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1 IntrodutionIn our researh group, stress singular analysis is arried out based on element freeGalerkin method [1℄, �nite element method [2℄ and boundary element method [3℄. Inase that stress intensity fator around rak tip or near vertex on interfae of dissim-ilar material joints is obtained based on methods by numerial analysis, a lot of nodesshould be prepared around rak tip or near vertex on interfae of dissimilar materialjoints. Therefore, a lot of researhes investigate type of singular element. Guzina et. al.investigate di�erene of stress intensity fator by order of interpolation and number ofnodes in 3D boundary element analysis [4℄. In addition, Ong et. al. proposed severaltypes of singular element on singular line and at vertex in potential problems based on3D boundary element analysis [5℄. In both referene, better solution is obtained by usingsingular element in omparison with ase using onventional element.In ase of �nite element analysis, Meshii et. al. and Akin have proposed singular elementaround rak tip[6℄,[7℄. Moreover, Georgiou et. al. have investigated singular element in�nite element ow analysis[8℄. In all of papers, target model is 2D model, and it is diÆultto �nd tehnial papers for appliation of singular element for 3D model. In this study,we fous on singular element proposed by Akin, and extend the element to 3D model,examine appliability of the element to 3D dissimilar material joint model. In addition,though order of singularity an be obtained by methodology proposed by Bogy in 2D



T.Kurahashi, Y.Watanabe, T.Kondo and H.Koguhimodel[9℄, it is diÆult to analitially obtain order of singularity in 3D model. Therefore,it is neessary to numerially obtain order of singularity in ase of 3D model. In thisstudy, numerial proedure shown in referenes[10℄, [11℄ is applied to obtain 3D order ofsingularity in this study. Moreover, we larify validity of Akin singular element extendedto 3D model by mathematial formulation.2 Shape funtion for onventional and Akin singular elements in FEMIn ase that �nite element analysis is arried out, shape funtion in linear tetrahedronelement is written as Eq.(1). 8>><>>: N1 = 1� � � � � �N2 = �N3 = �N4 = � (1)Here, N1, N2, N3 and N4 denote shape funtion, and �, � and � indiate volume oordi-nate. There is harateristi in shape funtion suh that summation of shape funtion isequal to one. In 1976, Akin proposed speial singular element onsidering stress distri-bution in singularity �eld under harateristi of shape funtion. Shape funtion in Akinsingular element is denoted as Eq.(2).8>>>><>>>>: SN1 = 1� 1�N1(�;�;�)R(�;�;�)SN2 = N2(�;�;�)R(�;�;�)SN3 = N3(�;�;�)R(�;�;�)SN4 = N4(�;�;�)R(�;�;�) (2)Here, Eq.(2) is de�ned suh that origin of �-� oordinate system is orresponding to sin-gularity point, and funtion R is written as Eq.(3). In Eq.(3), parameter �vertex indiatesorder of singularity at vertex.R(�; �; �) = (1�N1)�vertex = (� + � + �)�vertex (3)Here, alulating derivative of shape funtion SN1, SN2, SN3 and SN4 with respet tox, y and z, Eq.(4) is obtained.8<: �SNi�x�SNi�y�SNi�z 9=; = 2666664 �x�� �y�� �z���x�� �y�� �z���x�� �y�� �z��
3777775�18<: �SNi���SNi���SNi�� 9=; (4)Final form of right hand side vetor is expressed as Eqs. Eq.(5) - Eq.(7). Eq.(4) isapplied to elements inluding singular point and derivative of shape funtion for on-ventional linear tetrahedron element is applied to the other elements. Comparison of2



T.Kurahashi, Y.Watanabe, T.Kondo and H.Koguhidistribution of shape funtion between linear tetrahedron and Akin singular elements inase of �vertex=0.50 is shown in Fig.1.8>>><>>>: �SN1���SN2���SN3���SN4��
9>>>=>>>; = 8>>><>>>: (1� �vertex)�N1�� (1�N1)��vertex�N2�� (1�N1)��vertex + �vertex �N1�� N2(1�N1)�(1+�vertex)�N3�� (1�N1)��vertex + �vertex �N1�� N3(1�N1)�(1+�vertex)�N4�� (1�N1)��vertex + �vertex �N1�� N4(1�N1)�(1+�vertex) 9>>>=>>>; (5)8>>><>>>: �SN1���SN2���SN3���SN4��
9>>>=>>>; = 8>>><>>>: (1� �vertex)�N1�� (1�N1)��vertex�N2�� (1�N1)��vertex + �vertex �N1�� N2(1�N1)�(1+�vertex)�N3�� (1�N1)��vertex + �vertex �N1�� N3(1�N1)�(1+�vertex)�N4�� (1�N1)��vertex + �vertex �N1�� N4(1�N1)�(1+�vertex) 9>>>=>>>; (6)8>><>>: �SN1���SN2���SN3���SN4�� 9>>=>>; = 8>><>>: (1� �vertex)�N1�� (1�N1)��vertex�N2�� (1�N1)��vertex + �vertex �N1�� N2(1�N1)�(1+�vertex)�N3�� (1�N1)��vertex + �vertex �N1�� N3(1�N1)�(1+�vertex)�N4�� (1�N1)��vertex + �vertex �N1�� N4(1�N1)�(1+�vertex) 9>>=>>; (7)

3 Mathematial Proof for Akin Singular Element Extended to 3D ModelUsing shape funtion of Akin singular element, Unknown physial variable u is expressedas Eq.(8).u(�; �; �) = SN1u1 + SN2u2 + SN3u3 + SN4u4= 1� 1�N1(�; �; �)R(�; �; �) u1 + N2(�; �; �)R(�; �; �) u2 + N3(�; �; �)R(�; �; �) u3 + N4(�; �; �)R(�; �; �) u4= u1 + (u2 � u1) �(� + � + �)�vertex+ (u3 � u1) �(� + � + �)�vertex + (u4 � u1) �(� + � + �)�vertex (8)Representing �; �; � by spherial oordinate system, Eq.(8) is written as Eq.(9)(Fig.2).u(�; �; �) = u1 + �(u2 � u1)sin(�)os(�)s(�; �)�vertex+ (u3 � u1) sin(�)sin(�)s(�; �)�vertex + (u4 � u1) os(�)s(�; �)�vertex �r1��vertex= u1 + f1(�; �)r1��vertex (9)where s(�; �) indiates (sin�os�+ sin�sin�+ os�).3
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(b) SN4 (�vertex=0.50)Figure 1: Comparison of distribution of shape funtion between linear tetrahedron (N1-N4) and Akinsingular elements (SN1-SN4)
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Figure 2: Spherial oordinate systemIn addition, Representing oordinate x by spherial oordinate system, Eq.(10) is ob-tained.x(�; �; �) = N1x1 +N2x2 +N3x3 +N4x4= x1 + (x2 � x1)� + (x3 � x1)� + (x4 � x1)�= x1 + �(x2 � x1)sin�os�+ (x3 � x1)sin�sin�+ (x4 � x1)os��r= x1 + f2(�; �)r (10)where f2(�; �) denotes ((x2� x1)sin�os�+(x3� x1)sin�sin�+(x4� x1)os�). Aordingto Eq.(10), Eq.(11), is obtained.f2(�; �) = 1r (x(�; �; �)� x1); r = 1f2(�; �)(x(�; �; �)� x1) (11)Consequently, strain �zz is denoted as Eq.(12).�zz = �u(r; �; �)�z= �u�r �r�z + �u�� ���z + �u�� ���z= (1� �vertex)f1(�; �)r��vertex 1f2(�; �)+ �f1(�; �)�� r1��vertex 1�f2(�;�)�� r + �f1(�; �)�� r1��vertex 1�f2(�;�)�� r= �(1� �vertex)f1(�; �) 1f2(�; �) + �f1(�; �)�� 1�f2(�;�)�� + �f1(�; �)�� 1�f2(�;�)�� �r��vertex= C(�; �)r��vertex (12)Therefore, it is found that relationship, �ij; �ij / r��vertex, is obtained.5



T.Kurahashi, Y.Watanabe, T.Kondo and H.Koguhi4 Numerial ExperimentsAnalysis of stress singularity �eld for aluminium and mild steel bonded joint model shownin Fig.3 is arried out. Material properties are shown in Tab.1 In this study, hangingelement size near singularity point, relationship between minimum element size and orderof singularity �vertex or intensity of stress singularity K1zz is investigated. Total num-ber of nodes and elements for eah ase is shown in Tab.2. In Tab.2, �hmin indiatesharateristi minimum mesh size. �hmin is alutated by �hmin = (�V min)(1=3) =((1=6) � �xmin�ymin�zmin)(1=3) , ,and �V min and �ximin(i=1,2,3) represent min-imum mesh volume and minimum mesh size for eah diretion. In addition, order ofsingularity �vertex near singularity point is obtained as shown in Tab.3 based on �niteelement eigen analysis for order of singularity in 3D model [10℄, [11℄. Detail of this proe-dure is shown in Appendix. Stress analysis is arried out for eah minimum mesh size

Figure 3: Finite element model and boundary ondition
Table 1: Material propertiesMaterial Young's modulus(GPa) Poisson's ratioMild steel (material 1) 216.00 0.30Aluminium (material 2) 69.09 0.33near singularity point shown in Tab.2, and relationship between minimum mesh size andorder of singularity �vertex and intensity of stress singularity K1zz is investigated basedon alulation results by least square method using �tting equation �zz = K1zzr��vertex.Distribution of �zz near singularity point for eah minimummesh size are shown in Figs.5-7, and plotted value is stress value for radius r diretion from singular point O on line,�=90deg. and �=45deg. square point indiates result by using Akin singular element,6
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Figure 4: Set of mesh size of Akin singular element
Table 2: Number of nodes and elements for eah aseCase �xmin=�ymin(mm) �zmin(mm) �hmin(mm) Nodes Elements1 0.0120 0.03125 0.01145 51,303 234,0002 0.0166 0.03125 0.01430 27,881 126,1443 0.0300 0.12500 0.03347 6,773 29,760

Table 3: Order of singularityCharateristi root pvertex Order of singularity �vertex (�vertex=1-pvertex)0.879 0.121
7



T.Kurahashi, Y.Watanabe, T.Kondo and H.Koguhiand irle point indiates result by normal element. In all results, it is seen that stressvalue near singular point obtained by Akin singular element is higher than that obtainedby normal element. In addition, it is found that the result in ase 1 is lose to that in ase2, but small stress value is obtained even if Akin singular element is used in ase of oursemeshes suh as ase 3. Moreover, lines shown in Figs.5-7 indiate �tting urve by equa-tion �zz = K1zzr��vertex, and relationship between eah minimum mesh size and order ofsingularity �vertex or intensity of stress singularity K1zz is shown in Fig.8 and Tab.4. FromFig.8, it is found that order of stress singularity �vertex in ase of Akin singular elementis lose to solution obtained by �nite element eigen analysis for order of singularity in 3Dmodel, omparing to that in ase of normal element. Moreover, from Tab.4, it is seenthat intensity of stress singularity K1zz obtained by normal element is higher than thatusing Akin singular element. This results denotes that if singular element is not appliedto stress analysis, the intensity of stress singularity is exessively evaluated. Therefore,it an be said that the singular element should be applied to evaluate intensity of stresssingularity appropriately.
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Figure 5: Comparison of distribution of stress �zz from singular point O (�=90deg., �=45deg.) in aseof �hmin=0.01145mmTable 4: Intensity of stress singularity K1zz for eah aseCase without Akin singular element with singular element1 (�hmin=0.01145mm) 13.43 MPa�mm0:077 12.79 MPa�mm0:0922 (�hmin=0.01430mm) 12.41 MPa�mm0:096 11.89 MPa�mm0:1113 (�hmin=0.03347mm) 11.71 MPa�mm0:045 11.21 MPa�mm0:064
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Figure 6: Comparison of distribution of stress �zz from singular point O (�=90deg., �=45deg.) in aseof �hmin=0.01430mm
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Figure 8: Relationship between minimum mesh size and order of singularity � in ase of Akin and normalelements5 ConlusionsIn this paper, a singularity element proposed by Akin was extended to 3D model usingorder of singularity �vertex obtained by �nite element eigen analysis, and this element wasapplied to obtain intensity of stress singularity near vertex on interfae edge of dissimilarmaterial joints. As the omputational model, aluminium-mild steel bonded struture wasemployed, and e�et of the singular element was investigated by hanging the minimummesh size near vertex on interfae. Conlusions in this study are shown as follows.� Stress value near singular point obtained by Akin singular element is higher thanthat obtained by normal element.� Order of stress singularity �vertex in ase of Akin singular element is lose to solu-tion obtained by �nite element eigen analysis for order of singularity in 3D model,omparing to that in ase of normal element.� If singular element is not applied to stress analysis, the intensity of stress singularityis exessively evaluated.AknowledgementThis work was supported by Grant-in-Aid for Young Sientists (B) (No. 25820015).We wish to thank you sta� of researh institute for information tehnology at Kyushuuniversity for use of super omputer system, FUJITSU PRIMERGY CX400.
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