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A variety of technical applications, which use functionally graded materials (FGM) gene-
rates a need for stability analysis of structures made of these materials. Generally, these
investigations have focused on natural vibrations and stability of empty shells and only a
small number of resaerch papers are devoted to functionally graded shells containing fluid.
To our knowledge there is only one paper in the literature [1], which analyzes the shells
filled with incompressible fluid. However, fluid conveying structures with slightly non-
circular or non-circular cross-sections are extensively used in modern technologies. This
is a strong reason for the development of advanced numerical algorithms allowing us to
simulate their behavior. This paper presents a 3D formulation of the spectral problem and
finite element algorithm (FEM) for its numerical implementation, designed to investigate
natural vibrations and stability of prestressed functionally graded shells with arbitrary
cross-section interacting with a quiescent or flowing compressible fluid.
The motion of non-viscous fluid is described by the wave equation, which together with the
impermeability condition and appropriate boundary conditions are transformed using the
Bubnov–Galerkin method. Simulation of the shell with arbitrary cross-section is carried
out on the assumption that its curvilinear surface is approximated to sufficient accuracy
by a set of plane rectangular elements [2]. The strains are calculated using the relations of
the Kirchhoff–Love’s thin shells theory. A mathematical formulation of the dynamic shell
problem has been developed by applying the variational principle of virtual displacements
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P = {0, 0,−ρf (∂φ/∂t) , 0, 0, 0}
T; u, v and w are components of the displacement vector

of the shell; Vs and Ss are the shell domain and lateral shell surface; d and P are the
vectors of generalized displacements and hydrodynamic load on the surface Sσ; ρs and
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ρf are the densities of the shell material and fluid, respectively; D is the matrix of phys-
ical constants of FGM in which the effective properties are evaluated according to the
power law; (x, y, z) are the coordinates associated with the lateral surface of the shell;
φ is perturbation velocity potential. The entries of the matrix σ0 are determined from
the condition ETDε0 = σ0e. Here E is the matrix of linear multipliers, and vector ε0 is
found by solving the corresponding static problem Ksd = P 0, where P 0 is the vector of
static mechanical and thermal loads.
Using FEM we reduce the problem of the dynamic behavior of prestressed FGM shells
containing quiescent or flowing fluid to a coupled system of two equations which can be
transformed to a standard eigenvalue problem
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Here K = diag {Ks +Kg,Kf} is the stiffness matrix, M = diag {Ms,Mf} is the mass

matrix, C =
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is the hydrodynamic damping matrix, A =
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is the hydrodynamic stiffness matrix, Kg =
∫
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GTσ0GdS is the matrix of the geometrical
stiffness, I is the unit matrix, q and f are some functions of coordinates, G is the matrix
relating the strains e to the nodal displacements, ω is the complex characteristic quantity.
A more detailed description of the submatrices contained in (1) is presented in [3].
Several numerical examples have been considered to analyze the influence of linear dimen-
sions, fluid levels and boundary conditions on the natural frequencies, vibration modes
and hydrodynamic stability boundary of thin-walled functionally graded circular and el-
liptical cylindrical shells interacting with a quiescent or flowing fluid and subjected to
static mechanical and thermal loads. The effects of hydrostatic pressure and heating of
the lateral surface of the functionally graded shells on their dynamic characteristics are
evaluated. It is shown that the mechanical and hydroelastic stability boundary of such
structures can be controlled through the variation of the volume fraction of each con-
stituent material.
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