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In this paper contact with friction between three-dimensional elastic beams is analyzed.
A frictionless contact formulation between beams in 3-D space had been proposed in [1]. We
start from those results to complete the formulation by adding contributions due to friction. It
is assumed that the beams which are analyzed undergo large displacement, the strains remain
small and the beams cross-sections are deformed. To include this effect the classical
analytical result from Hertzian contact between two elastic cylinders is used [3]. The
frictional law is restricted to the case of Coulomb friction. The penalty method is applied to
enforce the normal contact constraints. The appropriate kinematic variables are defined and
discretised using the finite element method methodology.

Solution of a contact problem in the theory of elasticity concerning two bodies involves
finding a minimum of the potential energy functional II. Components resulting from the
presence of friction for all active constraints can be expressed in the following form:

51—1 = 5HTm +5HTS +5HFN = FTmn5ngn + FTsn5gTsn + FNégN (1)

Two separate values of tangential displacement g7, and gz, correspond to two independent
relative sliding movements on the beams m and s. The kinematic variables for contact points
are computed in the same way as in the analysis without the cross-section deformation [2].
The sliding criterion is checked in the form

f=Fr| - uFy <0 (2)
The trial value of the friction force in contact is calculated as
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where t,, and t; are unit tangent vectors. In the slip state the friction force is limited by the
maximal value ¢Fy and can be determined from the relations
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The normal force for the penalty method takes the form
Fy=¢én-gN ®)

where &y is the penalty parameter and gy is the value of penetration.

To detect contact we have to define the penetration function for two beams. To this end we
have to find two closest points lying on two curves of beams (m and s). After finding the
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position vectors X,,, and Xy, of the points C,,, and Cy, one can calculate the minimum distance
between the beams d, and define the penetration function. For beams with circular cross-
sections the penetration function can be written as

gN:dn_rm_rs-i_d (6)
where r,,, r; are the cross-sections radii and d is their change due to the deformation of the
cross-section calculated from Hertzian contact (Figure 1). The starting point to obtain the
value d is an analysis of contact between a rigid sphere and an elastic half-space [3]. The radii

change d is obtained from
V16 E23.R13

Here, at any iteration gy, is defined as independent on current displacements and its value
determined in the previous iteration is taken. Hence, in the iterative solution procedure the
radii change d in the current step can be evaluated using the normal gap from the previous
step.

The equation (7) is given for the circular contact region so we have to do some
approximation, i.e. we use the value of the effective radius R. When both bodies are elastic
the mean Young's modulus E must be use}d [3].

Figure 1. The contraction of radii of contacting sphere

The derivation of appropriate kinematic variables and their FE discretisation leading to the
residual vector and the consistent tangent stiffness matrix for the new contact element will be
presented at the conference together with numerical results.
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