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Abstract. In the current study, we focus on the efficiency of gradient-based optimization
algorithms for optimal control of turbulent flows, and investigate the number of forward
and adjoint simulations that are required per unit of cost-function improvement. Different
algorithms are considered, i.e., two versions of a nonlinear conjugate gradient algorithm
(CG), a limited memory quasi-Newton method (L-BFGS), a damped L-BFGS method and
a truncated Newton method. The comparative tests between L-BFGS and the truncated
Newton methods are examined on an extended Rosenbrock function. Next to that, the
L-BFGS, the damped L-BFGS and the CG methods are applied to an unconstrained
distributed control problem that consists of the optimization of a distributed force in the
direct numerical simulation of an incompressible turbulent channel flow.

1 INTRODUCTION

The use of PDE-constrained optimization techniques in combination with transient
three-dimensional turbulent flow simulations such as direct numerical simulation or large
eddy simulation, requires high computational costs and storage. The efficient and robust
implementation of an optimization algorithm becomes crucial when the optimization prob-
lem has a large number of variables or demands expensive function evaluations. In this
context, various procedures have been proposed and implemented that aim at reducing
the cost of function evaluations and storage requirements [1, 2].

The combination of optimal control theory and Direct Numerical Simulation (DNS)
was for the first time used by Bewley et al. [3]. They employed the nonlinear conjugate
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gradient Polak-Ribière method, with a Brent line search to determine the optimal controls
that reduce the turbulent kinetic energy and drag of a turbulent flow in a plane channel.
The same optimization algorithm, in combination with a gradient-projection method for
an additional energy constraint on the controls, was applied to minimize different cost
functionals for the optimization of a temporal turbulent mixing layer [4, 5]. For two
of those objective functionals (the minimization of mean-flow kinetic energy and total
kinetic energy) the algorithm has been compared with Sequential Quadratic Programming
in combination with a damped limited-memory BFGS method [6]. The computational
time and the average sum of function and gradient evaluations per iteration decreased
approximately four times lower for the SQP L-BFGS algorithm.

The efficiency of optimization algorithms is measured by their ability to find the optimal
solution in a reasonable amount of time; different investigations have been performed
for large scale nonlinear problems [7, 8]. Nash and Nocedal [7] examined the limited-
memory BFGS, Polak-Ribière conjugate gradient and truncated Newton methods for 45
test problems. They established that the L-BFGS method was more efficient in terms
of function evaluations for highly nonlinear problems and suggested the usage of the
conjugate gradient method only for inexpensive cost functionals.

In the current work we focus on the implementation of different optimization algorithms
for large scale problems. Firstly, the total number of function and gradient evaluations per
iteration is studied for two line search procedures in the limited-memory BFGS method on
an extended Rosenbrock function. For the same test case a Truncated Newton technique
is performed and compared against the L-BFGS results. Using insights from this test
case, the nonlinear conjugate gradient method, L-BFGS and a damped version of L-
BFGS are further applied for the optimization of a turbulent channel flow. This choice is
motivated by inexpensive functional evaluations in analogy to others turbulent flows (the
total physical computational time for one forward simulation using DNS is approximately
1h on 32 CPU). The preliminary analysis reveals that the damped L-BFGS method is
cheaper per iteration than the other methods tested here, but future investigations are
needed to strengthen this statement.

The work is organized as follows. Section 2 provides the details of the optimization
problem for the turbulent channel flow. Section 3 describes the algorithms used in this
study. The results for the two test optimization cases (Rosenbrock function and turbulent
channel flow) are presented in section 4. Finally in section 5, we present some conclusions.

2 PROBLEM FORMULATION

The objective of interest in our optimization problem is to find the state variables
(velocity) and the design parameters (volume force) so as to minimize Eq. (1). This cost
function (J ) maximizes power extraction by the control forces f in a turbulent channel
flow [9] over a time horizon T .

The primal problem is governed by the incompressible Navier–Stokes equations where
a distributed control is applied as an interior volume force on the right-hand side of the
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momentum equation.

J (f, u) = −

∫ T

0

∫

Ω1

f(z)u(z, t) dΩ1dt s.t. (1)

∂u

∂t
+ (u · ∇)u+∇p−

1

Re
∇2u = f in Ω×(0, T ] (2)

∇ · u = 0 in Ω×(0, T ] (3)

Numerical investigations are elaborated for the test case where the control is defined
only in a part of the full simulation volume (Ω1 ⊂ Ω). The gradient of the cost functional
J in Eq. (1) is determined using the adjoint Navier–Stokes equations that are derived
from the state system using the Lagrangian approach [10].

2.1 Adjoint DNS

When optimal control is applied in a turbulent flow framework the evaluation of the
gradient with finite differences is not feasible and a more efficient optimization strategy
is required. The sensitivity of the objective function (J ) with respect to small changes
in the control variables (δf) can be calculated by the forward or the adjoint method. In
forward method the sensitivity is calculated as the Gateaux-differential of J (for further
details see [3, 4, 6]). This evaluation is too expensive since the variable δu(z, T, f + δf)
represents the sensitivity of the turbulent flow solution to all possible perturbations of
the design parameters. In this case the gradient information is efficiently derived from an
adjoint field. In the current paper we apply the continuous adjoint approach, in which
the adjoint of the continuous problem is discretized. The resulting computational cost is
no greater than solving one forward simulation (DNS) (see e.g. [11, 12, 13]). The adjoint
equations are given by:

−
∂u∗

∂t
+ (∇u)T u∗ − (u · ∇) u∗ +∇p∗ −

1

Re
∇2u∗ = f ∗ (4)

−∇ · u∗ = 0 (5)

with u∗, p∗ and f ∗ the adjoint velocity, pressure and source term respectively. For our
specific case the adjoint volume force is f ∗ = ∂J /∂u = −f . The adjoint initial condition,
referred to as ‘terminal’ condition as it is defined at the time horizon T , reduces to:

u∗(z, T, f) =
∂J [f, u(z, T, f)]

∂u
(6)

Finally, the gradient of the cost functional for the current optimization test case is
expressed as:

∇J =

∫ T

0

∫

Ω1

(u∗ − u)δf dΩ1dt (7)
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Figure 1: Contours of an instantaneous forward velocity (left side) and adjoint velocity (right side) field
in a turbulent channel flow with Reynolds number Reτ = 180 and with a partial distributed force on
z = [−0.8,−0.4] at time t = TH/2.

2.2 Discretization and set-up

In our implementation the forward equations are discretized using a parallel mixed
pseudo-spectral finite difference code: a fourth-order staggered finite difference scheme
[14] is used in the normal direction and Fourier modes for the wall-parallel directions [15].
The advancement in time of the solution is performed by a standard fourth order explicit
Runge-Kutta scheme [6, 4]. Periodic boundary conditions are assumed in streamwise (x )
and spanwise (y) directions and no-slip (u = 0) boundary conditions in the z direction
for both forward and adjoint systems.

For the initial condition of the forward problem, ut=0, a laminar Poiseuille flow profile
is imposed. The adjoint equations are integrated backward in time and discretized using
the same approach as for the forward equations. The state variable (velocity) is stored
at every time step and at every grid point (the complete time history) and is used in the
adjoint simulations. The grid is stretched in the normal direction by a tangent hyperbolic
function. The Reynolds number based on the friction velocity uτ is ≈ 180. The length of
the computational box is Lx×Ly×Lz = 4π×2π×2 with a grid size N = 128×128×200.

3 DESCRIPTION OF THE ALGORITHMS

In this section we discuss the optimization algorithms used in the current study for the
turbulent channel flow: the nonlinear conjugate gradient algorithm, the limited memory
BFGS method and the damped L-BFGS method.

3.1 Nonlinear conjugate gradient

The nonlinear conjugate gradient method is widely used in solving large-scale opti-
mization problems having as major advantage a reduced storage requirement [16]. The
efficiency of the method depends on how the step length αk and the search direction dk
are generated at every iteration (xk+1 = xk + αkdk).
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For the calculation of αk a Brent line-search algorithm [4, 5] is used in our current
study and the search direction is computed by:

dk =

{

−∇Jk k = 0,
−∇Jk + βkdk−1, k ≥ 1,

(8)

where the choice for the scalar βk defines different variants of the nonlinear conjugate
gradient method. For this study we test the Dai-Yuan [17] and Polak-Ribière [4] methods
for the CG update parameter:

βPRP
k =

∇J T
k (∇Jk −∇Jk−1)

||∇Jk−1||2
, βDY

k =
||∇Jk||

2

dTk−1 (∇Jk −∇Jk−1)
(9)

The calculation of the βk does not require the evaluation of the Hessian matrix; only
the information of the first order derivative is used. This makes the CG method a suitable
candidate for solving optimization problems with a large number of degrees of freedom.

3.2 Limited memory BFGS

The L-BFGS algorithm is the most popular method for large-scale problems when the
Hessian is expensive to evaluate. Because the approximation to the inverse Hessian of
the objective function is too large to store, only m vector pairs, sk and yk that define the
matrix implicitly, are saved. In both test cases we use m = 5. A method to initialize the
algorithm, at every iteration k, is to define the diagonal matrix [6, 16]:

H0
k = γkI (10)

with:

γk =
yTk−1sk−1

||yk−1||
2
2

(11)

The approximation Hk to the inverse Hessian is updated, applying m correction to H0
k ,

by the relation:

Hk = W T
mH

0
kWm +

m
∑

i=2

1

yTk−isk−i

W T
i−1sk−is

T
k−iWi−1 +

1

yTk−1sk−1

sk−1s
T
k−1 (12)

with:

Wi =
i

∏

j=1

[

I − 1/
(

yTk−jsk−j

)

yk−js
T
k−j

]

(13)

and

sk = xk+1 − xk, yk = ∇Jk+1 −∇Jk (14)

The line search in direction pk = −Hk∇Jk uses cubic interpolation [18] to compute a
step length satisfying the strong Wolfe conditions in a finite number of iterations. The
multiplication H−1

k ∇Jk is performed by the L-BFGS two-loop recursion algorithm ([16]
pp. 178).
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3.3 Damped limited memory BFGS

In the unconstrained optimization problem the curvature condition sTk yk > 0 ensures
a positive definite update for smooth and convex functions, but for nonconvex functions
this condition may not hold. To guarantee a well defined matrix it is necessary to enforce
the strong Wolfe conditions in the line search algorithm [16]. In order to decrease the
number of functional and gradient evaluations, an alternative approach is to impose only
the Armijo condition and use a damped version of the L-BFGS method. The method is
a standard L-BFGS in which the vector sk is replaced by [6]:

rk = θksk + (1− θk)Hkyk (15)

assuring the curvature condition, and where θk represents a penalization factor:

θk =

{

1 sTk yk ≥ 0.2yTk Hkyk
0.8yT

k
Hkyk

yT
k
Hkyk−sT

k
yk
, sTk yk ≤ 0.2yTk Hkyk

(16)

The step length is initialized with α0 = 1 and is iteratively updated by using a quadratic
interpolation, when the sufficient decrease in the cost functional is not satisfied directly.

4 RESULTS

In a first analysis we examine the limited memory BFGS method in combination with
two algorithms for the calculation of the step length. Next to that, a truncated Newton
technique is also investigated. These methods are applied for the Rosenbrock function.
In the last part of the section results for the optimization of the turbulent channel flow
with nonlinear conjugate gradient, L-BFGS and damped L-BFGS methods are reported.

4.1 Rosenbrock function

The approximation of the Hessian in the BFGS formula is positive definite for uncon-
strained optimization problem if the curvature condition (sTk yk > 0) holds. To ensure this,
the step length has to satisfied the strong Wolfe conditions and an efficient line search al-
gorithm is necessary for problems with large number of degrees of freedom. The L-BFGS
method with two different algorithms, i.e. by Nocedal and by Moré–Thuente (details are
found in [16] pp. 60-62 and [18]) for the line search strategy is tested on the extended
Rosenbrock function [19], a benchmark problem for optimization:

f(x) =

N/2
∑

i=1

[

100
(

xi+1 − x2
i

)2
+ (1− xi)

2
]

(17)

Its minimum is attained at point x∗ = (1, . . . , 1), with f(x∗) = 0. In Figure 2 we
represent the cumulative sum of functional and gradient evaluations as a function of
the number of iterations, for one test case when the initial value is set to x0

1→N/2 =

2, x0
N/2+1→N = −1.2 and N = 1000.
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Figure 2: The cumulative sum (F+G) in L-BFGS
method for Rosenbrock function.
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Figure 3: The cumulative sum (F+G) for L-
BFGS and TN methods applied to Rosenbrock
function.

With regard to L-BFGS method using Nocedal line search algorithm it can be observed
that it converges faster than in combination with Moré–Thuente strategy. The graph in
Figure 2 indicates that the Moré–Thuente algorithm is more efficient in terms of the total
number of functions evaluations (98 F+G evaluations). Based on this, the Moré–Thuente
line search algorithm will be our method of choice for the optimization of a turbulent
channel flow with limited-memory BFGS.

The Truncated Newton (TN) algorithm [7] is further implemented with a linear con-
jugate gradient inner loop preconditioned by a L-BFGS method. The number of inner
iterations is 2 and the number of the vectors sk and yk, stored for the inverse approximation
Hessian update, is m = 2. The product of a matrix and a vector in the conjugate gradient
loop is approximated by finite differences at the expense of one gradient evaluation per
inner iteration. The graph in Figure 3 illustrates the cumulative sum of functional and
gradient evaluations as a function of the number of iteration for the two methods (TN and
L-BFGS) with a value of N = 10000 and an initial value x0

1→N = −1.2. We observe that
the TN method has a lower number of functional evaluations in the first five iterations
and converges, for this test case, in 22 iterations compared to the L-BFGS method which
requires 27 iterations. In terms of functional and gradient evaluations the L-BFGS (68
total sum evaluations) appeared to be more efficient than the Truncated Newton method.

4.2 Turbulent channel flow

We consider a turbulent channel flow optimization problem, defined in Eq. (1-3), with
a control that is distributed in a part of the computational domain Ω1 (see Figure 4)
as a function of the height of the channel. The control force is added in the streamwise
direction only in the first Fourier mode. The optimization time horizon is chosen as half
of the through-flow time (TH = TF/2) due to the assumption of the periodic boundary
condition in x direction.
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Figure 4: The mean velocity profile (U) at opti-
mal volume force.
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Figure 5: The optimal value of the distributed
force.
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Figure 6: The cumulative sum of F+G evalua-
tions per iteration.
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Figure 7: The cost functional with the cumulative
number of F+G evaluations.

Validation of the adjoint based gradient was performed by comparing it to the finite dif-
ference gradient of the functional for a limited number of control parameters. A maximum
error of 0.012% was found.

During the optimization process the cost functional considered in this study, converges
to a minimum value when the design parameters are increasing and implicitly the velocity
is decreasing close to the magnitude 1 (see Figure 4). Figure 5 displays the distributed
volume force which provides the maximum extracted power in the domain Ω1, for the
turbulent channel flow. The goal of the current work is to compare the performance (in
terms of function evaluations) of different optimization algorithms (L-BFGS, nonlinear
conjugate gradient with Polak–Ribière and Dai–Yuan, damped L-BFGS) for large scale
problems. We report for this test case the results of the first optimization iterations when
the cost functional J , defined by Eq. (1), is substantially reduced. As Figure 6 shows,
the damped L-BFGS method is cheaper per iteration than the other three methods. It
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appears from this test case that the limited memory BFGS algorithm is competitive
with the damped L-BFGS method. The corresponding decrease rate of the objective
function is shown in Figure 7. This figure illustrates only the first four nonlinear conjugate
gradient iterations (Polak–Ribière and Dai–Yuan) when the total number of function-
gradient evaluations is approximately 40. No significant difference in terms of functional
evaluations is observed between these two versions of the CG method.

5 CONCLUSIONS

The present study examined different optimization algorithms for two test cases: an
extended Rosenbrock function and a turbulent channel flow.

For the Rosenbrock function case we tested the L-BFGS method with two different
line search algorithms (Nocedal [16], Moré–Thuente [18]) and the Truncated Newton
(TN) method. For a step length that satisfies the strong Wolfe conditions the L-BFGS
method in combination with Moré–Thuente algorithm tends to the global minimum with
a relatively low cost in terms of functional estimations compared to L-BFGS–Nocedal
algorithm. It is interesting to note that the TN method converges faster than the L-
BFGS algorithm with a small number of functional and gradient evaluations in the first
iterations. The evaluation of the matrix-vector product with finite differences (in the
inner loop) makes this method more expensive than L-BFGS. This is possibly an issue
which requires further exploration in the context of large scale problems.

The preliminary analysis of the optimization of the turbulent channel flow, where the
control is represented by a distributed volume force, revealed a gain in the power extrac-
tion when the velocity decelerated. One possible explanation of this behaviour is that our
optimization problem is unconstrained. For this case we observed that the damped ver-
sion of the L-BFGS method is more efficient in terms of function and gradient evaluations
than the two versions of nonlinear conjugate gradient (Polak–Ribière and Dai-Yuan) and
L-BFGS. Future investigations for this test case will involve: various space-time distribu-
tion of the control (as a function of the three directions x, y, z and time), different initial
values for the volume force and longer optimization time horizons.
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