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PREFACE

PREFACE

This volume contains the the full papers presented at the VII International 
Conference on Textile Composites and Inflatable Structures – Structural 
Membranes 2015, held in Barcelona, Spain, on October 19-21, 2015.

Previous editions of the conference were held in Barcelona (2003), Stuttgart 
(2005), Barcelona (2007), Stuttgart (2009) and Barcelona (2011) and Munich 
(2013). Structural Membranes is one of the Thematic Conference of the 
European Community in Computational Methods in Applied Science (ECCOMAS) 
and is also a Special Interest Conference of the International Association for 
Computational Mechanics (IACM).

Textile composites and inflatable structures have become increasingly popular 
for a variety of applications in – among many other fields - civil engineering, 
architecture and aerospace engineering. Typical examples include membrane 
roofs and covers, sails, inflatable buildings and pavilions, airships, inflatable 
furniture, airspace structures, bio-membranes, clothes, etc.

The objectives of Structural Membranes 2015 are to collect and disseminate 
state-of-the-art research and technology for design, analysis, construction and 
maintenance of textile and inflatable structures.

Contributions to the Structural Membranes 2015 deal with the presentation 
of the challenging tasks in the individual design steps of textile composites and 
inflatable structures. The topics vary from geometrical modelling in the design 
and construction process, advanced simulation technologies for structural 
analysis of lightweight structures under various load conditions (e.g. coupled 
aero-elastic analysis), the description and validation of new materials and suitable 
constitutive laws, methodologies for form finding and patterning, adaptive 
membrane structures, energetic aspects, testing procedures, maintenance 
techniques up to manufacturing. Structural Membranes 2015 addresses 
both the theoretical bases for structural analysis and the numerical algorithms 
necessary for efficient and robust computer implementation.

The collection of full papers includes contributions sent directly from the authors 
and the editors cannot accept responsibility for any inaccuracies, comments and 
opinions contained in the text.

The organizers would like to take this opportunity to thank all authors for 
submitting their contributions.

Barcelona, October 2015
 

   Eugenio Oñate
CIMNE and Technical 
University of  Catalonia 
(UPC)  Barcelona, Spain

 Kai-Uwe Bletzinger
Technical  University  

of Munich (TUM)
Munich, Germany

   Bernd Kröplin
 Tao GmbH

 Stuttgart, Germany
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INVITED SESSIONSAttractive planar panelization using Dynamic Relaxation Principles
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Attractive Planar Panelization using Dynamic Relaxation 
Principles 

Florian Gauss*, Patrick Teuffel 

Principal, TEUFFEL ENGINEERING CONSULTANTS, Kriegsbergstrasse 34, D-70174 Stuttgart, Germany, 
Florian.Gauss@patrick-teuffel.com  

Eindhoven University of Technology, Chair of Innovative Structural Design, Den Dolech 2, 5612 AZ 
Eindhoven, The Netherlands 

p.m.teuffel@tue.nl

Key words: Dynamic Relaxation, Planar Quad Mesh Approximation, Planar Relaxation 

Summary. In the presented paper a new method is proposed to approximate a given NURBS 
surface with a PQ (Planar Quad) mesh. The desired mesh layout will be generated in plan and 
then attracted to the target surface. The process iteratively pulls the mesh vertices towards the 
target surface and then planarizes the faces thereafter using dynamic relaxation methods. 

1 INTRODUCTION 
Free form architecture building envelopes need to be broken down into elements that not 

only size-wise but also with respect to their geometrical description can be manufactured and 
assembled. This process always requires the faceting of surfaces. Triangulation of a surface is 
a well-documented process however from an architectural and economical point of view the 
planar quadrilateral (PQ) faceting of a surface offers several advantages. 

In the previous published paper [1] the Planar Relaxation (PR) method was proposed to 
approximate doubly curved surfaces with quad dominated meshes. The process started with 
quad meshes generated on the target surface consisting of non - planar quads. The 
optimization then moves the vertices into a planar state using a modified dynamic relaxation 
algorithm. The mesh moves away from the surfaces to reach the desired PQ mesh. 

In the current paper the vice versa approach is presented. The procedure starts with a mesh 
consisting of planar quads only, covering the footprint of the target surface. This could be 
either the projection of a mesh generate on the target surface or any other 2D mesh.  
Attracting forces then pulling the vertices towards the target surface and hence applying an 
imperfection. In order to establish the planar state of the mesh faces back again the Planar 
Relaxation method according to paper [1] is performed. The attraction and Planar Relaxation 
are applied iteratively until the mesh is close enough to the target surface or reaches the 
defined residual.  

IS - ADVANCES ON THE DYNAMIC RELAXATION METHOD
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In the following chapters we will recall the Planar Relaxation method and introduce the 
attracting forces. The proposes procedure is then tested, in order to produce a planar quad 
mesh solution, for a realized grid shell roof using triangular faces only. 

2 PLANAR RELAXATION ALGORITHM 
In order to achieve the desired planarity for all faces of the approximation mesh we 

perform a non-linear optimization. Here we adopt a modified dynamic relaxation algorithm 
which is suitable to solve approximation problems of discrete systems. 

2.1. Dynamic Relaxation (DR) 
The dynamic relaxation method is widely used for form finding and nonlinear structural 

analyses of fabric or cable structures. The method uses the dynamic equation of a damped 
system with or without externally applied loads to calculate the static behavior of structures. 
To reduce the computation storage requirements the DR method is formulated as direct vector 
method which only considers geometric nonlinearity.

The motion of mesh nodes representing a 2D structure is traced over time until the sum of 
residual forces in the nodes reach the convergence criteria. This indicates the state of 
equilibrium of the structural system. The first DR algorithm for structures was proposed in 
1965 by A. S. Day [4] and J.R.H. Otter [5].  

2.2. The Dynamic Relaxation Algorithm 
In this chapter we briefly summarize the dynamic relaxation algorithm. The DR method 

has been implemented into a 3D-CAD environment (Rhinoceros 4.0 ®) as a ‘PlugIn` 
application. The algorithm consists of the iterative computation of a series of vector 
operations applied to the vertices of a given mesh.  

The equation for a viscously damped system is given in formula (1) an needs to be 
executed for all mesh vertices at each iterative step until the weighted nodal residual r’ falls 
below the specified target value. 

r’[i] = (f[i] + acc[i-1] * M + vel[i-1] * C) - f[i-1]      (1) 
 

r’...Weighted residual vector  
f...Internal force vector  
acc...Acceleration vector  
M...Fictitious mass  
vel...Velocity vector  
C...Fictitious damping  
i...Iteration 

2.3. Planar Relaxation (PR) 
In order to modify the DR algorithm to planarize the mesh faces we only need to define a 

new set of pulling forces which are acting towards the desired condition of the mesh. Let us 
introduce the new planar pulling forces (fp): 
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                       )...(fp ][]1[[i] ←←Σ= jpp νν    (2) 

νp[j]←...out of planarity vector adjacent face 
j...number of adjacent faces 

For every vertex we compute the out of plane vectors (νp) of the adjacent faces. The plane 
of the adjacent face is defined by the vertices of this face, other than the current one. The out 
of planarity condition can be expressed with the distance (d) of the forth vertex to the three 
point plane defined by the first three vertices of the mesh face. Finally we replace the internal 
forces (f[i]) in Equation 1 with the new defined planar pulling forces (fp[i]) as defined in 
equation 2. 

3 ATTRACTIVE PLANAR RELAXATION ALGORITHM 
With the planarization algorithm establish we can now define the attracting forces which 

move the mesh nodes towards the target surface.  

3.1 Attractive Forces 
The attraction forces (fa[i]) are defined as the vector connecting the individual mesh 

vertices (p[i]) with its closest point (cp[i]) on the surface: 

][][[i]fa ii pcp −= (3)

p[j]...vertex point 
cp[i]...closest point on target surface 

We obviously need to introduce a force scale as the full force would pull the mesh strait 
away on the target surface. The scale will be applied as a constant modifier to all pulling 
forces. 

s[i][i]  famod fa = (4)

s…modifying scale 

The magnitudes of the attracting forces are in direct relationship of the individual node 
distance to the surface. Hence closer to surface mesh nodes generate smaller forces and 
therefore less imperfections then further away mesh nodes.  

3.2 Attractive Planar Relaxation 
The procedure starts with the computation of the attracting forces. Depended on the user 

defined force scale the mesh vertices will be moved into a now non-planar state. A value for 
the force scale (s) ranging between s = 0.2 and s = 0.3 delivered good results during test runs. 
We then optimize the imperfect mesh using the PR algorithm until the desired relative 
planarity value is reached. For double glazed insulating unit a value of 1% may be appropriate 
whilst single glazing units can tolerate 3% non- planarity. The procedure of attracting and 
planarizing is then repeated until the mesh is close enough to the target surface. 
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4 CASE STUDY 

4.1 Westfield Shopping Center 
The undulating roof surface of the Glazed Roof at the shopping centre Westfield/London is 

inspired by the wave movements of water in nature. Designed by the Buchan Group 
International pty Ltd and Benoy and fabricated by seele the roof shell covers the area of 
approx. 5,500m². The triangulated steel structure is based on a plan grid of equilateral 
triangles which is then projected on the doubly curved roof surface. The result of this meshing 
process is 2250 unique glazing units, 12,000 individual beams and 7,000 individual nodes. 
The beams are formed by welded box sections with common outer cross section dimension 
and varying plate thicknesses. The nodes are fabricated using CNC milling and composed of 
20 individual parts in order to from a bolted connection. 

In plan the roof is C - shaped with 72m long and 24m wide horizontal legs. The upright 
long side measures 120m and is 24m wide as well. The surface comprised of a series of waves 
joined with dome shaped forms at the corners. 

In the following chapter we will investigate an alternative PQ meshes solution for the roof 
glazing. 

Figure 1+2: Westfield Shopping Centre Gridshell Roof seele

4.2 LPC Graph 
In order to inform the layout of the starting mesh we compute the Lines of Principle 

Curvature (LPC) graph of the roof surface (Figure 3). The Lines of Principle Curvature 
forming a network of curves which is most likely to produce planar quad faces. We can 
observe a similar behavior of the LPC’s in the wave parts of the surface. The maximum 
LPC’s are generally following the valleys and ridges of the waves. The maximum LPC’s then 
necessarily are crossing the valleys and ridges orthogonally. This suggests that this part of the 
surface is fairly suitable for a meshing which is very close to the LPC graph. 

In the dome areas we can observe a different behavior of the LPC’s. At both domes the 
LPC’s show a very noisy behavior. Several umbilical points distort the graph so that is not 
suitable as a literal guide for the start meshing. 
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Figure 3: LPC Graph      Figure 4: Guide LPC’s 

4.3 Starting Mesh 
For the generation of the 2D starting mesh we will pick a series of maximum LPC’s as 

guides. As shown in Figure 4 the guides are running in equal distance parallel to the wave 
ridges or valleys. The vertices of the crude topology mesh are the located at the ends and mid 
points of the guides. At the two domed areas we locate the vertices more freely in a centred 
position in order to receive an almost orthogonal layout of the mesh faces. 

In order to populate the mesh faces we perform a Catmull Clarke subdivision to the crude 
mesh faces. We apply 3 subdivision iterations to receive 2304 faces with an average edge 
length of 2.00 m (Figure 5).  

 Figure 5: Subdivided Starting Mesh
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4.4 Optimization 
The target surface covers the entire plan perimeter of the staring mesh and the largest 

distance mesh vertex to surface closest point count to 6.8m prior to optimization. Figure 6 
shows the attracting force vectors of all vertices in their full length. 

 For the approximation process we choose a force scale (s) of s = 0.3 and set the planarity 
target to 1%.  

Figure 6: Attracting Vectors Starting Mesh

After the attracting imperfections are applied to the target surface the most non-planar 
facet are located in the dome areas and count to 7.78% (Figure 7). The afterwards applied PR 
algorithm requires 1045 cycles and moves the mesh up to 0.27m back towards its initial state 
prior attraction.  

  
Figure 7: Planarity of Imperfect Mesh
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In order to keep the mesh faces smooth and continuously aligned we apply smoothing 
iterations after the attractions and before planarization. 

The procedure: attraction - smoothing - planarization is then repeated until the mesh 
traveled does not get closer to the target surface. The maximum distance to target surface (dts, 

max) is measured after each loop. In the following figures the deformation of the mesh during 
30 attraction loops in steps of 5 loops are displayed. The displayed maximum relative non-
planarity counts to the preset 1% target. 

Figure 8: Loop5, dts,max = 2,35m    Figure 9: Loop10, dts,max = 1,15m 

Figure 10: Loop15, dts,max = 0,95m    Figure 11: Loop20, dts,max = 0,91m 

Figure 12: Loop25, dts,max = 0,92m    Figure 13: Loop30, dts,max = 1,02m 
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We can observe that the optimized mesh gets closest to the target surface after 20 loops. 
Then the process stagnates between 20 to 25 loops keeping a similar distance to the target. 
After 25 loops the mesh starts departing again and hence we stopped the optimization after 30 
loops. This behavior suggests that at least a local optimum was reached.  

In the dome area the mesh faces get compresses (figure 14) or stretched (figure 15) in order 
to get closer to the target surface. This can be interpreted as the digital counterpart to physical 
sheet metal forming using molds. 

               
Figure 14: Mesh compression    Figure 15: Mesh stretch 
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Summary. The Geodesic Dynamic Relaxation method1 is an extension of the existing 
Dynamic Relaxation method that allows the user to incorporate equality constraint conditions 
to minimization problems of strain energy functions. The existing Dynamic Relaxation 
method has been widely adopted as a form-finding method for mechanically and pneumatic
pre-stressed tensile and bending active systems. While each structural component is usually 
modelled using an elastic material in the Dynamic Relaxation method, equality constraint 
conditions are introduced in the Geodesic Dynamic Relaxation Method as an alternative way 
to model some of the structural components in form-finding problems.

While the Geodesic Dynamic Relaxation method directly relates to the structural behavior of 
systems, the algorithm can also be used in a purely geometric context. More specifically, it 
allows the user to construct a geodesic line on an implicit surface.

This paper explains the Geodesic Dynamic Relaxation method briefly, and demonstrates both 
its structural and geometric applications. The structural applications relate to pre-stressed 
tensile structures, whereas the geometric application demonstrates the generation of fractal 
trees with geodesic branches on given implicit surfaces. The paper concludes and makes 
suggestions for future works. This paper will be of interest to structural and architectural 
engineers with an interest in computational design as well as computer scientists.

1 INTRODUCTION AND BACKGROUND
The Dynamic Relaxation (DR) method was first introduced by A. Day2 to the engineering 

community in 1965. It has been recognized as a powerful computational method particularly 
applicable to form-finding problems of prestressed tensile structures5,9. However, the method 
itself can be classified as a gradient-based direct minimization approach7, similar to the
steepest descent or conjugate gradient methods. Hence, it can be applied to various nonlinear 
problems such as geometrically nonlinear problems and tracking large deformations of 
structures3,6,8. In the recent trend involving the combination of Grasshopper® and 
Rhinoceros®, it is noteworthy that the DR method has been employed as a key technique in 
Kangaroo, a plug-in developed by D. Piker10. The Kangaroo plug-in is known as the 
component that opened the door for architectural designers to perform basic structural or 
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form-finding analyses.
As a gradient-based direct minimization approach, the hysteresis of minimization does not 

represent anything; however, it is possible to consider the DR method as a simple time 
integrator of the equation of motion. It has been observed that the total energy remains 
conserved in the DR process.  This is a very important characteristic that every time integrator 
should provide.

An extension of the existing DR method that can incorporate equality constraint conditions 
to minimization problems was presented by the authors1.  This extension was named the 
Geodesic Dynamic Relaxation Method. As a form-finding tool, this extension allows us to 
model some of the structural components of a structure as constraint conditions instead of 
modeling them as elastic materials. On the other hand, as a time integrator, this extension 
allows us to track the dynamic motion of a particle constrained on an implicit surface or a
higher dimensional implicit surface. One important feature of the Geodesic Dynamic
Relaxation Method is that it allows the user to draw geodesics on implicit surfaces. Although 
the geodesics are usually defined in a purely geometric context, this makes sense because the 
geodesics are also understood as the dynamic motion of a particle constrained to a surface to 
which no force is applied.

For these reasons, the Geodesic Dynamic Relaxation Method is considered to be a useful 
technique in both structural and geometric contexts. In this paper, both structural (i.e., form-
finding) and geometric (i.e., geodesics generation) applications of the Geodesic Dynamic 
Relaxation Method are presented.

2 GEODESIC DYNAMIC RELAXATION METHOD
This section summarizes the Geodesic Dynamic Relaxation Method.
In the existing DR process, a structural system is discretized in such a way that it is 

represented by a finite number of independent variables. Those variables are typically x, y,
and z coordinates of the nodes of linear members or triangular elements that approximate a 
membrane surface. If we denote the total number of such independent variables as 𝑛𝑛𝑛𝑛, we can 
encapsulate all independent variables into 𝒙𝒙𝒙𝒙 ∈ 𝑹𝑹𝑹𝑹𝑛𝑛𝑛𝑛 and consider this vector as representing the 
position of a particle moving in 𝑹𝑹𝑹𝑹𝑛𝑛𝑛𝑛. Internal (i.e., stress) and external forces that act on the 
structures are redistributed to the unknown variables (i.e., as a lumped nodal force) and 
represented by a vector with the same dimension as 𝒙𝒙𝒙𝒙. We denote this force as 𝝎𝝎𝝎𝝎 ∈ 𝑹𝑹𝑹𝑹𝑛𝑛𝑛𝑛. As a
result, we have an n-dimensional vector force acting on a particle moving within an n-
dimensional Euclidean space. In many cases, this force might be represented as 𝝎𝝎𝝎𝝎 = ∇𝑓𝑓𝑓𝑓 ,
where 𝑓𝑓𝑓𝑓 is a function of 𝒙𝒙𝒙𝒙 and usually represents the total energy of the system and ∇ is a 
gradient operator with respect to 𝒙𝒙𝒙𝒙.

In DR, we consider not only force and position, but also the velocity of the particle. Let us 
denote this velocity as 𝒒𝒒𝒒𝒒 ∈ 𝑹𝑹𝑹𝑹𝑛𝑛𝑛𝑛 . The DR method iteratively updates position and velocity
based on Newton’s second law of motion such that the system oscillates stably. We admit that
a rigorous mathematical proof is difficult to submit; however, the law of conservation of 
energy seems to be established via the DR process because this oscillation neither diverges
nor converges. When a damping effect is applied to the system, the system quickly stops
oscillating and converges. The resulting configuration then represents a structural system that 

2
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is in a state of equilibrium. This is the essential idea upon which DR is based.
When a certain number of equality constraint conditions are added to the problem, the 

feasible space (i.e., the points on which all conditions are satisfied) becomes a subspace of 𝑹𝑹𝑹𝑹𝑛𝑛𝑛𝑛.
We denote this subspace as 𝑆𝑆𝑆𝑆̅ . Although 𝑹𝑹𝑹𝑹𝑛𝑛𝑛𝑛 is usually considered a Euclidean space, 𝑆𝑆𝑆𝑆̅
becomes, in general, a curved subspace. Ideally, particle 𝒙𝒙𝒙𝒙 should be constrained on 𝑆𝑆𝑆𝑆̅ and 
both velocity 𝒒𝒒𝒒𝒒 and force 𝝎𝝎𝝎𝝎 should be tangent vectors of 𝑆𝑆𝑆𝑆̅.

Because it is rather difficult to strictly satisfy the above hard constraints, we decided to 
relax the conditions as follows. The constraint conditions are usually given in the form

𝒈𝒈𝒈𝒈(𝒙𝒙𝒙𝒙) = �
𝑔𝑔𝑔𝑔1(𝒙𝒙𝒙𝒙)
⋮

𝑔𝑔𝑔𝑔𝑟𝑟𝑟𝑟(𝒙𝒙𝒙𝒙)
� = 𝟎𝟎𝟎𝟎. (1)

Thus, 𝑆𝑆𝑆𝑆̅ can be defined as the complete set of points that satisfies 𝒈𝒈𝒈𝒈(𝒙𝒙𝒙𝒙) = 𝟎𝟎𝟎𝟎. For an 𝒙𝒙𝒙𝒙 that is 
not supposed to satisfy 𝒈𝒈𝒈𝒈(𝒙𝒙𝒙𝒙) = 𝟎𝟎𝟎𝟎, it is still possible to define a complete set of points that 
yield the same value of 𝒈𝒈𝒈𝒈(𝒙𝒙𝒙𝒙) as 𝒙𝒙𝒙𝒙. We denote this isomanifold (or isosurface in a special 
case) as 𝑆𝑆𝑆𝑆(𝒙𝒙𝒙𝒙). When 𝑆𝑆𝑆𝑆(𝒙𝒙𝒙𝒙) overlays 𝑆𝑆𝑆𝑆̅, the constraint conditions are satisfied.

In the Geodesic Dynamic Relaxation Method, we proposed to project force 𝝎𝝎𝝎𝝎 and velocity 
𝒒𝒒𝒒𝒒 on the tangent space (or the tangent plane in a special case) of 𝑆𝑆𝑆𝑆(𝒙𝒙𝒙𝒙) at each step. In our
original publication (and as shown in Figure 1), these projection operators are called the 
projected gradient and the discrete parallel transportation operators, respectively. Note that 
different projection operators are chosen for each entity. Furthermore, it is not strictly 
assumed that 𝑆𝑆𝑆𝑆(𝒙𝒙𝒙𝒙) = 𝑆𝑆𝑆𝑆̅ at this moment (i.e., the problem is relaxed).

Next, an attempt to project 𝒙𝒙𝒙𝒙 onto 𝑆𝑆𝑆𝑆̅ is made at the end of each step of the DR process. This 
trial is an iterative procedure that is terminated after few steps before 𝒙𝒙𝒙𝒙 rigorously reaches 𝑆𝑆𝑆𝑆̅.
Even if we do so, 𝒙𝒙𝒙𝒙 gradually approaches 𝑆𝑆𝑆𝑆̅ through the DR process. As shown in Figure 1 (a),
this iterative projection operator is called pull-back in our original publication1.

When the system converges, 𝑆𝑆𝑆𝑆(𝒙𝒙𝒙𝒙) is overlaid with 𝑆𝑆𝑆𝑆̅ and 𝝎𝝎𝝎𝝎 has only a component 
orthogonal to the tangent space of 𝑆𝑆𝑆𝑆̅. The former indicates that all constraint conditions are 
satisfied, while the latter means that the residual force can be canceled out by reaction forces
produced by the constraint conditions. Hence, when the Geodesic Dynamic Relaxation 
Method converges, we obtain a structural system in equilibrium.

(a) the projected gradient operator 
constrained to prescribed values.

(b) the discrete parallel 
transportation operator

(c) the pull-back operator

Figure 1: projection operators, which first appeared in our previous publication1.

An interesting byproduct, i.e., geodesics generation, can be obtained as follows. When the 
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number of independent variable is three and the number of equality constraint conditions is 
one, the feasible space becomes a two-dimensional subspace of 𝑹𝑹𝑹𝑹3, i.e., a surface. When both 
damping effect and forces are ignored, but a non-zero initial velocity is given at the initial step
of the DR process, the Geodesic Dynamic Relaxation Method generates a point series in a 
straightforward manner such that it approximates a geodesic line on the surface.

3 STRUCTURAL APPLICATIONS
As our first example of applications of the Geodesic Dynamic Relaxation Method, we 

present a form-finding problem of tension structures that comprises tensile cables and 
compression bars. In particular, the system we consider here is a structural system that 
comprises a series of five equispaced copper compression bars (Length = 30 [cm], Diameter =
6 [mm], Thickness = 0.5 [mm], EA = 1172 [N]), at one end pinned to the foundation and at 
the other end attached to a nylon continuous cable. As shown in Figure 2, the continuous 
cable (Diameter = 0.66 [mm], EA = 1368 [N]) runs from one pinned connection at the 
foundation over the ends of the five compression bars back to a pinned connection at the 
foundation. The continuous cable is prestressed to a value of 20 [N].

For form-finding, we chose the summation of squared lengths of tension cables as strain 
energy and regard the compression bars as constraint conditions of lengths between points. 
This problem can therefore be expressed as follows:

∑ 𝐿𝐿𝐿𝐿𝑗𝑗𝑗𝑗2(𝒙𝒙𝒙𝒙)𝑗𝑗𝑗𝑗 → min,   (𝑗𝑗𝑗𝑗 ∈ tension cables) (2)

s. t. 𝐿𝐿𝐿𝐿𝑘𝑘𝑘𝑘(𝒙𝒙𝒙𝒙) − 𝐿𝐿𝐿𝐿�𝑘𝑘𝑘𝑘 = 0, (∀𝑘𝑘𝑘𝑘 ∈ compression bars). (3)
The sum of squared lengths of tension cables typically becomes quadratic in the x, y, and z

coordinates of both ends of the cables; thus, we can solve this by a single computation using 
an inverse matrix. Hence, rather than using DR, some might prefer this inverse matrix 
approach. This technique has been called the Force Density Method4. Although the original 
publication of the Force Density Method describes a well-considered procedure to consider
some typical constraint conditions, such as those represented by Eq. (3), it requires us to 
perform computationally complex calculations, including differentiation of constraint 
conditions by force densities. Hence, we think that the Geodesic Dynamic Relaxation Method 
is a computationally less expensive alternative when one performs a form-finding analysis 
that considers equality constraint conditions.

Another advantage of the Geodesic Dynamic Relaxation Method, as compared with the 
Force Density Method, is that one can replace the exponent that appears in Eq. (2) with 
numbers greater than two. In practice, the above minimization problem results in an undesired 
solution in most cases. For example, Figure 2 (a) seems to represent a desired prestressed 
structure; however, it quickly starts to lay down during the DR process and form the 
configuration shown in Figure 2 (b). In contrast, when we replace the exponent in Eq. (2) with 
four, the DR process converges to the shape shown in Figure 2 (c) in only a few steps. This 
solution is stable and does not fall into another global minimum of the total energy.

When four is used as an exponent, the proportions of prestress of the cables can be 
calculated as follows:

𝑛𝑛𝑛𝑛𝑗𝑗𝑗𝑗 = 4𝐿𝐿𝐿𝐿𝑗𝑗𝑗𝑗3, (𝑗𝑗𝑗𝑗 ∈ tension cables). (4)

4
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On the other hand, the proportions of the compression forces in the bars are stored as
Lagrange multipliers (please refer to the original publication1 for further details regarding
Lagrange multipliers).

Figure 3 shows a physical model that was created on the basis of the computational results
discussed in this section. The model shown is made of nylon strings and copper bars. It was 
possible to stabilize the structure by prestressing it using turnbuckles.

(a) a result of minimization of the 
summation of the squared lengths 
of cables under which lengths of 
the compression bars are 
constrained to prescribed values.

(b) the figure on the left is not a 
rigorous solution and quickly 
moves toward the global minimum 
of the problem shown here.

(c) when four is used as the 
exponent of the energy function, a 
stable and desired solution is 
successfully obtained.

Figure 2: Form-finding results using our Geodesic Dynamic Relaxation Method.

Figure 3: A photograph of the prestressed tension structure.

4 PURELY GEOMETRIC APPLICATIONS

4.1 Geodesics
In this section, we present two simple implicit surfaces. The first is a torus; an implicit

representation of a torus is given as follows:
𝑔𝑔𝑔𝑔(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = �𝒙𝒙𝒙𝒙 − 𝑹𝑹𝑹𝑹 𝒙𝒙𝒙𝒙

�𝒙𝒙𝒙𝒙𝟐𝟐𝟐𝟐+𝒛𝒛𝒛𝒛𝟐𝟐𝟐𝟐
�
𝟐𝟐𝟐𝟐
− �𝒛𝒛𝒛𝒛 − 𝑹𝑹𝑹𝑹 𝒛𝒛𝒛𝒛

�𝒙𝒙𝒙𝒙𝟐𝟐𝟐𝟐+𝒛𝒛𝒛𝒛𝟐𝟐𝟐𝟐
�
𝟐𝟐𝟐𝟐

+ 𝒚𝒚𝒚𝒚𝟐𝟐𝟐𝟐 − 𝒓𝒓𝒓𝒓𝟐𝟐𝟐𝟐 = 0. (5)

Here, 𝑅𝑅𝑅𝑅 and 𝑟𝑟𝑟𝑟 represent the major and minor radii of the torus, respectively.
Second, a heart-shaped surface is defined as follows:

5
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𝑔𝑔𝑔𝑔(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = �𝑥𝑥𝑥𝑥2 + 9
4
𝑦𝑦𝑦𝑦2 + 𝑧𝑧𝑧𝑧𝟐𝟐𝟐𝟐 − 1�

3
− 𝑥𝑥𝑥𝑥2𝑧𝑧𝑧𝑧3 − 9

80
𝑦𝑦𝑦𝑦2𝑧𝑧𝑧𝑧3 = 0. (6)

Geodesics of these surfaces can be generated using the Geodesic Dynamic Relaxation 
Method, with results shown in Figure 4.

(a) torus (b) heart-shaped function

Figure 4: Geodesics of implicit surfaces.

4.2 Fractal tree
Figure 5 shows a typical fractal tree. This geometry would typically be constructed by 

recursive calls of a subroutine that takes two endpoints as input and draws a line between 
them; however, we implemented the program in a different way such that it generates a point 
series that represents a straight line based on the following iterative formula:

𝒗𝒗𝒗𝒗𝑡𝑡𝑡𝑡 = 𝒗𝒗𝒗𝒗𝑡𝑡𝑡𝑡−1, (7)
𝒙𝒙𝒙𝒙𝑡𝑡𝑡𝑡 = 𝒙𝒙𝒙𝒙𝑡𝑡𝑡𝑡−1 + 𝛼𝛼𝛼𝛼𝒗𝒗𝒗𝒗𝑡𝑡𝑡𝑡. (8)

Note that 𝒗𝒗𝒗𝒗𝑡𝑡𝑡𝑡 remains constant such that the generated point series becomes a straight line. 
When 𝒙𝒙𝒙𝒙𝑡𝑡𝑡𝑡 reaches one third of the specified total length, two branches are created by the 
program. For those two branches, new velocities and a new total length are assigned. The new 
velocities are rotated 30° to the left and 30° to the right; and the new total length is two thirds
of the previous total length.

Although complex coding is needed and the geometry shown in Figure 5 can be 
constructed using a way simpler technique, this treatment enables us to draw a fractal tree on 
an implicit surface, of which all the branches are geodesics.

Figure 5: A fractal tree generated using our technique.

6
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4.3 Geodesic fractal
Because the basic structure of Equations (7) and (8) is very similar to the DR process, it is 

possible to replace straight line generations in the fractal tree generation implementation with 
geodesics generation. Figure 6 shows such geodesic fractals drawn on the same implicit 
surfaces discussed in Section 4.1 above.

Figure 7 shows a three-dimensional (3-D) printed model of the computational results
shown in Figure 6 (b), processed by Shapeways®. The thinnest curves in the 3-D printed 
model have 1mm diameters. Although 3-D printing is not necessarily in the scope of this 
work, we note that it is quite remarkable that such thin curves can keep their shapes as 
designed due to their elastic strength.

(a) torus (b) heart-shaped function

Figure 6: Geodesic fractals drawn using our approach.

Figure 7: A photograph of a 3-D printed geodesic fractal. 

6 CONCLUSIONS
In this paper, we first presented a short summary of the Geodesic Dynamic Relaxation 

Method. The method allows us to incorporate equality constraint conditions to the existing 
DR method. Simultaneously, the method itself can be used to generate geodesics on implicit 
surfaces. The extension preserves the basic structure of the DR and comprises projection 
operators that project vectors in DR to appropriate subspaces.

We also presented a form-finding problem of a tensile structure as an application of our

7
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method. The structure comprised tensile cables and compression bars. Tensile cables were 
modeled using a form-finding specific elastic material, while compression bars were treated 
as constraint conditions of lengths between points.

Next, we provided an example of structural design using geodesics of implicit surfaces by 
employing a fractal tree as a global design in which each branch of the tree was composed of 
geodesics drawn using our Geodesic Dynamic Relaxation Method.

For our future work, apart from form-finding analyses, the Geodesic Dynamic Relaxation 
Method might be useful for analyzing large deformations of a structure that contains stretchy 
materials as opposed to stiff materials. In such cases, we would aim to model such stiff 
materials using constraint conditions to achieve numerical stability.

Furthermore, geodesics of surfaces are natural extension of straight lines in Euclidean 
spaces to surfaces; therefore, such “straight” curves can be excellent candidates as the most 
basic curves when one designs a structure of which global shape is determined by a surface. 
The major disadvantage of our proposed geodesics generation algorithm is that the surface 
must be represented using an implicit representation. The use of implicit surfaces in 
architectural design has rarely been considered. This might not be because of the limited 
design freedom, but rather the lack of a design interface. Hence, we expect the development 
of an architectural design-specific user-interface to be beneficial.
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Abstract. The problem of finding the tallest possible column that can be constructed
from a given volume of material without buckling under its own weight was finally solved
by Keller and Niordson in 1966. The cross-sectional size of the column reduces with height
so that there is less weight near the top and more bending stiffness near the base. Their
theory can also be applied to tall buildings if the weight is adjusted to include floors, live
load, cladding and finishes.

In this paper we simplify the Keller and Niordson derivation and extend the theory to
materials with non-linear elasticity, effectively limiting the stress in the vertical structure
of the building. The result is one highly non-linear ordinary differential equation which
we solve using dynamic relaxation.

1 INTRODUCTION

The field of optimal structural design has been and still is a fertile area of research.
One of the more interesting of such problems concerns the optimal design of the tallest
possible elastic column.

Keller and Niordson [1] in 1966 solved the problem of finding the tallest column that can
be constructed without buckling under its own weight, given a fixed volume of material
and allowing the cross-sectional area to vary. Their work is based on the Euler-Bernoulli
theory and involves maximising the lowest eigenvalue of a linear second order differential
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equation, or a Sturm-Liouville operator.

Figure 1: Tallest column profiles
(a) Linear elastic
(b) & (c) Non-linear elastic, stress limited

Further investigations of this problem were
undertaken later by Cox and McCarthy [2]
and again by McCarthy [3]. They formally
prove the existence of the tallest column and
solve the optimality conditions and both in-
vestigations used numerical iterative schemes
to find the optimal design. This prob-
lem has also been approached by Atanack-
ovic [4] and Egorov [5], confirming previous re-
sults.

However, there has not yet been any attempt
to go outside the bounds of linearly elastic ma-
terials or to limit the compressive stress in the
tallest column. This would become useful when
considering optimal designs for super tall build-
ings.

Francis Reynolds Shanley [6, 7] showed that
the buckling load of a column with non-linear
material behaviour is determined by the tangent
modulus, that is the slope of the tangent to
the stress/strain curve during first loading. The
increased stiffness during unloading of an elas-
tic/plastic material does not influence the buck-
ling load. This means that the buckling load
of an elastic/plastic material can be obtained
by treating the material as non-linear elastic,
ignoring the different behaviour during unload-
ing.

In this paper the Euler-Lagrange equations for
a material described by its tangent modulus as a
function of axial stress are derived using an energy
approach which is equivalent to virtual work. The
Euler-Lagrange equations are combined into a sin-
gle 3rd order non-linear ordinary differential equa-
tion which is solved using dynamic relaxation.
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Figure 1 shows the result of this analysis. The 3 structures are made from a material
with the same density and Young’s modulus for low stress and hence they have the same
profile near the top. However the material of structure (b) has a limited strength and that
of structure (c) has an even lower strength. This causes the profile to get wider towards
the base to limit the maximum stress. For a very weak material the profile away from the
top increases exponentially with distance from the top, keeping the stress constant.

2 PROBLEM DEFINITION

Consider a vertical structure of height H that is clamped at the base and free at the
top. Let s be the arc-length along the structure, measured from the top downwards such
that s = H at the base. The vertical coordinate, z, is also measured downwards from the
top so that z = H at the base in the undeformed configuration.

The cross-sectional area of the vertical structure is A (s) and its second moment of
area is assumed to be I(A) = αA2 in which α is a non-dimensional constant. For a solid
circular section α = 1/4π. The weight per unit height of the structure is assumed to
be ρgA (s) in which ρg is a constant which is adjusted to include the weight of floors,
cladding, live load etc. in the case of a building.

The volume of vertical structure above the level defined by s is

V (s) =

s∫

s=0

A (s) ds (1)

so that

A =
dV

ds
. (2)

The axial load at that level is
P (s) = ρgV (s) (3)

and therefore the axial compressive stress is

σ(s) = P (s)/A(s). (4)

The total volume of vertical structure is V (H). At the top V (0) = 0 and the cross-
sectional area is assumed to be zero, A(0) = 0.

It is assumed that the structure is sufficiently well braced for there to be no shear
deformation and axial deformation is also ignored. Thus the only deformation is due to
bending and the Euler-Bernoulli bending stiffness of the column is EI in which E is the
tangent modulus. It is assumed that E is a known function of the axial stress, σ, and
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therefore EI is a known function of V and of A.

When the column loses stability and buckles sideways the lateral displacement is u(s)
and the rotation is

ϕ(s) =
du

ds
, (5)

which is assumed small. As a result, bending stresses are also small, explaining why we
assume that the tangent modulus is a function of the vertical stress only.

The drop in height due to buckling at level s is w(s). The clamped condition at the
base means that ϕ(H) = 0 and w(H) = 0.

Using the Maclaurin series expansion and the fact that ϕ is small,

dw

ds
= − (1− cosϕ) = −

(
1−

(
1− ϕ2

2
+ ...

))
= −ϕ2

2
. (6)

3 ANALYSIS

3.1 Energy approach

The total change in gravitational potential energy due to sideways buckling is:

W = −ρg

H∫

s=0

Aw ds = −ρg

H∫

s=0

dV

ds
w ds

= −ρg [V w]Hs=0 + ρg

H∫

s=0

V
dw

ds
ds

= −ρg

H∫

s=0

V
1

2
ϕ2 ds

(7)

in which we have used the boundary conditions V (0) = 0 and w(H) = 0.

The total strain energy due to bending is

U =

H∫

s=0

1

2
EIκ2 ds (8)

in which the curvature

κ =
dϕ

ds
. (9)
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Thus

U +W =
1

2

H∫

s=0

Qds (10)

in which
Q(A, V, κ, ϕ) = EIκ2 − ρgV ϕ2. (11)

The total energy U +W can be minimised by varying ϕ so that ϕ = ϕ(s, t). However,
in order to also minimise the total volume, V (H), the area and therefore the volume are

also varied. Thus V = V (s, t) and
∂A

∂t
=

∂2V

∂s∂t
.

Thus, for U +W to be a minimum

0 =
d

dt
(U +W ) =

1

2

H∫

s=0

[(
∂(EI)

∂V

∂V

∂t
+

∂(EI)

∂A

∂2V

∂s∂t

)(
∂ϕ

∂s

)2

+ 2EI
∂ϕ

∂s

∂2ϕ

∂s∂t

−ρg
∂V

∂t
ϕ2 − 2ρgV ϕ

∂ϕ

∂t

]
ds

Integrating by parts,

0 =
d

dt
(U +W ) =

1

2

[
∂(EI)

∂A

(
∂ϕ

∂s

)2
∂V

∂t
+ 2EI

∂ϕ

∂s

∂ϕ

∂t

]H

s=0

− 1

2

H∫

s=0

[(
∂

∂s

[
∂(EI)

∂A

(
∂ϕ

∂s

)2
]
− ∂(EI)

∂V

(
∂ϕ

∂s

)2

+ ρgϕ2

)
∂V

∂t

+2

(
∂

∂s

(
EI

∂ϕ

∂s

)
+ ρgV ϕ

)
∂ϕ

∂t

]
ds.

At the top where s = 0 the value of V remains constant at zero so that
∂V

∂t
= 0 and the

bending moment EIκ = EI
∂ϕ

∂s
= 0. At the base where s = H there is no rotation so

that ϕ = 0 and minimisation of the total volume means that
∂V

∂t
= 0. Thus the term

1

2
[...]Hs=0 is zero. The variations

∂V

∂t
and

∂ϕ

∂t
are arbitrary, subject to end constraints and

hence we obtain the Euler-Lagrange equations

d

ds

[
∂(EI)

∂A

(
dϕ

ds

)2
]
− ∂(EI)

∂V

(
dϕ

ds

)2

+ ρgϕ2 = 0 (12)
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and
d

ds

(
EI

dϕ

ds

)
+ ρgV ϕ = 0 (13)

in which the partial derivatives of V and ϕ have been replaced by ordinary derivatives
since the variation with the variable t is no longer needed. Note that, for example,

d

ds

[
∂(EI)

∂A

]
=

∂2(EI)

∂A2

dA

ds
+

∂2(EI)

∂A∂V

dV

ds
=

∂2(EI)

∂A2

d2V

ds2
+

∂2(EI)

∂A∂V

dV

ds
(14)

in which
∂2(EI)

∂A2
and

∂2(EI)

∂A∂V
are known functions of V and A.

Alternatively, we could start from equation (11) and use a standard result from the
calculus of variations [8] to minimise U +W and V (H) and produce

∂Q

∂ϕ
− d

ds

(
∂Q

∂κ

)
= 0 and

∂Q

∂V
− d

ds

(
∂Q

∂A

)
= 0

which are identical to (12) and (13). If we set E = constant in (12) and (13) for the linear
elastic case we obtain the same equations as those derived by Keller and Niordson [1]
using a somewhat more complicated argument.

We now have 2 equations in 2 unknowns, V (s) and ϕ(s), and to eliminate ϕ(s) let us

introduce a new variable f(s) such that
dϕ

ds
=

ϕ

f
. Equations (12) and (13) then become

0 =
d

ds

[
∂(EI)

∂A

(
ϕ

f

)2
]
− ∂(EI)

∂V

(
ϕ

f

)2

+ ρgϕ2

=
d

ds

[
1

f 2

∂(EI)

∂A

]
ϕ2 +

1

f 2

∂(EI)

∂A
2ϕ

ϕ

f
− ∂(EI)

∂V

(
ϕ

f

)2

+ ρgϕ2

and

0 =
d

ds

(
EI

ϕ

f

)
+ ρgV ϕ

=
d

ds

(
EI

f

)
ϕ+

EI

f

ϕ

f
+ ρgV ϕ,

which, after some manipulation produce

d

ds

[
∂(EI)

∂A

]
+

2

f

(
1− df

ds

)
∂(EI)

∂A
− ∂(EI)

∂V
+ ρgf 2 = 0 (15)
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DRAGOŞ I. NAICU AND CHRIS J. K. WILLIAMS

and
d(EI)

ds
+

EI

f

(
1− df

ds

)
+ ρgV f = 0. (16)

Substituting
1

f

(
1− df

ds

)
from (16) into (15) produces a quadratic in f :

f 2 − 2V

∂

∂A

(
EI

ρg

)

(
EI

ρg

) f +
d

ds

(
∂

∂A

(
EI

ρg

))
− ∂

∂V

(
EI

ρg

)
− 2

d

ds

(
EI

ρg

) ∂

∂A

(
EI

ρg

)

(
EI

ρg

) = 0

(17)

which can be solved for f knowing that it must be negative. We can also differentiate

equation (17) to find
df

ds
. Finally we can substitute f and

df

ds
into either Equation (15)

or (16) to produce one 3rd order non-linear ordinary differential equation in V which can
be solved numerically.

3.2 Material behaviour

The method and result obtained thus far are independent of the type of material
used, provided that we have a unique relationship between the average axial stress and
the tangent modulus. In the example which we will consider we assume a stress/strain
relationship

σ = σmax tanh

(
E0

σmax

ε

)

where σ is the stress, ε is the strain and the material strength and stiffness are defined
by the constants σmax and E0. σmax is the maximum value of stress at large strain and
E0 is the linear elastic Young’s modulus.

By definition the tangent modulus E is the slope of the stress/strain graph,

E =
dσ

dε
= E0

(
1− σ2

σ2
max

)

and to obtain a linear elastic material we simply let σmax tend to infinity.

3.3 Behaviour near the top

At the top V (0) = 0 and the moment is zero. If we also set A(0) = 0 then ϕ → ∞
at the top because the bending stiffness tends to zero faster than the bending moment.
If we write V = asλ and ϕ = bsµ, then upon substituting back into the Euler-Lagrange
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equations we obtain λ = 4 and µ = −2 and therefore a = 1/96 and A = s3/24. Even
though ϕ → ∞ at the top, the value of f is zero, f(0) = 0. Keller and Niordson [1] also
arrive at a cubic taper for the area near the top.

In reality it is not possible to have a cubic taper since the tip would simply break
off, and also we have made the assumption the ϕ is small. So a more realistic boundary
condition would be A(0) = Atip in which Atip is finite but whose value does not influence
the overall shape of the column provided that Atip is small.

3.4 Behaviour near the base

The column is clamped at the base, i.e. ϕ(H) = 0 and therefore f(H) = 0. From the
quadratic solution for f , equation (17), it can be seen that at the base

d

ds

(
∂

∂A

(
EI

ρg

))
− ∂

∂V

(
EI

ρg

)
− 2

d

ds

(
EI

ρg

) ∂

∂A

(
EI

ρg

)

(
EI

ρg

) = 0. (18)

This gives an expression for
d2V

ds2
and, in the linear elastic case this reduces to

d2V

ds2
= 0.

4 NUMERICAL SOLUTION

The above analysis eventually leads to one equation containing V , A =
dV

ds
,
dA

ds
and

d2A

ds2
. We thus have a 3rd order differential equation in V or a 2nd order non-linear differ-

ential equation in A if we use numerical integration to find V .

The differentiations in equations such as (17) using rules of the form (14) mean that the
differential equation is exceptionally long making it impossible to write it out explicitly
in the constraints of a paper. However the differentiations follow the usual simple rules
so that the derivation is tedious but not difficult.

Let the length of the column from s = 0 to s = H be divided into n intervals of equal
lengths δs with nodes numbered from i = 0 to i = n. An additional fictional node is
required at the base (i = n + 1) in order to define the boundary behaviour. Using the
boundary conditions and the trapezium rule

A0 = 0

V0 = 0

Vi = Vi−1 +
δs

2
(Ai + Ai−1) .

(19)
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At every level from i = 1 to i = n

(
dA

ds

)

i

=
Ai+1 − Ai−1

2δs
and

(
d2A

ds2

)

i

=
Ai+1 − 2Ai + Ai−1

δs2
. (20)

Substituting into the differential equation gives an expression for Ai in terms of Ai−1,
Ai+1 and Vi at all levels except when i = 0 at the top and when i = n at the base where
we use equation (18) to find An+1. The behaviour near the top is discussed in section 3.3

so that for small values of i we simply set Ai =
(i× δs)3

24
.

4.1 Use of dynamic relaxation

Dynamic relaxation is an explicit numerical method often used for finding the equi-
librium shape of non-linear structures. This is done by moving the nodes of a structure
under the influence of out-of-balance or residual forces, including some form of artificial
damping, until the structure achieves equilibrium [9]. Dynamic relaxation is essentially
the same as Vertlet or leapfrog integration used to integrate the equations of motion for
dynamic problems

However, in our case the unknowns are not the displacements of the structure, but its
shape as defined by Ai. We can still define an ‘out of balance force’, Fi, which is the error
in the solution of the differential equation at node i. The dynamic relaxation algorithm
is then (

Ȧi

)
t+ δt

2

= (1− η)
(
Ȧi

)
t− δt

2

+
(Fi)t
mi

δt

(Ai)t+δt = (Ai)t +
(
Ȧi

)
t+ δt

2

δt
(21)

in which δt is the time step, Ȧi is the rate of change of Ai, η is a small constant to produce
damping and mi is the ‘mass’ associated with the ith nodal area. Because we are only
interested in the final static solution we are free to choose mi to get the best convergence.
Therefore we choose mi to be proportional to the coefficient of Ai in the finite difference
version of the differential equation. For small values of δs this will be dominated by the
d2A

ds2
term.

5 RESULTS

Our non-linear material is described by the 2 constants, E0 and σmax. This leads to
a 2 parameter family of solutions to the problem of the tallest possible column. The 2
non-dimensional parameters can be written

β =
H

L
and γ =

σmax

E0

(22)
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where

L =
αE0

ρg
. (23)

The images in figure 1 were produced assuming material properties for steel E0 =
205 GPa and ρg = 7850 × 9.81 N/m3, and α = 1/4π for a solid circular section. The 3
images all share the same value of β, corresponding to a height, H = 10, 000 m. Note
however that the same value of β would correspond to a shorter structure if ρg were
increased to account for floors etc. which do not contribute to the bending stiffness.

(a) Linear (b) Non-linear 90% (c) Non-linear 95%

β 0.0472 0.0472 0.0472

γ ∞ 0.866× 10−3 0.695× 10−3

σmax (MPa) ∞ 177.5 142.4

σH (MPa) 288.8 159.9 135.4

σH/σmax 0 0.90 0.95

Table 1: Non-dimensional parameters and stress values

The values of γ for the profiles shown in figure 1 are given in table 1. Setting σmax to
infinity corresponds to a linear elastic material for case (a). Cases (b) and (c) correspond
to a non-linear material with different values of σmax. The area of the vertical structure
automatically increases to limit the stress at the base σH to 90% and 95% of σmax.

Figure 2 shows a plot of the cross-sectional area against height on the vertical axis and
figure 3 shows how the vertical stress varies with height.

6 CONCLUSIONS

This paper has addressed the classic problem of the tallest possible column. The
analysis has been simplified and extended to the case of non-linear material behaviour in
which the column automatically gets wider towards the base to limit the maximum stress.

Dynamic relaxation proved to be a powerful tool in solving the highly non-linear 2nd

order ordinary differential equation that results from the analysis.
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Figure 2: Cross-sectional Area plotted against the non-dimensional height, measured downwards

Figure 3: Axial stress plotted against the non-dimensional height, measured downwards; short vertical
lines show values of σmax
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Summary: The paper presents a three degree of freedom formulation for the dynamic 
relaxation modelling of tubular bearing systems applied in arch supported membranes and 
closed hoop supported cable net bridging structures.   For tubular arch structures the 
numerical modelling method has been validated against analytical and finite element models 
with span/rise ratios up to 20.  Beyond this, and particularly as arches flatten under limit state 
loads the method becomes impractical.  A revised process is given for the modelling when 
approaching failure states, and is applied and validated for the case of a very flexible arch 
supported membrane structure subject to snap through buckling.   The paper also illustrates 
how the torsion/bending theory can be used to cover different closed hoop supporting 
systems, and the numerical modelling is applied to a multi-span bridging structure employing 
tubular hoops of various sizes and shapes around which spiral a prestressed cable network.     

 
 
1 DYNAMIC RELAXATION 

The description of Dynamic Relaxation (DR) summarized briefly below for skeletal and 
membrane structures assumes kinetic damping to obtain a static equilibrium state.  In this 
procedure the undamped motion of the structure is traced and when a local peak in the total 
kinetic energy of the system is detected, all velocity components are set to zero. The process 
is then restarted from the current geometry and repeated through further generally decreasing 
peaks until the energy of all modes of vibration has been dissipated and static equilibrium is 
achieved.  The initial concept for dynamic relaxation can be expressed as Newton’s second 
law governing the motion of any node i in direction x at time t.   Writing the acceleration term 
in finite difference form and rearranging the equation gives a recurrence equation for updating 
velocity components: 

22 tt
ix

t
ix

i

tt
ix vR

M
tv  




    
   (at all nodes i in directions x,y,z) 

(1a)



47

S. Adriaenssens and M. Barnes 

 2

Hence obtain the updated geometry projected to time t+Δt/2; having obtained the complete 
current geometry the new link forces can be determined and resolved together with applied 
load components Pix to give the updated residuals: 

R P
F
L

x xix
t t

ix m
t t

j i
t t      ( ) ( )      (for all links m at node i)        

(1b)

The procedure is thus time stepped using Eqs.1a & 1b until a kinetic energy peak is 
detected. Velocity components are then reset to zero and the process is repeated until adequate 
convergence with negligible kinetic energy is achieved.  In equation 1b the term (F/L)m is the 
current tension coefficient in any link m -  a cable, strut or side of a membrane element [1]. 

2 IN-PLANE BENDING 

 Figure 1a represents consecutive nodes along an initially straight tubular (CHS) beam 
traverse, and figure 1b two adjacent deformed segments, a & b, viewed normal to the plane of 
nodes ijk which are assumed to lie on a circular arc of radius R.  The spacing of nodes along 
the traverse must be sufficiently close to allow this assumption, but the segment lengths need 
not be equal. 

  

Figure 1a & 1b 

From the geometry of the figure the angle subtended by the chord cl at the centre of radius 
R is 2 , and thus the radius of curvature through i j k and the consequent moment in the arc 
are: 
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sin2

clR       and      
R
EIM        where EI is assumed constant along the 

traverse. 
 

The free body shears of elements a and b complying with moment M at j are therefore: 

ca
a ll

EIS




sin2

      ;      
cb

b ll
EIS





sin2

 
(2)

These must be taken as acting normal to the chords and in the local plane of i j k.  The 
calculations and transformations required in a DR scheme are thus very simple, with sets of 
three consecutive nodes being considered sequentially along the entire traverse; each set lying 
in different planes when modelling a spatial curve. 

2.1 Out of plane bending of a closed ring 
It might be questioned whether the above is applicable to a spatially twisted spline since 

apparently no torsional stiffness enters into the analysis;  yet in fact this is the case provided 
the spline is initially straight and with EI constant about any axis.  Taking a simple example 
of an initially straight tube bent into a closed ring of radius R, with equal and opposite loads P 
applied at the quarter points normal to the plane of the ring (figure 2): 

 
Figure 2 
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If the bending moment about a radial axis at A is M and the torsion at this location is T, 
then moment equilibrium about axes parallel to x and y through A give: 

   sincossin1
2

TMPR
    ;    and      sincoscos1

2
MTPR

  

 

thus:  1cossin
2

 
PRT      ;       sincos

2


PRM     ;     and   
d

dTM 
(3)

But the prestressing moment (about an axis normal to the plane of the ring) is REI ,  and 
the component of this along the axis of T  is: 

Rd
dw

R
EIT \  

(4)

 
Where w is the normal displacement. Differentiating this gives the full elastic stiffness 
moment: 
 

22

2

dR
wdEIM    

(5)

Thus the whole of torsion T is due to the prestressing effect (of bending the initially 
straight spline tube into a closed ring),  and there is no component due to twisting and elastic 
torsion constant GJ.    
 

Substituting T or  M  from equations (3) into (4) or (5),  and integrating gives: 
 

      sincos
2

3

EI
PRw   +  constant 

 

If    is the displacement of the downward loads relative to the upward loads then: 
 







 

4
1

3 


EI
PR

   
(6a)

 
For the same ring, but unstrained in its initial circular state, the displacement(s) 

corresponding to the same out-of-plane loading can be shown to be: 

 3
2

1
22

33







  



GJ

PR
EI

PR
 = δm + δt 

(6b)

 
where δm is the component due to transverse bending and δt is the component due to torsion. 
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It is interesting to note that the out-of-plane stiffness given by Eqn. (6a) which is due 
principally to geometric stiffening by initial straining, is greater than that given by Eqn. (6b).       
(in contrast, the in-plane stiffness is identical for both provided EI is the same). 

2.2 Extension to approximate analysis of circular arches 
For membrane structures supported by pin-ended circular arches of radius R0 which are 

initially unstrained at this radius, equations 2 with a 3 degree of freedom analysis can still be 
used provided “initial state” shears S1 and S2 are applied to the two end segments throughout 
the analysis, as shown in figure 3.  Provided both sets of shears are applied in the common 
plane defined by the two end vectors l1 and l2, the shears must balance statically for the 
structure as a whole no matter what may be the spatial deformations. 

 
Figure 3 

Note that if these shears were applied to the end segments of an originally straight spline, 
all nodes along the spline would lie exactly on an arc of radius R0 (irrespective of any 
variations in segment lengths); the shears are required in the analysis to give the initial arc 
state, and although it is clearly highly strained in this state, all of the interior shears cancel – 
so the effect is the same as an unstrained arc.  When calculating in-plane moments at the end 
of an analysis the effect of R0 must obviously be accounted for using  011 RREIM   , 
where R is the local radius of the deformed arc.  Out-of-plane moments could be determined 
using displacements normal to the average plane of the deformed arc, but these would be 
inaccurate since they are derived from incorrect (over stiff) transverse deformations. As stated 
above, for membranes which are mechanically fixed to an arch the analysis is approximate 
since the value of EI would correspond to the stiffness in only one direction – the radial 
direction for in-plane bending of the arch; and the out-of-plane stiffness is not correct. 
However, for the case of membranes supported over circular arc hoops this is of no 
consequence since slight slip of the membrane over the arch will anyway occur.  A similar 
argument justifies the use of this approach for “battened” membranes.  
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3 ACCOUNTING FOR TORSION & TRANSVERSE BENDING IN INITIALLY 
UNSTRAINGED SPATIAL TRAVERSES 

The limitations of the above analysis are more severe when it comes to the analysis of 
compound traverses consisting of a sequence of circular arcs with different radii.  Although 
each segment might be analysed as above by the use of fictitious end shears (as in figure 3), 
there would be no torsional connection between the segments, so a compound arch modelled 
in such a way would become a mechanism. The following theory accounts for torsion and 
transverse bending moments in compound tubular traverses, in addition to the modelling of 
the radial moments as previously described.  In most practical design cases, both deformations 
(transverse and radial deflections) and moments (torsional, transverse and radial bending) 
may be correctly modelled. This is achieved by applying an artificial “torsional factor” (which 
is the factor by which the real torsional stiffness GJ must be reduced in order that transverse 
deformations (ie normal to the arch plane) may be correctly modelled.  In some other more 
restrictive cases, for example with arch systems with a very low rise to span ratio (eg < 1/40) 
and/or slenderness ratios which are very high (eg > 500),  the transverse deformations will be 
incorrectly modelled since the arch will be too stiff in the transverse direction (see sections 
3.5. and 3.6).   

 
With only three degrees of freedom (u, v, w) it is possible to determine by finite difference 

modelling the in-plane distortions and moments (fig 1b) and the increment of twist and hence 
torsion in each link element of a spatially curved traverse (see following section);  but it is not 
possible to determine directly also the transverse bending deformations.   However, assuming 
that the lines of action of all forces exerted by connecting elements such as cables or 
membranes act through the centerline of the tubular traverse (ie with no applied torsion 
forces), then the transverse moments are always statically related to the rate of change of 
torsions in the traverse.  Considering a small element of the traverse viewed normal to its 
local plane: 

  

Figure 4 

Resolving for equilibrium of moments along axis t – t: 
T+dT.dα  = M.sin(dα) + T.cos(dα) ~> M.dα + T  for α  ~> 0  

                                           dα                                                        

(7)

Hence: 
M = dT 

            dα 

(8)

Thus if the torsion in consecutive elements and the local (in-plane) curvature is known the 
transverse (out-of-plane) moment at the interconnecting node can be determined from  eqn. 8. 
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The in-plane moment (fig 1b) was determined using two consecutive links.  The amount of 

twist in any link and hence the torsion must be determined by considering three consecutive 
links (fig 5a): 

 
Figure 5a        Figure 5b 

Vk & Vl  are the normal direction cosine vectors of triangles jkl and klm which determine 
the current twist angle between them φ’, or the initial unstressed state of twist φi  . 
 

Suppose change due to deformation is as shown in figure 5b,  where φ’ > φi :      
Restoring forces at m and j due to torsion in kl are as shown:  Pm  &  Pj ;  and associated 
forces to restore lateral moment equilibrium must act as shown at k & l:   Pk  &  Pl . 
 

Pj  and  Pm  are related to the Torsion T in kl : 
Pj . hj  =   Pm . hm  = T  = GJ. (φ’ – φi)  

                                                   Lkl 

(9)

 
 

Where  hj &  hm = heights of triangles jkl  &  klm  from base kl. 
 

Considering the static equilibrium of the 3 link unit: 
 

  

Figure 6 

Resolving normal to plane containing axis zz and kl: 
Pm cos(φ’/2) + Pk cos(φ’/2)  =  Pl cos(φ’/2) + Pj cos(φ’/2) (10)

Pm + Pk  =  Pl + Pj   
 

Moments about zz (cancelling cos(φ’/2) from each term) give: 
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Pj . a + Pm . (b + c) = Pl . b (11)

Hence Pj  &  Pm are determined from (9),  and from  (11)  &  (10): 
Pl = (Pj . a + Pm.(b + c)) / b     and     Pk = Pl + Pj - Pm  (12)

 
Note that in shallow arcs (Assuming similar consecutive element lengths) the forces Pk & 

Pl are typically 3 x teh values of Pj and Pm, yet it is the latter that are determined directly in 
the DR process process from current deformations. But the bending forces exerted by 
successive sets of 3 elements along a traverse will tend to oppose and cancel each other, and 
will do so exactly if the torsions are constant (eq. 8). 

 
An obvious special case occurs when two consecutive links are or become co-linear so 

that φ for kl becomes zero.  This can occur during snap-through buckling, and this is the 
major aspect which will be considered in sections 4 and 5 of this paper. 

3.1 Torsion Factor for closed ring traverses 

During the DR analysis the value of GJ (eq 9) will govern the torsional deformations and 
hence also the associated transverse bending.  In the case of the initially unstrained closed 
ring (figure 2) with four point loading the transverse flexibility for coupled bending and 
torsion is given by equation 6b, in which EI is the value relating to transverse bending 
(normal to the ring plane). The finite difference (DR) analysis outlined above utilizes only the 
torsional stiffness to obtain torsional forces from the change in twist angle; the transverse 
moments being obtained as derivatives of the torsion from equation (8).  Thus in the closed 
ring case shown in figure 2, to obtain deformations which are the same as the real case (as in 
eq 6b) the torsion constant must be set to GJ’ = Tfac .GJ, where the “torsional factor” is:  

Tfac = δt /( δm + δt )  (13)

Tfac = 1 / (1 + 4.03 C1)  with C1 = GJ/EIt      

For a CHS steel tube the EIt value for transverse bending is identical to that for in-plane 
bending and if the value of C1 = 0.8 then Tfac = 0.237 (or with C1 = 1 then Tfac = 0.199, but 
note that the difference in deflections given by equation 6b would be only approximately 4%). 

 
Numerical tests analyzing closed ring structures with a range of different diameters and 

tubular section sizes have shown that deformations, torsions, in-plane moments and out-of-
plane moments are all accurately predicted using the above theory. 

3.2 Extension to oval hoops with double and single symmetry 
The type of analysis applied in section 2.1 for a closed ring under four point transverse 

loading to derive deformations in the form :  Δ = δm + δt  (with δm due to transverse bending 
and δt due to torsion) can also be applied to doubly symmetric oval shaped hoops defined by 
radii R and r.   

 
In this case, and simplifying by setting GJ = EI ,  both δm and δt  take the form:   
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δ = (a.R3 + b.R2.r + c.R.r2 + d.r3).P/2EI  

where the coefficients  a,b,c,d depend on the ratio r/R and are different for the bending and 
torsion components of deflection.  The torsion factor for use in numerical analyses can then 
be obtained as Tfac = δt /( δm + δt ).   For the case of singly symmetric or egg shaped hoops 
(fig. 7) by suitable adjustment of the ratios r/R in each half the same torsion factor can be 
applied throughout the hoop. 

  

Figure 7 

The above type of analysis was applied in reference 2 to a multi-span bridging structure 
employing tubular hoops of various sizes and shapes around which spiral a prestressed cable 
network – see figures 8.  The top and bottom booms are connected to the hoops by internal 
diagonal bracings and the booms are connected to each-other only by vertical ties; the bridge 
deck would correspond with the level of the lower boom.  The scale of the bridge, with 
enclosed spans of typically 100m and deck width of 6.5m, is suitable for pedestrians, cyclists 
and small electric vehicles, and the structure was assessed for appropriate design load states 
and resilience to collapse. 
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Figure 8: Perspective and elevations of one multi-span section 

3.3 Torsion factor for open arches 
In general, for open arch traverses, the torsion factor may vary quite widely depending 

particularly on the radius of curvature of the arch and the total arc length, but also being 
limited by the slenderness ratio and the rise / span ratio.  Values for torsion factor in the case 
of open arches might be assessed by considering a circular arc beam with equal and opposite 
loads P applied transverse to the arch at the ¼ points, as shown in figure 9:  

 
Figure 9 

 
The end reactions Q = P(secφ)/2 ,  where φ = θ/2   
 
For 0 < α < φ:    the transverse moment  M = Q.R.sinα   &   torsion  T = Q.R(1 – cosα)             
For φ < α < θ:   M = Q.R.sinα – P.R.sin(α– φ)   &   
T = P.R(cos(α – φ) – 1 + secφ.(1-cosα)/2)  
 
The deflection of the ends (at Q) relative to the ¼ point positions (at P) can be derived as 

two components; the first associated with transverse bending alone is:  
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δm = K . P.R3 /2EIt (14a)

Where: 
      K = (φ.secφ – sinφ)/2  (14b)

The second component due solely to torsion can be derived as: 
δt = k . PR3 / 2GJ (15a)

Where: 
   k = φ (2.5secφ + 2cosφ -3) – sinφ (secφ + 0.5) (15b)

In the DR analysis, the total transverse deformations are based only on the twists and 
torsions related to a reduced torsion constant, Tfac x GJ, the torsion factor must therefore be 
set equal to: 

      
Tfac= δt / (δt + δm) = k / (k + C1K) ,  where as before C1 = GJ / EIt (16)

All of the above relates to the particular test case of transverse loadings at the ¼ points of 
arch beams (with end reaction loads also normal to the arch), and the values of Tfac predicted, 
although independent of loading magnitude, may not be independent of loading distributions; 
however it does enable approximate modelling of the transverse flexibility so that the 
interactions between membrane surface fields and a supporting arch can be accounted for. 

3.4 Numerical Stability & Convergence 
Numerical stability of the DR process is controlled by fictitious mass components used at 

each node.  These mass components are directly proportional to the stiffness of elements 
attached to a node.  The elastic axial stiffness of an element is EA/L, and the bending stiffness 
of an arch beam element is 2EI/L3.   However, it can be shown that the stiffness of a node due 
to the coupled torsional & transverse bending effect is K . (EI/L3). (R/L)2 , where R is the in-
plane radius of curvature and L is the element length.   The value of K ~> 1,  and thus since 
generally  R >>L, the coupled torsion / bending stiffness and its contribution to the nodal 
mass components will be much greater than for ordinary elastic bending (eg the in-plane 
bending).  As a consequence of these increased mass components the convergence rate is 
slower for this type of analysis.  All of the nodal mass components are set automatically 
within the numerical process, thus the problem of numerical divergence is not an issue.  
However, a type of quasi-stability can occur when the bending stiffnesses (in-plane or 
coupled torsion / bending) are greater than the axial stiffness – and that may occur when 
element lengths are very small. 

3.5 Numerical test cases 
The following series of tests are for CHS circular arches of 100m span and varying radii of 

curvature such that the ratios of (0.5 x  arc length/radius of curvature) comply with the 
practical range π/4 – π/16  (or rise/span ratios of 5 – 20).  For each test case a comparison is 
made with the theoretical predictions for: 
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deflection at the ¼ point :  Δ = δm + δt   from equations 14 & 15,       
transverse moment at the ¼ point  Mq = 0.5P.R.tan(θ/2) ,    
and torsion at the crown  Tc  = P.R.(Sin(θ/2) – 1) . 
 

In the numerical tests the arches are all subdivided into 32 elements and values are 
tabulated for Δ,  Mo (the out-of-plane moment corresponding to Mq),  Mi (the in-plane 
moment at the same ¼ point), and the center point torsion T (corresponding to Tc). 

 
These results are each listed for the value of Tfac predicted in table 1, with a second value 

giving a best fit to the theoretical deflection.   Non-linear finite element modelling results 
taken from reference 2 are also given for comparison.  

Table 1: Test cases for a series of CHS arches 

θ R (radius of curv.) P (loads) δm δt 

arc2a π/4 70.71 m 100kN 0.468 0.127
Theory:  Δ=0.595 MO =1464 kNm Tc =582 kNm

Tfac  Δ MO Mi T
Numerical: 0.214 0.53 1455 118 & -161 581

0.191 0.594 1452 132 & -181 580
FE model: 0.595 1461 135 & -192 582

θ R (radius of curv.) P (loads) δm δt 

arc3a π/8 130.66 m 100kN 0.355 0.024
Theory:  Δ=0.379 MO =1299 kNm Tc =256 kNm

Tfac  Δ MO Mi T
Numerical: 0.064 0.323 1282 185 & -138 256

0.055 0.378 1275 219 & -156 256
FE model: 0.381 1298 215 & -153 256

θ R (radius of curv.) P (loads) δm δt 

arc4a π/12 193.19 m 100kN 0.338 0.01
Theory:  Δ=0.348 MO =1272 kNm Tc =167 kNm

Tfac  Δ MO Mi T
Numerical: 0.029 0.3 1248 185 & -310 166

0.025 0.344 1240 212 & -358 165
FE model: 0.349 1270 210 & -352 167

θ R (radius of curv.) P (loads) δm δt 

arc5a π/16 256.29 m 100kN 0.337 0.005
Theory:  Δ=0.342 MO =1262 kNm Tc =124 kNm

Tfac  Δ MO Mi T
Numerical: 0.016 0.295 1222 240 & -430 123

0.014 0.346 1207 281 & -516 122
FE model: 0.342 1261 275 & -511 124  
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For shallower arches it is not possible to obtain the correct lateral deformations because the 
least value of Tfac to obtain convergence is restricted (for example to the value 0.008 in the 
case below, with span/rise ratio of 40): 

 
Table 2: Test cases for a shallow CHS arch 

θ R (radius of curv.) P (loads) δm δt 

arc6a π/32 510.12 m 100kN 0.329 0.001
Theory:  Δ=0.330 MO =1253 kNm Tc =62 kNm

Tfac  Δ MO Mi T
Numerical: 0.0042  -  -  -  - 

*0.008 0.155 1211 244 & -620 61  

3.6 Discussion of results 
The out-of-plane (or transverse) static moments and torsions are in all test cases of 

acceptable accuracy but the transverse deflection / flexibility, which in the case of coupled 
arch and membrane structures will also govern the moments and torsions, is predicted with 
acceptable accuracy only up to a span/rise ratio of 20  (for slenderness ratio of 350).  These 
limits would encompass many practical design cases for service loading conditions, but the 
apparent restriction on radii of curvature must cause difficulties when attempting ultimate 
load analyses of slender arches approaching snap-through buckling.  As shown in the above 
tests, the shallower an arch becomes the smaller is the required value of Tfac to give the 
correct flexibility, but there is a limit to Tfac below which numerical convergence cannot be 
obtained.   An additional problem in this context is that the effective coupled torsion/ 
transverse bending stiffness is proportional to (R/L)2 where L is the local element modelling 
length;  the increasing value of R will thus govern the fictitious mass components which must 
be used in the DR process to ensure stability and convergence.  So as snap through buckling is 
approached the mass factors will need to be greatly increased and simultaneously the value of 
Tfac reduced (with the limit restricted to a least feasible value).  The value of Tfac governs the 
transverse deformations and consequently also the amount of stretch and flattening of the arch 
crown; this in turn governs the in-plane moments that are induced (+ve at the ¼ points and –
ve at the crown). These in-plane moments are also related to the amount of twist in the arch, 
which is greatly increased by the reduced torsion constant (Tfac x GJ). But in this context the 
greatest twist t the quarter points in any of the test cases is approximately 10o, so it appears 
that the arch stretching (and associated crown flattening) is the dominant effect. This cannot 
be predicted by the analytical model; however it is confirmed by the non-linear finite element 
modelling. 

4 ALTERNATIVE MODELLIG USING FICTITIOUS END SHEARS 
An important aspect in the design of lightweight and flexible arch supported structures is 

the assessment of ultimate load states – in particular snap-through buckling;  but as noted 
above, there is a potential problem of modelling snap-through buckling for coupled 
membrane/arch systems using the torsion / bending analysis approach,  especially for very 
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slender and flexible arches.  This is investigated in detail in the next section of this paper, 
where it is shown that the alternative technique of analyzing an initially unstrained circular 
arch as a straight spline with end shears superimposed to induce the same initial curvature 
(figure 3) can provide a more useful approach to the modelling of such failure modes.  
However, it is instructive first to compare results for a slender bare arch (having properties 
identical to those used in the next section (5) and slenderness ratio of 530) with those obtained 
from models using fictitious end shears.   The table below compares results for theory and the 
best deflection fit of the torsion/bending model, and also non-linear Finite Element modelling, 
with results for the end shears model: 

 
Table 3: Comparison Models 

    θ     P     δ    Mo     δ    Mo     δ    Mo     δ   Mo
  π/2 5 0.603 125 0.602 125   0.166 60
  π/4 50 1.082 732 1.078 713 1.081 732 0.763 616
  π/8 50 0.69 650 0.695 611 0.7 648 0.635 609
  π/16 50 0.622 631 0.336 599 0.612 634 0.606 578
  π/32 50 0.6 626 0.085 620    0.599  498 (596)

Analytical Torsion/Bending Finite Element End Shears

 

 

The End Shears model gives good values for deflections of the shallowest arch the Mo 
value is low, but of course the arch has twisted and the resultant of both in-plane & out-of-
plane moments is 596 kNm.  Even for the extreme case of θ= π/64 (span/rise=80) the 
deflection with this model is predicted as 0.595m (close to the straight beam value of 
PL3/384EI = 0.592m).   The model is clearly very inaccurate at the lowest span/rise ratio of 2 
(semi-circle), but at more realistic span/rise ratios at or above 5 it becomes acceptable. The 
results in table 1 for the torsion/bending model appear generally good, but the transverse 
deformations of the shallowest arch beams are greatly in error – due to the restricted value of 
torsion factor required to obtain convergence.  Overall, the end shears model appears to be the 
only suitable one for very shallow arches.    

 
The results in table 1 for the torsion/bending model appear generally good, but the 

transverse deformations of the shallowest arch beams are greatly in error – due to the 
restricted value of the torsion factor required to obtain convergence. Overall the end shears 
model appears to be the only suitable one for very shallow arches. 

 
For arches of compound shape comprising differing radii, and/or spatially curved arches, 

the two systems can be combined – with “splines” (using end shears) coupled by 
torsion/bending “splices” with five segments. 

5 ANALYSIS OF A COUPLED MEMBRANE/ARCH SYSTEM 
The following studies are for a symmetric membrane structure of about 3100m2 supported 

by a central arch of 100m span and 16m rise.   The arch has the same properties previously 
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used for the studies in table 1: with EA = 5400 kN,  EI = 220 MNm2 and slenderness ratio of 
about 530;  for all of the studies the arch is sub-divided into 48 segments.  The form of the 
structure is shown in the attached plot files arcz0 (plan view), arcx0 (view in direction x) and 
arcy0 (view in direction y) – note that x and y plots have different scales.  The latter 
elevations are rotated by 1° about the y and x axes respectively, and all subsequent elevation 
plots for the various loaded states are similarly denoted and presented.  The membrane is 
divided into two main regions with four “panels” per region, each containing one edge 
scallop.  Asymmetric loading is applied as uniform snow loading p on panels 1 & 2 of region 
1 only.  Thus quarter of the structure is loaded, and the loading induces sway of the arch in 
both the x and y directions. 

 
For the torsion/bending model the initial geometry and properties of the arch suggest an 

appropriate torsion factor Tfac= 0.35 (using equation 16 with 14b & 15b and C1= 1).   
However, as the arch deforms under high loadings the value of Tfac should be reduced 
(ultimately to a very low value, but restricted by conditions for numerical convergence).  For 
the studies below the lowest value of Tfac which could be used was approximately 0.035; 
some results in table 2 for torsion/bending models are therefore given for both these values of 
Tfac.  

 
In table 2, the notation used for the various models and results is arcT1 for the 

torsion/bending model with p=1 kN/m2 and Tfac = 0.35, arcT1c for the same loading, but Tfac 
= 0.035, and arcS1 for the same loading using end shears model.  Similar notations are used 
for the alternative loading intensities as listed in the table.  Models for which deformed state 
plots are attached are denoted * (the notation for these plots being arcSx1 & arcSy1 for 
model arcS1 * etc.).   The values tabulated in table 2 for each test model and loading are δ1 = 
the transverse (or y) deflection at the ¼ point of the arch between panels 1 & 2, Cmax = 
maximum compression in the arch,   Mo1 & Mo2 – the out-of-plane (or transverse) moments at 
the two ¼ points of the arch, Mi1 & Mi2 the in-plane moments at the ¼ points, and for the 
torsion/bending models T = maximum torsion (at crown point).   

 
In addition to the plots indicated in the table for the various stable load states (up to 1.35 

kN/m2),  plots arcSx4 and arcSy4 are included which show, for the end shears model,  the 
initial stages of snap-through buckling;  this occurred at a load level of p = 1.42 kN/m2.   
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Table 4: Bending and twisting moment results for a series of coupled arch/membrane systems 
 

Model p kN/m2   Tfac δ1 Cmax kN   Mo1   Mo2   Mi1   Mi2 T
arcT1 1 0.35 0.737 1564 -1729 886 -1099 1064 382
arcT1c * 1 0.035 0.898 1640 -1051 445 -1051 1171 106
arcS1 * 1  - 0.897 1627 -684 709 -1120 1161  - 

arcT01 0.1 0.35 0.0728 615 -161 104 -74 107 37
arcS01 0.1  - 0.0806 617 -78 45 -77 109  - 

arcT3c 1.35 0.035 1.476 2209 -1592 634 -1850 1996 169
arcS3   * 1.35  - 1.447 2174 -993 1403 -1568 1931  -  

5 DISCUSSION OF RESULTS 
For the load level p = 1.0 kN/m2 the results for transverse deflection, maximum arch 

compression, and the in-plane moments at ¼ points are similar for each model, but for the 
torsion/bending model the maximum predicted out-of-plane moment is much greater, 
particularly for the stiffer arch with Tfac = 0.35.  As Tfac reduces the results become closer, and 
the lower value of Tfac is probably more realistic since the arch has become very flat in the 
loaded area (view arcTy1).  The results show a similar pattern to the first set of tests:  
deflections, compressions, and in-plane moments are in reasonable agreement for all models, 
but the transverse moments predicted by the torsion/bending model are significantly different 
to those of the end shears model.    

 
A much more significant issue is the collapse load modelling of flexible arch structures. The 
torsion/bending model cannot actually achieve snap-through since when it flattens it becomes 
quasi-stable (neither diverging nor converging but oscillating between two states).  The 
nearest approach was a loading intensity of 1.35 kN/m2 as given in table 2, and in order to 
obtain those results a gradual approach was necessary, using successively reducing values of 
Tfac and increasing fictitious masses (or conditioning factor); in all, four stages were used, 
each with many thousands of iterations.  In contrast the end shears model converged fully at 
least 10 x faster.  At this higher loading (near collapse) the results for deflections, 
compressions and in-plane moments are very similar for all models, but the transverse 
moments predicted by the torsion/bending model are again much higher.  However, it is 
demonstrated in the following that the end shears model does give the correct solution for the 
ultimate snap-through collapse. 

 
In the analysis of the torsion/bending model the in-plane moments at all interior nodes are 

computed at each iteration as Mi = EI x (1/R – 1/R0) where 1/R is the current curvature and 
1/R0 is the initial curvature in the unstrained state.  For the end shears model that expression 
is used only for the moment applied to set the correcting/fictitious shears in the end links (S = 
Mi /L).  For all other (interior) links of the arch the shears are set as S = (Mi + Mj)/L where the 
moments at the link nodes i or j are set using only the current curvature:  Mi = EI x (1/R) 
since the initial curvature effects are internally cancelled.  (At the output stage of course these 
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moments are determined using the change of curvature from the initial state).  It has been 
noted previously in section 1 (equations 6) that the initial in-plane curvature of a spline bent 
from straight (as in the end shears model) provides substantial geometric stiffness to out-of–
plane movements, but for a section of an arch which has flattened and lost all of this 
curvature, the bending resistance to movements in both the radial and transverse directions is 
the same value based on the subsequent curvature departure from this straight state.   

 
To provide a check on the validity of the failure load prediction of 1.42 kN/m2 by the end 

shears model, and the extent to which this solution may be path dependent, the following 
sequence of loadings were run using the end shears model:    Half symmetric loading of 0.8 
kN/m2 on panels 1 and 2 of both regions 1 and 2 – this produced deformations which had 
practically flattened the loaded area of the arch (with no out-of-plane deformations).  Using 
the above deformed state as a starting condition the loads were redistributed to 1.0 kN/m2 on 
panels 1 & 2 of region 1 and 0.5 kN/m2 on panels 1 & 2 of region 2.  From this second state, 
all of the loading in region 2 was then released and the loading in region 1 increased to 1.4 
kN/m2 on panels 1 & 2.   As a check on the deflections and stress resultants predicted from 
this run the structure was re-run with this loading applied to the zero condition (prestress 
state); the results obtained were identical.   On the basis of these studies it is reasonable to 
conclude that the snap-through failure loading of 1.42 kN/m2 predicted by the end shears 
model is reliable. 
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8 PLOTS OF THE INITIAL AND DEFORMED STATES OF THE ARCH 
SUPPORTED MEMBRANE 

8.1 Initial prestress form of the structure 

(a)  

(b)  

(c)  

Figure 20: (a) Plan View arcz0, (b)arcx0, (c)arcy0 
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8.2 Deformed states 

(a)   (b)  

(c)  (d)  

(e)  (f)  

Figure 31: (a) arcSx1, (b) arcSy1, (c) arcSx3, (d) arcSy3, (e) arcSx4, (f) arcSy4 
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Summary: The paper discusses technical solutions that represent a practical technical input in 
the construction of sizable retractable roofs, which will result in a positive economical 
relationship between the involved costs of the site amendments and the area to be covered. 

1 INTRODUCTION 
Retractable membrane constructions offer an economical solution to weather disturbances 

at open air venues. The involved technical requirements are more complex when compared 
with stationary installed membrane roofs. Indeed, several mechanical components are 
required in order to move the roof in a comfortable way. These constitutes of railways or a 
rope system on which the rooftop can be relocated along. Furthermore, the systems can be 
utilized for load bearing during the spanned state. Equally, a well-designed driving 
mechanism is mandatory to move the membrane between the parking and moving position. 
The last part of the driving process includes spanning and anchoring of the membrane, will be 
executed by high-specialised machines with a complex mechanism. Correspondingly, the 
described technical effort is extremely meaningful in terms of savings on a stadium roof. In 
order to deliver a cost-efficient solution for small and medium-sized roof constructions, the 
design of the power unit and details of the functional membrane expresses an effective 
parameter. 

2 CONSTRUCTION ELEMENTS 

2.1 Slide bearings 
The procedures that are applied to connect membranes to cable driving system are punctual 

placed hangers. A proven way to minimise the required forces for moving a membrane roof is 
the usage of a cable pulley system with a very low rolling resistance, which is comparable to a 
cableway. Because of the involved multiple high forces during its usage, the permitted lateral 
pressure between cable and pulley could be exceeded. The only remedy to this problem is to 
increase the pressure area by using several but smaller pulleys or a slide bearing. This kind of 
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bearing has the disadvantage of having a higher slide friction resistance when moving the 
roof.

If the movement of the slide bearing occurs as a case of tension forces from the membrane, 
it results according to the direction of action in a tension force component along the cable and 
a vertical force component which in turn results in a friction force contrary directed to the 
tension force (Figure 1). If there are small angles between the hangers and the direction of 
movement, the occurring friction force can be effectively handled. This is the case, if the slide 
bearing and the membrane are closely spaced. Due to the diverged geometry of the ropes and 
the membrane, there is very often the need of hanger elements. If the slide bearings are moved 
by the membrane under these geometrical conditions, a self-blocking system is in place due to 
the inauspicious angle. 

In the past, solutions have been adopted where a motor has separately operated every 
single hanging point. The more devices used in the construction, the higher the costs for 
purchase, maintenance, control system and power supply is. An improved concept is the 
motorisation of single cable axis where a revolving reef cable moves the hanging points. 

It is often the case that the reef cable drives only one hanger and the membrane itself 
indirectly moves all other hangers. By using a direct interlinking of all slide bearings, 
undesirable deviation forces – and hence the resulting friction – can be eliminated from the 
system. Thus the membrane area will be effectively freed from the employed forces and the 
effect of higher friction on the slide bearings will be minimised so that, from a technical point 
of view, the application of slide bearings is possible. 

Figure 1: forces in the hanger system  

2.2 Central Motor Unit 
By activating several cable axes with one central motor unit, and through technical 

components and the control system, it is possible to further reduce the effort required. For big 
circular roof constructions it is very common to separate the motor devices for each radial 
rope axis and to place them because of their size circumferential. For smaller roofs there is 
also the possibility to conduct all reef cables to a central located cable drum. This offers the 
application of a central motor unit. The single cable drums needed for all the reef cables are 
stapled and mounted on a vertical aligned drive axle. This patented system is applicable for 
both radial and parallel driven roofs. By varying the diameters of the cable drums, it is 
possible to react to different driving length as unsymmetrical roof design. With this simple 
mechanical coupling, no further sensors or control system will be required. All corner plates 
of the membrane roof reach in by operating this way with a reliable precision their end 
position at the same time. 
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2.3 Anchoring 
For small and medium sized membrane roofs it is feasible, through the driving system, to 

achieve the essential pre-tensioning of the membrane. At the same time, under certain 
boundary conditions, the lever and deviation effects can be utilised. When in position, the use of 
the anchorage of the membrane roof to carry the static loads from external forces is frequently 
provided by electrically or electromechanically driven locking devices in combination with a gripping 
mechanism. Since combined systems for driving and locking were often used for big 
retractable roofs, their placement along the circumferential border becomes mandatory. Due 
to the clearly smaller acting forces of the membrane for small and medium sized roofs the 
omission of a gripping device there is a need for a very compact anchoring device.  

Technically, this could be provided by operating an autonomous mechanical locking and 
unlocking clamping system (Figure 2). While the system is working in a mechanical manner, 
it is possible to disclaim active actuators and related power- and control wires. However, 
radio controlled sensors give a status request for the anchoring. The stated condition is 
transmitted to the control device of the roof in order to have the lock on the anchorage at 
every time. 

Figure 2: autonomous mechanical clamping system 

2.4 Parking position 
Conventionally the parking position of big circular Roofs is located in the centre. For 

linear moveable roofs the parking position is positioned either at two opposite sides or only at 
one side. In the parking position the membrane is packed compact as possible. The single 
fields of the whole membrane will hang down in a regular manner. In this situation, the 
membrane has must be protected from weathering because of the directly generating of ponds 
in the local bottoms. The collected water cannot drain off; an overload situation probable 
results in a catastrophic failure of the roof structure. Due to this reason, it is necessary to 
protect a parked retractable membrane roof with a secondary roof structure from weathering. 

One possible solution to meet the requirements with a minimum effort is to integrate the 
secondary roof structure as far as possible in the primary roof structure. For instance, by  
supplying the single bearing axes of a linear moveable system with roof segments which 
overlaps in the parking position similar to the Scale armour of an armadillo. Every single roof 
segment has a separate drainage available which enables a direct dewatering. Small roof 
segments allow the use of transparent acrylic glass elements. This approach is profitable, 
where the erection of a secondary roof is too expensive due to an exposed position of the roof 
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structure.

3 CASE STUDIES 

3.2 Courtyard roof – Künstlerhaus München 
The courtyard roof of the “Künstlerhaus” in Munich represents with a membrane area of 

200m2 a comparable small roof structure. With up to six punctual hangers on every cable and 
border axes the membrane with the shape of a quadrant are linked to the total of four cable 
axes and two border rails. For parking the roof will be moved to the centre of the radial 
aligned cables located in the northwest edge of the courtyard. The mounted hood is integrated 
with a central motor unit, which drives the quadrant aligned cable drums of the reef cables 
with a link chain. The different driving lengths of the cable axes are compensated by varying 
diameters of the cable drums. The compact cylindrical shaped slide bearings are constructed 
as an aluminium swivel integrated with a plastic inlay with a very low friction coefficient 
(Figure 3). The slide bearings will be moved with thin separate cables aligned parallel to the 
bearing cables and connected to the driven corner plates of the membrane. Thereby the slide 
bearings can be reliably positioned with a minimum expenditure of energy despite the strong 
varying length of hangers. The anchoring of the spanned membrane area will be accomplished 
by snapping of two clamps for each cable axes. The hooks enable to bear the static wind loads 
from the membrane to the strut. In order to move the membrane back to the parking position, 
it is necessary to overstretch the membrane with the objective of opening the clamps reliable 
with a spring mechanism (Figure 2). 

Figure 3: slide bearings with positioning and reef cables 

3.3 Dome roof – Tree Top Path Bad Harzburg 
The dome roof of a 24m high-located platform of a tree top path in Bad Harzburg will be 

moved with a central motor unit along the eight radial aligned axes of the existing steel 
structure. For this project, the cable drums are stapled in the vertical axes so that the radial 
incoming reef cables directly can run on the cable drum. The appropriate height of touching 
of the reef cables on the single drums will be controlled by pulleys. 

3.4 Auditory roof – NaturTheater Bad Elster 
For the auditory roof of the “NaturTheater” in Bad Elster linear movable arches will be 

supported by two 7m high lateral placed elevated tracks. The auditorium is stretched with a 
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rate of 2:1. With a width of 25 metres, the place will be spanned with arches made out of 
tubular steel sections covered with a saddle shaped membrane. During parking position, the 
membrane hangs between the narrow placed arches so that a hood is necessary to avoid 
ponding. For such exposed structure, a secondary roof structure is conjunct with high effort 
and costs. For this reason minimal invasive solution is chosen by creating a light and 
unremarkable hood made out of short cantilevers with acrylic glass elements on each arch. In 
the parking position, the single roof stripes will close to a complete area similar to the scale 
armour of an armadillo. Due to the light slope of the acrylic roof to the arch, the gutter on the 
arch will secure the drainage of the water. Certainly, the rain gutters that are located on the 
elevated tracks will drain the collected water. 

Figure 4: secondary roof structure to protect parked roof from weathering 

4 CONCLUSIONS 
The above-discussed methods on the three case study projects represent a justifiable 

technical input in the construction of retractable roofs of the considered dimensions that, in 
turn, results in a positive economical relationship between the costs involved and the area to 
be covered. 
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Summary. This paper presents the compressed usage of elastic material in statically self-
locking configurations facilitating the assembly of hybrid structures based on the steady state 
balance.

The full scale realized case study 01 “A Cloud for fresh Snow” - a commissioned research for 
the Austrian Neuschnee-Gmbh - is compared with the case study 02 “The violin unit”. In the 
case study 01 the classical type of bending (Indian bow) is applied in a configuration of six 
elastic members and four minimal surface membranes in the form of a spherical tetrahedron. 
The other type of active bending – applied in the case study 02 - consists of the phenomenon 
of the violin bow, where a curved member is bent by tensile forces towards its straight form. 
Both case studies have in common that their patterned membranes can be installed easily 
without tension-forces in a first step and that these membranes can be comfortably pre-stressed 
in their determined form without additional tools in a second step. 
 
 
1 INTRODUCTION 

As described by Lienhard, Alpermann, Gengnagel and Knippers [1] active bending 
structures use bending as a self-forming process. The described case studies 01 and 02 of this 
paper take use of the self-forming equilibrium of active bending members and membranes to 
facilitate the installation process. The new approach focuses on the idea to provide boundary 
conditions in that way that the structures inherently find their forms without external forcing 
and with a minimum need of resources during assembly. This study aims to investigate the 
potential reduction of material use in statically self-locking solutions by analyzing two different 
configurations. Wood was chosen as an elastic material of both case studies.   
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2 THE VIOLIN BOW AND THE INDIAN BOW  
Wooden members can be produced in various curved forms by different advanced 

techniques.  Figure 1 shows a classical Indian bow-form merged in the centre-point with a radial 
curved bow oriented in the opposite direction. The model is produced out of 1mm oak veneer 
in prefabricated forms. The type of bow is not defined by the form of the bow, but by the 
bending direction as follows: 

      
 
 
 
 
 
 
 
 
 
 
 

 
Figure 1: Model of two differently curved wooden members merged in one structure 

 

2.1 The Violin bow 
The violin bow is determined by bending it at the longer side of the bow. Figure 2 shows the 

deformation of a 60cm long bow with a section profile of 25mm to 4mm. A shortening of the 
steel-cable connection for 4 mm, causes a reduction of the amplitude in the range of 20 mm. 
The dimensions of the bend-proof end-detail have a direct influence on the form of the 
deformation and on the necessary tension force for the deformation.   

 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 2: Model of a violin bow - sequence of  its deformation during stressing the cable 
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The bend-proof end detail can be substituted in a spatial configuration by a membrane in 

that way that the tension force and the end of the wooden member merge in one point or one 
line as shown in the model with the patterned not stretchable PVC - membrane (Figure 3).  
 

 
Figure 3: Basic study 02_A - basic concept model comparing the stressed configuration to the released one 

  

2.2 The Indian bow 
The Indian bow is derived by actively bending a bow at the short side – respectively at the 

short connection of the bow-ends [2]. This can be done by a direct cable connection or by a 
membrane as shown in the hybrid construction above (Figure 3).  

 

2.3 Material fatigue 
In practical application a classical Indian bow is released when it is not used because of the 

material fatigue of the wood. On the other side the violin bow is released mainly because of the 
material fatigue of the cables - respectively the hair of the bow. Violin bows remain bearing 
load for many decades depending on the used material, the production technique and climatic 
conditions such as humidity.  
 
Figure 4 shows this observation in the context of structural design. The hybrid construction of 
an Indian bow and a violin bow with the patterned PVC-membrane finds its own balance of 
forces. At the starting point the violin bow is stressed to its almost straight form leaving a gap 
of 2mm to the flat surface. After 10 hours the gap increases to 4mm, which shows that the 
tension force of the violin bow is resistant over long time scales, whereas the Indian bow 
reduces tension soon (As the membrane was consciously patterned in the direction of the violin 
bow, the strong overlapping seams are directed into the same direction. Therefore the material 
fatigue of the membrane plays no relevant role in this study).  
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Figure 4: Basic study 02_B - basic concept model to study material fatigue of the bows 
 

The described study proves objectively that the Indian bow loses load bearing capacity 
whereas the violin bow of the same hybrid structure keeps remaining load bearing capacity 
(Figure 4). The application of the elasticity of wood in hybrid membrane constructions to 
simplify the assembly without being affected by the disadvantage of the material fatigue is 
subsequently described in two case studies. 
 

3 CASE STUDY 01 “A CLOUD FOR FRESH SNOW”  
 
The realized case study 01 is described in detail in the paper “A Cloud for Fresh Snow ‐ 

Research Lab – a hybrid solution of minimal surface pre-stressed by bending active boundary 
conditions forming a spherical tetrahedron” [3]. Based on this studies a scaled model of the 
pure form (without other high points like in the full scale research lab - Figure 8) was done with 
patterned – not stretchable - membranes to investigate the changing statically behaviour during 
assembling and in the final configuration. 
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Figure 5: Basic Study 01, Model 1:10, changing geometry and forces during assembling 
 
  
Six straight wooden members are tensioned and pre-bent by four cables to the centre point, 

which enables the comfortable fixing of the patterned membranes by hand even in full scale 
(see Figure 8). As soon as all four minimal surface membranes are continuously attached to 
each other, the four cables can be released, because the wooden members are compressed in the 
statically self-locking structure in a steady state balance (Figure 5 and 7).  
 

As known patterned membranes are an approximation of the minimal form. The spherical 
tetrahedron has four times the same minimal surface with its flattest area in the middle zone, 
which allows to cut out round holes at each façade. Each patterned membrane of the basic study 
01 was produced out of six identical plane parts - three of them being mirrored (Figure 6).  
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Figure 6: Basic study 01, Digital model of the spherical tetrahedron - pattering of the minimal surfaces 
 

In the 1:10 scaled model the holes provide access to the interior, which enables shooting 
photos from the free interior (Figure 7). Whereas for the assembling a flat cross section of the 
wooden members is of benefit, since it keeps the desired direction of bending, the section of 
the wooden members could also be unidirectional for the long time load bearing capacity 
(Figure 7). After dismantling the structure, the primarily straight wooden sticks remain slightly 
bent, which reflects the material fatigue of wood. Due to the compressed bending in the hybrid 
configuration this material fatigue has no relevant influence on the load bearing capacity of the 
whole structure, which is also proven in a six-months test of the full scale research lab in heavily 
changing weather conditions in the community of Obergurgl, AUT at 2000m above sea-level 
(Figure 8). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7 Case Study 01, Model 1:10, Self-found final form without cables to the centre point 
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Concerning the comfortable assembling of the 155 m³ voluminous construction in full scale the 
sliding connections of the membranes to the wooden members and the open edges of the 
membranes are important details to enable the self-finding equilibrium of forces in the structure.  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 8 Full scale Case Study 01, Documentation of the assembly, Nov. 2014,   
Above left static concept model in 1:50 

 

3 CASE STUDY 02 – “VIOLIN UNIT” 
 
The case study 02 combines the two types of active bending (Indian bow and violin bow) 

described in chapter two and it demonstrates the benefit of a statically self-locking membrane 
configuration as described in chapter 3 as a solution to avoid negative effects of material fatigue 
(Figure 5). In the basic-study 02_A (Figure 9) the Indian bow was sub-tensioned by a steel 
cable to investigate the possible deformations of the wooden member in an S-form.  
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Figure 9: Basic-study 02_A – Testing the deformations while using a classical steel-cable sub-tension 
 
 

In the basic-study 02_B (Figure10) the tension cables have been replaced by wooden 
veneer. Depending on the material-thickness this reinforcement works in both directions, 
although the material must be able to deal with the changing angles at the connecting points.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 10: Basic-study 02_B – different reinforcements of the Indian bow 

 
Keeping in mind the goal of this research (reduction of material usage and thus weight and 

facilitating the assembling), the following solution is found: in the central concave area the 
wooden offset bow strengthens the main bow in its load bearing capacity and keeps the distance 
of the lower structural membrane connection to the ends of both bows.  
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Figure 11 Basic-study 02_C – changing reinforcement of the bow related to the forces 
 
  
In Figure 11 the blue dotted lines symbolize a tensile connection between the lower structural 
membrane and the upper bow. These connectors are architecturally not detailed but the effect 
of stressing those components is conceptually shown in Figure 12. The membrane and the bent 
wood member move closer to each other and simultaneously the endpoints move ahead causing 
a final-stressing of the complete membrane configuration.   
 
 

 
 

Figure 12: Case study 02 – the self-forming process while final-stressing the hybrid structure 
 
Figure 13 gives a view to the interior of the provided space, which has no main direction. The 
structure can be applied for many different uses in different orientations. It can be realized with 
any materials matching the material properties of the case study.   
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Figure 14: Comparison of the two hybrid configurations – option for final-stressing in case study 02 (right)

 
Figure 13: Case study 02 – close up view of the hybrid structure in its self-found equilibrium 

 
 

4 COMPARISON OF THE TWO CASE STUDIES – COMPRESSURE BENDING  
 

    Case study 01 uses temporarily four tension cables to the central point during assembling to 
actively bend the members (figure 5). In the final configuration there would be the opportunity 
to final-stress the minimal surface membranes by prolongation of all six members 
simultaneously. The loadbearing capacity of the members of case study 01 can be compared 
with the phenomenon of the violin bow in case study 02. In both case studies the elastic 
members are compressed in their final configuration. The main benefit of the case study 02 
consists in the system inherent opportunity to comfortably final-stress the membranes as shown 
in Figure 12. 
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5 CONCLUSIONS 
- Stressing a bow at the longer side in a hybrid spatial configuration with membranes 

allows taking advantage of the phenomenon of the violin bow without using the bent 
proof end detail of the violin bow: Stressing causes a deformation of the primarily 
curved bow towards its straight form, which causes in turn a prolongation of the 
whole structure stressing and interlocking the configuration itself.   

 
- A spherical tetrahedron consisting of minimal surface membranes can be assembled 

easily by taking advantage of the elasticity of wood during the installation process. Six 
equal elastic members are compressed into four closed minimal surface 
membranes, causing a self-forming process, in which the membranes find their 
minimal form themselves.  

 
- A common feature of the phenomenon of the violin bow and the spherical 

tetrahedron is that the elastic members are mainly compressed. This type of active 
bending causes a load capacity over long time scales. 

 

6 PERSPECTIVES 
Ongoing research focuses on the development of a matrix of self-forming processes applying 
the phenomenon of the violin bow in hybrid statically self-locking configurations with 
membranes. Future research should aim to quantify long term stress distributions within the 
members. Material fatigue of different types of wood and different types of bows should be 
investigated for realistic life cycle assessment of the hybrid structures.  
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Summary. Structures have advanced from their heavy, static and often not environmentally 
respectful origins, to become light, smart and structurally efficient. Lightweight structures 
represent one of the most advanced achievements of the research oriented towards a 
sustainable design. The pavilion described in this paper employs two lightweight structural 
elements, namely a pneumatic beam and a pre-tensioned membrane, in order to obtain a 
covered space for visitors.  
The idea behind the pavilion design originated by the study of harmonic knots, in particular 
the trefoil knot. The concept to realize an aesthetically pleasant and structurally challenging 
form led us to develop further the trefoil knot curve in order to rotate this regular 3d-curve in 
a rotate strip.  
The choice of such shape has been guided by the fascinating topological properties of the 
Möbius strip, which possess the peculiar characteristic of continuity along the two boundaries. 
In this case, to maintain the symmetries of the trefoil knot itself, the strip is twisting three 
times before closing.  
All these features resulted in a self-equilibrated internal forces flow and solved the stability 
problem in an elegant and simple way.  
Based on this concept, the main visual element of the pavilion is the inflatable tube that is 
shaped along the unique boundary of the Möbius-trefoil knot. A membrane, that follows the 
rotating strip, has been studied to create a shelter for visitors.  
The pavilion has been designed to be automatically tensioned by the pneumatic tube during 
installation: the increasing pressure provided to the internal fluid gives shape to the tube and 
simultaneously tightens the membrane. 

 
 
1 INTRODUCTION 

Knots are familiar objects that we use daily. Throughout human history, knots have been a 
permanence of an ancient construction technology that is ever more relevant in the 
contemporary concept of material reality and natural shapes.  

Over the past decades, the mathematical theory of knots has contributed greatly to our 
knowledge of the topological and geometrical aspects of several research fields, spanning 
from genetics to quantum theory, with some implementation also in modern architecture (see 
f.i. the Knot House Resort, http://www.dezeen.com/2014/08/09/knot-house-resort-by-atelier-
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chang-south-korea/).  
The outcomes of these studies provide us with stimulation and support, but here we are 

interested in investigating another topic – the exploration of the conditions of balance intrinsic 
to the bodies and structures that knots are composed of, and their ability to respond to the 
pressures of external forces. 

2 GENERAL SPECIFICATIONS 
Topology has led us to recognise the characteristics of space and of the matter that 

occupies it. Not only it defines the metric and dimensional configuration of a single object, 
but it also fixes its relationships of continuity and congruence with its context and with the 
parts that compose it, as well as describing multiplicity and varieties through the recognition 
of specific invariables; isomorphism, homeomorphism, compactness of the pluridimensional 
variety, singularity, directionality etc.  
We set ourselves to this goal starting from the structural equilibrium of polyhedra: from the 
platonic ones to the infinite polyhedra that we learned to characterise the geometric thinking 
from Euler and Moebius to Poincarè1,2,3 and to the results from the most recent enunciations 
about the “theory of knots”.  
Thus, our research leans towards a kind of analysis of the singular properties that bodies have 
in virtue of their topological characteristics. In particular, we wish to measure ourselves at the 
design level, with the stresses that occur in a continuous body such as a knot, which is 
compact and continuous, but able to absorb even forces of traction and compression that are 
simultaneously acting against each other. 
What is a knot? We wish to pose the question and to offer an answer from the viewpoint of 
the elastic properties of a body whose form and whose topological features in fact seem to be 
able to organise such stresses in a very “singular” fashion. 

The physical model we propose is not a technical-structural answer so much as the 
declaration of a journey towards the possibility of using and controlling a link (binding) that 
is complex but can be perfectly characterised by a numerical definition, like that of a knot 
(Knot). It is a “manifesto”, an interpretation, to explore which way to go with the studies of 
structural morphology in response to the demands of ever lighter and easier-to-build 
structures with textile and pneumatic technologies, innovative materials like cables and 
composites and those defined statically even in the presence of dynamic stresses. But, above 
all, the design challenge that we wish to take on is to deepen our knowledge of those 
topological-structural invariants that ensure the building process of shapes that are suitable to 
adapt to the evolution of our way of living, to the growth of the same due to self-similarity 
and adaptation according to the concepts of modern dwelling and urbanisation within the ever 
more urgent theme of the “smart city”. 

3 SOME MATHEMATICAL DETAILS 

The starting point is the standard trefoil knot curve: 
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For each point of the above closed space curve (clearly regular, i.e. with existing vector 

tangent in each point) we can define the Frénet-Serret local reference system given by 
tangent, normal and bi-normal unit vectors (T,N,B) as displayed in Figure 1: 

 
Figure 1: Frenet-Serret unit vector local reference system for the curve in eq. 1. 

 
The general application that transforms the closed space curve in a twisted strip turns out 

to be: 
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(2) 

 
where the parameter r indicates the strip’s rotation in units of 2π and the p# defines the 

curve extensions along the normal/binormal axes on the plane orthogonal to the curvilinear 
path. If the initial curve is the one given in eq. 1, our rotated strip can be obtained with r=3/2 
and p1=p2=1, see Figure 2. 

 



84

Attilio Pizzigoni 

 4 

(21)(21)

(22)(22)

(9)(9)

(12)(12)

> > 

> > 

(4)(4)

(20)(20)

(23)(23)

(19)(19)
Rxd R, 1, 0, 0

Rxd sin t C 2 sin 2 t
Ryd R, 0, 1, 0

Ryd cos t K 2 cos 2 t
Rzd R, 0, 0, 1

RzdKsin 3 t

rotationd Matrix 2, 2, cos r$t ,Ksin r$t , sin r$t , cos r$t

rotationd
cos r t Ksin r t

sin r t cos r t

rotated Vector 2
rotated 0ex

eqd RxC cos r$t $pK sin r$t $p $NxC sin r$t $pC cos r$t $p $Bx, RyC cos r$t $p
K sin r$t $p $NyC sin r$t $pC cos r$t $p $By, RzC cos r$t $pK sin r$t $p $NzC sin r
$t $pC cos r$t $p $Bz :

eqpointsd subs r = 0.5, eq : plot3d eqpoints, t = 0 ..2$Pi, p =K0.2 ..0.2, axes = boxed, style
= patchnogrid, grid = 400, 400

 
Figure 2: The rotated strip obtained from the trefoil curve.(V.Sumini) 

 
Given the odd number of π in the rotation, the strip become equivalent to a Moebius band, 

i.e. a strip closed after an odd number of twists. 
So the mathematical formula that describes the boundary curve of the band can be obtained 

from the 4π run of the t parameter as the composition of the two boundaries: 
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with the results displayed in Figure 3: 



85

Attilio Pizzigoni 

 5 

 
Figure 3: The boundary curve of the trefoil-Moebius band. 

4 THE DESIGN SCRIPT OF THE KNOT 
All these equations have been transposed to a graphic parametric environment that allowed 

us to develop the final architectural design using Grasshopper© taking as design variables the 
band width and the number of twists.  

 
Figure 4: The script. 
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5 THE PAVILION 
Starting from the above mathematical concept, we moved to the realization of the proposed 

structure. The choice of the shape has been guided by the fascinating topological properties of 
the Möbius band, which possess the peculiar characteristic of continuity along the two 
boundaries. In this case, to maintain the symmetries of the trefoil knot itself, the strip is 
twisted three times before closing.  Briefly, we can define this structure as built from a Torus 
Knot, or a rather non standard “extension” of a trefoil knot (defined as K(2,3), see1,2): in 
which the number 3 represents the revolution turns of the boundary around the midpoint of 
the initial torus,  while the resulting knot as 15 as the resulting knot crossing number c(K) (see 
Figure 5). 

 

 
Figure 5: The crossing points along the knot. 

 
The knot, in its final configuration, still maintain the toroidal structure of the trefoil knot 

on which it has been developed. The understanding of the toroidal topological character can 
be more easily understood from Figures 6 and 7: 
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Figure 6: Trefoil knot wrapping the reference torus. .(V.Sumini) 

 
Figure 7: The white « extended » trefoil is still wrapping around a torus (in blue) ; in red is the boundary of the 
« extended » knot, twisted three times around the original trefoil. The rotations of the « extended » knot with 

respect to the torus remain three. .(V.Sumini)  

 
All these features, and essentially the fact that the Möbius band is a not-orientable surface, 

suggesting an easily attainable isotropy of the distributed loads, resulted in a self-equilibrated 
internal forces flow and solved the stability problem in an elegant and simple way.  

Based on this concept, the main visual elements of the pavilion are the inflatable tube that 
is shaped along the unique boundary of the Möbius-trefoil knot and the membrane, that 
follows the rotating strip, see Figure 8. 
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Figure 8: The final shape. 

  
 

Figure 9: Details of the developed surface of the membrane (cutting patterns). 

 
The actual tube is made of a fire hose with a diameter of 70 mm and a length of 33 meters. 

The fire hose for reaching its stiffness is inflated with a pressure of 3.5 bars. This concept of a 
fluid pressure as stiffening medium together with the related uniform distribution, can explain 
as it can easily absorb the compressive and torsional stresses of the structure. The membrane 
is composed by a PVC fabric, normally used as tarpaulin truck. The connections between the 
boundary and the membrane are realized with about two hundred tie wraps. 

The pavilion has been designed to be automatically tensioned by the pneumatic tube during 
the installation: the increasing pressure provided by the internal fluid gives shape to the tube 
and simultaneously tightens the membrane.  

Some preliminary results of a theoretical stress analysis are presented in Figure 10:  
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Figure 10: Analysis of the stress distribution (dead load included). First line, the knot boundary is modeled using 
beam elements and the membrane simulated through cables: the results show that the tube is subjected to three 

main stress components (compression, tension and torsional stresses). Second line, all the elements are 
connected as a frame system (this could be achieved by a complete inflatable structure): in this case we obtain an 

equalization of the stress distribution inside the structure.  .(V.Sumini) 

The first solution was not feasible, as in some parts the membrane was not working 
properly due to the compressive stress induced by the boundary tube. So that to reach a 
suitable trade-off we added some rigid connectors inside the membrane in order to let this 
component behave in proper way. The second solution in figure # will be a sure more efficient 
improvement. Moreover, the pavilion could be considered statically determinate thanks to the 
three nodes through which it is hung from the ceiling. 
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Figure 11: Pavilion bottom-up view at Expo FUTURE VISION 2015 in Amsterdam 

 
Figure 12: The pavilion. 
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6 CONCLUSIONS 

The design process above described in the various steps (form-finding, mathematical 
analysis, cutting pattern generation, load analysis and installation) has been focused on the 
integration between the architectural and structural design and on the manufacturing and 
operational procedure: all these aspects resulted to be essential to introduce a high degree of 
pre-fabrication, with consequent reduction of time and costs, transportability, ease of 
construction and good accuracy of the final result.  
As an event, architectural form is supposed to find its ultimate justification in what it can 
achieve. The accent put on the notion that there is nothing more to architecture than what 
ultimately meets the eye, goes in the same direction.  
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Summary: With technological advancements in building design, increasing BIM maturity 
provides significant opportunities to improve the design process and performance of tensile 
membrane architecture. In order to isolate the next steps of technological development for tools 
specialized in tensile membrane design, this paper first conducts a case study to examine how 
BIM has been implemented successfully followed by a summary review of current tensile 
membrane tools and a detailed look at gaps to see where BIM maturity in tensile membrane 
architecture can improve.

1 INTRODUCTION
Over the last decade Building Information Modeling (BIM) has taken over as the new 

computer aided design (CAD) paradigm in the industries of Architecture, Engineering, and 
Construction (AEC) for both professional and academic settings [45]. The ability to improve 
design quality [41], reduce construction costs [2], enhance facility management [48], and 
predict building performance [24] are recognized benefits make BIM the preferred form of 
project delivery. In addition, it is reported as an effective means to facilitate AEC education 
[38]. However, the aforementioned benefits of BIM are rarely realized in the field of tensile 
membrane architecture due to nonlinear behavior of tensile membrane architecture during the 
design process. Consequently, the current application of BIM in tensile membrane architecture 
is merely for geometric representation as part of project delivery. With technological 
advancement in the design industry and the maturity of form-finding, statistical analysis and 
patterning techniques, it is the time to focus on streamlining information from various sources 
during the design process, and thereby increase both the quality and usage of tensile membrane 
architecture. 

To this end, this paper first reviews the technologies used for the London 2012 Olympic 
stadium to understand how it applied BIM, how BIM improved project delivery, and to identify 
shortcomings in the process. Next, the BIM maturity of currently available digital tools specific 

1
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to tensile membrane architecture is measured against a generalized BIM maturity matrix. By 
comparing the capabilities of these tools, areas for improvement can be shown and the next 
steps toward closing the information feedback loop can be pursued more in depth. Thus, the 
results of this paper can serve as the basis for facilitating future design integration methods to 
improve design efficacy and advance the usage of tensile membrane architecture.

2 A BIM APPLICATION CASE OF TENSILE MEMBRANE ARCHITECTURE -
LONDON 2012 OLYMPIC STADIUM

The London 2012 Olympic Stadium is one of the most revered tensile membrane projects 
that also been praised for its successful application of BIM technologies. Its tensile membrane 
roof design allowed it to be built using less than half the steel of comparable stadia, reducing 
its environmental impact and making it the lightest Olympic stadium constructed to date [7, 
23]. The incorporation of 34% of recycled steel and concrete and other related environmentally 
conscious actions during the stadium design and construction make it the most environmentally 
friendly modern Olympic Stadium [7, 22]. Because of its application of BIM technologies, the 
project was completed one year early within a limited construction period of only 1,000 days
and under budget [39].

Despite all these record-breaking legacies set by the London 2012 Olympic Stadium, no
single project to date has yet to fully realize all of BIM’s potential benefits. BIM’s potential 
benefits are yet to be discovered, identified or applied [18]. To this end, this case study focus 
on examining the application of BIM technologies and identifying the needs of future 
technological development to further facilitate the design of tensile membrane architecture.

2.1 Project Brief
The stadium was designed with the future in mind, incorporating inherent flexibility to be 

recycled and repurposed as the lifespan of the stadium continued beyond the Olympics. Located 
in on a 40-hectare, diamond-shaped island in the southern end of the Olympic Park, the London 
2012 Olympic Stadium was designed and constructed by Team Stadium, a consortium led by 
Sir Robert McAlpine together with Architects Populous and Structural and Services 
Consultants Buro Happold [12]. “Embrace the temporary” was the design  philosophy of 
architectural firm Populous in order to meet needs of adjustable capacity requirement [23]. The 
brief was unprecedented, calling for a capacity of 80,000 spectators during the 2012 summer 
games with the adjustability to scale down to 25,000 spectator capacity for permanent use. To 
facilitate post-Olympics conversion, the structure was composed of five layers, as illustrated in 
Figure 2: (1) the permanent 25,000 seats concrete bowl and podium in the lower tier; (2) 
temporary pods and pavilions situated on the podium; (3) upper tier structure and seating bowl; 
(4) façade wrap; and (5) tensile membrane roof [6, 39]. A bicycle style tension spoke ring was 
utilized as an efficient means to hold the tensile membrane roof [6, 19].

2
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Figure 1: London 2012 Olympic Stadium general project information [39]. Photograph: Locog/EPA.

Figure 2: London 2012 Olympic Stadium exploded axonometric and west sections. Diagram: Populous.

2.2 BIM Applications of the London 2012 Olympic Stadium
A fully integrated team along with an integrated BIM model was an essential reason that the 

London Olympic Stadium was completed on budget and on time. The integrated construction 
management is the featured BIM capability of the London 2012 Olympic Stadium that led to 
this success. It allowed the model developed by the design team to be coordinated and 
visualized in an integrated form prior to construction. This helped the design team to clarify
complex routing of services and troubleshoot potential issues prior to bringing in other sub-
trades. Several different software were used among the design team, including Max, 
SolidWorks, Tekla, Revit, CADduct and MicroStation [9]. In order to generate an integrated 
model, Fulcro was appointed part of the design management team to coordinate the information 
from various expert domains [10].

While there was a lot of praise for the success of using integrated model for construction 
management, the integration process was not as streamlined as what would be considered ideal. 
The integrated model required BIM experts to first collect different design team’s “final” design 

Client: ODA, Olympic Delivery Authority
Architect: Populous
Structural and services engineers: Buro Happold
Main contractors: Sir Robert Mc Alpine

Construction period: May 2008 - March 2011
Opening: 5 May 2012
Cost: £ 498 million
Seats: 25,000 permanent and 55,000 temporary

Dimensions: 310 x 260 m
Stadium height: 62.7 m 
Pre-cast units in stadium bowl: 8,000
Reinforced pre-cast concrete within stadium bowl: 9,250 m³
Roof area: 24,500 m² 
Length of cable in roof: 6,000 m 
Weight of steel construction: 10,000 t
Entrances: 56
Rooms: 700

TENSILE MEMBRANE ROOF

FAÇADE WRAP

UPPER TIER STRUCTURE

PODS AND PAVILIONS

LOWER BOWL & PODIM

EXPLODED AXONOMETRIC WEST SECTION
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models across different design platforms, then it had to manually rebuild them or utilize
standardized file exchange formats to transfer model information (depending on each 
platform’s interoperability) into a single unified and integrated mode for collaboration purpose
[9]. This made it difficult to make design changes or minor adjustments. While the integrated 
model was helpful for resolving conflicts among different trades, any modification made to the 
design required a manual update by individual trades. Furthermore, there was no connection 
between the integrated model and design analysis data, making it difficult to draw performance 
conclusions from the designing process.

Aside from construction management technologies, other advanced technologies were 
utilized for this project. Computer-aided flow simulation models were conducted to determine 
the coverage of the seating for optimal wind flow conditions [39]. Dynamic structural 
performance evaluations were conducted for seating tiers [11]. Intensive point cloud laser 
scanning was used to ensure precision installation during construction [3]. However, these data 
were still segmented for each design phase, and did not help build a cohesive design space. The 
design of tensile membrane roof demonstrated this disconnection within the process. Along 
with recently released information elaboration from the structural engineer [6], studying how 
the membrane roof was created presents the technological issues that were encountered during 
process:

1. Determination of suitable form-finding algorithms and software packages: The essential 
capability for any tensile membrane software package is its ability to model and analyze 
non-linear geometric membrane behavior to find the form and facilitate the subsequent load 
analysis. However, there is still a lack of conformable approach to ensure the accuracy of 
the algorithm. For this reason, the structural analyses were used at least two software 
packages for cross-checking purpose. This led to uncertainty during the design process.

2. Consideration of materials’ non-linear properties: OASYS GSA was used as the structural 
analysis tool for the tensile membrane roof including all the components of structural 
steelwork, cables and fabric membrane in the roof structure. However, similar to other 
solvers, it only considers linear elasticity and is not sufficient to consider the full material 
property of the membrane. The effects of the material properties for the overall performance 
of a large fabric membrane structure are significant and should therefore include complete 
data for proper analysis and design. A structural solver that considers complete material 
properties beyond linear elasticity is needed.

3. Reliability and resilience in the membrane design: There was a lack of sufficient guidance 
and safety factors available for the tensile membrane façade industry to ensure the reliability 
of the analysis. Only general guidance was available through Tensinet, but even this was 
heavily tailored for use in Germany. The assessment and calculation of appropriate 
reliability indices for tensile membrane architecture are needed.

4. Multiple models were needed for deferent levels of analysis: During the design analysis 
process, various models in different scales were used, including a complete stadium model 
for primary structural analysis, a quarter stadium model to assess the fabric membrane 
behavior, and a detailed signal-bay model to assess the penetration’s effects within the 
surface. This repetitive process of modeling is slow and allows room for an increased 
probability of human error.

4
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While the use of BIM technology was considered successful for the overall project delivery
of the London 2012 Olympic stadium, there is still ample room to improve if compared against 
the BIM checklist offered by Eastman, et al. [18], as listed in Table 1. Due to the complexity of 
designing the tensile membrane roof, it can be considered a stand-alone project. In order to 
streamline its complex design analysis process into the overall project, the case is evidence that 
there are several technological issues that need to be resolved. To further examine the need for 
the technical development to achieve higher BIM maturity level, the next section reviews the 
specialized tools commonly used in the tensile membrane industry to identify incongruences
and posit where advancements can be made.

Table 1: Checklist of BIM benefits as stated by Eastman, et al. [18] relating to the 2012 London Olympic 
Stadium

Project Phase Benefit 2012 Olympic Stadium
Feasibility study Support for project scoping, cost estimation N/A
Concept design Scenario planning N/A

Early and accurate visualization N/A
Optimize energy efficiency and sustainability N/A

Integrated design / 
construction

Automatic maintenance of consistency in design N/A
Enhanced building performance and quality N/A
Checks against design intent N/A
Accurate and consistent drawing sets N/A

Construction execution / 
coordination

Earlier collaboration of multiple design disciplines N/A
Synchronize design and construction planning O
Discover errors before construction (clash detection) O
Drive fabrication and greater use of prefabricated components O
Support lean construction techniques O
Coordinate/synchronize procurement O

Facility operation Lifecycle benefits regarding operating costs N/A
Lifecycle benefits regarding maintenance N/A

3 BIM MATURITY OF DESIGN TOOLS SPECIFICLY FOR TENSILE 
MEMBRANE ARCHITECTURE

Because there is no singular authority on BIM maturity, it is important to clearly establish 
how different levels of BIM competency are differentiated. Several organizations and 
authorities provide guidance and standards for measuring the maturity of BIM according to a 
specific project or organization, but presently none are all-inclusive [1, 14, 16, 33, 44, 45].
These varying BIM assessment matrices all indicate that the successful implementation of BIM 
relies not only on the tools and technologies used, but also on the competency of users, teams, 
and the organization [46]. At the outset the focus of this paper is to first establish a consistent 
criterion for BIM maturity on which to judge current tools and see where the potential for 
improvements lie.

This research synthesizes two commonly known matrices to differentiate criterion of BIM
maturity, as illustrated in Figure 3. While the descriptions of each of these maturity levels are 
slightly different, they nonetheless illustrate the same expectations regarding the functionality 
and required components for each level of BIM competency. Utilizing this standard disregards 
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impertinent classifications to reveal the broad gaps in current tools and show what it takes to 
attain higher BIM maturity on the whole. A more detailed description of this table can be found 
in Lin, et al. [27].

Figure 3: Illustration of Building Information Modeling Maturity Levels. The image is re-diagramed and 
synthesized by the authors by referencing Neeley [36], Bernstein and Jezyk [5], and the original BIM maturity 

level diagram of Bew and Richards. 

BIM Level 1 is the current AEC industry standard for analysis and simulation [5]. Based on 
the most recent report by NBS [35], 59 % of responders indicate that their highest BIM level is 
Level 2. Efforts around the globe are continuingly striving towards building lifecycle 
management - the ultimate potential of BIM - however; the BIM maturation of tensile 
membrane architecture seems to be developing at a slower pace in comparison. This is due to 
its the unique design needs and structural behavior. Compared to other conventional building 
modes, the process of designing tensile membrane architecture encompasses three additional 
steps: form-finding, load analysis, and patterning [4, 26, 42]. These extra steps are needed to 
address the nonlinear behavior of the form/force interaction unique to tensile membrane 
architecture [13, 25]. For this reason form-finding, load analysis and patterning are the primary 
focus of software programs that specialize in tensile structures. A summary comparison of eight 
frequently used tools that address the specific needs of tensile membrane design is presented in
Table 2. These tools all fall within BIM Leve1 1 according to the BIM maturity matrix 
established in this paper. Due to the complex algorithm and calculation required for the tensile 
membrane architecture, these specialized tools focus on finding solutions for the required 
improvements of the tensile membrane design. 3D visualization and preliminary analysis are
standard, but there is a significant lack of file sharing, material library support, and design 
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collaboration required to raise maturity to BIM Level 2 and beyond. 
Table 2: A comparison of eight common software tools specialized for tensile membrane architecture
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Easy [47]    
DXF/DWG
Formfinder, RSTAB Engineer Pneumatic structure

Formfinder [20]  
DXF/DWG
Rhino Plugin, Easy Architect

ixCube 4-10 [17]    
Rhino/AutoCAD
Caedium Fluid Solver Engineer

CFD, Scripting, 
material database, Code 
Compliance steel 
design

MPanel [31]    Rhino/AutoCAD Not Specified

NDN [8]     DXF/DWG Engineer

Oasys GSA [37]   

ADC AdBeam, ASAS, 
DXF/DWG, CIMsteel, 
LS-DYNA, NASTRAN, 
OpenSees Revit 
Structure, SAP2000, 
Steel Member CSV, 
Vdisp 

Engineer Complete structural 
system design.

Patterner  [40]   MEM, DXF/DWG/WRL Not Specified

TensileDraw [30]  Rhino/AutoCAD Plug-in Not specified

4 POTENTIAL DEVELOPMENT & NEXT STEPS
Various improvements can still be made to improve calculation accuracy and assist design 

and analysis of a tensile membrane structure. It is time to examine how to integrate and 
streamline the design process and information sharing within various tensile membrane design 
stages. The means and methods to integrate the design of tensile membrane architecture with 
other project-wide design activities must be sought to further embrace the great potential in lean 
construction and higher environmental and lifecycle performance. The following provides some 
directives to increase BIM maturity for these tools.
1. User-friendliness: Software usability relies on the design of the user interface and how it 

facilitates user interaction within the working environment. Current tools for tensile 
membrane design tend to be engineering-oriented, making concept generation and 
manipulation difficult for those who lack an engineering background. Ultimately, an 
effective tool should be able to provide design guidance while ensuring the constructability 
of the design without limiting creativity during the process. 

2. Interoperability: Current tools for tensile membrane design focus solely on solving the needs
specific to tensile membrane architecture. Material properties and analytical attributes are 
only stored within each standalone application, and are not transferable to other design 
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platforms or BIM authoring tools. This limits interoperability between design suites to
geometric representations solely for design documentation. This is a major barrier to 
increasing BIM potential. It is currently possible to utilize third party platforms for project
collaboration, however; these collaboration platforms only support post-analyzed geometric 
components. Therefore an IFC standardized format is imperative to advancing BIM 
maturity. While the technology for exchanging information using IFC has been established, 
the application for tensile membrane architecture still requires additional development 
before a comprehensive solution can be practically applied. Exchanging geometry and 
materials information between analytic tools still requires further development [34].

3. Database: Although all specialized tensile membrane software claims intelligent form-
finding capabilities, there is a huge lack for component attribute information. As mentioned 
in the London Olympics case study, the accuracy of analysis is highly dependent on material 
properties. This is not fully supported by presently available tools. Currently, geometries can 
only be exported for 3D representation without associated attributes such as material 
properties, or stress level tolerance. These material attributes are not associated with the 
resulting geometric model and therefore cannot be transferred, used, or stored in other 
platforms for further documentation or simulation. Once the geometry loses its component’s 
attributes, the model loses its intelligence and can only be used for 3D representation. In 
order to enable cost estimation, lifecycle analysis, or other environmental analysis 
throughout a building’s lifecycle, the materials and structural objects need to be associated 
with data-rich attributes. 

4. Construction Management, 4D, 5D to nD Simulations: The benefits of current BIM 
technology are its ability to conduct construction simulation, clash detection, cost estimation 
and logistics planning. The previously presented case study is one such example of success 
in utilizing BIM for clash detection, however; it was done by manually integrating multiple 
models. While this method is effective, manually reentering each model to enable various 
simulations increases time and resources and needs further analysis of its cost effectiveness 
and margin of error. Currently, none of the tools reviewed facilitate direct exporting and 
integration without remodeling or modification. To conduct these in-depth simulations is
especially important for tensile membrane architecture since many reported failures occur 
during the delivery and installation process [32]. The assembly process, too, is an essential
step to be considered during the detailing stage to ensure the quality and durability of the 
corner details, and thus the overall structure [21]. The availability of these integrated features 
can be expected to increase the quality of the overall design and lead to better construction 
and cost management of tensile membrane projects. The concept can also be applied to 
simulating sustainability and life cycle performance (6D), as well as for a building’s 
operation and facility management (7D). But, to be able to achieve these capabilities, the 
intelligently integrated data-rich model is a fundamental requirement and needs to be 
established first. 

Streamlining the design analysis process is a major challenge not only for tensile membrane 
architecture but for all types of building design. Closing the performance feedback loop 
between design and various analytic domains has been an important topic among AEC research 
and practice [28]. It is even more challenging for tensile membrane architecture to close the 
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feedback loop given its complex geometry and unique material properties [15]. Since pursuing 
sustainability and a high performing built environment has become imperative, the ability to 
access these performance assessments (i.e. structural, thermal, acoustical, and energy 
performance) early in the design process is critical to optimizing structural design from the 
outset. In order to achieve this, the previously mentioned interoperability and knowledge-based 
library needs to be established first. The material library, too, must be enriched with the 
inclusion of physical properties for design analysis. Furthermore, the ability to effectively 
simulate and evaluate the performance of these dramatically complex forms must be sought 
out. When design analysis becomes streamlined, it is then possible to utilize parameterization, 
platform integration, and multi-objective optimization algorithms with cloud computing 
functionality to quickly generate design solutions and identify the best compromise given the 
design objectives [29]. In addition to raising environmental performance, streamlining design 
analysis is vital to advancing specific critical elements, such as corner detailing. Analyzing the 
relationship between shape, performance and materials in the makeup of the corner assembly 
is crucial because the long-term performance of the corner detail determines the integrity of the 
entire structure. Addressing these issues remains the most significant challenge specific to 
tensile membrane architecture [43].

5 CONCLUSION
This paper seeks to establish the efficacy and current state of BIM in tensile membrane 

architecture. A recent project in the London 2012 Olympic Stadium is a representative case 
study that shows the benefits of BIM, but also reveals areas for improvement. This is followed
by an in-depth look at the capabilities of current design tools and a discussion of steps that need 
to be taken to increase BIM maturity. Within this discussion this paper establishes a general 
BIM maturity matrix synthesized from common accepted matrices to signify the current 
maturity and describe what constitutes BIM maturity in the future. It is revealed that the 
development of the tensile membrane tools are not yet satisfactory and are behind compared to 
conventional building modalities. This is due to the specific needs of tensile membrane 
architecture. The geometries, forms and components in the tensile membrane design must be 
configured simultaneously and be subjected to specific pattern of internal forces analysis. These 
distinctive needs can potentially be explored by enabling higher BIM maturity. Increasing the 
BIM maturity of specialized tensile membrane tools can make the evaluation of structural 
functions and composite forms an easier and far more productive process. It is imperative to 
establish a standardized data model to enable interoperability, associative material attributes,
and integration with other design analysis platforms and complete the feedback loop.

The potential for tensile membrane architecture to cultivate a higher performing built 
environment is promising. The lightweight, translucent, and flexible nature of tensile membrane 
architecture has vast implications for improving building performance. As an emerging design 
medium, it enables a wide range of dynamically unique forms for heightened design creativity. 
By continuingly striving to elevate BIM maturity, tensile membrane architecture will be more 
accessible to design professionals and contribute to a more dynamic, higher performing built 
environment.
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INTRODUCTION 

The shelter design process for archeological areas present many difficulties, due to the 
multiplicity of constraints and the complexity of the application context. Working on the 
archeological areas includes dealing with some contradictions.  

The shelter for archeological areas aims to protect ruins from damages, in order to preserve 
their historical values. On the other hand the work of excavation represents itself a destructive 
action, which causes environmental variations on the sites. Protecting an archaeological site is 
an act of compromising, seeking a balance between minimizing the impact of the shelter on 
land and producing a more comfortable area for the archaeologists and the visitors [1] [2].  

The latter contradiction is related to the necessity of having both very flexible and 
adaptable solutions, which could fit with the different work needs, and a deeply relation with 
the context of application. In fact, each monument or historical find has its own peculiarity, 
therefore needs a specific shelter solution designed for the particular area of employment [5]. 
The controversy of the topic derives from these premises.  

The necessity to cover archaeological areas depends on the necessity to protect the 
materials and the discoveries from the solar irradiation, the changes of temperature and all the 
external factors that could entail material damages.  Meanwhile, the protected area should be 
accessible for the workers and the restores. For that reason the shelter has a double function: 
on one side, protecting the finds from external agents and the climatic variations (daily and 
seasonal changes), and, on the other, covering the workers during the excavation and 
protecting materials during the restoration activities. Accordingly, the solution has to fulfil 
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different requirements. The covering should be appropriate to the different climatic conditions 
and adaptable to several climate zones, protecting the excavations from external agents, 
ensuring the protection from water and condensation damages, allowing the light transmission 
through filtering the UV radiation. The solution should be reversible and has to guarantee the 
finds integration.  Therefore, the structure should be lightweight, especially for what is 
concerning the foundation system or the anchors, which should be punctual and non-invasive. 
Finally, the system should be easy to assemble and dismantle, without the employment of 
crane or heavy vehicles. Based on these conditions, the application of textile lightweight 
constructions as shelters for archaeological sites appears interesting.  

The paper presents a new concept of textile lightweight solution. The elasticity of the 
proposed textile material – that is a polyurethane-coated knitted textile - is a key aspect for the 
system re-configurability, which becomes adaptable to different set of problems.  
 
TEXTILES SHELTERS FOR ARCHAELOGICAL AREAS 

For many reasons, textile lightweight solutions are a sustainable choice for covering 
archaeological areas. Their peculiarity is to be very adaptable and versatile both in shape and 
dimension of the covered space. They can be assembled in modular sails, which allows the 
possibility to create different configurations based on the identified needs and ease the 
optimization of the packaging and transport on the site [4]. Moreover, the membrane 
structures are fast erecting and easy to dismantle, which made them reversible solutions, 
minimizing the impact on the environmental area surrounding the excavations. Thanks to their 
low weight, they need usually thin frameworks, allowing the employment of less invasive 
foundation and anchoring system. Finally, the possibility to create a multi-layer fabric system 
facilitates the ventilation, avoiding condensation problems that could damage the materials. 
The application of different textile layers allows the implementation of the solution, which 
can be adapted either to the climatic variations or to the several climate zones. The shade net 
guarantees the screen from UV irradiation during the summertime and the waterproof layer 
positioned below offers protection from the rain and ice during the winter. In the same way 
the structure could be used as simple shading roof in arid climate, while in humid climate, the 
roofing system could be implemented becoming waterproof and be shaped in a more enclosed 
configuration.  

The membrane and textile structures for archaeological site can be divided in two 
categories based on the durability: the permanent fabric structures and the temporary fabric 
structures. The first solutions are more durable and look more like enclosed buildings. The 
latter ones are more simple built, cheaper and purely functional [1].   

Temporary fabric systems are mainly used for simplify the management of archaeological 
areas. Thanks to their versatility they can be adapted to tourist flows, restoration and 
maintenance activities. These aspects allow that the workers, without the support of skilled 
personal, directly manage the arrangement and the dismantling of shelters. These features 
made their application very interesting in the first phase of excavations, when the workers 
need protection from the sun and rain during their activities. In the second phase of 
archaeological site management, when the area is open to the public, permanent and durable 
solutions are more advisable.  



107

M. Barozzi, S. Viscuso and A. Zanelli 

 3 

Other categorizations of shelter for archaeological areas can be based on their application 
purposes. Grounded on the overview on protective shelters used in the field [2], the following 
distinctions could be established: architectural shelters, shelters with museological approach 
and service (or functional) shelters. In the first case the protective function of the shelter 
design is secondary to, or eclipsed altogether by, the architect’s vision of how a designed 
shelter responds to site, topography, landscape, meaning and context [2]. This approach 
results innovative, but often does not take into account the conservation function as primer 
purpose in the design process. These types of shelters are indicative of the gap existing 
between architecture and conservation point of view on the topic. An example is the 
refurbishment of Villa Casale in Piazza Armerina [3].  The second shelter type represents the 
museological approach to archaeological areas, in which the shelter aims principally to 
represent the site for the visitors. The tourist tour is enhanced by the shelter design, its 
walkways and its configuration. An example of this concept is the intervention on the site of 
Tell Mozan/Urkesh in Syria [2]. The service shelters represent the third type. With this term 
we identified the temporary shelters used by archaeologists and workers while excavations are 
in progress or waiting for a permanent solution. An early example of functional shelter could 
be represented by the ‘hexashelter’ for the Orpheus mosaic in Cyprus [2].  

These service structures are largely used in the management of archaeological sites, but 
they aren’t frequent discussed in the current literature. Often people in charge of the daily 
maintenance use small fabric shelters and canopy that can be folded or easily taken down. 
They are typically poor design and made of local, non-durable materials like polyethylene 
plastic sheets and they do not have foundations system [1]; for ensuring the stability to the 
wind loads the operators use, normally, provisional expedients and makeshift solution. 
Furthermore, these structures work only as roof and do not offer protection on the sides, 
required by the technicians and archaeologists working in windy areas. The service structures 
are low budget, removable and reversible.  

The design approach adopted in this paper is based on the know-how of shelter design for 
the emergency field. The emergency solutions, as the archaeological ones, are characterized 
by similar restraints, such as the economical limit, the minimum weight and volume for ease 
the transport, the employment organised by unskilled personnel and the provisional 
foundation systems. Last but not least, emergency constructions should be adaptable to 
different set of requirements and for that reason should be designed to be implementable 
according to their applications.  

The aim of the work here presented is designing a textile covering system with lightweight 
foundations, in order to minimize the impact of the structure on the surroundings. 
ARCHeoSHELTER is a deployable covering system based on two structural elements 
(arches), which have a double function. On one side, they support the textile roof allowing the 
creation of a lightweight structure, which leans ‘tiptoed’ on the ground. On the other side, the 
arches function as sliding track for the textile layer, which can be rotated depending on needs.  

 
DESIGN BOUNDARY CONDITIONS: THE CASE STUDY OF NORA (SARDINIA) 

The Italian cultural heritage authority’s request is to cover the mosaics of the Nora’s 
archaeological area, in Sardinia (Italy). Nora is an ancient Phoenician settlement situated on a 
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headland (Capo Pula) in the southwest coast of Sardinia. This cultural site consists of 
different historical settlements, dating back to different periods. The oldest finds are related to 
the Phoenician colony dated VIII century B.C, on which a Roman province settlement 
overlaps. The oldest finds are related to the Phoenician city. The all area presents valuable 
mosaics of different ages that need to be preserved from the external damages. The context 
surrounding the location is critical. Due to the collocation on a promontory, the ruins are 
exposed to the different winds and external factors that could entail damages and erosion. The 
sea proximity causes the presence of soluble salts and sand in the air, which provoke find and 
mosaic degradations. Moreover, the thermal excursions and the solar irradiation are 
considerable. The continual wind exposition from different sides worsens the situation.  

The request of the Soprintendenza ai Beni Culturali (Italian National Trust) is to design a 
covering system able to protect the mosaics of ancient baths area in Nora. The necessity is to 
conserve the mosaics and to shelter the workers during the restoration activities. The demand 
is for a lightweight shelter system that limits the environmental impact and uses non-invasive 
foundations. Furthermore, the structure should be changeable in front of climatic conditions, 
both throughout the year and the 24 hours cycles and to the wind variations, which as main 
direction North-West and register speed less then 10 m/s (speed: 1-1,5 m/s summer-autumn; 
0-0,5 winter-spring; secondary wind orientation: NE in summer, SE-SW in autumn, NE- NW 
winter) [6]. Finally, the frame should be easy to dismantle, re-move and re-use in other part of 
the site without the support of crane or heavy machineries.  
 

DESIGN OF NOVEL COVERING SYSTEM 
Due to the little span needed to cover the mosaic room of Nora (length from 3-5 m up to 7-

9 m maximum), a structural solution completely solved with thin bending active elements is 
feasible. This solution allows the configuration of a kinematic structure directly on-site by 
means of bending linear fibre-reinforced profiles with different curve. Thus, the same arch 
can be used for covering rooms of different span, from 3 m to 6 m (fig. 1). 

By analysing the current literature [7], we can affirm that a two-hinge arch is a stable 
structural system for elastically bent elements. The generated form is named as "bending-
shape". The bending-shape depends on the distance of the two supports and the length of the 
bent element.  For lowering the bending moment of the curved arch, a cable restraint system – 
made of a bottom edge-cable that connects the end points of the compressed arch and a radial 
connection-cable system – can equilibrate the axial forces in each node of the curved arch. 

The above-described force-equilibrium system can be also obtained by using a membrane-
restraint system in which a textile pocket connects the bottom cable to the curved arch in 
substitution of the radial cables. In both case, for reducing the stress of actively bent element 
between 15-20%, the literature has verified the necessity to tend to a semicircle shape (fig. 2).  

 
Figure 1. Adaptability of the ach span to different mosaic rooms. 
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Figure 2. Comparison between a static model with linear struts and cables and a second model with a 
membrane-restrained system; numerical results (N/mm2) of membrane FE-models with bending shape (top) and 
circular shape (bottom) (Source: Alpermann, Gengnagel, 2012). 

The actively bent-arch shaped with a membrane restrained system is suitable to be used as 
structural element for covering little and medium areas during excavation works (fig. 3). Once 
arrived on site, two or more arches can be shaped into a circular geometry by closing the 
cable loop at the base of each GFRP board [8]. The shape of the arches depends from the 
dimension of the mosaic or the room to cover. At their footholds, four small steel foundation-
plates are provided with hinges. If the outside walls of archaeological rooms can easily 
support the obtained lightweight arches during the erection stage, the membrane used to shape 
it can be made of a unique stretchable fabric (e.g. polyester-PU coated) that connects the 
arches and covers the mosaics (fig. 5). The membrane can be tensioned to the ground by 
means of sandbags filled on site, reducing the weight of the whole system for transportation. 
Polyethylene sandbags commonly used to anchor sport sails can anchor the membrane in 
several points along the longitudinal side of the roof. This arrangement allows the adjustment 
of the fabric tension without moving the previously filled ones (fig.4). 
 

    
  Fig. 3. Scale model of the bending-active arches.             Fig. 4. Sandbags used to anchor the shelter. 
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Fig. 5. Physical model and renderings of the covering system. 

This anchoring system permits to develop an adaptable solution for the membrane layer, 
which takes into account the climatic variations (daily and seasonal changes). The structure 
has different configurations obtained by rotating the membrane along the bent linear elements. 
The membrane can be shaped in a more protective configuration for the wintertime, when the 
mosaics should be repaired from the external conditions. Alternatively, it can follow the 
workers necessities, allowing solar and wind protection during the summertime work (fig.5). 
The system is also implementable with an additional shading layer made of a polyester mesh. 
The shade net filters the solar radiation directed to the membrane, so reducing the mean air 
temperature below the roof. Clamps block the mesh on the arches and permit it to slide along 
the bent element, while the additional sandbags that are used to anchor it to the ground are 
useful for stabilizing the whole system (fig. 6). 

 
Figure 6. Scheme of textile layer orientations and architectural drawings (plan and elevation) of the covering 
system (left). Sketch of connections with arches (right).  
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During the design development of the covering system, the form finding stage has validated 
the equilibrium of the structural shape initially tested with a physical model at scale 1:10 
(fig.5). The actively-bent element has been shaped with the physics simulation plug-in 
Kangaroo for Rhinoceros Grasshopper, while the membrane shape with span of 6 m has been 
obtained by using Rhino Membrane (fig. 7). Three catenaries - differently oriented on the 
curved arch - have been designed for replicating the relative membrane configurations in 
polyester-PU coated, where the distance between arches is always 5 m. The first one reflects 
the closed layout for wintertime, while the other ones are oriented on the arches in a 
symmetrical way (second configuration) and in an opposite way (third configuration). Thanks 
to the small span to cover, it was possible to apply an anisotropic pretension to fulfil the 
requirement of using flexible-webbing belts in substitution of steel edge-cables along the 
longitudinal edges of the membrane roof [9]. External loads are not considered at this design 
stage (fig. 8). 
For obtaining a reliable pretension on the stretchable membrane, each configuration involves 
a specific inclination of the arches from perpendiculars to the ground, that are stabilized by 
changing the position of the sandbags at the end points of the roof. The inclination has been 
tested in all configurations. Its angle decreases of 10° by changing the membrane 
configuration from the symmetric one to the twisted one.  
Variations of the arch width are also verified starting from the configuration 1 and 3 with arch 
span of 5 m, in which the pretension of edge cables should reach around the value of 20 N to 
fit with an arch deformation compared to the semicircle arch [7]. If the span of the arch 
changes, the value of pretension will be also altered.  
 

 
Figure 7. Three configurations designed in Rhinoceros. The inclination of the arches changes to pretension the 
membrane. Configuration 1: wintertime layout. Configuration 2: layout following wind and sun orientation. 
Configuration 3: summertime layout.  
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Figure 8. Reactions’ analysis and stress plot in warp and weft direction (KN/m) calculated with Rhino 
Membrane. 

Through the pattern design stage, the three dimensional surface, found by means of the form 
finding, has been flattened, obtaining a two dimensional cutting pattern for the manufacturing 
that follow the primary load-carrying direction of the canopy. Flat pieces incorporate the 
fabric useful to realize the pockets between the bent elements and the cables.  
In the case of a stretchable material, such as PU-coated membranes, the stripes obtained from 
the cutting pattern should consider the compensation due to the elasticity of material [10]. 
Therefore, each stripe must be cut-off smaller than its final dimension. The reduction 
percentage has been calculated in different ways in warp and weft direction, to fit with the 
anisotropic stress ratio when the welded-joined membrane will be stretched into its final 
shape (fig. 9). 
During the fabrication, particular care on connections realization will be taken. According to 
the literature, the welded overlaps between the stripes should not decrease the membrane 
strength less than the 90% of its original value [11]. Welded seams of pockets can be 
reinforced due the continuous sliding of membrane along the arches. 
 

 
Fig. 9. Strips obtained from the cutting pattern of the membrane. 
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CONCLUSIONS 
The project has been articulated in different phases, focusing on three levels of investigation: 
architectural, technological and form-finding. The research aim is to develop a solution ready-
to-use for archaeological sites, to employ during the excavation works or as temporary shelter. 
Thanks to its modularity and its adaptability, as well as its idea of easy setup, the structure 
could be applied for different purposes and changing function during its lifetime. Besides the 
protective aim, the structure could be used for cultural events organized in the area or for the 
fruition, offering a shelter for the visitors or a covered space for the site management 
activities.  
To end the project development, some further surveys should be considered. The first step   
should be the verification, with a real scale prototype, of the textile behaviour, in order to 
verify if it is behaving as expected from the virtual simulation. In the same way the structural 
stability of the bending arch should be confirmed.  
Another aspect to be deepened is the erection of the structure on the field. The concept is 
based on the idea of having a lightweight structure, easy to set-up and remove also by 
unskilled people that work inside the area. This is still a conceptual level of development and 
should be tested with a prototype, to ensure that the assembling operations are easy and fast. 
Finally, the feasibility of having sandbag as anchoring system for the textile layers has to be 
investigated. In the common practice in the case of emergency shelter sometimes this 
expedient is adopted, but it needs to be tested for this configuration, taking into account the 
loads resistance to ensure the system stability.  
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Summary. This paper offers a detailed overview of the design and manufacturing aspects 
faced during the design and construction of the Ducati Superbike Pavilion. The first section of 
the paper describes the architectural design of the pavilion, the size of the components and the 
requirements of the client.  The second section analyses the expected loadbearing conditions 
and the structural design of the Tensairity® beams. The final paragraph presents the details 
and the assembly of the roof.  

 
 
1 INTRODUCTION 

In 2014 Ducati Motor Holding S.p.A. commissioned a new itinerant pavilion for the 
Superbike racing category. The main objective of the client was to find a new shape, able to 
represent the commitment of the company for new and innovative technologies, and optimise 
the transportation and assembly of the structure. Due to the reduced number of days available 
for each competition, the structure should be set up in a few hours by a crew of people with a 
limited experience in this field. At the end of the event, the structure should be dismantled, 
packed and shipped to the location of the next competition. The use of a crane or any other 
lifting devices for the assembly process is considered a disadvantage, which should be 
avoided in order to minimise transportation volumes. 

The use of an inflatable solution addressed the main restraints related to the final weight 
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and volume of the structure. The lack of structural performance was addressed by means of 
rigid elements assembled according to the Tensairity® principle, which increases 
considerably the load bearing capacity of the inflatable beams [1] [2]. The Tensairity® system 
combines the lightness and simplicity of an airbeam with the load bearing capacity of a truss 
structure. The first developed Tensairity® structure has the shape of a cylindrical beam, 
where the inflated hull is reinforced with a strut and two cables. After this initial project, the 
system has been successfully applied in several projects [3]. 

 

2 THE DESIGN OF THE PAVILION  
The pavilion is designed to cover the distance between two trucks parked at a distance of 

12 metres. The roof consists in a series of 5 Tensairity® asymmetric spindle-shaped girders of 
12m span inflated at low pressure (150 millibar) able to withstand load generated from winds 
at 27 m/s. Standard aluminium keder profiles are used as tension and compression elements. 
The inflated hull is made of a 270 g/m2 PU coated polyester fabric which combines good 
structural properties and high translucency. The required airtightness is provided by the inner 
250 µm PU bladder. The beams, once deflated, can be stored in one piece, on the top of one 
of the semi-trailers without detaching the hull from the aluminium part. Within 6 hours, the 
156 m2 roof together with the front and back façade is installed by a crew of 5 people.  

 
Figure 1: Perspective view of the Ducati Superbike Pavilion. 

As clearly described in the literature [4] [5] [6] [7], a “Tensairity® beam consists of a 
simple air beam and a compression element which is connected by two cables running in 
helical form around the air beam. The cables are connected to the end of the compression 
element. Thanks to this connection, the cable force is transferred to the compression element, 
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acting here as a compressive force. The key principle of Tensairity® is to use low pressure air 
in an attempt to prevent compression elements from buckling” [4]. 

All Tensairity® girders incorporate a RGB-LED lighting system to enlighten the area 
underneath the roof but also to light up the beams themselves. The system is controlled by an 
app which allows users to modify the lights through a smartphone. The blower, which 
compensates the loss of air due to temperature change, is programmed to keep the pressure of 
the beam within the design pressure range. In addition, it can also be remotely controlled: 
when required, the hospitality pavilion can be equipped with a sim card connected to the 3G 
internet network. It is possible to get access to the control panel from anywhere and modify 
the pressure of the beams, check the operation time of the blower and the last inflation ramp 
too. The blower can be remotely programmed in “Standard”, “Strong wind” or “Deflation 
mode”. 

The preliminary design analysed the advantages and disadvantages of two alternatives for 
the coated fabrics to be used for the roof: polyester/PVC and polyester/PU. Due to the 
competitive price, the good mechanical performance and the expected lifespan, polyester has 
been considered the most appropriate fibre for this project. Polyester fabrics are quite flexible 
and have been successfully used in several structures for temporary and seasonal projects. In 
addition, thanks to new technologies, coated fabrics based on polyester fibres, are now 
recyclable. The selection of the coating was mainly related to requirements of weight, 
flexibility, durability and translucency required by the client. PVC (polyvinylchloride) is 
generally used in combination with additional additives and top-coatings to improve the fire 
behaviour, the expected lifespan, the self-cleaning properties and the colour stability. It can be 
easily painted or printed and it can attain a life span of more than 20 years. However, the 
coated fabrics based on PVC currently on the market are characterised by a relatively high 
thickness of the coating which affects the weight per square meter, the foldability and the 
translucency of the final product. On the other hand, PU is a polymer composed of a chain of 
organic units joined by urethane links. Compared with PVC it has better properties in terms of 
elasticity, transparency, and resistance to oil, grease and abrasion. With thick coating layers it 
is used for special applications such as biogas plants and flexible tanks. It is easy to weld and 
due to the higher airtightness it is commonly used for pneumatic structures such as inflatable 
tents and boats [8]. The material selected for this project is a polyester fabric coated with 
polyurethane and impregnated with a soiling resistant finish produced by SIOEN. The special 
coating gives to the fabric a distinctive textile character and outstanding technical 
characteristics (270 g/m2 fabric has a tensile strength equal to 230daN/5cm in warp and fill 
direction).  Contrary to the common PU coated fabrics for biogas and inflatables products, in 
this case the PU coating is relatively thin and the material has to be stitched with the 
consequent need of the internal airtight bladder realised with a 250 µm clear PU foil produced 
by Chiorino SpA. 
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Figure 2: Elevation of the main façade with the two lateral semi-trailers (in red), the translucent façade made 

with modular  panels in polycarbonate, and the Tensairity® roof.   

 

 

 
Figure 3: Top view of the Ducati Superbike Pavilion. The five Tensairity® beams are supported by the two 

lateral semi-trailers and maintained at constant distance by a set of purlins. 
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3 STRUCTURAL DESIGN 
Due to the geometrical layout of the roof, the central beam is characterized by the higher 

applied load. The load is transferred to the beams by mean of the membrane positioned in 
between the beams. The longitudinal tensile force can be subdivided into a vertical 
component and a horizontal component. The horizontal component is mainly counterbalanced 
by the next span or/and the purlins. The vertical load is supported by the beam and is the main 
cause of collapse of the roof due to the progressive bucking of the rigid elements of the beam. 
The instability of the rigid element is prevented by the pneumatic element which is connected 
to the rigid elements of the beam. 

 
Figure 4: Simply supported Tensairity® beam under homogenous distributed load [9). 

 
The main parameters considered in the design of a Tensairity® beam are: the inner 

pressure, the geometry (radius, length, slenderness), the cross section of the structural profiles 
used and the details used for the connection to the lateral support.  The pressure required to 
support the expected applied loads varies between 160 and 220 millibar which. 

According to the formulas available in the literature the hoop force can be calculated 
through the equation: 

 

 
(1) 

 
Where: 
R is the radius of the beam 
p is the pressure required to support the applied load  
n is the stress in the membrane due to the inner pressure 
 
In the case of a spindle shape and larger span, it is also recommended that a check of the 

instability of the beam be performed, as described in [10]. 
The risk of laceration of the membrane in the beam can be verified comparing the expected 

stress in the membrane due to the inner pressure and the tensile strength of material used. In 
this case, for a pressure between 160 and 220 millibar the stress in the material varies between 
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8 and 11kN/m which is below the maximum tensile strength (46kN/m) divided by the safety 
factor. 

The stress distribution in the membrane between the beams has been investigated through a 
Finite Element Analysis. The most relevant load case (wind suction) is represented in Fig. 5 
where it is clearly visible that the expected maximum stress (6.5kN/m) is below the tensile 
strength of the PU coated fabric divided by the safety factor. 
 

 
Figure 5: Stress distribution in the roof membrane subjected to an applied wind suction load equal to 0.49 kN/m2 

(wind speed equal to 27m/s) 

4 DETAILING AND ASSEMBLING OF THE ROOF 
The main driver for the design of components and connections was the reduction of the 

total weight and transportation volume of the pavilion. The weight is a crucial factor because 
the structure should be assembled by a crew of 5 people without the use of large lifting 
equipment. On the other hand, the Ducati Superbike Team has only two semitrailers to 
transport the complete structure and all the equipment to host the events connected to 
Superbike racing, 

The rigid components of the beams are made of aluminum profiles with a rectangular cross 
section and four keder rails, one at each vertex. Through the inner keder rails the rigid profile 
is connected to the pneumatic cushion which, under pressure, transfers a distributed force to 
the aluminum profile reducing the risk of buckling and instability. The remaining external 
keder rails are used to connect the panels of fabric between the beams (top chord) or the 
lighting/sound equipment (bottom chord). A set of aluminum purlins provides the required 
lateral stability of the roof. 

The pneumatic component of the beam can be opened with a special zip which allows the 
inspection and replacement of the bladder without reducing the mechanical performance of 
coated fabric. The connections have been tested by means of an experimental programme 
based on several uniaxial tests on several alternatives (Fig. 6), rupture tests on the bolted 
connections (Fig. 7) and loading tests on a 1:1 scale mock-up ((Fig. 8) 
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Figure 6: The uniaxial tests on the connections between the fabric and the keder (top)  and zip (bottom). 

 
Figure 7: Rupture tests on the connections. 
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Figure 8: Loading tests on a 1:1 scale mock-up .  



123

P. Beccarelli, R. Maffei, R.H. Luchsinger and  J. Chilton 

 9 

  

Figure 9: The erection of the Ducati Superbike Pavilion at the Aragón circuit. The deflated beams are positioned 
and connected to the roofs of the semitrailers. The pressurised air circuit is connected and the beams inflated. 

Finally, the roofing membranes are connected to the beams. 
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Figure 10: The LED light applied to the Tenairity® beams. 

 

Figure 11:  The Ducati Superbike Pavilion assembled . 
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The assembly process for the Ducati Superbike Pavilion is shown in Figure 9, for an event at 
the Aragón circuit. First the deflated beams are positioned and connected to the roofs of the 
semitrailers used to transport them. The pressurised air circuit is then connected and the 
beams are inflated. Finally, the intermediate roof membranes are connected to the beams. The 
finished pavilion is shown in Figures 10 and 11. 
 

5 CONCLUSIONS 
The application of Tensairity® for temporary structures opens new opportunities and 
scenarios which appear very promising and exploit the advantages of the Tensairity® 
principle extensively . 
This paper presented the main design and manufacturing aspects faced during the design and 
construction of the Ducati Superbike Pavilion. The architectural and structural design of the 
pavilion is presented here in detail together with several images of the assembly procedure. 
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Summary. For an around-the-world traveling pavilion, designed by Silvain Dubuisson 
Architecte, Tentech engineered a light weight roof structure based on the so-called Tensairity 
principle, commissioned by Buitink Technology and Highpoint Structures. Rhino's 
Grasshopper was used as a a starting-point for form-generation and engineering and greatly 
eased the process to create workshop drawings and patterning of the fabric.  

 
 
1 THE PROJECT 

The roof structure is part of the main pavilion for exposition WAVE, organized by BNP 
Paris-Bas, starting in Parc de la Villette, Paris. The exposition shows people dealing with 
current challenges around the world. Economic, social en environmental themes are 
approached with a multitude of initiatives and a collective inguinity. They prove that solution 
exist. All these people share the same positive and innovative attitude creating new economic 
movements, such as sharing-economy, co-creation, the maker movement, the inclusive 
economy, and the circular economy. 

 
 In his design and materialization, architect Silvain Dubuission, aimed to reflect the 

enthusiasm, experimentally and fluidity of these movements. He uses a collage of materials, 
geometries and techniques. A simple wooden floor, stainless cladding and the inflated UFO-
shaped roof based on a meandering torus, a central sphere and a membrane stretched between 
the torus and levitated by the central sphere. 

 
The geometry of the project was well defined by the architect. The concept of the torus, the 

central sphere, dimensions and materialization as well as the wish to use an inflated structure 
to magnify the unconventional and temporary image. 

 
Beginning the engineering process, the design was rationalized using Rhino's Grasshopper 

and slightly twitched to create a more stable and feasible shape. The initially arbitrary shape 
became a clearly defined geometry described with few parameters. During the further process, 
the Grasshopper model could be altered to create structural data, patterning data and 
workshop drawings. 
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Figure 1: Interior Wave Pavilion 

The structure of the roof works as a tensile compression ring; the torus works as the 
compression ring for the membrane. Tensairity appeared convenient to increase the buckling 
of the torus. 

2 TENSAIRITY 
Tensairity is a term noted by Pedretti and Luchsinger. The term is a combination of 

tension, air and integrity and reflects the relationship with tensegrity. It's a method to create 
inflated structural elements, with a relatively low air pressure. A tensairity beam can be 
considered an underslung cable beam. In an underslung cable beam the horizontal tension and 
compression elements are separated and pushed apart by vertical pressure elements. In 
Tensairity, the vertical pressure elements are replaced by air pressure. The horizontal tension 
and compression elements are maintained. In 2009 Wever and Luchsinger demonstrated the 
lower horizontal tension element, the underslung cable, could be replaced with a mesh fabric 
and demonstrated the increased buckling resistance of the concept. 
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Figure 2: Exterior Wave Pavilion 

 
Experience with Tensairity for Tentech was gained in 2012 with the engineering of a large 

shelter for events, commissioned by Buitink Technology, in cooperation with ABT. A design 
with eight spindle shaped Tensairity beam, and with membranes stretched in between. 

 
 

 
 

Figure 3: Study for an Tensairity event Shelter 
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3 STRUCTURAL CONCEPT 
The structural system works as a tensile compression ring. The donuts spreads the roof 

membrane and the central sphere’s pressure controls its tension. Both donuts and sphere are 
supported by columns. 

 
 

Figure 4: Cross Section inflated tube 

The compression ring is built from the three Tensairity elements, a pressure element in the 
top, the fabric web and air pressure. The roof membrane is attached to the top of the torus, the 
horizontal force in this point is transferred to a steel pressure ring which in its turn is 
stabilized by the pressurised air beam, increasing the buckling resistance of the complete 
beam. 

Inside the air beam, a second steel beam is placed in  the bottom. This beam does not have 
the function to increase the torus' capacity, but to distribute the point loads of twelve 
supporting columns. The two steel beams are also starting-points during the assembly of the 
structure. The torus is built from two separate membranes, the inside and outside, and are 
joined along the upper and lower steel beam. The air tightness is achieved by stacking rubber 
and PE strips, bolted together. 

 

4 STATICAL ANALYSIS 
The statical analysis is performed with the program EASYBEAM combined with the 

closed volume module EASYVOL (Technet GmbH, Berlin). To analyse the full behaviour of 
the structure, both the supporting structure and the torus-roofstructure were modelled.. 
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Figure 5: Overview of structure 

To prevent bending moments in the supporting structure caused by the horizontal 
stabilizing forces, it is chosen to use wind bracings. It was relatively easy to mask the wind 
bracings within the carpentry sidewalls. Figure 5 shows in blue all the compression elements; 
in red the wind bracings and supporting cables for the central column are shown. 

 
The central column also functions as an axis. The tension cables attached to the central 

column can be seen as spokes that transfer by tension the horizontal forces from the one  side 
of the structure to the other side. By doing this, the forces are equally spread over the whole 
structure. Moreover it stabilizes the central column in case of emergency. 

 
An equal distribution of the forces inside the structure was necessary because of the way 

the foundation was made. Since it has to be a demountable and relocatable pavilion, the 
foundation and floor system is based on weight. The floor itself is build up out of steel 
profiles and at specific spots, concrete plates (Stelcon plates) of 2 x 2m are inserted in the 
floor system. They are even shown to the audience since the architect wanted to express a 
certain ‘under construction’ atmosphere. And because it is possible to obtain Stelcon plates ( 
or similar) all over the world, it is not necessary to transport the Stelcon plates but they can be 
purchased on site. 
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Figure 6: Statical analysis calculation model 
 

5 CONCLUSION 
The Inno-wave-tion project shows us Tensairity is a feasible method of constructing 

temporary structure and the use of Rhino’s Grasshopper eases the engineering process of such 
structures. The combination of Tensairity and Grasshopper has revealed a new path of 
building striking new shapes. 

6  
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Figure 7: Flooring system with location of concrete plates 
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Summary. The applications and possibilities of structural membranes for urban space 
conditioning are explored on the basis of traditional examples and recent experiences  

 
 
1 INTRODUCTION 

Although traditional architecture resorted frequently to textile roofs in urban spaces, the 
latest innovations in materials and technology of structural membranes are being mostly 
applied to building envelopes rather than the conditioning of urban spaces. However, most 
urban spaces are being recovered for many other uses besides private vehicular traffic, as they 
typically were used for in the past. 

 
 Structural membranes are very well suited to create outstanding environmentally-

conditioned spaces amongst the urban fabric because they are adaptable, flexible, light and 
open in such a way that they do not interfere with the spatial continuity. They can be isolated, 
in combination, filling gaps or providing continuation of existing patterns. Their role as 
intermediate spaces is provided by means of translucency, even transparency, natural light 
and artificial lighting characteristics. In addition, their curvilinearity  facilitates the adaptation 
to the regular geometry of streets or squares and irregularities that occur in many urban 
situations, and are enhanced by soft and curved borders, the significance of ceilings, the 
mutual correspondence between structure and space, and the readability of the shape. 

 
However, these features have to be tuned to different situations that occur in the city, so 

that a typology of urban spaces aimed at the architectural possibilities or being conditioned by 
structural membranes is established. The initial approach presented by the author in a 
previous paper [4] has been updated to include open and monumental squares, traffic and 
pedestrian streets, boulevards, avenues, city parks, river banks, sea fronts and piers. This 
approach permits the checking for appropriateness of structural membranes for conditioning 
urban spaces by analysing recent interventions. 

 

2 ANTECEDENTS 
Textile roofs have been used in cities since their beginnings. In fact, they  occasionally 

date back to the city's origins (figures 1 to 3). 
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Figures 1 to 3: Roman Camp, Mina Tent City and Tunisia Tent City.  
 
 
 
 
 
 
 
 
 
 
                                                                                                     

Figures 4 to 6: Sevilla Fair, Maestra Street, Jaén, and Virgen Square, Valencia 
 
Background examples of textile conditioning of urban spaces which are still in use are 

open-air markets and fairs, the decorating of streets for celebrations of popular festivals and 
solar protection (figures 4 to 6). 

 

3 URBAN SPACES 
According to R.Krier [3] urban spaces are all types of space left between buildings usually 

seen as open and unobstructed. Their qualities are characterised by the general configuration, 
the geometry, the range of the visuals, what they are to be used for, transportation and 
pedestrian routes, the surrounding buildings, the presence of monuments, sculptures, 
fountains, street furniture, facilities and traffic flow. Activities which take place in urban 
spaces are multiple: travelling to work, shopping, selling goods, recreation, leisure, sports, 
etc. Clearly, geometric urban spaces call for architecture of high quality because any 
architectural error is immediately obvious and detracts from the overall visual impression. 

3.1 Typology 
Aiming at their conditioning, the following basic types of urban spaces included in table 1 

can be considered: squares (open, monumental, traffic islands), streets (avenues, boulevards, 
arcaded, pedestrian or open to the traffic) and open spaces (planned such as city parks, sea 
fronts, docks and river banks or unplanned). 
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Table 1: Urban space typology 

SQUARES 
Open Monumental Traffic islands 

   

Catalunya Square,Barcelona Real Square, Barcelona F.Macià Square, Barcelona
STREETS 

Avenues and 
Boulvds. 

Arcaded Pedestrian Open to traffic 

    

Rambles, Barcelona Kramgasse, Bern Sierpes Street, Sevilla 5th Avenue, NYC 
OPEN SPACES 

City parks Unplanned Sea fronts, docks, river 
banks 

   

Central Park, New York City  Naviglio Grande, Milano 
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3.2 Squares 
 
Squares are produced by the grouping of buildings around an open space. Original 

functions included markets, parades, ceremonies, festivals, dances among other social 
activities, particularly those held in front of churches and town halls. They are open, 
monumental or traffic islands according to the contribution of the surrounding buildings and 
urban layout. Well known monumental main squares of historic cities are the "Grand Place", 
Brussels; Piazza del Campo, Siena; Places Vendôme and des Vosges, Paris; Plaza Mayor, 
Madrid; or Plaza Real, Barcelona. 

 
3.3 Streets 

 
Streets tend to be more functional and less attractive places than squares to pass the time 

because of the bustle of traffic, so they rarely operate as autonomous isolated spaces. They are 
avenues, boulevards, arcaded, pedestrian, or are mainly used for traffic. Nevertheless, there is 
a growing interest in their recovery as public spaces for pedestrians, as can be seen in many 
transformation projects that have been executed recently (figure 7). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 7: Copenhagen city centre progressively recovered for pedestrians (1962-2000) [1] 
 

3.4 Open spaces 
 
Open spaces are not configured by surrounding buildings. City parks and ordered open 

spaces, sea fronts, and river banks require the characteristics of the park itself or the 
organisation to be taken into account, so that they are not altered substantially. Nevertheless, 
unplanned urban spaces allow for any type of intervention, which may be autonomous or 
could be used to provide structure or order the enclosure (figures 8 and 9). 
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Figure 8: Circus Krone tent installed on open spaces.           Figure 9: Open air markets tend to structure the 
                 surrounding space. 

4 URBAN APPLICATIONS OF MEMBRANES 
The main applications of structural membranes to the conditioning of urban space are the 

creation of atmosphere, delimitation and protection. They  maintain the space's character 
because they do not configure fully-enclosed volumes which obstruct visuals, thus 
interrupting the continuity. In addition, they can be removed easily leaving no trace, so they 
do not irreversibly compromise the places where  they are installed. The relevance of 
maintaining the continuity of visuals and use in order to preserve the area's urban character 
should be emphasized. Otherwise, the intervention converts into a building which reduces and 
interrupts the urban space (figures 10 to 12). 

                                                                      
                                                                 
 
 
 
 
 
 
 
 
 
 

4.1 Approaches 
Conditioning the urban space may be tailored to the needs of a specific location (i.e. a 

particular design is needed) or may be adapted for standardized modular prototypes planned 
for different sites that are independent of the location. On the other hand, there are situations 
where the context is crucial (e.g. the new construction is required to fill in a gap or continue 
an existing pattern), while others allow for independent free-standing solutions. Combining 
both criteria, a typology of interventions in the urban space is established (table 2).  

 

Figure 10: A fully enclosed pavilion 
in the Albacete Park, 2000. It is not 
more a urban space. It is a building 
in the middle of the park 

Figure 11: A fully enclosed pavilion 
in the Kléber Square, Strasbourg. It 
is a building in the middle of the 
square.

Figure 12: The Southstreet Seaport 
Pavilion NYC is open. It frames the 
views. The urban space is not 
interrupted. 
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 Tailored to the needs of a specific location Modular 
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Expo Brisbane 1988 High peak tension tent. Anchor modules 

FTL, 1991: Pier Six Concert Pavilion, Baltimore SL-Rasch: Medina Haram Piazza 
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Luksor temple, 1500 bC   Glyndebourne Opera Pope visit, Terracina, 1795 (IL 5) 

R.Piano, 1984: Schlumberger renovation,Paris Rovinj, 1994 

Table 2: Approaches to the conditioning of the urban space 
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Case study 1: S.Tijner, 1998: Urban-LoritzPlatz, Vienna                                                        Street open to traffic

 

Case study 2: R.Mänttäri, 1998: Hamina Central Bastion [1]                                                                Open space
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Case study 3: Build Air Pavilion, Moll de la Fusta, Barcelona, 2004                                                          Sea front

 

Case study 4: Wilk-Salinas Architekten, 2005: Berlin Badeschiff                                                           River bank
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Case study 5: Arqintegral & J.Llorens, 2007: Almuñecar Aquarium                                                              Square

 

Case study 6: F.Escrig & J.Sánchez, 2008: Textile River, Zaragoza                                                             Avenue
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Case study 7: SBA Architekten, 2010: Expo Axis, Shanghai                                                                        Avenue

 

Case study 8: M.Heinsdorff, 2012: Year of Germany in India pavilions                                                 Open space
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Case study 9: F.Jud Architekten, 2013: Market Square, Avenches                                                                 Square

 

Case study 10: Vehovar & Jauslin, 2013: Aarau Bus Station                                                                          Square
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Case study 11: M.Majowiecki, 2015: Cardo and Decumano Avenues, Expo Milano                                   Avenue

 

12 CONCLUSIONS 
- Structural membranes are appropriate for conditioning urban spaces. They provide 

atmosphere, protection and delimitation. They maintain openness and usefulness, 
while at the same time do not consolidate closed volumes, because they are easily 
removable leaving no trace behind. 

- Urban spaces have been classified according to their requirements and a diversity of 
solutions has been recognized. 

- These directives ought to be considered in the design, for the analysis of projects and 
production and to avoid the construction of closed buildings located in the middle of 
a street, square or open space, completely ignoring the surrounding atmosphere. 
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Summary: In order to promote the design of tensile membrane architecture and advance 
structural performance, interviews of experts are conducted and two case studies are discussed 
to serve as the foundation for developing a corner condition design framework. This paper 
introduces the term ‘tarso’ to identify and recognize the importance of the corner condition.

1 INTRODUCTION
The corner condition, hereinafter referred to as the ‘tarso’, plays a crucial role in the stability, 

functionality and aesthetic expression of tensile membrane architecture. While the importance 
of tarso has been acknowledged, there is a lack of design guidance or an evaluation framework 
for the design process. Currently, only general design principles exist in the literature [6, 8].
The responsibility for the corner detail design tends to belong to engineers or fabricators [16].
This can lead to a disconnection between tarso design and the overall architectural expression. 
Although a few generic corner detail solutions have been proposed and applied [4, 18], these 
“one-type-fits-all” solutions are questionable in meeting both the functional requirements and 
aesthetic expression of each unique tarso. Additionally, strategies for integrating tarso solutions 
into the architectural design process must still be refined. For these reasons, this research aims 
to propose a tarso design framework to improve tarso design and further strengthen and promote 
the application of the tensile membrane architecture.

The new term ‘tarso’ is described below, followed by a review of the available literature and 
guidelines in tarso design. Two case studies are presented with a focus on the interaction 
between the engineers and architects as a way to understand their involvement and the potential 
improvements of the process. A synthesis of expert interviews on the state of tarso design is 
presented, and the paper concludes with suggestions for the next steps towards establishing a 
framework.

1
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2 TARSO
The lightweight, flexible nature of tensile membrane architecture offers vast possibilities for 

creating a spectrum of dynamically unique design forms. In addition to boundless visual 
expression, their dynamic qualities offer great potential for improving building performance[9].
However, due to varying load behaviors and anisotropic material properties, special engineering 
and architectural skills (i.e. form-finding, load analysis, and patterning) are needed to address 
the complexity of designing tensile membrane architecture. The detailing of the connections 
and joints is particularly critical because they essentially affect the entire structure’s stability, 
durability, installation, maintenance, aesthetics and cost [7, 10].

As it stands, tarso design is often not central to the process; a muddy process of improvisation 
between the aesthetic and spatial interests of the architect and the structural responsibility of 
the engineer. The tarso warrants its own dedicated field of research. Design guidance, 
technologies and resources are not well developed or understood for the detailing of tensile 
membrane architecture. This is due in part to the inherent form-force consideration of dynamic 
behaviors in both membrane and boundary conditions, and to unique performance
characteristics of each joint or connection specific to a project. As a result, developing a design 
guideline that can be systematically applied to address individual requirements is a challenge 
that needs to be further explored in order to broaden accessibility to tensile membrane 
architecture.

The connections and joints in tensile membrane architecture can be generally grouped into 
five categories: (1) surface-to-surface connections; (2) surface-to-edge connections; (3) 
corners; (4) field support connections; and (5) anchorages, as illustrated in Figure 1. Among all 
the connections, the corner detail is the most complex. First, it involves dramatic material 
property changes among different structural elements. The membrane, cables and (or) belts,
come together in the corner assembly and must interact appropriately. Second, the corner detail 
is where forces are transferred from tension into compression. The detail must transfer and 
redirect high tension forces from a large surface area to a supporting structure. Lastly, its 
complexity is magnified by virtue of the fact that all these considerations must be resolved in 
the most concentrated area of the structure. The corner condition must consider the various 
factors and resolve them while maintaining the overall structural integrity and aesthetic. In order 
to better represent the importance and functionality of the corner condition, the term “tarso” is 
adopted as a more appropriate signifier.

Tarso is the Latin prefix form of “tarsus,” which refers to the tendon that attaches the eyelid 
allowing it to open or close [13, 19]. The term also translates to “ankle”; the seven bones 
composing the joint between the foot and leg utilize the same root signature [5, 20]. Just like 
the eyelid, which controls visual perceptions and communicates intent and emotion, the corner 
detail of tensile membrane architecture is part of the overall aesthetic expression and helps 
provide shape to the edge of the structure, defining how light is brought in. Like the human
ankle, the corner detail is a major load-bearing joint. Similar to the eyelid and ankle’s roles in 
human evolution, the corner detail is of vital significance in tensile membrane architecture and 
deserves its own field of study as such. Tarso study relates to the supporting, fastening, and 
tensioning of the tensile membrane in the corner connection area as well as the corner itself.

2
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Figure 1: The connection categories in tensile membrane architecture.

3 PROBLEM DEFINITION & RESEARCH OBJECTIVE 
During the last decade several efforts were made to establish structural detail vocabularies, 

develop a detail database, describing their usage on a case-by-case basis. Examples are the work 
of Bubner [3], the data bank of details and connections developed by Llorens and Irigoyen [11],
and the detail collections of Péter and Dezső [14]. There have also been efforts to outline design 
criteria and principles to serve as design guidance for detailing tensile membrane architecture 
[6, 8, 10]. However, these resources remain inadequate to support the complex tarso design 
process. The rapid advancing of membrane technologies and materials, and the unique needs 
of each detail and connection make these resources of limited use.  There is a serious lack of 
literature and research addressing the design process and collaboration means of the corner 
detailing. Many detailing tasks are done by engineers or fabricators based on their previous 
experience without paying special attention to the overall design aesthetic, spatial character and 
other architectural issues [15, 16]. As a result, much remains to be done in refining and 
developing connection details and the methods to design them. Based on the existing literature 
[6, 8, 10], the fundamental principles for designing tensile membrane connections can be 
summarized as follows: 

1. Streamline Load Transfer: Connections must be able to resist, carry and transfer the 
required load densities, provide a smooth and direct load path, and prevent any 
eccentricities.

2. Displacement & Rotation Requirements: Connections should anticipate displacement 
and rotation as part of the resilience for the entire structure. In addition, they should also 
retain the required tension under expected movements to ensure the equilibrium of the 
form and force.

3. Adjustability for Pre-tension, Tension & Re-tension: The design of the connections 
needs to consider the pre-tensioning and tensioning mechanism during the installation 
process, as well as the adjustment for re-tensioning during the operation stage to maintain 
the tensile strength under long-term prestress.

4. Flexibility & Precision for Assembly: The design of the connection needs to take the 

❶ Surface-to-Surface Connections 
❷ Surface-to-Edge Connections 
❸ Corners 
❹ Field Support Connections 
❺ Anchorages

❷

❸

  ❹

❺

❶

3
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assembling methods and processes into account. Connections should be flexible enough 
to accommodate the required movement within the allowable space during the 
installation process to prevent any membrane damage or ruptures at installation. In 
addition, enabling high precision installation and avoiding human error are crucial since 
the final form of a tensile membrane structure is the result of precise form and force 
calculation.

5. Durability: Strength, stability and durability are basic structural requirements for all 
building systems. Where connections are exposed to weather and abusive environment,
care must be taken in their detailing to avoid corrosion and deterioration. In addition, the 
point replacement mechanism needs to be thought through ahead without affecting the 
integrity of the entire structure if the membrane needs to be replaced in future.

6. Aesthetic: The appearance of the detail connections can be important. The visual 
elegance and expressiveness of exposed connections is critical to the aesthetic sensation
of the structure. Lightness, simplicity, balance, and proper proportion are all part of the 
aesthetic quality that should be taken into account. 

While the above mentioned principles encompass many of the criteria that should be taken 
into consideration during the detail design process, there are many reported failures of details,
largely due to their failing in accordance with some of these principles [12]. A framework that 
effectively supports the consideration of the design principles can improve the quality of tarso
design, and therefore improve tensile membrane architecture overall.

At the outset, the existing means and methods to consider these principles need to be 
understood. Working towards this goal, this research explores the existing means and methods 
for the tarso design by conducting expert interviews and case studies. The findings from these 
expert interviews and case studies will serve as part of the foundation for the future tarso design 
framework proposal. 

4 TARSO DESIGN CASE STUDIES

4.1 Urban Loritz Platz, Vienna, 2000
Situated in the heart of Vienna, Austria, the roof structure at Urban Loritz Platz designed by 

Siljia Tillner of Architekten Tillner & Willinger ZT GmbH [2] was created to shelter commuters
moving between buses, light rail transit and the underground train. The goal was to create an
attractive space for travelers to make their connections without being affected by inclement 
weather. Its openness is a strategy to serve these multiple requirements within the various site 
constraints.

The structure has a 2,000 m2 roof [17] and its design was a result of close collaboration 
between the architect and engineers. The engineering firm Schlaich Bergermann und Partner 
were chosen early in the process based on their prior experiences with membrane structures.
The preliminary design was governed by the specific possible locations for the vertical support
foundations. The limitations were due to the intersecting roadway and the light-rail platforms 
that were already in place. Once suitable foundation locations were determined, the structure

4
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was form-found by rough sketches followed by 3D modeling, and executed with a combination 
of conical, truss, and hyperbolic shapes. The result is an undulating form that adequately covers
the entire platform spanning to a walkway for passengers making a connection with the 
underground rail system.

The tarso design process was accomplished through an intricate partnership with the 
engineer. The architect would express her vision and the engineer would find a way to execute 
while providing guidance based on his expertise in tensile membrane structures. This open 
dialogue resulted in a structure that both the project architect and engineer, as well as the 
community and city officials are proud of.

Figure 2: Urban Loritz Platz full structure and connection detail. Images by the authors.

4.2 Dornerplatz, Vienna, 2005
The goal of the Dornerplatz structure was to reorganize a public space by bringing in shade 

in a way that would make an under-utilized plaza more enjoyable. The open plaza is located 
above a public parking garage that requires adequate access. Architekt DI Huber ZT-GmbH [1]
designed a simple tensile membrane structure that offers shading while allowing the common 
areas to be freely accessible. Tensile membrane architecture was suitable because it offers
shading in summer, and also withstands snow loads in winter. Since the firm does not specialize 
in tensile membrane architecture, it needed to acquire help from engineers and constructors.
The resulting structure is a relatively simple form that was easy to erect.

The broader design concept was constrained by their unfamiliarity with tensile membrane 
architecture. The design is relatively straightforward -- a hyperbolic paraboloid. Based on prior 
knowledge, the architect understood this shape’s ability to withstand wind and snow loads. The
lack of design tools and the opportunity to closely collaborate with engineers was the defining 
reason to utilize this simple shape. The architect deferred to the engineer in creating the tarso.
For the scope of this project, the aesthetic of the corner detail was not a defining element.  

Building the Dornerplatz was dependent on spatial limitations and the expertise of the 
designers and contractors. Because the foundation was constrained by the parking garage
below, the tensile membrane structure needed to be self-standing. Guy cables were not a likely 
option due to its proximity to the street. Therefore, a triangular truss was incorporated to provide 
adequate stability and serve as a design feature. There were two engineers: one who helped 
during the design phase with the corner detailing, and another engineer who was involved 
during the construction phase due to his prior experience working with the specific membrane 
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material.

Figure 3: Dornerplatz full structure and corner detail. Images by Architekt DI Huber ZT-GmbH and the author.

4.3 Summary of Case Studies
The tarso design and execution of these two cases exhibit the major challenge to tensile 

membrane architecture, and demonstrate how the challenge was addressed in different ways. 
The challenge is bringing multiple experts together to align goals for aesthetics, structural 
integrity, and construction. The success of the tarso relies on all of these factors being accounted 
for throughout the design and building process. The experts in both case studies stressed the 
importance of having an engineer involved during the design phase. This would ensure that
what proposed would be buildable and safe. With the Urban Loritz Platz project, Architekten 
Tillner & Willinger and Schlaich Bergermann und Partner worked closely from the beginning 
of conceptual design to execution. This collaboration allowed the architect to take part during 
the detailing phase, allowing her to make aesthetic recommendations that she believed were 
important to maintaining the overall aesthetic expression of the structure. In contrast, the 
Dornerplatz project demonstrated how lack of design tools could limit design creativity, and 
how the tarso design fell solely to the responsibility of engineers. Both cases demonstrate that 
the level of tarso design knowledge impacted the architect’s involvement during the process.
The architects’ unfamiliarity with tarso design left them to defer to the engineer. 

6
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5 TARSO DESIGN FRAMEWORK – SYNTHESIS OF EXPERT PERSPECTIVES
A series of semi-structured expert interviews were conducted to understand the existing 

design process and the needs for a tarso design framework. The sampling of the interviewees
includes experts of various domains in tensile membrane architecture from Europe and North 
America. These experts include researchers, architects, engineers, contractors and 
manufacturers. In total, 17 experts were interviewed in Europe between April and May 2015. 
Additional interviews will be conducted in North America. The disciplines of the interviewees 
are summarized in Figure 4.

The interview questions were formulated by the authors and classified under five categories:
background, design criteria, design methodology, evaluation methods, and potential solutions.
The questionnaire probed the user’s experience with tensile membrane architecture design, and 
specifically their experience in the tarso design. The questionnaire and the conversation was 
conducted by the authors with the following objectives:

• To identify the process for designing the corner condition 
• To isolate impact factors that need to be considered 
• To understand evaluation methods of a corner condition design
• To discover potential improvements for corner condition design process
• To isolate the knowledge architects need to be equipped for tensile membrane design
• To survey potential guidance available with current technology
• To propose an encompassing evaluation for corner condition design

Figure 4: Field of disciplines of interviewed experts up until May 2015.

While the background information of these experts is the foundation for the validity of the 
gathered information, the interviewees will remain anonymous until final permissions are 
granted at the end of this research period. The following is a synthesis of the main findings from 
expert interviews that can serve as a basis for the tarso design framework. 

1. Early Collaboration: Early design collaboration between architect and engineer is 
essential for the design of tensile membrane architecture. This was repeatedly 
emphasized by all the interviewees. Several interviewees stressed that the successes of 
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their projects were attributed to their early collaboration and a good working relationship 
between multiple team members. Regarding tarso design, there was no clearly recorded 
collaboration method between architects, engineers or fabricators, but each stated that
some level of collaboration was crucial. The design of tarso was usually the sole 
responsibility of the engineers, and sometimes relied on the fabricator’s input. However, 
participation from architects was highly recommended to maintain a homogenous 
aesthetic expression for the entire project. It was also mentioned that input from the 
architect’s artistic viewpoint can push tarso design towards higher quality and might 
spark more creative and elegant solutions.

2. Education: Tensile membrane architecture is a very specialized field that is not the main 
focus of typical architectural training. Equipping new designers with basic knowledge 
such as form-force relationships, material behaviors, and the lightweight concept is 
fundamental to the early design process.  The interviews identified a need for a short
course to equip architects with basic understanding regarding the terminologies used, the
principles of the form and force, and the anisotropic material behavior of textile 
membrane. If architects wish to be more deeply involved in the tarso design, knowledge 
of force diagrams and the mechanisms of specific connections must be acquired.
Continuing education programs are suggested as a means to facilitate the process, but 
this is currently lacking in the academic curriculum. Engagement through interactive 
design software specifically for tensile membrane architecture was also cited as a 
potential learning medium. Sophisticated form-finding software is a potential means to 
facilitate this learning process.

3. Force Diagram: Building on the importance of specific knowledge, the understanding of 
the force diagram was pointed out as a crucial tool for the design of tensile membrane 
architecture. When asked about the required knowledge for architects for designing 
tensile membrane project, there is no indication of a need to master complex calculations
and formulas. However, understanding the force diagram and the ability to use it as a 
communication tool is highly recommended. A simple and clear force diagram can be 
an effective way to communicate tensile membrane design among all parties. 

4. Design Guideline & Design library: When asked about a potential guideline or standard 
for tarso design, concerns were raised regarding the potential limiting of creative 
innovation, however; general guidance was still recommended as a good starting point,
especially for novices. In addition, the availability of the design libraries and examples
of previous projects was cited as helpful for inspiring design ideas. The availability of 
previous lessons learned and some basic rules-of-thumb are also helpful to prevent 
repeating previous mistakes, and thereby increase design quality. Details regarding how 
guidance and prior examples will help while not stymieing design creativity need to be 
further refined by this research.

5. Experience: Practical experience is imperative to the success of designing and 
constructing tensile membrane architecture. In the engineering discipline, at least 4 years 
of post-graduate experience is recommended to gain the ability to manage tensile 
membrane design. Experienced manufacturers and contractors can reduce human errors 
and minimize logistical costs. As a result, it is important to team up with experienced 
partners to guarantee the success of a project. Special consultants for membrane 

8
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engineering, feasibility study or logistical planning are sometimes needed depending on 
the project size and the competency of the design team. While this might seem frustrating
and become a limiting factor of the tensile membrane design, these knowledge and 
experience are accumulative and are essential to be considered no matter the project size 
or application.

6. Adaptable Multi-Objective Design Support: Depending on different project size and 
budget, the trade-off between the cost and quality is always an essential consideration 
during the design process. While architects and engineers might strive endlessly for the 
“ultimate” design, project time and budget are always limiting factors that must not be
ignored. Design constraints need to be considered simultaneously, such as weather, site
restrictions, durability, environmental performance, etc. More specifically for tarso 
design, one-fit-for-all solutions can minimize the cost of customization and are suitable 
for quick implementation, however; there are also cases that require highly customized 
tarso design. Therefore, a tarso design framework should be able to support considering 
multiple objective during the design process. In addition, it should be adaptable for 
varying design scenarios.

6 CONCLUSION

The objective is to develop a tarso design framework to advance the design process and 
improve the quality of tarso. The potential of tensile membrane architecture to improve building 
performance would positively influenced by better tarso design. If the tarso design process can 
be made more accessible, it can further promote the application of tensile membrane 
architecture. Initial findings from expert interviews and case studies have been synthesized here
as a basis for the tarso design framework. Based on interviews with field experts, there is clear 
evidence that specialty knowledge and understanding has been established in the tensile 
membrane architecture field. Despite this, there is a lack of a central repository or methodology
to synthesize data-rich information of one-off designs. It will be helpful to bridge existing 
knowledge and make it accessible for designers early in their design process. While it is 
unknown precisely how a framework might manifest itself, the growing capabilities of 
technology to streamline production and aid creativity presents great potential for integrating 
this guidance. The intent of this design framework is not to direct designers, but to facilitate
and encourage the exploration of tensile membrane architecture.

9
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Summary In this paper, the high points of a stretch-tent construction are analyzed by using 
two different software programs. The modeling and results are verified by a puncture 
resistance testing. The possibilities and limits of the software programs are shown as well as 
the further research opportunities.  

1 ABSTRACT 
The process of modeling and the structural analysis of light tensile structures is a special 

discipline in the field of civil engineering. It developed significantly over the last few years 
and increasingly gained acceptance among architects and engineers. Form-finding and 
calculation of complex surfaces is no longer limited to just a few specialists but widely 
available now. 

A truly original example of a tensile loaded membrane structure without cutting patterns 
can be found in the “Black Tents”, the traditional shelter of the nomads in northern Africa and 
Asia. Adapted to the harsh conditions of the desert and the requirements of the nomads, the 
Black Tents are reduced to a minimum.  

A modern example for the revival and further development of this ancient principle is the 
analyzed stretch-tent construction. The compression elements consist of central and perimetric 
poles. The latter are evenly distributed at the corners and boundaries of the cloth. The final 
shape is gained by putting up the poles and tightening the tension ropes. The membrane 
material is a composite that consists of two knitted fabrics that are stuck together by means of 
a flexible and watertight rubber-membrane. Like most of the commonly used textile materials, 
the mechanical properties of this stretch fabric are anisotropic. In addition to that, it shows a 
nonlinear deformation behavior and is characterized by its significant deformations.  

Today’s software tools offer possibilities to create computational models that include the 
described material behavior and properties. Starting with the area around one inner high point 
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the aim is to establish a reasonably accurate model that reflects the strong deformations. Only 
when this step has been successfully undertaken it is possible to realize a sound analysis of 
the whole structure.  

High stress values and locations of discontinuity due to the concentrated load application 
will occur around the supporting poles. To be able to verify the analytical results, extensive 
physical experiments were executed including a specially developed biaxial puncture 
resistance test.  

The structural analysis was made by means of two different software programs. The 
software EASY by technet represents membranes by a cable net. It was necessary to adapt the 
form finding process and the particular material parameters to the characteristic properties of 
the stretch fabric. In addition to that, the accuracy of using a cable net as an approximation to 
the composite stretch material had to be verified. 

The software straus7 by G+D Computing which works with the Finite Element Method 
(FEM) was also used to analyze the area around the high points. It offers possibilities to 
realize modeling approaches that include nonlinear behavior and strong deformations of 
lightweight structures. Modeling the described composite material however included 
simplifications that had to be evaluated.  

As a last step, the results of the calculations using the two software programs were 
discussed and compared with the physical model. The possibilities and limits of the analysis 
and the resulting opportunities for further research are presented.  

2 DEVELOPMENT AND CHARACTERISTICS OF MEMBRANE STRUCTURES 
The development of membrane structures reaches back to the most original housing of 

humans: the tents. The nomads in northern Africa and Asia developed light tents that can be 
put up and taken down quickly. They were refined through the flexible use during the tribe’s 
journeys and adapt to the extreme conditions of the desert environment. Due to this fact, the 
material consists of the minimum required so that the tent is supported by just a few main 
poles. The tent cloth is laid over the poles and hold by the lateral tension ropes. Thus, the 
tents are very light and flexible1.

For many years in Europe, tents were not considered as noteworthy in the field of 
architecture. A significant contribution to the development of the membrane structures and its 
introduction in architecture was achieved by Frei Otto and his team. These were the basics for 
today’s use of membrane structures as lightweight structures that can span over large 
distances without support. Their various applications reach from sports facilities to vertical 
facades. 

The field of membrane constructions was established in the field of civil engineering from 
the 1950’s onwards but is still a very specific domain. Compared to conventional buildings, 
membrane materials possess special characteristics. A membrane has a small thickness 
compared to the dimensions of length and width and can only transfer tension loads. 
Therefore, the cross sections can be fully exploited which leads to extremely light structures. 
Pre-tensioning the membrane aims to ensure a continuous stabilization of the shape and has a 
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stiffening function that prevents folding and fluttering. As the geometry of the membrane 
structures and the load transfer are directly connected, anticlastic shapes are the natural 
consequence.  

As a membrane is a composite material, it consists of various components that possess 
different material properties. It is composed of knitted or orthogonally woven fibers that are 
embedded in a matrix material- mostly a coating- that works as a protection against 
environmental impacts. The mechanical strength properties depend on the structure of the 
fabric, the strength and quantity of the fibers in warp and weft direction as well as the coating. 
Regarding the characteristic material parameters and their behavior during load impact, 
membrane materials differ a lot from commonly used materials. They show a complex, 
nonlinear and anisotropic material behavior, which depends of different parameters like the 
waviness and the interaction of the fibers, the level of the load impact and the past load 
history2, 3.

3 ANALYZED TENT CONSTRUCTION 
One example for the revival and further development of the lightweight structures is the 

tent construction whose high points were analyzed. Its design is based on the original model 
of the black tents. An example of a modern stretch-tent is shown in Figure 1.  

Figure 1: Example of a stretch-tent4

The primary and secondary structure of the stretch tent always work together. Therefore it 
is not possible to put up one part for itself due to the lack of stability. The final shape of the 
tent and the pre-stress of the fabric result from the tension forces applied by the boundary 
cables and tension ropes.  

The use of an extremely stretchable membrane without any cutting pattern characterizes 
the modern stretch-tent construction. Another remarkable aspect are for sure the small heads 
of the poles that are placed directly under the stretched fabric. 

4 NUMERICAL ANALYSIS OF THE HIGH POINTS 
The theoretical part of this contribution aims to create a model and realize a structural 

analysis focusing on the tent’s high points which produce high stress values and locations of 
discontinuity due to the small load application surface. Numerical analyses were executed by 
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using two different software programs.  
The assumptions and simplifications but also the possibilities and limits of these programs 

are shown. The results are verified by specially developed puncture resistance testing and are 
critically discussed.  

4.1 Analysis of the material  
The stretch material is a composite that consists of three parts. The outer layers are made 

out of polyester that shows a knitted structure. They are connected by a flexible, watertight 
rubber-membrane (see Figure 2 and Figure 3). The layer that faces the inner part of the tent 
shows a lower stiffness than its counterpart and possesses a finishing that protects the 
membrane against the influence of weather. 

Figure 2:Detail stretch-material5 Figure 3:Three layers of the stretch-material5

In order to be able to carry out the structural analysis, the material parameters of the 
membrane had to be defined. Therefore, a biaxial testing was executed that loaded the stretch 
material in two orthogonal directions, warp and weft (see Figure 4 and Figure 5). This should 
depict the biaxial stresses that the membrane undergoes during the load impact. Different 
approaches to realize the testing already exist but so far, there are no standards yet in Europe. 
As a guideline, the MSAJ/M-02-1995 of the Japanese Standard6 was used. The testing was 
load-controlled and the stress-strain behavior was documented. 
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Figure 4: Biaxial-testing, prepared sample Figure 5: Biaxial- testing, loaded sample 

The results show the typical material behavior of membranes combined with the 
extraordinary capability of stretching. Hence, the mechanical properties of the studied 
material are non-elastic and anisotropic. Therefore, a nonlinear stress-strain behavior can be 
observed. The deformation of the material is highly dependent on the previous loading and 
even after a long time of being unstressed, certain deformations remain in the material. Like 
most of the membrane materials, the slope of the stress-strain curve is low at the beginning 
and gets steeper when higher load levels are reached. This phenomenon can be explained by 
the initially curved fibers that first straighten before they stretch. This behavior is called crimp 
interchange.

4.2 Constitutive Laws 
In order to describe the highly nonlinear, non- elastic material behavior, a hypo elastic 

material model should be used. Nevertheless, the most common approaches apply an 
approximation by using a linear elastic, orthotropic material law. There are different 
procedures to derivate the material parameters like the „European Design Guide for Tensile 
Surface Structures“ published by the TensiNet Association7 or the Japanese standard 
MSAJ/M-02-19956. Based on the latter approach, the American Society of Civil Engineers8

also gives recommendations to determine the material parameters. Furthermore, there exist 
approaches developed from laboratories like the “Swiss Federal Laboratories for Materials 
Testing and research”9 or the laboratory of the DEKRA Industrial International GmbH, 
former Labor Blum10. For the following computations, two solutions were chosen that are 
described below. 

Firstly, a linear elastic material model was selected that represents the base for various 
other approaches. It is represented by ( 1), where S is the stiffness matrix.  
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( 1) 

The subscript 1 represents the warp, 2 the fill direction. The Modulus of Elasticity is ,
respectively , the Poisson’s ratio are  and . The stiffness matrix has to be symmetrical 
so that restriction ( 2) has to be respected. 

( 2)

Due to the fact that the determinant of the stiffness matrix has to be unequal zero, 
restriction ( 3) has to be respected.  

( 3) 

To define the material parameters using the results of the biaxial testing, an optimization 
process was developed, using the method of the least squares. The material parameters based 
on the biaxial testing and the described approach are displayed in ( 4) to ( 7).  

Moduli of elasticity: Poisson’s ratio: 

( 4) ( 5) 

( 6) ( 7) 

The second chosen material model was developed by the Laboratory DEKRA, former 
Laboratory Blum (Linear elastic, combined10). Usually, six different stress ratios are 
combined with the stress ratio 1:1 in order to define the material parameters. Due to the 
available biaxial testing, the load ratios 1:1 and 2:1 could be analyzed. The procedure is based 
on the same approach as the linear elastic material behavior. The results for the moduli of 
elasticity and the Poisson’s ratio are shown in ( 8) to ( 11).  

Moduli of elasticity: Poisson’s ratio: 

( 8) ( 9) 
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( 10) ( 11) 

These two approaches, respectively the two sets of determined material parameters, 
demonstrate the great variety of constants that can be derived for one material. This variety is 
a common problem that also occurs using other approaches, which are confirmed by existing 
researches11. Another aspect that is not respected using the mentioned approaches is the 
variation of the Moduli of elasticity. These values depend on the load level and are higher as 
the imposed strain increases.  

Another way of displaying the behavior of membranes is the micromechanical approach 
that exactly displays the material behavior. Applying this approach demands a deep 
knowledge in this field and includes a number of variables that need to be defined. In the 
context of this contribution, the latter approach was not taken into consideration. 

4.3 Software EASY 
For the approximation via a cable net, the software EASY (release 2015), developed of the 

technet GmbH, was used. It was established for the proceedings of static analyses of 
membrane constructions.  

The approximation of the membrane is realized by an orthogonally oriented cable net. The 
software works with the force-density method.  

As the procedure of the analysis of the high points does not follow the usual process of 
computation, these steps had to be adjusted. Firstly, there are neither cutting patterns that have 
to be defined nor any initial geometry that has to be found. Therefore, the membrane was 
modeled in the first step of form-finding as a square field with the lowest possible pre-stress. 
In the area of the pole’s head, the net was refined. The resulting file had to be adjusted 
manually by moving the appropriate points on the desired level in order to model the surface 
of the pole’s head. The points are supported by struts and the above determined material 
parameters had to be defined. This procedure was made for all load steps.  

The results of the last load step are shown in Figure 6 and Figure 7. The main stresses 
follow the orientation of the cable net and have a maximum value of 30kN/m (approach linear 
elastic material) to 40 kN/m (approach linear elastic, combined). The peaks are observed in 
the transition sector from the pole’s head to the tensioned membrane. 

Figure 6: Step 4- Linear elastic  
 (EASY,technet) 

Figure 7: Step 4- Linear elastic, combined 
(EASY,technet) 
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The approximation of the membrane as a cable net represents the two main directions of 
the mostly orthogonally woven fabrics but cannot respect any shear forces. It is possible to 
define two values for the Moduli of elasticity which are the warp- and fill- direction. They can 
manually be adapted for different load cases. Further material parameters like the Poisson’s 
ratio as well as aspects like the nonlinear material behavior or the interaction of the yarns are 
not taken into consideration. The modeling of the high point could only be realized by a rough 
approximation using struts. Consequently, this software is a powerful tool for modeling whole 
membrane structures and includes all steps beginning from the form-finding up to the 
definition of cutting patterns. Though analyzing details as the examined high points that differ 
from the commonly used ones leads to simplifications whose consequences have to be 
evaluated.

4.4 Software Straus 7 
On the other hand, Straus7 (release 2.4.6) by G+D computing that works with the finite 

elements method, has been used to focus on the analysis of the high points.  
The high points of the tent construction are modeled by representation of only one fourth 

of the structure (see Figure 8 and Figure 9). This does not change the accuracy of the results 
but needs less computing time. The membrane has been modeled as a continuum by using 3D 
membrane plate elements. The net was refined and radially arranged in the area of the column 
head. Based on the above described constitutive laws, numerical analyses have been made 
using the two different sets of material parameters.

Figure 8: Model of the high point (Straus 7, G+D 
Computing) 

Figure 9: Load Step 4 (620 mm) (Straus 7, G+D 
Computing)

The modeling using 3D membrane plate elements allows involving several material 
parameters. The static analysis covers geometric nonlinearities. The modeling of the pole’s 
head as well as the contact formulations between the column head and the membrane can be 
calculated in a precise way. Therefore, it can be stated, that the model and the structural 
analysis using the FE-software lead to more accurate solutions compared to the approximation 
via cable nets- especially if one goes into the analysis of details.  

5 VERIFICATION BY TESTING 
In order to deduct the maximum breaking strength of the membrane in the area of the high 
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points, a machine was developed to execute punching shear testing (see Figure 10).  
The membrane was cut into pieces of 1, 50 m x 1,50 m. A symmetrical grid of 10 cm x 10 

cm in x-(blue), y’- (red, horizontal), y- (red, vertical), and d- (yellow, diagonal) direction was 
added on the surface (see Figure 11). The testing was undertaken in four load steps, expressed 
in a vertical displacement of the hydraulic pole. It was conducted in steps of 360 mm, 500 
mm, 580 mm and 620 mm. The documentation includes the temperature, the time and the 
deformations during the four load steps. Hereby, the load was imposed, the deformations were 
measured and the material was given the possibility to adjust by letting pass some minutes 
before executing the next load step. 

Figure 10: Punching shear- fixed membrane Figure 11: Punching shear- grid of measurements 

In total, five testing cycles were made. Three of them only consider the maximum breaking 
strength; two cycles were documented as described above. The material broke at an average 
force of 28 kN. The fracture appearance was highly similar at every sample- it broke at the 
transition sector of the column head to area of the tensioned membrane. The failure of the 
material appeared abruptly.  

6 COMPARISON 
Comparing the testing and the approximation via a cable net, the shape of the membrane in 

the lower load steps are similar. Coming to higher load levels, some differences can be 
observed. Having a look at Figure 12 where the last load step is shown. It can be seen that the 
curvature of the tested membrane is stronger than the nearly linear shape of the numerical 
result. This could be explained by tensile ring forces that exist in reality but are not modeled 
by the software. Also, the model of the pole’s head using beams is an approximation because 
the individual beams can move away from the centre of the pole’s head.  

Concerning the strains, the expression of engineering strains was chosen. Straus 7 can 
report them directly. The measured strains of the physical model and the calculated strains of 
EASY were adapted to that definition. 

The calculated strains in the area close to the pole’s head (x-direction) differ maximally 
around 4% from the measured strains. In diagonal direction, the differences are small, adding 
up to around 1%. This fact leads to the conclusion that the analyzed material barely possesses 
stiffness in that direction as modeled by the cable net. The two main directions y’ and y show 
the best results.
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Figure 12: Comparison of testing and approximation 
via cable net, load step 4 

Figure 13: Comparison of testing and FEM-Analysis, 
load step 4 

During the examination with Straus 7, analyses with full friction and without friction were 
made. Due to the fact that the results are very close, only the results with friction were 
considered in the following because there, the load-step curvature comes closer to the one of 
the physical model.  

Having a look at the shape of the deformed membrane (see Figure 13), it can be seen that 
the modeling of the pole’s head perfectly works. It comes closer to reality but still, the 
curvature of the stretch material is higher.  

Concerning the strains, the results for the linear elastic approach slightly differ more from 
the physical model than the linear elastic, combined approach. The best results for both 
approaches are in the main directions y and y’ with differences up to around 0,4 % (Y1, first 
load step). In x-direction, the results close to the pole show the greatest discrepancy with 
around 1%. Likewise, the diagonal direction d shows the greatest differences close to the 
poles during the last load step. 

Concerning the supporting forces, the first approach of the linear elastic material behavior 
differs in the first load step 63 % (EASY), respectively 72 % (Straus 7) from the measured 
forces during the testing. Coming to higher load steps, the difference goes down to 28 % 
(EASY), respectively 15,5  % (Straus7) in the third load step. Better results could be obtained 
with the second, linear elastic, combined, approach; the differences are 46,6 % (EASY) and 
60 % (Straus 7) in the first load step but go down to 9% (EASY) and 7,3% (Straus7) in the 
second load step. In Figure 14 to Figure 17, the resulting forces of the physical model 
compared with the software results are shown. It can be seen that the linear elastic, combined 
approach comes closer to the curve of the material testing but still, there is a high discrepancy.  

In conclusion, it can be said that the two used software programs are powerful tools for 
numerical analyses. Compared with EASY, the FE-Software Straus 7 has some additional 
features to cover the material behavior and can model the pole’s head and the contact 
formulation more precisely. Nevertheless, one main problem can be found in the present 
deficiencies of determining the material parameters because of the over-simplification. 
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Figure 14: Testing - FEM-Analysis (Linear elastic) Figure 15: Testing - FEM-Analysis (Linear elastic, 
combined) 

Figure 16: Testing- Analysis with EASY (Linear 
elastic) 

Figure 17: Testing- Analysis with EASY (Linear 
elastic, combined) 

 OUTLOOK 
An objective for further works could be the more detailed examination and research of the 

constitutive laws to be able to formulate material laws that respect the material behavior of 
membranes in a more accurate way. The constitutive laws that are currently used for the 
calculation of the material parameters are a strong simplification of the real, highly nonlinear 
and non-elastic material behavior.  
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A further step could be the implementation in the already highly developed software 
programs in order to be able to make the static analysis in a more precise way. Having a look 
at the analysis of the studied tent construction, the whole structure including the high points 
could then be analyzed together.  

A European design standard for membrane structures is currently under development. It is 
expected to establish guidelines for testing methods and standards for the analysis of 
membrane constructions, which leads to a found basis for defining the material parameters.  
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Summary. We present a topologicallybased doubly curved building system, based on a            
single bending thin plate element. The system extends Buckminster Fuller’s plydome           
research, by proposing an elastic formfinding technique through the introduction of strategic            
singularities in a periodic grid of originally coplanar plates. The potential of this technique is               
explored and showcased through the design and manufacture of a large scale prototype. 
 
1 INTRODUCTION 

The advent of novel simulation techniques and the affordability of reliable elastic materials             
has produced a blossom of new elastic formfinding strategies under the name of             
activebending5,6. One of the interests of this approach lies in the potential of form defining by                
elastic deformation from straight and planar elements5. This approach has been pursued and             
has been of special interest to the authors in the quest of structurally efficient doubly curved                
lightweight elastic shells by simple and lowtech means9,10,11. 
 

In this respect, plate elements, defined as thin and planar, are interesting elements because              
they can be efficiently nested as fractions of standard industrial laminated products, such as              
composites or plywood. They are therefore cheap and produce minimal waste. On the other              
hand, planarity is a potential asset due to the convenient coplanar joining compared to rods               
eliminating the need for torsional stiffening. Finally, thin elastic plates can potentially adapt             
to a pseudo double curvature, unlike the single curvature of a plank, here considered as a                
narrow plate. 



168

Enrique Soriano, Pep Tornabell, Dragos I. Naicu and Günther H.Filz 

Figure 1: a) B. Fuller’s Plydome b) Chinese grasshopper cage c) Proposed Plate network 
 
Taking advantage of the emergence of plywood, Buckminster Fuller used the adaptability            

of such panels in the framework of his studies on materialising geodesic domes6. Plywood              
panels define the shape of a sphere being connected on the topological points of a geodesic                
dome while bending mainly around one axis (Figure 1a). Elastic deformation is used in a               
geometry based approach6, by which the building system adapts to a shape and the topological               
singularities emerge. Inversely, in systems like traditional basketry, it’s the topological           
singularities which are indeed introduced in elastic fabrics, in a behaviour based approach             
(Figure 1b).  

In both these activebending cases, lightweight doubly curved shells are obtained but            
whereas in the first case, the shape is imposed, in the second it is formfound. Triggered by                 
curiosity and empiric serendipity, we produced some models of an interesting system with             
latent potential (Figure 1c). This presented itself as a combined strategy involving the             
potential of both approaches described, the use of large identical panels and the mesh              
singularity design. 

2 MESH SINGULARITIES AND CURVATURE 

From basketry we can easily understand the effect of singularities (irregular vertices) in the              
curvature of an elastic mesh. In this behaviour based approach, doubly curved elements can              
be obtained either by grid distortion (lengths within the grid are different, Figure 3a) or by                
grid topology modification (equal lengths in the grid, Figure 1a and 3b). In the latter, which is                 
the one we focus on, it’s easily understood that adding or removing uniform “fabric” will               
produce negative or positive curvature. By doing so, we introduce an irregularity in the vertex               
valence of the underlying mesh structure.  

2 
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Figure 2: Effect of mesh singularities on elastic fabric curvature 

 

This vertex defect is a curvature concentration of the “relaxed mesh” and has a fixed size                
increment depending on the grid valence the fabric is based on (regular basketry is based in                
periodic platonic tilings: triangular, orthogonal, hexagonal and combinations of them such as            
trihexagonals). In the simulation in Figure 2, we appreciate the effect in the curvature of an                
elastic sheet, of the addition or removal of “fabric”, equivalent to the reduction or growth of                
the vertex defect.  

There is an exact description of such singularities by virtue of Euler’s polyhedron theorem              
which relates the number of mesh faces, edges and vertices to the genus of the mesh:                
FE+V=22g. This, in turn, links to the “total angle defect” through Descartes’ polyhedron             
theorem, a discrete version of the GaussBonnet theorem of differential geometry where            
curvature is concentrated on the vertices. Thus, the angle defect at a vertex equals 2π minus                
the sum of all the angles at the vertex (Descartes). As an illustration, for a sphere topological                 
object, we would need a total angle defect of 4π, which is 8 times ½ π (3 valence vertex) as in                     
a cube, or 12 times ⅓π (5 valence vertex) as in an icosahedron. (Figure 2). In another                 
example, when building hyperbolic tetrapods, we can assemble 4 nonogons (4*1π) or 12             
heptagons (12*⅓π) for the same 4π total angle defect. (Figure 6d and 6e).  

 

Figure 3: elastic structural fabric research by the authors  a) grid distortion (Jukbuin pavilion). b) topology 
design (S’aranella shell).  

3 
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The eloquent material efficiency in basketry, triggered our interest in the challenge of             
upscaling structural fabrics. Deforming an elastic grid (Figure 3a) was straightforward but            
limited in terms of negative curvature. Topological operations were only possible when no             
fiber continuity was involved (Figure32b) but in both cases, the remaining structure was too              
thin too carry loads or to be covered. Solving both the covering, and the fiber continuity                
problem, with larger and less connected pieces of “fabric”, yet taking advantage of the              
topological manipulation option, the plate system arose as a potential alternative. 

3 ELASTIC LATTICE OF PLATES 

3.1 Plate behaviour 

We can simplify the behaviour of thin elastic plates and assume they bend primarily in one                
direction, thus producing single curvature locally. Inplane stretching and edge effects are            
negligible8. We can therefore assume that, globally, a plate can obtain pseudo double             
curvature, based on the combination of areas of local single curvature (Figure 4). Simplifying              
the model, the plate under a combination of several bending actions is a patchwork of               
developable surfaces. 

 
Figure 4: Simplification of the behaviour of a plate 

3.2 Plate network behaviour 
 

Plate network is here defined as an elastic macromaterial composed of coplanar plates and              
connected at their vertex and not their edge, always leaving open gaps corresponding to the               
dual graph of their connectivity. In an analogy to topological basketry, material is missing at               
the vertex of their dual graph, meaning no material is present at the singularity loci, where                
high curvature and therefore stress concentrations occur (Figure 5). It is clear that plate              
networks assembled in this manner, unlike plates, are able to bend in two directions due to the                 
stress relief of the blank spaces. This opens up the possibility of assembling complex              
bendingactive systems with multiple curvature properties, thus allowing for a large spectrum            
of design options. Additionally, plate networks are inherently stable due to the builtup             
stresses acquired during the bending process. 

4 
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Figure 5: Deformation on networked plates. Material is not present at the singularity loci, the curvature 
concentration and high stresses are avoided. Space where material should stretch or compress is empty. 

 
In a further analogy and inspired by the representation of complex molecules with beading              

techniques3,4 (Figure 10), we propose plate networks as a very simplified but representative             
model of twodimensional hexagonal carbon lattices. Graphene and derived allotropes like           
fullerenes or graphitic structures are networked molecules based exclusively on trivalent           
carbon atoms. Because the carbon bonds are very rigid, graphitic curved structures are based              
on the variation of the element connectivity and not on the variation of the element size. This                 
analogy is especially interesting because of the aweinspiring enormous body of work we can              
already access and use as reference from the field of physical and theoretical curved              
nanostructures13. This breadth of molecular geometry offers the opportunity of designing and            
assembling structures across a large spectrum of complexity. Moreover, networked plates           
may, in reverse, be a suitable behaviour exploration tool for such molecular elastic sheets,              
thus becoming an explorative or learning topology game set. 

4 PHYSICAL EXPLORATION 

With this in mind, we were invited to organise a workshop at KOGE at the University of                 
Innsbruck. KOGE is wellknown for their research and teaching on formfinding topics and             
therefore a perfect place to explore the possibilities of plate networks , driven to dive deep in                
topological madness by the enthusiasm of the students. The single restriction we introduced             
was in the form of a small rectangle of thin plywood with 4 holes at vertices.  

It turned out to be a playful game set, so fast to prototype that the limited number of                  
identical plates were in constant (and elastic) transformation, being recombined in complete            
different topologies. After first completely trivial and joyful connectivity, students were           
excited by other fields1,3,4,13 and motivated on taming the topology, thus reassembling the             
plates into specific nontrivial curved structures (Figure 6). 
 

5 
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Figure 6: Physical models. a) B.Fuller’s geodesic dome cap from 3 pentagons. b) Hyperbolic neck of toroid  c) 
Hyperbolic triarch from 3 heptagons. d) Tetrapod with 4 nonogons . e) Fragment of toroid with pentagons and 
heptagons. f) Highergenus fullerene. g) Tetrapod with 12 heptagons. h) toroid with pentagons and octagons. i) 

Gyroid fragment 

5 SIMULATION 

In parallel to physical modelling, we implement a twostep formfinding dynamic           
relaxation method in the Kangaroo solver, that helps with understanding the effect of plate              
network topology variance and curvature (Figure 7). The topology assembler is prepared to             
parse every trivial triangular mesh and the simulation quickly computes the form. 

 

Figure 7: Incremental variation of topological charges 

6 
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Firstly, the topology is built by approaching hexagonally shaped meshes contracting the            

cables that connect their topological neighbours (Figure 8, a). Using a distance threshold,             
mesh vertices are then welded when stopping the simulation (Figure 8, b). In the second               
simulation run, elastic bending stiffness is added as a restriction on the mesh, and final form                
emerges when converging by having changed previous hinged edges into coplanar fixed            
connections (Figure 2 and 8c).  

For the purpose of an approximate simulation tool, this analogy with the plates and plate               
triplets is more robust and reliable than modelling the individual plates and the contact that               
occurs in reality by overlapping. 
 
 

 
 

Figure 8: a) mesh topology preparation and twostep dynamic relaxation: b) welding and c) bending 

For testing, we were removing random points from triangular meshes, provoking similar            
buckling phenomena as dislocations (leading to the introduction of singularities in hexagonal            
lattices) in graphene sheets13.  

Even though similar results can be obtained with a simpler elastic topology relaxation in              
terms of global form understanding (Figure 2), the modelling of the plate width allows a               
closer approximation to the plate curvature radius analysis, thus providing a fast prototyping             
method that was used for deciding physical large scale dimensions. 

 
Figure 9: Formfinding simulation of several nontrivial topologies. The uniformly introduction of pentagons is 

intended to generate shelllike forms. 

7 
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6 GYROID 

Minimal triply periodic surfaces (MTPSs) are very interesting as membranes because they            
fulfill both the condition of maximising the surface and locally minimizing the area 5. Among               
the classic MTPSs, which are highly hyperbolic graphitic sheets, we chose to realise the              
recently discovered gyroid2. As it is proposed3, the graphitic representation of the gyroid is a               
continuous patchwork of  twisting octagons surrounded by hexagonal rings. 
 

 
Figure 10: a) scheme of 2 twisted chains of octagons and common polygonal faces. b) sown adjacent beaded 

twisted strips. c) entire beaded model. (a,b,c with permission)  d) plate G TPMS  model.   

 
Figure 11: Gyroid assembly 

Based on our experience, we could directly translate graphene trivalence schemes into            
plate networks so successfully in small scale models (Figure 11), that we decided to do a                
larger one (Figure 12). This exercise has shown a very interesting property of elastic plate               
networks in that it can easily represent, within acceptable tolerances of manufacturing,            

8 
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surfaces of zero mean curvature, i,e, minimal surfaces. From a practical point of view, the fact                
they are minimal also leads to an optimal use of material in their construction. In particular, it                 
is worth mentioning that they have shown the capacity to represent infinitely periodic             
minimal surfaces such as the gyroid.  

Figure 12: Final assembly of plate graphitic Gyroid 

7 CONCLUSIONS 

 This paper has presented a novel topologicallybased doubly curved building system           
using thin elastic plates.  

 Plate networks can be treated as elastic fabrics, and manipulated using the same topology              
operations that are used in related fields such as basketry or molecular geometry.  

 The curvature properties of the network are easily evaluated using standard mathematical            
theory. Inspired by the Plydome and beaded molecules, the system has been used to              
produce a variety of curved structures, including positive and negative Gaussian           
curvature. Although limited with respect to the realisation of arbitrary/freeform shapes,           
plate networks  offer a way for topological emergence to appear in building systems. 

 In its most ambitious rendering, the plate network system has been applied to triply              
periodic minimal surfaces, successfully being deployed in the case of the gyroid.  

 

9 
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Summary: ETFE cushion structure has been widely used as building roof and façade in lots 
kinds of civil buildings due to its advantages that mainly include transparent, lightweight, 
durability. There are mainly two design methods to determine the form of ETFE cushion. 
According to the model used for the analysis process of cutting, the two forming design 
methods consist of three-dimensional pattering method and flat patterning method. To 
investigate the forming design methods of ETFE cushion, two methods are presented which 
are the three-dimensional patterning method based on the zero-stress state and the flat 
patterning method based on nonlinearity of ETFE material. The physical states and 
mechanical models are defined for the two methods, respectively. On the basis of the 
theoretical analysis, experiments and numerical simulations on the two separate ETFE 
cushions are performed to obtain the shapes, stress distributions and the variations. It is 
found that, for the three-dimensional patterning model, the maximum difference of the shapes 
between experimental and numerical results is only 4 mm and the difference of the stress 
distributions is only 0.4 MPa. For the flat patterning model, a good agreement between the 
experimental and numerical results is obtained for the initial shape, and it is obtained that the 
stress decreases when the shape height and the ratio of rise to span increase due to the creep 
properties of ETFE materials. These findings have validated the proposed forming design 
methods, which are great importance for the application and development of ETFE cushion.  

1 INTRODUCTION 

ETFE membrane structure has received considerable attentions in recent years due to its 
advantages which mainly include transparent, lightweight, durability [1-3]. In 1982, the first 
ETFE membrane structure was employed for the Arnhem Burger Botanical Garden in 
Netherlands. Subsequently, the ETFE membrane structure was widely used in Western Europe, 
especially in Germany and United Kingdom, where the climate is fairly mild. Meanwhile, 
ETFE cushion enclosures became widely known primarily through the eight domes of the 
Eden project in 2001 [4], the dome of the Tropical Islands in 2004 [5] and the canopy roof of 
The Allianz Arena in 2005 [6]. Then the ETFE membrane structure was used gradually 
spreading all over the world [2]. In 2008 Beijing Olympic Games, ETFE membrane structure 
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was massively introduced into China, which was employed for the National Stadium "Birds 
Nest" and the National Aquatics Center "Water Cube", the largest ETFE building envelope in 
the world so far [7]. In the World Exposition 2010 Shanghai, the ETFE structure was 
employed for Italy Pavilion, Japan Pavilion and Vanke Pavilion. 

ETFE membrane structure is often used in the form of air-inflated cushion in the structure 
of building. According to the model used for the cutting analysis, the forming design methods 
of ETFE cushion can be divided into two kinds including 3D patterning and flat patterning. 
The 3D patterning method can be subdivided into two kinds which are 3D model based on the 
form finding state and 3D model based on zero-stress state [8]. At present, the widely used 
method in engineering is the 3D patterning method based on the form finding state 
considering the constant or non-constant strain compensation, which will cause the difference 
of shape and stress between the analytical value and the actual results. The 3D patterning 
method has some disadvantages of inconvenient and consumptive, but it is suitable for any 
forms of ETFE cushion especially for the high rise ETFE cushion. For flat patterning method, 
through fabricating by using simple flat patterning, ETFE cushion is inflated until the stress 
approach or pass the first yield point to obtain the desired initial shape due to the creep 
property of ETFE material [9-12]. The flat patterning method has distinguished advantages of 
simple fabrication, easy to install, material cost efficiency. 

For 3D patterning method, there are many literatures. Robinson-Gayle, Wolfgang and 
Edward introduced buildings, basic mechanical properties and applications of ETFE foils 
[13-15]. Christan proposed the air unit and modeled the air for load carrying of ETFE cushion 
[16]. Moritz investigated comprehensively design and engineering application of ETFE 
cushion [17-18]. Borgart studied mechanical behavior of multi-layered air inflated cushions 
through the numerical analysis and experiment [19]. Wu studied ETFE film mechanical 
property, analysis of ETFE inflated cushion and cushion-form with spring strut to support 
between layer, as well as test [20-21]. Gu conducted analysis and model experiment of ETFE 
cushion, and proposed a new way to measure stress [22]. Chen carried out series tests for 
ETFE cushion experiencing high temperature from 40 degree to 80 degree, as well as ETFE 
film, which testified the applicability of ETFE cushion in Middle East, and made experiments 
of ETFE cushion-inflated and studied mechanical behavior and ultimate capacity under 
normal and low temperature environment [23-26].  

For flat patterning method, there is less public work. Schiemann made ETFE bursting test 
to exhibit nonlinear visco-elastic behavior [27]. Weininger and Schoene made series 
experiments on ETFE cushion-inflated through flat-patterning and studied post-hardening 
behavior [28-29]. Boegner studied mechanical properties of ETFE foil and firstly realized 
plane multi-axial experiment [30]. However, there are very few attentions have been paid on 
the forming design method of ETFE cushion. 

This present paper focuses main effort on the forming design methods of ETFE cushion 
structure. To investigate the forming design methods of ETFE cushion, two methods are 
presented which are the three-dimensional patterning method based on zero-stress state and 
the flat patterning method based on nonlinearity of ETFE material. The physical state and 



179

B. ZHAO, W. J. CHEN, J. H. HU , Z.Y. QIU, H. SONG 

3 

mechanical models are defined for the two methods, respectively. On the basis of the 
theoretical analysis, experiments and numerical simulations on the two separate ETFE 
cushions are performed to obtain the shapes, stress distributions and the variations.  

2 DESIGN METHOD OF ETFE CUSHION 

2.1 Design method and integrated process 

Up to now, there are main two design methods to determine the form of ETFE cushion. 
According to the model used for the analysis of cutting and loading, the forming design 
methods of ETFE cushion include three-dimensional patterning and flat patterning.  

Fig. 1 shows the two design methods and their corresponding integrated procedures: M-1 is 
the first method based on flat patterning; M-2 is the second method which is same to the 
traditional design method based on three-dimensional patterning. M-1 is the designed method 
through flat patterning: M-1① is usually the concept of architectural design; M-1② is the 
flat cutting sheet; M-1③ is the welding in the plane; M-1④ is the inflating in the factory to 
retain the reasonable residual strain; M-1⑤ is the inflating in the field; M-1⑥ is the 
operation of ETFE cushion. M-2 is the traditional design method based on three-dimensional 
pattern; M-2① is the form-finding state; M-2② is the cutting sheet with curved edges; M-2
③ is the welding of 3D surface; M-2④ is the inflating for the leak hunting in the factory; 
M-2⑤ is the inflating in the field; M-2⑥ is the operation of ETFE cushion. 

In summary, M-1 has some advantages of convenient and low cost, but its rise is usually 
low. To obtain higher rise, the ETFE cushion can be performed with repeated the process of 
inflated forming. Compared with M-1, M-2 has some disadvantages of inconvenient and 
consumptive, but this design method is suitable for any forms of ETFE cushion, especially for 
the large rise ETFE cushion. 

 

Fig. 1. Design methods and integrated processes of ETFE cushion. 

2.2 Physical states and mechanical models 

The physical states and mechanical models of ETFE cushion are different between the two 
forming design methods. For the 3D patterning method, the allowable design stress of ETFE 
foils is limited under the first yield stress with specific safety of factor. Therefore, the initial 
behavior of ETFE foils during the form-developing process is generally considered and 
modeled as linear elastic isotropic. However, the mechanical properties of ETFE foils during 
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the forming process of inflated cushion through flat-patterning method are more complex due 
to the requirement to obtain enough residual strain for the higher rise.  

In order to acquire the desired initial surface, the ETFE cushion based on 3D patterning 
method experiences the processes of form finding, structure analysis and cutting. Fig. 2 shows 
the physical states of ETFE cushion through 3D patterning. The initial geometric state ① is 
an unstressed state which contains nodal coordinate, topology and boundary condition without 
considering the material property. The form-finding analysis is to obtain the form-finding 
equilibrium state ② with the state ① and pretension. Elastification is to assign real material 
property to the corresponding structural member to obtain the elasticized equilibrium state ③ 
with other state parameters same as the state ②. Relaxation analysis is to solve the 
zero-stress state ④ based on the state ③. The state ④ is an unstressed state obtained by 
removing the internal pressure. Based on the state ④, the pre-stressed state ⑤ can be solved 
via pre-stress analysis. Then load analysis can be carried out to obtain the load state ⑥. The 
cutting and pattern is to obtain the cutting and pattern state ⑦. After completing the 
manufacture, inflation forming is performed to obtain the configuration pre-stressed state ⑧. 

 
Fig. 2. Physical states and mechanical models of ETFE cushion through 3D patterning 

Fig. 3 shows the physical states and mechanical models for the whole design process of the 
ETFE cushion through the design method of flat patterning. The range of time which contains 
0~t3 is the phase of inflated forming, which can be subdivided into three phases: inflating, 
creep and creep-recovery. This process can be repeated according to the design requirements. 
The time range of t3~t4 is the phase of storage and transport under 0 kPa. The time range of 
t4~t5 is the inflating phase in the field. The time range of t5~t6 is the inflated pre-stress state 
without external loads. The time range of t6~ti is the phase on operation while ETFE cushion 
resisting dead loads, wind, snow, et al. The stress of ETFE cushion has the same time 
measurement compared with the internal pressure. The strain of ETFE cushion shows time 
delay properties and has residual after the deflating to the non-stressed state. This value of 
residual strain determines the initial rise of ETFE cushion in-service. It can be found that the 
design method through flat pattering contains the profound mechanical problems. During the 
whole design process, the ETFE foil experiences complex variation stages including elastic 
deformation, viscoelastic creep, recovery, and hardening.  
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Fig. 3. Physical states and mechanical models of ETFE cushion through flat patterning. 

3 EXPERIMENTATION 

To investigate the two proposed forming design methods, two different ETFE cushion 
models were designed and developed through the two methods to perform the forming test. 

3.1 ETFE cushion model 

For 3D patterning method, the initial planar dimension of ETFE cushion was square whose 
side length is 1.5 m. The form of the ETFE cushion was found by EASY Ver. 9.2 [31], and 
the initial stress (force density) was calculated from expected geometry and normal pressure 
of 3.5 kPa, that made the ETFE cushion reach nearly the yield strength. This meant that the 
ETFE cushion could represent the structural performance of practical engineering size. Based 
on the algorithm of zero-stress state of inflatable membrane structure, the zero-stress state of 
the ETFE cushion was calculated [8]. As a result, the pre-stresses analysis, load analysis and 
cutting analysis could be performed based on the obtained zero-stress state. To achieve the 
smooth surface, the symmetrical pattern was made in the welding process of ETFE cushion. 
In detail, for each layer of the ETFE cushion, four cutting panels were symmetrical about the 
diagonal line. The planar dimension and cutting pattern of ETFE cushion are shown Fig. 4. 

  
             (a) Planar dimension            (b) Cutting pattern (1/2) 

Fig. 4. Dimension and cutting of ETFE cushion through 3D patterning. 
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For flat patterning method, the ETFE cushion model was manufactured through the simple 
plane cutting and welding. As shown in Fig. 5, the planar dimension of the cushion is 
equilateral triangle whose side length is 2.5 m. The ETFE film with the thickness of 250 m 
is 250NJ from Japanese Ashi Glass Co. ltd. Due to the limitation of the width of ETFE foils, 
the upper layer and lower layer are both welded with two sheets. The edges of the two layers 
are sealed to be a cushion and the seams are 10 mm width. Aluminum extruder profiles are 
used to connect the edges of ETFE cushion pocketed with 6 PE bars, and tensioned 
backward with uniform bays of 21 cm to the bracket plates on the upper square tubes of the 
steel square frame. There are two holes reserved on the lower layer near the corners: one is air 
inlet/outlet, and the other one sets the pressure sensor. 

 
Fig. 5. Planar dimension of ETFE cushion through flat patterning. 

3.2 Experimental setup 

For the square ETFE cushion model, the preparatory work was performed to integrate the 
experimental system. First, the square ETFE cushion model was fixed onto the steel square 
frame. Then the 3D scanning machine was set up to scan the membrane shape of outer layer 
which was pasted with target stickers on the grid lines, and the automatic pressure control 
system was installed through the reserved accesses with sealing performance of valve core on 
the membrane surface. Fig. 6 shows the experimental system of ETFE cushion through 3D 
patterning. Finally, the square ETFE cushion model was inflated to 3.5 kPa by means the 
pressure control system. During the forming test, the internal pressure and membrane shape of 
the ETFE cushion were measured at the specified time. 

 
Fig. 6. Experimental system of ETFE cushion through 3D patterning. 
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For the triangular ETFE cushion model, the preparatory work was performed to integrate 
the experimental system. First, the triangular ETFE cushion was fixed onto the steel square 
frame. Then the dynamic photogrammetry system was set up to acquire the 2D data of ETFE 
cushion which was pasted with target stickers on the grid lines, and the automatic pressure 
control system was installed through the reserved accesses with sealing performance of valve 
core on the membrane surface. Fig. 7 shows the experimental system of ETFE cushion 
through flat patterning. According to the value of internal pressure, the whole procedure of 
forming test is divided into three consecutive phases: 

(1) Inflating phase. At first, the ETFE cushion was inflated to 4 kPa by using the automatic 
pressure control system. During the inflating phase, the internal pressure and membrane shape 
of the ETFE cushion were measured by means of the pressure control system and the dynamic 
photogrammetry system, respectively.  

(2) Creep phase under the constant internal pressure. When ETFE cushion was inflated to 4 
kPa, the internal pressure was kept at 4 kPa through the automatic pressure control system. In 
order to prevent the frequent switch-on shift of the automatic pressure control system, the 
work range of the internal pressure was set as 3.985~4.015 kPa. It meant that the forming test 
entered the creep phase whose duration was 24 h. At the specified time, the internal pressure 
and membrane shape of the ETFE cushion were measured and recorded respectively.  

(3) Creep recovery phase. After the creep phase, the ETFE cushion was deflated down to 
0.5 kPa to perform the creep recovery phase which was lasted for 24 h. The internal pressure 
and membrane shape of the ETFE cushion were measured and recorded at the proper time.  

 
Fig. 7. Experimental system of ETFE cushion through flat patterning. 

4 RESULTS AND DISCUSSIONS 

4.1 3D patterning model 

During the forming test of the ETFE cushion through 3D pattering method, the internal 
pressure and membrane shape were measured by means of the automatic pressure control 
system and the 3D scanning machine, respectively. According to the experimental results, the 
stress distribution of the ETFE cushion under different conditions could be calculated based 
on the equilibrium of inflated pressure and film internal force combining the liner adjustment 
theory and the force density method. Meanwhile, the numerical simulation for the form 
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finding of ETFE cushion through 3D patterning method was performed to obtain the shape, 
stress distribution and their variation by using ABAQUS. 

It is significant to discuss the shape of the ETFE cushion because that the shape of the 
ETFE cushion is the expression of architectural design concept. Fig. 8 shows the shapes of the 
square ETFE cushion model under 3.5 kPa which is designed through 3D patterning method. 
A good agreement between the experimental and numerical results is obtained for the shape of 
the ETFE cushion under 3.5 kPa, that the both change tendency are highly consistent with the 
same level and gradient slope. However, the difference can be also found that the maximum 
error value of the two results is 4 mm, and the experimental result is slightly larger due to 
creep properties of ETFE material. 

 
        (a) Numerical simulation            (b) Experimental result 

Fig. 8. Shapes of ETFE cushion at 3.5 kPa through 3D patterning. 

It is also significant to discuss the stress distribution of ETFE cushion because that the 
stress distribution affects the creep behavior of the material and the safety performance of the 
structure. Fig. 9 shows the stress distributions of the square ETFE cushion at 3.5 kPa which is 
designed through 3D patterning method. According to the comparison between the 
experimental and numerical results, it is found that the two stress distributions are similar. 
However, the stress distribution of the numerical simulation is more uniform and symmetric, 
and the variations of stress in some local regions obtained from the experimental result are 
sharp. The maximum difference between the two results is 0.4MPa, that the experimental 
result is slightly smaller. 

 
        (a) Numerical simulation            (b) Experimental result 

Fig. 9. Stress distributions of ETFE cushion at 3.5 kPa through 3D patterning. 
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4.2 Flat patterning model 

During the forming test of the triangular ETFE cushion model, the internal pressure and 
membrane shape of the upper layer were measured by means of the automatic pressure 
control system and the dynamic photogrammetry system, respectively. According to the 
experimental results, the stress distribution of the ETFE cushion under different conditions 
could be calculated. Meanwhile, the numerical simulation for the forming process of ETFE 
cushion through flat-patterning method was performed to obtain the shape, stress distribution 
and their variation by using ABAQUS. 

Fig. 10 shows the shapes of the triangular ETFE cushion model which is designed through 
flat-patterning method. The measured rise of the ETFE cushion is about 77.4 mm whose ratio 
of rise to span is about 1/19 when the internal pressure is 0.5 kPa during experimental process 
of the initial forming. A good agreement between the experimental and numerical results is 
obtained for the initial shape. However, the result of numerical simulation is slightly bigger, 
and the change level is smoother. Due to the creep properties of ETFE material, the shape and 
the ratio of rise to span increase. Finally, and the rise and ratio of rise to span are 121 mm and 
1/12, respectively.  

 
    (a) Numerical simulation     (b) Initial measurement    (c) Measurement after creep  

Fig. 10. Shapes of ETFE cushion at 0.5 kPa through flat patterning. 

Fig. 11 shows the stress distributions of the triangular ETFE cushion. It is found that the 
maximum stress of the ETFE cushion is 5.67 MPa when the internal pressure is 0.5 kPa 
during experimental process of the initial forming. The comparison of stress distribution 
between experimental result and numerical simulation does not show great difference. In 
details, the region of large stress obtained from numerical simulation is greater than the 
experimental result; the maximum stress obtained from the numerical simulation is 4.71 MPa, 
which is less than the experimental result. Finally, with the creep of ETFE foils, the stress 
distribution of the ETFE cushion decreases, the maximum stress is about 3.64 MPa. 
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    (a) Numerical simulation    (b) Initial measurement    (c) Measurement after creep  

Fig. 11. Stress distributions of ETFE cushion at 0.5 kPa through flat patterning. 

5 CONCLUSIONS 

This present paper focuses main effort on the forming design method of ETFE cushion 
structure. To this end, two methods are presented which are the three-dimensional patterning 
method based on the zero-stress state and the flat patterning method based on nonlinearity of 
ETFE material. Meanwhile, the physical states and mechanical models are defined for the two 
methods, respectively. To investigate the forming design methods, on the basis of the 
theoretical analysis, experiments and numerical simulations on the two separate ETFE 
cushions are performed to obtain the shapes, stress distributions and the variations. According 
to the analysis of experimental results, some conclusions can be summarized as follow:  
1. For the ETFE cushion model based on the three-dimensional pattering method, the 

maximum difference of the shapes between experimental and numerical results is only 4 
mm and the difference of the stress distributions is only 0.4 MPa.  

2. For the ETFE cushion model based on the flat patterning method, a good agreement 
between the experimental and numerical results is obtained for the initial shape, and it is 
obtained that the stress decreases when the shape height and the ratio of rise to span 
increase due to the creep properties of ETFE materials.  
In summary, the results of experiments and analysis have validated the proposed forming 

design methods, which are great importance for the application and development of the ETFE 
cushion.  
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1 HUMAN ORIENTED PARAMETRICISM1 (H.O.P) 

The current study considers a clear division between Dynamic vs. Static Parametric 
Architecture: 

Static Parametric Architecture: architecture that obtains its form and configuration from 
several parameters used just to design its shape: Formalism2. 

Dynamic Parametric Architecture: architecture in which the basic inputs vary during the 
building lifetime: H.O.P. 

The current study defends the concept of Human Oriented Parametricism, H.O.P., which 
considers the idea of  “Time” as the lost parameter in Adaptive Complex Architecture.  

Understanding Architecture as a Complex System, the current study will develop an 
example for this kind of design implementation introducing the idea of building 
morphogenetic behaviours. 

1.1. The Emergency Health Deployable System, EmDeplo  
EmDeplo is a parametrically designed health system composed of an Intelligent 

Deployable Membrane.  An emergency health system —complex and alive— which 
parameters bases are human and environmentally linked. 

1.2. Complex Systems. Morphogenetic Processes. 
Morphogenesis (from the Greek morphê meaning “shape” and genesis meaning “creation”) 

is the biological process that causes an organism to develop its shape. Artificial Intelligence is 
currently proposing processes based on biology as a solution for Intelligence Performance 
even in Architecture. Designed as a Complex System, the EmDeplo system will work with the 
environment and will not “defend” against it. A perfect optimization of the system, with the 
intelligent behaviour implemented, will be able to be reached implementing the advantages of 
a global + local behaviour vs. the nowadays common stimulus-reaction performance. 

                                                
1 Parametricism as a style was coined within the “Parametricist Manifesto” by Patrick Schumacher in 2008 in 

London. It was presented and discussed at the Dark Side Club at the 11th Architecture Biennale in Venice. 
2 In art theory, formalism presumed that the actual content of the work of art is the way. The formalist theory 

implies that aesthetic values can stand on their own and that judgment of art can be isolated from other 
considerations, e.g., ethical and social.  
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1.3. EmDeplo System design. 

BODY: Multilayer deployable membrane + factory interface customized fabrication. 
BRAIN: Arduino chip micro Controller + circuit implementation. 
MIND:  Artificial Intelligence IAlgorithm. 
 
Bottom-up robotics and evolutionary processes allow the existence of Artificial Intelligent 

Systems with quasi-intelligent behaviour. Systems that simulate emergent and generative 
properties of natural processes, obtaining well-adapted and efficient forms:  Complex 
Systems3 in which behaviour is defined by more than the sum of their parts behaviour. 

Through an abstract model for the system and the presence/absence of behaviours, the 
complex system that will configure EmDeplo will have two goals in two different scales: a 
goal-state simulation (in Nature, survival), plus system local goals interactions. The system 
will be working in two scales, learning to survive through patterns of behavioural adaptability 
without external control. 

2. THE SYSTEM'S BODY: “EMERGENCY PARAMETRICALLY CUSTOMIZED 
DEPLOYABLE INTELLIGENT SYSTEM” 
W.H.O.4 states that natural disasters and other unpredictable events are common and urges 
architects to invent new kinds of high adaptable and rapidly deployable spaces for these 
different emergency scenarios. The Emergency Intermediate Health Deployable System 
(factory interface customized) will be able to satisfy most medical needs in the shortest time 
in any scenario as shown in Figure 1. 

 
Deployable 3D structure from a flat surface, able to arrive directly from the factory to site, 

it is perfectly packed and ready for easy and quick employment. A multi-layered membrane 
intelligent system will be designed through 2D patterned deployable surface that expands into 

                                                
3 Complex Systems are defined by how their parts give rise to the collective behaviours of the system, and how 

the system interacts with its environment. Complex system energy exceeds the threshold for it to perform 
according to classical mechanics but does not reach the threshold for the system to exhibit properties 
according to chaos theory. 

 
4 The World Health Organization, W.H.O, is the directing and coordinating authority for health within the 

United Nations system. It is responsible for providing leadership on global health matters, shaping the 
health research agenda, setting norms and standards, articulating evidence-based policy options, providing 
technical support to countries and monitoring and assessing health trends. 
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a complete 3D space. High adaptability and rapid deployment are required in order to fulfill 
every kind of need. 

2.1. The factory interface5                                        

In recent decades the notion of time-based design has increased the architectural practice's 
interest to explore new kinds of design processes more linked to biology, philosophy and 
other disciplines. Its main potential is considered to be a real application into contemporary 
processes for changing the conventional architectural methods by diagramming, mapping and 
animation techniques.  

The Factory Emergency Interface will help us to decide quickly in critic situations how the 
Unit must be customized for any particular scenario and will carry us through the design in 
real time. When an emergency occurs, the W.H.O. will work through the interface at the 
factory.  The complete fabrication process of the membrane system will be perfectly 
customized for the emergency scenario. The interface connected to the factory will fabricate 
the system (customized, folded and packed) ready for deployment by truck, plane or boat 
through several containers.  

The interface will design some compulsory parts for the case, already customized for the 
situation, but also will offer to the client the option of some non-compulsory parts and units. 
The questions the interface proposes are those which help the customization of the system like 
the kind of emergency, expected number of patients, kinds of diseases, etc. 

Therefore, in the Emergency Health Deployable System, the parameters, apart from the 
human scale and measures, are the characteristics of the scenario disaster. The parametric 
customization of the membrane system through the interface through their fabrication is the 
main strength for the efficiency of the Emergency Units. 

The clear properties of the material and some basic real controlled parameters will perform 
the unit, helping us to create a real transformable, transportable and customizable space.  
 

2.2. Basic Triage Pack 

The triage proposed consists of a negotiated mixed space where the interaction between 
doctors, nurses and patients takes place only when required. It will be composed of a number 
of  “sensor-ized” pods that will react to the patient’s weight and movement making a 
complete adaptable cellule, but always within the positions necessary for the doctor and 
patient’s safety. With this new idea of triage system a maximum number of patients will be 
attended with a minimum number of doctors and nurses. 

                                                
5 The Factory’s Interface is understood in this paper as the contact mechanism between the final customized 

physical system and the required needs for a particular emergency scenario. A factory integrated software 
that according to the different emergency scenarios, number of people involved or injured, will fabricate 
one physical system or another depending on the adequacy it considers for that particular emergency. 
Samples of that can be an extra foundation for strong winds, special designs for earthquake scenarios, 
desert special insulation layers, number of triage units or operating theatres, etc. 
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Figure 3:  Triage individual medical pods 

2.3. EmDeplo Material System 

The patterns of the different layers controlled in four different scales will hold all the 
design’s weight (Figure 4|5). Controlling some basic parameters, it is possible to tell the 
material how to behave and the hospital what to do, considering this kind of behaviour to be 
the basis of future adaptable customizable architecture. 

 
Figure 4:  Membrane layers and patter performance studies 
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So that the system is not only an envelope for a space, it is not a space that after you can 

fix with the medical equipment. It is a fully integrated system. It will be designed including 
water, electricity and oxygen supplies as well as the necessary medical equipment.  Also, the 
adaptable floor system will adapt to several ranges of different floor conditions.  

 

 

Figure 5 :  Membrane physical studies 

3. SYSTEM'S MIND: A.I. & MACHINE LEARNING ALGORITHMS SEARCH 

The Artificial Intelligence approach that will be used in the current study will be the one in 
which, in a continuous loop, an intelligent agent6 will receive data from the environment 
through some sensors, and will change or not its state, interacting with the environment 
through some actuators. 

The intelligent agent in this case will be the EmDeplo material system and its brain will be 
configured through and Arduino chip (figure 6). 

 

Figure 6 :  Arduino’s configuration & circuit implemented 

                                                
6 In artificial intelligence, an intelligent agent (IA) is an autonomous entity that observes through sensors and 

acts upon an environment using actuators. 
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It will be a perception-action circle (Figure 7) benefiting the adaptability property of the 
system. AI will be studied as a method for uncertainty management and the aim will be 
finding actions for an agent (1). 
 

act = AgentFn(percept)                                                         (1) 
 

 
Figure 7 :  Behaviour schema 

 
Basic problems of A.I. applicable to EmDeplo's mind design will be: 
Micro worlds. The sum of restricted domains will never be a real environment: the systems 

should work in a real environment. 
Lack of scalability. It should be scalable.  
Robustness. Cannot fail in a novel situation. 
Real time operation.  
Bottom-up design and embodiment. 
 
Through the search of an algorithm for the system, the parameters related to which its 

adequacy was established were: Fully Observable vs. Partially Observable Environments7; 
Benign vs. Adversarial Environments8; Deterministic vs. Stochastic systems. The actions of 
the system being discrete vs. a Continuous set of actions, meaning infinite. 

3.1. Problem Solving vs. Planning 

Problem Solving as a method has demonstrated its efficacy within a fully observable 
environment and within a discrete, deterministic and known domain. So that it was not 
considered as a valid method for developing the understanding and decisions related to the 
learning of the climate in which the system was in, as, the intention of the current study was 
to develop the system in a partially observable environment. 

3.2. Markov Models 

A Markov model is still memory less but provides more options in the next state to the 
goal calculation. States in a Markov Model can be subdivided, increased and used. In the case, 

                                                
7 Fully Observable Environments are those in which at any point the information that the agent has is enough to 

take always the optimal decision. On the contrary in partially observable environment the agent will take 
the best decision for that particular sensing scenario. 

8 A Benign Environment is considered to be an environment that has no aim in its behaviour against your goals 
(i.e., weather); while an Adversarial Environment’s goal is to not allow an agent to reach its objective. 
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for example, of Hidden Markov Models, in several complex applications such as Robotics. 
Markov models were discarded, as they are not a good algorithm for training memory. 
Nevertheless Second Order Markov Models consider a dependence not only on the previous 
state, but also, on the previous to the previous state. This kind of mathematical model resulted 
quite restricted for the learning that EmDeplo system is supposed to be able achieve and was 
thus discarded as a possible algorithm. 

3.3. Machine Learning Algorithms 

M.L. algorithms were considered a good starting point for EmDeplo's mind configuration. 
Making the system learn from existing, artificial or new environmental data models will be 
the main goal of the system's mind. Knowledge that will give the façade the possibility to 
adapt to the environment, learning from it and maximizing its efficacy. 

A. Reinforced Learning. 
Even though agent analysis has been a very effective learning technique, the idea of using 

EmDeplo as an agent, inside an unknown environment that has to take decisions for a goal 
and a reward, is clearly different to the learning process that our system must have, as the 
concept of reward function and goal might vary trough time during the existence of the 
building. 

B. Unsupervised Learning algorithms:  - Kohonen Network; - k-means; - Spectral 
cluster 

Unsupervised Learning basically consists in Clustering Algorithms9 whose purpose is to 
find patterns in unlabeled data. After a study of the most common unsupervised learning 
algorithms, it was concluded that unsupervised learning might not be the appropriate learning 
behaviour for EmDeplo's initial mind. Nevertheless, a more complex behaviour will be 
considered for a future system. To receive vast amounts of unlabelled data from the 
environment, and to try to find patterns in it for proposing new scenarios for acting, can mean 
an extremely big improvement in the adaptability behaviour of the membrane. 

C. Supervised Learning algorithms: - Linear & Logistic Regression; - ANN; - SVM. 
Linear Regression, Logistic Regression 

 Both models use Gradient Descent10 algorithm to find local optima. The problem with 
these algorithms appears when the size of the features array gets really big. The probability of 
over fitting increases and we will be dealing with an extraordinary number of parameters. For 
example, for a medical prediction based in 100 parameters: x1= size; x2= age; ...; x100= 
wealth, we will be dealing with approximately 170.000 features. That makes this process 
clearly unreachable even if we are using only subsets of the training set. In this kind of 

                                                
9 Clustering algorithms develop the task of grouping objects in a way in which objects within the same cluster 

have a particular or several similarities. 
10 Gradient descend is an optimization algorithm which for reaching every local optima takes small steps 

proportional to the negative of the gradient at that particular point. 
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situation Linear Regression is not highly recommended. 

Support Vector Machines (SVMs) 
Alternative views of Logistic Regression are Support Vector Machines, SVMs. As non-

probabilistic linear classifiers, they are a kind of algorithm that can be taken into account for 
the decision of EmDeplo's mind configurations. SVMs propose a much better error 
minimization as they are trained on the worst classified examples, known as support vectors. 
A large margin around the decision boundary guarantees us a smaller error that in 
conventional Logistic Regression. 

A Neural Network, on the other hand, will be likely to work well for most of these settings, 
but may be slower to train. Accordingly it results, a priori, to be the best algorithm to try for 
EmDeplo's mind.  

Nevertheless that was the conclusion reached, and, considering that real building 
implementation will be not develop at this stage, the slow training speed was not considered a 
basic disadvantage. In this way an Artificial Neural Network seem appropriate to start making 
the system work, not having to worry about the number of features and training set sizes. 

Artificial Neural Networks (ANNs) 
ANNs are normally adaptive to the external environment as they develop their learning 

from the data received from it. Modern neural networks are non-linear statistical data 
modelling tools trying to simulate the brain parallelism way of working and learning 
capability by training and pattern recognition, by feed forward and back propagation. The 
Multilayer Perceptron11 will be able to deal with initially non-linear separable operations. In 
this way, inputs that were not linearly separable in the beginning became able to be mapped 
and classified. Therefore, loop networks with feedback and the idea of back propagation are  
the definitive alternative for adaptability. 

This kind of Machine Learning algorithm gives EmDeplo's mind the ability to distinguish 
between different kinds of environments and situations. 

4. ARTIFICIAL NEURAL NETWORK AND GENETIC ALGORITHM MODEL. EVOLUTIONARY 
COMPUTATION FOR THE SYSTEM. 

EmDeplo's mind has been designed as a complex system (non-divisible, and non-
reducible) in which the only way to know its real behaviour is to run the system as a whole. 
The process is proposed in 3 steps: 

1. To define the way of performing once the decision about what climate we are in is 
taken. 

2. To be able to recognize after training and learning in which situation of Tº, radiation and 
                                                
11 Frank Rosenblatt presented the perceptron idea in 1957 as a supervised classification process for linearly 

separable patterns. Multilayer perceptrons have multiple layers and the ability to solve problems 
stochastically. They are able to classify XOR functions and allow us to obtain approximate solutions for 
extremely complex problems like fitness approximation. 
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sunshade we are in. 
 3. To define the dynamic process of the membrane once the training has been done and the 

decision about which Tº/sun-shade situation we are currently in. 
 
The process desired for the deployable system learning has to be a mixed one. It will need 

the power of neural processes for choosing and decision situations, and the performance of a 
genetic algorithm for optimizing the pillows pattern and adaptability. The combination of 
both sub-processes will generate a global behaviour, where, since the very first day after 
deployment, the system will perform properly. 

 
The system will be composed of: 
An ANN for classifying and deciding the kind of situation we are in, which will learn 

through a series of labelled sets of situations for training. (Global Behaviour) 
A Genetic Algorithm12 that will optimize the performance of the whole set of pillows 

creating a pattern for adaptability and improvement. Phenotype, genotype, fitness and 
mutation will decide and teach EmDeplo how to act in each situation. (Global Behaviour) 

An off/on behaviour, for sunshade control, through the intermediate layer of a patterned 
ETFE Membrane, can be decided as a stimulus-reaction response depending on the light 
meters readings, not allowing the solar factor be higher than FS 10. (Local Behaviour) 

4.0 Scenarios approach. Labelling Situations. 

One of the main aims of the implementation of EmDeplo in natural disasters will be its 
customization and adaptation to different situations. Customization to different emergencies is 
based on different performances and designs. 

 The design customization will be done through the interface used for factory fabrication. 
 The performance customization will be done at site though the internal environmental 

control.  
The first idea of the learning behaviour was to make the membrane able to decide in which 

scenario it was, not regarding kind of disaster but kind of weather and environment. An 
analysis was therefore done of all the earth’s climates and possible scenarios based on the 
three parameters that were able to be evaluated by the membrane: temperature, humidity and 
sunlight. 

4.1 EmDeplo’s Artificial Neural Network. 

ANN can learn associations between patterns so it will be used as a tool for making the 
membrane understand the situation through different patterns of temperatures and data 
recorded by the sensors. We will work with a sample of one hundred pillows. A supervised 
learning process will be developed consisting of learning training data based, data classified 
appropriately with known classifying patterns. 

We will consider ten different possible scenario situations for the system during its lifetime 
                                                
12 John Henry Holland presented genetic algorithms, GAs, in 1970. They are based on the biological evolution 

and molecular-genetic basis. GAs make a population of individuals evolve randomly as it occurs in 
biological evolution. 
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in a particular climate. These situations will be the outputs to decide and to choose by 
classification. 

The proposed ANN, (Figure 9), will have 100 neurons in the input layer, 150 neurons in 
the hidden layer, each one of these 100 neurons corresponding to the behaviour and 
temperature of one pillow of the façade. The proposed outputs will be 10 different 
performances of the façade, optimized for the GAs previously run. So, depending on the 
output, one behaviour or another will start. 

The decided testing time for checking the input temperatures pattern will be every 30 
minutes, a period during which the ANN will re-decide again within which scenario it is 
located, and will re-apply the GA. Then, in case some pattern of opening and closing pillows 
is found to be more efficient than the current one, the façade will be readjusted.  Once a 
minimum amount of training has been done, we can test the learning of our system. Testing 
the system with less than one hundred trainings was demonstrated unsuccessful. 

4.2 EmDeplo’s Genetic Algorithm. Once EmDeplo has decided trough the ANN in which scenario it is located, it will generate 
the chromosome of the façade through an array that will be a sequence of all opening and 
closing possibilities for the 100 ETFE pillows. In that way, the genotype, will be an array of 
100 elements that indicates the initial position of the pillows the system is starting with. The 
positions considered will be: closed, open or half-open. 

 
            Genes = new [100];                                                                   (2) 

             Genes [i]= [ open/ close status]                                                         (3) 
 Façade genotype = [c, o, c, h, c, c, h, o, c...]                                                (4) 

 
The general idea was to optimize the genes array of the façade for obtaining a desired 

temperature of 22º. Several simple fitness functions were implemented, based on the idea of 
obtaining an ideal temperature for each pillow of the façade. The trials were done with a 
percentage of mutations between 0.01-0.05%; basically: Probability of mutation = 
1/chromosome length. 

 
                                Figure 9 :  Proposed Neural Network                         Figure 10:  Proposed GA 
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Phenotype Definition 

The thermal relationship between the degree of openness of the pillows and the 
temperature variability was implemented as the fitness function in the algorithm.  

For EmDeplo, this environment in which our phenotype exists is the thermal relationship 
environment-material. After implementing the new relation genotype-phenotype, a new 
fitness function should be included to avoid premature convergence and stagnation. This 
function will also be related to thermal behaviour:  

 
Δ Temperature = (Q * thickness)/λ                                                 (5a) 

 
It will be implemented in the phenotype for each of the 100 pillows: 

t_f[i]-temperatures[i] = G* genes[i]/ λ                                               (5b) 
(Being genes[i], the thickness of that pillow) 

 
T_f [ ] are the final temperatures and Temperatures[ ], are the input temperatures at the 

beginning of the optimization performance. This gene array will be the data needed to 
implement when the optimized result is sent to the Arduino. Possible configurations of 
different temperatures and spaces will be able to be programmed in the future. Also, it can be 
considered that different solar factors may be needed depending on use and timing.  

Starting with a fitness smaller than -2000, stagnation appears with a fitness of      -727 
around evolution number 1000.  

Selection method. 
The study of the implementation of different selection methods was carried out to improve 

the genetic algorithm performance. The method implemented initially was the Alasdair Tuner 
interpretation of the Rank Selection [1]. Maximum fitness obtained, -727 will try to be 
improved with different combinations of selection methods and variations of the current 
fitness function. 

The Roulette Wheel Selection will not be implemented due to the danger of premature 
convergence it generates if a clearly dominant individual exists. The methods considered will 
be Top Scaling and, as a second option, Tournament selection.  

The implementation of the Tournament selection method improves the algorithm 
performance. The experiment has only proved to increment fitness 0,98 %.  

On the other hand, when Top Scaling selection was implemented, the fitness decreases 1%, 
due to the variance decrease that it uses to produce.  

Tournament selection will therefore be the method used.  
Multi-objective optimization. Pareto frontier13. 
As the fitness function should improve after choosing the more effective selection method, 

a serial of extra experiments of its definition will be done. The first step will be to implement 
Pareto frontier.  Considering necessary the optimization of two values, Q, the thermal flux, 

                                                
13 Pareto frontier is considered to be the optimization barrier crossing in which it will be impossible to optimize 

one parameter without making another parameter worse. 
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and t_f, the final temperature, a multiobjective optimization will be implemented. 
Obj. A: Thermal flux minimum   
Obj B: t_f = 22ºC 
Relative Weights: Wa, Wb, Wa =0,2 Wb =0,8 

Fitness function: f(x)= 1/ (1+ Wa*A + Wb*B)                                       (5) 
The results obtained in this final experiment showed a maximum fitness of 0,016, 

optimizing the maximum insulation properties of the material and ETFE pillows.  
A homogeneous controlled decrease of temperatures has taken place across the whole 

façade as desired in the inputs of the programme. But due to the thermal properties 
relationship implemented, 

t_f [i]= Q* genes[i]/0.017 + Temp [i]                                                (6)                
and to the constrains on the degree of opening of the pillows, and that is,  

genes [i] = 0,  genes[i] = 0.5 or genes [i] = 1                                      (7)      
That will be the maximum fitness that can be reached. Nevertheless, if we consider a free 

opening degree of possibilities, from thickness 0 to thickness 1, so, genes[i]=random (0,1), 
being all floats between 0 and 1 allowed as possible degrees of opening, maximum 
optimization of the material will be achieved.  

5. CONCLUSIONS 
After implementing the thermal relationship of the material in the façade performance, a 

complete process through the ANN and the GA, is carried out for each scenario possible and, 
particularly focused on the one chosen by the ANN, obtaining a much more efficient thermal 
performance. 

The different façade patterns created by the learning of the system through the different 
scenarios and experiences, plus the local behaviour for shading, optimizes the material 
insulation performance of the façade, maximizing material insulation properties. 

Even when a non-constrained opening of the pillows is allowed a maximum efficacy of the 
insulation properties of the façade is reached, the set of different layers proposed for the 
membrane configuration demonstrated not to be enough for a proper insulation and climate 
regulation.  
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ELASTO-VISCOPLASTIC MATERIAL MODEL
CONSIDERING LARGE STRAINS FOR ETFE-FOILS

MARIANNA COELHO∗ AND DEANE ROEHL†

∗ Universidade do Estado de Santa Catarina
Department of Civil Engineering

Rua Paulo Malschitzki, 200, 89219-710, Joinville, SC, Brazil
e-mail: marianna.lorencet@udesc.br

† Pontificia Universidade Catolica do Rio de Janeiro
Department of Civil Engineering

Rua Marques de Sao Vicente 225, 22451-900 Rio de Janeiro, Brazil
Email: droehl@puc-rio.br

Key words: Elasto-viscoplastic material, Inflatable structures, ETFE-Foils, Large strains

Abstract. The growing use of ETFE-Foils in pneumatic structures has motivated the
research in material models for thermoplastic polymeric. This type of polymer is more
resistant to solvents and other chemicals. The lightweight of the ETFE foil is one of the
most important features that motivates its use in structural buildings. Moreover, it has
been applied often to roofs, resulting in low costs for the foundation. The translucency
property is advantageous, because it allows the utilization of natural light, reducing the
use of artificial light. Another property related with resource consumption is the anti-
adhesive nature of ETFE. This property means that roofs and atria need to be cleaned
less frequently, leading to a reduction in the cost of the building maintenance.

ETFE membrane structures clearly present large deformations by which the small
strain material model fails to give good results. Beyond this behavior some experiments
showed the dependency of the ETFE mechanical properties with temperature. These
experiments indicated viscoplastic material behavior, characterized by different responses
for different strain rates / load rates and different temperatures.

The present work shows an implementation in a finite element software of an elasto-
viscoplastic material model considering large strains for the ETFE membranes. The
parameters were obtained with uniaxial experiments analysis from literature. The results
of the numerical model show good agreement with the experiments.

1
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1 Introduction

ETFE(Ethylene tetrafluoroethylene) is a polymer classified as a semi-crystalline ther-
moplastic. This type of polymer is more resistant to solvents and other chemicals than
others.

The low weight of ETFE is one of the most important features that motivates the use
of this material in structural buildings. Moreover, it has been used more often on roofs,
resulting in a lower cost for the foundation.

The translucent property is advantageous, because it allows the utilization of natural
light, reducing the energy consumption. Another property related to resource consump-
tion and commented by Robinson-Gayle et al. [9] is the anti-adhesive nature of ETFE.
This property means that roofs and atria need to be cleaned less frequently reducing
maintenance cost.

Moritz [8] and Hu [4] performed some experiments in ETFE for different temperatures.
They observed that the ETFE properties change significantly with temperature change.

The elasto-viscoplastic material model reflects the plastic deformation dependence with
time. The temperature is often related with this phenomena.

According to Souza Neto et al. [14], materials such as metals, rubbers, geomaterials in
general, concrete and composites may all present substantial time-dependent mechanical
behavior.

The phenomenological aspects for elasto-viscoplasticity are: strain rate dependence,
creep and relaxation.

The strain rate dependence is observed when a material is subjected to tests carried
out under different prescribed strain rates. According to Souza Neto et al. [14], the
elasticity modulus is mostly independent of the rate of loading but, the initial yield
limit as well as the hardening curve depend strongly on the rate of straining. This rate-
dependence is also observed at low temperatures, but usually becomes significant only at
higher temperatures.

Creep is the phenomenon by which that at a constant stress condition the strain in-
creases. For different levels of stress the response for strain is also different.

Relaxation occurs when by a constant strain stress decays in time.
The present work aims to model this ETFE characteristics using an elasto-viscoplastic

material model considering large strains.

2 Material modeling

ETFE–foils behave as membranes, therefore the analyses were carried out considering
plane stress state.

The deformation gradient F transforms the reference configuration into the actual
configuration.

F =
∂x

∂X
(1)

2



203

Marianna Coelho and Deane Roehl

where x is the position of a point in current configuration and X is the position of a point
in the reference configuration.

The multiplicative decomposition of the deformation gradient F is the main hypothesis
in the finite strain elastoplasticity [7]. According to Lee and Liu [7], the combination of
elastic and plastic strains, both finite, calls for a more careful study of the kinematics
than the usual assumption that the total strain components are simply the sum of the
elastic and plastic components, as it is assumed in the infinitesimal strain theory.

F = FeFvp (2)

The Lagrangian description was used in the implementation, therefore the strain and
stress tensors will be defined in this description.

The Green-Lagrange strain tensor is defined by:

E =
1

2

(
FTF− I

)
(3)

The logarithmic strain measure is computed as:

EL = ln(U) (4)

where U is termed the right stretch tensor.

U =
√
C (5)

where C is the right Cauchy-Green tensor and its spectral representation is given by:

C = FTF = U2 =
m∑
i=0

λiMi i = 1, 2 (6)

where λi are the principal stretches and Mi are the eigenprojections.
The conjugated stress pair with Green-Lagrange strain tensor is the second Piola-

Kirchhoff stress tensor(S).
The conjugated stress pair with logarithmic strain tensor is the Kirchhoff stress tensor.

The Kirchhoff trial stress is calculated with the elastic constitutive material tensor for
small strains (D):

Tetrial

n+1 = DEL
etrial

n+1 (7)

D =
E

1− ν2




1 ν 0
ν 1 0
0 0 1−ν

2


 (8)

where ν is the Poisson ratio and E is the elastic modulus.

3
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2.1 Von Mises yield criteria - Plane Stress

Figure 1 presents the experimental data from uniaxial and biaxial test of ETFE from
works of Moritz [8], Galliot and Luchsinger [3], and DuPONTTM Tefzel R⃝ [2] and an
adjusted von Mises yield curve. This yield surface was generated considering an yield
stress of 16MPa. Figure 1 shows that the von Mises criteria is a good approximation for
the experimental data for the ETFE material.
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Figure 1: Experimental data from uniaxial and biaxial test of ETFE and adjusted von
Mises yield curve

The von Mises yield criteria postulates that yielding begins when J2, the second in-
variant of the deviatoric stress, reaches a critical value (k) [15]:

f(J2) =
√
J2− k = 0 ↔ f(J2) = J2− k2 = 0 (9)

In vector notation the deviatoric stress s is written:

s = [s11 s22 s12] (10)

which can be obtained by the projection of the stress tensor on the deviatoric plane.

s = dev[S] = P̄S P̄ =
1

3




2 −1 0
−1 2 0
0 0 3


 (11)

J2 is calculated through:
J2 = SPS (12)

4
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Similarly the elastic and plastic strain tensors (Ee, Ep) are collected in vector form as:

Ee = [Ee
11 Ee

22 2Ee
12] Ep = [Ep

11 Ep
22 2Ep

12]

and the deviatoric strain is given by:

e = dev[E] = PE P =
1

3




2 −1 0
−1 2 0
0 0 6


 (13)

Linear isotropic hardening is considered, for which the scalar hardening state variable
is:

q = σy +Kα (14)

where α is the amount of plastic flow.

2.2 Small strain elasto-viscoplasticity

The formulation used for the elasto-viscoplastic material is classic and it is presented
for instance in the studies of Simo and Taylor [13], Simo and Hughes [12], and Souza Neto
et al.[14].

The total strain E splits into a elastic strain Ee and a plastic strain Ep:

E = Ee + Evp (15)

The elastic constitutive law considering linear elasticity is given by the relation:

Ṡ = D : (Ė− Ėvp) (16)

The yield condition (f(S, q)) is given by equation 9.
The flow rule and the hardening law in associative plasticity models are given respec-

tively by:

˙Evp = γ
∂f

∂S
(17)

α̇ = γ
∂f

∂q
(18)

where γ is the consistency parameter, ∂f
∂S

is a function that defines the direction of plastic

flow, and ∂f
∂q

is a function that describes the hardening evolution.
The explicit function for γ models describes how the rate of plastic straining varies

with the level of stress. There are many models to describe γ. Souza Neto et al. [14]
reports that a particular choice should be dictated by its ability to model the dependence
of the plastic strain rate on the state of stress for the material under consideration.

The model used in the present work to describe the viscoplastic strain is the Perić
Model (apud Souza Neto et al. [14]):

5
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2.2.1 Perić Model

This model is given by:

< fn+1 >=





[(
J2(S)

q

)1/ϵ

− 1

]
if f(S, σy) ≥ 0

0 if f(S, σy) < 0
(19)

Modifying ∆γ to include the time parameter the following expression is obtained:

∆γ = ∆t · γ =< fn+1 >
∆t

µ
, µ ∈ (0,∞) (20)

where ∆t is time increment.
In the present work the Perić model is used to describe < fn+1 > (equation 19). This

equation was rewritten in a more stable form, according to Perić apud Souza Neto et al.
[14] as:

ϕ(∆γ) =

(
∆t

∆γµ+∆t

)ϵ

·
(
1

2
f̄ 2

)
− 1

3
R2 = 0 (21)

The actual state (S, q) of stress and hardening force is a solution to the following
constrained optimization problem:

maximise S : Ė− q · α̇ (22)

subject to f(S, q) ≤ 0

Solution for the problem 22 satisfies the Kuhn-Tucker optimality conditions, the so
called loading/unloading condition.

γ ≥ 0, f(S, q) ≤ 0, γf(S, q) = 0 (23)

The updating scheme for integration of the corresponding rate constitutive equations
requires the formulation of a numerical algorithm. The implicit Euler or backward scheme
is used to discretize the incremental constitutive problem.

The return mapping used in the present work is the closest point projection (Simo
and Hughes [12]). This return mapping considers a two-step algorithm called the elastic
predictor/plastic corrector algorithm. This algorithm assumes that the first step is elastic,
which is called as the elastic trial solution (Strial

n+1 ). If this elastic trial stress violates the
yield function a new solution must be obtained with the plastic corrector step. The
plastic corrector step and the implementation of the return mapping are detailed in [1].
The plastic multiplier (∆γ) is solved using the Newton-Raphson procedure because of the
nonlinear equations in ∆γ.

6
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2.3 Large strains

The implementation was carried out in this study preserving the return mapping
schemes of the infinitesimal theory presented in section 2.2. Simo [11] showed that us-
ing Kirchhoff stress and logarithmic strain, the return mapping algorithm takes a format
identical to the standard return mapping algorithms for the infinitesimal theory.

The numerical integration of the elastoplastic model is carried out with the elastic
predictor and the plastic corrector scheme. The elastic predictor is calculated based on
the multiplicative decomposition presented in equation 2 considering Fp

n+1 = Fp
n, the trial

elastic deformation gradient is given by:

Fetrial

n+1 = Fn+1F
p−1

n+1 (24)

Tetrial

n+1 = DEL
etrial

n+1 (25)

With the Kirchhoff trial stress the plastic corrector is calculated with the algorithm
for small strains, the Kirchhoff stress Tn+1 and the plastic deformation gradient Fp

n+1 are
updated. Finally the consistent elastoplastic tangent moduli is computed.

Simo [10] and Ibrahimbegović ([5],[6]) computed the elastoplastic tangent moduli in
spatial description. In the present work the elastoplastic tangent moduli is considered in
material description.

The consistent elastoplastic tangent moduli dS
dE

is computed from the following equa-
tion:

S = F−1τF−T = F−1R−TτR−1F−T (26)

After some rearrangement and the consideration of symmetric tensor propertyU = UT ,
equation 26 is rewritten:

S = U−1TU−1 (27)

The forth-order tensor dS
dE

can be written as:

dS

dE
=

dS

dC

dC

dE
= 2

dS

dC
E =

1

2
(C− I) (28)

The derivative of equation 27 w.r.t C is given by:

2
dS

dC
= 2

(
∂U−1

∂C
TU−1 +U−1 ∂T

∂C
U−1 +U−1T

∂U−1

∂C

)
(29)

3 Example

Moritz [8] carried out biaxial experiments in the proportion of 3:1 for different levels
of temperature (0 ◦C,+23◦C and +35◦C). The material is the ASAHI R⃝FLUON ETFE
NJ (thickness = 250µm).

7
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These experimental results are compared with the numerical analysis considering elasto-
viscoplastic material behavior with large strains.

The mesh used for the numerical analysis is a rectangular membrane presented in figure
2. This mesh has 441 nodes and 400 quadrilateral linear elements. In figure 2 are presented
the boundary conditions and the applied loads for this model. The material properties
are presented in table 1. The von Mises yield criteria is used in the elasto-viscoplastic
model.

The analysis is carried out with the load control.

25
0m

m

250mm

Fy

Fx

x

y

Figure 2: Mesh, geometry and boundary conditions for the biaxial test

Table 1: Material properties of ETFE–foils

Young’s modulus (E) 1000MPa
Poisson ratio (ν) 0.43
Yield stress (σy1) 8.5MPa

Hardening modulus (K1) 90MPa

As the temperature increases, the viscosity (µ) increases and the rate sensitivity (ϵ)
decreases. The values used in the present analysis are shown in table 2

8
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Table 2: Viscosity and rate sensitivity values for ETFE

Temperature (◦C) Viscosity (s) Rate sensitivity
0 500 10.2
23 1000 2.2
35 2000 0.2

3.1 Results

The results comparing the experimental tests and the numerical analysis are shown in
figure 3. These figures show the results for both axis of the biaxial analysis.

(a) 35◦C (b) 23◦C

(c) 0◦C

Figure 3: Stress versus strain results for different temperature values.

4 Conclusions

Experimental tests show the dependency of mechanical properties of ETFE with tem-
perature. The strain rate dependence is also observed for ETFE. These characteristics are
found in a material with elasto-viscoplastic behavior. In this work an elasto-viscoplastic

9
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material model was implemented in a finite element research software. An example com-
paring the experimental tests with numerical analysis was performed. The results show
good agreement with the experimental results. We conclude that this material model is
a good alternative to model ETFE–Foils considering temperature change.
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Summary. ETFE (ethylene tetrafluoroethylene) cushion roof integrated amorphous silicon 
photovoltaic (PV-ETFE cushion roof) is attractive as this roof could provide electricity for 
maintaining the shape of the ETFE cushion and make the building to be zero-energy. One of 
the essential factors for this cushion roof is the temperature which affects the system thermal 
performance. To investigate the temperature and velocity fields inside the PV-ETFE cushion, 
an experimental mock-up composed of a three-layer ETFE cushion and a-Si PV is developed 
and experiments for obtaining the temperatures of the cushion roof are carried out under 
summer sunny conditions. These experimental results could provide the boundary condition 
for the numerical simulation and for the numerical verification. In this paper, estimation of the 
temperature field inside the ETFE cushion is performed with the FLUENT and the numerical 
temperature is compared with the experimental air temperature obtained at the same location. 
The comparison shows that the maximum difference between the experimental and numerical 
temperature results is only 3.4 K, which means that the feasibility of the numerical simulation 
is validated. In detail, for the temperature distribution, it is found that the existence of the PV 
has a significant effect on the temperature field and that heat transfer mechanisms for the 
upper and lower chambers formed with the three ETFE layers are the convective and 
conduction, respectively. For the velocity distribution, the vertical velocity is much greater 
than the horizontal velocity due to the convective effect. 

 
 
1 INTRODUCTION 

Thermal performance in enclosed building facades or roofs is indispensable for 
understanding airflow patterns and obtaining high quality building performance from the 
viewpoint of heat transfer [1]. In this case, the requirement of the thermal performances to 
solve building physical problems has attracted considerable attention in recent decades due to 
the rapid development of the building structures [2] and the application of building integrated 
photovoltaic (BIPV) [3]. For these reasons, many researchers have focused on evaluating 
building thermal performances on different building types, such as the conventional and new 
buildings types.  

For conventional buildings, main attention is paid to the facades and horizontal enclosures. 
Popa et al. estimated the velocity fields of a double-skin window in terms of the aspect ratio 
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and Rayleigh number on the structure of the flow and concluded that a recirculation zone was 
always observed at the exit of the channel [4]. von Grabe extended the study with a simulation 
algorithm to investigate the flow and temperature, and suggested that the flow conditions in a 
double facade were turbulent and the increase of air temperature was greater near the heat 
sources [5]. Murakami et al. presented a 3-D simulation of 3 different rooms and concluded 
that k-ε model could accurately predict the airflow in enclosed square rooms [6]. It could 
provide feasible methods and basic understanding for estimating thermal performance of new 
building types. 

In recent decades, the building types have changed as the requirements of the energy saving 
and new building types have emerged with the development of materials and structure types 
[7, 8]. Typical structures are the membrane structure [9, 10], high performance concrete 
structure [11] and long-span steel structure [12]. Due to the material properties and building 
requirements, thermal performance of these structures is not well understood, especially for 
membrane structures. The membrane structure is commonly built with new membrane 
materials, for example ethylene tetrafluoroethylene (ETFE) [2]. The shape of ETFE structure 
is formed as the cushion with two or more ETFE layers welded at the perimeter and inflated 
by overpressure [9]. The light-transmittance of the ETFE is more than 90% and the cushion 
roof could have the potential to store heat due to the airtight capacity. Therefore, the ETFE 
cushion roofs are suitable for the green-house and stadium where adequate light and good 
thermal performance are necessary. As thermal performance is indispensable for evaluating 
building environment and performances, it is meaningful to investigate the performance for 
ETFE cushion roofs. For two-layer ETFE cushion roof, Poirazis et al. presented an energy 
model to estimate energy transmission and consumption for building applications [13]. 
Antretter et al. utilized a CFD method to access the temperature and velocity field in terms of 
temperature difference and inclinations [14]. These methods with reasonable modifications 
could be utilized to identify thermal performances of new types of ETFE cushions. In recent 
research, a three-layer ETFE cushion integrated amorphous silicon photovoltaic (a-Si PV) 
was proposed [3, 15-17]. It could solve the problem inherited in this structure that the 
maintenance of the cushion shape needs additional energy compared with other conventional 
buildings. Therefore, thermal performances of ETFE cushion roof integrated a-Si PV are 
significant but unavailable in the literature. 

This paper investigates thermal performance of the three-layer ETFE cushion integrated a-
Si PV with experiment and simulation. An experimental mock-up was built and corresponding 
temperatures on the cushion were obtained to provide the real boundary conditions for the 
numerical model and to validate the numerical results. The CFD method to simulate 
temperature and velocity fields inside the cushion was employed with specific changes to 
consider the a-Si PV and cushion roof. It is found that the experimental temperature was in 
good agreement with the corresponding location of numerical temperature. Therefore, the 
numerical results were justified and could be used to analyze the airflow characteristics. 
Finally, typical temperature characteristics and important values of thermal performances 
were summarized in the conclusions.  

 
1. EXPERIMENTATION 
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1.1. Design considerations  
For the integration, the a-Si PV horizontally integrated on the surface of the middle-layer of 

the three-layer ETFE cushion is based on the following considerations compared with two-
layer ETFE cushions integrated a-Si PV [15]: Provide output electricity for system utilization 
and a way of collecting thermal energy; avoid the effects of weather conditions (wind and rain) 
on the PV and high PV temperature on structural ETFE layers (i.e. top and bottom layer). 
These characteristics of the PV-ETFE cushion roof mean that advantages of a-Si PV 
correspond well with the demands of ETFE cushion and the three-layer ETFE cushion is an 
appropriate way for the integration. 
1.2. Experimental mock-up 

An experimental mockup consists of an ETFE cushion roof, a solar energy control system 
(SECS) and a pressure control system (PCS), shown in Fig. 1. The working principle of the 
system is that the SECS provides electricity for the PCS to inflate the horizontally placed 
cushion to form and maintain its designed shape. The working principles of the subsystems 
are summarized as follows[15]. 

Table 1 Equipment specifications of the experimental mock-up. 
Equipment Type Voltage/V Current/A Power/W 

a-Si PV PVL68 16.5 4.1 68a 
Solar controller EPIPC-COM 24 20 - b 
Pressure sensor KQ-SPB2088 24 20c 0.5 

PLC PM564-T 24 5 - 
Blower G1G160-BH29-52 24 5.8 105 

Solenoid valve ZQDF-1 24 - 20 
a The unit of the power of a-Si PV is Wh. 
b This symbol means that this parameter is not available from the Instructions. 
c The unit of the current of pressure sensor is mA. 
 The ETFE cushion roof, composed of a three-layer ETFE cushion, aluminum clamps 
and EPDM (ethylene-propylene-diene monomer) rubber. The three-layer ETFE cushion with 
the dimensions of 2000 mm wide, 4000 mm long and 250 mm rise in the middle of the 
cushion is placed horizontally. On its middle layer, 100 mm holes are designed along the 
center line to make the same pressure of the two chambers formed by the three layers. 
Aluminum clamps and EPDM rubber are utilized to keep the airtight of the cushion. 
 The solar energy control system (SECS) is composed of a solar controller, two 394 
mm×3000 mm a-Si PV panels. In this subsystem the solar controller plays the key role in 
energy management.  
 The pressure control system (PCS) include a pressure sensor, a programmable logic 
controller (PLC), a blower and solenoid valves. In this subsystem a pressure range of 240-360 
Pa in the ETFE cushion is set and controlled by the PLC.  

According to the system requirements, the equipment and device are listed in Table 1. The 
corresponding theoretical diagram and experimental mock-up are shown in Fig. 1. 

An experiment was carried out on 15th August in 2012 under summer sunny condition. The 
reasons for selecting this weather condition are that the solar irradiance on rainy and cloudy 
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days is low and that the solar irradiance on sunny days is strong and typical for evaluating the 
maximum thermal performances of the ETFE cushion roof integrated a-Si PV.  

 
Fig. 1 Schematic diagram and experimental photo of the experimental mock-up 

1.3. Experimental results 
The measured data are the solar irradiance and the temperatures of the a-Si PV, top layer, 

middle layer, bottom layer and air inside the cushion. All data are shown in Fig. 2 with the 
time interval of an hour. The selection of the time period of 11:30-12:30 under summer sunny 
condition is because the weather condition was approximately stable, which is the 
requirement of the assumed steady state presented in the simulation. This is justified by the 
solar irradiance curve as its maximum fluctuation was only 30 W/m2 and the ratio of this 
fluctuation to the solar irradiance was less than 1/30. 

From Fig. 2, the a-Si PV temperature due to the photothermal effect was much greater than 
other temperatures. It is the main difference between cushions integrated a-Si PV and 
conventional cushions and needs to be considered to evaluate the thermal performances of the 
ETFE cushion roof. The temperature sequence of the three layers was the middle layer, top 
layer and bottom layer within this time period. The reasons are as follows:  
 The middle layer was affected by two main factors, i.e. solar irradiance and air 
temperature inside the cushion. In detail, the solar irradiance can be almost the same as 
outside since the transmittance of the ETFE is more than 90% (see Table 2). Meanwhile, the 
heated air could reduce the convection of the middle layer. Therefore, the temperature of 
the middle layer was the highest.  
 For the top layer, the solar irradiance on the external surface was almost the same as 
the middle layer and the air inside the cushion can prevent the convection to the internal 
surface. However, wind on external surface could accelerate external surface convection. 
Therefore, the temperature of the top layer was lower than that of the middle layer.  
 For the bottom layer, the solar irradiance reaching the surface was reduced by the two 
layers and absorbed by the a-Si PV. Moreover, the wind on the external surface could also 
accelerate the convection. As a result, the temperature was the lowest. 
The air temperature inside the cushion was found to be within the range of the top and 

middle layers. This is plausible as the measured location was between these two layers. In fact, 
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the air temperature inside the cushion is the main focus of this experimental verification since 
this temperature is used for comparison with numerical results.  

As this subsection focuses on the temperature characteristics, the temperature value and the 
comparisons with the numerical results are summarized and presented in the following 
sections. 
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Fig. 2 Measures temperatures varying with the solar irradiance 

2. NUMERICAL MODELING 
2.1. Physical model setup 

A simplified but appropriate model could produce reasonable numerical results compared 
with experimental results. The simplicity needs to eliminate the complexity and unnecessary 
parts but include typical building characteristics. Meanwhile, the appropriate treatment of the 
numerical model could reproduce main profiles and values obtained from experimental results. 
Therefore, special attention needs to be paid to the ETFE material and cushion type as the 
thermal properties of ETFE are not available in numerical software and temperature boundary 
conditions of the three-layer ETFE cushion are complex. 

In this study, the thermal performance of the cushion is the main purpose and a two 
dimensional (2-D) model (see Fig. 3) was established as investigation on thermal 
performances of the ETFE cushion integrated a-Si PV is unavailable. The width and the rise 
of the cushion were set to be 2000 mm and 250 mm which were the real geometries of the 
cushion roof. Two PVs with the width of 394 mm were symmetrically distributed on the 
surface of the middle layer. A distance of 100 mm was applied in the center of the middle 
layer to simulate the holes which were utilized to guarantee the equal pressure between the 
upper and lower chambers. In this paper, the numerical simulation was performed under 
summer sunny condition which represented the maximum condition for evaluating the 
thermal performances of the cushion roof. 
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Fig. 3 Two dimensional (2-D) numerical model of the three-layer ETFE cushion roof integrated a-Si PV 

 
2.2. Governing equations 

As stated previously, the physical model in this study is 2-D of the three-layer ETFE 
cushion integrated a-Si PV. To estimate the thermal performances effectively, the governing 
equations need to consider the following assumptions and approximations.  

The PV is simplified to be the temperature and heat flux as this study intends to obtain the 
thermal profiles of the ETFE cushion; Steady state flow inside the cushion; this is verified 
under sunny days with approximately stable solar irradiance; Turbulence flow pattern; it is 
plausible under the consideration of the high temperature and curved surface [14]; Boundary 
conditions are directly applied to the surface to simplify the interactions between the cushion 
roof and surroundings; The radiation model is chosen to be the P1 model because the P1 
model belongs to the spherical harmonics method used to solve the radiative transfer equation 
(RTE) [18]; All properties are assumed to be constant except that the effect of density 
variation on buoyancy is retained with the Boussinesq approximation [19].  

Therefore, the 2-D steady state, incompressible turbulent flow model is employed in this 
study and the governing equations are as follows [20]. 
Continuity 

 0u v
x y
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Y-momentum 
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where u  and v are the velocities in x and y directions. p  and   are the pressure and air 
density. t  and ct  are the temperatures of air and bottom layer.  ,  , g , k  and pc  are the 
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dynamic viscosity, volumetric expansion coefficient, gravity acceleration, thermal 
conductivity and specific heat (see Table 3). 
2.3. Boundary conditions 

The boundary conditions play an important role for the field distribution in enclosed spaces. 
Appropriate simplification could facilitate simulations and obtain reasonable results. In this 
study, the boundary conditions are simplified with the following considerations. 
 Surface shape. Abanto et al. showed that the surface shape affected the field 
distribution significantly [21]. This means that the utilization of the two plates to replace the 
two-layer ETFE cushion is not sufficient to get the accurate results [22]. Therefore, the 
curved surface is employed and the boundary conditions are directly applied on the surface 
because the simulation is used to obtain the field distribution.  
 PV temperature is simplified as the temperature with the heat flux. The temperature is 
the experimental results and the heat flux is obtained from [23]. Moreover, temperatures on 
the middle layer and the air inside the cushion are also based on experimental results.  
 Thermal properties; these parameters in Table 2 are validated by available simulations 
[14, 22] or supplied by the supplier [24]. 

 
Table 2 Main physical and thermal properties of ETFE 

Parameter Unit Value 
Light transmission % 90-97 
Use temperature oC -200 to 150 

Thermal conductivity W/(mK) 0.16 
Heat capacity J/(kgK) 2303 

 
Table 3 Parameter values for the governing equations 

Parameter Unit Value 
β 1/K 3.0×10-3 
ν m2/s 1.7×10-5 
α m2/s 1.9×10-5 

k W/(mK) 2.7×10-2 

cp kJ/(kgK) 1.005 

g m/s2 9.81 

 
2.4. Numerical methods 

Eqs. (1)-(4) are discretized using staggered, non-uniform control volume. The velocity 
components are defined at the center of the mesh edge and scalar qualities are set in the center 
of the mesh. For the momentum equations, the centered difference scheme is adopted for the 
convective term. The QUICK (quadratic upstream interpolation for convective kinematics) is 
used to remove the oscillation caused by the numerical instability [25]. As the velocities are 
coupled with the pressure, the SIMPLE (semi-implicit method pressure linked equation) 
algorithm is suggested by Patankar [26]. The discretization of the pressure correction 
equations results in a set of equations with symmetrical coefficient matrix which is solved by 
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the conjugate gradient method [27]. To ensure the convergence of the numerical algorithm, 
the following criterion is applied to all dependent variables over the solution domain [19]. 

 1 3
, , 10m m

i j i j       (5) 

where  represents a dependent variable of U, V, P and T. The indexes i, j indicate a grid point 
and the index m donates the current iteration at the finest grid level. 

On the basis of these settings, the simulations are performed with the software FLUENT 
and conducted until the converged solutions are obtained.  
2.5. Numerical results 

The estimation of the thermal performances in horizontal space mainly needs the 
temperature and velocity fields. These parameters could reveal a basic understanding of the 
heat transfer mechanisms, including convective, conduction and radiation as well as the 
interactions between them. The numerical results could help to understand the dependency of 
the transport mechanisms. For these reasons, this subsection analyzes the above mentioned 
parameters in the three-layer ETFE cushion roof integrated a-Si PV. 
2.5.1. Temperature field 

Temperature difference resulting from that the gravity counteracts the buoyancy forces are 
the driving forces for the natural convection. Therefore, the main focus in this subsection is to 
understand the airflow pattern with reasonable explanations. 

The temperature distribution in the three-layer ETFE cushion is shown in Fig. 4, which is 
expressed in filled isotherm pattern. The main characteristic is that a significant temperature 
gradient existed and decreased dramatically with the distance from the PV. This means that 
the existence of the PV greatly changed the temperature field inside the cushions to be 
complex. To understand the complexity based on the conclusion that the temperature 
difference has a significant effect on the temperature distribution [28], the temperature 
analysis needs to consider the temperature differences in the upper and lower chambers. 

 
Fig. 4 Temperature distribution inside the three-layer ETFE cushion roof 

It is found that the temperature difference between the PV and the top layer was positive, 
which is the reason to generate the natural convection. As shown in Fig. 4, the maximum 
temperature was 339.8 K at x=557 mm where the distance between the center of the a-Si PV 
and the top layer is the minimum. However, this location is not the summit of the ETFE 
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cushion (x=1000 mm; T=336.9 K), which means that structural analysis needs to consider the 
maximum temperature for appropriately understanding structural performances. 

The temperature in the lower chamber was not as significant as that in the upper chamber 
since the difference between the bottom layer and the PV was negative. In this case, the main 
transport mechanism could be conduction which was not as strong as the convective effect 
[14]. As the main transport mechanism was the conduction, another interesting observation is 
that the lowest temperature was near the corner of the lower chamber. The reasons are that the 
effect of the PV on the temperature decreased with the distance and the air in the lower 
chamber was less mixed because of the conduction. These two effects might get balanced at 
the corner of the cushion, resulting in the minimum temperature. 

The above temperature characteristics are useful to understand the transport mechanisms 
inside the cushion. 
2.5.2. Velocity filed 

The velocity is composed of components in x and y directions. The x velocity is resulting 
from the circulating of the air in the cushion caused by the natural convection. In detail, the 
air near the PV obtains energy and rises as the temperature gets high. This rising temperature 
drives the upper air to move and the area from the rising air is filled with the surrounding low 
temperature. These effects form the air circulation where the energy transmission exists. 

The y velocity is shown in Fig. 5. It is found that the velocity distribution was a little more 
uniform in the upper chamber than that in the lower chamber, resulting in smaller temperature 
gradient. For the velocity magnitude, the maximum velocity was around the PV and the 
minimum was in the lower chamber. The x velocity was the secondary velocity as the 
maximum velocities in y and x direction were 2.60×10-3 and 1.35×10-3 m/s, respectively. 

The velocity profile explains the temperature distribution from another perspective. 
Moreover, it gives the basic understanding of the air inside the cushion and is useful for 
further 3-D simulation. 

 
Fig. 5 Velocity distribution in y-direction inside the three-layer ETFE cushion roof 

 
2.6. Discussions 

The experimental results show that the air temperature inside the ETFE cushion was stable 
within the selected time period and the average temperature was 334 K. On the other side, the 
numerical result of the temperature at the same location was 337.4 K. The ratio of the 
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temperature difference to the measured temperature was only 5.5%, which justifies that the 
numerical models with the mentioned assumptions are reasonable.  
 
3. CONCLUSIONS 

This paper concerns thermal performances of the three-layer ETFE cushion roof integrated 
a-Si PV, such as the temperature distribution and velocity distribution. To investigate these 
thermal performances, field experiments and numerical modeling with real boundary 
conditions were performed and compared in this paper. 

The experimental results show that the temperature sequence of the three layers was the 
middle, top and bottom layer and that the PV temperature was 353.8 K. This gives evidence 
that the PV has a significant effect on the temperature distribution. The experimental 
temperature was in good agreement with the corresponding location of numerical temperature 
since the maximum temperature difference was only 3.4 K. Therefore, the numerical results 
were justified and then used to analyze the flow characteristics. In detail, it is found that the 
main transport mechanisms in the upper and lower chambers formed by the three layers were 
the convection and conduction, respectively. The maximum temperature near the surface of 
the cushion was 339.8 K at the location of x=557 mm where the distance between the center 
of the a-Si PV and the top layer was the minimum. Moreover, the vertical velocity was greater 
than horizontal velocity due to the convective effect.  
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Summary: This paper presents a study to investigate the summer thermal environment of 
an atrium enclosed with an ETFE cushion envelope using field measurement and simulation. 
Continuous monitoring was conducted from May 2014 to July 2014 covering sunny and 
overcast days and nights. Results of the study also examine general thermal performance of 
ETFE foil cushion envelopes. Measurements of the indoor thermal environmental parameters 
were conducted at different vertical levels and horizontal positions in the atrium and the 
recorded data represent the internal conditions with and without operation of the HVAC 
system, with variable occupancy. The effects of solar transmission, external ambient air 
temperatures, humidity and surface temperatures of the ETFE cushion on internal air 
temperatures, mean radiant temperatures and humidity at different levels of the atria are 
discussed. Impact of solar transmission, air temperature and humidity on user thermal 
comfort is also assessed. Results obtained from on-site monitoring are compared with those 
from a predictive model using the dynamic environmental simulation tool TAS.   

Result of the monitoring showed the following: 
• Relatively stable thermal conditions at ground floor level  
• Daytime accumulation of a reservoir of warm air immediately below the ETFE 

cushion with pronounced thermal stratification.  
• Negative stratification at upper levels of the atrium at night  
• Rapid change of external and internal ETFE-foil surface temperature according to 

solar insolation levels 
• High insolation and high ETFE surface temperature may adversely affect user thermal 
comfort in particular at higher levels of the atrium. 
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1 INTRODUCTION 

Ethylene-tetra-fluoro-ethylene (ETFE) is a synthetic fluoropolymer that has been used 
commercially since the 1970s. The first large-scale use of extruded ETFE foil in inflated 
cushions was for the roof of the Mangrove Hall at Burgers’ Zoo, in Arnhem, The Netherlands, 
constructed in 1982 [2]. There has been subsequent development of its material properties, 
technology and installation systems leading to its wider application in buildings as substitute 
for glass where high translucency, low structural weight and complex shape is essential [1]. 
Application of ETFE foil in building envelopes not only reduces overall weight of the 
building components but also reduces embodied energy by reducing the quantity of materials 
used and the size and complexity of supporting structures in comparison to glass [3,4]. 
Integration of ETFE foil in building envelopes allows flexible building geometry, reduces 
fragility whilst providing good access to daylight and solar radiation.  

Similar to any other transparent construction material (e.g. glass) solar radiation 
penetration through a transparent (or translucent) ETFE foil cushion envelope has an impact 
on the thermal environment it encloses – positive or negative - by means of its continuous 
interaction with the external environment. In order to better understand and accurately predict 
thermal environments in such enclosures continuous field monitoring of a double-layer ETFE 
foil cushion covered 625m2 atrium has been carried out since December 2013. A discussion of 
earlier results can be found in [5] and [6]. Data collected in May, June and July 2014 are 
analysed, discussed and compared with simulated behaviour here. 

 

2 DESCRIPTION OF ON-SITE MONITORING 
The main building of the Nottingham High School is of three-storeys built in 1860. Its 

central courtyard, previously used as car parking space, was modified and enclosed during the 
summer of 2009 to form a three-storey high atrium. This atrium is generally used as a dining 
hall on the ground floor, a café bar on the first floor and a study area on the second floor. The 
atrium roof, shown in Figure 1, consists of 25 ETFE-foil cushions formed using a fritted top 
layer and transparent bottom layer of 200µm thick foils covered by a white rain noise 
suppression mesh. These are fixed within aluminium framing and supported by tubular steel 
trusses and columns below.   Small high windows on the west façade of the atrium are the 
only means of natural ventilation.  These are controlled by the BMS and operate in 
conjunction with dampers located on top of entrance doors on the north and south sides of the 
atrium.   

Results obtained during the months of May, June and July 2014 analysed and discussed 
here. Specific primarily overcast days (and nights) and primarily sunny days (and nights) are 
highlighted. Days with the maximum and minimum total horizontal solar radiation are 
considered as sunny and overcast days respectively.  
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Table 1: Description of sensors 

Measurement  Sensor type 
Air temperature and ETFE foil 

surface temperature 
𝜙𝜙0.1 mm K-type thermocouple 

connected to dataTaker DT 85 or 
dataTaker DT 80 data logger 

Total horizontal solar radiation 
(internal & external) 

Kipp & Zonen CMP3 Pyranometer 
(spectral range: 0.3-2.8μm) 

connected to dataTaker DT 85 or 
dataTaker DT 80 data logger 

Relative Humidity  Tinytag Plus 2 temperature and 
humidity sensor 

Mean radiant temperature 𝜙𝜙0.1 mm K-type thermocouple 
placed in black globe and connected 
to dataTaker DT 85 or dataTaker DT 

80 data logger 
 
 
In-situ recording of environmental parameters included internal and external incident solar 

radiation, internal and external relative humidity, outdoor ambient temperature, and air 
temperatures at different vertical and horizontal positions in the atrium, external surface 
temperature of an ETFE cushion and internal surface temperature of two different cushions 
located on the north-east and south-west parts of the roof. Sensors were as listed in Table 1.  

Local weather data was collected from an on-site weather station, located on an adjacent 
school building roof. The screened thermocouples were connected to DataTaker DT 80 and 
DT 85 data loggers set to continuously recorded diurnal variations of air temperature at 
various levels in the atrium and cushion surface temperature at 1 minute intervals. For 
analysis, data recorded at 5 minute intervals were extracted. A thermocouple placed inside a 
black globe was used to measure mean radiant temperature. During monitoring 𝜙𝜙0.1 mm K-
type thermocouples (screened) were successfully taped to the ETFE foil surface despite its 
non-adherent characteristics.  The accuracy of surface temperature measurements was 
validated using thermal imaging. 

 
Table 2: Location and sensor ID of solar radiation and temperature sensors 

Sensor ID Location 
TSi 1(a)_NH Occupied level 1 (Ground floor ) 
TSi 2 (a)_NH Occupied level  2 (First floor) 
TSi 3 (a)_NH Occupied level 3 (Second floor) 
TSi 4 (a)_NH Internal Temperature adjacent to ETFE  

Ts Loc 1 External foil surface temperature of  
Ts Loc 4 Internal foil surface temperature of  

OAT External ambient temperature 
ExIR Incident solar radiation 
InIR Transmitted solar radiation  
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Figure 1: ETFE cushion roof - external (left) and internal (right) 

3 RESULTS AND DISCUSSION 
Results obtained during the early summer of 2014 (May, June July) under different sky 

conditions affecting the internal thermal environment of the atrium are discussed in this 
section. For analysis of the atrium’s internal thermal environment, days were selected when 
maximum and minimum total solar radiation was observed, being taken as representative of 
sunny and overcast sky conditions respectively.   

 

3.1 Monitored thermal environment of the atrium  
 
Figures 2, 3 and 4 present air temperature throughout the day for the three occupied levels 

in the atrium and adjacent to ETFE cushion roof, outdoor ambient temperature, ETFE cushion 
surface temperature (internal and external), and incident and transmitted solar radiation for 
two warm sunny days (25th May and 26th June 2014) and an overcast day (28th May 2014). 
The school was occupied on 26th June 2014 so the impact of the HVAC system has to be 
considered. However the HVAC system was not operating on 25th May 2014 (a school 
holiday period) or 28th May 2014 (a weekend). Table 3 presents air temperature range, 
standard deviation and average air temperatures for the full studied period. 

From Figures 2, 3 and 4 it can be seen that at the ground floor (occupied level 1) the air 
temperature was relatively stable (+/-) 2~3°C and little influenced by outdoor weather 
conditions. This can be explained by the thermal inertia of the atrium walls and floors, 
possibly influenced by operation of the HVAC system. The relatively low standard deviation 
observed for occupied level 1 during the entire studied period presented in Table 3 also 
indicates the stability of air temperature. Day time air temperature of this occupied level was 
3°C~4°C lower than that of occupied level 3 in June and July. Maximum deviation, 11.32°C, 
was found between TSi 4 (a)_NH (temperature adjacent to the ETFE cushion roof) and TSi 1 
(a)_NH (occupied level 1) recorded in the afternoon on the 26th June 2014. Whereas the 
maximum temperature difference for occupied level 1, 11.3°C warmer than the outdoor 
ambient temperature, was observed on 25th May 2014 during a clear night. Occupied level 2 
was more affected by outdoor weather conditions with air temperature 1°C -2°C higher than 
that of occupied level 1, with a maximum recorded temperature of 26.6°C, 2.9°C higher than 
occupied level 1, observed during the afternoon on 26th June 2014. Larger sky view factor, 
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proximity to the translucent ETFE cushion roof and radiant heat from solar radiation affects 
the air temperature of occupied level 3 significantly. Among the different occupied levels the 
highest temperature, 27.8 °C, was recorded in occupied level 3 (5.4°C higher than coincident 
outdoor ambient) on the 26th June 2014. The greater standard deviation also pointed towards 
the larger variation of temperature range in this occupied level compared to occupied level 1 
and 2 throughout the studied period, specifically on clear sunny days. It was also noticeable 
that in the presence of cloud cover and moving clouds the thermal environment in the upper 
atrium space reacts rapidly according to the variation of the sky conditions. This was more 
apparent in the clear sky condition observed in 25th May 2014 (Figure 4). 

 
Table 3: Recorded air temperature range, standard deviation and average air temperature within the 

atrium during May, June and July 2014. 

Month May  June July 
Sky condition Sunny Overcast Sunny Overcast Sunny Overcast 
Unit °C °C °C °C °C °C 
Air temperature 
range of occupied 
level 1 

18.8-21.8 17.1-20.43 22.08-23.96 21.34-22.6 20-22.9 20.3-23.3 

Standard deviation of 
air temperature 
(occupied level 1) 

0.81 1.13 0.54 0.33 0.94 0.76 

Average 
air temperature 
(occupied level 1) 

20.91 19.26 22.9 22.03 21.37 21.98 

Air temperature 
range of occupied 
level 2 

20.41-23.4 19.62-21.55 22.3-26.62 21.4-24.2 21.9-25.2 23.23-24.8 

Standard deviation of 
air temperature 
(occupied level 2) 

0.84 0.63 1.17 0.7 1.03 0.4 

Average 
air temperature 
(occupied level 2) 

21.59 20.5 23.8 22.62 23.42 23.9 

Air temperature 
range of occupied 
level 3 

20.14-
24.73 

19.10-20.9 22.04-27.8 21.4-24.7 21.75-25.6 23.48-26.6 

Standard deviation of 
air temperature 
(occupied level 3) 

1.29 0.6 1.6 0.9 1.27 0.6 

Average 
air temperature 
(occupied level 3) 

21.53 19.9 24 22.59 23.27 24.5 

 
During typical overcast days, 28th May, 3rd June and 19th July 2014, in the absence of direct 

solar radiation the observed air temperature of occupied level 3 was relatively stable, 19-
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21°C, 21-23°C, 24-26°C respectively. Figure 5 illustrates the percentage time that the atrium 
air temperature at each level is within specified ranges (17-26°C, 26-28°C, 28-32°C and over 
32°C) for the months of May, June and July 2014. From this figure it can be seen that in June 
and July 2014 for 3.5% and 7% of the time, respectively, the air temperature of occupied level 
3 was between 28°C and 32°C. This temperature range is significantly higher than the 
comfort range (18°C-26°C).   
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Figure 2: Recorded temperatures and solar radiation for atrium during a sunny day (26th June14) 
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Figure 3: Recorded temperatures and solar radiation for atrium during an overcast day (28th May14) 
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Figure 4: Recorded temperatures and solar radiation for atrium during a sunny day (25th May14) 
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Figure 5: Percentage of time atrium air temperature at each level is within specified ranges 17-26°C, 26-28°C, 

28-32°C and over 32°C for the months of May, June and July 2014 

3.2 Surface temperature of ETFE foil  
In the presence of cloud cover (see Figure 3) the surface temperature of the external foil 

layer remained close to the outdoor ambient temperature whereas that of the internal foil layer 
followed approximately the average of adjacent internal air (occupied level 3) and external 
ambient values. Daytime internal foil surface temperature was on average 7.5°C lower than 
that of occupied level 3 and 4.5°C above outdoor ambient temperature but the external foil 
surface temperature stayed within +/-0.6 °C of outdoor ambient temperature. During the 
overcast night (Figure 3) the internal foil remained on average 3.9°C above outdoor ambient 
temperature. The external surface temperature coincided with outdoor ambient temperature 
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and approximately 8.3°C below the temperature of occupied level 3.  
Under clear sky conditions the ETFE foil surfaces demonstrated more extreme temperature 

variation influenced by both direct solar radiation and long-wave radiation. At night foil 
temperatures showed similar behaviour to the overcast sky condition. However, shortly after 
sunrise, in particular on the 26th June 2014 when there was more intense insolation early in 
the day, both foils exhibited a more rapid rise in temperature than either the external air or the 
internal air adjacent to the cushion in occupied level 3. During the middle of the day the 
internal and external foil surface temperatures tended to converge, with changes in 
temperature of both generally following the solar radiation intensity profile. In both Figure 2 
and Figure 4 it can be noted that, once the foil surface temperature exceeds that of the 
adjacent air in occupied level 3 the air at that level is heated rapidly forming a stable static 
layer above the cooler lower atrium levels and inhibiting natural convection. Once direct solar 
radiation moderated there was a rapid fall in surface temperature of both foils (on both 25th 
May and 26th June 2014) to resume the overcast sky/clear night condition with external 
surface temperature similar to (or even below) external ambient temperature.  

Diurnal distribution of minimum, average and maximum difference between ETFE foil 
surface and external air temperature and diurnal distribution of minimum, average and 
maximum difference between ETFE foil surface and occupied level 3 air temperature in 26th 
June 2014 is presented in Figure 6. 
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ETFE foil surface and occupied level 3 air temperature (TSi 3(a)_NH) (right) 26th June 14 

3.3 Simulation of thermal behaviour of atrium  
Some preliminary results have been generated using a simulation model developed using 

the dynamic simulation tool EDSLTAS (version 9.3.2) [7]. The actual site weather data 
collected on 26th June 2014 was used as input for the simulation. Boundary conditions of 
model were developed using the manufacturer’s data.  

Predicted temperatures at different occupied levels in the atrium have been compared with 
the measured air temperatures. These are presented in Figure 7 where it can be seen that the 
simulated daytime air temperature agrees reasonably with measured data for occupied levels 2 
and 3. However, the simulation appears to underestimate the daytime temperature at both the 
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ground floor (level 1) and immediately below the foil cushions – by up to 5°C. Night time 
temperatures at all four levels were generally underestimated by the simulation, by around 3 
to 4°C. An apparent time lag of around 2 hours can be noted for the increase in temperature of 
air at the underside of the cushion and the reason for this is currently under investigation. The 
model is presently being refined in order to predict the thermal environment of the atrium 
with a higher degree of accuracy.  
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Figure 7: Predicted and measured air temperature at different levels of the atrium (26th June 2014) 

4 Conclusions 
During clear sunny days significant variation of ETFE foil surface temperature relative to 

external ambient temperature was observed throughout the monitoring period from May to 
July 2014. These strong variations in the internal and external surface temperature of the 
ETFE foil roof coincide with strong positive temperature stratification in the atrium during 
the day and negative at night. In particular it was noted that the air temperature immediately 
below the cushions increased rapidly once the foil surface temperature exceeded that of the air 
and that a stable layer of hot air resulted.  

During the overcast day studied both ETFE foil layers were colder than the atrium for the 
full 24 hours. The thermal environment typically demonstrated a stable internal condition 
with relatively uniform temperature distribution. Because of low solar gain there was only a 
small temperature difference between external ambient air and external surface temperature, 
vertical stratification was found to be very weak during both day and night with an almost 
uniform temperature within the occupied levels. 

 Preliminary simulation of the thermal environment of the ETFE foil cushion covered 
enclosure was inconclusive, with reasonable agreement between predicted and actual 
temperature distribution for some levels at certain times of the day but poor agreement at 
other levels and times of the day. Refinement of the simulation model is ongoing.  
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Summary. The symbiosis of tensegrity and active bending was studied in an experimental 
structure called “Form Follows Tension”. This paper covers all aspects of the planning 
process, including design, analysis, simulation and method statement. 

 
Figure 1: Installation ‘Form Follows Tension’ by Sebastian Huth (photo: Matthias Kestel) 

1 INTRODUCTION 
Tensegrity structures – originally investigated by R. B. Fuller and K. Snelson in the 1960s 

– have since fascinated both engineers and artists. Frei Otto already studied the combination 
of membranes and tensegrity, and it was later declared a new principle, “Textegrity”, by 
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Meeß-Olsohn5. These hybrid structures show outstanding aesthetic qualities in their natural 
lightness and transparency. At the same time they offer efficient structural solutions by 
combining pure compression and tension elements.  

The last few years have brought an increasing research interest in the field of Bending-
Active Structures3, which, in a similar way, merge the design of form and structure. Beyond 
constructional advantages, this design principle allows for the utilization of residual bending 
stresses, which can improve the structural performance. 

The beauty of these principles – tensegrity, membranes and active bending – lies in their 
natural expression of form, resembling their inner stress distribution. The following case 
study aims to unite these principles in an aesthetic and structural symbiosis. 

 
Figure 2: Tensegrity-, textegrity- and ‘bending-activated tensegrity’- module 

2 PRELIMINARY DESIGN 
In the design studio, ‘Experimental Structures’, Sebastian Huth developed a modular 

structure comparable to the ‘tensegrity double layer grid prototype’ by R. Motro6. However, 
instead of pure compression, he introduced elastic elements. These ‘active-bending’-rods can 
take on the desired, curved shape, carry the compression and introduce tension to the cables 
and membranes inside the structure (Fig. 1). 

The basic module (Fig. 2) consists of two elastically bent spring-steels rods, which are 
positioned orthogonally, with their concave sides facing each other. A membrane is tied to 
their four outer points, while two cables connect the extremities of one arch to the center of 
the opposing arch7. The tensile stress inside the membranes and cables balances out and 
stabilizes the position of the steel rods. 

These modules are replicated in an orthogonal planar grid. The elastic rods form 
interwoven sinus curves that never touch. Every intersection is fixed by a membrane and two 
sets of cables. This creates a closed tensegrity system in which all stresses are at equilibrium. 

Huth built an installation consisting of 5 x 5 modules (Fig. 3) with nine inner modules, 
twelve edge modules and four corner modules. Inside the woven system, membranes and 
cables are attached tangentially to the bending rods, while along the edge, they are tied to the 
rods’ extremities. This results in an asymmetric geometry and a decrease in tensile stress and 
stability at the edge and corner modules. 
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Figure 3: Section of 5 x 5 system showing the asymmetric edge condition 

3 DESIGN DEVELOPMENT AND SCALE 
The installation was redeveloped at a larger scale consisting of 2 x 2 modules (Fig. 4, 5) 

with the overall dimensions of approx. 6 x 6 m. The module size was scaled up tenfold from 
approx. 40 cm to 4 m. This drastic increase in size allowed for a higher relative precision of 
fabrication and more reliable conclusions about the accuracy of the Finite Element Modelling 
(FEM) calculations. It was now possible to study the impact of self-weight and other material 
properties on the overall structural system. The tension forces and deflection could be 
accurately measured within the structure. The 2 x 2 system produces four identical corner 
modules. The arch-length and connection points were adjusted to create a point-symmetric 
suspension for the membranes. 

 
Figure 4: Section of 2 x 2 system with bending rod and couplings A-K 

However, the increase in size bound to cause negative effects on the structural behavior: 
- “[…] it was shown that the scaling of bending-active structures is dependent on the 

significance of dead load and the influence of residual stress on stability. As an 
important influence on the stability, it was shown that residual compression stresses 
are destabilizing [...] and tension stresses are stabilizing due to nonlinear stress-
stiffening effects.” 3 (Page 185) 
Due to the inherent compression of the tensegrity struts, and the close relationship of 
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self-weight and bending-shape, an increase in relative deflection was to be expected. 
- Each membrane is tensioned by two relatively flexible edge points. Thus, the tension 

is limited by the potential bending stresses inside those edge-rods. 
 

The following provisions were taken to respond to the effects of scaling: 
- To reduce the weight of the structure, glass-fiber reinforced plastic (GRP) rods, 

lightweight membranes (Type 1) 2 and polyester belts were chosen for construction.  
- The GRP-rods were assembled in bundles of three to enhance the cumulative moment 

of inertia (IY) and increase the pre-tension-force along the edges. 
- Each threefold parallel bundle was rigidly joined at regular intervals, like a Vierendeel 

girder. This limited their relative displacement and significantly increased their 
moment of inertia (IZ) in the horizontal direction. 

 
Figure 5: Bending-Activated Tensegrity system of 2 x 2 identical modules 

 

4 PROCEDURAL METHOD 
The new system requirements were verified in a physical model scaled 1:10. The following 

predefinitions for the FEM-calculations, fabrication and assembly were made (Figs. 4, 5): 
 
- Four linear, elastic bundles consisting of three parallel rods are prefabricated. The 
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bundles are 10.0 m long. They are numbered 1-4. 
- The bundles are coupled every 1.0 m to form potential connection points for the 

tension elements. The couplings are labeled alphabetically A-K. 
- The bundles are laid out to form a hash, overlapping at 90° degrees at D and H. 
- The bundles are connected with horizontal belts on top and bottom. Shortening the 

belts to a length of 1.9 m produces the preliminary S-shaped configuration. 
- At every intersection, the membranes are attached at the tangential points and 

extremities of the bundles (e.g. A1, K4, G1, E4). They are tensioned by releasing the 
horizontal belts to 2.0m. 

 
The exact form of the structure could not be obtained at this point. It is a result of the 

relation of stress between rods, membranes and belts, and is determined through the FEM-
simulation. 

To guarantee a symmetrical arrangement of belts and membranes, and a vertically planar 
bending curve for the GFK-bundles, the couplings D and H are devised moveable. They will 
be adjusted to the boundary conditions in the course of the simulation. The final position will 
be labeled D’ and H’. 

5 MATERIAL TESTS 
Several physical tests were performed throughout the planning process. The investigation 

covered the material properties of GRP rods, their behavior during failure and possible 
plasticization. The minimal bending radii of GRP-profiles were theoretically verified. 

 
Table 1: Table of material properties provided by Fibrolux 1 

          

5.1 Profile Types 
Fibrolux produces two types of GRP-Profiles: Type UD and Type MR 1 

Type UD (Uni-Directional) refers to a purely axial direction of fibers. Profiles of this type 
have a higher tensile strength. The fibers are protected only by a thin layer of resin. Because 
of this, they are vulnerable to outside influences and have a low lateral shear resistance. An 
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overload of bending stress causes an abrupt failure. In this case, the fibers burst and take on a 
flat and wide sectional shape.  

Type MR (Mat-Reinforced) refers to an axial direction of fibers, reinforced by a 
multidirectional perimeter mat. This mat acts as a protective layer and can absorb shear 
forces. In case of failure, the outer mat cracks and gives in slowly. Even though Type MR has 
weaker mechanical properties, it was chosen for construction to allow for more safety. 

5.2 Two-Point-Bending Test 
In the first test setup the GRP rods were hinged at a distance of 2.0 m inside an apparatus. 

By moving the restraints towards each other, pressure is applied to the GRP-profile, causing a 
controlled buckling. The critical buckling loads were compared with the FEM calculations. 
However, it turned out that under high loads, the resistance of the cable mechanism inside the 
apparatus caused an inaccurate load transfer. A qualitative evaluation did not follow. 

After applying bending stress for approx. one week, slight plastic deformation remained in 
the GRP rods. A reduction of residual bending stress can thus be expected for the long-term 
structural behavior.   

5.3 Three-Point-Bending Test 
In the second setup, the GRP rods were supported horizontally at distance of l = 1175 mm. 

A point load was applied at mid span via a belt and measured with an interposed tension 
scale. The deflection f and the point load P were measured and converted to the modulus of 
elasticity E. 
DI = inner diameter [mm]; DO = outer diameter [mm]; IY = Moment of inertia [mm4] 
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The values at low deformation ( f = 100 mm) were used for the calculations. At large 
deformations, the relative elongation of the rod axis leads to computational discrepancies. 

This test proved to be a consistent and cost-effective way to evaluate material properties 
without a calibrated test bench. However, inaccurate measurements of up to ±5 mm and ±1.0 
N have to be accounted for. 

 
Table 2: Results of the in house Three-Point-Bending Test 

Diameters  8 12 16 20 12|8 16|10 20|14 
M. o. inertia  IY mm3 201 1018 3217 7854 817 2726 5968 
Distance  l mm 1715 1715 1715 1715 1715 1715 1715 
Deflection  f mm 100 100 100 100 100 100 100 
Point load P N 5 33 86 111 37 54 117 
M. o. elasticity E N/mm2 ~23000 ~31000 ~26000 ~14000 ~41000 ~20000 ~20000 
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Figure 6: Bending-Activated Tensegrity system of 2 x 2 identical modules 

5.4 Four-Point-Bending Test 
The final tests were conducted at the “Centrum Baustoffe und Materialprüfung” to verify 

the property specifications. The GRP tube 20|14 Type MR was bent three times until failure 
using the “Biegebank CBM” (Fig. 6).8 

The material sample was placed between four roller bearings creating an outer span of 400 
mm and two symmetrical point loads at a distance of 125 mm. The time t, deflection f and the 
point loads P were recorded. The factors kб (bending stress) and kE (bending module of 
elasticity) represent the geometric conditions of this setup. 

From this data, the critical stress бmax and the modulus of elasticity E were calculated. The 
elasticity was determined in an approximtely linear stress range between 100 and 300 N/mm². 

 

DI = inner diameter [mm]; DO = outer diameter [mm]; W = section modulus [mm4] 
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Table 3: Results of Four-Point-Bending Test, CBM 8 

Diameter, trial  20|14, t1 20|14, t2 20|14, t3 
Deflection   fб = 100 mm 7.42 7.50 7.28 
Deflection   fб = 300 mm 21.11 20.87 19.89 
Load   Pб = 100 N 868.30 869.10 869.90 
Load   Pб = 300 N 2604.70 2608.00 2605.50 
Modulus of elasticity E N/mm2 21758 22322 23604 
Critical stress бmax N/mm2 461.0 386.2 422,2 
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When comparing the test results with the specifications, it appears probable that a safety 
factor (approx. 1.6) was added by the manufacturer. 

Specification:   бmax = 250 N/mm2 
Osterminski:  бmax ≈ 420 N/mm2 

 
The modulus of elasticity shows a slightly lower test result than the specifications: 

Specification:   E = 25000 N/mm2 

Osterminski:   E ≈ 22500 N/mm2 

In-house test:   E ≈ 20000 N/mm2 

 
The higher elasticity values of the manufacturer could originate from a different 

experimental setup, which did not guarantee unconstrained supports as described in the test 
setup. 

5.5 Analysis of Bending Radii 
A parallel theoretical study investigated the physical relationship between curvature κ and 

bending moment M of bar elements based on their bending stiffness E·I. The curvature can be 
described geometrically by the reciprocal value of the bending radius r. 
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This relationship was used to verify rods (and tubes) carrying only bending stress. If the 
maximum bending stress σR,max for their specific material is known, the minimum bending 
radius rmin can be deduced: 
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This calculation was used throughout the design process to quickly check bending curves 
and profiles for plausibility. It should be mentioned that the inherent compression is not being 
considered in this calculation. It also proved a practical challenge to accurately verify the 
minimum radius of a bent structure. A ‘geometrical safety’ was always taken into account. 

The allowable stress for the GRP tube (20|14, MR) was determined by using the test results 
and applying a safety factor of 2.0 (σR, max = 200 N/mm²). To determine the minimum bending 
radius rmin, the following specifications were used: 

 

E = 25000 N/mm², I = 5968 mm4 and W = 597 mm³ 
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The structure was designed with a minimum radius of approx. r = 1400 mm. 
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6 FROM-FINDING AND FINITE ELEMENT METHOD 
The process of form-finding and structural analysis was simulated in an uninterrupted 

mechanical description using a single modeling environment. This ensured that the structural 
substantial residual stresses could be traced throughout all stages of design.3 (Page 183) 

6.1 From-Finding 
In conventional membrane structures with almost rigid boundaries, the interaction between 

the membrane and the boundaries are often neglected. In this case study, the hybrid 
interaction between the membrane and GRP rods are so dominant that only a holistic FEM 
simulation could produce the accurate information for construction and workshop planning. 

The bending of the GRP rods creates internal residual stresses that are threefold important: 
They are essential for the verification of structural integrity, the determination of the 
membrane forces and for the final adjustment of the overall geometry. 

The GRP rods were simulated as isotropic material using the lowest tested modulus of 
elasticity, E = 20000 N/mm2.  

To achieve a precise overall geometry, various stress states and different tie points were 
analyzed and systematically optimized. Consequentially the connection point D was moved 
by 84 mm to the position of D’ creating minimal out-of-plane deflections of the beam 
elements and symmetrical horizontal loads in the membrane and cables. 

  
Figure 7: FEM model with stress evaluation 
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6.2 Structural Simulation 
Using the Stage Manager of the FEM Software Strand7® PACKAGE the following 

incremental approach was carried out: 
 
1. Simulation of bending by induced support displacement 
2. Incorporation of tension elements with simultaneous opening and relocation of 

supports 
3. Shortening of main tension elements 
4. Adjustment of pretension 
5. Incorporation of a membrane substitute cable net 
6. Adjustment of pretension in all tension elements 
7. Form-finding based on the shape of the membrane substitute cable net 
8. Replacement of the substitute cable net by membrane elements 
9. Final adjustment of pretension of the membrane and tension element 
10. Transfer of the final shape of patterning and cutting algorithms 

 
Evaluating the calculation results showed that the stress in the GRP elements were at a 

maximum of approx. 50% to the predefined limits of бmax ≈ 400 N/mm2. The maximum 
residual stresses are caused by the relatively small bending radii. The FEM analysis was 
verified by a radius-based hand calculation.  

The membrane material, which was calculated as an orthotropic shell element (without 
bending stiffness) is far away from its maximum capacity under the analyzed self-weight and 
pretensioned condition (Fig. 7). Very low wind loads were simulated in the structure. It was 
evident that in case of an outdoor installation, improvements of the stiffness are needed to 
reduce large deformations of the structure. 

The coupling of the three parallel GRP-tubes was simulated by rigid link elements. The 
real build coupling elements were verified in an outsourced sub model with their precise 
dimensions and the internal forces transferred from the overall model. 

6.3 Modal Analysis 
The modal analysis determines the dynamic behavior of a structure and allows the 

detection of the most deflectable parts. It is a typical method in mechanical and earthquake 
engineering, and is used to find an appropriate way of stiffening. 

The center points along the GRP-bundles showed large relative amplitudes at the first 
eigenform. They were connected by additional tension elements. As a result the structural 
stiffness was improved, which is equivalent to an increase of the first natural frequency. 

 
To further improve the form-finding analysis process for future projects, the programming 

API of Strand7 can be used to automate the activation and deactivation of elements and 
support. This would allow the inclusion of optimization strategies. 
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7 BUILDING ELEMENTS, CONNECTIONS AND MEMBRANES 
To allow repeated transportation and assembly, the exhibit was designed with reversible 

connection details and a maximum element dimension of 3.0 m. 

7.1 Building Elements 
The structure consists of the following building elements: 
- 4 GRP-bundles, including 11 couplings each 
- 18 tension belts 
- 4 membranes 

 
     Figure 8: Cutting the GRP tubes                                     Figure 9: Gluing the GRP slot joints 

 
Figure10: Coupling - aluminum plate with hose clamps and rubber interlayer 

7.2 Connections 
The GRP-bundles form the “skeleton” of the structure, to which all other elements connect. 

At the couplings, all three tubes are tightened to an aluminum plate by hose clamps. The rods 
are protected by a rubber interlayer. This increases the friction between aluminum and fiber. 

The couplings fulfill the following functions: 
- Every bundle consists of three parallel tubes. They are rigidly joined by the couplings 

at 1.0 m intervals to produce a higher lateral bending stiffness (Fig. 10). 
- The 10.0 m bundles are made up of 1.0 m, 2.0 m, and 3.0 m long tube elements. They 

are alternately slotted at every coupling. This slotted joint is designed as a reversible, 
rigid connection: 
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A 40 cm long GRP rod (14mm) is glued halfway into the end of one tube (Fig. 9). The 
projecting 20 cm rod is slotted into the subsequent tube. 

- The couplings form the connection points for the tension belts and membranes. The 
tensile force is transmitted to the GRP tubes through friction.  

7.3 Membranes 
The simulation of geometry and residual stresses provided the necessary information for 

the form-finding of the membranes. The connector coordinates, along with the tensile force at 
the connection straps were read from the FEM model. This information was sent to the 
membrane manufacturer who produced the cutting pattern. 

Two membrane materials were used: Membrane Type 1 (700g/m²) 3 and a PVC-coated 
mesh (approx. 600 g/m²). They were attached to the GRP tubes using polyester straps. Due to 
the high relative capacity of the membrane material, no additional edge strengthening was 
used. 

 
Figure11: Cutting and welding of the membranes 

8 ASSEMBLY AND SAFETY MEASURES 
As described in the procedural method, the bundles are laid out to form a hash and 

connected with the horizontal belts (Fig. 12). To avoid asymmetric construction stages, the 
shortening of the belts is carried out iteratively in steps of approx. 30 cm. Only after linking 
and tightening the membrane does the structure take its final shape. To stabilize the first 
eigenform (see 6.3 Modal Analysis) the centers of all four bundles are connected with two 
cross straps. The structure is supported vertically on its four low points. 
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There is a risk that the belt clamps break or are used incorrectly, causing a sudden and 
dangerous lash out of the GRP-bundles. All belts have therefore been equipped with a second 
safety clip which is continuously adjusted during the assembly. At their minimum bending 
radius, the GRP profiles are utilized at a maximum of 50%. In the unlikely event that one tube 
fails, the triple parallel arrangement will allow the deficit to be compensated by its 
neighboring tubes. 

 
Figure 12: Assembly of the GRP bundles 

 
Figure 13: Assembly test of the ‘bending-activated tensegrity’- structure  

 

9 CONCLUSION 
The structure "Form Follows Tension" combines the aesthetic and structural properties of 

tensegrity, membrane, and active-bending structures. This discrete structural type, "bending-
activated tensegrity", is characterized by a natural, stress-informed shape, hybrid structural 
action and lightness. 
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The material properties of GRP were verified based on several bending tests. The geometry 
and stress distribution of the elastic structure was calculated using FEM software. The 
construction system was designed with reversible joints and considering measures of 
redundancy for a smooth and safe assembly. The closed tensegrity system holds four 
membranes tensioned by the bending stress of GRP tubes (Fig. 13). 

In this type of structure the scale of the system plays a crucial role in the relationship 
between residual stress and weight. To enhance rigidity, the GRP bending rods were arranged 
parallel in sets of three, increasing the residual bending stress and creating an additional 
horizontal stiffness. For outside applications, further reduction of deformations under wind 
loads would be required. 

Further research will include studies on practical applications of this structural type as well 
as further investigations of the hybrid structural action between the membrane and elastic 
components. 
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Summary. This document describes the membrane concepts with formfinding, detailing and 
patterning of the membranes for three pavilions on the Expo 2015 in Milan. It describes the 
development of the membrane shape and details in order to allow a fast fabrication and 
installation. 

 
 
1 INTRODUCTION 

Expo projects are often made of structural membranes. There are different reasons for this. 
Certainly the most important reason is that membranes create spectacular eye-catching 
structures, that attract visitors from a distance. Another reason is cost and timing. Membrane 
structures have reasonable prices, but they are not the appropriate choice if the only reason is 
to save money. Due to the prefabrication process in the workshop, membranes come in large 
panels on site and can be installed quite fast. 

 
Figure 1: Expo site end of March 2015 
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2 CHINESE PAVILION EXPO15 MILAN 
The first time in the history of the Expo, China is present with an own pavilion. The 

exhibition „Land of Hope, Food for Life“ shows on 4600 square meters the agriculture of 
China, with traditional techniques and with future innovations. The project was leaded by a 
consortia of the Tsinghua University and the Beijing Qingshang Environmental & 
Architectural Design Institute. The shapes of the natural landscape has been combined with 
those of a City skyline. The flat membrane panels follow the shape of the roof. 

The project covers with 2585 m² of the high translucent membrane Hiraoka SA 1800 H 
membrane an area of 1860 m². 

The roof structure consists of 38 curved wood or steel rafters. The roof is covered between 
the rafters 2 and 35 with membrane panels. 

 
Figure 2: Primary structure 

An extruded aluminium profile is fixed on the rafters. The membrane is attached with a 
keder profile and covered with an aluminium strip. In the middle of the extrusion profile are 
two rails which allow to attach the bamboo frames sitting over the membrane layer. 

 
Figure 3: Extrusion profile  
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The membrane panels are strips spanning between 2 rafters and running form one end to 
the other end. The form was found from a flat strip, which got then its equilibrium under 
prestress and self weight which created very low sags. The sharp edges were formed with 
tubes under the membrane. Edges to the outside are pressing against the membrane, edges 
towards the inside have a pocket which is tensioning the membrane. In lower areas mesh 
membrane is inserted in the panels over a gutter to allow the drainage. 

Two reference panels have been used for the analysis under snow and windload. The 
maximum deflections are around 13 cm. 

 

Figure 4: analysed reference panels 02-03 and 23-24 (isometric view) 

 
Figure 5: deflections in the reference panels 

The bamboo panels sitting on top of the rafters are covering the membrane surface which 
can hardly be seen. From inside the high translucent membrane plays with the light and the 
shadow of the bamboo.  

 
Figure 6: Membrane and bamboo installation 
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Figure 7: Membrane installation 

 
Figure 8: Pavilion with membrane cladding and bamboo panels 
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3 MALAYSIAN PAVILION EXPO15 MILAN 
The Malaysian pavilion with the theme “Towards a Sustainable Food Ecosystem” has the 

shape of 4 seeds coming from the rain forest. They are closed and open with timber beams, 
wooden bridges and material made of rice husk. From seed 1 to 4 the visitor travels with 
regard to a sustainable food eco-system: 

SEED 1 “Our Home – For Now and the Future” (Diversity of Malaysia) 
SEED 2 “Haven of Biodiversity” (Protect and Preserve) 
SEED 3 “Seeds of Change” (Present and Future) 
SEED 4 “Colours of Malaysia” (Music, Arts & Culture) 

 
Figure 9: Seed 1 to 4 

The membrane is nodal fixed to the timber structure and linear fixed along the lower edge 
and along openings. The distance between the timber structure and the membrane is 150 mm. 

 
Figure 10: Nodal fixation detail  
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Seed 1, 2 and 4 have been patterned with longitudinal strips. Seed 3 is elliptical in section. 
Due to the material width it had to be patterned with single rectangular pattern. Seed 4 has at 
the lower end catenary cables. Seed 2 and 3 are combined and have an intersection line. 

 
Figure 11: Patterning layout seed 3 

 

 
Figure 12: Seed 2 and 3 with the interface 

The total surface area is 1730 m² (Seed1: 270m², Seed2: 380m², Seed3: 860m² and Seed4: 
220m². The used material is opaque Serge Ferrari 702 light grey. 
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Figure 13:View from the outside 

 
Figure 14: View from the inside 
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4 COPAGRI PAVILION EXPO15 MILAN 
COPAGRI, an association of agricultural producers brings Italian farmers together. On the 

expo they present their approach for the use of natural food, all linked with the Italian 
tradition, on a marketplace, a hall for cooking presentations, and two rooms for tasting Pizza 
and Ice-cream to 100% made of organic ingredients.  

 
Figure 15: Isometric view timber model 

Form the inside a transparent PVC foil is attached to the nodes of the primary structure. 
The seam layout corresponds to the timber structure. 

 
Figure 16: Seam layout 
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The top is closed with white PVC-polyester cushions. Between these cushions and the foil 
is a gap that allows for natural ventilation, and along the bottom line is a PVC-polyester mesh 
that allows for ventilation as well. 

 
Figure 17: Section with foil and membrane model 

 
Figure 18: Pavilion see from the outside 

After the Expo, the pavilion will be dismantled and can be used at another place. It covers 
an area of 560m². The lower part made of 800 µm Cristal foil and Serge Ferrari mesh FT381 
has a surface are of 860 m², the two top cushions made of Serge Ferrari 402 S2 have a surface 
area of 115 m². 
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5 CONCLUSION 
There seems to be a myth that membranes are fast and can still be realised when there is 

almost no time left. But as all details need to be finalised prior to fabrication, and site adaption 
must be avoided, there is still a reasonable amount of time required to realise membranes.  

Even though we knew of these projects since a long time, we had been involved in a very 
late moment, and needed to work out concepts which fit into the tight time schedule. The use 
of parametric design routines with project specific adaption has played an important role to 
achieve this goal. 

6 PARTICIPANTS 
Amongst many others the following people had been involved in the realisation of the 

membranes for these three expo projects: 
 
Chinese Pavilion: 
Architect: Studio Link Arc LLC, New York 
General Contractor: Bodino Engineering srl 
Membrane contractor: Canobbio Textile Engineering srl 
Membrane installation: Montageservice LB 
Membrane engineering: formTL: 
 
Malaysian pavilion 
Architect: Serina Hijjas 
Membrane contractor: Canobbio Textile Engineering srl 
Membrane engineering: formTL: 
 
COPAGRI Pavilion: 
Architect: EMBT 
Membrane contractor: Canobbio Textile Engineering srl 
Membrane installation: Montageservice LB 
Membrane engineering: formTL: 
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Summary.  
The practical benefits of strained (a.k.a. ‘elastic’) grid shells, such as low material usage 

and fabrication simplicity, are undermined by the methods typically used for their erection. 
Established erection methods for strained grid shells (‘lift up’, ‘push up’ & ‘ease down’) can 
be time-consuming, costly and can overstress the system locally 1,2. The feasibility of and 
methodology for using inflated pneumatic cushions  for the erection of strained grid shells 3 is 
investigated based on geometrically non-linear FE simulations and a scaled physical model 
for a case study of a dome with a 30m span, 10m pitch and constant double curvature. This 
paper provides a detailed write-up of the developed FE method in the SOFiSTiK software 
environment as well as the scaled physical experiment. 

A detailed comparison is carried out between different erection methods for strained grid 
shells in order to evaluate key performance criteria such as bending stresses during erection 
and the distance between shell nodes and their spatial target geometry. The risk of beam-
overstressing for existing erection methods along with challenges caused by modern safety 
restrictions, scaffolding costs and build duration can be drastically reduced or even eliminated 
by making use of inflated pneumatic falsework for the erection of strained grid shells. Finally 
it is argued that the use of pneumatic falsework has the potential to once again facilitate large-
span ( ) strained grid shell structures such as have not been realised since the likes of 
the extraordinary “Multihalle Mannheim”4. 
 
 
1 INTRODUCTION 

In this paper reference is made to ‘strained’ grid shells, while in literature the term ‘elastic’ 
grid shells is also used often. While both are valid and interchangeable terms, the high 
probability of creep relaxation after erection means that the amount of elastic recovery can be 
very limited and subsequently ‘strained’ is deemed a more accurate engineering description 
for the behaviour. There are three tried and tested ways to erect a strained grid shell: ‘lift up’, 
‘push up’ & ‘ease down’. The practicality of each method and the effect on structural 
behaviour varies. While the benefits and caveats of each erection method have been compared 
qualitatively 1,2, so far no quantitative comparison of the erection methods exists. This paper 
provides a detailed write-up of a series of finite element simulations developed in order to 
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compare said established erection methods. Although the idea of pneumatic falsework for the 
erection of strained grid shells (‘inflate’) has been considered before 5, the work presented in 
this paper presents the first ever practical experiment of the proposed method.  

 

 
Figure 1: Schematic representation of three established (1-3) and one novel (4) methods of erecting strained grid 

shells. 

The complex challenge of finding geometrical meshes suitable for strained grid shells of 
equal edge lengths with controlled curvatures has been well investigated and documented. 
Viable approaches include the compass method 5, the variational method 6, dynamic 
relaxation 7 and variations thereof 8. Finding the most suitable approach for the complex 
interaction between a strained grid shell and an underlying pneumatic falsework raises many 
similar questions. A primary challenge lies in the development of a simulation method which 
is able to establish force equilibrium between a pneumatically loaded cushion interacting with 
an actively bent grid of laths with embedded strain energy. This novel challenge combines 
principles of form-finding and large deformations. Simulation of contact in particle spring 
systems can be achieved by defining proximity limitations between particles or by 
manipulating their acceleration to zero when close to another body. The approach presented in 
this paper using FE and contact springs has proven successful however investigations are 
ongoing. 

2 DOME CASE STUDY 
A case study was performed on dome with a 30m span and a 10m pitch. The dome has 

constant synclastic double curvature (i.e. spherical) and a grid member spacing of 1m. The 
dome is made of a single layer of timber laths (assumed Young’s Modulus, E = 7970 N/mm2) 
with a square cross section of 50x50mm (same as the Hemlock Pine laths in the Multihalle 
Mannheim). This dome represents a stiff shell shape which was consciously chosen for its 
simplicity and the subsequent freedom it grants to focus on other test parameters. The simple 
mesh grid topology was generated manually using the compass method [4]. The assumed 
node weight of 400kg (3.92N) is based on a slightly modified and lighter version of the steel 
bolt and plate node from the Downland grid shell [3]. For the pneumatic falsework also being 
investigated, only large spans are of interest financially and practically. A span of 30m is 
judged to be the minimum span suitable when considering erection via pneumatic falsework. 
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Figure 2: Span and pitch of case study test dome made from a single layer of 50x50mm timber laths. 

While the number of lifting points for cables in the ‘lift up’ method or spreader beams in the 
‘push up’ method is arbitrary and dependent on subjective design choices, a sensible total of 
12 lifting points were defined in order to ensure a fair comparison between the erection 
methods. 

2.1 FE Modelling approach 
In order to achieve an accurate simulation of the erection of grid shells, a defining 

behavioural characteristic is the occurrence of large deformations and rotations as well as the 
generation of residual stresses (or strain energy) in the laths during forming. In order to 
simulate these 2nd and 3rd order effects accurately, the software package SOFiSiTiK was 
used. In order to increase speed and stability of the calculation in the case study, only a 
quarter of the grid shell was simulated by means of appropriate support conditions (Figure 3). 

 

 
Figure 3: Vertically unrestrained but rigidly connected boundary conditions for the quarter model of the case 

study geometry. 

2.1.1 Erection Stages 
For both the computational and physical models, the erection was divided into three 

separate stages: 1) Erection, 2) Beam ends to supports, and 3) Relax. In the second phase the 
beam ends are pulled to their respective support coordinates in the simulation by means of 
single-element cables with very low transient stiffness properties such that under increasing 
load increments of pre-stress they shorten in length; i.e. the elastic cable approach 9. A 
convergence to null for all cables was not computationally feasible. The average geometric 
deviation between the beam-ends and the target support points after cable contraction was 
77mm (0.26% of 30m span) for the ‘lift up’ method and 42mm (0.14% of span) for the ‘push 
up’ method. Such small deviations of the support positions are considered to have negligible 
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effect on the global stiffness of the structure. For ‘ease down’ the cables are not used and so 
there was zero geometric error at the support points. So, given the near-identical boundary 
conditions for the different erection methods, it was shown that the final shape of the grid 
shell after erection still varies depending on the erection method used. This is due to the fact 
that during erection, the grid shell nodes are still free to rotate and so the system is a very soft 
mechanism for which multiple states of equilibrium can be found. The ‘relax’ phase of the 
erection procedure allows the grid shell to find a new equilibrium after the beam ends have 
been fixed and the erection aids have been removed. In order to evaluate larger differences 
between the simulations, the shell was not stabilized (by cables or a third layer of timber 
laths) in the final ‘relax’ stage as would normally be the case for grid shells. 

 
The key processes of the simulation approach are illustrated as a flow chart in Figure 4 

with reference to SOFiSiTiK’s specific programming modules such as “ase” and “sofimsha”. 
This process varies slightly for the different erection methods. 

 
The erection process was simulated in full only for the established erection methods (‘lift 

up’, ‘push up’ and ‘ease down’). For the ‘inflate’ method, the complexity of simulating an 
initially deflated and arbitrarily crumpled cushion that inflates while making indiscriminate 
contact with a grid of laths subject to large deformations proved too high within the 
constraints of SOFiSTiK. However a successful approach was developed to simulate the final 
end-state interaction between a pre-inflated cushion and the self weight of an actively bent 
grid with embodied strain energy. Furthermore the erection of the grid shell was simulated 
separately in a scaled physical model. 
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Figure 4: Flow chart representation of the simulation approach using SOFiSTiK for “lift up” method. 
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2.1.2 Coupling Elements and Contact Springs 
Unlike most structural elements in SOFiSTiK, the geometric orientation of springs and 

coupling elements does not update after each iteration step. Instead their originally-defined 
orientation is maintained. Subsequently coupling elements cannot be used to simulate the 
pinned connection between the beam layers. Instead custom cross section properties (with 
very high bending stiffness and very low torsional stiffness) are defined for connecting beam 
elements. 

 
Figure 5: Custom section properties for ‘pin’ beam connector elements between timber lath layers. 

During the simulation of the erection it is important that the laths make contact with the 
ground in order to accurately recreate the draping effect. Without this effect, incorrect 
curvatures would be generated for the beams. A custom working law was defined for the 
contact springs which are very stiff under compression but inactive under tension (Figure 6, 
left). The orientation of the floor contact springs is defined vertically (Figure 6, centre) and, 
for the contact between grid and pneumatic falsework, a local orientation is defined (Figure 6, 
right). Since the orientation of spring elements is not updated after each iteration in 
SOFiSTiK, the contact between pneumatic falsework and grid shell can be simulated with 
accuracy only if small deflections occur. 
 

 
Figure 6: Contact springs described with a custom compression-only working law (left), with a positive 

orientation. 
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2.1.3 Volumetric Pressure 
Another justification for the suitability of SOFiSTiK for simulating the interaction between 

actively bent grid shell systems and an underlying support from inflated pneumatic falsework 
is its accurate definition of volumetric loadings which follow Boyle’s law of proportionality 
between pressure and volume. The ‘VOLU’ definition 10 accurately modifies the pressure 
matrix applied to the mesh elements of the cushion depending on incident loads. In this case 
the initial volume definition of 985m3 reduces minimally to 984m3 and the surface pressure 
increases by 0.07kN/m2 under self weight of the grid shell. 

 

3 COMPARISON OF ERECTION METHODS 
As can be observed in Figure 7, the simulations show categorically that, of the established 

erection methods, the ‘lift up’ method is most likely to result in overstressing of the laths 
during erection. The maximum stress of the laths for the ‘lift up’ method is significantly 
higher than in the shell’s final state. So much so, that the ultimate strength of the material is 
exceeded which can lead to breakages or permanent damages of the laths; a phenomenon that 
was documented to have occurred in the Essen grid shell 5, in the Multihalle Mannheim 4 and 
even to a small extent in the Downland & Weald grid shell 2. The results also demonstrate 
clearly that the ‘ease down’ method is the most controlled, the most precise and also the least 
strenuous on the laths. The bending stresses do not peak during erection, but instead rise in a 
controlled manner. Multiple contact points from the scaffold are much more effective at 
spreading forming loads than singular point loads from lifting cables and pushing platforms. 
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Figure 7: Maximum (black) and average (grey) surface stress in the timber laths for three different erection 
emthods. Ultimate strength cut-off line for C40 timber shown in red. 

4 PNEUMATIC FALSEWORK 

4.1 Physical Model 
In parallel with FE simulations, a physical model was used to perform a first ever erection 

of a strained grid shell by means of pneumatic falsework. The scaled model makes use of 
acrylic beams with an 8mm square cross section. The scale of the physical model is one tenth 
(1:10) of the full scale structure, subsequently it has a span of 3m. Dimensional Analysis 
which makes use of the Buckingham Pi theorem is a method for establishing dimensionless 
variable groups in order to reproduce physical behaviour in scaled models. This method is 
well documented in literature 4,11,12 and so will not be elaborated upon here. The 
dimensionless group used for the scaling of this model was: 

 
Where  is the load per unit area,  the span,  the bending stiffness of the members, and 

 the member spacing 7. The above dimensionless group prioritises bending stiffness which, 
during the erection, is the dominant behavioural property. Other dimensionless groups can be 
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found for analysing other behavioural properties in the shell such as lateral stiffness from 
bracing members however this is not of relevance during the erection. 

 
A detailed description of this physical model and its results are documented by the author 

in a paper for the 2015 Design Modelling Symposium in Copenhagen. This section of the 
paper makes reference to that work. 

 
The erection by means of pneumatic falsework for this shell geometry worked extremely 

well. Both the flat lattice and the uninflated cushion were positioned in the centre of the 
circular test area before inflation. During inflation the shell remained almost perfectly central 
with negligible sideways deviation. This is due to the distribution of self weight loading and 
the inherently stable form of the rotationally symmetric cushion. For asymmetric shapes, the 
degree of horizontal deviation (and potential need for restraint) during erection it is yet to be 
investigated. Figure 8 shows a snapshot of the erection process in elevation photos (below) as 
well as 3D coordinates from the photogrammetric scan (above). 
 

 
Figure 8: Four snapshots from the inflation process with elevations photos (below) and photogrammetric 3D 

point cloud data (above). 

 
Figure 9: Increased self weight of the grid shell by means of an additional 104g at each node to account for 

scaled physical properties according to dimensional analysis 
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4.1.1 Uplift 
During the final stages of the inflation as the air pressure increased, the ring beam began to 

lift up from the ground due increasing surface tension in the membrane resulting in an uplift 
force along the perimeter edge. Figure 10 (right) shows the perimeter edge lifting up during 
erection and then being weighed down with paving slabs to resist uplift (left). In early FE 
simulations using SOFiSTiK, the vertical uplift force along the edge was shown to be around 
0.14kN/m. This uplift will have an effect on the design and detailing of the perimeter 
foundations which have to perform under upward and inward loads during the erection and 
then downward and outward support loads from the laths in the end-state. 
 

 
Figure 10: Uplift at membrane edge-restraint due to internal pressure. Left: ring beam loaded and restrained 

against uplift. Right: Unrestrained lifting of edge beam. 

4.1.2 Air pressure 
The physical model revealed that the internal air pressure ranges from 0 to about 2mbar 

(0.2kN/m2) when considering only self weight of the system. This is slightly lower than 
typical pressures necessary for air-supported membrane structures (0.25-1.0kN/m2) and 
significantly lower than pressures required for air-supported falsework for concrete shells 
(3.5-10kN/m2) 13. These initial findings show that, as long as the shell volume remains large, 
internal air-pressures for the pneumatic erection of strained grid shells are low and 
subsequently easily produced and maintained. 

 
Despite the low air pressures in this system, leakages still occurred. In this experiment, as 

soon as the pump was switched off, gradual loss of air pressure occurred meaning that 
procedures which took a prolonged period of time (such as fixing the beam ends to their 
support points) lead to separation between pneumatic falsework and the grid shell. While not 
critical under self-weight alone, this effect is undesirable because the grid shell has yet to be 
stabilised and in absence of the air pressure from the falsework, is subsequently prone to large 
deformations.  For concrete shells supported by pneumatic falsework, maintaining a constant 
internal air pressure while hardening has been shown to be of critical importance due to 
shells’ inherent sensitivity to geometrical deviation from force thrust paths 14. Over- or under-
inflating the cushion could result in global stability failure. 
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4.2 FE Simulation of Pneumatic Falsework in Combination with a Strained Grid Shell 

4.2.1 Initial Results 
The simulation process shown in Figure 4 was modified in order to accommodate the 

integration of pneumatic falsework modelled with quad meshes (membrane elements). First 
the beams are bent into their precise target position by means of nodal displacement, and then 
the offset membrane elements as well as the locally-oriented contact springs are activated. 
Finally the system is calculated under self weight such that the embedded strain energy in the 
laths from erection cause the laths to lift up along the edge creating a skirting effect (Figure 
11, left). The separation between the laths and the pneumatic falsework occurs at around 30% 
of the structure’s height for the case study in question (Figure 11, right). 

 
Figure 11: Left: Combination between actively bent grid shell with embedded strain energy on top of supporting 

pneumatic falsework. Right: Separation zone between falsework and laths (i.e. the bulge) shown to occur at 
around 30% of the total height of the structure (3x magnification). 

5 CONCLUSION 
Within the context of a geometrically simple strained grid shell, it has been shown that the 

‘lift up’ and ‘push up’ erection methods are likely to cause overstressing of the laths during 
erection and that ‘ease down’ is the most geometrically precise and the least structurally 
demanding method. However, an alternative method of using pneumatic falsework offers 
comparable precision but at a fraction of the speed and cost necessary in the ‘ease down’ 
method resulting from high scaffolding demands. An accurate and viable simulation approach 
in SOFiSTiK is detailed and discussed for the established erection methods as well as the 
contact interaction between a strained grid and underlying pneumatic falsework. 

 
By means of a scaled physical model it was shown that the method of pneumatically 

erecting a strained grid shell is feasible and practical for simple shell shapes and curvatures. 
Important behavioural phenomena such as membrane uplift and separation zones are 
remarked upon. Further investigations are underway in order to better understand which 
varieties and extremities of shell sizes and shapes are compatible with the pneumatic erection 
method. 
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Summary. The present contribution gives an introduction to the design and analysis of 
structural membranes with the Isogeometric B-Rep Analysis (IBRA) which aims on a new 
approach for a consistent design-through-analysis workflow. Therefore the concept of IBRA 
is briefly introduced. For the analysis of structural membranes the necessary elements are 
presented, where the cable element is formulated following the new paradigm of embedded 
B-Rep edge elements. Benchmarks and application of non-linear analyses and form-finding of 
structures highlight the potential of the developed framework and the applicability to the 
design and analysis of structural membranes. 
 
1 INTRODUCTION 

Architectural membranes provide minimal use of material combined with an attractive and 
impressive language of shapes. These shapes are directly mechanically motivated: based on 
the chosen level of pre-stress and the boundary conditions, form-finding analysis is used to 
determine the shape of equilibrium which allows the membrane to act in pure tension. This 
mechanical background usually leads to an iterative design procedure, where the mechanical 
form-finding and the modification of boundary conditions as design handles mutually interact 
until a solution that is desirable from a structural as well as from an esthetical point of view is 
found. 

Classically the architectural part of a membrane structure’s design is performed within a 
CAD environment, whereas the form-finding and analysis are performed within a FE-code. 
The separation of these models requires considerable amounts of time [10] and is obviously 
rather error-prone. Recently, the Isogeometric B-Rep Analysis (IBRA) has been proposed as a 
consequent generalization of IGA with the aim of directly using the CAD-model – enriched 
by mechanical information – for the analysis of structures [1]. 
 

In the present contribution, the realization of the IBRA-framework for the form-finding 
and analysis of membrane structures is presented. The contribution is outlined as follows: 
Section 2 gives an introduction to the Isogeometric B-Rep Analysis. The development of an 
IBRA membrane and a cable element are briefly sketched in Section 3. Section 4 presents 
some benchmarks for the analysis and form-finding with these elements. In Section 5 an 
application example is presented in order to demonstrate the capability and potential of the 
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derived methods for structural membranes. Finally Section 6 gives a conclusion and an 
outlook on future work. 

2 THE ISOGEOMETRIC B-REP ANALYSIS (IBRA) 
The Isogeometric B-Rep Analysis (IBRA) [1] is a recent development in the field of finite 

element analysis: Its main objective is to allow for structural analyses on full CAD 
geometries, i.e. in general trimmed and coupled NURBS-surfaces, without the need for 
creating a separate analysis mesh. 

In order to present the IBRA especially compared to the well-established Isogeometric 
Analysis (IGA), a brief introduction to the geometry representation in CAD is necessary. 

2.1 Boundary Representation (B-Rep) 
In today’s CAD systems, the Boundary-Representation (B-Rep) is a technique used to 

describe arbitrary geometrical entities by their boundaries. Following the B-Rep approach, for 
a three dimensional object a set of adjacent bounded surface elements called faces describes 
the "skin" of the object and thus the object itself. These faces at their turn are bounded by sets 
of edges which are curves lying on the surface of the faces. Several edges meet in points that 
are called vertices. 

Figure 1: Boundary-Representation (B-Rep) description of a schematic trimmed free form surface [2]. 

The B-Rep approach intrinsically incorporates trimmed surfaces: Here the trimming curves 
become part of the boundaries in inner resp. outer trimming loops, see Figure 1. 
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As basis functions for the B-Rep description, commonly non-uniform rational B-splines 
(NURBS) are used. The NURBS-based B-Rep description of geometries has become the 
standard for geometry description in modern CAD-systems. 

2.2 The Isogeometric B-Rep Analysis (IBRA) 
The Isogeometric B-Rep Analysis (IBRA) [1] is a generalization of the Isogeometric 

Analysis (IGA) introduced by Hughes et al. [3]. The main concept in IGA is to use the same 
basis functions for the computation of the discretized system that are used for the geometry 
representation in CAD, i.e. commonly NURBS. 

While IGA in its pure form is restricted to complete patches, IBRA at its turn refers to the 
full B-Rep description from the CAD system, i.e. including trimmed patches (see Fig. 1). 
Moreover, the concept of IBRA permits enforcing various conditions to the B-Rep entities, 
e.g., coupling or support conditions along the trimming edges or mechanical entities like a 
geometrically non-linear shell element [1] or the membrane and cable-element [4,5] that will 
be presented in Section 3. Thus the pure geometrical CAD model can be augmented to an 
analysis suitable model. 

2.3 The Analysis in CAD (AiCAD)-approach 
The IBRA serves as mechanical framework for the Analysis in CAD (AiCAD)-approach 

which follows the philosophy of basing the structural analysis directly on the CAD model, 
thus omitting the need for a separate, specialized model [1,2,5,6], and providing a smooth 
design-through-analysis workflow. 

3 DEVELOPMENT OF MEMBRANE AND CABLE ELEMENT FOR IBRA 
For the analysis of structural membranes, the most important element types are membrane 

and cable elements. The formulation of these elements is shown in detail in [5]. In the 
following, some aspects in their development shall be pointed out. 

3.1 Membrane element formulation 
The prestressed membrane element is formulated according to classical membrane theory, 

using non-linear kinematics. For the application of oriented anisotropic prestress a projection 
scheme, according to the one presented in [7] is used (see Fig. 2). 

Basically the membrane element’s formulation is straightforward with these assumptions. 
For trimmed surfaces, the integration procedure is adapted in order to account for the “active” 
parts, i.e. figuratively spoken the parts that are left after the trimming operation (see Fig. 1). 
This integration is realized with the Nested Jacobian Approach (NEJA) [1]. 
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Figure 2: Projection of prestress in the reference configuration with the help of a reference plane f1×f2. 

3.2 Cable element formulation 
Cables are of crucial importance for structural membranes, since they allow the formation 

of edge, ridge and valley cables that transfer forces and help to accentuate the desired shape. 
In order to comply with the developed membrane elements within the IBRA process, cable 
elements are formulated as embedded B-Rep edge elements (see Fig. 3). 

This new paradigm, presented in [1,5] entails the embedding of the B-Rep edge element in 
the parameter space of the NURBS-patch it is embedded in, here in the NURBS-patch of the 
membrane element. From that NURBS-patch, the cable element extracts its basis functions 
(see Fig. 3(d)). Through the integration rule of the NURBS patch, the extracted patches are 
correctly considered in the numerical integration of the respective mechanical contributions 
(stiffness, load, etc.), see Fig. 3(c). 
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Figure 3: Formulation of a cable element as a B-Rep edge element consistently embedded within the underlying 
membrane’s parameter space (from [5]). 

For the sake of illustration for this “embedded” integration procedure one might consider 
the determination of the length L of a B-Rep edge cable in the reference configuration as 
illustrated in Fig. 3 (a). Here the length is computed as 
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Thus Equ. (1) can be expressed through the surface’s coordinates: 
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To perform this integration, the basis functions of the NURBS surface along the B-Rep edge 
are extracted as illustrated in Fig. 3(c) and (d). 

The cable element is then derived according to classical cable mechanics, assuming a 
constant cross-section Acable along the cable and a homogeneous stress distribution in the 
cross section. For a detailed description of the element formulation, see [5]. 

Figure 4: Application of the B-Rep cable element in different situations: Two surfaces with a non-matching 
parametrization are trimmed along one trimming curve. Edge respectively ridge cables are applied along all 

edges, including the trimming edges. Additionally a displacement-coupling condition is applied between the two 
trimming edges, such that the surfaces stay attached (from [5]). 

As mentioned above, the presented cable element is formulated as a B-Rep edge element 
along a trimming curve, i.e. along the boundary of a considered patch. Since several B-Rep 
contributions can be applied to one B-Rep edge simultaneously [1,5], situations like ridge or 
valley cables can be simulated with the present approach, as is illustrated in Fig. 4: At the 
intersection between two strips, i.e. two trimmed surfaces that geometrically share one edge, a 
cable is assigned to one of the B-Rep edges. Additionally, the two B-Rep edges are coupled 
according to the coupling approach presented in [1]. 

Hence, all scenarios for the application of cable elements in the context of architectural 
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membranes can be treated as is exemplarily illustrated in Section 5. 

4 BENCHMARKS FOR STRUCTURAL ANALYSIS AND FORM-FINDING 
Benchmark examples are used to demonstrate the capability of the developed methods and 

to highlight its potential in the form-finding of structural membranes. 

4.1 Stretched quarter circle with integrated edge cable 
The first benchmark example (from [5]) is used to demonstrate the correct behavior of the 

developed elements in a non-linear analysis for various configurations, including trimming, 
coupling and the application of edge cables as illustrated in Fig. 5. 

Figure 5: Different configurations for the stretched quarter circle (from [5]) from left to right: Untrimmed 
modelling ‘u’, trimmed out of a rectangular patch ‘t’ and trimmed and coupled ‘c’. 

For this example a quarter circle with symmetry conditions is radially loaded by a load p of 
varying magnitude. The expected radial extension for the configuration in Fig. 6 is 
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where p is the radial load, R is the initial radius, Emem and t are the Young’s modulus and the 
thickness of the membrane, and Ecab and Acab are the Young’s modulus and the cross section 
of the cable, respectively, whereas d is the unknown radial extension of the edge. For the case 
of the pure membrane example where the cable is not activated, the corresponding term 
vanishes. 
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Figure 6: Stretched quarter circle example: definition of the problem and results compared to the analytical 
solution, referring to the configurations from Fig. 5 (from [5]). 

Fig. 7 shows the corresponding deformed structures for the configurations from Fig. 6. As 
can be seen from the deformed shapes, the different modelling approaches yield the same 
results, although the parametrizations differ substantially. From this it can be concluded that 
the presented approach and element provide accurate results for non-linear analyses, 
independent of trimmed or coupled patches or including the application of edge cables. 
 

Figure 7: Stretched quarter circle example: deformed structures for the configurations from Fig. 5 (from [5]). 

4.2 Form-finding of minimal surface examples 
As an example for the form-finding of minimal surfaces a catenoid and Costa’s minimal 

surfaces are presented. As form-finding approach, the Updated Reference Strategy [8] is 
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applied, as discussed in [5]. 
The form-finding of the catenoid in Fig. 8 is used to present the quality of the geometry 

approximation of a NURBS-parametrization. From the error in the computed surface area 
compared to the analytical solution it can be concluded that NURBS-surfaces are not 
intrinsically capable of catching the cosh-shape of the catenoid. Nevertheless an arbitrary 
quality of the approximation can be achieved for an increasing number of control points 
respectively a higher polynomial degree. 

Figure 8: Form-finding of a catenoid: Representation and discretization scheme of the problem (left); Error in the 
surface area for various polynomial degrees and different refinements in meridian direction (right) (from [5]). 

The form-finding of Costa’s minimal surface [11], illustrated in Fig. 9, highlights the 
robustness of the developed elements: Although in the collapsed version (right), the elements 
are degenerated to a line, no convergence problems are observed up to that point. 

 

Figure 9: Form-finding of Costa’s minimal surface. Starting configuration (left), intermediate stable solution 
(middle), and “collapsed” final solution (right) [4]. 
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5 APPLICATION EXAMPLE – FORM-FINDING OF AN EYE-CABLE TENT 
As final example the form-finding of an eye-cable tent is used (example from [6]). The tent 

is modelled in CAD (Fig. 10, top) out of four trimmed patches, the respective mechanical 
conditions (support conditions, edge and ridge cables, eye cable, prestressed membrane, 
coupling conditions, etc.) are applied as illustrated in Fig. 10, bottom. 

Figure 10: Tent with an eye-cable: Geometry modeling in perspective (top) and application of structural 
properties in top-view (bottom). The starting geometry is modeled by four NURBS-patches that are trimmed by 
a circle. The patches are coupled along the common edges, edge cables are applied along the outer bounds, an 
elastic edge cable is applied at the inner ring. Supports are applied at the vertices and the inner ring (from [6]). 
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Fig. 11 shows the resulting membrane surface. Note that the form-found shape still is 
provided as a complete CAD-description and can directly be processed in a CAD 
environment, e.g. for purposes of rendering or further geometry modifications that can lead to 
follow-up analyses as discussed in [2]. 

Figure 11: Form-found tent with eye cable. The form-found shape is a CAD-geometry and can thus be 
consistently treated in further steps of design and manufacturing (from [6]). 

The presented form-finding examples highlight the capabilities of the presented methods. 
Especially the concept of the embedded cable elements and their applicability to the various 
types of cables in structural membranes has shown to be very promising. The existence of the 
resulting form-found shape as a CAD-description gives maximum freedom for further 
analyses and processing. 

6 CONCLUSIONS AND OUTLOOK 
In the present contribution, the necessary developments for the design and analysis of 

structural membranes with the Isogeometric B-Rep Analysis (IBRA) have been introduced. 
Besides a brief introduction to the IBRA-concept and the development of a non-linear, 
prestressed membrane element, the formulation of a cable element has been presented to some 
extent: The element is formulated as an embedded B-Rep edge element, i.e. applied along 
arbitrary trimming curves, which perfectly aligns with the aim of using an enriched version of 
the CAD-model as basis for the analysis. 

Several benchmark applications from non-linear analyses in different modelling 
configurations to the form-finding of minimal surfaces have shown the robustness and 
accuracy of the derived approaches and elements. A real-life example has finally 
demonstrated the applicability of the developed environment – realized as a fully integrated 
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plugin to the CAD-software Rhinoceros – to the design and analysis of structural membranes. 
Future research will focus on a completion of the design cycle for structural membranes, 

where especially the determination of cutting patterns and the integration of these in the 
mounting analysis are challenging and promising aspects. The introduction of staged analysis 
– which is in the scope of the design-through-analysis workflow with the Analysis in CAD 
(AiCAD)-approach – opens the way towards a reliable and close-to-design analysis of hybrid 
structures, i.e. tensile structures (usually form-found) that include elastic, bending-active 
elements [9]. 
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Summary. Recent advances in computation allow for the integration of design and simulation 
of highly interrelated systems, such as hybrids of structural membranes and bending active 
elements. The engaged complexities of forces and logistics can be mediated through the 
development of materials with project specific properties and detailing. CNC knitting with 
high tenacity yarn enables this practice and offers an alternative to current woven membranes. 
The design and fabrication of an 8m high fabric tower through an interdisciplinary team of 
architects, structural and textile engineers, allowed to investigate means to design, specify, 
make and test CNC knit as material for hybrid structures in architectural scale. This paper 
shares the developed process, identifies challenges, potentials and future work. 
 
1 INTRODUCTION   

Current structural membranes are based on coated fabrics or films, produced in 
homogenous lanes, which are cut in pattern and seemed, before details for the interfacing with 
other parts are applied. The current approach towards the manufacturing of a highly bespoke 
membrane is rooted in the limitation of the underlying process of weaving. Knitting on the 
other hand is characterised by the ability to create highly heterogeneous materials and 
bespoke figures. With industrial CNC knitting machines, it is for instance possible to knit to 
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shape, introduce details directly into the material, combine and change fibres of different 
strength or change the structure of the material at any place. The material allows hence for 
highly bespoke textile surfaces [1]. Within knitted surfaces, the complexity of detailing, 
material properties and production can be collapsed into the material itself.  

The design and production of a 8m high textile tower (Fig.1) made from bending active 
load carrying GFRP rods and restraining membrane surfaces explored the potential of CNC 
knit surfaces in architectural application, especially for temporary installations. The Tower 
was developed and produced in the period autumn 2014 to spring 2015 and assembled and 
exhibited in the courtyard of the Danish Design Museum in April to May 2015. The 
development of the tower is based on previous research and expertise of the partners in their 
respective fields. The actual production of a physical demonstrator required however to 
synthesise the respective fields and created insights in the systems, tools and processes, which 
need to come into place to realise a novel set of hybrid structures of bespoke CNC knit 
membranes and active bending elements. 

 
Figure 1: The Tower in the Courtyard of the Danish Design Museum.  

Figure 2: The interior of the Tower is characterised by the tensioning system and the resulting cone-like 
membranes. Photo: Anders Ingvartsen. 

2 THE TOWER - A HYBRID STRUCTURAL SYSTEM   
    Active bending is the intentional use of elastic deformation as a shaping process for 

linear or planar structural elements. The main motivation for its use lies in the simplicity of 
creating curved elements for exciting and versatile architectural forms but with a low demand 
on production energy and material consumption [2, 3]. The Tower extends previous research 
into bending active structures with membrane surfaces on the level of scale and through the 
integration of details into the membrane. The most prominent examples of bending active 
structures, the Multihalle Mannheim (1979) by Mutschler, Langer and Otto [4] and recent 
continuation of this work by Bavarell [5], used braced grids made from bend element. The 
membrane provides enclosure, but does not contribute on the structural level. Ahlquist and 
Lienhard have introduced structures on installation scale, as in the Tour de l’Architecte (2012) 
in Monthoiron/France [6], where a limited number of surfaces stabilise bending members. 
The structural pattern of the tower under discussion in this paper consist however of 64 
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individual membrane surfaces and even more bending active rods. Our research comes hence 
closer to the amount of interacting discreet elements found on building scale. 
As elastic bending generates residual stresses, the choice of material, cross-section height and 
curvature is limited. However, in hybrid systems the selection of the profiles’ properties can 
be optimized for the bending process, since under external loads the restraining elements 
drastically improve the global stiffness of the hybrid structure. Previous research has shown 
that the application of membranes as restraining elements has several advantages in 
comparison to typical cable based restrained systems [7,8]. Physical and numerical test have 
emphasized the importance of the construction details- especially the joining of membrane 
and actively bent rods-  of such hybrid systems for their global bearing behavior. The stiffness 
of membrane restrained systems is i.e. significantly reduced, if the connections to the bent 
element and the edge-cable allows sliding – a strong connection and channels for the bending 
active element are recommended.  
The tower explores furthermore textile joints made from high tenacity knit as softer 
alternative to common steel joints in active bending structure. These create obstructive force 
maxima within coupled bending active elements [9]. 
The basic concept of the hybrid structure is to create a membrane reinforced by a dense grid 
of overlapping bending and compression stiff GFRP rods, continuously integrated in the 
membranes pockets and channels. This necessitates a fine balance between softness and 
rigidity in the material, in order to create a structure flexible and bendable - capable of 
responding to changing conditions of the environment. 

The structural system of the tower consist of a double curved grid- shell like structure 
made of slender overlapping rods, embedded in a membrane made from high tenacity yarn in 
the surface of the shell in combination with a cable based restraining system perpendicular to 
the surface of the shell (Fig. 2).  This second restraining system pulls the centre of each 
membrane patch radially to the tower central axis. This results in a spoke wheel effect which 
provides horizontal stiffness, braces the cylindrical gridshell and increase the load capacity of 
the overall system significant. The dominant load cases for such a vertical oriented 
lightweight structure are the agency of wind with an exponential increase of loading in height 
and a risk for dynamic complications. In the horizontal section the cylindrical shape of the 
tower leads to typical wind load distribution with less pressure windward, high suction 
sidewise and lower suction leewards (Fig 3).  

 
Figure 3: FE simulation of the tower with wind load distribution and bracing system. Deflected state under 

windload from front in the middle and relaxed state on the right. 

Under such loading the membrane is supposed to act in two ways: as a tensile element to 
transfer tensile forces on the windward side and as restraining systems to prevent all curved 
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compression elements for further bending and buckling in plane. The radial restraining cable 
system has also multifunctional purposes: as a form-stabilisation system the spoke wheels are 
preventing any further bending out of plain of the rods while they give the membrane patches 
a strong local double curvature, increasing the pre- stress of membrane.  

3 DEVELOPMENT OF KNIT STRUCTURE AND INITIAL TESTING  
The tower project assigns the textile material key roles: 

• Reduction of fabrication effort through: Knitting of patches with bespoke shapes 
instead of cutting and patching  

• Reduced assembly time through minimisation of amounts of seams and integration 
of detail 

• Bracing of structure under load: use of high tenacity yarn 
• Constraining the movement of bending active rods: Integration of detailing into the 

membrane (tunnels and pockets) 
• Minimisation of pattern cut: Use of material stretch to achieve double curved 

surfaces  
• Designed material behaviour under forces: development of bespoke knitting 

structure  
Commonly used knit is however characterised by high stretch, low strength, antistrophe 

behaviour and non-linear behaviour. To develop sufficient behaviour and detail through the 
local variation of knit structure and fibre, motivated the research on the material level. 

Weft knitting technology was used to produce the fabric for the tower. As the tower is 
exposed to various weather conditions and submitted to various stresses and strains, high 
performance yarns based on polyamide (PA), polyester (PES) and polypropylene (PP) are 
good candidates The lower moisture absorption, average elasticity and very high resistance 
makes high tenacity polyester here an especially well suited. 

In terms of knit structure single cardigan, half cardigan, rib, interlock, jersey and piquet 
Lacoste were investigated in tests, where only the latter two showed the required transparency  
and low level of elasticity. During the knitting of samples on a on an Stoll CMS 320 TC 
electronic flat knitting machine it became obvious that the loop length and the PES yarn linear 
density (55 and 110 tex) (Table 1), were the crucial parameters to control the fabrics elasticity 
and porosity. The tensile behavior of the samples was studied by Grab method, according to 
NP EN ISO 13934-2 standard, on a Hounsfield universal testing machine. Five specimens 
(100x200 mm) of each sample were tested in coursewise and walewise directions, with a 
crosshead speed of 100 mm/min.  

The obtained results show, that the structures produced with higher linear density yarns 
present higher tensile strength. When comparing Jersey and piquet Lacoste structures, for the 
same linear density, it appears that, in the coursewise direction, piquet Lacoste structure has 
higher tensile strength and lower elongation – making it the structure of choice for mechanical 
behavior, but also for visual aspects. 

The pockets, channels and reinforced areas in the membrane were developed on the base of 
a ground structure (piquet Lacoste) using the machines abilities for individual needle 
selection, take-down adjustment during knitting, loop transfer and racking. 
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NP: 10,5 NP: 11 NP: 12 NP:11 NP: 10,5 NP: 11 NP: 12 NP:11

PES HT 100 PES HT 100 PES HT 100 PES HT 100 PES HT 100 PES HT 100 PES HT 100 PES HT 100
multifilament multifilament multifilament multifilament multifilament multifilament multifilament multifilament

55 55 55 110 55 55 55 110
0,48 0,53 0,63 0,6 3,77 4,16 5,08 4,59

wales/cm
10,4                             
( 5%)

9,2                        
(4%)

8,2                       
(5%)

8,4                       
(7%)

8,4                         
(6%)

6,8                         
(6%)

5,8                           
(7%)

6,0                         
(0%)

courses/cm
16,4                      
(3%)

14,0                      
(0%)

10,0                     
(0%)

13,0                     
(0%)

12,4                  
(4%)

11,0                      
(0%)

7,2                         
(6%)

11,0                      
(0%)

Maximum strength 
at break [N] - 
walewise direction

697,18                
(9,48%)

669,34                 
(8,49%)

493,52              
(8,75%)

1374             
(6%)

566,27                 
(6,27%)

440,28                   
(12,25%)

378,76                    
(5,98%)

1122,5                    
(8%)

Extension at break 
[%] - walewise 
direction

87,18                      
(16,98%)

72,12                   
(3,64%)

67,13                
(7,10%)

91                  
(14%)

106,96                   
(1,93%)

90,43                         
(11,67%)

76,67                         
(5,37%)

128                         
(9%)

Maximum strength 
at break [N] - 
coursewise 
direction 

604,38                    
(6,23%)

454,20                     
(9,43%)

333,12              
(8,05%)

1026,88              
(7%)

819,07                 
(2,94%)

645,62                 
(5,44%)

433,96                          
(8,44%)

1417,00                          
(7%)

Extension at break 
[%] - coursewise 
direction 

107,78                       
(1,76%)

119,08                        
(7,61%)

153,19                   
(8,88%)

111,16                
(5%)

71,25                  
(4,06%)

75,70                   
(3,92%)

94,58                              
(3,13%)

85,52                              
(6%)

Piquet Lacoste

Tensile Strength 

Loop length (lu)/100 wales [cm]

Jersey

Density

Pattern

Composition [%]
Yarn Type

Linear density [tex]

Pictures

 
Table 1: Mechanical and Structural Characterization of the produced samples  

4 TESTING OF THE BIAXIAL MATERIAL BEHAVIOUR OF KNITTED 
SURFACES   

It was crucial for the design and simulation of the tower to know the behaviour of the knit 
under biaxial load. Currently no testing procedure exists for the biaxial testing of knitted 
fabrics, which was hence performed according to the testing procedure of the Japanese 
Standard MSAJ/M-02-1995 [10] for biaxial testing of woven fabrics. Herewith, the 
“fictitious” elastic constants of the material could be determined. 

The main characteristic of MSAJ/M-02-1995 is that five different predefined stress ratios 
warp:fill – 1:1, 2:1 1:2, 1:0 and 0:1 – are consecutively applied on a cross shaped test 
specimen with the yarns parallel to the arms of the cross. During the loading and unloading 
procedure, the load ratio warp:fill is held constant. The maximum tensile test load is fixed to 
¼ of the maximum strip tensile strength of the fabric direction with the lower strength. The 
result of this test procedure is a stress-strain-diagram. From this complete set of test data ten 
stress-strain-paths can be extracted – one for each yarn direction for the five load ratios. 
MSAJ/M-02-1995 recommends to determine on the base of the five ratios one single design 
set of elastic constants from the extracted stress-strain-paths stepwise in a double step 
correlation analysis.  

In the frame of this project two different types of Piquet Lacoste Structure CNC knitted 
fabrics were tested in the Essen Laboratory for Lightweight Structures (ELLF), University of 
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Duisburg-Essen: NP11 with linear densities of 110 tex and 55 tex. For two reasons it was not 
possible to perform “classical” biaxial tests according to MSAJ/M-02-1995 with this material: 

The geometrical dimensions of the available material were limited to a length of 1600 mm 
(wales, machine direction) and a width of 700 mm (course, transverse direction). Herewith, 
the ELLF-standardized cross shaped test specimens (1500 mm x 1500 mm) to be used in the 
ELLF biaxial testing machines could not be cut. 

As the material is knitted, cutting it in a cruciform shape was not possible without any 
additional auxiliary seams in order to avoid unravelling of the material. 

In total, four biaxial tests were carried out, three for the 110 tex and one for the 55 tex 
material. Due to the aforementioned reasons, the “classical” cruciform geometry of the biaxial 
test specimen was modified to the test specimen geometry presented in Figure 4. As the 
material behaviour was unknown, a stepwise procedure was chosen to identify the biaxial 
material characteristic of the CNC knitted fabric. In a first step the 110 tex material was 
investigated by performing two MSAJ-tests with an upper maximum tensile test load of ¼ of 
the maximum strip tensile strength of the material and finally one with a reduced maximum 
tensile test load of ca. 17.5 % of the maximum strip tensile strength. The reduction became 
necessary due to the fact that the material exhibited very high strains and transverse 
contractions in both directions in the load ratios 2:1, 1:2, 1:0 and 0:1. As the uniaxial load 
ratios still showed very high strains and transverse contractions, it was finally decided to 
perform additional uniaxial tests in the biaxial testing machine whereby the zero stress 
direction was unclamped. For the 55 tex material the last test procedure was applied with one 
modification: the 1:0 and 0:1 load ratios were only applied in the pure uniaxial testing with 
unclamped zero stress direction. 

 
Figure 4: Biaxial testing of the CNC 55 tex knitted fabric with modified test specimen after applying the 

prestress [© ELLF] 
Exemplary for the 55 tex material, Figure 5 presents the loading sequence according to 

MSAJ/M-02-1995 without the 1:0 and 0:1 load ratios and the stress-strain-diagram as a result 
of the biaxial test.  

From the complete set of test data six stress-strain-paths were extracted – one for each yarn 
direction for the three load ratios. Together with the uniaxial tests, one single design set of 
elastic constants from the extracted stress-strain-paths were determined stepwise in a double 
step correlation analysis. In the first step each curved loading path was substituted by a 
straight line. In the second step the slopes of the straight lines obtained in the first step were 
modified in such a way that they satisfy the equations of the assumed linear-elastic 
constitutive law using a correlation analysis routine programmed at the ELLF, University of 
Duisburg-Essen [11, 12, 13]. 
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Fig 5.1 & 5.2: Exemplary loading sequence according to MSAJ/M-02-1995 without the 1:0 and 0:1 load ratios (left) 

and the stress-strain-diagram as a result of the biaxial test (right) [© ELLF] 
The Piquet Lacoste, NP 11, 55 tex material shows an approximately bilinear behaviour 

with a significant change of stiffness in the stress range of 0.5 - 2 kN/m, so that two 
evaluations for different stress intervals were conducted: 

(1) stress interval 0.1 - 3 kN/m and 
(2) stress interval 1.0 - 3 kN/m. 
As a result, fictitious elastic constants were determined from the two sets of diagrams as 

given in Figure 6. Overall, the tensile stiffness is extremely low with Young’s moduli of 
approximately E = 5 kN/m for wales and course for the full stress interval. With Ewales = 
10 kN/m and Ecourse = 26 kN/m it is only slightly higher for the stress interval 1 - 3 kN/m. In 
contrast, the Poisson’s ratios are very high with minor ν = 0.83 and 0.66, respectively. Strains 
are large with up to 70 % under uniaxial loading. It can be stated that some of the calculated 
linear graphs do not correlate well with “their” measured stress-strain-paths. 

Stress interval 0.1 – 3 kN/m 

 

Stress interval 1 – 3 kN/m 

 
Figure 6: Correlation between measured and calculated stress–strain paths and resulting stiffness parameters for 

Piquet Lacoste, NP 11, 55 tex for two stress intervals: 0.1-3 kN/m (left) and 1-3 kN/m (right) [© ELLF] 
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5 COMPUTATIONAL TOOLS FOR FORM FINDING, ANALYSIS AND 
MATERIAL SPECIFICATION OF HYBRID STRUCTURES   

The interaction between the towers two form active systems – membrane and GFRP – 
determines the towers design and behaviour. A design process is required, which can predict 
this and feedback to the designer the resulting shape, but especially whether the material and 
elements specifications are sufficient. We use a two stage approach, combining a new 
developed particle spring simulation for an almost realtime form finding with hundred and 
more interacting bending members and a FE simulation for detailed analysis.   

5.1 Formfinding   
Established methods for the form finding of membranes, such as particle spring or dynamic 

relaxation, do not consider material properties or requirements from fabrication, such as 
patching [14]. During form finding the membrane is set to a fraction of its real stiffness in 
order to facilitate large deformations. The resultant shape represents the pure flow of forces. 
Our hybrid structural system consist however of interacting members, where, unlike the 
membrane, the rods maintain their bending stiffness during form finding and influence the 
final shape and stresses. The higher the curvature and the diameter of the rods, the higher the 
stresses in the material. The material of the rods need to have a high strength and a low 
Young’s modulus to be able to perform accordingly. It is important to create a curvature high 
enough to tension the membrane without risking breaking the rod under excessive bending. 
External loading, such as wind, causes quite big deflections of the structure, which exceeds 
easily the bearing capacity of the structure’s elements. Structural analysis is hence essential to 
design the tower within its bearing capacity.  

 
Figure 7: Formfinding tool in Rhino/Grasshopper with inbuild comparative bending radii analysis of differently 

dimensioned towers. Note the relationship between macro shape and bending radii. 

The developed fomfinding tool is based on the Kangaroo 2 particle spring solver in 
Grasshopper/Rhino, operating on discrete piecewise linear geometries for modelling the 
behaviour of bending members and coupled discreet meshed for the tensile membranes in one 
unified and interactive system. The form finding and dimensioning process has three stages: 
generating, exercising, and refining constraints. The designer is guided during the process by 
inbuilt lightweight analysis features, providing feedback on the bending stress, utilisation and 
reserve of the member in isolation (Fig. 7), as the size and shape of the resulting membrane 
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patches in the plane (Fig 8). Optimisation algorithms help to determine the best fit of the 
unrolled flat knitting patch in the max. width of the CNC knitting machine and constraints 
coded into the tool, prevent the design to exceed i.e. the max. length of bending elements. The 
process outputs the form found geometries and solver statistics. 

 
Fig. 8 Steps of refinement and deviations during development of strips of the doubly curved membrane into flat 

knit patterns.  

5.2 FE Analysis 
As the formfinding tool does not provide the resulting stresses, caused through the 

construction and external forces an FE environment (Sofistik) is used for subsequent analysis. 
It is well suited to the real-time form finding and provides a precise mathematical 

definition of the global stiffness matrix. Large deformations must be simulated using an 
incremental process. Current approaches for the simulation of complex structural systems 
with large deformations, such as the elastic cable approach, developed by Julian Lienhard 
[15], reach their limit, in a system like the tower, where many elements and membranes are 
interacting. In our approach the form found geometry is imported as lines and surfaces into 
FE and converted into structural beam and membrane elements and materials, cross-sections 
and support conditions are defined. The results from the bi-axial tests defined the 
characteristics of the knitted membrane. The material behavior in terms of elasticity where 
nonlinear and linearised for two stress intervals to be used as elastic constants in the FE-
simulation. 

The expected levels of prestress in the hand assembled tower did only allow for the lower 
range of 0.1-3kN/m, so an isotropic Young’s modulus of 10 Mpa was ascertained for the FE-
simulation. The analysis confirmed the viability of the structural system, indicated however, 
that the membrane would have to be multiple times stiffer in order to balance the levels of 
applicable prestress, remaining structural capacity in the rods and external loading. 

5.2 Preparation of Fabrication data 
The specification for the different Knit patches is directly derived from the form finding 

tool. The form found patches are however curved and represent the knit in a pretensioned 
state. As this prohibits a direct unroll we develop the knit patterns in several steps: 

1) The topology of the doubly curved patch is projected into the XY plane 
2) A relaxation algorithm creates a best fit of the original length of the edges within the 

subdivided polygon to the flattened version. The numeric results showed overall 
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deviations in the range of millimeters. Extensive testing of the assembly of the derived 
cutting patterns onto physical models proofed the validity of the approach (Fig. 8). The 
pretension of the knit and the anisotrophy of the material is compensated through non-
uniform scaling of the pattern. The necessary  ratio is based on the bi-axial tests and 
measurements on a limited set of test patches and prototypes, which allowed 
determining the behaviour of the assembly rather than the constituting elements.  

3) The compensated polygon representation of the unrolled stripes, are converted to 
vector representations and automatically refined with details, such as areas with 
reinforced textile (110tex), pockets, channels, holes and elements for the tensioning. 

The refined vector pattern is non-uniform scaled to compensate the difference between the 
computational representation of a knitted loop for CNC knitting (square pixel) and the 
physical reality (rectangular).  

6 CNC FABRICATION OF BESPOKE KNIT 
The form finding tools provides finally the production information for the GFRP rods and 

for the CNC knit (fig 9). The information for the patches are bespoke to the level of local knit 
structure and overall shape. 

 
Fig. 9: Production information with all details included is generated in Pixel format. White= Piquet, Grey= 

interlock, Pink= Tubular Jersey. Red pixels = holes. The figure shows the state before compensation for knit and 
machine parameters.  

Each patch has three distinct knitting structures. The central part, using Piquet, is more 
elastic, and transparent with greater aptitude towards stretching. The peripheral and other 
reinforced areas use Interlock structures and Tubular Jersey (Fig. 10).  

 
Fig. 10: Structural details on the textile. Piquet / Interlock / Tubular Jersey / Rod placement & sewing holes 

Fig. 11: Each patch is reinforced in the centre and holds a detail for the tensioning to the towers centre axis. 
Three pairs of holes are allowing cables to pass from the outside to the inside without interfering with the 

membrane. 
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Both structures use front and rear needle beds simultaneously in order to increase the 
stability and functionality. Interlock produces perfectly intertwined double knit, while the 
shift to tubular jersey produces two independent faces, creating a pocket or cavity – the 
channels and pockets for the GFRP rods. The same principle is used for circular channels in 
the centre of the membrane patches, where steel rings are inserted, which provide in concert 
with CNC milled plastic details the interfaces to the towers inner tensioning system. Within 
the circles, three pairs of Ajour knitting patterns create holes, which allow tensioning 
cables to pass from the outside pulling plastic ring to the center of the tower (Fig 11). 

This knitting technique is as well used in the boundary regions of the up to 8m long knitted 
strips and creates here holes for interfacing seems with neighbouring strips. These holes use 
only two needles width (line 2 of Figure 12), while a hole with four needles width (line 4) 
creates holes wide enough to introduce rods into the channels.  

             
Fig. 12: Ajour Knitting Pattern is used in order to create a larger hole (approximately 4 needle width). Note that 

this representation is made on a Jersey basic structure in order to simplify the drawing. Here each line is 
represented by a pair of dots, each dot represents a needle and each line of dots represents a needle bed, rear and 

front, respectively.  

Fg.13: Weft-knitting electronic machine Shima Seiki SSR112 

The final production of the membrane took place on a weft-knitting machine Shima Seiki 
SSR112 (Figure 6), with 1150 mm of total width, 10 (needles/inch) gauge, 450 available 
needles and 55 take down. This machine was selected due to the high quality production, high 
memory capacity and a gauge similar to the one used during Fibrenamics´s developments, 
which should assure repeatability of the mechanical properties of the knit. Due to the 
complexity of the fabrics design and the elastic behaviour of the used yarns, the production 
speed was lower than for conventional textiles. Higher speed may lead to faults of the textiles 
structure, due to characteristics of flatbed knitting needles and as this would complicate the 
internal cutting system for the yarn. 

 
It is challenging to CNC knit as bespoke and with the amount of changing detail, as in the 
tower : 
 

• The precise behaviour and dimension of knit is hard to foresee before the actual 
production – despite all measurements. The channels should for instance all have the 
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same width in any angle on the surface. They should be tight enough to fix rods in the 
determined position, and wide enough for larger diameters of rods. Extensive tests 
were necessary. 

• Trade-off between the integration of detail and the stability of the structure. This 
is especially true for areas around wider holes with Ajour knitting pattern. The sewing 
holes are made through transfer of loops between neighbouring needles (see Fig. XX 
Line 2, transferring C to B and D to E). However the placement holes couldn’t simply 
be made by replication of this transfer, as this would compromise the structures 
stability. The increase in size of the hole was hence accomplished through creating a  
weakening of the surrounding structure. In this way the rest of the transfer could be 
introduced later, obtaining only a slightly larger but more elastic opening of the 
channel, so that rods could be forced in. Grinding the edges on the tip of the rods 
eased the insertion. Bigger diameter rods damaged however often loops and led to 
larger defects in the knit.  

• The inner logics of knit and fabrication limit the complexity in the structure.  
Constraints emerge in the fabrication end, which make it difficult to realize the 
theoretically possible overlay of varied width of the knit, a varying amount of details 
and a stable structure. The special challenge in the pattern for the tower, was to place 
all crucial details into the knitting. 

• Knowledge, Process and Technological barriers. In the production of knitted fabrics 
the synthesis of size, fabric’s stability and experience and knowledge of technicians 
are decisive aspects. The needle bed determines i.e. the width of each part, whilst the 
achievable complexity, detailing and size is dependent on the storage capacity pattern 
without compromising texture and dimensional stability. Methods to untangle these 
constraints and create a more systematic and scientific approach are needed. 

7 PROTOTYPING AND ASSEMBLY OF THE TOWER  
The validity of the projects decisions were tested throughout the development process by 
means of physical models in increasing scale up to 1:1 prototypes. These models verified i.e. 
the precision of the formfinding tool through comparative studies of 3d scanned physical 
models and their simulation.  
For the tower project the interaction of membrane and GFRP rods, the ability to pretension 
the knit through the rods manually, as well as the functionality of inserting and fixation of the 
rods in the textile through channels and pockets could only be verified in 1:1 scale prototypes. 
As CNC knitting on large scale machines means a considerable effort, the project had only 
limited possibilities to test and improve the taken decisions iteratively. The test of a single 
patch was possible prior to the actual production, verified the approach, but demonstrated as 
well, that the structure in total was more elastic and less precise than anticipated. Due to time 
constraints, the effective length of the rods was increased through sewing the pockets shorter. 
This led to imprecisions on the global scale and deviations from the simulated geometry. 
These were increased by further imprecision induced through the fabric connections of the 
rods. While the system of pockets and channels was generally strong enough to prevent rods 
from poking through the fabric, the design of the detail allowed for a torsion between the 
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rods. A more fixed and precise solution would be necessary. 
The final assembly took place on the ground, starting with the top layer, filling in each story 
underneath as soon as it was completed - a strategy, which made it possible to abstain from 
expensive temporary scaffolding. Simply a centered scissor lift was used to push the build 
part a level upwards. It turned however, out that hanging the structure created distortions, 
which could not be adjusted in this state. Having smaller more flexible jacks around the 
perimeter would be a better strategy, especially as the structure proved stable in intermediate 
states.    

The monitoring of the tower over a four week period showed, that it was able to withstand 
wind forces up to 11 m/s.  

8 CONCLUSION: POTENTIALS AND RECIPROCITY OF DEVELOPMENT AND 
DESIGN OF KNITTEDMEBRANES SURFACES (600 WORDS) 

The project demonstrates the potentials of material specification in CNC knit for 
architectural structures. The project found several practical challenges in the process of 
specifying material properties in knit, their implementation into fabrication and the 
verification of these. These have been discussed in the chapters above. The project is first of 
all a case for a future integrated and interdisciplinary design practice, where a building 
structure can only be understood as an interacting multi-scalar system.  

Feedback on tool and process level 
The design of the towers hybrid structure required the integration of constraints, that 

determine the making of a single loop of knit, with those that operate on the largest scale. This 
is a call for an exchange and feedback between all partners from design to fabrication.  

On the level of design computation, the projects demonstrates successfully, how feedback 
from all levels can be implemented in digital design tools and how these are the key 
component to design with highly interdependent hybrid systems. Information from the 
structural, fabrication and level of assembly was successfully integrated in the form finding 
tool and allowed to design the overall structure, as the discretisation of the surfaces, so that 
they stayed within the fabrication limits. 

 However, the tools need to be informed about the relations and properties of the 
interplaying components and materials and the processes to specify and fabricate them. The 
reciprocal nature of structures and processes was - and could - not be well understood in the 
beginning of the project. And while early design processes find usual a resort in “standard” 
material specifications, these assumptions are void, when design demands a high level of 
material behaviour and specification. 

In the case of CNC knit this is obviously highly dependent on the limitations of the actual 
CNC production in both size and data capacity, as the inner constraints of the knit 
structure.  These were not known early on in the tower project, which took hence resort in 
small-scale prototypes with placeholder materials. This approach did not scale well, as the 
material level is decisive for the hybrid structure. This is methodologically different to the 
geometric form finding of pure membrane structures, where small-scale physical models 
provide a sufficient point of departure. The developed CNC knit structure sufficed the 
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determined requirements on sample size, with the exception of the material stretch. The shift 
to production level machines, the engagement with large knit structures with full details and 
the assembly on these within a bending active structure proved to be challenging. Earlier full-
scale physical prototypes with the real materials would have enabled a better understanding of 
the physically achievable material and system behaviour.  

The necessary approaches to test and verify the bi-axial behaviour of the designed knit 
and obtain a numeric base for simulation are currently experimental and time consuming and 
it has to be emphasized, that the obtained “fictitious” elastic constants are results of 
preliminary, but nevertheless quite practicable biaxial tests, which were modified for the 
knitted material in the first time. In future, the test and evaluation procedures have to be 
progressed in order to meet the requirements of the special knitted material. Furthermore, the 
constitutive law used for the determination of the “fictitious” elastic constants is actually 
limited to small strains which were not observed for the investigated knitted material.   

The obtained values are sufficient to predict the overall structural capacity through FE 
simulation. The simulation is however sensitive and difficult to set-up to give a timely 
feedback to the design process. A coupling of the quick and stable form finding processes 
with particle based systems and precise FE analysis are hence necessary. 

Feedback between disciplines 
The project exemplifies the problem, that highly integrated projects with interdepended 

systems and scales pose. In the case of the tower design decisions were only possible in an 
interdisciplinary dialogue.  An exchange of all partners was necessary at a point in time, when 
a design consists merely of ambitions and intentions - not requirements. This demands a 
designerly conversation between disciplines, which might not be used to the wicked and 
open-ended nature of design, the related symptoms of initial insecurity and the many loops 
and iterations, which are necessary to from the vagueness into a secure territory. Fast cycles 
between making, testing and specifying of material and structure are here an appropriate 
means to solidify the design and finally engage the potential, which resides within bespoke 
materials. 

Potentials of CNC knit in hybrid structures 
The benefits of CNC knit for The Tower were the integration of details into the knit. This 
allows to collapse the complexities from fabrication into the material itself. The activation of 
the material stretch allowed the knit furthermore to take on geometries, which would be 
difficult to achieve with patches made from weave. The elasticity of the material challenges 
however the construction and calculation of its behaviour. The knitted fabric shows in the 
conducted test, as in the final tower a non-linear behaviour, were a considerable stretch has to 
be introduced, before the knitted structure “locks” and is actually able to convey forces. This 
behaviour is different from the usual woven PVC coated membranes. It meant, that the 
stabilising pre-stress could only from the “locking” point onward be introduce into the 
membrane. As the geometry of the restraining system and the pre-stress in the membrane 
influence each other it was challenging to find their appropriate configuration in the pre-
construction phases.  
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A better understanding of the actual forces in the tensioned areas would allow to enact on 
these with a better fitting choice of the diameter of the bending active element or even with 
local change of the knit structure. Such fabrication of membranes with graded material 
properties is another promising area of CNC knitting. It has only be touched upon in this 
project. We focused on the creation of reinforced zones in the membrane, a variation of knit 
structure offers even the potential to influence the membrane shape through locally stiffer 
textile material (Henrysson 2012). These processes require a complete understanding, control 
and coordination of the different processes in all disciplines.  
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Summary. Scientific and technological  advancements in the area of fibrous and textile
materials have greatly enhanced their application potential in several high-end technical and
industrial  sectors  including  construction,  transportation,  medical,  sports,  aerospace
engineering,  electronics  and  so  on.  Excellent  performance  accompanied  by  light-weight,
mechanical flexibility, tailor-ability, design flexibility, easy fabrication and relatively lower
cost  are  the  driving  forces  towards  wide  applications  of  these  materials.  Cost-effective
fabrication of various advanced and functional materials for structural parts, medical devices,
sensors, energy harvesting devices, capacitors, batteries, and many others has been possible
using fibrous and textile materials. 
Structural membranes are one of the innovative applications of textile structures and these
novel building skins are becoming very popular due to flexible design aesthetics, durability,
lightweight  and  cost  benefits.  Current  demand  on high performance  and  multi-functional
materials  in structural  applications has motivated to go beyond the basic textile  structures
used for structural membranes and to use innovative textile materials. Structural membranes
with self-cleaning, thermoregulation and energy harvesting capability (using solar cells) are
examples of such recently developed multi-functional membranes. Besides these, there exist
enormous  opportunities  to  develop  wide  varieties  of  multi-functional  membranes  using
functional  textile  materials.  Additionally,  it  is  also  possible  to  further  enhance  the
performance and functionalities of structural membranes using advanced fibrous architectures
such as 2D, 3D, hybrid,  multi-layer and so on. In this context, the present paper gives an
overview  of  various  advanced  and  functional  fibrous  and  textile  materials  which  have
enormous application potential in structural membranes. 
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1 INTRODUCTION

Architectural  membranes  are  becoming  an  important  building  material  due  to  several
advantages such as flexible design aesthetics, outstanding translucency, durability, lightweight
and cost benefits. The global membrane market is estimated to grow at a compound annual
growth rate of 9.43% from 2014 to 2019, reaching a value of $29.3 billion1. Over the last few
years,  the construction industry is looking for innovative materials  which, besides serving
their basic purpose, should also provide other smart functionalities such as thermo-regulation,
self-sensing and self-healing, colour and shape changes, etc., in order to enhance the quality
and safety of human life. For architectural membranes, until now, only basic textile structures
are  being  used,  except  some  efforts  to  develop  membranes  with  self-cleaning  and
thermoregulation features2, 3. Dubai cricket stadium with self-cleaning property (using TiO2)
and  energy  harvesting  membranes  developed  using  solar  cells  by  PowerFilm,  Inc.  and
Konarka Technologies, Inc. are examples of such recent developments.

2 SELF-SENSING FIBROUS AND TEXTILE STRUCTURES

Self-sensing  is  an  important  characteristics  of  current  materials  used  in  structural
applications. Online monitoring of stress/strain helps to take timely actions in order to ensure
proper functioning or prevent chance of consequent damage, whereas sensing of damages at
earlier stages helps to take preventive measures avoiding additional costs due to substantial
maintenance  or  replacement  of  the  materials.  Use  of  self-sensing  materials  can  greatly
enhance the durability of structures, improving safety and reducing maintenance costs and use
of  non-renewable  materials.  This  leads  to  significant  reduction  in  the  carbon footprint  of
structures.   Recently, a variety of sensors such as fibre optic,  piezoelectric,  piezoresistive
sensors etc. have been developed for strain and damage sensing in structures4. 

Figure 1: Strain sensing behaviour of recently developed braided textile composites

2
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Among them, self-sensing composites have been considered to be highly advantageous due
to  their  low  cost  as  well  as  easy  design  and  application  possibilities.  These  composite
materials  contain  an  electrically  conducting  component  (such  as  carbon  fibre,  powder,
nanofibres  or  nanotubes,  etc.)  and  exhibit  change  in  their  electrical  resistance  due  to
mechanical strain or damage. The sensing response from a recently developed self-sensing
braided composite is presented in Figure 1. 

Although a variety of techniques are available for the self-sensing purpose, there exists a
strong need for a lightweight, strong and flexible sensing material which is well suited for
applications  in  flexible  materials  such  as  architectural  membranes.  Recently,  some
piezoresistive  coatings  have  been  developed  for  fibrous  materials  to  sense  change  in
strain/stress  state  and damage through change in  electrical  resistivity5.  These coatings  are
based on conducting polymers and advantageous as they can be applied using low cost and
commercially available coating or printing technologies6. Moreover, when applied to a textile
material, conducting polymers can impregnate the individual yarns and spaces within a fabric
structure allowing the detection of local  stress/strain or damages.  Also,  the coated textiles
possess excellent flexibility just like the base materials6. Conducting polymers also possess
other important characteristics such as generation of electrical voltage when heat is applied
(thermoelectricity) or the opposite, i.e. generation of heat when voltage is applied7. Therefore,
the generated heat can be used for various aesthetic purposes in architectural membranes, for
example, color change using thermochromic pigments.  

3 FIBROUS AND TEXTILE STRUCTURES FOR ENERGY HARVESTING

Fibrous and textile materials are being considered for several advanced applications as they
possess some inherent beneficial characteristics such as lightweight, mechanical strength and
flexibility,  numerous  design  possibilities,  easy  processing  and  integration  with  flexible
materials,  etc.  Producing energy using  flexible  textile  materials  is  one  of  the  remarkable
innovations  of the recent  time.  One example of this  is  the harvesting of energy from the
wearable textiles due to body movements8. Production of energy through this technology can
significantly reduce the usage of non-renewable energy sources and carbon footprint. Some
research studies have demonstrated the feasibility of using polyvinylidene difluoride (PVDF)
as  the  piezoelectric  polymeric  material  for  this  purpose9.  The  use  of  PVDF  films  for
continuous power generation in the order of 100 µW using wind energy at moderate wind
speeds has also been demonstrated. Under certain conditions, PVDF films can produce more
voltage  and power  from wind and rain  as  compared  to  ceramic  based PZT10.  Fibres  and
textiles  made  from PVDF  are  superior  to  PVDF  films  in  terms  of  mechanical  stability,
flexibility  and large  scale  production  possibilities10.  2D and  3D textile  fabrics  (Figure  2)
produced  from  PVDF  fibres  have  been  already  designed  and  demonstrated  for  energy
harvesting  applications11.  The  developed  3D  spacer  piezoelectric  fabrics  exhibit  a  power
density in the range of 1.10 mW cm-2 to 5.10 mW cm-2 at applied impact pressures of 0.02
MPa to 0.10 MPa, which is comparable to existing piezoelectric materials11.

3
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Figure 2: Design of 2D piezoelectric fabrics from PVDF fibres (a) and 3D piezoelectric textiles (b)

4 FIBROUS AND TEXTILE STRUCTURES FOR ENERGY STORAGE

Textile based flexible energy storage devices are also becoming very attractive for e-textile
or other applications. These devices can be easily paired with fibre or textile based energy
harvesting  devices.  Textile  energy storage  devices  such as  batteries,  electric  double  layer
capacitors (EDLCs) with good gravimetric performance have been already developed12. Well-
established  textile  technologies  such  as  knitting  and  screen-printing  have  been  used  to
produce solid state ELDCs with capacitance as high as 0.51 F cm-2  per device at 10 mV s-1,
which  is  comparable  to  standard  activated  carbon  film  electrodes13.  Lithium  ion  textile
batteries with large areal mass loading and good performance have also been developed14.
Proper functioning of these wearable textile batteries (Figure 3a) has been demonstrated by a
research group from Korea Advanced Institute of Science and Technology (KAIST) and the
possibility  of  powering  these  textile  batteries  through  flexible  solar  cells  has  also  been
explored15

. Textile batteries made from bio-based materials with good performance (cotton or
silk fabric coated with eco-friendly conducting materials like Ion Jelly) have been developed,
as shown in Figure 3b. For use in these flexible textile batteries, novel textile based solid
electrolytes  have also  been developed16-19.  Prepared  from natural  fibre  based  textiles  (i.e.
cotton, silk, etc.) using bio-based materials such as gelatin and water and a green solvent such
as  ionic  liquid,  these  solid  electrolytes  are  ecofriendly  materials  with  very  high  ionic
conductivity (similar to ionic liquid) and excellent electrochemical performance as well as
possess excellent mechanical strength and flexibility. In addition, the process used to develop
the electrolyte and battery is a low cost textile coating process, which is highly suitable for
commercial production and applications. For the production of the electrolytes, gelation and
ionic liquid are reacted in the presence of water to form a novel ion conducting material (Ion-
Jelly), which is then coated on the textile fabrics. The textile batteries are then developed by
depositing  electrode layers  (ion jelly  containing  electrode materials)  on both  sides  of  the
textile electrolyte.  Fig. 4 shows the solid electrolyte developed using silk fabrics and their
ionic conductivity curves.

4
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Figure 3: (a) Wearable textile battery (b) demonstration of thin film ion jelly battery 

Figure 4: (a) Silk based textile electrolyte (b) comparison of Ionic conductivity of Silk electrolyte with neat
silk, neat Ion Jelly, commercial membrane (Celgard3402) and pure ionic liquid ([bmim][dca]
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5 ADVANCED TEXTILE ARCHITECTURES 

Until now, structural membranes use only basic textile fabrics made of various fibres such
as  glass, aramids, acrylic, nylon, polyester, etc. coated with PVC, urethane, PTFE, silicone,
etc. Innovation in textile technology has led to the development of a wide variety of advanced
fibrous architectures such as directionally oriented structures (DOS), multi-axis, multi-layer,
hybrid, etc. which can greatly reduce the weight and improve the performance of materials20.
These advanced structures have been extensively used in advanced composite materials for
various high end applications such as aerospace, construction, transport, medical, sports, and
so on. Therefore, the  use of these innovative fibrous architectures can greatly enhance the
mechanical performance and functionalities of structural membranes. Figure 5 shows some
examples of advanced fibrous architectures used for technical applications.

Fig. 5: Various advanced fibrous architectures: (a) DOS, (b) multi-layer, (c) 3D woven spacer, (c) 3D warp
knitted spacer, (d) 3D weft knitted and (f) 2D braided structure

6 MULTI-FUNCTIONAL TEXTILES AND COMPOSITES

Recently, multi-functionality has been considered as an essential requirement of materials for
application in advanced technical areas. Materials with high strength and stiffness, excellent
electrical and thermal conductivity, self-sensing and self-healing capability, energy harvesting
ability, etc. are highly suitable for applications requiring all/most of these properties. One of
the easiest  approaches to develop multi-functional materials  is through nanotechnology by
using  various  multi-functional  nanomaterials.  Nanomaterials  can  be  easily  incorporated
within engineering materials to introduce multi-functionality, leading to a new generation of

6
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materials called “multi-scale composites”21-27. The incorporation of nanomaterials can be in
the  form of  composite  materials  or  coatings.  The concept  of  multi-functional  composites
developed  using  nanotechnology  is  presented  in  Figure  6.   However,  designing  of  such
materials and proper tuning of all these properties may be a challenging task. Recently, high
performance and multi-functional composite materials using carbon and other nanomaterials
have  been  developed  to  address  the  demand  of  many  high  end  applications.  Similar
technology can also be utilized to develop flexible multi-functional materials for application
in structural membranes. Alternatively, multi-functional coatings can also be applied to textile
and fibrous structures to develop multi-functional architectural membranes.

Figure 6: Concept of multi-scale composites 

7 APPLICATION OF ADVANCED MULTI-FUNCTIONAL TEXTILE MEMBRANES

Advanced  and  multi-functional  textile  structures  have  been  widely  utilized  for  various
applications in different industrial sectors including aerospace, transportation, medical, sports;
civil  engineering,  etc.28-31.  These advanced textile  structures also can be used for different
purposes in architectural membranes. The textile energy harvesters can be used to produce
energy from vibrations due to wind, rain, snow or other sources. The produced energy can be
stored in to textile based batteries and can be utilized for various purposes. So, these energy
production-storage systems can reduce the energy requirements  from other non-renewable
sources.  The  textile  piezoresistive  sensors  can  be  used  to  detect  the  tension  level  in  the
membrane  and  accordingly  adjustments  can  be  made  ensuring  proper  functioning  of  the
membranes.  Moreover,  in  case  of  any damage,  the  sensors  will  show a  sharp  change  in
electrical resistance, thereby initiating damage detection and their timely maintenance. This

7
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will avoid excessive damage and major maintenance activities or their complete replacements.
Consequently, the maintenance and material cost as well as environmental problems (due to
production  of  these  synthetic  materials)  can  be  significantly  reduced.  Multi-functional
coatings with heat generation capability (for example, using conducting polymers) can help in
thermo-regulation  as  well  as  can  create  different  aesthetic  colour  effects  if  used  with
thermochromic  pigments.  The  utilization  of  phase  change  materials  (PCM)  will  further
enhance the thermoregulation of spaces around the membranes, and self-cleaning materials
will  reduce  the  need  for  frequent  washing  and  cleaning  of  membranes.  Many  other
functionalities  can  be  achieved  based  on  the  used  functional  materials.  Further  use  of
advanced  textile  architectures  can  greatly  enhance  the  mechanical  performance  of  the
structural  membranes.  However,  it  is  highly  essential  to  conduct  in-depth  research  and
developments to optimize these various properties, in order to come up with multifunctional
materials with properties matching with the requirements of targeting applications. 

8 CONCLUSIONS

In conclusion, recent advancements in materials science and nanotechnology made possible to
develop  highly advanced fibrous  and textile  materials,  which,  besides  being light-weight,
flexible, strong and durable, can provide a combination of various features like self-sensing
and  healing,  thermal  and electrical  conductivity,  thermal  regulation,  self-cleaning,  energy
generation,  and so on. These features not only enhance the performance and safety of the
materials, but also make them more attractive to the users. Only a few of these features are
currently available  in  the  materials  used  for  existing structural  membranes.  However, the
concept  and  technology  employed  in  developing  multi-functional  materials  for  other
industrial  domains  can  also  be  utilized  for  structural  membrane  sector  to  develop  such
advanced materials. Therefore, strong emphasis should be given on research and development
in this sector to come up with advanced multi-functional materials which will improve the
competitiveness and sustainability of this industrial domain.
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Summary: The aim of the present paper is to present actual calculation approaches and 
design aspects of inflatable dams. The analytical calculation of design relevant stresses in the 
membrane of inflatable dams is too vague. Therefore, finite element analyses are needed to 
get the stresses of the multi-ply composite material with cover layers of rubber. Because of 
the rubber layers the inflatable dams are sometimes called rubber dams. In the end of the 
actual investigations, there should be a design concept for inflatable dams accordant to the 
Eurocode-concept. Stress concentration factors, gained of finite element calculations, lead to 
the relevant stresses. Reduction factors for the different material behaviours are determined 
independent of numerous calculations. 

 

1 INTRODUCTION 
The Federal waterway network in Germany comprises about 7,350 km of inland 

waterways. There are more than 300 weirs in order to raise water levels and allow navigation. 
Many of them have reached their lifetime and must be replaced in the near future. 
Traditionally, these weirs were made of steel. Since several decades a new weir type exists – 
the inflatable dam. They are considered because they can be more cost effective compared to 
steel gates [1]. An inflatable dam consists of a multi-ply rubber membrane, filled with air 
and/or water and clamped to the weir body with one or two fixing bars. For hydraulic reasons 
breakers can be attached to the dam body, see Figure 1.  
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Figure 1: Inflatable dam with breakers near Marklendorf at the river Aller 

Since 2006, five inflatable dams were commissioned at the German waterways with a 
height up to 2.5 m, e.g. in Marklendorf at the river Aller. These dams were designed 
according to the "best practice" principle with a relatively simple design approach. Currently, 
two water-filled inflatable dams are planned with a dam height up to 5.0 m requiring a 
detailed design method, which does not exist yet. Only Japan has a technical standard, but it is 
not according to the Eurocode standard. 

The aim of the actual investigations is a design concept for inflatable dams 

2 STRUCTURAL DESIGN ASPECT 
Water filled inflatable dams are considered for a better control behaviour [2]. Therefore, 

only the water-inflated dams are considered at the federal waterways. The inflatable dams are 
basically very similar in their structure. Different manufacturer use their “own” clamping 
system, e.g. the below introduced and investigated design of the clamping system. This paper 
deals not with the Pros and Cons of the different designs. 

2.1 Geometry and clamping system 
The appearance of an inflatable rubber dam depends on geometric, hydraulic and material 

parameters. The geometric parameters are: the span width l, the distance of the clamping lines 
b, the height w of the clamping lines, the small height h, the angles 𝛽𝛽1 and 𝛽𝛽2, the slope of the 
weir pier and circumference U, see Figure 2. Because of geometric dependences the angels 𝛽𝛽1 
and 𝛽𝛽2 are defined as a function of the other parameters. 
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Figure 2: left: Schematic setup of selected clamping geometry (blue lines) on a weir pier; right:  

The dam height is substantially determined by the circumference and the distance of the 
clamping lines. The other parameters matter only for the weir piers and therefore, the stress 
concentrations of the membrane in the folds near the weir pier. According to circumstances on 
the construction site, the parameters can depend on the local boundary conditions.  

Dependent on suppliers several profiles of fixing bars are used for clamping. A cross 
section of a possible fixing bar is shown in Figure 3. 

 

 
Figure 3: Fixing bar with anchoring [3] 

In comparison to other application areas of membranes, inflatable rubber dams are not 
prestressed in the classical meaning. The main loads are the pressure inside the tube and the 
headwater. So the hydraulic parameters are defined as the inside water pressure head ℎ𝑖𝑖, the 
upstream water level ℎ𝑜𝑜 and the downstream water level ℎ𝑢𝑢. 

Key: 
A: lower metal bar 
D: membrane 
E: anchor bar 
F: nut 
G: compression plate 
L: metal bar witdh 
Td: membrane force 
d: diameter of the anchor bar 
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2.2 Material 
The material used for inflatable dams is descended from the rubber industry. 

Manufacturing of a rubber membrane requires large scale rubber vulcanizing equipment, 
usually an autoclave or heated press machine. There are tension members in between of layers 
of rubber. The tension member for the construction of inflatable dams what we are looking at 
is a polyester or polyamide fabric. These fabrics are covered with rubber, in our cases 
ethylene propylene diene monomer rubber (EPDM) or chloroprene rubber (CR).  

One method involves procurement of pre-vulcanized rubberized fabric sheets and bonding 
these together in a press machine. The continuous product from the conveyor belt production 
is divided according to the circumference. These strips are placed side by side and joined 
together by separating the layers of fabric and re-vulcanization of the joints to produce the 
tubular membrane. On the construction site, the ready-made membrane only needs to be 
attached to the clamping system on the weir foundation. Conveyor belt products with textile 
tensile members for weirs have a customized thicker rubber layer which is later on the outside 
of the inflatable rubber dam. This thicker cover layer is for the protection of the tensile 
members with respect to abrasion, vandalism and weathering [4]. 

There is also a disadvantage of this thick layer for bending behaviour. We assume for the 
fabric only a high tension resistance, but for the rubber a very small one. Instead, there is a 
strong resistance against compression. Figure 4 shows a tensile specimen under bending load.  

 

 
Figure 4: Bending characteristics of membranes for inflatable dams 

The length of the specimen is 320 mm and has a shape of specimen A of DIN EN ISO 283 
[5]. The specimen is about 13.5 mm thick and is executed with two fabric layers. The thicker 
coating is about 7 mm. The two ends are hold together with adhesive tape, which is on the 
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right in Figure 4. On the left side, a pair of forces arises. Here, the blue arrows symbolise the 
compression part in the rubber and the red arrows the tension part in the fabrics. Because of 
this, the tensile stress in the fabrics increases, see below. 

The breaking strength of the fabric is tested in own laboratories in warp and weft direction. 
The stress-strain-behaviour is nearly linear, see Figure 5. 

 

 
Figure 5: Stress-strain diagram of a two-ply rubber membrane 

The first approach in the finite element modelling of this material was a homogenisation of 
the compound. The bending behaviour of the material is overrated with this assumption, 
because the tensile stiffness is in the fabric. The Young’s Modulus in the software needs the 
reference to a cross section. Hence, the thickness of the compound material leads to a small 
Young’s Modulus, but also to a great thickness. The thickness is linked with the third power, 
so that the bending influence induces too high stresses in the calculation. Therefore, the 
material composition has to be modelled more detailed. The next approximation would be a 
tripartite cross section with a lower and upper part of rubber and middle section as 
homogenised fabric(s). 

 
In the first place, the compression part of the stress-strain diagram of the different types of 

rubber is unknown. It is complicated to get the same boundary conditions in the compression 
test as in reality. In the axis of compression is an “endless” material with no defined height 
(Figure 4). At the right angel to this axis there is on the one hand an endless part and on the 
other hand a free end and an end with fabric as tension member. Therefore, two tests were 
made – an unconfined and a confined compression test. For the linear parts of the stress-strain 
diagrams a Young’s Modulus between 5 and 3500 N/mm² was obtained.  

Three different compression modulus (600, 300 and 30 N/mm²) were tested in bending 
conditions in an example. A fictive cross section with one single, homogeneous fabric layer 
exactly in the middle of the 10 mm thick sample was chosen in a finite element simulation. 
The Young’s modulus for the fabric was 1200 N/mm² and for the tension side of the rubber 
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5 N/mm². For a high resolution of the stresses each rubber layer was calculated with six 
integration points and the fabric layer with four integration points. Fully integrated shell 
elements were used. As a consequence bending stresses can be seen in the fabric layer (Figure 
6). Here, the yellow coloured part is the blurred fabric and the grey coloured parts are rubber 
layers. In the upper rubber layer are nearly no stresses, because of the low Young’s Modulus 
of the rubber, in comparison to the stiffness of the fabric layer. With the increasing 
compression modulus the pressure zone in the lower rubber layer increases. But also the stress 
in the fabric layer increases. Finally, as expected, the compression modulus influences the 
stress in the fabric. 

 

 
Figure 6: Cross section with different compressive modulus 

Here, the fabric layer is modelled with the theory of thin shells. Further investigations will 
use membrane theory for the fabric. 

2.3 Membrane forces 

The force T in a cross section of a water-filled type and a design case with full headwater 
can be calculated analytically [6] with 

T =  1
4 (2𝛼𝛼 − 1) 𝜌𝜌𝑊𝑊𝑔𝑔 ℎ𝑠𝑠

2  .  (1) 

Here 𝛼𝛼 is the internal pressure coefficient, which is in case of water filling the proportion 
of the inside water pressure head ℎ𝑖𝑖 and the upstream water level ℎ𝑜𝑜. Further, 𝜌𝜌𝑊𝑊 is the 
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density of water, 𝑔𝑔 the gravitational constant and ℎ𝑠𝑠 the dam height. In the undisturbed areas 
of the cross section the analytically calculated forces correspond with the results of finite 
element simulations. 

Stress concentrations near the clamping lines or in folds near the weir pier cannot be 
determined with equation (1). For this purpose further finite element simulations are needed. 

3 FINITE ELEMENT SIMULATION 
All calculations were made with the explicit finite element analysis software LS-Dyna. 

This software was chosen because of the many material models, contact algorithms and the 
quasi-static fluid-structure interaction. Here, the fluid is replaced by an energetically 
equivalent load vector [7,8]. Because of the large number of variables, it is appropriate to use 
ANSYS Mechanical as part of the pre-processing process.  

For symmetry reasons only the half of an inflatable dam has to be modelled. This 3D FE-
Model is divided in three chambers: inner volume, headwater volume and downstream 
volume. Each chamber can be filled with water and/or air. All chambers have to be enclosed, 
that is why there have to be walls on the downstream (UW) and the upstream (OW) side of 
the inflatable dam. In Figure 7, the delimiting wall on the downstream side is not shown for a 
better view. The inner chamber is the inflatable dam itself and is limited by the light-blue, 
dark-blue and red parts. The upstream chamber is limited by the red, brown and yellow parts. 
At least, the red, blue and grey parts describe the downstream chamber. The weir sill, made of 
concrete, is modelled with a rigid material. 

 

 
Figure 7: FE-Model, left: deflated dam, right: water inlated dam with headwater 

Figure 7 on the left shows a deflated rubber dam while on the right side an inflated dam 
with headwater is shown.  

The aim of this initial state is to get an unstressed condition. Therefore, the parts, which 
should be stressed, are initialized with the corresponding stresses. In this case the state of 
stress is similar as if the membrane would be brought from a flat and unstressed membrane in 
this state. For the same reason the slope of the weir pier is zero at the beginning. The yellow 
and green stripes in the weir body are “special” parts on which initial stress is initialised. This 
initialisation allows an unstressed condition, when the membrane lies flat on the ground. 

UW UW 

OW OW 
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At the start of the simulation the weir pier gets the right slope, while gravitation is already 
working. After this movement the filling medium is raised slowly, quasi-static. Hence, no 
unphysical behaviour should occur. In the end, the headwater and/or the UW water level are 
raised slowly. 

The shape of the inflatable dam adjusts itself while the load is applied. Hence, the final 
dam height is a result of the geometric and hydraulic parameters. For the standard design case 
the headwater level has to be iterated, whereby the increasing headwater influences the dam 
height. 

Beside the model of the entire dam, smaller models were used for detailed investigations. 
There are used models only for the undisturbed cross section in the middle of the weir. But in 
all these models the influence of the clamping system is not considered yet. In this case the 
stress concentrations in these areas depend on the element size of the finite element mesh. 

3.1 Loads 
The common design situations for inflatable rubber dams are persistent design situations, 

like own weight and hydrostatic pressure (inside the tube and on the upstream side) and 
transient design situations, like hydrostatic pressure from the downstream side, ice load, wind 
and temperature. The actual investigations are limited to the persistent design situations. 

3.2 Stress Concentration Factor 
For the design of an inflatable dam, it would be smart, if it is possible to get the relevant 

stresses by calculating the circumferential stress analytically with equation (1) and multiply it 
with a stress concentration factor (SCF). There could be a stress concentration factor for the 
membrane near the fixing bars and others for several folds. The SCF can be calculated with 
the help of FE-simulations with 

SCF =  𝜎𝜎𝐹𝐹𝐹𝐹,   𝑚𝑚𝑚𝑚𝑚𝑚
σanalytic

  .  (2) 

Here σanalytic is the analytic solution and 𝜎𝜎𝐹𝐹𝐹𝐹,   𝑚𝑚𝑚𝑚𝑚𝑚 is the chosen respecively maximum 
stress in the inflatable dam. There will be a separate SCF in the fabric directions weft and 
warp, too. In the end, the stress concentration factors could be used in a design concept, so 
that no extensive finite element calculations have to be done. 

3.3 SCF caused by fixing bars 
In the numerical investigations on inflatable dams, the fixing bars were not modelled. In 

reality the membrane is bended over the fixing bar at the downstream clamping line. Because 
of that, the geometric boundary condition is missing and the stress concentrations normally 
influenced by the clamping system depend in these cases on the size of the elements. 

To get the right stresses caused by the fixing bar, a detail model is used, see Figure 8. The 
fixing bar itself is simplified to the important boundaries. These are the curves A and B. 
Figure 8 shows the contour of a fixing bar, which is modelled with shell elements and a rigid 
material. Hence, there is no stress in this part, what shows the blue colour. The membrane is 
modelled with shell elements with membrane theory. A linear material model is used for 
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fabric and rubber. The Young’s Modulus of the fabric is 3817 N/mm² and 2.4 N/mm² for the 
tensile part of the rubber. For the compression part of the rubber a Young’s Modulus of 
300 N/mm² is freely chosen. The complete membrane has a thickness of 15 mm with a single, 
homogenised fabric layer of 4.0 mm thickness and an eccentricity of 1.75 mm. 

The simulation is initialised with a straight and unstressed membrane. One end of the 
membrane is fixed under the fixing bar and the other end is pulled around the bar with motion 
boundary conditions. For an inflatable dam with a height of about 4.5 m, a membrane force of 
about 120 N/mm (with in total 4.0 mm of fabric lead to 30 N/mm²) is set up. Then, this force 
pulls at this end, while the motion boundary condition died. The force depends on the height 
of the weir and can be calculated analytically, see equation (1). Turquoise areas show the 
applied stress. Here is no stress increase detectable. Only the points A and B show higher 
stresses, whereby the stress at B is approximately half as great as at A. 

 
Figure 8: Detail of a membrane stripe bendet bendet over a fixing bar 

With this boundary conditions (geometry of the fixing bar, material parameters and 
membrane load), the stress concentration factor in warp direction for the fixing bars is about 
5.0. This means that the stress is five times higher than in the undisturbed circumference. In 
this case the homogenised fabric layer is eccentric, whereby the thicker rubber coating is in 
the pressure zone, like in Figure 4. This is the normal installation method. If the membrane 
would be turned around, the SCF would decrease to 4.2 with this configuration. In the first 

A 

B 
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configuration with a reduced Young’s Modulus for compression part of the rubber of 
5 N/mm², the SCF decreases to 4.0. 

The stress might increase further in the corner between weir sill and sidewall. This is the 
point where the maximum stress was detected in investigations without modelling the fixing 
bar. In this case, there will be another, higher stress concentration factor. 

3.4 SCF caused by folds 
Folds exist in the filled inflatable dam. In this condition is too much material in transverse 

direction, see Figure 9. This “excess” material is needed in the deflated condition. At this 
juncture the membrane has to lie down flat on the weir sill during flood events. If it will not 
lie even on the ground, the membrane could be damaged and consequently the dam will not 
work anymore [6]. 

In the state of damming, the folds are unfavourable. On the one hand water can flow 
through the folds depending on the geometry of the clamping system, what is unwanted, and 
on the other hand there are stress concentrations in the membrane.  

 

 
Figure 9: Folds near the sidewall 

In FE-simulations nearly no stress is detectable in transverse direction on top of the weir. 
The folds act like springs. The material in the folds buffers the elongation of in transverse 
direction. In comparison to the Barlow’s formula, the end of the tube is not closed as in the 
formula assumed. The concrete made weir piers lead the forces into the ground and not back 

transverse direction 

circumference direction 
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in the dam. Thus it appears that the stress concentrations in the folds are a result of the 
bending characteristics of the compound material as it can be seen at the fixing bars. 

4 REDUCTION COEFFICIENTS 
Like in other applications for the fabrics in membrane structures made of polyester or other 

synthetic polymers, the material is subjected to effects on ageing, creeping, a loss of strength 
and others. In contrast to solar panels the tension members are protected by thick cover layers 
of elastomers. Hence, the properties for the elastic materials have to satisfy high requirements. 
Impacts on the fabric materials are lower than in common membrane constructions like roofs 
of stadiums or solar panels. An additional benefit of the inflatable weirs is the water cooling 
of the material as a result of the water inside the weir. As a consequence, the influence of 
temperature is considered to be less important. An effect which is more important for 
inflatable dams is the delamination. Repeated bending could lead to a delamination of the 
rubber layers from the fabrics. This effect is proven with the de Mattia testing according ISO 
132 [9]. Hence, no reduction coefficient is needed for this effect. 

At two inflatable dams of the Federal waterway network in Germany unstressed material 
samples are installed under water and air condition in 2009 and 2006 for ageing 
investigations. In 2015, parts of these samples were used for tensile tests. The mean value of 
20 tests with the 9 year old material in warp direction is about 95 % from the starting value. 
With a minimum value of 87 % and a maximum value of 100 % the reduction of the breaking 
strength is still within a good range. The remaining part of the sample is reinstalled at the weir 
site for further investigations. At least one membrane for inflatable dams should work for 30 
years. 

5 CONCLUSION 
The actual investigations show a good approach for the calculation of inflatable dams in 

combination with investigations of the material behaviour. Analytically calculated stresses 
can be confirmed using the Finite Element Method. With a sufficiently accurate material law 
and construction material tensions in wrinkle areas can be determined with sufficient accuracy 
in further steps. The accurate determination of the characteristic values is part of further 
investigations. Stress concentration factors should be established to determine the design 
relevant stresses based on the given boundary conditions. Using the design concept, which is 
to be created during the current research project of BAW, allows the proof of the stability of 
an inflatable dam. 

 
  



317

R. Gurt, M. Deutscher and M. Gebhardt 

 12 

REFERENCES 
[1] Gebhardt, M.; Maurer, A.; Schweizerhof, K.: On the hydraulic and structural design of 

fluid and gas filled inflatable dams to control water flow in rivers. Proceedings of V. 
Conference on “Textile Composites and Inflatable Structures” (Structural Membranes 
2011), 5th-7th October 2011, Barcelona. 

[2] Gebhardt, M.; Nestmann, F.; Schweizerhof, K., Kemnitz, B.: Grundlagen für die 
hydraulische und statische Bemessung von wasser- und luftgefüllten Schlauchwehren, 
WasserWirtschaft 3|2008, Springer Verlag, 2008. 

[3] Gabrys, U.: Bemessung und Konstruktion der Verankerungen von Schlauchwehren. 
Mitteilungsblatt der Bundesanstalt für Wasserbau Nr. 91, Bundesanstalt für Wasserbau 
Eigenverlag, Karlsruhe, 2007. 

[4] Maisner, M., Möschen, M., Becker, H., Gebhardt, M., Deutscher, M., Gurt, R.: Use of 
rubber conveyor belt materials at navigable waterway constructions, Proceedings of 
“International Rubber Conference 2015”, 29th June-2nd July 2015, Nuremberg. 

[5] Gebhardt, M.: Hydraulische und Statische Bemessung von Schlauchwehren. Mitteilungen 
des Instituts für Wasser und Gewässerentwicklung - Bereich Wasserwirtschaft und 
Kulturtechnik der Universität Karlsruhe (TH), Universitätsverlag Karlsruhe, 2006. 

[6] DIN EN ISO 283, Textile conveyor belts, full thickness tensile strength, elongation at 
break and elongation at the reference load, test method (ISO 283:2007); German version 
EN ISO 283:2007, Beuth Verlag GmbH, Berlin 2008-02. 

[7] Haßler, M., Schweizerhof, K.: On the static interaction of fluid and gas loaded multi-
chamber systems in a large deformation finite element analysis, Computer Methods in 
Applied Mechanics and Engineering, 197, 1725-1748, 2008. 

[8] Maurer, A., Gebhardt, M., Schweizerhof, K.: Computation of fluid and/or gas filled 
inflatable dams, LS-Dyna Forum, Bamberg, Germany, October 2010. 

[9] ISO 132, Rubber, vulcanized or thermoplastic - Determination of flex cracking and crack 
growth (De Mattia), Beuth Verlag GmbH, Berlin 2011-11. 

 
 



318

VII International Conference on Textile Composites and Inflatable Structures
STRUCTURAL MEMBRANES 2015

E. Oñate, K.-U.Bletzinger and B. Kröplin (Eds)

Evaluation of added mass modeling approaches for the design of membrane structures by fully coupled FSI 
simulation

VII International Conference on Textile Composites and Inflatable Structures
STRUCTURAL MEMBRANES 2015
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BLETZINGER†

∗,† Chair of Structural Analysis
Technical University of Munich (TUM)
Arcisstr. 21, 80333 Munich, Germany

e-mail: hosam.alsofi@tum.de, web page: http://www.st.bgu.tum.de

Key words: Membrane structures, Added mass, Aerodynamic damping, FSI, Wind

Abstract. Adopting a partitioned FSI approach, the effect of air presence on the response
of horizontally, simply supported, prestressed membrane structures is investigated. Based
on FSI systematic computations, an added mass & damping model is suggested to replace
the FSI simulation by an efficient structural dynamic analysis with modeled added aero-
dynamic coefficients. Then a parametric study is conducted and reported to examine the
influence of various parameters on the added quantities. Utilizing numerically generated
wind and FSI simulations of a membrane immersed in fluctuating wind flow, the necessity
of added mass and damping modeling is demonstrated. Then a procedure to employ the
FSI-based model is suggested to get as close as possible to realistic response using struc-
tural analysis only, attempting to save the need to carry out extensive FSI simulations,
and making wind tunnel tests on rigid models of membrane structures more applicable.

1 INTRODUCTION

Standard dynamic analysis of structures is typically performed neglecting the effects of
the surrounding air medium. This “vacuum” framework is an insufficient practice for pro-
foundly lightweight structures, such as wide-span-covering membranes, whose dynamics
are strongly influenced by the air presence.

In the past few decades, various “reduced” modeling coefficients were introduced to
account for added air mass on membranes. Based on experiments, Jensen [4] in 1972
suggested that the total added mass for a membrane can be calculated by the formula
Cm · ρa · L3, where Cm is a constant depending on the shape of the structure, ρa is the
air density and L is half the side length of the membrane as a characteristic dimension.
Re-writing his formula for a square membrane using the added mass per unit area ma,
and the span l:

1
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ma =
Cm

8
· ρa · l (1)

Jensen suggested Cm = 2.5 to 7.5 for his 4-point sail structure. Denoting the non-
dimensional added mass coefficient as ma = ma/ρal, one can conclude from Jensen expe-
rience that ma ranged between 0.3125 and 0.9375 in his experiments.

Another suggestion was introduced by Irwin and Wardlaw in 1979 [3] by considering
a sphere with the area A pulsating with a radical velocity uniform over the surface. The
added mass per unit area is given as:

ma = 0.282 · ρa ·
√
A (2)

indicating a value of ma = 0.282 for a square membrane for instance.
In 1983, Sewall et al. [10] have suggested to consider the mass of a 3D body of air

surrounding the membrane, where the added mass at each point is derived from the mass
of the corresponding column of air. They have shown in their experiments that this model
is not accurate.

One of the first researchers who attempted the problem analytically is Minami [9] in
1998, where he used thin airfoil theory, modeling the 1D membrane structure as a vortex
sheet. Assuming an incompressible, inviscid, and irrotational air flow, and by performing
some numerical experimentations to simplify his model, he arrived to ma = 0.68 for a
1D membrane vibrating in its first mode for amplitudes less than 10 % of membrane’s
span. He suggested no dependency of the added mass on the period or amplitude of the
oscillation.

Sun et al. [12] in 2002 have also introduced a similar analytical model based on thin
airfoil theory:

ma =
55π

256
+ 1.0922

(a
l

)2

(3)

showing a dependency on the amplitude a. Since a/l is usually small, the second term is
considered of small influence, making this model very close to Minami’s model.

Li et al. [7] (2011) proved analytically that ma is not uniformly distributed along the
span of the membrane, having a minimum in the middle of the span ma ≈ 0.6, increasing
towards the edges having a value around ma ≈ 1.0 at a point 0.1l-distant from the edge.

Very recent analytical description of a sinusoidal, standing-wave perturbation of a 1D
membrane structure superposed on incompressible fluid is done by Andre et al. [1] (2015).
Analogously, and by defining the membrane deformation function d(x, t) (figure 1):

d(x, t) = a(t) · sin
(π
l
x
)

(4)

2
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supposing that the membrane is immersed in air, and by assuming very small amplitudes
(linear vibration, and no convection is present) one can simplify the undamped equation
of the first mode oscillation to:(

ρsts +
2ρal

π

)
∂2a

∂t2
+

π2σsts
l2

a = 0 (5)

where ρs is the membrane density, ts is its thickness, σs is its prestress. Since the product
ρsts is the membrane mass per unit areams, from equation (5) we getma = m−ms =

2ρal
π
,

resulting in ma = 2/π ≈ 0.6366.

Figure 1: A sketch of a simply-supported membrane vibrating in its first mode shape.

The range of applicability of the previously mentioned simplified models is restricted,
particularly when dealing with non-homogeneous distribution of membrane mass (e.g.
existence of cables), or when handling more complex geometries. In 2009, Li et al. [6]
have found, using wind tunnel experiments, that ma ranges between 0.68 and 1.38 for a
more complex structure. The same group of researchers introduced a simplified model
in 2011 [7] to be generalized on all types of membrane structures by considering the
characteristic length l to be the diameter of the circle inscribed into the corresponding
vibration region. From their experiments on a circular membrane in a vacuum chamber,
they found out that ma ranges between 0.42 and 0.78 depending on the prestress. They
suggested no dependency of the added mass on the prestress and lead the difference in
ma back to testing errors, suggesting to use the mean ma = 0.65 as a good estimate. For
structures with nonuniform mass distribution they proposed an iterative procedure which
starts with ma = 0.65 and stops at mode-shapes convergence.

Besides the analytical and experimental approaches, numerical techniques to estimate
the added quantities can be also found in literature. Sygulski [13] has proposed in 1994
to quantify surrounding air pressure associated with membrane deformation using BEM.
Another BEM approach was also proposed by Zhou et al. [14] in 2014. Acoustic FE
elements were suggested by Kukathasan and Pellegrino in 2002 [5] to predict the natural
frequencies and mode shapes of membrane structures vibrating in air using ABAQUS FE
package.

Added damping did not receive the same attention directed to the added mass in lit-
erature when it comes to membrane vibration in air. However, earlier researchers have
proposed quantification formulas to estimate it. Jensen [4] suggested the following for-
mula:

δa =
CP · P ∗

2ms · ω2
a · a∗

(6)
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where δa is the aerodynamic logarithmic decrement, P ∗ is the acceleration pressure cor-
responding to the amplitude a∗, ωa is the radial frequency, ms is the membrane mass per
unit area, CP is a coefficient that has the value 0.03 to 0.07 according to Jensen tests on
a 4-point sail structure.

Another formula for aerodynamic damping is the one used by Irwin and Wardlaw [3]
to estimate the damping ratio ζa:

ζa =
k

2
· ρafaA

c(ms +ma)
(7)

where k is a constant of order unity depending on the mode shape, fa is the vibration
frequency, A is the membrane area, c is the speed of sound.

Experimentally, Sun et al. [11] concluded that the effect of aerodynamic damping is
more significant than added mass, especially for lower vibration modes of structures, in
which the damping ratio can reach 15 %. Li et al. [6] reported an increase of the added
damping when the wind speed is increased. In Kukathasan and Pellegrino’s triangular
membrane test [5], the aerodynamic damping was considered small.

Numerically, BEM was used in [13] to estimate the radiation damping associated with
energy dissipation by acoustic waves, which was reported to be very small.

In the present paper, fully coupled FSI computations are used to tackle the complex-
ity of added-quantities estimation. Firstly, FSI simulations are used to investigate the
added air mass and damping on a simply-supported membrane structure vibrating in its
first mode. The FSI simulations are performed utilizing the in-house FEM package Carat
for CSD (computational structural dynamics), the open-source package OpenFOAM for
CFD (computational fluid dynamics), and the in-house open-source coupling tool Empire.
Based on FSI experimentation, an FSI-based added mass & damping model is suggested
to account for still air presence. Next, starting from the parameters of an actual engineer-
ing case, a parametric study on a 1D membrane is conducted to gain more understanding
of added mass & damping dependencies. The rest of the paper attempts to find a proce-
dure, by the help of FSI, to identify the dynamic response of any membrane undergoing
wind loading using structural dynamics only, i.e. replacing the very complex and time-
consuming fully coupled FSI simulations by efficient CSD simulations with the derived
added coefficients.

2 FSI-BASED MODEL

The main objective of added-quantities modeling (mainly added mass and damping)
is to yield a possibility to structurally analyze membrane structures subjected to wind
using CSD only (see figure 2). The first step towards this goal is to do so in still air.

Using a fully coupled FSI simulation, we can apply an initial displacement field on a
simply-supported membrane according to the first mode shape and let it vibrate in air. By
doing the same in vacuum using CSD and by comparing the displacement time-histories

4
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Figure 2: Two numerical approaches to structurally analyzing membranes: full FSI (realistic), and CSD
with added-quantities models (an approximation).

at a point on the membrane1, one can obtain the added mass and damping applied on
this system:

• for the added mass: using undamped equation of the first mode oscillation, and
assuming no added stiffness (ka + ks = ks):

(ma +ms) · f 2
a1 = ms · f 2

s1

ma =

[(
fs1
fa1

)2

− 1

]
·ms (8)

where ma is the added air mass per unit area, ms is the same for the membrane,
fs1, fa1 are the vibration frequencies in vacuum and air respectively.

• for the added damping, one obtains the aerodynamic logarithmic decrement from
the “FSI”2 case: δa = ln(a0

a1
), with a0 and a1 as the initial and second peaks (am-

plitudes) respectively. In order to quantify the corresponding Rayleigh damping
coefficients αR

a & βR
a (mass- and stiffness-proportional damping coefficients), one

can take advantage of the relationship between modal equations and orthogonality
conditions, i.e. evaluating δa, and fa for the first two modes for example, then using
the following equations to estimate αR

a & βR
a :

1In this paper we typically evaluate the vertical displacement at the point corresponding with the
maximum values of the mode shape (a) as sketched in figure 1.

2In order to distinguish the aerodynamic damping, mechanical (structural) damping is neglected in
all of the simulations performed in this paper.
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αR
a =

2ωa1ωa2

ω2
a2 − ω2

a1

(ωa2ζa1 − ωa1ζa2) (9)

βR
a =

2

ω2
a2 − ω2

a1

(ωa2ζa2 − ωa1ζa1)

where

ζai =
1√

1 + ( 2π
δai

)2
(10)

ωai = 2πfai (11)

Once ma, α
R
a , and βR

a are calculated, they can be added to the CSD model aiming
to mimic the FSI output. This “FSI-based” model is shown in figure 3 together with
a classical analytical added mass model (Minami: ma = 0.68) on a 1D (10m × 1mm)
membrane displaced by its first mode shape. The structural properties of the membrane
structure are chosen corresponding to an actual engineering case; Young’s modulus E =
800MPa, prestress σs = 0.5MPa, membrane density ρs = 2000 kg/m3. This model
works also for 2D membranes. An example of a (10m× 20m× 1mm) membrane is shown
in figure 4.

Figure 3: Middle-point vertical displacement of a 1D (10m × 1mm) membrane displaced by its first
mode shape with a0/l = 0.005 and released in air (2D FSI). Approaches to model the response in air
using CSD are shown together with the vacuum case.
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Figure 4: Middle-point vertical displacement of a 2D (10m × 20m × 1mm) membrane displaced by its
first mode shape with a0/l = 0.005 and released in air (3D FSI). Approaches to model the response in
air using CSD are shown together with the vacuum case.

Remark 1: Due to the nonlinear nature of the vibration, the stiffness of the membrane
varies depending on amplitude-to-span ratio a/l. The magnitude of this variance depends
also on the other parameters that contribute to the stiffness: e.g. the prestress, Young’s
modulus, and the thickness. In other words, the introduced FSI-based added mass model
is a/l-dependent. The same holds for the added damping which decreases with smaller
amplitudes. Therefore, the values fsi, fai and δai are calculated considering the first
oscillation, making the model correct for a/l close enough to 0.005 in our test case. This
explains the deviation between the model and FSI with more advancing in time. Vibration
nonlinearity will be briefly discussed in the next section.

Remark 2: The 10m-spanning membrane is discretized by 20 FE membrane ele-
ments. Tests using 40 and 80 elements showed no differences. The structural analysis
is geometrically nonlinear, using Newmark-beta method for time integration. The CFD
computational domain is 7l long and 6l high, making the membrane distant from any
boundary by 3-times its span. Larger domains have been tested showing no differences.
The domain is discretized by 0.5× 0.5m FV elements. Tests using 0.05× 0.05m elements
gave similar output. The iterative coupling is performed using Aitken algorithm utilizing
Mortar mapping technique for the non-matching-grid treatment.

3 VIBRATION NONLINEARITY

For considerable amplitudes, the tension in the membrane would change during vibra-
tion causing the eigenfrequency to change. [2] has studied nonlinear effects in vibrating
strings, from which one can conclude:

7
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• for linear vibration: from D’Alembert harmonics:

fs1 =
c1
2l

(12)

where c1 is the speed of transverse waves along the D’Alembert string:

c1 =

√
σs

ρs

with σs as the prestress and ρs as structural density.

• for nonlinear vibration:

fs1 =

√
c21 +

1
6
· c22·A2

1·π2

l2

2l
(13)

where c2 is the speed of compressional longitudinal waves through the string:

c2 =

√
E

ρs

A1 =
2

l

∫ l

0

f(x) sin
(π
l
x
)
dx

where f(x) is the string shape at time = 0. From figure 1:

f(x) = a0 sin
(π
l
x
)

A1 =
2a0
l

∫ l

0

sin2
(π
l
x
)
dx = a0

fs1 =

√
c21 +

1
6
· c22·a20·π2

l2

2l
(14)

Equation (14) indicates that nonlinearity effect increases with the increment of the ratio√
E·a0√
ρs·l . Figure 5 shows the ratio fs1,nonlin/fs1,lin vs. a0 for the case specified in section 2.
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Figure 5: The effect of vibration nonlinearity on a 1D (10m × 1mm) membrane displaced by its first
mode shape with a0 ranging between 0.1% and 20% of the span: shown analytically using equations (12)
(fs1,lin = 0.7906Hz) & (14), and numerically using Carat for linear eigenfrequency analysis (fs1,lin =
0.7914Hz) & nonlinear structural dynamics.

4 PARAMETRIC STUDY

Making use of FSI simulations, as described in the previous section, we try in this
section to understand the effect of some parameters on the added quantities; namely: l,
a0/l, σs, and ρs. The results are listed in tables 1 to 5. Analytical ma values according
to Sun et al. formula (3) are also listed for comparison. From tables 1 and 2 an expected
result is the “almost” linear relationship between the added mass per unit area ma and
the span of the membrane. One interesting observation when varying the span is the
dependency of the non-dimensional coefficient ma on the span. Table 3 indicates that ma

increases with increasing the amplitude, reaching 6% more ma in this case when a0/l goes
from 0.001 to 0.05. From tables 4 and 5 we observe no clear dependency of added mass
on prestress or membrane density for this test case. Tables 1, 2, and 5 show significant
reduction of the natural frequency associated with decreasing membrane density, as well
as with span increase — indicating the huge importance of added mass consideration for
wide-span lightweight membranes.

So far, all evaluations of added mass were done on 1D membranes using 2D FSI sim-
ulations, i.e. infinitely wide membranes. To test how relevant this is to real structures,
a convergence study varying the width of a 2D membrane is conducted using 3D FSI
simulations. To assure a comparable output, Poisson’s ratio is assumed zero, and the
membrane is laterally supported and prestressed in the lateral direction. Figure 6 plots
the output.

With regard to added damping, from the FSI simulation output it was clear from the
membrane response that changing any parameter in a way that gives the membrane more
stiffness-to-mass ratio, (i.e. increasing a0, σs, or E; or decreasing l, or ρs) will result in

9
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Table 1: The effect of varying the span of a 1D (l× 1mm) membrane on ma; l ranging between 1m and
10m. Other properties: E = 800MPa, a0/l = 0.001, σs = 0.5MPa, ρs = 2000 kg/m3.

l [m] fs1 [Hz] fa1 [Hz] ma [kg/m
2] ma maSun freq. reduction %

1 7.9235 6.6800 0.8139 0.6782 0.6750 15.69
5 1.5829 0.8264 5.1557 0.8593 0.6750 47.79
10 0.7921 0.3165 10.5297 0.8775 0.6750 60.05

Table 2: A repetition of table 1; with a0/l = 0.01 and l ranging between 10m and 50m.

l [m] fs1 [Hz] fa1 [Hz] ma [kg/m
2] ma maSun freq. reduction %

10 0.8994 0.3559 10.7733 0.8978 0.6751 60.43
20 0.4491 0.1312 21.4223 0.8926 0.6751 70.78
50 0.1801 0.0340 54.1923 0.9032 0.6751 81.13

Table 3: The effect of varying the initial amplitude of a 1D (10m× 1mm) membrane on ma; a0 ranging
between 0.1% and 5% of the span. Other properties: E = 800MPa, σs = 0.5MPa, ρs = 2000 kg/m3.

a0/l fs1 [Hz] fa1 [Hz] ma [kg/m
2] ma maSun freq. reduction %

0.001 0.7921 0.3165 10.5297 0.8775 0.6750 60.05
0.002 0.7937 0.3155 10.6592 0.8883 0.6750 60.25
0.005 0.8197 0.3247 10.7471 0.8956 0.6750 60.39
0.01 0.8994 0.3559 10.7733 0.8978 0.6751 60.43
0.03 1.5299 0.6031 10.8689 0.9057 0.6759 60.58
0.04 1.9084 0.7496 10.9622 0.9135 0.6767 60.72
0.05 2.2841 0.8905 11.1588 0.9299 0.6777 61.01

Table 4: The effect of varying the prestress of a 1D (10m×1mm) membrane on ma; σs ranging between
0.5Mpa and 50Mpa. Other properties: E = 800MPa, a0/l = 0.001, ρs = 2000 kg/m3.

σs [Mpa] fs1 [Hz] fa1 [Hz] ma [kg/m
2] ma maSun freq. reduction %

0.5 0.7921 0.3165 10.5297 0.8775 0.6750 60.05
1 1.1194 0.4438 10.7249 0.8937 0.6750 60.36
2.5 1.7658 0.7042 10.5745 0.8812 0.6750 60.12
5 2.4954 1.0000 10.4538 0.8712 0.6750 59.93
50 7.7555 3.2258 9.5603 0.7967 0.6750 58.41

Table 5: The effect of varying the membrane density of a 1D (10m×1mm) membrane on ma; ρs ranging
between 200 kg/m3 and 10000 kg/m3. Other properties: E = 800MPa, a0/l = 0.01, σs = 0.5MPa.

ρs [kg/m
3] fs1 [Hz] fa1 [Hz] ma [kg/m

2] ma maSun freq. reduction %

200 2.8352 0.3937 10.1722 0.8477 0.6751 86.11
500 1.7968 0.3906 10.0794 0.8400 0.6751 78.26
1000 1.2715 0.3831 10.0137 0.8345 0.6751 69.87
2000 0.8994 0.3559 10.7733 0.8978 0.6751 60.43
5000 0.5690 0.3268 10.1573 0.8464 0.6751 42.57
10000 0.4023 0.2841 10.0566 0.8381 0.6751 29.39

Table 6: Frequencies, added mass, and added damping quantities for different a0/l ratios for a 2D
(10m× 20m× 1mm) membrane displaced by its first mode shape.

a0/l fs1 [Hz] fa1 [Hz] fa2 [Hz] δa1 δa2 ma ma [kg/m
2] αR

a βR
a δa1 Irwin

0.005 0.82 0.3715 1.0582 0.0538 0.0227 0.6455 7.7458 0.0388 0.000208 0.0845
0.015 1.0219 0.4525 1.7123 0.08 0.0395 0.6834 8.2009 0.0677 0.000584 0.0983
0.02 1.1701 0.5112 2.1368 0.0892 0.0523 0.7064 8.4764 0.0832 0.000778 0.1081
0.03 1.5103 0.6447 3.0675 0.1176 0.1123 0.7479 8.975 0.1267 0.001514 0.1302
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Figure 6: The convergence of added air mass per unit area on a 2D (10m × 1mm) membrane with
widths ranging between 0.5m, and 200m; shown proportionally to the added mass on a 1D (10m×1mm)
membrane. Shown in red: ma corresponding to (10m× 20m× 1mm) membrane.

an increase in the aerodynamic damping. In other words, increasing the potential energy
of the membrane will result in more energy convection to the surrounding air through
vibration. The effect of varying ρs on the response damping is shown in figure 7. Table
6 and figures 8, 9 demonstrate the effect of the amplitude on damping and added mass
for a 2D membrane. Analytical δa1 values according to Irwin and Wardlaw formula (7)
(assuming k = 1, and utilizing equation (10)) are also listed in table 6 for comparison.

Figure 7: The response in air for different densities ρs [kg/m
3] of a 1D (10m×1mm) membrane displaced

by its first mode shape with a0/l = 0.01

Finally, FSI simulations with close-to-zero air viscosity are conducted to test the pos-
sible error of assuming inviscid air flow in analytical approaches. The output is almost
identical to the viscous case.
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Figure 8: The response in air for different a0/l ratios of a 2D (10m× 20m× 1mm) membrane displaced
by its first mode shape, normalized by a0

Figure 9: A visualization of table 6, normalized by the corresponding quantities for a0/l = 0.005

5 APPLYING FSI-BASED MODEL ON A MEMBRANE SUBJECTED TO
WIND

This section attempts to make the FSI-based model discussed in section 2 applicable in
structural analysis and design. The target in the practice is to have a method with which
the added mass and damping are to be added to a CSD model, where wind transient load
is to be taken from pressure taps attached to a rigid model in a wind tunnel experiment,
so that it mimics real-life behavior.

5.1 The reference case

To create a validation test in our numerical framework we define:

• the reference case (FSI): an FSI simulation, where we generate numerical wind and
apply it on an elastic (10m× 20m× 1mm) membrane3.

3LES k-equation eddy-viscosity model is used to resolve turbulence in all of the CFD simulations.

12
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• the modeling case (CSD): where we apply the exact numerical wind on a rigid
(10m× 20m× 1mm) membrane using CFD while recording Cp time-series in spatial
and temporal resolutions comparable to industrial wind tunnel (figure 10), then
using CSD and these Cp time-series with some added-quantities model to arrive to
the reference case output.

Figures 11, 12 shows the elastic and rigid simulations corresponding to the reference and
modeling cases respectively at two different time instances.

Figure 10: Distribution of pressure taps on the tested (10m× 20m× 1mm) membrane

Remark 1: The structural properties of the membrane structure are chosen corre-
sponding to the engineering case mentioned in section 2. The width is taken to be 20m
to have an aspect ratio 2 that also corresponds to this case.

Remark 2: The numerical wind is generated following Mann algorithm [8] based on
the following criteria:

• The reference height zref = 20m

• The mean longitudinal velocity at the reference height uref-mean = 12m/sec

• The longitudinal wind turbulence intensity at the reference height Iuref = 0.19

The membrane is positioned at a height of 20m
Figure 13 shows a comparison between the reference case (FSI) and a transient struc-

ture analysis (CSD) without taking added mass or damping into consideration (in vac-
uum). This comparison shows the significant error associated with applying wind-tunnel-
resulting Cp time-series directly on membranes without added mass/damping modeling.

Attempting to understand the relationship between the loading and the response of
the structure, a comparison with the Cp time-series at tap106 is carried out (see figure 14).
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Figure 11: Velocity contours on mid-width slice, and pressure contours on the upper membrane patch
[left] and lower membrane patch [right] at time = 100 sec. Rigid membrane (CFD only) [upper], elastic
membrane (FSI) [lower]. (Deformations are 5-times magnified).

In order to have visually comparable graphs, displacements and Cp values are normalized
by an estimated peak maxest = mean + 3 · σ. The FFT plots show more contribution
of frequencies around the range [0.4 − 0.6] Hz in FSI case than in Cp time-series, which
mostly correspond with the first mode frequency in wind (fa1). Another observation is
how the spectra of the FSI case loses energy in comparison to Cp time-series; an indication
of damping through convection from the membrane structure to the surrounding air.

5.2 Choosing an amplitude

As previously mentioned, the introduced FSI-based model is amplitude-dependent.
The values fsi, fai and δai, which control added mass and damping quantities, vary with
a/l as shown in table 6 and figures 8, 9. To limit our numerical experimentation, two a/l
ratios are to be tested:

• a/l = 0.015, since a = 0.15m is the mean absolute value (MAV) of the reference
FSI case (see FSI signal distribution in figure 17); and due to the fact that fa1 is in
the range of the first-mode frequencies excited in the reference FSI spectrum.

• a/l = 0.03, since a = ±0.3m has a considerable amount of contribution in FSI case
distribution (figure 17). Also fa1 is not far from being matching the FSI case value.

Figure 15 show the modeling of the two cases in still air.
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Figure 12: Velocity contours on mid-width slice, and pressure contours on the upper membrane patch
[left] and lower membrane patch [right] at time = 200 sec. Rigid membrane (CFD only) [upper], elastic
membrane (FSI) [lower]. (Deformations are 5-times magnified).

5.3 Testing the model without added damping

Figure 16 shows that the added-mass model without considering added damping would
be far from simulating the real response to wind loading.

5.4 Testing the model with added damping

Figure 17 shows a better agreement when employing the added damping. We can see
better spectra and other statistical evaluations. However the discrepancy is still present,
specially — overestimated peaks. Possible sources for the discrepancy can be one or more
of the following simplifying assumptions:

1. Assuming the added mass and damping constant in time and space.

2. Assuming the source for the added mass estimation: the response of the first mode
only, where higher modes are also to be excited in the reference case; whose added
mass are less.

3. Assuming still air when calculating δai, whereas aerodynamic damping, as experi-
mentally proven ([6], [11]), actually depends on the velocity of the flow.

4. The pseudo-static assumption, i.e. assuming the wind pressure field on a rigid
plane membrane to be the same on a deformed membrane. Figures 11, 12 show an
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Figure 13: Middle-point vertical displacement of a 2D (10m × 20m × 1mm) membrane subjected to
wind loading: simulated once using FSI (the realistic case), and once using CSD without any added
mass model after collecting Cp coefficients’ time-series from a CFD simulation utilizing the exact same
numerical wind used in the FSI case. The spectra are evaluated only for 77 seconds: the time at which
the CSD simulation has been terminated due to instability.

example.

5. Ignoring the effect of wind-structure interaction, where this interaction defines new
flow conditions at every time instance, and thus different loading.

5.5 Enhanced modeling approach for determination of added mass and damp-
ing in still air

In a systematic study, the relevance of the different error sources mentioned in 5.4 is
investigated. In order to test the influence of reasons 1 & 2, the need for the first two
simplifying assumptions can be removed by replacing the added mass and damping models
by a more accurate consideration — FSI. This actually means that the Cp time-series,
collected from a CFD simulation utilizing the exact same numerical wind used in the
reference FSI case, are to be applied on the membrane in an FSI environment with still
air surrounding the membrane. We name this case “FSI −Cp”. This procedure will still
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Figure 14: A repetition of figure 13 together with Cp time-series at the closest tap to the middle-point.
All normalized by an estimated peak = mean + 3 · standard deviation.

have the errors from assumptions (3-5) listed in the last section. From the comparison
shown in figure 18 we can observe a very good agreement between the (a0/l = 0.03)-FSI-
based model and the new case, proving the influence of reasons 1 & 2 to be insignificant.

5.6 Modified FSI-based added damping model

An attempt to eliminate the third assumption in section 5.4 is done in this section
by recalculating fai and δai in flowing air. Figure 19 shows the effect of flow velocity on
the membrane’s response. One can see the increase in damping associated with velocity
increase. We adopt the mean velocity at the height of the membrane (u = 12m/sec).
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Figure 15: Middle-point vertical displacement of a 2D (10m× 20m× 1mm) membrane displaced by its
first mode shape with: a0/l = 0.015 [left], a0/l = 0.03 [right] and released in air (3D FSI). An approach
to model the response in air using CSD based on the FSI simulation is shown together with the vacuum
case.

Table 7 shows the recalculation of αR
a , and βR

a .

Table 7: Calculation of the added Rayleigh damping coefficients for a0/l = 0.03,u = 12m/sec.

a0/l u [m/sec] fa1 [Hz] fa2 [Hz] δa1 δa2 αR
a βR

a

0.03 0 0.6447 3.0675 0.1176 0.1123 0.1267 0.001514
0.03 12 0.3535 2.6740 0.4794 0.3156 0.3140 0.004859

Moreover, we attempt to add the damping δ+a resulting from air-flowing on the FSI−Cp

case presented in the previous section 5.5. To find αR
a and βR

a (table 8):

1. fai: are to be obtained from the spectrum of FSI − Cp response at a point where
the first two modes are excited (figure 20)

2. δ+ai: are to be estimated by comparing the response of still air and when u =
12m/sec.

Table 8: Calculation of the added Rayleigh damping coefficients for FSI − Cp case.

fa1 [Hz] fa2 [Hz] δ+a1 δ+a2 αR
a βR

a

0.6110 1.4808 0.3783 0.2885 0.3950 0.005298

Figure 21 shows the effect of considering the added damping in flowing air (u = 12m/sec)
instead of the added damping in still air. The main observations:

• The spectra are closer to the reference FSI case when using (u = 12)-damping.

• The peaks are in very good agreement with the reference FSI case when using
(u = 12)-damping.
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Figure 16: A repetition of figure 13 together with 3 attempts to mimic the realistic response by employing
a classical Minami model and two FSI-based models, without considering the added damping.

• The standard deviation is not agreeing with the reference FSI case. This fact can
be explained by the distribution diagram. The reason for this discrepancy is most
probably that the wind-structure interaction is ignored in the used models, and the
pseudo static assumption.
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Figure 17: A repetition of figure 13 together with 2 attempts to mimic the realistic response by employing
an FSI-based models based on a0/l = 0.015, a0/l = 0.03 respectively.

5.7 Practical procedure

From the above-detailed experience we summarize the following steps to approximate
added quantities in practice. Given that the Cp time-series are available from a wind
tunnel experiment done on a rigid membrane model, FSI can be used as a procedure to
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Figure 18: A comparison between using FSI-based models with CSD, and FSI − Cp case, i.e. using
FSI without numerical wind, but rather still air & Cp time-series representing the numerical wind.

estimate added mass and damping as follows:

1. applying the Cp time-series on the membrane in FSI environment with still air.
From the response spectrum we obtain an approximation of fa1.
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Figure 19: Middle-point vertical displacement of a 2D (10m× 20m× 1mm) membrane displaced by its
first mode shape with a0/l = 0.03 and released in still and flowing air.

Figure 20: The spectrum of FSI − Cp case response.

2. applying the Cp time-series on the membrane in CSD environment without any
added model. From the response spectrum we obtain an approximation of fs1.

• from fs1 and fa1, one obtains an approximation of the added mass ma.

• from fs1, one can estimate a value of a0 as a basis of the FSI-based model.

3. using FSI to excite the structure to vibrate in its first two modes with the suitable
amplitude a0 in a flowing air with a velocity equal to the mean velocity at the
membrane position. From the response we get fai,u and δai,u.

• from fai,u and δai,u, one obtains an approximation of the added damping in the

22
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Figure 21: Comparison to show the effect of considering the added damping in flowing air u = 12m/sec.

form of Rayleigh damping coefficients αR
a and βR

a .

4. adding ma, α
R
a , and βR

a to the CSD model in step 2 would provide an approximation
of the membrane real response to wind action.

An application of this model on our test case will result in the following parameters:
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1. fa1 = 0.6110Hz (figure 18).

2. fs1 = 1.4038Hz (figure 18).

• ma = 8.5574 kg/m2.

• a0 = 0.3m since exciting the membrane in its first mode with a0 = 0.3m will
result in a frequency 1.5103Hz (table 6); close to fs1 = 1.4038Hz.

3. fa1,u = 0.3535Hz, fa2,u = 2.6740Hz, δa1,u = 0.4794, δa2,u = 0.3156 (table 7).

• αR
a = 0.3140, βR

a = 0.004859.

6 CONCLUSIONS

In the presented work, fully coupled FSI simulations are used to investigate the added
air mass and damping on a simply-supported membrane structure vibrating in its first
mode. The FSI simulations are performed utilizing the in-house FEM package Carat
for CSD, the open-source package OpenFOAM for CFD, and the in-house open-source
coupling tool Empire. Based on FSI experimentation, an FSI-based added mass & damp-
ing model is suggested to account for the effect of still air on the membrane dynamics.
Starting from the parameters of an actual engineering case, a parametric study on a 1D
membrane is conducted. The following conclusions are obtained:

- The effect of the added mass on the membrane vibration is more significant for
larger spans and lighter membranes.

- The added mass per unit area ma increases linearly with the membrane span. The
non-dimensional added mass coefficientma also varies with the span ranging between
0.6782 and 0.9032 for spans between 1m and 50m.

- Varying the amplitude a0 from 0.1% to 5% of the span showed a slight dependency
of ma on the vibration amplitude.

- The added mass showed no dependency on prestress or membrane density.

- The added damping increases with more amplitude, more prestress, or more material
elasticity (E modulus). Its value decreases in heavier membranes (i.e. more density)
or larger spans. In other words, increasing membrane’s stiffness-to-mass ratio results
in more damping.

The significance of modeling the added mass and damping for membranes subjected to
fluctuating wind is demonstrated by comparing an FSI simulation (utilizing numerically
generated wind flowing on a 2D membrane having 2.0 width

span
ratio) with a CSD simula-

tion without any added mass model after collecting Cp coefficients’ time-series from a
CFD simulation undergoing the exact same numerical wind used in the FSI case. When
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employed with the wind-facing 2D membrane, the proposed FSI-based model showed a
deviation from the reference FSI case: overestimated peaks, and underestimated stan-
dard deviation. The latter can be also demonstrated by the discrepancy between both
cases’ response distribution. The same deviation is observed when replacing the FSI-based
model (CSD) case by an FSI simulation of a membrane immersed in still air undergoing
the exact Cp time-series.This indicates that considering the first mode only as the basis
for FSI-based model, and considering the added quantities constant in time and space
are not sources of serious errors in the investigated test case. An explanation for the
overestimated peaks is suggested: the underestimated added damping due to considering
still air when acquiring it, whereas FSI experimentation have shown around a threefold
increase of added damping coefficients due to air flow velocity of u = 12m/sec. Using the
latter damping coefficients in the FSI-based model showed a very good agreement w.r.t.
response’s peaks.

With regards to the discrepancy in standard deviation and signal distribution, it is
most likely due to the absence of the wind-structure interaction effect when performing
CSD simulations, A practical procedure is presented to use the FSI-based model when
having Cp time-series given by the means of wind tunnel experiments or CFD simulations.
This procedure consists of an FSI simulation of the membrane alone immersed in still air
undergoing the Cp time-series, a CSD simulation without added-quantities model, and an
FSI simulation to acquire the damping of the first mode vibration in air flowing with the
corresponding mean velocity. Besides avoiding lengthy, expensive FSI simulations in the
early design phase, the above mentioned procedure would open the possibility to make use
of the Cp time-series as a signature of the wind action in the wind tunnel, and thus would
save the designer the need to re-generate the wind numerically in FSI simulations, and
the need to have large computational domains accounting for all surrounding buildings.
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Summary. We present a new algorithm based on a quasi-monolithic approach to solve 
strongly coupled fluid-structure interaction problems. This approach is an implicit coupling 
adapted to a partitioned solver while conserving the property of convergence and stability of 
the monolithic approach1. The coupling is done between a finite element program ARA 
developed by K-Epsilon and the Reynolds-averaged Navier-Stokes code, ISIS-CFD, part of 
the commercial software FINE/MarineTM. The fluid mesh is deformed using a fast, robust and 
parallelized method which propagates the deformation state. The mesh deformation is taken 
into account through the ALE method. Validation of the coupling was performed against the 
experimental results of a flapping membrane. Application of the coupling is made to compare 
the unsteady flying stability of two downwind sails using an automatic trimming algorithm. 
Future application to a respiring tube is discussed. 

1 INTRODUCTION 
Membranes are found frequently in applications where they interact with a fluid such as 

blimps, sails, tension based or inflated structures, parachutes, and biological flows such as 
hemodynamics1,2. In many of the above cases a premium is put on the structure being both 
light and strong. As light structures, the added mass of the fluid may be many times greater 
than the mass of the structure itself. As an example, the added mass of the air entrained by a 
gennaker, a type of downwind sail can be three orders of magnitude greater than the mass of 
the sail3. This added mass effect is destabilizing and dominates the numerical coupling 
between the fluid and structure problems. Gennakers pose a difficult test case as the flow is 
separated and they are inherently unsteady in their behaviour. Adding to this difficulty is the 
fact that the structure has almost no bending stiffness. This makes it a very difficult coupled 
problem as the sails undergo large deformations and are liable to collapse in on themselves 
which also challenges the fluid mesh deformation technique. 

2 UNSTEADY FSI METHODOLOGY FOR MEMBRANE APPLICATIONS 
In order to model the interaction of downwind sails it is necessary to have a strong 

coupling between the fluid and structure solver. K-Epsilon in cooperation with the DSPM 
group of Ecole Centrale de Nantes have made such a coupling. The coupling was made 
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between the structure solver ARA, developed by K-Epsilon and ISIS-CFD, developed by 
ECN and sold commercially as part of the software FINE/MarineTM. 

4.2 Structure solver ARA 
The solver ARA is based on a non-linear finite element formulation derived through the 

use of the virtual work principle. In order to represent a complete sailboat rig (spars, battens, 
shrouds and running rigging), cable elements, pulley and 3D Timoshenko beam elements 
were developed. Sliding and contact elements were developed using a penalization method. 

Membranes are modelled using CST (Constant Strain Triangles) membrane elements 
within the finite strain theory. Large rotations and large strains are then accurately handled. 
Despite their simplicity (constant stresses, constant strains and uniform stiffness of the 
material for each element), this choice has proven to give a good trade-off between the  
accuracy and computational power required. An anisotropic composite material comprised of 
several layers may be imposed to model the stress-strain relationship of the membrane fabric. 

Non-linearities coming from compression in the membranes are taken into account with a 
wrinkle model permits accurately resolving the local deformations of sails without having a 
huge number of elements. The model is based on a modification of the stress–strain tensor 
described in Nakashino and Natori4, according to the definition of three states: taut state, 
where the sail is completely in tension, wrinkled state, where tension is restricted to one 
direction, and slack state, where the membrane is completely in compression. The 
modification leads to a consistent tangent stiffness matrix where changes in both the direction 
of wrinkling direction and the amount of wrinkling are taken into account.  

Structural damping of the tissue is required to correctly capture the dynamic behaviour of a 
membrane. A Kelvin-Voigt type model while simple to implement has a behaviour which 
does not correspond closely to real tissues with regards to energy damping. In particular these 
models fail to capture the additional apparent stiffness which occurs when the material is 
subjected to a non-negligible velocity5. An alternative model which accounts for variable time 
scales of the visco-elastic response is used instead. Details of the model developed are 
presented in Durand5. 

The temporal discretization is provided by a Newmark-Bossak scheme6 and the resolution 
is ensured by a Newton method through the computation of the tangent matrix associated with 
an Aitken relaxation. 

4.2 Fluid solver ISIS 
The presence of large separated flow regions violates the assumptions of potential flow and 

hence a viscous CFD approach is required. ISIS-CFD is an unsteady incompressible 
Reynolds-averaged Navier-Stokes (URANS) solver. The flow equations are resolved using an 
unstructured finite-volume method. Cells can be of arbitrary shape and number of faces. A 2-
step Backward Differentiation Formula (BDF2) temporal scheme is used. During each time 
step an inner loop is used to perform the Picard linearization necessary to solve the system 
non-linearites. The velocity field is obtained momentum equation with the pressure field 
obtained by the mass continuity equation in the form of a pressure equation in a SIMPLE-like 
approach. Additional transport equations are solved for the turbulence model variables. All of 
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the cases presented have been performed with the k-ω SST model of Menter7. An Arbitrary 
Lagrangian Eulerian (ALE) formulation is used to account for modifications of the fluid 
spatial domain due body deformation8,9. 

4.2 Fluid mesh deformation 
In order to account for the considerable structural deformation while avoiding the need to 

remesh the fluid domain, a new mesh deformation tool was developed5. The method is based 
on a combination of explicit advancing front method and smoothing. It is fully parallelized, 
and robustly able to accommodate large deformations of an unstructured mesh around 
multiple bodies like a gennaker and main sail interacting together. The explicit advancing 
front is based on a computation of the rigid rotation and displacement of each interface 
element. This rigid motion is then propagated from one cell layer to another all of the way to 
the boundaries of the fluid domain. This method is fast, however it requires a smoothing 
algorithm to take into account some cells far from the interfaces, where the propagation 
method is not well adapted. In some cases, a cell can be influenced by two different fronts of 
propagation with different deformations resulting in an unacceptable cell. To avoid this an 
explicit smoothing step based on a weighting neighbour deformation is carried out to improve 
the robustness and quality of the mesh. 

4.2 Quasi-monolithic coupling K-FSI 
The fluid-structure interaction between sails and wind is a difficult problem because it is 

strongly coupled. As stated previously, the added mass on a gennaker is typically three orders 
of magnitude larger than the mass of the structure3. When the added mass effect is strong, 
weakly coupled methodologies classically used in aeroelasticity fail to reach a stable solution 
due to the fact that a large part of the fluid force depends on the acceleration of the structure10. 
For such a case, even iterative partitioned approaches (also denoted block-iterative 
approaches) cannot provide a stable coupling within a reasonable CPU time. To achieve a 
stable and efficient coupling between the two solvers, the structural resolution is therefore 
integrated within the non-linear loop of the fluid solver, as was previously done for rigid 
bodies11 and bodies with imposed deformation8,12 respectively. The fluid non-linear loop 
becomes the FSI loop when the resolution of the structural part is included the fluid loop as 
shown in Figure 1. The structural solver is also modified to integrate the small time frame 
fluid response which is given by the added mass operator13,14. Here the latter is approximated. 
When computing the added mass operator, a second approximation can be made without 
compromising the efficiency of the coupling: it is diagonalized. Physically, this is equivalent 
to computing the pressure response from a unit normal acceleration on each sail. 
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Figure 1: Quasi-monolithic FSI algorithm 

Although not truly monolithic, this algorithm is very stable, fast and parallelized. The 
number of FSI iterations to converge a time step is similar to the number of non-linear 
iterations for an unsteady fluid configuration without FSI. Indeed, it can be viewed as an 
approximated (and then iterative) block-LU factorization of the monolithic system. 

Let us represent the linearized monolithic system as Eq.(1). 

 
(1) 

Where F and S refer to the linearized fluid and structure operator, respectively, xf and xs 
represents the fluid and structure variables. The source term of both solvers are denoted by sf 
and ss, for the fluid and structure domain, respectively. Cfs and Csf refer to the coupling 
operator fluid to structure and structure to fluid, respectively. A block-LU factorization of this 
monolithic system leads to Eq.(2). 

 
(2) 

By approximating the Jacobian operator of Cfs·F-1·Csf by the opposite of the added mass 
operator -Ma (Eq.(3)), it can be shown that the monolithic problem can be substituted by the 
iterative resolution of Eq.(4). 

 (3) 

 

(4) 
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As a consequence, the block-LU factorization leads to the two steps of the proposed 
iterative algorithm, namely: a resolution of a modified structure problem and a resolution of 
the linearized fluid problem (i.e. one iteration of the non-linear loop). 

3 VALIDATION 

4.2 Experimental setup of oscillating membrane 
In order to validate the code for dynamic membrane FSI a test case consisting of a piece of 

spinnaker sail cloth between two sail carbon fibre battens was made to oscillate with an 
imposed rotational velocity about one end of the cloth. The resulting deformations of both the 
sail cloth and battens was measured. The cloth motions were compared both with video and 
using a light planning technique to capture the shape along a slice of the cloth 640 mm from 
the luff of the sail cloth. The camera operated at a speed of 125 images per second. The batten 
deformations were measured using light emitting diodes attached to their ends. This allows 
indirect assessment of the fluid forces as they can be inferred by the tip deflections with 
known structural response. The imposed velocity profile was linearly varying between the 
maximum rotation velocities in each sense of rotation, resulting in a sinusoidal like rotation 
profile with maximum rotation angles of ±20°. The experimental setup with dimensions of the 
respective parts are shown in Figure 2. The structural properties of the cloth were determined 
by traction test in which a piece of the cloth had 1% tensile deformation imposed and the 
required force was measured. This was performed in the warp, weft and diagonal directions. 
The batten structural properties were obtained by performing flexion test on them to obtain 
EIx and EIy with the axial and torsional stiffness derived from them. Further details of the 
experimental apparatus and setup are given in Durand5. 

 
Figure 2: Flapping sail experimental setup 
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The resulting light plane slices for the start of the oscillatory movement are shown 

compared to the numerical displacements in Figure 3. It can be seen that in general there is 
very close agreement with the cloth displacement and curvature. There is some difference at 
t= 0.88 s and t= 1.84 s due to the appearance of particularly large wrinkles, but the overall 
shape is correctly maintained throughout. 

 
Figure 3: Light planning slice position at start of oscillations 

The position of the diodes on the ends of the battens permits measuring the tip deflections. 
The right diode displacements are compared over the periodic portion of the experiment 
against the numerical response in Figure 4. It can be seen that the maximum Y-displacements 
are well captured while the X-displacements are comparable with a slight overshoot at the 
extremes of the motion.  
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Figure 4: Right diode position trace during periodic oscillations 

4 APPLICATION DOWNWIND SAILS WITH TRIMMING ALGORITHM 
A gennaker is normally affixed to the yacht at the top of the mast and another point near 

the bow. A third point, called the clew has a line called a sheet attached to it to permit 
changing the shape of the sail by what is known as trimming the sail. K-FSI was developed 
with resolving the unsteady problem of a gennaker with an automatic sail trimming algorithm 
in mind. 

Sail designers try to optimize the parameters to maximize the propulsive force, while 
keeping the most stable flying gennaker. The flying shape stability of the sail is an essential to 
its performance, and has a particularly large importance on single-handed boats. From a 
practical point of view, stability can be defined by sailmakers as the capability of the sail to 
maintain its trimmed shape. It has therefore the meaning of flying shape robustness, resistance 
to collapse, and minimal need for dynamic trimming. The leading edge of a trimmed gennaker 
is very light and has a periodic behaviour. When the sail is breaking (i.e. curling) on the luff 
(see Figure 5), a stable gennaker does not need to have the trim adjusted: it unfolds on its 
own. In the case of an unstable gennaker, a crew member must adjust the trim or bear away to 
unfold the gennaker. Unfortunately, this behaviour is very sensitive to wind variations and to 
the boat motions. This phenomenon cannot be quantified by standard stability assessment 
procedures. The criterion used here comes from the sailor’s perspective. This is the reason 
why a specific trimming procedure has also been developed in this study to mimic as much as 
possible the mechanism affecting the stability of the gennaker. The trimming algorithm used 
is akin to a PID operating on the gennaker sheet length with feedback from the sail leading 
edge flow velocity. For further details of the trimming algorithm the reader is referred to 
Durand et al3. 

In this study, we investigate two real gennakers built, tested and used during the 2012-2013 
Vendée Globe. The two gennakers are really close in terms of their design, but have different 
performances. Those differences are small, but significant for both sailors and sailmakers. The 
two sails are labelled here as gennakers A and B. These two gennakers have been digitized 
and then compared for one wind condition, taking into account the atmospheric boundary 
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layer. The differences between the two sails in their geometry are slight as gennaker B is an 
evolution of gennaker A. Gennaker B has 1% less luff twist, 0.4% less luff roach, 1% less 
overall sail twist, a maximum camber 0.7% deeper and 1% further forward than gennaker A, 
but are otherwise they are identical in their moulded shape. 

 

 
Figure 5:  Luff curling which precurses collapse requiring trimming 

4.2 Setup 
In order to perform the FSI computation it is necessary to pass through a number of 

intermediary steps. The sail shape is given in the moulded shape in which it was constructed, 
however this does not correspond to the flying shape due to the fluid loads. To reduce the 
total mesh deformation and pass through the initial transient stage of the computation more 
quickly, a uniform pressure load is applied in ARA to the sail to deform it closer to a flying 
shape. The fluid mesh is then generated around the pre-deformed sail. An initial fluid 
computation is then performed to initialize the flow fields, before the FSI computation is 
launched. 

The fluid mesh is an unstructured, fully hexahedral mesh. A graded refinement in the 
vertical direction is applied to resolve the atmospheric boundary layer. The wind enters the 
domain diagonally, hence two velocity inlet patches are used in conjunction with a zero 
pressure gradient condition at the top of the domain, slip condition at the sea level and two 
fixed pressure outlet patches. A wall function approach with a Y+ of 30 is used to provide the 
fluid boundary condition on the sail  

The fluid computation is initialized with a velocity distribution which accounts for the 
combination of the atmospheric boundary layer and the boat speed. A boat speed of 5.92m/s 
is used in conjunction with a logarithmic boundary layer (Z0=0.002m); true wind speed 
measured at 30m is 7.72m/s, true wind angle is 150 degrees. The apparent wind speed at z= 
15m is about 2.6m/s. The computations on both sails were run for 25 seconds in order to 
obtain a quasi-periodic behaviour. 

4.2 Results 
The trimming behaviour which the algorithm applied during the two computations are 

shown in Figure  6. Gennaker A is found to require significantly larger sheet changes than 
gennaker B. In order to quantify this an a-dimensional stability parameter S obtained by 
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dividing the sail height by the trimming amplitude. The term stability is used here from a 
practical point of view while sailing, with the meaning of flying shape robustness and its 
resistance to collapse, with a minimal need for dynamic trimming or over-sheeting. 

The force in the three directions is given along with the stability parameter S for both 
gennakers in Table 1. It apparent that gennaker B is far more stable while also generating 
slightly more propulsive force. However the side force is detrimental to performance. Hence a 
velocity prediction program (VPP) would be necessary to quantify this trade-off in greater 
detail to determine if the overall propulsive performance of gennaker B is better than 
gennaker A. 

 
Figure  6: Sheet length over time for the two gennakers: variations show the instability of the gennakers. 

Table 1 Summary  of the differences measured between the two gennakers. 

  Gennaker A Gennaker B Difference 
Propulsive force [N] 3625 3737 +3.1% 

Side force [N] 1555 1684 +8.3% 
Vertical force [N] 1223 1335 +9.2% 

Stability  parameter S 34 64 +85% 
 
The average flying shape of the two sails is shown in Figure  7. It can be seen that the two 

sails differ visibly in their flying shapes. Gennaker A requires a greater average sheet length 
and hence takes a deeper shape 
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. 

Figure  7: Top and aft views of the averaged flying shape during computation: Gennaker A in red, and Gennaker 
B in blue. 

 
1 WORKS IN PROGRESS 

At the time of the paper submission, K-Epsilon is in the midst of further adapting the 
coupling of K-FSI to better handle internal flows such as the flexible, seawater filled, 
membrane tube in Figure 8. The tube is undergoing a rapid depressurization of the internal 
fluid with an external fluid present. The advancing pressure pulse from the lower end of the 
tube leads to a very strong added mass effect for which the presented method was not 
sufficiently well adapted. A new segregated monolithic approach is hence in development. 

 
Figure 8: Membrane tube undergoing rapid depressurization of 50 kPa. 
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1 CONCLUSIONS 
A new FSI coupling algorithm based on quasi-monolithic approach has been presented, 

validated and applied to strongly coupled membrane FSI. The algorithm is applied using a 
URANS fluid solution with ALE approach to handle the mesh deformation. A wrinkle model 
and visco-elastic damping model are used to accurately capture the membrane behaviour. 

The tool was experimentally validated by the use of a periodically oscillating sail cloth. 
Very good agreement was found in the cloth displacements as well as the diode 
displacements. This indicates that both the membrane model and the FSI coupling are 
successfully recreating the experiment in terms of the fluid forces, the wrinkles and structural 
dampening of the cloth. 

The tool was then applied to assess the stability and performance of two gennakers using a 
unique dynamic trimming algorithm. The tool is able to distinguish stability and performance 
characteristics between the two closely related sails. Gennaker B was found to require 
significantly less trimming and generates 3.1% more propulsive force, but also generates 
8.3% more side force which is detrimental to yacht performance. 
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Summary: In the present work, different numerical approaches dealing with fluid and 
structural interaction models are introduced to simulate the aerodynamics and structural 
behavior of 2D elasto-flexible wings. In order to verify the models, the results are compared 
with the experimental data based on wind tunnel investigations conducted at the Institute of 
Aerodynamics and Fluid Mechanics of the Technische Universität München. The results show 
a good agreement while the findings are to some extent similar to sailwing configurations: the 
lift is higher than on the rigid counterpart geometry whereas the drag is nearly equivalent and 
the stall region is smoother and appears delayed. 
 
 
 
1 INTRODUCTION 

With an average growth rate of nearly 30% each year over the past five years
1
, energy 

produced by wind has been the fastest growing source of energy in the world today. With global 
warming and rising fuel prices, the wind energy industry will still significantly play an 
important role in the future. However, it still remains important to improve the technology in 
order to keep economically wind energy competitive.   

Increasing the rotor diameter and therefore the turbine size could offer a more efficient way 
to produce energy with wind turbines: a larger turbine can indeed capture more energy 
throughout its lifetime. However larger turbines means higher structural and fatigue loads

2
, 

which can cause more possible damages and then more unscheduled maintenance. The control 
of loads of a turbine has then led to intensive research in order to keep the wind energy domain 
competitive. Among others Basualdo

3
 numerically investigated a rear-mounted flap concerning 
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its impact on loads. The study was conducted using a potential theory method for a variable-
geometry airfoil by analyzing the changes in the airfoil displacements. The displacements affect 
directly the fatigue of the material through the bending moment. It was found that the use of a 
flapped airfoil can lead to load alleviation by reducing the airfoil displacement variations. 
Therefore, a variable geometry airfoil appears as a possible solution for the wind energy domain 
to increase performance. Such a design also suggests an alleviation of the effects of gust winds, 
which can result in a reduction of loads and fatigues.  

For Micro Air Vehicles, an increasing amount of resources has already been spent to 
investigate vehicles able to alter their shape like wings featuring a flexible membrane, with the 
main goal of improving their efficiency and reducing loads

4,5,6
. The aerodynamic force 

measurements show that aerodynamics characteristics of elasto-flexible membrane 
airfoils/wings are comparable or even better than their rigid counterparts

7,8
. Due to the flexibility 

of the airfoil/wing, its shape can adapt itself to the free stream flow by changing its geometry, 
which will induce new aerodynamics and structural properties. This adaptation to the flow 
results also in a delayed stall region: it was experimentally shown that flexible membrane 
airfoils/wings stall at higher angle of attack. For example, typical rigid wing for Micro Air 
Vehicles have stall angles between 12° and 15°, whereas flexible wings, which reduce their 
effective angle of attack to the surface deformation, may have stall angles up to 30° and 45°

5
.  

This paper focuses on a 2D elasto-flexible airfoil and has the purpose to present a numerical 
investigation of such a configuration.  The numerical work was made by developing a coupling 
between fluid and structure solvers in order to simulate the strong relation between the 
mechanical and aerodynamic properties. The paper will present two different models to 
simulate the behavior of the 2D elasto-flexible airfoil: on one hand a Panel-method code 
coupled with an analytical membrane description and on the other hand a CFD-U/RANS 
simulation coupled with a FEM program at low Reynolds number (0.23x106).  

2 MODEL GEOMETRY AND NUMERICAL METHODS 
The geometry used in this work, which is illustrated in Fig. 1, has been developed within an 

experimental study
9
: the corresponding investigation considers an elasto-flexible membrane 

wrapped around rigid leading- and trailing-edge spars. The leading-edge spar is made of a 
double ellipse to reduce the gradient of pressure which facilitates flow separation

9,10
, whereas 

the trailing-edge spar was designed as a sharp element for 2D experiments. The membrane 
material used for the wing surface was chosen for its compliance to adapt itself to the flow free 
stream and for its resistance as it has to be strong enough to bear the aerodynamic loads. In the 
experiments

9
, the membrane is a highly extensible, anisotropic elastic fabric coat covered with 

an impermeable rubber layer. As the membrane is an anisotropic material, its mechanical 
properties are dependent on all the directions and are linked with each other: the nonlinear 
deformation of the membrane depends on the ratio of the applied loads in the warp and in the 
weft directions

11
. However, for some reasons of simplicity, it was decided to consider the 

material as an isotropic material for both numerical models with a Young modulus equal as the 
Young modulus in the weft direction with E=2.1MPa. The pre-stress of the membrane was also 
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taken into account as it controls significantly the deformation of the membrane: the initial 
elongation of the membrane is equal to 2% in the chord direction

9
.  

 
      Figure 1 – Geometry of the elasto-flexible wing configuration 

 

2.1 Panel method coupled with an analytical membrane model 
The first method to simulate such a configuration was realized with the software Matlab by 

developing a Panel method code coupled with an analytical membrane model. Based on a 
discretization of the body, this method consists on finding the pressure distribution around the 
geometry divided into panels and then determining the deformation of the elasto-flexible 
membrane defined within the analytical membrane behavior.  

As the Panel method is a well-known method, a detailed description of the model will not 
be given here, but for more information the reference12 can be used. Nevertheless, a brief 
description of the membrane code will be given; for more details, the references10,13 can be used. 
The membrane code is based on the theoretical membrane deflection equation which is for a 
2D case described by Eq. (1) 

 
𝑡𝑡𝑥𝑥

𝜕𝜕²𝑧𝑧(𝑥𝑥)
𝜕𝜕𝑥𝑥² = −(𝑃𝑃(𝑥𝑥) − 𝑃𝑃∞),                                                (1) 

 

where the parameter z(x) represents the deflection of the membrane at the position (x),  𝑃𝑃(𝑥𝑥) −
𝑃𝑃∞ the pressure difference at the position (x) and  tx the tension component defined as: 

 
𝑡𝑡𝑥𝑥 = 𝑡𝑡𝑥𝑥𝑥𝑥 + 𝐾𝐾𝑥𝑥∆𝑙𝑙𝑥𝑥.                                                         (2) 

 
The parameter Kx is defined as material property and ∆lx is the elongation of the membrane in 
the x-direction. Eq. (1) represents the relationship between the curvature of the membrane, the 
tension and the difference of pressure which will induce the deformation. The membrane is 
considered to be fixed at the leading-edge (𝑥𝑥 = 0) and at the trailing-edge (𝑥𝑥 = 𝑐𝑐). The 
introduction of the point xs, defined as the point where the membrane will separate from the 
contour of the leading-edge spar, is then important to find the new shape of the airfoil. 
Therefore, between 𝑥𝑥 = 0 and 𝑥𝑥 ≤  xs, the airfoil geometry is given by the leading-edge 
geometry, whereas for x > xs, the shape is determined by the deflection of the membrane which 
is given by solving Eq. (1). The boundary conditions of Eq. (1) are given in the following: 
 

𝑧𝑧(𝑥𝑥𝑠𝑠) = 𝑧𝑧𝐿𝐿(𝑥𝑥𝑠𝑠)                                                            (3)  

-0.1

0

0.1

x/c

y/
c

Fig.1 - Initial Geometry of the Sailwing
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𝑧𝑧′(𝑥𝑥𝑠𝑠) = 𝑧𝑧𝐿𝐿′(𝑥𝑥𝑠𝑠)                                                           (4)  
 𝑧𝑧(𝑐𝑐) = 0.                                                                   (5)  

 
Eq. (3) assures that the membrane contour is the same as the leading-edge contour up to station 
xs, then Eq. (4) assures that the separation between the membrane and the leading-edge will 
appear smoothly and finally Eq. (5) illustrates the fixing condition of the membrane at the 
trailing-edge. The solution of Eq. (1) is obtained by integrating Eq.(1) two times as it is shown 
by Eq. (6), obtaining an equation for the parameter xs: 
 

𝑧𝑧(𝑥𝑥) = 1
𝑡𝑡𝑥𝑥

∫ ∫ ∆𝑃𝑃(𝑥𝑥). 𝑑𝑑𝑥𝑥. 𝑑𝑑𝑥𝑥𝑥𝑥
𝑥𝑥𝑠𝑠  𝑥𝑥

𝑥𝑥𝑠𝑠 +  𝑑𝑑𝑧𝑧𝐿𝐿(𝑥𝑥)
𝑑𝑑𝑥𝑥 𝑥𝑥𝑠𝑠

. 𝑥𝑥 + (𝑧𝑧𝐿𝐿(𝑥𝑥𝑠𝑠) − 𝑑𝑑𝑧𝑧𝐿𝐿(𝑥𝑥)
𝑑𝑑𝑥𝑥 𝑥𝑥𝑠𝑠

. 𝑥𝑥𝑠𝑠),               (6) 

 

with     𝑡𝑡𝑥𝑥 = ∫ ∫ ∆𝑃𝑃(𝑥𝑥).𝑑𝑑𝑥𝑥.𝑑𝑑𝑥𝑥𝑐𝑐
𝑥𝑥𝑠𝑠

𝑐𝑐
𝑥𝑥𝑠𝑠

(𝑐𝑐−𝑥𝑥𝑠𝑠).𝑑𝑑𝑧𝑧𝐿𝐿(𝑥𝑥)
𝑑𝑑𝑥𝑥 𝑥𝑥𝑠𝑠

+𝑧𝑧𝐿𝐿(𝑥𝑥𝑠𝑠)
 .                                             (7) 

 
To entirely solve the system, xs  needs to be found: the method is to express the elongation of 
the membrane in two different ways. The point xs where those expressions are equal (Eq. (8)) 
will give the final solution. 
 

 
𝑙𝑙(𝑥𝑥𝑠𝑠)−𝑙𝑙𝑜𝑜

𝑙𝑙𝑜𝑜
= 𝑡𝑡𝑥𝑥

𝐸𝐸𝑚𝑚
− 𝜀𝜀𝑜𝑜,                                                          (8) 

 
with lo as initial length of the membrane, Em the Young Modulus of the membrane and εo  the 
initial pre-elongation.  
 

 
Figure 2 – S812 Airfoil Geometry 

 
In order to validate the Panel code developed with Matlab, it was decided to compare the 

pressure distribution along the airfoil S812 (Fig. 2) and the lift coefficient for different angles 
of attack with those obtained with the software Xfoil and with experimental data15. At an angle 
of attack of α=2°, different numbers of panels were tested (Tab. 1) to check the influence of the 
discretization on the results. Fig. 3 shows the evolution of the lift coefficient obtained at α=2° 
for different numbers of panels which vary from 200 to 5000 around the S812 profile. As it is 
expected, the lift coefficient value increases with the number of panels up to a certain value. In 
this case, the final value of the lift coefficient obtained at α=2° with 5000 panels is equal to 
0.6028. The software Xfoil provides 0.6025 with 400 panels and within the experiment a lift 

0.1

-0.1
x/c

y/
c

Fig.2 - S812 Airfoil Geometry
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Figure 5 – Pressure coefficient distribution at 2°  
for the S812 profile 

Table 1 – Lift coefficient comparison between the 
Panel Method code and Xfoil for different angles of 

attack 
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Figure 4 – Pressure coefficient distribution at 2°  
for the S812 profile 

coefficient of 0.49 at a Reynolds number of 106 is obtained. Considering Xfoil as a reference, 
the error of the Panel code is then 0.05%.  In Figs. 4 and 5 the pressure distribution is plotted 
for the S812 profile at 2° obtained with the Panel method for 200, 500 and 2000 panels as well 
as with Xfoil and by the experiments. The pressure distribution along the profile is well-
approximated with the Panel method when it is compared with the distribution obtained with 
Xfoil. Nevertheless, a difference is noticeable at the trailing edge, where a reverse pressure and 
a peak can be observed with the Panel method code. However the reverse pressure disappears 
whereas the peak augments when the number of panels increases. These unphysical phenomena 
is caused by the interpolation of the profile which is based on a cubic spline interpolation 
between the given grid points of the profile. Considering the experimental data, the Panel code 
overestimates the pressure along the profile which explains the difference between the lift 
coefficient values at α=2°, presented in Tab. 1. 

For the following, it was decided to work with 2000 panels as the error (compared with 
Xfoil) obtained at α=2° for the S812 profile is already below 0.5%.  The lift coefficient from 
α=-2° to 8° for the S812 profile obtained with Xfoil and the Panel code is listed in Tab. 1. The 
relative error remains below 3%.   
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cient 
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Method 
α=2° 

Xfoil Error 
(%) 

Experim-
ental 
Data 
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8° 1.343 1.344 0.04 1.03 
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2.2 Fluid structure simulations performed with CFD ans FEM 
The second method concentrates on Fluid-Structure-Interaction simulations based on a 

coupling between the fluid solver ANSYS CFX (CFD-U/RANS method) and the structural 
solver STATIC STRUCTURAL (FEM method), directly controlled by the Workbench of 
ANSYS. As the structural deformations of the airfoil are significant to change the fluid flow 
itself, the so called 2-ways interaction simulations were performed using a mesh motion inside 
the fluid solver. The displacement of the mesh is controlled by a mesh stiffness parameter, 
which controls which regions deform to absorb the motion and which remain relatively rigid. 
The mesh motion is applied near the small volumes as the deformation of the fluid grid appears 
inside the boundary layer of the airfoil, which is composed of the thinnest nodes.  
 

 Fluid model 

The fluid solver software used in this work is ANSYS CFX. As the considered Reynolds 
number is small, namely Re = 0.23x106, according to the Mayle correlation14, the percentage 
of laminar flow relative to the chord length is estimated to be more than 5%. As the laminar-
turbulent transition phenomenon affects the pressure distribution, the deformation and the 
behavior of the elasto-flexible wing, two models concerning the fluid simulations were 
investigated within ANSYS CFX: the k-ω based SST turbulence model and the k-ω based SST 
coupled with the transition γ-Reθ model. Furthermore, as the Mach number is low (𝑀𝑀𝑀𝑀 < 0.3) 
the fluid is considered as incompressible and it is also supposed isothermal. The residual criteria 
are set in order that the maximal value of all the residuals should be lower than 10-4. A second 
order upwind scheme for the convection terms is used and all the diffusion terms are discretized 
with the second order central difference scheme. 
 

 Mesh generation and Grid resolution study 

Considering the 2D airfoil geometry, a C-Grid block method is used to create a structured 
mesh for the fluid domain with the software Icemcfd. The C-Grid is created by using a 10/20 
chord size, which means that upstream of the leading-edge, the fluid size is around 10 times the 
chord length and downstream of the trailing-edge, the fluid domain has the size of 20 times the 
chord length. An O-Grid is also created around the profile to refine the boundary layer.  A value 
of 𝑦𝑦+ = 1 is used which corresponds to a distance of the first nodes of 0.05 mm from the profile.  

To avoid mesh issues dependency, a grid sensitivity study was performed. Four meshes are 
tested to better understand the influence of the mesh on the results and to find a suitable grid 
for the simulations. The non-dimensional wall distance 𝑦𝑦+  remained constant for all grids but 
the number of layers inside the boundary layer and in the circumferencial direction of the body 
are refined with a ratio of 1.5 in both directions. The different characteristics of the grids are 
described in Table 2, and Figs. 6 and 7 represent the coarse and the extra-fine meshes. 
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Figure 8 – Elasto-flexible 2D model mounted in wind 
tunnel test section  

Table 3 – Characteristics of the four different grids 
 

Parameters Coarse Medium Fine Extra-
fine 

Total Nodes 
Number 

74750 141210 461030 690730 

Normal layer 80 120 180 270 
Circumferential 

layer 
90 140 210 345 

Minimal Angle 25.5 28.8 28.8 28.3 
Aspect Ratio 1266 1865 1005 633 

 

 
 

 
 

 
 

 
 

 

2.3 Experimental analysis 
The experiments focusing on force measurements have been conducted in a Göttingen type 

wind tunnel with an elasto-flexible 2D wing model. The 2D model consists of an extension of 
the geometry described in Fig. 1 in the third direction set up on a support as it can be seen in 
Fig. 8. The model has an overall span of 564 mm and a nominal chord of 220 mm, giving an 
aspect ratio of AR = ~ 2.5. In order to limit 
3D flow effects, end-plates of circular 
planform are used to reproduce two-
dimensional flow condition. These end-
plates have a diameter of three times the 
airfoil chord and are made of Plexiglas to 
provide an optical access to the elasto-
flexible airfoil. The force measurements 
were conducted for an initial elongation of 
∆Lo = 2% at a Reynolds number of Re = 
278750.  
 

 

Figure 6 – Coarse Mesh Figure 7 – Extra-fine Mesh 
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3 RESULTS & DISCUSSION 

3.1 Grid dependency 
The results of the grid sensitivity study for α=0°, 4°, 8°, 10° and 14° are given in Fig. 9, 

where the lift coefficient is plotted for the four different meshes. The numbers 1, 2, 3 and 4 of 
the abscissae axes correspond to the different meshes from the coarse to the extra-fine. For both 
models, the coarse and medium meshes overestimate or underestimate the lift coefficient for all 
angles of attack by sometimes 1.16% compared to the results obtained with fine and extra-fine 
meshes.  For the SST turbulence model, the lift coefficient converges for α=2°, 4°, 10° and 14° 
with the fine mesh: the fine mesh appears fine enough to achieve a grid independency in the 
results. For the γ-Reθ transition model, the lift coefficient converges for the angles of attack 
α=4°, 8° and 14°. For α=0° and 10° there is a difference in the results between the fine and 
extra-fine meshes, which does not exceed 0.57%. Therefore, it was decided to perform the FSI 
simulations with the extra-fine mesh, which appears fine enough that there is not noticeable 
influence in the results.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

3.2 γ-Reθ Transition model 
The results with the γ-Reθ transition model are presented in Fig. 10, where the lift and drag 

coefficients are plotted as function of the angle of attack. In Fig. 10, the results for the Panel 
method, the experimental data9 and the rigid counterpart of the elasto-flexible concept are also 
plotted.   

 
 

 
 

1 - Coarse Mesh             
2 – Medium Mesh    
3 – Fine Mesh 
4 – Extra-Fine Mesh 

Figure 9 – Grid sensitivity study for the SST model the γ-Reθ model for 
the angles of attack of α=0°, 4°, 8°, 10° and 14° 
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Figure 10 – Lift and Drag coefficients as function of the angle of attack for the γ-Reθ model  
 

The results show that the lift coefficient of an elasto-flexible wing is much higher than the 
lift obtained for its rigid counterpart whereas the drag coefficients are nearly equivalent. As the 
elasto-flexible wing can adapt itself to the flow environment, the pressure distribution along the 
wing causes a positive deformation of the membrane for positive angles of attack which results 
in an augmentation of the curvature of the profile and therefore an increase in the lift coefficient. 
At α=0° the lift coefficient of the elasto-flexible wing is about three times higher than the lift 
coefficient of the rigid wing (0.544/0.175) due to the curvature of the elasto-flexible wing. The 
lift coefficient then linearly increases until α=7° where the lift reaches a maximum of 1.33; 
from α=7° to α=16° the lift coefficient of the elasto-flexible wing stays constant which is a 
characteristic feature of the adaptivity of such a concept. The stall phenomenon appears over a 
larger angle of attack range compared to a rigid wing resulting in a smoother and delayed stall 
region. The elasto-flexible wing lift coefficient drops at α=16° whereas the lift for its rigid 
counterpart drops at α=12°. In this case, Figs. 11 and 12 illustrate the turbulence intensity of 
the flow at α=7° and α=9°. At α=7°, a laminar separation bubble can be seen on the upper side 
of the profile at around 2/3 of the chord, whereas at α=9°, the laminar separation bubble 
migrates to the leading-edge of the profile. Therefore, the detachment of the turbulent boundary 
layer appears sooner at α=9° compared to α=7°. The pressure distribution at α=9° for the region 
of the turbulent boundary layer separation point up to the end of the profile is then constant and 
exhibits a reduced suction level compared to the pressure distribution at α=7°; this explains the 
decrease of the deformation of the upper-sided membrane and therefore the small decrease of 
the lift coefficient. From α=9° to α=16°, the point where the boundary layer detaches, moves 
to the leading-edge resulting in a slight and slow decrease of the deformation of the membrane 
(due to the constant pressure): therefore the stall phenomenon appears smooth until the 
boundary layer detaches at the leading-edge causing the loss of lift beyond α=16°.  

As the Panel theory does not consider the viscosity phenomena, the pressure distribution 
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along the profile is overestimated: the lift coefficient of the profile obtained with the Panel 
method is therefore also overestimated compared to the results obtained with ANSYS as it can 
be observed in Fig. 10.  

 
 
 
 
 
 
 
 
 
 

Furthermore, it was expected that the CFD results for the lift coefficient would have been 
higher than the values obtained during the experiments due to the 3D-effects of the flow, which 
are not completely suppressed by the end plates. This is the case up to α=9°; however beyond 
α=9°,  as it was mentioned before, the laminar separation bubble moves to the leading-edge and 
the turbulent boundary layer starts detaching at the trailing-edge causing a small 
decrease/stagnation in the lift coefficient. As the lift increases further for α>9° in the 
experiments, it is assumed that this phenomenon was different for the flow conditions of the 
wind tunnel. Nevertheless, as the force measurements were the only research topic, more 
investigations are necessary to conclude on the evolution of the lift during the experiment.     

3.3 Fully Turbulent 
The results obtained for the SST simulations are presented in Fig. 13. The lift coefficient of 

the elasto-flexible wing is again higher than its rigid counterpart due to the increase of the 
camber of the geometry. The stall region is also smoother for the elasto-flexible wing due to 
the slow decrease of the deformation of the upper side of the membrane. Finally, the lift 
coefficient is also overestimated in the Panel method as the viscosity of the flow is not taken 
into account.  

Nevertheless, the results obtained with the SST simulations seem to fit better the 
experimental data compared to the results obtained with the γ-Reθ model. Although, the lift 
coefficient is higher and the drag coefficient values are lower for the simulations due to the 3D-
effects occurring in the experiments, for angles of attack lower than α=12°, the SST model fits 
better the experimental results, which supposes that the flow was completely turbulent during 
the experiments. The main difference between the two flow models is that the fully turbulent 
case does not take into account the laminar-turbulent transition. Therefore, there is no laminar 
separation bubble in this model and the deformation on the upper side of the membrane is 
smaller compared to the care obtained with the γ-Reθ model: the lift increases continuously up 
to α=12° and is smaller than the lift coefficient obtained with γ-Reθ.  However, beyond α=12°, 
in both models the lift coefficient values are equivalent as the laminar separation bubble 

Figure 11 – Turbulence intensity for α=7° Figure 12 – Turbulence intensity for α=9° 

Deformation upper membrane : 0.018m  Deformation upper membrane : 0.017m  
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migrates to the leading-edge. Then, the lift coefficient stays quite constant as the separation of 
the turbulent boundary layer migrates to the leading-edge up to α=16° where the lift drops 
abruptly due to the complete turbulent boundary layer separation. As the evolution of the lift 
appears in both fluid models different, a detailed experimental flow analysis should be 
undertaken to conclude on this difference. 

4 CONCLUSIONS 
This paper considered different numerical investigations of a 2D elasto-flexible wing at a 

Reynolds number of 0.23x106. The simulations were undertaken using two different methods: 
a first coupling was made between a Panel method and an analytical membrane model and a 
second coupling was made between U-RANS (CFX) and Finite Element Method (Static 
Structural) softwares within the Workbench of ANSYS. As the Reynolds number suggested 
that the transition could have an important role, both a fully turbulent computation with the SST 
turbulence model and a simulation including the γ-𝑅𝑅𝑅𝑅𝜃𝜃 transition model have been carried out.  

The results show that the elasto-flexible wing provides much higher lift compared to a rigid 
wing of equal planform whereas the drag is nearly equivalent. Due to its adaptivity, an elasto-
flexible wing  has a more cambered profile compared to its rigid counterpart, which explains 
the aerodynamic differences between the two geometries. Furthermore, the adaptivity will 
permit a slow migration of the turbulent boundary layer separation to the leading-edge causing 
a smoother and delayed stall region. The simulations show also that the Panel method, as it was 
expected, overestimate the lift of such a design as it does not considere the viscosity of the flow.  
Moreover, due to the 3D-effects of the flow during the experiments, the simulations 
overestimate the experimental values obtained for the lift coefficient whereas they 
underestimate the drag values in the angle-of-attack range of α=9°-12°. Beyond α=9°-12°, the 
lift during the experiment increase further whereas during the simulations the lift starts 
stagnating: an additional flow study (pressure distribution, transition detection) should be 
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undertaken to better understand this difference in the results.   
Finally, the main difference between SST and γ-𝑅𝑅𝑅𝑅𝜃𝜃 models occurs between α=2°-12° where 

a laminar separation bubble migrates from the trailing-edge to the leading-edge in the 
transitional fluid model. The transition model offers then a profile which provides more lift 
because of its more cambered geometry, as the pressure on the upper side of the membrane is 
higher due to the laminar boundary layer. For α=10°, both fluid models, SST and γ-𝑅𝑅𝑅𝑅𝜃𝜃 show 
equivalent values for the lift coefficient of the elasto-flexible wing. The results of the SST 
turbulent simulations fit then better the experimental values below α=10° compared to the 
transition model. Nevertheless, as there are big differences between experiments and 
simulations between α=10° and 16°, detailed experimental studies should be undertaken to 
conclude on the main parameters influencing the flow separation scenario. 
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Summary. The challenge of combining two interesting structural principles, being form
active structures and bendingactive structures, into a transformable configuration is 
investigated through a case study. The aim is to obtain a structurally efficient (quasi)self
supporting structure with a minimum of external connection points, retaining the membrane 
pretensioned in all the phases of the deployment.  

This paper describes the conceptual design and the structural analysis of a kinematic 
bendingactive membrane structure. The membrane is tensioned in a hyperbolic paraboloid 
ring, which serves as the bendingactive boundary. Keeping the two lower points fixed at 
ground level and pushing the two upper points towards each other, the structure is 
transformed into its curled (closed) state. At different intermediate points on the ring bending
active beam elements are positioned, keeping the membrane tensioned when folding.  

A numerical model serves as a design and calculation tool, used to (i) study the influence 
of different membrane materials and varying prestress ratios, (ii) improve the kinematic 
deployment and (iii) dimension the bendingactive boundary elements.  

1 INTRODUCTION 

1.1 Kinematic formactive structures (KFAS) 
Flexibility and adaptability are gaining interest in today’s architecture. New kinematic 

principles and innovative flexible systems are intensely investigated, allowing transformations 
in function of the current needs. The inherently high flexibility and the high strengthto
weight ratio of lightweight technical textiles offer great potential for the integration in these 
kinematic systems to construct adaptable structures, such as roof coverings or façade systems. 

Previous research at the Vrije Universiteit Brussel (VUB) has intensively investigated the 
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structural behaviour of a deployable membrane rhomb, being a part of the ContexT 
demonstrator1.  This integrated design and analysis has proven to be a very interesting study, 
concluding that the use of KFAS has great potential.  

 

  
Figure 1: Deployment of a KFAS  experimental setup performed at the VUB for a full scale structural analysis 
through manual observation, load measurement and strain visualisation with Digital Image Correlation (based on 

the demonstrator of the ContexT project1) 

1.2 Bendingactive structures 

Bendingactive structures can be described as curved beam and surface structures that base 
their geometry on the elastic bending of initially flat elements2,3. The beam and plate elements 
are formed by means of controlled elastic deformation, in order to obtain the desired resulting 
geometry. This results in residual bending stresses in the bent elements, also called the pre
stress4.  

 
Figure 2: Example of an elastic deformation of a beam element in Sofistik ©  

1.3 Textile hybrids 
Combining bendingactive elements with textile materials offers great possibilities to 

create innovative designs and structurally efficient hybrid structures, introducing an important 
increase in structural stability under loading5,6. Furthermore, the integrated bendingactive 
elements can not only serve as a supporting structure, but also as a shapedefining structural 
element. Therefore the number of external supports can be reduced compared to traditional 
membrane structures. 
 

When adding the kinematic aspect of the abovementioned KFAS, another interesting 
typology arises where flexible beam elements are actively integrated in the transformable 
membrane structure. The bending of the elements is here used as a controlling mechanism to 
avoid a loss of tension during the deployment.  
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2 TOWARDS A NEW CONCEPTUAL DESIGN  

The two main design considerations are: 

        


           

 

Inspiration for interesting case studies can be found in movements in nature, such as 
movements from plants and plant organs7. The next step is to investigate how these 
transformable biological principles can be translated into an integrated and engineered 
lightweight system of bendingactive elements and a pretensioned membrane. Exploring 
various configurations and different positions of internal flexible elements through small 
physical models allows to gain more insight and to improve the structural behaviour while 
(un)folding the structure. 

 
Figure 3: Movements inspired by nature7 

 
Figure 4: Smallscale physical model of a bendingactive ring with a pretensioned membrane and ‘reinforced’ 

with an internal bendingactive beam element. 
 

For this research, a seemingly simple ‘chips’ structure is investigated, consisting of a 
bendingactive ring with a membrane tensioned inside the ring, forming a selfstabilizing 
system. The questions remains: under which conditions can we transform this structure within 
the intended range and how can we improve its structural response under during all the phases 
of the deployment? 
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3 A PARAMETER STUDY TROUGH A FEM ANALYSIS 

3.1 Finite Element Model 
Software. The design and analysis of adaptable textile hybrids can be seen as an iterative 

process consisting of several steps, including the formfinding of both membrane and bending
active elements and the actual transformation of the structure.  

The FEM analysis is performed in Sofistik©, in which the formfinding of the membrane is 
performed using the transient stiffness method and thus includes a temporary reduction of the 
elastic stiffness of the membrane elements8. Geometrical nonlinear computations allow 
implementing the high elastic deformations in the structure.  

Furthermore, the software allows incremental loading on or deformation of the KFAS. At 
each load step the calculation is starting from the primary load case and thus incorporates the 
previous resulting stress state9.  

For this numerical model, a simple linear orthotropic plane stress material model is used. 
The formula (1) describes the stressstrain relationship, where Ew and Ef are the Emoduli in 
respectively warp and weft (fill) direction [MPa], ν are the Poisson’s coefficients [], G the 
shear stiffness [MPa], ε the strains [] and σ the stresses [MPa]. 



(1) 

Materials and sections. The bendingactive elements are modelled as glass fibre 
reinforced polymer (GFRP) sections. Table 1 contains the used material properties, according 
to the Fiberline Composites design manual10. Depending on their function and position, 
hollow circular or rectangular sections are generated. The two different membrane materials 
modelled for this parameter study are (1) a PVCcoated polyester fabric – with a breaking 
strength of 4000 N/5cm for both warp and weft direction – and (2) a more stretchable PU
coated polyester fabric – with a breaking strength of 400 N/5cm in warp and 300 N/5cm in 
weft direction (respectively T2107 and F5637 from Sioen11).  

 
Table 1: Used reference material parameters 

 Ew (MPa) Ef (MPa) νwf () νfw () G (MPa) t (mm) 
PVCcoated polyester fabric 923 794 0.37 0.32 37 0.83 

PUcoated polyester fabric  9 9 0.8* 0.8* 3.54 0.43 
  

 E0 (MPa) E90 (MPa) ν0 () ν90 () G (MPa)  
GFRP  25000 8500 0.23 0.09 3000  

Their material properties were obtained through biaxial testing, following the MSAJ12 
protocol. The shear stiffness is determined by means of a bias extension test13. It should be 
noticed that the basic settings of Sofistik only allow Poisson’s ratios ≤ 0.5, thus the stretchable 
material is modelled using a Poisson’s ratio of 0.5 for both directions instead of 0.8 (*). 
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Geometry and constraints. A hollow circular GFRP rod (d=18mm, t=1.5mm) is bent to 
form a circular ring with a diameter of 1m. Figure 5 shows that two opposite points are fixed 
at ground level, where one of the points is fully fixed (translational) and the other point is 
freed in xdirection, allowing a translation along the xaxis during the transformation of the 
system. The position wherein the loads or displacements are applied, are at the two other 
quadrant points, later called the ‘loading points’. The fibres of the membrane are aligned 
along the x and ydirection, as indicated in Figure 5.  

 

 
Figure 5: Dimensions and structural system 

 
In order to improve the structural behaviour, i.e. to avoid excessive loss of pretension when 

folding the membrane structure, internal bendingactive elements are integrated in the model. 
An example can be found in Figure 7. 

 
Formfinding and loading. Before performing the formfinding, a very small vertical out

ofplane load (thus in Zdirection) of 0.01 kN is applied in the loading points in order to 
obtain an initially slightly curved ring (see Figure 6 and Figure 7).  

Afterwards, the formfinding of the combined system is performed, temporarily reducing 
the membrane stiffness, as explained above. At this step the desired prestress is applied. The 
initial prestress in both the PU coated membrane – with a thickness of 0.43 mm – and the 
PVC coated membrane – with a thickness of 0.83 mm is set to 0.5 kN/m in both x and y
direction. This results in an initial stress state of 1.16 MPa for the PUcoated polyester and 
0.60 MPa for the PVcoated polyester. When comparing both materials, the stresses are 
visualized in kN/m instead of in MPa to allow a better comparison (e.g. Figure 9).  

Finally a load is applied in the loading points, introducing the closing of the ‘chips’. An 
equal load of 100 N is applied vertically (upward loading along the zaxis) and horizontally 
(inward loading along the yaxis), incrementally with a load step of 5 N. 

It should be noticed that in this stage of the research no external loads, like e.g. wind and 
snow, are taken into account. For the sake of this parameter study, the only imposed loading 
is the transformation of the structure. Of course, analysis under loading should definitely be 
taken into account in the final design. 
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Figure 6: Structural model: before and after prebending 

 

Figure 7: Structural model with an internal bendingactive element: before and after prebending 

3.2 Studied parameters 

In order to improve the structural response of the bendingactive kinematic formactive 
membrane structure during the transformation, the influence of a series of parameters is 
investigated. In this study, the influence of the following parameters is investigated: 

(i) comparison of the used materials 
(ii) influence of symmetric or asymmetric (orthotropic) properties 
(iii) applied prestress and prestress ratio 
(iv) implementing extra BA elements  

 

4  RESULTS AND DISCUSSION 

4.1 Comparison of the reference materials 
First off all, the comparison between the structural response of the PVCcoated polyester 

(T2107) and the stretchable PUcoated polyester (F5637) is made. As expected, the more 
flexible PU material allows a lot more deformation for the same applied loads. At an applied 
resultant force of 70.7 N, the loading points move 94.6 mm upwards (in positive zdirection) 
and 11.2 mm inwards (in ydirection) for the flexible membrane, while only 58.7 mm 
upwards and 4.81 mm inwards for the stiffer membrane material.  

 

 

 
Figure 8: Membrane stress (MPa) at a load of 70.7 N in both x and ydirection (left) T2107 and (right) F5637 
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At this load step, areas with zero stress occur in the T2107 fabric (see Figure 8). This loss 
of prestress results in a loss of structural stability and wrinkles appear. The better option for 
this small scale transformable structure would clearly be to use the flexible F5637 material. 

 

 
Figure 9: Stress evolution in MPa (left) and in kN/m (right) in the centre of the membrane  T2107 vs. F5637 

 

4.2 Asymmetric membrane properties and fibre orientation 
The complex architecture of textile materials brings along a wide variety of possible elastic 

properties in function of the used fibres, ‘weaving’ type and coating, often resulting in 
different properties in warp and weft direction.  

In this section the influence of asymmetric Emoduli is investigated. Taking the F5637 
flexible membrane material as a reference, the Emodulus in the x and ydirection is 
alternatively lowered (half of the initial Emodulus of 9.5 MPa). An important consequence is 
the adjustment of the Poisson coefficients. As the stiffness matrix (eq. (1)) should be 
symmetric, the membrane properties have to comply with the following reciprocal 
relationship:  

 
(2) 

Lowering one of the Emoduli to 4.75 MPa implies thus that the corresponding Poisson’s 
ratio should be lowered to 0.25 instead of 0.5 (as the maximum Poisson coefficient in the 
Sofistik model is 0.5).  

Three cases are investigated. In a first one, the Young moduli in both x and y direction 
are 9.5 MPa, in a second case is the Ex is kept at 9.5 MPa and the Ey is lowered to 4.75 MPa, 
in the third case, the Ex is lowered to 4.75 MPa while the Ey is kept at 9.5 MPa. Table 1 
summarizes the results for the three different cases. The first case (Ex = Ey) shows that 
pushing the two loading points of the membrane structure towards each other (along the y
axis) results in more rapidly decreasing stresses in ydirection compared to the xdirection, 
where the sliding support can move freely along the xaxis.  

 
Comparing the PUcoated polyester with the PVCcoated polyester, confirmed that a 

membrane material with a lower Emodulus in both directions – formfound at the same 
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prestress level –  has proven to remain longer tensioned when folding the ring (see section 
4.1). Case 2 (Ex > Ey ) and case 3 (Ex < Ey) now investigate the influence on the stress 
evolution when lowering the Emodulus of one of the fibre directions, starting from reference 
case 1 (Ex = Ey). Lowering Ey not only improves the stress in ydirection, but also limits the 
stress decrease in xdirection. The membrane with an Ex bigger than the Ey, results thus in a 
better preserved stress state, i.e. the loss of prestress is reduced when closing the ring. 
Likewise, lowering Ex improves both the stress evolution in x and ydirection, but proves to 
be less effective than case 2.  
 

Table 1: Stresses and deformations at a resultant force of 304 N 

 Ex = Ey Ex > Ey Ex < Ey 
Stress x [MPa] 

   
Stress y [MPa] 

   
Displ. X (support) 60.75 mm 70.12 mm 85.43 mm 
Displ. Y (loading pts) ±83.64 mm ±97.24 mm ±87.90 mm 
Displ. Z (loading pts) +262.3 mm +281.6 mm +281.3 mm 

 
 

Moreover, the folding of the chips, i.e. the transformation of the loading points, is more 
pronounced in this second case (Ex > Ey), as the displacement in ydirection (inward 
movement of the loading points) and in zdirection (upward movement of the loading points) 
are significantly higher than the reference case 1 and also slightly better than case 3.  
 

4.3 Varying prestress 
A lower prestress of course results in a lower initial stress state, whereby the zero stress 

zones occur at a smaller applied load and thus a less curved ‘limit’ shape is obtained. 
Logically, the higher the prestress, the longer the membrane will be (acceptably) tensioned 
during folding. It is important to check if the maximal stresses and strains in the membrane 
and the beam elements do not exceed their limits. Furthermore, the corresponding level of 
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displacement of the loading points should be checked, as the aim is to obtain a nicely 
transformable formactive structure, i.e. with a high level of deployability without excessive 
loss of prestress. 

Figure 10 plots the stresses (left) and the displacements of the loading points in y and z
direction (right) in function of the applied load. The figure shows indeed that with a prestress 
of 0.3 kN/m the zero stress zones already occur at a load level of 250 N, whereas with a 
prestress of 0.7 kN/m the membrane is still properly tensioned. Furthermore, the figure shows 
that the influence of the prestress in the membrane only has a slight influence on the 
deployment behaviour of the chips. The displacements are thus mainly controlled by the 
bendingactive ring and its dimensions. 

 
Figure 10: Stress evolution (left) and level of displacement of the loading points (right) for a prestress of 0.3, 0.5 

and 0.7 kN/m 
 
Alternately, one of both prestress values is increased to 0.65 kN/m, while in the other 

direction the prestress is kept on 0.5 kN/m. Applying an asymmetric prestress influences the 
formfinding geometry. A bigger prestress in xdirection for example, results in an elliptical 
shape with the smallest dimension along the xaxis.  

 

 
Figure 11: Stress evolution (left) and level of displacement of the loading points (right) for an asymmetric 

prestress: (P1) 0.5 kN/m x, 0.5 kN/m y; (P2) 0.65 kN/m x, 0.5 kN/m y; (P3) 0.5 kN/m x, 0.65 kN/m y 
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Figure 11 shows that increasing the prestress in xdirection (P2) not only improves the 
stresses in xdirection during the deployment, but also the stresses in ydirection are higher 
towards the end of the folding, compared with case P1 with a prestress of 0.5 kN/m in x and 
ydirection. The case with a higher prestress in ydirection (P3) on the contrary, slightly 
improves the stress in ydirection, but the stresslevel in xdirection decreases with 
approximately the same rate. Also the deformation of the structure is more favourable with an 
increased prestress in xdirection (P2), showing higher displacements of the loading points.  

Finally, a comparison is made with a prestress of 0.65 kN/m in both directions. Compared 
to the case P2 (with 0.65 kN/m in x and 0.5 kN/m in ydirection) the stress in xdirection has 
slightly decreased and in ydirection slightly increased, resulting in a more uniform stress 
distribution, however also in a smaller deformation.  
 

4.4 Implementing internal bendingactive elements 
A rectangular beam element is implemented in between the two loading points, restricting 

the loss of prestress in y direction during the folding process (Figure 12).  
Table 2 compares the stress states with and without an internal beam element, with a 

prestress of 0.5 kN/m in both directions. It clearly shows the improvements in ydirection, 
keeping the membrane more tensioned without compromising on the level of displacement, 
meaning that the loading points show equal displacements in both y and zdirection. At the 
lower load levels (thus when the structure is almost not folded), the xdirection tends to lose 
more tension than without the internal beam element. This can be due to the internal beam 
element (initially) pushing the two loading points outwards (ydirection), whereby the sliding 
support moves slightly inwards (negative xdirection).  

 
Figure 12: Folding the bendingactive membrane structure, with and without internal beam element. 

 
The implementation of internal bendingactive elements that bend in the direction of the 

lowest resulting stress in order to force the membrane to stretch more, clearly shows its 
potential. In a future step, different positions and combinations of internal bendingactive 
elements should be investigated numerically and experimentally. 
 

5 CONCLUSIONS 
This study investigated the influence on the membrane pretension of some design 

parameters of a transformable circular membrane with flexible bendingactive boundaries. 
The research shows the impact of small changes and highlights the high complexity of 
designing transformable membrane structures with integrated bendingactive elements.  
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Table 2: Stress evolution during the deployment, with and without internal beam element 

 Without internal beam With internal beam 
Load Stress x [MPa] Stress y [MPa] Stress x [MPa] Stress y [MPa] 
R= 141 N 
 

    
R= 212 N 
 
 

    
R= 283 N 
 
X 59/67mm 
Y 78/74mm 
Z 246/250 

    

 
 

For this smallscale KFAS with bendingactive elements, the more stretchable PUcoated 
polyester fabric is more suitable than the PVCcoated polyester since it proves to retain its 
pretension longer during the folding process. Furthermore, it proves to be interesting to use a 
membrane material with asymmetric properties, having a lower Emodulus in ydirection.  

Secondly, increasing the prestress improves the stress evolution, for the same final 
displacement of the loading points (both in y and zdirection). When looking at an 
asymmetric prestress, on the contrary, slightly lowering the prestress in y direction proves to 
improve both stress and displacement.  

Finally, adding an internal beam element improves the level of pretension of the bending
active KFAS during the deployment.  

 
This list of studied parameters is definitely not limitative and a lot of factors should still be 
investigated. Future work should also investigate the opening and closing mechanism and 
other practical aspects. Both for practical reasons and computational efficiency, it can be 
interesting to use an ultraelastic contracting cable element to pull the two ‘loading points’ 
towards eachother14. Besides the numerical analysis, the fabrication and experimental analysis 
of some physical models will be performed. 
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Nonetheless, this first attempt proves the feasibility of creating an interesting self

supporting membrane structure which is transformable. Improvements are made when looking 
to the preservation of the tension during all phases of the deployment.  
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Summary. This paper presents the results of the first phase of work on developing 
computational model of inflated modular shells. This type of bending active structures is 
composed of relatively small, modular inflatable cushions combined with cables and cross-
braces. The structure is self-erecting. Introduction of tension to the cable gives it shape and 
load carrying capacity. The initial experiments confirmed their technological feasibility. At 
the present stage the relationship between tensile force in the cable, and the initial 
deformation of the structure were analyzed. Modular shell was approximated by an elastic 
rod. The impact of the internal structure of the coating on the computational model is the 
subject of further research. 

1 INTRODUCTION 
The proposal to use relatively small, modular inflatable cushions for construction of covers 

of different span has been presented previously1,3. The modular inflated shells are composed 
of relatively small inflated cushions combined with cables and cross-braces. 

This solution allows construction of single or double curved shells, which stiffness can be 
adjusted by changing their structural height e.g. by changing the thickness of the cushions or 
length of cross-braces, and also by changing the pre-tension force in the cables. Thickness 
variation along the entire span of the structure enables not only changing of the stiffness, but 
also adjustment of the initial curvature, which may also be variable. This allows forming large 
and complex structures tailored to meet specific and even rapidly changing needs. 

The object can be open at the sides and the openings in its surface are allowed. The 
structure is not sensitive on local damage of elements – even if many cushions are out of 
service whole the structure can be safely used. Due to internal fit out, the structure can be 
easily maintained. This type of structures can be used for many military and civil applications, 
where a fast assembled and adaptable solution is required. 

The initial experiments confirmed the technological feasibility of this type of structures2. 
However, some technological problems have been revealed that needed to be analyzed with 
use of the large scale physical models4. 

Currently, an attempt was made to create a calculation model to describe them5. This paper 
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presents the results of the first phase of work, covering structure of a single curvature. It was 
assumed a beam-like structure between a roller support and a simple support. The end at the 
roller support is attached to a cable, which is pulled horizontally through a hole in the simple 
support. After the structure is deformed to its final position, the pulling cable is clamped at the 
simple support end. Then the equations describing the problem are derived, based on the 
theory of buckling with large deformations. At this stage the problem of modelling cables 
sliding through the nodes connecting them with cross braces has not been yet analyzed. This 
will be the subject of the next phase of work. 

2. FORMULATION OF THE PROBLEM 
Considered structure consists of the three groups of elements: modular inflated cushions, 

tension cables and cross-braces, Figure 1, left. The latter are optional and are used to increase 
the structural height. This can also be done by increasing the thickness of the cushions, in the 
whole structure or part thereof (variable rigidity of the structure). The structure may be shaped 
as an arc or a single or double curved shell. 

           
Figure 1: Typical configuration of the modular inflated shell (left); process of self-erection (right)

The flat structure is assembled at ground level as a near mechanism. It is stabilized and 
finally shaped in the self-erection process. The essence of the process is the introduction into 
the structure forces that cause its large deformation (uplift) and give the rigidity. The forces 
are introduced by pulling the bottom tension cable, thus reducing the distance between the 
supports. The system becomes bending-active. Figure 1, right, shows a general idea of this 
process. 

The formulation of the calculation model of bending-active inflated shell is a complex 
problem. To solve it, a simpler problem has been conceived, in which the beam-like structure 
is substituted for modular inflated shell. This allows figuring out the problem from an 
analytical view point, without being concerned about the details of the construction of the real 
structure. 

We consider a beam-like structure between a roller support A and a simple support B. The 
end at the roller support is attached to a cable, which is pulled horizontally through a hole 
drilled in the simple support, and, after the beam-like structure has deformed to a maximum 
height h, the pulling cable is clamped at the simple support end. 

A free body diagram of the system can be drawn, cutting out the cable, and assuming 
weight is not a significant force. It shows applied horizontal tension load T at the location of 
the roller support pointing toward the simple support, and the equal and opposite reaction RH

load at the simple support. Vertical reactions at the two supports are neglected, as they have to 
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be equal and opposite, but must be zero because there is no external agent capable of 
counteracting the resulting couple moment. Effectively, the free body diagram is the same as 
that of the Euler column, Figure 2. 

Figure 2: A free body diagram of the considered system 

If we make a cut at some coordinate x along the length from the simple support B to the 
roller support B and take a free-body diagram of one half of the body, the moment 
equilibrium equation is: 

( ) 0M x Ty+ = (1) 

Here, M(x) is the internal moment, T is the tension in the cable, and y is the amount of 
deflection at position x. From this point on, further analysis will be carried out in two steps: 
first, assuming that the deflections are “small enough”, then for large deflections. 

3. INITIAL APPROACH – SMALL DEFLECTION SOLUTION 
Assuming a linearly elastic material, the equation (1) for the bending structure can be 

written as: 
0EI Tyκ + = (2) 

Here, according to Euler-Bernoulli law, κ is the curvature of the elastic curve of the 
structure: 

  

2

2

3
2 2

1

d y

dx

dy

dx

κ =
  +  

   

(3) 

If θ is introduced as the first derivative of y: /dy dxθ = , and is then assumed to be an 
explicit function of y, then: 

  3
2 21

d

dy

θθ
κ

θ
=
 + 

(4) 
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When deflections are small, the denominator of the above expression approaches a value of 
1 and κ is approximated by the second derivative of y.

d d dy d

dx dy dx dy

θ θ θκ θ= = = (5) 

Substituting equation (5) into equation (2) and separating variables yields: 
2

1d ydyθ θ λ= − (6) 

Here, λ1 is defined as: 

1
T

EI
λ = (7) 

It should be noted that from this point forward that λ1 does not have a strong relationship 
with T as implied by equation (7), but is used simply as a mechanism to derive a compatible 
shape. The value of T is determined through the following methodology. 

From the equations (2) and (5) it follows that for “small enough” deflections, moment M is 
related to the second derivative of y times EI. Given the form of the differential equation, the 
boundary conditions and the desired result for maximum deflection, a guess for the form of y
is:

( ) sin x
y x h

π=
ℓ

(8) 

Where, l is the current distance between the supports, and is considered an unknown in the 
problem. The beam-like structure has a net compression transmitted through it; however, at 
this stage we will ignore the deformation associated with this compression. Thus, for a given 
value of h, the variable l can be solved using the equation: 

2

0

1 dy
L dx

dx
 = +  
 ∫

ℓ

(9) 

Here, L is the length of the beam-like structure when undeformed.  
The strain energy of the beam-like structure is formulated by using equations (1) and (8), 

and on the base of the Clapeyron theorem can be shown to be:
2 2

4
T h

U
EI

= ℓ (10) 

Applying the Castigliano theorem, one now takes the derivative of the strain energy with 
respect to T to yield the movement of the roller support toward the simple support, which 
equals L – l.  Solving for T yields: 

2

2 1EI L
T

h
 = − 
 ℓ

(11) 

Now we can return to equation (6) in order to analyze on this basis the elastic curve of the 
structure. Integrating equation (6) yields: 
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2 2 2
1 1

1 1
2 2

y Cθ λ= − +   (12) 

Here, C1 is an arbitrary constant. Assuming symmetry of deformation and maximum 
deflection h, then θ = 0 when y = h. Using this boundary condition, solving for C1 and 
plugging back into equation (12) yields: 

( )2 2 2 2
1

1 1
2 2

h yθ λ= − (13) 

Manipulating equation (13), remembering the definition of θ, and separating variables 
yields: 

2 2
1

dy
dx

h yλ
=

−
(14) 

Here, we incorporate the boundary condition that when x = 0 then y = 0. This can be done 
by taking definite integrals from 0 to y of the left side of equation (14) and from 0 to x on the 
right side of equation (14). 

It may be advantageous to non-dimensionalize at this point, defining η and ξ as: 

;y x

h
η ξ= =

ℓ
(15) 

We then substitute into equation (14) and manipulate to obtain: 

21

d
d

η λ ξ
η

=
−

(16) 

Here, the non-dimensional parameter λ is λ1 multiplied by l. Integrating both sides and 
rearranging yields: 

sinη λξ= (17) 

When ξ = ½, η = 1; thus, the simplest assignment for λ is π. Substituting for the non-
dimensional variables as defined in equation (15) gives us the half-sine wave shape, which is 
then used to define the strain energy. 

4. EXTENSION OF THE SOLUTION TO LARGE DEFLECTIONS 
Dealing with large deflections is based on a similar approach. Here, the curvature is 

described by full expression given in equations (3) and (4).  
The latter term is used on the left-hand side of equation (6) after separation of variables. 

Following the same procedure as above, and defining β = h / l yields: 

( ) ( )

( )

2 2

2 2
2 2

11 1
[( ); ]2
1

1 1 1
2

d
M

d d
λβ η η

λβ η η λ ξ
ηλβη η

 − −   = =
− − − − 

 

 (18) 
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Where M is a multiplicative factor, which is a function of λβ and η: 

( ) ( )

( )

2 2

2
2

11 1
2[( ); ]

1 1
2

M
λβ η

λβ η
λβ η

− −
=

 − − 
 

 (19) 

It can be seen that for “small” values of β that the left-hand side of equation (18) reduces to 
that of equation (16). 

A few comments should be made about the multiplicative factor M. First, looking at the 
square root in the denominator, it is seen that λβ can never exceed 2. Looking at the 
numerator, it is seen that if λβ exceeds 2  that negative contributions will be made to the 
integral. Physically, this implies that the shape of the structure will “double back” in the x
coordinate. 

5 DISCUSSION OF THE RESULTS 
In order to understand the relations expressed by equation (18), calculations were carried 

out to allow presentation of particular quantities versus λβ. The problem is thus laid out as 
follows: 

- Choose a value of λβ
- Integrate the left hand side; the result is λ / 2; thus solving not only for λ, but β as 

well 
- Assuming a value of λ is found, determine the shape by integrating equation (18) 

partially to generate a y vs. x curve. 
- Numerically integrate to find the strain energy in a manner similar to that presented 

in paragraph 3. 
- Repeat this procedure for a family of values of λβ. 

Equation (18) was solved using Simpson’s Rule. Half-steps of 0.001 were taken from η = 0 
to 0.998; 0.0001 from 0.998 to 0.9998; 0.00001 from 0.9998 to 0.99998; and 0.000001 from 
0.99998 to 0.999998. For the last 0.000002 where the integrand becomes very large, it can be 
shown that the integral is to a high degree of precision 2(0.000002)  or 0.002. Note that M is 
essentially 1 for η = 1. 
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Figure 3: λ as a function of the λβ

Figure 4: β as a function of the λβ

Figures 3 and 4 depict the results for λ and β. For Figure3, it should be noted that for λβ = 0 
that λ = π as expected. The value of λ then decreases as the non-linearity increases. It should 
be noted that somewhere between λβ = 1.8 and 1.9 that λ will go to 0; the physical meaning of 
this, and the effect on β are not known at this time. 

One of the sub-computations is to determine l by setting the length of the deformed curve 
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to the original length L. This relationship can be expressed as: 
2 2( ) ( )ds dx dy L= + =∫ ∫  (20) 

Substituting the non-dimensional relationships of equation (15) and the definition of β
yields: 

2 2 1( ) ( )d d dσ ξ β η
γ

= + =∫ ∫  (21) 

Here, γ is defined as l / L and dσ is defined as ds / l. A plot of γ is presented in Figure 5. 

Figure 5: γ as a function of the λβ

It can be shown that for small values of λβ that: 
2

1
2

λβγ  ≈ −  
 

(22) 

The integration of equation (18) is now used to generate η vs. ξ plots for selected values of 
λβ. In order to increase the physical meaning of these plots they are converted back to y and x, 
respectively, each non-dimensionalized by L, by multiplying η by γβ and ξ by γ. These plots 
are displayed in Figure 6. It is important to note that the full shape of each curve includes a 
symmetrical segment about the right end of the curve as shown. It should also be noted that 
for λβ approaching 0 the shape is a half sine wave (including the reflected portion of the 
curve) with infinitesimal height. 

0

0.2

0.4

0.6

0.8

1.0

1.2

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

lambda * beta

ga
m

m
a



388

First A. Author, Second B. Author and Third C. Coauthor. 

9

Figure 6: Shape curves for different values of λβ

The final set of calculations determines the tension T required to form the shapes noted. As 
discussed previously in paragraph 3, the tension can be determined by taking the derivative of 
the strain energy with respect to T. It can be shown that it is related to the shortening of the 
distance between the two supports by: 

2T
L y ds

EI
− = ∫ℓ (23) 

Note that the integral is taken over the length of the structure, not just the x coordinate, to 
account for the large deformation. Non-dimensionalizing and re-arranging yields: 

2

1 1 1
2 ( )

τ
γµ γβ
 

= − 
 

(24) 

Here, τ represents non-dimensionalized tension defined as TL2 / EI, and µ represents non-
dimensional strain energy: 

0.5
2

0

dµ η σ= ∫ (25) 

Figures 7 and 8 are plots of µ and τ, respectively, vs. λβ.  
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Figure 7: Non-dimensional strain energy µ as a function of the λβ

Of interest is the limit of τ as the non-linearity gets small. It should be noted that: 
0.5

2

0

sin 0.25dµ πξ ξ= =∫  (26) 

Furthermore, if one substitutes the approximation of equation (22), the zero β terms cancel 
and: 

2 2

2 28
λ πτ
µγ

= = (27) 

This appears consistent with the rest of Figure 7. It should be noted that this is half of the 
classical Euler load for the structure. 
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Figure 8: Non-dimesionalized tension τ as a function of the λβ

6. CONCLUSIONS 
Presented in this paper attempt to computational modeling of modular inflated shell is 

based on a simplified physical model. The complex internal structure of the shell was 
approximated by an elastic rod. Issues of determining the flexural stiffness EI of the structure 
composed of inflated cushions were omitted. Similarly, were omitted issues of the interaction 
between the cushions-cross braces system and cable sliding through the nodes of the bottom 
chord. It should be noted that he analysis included only initial stage – self-erection of bending 
active structure. No cases of the external load were considered. These issues will be examined 
in further stages of work. 

However, the analytical study carried out in paragraph 5 allowed making some general 
observations regarding the behavior of the structure. The conclusions of this analytical study 
are as follows: 

- Unless initial imperfections in the straightness of the structure are taken into effect, 
no deformation of the structure will occur until the tension reaches a magnitude of 
half of the Euler buckling load. This is consistent qualitatively with experimental 
observation. 

- As the tension increases, the two supports move closer to each other as expected.  
Eventually, the two supports will meet. No exploration of that event was pursued in 
this study. 

- The parameter λ is associated with the shape of the deformed curve. It is somewhat 
related physically to the square root of τ times 2 times γ2 though not in an exact 
way. Accordingly, this physical relationship will not be emphasized. 

- The combined parameter λβ has a mathematical limit of 2; however, there appears 
to be a physical limit imposed on the equations of somewhat greater than 1.8. 
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Summary. Rectangular pneumatic envelopes, made of a polymer film, are considered. The 
envelopes are subjected to non-uniform external loads, which consist of symmetric and 
inverse-symmetric parts. The functional dependence describing the envelope’s surface is 
given. The improved technique for obtaining geometrical parameters of envelopes is offered. 
It uses the differential equation of equilibrium, the method of least squares and the 
linearization procedure with Taylor series. The results of the work may be used for taking into 
account physical non-linear properties of polymer membranes, for estimation of changes of 
air-pressure in pneumatic cushions, for selection the most appropriate embodiment of the 
cushion from a set of possible variants.

1 INTRODUCTION 
Pneumatic envelopes, made of a polymer membrane, form air-inflated cushions. Together 

with their obvious advantages, there are several features, such as large deformations, severe 
dependence of their surface shape on internal stresses and external loadings, physical non-
linear properties of the material and so on. 

In spite of availability of computer programs and analytical approaches1,2 for surface 
analysis, the purposes of optimization and the complex nature of pneumatic envelopes require 
elaboration of an updated technique for the analysis of such systems.  

The technique is to take into account non-uniform external loads and relationship between 
stresses in longitudinal and transverse directions of the envelopes. It also should contribute to 
more precise calculations of volume of air, covered by the envelope, in order to obtain 
internal pressure more correctly. 

The proposed technique is based on the differential equation of equilibrium3, containing 
partial derivatives of the function of the envelope’s surface. The technique uses the method of 
least squares and the linearization procedure with Taylor series. 
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2 EQUILIBRIUM OF PNEUMATIC ENVELOPES 
The condition of equilibrium of a pneumatic envelope is described by the differential 

equation3: 
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where Zx, Zy, Zxx, Zyy, Zxy are partial derivatives of the function of surface ),,(
→
HsyxZ , 

defined in the Cartesian coordinate system (XYZ); 
→
Hs is a vector, containing parameters of 

the function; σx, σy, σxy are normal and tangential stresses at a point of the surface, kN/m; px, 
py, pz  are loads, acting on the surface, kN/m2:  
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where Pr is an air pressure;  qx, qy, qz are external loads, acting along the coordinate axis  Х, 
Y and Z.  

Tangential stresses σxy are usually negligible, because of the shear stiffness of polymer 
membranes, of which pneumatic envelopes are made, is much less, than their tensile stiffness.  

Normal stresses in the surface σx and σy are calculated from: 

δσσ ⋅=yx, , (3) 

where σ is the stress according to the relative deformation εx or εy of the material; δ is the 
thickness of the polymer membrane. 

Pneumatic envelopes are usually made of ETFE films with non-linear stress-strain 
diagram. Consequently, for obtaining the stress σ, the secant modulus has to be used instead 
of a constant value of modulus of elasticity. 

The relative deformations εx and εy  are calculated from: 

t
L

LLc ∆⋅−
−

= αε
γ

γγ
γ

,0

,0, , (4) 

where γ is a cross-section of the envelope by a plane, parallel to the plane XOZ or YOZ of 
the Cartesian coordinate system; γ,0L  and γ,cL  are initial and deformed lengths of the section; 
α  is the coefficient of linear expansion of the material; t∆  is a temperature variation. 

Thus, for the solution of the equation (1) it is necessary to determine the surface shape of 
the envelope in deformed state under external loads. 

3 THE FUNCTION OF THE SURFACE OF THE ENVELOPE 
It is assumed that an external non-uniform load S, influencing the envelope, may be 

represented in the form of components 41, ÷=iSi , each of which uniformly loads one of four 
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quadrants, separated by the axes of symmetry (figure 1). Under this condition the components 
of the load may be decomposed as follows: 

xyyxsymi SSSSS ±±±= , (5) 

where symS  is a symmetric uniformly distributed part of the load; xyyx SSS ,,  - are non-
uniform inverse-symmetric parts of the load: 
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Figure 1. External loads, influencing the envelope:
а – the quadrants of the surface; b – decomposition of the load into symmetric and inverse-symmetric 

parts;  positive value means that the load is acting in the direction of the vertical axis Z 

If the symmetric part of the load influences the surface, an envelope’s cross section (figure 
2) parallel to the plane XOZ or YOZ may be represented with the following functions: 

∑
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where γ  is the coordinate along the axis X or Y; iU  are parameters of the functions, which 
have to pass through the points a – e (figure 2). 

Functions (7) and (8) may be converted as follows: 
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Figure 2. Cross section of the envelope influenced by the symmetric part of the load 

The comparison of these two functions ( polZ  and chZ ) is indicated in figure 3. They 
represent the envelope’s cross sections quite well. The discrepancy between the function chZ

and the reference curve is negligible. On the other hand, this function is only determined in 
the following range: ),75.0( 0005 hhh ⋅∈ , while polZ  is more universal. 

Figure 3. The comparison of cross sections of the envelope, which is influenced by internal air pressure and 
an external uniform load:  a – section along Y-axis, b - section along X-axis 

The whole surface of the uniformly loaded envelope may be represented as a set of 
generatrices, moving along two guides (figure 4). These two families of curves are determined 
by (9) or (10). 

Under an inverse-symmetric part of the load, the central area of the envelope moves 
insignificantly, while the whole surface deforms according to the law of sine (figure 5): 







 ⋅⋅⋅= γπγ γ L

Vf
2sin)(sin , (11) 

where γV  is a parameter, describing the magnitude of the inverse-symmetric load. 
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Figure 4. The surface of a uniformly loaded envelope: 
a – axonometric scheme; b – the first guide; c – the second guide; d – the generatrix; 

H0, H05, H10, H105 are given heights at points )0,0( , )0,4/( xL , )4/,0( yL  and )4/,4/( yx LL

Figure 5. Displacements of the surface under an inverse-symmetric load: a – the section by the plane (XOZ),  
b – the section by the plane (YOZ); 1 – curves, obtained with the help of the special computer program 

EASY, 2 – curves, calculated with the formula (11) 

The final formulation of the function of the envelope’s surface may be written as follows: 
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where ( )Txyyx VVVHHHHHs ,,,,,, 10510050=
→

 is a vector of parameters of the surface; 
( )0500 ,,)( HHxGxcH = , ( )1051005 ,,)( HHxGxcH = ; )(xsn  is the function (13): 1)( ≈xsn  for 0>x

and 1)( −≈xsn  for 0<x ; ),,( 050 hhxG  is the function (14); ( )LhhQ ,,, 050γ  is the function (15): 
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where chpol ZZ ,  are the functions (9) and (10), accordingly. 

Parameters of the shape of the envelope’s surface, contained in the vector 
→
Hs , split into 

two groups. The first one consists of heights ( )10510050 ,,, HHHH of the envelope, influenced 
by uniformly distributed loads only, while the second group ( )xyyx VVV ,,  describes the 
magnitude of inverse-symmetric loads. 

4 OBTAINING PARAMETERS OF THE ENVELOPE’S SURFACE 
The equation3 (1) may be represented as follows: 

1==
B

A
F , (16) 

where F, A, B are the functions, depending on the parameters
→
Hs , calculated at any point 

of the envelope. The function A is the left side of (1), while the function B is its right side.

We propose to determine the parameters 
→
Hs  by the method of least squares. Since the 

function of the envelope’s surface is non-linear, the function (16) is linearized with the Taylor 
series: 
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where 
→
Is  is an approximation to 

→
Hs ; 7=pn  is the number of parameters to be determined; 

kf  is a partial derivative of the function F with respect to parameter k at point 
→
Is : 
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All derivatives in (17) are calculated numerically. Required vector 
→
Hs  is obtained as 

follows: 
→

−
→

⋅= WMHs 1 , (19) 
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where N is the number of surface’s points, for which the condition (16) is checked; 1=uY

is a constant, meaning the required value of the function F at every point of the surface; 

],1[, pnji ∈  are indexes, denoting the corresponding parameter of the vector 
→
Hs . 

The solution 
→
Hs , found from (19), must be evaluated as follows: 
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In case if the average error Ω exceeds a certain limiting value, the new initial 

approximation 
→→

= HsIs  has to be made and the calculations are to be done over again. 

5 TAKING INTO ACCOUNT PHYSICAL NON-LINEAR PROPERTIES OF 
ENVELOPE’S MATERIAL 

The secant modulus is to be used instead of a constant value of the modulus of elasticity, 
because the stress-strain diagram of the envelope’s material is non-linear. 

The values E of the secant modulus at any point of the surface of the envelope are obtained 
with the help of a given diagram4 of dependence of stress vs. strain σ(ε). The relative strain ε
is calculated from (4). The length of the corresponding cross section of the envelope is 
calculated by integration of the function of the surface (12). 

The values gE of the secant modulus, corresponding to the found parameters 
→
Hs , may be 

used as initial data for any computer system of surface structure design, for example EASY. 
An average discrepancy between the given and obtained modulus has to be estimated as 
follows: 

1001
)(5.01 ,,

,, ⋅⋅
+⋅

−
=Ψ ∑

= NEE

EEN

u urequg

urequg , %, (23) 

where N is the number of points on the surface; reqE  is the secant modulus, corresponding 
to the solution, obtained in the system of surface design; ugE , , ureqE ,  are values at the point u
of the surface. 

6 EXAMPLE 
For an example, the pneumatic envelope, made of ETFE film with the thickness 0.25mm, 

is considered. The size of the envelope is 4 х 8 m. The film is initially flat, but when it is 
filled with air under pressure 2.0 kPa, it forms a curved surface. The external load is applied 

on the envelope: ( ) ( )TTSSSSS 75.0,75.0,25.1,75.0,,, 4321 −+−−==
→

 kPa. Its positive direction 
coincides with the Z-axis.   According to (6), the load may be represented as follows: 

5.0−=symS , 5.0−=xS , 5.0−=yS , 25.0=xyS  kPa. It causes the pressure growth up to 
255.2=gP  kPa. The temperature is considered to be constant during the loading. 
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Parameters of the surface’s function (12) are obtained with the help of the proposed 

technique: ( )THs 016.0,066.0,179.0,453.0,500.0,580.0,654.0 −−=
→

. 
The final analysis of the envelope is performed in the computer system of surface structure 

design EASY 8.3. An average discrepancy calculated according to (23) is 3.7%. 
The comparison of cross sections of the surface, obtained from (12) and with the help of 

the system EASY, is in figure 6. 

Figure 6. The surface of the envelope, influenced by internal pressure and external non-uniform loads:
а – cross sections by planes, which are parallel to XOZ;  b – cross sections by planes, which  

are parallel to YOZ;  1 – results of  EASY 8.3; 2 – graphs of the function (12);  
3 – disposition of cross sections 

7 CONCLUSIONS 
1. Rectangular pneumatic envelopes subjected to non-uniform external loads are 

considered. The function of envelopes’ surface is proposed. 
2. The technique for obtaining values of parameters of the function is offered. It uses the 

differential equation of equilibrium, the method of least squares and the linearization 
procedure with Taylor series. 

3. The proposed technique is in a good agreement with data, obtained by the system 
EASY, intended for the surface structure design. 
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4. The results of the work may be used as follows: 
− for taking into account physical non-linear properties of polymer membranes, of which 

pneumatic envelopes are made; 
− for estimation of air-pressure changes in  pneumatic cushions, which are influenced by 

non-uniform loads and temperature variations; 
− for consideration of several embodiments of pneumatic cushions in order to select the 

best one. 
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Summary. This report clearly demonstrates the capabilities of an advanced research area 

of applied mathematics, i.e., computational geometry to be applied for shaping dimensional 
structures. Vector-matrix models are provided to cover the composite membrane piecewise-
smooth structures composed of surface elements with zero Gaussian curvature.  

General algorithms are presented for finding cutting lines for cylindrically and conically-
shaped elements, into which the curves contained in the developable surfaces transform. A 
dome-like peak-shaped structure comprising components of both cylindrical and conical 
shape is given as an example to present equations describing the cutting lines explicitly, 
which makes it possible to implement a high-precision technique for producing such a 
structure.  

 
1 INTRODUCTION 

Developable surfaces as shaping structural components have found wide application in 
construction technology practices. Because of their large variety, developable surface 
structures make it possible to realize a wide spectrum of original solutions in architectural 
design to meet various demands of artistic, aesthetic, and constructional preferences, 
including the possibility of creating free-form designs ranging from Pseudo-Russian style to a 
high-tech development. Moreover, having a straight-line directrix affords a facility for 
creating various dimensional structures of fanciful shapes using straight-line supporting 
members only.  

In particular, developable surfaces are in great demand when it comes down to designing 
tent structures to be made of composite vinyl fabrics, because using developable surface 
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technique makes it possible to cut out planar pieces which are then bent as required and are 
joined along the cutting lines.  

 
2   METHODS FOR PROJECTING A DIRECTING CURVE IN STRUCTURAL 
DESIGN APPLICAITONS 

One of the available -- and quite simple -- methods for shaping structural components of 
sheet materials as developable surfaces can be realized analytically on the basis of a 
procedure for either parallel or central projection of a free-form directing curve on a given 
plane (Fig. 1). In the former case, the component to be obtained is of a cylindrical shape, 
while in the latter case the component is to be of a conical shape.  

For the purposes of analytical representation of components of cylindrical or conical shape, 
the following should be specified:  

– an equation of directing curve  urr нн


 , 21 uuu  ; 
– a unit vector of a normal n  to the projection plane;  
– a position of a random point С  in the projection plane Сr

 ; and 
– a unit vector l


 of the directing curve for a cylinder surface or of the projecting center Sr


 

for a conical surface.  
Then the required components of shaping surfaces are described with the following 

equations:  

     urvurvr пн 1 
 ,  10  v , 21 uuu  ,                         (1) 

 

 

Figure 1: Projecting arrangements: a – parallel projection; b – central projection 
 
where  urп

  is a position vector of points contained in the curve projected on a given plane.  
For a cylindrical surface, the equation for this curve in a vector notation takes the form 
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and for a conical surface  
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3 ANALYTICAL METHODS FOR CUTTING OUT RULED COMPONENTS OF 
TENT AND SHEET STRUCTURES  

Let us consider a general algorithm for constructing on an involute plane a cutting line into 
which curves contained in the cylindrical or conical surfaces transform.  

Assume that a smooth curve is specified as       uzuyuxr ,,н 
   21 uuu   on a cylindrical 

surface so that one of the vectors of the coordinate base  kji


,,  coincides with the vector l

 

and 0н  lr


  (a doted symbol is to designate a parameter derivative). For a certainty, let us 
assume lk


 . Now let us find the equation of the curve into which the curve  urн

  is 
transforming in the course of the cylindrical surface development. Let us introduce a 
Cartesian involute plane of projection   , . Then one of the coordinates for the resultant 
curve is determined as the length of the projection of the given directing curve on the plane 
perpendicular to the generatrix of the cylindrical surface, and the other coordinate coincides 
with a spatial coordinate along the z axis. It means that 
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      21 uuu  . (4) 

If the curve is determined on a conical surface, then the transformed curve to be resulted 
from the conical surface development can be found easier in polar coordinates:  

 
 







,ψψ
,ρρ

u
u    21 uuu  .        (5) 

At the same time, the elemental polar angle d  can be found as a ratio of the “reduced” 
elemental arc 22 ddssd   to the distance ρ  from a random point on the curve to the apex 

 SSSS z,y,xr 


 of the conical surface 





22 ddsd    or   
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 .   (6) 

The equations of the required curve on the projection of the conical surface development in 
the parametric representation take the form 
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4 CUTTING THE COMPONENTS OUT OF TENT AND SHEET STRUCTURES  
Let us consider an algorithm for constructing mathematical models of surfaces and 

involute surfaces by example of a four-wedge peak-shaped tent model depicted in Fig. 2.  

 
 

With the skin made of tent cloth materials, this peak-shaped tent is a tightly stretched 
structure supported by a polygonal base, which is stretched using a central pole. In general, 
such peak-shaped tent is characterized with three structural parameters: a peak height h, a 
circumscribed circle base radius R, and a number of base edges n. In this example, the 
parameters are h = 3.5 м, R = 5 м, and n = 4. The tent surface is made of wedge-shaped 
pieces, with each wedge being surface-modeled with an elliptic cylinder surface.  

The first wedge is determined with an elliptic cylinder equation  

1
22







 







 

b
bz

a
cosRx , (8) 

where a and b are the ellipse semiaxes; bounded with the planes 

0z ,  tgxy ,     (9) 

where n  is an internal half-angle of the tent sector (Fig. 3). 
The ellipse halfaxes (Fig. 4) can be described via the tent’s structural parameters, 

substituting the point A coordinates into Equation (8) at kba  : 
 

1
22







 







 

b
bh

kb
cosR .    (10) 

Figure 2: A four-wedge peak-shaped tent model 
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The mathematical model for a wedge as a shape of cylindrical surface element is described 
with an equation 

)()1()( 21I trvtrvr 
 , 10  v ,     (12) 
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Figure 4: Elliptic cylinder section 
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Figure 3: A pick-tent base schematic drawing  
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The functions (13) determine the directing curves of an element of the ruled surface.  
Elements of wedge pieces of the peak-shaped tent are obtained by rotating the first wedge 

piece around the Oz axis by angles of 2 ,   and 23  with the use of corresponding affine 
transformation matrixes.  

As the peak-shaped tent is composed of the elements of cylindrical surface, the method 
described above can be used for cutting out the tent elements. Let us put down an equation for 
the directrix of elliptical cylinder in the parametric form: 
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For the part of ellipse depicted in Fig. 4 we find  
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Then the equation for the cylindrical surface directrix takes the form  
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The curve bounding an element of the cylindrical surface determined with an equation
)t(rr 22


 , upon the development of the cylindrical surface in the plane of Oξη according to 

Equation (4), is described with the expressions 
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As  dcosadx , and  dsinbdz , then 

 dbcos)ba(dsinbcosadzdxds 2222222222 .  (18) 

Subject to the found expressions, we obtain the equation for a cutting line as 
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Similarly, one can find an equation for a cutting line, which corresponds to the tent edge 
)t(rr 11


 . A pattern of a wedge piece cut-out of the tent to be obtained using the involutes of 

)t(r1
  and )t(r2

 is displayed in Fig. 5. 

 

 
The considered tent model can be modified somewhat (Fig. 6) to render visual smoothness 

to the area of transition from one wedge to another. To this end, let us divide each wedge 
surface into three elements, with the middle element on each wedge surface being modeled 
with elliptic cylinder surface and the side elements being modeled with conical surfaces.  

 

 
The middle element of the front surface of the tent (Fig. 7) is determined with Equation (8) 

of an elliptic cylinder bounded with the planes  

0z , 
3

tg  xy  ,      (20) 

using the same model parameters as for the four-wedge tent considered above.  
The left side element of the tent (Fig. 8) on the front wedge surface is modeled with an 

equation  

)t(r)v()t(rvrII 32 1 
 , 10  v ,  cosRt0 ,   (21) 

Figure 6: A peak-shaped tent model: a – a general view of the model; b – a schematic arrangement of 
cylindrical and conical elements 

a b 

Figure 5: A pattern of a wedge piece of the tent 
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where the directing curve )t(r3


 of the conical surface is determined with a function that can be 
obtained by Equation (2) central projecting of the directing curve )t(r2

  on the plane 
 tgxy , with the projection  center  being  located  in  the  point  with  the  position  vector 

 

 
 0;d;cosRrS 


. The function )t(r3


 has the form determined by the expression 
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where  0;cos;sinn 
  is the normal to the projection plane,  0000 ;;r 

  is the position 
vector of a point contained in the projection center. 
 

 

 
To obtain an equation for the curve )t(r3


, let us perform the following calculations: 

   cosdsincosRnrr S


0 , 
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2 3 cosRta
a
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     cosdtgtsin)cosRt(nr)t(r S 32


. 

Figure 8: A model of the left-side element of the wedge surface 

Figure 7: A model of the middle element of a wedge surface  
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For convenience, let us introduce the following designations:  
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(24) 

 dsinRcosv  ,  costgsinu 3 . 

Considering the designations introduced above, the function determining the curve )t(r3
  

takes the form 
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3 3tg

cosRta
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dt
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vd

)cosRt(
tuv

vcosR

)t(r
 . (25) 

Figure 6 shows a tent surface constructed with the use of the mathematical model 
described above. The middle and the left-side elements of the front surface of the wedge were 
determined with Equation (1). The right-side element of the front wedge surface can be found 
using mirroring transformation of the left-side element relative to the plane Ozx. The elements 
of other wedge surfaces are obtained by rotation of the corresponding elements of the front 
wedge surface relative to the axis Oz by the angles of 2 ,   and 23 , respectively.  

To cut out patterns for the tent wedges, development of the cylindrical and conical surface 
elements is performed according to the algorithms set forth above.  

Development of the cylindrical surface is carried out similarly to what has been considered 
earlier for the four-wedge peak-shaped tent having wedges in the form of cylindrical surface 
elements. Equations for the cutting lines are put down in the following form 
















 


,)sinacos(R

,dbcos)b(a

3
tg

0

2222

  
a

cosRarcsin 
0 .  (26) 

To construct an evolvent for a conical element of the test, a position vector of the conical 
surface apex is required to be determined as well as the corresponding directrix line.  

The involute of )t(r2
  curve on the plane of the conical surface development can be found 

according to the relationships similar to Equation (7): 
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 ,dds

,r)t(r
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S
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       cosRt0 , (27) 

where ρ is the polar radius, ds is an elementary arc of the developed curve, and ψ is the polar 
angle.  

Subject to the conditions of the problem being considered, the values in Equation (7) are 
determined with the following expressions:  
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  (28) 

   
  222

222

3tg1



cosRtaa

cosRtbdtds . 

Substituting these values into Equation (27), one of the cutting lines for a tent conical 
surface element can be found.  

To find the other cutting line, development of the curve )t(r3
  needs to be carried out, 

which is determined with Equation (25) and is contained in the conical surface. The polar 
radius and its increment and the elemental arc of the curved developed, which are included in 
Equation (27) for the cutting line, in this case can be determined with the following 
expressions:  

     
2

2222

3 





  cosRta

a
bbdtgtcosRtf , 
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3 cosRta
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bbdtgtcosRtfd

 (29)
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 2 . 

Substituting the expressions found for ρ, ds and dρ into Equation (27), the equations for the 
second cutting line of a tent conical element are obtained. 

The evolvents of cylindrical and conical elements are presented in Figs. 9 and 10. 

 

 

 
 
Figures 11-13 demonstrate of the algorithm for designing the described patterns 

implemented in actual structures.  
 

Figure 10: Involute surface of a conical element of a tent  

Figure 9: Involute surface of a cylindrical element of a tent  
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Figure 11: A tent structure as an awning over a boat deck on the Iset river  
 

 
 

Figure 12: A tent structure serving as a café on Malysheva Street, Yekaterinburg  
 

 
 

Figure 13: Tents serving as exhibition pavilions in Nyzhnii Tagil 
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Summary. The paper proposes a method for analyzing large deformation of membrane 
structures. It is characteristic of the method to solve directly the equilibrium equations of 
forces working at the nodes in the structure. It is proved that the result of computing the large 
deformation behavior of a suspended membrane agrees well with the experimental result. 

 
 
1 INTRODUCTION 

The authors have been developing a method using a compression-free model suited to the 
characteristic of flexible membrane for analyzing large deformation of the structures1, 2. The 
method enables easy and stable computing any large deformation of the membrane from 
extremely slack state to tense state. There never occur multi-bifurcations in the computation 
because of using the compression-free model. Since the tension always exists in the 
membrane, the geometric stiffness makes the structure stable. 

However, since the field of tension permits the areas of the elements composed the 
membrane to become zero, there are cases that the method gives impractical solutions 
according to a boundary condition. The most effective measure for preventing the element 
area from becoming zero is to consider the shear forces normal to the plane of the element. 

The shear forces working at the apexes in the triangular element are balanced with the end 
moment derived from the bending moment in the side shared by the two elements. Although 
the method takes account of the bending moment, using the end shear forces prevents the 
increase of the degrees of freedom per node owing to take rotational that in. The idea has 
already proposed for shell problems3,4 , and the theory is being developed still5. 

The paper clarifies that the geometric stiffness of the end shear forces resists the changes 
of the perpendicular lengths in the element. This effect of the geometric stiffness prevents 
zero area of the element. 

Further, the paper shows the comparison of the experimental result and the computational 
that by the method. The experiment is the large deformation of the rectangular membrane 
suspended by fixing the two sides in opposition to each other. 
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2 ELEMENT END FORCES AND THE EQUILIBRIUM EQUATIONS 
The method in the paper uses different procedure from that of the popular FEM. The strain 

energy of an element is defined by the positions of the nodes connected to the apexes of the 
element. In the method, the energy principal is applied to each element, and it gives the 
element end forces. The solution of the nodal positions is obtained from satisfying the 
equilibrium equation of the element end forces and the nodal forces at the nodal positions. 
The method is to use the two of the strain energies of the element in plane and out of plane. 
 
 
 
 
 
 
 
 
 
 

Figure 1: Element end forces in the plane 

2.1 Element end forces in the plane 
When the strain in a triangular element consisting a membrane structure are supposed to be 

uniform in the element, the element end forces can be defined as the forces parallel to the 
sides, shown in Figure 1.  

When the position vectors of the three apexes in the element are  u1,  u2 ,  u3 , the unit vectors 
expressing the directions of the three sides are, 

   
1 

u3  u2

l1
,    2 

u1  u3

l2

,    3 
u2  u1

l3

.  
 

(1a, b, c) 

The nodal forces balanced with the element end forces are expressed by  U1
in ,  U2

in ,  U3
in . The 

equilibrium equations at the three nodes connected to the three apexes are, 

   

U1
in

U2
in

U3
in
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 Ce

inPe . 

 

(2) 

2.2 Element end forces out of the plane 
The two elements of the element, ijk and the element, pkj share the side, jk and the bending 

moment,  Ms occurring at the side is supposed to be uniform along the side. 

u,  U
v,  V

w,  W

  P22
  P33

  u1

  P11   u3   u2

  P2 2

  P11

  P33
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When the moment,  Ms works at each side, jk in the element, ijk and pkj, the end forces 
balanced with the moment in each element can be defined, as shown in Figure 2(a). The unit  
 
 
 
 
 
 
 
 
 
 
 
           (a) End shear forces balanced with the end moment                  (b) Lengths in the two element 
 

Figure 2: Element end forces out of the plane 
 
vectors,    ni  and n p expressed by the following equations are the direction vectors normal to 
the planes of the two elements. 

   ni     i ,               n p   p  , (3a, b) 

where the unit vector,  expresses the direction of the side, jk and the unit vectors, 

   i ,   p express the perpendiculars in the two elements, as shown in Figure 2.  
The end forces expressed by using the lengths of the two elements shown by Figure 2(b) 

and the nodal forces,    Ui
out ,  U j

out ,  Uk
out ,  U p

out balancing at the four nodes give the equilibrium 
equations. 
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(4) 

 

2.3 Equilibrium equations at the all of the nodes in the structure 

When the force vector,  U represents the nodal forces working at the all of the nodes in the 
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structure, the equilibrium equation is, 

   
U  Ce

inPe
e1

me

  Cs
out Ms

s1

ms

 , 
 

(5) 

where   me :the total number of the elements and   ms : the total number of the sides. 
If the nodal forces and the element end forces do not balance, the equation (5) changes to, 

   
U  Ce

inPe
e1

me

  Cs
out Ms

s1

ms

  U . 
 

(6) 

We call  U  the unbalanced force vector. The method in the paper is to seek the nodal 
positions satisfying that the unbalanced forces at the all of the nodes are less than the 
allowable value. 
 

3 COMPRESSION-FREE MODEL OF THE MEMBRANE ELEMENT 
When the element is compression-free in the deformation in plane, and when the element 

end forces smoothly change together with the deformation, no matter how large deformation a 
membrane structure is, the phenomena can be easily and stably computed. 

The deformation of the triangular element can be defined as the changes,   l1,  l2,  l3 from 
the lengths of the three sides,   l10 ,  l20,  l30  in the non-stress element. The deformations of the 
side lengths are given with geometric exactitude from the nodal positions in Figure 1. 

   

l1  l1  l10  u3  u2  u3  u2  l10

l2  l2  l20  u1  u3  u1  u3  l20

l3  l3  l30  u2  u1  u2  u1  l30

. 

 

 

(7) 

When the strain in the element is supposed to be uniform, the relation between the element 
end forces,   Pe in the equation (2) and the deformations,    lT  l1,  l2,  l3 can be expressed 
by the following equation. 

  Pe  k el . (8) 

The stiffness matrix,   k e in the equation (8) is composed of the relation between the stress 
and the strain including the orthotropic characteristic, the direction of the fiber in the element 
and the element shape. 

If the trussed unit in Figure 3(a) has the accurate stiffness per unit length of each axial 
member and the appropriate position of the sub-node, 4, the stiffness equation of the trussed 
unit is equivalent to the equation (8). The three of the axial members forming the same shape 
of the membrane element possess the stiffness per unit length,   k1,  k2  and k3 . The three 
members connecting the sub-node with each apex are equivalent in the stiffness per unit 
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length,  ka . The position of the sub-node is determinable by the distances,   h1,  h2  and h3  from  
 
 
 
 
 
 
 
 
 
      (a) Trussed unit composed by 6 axial members           (b) Axial forces expressed by the hyperbolic function 
 

Figure 3: Trussed unit substituted for the uniform strain element 

each side. 
In order to provide the trussed unit with the compression-free quality, the hyperbolic 

function is applied to the relation between the axial forces in the trussed unit and the 
deformations, as shown in Figure 3(b). The hyperbolic function becomes determinate by the 
three conditions of the stiffness per unit length, k, the tension,   N0 to keep the measures in the 
non-stress element under the gravity and the deformation,  lc in the limit that the three 
apexes converge at a point. Using the trussed unit installed the hyperbolic axial force in 
makes easy and stable computing deformed phenomena from extremely relaxed state to tense 
state possible. 

 

4 MODEL CONSIDERING BENDING RIGIDITY 
Though the compression-free model makes the computation stable, unpractical solutions 

are sometimes derived as a result from assuming the compression-free. For example, when a 
plane membrane is suspended by a support of a part in the membrane under the gravity, the 
assumption derives the solution of the membrane shape deformed to a straight line that shows 
the total area of the membrane zero.  

The most effective modifying the theory against the problem is to consider bending rigidity 
of membrane material. The bending rigidity of general membrane material is so small that the 
rigidity can be neglected. However, even if the bending moment in the membrane is a little, 
the geometric stiffness produced from the bending moment restricts the elastic deformation in 
the plane of the membrane. As a result, the method derives practical solutions and there is no 
phenomenon that the area of the membrane element becomes zero. Furthermore, the 
geometric stiffness does not induce the phenomena of multi-bifurcation to the process of the 
deformation, so that the computation is always stable. 

The bending moment at the side, jk is derived as follows. 
The four nodes in Figure 2 give the unit vectors,    ni ,  n p  normal to the two planes of the 

elements, as shown by the equations (3a, b). The cosine and the sine of the angle,   between 
the two elements are, 

 3
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   cos  ni n p ,         sin   ni  n p . (9a, b) 

When the angle between the two elements in non-stress is  0 , the changed angle by the 
bending deformation,   is, 

   0 . (10) 

When the two elements in Figure 2 are regarded as the two beams of the spans,   ai0  and ap0 , 
that are the lengths of the perpendiculars in the two elements in non-stress, the widths of the 
two beams change from zero to the side length,  ls  along the perpendiculars. Therefore, the 
curvatures induced by the end moment,  Ms  are uniform along the perpendiculars on the 
assumption that the deformations of the two beams are very small, and then the relation 
between the end moment,  Ms  and the changed angle,   is, 

  
Ms 

2EIs

ai0  ap0

 , 
 

(11) 

where  EIs  is the bending rigidity of the side, jk, and the value of the Young’s modulus, E is 
to consider the direction of the fiber in the elements. 

 

5 TANGENT STIFFNESS EQUATIONS INCLUDING GEOMETRIC STIFFNESS 

The unbalanced forces are obtained from applying the element end forces,   Pe  of the 
compression-free model and the end moments of the equation (11) to the equation (6). When 
the unbalanced force is over the allowable value, iterative methods of Newton-Raphson 
method or the method of dynamic relaxation using the tangent stiffness equation can easily 
reach convergent solutions. 

The tangent stiffness equation is derived from differentiating the equilibrium equation (5), 
and the relation between the increment of the nodal forces,  U and the infinitesimal 
displacement,  u  becomes the following. 

   

U  Ce
inPe Ce

inPe 
e1

me

  Cs
out Ms Cs

outMs 
s1

ms


      K G

in K O
in u  K G

out KO
out u,

 

 

(12) 

where   K G
in : the geometric stiffness originating from the end forces,   Pe ,   K O

in : the  stiffness 
relating to the elastic rigidity of the membrane,   K G

out : the geometric stiffness originating from 
the end moment at the element side,   K O

out : the stiffness relating to the bending rigidity of the 
membrane material.   K G

in  resists only the deformation out of the membrane,   K O
in  resists only 

the elongation of the membrane and out
OK resists only the bending deformation.  
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The stiffness resistant to shrink of the membrane is included in only the stiffness of   K G
out . 

When    Cs
out Ms  is definitely expressed, it becomes clear that the end share forces balancing 

the end moment produce the stiffness resistant to the shrink of the element. 
Differentiating    U i

out  in the equation (4) gives 

   

U i
out 

Msni

ai
2

ci

ls
 i

T ui uk  di

ls
 i

T ui u j 







         
Ms

ai
2ls

ai  ci i ni
Tuk  ai  di i ni

Tu j ,
 

 

 

(13) 

where    ui ,  u j ,  and uk  are the infinitesimal displacement of the three nodes connecting the 
three apexes in the element, ijk in Figure 2. 

The first term of 
   

ci i
T ui uk  di i

T ui u j  / ls  in the equation (13) is the 

infinitesimal increment of the perpendicular vector:  ai i  caused by the infinitesimal 
displacements of the three nodes, and    Msni / ai  Qi is the end shear force working the node, 
i. Therefore, the first term indicates that the end shear force resists shrinkable deformation or 
elongate one of the perpendicular in the plane of the element. Incidentally, the second term in 
the equation (13) expresses the resistant forces against the displacement component normal to 
the plane. 
 

6 EXPERIMENT AND DISCUSSIONS 
The theory in the method uses the compression-free assumption for analyzing the large 

deformation of membrane structures because the assumption makes the computation stable. 
However, it is not clear whether the assumption can be applied to real membrane. The 
following experiment of measuring large deformation of flexible membrane shows the 
validity of the assumption and the application of the theory to the analysis. 

6.1 Measuring test for material constants of membrane 
The membrane called Tarpaulin Super Green used in the experiment consists of nylon 

fabric coated with polyvinyl chloride. Naturally, the membrane is orthotropic. The test of 
elongating the rectangle specimen was conducted, as shown in Figure 4, in order to obtain the 
material constants. The membrane material is too soft to measure exactly the strain by using 
any strain gage. This is particularly why the adhesive to attach the strain gages to the 
membrane were stiffer than the membrane. Therefore, the strain gages: KFEN-2-120-
C1L1M2R KYOWA was used only to obtain the Poisson ratio, and the laser displacement 
transducer: Model 3625 Yokogawa Electric Corporation in Figure 4 was used to obtain the 
Young’s modulus. The strain gages could not measure exact strain, but the ratio of the two 
strains right-angled each other was expectantly accounted constant and the consideration 
seemed valid. 
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Figure 4: Test for measuring material constants 

Essentially and naturally, a fabric has the characteristic that the material constants in the 
two directions of the fibers interact each other following the tense states of the fibers. 
However, in this experiment, the interaction did not need to be considered because so much 
tension did not occur in the membrane. 

The material constants obtained were the weight per area: 4.59  N/m2 , the elongation 
stiffness:  m217.717kN/tEu and  80.785kN/mtEv  and the Poisson ratio:   u  0.1638  and 

  v  0.0608 , where u and v were the directions of the warp and the weft in the respective 
fibers, and t was the thickness of the membrane. 

6.2 Comparison of the experimental results and the computation 
The experiment was to measure the deformation of the rectangular membrane of 1.1m in 

length and 0.5m in width suspended by fixing the two sides with the span of 0.96m. The 
deformation was given by raising the middle point in the free side in the membrane, as shown 
in Figure 5(a). Figure 5(a) is the deformation by raising the point from the vertical position of 
0.126m to -0.05m in the w axis. The w axis is the direction of the gravity and w=0 is at the 
level of the fixed sides. Figure 5(b) is the deformation computed on the same condition of the 
raising. The membrane in the computation consists of 880 elements and the allowable 
unbalanced force is 0.0001N. The two figures as a whole show similar deformation each other. 

The experiment was to measure the positions of the markers shown in Figure 5(a) by using 
a surveying instrument. Figure 6 shows the positions in the v-w coordinates by raising the 
point at the vertical position of -0.05m and -0.138m. The v axis is the horizontal line from the 
raised point to the middle point in the free side. The computational results agree well with the 
experimental results. 

 
 

 

Laser displacement  transducer 

Rectangular specimen of membrane 
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Figure 5: Large deformation of the suspended membrane 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
Figure 6: Positions of markers in the experiment and the computational positions 
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7 CONCLUSIONS 
- The method proposed in the paper for analyzing large deformations of membrane 

structures is directly to solve the equilibrium equations at the all nodes in the 
structure. The equilibrium equations consist of the element end forces in the 
compression-free model, the end shear forces out of the plane of the membrane 
caused by the bending rigidity and the external forces working at the nodes. 

  
- Though the end shear forces are very small because of the flexibility of membrane, 

the end shear forces resist the deformation in the plane of the membrane. Therefore, 
considering the end shear forces corrects impractical solutions by using only the 
compression-free model. The resistance resulting from the end shear forces is clearly 
shown by the geometric stiffness derived in the paper. Furthermore, the end shear 
forces do not bring multi-bifurcations into the method, but more stable computations. 

 
- The validity of using the compression-free model and the reliability of the end shear 

forces is discussed with experimenting the large deformation of a suspended 
membrane. The theoretical values by the method agree well with the experimental 
values. 
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Summary. Pneumatic air-inflated cushions are considered. The iteration technique for 
obtaining equilibrium pressure in their chambers is offered. It is based on the Broyden's 
method and uses the proposed function of cushion’s surface and the differential equation of 
equilibrium. The technique for obtaining the maximum load, which may be applied on a 
cushion, is proposed. The research of the influence of temperature variations on the behavior 
of pneumatic cushions is executed. 

1  INTRODUCTION 
Pneumatic cushions consist of polymer envelopes, made of ETFE films1, forming cavities 

or chambers, filled with pressurized air. In spite of special equipment, intended for the 
pressure control inside a cushion, the efficiency of its operation and the reliability of 
exploitation require precise estimation of pressure changes. Moreover, complex external 
loadings, temperature variations and physical non-linear properties of the material have to be 
taken into account in order to achieve a workable construction without excessive stresses and 
deformations. 

There are several approaches2, 3 intended for analytical estimation of stresses in cushion’s 
envelopes and for the calculation of variations of the internal pressure inside its chambers. On 
the other hand, the complex nature of cushions, namely the relationship between stresses in 
longitudinal and transverse directions and deviation of a cushion’s cross section from an arc 
of a circle, require elaboration of an updated procedure for their analysis.  

The technique for obtaining equilibrium pressure in cushion’s chambers is offered. It is 
based on the gas law and uses the numerical method for solving the system of implicitly given 
equations. The technique also uses the proposed function of the envelope’s surface with the 
technique for obtaining its parameters. The latter uses the differential equation of 
equilibrium4, the method of least squares and the linearization procedure with Taylor series. 

Pneumatic cushions, made of ETFE envelopes arranged on rectangular plan, are 
considered. The cushions are in the Cartesian coordinate system. The X-axis coincides with 
the long side of the cushion, while the Y-axis coincides with the short one. 
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2 EQUILIBRIUM OF PNEUMATIC CUSHIONS 

2.1 The pressure in a loaded cushion 
The air, trapped in a pneumatic cushion, equally presses its envelopes, while external loads 

directly influence the upper one only (figure 1). In fact, the remaining envelopes also depend 
on the loads indirectly, due to variations of the pressure inside cushion’s chambers.  

Figure 1. Cross section of a multilayered air inflated cushion: 
a – internal pressure acts only; b – external load is applied;  

Pu
(0) and Pu

(1) are the pressures in chamber u of the cushion in  
unloaded and loaded conditions; N is the number of chambers 

The internal pressure obeys the gas law: 

( ) a
abs

abs
a P

V

V

Tt

Tt
PPP −⋅

−
−⋅+= )1(

)0(

0

1)0()1( , (1) 

where )0(P  is an initial excessive pressure in the chamber, having the volume )0(V  at 
temperature t0 ,0С; )1(P is an excessive pressure in the deformed chamber, with the volume 

)1(V  at temperature t1 ,0С; 15.273−=absT 0С; Ра is an atmospheric pressure, in most cases it is 
equal to 100 kPa. 

The new volume )1(V  depends on the shape of cushion’s envelopes, which are deformed 
under the influence of external loads and due to variations of pressure and temperature. For 
any given pressure ,gP  changing the volume ,)1(V  there is a discrepancy Θ in comparison to 
the equilibrium pressure  )1(P : 

)1(PPg −=Θ . (2) 

The proposed iteration technique (figure 2), based on the Broyden's method5, allows to 
obtain the pressure in cushion’s chambers and to minimize the error (2). The technique 
includes numerical calculation of partial derivatives A of the error Θ with respect to the given 
pressure gP by adding a tiny variation to the pressure in the corresponding chamber and by 
calculating the variations of the discrepancy.  

For multilayered cushions, [A] is a square matrix of wuA ,  components and 
→

,gP ,
→

initP

→

,)1(P
→

,)1(V
→

Ψ ,k ,
→
Θ

→
∆p  are vectors of u elements, where u and w are numbers of chambers: 



425

V.V. Mikhaylov,  A.V. Chesnokov. 

3

],1[ Nu ∈ , ],1[ Nw∈ . Initial pressures are equal to pressures in unloaded cushion: 
)0(

, uuinit PP = . In case of a single-layered cushion, which consists of only one chamber (N = 1), 
the vectors and matrixes in figure 2 become scalars and for 0>k  the value of A is the 
following: pYA ∆= / . 

In order to secure the reliability of the iteration process, the correction of pressures should 
be confined with the parameter λ, (e.g. λ = 0.2). The limit value ε of the relative discrepancy 
is used to stop the process and to get the result. 

Figure 2. The iteration technique for obtaining the equilibrium pressure in a cushion 
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The volumes )1(
uV  are calculated as follows: 

)( 1
)()()1(

+±−±= s
e

s
e

u VVV , (3) 

where )(eV  is a volume, between the corresponding envelope and the plane XOY; u is a 
number of the chamber, for which the volume is calculated; s and 1+s  are numbers of 
envelopes, which surround the corresponding chamber, us = ; the sign “+” is applied for 
envelopes, situated above the plane XOY, and the sign “-” is applied for envelopes, situated 
below it. 

Obtaining of the volume eV  is performed by integration of the function of surface 

),,(
→
HsyxZ  of the corresponding envelope, where x and y are coordinates in plane XOY and  

→
Hs

is a vector. 

Vector ( )Txyyx VVVHHHHHs ,,,,,, 10510050=
→

contains parameters of the function, describing 
the shape of the surface of the envelope. The first four of them relate to uniformly distributed 
loads, while the remaining three parameters describe inverse-symmetric loads. It is obvious, 
that the whole set of these seven parameters is only used for the upper envelope, influenced 

by external loads. For all remaining envelopes, the last three components of 
→
Hs  may be 

omitted. 

For obtaining of 
→
Hs  the differential equation of equilibrium4 is proposed to be used: 

1==
B

A
F , (4) 

where 

xyxy

y

x
yyy

x

y
xxx Z

Z

Z
Z

Z

Z
ZA σσσ ⋅⋅+

+

+
⋅⋅+

+

+
⋅⋅= 2

1

1

1

1
2

2

2

2
, (5) 

( ) 221 yxyyxxz ZZZpZppB ++⋅⋅−⋅−−= , (6) 

where Zx, Zy, Zxx, Zyy, Zxy are partial derivatives, calculated numerically; σx, σy, σxy are 
stresses at a point of the envelope; px, py, pz are total loads, acting on the envelope, including
excessive pressure gP  and external loads qx, qy, qz. 

The non-linear equation (4) is linearized with the Taylor series and the solution is found 
with the method of least squares. 

2.2 Examples  
Rectangular cushions with sizes 3 x 12 m and 4 x 8 m are considered. The thickness of the 

envelopes’ film is 0.25 mm. Dependencies of tensile stress vs. strain6 for the material are in 
figure 3. The coefficient of linear expansion of the membrane is assumed7 the following: 

C04 /11031.1 −⋅=α . 
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Figure 3. The diagrams of the dependencies of tensile stress vs. strain for ETFE6: 
curve 1 is for temperature 230C, curve 2 is for temperature 500C  

2.2.1 Single-layered cushion at variable temperature 
The cushion consists of two films, separated by an air gap. Its dimensions are 3 x 12 m. It 

is inflated at the room temperature ( 0
0 23=t C) and exploited at an elevated temperature 

0
1 50=t C. The initial pressure in the chamber is 0.1)0( =P kPa. The envelopes are initially 

equally stressed up to 3 kN/m. No external load influences the cushion. 
The new pressures ( 7943.0)1( =difP  and 8102.0)1( =easP kPa) in the heated cushion are 

found in accordance with the proposed iteration technique (figure 2). The first value )( )1(
difP

is calculated by numerical solution of the differential equation of equilibrium (4). The second 
one )( )1(

easP  is obtained with the special computer program EASY. The discrepancy between 
them is 2%. Cross sections of the upper envelope of the cushion are in figure 4.  

Figure 4. Cross sections of the upper envelope of the cushion, which is inflated and exploited at different 
temperatures: 1 – curves for the temperature t0; 2 – curves for the temperature t1 

2.2.2 Two-layered cushion under non-uniform load
The cushion consists of three films. Its dimensions are 4 x 8 m. The cushion is inflated and 

exploited at equal temperature 230C. The initial pressures are the following: 9.0)0(
1 =P kPa – 

in the upper chamber and 6.0)0(
2 =P kPa – in the lower one. Every envelope is initially equally 
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stressed up to 2kN/m. The upper envelope is influenced by non-uniform load (figure 5). Cross 
sections of the loaded cushion are in figure 6. 

Figure 5. Loads on the upper envelope of the cushion, kN/m2:  
positive value means that the load coincides with the vertical axis Z 

Figure 6. Cross sections of the loaded cushion 

New pressures in the loaded envelope’s chambers are found in accordance with the 
proposed iteration technique (figure 2). They are: 0173.1)1(

1 =P  kPa – in the upper chamber 
and 684.0)1(

2 =P kPa – in the lower one. Discrepancies of these pressures and results obtained 
with the special computer program EASY are less than 3%. 

3 ESTIMATION OF THE MAXIMUM LOAD, WHICH MAY BE APPLIED ON THE  
CUSHION 

External load, applied on the cushion, changes stresses in its envelopes. If the resulting 
stresses approach to zero or exceed the strength of the polymer membrane, the load has to be 
confined. 

Conditions of reliable behaviour of the envelope are the following: 
0/1 minlim,min

)1( ≤−=Ω σσ , (7) 

0/1 maxmaxlim,
)2( ≤−=Ω σσ (8) 

where minσ , maxσ  are the minimum and maximum stresses in the envelope of the loaded 
cushion; minlim,σ , maxlim,σ  are permissible stresses: minlim,σ  ensures the absence of wrinkles on 
the surface, while maxlim,σ  depends on the tensile strength of the polymer membrane. 

The iteration technique for obtaining the maximum vertical load qz, which may be applied 
on the cushion, is in figure 7. 
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Figure 7. The iteration technique for estimation of the maximum load on the cushion  

In the figure, the parameter ε is a limit value of the discrepancy and λ is a limit value for 
correction of the load, permissible at iteration. The values of the load (qz0 and qz1), calculated 
from preliminary given approximation Qz, are needed to obtain the initial value of derivative 
A. Coefficients ζ0 and ζ1 may be assumed equal to 0.97 and 1.0 accordingly. 

Equilibrium pressures 
→

k
gP  at the iteration k are calculated according to figure 2, using the 

initial pressures initP
→

. 

4 RESEARCHES 

4.1 Research of the maximum load, which may be applied on the cushion 
Single-layered cushion with dimensions 3 x 12 m is considered. It is inflated and loaded at 

the room temperature ( 0
0 23=t C). The permissible stresses in cushion’s envelopes are 

assumed the following: 25.0minlim, =σ  and 0.4maxlim, =σ  kN/m. Initial stresses initσ  in the 
envelopes of the unloaded cushion are in the range: ]0.3;0.1[  kN/m. Initial internal pressures 

)0(P  in the cushion’s chamber are assumed according to (9): 

initkP σσ ⋅=)0( , (9) 
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where σk  are the following: 1/3, 1/2, 2/3 m-1. 
It is assumed, that loads are uniformly distributed on the upper envelope only. They are 

directed opposite to the Z-axis (figure 1,b). Initial approximation of the loads is assumed the 
following: )0(75.0 PQz ⋅= .  

The graphs of maximum loads qz  (kN/m2), obtained in accordance with figure 7, are 
shown in figure 8,a. Equilibrium pressures gP  in the loaded cushion are illustrated in figure 
8,b by means of the ratio Pk : 

)0(/ PPk g
P = . (10) 

Figure 8. Maximum loads on the cushion: 
a – load values qz ; b – ratios Pk

Figure 8 shows the following: 
− the increase of  the initial stress initσ  and initial pressure )0(P  brings about the growth of 

absolute values of loads qz , which may be applied on the cushion; 
− on the other hand, the smaller the initial pressure )0(P , the more substantially the 

equilibrium pressure gP  grows. 

4.2 Research of the effect of temperature variations on the behavior of pneumatic 
cushions 

Temperature variations influence pneumatic cushions by the following manner: 
− the diagram of dependence of stress vs. strain for a polymer material depends on 

temperature (figure 3); 
− additional deformations due to the expansion of the material occur; 
− the air, trapped in a pneumatic cushion, obeys the gas law (1).  

The influence of temperature on the cushion may be estimated with the following ratios: 

01 / ttH HHK = , (11) 
01Pr / tt PPK = , (12) 

0
max

1
max / ttK σσσ = , (13) 
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where H, P and maxσ  are the height, internal excessive pressure and maximum stress in the 
cushion, accordingly; indexes t0 and t1 correspond to the initial temperature of inflation and 
the temperature of exploitation of the cushion. 

It is assumed, that single-layered cushions with the dimensions 3 x 12 m are inflated at 
temperature 230C and exploited in the temperature range: 0]50,30[ +− C. For temperatures, 
not equal to 23 or 500C, the dependences of stress vs. strain are calculated with interpolation 
or extrapolation, using data of figure 3.  

The initial internal pressure is 10 =tP kPa, while initial stresses 0tσ  in cushions’ envelopes 
are 2.0, 2.5, 3.0, 3.5 and 4.0 kN/m. No external load influences the cushions. 

Graphs of ratios (11), (12) and (13), describing cushions’ heights, new internal pressures 
and surface stresses are in figure 9. The research is executed with the help of the technique 
(figure 2), intended for obtaining the equilibrium pressure in cushion’s chambers. 

Figure 9. Behaviour of the cushions in case on non-constant temperature 

Figure 9 shows that initial stresses in the cushion’s envelopes influence the cushion’s 
behaviour substantially: 
− for relatively low initial stresses, namely 2.0 and 2.5 kN/m, the behaviour of the cushion at 

low temperatures becomes instable due to diminishing of the internal pressure and local 
slack of the envelopes; 
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− on the other hand, in case of relatively increased initial stresses low temperature leads to 
the increase of the internal pressure; 

− at the temperatures less, than initial ( 0
0 23=t C), the maximum stresses occur in the X-

direction, while at temperatures above 0t  - in the Y-direction (figure 9,c); 
− the smaller initial stress, the more significantly the maximum stress increases and the 

minimum stress (not shown in the figure) decreases;
− in compliance with the growth of initial stresses, the curves tend to approach straight lines. 

5 CONCLUSIONS 
1. The iteration technique for obtaining the equilibrium pressure in multilayered pneumatic 

cushions is offered. It is based on the Broyden's method and uses the differential equation 
of equilibrium and the proposed function of the cushion’s surface. The results of the 
technique are in a good coincidence with the special computer program EASY, which is 
intended for structural analysis of systems, made of flexible fabric membranes. 

2. The technique for estimation of maximum loads, which may be applied on a cushion, is 
proposed. 

3. The research of the influence of temperature variations on the behavior of pneumatic 
cushions is executed. It is found, that the temperature growth always causes the increase 
of cushion’s height. The equilibrium pressure in a cushion and maximum stresses in its 
envelopes significantly depend on the initial stresses. 

4. The research may be used for designing and further development of single and 
multilayered air-inflated cushions. 
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Abstract. The presented work deals with the simulation of problems related to dry
fabric materials. Especially draping over double curved molds is a huge field for industrial
simulation methods. Although industrial solutions are available, there are still many open
issues. The main reason for these issues is the fact that the mechanical behavior of dry
fabric layers is not describable with a standard continuum mechanical approach because
the fabric is not a continuum. The idea of the approach presented here is to model the
inner structure of the fabric with a unit cell consisting of crossed beams and to couple this
inner structure with a macroscopic membrane element (coupled multi-scale approach).

1
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1 INTRODUCTION

In [1] a cross beam model is presented. It is developed for the implicit Software PAM
LISA [2]. This cross beam model is embedded in a FE formulation of an elastic Lagrange
membrane element [3] in convected coordinates. At each Gauss point a unit cell with
crossed beams is implemented instead of a classical constitutive law. Shearing is not
considered in that unit cell. Hence shearing effects are taken into account via a elastic
membrane material.

This paper proposes a way to implement inner structures in the user material environ-
ment of the industrial explicit FE software PAM-Crash[4] by using a similar approach,
and is a starting point for more complex extensions for this method. Referring to [1] the
implemented inner structure is developed for plain weave fabrics.

2 KINEMATICS

The user material environment for shell elements MAT180 in PAM-Crash is reduced
to a membrane by using one Gauss point over thickness. Input variables for the user
routine are strain increments, the deformation gradient as well as the node coordinates of
the element. With the node coordinates the kinematics can be formulated in convected
coordinates independent from the element formulation in PAM-Crash.

X1

X2

X3

Undeformed Deformed

Ξ2

�A2

Ξ1�A1

ᾱ
�Y1, �F1

�Y2

δ̄

�F2

α

ξ2

�a2

ξ1�a1

�y1, �f1�y2

δ

�f2

Figure 1: Undeformed and deformed element with coordinate systems

2
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The used coordinate systems are represented by their respective base vectors in Figure
1. To define the kinematics four coordinate systems are needed:

- global Cartesian coordinate system Xi

- local Cartesian coordinate system Yα,yα

- local natural convected coordinate system Aα,aα

- fiber normalized convected coordinate system Fα,fα

The coordinate lines Ξα, ξα with the base vectors Aα,aα are material related. Yα and yα
are orthogonal Cartesian coordinate systems in the undeformed and deformed membrane
element which act in the same plane as Ξα and ξα rotated around the angle ᾱ and α. The
fiber system directions F1,f1 are showing in warp fiber direction, direction F2,f2 in weft
fiber direction. Angle α is the rotation between the first fiber direction and the first axis
of the natural convected coordinate system. Angle δ is the fiber shear angle. The bar
symbol over the angle ᾱ and δ̄marks the reference configuration.

With the convected base in the reference configuration Aα, the metric can be written
as,

Aαβ = Aα ·Aβ (1)

and in the current configuration as

aαβ = aα · aβ . (2)

The components of the Green-Lagrange strain tensor ααβ in the Aα base can be written
as,

ααβ =
1

2
(aαβ − Aαβ) . (3)

With the transformation rule [3],

Yα = d̄βα · Aβ (4)

where d̄βα is

(
d̄11 d̄21
d̄12 d̄22

)
=




1√
A11

cos ᾱ− A12√
A·A11

sin ᾱ
√

A11

A
sin ᾱ

− 1√
A11

sin ᾱ− A12√
A·A11

cos ᾱ
√

A11

A
cos ᾱ


 (5)

the coordinates of the Green-Lagrange strain tensor can be transformed in the Cartesian
system Yα by

Eαβ = d̄γαd̄
δ
βαγδ , E = Eαβ

�Yα ⊗ �Yβ . (6)

3
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From the transformation A12 and A11 are components of Aαβ and A is

A = det(Aαβ) . (7)

To get the strain of the fibers it is nessesary to transform the strain Eαβ in the fiber
system. The transformation for the base vectors Yβ to the fiber system Fα is

Fα = c̄βα · Yβ, (8)

where c̄βα is

(
c̄11 c̄21
c̄12 c̄22

)
=

(
1 0

cos δ̄ sin δ̄

)
. (9)

The Green-Lagrange strain in the fiber system follows as

βαβ = c̄γαc̄
δ
βEγδ . (10)

With the general definition of the Green-Lagrange strain [5]

dx · dx− dX · dX = l2 − L2 = 2dX ·EdX , (11)

the strain in fiber direction 1 can be written as

β11 =
1

2

l21 − L2
1

L2
1

. (12)

With the known warp fiber length L in the reference configuration, the actual fiber length
l can be calculated based on formula (12) by

l1 =
√

2 · β11 + 1 · L1 . (13)

The displacement of a unit cell in fiber direction 1 follows as

u1 = l1 − L1 =
√

2 · β11 + 1 · L1 − L1. (14)

The same is applied to fiber direction 2. These displacements can be seen as movements
of master-nodes with regard to a homogenization method. In [6] and [7] a master node
concept is shown to calculate linear elastic material properties. This could be used to
implement general unit cells.

4
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2l1
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Fwarp

2l2

Fweft

Fweft

ξ2

�a2

ξ1�a1

Figure 2: Undeformed and deformed element with fibers

3 KINETICS

From a given force Fwarp and Fweft in fiber directions, shown in picture 2, the stress
in the element can be calculated. The PAM-Crash user material uses Cauchy stresses
as stress quantity. With the fiber length, L2, and standard thickness t = 1 the one
dimensional first Piola-Kirchhoff (1st PK) stress in fiber direction are calculated as

P11 =
Fwarp

L2 · t
, P22 =

Fweft

L1 · t
. (15)

In order to get the second Piola-Kirchhoff (2nd PK) stress the transformation [8]

S = F−1 · P (16)

is used. The 2nd PK is formulated in the reference configuration. The deformation
gradient F for the 1D case in fiber direction is given as

F11 = λ1 =
l1
L1

. (17)

So the 2nd PK stress componentsm11 for warp Fiber in the fiber system Fα can be written
as

m11 = F−1
11 · P11 =

P11

λ1

(18)

5
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The component m12 and m21 are zero so the components of mγδ can be written as

mαβ =

(
m11 0
0 m22

)
. (19)

In order to get the 2nd PK stress in the Cartesian system Yα, mγδ is transformed by
using(8)

Sαβ = c̄αγ c̄
β
δmγδ , S = Sαβ

�Yα ⊗ �Yβ . (20)

With

σcross beam = J−1 · F · S · F T , (21)

the 2nd PK stress can be transformed to Cauchy stresses, where σcross beam is the stress
part coming from the cross beam model. In (21), F is the deformations gradient in the
membrane element which is defined as

gα = FGα , (22)

and J is the Jacobian determinate

J = det(F ). (23)

The computed stresses in the membrane element are equivalent to the forces in the unit
cell.

4 MATERIAL LAW

4.1 Cross beam model

Picture 3 shows a deformed membrane element with inner structure. Warp and weft
fiber directions are pointing in the direction of the convected base vectors. That means
the value of angle ᾱ is 0◦. Because of visibility this example has only one unit cell, which
is equivalent to an under-integrated element with one Gauss point. Fully integrated ele-
ments are possible in the same way. In red the warp and in green the weft fiber is pictured.
The contact element is shown in light blue.

In the kinematics section a way is shown to solve displacements for a fiber. With these
displacements a unit cell is loaded on the master nodes N1 and N2 shown in figure 4. The
material model, shown in this section, is based on a unit cell for a plain weave fabric. The
unit cell is modeled with three beam elements. Because of symmetry only half of the unit
cell is modeled. In Figure 4 the 3D unit cell is shown in 2D where �f1 and �f2 are falling
together. The warp fiber is modeled with beam element 1, the weft fiber is modeled with

6
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Warp Fiber
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Figure 3: Membrane element with inner structure

beam element 2 and the contact between the fibers is represented by beam 3.

For the shown discrete mechanical system, the global stiffness matrix K can be con-
structed with KE the elastic and KG the geometrical stiffness matrix.

K = KE +KG (24)

The global stiffness matrix KE consists of the Young’s moduli of the fibers, which are
Ewarp and Eweft, the contact Young’s modulus E3, as well as the geometrical properties
of the fiber Iwarp, Iweft, which are the second moment of inertia of the beams, the cross-
sections of the fibers Awarp, Aweft and the dimensions L1, L2, L3.

The system of equations can be then written as follows.




Fwarp

Fweft

0
0


 =




K11 K12 K13 K14

K21 K22 K23 K24

K31 K32 K33 K34

K41 K42 K43 K44


 ·




u1

u2

u3

u4


 . (25)
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Figure 4: Discrete mechanical system

Due to the dependency of KG on the force Fwarp and Fweft, the system of equations is
nonlinear and has to be solved iteratively. With the so computed forces, stresses can be
calculated like shown in section kinetics.

4.2 Shear

Shear is modeled by a second layer of a material with a linear elastic shear behavior.
The material law is defined in the reference configuration. Due to the symmetry of the
2nd PK stress Sij, the constant model for this layer can be written as




S11

S22

S12


 =




0 0 0
0 0 0
0 0 G12


 ·




E11

E22

E12


 , (26)

where G12 is the constant shear modulus and Eij the components of the Green-Lagrange
strain tensor. With (21) the 2nd PK stress S is transformed to Cauchy stress σshear. The
total Cauchy stress in the membrane element is the sum of the shear stress and the stress
coming from the cross beam model. The returned stress to PAM-Crash is

σ = σshear + σcross beam . (27)
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5 RESULTS

As test case for the validation of the cross beam model, a double dome test is chosen.
The tool FE mesh is taken from a double-dome benchmark which has been performed by
several labs shown at http://www.wovencomposites.org in order to validate and com-
pare different approaches. Figure 5 shows the FE geometry of the draping test with fabric
(red), blank holder (green), die (dark grey) and punch (light grey). In the publications
[9] and [10], a draping experiment was done with the same tools geometry. Experimental
results are taken from these publications. The used plain weave fabric in the experiment

Figure 5: Double dome benchmark model

was a Twintex TPEET22XXX. The material properties of that fabric were studied in the
publications [11] and [12]. The roving of the fabric is a 12k roving. The specimen size is
470 mm x 270 mm. In the simulation only a quarter is simulated because of symmetry
reasons. The used material properties can be found in Table 1. The Young’s modulus

Table 1: Material parameters

Eweft,Ewarp 35.4 kN/mm2

E3 1 kN/mm2

shear modulus G12 0.001 kN/mm2

Cross-section Aweft,A2 1.0 mm2

Cross-section Awarp 17.6 mm2

second moment of inertia I1,I2 1.0e−4 mm4

L1,L2 2.5 mm
L3 0.8 mm

9
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E3 for the contact beam element is an assumption. The cross-section for beam 3 is the
contact area of two rovings in the plain weave fabric.

The simulation results from the cross beam model of the double dome test are shown
in Figure 6. On the left side the draw-in of the fabric is compared with the draw-in of
the double dome experiment from [9]. The green line is extracted from the experiment
picture in that publication. The draw-in can be simulated well with the cross beam
model. Only small differences at the corners can be found which are in the measuring
accuracy. At the right side of Figure 6 the fiber direction and the points for the shear

0 20 40 60 80 100 120135
0

20

40

60

80

100

120

140

160

180

200

220

235

x− length/mm

y
−

le
n
g
th
/m

m

Specimen size
Simulation

Experiment [9]

0 20 40 60 80 100 120135

1

2

3

4

5

6

7

8

9

10

x− length/mm

Figure 6: Double dome test - experiment vs. simulation

angle measurements are shown. The points from 1 to 10 are on a diagonal line from the
corner points of the undeformed specimen (0, 235) and (135, 0). Point 1 and 10 are on
the border of the deformed part. The line segment from point 1 to 10 is divided in 9
even parts to build point 2 to 9. The shear angle of the experiment and the simulation is
compared in Diagram 7. The characteristics of the curves from experiment and simulation
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Figure 7: Shear angle - experiment vs. simulation

are comparable , with one high peak at point 5 in the area of the major shear deformation
and a small peak at point 9 where shearing is getting larger because of the hemisphere
geometry of the double dome.

6 CONCLUSIONS

Draping problems can be solved with a coupled multi-scale approach. For the imple-
mented inner structure for plain weave fabrics the approach delivers good results. Draw-in
of the fabric sheet while draping can be reproduced. Also the shearing between the fibers
can be predicted.

In a next step, the coupling between the inner structure and the membrane element will
be generalized for periodic fabric materials, to couple an arbitrary representative volume
element at Gauss point level. Also an extension to describe bending is planned.The
presented work is related to draping, but the method offers new opportunities for any
application where the inner structure of a material plays an important role.
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Abstract. In this contribution a computational homogenization method for one-dimensio-
nal technical textiles, i.e. ropes or cables, is developed. Regarding the large length-to-
thickness ratio that characterizes rope-like textiles on the macro level, a discretization
with beam elements is numerically efficient. The homogeneous macro level is influenced
by the heterogeneous micro structure involving contact between the fibers. Therefore,
the fibers are modeled explicitly a representative volume element to capture the contact
within interactions. For the connection of the two scales a specific homogenization method
is introduced involving theoretical aspects and numerical examples for periodic rope-like
structures.

1 INTRODUCTION

To determine the behavior of one-dimensional textiles, i.e. ropes or cables, a specific
computational homogenization method is presented. Thereby, ropes are arranged of sev-
eral fibers mainly in length direction oriented. For the macroscopic behavior, beside the
fiber material, the arrangement of the fibers plays a significant role. As the macroscopic
constitutive behavior is a priori unknown, it is obtained from the micro structure by a
two scale approach.

Due to the scale separation the heterogeneities are assigned to the micro level and the
macro level is considered to be homogeneous. To transfer information across the length
scales suitable scale transitions have to be applied [1]. Here, a beam specific homoge-
nization scheme is introduced. The homogenization scheme couples the micro and the
macro level directly by requiring the equality of the internal macroscopic and microscopic
power densities known as the Hill-Mandel condition. Thereby, the micro level is modeled
by an appropriate representative volume element (RVE) consisting of fibers to capture
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the contact properly. For the macro to micro scale transition the macro deformation is
applied to the RVE. From the resulting microscopic stress field the macroscopic stress
resultants are computed and constitutive relations can be derived. As beam elements are
numerically more efficient to simulate rope-like structures, they are applied on the macro
scale [5, 6, 7].

For several rope-like structures this scheme was applied in [8]. In [9, 10] a related
approach for the application of two- dimensional shell structures is given. A computational
homogenization scheme for macroscopic Bernoulli beams without contact on the micro
scale can be found in [11]. An asymptotic homogenization scheme for beams consisting
of parallel, laminated fibers neglecting contact is introduced in [12]. Another approach
in [13] investigates sandwich structures that are modeled as continua on the macro level
and are composed of one- and two- dimensional structural elements on the micro level.

This contribution is organized as follows: As the macro level is considered to be a
homogeneous beam, beam kinematics are introduced and work-conjugate stress quantities
are defined. For the heterogeneous, volumemetric micro structure the boundary value
problem is characterized for the RVE. A beam specific Hill-Mandel condition is developed
based on the equality of the macroscopic and microscopic averaged power density. Both
aspects of the macro to micro and the micro to macro scale transition are discussed.
Selected numerical examples of a cable rope, i.e. a Warrington structure, are given and
discussed.

2 MACROSCOPIC PROBLEM

2.1 Beam kinematics

A body B is a collection of material points P with X denoting the positions of P in
the material configuration B0 at time t0 in the three-dimensional Euclidean vector space
E
3. The deformation map to the spatial configuration Bt is defined by the nonlinear

deformation map
x = ϕ(X, t) , (1)

where x indicates the position of the material point P at the time t.
The geometry and deformation of a beam is described by curvilinear convective coordi-

nates θi. In the sequel Latin indices range from 1 to 3 and Greek indices range from 2 to 3.
The middle axis of the beam Lτ with τ ∈ [0, t] is defined by θα = 0. The material position
and the nonlinear deformation map of a finitely deforming beam are then specified as

X(θi) = XL(θ
1) + θαDα(θ

1) and ϕ(θi) = ϕL(θ
1) + θαdα(θ

1) . (2)

The material and spatial vectors XL and ϕL provide a parametric representation of the
middle axis of the beam in the material and the spatial configuration, Dα and dα denote
the corresponding directors. The parameters θα ∈ [−1

2
H0α,

1
2
H0α] determine the position

of a point normal to the middle axis in the material configuration. Hence, the possibly
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extensible directors dα capture changes in the cross sectional direction. The covariant
basis vectors of the beam space are

G1 =
∂X

∂θ1
=

∂XL

∂θ1
+ θα

∂Dα

∂θ1
= A1 + θαDα,1 , Gα =

∂X

∂θα
= Dα ,

g1 =
∂ϕ

∂θ1
=

∂ϕL

∂θ1
+ θα

∂dα

∂θ1
= a1 + θαdα,1 , gα =

∂ϕ

∂θα
= dα ,

(3)

where the covariant basis vectors on the middle axis A1 and a1 denote the derivatives of
the position with respect to the curvilinear coordinate θ1 in the material and the spatial
configuration. The corresponding contravariant basis vectors result from the relations
Gi · Gj = δij and gi · gj = δij with the Kronecker delta δij . The covariant basis vectors
are tangents to the coordinate lines and the contravariant basis vectors are normal to
the coordinate surfaces. Finally, the deformation gradient F is defined as the material
gradient of ϕ and results with the covariant basis vectors of the beam in equation (3) in

F =
∂ϕ

∂X
= gi ⊗Gi = [a1 + θαdα,1]⊗G1 + dα ⊗Gα . (4)

The deformation gradient can be partitioned by the power of the thickness coordinates as

F = F 0 + θαF 1 with F 0 = a1 ⊗G1 + dα ⊗Gα , F 1 = dα,1 ⊗G1 . (5)

2.2 Internal power expressed in terms of stress resultants

The internal virtual power U INT is captured as the volume integral of the internal
virtual power density ℘INT per unit volume in B0 and can be specified in work conjugate
quantities e.g. the Piola stress P and the variation of the deformation gradient F as

U INT =

∫

B0

℘INTdV =

∫

B0

P : δF dV . (6)

For a beam, the volume integral is transferred to the parameter space of the curvilinear
coordinates

U INT =

∫∫∫

θ1θ2θ3

√
G P : δF dθ3dθ2dθ1 , (7)

where the material volume element dV of B0 is defined as dV =
√
Gdθ1dθ2dθ3 with√

G = [G1 ×G2] ·G3. An insertion of the beam specific deformation gradient and a
pre-integration of the resutling tractions ti :=

√
GP ·Gi over the cross section A in the

parameter space leads to an integral over the middle axis

U INT =

∫

θ1

[δa1 ·N 1 + δdα,1 ·Mα + δdα ·Nα]dθ1 , (8)

3
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with the stress resultants for forces and moments, respectively

N i :=

∫∫

θ2θ3

tidθ3dθ2 and Mα :=

∫∫

θ2θ3

θαt1dθ3dθ2 . (9)

The virtual power density ℘INT
L per unit length in θ1 parameter space reads

℘INT
L :=

∫∫

θ2θ3

√
G℘INTdθ3dθ2. (10)

3 THE REPRESENTATIVE VOLUME ELEMENT

A requirement for the applicability of a homogenization scheme is the separation of
length scales, i.e. the characteristic macroscopic length is much larger than the microscopic
length. If beams are considered this condition is relaxed for the cross section. The
macroscopic and microscopic length is subjected to the separation of length scales but
the cross sections Aτ and Āτ are considered to be equal.

The micro level is represented by a suitable RVE that characterizes the constitutive
behavior of the micro structure, see Figure 1. Microscopic variables are denote by an
overbar. The RVE of a textile consists of different parts, a material part B̄0 and a material
free part Ḡ0 such that V̄0 = B̄0∪Ḡ0, with the total RVE volume V̄0. The middle axis L̄0 is
defined normal to the cross section in the material configuration. A microscopic RVE is
related to each cross section, i.e. to each point along the middle axis on the macro level.

The boundary ∂B̄0 of the material part of the RVE can be split into three non-
overlapping sections ∂B̄0,N , ∂B̄0,D and ∂B̄0,C with ∂B̄0,N ∪ ∂B̄0,D ∪ ∂B̄0,C = ∂B̄0 and
∂B̄0,N ∩ ∂B̄0,D ∩ ∂B̄0,C = ∅. The RVE is subjected to Neumann conditions on ∂B̄0,N ,
to Dirichlet conditions on ∂B̄0,D and to unilateral contact conditions with sticking and
Coulomb friction between the fibers on ∂B̄0,C . The Neumann boundary is composed of the
micro fibers’ external surfaces, where zero traction conditions are applied to model plain
stress in the thickness direction. The cut surfaces at the end of the middle axis compose
the Dirichlet boundary, which is used to impose the macro to micro scale transition via
boundary conditions.

The heterogeneous material within the RVE is considered as a first order continuum,
with the microscopic deformation gradient

F̄ =
∂ϕ̄

∂X̄
. (11)

To obtain the homogenized stress resultants, the micro problem has to be solved first.
Therefore, a quasi static continuum mechanics framework is considered. For the RVE the
equilibrium condition in the absence of volume forces takes the format

DivP̄ = 0 . (12)
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L0

L̄0

Aτ

Āτ

L0

L̄0

∂B̄0,N

∂B̄0,C

∂B̄0,D

Figure 1: Determination of a unit cell in the material configuration. The fiber structured RVE is related
to a cross section on the homogeneous macro level at a point along the middle axis.

The material behavior of each fiber in the micro structure is described by an isotropic
hyper-elastic St. Vernant material and the stress strain relation is therefore given by

S̄ = λ trĒ + 2µĒ , (13)

where S̄ is the Piola-Kirchhoff stress, Ē is the Green-Lagrange strain and λ and µ are
the Lamé constants.

Between the fibers contact interactions occur. For the unilateral contact problem a
kinematic impenetrability condition is formulated with the gap function g ≥ 0 between
two fibers i.e. if g > 0 no contact appears and for g = 0 contact interactions appear. The
contact tractions t̄c can be classified into tractions t̄n normal to the contact plane and
tangential tractions t̄t in the contact plane by the relation

t̄c = t̄nn+ t̄t , (14)

with the contact normal vector n. The normal contact is unilateral and therefore leads
to the inequality constraint

t̄n ≥ 0 . (15)

In the case of frictional contact tractions tangential to the contact plane t̄t appear. If
the tangential tractions t̄t exceed a certain threshold, an irreversible relative motion of
the contact partners follows. An isotropic contact law for the tangential tractions is
considered with the sticking condition

Φ := ||t̄t|| − tmax ≤ 0 , (16)
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that determines the maximum value tmax = µs t̄n of the tangential tractions in relation
to the current normal tractions, where µs is the sticking coefficient. If Φ = 0, irreversible
sliding between the fibers occurs. In this case the relation between normal and tangential
stress is defined by Coulomb’s law of friction

||t̄t|| = µf t̄n , (17)

with the friction coefficient µf ≤ µs and the sliding resistance µf t̄n. The relative slip rate
[[vt]] is then given by the evolution law

[[vt]] = γ̇
t̄t

||t̄t||
⇔ t̄t = µf t̄n

[[vt]]

|| [[vt]] ||
(18)

proportional to the slip parameter γ̇ and in direction of the tangential traction [15].

4 HOMOGENIZATION FOR BEAMS

The geometry X̄(θ̄i; θ1) of the beam RVE that captures the micro structure at the
macroscopic position θ1 of the middle axis XL(θ

1) is characterized by

X̄(θ̄i; θ1) = XL(θ
1) + θ̄iAi(θ

1) , (19)

which means that the RVE is spanned by the macroscopic covariant basis vectors Ai of the
middle axis in terms of rectilinear coordinates θ̄i whereby the cross sectional coordinates
coincide for the micro and macro scale θα = θ̄α. Therewith, the microscopic covariant
basis vectors and the contravariant basis vectors render

Ḡi =
∂X̄

∂θ̄i
= Ai and Ḡ

i
=

∂θ̄i

∂X̄
= Ai . (20)

The position ϕ̄(θ̄i; θ1) of a point in the spatial configuration on the micro scale is given
by an affine part and a fluctuation

ϕ̄(θ̄i; θ1) = F (θ1; θα = 0) · X̄(θ̄i; θ1) +w(θ̄i) , (21)

where F (θ1; θα = 0) is the macroscopic deformation gradient evaluated on the middle axis
position XL(θ

1) and w(θ̄i) denotes the microscopic fluctuation field. By applying the
gradient with respect to the material position ∇X̄ the microscopic deformation gradient
F̄ is given by

F̄ = F +∇X̄w . (22)

The fluctuation field w is expressed in a beam specific form in analogy to (2) as

w = wL(θ̄1) + θ̄αdw
α(θ̄

1) , (23)

6



451

S. Fillep, J. Mergheim and P. Steinmann

with the fluctuation of the microscopic middle axis wL(θ̄
1) and the microscopic director

fluctuation dw
α(θ̄

1). Thus, the material gradient of the fluctuation results as

∇X̄w = [wL,1̄ + θ̄αdw
α,1̄]⊗A1 + dw

α ⊗Aα . (24)

For the homogenization scheme a power averaging theorem is introduced, which is a special
format of the known Hill-Mandel condition. A basic concept of the scale transition is the
equality of the macroscopic and the averaged microscopic internal power density. The
macroscopic internal power has to be equal to the microscopic internal power averaged
over the middle axis L̄0 of the RVE

℘INT
L =

1

L̄0

∫

B̄0

℘̄INTdV , (25)

where L̄0 is the length measure of the middle axis in the parameter space θ̄1 ∈ [0, L̄0].
A characteristic of the beam specific homogenization scheme is that the microscopic rep-
resentative volume element is related to a flat cross section area that is normal to the
middle axis. This is a result of the beam assumption and the pre-integration over the
cross section of the RVE to refer all quantities to the middle axis. The left hand side
of the Hill-Mandel condition is replaced by the integrand of equation (8) and the right
hand side is expressed with work conjugated quantities like the microscopic deformation
gradient and the microscopic Piola stress

δa1 ·N 1 + δdα,1 ·Mα + δdα ·Nα =
1

L̄0

∫

B̄0

P̄ : δF̄ dV . (26)

The microscopic internal power can be expressed in terms of micro stress resultants

N̄
i
:=

∫∫

θ̄2θ̄3

√
AP̄ ·Aidθ̄3dθ̄2 =

∫∫

θ̄2θ̄3

t̄
i
dθ̄3dθ̄2 ,

M̄
α
:=

∫∫

θ̄2θ̄3

√
Aθ̄αP̄ ·A1dθ̄3dθ̄2 =

∫∫

θ̄2θ̄3

θ̄αt̄
1
dθ̄3dθ̄2 ,

(27)

with
√
A = [A1 × A2] · A3 = 1. Since the micro deformation gradient consists of the

macroscopic deformation gradient and the gradient of the fluctuations, two terms result if
the variation of the microscopic deformation gradient (22), using equations (4) and (24)
and (27) are introduced into (26). Thus the Hill-Mandel condition reads

δa1 ·N 1 + δdα,1 ·Mα + δdα ·Nα .
=

1

L̄0

∫

θ̄1

[δa1 · N̄ 1
+ δdα,1 · M̄α

+ δdα · N̄α
]dθ̄1

+
1

L̄0

∫

θ̄1

[δwL,1̄ · N̄ 1
+ δdw

α,1̄ · M̄
α
+ δdw

α · N̄α
]dθ̄1 .

(28)
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Here •,1̄ denotes the partial derivative with respect to the microscopic coordinate θ̄1. The
following macroscopic quantities (or stress resultants) can be identified as

N i :=
1

L̄0

∫

θ̄1

N̄
i
dθ̄1 , Mα :=

1

L̄0

∫

θ̄1

M̄
α
dθ̄1 . (29)

By inserting equations (29) into (28) it follows that the part of the internal power related
to the fluctuations averaged over the length of the RVE has to vanish

0
.
=

∫

θ̄1

[δwL,1̄ · N̄ 1
+ δdw

α,1̄ · M̄
α
+ δdw

α · N̄α
]dθ̄1 . (30)

As shown in [8], the fluctuation term vanishes for the chosen periodic boundary conditions
with periodic fluctuations w+ = w− and anti-periodic tractions t̄

+
= −t̄

−
and thus the

Hill-Mandel condition is satisfied.

5 NUMERICAL RESULTS

The calculations are performed with the commercial finite element code MSC.MarcR�.
A Newton-Raphson equation-solving strategy is applied to solve the boundary value prob-
lems, which are discretized by 20-noded hexahedral elements with quadratic ansatz func-
tions to capture the contact behavior in a proper way. The FE-meshes are built up in a
structured way i.e. the nodes on the opposite boundaries ∂B̄+

D and ∂B̄−
D of the RVE are

at equal positions to apply the periodic boundary conditions. The macroscopic deforma-
tion gradient is applied by a Fortran subroutine to eight additionally introduced dummy
nodes that are positioned at the corner points of a cuboid, limiting the RVE space. All
other boundary nodes move in relation to them. The set of equations that impose the
relative displacements to the nodes on ∂B̄D are applied according to [17] via a Python
script. Periodic boundary conditions only constrain rotations and prescribe the displace-
ments on the dummy nodes directly. Thus, the system has no unique solution and shows
a singularity of the order of the translatory degrees of freedom. For a unique solution
a zero displacement constraint is applied to a node at the center of the RVE. Nodes in
contact are detected by a node-to-surface strategy and the contact is realized in normal
and tangential direction by a penalty method.

The RVE has a length of 10mm and represents Warrington structure. A Warrington
strand is composed of 19 fibers. The fibers are drilled around a center fiber in two layers
with 6 and 12 fibers in the same direction. The diameter of the center fiber and the
fibers of the first layer is 1mm. In layer two the fiber diameter alternates between 1mm
and 0.8mm. The rotation angle is 60 degrees. The RVE is composed of about 25000
elements. The Lamé constants are chosen as λ = 230 MPa and µ = 910 MPa, which
is characteristic for the properties of polyamide. Between the fibers contact is applied
with constant Coulomb sticking and friction coefficients of µs = µf = 0.2. Plane stress in
thickness direction is assumed.

8
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5.1 Tensile deformation of a drilled strand

In the first example the RVE is loaded via a tensile deformation F 0
11 in axial direction.

All other deformations are set to zero, such that no shear, drilling or bending occurs.
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Figure 2: Von Mises stress plot in the deformed state of a rope under tensile deformation (left) and a
diagram of the normal force over tensile deformation (right).

In Figure 2 the strand is plotted in the deformed state (left). The von Mises stress
shows a radial symmetry, where the maximum stress occurs at the center fiber. This
results from the arrangement of the fibers. The center fiber coincides with the loading
direction and shows consequently the highest tensile deformation. The outer fibers are
drilled and winding up is possible when tension is applied. This results in less tension
deformation and lower axial stresses. The outer fiber’s drilling causes a compression of the
middle fiber perpendicular to the applied tensile loading, which results in normal contact
between the outer and the inner fibers. The macroscopic normal force N1

1 is calculated
for different tensile deformations, see Figure 2 (right). It shows a slightly progressive
behavior resulting from the increasing contact zones between the fibers.

5.2 Twisting deformation of a Warrington strand

In the second example a twisting deformation is considered. The RVE is loaded by a
pure torsional deformation F 1

32 = −F 1
23 around the middle axis. All other deformations

are set to zero and plane stress is assumed in the transverse direction.
In Figure 3 the strand is plotted in the deformed state with the drilling direction

(left) and the von Mises stress state is depicted. By loading the RVE with a torsional
deformation which coincides with the drilling direction i.e. F 1

32 > 0, the outer fibers are
compressed on each other such that high contact pressures occur. A radial symmetric
stress state appears, see Figure 3 (left). Further the stress resultant moment over the

9
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Figure 3: Von Mises stress plot in the deformed state of a rope under torsional deformation (left) and
a diagram of the twist moment force over torsional deformation (right).

deformation is captured, see Figure 3 (right), and it shows a progressive behavior. This
is a result from contact between the fibers, as they are compressed on each other due to
drilling.

6 CONCLUSION

For the modeling of rope-like textiles with a beam specific two scale approach beam
kinematics were introduced and work-conjugate stress quantities were defined. The micro
level as modeled volumetric to capture the contact interactions of the fibers. The coupling
of the two scales was introduced. Selected numerical examples of a cable rope i.e. a
Warrington structure were given and discussed. It was found that due to contact the
effective behavior of the rope is nonlinear. These nonlinearities can be captured properly
with the presented scheme and transferred to the macroscopic scale.
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Summary. Tensile surface structures have been used in both permanent and temporary 
constructions. Using a light, flexible fabric as most important component, these structures 
have already displayed a great versatility in forms and uses as well as a high material 
performance and low self weight. 

Key in using a prestressed fabric is the double curved surface, being it either synclastic or 
anticlastic. To achieve these shapes using a flat fabric, the complex shapes are approximated 
by a finite number of flat panels, called cutting patterns. Generating and producing these 
cutting patterns however requires a lot of expertise, is often very time consuming and requires 
the need to connect the different panels together, such as welding or stitching. Finding a 
method that facilitates temporary double curved structures by eliminating the need for a 
thought out cutting pattern, would greatly simplify the design process and broaden the use of 
fabrics in architectural applications. 

During this preliminary research, we tested a very stretchable fabric material (Sioen 
F5637) to derive its material characteristics. Afterwards we designed a simple double curved 
structure, which starts from a single flat piece of this material, and modelled the transition 
from an untensioned, flat piece of fabric to a three dimensional pretensioned curved surface 
computationally to check the concept’s feasibility. Finally, the results from the computational 
model were verified with a small-scale prototype. 

This paper gives an overview of the structure's design process and discusses both the 
advantages and limitations of using high straining fabrics in real life architectural 
applications. 
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1 INTRODUCTION 
Prestressed fabric structures rely mainly on a combination of both pretension and double 

curvature, being it synclastic or anticlastic, for their structural stability and load bearing 
behaviour. Where tensioning a fabric provides structural stiffness by prestressing the material, 
adding double curvature to a tension-only structure drastically improves the structural 
behaviour by adding geometrical stiffness. However, this kind of surface is usually not 
developable, meaning it cannot be constructed from a single flat pattern. 

Cutting patterns are generated by subdividing the designed surface and approximating each 
segment by a flat piece of fabric, which is then shrunk down slightly to account for permanent 
straining of and the prestress in the fabric (= “compensation”). These cutting patterns are then 
joined together, typically by stitching or welding, to create a single non-flat piece of fabric 
which approximates the undevelopable double curved surface when prestressed to the 
designed value (Figure 1).1 2 3 

  

Figure 1: Typical cutting pattern for a hypar structure.4 

The generation of these cutting patterns however introduces an extra step in the already 
unique design process involved with tensioned fabric. This made us ask the question whether 
it would be possible to create double curved structures without the need of cutting patterns by 
using a single flat piece of highly stretchable fabric material. Both prestress and curvature 
would be generated by stretching the fabric out of its flat configuration and fitting it in the 
provided three dimensional boundary conditions. 

In this paper, we verified the feasibility of this approach by means of a computational 
simulation. We compared a regular analysis, which starts with formfinding, to an analysis 
which started from a single flat piece of fabric as well as from a crude triangulated 
approximation of the intended shape. All structures were evaluated in terms of initial 
geometry, forces and stresses as well as under a snow and wind loading. 
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2 CONCEPT, MATERIAL AND ANALYSIS 

2.1 Test case 
In order to verify the feasibility of replacing the use of cutting patterns with a single piece 

of high strain fabric a test case was designed together with the architectural engineering 
students within the framework of the course “Workshop Lightweight Structures”. The 
structure is constructed on a circular ground plan with a radius of 2.22m and consists of three 
quarter-circle arches, which are joined in the middle, thus creating three low points on the 
edge and one high point in the middle, and three discrete high points along the edge which are 
kept in place by pasts and cables. The structure has a maximum span of 4.44m, a maximum 
height of 2.22m and consists of three identical modules, each one rotated by 120° around the 
centre point. By using arches, instead of only discrete high and low points, we were able to 
increase the height in the centre of the structure (Figure 2). 

 

Figure 2: Concept render of the design used to verify the feasibility of designing prestressed structures without 
cutting patterns. (Render by Siemen Goetschalckx) 

2.2 Material and properties 
The material chosen for this verification is Sioen F5637; a PU coated knitted polyester 

fabric. The combination of the high flexibility coating and the use of knitted fibres rather than 
a regular orthogonal weave, makes that this material has an extremely high maximum strain 
(Table 1) compared to a regular PVC coated polyester fabric with typical maximum strains 
ranging between 15% - 20%. 

Table 1: Sioen F5637 material properties provided by the manufacturer.5 

Weight (g/m²) 290 
Tensile strength warp (kN/m) 8 
Tensile strength weft (kN/m) 6 

Maximum strain warp (%) 90 
Maximum strain weft (%) 120 
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To verify these properties, both uniaxial and biaxial tensile tests were conducted on the 
material. The uniaxial tests, cyclic tests conducted on a sample with a width of 50mm, not 
only confirmed the mechanical properties provided by the manufacturer, but also showed a 
large permanent strain being present in the material: 30% for a stress equal to 25% UTS 
(Figure 3). Apart from the large uniaxial strain, the samples also showed an important 
transverse contraction due to the weaving pattern. This clearly shows in the biaxial test 
results, where this effect appears as a high Poisson coefficient (Table 2). 

  
Figure 3: Uniaxial tensile tests confirmed the provided strength and strain properties of the Sioen F5637 

material (left) and showed a large transverse contraction (right). 

For the biaxial testing, some considerations needed to be made. Due to the high straining 
of the material, our regular setup using a sample with a 30cmx30cm middle area would strain 
beyond the limits of the biaxial bench before reaching the required maximum load of 25% 
UTS, in this case 2kN/m6. This illustrates already an important practical limitation when 
dealing with this kind of materials. To overcome this limitation, a manual biaxial test was 
conducted by hanging weights from each of the four arms of the sample. This way, various 
load ratios could be simulated without the geometric limitations imposed by the biaxial rig, 
providing average linear orthotropic material parameters characterising the fabric for various 
load ratios (Table 2). These results show not much difference between the warp and weft 
direction, a lack of difference which can also be noted in the uniaxial test results (Figure 3): 
up to a load of 2kN/m, the stress-strain behaviour for both fibre directions is very similar. The 
big transverse contraction seen during the uniaxial tests results also here in relative high 
Poisson coefficients. 

Table 2: Biaxial material parameters for the Sioen F5637 material derived by biaxial testing and compared to 
a regular PVC-polyester fabric. 

 F5637 PVC - polyester 
(Sioen T2103) 

Ewarp (kN/m) 4.12 765.92 
Eweft (kN/m) 4.00 658.50 
νwarp (-) 0.82 0.37 
νweft (-) 0.80 0.32 
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2.3 Analytic setup 
All simulations presented in this paper have been conducted in Technet GmbH Easy 20157. 

This software package, aimed specifically at the design and analysis of fabric structures, 
approximates the continuous fabric material as cable net and implements the material 
properties as a linear orthotropic material model. Important to note here is that the free fabric 
boundaries were modelled without any reinforcement (e.g. cables). This way, the boundaries 
could strain unhindered where other elements, such as cables, would restrict the deformation 
of the flat piece of fabric. This however has as downside that the boundaries of the structure 
are significantly less stiff than they usually would be, which might have a negative impact on 
the deformations and general structural performance under loading. 

Like mentioned before, this paper discusses three different ways of designing the proposed 
case study. In a first case, a regular analysis method is followed. Here, the first step consists 
of determining the shape based on the imposed boundary conditions (fixed points, fabric 
prestress, cable tension forces, …), called the formfinding phase. After this, material 
properties are applied and the structure is analysed under various loads. Apart from the 
geometric boundary conditions, which consisted of three discrete high points and the three 
arches, the fabric was given a design prestress of 1kN/m in both warp and weft direction. 
Finally, we need to remark that even in the design process the fibre alignment needs to be 
taken into account. In this case, due to the symmetrical properties of the design, three 
identical parts can be observed with each their own principle directions. To ensure optimal 
structural behaviour, the total structure thus consists of three connected nets, each with its 
orthogonal directions aligned to the respective principle curvature directions. Also note 
(Figure 4) that the arches were simplified by dividing the arch into segments and fixing the 
translation of all nodes. 

  
Figure 4: Each structure will be analysed with external structure, except for the arches which are modelled 

with fixed nodes. Fibre directions are placed along the structure’s principle curvatures. 

The second methodology used in this investigation starts from a flat, vertical projection of 
the structure where the boundary points are brought to their final location only after the 
material properties are applied, thus simulating starting from a single flat piece of fabric 
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(Figure 5). In this case, the formfinding step is completely eliminated as well as the cutting 
pattern generation, which typically takes place after the structural analysis has been 
completed. In this case, since the area of the flat projection is significantly smaller than the 
actual area of the three dimensional shape of the fabric, prestress and curvature will be 
generated through the out of plane deformation of the initially flat piece of fabric. This latter 
modification is where the low stress/strain ratio of the material will play an important role. If 
one would try this with a regular PVC polyester fabric, which is much stiffer, the forces 
required to bring the fabric in its final configuration would most likely result in rupture of the 
fabric. 

 
Figure 5: By placing this initially flat pattern into the fixed boundary conditions after material parameters 

have been applied, the resulting structure’s geometry and prestress is a direct consequence of the material’s 
properties. 

The third method finds itself between the two other methods: instead of starting from a 
completely flat piece of fabric, the formfound shape has been discretised. After dividing the 
whole of the structure into three equal pieces, each segment is triangulated into four triangles 
(Figure 6, above) which were then compensated 20% to account for the pretension. Due to the 
symmetry of the structure, this method results in six flat segments, each consisting of two 
triangles (Figure 6, below). These six patterns were then combined into an approximate three-
dimensional geometry. After the unstressed state was drawn, all fixed nodes were moved into 
their final position, thus prestressing the fabric and resulting in the final initial shape. This 
third method can in fact be seen as using a rudimentary cutting pattern and tries to find a 
balance between the other two methods. 

After the initial shape was determined for all three approaches, four different load cases 
were applied: (1) a snow load of 0.5kN/m², a wind load in the (2) +X direction, (3) -X 
direction and (4) +Y direction each of 0.5kN/m². The results from both the initial shapes and 
all load cases were compared to each other in order to determine the possibilities and 
limitation of creating doubly curved structures without real cutting patterns. 
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Figure 6: The third method triangulates the formfound surface (above) to obtain a simple combination of flat 

pieces (below) which composed and tensioned form the desired structure. 

3 RESULTS 
Like stated before, the analysis has been evaluated under four different load cases. At first, 

the initial, unloaded shape has been compared. Since there is a distinct difference between 
conducting a formfinding, which will determine the most optimal solution for a given set of 
boundary conditions, and hoisting up an initially flat piece of fabric, big differences in both 
stresses and geometry are expected even in the unloaded state. These differences will then 
further influence the behaviour of the structure under different load scenarios, in this case 
snow and three different wind loads. 

3.1 Initial state 
As a first step in this analysis, both geometry (Figure 7) and (pre)stress in the unloaded 

structure were compared. When looking at the geometry, the difference is apparent 
immediately. The formfound structure has a large, continuous curvature where the structure 
that started from the projected shape displays less curvature in general as well as some 
discontinuities in its shape, which is clearly visible in the boundaries. This was expected since 
the starting from a flat shape does not result in the optimal minimal surface that is obtained 
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through the formfinding step in the first analysis. However, this result already shows that it is 
theoretically possible to obtain a three-dimensional curvature without using cutting patterns, 
although the shape becomes a direct result of the material parameters rather than an optimal 
solution determined only by boundary conditions and the prestress. 

  

  

  

Figure 7: The initial shapes of the regular analysis (up), starting from the flat shape (middle) and the 
approximate shape (bottom) clearly show differences in general shape and curvature. 

The same trend can be noted when we look at the prestress in the structure. The first 
analysis resulted in a more or less uniform prestress of around 0.5kN/m throughout the whole 
structure. This is remarkable, since the input given during the formfiding was 1kN/m, and the 
immediate result of the formfinding showed a very uniform stress of 1kN/m. This difference 
between the formfound state and the state with the material parameters applied might be due 
to the exceptionally low stiffness of the material, leading to an unexpected result during the 
analysis. On the contrary, both analyses that started from the flat panel clearly show important 
stress concentrations along the arches. When started from a projected shape, the stress 
concentrations are mostly located in the bottom corners of the arches, where in the case of the 
approximated flat shape the main stresses are found along the whole of the arch. Looking at 
the value of the prestress, starting from the projected shape yields a very uneven prestress, 
with an average of 0.15kN/m, where starting from an approximate shape, the initial state 
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shows an average prestress of 2.45kN/m, but which notably decreases when moving away 
from the arches (Figure 8). 

 
Regular analysis 
Max stress: 0.98kN/m 
Min stress: 0.00kN/m 
Avg. stress:  0.55kN/m 

Flat projected analysis 
Max stress: 19.56kN/m 
Min stress: 0.00kN/m 
Avg. stress: 0.15kN/m 

Flat approximate analysis 
Max stress: 7.20kN/m 
Min stress: 0.44kN/m 
Avg. stress: 2.45kN/m 

Figure 8: The prestress states for the unloaded structure (top view) show that when starting from a flat analysis, 
important stress concentrations appear. Starting from an approximated shape results in a very noticeable stress 

concentration along the arches. 

Looking at the reaction forces, the regular analysis shows forces of 6.47kN at the high 
points, 8.44kN at the bottom of each arch and between 0.1kN and 0.15kN in the fixed nodes 
along the arches. The analysis that started from the projected piece of fabric shows a 
maximum force of only 1.42kN at the high points, 10.85kN at the bottom of the arches. Due 
to the vertical out-of-plane movement, there is a notable increase in force at the bottom of the 
arches counteracting the upward motion of the fabric, as could already be derived looking at 
the stresses. In fact, looking at the fixed nodes along the arch, forces range from 1.5kN close 
at the ground and diminish to 0.1kN when reaching the top. So in this case, the arches seem to 
be the main structural element which keeps the fabric from returning back to its flat state. In 
the case where the flat fabric is an approximation of the three-dimensional structure, only very 
small reaction forces are observed: 3.11kN at the highpoints and 2.44kN at the base of the 
arches. In this case, the arch also seems to be restraining the fabric, but forces are more 
uniform along the arch than was the case when starting from the fully flat panel, with values 
ranging between 0.5kN and 0.65kN. 

3.2 Snow loading 
The first load case that was considered is a vertical snow load with a value of 0.5kN/m2. 

Due to the nature of this load, stresses will increase in the fibres that run from the middle of 
the structure to the outside, since this is the hanging line of the structure for a downward load. 

The obtained result show what we already expected: the most stable structure is the 
structure which has been designed according to the regular analysis. From the two structures 
that started from a flat piece of fabric, the one using the single projected geometry shows to 
be the most stable with a maximum deflection of 240mm. Due to the lack of prestress in the 



466

M. Van Craenenbroeck, S. Puystiens, L. De Laet and M. Mollaert 

 

 10 

structure utilising the approximated flat shape, deflections are predicted to be more than the 
double of this (490mm) in this case (Figure 9). 

 
Regular analysis 
Max stress: 1.03kN/m 
Min stress: 0.00kN/m 
Avg. stress:  0.65kN/m 
Max deflection: 100mm 

Flat projected analysis 
Max stress: 19.56kN/m 
Min stress: -0.02kN/m 
Avg. stress: 0.23kN/m 
Max deflection: 240mm 

Flat approximate analysis 
Max stress: 7.99kN/m 
Min stress: 0.54kN/m 
Avg. stress: 2.54kN/m 
Max deflection: 50mm 

Figure 9: Under snow loading the structure analysed according to the regular methodology shows to be the most 
resistant, followed by the flat projected analysis. The higher prestress in the third analysis (right) resulted in 

much smaller deflections under loading. 

3.3 Wind loading (-X) 

 
Regular analysis 
Max stress: 1.07kN/m 
Min stress: 0.00kN/m 
Avg. stress:  0.62kN/m 
Max deflection: 100mm 

Flat projected analysis 
Max stress: 19.65kN/m 
Min stress: 0.00kN/m 
Avg. stress: 0.32kN/m 
Max deflection: 180mm 

Flat approximate analysis 
Max stress: 7.21kN/m 
Min stress: 0.34kN/m 
Avg. stress: 2.46kN/m 
Max deflection: 70mm 

Figure 10: Stresses and deflections for the asymmetric wind load (here shown for a wind in the -X direction) 
shows the same trend that was noticed before: altough the stress distribution is less uniform in the third case 

(concentrated around the arches), the higher prestress results in less deflections under loading. 
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When loading all three cases with various asymmetric wind loadings, the same trend that 
was noted under snow load, came up. The most uniform stress distribution appears in the 
formfound structure. The second methodology still shows the highest stress concentrations as 
well as the biggest deflection, and the third method turns out to be the most resilient thanks to 
the higher level of prestress. 

3.4 Final remarks 
The analyses conducted above give some indication that approximating an intended shape 

by (compensated) flat triangular panels of highly stretchable material might be a feasible 
approach for temporary structures. It has to be noted however, that this research is still in its 
early stages and some approximations were made in the conducted analyses. Some of these 
approximations, such as the use of a linear elastic material model, are a direct consequence of 
the chosen analysis software, others, like fixing all intermediate nodes of the arches, were 
made to make these preliminary analyses easier to interpret. Although the research presented 
in this paper sets a first step to a possible simplification of the design of certain typologies of 
fabric structures, there is still a lot of optimisation to do on, for instance, the determination of 
an appropriate compensation factor when approximating a double curved structure with 
triangular panels. 

 

4 CONCLUSIONS AND FUTURE RESEARCH 
This paper described the analysis of a test case to verify the feasibility of using a flat piece 

highly strainable fabric to generate stable, prestressed fabric structures with enough curvature 
to function as stable temporary coverings, thus negating the need for cutting patterns. Within 
this framework, three approaches were computationally checked and compared: a regular 
approach, which starts from a formfound shape, a single planar piece of fabric, its geometry 
obtained through a vertical projection of the structure and a very crude triangulated 
approximation of the desired geometry. 

Results indicate that it is theoretically possible to obtain a structurally stable solution with 
enough curvature to function as a stable prestressed structure, but some considerations need to 
be made. First of all, in the current analysis the most optimal design still seems to be the 
formfound geometry, which shows the most uniform distribution of prestress. However, the 
result obtained by pulling the flat projected geometry out of plane still shows acceptable 
deflections and structural behaviour for small-scale temporary constructions (as long as the 
occurring stress concentrations are taking into account appropriately in the design stage). 

The third case also shows an interesting approach which might be developed further: 
thanks to the high strainability of this specific fabric, the intended geometry can be 
approximated without really needing to determine the correct cutting patterns to obtain the 
desired shape. By just picking some points which approximate the desired geometry and 
shrinking down the obtained patterns according to the material properties, you can make a 
simple tensile surface structure that has enough pretension and curvature to withstand loads. 
Comparing this approach to the second one shows that, even though it is a bit more elaborate 
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than starting from the projected geometry, the extremely high stress concentrations are a lot 
less severe when the intended structure is (roughly) approximated from the start. The concept 
of these prestressed fabric structures without conventional cutting patterns thus might be a 
viable solution for the private consumer market, replacing the current small-scale frame and 
tarp solutions which are often found in gardens. 

The next step in this research will be the experimental validation of the concept, by 
building the design described in this paper. This step will provide a hands-on feeling with the 
structural behaviour and stability as well as exposing any difficulties that might arise during 
the set-up procedure. This will also serve as a validation of the computational model since the 
used computational environment imposes some important approximations on both the general 
analysis and the material model. Once this proof-of-concept has been finished, the question of 
optimisation may arise. In this step, the geometry of the flat panels can be optimised to reach 
a more uniform prestress. 
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Summary. The hybrid dome consists of a bearer frame, covered with a flexible fabric 
membrane. The frame comprises rigid upper beams and cable network at the bottom. Several 
embodiments of the dome are examined and the best one is selected.  The process of pre-
stressing of dome’s elements is considered. The analysis of reliability of exploitation of the 
dome is performed.

1  INTRODUCTION 
The hybrid dome1 to be investigated consists of a bearer frame, covered with a flexible 

fabric membrane. The frame comprises rigid upper beams and a cable network at the bottom, 
connected to the beams with hinged struts (figure 1). Rigid beams are arranged in radial 
direction. 

The dome has several advantages in comparison to fully flexible cable structures, they are: 
smaller deformations and horizontal support reactions. In case of uniform external loadings 
bending moments in its beams are significantly lower, than in rigid structures not supported 
by a cable network. It allows covering large spans, not accessible to usual beams or even 
trusses. 

On the other hand, non-uniform loadings lead to more severe stresses in the bearer frame 
and may cause excessive displacements of dome’s nodes. The form and topology of the 
bottom cable network and arrangement of the hinged struts essentially influence load-carrying 
behavior of the dome. The proper arrangement of cables and struts is an important task to be 
solved in order to achieve the best characteristics of the structure. 
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The research has been carried out with the help of the special computer program EASY, 
including the module Beam, intended for structural analysis of systems, which consist of rigid 
and cable elements, working together with the flexible fabric membrane.  

2 EXTERNAL LOADINGS CONSIDERED IN THE RESEARCH
External loadings considered in the research are in table 1. They include self weight with 

pre-stressing, wind and snow loads, acting on the whole surface or a part of it. 

Table 1: External loadings 

Designation Name Area load, kN/m2 Notes 

LC0 Self weight 

LC1 Uniform snow 

LC2 Non-uniform snow 

LC3 Wind, variant 1 

LC4 Uniform snow and 
Wind of variant 1 

0.9 . (LC1 + LC3) 

LC5 Non-uniform snow 
and Wind of variant 1 

0.9 . (LC2 + LC3) 

LC6 Wind, variant 2 

LC7 Uniform snow and 
Wind of variant 2 

0.9 . (LC1 + LC6) 

LC8 Non-uniform snow 
and Wind of variant 2 

0.9 . (LC2 + LC6) 

Load case LC0 
is also added 

Several types of the bearer frame have been examined in order to determine the most 
appropriate embodiment of the dome. 

3 TYPES OF THE BEARER FRAMES, CONSIDERED IN THE RESEARCH 
The easiest embodiment of the dome consists of flat vertical ribs, which comprise the 

upper beams, hinged struts and cables (figure 1). Flat ribs are connected with each other by 
horizontal rings. Ties 6 and 7 may be omitted.  
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Hybrid dome includes a number of flexible elements, which need to be tensioned in order 
to secure reliable behavior of the structure under different load cases. It is proposed to 
implement the pre-stressing of the dome by tightening bearer cables 4 and 5 (figure 1), 
equipped with special features, e.g. turnbuckles. The magnitude of initial tension forces in 
these cables has to be determined from a condition of minimization of moments in the upper 
beams. The flexible fabric membrane 10 also has to be tightened with cables 11 and with 
special features (not shown in figure 1), connecting the membrane to beams 12. 

Figure 1. The hybrid dome made of flat ribs:  
a – axonometric scheme, b – top view, c – cross section; the sizes are indicated in millimeters; 
1 - upper beam; 2 - flexible network, comprising bearer cables 3, 4, 5 and additional ties 6, 7;  

8 – hinged struts; 9 – central ring, made of hinged studs; 10 - flexible fabric covering;  
11 - backstay cable for tightening the fabric; 12 – hinged beam; 13 - column 

Of all load cases, considered in the research (table 1), non-uniform loadings, especially 
load case LC5, influence the dome in the worst manner. Bending moments in the beams of the 
dome partially loaded with snow, are significantly larger than moments if snow of the same 
magnitude acts throughout the whole surface.  

In case of omission of the ties 6 and 7 excessive moments take place in the beams 1, 
situated between adjacent loaded and unloaded zones of the dome (so-called “out-of-plane 
moment”, Mw = 15 kN.m) and in not-loaded beams (so-called “in-plane of the rib moment”, 
Mv = 31 kN.m) - figure 2. The last one is more than 3 times larger in comparison to the 
moment, which occurs if the load case LC1 of table 1 is applied. 

Additional ties 6 and 7 installed separately slightly influence the out-of-plane moment Mw: 
ties 6 reduce the moment to 13 kN.m, while ties 7 enlarge it to 16 kN.m. The in-plane of the 
rib moment Mv is more susceptible to installation of the ties. Ties 6 reduce it to 27 kN.m, and 
ties 7 - to 23 kN.m. 
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The most favorable effect is observed when both ties 6 and 7 are installed. The in-plane of 
the rib moment Mv drops to 20 kN.m, and becomes more than in 1.5 times smaller, in 
comparison to the omission of the ties.  

Fig. 2. Diagrams of moments (load case LC5): a – moments Mv, b – moments Mw

As so-called spatial triangulation may substantially improve load carrying behavior of the 
structure2, vertical struts 8 of the dome were replaced with inclined struts 8a or 8b (figure 3). 
Addition of inclined struts in only one tier of the dome reduces the in-plane of the rib moment 
Mv insignificantly. On the other hand, the out-of-plane moment Mw drops almost twice up to 
8kN.m due to the emergence of a negative moment (shown with arrows in figure 3). 

Figure 3. The hybrid dome with inclined struts in only one tier and diagrams of moments Mw:  
8a, 8b – inclined hinged struts 
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The best results are achieved by installing inclined struts in both tiers (figure 4). Thus, the 
hybrid dome is assembled with a set of spatial ribs, interconnected with each other. The 
maximum moments in the upper beams 1 for all load cases of the table 1 are the following: 

12=vM kN.m and 5=wM  kN.m. 

Fig. 4. The hybrid dome with inclined struts in both tiers  

The tension forces in the bearer cables 4 and 5 (figure 4) required to ensure the proper pre-
stressing of the dome are the following: 5.844, =reqN kN and 5.215, =reqN kN.

4 PRE-STRESSING OF THE HYBRID DOME 
Hybrid dome is a structure, the primary bearer frame of which, when loaded with self 

weight, has sufficient stability without flexible covering of a fabric membrane. Thus, hanging 
of the membrane has to begin after the completion of the frame3. 

Before tensioning of the membrane the frame should be pre-stressed by tightening cables 4 
and 5. Otherwise if the membrane is installed on the unstressed frame, loads caused by its 
tensioning forces together with non-uniform external effects will lead to excessive moments 
in the beams of the dome. These mounting moments may exceed twice the moments, caused 
by external loads during the exploitation of the dome. 

The preliminary tension forces in the bearer cables 4 and 5 may be estimated as follows: 

fabrreqpr NNN −= (1) 

where fabrN  is the force in the cable, caused by the uniform tightening of the fabric 
membrane only. 

According to the calculations, made with the program EASY: 5.264, =fabrN kN,  
5.25, =fabrN kN. Consequently, 0.585.265.844, =−=prN kN and 0.195.25.215, =−=prN kN. 

Before installation of the fabric membrane the moment in the upper beam of the dome 
influenced by the preliminary tension forces in the bearer cables 4 and 5, is equal to 
11.9kN.m. It doesn’t exceed the maximum moment in the dome covered with the membrane 
and influenced by external loads. 
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5 RESEARCH OF RELIABILITY OF EXPLOITATION OF THE HYBRID DOME 
The fabric membrane, which is influenced by external adverse effects, may get damage 

during the long period of exploitation. The damage may initially be of very negligible 
dimensions, but it usually causes an emergence of overstressed zones, where the fabric is 
susceptible to the propagation of failure.    

Let’s consider a slit in the radial direction in the loaded area of the membrane, which is 
influenced by the load case LC5 of the table 1. Even when the slit is only 1.0 m long, the 
stresses in its both ends twice exceed the initial stress at the same load in the area without a 
slit. Under the condition, that the strength of the fabric membrane is 20 kN/m in the warp 
direction and 15kN/m in the weft direction (the safety coefficient 5.0 is already applied), we 
can trace the propagation of the failure (figure 5). 

Figure 5. The propagation of the failure in the fabric membrane of the dome:  
a-d are the stages of the failure; stresses in the fabric membrane are shown in kN/m;  

e – general view of the dome with the failure 

The figure shows that the failure, starting from a relatively small slit, propagates 
throughout the whole surface, confined by rigid beams. The influence of the fabric failure on 
the elements of the bearer frame may be estimated as follows: 

0/TTK iT = , (2) 

where T is a force eN  or a moment eM   in the corresponding element e of the dome 
(element numbers are on figure 4); i is the stage of the failure (figure 5); 0T  relates to the 
dome without a failure. 

The graphs of TK  for several elements of the dome are on figure 6. Intermediate stages are 
added for smoothness of the curves.  
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Figure 6. Illustration of the influence of fabric’s failure propagation on  
the elements of the dome’s bearer frame  

The figure shows that the onset of failure of the fabric in the circumferential direction 
favorably influences elements of the dome (namely, the cable 5 and the beam 12), 
diminishing their stresses.  

By neglecting this favorable effect, coefficients TK  were calculated for all elements of the 
dome. It was supposed that the failure of the fabric had fully propagated in the radial direction 
only (table 2, figure 7). 

Table 2:  Coefficients TK  for the last stage of failure of the fabric 

Scheme (see figure 7) Ratio a1 a2 a3 b1 b2 b3
Maximum Minimum 

KM1 0.99 1.00 1.06 1.00 1.20 1.10 1.20 0.99 
KN3 1.02 1.01 1.01 1.03 1.03 1.01 1.03 1.01 
KN4 1.01 1.01 1.03 1.01 1.03 1.04 1.04 1.01 
KN5 1.19 1.00 1.00 0.90 1.01 1.00 1.19 0.90 
KN6 1.05 1.03 0.99 1.14 1.18 1.17 1.18 0.99 
KN7 1.09 1.15 1.23 1.28 1.37 1.44 1.44 1.09 
KN8a 1.02 1.00 1.00 0.98 1.00 1.00 1.02 0.98 
KN8b 1.05 1.04 1.00 1.04 1.03 1.00 1.05 1.00 
KN9 0.76 1.00 1.00 0.63 1.01 1.00 1.01 0.63 
KN11 0.81 1.00 1.00 1.50 1.37 1.15 1.50 0.81 
KM12 2.41 1.77 1.68 1.63 1.36 1.33 2.41 1.33 
KM13 1.18 1.01 1.01 1.41 1.10 1.07 1.41 1.01 
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Figure 7. Schemes of damages of the fabric: the left side of each scheme is loaded with snow load, while the 
right side is influenced by self weight only 

6 CONCLUSIONS 
1. The hybrid dome which consists of the bearer frame, covered with the flexible fabric 

membrane is considered. 
2. Several types of bearer frames have been examined in order to reduce bending moments 

in the rigid beams. The best results are achieved by installing inclined struts, and by 
forming the dome of a number of spatial ribs, interconnected with each other. 

3. The cable network of the dome during mounting should be pre-stressed before the fabric 
covering is installed. 

4. The analysis of reliability of exploitation of the hybrid dome is performed. It is 
established, that small damages in the fabric membrane tend to propagate throughout the 
whole surface, confined by rigid borders. The primary elements of the dome’s bearer 
frame are susceptible to failure of the membrane and should be designed with the 
following safety coefficients: 05.1=sk  for the elements 3, 4, 8a, 8b and 9; 2.1=sk  for the 
elements 1, 5 and 6; 5.1=sk  for the elements 7, 11 and 13; 5.2=sk  for the elements 12. 
Element numbers are on figure 4.  

5. The results of the work are to be used for designing and further improvement of the 
hybrid domes. 
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Summary. The stab resistance of textiles and membranes is a very important property for 
several areas. For many applications, which are used in the protection area, aramid woven 
structures are normally used. A main problem of these panels is the missing yarn friction, 
which leads to a high yarn slippage 1. It allows a knife or another sharp blade to penetrate the 
fabric, because the yarns slide apart. One solution is to reduce the slippage of the yarns during 
the penetration through the knife and resultant of this effect a higher absorbing of the impact 
energy. To determine the influence of this effect, four different woven aramid structures with 
different properties and pattern, were tested against shift by determining the seam slippage by 
using the fixed seam opening method. Due to this, the behaviour of stab resistance of the 
different aramid fabrics were tested according to the VPAM test instruction “Stab-and impact 
protection” 2. The interdependence between the yarn slippage and the stab penetration was 
tested. A better understanding of this process allows improving fabrics for membranes against 
stab attacks in future. 

1 INTRODUCTION
In the quality evaluation of ready-made garments is the slippage of yarn at the seam an 

important factor. The seam slippage can be defined as the ability of the displacement of yarns,
where the yarns in the fabric slip away from the seam under stress, what means, that the weft 
yarns slip over the warp yarns near the seam, occurred through a given load and cause an 
opening of the fabric. 1 This phenomenon leads to a reduced range of the end-use of possible 
areas. The characteristic of migration or slippage is an important parameter and depends on 
different fabric properties, like fibre type, pattern, the linear density of the yarns and the 
number of yarns per unit length, but also the thread seam construction and stich density. 3 One 
important factor is also the yarn-to-yarn friction. Especially very smooth fibre types lead to a 
high yarn migration, particular in the seam area during high stress. Resultant of this, it is 
assumed, that the yarn friction is linked to the seam slippage 3-5.

In the area of stab resistance of textiles, special for high strength fibres like aramid, the 
effect is given, that during the penetration with the knife, the yarns are not cut; they migrate 
and cause an opening of the fabric. This phenomenon is given for all smooth fibres, which are 
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penetrated by a sharp shape like a knife. Also in the area of membranes, aramid fibres are 
included, for example in loud speaker, where a displacement of yarns is undesired. The aim of 
this work is to analyze the interdependence between this displacement and the seam slippage, 
because it is assumed to be similar to the seam slippage. 

2 MATERIALS AND METHODS
Four different high modulus Kevlar aramid fabrics were tested, which represent a wide 

range of different parameters, like pattern, yarn density, thickness and fabric weight per 
square meter. The structural parameters are presented in Table 1.

Fabric 
code

Structure
pattern

Yarn Count 
tex

Threads 
per cm

Mass 
g/m²

Thickness
mm

Warp Weft Warp Weft
P170 Plain 127 127 7 7 170 0.28
P230 Plain 158 158 7 7 230 0.33
T170 Twill 127 127 7 7 170 0.27
T230 Twill 158 158 7 7 230 0.36

Table 1. Parameter of the engaged fabrics

The fabrics were analysed through an optical observation with a high speed camera and 
pictures were taken after the stab tests. 

Stab resistance measurements of the aramid panels, like they are used in ballistic panels, 
were tested for their resistance against stabbing according to the test instruction VPAM 
KDIW 2004 “Stich- und Schlagschutz”2. The principle of measurement is like shown in 
Figure 3: a blade with a defined sharpness falls from a defined height through the test fabric 
into the box, which is filled with plasticine. Hereby the knife is led by rails to ensure an even 
movement. Afterwards, the stab depth in the plasticine is measured by using a ruler. 

Figure 1: Principle of stab test
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According to the standard VPAM KDIW 2004, the fall height should be set, that a potential 
energy of 15 Joule has to be ensured to reach results of stab depth lower than 10 mm or 25 
Joule for a maximum stab depth of lower than 20 mm. During the preliminary tests was 
found, that the falling height according to the standard at 1.02 m the knife goes through all 
structures and the differences cannot be seen. Also the height of 0.61 m gave no significant 
differences. To find out differences between the fabrics, the fall height was reduced to 28.5 
cm, which equates to 6.9 Joule.
The seam slippage was measured with a tensile testing machine- Textechno Statimat ME, 
according to the standard DIN EN ISO 13936-1.6 Pre-tests showed similar results for tests in 
warp and weft direction. Therefore an average of both results was analysed. 

3 EXPERIMENTAL

3.1 Optical Observation
First of all, pictures were taken with a high-speed camera, to see the penetration in this 

moment, when the blade cuts-into the fabric.

Figure 2: Picture sequence of knife penetration 

The picture sequence (Figure 2) shows the moment when the blade penetrates the woven 
fabric: the blade depresses the fabric and the primary filaments, which are in direct contact to 
the knife, migrate away from this impact area. In this case, the filaments are not cut, just slide 
apart. It is assumed, that the low friction between the yarns lead to a high yarn slippage and 
the blade can ingress deeper. Figure 3 shows the optical observation of the penetration area of 
the fabrics after the stab test. The opening of the fabric can be seen for all fabrics.

Figure 3: optical observation of the fabric opening after the stab tests
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3.2 Stab test results
Figure 4 show the results of stab depth for panels out of six and eight layers of aramid. For 

both test series, the plain weave structures show better results than the twill weave structures. 
Due to the twill structures are looser than the plain weave fabrics, the yarns can slide apart 
easier and the knife can penetrate deeper. 

Figure 4: Stab depth of panels out of 6 and 8 layers

Comparing the results of the stab depth to the seam slippage resuls of these fabrics, the 
looser structures, which can be penetrated deeper are also easier to slide apart during the 
determination of the seam slippage behaviour. 

3.3 Seam slippage
The behaviour of slippage resistance of yarns at the seam was determined according to 

DIN EN ISO 13936-1 and the opening force was measured at a seam opening of 6 and 8 mm. 
These results have been compared to the stab resistance of panels out of 6 and 8 layers. 
Interestingly the curves show an opposing trend, which confirms the assumption of an 
interdependence between the seam slippage behaviour and the stab penetration depth results.
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Figure 5: Comparison of seam opening at 6 mm with stab depth of 6 layers

Figure 5 shows the run of the curves in the opposite direction. When the force, to open the 
seam increases, the stab depth is lower. Also a decreasing of the force shows an increasing of 
the stab penetration. 

Figure 6: Comparison of seam opening at 8 mm with stab depth of 6 layers

While the force to open te seam from six to eight mm increases for the plain weave 
structures round about 5 to 10N, the force for the twill structures stay relatively stable. Like 
shown in Figure 6, they increase from 5,5 to 6,8 N for the P170 and from 3,6 to 6,1 N for the 
P230. 
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Figure 7: Comparison of seam opening at 6 mm with stab depth of 8 layers

The stab depth penetration decreases from six to eight layers for both plain weave panels
like figure 7 demonstrates. The twill weave panels increases or stay stable. Again, the results 
show a relationship between the stab test results and the seam slippage behaviour. 

Figure 8: Comparison of seam opening at 8 mm with stab depth of 8 layers

Figure 8 shows the results of a seam opening of eight mm and the stab depth results of 
eight layers of the panels. A trend of the curves in opposite direction is also given here.

12 CONCLUSIONS
- Aramid yarns show a high migration of yarns in the fabric, which occurs openings in 

fabrics and lead to a decreasing of safety.
- Not only the stab penetration is important to analyse, also the seam slippage behavior 
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gives an impression of the stability of a fabric.
- The results show the relationship between the stab depth and the seam slippage. An 

increasing of the force to open a seam, leads to a better the result of the stab depth. 
- Understanding the phenomenon of yarn sliding, will help to forecast the fabric 

properties for safety garments but also for membranes or other applications.
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Summary. The aim of the paper is to describe the isolated tensile roof of the auditorium in 

the town of Auch in the CIRCA area (France) delivered in 2012. The size of the auditorium is 

41x25m h19. The total surface of the membrane is 2200sqm for each skin. The architects of 

the project was ADH Architects, Nicolas Novello located in Bordeaux, France. Abaca was the 

project and workshop drawings engineers for the membrane. Jacques Anglade located in Port 

Vendres (France) was the wooden structures engineer. Manufacturers of the tensile roof were 

VSO, Artigues près Bordeaux, France. 

 

1 CONTEXT 

The described project takes place in a vast program of refurbishment of a military area 

(Caserne d’Espagne) situated in the town of Auch in the south of France. The global purpose 

of the operation was the creation of the Centre for Innovation and Research for Circus (CIRC) 

and included the refurbishment of former stables dating from the second half of the nineteenth 

century as a residence and rehearsal place for circus artists. It included also the creation a big 

auditorium (which has to be understood as de Circus tent) with variable gauge between 400 

and 1000 seats. The auditorium had to become the urban icon of the site  

The purpose of this paper is to present the auditorium (fig.1), more specifically its two 

layered isolated en ventilated textile skin. The engineering office Anglade Structure Bois 

(Port Vendres) was in charge of the wooden structures. The engineering office Abaca-Nicolas 

Pauli (Montpellier) was in charge of the textiles envelops and theirs interfaces. 

The auditorium was designed under the standards of the “Tents” NF EN 13782 [1] in order 

to simplify the fire security constrains. The design of the skins was under the European Guide 

[2] and was taking into account the local climatic loads. 
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Figure 1: External view of the auditorium 

2 GENERAL CONCEPT 

2.1 Wooden structure 

The building has an elliptical ground plan of 48x32m and a height of 19m. It has a global 

cylindrical form with ends in a quarter of sphere (fig. 2). Its structure is composed of 22 truss 

arches in laminated timber.  

As the building has to include spectacle equipments and to propose a versatile and 

adaptable space with modular grandstand, a large technical steel truss is integrated inside the 

wooden structures. Two levels of walkways at h6.50 et h13.50m are designed (fig. 3).  

An opaque skylight is designed at the top of the building. It is covered with traditional 

PVC membrane water proofing upon isolated wood panel. This device allows the positioning 

of vertical ventilation dampers, adapted to the fire safety rules and needed ventilation of the 

internal space. 

The vertical wall, beside 0.00 et 6.50m are realized with rigid isolated sandwich panels. 

They close the internal space with their contact with the h6.50m walkway. Two truck doors 

h4.50 and four public doors h3.00 are the exits of the building. 

The security with the external areas is ensured by peripheral railings h6.50 realized with 

weaved steel rods. 
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Figure 2: Aerial view of the structure (Source Anglade Structure Bois) 

 
 

Figure 3 : Internal view of the auditorium 
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2.2 Isolated ventilated double skin concept 

The envelop concept is based on the use of 2 textiles skins with a distance of 250mm. 

Within this empty space, a 160mm rockwool insulation layer (U=0.2 W/m²K) is put in place, 

on the internal membrane. 

The interest of the concept is to preserve the Circus Tent aesthetics (well know building of 

the circus artist using the place), but including thermal and acoustic comforts of traditional 

concert hall (fig. 1). 

This approach is, by essence, opaque; which is not a drawback in this case. Nevertheless, 

this concept is not adapted for a building where translucency of the membrane (major intrinsic 

quality) is searched.  

Ventilation between the two skins is a priority to avoid condensation accumulation. Thus, 

venting areas has been design respecting the standard 1/500 of the surface of the panels. For 

the lower areas, they have been positioned in the lower zone upon the internal membrane 

(black grid will be seen later) and the the upper areas, within the spaces of the upper lacing 

ropes (fig. 4). Further more, the internal insulation has to be protected from the condensation 

droplet. We choose to fasten, in a waterproofed manner, the rookwool layer on a textile in 

order to drive the condensats lower thar the insulation zone. 

As the membrane have a very week permeance (they are water and vapour proofed), a 

ventilation of the internal space has been integrated using the ventilation dampers placed in 

the upper zone of the roof. They are slaved to the temperature and the hygrometric level 

measured inside the auditorium (fig. 4). 

The used membrane are Polyester/PVC membrane from Ferrari : standard 702S opaque 

White/Blue for the internal skin and standard 1002S translucent white/white for the external 

skin. The fabric supporting the insulation is a standard white 402.  

 
 

Figure 4 : Slaved ventilation for the internal space and passive ventilation for inter-membrane space          

(Source ADH Architectes) 
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2.3 FormFinding, behaviour under climatic loads and cutting patterns of the 

membranes  

The forms of both layers of membrane (fig. 5) have been calculated using the Force 

Density Method [3] using our home made software under AutoCad_ARX. Composed of 22 

modules, each module form presents a ply in its middle. This choice, allows finalising easily 

the overall tension of the panel (with fixed peripheral anchoring) with the only use of a strap 

and its tensioning pawls. 

We pay attention to adjust the curvatures in each point of the membrane to avoid any 

contact between the internal skin and the wood walkway at the 6.50m and 13.50m level. The 

distance has been minimized to limit the lack of comfort of the walkways. And at least, the 

curvatures have been checked to remains in the standard values. 

Despite the symmetry sensation, the overall surface consisting à 44 modules is made from 

10 different modules 

 

 
 

Figure 5 : Form Finding of the 2 layers of the tensile skin 

The behaviour analysis under climatic loads has been realized using a cable net model 

under Robot Structural Analysis Software (RSA) from AutoCad. The internal skin had only 

prestress loads with the own weight of the insulation. The external membrane has been loaded 

with required climatic load extract from Eurocode 1 and its French Annexes. The anchoring 

loads have been gathered and given to the wood structure ; they have been also sorted for the 

dimensionnent of the steel connecting parts and their fastening of the wooden trusses. 

The cutting patterns have been realized using our home made software under 

AUtoCad_ARX. Beyond the classical 3D->2D projection, our tools allow to adopt and 

control the reductions and compensations to take into account to avoid wrinkles. Taking into 

account arches variable curvatures and various configurations of doors, 208 different panels 

are needed to realize the whole skins. Data’s have been transferred numerically to 
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manufacturer for automatic cutting under Lectra Systems. 

 

3 DETAILING 

3.1 Lacing and valley straps 

The concept adopts that membranes are laced all along their peripheral edges on upper and 

lower tensioning beams. The lower one, which has a « V » form to increase the curvature 

effect, is included within the two membranes, and, thus make it invisible. The rectangular 

150x100 hollow section is completed on its vertical face by two round pipes (diam 33mm) 

P1.4 to produc a 250mm large profile. A lacing pipe P1.2 (fig. 6) is added on the lower face 

for the both internal and external membranes.  

The tensioning device using straps is hanged on P1.9 piece for the external membrane, and 

on P1.5 piece for the internal membrane. 

 

 
 

Figure 6 : Lower tensioning beams – View from the inside 

Thee device is similar the the upper tensioning beam, with a lacing on pipe Q1.2 and Q1.4 

and the fastening of the straps on Q1.5 and Q1.6 (fig. 7). 
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Figure 7 : Upper tensioning beam – Cross section 

The valley straps are specifically protected and equipped by manufactured PES/PVC cases.  

3.2 1 piece internal membrane and 22 pannels external membrane 

The concept is based on the perfect waterproofing of the internal skin to avoid damaging 

the wood by moisture. Of course, internal ventilation is an associated fact. Thus, the internal 

membrane is realized in 1 piece of 2200sqm creating a watertight barrier between in and 

out.(fig. 8).  

 

 

Figure 8 : View of the first layer of membrane 
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Lacing pipes for insulation and external membrane are then fastened after the first 

membrane. In one hand, specific steel pieces have been designed to fasten the upper and 

lower tensioning beams with a possible fitting of their positions. In other hand supporting 

plates have been designed to fasten current lacing pipes on the arches extrado (fig. 9).  

 

         
 

Figure 9 : Current support arches for current lacing pipe and specific piece to fasten tensioning beams 

We can notice (fig. 8) the black grids made from FT381 Ferrari fabric to allows the lower 

ventilation. The size are precisely dimensioned to be larger than 1/500 of the surface of the 

module, including the permeability of the fabric. 

External pannels are prepared on their edges to receive a watertight covering flap (skirt) 

which provide a perfect finishing architectural aspect (fig. 10). 

 

         
 

Figure 10 : Watertight covering flap with HQ architectural aspect 

3.3 Insulation complex 

The insulation is realized with a 160mm Rockwool fastened upon a 400g/sqm PES/PVC 

membrane. To ensure the waterproofing of the textile support, a specific bolting system has 

been developed and successfully tested (fig. 11).  

The supporting panels have been cut according the 3D geometry, as the internal or external 

membranes. Fitting devices have been added to allow regular fastening on the arches steel 

pipes (fig. 12). 
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Figure 11 : Tensile insulation support : large prototype and water tightness testing of the bolts 

 

 
 

Figure 12 : Three layers are visible: Left inner membrane, Right isolation layer, Centre outer membrane 
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In order to avoid that condensation corrode the lower steel tension beam, we designed a 

“water collector” at the bottom of the insulation layer, such as windows aluminium frame 

drainage which collect temporarily the condensation and let it evaporate during the day.  

3.4 Rain gutter 

The HQ lower finishing work requires a smart rain gutter hiding efficiently lacing of the 

membranes. Our design has been realized carefully in order to be as compact as possible, in 

accordance of the areas of cross section rules, easy to dismantle for maintenance and guide 

aesthetically water to collecting manhole (fig. 13). 

3.5 Isolated soft tensile doors 

Doors have also been design carefully. To stay in the concept of soft envelop, the architect 

choice went to tensile doors which has to be isolated.  

The concept is the use of an Thin Reflecting Isolation (IMR) (5mm complex composed 

generally of aluminium foils and non woven fabric foam). We respect strictly the prescription 

of the French Centre Scientifique et Technique du Batiment (CSTB) to implement this 

solution [4] and obtain a U = 0.6 W/m².K composite :  

Membrane PES/PVC + 20mm space + IMR U 1.6 + 20mm space + Membrane PES/PVC. 

The chosen wedge device is 20mm thick EPDM strips on the 1/500mm frequency. A set of 

pulley and sliding pieces allows to handle opening without efforts (fig. 14). 

 

    
 

Figure 13 : Cross section on the rain gutter and HQ architectural aspect 
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Figure 14 : Cross section of the isolated tensile  doors 

4 CONCLUSION 

This paper describes the designing details and also realisation tricks of a two layer isolated 

tensile envelop. Various details are presented in order to share un positive experience for such 

a type of envelop. 
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Summary.   This paper presents a model that relates tensile and tear strengths for 
architectural fabrics used in tension membrane structures.  Extension of the model is also 
presented as a means to use these two material strengths in establishing an allowable size of 
defects in a given field of stress.  

1. Introduction 
Two commonly used methods are available for testing and reporting the strength of architectural 
fabrics.  These are the (strip) tensile and the trapezoidal tear tests.  Design of fabric structures is 
commonly based on the tensile strength of the fabric, typically using a large factor of safety (4 or 5) to 
account for various uncertainties.  It is well regarded however that tensile failure is typically not the 
mode of failure but rather tear.  Currently the designer has limited opportunity to recognize tear 
strength in the design, despite this being the more common mode of failure.   

2. Trapezoid Test 
The trapezoid tear test of ASTM D5587 is the basis for discussion however the development herein 
may be applied to similar tests such as EN 1875-3.  A generic figure of the sample is given below, 
which also establishes a local coordinate axis taken parallel to the slit with the origin at the edge of the 
slit and positive in the direction of expected tear propagation.   

 

 

 

 

 

Figure 1: Generic Test Specimen 
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Because the non-parallel sides of the specimen are placed in parallel grips, there is an initial gap 
(slackness) that varies over the transverse coordinate x.   Denoting the gap as g(x), and considering 
there to be initially no slackness at x = 0, the initial gauge length of the sample is given as 

x
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01
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0 )()(
−

+=

+=
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As the test proceeds, the elongation of the sample in the machine direction is taken to vary linearly 
over the transverse coordinate x, with a step function to account for the initial slackness at x > 0.  This 
elongation is shown below at some time before tear propagation along with the total machine 
displacement dM relative to the point when there is no slackness at the initial edge of the slit.   

 

 

 

 

Figure 2:  Elongation versus Transverse Coordinate 

The strain in the sample is then expressed simply as the change in length divided by the initial gauge 
length.  Because the gauge length also varies with x, this results in the nonlinear relation given below, 
where H(x) is the Heaviside step function.  
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In the above, the change in initial gauge length is represented by the term with x in the denominator.  
If 2x is small compared to kL0 , this term may be ignored and the above reduces to a linear relation 
equivalent to that of a constant gage length L0 over the entire transverse length.  This simplified strain 
distribution follows the same form as the elongation shown above and will be used for further 
development.   

For ease of development, a linear stress-strain relation is assumed.  It will be seen later however, that 
this is linear assumption is not essential for application of the model developed here.  For clarity, 
throughout this paper the term stress is not used in the classical engineering sense of force divided by 
area but rather the commonly adopted usage in the fabric industry of force divided by length (i.e., the 
thickness is disregarded).  Using the subscript 0 for terms evaluated at x = 0 and similarly the subscript 
b for terms evaluated at x = b gives the following relations.   

x 
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The total force F in this idealized stress distribution is simply the area under the triangle.   

1;
2 0 == µσ
µ bF  (4) 

The constant m is introduced at this point only for the purpose of later discussion.  It will be termed 
here as the ductility parameter because it determines the area under the stress-strain curve based on the 
shape, the extreme stress, and the distance.  Introducing the material stiffness E (units of force per 
length) and assembling these relations allows the above to be cast in in the following form.   

0

2
0

4
L

E
kF σ

µ=  (5) 

The above equation will be referred to later as the tensile-tear relation, because it relates the peak 
tensile stress to the total force in a trapezoidal tear test.  It is noted that this is not an empirical relation 
but rather one derived from basic engineering mechanics and the linear assumptions given herein.  
Unless noted otherwise, a unit ductility parameter (m = 1) will be used throughout this paper.  
Similarly, the parameters derived from the ASTM D4851 test specimen of k = 2 and L0 = 40 mm (1.6 
in) will be used.   

3. Nonlinear Considerations 
The development of the above included some linear approximations.  It is argued here that these do 
not need to be adhered to strictly in order to apply the tensile-tear relation.   

The assumption of a constant gauge length that resulted in a linear strain distribution is considered 
first.  The correct relation for the total force without this assumption (but still maintaining the linear 
stress-strain assumption) is expressed below. 

∫∫ ==
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This function is evaluated numerically using the nonlinear strain equation presented earlier and 
compared in the figure below with the force computed by the linear strain assumption.   
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Figure 3: Tensile Strength v. Tear Strength 

Parameters used in the figure above are m = 1, k = 2, and L0 = 1.6”.  It is noted that the lines from the 
two methods are clearly divergent (i.e., the difference increases with force) however in the selected 
range, the difference appears to be within the variability associated with test data.  For clarity, this is 
the only consideration given in this paper to the full nonlinear strain relation and all remaining work is 
based on the tensile-tear relation developed with the linear strain assumption.   

Fabric generally exhibits a nonlinear stress-strain relation, which is thought to be well addressed in 
this model by the ductility parameter m.  This use bears strong analogy to the model of the Whitmore 
stress block commonly used for concrete.  From a design point of view, the actual stress distribution is 
typically of less interest than the load-carrying capacity.  It is thought that this parameter would be 
material-specific and in this regard, the specific nature of the ductility (e.g, material yielding, yarn 
mobility, weave type, coating stiffness) is of less concern than simply its existence or lack thereof.  
For example, the stress distribution associated with peak tear strength might have the form given 
below and a m value determined from the area under the curve.   

 

 

 

Figure 4: Conceptual use of m for Nonlinear Material  

x 
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The determination of this parameter is beyond the scope of this work however it is thought that 
material test data and the tensile-tear model could be readily used for this purpose.  Specifically, given 
the values k and L0 for a particular test method (e.g., ASTM D4851), the manufacturer’s reported 
values for tear strength and tensile strength could be used to solve for m in the tensile-tear relation.  
Numerical evaluation might be used as well provided that the nonlinear material parameters are 
reasonably quantified.   

4. Product Comparison 
The tensile-tear relation is compared with manufacturer’s test data for PTFE woven fabric from St. 
Gobain.  In this comparison, the same L0 = 1.6” derived from ASTM D4851 is used along with the 
ductility parameter m = 1.   

 

Figure 5: Tensile-Tear Relation vs. Product Data 

There is generally little material ductility associated with fiberglass therefore the selected ductility 
parameter m = 1 appears appropriate.  As noted earlier, different values of m may be appropriate for 
different materials and is thought to give an indication of the overall ductility of the fabric as a system, 
irrespective of the exact nature of the ductility (e.g., material yielding, yarn mobility, …).    

5. Application 
The tensile-tear relation can be applied in evaluating the potential for tear propagation in a constant 
stress field.  In this development, it is assumed that the stress is uniform in a given direction however 
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not necessarily equal in the two material directions.  The development here is first given for a uniaxial 
stress field as follows and then modified as will be seen later.   

The concept in applying this model is that the net force in the cut must be redistributed to nearby 
regions.  The ability for the nearby regions to realize this force is assumed to be related to the 
trapezoid tear strength according to the tensile-tear model.  Again returning to a linear model for ease 
of development, the stress distribution normal to the axis of a cut with a length c is shown below.   

 

 

 

 

 

Figure 6: Assumed Stress Distribution in Vicinity of Cut 

The term su is the uniform stress level in an infinite field.  The local increase to level s0 in the vicinity 
of the cut is necessary to maintain equilibrium.  The slope of the linearly varying portion is then 
estimated from the tensile-tear model by the relation below.   
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Based on force equilibrium, the following is obtained.   

( ) 10 bc uu σσσ −=  (8) 

Using this relation and the slope presented above, a quadratic equation in su appears which has the 
roots given below.   

    (9) 

    (9) 

The above form makes it clear that the smaller root is of interest however it is more readily applied 
when the slope m is removed from the equation.  Selecting the smaller root and making this 
substitution gives the form below.  
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The above form is appealing because it expresses the peak magnitude of an otherwise uniform stress 
field (su) in the presence of a cut with a length c in terms of only the material properties (s0, E, m) and 
the geometry of the trapezoidal tear test specimen (k, L0).  It is noted that as c approaches zero, the full 
peak tensile strength is predicted.  Further, it is noted that although the trapezoid tear strength does not 
explicitly appear in the equation, it was used in the development and appears implicitly through the 
geometry of the test sample and the ductility parameter.   

6. Comparison with Other Models 
The model above is compared with two other proposed models.  These are both empirical models and 
although they employ the results of the trapezoid tear test, they do not explicitly consider the specimen 
geometry.   

The first is an early development used in-house by Geiger Gossen Campbell Engineers which 
expresses the maximum stress Smax in terms of the strip tensile strength Sst, the tear strength Rult, and 
the maximum cut length Lmax by the two equations given below and termed the GGC model.   
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The term Lt is a life-cycle factor (specified by the manufacturer) and f is a resistance factor with regard 
to tension failure (fT) or tear failure (fF).  The values for these parameters are not of interest in this 
paper however for reference Lt = 0.75, fT = 0.33, and fF = 0.625 are not uncommon depending on the 
material.  Clearly the first equation is related to ordinary tensile strength evaluation and the second 
considers tear strength.  Only the second is of interest in this paper.   

The second model considered here is that proposed by Rendely1.  Using the notation above the 
relation presented is reproduced below.   
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It is first noted that this model contains four constants but only three are unique (i.e., the above may be 
reduced to a form with only three constants).  It may be envisioned however that four are more 
convenient as there is discussion of specific phenomena that might be associated with each.  In light of 
this, it is also noted that for the model to be dimensionally correct, the constraint arises that the 
product C2C4 must be equal to one which, although not mentioned, could also be the intent of using 
four constants.  It is inferred that the above form is to be used in conjunction with an additional 
evaluation of ordinary tensile strength similar to the first of two equations presented above in the GGC 
model.  Constants presented by Rendely1 for initial evaluation are C1 = 1, C2 = 0.5, C3 = 2, and C4 = 
0.5 and this particular set does not result in a dimensionally correct model.  These three models are 
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compared in the figure below for an arbitrarily chosen example of Sst = 92 kN/m (525 pli) and Rult = 
311 N (70 lb) only to examine the trends.   

 

Figure 7: Comparison of Tensile-Tear Models 

As noted earlier, it is clear to see from the above that as the cut length approaches zero in the tensile-
tear model, the predicted strength approaches the tensile strength.  This is in contrast to the other two 
models compared here, in which the tensile strength approaches infinity, of course requiring them to 
be used in conjunction with the ordinary tensile strength evaluation.   

Because the comparison models approach infinity as the cut length becomes smaller, they are more 
useful for quantifying the effect larger cuts than small manufacturing defects.  In this example, a 
defect smaller than 40 mm for the Rendely1 model (7 mm for the GGC model) predicts a tensile 
strength greater than the strip tensile strength, which renders these models useless for defects below 
this range.  It is thought that this makes the present model particularly appealing as it is well suited to 
accounting for some small quantifiable random defect, particularly if such defect is inherent in 
manufacturing.   

The two relations presented here for comparison appear to exhibit the same trend throughout, differing 
only in the selected constants.   

7. Bi-Axial Stress Field 
The above is based on uniaxial stress field.  To extend the application to a biaxial field the following 
concept is presented.  A transverse stress sx is expected to cause a restoring stress sr in the vicinity of a 
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cut.  This is conceptually similar to a uniform lateral force on a cable where sr is related to the 
transverse force and sx is related to the tension.   

 

 

 

 

 

 

 

Figure 8: Assumed Stress Components in Vicinity of Cut 

Not shown in the figure above is the overall stress in the direction transverse to the cut, which serves 
to open the cut.  The restoring stress will serve to decrease the peak stress s0 at the face of the cut 
shown in Figure xx.  For clarity, this is considered here to be a simple model of a more complex 
phenomenon and unrelated to Poisson’s ratio.  Given this notion, it only remains to quantify this 
restoring stress and the model presented below.   
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Clearly this simplification ignores many aspects, including shear transfer within the fabric some 
distance away from the cut.  The above form is presented here primarily for consideration by future 
researchers.  It is based on the notion that the restoring stress is zero in the absence of a transverse 
stress and approaches su as the transverse stress approaches infinity.   

Determination of the appropriate constants for different materials is outside the scope of this work 
however a computer model was constructed and small amount of numerical evaluation is used to 
verify the behavior and give initial values.  As such, parameters of this model are not important 
however they are given here for reference.  Selected values are moduli of Ex = Ey = 875 kN/m (5000 
pli), reference load of sy = 23 kN/m (133 pli), grid spacing of 19 mm (0.75 in) and a cut length of 76 
mm (3 in).  The figure below shows the model in a deformed configuration (i.e., with the cut open).     

σx σx 

σr 

σr 
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Figure 9: Numerical Model with Cut 

The normal stress sy in the vicinity of the cut is averaged for different values of the transverse stress sx 
and these are termed sr for the purpose of developing this model.  Computed values are divided by the 
nominal normal stress and shown below together with the model presented above using the constants 
C1 = 0.05 and C2 = 0.5.   

 

Figure 10: Computer Results vs. Proposed Model 

As noted above, further development of this model is outside the scope of this work.  However, it is 
thought that this is a reasonable approach to account for a more complex phenomena and warrants 
further consideration.  The main intent of this model is to provide some means of accounting for a 
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biaxial stress field.  In this regard, the tensile-tear relation given above is augmented to include this 
reduction from sr with the following replacement.   

rσσσ +← 00  (14) 

This gives that the peak tensile stress s0 accounting for a given imperfection in an otherwise uniform 
stress field is increased according to the presence of the restoring stress sr.  It is recommended that 
further development of this model consider also the length of cut in determining sr so that it does not 
artificially increase s0.   

8. Conclusions 
A dimensionally correct model was presented that relates trapezoid tear strength to tensile strength. 
Good correlation with manufacturer’s data is seen. Further study is needed to examine a variety of 
different materials and products.   

This model can be employed as a means to use these two material strengths in establishing an 
allowable size of defects in a given field of stress.  Comparison is made with results from available test 
data on the strength of imperfect specimens.  

An approach to accounting for the effects of biaxial membrane stresses on the tensile-tear strength 
relation is suggested but requires further development.    
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Summary. This document provides a comparing overview about the development of schemes 
and design methods in tensile architecture and the steady evolution in materials. It focusses on 
the correlation of the two aspects and the question of the driving force behind the advances

1 TENSILE THINKING OUTSIDE THE BOX 
Thinking of a dwelling in the original sense of the word, a house comes into our mind: 

basically a box with a roof. 

Figure 1: This is the house of Santa Claus 

Of course all of us know the starting point of nearly all presentations on textile 
architecture: yes, we used to be living in tents when we were still hairy (… and didn’t have 
any cosy cave at hand) and yes, knights in the middle ages used beautiful coloured tents for 
tournaments and yes – the Sioux and Apaches did elaborate tensile structures – nomads all 
over the world still do. But: asking a child to draw a shelter, you’ll certainly get a roofed box; 
and this is still the archetype of  housing. And most likely this will last forever – even after 
the 100th Conference on Structural Membranes in the year 2090. 
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The main harasses to this archetype can be found in the last century: the two which will get 
a smaller and broader focus in this paper have German roots. Take Mies van der Rohe as an 
example for all modernist architects: with the means of engineering that was originally meant 
for industrial applications he managed to free the walls from their supporting function. Where 
steel columns hold the roof there does not necessarily have to be a solid wall. Whereas light 
and air could only enter pre modernist houses by small openings, there’s now much more 
scope for having more openness than solidity. Having new and (fairly!) effective means for 
sealing flat roofs there was no need any more for sloped roofs. This should only be a short 
focus on what happened in the first half of last century in terms of architectural milestones. 
And: no architectural stream was more addicted to the box as the Bauhaus movement. Open 
and airy spaces – but still boxes. 

Figure 2: Barcelona Pavillon by Mies van der Rohe1

The second stream which is of course far more interesting and exciting for the tensile 
world was originated in Stuttgart: The first to be thinking outside the box was most certainly 
Frei Otto. In the year of his death and of his acquisition of the Pritzker price this deserves a 
renewed focus on the consequences of his thinking for today’s way of designing. 

Figure 3: Form follows Nature2
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Whereas Mies was definitely still thinking in boxes with elegant flat roofs, Otto was the 
first to introduce a more humane approach to design. His references to bionics are well 
known. Looking as him on the merits of what nature can tell us, it’s only logical to leave all 
right angles behind. In this Frei Otto managed to introduce even more light and air into 
architecture as his predecessors in Dessau or Weimar. 

 Of course it was not Otto alone framing the future of tensile architecture. Him being an 
initiator could only function with people at hand -most of them interestingly in Stuttgart – 
who were capable and visionary enough to implement these revolutionary thoughts. 

Why is it that Mies had such a big impact on the way we design today and Otto 
comparingly little? Is it because the lobbying of the concrete industry is so much stronger 
than that of tensile industry or is it that Otto’s ideas lack feasibility? The answer to the first 
question is most certainly yes. Answering the second is more difficult: If it was ‘no’ that 
would leave the whole tensile community as a lot of incapable engineers. As this is obviously 
not the case, there are other factors which explain why the success story of tensile architecture 
is yet to be accomplished. 

First it is most obvious that a tensile layer is not capable of bearing the loads or functioning 
of a floor slab. Imagine people sitting at their desks on a cloud of white Type V material! 
Even if the prestressing could bear the load of some clerks and their folders it would probably 
be very uncomfortable to go from one desk to the other. 

The second problem is the insulation factor. Whereas the glass industry for example has 
managed to provide for multi layered systems filled with gas in order to provide reasonable u-
values there’s next to nothing in the tensile industry. Here of course is a soft spot of all 
material producers and manufacturers: is there not enough enthusiasm or do we have to 
account for the 500 year’s material evolution in glass industry and therefore predict an 
insulated translucent tensile roof for the year 2515? 

Is insulation the only problem we have to face within the next 500 years? Apart from that 
we certainly have topics like adaptibiliy or norming processes which will provide the 
organization committee with topics for the 500 years in between this inventory now and the 
actual acceptance of fabrics as the sixth building material in about 450 years. 

2 MATERIAL EVOLUTION 
This draws attention to material science. Of course there was a rapid evolution in 

membrane materials within the last 50 years. Whereas Otto’s first built projects were made of 
cotton fabrics we now use highly elaborate engineered fabrics. People not involved in tensile 
architecture still think of “real” fabrics when there is talk of textiles in stadia design. This 
does not take into account that it is now more an industrial product than some garment. 
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Figure 4: Canvas Production at Val. Mehler AG,19453

Hence there is a material evolution that is keeping pace with today’s fabric applications. 
But: keeping pace must not be the goal. Overtaking and setting milestones must be the driving 
force behind material evolution. Therefore there are uncountable inputs from architects and 
designers on the one hand and milestones in material science on the other. 

One of these steps might have been the decision of Valentin Mehler to use polyester 
fabrics. That was just after the second world war in Fulda, Germany, and seems to be a little 
step on the way to fabric stadia architecture. Nonetheless it is one explanation why Mehler 
has such a profound experience in coating Polyester fabrics with PVC and other materials. 

It was again the Research and Development (short: R&D) team of Mehler who initiated 
first tests with weldable Pvdf lacquering in the nineties of last centuries. That was one of the 
many necessary steps towards a user friendly manufacturing process. Where handling is made 
easier, newcomers in tensile industry are allowed to contribute their inventions and sometimes 
unorthodox approaches. Of course tensile industry has to account for optimal quality 
standards but still there have to be means for new ideas to enter this immaculate circle. 

3 CORRELATION 
This is where a fruitful correlation comes obvious: innovative R&D resorts of the material 

industry on the one hand and brilliant designers and engineers on the other who not only 
adopt the industry’s forgiving but challenge Mehler Texnologies and their likes in order to 
bring forward their ideas. That is what makes the jobs of all people involved so interesting 
and joyful. Imagine promoting the newest evolution of a gaseous glass filling, upgrading the 
u-value for some third decimal place. 
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3.1 Trigger: Design 
The question what was first: the design or the choice for a special material is as difficult to 

solve as the question if the egg or the hen was first. A wonderful example of how designers 
can challenge a material supplier is the stadium in Konya, Turkey. The Istanbul architect 
Bahadir Kul together with the officials of the football club certainly trigged evolutions in 
material science. Green is the colour of the football team, so green was the chosen colour for 
the fabric roof and façade. Of course colour in general is not a big challenge in tensile 
industry. But hitting the right nuance on the one hand on a scale of many thousand square 
meters and most of all supplying even more of that colour when the initial production was 
long finished – this is what challenges R&D departments and logistic partners. 

Figure 5: Stadium in Konya4

The result is an application of various different fabric materials: not only coloured pieces 
but as well mesh fabrics that allow transparency for some of the inner parts. In this way 
Konya is a showpiece of fabric stadia architecture. This iconographic design puts Konya on 
the map of the global football circus. And this is obviously something that stadia managers all 
over the world dream of: having a form and overall design which everybody remembers and 
allocates to a special region or town. 

3.2 Trigger: Material 
The design of the Indo German exhibition which the Goethe Institute organized at various 

cities in India is an example of materials triggering a design. Because the architect wanted to 
use many of the coloured materials he combined them in a basket like design. It is no 
coincidence that the whole façade seems to be woven – after all the building material was 
produced in a weaving mill. 
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Figure 6: IndoGerman Exhibition, India5

4 CONCLUSIONS 
- The driving force behind an evolution in fabric architecture is neither only with the 

designers nor with the industry. The correlation of the two triggers a cross-
fertilization that generates exceptional designs on the one hand and fresh materials on 
the other. 

- More material developments are due. Exemplary foci of the future will be thermal 
insulation and translucency effects. 

REFERENCES 
[1] This stamp is in the public domain in Germany because it was released by Deutsche 

Bundespost on behalf of the Federal Minister of Post and Telecommunication and thus is 
an official work according to German copyright law (§ 5 Abs. 1 UrhG).

[2] bubbles by Frei Otto 
[3] Photo by Dr. Paul Wolff, Val. Mehler AG, Fulda 
[4] Copyright with Mehler Texnologies GmbH 
[5] Copyright with Mehler Texnologies GmbH 



512

VII International Conference on Textile Composites and Inflatable Structures
STRUCTURAL MEMBRANES 2015

E. Oñate, K.-U.Bletzinger and B. Kröplin (Eds)

Effects of surface modifying macromolecules on the structural characteristics of electospun nano-Fibrous mem-
branes

VI International Conference on Textile Composites and Inflatable Structures  
STRUCTURAL MEMBRANES 2015 

E. Oñate, K.-U.Bletzinger, and B. Kröplin (Eds) 

EFFECTS OF SURFACE MODIFYING MACROMOLECULES ON THE 
STRUCTURAL CHARACTERISTICS OF DIFFERENT STRUCTURED 

AND NANOFIBROUS MEMBRANES

M. KHAYET *†, M. ESSALHI*

* Department of Applied Physics I, Faculty of Physics, University Complutense of Madrid, Avda. 
Complutense s/n, 28040, Madrid, Spain 

e-mail: khayetm@fis.ucm.es, web page: http://www.ucm.es 

† Madrid Institute for Advanced Studies of Water (IMDEA Water Institute), Avda. Punto Com nº 2, 
Parque Científico Tecnológico de la Universidad de Alcalá, 28805, Alcalá de Henares, Madrid, Spain 

Email: khayetm@fis.ucm.es - Web page: http://www.water.imdea.org/ 

Key words: Membrane, Surface modification, Polymer, Hollow fiber, Nanofiber, Phase 
inversion, Dry/jet wet spinning, Electrospinning. 

Summary. Different surface modification techniques such as coating, radiation graft 
polymerization and plasma polymerization are used to modify the structural characteristics 
and chemical properties of different types of membranes. In general, these techniques involve 
more steps during the fabrication line of membranes increasing their cost and changing the 
physical structure of their surface (e.g. change of the pore shape reducing its size or even 
closing it). In this study we propose the use of surface modifying macromolecules (SMMs) 
that can migrate to the air/membrane interface during its fabrication changing its surface 
chemistry while leaving its bulk properties intact. The SMMs were synthesized by a two-step 
solution polymerization method and characterized by different techniques analyzing their 
fluorine content, molecular weights, polydispersity, glass transition temperature, etc.  

Composite hydrophobic/hydrophilic polymeric membranes of different structures (i.e. porous, 
dense, flat sheet and hollow fiber membranes) and different characteristics were prepared. 
Attempts are made to fabricate SMMs modified electrospun nanofibrous membranes. During 
membrane formation, the SMMs migrate to the air/membrane interface because of their low 
Gibbs free energy compared to the host hydrophilic polymer. Following this method, 
modified membranes can be prepared in only one step instead of two (i.e. membrane 
fabrication and then modification) employing a polymer solution containing the host 
hydrophilic polymer and the SMMs. Based on different SMMs characterization techniques 
such as X-ray photoelectron microscopy (XPS), water contact angle measurements and 
scanning electron microscopy (SEM)+energy dispersion spectrometry (EDS), it was 
confirmed that the surface of the SMM electrospun modified nanofibrous membranes was 
enriched with fluorine groups.
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1 INTRODUCTION 
Taking into account the important role of the membrane surface on its separation 

performance, various methods for surface modification has been proposed1. These include 
radiation graft polymerization, plasma polymerization, surface grafting and surface coating1-4.
One of the simplest surface modification methods is to use active additives that can migrate to 
the air/host polymer interface and change its chemistry maintaining intact the bulk properties. 
This method was considered to prepare both porous and dense composite membranes using 
surface modifying macromolecules (SMMs) as active additive2,5. The SMM exhibits an 
amphiphatic structure that consists on a main polyurethane chain terminated with two low 
polarity polymer chains (i.e. fluorine segments). It is an oligomeric fluoropolymer synthesized 
by polyurethane chemistry and tailored with fluorinated end groups as will be shown later on.
According to this surface modification method, flat sheet membranes can be prepared by the 
phase inversion technique in only one casting step employing a polymer solution containing 
the host hydrophilic polymer and the SMM. Only a small quantity of SMM is required (i.e. 
less than 2.5 wt% in polymer solution is required to saturate the surface of flat sheet 
membrane)5.

When a polymer blend solution is equilibrated with air, with which the solution is in 
contact, the SMM having the lowest surface energy will concentrate at the air/polymer 
solution interface reducing its interfacial tension. It is worth quoting that polyurethane block 
copolymer to be used as surface modifying additive was first synthesized by Ward et al.6 for
the development of biomedical polyurethaneurea. A series of active additives were then 
designed by Tang et al.7,8 in order to obtain an optimum and effective surface modification of 
polyester-urea-urethane. Different types of SMMs were prepared by Khayet et al.9 and Rasool 
et al.10 with different combinations and stoichiometries of different reagents in order to 
develop improved flat sheet membranes for desalination by membrane distillation (MD). The 
objective was to prepare in a single casting step hydrophobic membranes with high chemical 
resistivity, good mechanical properties, low fouling propensity, high separation factors and 
high water production rates. SMM modified membranes were tested in different membrane 
separation technologies such as ultrafiltration for the treatment of oily aqueous solutions11,
membrane distillation for desalination2,9,10,12, pervaporation for separation of volatile organic 
compounds (VOCs) from water (i.e. chloroform/water mixture)13, as contactor for carbon 
dioxide absorption14 and in biomedical applications for reduction of hydrolytic degradation of 
polyurethanes by lysosomal enzymes and blood compatibility with respect to fibrinogen 
adsorption5,8.

In general, most hollow fiber membranes are prepared by the dry/jet wet spinning 
technique although this is a complex process involving more operating parameters compared 
to phase inversion technique used to prepare flat sheet membranes2. SMMs were also tested 
for surface modification of hollow fibers prepared by the dry/jet wet spinning technique2,14,15.
In this case, it is expected that the internal surface, the external surface or both are susceptible 
to be modified by the migration of SMMs. In other words, SMMs can migrate to the inner 
surface of the hollow fiber, to its external surface or to both depending on the spinning 
conditions2. Compared to the unmodified hollow fiber membrane, it was observed a reduction 
of the hollow fiber pore size with the addition of the SMMs and the presence of fluorine 
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associated to SMMs at both the inner and outer surfaces of the hollow fibers. This indicates 
SMM migration to both the inner and outer surfaces of the hollow fibers. Compared to the 
phase inversion technique applied to prepare flat sheet SMM modified membranes, the 
control of SMM segregation to either the inner or the outer surface of the hollow fibers is not 
an easy task providing that in the dry/jet wet spinning technique more parameters are involved 
(e.g. pressure applied on the dope solution, temperature, air gap distance between the 
spinneret and the external coagulant, nature of the internal and external coagulants, flow rate 
of the internal coagulant, structure and dimensions of the spinneret, fiber take-up speed, etc.)

Recently, attempts were made using hydrophilic SMMs for the modification of 
nanofibrous membranes prepared by electrospinning technique16. Highly hydrophilic 
electrospun nanofibrous membranes (ENMs) were prepared using the hydrophobic polymer 
poly(vinylidene fluoride) (PVDF) indicating SMMs migration and orientation at the surface 
of nanofibers. This was corroborated by water contact angle measurement and X-ray 
photoelectron spectroscopy (XPS) analysis. The water contact angle was reduced from 131.5º 
for PVDF ENM to 0º for hydrophilic SMM modified ENM synthesized with poly(ethylene 
glycol)s (PEGs) of 1000 Da average molecular weight.  

In the present paper we present case studies of fluorinated SMM modified flat sheet 
membrane, hollow fiber with preferential SMM migration to the outer surface, and 
nanofibrous membranes rendered more hydrophobic.   

2 MATERIALS 

The host hydrophilic polymers are polyetherimide (Ultem1010-1000) and polysulfone 
(PSU, UDEL P-3500 LCD). N,-methyl-2-pyrrolidione (NMP), N,N-dimethyl acetamide 
(DMAC) and acetone from Sigma Aldrich Chemical Co. are employed as solvents to prepare 
the polymer blend solution. Hydroxybutyric acid -lactone (GBL, Sigma-Aldrich) is used as a 
non-solvent additive.

For the preparation of fluorinated surface modifying macromolecule (SMM) the following 
chemicals were used: 4,4´-methylene bis(phenyl isocyanate) (MDI), l 4,4´-sulfonyldiphenol 
(DPS) and the monofunctional fluorinated alcohol (Zonyl fluorotelomer intermediate, 2-
(perfluoroalkyl)ethanol, BA-L) with an average molecular weight of about 443 g/mol and a 
fluorine content of 70 wt%.

3 SYNTHESIS OF SURFACE MODIFYING MACROMOLECULE (SMM) 
As shown in Fig. 1, SMM is synthesized by a two-step solution polymerization method in 

a controlled atmosphere of a prepurified nitrogen (N2) gas. The initial step involved the 
reaction of a diisocyanate with a polyol in a common solvent to get the urethane prepolymer. 
Subsequently, the reaction is terminated by the addition of a fluoroalcohol to end-cap the 
prepolymer resulting in the formation of SMM with hydrophobic end groups.

The important parameters determining the molecular weight and molecular weight 
distribution of the SMMs are temperature, solvent, reactant mole ratio, reactant concentration 
and stirring rate of the reaction. The significant contribution to the SMM´s molecular weight 
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comes from the size of the prepolymer chain generated in the first step of the polymerization 
reaction and not the size of the fluorine tail due to the fact that the addition of the 
fluoroalcohol is a chain-terminating step. As mentioned previously, various SMM 
formulations were synthesized with different combinations of monomers and stoichiometries. 
Details of the synthesis reactions and list of the SMMs are summarized elsewhere5 together 
with the reactants and the diisocyanate/polyol/fluoroalcohol molar ratio. As an example in the 
present case, the initial step involved the reaction of the diisocyanate MDI with the polyol 
DPS in the solvent DMAC. MDI and DPS reacted at 50ºC for 3h to form the urethane 
prepolymer. The reaction was then terminated by the addition of the fluoroalcohol BA-L at 
25ºC for 24 h to end-cap the prepolymer resulting in the formation of SMM with hydrophobic 
end groups. The SMM was precipitated from the solution with distilled water, washed three 
times with 30/70 v/v acetone/water mixture to leach out the unreacted monomer, and finally 
dried in oven at 50°C. The structure of this SMM is shown in Fig. 2. 

Figure 1. Reaction scheme for the synthesis of the fluorinated SMM. 

Figure 2. SMM chemical formula. 
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The fluorine content and the polystyrene molecular weights (i.e. the weight average 
molecular weight, Mw, and the number average molecular weight, Mn) of the SMMs were 
determined. The methodology and the instrumentation details were reported elsewhere5. The 
characteristics of the prepared SMM shown in Fig. 2 are a fluorine content of 20 wt% and a 
polydispersity (Mw/Mn) of 1.3 (i.e. Mw = 0.65 x 104 and Mn = 0.50 x 104). It is to be noted that 
the polydispersity is less than two indicating that the SMM´s molecular weight distribution is 
very narrow. Compared to other types of SMMs, this one exhibits low molecular weights and 
high fluorine content5. It is worth quoting that the fluorine content decreased with the increase 
of the SMM molecular weights5,9.

4 MEMBRANE PREPARATION 

4.1 Flat sheet membrane: Case study 
As a case study of a flat sheet SMM modified membrane, we present a composite porous 

membrane prepared by the phase inversion technique from a casting solution containing 12 
wt% of PEI polymer, 76.5 wt% NMP, 10 wt% GBL and 1.5 wt% SMM12. PEI was first 
dissolved in the NMP/GBL mixture. The SMM was then dissolved in the prepared PEI 
solution by stirring in an orbital shaker (OVAN multipurpose rotation shaker 650-00001) for 
48 h and 22ºC. The polymer blend was poured onto a glass plate (0.45 x 0.3 m2) for casting at 
room temperature using the motorized film applicator with reservoir (Elcometer 4340) (Fig. 
3). The casting speed was 7 x 10-3 m/s and the thickness of the applicator was 200 m. The 
cast film was kept 30 s at ambient temperature for solvent evaporation and SMM migration to 
the polymer/air interface. The cast film and the glass plate were immersed in tap water kept at 
a temperature of about 17oC for 24 h. During coagulation, the membrane peeled off from the 
glass plate spontaneously. Finally, the membrane was further stored in distilled water at room 
temperature prior characterization. The unmodified PEI membrane was also prepared under 
the same casting conditions but without using SMM (i.e. 0 wt% SMM and 78 wt% NMP, 10 
wt% GBL).

Figure 3. Motorized film applicator with reservoir (Elcometer 4340) used for casting the blend polymer solution. 

4.2 Hollow fiber membrane: Case study 
Since the first hollow fiber membranes were patented by Mahon in late 1960s17,18, various 

types of hollow fibers have been proposed for different membrane separation processes2.
Compared to plate and frame membrane modules based flat sheet membranes, hollow fiber 
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membrane modules exhibit larger surface area per unit volume resulting in a high productivity 
per unit volume, are mechanically self-supporting, have good flexibility and are easy to pack 
in modules for different applications. Most hollow fibers have been prepared by the dry/jet 
wet spinning or the wet spinning technique using different types of polymers2. As can be seen 
in Fig. 4, the process of fabrication of hollow fibers is more difficult than that of flat sheet 
membranes. The polymer solution is first loaded into the spinning system shown 
schematically in Fig. 4. The polymer solution is driven to the spinneret, which has a tube-in-
orifice structure. A polymer solution under gas pressure passes through the spinneret and is 
extruded from the annular space of the spinneret. The internal coagulant is circulated from the 
central tube of the spinneret by means of a circulation pump. The polymer solution, after 
extrusion from the spinneret, goes across an air gap (i.e. distance between the spinneret and 
the coagulation bath) and finally enters into a coagulation bath. In the dry/jet wet spinning 
process, coagulation of the internal surface of the nascent fiber starts immediately after its 
extrusion from the spinneret, whereas the external surface experiences coalescence and 
orientation of polymer aggregates through the air gap before gelation in the external 
coagulation bath. The nascent fibers are finally oriented by means of guiding wheels and 
pulled into a collecting reservoir by a wind-up drum. During spinning, the take-up velocity is 
kept at the same speed as the free-falling velocity of the nascent fiber to prevent its stretching.

Figure 4. Schematic diagram of a typical hollow fiber spinning system: (1) spinning dope tank; (2) bore liquid 
vessel, (3) spinneret, (4) air gap, (5) coagulation bath, (6) fiber guiding wheel, (7) pulling wheel, (8) fiber 

collecting reservoir.
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As can be seen in Fig. 4, various parameters are involved in the fabrication of the hollow 
fibers. In this case study, the spinning blend is formed by 14 wt% of PEI host polymer, 74 
wt% NMP, 10 wt% GBL and 2 wt% SMM. Both SMM modified and unmodified (i.e. 0 wt% 
SMM, 76 wt% NMP, 10 wt% GBL) PEI hollow fibers were prepared under the same spinning 
conditions: 40ºC dope temperature, 30 cm air gap, distilled water as an internal coagulant, 
tape water as an external coagulant, 15ºC internal and external coagulants temperature, 14.3 
mL/min flow rate of the internal coagulant and 103 Pa extrusion pressure of the polymer 
solution.

4.3 Electrospun nanofibrous membrane (ENM): Case study 
Nanofibrous membranes exhibit good tensile strength, large surface area per unit mass, 

highly ordered polymer chains, excellent moisture vapor transport, good resistance to the 
penetration of chemical and biological agents, more controllable membrane parameters (inter-
fiber space, void volume fraction, thickness), high surface roughness, etc. For instance, 
nanofibers with a diameter of 100 nm have a ratio of geometrical surface area to mass of 100 
m2/g. These cited characteristics make nanofibers interesting candidates for a wide variety of 
applications and ideal substrate for separation processes2.

Figure 5 shows a schema of the used electrospinning system. This system consists of a 
syringe holding the polymer solution connected to a circulation pump, two electrodes (a 
metallic needle and a grounded conductor collector) and a DC voltage supply in the kV range. 
The polymer drop from the tip of the needle connected to the syringe by a Teflon tube is 
drawn into a fiber due to the applied high voltage. The jet is electrically charged and the 
charges cause the fibers to bend and loop reducing its diameter. The fibers are finally 
collected as a web on the surface of the grounded metallic collector.  

Figure 5. Schematic diagram of a typical electro-spinning system. 

In this case study ENMs were prepared using a polymer solution containing 25 wt% PSU 
and 80/20 wt% DMAC/acetone with 0 and 1.5 wt% SMM. The polymer solution was 
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supplied by a syringe pump (kd Scientific, Panlab S.I.; model KD.S-200-CE) with a flow rate 
of 1.23 mL/min. The dimension of the metallic needle was 0.6/0.9 mm inner/outer diameters. 
The applied electric voltage by means of a digital power supply (Iseg; model T1CP 300 304P; 
1x30 kV/0.3 mA) was 20 kV. The distance between the needle and the aluminum foil used as 
collector was 20 cm and the electrospinning time was 1 h. In order to increase the mechanical 
resistance and the structural integrity of the ENMs, a heat post-treatment was carried out at 
120°C for 2 h. 

5 RESULTS AND DISCUSSIONS 
Various characterization techniques have been applied to analyze the surface modified 

membranes by SMMs such as scanning electron microscopy (SEM) equipped with the 
energy-dispersive spectrometer (EDS), atomic force microscopy (AFM), X-ray photoelectron 
spectroscopy (XPS), water contact angle measurements for hydrophobicity study, liquid entry 
pressure of water (LEPw) measurements, gas permeation tests, etc.2,5,12. LEPw is the pressure 
applied on water before its penetration inside the membrane pores. The pore size, porosity or 
void volume fraction, hydrophobicity and mechanical properties were determined.  

It must be pointed out that various parameters affect SMMs migration towards the 
air/host polymer interface such as the surface free energy of the involved polymer and 
additive, the temperature, the interactions between the base polymer and the polymer additive 
and those between each individual polymer and the solvent, the molecular weights of the 
polymer, the solvent evaporation rate, the thickness of the casting film, the type of SMM (i.e. 
molecular weights and fluorine content), the type of coagulant, etc.

For flat sheet membranes it was observed that the top surface of the SMM modified 
membrane was enriched with fluorine groups associated with SMM and, therefore, was more 
hydrophobic than the unmodified membrane surface (i.e. 94.8º for the top surface of the SMM 
modified membrane and 74.0º for the unmodified membrane). To confirm the SMM 
migration to the top membrane surface, XPS analysis with different take off angles showed 
that the surfaces of the unmodified membrane, which contained no SMMs, had no fluorine. In 
contrast, fluorine was present at the surface of the SMM modified membrane and its 
concentration was reduced gradually through the membrane cross-section. Based on 
SEM+EDS spectra, the thickness of the hydrophobic layer associated to the fluorinated 
SMMs was estimated to be 4.5 m. The SMM blended membrane exhibited lower liquid and 
gas permeation fluxes compared to the unmodified membrane. This was attributed to their 
higher hydrophobicity and smaller pore size (i.e. 92.2 nm). In addition, the SMM modified 
membrane exhibited a smoother top surface than the corresponding unmodified membrane 
(i.e. Ra=5.1 nm for the SMM modified PEI membrane), and the LEPw value of the SMM 
modified membrane was greater than that of the unmodified ones (i.e. 3.82 105 Pa for the 
SMM modified PEI membrane). Based on Laplace equation, this is attributed to the smaller 
pore size and higher hydrophobicity of the SMM modified PEI membrane compared to the 
unmodified one2.

Figure 6 shows the cross-section SEM images of the SMM modified and unmodified PEI 
hollow fiber membranes. The characteristics of the PEI hollow fiber membranes are presented 
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in Table 1. As can be seen both the inner and outer water contact angles are higher for the 
SMM modified PEI hollow fiber compared to the unmodified one indicating the SMM 
migration to both the inner and outer surfaces of the PEI hollow fiber. However, the outer 
surface is by far more hydrophobic than the inner surface indicating the preferential migration 
of SMM towards the internal surface of the hollow fiber through the air gap distance between 
the spinneret and the external coagulation bath. This indicates the SMM movement toward the 
outer surface during solvent evaporation through the air gap. Moreover, based on the SEM+-
EDS and XPS analysis, the determined concentration of fluorine at the outer surface was 
higher than that of the inner surface confirming the preferential segregation of SMM to the 
outer surface of the hollow fiber. In comparison, no fluorine was detected for the unmodified 
hollow fiber. With the addition of SMM to the PEI host polymer solution, both the porosity 
and pore size were decreased, whereas the mechanical properties were improved. These 
occurred also for the flat sheet membrane due to the SMM migration to the membrane/air 
interface.  

                       
(a)                             (b)  

Figure 6. Cross-section images of the unmodified (a) and SMM modified (b) hollow fiber membranes.  

Table 1: Characteristics of the unmodified and SMM modified hollow fiber membranes: inner diameter (id), 
outer diameter (od), thickness (δ), void volume fraction (ε), liquid entry pressure (LEPw), pore size (dp), water 
contact angle of the inner surface (θi), water contact angle of the outer surface (θo) and mechanical properties 
(Young’s modulus (Ym), tensile strength (Ts), elongation at break (Eb)). 

Membranes id
(µm) 

od
(µm) 

δ 
(µm) 

ε 
(%) 

dp
(nm) 

LEPw 
(kPa) 

θo
(º) 

θi
(º) 

Ym 
(MPa) 

Ts 
(MPa) 

Eb 
(%) 

Unmodified 822.6 955.7 133.0 85.8 293.3 131.0 87.2 80.5 256.7 5.03 8.2 
SMM modified 872.2 1126.1 253.9 81.4 163.6 370.0 142.0 102.1 402.4 6.1 6.0 

Figure 7 shows the SEM images of the top surface of both the SMM modified and 
unmodified ENMs together with the size distribution of the fibers. With the addition of the 
SMM the fiber size was increased (from 69.5 nm to 944.8 nm) with a change of the surface of 
the fibers. The measured water contact angle of the SMM modified ENM (i.e. 139.7º) was 
found to be greater than that of the unmodified ENM (i.e. 132.5º). As it was observed for both 
flat sheet and hollow fiber membranes, this result is attributed to the SMM migration to the 
surface of the nanofiber. Moreover, the SMM migration was confirmed by XPS and 
SEM+EDS analysis. Fluorine concentration was found to be greater at the surface of the 
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nanofiber. In addition, as it can be seen in Fig. 8, the mechanical properties of the nanofibers 
were improved by blending SMM to the PSU polymer solution. Young`s modulus increased 
from 53.5 MPa for the unmodified nanofibers to 65.0 MPa for the SMM modified PSU 
nanofibers. Similar to other types of membrane configurations, by blending SMM to the host 
hydrophilic polymer the interfiber space was reduced (i.e. 1.1m for the SMM modified ENM 
and 1.7 m for the unmodified ENM).  

(a)

(b)
Figure 7. SEM images and fiber size distribution of the top surface and cross section of the SMM modified (a) 

and unmodified (b) electrospun nanofibers.  

Figure 8. Stress-strain curves of the SMM modified and unmodified ENMs.  
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6 CONCLUSIONS 
Fluorinated surface modifying macromolecules (SMMs) do migrate to the hydrophilic 

polymer/air interface of membranes of different structures (flat sheet, hollow fiber and 
nanofibrous membranes) changing their surface characteristics: increase of the water contact 
angle or hydrophobicity, increase of the fluorine concentration, reduction of the pore size, 
porosity or void volume fraction, LEPw and roughness. However, the mechanical properties 
were improved by adding SMM to the polymer blend.   

Acknowledgements: The authors gratefully acknowledge the financial support of the I+D+I 
Project MAT2010-19249 (Spanish Ministry of Science and Innovation), Abengoa Water 
S.L.U. (Projects 85/2013 and 259/2014) and the support of the UCM and Banco Santander 
(GR3/14).

REFERENCES 
[1] N. Hilal, M. Khayet and C.J. Wright, Membrane Modification: Technology and 

Applications, CRC Press, Taylor & Francis Group, Boca Raton, USA, 1st Edition, 2012.
[2] M. Khayet and T. Matsuura, Membrane Distillation: Principles and Applications,

Elsevier, The Netherlands, 1st Edition, 2011.  
[3] Y. Kong, X. Lin, Y. Wu, J. Cheng and J. Xu. Plasma polymerization of 

octafluorocyclobutane and hydrophobic microporous composite membranes for 
membrane distillation. J. Appl. Polym. Sci. (1992) 46:191-199.

[4] S.R. Krajewski, W. Kujawski, M. Bukowska, C. Picard and A. Larbot. Application of 
fluoroalkylsilanes (FAS) grafted ceramic membranes in membrane distillation process of 
NaCl solutions. J. Membr. Sci. (2006) 281:253-259.

[5] M. Khayet, D.E. Suk, R.M. Narbaitz, J.P. Santerre and T. Matsuura. Study of surface 
modification by surface-modifying macromolecules and its applications in membrane-
separation processes. J. Appl. Polym. Sci. (2003) 89:2902-2916.

[6] R.S. Ward, K.A. White and C.B. Hu. Use of surface modifying additives in the 
development of a new biomedical polyurethaneurea. pp. 181-200. In H. Planck, G. 
Egbers and I. Syre. Polyurethanes in Biomedical Engineering.  Elsevier, Amsterdam, 1st

Edition, 1984.
[7] Y.W. Tang, J.P. Santerre, R.S. Labow and D.G. Taylor. Synthesis of surface-modifying 

macromolecules for use in segmented polyurethanes. J. Appl. Polym. Sci. (1996) 
62:1133-1145.

[8] Y.W. Tang, J.P. Santerre, R.S. Labow and D.G. Taylor. Application of macromolecular 
additives to reduce the hydrolytic degradation of polyurethanes by lysosomal enzymes. 
Biomaterials (1997) 18:37-45.

[9] M. Khayet, J.I. Mengual and T. Matsuura. Porous hydrophobic/hydrophilic composite 
membranes: Application in desalination using direct contact membrane distillation. J. 
Membr. Sci. (2005) 252:101-113.

[10] M. Qtaishat, D. Rana, M. Khayet and T. Matsuura. Effect of surface modifying 
macromolecules stoichiometric ratio on composite hydrophobic/hydrophilic membranes 



523

M. Khayet, M. Essalhi 

12

characteristics and performance in direct contact membrane distillation. AIChE J. (2009) 
55(12):3145-3151.

[11] A. Hamza, V.A. Pham, T. Matsuura and J.P. Santerre. Development of membranes with 
low surface energy to reduce the fouling in ultrafiltration applications. J. Membr. Sci.
(1997) 131:217-227.

[12] M. Essalhi and M. Khayet. Surface segregation of fluorinated modifying macromolecule 
for hydrophobic/hydrophilic membrane preparation and application in air gap and direct 
contact membrane distillation. J. Membrane Sci. (2012) 417-418: 163-173.

[13] M. Khayet and T. Matsuura. Surface modification of membranes for the separation of 
volatile organic compounds from water by pervaporation. Desalination (2002) 148:31-
37.

[14] M. Rahbari-Sisakht, A.F. Ismail, D. Rana, T. Matsuura and D. Emadzadeh. Effect of 
SMM concentration on morphology and performance of surface modified PVDF hollow 
fiber membrane contactor for CO2 absorption. Sep. Pur. Tech. (2013) 116:67-72.

[15] K.C. Khulbe, C.Y. Feng, T. Matsuura, D.C. Mosqueada-Jimenaez, M. Rafat, D. 
Kingston, R.M. Narbaitz and M. Khayet. Characterization of surface-modified hollow 
fiber polyethersulfone membranes prepared at different air gaps. J. Appl. Polym. Sci.
(2007) 107:710-721.

[16] S. Kaur, D. Rana, T. Matsuura, S. Sundarrajan and S. Ramakrishna. Preparation and 
characterization of surface modified electrospun membranes for higher filtration flux. J. 
Membr. Sci. (2012) 390-391:235-242.

[17] H.I. Mahon. Permeability separatory apparatus and membrane element, method of 
making the same and process utilizing the same. US Patent 3,228,876 (1966). 

[18] H.I. Mahon. Permeability separatory apparatus and process using hollow fibers. US 
Patent 3,228,877 (1966). 



524

VII International Conference on Textile Composites and Inflatable Structures
STRUCTURAL MEMBRANES 2015

E. Oñate, K.-U.Bletzinger and B. Kröplin (Eds)

Geotextile deformation analysis of Geosynthetic Clay Liners under high hydraulic heads with Finite Element 
Method

VI International Conference on Textile Composites and Inflatable Structures  
STRUCTURAL MEMBRANES 2015 

E. Oñate, K.-U.Bletzinger, and B. Kröplin (Eds) 
 
 

GEOTEXTILE DEFORMATION ANALYSIS OF GEOSYNTHETIC 
CLAY LINERS WITH FEM 

HAKKI O. OZHAN* 

* Istanbul Kemerburgaz University, Turkey 
Civil Engineering Department 

e-mail: hakki.ozhan@kemerburgaz.edu.tr 

Key words: Geosynthetic Clay Liner, Geotextile Deformation, Internal Erosion, Finite 
Element Method, Hydraulic Head  

Summary: This paper provides information on placing geosynthetic clay liner (GCL) as a 
lining material over coarse-grained soils in cover systems or irrigation ponds. The effects of 
the hydraulic head acting over the GCL and the void size of the subgrade material on 
deformation behavior of the GCL were analyzed by using finite element method (FEM) and a 
relation between the deformations and failure of the GCL was established by comparing the 
results with those obtained from an experimental study. Based upon these results, 
recommendations for the use of GCL as a barrier over coarse materials are given. 

 
 
1 INTRODUCTION 

Geosynthetic clay liner (GCL) is a barrier material that is manufactured by a thin layer of 
bentonite (5-15 mm) sandwiched between two geotextiles as shown in Figure 1. GCLs are 
preferred as lining materials instead of compacted clay soils, concrete or asphalt due to their 
low hydraulic conductivity (<10-10 m/s), low cost and ease of installation in cover systems, 
irrigation ponds and composite bottom liners1,2. GCLs are used either as part of composite 
liners at the bottom of landfills or storage tanks to control the migration of liquids3,4 or alone 
as the barrier material in irrigation pond liners or for decorative applications (pond liners at 
golf courses or amusement parks)5.  

 
Figure 1: GCL specimen with bentonite sandwiched between woven and nonwoven geotextiles6 
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The geotextile components of a GCL could be either woven or nonwoven. The GCL 
shown in Figure 2 is placed with its woven geotextile over the soil and the cover geotextile 
component is nonwoven as can be seen in Figure 2. 

 
Figure 2: GCL specimen placed over a soil with its nonwoven geotextile component up7 

The soil, over which a GCL is placed, could range from clay to gravel. When the water 
level over the GCL increases, the bentonite in the GCL might extrude out through the carrier 
geotextile which may also cause the hydraulic conductivity of the GCL to increase 
significantly. This interaction which might cause hydraulic failure of the GCL is named as 
internal erosion5,8. When a GCL is placed over a coarse-grained soil, the carrier geotextile 
component of the GCL is in contact with the voids of the subsoil. Under high hydraulic heads, 
there is the possibility of the geotextile to be pushed into these voids which causes 
deformation on the geotextile. Most of the bentonite extrusion occurs through these deformed 
geotextile zones9.  

Considering that base pedestals made of Plexiglas with uniform voids simulated rounded 
uniform coarse-grained gravel successfully in terms of internal erosion, these base pedestals 
were used as the subgrade beneath the GCLs in a previous experimental study5. In the present 
work, deformations of the woven geotextile component of a GCL that was placed over base 
pedestals with different uniform void sizes were analyzed by using Finite Element Method 
(FEM) with the software program PLAXIS®. In this work, one of the same GCLs used in the 
previous experimental study was modelled as a barrier over two different Plexiglas bases with 
20-mm and 10-mm diameter voids that represented coarse-grained gravel under hydraulic 
heads of 30 m and 10 m. The main objective of this work was to establish a relation between 
deformations of the geotextile and internal erosion. 

 

2 NUMERICAL MODELLING BY USING FEM 
In order to investigate the relation between geotextile deformation and internal erosion, a 

numerical analysis was performed by using software PLAXIS® 2D 201210. The numerical 
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modelling that was based on FEM, involved analysis to investigate the effect of void size of 
the subbase material placed beneath GCL and hydraulic head collected over GCL on 
deformation of geotextile component of GCL. 

 

2.1 Materials 
For this numerical analysis, the GCL was designed identically with that was used in the 

previous experimental study5. The GCL was composed of sodium bentonite sandwiched 
between a nonwoven cover geotextile and a woven carrier geotextile. The woven geotextile 
component was in contact with the Plexiglas base pedestal with uniform circular voids that 
represented uniform coarse gravel.  

In this study that was performed by using PLAXIS®, four different cases were analyzed. 
For the first case, the GCL was in contact with a base with 10-mm diameter voids under a 
hydraulic head of 30 m; for the second case, the GCL was in contact with a base with 10-mm 
diameter voids under a hydraulic head of 10 m; for the third case, the GCL was in contact 
with a base with 20-mm diameter voids under a hydraulic head of 30 m; and for the fourth 
case, the GCL was in contact with a base with 20-mm diameter voids under a hydraulic head 
of 10 m. The engineering properties of the components of the GCL and the Plexiglas base 
pedestal that were used in PLAXIS® are listed in Table 1. 

Table 1: Material properties of the components of the GCL and the base pedestal in PLAXIS® 

 BENTONITE NONWOVEN 
GEOTEXTILE 

WOVEN 
GEOTEXTILE 

BASE 
PEDESTAL 

Unsaturated unit weight,  
ɣunsat (N/mm3) 0,015x10-3 - - 0,0117x10-3 

Saturated unit weight,  
ɣsat (N/mm3) 0,018x10-3 - - 0,0117x10-3 

Cohesion, c (N/mm2) 9x10-3 - - - 
Internal friction angle, 
Ø (⁰) 12 - - - 

Permeability,  
k  (mm/day) 0,01 - - 0 

Elasticity modulus, 
E (N/mm2) - - - 3300 

Poisson’s ratio, υ - - - 0,37 

Tension stiffness x Cross-
section area, EA (N/mm) - 34,2 122 - 

Maximum tension force per 
unit length, Np (N/mm) - 15,4 12,2 - 
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2.2 Method 

 The GCL placed over a Plexiglas base with uniform voids in a flexible-wall permeameter 
was simulated by using FEM. In the experimental study, hydraulic conductivity tests were 
conducted on various GCLs under high hydraulic heads to compare the GCL behavior against 
internal erosion5. 100-mm diameter GCL specimens as outlined in ASTM D 5887, were 
placed over bases having 100-mm diameter. The thickness of the bentonite and the base was 
taken as 10 mm, the same as that was used in the experimental study. The cross-section of this 
experimental setup was simulated in PLAXIS® as shown in Figure 3. From top to bottom, the 
test setup was composed of the nonwoven geotextile, bentonite and woven geotextile 
components of the GCL and the Plexiglas base with 10-mm diameter void. The loads exerted 
on the GCL were also taken as the same as those used in the experimental study11. During 
saturation and consolidation, cell pressure that was exerted on the GCL was shown with 
distributed load A in Figure 3 and was taken as 550 kPa. The difference in distributed load B 
at the top and bottom of the GCL was equal to the hydraulic gradient. In Figure 3, load B at 
the top and bottom of the GCL was 530 kPa and 235,7 kPa respectively. This difference 
caused a hydraulic head of 30 m over the GCL. 

 
Figure 3: Modelled GCL over a base with 10-mm voids in PLAXIS® 

The calculation phases of the analysis are listed in Figure 4. In the “initial phase”, the 
external loads A and B were excluded from the geometry and only the initial condition was 
taken into account. In the experimental study, the GCL placed over the base in the 
permeameter filled with water was the equivalent condition to the initial condition of this 
numerical analysis. Then, “phase 1” with consolidation analysis was performed. In this phase, 
consolidation of the GCL specimen was maintained by applying cell pressure of 550 kPa with 
load A all around the specimen and vertical pressure of 515 kPa with load B to the top and 
bottom of the specimen for 2 days11. After the specimen was consolidated, permeation of 
water from top to bottom of the specimen was initiated in “phase 2”. In this phase, the 
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difference between load A and B provided the hydraulic head acting on the specimen11. For a 
hydraulic head of 30 m, a load difference of 294,3 kPa was applied whereas for a hydraulic 
head of 10 m, 98,1 kPa load difference was used5. For this phase, the calculation type was 
chosen as “plastic”, because the permanent deformation of the geotextile component of the 
GCL had to be calculated in order to investigate the relation between deformation of 
geotextile and internal erosion. Maximum elapsed time for plastic calculation was taken as 12 
days because failure occurred in maximum 12 days for all of the GCLs that experienced 
internal erosion12. Therefore, test period of 12 days was satisfactory for comparing the results. 

 
Figure 4: Calculation steps for the numerical analysis with GCL in PLAXIS® 

 In this analysis, two different void diameters for the base placed beneath the GCL were 
chosen. GCL was placed over a base with 10-mm diameter voids and a base with 20-mm 
diameter voids in order to compare the effect of void size on geotextile deformation. Apart 
from the void size, the other parameter that was taken into account was the hydraulic head 
acting over the GCL. Hydraulic heads of 10 m and 30 m were applied in the analysis. In fresh 
water reservoirs where GCLs are placed as barrier materials, the water depths might increase 
even up to 30 m13. This is the reason why hydraulic heads as high as 30 m were used in this 
numerical study. 

 

3 RESULTS AND DISCUSSION 
 After performing the calculation phases, outputs showing the displacements of the GCL 
were  obtained in PLAXIS®. For the GCL placed over the base with uniform voids of 10 mm 
under a hydraulic head of 30 m, the total deformation of the GCL was calculated as 0.97 mm 
as shown in Figure 5.  
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 Figure 5: Deformation of the geotextile components of the GCL placed over the base with a 10-mm 

void under a hydraulic head of 30 m in PLAXIS® 

Maximum deformation occurred around the lower, carrier geotextile that was in contact 
with the void of the base. Red zones around the carrier geotextile shown in Figure 6, were 
significant indications that showed that the maximum deformation occurred in the lower 
geotextile. Red zones were the locations where highest deformations took place whereas 
orange zones were the locations for smaller deformations and light blue locations were the 
locations for smallest deformations. As can be seen in Figure 6, lower deformations occurred 
in the upper, cover geotextile and lowest deformations took place in the geotextile zones away 
from the void of the base. This behavior was also obtained for the other analyses with the 
GCL placed over a base with different void size and under a different hydraulic head. 

 
Figure 6: Deformation zones in the GCL placed over the base with a 10-mm void under a hydraulic head of 

30 m in PLAXIS® 

Similar with the first case, maximum deformations were calculated in the lower, carrier 
geotextile where the GCL was in contact with the void of the base for the other cases. As can 
be seen in Figures 7, 8 and 9, the total deformation of the GCL placed over the base with 
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uniform voids of 10 mm under a hydraulic head of 10 m was 0.61 mm, over the base with 
uniform voids of 20 mm under a hydraulic head of 30 m was 2.60 mm and over the base with 
uniform voids of 20 mm under a hydraulic head of 10 m was 2.22 mm respectively. 
 

 
Figure 7: Deformation of the geotextile components of the GCL placed over the base with a 10-mm void 

under a hydraulic head of 10 m in PLAXIS® 

 

Figure 8: Deformation of the geotextile components of the GCL placed over the base with a 20-mm void 
under a hydraulic head of 30 m in PLAXIS® 

According to these results, the zones of the lower geotextile component of the GCL that 
were in contact with the void, deformed more than those of the upper geotextile. 
Deformations were more severe in the zones of the geotextile around the void. As can be seen 
in Figure 6, deformations diminished slowly in the zones vertically and horizontally away 
from the void. These deformations occurred both in the geotextiles and the bentonite, 
however, the most severe displacements took place in the lower geotextile. 

As the void size of the base increased, greater deformations were calculated in the GCL. 
This result was due to the increased surface area of the void, causing the zones of the lower 
geotextile pushed into the void. 
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The results also indicated that as the hydraulic head acting on the GCL increased, the GCL 
and the lower geotextile deformed more. This behavior was attributed to the increased 
stressed on the GCL due to a higher hydraulic head causing the lower geotextile to be pushed 
more into the void of the base. 

 

Figure 9: Deformation of the geotextile components of the GCL placed over the base with a 20-mm void under a 
hydraulic head of 10 m in PLAXIS® 

The results of the numerical analysis with FEM were compared with those of the 
experimental study and according to this comparison, similar parameters affected the failure 
of the GCL. The results of both of these studies indicated that higher void size of the base 
material and higher hydraulic head caused greater deformation in the GCL and failure could 
occur easier as shown in Table 2. 

Table 2: Comparison of results between parametric analysis in PLAXIS® and experimental study 

 Maximum 
geotextile 

deformation 
in PLAXIS® 

Elapsed time 
for failure of 

GCL in 
PLAXIS® 

Hydraulic head at 
failure of GCL in 

experimental study 

Elapsed time for 
failure of GCL in 

experimental study 

GCL over the base with 
10-mm diameter voids 
under a hydraulic head 
of 30 m 

0,97 mm 0,81 day 30 m 9-10 days 

GCL over the base with 
10-mm diameter voids 
under a hydraulic head 
of 10 m 

0,61 mm 2,41 days No Failure No Failure in 12 days 

GCL over the base with 
20-mm diameter voids 
under a hydraulic head 
of 30 m 

2,60 mm 0,39 day 
Not Tested (Failure 
occurred even under 

lower hydraulic head) 

Not Tested (Failure 
occurred even under 

lower hydraulic head) 

GCL over the base with 
20-mm diameter voids 
under a hydraulic head 
of 10 m 

2,22 mm 0,58 day 10 m 8-9 days 
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 Although the parameters that affected the failure mechanism of the GCL were almost the 
same for the numerical analysis and the experimental study, there were some differences 
between the elapsed time for the failure and the exact hydraulic head level that caused failure 
for these two different methods as can be seen in Table 2. According to the experimental 
study, failure that was the result of internal erosion occurred in at least 8 days after 
permeation. However, the result of the numerical analysis indicated that failure occurred in 
less than 1 day for the three cases and in 2.41 days for the case where the GCL was tested 
over the base with 10-mm void under a hydraulic head of 10 m. Moreover, the GCL placed 
over the base with 10-mm void did not experience failure under 10-m hydraulic head in the 
experimental study whereas it experienced failure in the analysis performed with FEM by 
PLAXIS®. 
 Bentonite loss through the deformed lower geotextile was the main reason for internal 
erosion. When a significant amount of bentonite extruded out from the GCL, permeability of 
the GCL increased at least 3-4 order of magnitudes which resulted in hydraulic failure. Based 
upon the results of the experimental study, bentonite loss occurred slightly just after the lower 
geotextile over the void began to deform. As a result of more bentonite loss, the GCL 
experienced further deformation which caused failure of the geotextile. However, all of the 
GCLs failed in the numerical analysis performed by PLAXIS®. Only geotextile deformation 
seemed to be the main reason for failure for the numerical analysis. Practically, not only 
deformation of the geotextile components of the GCL but also the bentonite-geotextile 
interaction affects hydraulic failure of the GCL. The effect of the opening size of the 
geotextiles on internal erosion also supports this statement. Internal erosion or failure of the 
GCL was affected by the amount of bentonite extrusion through the openings of the lower 
geotextile in the experimental study. However, apparent opening size of a geotextile cannot be 
defined as a material property; only tension stiffness parameters can be defined in PLAXIS®. 
Because of this, only the effect of the geotextile deformation on GCL failure could be 
analyzed in this numerical analysis. 
 

4 CONCLUSIONS 
 Main conclusions of this numerical analysis performed with FEM can be summarized as 
given below: 
 Higher geotextile deformations were obtained for the GCL placed over a base with a 
greater void size. 
 Higher geotextile deformations were obtained under higher hydraulic heads. 
 Higher deformation of the geotextile component of the GCL placed over a base material 
with voids caused faster failure of the GCL. 
 Based upon comparison between the results of this numerical analysis and a previous 
experimental study, it might be concluded that internal erosion is not only related to the 
strength parameters of the geotextile, but also to the opening size of the geotextile and the 
bentonite-geotextile interaction. 
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Abstract. The available micromechanics theory allows for fast estimations on certain
macromechanical properties of composite structures. Despite this, the classical methods
do not provide accuracy enough in the determination of all the mechanical properties of an
anisotropic material (such as transverse elastic and shear moduli or Poisson coefficients).

This study presents an analysis of a generic configuration for the microstructure of a
composite ply dedicated to the determination of its mechanical properties with a higher
accuracy with respect to the theoretical formulation. The aim of this research is also to
characterise the mechanical properties of the material further than the used theory allows.
All the numerical experiments have been designed and performed with the smallest pos-
sible geometry that guarantees an acceptable precision of the solution. This optimisation
has been a primary concern throughout the research. The numerical modelling had as a
central piece a cubic geometry with a model of the corresponding fibre and matrix. This
geometry could be easily extended in a pattern in order to study more extensive config-
urations. The numerical model consisted on solid elements with all boundary conditions
applied as displacements. The numerical testing configurations have been designed to
emulate the hypotheses assumed in the theoretical models.

In order to ensure that the obtained results were consistent several tests have been
performed. In this category convergence tests have been done to ensure that the used
meshing was suitable enough. Moreover, the results have been analysed together with
the theoretical solutions available in the bibliography whenever possible to validate the
numerical arrangement and hypotheses assumed.

1
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1 INTRODUCTION

The study of composite laminates using finite element analysis is often performed
through macroscopic mechanics. This type of analysis allows for the study of structures
without having to model the behaviour of the microscopic structure that conforms the
material. These analyses use the mechanical characteristics of unidirectional laminates
as input parameters. To obtain this mechanical properties one can refer to the available
theoretical models. The aim of this article is to prove whether these mechanical properties
can be properly obtained through numerical simulation or not, and then compare them
to the theoretical results to analyse any discrepancies found.

This article is divided in three main parts dividing the different activities performed
during the study of the micromechanics of a laminate. The first part is a theoretical
introduction to the one parameter formulation of the problem. The presented formulation
is accurate enough to provide an order of magnitude of the mechanical characteristics of an
unidirectional laminate. The main hypothesis considered is that the macroscopic material
behaves like a homogeneous orthotropic material. This homogeneous material that exists
only as a theoretical model has its mechanical properties depending on the fibre and the
matrix, the fibre direction and the volume of fibres.

The second and third parts of this study focus respectively on the numerical modelling
performed and the conclusions drawn when comparing the theoretical mechanical prop-
erties with the numerical simulations. The aim of this comparison is to find a correlation
between the microscopic phenomenology of the material and the theoretical approach in
order to determine the mechanical properties of the global material. A focus is also placed
on the optimisation of the numerical configuration to obtain adequate results with the
lowest possible calculation effort.

2 MICROMECHANICS THEORETICAL MODEL

The study of the behaviour of unidirectional laminates at a microscopical theory is a
recurrent subject in the literature on mechanical properties of composite materials. [1]
[2] Such analysis is a starting point for any mechanical study in laminates due to the fact
that a ply represents the constitutive element on a great variety of composite structures.
The understanding of the micromechanic behaviour of a structure is crucial to understand
the macroscopic mechanical properties.

Diverse theories exist to determine the macroscopic properties ranging from simple to
complex and assuming different hypotheses. This study, though, focuses in a 1st order
theory known as the rule of mixtures. [3] This theory considers one parameter (the volume
fraction of fibre Vf ) to determine the mechanical properties of an unidirectional laminate.
The volume fraction of fibre is defined as follows:

Vf =
Reinforcement volume

Total volume
(1)

According to this definition, the mechanical properties for the laminate can be obtained

2
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as shown below:

El = VfEf + (1− Vf )Em (2)

1

Et

=
Vf

Eft

+
1− Vf

Em

νlt = Vfνf + (1− Vf )νm
1

Glt

=
Vf

Gflt

+
1− Vf

Gm

Where El and Et are the elastic moduli of the laminate in the longitudinal and trans-
verse directions respectively, Ef and Em are the elastic moduli of the fibre and matrix, νf
and νm the Poisson coefficients for the fibre and matrix, and Glt, Gflt and Gm the shear
moduli of the laminate, the fibre and the matrix respectively.

In this analysis, the fibre and the matrix are considered isotropic. According to the
theory for isotropic materials, the shear modulus can be obtained as follows:

G =
E

2(1 + ν)
(3)

In this study, the values for the mechanical properties considered have been the fol-
lowing: Vf = 0, 6, Ef = 230GPa, Em = 4, 5GPa, νf = 0, 3 and νm = 0, 4. According to
this values, the calculated mechanical properties for the laminate are: El = 139, 8GPa,
Et = 10, 9GPa, νlt = 0, 34 and Glt = 3, 9GPa. These values are later on compared with
the results of the numerical simulations.

3 GEOMETRICAL MODEL AND MESHING

To perform the numerical simulation a geometry is required that represents a generic
microstructure of an unidirectional laminate. This geometry differentiates between fibre
and matrix regions in order to model each of the materials individually. The geometry is
later on meshed using a mapped 3-D meshing which allows for a high degree of control
over the resulting mesh and presents a lower number of elements than a free mesh for the
same accuracy. The meshing is later on analysed in simple loading cases in order to ensure
that no dependence exist between the number of elements used and the results obtained;
the minimum number of elements for which this condition is verified is the optimal mesh
for the studied problem.

3.1 Geometry analysed

The geometry to be analysed has been conceived modular given the fact that one
of the focus of the study is to determine the convergence of the mechanical properties
solution with the geometry. Each module has been considered as a quarter of a round
fibre with its corresponding matrix (calculated from the volume fraction). This geometry
can be seen in Figure 1 which shows also the meshing performed. The main advantage

3
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Figure 1: Meshing of a 3x3 cells configuration

of this approach is that the geometrical model can be easily escalated to generate larger
geometries without having to generate a separate mesh.

The disposition of fibres in a rectangular shape as done in this study, is referred as
rectangular fibre arrangement in [1] and supposes that the disposition of the fibres on
the material is uniform. Other configurations exist, such as the hexagonal, to model the
transverse section of the laminates. In the real material, the disposition of the fibres is
random; this configuration is more complex to study numerically because a free mesh is
required and the geometry is not easily scalable.

The axes defined in the geometry have been chosen x parallel to the fibres, and y and
z in the plane normal to x and perpendicular each to a face of the geometry.

3.2 Meshing

The meshing of this modular geometry has been performed with solid 3-D cubic ele-
ments. The procedure has been first to mesh a geometrical module with the disposition
shown in Figure 1 and then repeat the meshed geometry to complete a whole fibre with
its corresponding matrix.

The analysis has been considered with the hypotheses of small deformations therefore
the behaviour of the materials can be considered linear. Moreover, because the geometry
does not present high curvature in any areas, elements without middle nodes can be used.
This justifies the usage of 8-node elements.

4
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Figure 2: Arrangement of boundary conditions for the transverse calculations

3.3 Convergence analysis of the mesh

In order to determine whether the meshing performed is refined enough a short study
has been performed in which the meshing has been refined from the smallest number
of elements. The evolution of the results has been analysed. As expected, from a cer-
tain refinement point a convergence has been observed and the results remained almost
constant.

In order to optimise the calculation time, the number of elements in the mesh has been
selected the minimum in which no dependence is observed with the obtained results.

4 NUMERICAL EXPERIMENTS

Different numerical experiments have been designed and calculated to determine the
mechanical properties of the studied configuration. These experiments aim to produce a
response in the structure the study of which leads to a set of desired mechanical proper-
ties. In the experiments performed a set of boundary conditions have been imposed as a
displacement and the study of the stresses produced in the structure led to the different
mechanical properties.

4.1 Type 1: longitudinal

This configuration is designed to calculate the longitudinal elastic modulus (according
to the fibre direction) of the material and the Poisson coefficients on the plane perpen-
dicular to the longitudinal direction. A displacement is imposed in one of the faces and
through the reaction force in the opposite face, the elastic modulus can be calculated.
In this analysis, the transverse average deformation is also calculated. This leads to the
Poisson coefficient.

5
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Figure 3: Arrangement of boundary conditions for the shear calculations

4.2 Type 2: transverse

After the longitudinal mechanical properties have been calculated, the transverse ones
are obtained with a similar configuration to the longitudinal one. This experiment is
designed to calculate the transverse elastic modulus and the Poisson coefficients. The
configurations used in types 1 and 2 can be seen in Figure 2. The only difference is the
direction of the laminate fibres.

4.3 Types 3, 4 and 5: shear

The configurations used in the determination of the shear moduli are significantly
different than the ones used in the previous cases. Three cases have been analysed using
the configuration presented in this section for each of the axes. In this case, due to the
nature of the boundary conditions required, no symmetry is presented between axes and
the results for y and z are not the same. The types 3, 4 and 5 refer respectively to the
axes x, y and z for the following boundary condition arrangement.

A shear force has been applied to one of the faces of the structure in a direction while the
opposite face has been constrained on the normal direction. The two faces perpendicular
to the shear force direction present a normal force linear and proportional to the distance
to the constrained face. This arrangement can be seen in Figure 3.

This set of boundary conditions imposes a pure shear force in the geometry with the
same hypotheses used in the development of the elastic theory. Through the angle of
deformation of the body and the reaction forces in the constrained face, the shear modulus
can be obtained.

5 CRITICAL ANALYSIS

This section presents the results obtained for the different mechanical properties as a
function of the geometry. In order to analyse the dependence with the geometry, the num-

6
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Figure 4: Convergence of the longitudinal elastic modulus (El) as a function of the analysed geometry

ber of modelled fibres has been increased progressively starting with a 1x1 cell geometry
until the 7x7 configuration. Considering that a geometry 2x3 is analogue to the 3x2 (the
results for the y and z axes are inverse) a lot of configurations can be skipped during the
calculations therefore reducing the calculation time.

The results have been obtained with ANSYS and later on analysed with Matlab in
order to plot the different graphics. Due to the fact that not all the configurations have
been calculated, a symmetry has seen performed on the graphics about the line y = z.
This can be seen both in Figure 4 and in Figure 5.

Figure 4 shows the stability of the solution for the longitudinal elastic modulus. This
has been the most stable solution and the dependence with the geometry can only be
noticed at the 5th decimal. On the other hand, the calculation of the Poisson coefficients
(shown in Figure 5) has proven to converge slower. This happens due to the heterogeneous
deformation of the body caused by the intense anisotropy in the transverse direction.

The comparison with the theoretical values is presented in Table 1. It is interesting
to note that for some mechanical properties there is a very good correlation between
the calculated and the expected results. On the other hand, other properties present
substantial discrepancies. The explanation for this resides on the fact that the theoretical
approach assumed a series of hypotheses that are far from reality in some cases. This
limitation of the theoretical approach used is known and other, more complex, methods
outside of the scope of this article exist to overcome this limitation.

The convergence of the solution has been studied for each of the mechanical properties
in order to determine the minimum geometry necessary to obtain stable results. This

7
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Figure 5: Convergence of the Poisson coefficient (νxz) as a function of the analysed geometry

has been done aiming to reduce the computational effort, which is exponential with the
size of the geometry. For the mechanical characteristics that presented a convergence
to the theoretical values, this has been performed using the diagram shown in Figure 6
and setting an acceptable discrepancy of 5% of the theoretical value. The analysis has
been later performed analogously for the properties without good correlation with the
theoretical values but in this case, the reference has been taken at the convergence value
for each of the mechanical properties.

Table 1: Comparison between theoretical and numerical results

Theoretical results Numerical results
El 139, 8MPa 140, 0MPa
Et 10, 9MPa 25, 0MPa
νxy 0, 34 0, 33
νyx 0, 34 0, 17
Gxy N/A 350, 0MPa
Gyx N/A 43, 9MPa
Gyz 3, 90MPa 3, 54MPa

8
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Figure 6: Analysis of the discrepancy with the theoretical values as a function of the modelled geometry

6 CONCLUSIONS

- Firstly, concerning the microscopical theory, a single parameter theory has been
used that estimated the mechanical behaviour of the structure through one input
parameter (Vf ) and the mechanical properties of the constituents. This theory has
been sufficient to analyse some of the mechanical parameters whenever the stress
has been applied in the direction of the fibre. In other loading cases, the error
incurred by this theory has been too large to consider any estimations acceptable.
The transverse Poisson coefficients νyx and νyz, and the shear moduli Gxy and Gyx

need to be estimated using another method.

- In the cases in which it has been possible to compare the numerical and the theoret-
ical results, the numerical analysis has closely predicted the mechanical properties
when the number of modelled fibres has been large enough. The study performed
concludes, though, that for each of the mechanical properties, the number of fibres
that need to be modelled to achieve an acceptable accuracy in the results is different.

- It has been also possible to observe that the obtained results have been better
when the number of fibres modelled in the y and z directions have been the same;
this means when the geometry has been symmetric. In this situation, the relation
between properties typical for transversely isotropic materials has been verified (with
a sufficient number of fibres). An example of this is the value obtained for the
Poisson coefficient νxy, that has been obtained equal to νxz.

9
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- In terms of required geometry to obtain acceptable values for the mechanical prop-
erties the convergence of the different properties with the geometry change has been
found a key parameter. For the most stable parameters, a single cell model is enough
to provide a deviation of less than 2% in comparison with the predicted values. It
it necessary, though, to study extended geometries in order to determine some of
the parameters that do not present such a fast convergence in the solution. This is
the case of the transverse Young modulus (2x2 geometry necessary), the yz Pois-
son coefficient (3x3 geometry) and the yz shear modulus (4x4 geometry required).
This geometrical models provide a difference lower than 5% with their respective
convergence values.
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Summary. A new test method is proposed for investigation of shear behavior of architectural 
coated-fabrics. The cruciform specimen with 16cm width and length of arms with four slits is 
used herein, which has 45°of yarns with respect to the loading directions. The loading 
protocol is defined to generate cycling homogenous shear stress field, which has half positive 
and half negative cycle rather consecutive positive or negative shear stress conditions. The 
cycle number is three. Two strain measurements and shear calculation methodologies are 
compared with theoretic analysis and testing procedure. The polymer-coated polyester fabric 
with PVDF surface finish is used for test validation, the experimental results are investigated 
comprehensively, and the effects of shear deformation on shear stress calculation are 
evaluated. The present work is proved valuable to further research of shear behavior of 
coated fabrics. 

1 INTRODUCTION

Tensile fabric structures have been developed over about four decades, and built in some 
landmark building over the world. However, broad assumptions are made in simulation of 
architectural fabrics used for tensile structures. In particular, fabric shear behavior does not 
attract enough attentions, this causes wrinkle and tear because of existence shear deformation 
due to complex loading in service and installation as well as patterning manufacture. There 
are a few literatures about shear mechanical properties in the past ten years, but the shear 
behavior is poorly understood and is not routinely determined yet. 

2 Basic Theory of Shear Test Methodology 

2.1Schematic cruciform specimen
The cruciform specimen was firstly used by Blum [12] for shear testing of architectural 

fabrics besides, and then employed by Galliot [7] and Bridgens [14] with various size and 
different loading protocol. In the case of biaxial extension testing method for elastic constants 
of membrane materials, the cruciform specimen is extensively used with various sizes [1, 4, 5, 
12, 18-20, 25-28]. As the firstly published standard, MSAJ/M-02-1995, width of arm of the 
cruciform is specified 16cm other more [28], that is, the core effective square is 16cm×16cm. 
This cruciform is proved valid for biaxial tensile test rather shear test. As trellis frame test, the 
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width ranges from 12cm to 30 cm [10, 11]. The width of cruciform once used for shear test 
was more 60cm [12], 50cm [7]. 

Fig.1 Schematic cruciform specimen of biaxial shear test (mm) 

Therefore, the shape of a schematic cruciform specimen is specified as Fig.1.Slits are cut 
along with the arms at intervals 30~50mm. The specimen corners are rounded with a radius 
10~15mm. The warp and filling direction is 45°with respect to x-axis and y-axis arms. The 
sample should be taken from the part of fabrics which is 1/10 of the overall width from each 
edge and excluding more than 10cm from ether edge. The number of specimens should be 
more than three.  
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Fig.2 Shear deformation of biaxial shear testFig.3 Planar stress of biaxial shear test 

The specimen is assumed in-plane without wrinkle occurrence, the warp yarn and weft 
yarn remain perpendicular after small shear deformation.  

According to the stress tensor theory, Blum [12, 13] calculated the shear strain as follow. 
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where, wf  is the shear strain tensor between warp and filling direction, x  is the tensile 

strain in x-axis of loading direction, w  and f  are the strain of warp and weft yarn 

direction.
From the Eq.(1), the three strain measurements are necessary to be required to calculate the 

shear strain from the biaxial shear testing.  
The engineering shear strain is commonly used in small or even big deformation range [10, 

11, 14, 15], and is also used in this paper. The engineering shear strain is two times of the 
tensor shear strain, which is the shear angle between the warp and weft. As shown in Fig.2, 
the shear angle is positive while the square is narrowed in y-axis; on the contrary, it is 
negative.

From the Fig.2, the deformation in x-axis and y-axis could be written as  

2

1

x

y

L L
L L

 
 



                              (2) 

where, 2L  and 1L  are the deformation in x-axis and y-axis,  x  and y  are the strain in 

x-axis and y-axis respectively, L  is half diagonal length of the square.  
From the tri-geometry relationship, the angle   between warp and fill direction can be 

calculated 
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                    (3) 

The shear angle could be written further  

/ 2                                (4) 

From the Eq.(2) to Eq.(4), only two strains is used, one less than that in Eq.(1). This 
simplifies measuring strain of shear testing.  

2.2Shear stress 
While applying load to the cruciform specimen, the arms transfer uniform loading to the 

core area which has the planar stress field as Fig.3, where x  and y  are the stress in x-axis 

and y-axis respectively. The dashed line represents the un-deformed state, and the solid line 
denotes for deformed state. As corresponding to the deformation defined in Fig.2, the 
principal stress and shear stress with respect to warp and weft yarn in deformed state can be 
calculated from mechanics of materials. 

1 1+ - cos
2 2w f x y x y       = ( )+ ( )

                
(5)
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1 1sin 2 sin
2 2 2x y x y- -                

= ( ) ( )                    (6) 

where, w  and f  are the tensile stress in warp and filling direction, and   is the shear 

stress. 

Because the shear angle   is assumed small, that is, the angle   is small, then the angle 

  is close 90°, cos 0.0 and sin 1.0. The principal stress Eq. (5) and shear stress Eq. 

(6) could be simplified further  
1 +
2w f x y   = ( )

                                (7) 
1 -
2 x y  = ( )

                                    (8) 

3 Loading Protocol 

Architectural membrane has neglected compressive and bending stiffness, as is required to 
be tensile stress state in any service conditions. The shear stiffness and behavior should be 
measured and characterized under specific tensile stress. The pre-stress tension is specified 
that 3.0kN/m for PTFE-coated glass fiber fabrics and 1.0kN/m for PVDF-coated polyester 
fabrics [11]. 

From the Eq. (5) and Eq. (6), the principal stress and shear stress are generated by the 
specific loading in x-axis and y-axis. Blum [12] defined a loading protocol, a consecutive 
triangular wave force is loaded in x-axis, and simultaneously a same wave with 180 phase 
difference is applied in y-axis.  

In normal service condition, the safety of factor (S.O.F) is specified in standard or guide, 
however, the S.O.F is specified differently as MSAJ[18], TensiNet[12] and CECS[30]. The 
S.O.F set 5 here, the biaxial tensile usually set the maximum tension 1/5 of the smaller 
ultimate strengthFu of warp and weft direction of the fabric. The minimum tension Fu/25 sets 

to characterize initial prestress [12]. While shear testing, the maximum stress of w , f
x

and y  should be less Fu/5, and the minimum should be over Fu/25, over zero or at least than 

critical wrinkle stress. 
While applying load to the cruciform, the loading process could be controlled with 

extension tension or deformation. Constant rate tension (CRT) 1~10mm/min or 
1~10kN/m/min should follow when loading of shear testing. The concrete rate or period of 
loading could be set according to particular research goal and fabric properties. The detail 
loading steps are specified as follow. 
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Apply load to four arms of the cruciform with tension 1:1 and keep CRT, till the basis 
pretension ( B.P ) which should be less Fu/10;

Apply load to x-axis and y-axis in 180 phase difference, the load in x-axis is added to the 
upper limit (U.L) which should be less Fu/5, on the contrary, the load in y-axis is reduced to 
the lower limit (L.L) which could be over Fu/25, should be over 1.0kN/m, and must be over 
zero;

Apply load reversely after the precedent loading, unloading in x-axis and loading in y-axis 
to the B. S, and loading and unloading keep synchronously. 

Change the loading way in x-axis and y-axis to generate the negative shear field in 
cruciform specimen, and repeat the step from 2) and 3) three times or more. 

Repeat the steps 2) to 4) three times or more to generate positive triangular shear stress 
field wave; 

From the Eq.(1) ,The loads ( x  and y ) and strains ( x  and y ) are recorded and plotted 

for data correlation analysis. The strain is measured with extensometer with 2~4cm base 
distance, which is located 1.5cm off the centre of the cruciform. But according to the Eq.(3), 

the loads ( x  and y ) and strains ( w , f  and x ) are recorded and plotted for data analysis. 

From Eq.(7) and (8), the loading time history defined in Fig.4 shall generate a particular 
stress time history as shown in Fig.5. While using Eq.(5) and (6), the principal stresses do not 
keep constant and shall have little fluctuating, the shear stresses exhibits little nonlinear 
instead of linear triangular wave. Overall, the effective area of cruciform has specific shear 
stresses wave and fairly constant tension field, as is necessary to characterize the shear 
behavior of architectural fabrics. The shear capacity of the fabrics is dependent mostly on the 
tension. Pure shear field of the fabrics can not occur without tension, as is completely 
different from the shear investigation of other solid materials. 

4 Experimental Results and Analysis of Shear Test 

4.1 Specimen and material 
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According to the aforementioned work, the cruciform specimen set as Fig.6. The width and 
length of the arm are 160mm, and clamp with is 40mm, there are four slits in the arm. There 
are 45 of the warp and weft with respect to the loading direction x-axis and y-axis. 

The widely used PVDF-Coated architectural fabric Ferrari 1002T2 was used for 
experiment validation. The finish surface is polyvinylidenefluoride (PVDF), the base cloth is 
plain weave made of polyester yarn of HT1100/2200 Dtex, the areal density is 1.05kg/m2, the 
coating thickness is 300microns, the total thickness is 0.72mm. 

4.2Loading procedure 

In the experiment, the loading was specified as Fig.7, the base pretension was 3.25kN/m, 
the upper limit and lower limit were 5.25kN/m and 1.25kN/m respectively, and the periodical 
was 10min, and there were three cycles loading.  

Fig.6 Cruciform specimen of biaxial shear test (Unit: mm) 
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Fig.8 Shear stress and principal stress respect to warp and weft of biaxial shear test 

While applying the loading as Fig.7, the shear stress and the principal stresses respect to 
warp and weft shall be generated as Fig.8 which is calculated from the Eq. (8), there are two 
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obvious stages, the first stage there is no shear stress, the second is three shear full cycle with 
half positive shear and half negative shear, the periodical is also 10min and the maximum 
shear stress is 2kN/m. 

4.3 Experimental Results and Analysis of Shear Test 

1) Calculation of shear strain 

During the shear testing, two methods of shear strain measurement were adopted. The first 
method was used two extensometers to measure the deformation in x-axis and y- axis. The 
second method was used three extensometers to measure the deformation in warp, weft and 
x-axis direction. 

x  and y  strain-time history curves were showed in Fig.9. w  and f  strain-time 

curves were showed in Fig.10. Comparing two figures, the strains in x-axis and y-axis are 
observed much bigger than that of the warp and weft, at least one-order higher, and the 
strain-time curves exhibits smooth and regular, it is easy and robust to measure. The warp and 
fill strain are too small, and is expected much more sensitive to the extensometer accuracy 
and testing uncertainty.  
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Fig.9 x-axis and y-axis strain-time curve       Fig.10warp and weft strain-time curve 

  Fig.11 shear strain(Eq.3)-time curve         Fig.12 shear strain(Eq.1)-time curve 
The engineering shear strain which was calculated by Eq(3) showed in Fig11.and shear 

strain tensor which was calculated by Eq(1) showed in Fig.12. The engineering shear strain is 
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equal to twice the shear strain tensor. The maximum engineering shear strain is 0.224 and the 
shear strain tensor is 0.122. Although two values were very close, the engineering shear strain 
is more reliable. 

2) Shear stress-strain curves 

Normal stress was measured in x and y direction firstly, and then the shear stress could be 
calculated according to Eq.(6). Without considering the impact of α, Eq.(8) can be used to 
calculate the shear stress. Fig.13 shows the normal stress in x and y direction.Fig.14 shows the 
shear stress which is calculated by Eq.(8). 

Fig.13the normal stress in x and y direction          Fig.14 shear stress 

Shear stress-strain curves can be generated from the previous results.Fig.15 shows the 
shear stress-strain curves. As can be seen, a striking difference was observed that the first 
cycle slope of curve is greater than the latter curve. But, with the increase of cycle times, the 
shear stress-strain curves became increasingly consistent. 
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Fig.15 shear stress-strain curves 

3) Stress and strain in material direction 

It is difficult to measure the strain in material direction. According to the stress tensor 
theory, shear strain in material direction can be calculated by Eq.(1). The stress in material 

direction can be calculated by Eq.(7) and the result of x  and y  has been showed in Fig.13. 

The shear stress and stress in material direction was showed in Fig.16. The average value of 
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warp and weft stress is 3.15kN/m if the influence of shear angle is ignored and the test value 
is thinner than theoretical value. 

(a)                                   (b) 
Fig.16 The shear stress and stress in warp and weft direction (a) without shear angle 

variation (b) with shear angle variation 

4) The effect of shear angle

When the effect of shear angle was taken into account, Eq.(5) was used directly to 
calculate the stress of warp and fill and Eq.(6) was used to calculate the engineering shear 
stress. The shear stress and stress considering shear angle in warp and weft direction were 
showed in Fig.16b  
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Fig.17 relative difference of shear stress (a) and the stress in warp and weft direction(b) 
The Eq.(6) minus the Eq.(8) can get the difference between considering shear angle and 

not considering. Then dividing the difference by the result of Eq.(6) can get the relative 
difference. Similarly, the relative difference of stress in warp and weft direction can be got by 
Eq.(5) and Eq.(7). Fig.17(a) shows the relative difference of shear stress, the maximum is 4%.  
Fig.17(b) shows the relative difference of stress in warp and weft direction, and the maximum 
is 19.1%. The result shows the shear angle does not much affect the shear stress, but the stress 
in warp and weft direction were greatly affected by the shear angle. 

5 Conclusions
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A biaxial shear testing method is specified, test protocol is defined, as well as calculation 
method. Biaxial shear testing was carried and investigated comprehensively. The test shows 
the strain in warp and fill directions are much smaller than that in x-axis and y-axis directions, 
which are difficult to measure accurate. Therefore this paper recommends a measurement of 
engineering shear strain. Engineering shear strain can be calculated by Eq.(1). This method 
only needs two extensometers to measure the strain in x and y direction and the shear strain 
results are more accurate. The shear testing is performed under the specific tension and the 
pure shear testing is invalid for tensile fabrics. The shear angle is observed that has fairly 
impact on the stress in warp and weft, and little impact on the shear stress.  
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Summary. The article presents the application results of the method of acoustic emission for 
quantitative assessment of the process of coating of porous textile materials. Under the 
influence of capillary pressure the wetting part of a viscous liquid can be absorbed by porous 
materials of clothes and also it can change its properties.  To assess the adequacy of the use of 
the alternative method of acoustic emission in the assigned task the experimental studies 
based on the acoustic emission technique and the weight method were carried out. In the basis 
of the experimental equipment a special laboratory complex was used, which has a multi-
channel system for recording acoustic signals while monitoring mass variations of the 
samples in-parallel. On the basis of this method a number of experimental studies of modern 
textiles of different nature and structure was carried out, which allowed assessing the changes 
in their structure when interacting with viscous fractions of hydrocarbon compounds and 
establishing a connection with variation of their functional properties for the application 
conditions in the protective clothes for industrial purpose.

 
 
1 INTRODUCTION 
     Active development of technology for exploration and operation of oil fields increases the 
importance to design new protection cloth from special materials which have high resistance 
with respect to aggressive impacts of environment. It is known that the main deleterious  
factor in the oil production is the oil itself and its derivatives 1. Along with natural conditions 
such as high temperatures and gas presence in the ambient air this factor leads to high risks of 
human thermal discomfort and even ignition.  Such risks arise due to saturation of textile 
materials of garments by liquid hydrocarbons. Textile materials have a porous structure 
possessing capillary effects. Kinetics of liquid in porous textile materials was thoroughly 
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investigated and discussed in the literature 2,3,4 .  On the contrary, the kinetics of viscous oil in 
layers of porous textile was studied not sufficiently. The reason for such an insufficient 
attention to this topic is the way used today to protect workers from aggressive oil impact on 
materials which is based on the application of special polymer coatings. From one side, in 
practice of design of protecting cloth it is recommended to use the materials providing the 
contact barrier for a direct penetration of the oil into the material for the most part of the cloth 
surface. From the other side, according to the hygienic comfort requirements for the work on 
oil extraction objects within six hours and longer, the cloth should consist of materials 
possessing a proper air permeability and hygroscopicity without any barrier coatings 5,6 . This 
results in the loss of some protecting properties when the cloth has direct contact with the oil.  
The strength, thermal and fire resistances of the cloth become worse. These negative changes 
depend directly on the oil penetration dynamics which is still remaining not sufficiently 
understood 7 . There are a number of methods to study the kinetics of liquids in textiles 3,4. 
The weight and optical methods 5 are the most popular methods of the direct measurements of 
liquid accumulation in the material volume. They allow one to estimate the general 
characteristics of saturation of material pores due to capillary effects such as the time of full 
saturation of materials and actual increase of the liquid fraction in the material in time unit. 
The saturation occurs due to capillary effects which are typical surface effects in porous 
media arising due to wettability of pore channel surface. If capillary is brought into contact 
with liquid, the latter starts to move spontaneously along the capillary to reduce the excess 
surface energy 4.  Under action of the capillary pressure the wetting phase penetrates into 
porous medium displacing the non-wetting phase. The water moves in hydrophobic structures 
along wide pores whereas the oil which is wetting phase covers the surface of material 
skeleton cores and stops in pore contractions 8 . Both weight and optic methods are not able to 
find the dependencies of material saturation by liquid hydrocarbon particles in real time and 
on the level more deep than the open capillaries.    The method of acoustic emission is an 
alternative approach widely used to estimate the liquid kinetics in different porous media. It is 
based on the measurement of parameters of elastic oscillations which are enforced and/or 
arise in the object under investigation 9 . This method enables registration of deformations 
which arise not only in the first phase of liquid penetration along one of channels to the back 
side of the textile material but also up to the moment of the full saturation of the textile 
structure (both one and multilayer) 10 .  The present paper is devoted to the discussion of the 
validity of the acoustic method,  accuracy of result obtained by this method,  as well as the 
application of this method for estimation of strength properties and thermal protection of cloth 
under oil impact.   
 
2 EXPERIMENTAL STUDIES  
 

2.1 Selection of durable materials for the cloth surface on the basis of experimental 
investigations 

 
Presence of the raw oil on the garment surface results in the loss of the material strength. 

The study of  breaking loads of textiles before and after the impact of raw oil were performed 
to select the durable materials from the ones most widely used in the textile industry. Strength 
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of the material at break is determined by the effort necessary to destroy the system of grains. 
The latter are oriented perpendicularily to the breaking force direction. Six different types of 
textile widely used in the industry for protection of cloth production were studied.  In 
accordance with the Russian state standard GOST 29104.12-91 8 the textile samples were 
hold under corresponding climate conditions twenty four hours at least before the tests. The 
breaking tests were performed using the breaking facility PT-250 M-2.  This method 8 
provides the uniform distribution of strength on the material under test and low variation 
coefficient. The results of the experimental study and calculations are presented in the table 1.  

  
Table 1: Results of experimental investigations of breaking properties 

of protection cloth textiles. 
 

№ Textile sample Averaged value 
of breaking 
loadings  on the 
warp set, N 

Absolute change 
of the breaking 
loads  on the 
weft set, N  

Averaged value of 
breaking loadings   
on the warp set, N 

Absolute change 
of the breaking 
loads on the 
weft set, N  

1 Flamestat Cotton 58 48 0,5 43 44 0,5 
2 NOMEX Comfort 58 50 1,0 57  1,0 
3 INDURA ULTRA 

SOFT 
51,2 50 0,3 51 50 0,3 

4 Flame Shield 51,2 49 1,2 50 48 1,2 
5 Leader– comfort  56 50 2,0 56 50 2,0 
6 Greta М 69 52 1,5 50,2 49 1,5 

 
Diagram of the textile strength change under action of the raw oil is presented in Fig. 1. 
 

 
 

Figure 1: Textile strength change under action of the raw oil. 
 

     The heat resistant textile materials with impregnation to protect against oil and water 
demonstrated  the highest strength properties under raw oil action. However, it should be 
noted that the multi-purpose mixed textile Greta-M has the same level of the strength 
properties.  This textile is of a great interest from the point of view of techical and economical 
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advantages.  That is why this textile was selected for the design of the oil protecting textile 
packages.  
 

2.2 Investigation of oil permeability of textiles and their packages  
 
     Selected textile material is a high quality surface for set of textiles within the garment. 
However, the ingress of the oil on non-protected garment places results in the change of the 
primary propereties not only in the outer layers of the cloth but also in the inner ones. To 
study the inner kinetics of the oil permeability into the textile structure we performed special 
experimental investigations of permeability. 

When coming into contact with liquids, the textile materials are able to absorb the 
liquids under action of the surface tension forces and sorbtion. Both effects are ascribed to the 
capillar phenomena 5 .  

Investigation of preperties of textile materials by capillar methods is performed 
according to standard methods.  Within the Russian standards GOST- 12.4.129-2001 the main 
method to detect the permeability of oil and oil products is based on the detection of the 
particles of the aggresive species or its vapours on the inner surface by using the optical 
methods.  

The particles are detected in the ultraviolet light during the penetration time. This 
method was developed to test protecting properties of garment as well as the hands protecting 
means. It is significant that this methodis able to recognize the initial level of the permeability 
of liquid into the structure of the textile material. To determine the rate of the absorption of oil 
by the textile package we peroformed the analysis of existing methods to determine liquid 
permeability in porous materials (table 2). Each of them has its advantages and disadvantages.   
 

Table 2: Comparative analysis of methods for investigations of liquid  
absorbtion by textile grains 

Method Medium  Disadvantages Detected parameter 
1 2 3 4 

GOST 12.4.218 – 2002  Solutions and vapors of acids, 
Alkalis, organic dissolvents, oil 
and oil products, other liquid 
and aggressive media. 

Not unificated 
 

Liquid particles 

GOST 30292-96  Water Only for non-aggressive liquids, 
inability of automatic processing 
of measurement data 

Liquid particles 

GOST 12.4.129-2001  Oil and oil products The oil viscosity and phase of 
impregnation  are not taken into 
account, inability to detect the 
completed impregnation of the 
textile samples,  inability of 
automatic processing of 
measurement data  

Stress on the inner 
surface of the 
textile material  

BS EN  368:1993  Oil, xylain, sulfiric acid  High laboriousness of 
investigations 

Oil fraction not 
absobed by textile 
in percent 
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Proposed hybrid 
method of acoustic 
emission 

Oil  - Value of signal of 
acoustic emission  

 
     On the basis of the comparison presented in the table 2 one can conclude that the method 
of the acoustic emission is the most perspective one among all methods used for investigation 
of the oil permeability into the textile structure 9 .   
     Acoustic emission (AE) is the phenomenon of propagation  of elastic oscillations (acoustic 
waves), generated by sudden deformation of the material under stress conditions. Active 
acoustic methods are subdivided into two groups, utilizing the propagation and reflection of 
waves. A special sensor is the source of the unltrasound in the diagnostic devices. Its main 
element is the piezoelectric converter which is made of monocrystals of quartz, sulphate 
lithium, seignette salt and synthetic piezomaterials coated by silver layer.  The latter provides 
the electric contact. The mechanical oscillation arise in  piezocrystal  when an alternating 
electric field acts on the piezocrystal. These oscillations are then transmitted to the ambient 
medium adjacent to the piezocrystal and propagate in form of acoustic waves.  
     A very important question is also the problem of the rate of the saturation of textile by oil.  
Its is important to estimate the textile structure not only on the level of channels filled by the 
oil but also on a more deep level including the molecular one. 
     On such a level one can observe the stress states of liquid molecula surfaces and their 
movement in channels.  The method of acoustic emission allows one to document the acoustic 
oscillations arising in textile materials as a result of the local change of their structure. 
Acoustic emission has an impulsed character. The impulse duration is varied in the range 
between 10-8 and 10-4 s, whereas the energy of a single impulse  is changed between 10-9 and 
10-5 J. Signals of the acoustic emission are detected when the molecule surfaces oscillate. Also 
the stress waves arise during the destroy of the gas bubbles and creation of the gas phase in 
the liquid. All these processes are accompanied by the generation of acousticsignals. For the 
case of the textile materials with large pores the displacement of liquids by gas phase results 
in the acousitc waves in the sound range. For the viscous liquids and microporous materials  
the acoustic emission is outside the sound range. 
     When the single cappilar is impregnated the excited single acoustic wave has a weak 
energy. Due to damping processes in the liquid medium this energy does not arrive at the 
surface. When such processes occur in a big material sample with multiple pores the 
amplification of the signal takes place. As a result the signal can be detected.   
     The acoustic emission signals generated in the course of the impregnation of textile 
materials have a typical dynamics which is determined by liquid reology as well as by the 
character of the porous structure of the impregnating materials.   
     Experimental investigations of the oil impregnation process into porous materials and their 
packages we used the special measurement facility A-Line 32 based on the acoustic emission 
method. The facility is a multi channel system detecting the acoustic emissions. It allows to 
perform 8 measurements simultaneously. The frequency range of piezo sensors is varied 
between 10 and 50 Hz.  
     The textile sample was put in the glass vessel with liquid under investigations (oil). The 
form of the vessel was selected to amplify the acoustic emission signal. The textile material 
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had no contacts with vessel walls. This is necessary to avoid the distortion of the detecting 
acoustic signal to be sure that the signal is caused purely due to impregnation process.  The 
experimental setup was equipped with analytical high precision balance. The balance is used 
to prove the results of the acoustic emission methods with respect to the estimation of the 
growth of the oil fraction mass in the material package (see Fig.2) . An important feature of 
this experimental setup is a very high range of magnitude measurements, possibility of 
analysis of wave form and signal spectrum for each channel in real time.  
 

 
 

Figure 2: Experimental setup for measurements of acoustic emission 
characteristics of the inner kinetics of oil in textile materials and their packages  

 
     The textile sample Greta-M in combination with warmth-keeping elements were 
submerged into oil (viscosity of 110 mm2/s) untill the impregnation is completed. The 
processing of the measurement data were carried out  using the program code A-Line 32D 
(PCI-8) version 4,93B. The results presented in Fig.3 illustrate the dynamics of the 
impregnation process. 
     Basic experimental investigations of the oil permeability into textile materials enabled to 
reveal the pecularities of the oil saturation dynamics. The following question raises: Can we 
claim that this method allows one to estimate the growth of the oil mass in the textile material 
structures continuously in time? To answer this question we performed  the study of the 
impregnation process using both the weighing method according to the Russian standard 
GOST 12.4.218 – 2002 and the method of acoustic emission.  
 



561

Сherunov p.V.*, Сherunova I.V.*, Knyazeva S.V.*, Stenkina m.P.*, Stefanova e.B.*and Kornev N. V.† 

7 
 

 
 

Figure 3:  Acoustic emission analysis of the impregnation of textile materials by oil.  
 
     Comparison of two methods showed that the dependencies describing the dynamics of 
impregnated oil in the porous textile material and intensity of the acoustic impulses in the 
same time range are identical (see Fig.4). 
       

 
 

 Figure 4:  Estimation of the realibility of the acoustic emission methods to estimate 
 the absorption of the oil by porous warmth-keeping material  

 



562

Сherunov p.V.*, Сherunova I.V.*, Knyazeva S.V.*, Stenkina m.P.*, Stefanova e.B.*and Kornev N. V.† 

8 
 

     Analysis of comparison of two methods shows that the acoustic emission data 
characterizing the kinetics of the oil impregnation are similar to the growth of the oil mass in 
the material per the same time period. This leads to the conclusion that the acoustic emission 
analysis can be used for the continuos study of the impregnation dynamics of textile 
materials. It can be then utilized for evaluation of textile materials for the design of oil 
protecting cloth.   
     Permeability of material packages of protecting cloth depends on properties of the outer 
textile material as well on properties and thicknes of the package materials forming the cloth. 
To determine the permeability parameters of warmth-keeping textiles we performed the study 
of materials and their packages according to the Russian state standard GOST 21.4.218 – 
2002. As the parameter of permeability intensity of the oil into textile we took the time and oil 
mass between the instant of the contact between the textile and oil and  the instant when the 
oil goes through the elementary probe. As textile samples we used warmth-keeping synthetic 
winterizer  and holofiber. Fig.5 Shows that the intensity of the oil permeability into the  
synthetic winterizer  is 14.3 percent higher than that for holofiber per the same time period.  
That is why we selected holofiber for the further applications. 
 

 
 

Figure 5:  Intensity of the oil impregnation of warmth-keeping materials. 
 
     To get the characteristics of the process of the oil impregnation of material packages with 
account for capillary properties of material surfaces we performed study for the following 
textile materials: 1-GretaM + synthetic winterizer  + cotton sheeting; 2- GretaM + holofiber+ 
cotton sheeting;3 - FlameShield+ holofiber + cotton sheeting; 4 -FlameShield+ synthetic 
winterizer + cotton sheeting. 
     As seen from Fig.6 the package with the outer textile  GretaM +warmth-keeping 
holofiber+ cotton sheeting as the inner material has  the minimum  intensity of the oil 
impregnation  according to measurments using the acoustic emission method. 
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Figure 6:  Study of the intensity of the oil permeability into materials and their packages 
 

3 CONCLUSIONS 
 
     Traditional methods for investigations of impregnation of porous materials by liquids 
allow one to obtain the data between the initial and final states of the materials and their 
packages. To study the transitional processes in time it is necessary to interrupt process or to 
carry out a huge amount of investigations. For the package of materials the traditional 
methods are able to provide only the integral information for the whole material package, e.g. 
the integral time of the whole package impregnation. The peculiarities of the capillary 
structures of single material layers as well as the dynamics of permeability of liquids in each 
layer and on boundaries cannot be analyzed using traditional methods. Intermediate states, 
transitional processes and transitions from one layer to another can be detected only by non-
invasive methods which don’t destroy the material package structure and use the remote 
control.   
     This task can be solved by use of the acoustic emission method with application to study 
of viscous liquids in porous textile materials.  
     The results gained in this work open new possibilities for improvement of selection of 
proper textile materials for the application in the design of protecting cloth contacting with 
aggressive liquids and development of cloth design methods. 
 
The authors express their acknowledgement to the Russian Ministry of Education and 
Science for the partial financial support of this work within the grant ( state task, 
performer Don State Technical University ) № 2838  
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