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Abstract. The existence of a single model, capable of predicting the crack spacing of both
natural and man-made materials, is investigated in the present paper. More precisely, the
relationship between crack spacing and the thickness of rock and concrete layers is herein
modelled with the Golden Scaling Law. In fact, as in the evaluation of fracture energy in
concrete, and of fracture toughness of ice and rock, the “Golden Ratio” (i.e., the number ¢ =
1.61803...) plays a fundamental role in the cracking phenomenon of brittle and quasi-brittle
materials. In other words, it can be argued that the centrality of Golden Ratio in the fracture
mechanisms of different materials has profound physical meanings. This aspect is confirmed
by several laboratory and in situ measurements regarding the crack pattern of both concrete
and rock structures.

1 INTRODUCTION

Depending on the scale of observation, many engineered and natural materials show
different mechanical behaviour. Thus, size effect theories, based on a multiscale approach,
analyse the intrinsic (due to microstructural constraints, e.g., grain size) and extrinsic effects
(caused by dimensional constraints), in order to improve the knowledge in the field of
material science and applied mechanics [1]. Nevertheless, several nonlinear problems of
structural mechanics cannot be solved by conventional approaches, because of the complexity
and uncertainty of materials properties, especially at different scales. It is sufficient to think,
for instance, to the concept of void nucleation, or to localisation of deformations at
microscopic level produced by the nonlinear phenomena occurring at mesoscopic level [2].

As in many natural phenomena, the results of several tests reveal that the fracture energy
and fracture toughness of natural and man-made materials, and the related size-effect, call the
Golden Ratio into play. For this reason, a simple model, capable of predicting the fracture
toughness and the fracture energy of brittle and quasi-brittle materials at different scales, has
been presented by Chiaia et al. [3]. The model is based on the Golden Ratio, ¢ = 1.61803...,
generally considered as the number of beauty and aesthetic pleasure in architecture and arts.
Moreover, in the case of concrete structures, Fantilli and Chiaia [4] also demonstrated that the
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Golden Ratio appears in the crack pattern of reinforced concrete ties and beams investigated
at different scales. Specifically, the distance between cracks in a specimen scaled by a factor
o = 2 must be ¢ times the distance measured when o = 1.

Also other natural crack patterns are generally associated with the scale of observation. In
Geology, for instance, it has long been established that lithology and thickness of competent
beds influence the spacing between the fractures on the earth’s crust [5]. However, a simple
and effective relationship capable of predicting the increase of fracture spacing with the
increase in layer thickness has not yet been established [6].

As the cracking in reinforced concrete structures and rock materials can be modelled in the
same manner (i.e., by means of nonlinear fracture mechanics applied to quasi-brittle materials
lying on a more ductile substratum), an unique model based on the Golden Scaling Law
(GSL) is herein used to analyse both the phenomena.

2 THEORETICAL DEFINITION OF THE GOLDEN SCALING LAW

If the magnitude of a physical property of a body increases with the geometrical
dimensions of the body, a size effect law having the form of a power function [7] can be
introduced:

s,

B
(8
where Dy = reference dimension; D = dimension at a generic scale; s°; = magnitude of the
physical property at reference dimensions; s, = magnitude of the physical property at a generic
scale; and § = exponent that has to be defined by fitting experimental and/or numerical data.
In some circumstances, when D = n Dy , and # is integer, s, increases of a factor ¢ with respect
to 5% (i.e., s;/s%= ¢ = 1.61803...).

In mathematics, ¢ is known as the Golden Ratio, or the divine proportion. A first definition
of the Golden Ratio was proposed by Euclid (300 b.C.). In particular, in the VI book of the
Elements, the third definition states: “A straight line is said to have been cut in extreme and
mean ratio when, as the whole line is to the greater segment, so is the greater to the less”.

In other words, in the line segment depicted in Fig.1, it is possible to localize a point where
the ratio of the whole line (A) to the large segment (B) is the same as the ratio of the large
segment (B) to the small one (C). Only when this ratio is equal to the Golden Ratio (i.e., to
the irrational number ¢), can the proportion be satisfied.

In physics, this number, intimately interconnected with the Fibonacci sequence (1, 2, 3, 5,
8, 13...), controls growth in several natural patterns. In fact, the limit of the ratios of two
successive terms of the series tends to the Golden Ratio.

Figure 1: Definition of the Golden Ratio.



A. P. Fantilli, B. Frigo and B. Chiaia.

When the Golden Ratio recurs in a size effect law, the exponent 3 in Eq.(1) can be
computed as follows:

_logn
logg

The numerical model proposed by Fantilli and Chiaia [4] and developed for the analysis of
crack pattern in reinforced concrete (RC) structures, suggests that B = 0.7. In fact, when the
geometrical dimensions of RC beams and ties are doubled (i.e., n = D/Dy = 2), the
corresponding values of crack spacing, s;, is ¢ times the value s°;.

Accordingly, the Golden Scaling Law (GSL) is simply the power function described by
Eq.(1), whose exponent § is computed with Eq.(2) and n» = 2 (and therefore B = 0.7). The
capability of GSL to predict the crack spacing of RC beams and ties and of rock materials as
well, is definitively proved in the next sections.

2.

3 EXPERIMENTAL OBSERVATIONS AND PREDICTION OF CRACK SPACING
IN CONCRETE AND ROCKS

Few experimental campaigns have been performed on natural and man-made materials in
order to evaluate the values of crack spacing at different scales. Some of them, regarding
reinforced concrete structures [8, 9, 10] and rocks [5, 6], are herein taken into consideration to
validate the proposed GSL (i.e., Eq.(1) with § = 0.7).

3.1 Test on RC ties and beams

Only if all the geometrical dimensions of the specimens are scaled, can the experimental
data be compared with the results of the GSL. This is the case of the RC ties tested by Tiberti
et al. [8], and made with four different types of cement-based composites. As shown in
Fig.2(a), cracking has been investigated at two scales (Dy = 50 mm and D = 100 mm) and the
values of the stabilized crack spacing, as well as the number of the visible cracks, are reported
in Table 1.

In this case, the ratio between the average values of crack distance (i.e., s’s = 72.3 mm and
sr= 113 mm) is very close to the Golden Ratio ¢. As a matter of fact, the point of coordinates
o=D/Do=2 and s/ s =113 mm /723 mm, as measured by Tiberti et al. [8], is adjacent to
the curve given by Eq.(1) (with § = 0.7) and depicted in Fig.3.

Similarly, in the experimental campaign conducted by Al-Fayadh et al. [9] on high-
strength concrete ties, the reference specimen was scaled of o = 1.33, and the corresponding
values of crack spacing are reported in Table 1. Also in this case, the point of coordinates
D/Do =80 mm /60 mm = 1.33 and s,/ 5% = 132.5 mm /102.5 mm is close to the proposed GSL
(see Table 1 and Fig.3).

The previous observations, which regard reinforced concrete members under tensile
actions, can be extended to RC beams in bending. In particular, Fig.2b shows the two types of
beams tested in four point bending by Swamy and Qureshi [10]. The first group of four beams
(oo =1) have geometrical dimensions equal to half those of the largest beams (o =2). In all
the beams, the crack pattern in the constant moment zone was registered, and both the number
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of the observed cracks and the corresponding distances are reported in Table 1. In the same
Table, the average distance between the cracks (i.e., s’; = 69.5 mm when a = 1, and s,= 113
mm when o = 2) is evidenced. Also for these beams, when the ratio D/Dy= 2, the tests give
s/ s° = ¢, and therefore the above experimental bending results are correctly predicted by the
proposed law (see Fig.3).

Table 1: RC ties and beams used to investigate the crack pattern at different scales.

. . Scale Number of Average crack
Test campaign Specimen .
factor cracks spacing (mm)
N50/10-0 1 7
N50/10-0.5M 1 14 72.3
N50/10-1M + m 1 17
. . N50/10-1M 1 14
Tiberti et al. [8] N100/20-0 > 5
N100/20-0.5M 2 7 113
N100/20-1M + m 2 10
N100/20-1M 2 7
HSC6 1 -- 102.5
Al-Fayadh et al. [9] HSC6 1333 - 132.5
MIA 1 11
MID 1 19
Mi1C 1 18 69-5
Swamy and Qureshi MI1D 1 18
[10] M2A 2 18
M3D 2 18
M4C 2 17 13
M5D 2 19
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Figure 2: The tests performed on concrete specimens: (a) RC ties by Tiberti et al. [8] and Al-Fayadh et al. [9];
(b) RC beams in four point bending by Swamy and Qureshi [10]
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@ Experimental (Al-Fayadh et al. [9])

% Experimental (Tiberti et al. [8])
——GSL [Eq.(1) with B=0.7]
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Figure 3: Comparison between the results of the proposed GSL and the experimental data measured on RC ties
and beams [8, 9, 10].

3.2 Laboratory and in situ measurements of crack spacing in rock materials

Earth’s crust is generally made of brittle fractured rocks lying on a more ductile substratum
(Fig.4a). As shown in Fig.4b, the larger the bed thickness, the larger the distance between
cracks [6]. During the '70s of the last Century, a linear relationship between crack spacing and
bed thickness was widely accepted. Obviously, the constant of proportionality was related to
the lithology of the bed. However, observing fractures in massive beds (greater than 1.5 m,
and localized in arid and desert areas), a nonlinear curve seems to better reproduce the
relationship between bed thickness and crack spacing. Such conjecture was also confirmed by
Ladeira and Price [5], who conducted further analyses on two different lithological beds.
More precisely, in situ measurements regarding the Jurassic Limestones of Figueira da Foz
(Portugal), showed that the relationship between bed thickness and crack spacing is
undoubtedly nonlinear (Fig.4b).

To investigate this phenomenon at the laboratory scale, both experimental and theoretical
analyses were performed by Mandal et al. [6]. In particular, they simulated the fracture of
earth’s crust by applying uniaxial tensile loads on a ductile substratum, on which a rigid layer
of Plaster of Paris was allocated (Fig.4c). As a result, the relationship between crack spacing
and bed thickness (Fig.4b) is similar to that existing between crack spacing and thickness of
the Plaster layer (Fig.4d).

To predict the crack pattern on the earth’s crust and on the Plaster of Paris, as well, Mandal
et al. also introduced an analytical model [7], which is quite similar to the tension-stiffening
model used by Fantilli and Chiaia [4] to compute crack width and crack spacing in RC ties
and beams. Thus, concrete embedding a steel rebar and brittle rocks on ductile substratum
behave in the same manner.
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Figure 4: Relationship between crack spacing and bed thickness: (a) fracture mechanism on the earth’s crust; (b)
on site measurements on Limestone [5]; (c¢) laboratory simulation of the fracture mechanism on the earth’s crust
[6]; (d) test results regarding the Plaster of Paris on a ductile substratum [6].

Due to this analogy, the previous observations, which refer to reinforced concrete members
under tensile and bending actions, can also be extended to the Jurassic Limestones of Figueira
da Foz and to the Plaster of Paris. Table 2 reports the values of crack spacing and of the
corresponding bed thickness in both the materials, as measured by Laidera and Price [5] and
Mandal et al. [6], respectively.

In all the cases, the average distance between the cracks, s;, when the bed thickness is
doubled (i.e., a = D/Dy = 2), is about ¢ times s (i.e., the value obtained when o = 1). Thus,
the centrality of the Golden Ratio for brittle materials has a profound physical meaning and
reveals the existence of a universal size-effect law of crack spacing. As a matter of fact, the
relationship between crack spacing and bed thickness is correctly predicted by means of the
proposed GSL (see Fig.5).
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Table 2: The experimental data regarding the relationship between crack spacing and bed thickness [5, 6].

Test campaign Bed thickness Crack spacing

(cm) (cm)

5.5 15.6

9.0 23.5

8.6 28.7

Laidera and Price [5] 18.9 32.8
(Jurassic Limestones 15.0 39.2
of Figueira da Foz) 17.8 44.2
48.9 61.2

52.5 67.9

57.0 74.9

0.35 1.44

0.34 1.68

Mandal et al. [6] 0.67 2.21
(Plaster of Paris) 0.82 2.72
1.1 3.03

1.6 4.06

2.0 4.89

& Experimental (Laidera and Price [5])
& Experimental (Mandal et al. [6])
——GSL [Eq.(1) with B=0.7]

Figure 5: The results of the proposed GSL compared with and experimental data [5, 6].

4 CONCLUSIONS

With the aim of finding a unique way of analysing the cracking phenomenon of RC
structures and rocks, a new size-effect law of crack spacing (i.e., the Golden Scaling Law -
GSL) has been presented. Based on the results of such law, which agree with the experimental
data measured in different laboratory and in situ analyses, the following conclusions can be
drawn:
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In similar RC beams and ties, the measure of crack distance increases with the
geometrical dimensions of the specimens. Similarly, on the earth’s crust, spacing
between fractures increases with the thickness of the rock bed.

As for some natural pattern, the Golden Ratio appears in the crack pattern of RC ties
and beams, and of rocks as well, investigated at different scales.

In all the cases investigated in the present paper, the size-effect law of the crack
spacing is strongly based on the Golden Ratio. Specifically, the distance measured on a
specimen scaled by a factor oo = 2 must be ¢ times the value measured when a = 1.

From the practical point of view, the proposed GSL (i.e., Eq.(1) with 3 = 0.7) can be used
to predict the crack pattern of large RC structures without knowing the material performances,
but by testing prototypes of lower dimensions. Conversely, in rocks mechanics, the estimation
of crack distances when rock thickness is known, and vice versa, can have important practical
applications in petroleum and gas industry, as well as in hydrology and waste management.
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