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Contact between beams is a special case in the 3D contact analysis. The usual assumption 

([2], [3]) in this situation is that the closest points can always be uniquely located for two 

beams, at least locally. In other words, the point-wise contact between beams is adopted. 

However, this is not true in some special cases, for instance when irregular assemblies of 

fibre-like objects are considered [1]. A more general approach should include possibilities 

when contacting beam-like objects form acute angles and are parallel or conforming. The 

presented contact finite element is a natural development of the previous one, which 

concerned the frictionless case [4].  

In this paper frictional contact between beams with circular cross-sections is considered. 

Friction is modelled using the Coulomb dry friction law. At each contact point two 

independent friction forces are introduced, each corresponds to a relative movement of a 

contact point along each beam. The analogy to plasticity [5] is used and the movement 

measure – the tangential gap, is split into stick and sliding parts. The non-associated flow rule 

is integrated using an incremental procedure. At each increment the penalty formulation is 

used to evaluate the friction force. Then the sliding condition is checked to determine stick or 

slip status. The formulation of the frictional point-wise contact was given in [3]. 

Now this approach is applied for the multiple-point contact. Following the lines of [4], two 

additional contact points Csnb, Csnf (back – b and forward – f) on the beam s are introduced 

using the local co-ordinate shift 
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as shown in Fig. 1. The corresponding contact points on the beam m follow from the 

orthogonality conditions.  

 

 

 

 

 

 

 

 

Figure 1. Additional contact pairs 
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The kinematic variables for friction, i.e. the relative sliding distance on the beams at each 

point are determined in the current configuration. This is shown for the back points in Fig. 2. 

The forward points are considered likewise. 

 

 

 

 

 

 

 

 

Figure 2. Increments of tangential gaps in the current configuration for back points 

 

The increments of the tangential gaps for the back points are determined as 
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where the position vectors for the previous back points, xmpb and xspb, are computed in the 

current configuration using the stored values of the local co-ordinates from the previous step, 

ξmpb and ξspb. The position vectors of the current contact points xmnb and xsnb, are obtained 

using the procedure detailed in [4]. The parameters smb and ssb control the orientation of 

sliding. Having defined in (2) the principal kinematic variables for friction one can formulate 

the friction contributions to the weak form for the three-point contact model 

TsfTsfTsTsTsbTsbTmfTmfTmTmTmbTmbsm gFgFgFgFgFgF δδδδδδδδδ +++++=Π+Π=Π  (3) 

where the notation FT with further subscripts represents the friction force at a given contact 

point for the current status of stick or slip, and δgT – the variation of the tangential gaps. The 

linearisation of the weak form (3) follows the same lines as for the standard point-wise 

contact formulation [3]. The specific expressions for the entries in (3) depend on the current 

sliding state, i.e. stick or slip. 

The finite element discretisation of the components of the weak form leads to the residual 

vectors, while that of the linearisation of the weak form – to the tangent stiffness matrices. 

These characteristic values are embedded into author's computer programs to check the 

performance of the new contact finite element. The results of these numerical analyses and 

comparison with the standard point-wise approach will be presented at the congress. 
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