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Abstract
The dynamical simulation of systems involving unilateral contacts between bodies is complicated by the
nonsmooth nature of the frictional constraints. When the number of contacts between bodies increases
to thousands or millions, as in the case of granular flows in silos or in soil dynamics, the computational
efficiency of traditional methods can become an issue even on supercomputers. To the best of our knowl-
edge, no numerical method has been demonstrated to reliably solve a sizeable problem of this type; i.e.,
the direct shear test shown in Fig. (1). The direct shear test is used to measure the shear strength prop-
erties of a soil, specifically the cohesion, angle of friction, and shear modulus. A sample of the soil is
contained in a shear box which is aligned under a load cell that applies a normal force to the soil. The
top of the shear box is clamped so that the lower half can be translated horizontally by a specified dis-
placement. The horizontal force required to displace the soil is measured to produce a plot of the shear
stress as a function of shear displacement.

Figure 1: One million spheres interacting through contact and friction.

We present a primal-dual interior point (PDIP) method for solving a cone complementarity problem
(CCP) associated with multibody dynamics frictional contact problems approached within a differential
variational inequality (DVI) framework using the parallel sparse solver, SPIKE::GPU, to accelerate the
solution. The CCP can be reformulated as a cone-constrained optimization problem as described in
Eq. (1), where the cost function q(γ) is obtained by combining the discretized equations of motion, a
complementarity condition between the gap function and normal contact forces γ , and the Coulomb dry
friction model.
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The PDIP method can be applied to large-scale convex optimization problems with inequality constraints
c(γ) < 0 [?]. As a barrier method, the constraints are included into the cost function, converting the
original constrained problem in Eq. (1) into an unconstrained one Eq. (2). The Karush-Kuhn-Tucker
(KKT) conditions are derived in Eq. (3), where γ and λ are the primal and dual variables, respectively.
When the barrier parameter µ is set to zero, Eq. (3) is the same as the KKT condition of Eq. (2).
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The perturbed KKT conditions Eq. (3) are solved using Newton’s method. Only an approximate solution
of the barrier problem with a fixed value of µ is necessary to guarantee global convergence. The barrier
parameter µ is updated at a superlinear rate to ensure fast convergence [?]. Once the search direction is
identified, a step size is determined that satisfies the feasibility of the primal and dual variables. Solving
a sequence of barrier problems eventually drives the perturbation parameter µ to zero, and the solution
sequence is proven to converge to the solution of the original constrained problem.
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Our study focuses on large-scale frictional contact problems, see Fig. (1). The associated CCP was solved
using the PDIP and the Accelerated Projected Gradient Descent (APGD) methods [?] at one time step.
The residual and convergence information, shown in Table 1, indicate that the PDIP method converges
faster than the APGD algorithm. However, the computational cost of PDIP remains high since it calls for
the solution of a sequence of primal-dual linear systems.

Table 1: Performance statistics for the APGD and PDIP solvers during a single time step of the direct
shear test.
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