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Introduction
In this paper we present a mixed shooting – harmonic balance method for large linear mechanical systems
with local nonlinearities. The standard harmonic balance method (HBM) approximates the periodic
solution in frequency domain and is very popular as it is wellsuited for large systems with many states.
Local nonlinearities cannot be evaluated directly in the frequency domain. The standard HBM performs
an inverse Fourier transform, then calculates the nonlinear force in time domain and subsequently the
Fourier coefficients of the nonlinear force. The disadvantage of the HBM is, that strong nonlinearities
are poorly represented by a truncated Fourier series. In contrast, the shooting method operates in time-
domain and relies on numerical time-simulation. Set-valued force laws such as dry friction or other
strong nonlinearities can be dealt with if an appropriate numerical integrator is available. The shooting
method, however, becomes infeasible if the system has many states. The proposed mixed shooting–HBM
approach combines the best of both worlds.

System description
We consider a Lagrangian system

MMMq̈qq(t)+CCCq̇qq(t)+KKKqqq(t) = fff ex(t)+ fff NL(qqq(t), q̇qq(t)) (1)

where fff NL contains the nonlinear forces andfff ex(t) = fff ex(t +T ) is the periodic forcing. We assume that

the system consists of three subsystems withqqq =
(

qqqT
1 qqqT

2 qqqT
3

)T
, that the nonlinear forces only act on

subsystem 1, and that the system matricesMMM, CCC andKKK have the following structure

MMM =





MMM11 MMM12 000
MMM21 MMM22 MMM23

000 MMM32 MMM33





, fff NL(qqq, q̇qq) =





fff NL1(qqq1, q̇qq1)
000
000





. (2)

Subsystem 1 is subjected to a nonlinear force, which only depends on its own positions and velocities,
and is connected to subsystem 3 through subsystem 2, e.g. thethree DOF oscillator shown in Figure 1.

Mixed shooting–HBM approach
For subsystem 2 and 3 we use a harmonic balance approach and impose (as a numerical approximation)
perfect constraints on the system which force the response to be harmonic of the form

qqq2(t) = q̂qq0
2+

n

∑
k=1

q̂qqck
2 coskωt + q̂qqsk

2 sinkωt =VVV (t)Tq̂qq2, qqq3(t) =VVV (t)Tq̂qq3, (3)

whereω = 2π
T . The motionqqq1(t) of subsystem 1 is not constrained to be harmonic. The equations of

motion of subsystem 2 and 3 can therefore be expressed in frequency domain as

HHH21q̂qq1+HHH22q̂qq2+HHH23q̂qq3 = f̂ff ex2,

HHH32q̂qq2+HHH33q̂qq3 = f̂ff ex3,
(4)

whereq̂qq1 are the Fourier coefficients ofqqq1(t) andHHH i j are the matrices

HHH i j = diag(JJJ i j,0,JJJi j,1, . . .JJJi j,n) with JJJi j,k =

(

−MMMi j(kω)2+KKKi j CCCi jkω
−CCCi jkω −MMMi j(kω)2+KKKi j

)

(5)



Figure 1: Mixed shooting-HBM for a three DOF oscillator.

The Fourier coefficientŝqqq3 can be eliminated from the equations of motion in frequency domain

HHH21q̂qq1+(HHH22−HHH23HHH−1
33 HHH32)q̂qq2 = f̂ff ex2−HHH23HHH−1

33 f̂ff ex3. (6)

The equations of motion of subsystem 1 are nonlinear and are simulated in time-domain. For known̂qqq2
one can calculate its time-domain representationqqq2(t) and solve the differential equation

MMM11q̈qq1(t)+CCC11q̇qq1(t)+KKK11qqq1(t) =−(MMM12q̈qq2(t)+CCC12q̇qq2(t)+KKK12qqq2(t))+ fff ex1(t)+ fff NL1(qqq1(t), q̇qq1(t))
(7)

using numerical integration techniques.
A periodic solution of the system can be represented by the trajectoryqqq1(t) on the interval 0≤ t ≤ T and
by the Fourier coefficientŝqqq2 and q̂qq3. However,q̂qq3 can be eliminated. The initial conditionqqq1(0) and
q̇qq1(0) together withqqq2(t) =VVV (t)Tq̂qq2 suffice to constructqqq1(t) over one period. The vector of unknowns
xxx =

(

q̂qqT
2 qqq1(0)

T q̇qq1(0)
T
)

therefore fully represents a periodic solution of the system. Similar to a
shooting method, we require for subsystem 1 the periodicityconditionsqqq1(T )−qqq1(0) andq̇qq1(T )− q̇qq1(0),
where the state att = T is obtained through numerical integration of (7). The periodicity conditions of
subsystems 2 and 3 are given in frequency domain by (6). Hence, we seek a periodic solution by finding
a zero of the nonlinear function

fff (xxx) =





HHH21q̂qq1+(HHH22−HHH23HHH−1
33 HHH32)q̂qq2− f̂ff ex2+HHH23HHH−1

33 f̂ff ex3
qqq1(T )−qqq1(0)
q̇qq1(T )− q̇qq1(0)





, (8)

which can be solved with a Newton-type method.
Alternativly we may iterate in the unknownsxxx =

(

q̂qqT
1 qqq1(0)

T q̇qq1(0)
T
)

by solving q̂qq2(q̂qq1) from (6),
simulatingqqq1(t) from (7) and requiring that the Fourier coefficients ofqqq1(t) are equal tôqqq1.

Conclusion
We have presented a mixed shooting–HBM method which has a number of advantages. Firstly, in con-
trast to the standard shooting method, the number of degreesof freedom of subsystem 3 can be very
large without any additional numerical costs. Secondly, incontrast to the standard HBM, the motion of
subsystem 1 is represented in time-domain which allows for avery good description of the influence of
the nonlinear force. For instance, the dry friction force inthe example system of Figure 1 causes stick–
slip motion in the response of subsystem 1 which is well described by the mixed approach. Lastly, the
mixed shooting–HBM method allows to use modern time-stepping methods [1, 2] to deal with friction
and unilateral constraints within a harmonic balance approach.
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