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ABSTRACT 

The further development of the mixed meshless Local Petrov-Galerkin (MLPG) paradigm [1] for 
solving 4th-order differential equations is presented, with application on the strain gradient elasticity. 
An efficient numerical implementation of gradient elasticity theories in the Finite Element Method is 
still a non-trivial task, due to the need of solving 4th-order differential equations, and often results in 
complicated primal C1 algorithms or in mixed formulations based on Lagrangian multipliers [3]. The 
development of explicit strain gradient C1 models via primal Galerkin meshless methods is 
straightforward due to a high continuity order of meshless functions [4], but such approaches are 
plagued by high numerical costs and reduced accuracy due to high order of derivatives [2, 5]. In 
mixed meshless approaches, complications may arise due to the imposition of boundary conditions 
[2], large global systems of equations [6] or complicated assumed gradient fields [7].  

Herein, the existing mixed MLPG meshless stratagem [1] is modified in order to better address these 
problems. Besides displacements, higher-order displacement gradients up to the 3rd order are 
approximated. Governing equations are based on the local weak forms of the principles of 
conservation of linear and angular momentum and compatibility conditions between approximated 
variables. The proposed mixed methods do not employs Lagrangian multipliers and all variables are 
approximated by same meshless functions, such as the Moving Least Squares approximation. By 
choosing appropriate test functions, various methods may be derived, including a meshless 
counterpart of the Mixed Finite Volume Method [8]. The use of the mixed approach lowers the 
continuity requirement on trial functions and enables the use of low-order polynomial bases with 
small supports, improving numerical efficiency in terms of computational costs and stability. Further 
improvement is obtained by imposing compatibility conditions by collocations and/or strain 
smoothing. The validity of above statements is corroborated by preliminary results of numerical 
benchmark tests. 

REFERENCES 

[1] S.N. Atluri, Z.D. Han and M.J. Rajendran, “A New Implementation of the Meshless Finite 
Volume Method, Through the MLPG “Mixed” Approach”, CMES: Comput. Model. Eng. Sci., 6, 
491–513 (2004). 

[2] S.N. Atluri and S. Shen, “Simulation of a 4th Order ODE: Illustration of Various Primal & 
Mixed MLPG Mathods”. CMES: Comput. Model. Eng. Sci., 7(3), 241-268 (2005). 

[3] H. Askes and C.E. Aifantis, “Gradient elasticity in static and dynamics: An overview of 
formulations, length scale identification procedures, finite element implementations and new 
results”, Int. J. Solids Struct., 48, 1962-1990 (2011). 

[4] Z. Tang, S. Shen and S.N. Atluri, “Analysis of materials with strain-gradient effects: A 
Meshless Local Petrov-Galerkin (MLPG) approach, with nodal displacements only”, CMES: 
Comput. Model. Eng. Sci., 4 (4), 177-196 (2003). 

[5] J. Sorić and T. Jarak, “Mixed meshless formulation for analysis of shell-like structures”, 
Comput. Methods Appl. Mech. Engrg., 199, 1153-1164 (2010). 

[6] M.R. Moosavi, F. Delfanian and A. Khelil, “The orthogonal meshless finite volume method for 
solving Euler-Bernoulli beam and thin plate problems”, Thin-Walled Structures, 49, 923-932 (2011). 

[7] D. Wang and Z. Li, “A two-level strain smoothing regularized meshfree approach with 
stabilized conforming nodal integration for elastic damage analysis”, International Journal of 
Damage Mechanics, 22(3), 440–459 (2012). 

[8] E. Onate, M. Cervera and O.C. Zienkiewicz, “A finite volume format for structural mechanics”, 
International journal for numerical methods in engineering, 37, 181-20 (1994). 


