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Abstract. In order to simulate complex deformation of liquid with free surface, Koshizuka et

al. proposed the Moving Particle Semi-implicit method (MPS). MPS is applied to make 3DCG
animations about splashing waters, breaking waves, and so on. MPS computes the liquid’s pres-
sures by solving the Poisson equation with the feedback for mass density. This pressure Poisson
equation is derived from the equation of continuity by assuming the flow’s incompressibility.
Although MPS computes the incompressible flows, compressibility is considered in the com-
puting process. By considering this compressibility, the pressure Poisson equation is modified
to the one with the feedback for the mass density and the divergence of the flow’s velocity.

1 Introduction

In order to simulate complex deformation of liquid with free surface, Seiichi Koshizuka et al.
proposed the Moving Particle Semi-implicit method (MPS) [1]. MPS is applied to make 3DCG
animations about splashing waters, breaking waves, and so on. MPS simulates the incompress-
ible flow of the liquid. MPS constructs the spatiaffdrences by the particles at each time and
discretize the Navier-Stokes equation spatially. In the time evolution scheme of MPS, pressures
are computed as a solution of the Poisson type parti@réntial equation ( the pressure Poisson
eqguation ).

Although the positions and the velocities of the liquid were computed suitably by MPS
method, the computed pressures oscillate numerically. This is so-called the pressure oscilla-
tion problem of the MPS method [2] [3] [4],

In order to avoid this problem, i.e., in order to stabilize the pressures which is computed by
MPS, Yoshimasa MINAMI improved the source term of the pressure Poisson equation heuris-
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tically [3]. He modified the pressure Poisson equation to the one with the feedback by the mass
density and the divergence of the flow’s velocity. In this paper, the author explain the mathemat-
ical meaning of that improvement. He derives the pressure Poisson equation with the feedback
by the mass density and the divergence of the flow’s velocity.

Although MPS is proposed to compute incompressible flow [1], compressibility is consid-
ered in its computation process between the present sian&d the next timeé = s+ As.
In such compressible process, mass density varies as the time goes on. Considering the time
varying mass density, the authors derived the pressure Poisson equation (59) with the feedback
by the mass density and the divergence of the flow’s velocity mathematically. This derivation
guarantees the heuristic computation proposed by [3] theoretically.

In traditional hydrodynamics, the boundary condition of that Poisson type paftiadehtial
equation must be non-homogeneous. By the mathematical theory of pafteaédiial equa-
tions, a non-homogeneous boundary condition of a partidreintial equation is transformed
to a source term of the partialfterential equation. Thus we can compute the solution of the
Poisson type partial ffierential equation based on a homogeneous boundary condition [5] [6].

2 Lagrangian material coordinate based on Fluid’s particles

We simulate the deformation of liquid based on the Lagrangian material coordinate.
Let Dim be the dimension of the space. Thus

Dim = 2, 3 (1)
If a fluid particle whose position i8 = (Xq, X2, -+ , Xoim) € RP'™ at times > 0 reaches to the
positionz = (21,2, -+ ,Zoim) € RP™ at timet > sby the flow, then we write
z=u(t/s x). 2)
Let
V(t,z/s,X) = V(t/s X) = V(t,2) 3)

be the velocity of this particle whose positiondat times and which reaches to the positian
at timet by the flow.
Let

alt,z/s,x) = alt/sx) = a(t,2) (4)

be the acceleration of this particle whose positioxas timesand which reaches to the position
z at timet by the flow.

Here
the pOSitiOﬂ u = (ul, Uy, - - - ’uDim) c RDim (5)
the V9|OCity VvV = (Vl’VZ,"' ’VDim) c RDfm (6)
the accelerationa = (az, @, ,apm) € R°" (7)
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Let
p(t.z/sX) = p(t/s,x) = p(t, 2 (8)

be the mass density around this particle whose positisraistime s and which reaches to the
positionz at timet by the flow.
Let

p(t,z/s,x) = p(t/s,X) = p(t,2) 9

be the pressure around this particle whose positiox a time s and which reaches to the
positionz at timet by the flow.

Let Q(s) ¢ RP™ be the shape of the liquid at tinsee> 0. Of coursex € Q(s). The liquid’s
shapeQ(s) changes to the shagit) c RP™ at timet > s. Of coursez € Q(t).

Q(0) means the initial shape of the liquid at initial time 0. The particle’s posifion=

(£1,&2, -+ Léoim) € Q(0) at initial time 0 represents the fluid particle, id est, each particle’s
positionz at timet can be expressed by
z=u(t/0,¢) (10)

for some particle’s positiosi € Q(0) at initial time 0. For the initial positiog of the particle
at initial time O,

u(0/0,¢) = ¢ (11)
follows.
The mass density(t, z/s, X) depends the volume expansion as
_ ou(t/s x) - 3 az\1 "
p(t.z/sX) = po {det( Ix )} = po det{ (12)

wherepg is the initial mass density at initial time 0.

3 The Navier-Stokes equation (Lagrangian type)

We simulate the liquid’s deformation dynamics based on the Navier-Stokes equation

z = u(t/sx) (13)
PHUSY  wys 14)
_Dwt/s¥) _ p RNAVLZSY 1 apt/sX)
WSN=""or— = s &z pusH @ ()
and the continuity equation
_Dp(t.z/s %) (L, 2/s X)
0= ——F == +p(t.z/s %) Z o (16)
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by the mass conservation. Hege- (O, -0, —9.81[m/52]) denotes the gravity acceleration.
Since the velocity, the positionu, and the mass densipy are expressed by Lagrangian
coordinate ¢, x), D/Dt denotes the Lagrangian time derivative. By letting

t = S+As (17)
we can think that
D u(t/s, x) o zZ-X
[T]t:s = ||mAs—>0A—S (18)
D v(t, z/s, X) V(t, z/s, X) — (S, X/S, X)
a(s x/s, X) = [—] = limys, 19
(s:%/5.% S 350 — (19)
. t,2) —
= ||mA%0—V( 2 ASV(S’ X (20)
and
D p(t,z/s, X) o p(t, z/s, X) — p(S, X/S, X)
[TLS = limasso As (21)
= limy 2B 2 P8 X) (22)

As

Although the Lagrangian coordinats, &) is not used in [1], this paper describes equations
based ong, x) for mathematical clarity.
The boundary conditions for the positiorand the velocity are defined by

v(t/0,8) =0 (23)
u(t/0,8) =¢ (24)
p(t/0.8) = po (25)
for
& €0Q(0) and ¢ belongs to the solid wall (26)

The particlef in the solid wall is regarded as fluid particleshose velocities are zefg(t/0, £) = 0)
and whose positions do not chan@ét/0, ¢) = &) as the timd goes on.
The boundary conditions for the pressyrat the solid wall is defined by

0
59waa=o 27)
=

for

£ €0Q(0) and ¢ belongs to the solid wall (28)
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whereo(¢) is an inner normal vector of the wall at the solid parti€le Eg.iq. The dfect of the
gravity is expressed by the source term of the pressure Poisson pdfeegwulial equation, as
we see in the section 5.4.

The boundary conditions for the pressyrat the free surface ( the liquid which comes in
contact with the atmosphere ) is defined by

p(t/0,§) =0 (29)
for
£ €0Q(0) and ¢ belongs to the free surface (30)
£1 &2 £ &4 £ g,
BT el
g - - - - fgfiog? £
mpy |

. H
L Egg £
L : gggy EEDG',_

* £ 499 £ 5008

-

Initial Timet=0 Future Timet>0

Figure 1: Spatial discretization by many particles.

4 Spatial discretization by Moving Particles

Forl =1,2,---,L, let&y be a representative initial position in the initial shap®) of
the liquid at initial time 0. Lagrangian material variables are discretized by many particles
& (=1223,---,L = 10000) . The positionu(t/0,¢) (€ € ©(0)) is discretized as
u(t/0,épm) (1=12,2,---,L). The velocityv(t/0,¢) (¢ € Q(0)) is discretized ag(t/0, &) (1 =
1,2,---,L). The Navier-Stokes equations (15), (14) and the the equation (16) of continuity are
discretized spatially by the Moving Particle Semi-implicit method ( MPS ) [1].
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Figure 2: A numerical simulation by many fluid particles.

5 Time evolution scheme of the Moving Particle Semi-implicit method

If we observe the liquid's flow based on the macroscopic view point, it is regarded to be
incompressible. Then we assume that

3 ou(t/s, x)\ 0z
1= det( X ) = det(ax) (31)
and the mass densipft/s, X) become a constapp
p(t/s,X) = po (32)

for timest > s> 0.

5.1 Time discretization to compute positiorz = u(s+ As) and velocity v(s + AS, 2)
By letting the equation (17), we obtain the approximating equation

Z—X
s - V(s/s,X) = V(S X) (33)

based on the equation (18) and the approximating equation
V(s+AS2)-V(SX)  u DZ"“:a%(s,x) B 1 op(s+As2)
As Cop(sx) & 0x? p(s+ As, 2) 0z g

(34)

based on the equations (20) and (15). The time discretization of the discrete time Navier-Stokes
equation (34) is explicit for the valocityand implicit for the pressurp.
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5.2 The Poisson equation which computes the pressupgs+ As, z) at nexttimet = s+ As

In the original MPS proposed by Koshizuka et al. [1], the pressure at next time is com-
puted by the Poisson type partial deferential equation( pressure Poisson equation ). We derive
this pressure Poisson partial deferential equation by considering the intermediate compressible
procedure between the present tisend the next timé = s+ As.

The temporal velocitymp)(S + AS, /S, X) = Vimp)(S + ASy) at next timet = s+ Asiis
computed only by the viscosity term and the gravity term, ignoring the pressure term as

Dim

Vimp)(S+ ASY) — V(S X) Z s X ,
p(s, X)

35
As o2 (35)

Here the temporal positiop = ugmp)(t/S, X) at next timet = s+ Asis computed from the
temporal velocitymp)(s+ As, 2) as
y=X _ Uamp(t/S %) - X

As = As = V(tmp)(s+ AS,y) (36)

By considering the dierence between the discrete time Navier-Stokes equation (34) and the
equation(35), in order to recover th&ext of pressurg@(s + As, z) (unknown) to the equation
(35), we consider the modifiexs, y’ and the temporal mass densgiymp)(S+ As,y as

V(t,2) = Vimp(S+ASY)+V (37)
z = y+y (38)
where

v -1 op(s+ As, 2)

As ~ p(s+As2) 0z (39)
y _
==V (40)
Amp(S+ AS/S, X)) 9

pep(S+ASY) = po {det( o o / ))} = o {det(a)y()} (41)

By adding the equation (35) and the equation (39), we obtain the discrete time Navier-Stokes
equation (34) for velocity. By adding the equation (36) and the equation (40), we obtain the
discrete time Navier-Stokes equation (33) for position.

By the equation (39), we have

(—A9) op(s+ As, z) p(s+A82)V, 42)
0z,
for j=1,2,---,Dim. Assuming the flow’s incompressibility leads to
op(s+ As,z
(a9 PETASD oy, (@3
J
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By differentiating both sides of the above equation with respegt toe have

5°p(s+ As,2) oV |
—AS) ———~ — 44
(89— =gy (44)
By adding both sides of the above equation wita 1,2, - - - , Dim, we obtain
Dim D|m
92 p(s+ As, ) _
(-A9) Z Z 7 (45)

By considering the mass conservation frasyxj to (s+ As, 2), the discrete time equation of
continuity becomes

Dp WAV, p(S+AS 2) - p(S X) Qi 8v,(s+ As,7)
= = e A i Rl A7/
0 < ;azj e + p(s+ s,z)Z (46)
_ PSTASD —pump)(S+ASY) | pamp(S+ASY) —p(S, x) a7)
B As As
(9V(tmp>J (s+Asy) o AV |
+ p(s+As,z)Z + p(S+AS,Z)Z 7z,

j=1 9z, j=1

By considering the mass conservation fromxj to (s + Asy), the discrete time equation of
continuity becomes

Pamp)(S+ AS Y) — p(S X) Q0 OVmp); (S + AS,Y)
0 s + pimp)(S+ ASY) ,Z:;‘ a (48)
By taking the diference between the equation (47) and (48), we obtain
S+ ASs, 2 — S+ A
0 = p( S, ) p(tmp)( S, y) (49)

AS

6v(tmp)J (s+Asyy) T OVimp); (S + As,Y)

+ p(s+ As, 2) Z — pmp)(S+ ASY) Z v,
j=1 J j=1 Yi
Dim
oV
+ p(s+ As, 2) Z
=1
For the 2nd term of the right hand side of the above equation
Nmp(S+ASY) % NVamp)j(S+ASY) gy, {5 Nmpy(S+ASY) s Niemp); (S + AS,Y) 5
8zj B kZ:; 6yk (9_21 a kZ:; 6yk k= 8y, ( )
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since
oz _ dy; 9y
— = == 4+ — ~ 4 51
Oy« 0¥k Ok K 1)
o 0
Z A~ 52
0z oy (52)
Thus, the equation (49) leads to
S+ ASs z) - S+ A
o - P8+AS2)—pump(S+Asy) (53)
AS
QM GVitmpy: (S+ AS,Y)
+ [p(S+ AS, 2) — pamp)(S + AS, y)] Z Jay_
j=1 :
Dim V'
+ p(S+ AS, 2) Z (54)
j=1
By considering the flow’s incompressibility, we obtain
_ Po—pamp(S+AS)y) T OV(mp); (S + AsY) 9
0= e + [po = pamp(s+ AsY)] 121] o + POJZ; - (55)

Substituting this equation (55) to the equation (45), we obtain

D|m

Dim
0? (s+ As, ) _
(-A9) Z JZ] 7 (56)
Po = panp(S+ ASY) X% OVimpy; (S + AS,Y)
(-1) == + (D) [po = pumals+AsY)] ), —— o (57)
J

=1

This leads to the following Poisson type partiafdiential equation

%ni p(s+As2)  po—pmp(S+ASY) L Po- Pmp)(S+ AS,Y) %ni Nmp);(S+ As,Y) (58)
(92]2 A52 As =1 ayJ

j=1
Since the next positionis unknown unfortunately, we cannot compute the prespurem

the above partial dierential equation. By adopting the approximation (52) for spatial derivative,
we obtain the solvable pressure Poisson partiéntial equation

O Pp(s+As2)  po—pump(S+ASY) , o= p(tmp)(s +ASY) R é‘V<tmp>, (S +Asy)
2 T = Z (59)
=1 9y AS

By solving this pressure Poisson equation (59) with the boundary condition determined by the

liquid’s shapeQ(s + As) , we can compute ( estimate ) the presspfe+ As, 2) at next time
t=s+As
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5.3 The boundary condition of the pressure Poisson equation

We will improve the description about the boundary condition of the pregsasefollows.
Let o(&) = (01(8), 02(8), 03(¢)) be an inner normal vector of the boundary solid wall at the
positioné = (£1, &2, &3) - By considering the inner product between the both sides of the Navier-
Stokes equation and the inner normal veet) , we obtain the non-homogeneous Neumann
boundary condition

1op_

o909 (60)

for pressure which is explained in traditional hydrodynamics.
For example, let

Qiquid = {r =(r,r2r3) €R®; 13> 0} (61)
Qsolid = {r =(ri,ra,r3) €R%; r3< 0} (62)

be the domain of the liquid and the domain of the solid, respectively. The boufiQagyy of
the liquid domairn;iq,iq becomes

OQiquid = {r =(r,r2r3) €R®; 13 = 0}~ (63)

Considering the normal vecter = (0,0, 1) of the boundaryQiiq.i¢, the boundary condition
(60) becomes

1 6p (7% if ue a-Qquuid
= F _ . 64
po OUs { 0 if ue Qg (64)
Thus we obtain
1 6°p
0 JUZ 5(Us) (65)

whered(-) is the Dirac’s delta function.
In this way, the non-homogeneous boundary condition (60) of the pressure Poisson equation
is transformed to the source term of the pressure Poisson equation.

6 Conclusion

We derived the time evolution scheme of the Moving Particle Semi-implicit method (MPS)
by considering the compressible flow in the computation process and analyzed the boundary
condition of the pressure Poisson equation( the Poisson type pafitakdtial equation ).

We modified the Poisson type partiattérential equation which gives the pressure based on
our previous research [6]. The Poisson type partiiedential equation is modified to the one
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with feedback for the mass density and the divergence of the flow’s velocity. This modification
guarantees the heuristic computation proposed by [3] theoretically.

Since the non-homogeneous boundary condition of the Poisson type pdféedidiial equa-
tion is transformed to the feedback term( source term of the equation ), we can compute the
solution of the Poisson type partialfidirential equation based on the homogeneous boundary
condition.
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