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1 Kinematics of the Curve-To-Surface Interaction

Contact between the curve (geometrically representing either a rope, or a beam, or an
edge of the solid) and the surface can be described in various ways: a) a direct approach
via the Surface-To-Surface (STS) Mortar type algorithm; b) a special combination of
Curve-To-Curve (CTC) and Segment-To-Analytical-Surface (STAS) Algorithm; c) a new
variational equation based on consideration of contact in the Darboux basis.

1.1 Direct approach – STS Mortar type algorithm

The direct approach is just an implication of STS Mortar type algorithm in which a curve
rs(η) is assumed to be the “slave” part, as usually in any surface type contact algorithm.
In this case all contact kinematic parameters are considered in the surface coordinate
system ρ1,ρ2,n via convective coordinates ξ2, ξ2.

rs(η) = ρ(ξ1, ξ2) + ξ3n(ξ1, ξ2), (1)

This approach, though, allows to capture the contact between a curve and a surface cor-
rectly, however, does not allow to describe contact kinematics in details, namely,
to distinguish between the pulling and the dragging direction of the curve. In fact, this
type can be regarded as “surrogate” type of modeling if a special algorithm is not available.

1.2 A special combination of Curve-To-Curve and Segment-To-Analytical-
Surface Algorithm

This type of contact, in case of rigid surfaces, is the combination of the Surface-To-
Analytical-Surface and the Curve-To-Curve contact kinematics, see in [1]. All kinematic
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parameters are formulated dually in the surface coordinate system eqn. (1) (via Gaussian
coordinates ξ1, ξ2) and in the following Serret-Frenet curve coordinate system τ ,ν,β (via
coordinate η) similar to the Curve-To-Curve contact, see [2]:

ρ = rs(η) + re, with e = ν(η) cosφ+ β(η)). (2)

Kinematical relationships during the contact can be obtained dually considering the rel-
ative velocity of the contact point during contact interaction in both coordinate systems
eqns. (1, 2). After transformation we obtain the following components of the relative
velocity vector: a) normal relative velocity during contact ṙ = (vs − v) · n; b) pulling
relative velocity vτ = −(ρi ·τ )ξ̇i and c) dragging relative velocity vg = −(ρi ·g)ξ̇i. This ap-
proach allows to describe kinematics of the curve and surface interaction, such as pulling
and dragging, precisely. For the finite element implementation both STS and CTC ap-
proaches are involved to obtain the corresponding residual as well as the corresponding
tangent matrices, see in [1].

1.3 A new variational equation based on consideration of contact in the
Darboux basis.

In this approach, a variational equation for the equilibrium of ropes on orthotropic rough
surfaces is derived, using the consistent variational inclusion of frictional contact con-
straints via Karush-Kuhn-Tucker conditions expressed in Darboux basis. The weak forms
is written as, see details in [3],∫ l

0

(Tδε+ (T̃ + qτ )δuτ + (kgT +G+ qg)δug + (N + knT + qn)δun)ds = 0, (3)

where T̃ and G are corresponding pulling and dragging components, depending on the
constitutive equation for the frictional force. The advantages of this approach are a)
contact kinematics is precisely described; b) anisotropic friction law for the rope-surface
interaction can be easily incorporated; c) new analytical solutions such as generalized
Euler-Eytelwein formula, are obtained, see [3]. For the finite element implementation
eqn. (3) is used, while Darboux transformation matrix should be used to transform the
corresponding tangent matrices from both STS and CTC tangent matrices obtained ear-
lier, see in [1].
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