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Abstract. A computational plasticity model with accounting of coupled evolution of the 
dislocations, twins and grain boundaries in metals under the dynamic loading is presented. 
The model is based on our previous results for the dislocation plasticity and the grain 
boundary sliding, but generalizes them and accounts twins in addition. It includes equations 
of the mechanics of continua for elastic-plastic medium, where the plastic deformation tensor 
is determined as a result of the structural defects evolution in the material. The model is self-
consistent and allows determining of mechanical properties in wide range of strain rates and 
thermodynamic conditions as well as modification of the defect subsystems. The equations 
and parameters, its numerical implementation and some of obtained results are presented. 

 
 
1 INTRODUCTION 

Constitutive equations are necessary for numerical simulation of materials behaviour in the 
framework of continuum mechanics. Shear stresses in metals are determined by elastic-plastic 
properties and plasticity model is a substantial part of the constitutive equations. 
Experimentally obtainable rates of deformation vary from almost zero–at quasi-static 
deformation–up to 109 s–1–at the thin foils irradiation by the ultra-short laser pulses [1,2]. 
Therefore, the plasticity model is greeted to be a wide-range one, which means that it should 
be valid in a vide range of strain rates as well as in a wide range of thermodynamic 
parameters. Accounting of structural defects (dislocations, grain boundaries, micro-twins) as 
physical carriers of plasticity is a natural way to construct such a wide-range plasticity model. 

Here we present our plasticity model based on the structural defects evolution. Next 
processes are accounted: motion, generation and immobilization of dislocations [3,4], 
formation, growth and immobilization of twins [5], the grain boundary sliding [6,7]. 
Interaction of deferent defect subsystems is accounted through their barrier stresses. 

Evolution of defect subsystems is described through equations for their concentration (or 
density) and other characteristics (velocity of dislocations, radius and thickness of twins, for 
example). It allows to calculate the plastic strain tensor and the shear stresses–through the 
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generalized Hook’s law. Calculation of the structural defects evolution is performed in each 
physically small volume of metal simultaneously with calculation of its dynamic deformation 
on the basis of the continuum mechanics equations. Mechanical response of substance is 
calculated in this way as well as the defect subsystems modification [8]. 

2 MATHEMATICAL MODEL–CONTINUUM MECHANICS 

Total plastic strain of polycrystalline metal can be represented as a result of the combined 
action of three competing processes: i) the dislocation motion, ii) the mechanical twining and 
iii) sliding along the grain boundaries. According to this viewpoint, the plastic deformation 
tensor ikw  is represented by the next sum of three tensors: D tw gb

ik ik ik ikw w w w= + + , where D
ikw  is 

the part of plastic deformation caused by the dislocation motion, tw
ikw  is caused by the 

mechanical twinning and gb
ikw  is caused by the grain boundary sliding. Determination of these 

tensors through evolution of defect subsystems will be considered in the following section. 
The common part of the mathematical model consists of three conservation laws. The first 

one of them is the continuity equation: 

1
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(1) 

where ρ  is the substance density; kυ  is velocity vector; kx  is the Cartesian coordinates; N is 

the number of dimensions of the considered problem, index k  numerates space directions. 
The total time derivatives are used in Eq. (1) and following equations, which are valid for 
Lagrangian particles moving with substance. The equation of substance motion: 
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where P  is the pressure or spherical part of stresses, which is determined from a wide-range 
equation of state ( ),P P Uρ=  [9,10]; ikS  is the tensor of stress deviators, which characterizes 

the shear stresses; U  is the part of internal energy, connected with the spherical part of 
stresses, its value is determined from the energy conservation law in the next form: 
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(3) 

where the second term in the right-hand part is the heat release due to the plastic strain. 
The generalized Hooke law [11] with accounting of the plastic strain ikw  is used for 

determination of the stress deviators: 
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∑ K K , 
(4) 

where ( ),G G T P=  is the shear modulus, which depends on temperature and pressure [12]; 

ikδ  is the bivalent mixed tensor; iku  is the geometrical deformation, induced by the 
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macroscopic motion of substance, which is determined by the next equation: 

1
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il lk
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u u

dt x x x x x x
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∑ , 

(5) 

where the first term in the right-hand part is the infinitesimal strain rate tensor; the second 
term accounts for the change of the geometrical deformation tensor components in the 
laboratory coordinate system due to the substance rotation [13], which is essential for two- or 
three-dimensional cases. 

3 MATHEMATICAL MODEL–EVOLUTION OF STRUCTURAL DEFECT S 

Three main types of structural defects–dislocations, micro-twins and grain boundaries–are 
considered here together with their contributions in the total plastic strain. The particular case 
of monocrystal corresponds to zero contribution of the grain boundaries gb 0ikw = . Contribution 

of twining can be zero as well tw 0ikw =  for metals with the suppressed twining, aluminum for 

example. All three parts are accounted in the common case. 
Submodels of the dislocation plasticity and the mechanical twining consist of kinetics 

equations for defects ensembles and equations for corresponding contributions, Dikw  and tw
ikw , 

in the total plastic strain. Dislocations are characterized by scalar densities of mobile and 
immobilized dislocations and velocity of mobile dislocations; these quantities are determined 
for each possible slip system of dislocations in the considered metal and for each physically 
small volume of substance. Thus we use the continuous theory of dislocations. Twins are 
supposed to be cylindrical and characterized by concentrations of mobile and immobilized 
twins (with fixed boundaries), their radius and thickness. All possible crystallographic 
orientations of twins are also accounted. Submodel of the grain boundary sliding is more 
simple, it includes only equation for corresponding contribution gb

ikw , while the boundaries 

state and the grain size are supposed to be unchangeable. 

3.1 Dislocations 

The plastic deformation tensor of the dislocation plasticity D
ikw  can be found from the 

generalized Orowan equation [14]: 
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D
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(6) 

where the first term in the right-hand part is the plastic strain rate itself while the second term 
accounts rotation of the substance elements, like in Eq.(5). Index β  numerates the slip 

systems of dislocations in the material, which is characterized by the Burgers vector ibβ  and 

by the normal inβ  to the slip plane; D
βρ  is the dislocation density of mobile dislocations in the 

corresponding slip system; DV β  is velocity of these dislocations relative to the substance. 

One has to take into account the different crystallographic orientations of lattice in 
different grains for description of the polycrystalline metals. Simulations [3] had shown that 
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the most suitable oriented slip planes are activated first of all. Therefore, it is enough to 
account only such "active" planes, which orientations are close throughout the sample, 
regardless of the grain boundaries. This is very handy approximation, especially for the 
nanocristalline metals, where the grains are much smaller than the numerical grid resolution. 

The core of the dislocation plasticity model [3,4] consists of the motion and kinetics 
equations. The equation of dislocations motion is the next: 
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where ( )2

t1/ 1 DV cβ
βξ = −  is a quasi-relativistic factor [15], which reflects the restriction that 

tDV cβ < ; t /c G ρ=  is the transverse sound speed of the material; 16
0 10 kg/mm −≈  is the rest 

mass of dislocations; Y  is the static yield strength; B  is the phonon drag coefficient, it 
describes the viscous resistance to the dislocation motion [16]. Dislocations move only if the 
force of the shear stresses (the first term in the square brackets in Eq.(7)) is higher than the 
resistance of the Peierls relief, inclusions and other defects, which is / 2bY ; the sign “± ” 
means that the resistance is always directed opposite to the dislocation motion. 

The kinetics equations for mobile D
βρ  and immobilized I

βρ  dislocations [4]: 

D
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d

β
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Q Q Q
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β βρ

Q Q
t

= − , 
(8) 

where D
βQ  is the generation rate of the mobile dislocations; I

βQ  is the rate of immobilization; Da
βQ  

and Ia
βQ  are the annihilation rates of mobile and immobilized dislocations correspondently: 

( )a a D D D I D D2 /β β β β β β βQ k b V ρ ρ ρ V ρ d= + − ,         Ia a D D I
β β β βQ k b V ρ ρ= , (9) 

where ak  is the annihilation factor; d  is the grain diameter in polycrystals; b  is the modulus 

of Burgers vector of dislocations. Rates of generation and immobilization are the next: 

{ }2
D t D D

D

0.1
2 1βQ B c b Y Vβ β

βξ ρ
ε

 = ⋅ ⋅ − + ⋅ ⋅ ⋅  , 
(10) 

( )I I D 0 I
β β βQ V ρ ρ ρ= − , 

(11) 

where D 8 eV /bε ≈  is the energy of the dislocations formation per unit length. The multiplier 

in curly brackets in Eq. (10) is the energy dissipation rate per unit length of dislocation–it is 
the sum of work against the phonon friction and the work against the resistance force [15]. 
Eq. (11) describes the immobilization process, where parameter 7 2

0 10 cmρ −≈  is the minimal 

dislocations density, which is necessary for their consolidation in the structures [4]. This 
expression is written from the assumption that all excess mobile dislocations will be immobilized 
in structures with the characteristic time τIβ ≈ r Iβ/VI, where rIβ ≈ (ρI

β)−1/2 is the average distance 
between the immobile dislocations. Parameter VI means a characteristic velocity of the 
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dislocations movement during the process of consolidation; it is determined by internal stresses. 
The drag coefficient B depends on the temperature [17]: 

( ) ( )2 3 2 3
B b4 /B T k h cθ= ⋅ , (12) 

where Bk  is the Boltzmann constant; h is the Planck constant; θ is the parameter with the 

dimensionality of temperature. The static yield strength is determined by the following relation: 

0 I HP TW/ /Y Y AGb k d kρ= + + + ∆ , (13) 

where Iρ  is the total scalar density of immobilized dislocations (the sum over all slip planes); 

∆  is an average distance between the twins; A  is the interaction constant of dislocations, HPk  

is the Hall-Petch constant and TWk  is similar constant for twins. In the right-hand part of 

Eq.(13): 0Y  is the resistance of Peierls relief and point defects (inclusions); the second term is 

resistance of immobile dislocations (the Taylor law), the third term is contribution of grain 
boundaries (the Hall-Petch law) and the last term expresses the resistance of twins in a similar 
way to the grain boundaries [5]. 

Parameters of the dislocation plasticity model have been found in [4] by comparison with 
velocity histories of back surface at plate impact tests; they are presented in Tabel 1. 

 

Table 1: Parameters of the plasticity model 

Metal Al Cu Ni 
Y0, MPa 22 30 40 

θ , K 430 280 300 
A  6 4 0.3 

IV , m/s 5 2 1 

ν  0.357 0.337 0.3 
 

3.2 Twins 

Twining becomes an alternative plasticity mechanism at low temperatures and high strain 
rates [18,19]. The stacking fault energy SFγ  is the main parameter determining the material 

tendency to undergo the twining. Metals with low stacking fault energy (less than 0.1 J/m2), 
for example various steels, copper, silver, nickel and their alloys, are disposed to twinning. 

Plastic deformation caused by twinning can be expressed through its volume fraction: 

( )
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TW TW
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ik k l i l

i k k i il lk
l l k l i
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n n w w

dt dt x x x x
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    ∂ ∂ ∂ ∂ = + + − + −    ∂ ∂ ∂ ∂     
∑ ∑  

(14) 

where γα  is the volume fraction of twinned material; TWε  is the deformation of twinned 

material with respect to initial one, for example TW 1/ 2ε =  in fcc metals [19]; unit vectors 

k
γτ  and knγ  describes crystallographic orientation of twins; index γ  numerates all possible 
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orientations. The second term in the right-hand part plays the same role as in Eqs. (5) and (6). 
We suppose that twins are cylindrical and have the same radius and thickness in a 

physically small substance element, than the volume fraction is equal to 

( ) ( )TW TW TW IM IM IM2 2 ,N R h N R hγ γ γ γ γ γ γα π π= ⋅ ⋅ + ⋅ ⋅  (15) 

where TWNγ  and IMNγ  are the local concentrations of twins, mobile and immobilized 

correspondently; TWRγ  and IMRγ  are radiuses of mobile and immobilized twins; TWhγ  and IMhγ  

are their thicknesses. All these values are determined by the kinetics of twins. 
Energy of a twin consists of the surface part determined by the stacking fault energy, the 

energy in external stresses and the energy of elastic deformations of the surrounding matrix 
[20]. Differentiation of this energy over radius or thickness gives the forces tending to change 
the corresponding size of the twin: 

( ) ( )2

TW TW TW SF TW TW TW
1 1

4 2 2 ,
N N

R ik i k
k i

F R h S n R h hγ γ γ γ γ γ γ γπε τ πγ
= =

= ⋅ ⋅ − ⋅ + − Φ ⋅∑∑  
(16) 

( )2

TW TW SF TW TW TW
1 1

2 2 2 ,
N N

h ik i k
k i

F R S n R R hγ γ γ γ γ γ γπε τ πγ
= =

= ⋅ ⋅ − ⋅ − Φ ⋅∑∑  
(17) 

where ( ) ( )3 2
TW2 2 / 3 1 Gπ ν ν εΦ = − −   , ν  is the Poisson ratio (see Table 1). Growth of twin 

radius or thickness is connected with motion of twinning dislocations at its edges, which are 
the partial dislocations. The balance between the described above forces (expressions (16) and 
(17)) and the drag force acting on these dislocations allows one to find the growth equations: 

TW TW/ , /R h

dR dh
F B F B

dt dt

γ γ
γ γ′ ′= = , 

(18) 

where /3B B′ ≈  is the drag coefficient of partial dislocations. 
Expressions (16) and (17) give the critical radius crRγ  and the thickness crhγ  of twin at which 

forces are equal to zero–a twin larger than the critical one will grow up. Immobilized twins 
can not grow in radius but they can change its thickness similar to Eqs. (17), (18). 

The last part of the twinning model is the kinetics equations for concentrations of twins. 
We have written them from energetic consideration supposing that the twinning becomes an 
active channel of plastic strain then the dislocation plasticity becomes ineffective. Twins are 
experimentally observed usually then the dislocation plasticity is suppressed. Effectiveness of 
the dislocation channel is restricted by annihilation of dislocations (see Eq. (9)). A part of 
plastically dissipated energy spends on formation of new defects [21,22], but in conditions of 
active annihilation this energy can not be stored in the dislocation subsystem and should be 
stored in other types of defects, twins for example. Thus, the generation rate of twins 

( ) ( )( )2

TW D Da Ia cr SF 0/ 4β βN Q Q Rγ γε π γ γ+ = + ⋅& , 
(19) 

where Da Ia
β β

aQ Q Q
β

= +∑  is the total annihilation rate of dislocations; 0γ  is the total number 

of possible orientations of twins. A twin becomes immobilized then it reaches a grain 
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boundary or another twin; the immobilization rate can be written as follows: 

( )1 1
TW TW TW /N N dR dt dγ γ γ− − −= ⋅ ⋅ ∆ +& . (20) 

The average distance between the twins ∆  is connected with their volume fraction [18] 

( ){ }1
TW/ 1 hγ γ γ

γ
α α−  ∆ = −
 ∑ . Finally the required kinetics equations are the next: 

TW I
TW TW TW, .

dN dN
N N N

dt dt

γ γ
γ γ γ+ − −= − =& & &  

(21) 

Implementation of this twinning model to the plate impact tests gives results corresponding 
to the experimental observations as it had been shown in [5]. 

3.3 Grain boundary sliding 

Here we define the plastic strain gb
ikw caused by the grain boundary sliding. We consider a 

shift of a grains layer relative to another layer. Such shifts should take place along the 
directions of maximal shear stress first of all. Index α  numerates all possible planes of grains 
shifting; inα  is the unit normal to one of these planes. The force per unit square applied to the 

corresponding plane is equal to ik knασ , and the force component, which acts in the tangent 

direction iτ  to the plane, is equal to the convolution product ik k i ik k in S nα ασ τ τ= . We denote i
ατ  

as the direction of the tangent vector corresponding to the maximum shear stresses (tangential 
force) applied to the plane. Then the maximal shear stress acting on the layer of grains can be 
represented as ik i kS nα α α

τσ τ= . 

The shift of grain layer on one grain diameter demands for each grain in the sliding plane 
to deform two grains in the neighbor plains. It leads to appearance of a barrier resistance 
stress by  which depends on the grain size [6]. It is the stress which the external shear stresses 

must exceed for initiating of the grain boundary sliding. Viscous force appears in the grain 
boundaries due to diffusion, which counteracts the sliding of grain layers; it can be 
characterized by the relaxation time Τ . As a result, the next equation can be written for the 
plastic deformation caused by the grain boundary sliding [6,7]: 

gb
gb gb

1

1
.

2 2

N
ik b k l i l

i k il lk
l l k l i

dw y
n w w

dt G x x x x

α
α α τ

α

σ υ υ υ υτ
=

    − ∂ ∂ ∂ ∂ = + − + −    Τ ∂ ∂ ∂ ∂     
∑ ∑  

(22) 

This approach is similar to the Maxwell model for a highly viscous liquid [11] with an 
exception of the barrier resistance stress by . 

Using a linear approximation, one can obtain the following expression for the relaxation 
time of the grain boundary sliding [6] from data of the molecular dynamics simulation [23]: 

exp ,
12

sB

D s B

Uk T
d

Gb V k Tν
 

Τ =  
 

 
(23) 

where Dν  is the Debye frequency; 3~sV b  is the activation volume; sU  is the activation 
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energy–of the order of activation energy of viscous flow in the melt [24]. 
The next expression for the threshold stress by  had been obtained in [6] 

2

0.01 1 ,
1b

G
y

d

δ
ν
 = − −  

 

(24) 

where the grain boundary thickness δ  is about 1 nanometer. 

4 NUMERICAL IMPLEMENTATION 

The described above plasticity model is numerically realized in CRS computer program in 
1D and 2D cases. This program is designed to simulate various intensive actions on metal: 
high-speed impact, intensive electron, ion and laser irradiation. 

Method of separation by physical processes is used with the next subproblems: i) substance 
dynamics (Eqs. (1)-(3)); ii) dislocations kinetics and motion; iii) twinning; iv) grain boundary 
sliding. Equations for all these processes are solved independently on each time step, and the 
data exchange takes place at the end of each step. Subproblem of the substance dynamics are 
solved by modification of the numerical method [25]. Modification consists in eliminating of 
the artificial viscosity and accounting of the physical viscosity; it allows to obtain the stable 
numerical solution by using of a fine enough computational grid [26]. Eq. (7) for the 
dislocation velocity is solved with use of the approximate analytical solution [15]. All other 
equations are solved by Euler method with a varied time step. 

5 CALCULATION RESULTS 

In this section we present some results obtained with use of the described above plasticity 
model with the kinetics of structural defects. 

5.1 Strain rate dependence of the dynamic yield strength 

Fig. 1 presents our calculated strain rate dependences of maximum shear stress in the 
coarse grained copper (the limit d → ∞ ) with varied initial dislocation densities in 
comparison with the experimental and calculated data taken in its adapted form from [27]. A 
uniaxial compression of a small substance volume had been simulated with the constant strain 
rate / zυ ε∂ ∂ = &  to obtain each point of these dependences. 

The presented in Fig. 1 maximal shear stress is equal to the one half of the dynamical yield 
strength. The experimental and calculated dependences have two distinct regions: at the low 
and moderate strain rates the dynamic yield strength increases slowly with the strain rate–the 
regime of dislocation velocity control according to [27], while after some point the shear 
stress growth becomes very sharp–the regime of dislocation generation control [27]. This 
sharp growth of shear strength is a manifestation of the dislocation starvation, and the used 
dislocation plasticity model can uniformly describe both regimes. According to our modeling, 
the different strain rate dependences ascertained in [27] can be explained by different initial 
densities of structural defects (dislocations) in the loaded material. Increase of initial defects 
concentration leads to decrease of the shear strength at high strain rates 6 110 s−> . 

 



Alexander E. Mayer, Elijah N. Borodin and Polina N. Mayer. 

 9 

 

Figure 1: Strain rate dependences of maximal shear stress (the dynamical yield strength) for coarse-grained 
copper. Markers are experimental and calculated (MD) results of different authors taken from [27]. Lines present 

our simulation results for various initial dislocation densities. Scattering of experimental points at large strain 
rates can be explained by difference of the initial dislocation density of samples. 

5.2 Localization of plastic flow on the shock front 

The proposed model has been used for numerical investigation of the plastic flow 
localization [28]. Fig. 2 shows the picture of the plastic flow localization behind the shock 
wave front. The shock wave moves through a sample with the randomly perturbed dislocation 
density. One can see formation of the shear bands inclined on 45 degrees to the shock wave 
front. The similar results have been obtained for perturbation of grain size; any investigated 
perturbation leads to nonuniformity. 

6 CONCLUSIONS 

- Following the dynamics and kinetics of structural defects is a natural way to 
accounting of inertness of the plastic relaxation. This approach can be used for 
construction of a wide-range plasticity model as an important element of the 
constitutive equations for the continuum mechanics modelling. 

- Here we present the plasticity model which takes simultaneously into account the 
dislocations gliding, the twinning and the grain boundary sliding as competing 
plasticity mechanisms. This approach gives results corresponding to the experimental 
data. It can be extended further by accounting of additional physical processes. 

- The proposed approach allows to calculate the modification of defects subsystems 
and the correlated mechanical properties during the dynamic loading. 

- At the high strain rates 6 110 s−>  the inertness of plasticity plays the critical role: the 
shear strength depends very much on the initial concentration of defects. Increase of 
the initial dislocation density leads to the decrease of the shear strength at such 
conditions. 

This work is supported by grant of the President of Russian Federation (MD-286.2014.1) and 
by the Russian Foundation for Basic Research (Grant Nos. 12-02-31375, 14-01-31454). 
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Figure 2: Localization of plastic flow on the shock wave front: the shock wave propagation in aluminium with 

the randomly perturbed initial distribution of dislocation density; the plastic strain intensity (a) and the 
dislocation density (b). Formation of shear bands inclined on 45 degrees to the shock wave front. Velocity jump 

in the shock wave is 0.3 km/s, it moves downwards. 
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