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Local boundary conditions are used to mimick the solution in presence of an infinite
exterior in diffusion problems or time-harmonic scattering problems, in highly conducting
bodies or thin layers. We consider symmetric local boundary conditions in R2, which take
the following form of Dirichlet-to-Neumann maps [4, Eq. 3.14]

∂nu(x) +
J∑
j=0

(−1)jaj (∂2j
τ u)(x) = 0, (1)

where ∂n and ∂τ are the normal and tangential derivatives on the boundary of the com-
putational domain , respectively, and aj are coefficients. The parameter J corresponds
to the order of the derivatives. If J < 0 then (1) is known as the (homogeneous) Neu-
mann boundary conditon, for J = 0 and J = 1 as Robin or Wentzell boundary condition,
respectively. Prominent examples of symmetric local boundary conditions are the Bayliss-
Turkel-Gunzberger (BGT) conditions up to order 2 and Feng’s conditions at any order
for time-harmonic scattering problems.

If only second derivatives are present, i.e., for the Neumann, Robin and Wenttzel con-
ditions, and the boundary is smooth enough, we can incorporate the condition in usual
piecewise continuous finite element methods. After J-times integration by parts the vari-
ational formulation contains terms like

aj

∫
Γ

∂jτu ∂
j
τv dσ(x), (2)

and the natural space is V J := H1(Ω) ∩HJ(Γ) and positivity of aj, j = 0, . . . , J implies
well-posedness [6] (for the Helmholtz equation except for a countable set of frequencies).
For J ≥ 2, the usual finite element spaces are not any more contained in V J . In this
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case, trial and test functions with C(J−1)-continuity (at least) along Γ [3, 4] or auxilliary
unknowns [2] may be used.

Following [5] we propose as an alternative nonconforming interior penalty finite element
methods for usual continuous finite element spaces of at least order J − 1, in which for
each j ≥ 2 additional terms on the nodes of the boundary Γ appear. For fourth order
PDEs a similar approach has been introduced by Brenner and Sung [1]. We will present
well-posedness results and a-priori h-convergence error estimates for uniform polynomial
degrees. The theoretical convergence results are validated by a series of numerical exper-
iments.

REFERENCES

[1] Brenner, S., and Sung, L.-Y. C0 interior penalty methods for fourth order elliptic
boundary value problems on polygonal domains. J. Sci. Comput. 22-23, 1-3 (2005),
83–118.

[2] Givoli, D. High-order local non-reflecting boundary conditions: a review. Wave
Motion 39, 4 (2004), 319 – 326. New computational methods for wave propagation.

[3] Givoli, D., and Keller, J. B. Special finite elements for use with high-order
boundary conditions. Comput. Methods Appl. Mech. Engrg. 119, 3-4 (1994), 199 –
213.

[4] Givoli, D., Patlashenko, I., and Keller, J. B. High-order boundary conditions
and finite elements for infinite domains. Comput. Methods Appl. Mech. Engrg. 143,
1-2 (1997), 13 – 39.

[5] Grote, M., Schneebeli, A., and Schötzau, D. Discontinuous Galerkin finite
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