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Abstract. An algorithm to generate random representative volume elements (RVE) of
the microstructure of materials with a large number of circular inclusions of constant
diameter is described. The type of problem that the algorithm addresses belongs to the
class of sphere packing problems, with important industrial and academic applications.
In fact, statistical mechanics of hard-sphere systems has generated considerable interest
by the scientific community from Boltzman (1898) [20] to the Bernal (1959)[2] works on
the model of the structure of liquids using random close packing (RCP), and many re-
searchers have contributed to this subject.

In this work, the general propose algorithm developed is able to generate models that
define the internal structure of unidirectional fiber reinforced composites and other mate-
rials, but can also be used for other types of applications. The proposed algorithm has a
linear complexity and it is based on a new and innovative geometric concept to distribute
the inclusions. The computational efficiency of this algorithm was compared with the
efficiency of other existing algorithm ([18]) revealing the advantages of the method. The
generated models have been combined with finite element analysis of materials subjected
to periodic boundary conditions and showed transversal isotropy of the material and good
agreement with experimental results.

1 INTRODUCTION

To describe the behavior of the materials attending to their internal structure, homog-
enization techniques have been applied in the last decades. See for instance [3, 4, 5, 6, 7,
8,9, 10, 11].

The endeavor on homogenization research is motivated by the increment of the computa-
tional power available, the advances of the simulation models, the interest of industry to
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improve the reliability of predictions, and the aim to design tailored materials for specific
proposes. Important classes of tailored materials are: (1) dispersed particle microstruc-
tures, (2) continuous fiber microstructures, (3) discontinuous fiber, whisker or elongated
single crystal microstructures, (4) fabric woven braid microstructures. [12]

Many studies such as [13] and [14] conclude that the generation of representative volume
elements (RVE) is an important issue in the simulations, because can be a time costly
procedure and because over simplifications can induce a pour representation of important
phenomena leading to bad results.

In this work a new algorithm with linear complexity that is able to generate distribu-

tions of 2D disks, randomly packed is proposed. The algorithm can easily be extended
for 3D or other dimensional problems.
Preformance analysis of the algorithm is presented. The generated models have been
used for finite element analysis of materials subjected to periodic boundary conditions
and showed transversal isotropy of the material and a good agreement with experimental
results.

2 DESCRIPTION OF THE ALGORITHM

The algorithm described in Figure 1 follows the random sequential addition (RSA)
scheme, with some important modifications. The basic idea of the algorithm is to intro-
duce each inclusion (fiber) after another in a sequential manner. However, the ability to
introduce new inclusions and the regions of the RVE where those new inclusions can be
placed is wisely evaluated after each new inclusion is introduced. In this way, the position
where each new inclusion is placed is directly chosen without collision tests. The absence
of collision tests results in a huge reduction of the algorithmic complexity.

3 PERFORMANCE ANALYSIS analysis

In order to verify the performance of the algorithm and compare it with others, tests
have been performed with different RVEs. For a constant inclusion volume fraction
¢. = 0.58, models with different ratios of edge length a and inclusion radius R have been
generated and the time has been measured. The results obtained for different relations
(a/R) with the present algorithm and the one proposed in [18] are described in Table 1.

It can be concluded that the proposed algorithm, in comparison with the referenced
algorithm, allows to produce RVE models in significant less time.

4 STATISTICAL CHARACTERIZATION OF THE MODELS

The randomness of the inclusion distribution can be quantified numerically, using stat-
ically procedures. A review of such statistical procedures can be found in [18].
In order to compare the statistical characterization of the proposed algorithm with the
one in [18], the same statistical procedures and variables were adopted.
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Figure 1: Flowchart of the overall algorithm

Five models were generated with the described algorithm considering an RVE size of
50 inclusion radius (50R) and a fraction of inclusions ¢. = 0.56. For each of the models
a distribution of Voronoi areas and a distribution of neighboring inclusion distances was
been obtained. For each distribution, the coeflicient of variation of the the areas (p4) and
distances (pp) was computed, according the expression (1).

_ox)
p(x) = )’ (1)
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Table 1: Time required to generate the models (inclusion volume fraction ¢. = 0.58) for different edge
length per radius relations (a/R)

RVE size Computation Time (min)
a/R Proposed method Melro[18]

30 0.07 0.36
50 0.17 0.62
70 0.35 1.09
100 0.64 1.71
120 0.98 2.95
150 1.76 6.10

where x is the random variable, o(x) is the standard deviation and u(x) is the mean.
Table 2 presents the average values obtained for the described algorithm, together with
the ones provided by [18].

Table 2: Coefficient of variation for Voronoi polygon areas and distances to neighbor inclusions

Method PA PD
Proposed method 0.144 0.193
Melro[18] 0.137  0.196
Wongsto[16] 0.129 0.190
Matsuda’s Y-distribuition[30] 0.106 0.190
Matsuda’s point distribuition[30] 0.135 0.256

For the Voroni areas, the proposed method appears to originate higher values of vari-
ation than the other methods. For the distance to the neighbor inclusion, the proposed
method obtains values near to the ones obtained with the other methods except in the
case of Matsudas point distribution, where the variation is much larger than in the other
methods.

5 MICROMECHANICAL CHARACTERIZATION OF THE MODELS
5.1 Material definition

Panels of a unidirectional E glass fiber/913 epoxy resin composite described in [29]
were considered. The material has a fibre radios of R = 15um a fibre volume fraction
¢. = 0.54 and the elastic properties of the matrix and fibres are defined in the table 3.

5.2 Model definition

A set of 400 models has been generated using the algorithm described in the previous
sections. The generated models have a square shape with the edge of 50 radius of inclusions
(50R). It was assumed that the real material is a repetition in a periodic pattern of the

4
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Table 3: Material properties

Propreties  Young’s moduli E(Gpa) Poison’s ratio v
Epoxy resin 5.32 0.365
E-glass fiber 72.5 0.20

generated models. Therefore, the left and bottom edges must match geometrical with the
right and top respectively. A model generated with the proposed algorithm is depicted in
Figure 2.

Figure 2: Model allowing a geometrical periodic pattern assumption for the real material (¢ = 50R and
¢ = 0.54).

A plane strain state was considered and isoparametric planar triangular elements with
3 nodes and 1 gauss point have been used. An average of 73000 nodes and 145000 elements
per model have been used. A detail of the refinement of the generated meshes is presented
in Figure 3. The meshes have been generated using Delaunay tessellation according to
the process suggested in [18].

5.3 Homogenization strategy

The simulations have been performed with a user developed academic software of micro-
scale simulation based on FEM. In the calculations, the strain field is prescribed to the
RVEs using boundary conditions and the equivalent homogenized stress is computed.
Periodic boundary conditions have been employed in the current study, which have been
enforced such that the displacement on a pair of opposite nodes of the boundary surface
(with their normal along the Y; axis) is given by expression (x) according to [1].

ut =l =gyl —yl) =l (2)
In equation (2), the index j+ means along the positive Y; direction, while the index j—
means along the negative Y; direction and Ayj is constant representing the edge length

5
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Figure 3: Detalil of the refinement of the used mesh

of the RVE in the direction j.

For each model three different small deformations corresponding to three small strains
€ have been applied and the respective stress ¢ has been computed.

The obtained stress and strain allows the determination of the compliance matrix C'
of the material that respects the relation (3).

c=Ce (3)

The homogenized properties have been obtained directly from the compliance matrix
C' components according the expression (4).

E,=1/C

E2 = 1/022
v = —Co1 By (4)
vo1 = —Chp By

G12 - 1/(2 066)

Where E is the the Yong’s moduli, v is the Poisson’s ratio and G is the shear modulus,
the numeric indexes 1 and 2 denote the directions orthogonal to the fibres.

5.4 Results

The table 4 shows the experimental measured properties and a summary of the numer-
ical analysis.

The transversal isotropy is verified by the relations Fy = Fs, v15 = v5 and
Gy = G{le = % that are expressed in term of ratios in the table 5.

The results show a good agreement between the experimental results and the numerical
predictions. The relations between homogenized properties confirm that the use of the
proposed algorithm conducts to isotropic models.
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Table 4: Comparison of experimental and numerical determined properties

Experimentalf Mean Std. Dev. Error(%) Gusevi

E;1(GPa) 17.1 16.816 0.1295 1.7 16.0
E5(GPa) 17.1 16.792 0.1675 1.8 16.0
V12 0.391 0.444 0.00421 13.6 0.410
V21 0.391 0.442 0.00627 13.1 0.410
G12(GPa) 6.07 5.829 0.0517 4.0 5.61

1 values mentioned in [29] and assumption of traversal isotropy

Table 5: Verification of transversal isotropy

Zalc
Eivay Ey vis Gz ®
Eovio Vo1 G2

B
Mean values 1006 1.001 1.005 1.001

6 CONCLUSIONS

A new algorithm which is able to generate a geometrical definition for the internal
structure of unidirectional fiber reinforced composites was presented. This algorithm can
be applied in many other types of engineering problems. Because of the linear complexity
(O(n)) of the algorithm it is highly efficient in the generation of large models. Which was
confirmed by performance testes. Simulations to predict the mechanical behavior of a
composite fiber glass material, using the FEM method and homogenized techniques have
been performed. The results show a good agreement with the experimental data. The

transversal isotropy of the generated models was also confirmed.

REFERENCES

[1] Xia, Z., Zhang, Y., Ellyin, F. A unified periodical boundary conditions for representa-
tive volume elements of composites and applications. International Journal of Solids
and Structures, 40(8):1907-1921, 2003

[4] V. Kouznetsova, WAM Brekelmans, and FPT Baaijens. An approach to micro-macro
modeling of heterogeneous materials. Computational Mechanics, 27(1):37-48, 2001.

[5] V. Kouznetsova, MGD Geers, and WAM Brekelmans. Multi-scale constitutive mod-
elling of heterogeneous materials with a gradient-enhanced computational homog-

J.D Bernal. A geometrical approach to the structure of liquids. Nature,(183):141-147,

O. Van der Sluis, PJG Schreurs, and HEH Meijer. Effective properties of a viscoplastic
constitutive model obtained by homogenisation. Mechanics of materials, 31(11):743-

759, 1999.



H.D. Miranda, F.M. Andrade Pires and A.T. Marques

[6]

[7]

[10]

[11]

[12]

enization scheme. International Journal for NumericalMethods in Engineering,
54(8):1235-1260, 2002.

IM Gitman, H. Askes, and LJ Sluys. Representative volume: FExistence and size
determination. Engineering fracture mechanics, 74(16):2518-2534, 2007.

V. Phu Nguyen, O. Lloberas-Valls, M. Stroeven, and L. Johannes Sluys. On the
ezxistence of representative volumes for softening quasi-brittle materials: a failure
zone averaging scheme. Computer Methods in Applied Mechanics and Engineering,
199(45):3028-3038, 2010.

M. Stroeven, H. Askes, and LJ Sluys. Numerical determination of representative
volumes for granular materials. Computer methods in applied mechanics and engi-
neering, 193(30):3221-3238, 2004.

K. Terada, M. Hori, T. Kyoya, and N. Kikuchi. Simulation of the multiscale conver-
gence in computational homogenization approaches. International Journal of Solids
and Structures, 37(16):2285-2311, 2000.

DCD Speirs, EA de Souza Neto, and D. Peri¢. An approach to the mechanical consti-
tutive modelling of arterial tissue based on homogenization and optimization. Journal
of biomechanics, 41(12):2673-2680, 2008.

J. Ghanbari and R. Naghdabadi. Nonlinear hierarchical multiscale modeling of
cortical bone considering its nanoscale microstructure. Journal of biomechanics,
42(10):1560-1565, 2009.

TT Zohdi. Computational optimization of the vortex manufacturing of advanced ma-
terials. Computer methods in applied mechanics and engineering, 190(46):6231-6256,
2001.

D. Trias, J. Costa, JA Mayugo, and JE Hurtado. Random models versus periodic
models for fibre reinforced composites. Computational materials science, 38(2):316-
324, 2006.

O. Van der Sluis, PJG Schreurs, WAM Brekelmans, and HEH Meijer. Overall be-
haviour of heterogeneous elastoviscoplastic materials: effect of microstructural mod-
elling. Mechanics of Materials, 32(8):449-462, 2000.

F. Feyel and J.L. Chaboche. FE? multiscale approach for modelling the elastovis-
coplastic behaviour of long fibre sic/ti composite materials. Computer methods in
applied mechanics and engineering, 183(3):309-330, 2000.



H.D. Miranda, F.M. Andrade Pires and A.T. Marques

[16]

[17]

18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

[28]

A. Wongsto and S. Li. Micromechanical fe analysis of ud fibre-reinforced composites
with fibres distributed at random over the transverse cross-section. Composites Part
A: Applied Science and Manufacturing, 36(9):1246-1266, 2005.

S. Héfner, S. Eckardt, T. Luther, and C. Konke. Mesoscale modeling of concrete:
Geometry and numerics. Computers and structures, 84(7):450-461, 2006.

AR Melro, PP Camanho, and ST Pinho. Generation of random distribution of fibres
in long-fibre reinforced composites. Composites Science and Technology, 68(9):2092-
2102, 2008.

YT Feng, K. Han, and DRJ Owen. Filling domains with disks: an advancing front
approach. International Journal for Numerical Methods in Engineering, 56(5):699-
713, 2002.

S. Torquato and F.H. Stillinger. Jammed hard-particle packings: From Kepler to
Bernal and beyond. Reviews of Modern Physics, 82(3):2633, 2010.

S. Torquato, T.M. Truskett, and P.G. Debenedetti. Is random close packing of spheres
well defined? Physical Review Letters, 84(10):2064-2067, 2000.

VA Buryachenko, NJ Pagano, RY Kim, and JE Spowart. Quantitative description
and numerical simulation of random microstructures of composites and their effective
elastic moduli. International journal of solids and structures, 40(1):47-72, 2003.

D.W. Cooper. Random-sequential-packing simulations in three dimensions for
spheres. Physical Review A, 38(1):522, 1988.

C.H. Bennett. Serially deposited amorphous aggregates of hard spheres. Journal of
applied physics, 43(6):2727-2734, 1972.

DS Boudreaux and JM Gregor. Structure simulation of transition metal-metalloid
glasss. Journal of Applied Physics, 48(1):152-158, 1977.

C. Wellmann, C. Lillie, and P. Wriggers. Homogenization of granular material mod-
eled by a three-dimensional discrete element method. Computers and Geotechnics,
35(3):394-405, 2008.

WS Jodrey and EM Tory. Computer simulation of close random packing of equal
spheres. Physical review A, 32(4):2347, 1985.

K. Han, YT Feng, and DRJ Owen. Sphere packing with a geometric based compression
algorithm. Powder Technology, 155(1):33-41, 2005.



H.D. Miranda, F.M. Andrade Pires and A.T. Marques

[29] A.A. Gusev, P.J. Hine, and [.M. Ward. Fiber packing and elastic properties of a trans-
versely random unidirectional glass/epozy composite. Compositesscience and Technol-
ogy, 60(4):535-541, 2000.

[30] T. Matsuda, N. Ohno, H. Tanaka, and T. Shimizu. Effects of fiber distribution on
elasticviscoplastic behavior of long fiber-reinforced laminates. International Journal
of Mechanical Sciences, 45(10):1583-1598, 2003.

10



