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Summary. In the present paper the density stratified visciwid flows around horizontally
moving blunt bodies have been simulated on theshafsine Navier-Stokes equations (NSE)
in the Boussinesq approximation (including the wdifbn equation for the stratified
component (salt)). For solving of NSE the Splittimgp physical factors Method for
Incompressible Fluid flows (SMIF) with hybrid exgl finite difference scheme (second-
order accuracy in space, minimum scheme viscosity dispersion, monotonous) has been
successfully applied. For the visualization of tBE vortex structures in the wake the
isosurfaces o3 and A, have been used, whefeis the imaginary part of the complex-
conjugate eigen-values of the velocity gradiensteis, A, is the second eigen-value of the
% + Q% tensor, where S an@ are the symmetric and antisymmetric part<GofThe more
clear transformation scenarios of the vortex stmgst of the density stratified viscous fluid
flows around a horizontally moving (with velocity) sphere (at Reynolds numbee< 700)
and around a square cylinder Rg< 200) with decreasing of the internal Froude neniy
have been obtained in comparison with the expetisnevhereFr = U/(N-d, Re=U d/v, d is
the vertical size of the body is the buoyancy frequency, is the kinematical viscosity
coefficient.

1 INTRODUCTION

Unsteady separated flows of the river and oceannardnorizontally moving blunt bodies
are very wide spread phenomena in the nature. Tderstanding of such flows is very
important both from theoretical and from practiqabints of view. Direct numerical
simulation of such flows on supercomputers giveopportunity to better understand the
complex transformations of the 3D vortex structwewake with changing of the main non-
dimensional parameterfe and Fr. The existing experimental data give us opportutoty
confirm the results of our simulation at some valwé Re and Fr. Along with the well-
established numerical methods and the modern methiodsualization of vortex structures,
it is necessary to correctly understand the basictsires of the flows and to investigate the
transformation of the elements of this structurthwime and witrReandFr.

In the experiments [1-2] the 2D internal waves @tite in the vertical plane and the 3D
vortex structure of the sphere wake are observethgudirect numerical simulation (DNS)
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the full 3D vortex structures of the flow (the 3bternal waves and the 3D wake) can be
observed. Besides the numerical studies of thehommegeneous (stratified) fluids are very
rare. In this connection at the present paper tita¢ifsed viscous fluid flows around a sphere
and a square cylinder are investigated by meariB3N® on the basis of the Navier-Stokes
equations in the Boussinesq approximation on tipersomputers at the wide ranges of the
main flow parameters.

2 NUMERICAL METHOD SMIF

Let p(X,y,2) = (1 -X/(2A) + SX, Y, 2)) is the dimensionless density of the linearlyattfied
fluid wherex, y, z are the Cartesian coordinategsx, y are the streamwise, lift and lateral
directions ¥, y, z have been non-dimensionalized di2); A = A/d is the scale ratid) is the
buoyancy scale, which is related to the buoyaneguencyN and periodT, (N = 2u/Ty,

N? = g/A); g is the scalar of the gravitational accelerati®is a dimensionless perturbation of
salinity. The density stratified viscous fluid fleswhave been simulated on the basis of the
Navier-Stokes equations in the Boussinesq apprdiomdl) — (3) (including the diffusion
equation (1) for the stratified component (salt))

1
a—S+(VD]])S:LAS+ Vi (1)
ot Sc[Re 2A
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with four dimensionless parametefst, Re A»1, Sc=v/k = 709.22, where is the salt
diffusion coefficient. In (1) — (3y = (w, W, V) is the velocity vector (non-dimensionalized by
U), p is a perturbation of pressure (non-dimensionaltaepbU?).

The spherical coordinate systeR 0,9 (X=Rsind cosp, y=Rsind sinp, z=Rcod,
v=(U, v, w) and O-type grid are used. On the sphere surtheefollowing boundary

conditions have been used:
= (§ —i%j =0 (4)
ra (OR 2A0R),

On the external boundary of the O-type grid théofeing boundary conditions have been
used: 1)forz<0: u=cod, v=-sih, w=0, S=0; 2)for z>0: u=cod, v=-sim,
ow/loR = 0,090z = 0.

For solving of the Navier-Stokes equations (1))»#8 Splitting on physical factors
Method for Incompressible Fluid flows (SMIF) hasheaised [3-4].

Let the velocity, the perturbation of pressure #ralperturbation of salinity are known at
some moment, = n'T, wheret is time step, and n is the number of time-stegwenTthe

ap

u=v=w=0,
oR
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calculation of the unknown functions at the nextdilevelt,.; = (n+1)T for equations (1) —
(3) can be presented in the following four-stepro

n+l _ on n (5)
S TS o (IS +—2 S+
Sc[Re 2A

—~ _ n 6

L —(v" m)v" s 2 B gl ©)

Re 2Fr? g
rAp=0I[V 7)
Vn+1 -V (8)

= —Dp
r
The Poisson equation for the pressure (7) has deleed by the diagonal Preconditioned
Conjugate Gradients Method.
In order to understand the finite-difference schefoe the convective terms of the
equations (1)-(2) let us consider the linear medgiation:

fi+u fX =0, U = const. (9)
Let

fin+l _ f n (10)

.n —_— .r|
L4y I+%h =% -0

I

be a finite-difference approximation of equatioh (9
Let us investigate the class of the difference sweh&hich can be written in the form of
the two-parameter family which depends on the patarsa andf3 in the following manner:

£ = afilil-l'(l_a_ﬂ) fin'*',Bfin, u=0 (11)
Y ety a-a- A+ A" us<o
In this case the first differential approximatiar €quation (10) has the form

2 (12)
f, +uf, = |:2|u|(1+ 2a -2f) - ’“7 e

If we puta =3 =0 in (12) we'll obtain usual first order monatoscheme which is stable
when

7lu| _ (13)
0<C= Y <1 whereCis the Courant number.
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If a =0, =0.5we'll obtain the usual central differenckesue, and fora =-0.5, =0 —
the usual upwind scheme. Both last two scheme ksagend order of accuracy in space
variable and are non-monotonic.

It is known that it is impossible to construct arfegeneous monotonic difference scheme
of higher order than the first order of the appnaaiion for equation (9). A monotonic
scheme of higher order can therefore only be cocd either on the basis of second-order
homogeneous scheme using smoothing operators, thredmasis of the hybrid scheme using
different switch conditions from one scheme to hrot(depending on the nature of the
solution), possibly with the use of smoothing. Heve are going to consider a hybrid
monotonic difference scheme.

Let us investigate schemes with upwind differer{€H3S), i.e.3 = 0. The requirement that
the scheme viscosity should be a minimum, as cadilyebe seen from equation (12), impose
the following condition oru:

a=-05(1-C). (14)
For schemes with = 0 (CDS), the analogous condition is
B=05(1-C). (15)

Since an explicit finite difference scheme constderwe shall restrict the subsequent
analysis to the necessary condition for stabifityhie case of the explicit schemes (13).
Let us assume that there is a monotonic net fumctiy, for example,

Aflg}/z = fir_,]_l_ fin >0 at anyi.
The functionf™* will also be monotonic when the following condits are satisfied:
(a) for a scheme witg = 0 anda from relationship (14), under the condition

Afl, 2 {(C)AfL,, whereZ(C) = 0.5 (1 -C)/ (2 -C); (16)
(b) for a scheme withh = 0 andB from relationship (15), under the condition
Afl, <a(C)AR",, wherea(C)=2(1+C)/C. (17)

It can be seen from this that the domains of mamoity of the homogeneous schemes
being considered have a non-empty intersectioncélea whole class of hybrid schemes is
distinguished by the condition of switching fromeohomogeneous scheme to another. The
general form of this condition is as follows:

AR, =", where{(C)< 3= (C). (18)

The choice ofd = 1 corresponds to the points of the intercharigaesign of the second
differencef” and makes it possible to obtain the estimatign= O(h) for the required
function f at the intersection points, by means of which eosd-order approximation is

retained with respect to the spatial variables mbath solutions. We used the following
switching condition:
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if (uAf A°f)Y, 20, then the scheme wifhi= 0 (MUDS) is used;
if (uAf A*f)l, <O, then the scheme with= 0 (MCDS) is used;
where A° fizyz = Af% - AR

On smooth solutions this scheme has a second ofdgrproximation with respect to the
time and spatial variables. It is stable when theur@nt criterion (13) is satisfied and
monotonic. More over it was shown that this hylwatheme comes nearest to the third order
schemes.

The generalization of the considered finite-differe scheme for convective terms in (1) —
(2) for 2D and 3D problems is easily performedt lus define the mesh functions

Uik Viske Wik Sk Pl jxk On @ 3D computational orthogonal grid. The velpcit

componentsy; ., v, W} coincide withu, v, w at the mid-edges of difference cells. The

perturbations of salinityﬁ'jj,k and pressurepirfj,k coincide withS andp at the centers of the

cells. Let us transform the convective terms in|12) in the following manner using the
equation (3):

ﬂ+a(Uf)+---, where f =u,v,w,S. (19)
ot oR
The equation (19) is approximated in the followmgnner:
n+. n n n n (20)
fi,j,t - fi,j,k + Uit1/2,)k fi+l/2,j,k ~Ui_12k fi—1/2,j,k +...

T (AR),

fno= afifl +l-a-p) fin +:ﬂi21a Uy 20,

s afi?z + (1_0' _,8) fizl +:8fin’ ui+1/2< 0.

For the approximation of other space derivativeseguations (1) —(3) the central
differences are used.

The efficiency of the method SMIF and the greatewgr of supercomputers make it
possible adequately to model the 3D separatedfdaincompressible viscous fluid flows
past a sphere (fig. 3-7) at moderate Reynolds nis[Bel4] and the 2D separated stratified
viscous fluid flows past a square cylinder [15-(f&]. 1-2).

3 RESULTS

We are going to demonstrate the influencé=pfandRe on flow structures. Let us strat
from more simple case.
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3.1 Viscous fluid flow regimes around a square cylder at Re < 200

The classification of the regimes of the 2D stratifviscous fluid flows around a square
cylinder atRe< 200 at fig. 1 obtained by the numerical meth&diFSis based on the stream
lines patterns corresponding to the steady state @tationary with a constant value of drag
coefficientCqy or unstationary periodical with constant valudhef amplitude of oscillation of
Cq(t)) after a pulse start of the cylindertat 0.0. AtFr > 20 the homogeneous viscous fluid
flow regimes around a square cylinder are obser¥B&) Re< 52.5 — a steady symmetrical
wake in the recirculation zon®Z) with the lengthLy (Re; V) Re> 52.5 — an unsteady wake
- a periodical generation of the vortices in thekevaAt Fr > 20,Re< 52.5 the steady state is
reached at the dimensionless titne 150 (the length of the symmetridZ in the wake is
gradually increased with the time increasing frobntd 150). AtFr < 10 it is required much
more time {= 2000 or a few hundred buoyancy perid@sfor reaching the steady state after
the formation and separation of multiple vortices.1 <Fr < 20 buoyancy effects have a
stabilizing influence on the flow, reducing the démof RZ with decreasing oFr for some
Re = constnd thus extending the stationary state of flowigiger critical values dRe

Fri K
10.0 \\ v

S.0H
i 1 RZ \\_

1.0+
0.5¢ y

- 2RZU
Nz =y
“oBZ, 50 100 150 200Re

Figure 1. The classification of the regimes of the 2D #fied viscous fluid flows around a square cylinder
obtained by the numerical method SMIF [3-4].

The following classification of stratified viscodisiid flow regimes around a 2D square
cylinder atRe< 200 (fig. 1) have been observed [15-18%7) a steady symmetrical RZ with
lengthL <L, and the internal waved\W{s) aroundRZ with the lengthA/d = 2z-Fr (in the
vertical plane);V) an unsteady wake - a periodical generation ofvibiéices in the wake;
2RZ) two steady symmetricaRZs before and after the square cylinder (the boyndar
betweenlRZ and 2RZ flow regimes — atFr = 0.45); BZ) a steady symmetricdRZ (or
blocking zone BZ) with the length_y) before the square cylinder (fig. 28)V s andthe high
gradient sheet of densigre forming on the horizontal axxsafter the cylinderl(, is rapidly
increasing with decreasing 6f); 2RZU) a procession of the vortices in the wake (bounded
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by IWs); 2RZS) an unsteadiness insid®Z (with steady symmetric boundaries) and the
symmetric field of IWs (the boundary betweeBRZU and 2RZS flow regimes — at
Fr=~0.37).

Figure 2: Stream lines (a) and isolines®f= dp/dz (c) S, = 1.1710%) around a square cylindat € 2.24 cm,
Tp = 6.29 &) atFr = 0.1,Re= 50,A = 440 at time = 575T, (darker (blue) isolines correspond to negaSye

At Re= 50 the following transformation of the flow halveen observed with decreasing of
Fr: 1RZ) Fr > 0.45 atFr > 20 -Lo = 1.71d; atFr = 0.5 —L = 0.68d; 2RZ) 0.15 <Fr < 0.45
atFr=0.2 -L,=1.53d, L=0.79d; BZ) Fr < 0.15 atFr = 0.1 —L, = 9.51d (fig. 2a).

The stream lines patterns for the flow regimi&Z, 2RZ, BZ are characterized by strong
symmetry around horizontal axis The main part of stream lines patterns for treavfl
regimesV, 2RZU, 2RZSis also characterized by strong symmetry arountdiatal axisz.

The classification at fig. 1 is more close to expental one from [17] aRe< 200 and
more complex then this classification. The flowinegs 2RZU and2RZS are combined in
[17] in the flow regimeCy (“Multiple centreline structures’). At the same time the
classification at fig. 1 is slightly more simplesthexperimental one from [18].

The more interesting flow regimes are observedrat 0.5. For example in [17-19] at
Fr < 0.37,Re> 30 the two downstream wavy horizontal linesabyserved in the wake (in the
shadowgraphs) (fig. 2b). These two downstream wauyzontal lines are started from two
hanging vortices clearly seen in fig.2a after thheage cylinder afr = 0.1,Re= 50.

3.2 Viscous fluid flow regimes around a sphere d&r > 10 and atRe < 700

For Fr > 10the homogeneous viscous fluid flow regiinare observed in the sphere wake.
The following classification of the flow subregimeg| [9] has been obtained by SMIF at
Re< 700, Fr>10: I-1) Re< 20.5 — without separation:-2) 20.5 <Re< 200 — a steady
axisymmetrical wake with a vortex ring RZ and a vortex shed¥Sh) surroundingRZ
(fig. 3a); 1-3) 200 <Re< 270 — a steady double-thread wake with a deformoetex ring in
RZ (fig. 3b); 1-4) 270 <Re< 400 — a periodical generation of the vortex lofyiss) (facing
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upwards), the periodical separation of the one ealg€Sh (fig. 3c) (at 270 Re< 290,
290 <Re< 320 and 320 Re< 400 the different chains of the basic formatiorchamisms of
vortices (FMV) are realized iRZ); 1-5) 400 <Re< 700 — the periodical separation of the
opposite edges of the irregularly rotating vortezet (fig. 3d).

Figure 3: Vortex structures of the sphere wakdat «: a-d —Re= 200, 250, 350, 700; &) = -10° & -0.16;
b) p = 0.04; c-d)\, = -2 10% -10*.

a

Figure 6: Vortex structures @Re=100: a-d Fr = 0.6, 0.5, 0.35, 0.08; a-3= 0.087, 0.02, 0.087, 0.005.
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3.3 Viscous fluid flow regimes around a sphere &r < 10 and atRe < 700

Let us first consider the flow regimes at 10Re<700,Fr < 10.

For flow regime Il (1.5<Fr <10 — ‘the quasi-homogeneous ca@eth four additional
threads connected with the vortex sheet surrouriti@gphere, fig. 4)”) the boundaries of the
analogous sub-regiméisi, 11-2, 11-3, 11-4, 11-5 are slightly shifted. The vortex structures are
flattened in vertical direction and combined witbuf additional vortex threads. With
decreasing oFr from 10 to 2 the vortex ring is deformed in anloif®. 4a). In the vertical
plane the part of fluid is supplied in the reciatidn zone. Then this fluid goes through the
core of the vortex oval and is emitted downstreamthe horizontal plane. The 3D
instantaneous stream lines which are going neasghere surface go around this vortex oval
and form the four vortex threads (see fig. 4b e $ub-regimdl-2). For sub-regimeH-3 (at
Re= 250, Fr = 2) the six-threads wake is observed (fig. 4d)e Tdomination of the four
additional threads is obvious here. Unlfke= 100 atFr = 2,Re= 250 the unsteadiness in the
form of the periodical fluctuation of the rear statjon point around axisis observed.

At Fr < 1.5 (200 Re< 700) the big initial vertical flattening of theof prevent the
vortex formation mechanisms typical for the homagmrs fluid. AtFr < 1.5 the new vortex
formation mechanisms (which are typical for thextsfied fluid) are realized with increasing
of Re With decreasing ofr the fluid structures around the sphere are sldlatyened both
along the vertical axig (fig. 7) and along the line of the sphere motiatoifg axisz) (the
length of the internal waves in the vertical pla&/d =~ 2r-Fr (fig. 7)). For example two free
foci in y-z plane are approaching to the sphere with decrgasfir. The length of four
threads (connected with the vortex sheet surrognttia sphere at fig. 5b) is also diminished
with reducing ofFr (fig. 6b) and aFr < 0.1 these threads are transformed inhilga gradient
sheets of densityefore the sphere (fig. 6d).

Figure 7: The wave crest along the axig the stream lines in the vertical plane For= 1, Re= 100.

During theflow regime Il (0.9 <Fr < 1.5 — ‘the non-axisymmetric attached vortexthe
recirculation zone”, fig. 5, 7) the vortex oval time recirculation zone has been transformed
into the quasi-rectangle with two shot verticalteartubes (fig. 5a). With decreasingrofthe
thickness of this quasi-rectangle in the vertidahp x-z is diminishing up to zero and this
quasi-rectangle is transformed into the systerthetwo symmetric vortex loog$ig. 6a). It
means that the wave processes destroy the recénguritex in RZ. As you can see from
fig. 5b the top and bottom parts of each wave akstg the axiz (fig. 7) are visualized as
two symmetrical V-shaped vortex structures withgloping ends. The head of this V-shaped
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vortex structure is connected with the four auryli@ortex threads (fig. 5b-c, 6a) induced

near thez axis by the four main vortex threads (connectedh wie vortex sheet surrounding

the sphere). In one's turn these four induced xdheeads are connected with the horizontal
arc-shaped vortex structures represented the aiteaves.

During the flow regime IV (0.6 < Fr<0.9 — “the two symmetric vortex loops in the
recirculation zone”) the legs of these two symneetortex loops are combined with four
induced vortex threads (mentioned above) (fig.&&) the primary separation line (and the
recirculation zone) vanish. Thus at 8.&r < 0.6 theflow regime V (“the absenceof the
recirculation zone”) is observed (fig. 6a-b).

Figure 8: Increments of the drag coefficienCy (2-Fr) = Cy (2-Fr) —Cqy (x0) versus (Zr): 1) black squares — our
results forRe= 10; 2) the experimental results fee> 150 [20-21] (the rhombuses are correspond t}).[20

With following decreasing ofr atFr = 0.4a new RZis generated from the nearest wave
crest (fig. 6¢). During thélow regime VI (0.25 <Fr < 0.4 — ‘a new recirculation zori¢ the
V-shaped vortex structures of the wake are transfdrinto “dorsals”. AtFr <0.25 (with
decreasing ofr) these “dorsales” are shifted more close to theesgp and form a strong
vortex envelope (“skeleton”) around the new RZ .(6d). Thus atFr <0.25 theflow
regime VII (“the two vertical vorticesn the new RZ bounded by the internal waves”) is
observed. At 0.03 Fr <0.25 (atRe< 120) the ring-like primary separation line hasei
simulated. AtFr < 0.03 (atRe< 120) the cusp-like primary separation line wiahr singular
points (two nodes (irx-z plane) and two saddles (yz plane)) has been observed. The
increments of the drag coefficieAiCy (2-Fr) = Cq4 (2:Fr) —Cqy () are in a good agreement
with the experimental results [20-21] (see fig. 8).

Thus the following classification of viscous fluiiow regimes around a sphere at

10
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100 <Re< 700 and & Fr<ow [5-6] has been obtained by SMIR)Fr>10 - the
homogeneous casdig. 3; 11) 1.5<Fr <10 - the quasi-homogeneous cageith four
additional threads connected with VSh surroundimg dphere, fig. 4)tl1 ) 0.9 <Fr <1.5 -
the non-axisymmetric attached vortex RZ (fig. 5);1V) 0.6 <Fr < 0.9 —thetwo symmetric
vortex loops in RZ (fig.6a); V)0.4<Fr<0.6 - the absence of RZ (fig. 6b);
V1) 0.25 <Fr < 0.4 —a new RZfig. 6¢); VIl ) Fr < 0.25 -the two vertical vorticegn new RZ
(bounded by IWSs) (fig. 6d). AEr <0.3,Re> 120 a periodical generation of the vortex loops
(facing left or right) has been observed. The @&poading Strouhal numbers
0.19 <St =fd/U < 0.24 (wherd is the frequency of shedding) and horizontal aadical
separation angles are in a good agreement witexperiment [1].

Let us first consider the flow regimesRé= 10,Fr < 10. AtFr < 1 the increments of the
drag coefficienACqy (2-Fr) for Re= 10 are 2+6 times greater than for 10Bex 700 (fig. 8).
At Re= 10 the following classification of viscous fluildw regimes around a sphere has been
obtained by SMIF1l-1) 0.32< Fr < 10— the quasi-homogeneous casethe flow without
separation with the vertical and horizontal symmeadtanes;V-1) 0.25 <Fr < 0.32 - the
nearest wave crest on axgin wake) is very close to the sphe¥é:1) 1.6 <Fr <0.25 —a
new RZ(generated from the nearest wave cresthe two vertical vorticesn new RZ
(bounded by IWs)YII-1) Fr < 0.16 -theabsenceof RZ.

4 CONCLUSIONS

- The brief description of the numerical method SMHRd it's applications for
simulation of the 3D separated density stratifiestous fluid flows around a sphere
and a square cylinder have been demonstrated.

- The more clear transformation scenarios of theexostructures of the density
stratified viscous fluid flows around a horizonyathoving sphere (aRe= 10 and at
100 <Re< 700) and around a square cylinder Rat< 200) with decreasing of the
internal Froude numbéir have been obtained in comparison with the experisne
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