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oelasti
ity.Abstra
t. This paper deals with an energy-entropy and momentum 
onsistent timeintegration of a single thermo-vis
oelasti
 
ontinuum. The developed ETC time integratoris based on a time dis
rete spatially weak �nite element formulation, but ful�lls the samebalan
e laws as the underlying �ve di�erential equations. Namely, in addition to thebalan
es of linear momentum, angular momentum and entropy, also the balan
es of totalenergy and Lyapunov fun
tion are ful�lled. The spatially weak formulation is obtainedby integration by parts. Where the resulting virtual stress power term is well-known, thevirtual entropy produ
tion by 
ondu
tion of heat is not so often applied, but ne
essaryfor entropy 
onsisten
y. The time dis
retisation is based (i) on the midpoint rule and (ii)on non-standard time dis
rete di�erential operators due to Os
ar Gonzalez. This timeintegrator is a further development of the TC integrator of Igna
io Romero.1 INTRODUCTIONIn this paper, we present a so-
alled stru
ture-preserving time integrator, whi
h pre-serve physi
al stru
tures of solution spa
es of time evolution equations as ODE, PDEand DAE. Examples of stru
tures are geometri
 
onstraints, 
onservation laws for en-ergy or linear and angular momentum as well as balan
e laws for entropy and Lya-1
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hpunov fun
tions. We distinguish between �nite di�eren
e and �nite element methods intime. Existing �nite di�eren
e methods are symple
ti
 methods [1, 2℄, energy-momentumtime stepping s
hemes [3℄, energy-dissipative s
hemes [4℄, variational integrators [5℄ andenergy-entropy 
onsistent (TC) integrators [6℄. These time stepping s
hemes are usuallyse
ond-order a

urate. In order to rea
h a higher-order a

ura
y, Galerkin's methodmay be applied. There are higher-order a

urate symple
ti
 methods [7℄, Galerkin-based energy-momentum methods [8℄, Galerkin-based energy dissipative methods [9℄,Galerkin-based variational integrators [10℄. Here, we present a �nite di�eren
e s
heme.2 PROBLEM DEFINITIONWe 
onsider the motion ϕ of a single 
ontinuum B (see Fig. 1 and [11℄). Total defor-mations are des
ribed by the deformation gradient F = ∇ϕ and the right Cau
hy-Greentensor C = F T F . Vis
ous deformations with respe
t to the intermediate 
on�guration
Vi are measured by the internal variable C i = F T

i F i. Being in motion in the ambientspa
e with the temperature Θ∞, the 
ontinuum possesses a linear momentum p = ρ0V , atemperature Θ = θ ◦ ϕ and an entropy s = Jsc ◦ ϕ. The body is loaded by volume loads
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Figure 1: Motion of a single 
ontinuum.
B and R and boundary loads T and Q. The dynami
al state of the body B is des
ribedby the total energy H = K + E 
onsisting of the energies

K =

∫

B0

k(p) dV =

∫

B0

1

ρ
p · p dV and E =

∫

B0

e(C, s, Ci) dV (1)The stability of this state is indi
ated by the Lyapunov fun
tion V = H − Θ∞S, where
S =

∫

B0

s dV and P = 2 F
δE

δC
(2)2
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hdenotes the total entropy and the �rst Piola-Kir
hhoff stress tensor, respe
tively. Thelatter depend on the given internal energy density e = eela(C) + ethe(C, s) + evis(C, Ci).Here, the notation δ(•)/δ(•) indi
ates the derivative of fun
tionals. The heat 
ondu
tionprovides Fourier's law Q = −κ J C−1∇Θ. The non-negative total dissipation
Dtot = Dcdu + Dvis = −

1

Θ
Q · ∇Θ

︸ ︷︷ ︸

≥0

−
δE

δCi
:
∂C i

∂t
︸ ︷︷ ︸

≥0

≥ 0 (3)emanates from the heat �ux Q and the internal variable Ci. The latter is determined bythe time evolution equation
∂C i

∂t
= −V̄

−1(Ci) :
δE

δCi
(4)where

V̄
−1(Ci) = C i V

−1Ci V
−1 =

1

2V dev
I
devT

+
1

ndimV vol
I
vol (5)leading to a positive-de�nite quadrati
 form with respe
t to the stress tensor δE/δCi.3 THE STRONG FORMSIn this se
tion, we re
all the lo
al di�erential equations or strong forms of the 
onsideredproblem and show their physi
al stru
ture.3.1 The derivation from the balan
es of linear momentum and entropyWe obtain two lo
al equations of motion from the balan
e of linear momentum

∫

B0

∂p

∂t
dV =

∫

B0

B dV +

∫

∂B0

T dA with T = PN (6)by introdu
ing the linear momentum p as independent variable by means of the Legen-dre transform of the material velo
ity V = ∂ϕ/∂t. Thus, we obtain
∂p

∂t
= DivP + B

∂ϕ

∂t
=

1

ρ
p ≡

δH

δp
(7)Analogously, we 
onsider two heat 
ondu
tion equations. The �rst strong form is thelo
al balan
e of entropy emanating from the entropy inequality prin
iple

∫

B0

Dtot

Θ
dV =

∫

B0

[
∂s

∂t
−

R

Θ

]

dV +

∫

∂B0

1

Θ
Q · N dA ≥ 0 (8)and the se
ond is the Legendre transform between temperature and entropy. In this way,we introdu
e the temperature also as an independent �eld, and obtain the two equations

∂s

∂t
=

1

Θ

[
Dvis + R − DivQ

]
Θ =

∂e

∂s
≡

δH

δs
(9)But the last heat 
ondu
tion equation is not a Hamiltonian state equation, due to thela
k of a time di�erential operator on the left side.3
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h3.2 The ful�llment of the balan
es of angular momentum and energyThe above strong forms also ful�ll the balan
es of angular momentum, total energyand Lyapunov fun
tion. The balan
e of angular momentum
∫

B0

[ϕ − x0] ×
∂p

∂t
dV =

︸︷︷︸

Eq. (7)

∫

B0

[ϕ − x0] × B dV +

∫

∂B0

[ϕ − x0] × T dA (10)is de�ned with respe
t to the referen
e point x0 = const.. Here, we have to taken intoa

ount the symmetry of the tensor PF . The balan
e of total energy
∂H

∂t
= Pmec + P the (11)results from adding the balan
e of me
hani
al and thermal energy. Thereby, the equationsof motion lead to the balan
e of me
hani
al energy

∫

B0

[
δH

δp
·
∂p

∂t
︸ ︷︷ ︸

∂k/∂t

+
δH

δF
:
∂F

∂t

]

︸ ︷︷ ︸

pint

dV =
︸︷︷︸

Eq. (7)

∫

B0

∂ϕ

∂t
· B dV +

∫

∂B0

∂ϕ

∂t
· T dA

︸ ︷︷ ︸

Pmec

(12)balan
ing kineti
 power and stress power with external me
hani
al power. The heat
ondu
tion equations lead to the balan
e of thermal energy
∫

B0

[
δH

δs

∂s

∂t
︸ ︷︷ ︸

pent

+
δH

δC i
:
∂C i

∂t

]

︸ ︷︷ ︸

−Dvis

dV =
︸︷︷︸

Eq. (9)

∫

B0

R dV −

∫

∂B0

Q · N dA

︸ ︷︷ ︸

P the

(13)balan
ing entropy power and vis
ous dissipation with external thermal power. The bal-an
e of Lyapunov fun
tion, given by
∂V

∂t
≡

∂H

∂t
︸︷︷︸

Eq. (11)

−Θ∞

∫

B0

∂s

∂t
︸︷︷︸

Eq. (9)

dV (14)results from the balan
e of total energy and entropy and provides the stability estimate
∂V

∂t
= −

∫

B0

Θ∞

Θ
Dtot dV ≤ 0 (15)without me
hani
al and thermal loads, but with temporally 
onstant thermal and me-
hani
al Diri
hlet boundary.4 THE TIME-CONTINUOUS SPATIALLY WEAK FORMULATIONIn this se
tion, we derive a spatially weak formulation, whi
h is the basis for a �niteelement method in spa
e. Thereby, we take into a

ount the aim of the exa
t ful�llmentof all above summarized balan
e laws with standard �nite elements.4
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h4.1 The derivation from the strong formsBy integration by parts, we obtain the well-known weak form
∫

B0

[

δϕ ·
∂p

∂t
+ ∇(δϕ) :

δH

δF

]

dV =

∫

B0

δϕ · B dV +

∫

∂B0

δϕ · T dA (16)of the �rst equation of motion with the well-known virtual stress power, and
∫

B0

δp ·

[
∂ϕ

∂t
−

δH

δp

]

dV = 0 (17)as the weak form of the se
ond equation of motion. The integration by parts
−

∫

B0

δΘ

Θ
DivQ dV =

∫

B0

∇

(
δΘ

Θ

)

· Q dV −

∫

∂B0

δΘ

Θ
Q · N dA (18)of the heat �ux leads to the weak form of the �rst heat 
ondu
tion equation, given by

∫

B0

[

δΘ
∂s

∂t
+

δΘ

Θ

δH

δC i
:

∂C i

∂t

]

︸ ︷︷ ︸

−Dvis

dV =

∫

B0

[
δΘ

Θ
R + ∇

(
δΘ

Θ

)

· Q

]

dV

−

∫

∂B0

δΘ

Θ
Q · N dA

(19)This weak form is not so often applied, but ne
essary for entropy 
onsisten
y. The weakse
ond equation of heat 
ondu
tion represents the weak 
onstitutive equation
∫

B0

δs

[

Θ −
δH

δs

]

dV = 0 (20)whi
h is 
omparable with a part of the �rst variation of a Hu-Washizu fun
tional [12℄.4.2 The ful�llment of all balan
e laws of 
ontinuum me
hani
sFirst, we 
hoose a 
onstant test fun
tion δϕ(X, t) = c = const. in the �rst weakequation of motion, and arrive at the balan
e of linear momentum
c ·

[∫

B0

[
∂p

∂t
− B

]

dV −

∫

∂B0

T dA

]

︸ ︷︷ ︸

Eq. (6)

= 0 (21)Then, we 
hoose the test fun
tions δϕ(X, t) = c × [ϕ(X, t) − x0] and δp(X , t) =
c × p(X, t) in the equations of motion. In this way, we obtain the balan
e of angu-lar momentum

c ·

[∫

B0

[ϕ − x0] ×

[
∂p

∂t
− B

]

dV −

∫

∂B0

[ϕ − x0] × T dA

]

︸ ︷︷ ︸

Eq. (10)

= 0 (22)5
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hby bearing in mind the symmetry of the tensor PF . The 
onstant test fun
tion δΘ(X, t) =
Θ∞ = const. in the �rst weak heat 
ondu
tion equation leads to the balan
e of entropy

Θ∞

[∫

B0

[
∂s

∂t
−

Dvis + R

Θ
−

Dcdu/Θ
︷ ︸︸ ︷

∇

(
1

Θ

)

· Q

]

dV +

∫

∂B0

1

Θ
Q · N dA

]

︸ ︷︷ ︸

Eq. (8)

= 0 (23)emanating from the entropy inequality prin
iple with Dtot ≥ 0. Furthermore, the testfun
tions δϕ(X, t) = ∂ϕ(X, t)/∂t and δp(X, t) = ∂p(X, t)/∂t lead to the balan
e ofme
hani
al energy
∫

B0

∂k/∂t
︷ ︸︸ ︷[
δH

δp
·
∂p

∂t
+

pint

︷ ︸︸ ︷

δH

δF
:
∂F

∂t

]

dV =

Pmec

︷ ︸︸ ︷∫

B0

∂ϕ

∂t
· B dV +

∫

∂B0

∂ϕ

∂t
· T dA

︸ ︷︷ ︸

Eq. (12)

(24)Next, we 
onsider the test fun
tions δΘ(X, t) = Θ(X, t) and δs(X, t) = ∂s(X , t)/∂t.This leads to the balan
e of thermal energy, given by
∫

B0

pent

︷ ︸︸ ︷[
δH

δs

∂s

∂t
+

−Dvis

︷ ︸︸ ︷

δH

δCi

:
∂C i

∂t

]

dV =

P the

︷ ︸︸ ︷∫

B0

R dV −

∫

∂B0

Q · N dA

︸ ︷︷ ︸

Eq. (13)

(25)Addition of Eq. (24) and (25) then leads to the balan
e of total energy
∂H

∂t
=

∫

B0

[
∂ϕ

∂t
· B + R

]

dV +

∫

∂B0

[
∂ϕ

∂t
· T − Q · N

]

dA

︸ ︷︷ ︸

Eq. (11)

(26)The balan
e of Lyapunov fun
tion is obtained in two ways. The �rst do not exploit thebalan
e of total energy and entropy, and is therefore also a

essible for other s
hemes.Here we 
hoose the test fun
tions δΘ(X, t) = Θ(X, t) − Θ∞ and δs(X, t) = ∂s(X , t)/∂tas well as add the balan
e of me
hani
al energy [8℄. We prefer to take the se
ond way,given by
∂V

∂t
=

∂H

∂t
︸︷︷︸

Eq. (26)

−Θ∞

∫

B0

∂s

∂t
dV

︸ ︷︷ ︸

Eq. (23)

(27)This 
orresponds to the pro
edure in Eq. (14) used for the strong forms.6
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Figure 2: The 
onsidered boundary 
onditions in the simulations.4.3 The 
onsidered boundary 
onditionsWe pres
ribe vanishing displa
ements on the Diri
hlet boundary ∂ϕB0, and a tran-sient tra
tion T̄ (t) on the Neumann boundary ∂TB0 (see Fig. 2). On the me
hani
alDiri
hlet boundary, we exploit the vanishing test fun
tion, su
h that
∫

∂B0

δϕ · T dA =

∫

∂ϕB0

δϕ
︸︷︷︸

=:0

·T dA +

∫

∂T B0

δϕ · T̄ (t) dA =

∫

∂TB0

δϕ · T̄ (t) dA (28)Then, we pres
ribe the ambient temperature Θ∞ on the Diri
hlet boundary ∂ΘB0, andan inward normal heat �ux Q̄(t) on the Neumann boundary ∂QB0 (see Fig. 2). Onthe thermal Diri
hlet boundary, we apply the Lagrange multiplier te
hnique [13℄ fordetermining the outward normal entropy �ux. Therefore, the boundary integral reads
∫

∂B0

δΘ

Θ
Q · N dA =

∫

∂ΘB0

δΘ λΘ dA −

∫

∂QB0

δΘ

Θ
Q̄(t) dA (29)and leads with the 
onstraint

∫

∂ΘB0

δλΘ [Θ − Θ∞] dA = 0 (30)to the temperature Θ∞ at the �nite element nodes on the thermal Diri
hlet boundary
∂ΘB0. The Lagrange multiplier λΘ denotes the outward normal entropy �ux of ∂ΘB0.5 THE TIME-DISCRETE SPATIALLY WEAK FORMULATIONAfter deriving the spatially weak forms, we 
onsider now their time dis
retisation byan integration rule and time-dis
rete di�erential operators.

7
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h5.1 The ETC integratorThe ETC integrator is represented by a time-dis
rete form of all evolution equations,whi
h preserve the balan
e laws of 
ontinuum me
hani
s in a dis
rete sen
e. We restri
tus to se
ond-order a

ura
y and apply the midpoint rule for integrating the weak forms.In order to rea
h exa
t ful�llment of the fundamental theorem of 
al
ulus in a dis
retesen
e, we apply the se
ond-order a

urate time-dis
rete di�erential operators ∆(•)/∆(•)and ∆P (•)/∆(•) [3℄. Consequently, for a single-variable fun
tion as the kineti
 energyand the state variables, we use the se
ond order a

urate time-dis
rete operator
∆f

∆z
=

∂f (zn+ 1

2
)

∂z
+

f (zn+1) − f (zn) −
∂f (zn+ 1

2
)

∂z
⊙ [zn+1 − zn]

[zn+1 − zn] ⊙ [zn+1 − zn]
[zn+1 − zn]

(31)for the fun
tions f ∈ {k, s, p, ϕ, Ci} with arguments z ∈ {t, s, p, C, C i}. The 
orre-sponding inner produ
ts are denoted by ⊙ ∈ { , ·, :}. This formula in
ludesSpe
ial 
ase 1: S
alar-valued z: ∆f

∆t
=

f(zn+1) − f(zn)

tn+1 − tnSpe
ial 
ase 2: Quadrati
 f : ∆k

∆p
=

∂k(pn+ 1

2
)

∂p
≡

1

ρ
pn+ 1

2

(32)For the total energy as multi-variable fun
tional, we use the se
ond-order a

urate parti-tioned dis
rete derivatives
∆P H

∆p
=

∆k

∆p
with k(p) and e(C, s, Ci)

∆P H

∆F
= F n+ 1

2

[

∆e

∆C

∣
∣
∣
∣
sn,Cin

+
∆e

∆C

∣
∣
∣
∣
sn+1,Cin+1

]

∆P H

∆s
=

1

2

[

∆e

∆s

∣
∣
∣
∣
Cn,Cin+1

+
∆e

∆s

∣
∣
∣
∣
Cn+1,Cin

]

∆P H

∆C i
=

1

2

[

∆e

∆Ci

∣
∣
∣
∣
Cn,sn

+
∆e

∆C i

∣
∣
∣
∣
Cn+1,sn+1

]

(33)
In this way, we approximate ϕ, p, s and C i globally 
ontinuous over the 
onsidered timeinterval [0, T ], and perform a midpoint evaluation (•)n+1/2 = [(•)n + (•)n+1]/2 of thesestate variables. The test fun
tions δpn+1 and δϕn+1 are 
onstant over the time step andadmit interelement dis
ontinuities. We obtain the time-dis
rete weak forms

∫

B0

δpn+1 ·

[
∆ϕ

∆t
−

∆P H

∆p

]

dV = 0

∫

B0

[

δϕn+1 ·
∆p

∆t
+ ∇(δϕn+1) :

∆P H

∆F

]

dV =

∫

B0

δϕn+1 · B 1

2
dV +

∫

∂T B0

δϕn+1 · T̄ 1

2
dA(34)8
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hThe transient loads are evaluated at the midpoint of the time step, whi
h indi
ate theindex 1/2. The time-dis
rete weak form of the heat 
ondu
tion equations are given by
∫

B0

δsn+1 ·

[

Θn+1 −
∆P H

∆s

]

dV = 0 (35)and
∫

B0

[

δΘn+1
∆s

∆t
+

δΘn+1

Θn+1

∆P H

∆C i
:

∆Ci

∆t

]

dV =

∫

B0

[

∇

(
δΘn+1

Θn+1

)

· Q 1

2
+

δΘn+1

Θn+1
R 1

2

]

dV

−

∫

∂ΘB0

δΘn+1 λn+1 dA +

∫

∂QB0

δΘn+1

Θn+1

Q̄ 1

2
dA(36)Note that both the temperature Θn+1 and the test fun
tion δΘn+1 are 
onstant overthe time step. This approximation is perfe
tly 
ompatible with the ideas that thermaldispla
ements, de�ned by Θ = ∂α/∂t [14℄, are 
ontinuous as the motion ϕ. The timeevolutions of the internal variable and the thermal Diri
hlet boundary nodes are de-termined by the time-dis
rete equations

∆Ci

∆t
+ V̄

−1(Ci
n+ 1

2

) :
∆P H

∆C i

= 0

∫

∂ΘB0

δλn+1 [Θn+1 − Θ∞] dA = 0 (37)A

ording to [7℄, the Lagrange multiplier is also 
onstant over the time step. Notethat this is also perfe
tly 
ompatible with the temperature approximation, be
ause theLagrange multiplier 
oin
ides with an entropy �ux.5.2 The ful�llment of time-dis
rete balan
e laws of 
ontinuum me
hani
sThe time dis
rete balan
e of linear momentum is obtained by δϕn+1(X) = c = const.,and takes the form
c ·

[∫

B0

[
∆p

∆t
− B 1

2

]

dV −

∫

∂T B0

T̄ 1

2
dA

]

︸ ︷︷ ︸Time dis
rete balan
e of linear momentum = 0 (38)Then, we 
hoose δϕn+1(X) = c ×
[
ϕn+1/2(X) − x0

] and δpn+1(X) = c × pn+1/2(X).The time-dis
rete balan
e of angular momentum is then given by
c ·

[∫

B0

[

ϕn+ 1

2
− x0

]

×

[
∆p

∆t
− B 1

2

]

dV −

∫

∂T B0

[

ϕn+ 1

2
− x0

]

× T̄ 1

2
dA

]

︸ ︷︷ ︸Time dis
rete balan
e of angular momentum = 0 (39)
9
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hThe time dis
rete balan
e of entropy is obtained by the test fun
tion δΘn+1(X) = Θ∞ =
const., and takes the form

Θ∞

[∫

B0

[

∆s

∆t
−

Dtot
1

2

+ R 1

2

Θn+1

dV +

∫

∂ΘB0

λn+1 dA −

∫

∂QB0

Q̄ 1

2

Θn+1

dA

]

︸ ︷︷ ︸Time dis
rete entropy inequality prin
iple with Dtot
1

2

≥ 0

= 0 (40)
Now, we 
hoose δϕn+1(X) = ∆ϕ(X)/∆t and δpn+1(X) = ∆p(X)/∆t. In this way, weobtain the time dis
rete balan
e of me
hani
al energy

∆K

∆t
+

1

2

[

∆E

∆t

∣
∣
∣
∣
sn,Cin

+
∆E

∆t

∣
∣
∣
∣
sn+1,Cin+1

]

=

∫

B0

∆ϕ

∆t
· B 1

2
dV +

∫

∂T B0

∆ϕ

∆t
· T̄ 1

2
dA

︸ ︷︷ ︸Time dis
rete balan
e of me
hani
al energy (41)Then, by 
hoosing δΘn+1(X) = Θn+1(X), δsn+1(X) = ∆s(X)/∆t and δλn+1(X) =
λn+1(X), we arrive at the time dis
rete balan
e of thermal energy

1

2

[

∆E

∆t

∣
∣
∣
∣
Cn,Cin+1

+
∆E

∆t

∣
∣
∣
∣
Cn+1,Cin

+
∆E

∆t

∣
∣
∣
∣
Cn,sn

+
∆E

∆t

∣
∣
∣
∣
Cn+1,sn+1

]

=

∫

B0

R 1

2
dV − Θ∞

∫

∂ΘB0

λn+1 dA +

∫

∂QB0

Q̄ 1

2
dA

︸ ︷︷ ︸Time dis
rete balan
e of thermal energy (42)
The time dis
rete balan
e of total energy is again obtained simply by adding the timedis
rete balan
e of me
hani
al and thermal energy. We arrive at the relation

∆H

∆t
=

∫

B0

[
∆ϕ

∆t
· B 1

2
+ R 1

2

]

dV +

∫

∂T B0

∆ϕ

∆t
· T̄ 1

2
dA − Θ∞

∫

∂ΘB0

λn+1 dA +

∫

∂QB0

Q̄ 1

2
dA

︸ ︷︷ ︸Time dis
rete balan
e of total energy (43)The time dis
rete Lyapunov balan
e is again obtained in two ways. First by 
hoosing
δΘn+1(X) = Θn+1(X)−Θ∞, δsn+1(X) = ∆s(X)/∆t, δλn+1(X) = λn+1(X) and addingthe time dis
rete balan
e of me
hani
al energy. Se
ond by subtra
ting the time dis
retebalan
es of total energy and entropy, whi
h means

∆V

∆t
=

∆H

∆t
︸︷︷︸Time dis
rete balan
e of total energy− Θ∞

∫

B0

∆s

∆t
dV

︸ ︷︷ ︸Time dis
rete balan
e of entropy (44)whi
h also eliminates the Lagrange multiplier.10
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h6 NUMERICAL EXAMPLEAs numeri
al example, we 
onsider a dis
, whi
h is bound between two plates (me
han-i
al Diri
hlet boundary ∂ϕB0), and partly uninsulated (thermal Diri
hlet boundary
∂ΘB0 (see Fig. 6). The motion is initiated by an initial velo
ity �eld, and the heat 
on-du
tion is for
ed by the thermal Diri
hlet boundary. For a small time step size, themidpoint rule and the ETC integrator 
ompute pra
ti
ally the same results: The ring
ools down to ambient temperature. But for a large time step size, the midpoint rulereveals its limited stability region. The midpoint rule tends to hour-glassing in the dis-pla
ements and waves in the temperature distribution in the radial dire
tion. This is
ontrary to the ETC integrator.
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Figure 3: Rail-bound partly uninsulated dis
.11
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