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Abstract
Actuators capable of producing cylindrical motion, i.e., independent rotations about an axis and trans-
lations in its direction, are of interest in fields such as robotics, mechatronics and industrial automation.
For instance, they are being developed for use as drives of parallel manipulators, where it is advanta-
geous to fix all motors to the base, thereby obtaining a load-carrying capacity higher than if the motors
were floating [1]. Recently, a new cylindrical actuator was proposed, termed cylindrical-drive, or C-
drive for brevity, intended for driving a four degree-of-freedom (dof) parallel pick-and-place robot [2].

Figure 1: Diagram of C-drive

It consists of a two-dofRHHR
single-loop closed kinematic chain,
whereR andH denote revolute and
helical joints, respectively, as shown
in Figure 1. The collar is driven
cylindrically along its axis by the dif-
ferential rotation of the two coaxial
screws, the latter having the same
pitch but opposite hands. This design
is notable for its symmetries, which
allow for the use of two identical mo-
tors. The kinematics of the C-drive
is succinctly reproduced below for

quick reference:
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θ ⇒ ẇ = Jψ̇ψψ (1)

whereψψψ andw are, respectively, the vectors ofmotor andcollar coordinates, as defined in the figure,p
is the screw pitch, whileJ is the Jacobian matrix that maps motor into collar coordinates. Moreover, this
Jacobian turns out to be not only constant, but also isotropic: its singular values are identical, namely√

2p/(4π). The dynamics of the C-drive is governed by a damped linear time-invariant system:

M ψ̈ψψ +Dψ̇ψψ = τττ(t) (2a)
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where the generalized inertia matrix (GIM) and the viscous damping matrix, denotedM and D, re-
spectively, are 2×2 symmetric positive-definite matrices, andτττ is the two-dimensional vector of motor
torques, whilem is this mass of the collar,Ic andIh are the moments of inertia about the C-drive axis of
the collar and rotational parts (screws and motor rotors), respectively, whileβ andγ are viscous friction
terms [2]. No stiffness term is present, as the elasticity ofthe components is neglected. We now introduce
a change of generalized coordinates by means of similarity transformations, which simplifies the analysis
and control of the C-drive while preserving the invariant properties of the system matrices, namely their



eigenvalues and eigenvectors, the latter being multipliedby the similarity-transformation matrix. As the
collar, rather than the motor positions, are the variables of interest,ψψψ is substituted with its expression in
terms ofw in Equation (2a). Premultiplication of both sides of this equation by the JacobianJ results in
similarity transformations ofM andD, namely,

MJ−1ẅ+DJ−1ẇ = τττ ⇒ JMJ−1
︸ ︷︷ ︸

E

ẅ+JDJ−1
︸ ︷︷ ︸

G

ẇ = Jτττ, E = diag
(
ε2

1 ,ε2
2

)
,G = diag(γ1,γ2) (3)

whereE and G are diagonal matrices whose entriesε2
i and γi, i = 1, 2, are the eigenvalues of their

respective matrices. That is, the model thus resulting isdecoupled, by virtue of the columns ofJ, and
hence ofJ−1, being proportional to the eigenvectors ofM and D, respectively. In other words,J is
a scalar multiple of the "modal matrix" [3], whereD plays the role of the stiffness matrixK in the
undamped case. The central portion of Equation (3) is rendered monic, i.e., the second-derivative term
becomes multiplied by the identity matrix, via the substitutions
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√

E, σσσ ≡ Fw, u ≡ F−1Jτττ , ΘΘΘ ≡ F−1GF−1 = diag
(
γ1/ε2

1 , γ2/ε2
2

)
≡ diag(ϑ1, ϑ2) (4)

whereΘΘΘ is termed the dissipation matrix, its diagonal entriesϑ1 andϑ2 being its eigenvalues, whileu is
the input vector, thereby leading to the dynamics in terms ofσσσ , the transformed collar coordinates:

σ̈σσ +ΘΘΘσ̇σσ = u (5)

In the absence of potential-energy sources, the model lacksthe zeroth-order terms; a trivial change of
variable thus renders the system formally identical to a first-order system:

ẋ+ΘΘΘx = u, x ≡ σ̇σσ (6)

which is readily rearranged into state space form, the statematrix being−ΘΘΘ, the input matrix the 2×2
identity matrix, the output matrixJ−1F−1 and the output vectoṙψψψ . The latter being the motor velocities, it
cannot be measured directly by a control system equipped only with motor shaft encoders, which measure
displacementsψψψ . A reduced-order observer [4] is therefore synthesized based on a four-dimensional
state-space realization obtained from Equation (5), thereby yielding an estimate oḟw in real-time. The
details are omitted here for brevity. The C-drive prototypeis computer-controlled at 1 kHz using either
independent joint proportional-derivative (PD) controllers or a model-based computed torque controller
(CTC) [5] that incorporates the observer. The foregoing control scheme decouples the error dynamics
using a feedforward acceleration term, but is sensitive to modelling errors. The coupling is avoided in
the first place using task-space rather than joint-space control, that is, calculating the PD error in terms of
collar coordinates rather than motor coordinates. Therefore, a PD task-space controller and a resolved-
acceleration controller—the task-space counterpart of CTC—are also tested [6]. The simulated and
experimental performances of these four controllers are compared based on application requirements.
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