻𝐻𝐻𝐻, 𝛾𝛾𝐾𝐾𝐾𝐾, 𝑓𝑓0, 𝛾𝛾𝐵𝐵𝐵𝐵, 𝜖𝜖 

Output the 
attenuation 

coefficient under 
varying frequency 

Dispersion curves 
𝑘𝑘 against 𝜔𝜔 

Dispersion curves 
𝑘𝑘𝑟𝑟 against 𝜔𝜔 

Dispersion curves 
𝑘𝑘𝑖𝑖 against 𝜔𝜔 

Step 1 Step 2 
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3.2 The least square formulation for estimating material properties 
The identified group velocity and attenuation coefficient can be used to estimate structural 

material properties. 
 
3.2.1 Estimation of storage modulus and Poisson ratio 
The theoretical group velocity that can be calculated from classical dispersion equations is 

expressed as the function with respect to storage modulus 𝐸𝐸  and Poisson ratio 𝜈𝜈  if the 
frequency 𝑓𝑓 is given. 

𝑐𝑐𝑔𝑔 = 𝐺𝐺(𝐸𝐸, 𝜈𝜈; 𝑓𝑓)                                                       (13) 
Once a series of group velocities under various frequencies are obtained from experiment, 

denoted as (𝑓𝑓𝑙𝑙, �̃�𝑐𝑔𝑔,𝑙𝑙) (𝑙𝑙 = 1,2, ⋯ , 𝑚𝑚), the least square formulation can be used to estimate 
storage modulus and Poisson ratio. 

arg min𝐸𝐸,𝜈𝜈 ∑ [𝐺𝐺(𝐸𝐸, 𝜈𝜈; 𝑓𝑓𝑙𝑙) − �̃�𝑐𝑔𝑔,𝑙𝑙]2𝑚𝑚
𝑙𝑙=1                                       (14) 

where the symbol “ ̃ ” means that the variable it applies is extracted from experimental data. 
𝑚𝑚 is the number of excitation frequency during experiment. 
 

3.2.2 Estimation of damping parameters 
The theoretical attenuation coefficient 𝑘𝑘𝑖𝑖  is expressed as the function with respect to a 

general damping parameter 𝛾𝛾 if the frequency 𝑓𝑓 is given. 
𝑘𝑘𝑖𝑖 = 𝐾𝐾(𝛾𝛾; 𝑓𝑓)                                                       (15) 

where, 𝛾𝛾 is 𝛾𝛾𝐻𝐻𝐻𝐻, 𝛾𝛾𝐾𝐾𝐾𝐾 and 𝛾𝛾𝐵𝐵𝐵𝐵, 𝜖𝜖 for HR, KV and BT model respectively. 
Therefore, if a series of attenuation coefficients under diverse frequencies are available 

from experiment, denoted as (𝑓𝑓𝑙𝑙, �̃�𝑘𝑖𝑖,𝑙𝑙) (𝑙𝑙 = 1,2, ⋯ , 𝑚𝑚), the least square method can be also 
used to estimate the damping parameter respectively for the three damping models. 

arg min𝛾𝛾 ∑ [𝐾𝐾(𝛾𝛾; 𝑓𝑓𝑙𝑙) − �̃�𝑘𝑖𝑖,𝑙𝑙]
2𝑚𝑚

𝑙𝑙=1                                  (16) 
It should be noted that during performing the least square model of estimating damping 

parameters, the storage modulus and Poisson ratio estimated through Eq. (14) should be used. 
When all the required parameters are available, they can be inputted into the algorithm stated 
in Figure 1 to predict attenuation coefficient. 

4 EXPERIMENTAL INVESTIGATION FOR A PRACTICAL AND 
GEOMETRICALLY COMPLEX AERONAUTICAL STRUCTURE 

4.1 Experimental setup and signal presentation 
A practical aeronautical structure, namely a fan cowl structure (FCS), is employed to 

validate the proposed Lamb wave attenuation coefficient prediction algorithm. The structure 
is made up of composite materials. Its thickness and density are 2.24mm and 1554kg/m3 
respectively. The geometry and transducers layout are shown in Figure 2. There are in total 13 
piezoelectric lead zirconate titanate (PZT) transducers surface installed on the plate, among 
which PZT 1-6 and PZT 7-13 respectively align with an approximated straight line and are 
thus denoted as Group 2 and Group 3. Naturally, Group 1 includes all the PZTs. Since this 
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structure is large enough and a typical structure in aeronautical engineering, it is suitable for 
study the Lamb wave attenuation in composite plates.  

During testing, input signal is chosen as a five-cycle sinusoid burst signal modulated by 
Hanning window. The central frequency varies from 50kHz to 250kHz with 5kHz increment. 
The signal from the function generator is passed through an amplifier for enlarging the 
voltage in order to produce Lamb wave signals powerful enough. In this experiment, the peak 
value of the excitation signal is ±50𝑉𝑉. The actuator yields diverse Lamb wave modes and 
other sensors receive the signal. The data acquisition system (DAS) is adopted to collect 
signal and then stored in laptop for latter usage. 

The sampling frequency is set to be 1MHz given that this value is the maximum capability 
of the DAS. In order to reduce noise, 10 repetition measurements are performed for each 
actuator excitation and then the 10 signals are processed with time averaging and wavelet 
denoising techniques. Figure 3 shows the typical Lamb wave signal in Group 2 in which PZT 
1 serves as the actuator and its signal is normalized to the same magnitude of order than the 
receivers. It is evident that the signal amplitude decreases with the increasing of propagation 
distance.  

 
Figure 2: The FCS structure 

 
Figure 3: Typical Lamb wave signal (100kHz) 

4.2 Dispersion curve identification for group velocity and attenuation coefficient 
4.2.1 Group velocity and attenuation coefficient identification 

~5𝑚𝑚 

~3
𝑚𝑚

 

Group 2 

Group 3 Group 1 
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The linear regression model described in section 3.1.1 is used to identify the group velocity 
at a given frequency. Taking the S0 mode of 100kHz as example, the experimentally 
measured scatter points between ToA and sensing distance are presented in Figure 4(a). The 
regressed lines for the three groups are also plotted based on these scatter points, for which 
the parameter 𝛼𝛼 = 0.05 is given to provide the confidence level (95%). In Table 1, the results 
including group velocity, the lower and upper bound of group velocity and the correlation 
coefficient of the three groups extracted from regression are listed. Combing Figure 4(a) and 
Table 1, it can be seen that the three kinds of sensor configuration produce pretty close group 
velocity identification result and meanwhile keep a very high correlation coefficient 0.99.  

 
Figure 4: Example of (a) group velocity identification and (b) attenuation coefficient identification via linear 

regression method. In this figure, 𝛼𝛼 is used to give the confidence level with 100(1 − 𝛼𝛼)%. 

The same strategy is designed to identify attenuation coefficient in section 3.1.2. Like 
Figure 4(a), the linear regression process is illustrated in Figure 4(b) under the same 
frequency 100kHz. The results extracted from Figure 4(b) are presented in Table 2, from 
which the dispersed scatter points can be observed. This is due to the difficulty to exactly 
extract the peak value of S0 mode wave packet given the low sampling frequency (1MHz) 
and noise contamination. Moreover, the lower correlation coefficient of Group 1 (smaller than 
0.6) manifests that the anisotropy of composite materials has an essential impact on 
attenuation since all propagation directions in Group 1 are mixed together whereas in Group 2 
and 3, there exists only one main direction. Thus, Group 2 and 3 are employed to identify the 
attenuation coefficient dispersion curves in subsequent section. 

Table 1: Regression results for group velocity identification (corresponding to Figure 4(a)) 

Group 1  Group 2  Group 3 
𝑐𝑐𝑔𝑔 

(m/s) 
𝑐𝑐𝑔𝑔 bound 

(m/s) 𝑅𝑅2  𝑐𝑐𝑔𝑔 
(m/s) 

𝑐𝑐𝑔𝑔 bound 
(m/s) 𝑅𝑅2  𝑐𝑐𝑔𝑔 

(m/s) 
𝑐𝑐𝑔𝑔 bound 

(m/s) 𝑅𝑅2 

5308 [5258,5359] 0.99  5340 [5279,5402] 0.99  5291 [5257,5325] 0.99 
Table 2: The regression results for attenuation coefficient identification (corresponding to Figure 4(b)) 

Group 1  Group 2  Group 3 
𝑘𝑘𝑖𝑖 

(Np/m) 
𝑘𝑘𝑖𝑖 bound 
(Np/m) 𝑅𝑅2  𝑘𝑘𝑖𝑖 

(Np/m) 
𝑘𝑘𝑖𝑖 bound 
(Np/m) 𝑅𝑅2  𝑘𝑘𝑖𝑖 

(Np/m) 
𝑘𝑘𝑖𝑖 bound 
(Np/m) 𝑅𝑅2 

0.85 [0.66,1.04] 0.39  0.92 [0.81,1.03] 0.92  0.97 [0.80,1.13] 0.79 
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4.2.2 Identified dispersion curves of group velocity and attenuation coefficient  
The group velocity and attenuation coefficient at each frequency can be identified by using 

the method shown in Figure 4(a) and (b) respectively. After that, the group velocity dispersion 
curves can be formed as shown in Figure 5(a), in which only the result of Group 1 is 
presented given that the three groups generate pretty close group velocity dispersion curves, 
and the attenuation coefficient dispersion curves are shown in Figure 5(b). Additionally, 
Figure 5(c) presents the respective correlation coefficients for group velocity and attenuation. 
There is no doubt that for group velocity identification all correlation coefficients are greater 
than 0.95. Hence the identified S0 mode group velocity dispersion curve is reliable. 

From the attenuation coefficient dispersion curves (Figure 5(b)) and its corresponding 
correlation coefficients (Figure 5(c)), the following findings are observed. Firstly, both groups’ 
curves present the same trend, i.e., attenuation increasing with frequency firstly and then 
decreasing. Secondly, the correlation coefficients of both groups at the initial several points 
(50-60kHz) are smaller than 0.6. This may be explained by tuning effect of Lamb wave, for 
which at the lower frequency range, the amplitude of S0 mode is too small to be easily 
extracted from experimental signals [15]. Finally, the correlation coefficient starts to diminish 
after 150kHz for both groups, which could be explained by the low sampling frequency and 
high frequency noise contamination. In later damping parameters estimation, only the 
identified attenuation coefficients of Group 3 in frequency range from 70kHz to 150kHz are 
used to be the training data when implementing Eq. (16). 

 

 
Figure 5: (a) the group velocity dispersion curve, (b) the attenuation coefficient dispersion curve and (c) 

correlation coefficient 



1245

S. Guo, M. Rebillat and N. Mechbal 

10 

4.3 Estimation of material properties 
The experimentally identified dispersion curves of group velocity and attenuation 

coefficient are further employed to estimate the material properties via the least square 
method presented in section 3.2. Thus, the group velocity dispersion curve shown in Figure 
5(a) is firstly adopted to estimate the storage modulus and Poisson ratio. The initial and 
optimal values of both parameters are listed in Table 3. 

The calculated group velocity dispersion curves for S0 and A0 mode using the optimal 
value and the experimentally identified data points are depicted in Figure 6. It can be seen that 
the calculated S0 mode group velocity dispersion curve agrees well with the experiment. 
Besides, the calculated S0 mode phase velocity dispersion curve is provided as well in this 
figure which totally overlaps with the calculated group velocity dispersion curve in the 
frequency range. Comparing the calculated S0 and A0 mode group velocity dispersion curves, 
it is easy to infer that A0 mode Lamb wave propagates at approximately the half speed of S0 
mode in the evaluated frequency range. Thus there is no any A0 mode group velocity can be 
identified from the experiment because of the abundant S0 mode wave reflections. 

 
Figure 6: Comparison between the calculated and identified dispersion curve of group velocity 

The experimentally identified attenuation coefficients are subsequently employed to 
estimate the damping parameters of the three damping models based on Eq. (16). The initial 
and optimal values are listed in Table 3, in which the optimal term 𝛾𝛾𝐾𝐾𝐾𝐾 and 𝜖𝜖 do not change 
from its initial value, which is caused by accident.  

Table 3: The estimated parameters of FCS 

 𝐸𝐸 𝜈𝜈 𝛾𝛾𝐻𝐻𝐻𝐻 𝛾𝛾𝐾𝐾𝐾𝐾 𝛾𝛾𝐵𝐵𝐵𝐵 𝜖𝜖 
Initial value 50GPa 0.2 0.03 0.03 0.03 10 

Optimal value 44.4GPa 0.05 0.014 0.03 0.017 10 
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4.4 Attenuation coefficient prediction for a wide frequency range 
All the required parameters are provided as inputs to the developed algorithm presented in 

Figure 1 and the attenuation coefficient for a wide frequency range is predicted as shown in 
Figure 7(a). The experimentally identified attenuation coefficient of Group 2 and 3 in the 
frequency range from 70kHz to 150kHz is provided as well for comparison. It can be seen 
that the predicted curves for HR and BT model agree well with the experimentally identified 
points with strictly linear trend. However, the curve of KV model presents the concave trend. 
Thanks to this reason, it is only suitable for predicting attenuation coefficient in a narrow 
frequency band for the current composite structure. 

The developed numerical algorithm in Figure 1 is further used to predict the wavenumber 
which is extracted from the real part 𝑘𝑘𝑟𝑟 of the complex solution as depicted in Figure 7(b). 
The identified wavenumber calculated via 𝑘𝑘 = 𝜔𝜔

𝑐𝑐𝑝𝑝
 is also provided for comparison, in which 

𝑐𝑐𝑝𝑝 is replaced by 𝑐𝑐𝑔𝑔 given that the approximated relation (𝑐𝑐𝑝𝑝 ≈ 𝑐𝑐𝑔𝑔) from Figure 6. It can be 
seen that the theoretically calculated wavenumber dispersion curves for HR and KV model 
are consistent with the experimentally identified data points. But BT model predicts a minor 
smaller wavenumber in the evaluated frequency range than HR and KV model. The high 
coincidence between the predicted and identified wavenumber or group velocity reveals that 
the group velocity, phase velocity and wavenumber can be obtained more reliable from 
experiment or theoretical prediction than the attenuation coefficient.  

 
Figure 7: Prediction of (a) attenuation coefficient and (b) wavenumber at a wide frequency range 

5 CONCLUSIONS 
- In this article, a numerical algorithm to predict Lamb wave attenuation coefficient is 

proposed firstly. This algorithm is derived directly from dispersion equations by 
considering three damping models, HR, KV and BT model. The curve tracing 
technique is adopted to enhance the reliability of solving the complex equation. 

- The linear regression method is used to identify group velocity and attenuation 
coefficient from experimentally measured Lamb wave signals. The least square 
formulation is designed for estimating the storage modulus and Poisson ratio of 
material as well as damping parameters of the three damping models. 

- A comprehensive case study on a practical aeronautical structure validated that the 
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proposed attenuation coefficient prediction algorithm is feasible and effective. 
Comparing to group velocity, accurately identifying and predicting attenuation of 
Lamb wave in complex composite structures is more difficult and urgent. The 
presented outcomes in this article are an useful attempt. 
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Abstract. A common defect of composite stiffened panel structures is the disbond at the 
interface between the two constituents (skin/stringer), as a result of inefficient manufacturing 
process or foreign object impacts in service. Generally, discontinuities within the volume of an 
elastic solid media subjected to mechanical load, cause anomalies on the strain field in the near 
vicinity of the discontinuity. Utilizing this observation, the current work investigates the effect 
of artificially induced disbonds between skin/stiffener at a co-cured CFRP/epoxy single-
stiffener generic element. A structural health monitoring methodology is developed, leveraging 
on numerically simulated strains along the stringer foot which aims to assess the health state of 
the sensorized structure as compared with a pristine baseline. The study is implemented with a 
parametric finite element model generating various disbonded cases.  Longitudinal strain values 
are acquired at the exact points where in reality actual Fiber Bragg Grating sensors will be 
located.  
 

1   INTRODUCTION 
 

Primary airframe structures made of composites tend to increasingly replace more 
conventional materials. Their advantages correlate to the high specific mechanical properties 
over metallic materials. Nevertheless, these materials suffer from hidden damages, such 
delaminations/disbonds which arise major concerns if not identified at an early stage. In this 
direction, researchers utilize Structural Health Monitoring technologies to identify and assess 
damage. Fiber optic sensors (FOS) technology has gained increasing popularity as an 
alternative method of real-time strain measurements during structural service with minimum 
additive weight. A popular category of FOS are fiber Bragg grating sensors (FBGs) [1]. Quite 
a few researchers developed health monitoring methodologies like Li et al. [2], who proposed 
an automated algorithm based on static strain FBG readings on naval composite T-joints. A 
baseline of the pristine specimen was developed through which disbond cases were qualitatively 
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detected. A new method to identify strain modification along disbonds, exploiting Artificial 
Neural Networks (ANNs), was proposed by Kesavan and co-authors on the aforementioned 
specimens [3]. Takeda et al. [4] investigated interlaminar damage occurred by low-velocity 
impacts on CFRP stiffened panels. They used embedded FBGs to monitor the reflection spectra 
using the central wavelength of the sensors. A framework utilizing FBG strain readings was 
proposed by Airoldi et al. [5]. The authors developed an integrated Health and Usage 
Monitoring System (HUMS) of composite spars belong to wing-box, aiming to monitor both 
load and damage. A study based on static strains obtained by closely placed optical fibers with 
FBGs, was implemented in [6]. In this case, the differential strain of closely attached sensors 
placed away from damage, maintained a linear relation with respect to a reference strain, while 
sensors closest to damage showed a non-linear behavior. Sbarufatti et al. [7] followed a model-
based methodology leveraging on a global-local finite element model of a helicopter tail boom 
in order to evaluate real fatigue crack propagation events. Damage detection was enabled by 
utilizing the Mahalanobis distance, considering a damage index calculated at each sensor. The 
methodology was validated experimentally using permanently placed FBGs to record strain 
data. Finally, a parametric numerical model was created by Zarouchas and Alderliesten [8] to 
evaluate the damage tolerance capabilities of aluminum stiffened panels. A non-linear buckling 
analysis was applied, and critical stability aspects of the panel regarding the disbond 
characteristics, i.e. position and size were highlighted.  

The objective of the present paper is to study the effect of disbonds in the strain-field 
developed on the feet of single-stiffener panels (SSPs) and propose strain-based Health 
Indicators (HIs) capable of identifying and monitoring structural damage and specifically 
skin/stringer disbonding. Parametric numerical modeling is implemented to this direction.  

2   NUMERICAL ANALYSIS 
 

The numerical modeling procedure is presented in the following. First, the SSP specimen is 
introduced and its geometrical characteristics are detailed. The test article is consisting of two 
individual parts, a thin composite flat plate, the skin, and a composite T-section stiffening beam, 
called i.e. the stringer. The present study investigates the distribution of longitudinal static 
strains on the outer surface of each stringer foot in health and defected scenarios. The main 
objective of this work is to utilize the baseline and the strain alterations caused by skin/stiffener 
disbond and propose suitable HIs to assess/monitor the health state of the structure. The 
interrogation points are selected in a manner to simulate permanently installed optical fiber 
sensors, with Bragg gratings in pre-selected locations. Initially, strains from the pristine 
(healthy) SSP are obtained. Then, a parametric finite element model is created, simulating 
several disbond cases, in order to assist the objective of this study. Further details regarding the 
parameterized way of modeling are given below. 

 

2.1 Single-Stiffener Panel configuration    
 

The geometrical dimensions of the SSP, expressed in mm are provided in Figure 1, 
accompanied by the stacking sequences of each member. The material used in this study is an 
IM7/8552 carbon/epoxy unidirectional continuum fiber-reinforced prepreg, with nominal cured 
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ply thickness 0.131 mm [9] and mechanical properties [10] as detailed in Table 1. From a 
numerical analysis point of view, the final geometry of the two members is modelled 
considering a co-bonding manufacturing technique, without adhesive film in the interfacial 
region.  

 
Figure 1: Dimensions of SSP specimen, a) perspective and b) cross-sectional view 

 
Table 1: Engineering and interlaminar properties of IM7/8552 [10] 

  

E11 (GPa) E22 (GPa) G12 (GPa) v12 GIc (N/mm) GIIc (N/mm) η (-) 
150 9.08 5.29 0.32 0.277 0.788 1.6 

 

2.2 Finite Element Model    
 

 The numerical model created, simulates the quasi-static compression of the pre-defined 
SSP. The SSP is loaded under displacement control, in an attempt to simulate the real test 
procedure. Cast-tab pots are used as load/support members to uniformly transmit the load to the 
specimen. Hence, two 30 mm exterior regions on the longitudinal direction bind to the pots. A 
schematic illustration of the test article is showed in Figure 2, indicating also the two 
SMARTapes® accommodating the optical fibers with FBGs (provided by SMARTEC-
Switzerland) and the respective sensor spacing. These tapes are made of GFRP/epoxy and 
protect the accommodating optical fibers from harsh environmental conditions. The global 
coordinate system (XYZ) of the model is located at the symmetry plane of the top loading tab. 
Also, a local system (xyz) is defined at the start of each SMARTape® (one illustrated in Figure 
2). Results regarding disbonds underneath this region will be expressed at the local coordinate 
system, as shown in Chapter 3. 

The numerical study was implemented using the commercial finite element code 
Abaqus/Standard® [11]. Both members are modelled as one discrete layer of 4-node 
quadrilateral shell elements with reduced integration (S4R) and three integration points along 
the thickness. Every layer of composite laminates was modelled as a transverse isotropic 
material, according to the properties presented at Table 1, with thickness equal to the cured ply 
thickness the material provider suggests i.e. 0.131 mm. Earlier experimental works highlighted 
that degradation of the material properties is negligible in the early post-buckling region [12]. 
Thus, for the numerical modeling tasks associated with the present study, progressive 
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degradation of the material properties and intralaminar damage initiation/evolution were 
neglected.  Instead of explicitly modeling the tabs, equivalent boundary conditions (BCs) have 
been imposed to the associated SSP partitions. On the support tab region, all six nodal degrees 
of freedom have been restrained, while on the loading one, the only degree set free is the spatial 
displacement Uz. Displacement control condition was applied on the loading tab region. Also, 
the filler region between the two radii (Figure 1b) was omitted in the modeling. Among the 
individual constituents i.e. the skin and the stringer, tie constraints were applied to their surfaces 
to guarantee common interface degrees of freedom and thus common kinematics. Regarding 
the strain interrogation points, each FBG numerically represented by a row of nodes with 
overall 10 mm length, as the common FBGs. Thus, ten node sets were created mimicking the 
actual FBGs. In every location where the FBG sensor is designed to be placed, the average 
strain of the contained nodes is extracted and assumed as the strain reading of each sensor. Two 
important observations are highlighted. First, in real conditions the SMARTape® is adhesively 
bonded in each foot and that might affect the strain readings. Second, the strains are 
extrapolated by the ambient elements to each (FBG) node. 
 

 
 

Figure 2: Conceptual design of sensorized specimen 
 

The numerical analysis is divided in two steps, as (buckling) instability issues arise under 
these load conditions. Initially, a linear buckling analysis is executed for the estimation of the 
buckling (eigen)modes and associated eigenvalues. A compressive unit load is applied which 
means that the eigenvalues express the critical buckling load with respect to the corresponding 
mode. Since linear perturbation analysis is not predicting stresses and strains but rather a 
normalized displacement field of the structure, a non-linear buckling analysis is compulsory. 
An important role is played by appropriate imperfections acting as triggering mechanism for 
the buckling initiation (bifurcation point). In general, two main categories of imperfections are 
considered in the literature [8] and described as: 
 

• Normalized nodal displacements obtained via linear buckling analysis are 
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introduced in the imminent non-linear analysis, following the pattern of the 
considering buckling modes  

• A constant, low amplitude force acting along the buckling direction 
 

The second method can alter the strain field in the adjacent region of the actuation point, while 
the second represents a more sensible way to model the buckling behavior. In the present study, 
the first way of introducing imperfections is chosen, especially due to the need to obtain as 
much as possible reliable strain estimations. These imperfections in general are defined by 
superimposing multiple eigenmodes, and have the following amplitude form with respect to the 
global coordinate system: 
 

𝛥𝛥𝑥𝑥𝑖𝑖 = ∑𝑤𝑤𝑖𝑖𝜑𝜑𝑖𝑖

𝑛𝑛

𝑖𝑖=1
 

(1) 

 

where wi is the scale factor correlated with the i-th mode shape φi. Only the 1st buckling mode 
was introduced as the lowest modes are frequently more critical, and a scale factor equal to 10% 
of the stiffener thickness was used. A static Newton-Raphson (N-R) solver, incorporating non-
linear geometry formulation was utilized to solve the equilibrium of the non-linear problem. A 
maximum displacement equal to 0.25 mm was set for loading BC, as deep post-buckling 
analysis was not relevant with the current study. Due to such excitation, buckling occurred and 
characterized by the non-linear relation between the reaction force and displacement of the 
panel. Also, the maximum lateral deflection of skin midplane reached 4.7 mm. So, as buckling 
load considered the limit load where the linear load-displacement relation is maintained. A 
mesh convergence study was implemented, regarding the buckling load as this was obtained 
from both linear and non-linear analysis.  
 

 
 

Figure 3: a) Mesh convergence and b) load-displacement curve for considered mesh density   
The relevant results are depicted in Figure 3 and the load-displacement curve of the chosen 
mesh density is illustrated in Figure 3. Convergence was achieved in much lower number of 
elements, but in order to increase the fidelity of the model, an approximate element size of 2.00 
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mm was selected producing a total discretization of 20550 elements, as shown in Figure 4. 
Implementation of the Virtual Crack Closure Technique (VCCT) [13] also requires refined 
(global) mesh configurations or local refinement. 
 

2.3 Parametric Analysis     
 

The next task deals with the development of a parametric finite element model of the SSP 
with an artificially induced skin/stiffener, rectangle disbond. The parameterization concerns the 
position and the size of the disbond assuming a constant width along the right foot, as shown 
in Figure 4. In order to generate repetitive disbond scenarios at the skin/stiffener interface, a 
script written in Python®  [14] was elaborated. The advantage of this method was the easy 
applicability, while the script was executed directly via the interface of Abaqus®. Most 
importantly, all manual tasks regarding the modeling using Graphical User Interface (GUI) of 
Abaqus® could be expressed in Python® language using proper libraries of the program. So, the 
script was created on the basis of iteratively generate the geometry, including the parametric 
position and size of the disbond, while it entailed all of the rest of the model attributes, as these 
have been previously described (material properties, mesh, BCs, etc.).  

 
 

Figure 4: a) Discretized SSP, highlighting the right-foot FBG set, b) partitions of SSP 
 
As we described previously, tie constraints were introduced at the interface region between 

the skin and the stiffener. Modeling the disbond was achieved by erasing that interaction and 
allow each of the individual regions of the disbond to freely move, without any kinematic 
constraint imposed by the other. The specimen was divided in partitions, in a manner of 
ensuring that coincident nodes at the interface of the two parts were generated. This approach 
prevented excessive distortion of the elements at the interface while it also allowed the correct 
implementation of the VCCT, in interfacial disbond propagation case studies. In current 
analysis, the VCCT was also used in order to assess if the disbonded regions do propagate under 
the defined loading condition. The interlaminar fracture properties of the IM7/8552 were used 
according to Table 1. Note that the VCCT is implemented by replacing the tie constraints with 
a contact interaction. This technique numerically calculates in every step the strain energy-
release rate in a pre-defined crack/disbond front. For given critical strain energy-release rates 
of the material, the B-K criterion [15] controls the fracture initiation and allows the front 
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elements to separate if the criterion is satisfied. Also, the VCCT implementation requires to 
explicitly determine the unbonded region nodes in order to evaluate the strain energy release 
rate along the formed disbond fronts. This was also taken into consideration in the written script, 
so we can indicate the node sets that were created per iteration as: 

• one node set, representing the bonded region, unique for every pair of disbond 
position and size 

• ten node sets, representing the FBGs along each foot, unique for all pairs of disbond 
position and size 

 

 
 

Figure 5: Explanation flow chart of the parametric analysis 
 

None of the considered analyses showed propagation of the associated disbond. Generally, 
if it is ensured that fracture procedures are not involved, simple tie constrains can be utilized at 
the bonded region of the two members over the VCCT. A detailed flow chart describing the 
parametric implementation of the present work, is shown in Figure 5. After completion of every 
iteration, the disbond characteristics were updated, regarding either the position or the size. 

3. DAMAGE ASSESSMENT OF SKIN-TO-STIFFENER DISBOND 
  

In the current section, the effectiveness of two Health Indicators (HIs) on the detection of 
numerically simulated skin/stiffener disbonds will be investigated. The strain data obtained 
from the pristine specimen are considered as the baseline. Next, a SHM methodology based on 
the results obtained by the parametric analyses of skin-to-stiffener disbonds was evaluated.  As 
mentioned before, the parametric analysis generates models with disbond in the interface of 
skin/stiffener, beneath the right foot. The assessment of disbond cases, within the assumed 
sensor topology, initiated by introducing a health indicator to estimate the sensitivity of the 
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FBGs to the disbond position. Finally, the behavior of a second health indicator was 
investigated versus the disbond size. 

3.1 Baseline SHM Methodology 
 

The static strains obtained from the pristine specimen after the non-linear analysis, establish 
the healthy-baseline which is utilized to reveal the presence of disbonds. Only strains prior to 
buckling, that belong to the linear portion of load-displacement curve are considered. 
Furthermore, regarding the disbond cases, similar data are gathered and stored, for each 
individual disbond scenario. The strains of every FBG are simulated for several load values as 
different displacements are imposed. Small discrepancies between the strains at the two feet are 
observed, mainly for the two FBGs closest to the loading tab. The presence of an interfacial 
disbond region, affects the strain distribution along the foot. An arbitrary case of disbond at 
position zp = 60 mm, and three different sizes, is depicted in Figure 6, under a constant static 
compressive load of 6.0 kN. The strain perturbation induced by the disbond can be clearly 
noticed in the vicinity of its edges. The gradient in those regions abruptly increases and the 
deviation from the pristine (dashed line) distribution is highlighted. The left (fully-bonded) foot 
shows no deviation from the baseline. Also, the marked points that illustrate FBG readings are 
highlighted along the curves. Generally, the difference between the strain reading of each FBG 
for disbonded case and the baseline i.e. the differential strain, shows an increasing trend 
proportional to the load. The most affected FBG shows higher discrepancies and is linearly 
increasing up to buckling load, as shown in Figure 6. Hence, a notable remark is extracted as 
the rest of the FBGs show almost negligible deviation from the baseline up to the buckling load. 
As the disbond changes position along the foot, a similar pattern of the strain discrepancy was 
obtained following the disbond position (not shown here). Moreover, the gradient and the 
amplitude of the discontinuity is not maintained constant and exhibits dependency both on 
position and load. 
In order to estimate the impact of the disbond position to strain modification, a Health Indicator 
(HI) will be utilized based on the relative strain differences of each FBG in an arbitrary 
condition with the baseline. The HI is a metric of the strain change, under the same load 
amplitudes and is calculated as shown in eq. (2). 
 

 𝐻𝐻𝐻𝐻𝑖𝑖
1 = (|𝜀𝜀11

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝− 𝜀𝜀11
𝑑𝑑𝑝𝑝𝑝𝑝𝑑𝑑|

𝜀𝜀11
𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 )

𝑖𝑖
, 𝑖𝑖 = 1,2, … , 10   

 

(2) 

where i corresponds to the FBG number. To see the effect of changing external load, an average 
value of the HI with changing load can be simply calculated, considering n total load cases:  
 

𝐻𝐻𝐻𝐻̅̅̅̅ = 1
𝑛𝑛 ∑ 𝐻𝐻𝐻𝐻𝑖𝑖

1
𝑛𝑛

1
   , 𝑖𝑖 = 1,2, … , 10 

(3) 
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Figure 6: a) Simulated strain distributions along left (LF) and right (RF) foot, associated with disbond cases 
and b) differential strain over load on RF for 20mm disbond case 

 
Assuming a constant disbond size of 20 mm, the HI indices of the FBGs located at the right 
foot (i = 1,2,3,4,5) are calculated. Through the parametric numerical model, disbonds in several 
positions in a range 10-130 mm regarding the local coordinate system (xyz) are created. The 
disbond position is incrementally increasing by 5 mm. The average HI is calculated for every 
FBG, and the results versus the disbond position are depicted in Figure 7. HI values above 2% 
are obtained by the current sensor topology, to almost every position of the disbond along the 
foot. It can be noticed that lower discrepancies occur when a sensor is placed at central position 
along the disbond against the cases that a sensor is above the disbond front. This estimation can 
be evaluated by noticing the strain discontinuity profile as it is shown in Figure 6. 
 

 
 

Figure 7: Health indicator predicted by each FBG versus the disbond position along RF 
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Next, we introduce a second HI fit for Structural Health Monitoring, while the disbond is 
increasing. This HI combines the strain readings from all sensors. In fact, it represents the 
percentage each FBG sensor holds of the cumulative strain among the five FBG sensors, and is 
defined as: 
 

 𝐻𝐻𝐻𝐻𝑖𝑖
2 =  𝜀𝜀𝑖𝑖

𝑁𝑁 = 𝜀𝜀11
𝑖𝑖

∑ 𝜀𝜀11
𝑖𝑖

𝑖𝑖
 , 𝑓𝑓𝑓𝑓𝑓𝑓 𝑅𝑅𝑅𝑅: 𝑖𝑖 = 1, … , 5 𝑎𝑎𝑎𝑎𝑎𝑎 𝑓𝑓𝑓𝑓𝑓𝑓 𝐿𝐿𝑅𝑅: 𝑖𝑖 = 6, … ,10 

(4) 

 

where again i corresponds to FBG numbering. This HI is inspired by the observation that the 
strain of the unaffected sensors shows minor deviation from the healthy condition. In Figure 8a 
the average values of the HI for every FBG are presented, indicating first the pristine values 
accompanied by several disbond size cases. The central axis of the growing disbond is at zp = 
60 mm, as mentioned before and the disbond is assumed to grow by the same length from each 
side. Finally, in Figure 8b the HI is presented for every FBG under increasing size of disbond. 
The 3rd sensor on the RF is the most affected by the disbond front and this fact is illustrated 
with a monotonical drop on its index of about 8% regarding the intact specimen value. The rest 
FBG sensors show a slight increase of their HI values, no more than 2%. Only the 2nd sensor 
shows an increase higher than 2% in the case of 50 mm disbond as the disbond front reaches 
this sensor too.  

 

 
 

Figure 8: a) Normalized strain indices of FBGs on pristine and various disbonded specimens and b) gradual 
change of indices versus an increasing disbond size 

  

4 CONCLUSIONS 
 

 In the current study, a model-based methodology for damage assessment on generic 
single-stiffener composite panels was approached. Towards that end, a finite element analysis 
was conducted in order to simulate the composite panel subjected to uniaxial compressive 
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loading. Longitudinal strains were computed at predefined regions where permanent FBG 
sensors will be attached. Initially, a non-linear buckling analysis was executed deriving the 
investigated strains on pristine (healthy) structure. Furthermore, numerous skin-to-stiffener 
disbonds were introduced via a parametric numerical model using Python® scripting.  

First, by a strain differential methodology, the impact of the disbond positioning to the strain 
distribution was evaluated. For that purpose, a health indicator was used comparing longitudinal 
strains of the pristine baseline with the disbonded cases. Then, another indicator representing a 
strain normalization scheme of every sensor was calculated. The aforementioned index was 
illustrated for several disbond sizes and indicated a monotonic drop on the sensor that was more 
affected by the disbond. Conclusively, the first health indicator utilizes strains from the pristine 
baseline and those out of disbonded cases. It can be characterized as baseline-dependent. A 
drawback of this indicator lies on its load dependency, whilst a very interesting outcome is the 
small scatter that that the indicator showed in the whole load range they were examined. On the 
other hand, the second indicator does not rely on baseline data. From that perspective and from 
the monotonic behavior it exhibits for increasing disbond size, it constitutes a promising choice 
for SHM. 
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Abstract. This study aims to demonstrate the effectiveness of blending passive and active 
acoustic-based health monitoring methods to impact damage diagnostics of composite 
structures. The structural state awareness is introduced as a term to characterize the health 
condition that a structure is and how this condition can be quantified by blending health 
monitoring techniques. To this aim, a Carbon Fiber Reinforces Polymer (CFRP) composite 
plate was fabricated and subjected to a simulated low-velocity impact by performing repeated 
quasi-static indentation tests where a loading-unloading-reloading test profile was adopted. 
Two Acoustic Emission (AE) broadband sensors and a network of eight piezoelectric (PZT) 
sensors were attached on the composite plate surface. AE (passive method) was employed 
during the loading and reloading phases of the indentation tests to in-situ monitor the damage 
initiation and progression, while scanning of the plate with Lamb waves (active method) was 
done to localize the damage when the structure was unloaded. The obtained results showed 
that the proposed blended passive and active acoustic-based method has the potential to 
provide useful information about the impact-induced damage in composite structures.  

 
 
1 INTRODUCTION 

 
Structural state awareness implies that existence, location, type and size of damage should 

be known at any given time of a structure’s life, enabling the engineering team to assess the 
structural integrity and make proper decisions about the structure’s maintenance and repair 
plan. Sensing equipment should be embedded or permanently attached at the structure in 
order to provide in real time and continuously health monitoring data. It is well known that 
one technique cannot solely perform all the measurements required to describe the state 
awareness of a composite structure and a combination and synergy of at least two techniques 
is needed. Among several techniques, i.e. ultrasonic C-scan [1,2], active thermography [3,4] 
vibration and modal analyses [5,6], acoustic based methods such as Lamb waves and Acoustic 
Emission (AE) [7-12] have a great potential to be employed as Structural Health Monitoring 
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(SHM) techniques where they can be permanently installed at the structure and monitor its 
health state during operation.  

 
This study aims to demonstrate the effectiveness of blending passive and active acoustic-

based health monitoring methods. A composite plate was subjected to a low velocity impact 
by performing quasi-static indentation tests where a loading-unloading-reloading test profile 
was adopted. AE (passive method) was used to determine if damage occurred and its type, 
while lamb waves (active method) were used to locate the damage. Two acoustic emission 
broadband sensors and a network of 8 PZT sensors each were attached at the surface of the 
plate. AE was employed during the loading and reloading phases of the indentation tests 
while scanning of the plate with the lamb waves took place when the structure was unloaded. 
Multiple actuator-receiver paths were selected and each PZT emitted a five-cycle hanning 
window signal of several frequencies.  

 
Results showed that AE successfully provided information, whether and at which load 

damage occurred, indicating its severity. It was found that results about location, provided by 
lamb waves, were sensitive on the selected excitation frequency. Section 2 presents the 
material and the equipment used as well it introduces the experimental campaign and the 
experimental set-up. Section 3 provides details about the damage image reconstruction 
algorithm (DIRMA) and the principal equations to calculate the damage index (DI). Section 4 
presents the experimental results, analyses the observations and discusses the effectiveness of 
the blended process towards the establishment of the structural state awareness. Finally, in 
section 5, conclusions are drawn. 

 

2 MATERIAL AND EXPERIMENTAL CAMPAIGN 
 

One composite panel with dimensions of 500 mm×500 mm×2 mm were manufactured 
using CFRP prepregs with a layup [(0/90)/45/90/-45/0]s and cured according to the 
manufacturer recommended cure cycle. 

 
Selecting the optimal PZT sensor is not straightforward and besides the features of the PZT 

sensor, it depends on parameters such as the geometry of the structure, its material, the 
sensors network and the experiment type. In order to generate uniform guided waves in all 
directions, circular disk PZT sensors supplied by PI Ceramic GmbH were used. The 
specifications of the PZT disks are reported in Table 1. 

 

Table 1. The specifications of the PZT sensors  

Specifications Value Unit 

Commercial Name 
PI Ceramic 000053020 
with silver wrap-around 

electrodes 

- 

Material PIC255 - 
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Shape Circular disk - 
Diameter 6.50 [mm] 
Thickness 0.25 [mm] 
Resonance 
frequency 308 [kHz] 

 
An AMSY-6 Vallen, 8-channel AE system with 4 parametric input channels and maximum 

sampling rate of 10 MHz was used to perform the AE measurements. In order to record the 
AE activity during the out-of-plane loading of the composite plates, two broadband, resonant-
type, and single-crystal piezoelectric transducers from Vallen Systeme GmbH, AE1045S-
VS900M with operating frequency of [100-900 kHz], with two external 34 dB pre-amplifiers 
were utilized. The recording threshold and sampling rate were set 40 dB and 2 MHz, 
respectively. Sonotech Ultrasonic Couplant was applied between the sensor and specimen 
surfaces to get an appropriate acoustical coupling. The functionality of the AE sensors and the 
data acquisition system was checked by proceeding a pencil lead break test according to 
ASTM E976 standard [13]. 

 
The utilized equipment for baseline test is shown in Figure 1. The function generator 

Agilent 33500B Series was employed to generate Hanning-windowed sinusoidal tone burst 
excitation signals with a sampling frequency of 250 MHz and a 10V peak-to-peak amplitude. 
In addition, the effect of excitation frequency on the DIMRA results was investigated by 
repeating the baseline tests for four different excited signals with the central frequencies 
ranging from 150 to 450 kHz in steps of 100 kHz. In order to eliminate the effect of clamping 
fixture on the wave measurement, both of baseline and current state measurements were done 
on the clamped panels Fig. 1.b. 

 

 
 

Figure 1. a) The schematic, and b) the real view of the experimental setup for baseline tests (test apparatus 
description: (a) Agilent 33500B Series waveform generator, (b) panel with attached sensors, (c) preamplifiers 

with a gain of 34 dB, (d) Vallen AMSY-6 acoustic signal processor, and (e) Laptop with Vallen Acquisition and 
Vallen Visual TM software). 

The initiation and evolution of Barely Visible Impact Damage (BVID) in the scoping panel 
were studied using five designed sequential indentation tests where a step-by-step increasing 
load (saw tooth shape) was applied to the specimens. The indentation load was applied to the 
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specimen by pushing a semi-spherical indenter with diameter of 37 mm by a Zwick 20 kN 
tensile/compression machine. The indentation load was applied under displacement control 
condition with the loading rate of 2 mm/min at the position of X= 28 mm and Y= 32 mm 
from the upper right specimen’s corner. The AE system was utilized to monitor the damage 
state during the loading stage and active PZT sensors were employed to explore the BVID 
location when the panel was unloaded (between two consecutive load cycles). In the loading 
and reloading stages, the panel was loaded up to the moment that a load drop in the force-
displacement curve occurred. Then, the panel was unloaded. The maximum displacement and 
load for these five load cycles are presented in Table 3.  

Table 2. Maximum displacement and load for different load cycles. 

Load cycle Maximum displacement 
[mm] 

Maximum load 
[kN] 

LC1 8.4 2.31 
LC2 9.1 2.86 
LC3 9.7 3.36 
LC4 12.3 5.67 
LC5 13.4 6.99 

 

3 DAMAGE IMAGE RECONSTRUCTION ALGORITHM 
The proposed DIMRA localizes BVID zone in the impacted panel by calculating the 

similarity of the recorded Lamb waves for the current state with the baseline state. DIMRA 
consists of the following four steps: 

1. Each PZT functions as an actuator while all other PZTs act as the receiver. This 
process is iterated for all network PZT disks in the baseline and current states.  

2. DI is calculated based on the similarity between the Lamb waves of the current state 
and baseline.  

3. The Pixel Influence Weight (PIW) is calculated for each actuator-receiver pair.  
4. The obtained results for different actuator-receiver pairs are combined to create a 

damage probability contour over the inspected area. 

3.1 Damage Index 

DI is based on Pearson Correlation Coefficient (PCC) and it is defined for each path of the 
PZTs network and shows the effect of damage on the desired path. The PCC shows the linear 
similarity between two signals by a real value between -1 and +1, which PCC of -1 shows 
completely opposite behavior of two signals and PCC of +1 illustrates that two signals have 
completely the same trend and finally PCC of 0 shows that there is no correlation between 
two signals. PCC (𝜌𝜌) is calculated by Equation (1) [14]: 

 

𝜌𝜌 =
𝐶𝐶!"
𝜎𝜎!𝜎𝜎!

 (1) 
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𝐶𝐶!" = 𝑋𝑋! 𝑙𝑙 − 𝜇𝜇! ! ∙ 𝑋𝑋! 𝑙𝑙 − 𝜇𝜇! !
!

!!!

  

𝜎𝜎! = 𝑋𝑋! 𝑙𝑙 − 𝜇𝜇! !

!

!!!

  

𝜎𝜎! = 𝑋𝑋! 𝑙𝑙 − 𝜇𝜇! !

!

!!!

  

where subscripts B and D denote baseline and damaged states (current state), respectively. 
CBD is the covariance between two the signals, σ is the standard deviation of signal, µ is the 
signal mean value, X is the signal samples, and L is samples number. The DI based on PCC is 
calculated as follows: 

 
𝐷𝐷𝐷𝐷!"#$%&' = 1− 𝜌𝜌  (2) 

DIpearson is varying from 0 to 1, which 0 indicates no damage state and 1 shows the highest 
damage probability.  

3.2 Pixel influence weight 
The PIW assumes that the probability of the damage for a specific path decreases with 

increasing the distance from the path. In order to apply this assumption a probability ellipse is 
created, by creating a mesh over the area of interest for inspection. Then, the probability 
distribution forms an ellipse that the two PZT sensors act as the focal points. The effect of the 
damage located outside the ellipse’s boundaries on the sensing path is considered zero. To 
create the probability distribution inside the ellipse, a shape factor, β, is defined so that on a 
straight line between the sensors, the PIW is maximum, 1, and it linearly decreases to 0 on the 
ellipse’s boundaries. 

The probability ellipse is calculated using Equation (3). For every pixel on the grid, first 
the R value is created. R indicates the ratio of the length of the major axis, a, over the distance 
between the two focal points, |AR|. (XA, YA) and (XR, YR) are the coordinates of the actuator 
and receiver, while (x, y) indicates the location of the pixel and S(x, y) represents the PIW 
[14, 15]. 

 

𝑅𝑅(𝑥𝑥,𝑦𝑦) =
𝑋𝑋! − 𝑥𝑥 ! + 𝑌𝑌! − 𝑦𝑦 ! + 𝑋𝑋! − 𝑥𝑥 ! + 𝑌𝑌! − 𝑦𝑦 !

𝑋𝑋! − 𝑋𝑋! ! + 𝑌𝑌! − 𝑌𝑌! !
 (3) 

𝑆𝑆 𝑥𝑥,𝑦𝑦 =
𝛽𝛽 − 𝑅𝑅(𝑥𝑥,𝑦𝑦)
𝛽𝛽 − 1  ;   𝑓𝑓𝑓𝑓𝑓𝑓 𝛽𝛽 > 𝑅𝑅(𝑥𝑥,𝑦𝑦)  
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𝑆𝑆 𝑥𝑥,𝑦𝑦 = 0 ;   𝑓𝑓𝑓𝑓𝑓𝑓 𝛽𝛽 ≤ 𝑅𝑅(𝑥𝑥,𝑦𝑦)  

The boundaries of the ellipse are controlled by shape factor β (Equation (4)), which is 
usually considered a value between 1.02 and 1.6 [16, 17]. The shape factor of 1.05 is 
considered for the present study.  

 
𝑎𝑎 = 𝛽𝛽 ∙ 𝐴𝐴𝐴𝐴  ;     𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (4) 

𝑏𝑏 = 𝐴𝐴𝐴𝐴 ∙ 𝛽𝛽! − 1 ;   𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎  

 

3.3 Data fusion 

 For all the paths, the corresponding DIa-r value is first multiplied to the corresponding 
PIWa-r(x, y) for all the pixels and then the pixel intensity (Pint(x, y)) is determined by taking 
the sum over all paths [15]. Figure 6 shows the data fusion for two paths. 

𝑃𝑃!"# 𝑥𝑥,𝑦𝑦 = 𝑃𝑃𝑃𝑃𝑃𝑃!!!(𝑥𝑥,𝑦𝑦) ∙ 𝐷𝐷𝐷𝐷!!!

!

!!!

!

!!!

 (6) 

 

 
Figure 2. The data fusion of two paths in DIMRA. 

4 RESULTS 

4.1 Damage severity analysis using AE 
The specimens were subjected to the five sequential indentation loads according to section 

and AE was used for in-situ monitoring of the induced damages in the specimens during the 
loading stage and Lamb wave technique was employed to localize the damaged zone in the 
specimen when it was unloaded between two consecutive load cycles. Figure 3 shows AE 
counts, AE energy, and load versus time curves for the five load cycles. The maximum load 
of the each loading cycle and the corresponded time are illustrated on the vertical and 
horizontal axes. The AE activities of load cycles LC1 and LC2 are initiated at the high load 
levels while some AE activities with the low values of energy and count are seen from the 
initial stage of loading at load cycles LC3 and LC4 which are probably related to matrix 
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cracks. The high energy and count AE activities in load cycles LC3 and LC4 are initiated after 
the maximum load level of the previous loading cycles that shows there is not a critical 
damage in the structure yet. However, during the loading cycle LC 5, initiation of high energy 
and count AE activities at a load level lower than the maximum load of the previous loading 
cycle in load cycle (LC4) illustrates the presence of critical damage with an unstable growth 
behavior in the structure. 
 

 
 

Figure 3. a) AE counts and load versus time, and b) AE energy and load versus time curves for the 5 load 
cycles. 

In order to accurately detect the critical damage and also specify the severity of damage, 
Kaiser and Felicity effects are employed. Kaiser effect states that the considerable AE 
activities during the reloading cycle for an intact structure should initiate in the proximity of 
the maximum load of the previous loading cycle. While Felicity effect states that observing 
the considerable AE activities at the load level less than the maximum load of the previous 
load cycle is a sign of the presence of the critical damage in the structure [18]. In order to 
quantify damage severity, Felicity Ratio (FR) index is defined as follows: 

 

𝐹𝐹𝐹𝐹 =
𝑃𝑃!"
𝑃𝑃!"#

 (7) 

where 𝑃𝑃!" is the corresponding load to the initiation of the considerable AE activities in 
the current load cycle and 𝑃𝑃!"# is the maximum load of the previous load cycle. FR values 
equal or greater than 1 showcase the Kaiser effect and FR values less than 1 proves the 
Felicity effect. Figure 4a, shows the cumulative AE energy versus load curve for the five load 
cycles. Kaiser effect can be easily seen for load cycles LC2 to LC4, while Felicity effect is 
obviously seen for load cycle LC5. The FR indices for load cycles LC2 to LC5 are presented 
in Figure 4b. As can be seen, the FR indices of load cycles LC2 to LC4 are larger than 1, 
validating the Kaiser effect and confirm that the damage induced to the structure is not critical 
while FR index of load cycle LC5 is considerably less than 1 that illustrates Felicity effect and 
that the structure is severely damaged.  
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Figure 4. Cumulative AE energy versus load curve for the five load cycles. 

4.2 Damage Localization using Lamb wave technique 
 
Lamb wave technique was employed between each two consecutive load cycles to localize 

the damaged zone in the composite plate. In order to accurately localize the damaged zone, 
the best excitation frequency of the PZT actuator should be selected. To this aim, the PZT 
actuator was excited by four different frequencies. Figure 5 shows the predicted damage 
location by the IMRA for these excitation frequencies at load cycle LC4. The real location of 
the impact event is shown by a circle on the images. The pixel with the highest intensity 
shows the predicted location of damage in each image. As can be seen, by increasing the 
excitation frequency the localization error is increased. This is due to the fact that the increase 
of the excitation frequency decreases the Lamb wave’s wavelength which causes the wave to 
become more sensitive to smaller damage types such as intralaminar matrix cracks that 
subsequently leads to higher values of DI. Moreover, due to the bias induced by the algorithm 
during data fusion, an increase in DI leads to relatively higher pixel intensities at the center of 
the sensors network where the most paths will overlap. Therefore, the excitation frequency of 
150 kHz was finally selected for the damage localization in load cycles LC1 to LC5. 

 

 
Figure 5. Image reconstruction at load cycle LC4 for different excitation frequencies.  

The damage localization results for load cycles LC1 to LC5 are shown in Figure 6. As can 
be seen, by increasing the applied load from load cycle LC1 to load cycle LC5, the pixel 
intensity rises considerably that shows the severity of damage in the structure is continuously 
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increasing. The DIPearson using an excitation frequency of 150 kHz manages to localize the 
critical damage at load cycle LC5 with an error of 0.9 cm. 

 

                     
Figure 6. Image reconstruction for the five load cycles  

 

5. CONCLUSIONS 

This study proposed a blended passive and active acoustic-based health monitoring method 
for impact damage diagnostic in composite structures. A CFRP composite plate was 
fabricated and subjected to a sequential increasing indentation load. AE was used to in-situ 
detect the critical damage in the specimen during the loading stage. To this aim, FR index was 
utilized to identify the critical damage level. Due to the occurring of non-critical matrix cracks 
from the start of reloading stage, using the number of AE events to create FR index, leads to 
very conservative results while using the parameters of AE energy to calculate FR index 
could correctly detect the critical damage state which is corresponded to unstable 
delamination growth in the structure. Lamb wave technique was then employed to localize the 
damaged zone in the composite plate when the plate was unloaded between two consecutive 
load cycles. The proposed DIMRA located the damaged zone by comparing the current state 
Lamb wave with the baseline Lamb wave and introducing one damage index, DIPearson. The 
results illustrated that DI performance depends on the selected frequency of the Lamb wave 
signals; a high excitation frequency, i.e. 450 kHz, misleads the localization with an error up to 
11cm, due to the sensitivity of short wavelengths towards interlaminar matrix cracks. In 
contrast, a Lamb wave with excitation frequency of 150 kHz is more sensitive to larger 
damage areas, such as delamination, which are present at loading case 5 and where the error 
between the actual and predicted damage location drops significantly to 0.9 cm. 
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Abstract. Speed bumps are widely used in roads to reduce the traffic accidents. However, the 
transient impact caused by the speed bumps may increase the health risk of drivers and 
passengers and damage of vehicle. In this paper, the traditional skyhook controller and 
skyhook controller with adaptive genetic algorithm (GAG) is designed to attenuate the 
unwanted vibration. For verifying the effectiveness of the skyhook controller with GAG, the 
road test of the B segment car installed with four MR dampers is undertaken. The time 
domain and time-frequency methods are both used to analysis the vibration, and the results 
demonstrate that the reduction of peak value of vertical acceleration of skyhook controller 
with GAG is better than that of skyhook controller, comparing with the uncontrolled system. 
 
 
1. Introduction 

In recent years, vehicle is widely used in people’s life, meanwhile the number of traffic 
accidents were increasing. The excessive speed is often thought to be a major cause of traffic 
accident, hence speed limits will reduce the mean speed of traffic by at least one quarter [1]. 
In order to reduce the number and severity of traffic accidents and improve the local 
environment for people who live, work or visit any area, the speed bumps are widely mounted 
in all sorts of avenues and roads. Hence, many researchers studied the relation between the 
number, dimension, geometry and position of the speed bumps and the ride and handling of 
vehicle [2-7]. Several tests have been done with different speed bumps by D. Garcia-Pozuelo 
[6-7]. To keep comfort loss to a minimum, the speed limit of 30km/h would be adequate for 
the speed bump 5x60 [6]. Meanwhile, the vertical acceleration in the center of gravity is 
increasing with the width of speed bump but not increasing with vehicle speed [7]. Back pain 
is a disease that often appears on the bus driver, due to repeated exposure of mechanical 
shocks when frequently riding over traffic speed bumps [8], and the health risk increases with 
increased number of bumps per day. J. Sandover [9] shown clearly that transient vibrations 
with multiple shocks are more hazardous than stationary vibration. Z. Michaelvan [10] 
studied the impact damage to fruit during the passage of a truck over a speed bump, and the 
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largest amount of damage generally occurs at a driving speed close to 30 km/h. Hence, it is 
necessary to reduce the vibration of the vehicle body when it passing through the speed 
bumps at low velocities. 

The vehicle suspension is used to absorb and buffer the vibration and impact of which from 
road to vehicle body. Generally, the suspension is divided into three types: passive, semi-
active and active. Compared to the others, the semi-active suspension, this has characteristics 
of reliable, flexible, low-power, and fast response, is usually used to reduce the vibration of 
vehicle, especially the semi-active suspension with MR damper. The control of semi-active 
suspension with MR damper is always designed to reduce the vibration of vehicle body in 
various random roads [11-14]. X.M. Dong and M. Yu et al [9] applied the five representative 
control algorithms including the skyhook control, the hybrid controller, the LQG controller, 
the sliding mode controller and the fuzzy logic controller to the mini passenger car. The 
random road and various speeds (40 km/h, 60 km/h and 80 km/h) are chosen for the test, the 
results indicated the control performance of skyhook and sliding mode controllers are better 
than the others. The research is beneficial to select the control strategy in real-time vehicle 
suspension system control. T. R. M. Rao et al [15] studied the performance of an omnibus 
passing over a speed bump. The three-degree-of freedom quarter car semi-active suspension 
system is modelled, and to overcome the problem of integral of acceleration in the skyhook 
control, the semi-active constraints is modified by the product of the derivative of sprung 
mass acceleration and the relative velocity of between the sprung and unsprung mass. The 
simulation results shown the sprung mass acceleration can be reduced by 32%, when the car 
velocity is 40 km/h. S.B. Choi et al [16] studied performance characteristics of a real semi-
active ER (electro-rheological) suspension system, and the result of bump test shown ride 
comfort of vehicle can be improved by employing four independent skyhook controllers. So 
far, the skyhook controller has approved to be effective in suspension control. Traditional 
skyhook controller will take a lot of time to adjust the four skyhook gains by using trial-and-
error method, due to the complexity and nonlinearity of vehicle. To improve the control 
performance and efficiency, the adaptive genetic algorithm (AGA) was adopted in this study 
to optimize the four independent skyhook gains. 

In this paper, the traditional skyhook controller and skyhook controller with GAG are 
adopted to control the vibration of a vehicle semi-active suspension with MR damper passing 
through speed bump with different velocities, respectively. In section 2, the traditional 
skyhook control and skyhook control with GAG are designed for the semi-active suspension 
system with MR damper. In section 3, the experimental apparatus was established and the 
results are analyzed. At last, some concluding remarks are given in Section 4.  
 
2. Skyhook control with adaptive genetic algorithm design 
2.1 Skyhook controller 

The skyhook control, which is proposed by D. Karnopp [17], is widely used in the vehicle 
semi-active suspension system [18-20]. As a state feedback control with the vertical velocity 
of the sprung mass, the skyhook control aims to reduce the vertical acceleration of the sprung 
mass, by inserting a virtual damper between the sprung mass and an imaginary sky. However, 
it is impossible to implement in the real vehicle suspension system due to the limited space of 
the suspension. In the practice suspension system, the controlled damper (MR damper) is 
amounted between the sprung mass (frame) and unsprung mass (wheel). The controlled 
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damping force was generated to follow the virtual damper, and then the semi-active skyhook 
control law is expressed by, 

 
 

max max

max

min

0,
0,

i si si ui si si i

i si si si si ui s si i

i

f x x x and c x f
f c x x x x and c x f

f else

    
     



                                      (1) 

Where 1,2,3,4i   represent four suspension units, if  is the actual MR damping force, minif  
is the MR damping force in the absence of magnetic field,  maxif  is the maximum of the MR 
damping force, and sic  is the skyhook gain. 

The four independent semi-active skyhook controllers are adopted in the whole vibration 
control of a vehicle passing through speed bump, and the four skyhook gains are determined 
by using trial-and-error method. 

 
2.2 Skyhook controller with Adaptive Genetic Algorithm 

Genetic algorithms (GA) are the most promising optimization algorithm with powerful 
global search ability based on natural evolution rule. The traditional GA has the drawback of 
premature, low efficiency and local optimum. To overcome the drawback, the adaptive 
genetic algorithm (AGA) was used to obtain optimal skyhook gain coefficient. The schematic 
diagram of the AGA is shown in Figure 1. 

 
Figure 1. Schematic diagram of the AGA. 

It is a key issue to encode the optimal parameters before AGA. There are three encode 
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algorithms are usually used, bit string encode, gray encode, real number encode. The bit string 
encode is adopted in this study because of its simplicity. The solution spaces  i  of four 
skyhook gains are given and the dimension of gene will be determined by equation (2). As a 
result, a chromosome will contain 4 genes, and its dimension is 56. 

 
  
 13 14

0,10000 1,2,3,4

2 10000 0 2
i i i   

  
                                                    (2) 

Initial population. The initial population is generated randomly in the solution space. To 
improve the algorithm efficiency, the uniform random was used to ensure the individuals is 
uniform distributed in the solution space. 

Fitness function. In this study, the goal is to improve the ride comfort of the driver when 
vehicle passing through speed bump. In other words, the object is to minimize the VDVs of 
vertical acceleration at driver’s position. Therefore, the fitness function is given as follows,                                 

 
 

1
4

4

0

1 1,2,i
T

d

f i m
a t dt

 
 
  

                                                  (3) 

Where m is the size of population and  da t   is the weighted acceleration of the driver. 
Selection. The selection operator is based on pattern theory, since it will ensure the optimal 

solution of GA can increased exponentially. The individual will be chosen as parent 
population, if the individual’s fitness higher than the population average fitness.  

Crossover. The one-point crossover operator is used. Set a uniform random number 
between 0 and 1, if the random number less than the crossover probability cP , then the 
adjacent individuals will cross, otherwise it will not.  

Mutation. The simple mutation operator is used. Set a uniform random number between 0 
and 1, if the random number less than the mutation probability mP , then bit inverse the 
mutation point. In order to avoid destroying the good individual, the dynamic mutation 
probability is adopted. The mutation probability is big when the fitness of individual is small, 
and vice versa. 

 0.010.01 1,2,mi iP Index i m
m

                                                (4) 

Where Indexi is the index value of the ith individual. 
Decode. The bit strings are always used in GA processing. To obtain the optimal skyhook 

gains, the optimal chromosome should be decoded. The decode equation as follows, 

   14

10000
2 1si dec

c bitstring


                                                                (5)

In this study, the crossover probability, maximum mutation probability, population size and 
maximal generation number are 0.8, 0.01,50 and 50, respectively. 

 
3. Road test and Result analysis 

In order to experimentally validate the designed controller, a segment B vehicle has been 
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used, which is shown in Figure 2. The schematic of MR damper-based semi-active suspension 
system with controller is shown in Figure 3. In Figure 3, four acceleration sensors (Model 
ADXL335, ADI) are used to measure sprung acceleration of the front left suspension, front 
right suspension, rear left suspension and rear right suspension, respectively. And the another 
four acceleration sensors (Model MMA7361, Freescale) are used to measure unsprung 
acceleration of four corners of suspension, respectively. The eight acceleration signals are 
collected by DSP microcontroller (TMS320F28335, TI), and then the applied voltages are 
calculated by the DSP microcontroller with the control algorithm. Subsequently, the current 
drive converts the voltages to current which input to the dampers. The vibration of driver, as 
the evaluation index of ride comfort, is measured by acceleration (Model 356B40, PCB), 
which acquired by using Moveable Data Recorder (MDR05, Beijing AREODATA CO.LTD). 
The test road is asphalt road, and the rubber speed bump of 50mm height and 380mm width, 
which approximate trapezoidal shape, is shown in Figure 2.  

 
Figure 2. Test vehicle 

 
(a) 
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                                                                   (b) 
Figure 3. MR damper-based semi-active suspension system with controller (a) Schematic diagram 

(b) photograph 

The vehicle speeds are chosen as 10km/h, 20km/h and 30km/h, and the road test have been 
done on the basis of the method of running test-Automotive ride comfort (ISO 2631-
1:1997(E)). The skyhook and skyhook with GAG algorithms (skyhook-GAG) are 
programming to the DSP microcontroller, respectively. The vertical acceleration responses at 
driver’s position under different control strategies and vehicle speeds are shown in Figure 4, 
Figure 5 and Figure 6. It becomes obvious that the performance of the skyhook-GAG 
controller is better than the other two. Not only the bump response peak but also the random 
response had a great attenuation. Hence, this is directly indicates the improvement of the ride 
comfort of the skyhook-GAG controller. The peak values of acceleration response which the 
front wheel and rear wheel pass through the bump are shown in Table 1, Table 2 and Table 3. 
The peak values of vertical acceleration increased with the increase of vehicle speed, and the 
peak values of vertical acceleration with skyhook-GAG controller are less than that of vertical 
acceleration with passive and skyhook controllers. Compared to the passive controller, the 
peak values of vertical acceleration with skyhook-GAG controller for different vehicle speeds 
can be reduced by 26.23%, 31.59% and 15.34%, respectively. While the reduction of peak 
values of vertical acceleration with skyhook algorithm for different vehicle speeds are 
15.94%, 9.96% and 10.04%, respectively.  The VDVs for passive, skyhook controller and 
skyhook-GAG controller under different vehicle speeds are shown in Table 4. The VDVs of 
skyhook-GAG controller are less than the other two, which is in accordance with the peak 
values of vertical acceleration response. The experimental results presented evidently verify 
the effectiveness of the skyhook-GAG control scheme in terms of improved ride comfort, 
when vehicle pass through speed bump. 

 
Figure 4. Acceleration of the driver at 10 km/h vehicle velocity 
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Figure 5. Acceleration of the driver at 20 km/h vehicle velocity 

 

 
Figure 6. Acceleration of the driver at 30 km/h vehicle velocity 

 

Table 1 Peak-to-peak values of vertical acceleration response at 10 km/h vehicle velocity 

 Passive Skyhook Skyhook-AGA 
 ( m s2⁄ ) ( m s2⁄ ) Reduction(%)  ( m s2⁄ ) Reduction(%) 

Front 6.096 5.124 15.94 4.497 26.23 
Rear 4.981 4.766 4.32 4.668 6.28 

 

Table 2 Peak-to-peak values of vertical acceleration response at 20 km/h vehicle velocity 

 Passive Skyhook Skyhook-AGA 
 ( m s2⁄ ) ( m s2⁄ ) Reduction(%)  ( m s2⁄ ) Reduction(%) 

Front 7.487 6.741 9.96 5.122 31.59 
Rear 5.228 4.367 16.47 3.857 26.22 

 

Table 3 Peak-to-peak values of vertical acceleration response at 30 km/h vehicle velocity 
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 Passive Skyhook Skyhook-AGA 
 ( m s2⁄ ) ( m s2⁄ ) Reduction(%)  ( m s2⁄ ) Reduction(%) 

Front 8.865 7.975 10.04 7.5048 15.34 
Rear 8.025 7.288 9.18 7.1568 10.82 

 

Table 4 VDVs for different vehicle velocities and controllers 

Speed Uncontrolled 
( m s1.75⁄ ) 

Skyhook 
( m s1.75⁄ ) 

Skyhook-AGA 
( m s1.75⁄ ) 

10km/h 9.568 7.874 6.482 
20km/h 11.241 10.662 9.722 
30km/h 13.435 12.643 11.998 

 
In addition, joint time-frequency analysis method is also used to analysis the human’s 

vibration, since the vibration of bump is actually a time variable nonstationary signal. As 
shown in Figure 7 to 9, the vibration energy with skyhook-AGA controller is lower than that 
with passive and skyhook controller. Meanwhile, the vertical acceleration response frequency 
at driver’s position increases with the increase of speed. when the speed is equal to 30km/h, 
the main response frequency of vertical acceleration at driver’s position is 10 to 15 Hz, which 
is close to the second resonance peak.  Hence, once the speed is greater than 30km/h, the 
skyhook control algorithm is no longer suitable for the control of body vibration, since the 
skyhook will reduce the first resonance peak while increase the second resonance peak. 

  
                             (a)                                                                       (b) 

 
(c) 

Figure 7. Time-frequency maps of acceleration of driver for different controllers at 10 km/h vehicle velocity: (a) 
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Passive (b) Skyhook (c) Skyhook-AGA 

  
                                    (a)                                                                            (b) 

 
(c) 

Figure 8. Time-frequency maps of acceleration of driver for different controllers at 20 km/h vehicle velocity: (a) 
Passive (b) Skyhook (c) Skyhook-AGA 

  
                                    (a)                                                                         (b) 
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(c) 

Figure 9. Time-frequency maps of acceleration of driver for different controllers at 30 km/h vehicle velocity: (a) 
Passive (b) Skyhook (c) Skyhook-AGA 

 
4. Conclusion                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                         

In this study, the vibration control of a vehicle semi-active suspension with MR damper 
passing through speed bump under low velocity is investigated. The traditional skyhook 
controller and skyhook controller with GAG (skyhook-GAG) was designed to reduce the 
vibration from the road surface to the driver. Meanwhile, in order to verify the effectiveness 
of the designed control, a road test of the B segment car installed with four MR dampers is 
undertaken. The traditional skyhook and skyhook-GAG controller are programmed to the 
DSP microcontroller, respectively. The results indicated that compared to the uncontrolled 
system, the performance of skyhook-GAG controller is better than that of skyhook controller, 
and the reduction of peak value of vertical acceleration with skyhook-GAG controller can up 
to 31.59%. Meanwhile, the result with time-frequency analysis method shown that the vertical 
acceleration response frequency at driver’s position increases with the increase of speed, and 
the skyhook control algorithm is no longer suitable for the control of body vibration when the 
speed is greater than 30km/h.  
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Abstract. This paper presents the design method of a fuzzy-neural network controller (FNNC) 
for a MRE vibration control system with sinusoidal excitations to improve the vibration 
attenuation. A semi-active FC is designed to obtain the conrolled force based on the feedback 
signals of the relative displacement and absolute displacement of the isolation structure, then 
the BP neural network with good learning capability is employed to emulate the dynamic 
behaviours of output force of fuzzy controller (FC), excitation displacement, velocity and 
controlled current applied to the coil in MRE isolator. The acceleration responses of the 
system with FNNC are evaluated by physical experiments, the results indicate that the FNNC 
could maintain satisfying control effect in the presence sinusoidal excitations and is also more 
optimal than conventional FC, the reason is that the neural network controller can 
approximate the nonlinear function relationship among the controlled force, excitation 
displacement, velocity and controlled current, but the function relationship is only considered 
as the linear function in conventional FC. 

1 INTRODUCTION 

Recently, magnetorheological elastomer (MRE) vibration control method, with the 
advantages of low power consumption, good stability and adjusting parameters under the 
applied magnetic fields, has attracted more and more attention in engineering fields [1-4], 
such as civil structures, precision manufacturing and vehicle suspension. Control strategies 
play an important role in MRE vibration control system with fixed system structure [2-5]. 
There are ON-OFF control, a clipped-optimal control, Lyapunov-based control, sub-optimal 
H  control and fuzzy control. Due to the independence of system model and strong robust, 
fuzzy control has been paid more concern. Howerver, FC desinged in MRE vibration control 
system usually estimated the relationship of the feedback signals and controlled force, and 
was not describe the nonlinear function of controlled force and coil current (the inverse model 
of MRE isolator) accurately in real time control system, which made the limited vibration 
attenuation.  
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The inverse model of MRE isolator is critical element for real time control application. In 
general, there are two approaches to obtain the inverse models of systems. One is inverting 
the derived forward model. Some papers on the forward MRE isolator modelling are reported 
in [6-8] which are all focused on parametric models. Due to the highly nonlinearity of MRE 
isolator, there are too parameters to be identified. Moreover, if the inverse models are to be 
derived from these forward parametric models, the invertibility and zero dynamics of these 
models must be investigated first. Therefore, it is difficult to obtain the corresponding inverse 
dynamic model by inverting the derived forward parameters model. The other named non-
parameter model is directly identifying the inverse model from the input and output data set 
without relying on a precise mathematical model.  

Neural network is a kind of non-parametric modelling method to approximate any 
nonlinear mapping relationship between input and output, which is not able to be solved by a 
mathematical model. BP neural network has the simple structure and less computation, which 
is suitable to establish the inverse model of MRE isolator online [9]. The genetic algorithm 
(GA) [10-13] is a kind of optimization algorithm based on the mechanism of natural selection 
and evolution. It encodes the parameters to be solved and do some basic genetic operations on 
these codes, such as reproduction, crossover and mutation. Since the ability of GA to make a 
robust search for a global optimum in complex space, it has been applied in many applications. 
It has been shown that GA is quite well in identifying the BP network model for a wide class 
of non-linear systems [14, 15]. Therefore, GA is employed in this paper to optimize the 
structure of BP network for MRE isolation system.  

The main contribution of this work is to propose a FNNC for sinusoidal excitations 
excitation to improve attenuation of the acceleration. The control force associated with the FC 
is generated by adopting the MRE isolator, and the BP neural network is employed to 
approxmiate the nonlinear function between controlled force, excitation displacement and 
velocity and controlled current. FNNC, consists of fuzzy controller, BP neural network based 
MRE isolator inverse model, is designed in Section 2. In section 3, control experiments are 
carried out to verify the effectivenss of the proposed FNNC. Finally, the conclusions are 
summarized in Section 4. 

2. FNNC DESIGN 

2.1 The dynamic model of MRE isolation system 

The MRE vibration isolation system is shown in Figure 1. Base on the Newton’s motion 
law, the dynamic equation of the isolation system are derived as 
 2 0 1 2 0 1 2 1 2 1 2( ) ( ) ( ) (( ) () ( ) ( ) ( ) c( ).) ( ) ( ) ( )t t t t tmx t tk x x c x x k x x x xt t           (2) 

The output force generated by MRE isolator ( )MREF t  is described by  
 1 2 1 2( ) ( ) ( )( ) ( ( ) ( )).MREF k xt x c xt t t tx       (3) 

Where m represents the mass of the isolation structure. 0k  and k  are the isolator 
stiffness without magnetic field application and the increment stiffness under the 
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electromagnetic field, respectively. 0c  and c  are the damping coefficient with zero magnetic 
field and increased damping coefficient under the electromagnetic field. 1( )x t  and 2 ( )x t  are the 
displacement of the base and isolation structure, respectively.  

 

 MREF t0k 0c

 1x t

 2x tm

 
Figure 1. Dynamic model of MRE isolation system 

The semi-active control law is described as [4] 

 
max 2 max

2 max

2

( ) ( ) ( )
( )    (

  0,  
( ) 0,  

0     
) ( ) ( )

( )    0)  (

r c

MRE c r c

r

F x x F F
F t F x x F F

x

t t t
t t t t

t tx

 
  
 

 (4) 

where maxF  is the maximum output force of the MRE isolator, ( )cF t  is the desired force 
computed by the designed FC in the following section, and 2 1( ) ( ) ( )rx t tx xt    is the relative 
displacement between the isolation structure and base.  
The scheme of MRE vibration isolation control system with FNNC is shown in Figure 2. The 
control system consists of MRE isolator, isolation structure, sensors and FNNC(FC and BP 
neural network controller). The FC and BP neural network controller will be designed in the 
following section. 
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Figure 2 The scheme of MRE vibration isolation control system with FNNC 

2.2 Fuzzy controller design 

The input variables of the developed FC are selected as relative displacement ( )rx t
between the isolation structure and base, and the isolation structure displacement 2 ( )x t , while 
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the output is chosen as the force ( )MREF t  generated by MRE isolator. There are seven input and 
output linguistic variables, such as negative big (NB), negative medium (NM), negative small 
(NS), zero (ZO), positive small (PS), positive medium (PM), and positive big (PB). The 
discourse domain of the variables is [-7, 7]. D , RD  and U  are the isolation structure’s 
displacement, the relative displacement and the output force in the fuzzy set, respectively. The 
fuzzy rules, membership function and fuzzy inference are complete same with that in [4].  

2.2 BP neural network based inverse model of MRE isolator 

The BP neural network is employed to describe the functional relationship between applied 
current, displacement, velocity and output force in the paper. The network with the structure 
of input layer, output layer and hidden layer is shown in Figure 3. 

Input 
Layer

Hidden 
Layer 1

Output 
Layer



   Hidden 
Layer m









( )x t

( )x t ( )I t

( )F t
 

Figure 3 The structure of BP neural network for MRE isolator inverse model 

How to determine the optimal structure of BP neural network is the firs thing to be done. In 
this paper, the GA is used to optimize the structural parameters of BP neural network. Genetic 
algorithm is a global optimization algorithm based on natural selection and evolution 
mechanism, which is suitable for dealing with complex nonlinear problems that are difficult 
to solve by traditional search methods. 

Let the number of neurons in each hidden layer be the same. The real number coding 
method is used to encode the number of hidden layers m  and hidden layer neurons n  in the 
BP network. Considering the complexity of the network structure, the values of the 
parameters to be optimized in the genetic algorithm are respectively set to: [1,3]m ,

[1,30]n  are positive integers. The network is trained by the weights generated by random 
initialization, and the mean square error value of the training samples under each network 
structure is calculated. The reciprocal of the mean square error value is used as the fitness 
function of the genetic algorithm. The optimization indicators and constraints are as follows: 
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 max   1/ MSE

[1,3]
s.t.      

[1,30]

inF e

m
n




 

 

where e  is the mean square error between the experimental curent value and predicted 
current values with BP neural network. 

The GA is used to optimize the above problems, and the individuals with the greatest 
fitness are selected to inherit to the next generation, and the evolutionary groups are 
genetically manipulated through crossover and mutation to generate a new generation of 
populations. The initial values of each parameter selected in the genetic algorithm are shown 
in Table 1. The BP network structure parameters obtained by real-coded genetic algorithm are 
shown in Table 2. The network is a four-layer structure network consisting of three input 
neurons, two hidden layers and one output layer, in each hidden layer. The number of neurons 
is 15. Therefore, the optimal strucutre of BP neural network is 7-15-15-1. 

Table 1 Initiation and update of GA parameters 

Initialization parametrs Value 
Maximum number of iterations 30 

Number of populations 40 
Mutation probability 0.01 
Crossover probability 0.8 

Table 2 Optimized values of BP neural network 

Parameter to be optmized Value 
Implicit number of layers 2 

Number of neurons in the hidden layer 15 

According to the structure of BP neural network optimized by GA, the BP neural network 
based inverse model of MRE isolator is built. The input of the network is relative 
displacement, relative velocity, current force, and output variable is current. The experimental 
data obtained by the test is divided into a training data set and a test data set for training a BP 
network whose structure is determined by a genetic algorithm. Taking the same frequency 
sinusoidal excitation with excitation displacement amplitudes of 0.045mm, 0.09mm, 
0.135mm, frequency of 40Hz, 60Hz, 80Hz and current of 0-1.5A, the mean square error 
(MSE) between predicted current and actual current is 0.0025. The experimental current and 
predicted current are shown in Figure 3(a). The error distribution is shown in Figure 3 (b), the 
range is small [-0.5046, 0.9854], and the regression coefficient shown in Figure 3(c) is 
0.99427.  
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(a)                                                                (b)                                                  (c) 

Figure 4 The training results with BP neural network for MRE isolator inverse model (a) force (b) error 
distribution (c) regression 

The generalization ability of the BP neural network is verified by the test data set different 
from the training data set. The generalization result is shown in Figure 5, and the mean square 
error is 0.004. The error distribution range is [-0.2594, 0.7572], the error is mainly 
concentrated near the zero value. The regression coefficient is 0.99059. 

 

(a)                                                                (b)                                                  (c) 

Figure 5 The generalization results with BP neural network for MRE isolator inverse model (a) force (b)error 
distribution (c) regression 

From the inverse model generalization results, we can see that MSE value of BP network is 
0.004 and the regression coefficient is 0.99059, which is close to 1. Therefore, the BP neural 
network performs a better estimated capacity for the inverse model of MRE isolator. 

3. EXPERIMENTAL VERIFICATION AND ANALYSIS 
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(b) 

Figure 6 MRE vibration isolation Fuzzy-Neural Network control experimental system: (a) physical map; (b) 
system structure 

The fuzzy-neural control experimental system for MRE vibration isolation system is 
shown in Figure 6. The MRE isolator is mounted on the surface of an electromagnetic exciter 
(JZK-50, Lianneng Electronics, China), and the load is connected to the top of the isolator by 
a screw. The sinusoidal excitation signal is generated by a signal generator (Model 33120A, 
Agilent, USA), which is amplified by a power amplifier (YE5874 type, Nerneng Electronics, 
China) to drive the exciter to generate vibration. Two piezoelectric accelerometers (Model 
333B52, Piezotronics, USA) are mounted on the exciter table and the load to measure the base 
excitation acceleration signal and the load response acceleration signal, respectively. The 
signal measured by the sensor is a charge signal, which is converted into a voltage signal by a 
signal conditioner (Model 480B211, Piezotronics, USA), then acquired by dSPACE Autobox 
(DS1005, dSPACE, Germany), and fuzzy-neural network controller in Matlab/Simulink is 
downloaded to the dSPACE Autobox hardware-in-the-loop simulation system. The control 
current output from the controller is applied to the MRE isolators through the current driver. 
Two DC power supplies (model E3631A, Agilent, USA) supply the current driver. 

3.1 Experimental results and analysis 

The sinusoidal excitation is applied to MRE isolator with an amplitude of 0.2 g at a 
frequency of 30 Hz to 60 Hz and a step size of 10 Hz. The variation of the response 
acceleration amplitude of the FNNC and the traditional FC is shown in Figure 7-10. The 
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attenuation at different frequencies and the response RMS of the passive and controlled 
conditions of the controlled object are shown in Table 3. The attenuation ratio of the FNNC 
and the traditional FC is shown in Figure 11. It can be seen from figures and table that the 
acceleration RMS attenuation rate with FNNC is always more than that with FC, and the 
maximum value with former method reaches 42.12%, but the latter is only 34.26% when the 
excitation frequency is 50Hz. 

  

 (a)                                  (b) 

Figure 7 Resutls of FNNC and traditional FC with excitation amplitude of 0.2g and frequency of 30Hz (a) 
acceleration (b) Control current 

 

 (a)                                  (b) 

Figure 8 Results of FNNC and traditional FC with excitation amplitude of 0.2g and frequency of 40Hz (a) 
acceleration (b) control current 

   

(a)                                  (b) 

Figure 9 Results of FNNC and traditional FC with excitation amplitude of 0.2g and frequency of 50Hz (a) 
acceleration (b) control current 
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(a)                                  (b) 

Figure 10 Results of FNNC and traditional FC with excitation amplitude of 0.2g and frequency of 60Hz (a) 
acceleration (b) control current 

Table 3 The attenuation rate of the response of the different controllers to the controlled object under the 
condition that the excitation amplitude is 0.2g 

Frequency 

Acceleration 
response 

RMS with 
passive 
(m/s2) 

Acceleration 
response 

RMS with 
FC  

(m/s2) 

Attenuation 
rate (%) 

Acceleration 
response 

RMS with 
FNNC 
(m/s2) 

Attenuation 
rate (%) 

30 2.0701 1.8994 8.25 1.6822 17.06 
40 3.0632 2.1099 31.12 1.7763 41.99 
50 4.6103 3.0307 34.26 2.7135 42.12 
60 2.9592 2.8757 2.82 2.4847 17.16 

 

 

Figure 11 Comparison of attenuation rates of different controllers with different excitation amplitudes of 0.2g 
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4 CONCLUSIONS 

This paper studies the FNNC design for a MRE vibration isolation system with sinusoidal 
excitations. The MRE isolation system’s passive model is obtained from acceleration sweep 
experiment. An AFC is devised based on the working principle of the MRE isolator and fuzzy 
theory, the adaptive mechanism (factor adjustment) of which is constructed on passive system 
model and peak observer, which is implication of excitation frequency. Experimental results 
show that the decrease of the isolation structure acceleration under the FNNC is  42.12% 
higher at most than the one of the conventional FC. And the FC could maintain consistent 
performance in the presence of varing excitation parameters (amplitude from 2.0 m/s2 
frequency from 30Hz to 60 Hz). 
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Abstract. In previous contributions an MR-sealing was developed to increase the energy-efficiency in
idle-mode in combination with the MR-fluid movement control. While the maximum capable pressure
of the sealing is based on the yield stress depending on the magnetic characteristics of the particle chain
structure in this contribution the interaction between the carrier liquid and the particle structure will
be in the focus of interest. The proposed investigation is based on a theoretical analysis considering
the capillary pressure and the maximum intruding length. Along with the determination of significant
material parameters an experimental study is performed on a novel test-setup to determine the mentioned
interaction between the chain structure and the carrier liquid.

1 INTRODUCTION

Sealing approaches based on ferrofluids are already well investigated and applied in many different
applications for example in hard drive discs, X-ray tubes, hermetic robots or loud speakers [1]. A low
intrinsic friction in the absence of wear is the key feature of ferrofluids. Furthermore, the tightness can
be maintained even at high eccentricities [2]. Unlike ferrofluids (FF), magnetorheological fluids (MRF)
consist of iron particles with the diameter in a range of 4 to 12 µm, fairly normal distributed. The bigger
particle size results in a significant higher magnetic moment m as given in Eq.1.:

mma =
∫

V

MdV , (1)

where M is the magnetization of a object with the volume V. Consequently, higher magnetically induced
forces can be observed resulting in higher yield stress. Thus, the field of application of MRF takes ad-
vantage of the higher yield stress which are utilized for the realization of dampers, brakes and clutches
[3]. MR-based sealings offer higher pressure loads compared to FF, but suffering from the drag torque
in rotating applications [4, 5].
The particles of the MRF form a chain structure under the impact of a magnetic field, therefore, increas-
ing the yield stress significantly, while the carrier liquid remains within the space between the particles.
The FF approach is classified as a stable dispersion due to the small particle size. However, Brownian
motion superimposes all external effects and a separation into two individual phases (particles and carrier
liquid) is not possible. This study deals with a detailed investigation of the interacting forces between

1
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the iron particles and the carrier liquid of magnetorheological fluids for a better understanding for the
design of MR-based sealings. The first MR-based sealing for the utilization in a MRF-based actuator was
designed and successfully applied in [6] resisting a pressure load of about 2350 Pa. Lately, we presented
an optimized design, which shows a significant increase in the compactness and energy-efficiency [7].
Both designs were developed by considering the maximum pressure load which can be compensated by
the yield stress of the MRF due to the particle chains formed by the magnetic field. In this study a second
effect is observed on the tightness of MR-based sealing, which is most likely related to the carrier liquid
within the void between the chain structures. Thus, the pressure load is acting simultaneously on the par-
ticle structure and the carrier liquid. Thereby, the counter force of the liquid is based on the interaction
between the particles and the liquid.
In the first section an overview of the developed MR-based sealing for MRF-actuators is presented. In
the second section a theoretical analysis, based on a capillary pressure to describe and understand the
phenomena is given. Along with the last section an experimental study is introduced to determine and
prove the interaction between the particle chain structure and the carrier liquid.

2 APPLICATION OF MR-FLUID SEALINGS

In this section the application of MR-fluid sealings in energy-efficient MRF-based coupling elements
is presented. Usually, for the separation of rotating parts in MRF-based coupling elements radial shaft
sealings are required. But on the effective radius of the shear gap a conventional dynamic sealing needs
huge space on the one hand. On the other hand it will occur friction-based losses. Thus a MRF-based
coupling element was equipped with the smart MR-sealing in combination with the MR-fluid movement
control [7]. The design is depicted in figure 1 a) showing also the distribution of the MRF for character-
istic states of operation of the conditional stable MR-fluid movement control. The according distribution
of the magnetic flux density is illustrated in figure 1 b). Each upper shear gap shows the loss-less idle
mode. This state is achieved by the impact of radial accelerations due to rotational speed resulting in a
separation of the two rotors. By this, drag torques caused by viscous friction can be completely prevented

MRF electromagnet µr >> 1 µr = 1 permanentmagnet 

0% 100 % r
z

magnetic flux density 
B in T 

0 2 1 r
z

0I 

0I 

𝑓𝑓 𝑎𝑎
=
𝜔𝜔 𝑐𝑐2

∙𝑟𝑟
∙𝜌𝜌

 

sr

a) b) 

volume of MRF 

Figure 1: Magnetic circuit of an MRF-based coupling element with partially filled shear gaps operating with the
conditional stable MR-fluid movement control a) and the according distribution of the magnetic flux density b).

2
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above certain rotational speeds n. In the fully illustrated magnetic circuit the torque transmission mode is
depicted. By the magnetic field of the electromagnet the MRF is moved by magnetically induced volume
force densities, resp. Kelvin forces, to engage both rotors and transmit torque by the MR-effect. The
movement of the MRF is simulated with the software Comsol Multiphysics. The more detailed design
of the applied MR-fluid sealing for the MRF-based clutch equipped with a conditional stable MR-fluid
movement control, as proposed in figure 1, is shown in figure 2 a-c). In figure 2 a) the clutch is shown
in standstill and the MRF moves towards the smart sealing due to the impact of gravity. Due to the mag-
netic field of the permanent magnet (PM), positioned within the inner magnetic circuit below the center
of the electromagnet (compare figure 1), the yield stress of the MRF is slightly increased in the area of
the radial sealing gap and in the shear gap. Therefore, leakage at the sealing and sedimentation in the
shear gap is avoided. Under the impact of higher rotational speeds (figure 2 b)), the MRF will be moved
out of the sealing gap and placed at the outer rotor by radial acceleration fa. Similar to the conditional
MR-fluid movement control drag torque can be completely eliminated [7]. Activating the electromagnet
(EM) in figure 2 c)) results in a movement of the MRF from the outer rotor towards the inner rotor to
engage the clutch according to the MR-fluid movement control. Consequently, the MRF is utilized to
transmit torque on the one hand and to realize a sealing on the other hand ensuring an energy-efficient
operation. In figure 2 d) a novel measurements are shown focusing on the impact of certain degrees

magnetic flux density B in T 

0 1 0.5 

volume of MRF 

0% 100% 

z

r

seh

c) a) b) 

radial sealing gap 

𝑓𝑓 𝑎𝑎
=
𝜔𝜔 𝑐𝑐2

∙𝑟𝑟
∙𝜌𝜌

 

d) 

Figure 2: Schematically design of the smart MR-based sealing and distribution of the MRF during standstill (a),
at rotational speed (b) and during torque transmission (c). Experimentally measured behavior of the idle torque at
a rising rotational speed n1 and a constant rotational speed of the inner rotor n2 = 100 min−1 for certain degrees of
filling β d).

of filling β on the ciritcal rotaitonal speed ωc of the outer rotor. The degree of filling has a significant
impact on the torque capacity of MR-actuators. A higher degree of filling results in a much higher torque
capacity on the one hand. But, with rising volume of MRF in the shear gap it becomes also harder to
separate the shear surfaces on the other hand. The changed drag torque behavior can be comprehended
by figure 2. An increasing degree of filling β results in a much higher magnitude of the drag torque and
also in an enhanced ciritcal rotaitonal speed ωc. For example, a degree of filling of β = 90% results in
the ciritcal rotaitonal speed of ωc = 2000 min−1. However, the compensation of the magnetic field of

3
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the permanent magnet in the shear gap by the electromagnet can be used to significantly reduce the drag
torque and the critical rotational speed ωc during the operation. Due to the compensation the drag torque
can be completely eliminated in the range of n1 > 750 min−1 except the drag of the bearings for the
maximum degree of filling of β = 90%. The required electrical power for the compensating current I is
Pel < 1 W. Thus, an energy efficient operation can be provided also at high degrees of filling.
A separation of the particle and carrier liquid was not investigated so far. In literature no contribution is
known dealing with the interaction between the carrier liquid and the particle chain structure of the MRF.
Consequently, a first investigation of this interaction behavior will be presented in the next sections.

3 EXPECTED INTERACTION FORCES

As mentioned before, the arrangement of particles fixed by a magnetic field is assumed as particle
chains. The structure can be also compared to porous media as illustrated in figure 3 a). Considering
the carrier liquid within the chain structure the interaction between this porous media and the laminar
homogeneous flow of the liquid is usually described by Darcy’s law [8]. Darcys law is based on a
special solution of the Navier-Stokes-Equation considering the permeability of the porous material and
the friction of the liquid by the dynamic viscosity η as flow resistance. However, in a defined volume
of MRF exposed to a magnetic field no flow of the carrier liquid was detected and therefore the Darcy’s
law is not applicable. At zero or very small velocities the impact of the surface tension become more
important instead [9]. Hence, a model based approach focusing on the capillary pressure is applied in
this section.

3.1 Analytical approach

The capillary pressure of fluids causes a rising behavior of fluids within the porous media. The model
representation is based on capillary tubes, which capillary radius rc correlates with the investigation of
the proposed material. The time-dependent behavior of a liquid in a capillary can be described by the
Hagen-Poiseuille-Equation [10]:

dh
dt

=
r2 ·∆p

8η ·h(t) . (2)

Therein, h represents the height of the capillary tube, η the dynamic viscosity and the pressure difference
∆p. Especially the pressure difference determines the achievable rising height h which is ascribed to the
hydrodynamic pressure pρ and the capillary pressure pc expressed by the Young–Laplace-Equation:

∆p = pc − pρ =
2λcosθ

rc
−ρ ·g ·h. (3)

The Young–Laplace-Equation [11] describes the relationship between the surface tension λ and the cur-
vature of the fluid surface resulting in the inner pressure. Since, no transient behavior is expected (re-
spectively leakage would have been observed in previous works) the finite height h f in can be used to
describe the interaction forces. Therefore, Eq.3 is inserted in Eq. 2, also known as Washburn-Equation
[12]. At steady state dh/dt vanishs by which the final length h f in is calculated by:

h f in =
2λ · cosθ
rc ·g ·ρ

. (4)

The utilized parameters can be comprehend by figure 3 b). Hence, the capillaries in the porous medium
are not comparable to the assumed tube geometry different approaches were developed to consider irreg-
ular capillaries. For example in [13] the porous media is assumed as an array out of particles resulting

4
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in a periodical sinusoidally capillary size. Under consideration of the periodical contour only the av-
erage maximum radius rc,max of the capillary is required for the calculation of the stationary maximum
height h f in. The average maximum radius rc,max of the capillaries within the MRF particle chain struc-
ture can be calculated with respect to the particle volume fraction of cv = 0.47 and the assumption of an
homogeneous particle distribution, compare figure 3 c):

VQ · cv =VP ⇒ x2
Q ·2r · cv =

8
3

πr3. (5)

Therein, xQ is the edge length of the representative cuboid volume and r is the mean radius of an iron
particle.
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Figure 3: MRF-particles fixed by a magnetic field B a) showing the plane for the illustration of important modeling
parameters in b). Representative cubit volume for the calculation of the capillary radius rc,max. in c)

3.2 Determination of material parameters

The remaining surface tension λ and the angle of the surface curvature θ have to be determined by
experimental investigation. Therefore, a setup based on two different capillary tubes was used [14]. Due
to the capillary pressure the carrier liquid rises in the capillaries and by the height difference of ∆h the
surface tension can be determined, as illustrated in figure 4 a):

λ =
∆h · r2 · r1 ·ρ ·g

2 · cos(θ) · (r2 − r1)
. (6)

The angle of the surface curvature on a glas surface was determined as θ = 8◦, see figure 4 b). The
measurement on the pure particle material was not applicable due to the absorption of the carrier liquid.
However, the small surface curvature, which can be expected for oil, results in an almost neglectable
impact in this approach. Applying Eq. 6 under consideration of the density of ρ = 754 kg/m3 the surface
tension of the carrier liquid can be determined as λ = 24.9 mJ/m2. Thus, the final height of the carrier
liquid within the particle structure can be calculated with equation 4 to h f in = 2.89 m resulting in a
capillary pressure of pp = 21.44 kPa. Hence, a test-setup with a length of 2.89 meter MRF exposed to a
magnetic field is not feasible and not appropriate for the representation of the MRF in the shear or sealing
gap a smaller gap is chosen for the test-setup in the next section. The remaining height h f in is considered
by an additional pressure load.

5
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Figure 4: Experimental investigation of the surface tension λ with the double capillary method a) and determina-
tion of the angle of the surface curvature θ b).

4 EXPERIMENTAL INVESTIGATION OF THE CAPILLARY PRESSURE

As mentioned before the capillary pressure of the carrier liquid within the particle structure is in the
focus of this investigation. The objective is the determination of the equilibrium between the capillary
pressure and a defined pressure load.

4.1 Setup

Based on a magnetic circuit the MRF is exposed to a magnetic field in a small gap with the height hg

and the length lg. An enclosing pressure chamber provides a well defined impact of the pressure load p1
on the shear gap in z-direction. The whole test-setup is exposed to the ambient pressure p0 as illustrated
in figure 5 a). The pressure load p1 will be controlled by the shown U-tube pressure gauge partially filled
with water and air. Since the height of the gap is very small the impact of the hydrodynamic pressure of
the carrier liquid in the probe is neglected. Hence, only the interaction force between the particle chain
structure and the carrier liquid is in the focus of interest the yield stress of the MRF will be adjusted
to resist at least a 5 times higher pressure load than the calculated capillary pressure. Thus a stable and
homogeneous particle chain structure can be sustained. The required yield stress can be simply estimated
by [3]:

τ(|B|) = ∆p · hg

lg ·3
. (7)

Therein describes τ(|B|) the yield stress depending on the magnetic flux density B. According to the
characteristics of the utilized MRF Basonetic 5030 a magetic flux density of approx. B = 0.52 T is
sufficient. Based on this requirements the magnetic circuit, illustrated in figure 5 b), was designed to
affect on the MRF as proposed.

6
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Figure 5: Schematically design of the test-setup based on a magnetic circuit and a pressure chamber to control the
pressure load p1 a) including the corresponding distribution of the magnetic flux density b).

4.2 Investigation

During the experimental investigation the pressure load p1 is increased in certain steps. The lower
pressure load in the range of 1 kPa ≤ p1 ≤ 10 kPa was investigated with the proposed U-tube pressure
gauge, to achieve a precise measurement. Between each step the height ∆hw is observed for 15min. The
maximum pressure load resp. capillary pressure is achieved if the height ∆hw decreases. In the pressure
range of p1 ≥ 10 kPa a controlled pressure was applied to the U-tube pressure gauge. A slight amount of
water remains in the tube for monitoring of any leakage, while the pressure is measured by a manometer,
compare figure 6. The results of the measurements (average out of 3 measurements) are presented in
table 1.

Table 1: Observed flow behavior in the U-tube exposed to different pressure loads p1.

pressure load p1 investigation

<15 kPa no flow

16 kPa 0.015 cm3/min

30 kPa 0.09 cm3/min

Below a pressure load of p1 = 15 kPa no flow was observed. With increasing pressure a very small flow
of V̇ = 0.015 cm3/min was detected under consideration of the water level. The deviation between the
simple model approach can be ascribed to an uneven distribution of the particles within the continuum,
as well as the utilization of a mean particle radius of r = 4 mm. Considering a random distribution and
particle radius could improve the model significantly. However, the investigation proved a sufficient

7
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Figure 6: Photography of the test-setup for the experimental investigation showing the measurement at a pressure
load of approx. p1 = 215 kPa.

interaction between the particle structure and the carrier liquid. Consequently, a separation during the
off-state in the sealing or shear gap due to gravity effects can be excluded. Moreover, it was observed
that MR-fluid sealings are not feasible for a 100% leakage proof against gas at certain pressure loads.
Compared to FF the void within the particle structure is the limiting factor of the MR-based sealing
if a hermetic seal is required. In case of the sealing applied in energy-efficient MRF-based coupling
elements with partially filled shear gaps this restraint is not relevant, since no significant pressure load
occurs during operation.

5 CONCLUSIONS

Within this contribution the interaction between the particle chain structure and the carrier liquid
of MRF are investigated to gain more information about the feasibility of MR-based sealings and the
MR-fluid movement control. In an analytical approach based on the capillary pressure sufficient binding
forces are determined, which are generally proved by an experimental investigation. Consequently, the
interaction within a relevant continuum of MRF exposed to a magnetic field withstand the impact of
gravity. The investigation revealed a very slight leakage flow of air (gas) through the voids of the particle
structure, which demonstrates a disadvantage compared to sealings based on ferrofluids. Nevertheless,
the proof of applicability in MRF-based coupling elements in combination with the MR-fluid movement
control was found.

8
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Abstract. This study presents the multi-axis vibration isolation performance of a full-scale 
magnetorheological (MR) fluid-based seat suspension for both individual and simultaneous 
three-axis directional inputs via experiment. To this end, a semi-active MR seat damper was 
designed and fabricated to cope with all three-axis directional excitation. The damping 
capability of the multi-axis MR seat damper was experimentally evaluated for both axial and 
lateral directions in terms of dynamic stiffness and loss factor by an servo-hydraulic testing 
machine. Before building a full-scale MR seat suspension, we constructed a 1/3rd scale MR 
seat suspension to check if the fabricated MR seat damper is capable of sufficiently reducing 
the seat vibration under practical excitation input levels. In addition, to efficiently suppress the 
seat vibration, a narrow-band frequency shaped semi-active control (NFSSC) algorithm was 
formulated. Finally, we constructed a full-scale MR seat suspension with a 50th percentile 
male dummy and conducted the three-axis vibration isolation testing by using a hydraulic 
multi-axis simulation table (MAST) for both individual (in this case, excitation input was 
swept over wider frequency range up to 200 Hz) and simultaneous three-axis directional 
inputs. The feasibility of the full-scale MR seat suspension effective for the seat vibration 
reduction was experimentally evaluated. 
 
1 INTRODUCTION 

Excessive vibration of aerial vehicles affects occupants with short-term effects such as 
discomfort, loss of situational awareness and fatigue. Occupants exposed to long-term whole-
body vibration have chronic health issues such as back pain, cervical and spine injuries. 
Vibration spectra ranging up to 80 Hz effect various human body parts, e.g., the resonant 
frequency of the cervical and lumber regions is from 2.5 to 5.5 Hz, and head and shoulder 
regions is from 20 to 30 Hz. Thus, prolonged vibration produces chronic musculoskeletal 
stress and may cause permanent damage. For these reasons, seat suspensions are a key 
vibration mitigation strategy for aerospace vehicles. 
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Most published research on MR seat suspensions has focused on vibration suppression in 
only the vertical direction because this vibration is dominant for most cases and most MR seat 
dampers can only produce a single-axis controllable damper force. But, in practical situations, 
occupants will be exposed to three-axis excitation inputs. In addition, the testing of vibration 
isolation performance in MR seat suspensions has been conducted primarily for a relatively 
low frequency range below 30 Hz, because most experimental setup have been constructed as 
a single degree-of-freedom (DOF) seat suspension system having one relatively low resonant 
frequency below 10 Hz. Moreover, most researches has been conducted to measure vibration 
attenuation on scaled-down MR seat suspensions. Therefore, a key research goal of this study 
was to test and evaluate multi-axis vibration isolation performance of a full-scale MR seat 
suspension for both individual (in this case, excitation input was swept over wider frequency 
range up to 200 Hz) and simultaneous three-axis directional inputs.   

2 MULTI-AXIS MR SEAT DAMPERS FOR SEAT SUSPENSIONS 
Figure 1 presents the schematic diagram of the multi-axis MR fluid-based seat damper. The 

electromagnetic coil is configured around the bobbin and the outer cylinder acts as the 
magnetic flux return. The bobbin is attached to the top elastomer through a connecting screw. 
When current is applied to the electromagnetic coil, the magnetic densities are concentrated 
on the bottom and radial sides of the bobbin. As a result, this MR seat damper can produce the 
resisting MR yield forces in both axial (i.e., vertical) and lateral (i.e., radial) directions. More 
detailed working principles of this MR seat damper can be found in reference [1].  

                   
         (a)            (b) 
Figure 1: The multi-axis magnetorheological (MR) fluid-based seat damper. (a) schematic diagram. (b) 
fabricated seat damper. 
 

Figure 2 presents the axial dynamic stiffness and loss angle of the multi-axis MR seat 
damper. In these tests, the MR seat damper was initially compressed in axial direction by 2 
mm for emulating the static deflection due to the occupant’s mass. As seen in this figure, the 
dynamic stiffness and loss angle increased as the frequency increased. But, in response to the 
applied current input, both the dynamic stiffness and loss angle significantly increased. 
Compared to zero-field (i.e., 0 A) input case, 3 A current input case shows about 4 times 
greater dynamic stiffness and loss angle. This implies that when current is applied, the 
stiffness of the MR seat damper becomes much greater and its damping also increases. 
Generally speaking, higher stiffness and high damping are good for the vibration reduction of 
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a system at an axial resonant frequency. On the other hand, similar to the axial excitation case, 
the lateral dynamic stiffness and loss angle also increased (see Figure 3), as the frequency 
increased. But, compared to the axial excitation case, the increments of the lateral dynamic 
stiffness and loss angle for the applied current input were smaller. But, the MR seat damper 
still shows at least 2 times larger dynamic stiffness and loss angle than zero-field input case 
for lateral direction.  

            
Figure 2: Axial dynamic stiffness and loss angle of the multi-axis MR seat damper under ±1.0 mm excitation 
displacement. 
 

           
Figure 3: Lateral dynamic stiffness and loss angle of the multi-axis MR seat damper under ±1.0 mm excitation 
displacement. 

3 SCALED-DOWN SEAT SUSPENSION USING AN MR SEAT DAMPER 

3.1 Testing setup 
Figure 4 presents the photograph of the single DOF testing stand for the 1/3rd scale-down 

MR seat suspension for the axial direction. The MR seat damper is placed between the mass 
and the hydraulic excitation actuator and the mass linearly moves along with the guiding rails. 
The mass is chosen to be equal to 1/3rd of the full-scale system mass because the full-scale 
MR seat suspension has three MR seat dampers. In this study, two different masses of 65 and 
95 lbs were chosen for the vibration isolation testing. The hydraulic excitation actuator 
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provides the excitation input displacement or acceleration. For applying a control current 
input to the MR seat damper, an in-house controller box was used. The in-house controller 
box has a digital signal processor (DSP) chip to program and has own computing power to 
execute a vibration control algorithm without any other laptop. In addition, the controller box 
has three-axis acceleration measurement capability and can be operated by a 28 V battery for 
portable purpose. Thus, without using other sensors and current amplifiers, the in-house 
controller box can determine a control current input from the acceleration measured by its 
own accelerometer.  

                      
                                  (a)                              (b) 
Figure 4: Photograph of the single degree-of-freedom (DOF) testing stand for the 1/3rd scale-down MR seat 
suspension for the axial (i.e., vertical) direction. (a) testing stand. (b) controller box. 

3.2 Vibration control algorithm 
In order to efficiently reduce the vibration of the MR seat suspension, we used the narrow-

band frequency shaped semi-active control (NFSSC) algorithm [2]. Different from classical 
semi-active control algorithms, this NFSSC algorithm can be designed without resorting to an 
active vibration control algorithm superposed by the energy dissipation constraint (called 
“clipping control”). In addition, the NFSSC algorithm requires neither an accurate damper 
model nor system identification of damper model parameters. Thus, the NFSSC algorithm can 
be simply implemented by using fewer sensors.  

The NFSSC algorithm will apply a larger current input to the MR seat damper when the 
dominant frequency of the excitation input is close to the resonant frequency of the MR seat 
suspension for achieving high damping. But, in frequencies other than the resonant frequency 
area, a minimized current input will be applied. The desired frequency shaping of the control 
input can be exactly matched to the frequency response behavior of the dynamics of a single 
DOF vibration isolation system as follows: 
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                (1) 
Here,  and  are the resonant frequency and damping ratio of the single DOF vibration 
isolation system, respectively. Also, 𝑧𝑧$%&' is the output displacement of the single DOF 
vibration isolation system under the excitation displacement input, . Note that the resonant 
frequency,  of the single DOF vibration isolation system will be intentionally set to be 
close to the resonant frequency,  of the MR seat suspension. Corresponding governing 
equation of the single DOF vibration isolation system given in Eq. (1) is obtained as follows: 

                     (2) 

The output displacement, , will increase around the resonant frequency,  of the MR 
seat suspension. If the control current input is determined to be proportional to the amplitude 
given in Eq. (1), a larger current input will be obtained only in narrow-band frequency range 
where it corresponds to the resonant frequency area of the single DOF vibration isolation 
system given in Eq. (1). Finally, the control current input of the NFSSC algorithm is 

	                           (3) 

Here,  is the control gain of the NFSSC algorithm. Note that the control current input given 
in Eq. (3) can be also implemented by using the ratio of the output displacement to the 
excitation displacement input. But, in this study, the acceleration was used in Eq. (3) because 
the acceleration could be measured more easily than the displacements for this MR seat 
suspension application. 

To calculate the control input given in Eq. (3) in real-time, we need to solve Eq. (2) in real-
time. For a simple implementation, Eq. (3) was discretized using the Euler method as follows: 

                     

(4) 

Here, is the sampling number and  is the time step of the calculation. In this study, the 
time step was chosen to be	 =0.5 ms. Using Eq. (4), the final control current input,  of 
the NFSSC is given by 

	                            (5) 
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Here, 
 
is a constant used to prevent the denominator of Eq. (5) from becoming zero when 

 is zero.  

3.3 Experimental testing results 

Figure 5 presents the transmissibility of the 1/3rd scale-down MR seat suspension for the 
axial direction. In this case, the sinusoidal excitation input was swept from 1 to 30 Hz with 
the constant acceleration levels of ±0.05 g and ±0.1 g. Note that these vibration acceleration 
levels were chosen because these acceleration input values are practically available for seat 
suspensions in military propeller aircraft [3]. The maximum control current input was limited 
to 2 A by the consideration of the current output capability of the in-house controller box 
because three MR seat dampers will be used for a full-scale MR seat suspension and they 
should be activated by one controller box (maximum current output capability was 6 A). In 
order to improve the vibration isolation performance in the high frequency range, the 
measured acceleration input fed into Eq. (5) was filtered by a low-pass filter with the cutoff 
frequency of 15 Hz, and then, the current input below 0.3 A was made to be zero. In this 
figure, the thin solid line stands for no control case (i.e., 0 A case) and the thick solid line 
implies the results controlled by the NFSSC algorithm. The MR seat damper using the 
NFSSC algorithm can effectively reduce the vibration of the MR seat suspension under 

 

 
                            (a)          (b) 

Figure 5: Transmissibility of the 1/3rd scale-down MR seat suspension for the axial direction. (a) 95 lbs of the mass. (b) 65 
lbs of the mass. 

α
z(n)
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practical excitation vibration input levels. In addition, for the variations of the masses and the 
excitation input levels, the MR seat damper under the NFSSC algorithm can still show good 
seat vibration suppress performances.  

4 FULL-SCALE SEAT SUSPENSION USING MULTI-AXIS MR SEAT DAMPERS 
Figure 6 presents the experimental testing configuration of a full-scale MR seat suspension. 

The seat base was rigidly attached to the floor. The dummy was installed upon the top part of 
the seat, and was tightly fasten by the seat belt to minimize unwanted dynamic impacts 
between the dummy and the seat. The seat pad (i.e., the cushion on the seat pan) was placed 
between the dummy and the seat pan to emulate practical seat condition. In this case, 50th 
percentile male dummy was chosen and its total mass including the backpack and the top part 
of the seat was 215 lbs. Three MR seat dampers were configured below the seat pan. These 
three MR seat dampers were electronically connected to the single controller box in serial. 
The seat can accommodate three (X, Y, Z axes) translational motions. Here, X-axis (i.e., fore-
and-aft direction) is set by the normal direction to the face of the dummy pointing outward. 

  

 
Figure. 6: Experimental testing configuration of a full-scale MR seat suspension on the hydraulic multi-axis 
simulation table (MAST). 

Here, the Y-axis is the lateral direction and Z-axis is the vertical direction. For three-axis 
acceleration measurements, three-axis accelerometers were mounted on the floor, the seat 
pan, the seat pad, and the seat back. Note that these acceleration measurements were used 
only for the vibration isolation evaluation purpose, not for the vibration control purpose. For 
vibration isolation testing, the MR seat suspension was mounted on a hydraulic MAST and 
the floor was vibrated in three-axis direction either individually or simultaneously. In this 
study, two different excitation inputs were used: first is the sinusoidal input with a constant 

 2 

vibrated in three-axis direction either individually or simultaneously. In this study, two different excitation inputs were used: 
first is the sinusoidal input with a constant acceleration level of ±0.1 g and second is representative seat transient input. The 
controller box was installed at the backside of the seat base and determined a control current input based on the three-axis 
excitation inputs measured by its own three-axis accelerometer. 

A narrow-band frequency shaped semi-active control (NFSSC) algorithm6 was used to improve the vibration isolation 
performance of the MR seat suspension. The control current inputs ( ) in each direction of the NFSSC algorithm 
are given as follows: 
                    For X, Y, Z-axes directions: 
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(1) 

Here, the subscript, A	is the indication of the axis direction like A = B, /	C$A	D.  is the control gain of the NFSSC algorithm 

and  

 

is the constant number that was used to prevent the denominator of Eq. (1) from becoming zero when the base 

excitation input displacement, at sampoing number is zero. For the measured base excitation inputs, the output 

displacement of the NFSSC algorithm 

 

                         

(2)
 

Here,  is the time step of the calculation. 
 
and 

 
are the resonant frequency and damping ratio of for the NFSSC 

algorithm, respectively. On the other hand, in order to improve the controlled vibration isolation performance in the high 
frequency range, the measured input  fed into Eq. (2) was filtered by a low-pass filter with the cutoff frequency of 15 
Hz, and also the current input below 0.3 A was made to be zero as shown in Eq. (1). 

                   

 

 

 

 

 

 

 

                  
 
    

 

    

 
 

FIG. 1. Experimental testing configuration of a full-scale MR seat suspension on the hydraulic multi-axis simulation table (MAST). 
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 8 

acceleration level of ±0.1 g and second is representative seat transient input. The controller 
box was installed at the backside of the seat base and determined a control current input based 
on the three-axis excitation inputs measured by its own three-axis accelerometer. 

The control current inputs ( ) in each direction are given as follows: 

𝑖𝑖9(𝑛𝑛) =

⎩
⎨

⎧𝑘𝑘$,9|
𝑦𝑦%&',9(𝑛𝑛) − 2𝑦𝑦%&',9(𝑛𝑛 − 1) + 𝑦𝑦%&',9(𝑛𝑛 − 2)

𝑦𝑦9(𝑛𝑛) + 𝛼𝛼9
|  if 𝑖𝑖9 ≤ 𝑖𝑖E1F

																																													0            											 if 𝑖𝑖9 ≤ 0.3𝐴𝐴
																																												𝑖𝑖E1F         						 				   if 𝑖𝑖9 ≤ 𝑖𝑖E1F

 

 (6) 

Here, the subscript, 𝑑𝑑	is the indication of the axis direction like 𝑑𝑑 = 𝑥𝑥, 𝑦𝑦	and	𝑧𝑧. Finally, the 
control input of the NFSSC algorithm for the vibration control of the three-axis full-scale MR 
seat suspension was given as follows: 

                                           

(7) 

4.1 Testing results under sinusoidal excitation input 
Figure 7 presents three-axis transmissibility at the seat pan of the full-scale MR seat 

suspension under the NFSSC algorithm for each directional excitation input. In this figure, the 
solid line stands for the controlled MR damper case and the dashed line stands for rigid 
damper case. Note that, in the rigid damper case, three MR seat dampers were replaced by 
three rigid aluminum blocks. In this study, the rigid damper case was used as baseline 
performance because such rigid structured seat suspension with a seat pad has been used in 
military propeller aircraft. On the other hand, the subscript of “o” implies the output and the 
subscript of “i” implies the excitation input. In this testing, single excitation acceleration input 
for three-axis direction was individually applied to the full-scale MR seat suspension and the 
transmissibility was determined by using the input and output accelerations.  Even though the 
excitation input was a single harmonic, the output is a three-axis acceleration. Thus, different 
from the SDOF testing case shown in Fig. 5, a total of nine different transmissibilities were 
obtained for the full-scale testing case. As seen in Fig. 7, when the excitation input’s direction 
is the same as the output accelerations’ direction (for example, ,  , and 

), the transmissibility values at lower frequency range (i.e., below 20 Hz) become 
relatively larger. On the other hand, the rigid damper case shows low transmissibility value in 
lower frequency range, but much higher transmissibility values in higher frequency range 
(i.e., after 30 Hz). Such high transmissibility (greater than 1) in higher frequency range may 
come from high frequency resonant modes of the dummy and the seat. The controlled MR 
seat damper shows fairly low transmissibility value at relative lower frequency range that is 
close to the performance of the rigid damper case. In addition, in higher frequency range, the 
controlled MR seat damper achieved significant vibration isolation performance compared to 
the rigid damper case. Such a good vibration isolation performance of the full-scale MR seat 
suspension implies that the NFSSC algorithm could provide high damping (i.e., high current 
input) at only the low frequency resonant frequency area of the seat suspension as explained 
earlier. 
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(a) 

 
(b) 

 
(c) 

Figure 7: Three-axis transmissibility at the seat pan of the full-scale MR seat suspension under the NFSSC 
algorithm for each directional excitation input (excitation level: ±0.1 g). (a) for X-axis excitation input. (b) for Y-
axis excitation input. (c) for Z-axis excitation input. 

 
For quantitative comparison on the transmissibility, we used the root mean square (RMS) 

transmissibility, , defined by 

                                     

(8) 

Here,  is the transmissibility in the frequency domain,  is the staring frequency, and 

 is the ending frequency. Smaller RMS transmissibility value implies better vibration 
isolation performance over the calculated frequency range. Figure 8 presents the RMS 
transmissibility of the full-scale MR seat suspension under the NFSSC algorithm for each 
directional excitation input. In the figure, the circle symbol stands for the rigid damper case 
and the rectangle symbol stands for the controlled MR seat damper case. In addition, the 
direction of “yx” in this figure implies Y-axis output to X-axis excitation input. The same 
notational rule can be applied to the other directional symbols like “zx”, “xy”, and “yz”, etc. 
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In this case, we divided the frequency domain into two regions: one is the relatively low 
frequency range of 3-20 Hz and the other is the higher frequency range of 20-200 Hz. As seen 
in this figure, for the relatively low frequency range, the controlled MR seat damper case 
shows good vibration isolation performance at the seat pan almost similar to the rigid damper 
case. Similar vibration isolation performance was also observed at the positions of the seat 
pad and the seat back. But, for the higher frequency range, the controlled MR seat damper 
case shows much better vibration isolation performance than the rigid damper case for most 
of different directional inputs. On the other hand, at the positions of the seat pan and the seat 
pad, the largest RMS transmissibility occurs in the direction of “zz”. But, at the position of 
the seat back, the largest RMS transmissibility occurs in the direction of  “xx”. The reason is 
that the X-axis output at the seat back contains the front-and-back rocking motion also. 
Another interesting observation is that the seat pad could not effectively reduce the relatively 
low frequency dominant vibrations, but showed a little bit improved vibration isolation 
performance for the high frequency dominant vibrations. In addition, for the controlled MR 
seat damper case, the effect of the seat pad on the vibration suppression performance is 
insignificant. 

 

 
(a) 

 
(b) 

Figure 8: RMS transmissibility of the full-scale MR seat suspension under the NFSSC algorithm for each 
directional excitation input. (a) for the relative low frequency range (3-20 Hz). (b) for the higher frequency range 
(20-200 Hz). 

4.2 Testing results representative seat transient inputs 
Figure 9 presents the measured time responses at the seat pan of the full-scale MR seat 

suspension under the NFSSC algorithm for each directional representative transient excitation 
input [3]. In this figure, the dashed line stands for the rigid damper case and the solid line 
stands for the controlled MR seat damper case. As seen in this figure, X-axis excitation input 
case shows most severe transient acceleration outputs than other axes excitation input cases. 
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In addition, for X-axis transient input case, Z-axis acceleration output is larger than X-axis 
acceleration output. As seen in this figure, the controlled MR seat damper case shows much 
better vibration isolation performance than the rigid damper case for each directional 
representative transient input. 

 

  
(a) 

 
(b) 

 
(c) 

Figure 9: Measured time responses at the seat pan f the full-scale MR seat suspension under the NFSSC 
algorithm for each directional representative transient excitation input. (a) for X-axis excitation input. (b) for Y-
axis excitation input. (c) for Z-axis excitation input. 

 
Figure 10 presents the RMS accelerations of the full-scale MR seat suspension under 

the NFSSC algorithm. In Fig. 10a, the directional symbols like “xx”, “yx”, and “zx”, etc can 
be interpreted similar to the symbols in Fig. 8. As seen in Fig. 10a, the controlled MR seat 
damper case shows good vibration isolation performance at all measured positions for each 
directional excitation input. For observing the vibration isolation performance under 
simultaneous three-axis (i.e., X-, Y-, and Z-axis) excitation inputs, Fig. 10b was presented. 
Because of simultaneous three-axis excitation inputs, the output RMS acceleration levels in 
Fig. 10b were increased than the individual input case shown in Fig. 10a. But, for the 
controlled MR seat damper case, the increment of the RMS acceleration levels is much less 
than the rigid damper case. As observed in Fig. 10b, the controlled MR damper case still 
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showed good vibration isolation performance at the seat pan, seat pad, and seat back for 
simultaneous three-axis excitation inputs. 

 

 
(a) 

 
(b) 

Figure 10: RMS accelerations of the full-scale MR seat suspension under the NFSSC algorithm. (a) for each 
directional transient excitation input. (b) for simultaneous three-axis transient excitation inputs. 

5 CONCLUSIONS 
In this study, the multi-axis vibration isolation performance of a full-scale 

magnetorheological (MR) seat suspension under a narrow-band frequency domain semi-active 
(NFSSC) algorithm was experimentally investigated for both individual (in this case, 
excitation input was swept over wider frequency range up to 200 Hz) and simultaneous three-
axis directional inputs. From the results presented in this study, it was experimentally 
confirmed that the NFSSC algorithm could effectively suppress the multi-axis seat vibrations 
by using fewer sensors. 
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Abstract. Magnetorheological (MR) fluids are composed of magnetizable particles, usually carbonyl
iron particles (CIPs), suspended in a carrier fluid and change their viscosity with the application of a
magnetic field. In the current study we investigate the effect of mesocarbon microbeads (MCMBs) with
graphitization as an alternative particle substitute to increase the yield force of MR fluids. The MCMBs
are defined as passive in response to a magnetic field when compared to the CIPs. This study presents
the results of three different MR fluid compositions tested in a rheometer and in an MR damper with a
1 Hz sinusoidal displacement input. The yield stresses and yield forces are determined for a sweep of
currents using the Bingham plastic model. Finally, the durability of each fluid is tested by cycling the
MR damper at 2 Hz for 25,000 cycles.

1 INTRODUCTION

Magnetorheological (MR) fluids have variable viscosity and are composed, in their most basic form,
of magnetizable particles, usually carbonyl iron particles (CIPs), suspended in a carrier fluid (e.g. hy-
drocarbon oil). The viscosity of an MR fluid changes with the introduction of a magnetic field. This
is particularly useful for applications in hydraulic devices where a variable yield force is desirable. For
example, MR fluids have seen applications in the aerospace [1-2] and biomedical [3] industries.

Although the observed MR effect is primarily due to the CIPs, several research studies have investi-
gated the introduction of other particles to enhance the effect. In particular, several studies have charac-
terized MR fluids employing nonmagnetizable particles [4-7]. An increase in either yield stress or yield
force in these MR fluids has been shown in both experimental studies [4-5,7] and simulations [4,6-7].
The majority of studies investigating the effect of nonmagnetizable particles on MR fluids have focused
on hollow glass spheres [4-5,7] with one study showing an increase in yield stress at magnetic satura-
tion [4] and another study revealing a doubling of the yield force [5]. However, in the study including
endurance testing, the yield force dropped back down to baseline levels as the glass beads were crushed
during prolonged damper cycling at higher frequencies [5]. This study employs mesocarbon microbeads
(MCMBs) in an effort to achieve yield force enhancement without the observed degradation over thou-
sands of cycles. The MCMBs were chosen as the passive particles, in relation to the CIPs, because they
are solid and are thus expected to be more durable than the hollow glass beads used in previous studies.

1
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The increase in yield stress due to the substitution of nonmagnetizable particles in MR fluids has been
attributed to a particle jamming-like mechanism [6]. In simulations, repulsive-force clusters form and
increase the yield stress when nongmagnetizable particles of the same average diamter as the magne-
tizable particles are used in an MR fluid. Based on our previous study [5] and the study by Wilson et
al. [6], the combination of the MCMBs and CIPs, will result in a fluid synergistically combining the
magnetorhoelogical effect and particle jamming.

2 METHODOLOGY

2.1 Fluid Formulation

This study utilizes MIL-PRF-83282D (AeroShell Fluid 31; Shell), a synthetic hydrocarbon hydraulic
fluid with a kinematic viscosity of 14.0 mm2/s at 40 ◦C. MIL-PRF-83282D is commonly used for aircraft
applications and is thus a viable carrier fluid with practical applications. A 35 volume percent (vol%)
bidisperse mixture of carbonyl iron particles (1:1 ratio of 1.8-2.3 µm average diameter and 7-9.5 µm
average diamter; BASF) and the appropriate vol% of MCMBs after graphitization (10-13 µm average
diameter; Bonding Chemical) were mixed into the carrier fluid. The fluid compositions tested are listed
in Table 1.

Table 1: MR Fluid Compositions

Sample Name MIL-PRF-83282D, vol% CIPs, vol% MCMBs, vol%
MR-Fe35-C0 65 35 0
MR-Fe35-C5 60 35 5
MR-Fe35-C10 55 35 10

2.2 Rheometer Testing

All fluids were tested in an Anton Paar MCR 300 parallel plate rheometer with the shear rate ranging
from 0.1−1000 Hz. Tests were conducted with the current ranging from 0-5 A.

2.3 Damper Testing

The MR fluids were also tested in flow mode with a LORD RD-8041-1 long stroke MR damper
(LORD Corporation). The damper was pressurized to 2000 kPa and tested using a Material Test System
(MTS) 810 machine (Figure 1). Each test applied a ±12.7 mm sinusoidal displacement excitation to the
damper’s piston which was pre-compressed by 19.05 mm. The resulting force vs. displacement data was
obtained for applied currents of 0-1 A with 0.2 A increments.

2.4 Endurance Testing

For one fluid composition, MR-Fe35-C10, the damper was cycled at 2 Hz and data was collected
periodically using the procedure in § 2.3.

2
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Figure 1: MR damper mounted on MTS machine

3 RESULTS

The effect of the MCMBs is characterized for Fe particle volume fraction, φFe = 0.35, and increasing
MCMB volume fraction, φMCMB.

3.1 Rheometer Testing

The field off rheometer tests show an increase in viscosity (µ, defined as the slope of the shear stress,
τ, vs. shear rate, γ̇, curves) with increasing particle content (Figure 2a). The Bingham plastic model for
shear stress is fit to the shear stress vs. shear rate data from γ̇ = 300−1000 s−1 to obtain the yield stress,
τy:

τ = τy +µγ̇ (1)

where τy is the intercept with the shear stress axis. Yield stress as a function of current is shown for each
fluid in Figure 2b. The result of increasing φMCMB is inconclusive with respect to yield stress.

3.2 Damper Testing

The inconclusive rheomter tests necessitate the MR damper tests, thereby switching from shear mode
to flow mode. An example force vs. displacement plot for MR-Fe35-C5 is shown in Figure 3a. This
data is replotted as force vs. velocity (Figure 3b) and fitted with the Bingham plastic model to obtain the
yield force, fy:

F(t) = fysgn(ẋ)+Cpoẋ (2)

where ẋ is the velocity, Cpo is the post-yield damping, and fy is the intercept with the force axis.
Yield force as a function of current is shown for each fluid in Figure 4. fy increases as φMCMB

increases. The increase is higher when φMCMB is increased from 0.05 to 0.10 than when it is increased
from 0 to 0.05, indicating that the MCMBs have a nonlinear effect on the yield force when φFe = 0.35.

3
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(a) (b)

Figure 2: (a) Shear stress (τ) as a function of shear rate (γ̇) with the field off for each fluid (b) Yield stress
as a function of current for each fluid

(a) (b)

Figure 3: Representative plots of an MR damper filled with MR-Fe35-C5 (a) force vs. displacement data
(b) force vs. velocity data fitted with the Bingham plastic model

4 Endurance Testing

The results of the endurance tests are shown in Figure 5. There is no clear reduction in yield force
over 25,000 cycles.

4
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Figure 4: Yield force for MR fluids with φFe = 0.35 and φMCMB = 0, 0.05, and 0.10

Figure 5: Endurance testing for Fe-35-C10 over 25,000 cycles

5 DISCUSSION

The field off rheometer tests exhibited darker circles of fluid in the middle of the sample post-testing
while the field on tests exhibited darker circles surrounding the spindle plate post-testing. This suggests

5
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a migration of carbon particles, which are darker in color than the Fe particles, due to centripetal ac-
celeration. The migration of the particles off the platen during field on tests potentially contributes to
the inconclusiveness of those reported results. However, because MR fluids are generally used in flow
mode devices such as dampers and shock absorbers [1-3], it is the damper results that are of the greatest
interest. The MR damper was cycled prior to each set of dynamic tests to promote fluid uniformity. The
small volume of fluid expelled during the sealing of the damper may have resulted in slightly higher
solids loading due to separation of the fluid from the particles near the top of the fluid reservoir. This
can lead to a slight increase in the reported MCMB and Fe concentrations. Finally, the simulations run
by Wilson et. al were done for magnetic and passive particles of the same average diameter [6], while
the average diameter of the MCMBs in this study was slightly larger than that of the iron particles. The
particle jamming-like effects observed in this study may thus follow a slightly different trend than those
simulated by Wilson et al. [6].

6 CONCLUSIONS

Shear mode tests conducted with the rheometer yielded inconclusive results with respect to increasing
carbon particle content in MR fluids with φFe = 0.35. However, flow mode tests using an MR damper re-
vealed a nonlinear increase in yield force with increasing φC. Higher total particle content leads to greater
enhancement of the yield force. If this effect is due to the particle jamming-like mechanism described in
[6], the results suggest increased total particle content amplifies the effects of the mechanism. Further-
more, the yield force did not decrease over 25,000 cycles at 2 Hz. Future work would include endurance
testing of a fluid with MCMBs over a greater number of cycles, to better characterize durability.
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Abstract. In this contribution, acoustic phenomena taking place in MHz frequency range in robocast
ceramic scaffolds are presented. The acoustic properties of several scaffold geometries were studied
both experimentally and numerically. The elastic responses were calculated by finite element method
(FEM) where computational unit cells were designed to represent the periodic geometry of the sintered
scaffolds. It is shown that tetragonal scaffolds, where the rods in the neighboring layers are perpendicular,
focus acoustic energy along the principal directions of the ceramic rods. On the other hands, a hexagonal
structure, which has the periodicity of 3 layers with the orientation angle of 60◦ between the neighboring
rods, is in-plane isotropic in the low-frequency limit. The FEM study was also performed up to higher
frequencies and it was found there are several frequency band gaps for the longitudinal waves.

1 INTRODUCTION

With the rise of additive manufacturing (AM) methods, various structures with complex geometries
can be easily produced [1]. Therefore, the AM methods can be utilized for manufacturing of phononic
crystals with periodic arrangements with the dimensions of several millimeters, where such structures
can experience frequency band gaps in kHz to MHz ranges [2, 3, 4, 5]. Robocasting is an AM direct-
ink writing method for the fabrication of scaffolds consisting of a layered structure of thin ceramic
rods [6, 7]. At first, a ceramic powder is mixed with deionized water and organic additives to form
a colloidal suspension with highly shear-thinning behavior. This suspension is subsequently extruded
through a thin nozzle following a layer-by-layer 3D printing route to produce a ceramic green body.
The organic additives are then burnt out, and the scaffolds are consolidated by spark plasma sintering.
Usually, each layer consists of mutually parallel thin rods and the neighboring layers are oriented at a
different angle. As the rods in the neighboring layers partially intersect and the scaffolds are typically
made of tens of layers, the scaffolds have a periodic structure with phononic-crystal behavior [8].

1
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2 MATERIALS AND METHODS

Elastic and acoustic properties of several types of scaffolds were studied by finite element method
(FEM) using COMSOL Multiphysics software. These properties are strongly affected by the scaffolds
geometry which lead to different types of macroscopic symmetry; in this work, the scaffolds with tetrag-
onal, orthorhombic or hexagonal symmetry are studied.

For the tetragonal scaffolds, the rods of neighboring layers are mutually perpendicular with the con-
stant in-plane spacing between the rods in the same layer, as shown in Figs. 1 and 2. These two tetragonal
scaffolds differ mainly in the in-plane spacing of the rods l, which is equal to 650 µm for the LT sample
(LT means ”large tetragonal” due to the larger spacing between the rods) vs. 308 µm for the ST (”small
tetragonal”) sample, while the rods diameters d (210 µm vs. 218 µm) and the out-of-plane spacing h
between the layers of the same rods orientation (275 µm vs. 261 µm) are almost identical. Also, due
to the much higher in-plane spacing, the LT scaffold occupy relative space of 36.3 % with the effective
density of 1.212 g·cm−3, and the ST scaffold occupy relative space of 76.5 % with the effective density
of 2.555 g·cm−3.

In addition, another scaffold with the perpendicular orientation of the rods in the neighboring layers
was studied; this scaffold, entitled RO as ”rectangular orthorhombic”, has two different in-plane spac-
ings, 309 µm between the rods oriented in the x1 axis and 591 µm between the rods in the x2 direction,
as shown in Fig. 3, and thus it exhibits orthorhombic symmetry. The rods have diameters of 238 µm and
the out-of-plane spacing is 297 µm, which gives an effective density of 2.165 g·cm−3, when occupying a
relative space of 64.8 %.

Another scaffold with different geometry, named AO as ”angular orthorhombic”, also exhibit or-
thorhombic symmetry. This scaffold, shown in Fig. 4, consists of rods with diameter of 186 µm and
in-plane spacing of 462 µm, and the angle between the direction of rods in the neighboring layers is
46◦. The scaffold has the periodicity of 2 layers and the out-of-plane spacing between the rods of same
orientation is 250 µm, with an effective density of 1.458 g·cm−3.

Finally, elastic coefficients of a hexagonal scaffold, shown in Fig. 5, were determined. In this scaffold,
the neighboring layers are rotated at 60◦ angle such that the scaffold geometry is periodical after 3 layers.
The out-of-plane spacing between these 3 layers is 385 µm, the rods have diameter of 215 µm and the
in-plane spacing of the rods is l = 576 µm, where the distance between crossing points along the single
rod is a = 2l/

√
3 = 665 µm. Thus, the scaffold occupies the relative space of 44.4 % with the effective

density of 1.483 g·cm−3.
The geometrical parameters of the additive-manufactured robocast scaffolds were used as templates

for designing computational unit cells and the material parameters of SiC were utilized (density of
3.34 g·cm−3, Young’s modulus of 305 GPa and Poisson ratio of 0.19). Elastic coefficients Ci jlk of the
studied scaffolds were obtained by the FEM calculation by applying tensile or shear straining modes.
From the calculated elastic tensors Ci jlk, distributions of Young’s moduli and group velocity were then
plotted to illustrate the anisotropic properties of the scaffolds [10, 11]. In this paper, the resulting group
velocity data is plotted as discrete points in order to show the acoustic energy focusing in the scaffolds;
each point corresponds to the different direction of propagation, where the initial angles are equidistantly
distributed within the studied plane. Therefore, when the density of the plotted points is higher in a
certain direction, the acoustic energy is focused along such directions.

In addition, longitudinal frequency band gaps of the LT scaffold and the hexagonal scaffold were also
obtained by the FEM analysis. The computational unit cells were utilized to calculate dispersion curves
along the principal directions of the rods by Bloch wave solution, as described in [8]. The resulting
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eigenmodes were then analyzed in order to find out at which frequency ranges there is no eigenmode
with dominant longitudinal displacements, which thus correspond to longitudinal frequency band gaps.

3 RESULTS AND DISCUSSION

The elastic coefficients of the LT scaffold calculated by the FEM are:

ci j(LT ) =




63.62 3.01 5.15 0 0 0
3.01 63.62 5.15 0 0 0
5.15 5.15 33.58 0 0 0

0 0 0 5.78 0 0
0 0 0 0 5.78 0
0 0 0 0 0 2.64




GPa. (1)
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Figure 1: Young’s modulus E and group velocity vG distributions in the principal planes of the LT
scaffold

The elastic coefficients of the LT scaffold suggest that this scaffold is strongly anisotropic, which is
also clearly evident in the Young’s modulus plots in Fig. 1. In the x1x2 plane, the Young’s modulus in
the direction of the rods is E1 = E2 = 62.75 GPa, while the minimum value in the direction between
the rods is Emin,45◦ = 9.77 GPa, i.e. more than 6 times lower than the maximum E1 = E2 value. This
anisotropy is given by the scaffold geometry, as the perpendicular rods of neighboring layers intersect in
very low overall area compared to the dimensions of the scaffolds. Therefore, the elastic coefficients of
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c12 and c66 corresponding to the shearing modes in the x1x2 plane are significantly lower than the other
ci j coefficients, which results in the highly anisotropic Young’s moduli distribution given in Fig. 1.

This anisotropy, given by the LT scaffold geometry, has also a strong effect on the group velocity prop-
erties, as shown in the right-hand section of Fig. 1. For the quasi-longitudinal waves (outer black-colored
points in the group velocity plots) in the LT scaffold, the maximum value of vG1 = vG2 = 7245 m·s−1

correspond to the wave propagation in the direction of the rods in the scaffold structure, and the minimum
value in the x1x2 plane, vG,min,45◦ = 5445 m·s−1, lies in the diagonal direction between the rods, similarly
to the Young’s modulus distribution in this plane. Moreover, the vG,min,45◦ value is only slightly higher
than the vG1/

√
2 value (5123 m·s−1) which suggests that the quasi-longitudinal waves propagates almost

independently in the perpendicular ceramic rods. As a result, the acoustic energy of quasi-longitudinal
waves propagating through the scaffold becomes strongly focused along the principal direction of the
rods in the scaffold structure. Similar behavior of the acoustic focusing along the rods is also observed
for one the quasi-transverse waves (blue-colored in the group velocity plot) with the polarization within
the x1x2, while the other quasi-transverse waves with the polarization vector lying close to the x3 propa-
gate with much smaller, but directionally independent velocity.

1 mm
x1

x2

x3

E [GPa]
0 50 100 150 200 0 5 10

vG [mm/μs]

Figure 2: Young’s modulus E and group velocity vG distributions in the x1x2 plane of the ST scaffold

The elastic coefficients of the ST scaffold are:

ci j(ST ) =




173.56 23.80 32.43 0 0 0
23.80 173.56 32.43 0 0 0
32.43 32.43 181.65 0 0 0

0 0 0 57.94 0 0
0 0 0 0 57.94 0
0 0 0 0 0 37.99




GPa, (2)

and the Young’s modulus and group velocity distribution in the x1x2 plane are given in Fig. 2. This
scaffold also exhibit elastic and acoustic anisotropy; nevertheless, due to much higher in-plane spacing
between the rods and thus much higher relative density, the elastic anisotropy is significantly weaker than
for the LT scaffold. The maximum values of the Young’s modulus in the x1x2 plane are
E1 = E2 = 165.83 GPa, while the minimum value lies in the diagonal direction Emin,45◦ = 107.85 GPa.
Similarly, the maximum value of the group velocity in the x1x2 plane is vG1 = vG2 = 8242 m·s−1 and the
minimum value is vG,min,45◦ = 7314 m·s−1, which is much lower difference than for the LT scaffold.

The results for the tetragonal LT and ST scaffolds show that only by changing the scaffold geometry,
the level of elastic anisotropy and the acoustic energy focusing can be significantly changed. In these
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tetragonal scaffolds, the direction x1 and x2 are macroscopically equivalent as the in-plane spacing are the
same through the whole scaffold, unlike for the RO scaffold, which has two different in-plane spacings
in the x1 vs. x2 direction. The obtained elastic coefficients for this RO scaffold are:

ci j(RO) =




163.78 11.84 17.86 0 0 0
11.84 93.63 17.69 0 0 0
17.86 17.69 105.87 0 0 0

0 0 0 33.56 0 0
0 0 0 0 23.26 0
0 0 0 0 0 15.43




GPa. (3)

As expected, the highest Young’s modulus and group velocity values, E1 = 159.90 GPa and
vG1 = 8698 m·s−1, lie along the direction of more dense rods arrangement in the x1 direction when
compared to the x2 direction, E2 = 90.19 GPa and vG2 = 6576 m·s−1. The minimum value of the
Young’s modulus in the x1x2 plane, Emin,48◦ = 49.19 GPa, lies in the direction with 48◦ angle to the x1
axis, i.e. slightly closer to the direction of less dense arrangement of the rods.

1 mm
x1

x2

x3

E [GPa]
0 50 100 150 200 0 5 10

vG [mm/μs]

Figure 3: Young’s modulus E and group velocity vG distributions in the x1x2 plane of the RO scaffold

The elastic coefficients of the AO scaffold are:

ci j(AO) =




107.12 40.22 10.30 0 0 0
40.22 51.07 24.84 0 0 0
10.30 24.84 49.68 0 0 0

0 0 0 2.93 0 0
0 0 0 0 14.77 0
0 0 0 0 0 22.42




GPa. (4)

As shown in Fig. 4, the axes of x1 and x2 are chosen such that they intersect the angles between the rods
in halves and thus they correspond to the symmetry axes within the x1x2 plane. The minimum value of
the Young’s modulus in this plane is E2 = 26.93 GPa, and the maximum value Emax,21◦ = 75.70 GPa lies
close to the direction of the rods and it is slightly higher than the Young’s modulus in the x1 direction,
E1 = 73.17 GPa. For the group velocity, the minimum value in the x1x2 plane lies along the x2 axis,
vG2 = 5918 m·s−1, while the maximum value lies along the x1 axis, vG1 = 8572 m·s−1. Moreover, in
Fig. 4, it can be clearly seen that the density of the plotted group velocity data is much higher near the x1
direction than near the x2 direction, suggesting that in this type of scaffold geometry, the acoustic energy
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Figure 4: Young’s modulus E and group velocity vG distributions in the x1x2 plane of the AO scaffold

is focused not only along the rods but also along the directions which lie between the lower angle of 46◦

between the rods when compared to the perpendicular x2 axis.
For the hexagonal scaffold, the computed elastic coefficients are:

ci j =




66.05 19.45 8.80 0 0 0
12.96 66.05 8.80 0 0 0
8.80 8.80 44.32 0 0 0

0 0 0 9.30 0 0
0 0 0 0 9.30 0
0 0 0 0 0 23.30




GPa. (5)
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Figure 5: Young’s modulus E and group velocity vG distributions in the x1x2 plane of the LH scaffold

As this scaffold exhibit hexagonal symmetry, all the directions within the x1x2 plane are macroscopi-
cally equivalent and thus, Young’s modulus of E1 = E2 = 59.43 GPa, and group velocities of qL waves,
vG1 = vG2 = 6674 m·s−1, and also qT waves are constant in this plane, as shown in Fig. 5. Nevertheless,
all these calculations correspond to the quasi-static loading of tensile/shear straining modes, but when
the dynamic loading is assumed, where the frequency of the acoustic waves is such high that the wave-
lengths become comparable to the in-plane spacing between the rods in one layer, acoustic energy can
be focused along the principal directions of the rods even in the hexagonal scaffolds [9].
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Figure 6: Calculated longitudinal band gaps (shaded areas) of tetragonal and hexagonal scaffolds up to
12 MHz, where the thick lines correspond to dispersion curves with dominant longitudinal displacements.
The arrow above the 3rd band gap for the LT scaffold denotes that this band gap also continue up to higher
frequencies.

The calculated longitudinal frequency band gaps up to 12 MHz for the LT scaffold and for the hexag-
onal scaffold are shown in Fig. 6, where the thick lines correspond to dispersion curves with dominant
longitudinal displacement component. For the LT scaffold, there are three distinct dispersion curves with
longitudinal character, which lead to frequency band gaps at ∼3.2–4.5 MHz, ∼6.9–7.8 MHz and another
band gap beginning at ∼11.6 MHz which continue up to higher frequencies above 12 MHz. For the
hexagonal scaffold, there are two band gaps at ∼3.8–5.4 MHz and ∼6.2–7.8 MHz. Above 7.8 MHz,
there are few dispersion curves which do not have strictly longitudinal or shear character, and thus some
acoustic energy at this frequencies can be absorbed while another fraction of acoustic energy can be still
transferred through the hexagonal scaffold when the longitudinal waves propagate along the direction of
the rods.

Moreover, as the dispersion curves in Fig. 6 are linear in the low-frequency limit for both scaffolds,
corresponding phase and group velocities are equal when the wavelengths are significantly higher than
the in-plane spacings between the rods, i.e when the wave number k is close to zero. Also, in Fig. 6,
it can be seen that the velocity of qL waves in the LT scaffold is much higher than the velocities of qT
waves, which is consistent with the group velocity values along the x1 axis shown in Fig. 1. Similarly
for the hexagonal scaffolds, dispersion curves for the qT waves have different slopes near k = 0 which
correspond to different velocities for the qT waves, as shown in Fig. 5.

4 CONCLUSIONS

Elastic and acoustic properties of several types of scaffold structures were studied by FEM analysis. It
is shown that these scaffolds can be strongly anisotropic depending on their geometry. For the scaffolds of
perpendicular orientation of the rods in the neighboring layers, Young’s moduli are higher in the principal
direction along the rods than in the direction between the rods, which results in acoustic energy focusing
along the rods directions. The level of elastic anisotropy and the acoustic energy focusing also depends
on the in-plane spacings between the rods in each layer; the scaffolds with higher in-plane spacing have
generally lower Young’s moduli, but also the acoustic energy is much strongly focused along the rods
in such structures. On the other hand, the scaffold with macroscopic hexagonal symmetry is in-plane
isotropic at least in the low-frequency limit. The FEM analysis was also utilized for the determining
longitudinal frequency band gaps. It is shown that one of the tetragonal scaffolds and the hexagonal
scaffolds both experience several frequency band gaps with the first longitudinal band gap at ∼4 MHz.
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[10] Kruisová, A. et al. Acoustic metamaterial behavior of three-dimensional periodic architectures as-
sembled by robocasting. Applied Physics Letters (2014) 105:211904.

[11] Koller, M. et al. Ceramic phononic crystals with MHz-range frequency band gaps. Proceedings of
Meetings on Acoustics (2018) 32:045005.

8



1327

Finite Element Reduced Order Model of a Piezoelectric Energy HarvesterR. Aloui, W. Larbi and M. Chouchane

IX ECCOMAS Thematic Conference on Smart Structures and Materials
SMART 2019

A. Benjeddou, N. Mechbal and J.F. Deü (Eds)
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Abstract. In the last few years, piezoelectric materials have been widely used for vibration
energy harvesting due to its efficiency for converting mechanical energy into electrical one. In
the literature, various approaches have been devoted for modeling the piezoelectric harvesters
in order to predict its electromechanical coupling responses. In this paper, we present a finite
element modeling of a bimorph piezoelectric harvester as typical cantilever beam which is com-
posed of an elastic substrate covered by two piezoceramic layers. The generated electricity is
due to the vibration of the host structure. The main purpose of this work is to develop a reduced
order model able to predict the responses of the harvester and to improve simulation efficiency
with a low computation cost. In order to reach this goal, the electromechanical problem is pro-
jected on a truncated eigenvectors basis with short-circuited boundary conditions. Furthermore,
a numerical example of a bimorph harvester as case study is presented and analyzed. Through
this example, the effect of the basis truncation on the electromechanical outputs is discussed
in term of computation error and time. Results show that for an optimal truncated basis, the
reduced order model gives good results in comparison to the direct methods with lower cost of
calculation.

1 INTRODUCTION

Piezoelectric has received a considerable attention for vibration energy scavenging over the
last years. This material has been extensively used in vast engineering areas due to its specific
characteristics. In fact, piezoelectric material enables the transformation of mechanical strain
into electricity and vice-versa. These two conversion ways allow direct connection to electronic
components and yield well to two applications: (1) the sensing using the direct effect piezoelectric
(e.g. vibration energy harvesting) and (2) the actuating using the inverse effect piezoelectric (e.g.
structural vibration reduction). This work focus on the energy harvesting using piezoelectric
elements attached to an elastic structure and excited by the base motion.
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Recently, various techniques have been appeared in the literature to investigate the electrome-
chanical coupling of a composite cantilevered beam with piezoelectric elements, which is used
often as a vibration energy harvester. An analytical solution based on a single degree of freedom
model, considers that the composite cantilever beam is similar to a mass-spring-damper system.
In this approach, the piezoelectric composite beam is modeled by a second order differential
equation of the tip displacement of the harvester as variable [1]. Lately , Erturk and Inman
[1, 2, 3] introduced an analytical distributed parameter solutions for bimorph and unimorph
piezoelectric energy harvesters with closed-form expressions and showed that for sinusoidal base
excitation, the model might yield highly agreement with physical experiments. Whereas, sev-
eral studies used the finite element method as an alternative sophisticated technique to solve
approximately the most complicated electromechanical problem. Bendary [4] developed a finite
element model for sensors and actuators based on the classical laminate theory. Results show
that as expected for thin plates, the classical theory gives acceptable accuracy with minimal
computational effort. De Marqui [5] investigated an electromechanical coupled finite element
plate to estimate the electrical output responses of unimorph and bimorph piezoelectric plate
harvester devices. This model was derived based on the classic Kirchhoff plate theory, which ne-
glects shear deformation. Amini [6] presented a finite element modeling for functionally graded
piezoelectric harvesters based-on the Euler Bernoulli beam theory. The model is validated by
comparison to the analytical solution of a similar bimorph piezoelectric energy harvester.

Reduced order modeling of mechatronic systems has become an interesting issue for improving
simulation efficiency. For instance, many optimization algorithms require a high number of
model evaluations which cause a high computational cost, hence the necessity for such reduced
order model. In recent published research, H.-J. Xiang [7] introduced a reduced order model of
piezoelectric energy harvesters using a Krylov subspace-based scheme. An implementation of
this model with nonlinear energy harvesting circuits is made in a system level. This approach is
validated with various harmonic response and transient response analysis. M. Kudryavtsev et
al. [8] introduced a novel reduced order model techniques for a large-scale multiport model of a
micro electromechanical system based piezoelectric energy harvester. Results show an excellent
concordance between the full-scale and the reduced order models of the harvester for harmonic
simulation.

This paper proposed an efficient finite element reduced order model of piezoelectric energy
harvester able to predict its electrical outputs recovered in an efficient way. A bimorph cantilever
beam is chosen as an energy harvester case study due to its widespread usage. A gait is proposed
to determinate the reduced order model: (1) an electromechanical finite element formulation for
the dynamic analysis of a general piezoelastic structure is first proposed, (2) the development of
an appropriate reduced order model of the coupled electromechanical problem is then presented.
The proposed methodology based on a normal mode expansion which requires the computation
of the eigenmodes of the structure in short circuit condition. Despite its reduced size, this model
is proven to be very efficient for simulations of harmonic vibration analyses of the harvester. In
the last part of this research, a numerical example of a piezoelectric bimorph cantilever beam,
is presented and analyzed.
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2 FINITE ELEMENT REDUCED ORDER MODEL OF ELECTROMECHANI-
CAL PROBLEM

The finite element formulation of elastic structure with piezoelectric elements proposed in
[9, 10] is used. This formulation uses a standard discretization of the mechanical degrees of
freedom and provides less restrictive assumptions for the electrical state which is fully described
by very few global discrete unknowns: (i) the electric charge contained in the electrodes and (ii)
the voltage between the electrodes. It is well adapted to practical applications since realistic
electrical boundary conditions, such that equipotentiality on the electrodes and prescribed global
electric charges, naturally appear [12]. Therefore, the governing undamped electromechanical
problem of piezoelastic structure is thus obtained:

Mm

..
U(t)+KmU(t)+KcV(t) = F(t) (1)

KeV(t)+Q(t)−KT
c U(t) = 0 (2)

where Mm is the global (N × N) mass matrix, Km is the global (N × N) stiffness matrix
and Kc is the global (N × P ) electromechanical coupling matrix, Ke is the diagonal global
(P × P ) capacitance matrix, F(t) is the global (N × 1) vector of mechanical forces, Q(t) is the
global (P ×1) vector of electric charge outputs, U(t) is the global (N ×1) vector of mechanical
coordinates and V(t) is the global (P × 1) vector of output voltages across the piezoelectric
elements. Here, N and P respectively, are the number of mechanical degrees of freedom and the
number of piezoelectric elements.

The Equation (1) corresponds to the mechanical equation of motion including the force
induced by electromechanical coupling. Whereas, the Equation (2) corresponds to the electrical
circuit equation with mechanical coupling.

The global mechanical damping matrix Cm is often taken to be a linear combination of the
mass and stiffness matrices as follow (Rayleigh damping):

Cm = αMm +βKm (3)

where α and β are the constant of proportionality which are determined in physical experiments.
The charge-voltage global variables are also intrinsically adapted to include any external elec-

trical circuit into the electromechanical problem. For the purpose to simulate the piezoelectric
energy harvesting, the structure is dissipated through a resistive load. Using Ohm’s law, we
obtains the following additional equations:

V(t) = R
.

Q(t) (4)

2.1 Normal modes of short-circuit condition

The system short-circuit normal modes present the solutions of Equation (1) with V = 0 and
F = 0. In addition, these modes depend only on the mechanical properties of the system, thus:

[
Mm −ω2

i Km

]
Φi = 0 (5)

where ωi is the natural frequency and Φi is the (N ×1) mode shape vector.
For orthogonality properties, these modes verify the following conditions:

ΦT
i MmΦj = δij and ΦT

i KmΦj = ω2
i δij (6)

where δij is the Kronecker symbol.
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2.2 Projection on the short-circuited basis

Equations (1) and (2) descript the electromechanical behavior of the piezoelastic structure
with the dimension of matrices are usually very large, which requires a considerable compu-
tational effort. The aim of this section is to construct a reduced system with much smaller
dimension [7] by introducing the modal matrix Φ = [Φ1,Φ2, · · · ,ΦN ] of size (N × N), N is the
total number of degrees of freedom in the finite elements model associated to the structure. In
fact, the displacement vector is sought as [11]:

U(t) = Φq(t) (7)

where the vector q = [q1 q2 · · · qN ]T is the unknown modal amplitudes.
By applying the Ritz-Galerkin projection method, which consists in inserting the above equa-

tion in Equations (1) and (2) including the damping term, and multiplying the first obtained
equation by ΦT and using the orthogonality properties of Equations (6), the problem writes
including the damping term, for all i ∈ {1, · · · ,N} and p ∈ {1, · · · ,P} is:

..
q i(t)+2ζiωi

.
q i(t)+ω2

i qi(t)+
P∑

p=1
χ

(p)
i V (p)(t) = Fi(t) (8)

C(p)V (p)(t)+Q(p)(t)−
N∑

k=1
χ

(p)
k qk(t) = 0 (9)

where ζi is the modal damping coefficient defined as follows:

ζi = α

2ωi
+ βωi

2 (10)

χ
(p)
i is the modal coupling coefficient of the pth piezoelectric element, which is defined for all

i ∈ {1, · · · ,N} by:
χi = ΦT

i Kc = (χ(1)
i χ

(2)
i ...χ

(p)
i ) (11)

and Fi(t) = ΦT
i F(t) is the forcing term of the ith mode.

For harmonic responses in the frequency domain and taking into account the connected
resistive load introduced in Equation (4), the voltage of the pth piezoelectric element is written
as follows:

V (p) =
jω

N∑
i=1

χ
(p)
i qi

(
1
R + jωC(p)

) (12)

Substituting the expression of the voltage in Equation (12), N mechanical oscillators are
given as follows:

−ω2qi +2jωζiωiqi +ω2
i qi + jω

P∑
p=1

(
χ

(p)
i

)2

(
1
R + jωC(p)

)qi + jω
P∑

p=1

N∑
k=1
k �=i

χ
(p)
i χ

(p)
k qk(

1
R + jωC(p)

) = Fi (13)

The idea behind the reduced order modeling is the projection of the general electromechanical
problem on a truncated short-circuited basis Φtrun = [Φ1,Φ2, · · · ,ΦNs ]; where Ns ∈ {1, ..,N} is
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the number of the projection modes and Ns � N . Consequently, the matrix system represents
a reduced-order model using the short-circuited basis. If only few modes are kept for the
projection, the size of this reduced-order model is (Ns +P ) which is much smaller than the full
system (N +P ).

The major interest of choosing the short-circuit eigenmodes as the expansion basis is that its
can be computed with a classical elastic mechanical problem. This operation can thus be done
by any standard finite elements code.

3 APPLICATION TO A BIMORPH PIEZOELECTRIC ENERGY HARVESTER

In this section, the previous formulation is used for a bimorph piezoelectric vibration energy
harvester excited by a harmonic base motion. The harvester consists in an Euler Bernoulli
beam composed of two layers of piezoceramic and an elastic substrate which are assumed to be
perfectly bonded to each other as shown in Figure 1. Thus, the total number of layers is equal to
3 and the number of piezoelectric elements is equal to 2 (P = 2). The piezoceramic layers (which
are poled in the thickness direction) are covered by continuous electrodes (which are assumed to
be perfectly conductive) of negligible thickness. A resistive electrical load is mounted in series
with the two piezoceramic layers. The electrical voltage and the mechanical vibration of the
harvester are presented by its Frequency Response Functions (FRFs) which are defined here as
the response outputs of the harvester per base acceleration ab(t) (in terms of the gravitational
acceleration g = 9.81m.s−2) given in [5, 13].

The geometrical and physical parameters (adapted by Erturk and Inman [2]) used in this
study are given in Table 1. The ratio of the overhang length to the total thickness is about 85.7,
which makes it reasonable to neglect the shear deformation and the rotary inertia effects of the
harvester for the first few vibration modes. For the purpose of simulation, one takes ξ1 = 0.010
and ξ2 = 0.012 as the mechanical damping ratios of the first two modes. The discretization
provides N = 90 mechanical degrees of freedom using linear elements.

Figure 1: A Clamped free bimorph piezoelectric energy harvester under base excitation with a load
resistance mounted in series

The analysis given here considers the frequency range from fs = 1 Hz to ff = 4500 Hz. In
this range three natural frequencies are appeared. The multi-mode and the single-mode of tip
displacement and voltage FRFs are normalized with respect to the base acceleration g, and are
computed from Equations (12) and (13). They are plotted in modulus (appointed HD and HV

respectively for the modulus of the tip displacement FRF and the modulus of the voltage FRF)
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Table 1: Material and electromechanical properties of the harvester shown in Fig.2

Parameters Descriptions Units PZT-5A Aluminum
L Beam length mm 30 30
b Beam width mm 5 5
hp , hs Layers thickness mm 0.15 0.05
Ep , Es Young’s modulus GPa 61 70
ρp , ρs Mass density kg/m3 7750 2700
e31 Piezoelectric constant C/m2 -10.4 –
ε33 Permittivity constant nF/m 13.3 –

for a set of resistance load.
In the following, the simulations of these single-mode expressions are compared to those of the

multi-mode (obtained by direct method) for the first three vibration modes with a load resistance
mounted in series with piezoelectric layers. Figure 2 shows the single-mode of voltage FRFs for
i = 1, i = 2, and i = 3 along with the multi-mode for a load resistance equal to R = 100 Ω. As
can be seen in this figure, the single-mode solutions agree with the multi-mode solution only at
the vicinity of the resonance frequency of the respective mode of interest.
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Figure 2: Comparison of the multi-mode (direct approach) and the single-mode (modal projection) of
voltage FRFs with R = 100 Ω

The frequency response predictions of the single-mode tip displacement FRFs for i = 1, i = 2,
and i = 3 are shown in Figure 3 along with the multi-mode tip displacement FRFs. Again, the
single-mode FRFs exhibit agreement with the multi-mode FRFs around the modes of interest.
The slight overestimation of the resonance frequencies due to ignoring the neighboring vibration
modes is the case here too, and the error in the single-mode resonance frequencies is less than
0.1% for these vibration modes (compared to the resonance frequencies of the multi-mode) for
excitations at the fundamental short- and open-circuit resonance frequencies. Note that the
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Figure 3: Comparison of the multi-mode (direct approach) and the single-mode (modal projection) of
Tip displacement FRF R = 100 Ω

slightly overestimated open-circuit resonance frequency is used in the single-mode simulations.
The predictions of the single-mode FRFs for this most important vibration mode are very ac-
curate. Therefore, it can comfortably be used as a first approximation in the modeling of a
piezoelectric energy harvester beam for modal excitations.

To study the reduced order harvester model efficiency, we choose truncated basis contain a
number of eignmodes which is a multiple of the number of the natural frequencies in the studied
frequency range (Ns = {3,6,9,69}) comparing with the full system projection (Ns = N).

Figures 4 and 5 show that the FRFs of the harvester are agree at the vicinity of the resonance
frequencies for all basis of projection with the finite element direct method resolution but is not
the case for the other excitation frequencies.

Two criteria are opted in this study: (1) the sum of the least square between the projected
responses on the truncated basis and the direct method given in the following Equations (14)
and (15) respectively for the tip displacement FRF and voltage FRF, which can give information
about the accuracy of the reduced model simulation.

ObjD =
ff∑

f=fs

(
HD

D (f)−HNs
D (f)

)2
(14)

ObjV =
ff∑

f=fs

(
HD

V (f)−HNs
V (f)

)2
(15)

where HD
D and HD

V are respectively the modulus of tip displacement and voltage FRFs computed
by the direct method and HNs

D and HNs
V are respectively the modulus of the tip displacement

and voltage FRFs calculated by modal projection on a short-circuit truncated basis. (2) the
second criteria is the time required for only one simulation.

Table 2 lists the two criteria for the harvester responses. Figure 6 shows the two criteria of
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Figure 4: Comparison of the multi-mode Tip displacement FRF for different basis size with direct
method, R = 102Ω

Table 2: Criteria of comparison of tip displacement and voltage FRFs for the short-circuit basis size

Ns Tip displacement Voltage
ObjD (µm/g)2 Time (s) ObjV (µm/g)2 Time (s)

3 2.00 E-02 38.248 2.51 E-07 38.949
6 2.77 E-05 39.638 1.20 E-09 39.944
9 2.48 E-06 41.031 2.35 E-10 41.199
69 9.10 E-11 81.409 7.73 E-13 81.685
N 5.32 E-11 94.852 5.15 E-13 95.302

comparison for the harvester responses ((a) tip displacement FRF an (b) voltage FRF) versus the
short-circuit basis size. Results show that for a small basis size, reduced order model simulation
give responses with low precision (high Obj value) in a short computation time. furthermore,
the accuracy of the responses increase monotonically (Obj decreases) with the increase of the
projection basis size, whereas the time of computation increase also. Indeed, high accuracy of
simulation causes high numerical computation cost. For our case study, Ns = 6 is recommended
for this frequency range.

4 CONCLUSIONS

In this research, the general finite element governing equations of the general electromechan-
ical problem is firstly presented. Model reduction technique has been developed which consists
in a modal projection of the system equations on a truncated basis of eigenvectors in order to
reduce its matrices size. This basis is obtained with short circuit boundary conditions. The main
goal is to predict the output responses of the harvester with high accuracy and low computa-
tional cost. Although an example of a bimorph piezoelectric energy harvesting, results show that
the computational cost and the responses accuracy of the full-scale model have been reduced
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Figure 5: Comparison of the multi-mode voltage FRF for different basis size with direct method,
R = 102Ω

monotonically with the reduction of the model scale. Moreover, the responses accuracy of the
reduced order model is affected by errors introduced by the process of mode truncation that can
be controlled or minimized by a modal truncation augmentation method [14]. In this method,
the effects of the truncated modes are considered by their static effect only.
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[11] W. Larbi and J.-F. Deü, Reduced order finite element formulations for vibration reduction
using piezoelectric shunt damping, Appl. Acoust., Oct. 2018.
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Abstract. This paper present the fragment of investigation related to modification of the 
original elastic structure in order to provide damping of the specified vibration modes in a 
structure with the imposed constraints on its mass and dimensions. It is proposed to 
supplement the initial structure with viscoelastic layer and attach a piezoelectric element, 
which is shunted by external electric circuit. Studies related to the selection of mechanical and 
geometric properties of viscoelastic layer, mutual disposition of viscoelastic and piezoelectric 
elements are presented. The investigation was carried out in the framework of the problem of
natural vibrations for piecewise-homogeneous electro-viscoelastic bodies. The method was 
illustrated numerically by solving the natural vibration problem for a cantilevered plate.

1 INTRODUCTION
The processes of the design and operation of structures may give rise to situations, which 

require their modification associated with a change of their dynamic properties, for example, 
dissipative ones. Conventionally, the improvement of structure characteristics is based on the 
techniques, in which the original structure is fitted with the elements made of viscoelastic 
materials.

However, this approach has restrictions associated with the acceptable thickness of 
viscoelastic layer (the mass added to the original object), with the characteristics of the used 
material and with the possible area of coverage of the surface of a structure. Due to the 
development of smart-technologies, an increasing interest of researchers is focused by another
approach, which is based on fitting viscoelastic structures with the elements made of 
piezoelectric materials connected to the external electric circuits. The presence of such 
elements provides additional energy dissipation, increasing thereby the dissipative properties 
of structures in a wide frequency range. Herewith the different mechanisms of energy 
dissipation complement each other in some frequency ranges and perform main work in other 
frequency ranges [1, 2]. In this regard, the approach based on the use of smart-technologies 
with piezoelectric materials connected to external electric circuits can offer considerable 
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promise for providing additional damping of vibrations when there are strict constraints on 
mass and dimensional parameters of structures, which are relevant for products in airspace, 
aircraft and automotive industries. In the literature, this approach depending on the strategy of 
structural dynamic behavior control is named either active constrained layer damping (ACLD)
or passive constrained layer damping (PCLD).

The paper [3] should be mentioned as one of the first papers where such an approach is 
considered. The great interest of researchers in this method and the the state of the art in this 
field demonstrated in the review papers [1, 2]. Despite the abundance of papers devoted to the
problem there are still unsolved questions due to the complexity and versatility of the 
problem. Thus, the investigation of the possibility of using the piezoelectric and viscoelastic 
elements simultaneously to provide robust and efficient damping of structural vibrations at 
specified frequencies is rather relevant, especially with regard to existing structural 
restrictions.

The application of this technique bring up the following questions: what material should be 
used for viscoelastic layer, which area of a structure should be covered with it, what will be a 
response from the damping factors, how the system with the viscoelastic coating will respond 
to the attachment the piezoelectric element, how piezoelectric element should be located on a
the structure and with respect to viscoelastic element, what values should take the parameters 
of external electric circuit for damping the specified modes of vibrations of the modified 
electro-viscoelastic structure, etc.

The present paper is a part of a series of studies devoted to estimation of viscoelastic and 
piezoelectric elements embedded into the original elastic structure on damping factors. These 
investigations were carried out on the basis of the solution to the problem of natural vibrations 
of electro-viscoelastic structures.

2 MATHEMATICAL STATEMENT OF THE PROBLEM
The problem of natural vibrations for piecewise-homogeneous electro-viscoelastic bodies 

in the complete coupled mathematical formulation is considered in paper [4]. This problem is 
described by the following variational equation:

( ) ( )
1 2

0
iij ij i ij ij i i i i

V V

u u dV D E u u dVσ δε ρ δ σ δε δ ρ δ+ + − + =∫ ∫  (1)

Here, the volume 1V is related to a viscoelastic part of the structure; the volume 2V is related 
to a piezoelectric part; ,i iD E are the components of the vectors of electric flux density and 
electric field intensity , respectively; ijσ are the components of the symmetric Cauchy stress 
tensor; ijε are the components of the linear strain tensor; iu are the components of the 
dispacement vector. The constitutive relations for the piezoelectric part of volume 2V are 
written as follows:

ij ijkl kl ijk k

k ijk ij ki i

C E
D э E
σ ε β

β ε
= − 

= + 
(2)

where Cijkl are the components of the tensor of elastic constants; ijkβ and kl∋ are the 
components of the tensors of piezoelectric coefficients and dielectric coefficients, respectively 

2
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( , , , 1, 2, 3i j k l = ). Within the framework of this paper, we use the assumption that the behavior 
of viscoelastic material is described in terms of the complex dynamic moduli, as it was made 
in [5]. The model of linear hereditary viscoelasticity describes the dissipative mechanisms 
operating in the body of volume 1V . The constitutive relations of this model can be written as

( )

( )

Re Im

Re Im

1 12 2 ,
3 3ij ij ij ij ij ijG G iG

B B iB

σ σδ ε ϑδ ε ϑδ

σ ϑ ϑ

   − = − = + −   
   
= = +





(3)

where ( )Im
Re Im Re Re

Re

1 1 g
GG G iG G i G i
G

δ
 

= + = − = − 
 

 , ( )Im
Re Im Re Re

Re

1 1 b
BB B iB B i B i
B

δ
 

= + = − = − 
 

 are the 

complex dynamic shear and bulk moduli; σ is the mean stress; ϑ is the volumetric strain;; 
,g bδ δ are the mechanical loss tangents for the shear and bulk moduli, respectively; ,ij ijs e are 

the components of deviatoric parts of the stress and strain tensors.
Let us consider the case, in which damping characteristics of the structure specified by the 

visoelastic properties of the material it is made of are independent on the frequency, i.e. the 
shear and bulk moduli Re Re,G B and the mechanical loss tangents ,g bδ δ are constants. The 
solution to the problem of natural vibrations is sought in the form of ( ) ( ), e j tu x t u x ω= , where 

{ }1 1 2 3 2 1 2 3 3 1 2 3 1 2 3( ) ( , , ), ( , , ), ( , , ), ( , , )u x u x x x u x x x u x x x x x xϕ= is the generalized state vector containing
the components of mechanical displacements 1 2 3, ,u u u and electric potential ϕ ; Re Imiω ω ω= ± is 
the complex natural vibration frequency where Reω denotes the angular natural frequency of 
vibrations and Imω is the damping index characterizing the damping rate of vibrations.
Damping factors of a vibrating structure (viscoelastic or electro-viscoelastic) ξ are defined 
using the following formula [6]:

( ) ( )Imj j Re jξ ω ω= (4)

Here Imω is the imaginary part of complex natural vibration frequency (damping index), Reω

is the angular natural frequency of vibrations of an original elastic structure, 1,j M=  and M
is the number of natural vibration frequencies being considered. The solution to the
formulated problem of natural vibrations of electro-viscoelastic structures is sought using the 
method presented in [7].

3 FORMATION OF THE VISCOELASTIC STRUCTURE
Consider a cantilever plate made of isotropic maerial (figure 1) fully or partially covered 

with viscoelastic layer. The objective is to increase the level of damping of the first two 
flexural vibration modes of this plate. Let us  specify some restrictions (for example, on the 
added mass and layer thickness) in compliance with the requirements for operation 
characteristics of the structure. The added mass should be less than 5%  of the mass of the 
plate, and the thickness of the viscoelastic layer t should not exceed the thickness of the plate 

pt , i.e. pt t≤ . Changes in the dynamic properties of the structure induced by attaching the 
viscoelastic layer should be minimal. These limitations are of demonstrative and arbitrary
nature. All further calculations is carried out based on these set of restrictions.

3
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Figure 1: Computational scheme for the plate with viscoelastic layer.

The plate (fig.1) has the following dimensions 210Pl = mm, 26Pb = mm, 0.6Ph = mm and 
made of elastic material with the following properties: Young’s modulus 112 10E = ⋅ Pa, 
Poisson’s ratio 0.49ν = , mass density 7800ρ = kg/m3. The first two natural vibration 
frequencies are equal to 11.24 Hz and 70.39 Hz respectively.

Now, it is necessary to determine with account of the above mentioned operational 
restrictions what characteristics the viscoelastic material should have in order that the 
damping coefficient should reach the maximal values for the first two vibration modes. For 
this purpose physical and mechanical properties of viscoelastic materials are changed in the 
following ranges: Young’s modulus 5 92 10 2 10E = ⋅ ÷ ⋅ Pa, Poisson’s ratio 0.3 0.49ν = ÷ , mass 
density 1000 2000ρ = ÷ kg/м³, tangents of mechanical losses 510 0.2gδ

−= ÷ 510 0.2bδ
−= ÷ . These 

properties correspond to different kinds of rubber, silicone and polyurethane [5]. The ranges 
of changing the shear modulus and bulk modulus are 4 8

Re 7.4 10 7.5 10G = ⋅ ÷ ⋅ Pa, 
5 10

Re 1.96 10 3.33 10B = ⋅ ÷ ⋅ Pa, which are defined by relations (5)

( )Re 2 1G E ν= +   , ( )Re 3 1 2B E ν= −   (5)

When studying the influence of geometric factors (thickness and coverage area of the plate 
surface with viscoelastic layer) on the damping coefficients, the following characteristics 
were considered: shear modulus Re 0.177G = MPa, bulk modulus Re 8.8B = MPa, mechanical 
loss tangents 0.2g bδ δ= = , mass density 1200ρ = kg/m³, that correspond to the class of 
viscoelastic materials under study.

Here, we restrict our consideration to the frequency-independent properties of the
viscoelastic material such as shear modulus ReG , bulk modulus ReB and mechanical loss 
tangents ,g bδ δ .

3.1. Determination of the viscoelastic layer thickness 
First lets consider the worst option from the viewpoint of changes introduced into original 

structure: we assume that the surface area of the viscoelastic layer is equal to the surface area
of the plate V Pl l= , V Pb b= , V Ph h= .

4



1341

Nataliia Iurlova, Nataliya Sevodina, Dmitrii Oshmarin and Maksim Iurlov

Figure 2: The vibration damping factors (solid line) and changes in the natural vibration frequencies (dashed 
line) versus the thickness of viscoelastic layer.

Figure 2 shows the plots of the coincident damping factors 1 2ξ ξ ξ= = and the 
corresponding changes of natural vibration frequencies ω∆ as a function of the thickness t of 
the viscoelastic layer. The shaded area corresponds to the constraint put on the mass of the
structure after adding a viscoelastic layer (should not exceed 5%). This constraint leads to the 
maximal acceptable thickness is equal to 0.2 mm. Herewith the change in natural vibration 
frequencies values does not exceed 2%. For the further calculations, the thickness of the 
viscoelastic layer is set equal to 0.2 mm.

3.2. Determination of the coverage area of a structure with the viscoelastic layer
We impose that the dimensions of piezoelectric element limit minimal size of the 

viscoelastic layer because piezoelectric element will be attached in future to the structure, i.e.
50Vl = mm, 20Vb = mm, 0.36Vh = mm. Next the dimensions of the viscoelastic layer are 

uniformly increased up to full coverage of the surface area of the structure V Pl l= ,
V Pb b= , V Ph h= . First, using the approach presented in [8], we determine the location of 

piezoelectric element  on the original plate, such that will alow damping of the vibrations at 
the first vibration mode. Then, we do the same for the second mode of vibrations.

In the first case the coordinates of the center of piezoelectric element mass should be 
37x = mm, 0y = mm (the first option), and for the second case the coordinates are 105x = mm, 
0y = mm (the second option). A viscoelastic layer of the size equal to the dimensions of the 

piezoelectric element is arranged correspondingly: at first, its arrangement corresponds to the 
first option and then - to the second option.

Figure 3 represents the plots of the damping factors for the first ( 1ξ ) and the second ( 2ξ )
vibration modes and changes of natural vibration frequencies iω∆ ( 1,2i = ) versus the covered

5
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area of the palte surface S at the initial location of the viscoelastic layer according to the first 
option (fig.3a) and to the second option (fig.3b).

a

b

Figure 3: Relations of damping factors for damping the first ( 1ξ , blue solid line) and the second ( 2ξ , red solid 
line) vibration modes and changes of natural vibration frequencies (blue dashed line for the first one and red 

dashed line for the second one) depending on the area of the viscoelastic layer arranged according to the first (a) 
and the second (b) options.

The obtained results show that in order to reach the highest possible damping factor (1)
1ξ it

is sufficient to cover 60% of the structure surface area, provided that the viscoelastic element 
is located according to the first option. Herewith the change in the value of the first natural 
vibration frequency is 0.3% and corresponding change for the second natural vibration 
frequency is 1.6%. In order to reach maximal achievable damping factor for the second 
frequency it is necessary to cover at least 80% of the structure surface area. In this case, the 
values of the corresponding natural vibration frequencies change by less than 2%.

If the viscoelastic layer covers, 80% of the plate surface area and is arranged on the plate 
surface according to the second option (in the middle), we obtain the following result: 

6
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(2) (1)
1 1/ 53.6ξ ξ = %, (2) (1)

1 1/ 72.2ξ ξ = %. If a viscoelastic layer, c extending length-wise from the 
clamped end of the plate, covers the same 80% of the plate surface, then the damping factors
for both vibration modes are equal and maximal, herewith the change limitations in the 
structure are not violated.

3.3. Determination of the viscoelastic layer mechanical properties 
First, we define the values of tangents of mechanical losses of complex shear and bulk 

moduli, which provide the highest values of coefficients of vibration damping with mentioned 
above limitations on modifying the structure. Earlier it was showed that for reaching the 
maximal damping of vibration modes in the considered frequency range from 0 to 100 Hz it is 
sufficient to cover with viscoelastic layer 80% of the plate length starting from the rigid 
clamp. Consider this coverage area with a margin and let the plate be covered by the 
viscoelastic layer by 90% starting from the clamp and across the full width. This made in 
order to expand the influence of the viscoelastic layer on other modes of vibrations.

The investigations results of influence of mechanical losses tangents values for shear 
modulus gδ (for this case, 0bδ = ) and bulk modulus bδ (for this case, 0.2gδ = ) on coefficients 
of vibration damping are presented in figure 4. Here 1 2ξ ξ ξ= = . This plot shows that quantities 
of bδ and gδ do not affect the damping factors until reaching some certain value. However,
damping factors start dramatically increasing when gδ reaches this certain value. For the 
further studies we set that 0.2gδ = and 0bδ = .

Further, let us determine the magnitudes of instantaneous shear and bulk moduli that 
provide the highest values of coefficients of vibration damping for the specified conditions. 
For obtaining that the value of the one modulus (shear modulus, for example) was fixed and 
the values of the other modulus (bulk modulus) were varied, and vice versa. The obtained 
results depending on the values of Poisson’s ratio are presented in figure 5. This figure also 
represents the plots of changing shear modulus and bulk modulus. The results presented in 
figure 5 shows that shear modulus substantially influence the magnitude of the vibration 
damping factor. Herewith bulk modulus has almost no influence on values of damping factor.

Figure 4: Damping factors 1 2ξ ξ ξ= = depending on values of loss tangents of shear modulus (blue line) and 
bulk modulus (red line).

7
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Investigations related to determination of properties of the viscoelastic coating of the 
original structure allow to conclude that the number of parameters have a significant impact 
on damping factor of the system. These parameters are: all geometrical parameters of 
viscoelastic layer (thickness, area); the layout of the viscoelastic layer, especially if the 
possibility of damping of several vibration modes within some specified frequency range is 
considered; shear modulus and tangent of mechanical losses corresponding to it. These factors 
must be taken into account when modifying the structure with viscoelastic layer.

Figure 5: Damping factors depending on ReG when ReB const= (blue solid line); depending on ReB when 

0G const= (red solid line); instantaneous shear modulus ReG (blue dashed line) and bulk modulus ReB (red 
dashed line) depending on values of Poisson’s ratio.

Based on the performed investigations we can state that for reaching maximal damping 
factors for the first two vibration modes of the structure under limitations of acceptable 
changes in the properties of a structure it is necessary to cover by the viscoelastic layer the 
80% of structure surface, starting from the clamp with 0.2 mm thickness. The most suitable 
for this purpose material should have the following physical and mechanical properties: 
Young’s modulus 32 10E = ⋅ MPa, Poisson’s ratio 0.49ν = ( Re 750G = MPa, 4

Re 3.33 10B = ⋅ MPa), 
mass density 1200ρ = kg/m³ and tangents of mechanical losses 0.2gδ = 0bδ = . These properties 
correspond to the reinforced polyurethane of the Elastollan [5].

4 FORMATION OF THE ELECTRO-VISCOELASTIC STRUCTURE
Consider a cantilever piecewise-homogeneous isotropic viscoelastic plate (figure 1) which 

is formed by coating the original elastic structure with viscoelastic layer. In the section 3 of 
the present article it was showed that by appropriate choice of viscoelastic material the 
highest value of damping factor can be provided for two vibration modes in frequency range 
from 0 up to 100 Hz, 0.012ξ = .

In paper [9] it was demonstrated that coefficient of vibration damping of the initial 
structure can be increased by attaching piezoelectric element shunted with external electric 
circuit. Let us study how damping factors for the first two vibration modes changes if 
piezoelectric element with the dimensions 50x20x0.36 mm is attached to the piecewise-
homogeneous viscoelastic structure.

8
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Physical and mechanical properties of the plate: Young’s modulus 112 10E = ⋅ Pa, Poisson’s 
ratio 0.49ν = , mass density 7800ρ = kg/m3. Those ones of viscoelastic layer: Young’s 
modulus 92 10E = ⋅ Pa, Poisson’s ratio 0.49ν = ( Re 750G = MPa, 4

Re 3.33 10B = ⋅ MPa), mass density 
1200ρ = kg/m3, mechanical loss tangents 0.2gδ = , 0bδ = . Piezoelectric element is made of 

PZT-4 piezoceramics and has the following characteristics: 10
11 22 13.9 10C C= = ⋅ N/m2,

10
12 7.78 10C = ⋅ N/m2, 10

13 23 7.43 10C C= = ⋅ N/m2, 10
33 11.5 10C = ⋅ N/m2, 10

44 3.06 10C = ⋅ N/m2,
10

55 66 2.56 10C C= = ⋅ N/m2, 31 32 5.2β β= = − C/m2, 33 15.1β = C/m2, 52 61 12.7β β= = C/m2,
9

11 22 6.45 10e e −= = ⋅ F/m, 9
33 5.62 10e −= ⋅ F/m, 7500ρ = kg/m3.

In order to compare the efficiency of damping of the first two vibration modes between 
viscoelastc and electro-viscoelastic plates we consider that length and width of viscoelastic 
layer are equal to length and width of piezoelectric element. Herewith we set that maximal 
possible thickness of viscoelastic layer is equal to the thickness of the plate 6t = mm. This 
thickness do not contraverse the limitations put on its thickness and changes the mass of the 
system in less than 2.8%.

It is a well-known fact that the efficiency of application of piezoelectric element is 
substantially dependent on its layout on the surface. In this case, the location of piezoelectric 
element for damping each of the vibration modes under consideration is determined according 
to the approach proposed in paper [8] without viscoelastic layer on the surface of the 
structure. Center of masses of piezoelectric element should be located at 37 mm distance from 
the clamp (its coordinates are equal to 37x = mm, 0y = mm) (option 1) for damping the first 
vibration mode. Center of masses of piezoelectric element should be located at 105 mm 
distance from the clamp (its coordinates are equal to 105x = mm, 0y = mm) (option 2) for 
damping the second vibration mode.

Consider a four typical options of possible mutual disposition of viscoelastic layer and 
piezoelectric element on the surface of the structure (figure 6). Let us study how natural 
vibration frequencies of the structure affected by adding viscoelastic and piezoelectric 
elements. At the first stage, we assume that viscoelastic element is made from material with 
same properties as viscoelastic layer with no mechanical losses ( 0; 0g bδ δ= = ).

I II

III IV

- structure, - viscoelastic element, - piezoelectric element

Figure 6: Options of possible mutual disposition of viscoelastic and piezoelectric elements.

9
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Table 1 represents the first two natural vibration frequencies of the original plate for two 
location options of the center of masses of added viscoelastic layer and piezoelectric element 
for cases when either one of them, or both, of them are present depending on the four options 
of their mutual disposition, according to the figure 6.

Table 1: The influence of added elastic and piezoelectric structural elements on natural vibration frequencies of 
the plate.

Option of a structure
Original: the plate 1ω 11.24 2ω 70.39

Location of thecenter of masses
Option 1 Option 2

1ω 2ω 1ω 2ω
The plate with the added elastic layer 11.52 70.42 11.22 70.09
The plate with piezoelectric element 13.86 72.33 11.33 77.11
Options of mutual disposition of viscoelastic 
layer and piezoelectric element

I 13.96 72.14 11.29 76.66
II 15.28 73.51 11.42 83.54
III 14.02 72.22 11.30 76.91
IV 13.53 71.70 11.17 77.44

Table 1 shows that natural vibration frequencies substantially depend on mutual 
disposition of piezoelectric element and added viscoelastic layer despite the fact that total 
mass of the system (the plate with additional elastic layer and piezoelectric element) remains 
the same. 

Table 2: The influence of added viscoelastic and piezoelectric structural elements on natural vibration 
frequencies of the plate.

Option of a structure
Location of the center of masses

Option 1 Option 2
1 Re1 Im1iω ω ω= +

2 Re 2 Im 2iω ω ω= +
1ξ

2ξ
1 Re1 Im1iω ω ω= +

2 Re 2 Im 2iω ω ω= +
1ξ

2ξ
The plate with viscoelastic layer

11.52 + i 0.054
70.42 + i 0.071

0.005
0.001

11.22 + i 0.011
70.10 + i 0.265

0.001
/0.004

Options of mutual disposition of viscoelastic layer and piezoelectric element

I 13.97 + i 0.020
72.14 + i 0.028

0.002
0.001

11.29 +i 0.002
76.66 + i 0.101

0.001
0.002

II 15.29 + i 0.047
73.52 + i 0.098

0.004
0.002

11.42 + i 0.005
83.57 + i 0.205

0.001
0.003

III 14.02 + i 0.029
72.22 + i 0.042

0.003
0.001

11.30 + i 0.004
76.91 + i 0.146

0.001
0.002

IV 13.53 + i 0.019
71.71 + i 0.255

0.002
0.004

11.68 + i 0.060
77.44 + i 0.072

0.005
0.001

10
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The obtained results allows to note that the piezoelectric element plays main role in 
changes of spectrum of natural vibration frequencies. The elastic layer influences on the 
spectrum much less. The biggest change (36% for the first natural vibratrion frequency, 18.6
% for the second natural vibratrion frequency) occurs when piezoelectric element located 
above the viscoelastic layer. 

Consider the same layout options of an electro-viscoelastic structure but with replacement 
of the elastic layer by viscoelastic one. The results of calculations are presented in table 2.

The comparison of the data represented in tables 1 and 2 leads to the conclusion that the 
substitution of viscoelastic material by eleastic one with the same properties has almost no 
influence on spectrum of natural vibrationfrequencies of the system.

This fact can be usefull for studying the dynamic behavior of electro-viscoelastic 
structures. Furthermore, the analysis of the results represented in table 2 leads to the following 
conclusion: in the most common case the attaching of piezoelectric element to viscoelastic 
structure decreases its damping properties. But this decrease depends on mutual disposition of 
viscoelastic layer and piezoelectric element. The least influence of piezoelectric element is 
observed in case when it is located above the viscoelastic layer (option II). When piezoelectric 
element located nearby of the viscoelastic layer (option IV) the damping properties of electro-
viscoelastic structure do not decrease in compare to the purely viscoelastic one.

5 CONCLUSIONS
This paper presents the part of research related to modification of the original elastic 

structure in order to ensure the damping of specified vibration modes with applied mass and 
dimensional characteristics limitations. The modification is made by supplementing structure 
with a viscoelastic layer and connecting a piezoelectric element shunted by an electric circuit.

During this research, the first two vibration modes were taken into account.
The estimation of influence of viscoelastic and piezoelectric elements was demonstrated in 

order to get the comprehension of contribution of different energy dissipation mechanisms to 
total loss. The maximal achievable rate of vibration damping and corresponding parameters of 
viscoelstic layer are determined depending on the number of factors (mechanical properties, 
area of coverage, location and thickness). This study allowed us to determine physical and 
mechanical properties of material (from the perliminarly proposed) that can provide the 
highest values of damping factors with existing limitations on characteristis of a structure. 
The influence on the results of adding a viscoelastic layer,  attaching  piezoelectric element 
and its location relative to the viscoelastic layer are estimated. 

Numerically demonstrated the well-known fact that adding piezoelectric elements 
substantially influence the dynamical properties of a structure only when connected to 
external electric circuits of arbitrary configuration [9].
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Abstract. In this paper, linear dynamical three-dimensional model of thermoelastic piezo-
electric shell with variable thickness, which may vanish on a part of the lateral boundary, con-
sisting of several inhomogeneous anisotropic layers with regard to magnetic field is considered. 
In order to construct dynamical two-dimensional models variational formulation in curvilinear 
coordinates of the initial-boundary problem corresponding to the three-dimensional model of 
the shell is obtained. Applying spectral approximation method a sequence of subspaces with 
special structure of the spaces corresponding to the original three-dimensional problem is 
constructed and on these subspaces a hierarchy of dynamical two-dimensional models is 
obtained. The constructed two-dimensional initial-boundary value problems are investigated in 
suitable spaces of vector-valued distributions with respect to the time variable with values in 
corresponding weighted Sobolev spaces and the existence and uniqueness of solutions are 
proved. Moreover, it is proved that the sequence of vector-functions of three space variables 
restored from the solutions of the two-dimensional problems converges in the corresponding 
function spaces to the exact solution of the three-dimensional initial-boundary value problem 
and under additional conditions the rate of convergence is estimated.  

 
 
1 INTRODUCTION 

Piezoelectric materials are widely used to build engineering smart structures, because of the 
ease of controlling by voltage, low weight and low power requirements. Inhomogeneous and, 
in particular, functionally graded materials are used to increase the durability and efficiency of 
engineering constructions undergoing high mechanical and thermal loads. Various parts of 
smart devices consisting of piezoelectric materials are often plate or shell like structures, and, 
therefore, construction and investigation of mathematical models of inhomogeneous 
thermoelastic piezoelectric plates and shells are important from both theoretical and practical 
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viewpoints. Mathematical models of interaction between elastic, electric and thermal fields in 
piezoelectric body were developed by W. Voigt [1] and further various models of piezoelectric 
solids were constructed and investigated by various authors (see [2] and the references given 
therein).  

In order to construct two-dimensional models of thermoelastic piezoelectric shells we use 
spectral approximation method, which is a generalization of the method of constructing two-
dimensional models for plates with variable thickness in the classical theory of elasticity 
suggested by I. Vekua in [3]. Various two-dimensional mode1s constructed by Vekua were 
collected in his monograph [4]. The estimates of the order of approximation of static three-
dimensional problem by two-dimensional ones constructed in [3] first were obtained in the 
spaces of classical regular functions in the paper [5], and the reduced two-dimensional models 
for thin shallow shells constructed in [4] were investigated in Sobolev spaces in [6]. Later on, 
dimensional reduction methods suggested by I. Vekua in [3, 4] and there generalizations were 
studied in the papers [7-11]. 

2 THREE-DIMENSIONAL MODEL 

Throughout this paper we denote by ,2 ( ) ( )r rW D H D  and ˆ( ),rH   rR , the Sobolev 
spaces of order r  based on the spaces 0 2( ) = ( )H D L D   and 0 2( ) = ( )H D L D  of square-
integrable functions, respectively, where pD  R , pN , is a bounded Lipschitz domain [12] 
and ˆ D    is a Lipschitz surface. We denote by 3( ) [ ( )] ,r rD H DH  3ˆ ˆ( ) [ ( )] ,r rH  H  

2 2 3( ) [ ( )] ,D L DL 3ˆ ˆ( ) [ ( )]s sL  L , 1s  , ,r sR , the spaces of vector-valued functions. The 
trace operators we denote by 1 1/2

ˆ
ˆ: ( ) ( )tr H D H


   and 1 1/2

ˆ
ˆ: ( ) ( ).D


 tr H H For Banach 

space X , ([0, ]; )C T X  denotes the space of continuous functions on [0, ]T  with values in X , 
(0, ; )qL T X , 1 q   , is the space of such functions : (0, )g T X  that ( ) (0, )q

X
g t L T . 

We denote by /g dg dt   the generalized derivative of function (0, ; )qg L T X  [13]. 
Let us consider multilayer thermoelastic piezoelectric shell with initial configuration 

* ( )   , where   is of the following form 
1

K

k
k

   , 

3 2
1 2 3 1 2 3 1 2 1 2{( , , ) ; ( , ) ( , ), ( , ) },k k kx x x h x x x h x x x x        R R  

where   is a 2C  diffeomorphism of   onto * , so that the vectors ( ) ( )i ix x G   are linearly 
independent at all points of  , i  denotes the partial derivative with respect to ix  ( 1,2,3)i  . 

Since   is an injective mapping each point * *x   in Cartesian coordinates * * * *
1 2 3( , , )x x x x  

can be unambiguously written as * ( ),x x x , and the coordinates ix  of x  are the 
curvilinear coordinates of *x . The triplets { ( )}i xG  and { ( )}i xG  form the covariant and 
contravariant bases at the point * ( ),x x  respectively, where ( ) ( )j

i ijx x  G G , ij  is the 

Kronecker delta. The mapping   defines metric tensor of *  with contravariant components 
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ij i jG  G G  and Christoffel symbols p p
ij i j  G G , 3,1,, pji . 3 R  and 2  R  are 

bounded Lipschitz domains with boundaries   and  , respectively, 0 1,1( ) ( )k loch C C    , 

1,...,k K , are continuous on   and Lipschitz continuous in  ,  ),,(),( 2121 xxhxxh kk
   for 

1 2( , )x x    ,     is a Lipschitz curve, ),,(),( 2121 xxhxxh kk
   for 1 2( , ) \x x   , 

1 2 1 21( , ) ( , ),k kh x x h x x 


  1,..., 1k K  , for 1 2( , )x x  , . The upper and the lower face surfaces 

of the layer k  defined by the equations 3 1 2( , )kx h x x  and 3 1 2( , )kx h x x , 1 2( , )x x  , we 
denote by  k

  and k
 , respectively, and the lateral surface of the layer k , where the thickness 

of k  is positive, we denote by 3
1 2 3 1 2 3 1 2{( , , ) ; ( , ) ( , ),k k kx x x h x x x h x x     R 1 2( , ) }x x  . 

We assume that each layer * ( ), 1,..., ,k k k K     of the thermoelastic piezoelectric shell  
*  consists of inhomogeneous anisotropic material with the mass density * *( )k x  in the initial 

configuration, the elasticity tensor * * 3
, , , 1( ( ))k

ijpq i j p qc x  , the piezoelectric * * 3
, , 1( ( ))k

pij i j px   and 

piezomagnetic * * 3
, , 1( ( ))k

pij i j pb x   coefficients, the stress-temperature tensor * * 3
, 1( ( )) ,k

ij i jx   the 

permittivity * * 3
, 1( ( ))k

ij i jd x   and permeability * * 3
, 1( ( ))k

ij i jx   tensors, the coupling coefficients 

connecting electric and magnetic fields * * 3
, 1( ( ))k

ij i ja x  , the thermal conductivity tensor 
* * 3

, 1( ( ))k
ij i jx   and the thermal capacity * *( )k x . We neglect the influence of thermal field on 

electric and magnetic fields and assume that pyroelectric and pyromagnetic coefficients vanish. 
The applied body force density we denote by * * 3 * 3

1( ) : (0, ) ,k k
i i kf T   f R  the density of 

electric charges we denote by , * *: (0, ) ,k
kf T   R  and the density of heat sources we denote 

by , * *: (0, )k
kf T   R . The temperature * *: (0, )T   R  of the shell vanishes along the 

boundary * *    of the domain * . The shell is clamped along a part *
0 0( )   , 

0 0,1
,

K

kk
   0, 1 2 3{( , , ) ;k kx x x   1 2 0,( , ) }kx x  , 0,k  , of the lateral surface * ( ),     

1 2 3 1 2{( , , ) ; ( , ) }x x x x x       , and on the remaining part *
1 1( )   , 1 00\    , of 

the boundary surface force with density * * * 3
1( ): (0, )ig T   g R  is given. The electric field 

*E is potential * * * 3
1( / )i ix    E  and electric potential * *: (0, )T   R  vanishes along a 

part *
0 0( )    , 0 0,1

,
K

kk

 


    0, 1 2 3{( , , ) ;k kx x x   1 2 0,( , ) }kx x  , 0,k

  , of the lateral 

surface *  of the shell and on the remaining part *
1 1( )    , 1 00\     , of the boundary 

the normal component of the electric displacement with density   * *
1: (0, )g T   R  is given. 

The magnetic field *H  is potential * * * 3
1( / )i ix    H  and magnetic potential 

* *: (0, )T   R  vanishes along *
0 0( )    , 0 0,1

,
K

kk

 


    0, 1 2 3{( , , ) ;k kx x x  

1 2 0,( , ) }kx x  , 0,k
  , of the lateral surface *  and on the remaining part *

1 1( )    , 
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1 00\     , of the boundary the normal component of the magnetic induction with density 
* *

1 : (0, )g T   R is given. 
The linear dynamical three-dimensional model of the thermoelastic piezoelectric multilayer 

shell *  in differential form with quasi-static equations for electro-magnetic fields, where the 
rate of change of magnetic field is small, i.e. electric field is curl free, and there is no electric 
current, i.e. magnetic field is curl free, in Cartesian coordinates is given by the following system 
of partial differential equations [2]: 

*2 * 3
* *

2 *
1

kk
ijk ki

i
j j

u f
t x







 

         in  * (0, )k T  , ,3,2,1i                        (1)  

*3
, *

1

k
j k

j j

D
f

x







        in  * (0, )k T  ,                                     (2) 

0
3

1






j j

k
j

x
B

             in  * (0, )k T  ,                                     (3) 

         
* *3 3

* * * * * , *
0* *

, 1 , 1
( )

k k
k k k k k

ij ij ij
i j i ji j

e f
t x x t

   
 

    
        
  u    in  * (0, )k T  ,           (4) 

with mixed boundary conditions 
* u 0     on *

00 (0, )T  ,                     
3

* * *

1
ij j i

j
n g



     on *
1 (0, )T  ,                (5) 

* 0      on *
0 (0, )T  ,                  

3
* * *

1
i i

i
D n g



     on *
1 (0, ),T               (6) 

* 0      on *
0 (0, )T  ,                   

3
* * *

1
i i

i
B n g



     on *
1 (0, ),T              (7) 

* 0            on * (0, )T  ,                                              (8) 
rigid contact conditions along the interfaces * ( ), 1,..., 1,k k k K       

* 1*k ku u ,                  
3 3

* * 1* *

1 1

k k
ij j ij j

j j
n n  

 

                   on *
k
 ,                    (9) 

  * 1*k k   ,                 
3 3

* * 1* *

1 1

k k
i i i i

i i
D n D n

 

                   on *
k
 ,                  (10) 

  * 1*k k   ,                 
3 3

* * 1* *

1 1

k k
i i i i

i i
B n B n

 

                    on *
k
 ,                 (11) 

* 1*k k   ,        
* 1*3 3

* * 1* *
* *

, 1 , 1

k k
k k
ij i ij i

i j i jj j

n n
x x
  




 

 


         on *
k
 ,                 (12) 

and initial conditions 
* * * *

0( ,0) ( )i iu x u x ,  
*

* * *
1( ,0) ( )i
i

u x u x
t





,  * * * *

0( ,0) ( )x x      in * ,  1, 2,3,i         (13) 
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where * * 3
1( )i in n  is the unit outward normal vector to the corresponding surface, 

* * 3 *
1( ) : (0, )i iu T  u 3R  is the mechanical displacement vector-function, * *k u u , 

* *k  , * *k  , * *k   in *
k , 00   is the temperature of thermoelastic piezoelectric 

body in natural state in the absence of deformation and electromagnetic fields, which is 
considered as a reference temperature, * * 3

0 0 1( )i iu u  and * * 3
1 1 1( )i iu u  are the initial displacement 

and velocity vector-functions, *
0  is the initial distribution of temperature, 

* * * * * *( ) = 1/ 2( / / ),ij i j j ie v x v x    v  1,2,3=, ji , * * 3
=1= ( )i ivv , is the strain tensor, * 3

, 1( )k
ij i j   is the 

mechanical stress tensor, * * 3
1( )k k

j jD D  is the electric displacement vector and * * 3
1( )k k

j jB B   

is the magnetic induction vector in the layer *
k , which are given by the following constitutive 

equations: 
* *3 3 3

* * * * * * * *
* *

, 1 1 1
( ) ,

k k
k k k k k k k
ij ijpq pq pij pij ij

p q p pp p

c e b
x x
    

  

 
   

   u    , 1, 2,3,i j   

* *3 3 3
* * * * * *

* *
, 1 1 1

( )
k k

k k k k k
i ipq pq ij ij

p q j jj j

D e d a
x x
 

  

 
  

   u ,      3,2,1j ,

* *3 3 3
* * * * * *

* *
, 1 1 1

( )
k k

k k k k k
i ipq pq ij ij

p q j jj j

B b e a
x x
 

  

 
  

   u ,      1, 2,3j  . 

We assume that the coefficients characterizing elastic, thermal, electric and magnetic properties 

satisfy the following symmetry conditions 
* * * * * * *

* * * * * * * *

, , ,

, , , , , , , 1, 2,3, 1,..., .

k k k k k k k
ijpq ijqp jipq pij pji pij pji

k k k k k k k k
ij ji ij ji ij ji ij ji

c c c b b

d d a a i j p q k K

 

   

   

     
       (14) 

Let us consider variational formulation of initial-boundary value problem (1)-(13) in 
curvilinear coordinates, which is equivalent to the differential formulation in the space of 
smooth enough functions: Find the unknown vector-function ))(];,0([  Vu TC , 

2([0, ]; ( ))C T u L , and functions ))(];,0([   VTC , ))(];,0([   VTC , 2 (0, ;L T   
1
0 ( ))H  , 2 1(0, ; ( ))L T H   , which satisfy the following equations in the sense of 

distributions on ),0( T ,  

2 ( )
( , ) ( , ) ( , ) ( , ) ( , ) = ( ), ( ),Gd c b L

dt
    


       u

L
Ρ u v u v v v v v v V            (15) 

 ( , ) ( , ) ( , ) = ( ),d a L        u                      ( ),V           (16) 
 ( , ) ( , ) ( , ) = ( ),b a L        u                      ( ),V          (17) 

2 0( )
( , ) ( , ) ( , ) = ( ),G

L

d L
dt

        


  u               1
0 ( ),H          (18) 

together with the initial conditions 
,)0( 0uu           ,)0( 1uu          ,)0( 0                                 (19) 
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where 0vtrHvV =)();({=)( 1
  on 0} , )(V 1= { ( ); ( ) = 0H tr    on 0 } , 

1( ) = { ( ); ( ) = 0V H tr      on 0 } , 1 1
0 ( ) = { ( ); ( ) = 0H H tr     on } ,  

3 3

|| || ||
, , , =1 , , =1

( , ) = ( ) ( ) , ( , ) = ( ) ,G G
ijpq p q i j pij i j

i j p q i j p p

c c e e dx e dx
x
  

 


  u v u v v v  

3 3

||
, , =1 , , , =1

( , ) = ( ) , ( , ) = ( )( ) ( ) ,G p q
pij i j p ij i j

i j p i j p qp q

b b e dx v Gdx
x x
    

 

 


   v v v G G

3 3 3

, =1 , =1 , =1
( , ) = , ( , ) = , ( , ) = ,G G G

ij ij ij
i j i j i jj i j i j i

d d dx a a dx dx
x x x x x x
            

  

     
           

3 3 3

1
, =1 =1 =1

1

( , ) = , ( ) = ( ) ,G i i
ij i i

i j i ij i

dx L f v Gdx g tr v Gd
x x
     

  

 
 

     u v  

1 1
1 1

( ) = ( ) , ( ) = ( ) , ( ) = ,L f Gdx g tr Gd L g tr Gd L f Gdx      
 

 

      
 

  

        

)(2(.,.)
L  and )(2(.,.)

L  are the scalar products in the spaces )(2 L  and )(2 L , respectively, 

( 1,2,3)iu i   are the covariant component of the displacement vector field, * *( , ) ( , )x t x t  ,  
* *( , ) (0, )x t T  , if  and ( 1,2,3)ig i   are the contravariant components of the applied body 

force *f  and surface force *g  densities, * *kf f  in *
k , 1,...,k K , 

3

||
1

( ) 1/ 2( ) i
p q p q q p pq i

i
e v v v



    v  are the covariant components of the strain tensor, 

det( )ijG G , 
3

, , , 1
( ) ( ) ( ) ( )G i j p q

ijpq klrs k l r s
k l r s

c c G


  G G G G ,   
3

, , 1
( ) ( ) ( ) ,G p i j

pij rsk r s k
r s k

G 


  G G G

3

, , 1
( ) ( ) ( ) ,G p i j

pij rsk r s k
r s k

b b G


  G G G  
3

, 1
( ) ( ) ,G i j

ij rs r s
r s

d d G


  G G  
3

, 1
( ) ( ) ,G i j

ij rs r s
r s

a a G


  G G

3

, 1
( ) ( ) ,G i j

ij rs r s
r s

G 


  G G
3

, 1
( ) ( )G i i

ij rs r s
r s

G 


  G G , ( )G G
ij Ρ  is 3 3  matrix with elements 

G ij
ij g G   ( , 1,2,3)i j  , G G  , * *( ) ( )kx x  , * *( ) ( )kx x  , * *( ) ( )k

ijpq ijpqc x c x , 
* *( ) ( )k

pij pijx x  , * *( ) ( )k
pij pijb x b x , * *( ) ( )k

ij ijx x  , * *( ) ( )k
ij ijd x d x , * *( ) ( )k

ij ija x a x , 
* *( ) ( )k

ij ijx x  ,  * *( ) ( )k
ij ijx x  , 3,2,1,,, qpji , , * *( ) ( )kf x f x  , , * *( ) ( )kf x f x  , 

* *
kx  , * * * *

1( ) ( ), ,g x g x x     * *( ) ( ),g x g x   * *
1 ,x   Kk ,...,1 . 

3 TWO-DIMENSIONAL MODELS 
In order to construct the hierarchy of two-dimensional models let us consider the subspaces 

)(NV  and )(NH  of )(V  and )(2 L , respectively, 1 1 1
1 2 3 1 2 3( , , ,..., , , )K K KN N N N N NN , 

consisting of vector-functions Nv  with components ( 1,2,3)iv i N , which are polynomials with 
respect to the variable 3x  in each layer k ,  
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2

0

1 1 ( ) in , ( ), 0 , {0}, 1,2,3,
2

k kk
i ii

k
ik

i

r rN
k k k k k k k k

i i i i k i i i ir
r k

v v r v P z v L r N N i
h




           
 

N N N N N   

where 3 ,k k

k

x hz
h


  ,
2

k k
k

h hh
 

  ,
2

k k
k

h hh
 

  1,...,k K , and rP  denotes the Legendre 

polynomial of order {0}r N . We also consider the subspaces ( ),V


 N  
1 2( , ,..., ),KN N N   N  and  ( ),V



 N  1 2( , ,..., ),KN N N   N  of )(V  and )(V , 
respectively, which consist of the following functions  

2

0

1 1 ( ) in , ( ), 0 , {0},
2

k kk

k
k

r rN
k k k k k k k k

kr
r k

r P z L r N N
h

 

   


       


          
 

N N N N N  

2

0

1 1 ( ) in , ( ), 0 , {0},
2

k kk

k
k

r rN
k k k k k k k k

kr
r k

r P z L r N N
h

 

   


       


          
 

N N N N N  

and subspaces ( )V


 N  and ( )H


 N  of 1
0 ( )H   and )(2 L , consisting of the functions 

2

0

1 1 ( ) in , ( ), 0 ,
2

k kk

k
k

r rN
k k k k k k k

kr
r k

r P z L r N
h

 

   


      


        
 

N N N N  

where 1{0}, 2,..., 1, 1, 1k KN k K N N       N , for 2K  , and 1 1, 2,N N  N  for 1.K   
 Since the functions kh  and kh  are Lipschitz continuous in   from Rademacher’s theorem 
[14] we have that kh  and kh  are differentiable almost everywhere in   and *( )kh L     for 

all subdomains * ,  * , 2,1 . Therefore, the positiveness of kh  in   implies that for 

any vector-function )()( 3
1   NNN Vv iiv  the corresponding functions 1 *( )

k
ir
k

iv H N , for all 

, , i.e. 1 ( )
k

ir
k

i locv H N , 0 k k
i ir N  , 1,2,3, 1,...,i k K  . Similarly, for all functions 

( )V
 

  N N , ( )V
 

  N N , ( )V
 

  N N , the functions 
kr
k



N , 

kr
k



 N , 

kr
k




N   of two space 

variables in the expressions of 


N , 


 N , 


N  belong to )( *1 H , , i.e. ,
kr
k



N  ,

kr
k



 N

1 ( )
kr
k

locH



 N , 0,...,k kr N  , 0,..., ,k kr N   0,...,k kr N  . Moreover, the norms )(1||.||

H  and 

)(1||.||
H  in the spaces )(1 H  and )(1 H  define weighted norms *||.||  and *||.||  , *||.||  , *||.||   

of vector-functions 1,2,31( ) [ ( )]
k

i K
r

Nk
i locv v H  N N , 1,2,3 1 2 3

1
( 3)

K
K k k k

k
N N N N



    , and ( )
kr
k


 
  N N  

1[ ( )]
KN

locH  , 
1
( 1)

K
K k

k
N N 



  , 1( ) [ ( )] ,
k

K
r

Nk
locH




 
   N N  

1
( 1)

K
K k

k
N N 



  , ( )
kr
k



 
  N N  

*  *

 *
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1[ ( )] ,
KN

locH   
1
( 1),

K
K k

k
N N 



   such that 
)(* 1||||||||


 HNN vv  and *|| ||

  N  1 ( )
|| ||

H


N , 

1* ( )
|| || || ||

  


N N H
, 1* ( )

|| || || ||
H  


N N . Using the properties of the Legendre polynomials 

we can obtain explicit expressions of the norms *||.||  and *||.||  , *||.||  , *||.||  . In particular, *||.||  
is given by the following expression: 

2 2

2 2
32 3/2 1/2

*
1 1 0 ( ) ( )

2
3/2 1/2

1 1

1 1 (1 ( 1) )
2 2

1 ( ( 1) )
2

k kk k
i ii i k k

i i

k k k
i i i

kk
ii k k

i i

k k
i i

s rN NK
r sk k k k

i i k i k i
k i r s r L L

s rN
r sk k k

i k k k i k i
s r

v r s h v h v

s h h h v h v

 

  


  

   

   

  

               

        
 

 

 

N N N

N N
2

2

3/2

( )

( 1) .
k k

i ir
k k

i k k i

L

r h h v





  



N

 

 For components 
k

ir
k

ivN  and 
kr
k



N , 

kr
k



 N , 

kr
k




N   of  Nv  and 


N , 


 N , 


N , which possess the 

properties *|||| Nv  and *|| ||
   N , *|| ||

   N , *|| ||
   N  we can define the traces on 

~ . Indeed, the corresponding vector-function of three space variables 3
1)(  iivNNv  and 

functions 


N , 


N , 


N  belong to the spaces )()( 1  HVN  and ( ),V


 N  ( ),V


 N  

1( ) ( )V H


   N , respectively, and using the trace operator 
k

tr we define the traces of 
k

ir
k

ivN  and 

,
kr
k



N  

kr
k



 N , 

kr
k




N  on ~ , in particular,  

3( ) ( ) ( ) , 0,..., , 1,2,3, 1,..., .
k

i

k
k i

hr
k k k k k

i i i ir
h

tr v tr v P z dx r N i k K




   N N  

Since the vector-functions Nv  from the subspaces )(NV  and )(NH , and the functions 
( )V

 

  N N , ( )V
 

  N N , and 


N  from ( )V


 N  and ( )H


 N  are uniquely defined by the 

functions 
k

ir
k

ivN , 
kr
k



N , 

kr
k



 N , 

kr
k




N  of two space variables, hence considering the original three-

dimensional problem (15)-(19) on these subspaces, we obtain the following hierarchy of two-
dimensional initial-boundary value problems: Find ([0, ]; ( ))u C T V N N , ([0, ];u C T N  

( ))H N , ([0, ]; ( ))C T V
 

 N N , ([0, ]; ( ))C T V
 

 N N , 


 N
2 (0, ; ( ))L T V



 N , 


  N

2 (0, ;( ( )) )L T V


  N , which satisfy the following equations  in the sense of distributions on (0, ),T  

 ( , ) ( , ) ( , ) ( , ) ( , ) = ( ),d R u v c u v v b v v L v
dt      

         u
N N N N N NN N N N N N N N N N N N N N   (20) 

 ( , ) ( , ) ( , ) = ( ),u d a L
          

        N N N N N N N N N N N N N                       (21) 

 ( , ) ( , ) ( , ) = ( ),b u a L
          

        N N N N N N N N N N N N N                 (22) 
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0( , ) ( , ) ( , ) = ( ),d R u L
dt          

         N N N N N N N N N N N N                        (23) 

for all ( )v V N N , ( )V
 

 N N , ( )V
 

 N N , ( )V
 

 N N , and the initial conditions 

0(0) ,u uN N          1(0) ,u u N N         0(0) ,
 

 N N                              (24) 

where 1,2,31
0,*

( ) { ( ) [ ( )] ; , ( ) 0  on , 0,..., , 1,2,3,
k k

i iK
r r

Nk k k k
i loc i k i iV v v H v tr v r N i         N NN N N   

11,..., , ( ) ( ),
k k

k kk K  


 
 N Ntr v tr v 1,..., 1},k K  1,2,3 22

( )
( ) { [ ( )] ;

KN
H

H v L v


   
N

N N N  

2

2
3

1/2

1 1 0 ( )

}
kk

ii

k
i

rNK
k

k i
k i r L

h v




  

  N , 1
*( ) { ( ) [ ( )] ;|| || , ( ) 0

k k
K

r r
Nk k

locV H tr
 



    


           N N N N N

1
0,on , 0,..., , 1,..., , ( ) ( ), 1,..., 1},

k k

k k k k
k r N k K tr tr k K

 


    


 

    N N  ( ) { ( )
kr
kV


  

     N N N  

1 1
* 0,[ ( )] ;|| || , ( ) 0  on , 0,..., , 1,..., , ( ) ( ),

k
K

k k

r
N k k k k k k

loc kH tr r N k K tr tr




   


         


 

     N N N N

 1,..., 1},k K   1
*( ) { ( ) [ ( )] ;|| || , ( ) 0  on , 0,..., ,

k k
K

r r
Nk k k k

locV H tr r N
 



    


               N N N N N  

1 1
11,..., , 0  on , 0  on , ( ) ( ), 1,..., 1},

k k

K k k
Kk K tr tr k K

   
    

  
 

       N N N N ( ) {H
 

   N N  

2
2

( )
[ ( )] ;

KN

H
L 

 
 

  
N

N
2

2

1/2

1 0 ( )

}
kk

k

rNK
k

k
k r L

h




 



 

  N , the bilinear forms RN , cN , 


N N , b
N N , ,


N N  

d
N , a

 N N , 


 N , R



N , 


N  are defined as follows 2 ( )

( , ) ( , )GR v v


N N N N N L
Ρ v v , 

( , ) ( , )c v v cN N N N Nv v , ( , )v
 

  N N N N ( , )


 N Nv , ( , ) ( , )b v b
  

 N N N N N Nv , ( , )v
 

  NN N N  

( , )


 N Nv , ( , ) ( , )v
  

   NN N N N Nv , ( , ) ( , )d d
    
   N N N N N , ( , )a

   
  N N N N  

( , )a
 

 N N , ( , ) ( , )
    

     N N N N N , 2 ( )
( , ) ( , )G

L
R

    

     


N N N N N , ( , )
  

   N N N  

( , )
 

  N N , for all vector-functions , ( )v v V N N N , ,
 

 N N ( )V


  N , ,


 N ( )V
 

 N N , 

, ( )V
  

  N N N , corresponding to , ( ) N N Nv v V , , ( )V
  

   N N N , ,
 

 N N ( )V


 N ,  

,
 

  N N ( )V


 N , respectively. The linear forms Lu
N , L




N , L




N  and L




N  are given by the 

following expressions: 

1,

3
, , , , , ,

, , 1,
1 1 0

1 1 1( ) ( 1) ( ) ,
2

k k k kk
i i i ii k

i

k
k

i k

r r r rNK
rk k k G k G k G k k G

i i i i k i k i i k
k i r k k

L v r v f g g d tr v g d
h h 

 

    
 

  

                  
  u

NN N N

1,

, , , , , , , , , ,
, , 1,

1 0

1 1 1( ) ( 1) ( ) ,
2

k kk k k
k

k
k

k

r rN r rK
rk k G k G k G k G

k k k
k r k k

L r f g g d tr g d
h h

   


   




     
 

 

       
 

 

                   
  N N N N  
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1,

, , , , , , , ,
, , 1,

1 0

1 1 1( ) ( 1) ( ) ,
2

kk k k
k

k
k

k

rN r rK
rk k G k G k G

k k k
k r k k

L r g g d tr g d
h h

  


   




    
 

 

       
 

 

               
  N N N N  

, ,

1 0

1 1( ) ,
2

kkk

k
k

rrNK
k k G

k r k

L r f d
h



  


 




  
 

   
 

 N N N
 

where ,k G i
if f G , , ,k Gf f G  , , ,k Gf f G   in k , ,k G i

ig g G  on 1 k  , 
, ,k Gg g G   on 1 k

  , , ,k Gg g G   on 1 k
  , , ,

1 2 1 2 3( , ) ( , , )k G i
ig x x g x x x G  , 

for  ,
1 2 3 1( , , ) kx x x   , , , ,

1 2 1 2 3( , ) ( , , )k Gg x x g x x x G   , for  ,
1 2 3 1( , , ) kx x x   , 

, , ,
1 2 1 2 3( , ) ( , , )k Gg x x g x x x G   , for  ,

1 2 3 1( , , ) kx x x   , and otherwise , ,k G
ig   , , ,k Gg  

, , , 0,k Gg    1, 0,\ ,k k k    1, 0,\ ,k k k
     1, 0,\ ,k k k

     2 2
, 1 21 ( ) ( )k k kh h  
      , 

1,..., ,k K  3( ) ,
k

k

hr
k k

r k
h

v v P z dx




   for all functions 2 ( )k
kv L  , }0{Nr .  

 For the constructed two-dimensional initial-boundary value problem (20)-(24) for 
thermoelastic piezoelectric shell the following existence and uniqueness theorem is proved. 
 Theorem 1. Suppose that 3R  is a bounded Lipschitz domain, 0

  , 0
  , 

)(,  L , 0)(  constx  , ( )x     0const  , for almost all x , ijpqc , ,pij  

pijb , ijd , ij , ija , ij , ij ( )L  , 3/ ( )ij qx L    , 1,2,3=,,, qpji , and  conditions (14) and  

 

3 3 3 3
2 2

, , , =1 , =1 , =1 =1

3 3 3 3
2 2

, 1 , 1 , 1 1

( ) , , , ( ) , ,

2 ( ) ( ) , , ,

ijpq ij pq c ij ij ij ji ij j j i i
i j p q i j i j i

ij j i ij j i ij j i i i i i
i j i j i j i

c

d a

            

           
   

      

     

   

   

R R

R
     (25) 

are fulfilled. If the given functions satisfy the following conditions 

, , ,
1/2 2 2 3/4 2 4/3 1/4 2 4/3

, 1,(0, ; ( )),  (0, ; ( )),  (0, ; ( )),

k
ik

i

r
r k G k G

k i i
k i k k k

d g d gh f L T L L T L h L T L
dt dt

 

    


 
  

, , , , ,,
1/6 2 6/5 3/4 2 4/3 1/4 2 4/3

, 1,(0, ; ( )), (0, ; ( )), (0, ; ( )),

kk rr
k G k Gk

k k k k
d g d gd fh L T L L T L h L T L

dt dt dt


    


     


 

  

, , , , ,
3/4 2 4/3 1/4 2 4/3
, 1,(0, ; ( )), (0, ; ( )),

kr
k G k G

k k k
d g d gL T L h L T L

dt dt


   


   




    1/6 , , 2 6/5(0, ; ( )),
kr
k G

kh f L T L

    

where 0,1  , 0,...,k k
i ir N , 1,2,3i  , 0,...,k kr N  , 0,..., ,k kr N   0,...,k kr N  , 1,...,k K , 

and 0 ( )u V N N , 1 ( )u H N N , 0 ( )H
 

 N N , then initial-boundary value problem (20)-(24) 
possesses a unique solution. 
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 In the following theorem we present the results on the relationship between the obtained 
two-dimensional and original three-dimensional initial-boundary value problems, where we use 
the following Hilbert spaces  

1,

1,1, 1 1 2
3 3( ) { ; ( ), ( ),1 , 1,2, 1,..., },

K

s r r
k kh

H v v H h v L k K r s s 
              N . 

 Theorem 2. If 3R  is a bounded Lipschitz domain, 0
  , 0

   , 0 ( ) u V ,
2

1 ( ) u L , 2
0 ( )L   , 3 2 2

1( ) (0, ; ( ))i
if L T  f L , 3

1( ) ,i
ig  g g 2 4/3

1(0, ; ( ))L T L , ,f   
( )f   2 6/5(0, ; ( ))L T L  , , ( )g g   2 (0, ;L T ))( 1

4/3 L , , ( )g g   ))(;,0( 1
4/32  LTL , f    

2 (0, ;L T 6/5 ( ))L  , )(,  L , 0)(  constx  , ( )x    0const  , for almost all 

x , ijpqc , pij , pijb , ijd , ij , ija , ij , ij ( )L  , 3/ ( )ij qx L    , 1,2,3=,,, qpji , 
conditions (14), (25) are fulfilled, and the functions 0 ( ) N Nu V ,  1 ( ) N Nu H , 

0 ( )NH
 

  N , corresponding to the initial conditions 0 ( )u V N N , 1 ( )u H N N , 

0 ( )H
 

 N N  of the two-dimensional problems, tend to 0u , 1u  and 0  in the spaces )(1 H , 

)(2 L  and )(2 L , respectively, as min 1 , 1 3
min { , , , }k k k k

ik K i
N N N N N     

  , then three-

dimensional problem (15)-(19) possesses a unique solution and functions ( )tNu , ( )t


N , 

( )t


 N , ( )t


N  restored from the solutions uN , 


N , 


N , 


N  of two-dimensional problem 
(20)-(24), possess the following properties 

1
1

2
min1

2

( ) ( )       in  ( ), ( ) ( )     in  ( ),
( ) ( )      in  ( ),        for all  [0, ],   as   .

( ) ( )     in  ( ),
( ) ( )      in  ( ),

t t  t t H
t t t T N

t t H
t t L






 

 
 

   
    

 
 

N
N

N
N

N

u u H
u u L      

In addition, if 1,1,2 3

1,
(0, ;( ( )) )

|| / || sr
h K

r r
L T H

d dt c
 

u , Nrs , 0,1,2r  , 1210  sss , 21 s , 

1,1,2 1

1,
(0, ; ( ))

|| ||
s

h K
L T H

c
 

  ,
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4 CONCLUSIONS 
In this paper, we investigated initial-boundary value problem with mixed boundary 
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 12 

conditions for displacement, electric and magnetic potentials corresponding to linear three-
dimensional model for multilayer inhomogeneous anisotropic thermoelastic piezoelectric shell 
with regard to magnetic field. We obtained a variational formulation of the three-dimensional 
problem in curvilinear coordinates in corresponding spaces of vector-valued distributions and 
proved existence and uniqueness of solution. We constructed a hierarchy of two-dimensional 
models for multilayer thermoelastic piezoelectric shell and studied the existence and uniqueness 
of solutions of the corresponding initial-boundary value problems. Moreover, we investigated 
the relationship between the obtained two-dimensional and original three-dimensional models.     
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Abstract. This paper presents a C0 8-node quadrilateral finite element (FE) for geometrically linear
piezoelectric plates/shells. It is based on a high-order kinematics proposed in [1] for the mechanical part.
The approximation of the electric potential must be able to model piezoelectric patches, and a constant
value is considered on each elementary domain while a cubic variation in each layer is used, based on the
polynomial expansion given in [2]. Furthermore, Murakami’s ZigZag functions [3] is superimposed for
the three displacement components for improving the accuracy for multilayered modeling. A plate/shell
FE is obtained with nine degrees of freedom (dof) per node for the mechanical part, twelve dofs if the
ZigZag functions are included, [4].

This FE is evaluated on some standard piezo-electric plate/shell tests including sensor and actuator
configurations. Tests concerning bimorph piezoelectric beam/plate/shell are presented in order to assess
the high-order kinematics and the ZigZag effect. The role of electrode segmentation, i.e. the size of
equipotential surfaces, on the electro-mechanical response has been also considered.

1 INTRODUCTION

Research and development concerning high-performance structures are very intense since some decades.
Structural health monitoring, active vibration damping, and energy harvesting are some examples of pos-
sible applications of a multifunctional structural component. Piezoelectric materials permit to convert
mechanical and electrical energy at frequency ranges that are most interesting for technical applications
such as vibration damping and rapid shape adaptation [5]. Development of theoretical and numerical
models for this kind of structures is very important and active. For this purpose and in the framework
of two-dimensional plate/shell models, different choices can be made for the mechanical approximation
and the following classification is classically admitted for the variation in the thickness direction: (i)
Equivalent Single Layer (ESL) models, in which the number of unknowns is independent of the layer
number; (ii) Layer-Wise (LW) descriptions, for which the number of unknowns and, thus, the computa-
tional cost increases with the number of layers. While most developments employ an ESL description
for the mechanical behavior, and particularly the First order Shear Deformation Theory (FSDT), a Layer-
Wise description is necessary for the piezoelectric approximation to impose electric boundary conditions
at each piezoelectric layer interfaces, i.e., the electrodes, within the stack. Inside each piezoelectric layer,
the electric potential can be linear, quadratic or higher and a comparison has been proposed in [6].

1
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A review of different approaches is available in [7, 8] and in the framework of the Carrera Unified
Formulation (CUF) in [9]. For the FE approximations, a recent review limited to shell models is also
given in [10].

The limitation of the FSDT model is related to the constant transverse displacement hypothesis, in-
ducing no thickness change and the use of the reduced 2D constitutive law. The use of the full 3D
constitutive law is an important feature for a consistent representation of complex physical interactions
like multi-field coupling. Furthermore, accurate modeling of thick structures needs the transverse normal
stress and the 3D constitutive law.

Therefore, a high-order model is chosen with sinus function for the in-plane displacements and
quadratic assumption along the thickness of the transverse deflection. Thus, the 3D constitutive law
is retained and a parabolic distribution of the transverse shear strains and a non linear variation of the
transverse normal strain are recovered. In order to introduce transverse strain discontinuities required
to fulfill the interlaminar equilibrium, Murakami’s Zig-Zag function (MZZF) [3] is superimposed to the
high-order ESL kinematics for the 3 displacement components. Note that MZZF does not depend on
the constitutive coefficients and is, hence, attractively simple in conjunction with three-dimensional con-
stitutive laws including multi-field coupling. Based on this kinematics, an 8-node plate Finite Element
(FE) is proposed, free of numerical illness such as transverse shear and Poisson lockings, oscillation and
spurious mechanics [1]. The approximation of the electric potential must be able to model piezoelectric
patches, and a constant value is considered on each elementary domain while a cubic variation in each
layer is used, based on the polynomial expansion given in [2, 11].

The paper is organized as follows: Section 2 describes the plate problem, the approximations for the
displacement and the electric potential and the system to be solved. The resulting FE are evaluated in
Section 3 for a composite plate, in order to talk about the electrode segmentation modelling.

2 Description of the plate problem

2.1 Governing equations

Let us consider a plate occupying the domain V = Ω× [− e
2 ≤ z ≤ e

2 ] in a Cartesian coordinate system
(x1,x2,x3 = z). The plate is defined by an arbitrary surface Ω in the (x1,x2) plane, located at the midplane
for z = 0, and by a constant thickness e.

The displacement is denoted �u(x1,x2,z) and the electric potential is φ(x1,x2,z). εi j(x1,x2,z) and
�E(x1,x2,z) are the strain tensor components and the electric field vector, respectively, deduced from
primal variables by the geometric relations. Furthermore, σi j(x1,x2,z) and �D(x1,x2,z) are the conju-
gated fluxes (stress tensor components and dielectric displacement vector, respectively) obtained from
the constitutive equations given in the next subsection.

2.1.1 Constitutive relation

The 3D constitutive equation for a linear piezoelectric material is given by the following set of coupled
equations [12] for a layer (k):

[σ(k)] = [C(k)] [ε(k)]− [e(k)]T [E(k)] (1a)

[D(k)] = [e(k)] [ε(k)]+ [ε(k)] [E(k)] (1b)

where we denote by [C] the matrix of elastic stiffness coefficients taken at constant electric field, by [e] the
matrix of piezoelectric stress coefficients and by [ε] the matrix of electric permittivity coefficients taken

2
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at constant strain. The explicit form of these matrices can be found in [10] for an orthotropic piezoelectric
layer polarized along the thickness direction z. Eq. (1a) expresses the piezoelectric converse effect for
actuator applications, whereas Eq. (1b) represents the piezoelectric direct effect which is exploited in
sensor applications. Note that the constitutive law is expressed in the local reference frame associated to
each layer.

2.1.2 The weak form of the boundary value problem

The classical piezoelectric variational formulation of [13] is employed in which the primary field
variables are the “generalized displacements”, i.e. the displacement field, and the electrostatic potential.
Using a matrix notation and for admissible virtual displacements �u∗ and electric potential φ∗ (virtual
quantities are denoted by an asterisk), the variational principle is given by:

∫

V
ρ[u∗]T [ü]dV =−

∫

V
[ε(u∗)]T [σ(u,φ)]dV +

∫

V
[u∗]T [ f ]dV +

∫

∂VF

[u∗]T [F ]d∂V

+
∫

V
[E(φ∗)]T [D(u,φ)]dV −

∫

V
q φ∗ dV −

∫

∂VQ

Q φ∗ d∂V
(2)

where [ f ] is the body force vector, [F ] the surface force vector applied on ∂VF , q the volume charge
density, Q the surface charge density supplied on ∂VQ and ρ is the mass density. Finally, ε(u∗) and
E(φ∗) are the virtual strain and virtual electric field that satisfy the compatibility gradient equations. In
the remainder of this article we will refer only to static problems, for which the left-hand side term is set
to zero. Furthermore, body forces and volume charge densities will be discarded ([ f ] = [0]; q = 0).

2.2 The mechanical part

2.2.1 The displacement field

Based on the sinus model, see [14], a new plate model which takes into account the transverse normal
stress is presented in this section. This extension is based on following developments

• various models for beams, plates and shells based on the refined sinus theory, see [14, 15, 16, 17,
18, 19];

• our previous paper on a 7 parameter model for thermo-mechanical analysis [1].

In the framework of ESL approach, the kinematics of our model is assumed to have the following
particular form 


U1(xα,z) = u0

1(xα)+ z u1
1(xα)+ f (z) u f

1(xα)
U2(xα,z) = u0

2(xα)+ z u1
2(xα)+ f (z) u f

2(xα)
U3(xα,z) = u0

3(xα)+ z u1
3(xα)+ z2 u2

3(xα)
(3)

where α ∈ {1,2} and i ∈ {1,2,3}. In Eq. (3), the superscript is associated to the expansion order in
z while the subscript is related to the component of the displacement. Thus, u0

i are the displacements
of a point of the reference surface while (u1

α,u f
α) are measures for rotations of the normal transverse

fiber about the axis (0,xα). The functions uα
3 permit to have a non-constant deflection for the transverse

fiber and allow to have non zero transverse normal stretch. Furthermore, the quadratic assumption for
the transverse displacement avoids the occurrence of Poisson (or thickness) locking, see [1].

In the context of the sinus model, we have

f (z) =
e
π

sin
πz
e

(4)

3
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It must be noticed that the classical homogeneous sinus model [14] can be recovered from Eq. (3)
assuming u1

α =−u0
3,α, and neglecting the unknown functions uα

3.

2.2.2 The Murakami’s Zig-Zag terms

In order to evaluate the influence of Zig-Zag terms [3] in a high-order ESL model, the following
displacement per layer (k) are added to Eq. (3):




U1
(k)(xα,z) = Z(k)(z) uz

1(xα)

U2
(k)(xα,z) = Z(k)(z) uz

2(xα)

U3
(k)(xα,z) = Z(k)(z) uz

3(xα)

(5)

with

Z(k)(z) = (−1)k ζk(z) and ζk(z) =
2
ek

(
z− 1

2
(zk + zk+1)

)
(6)

where ek is the thickness of the kth layer while (zk,zk+1) are the bottom and top coordinates of this layer.
It is obvious that Z(k)(z) is a piecewise linear function with bi-unit amplitude for all the layers as we have
ζk(z) ∈ [−1,1]. Note that, despite the Z(k)(z) function depends on the layer index inside the stack, the
amplitudes uz

i are unique for the whole laminate, i.e., the ESL framework is still preserved.

2.3 The electric part

On each elementary domain Ωe, the electric potential is assumed to be constant. Therefore, no vari-
ation with respect to xα is considered. A cubic layerwise (LW) description is used across the thickness,
according to the approximation introduced in [2] and used in [11]: In each layer (k), the electric potential
distribution is described by the normal electric field components at the bottom and top surfaces, denoted
E3b and E3t , respectively, and the potential difference ∆φ between top and bottom surface. Using these
dofs, the approximation of the electric potential can be written as:

[
φ(k)

]
=
[
Fφ
] [

Cst(k)φ

] [
qe(k)

φ

]
(7)

where the following definitions have been introduced:

[
Fφ
]
=
[

1 z z2 z3
]

;
[
qe(k)

φ

]T
=
[

E3b
(k) ∆φ(k) E3t

(k)
]

(8)

and
[
Cstφ(k)

]
is a (4×3) matrix containing constant coefficients. The electric field vector in each layer[

E(k)
]

is then obtained as:

[
E(k)

]
=




0
0

−φ(k)
,3


= [FE ]

[
CstE (k)

] [
qφ

e(k)
]

with [FE ] =
[

1 z z2
]

(9)

where
[
CstE (k)

]
is a (3×3) matrix. So, the adopted approximation yields a quadratic transverse electric

field across the thickness of each layer.

4
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2.4 The system to be solved

The FE approximations are not detailed here for the sake of brevity and can be found elsewhere
[10, 1]. The eight-node quadrilateral finite element is used and classical FE approximation is used for
the geometry. A special treatment is used to control the transverse shear locking by using a dedicated
interpolation for γα3

0 according to the methodology presented in [1]. Note that since the electric potential
is assumed to be constant on each elementary domain, there is no need to introduce any FE approximation
for this field.

The elementary matrices are then deduced considering the bi-dimensional weak form obtained from Eq.
(2). Assembling each elementary contribution in the global reference frame, the following discrete form
of the coupled piezoelectric system is obtained:

[
[Kuu] [Kuφ]
[Kuφ ]

T [Kφφ]

][
[qu]
[qφ]

]
=

[
[Lu]
[Lφ]

]
(10)

where [Kuu], [Kφφ] and [Kuφ] are the global stiffness, dielectric and piezoelectric matrices of the plate,
respectively. The mechanical dofs are in the vector [qu], while the electrical dofs are in the vector [qφ]
and we have at the elementary level

[qu
e] =

[(
u0

1 u0
2 u0

3 u1
1 u1

2 u1
3 u f

1 u f
2 u2

3 uz
1 uz

2 uz
3
)

i=1,8

]
[
qφ

e]=
[(

E3b
(k) ∆φ(k) E3t

(k)
)

k=1,Nl

] (11)

with Nl the number of layers. From the mechanical point of view, the Zig-Zag dofs can be activated or
not and comparisons will be presented in the next section dedicated to numerical evaluations using no
Zig-Zag dof (P9), using only in-plane Zig-Zag dof uz

α (P9Z) and with all the Zig-Zag dof uz
i (P9ZZ).

Finally, the three models use 9, 11 or 12 kinematical unknown functions and the associated FE has 72,
88, 96 mechanical dofs per element, respectively.

Since the electric potential is assumed constant on each FE, the assembly involves only the approx-
imation along the thickness. A piezoelectric patch comprising several FEs can be defined through the
imposition of the equipotential condition between electrodes: the same ∆φ is imposed on the piezo-
electric layer for all elements belonging to the same patch. From the numerical point of view, this is
accomplished through linear homogeneous and non-homogeneous Multi-Point Constraints (MPC) using
penalty function method.

In Eq. (10), the load vectors [Lu] and [Lφ] represent the external loading from applied forces and pre-
scribed charges, respectively. Essential boundary conditions (i.e., prescribed displacements and electric
potentials) are imposed numerically by a penalty technique. The coupled system is then solved by the
classical static condensation procedure for the electrical dof:

[qφ] = [Kφφ]
−1([Lφ]− [Kuφ]

T [qu]) (12a)

which yields the following purely mechanical system with a modified equivalent stiffness matrix:

[
[Kuu]− [Kuφ][Kφφ]

−1[Kuφ]
T
]
[qu] = [Lu]− [Kuφ][Kφφ]

−1[Lφ] (12b)

In the remainder of the paper, [Lφ] = [0] will be considered.

5
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3 Numerical results: clamped composite plate

This test is interesting to evaluate the segmentation of a piezoelectric layer using different number
of patches. It considers the sensory response of a cantilever, rectangular, hybrid sandwich plate with
one edge clamped and other edges free subjected to a uniform pressure load according to the following
data [20]:

geometry rectangular plate a× b with a = 10 mm, a/b = 2 and total thickness e = 1 mm (length-to-
thickness ratio S = 10)

materials seven-layers plate (pz,0◦,90◦,core,90◦,0◦, pz); the outer piezoelectric layers of thickness
0.1 e are made out of PZT-5A material; each layer constituting the laminated skins has a thickness
0.04 e and the core thickness equals 0.64 e. The material properties for PZT-5A, skin layers and
core are given in Tab. 1

boundary conditions clamped at x1 = 0; uniform pressure load p0; piezoelectric layers can be in open
circuit (∆φ let free) or in closed circuit (∆φ = 0)

mesh three regular meshes 5×2, 10×4 and 20×8 are used

results and locations transverse displacement at the tip and piezoelectric potential in the element close
to the clamped edge. They are made non-dimensional according to

u3 = u3
(
102E2

(core)
)
/
(
eS4 p0

)
φ = φ

(
104E2

(core) d0
)
/
(
eS2 p0

) with d0 = 374 10−12 CN−1

Prop. PZT-5A skin core Prop. PZT-5A skin core
E1 [GPa] 61.0 172.5 0.276 e15 [C/m2] 12.3 0 0
E2 [GPa] 61.0 6.9 0.276 e24 [C/m2] 12.3 0 0
E3 [GPa] 53.2 6.9 3.45 e31 [C/m2] -7.2 0 0

ν23 0.38 0.25 0.02 e32 [C/m2] -7.2 0 0
ν13 0.38 0.25 0.02 e33 [C/m2] 15.1 0 0
ν12 0.35 0.25 0.25 ε11 [nF] 15.3 ε0 ε0

G23 [GPa] 21.1 1.38 .414 ε22 [nF] 15.3 ε0 ε0
G13 [GPa] 21.1 3.45 .414 ε33 [nF] 15. ε0 ε0
G12 [GPa] 22.6 3.45 0.1104

Table 1: Material properties employed in the considered problems.

This test can be used to compare the effect of the electrode segmentation: using the proposed FE
meshes, the electrode sensor surface is subdivided in 1, 10, 40, 160 patches through the imposition of
equipotential conditions.

Tab. 2 presents the convergence properties of the P9 FE when only one patch is used for each piezo-
electric layer. In the open circuit configuration, the equipotential condition enforces ∆φ in each layer
to be the same for all elements. In the closed circuit condition, ∆φ = 0 for all elements (equipotential
condition) and the maximum electric potential value inside the piezoelectric layers is reported. Note that
the cubic approximation for φ allows to recover the electric potential induced by the local bending of the
piezoelectric layers.

6
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elec BC mesh 5×2 10×4 20×8
OC u3 22.649 (-1.9) 22.967 (-0.5) 23.089

∆φbottom -23.003 (-2.7) -23.408 (-1.0) -23.649
∆φtop 24.473 (-2.6) 24.886 (-1.0) 25.129

CC u3 23.370 (-1.9) 23.698 (-0.3) 23.833
φMax -3.307 -5.212 -7.295

Table 2: Clamped composite plate with only one electric patch: convergence results for open circuit (OC) and
closed circuit (CC).

The maximum displacement is located at the center of the tip edge (a,b/2) while the maximum in-
duced electric potential (φmax for closed circuit) is in the FE close to the clamped edge. For the open
circuit, the convergence is very fast for both displacement and electric potential difference – the percent-
age of error with respect to the 20× 8 mesh results is indicated in parentheses. For the closed circuit,
an asymptotic value is recovered for the displacement whereas φmax still increases with mesh refine-
ment; this is due to the decreasing size of the FE at the clamp, which increasingly localizes the bending
deformation of the piezoelectric layers.

The distribution of the electric potential across the thickness is illustrated for the two electric bound-
ary conditions in Fig. 1. The non-linear variation across the bottom and top piezoelectric layers is visible
on both graphs and increases with mesh refinement. Due to the equipotential condition, it has no influ-
ence on the ∆Φmax for the open circuit (left) but it is directly related to the Φmax for the closed circuit
(right). This non-linear effect measures the local bending deformation of the piezoelectric layers and is
accordingly larger at the clamped edge than at the free tip of the plate.

Finally, the effect of electrode segmentation is discussed in Tab. 3 for the open circuit boundary
condition. The corresponding distribution along the length of the plate of the electric potential difference
is illustrated in Fig. 2 for all considered meshes and electrode segmentations. The induced potential
difference ∆φ reported in Tab. 3 is taken at the electrode next to the clamped edge, i.e., where it has
its maximum value. Comparing the results for 10 patches obtained with two different meshes allows to
appreciate the role of the mesh refinement: a finer mesh increases the tip displacement and enhances the
sensed voltage. The same mesh with 10×4 elements is then used with two different number of electric
patches, i.e., with different sizes of the equipotential surfaces: a very small influence on the tip deflection
can be seen, with u3 slightly larger when the equipotential surfaces are larger; on the contrary, the electric
potential induced at the clamped edge is clearly higher the smaller the electrode. Finally, considering
the 20×8 with 160 patches (i.e., one electrode per FE), the tip displacement is slightly higher due to the
refined mesh and the sensed voltage is further increased due to both, the larger deflection and the reduced
electrode’s size at the clamp.

4 Conclusion

This paper has presented a new family of FE for piezoelectric composite plates. A high-order ESL
kinematic model is considered that includes the sinus function for the in-plane displacements, a quadratic
polynomial expansion for the transverse displacement and Zig-Zag functions for introducing slope dis-
continuities at layers’ interfaces for both, the in-plane and the transverse displacements. A LW cubic
approximation is used for the electric potential in order to capture its non-linear distribution induced
by the local bending of the piezoelectric layer; the elementary domain is considered as an equipotential
surface (constant electric potential).
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mesh 5 ×2
mesh 10 ×4
mesh 20 ×8

S = 10; open circuit 

z
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−0.35
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0.35
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0.50

φ(x1 = 0): clamped edge
0 10 20

φ(x1 = a): free edge
0 10 20

mesh 5 ×2
mesh 10 ×4
mesh 20 ×8

S = 10; close circuit 

z
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φ(x1 = 0): clamped edge
−5 0

φ(x1 = a): free edge
0 0.1 0.2

Figure 1: Clamped composite plate: electric potential distribution across the thickness for the OC (left) and CC
(right) electric boundary conditions.

patch Nb 10 40 160
mesh 5×2 10×4 10×4 20×8
u3 22.230 22.533 22.510 22.609
∆φbottom -62.776 -63.503 -80.004 -91.988
∆φtop 64.071 64.827 81.147 92.884

Table 3: Clamped composite plate in OC configuration: evaluations for different FE meshes and equipotential
surface sizes.

mesh 20x8; 1 electrd
mesh 5x2; 10 electrd
mesh 10x4; 10 electrd
mesh 10x4; 40 electrd
mesh 20x8; 160 electrd

ΔΦ  (Top layer)

0

20

40

60

80

100

x1

0 2 4 6 8 10

ΔΦ  (Bottom layer)

mesh 20x8; 1 electrd
mesh 5x2; 10 electrd
mesh 10x4; 10 electrd
mesh 10x4; 40 electrd
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Figure 2: Clamped composite plate in OC configuration: distribution along the length of the sensed voltage at the
top (left) and bottom (right) piezoelectric layer for different meshes and electrode segmentation.
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The element has been validated through linear static case studies for both sensor and actuator con-
figurations as well as homogeneous and laminated plates. The role of electrode segmentation, i.e., the
size of equipotential surfaces, on the electro-mechanical response has been also evaluated. The results
are in good agreement for actuator and sensor configurations for thin to very thick cases. The proposed
P9ZZ FE, using only 12 mechanical dof per node, is very accurate, simple to use, without any numerical
problem and could be used for a large range of plate problems involving piezoelectric patches or layers.
Future works are pointed towards the extension of this model to piezoelectric shell structures.
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Abstract. Soft robotics is an expanding and promising field that deeply transforms the way we design
actuators and sensors. Despite recent progress, there is still a need for electrically driven actuators
being capable of providing large motions under low voltage. We explore here the concept of phase
transition-driven actuators, in which the actuation only results from the large expansion taking place
during a liquid to a gas phase transition. We demonstrate that such a concept can be used for creating
original applications, including a morphable skin with controllable texture and a soft gripper. It would
be very challenging, if not impossible, to design such actuators with other actuation technologies while
preserving the same compactness.

1 INTRODUCTION

Soft robotics emerged a few years ago as a new trend in the design of artificial robotics system.
By leveraging the unique properties of highly deformable materials and systems, new functions can be
imagined, including improved interaction between the robotic system and the user, complex mode of
deformations bringing more flexibility compared to classical rigid-part based robots, integral processing
through 3D printing. As in any robotic system, the success of such technology heavily relies on the
availability of high-performance sensors and actuators.

Soft actuators are usually based on externally provided pressurized fluid (pneumatic and hydraulic
systems) [1], shape memory polymer, electroactive polymers such as conductive soft polymers (PE-
DOT/PSS for example [7]), or piezoceramic fibers. These systems all suffer limitations that prevent
today to explore the full potential of soft robotics. These limitations vary from one technology to an-
other: high voltage, limited actuation (strain), need for bulky and expensive power sources. So there is
still a need for an actuation principle that can provide large actuation, ideally based on electrical energy
at relatively low voltage.

We propose here to explore the concept of Joule heating induced phase transition to the design of new
families of actuators. In this concept, the transition from liquid to gas of well-chosen liquid based on
electrically induced heating is leveraged. Such systems raise many challenges including the design of
efficient heating element and microstructure.

We demonstrate this concept on two application.

1
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The first example is an all-polymer base polymorph skin with controllable surface texture [2]. We
present here an e-skin for which we control the surface morphology based on an electrical stimulus.
Such skin is fully polymer-based, based on the concept of phase transition, and will find interesting
applications in any process where the morphology of the surface plays an important role in controlling
the interaction between the system and its environment such as drag control in pipe or gripping.

The second application is about the development of soft grippers that can experience large deforma-
tion and where the internal actuating pressure is only provided by phase transition [3]. We show here how
a well-designed electrode and a predesigned cavity with sufficient liquid can result in a high performing
system.

2 Experimental section

The proposed family of actuators relies on a very simple observation: liquid to gas phase-transition
is one of the physical process coming with the largest dimensional expansion. On the other hand, phase-
transition is a thermally activated process that can be easily controlled by providing heat energy to the
system. Finally, heat energy is easily provided in-the-volume of any conductive material by making
appropriate use of the Joule effect.

Then, the objective becomes to use at best the electrical-thermal-mechanical coupling. First, a heating
element is designed to provide an adequate amount of heat when subjected to an electrical current.
Second, a functional material should exhibit phase-transition when subjected to this additional heat.
Finally, this expanding functional material should be properly mechanically constrained to force the
system to deform in the way desired for the actuation.

This process is obviously not new as it is very similar to the one used in conductive polymer-based
actuators such as PEDOT/PSS. PEDOT:PSS features a strong coupling between its chemical, mechan-
ical and electrical behaviors which has resulted in many applications in the field of electro-mechanical
actuators [6]. The mechanism of actuation comes from the hygroscopic nature of PSS that very easily
absorbs water from the environment. Water molecules can actually exist in very different configurations.
As shown by [5] based on the observation of isosteric heat of sorption, water molecules will mainly
be adsorbed on hydrophilic sulfonic acid groups at low sorption degree. At higher sorption degree, the
active sites are totally saturated and the water is in a free-water configuration. Absorbed water molecules
increase the distance between PEDOT:PSS grains, causing a volume increase. When an electric current
is applied, the Joule effect results in the generation of in-the-volume heat, consequently changing the
temperature. It results in releasing the previously absorbed water molecules, which translates into geo-
metrical shrinking at the macroscale. PEDOT:PSS based actuators can be operated under low voltages
(0-10V) that makes them particularly appealing for wearable electronics applications [4].

However, this phase transition is relatively inefficient in PEDOT/PSS that only exhibits a few percent
strain when actuated. This is due to the microstructural disorganization of the phase-changing domain,
and to the very limited fluid content. Our objective is to design from scratch the microstructure so it
actually features very high actuating properties.

2.1 Example 1: a morphable skin based on phase-transition

In this first example, we create an e-skin with a controllable texture. An elementary module is pre-
sented figure 1(a,b). E-skin can then be created by using periodical arrays of such elementary modules.
As detailed above, this component requires a heating element, a functional material expanding under a
thermal stimulus, and a constraining material to force the motion.

The heating element is here made of PEDOT/PSS by mixing an aqueous dispersion of PEDOT:PSS

2
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FIGURE RAGESH
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Top layer with cavity 
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Figure 1: (a,b) The structure of the morphable skin based on phase-transition, (c) components of the phase-
transition based soft gripper (left), assembled structure of soft gripper (right).

Clevios PH1000 (HC Starck) with 3% mass ratio of Ethylene glycol (EG) (Sigma-Aldrich). This blend is
then magnetically stirred at 500 RPM for 6 hours so an homogeneous solution is obtained. The solution
was later on drop-casted on a petri dish base coated with a Teflon sheet and subsequently cured inside a
fume hood, at room temperature, for 48 hours, in order to obtain a 50 µm- thick film. To precisely cut
the solution-casted PEDOT:PSS film, a CO2 laser cutter PLS 6.75 (Universal Laser Systems) was used,
with the following optimized parameters: power 3%, speed 5%, pulse per inch 1000, and focus distance
of Z-axis of 4 mm.

The soft actuator itself (the functional material expanding when exposed to temperature increase )
is here created by encapsulating liquid-phase containing bubbles inside an expandable silicone rubber
(here, Ecoflex 00-50). The technology is then similar to the one proposed by [3]. One of the advantages
if the simplicity of the fabrication. However, the main drawback is that the microstructure can not be
very well controlled and then actuation properties can not be optimized. We are using as phase-transition
liquid ethanol at 96% (VWR Chemicals) based on an optimization process for the fluid that was detailed
in [2] where we compared different fluids. The preparation was optimized by mixing a 20% mass ratio
of ethanol with Ecoflex. The silicone elastomer of Ecoflex (part A) and ethanol were first mixed for 2
min, the silicone crosslinker of Ecoflex (part B) was then added and mixed for another 2 min, at the
recommended 1:1 mass ratio of part A and part B. The mixture was subsequently poured into a 3D-
printed acrylonitrile butadiene styrene (ABS) mold and cured for 3 hours, at room temperature.

Then comes the assembly with the constraining material. To assemble the device, the Ecoflex based
soft actuator was placed on a customized 3D-printed ABS mold. It was then covered with the PE-
DOT:PSS film to build the heating element. Contact electrodes were assembled on the PEDOT:PSS film,
using copper wires fixed with colloidal silver liquid (Electron Microscopy Sciences). For the casing,
PDMS was prepared using a silicon-based elastomer and curing agent Sylgard 184 (Dow Corning), with
a 10:1 mass ratio. This PDMS is much stiffer than the soft actuator so it has an in-plane constraining
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effect: the soft actuator can not expend in-plane and has to expand out-of-plane, resulting in the creation
of the macroscopic texture. The mixture was degassed under vacuum for 30 min to remove air bubbles.
Finally, PDMS was poured into the mold and cured at room temperature, for 48 hours, to package all the
components.

This e-skin is here obtained by casting due to limitations in the available equipment. However, we
should note that it is fully polymer based. It is fully printable and compatible with major printing tech-
nologies that makes it very easy to upscale.

2.2 Example 2: a soft gripper based on phase-transition

The soft actuator has four main components: a top layer with eleven cavities made of silicon rubber
(Ecoflex-50), a heating element passing through all the cavities, a strain limiting layer and a flat bottom
layer made of silicon rubber (Ecoflex-50); see Figure 1(c). We adopted a casting process using two
different 3D-printed molds to fabricate the top and bottom layers, respectively. We poured Ecoflex-
50 into the mold for the top layer and cured the material at 50 ◦C for at least 3 h. We then poured
Ecoflex-50 into another mold for the bottom layer, inserted a thin cotton fabric (strain limiting layer that
was already wetted with Ecoflex-50) into the mold, and cured the material (the mold was only filled
halfway). Heating element made by twisting stainless steel micro-fibers was connected to copper wires
for electrical connection and inserted into the cavities of the top layer. A valve for pouring actuation
liquid was made in one of the cavities of the top layer. To make final assembly, we poured Ecoflex-
50 to fully fill the remaining half of the mold of the bottom layer, and laid the top layer (with heating
element and valve) over the mold of bottom layer. Once the Ecoflex was all cured, the liquid (ethanol)
was pumped into the cavities through the valve, and the valve was fully patched with Ecoflex-50 to avoid
leakage.

3 Results and discussion

3.1 Example 1: a morphable skin based on phase-transition

We can observe in figure 2(a) the progressive change in the shape of one module when subjected to
a 6 V (0.7 A) electrical loading. The actuation of the device was monitored using a drop shape analyzer
(Kruss), where an in-situ video was captured (as supplementary content), and image post-processing was
carried out using ImageJ (an open source computer software). We can see that a substantial change in
shape can be obtained using the phase-transition technology. Such a change in change would be difficult
to achieve with classical actuators.

Using this module as a building block, we have shown that complete morphable skins can be fabri-
cated and used in various applications including smart piping and active drag reduction at the fluid/pipe
interface [2].

The main problem in this first technology is the limited durability of the heating element that is here
made of PEDOT/PSS. To verify the lifetime and reliability of our device, we performed a cyclic test.
Each cycle was composed of two periods: a heating period of 7 min in which the power was on, and a
cooling period of 5 min with the power off. The voltage supplied during the heating period was 7 V, and
a microscope (Leica S6D MC 190 HD) was used to capture images at the end of the 7 min period, to
obtain the maximal actuation; image post-processing was once again carried out using ImageJ. We can
observe that the actuation capabilities of the device are decreasing with the number of cycle (figure 2(b)).
That is a consequence of the progressive degradation of the PEDOT/PSS electrodes, that results both in
progressive increase in actuation power and decrease in actuation amplitude. This issue has been solved
in the next generation where metallic porous electrodes are used as demonstrated in the next subsection.
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Figure 2: Example 1 (morphable skin): (a) progressive change in cross section of a single module of the
morphable-skin, (b) the evolution of actuation amplitude with time. Example 2 (soft gripper): (c) time response of
forward actuation, (d) time response of reverse actuation, (e) initial and actuated state of soft gripper at P = 30 W.

3.2 Example 2: a soft gripper based on phase-transition

Figure 2(c-d) shows the relationship between input power and the time required to actuate the soft
gripper forward and reverse, respectively. Figure 2(c) shows that during forward actuation without pre-
heating the gripper took 33 s to move from initial (resting) position to the full actuation. The heating
element made of twisted steel micro-fibers was able to introduce a relatively uniform and quick heat flow
to the fluid (ethanol). The liquid-to-vapor transition provided a sufficient pressure in the cavities, and
due to the asymmetry (stiffness and geometry), a bending motion was created. The time requires was
reduced by almost 80% when the gripper was pre-heated, while the power input was increased from 30
to 40 W. Pre-heating increases the internal heat energy that helps reduce the actuation time. Figure 2(d)
shows that the reverse actuation took 25 s at 30 W power input; the time required to reverse was naturally
longer when the input power was increased. Figure 2(e) shows the undeformed (pristine) and deformed
state of the soft gripper. Nevertheless, reverse actuation time of 30 s at 40 W to restore from deformed
to undeformed state is still considered fast for this passive cooling method. Furthermore, an appreciable
bending configuration more than 180◦ could be achieved using relatively lower input voltage (25-40 V)
in comparison to dielectric electro active polymers that require very high voltage source (kV) for large
actuation strain .

Some remarks can be made with respect to our soft gripper. The corrugated design of the top layer
with 11 cavities provides a significant increase of surface area with moderate increase in dead volume
in comparison to a classical rectangular cavity. The increase of surface area improves the rate of con-
vection heat transfer (Q = hA∆T) and enables a faster reverse motion. It should be noted that an active
cooling system, e.g., peltier-based, water-based or air-based cooling, may improve the time required for
reversibility, but this would increase the the size and the energy consumption of our system. Our fast
response, low voltage, large actuation soft gripper is considered promising for portable humanoid hand
that deals with delicate objects and fast picking pace.

5



1376

Phase transition-based soft actuators

4 CONCLUSIONS

We demonstrate here that using phase-transition concepts for practical actuators is a viable alternative
for soft robotics. The key-to-success is the ability to provide proper electrodes capable of ensuring
simultaneously the electrical conduction, Joule effect-based heat generation, the heat transfer to the fluid
and good durability. Here, we proposed two actuators: one based on conductive polymer, and another
one based on porous metallic electrodes.
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Abstract. In this effort, we investigate the necessary considerations for the modeling of 
carbon nanotubes (CNTs) acting as nano-scale mechanical resonators for the detection and mass 
identification of nanoparticles deposited on or within the CNT. Thus, we provide an overview 
of several studies that were conducted in this research group in the last several years related to 
this topic. Each of these studies help us to achieve the end goal of this research in order to 
develop reduced-order models of CNT-based mass sensors that are able to reflect the physical 
system, reliably predict phenomena occurring at the nano-scale, and can both qualitatively and 
quantitatively match and predict the response based on existing and future experimental trials 
for the proposed systems. In general, we study the CNT-based systems from a mechanics, 
dynamics, and vibrations point of view. Therefore, we consider theories in non-classical 
continuum mechanics to model the size-dependent phenomena, utilize Hamilton’s principle to 
derive the nonlinear governing equations of the mass sensor, and account for various other 
system parameters. We have found that there are many factors that have a profound effect the 
system’s static / dynamic response, stability, and sensitivity. These include, but are not limited 
to, the CNT length and diameter, the location and geometry of the deposited particle, the 
number of deposited particles, the size-dependent parameter, and external forces and 
excitations. 

  
1 INTRODUCTION 

Following the initial discovery of carbon nanotubes (CNTs) in the early 1990s by Iijima and 
his colleagues [1, 2], they have been studied, researched, and utilized in numerous applications 
for their unique properties. Some of the most notable properties of CNTs, which can be 
classified as allotropes of carbon with a cylindrical structure, include their high strength, high 
Young’s modulus, high surface area-to-volume ratio, and impressive thermal and electrical 
properties. Due to these unique properties, several applications of the nanostructures have been 
reported in the literature, such as CNTs acting as targeted drug delivery devices, energy devices, 
nano-scale biomedical sensors, energy storage devices, or sensors for the detection and mass 
identification of single or grouped deposited atoms or molecules [3-6]. As such, there have been 
significant efforts in this research group that have focused on the development of reduced-order 
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models of CNT-based mass sensors.  
It should be noted that when considering nano-scale mass sensors, the main operating 

principle of the system rely on measuring an induced shift in the natural frequency or amplitude 
of the CNT. This shift is between the states before and after a particle or particles have been 
deposited on or within the CNT in order to detect and identify their mass and thereby determine 
the detection sensitivity of the device [6]. Further, because certain pristine CNTs can possess 
ultra-high-quality factors, some studies have shown that the mass detection system is able to 
obtain a zeptograom (1 zg = 10-21 g) and yoctogram (1 yg = 10-24 g) resolution [7]. Additionally, 
the resolution of the CNT, i.e., the smallest mass that can be detected for a specified frequency 
shift is dependent on a number of factors, such as temperature changes, exposure to a magnetic 
field, harmonic, or parametric excitations. For example, the mechanical behavior of 
nanostructures is highly dependent on different types of temperature changes in severe 
environments. Thus, it is required to include thermal effects to investigate the static and 
vibrational characteristics, which has been the subject of several research efforts in recent years 
[8-10]. Besides, any external forcing may alter the behavior and response of the system. This 
leads to an investigation on the nonlinear dynamics of forced single-walled carbon nanotube-
based bio-mass sensors under uniform and non-uniform temperature distributions.  

Other factors that can affect the system are different types of phenomena that occur at the 
nanoscale. Utilizing theories in classical continuum mechanics, which represent particles as a 
point mass subject only to translation, have been shown to fail at the nano-scale. Rather, at the 
nano-scale, particles should be represented as nano-volumes subjected to translation, rotation, 
and/or deformation. Depending on the crystallographic structure and size of the material, an 
appropriate theory in non-classical continuum mechanics should be selected. Of the available 
theories, Eringen’s nonlocal theory has most notably been used to study the static and dynamic 
responses of CNTs. This theory represents particles as point masses subject to translation [11]. 
However, the stress at one point is influenced by the strain of all other points in the surrounding 
medium. In this work, a differential version of this theory is applied to include the residual 
stress.  Additionally, while utilizing a nonclassical or nonlocal theory to account for the change 
in the behavior and response of a system at the nanoscale, it is also important to utilize an 
appropriate theory depending on the geometry of the CNT [9]. For example, for high aspect 
ratio CNTs, some researchers have shown the Euler-Bernoulli beam theory is appropriate, while 
Timoshenko beam theory is better suited for low aspect ratio, short, and stout structures.  

After considering possible parameters and system modifications depending on the CNT size 
and environment, a set of nonlinear governing equations or motion, boundary conditions, and 
continuity conditions can be derived. In this case, the authors present the reduced-order model 
for a case in which the CNT-based mass sensor has one attached particle and is subject to 
uniform, linear, and nonlinear temperature rises and undergoes harmonic excitations. Then, the 
mathematical model is solved using the Method of Multiple Scales [12], while the proposed 
analytical solution satisfying clamped boundary conditions is employed to solve the nonlinear 
equations. Then, CNT-based mass sensors under uniform [13] and nonuniform temperature 
profiles through the thickness of the carbon nanotube and under a harmonic excitation force are 
studied, along with the effects of the nonlocal parameter, particle mass and location, surface 
temperature difference, and CNT dimensions. 
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2 DEVELOPMENT OF NONLOCAL NONLINEAR REDUCED-ORDER MODELS 
To model a system at the nano-scale, it is important to first study the system from a physical 

or experimental point of view to understand what is happening physically. When that is 
understood, reasonable assumptions can be made on the accuracy, qualitative, and quantitative 
predictions. Some of these considerations are shown in Figure 1. One of the first things to 
consider is what theory is used to represent the displacement and strain field of the CNT 
depending on its dimensions. For example, Euler-Bernoulli beam theory is appropriate for high 
aspect ratio CNTs, while low aspect ratio CNTs should be modeled with Timoshenko beam 
theory to include the effects of shear deformation and rotary inertia. The most inclusive model 
is a shell model that may need to be used for thin-walled CNTs. However, this model is 
considerably more complicated. So, for the sake of simplicity, noting that the authors have not 
exceeded the limits of applicability of the beam models, they are used more often. Another 
consideration in the model is how to represent the deposited particles. For example, the authors 
must decide whether to model the mass as a point mass or a nano-volume. Additionally, it 
should be noted that the location and number of masses also affect the dynamic response of the 
structure. Lastly, it is important to include external factors, such as thermal or magnetic loadings 
or harmonic or parametric excitations.  
 

 
Figure 1. Considerations in the development of reduced-order models for CNT-based mass sensors.  
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     At this point, several studies can be performed by neglecting or including different levels of 
assumptions and parameters. In this study, a focus is placed on two studies, namely, 
comparisons between Euler-Bernoulli beam theory and Timoshenko beam theory for different 
aspect ratio and CNTs and the dynamic response of CNT-based mass sensors under uniform, 
linear, and nonlinear temperature rise and harmonic excitation.  

2.1 Eringen’s nonlocal elasticity and the consideration of size-dependent phenomena 

To model a system at the nano-scale, it is important to include size-dependent phenomena 
and/or to include the material structure. This is because at the nano-scale, the size of the 
structure is on the same order of magnitude as the internal lengths. Due to the material structure 
and properties of CNTs, Eringen’s nonlocal theory is used to account for the size dependent 
phenomena in the structure. Using Eringen’s nonlocal elasticity theory, the stress at one point 
in the medium is influenced by the strain of all other surrounding points. Thus, the nonlocal 
stress field, σij is given as [12]: 

𝜎��(𝑥) = � 𝛼(|𝑥� − 𝑥|,𝑒)𝑡��(𝑥)𝑑𝛺(𝑥�)
�

                                     (1) 

where tij represents the local stress field, α is regarded as an attenuation function, and e=e0a/l is 
the nonlocal parameter depending on the internal characteristic length, a, the external 
characteristic length, l, and material parameter, e0, that is determined by matching the 
longitudinal and transverse acoustic dispersions using approximations from atomic lattice 
dynamics or experiments. Because the integro-differential equations in Eringen’s nonlocal 
elasticity are difficult to solve, the simplified differential form is used, yielding:  

(1 − (𝑒�𝑎)�𝛻�)𝜎�� = 𝑐����𝜀��                                            (2) 

2.2 Representation of uniform, linear, and nonlinear thermal loading  
      After introducing Eringen’s nonlocal elasticity theory, the considered system and different 
thermal configurations are introduced and shown in Fig. 2. It should be noted that the CNT is 
of length L, a particle of mass m is deposited at location xm, and that the harmonic excitation 
forces are denoted by F1 and F2. Additionally, the three temperature rise expressions are 
provided in equations (3-5). UTR, LTR, and NLTR denote uniform temperature rise, linear 
temperature rise, and nonlinear temperature rise, respectively. These different representations 
of the temperature are expressed as:  
 

𝛥𝑇��� = 𝑇��� − 𝑇���                                                            (3) 

𝛥𝑇���(𝑟) = ������
�����

� (𝑟 − 𝑟�) + 𝑇� − 𝑇���                                               (4) 

𝛥𝑇���� = (�����)
��(�� ��⁄ ) ln(𝑟) + (�����)

�
− (�����)

���(�� ��⁄ ) ln(𝑟�𝑟�) − 𝑇���                               (5) 

where Tref represents the convenient ambient temperature, TUTD denotes a uniform temperature 
distribution, T0 and Ti are the outer and inner surface temperatura, respectively. The outer and 
inner radius of the CNT are given by r0 and ri., as shown in Fig. 2. 
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Figure 2. Uniform, linear, and nonlinear temperature distribution through the radial component of the CNT.  

2.3 Von Kármán geometric nonlinearity and beam theories 
      In this study, only clamped-clamped CNTs are considered. Thus, it is important to include 
the effects of the mid-plane stretching of end-constrained beams. This is done through a 
modification of the strain tensor, shown in equation (6) as:  

𝜀�� = �
�
����
���

+ ���
���
�+ �

�
����
���

���
���

�                                             (6) 

Equation 6 is defined as the von Kármán strain tensor. Then, a comparison can be made between 
Euler-Bernoulli beam theory and Timoshenko beam theory, in which the shear deformation and 
rotary inertia are included. Thus, the strain field for both theories are shown in equations (7-9).  

𝜀�� ,��� = ��
��

+ 𝑧 ��
��

+ �
�
���
��
�
�
                                                 (7) 

𝛾��,��� = 2𝜀�� = ��
��

+ 𝜙                                                      (8) 

𝜀��,��� = ��
��
− 𝑧 �

��
���

+ �
�
���
��
�
�
                                                (9) 

In the remaining development of the governing equations, Euler-Bernoulli beam theory 
is used, while the derivation with the Timoshenko beam theory is omitted for brevity. However, 
it should be noted that the comparisons between the two models are discussed in later sections.  

2.4 Governing equations of motion for a CNT-based mass sensor under thermal loading 
and external harmonic excitation 
      As earlier discussed, the authors present the governing equations of motion of the CNT 
under different types of thermal loads and harmonic excitation considering Euler-Bernoulli 
beam theory and the von Kármán strain tensor to include the effects of the geometric 
nonlinearity. The system is shown in Fig. 3.  

 
Figure 3. A bridged CNT-based nanoscale mass sensor subjected to external harmonic excitation and thermal 

loadings. 
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      Then, using the extended Hamilton’s principle, which is presented as:  
𝛿𝐻 = ∫ (𝛿𝑇� + 𝛿𝑇� − 𝛿Π + δV)𝑑𝑡 = 0��

��
                              (10) 

where the authors include the first variation of the CNT, the deposited particle, the strain energy, 
and the work done by external forces, the normalized form of equations of motion for the carbon 
nanotube-based mass sensor exposed to a harmonic excitation force and three types of thermal 
loadings can be expressed as [13]: 

𝑊�,�
(�) + �̈��,� − ��

�
� (𝑊�

�)�𝑑𝜒 + �
�
∫ (𝑊�

�)�𝑑𝜒 − 𝑇�𝐻
�
�

�

�
�𝑊�

�,� + 2𝜉̅�̇��,�

−𝑒� ��̈��
�,� − ��

�
� (𝑊�

�)�𝑑𝜒 + �
�
∫ (𝑊�

�)�𝑑𝜒�
�

�

�
�𝑊�,�

(�) + 2𝜉̅�̇��
�,�� − 𝑒�𝐻𝑇�𝑊�,�

(�)

= 𝐹��,�cos(𝛺𝜏)

     (11) 

and the corresponding dimensionless boundary conditions and continuity equations can be 
derived as follows [13]: 

𝑊�(0) = 𝑊�
�(0) = 𝑊�(1) = 𝑊�

�(1) = 0                                   (12) 

𝑊�(𝜂) = 𝑊�(𝜂);  𝑊�
�(𝜂) = 𝑊�

�(𝜂);  𝑊�
�(𝜂) = 𝑊�

�(𝜂);

𝑊�
�(𝜂) −𝑊�

�(𝜂) + 𝑒� ���
� ∫ (𝑊�

�)�
�

�
𝑑𝜒 + �

� ∫ (𝑊�
�)�

�

�
𝑑𝜒� − 𝐻𝑇��

(𝑊�
�(𝜂) −𝑊�

�(𝜂))− �̈��𝜇(𝜂) = 0

             (13)                                 

where details on the dimensionless variables and derivation procedure can be found in [13]. It 
should be noted that W1   and W2 refer to the transverse displacements of the first and the second 
portions of the mechanical resonator, e denotes the dimensionless nonlocal parameter, and μ is 
the mass ratio. Furthermore, the damping ratio and forcing terms have been included. 
Additionally, information can also be found on details for the linear analysis, Method of 
Multiple Scales formulation, and the static pre-/post-buckling configurations of the proposed 
CNT systems in [3] and [13]. 

3 RESULTS AND DISCUSSION 

3.1 Euler-Bernoulli beam theory vs. Timoshenko beam theory 
In this section, the authors compared the linear dynamic response of CNTs modeled as Euler 

Bernoulli beams (EBT) versus Timoshenko beams (TBT). The results are shown in Table 1 for 
fixed diameter, varying length, and varying nonlocal parameters. In this case, a single-walled 
carbon nanotube (SWCNT) is considered with a diameter of 0.8 nm, wall thickness of 0.34 nm, 
and a Young’s modulus of 1 TPa [14]. In this table, there are a few interesting trends to be 
discussed. The first is that as the length of the CNT increases, so does the aspect ratio since the 
diameter remains constant. In this case, the discrepancy between EBT and TBT diminishes, 
whish is expected. However, because the TBT model includes the effects of shear deformation 
and rotary inertia, it will always predict a lower natural frequency and higher deflection than 
EBT. Further, the discrepancy between the theories is pronounced for stout beams, particularly 
in the second and third natural frequencies. The next interesting result to study is the effect of 
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the nonlocal parameter of the system. In this case, clamped-clamped boundary conditions were 
considered. Thus, it is expected that increasing Eringen’s nonlocal parameter will decrease the 
stiffness and thereby the linear natural frequency. However, it is shown that as the length of the 
CNT increases, the overall effect of the nonlocal parameter becomes negligible. This set of 
results is important for CNT-based mass sensors because it is imperative to ensure that the most 
appropriate beam or shell theory is utilized depending on the geometry of the CNT, with 
emphasis on its aspect ratio.  
 

Table 1. Comparison of the first three natural frequencies of nonlocal CNT nanobeams modeled as Euler-
Bernoulli beams vs. Timoshenko beams for different CNT lengths and nonlocal parameters.  

CNT 
Length 
(nm) 

Natural 
frequencies 

(GHz) 

Nonlocal parameter (nm) 
e0a = 0  e0a = 1  e0a = 2  

EBT TBT EBT TBT EBT TBT 

L = 10 
ω1 1433.73 1229.05 1352.71 1014.09 1172.03 803.37 
ω2 3952.13 2506.21 3267.11 1866.33 2334.12 1389.08 
ω3 7747.75 3737.18 5492.89 2680.91 3494.01 1950.68 

L = 50 
ω1 57.35 56.81 57.21 55.45 56.79 52.30 
ω2 158.09 149.05 156.65 133.92 152.56 113.66 
ω3 309.91 263.42 303.95 217.67 287.95 173.96 

L = 100 
ω1 14.33 14.30 14.32 14.21 14.30 13.95 
ω2 39.52 38.87 39.43 37.33 39.16 34.26 
ω3 77.48 73.27 77.10 66.12 75.99 56.42 

L = 200 
ω1 3.58 3.58 3.58 3.58 3.58 3.56 
ω2 9.88 9.84 9.87 9.72 9.86 9.42 
ω3 19.37 19.07 19.35 18.35 19.27 16.90 

3.2 Uniform, linear, and nonlinear temperature distributions  
In order to perform a crucial study to explain how the surface temperature difference (To-Ti) 

and various types of temperature rise could affect the dynamic characteristics of the carbon 
nanotube-based mass detector, the first natural frequency shift considering the deposited Neon 
atom with the mass of 33.51 yg for three distinct levels of the surface temperature difference, 
as presented in Fig. 4. These results are given with assuming no forcing in the model. A close 
scrutiny of the obtained results reveals that in the pre-buckling region, the assumption of 
uniform and linear temperature gradients across the radius of the CNT estimates higher 
frequency shifts com-pared to the nonlinear temperature distribution. On the contrary, 
considering the non-linear thermal gradient yields the largest values of the frequency shift and 
hence the highest mass detection sensitivities of the CNT-based mass sensor in the post-
buckling configuration. In addition, by improving the surface temperature difference, the 
discrepancy among the results under UTD, LTD, and NLTD in both the natural frequency and 
the frequency shift would rise drastically. 
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                                                (a)                                                                 (b) 

 
Fig. 4. The first natural frequency shift of the CNT subjected to UTD, LTD, and NLTD, considering mg=33.51 

yg, L = 40 nm, D=0.8 nm, e0a = 0.032 nm, no forcing, and the surface temperature difference of (a) 20 K, (b) 50 
K. 

 
In Fig. 5 and Table 2, a comparison between the linear and nonlinear frequency shifts is 

presented, where the CNT-based mass detector is subjected to uniform, linear, and nonlinear 
thermal loadings. In the following discussion, the considered Q-factor and excitation force 
amplitude for the nonlinear dynamic response of the system are set equal to 10 and 1, 
respectively. Notably, the maps of the linear and nonlinear frequency shifts versus the location 
of the deposited mass are perfectly similar for the CNT under the first and the second mode 
vibrations. It is clearly seen that for both linear and nonlinear oscillation regimes, the maximum 
shifts induced in the first and the second frequencies are obtained for an atomic-scale particle 
placed at η=0.5 and η ≈ 0.3 or η ≈ 0.7, respectively. Moreover, it can be deduced that in all 
three thermal load conditions the assumption of the linear dynamic behavior of the CNT 
estimates larger values for the frequency shift and hence higher mass detection sensitivities 
compared to the nonlinear forced oscillation regime.  

It is worth noting that the values of the percentage deviation of the nonlinear resonance 
frequency shift from the linear frequency shift in the first mode are higher than those in the 
second mode for the CNT under the aforementioned three thermal loading conditions. 
Moreover, it can be concluded that the assumption of the nonlinear temperature distribution 
through the thickness of the nanobeam yields the largest values of the percentage deviation of 
the nonlinear resonance frequency shifts. This is attributed to the fact that the softening effect 
of NLTD is more significant compared to the weakening effects of LTD and UTD on the 
structure of the CNT-based resonator. Consequently, the lowest values of the frequency shift 
and hence the highest percent deviations of the resonance frequency shifts are obtained in the 
case of NLTD.  
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                                     (a)                                                             (b) 

   
Fig. 5. The first and second frequency shift versus the location of the deposited atomic-scale mass with Q=10, L 
= 40 nm, m=0.218 yg, D=0.8 nm, ΔT̅=0 K, e0a = 0.032 nm, (To-Ti )LTD= (To-Ti )NLTD=60 K, for the two different 
values of the dimensionless excitation force amplitude (a)  (linear natural frequency), (b)  (nonlinear resonance 

frequency). 
 

In what follows, the nonlinear response of the forced CNT-based resonator under 
external harmonic excitation is examined. In Figs. 6(a) and 6(b), the frequency-response 
functions near the first natural frequency (ω*1) of the nanobeam are plotted for different values 
of the excitation force amplitude and Q-factor. By inspecting the plots in Fig. 6, it can be found 
that Q-factor has remarkable impact on the large amplitude vibrations and nonlinear dynamic 
responses of the nanoscale structure. In fact, by augmenting Q-factor the nonlinear resonance 
frequency of the system increases dramatically. Further, it can be seen that the increase of the 
excitation force amplitude results in higher amplitude responses of the CNT. This is predicted 
because the nonlinear maximum displacement of the CNT-based resonator is proportional to 
the excitation force amplitude. These curves are especially important for mass sensing 
applications of CNTs, where detecting the induced shift in the resonance behavior of the 
nanostructure plays an important role in mass measurement.  
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                                       (a)                                                               (b) 

 
Fig. 6. The effects of the normalized excitation force amplitude on the variations of the nonlinear dimensionless 
real amplitude versus the detuning parameter and the nonlinear dimensionless excitation frequency considering 
ΔT̅=50 K, η = 0.5, m=0.218 yg, L = 40 nm, D=0.8 nm, e0a=0 nm, and two different values of Q-factor of: (a) 

Q=10 and (b) Q=100000. 

4 CONCLUSIONS 
This study focused on several research works conducted by this research group and 

collaborators on CNT-based mass sensors. Several investigations on the behavior, response, 
and limits of applicability of the systems were presented. The authors worked to develop 
reduced-order models capable of detecting and identifying the mass of attached nanoparticles. 
In order to do so, a nonlocal continuum-based approach to account for phenomena occurring at 
the nanoscale, namely, Eringen’s nonlocal elasticity. Additionally, many other possible 
considerations were discussed in the development of the models. These include selecting the 
appropriate beam or shell theory, such as Euler-Bernoulli beam theory or Timoshenko beam 
theory, and including the von Kármán geometric nonlinearity due to mid-plane stretching for 
end-constrained systems. Other factors that should be considered are the geometry of the 
particle, its geometry, its location with respect to the central axis of the CNT, and inclusion of 
multiple continuity conditions if multiple masses are attached. Finally, external factors were 
discussed, including possible axial uniform or nonuniform thermal or magnetic loads and 
harmonic or parametric excitations. Taking into account several of the discussed considerations, 
Hamilton’s principle is used to derive the nonlocal nonlinear equations of motion for the system 
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and nondimensionalized for the case of a CNT-based mass sensor subject to thermal loading 
and harmonic excitations. Finally, both a linear and nonlinear analysis were performed in 
selected studies to determine the effects of each parameter on the system’s sensitivity. These 
variables include the CNT length to diameter ratio, shear factor, nonlocal parameter, and 
landing location and effective geometry of the nanoscale object along the longitudinal axis of 
the CNT. Our preliminary studies show that shear deformation and rotary inertia effects will be 
significant for short, stout beams and at relatively high frequencies of vibration. Further, the 
results demonstrate the significance of the impacts of various temperature distributions, i.e., 
UTD, LTD, and NLTD on the dynamic responses of CNT-based mass detectors in both the pre- 
and post-buckling configurations. From the obtained results, it is concluded that the vibration 
frequencies and frequency shifts of the CNT-based resonator are strongly dependent on the type 
of the temperature distribution and the surface temperature difference, leading to varying 
system sensitivity and resolution.  Our derived model and analysis can be utilized by other 
researchers in this field who are conducting experiments at nano-scale. Our obtained results can 
be used as a good reference and can hopefully help to reduce the need to computationally 
expensive high-fidelity models at nano-scale, or costly experiments that are difficult to conduct. 
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Abstract.  
This paper describes the promising ability for dissipating mechanical energy of composite 
structures thanks to a passive damping concept based on the local transduction-dissipation 
phenomenon. This concept involves nanocomposites layers filled with unleaded piezoelectric 
and electrically conductive particles. Here nanocomposites were processed by extrusion and 
damping layers were obtained by hot press. Engineering Polyamide (PA) and high performance 
poly ether ketone ketone (PEKK) were used as host matrices. After the process step, damping 
layers were embedded in composite sandwich beams and honeycomb composites panels with 
different payloads configurations. The macroscopic piezoelectric behaviour of nanocomposites 
was achieved after poling step. The dynamic response of nanocomposites has been 
characterized by dynamic mechanical analysis and vibration tests before and after the 
polarization. The analysis of stress-strain hysteresis loops and the frequency response function 
(FRF) of composites structures showed non-linear effects, high dissipated energy up to 40 % 
and high vibration mitigations up to 50 % for the different structures. Results bring promising 
dissipative behaviour for aerospace applications. 
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1 INTRODUCTION 
With the growing interest of carbon fibre composites, bringing new functionalities has 

become a main challenge of the last years [1]. High performance composites brought many 
advantages like weight reduction and advantageous stiffness/weight ratio plus the ability to 
manufacture complex shaped structures. However, the reduced amount of fasteners decrease 
the damping capacity and increase the vibration levels: Enhancing the dynamical and 
vibroacoustic responses of composites structures is a topic of great interest in the aerospace 
industry.  

 
The current counter strategies consist in ensuring structures reliability by active control [2], 

design modifications, add-on extrinsic macroscopic elements [3], in order to adapt the dynamic 
response. However these solutions could increase the overall mass of targeted structures. For 
real weight and cost reductions, it is proposed to bring this functionality at material’s scale 
integrated in polymers and organic matrix composites (Figure 1).  

 

 
Figure 1. Passive control based on piezoelectric material: integrating functionality at material scale 

 
The concept studied in this paper consists in dispersing piezoelectric and electrically 

dissipative particles in a polymer (Figure 1) in order to add a new contribution - the local 
transduction-dissipation [4] - to overall damping generally obtained thanks to structural, stick-
slip and viscous contributions [5]. While piezoelectric particles ensure the mechano-electrical 
transduction the conductive particles locally dissipate the created charges in the polymer matrix 
by the Joule effect. This concept was recently studied by Carponcin et al. [6] with large damping 
efficiency by the synergy of PZT and CNT particles. Some works have pointed out the 
importance of the poling step conditions to improve piezoelectric [7-9] and damping behavior 
in nanocomposites [10].  

 
Here the elaboration of a nanocomposite for vibration reduction is proposed based on 

thermoplastic polymer. The dynamic behaviour of composites structures containing the 
damping nanocomposite was followed by dynamic mechanical analysis and vibration tests in 
order to bring proofs about efficiency of the local transduction-dissipation phenomenon. 
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2 EXPERIMENTAL PROCEDURES  
- Materials 

Polyamide (PA) and Poly Ether ketone Ketone (PEKK) were provided by Arkema in powder 
or pellets shape. Both thermoplastic polymers were chosen as host matrices for its high 
mechanical properties, low moisture absorption and elevated thermal degradation. Micrometer 
sized BaTiO3 (Sigma Aldrich) or NaNbO3 (CIRIMAT Toulouse) ceramic particles were used 
as piezoelectric fillers while carbon black (CB – Sigma Aldrich) or carbon nanotubes (CNT – 
Arkema) were used as conductive fillers. 

 
- Nanocomposites and composites processing 

Fillers were dispersed by twin screw extruder in the thermoplastic matrix. The volume 
fraction of piezoelectric fillers is ranged between 10% and 30%. Homogenous dispersion is 
mandatory in order to avoid electrical breakdown during polarization and to maintain the 
mechanical properties of the polymer matrix. Moreover nanocomposites must be necessary 
insulator to achieve polarization. The volume fraction of conductive particles is directed linked 
to their aspect ratio (length over diameter) and their electrical percolation threshold when 
dispersed in a polymer matrix. A three phase nanocomposite film PA/BaTiO3/NTC is shown in 
figure 2a). 

 
Once the film was processed, it was embedded in the composite structure. Two different 

structures were studied: Sandwich beams (100 mm x 20 mm) where the damping 
nanocomposite is constrained between carbon fiber reinforced polymer plies (CFRP) as shown 
in Figures 2b) and 2c), and carbon-fiber aluminum-honeycomb sandwich panels (500 mm x 
500 mm) where the damping film was integrated as a patch in the surface (figure 2d). For this 
last structure different payloads were fixed to the structure in order to explore larger energy and 
frequency ranges.  

 

 
Figure 2. a) SEM image of a three-phase PA/BaTiO3/NTC nanocomposite where BaTiO3 particles 
appears in white while NTC are almost impossible to observe, b) Schematic representation of a 

constrained damping-layer between composites plies, c) sandwich beam sample for vibrations test, d) 
carbon-fiber aluminum-honeycomb sandwich panel containing the damping-film in the surface. 

 
After consolidation, composites structures were poled under high electric field above glass 

transition temperature of the polymer matrix and for 1 min long. Polarization leads to the 
orientation of electrics dipoles of ferroelectric particles and promotes piezoelectricity. 
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Shear stress-strain hysteresis loops were obtained by an ARES strain control rheometer in 
the rectangular shear mode before and after the poling step. Tests were performed at room 
temperature. When shear stress () is plotted as a function of the shear strain (), () 
describe a loop where its area represents the dissipated energy during one period. According to 
Piollet et al. [11], the stress-strain loops were mathematically modified by subtracting the linear 
part following  ′ =   − 𝑃𝑃 , where P is the hysteresis slope measured at 0.1 % of deformation.  
 
    Vibration tests were performed with an electrodynamic shaker LDS V830-335 SPA16K 
10KN from BRÜEL & KJAER. A sinusoidal load of constant amplitude was applied for the 
different composites structures. Test were carried on at different load amplitudes (0,25g to 4g) 
in a large frequency range (0 to 2kHz) in order to observe the effects of poling on the overall 
structure behavior. The dynamic response as a function of excitation frequency was followed 
through a frequency response function (FRF) where resonance frequencies, as well as the 
damping levels were studied. 
 

3 RESULTS AND DISCUSSIONS 
Stress-strain hysteresis loops obtained for a PA/BaTiO3/NTC damping nanocomposites at 

25 °C were analyzed before and after polarization. Figure 3a) shows hysteresis loops for the 
non-poled samples at different strain rate. 

 

 
Fig. 3. a) Measured hysteresis loops at different strain rate at 25 °C of a damping film after the 

subtraction of the linear part, b) Hysteresis loops area at 25 °C as a function of strain, before and 

after polarization 

   The shape of the loops is complex and vary strongly with amplitude. Since the ellipsoid shape 
is characteristic of a linear behavior, here results highlight high nonlinear effects. The area of 
the loops is reported on Figure 3b) before and after polarization for different amplitudes. The 
hysteresis loops areas are significantly increased from 20 to 40 % after polarization: The local 
transduction-dissipation phenomenon leads to an important increase of dissipated energy. 
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Figure 4 presents the evolution of the frequency response function FRF of a damping 
nanocomposite in the sandwich beam configuration (Figures 2b and 2c) in the vicinity of the 
second bending vibration mode. The peak amplitude at resonance decreases when the imposed 
acceleration increases. This behavior is related to nonlinearities. After polarization, a small shift 
of the resonance peak to the low frequencies (softening effect). This phenomenon was already 
reported [6], however is not clear yet how polarization could lead to this shift. Polarization also 
is responsible for an amplitude decrease: While for an excitation level of 0,25g, the amplitude 
drop represents 54 % of initial amplitude. When excitation level attained 1g, the amplitude 
decrease represents 40% of initial amplitude. In average, the resonance amplitude decrease ratio 
is near to 45 %. These results show how the synergy between piezoelectric and conductive 
particles improves the damping of composite sandwich beams. Piezoelectric particles convert 
the energy of the mechanical vibrations into electrical charges and CNTs allow the evacuation 
of these charges by local conduction. 
 
The damping nanocomposite was surface bonded in a representative aerospace structure. The 
system “Damping film + Composite” structure (Figure 2d) was manufactured following 
industrial processes. Vibration tests were later performed by fixing the panel horizontally over 
vibration shaker’s head. The evaluation of the nonlinear effects brought by the polarization and 
amplitude load on the resonance frequencies and dissipative energy are very complex: Plus, the 
modal properties varies significantly between two different payload configurations. In order to 
simplify our understanding, only the first and second bending vibration modes were analyzed 
before and after polarization at 0,25g (Figure 5). 

 
Figure. 4.  of the 2nd  bending vibration mode of a composite sandwich beam containing the 

damping film before and after polarization 
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Figure. 5.  of the 1st and 2nd bending vibration modes of carbon-fiber aluminum-honeycomb 

sandwich panel containing the damping film before and after polarization 

As it was observed for composites sandwich beams, polarization causes an amplitude 
decrease of 45 % and 23 % for the first and the second modes respectively. Equivalent damping 
performances were observed in both structures. Despite of the complexity of the structure, the 
transduction-dissipation phenomenon was proved by enhancing vibration mitigation to 
composite structures. 
 
 

4 CONCLUSIONS 
- A promising passive damping concept based on local transduction-dissipation 

phenomenon for aerospace composites structures was studied. The damping material 
is based on nanocomposite, where micrometer ceramic and carbon particles are 
homogenously dispersed in a thermoplastic polymer. 

 
- Processed nanocomposites films were embedded in composites sandwich-beams and 

carbon-fiber aluminum-honeycomb sandwich panels with different payloads 
configurations. The structures were poled after consolidation in order to promote 
piezoelectricity. 
 

- Experimental shear tests on sandwich-beams highlighted strong non-linear effects, 
frequency and amplitude dependency by following stress-strain hysteresis loops. 
Moreover, an increase of the loops area and so the dissipated energy from 20 to 40 % 
was reported after polarization. 
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- Experimental vibration tests were performed on sandwich-beams. The resulting FRF 
showed strong non-linear behavior and amplitude decrease of the second bending 
mode up to 45% in average for different load amplitudes. 

 
- Finally, experimental behavior performed in carbon-fiber aluminum-honeycomb 

sandwich panels containing the damping nanocomposite in the surface was followed. 
At low frequencies, results showed important decrease of amplitude up to 45 % for the 
first mode and 25 % for the second mode. The performance of the concept was proved 
in a representative aerospace structure.  

 
- Further investigation containing multiscale physics and modeling of the material 

contribution to damping performances will be devoted. 
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Abstract. This study focuses on the free vibrations of carbon nanotubes (CNTs) with clamped-
clamped boundary conditions and multiple deposited nanoparticles. The purpose of this work 
is to extend the limits of applicability for the theoretical modeling of nanoscale CNT-based 
mass sensors. Previous studies focused on determining the induced frequency shift or amplitude 
shifts that arise due to the deposition of a single nanoparticle on or within the CNT. In this 
effort, the reduced-order model is extended to include an arbitrary number of masses deposited 
on the CNT. This is a more realistic representation of experiments at the nanoscale. To perform 
a free vibration analysis, the governing equations are first derived by virtue of Hamilton’s 
principle, considering Euler-Bernoulli beam theory. To account for the effects of mid-plane 
stretching for end constrained beams, the von Kármán geometric nonlinearity is included and 
effectively modifies the strain field.  Eringen’s nonlocal elasticity theory is employed to account 
for size dependent phenomena. Each deposited particle breaks up the displacement field, 
leading to continuity equations for the deflection, slope, moment, and shear. After all the 
governing equations, boundary conditions, and continuity conditions are obtained, a parametric 
study is performed to determine the impacts of increasing the number of nanoparticles that are 
deposited onto the CNT on the sensitivity of the carbon-nanotube based sensor. Results show 
that, even when keeping the total deposited mass constant, the number of particles and their 
location can significantly shift the natural frequencies and the mode shapes of the nano-sensor.  

 
 
1 INTRODUCTION 

Nowadays many researchers are aware of the potential to use carbon nanotubes (CNTs) in a 
variety of nanoscale applications. Since their initial discovery in the early 1990s [1, 2], CNTs 
have been widely studied for their unique mechanical, optical, thermal, and electrical properties. 
To clarify, CNTs are essentially rolled sheets of graphene with cylindrical structure that can 
have diameters on the order of several nanometers and lengths varying from several nanometers 
to a few microns in length. Further, the CNTs exist either as single-walled or multi-walled 
structures. In this research group, studies are primarily conducted from a theoretical, mechanics, 
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dynamics, and vibrations points of view through the development of reduced-order models. In 
the development of these models, there are several factors that must be considered. For 
example, in modelling structures at the nanoscale, it is important to consider the limits of 
applicability of classical continuum mechanics. At this scale, the size of the considered structure 
can approach the internal lengths in the structure and classical continuum mechanics 
assumptions can fail. In that case, particles in a continuum should no longer be treated simply 
as point masses subject only to translation, but rather as nano-volumes that can rotate, deform, 
and translate [3]. One of the most widely used theories is Eringen’s nonlocal elasticity theory 
[4, 5]. This theory accounts for the effects of neighboring particles in a medium through an 
attenuation function. When the model is simplified to its differential form, it can be applied in 
a variety of models that need to take size-dependent effects into account [5-8]. 

After noting that CNTs can be used in a variety of applications, we narrow it down to 
considering CNTs to act as a nano-scale mechanical resonator or sensor that aims at detecting 
and identifying the mass of particles that are distributed on or within the CNT. The reason that 
they are considered in this application is that CNTs have a very high Young’s modulus and 
therefore vibrate at a very high natural frequency. So, depositing even the smallest mass onto 
the CNT can cause a measurable shift in the frequency that can be converted back to an 
equivalent deposited mass. As such, there have been many efforts that focus on developing 
reduced-order models for CNT-based mass sensors [9-14]. 

So, for this work, we aim to extend the limits of applicability of CNT-based mass sensor by 
accounting for an arbitrary number of particles. The displacement field is defined by the Euler-
Bernoulli beam theory. To account for mid-plane stretching of end-constrained beams, the von 
Kármán geometric nonlinearity is included. For size-dependent effects, we modify the stress 
field using Eringen’s nonlocal theory. Then, to determine the governing equations of motion, 
boundary conditions, and continuity conditions, we utilize the Hamilton’s principle. Finally, a 
free vibration analysis is performed to determine the shifts in the natural frequency for different 
numbers of deposited particles and varying centers of mass.   

2 SIZE-DEPENDENT NONLINEAR GOVERNING EQUATIONS OF MOTION  
In this section, the derivation for the governing equations of motion, boundary conditions, 

and continuity conditions are presented for the CNT-based mass sensor with multiple deposited 
nanoparticles. Consider a single-walled CNT of length L, diameter D, and wall thickness h, as 
shown in Figure 1. The total number of deposited nanoparticles is denoted by N. The location 
and individual mass of each particle are denoted by xmi and mi, respectively, where i = 1, 2, 3, 
…, N.  

 

 
Figure 1. Schematic of CNT-based mass sensor with N deposited nanoparticles.  
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The total mass of the deposited particles can be represented by: 
 

𝑀𝑀 = ∑ 𝑚𝑚𝑖𝑖
𝑁𝑁
𝑖𝑖=1                                                               (1) 

 

 In this study, the displacement field is defined according to Euler-Bernoulli beam 
theory, as shown in equation. (2). The von Kármán strain tensor, shown in equation (3), is used 
to determine the CNT’s strain field, shown in equation (4).  
 

𝑢𝑢𝑥𝑥(𝑥𝑥, 𝑧𝑧) = 𝑢𝑢(𝑥𝑥) − 𝑧𝑧 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥 ;   𝑢𝑢𝑦𝑦(𝑥𝑥, 𝑧𝑧) = 0;     𝑢𝑢𝑧𝑧(𝑥𝑥, 𝑧𝑧) = 𝑤𝑤(𝑥𝑥)                       (2) 

𝜀𝜀𝑖𝑖𝑖𝑖 = 1
2 (𝜕𝜕𝑢𝑢𝑖𝑖

𝜕𝜕𝑥𝑥𝑗𝑗
+ 𝜕𝜕𝑢𝑢𝑗𝑗

𝜕𝜕𝑥𝑥𝑖𝑖
) + 1

2 (𝜕𝜕𝑢𝑢𝑘𝑘
𝜕𝜕𝑥𝑥𝑖𝑖

𝜕𝜕𝑢𝑢𝑘𝑘
𝜕𝜕𝑥𝑥𝑗𝑗

)                                              (3) 

𝜀𝜀𝑥𝑥𝑥𝑥 = 𝜕𝜕𝑢𝑢
𝜕𝜕𝑥𝑥 − 𝑧𝑧 𝜕𝜕2𝜕𝜕

𝜕𝜕𝑥𝑥2 + 1
2 (𝜕𝜕𝜕𝜕

𝜕𝜕𝑥𝑥 )
2
                                                  (4) 

 

Then, to account for each deposited mass, the displacement field is broken up as:  
 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = {
𝑢𝑢1(𝑥𝑥, 𝑡𝑡),     0 ≤ 𝑥𝑥 ≤ 𝑥𝑥𝑚𝑚1    
𝑢𝑢2(𝑥𝑥, 𝑡𝑡),     𝑥𝑥𝑚𝑚1 < 𝑥𝑥 ≤ 𝑥𝑥𝑚𝑚2

⋮
𝑢𝑢𝑁𝑁+1(𝑥𝑥, 𝑡𝑡),     𝑥𝑥𝑚𝑚𝑁𝑁 < 𝑥𝑥 < 𝐿𝐿

},     𝑤𝑤(𝑥𝑥, 𝑡𝑡) = {
𝑤𝑤1(𝑥𝑥, 𝑡𝑡),     0 ≤ 𝑥𝑥 ≤ 𝑥𝑥𝑚𝑚1    
𝑤𝑤2(𝑥𝑥, 𝑡𝑡),     𝑥𝑥𝑚𝑚1 < 𝑥𝑥 ≤ 𝑥𝑥𝑚𝑚2

⋮
𝑤𝑤𝑁𝑁+1(𝑥𝑥, 𝑡𝑡),     𝑥𝑥𝑚𝑚𝑁𝑁 < 𝑥𝑥 < 𝐿𝐿

}   (5) 

 

where u(x,t) and w(x,t) represent the longitudinal and transverse displacement of the CNT, 
respectively. In breaking up the displacement field, continuity conditions are introduced at the 
location of each deposited mass. Before finalizing the derivations for the governing equations, 
it is important to note that Eringen’s nonlocal theory is used in this study to account for the 
behavior and response of the structure at the nanoscale. The reason that it is important to include 
this theory into the derived model is that when the size of the considered structure is comparable 
to the internal lengths of the structure, size dependent behaviors appear. Because of the material 
structure of the CNT, it has been shown that Eringen’s nonlocal elasticity theory is appropriate 
for CNTs. In this theory, each particle is modeled as a point mass, as in classical continuum 
mechanics. However, the stress at one reference point is influenced by the strain of all other 
points in the medium. Therefore, the nonlocal stress field σij is represented as [3, 4]: 

 

𝜎𝜎𝑖𝑖𝑖𝑖(𝑥𝑥) = ∫ 𝛼𝛼(|𝑥𝑥′ − 𝑥𝑥|, 𝑒𝑒)𝑡𝑡𝑖𝑖𝑖𝑖(𝑥𝑥)𝑑𝑑𝑑𝑑(𝑥𝑥′)𝛺𝛺                                         (6) 
 

In this case, the local stress field is denoted by tij, α is an attenuation function that captures the 
effects of the neighboring particles. The nonlocal parameter is given as e=e0a/l. This parameter 
depends on the several other parameters including the internal and external characteristic 
lengths, represented by a and l, respectively. Additionally, the material parameter, e0, that is 
determined from the longitudinal and transverse acoustic dispersions can be found from 
molecular dynamics simulations or experiments. Noting that the integral formulation leads to 
equations that are difficult to solve analytically, the simplified differential form is used, 
yielding:  
 

(1 − (𝑒𝑒0𝑎𝑎)2𝛻𝛻2)𝜎𝜎𝑖𝑖𝑖𝑖 = 𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝜀𝜀𝑖𝑖𝑖𝑖                                                (7)    
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Considering the displacement field, strain field, and size-dependency through Eringen’s 
nonlocal elasticity, the governing equations of motion can be determined using the Hamilton’s 
principle, given as:  
 

𝛿𝛿𝛿𝛿 = ∫ (𝛿𝛿𝑇𝑇𝑏𝑏 + ∑ 𝛿𝛿𝑇𝑇𝑚𝑚𝑚𝑚
𝑁𝑁
𝑚𝑚=1 − 𝛿𝛿Π)𝑑𝑑𝑑𝑑 = 0𝑡𝑡2

𝑡𝑡1
                                        (8) 

 
It should be noted that δTb, δTmi, and δΠ represent the first variation of the kinetic energy of the 
CNT, the first variation of the kinetic energy of each deposited particle, and the first variation 
of the potential energy, respectively. The full expressions for each term are omitted for brevity, 
but more details on these terms can be found in [9]. After determining the variations of the 
energy and substituting them into Hamilton’s principle, the final nondimensional equations of 
motion are derived as:  

𝑊𝑊𝑚𝑚
(4) + �̈�𝑊𝑚𝑚 − ( 1

𝑁𝑁+1 ∫ (𝑊𝑊′
1)2𝑑𝑑𝜒𝜒 + ∑ 1

𝑁𝑁+1 ∫ (𝑊𝑊′
𝑗𝑗)2𝑑𝑑𝜒𝜒

𝜂𝜂𝑗𝑗+1

𝜂𝜂𝑗𝑗

𝑁𝑁
𝑗𝑗=2 + 1

𝑁𝑁+1 ∫ (𝑊𝑊′
𝑁𝑁+1)2𝑑𝑑𝜒𝜒𝜂𝜂𝑁𝑁+1

𝜂𝜂𝑁𝑁

𝜂𝜂1

0

) 𝑊𝑊″
𝑚𝑚

−𝑒𝑒2 [�̈�𝑊″
𝑚𝑚 − ( 1

𝑁𝑁+1 ∫ (𝑊𝑊′
1)2𝑑𝑑𝜒𝜒 + ∑ 1

𝑁𝑁+1 ∫ (𝑊𝑊′
𝑗𝑗)2𝑑𝑑𝜒𝜒

𝜂𝜂𝑗𝑗+1

𝜂𝜂𝑗𝑗

𝑁𝑁
𝑗𝑗=2 + 1

𝑁𝑁+1 ∫ (𝑊𝑊′
𝑁𝑁+1)2𝑑𝑑𝜒𝜒𝜂𝜂𝑁𝑁+1

𝜂𝜂𝑁𝑁

𝜂𝜂1

0

) 𝑊𝑊𝑚𝑚
(4)]

= 0

 (9) 

    

where 𝑖𝑖 = 1,2,3, … , 𝑁𝑁. Then, the boundary and continuity conditions are: 
 

𝑊𝑊1(0) = 𝑊𝑊′
1(0) = 𝑊𝑊𝑁𝑁+1(1) = 𝑊𝑊′

𝑁𝑁+1(1) = 0                                   (10) 

𝑊𝑊𝑚𝑚(𝜂𝜂𝑚𝑚) = 𝑊𝑊𝑚𝑚+1(𝜂𝜂𝑚𝑚);  
𝑊𝑊′

𝑚𝑚(𝜂𝜂𝑚𝑚) = 𝑊𝑊′
𝑚𝑚+1(𝜂𝜂𝑚𝑚);  

𝑊𝑊″
𝑚𝑚(𝜂𝜂𝑚𝑚) = 𝑊𝑊″

𝑚𝑚+1(𝜂𝜂𝑚𝑚);
𝑊𝑊‴

𝑚𝑚(𝜂𝜂𝑚𝑚) − 𝑊𝑊‴
𝑚𝑚+1(𝜂𝜂𝑚𝑚)

+𝑒𝑒2 [( 1
𝑁𝑁+1 ∫ (𝑊𝑊′

1)2𝑑𝑑𝜒𝜒 + ∑ 1
𝑁𝑁+1 ∫ (𝑊𝑊′

𝑗𝑗)
2𝑑𝑑𝜒𝜒

𝜂𝜂𝑗𝑗+1

𝜂𝜂𝑗𝑗

𝑁𝑁
𝑗𝑗=2 + 1

𝑁𝑁+1 ∫ (𝑊𝑊′
𝑁𝑁+1)2𝑑𝑑𝜒𝜒

𝜂𝜂𝑁𝑁+1

𝜂𝜂𝑁𝑁

𝜂𝜂1

0

)]

(𝑊𝑊‴
𝑚𝑚(𝜂𝜂𝑚𝑚) − 𝑊𝑊‴

𝑚𝑚+1(𝜂𝜂𝑚𝑚)) − �̈�𝑊𝑚𝑚𝜇𝜇𝑚𝑚(𝜂𝜂𝑚𝑚) = 0

             (11)                                  

 

In this case, W denotes the nondimenional transverse displacement. The nondimensional mass 
of each particle is denoted by μi, the nondimensional location of each particle is represented by 
ηi. Finally, e represents the nondimensional nonlocal parameter and N represents the total 
number of deposited particles. Further details on these nondimensional parameters and 
derivation details can be found in [9]. After obtaining the full set of governing equations, the 
system is linearized for an eigenvalue problem analysis. In doing so, the shifts in the natural 
frequencies and the changes in the mode shapes due to each deposited particle can be 
determined. Results for varying the location and number of masses are presented in the next 
section.  



1401

S. Ceballes, D. Furth, and A. Abdelkefi 

 5 

3 RESULTS AND DISCUSSION 
The novelty of this work lies in investigating and discussing the importance in the 

differences between attaching a single nanoparticle on or within a CNT versus attaching 
multiple particles. One might predict that if the total mass that is deposited on the surface 
remains constant, denoted by M, that the shift in the natural frequencies before and after the 
particles have been deposited will also be constant. However, this is not the case. To 
demonstrate this phenomenon, we vary the number of deposited particles and the center of mass 
while keeping the total mass deposited on the surface constant.  

3.1 Variations in the frequency shift by varying the number of deposited particles and 
center of mass 

In Figure (2), the first, second, and third natural frequency shifts as a function of the number 
of deposited particles for varying centers of mass are presented. In all cases, the total mass M, 
remains constant. Furthermore, when more than one particle is considered, each particle has the 
same mass of mi = M/N. This was done to study the effects of the location and effective center 
while maintaining the total mass. It is also possible to keep the mass of each particle constant 
and increase the total number of particles. In that case, the shift in the frequency would keep 
increasing as the number of particles increases. However, the purpose of Figure (2) is to show 
that if that total mass remains constant, the number of masses and their center of mass can 
significantly alter the frequency shift. To further explain, we consider specific configurations. 
The case where CM = 0.5 implies that particles are uniformly distributed across the entire length 
of the CNT. The case where CM = 0.45 implies that the particles are uniformly distributed along 
the first 90% of the beam. This trend continues until the particles are only uniformly distributed 
along the first 10% of the CNT, leading to CM = 0.05.  

 
      (a)                                                                   (b) 
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(c) 

Figure 2. Shifts in the first, second, and third natural frequencies for a constant total deposited mass as a function 
of the number of masses and their center of mass.  

 
In discussing the meaning of Figure 2, it should be mentioned that when only one particle is 

deposited, the maximum first natural frequency shift is obtained when the particle is deposited 
at the center, which makes sense physically. However, in keeping the center of mass a constant, 
increasing the number of particles that are uniformly distributed decreases the shift in the first 
natural frequency until reaching a nearly constant value at approximately 10 masses. This trend 
continues until reaching a critical value in the first mode in which increasing the number of 
masses increases the shift in the frequency. This can be seen in the bottom half of Figure 2(a). 
In addition, it can be seen in Figure 2(a), that there are different scenarios that lead to the same 
shift in the first natural frequency. In order to differentiate between the cases, we study the 
second and third shifts in the natural frequencies to eliminate the possibility of multiple 
scenarios leading to the exact same dynamic response. If the shifts in the natural frequencies 
are not enough to determine the scenario, it is possible to then look at the difference in the mode 
shapes. In studying Figures 2(b) and 2 (c), it is shown that the behavior is not as uniform for 
the second and third shifts in the frequencies as they are for the first natural frequency shift. 
This is explained by the fact that in the first natural frequency, there is only one optimal location 
to deposit a single mass – the center of the CNT. Additionally, in the first mode, there are only 
two locations that lead to a complete inability to detect a shift in the frequency, and that is at 
the two ends of the beam. This is simpler than the cases of the second and third natural 
frequencies shifts. In these cases, even when only one deposited particle is considered, there 
are more than one optimal location to deposit a single mass and more than one location in which 
the shift in the second and third natural frequency is minimal or completely zero. Thus, it is 
shown that even by keeping the total mass deposited on the system constant, the dynamic 
response is still significantly affected by the number of particles and their center of mass.  

3.2 Effects of the center of mass for a fixed number of deposited particles 
After determining that the number of masses can significantly change the dynamic response 

of the CNT, the impact of the center of mass is further investigated. Because the total mass 
remains constant, there is a critical value for the number of masses that no longer leads to greater 
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shifts in the frequency. To be on the safe side, we investigate the case where 20 masses have 
been deposited. Then, by varying the center of mass, as shown in Figure 3, it is demonstrated 
that the location of the particles, even when there is a high number of them will change the shift 
in the natural. So, if one can determine the total number of masses that have been deposited on 
the surface, it is also possible to determine the optimal distribution in which the maximum 
frequency shift can be obtained. What is interesting is that these optimal locations vary as a 
function of the number of deposited particles and that the predicted locations are not as 
straightforward as they are for the case of a single deposited particle.  

 
(a)                                                                      (b) 

 
(c) 

Figure 2. Shifts in the first, second, and third natural frequencies for a constant total deposited mass for 20 
deposited particles as a function of the center of mass. 

4   CONCLUSIONS 
This study focused on determining the differences between the frequency shifts and 

mode shapes of CNT-based mass sensors, in which the total deposited mass remains constant, 
but the location and number of deposited particles varies. One might have predicted that in 
keeping the total mass, M, constant, that the obtained shift in the frequency would also be 
constant. This was not the case. It was shown that by varying the center of mass of the deposited 
particles, the shift in the frequency can be dramatically different. Further, even in keeping a 
constant center of mass and a constant total deposited mass, the number of masses alters the 
response of the system. This occurs until reaching a critical number of masses in which the shift 
in the frequency no longer varies as a function of the number of particles. This result is useful 
in that one can obtain the critical number of masses that are needed to approach a fixed behavior 
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of the system, which can be useful in reducing time and complications in both experiments and 
high-fidelity simulations. Additionally, it was shown that for a fixed number of deposited 
particles, the center of mass significantly changes the shift in the first, second, and third natural 
frequencies. Compared to a single deposited particle, the response differs. Overall, this study 
aides in extending the limits of applicability and robustness of reduced-order models for CNT-
based mass sensors.  
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Abstract: Distributed optical fiber systems based on optical frequency domain 
reflectometry (OFDR) have received extensive attention in the field of structural 
health monitoring. By calculating the spectral offset by cross-correlation analysis of 
the reference Rayleigh backscattering spectrum (RBS) and the measured RBS, it is 
converted into the strain of the structural. The system based on OFDR has high spatial 
resolution and strain measurement accuracy. However, when the fiber is subjected to 
large strain (more than 5000με), the amplitude of the RBS signal will be sharply 
attenuated. Further, the cross-correlation analysis failed and the strain could not be 
demodulated. In this paper, a large-strain demodulation method for OFDR distributed 
fiber is proposed. The dynamic reference RBS of sub-region is used to replace the 
traditional fixed reference RBS to break the limitation of large strain measurement. 
The large strain measurement of the tensile test of composite laminates shows that the 
fiber strain demodulation method proposed in this paper can measure the large strain 
above 10000με stably and reliably. 

1 INTRODUCTION 

Distributed optical fiber measurement technology based on OFDR which has high 
spatial resolution, high sensitivity and large dynamic measurement range, is used in 
the field of health monitoring [1]. Since M.Froggatt and Moore [2] applied OFDR 
technology to distributed fiber strain measurement in 1998, significant progress has 
been made in fiber strain demodulation methods [3]. RBS in the fiber is caused by the 
refractive index profile along the length of the fiber, which can be seen as weak fiber 
Bragg gratings with periodic variations [4]. Changes in strain or temperature cause 
spectral shifts in the local RBS of the fiber, and the offset is proportional to the 
amount of temperature or strain change [2]. Therefore, strain or temperature 
information can be obtained by measuring the spectral shift in the RBS. 

Usually, a cross-correlation function is used to compare the RBS of the two sets of 
fibers in the initial state and the deformed state, and the maximum correlation 
coefficient is used to determine the offset of the corresponding RBS [5]. For example, 
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Boyd et al. [6] and Du et al. [7] used this method to measure small temperature 
changes in a low temperature environment from the RBS offset. However, the 
above-mentioned traditional strain demodulation method is only suitable for the case 
where the RBS offset is small, and cannot be applied to the large-scale offset of the 
RBS [8]. In particular, when the strain is large, the RBS signal of the fiber is abruptly 
attenuated, resulting in an uncorrelated measurement of the RBS and the reference 
RBS [9]. Therefore, the development of large strain demodulation methods for 
distributed optical fibers is a research topic worthy of attention.  

Based on the strain demodulation principle of fiber RBS, a large strain partitioning 
strategy is applied. This paper proposes a method of sub-region dynamic reference 
RBS method to replace the original fixed reference RBS. The measured RBS of the 
sub-region is used as the reference RBS of the current sub-region, and the 
cross-correlation analysis is performed with the measured RBS of the current 
sub-region to determine the relative strain value of the current sub-region, and the 
final absolute strain is accumulated value. Finally, a composite strained plate tensile 
test with large strain (above 10000με) was performed to verify the effectiveness of the 
proposed large strain demodulation method. 

2 PRINCIPLE 

2.1 Distributed optical fiber strain measurement system based on OFDR 

As shown in Fig.1, the OFDR system consists of a tunable linear swept laser, five 
couplers, two photodetectors, and an A/D digital capture card. The laser output from 
the tunable linear swept laser is divided into two optical paths through the coupler 1, 
that is, the auxiliary interferometer optical path and the main interferometer optical 
path. 

In the auxiliary interferometer, the laser is split into two beams by the coupler 2, 
one of which passes through the delay fiber and merges with the other light in the 
coupler 3, which is a typical Mach–Zehnder interference beam path. Finally, the 
synthesized light passes through the photodetector and acts as an external clock to 
trigger the A/D digital acquisition card to work, converting the electrical signal into a 
digital signal that can be used for signal processing. The auxiliary interference optical 
path is used as an external clock for triggering the measurement interferometer, and a 
sinusoidal signal period is used as a clock signal for the purpose of compensating for 
the frequency scanning nonlinearity of the light source. 

In the measuring interferometer, the laser is split into two beams by the coupler 4, 
one of which passes through the circulator and merges with the other light in the 
coupler 5 for collecting RBS data in the fiber under test. Finally, after the synthesized 
light passes through the balanced photodetector, the RBS data is triggered by the 
auxiliary interference optical path. 
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Figure 1: OFDR system 

M. Forrgatt et al. [2] first proposed a distributed strain measurement method based 
on RBS in 1998. It was found that the RBS in the fiber shifts under strain or 
temperature change without changing the shape. By recording the RBS of the fiber 
before deformation (defined as the reference RBS) and the deformed RBS (defined as 
measuring the RBS), the spectral offset can be obtained by cross-correlation analysis. 
Convert to the corresponding strain information. 

It is assumed that the i-th subset of the reference RBS is represented as Ri(m), 
referred to as the reference subset, where m is the subset length, as shown in Figure 
2(a). The i-th subset of the measured RBS can be expressed as Mi(m), referred to as 
the measurement RBS subset, which is characterized by the fact that the intensity is 
constant but a wavelength offset Δλ occurs. Since the strain causes the fiber to 
produce an elastic effect [10], the wavelength shift Δλ can be describe as 

 0 12 11 121-
2
effn

p p p v k   
 

     
 

 ,                 (1) 

where λ0 is the center wavelength, p11 and p12 are the elastic coefficients of the fiber 
material, neff is the effective refractive index of the fiber, v is the Poisson's ratio of the 
fiber material, k is the strain sensitivity coefficient of the fiber relative to the 
wavelength shift, and ε is the fiber strain. 

Assume that the fiber is a pure quartz material, then p11 = 0.112, p12 = 0.270, v = 
0.17, and neff = 0.456. When the center wavelength of the light source is 1550 nm, the 
strain sensitivity coefficient k = 1.2 pm/με can be obtained.  

It can be seen that when Δλ is negative, it means that the measured RBS moves 
toward the low wavenumber direction (called blue shift), and the fiber is subjected to 
tensile strain (ε > 0). Conversely, when Δλ is positive, it means that the measured RBS 
moves toward the high wavenumber direction (called red shift), and the fiber is 
subjected to compressive strain (ε < 0). The above is the basic principle of measuring 
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the strain using the fiber RBS. 

2.2 Dynamic reference RBS 

To control the difference between the reference RBS and the measured RBS, it 
means to adjust the measurable strain range. The large strain is divided into n intervals, 
as shown in FIG. 3, and the relative strain Δεi in the i-th sub-region satisfies the fault 
tolerance range of the cross-correlation analysis. Taking the measured RBS of the 
(i-1)-th sub-region as the reference RBS of the i-th sub-region, the relative offset of 
the sub-region can be obtained by cross-correlation analysis with the scattering 
spectrum of the i-th sub-region. Δλi. Thus, the relative offsets in all intervals are 
accumulated as the absolute offset corresponding to the large strain. 
 

 
Figure 2: Principle of large strain partition measurement based on dynamic reference Rayleigh 

backscattering spectrum 

Different from the traditional method, the initial state is different as the fixed 
reference RBS. The core of the above-mentioned large-strain partition 
demodulation principle is to measure the RBS signal Mi-1 of the (i-1)-th 
sub-region as the i-th sub-element. The reference RBS Ri of the region is called 
the dynamic reference RBS because the reference RBS is continuously updated as 
Fi = Gi-1 . 

Then, cross-correlation analysis is performed on the measured RBS signal Mi, 
thereby obtaining the relative wavelength shift amount Δλi, and summing with the 
previous i-1 times to obtain the final absolute offset 

1

i

i
i

 


   ,                       (2) 

where i is the number of partitions with large strain. The final absolute strain ε= 
kΔλ is converted using the strain sensitivity coefficient k. 
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3 EXPERIMENT 

The fiber used in the experiment was a standard single-mode fiber (SMF-28), and a 
precision displacement stretching device was used to calibrate the strain sensitivity 
coefficient of the fiber. In the axial tensile calibration experiment of the optical fiber, a 
given tensile displacement is applied to the optical fiber with a displacement step of 
0.5 mm and a displacement range of [0, 5] mm. In the calibration experiment, the 
OFDR system was used to acquire the RBS of the fiber, and the ZNCC correlation 
function was used to determine the spectral offset. The tunable linear scan laser used 
in the calibration experiment was an Agilent 81680A with a spectral scan range of 
1520 to 1540 nm and a scan rate of 40 nm/s. 

The glass fiber reinforced composite laminate tensile test was used to verify the 
effectiveness of large strain measurement method. As shown in Fig. 6(a), an optical 
fiber was pasted on the surface of the sample and cured for 24 hours. For comparison, 
four positions A, B, C, and D were selected to paste the one-way strain gauge. 

  
(a)                                        (b) 

Figure 3: (a) Optical fiber and strain gauge attached composite laminate (b) tensile setup 

The composite laminate was fixed in a stretching device with a self-designed 
fixture as shown in Fig. 6(b). The test machine (CSS-50T) was used for stretching, 
and the force control mode was used for grading loading. The loading step was 20kN, 
and the total loading was 200 KN with 10 steps. 11 sets of the RBS data was collected 
after force loading. The first set of the RBS data was recorded from the fiber with the 
initial state, and other 10 sets of the RBS data was recorded after different loads. 

4. RESULTS AND DISCUSSION 

4.1 Rayleigh backscattering spectrum in optical fiber 

The RBS signal in spectral domain are transformed into the distance domain using 
FFT, and the amplitude of the RBS signal in the distance direction of the optical fiber 
can be obtained. As shown in FIG. 8, the RBS signal is transformed into the distance 
domain with force of 0kN, 80kN, 100kN, 200kN, where the gray shaded area is the 
fiber segment pasted on the composite board. It can be seen from Fig. 8 that as the 
external load increases, the RBS intensity measured by the optical fiber is 
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continuously attenuated. For example, when the load is 80kN, the signal strength is 
attenuated by about 9dB; when the load is raised to 200kN, the signal attenuation is 
more than 15dB, which is only about 5dB away from the intensity of the noise. In 
contrast, fibers that are not attached to a composite panel (unstressed) have a constant 
signal strength. The above experimental results show that as the fiber load increases, 
the RBS intensity in the fiber will decrease with the attenuation. When the fiber 
deformation reaches a certain level, the RBS signal will be submerged in the noise, 
thus the traditional strain demodulation method have failed. 

 
（a）                              (b) 

 
Figure 4: Rayleigh backscattering spectral distribution along fiber length under different loads of (a) 

0kN, (b) 80kN, (c) 100kN and (d) 200kN 

4.2 Strain demodulation 

Fig. 10(a)(b) is a structural strain value of 11 sets of RBS data obtained by using 
the conventional demodulation method and the improved strain demodulation method 
proposed by the present invention. 

When the strain is solved by the traditional demodulation method (Fig. 10a), the 
strain value generated under the first two-stage test force (0~40KN) can be 
demodulated more stably and accurately, and the result is compared with the proposed 
improved strain demodulation method. Consistent. When loaded to the third level 
(40KN~80KN), a wide range of noise-like erroneous results begin to appear. 

In contrast, the strain obtained by the large strain measurement method proposed 
in this paper increases linearly and stably after the end of each stage of loading, and 
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there is no erroneous result of the mutation, and the strain value collected with the 
adjacent strain gauge is very good. The anastomosis, as shown by position A in Fig. 
8(b), the strain values measured by the strain gauges under the loading of each stage 
are [1335, 2247, 3224, 4264, 5031, 5998, 6983, 7989, 10368] με The strain values 
measured by the optical fiber in the adjacent position A are [1343, 2260, 3250, 4291, 
5114, 6020, 7010, 8104, 9187, 10572] με, and it can be seen that when the strain 
exceeds 10000 με, the accuracy of the measurement result can be Up to 1.97%. At 
position B, the results measured by the strain gauges are [1039, 1641, 2613, 3713, 
4598, 5612, 6515, 7498, 8481, 9597] με, and the strain values measured by the fiber 
are [1052, 1687, 2666, 3791, 4687, 5718, 6625, 7604, 8593, 9739] με, when the strain 
exceeds 10000με, the precision can reach 1.5%. 

 
       (a) 

 
       (b) 

Figure 5: Strain demodulation results obtained by (a) the conventional demodulation method and (b) 
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the proposed method 

It can be seen from Fig. 10 that the improved demodulation method proposed by 
the present invention can decompose larger strain information stably and accurately 
because of the demodulation strategy of the dynamic reference RBS. The reason why 
this method has obvious advantages in demodulating large strains is that it has a 
certain fault tolerance when using cross-correlation function for correlation analysis, 
that is, the cross-correlation function can distinguish between the reference RBS and 
the measured RBS. Changes, but such changes beyond a certain range can also lead to 
errors in cross-correlation analysis. The conventional demodulation method uses the 
fixed reference RBS as the RBS signal acquired by the fiber in the initial state, 
compared to the measured RBS signal amplitude acquired after the first and second 
stages of loading. The change is small, so that it can be demodulated more stably and 
accurately. As the amplitude of the measured RBS signal acquired after the third stage 
loading is larger and larger, the difference between the amplitude of the reference 
RBS signal and the measured RBS signal is also larger and larger, resulting in cross 
correlation. The analysis failed, resulting in a noise-like meaningless demodulation 
result. The demodulation method proposed in this paper adopts the dynamic reference 
RBS. Since the reference RBS is replaced with the recently acquired RBS signal 
before each demodulation, the RBS and the measured Rayleigh spectrum will be 
referenced. The difference in the scatter spectrum is controlled to a minimum, which 
improves the reliability and accuracy of the cross-correlation analysis to some extent. 

 4. CONCLUSION 

OFDR-based distributed fiber strain measurement is a method that is easy to acquire 
structural strain information in a large area. However, large strains tend to cause the 
micro-bending of the fiber to cause amplitude attenuation of the Rayleigh scatter 
signal, and the correct strain information cannot be obtained using conventional 
demodulation methods. Based on the demodulation principle of the traditional 
demodulation method, this paper proposes a dynamic reference Rayleigh scattering 
spectrum method to improve the accuracy and reliability of strain information 
measurement. The experimental results show that the large strain measurement 
method proposed in this paper is used for distributed optical fiber measurement with 
large strain (10000με) up to 1.9% measurement accuracy. 
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Abstract. This article presents a theoretical and experimental study of the relationships between 
the stress, strain, and magnetic field emitted from epoxy-based Terfenol-D composite materials 
that are intended for stress sensing applications. The experimental results were analyzed and 
simulated by a new model that accounts for the inherent hysteretic and non-linear mechanical 
behavior of the epoxy. The results reveal a critical strain above which the perfect bonding 
between the Terfenol-D and the epoxy does not valid. This critical strain is very close to the 
transition strain, at which non-180° domain switching is finished and the magnetization rotation 
becomes the dominant process in the Terfenol-D. Comparisons between simulations and 
experimental results, obtained at strains smaller than the critical strain, revealed that most of 
the hysteresis in the magnetic field versus stress curves is derived from the inherent hysteresis 
in the stress-strain behavior of the epoxy. These results encourage the search for a more suitable 
epoxy that provides better bonding with Terfenol-D and smaller hysteresis. Despite the 
drawbacks of the currently used epoxy, both measured and simulated curves showed that for 
strain amplitudes smaller than the critical strain, the magnetic field vs. stress curve is 
approximately linear and has a minor amount of hysteresis, making the sensor suitable for 
stress-sensing applications.  

 
 
1 INTRODUCTION 

Magnetostrictive materials, such as Terfenol-D [1, 2], demonstrate stress induced magnetic 
field changes that can be utilized in force and stress sensing applications [3]. In particular, 
magnetostrictive composites, in which TD particles are incorporated into an epoxy matrix, 
enable overcoming the brittleness of TD and forming sensors with complicated shapes, such as 
thin washer shaped sensors for measuring compressive forces in bolted joints [4]. 

Stress-induced magnetic field changes in magnetostrictive composites have been studied in 
several previous works (e.g.[4–10]). In particular, Ref.[6] presented a model for the magneto-
mechanical behavior of magnetostrictive composites that was based on an assumed sequence 
of micro-scale physical processes that occur during the material preparation and testing. The 
model provides a one-to-one relation between the applied stress and the magnetic field induced 
by the sample. Recently, it was demonstrated that the sequence of physical processes is reversed 
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upon unloading, and nearly reversible behavior is observed [4,5]. Nevertheless, a certain 
amount of hysteresis, which has not been accounted for in the previous model [6], has been 
observed experimentally [4,5]. The hysteresis induces measurement errors in sensing 
applications; therefore, its study is of significant importance.   

The source for the hysteresis, e.g., whether due to the energy barrier for non-180° domain 
switching or due to the inherent viscoelastic behavior of the epoxy, is still unclear. Specifically, 
the relative contributions of the epoxy, the TD and the interface (bonding) between them to the 
hysteresis and irreversibility are unknown. In addition, the effect of the strain amplitude on the 
hysteresis and irreversibility has not yet been explored. One possible effect, which may occur 
at large strains, is a change in the strain compatibility at the interface between the epoxy and 
the TD, i.e., it is possible that at high strains there are no longer perfect bonding conditions, as 
has been assumed in the previous model [6]. 

In this study, we identified the effect of the inherent hysteretic and non-linear mechanical 
behavior of the epoxy on the magneto-mechanical response of the composite material. To this 
end, we introduced an expansion of the previous model presented in Ref. [6]. Specifically, we 
replaced the previously assumed linear stress vs. strain response of the epoxy material with real 
stress vs. strain curves measured using a monolithic epoxy sample. In addition, we introduced 
and applied a procedure for determining if the perfect bonding condition is valid under large 
strains. 

The paper also presents a much more comprehensive comparison between model simulations 
and experimental results. Specifically, we compared both the magnetic field vs stress curves (as 
has been done previously [5,6]) and stress vs. strain curves (which have not been compared 
before) for the same tests. These comparisons demonstrate that the same values of the input 
parameters provided a good fit between the model simulations and measurements of all three 
variables (stress, strain, and magnetic field) in different tests (e.g., different strain amplitudes) 
and in samples with different volume fractions of TD. This result provides a significant 
validation of the model. 

2 EXPANDED MODEL 
In this section, we first (section 2.1) briefly survey the sequence of magneto-mechanical 

processes that occur during all stages of sample preparation and testing and emphasize 
important aspects relevant to this study. In section 2.2, we present the main assumptions of the 
model. In particular, we point on one assumption that has to be verified (Eq. (1)) and one 
assumption that constitutes an oversimplification, which requires revision (Eq. (4)). Then, in 
section 2.3, we present methods for expanding the model and testing the validity of its 
assumption. 

2.1 Sequence of magneto-mechanical processes that occur during material preparation 
and testing 

In the sample preparation stage, during the curing of the epoxy, the mixture of TD particles 
and liquid epoxy is subjected to an external magnetic field with an aim of poling the TD 
magnetization along the magnetic field direction. The sequence of magneto-mechanical 
processes that occur during this stage and the critical (hardest) process that eventually 
determines the efficiency of the poling process have been explored in Ref. [4]. Microscopy 
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observations showed that due to this poling process, TD particles are arranged in chains along 
the direction of the external magnetic field, which is denoted by the z-axis [6,10]. Each chain 
contains many particles closely packed together, and the chains are separated from each other 
by relatively large distances [6,10]. In light of these observations, Yoffe et al. [6] modeled the 
composite material as long cylindrical fibers of TD embedded in an epoxy matrix.  

When the epoxy matrix is fully cured, the external magnetic field is turned off. At this stage, 
the average magnetization of the composite material tends to decrease due to the 
demagnetization energy related to the magnetic field induced by the sample. However, strain 
compatibility between the epoxy and the TD prevents magnetic processes that are associated 
with strain changes. Recently, we showed that in a significant portion of the TD volume, the 
magnetization passes 180° domain switching that is not accompanied by strain changes [5]. It 
was shown that this process results in a decrease of the initial magnetic field B0, which is 
induced by the sample before the compression test, by more than an order of magnitude.  

Under uniaxial compression, the TD first undergoes non-180° domain switching (DS). 
During this stage, the ratio 0/B B  (where B  is the temporal magnetic field induced by the 
sample) is determined by the volume fraction x of the material, in which non-180° DS occurred. 
The model calculations showed that during this stage, the slope of the magnetic field versus 
stress curve, which is a measure of the force-sensing sensitivity, is constant and maximal [6]. 
There is a critical load at which the stress-induced DS process is completed and x = 1.  

Above that critical load, magnetization rotation (MR) off the easy axes can occur.  
Throughout this stage, 0/B B  is determined by the direction cosines i  between the local 
magnetization and the z-axis. This process requires considerably higher energy and in 
accordance a considerably higher load. As a result, during the MR stage, the slope of the 
magnetic field versus stress curve decreases and the magnetic field tends towards zero at high 
stress values [6]. 

2.2 The model’s assumptions 
The simulation procedure begins with expressing all variables of the magneto-mechanical 

problem as a function of the degrees of freedom, i.e., x in the non-180° DS regime and i  in 
the MR stage. Then, the values of the x and and i   are calculated by expressing and minimizing 
the overall energy of the system. It was shown that during loading, the mechanical energy of 
the system is larger than the demagnetization energy by orders of magnitude [6]. In addition, it 
was shown that if the composite material is not constrained in the transverse plane, the 
contribution of the strains and stresses in the transverse plane to the total energy is negligible 
compared to other energy terms that are related to the axial strain and stress. Therefore, to a 
very good approximation, x and i  are determined only by the axial stresses and strains. 
Therefore, in this paper, we use an abbreviated (scalar) notation of the stresses and strains that 
considers only the axial stresses and strains along the z-axis. 

One of the basic assumptions of the model was perfect bonding between the TD cylinders 
and the epoxy matrix [6], which imposes that 

          TD EP                                                             (1). 
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Here, TD and EP are the strains in the TD and epoxy, respectively, and  is the strain 
imposed by the loading machine on the composite sample. Based on Eq. (1) and on the 
transverse isotropy of the TD cylinders, it was shown [6] that the axial stresses in the TD TD
and the epoxy EP  are uniform and satisfy the equation 

                                       1TD EP                                        
(2), 

where  is the average stress (traction) imposed by the loading machine and v is the TD volume 
fraction. Equations (1) and (2) constitute the simple rule of mixture for the axial stresses and 
strains along the z-axis.  

The overall strain in the TD is expressed by 

            MSTD
TD

TDE
                        (3). 

Here, the first term represents the elastic strain, where TDE  is the Young’s modulus of TD, 
and the second term represents the strain change due to magnetization changes, which is 
determined by changes in x and i  (see Ref. [6] for the expressions of MS ). In previous studies 
[5,6], a linear Hooke’s law of the form  

     EP EP EPE                        (4),  
was assumed to describe the relation between the axial stress EP  and strain EP  in the epoxy, 
where EPE  is the epoxy’s Young’s modulus. This assumption is a significant 
oversimplification, which ignores the inherent hysteretic and non-linear mechanical behavior 
of the epoxy.  

Previous comparisons of measured and calculated magnetic field vs stress curves implied 
that part of the TD particles do not undergo magnetization switching. These “impaired”  
particles behave as a stiff elastic material that increases the effective Young’s modulus of the 
matrix [5,6]. Several possible reasons for the existence of impaired particles have been 
discussed in Ref. [5]. Nevertheless, the assumed existence of impaired particles has yet to be 
validated. 

2.3 Methods for expanding the model and testing the validity of its assumptions    
To account for the hysteretic and non-linear mechanical behavior of the epoxy, we replace 

Eq. (4) with the equation 

    
 

 

0

0

load EP
EP

EP
unload EP

EP

f
t

f
t






     
 

                              (5), 

where  load
EPf   and  unload

EPf   are stress vs. strain curves measured using a monolithic 

epoxy sample. The curves  load
EPf   and  unload

EPf   depend on the strain amplitude, i.e., 
the maximal strain in the experiment. Therefore, the strain amplitudes in the tests of the 
monolithic epoxy sample should be the same as the strain amplitudes in the tests of the 
composite samples.  
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The validity of the perfect bonding condition (Eq. (1)) can be investigated based on 
measurements of the stress vs. strain curves of a monolithic epoxy sample  EP   and the 

composite sample    . Note that  EP   and     depend on the strain amplitude, and 
therefore, stress vs. strain curves with the same strain amplitude should be compared. By 
rephrasing Eq. (2), we can calculate the stress in the TD as a function of the strain as follows: 

           1 EP
TD

v
v

   
 

 
            (6), 

where  EP   and     are the measured functions. The substitution of Eq. (6) into Eq. (3) 
provides 

       1 EP MS
TD

TD

v
vE

   
  

 
             (7). 

The value of MS  in Eq. (7) is bounded to be less than 111
3 0.25%
2
  [5,6]. Moreover, 

when the non-180° domain switching process ends, at a transition strain of approximately 

111
8 0.43%
3t   [5,6], the value of MS  is already 111

4 0.22%
3
  . This means that at t 

, MS  is practically constant and Eq. (7) can be further simplified to 

       1
0.25%EP

TD
TD

v
vE

   
 

 
            (8). 

Eqns. (7) and (8) can be used for evaluating the validity of Eq. (1), according to which 𝜀𝜀𝑇𝑇𝑇𝑇 = 𝜀𝜀.  
To test the assumed existence of impaired particles and their effect on the magneto-

mechanical behavior, we compare measured and calculated results of both magnetic field vs 
stress curves and stress vs. strain curves, for the same test. Such a comparison, performed on 
different samples, can provide much stronger conclusions regarding the existence of the 
impaired particles. 

3 EXPERIMENTAL SETUP AND METHODOLOGY 
The samples and their preparation procedure were the same as detailed in Refs. [5,6]. The 

TD particles were manufactured by Etrema Products, USA and were sieved for particle sizes 
smaller than 38 m . The epoxy was prepared by mixing Hexion Epon 8280 resin with Hexion 
Epikure 3140 curing agent, in a ratio of 2:1. The sealed mold with the liquid composite material 
was placed for curing under an external magnetic field of 170 kA/m for 7 days. Cylindrical 
samples with TD volume fraction of 18.4% and 10.8% were prepared and tested. The samples 
had a diameter of 6.35 mm and a length of 12.7 mm, in agreement with the compressive testing 
standard, ASTM D-695. 

The magneto-mechanical test setup was the same as detailed in Ref. [5]. An MTS hydraulic 
mechanical testing machine, equipped with Sensotec 31/1432-08 load cell, was used for 
performing compression tests under a constant displacement rate. The average strain was 
measured by an EIR LE-05 laser extensometer system, using two light reflecting strips that 
were taped 1 mm from the sample ends. The magnetic field induced by the sample was 
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measured by Honeywell HMC1021S sensor that was mounted at the height of the center of the 
sample and at a radial distance of 10 mm from the sample. 

4 EXPERIMENTAL RESULTS 

4.1 Mechanical response of monolithic epoxy 
Figure 1 presents stress vs. strain curves of a monolithic epoxy sample. The measurements 

were performed at a constant strain rate of 6.610-5 s-1 and up to different strain amplitudes, as 
indicated in the figure’s legend. As shown, no distinguishable residual strain, which indicates 
plasticity, occurred except for minor non-repeatable behavior at small strains, which is likely 
related to changes in the contact region, as explained in Refs. [4,5].  

The stress vs. strain curves presented in Fig. 1 demonstrate noticeable hysteresis that 
increases with the strain amplitude. In addition, the stress vs. strain relation is non-linear, 
especially at small strains. For instance, the slope of the curve changes from 0.7 GPa at small 
strains to 1.85 GPa at large strains. The hysteresis and non-linearity are typical of epoxy 
materials and are in agreement with the results reported in previous studies on other epoxy 
materials [12,13].  
 

 

 

 

 

 

 

 

Figure 1: Stress vs. strain curves of the monolithic epoxy sample measured under different strain amplitudes. 

4.2 Magneto-mechanical behavior of magnetostrictive composites 
Figure 2 presents magneto-mechanical measurements obtained from a composite sample 

with 18.4% vol. TD particles. The measurements were taken at a constant strain rate of  6.610-

5 s-1 and up to different strain amplitudes. A comparison of the stress vs. strain curves of the 
composite sample (Fig. 2(a)) and the monolithic sample (Fig. 1) reveals two observations. First, 
both curves have the same shape and demonstrate a similar mechanical behavior. Second, the 
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composite sample is stiffer, as expected due to the much larger Young’s modulus of TD [14] 
compared with the modulus of the epoxy.  

The stress vs. strain curves shown in Fig. 2(a) demonstrate no distinguishable residual strain 
that could indicate on an irreversible process. High levels of reversibility are also observed in 
Figs. 2(b) and 2(c), which present the magnetic field vs. the strain and the stress. In particular, 
upon unloading, the magnetic field reverts approximately to the same value at zero stress. This 
observation indicates that the sequence of magneto-mechanical processes is reversible, as 
demonstrated in Refs. [4,5].  

Figure 2(c) demonstrates the transition from non-180° DS to MR, as explained in section 
2.1. Non-180° DS occurs at small stresses, up to approximately 17 MPa. In this range, the 
magnetic field vs. stress curve is approximately linear. At higher stresses, the MR process is 
dominant and the magnetic field vs. stress curve is non-linear and approaches to zero at high 
stress values. 

The most interesting result demonstrated by Fig. 2 is that the hysteresis is strongly dependent 
on the strain amplitude; a similar trend as demonstrated by the monolithic epoxy sample in Fig. 
1. However, the hysteresis is mainly prominent in the stress vs. strain and magnetic field vs. 
strain curves. In fact, the hysteresis in the magnetic field versus stress curves (Fig. 2(c)) remains 
small, even at large strain amplitudes. In particular, at a strain amplitude of 0.5%, which is 
related to a stress of 17 MPa, the magnetic field vs. stress curve is approximately linear and has 
a minor amount of hysteresis (less than 4% of the full-scale output). This observation indicates 
the suitability of using magnetostrictive composites in force-sensing applications over this 
range of stress values. 

5 COMPARISON OF SIMULATED AND MEASURED CURVES 
Figures 3 and 4 compare measured and simulated curves for composite samples with 18% 

(Fig. 3) and 10.4% (Fig. 4) TD. For each sample, both the magnetic field vs. strain and stress 
vs. strain curves are shown for two different strain amplitudes. In part of the simulated curves, 
there is an artificial jump at the point of maximal strain due to the switching between 

 load
EPf  and  unload

EPf  . This jump occurs because, in order to assure that the data of 

 load
EPf   and  unload

EPf  cover the entire strain range used in tests of the composite 
samples, we chose the strain amplitudes in the tests of the monolithic epoxy sample to be 
slightly larger (by less than 10%) than the strain amplitudes in the composite sample tests. In a 
portion of the measured curves, the response at very low stress values (below 3 MPa) was 
omitted because the curves measured over this range were non-repeatable due to changes in the 
contact region, as explained in section 4.1.  

 
Table 1. Input parameters used in the simulations. 

Property Value Reference 
Magnetostriction coefficient 111  31.64 10  [2] 

Young’s modulus TDE  of TD 30 GPa [14] 

Magnetocrystalline anisotropy coefficient K1 -0.6105 J/m3 [2] 
Fraction of impaired TD particles 0% (green curve) 

50% (blue curve) 
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(a)  

 

 

 

 

 

 

 

(b) 

 

 

 

 

 

 

(c)  

 

 

 

 

 

 
 
 

Figure 2: Stress vs. strain (a), magnetic field vs. strain (b) and magnetic field vs. stress (c) curves measured 
under different strain amplitudes. 

. 
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The input parameters used in the calculated curves are listed in Table 1. It is important to 
emphasize that all input parameters were taken from the literature, except for the volume 
fraction of impaired TD particles. All sub-figures in Figs. 3 and 4 present two different 
simulated curves: one with no impaired particles (dashed green curves) and one in which 50% 
of the TD volume is occupied by impaired particles (dashed blue curves). The figures show that 
simulations with no impaired particles do not fit the measured results. On the other hand, 
simulations with 50% impaired particles demonstrate reasonable agreement with all measured 
curves presented in Figs. 3 and 4. This result provides significant evidence for the existence of 
impaired TD particles, particularly because the same values of the input parameters and the 
same portion of impaired TD particles were used in all simulations that fit all measured curves 
presented in Figs. 3 and 4. 

Simulations of the magnetic field vs. stress curves presented in Figs. 3 and 4 reproduce the 
hysteresis in the measured curves well. This observation indicates that the inherent hysteresis 
in the mechanical response of the epoxy accounts for most of the hysteresis in the magnetic 
field versus stress response of the composite material. On the other hand, the amount of 
hysteresis in the simulated stress vs. strain curves is smaller than that in the measured curves. 
This observation implies that there is an additional mechanism that increases the hysteresis in 
the stress vs. strain curves of the composite material. It is likely that this mechanism is not 
related to the magneto-mechanical response of the TD, because it has no effect on the magnetic 
field vs stress curves. 
 

Figure 3: Comparison of the simulated and measured results for the 18% TD volume fraction sample: (a) 
magnetic field vs stress, strain amplitude 0.28%, (b) magnetic field vs stress, strain amplitude 0.45%, (c) stress 

vs stain, strain amplitude 0.28%, and (d) stress vs strain, strain amplitude 0.45%. 
 

(a) 

(c) 

(b) 

(d) 
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Figure 4: Comparison of the simulated and measured results the 10.4% TD volume fraction sample: (a) 

magnetic field vs stress, strain amplitude 0.35%, (b) magnetic field vs stress, strain amplitude 0.6%, (c) stress vs 
strain, strain amplitude 0.35%, and (d) stress vs strain, strain amplitude 0.6%. 

 
All curves shown in Figs. 3 and 4 have strain amplitudes smaller than 0.6%. For larger strain 

amplitudes, comparisons of the simulated and measured curves revealed a significant 
discrepancy. In the following, we use the procedure discussed in section 2.3 and show that this 
discrepancy occurs because at larger strains, the perfect bonding assumption, as is formulated 
in Eq. (1), is no longer valid.  

Figure 5 shows a plot of TD  vs.  . The blue curve represents the perfect bonding 
assumption, according to which 𝜀𝜀𝑇𝑇𝑇𝑇 = 𝜀𝜀 (Eq. (1)). The green curve was calculated by 
substituting the measured  EP   and     curves into Eq. (7). Eq. (7) also has a contribution 

from  MS  , which was taken from the simulations. It is observed that up to a critical strain 
of approximately c = 0.4%, TD  is approximately equal to  , i.e., in agreement with Eq. (1). 
This result is in accordance with the agreement between the simulations and measurements, as 
presented in Figs. 3 and 4 for small strains up to  = 0.6%. On the other hand, above c = 0.4%, 

TD  deviates from   and becomes significantly smaller than  at large strains.  
The observed critical value of c = 0.4% is very close to the transition strain t = 0.43%, at 

which the non-180° DS is expected to be finished according to the model [5,6]. At t  , Eq. 
(8) can be used for calculating  TD   directly from the measured  EP   and     curves, 
without relying on the simulations. This calculation fully overlaps with the green curve 
presented in Fig. (5). This means that the difference between TD  and   does not stem from the 
simulation of  MS  . Thus, Fig. 5 provides direct evidence that at large strains, Eqns. (1) 
and (2) are not fulfilled. The observation that at large strains (and in accordance large stresses) 

(a) 

(c) 

(b) 

(d) 
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TD  becomes smaller than   indicates that above a certain stress level, there is not perfect 
bonding between the TD cylinders and the epoxy matrix.  

 
Figure 5:   vs. TD . The blue curve represents the basic model’s assumption of perfect bonding (𝜀𝜀𝑇𝑇𝑇𝑇 = 𝜀𝜀). 

The green curve was calculated based on Eqns. (7) and (8). 
 

5 CONCLUSIONS 
In this paper, we present a combination of experimental and theoretical studies of the 

magneto-mechanical response of epoxy-based TD composite materials for stress-sensing 
applications. We introduced an expanded model that accounts for the hysteretic and non-linear 
mechanical behavior of the epoxy by replacing the previously assumed linear stress vs. strain 
relations [6] with real stress vs. strain curves measured using a monolithic epoxy sample. 

A direct evaluation of the strain in the TD, based on measured stress vs. strain curves in a 
monolithic epoxy and in composite samples, allowed us to test the validity of a basic model 
assumption, which is the perfect bonding between the TD and the matrix. This analysis (see 
Fig. 5) revealed a critical strain of approximately c = 0.4%. Below this value, the strain in the 
TD is approximately equal to the strain in the matrix and the average strain applied to the 
sample, i.e., the perfect bonding assumption is fulfilled. Above this value, the strain in the TD 
becomes smaller than the applied strain. Under strains larger than 0.6%, this difference becomes 
significant and Eqns. (1) and (2), which constitute a basic assumption of the model, are not 
fulfilled. The observed critical strain c is very close to the transition strain t = 0.43%, at which 
the non-180° DS is expected to be finished according to the model [5,6]. 

Comparisons of measured and calculated curves demonstrated the necessity of the 
assumption regarding the presence impaired particles.  Simulations with 50% impaired particles 
demonstrated reasonable agreement with all results of measurements performed at strains below 
0.6%. It should be noted that the same values of input parameters and the same concentration 
of impaired particles were used in all simulations and provided a good fit with all measurement 
results. Specifically, the same simulations fit the measurements of all three variables (stress, 
strain, and magnetic field) in tests performed with different strain amplitudes and in samples 
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with different volume fractions of TD. This result largely validates the model and provides 
significant evidence for the existence of impaired TD particles and their effect on the magneto-
mechanical behavior of the composite material. 

Our experimental results (Fig. 2) showed that the amount of hysteresis is strongly dependent 
on the strain amplitude. Simulations of magnetic field vs stress curves reproduced the hysteresis 
well in the measured curves and indicated that most of the hysteresis is derived from the 
inherent hysteretic behavior of the epoxy. Simulations of stress vs. strain curves demonstrated 
that there is an additional source of hysteresis that affects only the mechanical behavior and is 
probably not related to the response of the TD.    

This study provided several valuable insights for the development of stress sensing 
applications. In particular, it revealed the significant effect of the epoxy on the studied system, 
which determines the amount of hysteresis and the critical strain above which the perfect 
bonding between TD and epoxy is not fulfilled. Our results motivate the search for a more 
suitable epoxy that provides better performance in these two important respects. Despite the 
drawbacks of the currently used epoxy, both measured and simulated curves showed that for 
strain amplitudes smaller than 0.5%, the magnetic field vs. stress curve is approximately linear 
and has a minor amount of hysteresis. This observation indicates the suitability of using 
magnetostrictive composite materials in force-sensing applications over this range of applied 
strains. 
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Abstract. Recently, an experimental setup dedicated to the characterization of GMM 
magneto-mechanical behavior under constant stress has been designed. This setup is able to 
reduce the dynamic stress variations induced by magnetic excitation variations below 0.1 MPa. 
The present work focuses on the effect of loading boundary conditions on the measurement of 
material properties of Terfenol-D under stress levels from 0 to 90 MPa. Comparison of 
measurement results obtained under controlled and uncontrolled stress conditions show that 
uncontrolled boundary conditions can be responsible for errors of several percent on the 
measurement of the maximum and remnant magnetic induction. The measurement of strain is 
even more sensitive to the boundary conditions, with errors up to 40% and 30% on the 
longitudinal and transverse strain, respectively. In addition, evolutions in the measurement of 
susceptibility and (longitudinal and transverse) piezomagnetic properties reach +30%, +125% 
and +300% respectively. This work highlights the utmost importance to precisely control the 
boundary conditions for an accurate characterization of GMM properties under mechanical 
loading. 
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1 INTRODUCTION 
Giant Magnetostrictive Materials (GMM), such as Terfenol-D and Galfenol, are used to 

design actuators and sensors converting a magnetic input into a mechanical response, or 
conversely, a mechanical input into a magnetic signal. The design of magneto-mechanical 
systems is optimized based on a good knowledge of the material properties. Under standard 
operating conditions, these materials are subjected to stress. However, the behavior of these 
materials is highly nonlinear and very sensitive to mechanical loading [1, 2]. It is therefore 
important to characterize their properties under mechanical loading. 

Various experimental setups have been used for the experimental characterization of GMM 
under mechanical stress. In the case of Galfenol and Terfenol-D, material properties obtained 
under mechanical loading with these setups show great variability [3, 4, 5, 6, 7, 8, 9]. These 
differences are due to different compositions of the materials tested, but also to imperfect 
control of loading boundary conditions. 

This work deals with the role of loading boundary conditions on the material properties 
measurement of Terfenol-D under stress. In a first part, the characterization setup is described. 
In a second part, the experimental setup is used to characterize the effect of loading boundary 
conditions on the magneto-mechanical behavior as well as on magnetic and piezomagnetic 
properties of this GMM under stress. 

2 EXPERIMENTAL SETUP 

2.1 Magneto-mechanical characterization rig 
The characterization setup is designed to measure magnetization and strain in a 

ferromagnetic specimen subjected simultaneously to magnetic field and uniaxial stress applied 
in the direction parallel to the magnetic field. A tension-compression machine is used for the 
application of stress, and a magnetic circuit has been designed for the application of the 
magnetic field (figure 1).  

Figure 1: Magneto-mechanical characterization rig. 
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The electromagnetic device is constituted of two U-shaped ferrite yokes ensuring the closure 
of the magnetic flux. Associated to a power amplifier, a series circuit of four primary coils (one 
wounded around each yoke – 600 turns each – and two around the specimen – 265 turns each) 
produces the magnetic field. Two coaxial magnetic columns (Permendur 49) connect the 
specimen to the apparatus and close the magnetic path.  

The samples characterized in this study are cylindrical Terfenol-D rods with 3 cm height and 
5 mm radius manufactured by TdVib LLC. This setup has been optimized to ensure the 
homogeneity of magnetic field and stress in a 15 mm height measurement area [10]. 
Measurements are performed at room temperature.  

2.2 Characterization setup 
The acquisition of measurement signals and the control of magnetic field and stress are 

performed by a DS 1006 dSPACE processor board, connected to a computer. Control of applied 
stress and position of the crosshead are ensured by the internal servo-controller of the 
compression machine. All the elements connected to the dSPACE acting during experiments 
are shown in figure 2. The magnetic field (H), the magnetic induction (B) and the strain 
components (S), are evaluated in the measurement area (figure 1). 

The force (F) applied by the tension-compression machine (Zwick/Roell Z030) is measured 
using a 10 kN load cell. A Kepco 72-14MG amplifier is used to produce current (I) in the four 
primary coils (figure 1). This current is measured and used in a Proportional-Integral-Derivative 
(PID) control loop feedback. The magnetic field (H) is measured using a GM08 Gaussmeter 
and a transverse Hall probe. The variation of magnetic induction (δB) in the sample is calculated 
in real time through the integration of the induced voltage of a B-coil (65 turns) wound around 
the sample. The reference state for the evaluation of B is the demagnetized state [11]. 

The strain is measured through two rosette strain gauges glued face to face on the surface of 
the sample. Using a 4 channels strain gauge conditioner, two values on longitudinal direction 
(SL) and one value on the transverse direction (ST) are evaluated. In addition, shear strain (SS) 
is calculated using gauge value in the 45° direction, SL and ST. A ball-and-socked joint (B&S 
joint) is placed between the load cell and the piezo stack actuator to minimize misalignment 
between the longitudinal direction of the sample and the column.  
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Figure 2: Measurement setup synoptic. Elements in bold are mechanical 
or electrical sources of the system. 

The control of the dynamic force (∆F) induced by the magnetic excitation is ensured by the 
combination of a piezoelectric force sensor, a piezo stack actuator and a PID control loop 
feedback. The piezoelectric press force sensor, associated to a charge amplifier, provides the 
dynamic component of the force. The actuator is a preloaded high load actuator, equipped with 
a positioning system to provide position information (∆L) to the piezo amplifier/controller. The 
piezo amplifier/controller is a High-Performance Piezo amplifier. The system then ensures the 
cancellation of the dynamic force through the displacement provided by the actuator, controlled 
on the loop. 

More details on the experimental setup are available in [11]. 

3 EFFECT OF LOADING BOUNDARY CONDITION ON THE MEASUREMENT 
OF TERFENOL-D PROPERTIES UNDER MECHANICAL LOADING 

The magneto-mechanical behavior of Terfenol-D under various compression stress levels 
has been characterized using this experimental setup. Compression stresses will be considered 
positive. The lower level of stress is obtained by positioning the Permendur column alone on 
the top of the sample. This configuration is considered as the “stress-free condition” When 
connecting the top Permendur column to the compression machine, pre-stress levels (σ0) of 125, 
400, 700 kPa and 1, 2, 4, 8, 12, 16, 20, 25, 30, 35, 40, 45, 50, 55, 60, 70, 80, 90 MPa have been 
applied to the samples. For each level of stress, samples are submitted to a half periodic 
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sinusoidal magnetic loading, reaching 100 kA/m (Hmax), at 1 Hz frequency. Tests are done under 
controlled stress conditions (CSC) and no-controlled stress conditions (noCSC). The reference 
state is the demagnetized state under pre-stress. Data presented in this work are raw data.  

3.1 Measurement of magnetization and magnetostriction curves under controlled and 
no-controlled stress conditions 

Figures 3 and 4 show the measured magnetization and magnetostriction (longitudinal and 
transverse) curves under compression stress levels in the two stress control conditions.  

 

 
Figure 3: Magnetic behavior of Terfenol-D specimen for various uniaxial applied 
compressive stress under controlled stress conditions (CSC) and uncontrolled stress 
conditions (noCSC). 

 
Magnetization curves are very sensitive to pre-stress levels. The decrease of induction with 

applied stress – for a given magnetic field – is very significant. The pre-stress significantly 
decreases the values of remnant and maximum magnetic induction (at 100 kA/m), Br and Bmax 
respectively. The values obtained under CSC can be up to 20% higher for Br and up to 10% 
higher for Bmax compared to the values obtained under noCSC.  

Figure 4 shows that the magnetostrictive behavior is much more affected by stress than the 
magnetic behavior. The effect of stress on magnetostriction is non monotonic: the 
magnetostriction level first increases with stress, and then decreases. The maximum variations 
of magnetostriction with respect to magnetic field are observed at 16 MPa. At this stress level, 
the longitudinal and transverse strain measured under CSC can be up to 41% and 28% higher, 
respectively, than under noCSC. 
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Figure 4: Longitudinal and transverse magnetostrictive behavior of Terfenol-D 
specimen for various uniaxial applied compressive stress under controlled stress 
conditions (CSC) and uncontrolled stress conditions (noCSC). 

 
Whatever the level of pre-stress applied, the fluctuations of stress under CSC do not exceed 

0.1 MPa. In contrast, the cancellation of this control system results in very significant 
fluctuations of stress. Table 1 presents the maximum stress variation levels (∆bσ0) observed 
under noCSC. 

 
Table 1: Maximum stress variations during magnetic excitation under uncontrolled stress conditions. 

 
 
 
 
These fluctuations are the direct image of longitudinal magnetostriction (figure 4) since the 

setup elastically responds to the deformation of the sample. Their levels are clearly 
unacceptable for an accurate characterization of the material properties. 

3.2 Measurement of magnetic and piezomagnetic properties of Terfenol-D under 
controlled and no-controlled stress conditions 

In this part, evolutions of magnetic susceptibility as well as longitudinal and transverse 
piezomagnetic properties of Terfenol-D sample are studied in function of the applied stress 
levels under the two stress conditions. These properties are calculated from a linear 
extrapolation of the magnetic and magnetostrictive curves, at the end of the cycle (near H = 0). 
These properties are presented on figure 5, under CSC and noCSC. 

 

σ0 (MPa) 4 16 40 55 90 

∆bσ0 max (MPa) 8.6 10.6 7.2 5.2 2.5 
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Figure 5: Magnetic susceptibility (a) and longitudinal and transverse piezomagnetic properties (b) of 
Terfenol-D specimen for various uniaxial applied compressive stress under controlled stress conditions 
(CSC) and no-controlled stress conditions (noCSC). 

 
As expected, evaluation of material properties are very sensitive to the pre-stress levels. 

Maximum evolution of +30%, +125% and +300% are observed between magnetic 
susceptibility and longitudinal and transverse piezomagnetic values measured under CSC and 
noCSC. These plots clearly show the great importance to control the loading boundary 
condition when characterizing the properties of GMM under stress. 

4 CONCLUSIONS 
In this work, an experimental setup dedicated to the characterization of GMM properties 

under constant pre-stress has been described. Measurements have been performed on a 
Terfenol-D sample to show the dependence of magneto-mechanical behavior to compressive 
pre-stress levels from 0 to 90 MPa. Measurements obtained under control stress conditions 
(CSC) have been compared to those obtained without using the stress control (noCSC).  

Under CSC, the setup can control the stress induced by the magnetic excitation and reduce 
it to levels below 0.1 MPa. Under noCSC, dynamic stress is very significant, and reaches 
10.6 MPa at 16 MPa pre-stress level. The magnetization curves are sensitive to the stress control 
conditions. The values obtained under CSC can be up to 20% higher for the remnant magnetic 
induction and up to 10% higher for the maximum magnetic induction (at 100 kA/m) compared 
to the values obtained under noCSC. Longitudinal and transverse magnetostrictive behaviors 
have shown greater sensitivity to the control stress condition, with maximum differences about 
40% and 30% respectively. Similarly, measured magnetic susceptibility and longitudinal and 
transverse piezomagnetic properties present maximum evolutions of +30%, +125% and +300% 
respectively, in function of the stress control condition. 

This work emphasizes the great importance to accurately control the boundary conditions 
when characterizing the material properties of GMM, such as Terfenol-D, under stress. 
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Abstract. Electro-active polymers (EAP) are a kind of smart structures that undergo dimensional change
in response to an applied electrical field. Due to their biocompatibility, conformability, low Young’s
modulus, high strain capabilities and relative low cost, EAPs are promising materials for the next gener-
ation of micro-scaled robotic devices. This paper describes the first result of the study of the terpolymer
P(VDF-ter-TrFE-ter-CTFE), a relaxor ferroelectric characterized by its large electromechanical coupling,
as the building block of a surgical micro-robot actuator. In order to deal with the large number of param-
eters involved in this active material (number of layers, material composition, substrate materials, etc),
we develop a finite element model to support the experimental development.

INTRODUCTION

Different approaches have been studied to develop the automation of endoscopic surgical operations
in order to assist surgeons in terms of efficiency and precision. From endoscopic capsules [1], [2] to
traditional wire actuated poly-articulated snake like robot (figure 1) [3], [4] the research field is full of
innovative perspectives.

Recently, smart materials have emerged as a key element for the conception of endoscopic surgical robot
thanks to their compact design, dexterity and low cost. Among them, Nitinol, a shape memory alloy has
been reported (figure 2) for a magnetic resonance imaging concentric tube robot actuator [5].
EAPs are another emerging family of promising materials for surgical automated actuator where bio-

compatibility, high strains and conformity to soft materials are desired features. EAPs can be classified
into two categories: ionic EAPs and electronic EAPs [6]The electrical activation of ionic EAPs is due
to the migration of ions or electrically charged molecules. Whereas, electronic EAPs are activated by
applied electric fields and Coulomb forces. Polypyrrole a CP Ionic Polymer has been used for an en-
doscopic medical robot[7].Although Polypyrrole requires low voltage actuation compared to electronic

1
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Figure 1: Endoscopic capsule robot [1] (left) and wire actuated snake like robot [4] (right)

Figure 2: Nitinol actuator robot [5]

EAP and can hold strain under applied voltage which is essential in the case of a robot actuator, it ex-
hibits a slow response time and induce a low actuation torque. On the contrary, electrostrictive polymers
present a rapid response and the ability to generate large actuation force. Despites their high strain and
energy density, electrostrictive materials require high actuation voltages which represents a major draw-
back that limited their implementation into real-life applications. To counter these issues, a multilayered
concept is proposed. Due to the complexity of soft polymeric microstructures, analytical modeling will
be performed to guide experimental design and fabrication of these electrostrictive based surgical actu-
ators. In order to achieve large and controlled deformation a number of parameter (thickness, polymer
formulation and passive materials composition) have been studied to lead the actuator design to reach
the optimal performances. Concretely, Finite Element Model (FEM) results have enable to identify the
curvature behaviour of the actuator to settle the control theory. In the context of surgical endoscopic
robot, EAP smart material integration have raised others challenge in terms of control. Indeed, tradi-
tional discreet joints actuators and rigid links robots description is no more available for continuum soft
robots. Smart materials actuators are part of the robot shape. Soft robots can reach an infinite number
of degrees of freedom. A single EAP continuum actuator is equivalent with three discreet joints with the
Denavit- Hartenberge (DH) modelling strategy [8],[9] (cf figure 3).
All three joints are related to the smart material curvature k as shown in figure 1. The DH parameters are
linked to the soft robot parameters by a matrix integrated in the kinematic model.

2
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Figure 3: Parameters for one roll φ and one curvature (left). D-H modified equivalent structure (right).

Virtual joints θ d a α
1 θ1 = φ 0 0 0
2 θ2 =

π
2 − k1s1

2 0 0 π
2

3 θ3 = 0 d3 =
2
k1

sin( k1s1
2 ) 0 0

4 θ4 =
k1s1

2 0 0 π

Table 1: DH modified virtual table

This paper is organized as follow. In the first section the electrostriction formulation and mechanism
will be briefly presented. Then in section two the electro-mechanical behaviour of the EAP and the
structure will be introduced to present the experimental model. This will lead to section three with the
development of a finite element model (FEM) of a multilayer composite actuator designed to validate
the feasibility in terms of maximum bending under electric field, materials characteristics, and number
of layers. Finally, the results of the precedent section will induce the future expectation of this smart
material and open the way to further integrated in a surgical robot structure.

1 Electrostriction

While electrostriction was long considered a higher-order nonlinear effect requiring stronger electric
fields than typically used for piezoelectrics, the emergence of a new class of highly electrostrictive mate-
rials, known as relaxor ferroelectrics, has opened the path to the use of electrostriction as an alternative to
the piezoelectricity for the large-strain actuation applications. In addition to the large strain capabilities, a
major advantage of the electrostriction over the ferroelectric mechanism is that it enables a reproducible,
non-hysteretic response. Various relaxor ferroelectric PVDF-based polymers have been reported to date
such as electron-beam irradiated P(VDF-co-TrFE) copolymer or defect-modified P(VDF-co-TrFE) with
added bulky CFE or CTFE monomers. In the case of P(VDF-ter-TrFE-ter-CTFE) it is the introduction of
the third bulky monomer (CTFE) that disrupts the conformations ordering of the chains into the crystal
and create ferroelectric nano-domains transforming it from a ferroelectric to a relaxor ferroelectric poly-
mer [10], [11]. P(VDF-ter-TrFE-ter-CTFE) present a high dielectric constant ( 50), high electrostrictive
strain (4%), good elastic energy densities with a reversible response time in the milliseconds range.
These features make it extremely promising materials for smart actuators. [12],[13]. In particular, con-
sidering that single use tools are preferred in surgical robotic to reduce the sterilization cost and the risk
of infection, the repeatability expectation of such a device would be reduced. The control processors and

3
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voltage generator would not be embedded.

2 Experimental model

The mechanical behaviour of the relaxor ferroelectric is presented in [14] showing a quadratic evolu-
tion of the strain under electric field (figure 4). The curvature can be written as a function of E2 with E

Figure 4: Electrostrictive response (strain) for a relaxor ferroelectric [14]

the electric field in V/m. When fixed at one side to a passive material, the strain is constraint to generate
a bending in one direction. This assembly enables to use the EAP as a robot arm (figure 5) .

Figure 5: Structure of an EAP bending actuator

We have developed an experimental model to quantify the strain of the terpolymer P(VDF-ter-TrFE-
ter-CTFE) provided by Piezotech S.A.S (Arkema group, France) with a ratio of 8% mol CTFE and an
electrostrictive coefficient of 3.1018m2/V 2. The polymer has been metalized with two aluminium elec-
trodes and one passive substrate as in figure 6.

Materials and results

The EAP material fixed in the passive substrate has shown a reversible and repeatable bending un-
der electric field with a maximum at 100 V/µm (figure 7). Nevertheless, such limited bending was
mainly due to the fact that the applied electric field was kept significantly lower than the electric field
breakdown of the terpolymers inducing low strain. In order to tackle these issues and to achieve high

4



1439

Q.Jacquemin, D.Thuau, E. Monteiro, S. Tencé-Girault and N.Mechbal

Figure 6: Schematic design of the experimental actuator

Component Material Young Modulus Thickness Electrostrictive coefficient
Passive substrate PEN 5 GPa 50 µm 0
EAP P(VDF-TrFE-CTFE)-8% CTFE 0.2 GPa 7 µm 3.10−18m2/V 2

Electrode Al 70 GPa 300 nm 0

Table 2: Material characteristics for the FEM

deformation, two approaches have been investigated. First, the metal electrodes have been substituted by
a low Young’s modulus conductive polymer, (PEDOT:PSS) to increase the actuator bending at the same
electric field conditions. Secondly, a multilayered/stacked approach has been developed to enhance the
electro-mechanically induced force and displacement while keeping the applied voltage to an acceptable
limit (500 V). In the multilayered configuration, electroded EAP films are layered on top of each other.
The films are alternatively connected with high voltage and ground potential similar to a parallel capaci-
tor connection. The conception of multilayered EAP actuators is a challenging task that should provide
valuable insights on the influence of numerous geometrical and physical parameters on the device perfor-
mance. Thanks to the quadratic behaviour of the strain, the voltage can be alternatively disposed without

Figure 7: Monolayer 7µm thin EAP actuator with Aluminium electrodes at 100V/µm (left) and breakdown voltage
result at 150V/µm (right)

changing the bending side. So, for N layers of EAP material we need N + 1 layers of electrode (figure

5
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8).

Figure 8: Multilayer beam actuator spatial convention

3 Finite element modelling

A model has been developed on abaqus, based on mechanical theory. The gap between global ac-
tuator dimension and polymer layer thickness ( 300 nm and 2 µm respectively) drove us to the design
of a composite shell model with (SI millimetre analogy). Since the electrostrictive quadratic behaviour
is not implemented on the software, we have made a thermal behaviour analogy by using a Fortran user
subroutine. In order for our model to be used into a surgical robot actuator, the following boundary con-
ditions have to be considered: the composite EAP must be able to bend itself by almost 100 degrees. The
electric field has to be kept lower thanthe terpolymer breakdown electric field and thus considering the
actuator dimensions, the maximum voltage should be kept at 500 V. Consequently, the presented FEM
drives us finding the optimal actuator configuration in terms of layer’s number, material characteristics
and composite elements thickness (figure 11).

3.0.1 Composite materials behaviour

Terpolymer P(VDF-TrFE-CTFE) is an elastic isotrope material [13]. Its temperature dependency has
not been taken into account in this study. The horizontal strain (X and Z axis) is expressed as follow in
equation 2 and shown in figure 9. ε0 is the strain at y = 0, ρ is the radius of curvature and k = 1

ρ . ep, ee

and es are respectively the terpolymer, electrode and substrate layers thickness [12].

εx(y) = εx
0 +

y
ρ
= εx

0 + ykx; −es ≤ y ≤ n(ee + ep) (1)

εz(y) = εz
0 +

y
ρ
= εz

0 + ykz; −es ≤ y ≤ n(ee + ep) (2)

For the polymer and electrode layers, εelastic = εtotal − εelectrostrictive with εelectrostrictive = MiE2 with Mi

the electrostrictive coefficient matrix and E the electric field in V/m.

εel
x (y) = εx

0 + ykx −Mi
xE2; −es ≤ y ≤ n(ee + ep) (3)

εel
z (y) = εz

0 + ykz −Mi
zE

2; −es ≤ y ≤ n(ee + ep) (4)

6
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Mi = Mp for the terpolymer and Mi = 0 for the electrode and the substrate materials. The horizontal
plane stress can be written as in equation equation 5.
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Qi j’s are the plane stress reduced elastic constants in the plate axes of the ith layer. We can then introduce
the resultant stress as:
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With h(i) the layer thickness depending on the material i.

Figure 9: Multilayer beam convention with ε(0) = ε0

3.0.2 Materials and results

In the figure 10 left, we have studied the influence of the number of layers. In this model, the total
EAP thickness is fixed to 10 µm and divided into the number of layers. The voltage is also stuck at 500
V so that increasing the number of layers increases the electric field. The graphic shows the elements
final position alongside the actuator length. For a five layer EAP of 2 µm each, the electric field is 250
V/µm. Studying the influence of the number of layers has highlighted the capability of reaching the
expected bending performance as shown in figure 10 left. The electrode’s Young Modulus of 0.02 GPa is
no longer increasing the stiffness of the composite material. We have been looking for the best substrate
material for this configuration (figure 10 right) and Pebax (0.3 GPa) (provided by Arkema) would suit.
The figure 11 shows the bending performances of the composite actuator with characteristics from table

7
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Figure 10: Spatial representation of the actuator behaviour depending of the number of layers N (left) and radius
of curvature depending on the substrate Young Modulus (right)

3. This configuration enables a maximum bending of 110 degrees for a 50x2mm EAP actuator at 500V
as defined. The displacement induced force is also under study. However for the experimental device the
number of layer is restricted by the design feasibility in the laboratory conditions.

Figure 11: Five (2 µm thin) layers actuator with polymer electrodes under 50V/µm

8
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Component Material Layers Young Modulus Thickness Electrostrictive coefficient
Passive substrate Pebax 1 0.2 GPa 10 µm 0
EAP P(VDF-TrFE-CTFE) 5 0.3 GPa 2 µm 3.10−18 m/V
Electrode Polymer 6 0.02 GPa 300 nm 0

Table 3: Material characteristics for the FEM

Conclusion

This paper has presented EAP actuators in the context of endoscopic robots in the medical area.
Among other smart materials studied for this application, EAP and more specifically electrostrictive
polymers has been selected for their large electromechanical strain. Those smart materials can be inte-
grated into a robot structure to perform self-bending. A composite beam, made of a passive substrate,
has been experimentally evaluated and has highlighted the high voltage requirement to achieved large
bending. Although, To decrease the electric field and improve the bending, a multilayer composites smart
material has been designed on abaqus. This model has demonstrated the efficiency of this formulation in
terms of bending, and a five layers actuator of 2 µm each was found to be the optimized configuration to
achieved the expected performances. Finally, an experimental multilayer device will be made from this
results to confirm the achievement and readjust the theoretical parameters. The FEM will also evaluate
the displacement induced force at the distal tip of the actuator to deal with external perturbations. Fi-
nally, to validate this smart material as an effective robotic actuator, the next step will be to focus on the
repeatability of the actuation and the control accuracy. Indeed, as a robotic structure, the control of the
smart material by an external power source has to be accurate and robust. An EAP actuated robot could
be designed with serial actuators as in figure 12 to increase the degrees of freedom.

Figure 12: Structure and parameters of the two EAP actuator robot structure (left). Description of the control of
the orientation between the distal tip and the target (left).
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Abstract. Flexoelectricity can be defined as an electromechanical coupling between polarization and
strain gradient. In contrast with piezoelectricity, flexoelectricity is largely dominant at the nanoscale.
Using a developed electromechanical model of a BaTiO3 nanobeam, we simulate the dynamic behavior
of the device when it is subject to a base harmonic excitation representing mechanical vibrations from
the environment. The coupled electromechanical model is first derived using the Hamilton’s principle
and accounting for the von Karman strain for relatively large displacements and takes into account an
initial static displacement due to residual stresses. The Galerkin approximation is used to discretize the
space domain for the transverse displacement and the electric potential. The nonlinear dynamic response
of the nanobeam and the generated electrical voltage are solved for limit-cycle solutions. The results
depicted higher power density generation when the aspect ratio of the nanobeam is varied. It is found
that the initial deflection can mitigate the expected performance of the device.

1 INTRODUCTION

Flexoelectric effect is an electromechanical coupling that can be used to enhance electrical response
from mechanical stimuli for nanoscale structures [1, 2]. For nanobeams, taking into account interactions
between electric polarization strain and strain gradient should be accompanied by other interactions of
the same order of approximation. Elastic strain gradient theory can be used in this case to fulfill this
requirement.

The flexoelectric effect was observed in centrosymmetric as well as noncentrosymmetric dielectric
materials [3]. It was used as a transduction mechanism for actuators, sensors and energy harvesting
applications [4, 5, 2].

Because relatively large displacements are easily obtained at the nanoscale, several researchers pro-
posed the introduction of geometric nonlinearity in the modeling of nanobeams [6]. For energy harvest-
ing applications accounting for large displacements only few attempts are found in the literature. Wang
et al. [7] investigated the nonlinear response of a cantilever nanobeam for energy harvesting applications
and concluded that the flexoelectric effect can extremely improve the harvested power (five times). Ku-
mar et al. [8] proposed a bistable mechanism by using a pair of magnet placed at the tip of cantilever
beam. They reported very large bandwidth response of the energy harvester when compared to a lin-
ear design. Rojas et al. [9] simulated the frequency-response of clamped-clamped and clamped-hinged
nanobeam energy harvesters by taking into accounts the von Karman nonlinear strain. They reported that
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size dependent model should be used to model flexoelectric nanobeam and reported large bandwidth only
for the clamped-hinged nanobeam since their model was not able to capture the generated polarization
for the clamped-clamped case.

In the proposed work, a piezoelectric flexoelectric clamped-clamped nanobeam is proposed as energy
harvester. The analytical model takes into account a bidirectional electric field and strain gradient in the
longitudinal and transverse directions to calculated the harvested voltage when base excitation is applied.

2 Nonlinear model of a Piezoelectric flexoelectric Nanobeam

A prismatic nanobeam, shown in Figure 1, is considered with length L along the x-axis, thickness
h and width b. The nanobeam is made of BaTiO3 material with density ρ. Two conductive electrodes
cover its upper and lower faces. The Euler-Bernoulli beam theory is used to model the nanobeam when

Figure 1: Clamped-clamped nanobeam made of BaTiO3 material.

it undergoes relatively large displacements. The associated geometric nonlinearities are modeled using
the von Karman strain. With low electric fields and non significant stress-strain hysteresis effects, one
can consider a linear material behavior. We use the following enthalpy density of the nanobeam material
[10]

H =W L(S,∇S,P)− 1
2 εφ2

,i +Piφ,i i = x,y,z

where W L is the internal energy density, S is the Cauchy strain tensor, ∇S is the strain gradient tensor,
P is the polarization vector, φ(x,z, t) is the potential of the electric field and ε is the permittivity of the
media.

The internal energy density W L can be expressed as [6]

W L = 1
2 a11P2

x +
1
2 a33P2

z +
1
2 c11ε2

xx +d11εxxPx +d31εxxPz + f11εxx,xPx + f14εxx,zPz (1)

+ 1
2 g11εxx,x

2 + 1
2 g11εxx,z

2

where a is the dielectric susceptibility tensor, c is the elastic constant tensor, d is the piezoelectric constant
tensor, f is the flexoelectricity tensor and g is the strain gradient coefficients.

The axial strain component can be expressed by [11]

εxx = u′+
1
2

w′2 − zw′′ (2)

where u(x, t) is axial displacement and w(x, t) is the transverse displacement, prime corresponds to
derivative with respect to x.

We use the Hamilton’s principle to derive the governing electroelastic equations and the associated
boundary conditions, it is given by

∫ t2

t1

(
δK −

∫

V
δH dV

)
dt = 0 (3)

2
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where K is the kinetic energy given by

δK =−
∫ L

0
m(ẅδw+ üδu) dx (4)

where m = ρbh is the mass per unit length, F is an external excitation.
Therefore, Equation (3), yields the governing equations

mü−N′ = 0 (5)

mẅ−M′′ −
(
Nw′)′ = F (6)

Px,x +Pz,z − εφ,xx − εφ,zz = 0 (7)

φ,x −E1 = 0 (8)

φ,z −E3 = 0 (9)

and the associated boundary conditions

u = 0, u′ = 0, w = 0, (10)

M+ Ñ w′ = 0, M̃ = 0, and φ′ = 0

where

M =
∫

A

(
zT11 + T̃113 − zT̃ ′

111
)

dA (11)

M̃ =

∫

A

(
zT̃111

)
dA (12)

N =

∫

A

(
T11 − T̃ ′

111
)

dA (13)

Ñ =

∫

A
T̃111dA (14)

and

T11 = c11εxx +d11Px +d31Pz (15)

T̃111 = f11Px +g11εxx,x (16)

T̃113 = f14Pz +g11εxx,z (17)

−E1 = a11Px +d11εxx + f11εxx,x (18)

−E3 = a33Pz +d31εxx + f14εxx,z (19)

A simplification is proposed in this case where the axial displacement is eliminated in the equations
by assuming that the axial stress component N is constant along the nanobeam when the axial inertial is
neglected [11, 6]. As a result, the polarization vector is expressed as

Px =− 1
a11

(
φ,x −

(
z+

d31 f14

Ēa33

)(
d11w′′+ f11w′′′)+ d11

2L

∫ L

0
w′2dx

)
(20)

Pz =− 1
a33

(
φ,z −

(
zd31 + f14 +

d2
31 f14

Ēa33

)
w′′+

d31

2L

∫ L

0
w′2dx

)
(21)
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When energy harvesting or sensing applications are sought, the voltage accross the electrodes V (t)
follows the Gauss’s law given by [2]

V
R
=

1
h

d
dt

∫
(Pz − εφ,z)dxdydz (22)

where R is the external electrical resistance load.
As a result, one can deduce the equation governing the voltage variation as follows:

bL
h

(
ε+

1
a33

)
V̇ +

V
R
=

b
a33

(
f14 +

d2
31 f14

Ēa33

)∫ L

0
ẇ′′dx− bd31

a33

∫ L

0
ẇ′w′dx (23)

On the other hand, we assume that the electrical potential φ can be approximated by [2, 6]

φ(x,z, t) = ϕ(x, t)cos(
π
h

z)+
z+h/2

h
V (24)

where ϕ(x, t) represent the longitudinal variation of the electric potential.
Using the polarization components in Equations (20) and (21), the electric potential in Equation (24),

we obtain the nonlinear expression of the bending moment M, M̃ and Ñ, defined in Equations (11) to
(14), in terms of the deflection w and the longitudinal potential ϕ. They are given by

M =−k1w′′+ k2w′′′′+
2Ad31

πa33
ϕ− A f14

a33

V
h
− d31 f14

a33

A
2L

∫ L

0
w′2dx (25)

N =
ĒA
2L

∫ L

0
w′2dx− d31A

a33

V
h
− 2A

a11π
(
d11ϕ′ − f11ϕ′′)+ d11 f14Ak2

a33ĒI
w′′′′ (26)

M̃ =
d11 f11I

a11
w′′ − k2w′′′ (27)

Ñ =
d11d31 f11 f14A

a11a33Ē
w′′ − f14d31Ak2

a33ĒI
w′′′ − 2 f11A

a11π
ϕ′ − d11 f11

a11

A
2L

∫ L

0
w′2dx (28)

where k1 and k2 are given in the Appendix, Ē = (c11 − d2
11

a11
− d2

31
a33

) and I = bh3

12 is the second moment of
area of the nanobeam’s cross-section.

A nondimensional form of the equations is obtained by using the following variables:

ŵ =
w
h
, ϕ̂ =

ϕ
ϕ0

, x̂ =
x
L
, ẑ =

z
h

and t̂ =
t
τ

(29)

where

τ =

√
mL4

k1
and ϕ0 =

πk1a33

2bL2d31

Following Baroudi and Najar [6], Equations (6) and (7) are used to calculate the associated mode
shapes for the transverse displacement and the longitudinal potential. These mode shapes are used in
a Galerkin procedure to obtain a reduced order model of the governing equations. For a single mode
approximation based on the following expressions:

ŵ(x̂, t̂) = q(t̂)Ψ(x̂) (30)

ϕ̂(x̂, t̂) = p(t̂)Φ(x̂) (31)
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where the mode shapes functions Ψ and Φ are given in [6].
The modal equations are obtained by applying Equations (30) and (31) to Equations (6), (7) and (23).

The result is given by

q̈+2µq̇+(κ1 +κ0V )q+κ3q3 = f cosΩt (32)

V̇ + γ1V + γ2qq̇ = 0 (33)

where the p parameter has been eliminated between Equations (6) and (7), ω is the base excitation
frequency and the other coefficients are given in the Appendix.

The mode shapes shown in Figures 2 are obtained for a BaTiO3 material with the geometrical and
physical properties given by Table 1. The characteristic nonlocal elastic length scale [5, 12] is defined as
l0 =

√
g11/c11 = 2nm.

Table 1: Geometrical and physical properties of the BaTiO3 with plane stress assumptions [13, 14, 15]

Length L (nm) 400
Thickness h (nm) 1
Width b (nm) 20
Elastic Constant c11 (GPa) 131

Dielectric constants
a11 (Vm/C) 0.89710
a33 (Vm/C) 0.78810

Piezoelectric constants
d11 (V/m) −18.52×108

d31 (V/m) 1.87×108

Flexoelectric constants
f11 (V) -0.013
f14 (V) 5

Mass density ρ (kg/m3) 6.02×103

Resistance load R 109 Ohm

Figure 2: Transverse deflection and longitudinal electric potential mode shapes for a clamped-clamped nanobeam.

3 Energy harvesting from the nonlinear response of the nanobeam

In this section, we analyze the nonlinear dynamics of the nanobeam by numerically solving Equation
(32) when a static component is present. The static component is introduced to simulate the presence
of an initial deflection that can be observed in these nanosystems due to fabrication residual stresses.
Consequently, the modal displacement q(t) can be expressed as the sum of the static component around
which a dynamic motions is achieved, that is,

q(t) = qs +η(t) (34)

5
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Therefore, extracting the static equation expressed by ω2
0qs + 3κ3q3

s = fs, Equation (32) is rewritten
as

η̈+2µη̇+ω2
0η+κ0V η+3κ3qsη2 +κ3η3 +κ0qsV = f cosΩt (35)

V̇ + γ1V + γ2qsη̇+ γ2ηη̇ = 0 (36)

here ω2
0 = κ1 +3κ3q2

s .
Limit-cycle solutions of Equations (35) and (36) are obtained using the Finite Difference Method

(FDM) [16, 17].
In Figure 3, the frequency-response curves of the transverse displacement of the clamped-clamped

nanobeam are shown for different values of the thickness. As shown, the maximum deflection is obtained
for the largest simulated thickness (h = 10nm), however in this case, the bandwidth is very small and
a snap-through response is observed at 10nm of maximum displacement because of the imposed initial
deflected configuration. The corresponding harvested voltage is displayed in Figure 4. As shown the
maximum harvested voltage is also obtained for h = 10nm with a small bandwidth and a snap-through
response. It turns out that best performances are obtained for the 5nm thick nanobeam where very no
jumps are observed for a 1.8MHz bandwidth.

h = 10 nm
h = 5 nm
h = 1 nm

w
m

a
x
 (

n
m

)

0

5

10

15

20

Ω (MHz)

2 3 4 5 6

Figure 3: Frequency-response curves of the clamped-clamped nanobeam maximum deflection around the first
mode, for different values of the thickness. qs = 0.5 and F = 100m.
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Figure 4: Frequency-response curves of the clamped-clamped nanobeam maximum harvested voltagearound the
first mode, for different values of the thickness. qs = 0.5 and F = 100m.

qs = 0
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Figure 5: Frequency-response curves of the clamped-clamped nanobeam maximum deflection around the first
mode, for different values of the thickness. qs = 0.5 and F = 100m.

As long as the the initial deflected configuration can dramatically perturb the performance of the
device, one can investigate their influence on the response of the nanobeam. In Figure 5 and 6, the
maximum deflection and harvested voltage are shown for different values of the initial configuration
parameter qs. As depicted by these figures, the absence of initial deflection or when qs is small (less
than 0.5) no snap-through is observed and consequently the bandwidth response is very large (more
than 2 MHz). Also, large harvested voltages can be achieved for large values of qs however in this
case the bandwidth is only around 0.5MHz. For intermediate values of qs poor performance of the

7
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energy harvester are observed. In these figures, one can also observe that the value of qs can control the
frequency-response hardening and softening behaviors and reduces the snap-through region.

qs = 0
qs = 0.5
qs = 0.8
qs = 1
qs = 1.2

V
 (

V
)

0

2

4

6

8

Ω (MHz)

2 3 4 5 6

Figure 6: Frequency-response curves of the clamped-clamped nanobeam maximum harvested voltage around the
first mode, for different values of the thickness. qs = 0.5 and F = 100m.

4 Conclusion

An electromechanical model of a BaTiO3 single layer clamped-clamped nanobeam is developed for
energy harvesting applications. The coupled electromechanical model takes into accounting the piezo-
electric and the flexoelectric effects for transverse and longitudinal polarization along with the presence
of the nonlinear von Karman strain taking into account relatively large displacements. The model also
incorporates residual stresses, due to fabrication, that can generate initial deflection of the nanobeam.
The Galerkin approximation is used to discretize the space domain for the transverse displacement and
the electric potential. The obtained reduced-order model is solved for limit-cycle solutions of the deflec-
tion of the nanobeam and the generated electrical voltage across a resistance load. The results depicted
higher power density generation when the aspect ratio of the nanobeam is varied. It is found that if initial
deflection is taking into account, intermediate values of the thickness gives better performance that high
aspect ratio designs in terms of generated voltage and bandwidth. The effect of the initial deflection
was also investigated in this work, the results showed that either small or large values can be used to
increase the performance with a preference for the small deflections. Intermediate values revealed bad
achievements of the device.

Appendix

We let Γ( f ,g) =
∫ 1

0 f gdx:

κ0 =
k11L2

k1h
Γ(Ψ′,Ψ′), κ1 = J1 + J4

J6

J5
, κ2 = J2 +

k12L
k1

Γ(Ψ′,Ψ′)
J6

J5

∫ 1

0
Φ′

k(x)dx, κ3 =
k13h2

k1
Γ(Ψ′,Ψ′)2

Θ =
k3L2

h2k1

∫ 1

0
Ψ′′(x)dx, f =

L3

k1h
F
∫ 1

0
Ψdx, γ1 =

τ
bLRh

, γ2 =
hd31

L2a33
Γ(Ψ′,Ψ′)
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where

J1 =Γ(Ψ′′,Ψ′′)+
k2

L2k1
Γ(Ψ′′′,Ψ′′′)+

k4

Lk1
Γ(Ψ′′,Ψ′′′), J2 =

3k10h
2k1L

Γ(Ψ′,Ψ′)×
∫ 1

0
Ψ′′′

k (x)dx

J4 =− k5L2

k1h
Γ(Ψ′′,Φ)+

k6L
k1h

Γ(Ψ′′,Φ′)+
k7L
k1h

Γ(Ψ′′′,Φ′), J5 = Γ(Φ′,Φ′)+
k9L2

k8

J6 =− k5h
k8

Γ(Φ,Ψ′′)− k6h
k8L

Γ(Φ′,Ψ′′)− k7h
k8L2 Γ(Φ′,Ψ′′′)

)

and

k0 =
d11d31 f14

a11a33Ē
, k1 = ĒI +

(
g11 −

f14
2

a33

)
A− Ad2

31 f 2
14

a2
33Ē

, k2 =

(
g11 −

f11
2

a11

)
I

k̄2 = k2 +
Ad2

31 f 2
14

a2
33Ē2

(
g11 −

f 2
11

a11

)
, k3 =

A f14

a33

(
1+

d2
31

a33Ē

)
, k4 =−d11 f11

a11

(
I +

Ad2
31 f 2

14

a2
33Ē2

)

k5 =−2d31A
πa33

, k6 = k0
2A
π
, k7 = k6

f11

d11
, k8 =−A

4

(
ε+

1
a11

)
, k9 =−Aπ2

4h2

(
ε+

1
a33

)

k10 = k0 f11A, k11 =−Ad31

a33
, k12 =−2Ad11

a11π
, k13 =

ĒA
2

, k14 =−A
2

(
ε+

1
a33

)
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Abstract. The serial robots are typically able to cover large workspace, but their mass/stiffness 
ratio does not allow to combine high accuracy and high dynamic of the end-effector operations. 
Widely spread usage of serial robots, even for tasks as drilling, leads to high accuracy demands 
through its workspace. Absolute measurement of the end-point for position feedback can be 
challenging due to objects or even workpiece in workspace, but mainly, inbuild motors of the 
serial robot cannot response in frequency range high enough as vibration of the end-point is. 
Instead, additional spring-mass system is attached to the robot to suppress vibrations. Narrow 
frequency range of passive dynamical absorber can be extended with active elements between 
robot and absorber, which is also necessary due to robots eigenfrequencies and eigenvalues 
variability. As feedback input, for more robustness, relative sensing is considered, such as 
accelerometers or geophones for velocity. As an active absorber control algorithm, firstly, the 
LQR control with state observer has been designed. Finally, the prepared experimental 
demonstrators are presented. 

1 INTRODUCTION 

Vibration has negative effect in many engineering applications, whether we talk about 
drilling head vibration causing low workpiece surface quality, base vibration in precise 
instruments such as electron microscopes or about airflow induced vibration of complex 
structures reducing its lifetime. In robotics, there are types of manipulators such as serial robots 
or cable manipulators, that are typically able to cover large workspace, which usually implies 
high mass/stiffness ratio. Such robots are not capable of high accuracy while performing 
operations with high dynamic of the end-effector tool or external excitation. During last 
decades, there has been an intensive development of serial robots in order to increase their 
production efficiency, including their non-traditional usage e.g. for drilling [1]. 

The still open problem is what can be achieved through the accurate measurement of absolute 
end-effector motion and its subsequent use to compensate for control loop errors between robot 
motors and the end-effector. The first thing is difficulty of such a measurement, considering 
large workspace in complex industrial environment, end-point operation “inside” of the 
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workpiece or even obstacle created by robot’s own body. Second thing is, that motors of those 
manipulators are not capable of operation in such high frequency range as the vibration is placed 
in. Consequently, more robust additional sensing and mechanical solution are important. 

The usage of dynamic absorbers with active elements is one of the promising methods. Both, 
passive and active absorbers, have been widely used for vibration suppression and the benefit 
of mounting a passive vibration absorber on the primary structure with the objective of the 
amplitudes reducing has been known for decades [4]-[6]. The frequency band, where the 
classical passive absorber suppresses vibrations efficiently, is relatively narrow, being centered 
at the natural frequency of the absorber. Thus, the tunable [2] and especially the fully active 
absorbers can significantly improve the vibration suppression efficiency in a wide frequency 
band. Another reason for active additional structure is that robots operating in large workspaces 
usually have strong variability of eigenfrequencies and eigenmodes in different work positions. 

Same reason also leads us to multi degree of freedom (multi-DoF) level of design, since tool 
high dynamics, external excitation or robot eigenvalues are rarely fixed to the local coordinates. 
One of the main questions for n-DoF mechanical resonator is, whether to design n single-DoF 
absorbers (n autonomous active spring-mass systems) or one n-DoF absorber with n (or more) 
active spring elements. From recent literature, let us point to passive multi-DoF tuned absorber 
investigated in [7], where 2-DoF and 3-DoF mass absorbers are tested on experimental 
demonstrator. This paper supports theory, that passive multi-DoF absorber is more capable of 
vibration suppression then multiple single-DoF absorbers with equal mass. After attaching 3-
DoF absorber, main structure shows 86.5% amplitude reduction, which is improved about 
29.5% then using 2-DoF absorber of equal mass. Vibration suppression for robotic machining 
in 3D using 1-DoF semi-active absorber attached to actual robotic arm with milling head is 
theoretically and experimentally tested in [8]. In this case, single-DoF mass-spring absorber 
was based on magnetorheological elastomers material and was designed for chatter occurring 
in around 7 to 20 Hz. Since there is only 1-DoF absorber, its direction has to be based on chatter 
direction of the robot, and roughness of milled surface is then improved by 30% (passive) or 
by 50% (semi-active). The application off two single-DoF passive absorbers is experimentally 
investigated in [9], where housing of the polishing tool attached to the serial robot is damped 
using two dynamical absorbers based on Eddy currents. There is about 60% acceleration 
amplitude reduction of the end-point compared to the case without absorbers. 

Let us also point to vibration problematic in surgery robotics, where the precise motion is 
required [10], to an active absorber tuned by dual-loop controller and tested on a helicopter 
vibration suppression in [11] or to the multiple passive absorbers tuned for primary and 
secondary mode shapes of wind turbine to suppress the vibration [12], and many other uses. 

In majority of applications the absorbers are considered as passive or semi-active, where the 
active elements adjust the absorber stiffness or damping. Even though they can reduce vibration 
substantially, they cannot achieve full suppression, thus, the absorber needs to be turned to an 
ideal absorber, which imitates zero damping and natural frequency equal to the excitation 
frequency. Although, the absorbing device should be as efficient as possible already in its 
passive form, without usage of the feedback control of actuators, which leads to the primary 
optimization of stiffness and mass properties and absorber placement. 

The preliminary study [3] considered active 6-DoF cubic hexapod absorber mounted on 3D 
robot arm. Its results in simulation model are very promising in passive as well as in active 
form, as far as one fixed position of robot is externally excited. Further study leads to passive 
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optimization, active control algorithm design as well as to optimization of sensors placement, 
type and count. Since at most three of all the six spatial DoFs of the damping mass are available 
for controlling single translational vibration mode of the main structure [7], the 2D simulation 
model of robot arm and 3-DoF absorber will be used to optimize properties of such an absorber. 
Firstly, the LQR control with state observer has been designed, concerning sensing by 
accelerometers on end-effector and on absorber’s body. Simultaneously with the optimization 
of mechanical design, sensing strategies and control algorithms, the appropriate demonstrators 
have been prepared, based on the voice coils AVM60-25 (Figure 5a) as actuators for testing.  

2 SIMULATION MODEL 

2.1 Structure 

As mentioned above, target of this study are light structures with large workspace, but 
relatively bad ratio of mass/stiffness, e.g. cable structures or serial robotic arm (Figure 7b), 
which is also subject of our study. In order to simulate experiments, mathematical model of 
flexible 3-DoF serial robotic arm in 2D space was developed (Figure 1). It consists of three 
bodies attached with rotational joints to each other, where the last point of the last body is the 
end-point of the robot. This point is supposed to be kept still as well as (not necessarily) to be 
excited by external force, since those two usually collocate. The stiffness of individual bodies 
is achieved by cutting it into several elements joined elastically to each other and, also, by 
rotational stiffness between the post-joint element and rotor of the motor. Single-DoF or multi-
DoF absorbers are then attached to elements using springs with dampers and actuators. 

Figure 1: Simulation model with multi-DoF absorber 
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To prevent the model from computational inaccuracies, the whole system is described using 
independent variables only. Thus, as far as independent equations are considered, robotic arm 
is then divided into several types of subparts (Figure 2), which can be arbitrarily combined into 
resultant robot design: a) simple element (Figure 2a), which is single mass rigid body attached 
to previous and following elements with three springs (two translational and one rotational), 
and external forces can be applied to this element; b) joint set (Figure 2b), which consist of pre-
joint element (3 equations), post-joint element (1 additional equation for rotation) and rotor 
mass with stiff gear-box (1 additional equation for rotation); c) single-DoF element (Figure 2c), 
which consists of simple element with one or more attached single-DoF absorbers (1 additional 
equation for each absorber) attached to the element using prismatic constraint; d) multi-DoF 
absorber (Figure 2d), which is single mass rigid body attached to robotic arm only using springs 
and actuators (no constraints), which in equations are represented only by external forces 
between absorber and relevant elements of the robotic arm (based on current state vector). 
Types b) and c) only (non-trivial) are described by matrix/vectors (2) and (3) respectively in 
mean of independent equations (1) below Figure 2. 

  

Figure 2: Types of elements of the robot simulation model (respectively): 
a) simple element; b) joint set; c) single-DoF absorber; d) multi-DoF absorber; e) element cut 

Newton-Euler equations of motion of simple element or multi-DoF absorber are trivial, thus 
are not displayed in following list. Firstly, list of variable description follows:  
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  vector of independent variables containing kinematics of robot and absorbers  mass matrix as a function of independent variables ,   vector of constraints as a function of independent variables  and it’s time 

derivative , ,   vector of right sides of equations as a function of ,   and force inputs   mass of i-th element of the robot   diagonal 2D matrix of mass , mass of k-th motor of the robot   mass of the single-DoF absorber ,  moment of inertia of i-th element of the robot, with respect to its center of mass ,  moment of inertia of k-th motor of the robot   moment of inertia of single-DoF absorber ,  radius vector from center of mass of i-th element to previous element attachment 
point P, in global system ,  radius vector from center of mass of i-th element to following element 
attachment point L, in global system ,  radius vector from center of mass of i-th element to single absorber attachment 
point H, in global system     radius vector in i-th element local coordinate system   radius vector perpendicular to original  vector   global rotation of i-th element of the robot   angular velocity of i-th element of the robot   angle between element’s x-axis and motion axis of the single-DoF absorber 

c  scalar distance of single-DoF absorber from its free position   translational elastic force between i-th and previous element ,  rotational elastic force between i-th and previous element   external translational force applied to the i-th element    external rotational force applied to the i-th element   gravitational force acting on i-th element , gravitational force acting on k-th motor of the robot   gravitational force acting on single-DoF absorber   rotational matrix 

 + ,   = , ,   (1)

 =


 +  + ,  + ,, −, ∅,  + , , + ,  + ,, −, , ∅−,  −, , , + , , ∅

∅ ∅ ∅ ,

 (2)
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, ,   =
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 +  10 



2.2 Kinematics and dynamics 

Kinematics and dynamics of the simulation model is set as follows. The main bodies of the 
robot are meant to be prisms of length [1.0; 0.8; 0.5] m, so the workspace radius is around 2 m, 
and of weight [8; 7; 4] kg. Each of those bodies has its stiffness in all three axes – in both 
translations (axial and shear) and in rotation (bending) (as shown in Figure 2e) – and the values 
are set with respect to the size and cross-section of each body. Each stiff constrain has also its 
slight damping (around thousandths of stiffness value). Overall dynamics is designed in way, 
that the robot’s eigenfrequencies in “neutral” position of the robot are placed into interval 
around 15 Hz and higher, taking “neutral” position to be in motor rotations of [60°; -105°; 60°] 
as shown in Figure 1. Since rigid bodies with only elasticity in joints is not sufficient enough to 
represent real structure behavior, all bodies are cut into several elements. Each element carries 
part of the body mass and stiffness of the body is spread over all elements in accordance to 
serial springs addition. Which means, that resultant stiffness of the elements-stacked body is 
same as before, only the corresponding count of higher extra eigenfrequencies occurs. Bode 
diagram (Figure 3) of the robot shows acceleration amplitude and phase of the end-point in all 
directions in response to the unit force in the global y axis applied in the same point (which is 
usually the case). As we can see, 4 of model eigenfrequencies are below the 100 Hz, which – 
considering voice-coil type of the actuators – is manageable limit for small amplitudes and 
loads. When mentioned slight damping (~1‰) is applied to the robot, some of the highest 
frequencies disappears due to overdamping (as can be seen in Bode diagram Figure 1 in 
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following chapter), which has no influence in our study, since lower frequencies are subject of 
interest. Base of this study is then suppression of vibrations of the end-point when externally 
excited in the same point in area of first few eigenfrequencies of the robot. 

Figure 3: Bode diagram (end-point acceleration) - undamped model of the robot (without absorber) 

3 ACTIVE ABSORBER DESIGN AND CONTROL 

3.1 Absorber mechanical design 

As mentioned in [7], most three of all the six spatial DoFs of the damping absorber are 
available for controlling single translational vibration mode of the main structure. Simulation 
in 2D is then planar reduction of such a case. Main attention of the study is focused to 3-DoF 
single mass absorber in order to lower mass and space requirements. It consists of the single 
main body with mass and inertia and is attached to the robot’s arm with three linear springs 
arranged to be perpendicular to each other, as seen in Figure 1. Springs of the multi-absorber 
may be attached to various elements of the same robot body (Figure 1), if they are small enough 
compared to the absorber. Linear springs contains slight damping and, for further active control, 
colinear voice-coil actuators represented by raw force along those springs. 

3.2 Passive absorber tuning 

In order to perform active vibration suppression, it is important to begin with properly tuned 
passive absorber, which is able to damp some eigenfrequency at certain suppression level. 
Considering fix geometrical parameters, there are dynamical parameters left. Since the lowest 
eigenfrequency is usually the one with the highest amplitudes, the goal is to tune all three 
absorber’s eigenfrequencies to this value – in our case it is 19.6 Hz. Both, global and local 
optimization methods were used to adjust mass, position of the center of mass, inertia and 
stiffness of springs to values 2.17 kg, [0 -0.033] m, 0.006 kg·m2 and 2.14e4 N·m-1 respectively. 
Comparison of both cases – before and after attaching of the absorber to the end-effector – is 
then shown in Bode diagram (Figure 4), represented by position amplitudes of the end-point in 
one direction (for better readability) in response to same direction external force input. Slight 
eigenfrequency redistribution can be seen, because another three eigenfrequencies were added 
to the system. Although we can retune absorber properties in order to suppress different 
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frequency interval or to be effective also in different robot positions, at this moment, there is 
no more we can do about variability of vibration suppression in general perspective. Therefore, 
active approach takes place from now on. 

3.3 Active vibration suppression control design 

Various control algorithms, such as LQR, PID regulator, fixed order H∞/H2 or DR, may be 
considered to actuate the absorber along with feedback from proper type and amount of sensors. 
The delayed resonator (DR) concept [13]-[18] has been researched in 1990s and is based on 
tuning of the absorber to the ideal absorber. Such an approach makes the absorber to mimic 
zero damping and it needs to be tuned to the excitation frequency. It is simple and effective 
concept with robust sensing of the structure based on single accelerometer, although, this 
analytical approach has been applied in 1D only so far. 

In this paper, the LQR control with state observer is being designed, concerning sensing by 
accelerometers attached to the end-effector and, also, to the absorber’s body. First of all, a 
proper linearization of whole system (robot with absorber) needs to be performed, which 
provides us with A B C and D state-space matrices. Another step is to include crucial problem 
of realistic robot sensing implementation in order to use an observer of the system state. The 
goal is to use as few of sensors as possible and the sensors to be robust, such as accelerometers 
or geophones – basically to avoid of any global absolute position measuring, which can be an 
unreachable requirement in industry environment. Firstly, it is convenient to include already 
existing robot sensors which is always known joints encoders of position and velocity. 
Secondly, to even be able to design an LQR we need to measure end-point kinematics. For sake 
of robustness, acceleration of the end-point in all axes is measured, since vibrations can be 
observed through acceleration measurement as well as through position measurement. Thus, 
this particular sensor can be also used for system observation. Thirdly, once an absorber is being 
designed, there may be placed sensors of body acceleration in all axes of the absorber and, also, 
encoders of spring elements for elongation (and its change) measurement. When all mentioned 
sensors are considered, the observation of the whole linear model is very few of all states. Even 
acceleration/velocity sensing of all robot’s elements are not sufficient enough, until their global 
positions are unknown. Therefore, order reduction of the linear model is necessary for proper 
observer design. 

Since the ability of actuators to work in certain frequency range, model order reduction 
(using Hankel singular numbers) is focused on the dynamics in this particular frequency range, 
which means up to approximately 100 Hz. The new state-space low-order model consists of 
matrices Ar Br Cr and Dr, and original 51 states were reduced down to 14 states. Using pole 
placement method, an observer matrix Lobsv belonging to all measured outputs was created for 
observer to be as fast as possible. The whole system Bode diagram, when output-based observer 
LQR is considered, is shown in Figure 4 as third line and it compares its amplitudes of one 
direction position of the end-point in response to the same direction force input to passive 
absorber and original system cases. Difference in frequency damping between passive and 
active approach is visible only in lower frequency range, since voice-coil actuators are able to 
effectively work in frequency range up to 100 Hz. In simulation design, these actuators are 
represented by the low-pass filter with time constant of 0.01 of second. 
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Figure 4: Bode diagram (end-point position), original robot vs. passive absorber vs. LQR with observer 
upper figure – x-force input to x-position  lower figure – y-force input to y-position 

4 PREPARATION OF EXPERIMENTAL DEMONSTRATORS 

Two demonstrators are being prepared in order to experimentally verify functionality of the 
active vibration absorbers for multibody chains of robotic type. Different actuators can be used. 
The piezoactuators typically have a wide range of operating frequencies, but exhibit quite small 
range of strokes (dozens, at most hundreds of micrometers) and their inherent stiffness is high. 
The voice-coil actuators (VCA) (Figure 5a) are more suitable for the active absorbers because 
they have significantly larger range of strokes and almost zero inherent stiffness. Consequently, 
the modal properties of the absorber can be tuned not only by optimization of mass properties 
but also by tuning of stiffness of springs added in parallel to voice-coil actuators. The size of 
prepared demonstrators has been adapted to the available VCA AVM60-25 with 26N stable 
force and 110N peak force. The VCA amplitude characteristics are in Figure 5b. 
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a) VCA with weight for testing   b) Voice coil actuator amplitude characteristics 
Figure 5: Voice-coil actuator AVM60-25 used for demonstrators 

The aim of the first demonstrator (Figure 6) is testing of dynamical properties of absorber 
“leg” including mounting spherical joints and translational guidance of voice coil actuator. 

Figure 6: First demonstrator for vibrational testing of leg with spherical joints 

The kinematics and other mechanical properties of spatial multi-DOF active absorber can be 
optimized in many ways. Taken into account that the modal properties of typical serial robot 
(Figure 7b) vary considerably and heterogeneously within the workspace, some regular 
architecture of absorber is an appropriate choice. The hexapod of cubic geometry created by 
actuators is considered (Figure 7a). The similar structure has been used also for 6 DOF active 
vibration isolation in [19]. The robot arm eigenmodes are typically geometrically complex 
including translations and rotations in several directions. The target of mechanical optimization 
of demonstrator of hexapod absorber is to achieve 6 identical eigenfrequencies equal to average 
value of the most critical (typically first) eigenfrequency of robot chain. 
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a) Basic design of cubic VCA architecture   b) Concept of use for serial robot 
Figure 7: Demonstrator for testing of multi-DOF spatial active absorber concept 

5 CONCLUSIONS 

The concept of active dynamic absorbers for use on robotic mechanisms was introduced 
and formulated. Reducing the vibration of the robots by means of active absorbers has the 
advantage that it can only be realized with the help of local sensors, for example with 
accelerometers. In addition, the active absorbers allow the adaptation to the highly variable 
modal properties of the robot during motion in the workspace. The problem was primarily 
solved for the model of a flexible plane robot. The mechanical structure of the 3 DOF absorber 
has been designed so that it has a multiple eigenfrequency equal to the first eigenfrequency of 
the robotic arm. The control was implemented using the LQR method with observer considering 
accelerometers on the body of the absorber and on the robot arm. The research of the whole 
topic is still in progress, so, many questions remain opened. The experiments with both 
demonstrators equipped by the purchased voice-coils start just now. The currently considered 
active cubic hexapod structure with multiple natural frequency equal to average natural 
frequency of the most critical eigenmode seems to be the most suitable choice, however there 
are also other variants of implementation, namely the set of 1DOF absorbers spread over the 
arm of the robot.    
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Abstract. This study proposes a new strategy based on the proper generalized decomposition method
to solve the forced vibration problem in bi-dimensional piezoelectric composite beams. The approach
considers a classical harmonic space-frequency description of the problem and redefines it by approxi-
mating the coupled displacement and electric potential fields as a sum of separated functions of x (beam
axis coordinate), z (thickness axis coordinate) and ω (mechanical load frequency). The methodology
consists of an iterative algorithm that solves three one-dimensional problems at each iteration. The result
is a 2D solution in frequency domain with 1D computational complexity. The main goal is to propose
a new method to model vibration-based energy harvester devices reducing both the complexity of the
model and the computational cost without loosing accuracy.

1 INTRODUCTION

In recent years, energy harvesting (EH) devices are becoming an alternative to provide energy in many
different low-powered applications. Among the several energy harvesting mechanisms, the vibration-
based approach seems to be the most suitable one for engineering structures subject to continuous
ambient vibration. Particularly, the piezoelectric energy conversion is a very versatile option able to
harvest energy from different ambient sources. Most piezoelectric EH devices designs are based on
cantilever beams, including unimorph, bimorph and functionally graded piezoelectric material (FGPM)
beams configurations. The conventional approach to evaluate the performance of these devices is the
use of simplified models (single degree of freedom systems, beam theory, etc.) or numerical techniques
based on the finite element (FE) method. Equivalent Single Layer (ESL) models have been used for
such problems: FSDT (First-order Shear Deformation Theory), HSDT (High-order Shear Deformation
Theory) or refined theory in [1], [2] and [3], respectively. It should be also noted the systematic approach
by Carrera, the so-called Carrera’s Unified Formulation, that includes a wide family of models [4].

In order to reduce the computational cost without losing accuracy in the solution, the proper generalized
decomposition (PGD) method [5] is used herein as a reduction model. Note that the method has been
already applied to take into account the electro-mechanical coupling in [6]. Also in [7], the coupled

1



1469

M. Infantes, R. Castro-Triguero, P. Vidal, L. Gallimard and O. Polit

problem variables are decomposed into space, frequency and electrical load. In this last reference by Qin
et al., the authors point out that the 3D spatial component dominates the performance of the simulation
process. To reduce the computational cost, in the present approach both the displacements and the
electric potential are written as a sum of products of unidimensional functions of spatial coordinates x
and z (beam axis and thickness directions respectively) and frequency ω. Finally, the deduced non-linear
problem implies the resolution of three linear problems alternatively. The main objective of this work is
to develop a new PGD-based approach for the parametric study of energy harvesters to effectively reduce
the complexity of the models and the CPU time.

2 REFERENCE PROBLEM DESCRIPTION

In the present study, a straight composite beam of length L with a rectangular uniform cross section
of thickness h and depth b is considered. The beam consists of NC layers, piezoelectric or not, assumed
to be orthotropic in the beam axes. The x axis is taken along the longitudinal beam axis whereas y and z
are the two axes of symmetry of the rectangular cross section (see Figure 1).

k = 1
k = 2

...

k = (NC−1)
k = NC

x

z

L

y

z

b

h

Figure 1: The laminated beam with embedded piezoelectric layers and coordinate system.

Hereafter, the y coordinate is neglected and the beam is considered in the (x,z) plane, i.e., in the
domain Ω =Ωx ×Ωz = [0 ≤ x ≤ L]× [−h

2 ≤ z ≤ h
2 ]. An additional step towards compactness in notation

is achieved by renaming the coordinates such that x→ x1, y→ x2 and z→ x3.

2.1 Governing equations

The formulation of the piezoelectric problem is based on the equations of motion of the elastodynamics
and Gauss’ law of the electrostatics, which are given by

∇ · [σ]+ [b] = ρ
∂2[u]
∂t2 (1a)

∇ · [D]− q = 0 (1b)

where [σ] is the stress, [b] is the prescribed body load, ρ is the density of the material, [u] is the mechanical
displacement, [D] is the electric displacement and q is free electric volume charge. The two-dimensional
formulation of the piezoelectric problem in absence of body loads and free electric volume charge can be
reduced to

∂σ11
∂x1

+
∂σ13
∂x3

= ρ
∂2u1

∂t2 ,
∂σ13
∂x1

+
∂σ33
∂x3

= ρ
∂2u3

∂t2 ,
∂D1
∂x1
+
∂D3
∂x3
= 0 (2)

2
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2.2 Constitutive relation

The constitutive equations with piezoelectric coupling for a layer k are

[σ(k)] = [C (k)][ε]− [e(k)]�[E]

[D(k)] = [e(k)][ε]+ [ε (k)][E]
(3)

where [ε] is the strain and [E] is the electric field. Assuming plane stress in the xy-plane and vanishing
out of plane electric displacement (σ22 = σ12 = σ23 = D2 = 0), the constitutive equations read



σ(k)
11

σ(k)
33

σ(k)
13



=



C̄ (k)
11 C̄ (k)

13 0

C̄ (k)
13 C̄ (k)

33 0

0 0 C̄ (k)
55





ε11

ε33

γ13



−



0 ē(k)
31

0 ē(k)
33

ē(k)
15 0





E1

E3





D(k)
1

D(k)
3


=



0 0 ē(k)
15

ē(k)
31 ē(k)

33 0





ε11

ε33

γ13



+



ε̄ (k)
11 0

0 ε̄ (k)
33





E1

E3



(4)

where the components of the constitutive matrices are expressed by

C̄ (k)
11 = C (k)

11 −
C (k)

12
2

C (k)
22

, C̄ (k)
13 = C (k)

13 −
C (k)

12 C (k)
23

C (k)
22

, C̄ (k)
33 = C (k)

33 −
C (k)

23
2

C (k)
22

, C̄ (k)
55 = C (k)

55 (5)

ē(k)
31 = e(k)

31 − e(k)
32

C (k)
12

C (k)
22

, ē(k)
33 = e(k)

33 − e(k)
32

C (k)
23

C (k)
22

, ē(k)
15 = e(k)

15 (6)

ε̄ (k)
11 = ε

(k)
11 , ε̄

(k)
33 = ε

(k)
33 +

e(k)
32

2

C (k)
22

(7)

being C (k)
i j the stiffness coefficients, e(k)

i j the piezoelectric constants and ε (k)
i j the permittivity coefficients

for the 3D problem.
For the analysis of piezoelectric problems it is useful to use the notation proposed by Barnett and

Lothe [8]. With this notation, the mechanical displacement and electric potential, the strain and electric
field, the stress and electric displacement, and the elastic and electric coefficients can be grouped for the
2D problem as



σ(k)
11

σ(k)
33

σ(k)
13

D(k)
1

D(k)
3



=



C̄ (k)
11 C̄ (k)

13 0 0 ē(k)
31

C̄ (k)
13 C̄ (k)

33 0 0 ē(k)
33

0 0 C̄ (k)
55 ē(k)

15 0

0 0 ē(k)
15 −ε (k)

11 0

ē(k)
31 ē(k)

33 0 0 −ε (k)
33





ε11

ε33

γ13

−E1

−E3



(8)

In addition, using the Maxwell’s law [E] = −∇φ to derive the electric field vector from the electric
potential φ, and the kinematic relations [ε] = 1/2{∇[u] +∇[u]�}, the piezoelectric problem can be
formulated only in terms of the generalized displacements defined as

[û] =
[
u1 u3 φ

]� (9)

3
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2.3 Classical and new variational formulation of the boundary value problem

In the following, a single harmonic mechanical excitation, [Fd (t)] = [ fd]eiωt , is assumed as a basic
problem. The response of a linear solid in absence of body loads and free electric volume charge
subjected to a harmonic excitation is presumed to have the same frequency as the applied load, [u(M, t)] =
[u(M)]eiωt and φ(M, t) = φ(M)eiωt , with [u(M)] and φ(M) containing the displacements and electric
potential amplitudes. Under these assumptions, the classical variational principle of a piezoelectric beam
subjected to a mechanical harmonic load can be expressed as:

find ([u(M)], φ(M)) ∈U ×Φ (space of admissible displacement and electric potential) such that
∫

Ω

[ε(δu)]�[σ]dV −
∫

∂FΩ
[δu]�[ fd]dS = ω2

∫

Ω

ρ[δu]�[u]dV , (10a)
∫

Ω

[E(δφ)]�[D]dV = 0, ∀ ([δu], δφ) ∈ δU × δΦ (10b)

Eq. (10) can be solved for a given value of the load frequency ω so that the set of the load frequency
within an interval [ωmin,ωmax] involves the resolution of many problems. In order to avoid this iterative
strategy, a new formulation as in [9] is proposed

find ([u(M,ω)], φ(M,ω)) ∈U ×Φ (space of admissible generalized displacement) such that
∫

ω

∫

Ω

[ε(δu)]�[σ]dV dω−
∫

ω

∫

∂FΩ
[δu]�[ fd]dS dω =

∫

ω

∫

Ω

ω2ρ[δu]�[u]dV dω, (11a)
∫

ω

∫

Ω

[E(δφ)]�[D]dV dω = 0, ∀ ([δu], δφ) ∈ δU × δΦ (11b)

To complete the boundary value problem, a prescribed displacement [u(M, t)] = [ud (t)] and electric
potential φ(M, t) = φd (t) are imposed on ∂uΩ and ∂φΩ respectively.

3 APPLICATION OF THE PGD METHOD

The Proper Generalized Decomposition (PGD) was first proposed in [5]. This method is based on
an a priori construction of the solution in separate variables. In the literature, the PGD has been used
in order to separate spatial variables and also to consider problem parameters as extra-coordinates. In
this approach, the PGD is used to consider both the spatial variable separation and the introduction of
the load frequency as an extra-coordinate in the solution of the electrodynamic problem in piezoelectric
composites.

3.1 Separated representation

The unknowns of the problem, i.e. the generalized displacements, composed by the longitudinal and
transversal displacements [u] = [u1 u3]� and the electric potential φ are built as



u1(x, z,ω)

u3(x, z,ω)


=

N∑
i=1

gi (ω)


f i1(z) vi1(x)

f i3(z) vi3(x)


(12)

φ(x, z,ω) =
N∑
i=1

giφ (ω) f iφ (z)viφ (x) (13)

4
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where (gi,giφ) defined in [ωmin,ωmax], ( f i1, f
i
3, f

i
φ) defined in Ωz and (vi1,v

i
3,v

i
φ) defined in Ωx are func-

tions which must be computed during the resolution process for each enrichment step i = 1,2, ...,n, ...,N .
Eq. (12) can be written in a more compact way as

[u] =
N∑
i=1

gi[Fi][vi] =
N∑
i=1

gi[V i][ f i] (14)

where

[vi] =


vi1(x)

vi3(x)


, [V i] =



vi1(x) 0

0 vi3(x)


, [ f i] =



f i1(z)

f i3(z)


[Fi] =



f i1(z) 0

0 f i3(z)


(15)

This separated representation is also used in the following to express the virtual displacement δu and
the virtual electric potential δφ used as test functions in Eq. (11)

[δu] = δg[F][v]+g[V ][δ f ]+g[F][δv] = δuω + δu f + δuv (16)
δφ = δgφ fφvφ +gφδ fφvφ +gφ fφδvφ = δφω + δφ f + δφv (17)

3.2 The problem to be solved

Regarding the definition of the unknowns of the problem, an iterative procedure must be introduced to
find the solutions for each enrichment step i. Assuming that the first (n−1) functions have been already
computed, the solution for iteration n can be expressed by

[u] = [ū]+g[V ][ f ] = [ū]+g[F][v], φ = φ̄+gφ fφvφ (18)

where ([ū], φ̄) are the displacement and potential solution at iteration (n−1) defined by

[ū] =
n−1∑
i=1

[ui] =
n−1∑
i=1

gi[Fi][vi] =
n−1∑
i=1

gi[V i][ f i], φ̄ =

n−1∑
i=1
φi =

n−1∑
i=1

giφ f iφv
i
φ (19)

Taking into account the constitutive law and introducing Eqs. (16-17) in the weak form expressed by
Eq. (11) the problem is decomposed into three pair coupled equations, which are

∫

ω

∫

Ω

(
[ε(δuω)]�[C][ε(ū+gF v)]− [ε(δuω)]�[e]�[E(φ̄+gφ fφ vφ)]

)
dV dω

−
∫

ω

∫

Ω

ω2ρ[δuω]�[ū+gFv]dV dω =
∫

ω

∫

∂FΩ
[δuω]�[ fd]dS dω

(20a)

∫

ω

∫

Ω

(
[E(δφω)]�[e][ε(ū+gF v)]+ [E(δφω)]�[ε][E(φ̄+gφ fφ vφ)]

)
dV dω = 0 (20b)

∫

ω

∫

Ω

(
[ε(δu f )]�[C][ε(ū+gV f )]− [ε(δu f )]�[e]�[E(φ̄+gφ fφ vφ)]

)
dV dω

−
∫

ω

∫

Ω

ω2ρ[δu f ]�[ū+gV f ]dV dω =
∫

ω

∫

∂FΩ
[δu f ]�[ fd]dS dω

(21a)

∫

ω

∫

Ω

(
[E(δφ f )]�[e][ε(ū+gV f )]+ [E(δφ f )]�[ε][E(φ̄+gφ fφ vφ)]

)
dV dω = 0 (21b)

5
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∫

ω

∫

Ω

(
[ε(δuv)]�[C][ε(ū+gF v)]− [ε(δuv)]�[e]�[E(φ̄+gφ fφ vφ)]

)
dV dω

−
∫

ω

∫

Ω

ω2ρ[δuv]�[ū+gFv]dV dω =
∫

ω

∫

∂FΩ
[δuv]�[ fd]dS dω

(22a)

∫

ω

∫

Ω

(
[E(δφv)]�[e][ε(ū+gF v)]+ [E(δφv)]�[ε][E(φ̄+gφ fφ vφ)]

)
dV dω = 0 (22b)

From Eqs. (20),(21) and (22), a non-linear piezoelectric problem is defined. The simplest non-linear
resolution strategy to solve these equations is the fixed point method. The iterative procedure is explained
though the pseudo-code in Algorithm 1. The fixed point loop is iterated m times until reaching a fixed
solution for each enrichment step n which composes the final solution.

Algorithm 1 Non-linear resolution strategy: PGD algorithm.
for n = 1 to N do

Initialize g(0), [ f (0)], f (0)
φ ,g

(0)
φ and compute [v (0)],v (0)

φ from Eq. (22)
for m = 1 to mmax do

Step 1: g(m),g(m)
φ satisfies Eq. (20) for functions set to [ f (m−1)], [v (m−1)], f (m−1)

φ ,v (m−1)
φ

Step 2: [ f (m)], f (m)
φ satisfies Eq. (21) for functions set to g(m), [v (m−1)],g(m)

φ ,v
(m−1)
φ

Step 3: [v (m)],v (m)
φ satisfies Eq. (22) for functions set to g(m), [ f (m)],g(m)

φ , f
(m)
φ

Check for convergence
end for
Set gn = g(m), [ f n] = [ f (m)], [vn] = [v (m)] and gnφ = g

(m)
φ , f

n
φ = f (m)

φ ,v
n
φ = v

(m)
φ

if n = 1 then
Set [un] = gn[V n][ f n] and φn = gnφ f nφv

n
φ

else
Set [un] = [un−1]+gn[V n][ f n] and φn = φn−1+gnφ f nφv

n
φ

end if
end for

3.3 Variational problem defined on load frequency domain: Step 1

In order to simplify the notation, the functions [ f (m)], [v (m)], f (m)
φ ,v

(m)
φ , which are assumed to be

known, will be denoted as f̃ , ṽ f̃φ, ṽφ (and subsequently F̃, Ṽ in matrix form) and the function g(m+1),g(m+1)
φ

to be computed will be denoted as g,gφ. The functions ḡi, f̄ i, v̄i, ḡiφ, f̄
i
φ, v̄

i
φ are the solutions at the previous

enrichment steps i = 1,2, ..., (n−1). The strain and electric fields in Eq. (20) are defined in matrix notation
as

[ε(g F̃ ṽ)] = g [Σz ( f̃ )] [Ẽv], [E(gφ f̃φ ṽφ)] = gφ [Σφz ( f̃φ)] [Ẽvφ ], (23)

with

[Σz ( f̃ )] =


0 f̃1 0 0
0 0 f̃ ′3 0
f̃ ′1 0 0 f̃3


, [Ẽv] =

[
ṽ1 ṽ

′
1 ṽ3 ṽ

′
3

]�
(24)

[Σφz ( f̃φ)] =
[

0 − f̃φ
− f̃ ′φ 0

]
, [Ẽvφ ] =

[
ṽφ ṽ′φ

]�
(25)

6



1474

M. Infantes, R. Castro-Triguero, P. Vidal, L. Gallimard and O. Polit

where the prime (′) stands for the classical derivation. Thus, the variational problem defined in Eq. (20)
is then

kvv
ω g− kvφ

ω gφ −ω2mω g = fω +ω2
n−1∑
i=1

ḡiµiω −
n−1∑
i=1

ḡiσvvi

ω +

n−1∑
i=1

ḡiφσ
vφi

ω (26a)

kφv
ω g+ kφφ

ω gφ = −
n−1∑
i=1

ḡiσ
φvi

ω −
n−1∑
i=1

ḡiφσ
φφi

ω ∀ ω ∈ [ωmin,ωmax] (26b)

being

kvv
ω ( f̃ , ṽ) =

∫

Ω

[Ẽv]�[Σ̃z]� [C] [Σ̃z] [Ẽv]dV , kvφ
ω ( f̃ , ṽ, f̃φ, ṽφ) =

∫

Ω

[Ẽv]�[Σ̃z]�[e]�[Σ̃φz ][Ẽvφ ]dV ,

kφv
ω ( f̃ , ṽ, f̃φ, ṽφ) =

∫

Ω

[Ẽvφ ]�[Σ̃φz ]� [e] [Σ̃z] [Ẽv]dV , kφφ
ω ( f̃φ, ṽφ) =

∫

Ω

[Ẽvφ ]�[Σ̃φz ]� [ε] [Σ̃φz ] [Ẽvφ ]dV

(27)

σvvi

ω ( f̃ , ṽ, ū) =
∫

Ω

[Ẽv]�[Σ̃z]� [C] [Σ̄iz][Ēiv]dV , σ
vφi

ω ( f̃ , ṽ, φ̄) =
∫

Ω

[Ẽv]�[Σ̃z]�[e]�[Σ̄φ
i

z ][Ēivφ ]dV ,

σ
φvi

ω ( f̃ , ṽ, ū) =
∫

Ω

[Ẽvφ ]�[Σ̃φz ]� [e] [Σ̄iz][Ēiv]dV , σ
φφi

ω ( f̃ , ṽ, φ̄) =
∫

Ω

[Ẽvφ ]�[Σ̃φz ]� [ε] [Σ̄φ
i

z ][Ēivφ ]dV

(28)

mω ( f̃ , ṽ) =
∫

Ω

[ṽ]� [F̃]�ρ [F̃] [ṽ]dV , µiω ( f̃ , ṽ, ū) =
∫

Ω

[ṽ]� [F̃]�ρ [F̄i] [v̄i]dV

(29)

fω ( f̃ , ṽ) =
∫

∂FΩ
[ṽ]� [F̃]� [ fd]dS (30)

By using the system expressed by Eq. (26), the values of g(ω),gφ (ω) can be calculated explicitly
for any ω considered in the range [ωmin,ωmax]. Note that there are specific values so-called natural
frequencies ωn for which resonance is detected.

3.4 Variational problem defined on Ωz: Step 2

At this step the functions g(m+1), [v (m)],g(m+1)
φ ,v (m)

φ , assumed to be known, will be denoted as g̃, ṽ, g̃φ, ṽφ
and the function [ f (m+1)], f (m+1)

φ to be computed will be denoted as f , fφ. The strain and electric field in
Eq. (21) are defined in matrix notation as

[ε(g̃ Ṽ f )] = g̃ [Σx (ṽ)] [E f ], [E(g̃φ ṽφ fφ)] = g̃φ [Σφx (ṽφ)] [E fφ ], (31)

with

[Σx (ṽ)] =


ṽ′1 0 0 0
0 0 0 ṽ3
0 ṽ1 ṽ′3 0


, [E f ] =

[
f1 f ′1 f3 f ′3

]�
(32)

[Σφx (ṽφ)] =
[
−ṽ′φ 0

0 −ṽφ

]
, [E fφ ] =

[
f̃φ f̃ ′φ

]�
(33)

Introducing the above expression into Eq. (21), the variational problem defined on Ωz is

7
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γω

∫

Ωz

[δE f ]�[k f f
x ] [E f ]dz− θω

∫

Ωz

[δE f ]�[k f φ
x ] [E fφ ]dz−αω

∫

Ωz

[δ f ]�[mx] [ f ]dz =

βω

∫

∂FΩz

[δ f ]�[ fx]dz+
n−1∑
i=1

(
αiω

∫

Ωz

[δ f ]�[µix]dz−γiω
∫

Ωz

[δE f ]�[σ f f i

x ]dz

+θ
gφi

ω

∫

Ωz

[δE f ]�[σ f φi

x ]dz
)

(34a)

θω

∫

Ωz

[δE fφ ]�[kφ f
x ] [E f ]dz+ηω

∫

Ωz

[δE fφ ]�[kφφ
x ] [E fφ ]dz =

−
n−1∑
i=1

(
θ
φgi

ω

∫

Ωz

[δE fφ ]�[σφ f i

x ]dz−ηiω
∫

Ωz

[δE fφ ]�[σφφi

x ]dz
)

(34b)

where the coefficients integrated in the Ωx domain are

[k f f
x (ṽ)] =

∫

Ωx

[Σ̃x]� [C] [Σ̃x]dx , [k f φ
x (ṽ, ṽφ)] =

∫

Ωx

[Σ̃x]� [e]� [Σ̃φx ]dx ,

[kφ f
x (ṽ, ṽφ)] =

∫

Ωx

[Σ̃φx ]� [e] [Σ̃x]dx , [kφφ
x (ṽφ)] =

∫

Ωx

[Σ̃φx ]� [ε] [Σ̃φx ]dx (35)

[σ f f i

x (ṽ, ū)] =
∫

Ωx

[Σ̃x]� [C] [Σ̄ix][Ēif ]dx , [σ f φi

x (ṽ, φ̄)] =
∫

Ωx

[Σ̃x]� [e]� [Σ̄φ
i

x ][Ēifφ ]dx ,

[σφ f i

x (ṽφ, φ̄)] =
∫

Ωx

[Σ̃φx ]� [e] [Σ̄ix][Ēif ]dx , [σφφi

x (ṽφ, ū)] =
∫

Ωx

[Σ̃φx ]� [ε] [Σ̄φ
i

x ][Ēifφ ]dx (36)

[mx (ṽ)] =
∫

Ωx

[Ṽ ]� ρ [Ṽ ]dx , [µix (ṽ, ū)] =
∫

Ωx

[Ṽ ]� ρ [V̄ i][ f̄ i]dx (37)

[ fx (ṽ)] =
∫

∂FΩx

[Ṽ ]� [ fd]dx (38)

and the ones integrated in the load frequency domain are

γω =

∫

ω
g̃2dω, γiω =

∫

ω
g̃ ḡi dω, αω =

∫

ω
ω2g̃2dω, αiω =

∫

ω
ω2g̃ ḡi dω, βω =

∫

ω
g̃dω,

θω =

∫

ω
g̃g̃φdω, θgφ

i

ω =

∫

ω
g̃ ḡiφ dω, θφg

i

ω =

∫

ω
g̃φ ḡ

i dω, ηω =
∫

ω
g̃2
φdω, ηiω =

∫

ω
g̃φ ḡ

i
φ dω (39)

The variational problem defined by Eq. (34) is a linear expression that must be solved in the Ωz

domain.

3.5 Variational problem defined on Ωx: Step 3

The problem in the Ωx domain is analogous to the one presented in the previous section for the
domain Ωz . At this step, the functions g(m+1), [ f (m+1)],g(m+1)

φ , f (m+1)
φ , which are assumed to be known,

will be denoted as g̃, f̃ , g̃φ, f̃φ and the functions [v (m+1)],v (m+1)
φ to be computed will be denoted as v,vφ.
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With the expression of the strain being [ε(g̃ F̃ v)] = g̃ [Σz ( f̃ )] [Ev], and the electric field [E(g̃φ f̃φ vφ)] =
g̃φ [Σφz ( f̃φ)] [Evφ ], the variational problem defined on Ωx becomes

γω

∫

Ωx

[δEv]�[kvv
x ] [Ev]dx− θω

∫

Ωx

[δEv]�[kvφ
x ] [Evφ ]dx−αω

∫

Ωx

[δv]�[mx] [v]dx =

βω

∫

∂vΩx

[δv]�[vx]dx+
n−1∑
i=1

(
αiω

∫

Ωx

[δv]�[µix]dx−γiω
∫

Ωx

[δEv]�[σvvi

x ]dx

+θ
gφi

ω

∫

Ωx

[δEv]�[σvφi

x ]dx
)

(40a)

θω

∫

Ωx

[δEvφ ]�[kφv
x ] [Ev]dx+ηω

∫

Ωx

[δEvφ ]�[kφφ
x ] [Evφ ]dx =

−
n−1∑
i=1

(
θ
φgi

ω

∫

Ωx

[δEvφ ]�[σφvi

x ]dx−ηiω
∫

Ωx

[δEvφ ]�[σφφi

x ]dx
)

(40b)

where the coefficients integrated in the load frequency domain are expressed by Eq. (39) and those
integrated in the Ωz domain are analogous to the ones presented before for Ωx domain.

4 FINITE ELEMENT DISCRETIZATION

To numerically compute the solution, a discrete representations of functions g, [ f ], [v],gφ, fφ,vφ
is needed. For the load frequency domain, a uniform discretization of the interval [ωmin,ωmax] is
established. The size of the discrete functions g,gφ associated with the mesh in the load frequency
domain is denoted as nω. The trapezoidal rule is used for the approximation of the integrals involving
these functions as in Eq. (39). On the other hand, a classical finite element approximation is used in
domains Ωx and Ωz . The element vectors of degrees of freedoms (dofs) associated with the mesh in Ωx

and Ωz are [qv
e ], [qvφ

e ] and [q f
k
], [q fφ

k
] respectively. The displacement field, the electric potential and also

the derived strain and electric fields are expressed by

[ve] = [Nx][qv
e ], [Eev ] = [Bx][qv

e ], [vφe ] = [Nφx][qvφ
e ], [Ee

vφ
] = [Bφx][qvφ

e ] (41)

[ fk] = [Nz][q f
k
], [Ekf ] = [Bz][q f

k
], [ fφk

] = [Nφz][q
fφ
k

], [Ek
fφ

] = [Bφz][q
fφ
k

] (42)

where the matrices [Nx], [Bx], [Nz], [Bz], [Nφx], [Bφx], [Nφz], [Bφz] contain the shape functions, their

derivatives and the Jacobian components. The total number of elements in Ωx =

nx⋃
e=1
Ωe

x and Ωz =

nz⋃
k=1
Ωk

z

domains are denoted as nx and nz , respectively. The interpolation can be different for each domain and
also for the mechanical and electric unknowns separately.

The introduction of the FE discretization in the Eq. (34) lead to the electro-mechanical linear system
( [

K f f −K f fφ

−K fφ f −K fφ fφ

]
−
[

Mf 0
0 0

]) [
q f

q fφ

]
=

[
Ff

0

]
+

[
Rf

Rfφ

]
(43)

where

9
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- [q f ], [q fφ ] are the vector of dofs associated with the finite element mesh in Ωz for the mechanical
and electric unknowns respectively.

- [K f f ], [K f fφ ], [K fφ f ],[K fφ fφ ] are the stiffness, electro-mechanical and electric matrices obtained by
assembling the elementary matrices [Kk

f f
], [Kk

f fφ
], [Kk

fφ f
][Kk

fφ fφ
].

[Kk
f f (ṽ)] = γω

∫

Ωk
z

[Bz]�


nx∑
e=1

[k f f
x (ṽe)]


[Bz]dz (44)

[Kk
f fφ

(ṽ, ṽφ)] = θω
∫

Ωk
z

[Bz]�


nx∑
e=1

[k f φ
x (ṽe, ṽφe )]


[Bφz]dz (45)

[Kk
fφ f (ṽ, ṽφ)] = θω

∫

Ωk
z

[Bφz]�


nx∑
e=1

[kφ f
x (ṽe, ṽφe )]


[Bz]dz (46)

[Kk
fφ fφ

(ṽφ)] = ηω
∫

Ωk
z

[Bφz]�


nx∑
e=1

[kφφ
x (ṽφe )]


[Bφz]dz (47)

- [Mf ] is the mass matrix obtained by assembling the elementary mass matrices [Mk
f
].

[Mk
f (ṽ)] = αω

∫

Ωk
z

[Nz]�


nx∑
e=1

[mx (ṽe)]


[Nz]dz (48)

- [Ff ] is the load vector obtained by assembling the elementary load vectors [Fk
f
].

[Fk
f (ṽ)] = βω

∫

∂FΩ
k
z

[Nz]�


nx∑
e=1

[ fx (ṽe)]


dz (49)

- [Rf ], [Rfφ ] are the equilibrium and electric residuals respectively, obtained by assembling the
elementary residual vectors [Rk

f
], [Rk

fφ
].

[Rk
f (ṽ, ū, φ̄)] =

n−1∑
i=1

�
�
θ
gφi

ω

∫

Ωk
z

[Bz]�


nx∑
e=1

[σ f φi

x (ṽe, φ̄)]


dz

−γiω
∫

Ωk
z

[Bz]�


nx∑
e=1

[σ f f i

x (ṽe, ū)]


dz+αiω

∫

Ωk
z

[Nz]�


nx∑
e=1

[µix (ṽe, ū)]


dz�
�

(50)

[Rk
fφ

(ṽφ, ū, φ̄)] =
n−1∑
i=1

�
�
θ
φgi

ω

∫

Ωk
z

[Bφz]�


nx∑
e=1

[σφ f i

x (ṽφe, φ̄)]


dz

+ηiω

∫

Ωk
z

[Bφz]�


nx∑
e=1

[σφφi

x (ṽφe, ū)]


dz�
�

(51)

Analogously, the introduction of the FE discretization in the Eq. (40) lead to the electro-mechanical
linear system ( [

Kvv −Kvvφ

−Kvφv −Kvφvφ

]
−
[

Mv 0
0 0

]) [
qv

qvφ

]
=

[
Fv

0

]
+

[
Rv

Rvφ

]
(52)

where the components of the linear system have an interpretation similar to that already presented.
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5 MODELING ENERGY HARVESTER CONFIGURATION

The most popular energy harvester configuration is the bimorph cantilever connected to an electric
load (usually a resistor) in series (see Figure 2). For this to be possible, very thin electrodes are deposited
on the piezoelectric layers. The mechanical influence of these electrodes can be considered negligible
but in the electric field they impose equipotential conditions. In order to incorporate circuit elements
(e.g. the electric load) on the problem formulation, the equivalent capacitance matrix can be used as in
[7]. This method consists on adding a so-called equivalent capacitance matrix to the dielectric matrix of
the problem; the one that involves the dielectric matrix [ε]. This new matrix is formulated as follows:
for each circuit element l connected between the ith and jth components, define a vector [Vl] of size of
the electrical unknowns whose components are all null except the ith and jth whose values are 1 and
-1 respectively. The equivalent capacitance matrix of element l is defined as − j/ω Z̃l[Vl][Vl]�, with j
de imaginary number and Z̃l = −Zl if l is a capacitor or Z̃l = Zl if l is a resistor/inductor, being Zl the
impedance of l.

electrode 4

electrode 3

electrode 2

electrode 1

R

Figure 2: Energy harvester configuration: bimorph cantilever with a resistor in series.

For a classical energy harvester configuration connected to a single resistor in series, electrodes 2 and
3 are grounded, while a resistor of impedance R is connected between electrodes 1 and 4 as in Figure
2. As these conditions are established for a constant coordinate z, the equivalent capacitance matrix is
introduced in Eq. (43), where K fφ fφ is redefined as K fφ fφ + K̂ fφ fφ , with

K̂ fφ fφ = −λω
j
R

[V ][V ]� (53)

where λω =
∫
ω

1/ωdω.

6 CONCLUSIONS

This research work proposed a new methodology based on the PGD method to solve the forced vibra-
tion problem in bi-dimensional piezoelectric composite beams. A classical harmonic space-frequency
description of the dynamic problem is considered and a variable separation in the spatial domain is
introduced. For both spatial coordinates x (beam axis coordinate) and z (thickness coordinate), a finite
element discretization is applied while a linear interpolation is proposed for the load frequency ω. The
new approach is developed though an iterative algorithm in which the problem to be solved is split into
three 1D problems: one associated to the load frequency ω, one associated with the z coordinate and the
other associated to the x coordinate, . The number of dofs of the two last problems can be given as

- Problem on Ωz : Ndo f Mz = 2
(
nz (NM

z −1)+1
)
, Ndo f Ez = nz (NE

z −1)+1.

- Problem on Ωx: Ndo f Mx = 2
(
nx (NM

x −1)+1
)
, Ndo f Ex = nx (NE

x −1)+1.

11
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where nx,nz are the total number of elements and NM
x ,N

M
z ,N

E
x ,N

E
z are the number of nodes per element

in Ωx and Ωz domains respectively. The superscripts M and E accounts for the interpolation of the
mechanical and electrical unknowns. The total cost of the computation depends on the number of
enrichment steps N used to represent the final solution. Furthermore, the proposed process requires, for
each enrichment step,m iterations of the fixed point method which involves the resolution of one equation
with nω unknowns and two linear systems of Ndo fx and Ndo fz dofs respectively. In contrast, in a
classical layerwise FE approach, the calculation implies nω resolutions with Ndofx ×Ndofz

2 dofs. The
advantages of the proposed approach in terms of the reduction of the computational cost become relevant
when the number of numerical layers and the number of elements in axis direction is high. The most
immediate future extensions of this document would involve parametric comparative studies of different
laminates configurations for energy harvesting purposes to validate the proposed method.
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Abstract. Continuum robotic manipulators are those that continuously bend to interact with unexpected
objects in various orientations. These robots are typically extensions of hyper-redundant robot and more
recently being built completely soft material, soft robots. Hyper-redundant robots by definition have
a large number of joints and actuators, leading to heavy designs. Conversely, soft robots attempt to
overcome this limitation, by using lightweight, low stiffness materials which deform to eliminate joints.
The downside of these low stiffness materials, is a reduction in load capacity of these manipulator. This
work studies a three section contractile pneumatic artificial muscles actuated manipulator. PAMs were
chosen for their high force and stroke behavior. The arm is compared with a second version achieved
by adding an ossicle-inspired structure similar to those found in the arms of sea-stars, with the goal of
increasing the load capability of a multi-section pneumatic artificial muscle actuated manipulator. This
work considers the planar projection of the workspace of the manipulator with and without ossicles. The
pneumatic muscles are actuated in various loading conditions to determine the impact of load on the
position of the end of the manipulator. With ossicles there is a benefit to the load carrying capability
without sacrificing load performance.

1 INTRODUCTION

Soft robots are an emerging field of robotics which lack the rigid structure of traditional manipulators.
Like hyper-redundant manipulators, soft robots are used for their flexibility and ability to conform to
unexpected shapes. Soft robots have been used for crawling with smart material actuators [11] and
grasping with pneumatic actuation such as the PneuNets [5] and pneumatic artificial muscles (PAMs) [7].
PAMs have been used in numerous rigid robot arms [15], legs [3], and non-robotic applications like
trailing edge flaps [17].

Pneumatic artificial muscles are soft actuators composed of a braided sleeve surrounded by an elas-
tomeric bladder, which either extends or contracts when pressurized [10]. The soft nature of PAMs
makes them a natural choice for a soft robotic manipulator, having been used in soft robotic manipulators
constructed of both extensile [12] and contractile [1] PAMs. Contractile PAMs were chosen in this work
due to the higher force and work output that they achieve [13]. A tendency of PAM actuated soft robotics
arms is to deform in less desirable ways as a result of the compliant nature of the inactive actuators. For
example, the extensile PAM arm has points along the muscle groups connected to prevent this undesired
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motion [12]. To achieve a similar goal, structures similar in function to the ossicles found on brittle stars
are added to the contractile PAM manipulator and evaluated.

In soft robotics, there is interest in taking existing actuators and externally augmenting their structure to
provide a new desired behavior [6]. Galloway et al. added an exterior sleeve to the bending fiber-reinforced
actuators to control and limit the bending to a subset of shapes, which can approach joint-like structures
with certain sleeve designs. These actuators were incorporated into a gripper that could more securely
grasp desired shapes such as boxes [6]. Deimel and Brock present a tapered pneumatic fiber-reinforced
actuator, PneuFlex, used on a soft hand which can complete a variety of different grasps with five finger
and two palm actuators [4]. Additionally, Galloway et al. developed two soft grippers comprised of
fiber-reinforced hydraulic actuators for deep sea sampling [5]. The first is an actuator that couples bending
and twisting by incorporating a single fiber reinforcement to wrap around an object, and the second takes
the PneuNet bellows actuators and incorporates fiber reinforcements to increase the pressure capability.

Soft robot modeling is based on the hyper-redundant robot modeling approximation as a continuum [2].
This can be applied as a geometrically exact continuous model [14] or there can be simplifying assumptions,
such as constant curvature [18]. Tatlicioglu et al. calculated the planar dynamic model using the constant
curvature assumption for a three-section PAM manipulator. The model developed includes gravitational
energy as well as the energy to extend and bend a segment. The energies were integrated over each section
of the arm to find the total energy and calculate the Lagrangian dynamics [16].

Constant curvature methods are calculated in terms of state variables of section curvature, bending
plane, and length, but for a three actuator intrinsic manipulator, there is not direct control of these values.
To develop models in terms of the control lengths and forces of the muscles, Godage et al. introduced
shape functions based on the polynomial relationships between the length of the actuators for a PAM
actuated continuum robot [8]. The expansions used in that work allow the mathematically singularity
associated with a straight arm configuration to be avoided. This work was extended by considering
the center of gravity of the section assumming uniform weight distribution. The formulation compared
the total energy to both the integral and discretized formulations for a single section, applying a mass
correction factor of 1/0.57 [9].

This work investigates a three-section PAM manipulator and studies the effect of adding an ossicle-
inspired backbone to the arm. For a single section the addition of ossicles has been shown to improve the
load capabilities of a PAM actuated structure. The manipulator is tested through five different muscle
combinations with five load conditions at each. The manipulator is also tested and modeled both with,
and without, ossicles to evaluate the effect of adding this structure.

The ossicle structure was designed to interact and limit bending at approximately 45◦, a similar model
could be incorporated at angles above the design value to improve the model at high angles for the medial
and distal sections. To improve modeling and reduce the effects of non-active PAMs, the ossicle structure
could be sized such that the PAMs are contracted and pressurized when in a straight arm position, allowing
the initial stiffness of the system to be tailored to the desired application. Additionally operation in
environments which reduce gravitational impact, space or water, would be beneficial. One way to improve
model fitting is improving PAM modeling in the low force and pressure regime. Solutions include a low
and high pressure model, higher order PAM modeling or additional considerations of effects on PAM
behavior, such as bending.

2 Constant Curvature Modeling

The manipulator modeled in this work has three bending sections connected at rigid plates, Fig 1. Each
section has three PAMs which are offset by 120◦. The section break between each section and at the end
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of the arm is defined by the rigid PAM end fittings and the rigid plate to which the PAM are secured.
These rigid section dividers also serve as a point of measurement for the poses at the beginning and end of
a section. The modeling done in this work used the constant curvature assumption in each bending section,
and then calculates the center of masses for the section as well as the rigid section breaks. The energies at
these center of masses are calculated to find the Lagrangian dynamics with respect to the PAM lengths.
This work assumed the weight of each section is evenly distributed throughout that section. The ossicle
weight is assumed to be part of the bending section, but no additional influence of the ossicles is modeled.

Figure 1: Three section arm with ossicles installed.

Constant curvature kinematics appear in the review by Webster [18]. The constant curvature modeling
equations are expressed for the position and orientation of section i, where section i = 1 is the proximal
section. The rotation of the section is oriented so that the x-axis is in the same plane at the beginning and
end of each section.

pCCi(s) =




hi cosφi
1−cosθis

θi

hi sinφi
1−cosθis

θi

hi
sinθis

θi


 (1)

RCCi =




cos2 φi (cosθi −1)+1 sinφi cosφi (cosθi −1) cosφi sinθi

sinφi cosφi (cosθi −1) sin2 φi (cosθi −1)+1 sinφi sinθi

−cosφi sinθi −sinφi sinθi cosθi


 (2)

Expressions for the section length, l, bending angle, θ, and plane of bending, φ. A 2D representation
of the proximal section orientation is shown in Fig. 2 with a point mass after s = 1 representing the
concentration of mass of the section plate. For the distal section this mass would also include any added
mass during experimental testing.

The bending plane expression changes based on the orientation of the PAMs relative to the section
definition. The derivation method of φ for different PAM orientations can be found in the Constant
Curvature Review [18]. The first and third section have PAM i1 on the positive x-axis, and the second
section has PAM i2 on the negative x-axis.
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Figure 2: Single section orientation used in this work. Gravity acts in the positive ẑ0 direction and φi is a
rotation about ˆzi−1.

hi = hi0 +
li1 + li2 + li3

3
(3)

θi =
2
√

l2
i1 + l2

i2 + l2
i3 − li1li2 − li1li3 − li2li3

3ri
(4)

φi=1,3 = tan−1

( √
3(li2 − li3)

(li2 + li3 −2li1)

)
(5)

φi=2 = tan−1

( √
3(li3 − li1)

(2li2 − li3 − li1)

)
(6)

Identities for sin(tan−1) and cos(tan−1) can be used to rewrite the expressions in terms of PAM lengths
and remove a number of the trigonometric functions from the expressions for position and orientation.

√
x2

i + y2
i = 2

√
l2
i1 + l2

i2 + l2
i3 − li1li2 − li1li3 − li2li3 = 3riθ (7)

pCCi(s) =




hixi
3ri

1−cosθis
θ2

i
hiyi
3ri

1−cosθis
θ2

i

hi
sinθis

θi


 (8)

RCCi =




1+ x2
i

9r2
i

cosθi−1
θ2

i

xiyi
9r2

i

cosθi−1
θ2

i

xi
3ri

sinθi
θi

xiyi
9r2

i

cosθi−1
θ2

i
1+ y2

i
9r2

i

cosθi−1
θ2

i

yi
3ri

sinθi
θi

− xi
3ri

sinθi
θi

− yi
3ri

sinθi
θi

cosθi


 (9)

A Taylor expansion can be performed on the resulting functions of θ leaving the pose of the section in
terms of only the PAM lengths. These expressions are differentiable and can be used to find the velocities
of the center of gravities of the soft section as well as the rigid end plates.

The center of mass of a section can be found by integrating the position through the section, the
integrals of these Taylor expandable functions can be used to find the position with a polynomial function
of PAM lengths. The center of mass formulation is inspired by the work of Godage et al. [9], but this
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work separates the effect of the break between sections where a large amount of the mass is located from
the continuously bending lightweight PAM section.

βi =
∫ 1

0
pCCids =




hixi
3ri

∫ 1
0

1−cosθis
θ2

i
hiyi
3ri

∫ 1
0

1−cosθis
θ2

i

hi
∫ 1

0
sinθis

θi


 (10)

1− cosθis
θ2

i
=−s2

2
+

θ2
i s4

24
− θ4

i s6

720
+O(θ6

i s8) (11)

sinθis
θi

= s− θ2
i s3

6
+

θ4
i s5

120
+O(θ6

i s7) (12)

The positions of the center of masses of the bending sections, pβi , and non-bending section breaks, pMi

can be found with the following equations, where pi is the end of the ith bending section and section
divider, and pMlcli

is the position of the end of the section divider with respect to the end of the previous
section.

pi = pCCi(1)+RCCi pMlcli
(13)

pβ1 = β1 (14)

pβ2 = p1 +RCC1β2 (15)

pβ3 = p1 +RCC1 p2 +RCC1RCC2β3 (16)

pM1 = pCC1(1)+
1
2

RCC1 pMlcl1
(17)

pM2 = p1 +RCC1 pCC2(1)+
1
2

RCC1RCC2 pMlcl2
(18)

pM3 = p1 +RCC1 p2 +RCC1RCC2 pCC3(1)+
1
2

RCC1RCC2RCC3 pMlcl3
(19)

The partial derivatives with respect to the change in length can be taken to form the Jacobian relationship
of the point velocity to the PAM velocities. The Jacobians can be used to find the gravity vector, G,

G =
∂VE

∂l
=
(
Jβ1m1 + Jβ2m2 + Jβ3m3 + JM1M1 + JM2M2 + JM3M3

)T




0
0
g


 (20)

and can be related to the PAM force
G(l) = F(L0, l,P) (21)

the PAM force model is modeled according Pillsbury et al. [13]. Additional sources of potential energy
not captured by the PAM force model such as the bending energy to bend pressurized PAMs could be
further investigated to improve the model fit if necessary.

Dynamic validation will be required in the future, but as a initial step quasi-static validation of this
model will be conducted using the arm with ossicles. The arm with ossicles will also be compared to an
ossicle-free arm.

5
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3 Testing of Ossicle Arm

The three section arm with three PAMs per section was experimentally evaluated with and without
an ossicle-inspired structure running the length of each section. The arm was tested in five configurations
that sweep out all the single muscle per section motions. For evaluating the performance, any additional
single muscle combinations are mirrored by the ones tested in this study. The PAMs were manually
pressurized beginning with the most distal section, then the medial section and finally the proximal
section. The depressurization was done in the reverse order, proximal, medial, then distal. The order
was chosen to minimize effects of unactuated PAMs in the more distal sections. The series of test were
conducted with and without ossicles. The distal sections of the appendage have been previously compared
by considering the angle achieved at the end of the section under load, but this comparison is complicated
for multi-section appendages due to differences in the behavior of distal sections effecting the proximal
sections. To compare the two cases the area traced by the tip will be compared at each load case. This
captures the cumulative effect of the ossicles throughout the arm.

3.1 Model Validation

To validate the modeling techniques the average pressure versus angle was compared to the average
modeled pressure for that angle. The average error was calculated separately for each section and load
case and averaged over the five tests. The model output was calculated using the positions and PAM
length determined from the experimental data. The model performs best for low loads and more distal
sections, Fig. 3. Figure 4 shows the modeling results for the distal section with no weightm the medial
section with the max test load of 250 g, and the proximal section with 100 g.
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(b) Average normalized pressure error during testing.

Figure 3: Modeling errors for all five test cases across all five loading conditions.

The ossicle structure was designed to interact and limit bending at approximately 45◦, a similar model
could be incorporated at angles above the design value to improve the model at high angles for the medial
and distal sections. To improve modeling and reduce the effects of non-active PAMs, the ossicle structure
could be sized such that the PAMs are contracted and pressurized when in a straight arm position, allowing
the initial stiffness of the system to be tailored to the desired application. Additionally operation in
environments which reduce gravitational impact, space or water, would be beneficial. One way to improve

6
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(a) Distal section with no load.
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(b) Medial section with 250 g of weight.
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(c) Proximal section with 110 g of weight at the tip.

Figure 4: Angle pressure relationship modeling results for three test cases.
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model fitting is improving PAM modeling in the low force and pressure regime. Solutions include a low
and high pressure model, higher order PAM modeling or additional considerations of effects on PAM
behavior, such as bending.

3.2 Effect of Ossicles

To study the effect of adding ossicles to the arm, the five motions that were tested can be rotated by
120◦ and 240◦ to represent the same combination of muscles for the other two proximal section PAMs.
Four of the motions are non-planar and can be reflected about the plane of the proximal PAM, and then
rotated for the remaining twelve motions. This procedure generates all 27 combinations of one active
PAM per section. The procedure to track the tip position of the arm for a single motion is shown in a top
down view in Fig. 5.
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(d) Six resulting curves for a single test

Figure 5: Procedure to construct other tip traces for untested muscle combinations.

This procedure was applied to both the ossicle and non-ossicle tests for each of the five loading
conditions. Ossicles have been shown to improve the load capacity of a single section PAM soft robot. To

8
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compare the cumulative effect of ossicles in each section, we consider the X-Y planar projection. This
projection will be used to bound the area reached by the arm to compare the effect of adding ossicles. The
boundary enclosing these curves were found using a shrink factor of s = .091. This shrink factor was
chosen by performing a sweep of shrink factors from s = 0 to s = 1, where s = 0 represents a convex hull
of the set of points. The chosen shrink factor provided the minimum area ratio for the unloaded test case.
The planar projections for the zero load and 250 g load cases are show in Fig. 6, The ratio of the areas
comparing the effect of adding ossicles to the soft structure is shown for all five load cases in Fig. 7. The
average area ratio in the no load case of the sweep conducted was 1.15.
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(a) Zero Load Test without ossicles.

-200 -150 -100 -50 0 50 100 150 200

X direction, mm

-200

-150

-100

-50

0

50

100

150

200

Y
 d

ir
e

c
ti
o

n
, 

m
m

(b) Zero Load test with ossicles
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(c) 250 g Load Test without ossicles.
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(d) 250 g Load test with ossicles

Figure 6: Planar view of test results for no load and highest load 250 g. Colors are consistent with Fig. 5,
red is the boundary for the given shrink factor, blue is the processed data.

4 Conclusions

In this work a three section, nine PAM soft robotic manipulator constructed, modeled, and tested.
This manipulator was tested with five different muscles combinations and five load cases to study the
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Figure 7: Effect of load on ossicle structure.

static model and effect of adding a bio-inspired ossicle structure. The constant curvature center of mass
model developed was shown to work best at low loads and for the more distal sections. Improvements to
PAM modeling and ossicle design should help improve the static modeling especially for the proximal
section. Overall the addition of ossicles improved the ability of the manipulator to handle loads placed at
the tip. When 250 g was hung from the end of the arm, the arm with ossicles was able to reach an area 2.6
times greater than that reached by the ossicle-free arm.
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Abstract. This study outlines a method to numerically evaluate the probability of failure 
(PoF) and engineering risk using Bayesian theorem and the diagnostic results of real-time 
condition monitoring. Engineering risk is defined as the product of the PoF and consequences 
of failure. While a diagnostic result without any inspection error is ideal when conducting 
maintenance using real-time monitoring results. However, failure of structure is not caused 
even if the monitoring method overestimates to a few degree any small damage that can cause 
failure. Moreover, failure is not caused even if the method underestimates to a few degree any 
large damage., the inability to model failure dominates, Improving the accuracy of estimating 
specific damage levels is therefore important in reducing the PoF. Here a method for reducing 
the risk by improving the diagnostic accuracy of specific damage levels, which is achieved by 
controlling the sampling ratio of the training data with a weight function, is proposed. The 
consequences of the overestimation and underestimation of damage differ. The risk due to an
underestimation is called failure risk and that due to an overestimation is called economic risk
in this research. Here a numerical evaluation of the PoF using Bayesian theorem for each 
diagnostic result of real-time condition monitoring is proposed, and the effect of weighted 
regression on risk reduction is discussed. The proposed method is validated by employing it 
to identify delamination in a CFRP beam via the electric potential change method.

1 INTRODUCTION
The maintenance costs associated with aging infrastructure facilities has recently become

an increasing concern. Temporary structures, such as the drainage plant at the Fukushima 
nuclear power plant, are of particular interest since there is a high degree of uncertainty in 
both the progression of corrosion and operating environment. Furthermore, inspection errors
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are large since there is no established inspection method, and there are concerns regarding
exposure during the inspection itself, highlighting the need to establish a risk evaluation 
method using remote monitoring data. Here we propose a method to evaluate the probability 
of failure (PoF) of structures using monitoring data and a Bayesian estimation.

It is possible to improve the damage evaluation method when the damage probability is 
quantitatively evaluated using a damage state evaluation and monitoring data, which reduces
the damage probability. Here we consider a procedure that improves the damage evaluation 
method and also minimizes the risk. The engineering risk for infrastructure maintenance is 
expressed as the product of the PoF and consequence of failure (CoF). For example, risk-
based maintenance [1,2], which takes the risks into account, has demonstrated that efficient 
facility maintenance can be achieved when considering the importance and urgency of the 
maintenance. It is possible to perform the appropriate degree of maintenance using damage 
identification estimation results if the damage is either significantly large or significantly 
smaller than the damage size determined by the distribution of the acting external force. 
Therefore, the method to reduce the risk by adjusting the estimation accuracy of a specific 
damage size is examined in this study.

Here the risk in the proposed method is reduced by using the weighting function, with the 
appropriate weighting function considered to be different for both the probability of 
occurrence of each damage size(PoO) and the assumed damage size that causes structural 
failure. The appropriate weighting functions for risk reduction under various conditions and 
the effectiveness of the risk reduction method using the weighting function are examined. The 
proposed method is validated by employing it to identify delamination in a CFRP beam via 
the electric potential change method [3–7].

2 FAILURE PROBABILITY EVALUATION PROCEDURE

2.1 Bayesian theorem
Bayesian theorem [8–11] is a simple mathematical theorem used for calculating 

conditional probabilities. In engineering, it is primarily used to assess the structural reliability 
of materials using small samples [12, 13] (e.g., RBM). Here the theorem is used to estimate 
the event probability of true damage due to an estimated damage size. Bayesian theorem is 
generally expressed as:

( ) ( ) ( )

( ) ( )∑
=

j
jj

ii
i

EFPEP

EFPEP
FEP

|

|
| (i, j = 1, 2, …),

(1)

where P(Ei) is the event probability of event Ei, P(F | Ei) is the conditional probability that 
event F is caused by event Ei, and P(Ei | F) is the “posterior probability” or the conditional 
probability that event Ei is caused by event F. When attempting to identify the damage sizes, 
the damage occurrence ai is compared to the arbitrarily estimated results EstAk, and the 
probability P(EstAk | ai) that ai leads to EstAk is determined. Eq. (1) can then be modified as 
follows:
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where the left side is the posterior probability. Therefore, P(ai | EstAk) is the event probability
of EstAk for a true damage size ai. The event probability distribution of ai and EstAk can then 
be determined by estimating the event probability of each ai value.

2.2 PoF Evaluation using an estimation of the true damage distribution
Figure 1 shows the PoF evaluation procedure. The learning data are first weighted, and a

maximum likelihood estimation is performed using Gibbs sampling to estimate the damage 
parameter occurrence rate distribution, where the horizontal axis represents the estimated 
damage values, and the vertical axis represents the probability density function (PDF) (Figure 
1; ①). Bayesian theorem is then employed to estimate the damage size event probability
distribution and true damage parameter event probability, where the horizontal axis represents 
the true damage parameter value (Figure 1; ③). The residual strengths are estimated from the 
damage sizes, forming a residual strength distribution (Figure 1; ④), where the horizontal 
axis represents the residual strength. Finally, the PoF is evaluated (Figure 1; ⑤) since failure 
occurs when the external force exceeds the residual strength. Assumed external forces that 
could cause failure of structure at 15 (Chapter 3), 20, and 25 mm (Chapter 4) of damage in 
average are employed in this study.

The above-mentioned damage size occurrence distribution is the probability of occurrence
of the damage sizes(PoO) that may occur in the target structure. An exponential distribution is 
used here, but Chapter 3 also examined cases with other distributions (chi-square, normal, 
Weibull, uniform).

Figure 1: Procedure for estimating PoF.

2.2 Risk evaluation
Figure 2 shows the accidental and economic risks evaluated using the proposed method. 

Accidental risk is defined as the risk of failure due to an underestimation of the damage size, 
whereas the economic risk is defined as the risk of unnecessary maintenance costs due to an
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overestimation of the damage size. The adjusted PoF (PDF of PoF versus PDF of PoO) is 
plotted on the vertical axis, and the estimated damage size is plotted on the horizontal axis. 
The accidental risk is evaluated as the area surrounded by the adjusted PoF and the 
maintenance threshold. The threshold is set as the accidental risk, and exhibits a constant 
value (0.03). The economic risk is evaluated as the area surrounded by the adjusted PoF, PoO, 
and maintenance threshold. This study aims to reduce the economic risk when the accidental 
risk is constant since the acceptable level of accidental risk is limited.

Figure 2: Accidental and economic risks from the estimated PoF.

3 EFFECTIVE WEIGHTED PEAK POSITION FOR RISK REDUCTION OF EACH 
PRIOR DISTRIBUTION

Figure 3 shows an example of the weighting function for a 5-mm peak position. The 
vertical axis is the probability density, and the horizontal axis is the damage size. This
weighting function is used to evaluate the risk over the 3- to 15-mm peak position range.
Figure 4 shows the results when an exponential distribution is used as the prior distribution.
The vertical axis is the economic risk, and the horizontal axis is the peak position of the 
weight. The risk is reduced in both the small damage (4–5 mm) and increased PoF areas (10–
11 mm).

The event probability of small damage is high and that of large damage decreases when an 
exponential distribution is used as the prior distribution. Risk evaluations were then 
conducted using a distribution with vertices (chi-square distribution (k = 3), normal 
distribution (μ = 5, σ2 = 1.5), and Weibull distribution (shape = 1.2, scale = 5)) as the prior 
distributions. Table 1 shows the appropriate weighting positions for risk reduction, with the 
chi-square distribution being the most effective. These risk evaluations indicate that it is 
possible to reduce the risk by locating a peak in either the small damage area or the increased 
PoF area.

Figure 3: Example weighting function (5-mm peak).
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Figure 4: Economic risk at each peak location.

Table 1: Appropriate weighting positions for risk reduction.

4 INFLUENCE OF EXTERNAL FORCE ASSUMPTION
Figure 5 shows the results when the average failure size is increased to 20 and 25 mm.

An exponential distribution is used as the prior distribution. The vertical and horizontal axes 
are the same as in Figure 4. The weighting in the small damage and increased PoF areas are
effective for risk reduction in the tested damage size cases. Furthermore, the weighting in the 
increased PoF increase area becomes more effective as the average failure size increases.

(a) 20 mm (b) 25 mm
Figure 5: Economic risk at each peak location.

5 CONCLUSION
- A method to evaluate the PoF of structures using monitoring data and a Bayesian 

estimation is proposed. This method reduces the risk by improving the diagnostic 
accuracy of specific damage levels, which is achieved by controlling the sampling 
ratio of the training data with a weight function.

- The weighting near the vertices is the most effective approach for risk reduction in 

small damage size area increasing PoFadj area

Chi-square distribution 3 12

Normal distribution 5 11

Weibull distribution 3 11
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each distribution. It is possible to reduce the risk by locating a peak in either the 
small damage area or the increased PoF area.

- The weighting in both the small damage and increased PoF areas is effective for risk 
reduction in the tested damage size cases. Furthermore, the weighting in the increased 
PoF area becomes more effective as the average failure size increases.
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Abstract

The recently proposed Shaped Damage Locating Input Distribution (SDLID) method
locates structural damage by active interrogation with controllable inputs. The method-
ological premise is to shape these inputs such that certain steady-state vibration features
(depending on the type of damage to be located) are rendered dormant in one subdomain
at a time. As such, damage is localized when the vibration response induced by the shaped
inputs in the damaged state corresponds to that stored for the reference state. Previously,
the SDLID method, which operates free of system identification, has been tested through
numerical simulations and, in this context, demonstrated its merits; namely, a low de-
mand on output sensors, robustness towards noise, and conceptual simplicity. This paper
presents an experimental application study, in which the SDLID method is used to locate
different mass perturbations in a frame structure investigated using two actuators deliv-
ering harmonic excitation. Based on steady-state acceleration measurements, it is shown
how the method succeeds in locating all the added mass perturbations.

Keywords: Structural Health Monitoring, Damage localization, Input shaping, Experi-
mental study.

1 Introduction
Structural damage localization is conventionally handled by mapping shifts in vibration fea-
tures, such as transfer functions or modal parameters, from the reference and damaged states
to the structural domain [1]. This mapping can be conducted either directly, in which case
we refer to the approach as data-driven, or by use of a theoretical model of the structure in
question, implying that the approach is model-based [2]. Here, the theoretical model is typically
established on the basis of a finite element (FE) formulation.

Numerous studies document successful model-based damage localization under both labo-
ratory conditions [3, 4, 5] and in-situ settings [6, 7, 8], but it is evident that damage localization
has yet to find the applicability level required for industrial use. One of the major issues is that
the sensitivity to structural damage of the employed vibration features is typically lower than
the features’ sensitivity to noise and other variabilities [9].

Two approaches to (attempt to) resolve the noted sensitivity issue is 1) reducing the impact
of noise and other variabilities [4, 10, 11] and 2) designing closed-loop systems with enhanced
sensitivity to damage [12, 13, 14]. In the present study, we focus on the former path and
investigate the Shaped Damage Locating Input Distribution (SDLID) scheme proposed by
Ulriksen et al. [11]. The SDLID scheme employs inputs that are shaped by use of a theoretical
model to “deactivate” the damage for determining its location. The idea is to operate with the
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shaped inputs in a forward interrogation for damage of one structural subdomains at a time;
with damage revealing itself when, under ideal conditions, the vibration signatures prior and
posterior to damage coincide. In this way, the impact of noise is reduced since the SDLID
scheme operates without calling for system identification to extract the damage features.

Besides circumventing system identification, the merits of the SDLID scheme include a user-
defined spatial localization resolution (as postulated damage areas are selected), a low demand
on output sensors (in principle, one may suffice), and conceptual simplicity. These merits have
been highligted through numerical application examples with simple structural systems [11]
and an offshore jacket structure [2]. The scope of the present paper is therefore to further test
the applicability of the SDLID scheme by applying it in an experimental context with a frame
structure, which is analyzed in its reference state and “damaged” states with different mass
perturbations.

The rest of the paper is organized as follows: in section 2, the SDLID method is reviewed,
section 3 outlines the experimental setup, and section 4 presents the obtained damage localiza-
tion results. A brief conclusion in section 5 closes the paper.

2 The SDLID method
The SDLID method interrogates for damage in a structural subdomain by applying a set of
controllable inputs, u(t), which, for each structural subdomain, is shaped to render dormant
certain kinematic quantities [11]. If the subdomain containing the damage is suppressed, the
steady-state vibration output will, under ideal circumstances, be the same in the damaged state
and in the healthy one; given, of course, that the set of inputs is identical in the two states.
The task of shaping the inputs can be resolved by numerous approaches; of which two are
proposed in [11]. One of these two takes its outset in the Laplace domain and is, as such, useful
when shaping harmonic inputs, while the second one operates in the time domain. Since the
experimental study in the present paper employs harmonic excitation, we focus on the Laplace
domain-based approach and refer the reader to [11] for a tutorial on the time domain-based
approach.

Consider a structural domain that is discretized to n degrees of freedom (DOF) and sub-
jected to p inputs that are collected in u(t) ∈ Rp and distributed spatially through B2 ∈ Rn×p.
The governing temporal equation reads

Mẍ(t) + Cẋ(t) +Kx(t) = B2u(t), (1)

where M,C and K ∈ Rn×n are the mass, damping and stiffness matrices, while, x(t), ẋ(t) and
ẍ(t) ∈ Rn are the nodal displacement, velocity and acceleration vectors. Assuming steady state
and zero initial conditions, equation (1), with p shaped inputs acting solely in the DOF indexed
by τ , can be expressed in the Laplace domain as

X(s) = (Ms2 + Cs+K)−1B2U(s) = G(s)B2U(s) = G•,τ (s)U(s), (2)

where G•,τ (s) is the transfer matrix containing the columns in which the shaped inputs are
applied and X(s) = L(x(t)) and U(s) = L(u(t)) are the Laplace transforms of the output and
the input.

For simplicity we assume that the structure is only affected by the p shaped inputs, hence
implying that any other exogenous loading is neglected. The task therefore becomes to shape
the amplitude and the phase angle of the harmonic inputs, such that some linear transformation
of X(s) ∈ Cn, denoted Γ(s) ∈ Cq, is suppressed. That is,

Γ(s) = LG•,τ (s)U(s) = 0, (3)

2
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where LG•,τ (s) ∈ Cq×p and with L being the transformation matrix. Provided that p > q (that
is, the number of shaped inputs is greater than the number of suppressed kinematic quantities),
there exists a null space

U(s) = null(LG•, τ(s)), (4)

from where relative values of the amplitudes and phase angles are directly computed as the
moduli and arguments of the chosen vector within the span of null(LG•, τ(s)) ∈ Cp×(p−q).

One gathers that the inputs are most conveniently shaped using a model of the healthy
structure. By applying the inputs to the structure prior and posterior to damage, we capture
the steady-state response, y(t) and ỹ(t), where ˜(•) denotes a quantity from the damaged state.
On the premise that y(t) can contain displacements, velocities, accelerations, and so forth, the
Euclidean distance of the steady-state response shift in frequency domain, that is,

Ξi =

√∑
j

(|Yj(ω)| − |Ỹj(ω)|)2, (5)

is used as damage metric with the index i indicating the ith subdomain being interrogated. In
this way, damage is located in the subdomain that yields the lowest metric.

In the present study, we focus on locating mass perturbations, thus, as proved in [11],
steady-state accelerations must be suppressed. If, on the other hand, stiffness-related damage
was to be located, one would suppress the steady-state strains. A further elaboration on this
can be found in [11].

3 Experimental setup
A frame structure with 5 floors is assembled and used as a damage localization test bed in a
controlled laboratory environment, see figure 1. The structure is assembled using aluminium
beam elements, all connected by corner cubes, screws and threaded rods, see table (1) for the
structural properties of a single aluminum beam element.

The structure is instrumented with two actuators that generate a horizontal load. Two
load cells are attached to the structure that measure the input force from the actuators. The
structural response is captured by 9 piezo-electric accelerometers, distributed on the frame
structure. The structure is mounted on a HEB260 profile, which is reinforced with steel braces
and bolted to the ground.

Table 1: Material properties of a single aluminum beam element.
Description Symbol Value Unit
Cross-sectional area A 49 · 10−6 [m2]
Density ρ 2900 [kg/m3]
Modulus of elasticity E 68 · 109 [Pa]
Poisson’s ratio υ 0.33 [-]
Shear modulus G 25 · 109 [Pa]
Second moment of inertia Iy/Iz 495 · 10−12 [m4]
Polar moment of inertia Ix 991 · 10−12 [m4]

3
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Figure 1: Experimental setup with indication of 1) frame structure, 2) actuator, 3) cables
connecting the accelerometers, 4) steel column and 5) support cylinder for the steel column.

3.1 Damage emulation

The damage is introduced as a mass perturbation in different areas on the frame structure,
see figure 2. The mass perturbation weighs 0.121 kg, which is approximately 6.31 % of the
total mass of the frame structure. To appreciate the impact of adding the mass perturbation
to the structure, we conduct an Experimental Modal Analysis (EMA) of the structure in its
healthy configuration and with the mass perturbation added on the topmost level. The EMA
is performed by use of a single actuator that delivers a sine sweep ranging from 0.1 Hz to 60
Hz, which ensures that the first three eigenmodes of the frame are excited. As observed from
the resulting frequency response functions depicted in figure 3, the mass perturbation yields a
clear damaged-induced shift in the eigenfrequencies.

(a) (b)

Figure 2: Pictures of a) bolt and nuts serving as mass perturbation and b) the perturbation
applied to the structure.
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Figure 3: Frequency response functions for the structure in reference and damaged states.

4 Damage localization
As previously mentioned, the SDLID method is a model-based approach, meaning that a the-
oretical model must be used to shape the inputs. A finite element model consisting of 108

Figure 4: Finite element model of the frame structure and two highlighted beam elements,
illustrated with the nodes and DOF.

5
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Euler-Bernoulli elements has been established, see figure 4. The model has a total of 480 DOF
of which 24 are fixed to represent the kinematic boundary conditions.

In the experimental study, two actuators are, as mentioned, attached to the frame struc-
ture to introduce a harmonic excitation; see figure 5, which also shows the positions of the
accelerometers. The two harmonic inputs have a driving frequency of Ω = 0.7ω1, where ω1 is
the first cyclic eigenfrequency, see figure 5 for the actuator positions. With two inputs, one
gathers that the constraint of p > q is violated if all six DOF in a node are to be suppressed.
However, since the inputs only excite in one plane and the displacements and rotations are
relatively small, suppressing just the translational DOF in the excitation direction is sufficient.

(a) (b)

Figure 5: Frame structure in a) experimental setup with accelerometers and actuators and b)
its numerical representation with the actuator positions.

The frame structure is tested in the healthy state and in five different damaged states,
where the mass perturbation is located at node ℵ = 12, 36, 52, 60 or 76. These nodes, which
are indicated in figure 6, are also chosen as the subdomains to be interrogated consistently.
The interrogations are conducted by suppressing steady-state accelerations in the excitation
direction, and by doing so for each damaged state, we get the damage metrics—according to
equation (4)—plotted in figure 6. As the red dot in each plot marks the damage location, it is
evidenced how the SDLID method allows for successful localization of the mass perturbation
in all damaged states.

6



1513

Figure 6: Damage localization results. The structure, depicted on the left side, illustrates the
positions of the damage.

5 Conclusion
The principle of the SDLID method is to apply a set of inputs and then interrogate for dam-
age by rendering dormant certain kinematic quantities (depending on the damage type to be
located) in one structural subdomain at a time. Damage is, as such, located when the steady-
state output governed by the shaped inputs is identical prior and posterior to the introduction
of damage.

In the present paper, the SDLID method is tested in an experimental setup with a frame
structure, which is subjected to two harmonic inputs and introduced to different mass perturba-
tions. By shaping the available inputs to suppress steady-state accelerations in one subdomain
at a time, it is found that the SDLID scheme succeeds in locating all the mass perturbations,
albeit with rather poor resolution in some cases.
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Abstract. State estimation is a well-established discipline within the field of modern control theory. In
the context of vibration analysis, where application areas include damage prognosis and structural con-
trol with full state feedback, the topic has, however, emerged during the last couple of decades under the
term virtual sensing. Here, the scope is to estimate physical quantities at both measured and unmeasured
locations based on vibration signals captured in a limited set of sensors. This paper examines and com-
pares three virtual sensing techniques, namely, modal expansion, direct Kalman filtering and a modified
Kalman filter where the true value of the input is replaced by an optimal estimate. The performance of the
three schemes is examined in an experimental setup with a cantilevered beam, which is subjected to dif-
ferent input types and installed with a limited set of accelerometers. Based on the experimental findings,
some observations and particular recommendations on the use of the different schemes are provided.

1 INTRODUCTION

Within civil and mechanical engineering, it is common practice to use vibration measurements for
structural monitoring and control purposes [1, 2, 3]. The vibrations are captured through an installed
sensor network, which, in most applications, consists of a limited number of sensors due to the associated
costs and the fact that there may be locations inaccessible for instrumentation. As such, virtual sensing
can be utilized to estimate vibration responses at designated locations from response acquired by the
installed sensor network [4].

The by far most applied virtual sensing approach within civil and mechanical engineering applications
is to assume linearity and time invariance and then conduct modal expansion (ME). Here, an augmented
basis consisting of measured and/or analytical mode shapes is used to solve an inverse problem resulting
in vibration estimates in all the unmeasured degrees of freedom in the model of the structure in question
[5, 6]. It follows directly that the inverse problem to be solved is underdetermined if the number of
included modes exceeds the number of deployed sensors; a scenario that can easily occur in practice.
Other virtual sensing methods include the direct Kalman filter (KF) algorithm [7] and a modified Kalman
filter, namely, the joint input-state estimation (JISE) algorithm [8], which, in addition to estimating the
full optimal state vector, also estimates the unknown input. In the present paper, the performance of
these two schemes and ME is examined and compared in the context of an experimental setup with

1
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a cantilevered beam, which is subjected to different input excitations, while a limited set of mounted
accelerometers measure the output.

The paper is organized as follows: in Section 2, a brief overview of the prerequisite theory utilized in
the three virtual sensing methods is provided, followed by the presentation of the methods in Section 3.
Subsequently, in Section 4, the experimental setup is outlined and Section 5 provides a description of
the required numerical model. In Section 6, the performance of the three schemes is examined and
compared. Lastly, some concluding remarks are given in Section 7.

2 PREREQUISITE THEORY

Assuming linear, time-invariant (LTI) conditions for the structure of interest, which is spatially dis-
cretized with n degrees of freedom (DOF), the temporal equation of motion is given as

Mẍ(t)+Cẋ(t)+Kx(t) = Sp f (t). (1)

Here, K, C, M ∈Rn×n are the stiffness, damping and mass matrices, x(t), ẋ(t), ẍ(t)∈Rn are the nodal dis-
placements, velocities and accelerations, and f (t)∈Rp contains the p external inputs spatially distributed
by Sp ∈ Rn×p. Assuming classical damping, Eq. (1) can be decoupled through the modal transformation

x(t)≈ ∑
i∈A

φiqi(t) = Φq(t) (2)

where A denotes a subset holding the indexes of the m ≤ n governing modes, Φ ∈ Rn×m is the trun-
cated modal matrix containing mass-normalized mode shapes, and q(t) ∈ Rm is the truncated modal
displacement vector. Let ˜(◦) denote a modal quantity, then it follows

q̈(t)+C̃q̇(t)+ K̃q(t) = ΦT Sp f (t) (3)

where K̃ ∈ Rm×m is the spectral matrix and C̃ ∈ Rm×m is the modal damping matrix.
By defining the modal state vector, z̃(t)T = [q(t)T q̇(t)T ] ∈ R1×2m, and rewriting Eq. (3) into discrete

state-space form, one has
z̃k+1 = Ãd z̃k + B̃d fk, (4)

where z̃k = z̃(k∆t) and fk = f (k∆t) for k ∈ [0,N − 1], with N being the total number of samples and ∆t
the time increment. If the zero-order-hold rule is employed on the input, such that ∀t ∈ [k∆t,(k+1)∆t] :
f (t) = fk, the state-transition matrix, Ãd ∈ R2m×2m, and the input matrix, B̃d ∈ R2m×p, are given as

Ãd = exp
([

0 I
−K̃ −C̃

]
∆t
)

(5)

B̃d =
[
Ãd − I

][ 0 I
−K̃ −C̃

]−1[ 0
ΦT Sp

]
. (6)

The s measured outputs are gathered in yk ∈ Rs and defined as

yk = C̃d z̃k + D̃d fk, (7)

where C̃d = [SdΦ−SaΦK̃ SvΦ−SaΦC̃] ∈ Rs×2m is the output matrix, D̃d = [SaΦΦT Sp] ∈ Rs×p is the
input-output transmission matrix and Sd , Sv, Sa ∈ Rs×n relate measured displacements, velocities and
accelerations to the corresponding DOF in the numerical model.

2
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3 VIRTUAL SENSING METHODS

The discrete system output is divided into two subsets: the s measurands, yk ∈Rs, and the α response
quantities to be estimated, µk ∈ Rα.

3.1 Modal expansion (ME)

Let ηk ∈ Rm be the general notation for a modal kinematic quantity (depending on the nature of yk),
then the modal formulation is partitioned into

[
yk
µk

]
=

[
Φs

Φα

]
ηk (8)

with Φs ∈ Rs×m and Φα ∈ Rα×m being the truncated modal matrices containing the corresponding s and
α DOF, respectively. In this paper, it is chosen to use mode shapes from a finite element (FE) model,
which is calibrated against modal parameters obtained from experimental modal analysis (EMA). From
the first partition of Eq. (8),

yk = Φsηk, (9)

it is evident that a unique solution can only exist if the number of installed sensors, s, is no less than
the number of considered modes, m. In cases where s < m, the measured output histories, y, should, if
possible, be truncated or low-pass filtered such that at most s modes govern the signals.

The modal kinematics can be computed as

ηk = Φ†
s yk, (10)

where (◦)† denotes the Moore-Penrose pseudo-inverse, which, in this case, minimizes ||yk −Φsηk||2.
When the modal kinematics are obtained, the physical response at the α desired locations can be readily
estimated as

µk = Φαηk. (11)

3.2 Kalman filter (KF) algorithm

The KF algorithm is a recursive algorithm, which estimates the full optimal state vector [7]. In the
KF algorithm, the input is unknown and included in the process noise, wk ∈ R2m (and, as such, w̃k), and
measurement noise, vk ∈ Rs, such that Eqs. (4) and (7) become

z̃k+1 = Ãd z̃k + w̃k (12)

yk = C̃d z̃k + vk. (13)

When accelerations are measured, a correlation between wk and vk is present [9]. Hence, to accommodate
a general framework, wk and vk are assumed to be mutually correlated, zero mean, white signals with
known covariance matrices, Q ∈ R2m×2m, R ∈ Rs×s and S ∈ R2m×s, given as

Q = E[wkwT
k ], R = E[vkvT

k ], S = E[wkvT
k ]. (14)

The process noise covariance matrix, Q, indicates how accurate the algorithm considers the model to
be, whereas the measurement noise covariance matrix, R, indicates the confidence put into the measured
data. It is chosen to employ the approach outlined in [10], such that the triplet {Q,R,S} is estimated as

[
Q S
ST R

]
=

[
B̃′

d
D̃′

d

]
Uin

[
B̃′T

d D̃′T
d

]
+

[
0 0
0 Uout

]
, (15)
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Algorithm 1: The KF algorithm.

for k = 0 to k = N −1 do
Measurement update:

(1) Kk = Pz
k|k−1C̃T

d

(
C̃dPz

k|k−1C̃T
d +R

)−1

(2) ˆ̃zk|k = ˆ̃zk|k−1 +Kk
(
yk −C̃d ˆ̃zk|k−1

)

(3) Pz
k|k = Pz

k|k−1 −KkC̃dPz
k|k−1

Time update:
(4) ˆ̃zk+1|k = Ãd ˆ̃zk|k

(5) Pz
k+1|k = ÃdPz

k|kÃT
d +Q− ÃdKkST −SKT

k ÃT
d

end

where Uout = σ2
outI with σ2

out defined from known sensor characteristics or utilized as a tuning parameter,
and Uin =σ2

inI with σ2
in being the variance of the known input. If more than one input acts on the structure,

σ2
in can, for example, be taken as the mean variance of the inputs. In Eq. (15), B̃′

d ∈R2m×n and D̃′
d ∈Rs×n

differ from B̃d ∈ R2m×p and D̃d ∈ Rs×p as excitation in all DOF are assumed in the FE model; that is,
p = n.

The KF algorithm is presented in Algorithm 1 according to [10], where ˆ(◦) denotes an estimated
quantity and Kk ∈R2m×s is the Kalman gain, which is calculated such that the state estimate is minimum-
variance and unbiased. Algorithm 1 is initialized using an initial state estimate vector, ˆ̃z0|−1, assumed
independent of wk and vk, and its associated error covariance matrix, Pz

0|−1, defined as

Pz
k|k = E[(z̃k − ˆ̃zk)(z̃k − ˆ̃zk)

T ] ∈ R2m×2m. (16)

After ˆ̃zk|k is computed, the response can be estimated at desired locations using

µk|k = C̃d,e ˆ̃zk|k, (17)

where the output matrix is redefined as

C̃d,e = [Sd,eΦ−Sa,eΦK̃ Sv,eΦ−Sa,eΦC̃] ∈ Rα×2m (18)

with subscript e referring to estimation and the distribution matrices, Sd,e, Sv,e, Sa,e ∈ Rα×n, relating the
estimated quantities to the designated locations.

3.3 Joint input-state estimation (JISE) algorithm

The JISE algorithm is an extension of the KF algorithm, as it jointly estimates both the input(s) and
states from a limited number of sensor measurements [8]. Therefore, Eqs. (12) and (13) are extended to

z̃k+1 = Ãd z̃k + B̃d fk + w̃k (19)

yk = C̃d z̃k + D̃d fk + vk (20)

in which it is assumed that wk and vk are correlated, zero mean and white noise signals. As such, Eqs. (14)
and (15) still hold.
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Algorithm 2: The JISE algorithm.

for k = 0 to k = N −1 do
Input estimation:

(1) R̂k = C̃dPz
k|k−1C̃T

d +R

(2) Mk =
(
D̃T

d R̂−1
k D̃d

)−1
D̃T

d R̂−1
k

(3) f̂k|k = Mk(yk −C̃d ˆ̃zk|k−1)

(4) P f
k|k =

(
D̃T

d R̂−1
k D̃d

)−1

Measurement update:
(5) Kk = Pz

k|k−1C̃T
d R̂−1

k

(6) ˆ̃zk|k = ˆ̃zk|k−1 +Kk
(
yk −C̃d ˆ̃zk|k−1 − D̃d f̂k|k

)

(7) Pz
k|k = Pz

k|k−1 −Kk

(
R̂k − D̃dP f

k|kD̃T
d

)
KT

k

(8) Pz f
k|k =

(
P f z

k|k

)T
=−KkD̃dP f

k|k

Time update:
(9) ˆ̃zk+1|k = Ãd ˆ̃zk|k + B̃d f̂k|k

(10) Nk = ÃdKk
(
I − D̃dMk

)
+ B̃dMk

(11) Pz
k+1|k =

[
Ãd B̃d

][Pz
k|k Pz f

k|k
P f z

k|k P f
k|k

][
ÃT

d
B̃T

d

]
+Q−NkST −SNT

k

end

The JISE algorithm, presented in Algorithm 2 according to [10], is a three-step recursive filter, where
f̂k|k is the estimated input vector, Mk ∈ Rp×s is the gain related to the input estimate and I is the identity
matrix of appropriate size. The algorithm is, just like in the KF, initialized using an initial state vector,
ˆ̃z0|−1, and its associated error covariance matrix, Pz

0|−1, defined in Eq. (16). After initialization, the algo-
rithm recursively estimates the input and state vector. When the estimated state vector, ˆ̃zk|k, is computed,
the response can be estimated at α desired locations by

µk|k = C̃d,e ˆ̃zk|k + D̃d,e f̂k|k, (21)

where C̃d,e ∈ Rα×2m is defined in Eq. (18) and D̃d,e = [Sa,eΦΦT Sp] ∈ Rα×p is the input-output transmis-
sion matrix.

Worth of explicit note regarding Algorithm 2 is that R̂k becomes rank deficient if s > m, while
D̃T

d R̂−1
k D̃d becomes rank deficient if s > m, p > s or p > m. To prevent conditioning issues, the ma-

trices can, as outlined in [11], be truncated using a singular value decomposition (SVD) procedure.

4 EXPERIMENTAL SETUP

The performance of the three virtual sensing methods is examined in an experimental context with a
cantilevered beam, which is installed with nine uniaxial Brüel & Kjær (B&K) type 4507 piezoelectric
accelerometers, see Fig. 1. The beam is treated in two different input settings; the first being an impulse
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Figure 1: (a) Picture of the experimental setup with installed accelerometers on the cantilever beam, (b) illustration of the beam
and its cross-section with dimensions and (c) spatial distribution of the accelerometers (denoted a1–9), the pseudo-random input
acting at a4 and the impulse input applied at a8. All dimensions are in mm.

excitation with a B&K type 8206 impact hammer and the second being a pseudo-random excitation with
a B&K type 4809 shaker. In Fig. 1c, the spatial distribution of the accelerometers is shown along with
the input locations. The accelerations captured from the impulse excitation are low-pass filtered with a
cut-off frequency of 250 Hz to include the first six in-plane bending modes, while the pseudo-random
input acts within a frequency span of [0,100] Hz to include the first four in-plane bending modes.

5 NUMERICAL MODEL

The modal parameters of the first six in-plane bending modes are identified using a deterministic
subspace state-space system identification algorithm [12]. Furthermore, the modulus of elasticity and
mass density are from preliminary non-destructive tests found to be E = 201 GPa and ρ = 7770 kg/m3,

Table 1: Comparison of the identified and model-predicted eigenfrequencies and mode shapes. Furthermore, the identified
modal damping ratios are shown.

Mode ω̄FE [Hz] ω̄ID [Hz] ω̄FE−ω̄ID
ω̄ID

100 [%] ζID [%] MAC [−]

1 2.82 2.82 0.00 1.33 1.00
2 17.58 17.48 0.57 0.38 1.00
3 48.69 48.68 0.02 0.27 1.00
4 96.13 97.17 −1.08 0.33 0.99
5 161.21 161.77 −0.35 0.28 0.99
6 240.13 237.02 1.30 0.30 0.99

6



1521

Mathias W. Pedersen, Emil K. Andersen, Martin D. Ulriksen and Lars Damkilde

respectively. From the identified modal and material parameters, a FE model, discretized using 20 2D
Euler-Bernoulli beams, is established. Subsequently, the FE model is calibrated against the identified
undamped eigenfrequencies and mode shapes, where the percentage-wise eigenfrequency error and the
modal assurance criterion (MAC) [13] are, respectively, minimized and maximized by adding point
masses (from the equipment) and a rotational spring at the kinematic boundary condition. In Table 1, the
identified modal parameters are compared with those of the calibrated FE model. As can be seen, the
identified and numerical mode shapes are almost fully correlated with MAC values ≥ 0.99 for all modes,
while the undamped eigenfrequencies deviate ≤ 1.30%.

6 COMPARATIVE ANALYSIS OF VIRTUAL SENSING METHODS

6.1 Assessment criteria for vibration estimation

To assess and compare the performance of the methods outlined in Section 3, the time response
criterion (TRAC) [14] and the mean absolute error (MAE) are utilized. In this application, the former
expresses the correlation at one DOF, i, between an estimated and a measured output signal, thus

TRACi =

(
∑N

k=1 y(i)k µ(i)k

)2

∑N
k=1 y(i)k y(i)k ∑N

k=1 µ(i)k µ(i)k

∈ [0,1]. (22)

Here, a value of one implies full correlation, while a value of zero corresponds to no correlation. As the
TRAC does not account for magnitude errors in the estimated signal, the MAE is introduced as the mean
average error magnitude between an estimated and a measured signal at one DOF, i. As such,

MAEi =
1
N

N

∑
k=1

|y(i)k −µ(i)k | ∈ [0,∞], (23)

hence implying that MAE = 0 and TRAC = 1 indicate a perfect estimation.

6.2 Sensor configurations

From the nine installed accelerometers, see Fig. 1c, it is chosen to analyze 11 different subset of
sensor configurations for both input types. In Fig. 2, an example of a sensor configuration—consisting
of three accelerometers, namely, a5, a7 and a8—is depicted along with the assumed virtual sensor, a6
(marked with ).

6.3 Impulse excitation

In Table 2, TRAC and MAE values for the 11 sensor configurations are presented for the case of a
virtual sensor deployed instead of a6. The KF and JISE algorithms are initialized using ˆ̃z0|−1 = 0 and
Pz

0|−1 = 0, as the initial state is known exactly. For the presented sensor configurations, the KF yields
TRAC ∈ [0.89,0.99] and MAE ∈ [0.09,0.41] m/s2 and JISE yields TRAC ∈ [0.96,1.00] and MAE ∈
[0.09,0.28] m/s2. The ME scheme yields TRAC ∈ [0.27,1.00] and MAE ∈ [0.08,1.97] m/s2, where

a5 a6 a7 a8

Figure 2: A sensor configuration with physical accelerometers (◦) and a virtual sensor ( ).
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Table 2: TRAC and MAE values for 11 sensor configurations. The beam is illustrated in the top with the chosen virtual sensor
( ) and all the physical accelerometers (◦). The impulse input is applied at a8 and the first six bending modes are utilized in all
configurations.

x

y

a1 a2 a3 a4 a5 a6 a7 a8 a9

Config. Considered
TRAC [−] MAE [m/s2]

no. accelerometers, ai ME KF JISE ME KF JISE

1 1,2,3,4,5,7,8,9 1.00 0.98 0.99 0.08 0.09 0.09
2 1,8,9 0.55 0.89 0.99 1.90 0.24 0.15
3 1,8 0.52 0.96 0.98 1.97 0.29 0.16
4 8,9 0.64 0.91 0.99 1.86 0.18 0.13
5 5,7,8 0.95 0.99 1.00 0.69 0.11 0.08
6 7,8 0.57 0.97 0.98 1.38 0.23 0.15
7 5,8 0.27 0.95 0.98 1.65 0.29 0.16
8 2,4,8 0.82 0.97 0.98 1.81 0.32 0.23
9 2,8 0.81 0.96 0.96 1.83 0.27 0.23

10 4,8 0.80 0.97 0.99 1.88 0.27 0.12
11 8 0.63 0.93 0.97 1.92 0.41 0.28

we note that the inconsistent performance is a consequence of having more modes than sensors in all
configurations expect no. 1.

To examine the performance when estimating at other locations than a6, virtual sensors are now
deployed at the unmeasured locations for sensor configurations no. 5 and 8, see Figs. 3 and 4. It is
observed that the KF and JISE schemes perform well for both configurations compared to ME, which—

(a) (b)

Figure 3: (a) TRAC and (b) MAE values for different virtual sensors using configuration no. 5 from Table 2.

8
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(a) (b)

Figure 4: (a) TRAC and (b) MAE values for different virtual sensors using configuration no. 8 from Table 2.

(a) (b)

Figure 5: (a) TRAC and (b) MAE values for sensor configuration no. 8 from Table 2 using truncated data. Note that the
interval on the second axis has changed from [0,3] to [0,0.25] m/s2 compared to Fig. 4b.

in the underdetermined case where s < m—is particularly sensitive to the placement of virtual sensors
with respect to the specific physical sensor configuration. For instance, when utilizing configuration no.
5 for ME, the virtual sensor at a6 yields TRAC = 0.95 and MAE = 0.69 m/s2, while a virtual sensor at
a9 yields TRAC = 0.02 and MAE = 2.26 m/s2, see Fig. 3. To exemplify the importance of having more
sensors than modes in the ME scheme, some of the measured time histories for configuration no. 8 are
removed such that s ≥ m is fulfilled. Hereby, we obtain the results depicted in Fig. 5, where it is seen that
the performance of ME improves considerably when compared to Fig. 4. It is noted that ME improves
for all configurations when s ≥ m is fulfilled.

6.4 Pseudo-random excitation

In Table 3, TRAC and MAE values for 11 sensor configurations are shown for the case of pseudo-
random input and a virtual sensor deployed instead of a6. The KF and JISE algorithms are initialized with
ˆ̃z0|−1 = 0 and Pz

0|−1 = 0, where JISE yields TRAC ∈ [0.62,0.98] and MAE ∈ [0.40,1.93], while the KF
yields TRAC∈ [0.19,0.87] and MAE∈ [1.15,3.45]. Correspondingly, ME provides TRAC∈ [0.01,1.00]
and MAE ∈ [0.09,3.84].

Configurations no. 7 and 10, which both fulfil s ≥ m, are used to examine the performance when

9
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Table 3: TRAC and MAE values for 11 sensor configurations. The beam is illustrated in the top with the chosen virtual sensor
( ) and all the physical accelerometers (◦). The pseudo-random input is applied at a4 and the first four bending modes are
utilized in all configurations.

x

y

a1 a2 a3 a4 a5 a6 a7 a8 a9

Config. Considered
TRAC [−] MAE [m/s2]

No. accelerometers, ai ME KF JISE ME KF JISE

1 1,2,3,4,5,7,8,9 0.99 0.80 0.98 0.29 1.40 0.44
2 1,4,8 0.07 0.20 0.91 2.98 3.45 0.98
3 1,4 0.02 0.19 0.81 3.48 3.44 1.34
4 1,4,7,8 0.98 0.80 0.97 0.43 1.38 0.57
5 4,5,7 0.99 0.83 0.98 0.39 1.31 0.43
6 4,7 0.73 0.87 0.94 1.59 1.15 0.73
7 4,5,7,8 1.00 0.85 0.98 0.09 1.21 0.40
8 2,4,7 0.98 0.80 0.97 0.65 1.40 0.53
9 2,4 0.01 0.22 0.82 3.61 3.36 1.30

10 1,2,4,7 0.31 0.81 0.81 3.84 1.37 1.44
11 4 0.04 0.32 0.62 3.40 3.01 1.93

virtual sensors are deployed at all unmeasured locations, see Figs. 6 and 7. Here, ME performs better
than the KF and JISE at all locations for sensor configuration no. 7, while ME performs poorly when
using sensor configuration no. 10. The latter is due to poor sensor placement, as a1 and a2 capture
low modal amplitudes. When comparing configuration no. 10 with 4, where a2 is changed with a8,
one observes a considerable improvement in the performance of ME, see Fig. 8. The importance of

(a) (b)

Figure 6: (a) TRAC and (b) MAE values for different virtual sensors using configuration no. 7 from Table 3.
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(a) (b)

Figure 7: (a) TRAC and (b) MAE values for different virtual sensors using configuration no. 10 from Table 3.

(a) (b)

Figure 8: (a) TRAC and (b) MAE values for sensor configuration no. 4 from Table 3. Note that the interval on the second axis
has changed from [0,30] to [0,3] m/s2 compared to Fig. 7b.

well-placed sensors is elaborated by the authors in [15].

7 CONCLUSIONS

In the present paper, experimentally obtained vibration measurements are used to compare the per-
formance of three vibration estimation schemes, namely, ME, KF and JISE. The comparative analysis is
based on a cantilevered beam subjected to an impulse and a pseudo-random input. The findings suggest
that if the number of installed sensors is no less than the number of considered modes, that is, s ≥ m,
ME is the preferable method. If s ≥ m is not fulfilled, JISE is the preferable method, as it generally
outperforms ME and KF and demonstrates the lowest sensitivity to the sensor distribution.
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Abstract. The general outset in vibration analysis is that a sensor distribution is optimal if the utility
of the deployed system is maximized; with system referring to, for example, an identification system
if the sensors are deployed to facilitate modal parameter estimation or a monitoring system if damage
detection is the target. While numerous studies have been presented in the context of system identification
and structural health monitoring, few studies have addressed the sensor placement task for vibration
estimation (also known as virtual sensing). Therefore, the present paper offers an examination of this by
adapting four schemes—developed and widely used for optimal sensor placement in system identification
and structural health monitoring—for placing sensors to estimate unmeasured vibrations from a limited
number of output sensors. More specifically, we test the performance of the effective independence (EI)
method, the driving point residue (DPR) method, a combination of the two (the EI-DPR method), and
the kinetic energy (KE) method in the context of estimating unmeasured vibrations of a structural system
of engineering interest.

1 INTRODUCTION

Within civil and mechanical engineering, it is common practice to use vibration measurements for
structural monitoring and control purposes [1, 2, 3]. The vibrations are captured through an installed
sensor network, which, in most applications, consists of a limited number of sensors due to the associated
costs and the fact that there may be locations inaccessible for instrumentation. As such, virtual sensing
can be utilized to estimate vibration responses at designated locations from response acquired by the
installed sensor network [4, 5].

In [6], an experimental comparison study is conducted to assess the performance of three well-
established virtual sensing methods, namely, modal expansion (ME) [7, 8], Kalman filtering [9] and
a joint input-state estimation (JISE) algorithm [10], which, in addition to estimating the full optimal state
vector, also estimates the unknown input. The findings reported in [6] aid to the general proposition that
the performance of the virtual sensing methods is greatly affected by the number and distribution of sen-
sors. While only a few studies have been put forth for optimal sensor placement for virtual sensing [11],
the topic has been explored extensively in the context of system identification [12, 13, 14] and structural
health monitoring [15, 16, 17]. Within both these application areas, a widely adopted approach is to, a
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priori, select the type and number of sensors to install and then proceed by treating the task as a discrete
optimization problem in which the sensor locations are the variables. What distinguishes each method
is, as such, the cost function that must be minimized/maximized.

In this paper, we offer an examination of the virtual sensing applicability of four well-established
sensor distribution schemes, which, albeit proposed for either system identification or structural health
monitoring, all have cost functions with expected merit in the context of vibration estimation. Specif-
ically, we test (1) the effective independence (EI) method [12], which places sensors to maximize the
linear independence of the mode shapes, (2) the driving point residue (DPR) method [18], which places
sensors to maximize the average modal amplitudes, (3) the EI-DPR method [19], which directly com-
bines the EI and DPR methods, and (4) the kinetic energy (KE) method [20], which places sensors to
maximize the kinetic energy. The methods are tested in a numerical framework with a finite element
(FE) frame structure, where the ME technique and the JISE algorithm are utilized to estimate vibrations
from the sensor networks deployed based on the four distribution schemes.

The paper is organized as follows: in Section 2, we present the prerequisite vibration theory that forms
the basis for the vibration estimation techniques and sensor distribution methods outlined in Sections 3
and 4. Section 5 presents the numerical example in which the performance of the sensor distribution
methods is examined and compared. Lastly, some concluding remarks are given in Section 6.

2 PREREQUISITE THEORY

Assuming the structure of interest is classically damped, can be adequately described with n degrees
of freedom (DOF) and linear, time invariant (LTI) conditions hold, the temporal equation of motion is
given as

Mẍ(t)+Cẋ(t)+Kx(t) = Sp f (t). (1)

Here, K, C, M ∈ Rn×n are the stiffness, damping and mass matrices, x(t), ẋ(t), ẍ(t) ∈ Rn are the nodal
displacements, velocities and accelerations, and f (t) ∈ Rp contains the p external inputs distributed by
Sp ∈ Rn×p. By introducing the modal transformation

x(t)≈ ∑
i∈A

φiqi(t) = Φq(t), (2)

where A denotes a subset holding the indexes of the m ≤ n governing modes and Φ = [φ1 φ2 . . . φm] ∈
Rn×m is the truncated modal matrix containing mass-normalized mode shapes, Eq. (1) is transformed to
modal coordinates as

q̈(t)+C̃q̇(t)+ K̃q(t) = ΦT Sp f (t), (3)

with C̃ being the modal damping matrix and K̃ the spectral matrix.
By defining the modal state vector, z̃(t)T = [q(t)T q̇(t)T ] ∈ R1×2m, and rewriting Eq. (3) into discrete

state-space form, one has
z̃k+1 = Ãd z̃k + B̃d fk, (4)

where z̃k = z̃(k∆t) and fk = f (k∆t) for k ∈ [0,N − 1], with N being the total number of samples and ∆t
the time increment. Accepting a zero-order-hold, the state-transition matrix, Ãd ∈R2m×2m, and the input
matrix, B̃d ∈ R2m×p, are given as

Ãd = exp
([

0 I
−K̃ −C̃

]
∆t
)

(5)

B̃d =
[
Ãd − I

][ 0 I
−K̃ −C̃

]−1[ 0
ΦT Sp

]
. (6)

2
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The s measured outputs are gathered in yk ∈ Rs and defined as

yk = C̃d z̃k + D̃d fk, (7)

where C̃d = [SdΦ−SaΦK̃ SvΦ−SaΦC̃] ∈ Rs×2m is the output matrix, D̃d = [SaΦΦT Sp] ∈ Rs×p is the
input-output transmission matrix and Sd , Sv, Sa ∈ Rs×n relate measured displacements, velocities and
accelerations to the corresponding DOF in the numerical model.

3 VIBRATION ESTIMATION TECHNIQUES

The discrete system output is partitioned into two subsets: the s measured vibration quantities, yk ∈
Rs, and the α vibrations quantities to be estimated, µk ∈ Rα.

3.1 Modal expansion (ME)

Let ηk ∈ Rm be the general notation for a modal kinematic quantity (depending on the nature of yk),
then the modal formulation is rewritten as

[
yk
µk

]
=

[
Φs

Φα

]
ηk (8)

with Φs ∈ Rs×m and Φα ∈ Rα×m being the truncated modal matrices containing the corresponding s and
α DOF, respectively. From the first partition of Eq. (8),

yk = Φsηk, (9)

it is evident that a unique solution can only exist if the number of installed sensors, s, is no less than
the number of considered modes, m. In cases where s < m, the measured output histories, y, should, if
possible, be truncated or low-pass filtered such that at most s modes govern the signals.

The modal kinematics can be computed as

ηk = Φ†
s yk, (10)

where (◦)† denotes the Moore-Penrose pseudo-inverse, which, in this case, minimizes ||yk −Φsηk||2.
When the modal kinematics are obtained, the physical response at the α desired locations can be readily
estimated as

µk = Φαηk. (11)

3.2 Joint input-state estimation (JISE)

The JISE algorithm [10] is a modified Kalman filter [9] where the input(s) and states are recursively
estimated at each time step k from sensor measurements. Eqs. (4) and (7) are extended to

z̃k+1 = Ãd z̃k + B̃d fk + w̃k (12)

yk = C̃d z̃k + D̃d fk + vk, (13)

where wk (and, as such, w̃k) and vk are assumed mutually correlated, zero mean and white signals with
covariance matrices, Q ∈ R2m×2m, R ∈ Rs×s and S ∈ R2m×s, given as

Q = E[wkwT
k ], R = E[vkvT

k ], S = E[wkvT
k ]. (14)

3
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The process noise covariance matrix, Q, indicates how accurate the algorithm considers the model to
be, whereas the measurement noise covariance matrix, R, indicates the confidence put into the measured
data.

The JISE algorithm is presented in Algorithm 1 according to [21], where ˆ(◦) denotes an estimated
quantity, Kk ∈ R2m×s is the Kalman gain, which is calculated such that the state estimate is minimum
variance and unbiased, and Mk ∈Rp×s is the gain related to the input estimate. Algorithm 1 is initialized
using an initial state vector, ˆ̃z0|−1, assumed independent of wk and vk, and its associated error covariance
matrix, Pz

0|−1, defined as

Pz
k|k = E[(z̃k − ˆ̃zk)(z̃k − ˆ̃zk)

T ] ∈ R2m×2m. (15)

When the estimated state vector, ˆ̃zk|k, is computed, the unmeasured response can be estimated by

µk|k = C̃d,e ˆ̃zk|k + D̃d,e f̂k|k, (16)

where C̃d,e = [Sd,eΦ − Sa,eΦK̃ Sv,eΦ − Sa,eΦC̃] ∈ Rα×2m is the redefined output matrix and D̃d,e =
[Sa,eΦΦT Sp] ∈ Rα×p is the redefined input-output transmission matrix, with subscript e referring to es-
timation and the distribution matrices, Sd,e, Sv,e, Sa,e ∈ Rα×n, relating the estimated quantities to the
designated locations.

Algorithm 1: The JISE algorithm.

for k = 0 to k = N −1 do
Input estimation:

(1) R̂k = C̃dPz
k|k−1C̃T

d +R

(2) Mk =
(
D̃T

d R̂−1
k D̃d

)−1
D̃T

d R̂−1
k

(3) f̂k|k = Mk(yk −C̃d ˆ̃zk|k−1)

(4) P f
k|k =

(
D̃T

d R̂−1
k D̃d

)−1

Measurement update:
(5) Kk = Pz

k|k−1C̃T
d R̂−1

k

(6) ˆ̃zk|k = ˆ̃zk|k−1 +Kk
(
yk −C̃d ˆ̃zk|k−1 − D̃d f̂k|k

)

(7) Pz
k|k = Pz

k|k−1 −Kk

(
R̂k − D̃dP f

k|kD̃T
d

)
KT

k

(8) Pz f
k|k =

(
P f z

k|k

)T
=−KkD̃dP f

k|k

Time update:
(9) ˆ̃zk+1|k = Ãd ˆ̃zk|k + B̃d f̂k|k

(10) Nk = ÃdKk
(
I − D̃dMk

)
+ B̃dMk

(11) Pz
k+1|k =

[
Ãd B̃d

][Pz
k|k Pz f

k|k
P f z

k|k P f
k|k

][
ÃT

d
B̃T

d

]
+Q−NkST −SNT

k

end
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Worth of explicit note regarding Algorithm 1 is that R̂k becomes rank deficient if s > m, while
D̃T

d R̂−1
k D̃d becomes rank deficient if s > m, p > s or p > m. To prevent conditioning issues, the ma-

trices can, as outlined in [22], be truncated using a singular value decomposition (SVD) procedure.

4 SENSOR DISTRIBUTION METHODS

In the presentation of the four sensor distribution schemes, we distinguish between candidate sensor
locations, l, and the final sensor locations, s ⊂ l. In this way, the former represents the set of all potential
sensor locations, while the latter is the particular subset selected through the optimization.

4.1 The effective independence (EI) method

The EI method maximizes the linear independence of the considered mode shapes through an iterative
process, where l candidate sensor locations are reduced to s locations. By defining the modal matrix,
ΦB ∈ Rl×m, adding white Gaussian noise, uk ∈ Rl ∼ N (0, Iσ), and rewriting Eq. (2) into discrete form,
one has

xk ≈ ΦBqk +uk. (17)

The optimal estimate of qk, denoted q̂k, is realized when the covariance matrix of the estimate errors,
J = E[(qk − q̂k)(qk − q̂k)

T ] ∈ Rm×m, is minimized. In [12], it is shown that J can be written as

J =

((
∂xk

∂qk

)T

(σ2)−1
(

∂xk

∂qk

))−1

= σ2 (ΦT
BΦB

)−1
= F −1, (18)

where F ∈ Rm×m is the Fisher information matrix (FIM). From Eq. (18), it is, given that uk ∈ Rl ∼
N (0, Iσ), seen how maximizing some suitable norm of the FIM, and, as such, ΦT

BΦB , is tantamount to
minimizing the covariance matrix of the estimate errors.

To determine which candidate sensor location to discard, one starts by solving the eigenvalue problem

(ΦT
BΦB −λI)Ψ = 0, (19)

where Ψ ∈ Rm×m contains the orthogonal eigenvectors and λ ∈ Rm×m the associated eigenvalues. Worth
of explicit note is that λ becomes rank deficient when m > s, which means that the amount of sensors uti-
lized in the EI method can be no less than the number of considered modes. From the eigencharacteristics
of ΦT

BΦB , the EI coefficients at the l DOF are computed as

E = (ΦBΨ)⊗ (ΦBΨ)λ−1J ∈ Rl, (20)

with ⊗ denoting the Hadamard product (that is, term-by-term matrix multiplication) and J ∈Rm a vector
with only ones. The procedure is to iteratively exclude the candidate sensor location associated with
min{E} and subsequently update Eqs. (19) and (20) until l = s.

4.2 The driving point residue (DPR) method

The DPR method selects a sensor distribution that yields the highest average modal amplitudes for
the considered modes; that is, the s DOF with the largest DPR coefficients. The ith DPR coefficient is
defined as

Di =
m

∑
j=1

φ2
i j

ω̄ j
, (21)

5
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where ω̄ j and φi j are the undamped eigenfrequency and the ith eigenvector component of the jth mode.
By multiplying the ith EI coefficient, Ei, with Di for i ∈ [1, l], one can couple the two methods to

the EI-DPR method and iteratively exclude min{EiDi} until l = s. Hence, it is possible to avoid placing
sensors in DOF with low energy content.

4.3 The kinetic energy (KE) method

The KE method provides a measure of the average kinetic energy at the l candidate sensor locations
for all considered modes. By defining

C = ΦB ⊗MBΦB ∈ Rl×m, (22)

where MB ∈ Rl×l is the mass matrix truncated to l DOF, the ith KE coefficient is given as

Ki =
1
m

m

∑
j=1

Ci j, (23)

from which the s highest coefficients are chosen as sensor locations.

5 NUMERICAL EXAMPLE

The sensor distribution methods are tested on the FE frame model depicted in Fig. 1a. The model is
discretized using 75 2D Euler-Bernoulli beam elements, with a uniform cross-section of 10× 10 mm.
The modulus of elasticity, mass density and Poisson’s ratio are set to E = 205 GPa, ρ = 7750 kg/m3 and
ν= 0.3, and classical damping is assumed with damping ratios ζi = 0.02. A pseudo-random input, which
excites the first four bending modes, is applied, and acceleration outputs are captured with a sampling
frequency of 2 kHz for a time duration of 20 s.

5.1 Assessment criteria for evaluating sensor distributions

To assess and compare the performance of the sensor distribution methods, the time response criterion
(TRAC) [23] and the mean absolute error (MAE) are utilized. In this application, the former expresses

|
|

600

|
|

600

|
|

600

|
|

600

|
|

600

| |1000

(a) (b)

Figure 1: (a) FE frame model excited with a pseudo-random input at the top right corner (illustrated with an arrow). All
dimensions are in mm. (b) The first four bending modes of the FE model.
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the correlation between a measured and an estimated output signal, thus

TRACi =

(
∑N

k=1 y(i)k µ(i)k

)2

∑N
k=1 y(i)k y(i)k ∑N

k=1 µ(i)k µ(i)k

∈ [0,1] (24)

for the ith DOF. Here, a value of one implies full correlation, while a value of zero corresponds to
no correlation. As the TRAC does not account for magnitude errors in the estimated signal, the MAE
is introduced as the mean average error magnitude between a measured and an estimated acceleration
signal. As such,

MAEi =
1
N

N

∑
k=1

|y(i)k −µ(i)k | ∈ [0,∞], (25)

hence implying that MAE = 0 and TRAC = 1 indicate a perfect estimation.

5.2 Results of the sensor distribution methods

The sensor networks selected by the sensor distribution methods are exemplified with six sensors
in Fig. 2. As seen, the DPR and KE approaches cluster the sensors at the top floor, while the EI and
EI-DPR approaches select DOF at multiple levels. In Table 1, the TRAC and MAE values provided
by the different sensor distributions from Fig. 2 are presented. Here, JISE yields TRAC ∈ [0.96,1.00]
and MAE ∈ [0.16,1.13] m/s2, while ME yields TRAC ∈ [0.00,1.00] and MAE ∈ [0.17,547] m/s2. As
expected, ME performs best when using the sensor network suggested by the EI approach, as the scheme
maximizes the linear independence between the eigenvectors.

The performance of the sensor distribution methods are assessed for s ∈ [1,30], see Fig. 3. Here, it is
seen that the ME technique is more sensitive towards the number and placement of sensors than the JISE
algorithm. For ME, the sensor networks selected by the EI and EI-DPR approaches yield similar results
when s ≥ 7. By visual inspection of Figs. 3a and 3b, it is further noted that the KE scheme and the DPR
scheme require, respectively, 19 and 27 sensors in the ME technique to achieve similar results as the EI
scheme provides with four sensors. When using the JISE algorithm, it is seen in Figs. 3c and 3d how
the sensor networks suggested by the EI, EI-DPR and KE approaches yield similar results when s ≥ 7,

(a) (b) (c) (d)

Figure 2: Distribution of six sensors when utilizing (a) the EI approach, (b) the DPR approach, (c) the EI-DPR approach
and (d) the KE approach. The deployed virtual sensor is marked as ( ) and the arrows indicate measurement in the horizontal
direction.

7
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Table 1: TRAC and MAE values for ME and JISE when utilizing six sensors distributed using the EI, DPR, EI-DPR and KE
approaches, see Fig. 2.

Estimation
TRAC [−] MAE [m/s2]

method EI DPR EI-DPR KE EI DPR EI-DPR KE

ME 1.00 0.00 0.00 0.00 0.17 547 129 547
JISE 1.00 0.96 1.00 0.96 0.21 1.13 0.16 1.13

while the MAE values are, more or less, equally good for the three methods. The best estimations are, in
general, obtained utilizing the EI approach. It should, however, be recalled that the EI method (and, as
such, the EI-DPR method) can only operate when s ≥ m.

As the results in Fig. 3 are from ideal circumstances—that is, no model errors or measurement noise—
a more realistic analysis setup is established. Here, model errors are introduced by assigning each el-
ement random perturbations such that eigenfrequency deviations up to 3.18 % and modal assurance
criterion values ≥ 0.96 are observed. Furthermore, the outputs are polluted with 5 % white Gaussian
noise. Hereby, the results depicted in Fig. 4 are obtained, where one observes the same tendencies as in

(a) (b)

(c) (d)

Figure 3: TRAC and MAE values for s ∈ [1,30] for (a, b) ME and (c, d) JISE. Note that the second axis in (b) is limited
to 50 % of the maximum acceleration captured at the virtual sensor. The markers are assigned as follows: ( ) EI, (�) DPR,
(�) KE and (∗) EI-DPR.
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(a) (b)

(c) (d)

Figure 4: TRAC and MAE values for s ∈ [1,30] for (a, b) ME and (c, d) JISE. Note that the second axis in (b) is limited
to 50 % of the maximum acceleration captured at the virtual sensor. The markers are assigned as follows: ( ) EI, (�) DPR,
(�) KE and (∗) EI-DPR.

Fig. 3. It is worth of explicit note that, as seen in Figs. 4c and 4d, the performance of the DPR approach
is impaired the most by model errors and noisy outputs.

6 CONCLUSIONS

In the present paper, the performance of different sensor distribution schemes, namely, EI, DPR,
EI-DPR and KE is examined. The comparative analysis is based on a FE frame model subjected to a
pseudo-random input, where accelerations at a designated location are estimated by means of the ME
technique and JISE algorithm. The findings suggest in this particular application that when utilizing
either ME or JISE for virtual sensing, the EI scheme is preferable for sensor placement, as it yields good
results for all distributions when s ≥ m. If utilizing JISE when s < m, the DPR and KE approach yield
the exact same results for this particular application.
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Abstract. In order to localize nonlinear faults in ring type structures, a novel second-order 
output spectrum (SOOS) based method is proposed in this paper. Along the vibration 
transmission paths in complex structures, the ring type structures are found and labeled by the 
sensor chains. The ring type multiple degree-of-freedom (MDOF) model and Volterra series 
are utilized to describe the nonlinear behavior of these ring type structures with nonlinear faults 
and inherent nonlinearity. With harmonic excitation analysis and local tuning approach (LTA), 
the properties of the SOOS of nonlinear ring type structure are derived and analyzed. Based on 
these properties, a novel SOOS based method with a local damage index is proposed for 
nonlinear fault localization. In the numerical study, the results of comparison between previous 
and novel methods demonstrate that the proposed local damage index can provide more correct 
information of fault positions, and hence the novel method can be used for multiple fault 
diagnosis in ring type structure with inherent nonlinearity. 
 

1 INTRODUCTION 
Bolt self-loosening frequently exists in complex structures like offshore platforms and 

bridges since these engineering structures are often subjected to various dynamic loads in their 
service process [1]. Some results in the literature demonstrate that structural failure caused by 
bolt-loosening will affect the smooth operation of structures and even cause some catastrophic 
accidents [2,3]. Therefore, evaluating the integrity of structures is a very important objective to 
minimize the downtime of structures and save maintenance costs. For this purpose, numerous 
fault diagnosis methods have been proposed [4-6]. Compared with others, vibration-based 
approaches provide more theoretical and operational simplicity [4]. The basic principle of this 
indirect method is that faults will change the structural properties (mass, damping and stiffness), 
which in turn will alter the vibration characteristics of the structure. Thus, the changes in 
vibration features can be used to evaluate the durability of structures [6]. Moreover, many 
structures with loose bolts behave in a nonlinear way [1,7]. For example, joint structures with 
loose bolts have nonlinear stiffness and damping [1]. Therefore, vibration-based methods 
utilizing the nonlinearity caused by bolt-loosening faults have been proposed and provide high 
sensitive damage indicators for fault diagnosis in complex structures [8]. 

Nonlinearity-based transmissibility (TF), defined as the ratio of output spectra between two 



1539

Q. K. Li and X. J. Jing. 

 2 

different response points of structures, is more available for the diagnosis of localized nonlinear 
damages since it considers nonlinearity due to faults and depends on structural zeros solely [9]. 
Considering the cubic nonlinear internal forces caused by loosen bolts, the properties of TF of 
multi-degree-of-freedom (MDOF) system were derived and then were applied for a rotorcraft 
fuselage [10]. Based on an efficient nth-order output spectrum estimation (nth-OSE) algorithm 
[11,12], the second order output spectrum (SOOS) was calculated through measured data 
directly, and the more sensitive SOOS based TF was defined to diagnose crack flaw in a beam-
like structure [13], and then was applied to a satellite-like structure with bolt-loosening faults 
and inherent nonlinearity later [14]. The novel SOOS based methods provide higher sensitivity 
for local nonlinear faults in complex structures with inherent nonlinearity, while some problems 
should be further studied such as the MDOF model used to describe the behaviour of complex 
structures. In most previous fault diagnosis methods, the open chain type MDOF model with 
nonlinear connections is used for cantilever beams [15] and suspension systems of vehicle [16]. 
However, this MDOF model may not be suitable for other complex structures like pipelines 
[17] and steel frames [18]. 

To consider this issue, the nonlinear fault localization in ring type structures is studied in 
this paper. The main novelty of this paper is summarized below. (1) a more general ring type 
MDOF model with nonlinear restoring forces is built to describe the nonlinear behaviour of 
ring type structures. (2) Harmonic excitation analysis and local tuning approach (LTA) are 
utilized to derive the properties of the SOOS of nonlinear ring type structures. (3) A novel 
method with a local damage index, which is proposed based on the properties of the SOOS, can 
provide more position information of nonlinear faults in ring type structures even with inherent 
nonlinearity. 

The rest of this paper is organized below. Section 2 introduces some basic theory about the 
model of ring type structures. Section 3 derives the properties of the SOOS of nonlinear ring 
type structure. In Section 4, a novel method based on the properties of the SOOS is proposed 
and is verified by numerical study. Conclusions and discussions are given in Section 5. 

 

2 NONLINEAR MODEL OF RING TYPE STRUCTURES 

2.1 Ring type structures 
The vibration transmission paths in some complex structures such as pipeline and frame 

structures can form a closed loop. Thus, the closed ring type sensor chains should be targeted 
for exploring effective methods for fault localization. 

Ring 1 Ring 2

Ring

Excitation
ExcitationS1

S2 S3

A1A2

A3

A4 A5

A6
A8

A0

A7

A9
A10

S0

 
  (a)                                                           (b) 

Figure 1: Ring type structures: (a) In a pipeline [17]; (b) In a steel frame [18] 
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 3 

Two typical examples of ring type structures are illustrated in Figure 1. When the pipeline 
structure (Figure 1(a)) is excited at A0, the closed vibration transmission paths (A0-A1-A2-A3-
A4-A5-A6-A0 and A0-A6-A5-A7-A8-A9-A10-A0) can be regarded as two ring type structures, 
and can be used to detect and localize damaged bolted joints between pipes. Figure 1(b) shows 
a V-type planar truss which is formed by a series of triangles [18]. The nonlinear faults in beam 
members can be diagnosed through the dynamic output responses along the closed vibration 
transmission path labeled by a triangular sensor chain (S1-S2-S3-S1). 

Overall, some pipeline and frame structures can be decomposed into some ring type 
structures, and the fault diagnosis of them can be performed by utilizing dynamic responses of 
these ring type structures. 

2.2 Nonlinear MDOF model 
According to the analysis above, a more general closed ring type MDOF model with 

nonlinear connections (Figure 2) is considered to describe the structural dynamic response of 
the ring type structure. 

m1 m2 mn-1

x1(t)

mn

x2(t) xn-1(t) xn(t)k1

c1

k2

c2

kn-1

cn-1

kn

cnmi

xi(t)ki

ci

f(t)+nf1(t)

nf2(t) nfn-1(t)

nfn(t)

nfi(t)
kn+1

cn+1

 
Figure 2: Ring type discretized MDOF model 

The differential equation of motion can be written [8], as 

            M x C x K x f nf                                                  (1) 

where  M ,  C  and  K  are mass, damping and stiffness matrices respectively.  x ,  x ,  x , 
 f  and  nf  are vectors of accelerations, velocities, displacements, external excitation forces 
and nonlinear restoring forces respectively. 

To simulate the effects of inherent nonlinearity and nonlinear faults, the nonlinear restoring 
force vector  nf , which is mainly a polynomial function of displacement and velocity 
responses [10], can be expressed, as 
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                                  (2a) 
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   (2b) 

where the term _ _in inf  with nonlinear damping and stiffness parameters ( _ _ ,in i lc  and _ _ ,in i lk ) 
represents the nonlinear restoring force due to inherent nonlinearity , and the other term _i nonnf  
with nonlinear damping and stiffness parameters ( _ _ ,fa i lc  and _ _ ,fa i lk ) represents the nonlinear 
restoring force caused by the thi  and/or the  1 thi   damaged damper-spring connections 
(nonlinear faults). 

2.3 The Volterra model 
The input-output relationship of above nonlinear MDOF structure can be expressed by the 

Volterra series up to order *N  [19-22], as 

       
* *

, , 1
1 1 1

... ,...,
NN N

i i N i N N l l
N N l

x t x t h f t d   
 

 
  

                                     (3) 

where *N  is the maximum order of structure nonlinearity;  f t  is the input;  , 1,...,i N Nh   and 
 ix t  are the thN  order Volterra kernel and output response of the thi  mass respectively. 
Defining the thN  order generalized frequency response function (GFRF) as the multi-

dimensional Fourier transform of the thN  order Volterra kernel gives [23] 

     1 1 ...
, 1 , 1 1,..., ... ,..., ...N Nj

i N N i N N NH j j h e d d       
    

 
                          (4) 

Then, (4) could be rewritten with the inverse Fourier transform of the thN  order GFRF [22], 
as 

   
 

* *

, , 1 11
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1

1 1
2 2

N N
j t

i i N i N NN
N N

N

x t x t d d e d  
 

  

  
 



 
   
 
 

                             (5) 

where          , , 1 1 1 1 1 1 1 1, , ,i N i N N N N NH j j j F j F j F j                     
Therefore, the nonlinear output spectrum of the MDOF structure can be expressed [22], as  

    
 

* *

, 1 11
1 1

1

1
2

N N

i i N N NN
N N

N

X j X j d d   


 

  
 



                                         (6) 

where  ,i NX j  is the thN  order output spectrum of the thi  mass. 
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3 ANALYSIS OF NONLINEAR RING TYPE STRUCTURES 

3.1 Harmonic excitation with single frequency 
If the structure (Figure 1) is excited by 

  1j tf t e                                                                  (7) 

The corresponding output response is 

    1
,1 1 +j t

i ix t Y j e other higher order terms                                  (8) 

Substituting (7) and (8) into (1), and equating the coefficients of 1j te   yields the equation of 
motion of the thi  mass in the frequency domain, as 

           1 ,1 1 1 1,1 1 +1 1 1,1 1 0i i i i i iA j Y j B j Y j B j Y j                                (9) 

where   2
1 1 1 1 1 1i i i i i iA j m j c k j c k            and  1 1i i iB j j c k    

Both sides of (9) divided by  ,1 1iY j  gives 

     
     

 
1,1 1 i 1,1 1

1 1 1 1
,1 1 ,1 1

i
i i i

i i

Y j Y j
A j B j B j

Y j Y j
 

  
 

 
                               (10) 

Define 

   
 

i 1,1 11
i 1, 1

,1 1
i

i

Y j
j

Y j


 



  ;    

 
i 1,1 11

1, 1
,1 1

i i
i

Y j
j

Y j


 



                                   (11) 

Equation (10) can be rewritten, as 

           1 1
i 1, 1 i 1, 1,i i i i iA j B j j B j j                                          (12) 

It is shown that parameters  iB j  and  1iB j  are functions of the linear physical 
properties between mass 1im   and 1im  , and they will remain constant even though there are 
nonlinear faults and inherent nonlinearity in the structure. If an additional equation, which has 
the same form as (12) but different values of  1

1,i i j   and  1
1,i i j  , exists, the left term in (12) 

can be eliminated and thus the ratio of  iB j  to  1iB j  can be calculated to indicate the 
connection state between mass 1im   and 1im   in the structure. 

To find a satisfactory equation, a local tuning approach (LTA), described in Appendix A, 
can be applied. The ring type MDOF structure is excited by excitation (7) again, new equation 
which is similar to (9) can be obtained, as 

           1 ,1 1 1 1,1 1 +1 1 1,1 1 0i i i i i iA j Y j B j Y j B j Y j                           (13) 

where  ,1 1iY j  is the first order output spectra (FOOS) of the thi  mass when the LTA has been 
implemented. 

Define 

   
 

1,1 11
1, 1

,1 1

i
i i

i

Y j
j

Y j


 






 


;    

 
1,1 11

1, 1
,1 1

i
i i

i

Y j
j

Y j


 






 


                                 (14) 
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Equation (13) can be expressed, as 

           1 1
i 1, 1 i 1, 1,i i i i iA j B j j B j j                                         (15) 

It can be seen that (15) and (12) have the same form but different values of  1
1,i i j   and 

 1
1,i i j  . Therefore, the left term in (15) and (12) can be eliminated and one ratio  1,  r

i j   can 
be deduced, as 

     
   

 
 

1 1
1, 1,

1 1
11,

1

1,

,  i i i i i

ii

r
i

i i i

j j B j
B jj j

j
    







 
 

 

 
 





                                      (16) 

The ratio  1,  r
i j   is a function of the physical properties  iB j  and  1iB j .  

3.2 Harmonic excitation with dual frequencies 
Exciting the structure (1) by the following input force. 

  1 2j t j tf t e e                                                                 (17) 

The obtained output response of the thi  mass is 

     1 2
,2 1 2, +j t

i ix t Y j j e other higher order terms                            (18) 

Substituting (17) and (18) into (1) and equating the coefficients of  1 2j te   , the equation of 
motion of the thi  mass can be written, as 

           
 

1 2 ,2 1 2 1 2 1,2 1 2 +1 1 2 1,2 1 2

,2 1 2

, , ,

,

 i i i i i i

i

A j j Y j j B j j Y j j B j j Y j j

NF j j

           

 
     


     (19) 

where      ,2 1 2 _ _ ,2 1 2 _ _ ,2 1 2, , ,i in i fa iNF j j NF j j NF j j        is the second-order nonlinear 
restoring force vector caused by inherent nonlinearity and nonlinear connections (nonlinear 
faults) between mass 1im   and 1im  . 

Assuming that there is only inherent nonlinearity in the benchmark structure (i.e., structure 
is in reference state), (19) can be expressed, as 

           
 

1 2 ,2 1 2 1 2 1,2 1 2 +1 1 2 1,2 1 2

_ _ ,2 1 2

, , ,

,

r r r
i i i i i i

in i

A j j Y j j B j j Y j j B j j Y j j

NF j j

           

 
     


      (20) 

Subtracting (20) from (19), a new equation can be obtained, as 

          
         

1 2 ,2 1 2 1 2 ,2 1 2 ,2 1 2

1 2 1,2 1 2 +1 1 2 1,2 1 2 _ _ ,2 1 2

, , ,

, , ,

 d r r
i i i i i

d r d r
i i i i fa i

A j j Y j j A j j Y j j Y j j

B j j Y j j B j j Y j j NF j j

         

         



 
 

   

    
          (21) 

Both sides of (21) divided by  ,2 1 2,d r
iY j j   gives 

     
     

 
 

 
_ _ ,2 1 21,2 1 2 1,2 1 2

1 2 1 2 +1 1 2
,2 1 2 ,2 1 2 ,2 1 2

,, ,
+

, , ,

d r d r
fa ii i

i i id r d r d r
i i i

NF j jY j j Y j j
A j j B j j B j j

Y j j Y j j Y j j
    

     
     

 
 
        (22) 

Define 
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1,2 1 2 1,2 1 22, 2,
1, 1 2 1, 1 2

,2 1 2 ,2 1 2

_ _ ,2 1 22,
1 2

,2 1 2

, ,
, ; , = ;

, ,

,
,

,

d r d r
i id r d r

i i i id r d r
i i

fa id r
i d r

i

Y j j Y j j
j j j j

Y j j Y j j

NF j j
n j j

Y j j

   
     

   

 
  

 

 
  

  








              (23) 

Equation (22) can be rewritten, as 

              2, 2, 2,
1, +1 1, 1 2+ ,d r d r d r

i i i i i i i iA j B j j B j j n j             
                (24) 

Substituting (12) into (24) gives 

               2, 1 2, 1 2,
1, 1, +1 1, 1,+0 d r d r d r

i i i i i i i i i i iB j j j B j j j n j             
            (25) 

Then, one ratio  2,d r
i j   can be defined, as 

     
   

 
 

 
      

   
      

2, 1 2,
1, 1,

2, 1 2, 1
11, 1, 1 1, 1,

2,

2, 1
1 1,

2,

1,

1,

 
d r d r

i i i i i i
d r d r

ii i i i i i i i i

d r
i

d r
i i i i i

d r
i

r
i

j j B j n j
B jj j B j j j

n j
B

j

j
j

j j

      
        

 
   







 

 
 

 
    






  


  

 



 

            (26) 

The ratio  2,d r
i j   consists of the referenced ratio  1,r

i j   and the second-order nonlinear 
restoring force term  2,d r

in j  . 
 

3.3 Properties of the SOOS 

From (26), the properties of the SOOS among coordinates  1ix t ,  ix t  and  1ix t  are 
summarized as follows. 

Table 1: The properties 

Coordinate 
1 i n   

Without nonlinear faults 
 2, 0d r

in j    
With nonlinear faults 

 2, 0d r
in j    

Relationship    2, 1, d r r
i ij j         2, 1, d r r

i ij j      

The properties in Table 1 reveals that how the nonlinear faults between mass 1im   and 1im   
affect the relationship between  2,  d r

i j   and  1,r
i j   in the nonlinear ring type structure. If 

the area between mass 1im   and 1im   is free from nonlinear faults (nonlinear connections), the 
nonlinear restoring force term  2,d r

in j   in (26) will be zero, and then  2,  d r
i j   equals to 

 1,r
i j  . 
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4 APPLICATION TO NONLINEAR FAULTS DIAGNOSIS 

4.1 A novel method 
According to the properties of the SOOS of the ring type structure with nonlinear faults and 

inherent nonlinearity, a local damage index can be defined as the relative change between 
parameters  1,r

i j   and  2,d r
i j  , as 

     
   

2, 1,

1, , 1
d r r

i id r
i r

i

i
j

D
j

n
j

I j
   


 


 

                                       (27) 

Large value of  d r
iDI j  indicates that there are one or more nonlinear faults between mass 

1im   and 1im  . Moreover, parameters  2,d r
i j   and  1,  r

i j   are just functions of the linear 
parameters  iB j  and  1iB j . This means that  d r

iDI j  is a local fault indicator and can 
provide higher sensitivity for the positions of faults between mass 1im   and 1im  . 

Based on the local damage index, a novel method can be proposed for nonlinear faults 
localization in ring type structures with inherent nonlinearity. The main merits of this method 
are summarized as follows:  

(1) A more general ring type MDOF model with nonlinear connections is used to describe 
the nonlinear behaviour of ring type structures;  

(2) This method considers the effect of nonlinearity caused by faults and inherent material 
or boundary nonlinearity;  

(3) The local damage index is decided only by the linear and nonlinear parameters in 
damaged area. 

4.2 Procedures 
The detailed procedures of this novel method are summarized here. 
Step1: The structure is in reference state 
(1) Choose the area to be investigated in the ring type structure and install sensors ( 1iS  , iS  

and 1iS  );  
(2) Excite the structure with harmonic input at frequency 1  and 2 12   respectively. For 

each frequency, use the nth-OSE algorithm [11,12] to calculate the output spectra   2 12rY j   
and   1 2

rY j  respectively. 
Step 2: The structure is in reference state 
(1) Apply LTA to other parts of structure, which are away from the area between sensors 
1iS   and 1iS  ; 
(2) Excite the structure with harmonic input at frequency 2 12   again. Use the nth-OSE 

algorithm [11,12] to calculate the output spectrum   1 2
rY j ; 

(3) Calculate the referenced ratio  1,
12r

i j   by (16) with   21
rY j and   21

rY j . 
Step 3: The structure is in damaged state 



1546

Q. K. Li and X. J. Jing. 

 9 

(1) Excite the structure with harmonic input at frequency 1 . Use the nth-OSE algorithm 
[11,12] to calculate the output spectrum   2 12dY j  ; 

(2) Calculate the diagnostic ratio  2,
12d r

i j   by (26) with   1 2
rY j and 

        2 1 2 1 2 12 2 2d r d rY j Y j Y j     . 
Step 4: Fault diagnosis 
(1) Calculate the damage index  12d r

iDI j   by (27) with  1,
12r

i j   and  2,
12d r

i j  ; 
(2) Decide where there are nonlinear faults between sensors 1iS   and 1iS   or not. 

4.3 Numerical study 
In this section, numerical case will be studied to verify the validity of proposed SOOS based 

method. As shown in Figure 3, a six DOF ring type structure with two nonlinear faults and 
inherent nonlinearity is considered. Mass m1 is connected to the fixed boundary and is excited 
by harmonic excitation f. LTA will be applied to coordinate six (m6). One fault is between mass 
m1 and m2, and the other one is between mass m5 and m6. 

m1

m2 m3

m4

m5m6

f

Fault Inherent nonlinearity
LTA

 
Figure 3: Schematic diagram of numerical case 

The values of linear and nonlinear parameters used for simulation are shown in Table 2. 

Table 2: Values of parameters 

Parameters i=1 i=2 i=3 i=4 i=5 i=6 i=7 

Linear 
mi 1 1 1 1 1 1/20.5a  

ci (1e2) 0.72 1.08 1.44 1.26 0.864 1.332 1.44 
ki (1e4) 0.864 1.62 3.456 1.386 1.3824 2.9304 3.312 

Inherent 
nonlinearity 

k_in_i,2 
(1e6) 1.296 2.592 3.888 5.184 6.48 7.776 - 

Nonlinear 
faults 

k_fa_i,2 
(1e6) 0 2.592 0 0 0 6.48 0 

a An extra mass is applied to m6 in LTA such that the value of m6 is changed from 1 to 20.5. 

For simplicity, only second-order stiffness nonlinearity in (2) is considered. Linear 
parameters are utilized to represent the structural model properties (mass, damping and 
stiffness). Nonlinear parameters (k_in_i,2) are used to simulate the inherent nonlinearity, and 
nonlinear parameters (k_fa_i,2) represent the nonlinear faults. 
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Following the procedures in section 4.2, data are proceed to calculate the local damage index. 
The results of the novel SOOS based method and previous SOOS transmissibility based method 
are shown below. 

Table 3. The results of previous method [14] 

Previous Method i=1 i=2 i=3 i=4 i=5 i=6 
 1,

, 11 2r
i i j   0.94268 0.66408 0.84635 1.36967 1.44824 0.95147 

 2,
, 11 2d

i i j   0.77047 1.02797 1.06857 1.20290 1.04333 0.94145 
 , 1 12 ad

i iDI j   0.18268 0.54794 0.26256 0.12175 0.27958 0.01052 
a         , 1 1 , 1 1 , 1 1 ,

2,
1

1
1

, 1,2 2 2 2d
i i i i i i i

d r r
iDI j j j j          

Table 4. The results of proposed method 

Proposed Method i=2 i=3 i=4 i=5 
 1,

12r
i j   0.52047 1.99557 1.15006 0.50673 

 2,
12d r

i j   0.64944 1.99557 1.15006 0.44321 
 12d r

iDI j   0.24780 2.28e-14 1.47e-14 0.12534 

From the results in Table 3, it can be seen that the values of damage indexes for all coordinate 
pairs are larger than zero. Relatively large values of  , 1 12d

i iDI j   for ( 1,2,...,5i  ) indicate that 
faults may locate between m1 and m6. Thus, the previous method can only give rough positon 
information of faults, the reason is that this method, proposed based on open chain type MODF 
model, is not applicable for closed ring type structure. For the results of proposed method, the 
values of damage indexes  3 12d rDI j   and  4 12d rDI j   are about zero meaning that there is no 
fault between m2 and m5, and that of damage indexes  2 12d rDI j   and  5 12d rDI j   are larger 
than zero indicate that one fault is located between mass m1 and m2, and the other one fault is 
located between m5 and m6. This diagnostic result is closer to the real situation of case setup. 
Therefore, the validity of proposed SOOS based method is proved by this numerical study. 

 

5 CONCLUSIONS AND DISCUSSIONS 
In this study, a new SOOS based method is proposed for the localization of nonlinear faults 

in a ring type structure. Some conclusions and discussions are outlined below. 
(1) In some complex structures like pipeline and frame structures, closed sensor chains (i.e., 

the ring type structure) along the vibration transmission paths are found, and a more general 
closed ring type MDOF model is used to describe these structures’ dynamic behavior. 

(2) With the harmonic excitation analysis and LTA, the properties of the SOOS of the ring 
type structure with nonlinear faults and inherent nonlinearity are derived to reflect the 
relationship between nonlinear output spectra and nonlinear faults. 

(3) Based on these properties, a novel fault localization method with local damage index is 
proposed to provide more local characteristics of faults in ring type structures. The results of 
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numerical study demonstrate that the novel method can localize the faults more precisely. 
Furthermore, more local and sensitive damage indicator, which can provide more 

information of faults like the severity of faults, should be studied in the future. 
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APPENDIX A. LOCAL TUNING APPROACH 
The main idea of LTA is that the local tuning operation on structure will only change the 

physical properties and/or boundary conditions away from the area between mass 1im   and 1im 

. Then, the values of  1
1,i i j   and  1

1,i i j   in (12) are changed while the linear model 
parameters  1iB j  and  1 1iB j  between mass 1im   and 1im   remain constant. 

m1

x1(t)
k1

c2 ma

xa(t)
ka

ca mi

xi(t)
ki

ci mb

xb(t)
kb

cb

kn

cn

xn(t)

mn

kn

cn

nfn(t)

nfb(t)nfi(t)nfa(t)

f(t)+nf1(t)

1 2 3mex

kex

cex
mex

Fixed pointExtra connectionExtra mass
LTA

and/orand/or  
Figure 4: The local tuning approach 

In practice, this LTA (Figure 4) can be performed by adding extra masse, damper and spring 
connection or fixed boundary condition to mass  1,cm c i . Moreover, to make a significant 
change of  1

1,i i j   and  1
1,i i j  , more than one ways in Figure 4 can be applied to mass cm

and/or more than one masses can be applied the LTA. 
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Abstract. Required improvements of piezoelectric elements actuation and measurement system 
efficiency and robustness are introduced as a critical feature for structural health monitoring 
(SHM) applications. An electronic module (Lamb wave detection system: LWDS) allowing to 
use each piezoelectric element in an array either in emission or reception mode is presented. 
The high commutation rate between these two states, for each transducer separately, is a key 
enhancement for SHM methods. The robustness of the sensor integration is also studied 
considering the patches size and bonding method. Coupled dispersion curve are introduced 
Comparison of FEM simulation and experiments of the piezo-electric coupling are presented. 
This work takes part of the H2020 REMAP project about adaptive aircraft maintenance 
planning. 
 

1 INTRODUCTION 
Ultrasonic waves generated by piezo-electric patches offer a very promising way to perform 
Structural Health Monitoring (SHM) of composite aeronautic structures. Permanently bonded 
sensor arrays are interesting for on-demand interrogation of the structure in order to detect and 
localize damages (pits, disbonds), or to follow damage progression (cracks, delaminations). At 
the opposite of NDT techniques, SHM is independent from the operators. 
Many applications have been reported for space applications [1], aircrafts [2] or civil 
engineering [3]. One can divide the piezoelectric elements applications between passive and 
active methods [4]. In passive methods piezoelectric elements array can be used to monitor 
acoustic emissions [5]. Active methods use signal generation on piezoelectric transducer to 
interact with the structure. Usual piezoelectric elements array are generally used to generate 
Lamb waves in plates [6]. The transmitted Lamb waves are received by another piezoelectric 
element in a pitch-catch mode, or by the same piezoelectric element in pulse-echo mode. The 
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wave generation can be controlled by phased array of various forms and distribution [4], [7]–
[10]. Diverse signal processing methods can be used for damage monitoring with the signal 
measured with piezoelectric elements, such as transfer functions, time of flight analysis with 
cross correlation envelope [4], instantaneous baseline [11], time reversal [12], [13]. This can 
lead to an efficient damage localization mapping of the structure. However the positioning of 
the emitting and receiving piezoelectric elements, or the management of the commutation 
between these two states are of prior importance to ensure the covering of the whole structure 
as well as optimal signal quality. 
Recently, Lamb waves detection techniques have been enhanced by developing a dedicated 
electronic system called Lamb Wave Detection System (LWDS) [8]. This module allows to use 
each piezoelectric element in an array either in emission or reception mode. Each sensor can 
not only be used in the usual pitch-catch method, (i.e. one sensor is emitting and the other 
sensors are receiving the propagated wave information), but also in pulse-echo (i.e. emitting a 
lamb wave and listening to the echo simultaneously on the same patch). This feature can 
drastically improve PZT network efficiency for SHM purposes as one additional information 
source (the signal received back by the exciter) is made available. All transducers can be used 
simultaneously to scan the structure, and directly listen to the structure response. It facilitates 
the use of advanced methods such as instantaneous baseline, beamforming in emission and 
reception, time reversal or other advanced algorithms. 
Moreover the quality of signals is also highly impacted by the robustness of the sensor 
integration [14], [15]. Complex contributions such as the effects of temperature [16], or also 
adhesive nonlinearities [17] have been highlighted. The durability of sensor is also crucial for 
the proper application of SHM algorithms [18]. 
In order to overcome these difficulties and to improve SHM detection techniques, this paper 
presents a combination of an advanced electronic system with a robust piezo wafer integration 
within the host structure.  
First, the electronics detection system is presented in detail. Commutation rates against 
capacitive loads of piezo patches is discussed, as well as Signal to Noise Ratio (SNR) 
improvement. Second, a focus is made on a fine study of coupling efficiency between the 
piezoelectric patches and Lamb wave propagation through so-called tuning curves. This feature 
helps in selecting the correct frequency range for ultrasonic SHM interrogation. These results 
are compared to FEM simulation on ATILA/GiD software. In the last part an experimental 
study is performed and the correlation with theory and simulation is discussed. 

2 LAMB WAVE DETECTION SYSTEM & ELECTRONICS 
 

The LWDS electronics is made for multi-channel Lamb wave excitation and measurement 
of thin structures. 

From the hardware point of view, a channel suited for piezoelectric patches is described on 
Figure 1. This channel is typically composed of three analog functions: 

 A power amplifier to drive the piezoelectric patches in order to emit the acoustic 
waves on the structure.  

 A conditioner to be able to read the acoustic waves incoming on the piezoelectric 
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patches.  
 A commutation function to be able to switch each piezoelectric patch between 

emission and reception modes.  
 

The power amplifiers offer an unloaded wide bandwidth of 2.5 MHz with a current limit of 
0.5 A peak, in order to reach the ultrasonic range and feature a high SNR (more than 70 dB). 
They are specifically designed to drive capacitive loads, since the piezo elements have a 
capacitive behavior.  

 

 
Figure 1 : High frequency commutation with LWDS 

 
The conditioners offer a wide bandwidth to match the amplifier bandwidth and a very high 

SNR to be able to receive acoustic waves of low amplitude. If required, the conditioners can 
feature a variable amplifier gain up to 100, which is particularly interesting for laboratory 
setups. A picture of the LWDS module is presented on Figure 2 with 36 channels. 

 
The switching function, allowing pulse-echo technique, offers the possibility to switch the 

patch between the two modes (emission or reception). This enables to emit a signal with a patch 
and to monitor the echo of the signal on the same patch, maximizing the detection ability for a 
given quantity of patches, cables and boards. It is thus a cost effective solution that reduces the 
complexity of the system. In order to take advantage of this function, the commutation time has 
to be short enough to be able to catch the echo. As an example a burst of 5 cycles at 1 MHz 
lead to a commutation time of 5 µs. The LWDS allows commuting between emission and 
detection within 1 µs. The echo can be caught even if the damage is very close from the patch. 

 
Figure 2 : Up to 36 PZT channels simultaneously emitting or receiving signals with 1 µs selective commutation  

 
An example of emitted, reflected, and transmitted signals is shown on Figure 3. The upper 
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part of the figure shows the pulse signal applied by the emitting patch. The commutation signals 
enables the recording of the same patch for the reflected wave analysis. The center graph is a 
zoom on y-axis to observe reflected waves with around 20% of the emitted wave amplitude. 
The lower graph shows the signals measured by a second patch at the same order of magnitude 
as the echo signal. 

 
Figure 3- Pulse/echo and Pitch/catch signals 

 
In addition to the previous functions, some generation and sampling functions are required 

to send the orders, and to record the received signals for analysis. This could be done with 
regular generators and with oscilloscopes or acquisition platforms. However, SHM applications 
often require specific equipment since multiple channels are required, as well as very high 
refresh rates. In order to reduce the time for acquisition and the complexity of the setup, 
dedicated generation and acquisition platforms are recommended. These platforms feature: 

 Several synchronized input or output channels with refresh rates up to 10 MSps.  
 High resolution to comply with the high SNR requirements of the SHM applications. 
 Arbitrary generator channels so that the user can generate any waveform, to fit with 

his application. 
 Interface with computers and dedicated GUI for loading the signals to be generated 

and recovering the recorded data 
A picture of a full setup is presented on Figure 4. 

The simultaneous excitation of all the piezo array with appropriate phase shifts allows 
beamforming for excitation [10] in excitation mode, as well as retro-propagation beamforming 
for acoustic wave field reconstruction [12] in listening mode. 

The high frequency of commutation allows as correct patch selection to get closer to a defect 
and rapidly converge toward the spatial position of a damage. 
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Figure 4 : Test bench of Lamb wave emission and acquisition with LWDS 

 

3 PIEZO ELECTRIC PATCHES COUPLING MODELLING 
In this part a focus is made on the definition of the piezo patches array, based on coupling 

efficiency, patch size, & material in order to get an efficient, reliable and robust SHM solution.  

3.1 Dispersion curves 
The detection of structural damages using Lamb Waves detection methods require some 

particular attention about the choice and the positioning of the piezo patches, and the frequency 
range to study. The dispersion curves are a useful tool to predict and understand the behavior 
of the sensorized structure and the patches signal output. These curves are based on analytical 
equations of waves propagation in frequency-wave number domain. They are function of the 
material and thickness of the structure. The material is considered as homogeneous and edge 
effects are not taken into account.  

 

 

 

 
a) Dispersion curve b) Diameter coupling efficiency 

Figure 5 : Coupled dispersion curves of Lamb waves for a patch diameter 20 mm. Good coupling shown in 
green, low coupling in red 

S0 

A0 
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In ReMAP application the structure of the plate is defined: material is a multi-layer 
composite made of graphite-epoxy Hexcel IM7/8552 with 1.7mm thick. The computation of 
the equivalent homogeneous properties allows to plot the dispersion curves. Figure 5 shows the 
first symmetric and antisymmetric modes S0 and A0. A first criteria in SHM is to work in a 
frequency range where there is only the firsts mode to simplify the signal output analysis.   

One cleverness of ReMAP approach is to add the information about the coupling between 
the piezo patches and the structure, in order to help in defining an efficient SHM solution.  

Considering the diameter DPZT of the piezo patch and  the wave length of the considered 
mode, the coupled dispersion curve takes into account the facts that:  
 If DPZT = n.  , the patch cannot couple (excite or detect) the considered mode.  
 If DPZT = (2n+1). /2 , the patch maximally couples (excites or detects) the considered mode.    

Because the wave lengths of A0 and S0 modes are different for a given frequency, both 
modes are not equally coupled in general. So the coupled dispersion curve is a tool for choosing 
how to couple S0 or A0 modes by selecting the frequency and exhibits one role of the coupling.  

The coupling aspect also manages the choice of the patch diameter with respect to the 
damage. The last point to study is to compare the size of the damage DDamage with the 
wavelength. A damage will be better detected if its diameter is half of the wavelength, giving 
another design criteria  
 If DDamage = /2 , the damage is optimally detected.    

But this criteria is a more qualitative one than very predictive because of the different kinds 
and shapes of damages that the wave can encounter.   

Besides, the material of the patches is selected to have a high value of 𝑑𝑑31 coefficient. This 
means that the voltage difference applied on the patch electrodes, implies a high in-plane 
deformation to the board, the polarization of the patch being orthogonal. Additionally, a low Q 
factor, a low aging and a thermally stable behavior are requested. 

3.2 Finite element modelling 

3.2.1 Wave propagation on a plate 
A sample of composite plate 200x40mm² is modelled using finite element method. The 

modelling is performed on ATILA/GiD which enables to run transient analysis with 
piezoelectric coupling.  

 

 
Figure 6 - Burst excitation at 100 kHz used in simulation 

The plate is modelled in 3D with tetrahedral elements. It is sensorized with two Ø20mm 
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piezo-patches. A voltage is applied between the two faces of one patch. The voltage signal 
applied to the patch is a burst of a given frequency. The temporal signal is shown on Figure 6. 
The other patch has one electrode at 0V and the other free and is used in order to measure the 
voltage generated by the plate deformation. The plate is clamped at its two edges.  

 

   
Meshing and materials on the plate  Boundary conditions applied to the plate 

Figure 7 – FEM Simulation conditions in ATILA/GiD 

A first modelling is performed with a coarse meshing (element size=4mm). For each 
frequency of the burst signal input, the convergence as a function of the mesh have to be 
carefully studied, particularly at high frequencies (>200 kHz). The meshing, materials and 
boundary conditions can be seen on Figure 7. 

The transient displacement calculated for a burst at 100 kHz is given on Figure 8. The wave 
length is clearly visible and the displacement shape follow a cross repartition. That cross is 
representative of the fact that the material is orthotropic: the wave velocity is not the same in 
all directions.  

 
Figure 8 - Wave propagation in composite plate, 100 kHz 

The same simulation is then performed considering an aluminum plate. In this case the 
distribution of the displacement is square. Close to the piezo patch the distribution is more 
circular like the patch shape. Then the square aspect can be explained by the edge effect.  

Clamp 

Applied voltage 
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Figure 9 - Wave propagation in aluminum plate, 100 kHz 

Using the plate made of composite material, the frequency of the burst is changed from 100 
kHz to 200 kHz. For each signal the maximum displacement in the plate under the piezo patch 
is measured. The amplitude is plot in function of the frequency in Figure 10.  

 
Figure 10 - Amplitude under the patch used in detection mode 

We can see that the maximum of amplitude varies with the frequency of the signal. The 
amplitude is higher at 200 kHz than at 100 kHz which can be related to the coupling effect.  

3.2.2 Damage detection  
The finite element modelling is then performed using an aluminum plate with a local damage. 
The choice is made to represent the damage as a forced zero displacement in the damage zone. 
The goal of this computation is to study the wave propagation in the case which the wave 
encountered a damage. The material and boundary conditions are the same as previously 
described, we just changed the damage condition.  

 
Figure 11 – Displacement clamping to simulate a damage 

Damage 
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A MATLAB program is written to enable the comparison between two result distributions. 
Particularly, it’s used to plot the displacement distribution difference between a perfect 
structure with homogeneous material and the structure with the damage. The displacement 
distribution into the two healthy and damaged structures, and the distribution difference, are 
shown on Figure 12. 

 
Figure 12 - Localization of the damage using Lamb Waves 

The difference on displacement distribution clearly allows to establish the position of the 
damage. By varying the frequency on the signal we could study the quality of the detection, and 
compare these results with the dispersion curves and study the coupling. The transducer array 
could compute the difference in time with the emitting sensor synchronization. The fast 
commutation of the LWDS in this configuration is relevant for scanning the full structure 
quickly while keeping one additional measurement for virtual back-propagation. 

4 EXPERIMENTAL VERIFICATIONS  
In this part the LWDS electronics is used to compare coupling efficiency between pitch-catch 
mode and pulse-echo mode. Two samples are tested, equipped with two patches.  

4.1 Gluing process 
In the modelling we consider a perfect interface between the patches and the plate. In reality, 
the piezo patches are fixed on the plate by gluing. To ensure a good coupling between the 
patches and the plate another important point is the glue choice. In the frame of needs about 
reliability, the glue have to respect several criteria: 

- Low thickness 
- High shear modulus 
- High thermal  range 
- High chemical  resistance 
Easy gluing process (cure at ambient temperature in aim at equipping large 

structures)According to these criteria, an epoxy glue have been chosen for the application. Then 
an accurate gluing process have been written to control the glue thickness and make the gluing 
as reproducible as possible. An overview of the gluing is available on Figure 13. 
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Figure 13- Overview of the patches gluing 

4.2 Frequency tuning curve  
In this section the comparison of the pulse echo and pitch catch modes are presented while 
varying the frequency of the burst excitation. 
The Figure 14 shows two examples at 150 kHz and 250 kHz. One can notice a qualitative 
significate decrease in received signal amplitude. 

  
Good coupling at 150 kHz Low coupling at 250 kHz 

Figure 14- Comparison of different frequency for time signals 

The amplitude ratio between excitation burst and reflected wave (coupling efficiency, in %) is 
compared between echo mode and catch mode in Figure 15. This picture shows relevant 
correlation between both transducers. It can be also correlated with coupled dispersion curves. 
The frequency 150 kHz shows a high coupling coefficient for the tested aluminum plate. 

 
Figure 15- Comparison of pulse/echo and pitch/catch coupling coefficient 
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4.3 Toward robustness of SHM 
In this section, four configuration are compared using two board samples and switching the 
emitting patch, and accordingly the pulse-echo mode and pitch catch mode. Figure 16 shows 
the results for the 2x2 configurations.  
One can notice that the permutation of emitting and receiving patch in pitch catch mode shows 
very close results. For the pulse-echo mode, each transducer has its own coupling, but the trends 
are comparable for the 4 sensors. The variations between two different plates may be due to 
various factors such as gluing or piezo ceramics. These variations should be managed by 
software processing, for example by calibrations. The most important will be the time stability 
in order to clearly see any damage birth and growth.   
So the future works should consider aging versus temperature cycles and time.  

 
Figure 16- Reproducibility testing on patch coupling with two plates with two patches. Pulse/echo is 

represented by continuous lines, Pitch/catch by dotted lines 

5 CONCLUSION 
The baseline for the study of the robustness of SHM system has been detailed. The concept 

of coupled dispersion curves is introduced; Analytical, FEM simulation and experiments have 
been presented through examples to recall the notion of tuning and coupling in SHM systems. 
Different structural material have been tested including composites in the simulation campaign, 
illustrating the analytical results with spatial propagation analysis.  

Experimental results showed good correlation with the well-known tuning curves. Apparent 
coupling coefficient is exposed for pulse-echo mode and pitch catch mode. The pulse echo 
mode shows an interesting behavior compared to pitch catch, showing that the commutation of 
sensor is relevant as an additional information to enhance the performance of SHM algorithm. 
The configuration discrepancy is analyzed on the coupling coefficient.  

The synchronous difference of signals between a plain plate and a damaged plate has been 
illustrated through a 3D example and displacement mapping. Pulse-echo method can be 
relevant for increasing the efficiency of instantaneous baseline algorithm, or to decrease the 
number of patches to cover a whole structure. 

As presented in the literature review there are many other algorithms such as time reversal 
and beamforming that are being develop to map structures and identify damages. The use of 
pulse echo method and the proper handling of transducer integration is likely to be key in future 
improvements. 
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Abstract. Engineering structures are prone to damage when being under operation and under 
the process of ageing. Damage usually occurs locally such as in notches and/or material in-
homogeneities and may then spread gradually around from those. A way on how to under-
stand and model the phenomenon of damage is to transfer the material behaviour in the dam-
age critical area onto a smooth specimen used for materials testing. This of course also re-
quires the material behaviour itself to be understood, such as it is described in terms of fatigue 
behaviour as the material’s related S-N curve. A way on how to get such a curve in a most 
efficient way has been proposed with the SteBLife approach, where a single close to un-
notched specimen is divided into five sections with different gauge length diameters and 
through this each of the sections represents a source of the material’s information being relat-
ed to fatigue at different stress levels. This information is retrieved on the basis of parameters 
conventionally known from non-destructive testing (NDT) being related to temperature and 
magnetics at present, monitored with the respective sensors. This information, which can be 
even more sensitive than plastic strain being often used as a damage parameter for elastic-
plastic materials, can be recorded along the life cycle of a material’s fatigue test or even a 
component. Furthermore this information can virtually even be broken down to a pixel level 
with respect to the structure to be monitored, where histograms can be generated for each of 
the pixels. This may allow an ageing process of a material as well as the scattering of material 
properties to be described, all being an additional important information to reliably predict the 
residual life of a component in the end. Such a way of smart monitoring easily generates a 
large amount of data that has to be managed accordingly, using adequate data management 
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procedures. As a result techniques and technologies developed in the wider context of NDT 
including acoustics can be arranged in a ‘toolbox’ in a way that they can be combined to 
structural health monitoring (SHM) systems for smart monitoring in the longer term. The way 
on how to determine a material’s fatigue data on the basis of NDT-based parameters to con-
figure an SHM-system on a possibly non-conventional but systematic way is indicated. 

1 INTRODUCTION 

SHM has now been around for at least a quarter of a century if not even more. It has been 
considered as the integration of sensors and possibly also actuators into structures to monitor 
changes in the structures’ condition using advanced signal processing. Much of the ideas and 
concepts for SHM have been explored and summarised in books (i.e. [1]). A vision has been 
around during that whole period, that a structure should become like a human body, moni-
tored by billions of renewable sensors and controlled by a central ‘brain’, hence a computer or 
something similar. However, this more turns out to be an illusion since sensing in engineering 
is completely different to nature, as can be easily proven, not saying that bio-inspiration 
would not trigger new ideas in engineering. If SHM is ever to come into true application, then 
more pragmatic approaches need to be taken than the illusion described before.  

 
A prerequisite for SHM is that a change in a structure’s condition has to be tolerated. This 

is provided through the damage tolerance design (DTD) principle where damage is allowed to 
exist in a structure as long as it does not become critical. This principle has now been applied 
for more than 70 years within aeronautics with success for designing structures becoming 
lighter weight. Recently civil engineering has also discovered the DTD principle, however, 
mainly in view of extending a structure’s operational life without compromising safety.  

 
Damage in structures does principally not accumulate to become critical anywhere on a 

structure but rather at locations being specifically exposed to extreme loading, would the 
damage either be of a mechanical or corrosive nature. In the case of mechanical loading and 
its resulting impact, fatigue is possibly the most representative phenomenon currently repre-
sented in terms of crack propagation. Initiation and progression of fatigue cracking from a 
phenomenological point of view is a stochastic process. It is therefore difficult to predict 
when it occurs rather than where, because the latter is mainly driven by local stresses and 
strains distributed in an irregularly shaped structure, which can be determined numerically. 
Together with a damage accumulation rule, which in the case of the linearized Palmgren-
Miner rule is rather incorrect, at least the damage critical locations can be determined. An 
additional numerical assessment has then to be made in which the allowable critical damage 
has to be configured in terms of shape and size. This preliminary work becomes the onset 
from where SHM starts and how an SHM system may have to be designed. 

 
However, before getting an SHM system realised the material being considered needs to be 

understood. In the case of fatigue this can become rather laborious because S-N curves have 
to be generated, which traditionally require 15 fatigue experiments or even more. This is spe-
cifically true in the case of ageing infrastructure, where material conditions may have changed 
when compared to their pristine state and a structure’s residual life assessment may be ex-
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posed to large uncertainties. To come around this problem so called Short Term Evaluation 
Procedures (STEP) [2], which in the ideal case require a single fatigue test to be performed 
only, can be of significant help. Another important aspect is the detection of the incubation of 
damage. Classical DTD is based on crack propagation only. Combined with an acoustics 
wave approach monitoring in the sense of SHM has become rather popular. However, the 
crack propagation life of a structure may be short when compared to the structure’s pre-crack 
and crack initiation life and as such other parameters would have to hold in excess to the plas-
tic strain being considered traditionally. Such alternative parameters can be found through 
techniques applied in NDT where electromagnetism and thermography are two techniques 
described in excess to the acoustic techniques used traditionally. 

 
Finally, it needs to be mentioned that with the significant cost reduction and miniaturisa-

tion of sensors today the importance of the number of sensors used can become rather mar-
ginal. However, large amounts of data are to be easily generated when the number of sensors 
increases, of which the signals then need to be processed. Different of the emerging signal 
processing and visualisation tools may therefore be of invaluable help.  

 
This article will first address STEP as a means to generate an S-N curve for fatigue life 

evaluation including the application of thermography and magnetics as NDT techniques from 
which micro-mechanic phenomena such as damage initiation and propagation patterns can be 
retrieved. Elements of those techniques can then be implemented into a ‘toolbox’ allowing 
appropriate SHM systems to be generated in the longer term. 

2 SHORT TIME EVALUATION PROCEDURES (STEP) 
Traditional testing of materials is based on the principle that a single result is retrieved 

from a single experiment. This makes it rather laborious in the case of a material’s fatigue and 
the evaluation of S-N curves being required to assess a structure’s residual fatigue life in the 
end. STEPs have therefore been around since a decade or slightly more as a means of en-
hanced determination of S-N curves reducing the effort to get those curves determined easily 
by a factor of 10 or more. The first approach considered was PhyBaL (physically based fa-
tigue life calculation) [3], for which the logic is shown in Fig. 1 and which requires a load 
increase test (LIT) and two traditional constant amplitude tests (CAT) to be performed. The 
LIT starts at a load level usually below the so called fatigue limit (up to 2 x 106 cycles), where 
a decent number of fatigue cycles, often around 9000, is applied such that the material stabi-
lizes cyclically, before the loading is then moved to a next higher level and the procedure of 
fatigue cycling is repeated again. This procedure is applied up to fracture of the specimen and 
generates the relationship between the controlling parameter (here the load) and a possible 
fatigue damage relevant but non-controlled parameter called the material response such as 
plastic strain as shown in the upper left of Fig. 1. This relationship between the controlled 
(stress) and the uncontrolled (material response) parameter obtained from the LIT is related to 
conventional CATs where one experiment is now performed close to the fatigue limit and 
another around the loading level where the LIT failed respectively. It is assumed that the well 
known Morrow equation 

�� � ��� � ���           (1)   
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can be applied, where �� represents the stress applied and M the plastic strain measured re-
spectively while ���  and ���  represent a coefficient and an exponent respectively. From the 
exponent ���  the fatigue strength exponent bM  

�� � ����
����� ��

        (2) 

is determined, describing the slope of the S-N curve in accordance to the Basquin equation 

�� � ��� � ���
��        (3) 

where �� represents the number of cycles to failure and ��� the fatigue strength coefficient 
describing the S-N curve respectively. With this an S-N curve of the material considered is 
determined on the basis of simply three experiments. 

 
Figure 1: STEP for the evaluation of S-N curves 

It is important to know that the above parameter M is by far not limited to plastic strain on-
ly but can be rather extended to any parameter describing a material’s fatigue behaviour. Such 
parameters can be derived from NDT such as acoustics, temperature or electromagnetics driv-
en parameters, to just name a few. 

In the recently developed STEP StebLife [4] the evaluation of an S-N curve has been re-
duced to a single fatigue test only. This is achieved through a newly designed fairly smooth
specimen, which is symmetric with regard to its minimum cross-section and consists of five 
sections of three different diameters Ø1, Ø2 and Ø3 respectively as can be seen from Fig. 2. 
Each of the sections represents a materials volume onto which a different stress depending on 
the diameter applies. As can be seen from Fig. 2 no LIT is now required and the material re-
sponse is determined from a single CAT only. This CAT delivers the material response at the 
give loading including the fatigue life for the middle section with the minimum diameter only. 
The sections above and below the middle section only provide the material response up to the 
fatigue life of the middle section. However, the material response information retrieved from 
the sections other than the middle section can be well used for further evaluations in case the 
material response can be considered mainly stabilized which is true for most cases. Principal-
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ly five data points are therefore made available that allow the loading versus material re-
sponse relationship to be described in accordance to Eq. (1). The remaining procedure on how 
to determine the S-N curve is then identical to what has been explained before with regard to 
PhyBaL. Running more than one of those fatigue tests and this possibly at different load lev-
els with respect to the fatigue life of the specimen immediately enhances the breadth of data 
sampling leading to the possibility to generate S-N data including their scatter bands pos-
sessing a remarkable level of confidence.  

 
Figure 2: SteBLife as a STEP for the evaluation of S-N curves based on a single experiment 

3 TEMPERATURE AS A MEANS FOR FATIGUE DAMAGE ASSESSMENT 

As mentioned before the material response parameter M can be also chosen from an NDT 
technique where M should be sensitive to fatigue. In [4] results have been reported where 
thermographic data have been recorded in each of the sections of a SteBLife specimen using a 
commercial Micro-Epsilon type thermoIMAGER TIM 450 infrared camera. For temperature 
measurements, seven measurement fields with a size of 5 × 5 pixels were defined along the 
specimen within the infrared camera software, one in each gauge length (T1, T2o/u, T3o/u, o: 
upper, u: lower), and two at each shaft (T4o/u). The changes in temperature ΔT in the different 
specimen sections were calculated in accordance to Eq. (4) to Eq. (6): 

ΔT1 = T1 – 0.5 × (T4o + T4u) (4) 

ΔT2o/u = T2o/u – T4o/u  (5) 

ΔT3o/u = T3o/u – T4o/u    (6) 

The diameter of the shafts is bigger than the diameters of the gauge lengths such that T4o/u
can be considered as the elastic portion of the change in temperature as well as the environ-
ment. It is therefore subtracted from T1, T2o/u, T3o/u, which leads to the changes in temperature 
(ΔT1, ΔT2o/u, ΔT3o/u). ΔT1, ΔT2o/u, ΔT3o/u are proportional to the plastic strain amplitude εa,p and 
are dedicated to the plastic deformations in the different gauge length sections. This tempera-
ture compensation allowed the elimination of external temperature effects to be maximised, 
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allowing thermal effects originating from the fatigue damaging process to be made available 
only. Fig. 3 shows the data recorded in terms of temperature based cyclic deformation curves 
and the material’s response versus loading applied for a SAE 1045 (German designation 
C45E) medium carbon steel described in terms of Eq. (1). The resulting S-N curve added by 
the results of another four of those SteBLife fatigue tests can be seen in Fig. 4 which shows 
that even a statistical process having been applied to the five input values has allowed scatter 
bands to be described appropriately as can be seen from the different independent CAT results 
shown in Fig. 4. Those results as well as many others published can be considered as a proof 
that STEPs have become a most efficient means to assess a material’s fatigue properties at a 
fraction of effort, time and cost making it ideal for the assessment of ageing infrastructure. 

 

 
Figure 3: Temperature based cyclic deformation curves recorded from a constant amplitude loaded SteBLife 

specimen (left) and determined resulting Morrow function (right) for normalized SAE 1045 

 

 
Figure 4: S-N curve and scatter band evaluated from five SteBLife experiments and compared to conventional 

determinded S-N data for normalized SAE 1045  

4 VISUALIZATION AND ANALYSIS OF RECORDED THERMOGRAPHIC DATA 
Data can be recorded today with an increasing ease. This applies to most of the NDT tech-
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niques applied would those be based on an acoustical/vibro-mechanical or electromagnet-
ic/electro-mechanical basis. This easily leads to an interesting application in terms of digitized 
monitoring and visualization possibly followed by big data handling, advanced signal pro-
cessing and deep learning. Many of the NDT techniques have been digitized the one way or 
the other would this be with digital radiography, phased array acoustics, laser vibrometry, 
laser speckle photometry or digital thermography, to just name a few. Such techniques allow 
data to be taken on a near to continuous basis and this over larger areas leading to histograms 
to be generated at virtually every location observed. Hence developments over the lifetime of 
a material and component can be visualized on a dynamic basis. Such a trend may lead to a 
material and component to be fully ‘pixelized’ and ‘digitized’ in the end. 

 
A fatigue loaded SteBLife specimen as described under Fig. 2 made from SAE 4140QT 

and run at a loading frequency of 5 Hz has been fully recorded with a digital thermography 
camera, where Fig. 5 shows five stages along the fatigue life of the CAT performed. The dis-
plays show the topography of inertly generated accumulated energy appearing on the speci-
men’s surface. In the early phase within the fatigue process up to around 1000 s a fairly ho-
mogeneous and flat distribution is to be seen showing that fatigue accumulation has been ra-
ther constant up to that stage. At 1663 s or 67 % of the specimen’s fatigue life the rather ho-
mogeneous distribution of the accumulated thermal energy has been abandoned and some 
maxima have emerged indicating internal heat ‘generators’ resulting from some weakest links 
within the material not having appeared as cracks as such. It is then where it becomes clearly 
apparent where the final fracture is expected to occur and that the ‘heat generators’ identified 
earlier are indeed precursors of cracks to be initiated. A deeper look into these topographies 
and their development may be a source for further damage accumulation retrieval. 

5 VISUALIZATION AND ANALYSIS OF OTHER RECORDED NDT DATA 
What has been briefly performed and shown for thermography based data before can be 

principally also performed with electromagnetic measurements. However, here the digital 
image has been generated on measurements having been taken on a point to point basis alt-
hough matrix sensors are gradually getting available in the meantime providing an additional 
option in this field. Principally scanning with a single sensor is possible as long as the sensor 
can be repeatedly positioned at the same position in a 3D space. With such an approach inter-
esting first observations have been made such as the transformation to stress induced marten-
site and a relationship of magnetic measurement to plastic strain, which is shown for the ex-
ample of a metastable austenitic steel AISI 347 in Fig. 6 and 7 respectively. In the case of 
martensite transformation a specifically designed magnetic force sensor (patent application 
pending) has been used in combination with a scanning device to scan the surface of a speci-
men having been fatigue loaded. This procedure could be done on a repetitive basis either by 
installing the sensor at the location of interest or scanning the specimen (i.e. component) at 
defined intervals. The information retrieved could be clearly localized and stored allowing 
some advanced signal processing to be performed in a next step. Fig. 6 shows a scanned im-
age where locations of martensite generation, partially generated through hardness indenta-
tions, can be well recognized and this at a fairly high resolution [5].  
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Figure 5: Topography of accumulated heat generation recorded along a constant amplitude fatigue test on a 

SteBLife specimen made of medium alloyed SAE 4140 QT 

 
Figure 6: Distribution of stress induced martensite obtained through a scanning procedure for a metastable 

austenitic steel AISI 347 
Magnetic sensors do also have the potential to identify other fatigue damage inducing phe-

nomena such as plasticity as can be seen from the results shown in Fig. 7 below also for the 
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AISI 347 mentioned before [6]. Here a specimen has been magnetized and the normal and 
tangential magnetic field has been recorded with a Hall element based sensor in a test at am-
bient temperature. Although automation of this way of monitoring has still not been shown, 
the technique has all the potential to be done so in the longer term. This does also include the 
option in placing the sensing option in line with a strategy being based on continuous moni-
toring in the sense of SHM. 

 

    
Figure 7: Experimental setup with magnetic sensor applied (left) and change in magnetic field obtained du-

ring a strain increase fatigue test (right) for a metastable austenitic steel AISI 347 
 
One of the possibly most advanced techniques in NDT is ultrasonics, where sensing, signal 

and data processing as well as visualization is widely discussed when looking at the phased 
array developments including ray tracing and full matrix capture development. As can be 
schematically seen from Fig. 8 a phased array transducer with 16 elements is sending acoustic 
signals into a squared solid body of an either isotropic or even anisotropic material, which has 
been sectioned into individual elements (i.e. pixels), that can be considered as discrete data 
stocks of those elements. These elements can be considered as the elements of a 2D or even  

 
 

Figure 8: Ultrasonic phased array monitoring using ray tracing, SAFT and FMC for optimized monitoring 
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3D matrix of a structure. From each of the time domain signals recorded an allocation is made 
to each of those elements applying a ray tracing algorithm that identifies the relevant infor-
mation then to be stored for each of those elements. The fact that specific features in the sig-
nal dominate allows an adaptation of the signals in terms of velocity, phase and even anisot-
ropy to be made which has been known under the name of Synthetic Aperture Focusing 
Technique (SAFT) [7], Full Matrix Capture (FMC) [8] and Sampling Phased Array (SPA) 
[9]. The frame of such segmentations does allow NDT data to be managed and an ‘adaptive 
digital twin’ of the structure considered to be established that in the context of SHM could 
serve as an extension to improve an SHM system’s efficiency.  

6 SMARTER SHM THROUGH NDT INHERITANCE 

SHM has to be seen as an element within the frame of an engineering structure’s opera-
tional life. It is part of a process chain starting from the structure’s design expressed in terms 
of loads, geometry and material and is further broken down into strength, durability, integrity 
and inspection. Such a process has been drawn and discussed in further detail [10] and is 
shown in Fig. 9 below. 

 
Figure 9: Design process chain for structural integrity assessment leading to SHM system generation 

Structural integrity is directly associated with the expression of DTD which allows damage 
to be present in a structure as long as it does not become critical. DTD is a prerequisite for 
SHM. As such, a tolerable damage has to be defined, which needs to be detected by the SHM 
system reliably. To get this achieved, numerical simulation can be of invaluable help since it 
can allow locations to be identified where the tolerable damage would be monitored best. 
Much of the developments made in NDT are worth to be considered in the context of SHM. 
Acoustics has been the NDT technique most elaborated on in this regard over the past. To get 
those developments somehow placed in a logic order a trial has been made, which has been 
described in more detail in [11]. This trial is based on the fact that SHM requires simulation, 
data handling and a resulting hardware respectively. Fig. 10 shows how this can be configured 
in view of the design process chain shown in Fig. 9. Such a configuration has to be considered 
as a type of ‘toolbox’ for which a part of the scheme of the box is shown in Fig. 10 but the 
tools still need to be filled in. Filling such a toolbox is not a task to be done ‘overnight’ but 
rather a process to be continuously done and possibly never ending. However, it may provide 
some clarification and some new ideas with respect to SHM in view of a certain NDT inher-
itance. What is therefore tried is to fill the toolbox with some tools from the acoustics field 
point of view where more can be found in [11]. 

Fig. 11 shows the toolbox in terms of acoustics filled with some of the ‘tools’ made availa-
ble. The scheme shown in Fig. 10 is now added by a fourth column, which makes reference to 
the various acoustics based NDT techniques available and serving as an input. All of those 
techniques may contain options with regard to simulation, data handling and hardware, which 
are worth to be broken up into the toolbox since they may be valuable tools in terms of gener-
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ating new SHM solutions beyond the scope of what has been developed so far. This procedure 
of breaking up tools into the toolbox becomes specifically interesting when it comes to tech-
niques other than acoustics and which have been considered less in the context of SHM. Elec-
tromagnetics looks to be one in that regard.  

 

Figure 10: Upper level of a toolbox to configure SHM systems 

 
Figure 11: Acoustics based SHM systems design toolbox 

7 CONCLUSIONS 

SHM is a system’s approach serving a structure’s lighter weight design or longer opera-
tional life or possibly both of them. The longer operational life aspect requires a holistic view 
of a structure to be obtained including the design, operational and maintenance principles be-
ing applied. In many of those cases the SHM system’s solution has to be specific and with this 
various input parameters have to be provided. This concerns the structural material’s fatigue 
properties after ageing, which may have significantly changed and therefore may have to be 
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reassessed. Here STEPs are of an invaluable help since they allow a material’s appropriate 
fatigue data to be determined at a reasonable effort. Along this assessment process damage 
relevant parameters can be recorded with sensing and possibly actuation options being beyond 
traditional strain measurement. Understanding the signal patterns of those sensors in view of 
structural damage can help to understand the measurement technique to be applied and as 
such build the basis to develop an SHM system being based on the respective technique and 
its parameters. This may not be an easy task as has been trying to be shown with regard to 
thermographic measurements, where influences not originating from the damaging phenome-
non have to be eliminated. This may require an understanding of such phenomena that can be 
obtained through numerical simulation and may be further understood when imaging a meas-
urement result. Such a process easily leads to a digital model of the structure considered if not 
to say to a ‘digital twin’ to be established already. This demonstrates the necessity of numeri-
cal simulation when efficiently designing an SHM system being an indispensable help to de-
sign an appropriate sensor network that reliably detects a damage considered to be tolerable. 
Getting the various NDT techniques being around broken down into a ‘toolbox’ can further 
serve to widen the scope of SHM and to make SHM further smart. 
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Abstract. An iterative algorithm for refinement of elastic constant of composite laminates is 
offered. It comprises solution of the inverse problems in accordance with the data received from 
the fiber Bragg grating (FBG) sensors embedded into composite structure to ensure a match 
with a given precision of numerical and experimental results for strain values at the control 
points. The adjusted values of the constants allow to deliver more accurate simulation results
using numerical models of mechanical behavior of the structures.

1 INTRODUCTION
The idea of creating materials that together with the basic functions allow to collect 

information about their condition is very relevant for polymeric composite laminates. The 
application fields of these materials are developing so rapidly that the current state of numerical 
and experimental methods for assessing their performance, strength and durability does not 
always meet the desired requirements. Therefore, it is important to enhance traditional methods 
for analysis of the mechanical state of composite laminates with new reliable approaches based 
on non-destructive solutions. One of the self-diagnostics concepts that can be implemented with 
regard to laminated composite structures involves optical fiber strain sensors [1–3]. The 
capabilities of such sensors to measure the mechanical state of the surrounding area are derived 
by using fiber Bragg gratings (FBGs), which provide periodic change in the refractive index of 
the core of an optical fiber subjected to external influence [4–6]. The operation principle of 
these sensors is based on a comparison of the wavelength of the light transmitted to and 
reflected from the Bragg grating.

There are many works devoted to the measurement of strains in composite materials with 
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the help of embedded or attached optical fiber sensors, with broad description of technical and 
methodological issues [6–12]. Embedded into composite laminates, optical fiber sensors have 
a wide range of advantages in comparison with the other structural health monitoring 
instruments. In particular, they are able to withstand strains comparable with strains of 
composite structures; are immune to electrical interference; are being integrated during the 
manufacturing process of the materials and allow to monitor the composite structure during 
both manufacturing and exploitation.

One of the specifics of composites is that, due to influence of manufacturing parameters,
mechanical properties of the structure may not correspond exactly to the properties of the 
reference samples, even if they made of the same material. Increasing difference between final 
properties implemented in the structure and properties of testing samples sometimes makes it 
difficult to find correspondence between experimental and modelled behavior of composite 
structures.

This work is aimed at creating methods for evaluation of the mechanical state and prediction 
of mechanical properties of laminated composite structures using mathematical models which 
parameters are underpinned by the real-time monitoring data from the optical fiber strain 
sensors with Bragg gratings, integrated into the structures.

2 DEFINITION OF THE OPTIMIZATION PROBLEM
The principle of the proposed method is based on the comparison of the data of FBG sensors,

placed in the predetermined control points in the composite structure, with the data of numerical 
finite element modelling of the same structure. The values of strains obtained from the sensors
depend on the relative value of the resonance wave of the spectrum reflected by the Bragg 
grating, changes in the temperature of the optical fiber at location of the grating, strain and 
temperature coefficients. In the process of deformation of the sample, dependence of relative 
value of the resonance wavelength of the reflected spectrum of the optical fiber in the FBG 
location on the applied load is recorded at the control points. At the constant temperature, it is 
connected with strain tensor components ijε of the Bragg grating as follows [13]:

( )
2 2

11 12 22 12 111
2 2
n nk p p pλ λ ε ε

 
= ∆ = − + + − 

 
, (1)

where n is refractive index of the optical fiber, 11p and 12p are the Pokkels coefficients of the 
strain-optical tensor.

Similar data, in terms of strain values later converted into the k coefficient, as in (1), is
extracted from the simulation results. By the difference between the experimentally measured
values λ λ∆ and calculated values of k at the control points, a functional is constructed, which 
should be minimized:
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where ( )i
FBG
ik F is relative value of the resonance wavelength of the reflected spectrum, 

obtained at the sample load iF , ( ),FEM
i ijk σp is computed with the same applied load iF values 

of the coefficient k .
The optimization parameters are the elastic effective constants of the composite ply. Under 

plane stress conditions, only the values of 1 2 122 1, , ,E E Gν and 13G are required to define an 
orthotropic material. Let’s presume that the optical fiber is directed along the axis 1. The
relations between strains and stress in the ply can be written in the following form:

( )
1

11 12 22
11

1

,FEM
ij E E

σ ν σε σ = −p (3)

( ) 1 22

1 2

12 1
22 ,FEM

ij E E
ν σ σε σ = − +p (4)

The regression function takes the form of Eq. (1) and is written using the constitutive relation 
for orthotropic media under conditions of plane stress state:

( ) ( ) 12 11 11 12 22

2 1

2 2
22

11 12 12
1 1

1
2 2

, i
FEM

j
n nk

E
p

E
p

E E
p ν σ σ σ ν σσ

    
= − + + −    

 
− +

 
−


p . (5)

The stress values ijσ depend on the applied sample load. Thus, the task is to find such values 
of the constants vector 1 122( , , )E E ν=p , that will minimize the functional (2) and bring the 

results of the calculation ( ),FEM
i ijk σp into conformity with the experimentally monitored 

values at a given load.
In the case of several control points, the multi-objective optimization problem is transformed 

into a single equation problem using the weighting coefficients iw . Then the error estimation 
function is written as a sum:

1
jj

j

N

G w M
=

=∑ 

, (6)

where N is the number of control points, jM is the functional (2) for the control point 𝑗𝑗𝑗𝑗, the 
weighting factors jw



are chosen based on the parameters and initial conditions of the specific 
problems (for example, they can be related to the location of control points and closure of the 
critical zones).

The Levenberg-Marquardt (L-M) algorithm is used for the optimization, which presumes
successive approximation of the given initial values of the parameters to the sought local 
optimum [14,15]. The initial value of the parameters vector 1 122( , , )E E ν=p corresponds to 
known or initially proposed values of the elastic constants of the ply. It is important, that if the 
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properties are unknown, zero initial vector of parameters can also lead to correct results with 
larger number of optimization steps required.

According to the Levenberg-Marquardt algorithm, the following formula is used to estimate 
the increment of the parameters vector Δp :

( ) ( ) ( )( )1
Δ  diag ,T T T FBG FEM

i i i ijJ J J J J k F kλ σ
−

 = + − p p , (7)

where parameter λ controls approximation speed, J is a Jacobian of ( ),FEM
ijk σp represented 

as a function of the current parameters values:

( )( ) ( )( )

( )( ) ( )( )

1 11

1

1

1

3

3

...

... ...

.

,

,
..

,

,

FEM FEM
ij ij

FEM FEM
ij n in j nn

k F k F
p p

J

k F k F
p p

σ σ

σ σ

 ∂ ∂
 

∂ ∂ 
 =  
 ∂ ∂
 

∂ ∂  

p p

p p

(8)

Thus, as a result of the optimization problem solution, an optimal set of elastic constants
can be found.

3 EXAMPLE OF IMPLEMENTATION
A test problem was considered in which optical fiber sensors were embedded in a 

composite sample with cutouts on the sides. The sample consisted of 14 0-oriented plies of 
fiberglass. The FBG sensors were placed in 4 control points on one optical fiber which was 
embedded between the 7th and 8th layer along axis 1 (coaxially with the direction of the applied 
load).

Figure 1: The numerical result of the calculation of the strain field 11ε and the location of control points (large 
red dots)

The calculated strain values 11ε obtained with (i) the finite-element model employing
initial ply constants, (ii) FBG strain sensors and (iii) the finite-element model using optimized 
ply constants are presented in Fig. 2 for all control points located along axis 1. In the given 
example, using the proposed optimization algorithm, it was possible to achieve almost complete 
correspondence between the calculated and experimentally determined strain values. The

1 2 3 4 
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comparison of the values of the initial and optimized elastic constants for the lamina ply is 
presented in Table 1.

The Fig. 3 demonstrates the change in the values of the constants during implementation
of the Levenberg-Marquardt optimization algorithm.

Figure 2: Comparison of strain values 11ε obtained using the model with initial constants (♦), FBG sensors (■) and model 
with optimized constants (■) depending on the distance from the center of the sample along its length

Figure 3: The values of the constants depending on a step of the optimization algorithm
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Table 1: Initial and optimized properties of a fiberglass ply

Young modulus
1E , GPa

Young modulus
2E , GPa

Poisson's ratio 12ν

Initial value 26,0 8,0 0,15

Adjusted value 22,05 10,81 0,137

The proposed method can be generalized for materials with higher anisotropy of properties
or generalized strain-stress conditions. In such a case, it is necessary to experimentally measure
several components of the strain tensor at the control points. To achieve this, the arrangement 
of optical fibers in the form of rosettes can be introduced, allowing to obtain measurements in 
different directions [16–18].

It should be noted that within the framework of this methodology, the measurements from
FBG sensors should be considered reliable with the necessary precision. Since this area of 
research is actively developing at the moment, it is undoubtedly that recent advances will 
contribute to the development of FBG sensors as reliable tool for independent non-destructive 
monitoring of the state of composite structures.

4 CONCLUSIONS
- The method of assessment of the elastic constants of composite laminates is proposed 

based on the comparison of experimental measurements from the optical fiber sensors 
with Bragg gratings with the numerical results of finite element modelling.

- Numerical part of the proposed scheme is connected with finite element modelling of 
composite structures under quasi-static loading conditions. Experimental part is based 
on real-time measurement of strain values at the predetermined control points using 
FBG sensors.

- The regression function was constructed using constitutive relations for orthotropic 
media under conditions of plane stress state.

- The Levenberg-Marquardt algorithm is used for optimization of the effective elastic 
constants’ values and their consequent application for validation of numerical 
modelling results.

- The proposed technique allows to estimate the elastic constants even if their initial
values are unknown.

- Implementation of the proposed scheme is demonstrated on the test example.
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Abstract. This paper presents the results of theoretical and experimental investigations of Lamb wave
propagation and scattering by a horizontal delamination in a layered elastic waveguide induced by a
piezoelectric wafer active sensor (PWAS). The boundary integral equation method is used to simulate
wave propagation and diffraction by a delamination. It is coupled with the frequency domain spectral
element method, which is employed to model the dynamic behaviour of the PWAS considering pos-
sible debonding of the contact between the transducer and the multilayered waveguide. Experimental
investigations of the debonded PWAS dynamic interaction with the layered plate, containing a horizon-
tal delamination, conducted for several damage scenarios, are used to verify the obtained mathematical
model. A good agreement between experimental and theoretical results is demonstrated. The devel-
oped mathematical model is employed to analyse alteration of the piezo-induced Lamb waves including
modes’ decomposition due to degradation of the contact conditions. The conversion and/or conservation
of the Lamb waves due to delamination is investigated.

1 INTRODUCTION

Structural health monitoring (SHM) methods are of increasing importance since they enable the user
to inspect the structure in an automated way in order to perform condition-based maintenance and pre-
vent failure of the investigated system. A considerable amount of SHM techniques rely on elastic guided
waves (GWs) as a physical principle for structural inspection [1]. Frequently, they employ a distributed
network of surface-mounted piezoelectric wafer active sensors (PWAS) for GW excitation and detection.
Since GWs are altered by all kinds of structural damages, the corresponding PWAS-recorded signals

1



1583

Alisa N. Shpak, Mikhail V. Golub, Artem Eremin, Inka Mueller, Jens Kathol, Claus-Peter Fritzen

after certain postprocessing are used for the estimation of the defect presence and might allow its lo-
calization and extent evaluation. To enhance these capabilities of SHM systems, preliminary numerical
analysis of the corresponding wave phenomena is essential. Here, along with the investigation of single
pure GW mode interaction with various defect types, studies of multimode PWAS-induced signal scat-
tering are also important. Moreover, the PWAS itself might become a source of imperfections during
the structure life-cycle, i.e., its cracking or partial debonding could have a non-negligible effect on the
performance of the SHM system [2]. The latter should be also properly addressed in simulations. Thus,
a reliable mathematical model simulating piezo-induced Lamb waves propagating and scattering from
the delamination as well as PWAS’ dynamic interaction with the structure is to be developed.

A combination of the boundary integral equation method (BIEM) and the frequency domain spectral
element method (FDSEM), addressed as hybrid approach, is presented in the paper. The semi-analytical
BIEM is an efficient tool for simulation of wave propagation in an elongated structure with an internal
delamination [3, 4]. Moreover, this method allows investigating single pure Lamb wave mode propaga-
tion and scattering by the delamination and quantifying its conversion into other modes. The frequency
domain spectral element method [5] is employed to discretize the complex-shaped PWAS in order to
simulate its dynamic behaviour considering possible degradation of the contact between the transducer
and the waveguide. These two methods are coupled in the contact area between the PWAS and the host
structure on the basis of the continuity of the corresponding stresses and displacements. The proposed
hybrid approach allows for a detailed parametric analysis of wave phenomena in an elongated structure
due to partially debonded PWAS and in the presence of delamination.

2 STATEMENT OF THE PROBLEM

Let us consider an elastic layered structure with Lame constants µ, λ and mass density ρ occupying the
domain Ω1 = {|x1|< ∞,−H ≤ x2 ≤ 0} with the surface bonded PWAS Ωa = {0 ≤ x1 ≤ wa,0 ≤ x2 ≤ ha}
where ha stands for the PWAS height and wa denotes its width. The lower boundary of the PWAS is
composed of the contact area Sc and the debonded area Sd . The horizontal delamination occupies the
domain Ωc = {|x1 − xc| ≤ lc,x2 =−dc}, see Figure ??.

O

H A1

2A

x
1

x
2

PWAS
delamination

�
a

�
l

w
a

x
c

l
c

h
a

debonded area  Sd
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�

c

d
c

Figure 1: Statement for the mathematical problem

Governing equations defining time-harmonic vibrations of the PWAS Ωa with angular frequency ω
in the two-dimensional case (consider plane strain assumption) are written as follows:

Ci jkluk,l j + eki jϕ,k j +ρω2ui = 0, (1)

eikluk,li − εikϕ,ki = 0. (2)

Here ui are the components of the displacement vector, ϕϕϕ is electric potential; uk,l denotes differentiation
∂uk

∂xl
, while Ci jkl , eki j and εi j are matrices of the elastic constants, piezoelectric constants and dielectric

constants measured with zero strain respectively (i, j,k, l = 1,2).

2



1584

Alisa N. Shpak, Mikhail V. Golub, Artem Eremin, Inka Mueller, Jens Kathol, Claus-Peter Fritzen

The electric potential p(t) with the voltage V =V0 is applied on the lower (S+) surface of the PWAS:

ϕ(xxx, t) = p(t)V0, (((x) ∈ S−, (3)

while the upper (S−) surface of the PWAS is grounded (ϕ(xxx, t) = 0, (((x) ∈ S+) and the side boundaries of
the PWAS are considered free of charge.

All boundaries of the piezoelectric structure Ωa are stress-free except for the contact area Sc:

σi jη j = 0, xxx ∈ ∂Ωa \Sc, (4)

here σi j – are components of the stress tensor and ηηη is the normal vector.
The continuity of the stresses and displacements are assumed at the contact area Sc:

τττa = τττ1, (5)

uuua = uuu1. (6)

Components of the stress tensor hereinafter are expressed in terms of the traction vector τττ = {σ12,σ22}.
Delamination boundaries are assumed being stress-free:

τττ = 0, xxx ∈ Ωc. (7)

3 HYBRID APPROACH

Application of the hybrid approach scheme is explained in detail in [9] for the case of the PWAS
attached to a layered structure without delamination. The proposed method suggests solution of the
problem in the frequency domain first and employment of the inverse Laplace transform to obtain a time
domain solution afterwards. According to the FDSEM [6] the solution in the PWAS yyy = {u1,u2,ϕ} can
be approximated using Lagrange interpolation polynomials CI(x1,x2) at Gauss-Legendre-Lobatto points
for each spectral element via a special index I:

yyy = ∑
I

yICI(x1,x2). (8)

In order to couple the PWAS with the waveguide at the contact area Sc, the unknown traction vector
qqq(x1) is introduced so that:

qqq = τττa = τττ1, xxx ∈ Sc. (9)

The crack opening displacements (COD) www(x1) for the delamination Ωc are expanded via Chebyshev
polynomials of the second kind with square root weight pn(x1), see more details in [3]:

wwwk(x1) =
N

∑
n=0

γγγkn pn(x1). (10)

The total wavefield in the elastic structure Ω1 is obtained as sum of the wavefields excited by the
PWAS uuuin and wavefileds scattered by the crack uuusc:

uuu1 = uuu(in) +uuu(sc). (11)

According to the BIEM [7, 8] displacements vector can be expressed as:

uuu(in)(xxx) =
1

2π

∫

Γ

K(α,x2)QQQ(α)e−iαx1dα. (12)

3
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Here K(α,x2) is the Fourier transform of Green’s matrix of the waveguide, QQQ(α) is the Fourier transform
of the surface load function qqq(x1) with respect to x1 coordinate, while Γ is the contour in the complex
plane of the variable α along real axis surrounding poles of the integrand. Similar, the traction vector
is expressed as:

τττ(in)(xxx) =
1

2π

∫

Γ

T(α,x2)QQQ(α)e−iαx1dα. (13)

Here T is matrix obtained after differential stress operator has been applied to representation (12).
The scattered displacements vector is obtained in the same way:

uuu(sc)(xxx) =
1

2π

∫

Γ

K(c)(α,x2)WWW (α)e−iαx1dα, (14)

where K(c)(α,x2) is the Fourier transform of Green’s matrix and WWW (α) is the Fourier transform of the
unknown crack opening displacement www(x1) for delamination Ωc. Similar integral representations can be
written for the traction vector:

τττ(sc)(xxx) =
1

2π

∫

Γ

T(c)(α,x2)WWW (α)e−iαx1dα, (15)

again, T(c) is the matrix obtained after differential stress operator has been applied to representation (14).
The traction vector (9) is interpolated with the first order splines based on the nodal points χJ at the

contact area Sc. Employing the special index J, qqq(x1) is expanded as follows

qqq(x1) = ∑
J

qqqJsJ(x1), (16)

where sJ(x1) are the combinations of the first order splines.
Thus, a system of the linear algebraic equations with respect to the vector of unknowns

ggg = {yI
1,y

I
2,y

I
3,q

J
1,q

J
2,γ1l,γ2l}

can be written as follows 


Ai j Bik 0
Cl j Dlk Flk
0 Glk Hlk


 ·




yyy
qqq
γγγ


=




VVV
000
000


 . (17)

Matrices Ai j and Bik are composed in accordance with the FDSEM, see more details in [9]. In order
to satisfy boundary conditions (6) taking into account (11), the equations (12), (14) are substituted to
(11) and afterwards the collocation method is applied to the solution at the nodal points. Thus matrices
Cl j, Dlk, Flk are obtained:

CJ′I;n j = δJ′Iδn j, (18)

DJ′J;lk =− 1
2π

∫

Γ

Klk(α,0)SJ(α)e−iαχ
J′ dα, , (19)

FJ′n;lk =− 1
2π

∫

Γ

K(c)
lk (α,0)Pn(α)e−iαχ

J′ dα. (20)

4
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Substitution of the representations (13), (15) to boundary conditions (7) and Bubnov-Galerkin scheme
application results in the following expressions for the matrices Glk, Hlk:

Gn′J;lk =− 1
2π

∫

Γ

T (0)
lk (α,−dc)SJ(α)P∗

n (α
∗)dα, (21)

Hn′n;lk =− 1
2π

∫

Γ

T (c)
lk (α,−dc)Pn(α)P∗

n′(α
∗)dα. (22)

The inverse Laplace transform is applied to the obtained time-harmonic solution uuu(xxx,ω) in order to
calculate the time dependent solution.

The hybrid mathematical model can be used to investigate the elastic wave energy transfer from the
PWAS into the waveguide and the amount of the wave energy carried by each Lamb wave. The appli-
cation of the Cauchys residue theorem and Jordan lemma allows to substitute integral representations
(11)–(15) by sums of residues in the poles, which corresponds to propagating and attenuating Lamb
waves [3]. Such analysis is based on the time-averaged power density vector eee(xxx) or Umov-Poynting
vector:

e j =
ω
2

Im(σ1 ju∗1 +σ2 ju∗2) . (23)

The presence of the delamination in the waveguide results in a partial reflection of the GWs and,
therefore, it is convenient to calculate transmission and reflection coefficients, which is also possible
within the developed model. The wave energy distribution coefficients η±

m (m corresponds to Lamb
wave) are introduced via the integration of the horizontal component e1 of the time-averaged power
density vector along a certain cross-section of the waveguide in a far-field zone. The energy distribution
coefficients η±

m = E±
m /E0 are the ratios between the wave energy E±

m carried by m-th Lamb wave in
directions x1 →±∞ and the wave energy transmitted by a PWAS:

E0 =
1

2π

∫

Γ

K(α,0)QQQ(α)QQQ∗(α∗)dα

or by a certain incoming Lamb wave

E0 =

0∫

−H

e(in)1 (x1,x2)dx2.

4 EXPERIMENT

Experimental investigations of the debonded PWAS dynamic interaction with the layered plate, con-
taining a horizontal delamination, have been conducted for several damage scenarios. The scheme of
the experiment specimen is shown in figure 2. Two rectangular piezoelectric transducers with sizes
10 mm×30 mm×1 mm have been glued one after another to the surface of the two-layered aluminum
plate of dimensions 600 mm×100 mm with the thicknesses of the layers 1 mm and 2 mm. The interface
horizontal delamination with the length lc = 10 mm and center in xc = 155 mm is located between the
layers at the depth dc = 1 mm. The Lame constants λ = 51.1 GPa, µ = 26.3 GPa and mass density
ρ = 2640 kg/m3 are used in mathematical model for aluminum and the material of the PWAS is PIC 155
PI Ceramics production. Four different damage scenarios have been investigated, see Table 1. Within

5
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Figure 2: Design of the specimen

Table 1: Damage scenarios

Damage scenario Transducer Contact area Sc PWAS x1 coordinate
1 PWAS 1 [0,10] [0,10]
2 PWAS 1 [3,7] [0,10]
3 PWAS 2 [0,10] [145,155]
4 PWAS 2 [0,5] [145,155]

each damage scenario, only one transducer has been glued to the plate with the contact area Sc and par-
ticular distance to the crack. In that way, experimental results were obtained firstly for different bonding
conditions and secondly for different mutual location between the PWAS and the delamination.

As input voltage signal p(t) with the amplitude V0 = 40 V is applied to the PWAS, Lamb waves are
excited in the plate. The signal p(t) has been used the same as was introduced in formula 53 in [9]. The
velocities of the out-of-plane motion u̇2 have been measured at both sides of the plate x2 = 0, x2 = −H
with a 1D Laser Doppler vibrometer from OptoMET using a compact optical head with an infrared
measurement laser of 1550 nm wavelength. In order to perform a comparison with the 2D mathematical
model measurements have been taken along the line x2 = 0, see Figure 2.

4.1 Verification of the model

In order to verify the developed mathematical model a comparison with the experimental signals and
a standard FEM model has been performed. Comsol Multiphysics software has been used to calculate
velocities of the piezo-induced motion at the surface of the plate with the standard finite element method.
For the Comsol calculation 7921 (figures 3a, 3b) or 9176 (figures 3c, 3d) quadrilateral elements with
quartic Lagrange interpolation polynomials have been used.

The results of the comparison for the damage scenario No 3 are shown in the figures 3a and 3b. The
left plot presents velocities of the motion calculated and measured in the point x1 = 125 mm which is
located 20 mm from PWAS 2 on the left. The same data is shown in the right plot, but for the point
x1 = 175 mm, which is also located 20 mm from the PWAS 2 but on the right – where the delamination
takes place (see Figure 2). All three methods provide similar results, though amplitudes of the calculated
signals are slightly higher than the experimental data in the point x1 = 175 mm. Additionally, it is

6
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Figure 3: Velocities of the motion on the surface of the plate u2(125,0,0, t) (a,c) and u2(175,0,0, t) (b,d) measured
and calculated with the central frequency f = 120 kHz for the perfectly bonded Sc = [0,10] (a,b) and partly
debonded Sc = [0,5] (c,d) PWAS

observed that the amplitudes of the signal propagating over the delamination are slightly higher than the
amplitudes of the signal propagating in the opposite of the delamination direction. The detailed analysis
of transmission and reflection characteristics is provided in the section 4.2.

Figures 3c and 3d present results of the comparison at the same points measured and calculated with
the partly debonded PWAS (damage scenario No 4). Again, agreement between the calculated and mea-
sured signals is very good. It is evident that in case of debonding, amplitudes of the signal propagating in
the direction opposite to the delamination (figure 3c) are 2.8 times higher than the amplitudes measured
at the point after the delamination (figure 3d). The proposed mathematical model predicts this effect
accurately. Moreover, comparing figures 3b and 3d one can observe additional wave package, which is
excited due to debonding.

4.2 Experimental investigation and analysis

The susceptance spectrum of the PWAS being the imaginary part of the admittance can be used to
estimate PWAS structural health, including bonding conditions between the transducer and the waveg-
uide [2]. It has been shown [2, 10] that the electro-mechanical impedance (EMI) spectrum is dependent
on the contact conditions and various defects of the transducer. Electrical and mechanical parameters
influence the EMI spectrum and therefore any structural alteration of the PWAS due to defect leads to an
EMI spectrum change. The measurements of the EMI spectrum have been performed for four damage

7
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scenarios with a Cypher C60 using 1024 points over a frequency range of 1kHz to 1MHz.
Figure 4 presents the measured susceptance spectrum for four PWAS conditions in dependence on

frequency. The measured spectrum includes four eigenfrequencies leading to maxima in the suscpetance
spectrum in the following frequency ranges: 100kHz–260kHz; 410kHz–520kHz; 650kHz–780kHz and
910kHz–990kHz. Outside these frequency ranges susceptance spectrum does not depend neither on
contact conditions nor on delamination existence and location. Two phenomena, which are explained
in [2, 10] are visible here. The debonding leads to an elevated resonance phenomenon, as visible for
the blue dotted line corresponding to the most debonded PWAS (Sc = [3,7], wa = 10mm). Moreover
there is a shift of the resonance to lower frequencies for the first resonance, which is highly influenced
by the bonding conditions. To analyse the influence of the delamination it is proper to compare the
yellow and red lines corresponding to the perfectly glued transducers, while the first one is far from the
delamination (150 mm distanced) and the second one is located directly above the delamination. The
difference in peaks is observed in the second and fourth frequency ranges, which leads to a conclusion
that a delamination might influence susceptance spectrum as well. Though, more repetitions of similar
experiments are needed to make a statistically proved resume.
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Figure 4: Susceptance spectrum

5 WAVE PHENOMENA ANALYSIS

The developed mathematical model allows to simulate distribution of the piezo-induced energy and
quantify the conserved and/or conversed energy due to delamination. Figure 5 presents the dependance
of the energy E0 on the excitation frequency for 4 damage scenarios and for the pristine PWAS glued to
the waveguide with no delamination. It is visible, that the blue dotted and yellow solid lines oscillate,
while the green dashed, red solid and brown solid lines are smooth. The reason for this effect lies in the
method used to obtain E0 – in the harmonic solution, the mutual influence between the delamination and
the PWAS has no time dependence. And as long as the distance between the PWAS and delamination
is rather big (145mm), the harmonic wavefields from both domains superimpose and the resulting E0

plot oscillate. It is worthy to note, that E0 excited in the waveguide with no delamination by the healthy
PWAS (brown solid line) coincides with the same data, but with the delamination presence (yellow solid
line). Thus, it can be concluded that the delamination has minor influence on the PWAS-excited energy
if it is located in the far field.

8
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Figure 5: Wave energy E0 excited by the PWAS in the plate with delamination dc = 1 mm, lc = 5 mm and
xc = 155 mm

It is observed that all maxima of the excited energy are located inside the same frequency diapasons
determined during susceptance analysis. Moreover, all the peaks at the susceptance plot are in coinci-
dence with peaks in the E0 plot. For example the green dashed line indicating fourth damage scenario
has two peaks at the susceptance plot ( f B

1 = 429kHz and f B
2 = 489kHz) and two similar peaks at the

E0 plot ( f E0

1 = 464kHz, f E0

2 = 502kHz). The yellow solid line indicating the first damage scenario has
no visible maximum in the third frequency range 650kHz–780kHz at the susceptance plot and there is
also no maxima at the E0 plot in the same diapason. Such close correlation between the susceptance
and elastic waves energy is due to both physical quantities are highly dependent on the eigen frequencies
of the PWAS attached to waveguide. Nevertheless, there are additional maxima at the E0 plot, in the
additional frequency diapason 570kHz–585kHz, which have no counterpart at the susceptance plot. The
nature of those peaks lies in the eigen characteristics of the coupled waveguide and PWAS.

A detailed analysis of the different modes of piezo-induced Lamb waves propagating in the waveguide
with delamination has been performed. Figure 6 illustrates the modes’ distribution over the excitation
frequency for perfectly bonded (a) and debonded (b) PWAS located directly above the delamination
(damage scenarios 3 and 4). Here parameter η±

M indicates the share of the M mode in E±, which is
part of the PWAS-excited energy E0 propagating in directions x1 → ±∞. It is observed that at lower
frequencies (up to 250kHz) partial debonding results in increasing of the reflected energy. Thus, at
frequency f = 120 kHz with the perfectly glued PWAS 44% of the energy is distributed to the right
(33% A+

0 , 11% S+0 ) and 56% of the energy is distributed to the left (20% A−
0 , 36% S−0 ). At the same

time, with the half debonded PWAS only 26% of the energy is distributed to the right (2% A+
0 , 24% S+0 )

and 74% of the energy is distributed to the left (25% A−
0 , 49% S−0 ). The same results are visible in the

figure 3 – amplitudes of the velocities measured to the right and to the left from the PWAS are almost the
same for the healthy PWAS (figures 3a and 3b) and differ in 2.8 times for the debonded PWAS (figures
3c and 3d).

In order to distinguish modes excited by the PWAS from converted modes due to delamination, the
investigation of the modes’ excitation in the waveguide without delamination has been performed. Fig-
ure 7 presents distribution of the modes in the excited wavefield by perfectly bonded (a) and partly
debonded (b) PWASs. The contact conditions are chosen the same like in damage scenarios 1 and 2.

9
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Figure 7: Decomposition of the piezo-induced Lamb waves over frequency for (a) perfectly bonded (Sc = [0,10])
and (b) debonded (Sc = [3,7]) PWAS in case of plate with no delamination

As the problem is symmetric, only the positive direction is shown. It is evident that even without the
delamination, modes’ distribution is strongly influenced by the PWAS debonding. For example, the
healthy PWAS excites only the S0 mode at the frequency f = 260kHz and mostly A1 mode (82%) at the
frequency f = 615kHz, but neither of these effects are visible if the PWAS is debonded. In that case, at
f = 260kHz share of the S0 mode is only 38% and at f = 615kHz share of A1 mode is 18%. However, if
one assumes that PWAS is healthy, such analysis might be quite useful for the practical applications. It is
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possible to calculate modes’ distribution for the PWAS of any size and choose appropriate combination
of the PWAS size and frequency in order to select a so called sweet spot frequency to excite mainly the
desired Lamb wave mode, interacting best with the presumed damage type.

In order to improve damage detection techniques, it is necessary to analyse how each Lamb wave
interacts with every kind of defect. As illustrated in figure 7, either A0 or S0 are excited in the waveguide
at frequencies up to 500kHz. Therefore, an analysis of the incident A0 and S0 modes interaction with the
delamination is provided. Figure 8a presents Lamb waves energy distribution transmitted and scattered
from the delamination. It is observed, that incident A0 mode is reflected by the crack (A−

0 ) and ratio
between the transmitted and reflected waves depends on the frequency. Moreover, up to a frequency
f = 520kHz almost no mode conversion is visible; starting from f = 520kHz firstly part of the A+

0 is
converted to A+

1 and then to S+0 . The most interesting effect is observed at frequency f = 440kHz, where
almost all incident A0 wave is transmitted through the delamination without any reflection or conversion.
Figure 8b demonstrates the same modes’ distribution but for incident S0 mode. It is evident, that the
S0 mode practically does not interact with delamination at the frequencies up to 580kHz. Starting from
f = 580kHz, a small part of incident S0 is converted to A0, the conversion-to-conservation ratio increases
with the highes frequencies. But over the whole frequency range even at the higher frequencies, ratio
of the reflected waves is insignificant. Thus, if a PWAS is used to induce Lamb waves at the frequency
for example f = 260kHz, where only S0 is excited, those GW most likely will not interact with the
delamination and therefore the defect will not be detected. Evidently, such mode analysis is needed
during development of the SHM system for the particular structure.
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Figure 8: Wave energy distribution coefficients for A0 and S0 scattering by a delamination lc = 5mm, dc = 1mm
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6 CONCLUSIONS

A mathematical model based on the combination of the BIEM and the FDSEM simulating piezo-
induced Lamb waves propagation and scattering in a waveguide with a horizontal delamination has been
obtained. Experiments with healthy and partially debonded PWASs glued to the layered waveguide with
a delamination have been conducted. A good agreement between the calculated and measured signals has
been demonstrated. A correlation between the susceptance value and energy of elastic waves induced in
the waveguide has been revealed. It was shown that delamination does not influence the PWAS-induced
energy, if the distance between the transducer and the delamination is considerable large. A detailed
analysis of the Lamb waves transmission and/or reflection due to delamination including modal analysis
has been performed. It was revealed that debonding of the PWAS leads to the significant changes in the
modes’ distribution in the excited wavefield. Incident A0 and S0 modes interaction with the delamination
has been analysed. It was revealed that the A0 mode is partly reflected by the delamination, while the S0
interaction with the delamination is insignificant.

The work is supported by the Ministry of Science and Higher Education of the Russian Federation
(Project No 9.1022.2017/4.6) and by the Deutscher Akademischer Austauschdienst (DAAD).
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Abstract. This paper presents comparison between two excitation solutions for tubular 
ultrasonic transducer. The axial excitation is widespread in conventional ultrasonic transducer. 
The radial excitation is proposed in order to have an uniform acoustic energy all along the tube. 
This excitation approach is also proposed to allow the modularity by adding several tubes. 

1 INTRODUCTION
Ultrasonic transducers are commonly used for transmitting mechanical energy to several 

kinds of media: fluid, polymers. . . . in order to impact its properties. 
Ultrasonic transducers are usually used for converting electrical energy to mechanical 

vibration. The Langevin solution is widely used for this conversion. This solution is based on 
two different masses at the ends of active material (typically piezoelectric material). Both 
masses are mechanically connected by a screw in order to preload and ensure the compression 
of the piezoelectric material during the vibration. The weight of both masses is different in order 
to favour the vibration in one direction. In order to increase the emitting surface, the ultrasonic 
transducers are connected to a large surface structure with adapted impedance in order to fit 
with the frequency resonance of the ultrasonic transducer. The most common cases are flat 
surfaces or tubular surface. For the flat surface, several ultrasonic transducers are required and 
the number of transducers is directly linked to the active power. The technological limitation 
for the tubular solution is the tube length. Tubes are convenient for some coating application if 
width is limited to typically less than 1 m. A new need addressed in H2020 PROTECT Eu 
project is to coat large textiles width using sonochemistry [http://protect-h2020.eu/]. For such 
a need, it is required to produce a uniform acoustic energy all along the textile widths. Similar 
acoustic uniformity requirements are also meet in ultrasonic unclogging of cylindrical filters.

In order to overcome this technological limitation, several research activities have been 
performed. The wasted vibration issued from the Langevin ultrasonic transducer is recovered 
by connecting two tubes in both sides of the ultrasonic transducer [1]. The proposed solution is 
called wing type ultrasonic transducer. This architecture enables to increase the emitting surface 
through two tubes. Nevertheless, a non-vibration area remains at the piezoelectric stack location 
which means a non-uniform treatment all along the tube. So, another architecture is 
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proposed [2] by the by using two ultrasonic transducers at the two ends of the tube. This option 
enables to increase the length of the tube by 25 to 30 %. In the same way, the length of the tube 
is limited at 2 to 2.5 m. For longer tube, the attenuation of the vibration occurs in the middle of 
the tube. Such a solution is called a push-pull, ultrasonic transducer. This solution allows for 
increasing the length of the tube. Nevertheless, the modular approach seems more suitable for 
a longer tube. The modular approach is proposed [3] using the ultrasonic transducer connected 
in axial excitation. In this case, the diameter of the tube is higher compared to the diameter of 
the ultrasonic transducer. This approach allows connecting several tubes in serial from the 
mechanical point of view. So the ultrasonic transducer is located in the hollowed part of the 
previous tube. The entire tube is constituted by several tubes connected together by a welding 
process at the external diameters of the tube. In this case, the vibration is uniform all along the 
tube. This architecture allows having a longer tube with less dissipation of the vibration at the 
tube level. However, the ratio between the axial displacement of the ultrasonic transducer and 
the radial displacement at the tube lever is not favourable due to the difference between the 
diameter of the ultrasonic transducer and the diameter of the tube. Instead of using the ultrasonic 
transducer in the axial vibration, the approach of [4] is to use the strain generated in the radial 
direction of the ultrasonic transducer and transmitted to the tube through the internal diameter. 
This architecture is proposed to allow to pass the fluid (or the media) to treat inside the tube 
(instead of outside).  

The approach proposed in this paper is to use a radial excitation in order to install the 
ultrasonic transducer within the tube. This configuration named MUST standing for Modular 
UltraSonic Transducer and patented by CTEC [5] is preferred in the perspective of providing a 
uniform acoustic energy along the transducer. It also offers a good potential for using the 
ultrasonic transducer in a modular approach, by stacking them to get a length of several meters.  

2 CONVENTIONAL AXTIAL EXCITATION 
Tubular ultrasonic transducers are based on ultrasonic transducer (for the mechanical 

vibration generation) connected to one end of the tube. The second end of the tube is connected 
to an heavy mass (see Figure 1). The ultrasonic transducer is based typically on Langevin 
transducer. The aim of the tube is to increase the emitting surface through its external surface 
which is immersed in the media to treat. 

 
Figure 1: Tubular ultrasonic transducer approach 

2.1 The transducer solution  
The Langevin transducer which is typically made up of rear mass, head mass (emitter) and 

active material (stack of piezoelectric material) is depicted in Figure 2. The screw is used to 
preload the stack of the all the components constituting the ultrasonic transducer. In this way, 
the screw ensures that all the components stay connected during the vibration of the ultrasonic 
transducer. 



1596

Nabil BENCHEIKH, Jocelyn REBUFA and Frank CLAEYSSEN 

 3 

 
Figure 2: Typical Langevin, ultrasonic transducer (axisymmetric view) 

The resonance frequency of such a system depends on the dimension and the material 
properties of the ultrasonic transducer components. The simplified formulation depicting this 
relation is given by the formulation given hereafter. 

 
ρ
E

f


1)λ(wavelength  (1) 

With: 

]Hz[frequencyConsidered:f
]Kg/m[materialtheofDensity:ρ

]N/mm²[modulusYoung:E
3  

 
Finite Element Method gives a more accurate prediction. The shape and the mapping of the 

axial and radial displacement are given the pictures below (Figure 3).  

  
Figure 3: The axial and the radial displacement on the ultrasonic transducer 

The displacement is considered in free-free consideration. The resonance frequency of the 
transducer is about 24.3 kHz with a coupling coefficient of 24 % at this frequency. The 
displacement depicted is given for 1 volt supply. The density of the rear mass is chosen in such 
a way to favour the emitting energy in the head mass side. The displacement of the transducer 
in the axial and radial all along the transducer is given in the curves below. 

 
Figure 4: The axial and the radial displacement on the UST 
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In order to increase the emitting surface, the ultrasonic transducer is connected to the tube. 
The design of the tube is done in order to fit with the resonance frequency of the ultrasonic 
transducer. In such a configuration, the system is called ‘Tubular ultrasonic transducer’. This 
design is based on the previous equation above (equation 1). 

2.2 The resonator behaviour  
The assembly of the tube on the ultrasonic transducer is described below (Figure 5). The 

tubular part is designed in order to allow the maximum radial displacement while being 
compliant with the material fatigue.  

 
Figure 5: Tubular ultrasonic transducer with simple excitation 

The analyses of the Eigen shape of the tube show two different shapes of deformation. The 
cylindrical shape corresponds to the increase of the tube diameter at a given position (Figure 
6). The black lines correspond to the initial diameter of the tube, the red lines to the maximum 
position of the tube and the green line to the minimum position of the tube. For the elliptic 
shape, the diameter of the tube increases in one direction and decreases in the other direction at 
the given position (Figure 7). In the same approach, the black lines correspond to the initial 
diameter of the tube, the red lines to the maximum position of the tube and the green line to the 
minimum position of the tube.  

  
Figure 6: Tubular with the cylindrical deformation 

  
Figure 7: Tubular with the elliptic deformation 
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The cylindrical deformation of the tube occurs at 24.1 kHz 500 mm length of the hollowed 
part of the tube. The radial and the axial displacements all along the tube are given by Figure 
8. The radial displacement at the hollowed part is lower by 50 % compare to the axial 
displacement. 

 

 

Figure 8: Tubular with the elliptic deformation 

The impact of the vibration issued by the tube on the fluid has been studied. The mapping 
of the pressure generated by the transducer on the fluid (water in this case) is given below 
(Figure 9). The pressure is non-uniform all along the tube. The pressure is higher in the closer 
part of the tube to the generator and the pressure is attenuated at the farther part of the tube. 
This attenuation is due to the damping effect of the fluid. The maximum pressure is about 
778 Pascal. 

  
Figure 9: The generated pressure in the fluid (water) by the tubular ultrasonic transducer. 
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3 MUST WITH RADIAL EXCITATION 

3.1 The transducer solution  
For the MUST, the radial excitation ultrasonic transducer has been developed by Cedrat 

Technologies (Figure 10). The approach of this transducer is to install the head mass between 
both stacks of piezoelectric material and both rear masses on the other side of both piezoelectric 
stacks. Finally, a bolt connects the both rear masses. The activation piezoelectric material will 
compress the head mass of the ultrasonic transducer this will increase the diameter of the head 
mass.  

 
Figure 10: The ultrasonic transducer for radial excitation configuration (axisymmetric view) 

The shape of the deformation of the radial excitation ultrasonic transducer is given below 
(Figure 11). The frequency resonance of the ultrasonic transducer is equal to 25.7 kHz with a 
coupling coefficient of 44.5 %. The displacement in the radial and axial displacement all along 
is also compared. The displacement in the radial direction is lower by 41 % compares to the 
axial direction. In the case of a hollowed preload screw, the amplification ratio decrease to 
38 %. 

 

 
Figure 11: The ultrasonic transducer for radial excitation configuration 

In the same way, the ultrasonic transducer is connected to the tube in order to increase the 
emitting surface of the transducer. The attachment isn’t done with the same approach compare 
to the axial excitation solution. 
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3.2 The resonator behaviour  
The mechanical connection between the ultrasonic transducer and the tube is obtained 

directly due to the shape of the monolithic part of the head mass (Figure 12). 

 
Figure 12: The head mass geometry for axial excitation configuration. 

Once the ultrasonic transducer assembled (piezoelectric stack, rear mass and bolt) to the 
head mass, both tubular ends are connected mechanically to tubes. 

 

 
Figure 13: Tubular ultrasonic with the radial excitation 

The frequency resonance of the ultrasonic transducer installed in the tube is equal to 
25.0 kHz. The shape of deformation at the tube level corresponds to the cylindrical one (Figure 
14). At both ends of the transducer, the geometry of the tube is changed in order to avoid the 
propagation of the vibration issued from the tube to the structure of the tank. 

 
The wiring of both piezoelectric stacks comes out of the tube from the same side. (right side 

- Figure 13). The cable located in the left side goes through the hollowed preloading from the 
left to the right side of the tube. 

 

 
Figure 14: The tube deformation on the MUST transducer 

The impact of the vibration issued by the tube on the fluid has been studied. The mapping 
of the pressure on the fluid (water in this case) is given below (Figure 15, to compare with 
figure 9). The pressure is uniform all along the tube, which is the main advantage of this 
transducer technology. The maximum pressure is about 6195 Pascal. The pressure level is 
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obtained at the same level of voltage as for ultrasonic transducer in axial excitation 
configuration. 

 

 
Figure 15: The generated pressure in the fluid (water) by MUST ultrasonic transducer 

4 PROTOTYPING  
An ultrasonic transducer with radial excitation prototype (Figure 16) has been manufactured 

in order to evaluate and compare the simulation and the experimental results. The stack of 
piezoelectric material and rear mass have been assembled.  

 

    
 

Figure 16: The ultrasonic transducer for radial excitation assembly 

A preliminary measurement has been performed in order to evaluate and compare the results 
to the simulation. The test has been done in two steps, the first one to measure the resonance 
frequency of the system (Figure 17 - a) and the second to measure the amplitude of displacement 
generated at the ultrasonic transducer level (Figure 17 – b). 
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 (a) (b) 

Figure 17: The ultrasonic transducer for radial excitation on test bench 

The preliminary measurement one the prototype for the first test a variation of the frequency 
resonance from 25.7 kHz (simulation) to 22.1 kHz (measurement). The first analysis of such a 
variation of frequency could be generated due to the boundary condition which is not the same 
between the simulation and the test bench. For the second test, the displacement ratio as 
measured is about 45 % between the axial and the radial direction (for both cases of screws). 
The simulation shows a ratio of 41 % for standard screws and 38 for the hollowed screws. In 
the case of the standard screw, the coupling coefficient is about 37 % and 22 % in the case of 
the hollowed screw.  

Two tubular ultrasonic transducers, one with axial and one with radial excitation approach 
have been manufactured (Figure 18) in order to evaluate their performances and to compare 
between both solutions. Further measurement and experimentation are planned in the near 
future. This test will include the performance measurement on immersed and also connected 
several MUST in order to increase the length of the tube (so the emitting surface) without losing 
vibration at the ends of the tube. 

 
Figure 18: The MUST and conventional ultrasonic tube transducer  
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5 CONCLUSIONS 
The comparison study between the axial and the radial excitation on the tubular ultrasonic 

transducers has been done in this paper. The radial excitation approach has been studied in order 
to improve the capability of such a solution for getting a homogeneous acoustic energy 
generation and higher tube length by staking. This has lead to a new Modular Ultra Sonic 
Transducer (MUST). Based on FEM simulation, its results show a higher coupling coefficient 
for the radial excitation with the same amplification ratio than conventional tube transducer 
using axial excitation. The pressure generated by the MUST is uniform all along the tube as 
wanted. 

The experimental campaign is still in progress in order to have deeper information about the 
performance of MUST solution especial in the immersed configuration.  

This activity takes parts on H2020 PROTECT project (GA 720851) targeting the textile 
sono-chemical treatment to get anti-bacteriologic property. 
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Abstract. A structural health monitoring (SHM) system verifies the mechanical state of a structure to
ensure its proper functioning and determines whether it needs some kind of maintenance. Thus, SHM
for wind turbines (WT) in remote locations, as offshore, is crucial. Offshore wind farms are increasingly
realized in water depths beyond 30 meters, where lattice support structures are an interesting option
to withstand the severe environmental actions. In particular jackets appear to be a highly competitive
substructure type with a wide range of applicability, from approximately 25 to 70 meters water depth.
With no doubt, structural damage is a significant issue in these structures. Unlike on-shore structures or
even shallow water structures, the access for regular monitoring and repair is not an easy option, in terms
of both the cost and the accessibility. In this work, a methodology for the detection and classification of
structural damages in offshore jacket-type WT is stated. The proposed method relies on the paradigm
that any damage in the structure produces changes in the vibrational response. However, it is assumed
that the only available excitation of the WT is the wind turbulence, so the input excitation is assumed
to be unknown. Therefore, using only accelerometer information, a data driven approach for damage
detection is developed. The scheme of the proposed method can be summarized in the following steps:
(i) the wind excitation is simulated as a Gaussian white noise and the data coming from the WT is
collected using a set of accelerometers; (ii) the raw data is arranged in matrix form and pre-processed
using mean-centered group-scaling; (iii) principal component analysis (PCA) is selected as a technique to
reduce the dimensionality of the data and the computing time of the next step; finally, (iv) the quadratic-
kernel support vector machine (SVM) is used as a classifier. The 5-fold cross-validation technique is
employed to estimate the overall accuracy and to avoid overfitting. In order to experimentally validate
the proposed approach, the damage detection strategy is applied to different types of predefined damage
in a small-scale structure —an experimental laboratory tower modeling an offshore-fixed jacked-type
wind turbine—. The results that have been obtained for these predefined damages are included and
discussed to demonstrate the reliability of the proposed approach.

1 INTRODUCTION

Offshore wind farms are seen as a key ingredient in renewable energy, and an important element in
the battle against climate change. In the last ten years, the average offshore wind farm has increased in

1
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size from 79.6 MW in 2007 to 561 MW in 2018, see [1]. Accordingly, the size of offshore wind turbines
has also increased. Since 2014 the average rated capacity of newly installed wind turbines has grown at
an annual rate of 16%. As an example, the largest turbine in the world to date was installed offshore in
the United Kingdom in 2018: two V164-8.8 MW from MHI Vestas Offshore Wind, with a rotor diameter
of 164 m, that were connected at the European Offshore Wind Development Centre (EOWDC) wind
farm, see [2]. The extreme size of nowadays offshore wind turbines leads to the demand for structural
health monitoring (SHM) solutions on its overall structure. However, the foundation of fixed offshore
wind turbines, in particular, are subject to harsh conditions including environmental loadings (wave and
current), a corrosive environment, and shifts in the seabed as scouring and water depth erosion. Besides,
inspection of the submerged foundation is expensive due to the difficult access and sometimes impossible
due to the environmental conditions. In this case, SHM is the crux of the matter to provide an early
warning of degradation and diminish operation and maintenance costs.

SHM for offshore wind turbines remains a research topic which is slowly getting into the field de-
ployment stage, see [5]. This is due to the early stage of the technology’s deployment, the additional
challenge that offshore environments pose to these technologies, and associated costs to operators for
hardware installation and data processing.

There are different types of foundations, according to the depth at which the wind turbine will be
installed. In general, monopiles are used in installations at depths below 15 meters, gravity foundations
are preferred when depth is less than 30 meters, and jackets are the used option for greater depths. This
work focuses on the jacket type. These are foundations with a lattice framework that feature three or four
sea bed anchoring points, which increases the levels of safety when anchoring the towers. The top of the
jackets features a transition piece that is connected to the turbine shaft, while the legs are anchored to the
sea bed with piles. This work proposes a complete methodology for damage detection and classification
in a laboratory jacket-type offshore-fixed wind turbine model. As in [3], it is supposed that the only
available excitation of the WT is the wind turbulence, so the input excitation is assumed to be unknown.
Therefore, the scheme of the proposed method can be summarized in the following steps: (i) the wind
excitation is simulated as a Gaussian white noise and the data coming from the WT is collected using a
set of accelerometers. It is worth remarking that only output data will be used to detect damage; (ii) the
raw data is pre-processed using group-scaling to simplify the computation of the principal components;
(iii) PCA is selected as a technique to reduce the dimensionality of the data and the computing time of the
next step; finally, (iv) the quadratic SVM classifier is used. In the end, 5-fold cross-validation technique
is employed to estimate the overall accuracy and to avoid overfitting. In order to validate the proposed
approach in this work, the damage detection strategy is applied to different types of predefined damage in
a small-scale structure —an experimental laboratory tower modeling an offshore-fixed jacked-type wind
turbine—. The results that have been obtained for these predefined damages are included and discussed
to demonstrate the reliability of the proposed approach.

2 LABORATORY TOWER MODEL

The real structure used in this work is a tower model, similar to those of a wind turbine. From Figure
1 it can be seen the components of the structure: jacket, tower and nacelle. As a whole, this structure is
2.7 m high. The tower is composed of three sections joined with bolts, while the jacket is composed with
several sections, all of them joined with bolts, with a torque of 12 Nm. The different studied damages
are introduced in one of these sections, see Fig. 1. The top piece is 1 m long and 0.6 m width. There a
modal shaker is located that simulates the nacelle mass and the environmental effects of the wind over
the whole structure. Applying an electrical signal to the shaker (white noise), the vibration needed to

2
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excite the structure is created. The simulation of different wind speeds is also simulated with this shaker,
by changing the amplitude of the input electrical signal, in particular multiplying it by the factor 0.5, 1,
2, and 3.

Figure 1: WT scaled tower model used in the experimental tests (off-shore fixed jacked-type platform).

Two types of damage are introduced at the jacket support: a 5 mm crack in one of the bars; and

3
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loosening one of the bolts in the jacket. Also a healthy replica of the studied bar has been considered,
as the proposed strategy should be able to detect and classify the studied faults, but also be robust to the
replacement of one bar by a new healthy one (avoiding false alarms).

To analyze the structural response, eight triaxial accelerometers are placed in the tower and jacket.
The method used to find the optimum location and amount of these sensors is given in [4]. Thus, data
from 24 sensors is collected. The nomenclature used for each sensor is given in Table 1.

Table 1: Nomenclature used to refer to each available sensor. Note that i = 1, . . . ,8, as there are eight accelerom-
eters.

Sensor

Ax
i Acceleration in x-direction for accelerometer number i

Ay
i Acceleration in y-direction for accelerometer number i

Az
i Acceleration in z-direction for accelerometer number i

3 DAMAGE DETECTION AND CLASSIFICATION METHODOLOGY

3.1 Data collection

The time window for each experimental test is 60 seconds with a sampling frequency of 1651.6129
Hz. Thus, each experiment obtains 1651.6129× 60 = 99097 data measurements from each of the 24
sensors.

In this work, a total of 25 experimental tests are conducted for each different white noise amplitude.
In particular:

(i) 10 tests with the original healthy bar.

(ii) 5 tests with the replica bar.

(iii) 5 tests with the 5 mm crack damaged bar.

(iv) 5 tests with an unlocked bolt in the jacket.

That is 100 experiments in total, as there are 25 experiments for each one of the 4 different considered
white noise amplitudes.

Given the k-th experimental test, the data is initially stored in a matrix Y(k) ∈ M99097×24(R) such that

Y(k) =




y(k)1,1 y(k)1,2 · · · y(k)1,24

y(k)2,1 y(k)2,2 · · · y(k)2,24
...

...
. . .

...
y(k)99097,1 y(k)99097,2 · · · y(k)99097,24



, (1)

where the number of rows is given by the number of time stamps in each experimental test and the
number of columns is equal to the number of sensors. Note that data in the first column is related to
sensor Ax

1, data in the second column is related to sensor Ay
1, third column is related to Az

1, fourth column
to Ax

2, and so on and so forth.

4
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The data from the k-th experimental test stored initialy in matrix Y(k), see eq. (1), is reshaped into the
matrix Z(k) ∈ M41×2417·24,

Z(k) =




y(k)1,1 · · · y(k)2417,1 · · · y(k)1,24 · · · y(k)2417,24

y(k)2418,1 · · · y(k)4834,1 · · · y(k)2418,24 · · · y(k)4834,24
...

. . .
...

. . .
...

. . .
...

y(k)96681,1 · · · y(k)99097,1 · · · y(k)96681,24 · · · y(k)99097,24



, (2)

where each row (each sample) contains 2417 time stamps from each sensor.
Finally, the data matrix X ∈ M(41·100)×(2417·24)(R) that contains the data from all the experiments is

defined by:

X =




Z(1)

...
Z(k)

...
Z(100)




(3)

that is, concatenating the data matrices coming from the 100 experiments.

3.2 Autoscaling

The main reason to autoscale the raw data is to simplify the computations for the multiway PCA
decomposition. Autoscaling uses column-wise mean-centering followed by division of each column by
the standard deviation of that column of matrix X. The result is that each column of the new autoscaled
matrix, X̃, has a mean of zero and a standard deviation of one. The fact that X̃ is a mean-centered matrix
simplifies the empirical covariance matrix computation, needed for the PCA decomposition.

3.3 Principal component analysis

Recall that, before using a classifier, the data must be processed to obtain the most suitable features.
In this work, after the autoscaling step, multiway PCA is selected as the main objective is to reduce
computing time for the quadratic discriminant analysis classifier. In this work, the first 400 components
of the PCA decomposition are used as they account for 85% of the variance. Thus, the transformed
coordinates of the X̃ data in the new basis given by the first 400 principal components are used as
features by the quadratic SVM strategy. Thus, 400 features are used instead of 58008 variables, that is
0.69% of the data retains 85% of the variance.

3.4 Quadratic SVM

The scatter plots shown in Fig. 2 of the first feature versus the second and tenth features reveal a
quadratic relationship. Therefore, the quadratic SVM classifier is adopted. For a detailed review on the
SVM classifier see references [6], [7], and [8]. In this work the kernel scale is set to 10 and the box
constraint level to 2.

Finally, in this work, the 5-fold cross-validation technique has been employed to estimate the overall
accuracy and to avoid overfitting.

5
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4 RESULTS

A comprehensive decomposition of the error between the true classes and the predicted classes is
shown by means of the so-called confusion matrix, see Fig. 3 (an empty blank square means 0%). In
this matrix, each row represents the instances in a true class while each column represents the instances
in a predicted class (by the classifier). In particular, the first row (and first column) is labeled as 1 and
corresponds to the healthy and replica bar. The next labels (for rows and columns) correspond to each
fault (label 2 corresponds to crack damage, and label 3 to unlocked bolt type of damage).

As shown in Fig. 3 the true positive rate (TPR) for the healthy case is 99% and the false negative rate
(FNR) only 1%. For the crack damaged bar a TPR of 96% is accomplished and for the unlocked bolt
type of damage a TPR of 99% is obtained. The overall accuracy is 98.6%. The training time was 1080
seconds in a 3GHz Intel Core i7 with 16GB RAM computer. Finally, note that the proposed strategy can
be deployed in real time as the prediction speed is 2100 observations per second.

5 CONCLUSIONS

In this work, using only accelerometer information, a data driven approach for damage detection
in offshore jacket-type WT is developed. The proposed approach has been experimentally validated
for different types of predefined damages in a small-scale structure —an experimental laboratory tower
modelling an offshore-fixed jacked-type wind turbine—. The obtained results, with an overall accuracy
of 98.6%, demonstrate the reliability of the proposed approach.
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Figure 2: Scatter plots of the first versus the second feature (top) and the first versus the tenth feature (bottom).
Blue dots represent healthy samples, red dots represent crack damage samples, and yellow dots represent unlocked
bolt samples.
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Abstract 

This paper focuses on the use of wireless sensors networks (WSN) on cultural heritage 
buildings for long-term monitoring purposes. This technology is highly attractive because of 
both the reduced dimensions of the sensors and the absence of cables, that ensures a small visual 
impact. In this way, the need of a long-term monitoring is addressed without significant impact 
on the features of the cultural heritage. Nevertheless, this technology is still growing, and 
several issues still need to be addressed: wireless connection of signals is not even simple 
because of the thickness of the structural elements, size of the transmitted packages could not 
be too large, thus implying low frequency resolution and small length signals, etc.[1] [2]. 
In this emerging scenario, this paper discusses and reports on an automated procedure setting-
up for the Modal Tracking (MT) of the Modal Parameters (MP) obtained from long-term 
monitoring data. The considered data were recorded through a WSN recently installed on a 
representative historic structure: an ancient masonry tower [3]. The monitoring system has been 
built with cheap devices, ensuring a wide applicability to the cultural heritage. As shown by 
several authors [4] [5], the tracking of the frequency across a suitable time span allows to 
identify possible structural anomalies and/or checking the effectiveness of a specific 
retrofitting. The results of the first six months are discussed in detail, showing performances 
and criticism of the monitoring system. 
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INTRODUCTION 

The preservation of the Cultural Heritage (CH) is one of the biggest challenges for our 
generation to avoid the loss of priceless objects. The recent cases of partial or total collapses 
renewed the attention on that, topic showing how that structures that are exposed to hazardous 
events. 
The Structural Health Monitoring (SHM) framework gives a powerful tool to analyze the 
evolution in time of the selected damage sensitive features. That operation, usually known as 
Modal Tracking (MT), is based on extraction of the Modal Parameters (MP) through an 
automated procedure. The major part of the automated procedure proposed in the last years are 
based on the Stochastic Subspace Identification algorithm [6], fed both with the data or with 
the covariance matrix. The capability of the technique in the modal identification under 
unknown input in operative conditions led to an increasing interest among the scientific 
community. The main issue was the high number of setting parameters needed for perform the 
modal identification. Indeed, in several works the Authors [7–10] proposed several semi or 
fully automated procedures based on the clustering analysis techniques. 
Then the identified modes are tracked [11,12] over the time based on the distance in terms of 
frequency and Modal Assurance Criterion (MAC) index. 
The most investigated damage sensitive feature is the frequency because of its numerical 
stability and for the limited number of accelerometers required for the identification. Even if 
the frequency is sensitive to the environmental effects such as temperature and humidity [13–
15] that can be of the same measure of that produced by a damage. Then the environmental 
effects are compensated by ARX model, Multiple Linear Regression (MLR), the Principal 
Component Analysis (PCA) and the non linear models as the kernel PCA. The damage 
detection is then finalized through statistical tools called control charts [16]. 
In the recent years, many Authors [4,17] developed monitoring systems for the CH site, 
showing how the detection of damage can be successfully achieved with a limited number of 
accelerometers. 
In the present paper is introduced an algorithm for the features extraction in the continuous 
dynamic monitoring system installed on a historic masonry tower from the recorded signals. 
The entire monitoring system is wireless, and the accelerometers are Micro Electro Mechanical 
Systems (MEMS) devices. Not so many cases of application of wireless long-term monitoring 
system to the CH, despite the advantages in terms of low invasiveness. 
The results of the first six months of monitoring of an ancient masonry tower through a 
continuous (ten minutes of record every hour) wireless monitoring system and the features 
extraction algorithm are showed. 

THE FEATURES EXTRACTION ALGORITHM 

The Modal Parameter Identification (MPI) through automated procedures is still an open issue. 
The parametric techniques in the time allows the implementation of codes based on the 
identification of the system properties managing the data collected by the sensors. The 
calibration of the procedure allowing to distinguish among the real modes and the mathematical 
or spurious modes minimizing the variance of the identified modal parameters is one of the 
biggest issues that usually is underestimated. 
Nevertheless, in the operative conditions the source of excitation is sometimes a colored noise 
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or a harmonic excitation and the hypothesis of a broadband process decays. In many cases the 
signals exhibit a low power respect to the ground noise leading to difficult modal identification. 
Considering all these problems the automated procedure should replace the judgment of an 
expertise selecting the recorded signals which lead to a higher accuracy in the identification of 
the MP. This procedure is effective if the monitoring system collect a high number of records 
for each day, enabling the Continuous Vibration-Based Structural Health Monitoring (CVB-
SHM). Ceravolo [18] applied the CVB-SHM technique to a complex elliptical dome by 
selecting the input of the identification procedures exhibiting higher levels of root mean square. 
Then the Subspace-Stochastic Identification based on the data (SSI-data) is set guaranteeing 
the identification of a higher number of modes. 
The algorithm herein proposed is based on the definition of statistical threshold through the 
analysis over a limited period (Calibration Phase) that affect all the phases of the automated 
procedure. Starting from the selection of the inputs, the setup of the modal order and the number 
of rows in the Henkel matrix and the definition of the threshold for each mode for the MT are 
set. 
The input selection is based on the quality of the signals measured through the kurtosis and the 
rms and on the level of signal respect to noise measured as the signal to noise ratio [19] (SNR). 
The setup of the SSI based on the covariance matrix of the signal (SSI-cov) is made by means 
of a sensitivity analysis and then by the analysis of the obtained standard deviations of each 
mode in terms of frequency and damping ratio. Then the distance in terms of MAC and 
frequency is evaluated for each mode. 
 

 
Figure 1: Block scheme of the proposed automated modal identification algorithm. 

APPLICATION TO THE MATILDA’S TOWER 

The Matilde Tower in the Livorno’s harbor, is a round plan tower with a height of about 29 
m and an external diameter of about 12 m. The masonry walls have a thickness of about 2,5 m 
with a spiral staircase embedded to connect the level zero with the upper two levels. The tower 
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has four levels mainly built by vaults that were reinforced with steel bars in the past centuries. 
In the upper level there is a round terrace with at the center another small round area with a flat 
slab. 
The tower was erected as a free-standing structure probably in the late XII century with the 
purpose of ensuring a clear observation of the sea and the possibility of repelling the enemy 
attacks from all directions. With the passing of centuries, the structure was surrounded by the 
walls, becoming a complex fortress (the Old Fortress). The whole architectural complex shows 
a severe cracking pattern, probably due to several causes (foundation settlements, sea erosion, 
bombing of the second world war). 
Within the MOSCARDO project, a research project funded by Tuscany Regional 
Administration in 2015-2018, the tower was listed in the relevant cases of study to analyze to 
develop a wireless monitoring system and a reliable post-processing algorithm. Indeed, the 
modal properties of the structure were extracted from preliminary dynamic tests [3]. The results 
of the preliminary dynamic tests campaign were also very useful to understand the 
characteristics of the dynamic excitations and their intensity levels. In the preliminary 
experimental campaign, the most relevant dynamic loads were the wind and the harmonic forces 
probably generated by the engines of the boats operating in the harbor. 

(a) 
 

(b) 

Figure 2 (a) cross sections of the Matilda’s tower. (b) Global view from inside the Old Fortress of the Matilde 
Tower in Livorno. 

The monitoring system and the calibration of the MP extraction algorithm 

The wireless sensor network installed on the tower is composed by seven MEMS 
accelerometers (three at the level 0 and four at the terrace level), two meteorological stations 
measuring the temperature and humidity (one inside the level 0 and one outside at the terrace 
level), one anemometer (at the top of the highest level) and two strain gauges on the steel chains 
of the level 0. The acquisition last for ten minutes for every daily hour with a frequency of 
acquisition of 50 Hz, the data are then sent to a server and the results can be visualized on the 
website (http://www.moscardo.it/). 
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Figure 3 The sensor positions for the long-term monitoring of the Matilde Tower. The red arrows represent the 
direction of the accelerometers. In blue are represented the two meteorological stations (temperature and 

humidity). In yellow the anemometer measuring the wind speed and direction. 

(a) (b) (c) 

Figure 4 (a) The biaxial accelerometer at the node 1007. (b) The node 1037 with the anemometer and the 
meteorological station. (c) A node of the network at the level zero with the meteorological station a monoaxial 

accelerometer and the gateway. 

The calibration of the algorithm is made over two distinct periods of one week. The first period 
#P1 (3/12/2018-7/12/2018) is when the tower is excited by the highest wind level and the 
second #P2 (15/02/2019-22/02/2019). 
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Figure 5 The results of the first calibration period (#P1) in terms of rms and average wind speed. 

 

Figure 6 The results of the second calibration period (#P2) in terms of rms and average wind speed. 

From the analysis of these two extreme events the threshold for the input selection are defined 
by means of an outlier analysis excluding the values outside 1,5 times the interquartile range. 
Then the minimum values evaluated from the two periods is selected in terms of rms and SNR 
and the maximum for the Kurtosis. Indeed, the first two thresholds guarantee a minimum input 
quality even if the external excitation is very low. Instead the Kurtosis gives a refined 
information about the tails of the pdf that can from anomalies in the signals or from non-
gaussian process. 

Table 1: Threshold values for the input selection 

 SNR [dB] RMS [mg] Kurtosis 

#P1 39,06 0,0075 118,67 
#P2 34,72 0,0040 24,49 

Threshold 34,72 0,0040 118,67 
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In the analysed case of study in the band of interest (0-10 Hz) are available the first three modes, 
that in many cases are not excited at the same time. The automated procedure for the modal 
identification based on the SSI-cov algorithm is set by means of a sensitivity analysis and a 
minimum number of elements for each cluster is chosen to avoid the selection of spurious and 
mathematical modes. In the calibration period it is evaluated the complexity of the mode shapes 
by means of the Mean Phase Deviation (MPD) and Mean Phase Collinearity (MPC) [20]. Both 
these indicators are normalized to give a result equal to one for perfect real modes and equal to 
zero for modes with the highest degree of complexity. Usually the physical modes exhibit a low 
degree of complexity, but in some cases some degree of complexity can arise from the structural 
non-linear behaviour [21]. For these reasons a statistical threshold is built for each mode in 
terms of MPC and MPD as the minimum value of the mean across the two calibration periods. 

Table 2: Threshold values for the modal identification phase. 

 MPC MPD 

#P1 0,90 0,77 
#P2 0,73 0,78 

Threshold 0,73 0,77 

The MT of the identified modal parameters is made starting from a reference value for each 
mode in terms of frequency and mode shapes. During the calibration phase a hierarchical 
clustering algorithm is performed with two initial fixed threshold 5 % for the frequency and 0,7 
for the MAC index. Then for each identified mode is computed the MAC distance for each 
value and the threshold value is obtained as the lower bound of the interquartile range. Then 
the maximum value among the two calibration periods is chosen for the MT of each mode 
during the whole monitoring period. 

Table 3: Threshold values for the MT of the MP 

 1st Mode 2nd Mode 3rd Mode 

#P1 0,78 0,79 0,84 
#P2 0,73 0,79 - 

Threshold 0,78 0,79 0,84 

This conservative choice is made to avoid the selection of some harmonic response of the 
structure near to the band of interest of each modal frequency. 

The results of the first six months 

The early results from the first six months (from the 19th of September 2018 to the 20th of 
March 2019) of long-term monitoring of the Matilda’s tower obtained with the algorithm 
introduced in the previous section are described herein. 
Despite some disconnections of instruments due to the initial trial period, the results can furnish 
some preliminary information on the working activity of the package WSN monitoring system 
and the feature extraction algorithm. The MT of the first three modes is successfully achieved, 
even if some offline periods (mid-November and mid-January) of some sensors cannot allow a 
continuous tracking over the monitoring period. 
The first two modes seem to be less scattered than the third, implying a lower accuracy in the 
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modal identification. Moreover, the third mode cannot be identified in every session, probably 
requiring higher energy levels in the input. 

 

Figure 7 The variation of the environmental parameters in the first six months of monitoring period. 

 

Figure 8 The modal tracking of the first three modes: The bending (B1, B2) and the torsional (T). 

CONCLUSIVE REMARKS 

The presented monitoring system is based on a wireless network of sensors developed during 
the MOSCARDO project shows how it is possible to satisfying the requirements of low visual 
impact and low costs that are fundamental in the CH application. 
The feature extraction algorithm for a CVB-SHM monitoring system is presented focusing on 
the calibration of the entire automated procedure to obtain good quality identification results 
that is crucial for the systems based on the tracking of the frequency. Enabling the damage 
detection (level 1 in the Rytter’s scale [22]) for the monitored CH building. 
Despite the presented algorithm is suitable for every kind of CH building, the preliminary 
dynamic identification and the calibration phase should be adopted to the operative conditions 
and to the dynamics of the monitored structure. 
In the case of study presented herein the main dynamic excitation source was the wind, and the 
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calibration phases furnishes the input selection parameters in order to avoid outliers or low 
excited modes. In the modal identification phase through an automated SSI-cov procedure with 
the initial values are set by means of a sensitivity analysis. Then for the MT the MAC thresholds 
are defined for each mode by the results obtained in the calibration period. Instead the distance 
in terms of frequency is fixed relatively high to group together the MP represented the same 
mode with different environmental conditions. 
To make further analysis, more data are required with different environmental conditions to 
understand the relationships among these values and the tracked modes. 
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Abstract. Structural health monitoring methods based on the generation and detection of highly 
nonlinear solitary waves are emerging as a potential cost-effective technique for a variety of 
structures and materials. Meanwhile, outlier analysis is a statistic tool able to identify anomalies 
in data that diverge from a set of baseline data. In this paper the use of outlier analysis was 
explored to detect damage in metallic plates using the propagation and detection of highly 
nonlinear solitary waves. A thick steel plate was monitored with a solitary wave transducer 
placed above the plate, and damage was simulated in terms of a foreign object attached to the 
bottom of the plate. Three different masses located at an increasing distance from the transducer 
were considered. A few features were extracted from the experimental time waveforms, and 
then fed to a multivariate analysis that compared the testing data to a set of baseline data. The 
experimental results show that the outlier analysis significantly enhances the ability to detect 
damage using solitary waves.  

 
 
1 INTRODUCTION 

Structural health monitoring (SHM) and nondestructive evaluation (NDE) play a consolidate 
role in a wide range of industrial activities and are considered a vital component for the 
development and deployment of smart structures. In recent years, a novel SHM / NDE approach 
based on the propagation of highly nonlinear solitary waves (HNSWs) has emerged [1-5]. The 
overall principle of this novel method is rather straightforward: a chain made of spherical 
particles is in dry point-contact with the material or structure to be evaluated. An incident 
solitary wave (ISW) is induced at one end of the chain, which is in contact with the structure of 
interest. This compact non-dispersive compressive wave propagates along the chain and 
reaches the opposite end. Here, owing to principles discussed in several papers, including some 
by the authors, the single pulse gives rise to one or two reflected waves that are typically 
referred to as the primary and the secondary reflected solitary waves (PSW and SSW). Most of 
the studies reported in the scientific literature demonstrated that the amplitude and time-of-
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flight (ToF) of these reflected pulses are dependent on some characteristics of the 
material/structure to be monitored/inspected. 

Statistical approaches have been proven effective in SHM [6-10]; generally, these methods 
are based on the evaluation of certain damage-sensitive features which are measured on the 
structure of interest. One of these statistical approaches is based on outlier analysis (OA), which 
is a novelty detection method that establishes whether a new configuration of the system is 
discordant or inconsistent from the baseline configuration that consists of an existing set of data 
(or patterns) that describe the normal operative conditions.  

The work presented in this article combines HNSWs and outlier analysis. A HNSW 
transducer is placed in contact with the structure of interest, in this case a metallic plate. To 
mimic damage a magnet is attached to the plate to simulate the change in local impedance. The 
solitary wave signals are stored and processed in order to extract a few features that are assumed 
to be damage-sensitive. The features are clustered into a vector to perform a multivariate 
analysis in order to determine whether a current feature is representative of damage or it is 
simply within the baseline, undamaged distribution.  

It is noted here that the article presented here is a short version of an extended article 
currently under revision [11].  

 

2 BACKGROUND 
In monodisperse chains of spherical particles, the interaction among weakly compressed 

beads supports the generation and propagation of HNSWS [12-13]. The nonlinearity derives 
from the Hertzian contact law F=k3/2 between two adjacent beads. In this relationship, the 
force F is proportional to the deformation  of the diameter connecting the centers of the 
interacting beads through the stiffness constant k equal to 𝐸𝐸√2𝑅𝑅 3(1 − 𝜈𝜈�)⁄ . This stiffness 
contains the particles radius R, the Poisson’s ratio  and the elastic modulus E of the particles 
material. As mentioned in the Introduction, several authors found that the acoustic energy 
distribution between the PSW and the SSW depends on the elastic modulus and geometry of 
the object in contact with the chain, and this can be used for SHM and NDE applications.  

The OA is an unsupervised learning algorithm based on novelty detection. It establishes 
whether a new configuration of the system is discordant or inconsistent from the baseline 
configuration which consists of an existing set of data (or patterns) that describes the normal 
operative conditions. OA can be performed by using one or more parameters. In the analysis of 
one-dimensional elements, the detection of outliers is a straightforward process based on the 
determination of the discordancy between the one-dimensional datum and the baseline.  

In the analysis of multi-dimensional elements (multivariate data), the Mahalanobis squared 
distance (MSD) D is often computed. This distance is a scalar defined as: 

           1T
D x x K x x  

       (1) 

where {x} is the potential outlier vector,  x  is the mean vector of the baseline, [K] is the 
covariance matrix of the baseline and T is the transpose symbol.  

In order to determine whether a new datum is an outlier, the corresponding value of D has 
to be compared to a threshold computed from the baseline.  



1624

P. Rizzo, B. Zheng, A. Nasrollahi, and H. Jalali 

 3

3 EXPERIMENTS 

3.1 Setup 
A straight HNSW transducer was assembled: it consisted of a chain of eight spheres 19.05 

mm in diameter, a commercial electromagnet able to lift and release the first particle of the 
chain (typically indicated with the term striker), a sensor, and a frame. The sensing system 
consisted of a wafer transducer (PZT), embedded between two 6.05 mm thick, 19.05 mm 
diameter disks. The transducer was connected to and driven by a National Instruments PXI 
running in LabVIEW using a graphical user interface created ad hoc for the experiments. The 
waveforms were sampled at 4 MHz and stored for post-processing.  

A 610 × 610 × 6.35 mm3 simply-supported steel plate was monitored. The transducer sit at 
the center of the plate face (Fig. 1a). Defect was mimicked by attaching one of the magnets 
displayed in Fig. 1b below the plate. The magnets were labeled as small, medium and large and 
their mass was 20.0 g, 52.1 g and 199 g. Each object was attached to the plate at eight different 
locations, 10 mm apart, according to the scheme of Fig. 1c. 

 

 
Figure 1:  Test setup. (a) Photo of the sample with the transducer above the plate and a foreign object 

magnetically attached. (b) Photo of the small, medium, and large magnets used as foreign objects. (c) Scheme of 
the tested thick steel plate including the offset between the magnet and the transducer. (Dimensions in mm). 
 
 
For convenience of discussion, the measurements taken with the transducer were grouped 

into five clusters. The first cluster includes two measurements of 15 waveforms each, taken 
with the pristine plate. Group 2 comprised the experiments with the small object, whose mass 
was only 0.09% of the total mass of the plate-transducer system. In this cluster, measurement 
numbers 3 through 10 identify the positions 0 through 7 shown in Fig. 1c, respectively. Position 
0 indicates the object located right below the transducer whereas position 7 represents the 
magnet attached 70 mm away. For each measurement number, 15 recordings of the solitary 
waves were taken. Groups 3 and 4 follow the same scheme of Group 2, but represent the cases 
with the medium and the large magnet, respectively. The last group represents two sets of 15 
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measurements collected with the pristine plate after monitoring the plate with the large object. 
Based on the above, a total of 420 time waveforms were recorded and post-processed. 

 

3.2 Results 
Figure 2 shows one of the waveforms recorded when the small magnet was attached 40 mm 

away from the contact point. The ISW, PSW, and SSW are visible.  
 

 
Figure 2: Experimental waveform recorded during the experiment. 

 
 
The following features were extracted from the waveforms: (1) amplitude ratios AP/AI and 

AS/AI of the primary and secondary reflected waves; (2) time-of-flight ToFP-I and ToFS-I of the 
two reflected waves. Figures 3a to 3d show these features for the 28 sets of measurements. 

 The data in Fig. 3(a) represent the AP/AI feature, i.e. the amplitude of the PSW normalized 
with respect to the amplitude of the ISW. Here, the ratio remains between 0.45 and 0.50 for the 
pristine plate and the small magnet. An evident step-up is visible when the medium and the 
large masses were located close to the transducer. The region of influence, i.e. the distance 
from the transducer within which the foreign object was detected, was about 40 mm. Figure 3b 
shows that the amplitude of the secondary wave does not complement the primary reflection. 
Typically, when the PSW increases, the SSW is expected to decrease and vice versa. In the 
experimental data shown in Figs. 3a and 3b, both amplitudes increase when the medium and 
the large mass were added. The motivation of such behavior is related to the “local” increase 
of the thickness but also to local vibrations of the plate. Finally, both time-of-flights do not 
show uniform trend, and at the moment seems not effective at detecting any anomaly.  

To validate the research hypothesis that the OA can enhance the ability to detect structural 
anomalies using solitary waves, the four features were the inputs of a multivariate analysis. The 
calculation of the confidence threshold values was based on measurement #1 and #2. The MSD 
was computed by considering all four solitary wave features. In the present study, since the 
potential outliers are always known a priori, both z and D were calculated exclusively without 
contaminating the statistics of the baseline data.  
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Figure 3: Solitary wave features associated with the PSW and SSW calculated at the 28 measurement points. 
The data are the average of the 15 measurement and the vertical bars are twice the corresponding standard 
deviation. The numbers on top of the figure refer to the offset distance in millimeter. (a) amplitude ratio AP/AI; 
(b) amplitude ratio AS/AI; (c) time flight of the primary wave; (d time of flight of the secondary wave. 

 
The results are presented in Fig. 4 where the MSD is plotted for all 420 measurements. The 

results show that the multivariate analysis properly classified most of the data. Only a few 
testing data were classified as false negatives. 

All but one of these false negatives referred to the small mass. Surprisingly, the data 
associated with the last cluster, i.e. no mass, were labeled as outliers. These false positives 
confirm the existence of the aforementioned “hysteretic” behavior, and warrants an 
improvement of the transducer design for the future. 
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Fig. 4. Health monitoring of a thick plate. Mahalanobis squared distance (MSD) of a four-dimensional vector 
that contains the four features AP/AI, AS/AI, ToFP-I, and ToFS-I. The horizontal line is the value of 17.49 
representing the 99.73% confidence threshold. 

 
 

4 CONCLUSIONS 
In this study, a HNSW-based defect detection strategy with the assistance of OA was 

established. The strategy consists of the use of a special transducer designed to trigger, sustain, 
and sense nonlinear solitary waves that interact dynamically with the structure to be monitored. 
The recorded waveforms are then processed with a multivariate statistics to label data that 
diverge significantly from a set of baseline data. The experiment presented in this article 
consisted of a transducer located at the center of a thick plate and damage simulated by adding 
magnetically a mass significantly smaller than the overall weight of the structure-transducer 
system. The results demonstrated that the proposed monitoring system was effective at 
detecting the presence of a defect as small as 0.25% of the mass of the structure. Although the 
sensitivity may not be as good as the one provided by an ultrasonic-based thickness gauge 
device, the proposed HNSW-based system may be suitable to be deployed when the structure 
to be monitored operates at high temperature and the use of piezoelectric transducers may not 
be feasible due to the Curie temperature of the piezoelectric crystal. Future studies should 
attempt to test the monitoring system at high-temperature and in presence of real corrosion.  
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Abstract. In this article we propose a new concept of adaptive telescopic high-altitude 
aerostat designed in a modular form which allows for sequential changes of volume during 
the flight. The proposed telescopic aerostat can be easily enlarged or contracted due to 
application of multi-segmented construction, controllable segments’ couplings and precise 
adjustment of internal pressure obtained using additional gas tank, valve and compressor. 
Conducted changes of aerostat volume allow to precisely control generated lift force and to 
obtain desired paths of ascending and descending. The paper briefly presents development of  
control strategies aimed at: i) reaching the subsequent altitudes in the shortest period of time, 
ii) reaching these altitudes at the smallest cost defined as total work done by the compressor. 
The obtained results show high potential of the proposed innovative concept of the aerostat. 

1 INTRODUCTION  

Over the last 30 years, there have been a few projects conducted in different parts of the 
world, the purpose of which was to build numerous objects operating in the stratosphere in 
order to carry communications and monitoring equipment for intelligence, surveillance and 
reconnaissance missions (so-called HAPS - High Altitude Pseudo Satellites). Currently, more 
and more companies, mainly specializing in telecommunications or remote monitoring are 
working on development of technologies enabling applications of flying objects located 20-
30 km above the sea level [1]. Ultimately, they are intended to be unmanned aircrafts powered 
by solar energy, having the ability to move both in the vertical and horizontal directions and 
which may persist in space for several months to 1-2 years without landing on the ground. In 
parallel to development of stratospheric airplanes, many countries are working on new 
generation of airships filled with hydrogen or helium, also with electric drive. 
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Such airships are usually built as classical systems in which the external volume of the 
airship is constant and does not change during its ascent from the ground to the level of the 
stratosphere. Examples of such solutions are, for example, US constructions HiSentinel and 
ISIS (see Fig. 1a and 1b), or French Stratobus (see Fig. 2). 

As a rule, these are objects with very large dimensions - length from approx. 100 m to 
approx. 300 m and diameters from approx. 30 m to approx. 50 m. In this type of construction 
the required flight altitude is obtained by changing the mass and pressure of the gas (helium 
hydrogen or air) inside additional storage tanks located inside the airship. Another solution, 
where the external volume of the airship is changing during increasing of the altitude is, for 
example, the Russian proposal of the HAA Berkut airship (Fig. 3a), in which at the low 
altitude the airship has a small volume Fig. 3b, and in the stratosphere its volume is about 12 
times larger - Fig. 3c. In this case, the elevation control is carried out by changing the gas 
pressure inside the airship 

 

 
                    (a)                                                          (b) 

Figure 1:  (a) – Airship HiSentinel 80 [2],  (b) – Lockheed Martin’s ISIS airship ISIS [3] 
 

 
Figure 2: The airship of Thales Alenia Space – Stratobus [4] 

  
Despite the large number of programs currently implemented in the world and huge 

expenses related to the construction of stratospheric airships, a number of technical problems 
still rise and some of them remain unresolved. Many research papers are dedicated to 
particular ultralight materials, technical solutions or development of airships design in which 
various solutions are used in order to reduce weight and to obtain required payload. In the 
case of airship with the electric propulsion one of the heaviest components reducing 
significantly available payload are electric batteries and solar panels which are needed to 
provide the airship the enough amount of energy. Therefore, the objective of our research is to 
show that proper control of aerostat’s volume during the flight allows to noticeably decrease 
the amount of energy required for its operation and thus to reduce the total weight of the 
applied power system.  
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           (a)  
 

                (b)  (c) 
Figure 3: The concept of the Russian airship HAA Berkut [5] 

 
In this paper we briefly present numerical analyses of vertical motion of the aerostat of 

innovative telescopic design. Conducted simulations, even though regarding the medium-
altitude aerostat, reveal key problems and indicate factors that play crucial role in design and 
control of telescopic aerostats with reasonable payload. The first issue to be addressed is the 
requirement of obtaining maximal efficiency of the aerostat, understood as minimal time of 
ascending and descending. In turn, the second issue is minimization of the total cost required 
for controlling vertical mobility, understood as total amount of energy required for transfer of 
helium between storage tank and aerostat and vice versa. The corresponding control problems 
are formulated basing on previous research works [6,7]. The conducted numerical simulations 
show that both the time of ascending / descending and the amount of energy needed for the 
flight can be significantly reduced by proper control of HAPS volume and helium flow. In the 
latter case, the applied control strategy allows to reduce the mass of external energy sources, 
such as electric batteries or solar panels. 

2 GENERAL IDEA OF TELESCOPIC HAPS 

The proposed concept for vertical mobility is based the reversible, telescopic option for the 
aerostat volume modifications, in which the crucial feature is system composed of structural 
sections connected via controllable actuators fixing or releasing their relative movement and 
additional helium container (pressure tank) allowing controllable release or absorption of gas 
[8]. The design concept of the small HAPS module applied in further analyses of its mobility 
and load-carrying capacity is illustrated in Fig. 4. The construction consists of a cylindrical 
housing reinforced by axial and circumferential ribs. The HAPS offers a possibility of volume 
modification by changing the length of the cylindrical section from initial dimension of D to 
the maximal dimension of 2D. It is possible due to the construction consisting of the inner (1) 
and outer segments (2), which are sliding along linear guideways (7). Relative motion of these 
guideways can be blocked by actuator (3), which creates the clamping mechanism providing 
control of the aerostat volume. 
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Figure 4: Scheme of the HAPS design: a) aerostat in initial form: 1 – inner segment, 2 – outer segment, 3 – 
piezoelectric actuator, 4 – additional helium tank, 5 –  valve controlling helium flow, 6 – compressor, 7 – linear 

guideways; b) aerostat in extended form  

In order to achieve a proper mobility the aerostat is equipped with an additional gas storage 
tank (4) with an additional amount of pressurised helium. This additional tank serves for the 
purpose of generating the pressure difference between aerostat and its environment. The 
created overpressure or underpressure is used to generate forces needed to fold and unfold the 
aerostat. In order to reduce helium losses caused by its release to atmosphere, the aerostat is 
equipped with a compressor (6) and a valve (5), which control the flow of helium from the 
aerostat back to the additional gas tank.  

Application of the above described system composed of additional pressure tank, the 
compressor and the valve enables precise control the gas flow and actual pressure difference 
between the aerostat and the atmosphere during the ascending and descending process. This 
allows to control the process of folding and unfolding of the aerostat, to generate the required 
value of the lift force resulting from buoyancy and to obtain equilibrium position of the 
aerostat at desired altitude. 
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3 STRATEGY AIMED AT MA

EFFICIENCY 

In the considered control problem we will analyze the process of aerostat ascending and
descending of total duration of
should ascend from the ground level to initial equilibrium position located at h
it should float to the target alt
h2=3000 m. Further, in the second 
altitude h3=5000 m back to altitude h
h4=3000 m. 

The first control problem is to find change of aerostat volume 
required change of pressure difference between the aerostat and the atmosphere 
∆p, which enable realization of the above defined aerostat ascending and 
descending sequence, simultaneously providing the shortest time of aerostat motion between 
the assume altitudes. Mathematically, the
efficiency takes the form: 

Find  and ∆
1. ℎ, 0, ℎ, 0, ℎ, 0,
2. △ ℎℎ △ ℎℎ   △

subject to condition of compressor maximal mass flow rate:
The first condition describes successful realization of the assumed flight scenario

includes reaching the subsequent altitudes h
condition defines the objective function
between the altitudes. The intuitive solution of the above control problem is maximally fast 
change of pressure difference and step
each stage of ascending and descending. The corresponding plots of HAPS altitude and work
done by compressor are presented in Fig. 5 and Fig. 6

 

Figure 5: Strategy maximizing
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STRATEGY AIMED AT MAXIMIZATION OF VERTICAL MOBILITY 

In the considered control problem we will analyze the process of aerostat ascending and
descending of total duration of 12000 s. During the first part of the process, the aerostat 
should ascend from the ground level to initial equilibrium position located at h

float to the target altitude h3=5000 m with an intermediate stop at the altitude 
=3000 m. Further, in the second part of the process, the aerostat should descend from the 

=5000 m back to altitude h5=350 m, with the intermediate stop at the altitude of 

control problem is to find change of aerostat volume  and the corresponding 
uired change of pressure difference between the aerostat and the atmosphere 

, which enable realization of the above defined aerostat ascending and 
descending sequence, simultaneously providing the shortest time of aerostat motion between 

assume altitudes. Mathematically, the above problem of maximization of vertical mobility 

  such that:  
, ℎ, 0, ℎ, 0 ⊂ ,  ,  ∈ 〈0, 〉   

△ ℎℎ   △ ℎℎ  is minimal  
subject to condition of compressor maximal mass flow rate:       

describes successful realization of the assumed flight scenario
subsequent altitudes h1-h5 with intermediate brief 

the objective function, which is a sum of subsequent times of transfer 
between the altitudes. The intuitive solution of the above control problem is maximally fast 
change of pressure difference and step-wise change of aerostat volume at the beginning of 
each stage of ascending and descending. The corresponding plots of HAPS altitude and work

mpressor are presented in Fig. 5 and Fig. 6.  

Strategy maximizing vertical mobility efficiency: change of aerostat altitude 

AL MOBILITY 

In the considered control problem we will analyze the process of aerostat ascending and 
art of the process, the aerostat 

should ascend from the ground level to initial equilibrium position located at h1=350 m, next 
rmediate stop at the altitude  

uld descend from the 
=350 m, with the intermediate stop at the altitude of 

and the corresponding 
uired change of pressure difference between the aerostat and the atmosphere 

, which enable realization of the above defined aerostat ascending and 
descending sequence, simultaneously providing the shortest time of aerostat motion between 

problem of maximization of vertical mobility 

 
describes successful realization of the assumed flight scenario, which 

intermediate brief stops. The second 
subsequent times of transfer 

between the altitudes. The intuitive solution of the above control problem is maximally fast 
rostat volume at the beginning of 

each stage of ascending and descending. The corresponding plots of HAPS altitude and work 

 
ostat altitude  
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Figure 6: Strategy maximizing

 
The conducted simulations indicate that for the assumed parameters of the aerostat the 

required altitudes can be achieved in time periods substantially shorter than 
(Fig. 5). However, each stage of ascending and descending process is asso
amount of work done by the compressor. In particular, large power consumption is required at 
the beginning of the descending stages
to storage tank (Fig. 6). 

4 STRATEGY AIMED AT MI

ENERGETIC COST 

The second control problem is to find change of aerostat volume 
corresponding required change of pressure difference between the aerostat and the atmosphere 
∆p, which enable realization of 
sequence, simultaneously providing 
additional gas tank and aerostat
vertical mobility energetic cost

Find  and ∆
1. ℎ, 0, ℎ, 0, ℎ, 0,
2. E    


∆p




subject to condition of compressor maximal mass flow rate:
Now, the second condition defines

compressor during helium transfer
actual density and pressure difference between 
The intuitive solution of the above control problem is realization of the entire process in 
possibly slow manner, with minimal pressure difference between 
tank. The corresponding plots of aerostat altitude and work by compressor are
Fig. 7 and Fig. 8.  
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Strategy maximizing vertical mobility efficiency: work done during gas transfer 

The conducted simulations indicate that for the assumed parameters of the aerostat the 
required altitudes can be achieved in time periods substantially shorter than 

). However, each stage of ascending and descending process is asso
amount of work done by the compressor. In particular, large power consumption is required at 

inning of the descending stages, when large mass of helium has to be transferred

STRATEGY AIMED AT MINIMIZATION OF VERTICAL MOBILITY 

The second control problem is to find change of aerostat volume 
corresponding required change of pressure difference between the aerostat and the atmosphere 

, which enable realization of the above defined aerostat ascending and descending 
ce, simultaneously providing  minimization of the energy used for gas transfer between 

additional gas tank and aerostat. Mathematically, the above problem of minimization of 
tic cost takes the form: 

  such that:  
, ℎ, 0, ℎ, 0 ⊂ ,  ,  ∈ 〈0, 〉   

 dt  is minimal  
subject to condition of compressor maximal mass flow rate:       

condition defines the objective function, which 
compressor during helium transfer and is a function of required mass flow rate of helium, its 
actual density and pressure difference between the additional storage tank and 

ntuitive solution of the above control problem is realization of the entire process in 
possibly slow manner, with minimal pressure difference between the aerostat and the 
tank. The corresponding plots of aerostat altitude and work by compressor are

 
vertical mobility efficiency: work done during gas transfer  

The conducted simulations indicate that for the assumed parameters of the aerostat the 
required altitudes can be achieved in time periods substantially shorter than initially assumed 

). However, each stage of ascending and descending process is associated with large 
amount of work done by the compressor. In particular, large power consumption is required at 

ss of helium has to be transferred back 

OBILITY 

The second control problem is to find change of aerostat volume  and the 
corresponding required change of pressure difference between the aerostat and the atmosphere 

the above defined aerostat ascending and descending 
minimization of the energy used for gas transfer between 

problem of minimization of 

 
which is work done by 

required mass flow rate of helium, its 
additional storage tank and the aerostat. 

ntuitive solution of the above control problem is realization of the entire process in 
the aerostat and the storage 

tank. The corresponding plots of aerostat altitude and work by compressor are presented in 
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Figure 7: Strategy for minimization of vertical 

Figure 8: Strategy for minimization of vertical mobility energetic cost: work done during gas transfer 

In the conducted simulations the change of
process is not instantaneous but 
equal to the corresponding predefined time 
this strategy each stage of the process is associated with
compressor and, in particular,
power consumption (Fig. 8). As a result
times smaller than in previous 

5 CONCLUSIONS 

The paper provides preliminary positive verification of the concept of adaptive telescopic 
stratospheric aerostats based on mechanism of volume change, application of additional 
pressure tank and compressor. The conducted simulations prove that adaptive telescopic 
HAPS can be adjusted to various operational conditions. Control of internal pressure c
used to achieve desired altitudes possibly fast or to operate in a slow mode providing 
significant reduction of energy consumption. It
aerostats offer exceptional vertical mobility and thus they seem to be pr
many practical applications in the coming years.
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Strategy for minimization of vertical mobility energetic cost: change of 

Strategy for minimization of vertical mobility energetic cost: work done during gas transfer 

conducted simulations the change of aerostat volume during each stage of
not instantaneous but gradual and subsequent time periods of volume change

predefined time periods of ascending or descending (Fig. 
ge of the process is associated with significantly smaller work done by 

n particular, initial part of descending stages does not require 
). As a result, the total work done by compressor is almost ten 

times smaller than in previous control strategy (note the scale difference in Fig. 

The paper provides preliminary positive verification of the concept of adaptive telescopic 
tospheric aerostats based on mechanism of volume change, application of additional 

pressure tank and compressor. The conducted simulations prove that adaptive telescopic 
HAPS can be adjusted to various operational conditions. Control of internal pressure c
used to achieve desired altitudes possibly fast or to operate in a slow mode providing 
significant reduction of energy consumption. It can be concluded that adaptive telescopic 
aerostats offer exceptional vertical mobility and thus they seem to be promising solution in 
many practical applications in the coming years. 

 

 aerostat altitude  

 

Strategy for minimization of vertical mobility energetic cost: work done during gas transfer  

volume during each stage of the 
of volume change are 

ascending or descending (Fig. 7). In 
cantly smaller work done by 

does not require excessive 
the total work done by compressor is almost ten 

strategy (note the scale difference in Fig. 6 and Fig. 8). 

The paper provides preliminary positive verification of the concept of adaptive telescopic 
tospheric aerostats based on mechanism of volume change, application of additional 

pressure tank and compressor. The conducted simulations prove that adaptive telescopic 
HAPS can be adjusted to various operational conditions. Control of internal pressure can be 
used to achieve desired altitudes possibly fast or to operate in a slow mode providing 

can be concluded that adaptive telescopic 
omising solution in 
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Abstract. In this paper, it is introduced to find net aerodynamic lift capacity of proposed 
flapping-wing micro air vehicle (FWMAV) by performing dynamical calculation and FSI 
(Fluid Structure Interaction) analysis of a flapping wing test system. In the flapping system, a 
single degree of freedom type four-bar mechanism which was used as a piezo-driven flapping 
wing mechanism in previous literature studies is implemented to create beating motion of the 
wings. For the wing structure, Calliphora Erythocephala’s wing is used which is presented by 
Konkuk University [1]. The flapping wing mechanism and wing structure are fabricated by 1 
mm of plexiglass. In FWMAV applications, in order to produce enough force to levitate the 
flapping structure, the inertial forces are created by flapping wing mechanism should not 
dominate on aerodynamic lift capacity of the wings. In this framework, the real-time flapping 
test is performed by six degrees of freedom force transducer for a specific flapping frequency 
(11.2 Hz) to understand inertial and aerodynamic characteristics of the proposed mechanism 
and test results are presented. The theoretical approach is put forward by obtaining the 
dynamic model of the proposed flapping structure. The initial angular position, mass, and 
radius of rotation values of the major linkages of the flapping wing mechanism are presented. 
Tangential and centrifugal forces acting on major linkages of the four-bar flapping wing 
mechanism are found and total inertial characteristics of the proposed mechanism are 
obtained in different axes. FSI analysis of the proposed flapping wing mechanism is 
performed to understand how the elasticity of the wing effects of the aerodynamic lift 
capacity of the structure. The aeroelastic analysis is modelled based on the conditions are 
performed in the test phase. The Fluid-structure interaction model is created in two different 
domain using ABAQUS CAE and STARCCM+. ABAQUS CAE is used to create the 
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structural dynamics finite element model of the proposed flapping wing structure. A time-
dependent dynamic implicit analysis step is created in finite element analysis (FEA) model 
and sinusoidal input is defined to the corresponding linkage and inertial results are shared. In 
this framework, the wing is modelled in STARCCM+ interface. The inertial force results 
belonging to FSI analysis is presented and compared with the theoretical model and 
experimental test results. 
 

1 INTRODUCTION 
In recent years, there has been growing interest in micro air vehicles (MAV) in military 

and civilian applications using the state of art technology of developed micro-sized 
mechanical and electronic devices. In literature, MAVs are categorized with respect to their 
wing types as fixed, rotary and flapping wing.  Flapping wing micro air vehicles (FWMAV) 
have gained great attention in MAV category for their high maneuver capability, especially 
for indoor activities. Researchers are in this field still trying to enlighten how to use low 
Reynold flyer's such as birds and bats features in their design. 

In FWMAV applications, some preliminary items emerge as aerodynamic and inertial 
forces for producing enough aerodynamic lift force to levitate the flapping wing structure. 
Flapping wing mechanisms are used to obtain beating motion of wings. During flapping 
motion, the flapping mechanism creates inertial forces in different axes. In this framework, 
the inertial forces created by the flapping wing mechanism must be investigated deeply.  In 
literature, some preliminary real-time tests have been performed to find the generated inertial 
forces by four-bar flapping wing mechanisms [1]. However, this study is an experimental 
based study and does not present an inertial analysis. Senol et al. ([2]-[3]) presented inertial 
force analysis and compared with test results. But, in this study, the inertial analysis is carried 
out only based on the proposed wing, the inertial forces created by linkages and rotating parts 
are neglected. 

To understand the inertial characteristic of the flapping wing based structures, the flapping 
test is performed using 6 DOF force/moment transducer. Flapping wing test bed gives 
extensive information about the aerodynamic characteristics of flapping wing structure. Khan 
et al. [4] performed force and moment measurements by use of 6 DOF force/moment 
transducer and correlate the measured force and moment values with the proposed dynamical 
flapping model. Jang et al. [5] improved a passive control mechanism for adjusting the mean 
angle of attack in hovering using 6 DOF transducer. Phan et al. [6] proved that clap and fling 
mechanism has a positive impact on aerodynamic lift capacity using a force sensor.  

In FWMAV applications, the net lift capacity which is the combination of aerodynamic lift 
force and inertial force created by flapping wing mechanism determines whether the proposed 
FWMAV structure produce just enough lift to levitate the model or not. There are great 
numbers of computational studies are performed to understand the lift capacity of the 
presented FWMAV structure, mostly using computational fluid dynamics (CFD) technique 
for rigid bodies ([7], [8]). However, using CFD model for the rigid structures neglects the 
elasticity of the wing structure and does not take account into the inertial forces created by 
flapping wing mechanism and wing structure during beating motion. 



1639

Can Beker, Ali E. Turgut, Kutluk B. Arikan and D. Funda Kurtulus  

 3 

Fluid-structure interaction analyses solve fluid and dynamic equations simultaneously for 
an elastic body and give a net force result in the desired direction. Some preliminary works 
are performed to understand aerodynamic characteristic using FSI technique. Cetraro et al. [9] 
implemented electro-active material on a wing membrane and used FSI analysis to show 
generating oscillations on wing membrane at a resonance frequency and an angle of attack 
increases aerodynamic lift force. Nakata et al. [10] performed FSI analysis to investigate the 
flexibility effect of the wings to the aerodynamic efficiency based on Hawkmoth Agrius 
Convolvuli insect wing. Nakata et al. [10] reported that using flexible wing enhances the 
aerodynamic efficiency in terms of the lift capacity, in contrast flexible wings require more 
power for flapping and creates more drag force since the deformation of the wings. 

The goal of this study is to validate the test results using theoretical and computational 
approach and offer a design methodology for the proposed FWMAV structure. In this 
framework, a flapping wing mechanism is presented and a flapping test is performed. Based 
on the proposed mechanism and flapping conditions, dynamical calculations and some 
preliminary computational studies (FSI) are performed and compared with test results.  

2 FLAPPING WING MECHANISM DESIGN  
The flapping wing mechanism is responsible for transferring the actuation force to wings 

and creating flapping motion. For this study, a four-bar mechanism is designed based on the 
piezo-driven four bar mechanism designed in Ref. [1] . The position analysis is carried out 
and an amplification ratio is found between the input angle and the flapping angle. With the 
lengths of the four-bar mechanism selected as l0=38 mm, l1=30 m, l2=8 mm and l3=7.5 mm, 
the maximum flapping angle (θ3) is achieved as 24.9° whereas the minimum angle is -16.6°. 
The four-bar flapping wing mechanism flapping angle response is given in Figure 1. 

 
Figure 1: Kinematic relations a) Instantaneous flapping angle b) Position of the mechanism at the maximum up-

stroke (position-1) and at the minimum down-stroke (position-2) during the flapping motion 
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3 EXPERIMENTAL SETUP 
Experimental test is performed to measure total forces created by the designed and 

manufactured flapping wing mechanism in non-vacuum condition using ATI Nano17 6 DOF 
F/T (Force/Torque) transducer. The resolution of the ATI Nano F/T card is 3 mN of force and 
16 μNm of moment. The flapping wing mechanism is driven by a servo motor. A sinusoidal 
input is defined in microcontroller as to run the servo motor. Its oscillation amplitude is 10° 
and its frequency is 11.2 Hz. The measured force data is transferred to DAQ/FT and its 
amplifier and the gathered data is visualized in Lab-View program in PC. The schematic view 
of the experimental setup is given in Figure 2. 

 
 

Figure 2 : Experimental Setup a) Microcontroller b) Force Sensor c) Data Acquisition Board (DAQ) Amplifier 
d) Data Acquisition Board e) Computer 

 The flapping test is performed with flapping frequency of 11.2 Hz and a flapping angle of 
41.5°. Using acquired data, Fast-Fourier Transformation is performed using MATLAB and to 
eliminate white noise, 5th order Butterworth filter with a cut-off frequency of 33.54 Hz is 
used. In this study, since the lift capacity of the proposed flapping wing mechanism is 
investigated the forces in lift direction (y-axis) is studied in detail. 

4 RIGID-BODY DYNAMICS CALCULATIONS 
In this section, the inertial forces created by flapping wing mechanism are investigated. 

The majority of the inertial forces are created by linkages of the four-bar flapping mechanism 
and the Calliphora Erythocephala’s wing.  In this framework, the forces acting on the major 
four-bar linkages and wing are found and inertial forces are presented in different directions. 
The proposed flapping wing mechanism and the obtained free-body diagram are given in 
Figure 3.  
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Figure 3: Schematic and exploded view of the proposed flapping wing mechanism a) Sections of the proposed 
flapping wing mechanism b) Forces acting on proposed flapping wing mechanism 

The link-1 rotates around C1 with R1 (6.72 mm) radius of rotation whereas the wing and 
link-3 rotates about C2 with Rw (6.72 mm) and R3 (52.56 mm) radius of rotations respectively 
as given in Fig.3b. The mass, initial angular position of the center of mass and derived 
instantaneous angular position of the major linkages and wing are given in Table 1. The 
maximum angle obtained for the Link-1 is 19 with respect to y-axis whereas for the wing and 
link-3, the maximum angle is 20.75 with respect to x-axis. In Table 1,  ̅i (as shown in 
Fig.3b) represents instantaneous angle, ̅i−initial represents the initial angular position of the 
center of mass, ̅i−max represent the reached maximum angle of the corresponding part for i= 
w, 1, 3.  In dynamical calculations, the link-2 is neglected since it has a small mass or 0.1 
gram.  

 
Table 1: The masses and radius of rotations of each part of the proposed flapping wing mechanism 

Part 
name 

Mass 
[gram] 

Initial Angle, 
(Relevant axis)    

(   i-initial) 

Maximum 
angle (   i-max) 

Instantaneous Angular Positions 

Wing 1.5  3.55 (x-axis) 3.55 ( x-axis)   w =   w-initial +   w-max sin(2ft) 

Link-1 1.9  14 (y-axis) 14 (y-axis)   1=   1-initial   +   1-max sin(2ft) 

Link-2 0.1  - - - 

Link-3 0.3  -28.42 (x-axis) -28.42 (x-axis)   3 =   3-initial +   3-max sin(2ft) 
 
After obtaining the instantaneous angular positions of the wing, link-1 and link-3, the 
instantaneous angular velocities and angular accelerations of the corresponding parts are 
obtained using Eq. (1) and Eq. (2) respectively.  
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w(t) =  
∂i
∂t   

(1) 

α(t)=
∂w
 ∂t  

(2) 

The obtained angular acceleration values are plugged into the centrifugal and tangential 
force terms in Eq. (3) and Eq. (4). Then the inertial forces generated in the x-axis and the y-
axis are found using Eq. (5) and Eq. (6).   

Fi-centrifugal=miwi
2Ri (3) 

Fi-tangential=miαiRi 

     Fi-x= Fi-centrifugal + Fi-tangential 

        (4) 

      (5) 

 Fi-x= Fi-centrifugal + Fi-tangential 

For i= 1, 3, w 

 (6) 

Based on the dynamical calculations, the instantaneous angles of the center of mass of the 
each corresponding parts and total inertial forces in the x-axis and y-axis are given in Figure 
4.  

 
Figure 4 Dynamic calculations a) Forces during the 5th period in lift and side force directions b) Instantaneous 

angular positions for the wing, link-1 and link-3 

5 COMPUTATIONAL METHOD 
Fluid-structure interaction analysis (FSI) is performed to understand the inertial and 

aerodynamic lift characteristic of the proposed flapping wing mechanism. FSI analysis gives 
extensive results about how dynamically moving body is affected by fluid surround it. In FSI 
analysis, two types of computational domains work simultaneously and communicate with 
each other as the structural and fluid domain. Essentially, in this study, ABAQUS CAE 14.0 
is used for the structural domain and STARCCM+ is used for the fluid domain. The 
simulation is ran with 5x10-4 seconds time increment. 
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A dynamic implicit analysis step is defined as the finite element analysis model. The 
linear-hexagonal element type is used for the created FEA model. The total node number of 
the FEA model is 7375, the total element number of the FEA model is 4830. The created 
finite element analysis (FEA) model of the proposed flapping wing mechanism is given in 
Fig. 5. Sinusoidal angular displacement rotation is defined from point C1  in z-axis whereas 
fixed-type boundary condition is defined from point C2 and the flapping wing mechanism is 
fixed from point C1 (Figure 3). 

 
The plexiglass material is defined for the whole parts of the proposed flapping wing 

mechanism. The modulus of elasticity, Poisson’s ratio and density of the Plexiglass are 
defined as 3100 MPa, 0.3 and 1.4 kg/m3 respectively. 

 
Figure 5 Finite element analysis model of the proposed flapping wing mechanism 

 
CFD analysis only covers the flow coupled section as shown in Fig.5 and Fig. 6. The fluid 

domain and its dimensions are given in Figure 6.  The property of air is defined for the fluid 
domain as 1.18 kg/m3. The section view of the fluid domain is also given in Figure 7.  

 

 
Figure 6: Fluid domain for the CFD analysis 
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Figure 7 Mesh in the fluid domain 

5 RESULTS 
In this section, the theoretical, experimental, FSI (Fluid-structure interaction) and dynamic 

FEA (Finite element analysis) results of the proposed flapping wing mechanism are compared 
and the effect of the aero-elasticity is addressed. In the FSI analysis, the proposed flapping 
wing mechanism undergoes the body inertial force and aerodynamic effects simultaneously. 
However, in the FEA analysis, the effect of aerodynamics is not included and it simulates as 
the proposed flapping wing mechanism is in vacuum condition. As a result of this, different 
load and wing tip deflections occur between FSI and FEA results. Figure 8a, illustrates the 
wing tip deflection difference between the FSI and dynamic FEA for the proposed flapping 
wing mechanism. According to the Figure 8b, performing FSI analysis causes maximum 
0.135 mm difference in the y-axis. 

 

 
Figure 8: Tip displacement difference between FSI and dynamic FEA analysis in the y-axis

An experimental study is also conducted and compared with the theoretical, FEA and FSI 
results during the second period as it is given in Fig. 9.  
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Figure 9: Comparison of the forces in y direction 

The maximum and minimum inertial forces for the introduced methods are pin-pointed and 
given in Table 2. 

 
Table 2: Inertial values at the end of the up-stroke and down-stroke 

 

 
  According to Table 2, the maximum and minimum inertial forces obtained in the 

experiment at the end of the up-stroke (t*=2.24) and down-stroke (t*=2.74) are 0.143 N and -
0.186 N, respectively. From Fig. 9, it is evident that the FSI and FEA give the closest result to 
the experiment compared to the theoretical result. However, since FSI analysis result includes 
elastodynamics and aerodynamic effects in contradiction of the FEA result which only 
includes elastodynamics effect, the FSI analysis gives more realistic result to the experimental 
study as 0.142 N and -0.182 N at the end of the up and down-strokes respectively. During 
flapping motion, the wing sweeps different angles with respect to the x-axis between 24.9 
and -16.6 (Fig. 9b). Thus, the introduced flapping wing mechanism is subject to 
instantaneous inertial loads. Based on the theoretical study results, the proposed flapping wing 
mechanism experiences more inertial load at the end of the down-stroke compared to the up-
stroke as it is given in Table 2.  As a result of this, different wing tip deflection occurs at the 
end of each stroke phase. In this study, the proposed theoretical formulation is derived based 
on rigid body dynamics and does not cover the inertial forces created by the elastic effects. It 
is also noted that, a significant difference is inspected in inertial forces between the theoretical 

Method End of the 
Up-stroke 
(t*=2.24) 

End of the 
Down-stroke 

(t*=2.74) 
Experiment 0.143 -0.186 

FSI 0.142 -0.182 
FEA 0.138 -0.177 

Theory 0.133 -0.139 
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and experimental result as 7% and 25% for the end of the up-stroke and down-stroke, 
respectively. 

6 CONCLUSIONS 
- In this study, a single degree of freedom type four-bar flapping mechanism is 

introduced and the performed experimental force results are compared with the 
theoretical, FSI and FEA results. To find the inertial loads created by the proposed 
flapping wing mechanism theoretical, FEA and FSI analysis studies are conducted. In 
the theoretical approach, a rigid-body dynamics formulation is derived by finding out 
the tangential and centripetal forces on the Calliphora Erythocephala’s wing and 
linkages. Then the lift contribution of the corresponding force is investigated. For 
FEA, dynamic implicit step is defined and the total inertial forces are found in the lift 
direction. In FSI analysis, the dynamic structural analysis and CFD domain are 
created and performed together to find the inertial forces in the lift direction. 0.135 
mm tip deflection difference is obtained between performed FSI analysis and FEA 
for the introduced flapping wing mechanism.  

- According to the results obtained, each calculation method used to find the inertial 
loads in lift direction, the FSI analysis gives the closest result to the experiment result 
with 0.7% and 2.15% difference at the end of the upstroke and downstroke phases 
respectively whereas the theoretical result gives the worst result since it does not 
include elastic effect in its formulation. 

- As a future work, the current mechanism is intended to be actuated by use of 
piezoelectric materials [11] instead of a servo motor to perform sinusoidal flapping 
motion. 
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Abstract. This paper presents a dynamic characteristics of robotic emergency bridge, called 
Mobile Bridge, which can be quickly constructed to recovery the damage after a natural 
disaster. The concept of the bridge is based on the application of a scissor mechanism, which 
enables its rapid deployment. From the point of to use the Mobile Bridge in disaster area, it is 
needed to investigate the dynamic behavior by the numerical simulation included both 
eigenvalue and seismic response analysis. From these results, it was possible to estimate basic 
mechanical characteristics of dynamic properties of the bridge including reduction of 
vibration by reinforcement technique. The conducted research allows for better and safer 
design of the structure of the Mobile Bridge. 
 
 
1 INTRODUCTION 

In recent years, the world has seen several types of natural disasters that have caused many 
critical situations in the lives of people by damage of an infrastructure. It is important to 
rebuild the damaged traffic routes immediately in such serious situations in order to facilitate 
quick relief and restoration activities. An emergency bridge is a specialized bridge designed 
for short time construction. Typical emergency bridges, for example, the Bailey bridge 
proposed by D. Bailey in 1943, are modularized truss bridges. It is possible to design different 
types of bridge configurations by the combination of modularized bridge panels [1]. However, 
prefabricated truss block type bridges require construction yards and heavy machinery on site. 
Even some erectable bridges which are possible to build up manually, require a number of 
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considerable skilled human resources, sometimes over a hundred workers.  
Therefore the authors have proposed a rapidly and easily constructible emergency bridge 

using a deployable system, called Mobile Bridge (herein called MB). It is based on the 
concept of the Origami skill [2] and Multi-Folding Micro structures (MFM) theory [3]. The 
original structural form of the MB, in its patent [4], is similar to a scissor system [5] for its 
structural form. The design concept of the MB enables the reduction of construction time on 
site by deploying the structural frame directly over a damaged bridge or road. Research 
development of the MB began with a small footbridge as a prototype [6] which used patented 
technology. The expansion time depended on the person performing operation, and was 
approximately 2 mins. After the successful development of the footbridge, research focused 
on the live loading both pedestrian and vehicle. A prototype of the full-scaled MB was created, 
MB version 1.0 [7], The MB1.0 demonstrated its potential for the live loading of the traffic 
weight using a vehicle. Based on this experimental demonstration using the MB1.0, the 
current model, the MB4.0 with a length of approximately 20m and height of approximately 
2m was created [8]. The expansion process can be easily controlled and it looks only 5 mins 
for the bridge to be fully deployed.  

This presented research reviews fundamental dynamic analysis of the pedestrian type of the 
MB (herein called prototype). In the case of deployable structures, as well as the static 
analysis of different configurations, it is important to investigate dynamic behaviour of the 
system. The high compliance and flexibility of the scissors-type bridge may influence the 
comfort and safety of users in case of heavy dynamic loads such as human induced impacts, 
wind gusts, or earthquakes. Therefore, numerical simulation included both eigenvalue and 
seismic response analysis was performed. From these considerations, it was possible to 
estimate basic mechanical characteristics of dynamic properties of the bridge. The conducted 
research allows for better and safer design of the structure of the MB.   
 

2 NUMERICAL MODEL 
In case of the deployable structures which have completely different configurations by 

change of their structural forms, investigation of the dynamic behavior is so important due to 
their flexibility. Hence, we carried out numerical simulation and experimental testing for the 
prototype to find out the fundamental dynamics of the MB, that is natural frequency and 
vibration mode. Besides, the seismic response analysis is performed by assuming the use of 
the MB in the disaster area.  

2.1 FE model 
The prototype used in this research has a span of approximately 6.1m and a height of 0.5m. 

The main structural members of the bridge are fabricated using extruded aluminum alloy 
A6063. The material of the shafts connecting main frame is assumed to be same with scissors 
member, and the total mass of the bridge is less than 100kg. The FE numerical model is 
created using MSC Marc 2016 which is one of the major nonlinear finite element software. 
The model is represented in 3D by use of beam elements. The pivot part which is connecting 
two components is allowed to rotate without any friction. Besides, the damping of the bridge 
dynamics is assumed as Rayleigh damping model. Detail modeling method can be found  
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in our previous paper [7]. 

2.2 Boundary condition 
This research examined the basic dynamic characteristics of the MB under two sets of 

boundary conditions. During the deployment phase, the bridge is supported only at one end 
resulting in cantilever boundary conditions (see Figure 1 (a)). Once deployed, the bridge has 
two supports hence the deployed, second condition is the simply supported beam case, where 
the supports have horizontal and vertical displacement constraint (see Figure 1 (b)). After 
finishing construction, the pedestrian bridge is set on the upper decks aligned at the line of top 
hinges (see Figure 1 (c)).  

2.3 Seismic load 
The dynamic data from the Kobe earthquake (1995) observed by the Japan Metrological 

Agency (JMA) was utilized to model the ground acceleration acting on the bridge as shown in 
Figure 2. In this research three directions, that is North-South (NS), East-West (EW) and Up-
Down (UD) direction, are considered. A relatively high acceleration which resulted in severe 
damage to structures was observed in the North-South (NS) direction at approximately 5 sec., 
and it was equal to 8.2m/s2. These accelerations were applied to the considered FE model as 
seismic excitation. 
 

3 NUMERICAL RESULT 
Primary numerical results in cantilever and both-ends supported conditions without decks 

are described.  

3.1 Eigenvalue analysis for natural frequency 
The considered problem was the eigenvalue analysis aimed at finding the frequencies of 

free vibrations and the corresponding vibration modes. Although the MB has geometric  

 

 

(a) Cantilever condition 

 
(b) Both-ends supported condition without decks 

 
(c) Both-ends supported condition with decks 

Figure 1: Change of boudary condition accorging to 
deployable action 

Figure 2: Acceleration response on time of          
Kobe earthquake 
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nonlinearity which affect to the stiffness of the bridge according to its expansion angle, in this 
paper, we present the results of the eigenvalue analysis for particular expanding angle as local 
linearization problem.  

The numerical result for the prototype under cantilever condition showed that the 
frequencies for the 1st modes for the vertical direction, horizontal direction and expanding 
direction were 2.6Hz, 2.6Hz and 4.6Hz as shown in Figure 3. Similarly, the 1st modes under 
both-ends supported condition were 12.0Hz in the vertical direction, 12.6Hz in the horizontal 
direction and 19.0Hz in the vertical direction as shown in Figure 4. These results indicate that 
in the case of the prototype, the vibrations in the horizontal direction are stronger than those in 
the vertical and expanding direction. Besides, we can see that the vibration modes of the 
scissor bridge are generally similar to the beam structure. Therefore, special attention has to 
be paid to the in-plane vibrations when a pedestrian type of the MB is installed on-site.  

3.2 Seismic response analysis 
The numerical results of time-displacement relationship under the earthquake are shown in 

Figure 5 and Figure 6. Figure 5 shows the result in fully deployment focused on the bottom 
hinge of the edge member. In this case, the vibration in horizontal direction has high response 
in comparison with the vertical and expansion direction. The maximum amplitude of the 
vibration for the horizontal direction is approximately 145mm, and this result is over 3 times 
higher than vertical direction and 4 times higher than expanding direction. Figure 6 shows the 
result after finishing construction focused on the bottom hinge at the middle of the bridge. 
The central displacement is not so large value during the earthquake compared with the 
cantilever condition. The maximum amplitude of the vibration for the horizontal direction is 
approximately 2mm, and the value become less than 1/30 times than that of cantilever 
condition. Therefore the bridge should be careful during expanding case in design stage.   

Further results including seismic behaver with decks and live load are presented in the 
conference. 

4 CONCLUSIONS 
This paper reviewed the dynamic characteristics of the MB based on the experimental  

   
(a) Vertical direction (b) Horizontal direction (c) Expanding direction 

Figure 3: 1st Vibration modes in cantilever condition 
 

   
(a) Vertical direction (b) Horizontal direction (c) Expanding direction 

Figure 4: 1st Vibration modes in both-ends supported condition 
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pedestrian bridge. The eigenvalue analysis revealed the basic vibration modes of the prototype 
and indicated that major vibration of the scissoring bridge was dependent on its boundary 
conditions.  

Thus, it is more susceptible to vibration in the horizontal direction than in the vertical 
direction after installation. Besides, we found that the vibration modes of the longer scissor 
bridge are generally similar to the discreted beam structure. This tendency was also found 
from the seismic response analysis. The horizontal vibration of the prototype was dominant in 
both cantilever and both-ends supported conditions, and maximum vibration amplitude was 3 
- 4 times higher than another direction. Therefore, special attention has to be paid for the in-
plane vibrations when a pedestrian type of the MB is installed on-site, especially in fully 
deployment state. The conducted research allows for better and safer design of the MB. We 
would like to tackle to reduction and/or control of this flexible bridge by optimal 
reinforcement or using traditional mass damper in the future studies.  
 

   
(a) Vertical direction (b) Horizontal direction (c) Expanding direction 

Figure 5: Edge displacement under seismic load in cantilever condition. 
 

 
   

(a) Vertical direction (b) Horizontal direction (c) Expanding direction 
Figure 6: Edge displacement under seismic load in cantilever condition without decks. 
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Abstract. For decades, several researches with shape memory alloys focused on pipe coupling by taking
advantage of shape memory effect in assembly. This application can avoid problems such as loosening
on traditional threaded tool joints, but an added benefit on its dynamics was never discussed. This
paper investigates the use of shape memory alloys as pipe joints on drill-string dynamics. The idea is
to evaluate the hysteretic behavior’s influence of the superelastic effect and the attenuation of severe
torsional vibration, especially stick-slip oscillations. A simplified lumped parameter model is used to
model the torsional dynamics of the drill-string, with imposed angular speed at the top and a nonlinear
bit-rock interaction at the bottom. This simplified model is validated through finite element analysis.
Thermomechanical behavior of SMA is described using a constitutive model proposed by Lagoudas.
The numerical results show strong dependence of the system torsional oscillations on temperature and
austenitic elastic modulus of the selected material in some drilling conditions as weight on bit and top
angular speed. In order to evaluate the impact of SMA uncertainties on the system dynamic response,
the material parameters are modeled as random variables, and Monte Carlo simulations are performed to
estimate the statistics of permanent response. The random stability map is obtained for different values of
weight on bit and top angular velocity. The stick-slip severity factor, which is a measure of the amplitude
of the torsional vibration, is computed for this purpose. Overall, this work stands that the main variables
in drilling operation can be improved by the introduction of an admissible length of SMA connection,
and it brings new perspectives to smart material adoption in a very significant mechanical system.

1
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1 INTRODUCTION

Over this century, mechanical systems have incorporated special materials capable of smart behavior.
Among such metals, Ni-Ti and others shape memory alloys (SMAs) have close interest to the offshore in-
dustry such in applications as pipe joints1 and actuators.2 Particularly, the tubing solution also presented
by Schlumberger R© have not been completely studied for their impact on the dynamics.

For the SMA, this work is interested on the pseudoelastic effect, or also called superelasticity, which
is a phenomenological effect that occurs above the austenitic temperature and comes from the transfor-
mation cycle between austenite - detwinned martensite - austenite.3 Fig. 1 illustrate this phenomenon by
showing an experimental result where the hysteresis loop can be seen in force-displacement diagram of
load-unload history.

Based on this matter, we focused on the application to drilling operation, where force and torque are
transmitted from a drilling rig to the drill bit through a drill-string. In this system, torsional oscillations,
such as stick-slip phenomenon caused by the bit-rock interaction4 , may occur frequently and causes
several damages to its tools. This can be catastrophic to the operation and must be avoided.

This work aims to combine the use of SMAs as a pipe joints1 and the application in tubes5 which
brought notice to SMA as torque tubes with high energy density and low mass density. As certain
parameters could have huge impact in the system’s response, uncertainties quantification of the drilling
operation and the material characterization are explored by a stochastic evaluation.
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Figure 1: Experimental results for training via isothermal cycling of stress (Source: Hartl and
Lagoudas3).

2 MATHEMATICAL MODEL

This work considers a lumped parameter approach of a drill-string and the obtained results are vali-
dated by a finite element analysis performed with ABAQUS. As for the shape memory alloy, we use a
constitutive model to account for the pseudoelastic effect. Again, we validate it using the pseudoelasticity
model present in ABAQUS, which is based in an alternative constitutive model.

2.1 SMA constitutive model

In 2012, Lagoudas et al.6 proposed a phenomenological model to describe the shape memory ef-
fect and the pseudoelasticity that has been used in several mechanical models including the previous

2
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application analysis designed by UFRJ workgroup7, 8 . In 2016, Enemark et al.9 presented a reduction
for one dimensional shearing, so that the Lagoudas constitutive model can be expressed in terms of the
stress-strain relationship as

τ = GSMA (γ− γt) (1)

where τ is the shear stress; GSMA is the shear modulus; γ is the engineering shear strain; and γt is the
phase transformation strain. Fig. 2 depicts Eq. 1. Moreover, G and γt , which are time dependents, can be
written as

GSMA = (GA +(GM −GA)ξ) (2a)

γ̇t = ξ̇Λ, Λ =




Λ f =
√

3sgn(τ)H , ξ̇ > 0

Λr =
1

ξ̃
γ̃t , ξ̇ < 0

(2b)

with G being the shear modulus and the subscript A and M standing for austenite and martensite phase,
respectively; ξ is the martensite volume fraction (belonging to interval 0 ≤ ξ ≤ 1); Λ is the phase trans-
formation direction, with the subscripts, Λ f and Λr, standing for the forward and reverse direction; sgn(τ)
is the sign of τ; H is the maximum transformation strain, considered constant in this investigation; and
the dot notation, γ̇t and ξ̇, stands for evolution while the tilde notation, γ̃t and ξ̃, indicates that the value
should be taken at change in phase transformation direction.

For the evolution equations, there are transformation functions for the forward and reverse transfor-
mation, that together with the Kuhn-Tucker conditions control whether phase transformations take place.

ε - Shear Strain (%)

τ - Shear Stress  (M
Pa)

GA

GM

Figure 2: Stress-strain relationship for SMA pseudoelasticity effect in pure torsion.

2.2 Drill-string equations

The drill-string can be modeled as a linear torsional pendulum using lumped parameters.10, 11 This
simplification offers a low computational cost with great agreements to the continuum model. To include
the nonlinear effect of the shape memory alloy, small modifications were made by adding the SMA
stiffness in the joint. Figure 3 shows a schematic representation of the proposed model. The governing
equations here presented in Eq. 3(a-h) were adapted from Navarro and Lopez12 formulation and used for
the case of constant angular velocity applied in the rotary table, at the top

3
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ϕ̈r = 0 (3a)

ϕ̈1 =
cSMA + ctc

Ic
(ϕ̇r − ϕ̇1)+

kSMA + ktc

Ic
(ϕr −ϕ1)−

ct

Ic
(ϕ̇1 − ϕ̇2)−

kt

Ic
(ϕ1 −ϕ2) (3b)

ϕ̈2 =
ct

Ip
(ϕ̇1 − ϕ̇2)+

kt

Ip
(ϕ1 −ϕ2)−

cSMA + ctc

Ip
(ϕ̇2 − ϕ̇3)−

kSMA + ktc

Ip
(ϕ2 −ϕ3) (3c)

...

ϕ̈ j−1 =
cSMA + ctc

Ic
(ϕ̇ j−2 − ϕ̇ j−1)+

kSMA + ktc

Ic
(ϕ j−2 −ϕ j−1)−

ct

Ic
(ϕ̇ j − ϕ̇ j−1)−

kt

Ic
(ϕ j −ϕ j−1) (3d)

ϕ̈ j =
ct

Ip
(ϕ̇ j−1 − ϕ̇ j)+

kt

Ip
(ϕ j−1 −ϕ j)−

cSMA + ctc

Ip
(ϕ̇ j − ϕ̇ j+1)−

kSMA + ktc

Ip
(ϕ j −ϕ j+1) (3e)

...

ϕ̈n =
ctc + cSMA

Ip
(ϕ̇n−1 − ϕ̇n)+

ktc + kSMA

Ip
(ϕn−1 −ϕn)−

ctl

Ip
(ϕ̇n − ϕ̇l)−

ktl

Ip
(ϕn −ϕl (3f)

ϕ̈l =
ctl

Il
(ϕ̇n − ϕ̇l)+

ktl

Il
(ϕn −ϕl)−

ctb

Il
(ϕ̇l − ϕ̇b)−

ktb

Il
(ϕl −ϕb) (3g)

ϕ̈b =
ctb

Ib
(ϕ̇l − ϕ̇b)+

ktb

Ib
(ϕl −ϕb)−

Tob

Ib
(3h)

.φ Top-rotary systemJr

c t
c

k t
c

k S
M
A

c S
M
A

ctlktl

ctbktb

Tob

Jp

.φb

Drillpipes

Drillcollars

Bit

Jl

Jb

.φn

.φl

Ω

c tk t

SMA Joint

Drillpipes

.φ 1 Jc

.φ 2 Jp

Figure 3: Drillstring schematics. SMA joint added to original Navarro-Lopez and Cortes12 formulation.
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where ϕi, ϕ̇i, ϕ̈i (i ∈ {r,1,2, ..., j − 1, j, ...,n, l,b}) are the angular position, velocity and accelerations
with the subscripts standing for: r, the top-rotary system; 1 to n, the drill-pipes parts; l, the drill collars;
and, b, the bit. The inertias, Ii (i ∈ {c, p, l,b}), are in agreement with the locations of the drill-pipes, p,
coupling components, c, the drill-collars, l, and the bit, b. These inertias are connected by linear torsional
springs (kt , ktl and ktb), nonlinear torsional springs (kSMA) and viscous torsional dampers (ct , ctl , ctb and
cSMA) in order to represent the dynamics as a mass-spring-damper of this rotating system.

For the nonlinear torsional stiffness, representing the SMA’s pseudoelasticity, we can define the ex-
pression as

kSMA =
GSMAJc

Lc
=

Jc

2Lc(1+ν)
(EA +(EM −EA)ξ) (4)

where Jc is the polar moment of inertia of the cross-sectional area; and Lc is the length of the coupling.
Again, the dependencies of GSMA to the current temperature and phase transformation are implicit.

Additionally, n is an even number and, in this case, the system of n+3 Degrees of Freedom (DOF),
can be represented as a 2n+6 DOF set of first-order Ordinary Differential Equation (ODE) in the state-
space representation. Moreover, by integration over time, using a MATLAB integrator, they can be
solved for positions and velocities.

2.3 Bit-rock interaction

The bit-rock interaction is the second source of nonlinearity presented in the governing equations. In
order to estimate it, several authors have tried to capture their essential dynamic properties of interest.11, 13

This work uses a simplified model based in a regularization on the classical Coulomb’s dry friction model
(as presented by Lin and Wang14 , with regularization near to zero angular velocity) expressed in Eq. 5
which is a non-smooth but simple and continuous torque on bit model.

Tob =Wobrb




µs
ϕ̇b

ωreg
, ϕ̇b ≤ ωreg

µc +(µs −µc)exp(−dc (ϕ̇b −ωreg)) , ϕ̇b > ωreg

(5)

where Wob is the Weight on bit; ωreg is the transition velocity between the regularized stick and slip zone
rb is the bit radius; µs is the static friction coefficient for the stick zone; µc is the kinetic friction coefficient
for the slip zone; dc is the exponential decay of transition between static and kinetic friction; and ωreg

is the regularization and defines the stick zone. All parameters must be calibrated from experimental or
field data.

2.4 Stochastic evaluation

The stochastic evaluation of the deterministic results here presented tries to determine which param-
eters uncertainties could cause significant changes in the drill-string oscillatory dynamics. Preliminary
results have showed that the martensite and austenite modulus of elasticity needed further investigation
due to their uncertainties effect in the stick-slip mitigation.

For the elastic modulus, we can state that the support must be positive and nonzero, so EA,EM ∈ (0,∞).
In addition, it’s a usual procedure for stiffness to guarantee that its expectation must be positive and not
infinity. Thus, we avoid the indetermination on the compliance tensor of division by zero.

Finally, we can address the probability distribution function (PDF), by means of the maximum entropy
principle, as follows in Eq. 6(a-c).

EA ∼ GAMMA(100,0.7) (6a)

EM ∼ GAMMA(100,0.3) (6b)

5
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These PDFs are used to perform a Monte Carlo’s simulation for the parametric evaluation varying the
weight on bit (WOB) and Angular velocity at the top rotary table (Ω). Similar analysis was previously
done by Nogueira and Ritto16 , which presented the probability map we are interest in.

3 DETERMINISTIC RESULTS

The drill-string here considered is based on the same analyzed by Ritto et al.11 The geometry and ma-
terial properties are described in Tab. 1- 2. This choice was made due to the experimental data provided
so the bit-rock interaction could be calibrated to match those data.

The system behavior is illustrated in Fig. 4 for three values of Wob, with the same top angular velocity
being prescribed constant, i.e., ϕ̇r = 100 rpm. At these three pairs, we can see that at Wob = 100 kN we
have an condition of great drilling operation from its torsional dynamics. However, at Wob = 150,200 kN
we can observe torsional oscillations that are recurrent over time. This behavior is unwanted during
operation because can cause failure over drill-string tools, resulting in a catastrophic rupture of pipes.
To quantify it, authors have used an indicator of torsional vibration severity, also named as stick-slip
severity, Eq. 7.

SSS =
max(ϕ̇b)−min(ϕ̇b)

2Ω
.100% (7)

Table 1: Drill-string geometry and drilling parameters

Jr = 134 kg m2 Jc = 13 kg m2 Jp = 134 kg m2 Jl = 235 kg m2

Jb = 471.9698 kg m2 ωreg = 3 RPM Wob = 120 kN Ω = 100 RPM
kt = 3.08 kN m/rad ktc = 0.31 kN m/rad ktl = 38.55 kN m/rad ktb = 687.41 kN m/rad

ct = 1.24 kN m s/rad ctc = 0.12 kN m s/rad ctl = 15.42 kN m s/rad ctb = 274.87 kN m s/rad
µc = 0.65 µs = 1.5 dc = 0.5 rb = 0.4 m

Table 2: Steel and shape memory alloy material parameters

Esteel = 206.8 GPa νsteel = 0.28 α = 0.05 β = 0.4
H = 0.04 EA = 30 GPa EM = 70 GPa ν = 0.3

CA = 6 MPa/K CM = 7 MPa/K As = 30◦ C A f = 43◦ C
Ms = 30◦C M f = 20◦ C ns = {.1 .1 .2 .2}T

To compare the effect on drill-string dynamics of the SMA tool joint, we use the same pairs of WOB

and ϕ̇r presented earlier and the new results are presented in Fig. 5. We can see that the angular velocity
amplitudes were decreased in each Wob compared. In fact, for Wob = 150 kN, it attenuates torsional
vibrations. These results were compared with a finite element analysis, modeled in ABAQUS.

For the SMA joint, we present in Fig. 6 the evolution of the martensite volume fraction and the stress-
strain relationship for three positions in the drillpipes: one close to the top rotary table, one in middle and
another one close to the BHA. Also, the results are shown for two conditions, one with large torsional
amplitude vibration and other with stable velocity at the bit.

6
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Figure 4: Deterministic results for drill-string angular velocities, ϕ̇b and ϕ̇r, without SMA joint. From
left to right: Wob = 100, 150 and 200 kN.

Figure 5: Deterministic results for a drill-string angular velocities, ϕ̇b and ϕ̇r, with SMA joint. From left
to right: Wob = 150 and 200 kN.

(a) (b)

(c) (d)

Figure 6: Deterministic results of the SMA joint, martensite volume fraction over time, ξ(t), and stress-
strain relationship, τ−ε, with SMA joint. For (a) and (b), Wob = 150; and, for (c) and (d), Wob = 200 kN.

7
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The outcomes from Figs. 4-5 also led to a parametric investigation of SMA joint effect in different
pairs of (ϕ̇r,Wob). This evaluation was done in Matlab due to lower computational cost when compared
with ABAQUS. Fig. 7 presents the results for different parameters of drilling operation.

(a) (b)

Figure 7: Parametric evaluation of torsional stability (a) without and (b) with SMA joint. Colors indicate
the torsional vibration severity factor, SSS .

4 STOCHASTIC RESULTS

For the stochastic evaluation, we run a Monte Carlo’s simulations in a 40 by 40 grid of (ϕ̇r,Wob) pairs.
We consider the uncertainties separately so we could assess the effects of austenite and martensite elastic
modulus into the stability map. To determine the agreement of these simulations in the system response,
for each point, we observe the convergence in quadratic mean for the angular velocity at the bit. For 50
simulations, we could see it converging. Therefore, Fig. 8 presents the probability of each point in the
map to have stick-slip, i.e., SSS ≥ 80.

(a) (b)

Figure 8: Stochastic parametric evaluation of drill-string’s torsional vibrations with SMA joint. Analysis
for (a) EA and (b) EM. Colors indicate the occurrence probability of large torsional oscillations.

From Fig. 8 we can see that occurrence zone of stick-slip, on this map in red, is the most altered zone
in both stochastic analysis.

8
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5 CONCLUSIONS

It follows from the deterministic and stochastic analyses here presented:

- The introduction of the SMA joint gives a broader spectrum of safe operation due to damping
introduced by the SMA coupling. Fig. 7 shows that the effect into this verge varies different for
each Wob and ϕ̇r.

- The choice of the shape memory alloy is important to the drilling system because the new drill-
string dynamics depends on it. In this work, we chose the SMA as experimental data was available
at our laboratory. Optimal material parameters could be determined in order to maximize the
attenuation behavior introduced by hysteresis.

- The stochastic analysis presented the response dependency of SMA material parameters, by show-
ing changes in the parametric evaluation of two random gamma distributions with coefficients of
variation of only 15%. It suggests that, for different values of EA or EM, the verge dividing stabil-
ity and stick-slip could be different, but, luckily, the effect could be to increase the safe region of
torsional vibrations.
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12 Navarro-López, E.M. and Cortés, D. (2007) Avoiding harmful oscillations in a drillstring through
dynamical analysis. Journal of Sound and Vibration, 307(1-2): 152-171.

13 Real, F.F., Batou, A., Ritto, T.G., Desceliers, C. and Aguiar, R.R. (2018) Hysteretic bit/rock interaction
model to analyze the torsional dynamics of a drill string. Mechanical Systems and Signal Processing,
111: 222–233.

14 Lin, Y.Q. and Wang, Y.H. (1991) Stick-Slip Vibration of Drill Strings. Journal of Manufacturing Science
and Engineering, 113(1), 38.

15 Ritto, T.G., Soize, C., Sampaio, R. (2009). Non-linear dynamics of a drill-string with uncertain model
of the bit-rock interaction. In: International Journal of Non-Linear Mechanics. 44(8), 865-876.

16 Nogueira, B.F. and Ritto, T.G. (2018) Stochastic torsional stability of an oil drill-string. Meccanica,
53(11-12): 3047–3060.

10



1664

The Motions of the Celt on a Horizontal Plane with Viscous FrictionM. Munitsyna

IX ECCOMAS Thematic Conference on Smart Structures and Materials

SMART 2019

A. Benjeddou, N. Mechbal and J.F. Deü (Eds)
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Abstract. The problem of the motion of a celt on a fixed horizontal plane with viscous friction is

considered. On the plane of the parameters of the problem, regions of stability of uniform rotations

about the vertical are constructed. The dynamics of transient processes from unstable motions to stable

ones is studied.

1 INTRODUCTION

The Celt is a convex solid body, one of its principal central axis of inertia being perpendicular to the

surface of the body, and the directions of the principal curvatures of the surface at the point of intersection

with this axis are not parallel to the other two principal axes. It is well known that the stability of the

rotations of this body around the vertical axis depends from the direction of rotation. In most of the papers

devoted to this property, the non-holonomic formulation of the problem is considered;it is assumed that

the velocity of the point of contact between the body and the plane is zero (see, for example, [1], [2]).

In the paper [4] the motion of the celt on a plane with friction is considered, and the consistency of this

formulation of the problem with full-scale experiments is confirmed.

In the present paper, the investigation of [1] is continuing, in which it is assumed that the viscous

friction force acts on the stone from the side of the plane. This model of friction allows us to carry

out not only numerical, but also analytical studies in the problem. In addition, when the coefficient of

viscous friction strives for infinity, the force of viscous friction is realized the non-holonomic constraint

[3].

2 STATEMENT OF THE PROBLEM

We will introduce the following variables: v is the velocity of the mass centre of the celt, ω is its

angular velocity and γ is the unit vector of the rising vertical. The slipping velocity is given by the

relation u = v+ [ω,r], where r is the radius vector of the point of contact of the body with the plane,

defined by the equation γ =−gradf(r)/|grad f(r)|.
A gravitational force P = −mgγ, the normal component of the reaction of the support plane N = Nγ

and the friction force F =−mku (k is the coefficient of viscous friction) act on the celt. The equations of

1
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Figure 1: A1 = 3 kg ·m2, A2 = 4 kg ·m2, A3 = 5 kg ·m2, a1 = 5 m, a2 = 4 m, a3 = 3 m,m = 1 kg, δ = 0.75; J =
7 kg ·m2, ω∗ =−0.97 s−1

its motion in the moving coordinates have the form

mv̇+[ω,mv] = (N −mg)γ+F (1)

Jω̇+[ω,Jω] = [r,Nγ+F] (2)

γ̇+[ω,γ] = 0 (3)

(v+[ω,r],γ) = 0 (4)

where J = diag(A1,A2,A3) is the central inertia tensor or the celt. Eq. ((1)) is the theorem of the change

of the momentum of the celt, Eq. (2) is the theorem of the change of the angular momentum, Eq. (3)

is the condition for the vector γ to be constant in an absolute coordinates, and Eq. (4) is the condition

for the celt to be in contact with the supporting plane. The system (1)–(4) is closed with respect to the

variables v, ω, γ and N. From this system, the normal reaction of the supporting plane is determined

N = m(g+([r, ω̇]+ [ṙ,ω],γ))+ ([ω,r], [ω,γ])) (5)

then the system (1)–(3), taking into account Eq. (5) is considered

The resulting system of equations has solutions of the form

v1 = v2 = v3 = 0, γ1 = γ2 = 0, γ3 = 1, ω1 = ω2 = 0, ω3 = ω (ω ∈ R). (6)

They correspond to uniform rotations of the elt around the principal axis of inertia which is normal to its

surface and coincides with the vertical. The equation of the body surface at γ3 = 1 can be represented in

the form

f (r)=x3 +a3 −
(x1 cosδ+x2 sinδ)2

2a1

−
(x1 sinδ−x2 cosδ)2

2a2

+O3(x1,x2),

where a1, a2 – are the main radii of curvature of the body surface at the point of contact, a3 – is the

height of the center of mass, δ — is the angle between the vectors of principal curvatures and principal

axes (for celt the relations are satisfied A1 �= A2, a1 �= a2, δ �= 0 (modπ/2)).

3 STABILITY CONDITIONS

Linearized equations of perturbed motion of the system in the neighborhood of solutions Eq. (6)

and the corresponding characteristic equation are in [1].In the case of non-holonomic statement of the

2
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Figure 2: A1 = 3 kg ·m2, A2 = 4 kg ·m2, A3 = 5 kg ·m2, a1 = 5 m, a2 = 4 m, a3 = 2 m, m = 1 kg, δ = 0.75; J =
3 kg ·m2, ω∗ =−3.13 s−1
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Figure 3: A1 = 3 kg ·m2, A2 = 4 kg ·m2, A3 = 5 kg ·m2, a1 = 5 m, a2 = 4 m, a3 = 2 m, m = 3 kg, δ = 0.75, J =
−1 kg ·m2

problem (k →+∞) the stability conditions have the form [1],[2]

A1 < A2 < A3, a1 > a2 > a3, 0 < δ <
π
2

(7)

J = (A1+A2−A3)

(
a1

a3

+
a2

a3

−2

)
−ma2

3

(
4−3

(
a1

a3

+
a2

a3

)
+2

a1

a3

a2

a3

)
> 0 (8)

ω < 0, ω2 > ω2
∗ =

mg

Ja3

(a1 −a3)(a2 −a3) (9)

Eq. (7) means that the rotation occurs around the axis of the greatest moment of inertia, and the corre-

sponding equilibrium (ω = 0) is stable. Eq. (8) imposes constraints on geometric and dynamic param-

eters of the body. Eq. (9) means that only rotations in the negative direction and with a enough large

angular velocity are stable.

In the case of an arbitrary coefficient of viscous friction, the linearized equations of the perturbed

motion of the system in the neighborhood of the solutions Eq. (6) are rather cumbersome [1] and the

analytical analysis of stability conditions is difficult. At Fig. 1, Fig. 2, Fig. 3 the stability regions for

some parameters of the problem are given. In the case shown at Fig. 1, for sufficiently large friction

3
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Figure 4:

coefficients, there are two regions of stability. One corresponds to a non-holonomic statement of the

problem (below the dotted line), the second is located in a neighborhood of zero. As k decreases, these

regions merge into one, containing almost all negative values of ω and a small range of positive values

ω. At very small k he stability region have some symmetry with respect to the horizontal.

In the case shown at Fig. 2 (which differs from the previous only by the height of the center of mass),

the stability region is divided into two parts: the region corresponding to the non-holonomic case and the

region in the neighborhood of equilibrium. In the case shown at Fig. 3 (body mass increases) only the

region of stability in the neighborhood of equilibrium remains.

4 NUMERICAL EXPERIMENTS

Numerical experiments were carried out for a celt with parameters

A1 = 0.058 ·10−3 kg ·m2, A2 = 0.44 ·10−3 kg ·m2, A3 = 0.49 ·10−3 kg ·m2

a1 = 0.661 m, a2 = 0.073 m, a3 = 0.0098 m, m = 0.1 kg, δ = 0.1, J =−0.007 kg ·m2.

These parameters correspond to the model of a stone having the shape of an ellipsoid, and all obtained

results of numerical experiments coincide with full-scale experiments.

The region of stability of permanent rotations for this model is presented at Fig. 4. Numerical experi-

ments were carried out on a plane with a coefficient of friction k = 50 s−1. The initial conditions had the

form

γ2(0) = 0, ω1(0) = ω2(0) = 0, u(0) = 0. (10)

At Fig. 5 on the left are the results of experiments with different initial angular velocities of rotations

with a very small initial deviation from the vertical (γ3(0) = 0.99999), on the right for greater deviation

(γ3(0) = 0.999). The area of stability of rotations with a selected coefficient of viscous friction is high-

lighted in gray. As we see, stable rotations with a positive angular velocity of rotation have a very small

region of attraction.

We note that in the non-holonomic statement of the problem for the chosen parameters there are no

stable rotations (J < 0). In the case of the plane with friction and a small positive initial angular velocity

of rotation, there is a change in the direction of rotation of the stone, with a subsequent exit to the stable

uniform rotations.

The results of numerical experiments with sufficiently large initial angular velocities are presented

at Fig. 6. Here such property of a stone, as the transition of rotational motions to vibrational motions
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and vice versa is observed. The final movement with a negative initial speed can be rotation in both the

negative and positive directions.

5 TRANSIENT PROCESSES

For study the transient processes shown at Fig. 5 the equations (1)–(3) up to second-order terms in

the variables v1,v2,ω1,ω2,γ1,γ2 are considered.

ẋ = A(k,δ,ω3)x̃+b(x,k,δ,ω3)+O3(x̃) (11)

The changing of variables

v1 = νcosψ, v2 = νsinψ, ω1 = ρ2 cosϕ2, ω2 = ρ1 sinϕ1, γ1 =
ρ1

ξ1

cosϕ1, γ2 =
ρ2

ξ2

sinϕ2
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is performed, where ξ2
1,2 = mg(a1,2 − a3)/A2,1 . Averaging over variables ψ, ϕ1 and ϕ2 is carried out.

Then the equations Eq. (11) have a view

v̇ =−kv, ρ̇1=−k
ma2

3

2A2

ρ1, ρ̇2=−k
ma2

3

2A1

ρ2,

ω̇3=−k
m

2A3

(
a2

1 cos2δ−a2
2 sin2δ

ξ2
1

ρ2
1+

a2
2 cos2δ−a2

1 sin2δ
ξ2

2

ρ2
2

)
ω3 +

mg

2A3

sin 2δ(a1 −a2)

(
ρ2

1

ξ2
1

−
ρ2

2

ξ2
2

)

(12)

For the case of the coincidence of the directions of the principal axes of the body with the di-

rections of the principal curvatures (δ = 0) the numerical solutions of the averaged system Eq. (12)

(Fig. 7, dotted curves) and leanerized system (Fig. 7, solid curves) have a good coincidence. Solv-

ing the averaged system Eq. (12) for example, under the initial conditions Eq. (10), we have v ≡ 0,

ρ1 = ρ1(0)exp(−mka2
3t/(2A2)), ρ2 ≡ 0 and equality

ω3 = ω3(0)e
α1(ρ2

1−ρ1(0)
2), α1 =

a2
1A2

2a2
3A3ξ2

1

(13)

is fair. Under initial conditions differing only in the direction of rotation, the motions are completely

analogous and differ only in sign ω3, and the corresponding curves ω3(t) Fig. 7 are symmetrical with

respect to the horizontal.

This property is not preserved for the Celt (δ �= 0), and the equality Eq. (13) takes the form

ω3 = ω3(0)e
α1(ρ2

1−ρ1(0)
2) +

g(a1 −a2)sin 2δ
2k(a2

1 cos2 δ+a2
2 sin2 δ)

(
1− eα1(ρ2

1−ρ1(0)
2)(a2

1 cos2 δ+a2 sin2 δ)/a2
1

)
(14)

In this case, the solutions of the averaged system, differing only in the initial direction of rotation, are not

symmetric with respect to the horizontal. However, the displacements arising in this case are sufficiently

small, and, depending on the initial conditions, they can be directed both to the lower and upper half-

planes. In this case, the solutions of the system Eq. (11) deviate significantly from the solutions of

the averaged system (Fig. 8), but in reality the displacement is directed to the lower half-plane. The

changing in the direction of rotation of the stone is explained by the deviations of the exact solution

from the averaged solution, and the final value of the angular velocity of rotation is always in a small

neighborhood of zero.
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Abstract. This study concerns modeling the magnetic hysteretic behaviour of magnetorheological (MR)
dampers. Magnetic hysteresis is one of factors influencing the output of such actuators. The origin
of magnetic hysteresis in the actuator’s output is obvious - it is the inherent property of ferromagnetic
materials which form the electromagnet’s assembly of the actuator. Prior work on solenoid actuators
indicates that hysteresis plays a major role in the flux generation mechanism, and it should be accounted
for in the controls development process. So far less attention has been paid to studying the contribution
of magnetic hysteresis on the output of MR dampers. Majority of studies on the hysteretic behaviour of
MR dampers have virtually neglected that specific contributor. Instead, the hysteretic behaviour of MR
actuators was studied by observing the relationships between the output (force/torque) and the inputs
(current, velocity, position). Instead, in the present study we separate the magnetic hysteresis from
the mechanical/hydraulic one by investigating the magnetic flux vs exciting current relationship of an
exemplary MR damper subjected to sinusoidal current (voltage) loading. The resulting behaviour of the
electromagnets is then examined using the nonlinear inductor approach with hysteresis. The performance
of several hysteretic operators is then evaluated based on their ability to reproduce the magnetic flux
output of the MR actuator.
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1 INTRODUCTION

Magnetorheological (MR) fluids are well-known representatives of smart fluids. The material de-
velops a yield stress when exposed to magnetic field [1]. The yield stress field-dependent change is of
sufficient strength for the material to be used in commercial applications, namely, semi-active vehicle
dampers or powertrain mounts [2].

It is well-known a typical MR flow-mode/shear-mode damper features an internal control valve in
the form of an electromagnet with a fixed height flow channel. When supplied with an electric current
in the coil it induces a magnetic field in the flow channel, thus activating the fluid. The result is a
resistance-to-flow build-up manifested by changes in the output force or torque. The effect is reversible
and fast. Various factors make the conversion process complicated [3, 4], namely, temperature, friction,
material’s liability to sedimentation, non-linear magnetisation characteristics of the materials forming the
magnetic circuit of the damper, magnetic hysteresis, mechanical (hysteresis), driver dynamics, control
coil dynamics, non-linear relationship between the magnetic flux and the field-dependent yield stress,
etc. Generally, the contributors make the control algorithm development process a challenge.

In the present study we focus on the hysteretic behaviour of the MR damper’s electromagnet. The
hysteresis is present virtually in any ferromagnetic material although on a different scale. Although
the electromagnetic circuit of MR valves are usually developed with soft magnetic alloys the the flux’s
hysteresis should be accounted for in the damper design process or control algorithm development. In
fact, the phenomenon has been subject to extensive research over the years [6]. In general, the existence
of magnetic hysteresis in MR actuators is important for two reasons. First, it complicates the issue of
controlling the output of such actuators. Second, it has an effect on the actuator’s output force even at
off-state conditions .

Briefly, magnetic hysteresis models can be classified into two groups [5]. The first one includes
energy-based models of which the Stoner-Wohlfart (S-W) model or Jiles-Atherton (J-A) model are the
most well-known representatives [7, 8]. The other category incorporates the so-called phenomenological
models of Preisach [9], Duhem/ Hodgdon-Coleman [10] or Chua [11]. For this study we chose two
representatives of the phenomenological group, namely, the Duhem model and the Bouc-Wen operator.

The significance of hysteresis on the force output of MR dampers has been recognized early on [14].
Since Spencer et al. numerous models have been developed and applied for the purpose of predicting
the force/torque output of MR dampers [15]. However, few authors focused attempted to analyze the
magnetic hysteresis independently of other hysteretic contributors [16, 17, 18, 19].

In general, the purpose of the research study is in examining the capabilities of two selected phe-
nomenological models to copy the magnetic hysteretic behaviour of MR dampers. To accomplish the
goal, we reconstruct the magnetic behaviour of a rotary MR brake (damper) from voltage and current
measurements as in [3] to obtain the induced flux variation against the exciting current. Next, by employ-
ing the hysteretic non-linear inductor concept we examine the performance of each model. The sensorless
flux estimation technique we use allows inspecting the damper behaviour without any knowledge of its
internals.

Briefly, the paper is organized as follows. Section 2 contains the description of the lumped parameter
model of the MR actuator’s circuit. In Section 3 we explain the test setup and the hardware used. Next,
Section 4 presents modeling results and a comparison of selected data against the hysteretic models.
Finally, conclusion is presented in Section 5.
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2 MODELING OF NONLINEAR INDUCTORS WITH HYSTERESIS

First, let us consider a nonlinear resistor-inductor model of the MR damper’s circuit as in Figure 1.
The model would include the input voltage source u(t), the coil resistance R and the nonlinear inductance
L(i) in series with the resistor. The model equation is then as follows

R L

u

i

Figure 1: Nonlinear inductor – proposed model

u(t) = iR+
dλ
dt

(1)

where i denotes the coil current, and λ = L(i)i refers to the structure’s magnetic flux linkage. Equation 1
represents the dynamics of a simple nonlinear inductor. The relationship λ(i) incorporates a hysteretic
operator, and it may be further extended for use with eddy current models.

For reasons already explained above we proceed further with the Duhem model and the Bouc-Wen
hysteretic operator, respectively. Briefly, in the following sections we highlight an MR damper exper-
iment based on which we extract the λ− i relationship. Then, we execute a model identification study
using the above mentioned operators, and discuss the obtained results.

2.1 Duhem hysteresis model

Using the Duhem hysteresis model, the relationship between the flux linkage λ and the coil current i
can be described as follows

dλ
dt

= a
∣∣∣∣
di
dt

∣∣∣∣ [ f (i)−λ]+g(i)
di
dt

(2)

We define the shape functions f (i) and g(i) in Equation 2 as
{

f (i) = b1 tanh(b2i)
g(i) = c

(3)

The model incorporates four parameters (a,b1,b2,c) which can be identified from experimental data, for
instance. Furthermore, we assume the parameters depend on the exciting current. In the limiting case
(a = 0) the hysteresis is effectively eliminated and the inductor model reduces to that of a nonlinear one
without hysteresis. As a result, an initial estimate of the parameter c can be provided from coil inductance
calculations, for example.

The model parameter set can be then used for varying the hysteresis width and shape. In Figure 2 the
authors reveal the impact that each parameter of the model has on the λ− i normalized loop shape; the
arrow in each figure shows how each parameter was increased.

In the presented form, the Duhem model has the advantage over the generic Bouc-Wen model, for
example, of being less complex as it requires half of the parameters (that the Bouc-Wen model needs) as
shown below.
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Figure 2: Duhem model: impact of the model parameters on the λ− i loop

2.2 Bouc-Wen model

Considering the Bouc-Wen approach the relationship between the flux linkage and the circuital current
can be implemented as follows

{
λ = αki+(1−α)kDz
dz
dt = D−1

(
A di

dt −β di
dt |z|

n1 − zγ
∣∣∣di
dt

∣∣∣ |z|n2−1
) (4)

where z - hysteretic operator, and A, α, β, γ, k, D, n1, n2 control the hysteresis width and shape as
illustrated in the normalized λ− i plots in Figure 4. Here, the Bouc-Wen model is given in the form
presented in [12, 13]. Again, it should be noted that in the limiting case (α = 1) the model is effectively
reduced to that of a nonlinear inductor without hysteresis. The parameter k is then equal to the circuit
inductance L(i). Also, if α < 1, then the model’s behaviour resembles that of elastic materials with
hysteresis (see Figure 3), i.e. the λ− i loop rotation is clockwise, otherwise it is counterclockwise for
α > 1. As in the Duhem model, the initial estimate of k can be obtained from coil inductance calculations
or measurements.

3 TEST INPUTS, HARDWARE

In the research study we rely on the flux estimation technique illustrated in [3], and the reader should
refer there for further details. In this specific case we carried out measurements of supply voltage and
coil current using the test setup in Figure 5. Based on the data, the magnetic flux time histories were
extracted through integration. In the study we examined the behaviour of one rotary (shear-mode) MR
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 i

 
 > 1

(a) α > 1

 i

 

 < 1

(b) α < 1

Figure 3: Bouc-Wen model: impact of the parameter α on the model hysteresis

damper. The hardware of choice was a shear-mode rotary brake no. RD-2028 by Lord Corp. The rotary
damper’s coil resistance is appr. 8.9 Ω, and the device can be operated up to 1 A. In order to examine the
λ− i behaviour of the damper we subjected it to sinusoidal input voltage waveforms at low frequency
( f = 1 Hz) (to reduce the contribution of eddy currents). The input voltage was adjusted to result in the
peak coil currents I = {0.2,0.4,0.6,0.8,1.0} A. The sampling frequency was 1 kHz.

4 RESULTS

The experimental and modeling results are highlighted in the sections below. The material in the
respective sections highlights the data obtained for each hysteretic model. The results are presented as
time histories of the flux linkage λ and plots of λ− i. As highlighted in the above section, the magnetic
flux linkage was extracted from the measured data through integration, and then used in the model
identification stage with the fmincon solver of the MATLAB’s Optimization Toolbox using the loss
function Vλ of the following form

Vλ =
1
N

N

∑
i=1

(λi − λ̂i)
2 (5)

where N – number of samples, λi – measured flux linkage sample, λ̂i – hysteresis model prediction
(Duhem - Equation 2, Bouc-Wen - Equation 4).

4.1 Duhem model

Here, we show the results involving the Duhem model. The obtained data are illustrated in Figure 6
and Table 1 for the current levels 0.2, 0.4, 0.6, 1.0 A, respectively. Based on the presented data, it seems
the model well copies the λ− i characteristics of the damper both in terms of hysteresis width, magnitude
and shape.

Next, observations of the Table 1 contents imply variation of the model’s specific parameters against
the current which confirms our initial assumptions. In particular, the magnitude of the estimate of the
parameter c nearly double during the transition from the highest current input to the lowest one. The
estimates of the parameters b1 and b2 vary by appr. 10 percent, whereas the parameter a estimate remains
fairly constant anywhere except for the smallest current level.
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Figure 4: Bouc-Wen: impact of the model parameters on the λ− i loop
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R
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u-iR ∫

Figure 5: Test rig layout [3]

4.2 Bouc-Wen model

The results concerning the Bouc-Wen operator are presented in Figure 7 and Table 2 for the same
current level range. Again, it seems the model well copies the λ− i characteristics of the damper, how-
ever, inspecting the plots and the contents of the Table 2 shows that the Bouc-Wen model yields curve
fits on the order of magnitude worse than the Duhem operator. Although the hysteresis width seems well
predicted by the model the shape of the λ− i loop predicted by the model is relatively poorly captured
when compared against the Duhem based approach. That is most evident at the highest current levels –
see Figures 7(g) and 7(h).

Similarly to the examined predecessor, the obtained estimates are current dependent and, except for
the exponents n1 and n2, they vary in a monotonous manner. This may explain the curve fitting problem
at the highest curent level as the exponents control the λ− i shape. Note that the parameter k varies with
the current similarly to the experimentally measured inductance of the rotary actuator in [3], although
the identified variation range is different than that of the parameter c of the Duhem model.

5 SUMMARY

Magnetic hysteresis is one of the key factors affecting the output of MR dampers; it is an inherent
property of the ferromagnetic material forming the damper electromagnetic circuit. As pointed out in
previous study, it is of different nature than the mechanical (hydraulic) hysteresis of the devices as it
does not vanish in the DC limit. It may present both control as well as engineering issues (off-state force
increase due to the residual field).

As such, the present modeling study concerns the magnetic hysteresis only. It extends the concept of a

7



1678

J. Goldasz, B. Sapinski, L. Jastrzebski and M. Kubik

5 5.2 5.4 5.6 5.8 6
 t, [s]

-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08
 

, [
W

b]
Test
Model

(a) λ− t : I = 0.2 A

-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2
 i, [A]

-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

 
, [

W
b]

Test
Model

(b) λ− i : I = 0.2 A

5 5.2 5.4 5.6 5.8 6

 t, [s]

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

 
, 

[W
b

]

Test

Model

(c) λ− t : I = 0.4 A

-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
 i, [A]

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

 
, [

W
b]

Test
Model

(d) λ− i : I = 0.4 A

5 5.2 5.4 5.6 5.8 6

 t, [s]

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

 
, 

[W
b

]

Test

Model

(e) λ− t : I = 0.6 A

-0.6 -0.4 -0.2 0 0.2 0.4 0.6
 i, [A]

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

 
, [

W
b]

Test
Model

(f) λ− t : I = 0.6 A

5 5.2 5.4 5.6 5.8 6
 t, [s]

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

 
, [

W
b]

Test
Model

(g) λ− t : I = 1.0 A

-1 -0.5 0 0.5 1
 i, [A]

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

 
, [

W
b]

Test
Model

(h) λ− i : I = 1.0 A

Figure 6: Duhem model vs test data, f = 1 Hz
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Figure 7: Bouc-Wen model vs test data, f = 1 Hz
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Table 1: Duhem model parameter estimates

I, [A] a b1 b2 c Vλ
0.2 7.370 0.367 0.792 0.311 1.82e-6
0.4 8.026 0.351 0.759 0.239 5.87e-6
0.6 7.972 0.344 0.741 0.171 4.08e-6
1.0 8.102 0.334 0.712 0.158 4.74e-5

Table 2: Bouc-Wen model estimated parameters

I, [A] A β k n1 n2 γ α D Vλ
0.2 2.000 114.249 0.393 1.226 1.530 95.682 1.353 5.992 1.118e-05
0.4 2.252 122.928 0.378 1.301 1.219 96.141 1.339 11.302 5.590e-05
0.6 2.411 125.294 0.338 1.347 1.276 102.351 1.311 13.236 9.369e-05
1.0 2.277 127.938 0.303 1.224 1.356 112.282 1.246 21.569 3.415e-04

non-linear inductor with the magnetic hysteresis contribution. In the present form it captures the average
flux variation in the structure, and it requires measurements of the damper’s output. Therefore, it may be
only used during a control algorithm development stage and is not suitable for, e.g. damper sizing studies.
Of the two models which we examined the Duhem model’s performance is clearly superior. The model
captures all key features of the λ− i loop. The Bouc-Wen operator is redundant in the analyzed form
which may explain its poor performance at the highest current levels as the flux in the electromagnet
approaches saturation. The authors intend to extend their use in transient studies by adopting a more
complex and efficient inductor concept so that the effects of eddy currents and the hysteresis dependence
on the excitation input frequency are well captured.
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Abstract.  

This paper presents a comparative study including the theoretical modelling and the practical 
implementation of two types of well-known devices for structural vibration control. Firstly, a 
lab scale model for a two-storey building is dynamically identified. Then, a tuned mass damper 
(TMD) and an active mass damper (AMD) are described, modelled and assembled in the upper 
floor, both of them with similar effective mass. After coupling the dynamic equations, the 
experimental results are compared with the numerical ones and their performance is discussed.  

For modelling purposes, an experimental comparison and the corresponding computational 
simulation is carried out. Resulting assembled systems will undergo the same loading, 
consisting on an initial condition away from the equilibrium position and then released. The 
performance of each device is evaluated in terms of the time free oscillations take to return to 
rest (with accelerations within a 10% and a 5% band with regard to their maximum value). This 
is a relevant loading case from which interesting engineering conclusions can be drawn about 
not only the practical implementation of each proposed mitigation device but also about the 
computing and simulation capabilities. 



1683

A. Magdaleno, C. Casado, J.M. Soria, E. Pereira, I.M. Diaz and A. Lorenzana. 

 2 

1 INTRODUCTION 
Several engineering structures can exhibit vibration problems that need to be mitigated. For 

vibrations under, let’s say, 10 Hz (typical in slender buildings and civil structures) the problem 
can be addressed using passive or active approaches [1]. Assuming that the structure cannot be 
stiffened (nor additional supports neither bracings) the only solution is to inertially act on it. 
Among the possible inertial systems, TMDs (tuned mass dampers) or AMDs (active mass 
dampers) are standard mitigation devices. The TMDs are passive systems consisting of a 
moving mass linked to a mounting frame by guides, springs and dampers. The AMDs are 
actuators capable of accelerating a heavy block according to the corresponding signals from a 
microcontroller, which depend on some input records (usually via accelerometers). 

 
Although it is much more common (and affordable) to equip large structures with TMDs, it 

is not uncommon to find AMD in high-rising buildings, communication towers or large-scale 
bridge towers for reducing wind-induced vibration or earthquake-induced vibration [1,2]. 
Usually AMD control exhibit superior performance but, depending on the type of loading and 
considering engineering issues such as manufacturing cost, power consumption, operating 
threshold or maintenance cost, passive systems [3,4,5] are often the chosen option. 

 

2 MODEL DESCRIPTION 
In order to illustrate and compare the effects of both mitigation devices, a specific benchmark 

structure (distributed by Quanser® [6] and presented in several papers [2, 7, 8, 9, 10]) is going 
to be studied. As it can be seen in Figure 1a, it is a building model consisting of two thick plates 
(or floors, letters A, B) and several slender plates joining them (or columns, C, D). The TMD 
and AMD mounting frames are attached on the top floor (E, F respectively). The AMD moving 
mass (G) is removed when the TMD device is under study and, complementary, the TMD 
moving mass (H) is removed when only the AMD effect is the one to be considered. The 
shaking table (I) is not used in this work. 

 
Although more information will be presented later, it is convenient to anticipate some data: 

the first mode is at 1.57 Hz, having a modal mass of 3 kg and 0.5% of modal damping ratio. 
Both TMD and AMD devices will be installed on the upper floor with a moving mass of 22% 
of the modal mass. TMD will be tuned to mitigate this first mode of vibration. As it is known, 
the performance of both systems depends on the moving mass involved. Nevertheless, TMD 
and AMD also require some fixed mass (mounting frame, supports, etc.) affecting the modal 
parameters of the structure. To eliminate the influence of these fixed masses, some additional 
mass will be added to the model so the structure will have the same dynamic properties when 
the moving mass of the mitigation devices is removed. Also, friction on both devices can be 
neglected as mechanical parts (rotational bearings, linear ball guides, etc.) are high quality ones. 

 
The physical model can be represented by the conceptual discrete model shown in Figure 

1b, where all the building mass is concentrated on the first and second floors. Both floors are 
joint together and to the ground through two plates which restrain the movement to one vertical 
plane and provide stiffness and structural damping. The corresponding equations of motion, 
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considering the two degrees of freedom shown in Figure 1b, are shown in Eq. 1. There, 𝑚𝑚1 and 
𝑚𝑚2 are the masses of each floor, 𝑘𝑘1 and 𝑘𝑘2 are the equivalent stiffness values of both plates and 
𝑐𝑐1 and 𝑐𝑐2 their corresponding equivalent viscous damping coefficients. 𝐹𝐹2 represents a force 
applied on the second floor. Forces applied on the first floor do not appear in this study. 

 
𝑚𝑚1�̈�𝑥1 + (𝑐𝑐1 + 𝑐𝑐2)�̇�𝑥1 − 𝑐𝑐2�̇�𝑥2 + (𝑘𝑘1 + 𝑘𝑘2)𝑥𝑥1 − 𝑘𝑘2𝑥𝑥2 = 0 

𝑚𝑚2�̈�𝑥2 − 𝑐𝑐2�̇�𝑥1 + 𝑐𝑐2�̇�𝑥2 − 𝑘𝑘1𝑥𝑥1 + 𝑘𝑘2𝑥𝑥2 = 𝐹𝐹2 

(1) 

 

                 
                            (a)                                                         (b) 

Figure 1: Real (a) and conceptual (b) building model 

Bearing in mind control strategies, these equations are transformed into the equivalent state 
space model (Eq. 2). Considering as input 𝑢𝑢 = 𝐹𝐹2, the state vector containing both 
displacements and velocities (𝑥𝑥0 = [𝑥𝑥1 𝑥𝑥2 �̇�𝑥1 �̇�𝑥2]𝑡𝑡) and establishing as outputs the accelerations 
of both floors (𝑦𝑦0 = [�̈�𝑥1 �̈�𝑥2]𝑡𝑡), the state space matrices 𝐴𝐴0, 𝐵𝐵0, 𝐶𝐶0 and 𝐷𝐷0 in Eq. 3 are obtained. 

 

{�̇�𝑥0 = 𝐴𝐴0𝑥𝑥0 + 𝐵𝐵0𝑢𝑢0
𝑦𝑦0 = 𝐶𝐶0𝑥𝑥0 + 𝐷𝐷0𝑢𝑢0

 (2) 

 
A modal test has been performed in order to estimate the physical and modal properties of 

the model. Using an impact hammer, a measured force is applied on the second floor. The 
accelerations �̈�𝑥1 and �̈�𝑥2 are registered and correlated with the input force. In this way, two 
Frequency Response Functions (FRFs) are calculated using the 𝐻𝐻𝑣𝑣 estimator and the two degree 
of freedom mathematical model is fit to them. For doing so, a routine has been scripted in 

A 

B 

C 

D 

E 

F 

H 

G 

I 
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Matlab to minimize the squared error between both real and imaginary parts of the two FRFs. 
The built-in fmincon() function has been chosen as the solver. Results can be shown in Figure 
2, comparing both the fitted FRFs and the time response of the building and the model subjected 
to the same initial conditions. 

 

𝐴𝐴0 =

[
 
 
 
 
 0 0 1 0

0 0 0 1
−𝑘𝑘1 + 𝑘𝑘2

𝑚𝑚1

𝑘𝑘2
𝑚𝑚1

− 𝑐𝑐1 + 𝑐𝑐2
𝑚𝑚1

𝑐𝑐2
𝑚𝑚1

𝑘𝑘2
𝑚𝑚2

− 𝑘𝑘2
𝑚𝑚2

𝑐𝑐2
𝑚𝑚2

− 𝑐𝑐2
𝑚𝑚2]

 
 
 
 
 

          𝐵𝐵0 =
[
 
 
 0

0
0

1 𝑚𝑚2⁄ ]
 
 
 
 

(3) 

𝐶𝐶0 =

[
 
 
 − 𝑘𝑘1 + 𝑘𝑘2

𝑚𝑚1

𝑘𝑘2
𝑚𝑚1

− 𝑐𝑐1 + 𝑐𝑐2
𝑚𝑚1

𝑐𝑐2
𝑚𝑚1

𝑘𝑘2
𝑚𝑚2

− 𝑘𝑘2
𝑚𝑚2

𝑐𝑐2
𝑚𝑚2

− 𝑐𝑐2
𝑚𝑚2]

 
 
 
          𝐷𝐷0 = [

0
1 𝑚𝑚2⁄ ] 

 

 

 
                                 (a)                                                                       (b) 

Figure 2: Frequency (a) and time (b) simulations of the bare building model 

Table 1: Physical and modal properties of the model 

  Floor 1 / Mode 1 Floor 2 / Mode 2 

Ph
ys

ic
al

 
pr

op
er

tie
s Mass (𝑚𝑚𝑗𝑗) 1.89 kg 2.37 kg 

Stiffness (𝑘𝑘𝑗𝑗) 491 N/m 662 N/m 

Damping (𝑐𝑐𝑗𝑗) 0.651 Ns/m ≈ 0.00 Ns/m 

M
od

al
 

pr
op

er
tie

s Frequency (𝑓𝑓𝑗𝑗) 1.57 Hz 4.56 Hz 

Damping ratio (𝜁𝜁𝑗𝑗) 0.5 % 0.4 % 

Modal mass (�̃�𝑚𝑗𝑗) 3.04 kg 2.67 kg 
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Finally, Table 1 summarizes the estimated physical and modal properties of the model. It 
must be noted that, with comparative aims, the mounting rigid frames of both mitigation devices 
and the different wires are considered as part of the structure and were present during all the 
tests carried out for this work. 

 

3 VIBRATION MITIGATION DEVICES: TMD AND AMD 
In this section both mitigation devices are described physically and mathematically. In both 

cases, the conceptual model, together with its mathematical model, is presented. Also, the FRFs 
and the response of the structure and the model subjected to the same initial conditions are 
depicted with and without the control device for comparison purposes. 

3.1 TMD 
The Tuned Mass Damper is composed by a moving mass joint to a point of the structure and 

contains an element sought to dissipate part of the energy the TMD receives. In this case, the 
device has been conceived as a pendulum (see Figure 1a, letter H), with no elastic members, so 
the restitution force is its own weight. For small amplitude displacements, the system can be 
linearized and an equivalent stiffness as well as a natural frequency and a modal damping ratio 
can be calculated. The damping is induced through a permanent magnet moving in front of a 
copper plate. The relative velocity between them induces magnetic forces and energy 
dissipation that oppose the movement, resulting in a simple system that can be modelled just 
like a viscous damping device [11]. The equation of motion of the resulting Single Degree of 
Freedom is shown in Eq. 4, where 𝜔𝜔𝑡𝑡 is the natural frequency of the pendulum (in rad/s) and 𝜁𝜁𝑡𝑡 
is its modal damping ratio. 𝑥𝑥𝑡𝑡 represents its horizontal displacement (relative to the attachment 
point) and �̈�𝑥2 is the acceleration of the second floor, where it is installed. 

 
�̈�𝑥𝑡𝑡 + 2𝜁𝜁𝑡𝑡𝜔𝜔𝑡𝑡�̇�𝑥𝑡𝑡 + 𝜔𝜔𝑡𝑡

2𝑥𝑥𝑡𝑡 = −�̈�𝑥2 (4) 

 
The linking force 𝐹𝐹𝑡𝑡 between the TMD and the second floor can be calculated as stated in 

Eq. 5 (where 𝑚𝑚𝑡𝑡 accounts for the device moving mass), and this, together with Eq. 4, can be 
combined in a state space model whose state vector is 𝑥𝑥 = [𝑥𝑥𝑡𝑡 �̇�𝑥𝑡𝑡]𝑡𝑡, the input is 𝑢𝑢 = �̈�𝑥2 and the 
output is the force, 𝑦𝑦 = 𝐹𝐹𝑡𝑡 resulting in the state space matrices shown in Eq. 6. 

 
𝐹𝐹𝑡𝑡 = 𝑚𝑚𝑡𝑡(�̈�𝑥2 + �̈�𝑥𝑡𝑡) = −𝑚𝑚𝑡𝑡(2𝜁𝜁𝑡𝑡𝜔𝜔𝑡𝑡�̇�𝑥𝑡𝑡 + 𝜔𝜔𝑡𝑡

2𝑥𝑥𝑡𝑡) (5) 

 
𝐴𝐴𝑡𝑡 = [ 0 1

−𝜔𝜔𝑡𝑡
2 −2𝜁𝜁𝑡𝑡𝜔𝜔𝑡𝑡

]           𝐵𝐵𝑡𝑡 = [ 0
−1]         𝐶𝐶𝑡𝑡 = [−𝑚𝑚𝑡𝑡𝜔𝜔𝑡𝑡

2 −2𝑚𝑚𝑡𝑡𝜁𝜁𝑡𝑡𝜔𝜔𝑡𝑡]           𝐷𝐷𝑡𝑡 = 0 (6) 

 
The properties of the TMD have been measured separately, resulting in a total moving mass 

of 0.66 kg with a natural frequency of 1.41 Hz and an equivalent modal damping ratio of 16%. 
Using these values and closing the loop as shown in Figure 3, a coupled model is built. This 
task is easily performed with Matlab thanks to its built-in feedback() function. In Figure 4a, the 
measured FRFs of the closed loop model are compared with the simulated ones and with the 
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original model (without any control device). This comparison is also done in the time domain 
(Figure 4b), comparing the responses of the three models subjected to the same initial 
conditions (0.011 m for the first floor and 0.019 m for the second one).  

 

 
Figure 3: Feedback model of the structure with the TMD 

 
                                 (a)                                                                       (b) 

Figure 4: Frequency (a) and time (b) simulations of building model with the TMD 

3.2 AMD 
The Active Mass Damper system, from Quanser® [6], is composed by a linear actuator 

moving a 0.66 kg cart connected to a board which, in real-time conditions, measures two 
accelerometers, gives a voltage command to the actuator amplifier and measures its encoder to 
retrieve its relative position. The board is connected to a computer and the whole system is 
driven by Windows Real Time and a proprietary software named WinCon [6]. As the core of 
this technology, the selection of the best control algorithm is challenging. Although there are 
other alternatives [6] the traditional pole location control algorithm originally implemented by 
Quanser® is used. 

 
The goal now is to command the linear actuator so the cart induces movements capable to 

mitigate the building vibrations. For this, the acceleration of both floors is measured in real-
time and, by means of an observer, the state of the system is estimated. Finally, this state is fed 
back into the structure (which now contains the linear actuator) multiplied by a certain gain 
matrix. The closed loop system (Figure 5) should now have improved damping characteristics. 

The actuator is composed by a guided moving mass, whose driving force is applied through 
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a DC motor, a planetary gearbox and a rack pinion mechanism to transform the rotary 
movement into linear displacement. The behavior of the whole system is expressed in terms of 
the properties of all these elements and the resulting driving force is shown in Eq. 7, where 𝛼𝛼 
and 𝛽𝛽 are calculated from the electrical and mechanical parts of the cart, giving the values of 
7.72 Ns/m and 1.72 N/V respectively. The driving force of the actuator has the same value than 
the force it produces on the second floor of the building, but in the opposite sense. In this way, 
the equation of motion associated to the second floor is modified as stated in Eq. 8 and a new 
equation of motion, Eq. 9, is added to the whole system to take into account the dynamics of 
the cart.  

 
𝐹𝐹𝑐𝑐 = 𝛽𝛽𝑉𝑉𝑚𝑚 − 𝛼𝛼 (�̇�𝑥𝑐𝑐 − �̇�𝑥2) (7) 

 

𝑚𝑚2�̈�𝑥2 + (𝑐𝑐2 + 𝛼𝛼)�̇�𝑥2 − 𝑐𝑐2�̇�𝑥1 − 𝛼𝛼�̇�𝑥𝑐𝑐 + 𝑘𝑘2𝑥𝑥2 − 𝑘𝑘2𝑥𝑥1 = 𝐹𝐹2 − 𝛽𝛽𝑉𝑉𝑚𝑚 (8) 

 

𝑚𝑚𝑐𝑐�̈�𝑥𝑐𝑐 + (𝑐𝑐𝑒𝑒𝑒𝑒 + 𝛼𝛼)(�̇�𝑥𝑐𝑐 − �̇�𝑥2) = 𝛽𝛽𝑉𝑉𝑚𝑚 (9) 

 
To include the cart dynamics on the structure description, a new state space model must be 

built. The new inputs are the motor voltage and the external force applied to the second floor 
(𝑢𝑢 = [𝑉𝑉𝑚𝑚 𝐹𝐹2]𝑡𝑡). The state vector is 𝑥𝑥 = [𝑥𝑥𝑐𝑐 𝑥𝑥1 𝑥𝑥2 �̇�𝑥𝑐𝑐 �̇�𝑥1 �̇�𝑥2]𝑡𝑡 and the output signals are the three 
monitored magnitudes: 𝑦𝑦 = [𝑥𝑥𝑐𝑐 �̈�𝑥1 �̈�𝑥2]𝑡𝑡, since the position of the cart can be registered thanks 
to its encoder. Such a model produces the state space matrices shown in Eq. 10. 

 

𝐴𝐴𝑐𝑐 =

[
 
 
 
 
 
 
 
 
 0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 −

𝑐𝑐𝑒𝑒𝑒𝑒 + 𝛼𝛼
𝑚𝑚𝑐𝑐

0
𝑐𝑐𝑒𝑒𝑒𝑒 + 𝛼𝛼

𝑚𝑚𝑐𝑐

0 − 𝑘𝑘1 + 𝑘𝑘2
𝑚𝑚1

𝑘𝑘2
𝑚𝑚1

0 − 𝑐𝑐1 + 𝑐𝑐2
𝑚𝑚1

𝑐𝑐2
𝑚𝑚1

0 𝑘𝑘2
𝑚𝑚2

− 𝑘𝑘2
𝑚𝑚2

𝛼𝛼
𝑚𝑚2

𝑐𝑐2
𝑚𝑚2

− 𝑐𝑐2 + 𝛼𝛼
𝑚𝑚2 ]

 
 
 
 
 
 
 
 
 

          𝐵𝐵𝑐𝑐 =

[
 
 
 
 
 
 
 0 0

0 0
0 0
𝛽𝛽
𝑚𝑚𝑐𝑐

0
0 0

− 𝛽𝛽
𝑚𝑚2

1
𝑚𝑚2]

 
 
 
 
 
 
 

 

𝐶𝐶𝑐𝑐 =

[
 
 
 
 1 0 0 0 0 0
0 −𝑘𝑘1 + 𝑘𝑘2

𝑚𝑚1

𝑘𝑘2
𝑚𝑚1

0 − 𝑐𝑐1 + 𝑐𝑐2
𝑚𝑚1

𝑐𝑐2
𝑚𝑚1

0 𝑘𝑘2
𝑚𝑚2

− 𝑘𝑘2
𝑚𝑚2

𝛼𝛼
𝑚𝑚2

𝑐𝑐2
𝑚𝑚2

− 𝑐𝑐2 + 𝛼𝛼
𝑚𝑚2 ]

 
 
 
 
           𝐷𝐷𝑐𝑐 = [

0 0
0 0

− 𝛽𝛽
𝑚𝑚2

1
𝑚𝑚2

] 

(10) 

 
Note that matrices 𝐵𝐵𝑐𝑐 and 𝐷𝐷𝑐𝑐 contain two columns, the first being associated with 𝑉𝑉𝑚𝑚 and the 

second to 𝐹𝐹2. The next goal is to estimate a feedback gain matrix 𝐾𝐾 so as the closed loop system 
satisfies some requirements. The input voltage is calculated just like 𝑉𝑉𝑚𝑚 = −𝐾𝐾𝑥𝑥𝑐𝑐, so the state 
equations are modified as shown in Eq. 11. The modal properties of the closed-loop system are 
the eigenvalues and eigenvectors of the state matrix [𝐴𝐴𝑐𝑐 − 𝐵𝐵𝑐𝑐𝑐𝑐𝐾𝐾], where 𝐵𝐵𝑐𝑐𝑐𝑐 is the column 
from 𝐵𝐵𝑐𝑐 associated to the input 𝑉𝑉𝑚𝑚.  
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�̈�𝑥𝑐𝑐 = 𝐴𝐴𝑐𝑐𝑥𝑥𝑐𝑐 + [𝐵𝐵𝑐𝑐𝑐𝑐  𝐵𝐵𝑐𝑐𝑐𝑐]𝑢𝑢 = (𝐴𝐴𝑐𝑐 − 𝐵𝐵𝑐𝑐𝑐𝑐𝐾𝐾)𝑥𝑥𝑐𝑐 + 𝐵𝐵𝑐𝑐𝑐𝑐𝐹𝐹2 (11) 

 
One way to calculate the matrix 𝐾𝐾 is by placing the eigenvalues of the closed-loop state 

matrix (𝐴𝐴𝑐𝑐 − 𝐵𝐵𝑐𝑐𝑐𝑐𝐾𝐾) in some appropriate values in order to satisfy the following conditions. In 
this case, the desired closed-loop eigenvalues are shown in Eq. 12. They limit the settling time 
of the free decay response to 1.5 s when initial conditions of 10 mm are applied to each floor 
[6].  In this sense, and using the place() function of Matlab, the matrix 𝐾𝐾 is calculated and 
shown in Eq. 13.  

 
𝐶𝐶𝐶𝐶 = [−5.3 + 5.9𝑗𝑗 −5.3 − 5.9𝑗𝑗 −4.2 + 21.9𝑗𝑗 −4.2 − 21.9𝑗𝑗 −13.7 + 8.4𝑗𝑗 −13.7 − 8.4𝑗𝑗] (12) 

 
𝐾𝐾 = [51.74 159.3 −500.1 4.930 30.60 −25.42] (13) 

 
This closed loop system cannot be implemented yet, since the state of the system is not 

directly measurable. For overcoming this issue, an observer must be used. This observer will 
estimate the state of the system from the measurable magnitudes: 𝑉𝑉𝑚𝑚, 𝑥𝑥𝑐𝑐, �̈�𝑥1 and �̈�𝑥2, which are 
one of the inputs and the output vector. The output of the observer is an estimation of the system 
state vector, 𝑥𝑥𝑂𝑂. The strategy followed in this work consists in using the same state space model 
that describe the dynamics of the structure but modified adding the measured output. According 
to Eq. 14, this output (𝑦𝑦) and the observer output vector (𝑦𝑦𝑂𝑂) form an error vector which is 
multiplied by a gain matrix G and modifies the dynamics of the observer. 

 
�̇�𝑥𝑂𝑂 = 𝐴𝐴𝑐𝑐𝑥𝑥𝑂𝑂 + 𝐵𝐵𝑐𝑐𝑐𝑐𝑉𝑉𝑚𝑚 + 𝐺𝐺(𝑦𝑦𝑂𝑂 − 𝑦𝑦) 

𝑦𝑦𝑂𝑂 = 𝐶𝐶𝑐𝑐𝑥𝑥𝑂𝑂 + 𝐷𝐷𝑐𝑐𝑐𝑐𝑉𝑉𝑚𝑚 

𝑦𝑦𝑥𝑥𝑂𝑂 = 𝐼𝐼𝑛𝑛𝑥𝑥𝑂𝑂  

(14) 

 
�̇�𝑥𝑂𝑂 = (𝐴𝐴𝑐𝑐 − 𝐺𝐺𝐶𝐶𝑐𝑐)𝑥𝑥𝑂𝑂 + (𝐵𝐵𝑐𝑐𝑐𝑐 − 𝐺𝐺𝐷𝐷𝑐𝑐𝑐𝑐)𝑉𝑉𝑚𝑚 + 𝐺𝐺𝑦𝑦𝑂𝑂 

𝑦𝑦𝑥𝑥𝑂𝑂 = 𝐼𝐼𝑛𝑛𝑥𝑥𝑂𝑂  

(15) 

 
After some manipulation, Eq. 15 is obtained, where it can be seen that the dynamics of the 

observer depend on the matrix [𝐴𝐴𝑐𝑐 − 𝐺𝐺𝐶𝐶𝑐𝑐]. The matrix 𝐺𝐺 should be designed in such a way that 
the resulting observer dynamics are fast and damped enough. The chosen eigenvalues for this 
work are shown in Eq. 16. Real eigenvalues in this case mean that the dynamics are critically 
damped (𝜁𝜁𝑗𝑗 = 100 % for all modes). Once again, using the place() function of Matlab the 
matrix 𝐺𝐺 can be computed. 

𝑂𝑂𝐶𝐶 = [−40 −45 −50 −55 −60 −65] (16) 
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Figure 5: Feedback model of the structure with the AMD 

After scripting the corresponding state space models, the loop can be easily closed as 
depicted in Figure 5 leaving one free input, 𝐹𝐹2, and three outputs (𝑥𝑥𝑐𝑐, �̈�𝑥1 and �̈�𝑥2). Once again, 
FRFs have been experimentally estimated using the same procedure (impact hammer). A 
comparison between the experimental and simulated one is shown in Figure 6a. It is interesting 
to note a main difference between them around the first natural frequency. A peak at 1.37 Hz 
appears, which is probably due to the threshold value of the accelerometers used as input for 
control: for practical reasons, when accelerations are under 0.15 m/s2 (estimated value) no 
output signal is generated. Due to this issue, the AMD does not interact for low accelerations 
so a residual movement, which is governed by the first mode of the structure, can only dissipate 
by the original structural damping, giving an appreciable peak around that frequency. The 
natural frequency (1.37 Hz) is lower than before (1.57 Hz, original model) because within the 
threshold the cart moves along with to the second floor of the structure, increasing its equivalent 
mass. 

 

 
                                 (a)                                                                       (b) 

Figure 6: Frequency (a) and time (b) simulations of building model with the AMD 

Also, a time comparison of the response of the system subjected to the same initial conditions 
is shown in Figure 6b. Here, more differences as before can be appreciated, mainly due to the 
aforementioned practical limitation together with the fact that an AMD system contains much 
more incertitude in its design and implementation. 
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4 DISCUSSION 
To compare each system, two sets of results have been prepared. First, the plot in Figure 7 

shows the poles and zeroes of the three treated models: the open loop uncontrolled system and 
the closed loop systems corresponding to the TMD and to the AMD. The horizontal axis 
represents the product 𝜔𝜔𝑗𝑗𝜁𝜁𝑗𝑗 of the corresponding eigenvalue whilst the vertical axis represents 
the product 𝜔𝜔𝑗𝑗√1 − 𝜁𝜁2.  

 
As it can be easily seen, the uncontrolled structure (blue) has two natural modes (two pairs 

of poles) close to the vertical axis, which implies low damped modes (see Table 1). When 
adding the TMD (green), the first mode (the closest pair to the horizontal axis) is split into two 
new modes, one above and one below, which correspond to the two close peaks shown in Figure 
4a. Both new pairs of poles are more damped than the original one, which translates into the 
damper effect of the device. When the AMD is considered, the original poles are notably moved 
to the left, which means an important increase of its modal damping. These results, 
theoretically, in an enormous increase of the damper effect and the efficiency of the system. 
However, as it has been mentioned and will be seen in Table 2, this is only true when the 
practical issues about the accelerometers measuring threshold are not considered. 

 

 
Figure 7: Poles and zeroes of the structure without control, with TMD and with AMD 

Finally, a chart summarizing the value of some indicators is presented in Table 2. The 
maximum of the FRFs of Figures 2a, 4a and 6a are shown in the first two rows. Note that only 
the greatest maximum values between the first and the second floors has been considered. Also, 
the settling time (S.T.) of the free decay response (Figures 2b, 4b and 6b) has been estimated, 
first assuming a band of ±10% of the first maximum of the response (third row) and then 
assuming a band of ±5% (last row). These values are taken, once again, from the floor which 
produces the worst values. Every indicator is expressed in terms of its absolute value and also 
in percentage improvement. 

As it can be seen, both damping devices have great and similar performance, being the AMD 
better to reach the ±10% band, as expected. However, in a more demanding case, to get the 
±5% band, the AMD takes a little longer than the TMD. This is due to the fact that the 
accelerometers belonging to the control loop output a null value when the structure 
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accelerations are below a certain threshold (around 0.15 m/s2). This causes the AMD to stop 
working which forces the residual movement to dissipate by itself, taking at the end longer time 
than the TMD to get the ±5% band.  

 
Table 2: Indicators summary 

 Uncontrolled With TMD With AMD 

Max. FRF1 [m/s2/N] 14.7 1.2 91.8% 4.0 72.8% 

Max. FRF2 [m/s2/N] 24.4 12.9 47.1% 1.0 95.9% 

S.T. 10% [s] 37.9 (p2) 5.7 (p1) 85.0% 4.0 (p2) 89.4% 

S.T. 5% [s] 52.3 (p2) 7.2 (p1) 86.2% 11.7 (p2) 77.6% 
 

5 CONCLUSIONS 
As it can be seen from the results presented in this work, when compared with the same 

amount of moving mass both mitigation devices have great performance in mitigating 
oscillations on slender structures. It is also notable that both systems can be numerically 
simulated accurately. For the demanding loading scenarios presented in sections 3.1 and 3.2, 
the correspondence between experiments and simulation is very good. Also, as it is known [5], 
for the impulsive load under consideration, both affect very little to the first peak of the response 
(Figures 4b and 7b). After that, they both decrease the response levels to acceptable ranges. 
However, they present some important differences: 

 
- The TMD is intended to deal with the contribution of one single mode of the structure. 

If the structure has more than one mode contributing significantly to its response, then 
more than one TMD should be installed. In this sense, the AMD is able to deal with a 
wider frequency band, mitigating the contribution of more than one mode at the same 
time. This conclusion is also applicable to the case of evolutionary structures whose 
frequencies can significantly change due to the occupation, thermal changes, etc. 

- The TMD is a purely mechanical system. Its dynamics are coupled to the structural 
ones and, once tuned, if the mechanical moving parts have a good enough quality (to 
avoid friction and wearing effects), its good performance is ensured. The AMD, 
however, is an electro-mechanical system whose efficiency, apart from the 
aforementioned mechanical issues, depends on the power supply, programming and 
electronic performance (quality of sensors, real-time processing, etc.) 

- For practical reasons (power consumption, maintenance, stability, mechanical gaps, 
sensor issues, etc.) the AMD exhibit a dead zone for low response levels while the 
TMDs, assuming that friction is negligible, work throughout the whole range. 

- For the particular scenarios presented in sections 3.1 and 3.2, the settling time for a 
band of ±10% is 1.7 s shorter with the AMD but when a more demanding band (±5%) 
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is required, the TMD is 4.5 s quicker. Although these differences may not seem 
relevant, for loading cases (as vortex shedding, for example) where comfortability or 
serviceability conditions are compromised, it may be a factor to bear in mind. 

Although other loading scenarios have to be considered, the results of this study show that 
the selection of the proper vibration control device is a hard task that depends on multiple 
factors. Being the performance a vital engineering factor, the durability, reliability and cost 
(including initial budget and operation and maintenance expenses) are also relevant issues. 
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Abstract. Internal pounding effects between closely spaced structural parts (e.g. in the case of 
an insufficient gap between elevator and surrounding building) may be found in seismically 
isolated structures, due to notable displacement at the level of the isolation system under severe 
earthquakes. To study this poorly investigated question, a reinforced concrete (r.c.) building,
with a hybrid isolation system including elastomeric and sliding bearings, is considered. The 
building, which is located in the Sicilian town of Augusta, is comprised of a basement and three 
storeys above the ground level, and is seismically isolated at the top of rigid columns in the 
basement, while a steel framed elevator shaft crosses the isolation level. A very common 
structural configuration is presented here, with a gap between the fixed-base elevator shaft and 
the building. Despite the gap, internal pounding may occur at all levels of the superstructure
when the elevator with maximum load stops at the upper floors. To reduce pounding effects, a
smart eddy current damped interconnection (ECDI) between adjacent corners of the elevator 
and the surrounding building at the floor level is proposed. This occupies less space than 
traditional passive dampers and transmits considerably less forces compared to a rigid link 
configuration. Specifically, an eddy current damper (ECD) consists of an outer cylindrical tube,
as conductor, and an inner tube, equipped with an array of axially magnetized and ring-shaped
permanent magnets separated by iron pole pieces, as mover. The relative motion between 
conductor and magnets, during seismic loading, induces an eddy current producing 
electromagnetic damping. Given that viscoelastic linear behaviour can be hypothesized for the 
ECDs, a simplified iterative design procedure of the ECDI is proposed. Finally, to evaluate the
effectiveness of the ECDI, nonlinear seismic analysis is carried out with regard to five structural 
models: i.e. no connection (i), flexible links (ii), rigid links (iii), viscous damped links (iv), eddy 
current damped links (v).  
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1 INTRODUCTION
Internal pounding between a fixed-base elevator shaft and/or stairs crossing the isolation 

level and structural parts of the surrounding building may occur in seismically isolated 
buildings, due to the fact that the difference in the dynamic properties of independent units may 
lead to out-of-phase movements inducing structural interaction during an earthquake [1].
Previous studies showed that seismic pounding may lead to significant damage of the lighter 
structure (e.g. the elevator shaft), whereas the behaviour of the heavier structure (i.e. the main 
building) is only slightly influenced by collisions [2]. Moreover, the high deformability of an 
isolated structure may lead to amplification in the pounding under anomalous ground motions 
like those recorded near-faults [3, 4], where considerable displacement is expected under long-
duration and high-amplitude velocity pulses [5]. Seismic codes provide the minimum design 
gap between independent units of the same building, depending on maximum horizontal 
displacement of the two units at the corresponding level under the design basis [6] and/or
maximum considered [7] earthquakes. The simplest way to avoid or reduce internal pounding 
is to design a separation joint between the potentially colliding systems, but a wide gap may 
well conflict with practical considerations that may make the creation of a sufficiently wide 
internal gap problematic. One alternative is to minimize the effect of pounding through 
decreasing lateral motion at the level of the isolation system with a self-stopping mechanism 
[8] or a passive gap damper [9], but a substantial increase of the shear and drift demands of the 
superstructure represents the counterpart [10]. In-phase motion of adjacent structures is
expected with rigid links placed at critical locations (e.g. floor levels), but an increase of base 
shear on the stiffer structure [11] and notably higher forces are reciprocally transmitted in 
comparison to damped links also increasing damping capacity [12].

With the aim of studying the effects of damped links to reduce internal pounding effects, a
recent commercial building in the Sicilian town of Augusta (Italy) is considered as test 
structure. Specifically, an r.c. framed structure with rectangular plan, composed of a basement 
and three storeys above ground level, is seismically isolated with a hybrid system including 
sixteen elastomeric (i.e. High-Damping-Rubber Bearings, HDRBs) and sixteen sliding (i.e. 
Low-Friction-Sliding Bearings, LFSBs) bearings. An internal elevator shaft with a fixed-base 
steel framed structure crosses the isolation plane and emerges in the basement. In order to 
prevent mutual pounding under severe earthquakes, the idea of connecting two structures with 
different dynamic properties by using traditional passive devices was explored in early 70’s.
This paper proposes a major innovation in the form of a smart eddy current damped 
interconnection (ECDI) at the floor levels, between adjacent corners of the elevator and 
surrounding building, because it takes up less space than traditional damped links while 
allowing a damping of the same order as viscous dampers. An eddy current damper (ECD) 
produces an electromagnetic damping force by using an array of axially magnetized ring-shaped 
permanent magnets separated by iron pole pieces [13]. Stiffness and damping properties of the 
smart coupling and alternative traditional links are first designed through an iterative procedure
where minima floor displacements of the elevator are selected as performance targets. A seismic 
gap is also designed to verify the possibility of displacement of the steel structure and 
deformation of the isolation system of the unconnected r.c. superstructure. The effectiveness of 
coupling with links placed only at top level and at all levels is checked by means of nonlinear 
dynamic analysis of the said building subjected to strong near-fault earthquakes.
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2 SEISMICALLY ISOLATED BENCHMARK BUILDING
An r.c. framed commercial building located in the Sicilian town of Augusta (Italy), 

composed of a basement and three storeys above ground level (Figure 1a), is considered as test 
structure. It is seismically isolated with a hybrid system including sixteen HDRBs and sixteen 
LFSBs inserted at the top of rigid columns in the basement (Figure 1b). The building plan is 
symmetrical with respect to the transversal (Y direction), but not with respect to the longitudinal
(X direction) due to the presence of a steel framed elevator structure crossing the isolation level 
(Figures 1c,d).

The design of the isolation system is carried out on the basis of the following assumptions 
for the horizontal seismic loads at the collapse prevention (CP) limit state: equivalent viscous 
damping of the isolation system ξΗ=15%; high-risk seismic zone (peak ground acceleration on 
rock, ag=0.406g); stiff subsoil (class B, with subsoil parameter SS=1.018); topographic class T1 
(stratigraphic parameter ST=1); displacement demand ddc=270 mm. The fundamental vibration 
period of the seismically-isolated structure is equal to T1H=2.38s [14], corresponding to a mass 
of the superstructure equal to 2400 tons and a horizontal stiffness of the isolation system of 
16.45 kN/mm. The latter is divided between the sixteen HDRBs on the assumption that the 
stiffness contribution of the sixteen LFSBs is negligible. Type SI-N500/150 is selected for the 
HDRBs produced by FIP Industriale [15], corresponding to normal rubber compound with a
shear modulus G=0.8MPa, assuming the geometrical and mechanical properties shown in Table 
1: i.e. external diameter of the isolator (D); total thickness of the rubber (tr); primary (S1) and 
secondary (S2) shape factors; equivalent horizontal (ξeH) and vertical (ξeV) viscous damping
ratios; horizontal (KH0) and vertical (KV0) stiffnesses at the shear deformation γ=1; maximum 
vertical load (Pc) and displacement capacity (dc) at the collapse prevention (CP) limit state.

   
 

(a) Picture of the building (b) Plan of the isolation level

  
(c) Transversal section A-A (d) Plan of the first level

Figure 1: The Augusta building, Italy (units in cm)

Two types of LFSBs produced by the same company are placed in the building plan 
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depending on the maximum loading capacity (Figure 1b): i.e. type 1, VM 200/600/600, and 
type 2, VM 150/600/600, where the first number represents the vertical load capacity in tons 
(Pc) and the other two the permitted longitudinal and transversal movements in mm (±dc). 
Moreover, a dynamic-fast friction coefficient µfast=1.7% is the outcome of a calibration process.

Table 1: Geometrical and mechanical properties of the HDRBs (units in kN, mm and s)

Db tr S1 S2 ξeH ξeV KH0 KV0 Pc dc

500 150 20 3.2 15% 5% 1.05 1016 1200 300

The design of the superstructure is carried out at the ultimate life-safety (LS) limit state,
under the corresponding horizontal seismic loads (i.e. ag=0.285g and SS=1.136), assuming
nearly elastic response (behaviour factor, q=1.5). The gravity loads used in the design are 
represented by dead- and live loads, equal to: 6.47 kN/m2 and 4 kN/m2, for the first three levels; 
5.27 kN/m2 and 2 kN/m2, for the roof level. Perimeter masonry infills without openings are 
placed along the short side of the building, at the second storey, and in the central bay of the 
long side of the building, at the first and second storey, while additional masonry infills are 
placed around the staircase. A cylindrical compressive strength of 30 N/mm2 for the concrete 
and a yield strength of 450 N/mm2 for the steel are assumed as characteristic values for the r.c. 
cross sections. The length of the frame members is shown in Figure 1, where cross-sections of 
columns (Figure 1c) and beams (Figure 1d) are also reported.

The steel frame elevator shaft crosses the isolation plane and emerges in the basement where 
it is fixed-base and separated from the surrounding building by a gap (Figure 2a). The elevator 
shaft is classified as non-dissipative (i.e. behaviour factor q=1) and designed at the LS limit 
state. A dead load of 10 kN plus a live load of 10 kN, depending on the maximum number of 
persons allowed, are considered for the elevator. Moreover, a lightweight infill panel of the 
elevator shaft equal to 0.43 kN/m2 is applied on three sides of its perimeter.

 
 
 
 
 
 

 

     
(a) Plan (b) Basement (c) Ground level (d) First level (e) Second level

Figure 2: View of stairs and elevator shaft (units in cm)
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For the elevator eight design scenarios are considered, assuming maximum (Welev.=20 kN) 
and minimum (i.e. empty, Welev.=10 kN) loads combined with four different vertical positions, 
corresponding to the basement (level -1) and three floors above (levels 0, 1 and 2 shown in 
Figures 2b-2e). The elevator shaft is designed to fulfil the full operational (∆/h=0.33%, defined 
as interstorey drift (Δ) normalized by the storey height (h)) and operational (∆/h=0.5%) 
deformability limit states, under the corresponding horizontal seismic loads (FO: ag=0.056g and 
SS=1.20; OP: ag=0.076g and SS=1.20), and ultimate LS limit states for strength and buckling.
Cross-sections of steel frame members are assumed constant along the height and ductile, in 
line with class 1 (i.e. double-T steel sections type HEA 120 for beams) and 2 (i.e. double-T
steel sections type HEA 160 for columns, with principal axis oriented as shown in Figure 2a)
provided by the Italian seismic code [6]. Yield and ultimate strengths of 355 N/mm2 and 510 
N/mm2 are assumed for the steel, respectively. Finally, the dynamic properties of the elevator 
shaft for different vertical positions of the elevator at maximum load are presented in Table 2:
i.e. fundamental vibration periods (T1,X and T1,Y) and effective masses (me1,X and me1,Y) along 
the principal in-plan directions.

Table 2: Dynamic properties of the elevator shaft

Elevator at maximum load (mtot=8.16 ton)
Position of the elevator T1,X (s) me,X (%mtot) T1,Y (s) me,Y (%mtot)

-1 0.914 70.04 0.715 75.37
0 0.923 61.09 0.721 65.04
1 1.049 78.65 0.817 82.06
2 1.147 78.81 0.909 81.54

A three-spring-three-dashpot viscoelastic model can be adopted for an HDRB, consisting of 
an axial spring acting in parallel with a viscous dashpot both in the horizontal and vertical 
directions. Specifically, coupled nonlinear elastic springs in the horizontal (FK,x, FK,y) and 
vertical (PK) directions proportional to horizontal and vertical displacement (uH,x, uH,y and uV),
with a vertical displacement (uV∗ ) taking into account the axial shortening or lengthening due to 
second order geometric effects, are assumed [4]

2 2
K,x H,x H,x-4.64 γ

H0 H0
K,y H,y H,ycr cr

F u uP PK 1 K 0.337 +0.663 e 1
F u uP P

− −⋅
                    = ⋅ ⋅ = ⋅ ⋅ ⋅ ⋅         ′ ′                   

(1a,b)

( )
= V0 V* 2b

K V0 V V H2 2
b 2 K0H

b

K  sgn u 16 α
P K u u

π D S α
1+48

π D

 ⋅ ⋅
⋅ ≅ ⋅ − ⋅  ⋅ ⋅ ⋅   

⋅ ⋅ 

u
u

(1c)

where αK0(=KV0/KH0) is the nominal stiffness ratio, P'
cr is the reduced critical buckling load and 

αb=hb/tr, hb being the total height of the bearing. It is worth noting that the horizontal stiffness 
is characterized by significant variation when shear deformation (γ) is lower than 1 and is
practically constant for γ values greater than 1. On the other hand, taking into consideration that 
the equivalent viscous damping in the horizontal direction depends on the amplitude of 
displacement, the bearing is subjected to and, ultimately, on the amplitude of the shear strain 
[15], the following uncoupled damping axial forces (FC,x, FC,y and PC), proportional to the 
horizontal and vertical velocity (u̇H,x, u̇H,y and u̇V), are assumed
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C,x H,x H,x-2.843
H0 H0

C,y H,y H,y

F u u
C C 0.543+0.457 e

F u u
γ⋅           = ⋅ = ⋅ ⋅ ⋅                

 

 

 (2a,b)

= V V1 1V
C V0 V V

ξ K T
P C u u

π
⋅ ⋅

⋅ ≅ ⋅  (2c)

with significant differences for low horizontal displacements and almost the same values when 
γ>1 are obtained (see Equations 2a,b).

For sliding bearings with low values of the friction coefficient (i.e. steel-PTFE low friction 
flat sliding bearings, LFSBs), the force-displacement behaviour in the horizontal directions can 
be idealized as bilinear (rigid-plastic). In particular, variable axial load (i.e. N=W±∆N, W being 
the weight of the superstructure and ∆N the additional axial load, positive when compressive, 
due to the overturning moment produced by the horizontal ground acceleration) and constant 
value of the friction coefficient (i.e. µ equal to the dynamic fast value µmax) can be represented 
by hysteretic model with biaxial interaction

,   arctanx x x H,y
max max

y y y H,x

F Z Z ucos
= N N N

F Z Z sin u
θ

µ µ µ θ
θ

             ⋅ ⋅ = ⋅ ⋅ = ⋅ ⋅ =                         





(3a,b)

where the dimensionless quantities Zx and Zy are governed by two coupled differential 
equations which account for the interaction between the x and y directions [4]. Furthermore, a 
gap element with infinitely rigid behaviour in compression is assumed in the vertical direction 
to account for the fact that a sliding bearing does not resist tensile axial loads and is thus free 
to uplift at any given moment during an earthquake

for and forV VP N    u 0  P 0   u 0= ≥ = < (3c)

neglecting the equivalent viscous damping in the vertical direction. 

3 CONNECTION FOR MITIGATING OF INTERNAL POUNDING
A seismic gap (gd) between the fixed-base elevator shaft (Es) and base-isolated surrounding 

building (Sb) (Figure 3a) is first designed on the basis of current Italian [6] and European [7]
seismic codes. Specifically, three different thresholds are evaluated as function of the lateral 
load resisting system (i.e. base-isolated or fixed-base structure), the LS (i.e. PGALS=0.324 g) 
and CP (i.e. PGACP=0.413 g) limit states and the elevator height (i.e. H=14.06 m): i.e. sum of 
the horizontal top displacements of both systems at the LS limit state (i.e. gd,NTC18=33 cm), no
less than 2·H/100·ag·S/g; square root of the sum of the squares of the maximum top horizontal 
displacements of both systems, at the LS (i.e. gd,EC8.1=24 cm) and CP (i.e. gd,EC8.2=35 cm) limit 
states. To ensure that the seismic gap is large enough to cope with sizeable horizontal 
displacements induced by strong earthquakes, the Es-Sb relative displacements are evaluated 
along the in-plan X (i.e. uEs,i and uSb,i) and Y (i.e. vEs,i and vSb,i) directions

( ) ( ) ( ) ( ) ( ) ( )X,i Es,i Sb,i Y,i Es,i Sb,ig t = u t u t , g t = v t v t , i=1-4− − (4a,b)

on the assumption that a positive value corresponds to a coordinate of the Es corner greater than 
that of the corresponding Sb corner (Figure 3b).

Then, the problem of connecting two different subsystems of the same structure is examined 
for four types of connection between the four couples of corner joints at each floor level (Figure 
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3c): i.e. flexible links (FLs); rigid links (RLs); viscous damped links (VDLs); eddy current 
damped links (ECDLs). 
 

   
(a) Undeformed configuration (b) Deformed configuration (c) Linked configuration

Figure 3: Internal pounding between the fixed-base elevator shaft and base-isolated surrounding building
 
Once selected the type of connection, the model of coupling between the base-isolated Sb 

and fixed-base Es is made under the following assumptions along both the principal in-plan 
directions (X and Y): i) mass, stiffness and damping of the Sb (mSb,j, kSb,j and cSb,j) and Es (mEs,j,
kEs,j and cSb,j) and stiffness and damping of the connective links (kL,j and cL,j) can be varied 
along the height (j=0-3); ii) viscous damping of the Sb is considered only at the isolation level 
(cSb,0), while the contribution of the superstructure is not considered; iii) assuming an equivalent 
viscous damping ratio ξEs,H=2%, the Rayleigh approach is used to evaluate the viscous damping 
of the Es; iv) the Sb and Es are modelled as shear- (r.c.) and flexible-type (steel) plane frames,
respectively; v) classical damping simplification is assumed, given that the fundamental 
frequencies of Sb and Es are well separated; vi) floor elevations are the same for Sb and Es,
without taking into account the extra head at top of the elevator shaft; vii) the Sb and Es are 
connected only at the top floor (case A, Figure 4a) or at all floors (case B, Figure 4b).

  
(a) Case A: link only at the top floor (a) Case B: links at all floors

Figure 4: Model of coupling between surrounding building (Sb) and elevator shaft (Es)
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The main properties of the surrounding building (Sb) and elevator shaft (Es) are reported in 
Table 3. It should be noted that Sb stiffness is the same for the principal X and Y directions,
since all columns have a square section, while stiffness and damping of Es are not reported 
because a static condensation of the number of degrees of freedom reduces the number of free 
displacement to eight (i.e. four horizontal displacements for Sb and Es, respectively). 

A design procedure of the links (kL,j) is first developed to evaluate the distribution of vertical 
stiffness, with the aim of minimizing horizontal displacement of the elevator at all levels (uj,
j=0-3). In detail, a four-sweep-four-step iterative approach is adopted, in which the k-th sweep 
consists of four steps each with the aim of evaluating stiffness by reducing the horizontal 
displacement at one level at a time, for fixed values of stiffness at the other levels. Then, 
damping force of the dissipative links is evaluated based on a stiffness-proportional criterion, 
with equivalent viscous damping ratio ξDL,H=25%. Results of the iterative procedure, in terms 
of the horizontal displacement ratio (uj/uj,max), are shown in Figure 5, with reference to both 
principal in-plan directions assuming that the most critical internal pounding condition occurs
when the elevator with maximum load stops at the first level (Figure 4).

Table 3: Main properties of the model of coupling between Sb and Es

Floor level hi [m] mSb [ton] kSb [kN/m] cSb [kNs/m] mEs [ton]
0 2.85 722 16450 1798 1.847
1 4.25 776 563670 - 1.660
2 3.12 631 1260500 - 3.939
3 3.12 271 212830 - 0.714

(a) (b)

(c) (d)

Figure 5: Results of the four-sweep-four step iterative design procedure of links
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Note that maximum displacement (i.e. uj/uj,max=1.0) is obtained to step four of the first sweep 
along both the principal in-plan directions (Figure 5a). Moreover, gradual reduction of the ratio 
uj/uj,max occurs at all four levels proving the effectiveness of the iterative procedure (Figure 5d).
Finally, stiffness and damping properties of the links are summarized in Table 4 for cases A 
and B and both principal directions.

Table 4: Main properties of links (units in kN, m and s)

Case A: X direction Case A: Y direction Case B: X direction Case B: Y direction
Floor level kL cL kL cL kL cL kL cL

3 56.47 5.55 80.00 6.58 56.47 5.55 80.00 6.58
2 0 0 0 0 40.00 3.93 58.59 4.85
1 0 0 0 0 24.00 2.36 45.00 3.70
0 0 0 0 0 26.67 2.62 54.74 4.50

A sketch of an Eddy Current Damped Link (ECDL) is shown in Figure 6, consisting of an 
outer cylindrical tube, as conductor, and an array of axially magnetized ring-shaped permanent 
magnets, separated by iron pole pieces, as a mover [13]. In detail, eddy currents are generated 
in the copper conductor following the relative motion from the magnets, where the direction of 
magnetization for each permanent magnet is indicated by bold arrows. It should be noted that 
these eddy currents produce an electromagnetic damping force proportional to the velocity of 
the conductor so that the ECDL acts as a viscous damper but with a significant improvement 
because it takes up less space. For the sake of brevity, only the main parameters of the ECDL 
are reported in Table 5, with reference to maximum values of stiffness and damping shown in 
Table 4 in the Y direction: i.e. tc, conductor thickness; tm, magnet thickness; tp, pole thickness; 
rm, annular magnet radius; rr, cylindrical rod radius; air gap, ag; number of magnets (nm) and 
poles (np); conductivity of copper, σc; residual magnetic flux density, Br.

 
Figure 6: Sketch of an Eddy Current Damped Link [13]

Table 5: Main properties of the ECDLs (units in mm, S/m and T)

Floor level tc tm tp rm rr ag nm np σc Br

3 20 20 10 60 15 0.5 4 3 5.80×107 1.43
2 15 20 10 50 15 0.5 4 3 5.80×107 1.43
1 11 20 10 45 15 0.5 4 3 5.80×107 1.43
0 15 20 10 48 15 0.5 4 3 5.80×107 1.43

4 NUMERICAL RESULTS
To investigate the effectiveness of different types of connection between Sb and Es of the 

Augusta building for mitigating internal pounding, nonlinear dynamic analyses are carried out 

r

z

tm tp

tc

rr

rm

ag

Conductor (copper)Pole (iron)

Magnet
(Nd-Fe-B alloy)

Rod (steel)
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considering the horizontal components of seven spectrum-compatible near-fault earthquakes 
characterized by forward directivity [4]. R.c. frame members of the superstructure are described
by a lumped plasticity model, while an elastic-linear response consistent with the design 
hypotheses is adopted for the steel framed structure of the elevator shaft. On the other hand, the 
three-degrees-of-freedom model of the HDRBs and the simplified model of the LFSBs,
previously described, are adopted for the hybrid isolation system. Preliminary analysis is carried 
out with a view to identifying the critical incidence angle of the selected bi-directional 
earthquakes (i.e. α=150°), then results are obtained as the mean of those for each pair of records.

Firstly, plots of the maximum internal pounding parameter (i.e. the relative displacements
gX and gY between Sb and Es) along the building height are reported in Figure 7, for the adiacent 
corner joints n.1 (Figures 7a,b) and n.3 (Figures 7c,d) and both directions. Flexible (FL) and 
rigid (RL) links without dissipation are compared with viscous damped (VDL) and eddy current 
damped (ECDL) links, assuming connection only at the top floor (case A) or at all floors (case 
B). As shown, internal pounding is confirmed for the unlinked configuration, exceeding in some 
cases the EC8 upper and lower bound values (Figure 7b) and in others the NTC18 threshold 
(Figure 7c). In terms of mitigation of internal pounding, the best performance is attained when 
more than one connection is considered (case B). Moreover, coupling of stiffness and damping 
(i.e. ECDLs) is more effective than a viscous connection on its own (i.e. VDLs) or a flexible 
spring (i.e. FLs). With reference to rigid links, the observed performance highlights remarkable 
reduction of internal pounding.

(a) (b)

(c) (d)

Figure 7: Internal pounding of Sb and ES along the building height
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Graphs similar to the previous ones are shown in Figure 8, where maximum values of floor 
acceleration (Figures 8a,b) and storey drift (Figures 8c,d) of the elevator shaft at corner joint n.
2 are plotted, with a view to serviceability and damage conditions, respectively. It is interesting 
to note that ECDLs continue to prove the best coupling solution. On the contrary, FLs and RL.A 
correspond to accelerations comparable with those of the solution without link, while RL.B is
ineffective at reducing storey drift, producing too high values at level 0 where the elevator shaft 
is forced to undergo the same displacement as the isolation system when connection at all levels 
is assumed.

(a) (b)

(c) (d)

Figure 8: Floor acceleration (a, b) and storey drift (c, d) of the ES along the building height

5 CONCLUSIONS
The effectiveness of coupling between independent units of seismically isolated buildings

located near an active fault for mitigating internal pounding is investigated here, through a case 
study of a four-storey r.c. framed structure in the Italian town of Augusta (Sicily). An 
elastomeric-friction hybrid isolation system at ground level, crossed by the steel framed 
structure of a fixed-base elevator shaft, is considered. First, a four-sweep-four-step iterative 
design procedure is proposed, to evaluate stiffness and/or damping properties of four types of 
connections between the four couples of corner joints, only at the top floor or at all floors: 
flexible links (FLs); rigid links (RLs); viscous damped links (VDLs); eddy current damped 
links (ECDLs). Then, nonlinear dynamic analysis is carried out to test their performance during 
spectrum-compatible near-fault earthquakes. The results show that the coupling of stiffness and 
damping (ECDLs) is always more effective than a viscous connection (VDLs) on its own, while 
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FLs and RL.A are ineffective because of accelerations comparable with those of the solution 
without link, and RL.B produces excessive storey drift, especially at isolation level.
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Abstract. In this study, Hg(II) imprinted copolymer gels (Hg(II)-IIPs) are prepared and used 
as smart sorbents for selective solid phase extraction of mercury ions from surface water 
samples. Hg(II)-IIPs are synthesized by dispersion copolymerization of 1-vinylimidazole,  
methacrylic acid or 2-hydroxyethyl  methacrylate as functional monomer, trimethylolpropane 
trimethacrylate as cross-linking agent and 2,2'-azoisobutyronitrile as initiator in the presence of 
a Hg(II)–1-(2-thiazolylazo)-2-naphthol (Hg(II)-TAN) complex. The structure and morphology 
of the prepared Hg(II)-IIPs are defined using scanning electron microscopy, and nitrogen 
adsorption–desorption measurements. The extraction efficiency (degree of sorption/desorption, 
selectivity, capacity) of the Hg(II)-IIPs toward inorganic mercury ion (Hg(II)) are studied using 
batch procedure. The optimal pH value for the quantitative sorption is 7, and full desorption is 
achieved by 0.1 mol/L thiourea in 0.1 mol/L HCl. The Hg(II)-IIPs exhibit excellent selectivity 
towards Hg(II) over methylmercury, Cd(II), Ni(II) and  Pb(II), due to the introduced memory 
effect. The prepared copolymer gel with 1-vinylimidazole as a functional monomer has higher 
capacity and selectivity towards Hg(II). Adsorption process is characterized by Langmuir 
isotherm model. Analytical scheme for Hg speciation and enrichment in surface waters is 
developed based on the high selectivity of Hg(II)-IIPs toward Hg(II).      

 
 
1 INTRODUCTION 

Mercury and its compounds are considered extremely harmful and toxic environmental 
pollutants and according to the European legislation are identified as priority hazardous 
substances [1]. Although all mercury species have detrimental impact on the human and 
ecosystems health, their toxicity, mobility and bioavailability strongly depend on the particular 
chemical form. In general, organic Hg species, especially methylmercury (MeHg) are known 
to be much more toxic than inorganic (e.g. Hg(II) and Hg(I)) because of their lipid solubility 
which facilitates relatively easy passing through biomembranes and subsequent accumulation 
in living cells. Due to the significant differences between toxicity of Hg(II) and MeHg as well 
as their extremely low concentrations in the environment, a reliable procedure for enrichment 
and further speciation analysis is often required. Widely used approach in analytical practice is 
based on preliminary separation and preconcentration of the mercury species by solid-phase 
extraction (SPE) with ion imprinted polymers. 
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Ion imprinted polymers (IIPs) are a new generation synthetic “smart” materials combining 
the selective recognition properties for a template ionic species with the ability to respond to 
specific external stimuli (such as the presence of another ions, pH, magnetic field etc.) with 
consequent changes in their properties including the affinity of the polymeric matrix toward the 
template [2, 3]. Based on ion imprinting technology “smart materials” are created by integrating 
a template ion into the polymer network during the preparation of these polymeric materials. 
[4, 5]. In brief, the most commonly used synthetic scheme for the preparation of IIPs involves 
several stages: (i) complexation of a template species (metal ions or their complexes with 
specific ligands) with functional monomers, (ii) copolymerization of these monomers around 
the template ion with the help of a cross-linking agent in the presence of an initiator, and (iii) 
removal of the imprinted ion by extraction which leaves cavities with a size, shape, charge and 
chemical functionality complementary to those of the template ion species. Thus, ion level 
information is transferred from the template ion species to the polymers in the form of a three-
dimensional “memory” of the template’s characteristics. IIPs have the advantage that they not 
only can respond to external stimuli, but they also have ion recognition ability for template ion 
species [5, 6]. Choosing the right functional monomer and chelating ligand is very important 
because this will determine, on one hand, the stability of the complex formed before and during 
the polymerization process and, on the other hand, the subsequent ability of the IIP to interact 
selectively with the target ion. Numerous studies on IIPs and their application for selective 
preconcentration and separation of Hg species have been reported [7-15]. Recently, our group 
reported an easy synthetic procedure for synthesis of Hg(II)-IIPs via dispersion 
copolymerization using methacrylic acid (MAA) as a monomer, trimethylolpropane 
trimethacrylate as a cross-linking agent and 1-(2-thiazolylazo)-2-naphthol (TAN) [8] or 
pyrrolidine dithiocarbamate [9] as specific Hg(II) ligands. According to authors’ knowledge, 
the effect of the type of functional monomer (basic, acidic or neutral) on the adsorption 
properties and selectivity of Hg(II)-IIPs has not been investigated yet. 

In the present study, Hg(II)-IIPs were synthesized via dispersion copolymerization using 
three different functional monomers – MAA,  1-vinylimidazole (VIA) or 2-hydroxyethyl  
methacrylate (HEMA), trimethylolpropane trimethacrylate (TMPTMA) as a cross-linking 
agent, and TAN as a non-polymerizable chelating agent and Hg(II) as a template ion. Critical 
comparison between extraction efficiencies, adsorption capacities, and selectivities of Hg(II)-
imprinted copolymer gels prepared on the basis of MAA, VIA or HEMA was presented. 
Finally, SPE procedure using Hg(II)-IIPs as sorbent and next subsequent cold vapor atomic 
absorption spectrometric (CV AAS) measurements were developed and applied for Hg 
speciation in water samples. The analytical scheme proposed consists of two steps: (1) selective 
determination of Hg(II) and (2) determination of total Hg as Hg(II) after water sample  
digestion. The content of methylmercury is defined as the difference between these two 
measurement results. 

2 EXPERIMENTAL 

2.1 Materials 
1-Vinylimidazole (VIA),  methacrylic acid (MAA), 2-hydroxyethyl  methacrylate (HEMA), 

trimethylolpropane trimethacrylate (TMPTMA), 2,2’-azobisisobutyronitrile (AIBN), thiourea 
(TU)  (Merck), 1-(2-thiazolylazo)-2-naphthol (TAN, Fluka) ) and acetonitrile (ACN, Labscan) 
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were used to prepare the Hg(II) ion-imprinted and non-imprinted polymer sorbents. Stock 
standard solutions for Hg were: inorganic Hg(II), stock standard solution for AAS, Trace 
CEPT™, 998 μg/mL in 2 mol/L HNO3, (Sigma-Aldrich). Methylmercury stock solutions (100 
mg/L) were prepared by dissolving the appropriate amount of methylmercury(I) chloride 
(highly toxic, handle with care), PESTANAL®, analytical standard, Fluka (33368) in 5 mL of 
methanol and diluting to 100 mL with water. The exact concentration of this solution was 
defined against standards prepared from inorganic Hg(II).  All stock solutions were stored in 
dark glass bottles at 4 ºC. Working standard solutions for calibration were freshly (daily) 
prepared by successive dilution and contained reagents used for sample preparation or elution; 
e.g. 0.1 mol/L thiourea in 0.1 mol/L HCl. Reductant solutions of sodium tetrahydroborate(III) 
NaBH4 (Merck) 0.04 % (m/V) and 0.4% (m/V)  in 0.1 % (m/V) NaOH were prepared fresh 
daily and was used without filtration. The stock standard solutions for Cd(II), Ni(II) and Pb(II) 
(1000 μg/mL) were Titrisol (Merck), in 2 %  HNO3  (V/V). 

All reagents were of analytical-reagent grade and all aqueous solutions were prepared in 
deionized water (DW). 

2.2 Apparatus 
CV AAS measurements were carried out with a Perkin Elmer AAnalyst 400 atomic absorption 
spectrometer (Perkin Elmer, USA) equipped with a MHS 15 Mercury Hydride System and 
externally heated quartz tube atomizer at room temperature for inorganic Hg(II) and in 
air/acetylene flame for MeHg. The optimal instrumental parameters for Hg species 
determination include: pre-reaction purge time 7 s, post reaction purge time 60 s. Solutions of 
NaBH4 0.04 % (m/V) and 0.4 % (m/V) were used as reductants for inorganic Hg(II) and MeHg 
respectively. 

A scanning electron microscope (SEM, JEOL JSM-5500) was used for the determination of 
the microbead shape and morphology. Specific surface area and pore size distribution were 
measured through nitrogen adsorption–desorption isotherms at 77 K using a Brunauer–
Emmett–Teller (BET) analyzer (Quantachrome NOVA 1200, Quantachrome). A 
microprocessor pH meter (Hanna Instruments) was used for pH measurements. А centrifuge 
EBA 20 (DJB Labcare) was used to separate micro particles and extracted metal ion solution 
in batch experiments. 

2.3 Synthesis of the Hg(II) ion-imprinted and non-imprinted copolymer gels 
The imprinted and non-imprinted copolymer gels were synthesized as described earlier with 

minor modification [16]. Reaction scheme for Hg(II)-IIPs preparation is shown in Fig. 1. As 
template the complex (0.046 mmol) of the imprinted ion Hg(II) with TAN was used. The 
Hg(II)−IIPs were prepared via a cross-linking dispersion copolymerization using three various  
functional monomer ‒ VIA, MAA or HEMA (0.862 mmol), TMPTMA (0.373 mmol) as a 
cross-linking agent, AIBN (32 mg) as an initiator, and  acetonitrile (10 mL) as a porogen solvent 
at temperature 60 ºC for 24 h.  The following types copolymer gels were prepared: (i) with VIA 
as a functional monomer (named Hg(II)-VIA-IIP); (ii) with MAA as a functional monomer 
(named Hg(II)-MAA-IIP); (iii) with HEMA as a functional monomer (named Hg(II)-HEMA-
IIP); and (vi) non-imprinted polymers (named VIA-NIP, MAA-NIP and HEMA-NIP) 
synthesized in the same way as described above, in the absence of template. They were 
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recovered by centrifugation, washed with ACN to remove unreacted monomers and other 
ingredients.  

Mercury was removed from the produced polymer networks by several, sequential elution 
steps using 4 mol/L HNO3 and 0.5 mol/L TU in 0.5 mol/L HCl as eluents. This procedure was 
repeated until the Hg concentration (template ions) in the eluate solution is below the LOD as 
measured by CV AAS. Then IIPs were dried in a vacuum oven at 60 ºC. The non-imprinted 
polymer gels were treated in the same way. 

2.4 Solid-phase extraction of Hg(II)  
A portion of the solution containing 0.1 μg Hg(II) was diluted to a 10 mL total volume and 

pH was adjusted with buffer solution to the desired value. Polymer microbeads of ca. 50 mg 
were added to this solution and stirred for 20 min. The sample was centrifuged (5000 rpm), the 
supernatant was removed and the polymer gel was washed twice with DW. In order to 
investigate the degree of Hg(II) sorption the supernatant was collected and analyzed by CV 
AAS as an effluate. The Hg(II) was eluted from the copolymer gels  with 2 mL of various 
reagents for 30 min. The degree of Hg elution was determined in the eluate solutions by CV 
AAS.  

The degree of sorption (DS %) of Hg(II) ions is defined as: 
DS  % = [(Ai−Aeff) / Ai] . 100 ,   (1) 

The degree of elution (DE %) of sorbed Hg(II) ions from loaded sorbent is defined as:  
 

DE % = (Ael /(Ai−Aeff)) . 100,                                                 (2) 

where Ael [µg] is the amount of metal cations in solution after elution process. 

2.5 Capacity and adsorption isotherms 
The adsorption capacity (Q) was defined following the procedure: 50 mg of copolymer gels 

(imprinted or non-imprinted) were added to 10 mL solution with various concentrations of 
mercury ions (from 100 to 600 μmol/ L) at pH 7. The mixtures were shaken for 20 min at 
temperature 25 ºC. The total mercury ions sorbed was quantified by CV AAS after elution with 
mixture of 0.1 mol/L TU in 0.1 mol/L HCl. The adsorption capacity (Qmax,exp), the amount of 
Hg(II) adsorbed by 1 g of copolymer gel at equilibrium, was calculated according to the 
equation: 

Qmax,exp = (C0 ─ Ce).V / m ,                                                 (3) 

where: Qmax,exp e is the mass of Hg(II) ions adsorbed per unit mass of the copolymer gelt, μmol/g;        
V  is volume of the solution; m is the mass of the sorbent, g; C0 is concentration of Hg(II) ions 
in the initial solution, µmol/L; Ce is equilibrium concentration of Hg(II) in solution after 
adsorption, µmol/L. 

2.6 Selectivity experiments 
A 10 mL solutions containing model, metals mixture solution containing 5 ng Hg(II), 5 ng 

MeHg and 10 μg  Pb(II) and Ni(II), Cd(II) were treated with the Hg(II)–IIPs or non-imprinted 
sorbents (50 mg)  at pH 7 and shaked for 20 min with an electric shaker. The solutions were 
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centrifuged, sorbent particles were washed twice with deionized water and elution was 
performed with 10 mL 0.1 mol/L TU in 0.1 mol/L HCl for 30 min. The concentrations of Hg(II) 
and MeHg were measured by CV AAS and Cd(II), Ni(II), Pb(II) in the supernatant and eluate 
solutions were determined by flame AAS.  

The distribution ratio (D) is defined as  
D = (Ai−Aeff) / Aeff       (4) 

The selectivity coefficient (SHg/Me) is 
SHg/Me = DHg/DMe      (5) 

where DHg and DMe are the distribution ratios for Hg(II) and Cd(II), Ni(II), Pb(II), and MeHg, 
respectively. 

2.7 Analytical procedure for Hg(II) and MeHg determination in surface waters 
Water sample 100 mL was shaked with 50 mg Hg(II)-VIA-IIP for 20 min. After 

centrifugation (5000 rpm) the supernatant was removed and polymer was washed twice with 
DW, finally Hg(II) was eluted with 2mL 0.1 mol/L TU in 0.1 mol/L HCl. The eluate was 
transferred in 10 mL volumetric flask and diluted up to the mark with DW. Hg(II) was measured 
by CV AAS under optimal instrumental parameters. In a parallel procedure, 100 mL water  
sample was MW digested with concentrated nitric acid (in order to transform MeHg into Hg(II)) 
and than passed through the same already described analytical protocol. In this case the sum 
Hg(II) + MeHg was determined by CV AAS. Finally, MeHg content in the analyzed water 
sample was defined as a difference between two measured values. 

3 RESULTS AND DISCUSSION 

3.1 Synthesis of Hg(II)–IIPs and characterization studies 
The functional monomer plays an important role in the adsorption performance of IIPs 

because from one side it has to interact with the template molecule and give a good 
polymerization performance with the crosslinking agent and from the other side do not 
influence the sorption activity of the sorbent. In this work, in order to get Hg(II)-IIPs with high 
adsorption capacity, selectivity and fast sorption/desorption rate, three different monomers, 
including VIA (basic), MAA (acidic) and HEMA (neutral) were synthesized and studied.  

Hg(II)-IIPs were synthesized by “trapping” technique, i.e. complexes between target metal 
ion and non-vinylated chelating agent were trapped inside the polymer matrix during the 
polymer formation. Preparation of Hg(II)-IIPs included several steps (Fig. 1). The first one was 
formation of the prepolymerization complexes between template species (complex of Hg(II) 
ion with TAN) and the functional monomers (VIA, MAA or HEMA) in ACN. The second step 
was, the dispersion cross-linking copolymerization of these complexes with the TMPTMA as 
cross-linking agent producing copolymer network. Finally, Hg(II) ions were removed from 
copolymer gels prepared leaving behind some specific binding sites with functional groups in 
a predetermined orientation and cavities with special size of templates. 

Scanning electron micrographs of the obtained Hg(II)-VIA-IIP and VIA-NIP copolymer 
particles are shown in Fig. 2. Analogous micrographs are obtained for Hg(II)-MAA-IIP, Hg(II)- 
HEMA-IIP,  MAA-NIP  and  HEMA-NIP. As can be seen from  Fig. 2,  the shape of particles  



1711

Ivanka G. Dakova and Irina B. Karadjova. 

 6 

 
 

Figure 1: Scheme of the Hg(II)-IIPs preparation. 

 
 

Figure 2: Scanning electron micrographs of Hg(II)-VIA-IIP and VIA-NIP at a 10 000× magnification.  

of the non-imprinted copolymer gel is close to spherical. The surface structure and morphology 
of the particles of Hg(II)-imprinted  sorbent is  different ‒ Hg(II)-VIA-IIP is in  the form of 
bigger aggregates with irregular shape. Rough surface of ion imprinted polymers as compared 
to the non-imprinted polymer suggests that cavities were formed on the sorbent surface after 
template removal [17].    

The specific surface area, total pore volume and average pore diameter, for the Hg(II)-IIPs 
and non-imprinted copolymer gels were determined from nitrogen adsorption–desorption 
isotherms.  The three Hg(II)-imprinted copolymer gels have similar surface areas (Hg(II)-VIA-
IIP: 4 m2/g;  Hg(II)-MAA-IIP: 5 m2/g; and Hg(II)-HEMA-IIP: 3 m2/g) and average pore 
diameters (9 nm, 15 nm and 12 nm, respectively), while non-imprinted copolymer gels have 
higher surface area (VIA-NIP: 55 m2/g;  MAA-NIP: 28 m2/g; and HEMA-NIP: 9 m2/g) and 
average pore diameters (15 nm, 28 nm and 18 nm, respectively). As it is evident, all the polymer 
gels studied could be described as a mesoporous structures. These typical results after 
imprinting are explained with the incorporation of Hg(II)-TAN complex in polymer network 
which causes a certain filling of the pores and reduced adsorption of N2 [18]. 

3.2 Optimization of chemical parameters for quantitative sorption and desorption of 
Hg(II) with Hg(II)-imprinted and non-imprinted copolymer gels 

 
The sorption of metal ions on the IIPs resulted from the combined effect of the chemistry of 

metal ions in aqueous solutions and their interactions with the chelating agent and the functional 
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groups present in the polymeric network. The extraction efficiency of three synthesized 
copolymer gels toward Hg(II) was studied at pH values in the range 3–8 (Section 2.4). The 
results obtained for the influence of pH on Hg(II) selective sorption are presented in Fig. 3. As 
can be seen the degrees of sorption for Hg(II)-MAA-IIP and Hg(II)-VIA-IIP were significantly 
higher than those of other studied sorbents. The quantitative sorption of Hg(II) ions on the 
Hg(II)-MAA-IIP and Hg(II)-VIA-IIP was achieved at pH 7, while for the sorbent imprinted 
with HEMA as a functional monomer the maximal degree of sorption was around 85%. 
Probably the neutral functional monomer HEMA could not form a stable prepolymerization 
complex with template molecule (Hg(II)-TAN complex) and the prepared copolymer gel had 
less amount of specific Hg(II) binding cavities [19]. In the same time, for the weak basic and 
acidic functional monomers VIA and MAA, the prepolymerization complex formed more 
stable structures, and the specific binding cavities could remain in the prepared IIPs, which 
provides quantitative sorption of the analyte and high adsorption capacity (see Section 3.3). The 
adsorption pattern for non-imprinted copolymer gels was found similar to Hg-(II)-IIPs, but as 
might be expected in all cases lower degrees of sorption were observed (Fig. 3). This can be 
attributed to the non-specific interaction of Hg(II) with the functional groups in the polymer 
matrix and the lack of specific binding sites. Moreover, monomers aggregation leading to a 
suppressed number of binding sites in the NIPs additionally affected the adsorption efficiency 
[20]. 

The choice of the suitable eluent is important for the next application of sorbent in analytical 
procedure for solid phase extraction. In order to elute mercury adsorbed on the copolymer gels, 
different eluents were tested (HNO3, HCl, HCl + TU). Among the acids employed as eluents, 
HCl has been reported to have an enhanced performance due to its complexing abilities toward 
mercury. However in the present study the quantitative elution of Hg(II) could not be achieved 
even with 4 mol/L HCl. Quantitative elution of adsorbed Hg(II) was achieved using a 
combination of 0.1 mol/L thiourea in 0.1 mol/L HCl with minimum volume of 2 mL. The 
kinetics of both processes of sorption and desorption of Hg(II) were investigated by batch 
procedure with 50 mg of imprinted nanoparticles for 5–60 min. Quantitative sorption was 
reached for 20 min while for quantitative desorption 30 min has to be used.  

 

 
 
Figure 3: pH-dependence of the degree of sorption of Hg(II) ions onto Hg(II)-imprinted and non-imprinted 

copolymer gels (50 mg polymer gel, T = 25 ºC). 
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3.3 Capacity and adsorption isotherms 
The maximum experimental sorption capacity (Qmax,exp) of the Hg(II)-MAA-IIP, Hg(II)-

VIA-IIP, MAA-NIP and VIA-NIP was determined after saturation of the sorbents with mercury 
ions under optimum conditions at temperature 25 ºC (Fig. 4a). For this purpose, increasing 
amounts of Hg(II) (100–600 µmol/L) were added to 50 mg copolymer gel and the equilibrium 
Hg(II) concentration after adsorption was measured by CV AAS. As can be seen in Fig. 4a, the 
amount of Hg(II) adsorbed per unit mass of sorbent increased with the initial concentration of 
Hg(II) and reach the plateau values, determining the adsorption capacity values. The determined 
Qmax,exp  of Hg(II)-MAA-IIP, Hg(II)-VIA-IIP, MAA-NIP and VIA-NIP are given in Table 1. As 
expected the adsorption capacity of Hg(II)-IIPs are higher versus non-imprinted polymer gels, 
indicating that the cavities created after removal of the template in Hg(II)-imprinted polymer 
gels are more complementary to the imprinted ion in size, shape, and chemical functionality. 
The results presented in Table 1 also show that the polymer gel containing the basic functional 
monomer VIA (78.0 µmol/g) has higher adsorption capacity than the polymer synthesized using 
acidic MAA (73.7 µmol/g). 

 
. Table 1: Adsorption parameters of the Langmuir isotherm model for the adsorption of Hg(II) ions onto the 

imprinted and non-imprinted polymer gels at temperature 25ºC 

Copolymer gel Qmax, exp 

(µmol/g) 
Adsorption  parameters 

Qmax   (µmol/g) b (L/µmol) R2 
Hg(II)-VIA-IIP 78.0 78.1 0.033 0.996 

VIA-NIP 44.4 44.8 0.117 0.998 
Hg(II)-MAA-IIP 73.7 73.5 0.145 0.994 

MAA-NIP 38.4 38.1 0.308 0.997 
 
Langmuir isotherm model was used for curve fitting in order to derive data describing 

adsorption process. According to the Langmuir isotherm theory [21] the sorption process occurs 
in a surface monolayer of homogenous sites which number is fixed. The expression of the 
linearized Langmuir isotherm (Eq. (6)) is 

Ce /Qe = Ce /Qmax, + 1/(b · Qmax,)                                                 (6) 

where: Ce (µmol/L) is the equilibrium concentration of Hg(II) in the solution, Qe (µmol/g) is 
the adsorption capacity of the adsorbed mercury ions onto the copolymer gel at equilibrium, 
Qmax (µmol/g ) is the theoretical maximum adsorption capacity, b (L/µmol) is the Langmuir 
constant that relates to the affinity of binding sites. The linearized Langmuir isotherm (Fig. 4b) 
and the isotherm parameters calculated from their analysis are presented in Table 2. The high 
R2 value achieved for the adsorption of Hg(II) ions onto all copolymer gels show that the 
Langmuir equation gives very good mathematical fit to the adsorption isotherm. The slope of 
the curves (Fig. 4b) was used for the calculation of theoretical (monolayer) capacities (Qmax) of 
the Hg(II) on the Hg(II)-IIPs and non-IIPs. The experimental values of sorption capacity, 
determined according to the procedure described in paragraph 2.5 are very close to the 
calculated values by Langmuir model (Table 2). The sorption capacities of non-imprinted 
copolymer gels were lower than these obtained for imprinted particles. 
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Figure 3: Experimental adsorption isotherms (a)  and  linearized form of Langmuir isotherm (b) of Hg(II) onto 

Hg(II)-MAA-IIP, Hg(II)-VIA-IIP, MAA-NIP and VIA-NIP (50 mg copolymer gel, pH 7, T = 25 ºC). 

3.4 Selectivity experiments 
The high selectivity toward templated ion is an important characteristic of the imprinted 

polymers due to specific recognition sites created in the obtained three-dimensional polymer 
network. In order to confirm the selectivity of Hg(II)-IIPs, a competitive adsorption of Cd(II), 
Cu(II), Ni(II), Pb(II) and MeHg from their model mixture was studied as well. The experiments 
were carried out with Hg(II)-MAA-IIP, Hg(II)-VIA-IIP, MAA-NIP and VIA-NIP in batch 
mode at pH 7. The degrees of sorption (DS) of cations, achieved by using copolymer gels are 
given in. Fig. 5. The DS values of Hg(II)-IIPs sorbent toward Hg(II) were highest and decreased 
n order Pb(II)>Cd(II)≈Ni(II)>>MeHg most probably due to the selective coordination-
geometry of the sorbent toward Hg(II) providing the ligand groups arranged in a suitable way 
required for best coordination of Hg(II) [22]. The greatest difference is established between 
degrees of sorption of Hg(II) and MeHg. The large size of MeHg probably hinders the ion 
diffusion and further interaction with functional groups resulting in a very low extraction 
efficiency of Hg(II)-IIPs toward MeHg and highest values for selectivity coefficients SHg/Me ‒ 
4851 for Hg(II)-VIA-IIP and 4625 for Hg(II)-MAA-IIP (Table 2). These results unambiguously 
confirm the very good selectivity of Hg(II)-MAA-IIP, Hg(II)-VIA-IIP toward the target 
(imprinted Hg(II)) ions and its applicability for Hg speciation. 

 

 
 

Figure 5: Degree of sorption of template and competitive ions upon SPE with  Hg(II)-MAA-IIP,                
Hg(II)-VIA-IIP, MAA-NIP and VIA-NIP   (50 mg copolymer gel, pH 7, T = 25 ºC).  
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Table 2: Selectivity coefficients (SHg/Me) of Hg(II)-IIPs and non-IIP for Hg(II) 

Copolymer gel SHg/Me 
MeHg Cd(II) Ni(II) Pb(II) 

Hg(II)-VIA-IIP 4851 254.6 282 210 
VIA-NIP 9 8 9 6 

Hg(II)-MAA-IIP 4625 136.7 131 131 
MAA-NIP 4 5 5 4 

3.5 Analytical application 
Selective and quantitative sorption of Hg(II) on Hg(II)-VIA-IIP was used for the 

development of non-chromatographic solid phase extraction procedure for Hg speciation in 
surface waters. As a first step recovery studies were performed for the influence of water matrix 
on the selectivity and degree of sorption of Hg(II). Results obtained showed that recoveries in 
the range between 93-97% were obtained for Hg(II) in the presence of mineral, sea or river 
water. As a second step the selectivity of Hg(II)-VIA-IIP toward Hg(II) was studied in the 
presence of increased concentrations of MeHg in matrices like sea water and highly mineralized 
underground water. The results obtained show that independently of the matrix the selectivity 
of Hg(II)-VIA-IIP toward Hg(II) is very high. Even at 1:10 ratio between Hg(II) and MeHg the 
recoveries for MeHg are negligible while for Hg(II) they are close to 95-96%. Additional 
experiments for the sample volume breakthrough showed that volumes of about 100 mL might 
be used still ensuring quantitative sorption of Hg(II). As a final step analytical procedure was 
developed for Hg speciation in surface waters. Two parallel; water samples were prepared with 
pH adjusted to 7. One of the samples was mineralized and 50 mg of Hg(II)-VIA-IIP sorbent 
were added to both samples. After sorption the sorbents were recovered by centrifugation, the 
sorbents were washed with doubly distilled water and elute in a defined eluent mixture followed 
by Hg measurements by CV-AAS. Total Hg content is determined in mineralized sample and 
Hg(II) in a parallel nonmineralized one. The content of MeHg is obtained as a difference 
between these measurements. The analytical figures of merit were defined based on 10 parralel 
measurements of model solutions containing 5 µg/L of both Hg(II) and MeHg. The detection 
limits achieved based on 3σ criteria are 0.005 µg/L for Hg(II) and 0.006 µg/L for MeHg. 
Relative standard deviation varied for both Hg species between 4-9% for concentration range 
1-10 µg/L content of Hg. The validity of developed procedure was confirmed by parallel 
analysis of certified reference material. Additionally, total Hg content determined by developed 
solid phase extraction procedure agreed very well with content measured by ICP-MS. In 
addition the sorbent is characterized with good mechanical stability and reusability (almost 50 
sorption/desorption cycles with equal extraction efficiency.  

4 CONCLUSIONS 
In the present paper new Hg(II) imprinted copolymer gels microbeads were successfully 

synthesized by a dispersion crosslinking copolymerization with VIA, MAA or HEMA as 
functional monomers in the presence of Hg-TAN complexes as template species. All prepared 
Hg(II) imprinted copolymer gels are characterized with fast sorption/desorption kinetics and 
good chemical and mechanical stability. Better binding properties and highest selectivity 
toward Hg(II) was observed for imprinted copolymer gel based on VIA as monomer. The 
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application of Hg(II)-VIA-IIP for the determination of inorganic and methylmercury in surface 
waters samples was demonstrated. 
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Abstract. Strain evaluation in various objects is crucial for preventing accidents. Information 
about the mechanical state is usually collected by various sensors or using visual inspection 
methods, according to special maintenance schedule. Fiber-optic strain sensor (FOSS) discover 
new possibilities for measuring strain in materials. The greatest interest is connected with FOSS 
applications for materials, in particular concretes, in the volume of which the sensors can be 
embedded at the technological stage of manufacturing. The information obtained in real time 
from fiber-optic strain sensor (FOSS) can provide an early warning about the violation of the 
structure integrity and, thus, help to avoid serious losses. Such information is also useful for 
adapting and updating new and existing structures. The purpose of this study is to obtain 
experimental results that demonstrate the possibility of the application of FOSS based on Bragg 
gratings embedded in concrete to measure strains, including process-induced strains. 

 
 
1 INTRODUCTION 

Concrete structures are a significant part of all engineering structures. However, in many 
objects made of concrete, one can see serious wear after active use for several years. It is 
necessary to monitor the mechanical state over time to ensure the safety of such structures. Non-
destructive methods are commonly used for structural health monitoring of concrete structures. 
These methods use a various electrical sensors, as well as sensing elements for displacements, 
rotations measurements at various points along the structure [1].  

Cheaper production and consequently the wide distribution of fiber optics and fiber-optic 
sensors led to an increased interest in the use of this type of sensors. The first works on the use 
of fiber-optic strain sensors (FOSS) for assessing the mechanical state in concrete structures 
began to appear about twenty years ago. The authors of the study [2] showed that FOSS have 
several advantages compared with standard sensing elements. Various schemes have been 
developed for the application of FOSS based on fiber Bragg gratings (FBGs) for surface 
mounting and for embedding in concrete structures. Thus, the authors of [3] carried out a finite-
element modeling and proposed a protection scheme for fiber-optic sensors mounted on the 
surface of the concrete structure. Also, experiments were carried out to confirm the operability 
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of FOSS to assess the condition of concrete cylinders. In a review paper [4], the main works on 
the use of FOSS based on Bragg gratings for various engineering structures were gathered. It 
should be noted that in most of the studies, where the FOSS is embedded inside the concrete, it 
is encapsulated by a steel tube. Since “pure” FBGs are very fragile in nature this additional steel 
shell of the FOSS is required to preserve the integrity of the sensor during structural monitoring, 
as well as to protect the sensor itself from the strong external alkaline environment of the 
cement. In the review authors also note that in most cases the sensitivity to strain of 
encapsulated FBG is significantly different from “pure” one. Therefore, calibration of the 
encapsulated FBG is necessary. This must be done before the sensor is used in the actual 
structure. In [5], protective coatings of embedded FBGs are considered in detail to determine 
the deformation of concrete structures. For one particular coating, optimal curing conditions 
were found that showed good repeatability. The response of the sensor under static load was 
compared with a surface-mounted electrical resistance strain gauge (ERSG) and an embedded 
fiber-optic EFPI sensor. Similar work was done by researchers in [6]. The study describes 
preliminary work of creating an economical and easy-to-use technology of protecting fiber optic 
sensors by resin using 3D printing methods to create a reliable, inexpensive sensor system 
usable with concrete structures for surface mounting and for embedding inside. In [7] a method 
of detection of corrosion cracking of reinforced concrete by FBG is presented. The effectiveness 
of the proposed method was confirmed experimentally. It is shown, that the crack detection 
technology using FBG is capable of tracking corrosion cracking in real time. The study [8] 
compares the readings obtained using FBG with the data obtained by the method of digital 
image analysis. The test results show that the digital image analysis method gives more accurate 
cracks development data on the surface area of the structure when compared with FBG. 
However, the authors showed that the high sensitivity of FBG sensors can be used at low levels 
of deformation to study very small strain changes that cannot be reliably detected by the digital 
image analysis method. 

It can be noted from the review, that the embedded FOSS based on Bragg gratings in most 
cases are encapsulated by a metal tube, and, therefore, at least calibration is necessary to obtain 
reliable values. In addition, there is the danger of inaccurate strain transfer from material to 
FBG. 

The authors  have already tested a method for measuring process-induced strains in polymer 
composite materials using FOSS based on Bragg gratings [9]. This method allows to track the 
evolution of strain during the entire technological process of product manufacturing from a 
polymer composite material. In this paper, the authors propose to apply this technique for 
detection of the process-induced strains in the manufacturing of objects from granular 
composites, i.e. concrete products, using the embedded fiber-optic strain sensors based on 
Bragg gratings.  

2 THE PRINCIPLE OF FBG OPERATION 
A fiber Bragg grating is a section of a single-mode fiber optic core with a periodically 

varying refractive index. Figure 1 shows the principle of FBG operation: when an optical signal 
is transmitted through a fiber optic core in a given broadband wavelength range, a part of this 
signal is reflected on the Bragg grating. 
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Figure 1: FBG principle [7].   

The reflected optical signal has a central wavelength λ, the magnitude of which is directly 
proportional to the effective refractive index of the core n and the geometric length of the Bragg 
grating period L. This dependence can be described by the relation: 

2nL  (1) 

When FOSS interacts with a deformable material, a change in the Bragg grating length 
occurs, leading to a change in the wavelength of the reflected spectrum Δλ, which is recorded 
by the interrogator. Under the uniaxial stress state of the optical fiber, the change in the 
wavelength of the reflected spectrum is related with the strain of the fiber in the Bragg grating 
zone by the equation [10]: 
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where 3  – axial strain along the optical fiber, 11 12,p p  – Pockels coefficients,  
  – Poisson’s ratio of the optical fiber.  

In [11] it was found that for a silica glass optical fiber that does not interact at the location of 
the Bragg grating with other solids, the strain coefficient has the value k ~ 0.78. It should be 
noted that in the FOSS embedded in the material there will be a complex stressed state, and 
using the relation (3) will require additional conditions, for example, the use of calibration 
coefficients.  

3 EXPERIMENT DESCRIPTION 
To obtain experimental data and to achieve the objective of the study, an experimental stand 

was designed and created. An experimental stand is shown in figure 2. The studied problem 
involves monitoring of the shrinkage process of a test specimen made of concrete B15 for a 
long period of time. The duration of the experiment is determined by the stages of hardening 
and drying of the specimen. The duration of the experiment was defined as the time required 
for the test specimen under the current conditions of temperature and humidity until the 
shrinkage completely stops.  
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Figure 2: Experimental stand 

The experimental stand is designed in such a way that the shrinkage of the test specimen 
placed on it passes under the control of all the necessary parameters, the analysis of which can 
give the information about the completion of the shrinkage process. The elements of the 
experimental stand include: 
− Steel frame (1) with planar dimensions of 300x300 mm and height of 1000 mm, made 

of metal equal angle 35x35x3 mm. On the frame two movable brackets (2) are placed 
for laser position sensors at the top and bottom level of the sample. Also on the frame 
the mounting beam for fiber optic strain sensors line (3) is placed. 

− Laser position sensor (4) with built-in microprocessor control system LS 
(manufactured by PRIZMA, Russia). The range of displacement measurement for the 
sensor is 10 mm with a resolution of 0.01%. 

− Weight platform (5), equipped with two strain gauge strain sensors to control the 
sample weight. The strain gauges are assembled according to the “Wheatstone Full 
Bridge” scheme with thermal compensation on a separate part (strain gages produced 
by UK Sibtenzopribor, Russia). 

− Sensor (6) for monitoring the sample temperature (immersion type) - DTS3105PT1000 
(manufactured by OWEN, Russia). 

− Sensor (7) for monitoring temperature and humidity of the environment - PVT10 
(manufactured by OWEN, Russia). 

− Sensor interrogation modules and interface converter for communication with a PC - 
MW110-224.4TD (8), MW110-224.8A (9), AC4 (10) (manufactured by OWEN, 
Russia). 
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The sample is a concrete cylinder with a diameter of 150 mm and a height of 400 mm, the 
formation and curing of which is carried out in a polypropylene tank of cylindrical shape with 
a bottom and a free top surface of the corresponding dimensions. At the beginning of the 
experiment, the tank not filled with concrete is placed inside the steel frame of the experimental 
stand (1) on the weighing platform (5). Inside the tank (through the bottom) on the beam of the 
stand (3) a fiber-optic strain sensors line is placed on the suspension in the center of the tank. 
After placing a line of fiber-optic strain sensors, layered (with compaction and vibration) filling 
of the tank with concrete mix to the level of the free surface is performed. A line of FOSS 
remains immersed in a concrete sample by means of a plumb with a predetermined pre-tension. 
Next, laser position sensors LS5 (4) are applied to the bottom of the tank and the upper free 
surface of the concrete mix to monitor the shrinkage of the sample. A temperature sensor 
DTS3105Pt1000 (6) is immersed in the sample to monitor its change at all stages of hardening 
and shrinkage. The change of temperature and humidity of the surrounding space is measured 
by means of a PVT10 sensor (7) located in the vicinity of the sample on the free surface level 
of the top of the tank. The weight of the sample is controlled by the weighing platform on which 
it is placed (5). The weighing platform is equipped with two strain gauge strain sensors 
assembled according to the “Wheatstone Full Bridge” scheme with thermal compensation on a 
separate element. All measuring equipment is commuted by means of the MV110-224.4TD (8), 
MB110-224.8A (9) interrogation modules and the AC4 interface converter (10). After filling 
the tank with a concrete mixture and setting up all measuring equipment, the stand with the 
sample is closed with a thermo-insulating casing made of extruded polystyrene foam. 

The measurements of the sensors in the 24/7 mode with a frequency of 1 time per second 
are recorded in the database on a separate personal computer. In the same place, the process of 
sample hardening is periodically monitored via a graphical interface on the SCADA system. 
During the manufacture of the sample and throughout the entire technological mode, the data 
was recorded using the FOSS line with five FBG sensors and the FS 2100 interrogator. The 
readings from the FBG sensors were recorded 1 time per second for a week into the database 
on a separate personal computer. Figure 3a shows a scheme of the specimen with embedded 
FOSS. A fiber line with 5 FBGs spaced 10 mm apart was placed in the center of the sample. 
Figure 3b shows a photograph of an experimental sample with embedded FOSS based on Bragg 
gratings. 

 
Figure 3: The scheme of a sample with five FBGs (a); Photo of an experimental sample with FBGs (b) 
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4 EXPERIMENTAL RESULTS ANALYSIS 
Shrinkage of the sample of concrete mix occurs in three stages. The first stage is plastic or 

capillary shrinkage, which occurs as a result of the water evaporation from the concrete mixture 
prior to hardening. The second stage is autogenous shrinkage of concrete, associated with direct 
curing of the mixture and further “drying” as a result of cement hydration and water evaporation 
during cement exotherm. The third stage - shrinkage during the drying of the sample, associated 
with the removal of all remaining water, which did not enter into a hydration reaction and was 
not evaporated at the stage of autogenous shrinkage. Shrinkage during drying depends on the 
humidity and temperature of the ambient air, being reversible, unlike capillary and autogenous. 
The control of shrinkage processes, shown in figure 4, allows to determine the time interval 
after which the shrinkage processes do not lead to a change in the sample geometry. This 
interval is ~ 13 hours.  

 
Figure 4: Registration of the shrinkage process in the sample 

Figure 5 shows the change in process-induced strains recorded for 194 hours by FOSS, 
placed in the sample according to the scheme shown in figure 3. These results lead to the 
following conclusions. Process-induced strains in concrete begin to appear after the completion 
of shrinkage processes, which were controlled by changing the sample geometry. The level of 
process-induced strains increases with distance from its surface. The results of the change in 
process-induced strains over time give a qualitative and quantitative picture of relaxation 
processes in concrete and can serve as the basis for building models, which can quantitatively 
describe the concrete creep. 
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Figure 5: Registration of process-induced strains in the sample 

5 CONCLUSIONS 
- The paper describes the technological process of creating a concrete sample with 

embedded fiber-optic strain sensors based on Bragg gratings. An experimental stand 
was designed and built, equipped with the necessary sensors to monitor sample 
shrinkage. 

- With the help of five fiber Bragg gratings, the entire history of process-induced strains 
arising during the sample fabrication process is recorded in real time and saved. 

- A brief description of the principle of the FOSS operation is given, as well as relations 
for obtaining the strain values with the help of FBG. 

- The information on process-induced strains in concrete is received, which allows to 
give a quantitative idea of their level, assess the non-uniform strain distribution in the 
volume and the information about the rheological behavior of concrete. 
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Abstract. This newly developed modelling framework for the simulation of electric current flow in
ZnO varistors is based on an equivalent circuit representation of the varistor microstructure, where the
grain boundaries are represented by nonlinear resistors in the circuit. The present approach extends
similar models introduced earlier by including the effect of mechanical stress on the grain boundary
conductivity. This effect is based on the coupling between the semiconducting and the piezoelectric
properties of ZnO. The model used for the calculation of single grain boundary conductivities is based
on the theories of Blatter et al. and Verghese et al.. It includes a self-consistent solution for the interface
charge and for the potential barrier of the boundary, taking into account the local stress in the grain. 2D
varistor models are constructed using appropriate Voronoi tessellations. The stress distribution within
the material is calculated by FEM, and the electric current flow patterns within the microstructure are
obtained by solving the nonlinear circuit equations for each applied voltage and stress condition of the
sample. The simulated current-voltage characteristics reveal a significant sensitivity of the bulk electrical
conductivity to stress. Furthermore, the simulations demonstrate the current concentration effect in the
voltage breakdown region.

1 INTRODUCTION

Zinc oxide (ZnO) was one of the earliest functional materials to see extensive use in many engineering
fields, and still plays an important role to this day. In single-crystal form, ZnO is utilised in UV and blue
light emitting diodes [1], solar-blind photodetectors [2], transparent thin film transistors [3] and many
other applications. Bulk ceramic ZnO is commonly employed as a varistor for voltage surge protection in
power transmission lines [4] as well as in low voltage electronic circuits [5]. The capability of ZnO varis-
tors to almost instantly absorb large amounts of electric energy is due to the diode-like current-voltage
characteristic of the material. This characteristic is attributed to the double Schottky barriers that form
at the boundaries between the individual ZnO grains with an effective electrical response corresponding
roughly to that of a back-to-back pair of Zener diodes [6].

Recently, ZnO has attracted great interest as a tunable electromechanical material. The modulation
of the electric conductivity of ZnO under applied mechanical stress is due to the piezotronic effect [7].
This effect has been recently studied for tunable ZnO nanowires [8], strain gated transistors [9] and
photonic-strain mapping [10]. Specifically, the stress sensitivity of the electrical conductivity for ZnO

1



1727

Kyle A. Taylor, Erion Gjonaj and Herbert De Gersem

varistor ceramics was studied in [11, 12]. The authors observed huge gauge factors of up to 800 for
conventionally manufactured ZnO varistor samples of several millimeters in size under applied uniaxial
compressive stress of the order of 100MPa. This clearly qualifies the material for macroscopic scale
sensing applications.

The piezotronic effect occurs here due to the coupling between the semiconducting and piezoelectric
properties of ZnO. The strain-induced piezoelectric polarization modifies the trapped interface charge
distribution at the grain boundaries, thus changing the effective grain boundary potential barriers. This
leads to a modification of the current-voltage switching characteristics of the material. Such a mechanism
was originally proposed by Verghese et al. [13], where the effect of internal stress on the electrical
conductivity of ZnO varistors was studied. However, it was not until very recently that the piezoelectric
contribution to the grain boundary conductivity was experimentally verified. Raidl et al. [7] showed that
the electrical conductivity for ZnO bicrystals depends on the reciprocal grain polarity as expected by
Verghese’s theory.

While the basic piezotronic effect at the grain boundaries is well understood, the electromechanical
characterization of bulk materials remains a challenge. Macroscopic size varistor samples consist of a
large number of grains of different sizes, shapes and crystallographic orientations. Due to these purely
geometric factors, each grain boundary experiences a different mechanical stress. Thus, depending on
the distribution of crystallographic orientations and the mechanical stress field within the material, the
conductivity of some grain boundaries will increase, while that of others decreases. Furthermore, even
if all grain boundaries were electrically identical, they operate at different working points along the
current voltage characteristic and thus feature different conductivities. This causes the electric current
to concentrate along a few conductive paths within the material [14]. The resulting current flow pattern
in the material, and therefore its effective electrical conductivity, depend not only on the current voltage
characteristics of any single grain boundary, but also on the details of the varistor microstructure.

In this paper, we introduce a modeling approach for the electro-mechanical characterization of ZnO
varistors. The model extends on the equivalent circuit analysis for varistor ceramics originally proposed
in [15]. In this approach, the grain boundaries are modeled as the current branches of a large nonlin-
ear network representing the varistor microstructure. This enables the computation of the current flow
patterns in the material by solving a global set of circuit equations. In addition to this,we compute the me-
chanical stress field in the material for different applied stresses using FEM, in order to take into account
the piezotronic effect. The local stress at each grain boundary is then introduced into a self-consistent
grain boundary model, describing the mechanical modulation of potential barriers due to piezoeletric
polarization. Several simulations using 2D varistor models under different mechanical stress conditions
are performed and the corresponding gauge factors of the material characteristics are computed.

2 THEORY

2.1 Grain Boundary Theory

A detailed description of the charge carrier transport through grain boundaries in polycrystalline
semiconductors has been presented by Blatter et al. [16, 17]. The band bending at the grain boundary
induced by an applied potential is calculated in the Schottky approximation by imposing consistency
conditions with the deep trap states and the bulk Fermi level relative to the conduction band of the
material. The solution for the electrostatic potential across the boundary resembles that of a potential
barrier with height

2
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where q is the positive unit charge, V is the applied voltage, Vc is the switching voltage and εν and εξ
are, respectively, the deep trap positions and the bulk Fermi level relative to the conduction band. γ is the
total charge in the deep traps defined as γ = ∑n

ν=1 qNν/εε0 where Nν is the density of deep trap states and
ε is the relative permittivity of the material.

Furthermore, the switching voltage Vc is related to the interface charge Qi at the grain boundary by

Vc =
1
2γ

(
Qi

εε0

)2

. (2)

where the interface charge is determined by the interface density of states, Ni(E), assuming that the
electron traps are filled up to the Fermi level ξn

i of the neutral interface:

Qi = q
∫ ∞

ξn
i

Ni(E) fi(E)dE , (3)

with fi(E) = 1
1+e(E−ξi)/kBT , ξi the quasi Fermi level of the interface, kB the Boltzmann constant and T the

temperature.
In order to determine the interface charge in (3), however, the modification of the interface density of

states, Ni(E), due to the grain boundary potential must be taken into account. In other words, according
to Blatter’s theory [16], Qi and φB are mutually dependent. When a bias V is applied to the junction,
the interface states are shifted according to Ni(E) = Ni0(E −φB(V )). Thus, given an assumption for the
distribution of interface states Ni0(E) in absence of a boundary potential, a self-consistent solution of
(1)-(3) is required. Such a solution can only be obtained numerically as described in Section 3.1.

Finally, the electron current density emitted across the grain boundary is [16]

J = A∗T 2 exp
(−qφB + εξ

kBT

)[
1− exp

(−qV
kBT

)]
, (4)

where A∗ is the Richardson constant. In the following, the above relation is applied to determine a
lumped nonlinear electrical resistance for each of the grain boundaries in the equivalent circuit model.

2.2 Piezoelectric Coupling

The coupling mechanism suggested in [13] is based on the piezoelectrically induced polarisation
charges that emerge at the grain boundary when a mechanical stress is applied. These charges add to (or
subtract from) the interface charge Qi, resulting in an increase (or a decrease) of the barrier height. This
effect can be expressed by a modification of the switching voltage as

Vc =
1
2γ

(
Qi +nnn · (PPPl −PPPr)

εε0

)2

, (5)

where nnn is the grain boundary normal and PPPl and PPPr are polarization vectors defined in the two grains on
the left and on the right hand side of the boundary, respectively. The polarization vectors are obtained
from the stress tensor field, σσσ, and the piezoelectric tensor ddd in the respective grain as PPP = σσσ ·ddd. Thus,
the effect depends on the reciprocal crystallographic orientations of the two grains sharing the boundary,
as well as on the strength and orientation of the applied stress. Furthermore, it should be noted that the

3
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Figure 1: Schematic representation of head-to-head (a), tail-to-tail (b) and head-to-tail (c) reciprocal grain orien-
tations.

barrier height, as well as the unbounded interface charge Qi will depend on the mechanical stress seen by
the grain boundary. This is a result of the complicated relationship between the two, that requires now
the simultaneous solution of (1), (3) and (5).

An important special case, is that of a uniform uniaxial stress applied to two grains with aligned
crystallographic orientations. This occurs in three main forms with head-to-head, tail-to-tail, or head-to-
tail crystallographic orientations (see Fig. 1). Note, that in the head-to-tail case the piezoelectric charges
induced at the boundary cancel and thus no piezoelectric coupling can occur. For a ZnO-bicrystal with
such a grain alignment, Raidl et al. [7] observed that, indeed, in this case the grain boundary conductivity
depends only very weakly on the applied mechanical stress.

3 THE BICRYSTAL

3.1 Grain Boundary Model

In the present model, a grain boundary is represented by the sub-circuit shown in Fig. 2. This approach
is similar to the one used by Votja et al. [18]. It incorporates the nonlinear grain boundary resistance
defined by (4), Rgb, a large Ohmic resistance, Rs, accounting for leakage currents across the boundary, as
well as the contribution of the grain bulk resistivity to the total current denoted by Rg. Each grain center
is associated with a voltage node, whereas the grain boundary is represented by a current branch of the
circuit. Furthermore, we assume that the mechanical stress is uniformly distributed within the grains.
For ZnO, this assumption is justified by the comparatively high stiffness of the crystal [19]. Thus, the
mechanical condition of a grain boundary is uniquely defined by the two pairs (σσσ1,ddd1) and (σσσ2,ddd2) of
the stress and piezolectric tensors characterizing the two grains sharing the boundary, respectively.

In order to determine the grain boundary barrier, the coupled equations (1), (3) and (5) are solved
using a symbolic computation package [20]. Typical parameters used in the calculation are displayed
in Table 1. Here, we assume a single dominant bulk state energy, εν. Otherwise, the grain boundary
parameters are similar to the ones given in [16, 15]. All energies are given relative to the valence band
edge energy.

The obtained solutions for the grain boundary potential and interface charge are depicted in Fig. 3.
The calculations are performed exemplarily for the case when the crystallographic orientations of the two
neighboring grains are normal to the grain boundary and pointing in opposite directions in a head-to-head
configuration (cf. Fig. 1). A uniaxial compressive as well as tensile mechanical stress field is assumed in
the direction normal to the boundary. The results are similar to those reported previously in [16], with the
only difference being that here the effect of mechanical stress is included. These results reveal the strong
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Figure 2: Lumped conductivity model using an equivalent electrical circuit for current flow at a grain boundary.

Table 1: Grain boundary parameters used in the model

εξ(eV) εn
ξi(eV) Nν(cm−3) Ni(cm−2) Ei(eV) ∆Ei(eV)

3.133 0.0 9×1017 9×1012 2.2 0.15

εν(eV) Ab(¯m2) ε Rl(Ω) Rg(Ω)

3.18 100 8.81 2×109 5×106
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Figure 3: Potential barrier (b and d) and interface charge (a and c) solutions for a single grain boundary. This is
shown first for compressive stress (a and b), and also for tensile stress (c and d).
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impact of piezoelectric charges on the barrier height. As expected, in the compressive case, the barrier
height is lowered with increasing stress whereas in the tensile case the barrier is increased. Neverthless,
this effect is strongly nonlinear as it depends on the electric voltage applied to the boundary.

In order to be able to consider general polycrystalline configurations and arbitrary mechanical stresses,
the potential barrier solutions obtained by this procedure are tabulated with respect to voltage, V , and
piezoelectric charge, Qp. In the following simulations, these tables are incorporated into larger equivalent
circuit models for more complicated varistor structures.

3.2 Mechanical Model

In the general case, with ZnO grains of arbitrary orientations, the mechanical stress is calculated by
the Finite Element Method (FEM) using the software package Elmer [21]. We solve for the mechanical
equilibrium condition in the crystal:

(6a)−div ·σσσ = fff ,

(6b)σi jσi jσi j =Ci jklεklCi jklεklCi jklεkl − βi jβi jβi j (T − T0) .

where fff is the applied force density, CCC is the stiffness tensor, εεε the strain, βββ the thermal expansion tensor
and T the temperature. Throughout the paper the stiffness tensor for a hexagonal type ZnO crystal in the
Voigt two-index notation is assumed as [19],

CCC =




210 120 105 0 0 0
120 210 105 0 0 0
105 105 211 0 0 0
0 0 0 43 0 0
0 0 0 0 43 0
0 0 0 0 0 44



/GPa . (7)

and the thermal expansion tensor for a ZnO crystal with principal axis pointing in the z-direction is

βββ =




4.31 0 0
0 4.31 0
0 0 2.49


/µK−1 . (8)

3.2.1 Effect of Thermal Stress

To illustrate the coupled model, we consider the effect of internal thermal stress due to cooling in the
simple bicrystalline structure shown in Fig. 4. The thermal stress is computed for cooling from a stress-
free state at 1500 K to 300 K, given the known matrix of thermal expansion coefficients. The grains
shrink upon cooling, which produces a mechanical stress at the interface. The mechanical stress and the
piezoelectric vector in each grain is computed according to (6), using (7) and (8). The simulated thermal
stress distribution in the bicrystal is shown in Fig. 4 (left). The resulting current-voltage characteristic and
the non-linearity coefficient of the thermalised bicrystal and at room temperature after thermal treatment
are shown in Fig. 4 (right). Obviously, the main effect of thermal stress, in this case, consists in shifting
the switching voltage of the bicrystal to higher values by approximately 1V.
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Figure 4: Distribution of residual thermal stress in the z-direction remaining in a 10 µm x 10 µm x 20 µm bicrystal
after cooling from 1500 K (left) and the resulting current-voltage characteristic (right).

3.2.2 Applied Stress

In the following, we consider the effect of applied, compressive uniaxial stress on the bicrystal system.
Three different bicrystal configurations are considered. In the first configuration, the grain’s c-axis are
oriented head-to-head as in Fig. 1(a). In the second configuration, the c-axis of one of the grains is
rotated by 90 degrees with respect to the other grain. Finally, in the third configuration, the grains are
oriented head-to-tail as in Fig. 1(c). As expected, in the latter case, no piezoelectric coupling occurs (see
Fig. 5(c)). In the other two cases, a strong effect of the applied stress on the resulting current-voltage
characteristics is observed. Hereby, it is important to note that piezoelectric coupling becomes important
even when the grain orientations are not co-linear as is the case in the rotated grain configuration shown
in Fig. 5(b). The effect of this coupling is two fold. First, the switching voltage of the barrier is shifted
to lower values. Second, the nonlinearity degree of the characteristic curve is decreased. As seen in
Fig. 5(a), for high applied stresses the electrical response becomes linear and the varistor property of the
material is completely lost.
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4 POLYCRYSTALLINE MODEL

For 2D polycrystalline structures, an equivalent electrical network is constructed, consisting of a large
number of grain boundary sub-circuits (see Fig. 2) of different current-voltage characteristics depending
on the local mechanical stress distribution. The polycrystalline microstucture is modeled using a Voronoi
tessellation of the varistor sample as suggested in [14]. This is realised by means of the software package
Neper [22]. The package provides, furthermore, a set of grain orientations randomly distributed within
the sample volume.

Using such a description for the microstructure, an FEM mesh is generated with the open source
program Gmsh [23] and the strain-stress equations (6) are solved numerically with Elmer [21]. Fig. 6
shows, exemplarily, the resulting Voronoi structure for a varistor sample of dimensions 200×300 µm and
an average grain size of 10 µm. The computed stress distribution in the material for an applied uniaxial
stress of 200 MPa in the vertical direction is depicted in Fig. 6(a). Furthermore, the current flow pattern
within the sample resulting from the numerical solution of the circuit equations for an applied external
voltage of 5 V is shown in Fig. 6(b). The well known current concentration effect for polycrystalline
varistors [14] is hereby clearly observed.
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Figure 6: Mechanical stress distribution and current flow map for the non-linear region of a 2D polycrystal of size
200× 300 µm and average grain size of 10 µm when a uniaxial compressive stress of 200 MPa is applied (left).
Electrical current pattern in the sample for an applied voltage of 5 V . The current in each grain is given relative to
the total current flowing through the sample.

Current-voltage plots for network simulations based on Voronoi structures are shown in Fig. 7. Note
that, as in the head-to-head bicrystalline case, a compressive stress results in a reduction in the switching
voltage exhibited by the polycrystal, as shown by the progressive shift of the curves to the left along
the voltage-axis. This is because, although grain boundaries with configurations close to tail-to-tail will
exist, these are ignored by the current in favor of more conductive grain boundaries. Thus, the overall
effect, is comparable to that of a single head-to-head grain boundary. Nevertheless, since the effect is the
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result of current flow through many grain boundaries in series, few of which are likely to be of a perfect
head-to-head orientation, this shift is less pronounced than for a bicrystal.

Also in Fig. 7, the gauge factor of the sample is shown. This is defined as the relative change of
sample’s resistivity with applied stress, GF = δR/R

ε , where ε is the mechanical strain in the material
material and R is the effective resistance of the sample. In this case, gauge factors of more than 1800 are
observed. The peak gauge values for a given mechanical stress are always retained in the corresponding
switching voltage region of the varistor. Furthermore, the simulation reveals that the highest gauge
sensitivity is obtained for lower applied stresses and at the corresponding moderate switching voltage
values.
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Figure 7: Electrical characteristics (left) and gauge factor (right) for the 2D polycrystal show in Fig. 6.

One important consideration is the effect of sample size on the effective current voltage character-
istic of the material. In Fig. 8 simulations are performed for varistor samples of different sizes while
keeping the average grain size constant. It can be seen that, for a varistor sample with 600 grains, a
saturation occurs, after which edge effects from the sample no longer have an influence on the effective
characteristics. This sample size is thus sufficient for the characterization of the bulk varistor material.
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the average grain size is 10µm.
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In Fig. 9, current flow maps, similar to the one presented in Fig. 6(b), are shown to illustrate the effect
of applied stress on the current path pattern within the microstructure. The varistor sample considered
is the same as the one examined in Fig. 6. It can be seen from the left-most column that, even when no
external stress is applied, the varistor current flows through a single dominant path of high conductivity,
emerging at a switching voltage of about 60 V . The topology of this path is determined essentially by
the geometry of the microstructure (cf. [11]). When a compressive stress is applied to the material, three
main effects are observed. First, the current concentration effect occurs already at lower (switching)
voltages, corresponding to the lowering of the potential barriers for the conducting grain boundaries.
Second, the location of the current paths is modified. The topology of current conducting paths depends
now, in addition, on the mechanical stress distribution and the crystallographic orientations of the in-
dividual grains. Finally, the current concentration effect at higher applied stresses is less pronounced
and the current distribution is more homogeneous. Two or more conductive paths within the sample can
be observed. This corresponds to the overall lowering of the nonlinearity coefficient of the single grain
boundary characteristics induced by the applied stress, as described in Section 3.2.2.
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Figure 9: Current concentration for varying applied voltages and uniaxial compressive stresses in a 2D polycrystal
of size 200×300 µm and average grain size of 10 µm. The current in each grain is given relative to the total current
flowing through the sample.
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5 CONCLUSIONS

A self-consistent coupled model for calculating the stress dependent grain boundary potential barri-
ers, and thus the current-voltage characteristics of polycrystalline ZnO microstructures, has been devel-
oped. This model holds in both the context of externally applied stresses and those remaining within
microstructures as a result of the thermal expansion anisotropy occurring in ZnO polycrystals. This
method can be used for any given varistor sample described by its granular microstructure and the distru-
bution of crystallographic grain orientations. The method provides, furthermore, insight into the current
flow patterns within the material under the influence of mechanical stress. Based on these calculations, a
stress induced reduction in the switching voltage of the polycrystal, as well as the decrease in the nonlin-
earity degree of the effective electrical characteristics under applied stress can be observed. This stress
sensitivity can be quantified by use of the gauge factor, and doing so shows comparable values for ZnO
polycrystals to those measured experimentally. Furthermore, the impact of system size on the model’s
output was investigated and assessed.
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Abstract. This study presents vibration control performance of model predictive control 
(MPC) for a quarter car suspension system equipped with a MR damper suffering from the 
saturation on damping force of MR damper. The MPC controller is designed and then applied 
to the suspension system to take into account the constraints associated with MR damper. The 
performance of MPC controller is compared to a conventional control method where the 
constraint of control input is handled by using a saturation function. The effectiveness of the 
MPC controller is evaluated by using bump excitation in time domain. 

 
 
1 INTRODUCTION 

Suspension system plays an important role in vehicle vertical dynamics by enhancing the 
performances of the vehicle system in term of ride comfort and road handling . Among different 
types of suspension, the semi-active suspension system has received much attention because it 
provides the best compromise between control performance and energy consumptions 
compared to others including passive and active suspension system [1]. However, the main 
challenge faced by semi-active suspension control problems is how to deal with the dissipativity 
constraints of semi-active dampers which usually works as an actuator of the semi-active 
suspension system [2]. In practice, the most common semi-active damper used for the vehicle 
suspension system is magneto-rheological (MR) damper which uses MR fluids to provide 
controllablle damping force [3]. To date, a couple of control strategies have been developed  for 
the semi-active suspension with semi-active damper [4]. Although lots of advanced control 
algorithms exist, only little can handle the dissipativity constraints of semi-active dampers in 
efficient way [5]. Model predictive control (MPC) is one of the promising control schemes 
which can meet the physical constraints on both control inputs and outputs while guarantee the 
control performance of the control system as semi-active suspension system [6]. It is obvious 
that the semi-active dampers as MR damper which has the dissipativity constraints can be 
handled elegantly within the MPC framework. However, since MPC  has to solve an online 
contrained optimization problem at every sampling time, it usually requires high computational 
time for real time implementation. 

In fact, several studies have employed the MPC control for the vehicle suspension system in 
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 2 

the literature. Many research has investigated the feasibility and performance of MPC controller 
for quarter car semi-active suspension system [7]. Some of works also proposed a methodology 
for optimal semi-active suspension system based on a fast MPC scheme for a quarter car model 
while a road profile preview is used by using expensive and not standard sensors [8]. In addition, 
MPC controller is also extendedly adapted to a half car [9] and full car [10] suspension model.  

In this study, a practically implementable semi-active suspension MPC controller is 
developed for a quarter car system equipped with MR damper. The MPC controller is proposed 
for the semi-active suspension system which has physical constraint of 800 N on damping force 
of MR damper. As a first of step, the equations of motion of a quarter car suspension with MR 
damper are derived. The MPC controller is designed to satisfy the constraints on both control 
input and outputs and then applied to the suspension system. The performance of the proposed 
controller is also compared to the conventional optimal controller where the constraint of 
damping force is handled by using a standard saturation function which is not strong enough to 
deal with the physical constraint of control input. The effectiveness of the MPC controller is 
evaluated by using a bump excitation. As a result, MPC controller shows a much better 
vibration control performance compared with the other conventional controllers while meet the 
constraint on damping force of MR damper. 

 

2 MODELING OF THE QUARTER CAR SUSPENSION SYSTEM 
In this study, a two degree of freedom (2-DOF) quarter car suspension with a MR damper is 

considered for designing MPC controller as illustrated in Figure 1. It is assumed that the spring 
coefficient of the suspension and tire are linear, then the equation of motion (EOM) of the 
suspension system can be formulated as follows 

 
( ) ( )

( ) ( ) ( )
s s s s u s s u MR

u u s s u s s u t u r MR

m z c z z k z z F
m z c z z k z z k z z F

     

      
                                  (1) 

where sm  is the sprung mass, sc denotes damping coefficient of the suspension, sk is the 
stiffness of the suspension which includes the effective stiffness of the MR damper induced by 
air chamber, tk  indicates the stiffness of tire. Moreover, , ,s uz z and rz are the vertical 
displacements of sprung mass, unsprung mass and road disturbance, respectively. From Eq. (1), 
the state space equation of the quarter car suspension system with MR damper can be 
represented by 

 
( ) ( ) ( ) ( )

( ) ( )
x t Ax t Bu t Ew t

y t Cx t
  


                                                                      (2) 

where 
 

 ( ) , ( ) , ( )T
s s u u MR rx t z z z z u t F w t z                                                  (3) 

are state variables, control input and road disturbance, respectively.  
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Table 1: Parameters of the quarter car suspension control system 

Parameters Value Unit 

Sprung mass ( sm ) 315 kg 

Unsprung mass ( um ) 41.5 kg 

Stiffness coefficient ( sk )  21,000 N/m 

Tire stiffness ( tk )  210,000 N/m 

Damping coefficient ( sc )  1,400 Ns/m 

 

 
Figure 1: A quater car suspension control system with MR damper 

3 DESIGN AND CHARACTERISTIC OF MR DAMPER 

3.1 Design of MR damper 
In this study, a flow type MR damper is designed for the proposed quarter car suspension 

system. The schematic diagram of prototype MR damper is illustrated in Figure 2. The damping 
force of the MR damper consists of three components: viscous damping force, controllable 
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force, air force induced by the air chamber. It is assumed that the MR fluid is incompressible 
and that the pressure in one chamber is uniformly distributed. Then, the flow type Bingham 
damping force of an MR damper can be represented as follows 

MR vis a airF F F F                                                           (5) 
where visF denotes the viscous damping force of MR fluid, MRF is the field-dependent 

damping force controlled by current applied to the coil, airF indicates the air force induced by 
the air chamber when the piston is moved. According to the reference [11] , the damping force 
induced by the MR damper can be derived as follows 

   2
3

6 2 sgn( )p
MR e p p r p y p r p

d

LLF k x A A x c A A x
dd R

 


                    (6) 
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                                      (7) 

where px  and px are the displacement and velocity of piston, lQ  is the flow rate of the MR 
fluid; sgn( )  is the signum function, ek  is the stiffness coefficient related to gas pressure 
inside gas chamber; pA and rA  are the area of the piston and piston rod;   is its post-yield 
viscosity; L and pL  are the piston length and magnetic pole length; dR  and d are the average 
radius, and gap of MR fluid path; y  is the yield stress produced by applied magnetic field, 
B  is the magnetic flux density dependent on the magnetic field, c  is a coefficient that depends 
on the piston velocity.  
 

 

Figure 2: Configuration design of MR damper 
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3.2 Characteristics of MR damper 
The characteristics of MR damper is estimated through simulation where MR fluid is modeled 
based on Bingham model. Figure 3 presents the measured field-dependent damping force of the 
MR damper. The maximum damping force is approximately 2300 N at input current of 1.5 A. 
It is obvious that the damping force is constrained at the maximum allowable input current. 
Even though the maximum of damping force reaches 2300 N at 1.5A through simulation but in 
practice we may be cannot use this maximum value of damping force because a maximum 
allowable power consumption should be required or the experimental results is not the same as 
the simulation results sometimes. In this study, the maximum allowable damping force is set as 
800 N to validate the effectiveness of MPC controller with better output responses under 
constraint of actuator while reduce energy consumption of MR damper. Table 2 indicates design 
parameters of MR damper. 

Table 2: Design parameters of the MR damper 

Parameters Value Unit 

Acceptable current ( I ) 1.5 A 
Piston area ( pA ) 0.0008668 m2 

Piston rod area ( rA ) 0.00007854 m2 

Length of the piston ( L ) 0.031 m 

Length of magnetic pole ( pL ) 0.012 m 

Circumference of inner core ( b ) 0.1078 m 
Gap of MR fluid path ( d ) 0.0007 m 

 

Figure 3: Characteristics of the prototype MR damper 

4 MPC CONTROLLER DESIGN 
To design MPC controller for the quarter car suspension, the continuous state equation of 

the semi-active suspension system should be formulated in discrete time domain with sampling 
time Ts (10 ms) as follows 
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The discrete time state equation can be rewritten as 
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To establish an optimization problem, a cost function is defined as follows, 
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where Nx is the terminal states of each state variable which are determined as zeros for the 
suspension system. pN  and cN  are the length of prediction horizon and control horizon 

 c pN N ; 0P   is defined to ensure the stability of the MPC control problem which is a 
solution to the Riccati equation 

1( )T T T T
d d d d d d d dP A PA Q A PB R B PB B PA                              (8) 

Q and R  are symmetric and positive definite weighting matrices which is represented  as 
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The positive definite  matrix Q and R should be selected appropriately to minimize the 
performance index [1]. In this study, the weighting matrix Q and R are set as follows 
 

  6 9 100 100 100 , 0.12Q diag e R                                      (10) 
Performance index in Eq. (10) is a combination of sprung mass and unsprung mass 

displacements and velocities, respectively with the main object is to improve the ride comfort 
of the suspension system. The simulation parameters are represented in Table 3 

Table 3: Simulation parameters for MPC controller 

Parameters Value Unit 

Prediction horizon ( pN ) 10 -- 

Control horizon ( cN ) 5 -- 

Sampling time ( sT ) 10 ms 

Constraint of damping force ( MRF ) 800 800MRF     N 
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4 SIMULATION RESULTS 
The performance of the MPC controller is evaluated by using a bump road profile as shown in 
Figure 4. In fact, the bump excitation is usually used to evaluate the transient characteristic in 
time domain. Figure 4 shows the output responses of the bump excitation to evaluate two 
controllers including the controller using saturation function and MPC controller. The sprung 
mass acceleration, suspension travel, damping force and unsprung mass acceleration are shown 
in Figures 4 (a), (b), (c), (d), respectively. It is obvious that two controllers show good 
performance, and the unwanted vibration induced from the bump excitation are remarkably 
attenuated. The output responses of the MPC controller are always less than the controller with 
saturation function.  

 

Figure 4: Output responses to bump excitation (a) sprung mass acceleration (b) suspension deflection (c) 
damping force (d) unsprung mass acceleration.  

6 CONCLUSION  
The MPC controller is applied for vibration control of a quarter car suspension with MR 

damper. An MR damper was designed based on the Bingham characteristics of the MR fluid, 
and its characteristics were experimentally evaluated to reveal the constraints of the controllable 
damping force. The vibration control performance of the MPC controller was investigated 
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under bump excitation in time domain. It is shown that the vibration of the suspension system 
is significantly reduced by applying the MPC controller compared to the controller which using 
a conventional saturation function. Especially, even though the damping force of MR damper 
is constrained, the ride comfort of the suspension system is remarkably improved. 
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Abstract. The article presents the results of measuring the natural vibration frequencies, 
mode shapes for the sports complex stands. Operational modal analysis based on the results of 
measurements was performed by ARTeMIS Extractor Pro. In work the equipment of firm 
Reftek was used. The results of identification of EFDD and SSI CVA with indication of 
confidence intervals (with a given confidence level of 95%) and corresponding coefficients of 
variation are presented. The measured frequency of the first form of natural oscillations is in 
the range of 3.61 ± 0.46 Hz (EFDD). Based on the analysis of the shape of the oscillations (all 
points of the structure synchronously to each other make vertical oscillations), this form of 
oscillations refers to the vibrations of construction-foundation system. As a result of 
measurements of the response of the tribune structure from the ambient vibrations, it was 
revealed that the first natural frequency of vertical oscillations of the investigated structures is 
higher than 6 Hz, which does not limit the operation of these structures for various measures 
according to the frequency criterion. 

 
 
1 OBJECT DESCRIPTION 

Ice arena ―Arena-Omsk‖ has the following dimensions in plan 148.2 x 88.2 meters. Cross-
section is shown on figure 1. Top of cover girders have level 19.35 meters. Building’s frame 
consists of reinforced concrete columns, hinged seated on them metal girders with span from 
31 meters to 78 meters. Also frame contains reinforces concrete beams of grandstand 
structure implemented in monolith and precast variants. Spatial stiffness provided by vertical 
ties held on columns, stiffness diaphragms, vertical and horizontal ties on cover girders, and 
by spacers. Grandstand structure represents by slab-bar system consisted by prefabricated 
reinforced concrete columns, beams, tribune elements (shells) and slabs. Beams of grandstand 
has span from 5.5 meters to 12 meters. Tribune elements have span from 1 meter to 12 
meters. 
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Figure 1: Cross-section of ice arena 

2 SETTING GOAL 
In life cycle of ice arena occurred requirement in provision not only sport events but also 

mass culture events. These events characterized by different activity of spectators, which 
seated or stayed on grandstand structure. Elements of grandstand structure must have required 
load bearing capacity for all variant of activity from spectators. 

In this work authors of paper were followed by interim guidance on assessment and design 
for permanent grandstands [2]. Accordantly to this document significant dynamic load can be 
applied on tribune within process of music concerts by crowd that stomps to the beat of 
music. Moreover crowd can acts rhythmically within sports events, when people jumping on 
grandstand, and also swaying or applauding. When crowd suddenly jump up and then return, 
it also can apply significant dynamic loading. It should be noted that crowd can generate 
vertical and horizontal loadings. 

Vertical dynamic loading can be applied due to crowd action with follow characteristics: 
1. In frequency range 1.5-3.5 Hz from small group of people; 
2. In frequency range 1.5-2.8 Hz for greater group of people (this frequency range is 

smaller due to synchronization problem). 
Horizontal dynamic loading can be applied due to crowd action in frequency range 

0.7-0.9 Hz. 
Grandstand structure satisfied to requirements of dynamic comfort and strength when 

minimum natural frequency of vertical oscillations greater than 3.5 Hz for sports events and 
greater than 6 Hz for all events. Minimum natural frequency of horizontal oscillations is 
limited by 3 Hz. 

The goal of current work was measurement of natural frequencies of grandstand fragments. 
In terms of advisory note [3] the goal we pursued was ―type 1 tests‖ with natural frequencies 
measurement by AVS (ambient vibration survey). Bellow represented measurements results 
of grandstand structure free oscillations due to ambient vibration of sport arena ―Arena-
Omsk‖. 

3 WORK IMPLEMENTATION TECHNIQUE 

3.1 Common information 
All works divided on two series stages – field investigation and analytical works. All 
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stages were done in 2013 year. 
Analytical works can split into follow parts: 
1. Choosing adequate methods with following data processing. 
2. Results assessment, making conclusions and recommendations. 
Operational modal analysis was performed by ARTeMIS Extractor Pro [1] software. 
Shown below figures with mode shapes were made by GNU Octave [5] software. 

Statistical calculations also were performed in GNU Octave. 
Follow seismic measurement equipment made by RefTek are used [6]: 
1. Two 1-axis accelerometers RefTek 131B-01/1 with sensitivity 1.6 V/g, measurement 

rage ± 4g, self noise 2 µg2/Hz, dynamic range 112 dB. 
2. One 3-axis accelerometers RefTek 131B-01/3 with semi characteristics to RefTek 

131B-01/1. 
3. One seismic recorder RefTek 130-01 with 24-bit ADC, dynamic range 138 dB. 
Current work is continuation of work [4]. Unlike previous work, the results of 

measurements on several grandstand elements are obtained here. Observed fragments as rule 
have the largest span. As a typical result of measurements outcomes for fragment in axes  
11-11.1_G-H are shown bellow. 

3.2 Statistical evaluation of data 
For each measurement result of natural frequency follow calculations were done: 
- mean values x ; 
- bounds of confidence intervals x  and x  for specified confidence level 95%; 
- variation coefficients V , expressed as a percentage. 
Bounds of confidence intervals were determined accordantly to ГОСТ Р 54859—2011 [7] 

with follow formulas: 

);(   xx ,    (1) 

where x  - is a sample mean;   - a standard deviations;   - a parameter obtained by tables in 
applications in [7] for specified probability (it is a function of count of measurements and 
confidence level). 

Variation coefficient is shown for relative assessments of natural frequencies obtained with 
different methods. Formula for variation coefficient calculation: 

%100
x

V


  
(2) 

4 NATURAL FREQUENCIES AND MODE SHAPES OF FRAGMENT 11-11.1_G-H 
Accelerometers disposition scheme for measurements of natural frequencies and mode 

shapes for fragment 11-11.1_G-H is shown on figure 2 (a). Location of this grandstand 
fragment on plan is shown on figure 2 (b). In measurement experiments accelerometers were 
fixed to embedded plates – seating deck anchor bolts. One accelerometer RefTek 131B-01/1 
was used as reference sensor and other accelerometers were rearranging in different points 
accordantly to shown on figure 2 (а) scheme. 
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(a) (b) 

Figure 2: Accelerometers disposition scheme for fragment of grandstand structure in axes 
11-11.1_G-H (a) and location of this fragment on plan (b) 

Identification results by methods EFDD (enhanced frequency domain decomposition) and 
SSI CVA (stochastic subspace identification – canonical variate analysis) are shown on figure 
3 and 4 respectively. 

 
Figure 3: Average of the normalized singular values of spectral density matrices for fragment 11-11.1_G-H 

 
Figure 4: Poles SSI CVA for fragment 11-11.1_G-H 
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Natural frequencies obtained by EFDD and SSI CVA methods with confidence intervals 
(with specified confidence level 95%) and variations coefficients are shown in table 1. As 
shown in advisory note [3] for tests performed by AVS only natural frequencies and mode 
shapes can be measured. Damping coefficients determination for this type tests in this work 
was unreliable. Obtained variation coefficients for damping coefficients were significantly 
greater then variation coefficients for natural frequencies. 

Table 1: Natural frequencies from EFDD and SSI CVA methods for fragment 11-11.1_G-H 

EFDD SSI CVA 
Frequency Frequency 

x , 
[Hz] 

x , 
[Hz] 

x , 
[Hz] 

V , 
[%] 

x , 
[Hz] 

x , 
[Hz] 

x , 
[Hz] 

V , 
[%] 

2.63 3.53 4.44 10.83 3.15 3.61 4.07 5.35 
8.86 9.75 10.65 3.89 9.49 9.64 9.78 0.63 

12.69 14.10 15.51 4.23 13.21 13.98 14.75 2.34 
17.37 17.78 18.19 0.97 16.95 17.90 18.85 2.25 

 
MAC (modal assurance criterion) coefficients for mode shapes obtained by EFDD and SSI 

CVA methods are shown in table 2. Mode shapes are shown on figure 5. 
Table 2: MAC coefficients 

  SSI CVA 
  3.61 [Hz] 9.64 [Hz] 13.98 [Hz] 17.90 [Hz] 

EF
D

D
 3.53 [Hz] 0.593 0.667 0.021 0.140 

9.75 [Hz] 0.390 0.877 0.038 0.064 
14.10 [Hz] 0.019 0.067 0.290 0.101 
17.78 [Hz] 0.032 0.007 0.062 0.711 

 
Natural frequencies for fragment 11-11.1_G-H with confidence intervals graphically are 

shown on figure 6. 

  

Figure 5: Confidence intervals for natural frequencies for fragment 11-11.1_G-H 
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EFDD SSI CVA 

  

  

  

  
Figure 6: Mode shapes for fragment 11-11.1_G-H 
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5 CONCLUSION 
1-st natural frequency for fragment 11-11.1_G-H was in interval 3.61 ± 0.46 Hz (EFDD). 

Corresponded mode shape is characterized by synchronous vertical deflections of all observed 
point – on tribune elements and on supports (columns). 1-st natural frequencies of other 
investigated grandstand fragments had similar values. It says that this mode shape refers to 
construction-foundation system. 

2-nd mode shape was in interval 9.75 ± 0.9 Hz (EFDD). This mode shape refers to 
grandstand construction. 

For all investigated grandstand fragments lowest natural frequency was greater than 6 Hz. 
Therefore there are not limitations for providing all sports and mass culture events according 
to frequency criterion [2]. 
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Abstract. The EHD(Electro-hydro-dynamics) fluid is one of the smart fluid. The devices such 
as pumps using EHD fluid are developed and the researches especially about EHD ion-drag 
micro-pump have been performed to obtain the high performance. The circular pipe EHD pump 
with circular pipe electrodes unlike a pump shape developed in the past is proposed for the 
applications such as in small scale liquid cooling systems. The pumps are structurally simple, 
easy to fabricate, and the flow direction can be reversed by simply swapping the positive and 
negative electrodes. In the present study, the induced two-dimensional flow between electrodes 
is explained under application of the electric fields by the experimental flow visualization and 
CFD (Computational Fluid Dynamics) methods. The distributions of the velocity, the electric 
force and the charge density, which are obtained by the CFD method near the electrodes are 
shown and the numerical results are confirmed by the experimental flow visualization. In the 
next, the small pump based on cylindrical electrodes developed to utilize the flow analysis 
results and to induce one directional flow is explained. Furthermore we produced the pumps in 
which the electrode contains multiple holes to increase one-directional flow velocity and the
load pressure. We measured the pressure-flow rate characteristics of the cylindrical electrode 
pump and the multi-holes electrode pair pumps, and compared their performances. As a result, 
the mechanism to induce one directional EHD flow near the electrodes under application of the 
voltage is understood clearly and the pressure-flow rate characteristics of the present pump 
based on cylindrical electrodes and the multi-holes electrodes are shown.

1 INTRODUCTION
The EHD fluid is one of the smart fluid. The flow of the EHD fluid is induced under the 

application of the electric field and the flow properties of the EHD flow such as pressure, flow 
velocity and flow rate can be controlled by the electric fields.

The development of the EHD pumps is conducted eagerly because those have no moving 
part and quite. In recent years, a review on EHD pumps is introduced and three different 
methods of EHD pumping such as ion-drag, induction and conduction are briefly outlined in 
the review paper [1]. It is pointed out that the ion-drag pumps show the higher flow rates 
compared with other two types of pumping in the paper. From the merit of the ion-drag pump 
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the researches about EHD ion-drag micro-pump have been performed [2-5]. However, it seems 
not to be led to practical use yet.

In the present study the EHD pump with circular pipe electrodes unlike a pump shape 
developed in the past is proposed for the applications such as in small scale liquid cooling 
systems. This small scale technology can be thought to be applied for microscale system. In the 
chapter 2 of the present paper, the induced flow between electrodes is explained under 
application of the electric fields using the experimental and the numerical flow visualizations.
The velocity distributions obtained by the numerical method between electrodes are shown and 
the numerical results are confirmed by the experimental flow visualization. From the results, it 
is found that the one directional flow can be generated in some range of the electrode 
configuration. In the chapter 3, the small pump based on cylindrical electrodes developed to 
utilize previous research using liquid crystal [6] and to induce one directional flow is explained. 
Finally, we produced the pumps in which the electrode contains multiple holes to increase one-
directional flow velocity and the load pressure [7]. In the present experiment the influence of 
the asymmetries of the electrode width on the relation between the flow rate and the pressure is 
examined. We measured the pressure-flow rate characteristics of multi-holes electrode pair 
pumps and compared their performances. Our pumps are structurally simple, easy to fabricate, 
and the flow direction can be reversed by simply swapping the positive and negative electrodes.

2 FLOW ANALYSIS OF EHD FLUID
The two-dimensional numerical simulation of EHD fluid flow in the simple flow channel 

is conducted when steady electric fields are generated through a direct current by two plate
electrodes at the bottom of the flow channel.

2.1 Governing equations
The governing equations used in the present calculation are (1) Continuous equation, (2) 

Navier-Stokes equation, (3) Gauss' law and (4) Charge conservation law. The velocity vector, 
pressure, charge density and electric potential are unknown variables to solve the equations. 
The influence of the electric field on the flow is considered by the body force term in Navier-
Stokes equation. We regard the coulomb force as the principal body force that generates the 
flow in the electric fields. HSMAC (Highly Simplified Marker and Cell method) is used to 
derive the velocity and Poisson equation is used to derive the pressure in the present calculation.

2.2 Flow field
In order to understand the EHD-induced flow velocity, the flow visualization was carried 

out. The flow channel and a plate electrode pair used in these measurements are illustrated in 
Fig.1(a). Each electrode plate EF, GH had a width of 1 mm and the gap between the two plates 
was 0.2 mm. The width of the channel perpendicular to the paper surface is 5mm. An electric 
field was generated at the bottom of the flow channel by applying a voltage to the plate electrode 
pair. Specifically, the cathode and anode of a DC power supply were connected to electrodes 
EF and GH, respectively. To enable visualization, the EHD fluid was first mixed with green 
fluorescent polymer microspheres (Duke Scientific Corporation Co., Ltd, particle diameter 8 
µm), after which the mixture was introduced into the flow channel. The channel was placed on 
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a hot plate and the temperature of the mixture was maintained at 30 ± 1 °C. A voltage was then 
applied to the electrode pair to generate an electric field, thus initiating the fluid flow. A laser 
sheet was used to illuminate the center of the flow channel, and the flow behavior was observed 
from the front of the flow channel using a video camera. The flow was observed both above the 
electrode pair and in the entire channel during experiments, which were conducted at 1.5 kV.
The experimental observed region ABCD is shown in Fig.1 (a). The calculated region A’B’C’D’ 
is shown in Fig.1(b). The calculated region is reduced to save the computational time and the 
free boundary condition is applied at the boundaries B’C’D’A’.

(a) Observed region by experiment                                    (b) Calculated region

Figure 1: Flow field

2.3 Calculated results
The distributions of the electric potential and the electric field are shown in Figs.2(a) and (b) 

in the case of 1.5kV at t=5.23×10-5s. The voltage is added at t=0 to the electrode GB’ (GH) and 
the electrode A’F is ground. The distribution of the electric potential is symmetric for the axis 
of x=0. The large value of the electric field is concentrated near the points F and G of the 
electrodes. The direction of the electric field vectors is from the electrode GB’ to the electrode 
A’F. 

The distributions of the charge density and the electric force which is the coulomb force are 
shown in Figs.3 (a) and (b). The coulomb force is derived from the charge density times the 
electric field. The distribution of the charge density is shown in Fig.3(a). The positive charge 
density is generated and is diffused from the high electric potential electrode. The negative 
charge density is also generated from the ground electrode, however the generated region is 
small compared to the positive charge density region. The positive charge density region outside 
the negative region near the graund electrode can be seen. The positive region seems to be 
transported by the advection from the positive region and the all distribution of the  charge 
density is asymmetric.

2.4 Comparison with experimental results
The visualization result is shown in Fig.4(a). The fluid called HFE-7100 (methoxy-

Electrode
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0

Free boundaries
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nonafluorobutane) is used as one of the EHD fluid. The sketched lines to indicate the flow 
direction clearly are shown. The vortex flow is indicaed by white line and one directional flow
from the boundary B’C’ to the boundary A’D’ is indicated by red line. It is recognized that the 
one directional flow is generared probably due to the asymmetric distribution of the charge 
density shown in Fig.3(a). The velocity distribution is shown in Fig.4(b). The magnitude of the
velocity near the points F, G is large. The flow configuration such as the vortex upper the 
electrodes and the one-way streamline is very similar between the experimental observation 
and the simulated results.

(a) Electric potential                                                            (b) Electric field

Figure 2: Calculated results for electric properties

(a) Charge density                                                              (b) Electric force(Coulomb force)

Figure 3: Calculated results for the coulomb force

(a) Experimental observation                            (b) Calculated velocity vectors and streamlines

Figure 4: Flow visualization results
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3 CIRCULAR PIPE PUMP

3.1 Pump based on cylindrical electrodes
The concept of the pump based on the cylindrical electrode pairs is shown in Fig. 5. The 

electrode material was copper plated with tin. An electric field was generated at the channel 
inside the cylindrical electrode pair by applying voltage. The one-directional flow generated by 
this electric field is caused by rotational flows, as shown in Fig. 4. The pump has a very simple 
structure and hence can be made easily. The cylindrical electrode pair is symmetric about a 
section perpendicular to its central axis, so the direction of the one-directional flow can be 
reversed by switching the anode and cathode.

The one of the pumps based on the cylindrical electrode pairs is shown in Fig.6(a). The 
pressure-flow rate characteristics plot in Fig.6(b) is approximately linear. Furthermore, the 
approximate line of the graph translates in the direction of decreasing pressure or flow rate 
when the applied voltage is decreased. Therefore, we concluded that the pressure and flow rate 
of the pump increase with the applied voltage. We also found that the pressure doubles when 
two pumps are connected in series. 

Figure 5: Pump based on cylindrical electrodes

(a) Pump based on the cylindrical electrode pairs         (b) Flow rate and pressure

Figure 6: Characteristics between flow rate and pressure
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3.2 Pumps based on the electrode with the multiple holes

Four types of multi-holes electrode pumps, termed Types I ～Ⅳ which are illustrated in Fig.
7 respectively. The disk electrodes used in the Type I～Ⅳ pump contain nine holes (1 mm 
diameter). The distance between the electrodes is 1mm. The width of one electrode of the pump 
is changed from 0.25 to 1mm.  The electrode material was copper and the flow channel between 
the electrodes was produced from transparent acrylic resin. An electric field was generated in 
the flow channel of the multi-hole electrode pair by connecting the cathode and anode of a DC 
power supply, respectively.

The flow rates are measured by measuring the flow velocity inside the pump after the 
pressure is given by setting up the difference of the high between inlet and outlet of the pump. 
One of the typical characteristics between the flow rate and the pressure is shown in Fig.8. The 
pumps are connected series and the voltage is 5.0kV. The results are almost linear as same as 
the pumps based on the cylindrical electrode pairs. The flow rate and the pressure of the type 
Ⅱ whose electrode widths are 1 and 0.5mm are large compared to other pump. 

Figure 7: Pumps based on the electrode with the multiple holes

Figure 8: Relation beteewn flow rate and pressure
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4 CONCLUSIONS
The induced flow between electrodes was explained under application of the electric fields

using CFD method and the flow observation technique. Especially it is found that the 
distributins of the charge density and the electric field are important because the coulomb force
to induce the flow is affected by the charge density and the electric field. In addtion it is found 
that the one directional flow can be generated by the asymmetry of the charge density
distribution. For the characterictics of the pressure-flow rate of the EHD pump, the influence 
of the asymmetries of the electrode width on the relation between the flow rate and the pressure 
was examined and we found that both the pump pressure and flow rate can be increased by 
changing the widths of the electrode asymmetrically for the multi-holes electrode pair pumps.
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Abstract. Low to moderate size tower cranes used essentially in construction sites are very 
slender steel structures designed to carry high loads (1 to 3 tons) to distances up to 50 m around 
a central tower standing alone. They are required in many sites where working place is exiguous 
and easy to handle construction materials. Essentially they are composed by a tower with height 
varying according to the height of the construction and by an horizontal jib and counter-jib 
spanning a few tens of meters. We will analyse a particular tower crane with 33 m height and a 
jib with 35 m. These structures are very light, slender and flexible. Additionally they can be 
subjected to winds and earthquakes. Even though there are thousands of these structures all 
over the world specially in developing areas, there is very few published work for these type of 
structures. However, many disasters have occurred causing damage to people or urban 
equipment in the vicinity due to total or partial collapse of the structure. Wind has been in the 
past probably the most frequent cause of collapse, even though the jib is loose and can rotate 
freely around the tower axis. For earthquakes the main problem is the existence of large mass 
(a few tons) placed at a high position at an eccentric position. We developed a 3-D mathematical 
linear model of the structure with a finite element program SAP2000 and compared analytical 
frequencies with in-situ measurements. The maximum error for the 2 translation identified 
modes in X and Y direction was respectively 2.1%. Frequencies corresponding to the first 
modal shapes of this type of structure are very low (well below 0.5 Hz, depending on height of 
tower and counterweight). It has been found that the dynamic behaviour of the crane is largely 
dependent on the way its foundation is designed, which in this case is made of bogies supported 
on rails with concrete ballasts providing stability to the structure. Consequently the higher 
percentages of excited mass of the structure are associated with the more rigid vibration modes.  
We applied ground motion at the base to understand the dynamic 3-D behaviour of the whole 
system. The results indicate that a moderate ground motion (PGA=1.5m/s2) shaking does not 
pose safety problems for this type of structure. However, caution should be exercised in order 
to maintain the concrete ballasts located at the foundation in place, to any type of seismic action. 
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1 FRAMEWORK AND DESCRIPTION OF THE STRUCTURE 
This study focuses on the analysis of the dynamic behaviour of a tower crane and its 

vulnerability to a seismic action. 
The subject in question is of great importance given the shortage of studies concerning the 

behaviour of this type of structures in the face of a moderate to intense seismic action and given 
the serious consequences inherent to their collapse [1]. 

During the research for this study it was found one of the few studies concerning this subject 
by Li-Jeng, et al [2] and also a regulatory document named as ISO 11031 [1]. 

Additionally, together with a growth of the construction in certain cities, there is a natural 
increase to use this type of structures. 

The case study (Alto do Olival Crane) is located in Lisbon, Portugal. 
The tower cranes are considered lightweight structures, essentially due to their geometry and 

the material used, steel, which although is not light (high volume weight), allows the application 
of slender profiles with adequate resistance. 

In addition to this structural material, concrete ballasts are also used only as weight.  
On the one hand, steel is used in the cross sections, the connections between profiles by 

means of bolts and welds and in the jib and counter-jib suspension cables. 
On the other hand, concrete ballasts provide weight to the structure, ensuring its balance. In 

the present crane concrete ballasts serving as counterweight of about 3.9 tons are located at the 
end of the counter-jib and another group at the foundation for stabilization with 2x16 tons  (see 
figure 1b)). 

In the course of this chapter the crane is characterized sequentially from the ground to the 
top, starting from the foundation, the tower, and, finally, the jibs. This distinction is made on 
the basis of differences in terms of geometry, function, installation and functionality. 

Firstly, the foundation is made of steel beams and is laid on rails, i.e. there is a possibility of 
changing the position crane if necessary. However, when it is in operation, four welded steel 
restrainers are placed on the rails to prevent the translation of this one. In addition, there are 
ballasts made of concrete with high mass, which accumulate on each side of the base a mass of 
16 tons, providing stability to the tower crane. 

 
Figure 1: Bottom view (a) and side view (b) of the tower crane base 

As far as the tower is concerned, it has a spiral arrangement, consisting of modules that are 
repeated in height with different dimensions and profiles. The steel profiles applied along the 
tower are characterized by L and U sections and are gradually smaller along the height (figure 
2). The tower reaches a height till the jib of 33 m. 
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Figure 2: Tower crane modules 

Finally, the jibs are divided into two types, the jib, a longer one with a length of about 35 m, 
which aims to lift and transport the loads in the perimeter of influence, and the counter-jib, a 
smaller one with a length of 13 m, which has the counterweight at its end, in order to provide a 
balancing force to the load on the jib. While the jib is attached to the tower by a steel suspension 
cable with a diameter of =5 cm, the counter-jib is connected by two suspension cables with 
=2.5 cm each (figure 3). 

 
Figure 3: Zone of connection between the tower and jibs 

Again, the jibs also contain modules that are repeated throughout their development. In these 
zones tubular profiles are used essentially with square or sometimes circular sections (RHS and 
CHS sections). 

2 STRUCTURE MODELING 
The structure under study was modeled using the finite-element analysis program SAP2000 

[3]. 
The following table presents the constituent elements of the structure and the way in which 

they were modeled. 

Table 1: Elements forming the structure 

Elements Model 
Steel profiles  Frame 

Steel suspension cables Cable 
Concrete slabs Area with distributed load 

 
As can be seen to ensure the correct behaviour of the various constituent parts of the 

structure, three types of elements were used.  
In figure 4 we can see the wide application of the frame in the model. 
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Figure 4: Application of the frame element in the model: a) base; b) tower-jibs connection and c) jib 

Then, the effect of the concrete ballasts in the structure was counted through loads distributed 
in areas (shells) equivalent to the occupied size by these weights (Figure 6). 

 
Figure 5: Application of the area element in the model: a) counter-weight e b) weights located in the base of the 

structure 

Finally, in order to guarantee the correct behaviour of the suspension steel cables, which 
work only at tension, they were modeled as element “cable”. 

 
Figure 6: Application of the cable element in the model: a) photography of the real structure and b) model 

After completing the modeling phase of the structure in geometric terms, the following 
numerical model was obtained (figure 7). 
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Figure 7: Numerical model of the case study with identification of steel elements under safety check 

4 MODAL CHARACTERIZATION 

4.1 In situ dynamic characterization 
Not only to ensure a closer proximity between the numerical model and the actual structure, 

as well as to provide a greater credibility of the results exposed in this work, a dynamic 
identification test based on ambient vibrations was performed in the structure under analysis 
(figure 8). 

 
Figure 8: Frequencies according to the direction X (longitudinal) obtained through the dynamic identification 

test  

From the analysis of this graphic it can be concluded that this type of structure is able to 
offer a wide range of results with great clarity and quality, thus facilitating the identification of 
the natural frequencies of the structure and, consequently, the calibration of the model. 

Table 2: Frequencies obtained in the experimental test in the Y and X direction  

𝐟𝐟𝐲𝐲 (Hz) 𝐟𝐟𝐱𝐱 (Hz) 
0.32 0.29 

- 0.78 
0.83 0.82 
1.90 1.90 
2.35 - 
2.80 2.80 
3.10 - 
3.51 - 
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It should be noted that in this test only the frequencies corresponding to the translation of 
the structure in the x and y direction, and not to torsional movements around were obtained. 
This is due to the location at which the accelerometer was placed (platform on the tower shaft 
of the structure), obtaining frequencies associated with torsional movements would require 
placing the apparatus at the tip of one of the jibs. 

4.2 Modes of vibration 
In this phase the vibration modes and respective dynamic characteristics of the structure 

under analysis are described. 
It should be noted that the following table is composed of already adjusted and calibrated 

values, based on the results obtained in the dynamic identification test performed. 

Table 3: Vibration modes and mass participation factors of the numerical model (orange color - most 
influential vibration modes, green color - cumulative mass participation factor of 90%) 

Modes T (s) f (Hz) Mass Participation Factors 
Ux  ΣUx Uy ΣUy Uz ΣUz Rz ΣRz 

1 6.859 0.146 0.00 0.00 0.00 0.00 0.00 0.00 0.97 0.97 
2 3.343 0.299 0.12 0.12 0.00 0.00 0.00 0.00 0.00 0.97 
3 3.219 0.311 0.00 0.12 0.23 0.23 0.00 0.00 0.00 0.98 
4 1.508 0.663 0.16 0.28 0.00 0.23 0.00 0.00 0.00 0.98 
5 1.148 0.871 0.00 0.28 0.05 0.28 0.00 0.00 0.00 0.98 
6 0.679 1.474 0.00 0.28 0.00 0.28 0.15 0.15 0.00 0.98 
7 0.528 1.892 0.00 0.28 0.00 0.28 0.00 0.15 0.00 0.98 
8 0.405 2.470 0.00 0.28 0.00 0.28 0.00 0.15 0.00 0.98 
9 0.372 2.687 0.00 0.28 0.00 0.28 0.01 0.16 0.00 0.98 
10 0.296 3.375 0.00 0.28 0.00 0.28 0.00 0.16 0.00 0.98 
11 0.253 3.952 0.00 0.28 0.04 0.32 0.00 0.16 0.00 0.98 
12 0.233 4.301 0.04 0.33 0.00 0.32 0.00 0.16 0.00 0.98 
- - - - - - - - - - - 

30 0.057 17.569 0.00 0.33 0.00 0.32 0.58 0.74 0.00 0.98 
- - - - - - - - - - - 

41 0.042 23.657 0.00 0.36 0.14 0.51 0.00 0.95 0.00 0.98 
42 0.042 23.950 0.00 0.36 0.39 0.90 0.00 0.95 0.00 0.98 
- - - - - - - - - - - 

89 0.018 55.359 0.45 0.85 0.00 0.99 0.00 0.99 0.00 0.99 
- - - - - - - - - - - 

91 0.018 55.804 0.04 0.94 0.00 0.99 0.00 0.99 0.00 0.99 
 

As it is generally known, the overall response of the structure must be composed of all modes 
of vibration that contribute significantly. As such, in order for the sum of the mass participation 
factors of the structure to reach a minimum value of 90% of the total mass of the structure, a 
total of 91 vibration modes were recorded. 

From the analysis of the vibration modes and its respective factors of mass participation, it 
highlights an interesting fact that must be evidenced. 

As can be seen, the first twelve vibration modes of the structure do not generate high 
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percentages of excited mass (≈33%), thus, the number of vibration modes under analysis has 
been widened in order to reach the minimum condition of 90% of excited mass of the structure. 
Consequently, it has been noted that the higher percentages of excited mass are associated with 
the translation of the base of the structure in each direction, x and y, which in turn concerns the 
more rigid modes of vibration.  

  The following table compares the results of the numerical model and the experimental test. 

Table 4: Comparison of the model and in situ frequencies and error calculation 

Direction f (Hz) Error (%) Model In situ test 
x1 0.299 0.293 2.1 
y1 0.311 0.317 -1.9 
x2 0.663 0.770 -13.9 
y2 0.871 0.830 4.9 

 
From the analysis of the results it is concluded that the values obtained from the in situ test 

reveal a great quality, being close to three modes of vibration of the structure, thus proving a 
good approximation between the numerical model and the real structure. 

From this comparison the lowest error obtained is around 1.9% and the maximum 13.9%, it 
should be noted that this maximum error is associated with a second mode of vibration in the y 
direction, and as such may possibly correspond to a less clear mode compared to the first two 
modes of translation vibration. 

The following is a brief description of the most influential vibration modes in the behaviour 
of the structure. 

4.2.1 1º Vibration mode 
The first mode of vibration (figure 9) corresponds to a torsional mode with a period of 6.86 

s and a mass participation factor of 97%. 
As can be seen in the following figure, the movement of the structure occurs around the axis 

of the tower, guaranteeing a high percentage of excited mass.  

 
Figure 9: 1st Vibration mode - Torsion around the axis of the tower 

4.2.2 2º Vibration mode 
The second mode of vibration (figure 10) represents the vibration of the structure in the x 
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direction, that is, in the direction of the jibs, with a period of 3.34 s and a mass participation 
factor of 12%. 

Unlike the first mode of vibration, this mode has a reduced percentage of excited mass. 

 
Figure 10: 2nd Vibration mode - Translation in the x direction  

4.2.3 3º Vibration mode 
The third mode of vibration (figure 11) is characterized by a translation in the y direction, 

direction transverse to the length of the jibs, with a period of 3.22 s and a mass participation 
factor of 23%. 

Once again, the percentage of excited mass is reduced. 

 
Figure 11: 3º Vibration mode – Translation in the y direction  

The following modes of vibration represent the modes with the greatest influence on the 
dynamic behaviour of the tower crane, since they concentrate mainly on the mass excitation 
located at the base of the structure. Of note, the high discrepancy between the mass of the base 
of the structure and the rest of it. 

Thus, the dynamic behaviour of a crane is largely dependent on the way its base is designed. 

4.2.4 42º Vibration mode 
This mode of vibration (figure 12) represents a translation of the base of the structure in the 

y direction with a period of 0.042 s and a mass participation factor of 39%. 
As can be seen this is a rather rigid mode and with a considerable excited mass percentage. 
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Figure 12: 42º Vibration mode - Translation of the base in the y direction  

4.2.5 89º Vibration mode 
This mode of vibration (figure 13) is characterized by a translation of the base of the structure 

in the x direction with a period of 0.018 s and a mass participation factor of 45%. 
Once again a greater percentage of excited mass associated with a more rigid vibration mode 

is found. 

 
Figure 13: 89º Vibration mode - Translation of the base in the x direction 

In this way, it is fundamental not to neglect the influence of these last rigid modes of 
vibration on the dynamic behaviour of the structure. 

5 SAFETY CHECK 
In the context of a security analysis and verification, it was decided to subject the structure 

not only to a seismic record characteristic of the earthquake that occurred in Portugal in the past 
(1969), which is considered a small earthquake, but with very low frequency content, but also 
to the seismic action by means of a response spectrum (CEN, 2013) [4]. In this analysis the 
structure was considered without any loading along the jib.  

 

 
Figure 14: Seismic action applied to the structure 

The structure is located in Lisbon and implanted on a soil type B. According to the National 
Annex [4] (portuguese version) for a type I and type II seismic action corresponds respectively 
a maximum reference acceleration of 1.5 m/s2 and 1.7 m/s2 (RP = 475 years). 

Thus, based on each type of seismic action, it was intended to evaluate the tensions acting 
on the various elements, the reactions in the base and the resistance of the restrains that prevent 
the movement of the crane base. As previously mentioned the crane is supported on rails and, 
in order to prevent the translation of this was welded some profiles to the rails.  
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5.1 Stress analysis 
In terms of tensions, it is observed that the axial stresses predominate in the various profiles 

that make up the structure and that the transverse stress and bending moment are practically 
negligible (figure 15) 

 
Figure 15: Axial stress in different zones of the structure (red and green – tension and blue – compression) 

Therefore, we identified the most conditioning zones and compared the design loads with 
the design strength. In the case of a steel structure, the influence of the bending lengths and the 
reduction coefficients according to the possible directions must be taken into account. 
Fortunately, a tower crane consists of modules contemplating small lengths between profiles. 

Table 5: Security check for certain profiles 

Identification 
(from figure 8) Designation Seismic action Ned (kN) Nb,Rd (kN) Check? 

1 Base knee brace Sismo 1 (X+0,3Y) 177,9 614,4 Yes S69-EW-UX 132,6 

2 Module 2 - L15 Sismo 1 (X+0,3Y) 222,1 1308,4 Yes S69-EW-UX 149,8 

3 Module 8 - L12 Sismo 1 (X+0,3Y) 166,3 847,0 Yes S69-NS-UX 116,7 

4 Jib – Suspension 
cable 

Sismo 1 (X+0,3Y) 145,4 697,0 Yes S69-EW-UX 123,4 

5 Counter-jib – 
Suspension cable 

Sismo 1 (X+0,3Y) 105,3 174,3 Yes S69-EW-UX 102,5 
  
It is concluded that the structure does not present problems due to the effects from both 

seismic actions. 

5.2 Reactions on base and resistance of restraints 
Then, the reactions in the base are quantified as a result of the seismic action applied in the 

structure, which makes it possible to analyze the resistance of the restraints and the capacity of 
the crane to maintain equilibrium. 
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Table 6: Base reactions due to the seismic record (Earthquake of 1969) and to the seismic action based on a 
response spectrum 

Seismic action Base reactions 
Rx (kN) Ry (kN) 

S69 - EW-UX 12,5 19,0 
Sismo II (0,3X+Y) 25,7 36,9 
Sismo I (X+0,3Y) 28,8 27,1 

 
From the analysis of this table it is verified that the application of the seismic record 

associated to the earthquake of 1969 brings results smaller than those obtained according to the 
seismic action regulating through a spectrum of response. 

Thus, the values of the reactions in the base are compared with the resistance of the restraints 
provided by the welds. Safety was checked in the longitudinal direction of the welded section. 

Table 7: Safety check of welded steel profiles on rails (restraints) 

Ry (kN) Fw,rd (kN) Check? Ratio (%) 
36,9 1910 Yes 1,9 

6 CONCLUSIONS AND FURTHER STUDIES 
Thus, the most relevant issues are pointed out in the course of this study: 
- In the first place, a collection of information was indispensable for the modeling of the 

structure in question. However, there was a lack of detailed information regarding the 
dimensions of the steel profiles and their connections, as such, field visits and photographic 
collections were carried out, which allowed to some extent reduce the uncertainties related to 
the characteristics of the structure. 

- Next, it is with the realization of a dynamic identification test based on environmental 
vibrations that one has had the opportunity to calibrate the numerical model, thus approaching 
it of the real structure. Not only was a set of results obtained with great clarity through the test, 
but they also came close to a large part of the vibration periods characteristic of the model. A 
maximum error of 2.1% was thus obtained for the first two modes of translation vibration in 
the X and Y direction. 

- In the next phase, the most relevant vibration modes of the structure and their dynamic 
characteristics were described. The most flexible vibration mode of the structure corresponds 
to a torsion mode around the tower axis with a period of 6.85 s. 

- In general, the structure can be considered as flexible, taking into account the first modes 
of vibration with high vibration periods, however it was only in the higher frequency modes 
that there were higher percentages of excited mass. This is due to the concentration of most of 
the mass at the base of the structure. As such, the design of the base of a crane can greatly 
influence its dynamic behaviour. 

- In order to verify the minimum condition of 90% of the excited mass of the structure, 91 
modes of vibration were considered in the analysis of the results; 

- In the analysis and safety check, the structure was requested to two types of seismic action, 
seismic action equivalent to the earthquake that occurred in Lisbon in 1969 through seismic 
records and a regulatory seismic action through a response spectrum. On the one hand, it was 
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verified that the earthquake of 1969 is less conditioning than the seismic action regulating and, 
on the other hand, the structure presents a good resistance to these actions both in terms of 
tensions and in terms of reactions in the base. 

- As a recommendation, it is pointed out qualitatively that concrete ballasts located at the 
base of the structure are not properly confined, which may lead to the sliding of these during 
the seismic action. 

- Consequently, this sliding would cause the collapse of the structure. To avoid this problem 
it is suggested to confine these concrete ballasts through a set of vertical and horizontal steel 
profiles, thus creating a containment box for these concrete ballasts. 

Further studies include: (i) the study of performance of the crane for areas with higher 
seismic action and (ii) the analysis of other cranes of similar morphology but with other 
dimensions, to check if the present conclusions can be extended to other cranes. In Table 8 we 
present the main characteristics of a few cranes under study, for which in-situ measurements 
were already obtained, and in Figure 17 we show the correlation of the first longitudinal 
frequency with the total length of the crane (tower+jib).   

Table 8: Main characteristics of several cranes already subjected to in-situ testing 

Cranes 
Supplier 

Tower Jib Load 
(kg) 

Tower flong1 
(Hz) 

flong2 
(Hz) 

ftrans 
(Hz) Location Height 

(m) 
Length 

(m) 
Width 

(m) 
Alto Olival Potain 33 37 3000 1,20 0,29 0,84 0,32 
CM Pátria 1 Soima 24 21 2000 1,16 0,76 1,54 0,36 
CM Pátria 2 GRU 40 39 3000 1,20 0,20 0,71 0,11 

Entre-Campos Potain 43 50 2500 1,60 0,18 0,61 0,18 
Arco-Cego Potain 37,5 60 - 1,60 0,14 0,65 0,22 
 

 
Figure 16: Correlation of longituginal first frequencies with total length of Crane 
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Abstract. The integrity of subsea pipelines in the Arctic regions is threatened by ice-related 
subsea geohazard. A common practice for physical protection of the pipelines against the ice 
loads is to bury them inside the subsea trenches. However, determining the minimum burial 
depth of the pipeline to minimize the construction cost is a challenging design aspect of Arctic 
offshore pipelines. This requires an in-depth understanding of the ice-soil-pipe interaction, 
which in turn is significantly affected by ice-soil interaction. Mohr-Coulomb soil model is 
conventionally used for continuum modeling of dense sand by adopting the constant friction 
and dilation angles. However, this approach neglects the pre-peak hardening and the post-peak 
softening behavior of dense sand. In this study, a smart self-correcting soil model was 
incorporated into an advanced Coupled Eulerian-Lagrangian (CEL) analysis to automatically 
update the shear strength parameters by the magnitude of plastic strains. The analysis was 
conducted using ABAQUS/ Explicit scheme incorporating the soil model that was coded into 
a user-defined subroutine. The soil strength parameters are self-corrected to model the nonlinear 
hardening, softening and pressure dependency behavior of dense sand by considering the ice 
keel bearing pressure and octahedral shear strain. The pre-peak hardening and post-peak 
softening behavior of dense sand were captured through a series of free-field ice gouging 
analysis. The sub gouge soil deformation and ice-soil contact pressure were extracted and 
compared with the results of the original Mohr-Coulomb model, the existing analytical 
solutions, and the published test data. The study showed the significance of incorporating the 
strain rate dependency of dense sand on seabed response to ice gouging. The methodology was 
found to be a strong but simple framework that can be used in daily engineering analyses. It 
was observed that the magnitude of the subgouge soil deformation is overestimated by the 
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conventional decoupled methods. Also, the required burial depth was found to be smaller than 
those recommended by conventional methods, which in turn can significantly reduce the 
construction effort.  

1 INTRODUCTION 
Ice scouring is one of the most hazardous challenges that the subsea pipeline has faced in 

the Arctic region. The most common way to protect the pipeline is to bury them under the 
seabed. Obtaining the minimum burial depth is a significant design aspect due to the 
dependency of the project cost and the uncertainties with the ice gouging features. A deep 
understanding of ice gouge process is needed to find the best burial depth, and it can be gained 
through proper modeling of this event. During the last two decades, many studies have been 
conducted on both cohesive and cohesionless soils to improve the offshore industries’ prospects 
on ice gouging characteristics [1,2].   

 
Figure 1: Ice gouging process and subgouge deformation 

The conventional Mohr-Coulomb (MC) soil model considers the constant friction and 
dilation angles for the numerical modeling of the ice gouging in the sandy region; however, it 
does not consider the non-linear stress-strain characteristics of dense sand such as non-linear 
pre-peak hardening, post-peak softening, effects of density and confining pressure [3], and the 
type of shearing (triaxial or plane-strain condition) [4]. These simplifications cause inaccuracy 
in the predicting of the soil behavior within the gouging area.  

In this study, a set of key aspects from some developed non-linear models were employed 
by a simplified approach to studying all the non-linear behavior associated with dense sand in 
an ice gouging event [e.g., 4,5]. A Coupled Eulerian-Lagrangian (CEL) model was developed 
in ABAQUS/Explicit to simulate the ice gouging process, and the soil model was tailored in a 
user-defined subroutine (VUSDFLD). In each time increment, the ABAQUS called the 
subroutine to update the shear strength parameters of the seabed through using accumulated 
plastic shear strain, loading condition, density and confining pressure.     

The results of MC and Modified Mohr-Coulomb (MMC) models were conducted and also 
by published experimental investigations [6]. The outputs show that the MC model is not able 
to capture the results accurately and overestimated the sub gouge deformation, frontal mound, 
and the keel reaction forces. The MMC model fully captured the soil response and solved the 
problem of overestimation of the MC model, and its results were also well close to the test. The 
cyclic response of the keel was also captured which has been stated in the experimental results 
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and was not reported in any other previous numerical simulations in the past. 

2 NUMERICAL MODELING 
In this study, the free field ice gouging analysis was conducted using finite continuum 

element (FE) analysis. These type of research has been proven to be valuable in order to 
understand the soil behavior under the ice gouging load and then applying this behavior to the 
pipeline by using simple beam spring method to investigate the critical aspects of design [7-
13]. Although this model is computationally effective, it suffers from the superposition errors 
and directional load decoupling influences during the discretized soil media [14].  

ABAQUS/EXPLICIT has proven to be a powerful tool in capturing large deformation 
behavior of soil under the ice gouging load [15]. In this study, a half-space ice/soil model was 
simulated. The dimension of the soil media is 76 × 22 × 40 m which are respectfully length, 
width and height. The seabed was implemented in Eulerian domain, and the boundaries of this 
domain were considered large enough to prevent any boundary effect and also allowed the 
material to flow freely inside the Eulerian body. The 8-noded linear reduced integration 
hexahedral elements were used for meshing the Eulerian part.  

 
Figure 2: The constructed FE model configuration 

The ice keel was modeled as a rigid body [16]. The void part in Figure 2 was considered to 
allow the material to move within the Eulerian mesh. Unlike the Lagrangian mesh, the nodes 
are not attached to the Eulerian mesh and material is able to move inside the mesh without 
distorting the mesh. The ABAQUS built-in “general contact” was used to simulate the ice/soil 
interaction. This feature of ABAQUS captures any contact between the Lagrangian body (ice) 
and Eulerian domain (soil) in a CEL model which enhance the accuracy of the model. The 
frictional behavior was defined as a penalty based contact with a friction coefficient of (μ) of 
0.7 (i.e., tan(φμ)). The parameter φμ is the ice/soil friction angle and varies between φ′P/2 
and φ′P of sand [17]. The “hard” pressure overclosure was used for normal surface contact. 
This feature controls the penetration of the slave body into the master body. Once the two 
surfaces become into contact, these relationships stop the tensile transfer at the interface of the 
contact surfaces [15].  

For using the CEL method, the velocity or displacement boundary conditions of the Eulerian 
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body should be restricted to prevent the mesh from moving. The ice was free just to move 
forward and the vertical displacement and rotation boundaries were secured. To consider the 
soil column pressure, the geostatic stress was employed to the model [18]. An initial geostatic 
condition was defined while the gravity load was applied to the whole model in the first step. 
This step is crucial to mitigate the instabilities that applying the gravity load may cause. In the 
second step, the ice moved horizontally forward. To avoid causing any dynamic effects for the 
model, the velocity of ice was increasing gradually in a small part of the time from zero to the 
velocity of the test and then advanced with the same velocity. A finer mesh was used in gouging 
affected area, and a coarse mesh was applied for another area to minimize the computational 
cost of the simulation. Different tracer sets were defined to record the soil displacement and 
subgouge deformation. Moreover, both 2D and 3D tracer particles were planted in the model to 
visualize the subgouge mechanism.  

3 SOIL MODEL 
One of the most important factors in ice gouging modeling is the soil model which is 

employed in the model [e.g., 19]. Regards to the cohesionless material, Mohr-Coulomb soil 
model was proved to be approximately accurate and able to capture the desired behavior; 
however, the ABAQUS built-in Mohr-Coulomb model utilizes constant friction (𝜑𝜑′) and 
dilation angle (𝜓𝜓) which result in unrealistic results and dilation. This excessive dilation can 
affect an ice gouging model significantly. The subgouge deformation, reaction forces and 
frontal mound which are the most important results of an ice gouging simulation are dependent 
on the friction and dilation angles. Therefore, in this study, a modified Mohr Coulomb model 
was adopted after Roy et. al, (2015) to overcome these problems. In this soil model, the pre 
peak, post peak softening behavior of sand was applied by increasing the friction angle from 
and initial value (𝜑𝜑′𝑖𝑖𝑖𝑖) to a peak value (𝜑𝜑′𝑃𝑃) and then decrease it to a critical value (𝜑𝜑′

C). The 
same thing also happens for dilation angle (𝜓𝜓) [5].  

Bolton (1986) has come up with an equation for peak friction angle after investigating 17 
sands sample [4]. 

𝜑𝜑′𝑃𝑃 − 𝜑𝜑′
𝐶𝐶 = 𝐴𝐴𝜓𝜓𝐼𝐼𝑅𝑅  (1) 

where 𝜑𝜑′𝑃𝑃 indicates the friction angle in the peak point and 𝜑𝜑′𝐶𝐶 is the critical friction angle. 𝐴𝐴𝜓𝜓 
is 3 for the triaxial condition and 5 for plain strain condition. 𝐼𝐼𝑅𝑅 = 𝐼𝐼𝐷𝐷(𝑄𝑄 − ln 𝑝𝑝′) − 𝑅𝑅 in which 
𝐼𝐼𝐷𝐷 is the relative density (𝐼𝐼𝐷𝐷 =  Dr(%) 100⁄ ) and in 0 < 𝐼𝐼𝑅𝑅 < 4, 𝑄𝑄 = 10 and 𝑅𝑅 = 1 are the 
best match to show the sand behavior [4]. 

As Bolton (1986) discussed, the peak dilation angle (𝜓𝜓𝑃𝑃) is related to the 𝜑𝜑′𝐶𝐶 and 𝜑𝜑′𝑃𝑃: 
𝜑𝜑′𝑃𝑃 − 𝜑𝜑′

𝐶𝐶 = 𝑘𝑘𝜓𝜓𝜓𝜓𝑃𝑃  (2) 

𝑘𝑘𝜓𝜓 is equal to 0.5 for the triaxial and 0.8 for plain strain conditions [4]. 

𝛾𝛾𝑃𝑃
𝑃𝑃 = 𝛾𝛾𝐶𝐶

𝑃𝑃( 𝑝𝑝′

𝑝𝑝′
𝑎𝑎

)𝑚𝑚 (3) 

𝛾𝛾𝑐𝑐
𝑃𝑃 = 𝐶𝐶1 − 𝐶𝐶2𝐼𝐼𝐷𝐷  (4) 

where 𝛾𝛾𝐶𝐶
𝑃𝑃 is the softening parameter and 𝑝𝑝′𝑎𝑎 is the atmospheric pressure. 𝑚𝑚, 𝐶𝐶1 and 𝐶𝐶2 are the 
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soil constant [5].  
Mobilization of 𝜑𝜑′ and 𝜓𝜓 have been conducted using the following equations: 

The A-B, D-E equations in Figure 3 are [5]: 

𝜑𝜑′ = 𝜑𝜑′
𝑖𝑖𝑖𝑖 + 𝑠𝑠𝑠𝑠𝑠𝑠−1 [(2√𝛾𝛾𝑃𝑃𝛾𝛾𝑃𝑃

𝑃𝑃

𝛾𝛾𝑃𝑃 + 𝛾𝛾𝑃𝑃
𝑃𝑃 ) 𝑠𝑠𝑠𝑠𝑠𝑠(𝜑𝜑′

𝑃𝑃 − 𝜑𝜑′
𝑖𝑖𝑖𝑖)] (5) 

𝜓𝜓 = 𝑠𝑠𝑠𝑠𝑠𝑠−1 [(2√𝛾𝛾𝑃𝑃𝛾𝛾𝑃𝑃
𝑃𝑃

𝛾𝛾𝑃𝑃 + 𝛾𝛾𝑃𝑃
𝑃𝑃 ) 𝑠𝑠𝑠𝑠𝑠𝑠(𝜓𝜓𝑃𝑃)] (6) 

The B-C, E-F equations in Figure 3 are [5]: 

𝜑𝜑′ = 𝜑𝜑′𝑐𝑐 + (𝜑𝜑′𝑃𝑃 − 𝜑𝜑′𝑐𝑐) 𝑒𝑒𝑒𝑒𝑒𝑒 {− (𝛾𝛾𝑃𝑃 − 𝛾𝛾𝑃𝑃
𝑃𝑃

𝛾𝛾𝑐𝑐𝑃𝑃
)

2

} (7) 

𝜓𝜓 = 𝜓𝜓𝑃𝑃 𝑒𝑒𝑒𝑒𝑒𝑒 { − (𝛾𝛾𝑃𝑃 − 𝛾𝛾𝑃𝑃
𝑃𝑃

𝛾𝛾𝑐𝑐𝑃𝑃
)

2

} (8) 

The most effective factors in cohesion less have been applied in this soil model which are 
density, confining pressure, and plastic shear strain. The soil samples show a nonlinear pre and 
post-peak softening behavior for sand which was employed in the current soil model. Figure 3 
shows this nonlinear behavior and how the relative density can affect it.  

 
Figure 1: Mobilized 𝜑𝜑′ and 𝜓𝜓 
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Table 1: Soil parameters for Mohr-Coulomb and developed model 

Parameters 
Values 

Mohr-
Coulomb 

Modified Mohr-
Coulomb 

φ′(°) φ′c =35 Eqs. 1-7 
ψ(°) 6 Eqs. 1-7 

Cohesion (kPa) 2 

Parameters of 
variation of 𝜑𝜑′ 

and 𝜓𝜓 

𝐴𝐴𝜓𝜓 3 [5] 
𝑘𝑘𝜓𝜓 0.5 [5] 
𝜑𝜑𝑖𝑖𝑖𝑖 29 [5] 
𝐶𝐶1 0.22 [5] 
𝐶𝐶2 0.11 [5] 
𝑚𝑚 0.25 [5] 

 
The soil model was coded in VUSDFLD user subroutine to apply the nonlinear variation of 

the 𝜑𝜑′ and 𝜓𝜓 with the plastic shear strain, mean effective stress, density. The stress components 
were called into the subroutine in each time increment using VGETVRM utility in the 
subroutine. Using the stress components, 𝑝𝑝′ was calculated and stored as the first field variable 
FV1. VGETVRM is not able to call the principal plastic strains; therefore, the VSPRINC utility 
was used to call the principal plastic strains and the maximum principal plastic strain was 
deposited as major principal plastic strain component (𝜀𝜀1

𝑝𝑝) and the minimum one was deposited 
as minor principal plastic strain component (𝜀𝜀3

𝑝𝑝). The plastic shear strain (𝛾𝛾𝑝𝑝) was calculated as 
𝛾𝛾𝑃𝑃 =  𝜀𝜀1

𝑝𝑝 −  𝜀𝜀3
𝑝𝑝 and stored as the second field variable FV2. The 𝛾𝛾𝑝𝑝 was calculated during the 

time of analysis and accumulated. In the input file, the mobilized 𝜑𝜑′ and 𝜓𝜓 were defined in a 
tabular table using the equation discussed before. During the analysis, this process happened in 
each time increment and the software updated the values of the 𝜑𝜑′ and 𝜓𝜓 [5]. Figure 4 shows 
the VUSDFLD process in ABAQUS/EXPLICIT.  

  
Figure 2: VUSDFLD in ABAQUS/EXPLICIT 
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4 FINITE ELEMENT MODEL VALIDATION 
The last step in a finite element modeling is to validate the simulation with experimental 

results or other published numerical models. To be able to compare the numerical model with 
the physical tests, the developed model must match the test in regards to the dimension, soil 
material, and ice condition. Therefore, the model described before was similar to the centrifuge 
tests conducted by Yang (2009) as part of the Pipeline Ice Risk Assessment (PIRAM) project 
that was used for validation [6]. The test parameters have been shown in Table 2.  

Table 2: The centrifuge tests parameters 

Parameters 
Values 

PIRAM P06 PIRAM 
P07 

Gouge Depth (m) 2.3 2.4 
Ice Velocity 0.11 m/s 0.55 m/s 

Dr % 50.8 %39 
Ice 

Keel 
Speed (m/s) 0.11 0.55 

Attack Angle 30° 
Young Modulus 

(MPa) 26 

Poisson’s Ratio 0.32 
Density (Kg/m3) 1455 1421 

   
The ice was planted in the centrifuge tests, and an initial mound was created by hand in front 

of it. In the numerical model, the exact thing happened which caused reaching to steady state 
sooner than penetrating to the ice down. Further, putting the ice in the gouge depth and applying 
an initial mound is also preventing the dynamic effects of pushing the ice down.  

5 RESULTS AND DISCUSSION 

Two comparisons between the conventional Mohr-Coulomb model and modified Mohr-
Coulomb model are shown in the following. The reaction forces and subgouge deformation 
were obtained as the most important output results commonly study in ice gouging process. The 
test results are also provided to show the consistency of the proposed model with the physical 
test results. 
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 (a) (b) 

Figure 3: The comparison of the subgouge deformation, a., test P06, b., test P07 

 
(a) 

 
(b) 

Figure 4: The comparison of reaction forces, a., test P06, b., test P07 
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Less subgouge deformation was observed in denser sand, and more subgouge deformation 
was seen in loser sand in MMC models which in all cases were in more consistency with the 
tests. Also, the reaction forces were smaller in both simulations and closer to the test. It can be 
concluded that the MC model overestimates the sand response to the ice gouging load (See 
Figures 5 and 6). The cyclic steady state is also seen in both tests and MMC models [6].  

There are other soil models that can solve the excessive dilation problem of Mohr-Coulomb 
model such as Norsand model. However, this soil model associated with many parameters and 
difficulties in technical methodology for applying these parameters. The MMC model proved 
to be time efficient, simple to use and accurate for large models like ice gouging.  

Figure 7 shows the excessive dilation caused by MC model in comparison to the MMC soil 
model. In addition, the current model predicts and visualizes the basal shear bands where the 
plastic shear strain is largely developed. This visualization cannot be conducted in a simple 
Mohr-Coulomb model in ABAQUS.  

 
(a) 

 
(b) 

Figure 5: Comparison of the dilation of Mohr-Coulomb and Modified Mohr-Coulomb in test P06, a., 
Modified Mohr-Coulomb model, b., Mohr-Coulomb model 

 
Figure 6: Tracer particles inside the developed model of the current model 
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The tracer particles were planted in the model as shown in Figure 8. These particles well 
show the trajectory of soil deformation from different views in the last stage of ice gouging in 
the current model.  

6 CONCLUSION 
Finite element analysis of the free field ice gouging in the sand was created. Coupled 

Eulerian-Lagrangian method was utilized for large deformation analysis. A modified Mohr-
Coulomb was adopted in tailored in a user-defined subroutine to update the friction and dilation 
angles with maximum plastic shear strain and effective stress. The model simulated the pre-
peak hardening and post-peak softening behavior of sand within the basal and other shear bands. 
The cyclic steady-state response of the keel was captured. It was concluded that the modified 
Mohr-Coulomb resulted in more accurate simulation and closer subgouge deformation and 
reaction forces to the physical experiments. This can lead to the less excavation and trenching 
depth requirement and therefore a more economical design. Further investigation is still 
conducting to study the performance of the model in coupled ice-soil-pipe interaction and the 
resultant stresses and strain in the buried subsea pipelines. 
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Abstract. In this study, raffinose-coated silver nanoparticles (Ag@Raff NPs) with narrow 
size distribution were synthesized by green ultrasound-assisted reduction method employing 
raffinose as both reducing and protecting reagent in alkaline reaction medium. UV-visible 
absorption spectrum of the light yellow aqueous nanoparticle dispersion showed surface 
plasmon resonance band at λmax of 411 nm. The electrostatic surface potential of Ag@Raff 
NPs was −47.2 ± 1.1 mV at pH 6.8. The polycrystalline solid product mainly consisted of 
quasi-spherical silver nanoparticles of mean diameter 27.2 ± 6.7 nm. Some polyhedral 
nanoparticles were also observed in the TEM micrographs. XRD analysis showed broad 
diffraction peaks with 2θ of 38.2, 44.4, 64.6 and 77.4 corresponding to the (111), (200), 
(220) and (311) planes, respectively, of the face-centered cubic (fcc) silver. 

The analytical method developed for Cr(III) and Cr(VI) determination consists of two 
steps: (i) Addition of Ag@Raff NPs dispersion to water sample, containing Cr(III) and 
Cr(VI). Cr(III) is selectively sorbed on the nanoparticle surface under optimized chemical 
conditions and determined by using ETAAS; (ii) Addition of Ag@Raff NPs dispersion to 
parallel water sample, containing Cr(III) and Cr(VI); Cr(VI) was in-situ reduced by ascorbic 
acid to Cr(III) and determined through the sensitive and selective optical response of 
Ag@Raff NPs at optimized ratios between the components and optimal contact time. The 
proposed method was successfully applied for chromium speciation in surface water samples. 

1 INTRODUCTION 
Chromium is an element found in rocks, animals, plants, water and soil [1]. Chromium and 

its compounds are used in variety industries – chemical, medical/health care industry, leather 
tanning, textile dyes, and metallurgical technologies [2]. The most common forms of 
chromium in the environment are the trivalent form Cr(III) (chromium oxide and chromium 
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sulphate) and hexavalent form Cr(VI) (chromium trioxide, chromic acid and dichromate) [3]. 
The trivalent chromium is nontoxic and it is involved in several biochemical processes: 
glucose metabolism, enzymes reactions, body fat decrease [2]. The hexavalent chromium is 
toxic to the most living organisms and could be the cause of lung-cancer, dermatitis, allergies, 
kidney-damage [2, 4]. For these reasons, the quantification of chromium is really important in 
the control of environmental pollution. 

Different methods have been developed for chromium detection: flame atomic absorption 
spectroscopy [5], graphite furnace atomic absorption spectroscopy [6], x-ray fluorescence 
spectrometry [7], chromatography [8], inductively coupled plasma, atomic emission 
spectrometry and inductively coupled plasma-mass spectroscopy [9]. Although these methods 
show high sensitivity and accuracy in the determination of total chromium, they are costly and 
time-consuming. 

Nanoparticles and nanomaterials have attracted great attention from scientists in recent 
years due to their unique physical and chemical properties. Aragay et al. has been presented a 
comprehensive review about macro-, micro-, and nanomaterial-based tools and strategies for 
detection of heavy metal in the environment [10]. The application of noble metal nanoparticle 
for drinking water purification from different types of contaminants (halogenated organics 
including pesticides, heavy metals and microorganisms) has been presented [11]. Zhang and 
Fang presented the recent progress of detection and treatment of persistent organic pollutants 
and heavy metal by using nanomaterials and analytical nanotechnology [12]. El-Ansary and 
Faddah elucidated the possibility of using nanoparticles functionalized with antibodies as 
markers for proteins in their review [16]. Starch-stabilized silver nanoparticles were 
synthesized and used for optical sensor of hydrogen peroxide [13]. Colorimetric methods 
based on metal nanoparticles are extremely attractive, because they are rapidly, low-cost and 
can be easily read out with the naked eye. Many examples for using of noble nanoparticles 
(gold and silver) for colorimetric detection of heavy metal ions (e.g., Hg(II), Pb(II), Cu(II)) 
have been reported [14]. Ravindran et al. has been presented excellent results for selective 
colorimetric sensing of cysteine in aqueous solutions using silver nanoparticles and a presence 
of Cr3+ [15]. Lai and Tseng used 5-thio-(2-nitrobenzoic acid) modified gold nanoparticles for 
sensing of Cr(VI) [3]. 

The aims of this study were: (i) synthesis and characterization of raffinose-coated silver 
nanoparticles and (ii) investigations on the possibility of their application as both effective 
sorbent for solid phase microextraction of Cr(III) from aqueous solutions and optical probe in 
LSPR based sensing system for quantitative, selective and sensitive determination of Cr(VI). 
Silver nanoparticles have been already explored as sorbents/colorimetric probes for metal ions 
determination, but their capabilities for chromium speciation are still not reported. 

2 MATERIAL AND METHODS 

2.1 Apparatus 
UV-Vis absorption spectra were recorded on an Evolution 300 spectrometer (Thermo 

Scientific, USA) within the 200–800 nm range using quartz cuvettes with 1 cm optical path 
length. High-purity water was used as a reference sample for background absorption. The 
formation of Ag@Raff NPs was further confirmed by X-ray diffraction (XRD). Briefly, 2 mL 
of Ag@Raff NPs dispersion (on portions of 100 μL) were placed on microscope glass and air-
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dried. The XRD patterns of the dried samples were determined using X-ray powder 
diffractometer (Siemens D500) equipped with CuKα radiation (λ = 1.54Å) in 2θ ranging from 
15°to 80°.The morphology and particle sizes were examined using a high resolution 
transmission electron microscope (TEM, JEOL JEM-2100 operating at an accelerating 
voltage of 200 kV). Volume of 5 μl Ag@Raff NPs suspension was placed on a carbon-
covered copper grid for TEM and air-dried. The histogram of Ag@Raff NPs size distribution 
and mean diameter of nanoparticles were determined by counting at least 200 nanoparticles 
from the different TEM images using Image J software. Some structural details of the 
nanoparticles were analysed using the high-resolution TEM image and SAED pattern. The 
zeta potential of nanoparticles was measured with a Zetasizer Nano ZS (Malvern) instrument. 

ETAAS measurements were carried out on AAnalyst 400 spectrometer (Perkin Elmer) 
under optimal instrumental parameters. A microprocessor pH-meter (Hanna Instruments, 
Portugal) was used for pH measurements. Shaver, model "BOECO OS-20", Germany and 
centrifuge model "K-1000" KUBOTA Corporation, Japan were used sorption experiments. 

2.2 Chemicals 
All chemicals used were of analytical-reagent grade and all aqueous solutions were 

prepared in high-purity water (18 MΩ, Millipore Corp., Milford, MA, USA). Silver nitrate 
(AgNO3, 99.8 %), sodium hydroxide (NaOH, 99 %), nitric acid (HNO3, 65 %), salts of the 
different cations studied (NaCl, KCl, MgCl2, CaCl2, Pb(NO3)2, ZnCl2, CuCl2, NiCl2, CdCl2, 
CoCl2, FeCl3) from Merck, Germany, pharmaceutical grade D-(+) raffinose from Alfa Aeszar, 
Germany were used. The stock standard solutions for Cr were: Cr(III), Spex Certiprep 1000 
mg/L in 2% HNO3 and Cr(VI) Spex Certiprep 1000 mg/L in H2O. Working standard solutions 
were prepared daily by appropriate dilution. 

2.3 Synthesis and characterization of raffinose-coated silver nanoparticles 
Raffinose-coated silver nanoparticles were prepared by one-step, one-phase “green” 

synthesis following the synthetic procedure described in our previous study [17]. Silver 
nanoparticles were obtained through a reduction reaction of silver nitrate with trisaccharide 
raffinose as both reducing and stabilizing agent in the presence of suitable sodium hydroxide 
amount as a reaction catalyst. Figure 1 shows the reaction scheme of preparation and coating 
of silver nanoparticles with raffinose. 

 

 

 

 

 

 

Figure 1. Reaction scheme for obtaining raffinose-coated silver nanoparticles 
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Briefly, 0.75 mL stock solution of AgNO3 (0.1 mol/L) were diluted with 60.75 mL high-
purity water and homogenised for 5 min in an ultrasonic bath (power 100 W, frequency 38 
MHz). After that, 7.5 mL raffinose aqueous solution (0.1 mol/L) were added and left for at 
least 15 min to form a complex under ultrasonic treatment. The reaction was started by 
addition of 6 mL NaOH aqueous solution (0.1 mol/L) and continued for 1 h at constant 
temperature (30±2 °C) in an ultrasonic bath to assure the homogeneous formation of the silver 
nanoparticles. A change of the solution color from colorless to pale brown and subsequently 
to yellow orange was observed, indicating nanoparticle formation. 

The as-prepared Ag@Raff NPs dispersion with Ag concentration 1×10-3 mol/L (110 mg/L) 
was kept in a dark glass flask at room temperature and was used in the following experiments 
without any purification. Prior to each experiment, Ag@Raff NPs dispersion was 
homogenized by an ultrasonic bath for 30 min. 

2.4 Evaluation of Ag@Raff NPs as a nanosorbent for the selective separation of Cr(III) 
and Cr(VI) species in aqueous solution 

Volumes of 0.25 mL Ag@Raff NPs dispersion and 1.25 mL solution, containing both 
chromium chemical species (100 μg/L Cr(III) and 100 μg/L Cr(VI)), were mixed in 2 mL 
centrifuge tube. pH value of the resulting solution was adjusted with 10 mol/L NH3 solution 
in the range 7-9. The analyte sorption was carried out under continuous stirring for contact 
time 0-30 min. The sample was centrifuged in ultra-centrifuge at 14 000 rpm. The effluent 
was decanted. The analyte, adsorbed on Ag@Raff NPs surface, was eluted/dissolved with 
0.050 mL c. HNO3 and diluted with 1 mL high-purity water. The Cr concentrations in the 
eluate (cel) and the effluent (csupernatant) were determined by ETAAS. The degree of analyte 
sorption was presented as D,% = [1- (csupernatant/cini)]100, where cini is the initial concentration 
of the metal ion in the sorption solution. 

2.5 Assessing the Ag@Raff NPs dispersion as an optical probe in LSPR based sensing 
system for Cr(VI)  

An aliquot of 200 μL Ag@Raff NPs dispersion and 1400 μL high purity water were 
consecutively added into a small quartz cuvette, followed by addition of 150 μL of 5×10-3 
mol/L solution of ascorbic acid. 500 μL The solution was vortexed for 30 s, and then 250 μL 
Cr(VI) solution with varying concentration were added and homogenized for 30 s. The 
concentration of Cr(VI) solution ranged from 1×10-6 mol/L to 1×10-4 mol/L. The pH of the 
solution was maintained in the range 3.5-4 with hydrochloric acid solution.  After contact 
time in the range of 0-30 min, UV-Vis absorption spectrum was taken in the wavelength 
range 300-800 nm. In order to investigate the sensitivity of colorimetric assay towards other 
ions, raffinose-coated Ag NPs were allowed to interact separately under the same conditions 
with 50 μmol/L solutions of alkali, alkaline earth, and transition-metal ions (separately for 
each ion). Resulting solutions were monitored by UV-Vis absorption spectroscopy. 

3 RESULTS AND DISCUSSION 

3.1 Characterization of raffinose-coated silver nanoparticles 
The optical properties of as synthesized raffinose-coated silver nanoparticles and after their 
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storage were examined by UV-Vis spectroscopy and shown in Figure 2. 

 
Figure 2. UV-Vis absorption spectra and photograph of raffinose-coated silver nanoparticles taken after 

nine-fold dilution of the aqueous dispersion immediately after synthesis, after one week, and after 2 months of 
storage 

UV-Vis absorption spectrum of fresh synthesized aqueous dispersion shows the presence 
of single, narrow and high-intensive localized surface plasmon resonance (LSPR) band with 
λmax of 411 nm, which indicates the formation of mainly spherical nanosized silver particles 
with a narrow size distribution [18]. The yellow color of silver nanoparticle aqueous 
dispersion (left in Figure 2) obtained by the synthesis procedure described is consistent with 
spectroscopic observation. Registered reproduction of the optical characteristics (wavelength 
of the surface-plasmon resonance peak and half-width of the band) after prolonged storage of 
aqueous nanoparticle dispersion indicates a high stability of raffinose-coated silver 
nanoparticles. The electrokinetic measurement of surface electrostatic potential (ξ) of silver 
nanoparticles shows a value of - 47.2±1.1 mV at pH 6.8, which is indicative of high 
electrostatic stabilization in addition to the steric nanoparticle stabilization due to the surface 
layer of raffinose. The negative value of ξ-potential is most likely due to the sorption of 
negatively charged oxidized forms of raffinose fragments (resulting from the alkaline 
raffinose degradation in the course of nanoparticle synthesis) onto nanoparticle surface [19]. 

The conclusion concerning the formation of silver nanoparticles with narrow size 
distribution and approximately spherical morphology (based on the shape and location of 
LSPR absorption band in the UV-vis spectrum of synthesized nanoparticle dispersion) is 
further confirmed by TEM/HRTEM observations (Figure 3a,b,c). TEM micrographs illustrate 
that quasi-spherical Ag@Raff NPs with narrow size distribution and average size of 27.2  
6.7 nm are obtained by the synthesis method developed. In addition to the nanospheres, some 
typical polyhedral nanoparticles (multiple twined nanocrystals) are also observed in the 
HRTEM images (Figure 3c). The diffused rings in SAED pattern of Ag@Raff NPs confirmed 
the polycrystalline nature of the synthesized nanoparticles (inset in Figure 3b). 

The crystallinity of raffinose-coated silver nanoparticles was confirmed by XRD analysis. 
The XRD pattern of Ag@Raff NPs (Figure 3d) showed four relatively broad diffraction peaks 
with 2θ of 38.2o, 44.4o, 64.6o, and 77.4o corresponding to the (111), (200), (220) and (311) 
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planes respectively, of the face-centered cubic (fcc) silver (PDF 04-0783). The relatively 
broad diffraction peaks ndicated either imperfect or fine nanocrystallite nature of the 
polycrystalline Ag@Raff NPs [20]. The results from XRD analysis are consistent with the 
SAED pattern obtained in TEM observations. Furthermore, the characteristic diffraction 
reflections of raffinose were not observed in the diffractogram of Ag@Raff NPs. This could 
be due to the formation of non-crystalline complexes of raffinose with silver nanoparticles 
[13]. The halo at reflection angles in the range 20-30° is due to the glass support, which used 
in the sample preparation. No impurity peaks were observed in the X-ray diffraction pattern of 
silver nanoparticles synthesized. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3. (а, b) TEM micrographs at different magnifications (insets: size distribution histogramme and SAED  
pattern, respectively); (c) HRTEM micrograph, and (d) X-ray diffraction pattern of Ag@Raff NPs 

3.2 Optimization of extraction parameters of Ag@Raff NPs toward Cr(III) 
Effect of pH and sorbent amount 
The extraction efficiency of Ag@Raff NPs toward Cr(III) was examined at pH values in 

the range 6–9, achived with 10 mol/L NH3 solution, applying the sorption procedure 
described in Section 2.4. The results presented in Figure 4a show that quantitative sorption of 
Cr(III) is achieved at pH 8-9, whereas the sorption degree of Cr(VI) is 2%. Most probably, the 
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retention of Cr(III) is a combination of electrostatic attraction between the positively charged 
ammonium complexes of Cr(III) (formed in the presence of ammonia solution) and the 
negatively charged raffinose-coated silver nanoparticles, with further complexation between 
the analyte and the deprotonated functional groups of raffinose, while the negatively charged 
Cr(VI) species remain in the solution. This assumption is confirmed by the negative values of 
ξ-potential of silver nanoparticles at pH 7–9: −48.8 ± 1.5 mV (pH 6.9); −47.2 ± 1.1 mV (pH 
7.8); −47.0 ± 1.9 mV (pH 8.8). 

In a neutral, pH 7, or slightly acidic environment, pH 6, the resulting sorption degree is 
lower - about 70% or 10%, respectively. Probable reason for this drastic reduction in Cr(III) 
sorption degree below pH 7 is the electrostatic repulsion between the complexes 
Cr(H2O)5(OH)2+ or Cr(H2O)4(OH)2

+ (which are the predominant chemical forms of Cr(III) 
under these conditions [21]), and the partially protonated, positively charged functional 
groups of raffinose [22], in combination with a limited complexation potential of chromium, 
due to the inertness of its complexes (Cr(H2O)5(OH)2+ and Cr(H2O)4(OH)2

+). The 
insignificant Cr(VI) sorption, registered at the optimal pH 8.5 for Cr(III) sorption (achieved 
with ammonia solution), demonstrates the potential of Ag@Raff NPs to be used as an 
effective nanosorbent for chromium speciation analysis of water samples. 

The experiments, performed with different amounts of Ag@Raff NPs (between 10 and 45 
μg Ag as nanoparticle aqueous dispersion), showed that 22 μg Ag, contained in 0.2 mL 
Ag@Raff NPs dispersion, is the optimal silver amount for quantitative Cr sorption. The 
Cr(III) sorption with lower or higher volume of Ag@Raff NPs was below 80%, in the first 
case due to the lower density of negative charges, and in the second case most probably due to 
the blocking of raffinose functional groups. 

Sorption kinetics 
The sorption kinetics of both Cr(III) and Cr(VI) on the raffinose-coated silver 

nanoparticles was studied for time period of 2–40 min at pH 8.5 (procedure in Section 2.4). 
The samples were shaken on a shaking machine. As can be seen from the results presented on 
Figure 4b, at least 0.5 h is necessary for selective and quantitative sorption (> 99 %) of Cr(III) 
on the surface of Ag@Raff NPs,while Cr(VI) remains quantitatively in the solution. 
Relatively rapid sorption is most likely associated with the high nanoparticle contact surface 
in the aqueous dispersion. 

Experiments for the influence of sample volume on the sorption degree of Cr(III) and 
Cr(VI) were performed with sample volume ranged between 10 and 50 mL using 0.2 mL 
Ag@Raff NPs dispersion. The experimental results defined 20 mL as an optimal sample 
volume ensuring a selective separation of both Cr species for 0.5 h sorption time. The 
adsorption capacity, achieved under these chemical conditions, is 10 mmol Cr(III)/mg 
sorbent. This capacity is completely sufficient for retention and separation of Cr(III) even in 
relatively polluted surface and ground waters. 

Elution study 
The effect of eluent concentration (HNO3) on the Cr(III) desorption and regeneration of 

sorbent particles was studied at relatively soft conditions from 2 mol/L HNO3 to 4 mol/L 
HNO3, taking into account chemical instability of Ag@Raff NPs in acidic solutions. The 
results obtained showed that HNO3 with concentration 2 mol/L does not ensure a quantitative 
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elution of Cr(III), which does not allow complete nanoparticle regeneration for the next 
sorption cycle. More concentrated HNO3 ensures complete Cr(III) desorption (Table 1), 
however the nanoparticles partially dissolve and again are not suitable for next sorption cycle. 
Consequently, the synthesized Ag@Raff NPs are not recyclable and new sorbent amount has 
to be used for each sorption cycle of Cr(III). Taking into account the simple synthesis 
procedure, this fact just ensures application of fresh sorbent for each sorption cycle and thus 
reproducible degree of sorption on the fresh nanoparticle surface. 
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Figure 4. (a) Effect of pH on the degree of sorption of Cr(III) and Cr(VI) on Ag@Raff NPs (sample volume - 20 
mL; contact time - 60 min); (b) Kinetics of Cr(III) sorption on Ag@Raff NPs (sample volume - 20 mL; volume 

of Ag@Raff NPs dispersion – 0.2 mL) 

Table 1. Study of elution process of Cr(III), sorbed onto the surface of Ag@Raff NPs 

3.3 Optimization of chemical parameters for colorimetric detection of Cr(VI) using 
Ag@Raff NPs dispersion as optical probe 

Several parameters were investigated systematically in order to establish optimal 
conditions for the colorimetric detection of Cr(VI), in-situ reduced to Cr(III) by ascorbic ratio 
(AA), in the presence of Ag@Raff NPs. As a first step, the pH value was adjusted taking into 
account the analysis of real samples and their preservation. The experiments performed 
showed that pH about 4, achived by hydrochloric acid, ensured the highest sensitivity and 
could be accepted as an optimal sample medium. This acidity is obtained as a result of the 
following optimal volume ratios: 

V(Ag@Raff NPs dispersion, mL):V(Cr(VI) standart solution, mL):V(АА solution, mL) = 0.20:0.25:0.15 
In order to evaluate the optimal contact time, the kinetic of interaction between Ag@Raff 

NPs and in situ obtained Cr(III) by chemical reduction of Cr(VI) with ascorbic acid in a 
hydrochloric acid aqueous solution (pH 4), was followed within half hour by measurements of 
UV-Vis absorbance. Typical evolution of UV-Vis absorbance spectrum with time, due to the 
interaction of Ag@Raff with 5×10-5 mol/L Cr(VI), in situ reduced to Cr(III), is shown in 
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Figure 5a. For comparison, the kinetics of interaction between Ag@Raff NPs and Cr(III) was 
also studied at the same conditions and presented in Figure 5b. 

 

 
 
 
 
 
 
 
 
 
 

 

Figure 5. (a) Evolution of UV-Vis absorbance spectrum of Ag@Raff NPs upon the addition of 5×10-5 mol/L 
Cr(VI) reduced to Cr(III) by ascorbic acid at pH 4, and (b) upon the addition of 5×10-5 mol/L Cr(III) 

It is seen that the sensor’s response toward Cr(VI) is significant during the first five 
minutes of the contact time and a negligible change in the absorption intensity of Ag@Raff 
NPs at λmax is observed over this time in the presence of Cr(III). This fact allows selective 
analytical detection of Cr(VI) species within only five minutes. This difference in the 
response kinetics of developed optical probe to a standard aqueous solution of Cr(III) on the 
one hand and to Cr(III) obtained in situ by reduction of Cr(VI) with ascorbic acid could be 
explained by the extremely high inertness of complex Cr(H2O)6

3+ in the standard solution. 
As a next step, the sensitivity and applicability of Ag@Raff NPs for quantitative 

determination of Cr(VI) were studied under the defined optimal conditions. The colorimetric 
response and LSPR band behavior were monitored as a function of Cr(VI) concentrations in 
the range of 1.0-11.5 µmol/L Cr(VI) (Figure 6a). As seen from the UV-Vis absorbance 
spectra (5-min contact time), a gradual decrease of the intensity of the characteristic plasmon 
band of the AgNPs at 411 nm is observed with increase of Cr(VI) concentration. In addition, a 
shoulder band appears at the wavelength range of 550–650 nm, which intensity increases 
accompanied by a slight blue shift along with decreasing intensity of the main plasmon 
absorbance band as a result of partial nanoparticle aggregation in the presence of freshly 
produced Cr(III) ions, which reaches varying degrees depending on the analyte concentration. 
This phenomenon is already reported and described as a change of the refractive index of the 
particles as a result of sorption of the positive Cr(III) produced by Cr(VI) reduction onto the 
negatively charged nanoparticle surface [23]. 

For quantitative determination of Cr(VI), the change of the intensity of LSPR band at 411 
nm upon the addition of analyte with various concentrations was estimated as a ratio At/𝐴𝐴0, 
where 𝐴𝐴0 corresponds to the intensity of absorbance maximum of blank Ag@Raff NPs 
dispersion (without Cr(VI)) and At corresponds to the intensity of absorbance maximum of 
Ag@Raff NPs 5 min after the addition of Cr(VI) standard solutions at optimized conditions 
(Figure 6b). A linear correlation exists between the relative values of absorbance maximum 
intensity and the concentration of Cr(VI) over the concentration range 2.5-7.5 μmol/L: 

Аr = 0.1019×c(Cr(VI)) – 0.1287  R2 = 0.9798 

a) b) 
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Figure 6. a) UV-Vis absorption responses of Ag@Raff NPs recorded 5 min after the addition of various 
concentrations of in-citu reduced Cr(VI) with ascorbic acid at pH 4; (b) Calibration curve 

3.4 Analytical application 
Analytical procedures for Cr speciation in surface waters was developed based on fast 

screening for Cr(VI) content using Ag@Raff NPs as efficient optical sensor or determination 
of both Cr(III) and Cr(VI) using selective sorption of Cr(III) on the sorbent Ag@Raff NPs 
and ЕТААS measurement. Model experiments performed with various types of surface 
waters (river, lake and mineral) spiked with Cr(III) and Cr(VI) showed insignificant influence 
of water matrix on both optical sensor response or the degree of sorption of Cr(III) on 
Ag@Raff NPs (recoveries achieved varied between 94-97%) as well as on the selectivity in 
the presence of Cr(VI). Detection of Cr(VI) by optical sensing is an efficient way for fast and 
simple on site evaluation of the content of Cr(VI) in surface waters (see Figure 7a). Limit of 
quantification achieved 1.9 μmol/L and relative standard deviation 3-5% fulfil the 
requirements for field studies for Cr(VI) content in surface waters. 

 
Figure 7. Schemes of analytical procedures for Cr speciation in surface waters: a) Ag@Raff NPs as selective 

sorbent for Cr(III) and b) Ag@Raff NPs as efficient optical sensor for Cr(VI) 

Reliable quantitative determination of both Cr(III) and Cr(VI) is possible using ETAAS 
measurements: Sorbent, 200 μL Ag@Raff NPs dispersion, was added to 10 mL water sample 
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and shaked for 30 min. Sample solution is centrifuged and Cr(VI) was measured in the 
effluate, sorbent is washed with distilled water and dissolved in 2 mL c. HNO3 (see Figure 
7b), where Cr(III) is measured by ETAAS. Analytical figures of merit as well as validity 
studies of developed method were shown in Table 2. As can be seen, very good agreement 
was achieved for the sum of Cr species determined by proposed SPE procedure with total Cr 
content measured by direct ICP-MS. The values of detection limit were 0.01 µg/L and 0.05 
µg/L for Cr(III) and Cr(VI), respectively; the relative standard deviation varied between 4-6 
% for both Cr species in the range 0.1-50 µg/L. 

Table 2. Analytical figures of merit and validity studies of developed method 

Parameter C (   ), µ /  C (  ), µ /  Total Cr (by ICP-MS) 
Maritsa river 4.8±0.2 0.82±0.06 5.73±0.06 
Iskar Dam 2.7±0.2 0.19±0.02 2.65±0.05 
Mineral water Bankia 0.15±0.03 <LOQ 0.16±0.01 

4 CONCLUSIONS 
- Raffinose-coated silver nanoparticles were successfully synthesized and their 

physicochemical characteristics were analyzed. 
- Promising applications of Ag@Raff NPs were demonstrated as both effective sorbent 

for solid phase microextraction of Cr(III) from aqueous solutions and as optical probe 
in smart LSPR based sensing system for quantitative, selective and sensitive 
determination of Cr(VI). 
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Abstract. The paper focuses on the development of an elementary Bayesian framework for the assess-
ment of damage occurrence from subspace-based indicators. The proposed method is tested on real data,
acquired by a complex monitoring system installed in a masonry monumental structure, the basilica of
Santa Maria di Collemaggio in L’Aquila, Italy. The procedure is calibrated on two sets of data, measured
from the façade accelerometers, before and after the CLT (Cross-Lam Timber) roof connection, inter-
preted as damage and reference states respectively. The application of Bayesian inference, based on two
different damage indicators, for the assessment of the façade’s structural modification, is presented and
compared with the results of the χ2-tests by Dohler et al. The issue of the choice of the reference data set
is further considered, providing a computation procedures for the built of a reference statistical model.

1 INTRODUCTION

The problem of detecting faults, interpreted as changes in the eigenstructure of a linear dynamical
system, has been investigated following various approaches [1, 2, 3, 4, 5, 6, 7, 8]. During the last two
decades there has been a growing interest in subspace-based linear system identification methods [9, 10].
Many have attempted to design fault detection algorithms based on subspace identification [11, 12, 6]. In
particular several damage detection tests, which do not require the computation of modal parameters, so-
called non-parametric damage tests, have been proposed [13, 14]. They compare output data measured
during the structure’s reference state to those coming from the possibly damaged state using a subspace-
based residual function [15].
Following Rytter [16], the ultimate goal of SHM is to determine the four levels of damage identification
at the earliest possible stage: (i) existence, (ii) location, (iii) severity of damage and (iv) remaining
useful life. According to [6], the vibration-based structural health monitoring (SHM) problem could be
considered as a double task problem; (i) detecting damages modelled as changes in the eigenstructure of
a linear dynamic system, (ii) and localizing the detected damages within a finite element model (FEM) of

1
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the monitored structure [6]. Besides, the assessment of the damage occurrence (1st task of both [16] and
[6]), by means of subspace-based damage detection tests, shows to be quite complex, if proper criteria
for the choice of the reference data are not adopted. Most vibration-based damage detection methods
can in fact acquire satisfactory verification on analytical or numerical structures, but they may encounter
problems when applied to real-world structures under varying environments [17, 18, 19].

In this paper, the performance of three damage indicators have been investigated against a masonry
structure, the Santa Maria di Collemaggio basilica in L’Aquila,Italy.

So far, the basilica has represented an important case of study [20, 21, 22, 23, 24, 25, 26, 27, 28, 29,
30, 31, 32, 33, 34, 35].
It is a Romanesque masterpiece characterized by a dense, fascinating history and construction phases,
which began in 1270, with many stratified interventions occurred across the centuries. The church, se-
riously damaged by the 2009 earthquake 1, was subjected to an extensive rehabilitation, ended in 2017.
The observed seismic behaviour was characterized by the presence of specific damage patterns as well
as collapse mechanisms in well-defined parts of the structure [36, 37]: the damage was in fact mainly
related with the collapse of structural portions (macro-blocks), principally due to the lack of stiff floors
able to provide diaphragmatic action, the so-called “box behaviour” [38].

The use of dynamic-based methods to detect the damage on this type of structures is an attractive,
but complex tool [39]. Many methods and applications have been presented in the literature for damage
identification based on vibration data, see e.g. [40, 41, 42, 43, 44, 45, 46, 47], but there are only a few
papers related to masonry-like structures [39, 48]. Damage indicators reliability is highly affected by the
lack of a thorough mechanical interpretation as well as by the sensitivity to damage severity, localization
and variations in the excitation conditions: in fact, in a no-damage situation, which acquisition should
be the most qualified candidate to represent the reference condition, under varying operational environ-
ments? It has been attempted to overcome the problem of the reference choice, by means of a general
statistical model, detailed in the following sections.

The paper is organized as follows: in the first section an overview about subspace-based damage
detection tests, implemented in the paper, is presented; in the second section an elementary Bayesian
framework is outlined; In the third section the monitoring system in the Santa Maria di Collemaggio
basilica is briefly described; In the last sections the application of Bayesian inference, based on two
different damage indicators, for the assessment of the façade’s structural modification is presented and
commented.

2 DAMAGE DETECTION TESTS

Subspace-based damage detection tests, implemented in the current paper, are briefly reviewed.

2.1 State space representation

State-space representation for output-only vibration-based structural monitoring corresponds to the
following discrete time model

xk+1 = Axk + vk
yk =Cxk +wk

(1)

1On April 6th, 2009, at 3:32 a.m. an earthquake (Richter Magnitude 5.9) struck L’Aquila (Central Italy): 309 victims,
65,000 displaced people. More than 10 billion Euro of estimated damage, about 100 churches uninhabitable for the major
collapses, along with thousands of historic buildings in the old town centres.

2
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with the states xk ∈ Rn, the outputs yk ∈ Rr , the state transition matrix A ∈ Rn×n and the observation
matrix C ∈ Rr×n, where r is the number of sensors and n is the system order. The excitation vk is
an unmeasured Gaussian white noise sequence with zero mean and constant covariance matrix Q =
E(vkvT

k ) = Qδ(k− k′), where E (·) denotes the expectation operator and wk is the measurement noise.

2.2 Residual matrices

In [5, 49] a residual function was proposed to detect changes in the system’s eigenstructure from
measurements yk, without actually identifying the eigenstructure in the possibly damaged state. The
considered residual is associated with a covariance-driven output-only subspace identification algorithm.
Let G = E(xk+1yT

k ) be the cross-covariance between the states and the outputs, let Ri = E(ykyT
k−i) =

CAi−1G be the theoretic output covariances and

Hp+1,q =




R1 R2 . . . Rq

R2 R3 . . . Rq+1
...

...
. . .

...
Rp+1 Rp+2 . . . Rp+q


= Hank(Ri) (2)

be the theoretic block Hankel matrix. Using measured data (yk)k=1,...,N , a consistent estimate Ĥp+1,q is
obtained from the empirical output covariances:

Ri =
1
N

n

∑
k=1

ykyT
k−1 (3)

Hp+1,q = Hank(Ri) (4)

The residual function, originally proposed by [5, 49], compares the system’s undamaged or reference
state with the damaged or current one. The considered residual matrix writes

Rc = Ŝ
T

Hp+1,q (5)

where Ŝ
T 2 is the left null space of the block Hankel matrix Hp+1,q in the reference state and Hp+1,q is

the covariance block Hankel matrix in the current one.

In practice, the excitation covariance Q may change between different measurement sessions of the
system due to different environmental factors, while the excitation is still assumed to be stationary during
one measurement. A change in the excitation covariance Q leads to a change in the cross-covariance
between states and outputs G and thus in the Hankel matrix. Dohler et al. [14, 15] proposed a new
residual, which is robust to changing excitation. Let U1 be the matrix of the left singular vectors obtained
from an SVD of Hp+1,q. As U1 is a matrix with orthonormal columns, it can be regarded as independent of
the excitation Q, which qualifies its use for a residual function, that is robust to changes in the excitation
covariance. Then, the residual matrix writes

Rr = Ŝ
T
U1 (6)

2The system parameters in terms of eigenvalues and eigenvectors in the reference and current states are respectively θ0 and θ.
[13] proposed a non-parametric version of the damage detection test, adopted in the current paper,where the system parameters
θ0 do not need to be known explicitly in the reference state. Instead of using the null space S(θT

0 ) on the parameterized

observability matrix [5, 49], an empirical (non-parametric) null space
−
S is computed on an estimated block Hankel matrix from

data in the reference state using e.g. an SVD.

3



1798

angelo.aloisio1@graduate.univaq.it, luca.diba@gmail.com, riccardo.cirella@graduate.univaq.it,
rocco.alaggio@univaq.it, elena.antonacci@univaq.it, massimo.fragiacomo@univaq.it

As stated by [15], other residual matrices (see (5)) are not ideal candidates for structural damage detec-
tion, since the amplitude of the residues, resulting from erroneous definition of the system order or the
amplitude’s excitation, may mask the residues variation due to small structural damages.

2.2.1 Dohler et al. non parametric damage detection tests

Following a procedure used by Basseville et al. [5] and Fritzen et al. [50], the residual matrix (5), is
rearranged in a vectorial form. The formulation adopted by [13] is followed3:

ξQ
N =

√
Nvec(Ŝ

T
U1) (7)

The index Q of the residual vector ζQ
N indicates the excitation covariance of the system, corresponding to

the measured data (yk)k=1,...,N used for the computation. It is tested if this residual function is significantly
different from zero. A non-parametric test to decide if ξQ

N is significantly different from zero or not,
following the one reported by [13], is adopted by [14] for the new robust residual matrix. The mentioned
non-parametric test boils to the following χ2-test:

γ̂2
N = (ξ̂Q

N)
T Σ̂−1

ξ (ξ̂Q
N) (8)

which should be compared to a threshold and where Σ̂ξ is a consistent estimate of the asymptotic covari-
ance of ξQ

N . The computation of the Σ̂−
ξ 1 matrix is a numerically critical issue, as it involves the inversion

of big low-rank matrices.

2.2.2 Yan et al. damage detection tests

Yan [15], clinging to the geometric interpretation of the residual matrix, as expression of a loss of
orthonormality, proposed a damage indicator given by the maximal singular value of the matrix Rr

−
σ

2

N = norm(Rr) (9)

where norm(.) is an operator giving the maximal singular value of a matrix.

3 BAYESIAN UPDATING

An elementary Bayesian framework is outlined in order to interpret results from damage detection
tests.

Generally, the lack of a structural model does not allow an a priori definition of damage indicators
thresholds, however, even without any information about the structure, the occurrence of damage or
more properly of a structural modification could be assessed anyway. The deviation between the statis-
tical model, representative of the indicators reference population, and that of the current population is
in fact a sort of marker of the occurrence of a structural modification. In order to assess such deviation
between the current statistical model and the reference one, over time, using incoming measurements,
continuous Bayesian updating may be implemented.

Theoretically, for an overall appreciation of the modification of the statistical reference model over
time, a number of thresholds IT

4 could be defined with respect to certain probabilities of exceeding
3vec denotes the vectorization operator.
4The indicators thresholds IT do not correspond to Damage Limit States or Damage thresholds.

4
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(pE) the probability distribution of the indicators reference population. pE may change over time as the
number of measurements increases: the (pE-incoming measurements) curve will provide information
about the effectiveness of the reference statistical model in predicting the current indicators statistics.
Rates of change and the slope of such curve could be interpreted as markers of the deviations from the
reference model, which may converge towards other statistical representations.

3.1 Multiparameter Bayesian updating

The issue of Bayesian updating damage detection tests may fall into the problem of updating normal
distributions with unknown mean and variance, assuming the variance as a nuisance parameter. Let Id
be a certain damage indicator, the a priori or reference probability distribution writes

p(Id) = N(µ0,σ2
0) (10)

Suppose a sample of independent and identically distributed damage indicators in both the reference and
damaged state is measured, yi = (yi,1, . . . ,yi,n0) dim(yi) = n0×1 and yd = (yd,1, . . . ,yd,n) dim(yd) = n×1
respectively, where the first represents initial information, I, and the latter actual data, D. Let σ2 be the
unknown damage indicator variance. The joint posterior density of Id and σ2, given initial information I
and actual data D, may be factored in [51]

p(Id ,σ2|D, I) ∝ p(Id ,σ2|I)p(D|Id ,σ2) (11)

where p(Id ,σ2|I) is the joint prior density and p(D|Id ,σ2) the likelihood function. The population mean,
Id , could be assumed as the estimand of interest, and so the objective of Bayesian analysis is the marginal
posterior distribution of Id , which can be obtained by integrating the joint posterior density over σ2.

p(Id |D, I) ∝
∞∫

0

p(Id ,σ2|I)p(D|Id ,σ2)dσ2 (12)

The cumulative probability associated to the occurrence a certain damage indicator threshold, given
initial information and actual data, writes

p(Id > IDLS|D, I) ∝ 1−
IDLS∫

−∞

∞∫

0

p(Id ,σ2|I)p(D|Id ,σ2)dσ2dId (13)

As reported in Appendix A, the joint prior density could be factored in the marginal distribution of σ2,
which is scaled inverse-χ2, and the conditional distribution of Id given σ2, which is normal. Given the
normal likelihood, the marginal posterior density is a t-distribution with the following parametrization
[51]

p(Id > IDLS|D, I) ∝
IDLS∫

−∞

p(Id |D, I)dId

=

(
1+

kn(Id −µn)
2

νnσ2
n

)(νn+1)/2

=

IDLS∫

−∞

tνn(Id |µn,σ2
n/kn)dId

(14)

5
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where µn = k0
k0+n µ0 +

n
k0+n

−
yd ; νnσ2

n = ν0σ2
0 + (n− 1)s2 + k0n

k0+n(ŷd − µ0)
2; kn = k0 + n; k0 = n0; µ0 =

1
n0

∑n0
i=1 yi,i; σ0 =

1
n0−1 ∑n0

i=1(yi,i −µ0)
2; ν0 = n0 −1; ŷd = 1

n ∑n
i=1 yd,i; s = 1

n−1 ∑n
i=1(yd,i − ŷd)

2;

The issue of Bayesian updating the damage indicators PDF in the reference state, given the actual
possibly damaged state, represents the well-known problem of updating normal data with a conjugate
prior distribution. By means of Bayesian inference, the prior state of knowledge about the presence of
structural damage is updated and quantified in the light of actual data (14).

As new damage indicators are computed from incoming measurements, the sole likelihood function
is affected. It follows that the sole mean, ŷd , and variance, s, are continuously updated. Continuous
Bayesian estimation is the extension of (14) using incoming measurements. Let Dk+1 be the set of actual
data up to the (k+1)-th measurement.

p(Id ,σ|Dk+1, I) ∝ p(Id ,σ|I)p(Dk+1|Id ,σ)
= p(Id ,σ|I)p(Dk|Id ,σ)p(yd,k+1|Id ,σ)

(15)

As the likelihood function does not change except for its parameters, the continuous update of the
marginal posterior distribution is obtained by updating the t-distribution parameters. The probability
of exceeding a certain threshold writes

p(Id,k > IDLS|Dk, I) ∝ 1−
IDLS∫

−∞

p(Id,k|Dk, I)dId,k

=

IDLS∫

−∞

tνn(Id,k|µk,σ2
k/kk)dId,k

(16)

where µk =
k0

k0+k µ0 +
k

k0+k
−

yd,k; νkσ2
k = ν0σ2

0 +(k− 1)s2
k +

k0k
k0+k (ŷd,k − µ0)

2; kk = k0 + k; k0 = n0; µ0 =
1
n0

∑n0
i=1 yi,i; σ0 =

1
n0−1 ∑n0

i=1(yi,i −µ0)
2; ν0 = n0 −1; ŷd,k =

1
k ∑k

i=1 yd,i; s = 1
k−1 ∑k

i=1(yd,i − ŷd,k)
2;

4 MONITORING SYSTEM

A permanent monitoring system was installed in the Santa Maria di Collemaggio basilica. The system
consists of a network of sensors, supported by a service platform, which synchronizes, interrogates,
transmits ad manages the alarms from the different sensors.
The monitoring system acquires data from the sensors, according to two possible recording patterns: (i)
following a time schedule or (ii) when a certain acceleration threshold is exceeded. The installed sensors
are of two types, the ones for the measurement of dynamic quantities, the others for the measurement of
static quantities5, Fig.1.
Both low-intensity tremors and strong-motion earthquakes can be effectively recorded.

5 APPLICATION OF DAMAGE DETECTION TESTS

A set of damage indicators is tested: accelerometric data from the façade macroelement, correspond-
ing to two different structural conditions, have been compared: a first data set, recorded before the CLT-
roof was connected to the façade, is assumed as the actual or damaged state; A second data set, recorded

59 potentiometers crack measurement devices, 78 FBA accelerometers (2 triaxial 12 biaxial and 48 monoaxial), 14 incli-
nometers and 5 temperature/humidity sensors have been installed

6
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(a)

(b)

Figure 1: (a) Monitoring system layout, (a) monoaxial FBA (Force Balance Accelerometer), (b) biaxial FBA, (c)
triaxial FBA, (d) inclinometers, (e) crack monitoring device, (f) temperature and humidity sensor; (b) Layout of
the façade FBA;

7
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after the CLT-roof was connected to the façade (Fig.2), is assumed as the reference or un-damaged state.
21 and 162 acquisitions, recorded from the façade FBA accelerometers, have been used as a first and

(a) (b) (c)

Figure 2: Detail of the connection between the facade and the CLT roof; Sketch of the roof-facade interaction
before and after the connection, (a) and (b) respectively; Picture of the connection (c).

second data set. Three damage detection tests are implemented, the first (17) is from Yan et al. [15], the
second (18) is the square of the Euclidean norm of the residual vector, the third (19) is the χ2-test itself
[14].

Id,Y = σ̂2
N = norm(Rr) (17)

Id,D = (ξ̂Q
N)

T (ξ̂Q
N) (18)

χ2-test = γ̂2
N = (ξ̂Q

N)
T Σ̂−1

ξ (ξ̂Q
N) (19)

5.1 Damage Indicators computation

Two different methods are followed for the computation of the reference and damage population of
the three damage indicators. Let n0 be the number of recordings during the un-damaged state and n the
number of recordings during the damaged state.

• The first criterion assumes as reference population the indicators from all possible cross-comparison
between data acquired during the reference condition, excluding self comparisons. The size of the
reference population will be n0(n0−1)= 26082, while that of the damaged one will be nn0 = 3402;

It means that, following such criterion, every actual or damaged recording should be compared
with all reference acquisitions.

• A sole recording is assumed as reference data set. The size of the reference population will be
n0 −1 = 161, while that of the damaged one will be n = 21;

The first computation method comes from the assumption that the choice of a reference data set is ex-
tremely difficult and critical. It is often complex to discriminate changes in structural systems response,
caused by damage, from those caused by environmental factors, whose effects might cover the actual
presence of damage. Therefore, an effective damage detection procedure is required to be not only sen-
sitive to damage but also insensitive to varying operational environments [17]. Acquisitions, recorded
under different environmental conditions, will produce in fact a varied reference population. A way to in-
clude the environmental effects and to monitor the actual presence of damage in dynamic systems could
be achieved by means of the proposed first criterion, since the variability of the indicator is embraced by
the reference statistical model.
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The second criterion may be considered more standard, since all data are compared with a single
reference, accurately chosen according to disparate criteria [17, 41]. The results of the two computation
methods are reported and compared in the following subsections.

5.2 First method

Following the first computation method two sets of damage indicators are evaluated, Fig.3. The verti-
cal line, in Fig.5(a), 5(b) and 5(c), divides the reference population from the actual or damaged one. The
Id,Y (17), Id,D (18) and χ2-test (8) visually belong to two different statistical models. The Id,Y (Fig.5(d))
population almost resembles a normal distribution, while that of Id,D (Fig.5(e)) is likely to gather around
two different values, as if two statistical models were behind the system’s dynamics. The χ2-test results
seems to fit a chi-squared distribution Fig.5(f). In Fig.4 the PDF and CDF from the two data sets are

(a) Id,Y (b) Id,D (c) χ2-test

(d) Id,Y (e) Id,D (f) χ2-test

Figure 3: (a)-(c)General trend of the results of damage detection tests; The vertical line separates the reference
population from the actual or damaged one; (d)-(f) Frequency histogram of the results of damage detection tests;
”R” stands for Reference population, ”D” for Damaged or Actual population.

reported: the curve (R) corresponds to the normal distribution associated with the reference population
p(Id,re f erence) = N(µ0,σ2

0) (10), the curve (D) indicates the normal distribution associated with the actual
or damaged population p(Id,damage) = N(ŷd ,s), the curve (B) indicates the marginal posterior density t-
distribution (14) given actual data (actual population) and initial information (reference population). The
t-distribution obtained from the Bayesian updating of the conjugate prior distribution, representative of
the reference population, shows a negligible deviation from the R curve. While the χ2-test results seem
to be very sensitive to the effects of the specific structural modification (Fig.3), the Bayesian treatment of
data is not very effective, given the position of the D curve, representative of the actual population: the
t-distribution seems to be reluctant to change. The causes are due to the different sizes of the reference
and actual populations, 26082 vs 3402 respectively. The larger the size of the reference population, the
larger the size of the damage population must be in order to significantly update the prior distribution.
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(a) Id,Y (b) Id,D (c) Id,Y (d) Id,Y

Figure 4: Results from the Bayesian updating of the reference population given the actual or damaged population
in terms of PDF (a)-(b) and CDF (c)-(d). The curve (R) corresponds to the normal distribution associated with the
reference population p(Id,re f erence) = N(µ0,σ2

0) (10), the red (D) indicates the normal distribution associated with

the actual or damaged population p(Id,damage) = N(
−
yd ,s), the curve (B) indicates the marginal posterior density

t-distribution (14) given actual data (actual population) and initial information (reference population).

A size reduction of the reference population will increase the ”reactivity” of the prior distribution to the
effects of a structural change. For these purposes a proper truncation of the reference population could
be adopted. Fig.5 shows the evolution of mean µ0 and variance σ0 of the reference population as the
number of samples increases: they converge towards a certain value; Thus the size of the reference pop-

(a) Id,Y (b) Id,D (c) Id,Y (d) Id,D

Figure 5: Evolution of mean µ0 and variance σ0 of the reference population as the number of samples increases.

ulation may be truncated as soon as the oscillation is contained within a certain threshold. The dotted
line represents the truncation threshold adopted in the current application. Fig.6 reports the results of

(a) Id,Y (b) Id,D (c) Id,Y (d) Id,D

Figure 6: Results from the Bayesian updating of the reduced reference population given the actual or damaged
population in terms of PDF (a)-(c) and CDF (d)-(f). The blue curve (R) corresponds to the normal distribution
associated with the reference population p(Id,re f erence) = N(µ0,σ2

0) (10), the red curve (D) indicates the normal

distribution associated with the actual or damaged population p(Id,damage) = N(
−
yd ,s), the pink curve (B) indi-

cates the marginal posterior density t-distribution (14) given actual data (actual population) and initial information
(reference population).
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the Bayesian updating from the reduced reference data set: the t-distribution markedly differs from the
statistical model of the reference population, approaching the red curve. Four dashed lines are drawn
over the probability distributions in Fig.6, corresponding to four thresholds arbitrarily chosen from the
reference distribution, µ0, µ0 +σ0, µ0 + 2σ0, µ0 + 3σ0 respectively. As new damage detection tests are
performed, the t-distribution (16) is updated, so that the probability of exceeding pE the indicator thresh-
olds, IT , changes with respect to the original pE corresponding to the reference population, Fig.7. The

(a) Id,Y (b) Id,D

(c) Id,Y (d) Id,D

Figure 7: General trend of the probability of exceeding pE four indicators’ thresholds, reported in the legend,
using incoming damage tests results (Id1 = µ0, Id1 = µ0 + σ0, Id1 = µ0 + 2σ0, Id1 = µ0 + 3σ0). In (a)-(b) all
damage indicators are representative of both the reference and actual condition, sequentially concatenated, in
order to simulated a chronological evolution, while in (c)-(d) damage indicators are representative of the sole
actual condition.

occurrence of a structural modification is significantly manifested by the Id,Y and Id,D indicators, Fig.7:
a sudden change in the curve’s slope testifies the occurrence of a modification of the statistical model
representative of the actual condition under test. In order to amplify the effects of a structural modifi-
cation, an approximation of the first derivative of (16) is estimated, Fig.9(c)-(d): the peaks manifest the
occurrence of the structural modification.

5.3 Second method

Following the second computation method two sets of damage indicators are evaluated. Between
the 162, the results from the tests referred to the 53rd reference acquisition, which best manifests the
occurrence of damage, are reported in Fig.8: the results are shown in terms of the general trend of the
indicators values, sequentially concatenated, in addition with the curves, which track the statistical model
evolution from incoming measurements (16). The Id,Y and Id,D indicators seem to be less sensitive to the
specific damage, Fig.10(d)-(e). There is not a marked variation in the curve’s slope, as in Fig.9(a)-(b). A
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satisfactory performance emerges from the χ2-test results, although the population’s size in the damage
state is too small to obtain a significant plot of the frequency distribution, Fig.10(f).

(a) Id,Y (b) Id,D (c) χ2-test

(d) Id,Y (e) Id,D (f) χ2-test

Figure 8: General trend of the results from damage detection tests, assuming the 53rd acquisition as reference
data set (a)-(c); The vertical line separates the reference population from the actual or damaged one; In (d)-(e)
the evolution of the probability of exceeding pE four indicator thresholds, described in the legend (Id1 = µ0,
Id1 = µ0 +σ0, Id1 = µ0 + 2σ0, Id1 = µ0 + 3σ0), from incoming measurements (reported on the horizontal axis),
starting from the pE in the normal distribution representative of the reference population; In (f) the frequency
histogram of the results of the χ2-test; ”R” stands for Reference population, ”D” for Damaged or Actual population.

5.4 COMMENTS

• In real case applications, the use of the robust residual (6) may not provide independence from
ambient factors; The variability in the excitation conditions, between different measurement ses-
sions, may not be modelled as a change in the covariance of a random Gaussian process. If the
independence from operational environments is not obtained from the robust residual, it should
be statistically achieved. The first method proposed for the building of the reference population
attempts to capture all the variability of damage detection tests, induced by operational conditions,
alternatively assuming each recording as a possible reference state. The so-built reference popu-
lation will be represented by a statistical model, which may be more stable, since all the results
variability may have been experienced in a first step. Hence any discrepancy from the reference
statistical model could be more likely attributed to structural modifications, in successive analysis.
For these reasons, the first method, proposed for the choice of the reference population, could to
be more effective in detecting structural modifications, Fig.8 and Fig.9. Besides the Id,D indicator,
Fig.8(b), in the reference state, seems to be more stable than the Id,Y , Fig.8(a).

• The χ2-test, which was validated by Dohler et al. [14], seems to be effective in detecting the
specific structural modification in a masonry structure despite the varying environmental factors.
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Theoretically, the second computation method, for the estimate of the reference population, may be
considered more rigorous, since each recording is compared with a single acquisition, assumed as
reference state; However the χ2-test may benefit from the first computation method: the cross com-
parison between all data in the reference state explores all possible variability of the test results,
thus accounting for varying environments in the built of an empirical chi-squared distribution.

• In the presented statistical framework, reference data, represented by the conjugate prior distri-
bution, are not updated from incoming measurements. They express in fact a certain structural
condition, estimated during a specific reference time interval. Actual data are instead continuously
updated from incoming measurements: the sole likelihood function is affected by the continuous
model updating.

• Other damage detection tests could be alternatively derived from the residual matrix and effec-
tively implemented in the proposed Bayesian framework. The statistical treatment of data is not
embedded in the damage test itself, as in the χ2-test, but it is achieved a posteriori, by manipu-
lating data coming from an arbitrary indicator built on the residual (6). Non intrinsically robust
indicators may acquire insensitivity to environmental factors by means of the proposed method.

• As only 21 acquisitions were recorded, before the CLT roof connection, the convergence of the
test results towards the statistical model, representative of the damage state, cannot be fully appre-
ciated.

• The proposed elementary Bayesian framework could represent an effective tool in tracking the
evolution of a statistical reference model, for the purposes of SHM.
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7 CONCLUSIONS

An elementary Bayesian framework based on subspace-based damage detection tests is applied to
a masonry structure, the Santa Maria di Collemaggio basilica, severely injured by the 2009 earthquake
of L’Aquila, where a monitoring system is installed. So far, few damage detection methods have been
proved to be effective for real-life structures owing to the fact that most of the existing damage features
or indices are not immune to the field environmental effects that are more complicated than those ap-
pearing in analytical or well-controlled laboratory studies. An application of three damage detection tests
is shown. Two computation methods, for the choice of the reference population of damage indicators,
support an elementary Bayesian framework, which drives the comparison between two different data
sets, representative of two structural conditions. The first method (i) assumes as reference population
the indicators from all possible cross-comparisons between data, acquired during the reference condi-
tion, excluding self comparisons. In the second method (ii) a sole recording is assumed as reference
data set. The first method seems to be more effective in assessing the occurrence of a specific structural
modification (lack of the CLT roof connection to the basilica’s facade). It is likely that the cross compar-
ison (i) between all reference data could account for the variability of environmental factors, making the
damage detection test more robust to varying operational environments. The occurrence of a structural
modification is detected from the curve, which shows the probability of exceeding certain numerical
values of the indicators, as new damage detection tests are performed from incoming measurements.
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The change in the curve’s slope marks the occurrence of a modification in the statistical model repre-
sentative of the current state. The implementation of the proposed method could be effectively used for
tracking the structural behaviour over time from incoming measurements. The correlation between the
expected value of the indicator, the particular structural modification and the associated probability of
failure could represent the ultimate goal of a monitoring system which aims to a general procedure for
the structural reliability assessment, continuously performed over time; However relevant research and
field application verification are, at present, lacking.
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Abstract. Transparent fiber-reinforced polymer composites are designed for high mechanical 
and sensory performance. In this study, it was aimed to elaborate optically transparent glass 
fiber-reinforced polymer composites as building components in futuristic architecture. E-glass 
fabric was used as fiber reinforcement. The polymeric matrix, which was designed to have the 
same refractive index value with glass fibers, was synthesized from a calculated ratio of 
styrene and methyl methacrylate comonomers and was used as the polymeric matrix of 
optically transparent fiber-reinforced composites with strain sensing capabilities. The 
synthesized polymer was first melt-pressed into a film structure; then two sheets of these 
films and glass fabric were melt-pressed together in a sandwich manner. 
Poly(ethylendioxythiophene-poly(styrenesulfonic acid) (PEDOT:PSS) was used as 
conductive material. It was printed onto the finished composite, i.e. onto the surface of the 
polymer matrix. By matching the refractive index values of the thermoplastic matrix with 
those of the glass fabric and by using PEDOT:PSS, optically transparent polymer-based fiber-
reinforced composite for sensory application were produced. 
 
1 INTRODUCTION 

A transparent composite with fiber reinforcement is a long-term studied topic. Firstly, one 
needs to understand how optical transparency can be obtained. The matrix material of the 
composite has to be either non-crystalline or the largest crystal of that material must be 
smaller than the wavelength of visible light. The reinforcement material of the composite 
(particles and fibers) should have exactly the same refractive index value than the matrix 
component. This way, the light will not be further refracted when passing through the 
reinforcement material. Another way to have fully transparent fiber-reinforced polymeric 
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composites is to have fiber diameter smaller than the wavelength of the visible light.[1] When 
the nano-additive is smaller than one-tenth of the wavelength of light, it cannot scatter the 
light and will be optically transparent though the additive is semi-crystalline.[2] 

Transparent fiber-reinforced polymer composites are designed for high mechanical and 
thermal performance while having the optical transparency required for various applications. 
Generally, polymer composites are supposed to have a strength/weight ratio advantage 
compared to silica glass. Application candidates for transparent composites: high-impact 
resistance windshields [3], lightweight armor[3], opto-electronics[4-6], antibacterial[7], UV-
protection[8], fire retardancy[9] 

Fiber-reinforcement does not only give mechanical strength or toughness but also allows 
for an adjustment of the direction of the enforcement taking advantage of the anisotropy of the 
fibers. Anisotropy is the most important difference between fiber reinforcement compared to 
small particle improvements. Thus, self-reinforced poly(ethylene terephthalate) (PET) 
composites have a translucent structure with an elevated impact toughness due to anisotropy 
coming from the PET fibers.[10] 

Decreasing the coefficient of thermal expansion is a major issue for polymer composites. 
Compared to inorganic materials like glass, polymeric materials have larger coefficients 
which make them thermally unstable for critical applications. Thus, glass fiber-reinforced 
composites need to be tested in terms of CTE performance as well. By using the difference in 
CTE, it is possible to design adaptive engineering materials, which are transparent in a 
temperature interval and opaque or translucent beyond that adjusted interval. 
So far, major approaches to achieve this aim entailed, e.g., either the blending of a polymer 
matrix with small molecules or particles, which can tune the overall refractive index of the 
polymer matrix, the grafting of small molecules onto a polymer chain.[11] Krug et al. 
produced S-glass mat-reinforced epoxy composites. In order to match the refractive indices of 
the components, epoxy resin was mixed with epoxy-functionalized polyhedral oligomeric 
silsesquioxanes (POSS) molecules. [12] POSS molecules with a wide variety of functional 
groups can be tuned to match the targeted RI values. [13] 
Velez et al. matched epoxy resin’s refractive index with soda-lime glass ribbon and tested 
these composites with impact tests simulating bird crushes at the aircraft industry.[3, 14] 
Kagawa et al. blended a commercial epoxy resin with glass particles in order to 
adjust/decrease the coefficient of thermal expansion (CTE) while maintaining the 
transparency of the resin.[15] 

As mentioned, when nanoparticles or nanofibers are used, they cannot scatter the light 
and will be inert in terms of refractive index matching. The critical issue is the possible 
agglomeration issues of these particles/fibers so they might start scattering the light. For such 
kind of nanocomposites, bacterial cellulose (BC) nanofibers based composites are important 
examples: They can have optical transparency due to nanometer size diameters of the 
fibers.[2, 16] Though the fibers are semi-crystalline and though they have distinctly different 
refractive index values[2] compared to the polymer matrix of the composite, fibers cannot 
reflect the light since they are smaller than the wavelength of the visible light.[2, 16-18] Also 
BC nanocomposites reduced the temperature-based refractive index change with the different 
polymer matrix.[18] Besides the mechanical and optical advantages, BC nanocomposites have 
low CTE.[2, 16] Nogi et al. acetylated BC nanofibers in order to reduce their hygroscopicity 
for optoelectronics applications, and showed that the high transparency, low CTE, but also 
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reduced hygroscopicity can be managed in a BC composite.[16] The same group tried various 
degree of substitution (DS) in terms of acetylation of BC and found the optimum level for 
high transparency, low CTE, low hygroscopicity, and lower refractive index.[19] Optimum 
wt. % of the BC nanofibers was decided in terms of their reduction in light transmittance and 
performance to decrease CTE.[20] By using 7.4 wt. % of BC nanofibers, composites lost only 
2.4% in light transmittance, while CTE was successfully reduced for 56%.[20] Like bacterial 
cellulose attempts, nanofibers were produced by grinding wood pulp fibers, and their 
nanocomposites can be optically transparent even with 70 wt. % fiber content.[17, 21] 
Nanofibers made out of wood pulp fibers were effective to decrease the composites’ 
coefficient of thermal expansion as well.[17, 21] As an alternative production way, 
transparent acrylic resins were deposited on to cellulose nanofiber sheet and independent from 
the difference in refractive indices transparency of the composites were achieved.[22] 

For PMMA, at room temperature, relative humidity is in correlation with the refractive 
index.[23] Generally, an increase in temperature decreases the refractive index value of the 
polymers drastically.[23, 24] PMMA was reinforced with borosilicate glass fiber as they are 
matching in refractive index.[25-27] Besides mechanical evaluations[25], a strong 
dependence of refractive index on temperature changes[26, 27] was shown. Recently, Keaney 
et al. showed the optimum amount of fillers in a PMMA composite in order to have a high 
level of transparency.[28]  

Optically transparent fiber-reinforced composites were made not only by using polymeric 
material. Iba et al. produced oxynitride glass fiber composites by hot-pressing different types 
of glass powders as matrix material.[29] Nanofibers made out of chrysolite, a natural mineral, 
had also 85% transparency when the refractive index of the resin is matched.[30, 31] 
Like other nanofibers or nanostructures [17, 32, 33], carbon nanotube-based composites 
showed also a high level of transparency.[34] Aloui et al. defined how the refractive index of 
the matrix polymer changes during photopolymerization.[35] As the conversion of monomers 
goes on, the material transforms from liquid to sol-gel, and eventually to solid state (glassy). 
Until it gets solidified refractive index increase, and thermo-optic coefficient decrease so its 
refractive index value gets more stable upon changes in temperature.[35] 

In this study, it was aimed to elaborate optically transparent glass fiber-reinforced polymer 
composites as a building component of a futuristic architecture project. Also, an optically 
transparent fiber-reinforced material with sensory properties was to be realized.  
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2 MATERIALS AND METHODS 

 Styrene and methyl methacrylate monomers were purchased from Merck Millipore, 
Germany in order to synthesize the polymer matrix of the composites. Glass fabric (HexForce 
– 02116) was purchased from Hexcel Corporation, France. Its weight was 106 g/m2 and plain-
woven.  

2.1.Polymer Synthesis 

 The polymer matrix of this study was synthesized by free radical copolymerization of 
styrene (100-42-5) and methyl methacrylate (80-62-6) and used after distillation to remove 
stabilizers. Azobisisobutyronitrile (AIBN) (Sigma Aldrich, 78-67-1) was used after 
recrystallization in methanol. The styrene/methyl methacrylate ratio was 51.15 – 48.85 wt.% 
and the AIBN amount was 0.1 mol% with respect to all monomers. Polymerization was 
accomplished in an ultrasonic bath at 80°C within 24 h. 

2.2. Foil Production via Melt pressing 

 Polymer synthesis was done in reaction tubes. Due to the N2 formation, a lot of bubbles 
were trapped in the polymer bars. After removing the reaction tubes, those bars were melt-
pressed by using a Meyer press (Herbert Meyer GmbH, Germany) operated at 200°C and 6 
bar for 20 minutes. As a result of this process, flat polymer foils without bubbles were 
produced. After individual polymer bars were transformed into the films, glass fabric was 
placed between two layers of those films and pressed together again at 200C and 6 bars for 20 
minutes. Just before this process, glass fabric was immersed into the styrene monomer to 
increase the affinity between the fabric surface and the copolymer. Since the surface 
morphology is critical to adjust the highest level of transparency, we decided to use 
polyimide(PI) foil purchased from Haufler GmbH, Germany. Generally, the surface that 
touches to the composite surface must be absolutely flat, have low thermal expansion 
constant, high thermal stability, and low affinity to the composite material. With high surface 
roughness, we can lose the light transmittance of a %100 non-crystalline material due to the 
light scattering of those surface features. 

2.3. Screen Printing of PEDOT: PSS 

 In order to gain sensory properties, PEDOT:PSS (Clevios SV3; Heraeus Epurio, Germany) 
was applied to the composite surface via screen printing tools (Johannes Zimmer GmbH, 
Austria). For both pure polymer film, and to the final composite with fabric support 1 and 20 
layers of printing was applied to observe the possible change in the electrical conductivity and 
also light transmittance. 

2.4. Electrical Resistance Measurement 

 Four-point surface resistivity tests were accomplished using Fluke 8846A Multimeter 
(Fluke Corporation, USA) 
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2.5. Mechanical Tests 

 The tensile properties of the polymer film, glass fabric, and the fiber-reinforced composites 
were evaluated using a Zwick/Roell (Zwick Universal Typ 144503). The grip-to-grip distance 
was 5 cm. The width of all specimens was 3 cm and test speed was set as 5 mm/min. Each 
material was tested at least five times. 

2.6. Refractive Index Measurement 

 The refractive index of the polymer film was measured with the aid of an Abbe Mark III 
refractometer (Reichert Analytical Instruments, USA). The refractive index of the glass fabric 
was evaluated using the standard refractive index liquids (Cargille Laboratories, USA) and 
Becke Line test was done under the optical microscope (Zeiss AG, Germany). 

2.7. Transmission Intensity Measurement 

 The transparency level of the composites was evaluated by RC2 Ellipsometer (J.A. 
Woollam Co., Inc., USA) between the wavelengths of 210 – 1690 nm at normal incidence in a 
transmission configuration. In addition, Mueller matrix measurements were performed, in 
order to check the isotropy of the samples. The Mueller matrices showed no amplitude in the 
off-diagonal elements, which justifies the isotropy of the samples.  

3 RESULTS AND DISCUSSION 

 Synthesized copolymer bars were successfully melt-pressed and films with smooth surface 
were produced (see Figure 1–a). Their average refractive index was 1.55, which perfectly 
matched the refractive index of the E-glass. The refractive index of the glass fabric was found 
to be ≈1.552. Besides matching the refractive indices of two materials accurately, surface 
adhesion of the polymer to the glass is critical as well. If there is no good level of adhesion 
then air gaps might form at the interface of those materials and optical transparency will be 
impossible as the refractive index of the air is 1.0003. In fact, we observed this phenomenon, 
too. In order to overcome that, glass fabric was immersed into styrene monomer (refractive 
index 1.5471) just before the final melt-pressing it between two sheets of the polymer film. 
This step enhanced the adhesion, so overall the optical transparency of the composite (see 
Figure 1-b). 
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Figure 1: Materials of this study in front of the logo: (a) Pure poly(styrene)-co-poly(methyl methacrylate)-based 

polymer film, (b)polymer matrix with glass fabric, (c) only glass fabric, (d) polymer printed with single layer 
PEDOT-PSS, (e) polymer overprinted with 20 layers of PEDOT:PSS. 

Tensile test results (see Figure 2 and Table 1) showed that the glass fabric almost doubled the 
tensile strain and significantly reduced the modulus of the polymer film. Both aspects are 
positive for the final application as a sensory material. In the final composites, the average 
glass fabric ratio to the polymer matrix was ≈29 wt.%. 

 
Figure 2: Comparison of the tensile tests, representative strain-stress diagrams of the composite and its 

components 
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Table 1: Summary of tensile test results. 

 Composite Copolymer Film Glass Fabric 

Emod (GPa) 0.202 ± 0.08 1.847 ± 0.289 0.455 ± 0.015 

Strain% at largest Stress 2.7±0.3 1.8±0.3 3.33±0.3 

Maximum Stress (MPa) 44.2±6.2 27.1±3.7 124.1±4.9 

Figure 3 displays the transmitted light intensity percentage through the materials. This is the 
ratio of the directly transmitted light, which was neither absorbed, reflected or refracted by the 
material components. It is obvious that glass fabric in the composite causes an important level 
of refraction. Screen printing of PEDOT:PSS causes less loss in transmission of light than the 
glass fabric, however, it is worth mentioning that PEDOT:PSS layers do allow infrared (IR) 
light to pass through the material when it is overprinted twenty times. In Figure 4, we 
compare the overprinting effect of PEDOT:PSS. It is clear that a single-layer of printing does 
not cause a big loss in transparency. Also, the response to infrared cannot be seen anymore. 
The maximum number of overprinted layers of PEDOT:PSS to fully block IR transmission 
are currently under investigation. 

 
Figure 3: Comparison of the percentage of transmitted light intensity illustrating the effect of PEDOT:PSS 

printing and fabric composites. 
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It is important to discuss the electrical resistance values of the samples with PEDOT:PSS. 
Samples with single-layer printing have an average surface resistance of ≈240kΩ /sq, while it 
reduces to ≈150kΩ/sq when PEDOT:PSS was overprinted 20 times. Considering the big loss 
in transmitted light intensity (See Figure 4), single layer printing is a better option since 
overprinting PEDOT:PSS does not provide a big advantage in the electrical conductivity but a 
relatively big loss in the transmitted light intensity. 

 
Figure 4: Comparison of transmitted light intensity (%) values between different times overprinted composites 

of PEDOT:PSS 

4 CONCLUSIONS 

 In this study, optically transparent glass fiber-reinforced polymer composites as a building 
component of a futuristic architecture project were produced. The glass fabric ratio to the 
polymer matrix was ≈29 wt.%. Optimized products might be developed in terms of 
transmitted light intensity in case the refractive indices match perfectly to the fourth digit after 
the decimal point. Another alternative might be changing the surface chemistry of the glass 
fabric to increase the adhesion of the polymer matrix to the fiber. The performance of 
PEDOT:PSS, both in terms of changing the surface resistance and to light-transmittance was 
evaluated. It is concluded that single layer printing of PEDOT:PSS is good enough to test it in 
the final sensory applications. As the final step, these materials will be tested for the optimum 
sensory applications.  
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Abstract. The unique rheological properties of discontinuous shear thickening fluids (STF) 
have been employed in various engineering applications in recent years. In a commercial aspect, 
this has most notably been body armor and protective equipment, but also specialized smart 
structures in damping and force-coupling applications. The topic of this work is the application 
of STF in a translational element for an articulating prosthetic foot. Connected in series and 
parallel to a spring system, the element can be used to affect the force transfer within the system 
and thereby influence the stiffness of the prosthetic foot dynamically over the gait cycle.  
The device described in this work is a STF filled piston/cylinder design. The objective is a 
velocity dependent force response over the translational motion. Ranging from dampened, 
compliant deflection at low velocity, to efficient force transfer (coupling) for energy storage 
and return in the spring system at higher speed. The rapid viscosity increase in the STF at a 
critical shear rate is used to produce a stepwise force response, thereby enabling adaptive 
response of the foot for different walking speeds and other various tasks, such as standing up 
from a seated position. The adaptive response results in a greater range of motion with easier 
rollover through stance phase for slow movement without sacrificing the energy return needed 
in faster walking.  
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1 INTRODUCTION 
Modern passive prosthetic feet can be described mechanically as efficient and designated 

spring systems. The force reaction to deflection, follows a fixed curve that is aimed at imitating 
as closely as possible the reaction of the biological foot through the gait cycle [1]. Passive or 
controlled damping is also added in some models [2] and most standard prosthetic feet are used 
with a visco-elastic cover, that provides additional damping. It has been demonstrated that 
different tasks and conditions in ambulation would benefit from varying stiffness of the foot 
[3–5]. The aim of this research is to design a device that will provide variable stiffness to the 
spring system as a function of speed. Previous work has indicated that the stiffness of a certain 
model of a prosthetic foot can be changed dynamically with a non-linear, speed-dependent 
damping element [6]. The purpose of the element described in this work, is to provide a 
compliant, dampened force reaction at slow speeds. Then, at a certain speed of translational 
displacement of the element, the damping should increase rapidly, approaching force coupling 
function. The element is to be connected in parallel and series to the springs in the system so 
that, as the function changes from damping to coupling, the stiffness of the overall system 
changes. It is hypothesized here that the unique properties of shear thickening fluids (STFs) can 
be utilized to realize this element. Concentrated suspensions of solid particles are known to 
show a non-Newtonian change in viscosity with changing shear rate. The sharp increase in 
viscosity of several orders of magnitude, or discontinuous shear thickening (DST), observed in 
a jamming effect in certain colloidal suspensions [7] is of particular interest. The aim is to 
employ this property for the change of function from damping to coupling. The challenge is to 
design the device so that the speed at which the function changes can be adapted. Analysis of 
the application has revealed specific speeds at which the reaction forces are required to increase. 
The required force value requirements of the element have also been mapped.  

STFs have been commercially utilized in a number of applications and are actively being 
researched [8,9]. One commercialized field of use is impact protection for various applications, 
e.g. personal protective equipment and protectors for sensitive devices [10,11]. Of similar 
category is the embedment of STF in textile, e.g. for puncture resistance of body-armor [12,13]. 
The use of STFs for damping in structures has also been a research topic. Guo et al. [14] used 
STF to dampen flange connections on pipe assemblies and Yeh et al. [15] proposed a STF filled 
piston damper designed for earthquake protection of buildings. Furthermore, Zhang et al. [16] 
and Zhou et al. [17] designed and built STF filled piston dampers. Devices working on the 
principles of STF properties have also been proposed in torque brakes [18].  

The design proposed here is a linear piston damper, comparable to the ones referenced above 
but with the objective being, transition from damping to force coupling and control of the speed 
at which the transition occurs. The gap, between piston and cylinder in the damper, serves as 
the orifice. The dimension of the gap is varied to affect the reacting force as a function of 
velocity. Our results show that the forces realized in the prototype damper fulfill the 
requirements. The DST effect is apparent in the tests, but further modifications are required to 
the damper to obtain control of the transition speed. Testing of varying STF properties shows 
that reaction forces drop with reducing DST effect and that critical shear rate has little effect on 
transition speed of the damper.  
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2 METHODS 

2.1 System characterization 
The prosthetic foot model studied is a system of serial and parallel connected leaf springs, 

articulating around a pivot point. The design change involves replacing a rigid mechanical link 
with the adaptive STF damper and a serial connected spring. The effect is a more compliant 
pivoting movement, as a new translational joint is introduced in the system. Figure 1 shows 
schematically the functions as intended for speed dependent stiffness. At low velocity 
movement over the element, a dampened deflection will render a more compliant force reaction 
of the whole system. As the velocity of movement over the element reaches a critical value that 
translates to the DST of the STF, and particle jamming occurs, the piston will couple the force 
over the element. The intention is that this coupling will make the whole system response 
approach the effect of the original rigid link. The force in the element is compressive at heel 
strike and rolls over to extension as the weight is moved over the foot in roll over in the step.  

 

 
Figure 1: Schematic of a speed dependent stiffness system, connected in prosthetic foot model, replacing a rigid 

mechanical link. 

The parameters of the design goals of the STF damper are determined by the results from 
simulation of the prosthetic foot system [6]. The compliant dampening forces prior to DST 
should be minimized while the coupling force after DST should exceed 2 kN. The critical shear 
rate of the fluid should translate to a speed of 5-8 mm/s linear movement of the piston. This 
critical speed should be adjustable to adapt the device to different users. This initial study aims 
at characterizing the piston design to approach theses values. 

2.2 Fluid properties  
The STF material used is a commercially available suspension of silica particles in 

polyethylene glycol (STF Technologies, Delaware) [19]. The nominal particle size was 
determined ~200 nm with a scanning electron microscope. The silica content is not disclosed 
but stated in data sheet as 50-70 wt.% [20]. The shear thickening properties of the STF can be 
adjusted by diluting the suspension with carrier fluid. Viscosity of the STF, as stated by the 
supplier, is shown in figure 2. The dilution of the STF will result in a higher critical shear rate 
and a lower viscosity. Although it is not indicated in the chart, the viscosity is expected to drop 
quite rapidly after the maximum value is reached in the DST, as indicated in literature [21]. 
Measurements of varying gap dimensions are done on undiluted STF. To investigate the effect 

 



1826

Heimir Tryggvason, Felix Starker, Christophe Lecomte and Fjola Jonsdottir. 

 4 

of fluid properties, three mixtures are made for testing of diluted STF; 2.5 and 7.5 wt.% diluted. 

 
Figure 2: Viscosity of the STF [19]. 

2.3 Piston damper design 
The STF damper design is a symmetric piston damper with an axial piston-rod, eliminating 

the need for a compensator; see Figure 3. The cylinder and endcaps are made of aluminum alloy 
but the piston/rod and seal/bearing insert are from stainless steel. Low friction seals and 
bearings are selected to minimize forces at low velocities. The cylinder inner diameter is 20 
mm and the rod diameter is 12 mm. Four piston diameters were prepared; 19.50, 19.36, 19.16 
and 18.56 mm. The piston length is l = 16 mm. These result in dimensions of the annular gap 
(orifice) between piston and cylinder, h; 250, 320, 420 and 720 µm, respectively. The available 
piston stroke is 13 mm. 

 

 
Figure 3: STF damper, section view. 

2.4 Orifice flow case 
As the piston is displaced forward at a velocity Up, the piston pushes the STF back through 

the annular gap orifice. For an analytical model of the flow in the orifice, we consider the 
combined Couette-Poiseuille (pressurized Couette) flow between moving and fixed, parallel 
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plates. The velocity profile of the developed flow is a superposition of the linear profile due to 
the moving plate and the parabolic profile due to the pressure gradient. For all test setups of the 
piston damper; dimensions, velocity and fluid properties, the Reynold’s-number for the orifice 
flow fulfills, Re < 1. Hence, laminar flow through the gap is assumed. Furthermore, it is 
assumed that for shear rates below the critical shear rate of DST, the flow is fully developed of 
homogenous properties and that entrance/exit effects can be neglected. Figure 4 shows a 
schematic representation of the two-dimensional, axis symmetric flow between the piston and 
cylinder wall. 

 
Figure 4: Schematic illustration of the Couette-Poiseuille flow case assumptions for the orifice gap. 

The velocity profile ux(y), derived from the momentum equation and the no-slip boundary 
conditions, is well known and adapted here from [22]. The first term is due to the flow being 
driven by the pressure gradient in the x direction, P, and the second due to the wall driven flow, 

 𝑢𝑢𝑥𝑥(𝑦𝑦) = 𝑃𝑃
2µ 𝑦𝑦(ℎ − 𝑦𝑦) + 𝑈𝑈𝑝𝑝

𝑦𝑦
ℎ      𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒     𝑃𝑃 = − 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑 (1) 

where, µ is fluid viscosity. 
The flow through the gap is the integral of the velocity profile over the full gap width. 

Assuming that the flow is incompressible and continuous, the flow equals the product of pushed 
area of the piston, Dp, and the piston speed. 

 
𝑄𝑄 = ∫ 𝑢𝑢𝑥𝑥(𝑦𝑦)𝑑𝑑𝑦𝑦 = 𝑃𝑃ℎ3

12µ

ℎ

0

+
𝑈𝑈𝑝𝑝ℎ

2 = 𝐷𝐷𝑝𝑝𝑈𝑈𝑝𝑝 (2) 

Solving for P and get, 

 𝑃𝑃 =
12𝑈𝑈𝑝𝑝µ

ℎ3 (𝐷𝐷𝑝𝑝 − ℎ
2)  (3) 

The force acting on the piston is a linear function of the pressure gradient, piston length and 
viscosity, so we can assume the force is dependent of the piston diameter and gap height in the 
form F(Dp

2, h-3). 
Of particular interest is the shear rate of the flow and relations to onset of DST. 

 �̇�𝛾(𝑦𝑦) = 𝑑𝑑𝑢𝑢𝑥𝑥
𝑑𝑑𝑦𝑦 = 𝑃𝑃

2µ (ℎ − 2𝑦𝑦) +
𝑈𝑈𝑝𝑝
ℎ  (4) 

It is furthermore assumed that the DST phenomena initiates at the boundaries, (y = 0 and y 
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= h). Evaluating the shear rate for these, yields; 

 �̇�𝛾(𝑦𝑦)
  𝑦𝑦=0

𝑦𝑦=ℎ

= ±
6𝑈𝑈𝑝𝑝
ℎ2 (𝐷𝐷𝑝𝑝 − ℎ

2) +
𝑈𝑈𝑝𝑝
ℎ  (5) 

The onset of shear thickening at the critical shear rate is thus assumed to depend on the 
pushed area and gap thickness as �̇�𝛾(𝐷𝐷𝑝𝑝, ℎ−2). Attention is drawn to the dependency of force 
and shear rate on the thickness, h. The above indicates that decreasing gap dimension will affect 
the resulting damper-force more than the shear rate and therefore the velocity at which the DST 
will occur. 

2.5 Force-displacement measurements 
The force-displacement of the damper is measured with an electric dynamic testing machine, 

Instron ElectroPuls E3000 (Instron, Norwood). The control settings are displacement at 
constant speed. For each test, the piston is displaced for 17 runs at incrementing speeds. For 
each run the piston in pulled a displacement of 5 mm and then pushed back to the original 
position. After each displacement and between runs, the instrument is stopped for 1 s to allow 
the fluid to recover from thickened state. The speed is increased in 1 mm/s increments up to 14 
mm/s, and thereafter; 16, 18, 20 mm/s. The displacement is done over the mid-range of the 
piston stroke length, to avoid end effects.  

 

 
Figure 5: Test setup of the STF damper in an electro pulse dynamic test instrument. 

The highly non-linear characteristics of the damper result in an increasing deviation from set 
velocity value, as the reaction forces increase, as shown in figures 6-8. The data is filtered in 
steps to clarify the plots. Data for negative direction (push) is filtered out as it is symmetric to 
the positive direction. Data for the initiation of each run is filtered out in terms of position, so 
the first 0.4 mm of each stroke are dismissed. Similarly, the last 0.2 mm of each stroke are 
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discarded. Runs for each set velocity are shown up to where the resulting force starts to increase 
due to DST. For higher forces, cycles for even number velocities are plotted. For the smaller 
gap dimensions, the force reaction of runs at higher speed, exceed the load capacity of the test 
machine, ~4 kN, so these are omitted. 

3 RESULTS 

3.1 Varying gap dimension 
Results for different gap dimension of the piston damper are shown in figure 6. An increase 

in damping force and decrease in critical velocity is seen with decreasing gap dimension. The 
consecutive curves for runs of each test are plotted in same color (dots). Polynomial regression 
lines are plotted through the maximum force for each run after DST to capture the general trend.  

 

 
Figure 6: Damping force vs. piston velocity for different gap dimensions. Measured for each run (dots) and 

regression lines through maximum force for each test. 

For the application studied, the 250 and 320 µm gap arrangements generate damping forces 
that meet the criteria of F > 2 kN in the velocity range stated. As detailed further in table 1. The 
transition for these occur at a piston velocity that is below required values (Section 2.1). 
Although the control parameters are fixed speed, the step-wise increase in viscosity at the DST 
results variation from set value and severe overshooting (100%), especially for the 420 and 720 
µm gaps. Rapidly decreasing viscosity for shear rate, higher than critical shear rate, could also 
induce this overshooting. The force for each run, as the piston is accelerated, is lower than the 
force during deceleration, for same measured velocity. Therefore, each run shows hysteresis 
curve, indicating a time dependency of the force. Anti-thixotrophy in concentrated suspensions 
has been described by Mewis et al. [23] as time dependent increase in viscosity under steady 
shear. Whether this phenomenon is apparent in the above measurements or if this is due to a 
time effect in the development of the flow through the length of the orifice, is outside the scope 
of this study. However, this effect is beneficial for the intended application as it generates a 
more efficient force transfer. 
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For a closer look at the onset of DST, the data in figure 6 is plotted again as force vs. average 
fluid velocity in the orifice, calculated from ūx = Q/h; see figure 7. The data is further filtered 
out of runs exceeding maximum forces above 600 N. Regression lines are plotted for the data 
set after DST. The evaluated critical velocities at DST of the measured piston velocity, Up, and 
calculated fluid velocity, ūx, are further presented in table 1. 

 

 
Figure 7: Damping force vs. average fluid velocity in orifice, for different gap dimensions. Regression lines for 

data sets above DST 

A close look at the results of 720 µm gap at velocities below DST reveals a slight decrease 
of force with increasing fluid velocity. This is consistent with the shear thinning properties of 
the STF for shear below critical shear rate; see figure 2. The results in figure 7 indicate an 
independency of the DST to the average fluid velocity, as sudden rise in force gathers around a 
fixed fluid velocity value of ~20 mm/s. Further evaluation of the values in table 1, indicate that 
the critical Up at transition is a linear function of h. This is in contrast with equations 4 and 5, 
where the shear rate is a function of gap height, �̇�𝛾(ℎ−2). This indicates that the onset of DST is 
not only due to the shear stresses described by the Couette-Poiseuille model. Other effects in 
the actual flow case, like entrance/exit effects, could influence the propagation of DST. 

 
Table 1: Critical velocities for different gap dimensions and ratio between them. 

Gap dim. 
h 

[µm] 

Piston velocity  
Up 

[mm/s] 

Piston area / gap area 
Dp/h 
[-] 

Calc. fluid velocity  
ūx 

[mm/s] 
250 1,4 12,0 16,4 
320 2,2 9,2 19,9 
420 3,3 6,8 22,5 
720 5,7 3,6 20,7 
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3.2 Fluid properties  
To quantify the effect of shift in critical shear rate of DST in the fluid, the damper was further 

tested with varying dilutions of the STF. The force vs. piston velocity results for undiluted STF 
are compared to those from tests of fluid diluted 2.5 and 7.5 wt.%.. The tests were made with a 
piston of 19.16 mm diameter, or a gap of 420 µm. The results are shown in figure 8. The onset 
of DST occurs at a similar piston velocity for the three fluid mixtures, Up ~ 4 mm/s, and appears 
to be unaffected by dilution of the fluid. These results further imply that the onset of DST in 
the piston damper is initiated by other dynamics than the shear rate, derived from the Couette-
Poiseuille flow equations. 

 

 
Figure 8: Damping force vs. fluid velocity for different STF dilutions 

4 CONCLUSIONS 
In this paper we described the design objectives and requirements for a bi-functional STF 

piston damper. The damper is intended as an active element in a variable stiffness system. The 
damper shows velocity dependent behavior that shifts from compliant damping to force transfer 
at critical value of speed, dependent on gap dimension. Testing of the prototype showed that 
reaction forces above 2 kN, for h < 320 µm, meeting the requirements. The transition from 
damping to coupling, for these gap dimensions, occurred at a piston velocity below the required 
range (5 – 8 mm/s).  

The results indicate time dependency in the fluid flow, where forces for deceleration are 
higher than during acceleration of the linear displacement of the piston. Whether this time 
dependency originates from time dependent increase of viscosity or transition in the flow 
regime is inconclusive. It is noted that the effect will increase the force reaction for deceleration 
and therefore be beneficial to the force coupling intended for the application. It was 
demonstrated that the analytical model does not capture the full complexity of the onset of DST. 
Furthermore, it was shown that the onset of DST was unaffected by change in critical shear rate 
of the STF, further demonstrating the deviance to the simplified Couette-Poiseuille flow.  

It is the result of this initial study that there is potential in use of STFs for velocity dependent 
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force transfer, as defined here. Future work will focus on the transition at critical shear rates 
and how it can be translated to the linear displacement. This will include further development 
of the piston geometry for both shift in the transition velocity as well as adaptability. 
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