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To overcome shortcomings of the standard finite element method (FEM), a class of numerical 
methods, known as the weakened weak (W2) form methods, have been recently developed [1]. 
The W2 methods have theoretical foundation on the so-called G space theory [2] that ensures 
the stability and convergence of the W2 methods. The G space theory was established based 
on the generalized gradient smoothing method (GSM) [3] developed based on the strain 
smoothing techniques [4]. The generalized GSM uses functions that may be discontinuous 
created using the general point interpolation methods (PIM) [5] using essentially only nodes 
in the problems domain. The W2 methods may use a background cells for efficient node 
selection and creation of smoothing domains. The background cells can be usually the 
simplest T-mesh (Triangular for 2D and Tetrahedral for 3D), and any FE mesh is usable. 
Therefore, W2 methods can also be, in general, viewed as methods that combine the meshfree 
methods [5] with FEM [6]. Because the W2 methods are often found working well with the 
T-mesh, and possess advantages of both meshfree and FEM methods, they are very powerful.  

Because of the G space theory is much more general than the counterpart of Hilbert 
space theory, much more diversified W2 methods can be developed [5]. So far, the developed 
W2 methods include the smoothed PIM (S-PIMs) [1] that use the PIM shape functions. The 
S-PIM can have various models depending on the use of different smoothing domains. When 
node-based smoothing domains are used, we have the node-based smoothed PIM or NS-PIM; 
when edge-based, we have the ES-PIM; when cell-based, we have the CS-PIM; and when 
face-based, we have the FS-PIM. One can even use combined node- and cell-based smoothing 
domains, leading to the so-called αS-PIM (or αPIM). Applications have showed crucial 
significances for these S-PIMs: (1) S-PIM models are always “softer” than the standard FEM, 
promising more effective numerical solutions; (2) S-PIM models give more freedom in 
constructing shape functions for special purposes or enrichments; (3) S-PIM models allow the 
use of distorted background meshes and even general n-sided polygonal meshes; (4) NS-PIM 
offers a much simpler tool to estimate upper bounds for many types of problems; (5) the αS-
PIM can offer solutions of ultra-high accuracy. 

Because S-PIMs are rooted from the meshfree methods, it is more involved in terms of 
formulation and model creation. A “watered-done” version of S-PIM is then proposed using 
the FEM shape functions, leading to the smoothed FEM (S-FEM) [8]. The S-FEM is the 
dimpliest version of S-PIM where the linear PIM shape functions are used. Because S-FEM 
uses FEM mesh, it has many similarities as FEM, and it still possesses most excellent 
properties of S-PIM, it is getting popularity. S-FEM models use the FE mesh but evaluate the 
weak form based on smoothing domains created based on cells/elements, or nodes, or edges or faces. 
The S-FEM also have variety of models including the CS-FEM [8][9], NS-FEM [10][11], ES-FEM) 
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[12], FS-FEM [13], and αS-FEM (or αFEM) [14]. The Because W2 models do not perform 
differentiation to the shape functions; it is extremely useful for field enrichments (e.g, at the crack-tip 
[15]-[20]). The S-FEM has also applied to acoustics [21] and heat transfer problems [22].  This talk 
with provide a general overview of the existing W2 methods including the S-PIMs and S-FEMs. 
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