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New materials have been introduced in the area of mechanisms and applications. 
Contemporary mechanical and mechatronic systems are focusing on minimizing size, active 
control and low energy consumption. All this attributes can be incorporated into term Micro 
Electro Mechanical Systems (MEMS) [1]. To improve performance of MEMS system, new 
materials and technologies are developed - one of them, which found broad application usage 
is Functionally graded material (FGM). MEMS application usually contains multi layers 
structure and in some application class MEMS systems contain piezoelectric layers. 
Piezoelectric structures offer facilities to make motions. Piezoelectric layers can be also used 
to damp vibrations as an active damping or as an active sensor. For better understanding these 
multiphysical problems new mathematical models are developed. 
To obtain basic FEM equations for piezoelectric material, principle of virtual work is used 
and basic FEM equations of piezoelectric element has form 

where e
uuK  is structural submatrix, e

ϕϕK  is electric submatrix and e
uϕK  and e

uϕK  are coupling 

submatrix of element. eF and eQ are element nodal forces and charges, respectively. eu and  
eφ are element nodal displacements and potentials, respectively. 

Fig. 1 shows piezoelectric beam element where core is made of functionally graded materials. 
Top and bottom layers are made of piezoelectric materials. Beam finite element has 6 
structural degree of freedom ( iu , iv , iφ , ju , jv , jφ ) and  4 electrical degree of freedom ( 1ϕ , 2ϕ ,

3ϕ , 4ϕ ). Structural loading is represented by 4 forces and 2 moments  ( xiF , yiF , iM , xjF , yjF ,

jM ) and electrical loading by 4 charges ( 1Q , 2Q , 3Q , 4Q ). 
The paper deals with homogenization of FGM material properties - where direct integration 
method [2] is used, and homogenization of core and piezoelectric layers - where multilayer 
method [3] is used. In the paper, there is presented the derivation of individual submatrices of 
local stiffness matrix, where concept of transfer constants [4] is used. Functionality of new 
FGM finite beam with piezoelectric layers is presented by numerical experiments. 
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Fig.1: Piezoelectric beam element with FGM core 
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